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A POINTWISE INEQUALITY FOR
THE FOURTH-ORDER LANE-EMDEN EQUATION

MOSTAFA FAZLY, JUN-CHENG WEI AND XINGWANG XU

We prove the pointwise inequality

1

2 2
—Au > 2 |Jc|a/2u(”+])/2—i-—2 [Vul in R",
“\(p+1)—c, n—4 u

where ¢, := 8/(n(n —4)), for positive bounded solutions of the fourth-order Hénon equation, that is,

A’u=|x|u” in R"

for some a > 0 and p > 1. Motivated by Moser’s proof of Harnack’s inequality as well as Moser
iteration-type arguments in the regularity theory, we develop an iteration argument to prove the above
pointwise inequality. As far as we know this is the first time that such an argument is applied towards
constructing pointwise inequalities for partial differential equations. An interesting point is that the
coefficient 2/(n — 4) also appears in the fourth-order Q-curvature and the Paneitz operator. This, in
particular, implies that the scalar curvature of the conformal metric with conformal factor u*/ = is
positive.

1. Introduction

We are interested in proving an a priori pointwise estimate for positive solutions of the fourth-order Hénon
equation
A%u = |x|%u” in R", (1-1)

where p > 1 and a > 0. Let us first mention that, for the case a = 0, it is known that (1-1) only admits
u = 0 as a nonnegative solution when p is a subcritical exponent, thatis, 1 < p < (n+4)/(n —4)
when n > 5, and 1 < p when n < 4. Moreover, for the critical case p = (n+4)/(n —4), all entire positive
solutions are classified. See [Lin 1998; Wei and Xu 1999]. This is a counterpart of the standard Liouville
theorem of Gidas and Spruck [1981a; 1981b] for the second-order Lane—-Emden equation

—Au=u’ in R", (1-2)

stating that u = 0O is the only nonnegative solution for (1-2) when p is a subcritical exponent, that is,
1< p<(m+2)/(n—2) when n > 3. Note also that, for the fourth-order Hénon equation, it is conjectured
that u = 0 is the only nonnegative solution of (1-1) when p is a subcritical exponent, that is, when

Fazly and Wei are supported by NSERC grants.
MSC2010: 35B45, 35B50, 35J30, 53C21, 35B0S.
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l<p<m+4+2a)/(n—4)and n > 5; see [Fazly and Ghoussoub 2014]. Therefore, throughout this
note, when we are dealing with (1-1) we assume that p > (n +4 + 2a)/(n —4) and n > 5. For more
information, see [Fazly and Ghoussoub 2014; Souplet 2009] and references therein.

Pointwise estimates have had tremendous impact on the theory of elliptic partial differential equations.
In what follows, we list some of the celebrated pointwise inequalities for certain semilinear elliptic
equations and systems. These inequalities have been used to tackle well-known conjectures and open
problems. The following inequality has been one of the main techniques to solve De Giorgi’s conjecture
(1978) for the Allen—Cahn equation and to analyze various semilinear equations and problems.

Theorem 1.1 [Modica 1985]. Let F € C*(R) be a nonnegative function and u be a bounded entire
solution of
Au=F'(u) in R". (1-3)
Then
|Vul> <2F(u) in R". (1-4)

For the specific case F'(u) = ‘l‘(l —u??, equation (1-3) is known as the Allen—Cahn equation. Note
also that [Caffarelli et al. 1994] extended this inequality to quasilinear equations. We refer interested
readers to [Farina and Valdinoci 2010; 2011; 2013; 2014; Castellaneta et al. 2012; Farina et al. 2008]
regarding pointwise gradient estimates and certain improvements of (1-4). For the fourth-order counterpart
of (1-3) with an arbitrary nonlinearity, a general inequality of the form (1-4) is not known. However, for
a particular nonlinearity known as the fourth-order Lane—-Emden equation, i.e.,

A’u=u’ inR" (1-5)

it was shown by Wei and Xu [1999, Theorem 3.1] that the negative Laplacian of the positive solutions is
nonnegative, that is, —Au > 0 in R". Set v = —Awu and, from the fact that —Au > 0, we can consider
(1-5) as a special case (when g = 1) of the Lane—Emden system

{—Au =v? in R",

—Av=uP in R", (1-6)

where p > g > 1. Note that there is a significance difference between system (1-6) and equation (1-5), in
the sense that this system has Hamiltonian structure while the equation has gradient structure. This system
has been of great interest, at least in the past two decades. In particular, the Lane—Emden conjecture, stating
that u = v = 0 is the only nonnegative solution for this system when 1/(p+1)+1/(g+1) > (n—2)/n
has been studied extensively and various methods and techniques have been developed to tackle this
conjecture. Among these methods, Souplet [2009] proved the following pointwise inequality for solutions
of (1-6) and then used it to prove the Lane—Emden conjecture in four dimensions. Note that the particular
case 1 < p < 2 was done by Phan [2012].

Theorem 1.2 [Souplet 2009]. Let u and v be nonnegative solutions of (1-6). Then
u p+1 Uq+1
<

p+1 g+1

in R". (1-7)
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Applying this theorem, the following pointwise inequality holds for nonnegative solutions of (1-5):

—Au> /%N“W in R". (1-8)

Note also that Phan [2012], with similar methods to those [Souplet 2009], extended the pointwise
inequality (1-7) to nonnegative solutions of the Hénon-Lane—Emden system

—Au=|xPv? in R, (19)
—Av = |x|*u? in R",
where p > g > 1. Suppose that 0 <a — b < (n —2)(p — q); then
p+1 q+1
e < xf— in R (1-10)
p+1 qg+1

The standard method to prove a pointwise inequality, as is used to prove (1-7) and (1-4), is to derive
an appropriate equation — call it an auxiliary equation — for the function that is the difference between
the right-hand and left-hand sides of the inequality. Then, whenever we have enough decay estimates
on solutions of the auxiliary equation, maximum principles can be applied to prove that the difference
function has a fixed sign. So, the key point here is to manipulate a suitable auxiliary equation.

In a more technical framework, to construct an auxiliary equation to prove (1-7) and (1-8), a few
positive terms, including a gradient term of the form |Vu|?u’~2 for some number ¢, are not considered
in [Souplet 2009]. To be more explicit, in order to prove (1-8), which is a particular case of (1-7), the
difference function w(x) := Au + /2/(p + Du?*D/2 is considered. Straightforward calculations show
that the following auxiliary equation holds:

2 a-ppe _ 2 2, p—1|Vul? )
( p+1u Aw = Au + p+1u + 5 . (1-11)

In order to show that Aw is nonnegative when w is nonnegative, via maximum principles for the above
equation, the gradient term |Vu|?/u is not considered in [Souplet 2009]. Note that (1-11) implies, in
spirit, that the gradient term |Vu|?>/u should have an impact on the inequality, just like the Laplacian

operator and the power term u(P*1/2_ This is our motivation to attempt to include the gradient term in the
inequality (1-8) that gives a lower bound on the Laplacian operator. Let us briefly mention that Modica, in
his proof of (1-4), took advantage of similar gradient terms to construct an auxiliary equation. Following
ideas provided by Modica [1985] and Souplet [2009], as we shall see in the proof of Proposition 3.1, we
manage to keep most of the positive terms when looking for an auxiliary equation.

In this paper, we develop a Moser iteration-type argument to prove a lower bound for the negative
Laplacian of positive bounded solutions of (1-1) that involves powers of « and the new term |Vu|?/u
with 2/(n — 4) as the coefficient. The remarkable point is that the coefficient 2/(n — 4) is exactly what
we need in the estimate of the scalar curvature for the conformal metric g = u?/"=%g,.

Here is our main result:
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Theorem 1.3. Let u be a bounded positive solution of (1-1). Then the following pointwise inequality
holds:

2 a/2, (p+1)/2 2 |Wi|2 : n
— > N —_— -
Au D, |x|“"“u —{—n 1 in R", (1-12)

where ¢, :=8/(n(n —4)) and 0 < a < infi>0 Ar (A is defined in (4-28)).
Remark 1.4. A natural question here is: what are the best constants in the inequality (1-12)?

Let us now put the inequality (1-12) in a more geometric text. By the conformal change g = u*/"=% g,
where g is the usual Euclidean metric, the new scalar curvature becomes

40 =D /- 5 -2/,

S, = —
§ n—2

An immediate consequence of (1-12) is that the conformal scalar curvature is positive. Note that this
cannot be deduced from the inequality (1-8).

The idea of proving a lower bound for the negative of the Laplacian operator is also used in the context
of nonlinear eigenvalue problems to prove certain regularity results; see, e.g., [Cowan et al. 2010]. Similar
pointwise inequalities are used to prove Liouville theorems in the notion of stability in [Wei et al. 2013;
Wei and Ye 2013] and references therein as well. We would like to mention that Gui [2008] proved a very
interesting Hamiltonian identity for elliptic systems that may be regarded as a generalization of Modica’s
inequality. He used this identity to rigorously analyze the structure of level curves of saddle solutions of
the Allen—Cahn equation as well as Young’s law for the contact angles in triple junction formation. Note
also that, as is shown by Farina [2004] for the Ginzburg—Landau system, the analog of Modica’s estimate
is false for systems in general. We refer interested readers to [Alikakos 2013] for a review of this topic
and to [Fazly and Ghoussoub 2013] for De Giorgi-type results for systems.

Here is the organization of the paper. In Section 2, we provide certain standard elliptic estimates that
are consequences of Sobolev embeddings and the regularity theory. Then, in Section 3 we develop a
Moser iteration-type argument, following ideas provided by Modica [1985] and Souplet [2009]. Finally,
in Section 4, we first give a certain maximum principle argument for a quasilinear equation that arises in
the Moser iteration process. Then we apply the estimates and methods developed in the earlier sections.
We suggest the reader ignores the weight function |x|* in (1-1) when reading the paper for the first time.

2. Technical elliptic estimates

In this section, we provide some elliptic decay estimates that we use frequently later in the proofs.
Deriving the right decay estimates for solutions of (1-1) plays a fundamental role in our proofs. Similar
estimates have been also used in the literature to construct Liouville theorems and regularity results. We
refer interested readers to [Fazly 2014; Fazly and Ghoussoub 2014; Phan 2012; Souplet 2009; Phan and
Souplet 2012]. We start with the following standard estimate:
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Lemma 2.1 (L?-estimate on Bg). Suppose that u is a nonnegative solution of (1-1); then, for any R > 1
we have

/ [P < € Ri-Gr+a) /(-1
Br

where C = C(n, p, a) > 0 is independent of R.
Proof. Consider the following test function ¢ € C?([R”) with 0 < ¢p < 1:

1 if [x] <R,

Pr(x) = {0 if x| > 2R,

where ||Di</5R||OO < C/Ri for 1 <i < 4. For fixed m > 2, we have

0 if [x] <R or |x| > 2R,
AR <y s
CR "¢y if R<|x|<2R,

where C > 0 is independent of R. For m > 2, multiply the equation by ¢% and integrate to get

/ |x|“ul’¢;g=/ Aug™ =/ N §CR_4/ ugn 4,
Bog Bog Bog Bagr\Br

Applying Holder’s inequality, we get

1
/ lx|“uPply < CR—“(/ |x|<—a/p)p/>" (/ |x|aup¢§em4)[7)
Bag Bar\Br Bar\Br

1
< CR(tz(a/P)p’)/p’4(f |x|aup¢§€m—4)17>p’
Bar\Br

where p’ = p/(p—1). Setm = (m —4)p, sothat m =4p/(p — 1), to get

1
/ |x|“uf ¢ < CR(”_(”/”)”,)/”/_“(/ leaupq%’)p.
Bor Bor

_ A _4 ’
f |x|”up¢$ < C R(—@/p)p)—4p"
Bag

Sl

Therefore,

This finishes the proof. (|
From Holder’s inequality we get the following:

Corollary 2.2. Under the same assumptions as Lemma 2.1,
/ 4 < CRI—@H/(0=1)
Br\Bgr/2

where C = C(n, p, a) > 0 is independent of R.

We now show that the operator —Au has a sign. Then, we apply this to provide various elliptic
estimates for derivatives of u. In addition, later on this helps us to start an iteration argument.

Proposition 2.3. Let u be a positive solution of (1-1). Then, —Au > 0 in R".
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Proof. Let v = —Au. Ideas and methods applied in this proof are strongly motivated by the ones given
in [Wei and Xu 1999]. Suppose that there is xo € R” such that v(xg) < 0. Without loss of generality
we take xg =0, i.e., if xg # 0 set w(x) = v(x 4+ xp) and apply the same argument. We use the notation
fr)=(/|9B.|) f 3B, f dS for the average of a function f(x) on the boundary of B,. We refer interested
readers to [Ni 1982] regarding the average function. Applying Holder’s inequality,

—Ayu(r) =v(r) in R, 2-1)
—Ao(r) =r*(m)? in R,
where A, is the Laplacian operator in polar coordinates, i.e.,
A fr)=rTE T )
It is straightforward to see that
1 1
V'(r)= / Av=— f lx|“u? <0.
|8Br| B, |aBr| B,
Therefore, v(r) < v(0) < 0 for r > 0. Similarly, for i’ (r) we have
1 " g v(0
W' (r)=— / V= —rl_”/ s""15(s) ds > —E(O)rl_"/ s"lds = —Qr.
|0B,| Jp, 0 0 n
From this, for any r > ry we get
i(r) > ar?, (2-2)
where @« = —v(0)/(2n) > 0. We now have a lower bound on u(r). Suppose instead that the following
more general lower bound holds on u(r):
o
u(r) > Wr’k for r > ry, (2-3)

where sg:=0, fo:=2, « :=—v(0)/(2n) > 0and 8 :=2p+a+n+4 > 0. Note that (2-1) gives a relation
between the two functions u#(r) and v(r). Therefore, the lower bound on u(r) forces an upper bound
on v(r) and vice versa. In the light of this fact, we can construct an iteration argument to improve the
bound (2-3). Integrating the second equation of (2-1) over [r¢, ] when r > r, we get

k41

_ - ol .
rnflv/(r) < rl:l lv/(l’k) . " I+a+pty ds
pr ),

k+1

p
< - o rptk-i-n-l-a _ rptk+”+a)
BP(pty +n+a)

f since v' < 0.

Therefore, 3/ (r) < —(a”"" /(BP* (pti +n +a))) (P4t — pPF4 ) for all r > ry, that s,

apk+1

- pPUEetl for all r > 21/ (Pt
2BP% (pty +n +a) N

v'(r) <
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Integrating the last inequality over [21/(Pk+a+Dp ] when r > 21/ (PitatDp — 7 we obtain

k+1
_ _ a’ 2
0(r) < 0(fy) — —————(pPuctat2 _ pructat
() £ 3G = 5o pire?)
where T . p := (ptx +n+a)(pty + 2+ a). By similar discussions and by taking r large enough, that
is, r > 21/(putatDl/(pitat)y — 5, “we end up with

’

k+1
ap

_ —rptk+a+2. (2_4)
4[3psk Tk,n,a,p

v(r) <

Applying (2-4) and integrating (2-1) again over [7¢, r] when r > 7, we have

k+1
p

r T (r) = R () —/ s"o(s)ds =

-
> S—/ Sptk+a+n+1 ds.
(3 4:3kak,n,am

T
Therefore, the following new lower bound on u () holds:

k+1
p

i(r) > - « _ pPcHatn+d.
2 ﬂpsk Tk,n,a,p
where
p > 2V (Pictatd ol (phckatdE oS 1/ (piictati
and

Tinap=ptx+n+a+2)(pt +4+a)Tinap
=(ptr+n+a)(ptr +2+a)(pty +n+a+2)(pty +4+a)
<(pty+n+a+4*

We now modify this estimate to make the coefficients similar to (2-3). After simplifying, we get

k+1

i(r) > pPitatd for p> 24/ (Phctatly (2-5)

— BPEMy

where My :=2*(pty +n +a +4)*. In what follows, we put an upper bound on M that is expressed as a
power of 8. Note that

LV My = ptigi+nta+4=p(pttnta+d)++n+a+4<(pr+n+a+d)(p+1)=L1(p+ D/ M.

From this we have M| < (p+ 1)* M}, and therefore M; < (p+ 1)* My, where My = 24(2p +n+a+4)*
because fy = 2. Since the constant § is defined as 8 = 2p +n + a + 4, we get the bound

M, < gHH (2-6)
From this, (2-3) and (2-5), and to complete the iteration process, we set

tew1 := ply+a+4 for 1y =2, 2-7)
Skl = psi +4k+4 for 5o =0, (2-8)
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and, therefore,

al
u(r) > B rie for r >, (2-9)
+1
4 ; . . .
where ryy := 2%/ PttatDy, > 93 1/ (pttati) By direct calculations on these recursive sequences,

we get the explicit sequences

- 2p* (@ +2)pF — (a+4)
k_ p—l b}
4pFtt —Ap(k 4 1) + 4k

Sk = y
(p—17?

k—1
= 22.:0 4/(pt,~+a+l)r0 < 22;’20 4/(pt,'+a+1)r0 — < 0.

Set R := g¥P~D M, where M = max{a~!, m} when m > 1 is large enough to ensure mp% P~ > r*,
Therefore, R > r* > r; for any k and we have

i(R) > Mtk*l’kﬁZtk/(Pfl)*Sk‘

If we take k large enough, e.g., k > (In(a +4) —In(a 4+ 2))/ In p, then #; > p*. The fact that M > 1 gives

us
i(R) > ﬁzz‘k/([’*l)*sk — ﬁ(2(0+2)Pk+4k(P*1)+4P*2(d+4))/(17*1)2‘

Since we have assumed thata+2 > 0 and 8 > 1, we get u(R) — oo as k — oo. Note that 0 < R < oo is
independent of k. This finishes the proof. |

We now apply Proposition 2.3 to conclude that —Au > 0 and therefore we can consider (1-1) as a
special case of the Hénon—-Lane-Emden equation.

Lemma 2.4 (L'-estimates on Bg). Suppose that u is a nonnegative solution of (1-1); then, for any R > 1
we have

/ |Au| < CRn7(2p+2+a)/(p71)
Bg

where C = C(n, p, a) > 0 is independent of R.

Proof. Set v = — Au. From Proposition 2.3 we know that v > 0. Therefore, the pair (u, v) satisfies the
system
—Au = in R",
u=v ' in (2-10)
—Av = |x|“u”in R",

which is a particular case of the Hénon—Lane-Emden system. From the estimates provided in [Fazly and
Ghoussoub 2014, Lemma 2.1], we get the desired result. O

Lemma 2.5 (an interpolation inequality on Bg). Let R > 1 and z € W21(Byg). Then

/ |Dz| SCR/ |Az|+CR—1/ Iz,
BRr\Bg)2 Bor\BRr/4 Bor\BRy4

where C = C(n) > 0 is independent of R.
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Corollary 2.6. Under the same assumptions as Lemma 2.1. The following estimate holds:

/ |Du| < C R (p+3+a)/(p=1)
BRr\BRr/2

where C = C(n, p, a) > 0 is independent of R.

Lemma 2.7 (L7 -estimate on Bg). Let 1 <1 < 0o and z € W*T(Bag). Then

f |D*z|" 50/ |Az|’+c1e—2f/ 2|7,
Br\Br/2 Byr\Br/4 Bar\Bgr/4

where C = C(n, 1) > 0 does not depend on R.

Lemma 2.8 (L>-estimates on Bg). Suppose that u is a bounded nonnegative solution of (1-1); then, for

any R > 1 we have

/ |Au|2§C/ |x|4uPt! +CR—2/ |Au|+CR_4/ u, (2-11)
BR BZR BZR BZR\BR

where C = C(n, p, a) > 0 does not depend on R.

Proof. We proceed in two steps.

Step 1: Multiply both sides of (1-1) by u¢?, where ¢ € C X(R™")N[O, 1] is a test function. Then, integrating
by parts, we get

|Au|2¢2=f |x|“ul’+1¢2—4f AuVu -Voo — | uAuR|Ve|* +2¢Ap)
Rn Rf’l Rf’l Rl‘l

< |x|“up+‘¢2+af |Aul?¢* +C©) | |VulPIVoI*+C | |Aul(IVo]*+|Ad))
Rn n Rn Rn

for some constant C > 0. Here, we have used Cauchy’s inequality for 0 < § < 1. Therefore, if we set ¢ to
be the standard test function, that is, ¢ = 1 in Bg and ¢ = 0 in R" \ Bog with || Di¢|| L (pyp\8z) < CR™'
fori =1, 2, then we get

/lAu|2§/ |x|“up+1+CR—2/ |Vu|2+CR_2f |Aul, (2-12)
Bg Bog B\ Br Byr\Br

where C = C(n, p, a) > 0 does not depend on R.

Step 2: Multiply both sides of —Au = v by u¢?, where ¢ is the same test function as in Step 1. Integrating
by parts again, we get

|Vu|2¢2=/ uv¢2—2f uVu-V¢¢§/ uv¢2+8/ IVul>’¢>+C ) | |Vo|*u?,
Rn n Rn Rll n Rn

where we have also used Cauchy’s inequality for 0 < § < 1. So,

f |Vu|2§C/ |Au|—|—CR_2f u, (2-13)
Bg Bog Bor\Br
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where we have used the boundedness of . From (2-12) and (2-13) we get

/|Au|25/ |x|“up+l+CR_2/ |Au|—|—CR_4/ u. (2-14)
BR BZR BZR BZR\BR

This completes the proof. U
We now apply Lemma 2.1, Lemma 2.8 and Corollary 2.2 to get the following:

Corollary 2.9. Suppose that the assumptions of Lemma 2.1 hold. Moreover, let u be bounded,; then
/ |Aul* < CR"~@rta/(p=D (2-15)
Br

where C = C(n, p, a) > 0 is independent of R.
Lemma 2.10 (Sobolev inequalities on the sphere S"~!). Fixn > 2, a positive integeri and 1 <t <1 < 00.
Forz € Wi (S,
||Z||Lr(5n—') = C||D£;Z||Lt(sn—1) + C||Z||L1(Sn—1),
where

l:l— ! ifit+1 <n,
T
T

t n—1
=00 ifit+1>n,
and C =C(,t,n, 1) > 0.

3. Developing the iteration argument

In this section, we develop a counterpart of the Moser iteration argument [1961] for solutions of (1-1).
We define a sequence of functions (wy)r—=—; of the form

wi = Au+ x| Vu|*(u + €)™ + Bilx | ?uPTD/2

where o and B are certain nondecreasing sequences of nonnegative numbers with ¢_; = _; = 0.

Assuming that wy < 0, that is, essentially, a lower bound on the negative Laplacian operator holds,
we construct a differential inequality for wy41 with a4 > o and Br41 > Br. Then, applying certain
maximum principle arguments, we show that wiy; < 0. Note that wiy; < 0 is stronger than wy; < 0,
because it forces a stronger lower bound on the negative of the Laplacian operator.

We start by proving that w_;, which is the Laplacian operator of u, is nonpositive; see Proposition 2.3.
Then, using this fact and applying (1-9) and (1-10) when g = 1 and b = 0, we get the following inequality
for nonnegative solutions of the fourth-order Hénon equation (1-1):

—Au > /L|x|‘l/2u<1’+1>/2 in R", (3-1)
p+1

where 0 <a < (n —2)(p — 1). Inequality (3-1) is the first step of the iteration argument, meaning that

wo <0 forag=0and By =+/2/(p+1).

We now perform the iteration argument:
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Proposition 3.1. Let u be a positive classical solution of (1-1). Suppose that (ax)x—o and (By)r=o are
sequences of numbers. Define the sequence of functions

wi = Au+ | Vul?(u + €)™ + Brlx |4 2uPTD/2, (3-2)
where € = €(k) is a positive constant. Suppose that wy, < 0; then wy4 satisfies the differential inequality

A1 — 2011 (u+€) " Vi Vg g w1 (u+e€) "% Vu | — 1B+ (p+DuP= D2 |x 4 2y

> I 1x[u? + e 1PVl + )2+ 100 x| 2u D2

a,ox, B

Vu aPsi(3(p+ 1) —anpiu/(u+e) x |
3 + +
+Ie(,ozk,ﬁk|x|au(p+l)/2 — + (2 3 )_2 . (3-3)
u 21, b x|
where
() _ p+1 .2 2 2 U
Ie,ak,ﬂk'—l_ R ﬁk+1+;ak+1ﬁkm,

2
I = o @1 o+ 1% = 201 (a1 + 1) + gt

2 2
©) 4 u
L0 5= Qe + 0+ D)+ Bt ———
e it = 5y A1 Bre(@rr1 + ok )<u+6)2 Br+1 R
u p+1l/p—1 u
_ 1 ( _ _) ’
(p+ )ﬁk+105k+1u+€ + > 5 akHu—i—e Bri1
2
& . _a a_, @B (A (p+ D) —arriu/u+e)
a,e,ak,ﬂk'_zﬁk+l<n+§— )— 7] )
€,ak, B

Proof. For the sake of simplicity in calculations, set b := %a and g := %(p + 1). From (3-2), the
function wyy is defined as

Wit 1= A+ ot | Vul? e+ )71+ B x [ uf
Taking Laplacian of wy; and using (1-1), we get
Awepr = A%+ ot ANVuP+6)7) + Bt Adx"u?) = x| “u? + 1+ J, (3-4)

where [ := ak+1A(|Vu|2(u +e) HYand J = ﬂk+1A(|x|bu’1). In what follows, we simplify I and J as
well as finding lower bounds for these terms. We start with J:

J
— = A(x]’u?) = AlxPuf + Aud x|’ +2V|x|? - Vu?
Bi+1
=b(n+b—2)|x|"2u? +q(g — D|x|°u?2|Vu|> + g |x|Pu?=  Au +2bq|x|°*ud"'Vu - x.

From the definition of wy.1, we have

A = wir1 — e |Vl (w4 €)™ — By x| ul. (3-5)
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Substitute this into the previous equation to simplify J as

J _ _ u -
—— = qut ™ x Pt — gBr P + (a(g = 1) = go )l Put 2 Va?
Br+1 u+te

+b(n+b—2)|x|"2u +2bq|x|"2ut"'Vu - x.  (3-6)

We now simplify 7:
I _ _
—— = A(VuPut+o =Y 00t
Ok+1 i
=2w+6)7" Y @) +2u+e)" ' Vu- VAu—4u+€)7> Y dudjudju
ij i,j
—|Vul>(u+€)2Au+2|Vul*(u+¢€) 7.

Again substituting (3-5) into the term 2(u 4 €) ™' Vu - V Au that appears above, we get

I
= 2u+e) ) @u)’ — 4w +e)7 ) dudjudju+2|Vul*(u+e) 7 — |VulP(u+e) 3 Au
k+1 T T
i, LJ
+ 2w +€) " 'Vu - Vg — 20041+ €)' Vu - (|VulP(u+€)

— 241w+ €)' Vu - V(x| u).

Then, collecting similar terms, we obtain
1 -1
—— —2(m+¢€)” " Vu-Vwgy
Op+1
=2u+e)"" Y (@u)* — Aok + D@ +e) 2y dudjudiju+ 21 + DIVul* u+e)~?
i,j i,j

—Vul*(u+€)Au—2B1b|x|" 2w+ ) utVu - x — 2Br1q|xPut " u + )7 Vu .

Completing the square, we get
! -1
— —2(u+¢€)” Vu-Vwgs
Oft1
=20u+€)~" Y@ — (@1 + D () hudju)* = 2epcp1 (@t + DIVl (ut+€) 7
i,j
—|Vul*(u+€) > Au—2B41b1x " (u+€) " ul V- x —2Bglx P ut w+e) T VulP (3-7)

Note that, for any n x n matrix A = (a;,;), the Hilbert—Schmidt norm is defined by || Al = /Zi’j la; ;1> =

J/trace(AA*), where A* denotes the conjugate transpose of A. From the Cauchy—Schwarz inequality, the
following inequality holds:

lrace A|> = [(A, D> < AN 13 =n)_ la; ;| (3-8)
i,j
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Seta; j := 0;ju — (e+1+ 1) (u~+ €)' 9;ud;u in (3-8) to get
. 1
D@ = @1+ D+ )7 hudju)’ = (Au = (o + D+ )~ Vul’)?.
ij

From this lower bound for the Hessian and (3-7), we get

L 2wV Ve %(u 467 (Au— (gt + D+ ) Vi 2)?
k+1

—20p 11 (1 + DIVul* w4+ 7 = [VulP(u+e) 2 Au+ T, (3-9)
where

T i= —2Bk1blx "2+ €)' uVu - x — 2B i1q|x|°u? w+ €)' Vul?,

Note also that, from the assumption w; < 0, we have the upper bound on the Laplacian operator
Au < —oy|Vul*(u+ €)' — Bi|x|’u?. Elementary calculations show that, if # <, <0 and s > 0, then
(t —s5)* > tf — 2t.s + s%. Set the parameters as t = Au, t, = —o|Vul>(u +e)~! — ﬁk|x|buq and
s = (age1 + Du+e) | Vul? to get the following lower bound on the square term that appears in (3-9):
(Au— (@s1+ D +e) ! [Vul?)?
> (| Vul*(u4€) ™+ Bl P u?)? + 2o | Vu* (u+€) ™'+ Be x| u?) (1 + D (+€) ' [Vul?

+ (@1 + D@ +e) 2 Vult. (3-10)
Substitute (3-5) into the term —|Vu|*(u+€) 2 Au that appears in (3-9) to eliminate the Laplacian operator.
Then, apply inequality (3-10) to simplify (3-9) as

o 2(u +€)_1Vu -Vwga
Ok+1

> 2 )™ (@1 -Hare+ D2Vl (o) 2+ BEIx PP 42 B e+ Dlx (€)™ V)

— Wi 1 (U +€) 2| Vu|? — a1 Qa1 + DIVl (u +€) 7 + B [x1Pul (u + €) 72| Vul* + Ty

Collecting similar terms and using the value of Ty, we end up with

Ut )T VU Vg + wis (4 + €) 2V
Ok+1

2 - - - - -
= =B x P u ute) T 1D Vil et €) 7 Seay | Vu Pt 7 x| =2B1 1 blx P ute) T u Vuex,

where

2
Io(zf) = ;(Otkﬂ + o+ 1) — 2051 (@1 + 1) + @,
2 2
+
(u+6)2 :3k+1

u
—2Bk+19 .

4 u
Se,ak,ﬁk = ;ﬁk(ak—i-l +ag+1) (u+ 6)2 u+e
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Therefore, the following lower bound for I holds:
1221 (u+€)" Vi Vwgy — axqrwirr (4 €) 72| Vul” + %akﬂﬁ,ﬂxﬂbﬂw +e)!

L |Vl 4 €) 73+ Seg e | VuPud 2 |x 1P = 281 1b1x P2 (w4 €) T 'udVu - x. (3-11)
Finally, applying this lower bound for / and the lower bound given for J in (3-6), from (3-3) we get

Awgiy — 20441 (U + €)' Vi - Vg + a1 (4 + €) 2 VuPwgsr — Brrrqud ™ x| Pwypy

2 -
> xl“u” (1= aBE + Zane Bi—— ) + et 12 |Vl w+ )~

u-+e

(ot Seu i + (460 = D = ares1g =) B ) VuPud 2 el

+ 20011 (‘1 ket L,M?) 72Ut~ V- x 4 b (n+b = 2) x|l

Completing the square finishes the proof. O

4. Proof of Theorem 1.3 via iteration arguments
To apply the iteration argument, we need to develop a maximum principle argument for the equation
Aw—20(u+€) 'Vu-Vo+aww+e) Vul* = 1B(p+ DIx[*?u?" V2w = f(x)>0 in R" 4-1)

that appears in Proposition 3.1, where « and B are positive constants, u is a solution of (1-1) and
w, f e C®R").

Lemma 4.1. Suppose that w is a solution of the differential inequality (4-1), where u is a solution of (1-1)
and
w=Au+a+e) " |Vu> + x|/ 2uPtD/? (4-2)

for positive constants €, o and B. Then, assuming that p + 1 > 2,
Aw >0 on {w>0}CR" 4-3)
where W = (u + €)'w for t = —a.
Proof. Straightforward calculations show that
A= u+e) Aw+2t(u~+€) 'Vu - Vw+ru+e)'wAu+1(t — Dwu+e) 2| Vu|?.

We now add and subtract two terms, %,B(p + D|x|4?uP=D2 (4 + €)'w and rw(u + €)' 2| Vu|?, to the
above identity and collect similar terms to get
A= (u+e) (Aw—+2tu+e€)™ ' Vu-Vw —tw(u+€) *[Vul* — 18(p + D|x|*2u P~/ y)
+ 3B+ DIx[“PuP VR + €)' w + twu+ €)' | Vul +t(u+e) ' wAu
+1(t — Dwu+ €)' 2| Vul>.
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From the fact that r = —« and w satisfies (4-1), we get

|Vul?

AIDZ%,B(p—i—1)|x|“/2u(p_1)/2(u+6)tw+t(u+6)t_1wAu+t2w(u+e)t_1 v
u-+e

Note that we can eliminate the gradient term using (4-2), that is,
a(u+e) ' |Vul> =w— Au — Blx|uPtD/2,

Therefore, after collecting similar terms we get

2
A > %wz(u +o +e)’*1wr<1 - é)Au
2
+IB(u+E)t—l|x|a/2u(p—l)/2w<(p+1)€ +u<P+1 _ t_))
2 2 o
=: R+ R+ Rs.

We claim that the above three terms, R1, R, and R3, are nonnegative when w > 0. From the fact that @ > 0
one can see that R; is nonnegative. From the definition of r = —« < 0, we have (1 —t/a) = —2a < 0.
This together with Proposition 2.3, that is, Au <0, confirms that R, is nonnegative. Positivity of R3 is an
immediate consequence of the assumptions: S is positive and %(p +1)—12)a = %(p + 1) — o is also
positive. This finishes the proof. O

We now apply Lemma 4.1 to show that any solution w of (4-1) is negative.
Lemma 4.2. Suppose that w and w as in Lemma 4.1. Let u be a bounded solution of (1-1); then w < 0.

Proof. The methods and ideas that we apply in the proof are motivated by Souplet [2009]. Multiply (4-3)
by w? , where s > 0 is a parameter that will be determined later. Then, integration by parts over Bg gives

us
05/ Aﬁ)ﬁ)i:—s/ |vw+|2w:1+1e"—1f W (4-4)
Bp By Sn—1
Therefore,
1
Vi, 2wl < —RH/ Y, = C)R™'I'(R), 4-5
/BRI +Twy <56+D) SH(*) () (R) 4-5)
where

I(R) :=/ ibs-‘rl =/ (u +€)—(S—&—l)aws+1
Naat + sn—1 +

and C (s) is a constant independent of R. Note that w, given as w = Au-+a|Vu|*(u+e) ™ +B|x|*/2uP+D/2,
satisfies w > 0 if and only if —Au < o|Vu|*>(u + €)= + B|x|%/?uP+1/2 Therefore,

wf:‘l SC|VM|2(S+1)(M+E)—(S+])+C|x|(S+1)a/2u(5+])(p+1)/2’ (4_6)
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where C = C(w, B, s). Applying this upper bound for w., we can get an upper bound for 7 (R):

I(R) <C/ (u_|_€)(s+1)(ot+1)|vu|2(s+1)+CR(s+1)a/2/ (u+6)7a(s+1)u(s+l)(p+l)/2
S"71 Snfl

SC(E) |VM|2(S+1)+C(€)R(s+1)a/2[ M(S+1)(p+1)/2
gn—1 gn—1

=:C(e)(I;(R) + L (R)). 4-7)

In what follows, we show that there is a sequence R such that the two terms /;(R) and I>(R) decay to
zero for a fixed €. We start with I(R), which includes an integral of a positive power of u over the sphere.
Due to the boundedness assumption on u, it is straightforward to relate this term to L? estimates of u
over the sphere. As a matter of fact, if (s +1)(p + 1) > 2p then, from the boundedness of u, we have

/ | uGTDPHD/2 o C(n)||u||ip(s'l*‘) Y
sn=

and for the case (s + 1)(p + 1) < 2p we can use Holder’s inequality to get

K +1D)(s+1)/2
[ T < oyl (4-9)
N

So, to prove a decay estimate for />(R) we need to construct a decay estimate for [|u||s.-1). On the
other hand, we apply Lemma 2.10 to get an upper bound for the first term in (4-7), I;(R). In fact, from
Lemma 2.10 withi =1, t =2(s + 1) and r = 2, we have

|| Dxu ||L2(.y+])(Sn—]) < C ” DQ Dxu ”LZ(Sn—l) + C ” Dxl/t ”Ll (sn=1)
< CR||D§u||Lz(Sn71)+C||Dxu||L1(Sn71) (4-10)
for s =2/(n — 3). In order to get a decay estimate for /1(R), we need decay estimates for the two terms
in the right-hand side of (4-10), ||D)%u l L2(sn-1y and || Dyul| 1 (gn-1y-
We now apply the elliptic estimates given in Section 2 to provide decay estimates for |[ul|zgn-1),
| Dyue|| 1 (sn-1y and || D)%u | 2(sn-1y- To do so we first find appropriate upper bounds for these terms on the

ball of radius R. Then we use certain measure-comparison arguments to construct decay estimates over
the sphere. So, from Lemma 2.7 with T =2, we get

R
/ ID2ull 72 gyt dr < c/ |Aul* + CR4/ u?, (4-11)
R/2 ByR\BRry4 Bar\BRry4

We now apply Corollary 2.9 and Corollary 2.2 to get a decay estimate for the right-hand side of (4-11),
namely,

R—4/ W2 < CR—4/ 4 < CR-RM=@H/(r=1) _ ¢ gn—(a+4p)/(p=1)
Bor\Br/4 Bor\Br/4

/ |Au? < CR@+40)/ (=)
Bar\Bry4
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where C is independent from R. From this and (4-11), we obtain the desired decay estimate on the
Hessian operator of u,

R
/ 1D 72 oy dr < CRIZEPHO/ D, (4-12)
R/2
Similarly, from Corollary 2.6 and Lemma 2.1, we have
R
/ I Dxull 1 sn-1yr" ™" dr < CR-PH3HO/ (=D (4-13)
R/2
R
/ e}, gooryr" ™" dr < CRT@HOP/PZD, (4-14)
R/2

Now let’s define the following sets. These sets are meant to facilitate our arguments towards construction
of decay estimates for |[u||;p(sn-1y, || Dxtt|l11(s»-1) and ||D§M||L2(Sn—l). For a large number M, which will
be determined later, define

T1(R):={r € (R/2,R): lull}, g1,
T2(R) :={r € (R/2, R): || Dxullp1(gn-1) > MR~ P30/ =1y,
[3(R) == {r € (R/2, R): | D3ul7,,

- MR—(a+4)P/(I7—1)}’

g1y > MRT@HP/ =Dy,

We claim that |I';(R)| < R/4 for 1 <i < 3: Using (4-12), we get

P dr

R
C> R—n+(a+4p)/(p_1)f ||D§u||iz(sn—l)

R/2

> NR—n+(a+4p)/(p—l)Rn—1/
R

= NMR-"H@t4p)/(p=1) gn-1 / R—@H4p)/(0-1) g,
T3 (R)I
> N M R—"Hat+dp)/(p=1) pn—1 |F3(R)|R—(a+4p)/(17—l) — NM|F3(R)|R_1,

R
2112
|| Dxu ||L2(S"71) dr
/2

where N = (%)"_]. Therefore, |T'3(R)| < CR/NM. Now, choosing M to be large enough, that is,
M >4C/N,we get |[I'3(R)| < R/4. Similarly, applying (4-13) and (4-14), one can show that |[T"; (R)| < R /4
fori =1, 2. Hence, |I';(R)| < R/4 for 1 <i <3 while I';(R) C (R/2, R). So, we can find a sequence of

R such that
i=3

Re(R/2, M\|JTi(R) # 2. (4-15)

i=1

Therefore, for the sequence R, we obtain

”””ILjp(gnq) < MR—(a+4)P/(p—1)’ (4-16)
I Dxutllp1sn-1y < MR™PTHO/ (=D (4-17)
ID2ul}2g0mry < MR™HP/ =D, (4-18)
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Substituting (4-16) into (4-8) and (4-9), we get the decay estimate on I5(R)
L(R) < Cx{(s+1)(p+1) > 2p}RUFD/2a-@rDp/(p=1)
+Cx{s+D(p+1 < Zp}R(S+1)a/2—(a+4)(p+1)(s+1)/(2(p—1))
=Cx{(s+D(p+1)>2p}R""+Cx{(s+D(p+1)>2p}R™™, (4-19)
where x is the characteristic function, n; := a(p/(p —-1) - %(s + l)) +4p/(p—1) >0 and n; :=
(s+D@p+2(p+1)/(p+1) > 0. Note that we have used the fact that p/(p — 1) — %(s +1)>0

because 0 < s =2/(n —3) <1 when n > 5. On the other hand, substituting (4-17) and (4-18) into the
Sobolev embedding (4-10), we get

||Dxu||L2<s+l>(Sn—l) < CR'-@t4p)/(p=1) 4 c p=(r+3+a)/(p=1) _ o p—(P+3+a)/(p—1) (4-20)

From this and the definition of 7 (R), we end up with the decay estimate on /1 (R)
Il(R) — / |Vu|2(s+1) S CR—Z(p+3+a)(s+l)/(p—l) — CR—7]3’ (4_21)
Sn—l

where n3 :=2(p+3+a)(s+1)/(p — 1) > 0. Finally, from (4-21) and (4-19), we observe that
I(R)<CR™" forall R>1,

where 7 := min{n1, 12, n3} > 0. So, I (R) — 0 as R — oo. Note that R — oo as R — oco. Since I(R) is
a positive function and converges to zero, there is a sequence such that the functional I’(R) is nonpositive.
Therefore, (4-5) yields

f Vi, P9 ! <0. (4-22)
Bg

Hence, w has to be a constant. From the continuity of w, we have w = C. Note that the constant C
cannot be strictly positive. So, wy = 0 and therefore w,; = 0. This finishes the proof. g

Note that Lemma 4.1 and Lemma 4.2 imply an iteration argument for the sequence of functions,
fork > —1,
wi = Au+ o+ )7 Vul? + x| 2u D2 (4-23)

as long as the right-hand side of (3-3) stays nonnegative. For the rest of this section, we construct
sequences {a}x=—1 and {B}r=—1 such that the right-hand side of (3-3) is nonnegative.

Constructing sequences oy and Bi. In this part, we define sequences o and S needed for the iteration
argument.

Lemma 4.3. Suppose ag = 0 and define

4l + 1) —n +~n(1602 + 240y +n +8)
4(n —1) '

Then (o) is a positive, bounded and increasing sequence that converges to o :=?2/(n—4) provided n > 4

gt = (4-24)

and p > 1. Moreover, for this choice of (o), the sequence Io(lf) of coefficients defined in Proposition 3.1
equals zero.
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Proof. 1t is straightforward to show that o > O for any £ > 0. Also, direct calculations show that
ay — o :=2/(n—4) provided ay is convergent. Note that oy = (4 —n++/n2+8n)/(4n—4) <2/(n—4)
and, by induction, one can see that oy < o for all £ > 0. Lastly, we show that o is an increasing sequence:

For any £,
V(1642 + 24ay +n+8) — ((n — 4) +dag(n — 2))
U1 — 0 = 4(1’1—1)
8- —-HQa+1) [ 2
- Snk n—4 k)

where S, = «/n(16a,f 4+ 240y +n+8) + (n —4) + 4ar(n — 2) > 0. Therefore, from the fact that
o <o =2/(n—4), we get the desired result. O

Similarly, we provide an explicit formula for the sequence S:

Lemma 4.4. Suppose By = +/2/(p + 1) and define

_ |2 4 2 )
Bry1 = \/p+1 + (p+1)n06k,3k, (4-25)

where (ay)y is as in Lemma 4.3. Then (By) is a positive, bounded and increasing sequence that converges

to B:=2/((p+1)—cy), where c, =8/(n(n — 4)) provided that n > 4 and p > 1. Moreover, for this

choice of (ay)x and (B)k, the sequence 10(,10):k, g of coefficients defined in Proposition 3.1 is strictly positive.

Proof. The sequence (B ), for all £k > 0 is positive. Note that boundedness of the sequence (o) forces
the boundedness of the (B;)x, meaning that By < \/2/(p + 1)+ @a/((p+ l)n))ﬁ,f for any k. By
straightforward calculations we get

g < 2 %( 4o )“
=t np+1))°

i=0

Note that 4a/(n(p+_1)) = 8/(n(n —4)(p + 1)) < 1 provided that n > 4 and p > 1. Therefore,
> 2o(4a/(n(p+1)))" < oc. This proves the boundedness of (Bi).
Since (og)r—o is an increasing sequence, the sequence (f;)x—o will be nondecreasing by induction.

Note that
2 8 4—n++/n?+8 2
Bi=By and Br= + ARV g = [
p+l  (p+Dn dn—4 p+1

Suppose that S;_ < B for a certain index k > 2; then we apply the fact that oy > orx—1 to show B < Bi1.

This can be found as a consequence of
_Bin =B _ 4 2 4ai—1(Br + Pr—1) B
T B B (ot Dn(Begs + By DR T Pt ) 2 e+ po e P

So, (Br)k is convergent and converges to f:=+/2n(n—4)/((p+ 1)(n —4)n —8). Since (p+1)n(n—4) > 8
for p > 1 and n > 4, B is well-defined. O

Bk+1 — B
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Note that, based on the definition of the sequences {o }x——1 and { B¢ }x=—1, we concluded that Iél ozk’ B> 0

and Io(,f) = 0. In the next two lemmata we investigate the positivity of / 5302,( g, and I a(i)’ak’ 5. the sequences
that appeared in (3-3) in Proposition 3.1.
Lemma 4.5. Sete =0in 1 6(302,( B> which is defined in Proposition 3.1. Then
1 51 = 3epoa+ 1) +ap+palg—3a—1) (4-26)
0,0, Br 0,0,8 " n qlq

as k — oo. The constant I(§,30)¢, p IS positive provided p > (n+4)/(n —4) and n > 4.

Proof. Note that when p > (n+4)/(n —4) and n > 4, we have %(p +1)>n/(n—4). As k — oo, from
Lemma 4.3 and Lemma 4.4, the sequences oy — « :=2/(n —4) and By — B :=/2/((p+ 1) —cp).
Therefore,

)
IO,a,ﬁ_i( 2 )( 4 +1>+ 2 +p—{—1(p—1_ 6 )

B n\n—4/\n—4 n—4 2 2 n—4
_<p+1)2_<p+1)(n+2>+ 2n
S\ 2 2 n—4)  (n—4)?2
N p+1_ n )(p-i—l_ 2 )
_< > o)\ )70 -

Note that 7%

4 a,e, o, B
have Ié’e)’ak’ﬂk =0 in the case of a = 0.

appears in (3-3) mainly because of the weight function |x|%. In other words, we

Lemma 4.6. For any k > 0,
2
I(§,3o)zk,ﬂk < ,Bk+1(%(p +1)— O[k+1) (4-27)

provided p > (n+4)/(n —4) and n > 4. Therefore, for any a > 0 that satisfies the upper bound

2(n—2)1°
a <A = 0.0t i , (4-28)

= 2 3
B (3(p+1) —aqr) — ’é,ozk,ﬂk

the sequence 1 fo)’ ap.fi I8 positive for any k.

Proof. Basic calculations show that

+1 2 6
,3k+1(—p2 —Olk+1) —Ié,;k,ﬂk

1 2 4 1 1
= Br+1 (p—; - Olk+1> - Eak+lﬁk(ak+l +o+ 1) —oq1 Bt — Brtt Pt (ﬁ —3ap41 — 1)

2 2
1 2 4 1 1
> Br+1 <(% - Olk+1> - ;Olk—i-l(ak-i-l +oap+1) —opgr — %(% — 3oty — 1))
n—4 4 4 1 +1
= Br+1 <T(¥1§+1 - ;0‘1%+1 Yk + pTak+1 + T)
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where we have used the fact that 8, and o are increasing sequences in the first and the second inequality,
respectively. Therefore,

p+1 2 3) n—4 p—1 4 ptl 4
,3k+1( 5 —Olk+1) Iy p = ﬂk+1( p Otk+1+06k+1( ) ——Otk+1)+ > ——Olk+1)

n
—4 4
> Br+1 (n g+ (st + 1)( - ;OJ))
> 0.
Note that in the last inequality we have used the fact that
p—1 4 _p—-1_4 2 4 B
2 T n%T 2 Tan—d” =m0
since p > (n+4)/(n—4) and n > 4. O

Remark 4.7. It would be interesting if a counterpart of (1-12) could be proved for bounded solutions of
the fourth-order semilinear equation A% = f () under certain assumptions on the arbitrary nonlinearity
f € C'(R). We expect that such an inequality could be established for some convex nonlinearity f.

Appendix

We would like to mention that given the estimates in Lemma 2.1 and Lemma 2.4, one can provide a
somewhat simpler proof of Proposition 2.3, as follows.

|2—n+a

Second proof of Proposition 2.3. From Lemma 2.1, we have fR” |x u? dx < oo. Hence, we define

the function . “p
w(x) = [ e
nn—2)w, Jp |x —y|"=

It is clear that w(x) > 0 and Aw = —|x|*u”. This implies that, for a solution u of (1-1), the function
h(x) := w(x) + Au(x) is a well-defined harmonic function on R". Thus, for any xyp € R" and any R > 0,

by the mean value theorem for harmonic functions we will have

h(xo) :=f hda:/ (w+Au)da§/ wda—l—/ |Au|do. (A-1)
dBR(xo) dBg(xo) 9Bg(xo) dBg(xo)

Since w(xg) < 0o, through Tonelli’s theorem, we can change the order of the integrations to see that
the first integral on the right-hand side of (A-1) tends to zero as R — oo for all R. To be more precise,
notice that, up to a constant multiple, the first integral can be written as

do
f f ——— y“u”(y) dy.
n JaBrxo) 1X — VI

Then we use the fact that faBR(xo) 1/|x —y|"2do, = |y — xo|/>* " if |y — x0| > R and equals R*™
if |y — xo| < R. Thus the integral will split into two parts. The outside part tends to zero as R — oo due
to the fact that w(xp) < oo, while the inside part tends to zero due to the fact that, by Lemma 2.1,

R*™" f Iy[“u” (y)dy < R*™" / Iy[“u” dy < CR*™™(R + |xo|)"~“rra/(p=1)
Br(x0) Br1xy1(0)
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tends to zero as R — oo. The second integral will tend to zero for some sequence of R by Lemma 2.4
again. Apply the above inequality to this sequence to see that h(xg) < 0. Since xq is arbitrary, we
have —Au > 0. O
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CONVERGENCE RATES AND HOLDER ESTIMATES
IN ALMOST-PERIODIC HOMOGENIZATION OF ELLIPTIC SYSTEMS

ZHONGWEI SHEN

For a family of second-order elliptic systems in divergence form with rapidly oscillating, almost-periodic
coefficients, we obtain estimates for approximate correctors in terms of a function that quantifies the
almost periodicity of the coefficients. The results are used to investigate the problem of convergence rates.
We also establish uniform Holder estimates for the Dirichlet problem in a bounded C'* domain.
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1. Introduction and statement of main results

In this paper we consider a family of second-order elliptic operators in divergence form with rapidly
oscillating, almost-periodic coefficients,

P = —div(A(x/e)V) = _%G?jﬂ(x/g)%)’ e > 0. (1-1)
L J

We will assume that A(y) = (af‘jﬁ (y)) with 1 <i, j <d and 1 <«, B <m is real and satisfies the ellipticity
condition

pléP <aff ()76 < 1P for y € RY and £ = (&) € RO (1-2)

where © > 0 (the summation convention is used throughout the paper). We further assume that A = A(y)
is uniformly almost-periodic in R?; i.e., A is the uniform limit of a sequence of trigonometric polynomials
in RY.
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Let 2 be a bounded Lipschitz domain in R?. Let u, € H'(2; R™) be the weak solution of the Dirichlet
problem
Pe(ug)=F 1in Q and us =g on 0%, (1-3)

where F € H™!(€2; R™) and g € H'/?(3Q; R™). Under the ellipticity condition (1-2) and the almost
periodicity condition on A, it is known that u, — uo weakly in H'(€2; R™) and thus strongly in L2(2; R™)
as ¢ — 0. Furthermore, the function ug is the solution of

Lo(ug) =F in Q and up=g on 0%, (1-4)

where %o = — div(AV) is a second-order elliptic operator with constant coefficients, uniquely determined
by A(y). As in the periodic case (see, e.g., [Bensoussan et al. 1978]), the constant matrix A= (Ezf}ﬁ ) is
called the homogenized matrix for A and &y the homogenized operator for &.. In this paper we shall be
interested in quantitative homogenization results as well as uniform estimates for solutions of (1-3).

Homogenization of elliptic equations with rapidly oscillating, almost-periodic or random coefficients
was studied first by S. M. Kozlov [1978; 1979] and by G. C. Papanicolaou and S. R. S. Varadhan [1981].
In particular, the o(1) convergence rate of u, — ug in C° () for some o > 0 was obtained in [Kozlov
1978] for a scalar second-order elliptic equation in divergence form with almost-periodic coefficients.
Under some additional conditions on the frequencies in the spectrum of A(y), the sharp O (¢) rate in C (Q)
was proved in [Kozlov 1978] for operators with sufficiently smooth quasiperiodic coefficients. It is known
that, without additional structure conditions on A(y), the O (¢) rate cannot be expected in general (see
[Bondarenko et al. 2005] for some interesting results in the 1-dimensional case).

In contrast to the periodic case, the equation for the exact correctors x (y),

—div(A()VX(y) =div(A()VP(y) in RY, (1-5)

may not be solvable in the almost-periodic (or random) setting for linear functions P(y). In [Kozlov
1978], solutions x (y) of (1-5) with sublinear growth and almost-periodic gradient were constructed and,
as a result, homogenization was obtained for operators with trigonometric polynomial coefficients, by a
lifting method. The homogenization result for the general case follows by an approximation argument. A
different approach, which also gives the homogenization of the second-order elliptic equations with random
coefficients, is to formulate and solve an abstract auxiliary equation in a Hilbert space for ¥ (y) = Vx (y).
We outline this approach in Section 2 and refer the reader to [Jikov et al. 1994] for a detailed presentation
and references.

Another approach to homogenization involves the use of the so-called approximate correctors [Pa-
panicolaou and Varadhan 1981; Kozlov 1979]. Under certain mixing conditions, the approach has
been employed successfully to establish quantitative homogenization results for second-order linear
elliptic equations and systems in divergence form with random coefficients [ Yurinskii 1986; Pozhidaev
and Yurinskii 1989; Bourgeat and Piatnitski 2004]. For nonlinear second-order elliptic equations and
Hamilton—Jacobi equations, we refer the reader to [Caffarelli and Souganidis 2010; Armstrong et al.
2014; Armstrong and Smart 2014] for recent advances and references on quantitative homogenization
results. We point out that the almost-periodic case, which does not satisfy the mixing conditions generally
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imposed in the random case, is studied in [Caffarelli and Souganidis 2010; Armstrong et al. 2014]. We
also mention that sharp quantitative results were obtained recently in [Gloria and Otto 2011; 2012; Gloria
et al. 2014] for stochastic homogenization of discrete linear elliptic equations in divergence form.

In this paper we carry out a quantitative study of the approximate correctors 1 = ( Xﬁ, j) for £, in (1-1),

where, for 1 < j<dand 1 <8 <m,u= Xﬁ,j is defined by
—div(A()Vu) + T 2u = div(A(y)VPf (y)) in RY (1-6)

and Pj.ﬁ ) =y;©,...,0,1,0,...,0) with 1 in the B-th position. Among other things, we will prove
that, for T > 1 and o € (0, 1),

T X7 |l Looey < Co®p (T), (1-7)
lxr(x) — x| < CoT'™|x —y|° forany x,ye R’ (1-8)

1

2 T o
Sup(][ |VXT|2) fca(_) , (1-9)
xeRd B(x,r) r

where C, depends only on d, m, o0 and A. The continuous function ®,(7), which is decreasing and

and, forO<r <T,

converges to zero as T — 0o, is defined by

O, (T)= inf (p(R)+ (5)0), (1-10)
0<R<T T
where
p(R) = sup inf |AC-+y) = AC +2)llo@me) (I-11)
yeR ok

is a decreasing and continuous function that quantifies the almost periodicity of A. Indeed, a bounded
continuous function A in R? is uniformly almost-periodic if and only if p(R) — 0 as R — oo.

With the estimates (1-7), (1-8) and (1-9) at our disposal, we obtain the following theorems on the
convergence rates. Our results in Theorems 1.2 and 1.4 are new even in the scalar case m = 1.

Theorem 1.1. Suppose that A(y) = (a?jﬂ (y)) satisfies the ellipticity condition (1-2) and is uniformly
almost-periodic inR?. Let p > d, o € (0, 1), and Q be a bounded C"* domain in R¢ for some a > 0. Then
there exists a modulus 1 : (0, 1] — [0, 00), which depends only on A and o, such that lim;_.on(t) =0
and

e — ttoll o gy < (@ lluoll e (1-12)
for e € (0, 1) whenever u, € H'(Q) is the weak solution of (1-3) and ug € WP () is the solution of (1-4).
Furthermore, we have

lue —uo —exr(x/e)Vuoll g @) = Cn(e)lluollwzr(g) (1-13)

where T = ¢~ ! and x7(y) denotes the approximate corrector defined by (1-6). The constants C in (1-12)
and (1-13) depend only on 2, p, o and A.
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The next theorem gives more precise rates of convergence, provided p(R) decays fast enough that
[ (p(r)/r)dr < co.

Theorem 1.2. Under the same assumptions as in Theorem 1.2,
04 (r)

/ey T

llue —uollr2(@) < C”MOHWZJ’(Q)(/ dr + [®1(8_1)]U> (1-14)
1

and
* Ou(r)
/(2¢) r

lue —uo — e x7(x/&) Vol g1 () < C||M0||w2-p(sz)( / dr + [@1@—1)]0/2) (1-15)
1

forany o € (0, 1), where T = ¢~ and C depends only on Q, A, p and o.
Remark 1.3. By taking R = +/T in (1-10), we obtain O, (T) < p(~/T) + T~/ for T > 1. It follows

that - -
/ PO 4 < 00 = / 9" 4y < 00 (1-16)
1 1

r r
for any o € (0, 1]. It is not clear whether estimates (1-14) and (1-15) are sharp. However, let us suppose
that there exist T > 0 and C > 0 such that
p(R)<CR™™ forall R>1. (1-17)
Then, for T > 1,
Oy (T) < CToV/+D),
It follows from (1-14) that

lue —uoll 2y < Ce”" TN ugllwan(qy-

Since o € (0, 1) is arbitrary, this gives

T

lue —uoll 2@y < Cy8y||uo||w2.p(9) forany 0 <y < 1 (1-18)
Similarly, one may deduce from (1-15) that
lue —uo — exr(x/&)Vuoll gy < Cye lluollwzr (o) (1-19)

for any 0 < y < t/(2(tr + 1)). It is interesting to note that if A is periodic then p(R) = O for R large
and thus the condition (1-17) holds for any T > 1. Consequently, estimates (1-18) and (1-19) yield
convergence rates O(e'7%) and 0(g'/?79) for any § > 0 in L*(Q) and H (Q), respectively, which are
near optimal. Also note that, under the condition (1-17), our estimate (1-7) gives

X7l < CsTV/(FHDF? (1-20)

for any § > 0, while one has | xr|lz~ < C if A is periodic. Section 8 contains some examples of
quasiperiodic functions for which condition (1-17) is satisfied.

In this paper we also establish the uniform Holder estimates for the Dirichlet problem (1-3).
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Theorem 1.4. Suppose that A(y) = (a?jﬁ (y)) satisfies the ellipticity condition (1-2) and is uniformly
almost-periodic in RY. Let Q be a bounded C'* domain in R¢ for some a > 0. Let u, be a weak solution

of
Le(ug) =F +div(f) in Q and ug =g on 90S2. (1-21)

Then, for any o € (0, 1),

1
2
IIMSIICJ(Q)§C<Ilgllca<ag)+ sup r“][ |F|+ sup r1"<][ |f|2) ) (1-22)
xeQ B(x,r)NQ xeQ B(x,r)NQ2

O<r<ry O<r<ry

where ro = diam(2) and C depends only on o, A and Q2.

We now describe the outline of this paper as well as some of key ideas used in the proof of its main
results. In Section 2 we give a brief review of the homogenization of second-order elliptic systems
with almost-periodic coefficients, based on an auxiliary equation in B?(R?), the Besicovich space of
almost-periodic functions. We also prove a homogenization theorem (Theorem 2.2) for a sequence of
operators {— div(B¢(x/g¢)V)}, where e, — 0 and {B,(y)} are obtained from A(y) through rotations and
translations. With this theorem, a compactness argument is used in Sections 3 and 4 to establish the
uniform interior and boundary Holder estimates for local solutions of &, (u.) = F +div(f). The proof of
Theorem 1.4 is given in Section 4. We mention that the compactness argument, which originated from
the regularity theory in the calculus of variations and minimal surfaces, was introduced to the study of
homogenization problems by M. Avellaneda and F. Lin [1987; 1989]. It was used recently in [Kenig et al.
2013] to establish the Lipschitz estimates for the Neumann problem in periodic homogenization. Also
see related work in [Shen 2008; Geng et al. 2012; Shen and Geng 2015]. In the almost-periodic setting,
the compactness argument was used in [Dungey et al. 2001] to obtain the interior Holder estimate for
operators with complex coefficients. However, we point out that some version of Theorem 2.2 seems to
be necessary to ensure that the constants are independent of the centers of balls.

The approximate correctors xr are constructed in Section 5, while estimates (1-7), (1-8) and (1-9) are
established in Section 6. The proof of (1-8) and (1-9) relies on the uniform Holder estimates for £.. We
will also show that

xr (@) = xr(MI < CTJA(-+x) — A(-+y)[lL~ forany x,y e R’ (1-23)

The estimate (1-7) follows from (1-23) and (1-8) in a manner somewhat similar to the case of Hamilton—
Jacobi equations in the almost-periodic setting [Ishii 2000; Lions and Souganidis 2005; Armstrong et al.
2014].

Theorems 1.1 and 1.2 are proved in Section 7. Here we follow an approach for the periodic case by
considering

We = Ug(x) —ug(x) —exr(x/e)Vug(x) + ve(x),
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where T = ¢! and v, is the weak solution of the problem ¥, (v.) =0 in Q and v, = e x7(x/&)Vug(x)
on 0€2. We are able to show that

lwell g1(@) < Co (O (T) + (1Y — VxrI)) lluoll w2 (1-24)

for any o € (0, 1), where ¥ is the limit of V7 in B>(R?) as T — oo. In the periodic case, one of the
key steps is to write A— A(y) — A(y)Vx(y) as a divergence of some bounded periodic function. In the
almost-periodic setting, this will be replaced by solving the equation

—Au+T *u= By —(Br) in RY, (1-25)

where Br(y) = A-— A(y) — A(y)Vxr(y). The same ideas for proving (1-7)—(1-9) are used to obtain
the desired estimates for ||u|| .~ and ||Vu| .~ in terms of the function ®, (7). Finally, in Section 8 we
consider the case of quasiperiodic coefficients and provide some sufficient conditions on the frequencies
of A(y) for the estimate (1-17) on p(R).

Throughout this paper, unless indicated otherwise, we always assume that A = (af‘jﬂ ) satisfies the
ellipticity condition (1-2) and is uniformly almost-periodic in RY. We will use fE f=AU/IE)) /. g [ to
denote the L' average of f over E, and C to denote constants that depend on A(y), €2 and other relevant
parameters, but never on € or 7.

2. Homogenization and compactness

This section contains a brief review of homogenization theory of elliptic systems with almost-periodic
coefficients. We refer the reader to [Jikov et al. 1994, pp. 238-242] for a detailed presentation. We also
prove a homogenization theorem for a sequence of operators obtained from &, through translations and
rotations.

Let Trig(RY) denote the set of (real) trigonometric polynomials in R?. A bounded continuous function
f in R? is said to be uniformly almost-periodic (or almost-periodic in the sense of Bohr) if f is a limit of
a sequence of functions in Trig(R¢) with respect to the norm || f|/z. A function f in L2 (R?) is said to

loc
belong to B>(R?) if f is a limit of a sequence of functions in Trig(RY) with respect to the seminorm

1
2
||f||Bz=hmsup(][ |f|2) . @-1)
R—00 B(0,R)

Functions in B2(R?) are said to be almost-periodic in the sense of Besicovich. It is not hard to see that, if
f € B2(R%) and g is uniformly almost-periodic, then fg € B*>(R?).
Let f € L1 (R?). A number (f) is called the mean value of f if

loc

tim [ re/opeds=s) [ o 2-2)

e—0t

for any ¢ € Cg° (RY. If f e L? (RY) and I f1l g2 < oo, the existence of { f) is equivalent to the condition

loc

that, as ¢ — 0, f(x/e) — (f) weakly in L2 (R?), i.e., f(x/e) — (f) weakly in L>(B(0, R)) for

loc
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any R > 1. In this case, one has

(f)y= lim I
L—00 Jp(0,L)
It is known that if £, g € B>(R?) then fg has the mean value. Furthermore, under the equivalent relation
that f ~ g if || f — gllg2 = 0, the set B2(R?)/~ is a Hilbert space with the inner product defined by
(f. 8) =(fg).

A function f = (f) in Trig(R?; R?*™) is called potential if there exists g = (g%) € Trig(R?; R™)
such that f* = dg*/0x;. A function f = (f) in Trig([Rd; R4*m) is called solenoidal if af¥/9x; =0
for 1 <a <m. Let szot
polynomials with mean value zero in B?(R¢; R¢*™). Then

(resp. Vﬁ)l) denote the closure of potential (resp. solenoidal) trigonometric

B*RY; RY™) = V2, & Ve @ RT ™. (2-3)

By the Lax—Milgram theorem and the ellipticity condition (1-2), for any 1 < j <d and 1 < 8 < m there
exists a unique 1//}3 = (Ipf‘j’g ) € Vi such that

(@il wllor) = —(aLo?) forany ¢ = (9f) € V2, (2-4)
Let
al = (al) +(al vl (2-5)
and A = (&?jﬁ ). Then
wlel? <allerel < g (2-6)

for any & = (§7) € R?>™ where 1; depends only on d, m and . It is also known that A% = (A)*,
where A* denotes the adjoint of A, i.., A* = (b7 with b = a’}".
As the following theorem shows, the homogenized operator for £, is given by £p = — div(AV).

Theorem 2.1. Let Q be a bounded Lipschitz domain in R¢ and F € H~'(Q; R™). Let u, € H'(Q; R™) be
a weak solution of £, (us) = F in Q. Suppose u, — ug weakly in H'(Q; R™). Then A(x/e)Vu, — AVM()
weakly in L*(Q; RY™). Consequently, if f € H'/2(dQ; R™) and u, is the unique weak solution in
H'(Q; R™) of the Dirichlet problem $.(u;) = F in Q and u, = f on 0%2, then, as ¢ — 0, u, — ug
weakly in H'(Q; R™) and strongly in L>(2; R™), where ug is the unique weak solution in H'(Q; R™) of
the Dirichlet problem $o(ug) = F in Q and ug = f on 0S2.

Proof. See [Jikov et al. 1994] for the single equation case (m = 1). The proof for the case m > 1 is
exactly the same. (|

In Sections 3 and 4 we will use a compactness argument to establish the uniform Holder estimates
for local solutions of £, (u.) = div(f) + F. This requires us to work with a class of operators that are
obtained from $4 = — div(A(x)V) through translations and rotations of coordinates in R¢. Observe
that, if $4(u) = F and x = Oy + z for some rotation O = (0;;) and z € R?, then ¥ (v) = G, where
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v(y) =u(0y+2). B=®(y)) with b (y) = ajf (0y +2) 04 Oyj. and G(y) = F(Oy +z). Thus, for
each A = (ao”3 ) fixed, we shall consider the set of matrices

d={B= (bf‘ﬁ(y)) by’ (y) = agl (Oy +12) 04 Oy; for some rotation O = (0;j) and z € R'}. (2-7)

Note that, if B(y) = O'A(Oy +2)O € A, where O denotes the transpose of O, then the homogenized
matrix B equals O'AO.
The proof of Theorems 3.1 and 4.1 relies on the following extension of Theorem 2.1:

Theorem 2.2. Let Q2 be a bounded Lipschitz domain in RY and F € H-'(2; R™). Let uy € H (2; R™)
be a weak solution of — div(Ay(x/e¢)Vuy) = F in Q, where e; — 0 and Ay € A. Suppose that uy — u
weakly in H'(S; R™). Then u is a weak solution of — div(AVu) = F in Q, where A = O’AOfor some
rotation O in RY.

Proof. Suppose that Ay(y) = OéA(Ogy + z¢) O, for some rotations O, and z; € R?. By passing to
a subsequence we may assume that O, — O as £ — oo. Since A(y) is uniformly almost-periodic,
{A(y + z¢)}72, is precompact in Cp(R?%), the set of bounded continuous functions in R?. Thus, by
passing to a subsequence, we may also assume that A(y + z;) converges uniformly in R? to an almost-
penodlc matrix B(y) Consequently, we obtain Ay(y) — B(y) = O'B(0y) O uniformly in R“. Note that
B=0'BO=0'A0.

Now, let v, € H'(Q; R™) be the weak solution of the Dirichlet problem

—div(B(x/e))Vve)=F in Q and vy=u; on 9.

Using —diV(Ag(x/é‘g)V(ug — 'Ug)) = diV((Ag(X/S() — E(x/sg))va) in 2 and uy; — vy =0 on 092, we
may use the energy estimates to deduce that

lue — vell gy < CllAe — Bll= Vel 2y < CllAe — Bllz{lluell gy + 1 Fll 10 -

It follows that uy — v, — 0 in H'(Q; R™) as £ — oo.

Finally, since vy = vy — up + u¢ — u weakly in HY(Q; [R’") it follows from Theorem 2.1 that
B(.X/S()V'Ug —~ AVu weakly in H'(Q; R4*™)  where A= B — 0'AO. As a result, we obtain
—div(AVu) = F in . This completes the proof. 0

3. Uniform interior Holder estimates

The goal of this and the next section is to establish uniform interior and boundary Holder estimates
for solutions of &, (u.) = f + div(g). We will first use a compactness method to deal with the special
case & (ugz) =0. The results are then used to establish size and Holder estimates for fundamental solutions
and Green functions for &,. The general case follows from the estimates for fundamental solutions and
Green functions.
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Theorem 3.1. Let u, € H'(B(xo, 2r); R™) be a weak solution of div(A(x/¢)Vu,) = 0 in B(xo, 2r) for
some xo € R andr > 0. Let o € (0, 1). Then

e (x) — e ()| sca('x_y') (f |us|2) (3-1)
r B(x0,2r)

forany x,y € B(xg, r), where C, depends only on d, m, o and A (not on &, xy or r).

Theorem 3.1 follows from Theorem 2.2 by a three-step compactness argument, similar to the periodic
case in [Avellaneda and Lin 1987].

Lemma 3.2. Let 0 < o < 1. Then there exist constants ey > 0 and 6 € (O, le)’ depending only on o and A,

SLtCh that
’ MS ’ u&‘

whenever u, € Hl(B(y, 1); R™) is a weak solution of div(A(x/e)Vu.) =0 in B(y, 1) for some y € R4

and
][ lue* < 1.
B(y,1)

Proof. 1f div(A(x/e)Vu,) =0 in B(y, 1) and v(x) = u.(x 4+ y), then div(B(x/e)Vv) = 0 in B(0, 1),
where B(x) = A(x + ¢ 'y) € sl. As a result, it suffices to establish estimate (3-2) for y = 0 and for
solutions u, of div(B(x/¢)Vuy=0in B(0, 1), where B € .

To this end, we first note that, if w is a solution of a second-order elliptic system in B(O, %) with

2
<0% forany 0 <e < & (3-2)

constant coefficients satisfying the ellipticity condition (2-6), then

3(0,6) B(O,(;)
1

where Cy depends only on d, m and . We now choose 6 € (O, Z) so small that

2

< 0092][ lw|*> forany 0 <6 <1, (3-3)
B(0,1/2)

24CoH% < 6. (3-4)

We claim that the estimate (3-2) with y = 0 holds for this # and for some &y > 0, which depends only
on A, whenever u, is a weak solution of div(B(x/¢)Vu,) =0 in B(0, 1) for some B € «A.
Suppose this is not the case. Then there exist {e,} C Ry, {B¢} C o and {u,} C H'(B(0, 1); R™) such

that &, — 0,
div(Be(x/e¢)Vug) =0 in B(0, 1),

= =
B(0,1)

2

> 0% (3-6)
Since {u¢} is bounded in L>(B(0, 1); R™), by Cacciopoli’s inequality, {u¢} is bounded in H'(B(0, 1); R™).
By passing to a subsequence, we may assume u; — u weakly in H'(B(0, 1); R™) and in L(B(0, 1); R™).

and
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It follows from Theorem 2.2 that u is a solution of div(Au) =01in B(O, %), where A = O'AO for some
rotation O in R, Since the matrix O’ A O satisfies the ellipticity condition (2-6), estimate (3-3) holds
for w = u. However, since u, — u strongly in LZ(B (O, %), IR’"), we may deduce from (3-6) that

9205][ u—][ " SCOQZJ[ |u|252d0092][ ul, (3-7)
B(0,0) B(0,0) B(0,1/2) B(0,1)

where we have used (3-3) for the second inequality.

2

Finally, we note that the weak convergence of uy in L?(B(0, 1); R™) and the inequality in (3-5) give

][ lu> < 1.
B(0,1)

In view of (3-7), we obtain 6%° < 2902, which contradicts (3-4). This completes the proof. Il

Lemma 3.3. Fix0 <o < 1. Let &g and 6 be the constants given by Lemma 3.2. Letu, € H' (B(y, 1); R™)
be a weak solution of div(A(x/e)Vue) = 0 in B(y, 1) for some y € RY. Then, if 0 < & < go8*~! for

some k > 1,
% Ug — % Ug
B(y,0%) B(y,0%)

Proof. The lemma is proved by an induction argument on k, using Lemma 3.2 and the rescaling property
that, if £.(u.) =0 in B(y, 1) and v(x) = u.(0%x), then

2
< oo ][ e . (3-8)
B(y,1)

Lepc(v) =0 in BO ¥y, 07%).
See [Avellaneda and Lin 1987] for the periodic case. O

Proof of Theorem 3.1. By rescaling we may assume that » = 1. Suppose that u, € H'(B(y, 2); R™) and
div(A(x/e)Vug,) =0in B(y,2) for some y € R4. We show that

frenl™ B
B(z,t) B(z,t)

forany 0 <t < 6 and z € B(y, 1), where 6 € (0, ) is given by Lemma 3.2. The estimate (3-1) follows

2
<Ct* ][ |ug|? (3-9)
B(z,1)

from (3-9) by Campanato’s characterization of Holder spaces.

With Lemma 3.3 at our disposal, the proof of (3-9) follows the same line of argument as in the periodic
case. We refer the reader to [Avellaneda and Lin 1987] for details. We point out that the classical local
Holder estimates for solutions of elliptic systems in divergence form with continuous coefficients are
needed to handle the case ¢ > 0ggand 0 <t <6, as well asthe case 0 <& <fgpand 0 <t < g/gyg. [

It follows from (3-1) and Cacciopoli’s inequality that

o
][ Vue > < C, (5) ][ IVue> forany 0<7 <r (3-10)
B(y.1) "7 JBGy.r

if div(A(x/e)Vu,) =0in B(y, r). Since A* satisfies the same ellipticity and almost periodicity conditions
as A, estimate (3-16) also holds for solutions of div(A*(x/e)Vu,) =0 in B(y, r). As a result, one may
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construct an m x m matrix of fundamental solutions I'.(x, y) = (F?ﬁ (x, y)) such that, for each y € R4,
V,Ie(x, y) is locally integrable and

— [ aP(xye)-2(r? 9% ;
0= [ atf /o e S ax G-11)

for any ¢ = (¢%) € C(l) (R4, R™) (see, e.g., [Hofmann and Kim 2007]). Moreover, if d > 3, the matrix
s (x, y) satisfies

ITe(x, y)| < Clx —y[*™ (3-12)
for any x, y € R? with x # y, and
Cylh|®
|F5(X+h, )’) _FS(X’ y)| =< La
|x _ y|d—2+a (3_]3)
Co|h|”
ITe(x,y+h)—Te(x, )| < m,

where x, y, h € R? and 0 < |h| < %lx — y|. Since £ (Ts(x,-)) =01in R? \ {x}, using Cacciopoli’s
inequality and (3-12)—(3-13) we obtain

1
2 C
|V, <x,y>|2dy> < (3-14)
<][R§|y_x52R e Rd-1

and

1
I Clx—z|°
Vy{Te(x, ) = Te(z, y) 2d> < (3-15)
(,%RSD;_XOSQRl ){ & y € y }| y Rd_1+a

where x, z € B(xg, r) and R > 2r.
Theorem 3.4. Let u, € H'(B(xq, 2r); R™) be a weak solution of
—div(A(x/e)Vu,) = f +div(g) in 2B = B(xy, 2r).

Let 0 <o < 1. Then, for any x, 7z € B = B(xg, 1),

1 1 1
2 2 2
|ug<x>—ug<z)|sax—zr’(r—”(][ |ua|2) + sup t“(f |f|2> + sup tl—”(][ |g|2> )
2B YEB B(y.1) yeB B(y.1)

O<t<r O<t<r
(3-16)

where C depends only on p, o and A. In particular,

1 1 1
2 2 2
||u£||Loo<B)sc(][ |u£|2) +Cr° sup r“(][ |f|2) +Cr? sup rl‘“(][ |g|2) :
2B yeB B(y,1) YeB B(y,1)
O<t<r O<t<r
(3-17)

where C depends only on p, o and A.

Proof. We first note that the L> estimate (3-17) follows easily from (3-16). To see (3-16), we assume d > 3;
the case d = 2 follows from the case d = 3 by adding a dummy variable (the method of ascending). We



1576 ZHONGWEI SHEN

choose a cut-off function ¢ € C3°(B(xo, 2r)) such that 0 < ¢ < 1, ¢ = L in B(xo, 3r), and |Vg| < Cr~1.
Since
Le(ue) = fo+div(gp) —gVe — A(x/e)Vu, - Vo — V{A(x/e)u - Vi,

we obtain that, for x € B(xq, r),
ue () = /R T DO dy - /R VT, 80RO dy
- /R T E0IVe ) dy - /R Tee, DAG/E) V() Vo) dy
+ /R VT DA s ()T () dy. (3-18)
It follows that, for any x, z € B(xo, ),
e () — 6 2)] SCfZB oo, y) = Tez I F )] dy
+sz3 IV4{Ta (e, y) = Tele Mg dy
+C/ZBIFe(x,y)—Fs(z,y)llg(y)llvfp(y)ldy
+c[23|rs<x,y>—m<z, DIVt ()] Vg () dy
+C/ZBIVyFs(x,y)—Vyl“s(z,y)llus(y)llvw(y)ldy, (3-19)

where 2B = B(xg, 2r). Since |V¢| =0 in B(xo, %r) and x, z € B(xg, r), the last three terms in the
right-hand side of (3-19) may be handled easily, using estimate (3-13), Cacciopoli’s inequality and (3-15).
They are bounded by

(T () we (L) (1))

for any o € (0, 1).
Next, we use (3-12) and (3-13) to bound the first term in the right-hand side of (3-19) by

C/ | f (") dy +Cf Lf(»)ldy +Cso|/ _fldy (3-20)
B B 2

(x49) X = ¥]972 @55 12— y1472 B\BGx.ds) 1X — y[T2Hon

where s = |x — z| and oy € (o, 1). By decomposing B(x, 4s) as a union of sets {y : |y — x| ~ 2/s}, it is
not hard to verify that the first term in (3-20) is bounded by

1

2

Cs® sup tz_”(][ |f|2) .
yEB B(y.1)

O<t<r

The other two terms in (3-20) may be handled in a similar manner.
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Finally, the second term in the right-hand side of (3-19) is bounded by

/ [VyTe(x, g dy+/ IVyLe(z, g dy
B(x,4s) B(z,5s)

+/ IVy{Le(x, y) = Te(z, Mg dy. (3-21)
2B\ B(x,4s)

By decomposing 2B \ B(x, 4s) as a union of sets {y : |y — x| ~ 2/s} and using Holder’s inequality
and (3-15) (with o replaced by some o] € (o, 1)), we may bound the third term in (3-21) by

1

3

Cs’ sup tl"<][ |g|2) .
yEB B(y,t)

O<t<r

The other two terms in (3-21) may be handled in a similar manner. This completes the proof. U

Remark 3.5. Suppose that —div(A(x/e)Vu,) = f in 2B and f € L?(2B; R™) for some p > 2, where
2B = B(xgp, 2r). Assume d > 3. Using (3-18) and Cacciopoli’s inequality, we may obtain that

|ug(x)|§C/ %dwrc(][ |u£|2)2+Cr2<][ |f|2>2 (3-22)
2B X — Y 2B 2B

for any x € B = B(xy, r). By the fractional integral estimates, this gives

1 1

g 2)\? 2
(][B|ua|q> §C<]£B |Ms|) +Cr <]€B|f|p) ; (3-23)

where 0 < 1/p—1/q <2/d.

=

4. Uniform boundary Holder estimates and proof of Theorem 1.4
For xg € 02 and 0 < r < ro = diam(2), define
Qr(x9) = B(x0, )N and A,(x9) = B(xg,r)NI. 4-1)

Theorem 4.1. Let Q be a bounded C'" domain in R for some n > 0. Let u, € H' (22, (x0); R™) be a
weak solution of L. (u.) =0 in Q,(x¢) and u, = 0 on A, (xg) for some xy € 02 and 0 < r < rq. Then, for
any 0 <o <landx,y € 2,/2(xp),

1

|ua(x)—ua(y)|50("‘_y'> (][ |ug|2) , (4-2)
r Q, (x0)

where C depends only on o, A and 2.

Let ¢ : R~ — R be a C!+" function such that

¢0)=0, V¢o(0)=0 and [Vo|conga-1)=Mo. (4-3)
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Let
D(r)=D(r,¢) ={(x',x) eR*: |x| <r and ¢ (x') < x4 < ¢(x)+ 10(Mo + Dr},
I =10¢)={(,¢x) eR: x| <r}.

By translation and rotation, Theorem 4.1 may be reduced to the following:

(4-4)

Theorem 4.2. Let u, € H' (D(r); R™) be a weak solution of div(B(x/€)Vus) =0 in D(r) and u, =0
on I(r) for somer > 0and B € A. Then, forany 0 <o <l and x,y € D(r/2),

|ug<x>—us(y)|sc('x_y') (][ |ug|2)2, (4-5)
r D,

where C depends only on o, A and (n, My) in (4-3).

To prove Theorem 4.2, we need a homogenization result for a sequence of matrices in the class ${ on a
sequence of domains.

Lemma 4.3. Let { By} be a sequence of matrices in . Let {¢} be a sequence of C'" functions satisfy-
ing (4-3). Suppose that div(By(x/e;)Vuy) =0in D(r, ¢¢) and uy =0 on I (r, ¢;) for some r > 0, where
e¢ = 0 and |lugll g1 (p(r.g,)) < C. Then there exist subsequences of {¢¢} and {u}, which we still denote
by {¢¢} and {u,}, respectively, a function ¢ satisfying (4-3) with u € H' (D(r, ¢); R™), and a constant
matrix B , such that

{qﬁg—)q& in C'(|x'| <r), (4-6)
ue(x', xg — pe(x")) = u(x', x4 — p(x))  weakly in H'(D(r, 0); R™),
and

diV(éVu) =0 in D(r, ¢) and u=0 on I(r, o). 4-7)

Moreover, the matrix B, which is given by O' Ao for some rotation O in R?, satisfies the ellipticity
condition (2-6).

Proof. Since |V conma-1y < Mo and |luell g1 (perg,)) < C, (4-6) follows by passing to subsequences.
Suppose that By(y) = OEA(Ogy + z4) O, for some rotation O, and z; € R¥. By passing to a subse-
quence, we may assume that O, — O. Since uy — u weakly in H'(Q; R™) for any Q € D(r, ¢), it
follows from Theorem 2.2 that div(Bu) = 0 in D(r, ¢), where B = 0'AO. Finally, since v, (x', x4) =
ue(x', xg + e (x)) = v(x’, x4 + d(x")) weakly in H'(D(r, 0)) and v, =0 on I(r, 0), we may conclude
that v =0on I(r, 0). Hence, u =0 on I(r, ¢). O

Proof of Theorem 4.2. With Lemma 4.3 at our disposal, Theorem 4.2 follows by the three-step compactness
argument, as in the periodic case. We refer the reader to [Avellaneda and Lin 1987] for details. O

With interior and boundary Holder estimates in Theorems 3.1 and 4.1, one may construct an m X m matrix
G:(x,y)= (Ggﬁ (x, y)) of Green functions for &£, for a bounded C L. domain 2. Moreover, if d > 3,

|Ge(x, y)| < Clx — y[*¢ (4-8)
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for any x, y € Q and
C(7|X—Z|U
1Ge(x, y) = Gelz, y)|§m (4-9)

for any x, y, z € Q with |x —z| < %|x—y| and any 0 < o < 1. Since G.(-,y) =0 and G.(y,-) =0

on 02, one also has

C3())" (B()*
1Ge(x, y)| < |x( _“‘y)li,_;fj ”

(4-10)
for any x, y € Q and any 0 < o1, 0o < 1, where §(x) = dist(x, d2) and C depends only on A, 2, o]
and o5.

Theorem 4.4. Let Q be a bounded C'"" domain in R¢ for some n > 0. Suppose that ¥.(u;) = F in Q
and u, =0 o0n 0Q2. Then

xeQ
O<r<ry

el ey < Ca sup P~ ][ IF| (4-11)
Q(x,r)

forany 0 < a < 1, where ro = diam(2) and Cy depends only on A, Q2 and «.

Proof. Since
ug(x) :/ Ge(x,y)F(y)dy,
Q
it follows that, for any x, z € €,

e (x) —ue (2)] < /Q |Ge(x, y) = Ge(z, MIF(y)|dy.

Let t = |x — z| and write Q = [Q \ B(x,41)] U Q(x,4t). We use (4-8) to estimate the integral of
|Ge(x,y) —Ge(z, y)||F(y)| over 2(x, 4¢). This gives

F(y)ld F(Wld
/ |G8(X,y)—Gs(Z,y)HF(y)IdySC/ 1EDIdy / |F()ldy
Q(x,41) o

Qx4 X — 472 @sn 12— yld=2
<Ct* sup rz_“][ |F|.
xeQ Q(x,r)
O<r<ry

For the integral over 2\ B(x, 4¢), we choose B € («, 1) and use (4-9) to obtain

|F(y)ldy _
[ iGwy-Gaepironay e [ OS2 p
Q\B(x,41) Q\B(x,41) |X — Y xeQ Qx,r)
O<r<rg
Thus we have proved that |u(x) — u(z)|/|]x — z|* is bounded by the right-hand side of (4-11). The
remaining estimate for ||u ||z~ (@) is similar. O

Theorem 4.5. Let Q be a bounded C*" domain in R4 for some n > 0. Suppose that £, (u.) = div(f)
in Qand u, =0o0n 0. Then

1

2
lutell ey < Coe sup rl‘“( ][ |f|2> (4-12)
Q(x,r)

xeR
O<r<rg
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forany 0 < a < 1, where ro = diam(2) and Cy depends only on A, Q and «.
Proof. The proof is similar to that of Theorem 4.4, using

e (x) — ue (2)] §/Q|Vy(Gs(x,y)—Gs(Z, | Lf )l dy.

The lack of pointwise estimates for VG, (x, y) is overcome by using the following estimates:

C
/ 194G (e, )Py < S 1Ge(x. y)Pdy,
r<ly—x|<2r = Jrp2<ly—x|<3r

(4-13)

C
f IV (Ge(x, y) — Gel(z, y) P dy < |Ge(x, y) — Ge(z, y)* dy,
R<|y—x|<2R

R? Jrp2<iy-xI<3R

where |x —z| < A—Hx — y|. Estimate (4-13) follows from Cacciopoli’s inequality. We omit the rest of the
proof. O

Theorem 4.6. Let Q be a bounded C'" domain in R? for some 1 > 0. Suppose that £, (u.) =0 in Q and
us =g on IQ2. Then

luellcaggy < Callgllceo (4-14)
forany 0 < a < 1, where C,, depends only on A, Q2 and «.

Proof. Without loss of generality we may assume that ||g||c«aq) = 1. Let v be the harmonic function in
such that v € C(Q2) and v = g on 9. It is well known that Ivllca@) < Callgllce @) = Co, Where Cq
depends only on « and 2. By interior estimates for harmonic functions, one also has

IVu(x)] < Ca(8(x))* (4-15)
for any x € Q. Since . (4, —v) = —F.(v) in 2 and u, — v = 0 on 92, it follows that
0.0 =00 = = [ 9,60 )AG/) VU0 dy,
Q
This, together with (4-15), gives

lue(x) —v(x)| < Ca/ IVyGe(x, M) (SN dy. (4-16)
Q
We will show that

/ IVyGe(x, PG dy < Co(8(x)*  forany x € Q. (4-17)
Q
Assume (4-17) for a moment. Then

lus(x) —v(x)| < Cu(8(x))* forany x € Q. (4-18)

It follows that |lug||z@) < [[vllz=@) +C < C. Let x, y € Q. To show |us(x) —us(y)| < Clx — y|¥, we
consider three cases: (1) |x — y| < %5()6); Q) |x—yl< %S(y); B lx—yl= max(%z?(x), }‘5(y)). In the
first case, since ¥ (u.) = 0 in 2, we may use the interior Holder estimates in Theorem 3.1 to obtain

lug(x) —ue ()| < Colx — y|* uellL=Bex.6()2) < Calx —y|%.
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The second case is handled in the same manner. For the third case we use (4-18) and Holder estimates
for v to see that

e (x) —ue (V)] = ue(x) — v+ [v(x) —vW) |+ [v(y) —ue (V)]
SCE@N*+Clx —y[*+CE(y)*
< Cotlx - Y|a-

It remains to prove (4-17). To this end we fix x € Q and let r = §(x)/2. We first note that

f IVyGe(x, B dy < Cr“—lf IVyGe(x, y)ldy < Cr®, (4-19)
B(x,r) B(x,r)

where the last inequality follows from the first estimate in (4-13) by decomposing B(x, r) \ {0} as
U?O:O{B(x, 277r)\ B(x,27/71r)}. To estimate the integral on 2\ B(x, r), we observe that, if Q is a
cube in R? with the property that 3Q C Q\ {x} and £(Q) ~ dist(Q, ), then

1

/Q|vng(x,y>|<6<y>>°‘—1 dy < C(E(Q))“_1|Q|<][QIVyGe(x,y)lzdy)z

< C(E(Q))“leI<]£ Ge(x, y>|2dy)2

0

1

< Cr ) 2| e L @20
- o I — yPa—Tare) )

where o1, as € (0, 1). We remark that Cacciopoli’s inequality was used for the second inequality above,
while the estimate (4-10) was used for the third. Since 3Q C Q\ {x}, we see that |[x — y| ~ |x — z| for
any y, z € 2Q. As a result, it follows from (4-20) that

(8(y))*tea—?
|x —y |d—2+a1 +az

fQIVyGa(x, NI dy < Cr"”/Q (4-21)

By decomposing 2\ B(x, r) as a nonoverlapping union of cubes Q with the said property (a Whitney-type
decomposition of €2), we obtain

b} atoy—2
/ V3G, DI () dy < Cr / ) iy
Q\B(x,r)

o (I =yl + )i et
yz+a2—2dy

<Cr*® .
re (Ir = yal+r+ [y hi-rete

(4-22)

Finally, a direct computation shows that the integral on the right-hand side of (4-22) is bounded by Cr®~!
provided that o > o and o > 1 — . This completes the proof. U

Proof of Theorem 1.4. This follows from Theorems 4.4, 4.5 and 4.6 by writing u, = u” +u® +u®,

where u{", u® and u® satisfy the conditions in Theorems 4.4, 4.5 and 4.6, respectively. O
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5. Construction of approximate correctors

In this section we construct the approximate correctors x7 = ( X? D= X?’sj) and obtain some preliminary
estimates.

Proposition 5.1. Let f € L2 (RY; R™) and g = (g1, ..., ga) € L (RY; R™™). Assume that

loc loc

sup/ (£ +1gl*) < oc.
B(x,1)

xeRd

Then, for T > 0, there exists a unique u € HILC(Rd; R™) such that

—div(A(X)Vu) + T 2u = f +div(g) in R? (5-1)
and
sup/ (Vul® + |u)?) < co. (5-2)
xeRd J B(x,1)

Moreover, the solution u satisfies the estimate

sup][ (VuP+T2u) < C sup][ UgP+T21F D). (5-3)
B(x,T) B(x,T)

xeRd xeRd

where C depends only on d, m and .

Proof. By rescaling we may assume that 7 = 1. The proof of the existence and estimate (5-3)
may be found in [Pozhidaev and Yurinskii 1989]. It uses the fact that, for f € L*(R¢; R™) and
g = (g1,...,84) € L*(RY; R™™) with compact support, there exists a constant A > 0, depending
only on d, m and p, such that the solution of (5-1) in H L(RY; R™) satisfies

fd (VU + ) dx < C/de“'(lf|2+ 2 dx.
R R

For the uniqueness, assume that u € HILC(R"; R™) satisfies (5-2) and — div(A(x)Vu) +u = 0 in R?.
By Cacciopoli’s inequality,

C
R N N
B(O,R) B(O,R) R* JBo.2r)

for any R > 1. It follows that

C
f ul> < — |u|?
B(O,R) R [ (0,24 R)

for any R > 1. However, the condition (5-2) implies that f B(0.29R) |u|2 < C,R. Consequently, we obtain
S50, 141> < C,R™ for any R > 1 and thus u =0 in R. O
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Remark 5.2. The solution u of (5-1), given by Proposition 5.1, in fact satisfies
1 1

1
P 7 . \2
sup [Vul? ) <C sup lgl” )] +C sup T2 (5-4)
xeRd B(x,T) xeRd B(x,T) xeR4 B(x,T)

1 1

q 2
sup(][ T‘qlulq) <c sup(][ |g|”> e sup(f T2|f|2) (5-5)
xeRd B(x,T) xeRd B(x,T) xeRd B(x,T)

for some p > 2, depending only on d, m and p, where 1/g =1/p —1/d for d > 3. If d = 2, the left-hand
side of (5-5) should be replaced by T u| oo

To see (5-4), one uses the weak reverse Holder estimate: if u is a weak solution of — div(A(x)u) =
f +div(g) in B, = B(xg, r), then

(f ) <6 ) we(f ) ver(f )

for some p > 2, depending only on d, m and u (see, e.g., [Giaquinta 1983]). Estimate (5-5) follows
from (5-4) by Sobolev imbedding.

=

—_
—_

LetPﬁ(x)—xeﬁ where 1 < j <d, 1 <B <m,andef =(0,...,0,1,0,...,0) with 1 in the
B-th position. For T > 0 the approximate corrector is defined as xr = (XT J) where for each1 <j<d
and1 <8 <m,u —XT, (XT],---,XT'S) is the weak solution of

—div(A(X)Vu)+ T %u = div(A(x)VPf) in R?, (5-6)

given by Proposition 5.1. It follows from (5-3) that

sup ][ (Vxr?+T2xr1) < C, (5-7)
B(x,T)

xeRd

where C depends only on d, m and . Clearly, this gives

sup ][ (Vxr?+T2xr1) < C, (5-8)
B(x,L)

xeR?
L>T

where C depends only on d, m and .

Lemma 5.3. Let x, v, z € RY. Then

1

2
(][ IVxr(+y) = Vxr( +Z)|2df> = CllAC-+y) = A(- + Dl Lo ra),
B(x,T)

1

(5-9)

T—l(][ |xT(r+y)—xT<r+z)|2dz) <CIAC-+Y) — AC-+ D)l Lo ey
B(x,T)

where C depends only on d, m and .
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Proof. Fix y,z € R%and 1 < j <d, 1 < B <m. Letu(t) = xf ;(t +y) and v(t) = x} ,(t +2). Then
w = u — v 18 a solution of

—div(A(t +y)Vw) + T 2w = div([A( +y) — A(t + z)]VPf) +div([A(t +y) — A(t +2)]Vv).

In view of Proposition 5.1, we obtain
| avu et
B(x,T)

< C sup ][ |A(t+y)—A(t+Z)|2dt+C sup ][ |A(t+y)—A(t+z)|2|Vv|2dt
B(x,T) B(x,T)

xeRd xeRd

<CIAC+Y) = AC+DFwe +CIACG+Y) — AC+2) 17 sup][ Vol
B(x,T)

xeRd

<CIAC-+y) = A+ D)3,

where we have used (5-7) in the last inequality. This completes the proof. 0
Remark 5.4. For f € L} (R?), define
%
I.f I = lim sup sup(][ |f|2) : (5-10)
L—oo xeRd B(x,L)

Note that, by (5-7),
IVxrllw2+ T xrliw: <C, (5-11)

where C depends only on d, m and p. Moreover, by Lemma 5.3, for any 7 € R?,
IVxr(-4+7) = Vxr(Dllw2 + T xr -+ 1) = xr(Dllw2 < CIAC+ 1) = AC) =, (5-12)
Since A is uniformly almost-periodic, for any ¢ > 0, the set
(T €R:AC+D) = AC) | L) < €}

is relatively dense in R?. It follows that, for any & > 0, the set of 7 for which the left-hand side of (5-12) is
less than ¢ is also relatively dense in R4, By [Besicovitch and Bohr 1931], this implies that V x7 and xr
are limits of sequences of trigonometric polynomials with respect to the seminorm || - [|yy2 in (5-10). In
particular, Vxr, x7 € B*(R?) for any 7 > 0.

Lemma 5.5. Letuy = Xﬁ’jfor someT >0,1<j<dand1 < <m. Then

du’. v* ov”
ay ¥ -2 af
oy T \4T )= —(a®P 5-13
<alk e 8x,-> (ur -v) <a,j ox; >, ( )

where v = (v*) € H,} (RY; R™) and v*, Vv* € B*(R?).

Proof. For any ¢ = (¢%) € H'(R?; R™) with compact support, we have

ul. 3¢~ 1 ok
ay 9¥T af

c . + . 1 . 5-14
/Rd ik ox, ox; T2 /Rd ur - ¢ /Rd “ij dx; ( )
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Let v = (v*) € H! (R?; R™). Suppose that v* € B*(R?) and Vv* € B*(R?). Choose ¢ (x) = p(ex)v(x)
in (5-14), where ¢ € Cgo([R{d). The desired result follows by a simple change of variables x +— x /¢
in (5-14), multiplying both sides of the equation by &¢, and finally letting £ — 0. 0

Letting v be a constant in (5-13), we see that
(x7 ;) =0. (5-15)
By taking v = Xﬁ,j, we obtain
(AVXR Vb )+ T 25k 1P = —(A* V), (5-16)

where A* denotes the adjoint of A. This, in particular, implies that

(VxrP)+ Ty <€
where C depends only on d, m and .
Lemma 5.6. Let = (Iﬂ%ﬂ) be defined by (2-4). Then, as T — oo,

—(XTﬁ)A vl weakly in B*(RY). (5-17)

Proof Fix 1< j<dand1<p <m. Let ! = (Wﬂ) € B2(R; R%™) be the weak limit in B2(R?)

we see that wﬂ e V2

ot Moreover,

of a subsequence ng’ ., where Ty — oo. Since VXT] IS Vpot,

since T2(|xr|?) < C, it follows by letting T — oo in (5-13) that

~ 581)“ 581)
(it o) = 35
1

for any v = (v*) € Trlg([Rd R™). This implies that wﬂ is a solution of (2-4). By the uniqueness of the
solution, we obtain 1,0’3 wﬁ and hence (5-17). U

Theorem 5.7. As T — oo, T~ (| xr|*) — O

Proof. Note that
v = Voxr ) = (a7 (w7 = 50 (vif = =)
= @i v — () e i ) = T P,

where we have used equations (2-4) and (5-13). In view of Lemma 5.6, this implies that, as T — oo,
T=2(|xr|*) — 0 and

1Y = Vxrllp — 0. (5-18)

This concludes the proof. O
Remark 5.8. For T > 0, let

affy = i) +{a S 0d)) (5-19)
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be the approximate homogenized coefficients. Then
sab _ soB p_ 9 . vp
atf =it = (i (v = 75 0d))| = v = Vr e, (5-20)

6. Estimates of approximate correctors

In this section we will establish sharp estimates for approximate correctors yr. The proof relies on the
uniform L*° and Holder estimates obtained in Section 3 for solutions of £, (u.) = f + div(g).

Lemma 6.1. For T > 1,
X7l pooqray < CT, (6-1)

where C is independent of T. Moreover, forany 0 <o < land |x —y| <T,
X1 () = xr (M < CoT' 7 |x — y/°, (6-2)
where C, depends only on o and A.

Proof. We consider the case d > 3. The 2-dimensional case follows by the method of ascending.
Let 1 <j<dand1<p <m.Fix z € R? and consider the function

u(x) = xp () + Pl (x —2). (6-3)
It follows from (5-7) that
1
2
<][ |u|2> <CT. (6-4)
B(z,4T)
Since
div(A)Vu) =Ty}, in R, (6-5)

we may apply the estimate (3-23) repeatedly to show that

1
)4
(f W) <c,T 6-6)
B(z,2T)

for any 2 < p < oo, where C,, depends only on p and A. This, together with (3-17), gives
lull LB,y < CT.
Hence, | xng’ j (z)| < CT for any z € R?. Finally, (6-2) follows from (6-1) and the Holder estimate (3-16). [J

Lemma 6.2. Let 01,00 € (0,1) and 2 < p < 00. Then, forany 1 <r <T,

1
)4
sup vxrl?) <cre (Z) 6-7)
B(x,r) r

xeRd

where C depends only on p, o1, o5 and A.
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Proof. Let u be the same as in the proof of Lemma 6.1. By Cacciopoli’s inequality,

][ |W|Zscﬂ][ = @ P + CrIT 2y
B(z,r) B(z,2r)

where 0 < r < T. In view of (6-1) and (6-2), this gives

1
2 T\°
sup<][ |VXT|2> <Co(= (6-8)
B(z,r) <r)

zeRd

forany o € (0, 1) and 0 < » < T. Since A is uniformly continuous in R?, by the local W7 estimates for
elliptic systems in divergence form, it follows from (6-5) that

1
P 2 z -2
Vul?') =Cp IVul" | +CT =l xrllL=
B(z,1) B(z,2)

for any z € R? and 2 < p < oo, where C, depends only on p and A. This, together with (6-8), yields

1

D
SUP(][ |VXTIP> <CpoT?
zeR4 B(z,1)

for any o € (0, 1) and p € (2, 00). Consequently, forany 1 <r < T and o € (0, 1),

1

P
sup (][ IVXTI") <CpoT°. (6-9)
zeR4 B(z,r)

The desired estimate (6-7) now follows from (6-8) and (6-9) by a simple interpolation of L” norms. [J

—_

Theorem 6.3. Let T > 1. The approximate corrector xr is uniformly almost-periodic in RY. Moreover,
foranyy,z € R4,

IxrC-+3) = xr (- +Dllpemsy < CTIAC +y) = AC- +2) [ Lo Re). (6-10)
where C is independent of T, y and z.

Proof. We assume d > 3. The case d = 2 follows from the case d = 3 by the method of ascending. Fix
y,zeRland1<j<d, 1<B<m.Let

u@)=xﬁﬂX+y)—x5ﬂX+z)
Note that

—div(A(x+y)Vu) = —T‘2u+div((A(x+y)—A(x+z))VPJ’.8)+div((A(x+y)—A(x+z))Vv), (6-11)

where v(x) = Xﬁ, j(x +z). Let B = B(xg, T). As in the proof of Theorem 3.4, we choose a cut-off
function ¢ € C§°(B(xo, 3T)) such that ¢ = 1 in B(xo, 3T and |[Vg| < CT~!. Using the representation
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formula by fundamental solutions and (6-11), we obtain, for any x € B,
ol =12 [P @il dr+CIAC+ ) = AC+ Dl [ 19 w0
2B 2B

+ClIAC-+y) —AC-+ 2|z /2 VoIV (I (x, e (1))| dt
B

+CT(][ |W|2>2 +C<][ |u|2)2, (6-12)
2B 2B

where we have used I'V(x,t) = I'(x + y, t + y) to denote the matrix of fundamental solutions for the
operator — div(A(-+y)V) in R4, By Lemma 5.3, the last two terms in the right-hand side of (6-12) are
bounded by the right-hand side of (6-10). Using the size estimate (3-12) and Cacciopoli’s inequality, it is
also not hard to see that the second term in the right-hand side of (6-12) is bounded by the right-hand
side of (6-10).

To treat the third term in the right-hand side of (6-12), we note that

/ZBIVU(I)I V(T (x, ()| dt

=C Z(J[ IVv(t)|2c1z>2 <][ |V, (I (x, t)(p)lzdt)z(Z_gT)d
=0 [t—x|~2—tT [t—x|~2-tT

oo

<cy @Yy .-a'n.erny
=0

<CT,

where o € (0, 1) and we have used (6-8) to estimate the integral involving [Vv(2)|? for the second
inequality. As a result, we have proved that, for any x € B,

|u(?)]

B |x —1]d2

Iu(JC)IECT_Z/2 dt+CT|A(-+y) = A(-+2) | 1=. (6-13)

By the fractional integral estimates, this implies that

1
(][|u|‘1>qsc<][ W) L CTIAG+y) — A+ 211,
B 2B

where l < p<g <ooand 1/p—1/g <2/d. Since

==

1
2
(f |u|2) <CTIAC+y) = AC+D)
2B
by Lemma 5.3, a simple iteration argument shows that
lullLosy < CTIAC-+y) — A(-+2) [l Lo>.

This completes the proof. O
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Remark 6.4. Let u(x) = xr(x +y) — xr(x + 2), as in the proof of Theorem 6.3. Then

(t) —u(s)| < C(”;TS') TIAG+) = AC-+ D)l 6-14)

forany o € (0, 1) and ¢, s € R4, where C, depends only on o and A. This follows from (6-11), (6-10)
and (3-16). By Cacciopoli’s inequality and (6-14), we may deduce that

1

sup (][ |W|2>2 < Co () 1AC+9) = AC+D)ue (6-15)
B(x,r) r

xeRd

for any o € (0, 1).
Theorem 6.5. Let T > 1. Then
—1 R\°
T xr s < Co(p(R)+ (7)) (6-16)

forany R > 0and o € (0, 1), where C, depends only on o and A. In particular, T~ X7l oo qray = O
as T — oo.

Proof. Let y, z € R?. Suppose |z| < R. Then
X1 () = X1 (O] < X7 () — X1 @1+ X7 @) — X7 (0)| < CTJA(-+y) = AC- +2) || g iy + Co T' R,

where we have used Theorem 6.3 and Lemma 6.1. It follows that

_ RY°
sup 77" x7.(3») = x7(0)] = Co(R)+Co ) (6-17)
yeRd T
for any R > 0.
Finally, we observe that
|x7(0)] < ][ (XT(y)_XT(O))dY‘"i‘ ][ xr(y)dy| < sup [xr(y)—xr(0)[+ ][ XT()’)d)"~
B(0,L) B(0,L) yeRd B(0,L)
Since (x7) = 0, we may let L — oo in the estimate above to obtain
|x7(0)] < sup |x7(y) — xr(0)].
yeR4
This, together with (6-17), yields the estimate (6-16). U
For T > 1 and o > 0, define
. R\°
O, (T)= inf (p(R) n (—) ) (6-18)
0<R<T T

Note that ®,(T') is a decreasing and continuous function of 7 and ®, (7)) — 0 as T — oo. It follows
from Theorem 6.5 that

T x|l Looey < Co®g (T) forany T > 1, (6-19)
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where o € (0, 1). By taking R = T“ for some « € (0, 1) in (6-18), we see that

O, (T) < p(T*) +T71~, (6-20)

This, in particular, implies that

o0 o0
O4
[ 'O(r)dr<ooﬁ / (r)dr<oo.
1 1

r r

Theorem 6.6. Let T > 1. Then

(W = Vi) < Cy /OO 90 4 6-21)

T2 T
for o € (0, 1), where C, depends only on o and A.

Proof. Fix 1< j<dand1<B<m. Letu= Xﬁ’j’ V= XfT,j and w = u — v. It follows from Lemma 5.5
that |
m(v'ﬁé’) - ﬁ(“"/))

for any ¢ € H, (R?, R™) with ¢, V¢ € B*(R?). By taking ¢ = w, we obtain

(AVw - Vo) =

(IVwl?) < CT2((lu?) + (Jv]*) < Co (05 (T) + O, (2T))?, (6-22)
where we have used (6-19) for the second inequality. Hence, we have proved that
T
e
o
T2 T
where we have used the fact that ®, (r) is decreasing. Consequently,
et 00
®
SV = V) =€, [~ 22 (©-23)
=0 T2 7

Recall that, by (5-18), (| — Vxr|?) = 0 as T — oo. The estimate (6-21) now follows from (6-23). O
Remark 6.7. Suppose that there exist C > 0 and 7 > 0 such that
p(R) < % for R > 1. (6-24)
By taking R = 7°/("*%) in (6-16), we obtain
T MIxrlle < CO(T) < CT /7).
Since o € (0, 1) is arbitrary, this shows that
T xrllpe < CsT 7/ HDH (6-25)

for any é € (0, 1), where Cs depends only on § and A. Under the condition (6-24), by Theorem 6.6, we
also obtain
(I — V)2 < s~V forany § € (0, 1). (6-26)
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7. Convergence rates

In this section we give the proof of Theorems 1.1 and 1.2.

Lemma 7.1. Let h € L?

loc

(RY) and T > 0. Suppose that there exists o € (0, 1) such that

) % T 1—o
sup ][ |A| < <—> forany 0 <r <T. (7-1)
xeRd \ JB(x.r) r
Letu € Hlf)c([Rd) be the solution of
—Au+T2u=h inR? (7-2)
given by Proposition 5.1. Then
lullz~ < CT?,  ||Vull1~ < CT, (7-3)
and
IVu(x) = Vu(y)| < CT'"|x = y|°  forany x,y e R, (7-4)

where C depends only on d and o. Furthermore, u € H%C(Rd) and

1

2
sup (f |V2u|2) <C. (7-5)
xeRd B(x,T)

Proof. By rescaling we may assume 7 = 1. It follows from Proposition 5.1 and (7-1) that

1 1

2 2
sup (][ |u|2> <C and sup (][ |Vu|2> <C, (7-6)
xeR4 B(x,1) xeR4 B(x,1)

where C depends only on d. Fix xg € R? and let ¢ € C° (B(xo, 2)) be a cut-off function such that ¢ =1
in B(xg, 1). By representing u¢ as an integral and using the fundamental solution for —A, the desired
estimates follow from (7-1) by a standard procedure. We leave the details to the reader. (|

Under additional almost periodicity conditions on /, the next lemma gives much sharper estimates for
the solution u of (7-2).

Lemma 7.2. Leth € LIZOC(R‘I) and T > 0. Suppose that there exists o € (0, 1) such that

1

2 1—0o
sup(][ |h|2) SC0<Z> ,
xeRd B(x,r) r

) % T\1—o
sup(][ (e + ) = h(t+2)| dr) <Co(5) HACH) —AC+D)x
B(x.r) r

xeRd

(7-7)

foranyO <r <T andy,z € R Letu € H' (R?) be the solution of (1-2), given by Proposition 5.1. Then

loc
T2 (lullz~ < CONT) + | (h)],
T~ Vull= < COG(T),
where O (T) is defined by (6-18) and C depends at most on d, o and C.

(7-8)
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Proof. By applying Lemma 7.1 to the function

ux+y) —ulx+z)
CollAC-+y) = A(-+2) L=

with y and z fixed, we obtain
lu(-+y) —uC-+ 2l < CTAC-+y) — AC-+2) | v,
IVu(-+y) = Vu(- + )1~ = CTAC-+y) — A(-+ 2l L,

(7-9)

where C depends only on d, Cy and o. This shows that u and Vu are uniformly almost periodic. In
particular, # and Vu have mean values and (Vu) = 0. Also, note that condition (7-7) implies that
h € B2(R?) and hence has the mean value (k). It is easy to deduce from (7-2) that (u) = T>(h).

Note that, for any y € RY and z € R? with |z] <R <T,

T2 |u(y) —u(0)| < T2 u(y) — u(@)| + T *|u(z) —u(0)] < Cl[A(-+y) — A(-+2) |z~ +CT'R,

where we have used (7-9) and ||Vu|L~ < CT for the second inequality. It follows from the definition
of p(R) that

sup T 2|u(y) —u(0)| < C(p(R)+T~'R) forany 0<R<T.
yERd

By the definition of ®, this gives
sup T~2|u(y) —u(0)| < CO(T). (7-10)

yeRd
][ u(x)
B(0,L)

IT2u(0)] < CONT) + T2 (u)| = CONT) + |(h)]. (7-11)

Using
T 2u(0)| < T2

][ W(y) — (0)) dy' 4
B(0,L)

for any L > 0 and (7-10), we see that, by letting L — oo,

The first inequality in (7-8) now follows from (7-10) and (7-11).
Finally, we point out that the second inequality in (7-8) follows in the same manner, using (7-9)
and (7-4) as well as the fact that the mean value of Vu is zero. Il

We are now ready to estimate the rates of convergence of u, to u.

Theorem 7.3. Let u, (¢ > 0) be the weak solution of £.(u.) = F in Q and u, = g on 0Q2. Suppose that
uyg € W>2(Q). Let
dup
We (x) = up(x) — ug(x) —SXT,,/(X/8)£+US, (7-12)
J

where T = ¢~ and v, € H'(; R™) is the weak solution of the Dirichlet problem

9
P0)=0 inQ and v =8XT,j(x/g)a—m’ on 09. (7-13)
Xj
Then
lwell 1) < Co (O (T) + (|1¥ — Vxr ) lluollw22(0 (7-14)
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forany o € (0, 1), where C, depends only on o, A and Q2.

Proof. With loss of generality we may assume that

luollw22(q) = 1. (7-15)
A direct computation shows that
Le(we) = — div(Br(x/e)Vuo) + & div(A(x /&) x1 (x /&) Vuy), (7-16)
where Br(y) = (b’ (y)) is given by
R 3
b0 =i — el 0) =i g o0, (7-17)

Since w, € HO1 (2; R™), it follows from (7-16) that

cf |[Vwe|?dx <
Q

f div(Br(x/€)Vug) - we dx
Q

+f lexr(x/&)|VZuol [Vwe|dx = I + . (7-18)
Q
It suffices to show that

L+ 15 <Co(Os(T)+ (1Y — Vxr) lwell g1 (q) (7-19)

for any o € (0, 1).
First, it is easy to see that

L < CellxrllL=llVwell 2@ < COT)[|Vwell 120 (7-20)

for any o € (0, 1), where we have used (7-15) and (6-19).
Next, to estimate 1, we let h(y) =hr(y) = Br(y)— (Br) and solve (7-2). More precisely, let h = (h?ﬁ)

j
and f = ( fgﬁ ), where fl(j’g € H2_(R?) solves

loc

AP T2 =0 in R (7-21)

By (6-8) and (6-15), the function A satisfies the condition (7-7) for any o € (0, 1). Since (h) =0, it

follows from Lemma 7.2 that
T2 fll~ < COUT),

» (7-22)
TV fliLe = CO4(T)

for any o € (0, 1). Using (7-21) and integration by parts, we may bound /; in (7-18) by

f div(Af (x /&) Vo) - we dx
Q

+T2/;2|f(x/8)||VMO||VU)s|d.x+C<|w—VXTD”U)SHLZ(Q), (7-23)

where we have used the fact that |(B7)| < C(|Y — Vxr|). Note that, by (7-22), the second term in (7-23)
is bounded by C@] (T) ||Vw£ ||L2(Q)
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It remains to estimate the first term in (7-23), which we denote by /1;. To this end we write

. 0 off 8”5 o
dlv(Af(x/s)Vuo)wg:a Afl.j (x/e)— -w

Xj

NENC A e AN N/ “’3
= — — —— W N
ax; \ox \ dxi  ox; £ Jx; Bxkax, Xj

NN 85 . 9 fif aga
“E(%W—a >(/) 8]>'ws+a_(axkaxl(/)a )w

where we have used the product rule and the fact that

(- o)
X; 0X) 0Xy ox; Xj

It then follows from an integration by parts that

1“<c8f IV £ (x/e)||1V2ug| |[Vw,| dx +C Z” Vi (x/&)||Vuol [Vwe|dx =17 +12. (7-24)
J.a.B
In view of (7-22), we have
I{Y < Ce||V fllL=IVwell 20y < CO (T Vel 20 (7-25)

for any o € (0, 1).
Finally, to estimate / 1(1), we note that, by the definition of xr,

oy
- = ( i) = X
y; JAj S T2AT
It follows that
3fi‘;ﬂ Ly 1
—A — =——=Xr i
dyi  T* T2
Observe that the function 7! xr satisfies the assumption on 4 in Lemma 7.2 with 0 = 1. As a result, we
obtain
af’
H v <C;04(T)
3)65 L

for any o € (0, 1). This allows us to bound / 1(? by Cs 04 (T)||Vwel12(q) and completes the proof.  [J
The next lemma gives an estimate for the norm of v, in H'(Q).
Lemma 7.4. Let v, be the weak solution of (7-13) with T = ¢~ '. Then
1Vell @) < Co (T lxrllze) 277 (I Vuoll L= + 1 V2uoll 2(2) (7-26)

forany o € (0, %), where Cy, depends only on A, Q2 and o.
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Proof. We may assume that ||Vu0||LOO(Q)+||V2uo||Lz(Q) =1. We may also assume that § = T xrllze >0
is small, since § — 0 as T — 00. Choose a cut-off function ns € Cgo([R{d) sothat0<ns <1,ns(x)=1
if dist(x, 3Q) < 8, ns(x) = 0 if dist(x, Q) > 28, and |Vns| < C5~!. Note that

Vel 1) < Cellxr (x/e)Vuol girpe)

< Celnsxr(x/e)Vuol g1 (g
1
2
< C(llXTllLoo3_l/28+ ( / |VXT(x/e)|2dx> ) (7-27)
Qs

where Qs = {x € Q: dist(x, Q) < 28}. Since || x|~ /?e =872, we only need to estimate the integral
of |V xr(x/e)|?> over Q.
To this end, we cover Qs with cubes Q; of side length & such that ) j |Q ] < C4. It follows that

f |VxT<x/e>|2dxsZ/ Vxr(x/e)l*dx <10l \Vxrl?
Qs j Q; | (1/6)Q;

<C§ sup ][|VXT|2§Q,51—<’ (7-28)
UQ)=3T JQ

for any o € (0, 1), where we have used the estimate (6-8) in the last inequality. This, together with (7-27),
gives (7-26). U

We are now in a position to give the proof of Theorems 1.1 and 1.2.
Proof of Theorem 1.1. It follows from Theorem 7.3 and Lemma 7.4 that, for any o € (0, 1) and § € (0, %)
lue —uo —exr(x/e)Vuoll g1
< C(Oo(T) + (1Y = Vxr)lluollwaz (@) + C (@ (TN 272 (| Vugll @) + V2 uoll 12(0)
< C((I¥ = Vr ) +(©o (1)) lluo w2 )
< C (¥ = Vxrl) + @) uollwzr (). (7-29)

where T = ¢! and we have used the Sobolev imbedding VuollL=) < Clluollw2.r(q) for p > d. This
implies that

lue —uoll 2y < lexr(x/e)Vuoll 2 + C (1Y — Vxrl) + @1 (T) ) luollw2r (g
< C((Ily = Vxrl) + @ 1(TNHuollwzr ()

where C depends only on A and 2. Since (| — Vxr|) + (®(T)H'* - 0as T — oo, one may find a
modulus 7 on (0, 1], depending only on A, such that n(0+) = 0 and

(I — Vxrl) + @ (THY* <™
for T > 1. As a result, we obtain

lue —uo —exr(x/e)Vuol g < Cn(e)lluollw2r(q)s

llue —uollL2(@) = Cn(@)lluollwzr -
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Finally, we observe that, by Theorem 1.4, for any o € (0, 1),

liell oy < CIg o2 + 1 Fllagy) < Clluoll o + 1V 200l agy) < Clluollwzacgy-

It follows by interpolation that, for any o € (0, 1),

e — ol co @) < Cii) luollwr (),
where 7 is a modulus function depending only on A and o, and 77(0+) = 0. This completes the proof. [

Proof of Theorem 1.2. Estimate (1-15) follows directly from (7-29) and Theorem 6.6. To see (1-14), we
use
lue —uoll 2@y < llue —uo —exr(x/e)Vuo + vellp2(q) + llvell L2

< Co (O (T) + (|1 — V) lluollw22eg) + Ve ll 22 (7-30)
where v, is as defined in Theorem 7.3. By Theorem 1.4 we obtain
lvellz2@) < CllvellLe(g)

< Cllexr(x/e)Vugllca o)

< CE""lxr oo + O (T) [ Vugllcer o)

< C(T Mxrlcon + Oo (T luollw2r (e,
where p >d, o0 € (0,1) and 0 <oy <1 —d/p. Since T Nxrllre < Cy®y(T) and | x7(x) — xr(¥)| <
CoT'%|x — y|® for any « € (0, 1), it follows by interpolation that

T M xrllcon < C(O(T)'™7

for any oy > o1. Hence,

Vel 22 < C(O0 (T) P lluollw2ry < COITN” T ugllwr e

for any 6,0 € (0, 1) and p > d, where C depends only on 8, p, o, A and Q2. This, together with (7-30)
and Theorem 6.6, gives

lue —uoll 2@y < C({1¥ = Vxrl) + (@ 1(T)7) luollw.r (o)

% 0,(r) _
=< C(f ——dr +(©i(e 1))U)||MO||WZP(Q)
/@) T

for any o € (0, 1), and completes the proof. O

8. Quasiperiodic coefficients

In this section we consider the case where A(x) is quasiperiodic and continuous. More precisely, without
loss of generality, we will assume that

{A(x) = B(jn(x)),

8-1
B is l-periodic and continuous in R, ®-1)
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where M = m| +ms+ - --+my and, for x = (x, x2, ..., xg) € R4,
Jax) = gxp, ATxn, oo A, Axa, e, A X, e A, A xg) € RM.
Also, foreachi =1, 2, ..., d, the set {A}, R )L?"" } is assumed to be linearly independent over Z. Under

these conditions, it is known that A (x) is uniformly almost periodic. We shall be interested in conditions
oni= (k{ ) that imply the power decay of p(R) as R — o0. For convenience we consider

p1(R)=sup inf [AC-+y)—A(-+2)llL~, (8-2)
yeRd zeR?
lzlloo<R
where ||z]loo = max(|z1], ..., |zq]) for z = (z1, ..., zq). It is easy to see that pi(v/dR) < p(R) < pi(R).

Let
w(8) =sup{|B(x) —B()|: lx =yl =68}, >0,
denote the modulus of continuity of B(x). For x € R, write x = [x] + <x>, where [x] € Z and

<x>€ [—%, %) Ifx = (x1, ..., xy) €RM define [x]= ([x1], ..., [xy]) and <x> = (<x1>, ..., <xp>).
It is easy to see that || <x>||» gives the distance from x to Z¥ with respect to the norm || - ||oo.

Lemma 8.1. Let pi(R) be defined by (8-2). Then, for any R > 0, p1(R) < w (0, (R)), where

0, (R) = sup inf [lx — <j3(2)>[lco- (8-3)
xe[—1/2,1/21M HZZHER<R

Proof. Note that, since B is 1-periodic,
|B(x) =B =|B(y+[x —yl+<x—y>)—By)|=|B(y+<x—y>) —B(y)| =o(l<x — y>|)
for any x, y € RM. It follows that
[A(x +y) — Alx +2) = o (I<jr(¥) = Jn(2)>lo0)
for any x, y, z € R?. This implies that

p1(R) < sup inf & ([[<jr(y) = jr(2)>llo)

R(
YR sr
Using
</ () = jn(@)>lloo = I<<jn(1)> = <ja(2)>> oo = 1<ja(¥)> — <jn(2)>lo0s
we obtain
p1(R) = sup inf - & (|<jp(y)> = <ji(2)> o) = @(B1(R)),
yeRd z€
lzllo<R
where we have used the continuity of w(8) for the second inequality. O

Let &; = (A, 22, ..., A7) e R™ foreach 1 <i <d and

1

Ju @) =l A%, A eR™ for 1 e R.
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Thus, for z = (z1, 22, - . ., Zq) € RY,

Jr(@) = (o, (1), Jon(22)s ooy Jay(2a))-
It follows that

lx — <ja(@>lloo = max |lx; — <ji, (zi)>loos
1<i<d

where x = (x1, X2, ..., x7) € RM and x; € R™. This implies that
0, (R) = max 6;,(R), (3-4)
1<i<d
where
0, (R) = sup inf [[x — <j;,(#)>]lc- (8-5)

xe[—1/2,1/2]m \ztERR

Note that if m; = 1 then 6,,(R) = 0 for R large. We will use the Erd6s—Turdn—Koksma inequality in
the discrepancy theory to estimate the function 6, (R), defined by (8-5), for m; > 2.

Let P = Py = {x1, X2, ..., Xy} be a finite subset of [—%, %]m The discrepancy of P is defined as
—|B]

’

A(B; P)
Dy(P) =sup| ———
B N

1

where the supremum is taken over all rectangular boxes B = [ay, b1] X - - - X [ay, byy] C [—%, Q]m and

A(B; P) denotes the number of elements of P in B. It follows from the Erd6s—Turdn—Koksma inequality

that
1

1 2mi(n-x)
— e
<1+|n1|)---<1+|nm|)‘N;

1
Dy (P) sc{ﬁ+ > } (8-6)

neZ™
O<lnllc<H

for any H > 1, where C depends only on m (see, e.g., [Drmota and Tichy 1997, p. 15]). It is not hard to
see that

max  min ||y — zlleo < S[Dn (P, (8-7)
ye[—1/2,1/2]m ze Py

Lemma 8.2. Let R > 2 and { > 2 be two positive integers. We divide the interval [—R, R] into 2R{
subintervals of length 1/€. Let N = 2R{ and

Py=lx=<po>e[-34] n=j+5 —R<jsR-1mdo<k<e-1},

where A = ()Ll, .o, A e R™ and m = 2. Suppose that there exist cg > 0 and T > 0 such that
ln-Al>coln|”" forany n e Z™\{0}. (8-8)
Then
Dy(Py) < C(R™VHD(log RY" !+ N~IRHV D (log RY™ 1), (8-9)

where C depends only on m, cg, |A| and t.
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Proof. Let f(t) = 2™ and

_ 1 2mi(n-x) __ 1 .
= 2, &M =53  fp. (8-10)

XEPN ],k
wheren € 7"\ {0}, j=—R,...,R—1,k=0,...,£—1and tj; = j +k/L. Using

R
1 1 -
ﬁ/Rfmdr—NZf(z,k) < CM S lloos
B ik
we obtain
1 1" 1 1 1
Li<ce | f == - <C(~ R |n|”
| < Ce ||f||oo+2Rf_Rf<r>dr = CM A4 = = W nl+ R ),

where we have used the assumption (8-8). In view of (8-6), we obtain

i ¢nl+ R nf" )
Dy (P Cl —
i) = (H+ 2 A D

neZU?
O<llzlloo=H
E—l R—l T
5C<i+f bl &+ B x| dx>
H " Jiy<ca (L+x1]) - (T4 |xp])
< C(% + RN""H(log HY"™' + R~ H" (log H)m—l)
for any H > 2. By taking H = R+ we obtain the estimate (8-9). g
Theorem 8.3. Let A= (A1, ..., Aq) with A; = (A}, e A:"i) e R™ for 1 <i <d. Suppose that there exist
co > 0and t > 0 such that, for each 1 <i <d withm; > 2,
|n-Ai| = coln|™" forany n e Z™ \{0}. (8-11)
Then, for any R > 2,
61(R) < CR™V/ D (1og R)! =1/, (8-12)
where m = max{my, ..., mgq} and C depends only on d, m, cy and t.

Proof. Suppose m; > 2. Let P = Py be same as in Lemma 8.2. It follows from (8-7) and Lemma 8.2 that

0)\1 (R) S C(R—l/(f-'rl)(log R)mi—l + N—1R1+1/(‘L’+1)(10g R)mi_l)l/mi

< CR—l/(Mi(f-i-l))(]Og R)l_l/mi’
where we have taken N = CR'*2/+D_ This, together with (8-4), gives (8-12). O

Remark 8.4. Suppose that A(x) = B(j,(x)) and B(y) is 1-periodic. Also assume that A satisfies the
condition (8-11) and B(y) is Holder continuous of order « for some « € (0, 1]. It follows from Lemma 8.1
and Theorem 8.3 that

o(R) < CR—a/(m(r+1))(log Ry*(=1/) (8-13)

for R > 1. In view of Remark 1.3, this leads to

lue —uoll 2 < Cye? lluollwar(q)
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for any 0 < y < a/(o +m(t 4+ 1)). We point out that, for A(y) that satisfies the condition (8-11) and is
sufficiently smooth, the sharp estimate [lu; — uo|l;2(q) = O(¢) was obtained in [Kozlov 1978].
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QUANTITATIVE DECAY RATES FOR DISPERSIVE SOLUTIONS
TO THE EINSTEIN-SCALAR FIELD SYSTEM IN SPHERICAL SYMMETRY

JONATHAN LUK AND SUNG-JIN OH

We study the future causally geodesically complete solutions of the spherically symmetric Einstein-scalar
field system. Under the a priori assumption that the scalar field ¢ scatters locally in the scale-invariant
bounded-variation (BV) norm, we prove that ¢ and its derivatives decay polynomially. Moreover, we
show that the decay rates are sharp. In particular, we obtain sharp quantitative decay for the class of
global solutions with small BV norms constructed by Christodoulou. As a consequence of our results, for
every future causally geodesically complete solution with sufficiently regular initial data, we show the
dichotomy that either the sharp power law tail holds or that the spacetime blows up at infinity in the sense
that some scale invariant spacetime norms blow up.
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1. Introduction

In this paper, we study the quantitative long time dynamics for the spherically symmetric dispersive
spacetimes satisfying the Einstein-scalar field equations. More precisely, these are spherically symmetric
solutions (M, g, ¢) to the Einstein-scalar field system, where g is a Lorentzian metric and ¢ is a real-
valued function on a 3+1-dimensional manifold M, such that (M, g) is future causally geodesically
complete and ¢ scatters locally in the scale-invariant bounded-variation (BV) norm. For these spacetimes,
we establish a Price-law-type decay for the scalar field ¢, the Christoffel symbols associated to g and all
of their derivatives. To obtain the decay results, we do not need to assume any smallness of the initial
data. Moreover, we show that the decay rates in this paper are sharp.

MSC2010: 35Q76.
Keywords: Einstein-scalar field system, spherical symmetry, quantitative decay rate.
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Figure 1. The dispersive case.

it

Figure 2. The black hole case.

The spherically symmetric Einstein-scalar field system, being one of the simplest models of self-
gravitating matter in this symmetry class, has been studied extensively both numerically and mathemat-
ically. In a seminal series of papers by Christodoulou [1987; 1991; 1993; 1994; 1999], he achieved
a complete understanding of the singularity structure of spherically symmetric spacetime solutions to
this system. The culmination of the results shows that generic! spherically symmetric initial data with
one asymptotically flat end give rise to a spacetime whose global geometry is either dispersive (with
a Penrose diagram represented by Figure 1) or contains a black hole region BH which terminates in a
spacelike curvature singularity S (with a Penrose diagram represented by Figure 2). In particular, in
either of these generic scenarios, the spacetime possesses a complete null infinity Z and thus obeys
the weak cosmic censorship conjecture. Moreover, in either case, the maximal Cauchy development
of the data is inextendible with a C? Lorentzian metric and therefore also verifies the strong cosmic
censorship conjecture. We refer the readers to [Kommemi 2013] for a comprehensive discussion of
general singularity structures for spherically symmetric spacetimes.

The remarkable resolution of the cosmic censorship conjectures, however, gives very little information
on the long time dynamics for these spacetimes except for the small data® case [Christodoulou 1993]. In
particular, not much is known about the asymptotic decay of the scalar field as measured by a far-away

1n the BV class, i.e., the initial data for dy (r¢) has bounded variation. More precisely, Christodoulou showed that the
nongeneric set of initial data has codimension at least two in the BV topology.
2That is, when the initial data is close to that of Minkowski space.
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observer at null infinity. In the dispersive case, Christodoulou showed that the Bondi mass decays to zero
along null infinity without an explicit decay rate. In the black hole case, he showed that the Bondi mass
approaches the mass of the black hole, from which one can infer the nonquantitative decay for the scalar
field along null infinity [Christodoulou 1993].

The long time dynamics in the case where the spacetime settles to a black hole was subsequently
studied® in the seminal work of Dafermos and Rodnianski [2005]. They proved a quantitative decay rate
for the scalar field (and its derivatives) in the spacetime including along null infinity Zt and the event
horizon H ™. The proof is based on the local conservation of energy, which is subcritical, together with
techniques exploiting the conformal geometry of the spacetime and the celebrated red-shift effect along
the event horizon. The result in particular justified, in a nonlinear setting, the heuristics of [Price 1972]. It
turns out that the quantitative decay rates, when combined with the results of [Dafermos 2005], also have
interesting consequences for the strong cosmic censorship conjecture in the context of the spherically
symmetric Einstein-Maxwell-scalar field system.

In this paper, we study the other generic scenario, spherically symmetric dispersive spacetime solutions
to the Einstein-scalar field system. Unlike in the black hole case, the monotonic Hawking mass is
supercritical and provides no control over the dynamics of the solution. We thus do not expect to be able
to obtain quantitative decay rates for large solutions without imposing extra assumptions. Instead, we
assume a priori the nonquantitative decay of a critical quantity — the BV norm* — but only locally in
a region where the area of the orbit of the symmetry group SO(3) remains uniformly bounded. Under
this assumption of local BV scattering, we show that the scalar field and all its derivatives decay with a
quantitative rate, reminiscent of the Price law decay rates in the black hole case. (We refer the readers
to the statement of the main theorems in Section 3 for the precise rates that we obtain.) We prove, in
particular, a quantitative decay rate for the scalar field along null infinity.

Our results apply in particular to the class of solutions arising from initial data with small BV norm.
Christodoulou [1993] showed that these spacetimes are future causally geodesically complete. One can
easily deduce from [Christodoulou 1993] that in fact these spacetimes satisfy the BV scattering assumption
and therefore the solutions obey the quantitative decay estimates of our main theorem (see Theorem 3.15).
On the other hand, our results do not require any smallness assumptions on the initial data. We conjecture
that indeed our class of spacetimes contains those arising from large data:

Conjecture 1. There exists initial data of arbitrarily large BV norm whose maximal global development
scatters locally in the BV norm.

In addition to the upper bounds that we obtain in our main theorem, we also construct examples where
we prove lower bounds for the solutions with the same rates as the upper bounds. In particular, there
exists a class of initial data with compactly supported scalar field whose future development saturates the
decay estimates in the main theorem. This shows that the decay rates are sharp. We note that the decay
rate is also consistent with the numerical study of Bizén, Chmaj and Rostworowski [Bizon et al. 2009].

3n fact, they considered the more general Einstein—-Maxwell-scalar field equations.

4Solutions of bounded variation were first studied by Christodoulou [1993] and play an important role in the proof of the
cosmic censorship conjectures [Christodoulou 1999].
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As a corollary of the main result on decay, we show the following dichotomy: either the quantitative
decay rates are satisfied or the solution blows up at infinity. The latter are solutions such that some
scale-invariant spacetime norms become infinite (see the precise definition in Definition 3.12).

The decay result in this paper easily implies that the locally BV scattering solutions that we consider are
stable against small, regular, spherically symmetric perturbations. More ambitiously, one may conjecture:

Conjecture 2. Spherically symmetric, locally BV scattering dispersive solutions to the Einstein-scalar
field equations are stable against nonspherically symmetric perturbations.

Conjecture 2, if true, will generalize the monumental theorem on the nonlinear stability of Minkowski
spacetime of [Christodoulou and Klainerman 1993] (see also a simpler proof in [Lindblad and Rodnianski
2010]). For nonlinear wave equations satisfying the null condition, it is known [Alinhac 2009; Yang 2015]
that large solutions decaying sufficiently fast are globally stable against small perturbations. On the other
hand, our main theorem shows a quantitative decay rate for spherically symmetric, locally BV scattering
dispersive spacetimes. Conjecture 2 can therefore be viewed as an attempt to generalize the results in
[Alinhac 2009; Yang 2015] to the Einstein-scalar field system. We will address both Conjectures 1 and 2
in future works.

1A. Outline of the paper. In Section 2, we discuss the set-up of the problem and in particular define the
class of solutions considered in the main theorem, i.e., the locally BV scattering solutions. In Section 3,
we state the main theorems in the paper (Theorems 3.1 and 3.2), their consequences and additional
theorems on the optimality of the decay rates. In the same section, we outline the main ideas of the proof.
In Sections 4 and 5, we explain the main analytic features of the equations and the geometry of the class
of spacetimes that we consider.

Sections 6 and 7 consist of the main content of this paper. In Section 6, we prove the decay estimates
for ¢, 0,(r¢) and 9, (r¢), that is, the first main theorem (Theorem 3.1). In Section 7, using in particular
the results in Section 6, we derive the decay bounds for the second derivatives for r¢ and the metric
components, that is, the second main theorem (Theorem 3.2).

In the remaining sections of the paper, we turn to other theorems stated in Section 3. In Section 8, we
give a proof of the dichotomy alluded to above, that either the quantitative decay holds or the spacetime
blows up at infinity. In Section 9, we sketch a proof of a refinement of the conclusions of the main
theorems in the small data case. Finally, in Section 10, we prove optimality of the decay rates asserted by
the main theorems.

2. Set-up

In this section, we define the set-up, formulate the equations in a double null coordinate system and explain
the characteristic initial value problem. This will allow us to state the main theorem in the next section.

2A. Spherically symmetric Einstein-scalar-field system (SSESF). We begin with a brief discussion on
the derivation of the spherically symmetric Einstein-scalar-field system (SSESF) from the 34-1-dimensional
Einstein-scalar-field system.
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Solutions to the Einstein-scalar field equations can be represented by a triplet (M, g, ¢), where
(M, g,v) is a 3+1-dimensional Lorentzian manifold and ¢ a real-valued function on M. The spacetime
metric g, and the scalar field ¢ satisfy the Einstein-scalar-field system

{R;w - %guvR = 2T,uv»

Vh3up =0, @-1)

where R, is the Ricci curvature of g, R is the scalar curvature and V,, is the covariant derivative
given by the Levi-Civita connection on (M, g). The energy—momentum tensor 7}, is given by the scalar
field ¢:

Tyo = 9, 9 — 380 9" ¢ ,9. (2-2)

Assume that the solution (M, g,.,, ¢) is spherically symmetric, that is, the group SO(3) of three-
dimensional rotations acts smoothly and isometrically on (M, g), where each orbit is either a point or is
isometric to S? with a round metric. The scalar field ¢ is required to be constant on each of the orbits.
These assumptions are propagated by (2-1); hence, if (M, g,., ¢) is a Cauchy development, then it
suffices to assume spherical symmetry only on the initial data.

The quotient M/ SO(3) gives rise to a 14-1-dimensional Lorentzian manifold with boundary, which
we denote by (Q, gu»). The boundary I' consists of fixed points of the group action. We define the area
radius function r on Q to be

) \/ Area of symmetry sphere
"= 4
and r =0 at I". Note that each component of I is a timelike geodesic.
We assume that I" is nonempty and connected, and moreover that there exist global double null
coordinates (u, v), i.e., a coordinate system (u, v) covering Q in which the metric takes the form

gap dx® - dx? = —Q% du - dv (2-3)

for some €2 > 0. We remark that both assumptions are easily justified if (M, g) is a Cauchy development
of a spacelike hypersurface homeomorphic to R3.
The metric g, of M is characterized by €2 and r and takes the form

g dx” - dxV = —Q%du - dv +r? dséz, (2-4)

where dsé2 is the standard line element on the unit sphere S?. Therefore, we may reformulate the
spherically symmetric Einstein-scalar field system (SSESF) in terms of the triplet (¢, r, 2) as

r 3, dyr = —dyr dyr — 327,
r? 3,0, log @ = 8,1 dyr + 1% — 1 3,4 0,9,
r 0y 0y = —0yr 0y — 0yr 9,9, (SSESF)
2Q719,r 3,92 = 32r +r(3,0)?,
2Q71 9yr 3,Q = 32r +r(3,9)2,

with the boundary condition » =0 along I'.
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2B. Basic assumptions, notations and conventions. In this subsection, we introduce the basic assump-
tions on the base manifold Q, as well as some notations and conventions that will be used in the rest of
the paper.

Definition of Q and M. Denote by R'*! the 1+41-dimensional Minkowski space, with the standard
double null coordinates (u, v). Let Q be a 141-dimensional Lorentzian manifold which is conformally
embedded into R'*! with dsé = —Q?du - dv. Given a nonnegative function  on Q, we define the
set I' :== {(u, v) € Q:r(u,v) =0}, called the axis of symmetry. We also define (M, g,,) to be the
14-3-dimensional Lorentzian manifold with M = Q x S? and g, given by (2-3); this is to be thought of
as the full spacetime before the symmetry reduction. (We refer to Section 2A for the full interpretation.)

Assumptions on the conformal geometry of Q. We assume that I’ C Q is a connected set which is the
image of a future-directed timelike curve emanating from the point (1, 1). We also assume that C; C Q,
where

Ci={u,v)eR" :u=1,1<v < o0}

Furthermore, Q is assumed to be the domain of dependence of I" and C to the future, in the sense that
every causal curve in Q has its past endpoint on either I" or Cj.

Notations for the conformal geometry of Q. Denote by C, (resp. C,) the constant-u (resp. constant-v)
curve in Q. Note that these are null curves in Q.

Given (ug, vo) € Q, we define the domain of dependence of the line segment C,,, N {v < v}, denoted
by D(ug, vy), to be the set of all points p € Q such that all past-directed causal curves passing p intersect
'V (Cy, N{v < vp}) plus the line segment (C,,, N {v < vp}) itself.

Also, we define the future null infinity Z* to be the set of ideal points (u, +00) such that sup¢, r = 00.

Integration over null curves. Whenever we integrate over a subset of C,, or C,, we will use the standard
line element dv or du for the integrals, i.e.,

uz
/ f=/ f@', v)du,
CyN{uy <u<us} u

v
/ f=/ fu,v)dv'.
CuN{v <v=<wy} v

Functions of bounded variation. Unless otherwise specified, functions of bounded variation (BV) consid-
ered in this paper will be assumed to be right-continuous. By convention,

dyfdv or 09,f
will refer to the distributional derivative of f, which is a finite signed measure, and

18y fldv or 3, f]
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will denote the total variation measure. Unless otherwise specified, these measures will be evaluated on
intervals of the form (vy, v;]. Thus, according to our conventions,

/ ’ 0y f(v)dv = f(v2) — f(v1),

Ui

/ 190 £ dv =TV 0, un [ £].

vl
New variables. We introduce the following notation for the directional derivatives of r:

ar or
Ai=—, Vi=—,
av au
The Hawking mass m(u, v) is defined by the relation

1— 27’" = 997 8,r = —4Q7 20,1 d,r. (2-5)
For a solution to (SSESF), the quantity m possesses useful monotonicity properties (see Lemma 4.3),
which will be one of the key ingredients of our analysis. We define the mass ratio to be
e
=

We also define the Bondi mass on C,, by M (u) := lim,_, oo m(u, v), provided the limit exists. The
Bondi mass M; := M (1) =lim,_, o m(1, v) on the initial curve C; is called the initial Bondi mass.

2C. Reformulation in terms of the Hawking mass. The Hawking mass as defined in (2-5) turns out to
obey useful monotonicity (see Section 4B). We therefore reformulate (SSESF) in terms of m and eliminate
Q. Notice that, by (2-4) and (2-5), the metric is determined by r and m.

We say that (¢, r, m) on Q is a solution to (SSESF) if the following equations hold:

w I

dh=———2Av, and v = ———Arv, (2-6)
(1—wyr (1—wyr
2va,m = (1—wr?@,4)* and 2xd,m = (1 —p)r’(d,0)% (2-7)
8,0, rd) = Vg, (2-8)
(1—wyr

and, moreover, the following boundary conditions hold:
r=0 and m=0 along I'.

We remark that, using (2-6), the wave equation (2-8) for ¢ may be rewritten in either of the following
two equivalent forms:

0 (3 (re)) = (3ur)9, (2-8)
9y (3, (rg)) = (Byv)9. (2-8")
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2D. Choice of coordinates. Note that Q is ruled by the family of null curves C,. Since a null curve C,,
with u # 1 cannot intersect C1, its past endpoint must be on I'. Therefore, our assumptions so far impose
the following conditions on the double null coordinates (u, v) on Q: u is constant on each future-directed
null curve emanating from I' and v is constant on each conjugate null curve. However, these conditions
are insufficient to give a unique choice of a coordinate system, as the system (SSESF) and assumptions
so far are invariant under the change of coordinates

u—U@m), v—>Vw), UD)=VI)=1

for any strictly increasing functions U and V. To remove this ambiguity, we fix the choice of the coordinate
system, once and for all, as follows.

We first fix v on Cy, relating it to the function r. Specifically, we will require that v =2r + 1 on Cy,
which in particular implies that

AL, v) = 1. (2-9)

Next, in order to fix u, we prescribe u such that I' = {(u, v) : u = v}. To do so, for every outgoing null
curve C in Q, follow the incoming null curve to the past starting from C NI until the point p, where it
intersects the initial curve C;. We then define the u-coordinate value for C to be the v-coordinate value
for p,.

Under this coordinate choice, D(ug, vg) may be expressed as

D(ug, vo) = {(u, v) € Q:u € [uo, vol, v € [u, vol}.
Moreover, if r and ¢ are sufficiently regular functions on Q, then our coordinate choice leads to
Iim (A +v)(u,v) = lim (A+v)(u, v) =0,
v>u+ u—>v—

Jim (@, +8,)(¢)(uw,v) = lm (3, +3,)(r¢)u, v) =0.

These conditions will be incorporated into precise formulations of solutions to (SSESF) with limited
regularity in the following subsection.

2E. Characteristic initial value problem. We will study the characteristic initial value problem for
(SSESF) with data prescribed on C; under quite general assumptions on the regularity. In this subsection,
we give precise formulations of initial data and solutions to (SSESF) to be considered.

We begin with a discussion on the constraint imposed by (SSESF) (more precisely, (2-6)—(2-8)) on
initial data for (¢, r, m). In fact, the constraint is very simple, thanks to the fact that they are prescribed on
a characteristic (i.e., null) curve C;. Once we prescribe ¢ on Cy, the coordinate condition (2-9) dictates
the initial values of r, and the initial values of m are then determined by the constraint (2-7) along the
v-direction as well as the boundary condition m(1, 1) = 0. In other words, initial data for (¢, r, m)
possess only one degree of freedom, namely the prescription of a single real-valued function ¢ (1, v) or,
equivalently, d,(r¢)(1, v).
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Following [Christodoulou 1993], we say that an initial data set for (¢, r, m) is of bounded variation
BV)if 9,(r¢)(1, -) is a (right-continuous) BV function on [1, co) with finite total variation on (1, c0).
We also define the notion of solution of bounded variation to (SSESF) as follows:

Definition 2.1. A solution (¢, r, m) to (SSESF) is called a solution of bounded variation on Q if, on
every compact domain of dependence D(uy, vo), the following conditions hold:
(1) suppy.up) (—V) <00 and supD(MO’UO))F1 < 00.
(2) Ais BV on each C,, N D(ug, vg) uniformly in u, and v is BV on each C, N D(ug, vp) uniformly in v.
(3) For each a with (a,a) €T,
Iim (v+A)(a,a+¢€)=0.

e—>0+

(4) ¢ is an absolutely continuous function on each C,, N'D(ug, vg) with total variation bounded uniformly

in u, and also an absolutely continuous function on each C, N D(ug, vg) with total variation bounded
uniformly in v.

(5) For each a with (a,a) €T,

lim sup TVis—syx@-s,a)[¢]1 =0, lim sup TV (i—ca-s5)xfa—8}[¢]1 =0,

e—0 0<d<e €‘>OO<6§6
lim sup TV(u,a+8)><{a+8}[¢] = 0» lim sup TV{a+8}><(a+8,a+€) [¢] =0.
€~>00<s<e €>00<s<e

(6) 9,(r¢) is BV on each C, N D(ug, vg) uniformly in u, and 9, (r¢) is BV on each C, N D(ug, vo)
uniformly in v.

(7) For each a with (a,a) € T,
eg%l+(av (r¢)+0u(r¢))(a,a+¢€)=0.

We also consider more regular data and solutions, as follows. We say that an initial data set for (¢, r, m)
is C1if 3,(r¢)(1,-)is C' on [1, 0o) with supc, |8U2(r¢)| < 00. In the following definition, we define the
corresponding notion of a C! solution to (SSESF).

Definition 2.2. A solution (¢, r, m) to (SSESF) is called a C! solution on Q if the following conditions
hold on every compact domain of dependence D(u, vp):

(1) suppy.uy) (—V) < 00 and supD(MO’UO)A—1 < 0.
(2) A and v are C! on D(uy, vo).
(3) For each a with (a, a) €T,

Iim W+A)(@a,a+¢€)= lim (v+X)(a—e€,a)=0.
e—>0+ e—>0+

(4) 98,(r¢) and 8,(r¢) are C' on D(ug, vo).
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(5) For each a with (a,a) €T,
1ir(1)l+(8v (r¢) +ou(re))(a,a+e¢) = li%l+(av (r¢) +0y(re))(a —e€,a) =0.
€—> €—

Remark 2.3. By [Christodoulou 1993, Theorem 6.3], a BV initial data set leads to a unique BV solution
to (SSESF) on {(u, v): 1 <u <148, v > u)} for some § > 0. If the initial data set is furthermore C!,
then it is not difficult to see that the corresponding solution is also C'! (persistence of regularity). In fact,
this statement follows from the arguments in Section 7; see, in particular, the proof of Lemma 7.7.

2F. Local scattering in BV and asymptotic flatness. We are now ready to formulate the precise notion of
locally BV scattering solutions to (SSESF), which is the class of solutions that we consider. In particular,
for this class of solutions, we make a priori assumptions on its global geometry.

Definition 2.4. We say that a BV solution (¢, r, m) to (SSESF) is locally scattering in the bounded
variation norm (BV), or a locally BV scattering solution, if the following conditions hold:

(1) Future completeness of radial null geodesics: Every incoming null geodesic in Q has its future
endpoint on I', and every outgoing null geodesic in Q is infinite towards the future in the affine
parameter. Moreover, there exists a global system of null coordinates (#, v) and Q is given by

Q={(u,v):uell,o0),velu,oc0)l. (2-10)
(2) Vanishing final Bondi mass:
My = ll)rgo M(u) =0. (2-11)

(3) Scattering in BV in a compact r-region: There exists R > 0 such that, for the region Qcy :=
{(u,v) € Q:r(u,v) <R}, we have

/ 182(r¢p)| — 0 and / |8, log | — 0 (2-12)
Cu n Qcpt Cu n Qcpl
as u — OQ.

Several remarks concerning Definition 2.4 are in order.

Remark 2.5. In fact, the condition (2-10) is a consequence of future completeness of radial null geodesics
and the preceding assumptions. To see this, first recall our assumption that C; = {(u, v):u =1, v €[1, 00)}.
Hence from our choice of the coordinate u and future completeness of incoming radial null geodesics, it
follows that the range of u must be [1, oo). Furthermore, for each u € [1, 00), the range of v on C, is
[u, 00) by the future completeness of outgoing radial null geodesics and Definition 2.1. More precisely,
future completeness of C, implies that it can be continued past {u} x [u, vo] as long as fuvo Q% dv < oo,
and Definition 2.1 implies® that Q> = —4Av/(1 — 1) indeed remains bounded on {u} x [u, vo] for every
finite vy.

SWe refer to the proof of Proposition 5.3 below for details of estimating —v/(1 — ) in terms of assumptions on ¢, dy (r¢)
and A.
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Remark 2.6. For more regular (e.g., C') asymptotically flat solutions, (1) and (2) in Definition 2.4 may
be replaced by a single equivalent condition, namely requiring the full spacetime (M, g) to be future
casually geodesically complete as a 14+3-dimensional Lorentzian manifold. In particular, (2) follows
from the deep work [Christodoulou 1987], in which it was proved that if M s > 0 then the space-time
necessarily contains a black hole and thus is not future causally geodesically complete.

Remark 2.7. As we will see in the proof, there exists a universal €y such that (3) in Definition 2.4 can be
replaced by the weaker requirement that there exists R > 0 and U > 0 such that

f 20| < & andf 19, log A| < &
c,N Qcpt Cu,N Qcpt

for u > U. To simplify the exposition, we will omit the proof of this improvement.

Remark 2.8. For a sufficiently regular, asymptotically flat solution to (SSESF), Definition 2.4(1) is
equivalent to requiring that the conformal compactification of Q is depicted by a Penrose diagram as in
Figure 1 (in the introduction). For more discussion on Penrose diagrams, we refer the reader to [Dafermos
and Rodnianski 2005, Appendix C; Kommemi 2013]. In fact, this equivalence follows easily from the
classification of all possible Penrose diagrams for the system (SSESF) given in the latter reference.

We also define the precise notion of asymptotic flatness for initial data with BV or C! regularity. As
we shall see soon, in the main theorems, the rate of decay for the initial data, measured in r, is directly
related to the rate of decay of the corresponding solution in both u and r.

Definition 2.9 (asymptotic flatness of order ' in BV or C'). For o’ > 1, we make the following definition:

(1) We say that an initial data set is asymptotically flat of order ' in BV if 9,(r¢)(1, -) € BV[1, 00)
and there exists Z; > 0 such that

sup(1+r)? |9y (r¢)| < T < o0. (2-13)
Cy

(2) We say that an initial data set is asymptotically flat of order ' in C' if 3,(r¢)(1, -) € C'[1, o0) and
there exists Z, > 0 such that

sup(1 + ) |3, (rd)| + sup(1 + r)®H1102(r¢p)| < T < oc. (2-14)
C| Cl

Remark 2.10. The initial Bondi mass M; := lim,_, . m (1, v) can be easily bounded by CT?; see
Lemma 4.5.

Remark 2.11. Observe that both conditions imply that (r¢)(1, v) tends to a finite limit as v — 00;
in particular, lim,_. », ¢ (1, v) = 0. This serves to fix the gauge freedom (¢, r, m) — (¢ + ¢, r, m) for
solutions to (SSESF).
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3. Main results

3A. Main theorems. With the definitions of locally BV scattering solutions and asymptotically flat initial
data, we now have the necessary means to state the main theorems of this paper. Roughly speaking, these
theorems say that locally BV scattering solutions with asymptotically flat initial data exhibit quantitative
decay rates, which can be read off from the rate @’ in Definition 2.9. The first theorem is for initial data
and solutions in BV.

Theorem 3.1 (main theorem in BV). Let (¢, r, m) be a locally BV scattering solution to (SSESF) with
asymptotically flat initial data of order @' in BV. Then, for w := min{w’, 3}, there exists a constant A; > 0
such that

lp| < Ay min{u=?, r~lu~ @Dy, (3-1)
18,(r¢)| < Ay min{u™“, r=“}, (3-2)
10, (r)| < Aju™®. (3-3)

The second theorem is for initial data and solutions in C!.

Theorem 3.2 (main theorem in C'). Let (¢, r, m) be a locally BV scattering solution to (SSESF) with
asymptotically flat initial data of order o' in C'. Then, in addition to the bounds (3-1)—(3-3), there exists

a constant Ay > 0 such that, for w := min{w’, 3},

102(r¢)| < Ay min{u~ @D =@+, (3-4)
182(r¢p)| < Aqu=@*TD, (3-5)
|0yA| < Ay min{u3, r 73}, (3-6)
10,v] < Apu™3. (3-7)

Some remarks regarding the main theorems are in order.

Remark 3.3. Notice that in Theorem 3.2 the decay rates for 9, and 9, v are independent of the order o’
of asymptotic flatness of the initial data. This is because the scalar field terms enter the equations for
9,0, log A and 9,9, log v quadratically (see equations (4-6) and (4-7)) and thus, as long as o’ > 1, their
contributions to the decay rates of d,A and d,v are of lower order than the term involving the Hawking
mass.

Remark 3.4. By Remark 2.3, a C! initial data set gives rise to a C' solution. Hence Remark 2.6 applies,
and conditions (1)—(2) of Definition 2.4 may be replaced by a single equivalent condition of future causal
geodesic completeness of (M, g) in the case of Theorem 3.2.

Remark 3.5. In general, the constants A; and A, depend not only on the size of the initial data (e.g., Z;
and 7,), but rather on the full profile of the solution. Nevertheless, for the special case of small initial
total variation of d,(r¢), A} and A, do depend only on the size of the initial data; see Section 3C.

Remark 3.6. If the initial data also verify higher-derivative estimates, then the techniques in proving
Theorems 3.1 and 3.2 also allow us to derive decay bounds for higher-order derivatives. The proof of the
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higher-derivative decay estimates is in fact easier than the proofs of the first- and second-derivative decay
bounds, since we have already obtained sufficiently strong control of the scalar field and the geometry of
the spacetime. We will omit the details.

Remark 3.7. The decay rates that we obtain in these variables imply, as immediate corollaries, decay
rates for d,¢, d,¢, etc. See Corollaries 6.9 and 7.13.

Remark 3.8. The decay rates in the main theorems are measured with respect to the double null coordi-
nates (u, v) normalized at the initial curve and the axis I" as in Section 2D. To measure the decay rate
along null infinity, one can alternatively normalize the u-coordinate® by requiring 9,r = —% at future null
infinity. As we will show in Section 5C, for the class of spacetimes considered in this paper, the decay
rates with respect to this new system of null coordinates are the same up to a constant multiplicative
factor.

Remark 3.9. In view of Remark 2.7, the assumption of local BV scattering can be replaced by the
boundedness of the subcritical quantities:

/ 182(r¢)|” < C and / 18, logA|P <C for p > 1.
N Qcpt c,N Qcp(

This is because, for fixed €y, one can choose R to be sufficiently small (depending on C) and apply
Hoélder’s inequality to ensure that

f 182(r¢p)| <& and / 10, log A| < &.
c,N Qcpt cy,N Qcpt

Remark 3.10. We also notice that the proof of our main theorem can be carried out in an identical manner
for locally BV scattering solutions arising from asymptotically flat Cauchy data. More precisely, we can
consider initial data given on a Cauchy hypersurface,

v=f(u) with C'<—f'(u)<CcC,
and satisfying the constraint equation together with the following bounds on the initial data:
A+r)1pl+ (1 +1 (10 + 18 rd)| + |2 — 3|+ |[v+3]) =T

and
(1 +r)‘”/+1(|35(r¢)| +182(r$)| + 19, log 1| + 19, log v]) < L.

Then, if we assume in addition that the spacetime is locally BV scattering to the future, the conclusions
of Theorems 3.1 and 3.2 hold.

Remark 3.11. Our main theorems can also be viewed as results on upgrading qualitative decay to
quantitative decay estimates. Such problems have been widely studied in the linear setting (without the
assumption on spherical symmetry) on nontrapping asymptotically flat Lorentzian manifolds [Dafermos
and Rodnianski 2010; Tataru 2013; Metcalfe et al. 2012], as well as for the obstacle problem on Minkowski

OIn particular, this normalization is used in [Dafermos and Rodnianski 2005] for the black hole case. By changing the null
coordinates, we can thus more easily compare the decay rates in our setting with those in [Dafermos and Rodnianski 2005].
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space [Morawetz 1975; Strauss 1975]. In the nonlinear setting, we mention the work of Christodoulou
and Tahvildar-Zadeh [1993], who studied the energy critical, 2-dimensional, spherically symmetric wave
map system and proved asymptotic decay for the solution and its derivatives.

3B. BYV scattering and the blow-up at infinity scenario. The condition of local BV scattering in the
main theorems follows if one rules out, a priori, a blow-up at infinity scenario. More precisely, we say
that a solution blows up at infinity if some scale-invariant spacetime norms are infinite, as follows:

Definition 3.12. Let (¢, r, m) be a BV solution to (SSESF) such that condition (1) of Definition 2.4
holds. We say that the solution blows up at infinity if at least one of the following holds:

(1) sup A=l = oo, where Ap(u) := lim, 4 A(u, v).

@) [77 7100k 3up — 9y 9y| dv du = 0.

B) [T L7184 8, (v 8, (rd)) — 8,6 3, (v 3, (r))| dv du = o0.
Remark 3.13. We do not prove in the paper the existence or nonexistence of solutions that blow up at

infinity. This is analogous to the blow-up at infinity scenarios which have recently been constructed in
some simpler semilinear, critical wave equations [Donninger and Krieger 2013].

It follows from our main theorem that, if a solution does not blow up at infinity, it obeys quantitative
decay estimates. More precisely, we have:

Theorem 3.14 (dichotomy between blow-up at infinity and BV scattering). Let (¢, r, m) be a BV solution
to (SSESF) such that condition (1) of Definition 2.4 holds. Assume furthermore that the initial data for
(¢, r, m) obey the condition’ limy_, o ¢ (1, v) =0 and

/ 192(r )] dv + sup|d, (r )| < 0. (3-8)
C] Cy

Then, either:

(1) the solution blows up at infinity; or

(2) the solution is globally BV scattering, in the sense that conditions (2) and (3) of Definition 2.4 hold
with R = oo.

This theorem is established in Section 8. It then follows from our main theorems (Theorems 3.1
and 3.2) that, if a BV solution does not blow up at infinity and possesses asymptotically flat initial data,
then it obeys quantitative decay estimates.

3C. Refinement in the small data in BV case. By a theorem of Christodoulou [1993], the maximal
development of data with small BV norms does not blow up at infinity. The previous theorem applies,
and thus the corresponding solution is globally BV scattering, in the sense described in Theorem 3.14.
Moreover, a closer inspection of the proof of the main theorems reveals that the following stronger
conclusion holds in this case:

7By Remark 2.11, this is the only condition on limy s 50 ¢ (1, v) which is consistent with asymptotic flatness.
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Theorem 3.15 (sharp decay for data with small BV norm). There exists a universal €y > 0 such that, for
0 < € < €, the following statements hold:

(1) Ifthe initial data set is asymptotically flat of order ' in BV and
|8, ()| <e,
Ci

then the maximal development (¢, r, m) is globally BV scattering, in the sense that Definition 2.4
holds with arbitrarily large R > 0. Moreover, it satisfies estimates (3-1)—(3-3) with A| < Cz,(Z1 +¢€).

Here (and similarly in (2)), we use the convention that Cz, depends on 1 in a nondecreasing
fashion.®

(2) If, in addition, the initial data set is asymptotically flat of order ' in C', then the maximal develop-
ment also satisfies (3-4)—(3-7) with Ay < Cr,(Zr +€).

The point of this theorem is that we only need the initial total variation to be small in order to conclude
pointwise decay rates; in particular, Z; and Z, can be arbitrarily large. In this sense, Theorem 3.15
generalizes both the small BV global well-posedness theorem [Christodoulou 1993, Theorem 6.2] and
the earlier small data scattering theorem [Christodoulou 1986] for data that are small in a weighted C'
norm. A proof of this theorem will be sketched in Section 9.

3D. Optimality of the decay rates. Our main theorems show upper bounds for the decay rates of the
scalar field ¢ and its derivatives both towards null infinity (i.e., in r) and along null infinity (in u).
For ' = w < 3, if the decay rate of the initial data towards null infinity also satisfies a lower bound, then
we can show that both the r and u decay rates in Theorem 3.1 are saturated. More precisely:

Theorem 3.16 (sharpness of 1~ tail for 1 < w < 3). Let 1 < w < 3. Suppose, in addition to the
assumptions of Theorem 3.1, that there exists V > 1 such that the initial data set satisfies the lower bound

r®o,(r¢)(1,v) > L >0
for v > V. Then there exists a constant L, > 0 such that
dy(ré)(u, v) = L, min{r =, u™},
_8u(r¢)(u’ U) = qu—w,
for u sufficiently large.

Remark 3.17. One can also infer the sharpness of the decay of ¢ from that of its derivatives. We will
omit the details.

This theorem will be proved in Section 10A. In fact, the proof of this theorem is similar to the proof
of the upper bounds in the first main theorem (Theorem 3.1). We will show that after restricting to
u sufficiently large, the initial lower bound propagates and the nonlinear terms only give lower-order
contributions. Notice also that the analogous statement is false for ’ > 3, since the nonlinear terms may
dominate the contribution of the initial data.

8In particular, for Z; sufficiently small, we have the estimate A} < C(Z; + ¢) for some absolute constant C.
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For o’ > 3, we can show that the decay rates in Theorem 3.1 are sharp, in the following sense:

Theorem 3.18 (sharpness of ¢ tail). For arbitrarily small € > 0, there exists a locally BV scattering
solution (¢, r, m) to (SSESF) which satisfies the following properties:

(1) 0,(re)(1, v) is smooth, compactly supported in the v-variable and has total variation less than €:
/ 102(rp)| < €.
Ci

(2) There exists a constant L3 > 0 such that
0, (rép)(u, v) > Ly min{r—>, u™},

— 3 (r¢) (u, v) = Lau >,
for u sufficiently large.

To prove Theorem 3.18, we will first establish a sufficient condition for the desired lower bounds
in terms of (nonvanishing of) a single real number £, which is computed from information at the null
infinity. This result (Lemma 10.1) is proved using the decay rates proved in the main theorems, and we
believe it might be of independent interest. In Section 10C, we will complete the proof of Theorem 3.18,
by constructing an initial data set for which £ can be bounded away from zero. This can be achieved by
showing that the solution is close to that of a corresponding linear problem, controlling the error terms
after taking € > 0 to be sufficiently small and using Theorem 3.15.

3E. Strategy of the proof of the main theorems. Roughly speaking, the proof of decay of ¢ and its
derivatives can be split into three steps. In the first two steps, we control the incoming part® of the
derivatives of the scalar field and metric components, that is, d,(r¢), Bf(rqb) and d,A. To this end,
we split the spacetime into the exterior region Qey := {(#, v) € Q : v > 3u} and the interior region
Oint := {(u, v) € Q: v < 3u}. In the first step, we control the incoming part of the solution in the exterior
region. In this region, we have r = v, u, thus the negative r-weights in the equations give the required
decay of ¢ and its derivatives. We then prove bounds in the interior region in the second step. Here,
we exploit certain (nonquantitative) smallness in the spacetimes quantities as # — 00, given by the
assumption of local BV scattering, to propagate the decay estimates from the exterior region to the interior
region all the way up to the axis. Finally, in the third step, we control the outgoing part of the solution,
that is, 9, (r¢), 83(r¢) and d,v, by showing that the decay bounds that we have proved along the axis
can be propagated in the outgoing direction.

We remind the readers that the above sketch is only a heuristic argument and is not true if taken
literally. In particular, in order to carry out this procedure we need to first show that the local BV
scattering assumption provides some control over the spacetime geometry. As we will show below,
the estimates are derived in slightly different fashions for the first and second derivatives of r¢. We
note in particular that carrying out this general scheme relies heavily on the analytic structure of the
Einstein-scalar field equations, including the monotonicity properties as well as the null structure of the
(renormalized) equations.

9We call these variables “incoming” because they obey a transport equation in the 9,,-direction.
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3E1. Estimates for first derivatives of r¢p. To obtain decay bounds for the first derivatives of r¢, we will

rely on the wave equation

2mAv
0,0y (rp) = méb-

Notice that, when we solve for the incoming radiation 9, (r¢) using this as a transport equation in u, the
right-hand side does not depend explicitly on the outgoing radiation d, (r¢). Instead, the right-hand side
consists of terms that are either lower order (in terms of derivatives) or satisfy a certain monotonicity
property.

In particular, this equation shows that, as long as ¢ can be controlled, we can estimate d,(r¢) by
integrating along the incoming u direction. On the other hand, we can also control ¢ once a bound on
dy(r¢) is known, by integrating along the outgoing v-direction.

To achieve the desired decay rates for ¢, d,(r¢) and 0, (r¢), we follow the three steps outlined above:

(1) Bounds'? for 9, (r¢) and ¢ in v > 3u: In the exterior region, we have r 2 u, v; it is therefore sufficient
to prove the decay in r. First, we prove that sup, (1 +r)¢ is bounded. This is achieved in a compact
region by continuity of the solution!! and in the region of large r by integrating 9, (r¢) in the outgoing
direction from the compact region. Since d,(r¢) can in turn be controlled by ¢, we get the desired bound.
To improve over this bound we define

Bi(U):= sup supu®|g|+ru®"|¢))
uell,U] C,

and show via the wave equation that
r®19y(ré)| < Cur) +en)Bi(U),

where € — 0 as u; — oo. This gives the optimal decay rate for d,(r¢) in the exterior region, up to an
arbitrarily small loss, which can be estimated once B (U) can be controlled.

(2) Bounds for 9, (r¢) and ¢ in v < 3u: For the decay of the first derivatives, the interior region {v < 3u}
is further divided into the intermediate region {r > R} and the compact region {r < R}. In these two
regions, the r-weight in the equation is not sufficient to give the sharp decay rate. Instead, we start from
the decay rate 9, (r¢) obtained in the first step in the exterior region and propagate this decay estimate
inwards. To achieve this, we need to show that f 2mAiv/((1 — w)r?) is small when u is sufficiently large.

(2a) r > R and v < 3u: In the intermediate region, where we still have a lower bound on r, the required
smallness is given by the qualitative information that the Hawking mass approaches 0. Thus, from
some large time onwards, f 2mav/((1 — p)r?) becomes sufficiently small and we can integrate the wave
equation directly to obtain the desired decay bounds.

10The estimates in this region are similar to the corresponding bounds for the black hole case in [Dafermos and Rodnianski
2005]. There, it was observed that the quantity d, (r¢), which Dafermos and Rodnianski called an almost Riemann invariant,
verifies an equation such that the right-hand side has useful weights in r and give the desired decay rates.

Hpy particular, since we are simply using compactness, the constants in Theorem 3.1 depend not only on the size of the initial
data.
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(2b) r < R and v < 3u: In this region, we use the local BV scattering assumption to show that
f{rSR} 2mav/((1 — uw)r?) — 0 as u — oo. This smallness allows us to propagate the decay estimates
from the curve r = R to the region r < R. At this point, we can also recover the control for B;(U) and
close the estimates in step (1). This allows us to derive all the optimal decay rates for ¢ and 9, (r¢).

(3) Bounds for d,(r¢): To achieve the bounds for 9,(r¢), first note that along the axis we have
d, (r¢) = —0,(r¢). Thus, by the previous derived control for 9, (r¢), we also have the decay of d,(r¢)
along the axis. We then consider the wave equation as a transport equation in the outgoing direction for
d, (r¢) to obtain the sharp decay for d,(r¢) in the whole spacetime.

3E2. Estimates for the second derivatives of r¢. As for the first derivatives, we control the second
derivatives by first integrating the equation in the exterior region up to a curve v = 3u. We then propagate
the decay bounds from the exterior region to the interior region using the estimates already derived for the
first derivative of ¢, as well as the local BV scattering assumption. However, at this level of derivatives,
some new difficulties arise, as we now describe.

Renormalization and the null structure. The assumption of local BV scattering implies that

[ aael+iean o (3-9)
CuN{r=R}
as u — 0o. When combined with Christodoulou’s BV theory, this also implies that, as v — oo, we have
f (19u9] + 107 (rp)]) — 0. (3-10)
C,N{r=<R}

Notice that on C, (resp. C,), we only control the integral of Bf(rgz&) and d,¢ (resp. 83(r¢>) and 0,¢).
Suppose, when integrating along the incoming direction to control 83 (r¢) and 0,A, we need to estimate

/ 19u6 0.
va{rfR}

We can apply the BV theory to show that, for v sufficiently large,

/ [0u9| < €.
C,N{r<R}

terms of the form

On the other hand, one can show that

sup |8,¢] <C  sup [32(ro)l,
C,N{r<R} Jﬁ(gvmgcpt)

which can be controlled by the quantity that we are estimating.
However, in (4-2) for 83(r¢>), derived by differentiating (2-8), there are terms of the form

dvp v

such that neither of the factors can be controlled a priori in L' by the local BV scattering assumption. In
other words, the equation does not obey any null condition.
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To deal with this problem, we follow [Christodoulou 1993] and introduce the renormalized variables
2 Aop -1 -1
0, (r¢p) — (0,1)¢, 0y log A — T—ur + @A 0y (rép) — v~ 0, (re)),
vVou _ _
0, (rdp) — ()9, ulog(—v) — 3 T+ dud (0 19, (rg) —v =19, (rg)),

which have the property that the nonlinear terms arising in the equations for these variables in fact have a
null structure. In particular, we can apply the above heuristic procedure to obtain decay estimates in the
compact region r < R.

Nonrenormalized variables and decay towards null infinity. While the renormalization allows us to apply
the BV theory in the interior region, it does not give the optimal r decay rates in the exterior region. For
example, the renormalized quantity

wooA _ _
au%x—yjﬁ;+m¢almow—vlmv@>

decays only as r~2 towards null infinity due to the contribution of (x¢/(1 — w))A/r, which is weaker than
the desired » 3 decay for 9, log A. Therefore, in order to obtain the optimal estimates everywhere in the
spacetime, we need to use the variables 83 (ro), 83 (r¢), dy,A and 9, v together with their renormalized
versions.

Coupling of the incoming and outgoing parts. Finally, an additional challenge is that, unlike the estimates
for the first derivatives of the scalar field, the bounds for the incoming part of the solution, 85 (r¢) and 9, A
are coupled to that for the outgoing part, 32(r¢) and 3, v. Likewise, to control 92(r¢), we need estimates for
Bf(rqb) and d,A. For example, in the equation for 9, log A=/ (A=) A/ r+3,0 A 3, (rd) —v ™13, (rg)),
there is a term involving ag(rqﬁ) on the right-hand side. In particular, in order to obtain the desired decay
for d,A, we need to at the same time prove the decay for 83 (ro).

Strategy for obtaining the decay estimates. With the above difficulties in mind, we can now give a very
rough sketch of the strategy of the proof:

(1) Bounds for 83(r¢) and d,A for large r: As in the case for the first derivatives, we first prove the
optimal r decay for 85 (r¢) and 9, A in the exterior region. To this end, we integrate the equations satisfied
by the nonrenormalized variables. We note that the error terms can all be bounded using the local BV
scattering assumption and the decay estimates already proved for the first derivatives.

(2) Bounds for all second derivatives: Steps (2) and (3) for the decay bounds for the first derivatives are

now coupled. Define

By(U):= sup sup(u®|dZ(r)| +u®92(re)| +u®|dyr| +u®|9,v]).
uel[l,U] Cy

We then show that B,(U') can control the error terms arising from integrating the renormalized equations
in the sense that we can obtain an inequality of the form

|weighted renormalized variables| < C(u3) + €(up)B>(U),
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where €(u) — 0 as up — co. We then prove that the renormalized variables in fact control all the
weighted second derivatives in 3,. After choosing u; to be sufficiently large, we show that B,(U) is
bounded independently of U and thus all the second derivatives have u~® decay.

(3) Optimal bounds in terms of u decay: While we have obtained u ™~ decay for the second derivatives,
the decay rates are not the sharp rates claimed in the main theorem. To finally obtain the desired bounds,
we integrate the equations of the nonrenormalized variables and use the preliminary estimates obtained in
(1) and (2) above. Here, we make use of the fact that the estimates obtained in step (2) are sufficiently
strong (both in terms of regularity and decay) to control the error terms in the nonrenormalized equations.

4. Analytic properties of (SSESF)

In this section, we discuss the analytic properties of (SSESF). These include scaling, monotonicity and
the null structure of the system. All these features will play crucial roles in the analysis.

4A. Scaling. For a > 0, (SSESF) is invariant under the scaling of the coordinate system
ur>au, vV av
together with the scaling of the functions
re—ar, m—am, Q—Q, ¢ .

This in particular implies that the BV norms

/mwi(r@(u,v/)mv’ and f |0y (u, V)| d/

u u

are scale invariant. Thus the a priori assumptions (2-12) are taken with respect to localized versions of
scale-invariant norms.

4B. Monotonicity properties. We first begin with basic monotonicity properties of r.
Lemma 4.1 (monotonicity of r). Let (¢, r, m) be a BV solution to (SSESF). Then we have

v<0 in Q

and
A>0 when 1—p >0,

A=0 when 1—u=0,
A<0 when 1—pu<0.

Proof. This was proved in [Christodoulou 1993, Propositions 1.1 and 1.2]; we reproduce the proof for the
reader’s convenience. Note the equation

3.0y (r?) = =32,

which easily follows from (SSESF). As 9,7> =2rd,r =0 on I" and r > 0 on Q, we easily see that v < 0.
Then, from the definition of 1 — u, the second conclusion also follows. Il
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According to the sign of X, a general Penrose diagram Q is divided into three subregions:
T ={(u,v) e Q: 2 <0}, A={u,v)e@:A=0} and R:={(u,v) e Q:Ar>0}.

These are called the trapped region, apparent horizon and regular region, respectively. The next lemma,
which we borrow from [Christodoulou 1993], shows that the solutions to (SSESF) considered in this paper
consist only of the regular region R. Therefore, extensive discussion of 7 and .A will be suppressed.

Lemma 4.2 [Christodoulou 1993, Proposition 1.4]. Let (¢, r, m) be a BV solution to (SSESF). Then
the causal past of T in Q is contained in R. In particular, @ = R if (¢, r, m) satisfies condition (1) in
Definition 2.4.

Next, we turn to monotonicity properties of the Hawking mass m, which will play an important role in
our paper. The following lemma is an obvious consequence of (2-7):

Lemma 4.3 (monotonicity of m). For a BV solution (¢, r, m) to (SSESF), we have
oom=>0 and 9I,m<0 in R.

By the monotonicity d,m > 0, the limit M (1) := lim,_, o m(u, v) exists (possibly +oco at this point)
for each u. This is called the Bondi mass at retarded time u. The following statement is an easy corollary
of the preceding lemma:

Corollary 4.4 (monotonicity of the Bondi mass). Let (¢, r, m) be a BV solution to (SSESF) and suppose
that C, C R for u € [u1, up). Then the Bondi mass M (u) is a nonincreasing function on [uy, us].

The following lemma shows that M; < oo for initial data sets considered in this paper:

Lemma 4.5. Suppose that 3,(r¢)(1, -) is asymptotically flat of order ' > 1 in the sense of Definition 2.9.
Then we have

M; := lim m(1,v) < CT?. (4-1)
V—>00

This is an easy consequence of (2-7) and Lemma 4.1; we omit its proof. By the preceding corollary, it
follows that M (1) < oo for each u.

We conclude this subsection with additional monotonicity properties of solutions to (SSESF), useful
for controlling the geometry of locally BV scattering solutions to (SSESF).

Lemma 4.6. Let (¢, r, m) be a BV solution to (SSESF). For (u, v) € R, we have

A
(u,v) <—>U,v) and 9d,A=03,v <0.
1—u 1—u

Proof. The lemma follows from the formula

‘ = —(—v)"'r(0.9)*
and (2-6). O

A
a, log 1
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4C. Null structure of the evolution equations. In this subsection, we follow [Christodoulou 1993] and
demonstrate that the evolution equations verify a form of null structure. In particular, the null structure
occurs in the equations for the second derivatives of the scalar field and the metric. However, it is
not apparent if we simply take the derivatives of the equations (2-6) and (2-8). Instead, we rewrite
the equations in renormalized variables for which the null structure is manifest. We will perform this
renormalization separately for the wave equations for ¢ and for the equations for A and v.

The wave equation for ¢. Taking 9, of (2-8), we obtain
3 (05 (r)) = 3y(3uA @) = A Dy + (3,04 1),

or equivalently, after substituting in the first equation in (2-6),

au<82<r¢)>=ﬂ W+ T O D s (00~ 4—’"A2v¢. (4-2)
v (1— )2 (1- >2 (1=

Some terms on the right-hand side, such as (1 — 1)~ (3,9)%¢, do not exhibit null structure and are
dangerous near I'. To tackle this, we rewrite

(31)3”)»)45 = au[(av)\)¢] - 81,)\ au¢
Thus, from the first equation, we derive
3105 (rp) — (BN ] = 3,1 Byp — Dy 3. (4-3)

By switching u and v, we obtain the following analogous equations in the conjugate direction:

0,020 ) = —"Y 5.6 T O 0+ T G 4—mxv2¢> (4-4)
o 1=y (1- > ’ (T=pwyr3™
av[ai(np) - (auv)qs = v Bup — v Dyb. (4-5)
The equations for A and v. From (2-6), we have
. 2 N 2
oy logh = —(1 ~ o v, Jylog(—v)= —(1 — M)r)h

Take 9, and 9, of the first and second equations, respectively. Using (2-6), it is not difficult to verify
that

3.9 1o A—;)\_l 2_4—m
u v g — V(8v¢) 3)\‘), (4'6)
l—p (I=wr
log(—v) = Lo 2 4m 4-
0y 0y log(—v) = VT A(0,0) FAV 4-7)
— K (I —wr

To reveal the null structure, we must carry out the renormalization as we have done for (4-3) and (4-5).
Following [Christodoulou 1993], it is easy to check that the above two equations are equivalent to

Ou [8u log K—lL&wL?)v(ﬁ(Wlau (r¢)—v"9, (Hﬁ))} =04 8y (v 9 (r ) —0up 0 (v 104 (rp)) (4-8)
“ur
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and the conjugate equation

av[aulog(—w— - ”+au¢<rlav<r¢>—v—lau<r¢>>]=—auqbav<rlav<r¢>>+av¢auwlav(rgb)).

l—u;
(4-9)

5. Basic estimates for locally BV scattering solutions

In this section, we gather some basic estimates concerning locally BV scattering solutions. These estimates
will apply, in particular, to solutions satisfying the hypotheses of Theorem 3.1.

SA. Integration lemmas for ¢. We first derive some basic inequalities for ¢, 2719, (r¢) and d,¢. We
remark that these are functional inequalities which hold under very general assumptions and in particular
do not rely on the locally BV scattering assumption.

Lemma 5.1. Let ¢ (u, -) and r(u, ) be Lipschitz functions on [u, v] with . > 0 and r(u, u) = 0. Then
the following inequality holds:

0
i< sup |20 0 ), (5-1)
v'elu,v] A
More generally, for u < vy < vy, we have
dy(re)
Ire(u, v1) — ré(u, v2)| < (r(u, v2) —r(u, v1)) sup |— (u, v')]. (5-2)
v'elv, 2]

Proof. We shall prove (5-2), since (5-1) then follows as a special case. Integrating d,(r¢)(u, v’) over
v € [vg, vy], we get

|r¢<u,v1>—r¢<u,vz>|s/ 19y (r) (e, v)] v’

Vi

0y v2
< sup r¢) (u,v)| x f Alu, vy dv
v’ €fvy,v2] V1
0y
= (r(u7 U2) - r(u, vl)) Sup (r¢) (l/t, U,) . D
v'elvy,v2]

Lemma 5.2. Let ¢(u,-) and r(u, -) be functions on [u, v] such that d,¢ is integrable, r is Lipschitz
with & > 0 and r(u, u) = 0. Suppose furthermore that =13, (r¢)(u, - ) is BV on [u, v]. Then the following
statements hold:

(1) We have
/ |3u¢(u,v')|dv’§/ 19y (2 "8y (rep)) (u, v)| dv'. (5-3)

(2) Suppose, in addition, that .73, (r¢)(u, - ) is Lipschitz on [u, v]. Then we have

sup, Au, v
B0, v)] < 4 SPurctun A ,) sup 13y (A " 9,(r)) (u, V). (5-4)
2 1nfv/e[u,v] Au, v') v'elu,v]
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Proof. We proceed formally to compute
A
00 (u, v) =~ ("1 0u(r§) — ) (ut, V)
)\‘ v v
= —(u,v) f (/ dy(A 13, (re)) (u, v") du”)x(u, V) dv’
r u v

A v |
= r—z(u, v) / r(u, v") 3, (A 3y (r)) (u, v") dv”.
u
The above computation is justified thanks to the hypotheses, where we interpret
3y ("0, (rd)) (u, v") dv”

to be the weak derivative of A~'9,(r¢), which is a finite signed measure. For a fixed (u, v), observe that

A
sup r(u, v”)f @, v dv' <1.

v”€elu,v] " rl(u V')

This proves (5-3). For (5-4), note that the function A~'9,(r¢) is absolutely continuous on [u, v], so
3,(A 13, (r¢)(u, -)) exists almost everywhere on [u, v]; moreover, it belongs to L* by the Lipschitz
assumption. Noting that

Au, v’ su A, v
sup % r(u v") dv ”_; Purefun 4( /)
velu,v) 7, ) Jy infy epy, ) Au, V')’

we obtain (5-4). O

5B. Geometry of locally BV scattering solutions. The goal of this subsection is to prove the following
proposition:
Proposition 5.3. Let (¢, r, m) be a locally BV scattering solution to (SSESF) as in Definition 2.4. Assume

furthermore that, on the initial slice C, we have A(1,-) = % and

sup|0y(r¢p)| + M; < oo.
Cy

Then there exist finite constants K, A > 0 such that the following bounds hold for all (u, v) € Q:

AT <, v) <4, (5-5)
A < —v(u,v) <K, (5-6)
I<(—p o)™ <KA, (5-7)
- < 5-8
= 1 —p(u,v) — 69
Moreover, there exists a finite constant V > 0 such that, for all (u, v) € Q, we have
18, (r¢)(u, v)| <, (5-9)

| (u, v)| < AW. (5-10)
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Once we have this proposition, we will denote by A, K and W the best constants such that (5-5)—(5-10)
hold.

By Lemma 4.2, we already know that A > 0, —v > 0 and (1 — ,bL)_l < 00. The first three bounds,
namely (5-5)—(5-7), ensure that these bounds concerning the geometry of the spacetime do not degenerate
anywhere, in particular along the axis I". They will be very useful in the analysis that follows.

The proof of Proposition 5.3 will consist of several steps. We begin with elementary bounds for A
and v.

Lemma 5.4. Let (¢, r, m) be a BV solution to (SSESF) with Q = R. Then, for every (u, v) € Q, we have

Au, v) <A1, v), (5-11)
A, v) < lim A7 v), (5-12)
v(u,v) < — llm A, v). (5-13)

Proof. By (2-6), we have

A, v) = (1 (2 ' v)du'

(1, v) = A( ,U)GXP(/I <mv>(u ,v) du >,

ol v) = lim AGL, v)lexp(/v< 2m )(u’,v)du’),
w—v— (1- /L)r2

W, v)= lim v(,v) (/( 2 )( /)d/)
vu,v_v,_)wvu,v exp 1= u,v)dv' ).

Since —v, (1 — u) > 0 everywhere, (5-11) and (5-12) follow. Moreover, since

lim v(u, v)_— hm Au, V),
vV —u+ u+

and A > 0 on 9, (5-13) follows as well. O

By Lemma 4.2, @ = R holds for a solution (SSESF) satisfying the hypotheses of Proposition 5.3. As
an immediate corollary, we have the following easy upper bound for A:

Corollary 5.5. Let (¢, r, m) be a solution to (SSESF) satisfying the hypotheses of Proposition 5.3. Then,
by the coordinate condition A(1, v) = % and (5-11), we have
supA < %
Q

Next, we proceed to prove the lower bounds of (5-5) and (5-6). We begin with a technical lemma
concerning a large-r region, which will also be useful in our proof of (5-9) and (5-10).

Lemma 5.6. Let (¢, r, m) be a solution to (SSESF) satisfying the hypotheses of Proposition 5.3. Then,
for arbitrarily small € > 0, there exists ro > 1 such that

u
sup f L—(u V)
(u,v)e{r=ro} J1

du’ <e. (5-14)
l—ur
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Proof. For (u, v) € {r > ro}, we begin by simply estimating as follows:
- 2M; (=v)
~ (1-2M;/ry) r?

w v
1—ur

The above inequality holds as long as'? we choose rg > max{2M;, R}. Note that if (u, v) € {r > ro},
then the null curve {(«’, v) : u’ € [1, u]} from the initial slice Cy to (u, v) lies entirely in {r > ro}.
Integrating along this curve, we obtain for (u, v) € {r > ro}

“ 2M; 1
/ LE(M/, vl < ——————— —
1 [L—pr (1 =2M;/ro) ro
Taking r¢ sufficiently large, (5-14) follows. U

Next, we prove an analogous result in a large-u region. Key to its proof will be the identity (5-16)
below, which will also be used to relate (5-14) and (5-15) to the desired lower bounds of A and —v.

Lemma 5.7. Let (¢, r, m) be a solution to (SSESF) satisfying the hypotheses of Proposition 5.3. Then,
for arbitrarily small € > 0, there exists U > 1 such that

v
V

ap [ 2w

v>U JU 1

_Mr

du’ <e. (5-15)

Proof. Let € > 0 be an arbitrary positive number. Using (2-6) and the fact that 1 — u > 0 and —v > 0
on @, we have, forany 1 <u; <up < v,
v
S )

us
/m l_lu’r

In order to prove (5-15), it therefore suffices to exhibit U > 1 such that

du’ =log A(uy, v) —log A(uz, v). (5-16)

sup [log A(u, v) —log A(u', V)| < €. (5-17)
(u,v), W' v)e{u=U}

In order to proceed, we divide Q into three regions: Qcp := {r < R}, Qg s :={R <r < ro} and
Olro.00) := {r = 1o}, where ro > max{2M;, R} is chosen via Lemma 5.6 so that

u
sup /
(uav)eglro,oo) 1

Using (5-16) and the fact that log A(1, v) = % the preceding inequality is equivalent to

€
du’ < =.

mwov o,
(', v) g

1l—ur

sup  [logA(u,v) — 1] < <. (5-18)

W) €Qpry o0 8
Next, we turn to the region Qg ,,1; here we exploit the vanishing of the final Bondi mass. Indeed,
taking U, large enough so that 2M (U;) < R, we may estimate
wov|__ 2MUY)
l—pr|~ (1-2M(U,)/R)R>

(—v) for u>U,.

121ndeed, it suffices to choose ro > 2M; here. The condition ¢ > R will be used in the proof of Lemma 5.7.
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Consider now the timelike curve given by o := {(u/, V) : r(u’, V') = ro}. On yo N {(u, v) : u > Uy},
note that (5-18) holds. Integrating the preceding inequality along incoming null curves emanating from
Yo N {(u, v) :u > Uy}, we obtain, for (u, v) € Qg 1 N{(u, v) : u > Us},

1| € 2MUy)(ro— R)
floghw. ) = 3| < g+ TR R
where Uy = U, (U7, 1) is the future endpoint of the incoming null curve in Qg ,,1 from the past endpoint
of yoN{(u, v) : u > U;}; more precisely, U, =sup{u :r(u, V1) > R}, where V| is defined by r (U, V1) =ryp.
Choosing U, sufficiently large, we then obtain

sup llog A(u, v) — 1| < €. (5-19)
(u,v)€Q[r,ry1Mu=Us} 4

Finally, in Q.p, we use the local BV scattering condition (2-12) to choose U > U, large enough so
that we have

sup llog A(u, v) — log A(u, v)| < <. (5-20)

(u0), 1,0 € QepNu=U) 4
To compare log A(u, v) and log A(u’, v') with u # u’, we use (5-19), (5-20) and the triangle inequality.
Thus, the desired conclusion (5-17) follows. Il

As a corollary of the preceding lemmas and (5-16) (or, more directly, (5-17) and (5-18)), we immediately
see that A and —v are uniformly bounded away from zero.

Corollary 5.8. Let (¢, r, m) be a solution to (SSESF) satisfying the hypotheses of Proposition 5.3. Then
there exists 0 < A < 0o such that, for all (u, v) € Q, we have

Al < Au,v) and Al < —v(u, v).

Together with Corollary 5.5, this concludes the proof of (5-5). Next, using Lemmas 5.1, 5.6 and 5.7
and the wave equation (2-8) for ¢, we prove (5-9) and (5-10) in the following lemma:

Lemma 5.9. Let (¢, r, m) be a solution to (SSESF) satisfying the hypotheses of Proposition 5.3. Then
there exists a constant 0 < ¥ < oo such that

sup|dy (r¢)| =W and suplp| < AV, (5-21)
o) o)

where A is the best constant such that Corollary 5.8 holds.

Proof. Note that the second inequality of (5-21) is an immediate consequence of the first inequality,
Lemma 5.1 and Corollary 5.8. The proof of the first inequality will proceed in two steps: First, we shall
show that 9, (r¢) is uniformly bounded on the large-r region, essentially via Lemma 5.6. By compactness,
it immediately follows that d,,(r¢) is uniformly bounded on the finite-u region. Then in the second step,
we shall show that 9, (r¢) is uniformly bounded on a large-u region as well using Lemma 5.7.

By Lemma 5.6, choose ¢ > 0 so that

u
sup /
(u,v)e{r=ro} J1

du' < ——. (5-22)
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We also borrow the notation Qyy,, o) := {(u, v) : 7 (u, v) > r¢} from the proof of Lemma 5.7. Given U > 1,
define W, o) (U) to be

Wirg,00)(U) 1= sup [0, (rép) (u, v)|.
(1,)€ Q.00 NM1=u=<U}

Let (u, v) € Qjpy,00). Using (2-8), we then write

mwovfA A
0,0y (rep) = m;(;(”(ﬁ —roPry) + ;”0¢r0)-

Here, ¢, (u, v) := ¢ (u, vj(u)), where v(j(u) is the unique v-value for which r (u, v(u)) =ro. Note that
the outgoing null curve from (u, vj(u)) to (u, v) € Q.00 lies entirely in Qjyy o0). Thus, by Lemma 5.1
and (5-5), we see that, for (1, v) € Qpy.00) With 1 <u < U,

040y (ré)| <

B 0 AWy 0 (U) + 1ol ) < |2 2 (AW .00y (U) + b1 ])
l—pr 2r [r0.00) 2r ) T l—pr [r0.00) o

Integrating this over the incoming null curve from (1, v) to (u, v) (which lies in Qp; o) N {1 <u < U})
and using Lemma 5.6, we then obtain

Yoo @) = sup 3,09+ 15 %m0 @)+ 19x s 19l

C1NQry,00) yoN{1<u<U}
where yy is the timelike curve {(u, v) : r(u, v) = rg}. Note that the first term on the right-hand side is finite
by the assumptions on the initial data, whereas the last term is finite for every 1 < U < co by compactness
of yoN{(u,v) : 1 <u < U} and continuity of ¢. Then, by a simple continuity argument, it follows that
Wiro.00)(U) < 00 for every 1 < U < oo. Moreover, by compactness of {(u, v) :r(u,v) <ro,1 <u < U},
as well as the uniform BV assumption on d,(r¢), we also have

Wi0,00)(U) 1= sup  [3y(ré)(u, v)| < oo.
(u,v)e{l<u<U}

We now proceed to deal with the large-u region, namely {(u, v) : u > U}. Using Lemma 5.7, we

choose Uy > 1 sufficiently large that
v
sup / o du' < (5-23)
v>Uy J Uy 1—

—_(” v) 10A

ur

Proceeding, as before, via Lemma 5.1, we estimate, for (u, v) € {(u, v) : u > Up},

|00y (r) (u, v)| <

IL—‘A sup [3,(r) (u, v')|.
ur

v €lu,v]

Integrating along incoming null curves from Cy,, we see that

W10,00) (U) < W[0,00)(U0) + 15 ¥10,00) (U)

for any U > Uy. Absorbing the second term on the right-hand side into the left-hand side and taking U — oo,
we obtain (5-21) with ¥ < LW o) (Up) < oo. 0
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We are finally ready to conclude the proof of Proposition 5.3, by proving (5-8). Indeed, the upper
bounds in (5-6) and (5-7) would then follow immediately. Moreover, the lower bound in (5-7) is trivial,
as u=2m/r > 0.

Lemma 5.10. Let (¢, r, m) be a solution to (SSESF) satisfying the hypotheses of Proposition 5.3. Then
there exists a finite constant K > 0 such that, for all (u, v) € Q,
—v

l—pn

(u,v) < K. (5-24)

Proof. To prove (5-24), we shall rely on the equation

dy lo v =" 2 -
Jog| 7 ) =27 1r@e)”, (5-25)

which may be easily derived from (2-6) and (2-7).
For (u, v) € Q, we begin by integrating (5-25) on the outgoing null curve from (u, u) € I" to (u, v),

which gives
(_—”)(u,u) 5( lim <_—”)(u, 1/)) exp(/v/\—lr(av@%u,v/) dv/).
1—u vout\1—p u

We claim that limy ., (—v) (&, v') = limy 4 A(u, V') < % and limy ., p(u, v') = 0. The first
assertion is obvious. To prove the second one, we first use (2-7) to write

v
m(u,v) < 5( sup [r*0,0|(u, 1)) / |9y (u, V)| dv'.
v'elu,v] u
Now observe that supv/e[u’v]lrzavqﬁl(u, V') < Cr(u, v) SUP,c(y. )| 0v (r@)| and the remaining integral goes
to 0 as v — u-+, since ¢ is assumed to be absolutely continuous on C, near the axis by Definition 2.1.
By the above claim, we have

-V 1 S 2 N
(—)(u,v)fﬁ:xp(/ AT r(0,0) (u,v)dv).
I_M u

The lemma would therefore follow if we could prove

v
sup / A (3p9) (u, ) dv' < o0.
(u,v)eQ Ju

To achieve this, we shall divide the integral into two parts, one in Qcy and the other in its com-
plement Qgpt. Indeed, defining v*(u) to be the unique v-value such that r(u, v*(u)) = R, we split the
integral into fuv*(”) and fuv W) If v < v*(u), the latter integral will be taken to be zero.

For the first integral, let us begin by pulling out A~!rd,¢ from the integral. Using the identity
A rdye = 2719, (rép) — ¢, we have

v* (1) v*(u)
/ A @2 ) dr < sup (30l e, v) + (91w, ) f 1906, 0] v,

v'elu,v*(u))
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Then, by Lemmas 5.2 and 5.9 and the local BV scattering assumption, the right-hand side is uniformly
bounded in u from above, as desired. For the second integral, note that, by Lemma 4.6 and Corollary 5.8,
we have

A
(1—w ', v) <A (u,v) < $Asup(1—p)~"
I— 19 C
Notice that the quantity sup, (1 — w)~! for the initial data is finite, since 1 — > 0 everywhere and
1 —u(l,v) - 1 as v — o0o. Moreover, for v > v*(u), we have r(u, v) > R. Therefore, in view of (2-7),
we may estimate
v

[ atraerar = g™ [ B - 0@ )
Ci

v*(u) v*(u)

A —1 *
< ESUP(l—M) (m(u, v) —m(u, v*(u)))
Ci

= CA,R,M,-,supCI(l—,u)*l < 09,
from which the lemma follows. Il

We conclude this subsection with a pair of identities which are useful for estimating ['|d,A| du and
f |0y v| dv in terms of information on ¢.

Lemma 5.11. From (SSESF), the following identities hold:

/ ——(u VYdv' = 1og(1—M)(u,v)+/vr1r(av¢)2(u,v’)dv’, (5-26)

v%(rv)( ) du’ =log(1 — ) (u, v)+/( V) (8.0) (W', v) du'. (5-27)

Proof. We shall prove (5-26), leaving the similar proof of (5-27) to the reader. From the proof of

/ ——(u V') =log — v, v)

limy/— 4 v(u, V') .

Lemma 5.4, we have

Comparing with the integral of (5-25), along with the fact that lim,_, ,+ (1 — ) (u, v') = 1, we arrive
at (5-26). O

5C. Normalization of the coordinate system. In Section 2D, the coordinates are normalized so that X is
constant on the initial hypersurface {u = 1}. Alternatively, one can introduce a new coordinate system
(Uoo, Voo) Which is normalized at future null infinity by requiring that veo — —3 | along each outgoing
null curve towards null infinity and require, as before, that I' = {(u, v) : u = v}. We will show that the
coordinate functions u and u, are comparable and thus the main theorem on the decay rates can also be
stated in this alternatively normalized coordinate system.

We can explicitly compute the coordinate change, which is given by

duso

du

() =-2 11m v(u,v), Uso(l)=1 and voo(V) =1ty (v).
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Notice that the limit lim,_, o v(u, v) is well-defined due to the monotonicity of v, and

Uoo (1) = —2/u( lim v(u', v))du’ + 1.
1

V—>00

By Proposition 5.3, the following estimate holds:
2M) M —1) oo — 1 < 2K (u —1).

SD. Consequence of local BV scattering. In this subsection, we give some estimates for 32(r¢), d,¢
and d,v that follow from the local BV scattering assumption. To this end, we will need the analysis for
solutions to (SSESF) with small bounded variation norm in [Christodoulou 1993], in particular:

Theorem 5.12 [Christodoulou 1993, Theorem 6.2]. There exist universal constants €y and Cy such that,
fore < e, if M(1,-) = % and 0,(r¢)(1, ) is of bounded variation with

f 0;0r )] <€, (5-28)
Cy
then its maximal development (¢, r, m) satisfies condition (1) in Definition 2.4 and obeys
jSA<y 3=-vsi jsl-nps<l, (5-29)
sup | (19,07 9,(r$))| + 190 + 19, log A]) < Coe, (5-30)
u>1JC,
SHP/ (19, (™", (r )| + 19| + 13, Jog v]) < Coe. (5-31)
v>1JC,

Remark 5.13. In [Christodoulou 1993], it is implicitly assumed'? that ¢ (1, 1) = 0. Note, however, that
the bounds in the above theorem are stated in such a way that they are invariant under the transform
(¢, r,m)— (¢+c, r, m), under which (SSESF) is also invariant. Any solution may then be transformed to
satisfy ¢ (1, 1) = 0. As a consequence, we do not need to check ¢ (1, 1) =0 in order to apply the theorem.

Using Theorem 5.12, we prove the following bound for locally BV scattering solutions to (SSESF):

Theorem 5.14. Let (¢, r, m) be a locally BV scattering solution to (SSESF). For every € > 0, there exists
ug > 1 such that the following estimate holds:

sup (/ 12 )| +/ 19| +/ 19, 1ogv|> <e.
ve€[ug,00) CoN{u=uo}NQcpt CoN{u=uo}NQcpt CoN{u=uo}NQcpt

Moreover, we have
sup|dy (ré)| < Cg aW. (5-32)
Q

131n [Christodoulou 1993], the intersection between I and the initial outgoing null curve is called (0, 0), as opposed to our
convention (1, 1).
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Proof. We first show that, for a locally BV scattering solution to (SSESF),
/ 19, 18,(r¢))| — 0 as u — oo.
Cqucpl
Expanding this expression, we have

fc o 19, (A 719, (rd))| < f ATH(197 ()| + 13y log M) 3y (rd) ).

Cu N Qcpl

By (5-5) and (5-9), we have

/ |av(rlav<r¢>>|scA,\u/ 102(r$)| + 19, log Al
CquCpl

Cu n Qcp[

which, by (2-12) in Definition 2.4, tends to 0 as u — co. Notice that the quantity f CuN Qe 19,(A"10, (r¢))|
which we have controlled is invariant under any rescaling of the coordinate v and also under the transform
(p,r,m)— (p+c,r,m).

We now proceed to the proof of the theorem. Let vy be sufficiently large and u*(vy) be the unique
r(u*(vo), vo) = R. By the finite speed of propagation of the equations, the solution on C, N Qcpe depends
only on the data on Cy»(yy) N Qept-

In order to apply Theorem 5.12, we change coordinates (u, v) — (U (u), V (v)) in the region bounded
by Cy+,) and C,, to a new double null coordinate (U, V') such that, for U* = U (u*(vp)), we have
A(U*, V) = 1. To this end, define V (v) by

av N
o= 2A(u*(v), v),  V(vg) = vo.
v

Notice that this is acceptable since A > 0. In order for the condition U = V to hold on I', we require
U (u) = V(u). Then, with respect to the coordinate V,

dyr(U*, V) = %

By (5-5), we have

_; . dv dU 1
AT < —, — <.
“dv du 2
Moreover,
) dZV )
/ —— )| dv’ < 2/ |8y A (™ (vo), v)| dv’,
u*(vo) | AV * (vo)

which tends to 0 as vg — oo by the assumption of local BV scattering. For vy sufficiently large, in the

(U, V) coordinate system, fc l|8v((8vr)_18v (r¢))| dV is small and dyr = % The data satisfy

* () N Lep
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the assumptions of Theorem 5.12 and therefore'*

/C (190 (Bur) ™' 9y rd))| + |9y @ + |0y log dyr|) dU — O

) n Qcpl

as vgp — oo. Returning to the original coordinate system (u, v), the first statement easily follows.
Finally, for the L* estimate for d,(r¢), notice that |d,(r¢)| < W at the axis by (5-9) and (7) of
Definition 2.1. Using (2-8”), (2-6) (in particular, the fact that 9,v < 0), (5-10) and (5-6), we have

10, (ré) (u, v)| < ‘I’+A‘IJ/ (—9,v)dv' < Cx AW O

6. Decay of ¢ and its first derivatives

In this section, we prove the first main theorem (Theorem 3.1). Throughout this section, we assume that
(¢, r, m) is a locally BV scattering solution to (SSESF) with asymptotically flat initial data of order o’
in BV, as in Definitions 2.4 and 2.9. Let v = min{«’, 3}.

6A. Preparatory lemmas. The following lemma will play a key role in the proof of both Theorems 3.1
and 3.2. It is a consequence of the scattering assumption (2-12) and vanishing of the final Bondi mass.

Lemma 6.1. Let € > 0 be an arbitrary positive number. For uy > 1 sufficiently large, we have

2mvy
sup / ’—2 <€, (6-1)
velur,00) JConfuzuy} | (1 — wr
/ 2mA 6-2)
sup — | <e. -
welur.00) Je, | (1 — pyr?

Proof. The first statement, (6-1), was proved in Lemma 5.7; thus it only remains to prove (6-2).

Divide Q into Qcpy = QN {r < R} and Qgpt = Q\ Qcp. First, note that by (2-12) we have
/ 2mA €
sup —_— | < =
u€luy,00) J C,NQcpt (1 - M)FZ 2

for u; sufficiently large. Next, we consider Qgpt. Define v*(u) := sup{v € [u, o0) : r(u, v) > R}; note

that r(u, v*(u)) = R by continuity. We now compute

/ 2m _ /OO 2mA
CuNQ v*(u)

uniformly in u > u;. As limy, o M(u1) = 0 by (2-11), the last line can be made arbitrarily small by

o0

)\' / / —1
2 (u, vy dv <2RT'K AM (uy)

(u, V)
*(u) I"z

dv’ < 2KAM(u1)/
v

¢
cpt

taking u sufficiently large. This proves (6-2). O

The following lemma allows us to estimate ¢ in terms of |9, (r¢)|.

14More precisely, we apply Theorem 5.12 to the truncated initial data

dy (ro)(U*, V) for V < vy,

dy (r)(U™, V) = {8\/(V¢)(U*7 vg) for V > vy.
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Lemma 6.2. The following estimates hold:

|61(u, v) < Asupl|d,(rg)| and ru®~"|p|(u, v) < CA(supu®|d,(r)| +supr?|d, (ré)|).
Cy

u CM
Proof. The first estimate follows from Lemma 5.1 and Proposition 5.3. The second estimate is a
consequence of the first when r (u, v) < u, so it suffices to assume r(u, v) > u. Introducing a parameter
v € [u, v], we estimate

ru® gl (u, v) <u®”! /vlav(mﬁ)(u, V)| dv'

V] v A
SAuw_l(suplav(r(p)l)/ /\(u,v’)dv’+Auw—l(suprw|av(r¢)|)/ —(u,v') dv’
Cy u Cy V1 r

w—1

r(u, vy) © ®
< A ——= ) supu®|d,(r¢)| + — sup 7|3y (re)|.
u C, Cy

w—1r(u,v)?

Choosing v; so that r(u, v1) = u (which is possible since r (u, v) > u), the desired estimate follows. [

6B. Preliminary r-decay for ¢. In this subsection, we derive bounds for ¢ which are sharp in terms of
r-weights. As a consequence, they give sharp decay rates towards null infinity.

Lemma 6.3. There exists a constant 0 < H; < oo such that

sup(l1 +r)l¢| < H. (6-3)
Q

Proof. Let r; > 0 be a large number, to be chosen below. Different arguments will be used in {r > r;}
and {r < r1}. For each u > 1, let v](«) be the unique v-value for which r(u, vi(«)) = ri. By the
fundamental theorem of calculus, we have

v

ré =ripu, vi(w)) +/ d(ré)(u, v') dv’. (6-4)

vl ()
Integrate (2-8) along the incoming direction from (1, v) to (u, v). By Corollary 4.4 and Proposition 5.3,
we have

10y (re) (u, v)| < |0, (r@)(1, V)| +

/uﬂ( )(/ )d/
TR

i D) | ( ' )l
sup I(b u,v)|.
2 7 (u’ U) u'e[l,u]

<0, (r¢)(1, v)| +

Substituting the preceding bound into (6-4), we obtain

. v W, KA’M;
sup |rp| < |ri¢(u, vi(u))|+ [0y (r¢)(1, v)|dv + sup supc,np=r)lrel.  (6-5)

C,N{r>ri} vl (u) T wellu]

The first term on the right-hand side is bounded by r; AW, by (5-10), whereas the second term depends
only on the initial data and can be estimated in terms of Z; as follows:

/U |0, (ré) (1, v)|dv' < ATy /00(1 +r(l, v/))_w,k(l, vV)ydv' < 1.
v 1

’1((”) w —1
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Moreover, choosing r; to be large enough that
KAM;
21"1

the last term of (6-5) can be absorbed in to the left-hand side and we conclude

<1
-2

2
sup |r¢| <2r AV + ——AT.
o —1

{r>r1}

On the other hand, in {r < r;} we have

sup |r¢| <riAY
{r<r}

by (5-10). Combining the bounds in {r > r;} and {r < r{}, the lemma follows. O

Remark 6.4. The preceding argument shows that Lemma 6.3 holds with!>
H) < Cg k. a (T1 + V). (6-6)

6C. Propagation of u-decay for 3, (r¢). Here, we show that u-decay estimates proved for 9, (r¢) and ¢
may be “transferred” to 9, (r¢); this reduces the proof of Theorem 3.1 to showing only (3-1) and (3-2).
To this end, we integrate 9,9, (r¢) from the axis I, along which 0, (r¢) = —0,(r¢).

Lemma 6.5. Suppose that there exists a finite positive constant A such that
sup|p| < Au"® and sup|d,(re)| < Au"®.
Q Q

Then
sup|d, (ré)| < (1 4+ K)Au™".
Q

Proof. Fix u > 1 and v > u. Integrate (2-8") along the outgoing direction from (u, u) to (u, v) and take
the absolute value. Using (7) of Definition 2.1, (2-6) (in particular, d,v < 0), (5-6) and the hypotheses,
we have

v
9 (r¢)(u, v)| < lim [3,(r)(w, V)| + sup [p(u, V)| [ (=3,v)dv' < Au""+KAu™. O
vV —u+

u<v'<v u
6D. Full decay for ¢ and 3,(r¢). In this subsection, we finish the proof of Theorem 3.1. By Lemma 6.5,

it suffices to establish the full decay of ¢ and 9,(r¢), i.e., (3-1) and (3-2). For the convenience of the
reader, we recall these estimates:

1p| < Amin{u=®, r 'u=@ P} and |9,(r¢)| < Amin{u"?, r~°}.

For U > 1, let

Bi(U):= sup supu®|g|+ru®"|g)).
ue(l,U] C,

15Notice that, while the constant C1,,k, A depends on Ty, the preceding argument moreover allows us to choose C7; g A to
be nondecreasing in Z;. In particular, for Zy sufficiently small, we have H) < Cg A (Z1 + W). It is for this reason that we prefer
to write the expression C7, g A (Z1 + W) instead of the more general Cz; g A w-
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Notice that this is finite for every fixed U, by Lemma 6.3. To establish the decay estimate (3-1), it
suffices to prove that B (U) is bounded by a finite constant which is independent of U. We will show
that this also implies (3-2). Divide Q into Qex¢ U Qin, defined by

Qext :={(u,v) € Q:v>3u}, Qin:={(u,v)€ Q:v=<3uj.

We first establish a bound for 9, (r¢) with the sharp r-weight, which thus gives the sharp decay rate

N Qext.

Lemma 6.6. Letu; > 1. Then, foru; <u < U,

supr®|d,(r)| <y + Cx p, ur Hy + Cul_lKM,- Bi(U). (6-7)
Cu

Proof. We separate the proof into cases w > 2 and 1 < w < 2.

Case 1: w > 2. First, notice that
¢ < Bi(U)(r~'u™ @)y O™ < By r T Pu2

Applying Lemma 6.3, we also have
¢l < (1+r)""Hi.
By Corollary 4.4 and Proposition 5.3, we have the following pointwise bounds:

<KM(M1).
2

K M; ‘
<—, sup
2 u'€luy,00)

mAv
1—pu| ™

mAv
l—n

sup
u'ell,u;]

Therefore, integrating (2-8) along the incoming direction from (1, v) to (u, v), we have

“ 2miveg ,
|0y (r@) (u, v)| < |0y (r)(1, V)| + ‘/ —— 5w, v)du
1 (L=wr

< 18,(ré)(1, v)| + KM; H, /uldu’+ (ul)Bl(U)/ @) du’
- ’ r2u, v)(1+r@,v) Sy ro(

ui K M; KM (uy)
< |8y (r¢)(1, v)| + Hi + ———B1(U).

r2(u, v)(1 +7ru, v)) ur®(u, v)
Multiplying both sides by r“(u, v) and using the fact that r(u, v) < r(1, v), we conclude
=2
14r
< T+ Cuy kv Hi +uy ' KM; B (U).

r10y(r¢)|(u, v) < r?10,(ré)|(1, v) +u; KM; Hy+uy' KM(u,) Bi(U)

Case 2: 1 < w <?2. We will use the following bounds for ¢. First,
61 < BuW) G~ um @) W) O < ByUyr @ Hu!

Also, Lemma 6.3 implies
ol < (1 +r7~" H
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As in Case 1 we integrate (2-8) along the incoming direction from (1, v) to (u, v):

“ 2mivg ,
10y (r@) (u, v)| < |8y (r@) (1, v)| + / ——— 5, v)du
1 (L=wr

<18, $)(1 )|+KAM1'H1 /”1 V4 /+KAM(M1)B (U)/” =V
r , e —— — - ——
- v 1+r , r? " U ! w ret! "

wK AM; wKAM(uy)

=< |3u(r¢)(1,v)|+r(u’v)(1+r(u’v))1‘11+ o V) Bi(U).

Multiply both sides by ® to arrive at the conclusion, as in Case 1. In this case, note that the second
term is a bit better than what is claimed, as there is no dependence on u; > 1. O

Remark 6.7. The proof of this lemma requires w < 3. More precisely, this limitation comes from the
contribution of the right-hand side of (2-8)

We are now ready to prove the bounds (3-1) and (3-2). The idea is to “propagate” the exterior decay
estimate (6-7) into Qi to obtain decay in u, using the smallness coming from Lemma 6.1 in the region
where u is sufficiently large. On the other hand, the preliminary r-decay estimates proved in Section 6B
will give the desired r-decay rates in rest of the space-time.

Proof of (3-1) and (3-2). Let 1 <u; < U. For (u, v) € Q with u € [3u, U], integrate (2-8) along the
incoming direction from (#/3, v) to (u, v). Then

2mv
(1 —wr?

Multiply both sides by #® and estimate each term on the right-hand side. For the first term, the key
observation is the following: for v > u, the point (%u, v) lies in Qex, Where (6-7) is effective. Indeed,

du'. (6-8)

(', v)

190 ) . )] < 10, r$) /3, )|+ 1( sup sup|¢|)/

w'elu/3,u] Cy /3

note that
(GA)u =A™ (v = (su)) <r(5u.v).

Wi

Thus, by (6-7),
u®(3,(r) (3u. v)| = (3A)" (r” (3u. v) |8, () (3u. v)])
< (3A)°(T1 + Cuy k.o, Hi + CuT ' K M; By (V)
< Cuy k. a0, (D1 + Hi) + Cx aMiuy ' By(U).

For the second term on the right-hand side of (6-8), we have

Mw( |¢I)/u 2y (u' )d’<3w<fu 2y (' )d’>B(U)
- sup sup —— (W', v u < — - _W,v U | ]
2 welu/3,u] Cp u/3 (1 — ;,L)rz 2 /3 (1 — M)rZ
Combining these estimates, we deduce
sup u”[9, (r¢) (u, v)|
Cy y " - / /
<Cuikam T +H)+ | CxaMiu; +C ———— ', v)|du" ) Bi(U). (6-9)
w3l (L=pr
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Recalling the bounds of ¢ in terms of d,(r¢) in Lemma 6.2, we have

Bi(U) < (1+2A) sup sup(u®|dy(rd)|+r®9,(r¢)|).
uell,U] Cy,

The right-hand side can be controlled by (6-9) and (6-7), from which we conclude

u my

;31 (= pyr?

As a consequence of Lemma 6.1, the entire coefficient in front of B (U) can made to be smaller than

Bi(U) < Cuy,x.a,m,(T1 + Hy) + (CK,AML'”]_] + C/ (u', v)
u

du/>Bl(U). (6-10)

(say) % by taking u; sufficiently large. Since B;(U) < 0o, we can then absorb this term into the left-hand
side. Observing that this bound is independent of U > 1, we have thus obtained (3-1).
To prove (3-2), simply apply (6-9) and (6-7), which shows that

sup sup(u®|dy(r@)| +r|9,(r¢)|)

uel[l,U] Cy
<Cy k.o m @+ H)+ (CK,AMiull +C/
u

u 2my W' v)
—— v
31 (1= pyr?

This boundedness of B;(U) that we just proved thus implies (3-2). O

du/>Bl(U).

Remark 6.8. According to the proof that we have just given, the constant A; > 0 depends on our
choice of #; > 1, which in turn depends on how fast the coefficient in front of B;(U) in (6-10) vanishes
as u; — oo. This explains why A; > 0 does not depend only on the size of the initial data, as remarked
in Section 3. Controlling the size of #; > 1 under an additional small data assumption will be key to
proving (1) of Theorem 3.15 in Section 9.

6E. Additional decay estimates. We end this section with the following decay estimates for d,¢, d,¢
and m.

Corollary 6.9. Let (¢, r, m) be a locally BV scattering solution to (SSESF) with asymptotically flat initial
data of order o' in BV, and define ® = min{w’, 3}. Let A be the constant in Theorem 3.1. Then the
following decay estimates hold.:

18,0 < CAymin{r~'u=®, r 2y~ @D}, 6-11)
18u¢p] < Cx Ay r~'u=, (6-12)
m < Ca AT min{ru=2?, u= >~y (6-13)

Proof. Letu > 1 and v > u. Since

rdyg =0,(r¢) —rp, rou¢=20,(r$) —vo,

the estimates (6-11) and (6-12) follow from (3-1)—(3-3) and the fact that supg|A| < 1 supo|v| < K.
On the other hand, by (2-7), we have

mu, v) = %fv AN = w)r2(0yd) (u, v') dv'. (6-14)
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Using [dy¢ (u, v)| < CAr~'u=® (which has just been established), we obtain
m(u, v) < CAAT ru™2°,

which proves a “half” of (6-13). To prove the other “half”, let us introduce a parameter r; > 0 (to be
determined later) and define v (u) to be the unique v-value such that r(u, vi(u)) = r1. For v > vj(u),
split the v'-integral in (6-14) into quT(”) + vaT(u) and use |3, (u, v)| < CA; r~'u® for the former and
18,0 (u, v)| < CA; r2u=®=D for the latter. As m(u,v) is nondecreasing in v, we then arrive at the

estimate
supm < CAA% T+ CAA% rl_lu_z(“’_l).
Cy
Choosing r| = u, we obtain (6-13). Il

7. Decay of second derivatives

In this section, we establish our second main theorem (Theorem 3.2). Throughout the section, we assume
that (¢, r, m) is a locally BV scattering solution to (SSESF) with asymptotically flat initial data of
order ' in C!, as in Definitions 2.4 and 2.9. As discussed in Remark 2.3, (¢p,r,m)isthena C ! solution
to (SSESF). As before, let @ = min{w’, 3}.

7A. Preparatory lemmas. The following lemma, along with Lemma 6.1, provides the crucial smallness
for our proof of Theorem 3.2.

Lemma 7.1. For every € > 0, there exists uy > 1 such that

sup / 0up| <€, (7-1)
ve[uz,00) J CyN{u>uy}
sup /|8vq§| < €. (7-2)
u€luy,00) JCy,

Proof. We will only prove (7-1), leaving the similar proof of (7-2) to the reader. As in the proof of
Lemma 6.1, we divide Q into Q¢ := QN {r < R} and Qgpt = Q\ Qcpt, and argue separately. First, by
Theorem 5.14, we have

€
sup / 0] < 5
ve[uz,00) J CoN{uzu2}NQept

for u, sufficiently large. Next, to derive (7-1) in Qgpt, we define u*(v) := sup{u € [uz, v] : r(u, v) > R},

where we use the convention u*(v) = u, when the set is empty. Then, using Proposition 5.3 and Schwarz,
we compute

“ ) 2KA | [®
| gl = [ o ola = 28 [T LA - oG v a
Qnﬁ{uzuz}ﬁQgpl 1753 R us

<\/2KA ( )<\/2KAM( )
—m(uz,v) <,/ —— .
= R 2 R us
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By (2-11), lim,, , oo M (u2) =0, and (7-1) thus follows. O

The next lemma allows us to estimate the first derivative of ¢ at (u, v) in terms of information on
CoN{(u, V) u<v <v}.

Lemma 7.2. For every (u, v) € Q, the following inequalities hold:

9, (u, v)| < FA% sup [37(r¢p)(u, v+ §A° sup [3,(r¢)(u, v)| sup |d,A(u, V)],

u<v'<v u<v'<v u<v'<v

|94 (u, V)| < A sup (—=v)(u, v)|3up (u, V)]

u<v'<v

Proof. The first is an easy consequence of (5-4) in Section 5A. To prove the second inequality, we start
from the equation

Oy (ro,¢) = —voyo,

which follows from (2-6) and (2-8). Therefore, we have
1

|0, (u, v)| < T,

v
[ ot vav
u
from which the second inequality easily follows. O

In the next lemma, we show that improved estimates for m near I" hold if we assume an L°° control
of 9,¢.

Lemma 7.3. For every (u, v) € Q, the following inequalities hold:

n

Z(u,v) < A% sup [3,(r¢)(u, v')| sup |3y (u, V)], (7-3)
r u<v'<v u<v'<v

17

=, v) < 5A% sup [9,¢(u, V). (7-4)
r u<v'<v

Proof. Recall uw =2m/r. By (2-7), we have

2m(u, v) = /U(l — A (0y0) % (u, V) dv.

Pulling everything except r2A outside the integral and using [ r*A(u, v') dv’ = 3r3(u, v), we ob-
tain (7-4). On the other hand, using A~'r9,¢ = A719,(r¢) — ¢ and fuv ra(u, v)dv = %rz(u, V), we
easily deduce

w
7(% v) < % sup (Azlau(”ﬁ)(u, V)| + Al (u, v)]) 9,6 (u, V).

u<v'<v

From the fact that |¢ (u, v)| < A sup, -, <, 10, (r$) (u, v")|, (7-3) easily follows. O



QUANTITATIVE DECAY RATES FOR DISPERSIVE SOLUTIONS TO THE EINSTEIN-SCALAR FIELD SYSTEM 1643

7B. Preliminary r-decay for 33 (r¢) and 3,A. In this subsection, we establish decay estimates for af(rqb)
and d,A which are sharp in terms of 7-weights in the region Q.. We remind the reader the decomposition
Q = Qext U Qint, Where

Qext ={(,v) € Q:v>3u}, Qin={(u,v) € Q:v=<3u}.
In particular, note that r > 2A7 ' > 0in Qeyr.

Lemma 7.4. The following estimates hold:

sup 33,1 < Cx A AT, (7-5)
Qexl
w+1q2 3
supr®To (r¢)| < CIh + Cig a,m; A7 (7-6)

Qexl

Proof. We begin by proving (7-5). Recall (4-6):

8,0, 1og ) = —— A~ Tu(8,6)* — — "3
. =——A v -
uvv g I—I,L v (1—/,[,)}’3

Note that 9, log A =0 on C; by our choice of coordinates. Therefore, integrating the preceding equation
along the incoming direction from (1, v) to (u, v), we have

u
m
du' + / _am
A= wr’
Then (7-5) follows using Proposition 5.3, (6-11) and (6-13). We remark that the power of r is dictated
by the second integral.

A, v)| du'.

u
1
|0y log A(u, v)| < f mk_lv(8v¢)2(u/, v)
L=

The proof of (7-6) is very similar. We start by recalling (4-2):
NG L R SOt R
(1= pwr2 ™ ' (- ) 2 (A —pyr™

For u > 1, we have r(u, v) < r(1, v); moreover, by hypothesis, we have the estimate for the initial
data term

(14 r(1, ) 92(re) (1, v)| < Tn.

Therefore, by the fundamental theorem of calculus, it suffices to bound
u u
! v 2 /
/ du +/ —(0vP) P, v)
1 1 1— 12
u u
m
+ / v ' + / _am
pa M) 2 (1= wr3

by CK,A,MiAfr_(“’“). This is an easy consequence of Proposition 5.3, (3-1), (6-11), (6-13) and also (7-5),
which has just been established. Note that the last term is what limits @ < 3. O

2mAv , ,
2 8U¢(u s U) du

(1 —wr

(@M ', v) Ave (i, v)| du’
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7C. Propagation of u-decay for B,f (r¢) and 3, v. Here, we show that certain u-decay for 83(r¢>) and d,v
proved in Qjy; can be propagated to Q. The technique employed is very similar to that in the previous
subsection.

Lemma 7.5. For U > 1, suppose that there exist finite positive constants A, k| and ky such that

0<k <2w+1, 0<k<3w+1

and, foru € [1, U], we have

sup uf119,v| <A and sup uf?[3>(r¢)| < A.
Cu n Qim Cu n Qint

Then for u € [1, U], the following estimates hold:

sup u¥118,v] < Cx A A+ Cg A A2, (7-7)

u

supuf?[32(rg)| < A+ Cg.a A3+ Ci oA supuld,v]. (7-8)
CLI CLl

Furthermore, the following alternative to (7-8) also holds:

2mA

o0
supuk2|83(r¢)| SA-’-CK,AA?-FCK,A\D/ VTR (u,v’)dv’.supuk2|8uv|. (7-9)
Cu 3 |[(L=pr Cu
Proof. Let us begin with (7-7). Recall (4-7):
1 1 _1 2 4m
avau ogv = 1— M)\.V (8u¢) — m)\.v

Given (u, v) € Qe (With u € [1, U]), let us integrate this equation along the outgoing direction from
(u, 3u) to (u, v), take the absolute value and multiply by ulr, Using the hypothesis

sup uk‘|8uv|§A,
QinM(u,v)€Que[1,U]}

(7-7) is reduced to showing

o0
uk‘/ !
3u I -
o0
uk‘/
3u
foru €[1, U].

Using Proposition 5.3 and (6-12), the left-hand side of (7-10) is bounded by

o

1

Cx.aA3 uk1—2w/ —hdv < Cx A AT 2r ™ u, 3u).
3u

W (@3,0)%(u, v)|dv < Ck A A3, (7-10)

Av(u, v)|dv < Cx A A2, (7-11)

(1—p)r’

As u > 1 and r(u, 3u) > 2A~'u, (7-10) follows. Similarly, by (5-7) and (6-13), the left-hand side
of (7-11) is also bounded by‘CK,AA% uk1=20.=1(y 3y), from which (7-11) immediately follows.
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Next, we turn to (7-8) and (7-9); as they are proved similarly to before, we will only outline the main
points. Recall (4-4):

) 2mAv 4dm 2
93, (r)) = ——519 ¢>+ (3u¢) d+ —5 @) — AV

(I —wyr (11— ) 2 (1 —wr?

Fix (u, v) € Qext with u € [1, U]. We then integrate the preceding equation along the outgoing direction
from (u, 3u) to (u, v), take the absolute value and multiply by *2. In order to prove (7-8), in view of the
hypothesis

sup uR |37 (rd) < A,
QintN{(u,v)eQ:ue[1,U]}

it suffices to establish the following estimates for u € [1, U]:

o0
uk2/
3u
o0
ukZ/
o0
ukZ/
u /OO dm
(1 —pr3

The proof of these estimates is similar to that of (7-10) and (7-11); we omit the details. To prove (7-9),
we replace the third estimate by

2mAv
(1 —wr?

3. (u, v)| dv < Cg A A3,

dv < Cx A A3,

2m

T @e . v)|dv < Crady supul,vl,

——— %P (u, v)|dv < Cg A A3

o [ 2mA <l 2mAa o k
u? —z(auv)q&(u,v) dv < Cg AV — (u,v’)dv' -supu*?|o,v|,
3u ,u)r 3u /'L)r Cy
which is an easy consequence of Proposition 5.3. U

7D. Full decay for 33 (ro), 33 (r¢), 9,A and 3, v. With all the preparations so far, we are finally ready
to prove Theorem 3.2. Our proof consists of two steps. The first step is to use the local BV scattering
assumption to prove a preliminary decay rate of u~“ for 85 (re), 0 2(r¢), dyA and d,v. In this step, it is
crucial to pass to the renormalized variables and exploit the null structure of (SSESF), in order to utilize
the a priori bounds in the local BV scattering assumption. The second step to upgrade these decay rates
to those that are claimed in Theorem 3.2. Thanks to the preliminary #~“ decay from the first step, the
null structure is not necessary at this point.

We now begin with the first step. The null structure of (SSESF), as demonstrated in Section 4C, is
used in an essential way.

Proposition 7.6. There exists a finite constant A}, > 0 such that

182(r¢p)| < Abu™®, 102(r¢p)| < Abu~®,
|0,A] < Aju™?, |0,v] < Aju™®.
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Proof. For U > 1, we define

By(U):= sup sup(u®|d;(rd)| +u®19;(re)| +u®|dur| +u®|d,v]). (7-12)
uel[l,U] Cy,

Notice that the above is finite for every fixed U due to Lemmas 7.4 and 7.5. As indicated earlier, we
need to use the null structure of the system (SSESF) as in Section 4C. For convenience, we define the

shorthands
Fy:=0;(r¢) — (3,19,

G :=32(rg) — (3uv)¢,
and
Fy=0,1 hH = =
2 =0y logh — ———+ 0,0 (A" 0, (rép) — v~ 9, (r¢)),
1—ur

. vou -1 -1
G, := c’iulog(—v)—H;-ﬁ-autﬁ()L 0p(rg) —v=0,(re)).

Then (4-3), (4-5), (4-8) and (4-9) may be rewritten in the following fashion:

dy F1 = 0yA 0yp — 0yA 9,0, (7-13)
duFr =04 3,(v '3, (rp)) — dugp 3, (v 3, (rp)), (7-14)
3,G1 = 0yv 3,¢ — 9,V 0,0, (7-15)
9,G2 = =0, 3y (A" 9, (r¢)) + dup 3, (A" 3, (r ). (7-16)

The following lemma is the key technical component of the proof:
Lemma 7.7. There exists a finite positive constant C = Cx, 1, k. and positive function € (u) satisfying
€e(w)—>0 as u— oo

such that the following inequalities holds for 1 <u, < U:

sup W Fi|+u®|G1]) < CAIZ‘FCK,A,MiA?+E(MZ)BZ(U)» (7-17)
QintN{(u,v)€Q:ue[3uz, U]}
sup W®|F>| +u®|Ga|) < Cx A A+ €(u2)Ba(U). (7-18)

QintN{(u,v)€Q:ue3uz, U]}

We defer the proof of this lemma. Instead, we first finish the proof of Proposition 7.6, assuming
Lemma 7.7.

First, we claim that (7-17) and (7-18) imply
sup u®(182(r@)| + 132 (r@)| + [3ur] + 18,v]) < Ho + (e +€)w2)Bo(U)  (7-19)
QincMN{(u,v)eQ:uel3us,U]}

for some constant 0 < H, < oo and some positive function €’(u,) which tends to zero as us — o0.
The point is that F, F>, G| and G, control 83 (ro), 83 (r¢), d,A and 9, v, respectively, up to higher-order
terms, which may be absorbed into the second term on the right-hand side. Indeed, consider u € [3u,, U].
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For F;| and G, we estimate

u®|0p (rg) (u, v)| = u®|Fi + (9,1, v) < u®|Fi(u, v)| +supl@| - Ba(U),

u

u®|0p (rg) (u, v)| = u®|G1 + (3,)| (w, v) < u®|G1(u, v)] +Sgpl¢| B2(U),

which are acceptable, because supc, [¢| — 0 as u > 3uy — oo, by Theorem 3.1. For F,, we use
Proposition 5.3 to estimate
Aop

+dp (A3, rd) —v 13, (rd))
l—pr

U®|9,A| = u”A|Fs +

< U+ 1K Au®|= | + 2 Au® 13,91 (10, (r)| + 18, (ro)]).

L
p

Applying (7-3) (from Lemma 7.3) to the second term on the last line, and then using Lemma 7.2 to
control u®|d,¢|, we arrive at

u®|9,2(u, v)| < Ju”|Fa(u, v)| 4+ Cx o ¥ Sgp(lau(r¢)| +18.(r$)l) - B (U),

which is acceptable in view of Theorem 3.1. Proceeding similarly, but also using the second inequality of
Lemma 7.2 to control |d,¢|, we obtain

u®|d,v(u, V)| < Ku®|Ga(u, v)| 4 Cx A W sup(|8, (rg)| + 19, (r$)|) - B2 (V).

Cu

Combining these estimates with (7-17) and (7-18), we conclude (7-19) with

Hy =Cp\Ir + CK,A,MI-A? + CK,AA%, (7-20)
€'(up) = C sup |p|+Cg AV sup (|3v(r¢)| + |3u(”¢)|)- (7-21)
u>3u; u>3u,

Next, note that the (nondecreasing) function

Hy(us) := sup u®(185(r)| + 183 (r) + 18,21 + [9,v]) = 0 (7-22)
QintNM(u,v)€Q:ue(1,3u,]}
is always finite for any fixed uy > 1, as the region Qin N {(u, v) € Q:u € [1, 3us]} is compact and each
of these terms is a continuous function, since (¢, r, m) is a C! solution (see Definition 2.2). Combining
with (7-19), we obtain
sup (107 @) + 192 (r)| + 18y + 18,v]) < Ha + Hy(u2) + (€ + €) (u2) B2 (U)
QincN{(u,v)€Q:ue[1,UT}
for every u; € [1, U].
Now apply (7-7) and (7-9) in Lemma 7.5 to 83 (r¢), 0,v. Also apply Lemma 7.4 (along with the fact
that r (1, v) > 2A " 'u in Qey and w < 3) to 85 (r@), 0y in Qext. Then we see that there exist a nonnegative
and nondecreasing function H} (1) and a positive function €”(u5) such that

Bo(U) < Hy (u2) + € (u2) Bo(U)
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and €”(uy) — 0 as up — oco. Taking u, sufficiently large, the second term on the right-hand side can
be absorbed into the left-hand side; then we conclude that By(U) < C4, k. Hz” (uy). As this bound is
independent of U, Proposition 7.6 then follows. (|

Remark 7.8. Using (7-7) and (7-9) in Lemma 7.5 and (7-5)—(7-6) in Lemma 7.4, the functions H} (u2)
and €”(u) can be explicitly bounded from above as follows:

/" * 2ma. / / / 2 3
Hy (up) <Cg a1 +W¥ —— (W, v)dv' |- (Hy+ H' (u2) + A7 + A7)
’ 3 | (1—p)r?
+CT + Cx AAT + Cram, A, (7-23)
1 o zm)\’ / / /
€ (uy) <Cgall+W - (u,v)dv' ) - (e +€)(uy). (7-24)
3 | (I—pwr

These bounds will be useful in our proof of Theorem 3.15 in Section 9.
At this point, in order to complete the proof of Proposition 7.6, we are only left to prove Lemma 7.7.

Proof of Lemma 7.7. Let (u, v) € Qi (i.€., v € [u, 3u]) with u € [3u,, U]. In this proof, we will use the
notation €(u) to refer to a positive quantity which may be made arbitrarily small by choosing u, large
enough, which may vary from line to line.

We first estimate F; and F,. Integrating (7-13) and (7-14) along the incoming direction from (%u v)
to (u, v), we obtain

u
|Fi(u, v)| < |Fi(3u, v)| +f |04 3y (u’, V)| + 3,1 Bup (', v)| du,
/3

u

u

[F2(u, v)| < |F2(%M, v)| +/ 18,6 8, (v 3, (rd)) (', V)| + 19,6 3, (V8 (rd)) (', v)| dut’.
/3

Multiply both sides of these inequalities by u®. For v € [u, 3u], note that (%u, v) € Qext and
u < 3Ar(3u, v). Therefore, using Theorem 3.1 for ¢ and 3,(r¢), Corollary 6.9 for 3,¢, Lemma 7.3
for p/r, and Lemma 7.4 for Bf(rq&) and 9,1, we have

u®|Fi(3u, v)| < Car®(19;r )| + 1(3,2)0]) (Fu. v)
< Cpalr+ CK,A,M,-A?7

A
u®|F>(u, v)| < CAr“’(M_lBUM + ﬁ; + 8,07 9, (rg) — v 10, (r¢))|> (Fu,v)
< Ck.2AL

Therefore, we only need to deal with the u'-integrals. For u € [3us, U], we claim that

Mw/u |82 (", v)[19,¢ (', v) | du” < €(u2) B2 (U), (7-25)

u/3

Mw/u 3,2, 0) |13, (i, V)| du” < €(u2) B2 (U), (7-206)
u/3
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M‘”//%Iam(u/, )[19,(v™ 10, (r ) (W', v)| du’ < €(u2) B (U), (7-27)
uw//slauqb(u/, 13,0, rp) (@', v) | du’ < €(u2) By (U). (7-28)

Proof of (7-25). We proceed similarly as in the proof of Theorem 3.1. By (2-6), (5-9) and Lemma 7.2,
we estimate

u”/ |82 (ut', 0)| 13y (u”, v)| du!
u/3

v 2mv / / \Nw 2
<Cy, ———— (', v)| du sup  sup(u)?(19; (ré)| + W[d,A|)
Us (1 —M)}’ w'elu/3,u] Cy
<C (/U—Zm” o )d’)B(U)
= LAWY u,v u 2 .
up (1 _/*'L)rz

Thus (7-25) follows by Lemma 6.1.

Proof of (7-26). We have

u v
u‘”/ |8uA(u’, )| 18,0 (', v)| du” < C(/ 18 (u’, v)lC‘M’) sup  sup(u')”|d,A|
u/3 uz

/ uw'elu/3,u] C,

< C(fvlauqﬁ(u/, v)| du’)Bz(U)-

us

Thus (7-26) follows by Lemma 7.1.

Proof of (7-27). We start with the identity

0,0 (r ) = —— 2 20 0u(r ) — )
vV Mr¢ - (1-“)7’2 v Mr¢ ¢’

which is readily verifiable using (2-6) and (2-8). By (5-10) and (5-32), we estimate
u“’/ 19, (', v)]18, (v 3, (r)) (', V)] dut’
u/3

/
v
< CK,A‘P(/
u

The u’-integral vanishes as up — oo by Lemma 6.1. On the other hand, by Lemma 7.2 and

2mvy

m(u/, U)

dl/) sup sup(u')?|3,9|.
w'elu/3,u] Cp

Proposition 5.3, we have

sup(u')|9,¢| < Ci,a sup()”|8,¢| < Cx a,wB2(U) (7-29)

Cy Cy

for any u’ € [1, U]. Therefore, (7-27) follows.
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Proof of (7-28). Here we divide the integral into two, one in Q. and the other outside. Recall the
notation u*(v) = sup{u € [1,v] : 7(u, v) > R}. Below, we will consider the case u*(v) € [u, u], i.e.,
when the line segment {(u’, v)eQ:u e [%u, u]} crosses {r = R}; the other case is easier and can be
handled with a minor modification.

We first deal with the integral over the portion in Q. We claim that

u”’/ 13u (i, )13, (V'3 (rd)) (', v)| du’ < €(u2)Ba(U).
u*(v)

This is an easy consequence of the bound for |3,¢| in Lemma 7.2, the fact that u and u are comparable
over the domain of integration, and

sup / 10, (v 0,(r¢))] = 0 as uy — o0,
ve[uz,00) J CyN{u>uz}NQept

which follows from (3-3), (5-6) and Theorem 5.14.
We now consider the remaining contribution to the integral. We begin as follows:

u*(v)
e f I DI gD vl

u*(v)
=< CK,A(/ 10y (u', V)| db/) sup sup(u’)“’(|83(r¢)| + ‘I’|3uv|)
u/3 w'elu/3,u*(v)] Cy
u*(v)
< CK,A,\I}(/ 18y (u, V)| du/)Bz(U)-
u/3
For u’ € [%u u*(v)], we have r(u’, v) > R. Thus, by (6-11), we have

u(v) CxA; [® CxAy _,_
/ 18,6 (i, v)| du’ < =X 1/ )@ du’ < 2L, @D
u/3 R us R

which vanishes as u, — o0. Therefore, in the case under consideration, (7-28) follows.

We have therefore obtained the desired bounds for F; and F>. Next, we estimate G and G,. Let us
integrate (7-15) and (7-16) along the outgoing direction from (u, u) on the axis to (u, v). Then we obtain

v
|G1(u, v)| = lim |G1(u,v/)|+/ |90V 3 (u, V)] + 18, Bup (e, V)| AV,
vV —u+ u

G2u, v) < lim |Ga(u, v)] + f 1006 9 (7" 8, (r)) (u, V)| + 18up 0 (A" 00 (rp)) (u, v 0.
Note that

lim 2, v)=0 and lim+(k_18v(r¢)(u, v) —v 10, (rep) (u, v)) =0,

v—=>u+ r

since (¢, r, m) is a C' solution. It follows that lim,_, 4 3,9, (r¢)(u, v) =0 and lim,_, .4 3,8,7 (u, v) = 0.
Moreover, we have

. 2 T 2 . T
Jm 8, (r¢)(u, v) = — lim 8,(r¢)(u,v) and  lim A, v)=— lim 3,v(u,v).
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As a consequence,

lim Gi(u,v)=— lim Fi(u,v) and lim Ga(u,v) = lim F(u,v).
vV —u+ vV—u+ vV —u+ v—u+

Therefore, by the previous estimates for F; and F,, we have
u® 1lim |G (u, v)| < CATy + Ck A m, A} +€u2)Bo(U),
vV—u+

u® lim |Go(u, v')| < Cx. A AT + €(u2) Bo(U),
vV —u+

which are acceptable. Recalling that we are considering (u, v) € Qint, hence v € [u, 3u], we are now left
to establish the following estimates:

M“/3u|3vv(u, V)96 (u, )| dV" < €(u2) B (U), (7-30)
u”/3MI3MV(u, V)3u (u, V)| dv" < €(u2) Bo(U), (7-31)
u“’/julam(u, V)10, (210, (r)) (u, V)| dv' < €(u2) Bo(U), (7-32)
u“’/ugulauqb(u, V)18, (A" 8,(rd)) (u, V)| v < €(u2) Ba (V). (7-33)

Proof of (7-30). Substituting d,v by (2-6) and using (7-29), we have

3u o0 2mA
w / ’ / / ’ ® /
u / |0y v (1, V)| [0y (u, v)| dv §K<f —— W, v) dv) sup  u®|9,¢(u, v)|
u u (1 - /J«)r v’ €lu,3u]

<C ( /m‘—2mk (u, v)
= AW SU u,v
vl 0 ) la=mwre

dl/)Bz(U).

Thus (7-30) follows by Lemma 6.1.

Proof of (7-31). We have

3u %]
u“’f |3MV(M,v/)||3v¢(u,v/)|dv/§/ 180 (e, v)|dv" sup  u®|d,v(u, V)]
u

u v'€lu,3u]

< ( sup /Oolazmb(u, v/)ldv/>Bz(U)-

u>3uy
Thus (7-31) follows by Lemma 7.1.
Proof of (7-32). By (2-6) and (2-8), we have the identity

2m

A= VA3, (r) — ¢).

(A3, (re)) = —
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Then, by Proposition 5.3, we have

3u
Mw/ 19y (1, )18, (071 3y (rp)) (u, v')| dv’

< Cx AV foo 2 )
——(u,v
=k u (I—M)I”z

dl/) sup  u®|dy¢ (u, v)|.

v'elu,3u]
Now (7-32) follows by Lemmas 6.1 and 7.2 and (5-9).

Proof of (7-33). As in the proof of (7-28), we will divide the integral into two pieces. More precisely,
let us define v*(u) to be the unique v-value such that r(u, v*(1)) = R. Assuming v*(u) € [u, 3u], the
integral f;” will be divided into fuv*(") and | v3*"(u). The remaining case v*(u) > 3u can be dealt with by
adapting the argument for the first integral.

For the first integral, we claim that

v*(u)
e / 19ub s 0) 10 O B (r ) a1, v 0 < € ) Ba(U).

From the locally BV scattering assumption (2-12), we have

sup / |8v(k_1av(r¢))| — 0 as uy — oo.
CquCpl

u€[3uy,00)

Combined with (7-29), the claim follows.
Next, we turn to the second integral. By (5-5) and (5-9), we estimate

3u
[ e )l 8,6 B )
v*(u) 3u
< sup  u®|d(AT13u(re)) (u, V)| / |04 (u, v)| dv’
v'e[v*(u),3u] v*(u)
3u
< CruB(U) |0, (u, V)| dv'.

v*(u)

For v" € [v*(u), 3u], we have r(u, v) > R. Thus, by (6-12), we have

3u 3u
CkA CkAl _(y
19, (u, V)| dv' < =KL [ ymo gy < ZEOL, Se=D),
() R J, R 2

which vanishes as u; — oo, and therefore finishes the proof of (7-33). We remark that the fact that we
are in Qjy is used crucially here, as otherwise the integral would not be convergent. O

Remark 7.9. In the case where we have global BV scattering (i.e., conditions (2) and (3) of Definition 2.4
are satisfied with R = 00), we can take R = oo in the preceding argument to obtain the following explicit
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upper bound on € (u»):

2mv
(1—pyr?

€(uy) <Cg.aw Sup /
CoN{u=us}

UE[uz,OO) C Nu>

+C sup / 10401
ve[un,00) JCyN{u=us}

+Cg.aw  SUp f |8, (v, (rep))|
N{u>us}

ve€[uz,00) JC

2ma
+Ck,a,w sup ———— |+ C sup / 10,1
u>3uy (1 - )r u>3uy u
+Ck.aw  SUp / |9, (A1 0u(rep)) | (7-34)
ue(3uy,00) J C

This will be useful in our proof of the sharp decay rate in the case of small BV norm (Theorem 3.15)
in Section 9.

In the second step of our proof of Theorem 3.2, we use the preliminary u~“ decay proved in
Proposition 7.6 to obtain the optimal the u-decay. Key to this step is the following proposition, which
claims optimal u-decay in Qjp:

Proposition 7.10. There exists a constant 0 < A} < oo such that

sup u”t2(rg) < A, (7-35)
sup w2 (rg) < A, (7-36)
m sup w90 < A, (7-37)

sQL;; u|d,v| < AS. (7-38)

Once we establish Proposition 7.10, the desired decay for 32(r¢) and 3,A follow from Lemma 7.4
and the fact that r > 2A ™'y in Qey. Furthermore, the desired decay for 83 (r¢) and 9,v follow from
Lemma 7.5.

Proof. Thanks to the fact that we have pointwise bounds for sufficient number of derivatives (albeit with
suboptimal decay) near I" at this point, it suffices to work with the “nonrenormalized” equations (4-2),
(4-4), (4-6) and (4-7). In particular, we need not utilize the null structure of (SSESF).

Let (4, v) € Qi (ie., v € [u, 3u]) with u > 3. We begin with (7-35). Integrating 8,485(1*(;5) in the
u-direction from }u to u, multiplying by u®*! and using r(3u, v) > 2A~!u, we obtain

u® 3} (rg) | (u, v) < Car®toZ(re)|(3u, v) +u®™! / ' 19,02(r) (', v) du’. (7-39)
u/3

Since (%u, v) € Qext, the first term on the right-hand side is bounded by CpZ> + Cg A m; A?, thanks to
Lemma 7.4. To estimate the u’-integral, we substitute 9, 83(r¢) by (4-2). Then, applying Proposition 5.3,
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Lemma 7.2, Lemma 7.3, Theorem 3.1 and Proposition 7.6, we obtain

10,02(re) | (', v) < Ca, ka2 A1(AY)2.

Thus we have
u®t92(rg)|(u, v) < CaTyr + Cx aa, A3 + Ca, k.4 A1(AD), (7-40)

where we have used the fact that w > 1, and thus 3w — 1 > @ + 1, to throw away the u-weight in the last
term. This proves (7-35).

Next, we prove (7-36). Integrating 9,02 (r¢) in the v-direction from u~+ to v and multiplying by u®*!,
we have

3u
u Hop el v) = im w97 0rd) (e, v+ u / 18,8, (r )|, v') v’ (7-41)

u

Recall that limy 1 82(ré)(u, v') = limy 1 82(ré)(u, v'), as (¢, r, m) is a C' solution. Thus the
first term on the right-hand side can be estimated via (7-40). Substitute 9, 83(r¢) by (4-4) and apply, as
before, Proposition 5.3, Lemma 7.2, Lemma 7.3, Theorem 3.1 and Proposition 7.6. Then we have

18,02(rd)|(u, v') < Ca, g.au A (AS)>.

It now follows that
u® 02 (rg)|(u, v) < CaTr + Ci A, A3 + Ca, k. A A1(AD)?, (7-42)

which proves (7-36).
At this point, combining Lemma 7.2, Theorem 3.1, Lemma 7.4 and (7-40), note that we have the
following improved u-decay for 9,¢:

supu® T 3,¢| < Cp sup(u®32(r¢)| +uA;|d,rl) < B, (7-43)
Q Q

where
B:=CaLry+ Cx.am A+ Ca, k. AAI(A)?> +CrA A (7-44)

We now turn to (7-37). Integrating 9,9, log A in the u-direction from %u to u, multiplying by u> and
using r(%u, v) > %A‘lu, we obtain

u|dy log Al (u, v) < Cr|d, 1og/\|(§u,v)+u3/ 10,8, log A|(u/, v) du’. (7-45)
u/3

Since (%u v) € Qexi, the first term on the right-hand side is bounded by Ck AA%, by Lemma 7.4 and

the fact that A~! < A. Next, substituting 9, log A by (4-6), applying Proposition 5.3, Lemma 7.3 and
Lemma 7.2 and using the improved bound (7-43), we have

19,3y log A (u', v) < C, A B> ()2t
Therefore
M3|3v)~|(u,v) fCK,AA%-i-CK,ABZ, (7-46)
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where we used 2(w + 1) — 1 > 3 to throw away the u-weight in the last term. This proves (7-37).
Finally, we prove (7-38). Integrating 9,9, log v in the v-direction from u+ to v and multiplying by 1>,
we have

3u
w9, logv|(u, v) < lim 139, logv|(u, v) +u3/ 18,8, log v|(u, v') dv’. (7-47)
v—u+ u
Since limy — ;4 9, v(u, v') = — limy 4 9,A(u, V'), the first term is bounded by (7-46). Furthermore,

substituting 9,9, log v by (4-7) and applying Proposition 5.3, Lemma 7.3 and Lemma 7.2 and using the
improved bound (7-43), we have

18,9, log v|(u, v') < Cg. A B2u=2@+D,
As before, it follows that
|9, v](u, v) < Cx A AT + Ck a B, (7-48)
which proves (7-38). Il

Remark 7.11. Combining (7-40), (7-42), (7-46) and (7-48), we see that Proposition 7.10 holds with
Ay < CaTy+ Cx.am A} +Cay kA AI(AY)? + Ck a AT+ Ck A B, (7-49)
where B is as in (7-44).

Remark 7.12. According to the argument of this subsection, note that the size of A in Proposition 7.6
depends on the choice of u, through the term H}(u), where the size of u, depends on the rate of
convergence of €”(uy) — 0 as u, — oo. This explains why A, does not depend only on the size of the
initial data, as remarked in Section 3. On the other hand, as stated in Theorem 3.15(2), we shall show
that, in the case of small BV initial data, A, depends only on the size of the initial data. To achieve this,
we show in Section 9 that we may take u, = 1 under this small data assumption.

7E. Additional decay estimates. As in the previous section, we conclude this section by providing
additional decay rates concerning second derivatives of ¢ and r and improved decay for m near I'.

Corollary 7.13. Let (¢, r, m) be a locally BV scattering solution to (SSESF) with asymptotically flat C'

initial data of order «'. Let A1 and A, be the constants in Theorems 3.1 and 3.2, respectively. Then the
following bounds hold:

18,¢0] < Ca(A; + Ay + Ay Ap) minfu~ @D =2y =@y (7-50)
10,0] < Cx.A(A1 + Az + Ay Ag) min{u~ @D =1~} (7-51)
1029 < Ca(A1+ Az + A1 Ag) min{r~ 1y~ @D =3~ (@=Dy (7-52)
18,8y0] < Cx.A(A1 + As+ Ay Ag) min{r~lu~@TD =2~} (7-53)
02| < Cx (A1 + Ay + A Ap)r ~tu= @t (7-54)
10,0ur] < Cx A(A] 4+ As + A Ap)? min{ru~— 3@+ =2~ o=y (7-55)

m < Cg A(A1+ Ay + A1 Ay)” min{ru~ ot ~Co=Dy, (7-56)
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This corollary follows immediately from the estimates derived in Theorem 3.2. We sketch the proof:

Proof. First, note that (7-50) and (7-51) follows from Corollary 6.9, Theorem 3.2 and Lemma 7.2. Next,
(7-52) and (7-54) are easy consequences of the preceding estimates, Theorems 3.1 and 3.2, and the
identities
ropp=0,(rd) — B,A)p — 21 9up, rdih=0,(rdp) — ()P —2v 3.
On the other hand, for (7-53), we use the identity
7o, 0y = —A 0, — v 0y,

which may be verified from (2-6) and (2-8).
Next, (7-56) follows from Corollary 6.9, Lemma 7.3 and (7-50). Finally, using Corollary 5.5,
Lemma 5.10, (7-56) and (2-6), we conclude (7-55). Il

8. Decay and blow-up at infinity

In this section, we prove Theorem 3.14, that is, unless the solution blows up at infinity, a “future causally
geodesically complete” solution scatters in BV.

Take a BV solution to (SSESF) satisfying the hypotheses of Theorem 3.14 which does not blow up
at infinity. Note, in particular, that @ =R by (1) of Definition 2.4 and Lemma 4.2. In order to prove
Theorem 3.14, our goal is to show that such a spacetime is in fact BV scattering, i.e., (1), (2) and (3) in
Definition 2.4 hold and, moreover, (3) holds with R = oo.

The main step will be to show that there exists a constant C such that, for every € > 0, there exists U
such that, for every u > U, we have

/|83(r¢)|+/ 9,41 < Cae. (8-1)
Cy Cy

This will be achieved in a sequence of lemmas and propositions below.
Before we proceed, we first prove a preliminary bound on A:

Proposition 8.1. There exists 0 < A < 0o such that
AT <, v) <1 (8-2)

Proof. By (1) in Definition 3.12, there exists 0 < A < oo such that sup )‘1:] <A.Aslim, ,,_ Ar(u) =
lim,_,,_ A(u’, v) (see [Christodoulou 1993, Section 7]), it follows from Lemma 5.4 that, for every
(u, v) € Q, we have the estimate (8-2). O

We now proceed to show (8-1). The first step is to show that, for u sufficiently large, the integrals
along C, of |Fi| and |F;| are small. Here, we recall the notation in the proof of Proposition 7.6,

Fi:=32(r¢) — (3,1)9,

Fyi= 08,1 i -1 -1
2:=0plogh — ———+0,¢(A" 0y (r¢p) — v 9,(re)).
l—pr
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Once we obtain the desired bounds for F| and F>, we then derive (8-1) from these bounds. This will be
the most technical part (see discussions in Remark 8.3).
First, we bound the integrals of F; and F»:

Proposition 8.2. For every € > 0, there exists V sufficiently large such that the following bound holds
foru>V:

f (IFil+ | F2])(u, v) < 3e. (8-3)
Cy

Proof. By (2) and (3) in Definition 3.12, we have

o o
// |0yA 0,0 — Oy A 3y dv du < 00
1 u

and

/oofoo|au¢ 9y (v 3, (re)) — 3y 3, (v, (r¢p)) | dv du < .
1 u

Thus, by choosing V sufficiently large, we have

/ / |0yA 0,0 — OyA 0y dvdu < € (8-4)
\% u
and

/ b / 10,6 80018, (r9)) — Bup 9, (v, ()| dv it < €. (8-5)
\% u

From the initial conditions, we easily see that F|(1, -) and F;(1, -) obey fCl |Fi]|+ |F>] < oo. Thus,
by choosing V larger if necessary, we have

/V (F| +1F)(L, v dv <e. (8-6)

Notice that, by equations (7-13) and (7-14), the estimates (8-4) and (8-5) control f f |0, F1| du dv and
[ 18, F>| du dv. Thus, we have

/ (1F1l + [F2))(u, v) dv < 3e

max{u,V}

for every u > 1. In particular, for u > V, we have

/ (F1 + P2 (. v) < 3,
c,
as desired. ]

The inequality (8-3) is the starting point for our proof of (8-1). More precisely, our basic strategy is
to use a continuous induction on v, beginning from the axis, to remove the quadratic and higher terms
from (8-3) and infer (8-1).

Remark 8.3. Before beginning the proof in earnest, we would like to point out two technical nuisances
that we confront: First, in order to estimate the scalar field ¢ itself from F; and F,, we need to integrate
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essentially from null infinity,'® which is opposite to the direction of our method of continuity. Second, as
d,(r¢) is only assumed to be BV, the left-hand side of (8-1) is not continuous in v in general. To overcome
the first, we make use of the invariance of (SSESF) and of F; and F, under the change ¢ — ¢ +c. To
take care of the second, we carefully keep track of the evolution of discontinuities of 9, (r¢).

Notice that, in order to obtain (8-1) from (8-3), we only need to integrate on a fixed hypersurface C,,.
We now fix ug > V and define a new function ¢7u0 by

Puo (U, V) i = P (u, v) — U,l_i)IEJJrqﬁ(uo, v). (8-7)

As remarked before, note that (SSESF) is invariant under the change (¢, r, m) (JSMO, r, m), that is,
(5,40, r, m) is still a solution to (SSESF). Moreover, it is easy to check that F| and F, are also invariant
under this change, i.e.,

Fi = 02(r¢uy) — (3u2) Py

Ao (8-8)
Fa = dulogh = 174 06, 7100 Gn) = v 100w

The new scalar field has been chosen so that <13u0 (ug, -) and 9, (rq_b,m)(uo, -) vanish at the axis, that is,
lim d_buo(uo, v)= lim 31)(1”(5“0)(140, v) = lim 3u(rt7>u0)(uo, v) =0. (8-9)
v—=>up+ v—=>up+ v—>uo+

We claim that the original scalar field ¢ (u, v) obeys the condition

lim ¢(ug,v) =0 (8-10)
V—>00
for every ug > 1. Therefore, by the definition given in (8-7), we see that ¢ and q_buo are also related by
¢(M,U)=$u0(l/l, v)_ /hm auo(u’ v/)~ (8_11)
V' —> 00

To establish the claim (8-10), we proceed as in the proof of Lemma 6.3, but work with ¢ rather
than r¢. Fix ug > 1 and let | > 0 be a large number, to be determined. For each u > 1, let v} (u) be the
unique v-value such that r(u, vj(u)) = ry. Consider (u, v) € {1 <u <uo}N{r > r1}. Using the uniform
bound of m and A/(1 — ) in terms of the data at u = 1 (which holds thanks to monotonicity), we may
integrate (2-8) along the incoming direction to estimate

Co ,
sup [¢p(u, v)|,
r(u, V) yel.ul

10y (r) (e, v) — 8y (r@)(1, v)| <

16More precisely, ¢ is determined from d,(r¢), which in turn can be determined from f |83(r¢)| by integrating
from v = co. Another conceptual reason why information near v = oo is relevant for estimating ¢ is that the initial condition
limy— 00 @ (1, v) = 0 implies that limy_ o0 ¢ (4, v) = 0 for every u > 1. See the discussion before (8-11).
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where C depends only on the data at u = 1. Integrating both sides in the outgoing direction from v} (u)
to v (using (8-2) for the right-hand side) and dividing by r = r(u, v), we obtain

(. v)|
Lot 1
s’r—1|¢<u,vf<u>>|+r(’;ﬂ|¢<1,v1*(u»|+r( V)

r

CoA
9 (1, v) [+ log sup [l (8-12)

r 1 1<u'<u,v>v{(u)

Now the idea is to use (8-12) to first show that ¢ is bounded on the region {1 < u < up} and then
use (8-12) again with the additional boundedness of ¢ to conclude that (8-10) holds. To begin with,
observe that ¢ is bounded on each set compact subset of Q, since it is a BV solution in the sense of
Definition 2.1. Combined with the hypothesis that ¢ (1, v) — 0 as v — oo, we see that the first three
terms are bounded by a constant that depends on ry. On the other hand, by taking r; sufficiently large, the
coefficient (CoA/r)log(r/ry) of the last term can be made arbitrarily small for » > ry. This smallness
allows us to absorb the last term to the left-hand side, and conclude the desired boundedness of ¢ on the
region {1 < u <ug}. Then, plugging in u = ug and the uniform bound for ¢ into (8-12), the claim (8-10)
follows from the hypothesis lim,_, - ¢ (1, v) =0.
Let

v v
Ii(u,v) = / 102(ruy)|(u, v')dv'  and  L(u, v) ::/ [0y A] (u, V) dv'.
u u
In the following two lemmas, we will show that

11 (ug, v) <3€ 4+ Cpli(ug, v)Ir(ug, v), (8-13)
Dy (10, v) < 3€ + Co 11 (1, v)*(1+ I (g, v))*(1 + Ly (ug, v))>eCr 10007 A+hwo.0) (8-14)

for every V < ug < v, with C, independent of u( and v.
Lemma 8.4. There exists a constant C > 0 such that, for every V < ug < v,
11 (uo, v) < 3€ + Cali(uo, v) I2(uo, v).
Proof. In this proof, we fix ug > V and use the abbreviations
¢ = bup () :=0,(ru,) and 3 (r$) == 3;(ru,)- (8-15)

By Lemma 5.1, we have

B0, v)] = 1 / 0,(r) (uo, V) dv < A sup 13,(r$) (o, V). (8-16)

ug up<v'<v

By the fundamental theorem of calculus and (8-9), note that

sup |3, (rep) (uo, v')| < I (uo, v). (8-17)

up<v'<v
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Thus, recalling the definition of Fj in (8-8), we have
v v
hGio.0) = [ B0 )10+ [ 826 w0, o)
up uo

v
< / | F1(uo, v")| dv’" + A 11 (uo, v) I (uo, v)
ug
< 3e+ Cpli(up, v) 12 (uop, v). O
We now move on to estimate I, (ug, v).
Lemma 8.5. There exists a constant C > 0 such that, for every V < ug < v,
D(uo. v) < 3¢ + Cali (o, v)2(1+ 11 (o, v))*(1 + Ia(ug, v))?eCrl o0 A+l
Proof. Again, we fix ug > V and use the abbreviation (8-15), as well as
3u(r) (u, v) := 3y (ruy) (u, v). (8-18)
Recalling the equation for F; in (8-8), in order to control I, (ug, v) from F,, we need to estimate
! Aou / / b= -1 Y -1 Y / /
——— J(up,v)dv and DA™ 0y (rdp) — v~ 0, (rp))(up, v') dv'.
70 11— nr ug
By Lemma 5.11,

v v b)?
/ (LE>(u0, V) dv’ =log(1 — w(uo, v))+f Al (ug, v') dv'.
w \1—pr uo A

Since Q = R, the integrand on the left-hand side is nonnegative. Notice furthermore that, since pu > 0,

log(1 — u(ug, v)) < 0. Thus,
v v N\2
/ (L E)(uo, v/) dv' < / r9:9) (ug, v’) dv’
ugy 1— nr ug A
(mv@

< | 1806 (uo, V")
J A

dv’

- (Z) (I/l(), U/)

v
<2AIi(uo, v)/ |8y (uo, v')| dv’,
uo

where we have used (8-16) and (8-17) on the last line. Using Lemma 5.2, we estimate the integral on the
last line by

/v |8u¢p (o, V)| dv” < /v 10, (A8, (@) (uo, V)|V, (8-19)

and the right-hand side can in turn be estimated, using (8-17), by

v

/ 19,0100 8)) oy V) v < / 926-8) (o, v AV + / A218, 8, (rF) . )| AV’

uo uo

< Al (uo, v) + A% 11 (uo, v) I (u, v).
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Therefore, we have
v A Hn ’ 1 2
——— | (up, v) dv’" < Cpli(ug, v)“ (1 + L (ug, v)). (8-20)
w \1—pr
We now move on to bound f;; 3y 2713, (rep) (o, v') dv'. Using (8-17) and (8-19), we easily estimate

/Iavak_lav(rd_ﬁ)(uo, v/)ldv’SA/ |8u@| (o, v') dv" sup [3,(ré) (uo, v

up<v'<v

< Ca I (ug, v)*(1+ L(uo, v)). (8-21)

Finally, we are only left to bound — fuvo 3,d V13, (ré)(ug, v')dv’. As before, we begin by estimating

/Iavfﬁvlau(r@(uo, v’)ldv/S/ 8,61 (ug, v) dv" sup [v™'9,(r) (uo, V)]

up<v’'<v

< CaLi(ug, v)(1 + L(ug, v)) sup [V '3,(r@)(uo, v).  (8-22)

ug<v’'<v
In this case, we do not wish to pull out v as we have not assumed any bound on it. Instead, we consider

v~19,(r¢) as a whole and note that

. A W hop\-
QW ) =———= v W)+ | —— )¢ (8-23)

l—pr l—pr
Then (8-23) holds since, by (2-6) and (2-8), we have

_ AR\ _ A
0018, (rd) == ——= v %P + | ——= )¢

l—ur l—pr
and, moreover, both the left-hand side and the right-hand side of the equation are invariant under the
transformation ¢ — ¢ + c.

Therefore, by the variation of constants formula and (8-9), we have

v
—_ N A _
V13, (ré) (o, v) = e~/ oV / ej(”"’v)—l 2 ¢ (uo, v') dv’,
—nr

uo
where

v
A
J (uo, v) 12/ —E(uo, v)dv'.
w 1—mr
By (8-17) and (8-20), we have

sup [v™" 9, (r@) (o, V)| < Cali(uo, ) (1+ Lug, v))eCaN1ton o),

up<v'<v
Then, by (8-22), we conclude that
v
f 18,6 V™" 0, (r ) (o, v)| v’ < Ca T (10, v)* (1 + I (g, v)) a0 (10— (8.04)
uo

Combining (8-20), (8-21) and (8-24), we conclude that (8-14) holds. Il
Next, we apply (8-13) and (8-14) to show:
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Proposition 8.6. For u sufficiently large and v > ug, we have
I (uo, v) + L (ug, v) < Cpe.

Remark 8.7. If it is the case that fu'i)(|33(rq_5)| +19y11) (1o, v') dv’ is continuous in v for each fixed uo,
then the desired conclusion follows from (8-13) and (8-14) via a simple continuity argument in v. In
particular, the conclusion follows in the case where the initial data of 3, (r¢) are in W'-! or C'. The only
remaining difficulty is, therefore, to control the size of the delta function singularities in d2(r@) in the
general case where we only have a BV solution.

Proof. We begin by studying the propagation of discontinuities for a BV solution to (SSESF). In the
general case where d,(r¢)(1, -) is only in BV and contains jump discontinuities (at which d, (r¢)(1, -)
is assumed to be right-continuous), notice that the jump discontinuities for a BV function are discrete,
i.e., they occur only at a (possibly infinite) sequence of points V < vy < v» < v3 < ---. On the other
hand, note that, by the initial condition r = 2v on Cy, we have A(1, v) = %; in particular, A is continuous
initially.

Thanks to the initial condition, it follows that A does not possess any discontinuities outside I". Indeed,
from the definition of a BV solution, m and r are continuous. Then, by (2-6), we see that v is Lipschitz in
the v-direction outside of I", with bounded Lipschitz constant on each compact interval of u. Looking back
at (2-6) and recalling that A(1, v) = % we then see that A does not possess any discontinuities outside I,
as desired. Since X is a priori in BV, it follows that fu';|avuu0, v")|dv’ is continuous in v € (ug, 00) with
fuvo|8vk(u0, v)|[dv — 0 as v — ug+.

By the above regularity statements and (2-8), as well as the fact that ¢ is continuous outside I" by the
definition of a BV solution, it now follows that the jump discontinuities of d,(r¢) are propagated along
constant-v; curves. Therefore, for ug > V, we see that d,(r¢)(ug, v) is a right-continuous BV function
on (ug, 00) with jump discontinuities at ug < v; < vy < v3 < --- with the same sizes as 9,(r¢)(1, v).
From (8-7), notice that, using the abbreviations in (8-15) and (8-18),

f 192(r ) (uo, v')| dv' = / [(82(r¢p) — cdyx) (g, v')| dv’

for the constant ¢ = lim,_, .+ ¢ (1o, v), which is independent of v. Thanks to the continuity property
of A(ug, - ), we see that the integral of |85 (ré)(ug, - )| has the same jump discontinuities as |83 (r¢)(ug, -)|.
In particular, by (8-6), each jump of I (ug, v) is at most of size €.

Fix Cp > 1 to be larger than the maximum of the constants from (8-13) and (8-14). First, a standard
continuity argument using (8-13) and (8-14) implies that, if

v v
lim / 182(ré) (1o, v')|dv' < 5Cpre and  lim / [3yA(ug, V)| dv’ < 5e
v—>vi+ uo + uo

V—>V;

(with the convention vg := ug), then

v v
/ |83(r¢7)(u0, V)| dv' <4Cpe and / |0y A (g, V)| dv’ < 4e
uoy uo

for v; < v < Vj41.
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Assume, for the sake of contradiction, that the conclusion of the proposition is not satisfied. Recall
that the integral of |0,A| is continuous. Thus, we have that, for some v; with i > 0,

v
lim / 182(ré) (ug, v')| dv' < 4Cpe
V=V — uo
holds, but at the same time

v
lim /|ag(rq‘>)(u0, V)| dv’ > 5Ce.
V>Vt uo

However, we have seen that the size of the jump in I; (g, v) is bounded by €, which is smaller than Cp €
if Cp > 1. This leads to a contradiction and thus the conclusion of the proposition holds. g

We are now ready to conclude the proof of Theorem 3.14.

Proof of Theorem 3.14. We first establish (8-1). In what follows, we use the abbreviations in (8-15) and
(8-18), such as ¢ = ¢,,,. The idea is to transform back, (@, r, m) — (¢, r, m), using (8-11). Note that |9, A|
remains the same under this change, so it suffices to estimate |83 (r¢)|. By (8-19) and Proposition 8.6, for
sufficiently large uq the limit ¢7(uo, 00) = lim,_, ¢7(u0, v) exists and satisfies

| (uo, 00)| < Cae,

where we note that C, is independent of u.
By (8-11), we have ¢ (u, v) = é(u, v) — ¢(u, oo) for all u. Thus, using Proposition 8.6, we estimate

f 192(r¢) (o, v)| dv = / |82(ré (uo, v) — ré(ug, 00))| dv

uo

5/ Iaf(rq;)(uo,v)Idv+|<l_>(uo,OO)|/ |8uA (1o, v)| dv

0

< CA(€+€2).

Since ug > V is arbitrary, this proves (8-1).

Finally, we prove that conditions (2) and (3) of Definition 2.4 hold. Indeed, since 9, log A = AT1oyA,
(3) in Definition 2.4 follows from (8-1) and (8-2); in fact, it holds with arbitrarily large R > 0. Next,
by (2-7), nonnegativity of 1 — u and u (by Lemma 4.1) and the fact that m is invariant under ¢ — o,

v
m(uo,v) <5 sup |(A7'9,(rd) — @) (uo, v/)I/ |8y (1o, v')| dv’,
up<v'<v ug

where the right-hand side is bounded by C 5 € (with C¢ o nondecreasing in €) by the estimates proved so
far. Therefore, (2) of Definition 2.4 follows. This concludes the proof of Theorem 3.14. O

9. Refinement in the small data case

In this section, we sketch a proof of Theorem 3.15. The idea is to revisit the proofs of the main theorems
(Theorems 3.1 and 3.2), and notice that all the required smallness can be obtained by taking initial total
variation of 9, (r¢) small. Key to this idea is the following lemma:
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Lemma 9.1. There exist universal constants €y and Cy such that, for € < €, the following holds: Suppose
that A(1, ) = % and 0,(r¢)(1, -) is of bounded variation with

fc 12| < e. ©-1)

Suppose furthermore that lim,_, »c ¢ (1, v) =0. Then the maximal development (¢, r, m) satisfies condition
(1) of Definition 2.4 and obeys

1%

sup / ———|+ sup / R < Coe?, (9-2)
vell,ooy Je I 1= r|  uertoo) Je [ 1= r
sup /I3u¢|+ sup /I3U¢I§Co€, (9-3)
ve[l,o0) JCy uell,o0) JCy,
sup / (137(r¢)| +d, logv) + sup f (187 (r¢)| + 8, log 1) < Coe. (9-4)
ve[l,00) JC, uell,00) JC,
Moreover, the bounds in Proposition 5.3 hold with
K+ A<Cy W<Cpe. (9-5)

Proof. This lemma is an easy consequence of Theorem 5.12 and Lemma 5.11 once we show

sup|d, (r¢)| < Coe,
Q

using the additional condition lim,_. o, ¢ (1, v) = 0. By Lemma 5.2, note that f c |0,¢| < Ce; therefore,
integrating from v = oo, we have lim,_, |¢ (1, v)| < Ce. Then, using (9-1) to integrate from v = 1,
where we note that lim,_, . ¢ (1, v) = lim,_ 14 3,(r¢)(1, v), we obtain

sup|dy(r¢)| < Ce.
Cy

Using (2-8'), d9,A <0, Lemma 5.1 (to control |¢| from |3, (r¢)|) and % <A< % (by Theorem 5.12), it
follows that

sup |3, (r¢)| < sup [3,(r¢)(1,v)[+  sup  sup |, v)]| 1 (=3, A) (', v) du'’

D(1,v) 1<v'<v (u,v)eD(1,v) 1<u'<u
<Ce+3 sup [3,(r)l,
D(1,v)
which proves supg (3, (ré)| < Coe, as desired. O

Equipped with Lemma 9.1, we now proceed to outline the proof of Theorem 3.15.

Proof of (1) in Theorem 3.15. That (¢, r, m) is globally BV scattering follows from Theorem 3.14
and the fact that initial data with small total variation cannot lead to a development which blows up at
infinity; the latter fact follows from Theorem 6.2 in [Christodoulou 1993], as well as estimates proved in
[Christodoulou 1993, Section 4].
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It remains to prove that (3-1)—(3-3) hold with A; < Cz,(Z; +¢€) if € > 0 is sufficiently small. By (6-6),
it follows that Lemma 6.3 holds with H; < Cz,(Z; +€), and (6-7) in Lemma 6.6 becomes

supr®|d,(r¢)| < Cru1(Zi +€) + CMu ' By (U). ((6-7))
Cu

Note that M; < C le. Then, repeating the arguments in Section 6D, we see that (6-10) becomes
Bi(U) < Crui(Zy +€) + C(Ziuy ' + €HBi (). ((6-10Y)

It is important to note that the constant C in the last term does not depend on Z;. Take u; = 1000C (1+Z; 5)2.
Then, for € > 0 sufficiently small (independent of Z;), we derive

Bi(U) < Cz,(Z1 +€).

It then follows that (3-1) and (3-2) hold with A; < Cz,(Z; + €). Applying Lemma 6.5, we conclude
that (3-3) holds with A| < Cz,(Z; +€) as well. Il

Proof of (2) in Theorem 3.15. We need to prove that (3-4)—(3-7) hold with A, < Cz,(Z2 +€). The key is
to show that Proposition 7.6 holds with

Ay < Cr(Tr+e). (9-6)

Indeed, by the explicit bounds on the constants (in particular, (7-5), (7-6), (7-7), (7-8), (7-44) and
(7-49)), the desired conclusion easily follows once (9-6) is established.

Note that Z; < 7, by definition, and thus A; < Cz,(Z; + €) by the preceding proof. We furthermore
claim that the following statements hold:

e Lemma 7.7 holds with

€(up) < Ce, (9-7)
for every u, > 1.
o We have
Hy(1) < Cr, (T +e), (9-8)
where we remind the reader that
Hy(1) = sup u® (185 (r @) + 187 (r )| + 13,11 +18,v1),

{(u,v):uell,3],velu,3ul}
according to (7-22).

The first claim follows easily from Lemma 9.1 and (7-34). For the second claim, since 1 <u < 3, it

suffices to prove!’

sup (102(re)| + 182(re)| + |d,A] +9,v]) < C (T2 +e),
D(1,9)

which follows from a persistence-of-regularity argument, similar to our proof of Lemma 7.7.

I7Recall that D(1,9) ={(u,v) :u €[1, 3], v € [u, 3u]} is the domain of dependence of C1 N {1l <v <9}.
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To conclude the proof, recall that we had
By(U) < Hy (u2) +€"(u2) Bo(U),

where B,(U) was defined in (7-12), and H} (u2) and €”(u>) obey the bounds in (7-23) and (7-24),
respectively. Thanks to (9-7), it follows that we may take u; = 1 and €”(1) < Ce, where C does not
depend on Z,. Next, since up, = 1, we see that Hz” (1) < Cz,(Zr + €), by (9-8). Therefore, for € > 0
sufficiently small (independent of Z,), we conclude that

B(U) < Cr,(Ir +¢€),

which proves that Proposition 7.6 holds with (9-6), as desired. U

10. Optimality of the decay rates

In this section, we show the optimality of the decay rates obtained above, i.e., we prove Theorems 3.16
and 3.18.

10A. Optimality of the decay rates in the case 1 < ®’ < 3. In this subsection, we prove Theorem 3.16.
More precisely, we will demonstrate that the proof of the upper bounds for ¢ and its derivatives can in
fact be sharpened to give also lower bounds for 9, (r¢) and 9, (r¢) if the initial data satisfy appropriate
lower bounds for w < 3.

Proof of Theorem 3.16. We first prove the lower bound for 9, (r¢). We split the spacetime into the exterior
region Qgy and interior region Qjn, as before. Notice that, in the exterior region, u < r and it suffices to
prove a lower bound for r“9, (r¢). Similarly, in the interior region, » < u and it suffices to prove a lower
bound for u®a,(r¢).

Revisiting the proof of Lemma 6.6, we note that, instead of controlling d,(r¢) by the initial data
and error terms, we can bound the difference between 0, (r¢)(u, v) and the corresponding initial value
of 9,(r¢)(1, v). More precisely, from the proof of Lemma 6.6, we have

u KM; H KM (uy)

[0y (r¢)(u, v) — 0y (ré)(1, v)| < 2aod oy T e, U)B1(U)
in the case 2 < w < 3 and
wK M; oK M(uy)
|0y (ré) (u, v) — 0y (re)(1, v)| < Hy + By (U)

r(u, v)(14+r(u,v)) u1r®(u, v)

in the case 1 < w < 2. By the decay results proved in Section 6D, we have

sup(Hy +Bi(u)) < A

for some constant A. Therefore, by choosing u; sufficiently large, we have, in the region 3u < v,

r®10y(r) (u, v) — 3, (r¢) (1, v)| < 5L,
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as long as u > u;. We now apply the assumption on the lower bound for the initial data r“d, (r¢)(1, v) > L
for v > V. Choosing u larger if necessary, we can assume that u > V. Then, we derive that, in 3u < v,

r?9,(r¢)(u, v) = SL.

We now move to the interior region, where 3u > v. To this end, we improve the bounds in (6-8). First,
notice that the lower bound in the exterior region implies that there exists L’ such that

u®dy(ré)(u,v) > L' (10-1)

for 3u < v. Then, integrating (2-8) along the incoming direction from (%u, v) to (u, v), we get

1 1 ! my / /
18,(r) (e, v) — 3,(r) (3u, v) [ < 1( sup sup|¢|)f W v)|du.
welu/3.u] Cy w3l (L= pr
By Theorem 3.1, we have
sup [¢| < Aju™®
Cll
for some A > 0. Lemma 6.1 implies that
“1 2my , ,
—— W, v)|du -0
w3l (= pr

as u — 0o. Thus the right-hand side can be bounded by %L’u“’ after choosing u to be sufficiently large.

Combining this with the lower bound (10-1), we have

U3, (r ), v) = 1L

for 3u < v and u sufficiently large.
We now proceed to obtain the lower bound for 9, (r¢) by revisiting the proof of Lemma 6.5. Integrating
(2-8) along the outgoing direction from (u, u) to (u, v), we have

AV

¢

19, 0r) . v) — Tim 3 (r) (e, v)] < /
vV—u+ C.

As before, we use Theorem 3.1, i.e.,
sup |¢| < Aju™”

Cu

for some A; > 0. By Lemma 6.1 and the upper bound (5-6) for |v|, we have
UAY

fcu (I—wr

Therefore, we can choose u sufficiently large such that

u® /
Cll

— 0 as u— oo.

AV

(I =wr o

ENT

¢

-




1668 JONATHAN LUK AND SUNG-JIN OH
Returning to (10-2) and recalling that, for u large,

— lim 9,(r¢)(u,v) = lim 9,(r¢)(u,v") > %L’u“",
vV —u+ vV —u+
we have
_all(r¢)(uv U) = %L/u_w
for u sufficiently large, as desired. (|
10B. Key lower bound lemma. The goal of the remainder of this section is to prove Theorem 3.18. In
this subsection we establish a sufficient condition for the desired lower bounds on the decay of ¢ in

terms of a number (called £) computed on Z". This will be an important ingredient for our proof of
Theorem 3.18 in the next subsection.

Lemma 10.1 (key lower bound lemma). Let (¢, r, m) be a C' solution to (SSESF) which is locally BV
scattering and asymptotically flat initial data of order w =3 in C'. Suppose, furthermore, that

£:= lim r*9,(r¢)(1, v) —I—/OO(MVOOCD)(M) du #0,
v—>0Q 1

where M (1) = limy,_, oo m(u, v), Voo (1) :=limy_, 5 V(u, v) and ®(u) := limy,_, oo r¢ (1, v). Then there
exist constants U, L3 > 0 such that the following lower bounds for the decay of 9,(r ), d,(r¢) hold on
{(u,v):u>U}:
10, (rp) (u, v)| = L3 min{r(u, v) >, u™}, (10-3)
10, (r ) (u, v)| = L3u™. (10-4)

Remark 10.2. By (10-3) and (10-4), 0,(r¢) and 9d,(r¢) have definite signs. In fact, the proof below
shows that the signs of 9, (r¢) and —0,(r¢) agree with that of £.

Proof. Without loss of generality, assume that £ > 0. For 0 < n < 1, define the n-exterior region by

QL :==1{(u,v) € Q:u <nv}.

Step 1. In the first step, we make precise the relation between r and v in Qg for small . We claim that

r o~ %v in this region; more precisely,

r.v) _ 1’ <1Ca poKoA- (10-5)

v 2

Integrating by parts, we have

v v
r(u,v) = / A, v)dv' = —/ A (u, V)V dv +vA(u, v) — ur(u, u).
u

u

To make the leading term vA(u, v) and small number u /v explicit, we rewrite the last expression as
follows:

r(u, v) = v|:k(u, v) — %(k(u, u) —I—/U A (u, v/)v— dv’)].
" u
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Recall that A is uniformly bounded from above and below on Q, namely, Al<a< % Moreover, by
the decay estimates for d,A proved in Theorem 3.2, we have

v ,U/
sup |0, (1, V)| — dv’ < Cy,.
u

(u,v)eQ Ju
As a consequence,
r(u,v)
—Au, )| <NCyya-
Thus (10-5) will follow once we establish
|2, v) = 3] < n*Cay nnkon (10-6)

This inequality is proved by integrating the decay estimate (7-55) for 9,A = 9,,0,r along the incoming
direction, starting from the normalization A(1, v) = % Here, we use the easy geometric fact that, if (u, v)
lies in Qext, then so does the incoming null curve from (1, v) to (u, v).

Step 2. We claim that, for U; > 1 sufficiently large and 0 < n < 1 suitably small, we have

8y (rd)(u, v) = 18(4v) 7 (10-7)
for (u, v) € QL N{u > Uy}.
We begin with
“ 2ma
(B0 aeorm v = aean o+ ) [T rew v a0

obtained by integrating the 9,9, (r¢) equation and multiplying by (1 )3 To prove (10-7), it suffices to
show that the right-hand side of (10-8) is bounded from below by 2£ for (u, v) € QI N {u > U} with
sufficiently large U 1>landsmall0 <n <1.

Note that r = (v —1)on Cy, and v > 77_1 if (u,v) € Q7
sufficiently small, we have

Thus, for (u, v)eQ wand 0 <n <1

ext:

3 .
[(39) () (1, v) = lim r28,(r¢)(1, v)| <
In order to proceed, it is useful to keep in mind the following technical point: for U; > 1, by the decay
estimates (3-1) and (6-13), we have

U1 2mAv
— i

ro',v)|du’ <UCy, 4. (10-9)

sup
v>U,

In what follows, let (u, v) € QeXt N{u > U;}. Using (10-5), (10-9) and the fact that the null segment

from (1, v) to (u, v) lies in Q. ,, we get

ext?

(1 )3 /Lt 2mAiv ¢( / )d ’ / 2mAv ¢( )d < C
Y, —r¢ ', v)du’ — ro ', v)du NCA, Ay K. A-
2N A= wr? e v
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Taking U; > 1 large enough and using (10-9), we may arrange
/ V| 2mAiv
sup
v>U; JU; 1— 12
On the other hand, note that 2mAv(1— )~ 'r¢ (u, v) = Mvs® (1) for each u > 1 as v — oco. Therefore,
by the dominated convergence theorem, for 0 < n < 1 sufficiently small (so that v is large), we have

ré @', v)

o0
du’-i—/ Moo ® ()| du’ < £ L.

Ui

U 2mav , , Ui , , |
T ro(w,v)ydu — Moo ® (') du’| < g£.
1 — K 1

Putting these together and taking 0 < n < 1 sufficiently small, we conclude (10-7).

Step 3. Next, we claim that there exists U, = U, (U, Az, A, K, n) > 1 such that U, > U; and, for
(1, v) € (Q\ QL) N{u = Uy}, we have

3, (rd)(u,v) > 2L u3. (10-10)

Combined with (10-7) (keeping in mind that r ~ %v in QZM by (10-5)), this would establish (10-3).
Take U, > n~'U;, and consider (u, v) € (Q\ Q! ) N{u > Us}. Integrating (2-8), we have

ext

“2miv ,
8v(r¢)(u,v)=3v(r¢>)(nu,v)+/ ¢, v)du.
n

u

Note that (nu, v) € Q. N {u > Uy} since v > u and nu > nU, > Uj. Therefore, by (10-7) and the fact

ext

that n~'u > v (as (u, v) € o\ ngt), the first term on the right-hand side obeys the lower bound
8, (rd) qu, v) = 12 (10) 7 > aneu,

On the other hand, using (3-1) and (7-56), we have

Y 2ma
f m2 vd)(u/, v) du’
T

S|
/ -9
<Ca, 420K / o AU = Cuyann kU
nu (u')

Taking U, large enough, we conclude that (10-10) holds.

Step 4. Finally, we claim that there exists U = U (U, Az, A, K, n) > 1 such that U > U, > U and, for
(u,v) € {u > U}, we have
—3,(rg)(w, v) >’ Lu>. (10-11)

This would prove (10-4), thereby completing the proof of Lemma 10.1.
Our argument will be very similar to the previous step. Take U > U, and consider (u, v) € {u > U}.
Integrating (2-8) along the outgoing direction, we have

V2mAv

72

¢ (u,v)dv.

—0u(r$)(u, v) = =0, (ré)(u, u) —/

Recall that limy_, ,+ 9, (r@) (u, v) = — limy_, ,+ 9, (r¢)(u, v). By (10-10) and the fact that u > U > U>,
we see that the first term on the right-hand side obeys the lower bound

—0,(rep) (u, u) =203 Lu>.
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On the other hand, using (3-1) and (7-56), we have

v 2mA
/ m2 vqﬁ(u, v dv’
LT

Taking U sufficiently large, we conclude that (10-11) holds. U

v
< Ca .tk / min{u"'°, r 2u " A dv’ < Canr K u?.
u

10C. Optimality of the decay rates, in the case »' > 3. In this subsection, we prove Theorem 3.18 by
studying the solution to (SSESF) arising from the initial value

~(V—
du(re)(1,v) =€x( >

N

where x : (—00, 00) — [0, 00) is a smooth function such that

We also require that vy > 2 and N < vg. With such data, the initial total variation is of size at most Ce:

/loo|83(r¢>(1,v)|dv se/oo x’(”?v"o) ‘;V—” <Ce.

—00
We also see that Z; < CevS and 7, < Cevg/N with @’ =3, as

4

v
sup (147)°|8,(r$)|(1,v) <Cevy and  sup (14+7r)*82(r¢)|(1,v) < Ce-2
vell.00) vell,00) N

We are now ready to give a proof of Theorem 3.18. The idea is to compute £ to the leading order
(which turns out to be —ce? for some ¢ > 0) and then control the lower order terms by taking € > 0
sufficiently small and applying Theorem 3.15.

Proof of Theorem 3.18. For this proof, we fix vg =4 and N = 1. We use the shorthand
x():=x@—4.

By the preceding discussion on the size of initial data, we see that Theorem 3.15 applies when € > 0 is
sufficiently small. Therefore, there exists a constant C > 0 independent of € > 0 such that Theorems 3.1
and 3.2 and Proposition 5.3 hold with

A, Ay <Ce, K,A<C. (10-12)
We begin by showing
3y (r¢)(u, v) = €x (v) + Erri (u, v), (10-13)
where

|Err; (u, v)| < Ce minfu™>, r(u, v) ). (10-14)
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The argument is similar to the proof of Theorem 3.16, but this time we rely on Theorem 3.15 to make
the dependence of Err; on € explicit. Indeed, by (2-8), we have

LAV
(I —wr

Then, estimating the right-hand side using Theorem 3.1, Proposition 5.3 and Corollary 7.13, and using
(10-12) to make the e-dependence explicit, (10-14) follows.
Integrating (10-13), we also have

o', v)du'.

[Err1 (u, v)| 5/
1

ré(u,v) = /U 0, (r¢) (u, vy dv’
:e/vx(v')dv/—i—/vErr](u, v') dv’
=eX(u,v)+Erm(u,v),

where X (u, v) 1= fuv x (V") dv" and Errp(u, v) := fuv Err; (u, v') dv’. Integrating (10-14) and using the
bound C~ ' < < %, we easily obtain

|Erry (1, v)| < Ce min{ru=3, u?}. (10-15)
In particular, taking v — oo, we see that
|® (1) — €X (u, 00)| < Ce3u2. (10-16)
We now proceed to estimate M (u#). We begin with the easy observation
M) < Ce’u™, (10-17)
which follows from Corollary 7.13 and (10-12). On the other hand, recalling the definition of M (u)

from (2-7) and using the elementary inequality (a + b)?> > %a2 — b,

1 [ 1—pn A 2

M(M)=§/ T[au(r¢)—;(r¢):| (u, v)dv
L [Yion
=74 5

[ A T 1 [ 1—pn ) 2
(u,v)| x(w) ——X(u, v) dv——/ —|:Err1——Err2} (u, v)dv.
r 2 /), A r

By (10-12), (10-14) and (10-15), we have

%] - A 2
‘lf —H[Errl——Errz} (u,v)dv < Cé°.
" r

2 A

Furthermore, note that (1 — ) > (KA)™' > C~! > 0, by Proposition 5.3 and (10-12). Also, for
(u,v) € [1,2] x[8, 00), note that y (v) =0 and X (u, v) = 1. Therefore, for 1 <u < 2, there exists ¢ > 0
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(independent of € > 0) such that

1 [ 1—p A7 N A7 »
—/ —(u,v)[x——X} (u, v) dv = (4C) /[X——X} (w2 v) 2w, v) dv
4 ), A r " r
> 4C)~! /OO %(u, v) dv
8 r

> cC.

Therefore, we conclude that
M@u)>ce? —Ce® for 1 <u<2. (10-18)
We are now ready to compute £ and complete the proof. We begin by observing that

lim 3|9,(r¢)(1,v)| =0
V—=>00

by our choice of data. Therefore,
o0 o o0
—2:/ M (=)D (1) du:e/ M(u)(—voo)(u)X(u,oo)du+/ M (u)(—vso) (1) Errp (1, 00) du.
1 1 1
By Proposition 5.3, (10-12), (10-15) and (10-17), we have

§C65.

/OOM(M)(—vOO)(u) Err; (1, 00) du
1

On the other hand, by Proposition 5.3, (10-12) and (10-18), we have (taking ¢ > 0 smaller if necessary)
oo 2
e / M (1) (—vo0) ) X (11, 00) du > € / M (1) (—vo0) () X (ut, 00) dt
1 1
2
> A_le/ Mu)du > ce> — Ce'.
1

Therefore, taking € > 0 sufficiently small, we see that —£ > %6‘63 > 0. UJ
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A MODEL FOR STUDYING DOUBLE EXPONENTIAL GROWTH
IN THE TWO-DIMENSIONAL EULER EQUATIONS

NETS KATZ AND ANDREW TAPAY

We introduce a model for the two-dimensional Euler equations which is designed to study whether or not
double exponential growth can be achieved for a short time at an interior point of the flow.

1. Background

The two-dimensional Euler equations for incompressible fluid flow are given by

du
— -Vu=-Vp,
8t+u u D

together with
V-u=0.

Here, u : R? x [0,00) — R? is a time-varying vector field on R? representing the velocity and
p:R%x[0,00) — R is a scalar representing the pressure.
The equation is solved with a given initial divergence-free velocity field u¢:

u(x,0) =ug(x).

When u is chosen to be, for instance, smooth with compact support, a smooth solution to the Euler
equation exists for all time. Moreover, a result of Beale, Kato, and Majda [Beale et al. 1984] shows that
Sobolev norms grow at most double-exponentially in time.

Considerable work has been done recently to establish that such growth actually occurs. Denisov [2015]
demonstrates growth similar to double exponential in an example that consists of a slightly smoothed,
singular steady state solution together with a bump. For some time, the singular solution stretches the
bump at a double exponential rate. Kiselev and Sverik [2014] do Denisov one better by creating a
sustained double exponential growth near a boundary. This is a very similar idea to Denisov’s. We may
imagine that something quite similar to Denisov’s singular steady state lives right at the boundary and is
drawing bumps towards it. Another recent result on rapid growth in the Euler equations is [Zlato$ 2015].

Both authors were partially supported by NSF grant DMS 1266104.
MSC2010: 35Q31.
Keywords: fluid mechanics, Euler equations, two-dimensional Euler equations.
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2. New results

Summary. The purpose of this paper is to create a tool for studying the question of whether double
exponential growth can begin spontaneously at an interior point. We borrow from Pavlovi¢’s [2002] thesis
the idea that the allowed fast growth in Euler is coming from low frequency to high frequency interactions.
We model the impact of each scale on the vicinity of a given particle as a linear area-preserving map.

In a double exponential growth, energy has to cascade from low frequencies to high frequencies. We
try to model this phenomenon. We start at a point in time where, heuristically, N dyadic scales are
active. More precisely, we use the parameter N as a bound for short time on the sum of the L norms of
Littlewood—Paley projections of Vu, the gradient of the velocity field. When double exponential growth
is taking place, this Besov norm should be growing exponentially, so its size stays stable (to within a
constant) for time O(1). This is assumption (1).

As each scale evolves, it alters the effects of the smaller scales. We can model this as a system of
differential equations with one SL(2)-valued unknown for each scale. The main result in the paper is
Theorem 3, below. It says that, during a time period of order (log N)/ N, this autonomous system of
differential equations closely approximates the actual behavior of the Euler equation. This is a time
period during which growth by a factor of a power of N can occur in the Sobolev norms of the velocity
and during which our hypothesis stays stable. Indeed, such growth must occur during some such time
period if double exponential growth is to take place. Thus, our simplified model can be used to study
the possibility and likelihood of growth occurring spontaneously at an interior point. This is especially
noteworthy because the previous examples of rapid growth in the two-dimensional Euler equations (such
as [Denisov 2015; Kiselev and Sverdk 2014]) do not occur spontaneously from energy cascading from
low to high frequencies. Thus, we believe this phenomenon is definitely worthy of more study.

We comment briefly on some of the properties of the model. Clearly, the system is simpler than
studying the Euler equations. This is because many of the parameters of the Euler equations lie in the
initial condition wq of the SL(2) system. Indeed, once a point in R? is chosen (to study the accumulation
of vorticity at that point as it moves through the flow) and the parameter N (the number of active scales)
is fixed, the system has only 3N parameters. If the initial condition wq can be designed so that the SL(2)
system grows exponentially with rate N, this would indicate double exponential growth in the Euler
equations. However, it is critical that such growth be sustained for a time period of order (log N)/ N, as
the proof below makes it reasonably obvious that it is possible to do so for a time period of order 1/ N
(see Lemma 5). Currently, we do not have a strategy for designing such initial data. The purpose of this
work is to establish a rigorous connection between the Euler equations and the model.

Admittedly, our model works for only a very short period of time. We cannot use the model to follow
the equation for a longer period of time, because nonlinearities are breaking down its connection to the
equation. The fact that it runs long enough to give some insight into the double exponential growth
question is a consequence of the criticality of the equation for this problem. In supercritical problems like
blow-up for surface quasigeostrophic equations or blow-up for the three-dimensional Euler equations, the
same kind of model cannot work.
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Notation and Prerequisites. By a < b we mean that a < kb for some constant k that does not depend
on anything important. The notation ¢ ~ b means a < b and b < a simultaneously. The norm | - | is the
usual Euclidean norm when applied to vectors in R? and can be thought of as the maximum norm when
applied to a matrix.

Let ¥ : R? — R be a smooth function such that

1 for 0<|&] <1,

v = {0 for |&] > 2,

and define the operator P to be the Fourier multiplier with symbol . Let ¢1(§) = ¢ (%S) — (&) and,
for j > 1, define P; to be the Fourier multiplier with symbol ¥ (§) := v (2177 £). For convenience of
notation, define P; = 0 for j < 0. Thus, P; acts like a projection onto the frequency annulus {£ : |£| ~ 2/}
for j > 1,and ) ;j Pj 1s the identity because the sum telescopes. These P; are commonly known as the
Littlewood—Paley operators. Further, let P; =Y 2_ , Pjq and Ej = 3 _ j Pr- Note that

Ejf(x) = f %%y 2k ))(x) = [ & +27 )P (s) ds

and 1} is a radial Schwartz function such that [ 1; = ¥ (0) = 1. Hence, E; acts like, and will be referred
to as, an averaging operator on scale ~ 27/, All Littlewood—Paley operators in this work take their
arguments in the spatial variable x € R? (and not in time).

Let u : R? x [0, 00) — R? be the velocity field of a two-dimensional, inviscid, incompressible fluid
flow and w = du,/dx1 — duy/9dx; the associated vorticity. We make some assumptions about u over the
time period we will be considering, which is of order (log N)/N. We will assume that

o0
D _IPVulre <N (1)
j=0

and | PiVulpeo <1 forall j >0. (2)

Note that (2) is automatic in the case that wg € L. Above, and throughout this work, L? = L?(R?),
that is, all L? norms are taken in the spatial variable x € R?. Also as above, explicit mention of the
dependence on time (¢) will often be omitted for brevity. We define the flow maps ¢ (x, t) to be solutions
of the differential equations

0
§¢>(x,l) = u(p(x,1),1),
#(x,0) = x,

so the point ¢ (x, ¢) is the image of the point x under the flow with velocity field u at time z. Thus, the

3)

Jacobian matrix of ¢, which we denote by D¢, satisfies the differential equation

0
5 Do) = ((Vu)od)(x.1)- Do (x.1),
Dep(x.,0) = 1.

4)
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for each x € R?. By both D and V we mean the Jacobian derivative in the spatial variable x and not
in the coordinates of the particle trajectories ¢ (x, ). Indeed, it should be noted that the equations (3)
and (4) invite a change of coordinates via the map x +— ¢ (x, ). This change of coordinates is especially
convenient because incompressibility, Vy - u = 0, gives det(Dx¢(x,t)) = 1. This will make it useful
for our purposes to use the Lagrangian reference frame; that is, spatial variables will be evaluated along
the particle trajectories ¢ (x,?). A thorough discussion of particle trajectory maps and the Lagrangian
reference frame can be found in [Majda and Bertozzi 2002]. Other recent results use the Lagrangian
reference frame; see [Bourgain and Li 2015a; 2015b].
Proceeding formally, if we define R; := A_%B /dx;, we have the so-called Biot—Savart law,

_(—RiRw —Rjo
V”_( R2» RRw)’

Using the Green’s function for the Laplace operator, we can calculate the nonlocal parts of the composed
Riesz operators by giving the nonsingular part of their kernels. (The local part, of course, lives in the
singular part of the kernel located on the diagonal.) These are

RiRyw =Ky xw(-,1), R%C{):K“*a)(-,l‘), and R%z—K“*a)(-,t),

where
22
XX

2m(x? + x%)z'

X1X2

————= and  Kji(x1,x2) =
Jr()clz—i-x%)2

Kia(x1,x2) =
The main result. The following definition is the one of the main fixtures of this paper. We will define
an approximation of Vu(¢(0,¢),t) so that, for a short time of order (log N)/N, the flow is given by a
linear area-preserving map at each physical scale around the point ¢ (0, ¢). That is, the contribution to
Vu(¢(0,1),t) from the part of the vorticity which at time 0 was at an annulus at scale 2~/ around 0 is
calculated as though the flow on the annulus were linear and given by some /; € SL(2). This is inspired
by the following version of the Biot—Savart law:

Vu(p(0,1),1) :/a)(s,t)K(s—qS(O, t))ds
- / (5,0, K (s, 1) — (0, ) ds
-y /A o) K@(s.1) ~(0.0)) ds. (5)

jez

where 4j = {x: 27/ <|x| <27/} and by dropping the index of K we mean a generic entry in the matrix
Vu(¢(x,t),t). We have used the aforementioned change of coordinates s — ¢ (s, ¢). This change of
coordinates is especially convenient because, in two space dimensions, the vorticity is purely transported
by the flow map. That is,

0
a—c;)-i—u-Va):O and so  wo(s) = w(P(s,1),1)
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for all £ > 0. In (5), we are focusing on ¢ (0, t), which we think of as a generic interior point of a fluid
flow, in order to study whether double exponential growth is in the making at that point as it moves along
the flow.

Definition 1. Let /1(¢) be an element of SL(2). We define

~(Vu)j 2 (Vu)j,h,l)

(Vu)j,h(f)=( (Vu)jni (Vu)jpa

where

(Vi) = [ 005 K1u(h(1)-5) ds. ©

J
wj = X4; (Ejt1og N — Ej—10g N) @,
and o, j(x) = wj(x,0).

Remark 2. Two things regarding the above definition are worth emphasizing. First, a heuristic note: the
object > i (Vu)j p; (¢) should be thought of as an approximation of Vu(¢(0,7), 7). This is, of course, in
the event that each matrix /() is a linear approximation of the movement of the fluid particles roughly
distance 27/ from ¢ (0, ¢). Indeed, if in (6) we replaced wo,j With wg and () - s with ¢(x, 1) — ¢(0, 1),
we would have Zj (Vu)j p; (1) = Vu(g(0,1), 1) (at least formally).

Second, despite the notation, (Vu); 5 ;(¢) does not explicitly depend on the velocity field u at time ¢.

We now state the main result: for a short time, we can approximate the average of the Jacobian of
the flow map at the scale 27/ by a linear map for each j and these linear maps satisfy an autonomous
system of differential equations not depending on the solution to the Euler equations. The behavior of
this system can be a test for whether double exponential growth can occur and what it should look like.

Theorem 3. Assume that

o0
Y P Vulpe SN
j=0

and ||PjVu||Loo§1,
and let hj € SL(2) be defined as the solution to the ODE

dh;

d_tj = ( Z(Vu)k,hk)hj,

k<j
hj(0)=1.
Then there is a (small) universal constant C > 0 such that, for all times 0 <t < C(log N)/ N, we have
|hj (1) — E; D$(0,1)| = O(N ™ T0)

forall j > 0.
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Remark 4. The purpose of using wq_; instead of just wy is a technical advantage: wy,; is a projection onto
the frequencies of @ that make a significant contribution to Vu(¢ (0, ¢),¢) coming from the annulus 4;.
Indeed, if, in light of (5), we define

Fu@,0.0:=3 / 0} (B(5, 0, 00K (B (5,1) — $(0,1)) ds,

JEZ
whereas (at least formally)

Vu@©,0,0=3 / (5,1, VK@ (5,1) — $(0,1)) ds,

jez
the difference is

>y [ P (5.1 K5 1)~ $(0.0) ds

Jj lk—j|>logN

= Z / (/w(y,t)lzk(y—qb(&t)) dy)K(¢(S,t)—¢(0, 1) ds

{(J,k):lk—j|>log N}
_ ) / (/w(y,t)(/ezni(y—qﬁ(s,t))fwk(f) ds) dy)K(¢(s,z)_¢(o,t)) ds. (7)
{(j.k):lk—j|>log N}

Note that, by (3), the fundamental theorem of calculus, and (1), over a time period of order (log N)/ N

s
O S Ip(s.0] S sl log N. ®)
0g

we have

In the right-hand side of (7), we integrate by parts in [ €™ 1=¢6:D 6y, (£) dE, moving a derivative
V¢ from the exponential onto Y for terms in which k > j +1log N, and the opposite way for terms where
k < j +1logN. Since |s| ~ 27/ in each Aj, this gives us a factor of (log N)2%/ from the exponential
term (because of (8)) and 2Fk from the dilation of Y1, and this gives the estimate

MslogN Y 2he f'||Pkw||Loo/ K(@(s.1) — $(0.1)) ds.
{Gk):lk—j|>log N'}

Since, by definition, | K(x)| ~ |x|~2, we have fA,- K(¢(s,t)—¢(0,1)) ds < (log N)? for all j. Hence,
we now have the bound

(7) 5 (log N)? Yo Pkl
{(G.k):lk—j|>log N}

(log N)?
S 2l PeolLe

< (logN)>. 9)

We also used (1) and the fact that | Prw||zoc ~ || P V| poo.
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The technical advantage of using wy; is that we have, similarly to (1),

an] Lo < Z > |Prw|Le S NlogN. (10)

J=0{(k,j):|k—j|<log N

The reader might ask why we chose to have the error estimate in (9) come to (log N)*. It is entirely
arbitrary. By replacing the range of log V scales by a range of C log N scales, which would only cost us
a constant in the estimate (10), we could reduce the estimate to an arbitrary negative power of V, but the
point is that, because of the brevity of our time period, any estimate for the error which has a power of N
lower than 1 will work. The error is smaller than the worst case we have for || Vu||poo. The important
part of these estimates is that we lose (at most) a factor of a power of log N in (10), which is enough for
our purposes, mainly because of the assumption (1).

3. Methods of the proof

Here is a brief outline of the proof. The proofs of the lemmas and the main theorem will follow in the
next section.

Many of the estimates will be based on the following Gronwall-type lemma, which says that solutions
to similar ODESs remain similar for a short time.

Lemma 5. Suppose that F, G, G,, w and v are real-valued functions of time with domain [0, 00) such
that F(t) = O(N), and that

”;_’f(z) = F(Ow() + Gy (1),

dv
E(t) = F(t)v(@) + G,(2),

Assume further that, for some constant E,

E for 0<t <1/N,
G1() = G2 = {|F(t)(w(t)—v(t))| for t 2 1/N.

Then, there is a (small) universal constant C, independent of N, such that |(w —v)(t)| < EN 10100
for all timest < C(log N)/N.

The idea behind Lemma 5 is that, since the difference starts out at 0, the “error” term G| — G, dominates
for times ¢t < 1/N. At that time, the main term, F(¢)(w(¢) — v(¢)), becomes the dominant term but
|(w —v)(¢)| remains relatively small for an additional time < log N. Most of the time, we will not need
the extra factor of N~ 100. It will be used to eliminate factors of log N that show up in the error term E.

We will often use the following estimate, which says the individual Littlewood—Paley pieces of D¢
stay small:

Lemma 6. Under assumptions (1)~(2), sup;j~ol| Pj Dp(t)| L= < N~ 10100 for timest < C(log N)/N.
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In order to prove Theorem 3, we will show that, for the time period we are considering, the flow maps
are essentially linear on a given dyadic annulus. That is, we will estimate the difference between the
linear map (E; D¢ (0,¢)) - x and the difference ¢ (x,7) —¢(0, 1) for [x| ~ 277 To do so, we first show
that the averages of the Jacobians of the flow maps are close to the averages of the differences in the flow
maps, that is,

|EjDp(0.1)-x — (Ej(x.1) — Ejp(0,1))| S 27/ N0,

a sort of approximate mean value theorem. We do this by using (3) to examine the time derivative of
the difference of the flow maps and (4) to examine the average of D¢ at the appropriate scale. With the
fundamental theorem of calculus, and on frequency support grounds, we have that the time derivative of
the difference is essentially

1
(/0 EjVu(sp(x.1) +(1-5)¢(0.7).1) dS) (Ej¢(x,1) = E;j$(0,1)).

If we throw away log N many frequencies from the integrand, it is almost constant on its domain. The
error from doing so is acceptable, so we have now, essentially,

Ej(Vu)o$)(0.1) - (Ej¢(x.1)— Ej(0.1)) + 02~/ log N)

and we apply Lemma 5. We will still have to show that the difference of averages is close to the actual
difference for x at the appropriate scale. Since » P, = 1, this is entirely a matter of controlling the
frequency bands bigger than 2/. We do this by first using a trivial bound for the high (at least j +log N)
frequencies, which comes from the fundamental theorem of calculus. For j <k < j +1log N, we can
again exploit the fact that averages at scale 27/ are essentially constant at scale 27/ ~log V.
Putting all of this together, we have:

Lemma 7. For timest < C(log N)/N and |x| ~ 27/, we have

|(Ej D$(0.0)) - x = (¢(x.1) — $(0.0)| = ORI NT0).

Finally, we will prove Theorem 3 by using Lemma 7 to substitute the linear map (£; D¢ (0,1)) - x for
the difference ¢ (x, ) — ¢ (0, ¢) in each piece of the convolution used to calculate Vu by the Biot—Savart
law.

4. The proof

Note that the constant C may change from line to line. It will only change finitely many times and, in the
end, it will be a universal constant which is independent of N.

Proof of Lemma 5. Observe that

d(w—
2D (1) = Foyw - 0)0) ~ (610) — Ga).

(w—v)(0) =0,
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and suppose that T is the first time that |[(w —v)(T)| = E/N. Then, for times ¢t < min{1/N, T}, we

have, by assumption,
d(w—v)

TR

F(t)(w—v)(t) = O(E) = ‘ <E.

Therefore, since the growth of the difference is at most linear of rate E, it follows that 7 = O(1/N).
For T <t <C(logN)/N, we have

‘d(w—v)

SEE 0] S IFO@ =) 0] = 0w —v)(0)]

and so, by Gronwall’s lemma, we have

1

w—0)(O)] $ e 5 EN~To 1,

where we get the last inequality by choosing C such that ¢t < C(log N)/N < (log(N %_%00)) /N. O

Proof of Lemma 6. Taking P; of both sides of (4), we have, on frequency support grounds

0 ~ ~
o, LiDd = Pi(Ej13(Vu) 0 ) - P; D) + P (Pi(Vu) 0 §) - £j—2 D§)

+ Pf( > Pryi((Vu) o @) Pry3s D+ Py (Vu) o ¢)- ﬁqus). (11)
k=j

(Notice that explicit dependence on x and ¢ has been omitted for convenience of notation. This
will continue throughout this work.) We will make frequent use of the following versions of the cheap
Littlewood—Paley inequality:

sup(| Pj fllLee S I fllzee (12)
J

and  sup||Ej [l S [ fllzoe- (13)
J

To prove (13), observe that, for any x,

Ej (x| = ‘ [ s+ s — () [ oo = [/ 1zoe,

< ||f||Loo‘/ 7 (s) ds

by the definition of . The estimate (12) is proven analogously.
Let S(2) = supj~¢l| Pj Dp(?)| oo For the first term of (11) we then have

|Pj(Ej43((Vu) o). P;Dg)| S| Ej13((Vu) 0 )| Loo | P DpllLoe S D[P Vul|Loe S(1) S O(N)S(1).
j=0

The first inequality follows from (12), the second follows from the triangle inequality and from adding
nonnegative terms, and the definitions of P; and S(7), and the last follows from assumption (1). Along
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similar lines, for the second term of (11) we have
| Pj(Pi((Vu) o) - Ej—2D@)| < || P (Vi) 0§)|[ Lo || Ej2 D oo
< sup|| PVl oo || D@ | Lo
J
S O(|DgllLe-),
which follows from (12), the definition of 13]' and (13), and assumption (2). Finally, for the last term

in (11),

p,-( Y Pri1(Vu) o) - PrysDe + Pii3((Vu)og)- ﬁkw)'

k=j

o
S D N Pry1Vul Lol Pegs DopllLoe + | Pigs Viu oo || P Dbl Loo
k=j

<S80 Y I PeVul Lo
k=j
S OWN)S().

which we justify with (12), the definitions of ﬁk and S(¢), and assumption (1). Putting together these
three estimates, we have

d
2,50 =0W)S(®) + O([ Dl ).
Further, using (4), (1) and Gronwall’s lemma, we see that

1Dl < e (14)
and so 4
2SO =0(N)S@) + o).
From here, we can apply a traditional, inhomogeneous version of Gronwall’s lemma to achieve the
desired bound. O

The proof of Lemma 7 is achieved in two parts. First, we show that the average of the Jacobian of
a flow map is closely approximated by the average difference of a flow map at a fixed scale. That is,
for |x| ~ 27/, we have

|(EjDp(0.1)) - x — (Ejp(x.1) — Ej¢(0.1))| = 0@~/ N~T0).

We do this by comparing the time derivatives of each expression and using Lemma 5. Then we show that
the differences of the flow maps themselves at scale ~ 27/ are closely approximated by their averages at
the same scale, that is,

|Ejp(x.1) = Es(0.0) = (9(x,1) —$(0,0)| S 27/ N~ o,

hence proving Lemma 7 by the triangle inequality.
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Proof of Lemma 7. First, we claim that, for |x| ~ 277,
i _9
[(Ej D$(0,0)) - x — (Ej¢(x,1) — Ej¢(0,1)| = 027/ N~10). (15)

We examine 8((Ej D¢ (0,1)) -x)/at using (4). The goal is to use Lemma 5. In this case, we want
to show that d((E; D¢ (0,1))-x) /9t = E;j((Vu) 0 $)(0,¢) - ((E; D$(0,1)) - x) plus an error term which
obeys acceptable bounds. Taking E; and then the product with x of both sides of (4), we have, purely on
frequency support grounds,

0
5((EJD¢(0J)) -x) = Ej(Ej+3(Vu) 0 9)(0.1)- E;j13D¢(0.1)) - x

By X (Pest (V1) 09)- Pisa Do+ Peya (V) o6)- FeDg) ) . (16

k=j

(Note that, in the second line, we have again omitted the arguments of (Vu) o ¢ and D¢ for brevity.) The
second term is entirely an error term. Observe that, by (2), Lemma 6, and frequency support, the second
term of (16) is

> Pkng(O,t)) x =027, (17)

O(qu”PjVuHLoo)Ej(
J k=j

which will prove to be a tolerable error. For the first term of (16), since E; is not actually a projection,
we have to separate some of the frequencies. We use the fact that £ E;_, = Ej_», giving

Ei(Ej+3((Vu)0$)(0,1)- Ej13D$(0,1)) - x = Ej_2((Vu) 0¢)(0,1) - ((Ej—2D¢(0,1)) - x)
j+2
+E,~( 3 Pk((Vu)o¢)(O,t)-P;D¢(O,Z))~x.

k,i=j—-2

We now add and subtract (Zflri]_z Pr((Vu)o)(0,t)- PLD¢(0, t)) - x. This gives us, from (16)
and (17),

d
37 (E Dg(0.0))-)

= Ej((Vu) 0$)(0.1)- (E; D$(0.1)) - x) + OQ277)
j+2
+ Y (Pe((Vu)o§)(0.1)- P D$(0,1)) - x
k,l=j
j+2
+ ) Ei(P((Vu)0$)(0.0)- PLDG(0,1)) - x = P((Vu) 0$)(0,1) - PLD$(0,1) -,  (18)
kil=j—-2
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where the last two lines are error terms which we denote by W. Notice that, for a typical term in the last
sum, we have

|Ej (Pe((Vu)0$)(0.1) - PLD$(0.1)) - x — Pi(Vu) 0$)(0.1) - PLDp(0.1) - x|
<|Ej(Pe((Vu) 0 $)(0.1) - PLDG(0.1)) - x| + | Pi((Vu) 0 $)(0.1) - Py Dp(0, 1) - x|
S 27| Pi((Vu) 0 ¢) - P D] Lo
S 27| PeVull oo | Py D oo
=01277), (19)

where we have used the triangle inequality, (13), the hypothesis that |x| ~ 27/, (2) and Lemma 6. A
similar (simpler) argument can be used to achieve the same estimate for a typical term in the first sum
and, since both sums have only O(1) many terms, we now have the estimate

¥ = 0@27).

We have now achieved the goal,

0 ;
5((Ef D¢(0,1)) -x) =Ej((Vu)o¢)(0,1)- ((Ej D¢(0,1)) -x) +0Q27). (20)

To use Lemma 5, we need an analogous statement for d(E;¢(x,t) — Ej¢(0,1))/0t. We begin by
using (3). Since d/0¢ commutes with E;, and by (3) and the fundamental theorem of calculus, we have

9 9
o (Ejp(x.0) = Ej$(0.0)) = Ej = (§(x.1) = $(0.1))
= Ej(u(p(x,1),1) —u(¢(0,1),1))

1
=E; ((/0 Vu(so(x,t)+ (1 —5)¢(0,1),1) ds) (p(x,1)— (0, t))).

We now take E; of the product, move E; inside the integral, and the above expression gives

1
£ ((/o Ej4sVulsg(r. )+ (1 =)¢(0.0).1) ds) (Ejy3p(x, 1) — Ej13¢(0, z)))

+ Ej( Y Pry1(Vi)od)- Prys(@(x,0)—¢(0,1) + Pry3 (Vi) o) - Pr(p(x,1)— (0, z))), 1)
k=j

which we justify on frequency support grounds. We use the same technique on the first term as we used
to achieve (20). That is, we add and subtract
jt+2

1
> ( /0 PeVu(s (x.1) + (1= 5)p(0.1).1) ds) (Pip(x.1) = P(0.1))

k,l=j—-2
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to exploit the fact that E; Ej_, = Ej_5. This gives us that (21) equals

1
(/0 EjVu(s¢(x,1)+(1—=s)¢(0,1),1) ds)-(Ej¢(x, t)—E;j¢(0,1))

1
+ Z Ej((/o PkVu(s¢(x,t)+(1—s)¢(0,t),t)ds)-(P1¢(x,t)—P1¢(O,t)))

1
- % ([ evutsotn+1-500.0.0d5 ) (Pig e Pig 0.0

kil=j—2
w ~ ~
+E; ( 3 Bt (V)od)- Py 3 (d(x, 1)—$(0, 1))+ Pry 3 (Vu)og)- Py (x. 1))~ (0, z))). (22)
k=j
The term in the first line is good and the remaining terms are error terms. Denote the difference of the

middle two sums by ®; the indices in these sums match and we can use (13) on each term in the first sum
and the fact that there are only O(1) many terms in the sum to estimate

1
|| = 0(”(/0 PrVu(sg(x.1) + (1 -5)¢(0.7).1) dS) “(Prop(x.1) = P¢(0,1))

). (23)
LOO

We use assumption (2) to estimate the integral, giving

1
H(/o PkVu(Sd)(x,l)-i-(l—S)¢(0,t),l)dS)-(Pld)(x,f)—P1¢(0,t)) Lo

= O(| P1p(x.1) — P1p(0.1)||1). (24)

Using (12), (8) and the hypothesis that |x| ~ 27/, we now have the estimate

|®| = 027/ log N).

We now estimate the last error term of (21), which we denote by E. Using assumption (2), we have

E; ( S Pes@ )~ $(0,0) + Pe((x, 1)~ 0, z)))‘

k=j

|E] §51£P||ka”||L°°

<

Because of the operator E;, by frequency support, there are only O(1) many terms left in the sum.

3 Prga(@(e.1) = $(0.00) + Pl (x. 1) — $ (0, z))) ' 25)

k=j

Therefore, it suffices to estimate a typical term in the sum, such as

Pr(¢(x.1) —¢(0.1)),
where k ~ j. Using (12), (8), and the fact that |x| ~ 27/, we have

| Pe(@(x.1) —$(0.1))| S 277 log N



1688 NETS KATZ AND ANDREW TAPAY

and hence
|E] = 027/ log N).

Using these estimates on |®| and | 2|, we now have that (21) equals

1
(/ EiVu(s¢(x,t) + (1 —15)9(0,1),1) ds) (Ejp(x,t)—Ejp(0,1)) + 027/ log N). (26)
0
At this point, we reiterate that the goal is to show that the above expression is equal to

Ej(Vu) 09)(0,)(Ejp(x,1) — Ej¢(0,1))

plus an acceptable error term, and that the error so far, O(27/ log N), is acceptable. For convenience, we
adopt the following notation for the integral term in (26):

1
§(l):=/0 EijVu(s¢(x,1)+ (1 —15)9(0,7),1)ds

1 j—1
= / (EkVu(s¢>(x, )+ (1—5)¢0,1),1)+ Z PiVu(so(x,t)+(1—15)p(0,1), Z)) ds,
0 I=k

where we chose k = j —log N so that the first part of the integral is essentially constant. Indeed, if
| fllLee < N and |x — y| <27/ log N, with this choice of k we have

Ef(x) = E /() = /R SO )~ P QF (5 +5) ds
S22 fll Lo [V || 002 |x — y[ | By (0)]
SIS llzee2""7 log N
<N27"°eNog N
<log N,

wherein we can move from the first line to the second line by the definition of 1. Since the first part of
the integrand is essentially constant, we can choose any point in the domain we want for its argument (we
choose ¢ (0, )). We then add and subtract the extra frequencies (that is, those between k and ;) and we have

1 J
$(t)=EjVu(¢(0,1), t)—l—/ (Z PiVu(so(x,t)+(1—5)¢(0,2),1)— PiVu(¢(0,1), t)) ds+log N.
0

I=k

The integral of the sum is clearly < log N because of (2) and the choice of k. Substituting this into
(26) and using (8), we have (finally)

0 .
5, (Lid(x.0) = Ej¢(0.0) = EjVu(@(0.0).1) - (Ej$(x.1) — £j¢(0.1)) + 02 7(log N)?).
Using this, together with (20), we can apply Lemma 5 with

w=(EjD¢(0,1))-x, v=Ejp(x,t)—E;j¢(0,1), and E =277(logN)?,
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which proves the claim that

|Ej D$(0.1)-x — (Ej(x.1) — Ejp(0.1))| = O/ N~T0)
for |x| ~277.
Now, to prove the lemma, it suffices to show that

|Ejp(x. 1) — Ejp(0.1) — (§(x.1) —p(0.1))| S 27/ N0,

By the definition of the Littlewood—Paley operators, we have

Ejp(x.0) = Ej(0,0) = ($(x.1) —$(0,0)) = Y Prp(x, 1) — Pr(0,1),

k>j

which we now estimate in two parts. First, for the large frequencies, we have (for arbitrary y)

o0 o0
Yo Py = ) Erp1¢(n0)— Exd(p.0)
k=j+log N k=j+logN

-y / (6 + 2 %05 1)~ 3y +27Fs.0) P (s) ds
R2

k=j+log N
00
—k
<Dl > 2
k=j+logN

5 Nﬁz—j—lOgN
i 9
<27/NTT0, (27)

where we have used the definition of Ey, (14) and our choice of C (as in the proof of Lemma 5). For
the smaller frequencies, we have left

/
> (Prgp(x.1) = Prgp(0.1)). (28)

k=j

where / = j +1log N — 1. We will estimate an arbitrary frequency band Py ¢ (x, ) — Pr¢(0,1) in this
range. Take x; to be points on the line segment from 0 to x such that |x;4; — x;| ~ 27!; thus we
have ~ 2!~/ ~ N points x;. For convenience of notation, take xo = 0 and x; = x. By adding and
subtracting Py ¢ (x;,t) for each i, we have

| P (6. 1) = Py 0.0)] £ 27 max| Py (xie1.1) = Pre (xi. 1), 29)
For each i, we have from Lemma 6 that

- — _9 _ 1
Pr(p(Xig1.1) —d(xi. 1)) S 27| Pr Dl oo <27 N~T0~ 100,
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Plugging this into (29) and, in turn, plugging the result into (28), we can use the factor of N ~100 and
the fact that there are only ~ log N terms in the sum to obtain

i P (x.1) = Prp(0.1) S 27T N0,
k=j
This, together with (27), proves the claim that
|Ej(x.1) = E;(0.1) = (¢(x.1) —$(0,1)| S 27/ N0
and we have already shown that
|Ej Dp(0.1)-x — (p(x.1) —p(0.1)| = OQ/ NT10);
applying the triangle inequality, we complete the proof of Lemma 7. O
It only remains to prove the main theorem.

Proof of Theorem 3. Our goal is to show that

d(Ej D¢ — h 1
= dq;—J) = (Z(V”)k,EkD¢,i)Ej D¢ — ( Z(vu)k,hk,i)hj +ONSEjDp  (30)

k<j k<j
and apply a version of Lemma 5. (We remove explicit dependence on 0 and # in order to simplify notation.)
We use the definition of /; and (20) (from which we may omit the product with x) and, with some adding
and subtracting, we have

W = (E;j(Vu) o ¢) — E;(Vu) 0 $)) - E; D¢ + O(1)
+ (Ej((?u o)) — (Z(th)k,Ekw)) -Ej D¢
k<j
+ ( Z(V”)k,Equ)) EjD¢ — ( Z(V“)k,hk)hj- (3D
k<j k<j

(We are also omitting the explicit dependence on i, meaning that we are referring to a generic entry in the
matrix.) We want the last line of (31) to achieve (30). The other terms are error terms, which we require
to be controlled by O(N .%)E i D¢. We can easily estimate the coefficient of E; D¢ in the first line using
(13) and (9):

[(Ej((Vu) o) — Ej(Vu) 09))| < (Vi) 0 ¢ — (Vi) 0§l < (log N)?, (32)
which gives that the first term in (31) is

O(N3)E; D (33)
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and so, in order to have (30), we only have to control the coefficient of £; D¢ in the middle term. By
definition and using the Biot—Savart law, this is equal to

E,(Z

kez

| wonK@ .0~ 90.0) ds) -3 | wonIKEDSO.0-)ds. (34
Ak k<ij Ak
We split the sum on the left into two parts, £k > j and k < j. For k > j, the sum is equal to

0} (K@U =4 0.0) &s) = Tkl [, Erooxtsras

k>j

S (logN)* Y || Ejewo el Los- (35)
k>j

Above, we get a factor of 22k (log N)? from integrating K and using (8), and a factor of 272k comes
from integrating Ejwq x on A;. For each k, || Prw| L~ <1 and, by frequency support (after using the
triangle inequality), there are fewer than (log N)? many terms in the sum. Hence the error contributed
by (35) is only O((log N)*) < N5.

The rest of the error term, (34), where the first sum is over k < j, is

3 [ w0x (K. =900, = K(ED0.1)-5) ds. (36)

k<j

By Lemma 7, we have |¢(s,7) —¢(0,¢) — Ex D¢ (0,1) - 5| < 2% N=10 when |s| ~ 27k Further, by

(14) and (8), we may choose C so that, if x = ¢(s,t) —¢(0,¢), y = E; D¢p(0,¢) -5 and € = sl — S%W’

we have
27 ENTE < x] lyl S 275N €

for times 0 <¢ < C(log N)/N. Then we have the bound
Ki2(x) — K12(p) S 2% N*(x1x3 = y112)
=2 N4 (x1 (x2 — y2) + y2(x1 — 1))
< N>€2%* max{|x; — yi[}
l

5 22kN5€—%

and similarly for K. We can then estimate the sum (36) by

4

1 1 1 1
N757100 Y " lwg kllpoeds S N37T0 log N S N3
k<j

and with this we have the estimate that the middle term in (31) is O(N %)E D¢ and, therefore, we
have (30).
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We will now apply a version of Lemma 5 using (30). Assume for contradiction that the estimate
|hi(t) — Er D¢ (0,1)| = O(N_ILO) fails for the first time at time ¢y < C(log N)/N and at scale j. So,
for k < j and times ¢ < fg, the estimate holds. Therefore, we have, for ¢ < 1y,

d(EjD$ —hj)
dt

= ( Z(vmk,Ede,) Ey D¢ — ( Z(vwk,hk)hj +O(N3)E; Do
k<j k<j

- ( ZWu)k,hk)(Eszb )+ ( S (Vi g — <Vu)k,hk) E; D¢+ OV E; Dg
k<j k<j

< ( Z(Vu)k,hk)(Ej D —hj)+ O(N 3)E; D¢,
k<j

where, for the last line, we used our assumption that the estimate holds on scales & < j and the estimates
on the Biot—Savart kernels K ;. Note that, at time ¢ = 0, the difference E;j D¢ — hj equals 0. Suppose
that 7 is the first time such that E; D¢ —hj = N=5.If ¢ <min{l/N, T}, we have
d(Ej D —hj)
dt

and it follows that T'= O(1/N). For times ¢ such that 7 <t <ty < C(log N)/ N, the first term dominates
and

<SN5  since N3(EjD$—h;)=0(1)

EjD¢—hj = O(N5 exp(tO(N))) = O(N 1),

where the last equality comes from our choice of C, since 5 < C(log N)/N < (log N %0) /N . Thus, the
assumption that the estimate breaks down at scale j and at time 7y < C(log N)/ N was false, and hence
it holds for all j and t < C(log N)/N, proving the theorem. O
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ASYMPTOTICS OF HADAMARD TYPE FOR EIGENVALUES OF
THE NEUMANN PROBLEM ON C!-DOMAINS FOR ELLIPTIC OPERATORS

JOHAN THIM

This article investigates how the eigenvalues of the Neumann problem for an elliptic operator depend
on the domain in the case when the domains involved are of class C'. We consider the Laplacian and
use results developed previously for the corresponding Lipschitz case. In contrast with the Lipschitz
case, however, in the C'-case we derive an asymptotic formula for the eigenvalues when the domains are
of class C'. Moreover, as an application we consider the case of a C'-perturbation when the reference
domain is of class C'-*.

1. Introduction

The results presented in this article are based on an abstract framework for eigenvalues of the Neumann
problem previously developed by Kozlov and Thim [2014], where we considered applications to Lipschitz-
and C!%-domains. However, the corresponding result for C'-domains was omitted. In this study we
present an asymptotic formula of Hadamard type for perturbations in the case when the domains are of
class C'. We also apply this theorem to the case when the reference domain is C'**, which simplifies the
expressions involved.

Partial differential equations are typically not easily solvable when the domain is merely C'. Indeed,
the existence result for Laplace’s equation on a general C'-domain with L”-data on the boundary was
only finally resolved by [Fabes et al. 1978]. This problem was difficult due to the fact that proving that
the layer potentials define compact operators (so Fredholm theory is applicable, similar to the C'**-case)
was rather technical. The results are based on estimates for the Cauchy integral on Lipschitz curves and
we only obtain L”-estimates for the gradient. As a consequence, the problem of eigenvalue dependence
on a C'-domain becomes difficult.

Hadamard [1908] — see also [Maz'ya and Shaposhnikova 1998] — studied a special type of perturba-
tions of domains with smooth boundary in the early twentieth century, where the perturbed domain €2,
is represented by x, = h(x") with x’ € 9, x, the signed distance to the boundary (x, < 0 for x € Qy),
and & a smooth function bounded by a small parameter . Hadamard considered the Dirichlet problem,
but a formula of Hadamard type for the first nonzero eigenvalue of the Neumann Laplacian is given by

A(£2) = A(L20) +/ h(IVel> = A(Q0)9*) dS +o(e),
1o

MSC2010: 35P05, 47A55, 47A75, 49R05.
Keywords: Hadamard formula, domain variation, asymptotics of eigenvalues, Neumann problem, C 1_domains.
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where dS is the surface measure on 92y and ¢ is an eigenfunction corresponding to A(£2p) such
that [|¢||;2(q, = 1; compare with [Grinfeld 2010]. In more general terms, eigenvalue dependence on
domain perturbations is a classical and important problem going far back. Moreover, these problems
are closely related to shape optimization; see, e.g., [Henrot 2006; Sokotowski and Zolésio 1992], and
references found therein.

Specifically, let 2; and 2, be domains in R", n > 2, and consider the spectral problems

—Au =A(Ql)u in Q], (1 1)
ou=0 on 982

and
—Av=A(Q2)v 1in o, (12)
d,v=0 on 9%2;,

where 0, is the normal derivative with respect to the outward normal. In the case of nonsmooth boundary,
we consider the corresponding weak formulations. The analogous Dirichlet problems have previously
been considered [Kozlov 2006; 2013; Kozlov and Nazarov 2010; 2012], however the Neumann problem
requires a different approach as regards what one can use as a proximity quantity between the two domains
and the operators involved.

We will require that the domains are close, in the sense that the Hausdorff distance between the sets €2
and 2;, namely

d =max{sup inf |x—yl|, sup inf |[x —y|}, (1-3)
xeQ YER2 yeQ, ¥EM1
is small. For example, if the problem in (1-1) has a discrete spectrum and the two domains €21 and €2, are
close, then the problem in (1-2) has precisely J,, eigenvalues Ay (€2;) close to A,,(£21); see, for instance,
Lemma 3.1 in [Kozlov and Thim 2014]. Here, J,, is the dimension of the eigenspace X,, corresponding
to A,,(£21). The aim is to characterize the difference Ay (£2;) — A, (21) fork=1,2, ..., J,.

In a previous study [Kozlov and Thim 2014], we considered the cases when the domains are Lipschitz
or C1*, with 0 < a < 1, as applications of an abstract framework. The main result is an asymptotic result
for C1?-domains, where Q; is a C!**-domain and €, is a Lipschitz perturbation of €2, in the sense
that the perturbed domain €2, can be characterized by a function / defined on the boundary 9€2; such
that every point (x’, x,,) € 92, is represented by x, = h(x’), where (x, 0) € 92| and x, is the signed
distance to 92 as defined above. Moreover, the function # is assumed to be Lipschitz continuous and
satisfy |[Vh| < Cd®. We proved that, if the problem in (1-1) has a discrete spectrum and m is fixed, then
there exists a constant dy > 0 such that, if d < dj, then

A(R2) — Ap(Q1) = k5 + O(d'+*) (1-4)
forevery k=1,2, ..., J,. Here, k = ki is an eigenvalue of the problem
k(p, ¥) =/ h(x"Y (Vo -V — Ap(QDey) dS(x")  forall ¢ € X, (1-5)
9
where ¢ € X,,. Moreover, k1, k2, ..., kj, in (1-4) run through all eigenvalues of (1-5), counting their

multiplicities; see Theorem 1.1 in [Kozlov and Thim 2014].
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In the case when the domains are merely Lipschitz, we only obtain that there exists a constant C,
independent of d, such that |Ax(2;) — A, (21)] < Cd forevery k =1,2, ..., J,; see Corollary 6.11 in
[Kozlov and Thim 2014]. Furthermore, in Section 6.7 there, we provide an example which shows that we
can not get an asymptotic result of the type above for the Lipschitz case.

1A. New results. The main result of this article is proved in Section 4B, where an asymptotic formula
for A, ($22) — Ax(2)) in the case of C!'-domains is derived. The main term consists of extensions of
eigenfunctions to (1-1) and the remainder is of order o(d); see Theorem 4.4. We suppose that 2, is a
Lipschitz perturbation of a C'-domain ; such that the Hausdorff distance d between 2 and Q; is small
and the outward normals n; and n, — taken at the corresponding points of €2 and £2;, respectively — are
comparable in the sense that n; —ny; = o(1) as d — 0 (uniformly). If we also require that 2, C 2 to
avoid the need for extension theorems, we obtain the following result:

Theorem 1.1. Suppose that Qi is a C'-domain, that Q0 is as described above, and that Q> C Q1. In
addition, assume that the problem in (1-1) has a discrete spectrum and that m is fixed. Then there exists a
constant dy > 0 such that, if d < dy, then

Ar(22) —Ap(Q2) =t +od) fork=1,2,..., Jy. (1-6)
Here, T = 1} is an eigenvalue of
= [ (Vo VU - A @)ep)dr forall Y€ X, (17
Q1\82
where ¢ € X,,. Moreover, 11, T2, ..., T;, in (1-6) run through all eigenvalues of (1-7), counting their

multiplicities.

Note that the main term is of order d and that the remainder is strictly smaller as d — 0.

As an application, in Section 5 we consider the case when the perturbation is of Hadamard type and
we assume that the reference domain € is a C®-domain. Indeed, if €, is a perturbation of € in
the sense that the perturbed domain €2, can be characterized by a Lipschitz function 4 defined on the
boundary 92 such that (x’, x,)) € 92, is represented by x,, = h(x), where (x, 0) € 21, x,, is the signed
distance to 02| as defined above, and Vi = o(1) as d — 0 (uniformly), we obtain the following result;
see Theorem 5.1.

Theorem 1.2. Suppose that Q is a C Lo _domain, that Q, is a perturbation as described above, that the
problem in (1-1) has a discrete spectrum, and that m is fixed. Then there exists a constant dy > 0 such
that, if d < dy, then

Ap(§22) — A (21) = ki + 0(d) (1-8)
foreveryk=1,2,...,J,. Here, k = ki is an eigenvalue of the problem
k(p, V) =/ h(x"Y (Vo -V — Ap(QeY) dS(xX')  forall ¥ € X, (1-9)
02
where ¢ € X,,. Moreover, k1, k2, ..., kj, in (1-8) run through all eigenvalues of (1-9) counting their

multiplicities.
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We also note here that Theorem 1.2 is sharp. Indeed, the main term in (1-9) is of order d and the
example given in Section 6.7 in [Kozlov and Thim 2014] shows that this cannot be improved.

2. Notation and definitions

We will use the same abstract setting and notation that was used in [Kozlov and Thim 2014]. Let us
summarize the notation. We consider the operator 1 — A; a number A is an eigenvalue of the operator 1 — A
if and only if A — 1 is an eigenvalue of —A. The reason for considering 1 — A is to avoid technical
difficulties due to the eigenvalue zero. Enumerate the eigenvalues Ax(2)) = Ay —1fork=1,2,...
of (1-1) according to 0 < A < Ap < ---. Similarly, we let A;(€22) = n — 1 be the eigenvalues of (1-2).
Suppose that H; and H, are infinite-dimensional subspaces of a Hilbert space H. We denote the inner
product on H by (-, -). Let the operators K;: H; — H; be positive definite and self-adjoint for j =1, 2.
Furthermore, let K| be compact. We consider the spectral problems

Kig=1"'9, ¢eH, @2-1)
and

K. U=p"'U, UeH,, (2-2)

and denote by k,:l fork =1, 2, ... the eigenvalues of K;. Let X; C H; be the eigenspace corresponding

to the eigenvalue k,:l. Moreover, we denote the dimension of Xy by J and define &,, = X1+ Xo+- - - Xy,
-1

m °

where m is fixed. Note that it is known that there are precisely J,, eigenvalues of (1-2) near A,!; see,

where m > 1 is any integer. In this article we study eigenvalues of (2-2) located in a neighborhood of A

e.g., Lemma 3.1 in [Kozlov and Thim 2014]. We wish to describe how close they are in the case of
C'-domains.

Let S;: H— H; and S>: H — H, be orthogonal projectors and define S as the restriction of S, to H;.
To compare K| and K, we define the operator B: Hy — H; as B = K»S — SK,. For ¢ € &,,, By is
typically small in applications. Furthermore, we use the convention that C is a generic constant that can
change from line to line, but always depend only on the parameters. We also use the notation « for a
generic function « : [0, 0o) > [0, 00) such that ¥ (§) = o(1) as 6 — O.

2A. Domains in R". Let Q be the reference domain, which will be fixed throughout. We will assume
that 2, and 2, are at least Lipschitz domains. Then there exists a positive constant M such that the
boundary d€2; can be covered by a finite number of balls By, k=1, 2, ..., N, where there exist orthogonal
coordinate systems in which

QN Bi=(y =" )ty > h ()} N By,
where the center of By is at the origin and h,({l) are Lipschitz functions, i.e.,

1 1
"y = () < M1y =X,
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such that h,gl)(O) = (. We assume that €2, belongs to the class of domains where €2, is close to €21 in the
sense that €2, can be described by

DNBe={y=0Q"yn) > h,ﬁz)(y/)} N By,

where h,(f) are also Lipschitz continuous with Lipschitz constant M.
The case when 1 is a C'- or C!"%-domain is defined analogously, with the addition that h,(cl) eC'(R" )
(or C*(R"1)) such that

"V ©0) =0, 0)=0, i=1,2,...,n—1.
Note that when €2; is a C'-domain we obtain that, for P, Q € 92, the outward normal n; of 2, satisfies

ni(P)—ni(Q)=o() as[P-0|=>0

uniformly.

2B. Perturbations of C'-domains. The situation we consider is the case when the reference domain €,
is a C'-domain and the perturbed domain €2, is close in the sense of Section 2A. We require that €2; is a
Lipschitz domain such that

V(" —hP) =0(1) asd—0 (2-3)

uniformly. This condition can be compared to the one we used in [Kozlov and Thim 2014] for perturbations
of C1*-domains:

V(" —h?P)| < ca®. (2-4)

Note that h,(cz) are only assumed to be Lipschitz continuous and satisfy (2-3) and (2-4), respectively.

3. Definition of the operators K ;

Let €21 and €2, be two domains in R" (€21 N2, # &) and put H = L*(R™) and H;= Lz(Qj) for j=1,2,
where functions in H; are extended to R" by zero outside of £2; if necessary. For f € L2(Q ), the weak
solution to the Neumann problem (1 — A)W; = f in Q; and 9, W; =0 on 02, for j = 1, 2 satisfies

/ (VW; - Vv 4 W,v)dx =/ fvdx forevery v e Hl(Qj),
2 2
and the Cauchy—Schwarz inequality implies that

IVWill2) + I1Wjllzz)) < I fll2e,) forall fe L* ().

We define the operators K ; on L*(Q i), J =1, 2, as the solution operators corresponding to the domains 2,
ie., K;f = W;. The operators K are self-adjoint and positive definite and, if £2; are, e.g., Lipschitz,
also compact.
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3A. Results for Lipschitz domains. We will work with results for Lipschitz domains and then refine
estimates using the additional smoothness of the C'-case. Let Q be a Lipschitz domain. The truncated
cones I'(x") at x” € 9 are given by, e.g.,

Fx)={xeQ:|x—x'| <2dist(x, 9Q)}
and the nontangential maximal function is defined on the boundary 9€2 by

Nuw)(x') = _max Nsup{|u(x)| :x € T(x)N By}

For the case when 2 and €2, are Lipschitz, one can show that
IN(K w200, +IN(VKjwl26e,) = Cllullizg). J=1.2, (3-1)

where the constant C depends only on the Lipschitz constant M and B, B», ..., By. We interpret
3y K ju =0 on 82 in the sense that n - VK ;u — 0 nontangentially (with limits taken inside cones I"(x"))
at almost every point on 92, where n is the outward normal. These results are discussed further in
Section 6.2 of [Kozlov and Thim 2014]. Let us summarize that reference’s Lemmas 6.2 and 6.3 for
convenience.

Lemma 3.1. Let Q be a Lipschitz domain. Then:

() If g € L>(3K2), then there exists a unique (up to constants) function u in H'(Q) such that (1— A)u =0
in Q and d,u = g a.e. on dS2 in the nontangential sense and, moreover,

IN@ 200 + IN(V) 200 < Cliglizeo)-
(i) If f € L*(Q), then there exists a unique function u in H'(Q) such that (1—A)u = f in Q and d,u =0
on 0L in the nontangential sense, and
IN @) 200 + IN(V)llr2ee) < Cllf L)
Here, the constant C depends only on M and By, Ba, ..., By.

The corresponding lemma for the Dirichlet case is also known and one can prove it using an argument
similar to the one used to prove Lemmas 6.2 and 6.3 in [Kozlov and Thim 2014].

Lemma 3.2. Let Q be a Lipschitz domain. Then:
() Ifge L?(32), then there exists a unique function u € H'(Q) such that (1—Au=0inQ, u =g on 9
in the nontangential sense, and
IN@ 200 < Cllglr2oo)-
i) If fe L%(Q), then there exists a unique function u € HY(Q) such that (1—A)u = finQu=00n0Q
in the nontangential sense, and
IN@ 200 < CllfllLzg)-

Here, the constant C depends only on M and By, B», ..., By.
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We conclude with an extension result for Lipschitz domains; see, e.g., [Kozlov and Thim 2014,
Lemma 6.4(i)] for a proof.

Lemma 3.3. Suppose that f € H'(3Q) and g € L*(dQ), where Q is a Lipschitz domain. Then there
exists a function u € H'(Q°) such that u — f and n-Vu — g nontangentially at almost every point
on 02, where n is the outward normal of €2, and there exists a constant C such that

IN@I 200 + IN(V)l2e0) < CULf oo + 118l200)-

where C depends only on M and By, Ba, ..., By.

4. Main results

Let us proceed to prove the main results. In Section 4A, we prove a key lemma concerning an estimate
for 9, K ;S;@ on 0(€2; N 2;). Using this estimate, we can refine results for Lipschitz domains that were
previously developed in [Kozlov and Thim 2014] and, as a result, obtain an asymptotic formula describing
the difference between ! and 1! in terms of eigenfunctions of K.

4A. Boundary estimates for C'-domains. Since 9, ¢ =0 on 32|, we would expect that 3, ¢ is small also
on 2, if the domains are close. However, since in the C'-case we only obtain solutions with derivatives
in L?, this problem becomes more difficult than the corresponding issue in the C!%-case (which was
solved in [Kozlov and Thim 2014]). To this end, we will exploit that, locally on the boundaries 92,
the normal vectors can be approximated by constant unit vectors e, (with respect to the local coordinate
system). That is, we approximate the surface by its tangent plane at a specific point. We obtain the
following result:

Lemma 4.1. Let P € (21 N 2y) and § > 0 such that B(P, 28§) C By for some k, where By are the balls
covering 21 N Q2 given in Section 2A. Then there exists a function k (8) such that

/ 10,K;S;j0pl*dS(x") <« @) | lolPdx, j=1,2, (4-1)
9(21N2)NB(P,J) Q)

for every ¢ € %,,, where k(§) = o(1) as § — 0.

Proof. Let B = B(P, 28). We wish to consider 0, K ;S;¢ on 9(£2; N 2>). However, since VK ;S;¢ only
exist in the sense of L2, it is nontrivial to exploit the fact that 9,K;S;¢ is zero on d€2;. Therefore, let
us instead consider d,, K;S;¢ (with respect to the coordinate system in By). The outward normal of £2;
is comparable to e, in By and 3,K;S;¢ =0 on 92, so we expect d,, K;S;¢ to be small on 92; N By.
Indeed, since VK ;S;¢ -n; — 0 nontangentially on 02; and n; = e, +o0(1) as § — 0, we obtain that

/ 18, K;S;pl*dS(x) <k(@®) [ lol*dx. (4-2)
3Q,;NB ‘ Qi

However, we cannot expect d,, K;S;¢ to be small on all of ;. The idea is to use the fact that
0y, commutes with (1 —A,, — A). Indeed, we see that if ® = d,, K;S1¢, then (1 —4,, — A)® =01n
and ® = 9d,, KS1¢ on 9R2;. The case when j =2 will be treated similarly but requires some additional
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steps. Let us consider the equation (1 —4,, — A)® =01in Q; and ® = 9,, K1 S1¢ on 9€2;. We split this
equation in two separate parts.

Part 1. Let @, be the solution to (1—4,,—A)®, =0in 4, &, =09,, K1S1¢ on d2;NB and, on 921N B¢,
we let @, = 0. Lemma 3.2 implies that ®, satisfies

f IN(@)?dS(x) <k () | |p|*dx. (4-3)
092 Q)

Then it follows that

f @, 2dse) <k [ 1ol (4-4)
Q1N NB Q

Part 2. Let &, be the solution to (1 — A, — A)®, =01in Qy, &, =00n dR2; N B, and &, =9, K1S1¢
on 321 N B€. To prove an estimate for ®; on 321 N B similar to the one given for ®, in (4-4), we use
a local estimate for solutions to the Dirichlet problem, where we exploit that the boundary data is zero
on 1 N B. Indeed, let %B be the ball with the same center as B but half the radius. Then Theorem 5.24
in [Kenig and Pipher 1993] (for example) implies that

/ IN(VO,) > dS(x) §C/ |V, |% dx (4-5)
IQNLB QiNB

since the tangential gradient of & is zero on the boundary. This, in turn, implies that the left-hand side
in (4-5) is finite and, furthermore, since also ®;, = 0 on £2; N B, it follows that

/ |®,12dS(xy<Cd | |¢*dx, (4-6)
Q1NIQNLB Q

where d is the Hausdorff distance between 2; and €25.
Equations (4-4) and (4-6) are sufficient to obtain that

/ IN (3, K1S19) P dS(x") < (8) | 1o)*dx
(QIN2)INLB @

since ® = ®, + P,.

Turning our attention to when j =2, we see that (1 —A) K, S,¢ = S»¢ and that this equation is not homo-
geneous. Moreover, the right-hand side is not necessarily small. However, since S¢ = A, K2S¢ — A, By
and By is small, we can consider

(1=l —A)K28¢ = —ApBo. 4-7)
Let W be the weak solution to (1 —A,, — A)¥ = —A,, Be in 27 and ¥ = 0 on 9$2;. Then

Wlla1(,) < CliBellL2 gy

and the trace of W is defined on 0Q2. Moreover, from Lemma 3.2 we obtain that

IN) N L200,) = ClIBeI L2(2,)- (4-8)
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Now, put ® =W 4 W. Then (1 —1,, —A)W =0and W = 9,, K252 on 92;. It is now possible to carry
out steps 1 and 2 for W in 2, analogously to ® in €1, exchanging the roles of €2; and €2,. Thus, using
the same notation, we obtain that

f INW)[2dS(x')y <) [ lg|*dx. (4-9)
A @Nw)NLB Q

Finally, Lemma 6.6 in [Kozlov and Thim 2014] states that ||B<p||%2(92) < Cd||<p||iz(91), so this fact and

equations (4-8) and (4-9) prove that
/ IN (3, K2Sr0)>dS(x") <k (8) | |o|*dx. (4-10)
AQN2)NLB 2

We can now conclude the proof by observing that the outward normal on 9(£2 N €2;) is given by n;
or n at almost every point, and n; = e, +r; with r; =« (8), j =1, 2, so we obtain that

/ 10,K;Sjo*dS(x") <k () [ lpl*dx. O
A(QN2)NLB o3
The previous lemma is local in nature, but due to compactness we can prove the following corollary:

Corollary 4.2. There exists a constant dy > 0 such that, if d < dy, then

/ 10,K;Sj0l*dS(x) <«@d) | lpl*dx, j=1,2, 4-11)
3(Q1NQy) Q

for every ¢ € &,,,, where k(d) = o(1) as d — 0.

Proof. By compactness, if d is small we can cover 9(€2; N £2,) by a finite number of balls B(P, d) such
that B(P, 2d) C By for some k, where By are the covering balls from Section 2A. By choosing dy small
enough and letting § = d in the previous lemma, the result in the corollary now follows. O

4B. Proof of Theorem 1.1. The following proposition is a reformulation of Proposition 6.10 in [Kozlov
and Thim 2014], where the proof can also be found. The expressions with tildes are the extensions of
the corresponding functions provided by Lemma 3.3. We will use this result and Corollary 4.2 to prove
Theorem 1.1.

Proposition 4.3. Suppose that Q| and 2, are Lipschitz domains in the sense of Section 2A. Then
)L"*ll_uk—l :rk+0(d3/2) for k=1,2,..., J,. (4-12)

Here, T = 1} is an eigenvalue of

(o, ¥) =1, /Q L@ — dm)K2S@yr + VK, S - V) dx

_A'"l/ (1= 2n)(K289) ¥ + VK2 Sg - Vi) dx - (4-13)
2\ Q)

forall yr € X,,, where ¢ € X,,. Moreover, 11, 12, ..., T, in (4-12) run through all eigenvalues of (4-13),
counting their multiplicities.



1704 JOHAN THIM

Let us now prove a version of this proposition that holds specifically for C'-domains. We will show
the following result:

Theorem 4.4. Suppose that Q is a C'-domain and that Q0 is a perturbation in the sense of Section 2B
satisfying (2-3). Then
M= =ntod) fork=1,2,..., Jy. (4-14)

Here, T = 1y is an eigenvalue of
(g, ¥) =1, / (1= 2m)e¥ + Vo - Vi) dx — i, f (1 =)@V + V- Vi) dx (4-15)
Q]\Qz Q2\91

forall yr € X,,, where ¢ € X,,. Moreover, 11, 12, ..., T, in (4-14) run through all eigenvalues of (4-15),
counting their multiplicities.

Proof. We need to prove that (4-13) can be expressed as (4-15) up to a term of order o(d). Since
K2S¢ = Bo + 1,1 Sg, we let

—_——

K2S¢ = Bp+1,,',

where ﬁp is the extension of By from ©; N, and ¢ is the extension of ¢ from 1, both provided by
Lemma 3.3. We show that E:p is small and that A,;lﬁ gives the main term. To this end, let V = Bg
in 21N2y. Then (1—A)V=0in Q2NQ, 3,V =0,K2Sp on 31N, and 9,V =—09, K¢ on 2;NIR;.
Using Corollary 4.2 and Lemma 3.1, we then obtain that

IN)z20@n2,) T INV W20, = c@I@ll2@))s
where k(d) = o(1) as d — 0, and thus
INBo) r2@@ine)) T INVBO) | L20(0,n0,) = K(d)||§0||iz(gl)-

Now, the Cauchy—Schwarz inequality implies that

1 1

~ ~ 2 2

/ |IVBy -V |dx < (/ |VB(p|2dx) (/ |V1//|2dx)
Q1\ Q2 Q1\Q Q1\82

1 1

. 2 2

< Cd< / N<VB¢>2dS(x/>) ( f |vw|2dx>
3(21N2») Q1\Q2

=o(d)

and, similarly,

f |§Eow|dxsw( / N(E;D)st<x')>2< / |1/f|2dx)2=o(d).
1\ a(21N2) Q\2;

Analogously, one can show that the corresponding expressions involving B on €2, \ €21 are also of
order o(d). O
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To pass from A,jll — ,unjl to Ax(£22) — A, (21), observe that

_ - o > - (1k = Am)?
Mk Mk

where (ux — Am)? = O(d?) since € and Q, are at least Lipschitz; see Corollary 6.11 in [Kozlov and

Thim 2014]. Note also that, if it is the case that 2, C €2, we can simplify the previous theorem by

removing the second integral in (4-15) and avoid the use of extensions of eigenfunctions; compare with

the statement of Theorem 1.1 in the introduction.

5. Cl-perturbations of C**-domains

Suppose that Q; is a C'**-domain and that it is possible to characterize the perturbed domain 2, by a
Lipschitz function % defined on the boundary d€2; such that (x’, x,) € 92, is represented by x, = h(x’),
where (x’, 0) € 02 and x, is the signed distance to the boundary 92 (with x,, < 0 when x € Q7). We
assume that Vi = o(1) as d — 0 (uniformly). In this case, we can simplify the expression given in
Theorem 4.4 and avoid the use of extensions by stating the formula (4-14) as a boundary integral.

Theorem 5.1. Suppose that Q is a C'*-domain and that Q, is as described above. Then

' = =T+ 0(d) (5-1)
fork=1,2,..., J,. Here, T = 1y is an eigenvalue of
(g, ¥) = K,Zz/ R (1= )y 4+ Vo - V) dS(x')  forall ¢ € X, (5-2)
o9
where ¢ € X,,. Moreover, 11, T2, ..., Ty, in (5-1) run through all eigenvalues of (5-2), counting their

multiplicities.

Proof. Since Q is a C'**-domain, we can use results from the proof of Corollary 6.17 in [Kozlov
and Thim 2014]. In that proof, we showed that ¢ € C Le(Q) and also that ¢ can be extended to a
function ¢ € C1%(R") such that

fg . (le() =9, )2 +1Ve(x) = Vox', 0)]*) dx < Cd"* pll}2 g, -
1 2

with the corresponding estimate holding for @ on 2, \ €. Hence, Theorem 4.4 implies that 1! — ,uk_l is
given by

h(x")
k’;z(/m Q/O (1= Ao, 0¥ (x', 0) + Vo(x', 0) - Vi (x', 0)) dx, dS(x')
1N25

—h(x") - ~
- f / ((1 = )P 0T (. 0) + VE('. 0) - Y (x', 0) dxudS(x’)> +o(d).
021Ny JO

The desired conclusion follows from this statement. O
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SCALING LIMIT FOR THE KERNEL OF THE SPECTRAL PROJECTOR
AND REMAINDER ESTIMATES IN THE POINTWISE WEYL LAW

YA1zA CANZANI AND BORIS HANIN

Let (M, g) be a compact, smooth, Riemannian manifold. We obtain new off-diagonal estimates as A — oo
for the remainder in the pointwise Weyl law for the kernel of the spectral projector of the Laplacian onto
functions with frequency at most A. A corollary is that, when rescaled around a non-self-focal point,
the kernel of the spectral projector onto the frequency interval (A, A + 1] has a universal scaling limit
as A — oo (depending only on the dimension of M ). Our results also imply that, if M has no conjugate
points, then immersions of M into Euclidean space by an orthonormal basis of eigenfunctions with
frequencies in (A, A 4 1] are embeddings for all A sufficiently large.

1. Introduction

Suppose that (M, g) is a smooth, compact, Riemannian manifold without boundary of dimension n > 2.
Let A, be the nonnegative Laplacian acting on L?(M, g, R) and let {g;}; be an orthonormal basis of
eigenfunctions:

Agpj =1j9j, ()
with 0 = )\(2) < k% < k% <-.... This article concerns the A — co asymptotics of the Schwartz kernel
Ep(x.p)= ) i) () 2)
Aj <A

of the spectral projection
Ey:L*(M.g) > P ker(Ag—p?)
we(0,A]
onto functions with frequency at most A. We are primarily concerned with the behavior of E (x, y)
at points x, y € M for which the Riemannian distance distg(x, y) is less than the injectivity radius
inj(M, g), so that the inverse of the exponential map exp;1 (x) is well defined. We write
d§

n . —
. / ez)u(expy 1(x).8)gy _4S + R(x, y, M), 3)
0" g, <1 1]

where the remainder R(x, y, A) is a smooth function of x and y. The integral in (3) is over the cotangent
fiber Ty* M and it is coordinate-independent because the integration measure d§/./|gy| is the quotient

Ey(x,y)=

Canzani was partially supported by an NSERC Postdoctoral Fellowship and by NSF grant DMS-1128155. Hanin was partially
supported by NSF grant DMS-1400822.

MSC2010: primary 35P20; secondary 58J40, 35L05.
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of the natural symplectic form d& dy on T*M by the Riemannian volume form \/|g_y| dy. The integral
is also symmetric in x and y, which can be seen by changing variables from 7' y*M to 7'M using the
parallel transport operator (see (28)).

Our main result, Theorem 2, fits into a long history of estimates on R(x, y,A) as A — +o00 (see
Section 1.2 for some background). To state it, we need a definition from [Safarov 1988; Sogge and
Zelditch 2013]:

Definition 1. A point x € M is said to be non-self-focal if the set of unit covectors
Py ={E € SEM | exp, (&) = x for some 7 > 0} 4)
has zero measure with respect to the surface measure induced by g on Sy M.

Theorem 2. Let (M, g) be a compact, smooth, Riemannian manifold of dimension n > 2 with no boundary.
Suppose xo € M is a non-self-focal point and let r), be a nonnegative function with limy _, o, ry, = 0. Then

sup  |R(x,p, M) = o) S)
x,y€B(x0,r))
as A — oo. Here, B(xq,r)) denotes the geodesic ball of radius r), centered at xy and the rate of

convergence depends on xy and r),.

The little-o estimate (5) is not new for x = y (i.e., r, = 0). Both Safarov [1988] and Sogge and
Zelditch [2002] show that R(x, x,A) = o(A"~!) when x belongs to a compact subset of the diagonal
in M x M consisting only of non-self-focal points (see also [Safarov and Vassiliev 1997]). Safarov
[1988] also obtained o (A" 1) estimates on R(x, y, 1) for (x, y) in a compact subset of M x M that does
not intersect the diagonal (under the assumptions of Theorem 6). Theorem 2 simultaneously allows x # y
and distg (x, y) — 0 as A — o0, closing the gap between the two already-known regimes. We refer the
reader to Section 1.2 for further discussion and motivation for Theorem 2 and to Section 2 for an outline

of the proof.
An elementary corollary of Theorem 2 is Theorem 3, which gives scaling asymptotics for the Schwartz
kernel
Ega+(x )= > ¢j(X)gi(») (6)
A<Aj=<A+1

of the orthogonal projection

Ega+=Exn1—Ex: L2(M.g) > (D ker(Ag—p?).

neM A+1]
Passing to polar coordinates in (3) and using that
' Jn—2)/2(|v])
i{v,0) — n/2 Y (n—-2)/2
/Snl e do = (2m) @277 (7)

it is straightforward to obtain the following result:
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Theorem 3. Let (M, g) be a compact, smooth, Riemannian manifold of dimension n > 2 with no boundary.
Let xo € M be a non-self-focal point. Consider any nonnegative function r), satisfying r, — 0 as A — oo.

Then

AL J—2y 2 (A distg (x, p)) 1
sup Eqa+11(x,») — - =o(A"7"), (8)
N N (2m)2 (M distg (x, y))#=2)/2

where J, is the Bessel function of the first kind with index v, B(xq, 1)) denotes the geodesic ball of

radius r), centered at x¢, and distg is the Riemannian distance.

Remark 4. Under the assumptions of Theorem 3, relation (8) holds for E ;45 with any § > 0. The
difference is that the Bessel function term is multiplied by § and that the rate of convergence depends
on §. Our proof of Theorem 3 is insensitive to the choice of §.

In normal coordinates at xg, (8) therefore implies

sup
lul,lvl<ro

E Z B Al i(u—v,w) do! = )\n_l) 9
(o A+17| Xo + A,XO+ 2) @ e e w|=o( 9)

as A — o0o. The measure dw is the Euclidean surface measure on the unit sphere S”~! and the rate of
convergence of the error term depends on ¢ and the point xg. The integral over S”~! in (9) is the kernel
of the spectral projector onto the generalized eigenspace of eigenvalue 1 for the flat Laplacian on R” (see
[Helgason 1981; Zelditch 2008, §2.1]).

We believe (5) holds for any number of covariant derivatives V){ V)]f of the remainder R(x, y, A) with
o(A"1) replaced by o(A"~'+7+K)_ This would immediately imply that the C° convergence in (8) can be
upgraded to C k convergence for all k. Proving this is work in progress by the authors. Since E ) 1] is
the covariance kernel for asymptotically fixed frequency random waves on M (see [Sarnak and Wigman
2014; Sodin 2012; Zelditch 2009]), this C* convergence would show that the integral statistics of
monochromatic random waves near a non-self-focal point depend only on the dimension of M. We refer
the reader to Section 1.3 for further discussion and motivation for Theorem 3.

1.1. Applications. Combining Theorem 2 with prior results of Safarov [1988], we obtain little-o estimates
on R(x, y,A) without requiring x or y to be in a shrinking neighborhood of a single nonfocal point. We
recall the following definition from [Safarov 1988; Sogge and Zelditch 2013]:

Definition 5. Let (M, g) be a Riemannian manifold. We say that x, y € M are mutually nonfocal if the
set of unit covectors

L(x,y) ={E € S M |exp,(t&) = y for some t > 0} (10)
has zero measure with respect to the Euclidean surface measure induced by g on S M.

Theorem 6. Let (M, g) be a compact, smooth, Riemannian manifold of dimension n > 2 with no boundary.
Consider any compact set K € M x M such that, if (x, y) € K, then x and y are mutually nonfocal and
either x or y is a non-self-focal point. Then, as .. — o0, we have

sup |R(x,y,A)|=oA" ). (11)
(x,y)eK
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Remark 7. Theorem 6 applies with K = M x M if (M, g) has no conjugate points.

Theorem 6 — proved in Section 7— can be applied to studying immersions of (M, g) into Euclidean
space by arrays of high-frequency eigenfunctions. Let {¢;,,... »‘/’jmx} be an orthonormal basis for
Dir<p<r+1ker(Ag — ©?) and consider the maps

Q)"
-1
The A~(=1/2 pormalization is chosen so that the diameter of Wi a+1](M) in R™* is bounded above
and below as A — oco. Maps related to W, are studied in [Bérard et al. 1994; Jones et al. 2008; Potash
2014; Zelditch 2009]. In particular, Zelditch [2009, Proposition 2.3] showed that the maps W, )41 are
almost-isometric immersions for large A, in the sense that a certain rescaling of the pullback \If;f (geuc) of

Yot M >R, Voo (x) = (91 (X)s -+ o @i, (X)) (12)

the Euclidean metric on R™* converges pointwise to g. A consequence of Theorem 6 is that these maps
are actually embeddings for A sufficiently large:

Theorem 8. Let (M, g) be a compact, smooth, Riemannian manifold of dimension n > 2 with no boundary.
If every point x € M is non-self-focal and all pairs x, y € M are mutually nonfocal, then there exists Ay >0
such that the maps Wy, 411 : M — R™* are embeddings for all A > A.

We prove Theorem 8 in Section 7. Note that this result does not hold on the round spheres S C R**1,
since even spherical harmonics take on equal values at antipodal points. Since W, 3 1] are embeddings
for A large, it is natural to study W(; »+1](M) as a metric space equipped with the distance, dist,, induced

by the embedding:
disty (x, ») := W+ 1) = Yo at 110 1 gmsy
@2m)"
= W—_I(E(A,)»+l](x7 x)+ Ega+11(0:¥) = 2E@ a+11(x, »)). (13)

Theorem 9, also proved in Section 7, gives precise asymptotics for disty (x, y) in terms of distg (x, y):

Theorem 9. Let (M, g) be a compact, smooth, Riemannian manifold of dimension n > 2 with no boundary.
Suppose further that every x € M is non-self-focal and all pairs x, y € M are mutually nonfocal. As
A — 00, we have

1
A2 disti, (x,)

[disti (x, ) — (VOI(Sn—l) _ (27_[)}1/2 J(n—2)/2()\ diStg(x, »)) ):| ' —o(l). (14)

u
cyem (h disty (x, ) @=D/2

1.2. Discussion of Theorem 2. Theorem 2 is an extension of Héormander’s pointwise Weyl law [1968,
Theorem 4.4]. Hormander proved that there exists & > 0 such that, if the Riemannian distance distg (x, »)

between x and y is less than ¢, then

Al . d
Ej(x,y) = / M (x,.8) _S 4 0(}]1—1)’ (15)
€lg, <1

@m)" Vi0gyl

where, in Hérmander’s terminology, the phase function v/ is adapted to the principal symbol [ |¢, of \/Ag.
After his Theorem 4.4, Hérmander [1968] remarks that the choice of i is not unique. However, every
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adapted phase function satisfies

Y x,y,6) = (x = », &) + O(Ix — y*[&]).

In particular, since (exp;l(x), E)g, = (x—».6) + O(|]x— ¥|?|€]), Taylor-expanding (15) yields, for
any ro > 0,

A A d&
sup E(x,y)— - / elk(expy (x).6) gy — O(Xn_l)
distg (x,¥)<ro/A Q)" Jigl, <1 2,

Changing from one adapted phase to another produces, a priori, an error of O(A"~1) in (15). With
the additional assumption that x and y are near a non-self-focal point, Theorem 2 therefore extends
Hormander’s result in two ways. First, our careful choice of phase function (exp;1 (x),&)g, allows us to
obtain a 0(A"~!) estimate on R while keeping the amplitude equal to 1. Second, we allow distg (x, y) to
shrink arbitrarily slowly with A.

Ho6rmander’s phase functions ¥ (x, y, &) are difficult to analyze directly when x # y, since they
are the solutions to certain Hamilton—Jacobi equations (see [Hormander 1968, Definition 3.1; 1985b,
(29.1.7)]) which we cannot describe explicitly. Instead, in proving Theorem 2, we use a parametrix for the
half-wave operator U(?) = e~/ A¢ with the geometric phase function ¢ : Rx M x T*M :— R given
by ¢(t,x,y,&) = (exp;1 (x),&) —t|€|g,. Such a parametrix was previously used by Zelditch [2009],
where a construction for the amplitude was omitted. Our construction, given in Section 3, makes clear
the off-diagonal behavior of E) (x, y) and uses the results of Laptev, Safarov and Vassiliev [Laptev et al.
1994], who treat Fourier integral operators (FIOs) with global phase functions.

Using the phase function ¢ simplifies our computations considerably, since the half-density factor

Vdetgy £(t, x, y, ), which comes up in the usual parametrix construction for U(t) acting on half-
densities, is independent of 7 and £. This makes it easy to obtain the amplitude in a parametrix for U(t)
acting on functions from that of U(¢) acting on half-densities. For more details, see the outline of the
proof of Theorem 2 given in Section 2, as well as Section 3, especially (37).

The error estimate in (15) is sharp on Zoll manifolds (see [Zelditch 1997]), such as the round sphere.
The majority of the prior estimates on R(x, y, A) actually treat the case x = y. Notably, Bérard [1977]
showed that on all compact manifolds of dimension #» > 3 with nonpositive sectional curvatures and on all
Riemannian surfaces without conjugate points we have R(x, x,A) = O(A"/logA). The O(A"~!) error
in the Weyl asymptotics for the spectral counting function

#jh; €0, A]} = fM Ej (x,x) dvg(x) = (%)" volg (M) - volgn (By) + /M R(x,x., 1) dvg(x)

has also been improved under various assumptions on the structure of closed geodesics on (M, g) (see
[Bérard 1977; Colin de Verdiere 1980; Duistermaat and Guillemin 1975; Ivrii 1984; Nicolaescu 2012;
Petridis and Toth 2002; Randol 1981; Safarov and Vassiliev 1997]). For instance, [Duistermaat and
Guillemin 1975; Ivrii 1984] prove that [, R(x,x, 1) dvg(x) = o(A" 1Yy if (M, g) is aperiodic (i.e., the
set of all closed geodesics has measure zero in S*M).
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Also related to this article are lower bounds for R(x, y,A) obtained by Jakobson and Polterovich
[2007] as well as estimates on averages of R(x, y, A) with respect to either y € M or A € R~ studied
by Lapointe, Polterovich and Safarov [Lapointe et al. 2009].

1.3. Discussion of Theorem 3. The scaling asymptotics (9) were first stated — without proof and without
any assumptions on %, — by Zelditch [2001, Theorem 2.1]. When (M, g) = (S?, ground) is the standard
2-sphere, the square roots of the Laplace eigenvalues are Ay =k-/1 + 1/k fork € Z4,and £x, = S3 M,
since the geodesic flow is 27-periodic. There is therefore no xo € S? satisfying the assumptions of
Theorem 3. Nonetheless, (8) holds with E; replaced by the kernel of the spectral projection onto the
k,zc eigenspace and is known as Mehler—Heine asymptotics (see §8.1 in [Szegd 1975]). More generally,
on any Zoll manifold, the square roots of Laplace eigenvalues come in clusters that concentrate along
an arithmetic progression. The width of the k-th cluster is on the order of k! and we conjecture that
the scaling asymptotics (8) hold for the spectral projectors onto these clusters (see [Zelditch 1997] for
background on the spectrum of Zoll manifolds).

If one perturbs the standard metric on S? or on a Zoll surface, one can create smooth metrics
possessing self-focal points x¢ where only a fraction of the measure of initial directions at xo give
geodesics that return to xy. These points complicate the remainder estimate for the general case.
Indeed, it was pointed out to the authors by Safarov that even on the diagonal there is a two-term
asymptotic formula with the second term of the form Q(x,A)A"~!, where Q is a bounded function.
The function Q is identically zero if x¢ is non-self-focal or if a full measure of geodesics emanating
from xq return to xq at the same time. In general, however, O will contribute an extra term on the
order of A"~ ! to the asymptotics in (8). We refer the interested reader to §1.8 in [Safarov and Vassiliev
1997].

1.4. Notation. Given a Riemannian manifold (M, g), let volg (M) be its volume, disty : M x M — R
be the induced distance function, and inj(M, g) be its injectivity radius. For x € M we write S} M for
the unit sphere in the cotangent fiber 7M. We denote by (-, )¢, : TeM x TYM — R the Riemannian
inner product on 7)M and by |- |, the corresponding norm. When M = R” we simply write (-,-)
and | -|. In addition, for (x, &) € T*M , we will sometimes write g,lc/ 2("g‘) for the square root of the matrix
gx applied to the covector £ and we write |gx| for the determinant of g .

We denote by S k the space of classical symbols of degree k, and we will write Sl{‘om C S* for those
symbols that are homogeneous of degree k. We also denote by wk(m ) the class of pseudodifferential
operators of order kK on M.

2. Outline for the proof of Theorem 2

Fix (M, g) and a non-self-focal point xo € M. Theorem 2 follows from the existence of a constant ¢ > 0
such that, for all & > 0, there exist A, > 0, an open neighborhood AU, of xy and a positive constant ¢,
such that

sup |R(x, p, A)| < ceA 1 4 co A2 (16)
X,y €U
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for all A > )18. Indeed, if r) is a positive function with limy_,,, 73 = 0, then it suffices to choose
Ae := max{Ag, inf{A : B(xq, 7)) CUg}} to get

sup |R(x, y,A)| < el 14 ¢ A"2 forall A > A,

x,y€B(x0,r1)

By the definition of R in (3) and the definition of E, (2), we seek to find a constant ¢ > 0 such that,
for all & > 0, there exist A, > 0, an open neighborhood A, of xo and a positive constant ¢, satisfying

n / eik(exp;l(x)yé)gy ﬁ
@) Jel,, < Vigy|

for all A > A,. We prove (17) using the so-called wave kernel method. That is, we use that the derivative

sup <ceM 42 17)

X,y€Ug

Ek(x’y)_

of the spectral function is the inverse Fourier transform of the fundamental solution of the half-wave
equation on (M, g):

A A
Ej(x.y) = [0 36— 1) () () dpp = /0 F L (U 7)) () dpe. (18)
J

where %! denotes the inverse Fourier transform and U(z, x, y) is the Schwartz kernel of e~/ A¢_ The
singularities of U(t, x, y) control the A — oo behavior of E;. We first study the contribution of the
singularity of U(#, x, y) coming at ¢ = distg(x, y) by taking a Schwartz function p € ¥(R) that satisfies

supp(p) < (—inj(M, g),inj(M., g)) and
p(ty=1 forall |t] <%inj(M,g). (19)
We prove in Section 5 the following proposition, which shows that (17) holds with E replaced by p* E.

Proposition 10 (smoothed projector). Let (M, g) be a compact, smooth, Riemannian manifold of dimen-
sion n > 2 with no boundary. Then there exist constants ¢, C > 0 such that

- d
pxEy(x,y)— / o lexpy 1 (%)) gy § < cdistg(x, YA oA (20)
Elgy <A

Vieyl

forall x, y € M with distg (x, y) < %inj(M, g)andall A > 0.

Qm)"

Note that Proposition 10 does not assume that x and y are near a non-self-focal point. The reason is
that convolving E) with p multiplies the half-wave kernel U(z, x, y) in (18) by the Fourier transform
p(t), which cuts out all but the singularity at ¢ = distg (x, y). The proof of (20) relies on the construction
in Section 3 of a short-time parametrix for U(¢), which differs from the celebrated Hérmander parametrix
because it uses the coordinate-independent phase function

$(1.x,.8) = (exp, ' (x).)g, —1lElg,. (t.x.7.6) eRXM xT*M. 1)

It remains to estimate the difference | E (x, ) — p * Ej (x, )|, which is the content of the following
result:
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Proposition 11 (smooth vs. rough projector). Let (M, g) be a compact, smooth, Riemannian manifold of
dimension n > 2 with no boundary. Let xo € M be a non-self-focal point. Then there exists ¢ > 0 such
that, for all € > 0, there exist an open neighborhood U, of xo and a positive constant c, with

sup |Ej(x,y)—p* Ey(x, )| < ced" 1 4 A" 2 (22)
x’yeou‘s

forall A > 1.

The assumption that x and y are near a non-self-focal point xy guarantees that the dominant contribution
to E; (x, y) comes from the singularity of U(¢, x, y) at t = distg (x, ). Following the technique in [Sogge
and Zelditch 2002], we prove Proposition 11 in Section 6 by microlocalizing U(¢) near xq (see Section 4)
and applying two Tauberian-type theorems (presented in Section 6.1). Relation (17), and consequently
Theorem 2, are a direct consequence of combining Proposition 10 with Proposition 11.

3. Parametrix for the half-wave group

The half-wave group is the one-parameter family of unitary operators U(r) = e ™/~ ¢ acting on L2(M, g).
It solves the initial value problem

(lla, +VAg)U@®) =0, U©) =14,

and its Schwartz kernel U(z, x, y) is related to the kernel of the spectral projector E) (x, y) via (18).
It is well known (see [Duistermaat and Guillemin 1975; Hormander 1985b]) that U is a FIO in
I~ Y4(R x M, M;T) associated to the canonical relation

F={tt.x,0.0.8) eT*RxM xM)|t=—lg,,G'(»,§) = (x,n)}, (23)

where G! denotes geodesic flow.

Our goal in this section is to construct a short-time parametrix for U(z) that is similar to Hérmander’s
parametrix [1968; 1985b, §29] but uses the coordinate-independent phase function ¢ : Rx M x T*M — R
defined in (21). Such a parametrix was used by Zelditch [2009], where a detailed construction was
omitted. To construct the amplitude we follow [Laptev et al. 1994], who give a detailed treatment of FIOs
that are built using global phase functions such as ¢. Denote by x € C°°([0, 4+00), [0, 1]) a compactly
supported, smooth cut-off function with

supp x C [0,inj(M.g))  and  x(s)=1 for s € [0,1inj(M,g)).
Further, following [Bérard et al. 1994; Berger et al. 1971, Proposition C.I11.2], define
O(x, y) :=|detg Dexp;l(y) expy |- (24)

The subscript g means that we use the inner products on Texpgl(y)(TxM ) and Ty* M induced from g and,

as explained in [Berger et al. 1971], ®(x, y) = y/|gx| in normal coordinates at y. The main result of this
section is the following:
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Proposition 12. For |t| < inj(M, g) we have

x(distg (x, »)) dg
Qm)"O(x, V2 Jrrm Vi

where the equality is modulo smoothing kernels. The amplitude A, which is an order-0 polyhomogeneous

Ut x, ) = XD A, y, 8)

(25)

symbol, is uniquely determined by ¢ modulo S™%° and satisfies:
s Forally e M and & € TYM,
A0, y,8) =1. (26)
e For|t| <inj(M, g) and all (y,§) € TyM , we have
A, y,&)—1e S L (27)

There are many choices of amplitude functions in (25) that depend on ¢, x, y and £&. When we
write that A is uniquely determined modulo S$™°°, we mean that it is unique among amplitudes that are
independent of x. The proof of Proposition 12 is divided into two steps. First, we prove in Section 3.1
that ¢ parametrizes I'. Then, in Section 3.2, we construct the amplitude 4.

3.1. Properties of the phase function. Throughout this section, we will denote by Ty, x : T ;‘M —TIM
the parallel transport operator (along the unique shortest geodesic from x to y) for all x and y sufficiently

close. We will use that
Ty—sx exp;1 (x) =—expy'(y) and Ty =97 (28)

x—>y:

Lemma 13. The phase function ¢(t, x, v, ) parametrizes the canonical relation T for |t| < inj(M, g)
and distg (x, y) < %inj (M, g), in the sense that

T =iy(Cy) (29)

t
=, )

under the immersion iy(t,x, y.§) = (t,d¢p, x, dx ¢, y, —dy ).

is the image of the critical set

Cy = {(t,x,y,é)eRxMxT*M

Proof. When [t| <inj(M, g), we have that (z,x, ,£) € Cy if and only if # = 0 and x = y, or

, £ exp;, ! (x)
t =distg(x,y) #0 and = — .
& |§|gy dlStg(x’ y)

To prove (29) when ¢ = 0, we must show that

ig(0,x,x,8) ={(0.—||g,. x. €. x.6) [§ € T{M } =T 1=o. (30)

Since dx|x=y exp;1 (x) is the identity on 7)M ,

dx|x=y9(0,x,y,§) =&.
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Next, using (28), we have
¢(09 X, ), S) = <_ CXP;I (y)? gyﬁxé)gx-

Therefore,

dy|y=x¢(0» X, ), %-) = _S’
which proves (30). To establish (29) when # # 0, we write

0P (1., 9.8) = ) g Moy lexpy (g, k=1....n.

i!j

Since dy distg (x, y) = —expy L(»)/ distg (x, y), evaluating (31) at

-1
Xp), -~ (x)
= 6l o
istg (x, )’
we obtain
&g, . .
dxp(t,x,y,8) = 5 dx[dlstg(x,y)z]: |€|g, dx distg (x, y) = —|&|g,

2distg(x, y)
Since G'(y, exp;1 (x)) = (x, —expy ! (»)), it remains to check that

1
—dy(t,x.p.§) = |§|gy#x(,y))

which we verify in normal coordinates at y. We have that
dz|z=y|$|z =0 and aZk|Z=y(esz_1(x))j = _Skj-
Thus,
azk |z=y¢(t’ X, 2z, E) = _Sk'

Evaluating at £ = |&| - x/|x|, we find that

B exp), ! (x)
_ y¢(t,x,y,§)—|§|'| | |E|gym

as desired.

We need one more lemma before constructing the amplitude A in Proposition 12.

distg (x, y)

€1y

(32)

Lemma 14. Let 8 : M x M — R be any smooth function such that B(x, x) = 1. The kernel of the identity
operator acting on functions relative to the Riemannian volume form ./|gy|dy admits the following

representation as an oscillatory integral:

wﬁ( y) e—i(expzl(}’)an)gx dT]

Q2m)n \/|gx|
= X(dlStg(x y)) )/ i(exp;l(x),é)gy dé .
V1gyl

8(x,y) =

Q)"

(33)
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Proof. Fix x € M and let f € C°°(M). Without loss of generality, assume that f is supported in an
open set U C B(x,inj(M, g)) that contains the point x. Set V = exp; ! (U) C R" and consider normal
coordinates at x:

h:V —=>U, h(z)=-exp,(z). (34)

The pairing of the right-hand side of (33) with f is then

(2]1),1 /R/ B x(121) £ (h(2)B(0, 2)y/|gnez) | d= dn = x(10) £ (h(0))/|gh0)|B(0,0) = f(x).

This proves (33). To explain why the two oscillatory integrals in the statement of the present lemma
define the same distribution, we will use the parallel transport operator (see (28)). We write (33) as

X(dlStg(); y))ﬂ( y)[ eXpyl(x) )}—>x77) d?’] . (35)
(2m) V1gx|
Let (y',..., ™) be any local coordinates near x. We note that, for every y, the collection of covectors
{gl/ 2 dy’ |y}”_1 is an orthonormal basis for T*M Hence, the Lebesgue measure on T*M in our
coordinates is |gy|1/2 dyl|, A+ Ady™|, and, since T, is an isometry,
i . |gy|1/2

This allows us to change variables in (35) to obtain the integral over Ty* M in the statement of the
lemma. O

3.2. Construction of the amplitude. To construct the amplitude A in Proposition 12, let us write U ()
for the wave operator acting on sections of the half-density bundle €2 1/2(M). Lemma 13 combined with
Theorem 3.4 in [Laptev et al. 1994] (or Proposition 25.1.5 in [Hormander 1985b]) shows that there exists
a polyhomogeneous symbol A4 of order 0 that is supported in a neighborhood of Cy for which

x(distg (x, )
(2m)" M

dy = [ detdy g¢| € QY2 (M) ® Q52 (M)

is a %—density in x and a (—%)—density in y. Since d§ behaves like a 1-density in y, U (t,x,y) isin
Q )lc/ 2(M ) ® Q2 Jl,/ 2(M ). The square root of the Riemannian volume form,

U, x,y)= PO Az, y,8) dy(t,x,y,£)dE  (mod C®), (36)

where

1/4 |g |1/4|dy|1/2691/2(M)
identifies L2 global sections I'($21/2(M)) with L2(M) via

LX(M) > T(@QV2(M)), fO0) e f()-g)/*
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Then, computing in normal coordinates at y, we have

1 1
1/4 _—1/4 __ —
de(t,x,y,6)8,' " g% _'|gx|1/4 _'()(x,y)l/z' (37)

In addition, since U(z, x, y) = U (1, x, y)g;1/4g;1/4, relation (37) gives

x (distg (xx, »)) P8 41, y,8) &
Qm)rO(x, W2 Jrpm Viesl

Write 4 ~ > j=0 A—j for the polyhomogeneous expansion of 4. Note that

Ut x,y)= (mod C*°). (38)

Ao(t,y,E) =1 forall t,

because the principal symbol U (r) is independent of ¢ and equals 1 at + = 0 [Laptev et al. 1994,
Theorem 4.1]. Next, since

_ x(distg(x, y))

l7(0,x,y) = dg

T £(0, p, &) dy(t, x, y, E) ———

(2m)" M Vigyl
is a kernel for the identity modulo C® and A (0, y, £) is uniquely determined by ¢ mod S~ (Theorem 3.4
in [Laptev et al. 1994]), it follows from Lemma 14 and (37), with 8(x, y) = O(x, y)_l/z, that
A_j(0,y,§)=0 forall j>1,

as desired.

4. Microlocalizing the identity operator at non-self-focal points

In this section we microlocalize the identity operator near a non-self-focal point xy. For every ¢ > 0
we make a microlocal decomposition of the identity, Id = B, 4+ C; near x(, where the operator B is
supported on the set of “bad” loopset directions and is built so that its support has measure smaller than ¢.
This construction follows closely that of Sogge and Zelditch [2002].

Lemma 15. There exists a constant y > 0 such that, for every € > 0, there is a neighborhood O¢ of x,
a function Y € C°(M) and real-valued operators B, Ce € WO(M) supported in O satisfying the
following properties:

(1) For every ¢, supp(¥s) C Og and ¥, = 1 on a neighborhood of x.
(2) For every ¢,
Bs+Ce = Y2 (39)
(3) U(t)C/ is a smoothing operator for %inj(M, g)<|t| < %
(4) Denote by by and cg the principal symbols of Be and Cyg respectively. Then, for all x € M , we have

1/ Ibo(x. &) +/ co(x. E)P dE <y (40)
|Elgy =<1 [Elgx <1

&

and both by and cg are constant in an open neighborhood of x.
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Proof. For every x, y € M and & € S} M, define the loopset function

E¥(x, p.6) =inf{t > 0| exp, (1§) = y}

with £*(x, y, &) = 400 if the infimum is taken over the empty set. Unlike the loopset function studied
in [Sogge and Zelditch 2002], we are interested in x # y (but with distg (x, y) < %inj (M, g)).

Fix a coordinate chart (kx,,Vx,) containing xo with kx, : Vx, C R” — M. We first note that the
function f : Vy, X Vx, x S"~! — R defined as f(x, y,&) = 1/£*(x, y,£) is upper semicontinuous and
so, by the proof of [Sogge and Zelditch 2002, Lemma 3.1], there exist a neighborhood N¢ C V', of xg
and an open set Q, C S”~! for which

LHx,p.E) > 1 in N x N x Q6 (41)
|Qe| <e. (42)

In addition, there exists a function g, € C*®°(S§"~1,[0, 1]) satisfying that o, = 1 on Q¢, 0¢(§) = 0(—£)
for all £ € S”~! and | supp(os)| < 2¢. In particular,

1
P*(x,,€) > o on Ne x Ne x supp(1 — 0¢).

As in [Sogge and Zelditch 2002], we choose a real-valued function 1/}3 € C°(R™) with supp(1/~/8) C Ng
that is equal to 1 in a neighborhood of K;Ol (x0). Define symbols on R*” by

. . ; i N ;

be(x. y.§) = ws(x)ws(y)ge(m and  Ce(x, p,8) = Ye(x)¥e(¥)| 1 —0e )
and consider their respective quantizations Op(l;g), Op(Gs) € WO(R™). Properties (1) and (2) follow from
setting

B = (/c;ol)* Op(l;g), C,:= (K;Ol)* Op(¢¢)
and

Og = Kkxy(Ne),  Ye:i= (K;Ol)*‘/;e-

Note that if, for some time, %inj(M, g)<t< % we have exp, (t£/|&]) = p for some x, y € M
and £ € TYM, then £*(x, y, £/|€]) < %, and the latter implies ¢, (x, y, &) = 0. Therefore, we see that, if
we write ¢g for the symbol of Cg, then

ce(x.3.6)=0 if  (t,x,y;r.Em el with Jinj(M,g) <r <1
where I is the canonical relation underlying U(¢) (see (23)). Thus, the kernel of U(¢)C/ is a smooth
function for %inj M,g) <t < % and for (x, y) in Oz x O, which is precisely statement (3). For all
x € N¢, we have that the principal symbols by and cq satisfy the inequality (40), since |supp o.| < 2.
Also, since b, and ¢, are real valued and invariant under & — —&, we have that B, and C; are real valued
as well. O
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Remark 16. By construction, the subprincipal symbols of B, and C; (acting on half-densities) are zero in
aneighborhood of x¢. Indeed, the principal symbols are constant as functions of x in a neighborhood of x
and, in the coordinates k, used in Lemma 15, the total symbols of B, and C are homogeneous functions
of order zero. Thus, in any coordinates, the parts of order —1 of the polyhomogeneous expansions of the
total symbols of B; and C, vanish in a neighborhood of xy.

Remark 17. We record precise asymptotics for the on-diagonal behavior of QEQ*(x, x, u) for all
x €0 and Q € {Id, B, C¢}. Write ¢ for the principal symbol of Q. Using that the subprincipal symbols
of both Q and Q Q* (acting on half-densities) vanish identically in a neighborhood O of Xo, Lemmas 3.2
and 3.3 in [Sogge and Zelditch 2002] show that there exist constants ¢, ¢, > 0 such that, for all x € 68,

* _ 1 2
QEQ™(x,x,A) = ) /IE Alqo(x,é)I d&+ Ro(x,x,A)

|gx<
with
|Ro(x,x,A)| < ceA ! 4 A" 72 (43)

for all A > 1. We note that a similar result is obtained in [Safarov and Vassiliev 1997, Theorem 1.8.7],
with the difference that the latter is proved for points x that are nonfocal.

5. Smoothed projector: proof of Proposition 10

Proposition 18 below is our main technical estimate on Ej (x, ). We use it to prove Propositions 10
and 11 in Sections 5 and 6, respectively.

Proposition 18. Let (M, g) be a compact, smooth, Riemannian manifold of dimension n > 2 with no
boundary. Let ¢ > 0 and Q € {Id, B, C.} for Bs and C,, as introduced in Lemma 15. Let qo be the
principal symbol of Q. Then, for all x, y € Oy with distg(x, y) < %inj(M, g)and all u > 1, we have

Au(p* EQ*)(x,y. 1)
n—1

_ Iad |:/ i{exp; 1 (x),w) do
= [
Qm)"O(x, M2 Jsrm gyl

+/SW 05 b O (1, 0) 12 ]+W(x,y,u). (44)

gy
Here, dw is the Euclldean surface measure on S M and the function © is as defined in (24). The function
DQ belongs to S~ and there exists C > 0 such that, for every € > 0,

DE(y,6)+ D (3, 6) =0 forall y €0, 45)
oiexpy 1 (0),0) ¢y €
sup / »D* (y, w) <Ce. (46)
x,y€0:1J S M ! v|gy|

In addition, W is a smooth function in (x, y) for which there exists C > 0 such that, for all u > 0,

sup (W (x,y, w)] < C(u" 2 distg (x, ) + (1 + )" ). (47)
diStg (Xry)S% ln](Msg)
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Proof. Let x, y € M with distg(x, y) < %inj(M, g). Note that

+oo |
o EQ) .y =5 [ EMOU0Q" ) dr 48)

—0o0

We start by rewriting U(¢) Q*(x, y) using the parametrix (25) for U(z). We have

U(Z)Q*(x,y) — X(dg(xs )’))1 : [ ei(eXp;l(x)’E)gy_ﬂE'gyDQ([,y,s) dg (49)
Q)"0 (x, »)1/2 Jrrm 2]

for some D€ € SO with polyhomogeneous expansion DZ ~ > >0 D_Qj. We claim that

D0, y.£) =qo(».%) (50)
and that, for all ¢ > 0,
DE(0,y.8) + D[ (0. y.£) =0, (51)
sup / e e 0l p2 (0, 1. £) 0 | < Cs, (52)
x,y€0:|J S M V |gy|

where C is a constant independent of ¢. Indeed, let U () Q* denote the operator U(1) Q* when regarded
as acting on half-densities and note that, by the same computations that deduce (38) from (36), we have

X(dg(x, y))

i(exp;l(x)s$>g_1;_t|$|gy DQ t d t d .
o Jreu© (t,,8) dy(t, x, p.§) d§

Ut)0*(x,y) =

Since the principal symbols of both U and Q are independent of ¢, and U (0) = Id, we know

DE(t,y.8) = q0(1.§).

Moreover, note that DE‘I (0, y,£) = 0 by Proposition 12 and that D' is uniquely determined modulo S~
by the phase function ¢ (see [Laptev et al. 1994]). This proves (51), since on O, we have Id = B, + C;.
Finally, by the construction of B, we see that the size of the support of Df‘f (0, y, &) is smaller than a
constant times €. This proves (52) for Q = B; and hence for Q = C, since fo = —Dfi.

Combining (48) and (49) and changing coordinates & — urw, where (r, ) € [0, +00) x Sy* M, we
obtain up to an O(u~°) error that

O(x, »)/?- 8, (0 EQ*)(x, y, 1)

n o0 X . _
= / / ﬁ(r)ew—’)x(r)r"—l( / e’“”expy1<x>’w>gyDQ(z,y,mw>dw) drdt, (53)
(2m) R Jo SEM

Y

where x € C2°(R) is a cut-off function that is identically 1 near r = 1 and vanishes for r ¢ [% %] Indeed,
on the support of 1 — ¥, the operator L = (1/ip(1 —r)) d; is well defined, preserves e’*(1=7) "and its
adjoint L* satisfies that, for all k € ZT,

L (0 pomp [ o o0 D2 oy )| = 1410y
¥y
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for some c; > 0. Define
SOt 7.8 = q0(».8) + D2 (1. 7.8)

to be the two leading terms of D2. Since D€ —S< € S72, up to a O("~3) error we have
O(x, »)'?-du(px EQ")(x. y. 1)

n o0 . . _
_ Mn+1 / / ﬁ(l)el“t(l_r)x(r)r"_l (/ otHr (expy, Lx),0)gy SQ(I, ¥, V/La))da)) drdt. (54)
(27) R Jo SEM

i
According to [Sogge 1993, Theorem 1.2.1], there exist smooth functions a4, b1 € C*°(M x R") such
that, for all (y,n) € M x T M,

. d )
/S*Mel("’w)”"’SQ(t,y,Ww) |: | =Y e @y +r' ™ betym) (59
y y +
and
0%ax (v, )| < Ca(l + [n]g,) = D/27led, (56)
1800%b4 (¢, y. )| < Co p(1 + 1], )"~ D/ 2l (57)

for all multi-indices & > 0 and B > 0 and for some Cy, C, g > 0 independent of 7, y and 1. Hence,
(54) equals

w" © .
—(27r)"+1 Z /R/O emWi(t,r,x,y)gi(t, rx,y,udrdt, (58)
+

where ¥4 (t,7,x,y) =t(1 —r) £rdistg(x, y) and

ge(t.rx,y. p) = r" U p(0) (ax(y rexp, (X)) + 17 T b (1, y rexp, ' (x))). (59)

@Qm)"

Note that the critical points of {1 are (tci, rci) = (£ distg(x, ), 1) and that

det(Hess wi(tci, rci,x, y)=1.
Hence, we apply the method of stationary phase to get that (58) is

T e RS N N g (1 rE x o) — i T 0,0, (1 1L XL Y. )
+
+0(u"?  sup sup 0908 g (t.r.x,y. 10)]). (60)
(t,r)esupp(g4) a+B=<7

We take 7 derivatives in the last term, since, in stationary phase with a quadratic phase over R, the
remainder after the first N terms is bounded by k + 1 + 2N derivatives of the amplitude. Note that
d:p(t) = 0 for t = +distg (x, y). Hence, since a+ are independent of ¢, we have

in1 0,0, g2 (" rE X,y ) = O(u™?). (61)
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Moreover, by (56) and (57), the derivatives of g in ¢ and r are uniformly bounded. Hence,

n—1

I
@m)"

dw

[ o0y @)y (g4 (v, ) + ' D2, (distg (x, ), y, @) +ou"3). (62
SEM

|gy|

Taylor-expanding D_Q1 (distg(x, ), y, ) = D_Q1 (0, y,w) + O(distg (x, y)) and recalling (51) and (52)
completes the proof. O

Proof of Proposition 10. Proposition 10 follows by integrating (44) with respect to p from 0 to A applied
to Q = Id. We have

o ey ()00, 4 ’
p*E(x,y,A) = ([ etHiexpy LX) Wley )du+/ W(x,y, w)dp. (63)
0o 2m)"O(x, y)1/2 SEM V1gyl 0

Changing coordinates to £ = pw, we find

n A
p* E(x,y. 1) = (2n)n®k(x’y)1/2 /|5|gy<1 oMy () )y \/% +/0 W(x,p, ) dp. — (64)
Note that
O(x, )~ Y2 =14 O(distg (x. y)?)
and

—1
_ Oy () o ke 08y — pikexpy ! (.60ey
i\ distg(x, y)?

Therefore, we may integrate by parts once in (64) to obtain

n ) 1 dg A
% E(x, p, L) = / et Mexpy T (xX).E)gy 75 +/ W(x,y, ) dup
@m)" Jiglg, <1 Vigyl Jo
+ O(distg(x, y))\‘n—l / ei)»(exp;l()(),w)gy dCO)
|$|gy:1
Since

sup
distg (x,y)<inj(M,g)

distg (x. ») oMoy 1 ().0)e,y da)‘ =o(1)
£y =1

as A — oo, we find that

n

p*x E(x,y,A) = an)

L d A
/ oiMexp; L(x),6) gy _é + / Wi(x,y, ) du + O(Xn_l).
|&]gy <1 0

Viey

By (47), we have

sup
x,y€B(x0,inj(M,g)/2)

A
/ W(x, p, ) du| < cdistg (x, p)A" 1 + CA" 2
0

for some ¢, C > 0 as claimed. O
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6. Smooth vs. rough projector: proof of Proposition 11

Let xo € M be a non-self-focal point and fix ¢ > 0. The proof of Proposition 11 amounts to showing
that there exists ¢ > 0 such that, for all ¢ > 0, there is an open neighborhood AU, of x( and a positive
constant ¢, with

sup |Ej(x,y)—p* Ey(x, y)| < cel™ 1 4 A2 (65)
X,YEMUg

for all A > 1. It is at this point that the assumption that x( is a non-self-focal point is needed. In
Section 4 we construct a partition of the identity operator localized to xo. We use this partition to
split | Ej (x, y) — p* Ej (x, y)| into different pieces, each of which we shall control using two types
of Tauberian theorems, described in Section 6.1. We conclude this section by presenting the proof of
Proposition 11 in Section 6.2.

To ease the notation, we will write

E(x,y.A) = Ep(x, ).
To prove (65), we use the operators B, and C, and the function ¥, constructed in Lemma 15. We set
we(x,y, 1) == ECS(x,y. 1) + 5(E(x,x,1) + C.ECF (., y. ), (66)
Be(x.p, 1) = px ECF(x,y.A) + 2(E(x,x,A) + C.ECF (1. p, 1)), (67)
where x and y are any two points in M . Note that
s (x. p. A) = Be(x, ¥, M| = [ECS (x, . 1) — p* ECT (x, y, M.

In addition, observe that

ac(x, 3, 4) =5 Y [0i(x) + (Ceg)) 0]
)»j <A

and so ag(x, y, A) is an increasing function of A for any fixed x and y. We also set
ge(x,y,A) == EB}(x,y,A)—p*x EB}(x,y,}). (68)

Since B; + C; = %z and ¥ = 1 in a neighborhood of x, relation (65) would hold if we proved that
there exist positive constants ¢ and ¢, with ¢ independent of ¢, and a neighborhood AU, of xg, such that,
forall A > 1,

sup Jotg(xx, v, &) — Be(x, v, A)| < cel 1 4 A2, (69)
X,Y€ENUe
sup |ge(x. », )| < e+ A2 (70)
X,YE€NUe

6.1. Tauberian theorems. To control |ag(x, y,A) — Be(x, y,A)| and |g-(x, y, A)| we use two different
Tauberian-type theorems. To state the first one, fix a positive function ¢ € ¥(R) such that supp¢p < (—1, 1)
and ¢(0) = 1. We have written f for the Fourier transform of f. Define, for each a > 0,

Pa(R) := écé(%) (71)
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so that ¢?a(l) = ¢A>(al).
Lemma 19 (Tauberian theorem for monotone functions). Let o be an increasing temperate function with

a(0) = 0 and let B be a function of locally bounded variation with B(0) = 0. Suppose further that there
exist My > 0, a > 0 and a constant c, such that:

(a) There exists m € N such that

u+a
/ (Bl < aMo(1 + i)™ + calul™™2 forall 1= 0.
n—a

(b) There exist k € Z\ {—1} withk <m —1, and My > 0, such that

[(doe —dPB) * pa ()| = Ma(l + | forall p=0.

Then there exists ¢ > 0 depending only on ¢ such that
() = B < (@Ml ™" + cal ™2 + Ma(1+ | 1) (72)
forall p > 0.
Proof. The proof is identical to argument for Lemma 17.5.6 in [Hormander 1985a]. O
We will also need the following result:

Lemma 20 (Tauberian theorem for nonmonotone functions [Hormander 1968]). Let g be a piecewise
continuous function such that there exists a > 0 with g(t) = 0 for |t| < a. Suppose further that, for all
U € R, there exist constants m € N and cy, ¢ > 0 such that

lg(u+5) =g < cr(L+ )™ + 21 + )™ forall s €]0,1]. (73)
Then there exists a positive constant ¢ q, depending only on m and a, such that, for all i,
12(0] = emaler(L+ )™ + e+ u))™ 7).
6.2. Proof of Proposition 11. As explained above, the proof of Proposition 11 reduces to establishing
relations (69) and (70).

Proof of (69). We seek to apply Lemma 19 to o and B,. Let a = ¢, m = n and k = —2. We first verify
condition (a). From Remark 17, it follows that there exist an open neighborhood U, of x( and constants
1, ¢e > 0 such that, for all x, y € U, and all A > 1,

Ate
A (100 EGeox, )]+ 10(CECH o)) dv = 3 (g (00 + (Coy ()2
—& [Aj—A|<e

<Ml 4 A2, (74)

Combining (74) with the estimate in Proposition 18 applied to Q = C,, we see that there exist positive
constants M and ¢, for which

Ate
sup / 10, B (x, y, V)| dv < MoeA™™ ! 4 ¢, A" 2
A

X,YE€ENUg —&
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for all A > 1. Tt remains to verify condition (b). Note that

O (@e(x, ,) = Be(x, 7,)) % P (W) = F, L, (1= pO) e (VU @) CF)(x, ) (R),
where ¥ is the Fourier transform and ¢, is defined in (71). According to Lemma 15, U(¢)C/} is a
smoothing operator for %inj(M ,8) <t < % Hence, since
supp ¢ C {t:]t] < %} and supp(1—p) C {t:[t] > %inj(M, 9}

we find that, for each N, there are constants ¢y ¢ depending on N and ¢ that satisfy

SUPM}ax(aa(x, yo )= Be(x.3.) xpeM)| < ene(1+ ANV
X,y€

for all A > 0. O

Proof of (70). We seek to apply Lemma 20 to g.. First, note that, since
ge(x,y,A) = EB}(x,y,A)—p* EB}(x,y,)),

the function g.(x, y,-) is piecewise continuous in the A variable. Next, we check that g.(¢) =0 in a
neighborhood of # = 0. We have

0.ge(x, y, 1) = FL, (1= p@)(U@) BY)(x, ) (V).
Since p=1 on (—% inj(M, g), %inj(M, g)), we have F; _,, (03 2:(x, y,-))(t) = 0 for |¢| < L inj(M, g).
Equivalently,
£ Frsr(gelx. . N0 =0, 1] < 7inj(M, g).
In addition, we must have %) _,,(g:(x, »,-))(0) = 0, for otherwise g.(x, y,-) would include a sum of

derivatives of delta functions but this is not possible, since g.(x, y, -) is piecewise continuous. It follows
that

Froe(ge(x, ¥, )(@) =0, 1] < 3inj(M, g),
as desired. It therefore remains to check that g, satisfies (73). Let s € [0, 1], A € R and write

gs(x»y,)&‘f‘s)_ga(X,y,)\)
=EB}(x,y,A+s)—EB}(x,y,A)+p*x EBY(x,y,A+s)—px EB}(x,y,A). (75)

To estimate EB}(x, y, A +s)— EB}(x, y, 1) we apply the Cauchy—Schwarz inequality:

EB}(x,y,A+5)—EBX(x,y,0) = Y 9j(x)Begj(y)
A=Aj<A+s
5( > (wj(X))z)Z( > (Bs‘PJ(J/))Z)Z'

A=A <A+s A< <A+s
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Applying Remark 17 to Q =1Id and Q = Bg, there exist an open neighborhood AU, of xo and constants
¢, ¢g > 0 such that

|[EB}(x,y,A+s)—EB}(x,y,A)| < cel e A2 (76)

forall A > 1,5 €[0,1] and x, y € U,. The ¢ factor is due to the fact that ||bg||; < e.
To estimate p*x EB} (x, y,A+5)—p* EB}(x, y,A) we apply Proposition 18 to the operator Q = B;.
Since there exists ¢ > 0 with

1050 % EBX(x, p, M) <&(|bol|1 A" +A"72) forall A>1
and ||bg |1 < &, we get (after possibly enlarging ¢ and ¢;) that
lp* EBX(x,y,A+5)—p* EBX(x,p,1)| <ced™ ! 4+ ¢ A""% forall A> 1. (77)
Combining (76) and (77) into (75), we conclude the existence of positive constants ¢ and ¢, such that
ge(x, v, A +5) — ge(x, p, M) < ceA™ 1 ¢ A""2 forall A > 1

and s € [0, 1], as desired. Applying Lemma 20 with m = n and a = %inj(M , g) proves (70). |

7. Proof of Theorems 6-9

Proof of Theorem 6. Suppose that (M, g) is a smooth, compact, Riemannian manifold with no boundary.
Let K € M x M be a compact set satisfying that any pair of points in it are mutually nonfocal. We aim
to show that there exists ¢ > 0 such that, for every ¢ > 0, there are constants A, > 0 and ¢, > 0 such that

sup | R(x, y,A)| < ceA™ 1 4 A2
(x,y)eK

for all A > A,. Fix ¢ > 0 and write A € M x M for the diagonal. Define

K=KnNA.
By (16), there exists A > 0, a finite collection {x; : j = 1,..., N} and open neighborhoods ay’ of Xj
such that
K c| g’ xauy’
J

and

sup  |R(x, y, A)| < ceA™ 1 4 c A2 (78)

x,yeoujj

for all A > Ag. Define
K=K\ Jug’ <z’
J
Safarov [1988, Theorem 3.3] proved under the mutually nonfocal assumption that

sup | R(x, p, )| = 0,(A"71). (79)
(Xa.)/)eKs
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Combining (78) and (79) completes the proof. o

Proof of Theorem 8. The injectivity of the maps W(; 411: M — R™* for A large enough is implied by
the existence of positive constants ¢y, ¢, ro and A, such that, if A > A,,, then

inf dist} (x, p) > ¢ %0
X,y:)\.disltg(x,y)zro ! A( ) 1 (80)

and
dist? (x, )

inf —_r -
x,y:Adistg (x,y)<rg A2 distg (x, ¥)?

We first prove (80). By Theorem 6, for all x, y € M,

dist? (x, p) = f(Adistg(x, ¥)) + R(x, ¥, 1), (82)

> (. (81)

where supy e |§(x, y,A)|=o0(1)and f :]0,+00) — R is the function

f(r):= / (1—e'") dw.
Sn—1
Observe that f(r) > 0, with f(r) = 0 only if r = 0. Moreover,
f) =0 +0G~ " V2 asr 500 and  f(r)=r%f(r) (83)

for some smooth and positive function f , where o, is the volume of S”~!. According to the first relation
in (83), we may choose ry > 0 so that

Adistg(x,y) =19 = |f(Adistg(x,y)) —on| < %O’n. (84)
Moreover, by Theorem 6 we may choose A, so that, if A > A,,, then

sup |§(x,y,k)| < %an. (85)
X, yeEM

Combining (82) , (84) and (85), we find that, for all A > A,, and all x, y € M with A distg (x, y) > ro,
disti (x,y) > %O’n,

as desired. To verify (81), write, as above,

2n)"

diSt)% (X, y) = W

(Egar11(x. X))+ Eq a0, ¥) —2E@ a+11(x, 1))

and note that the first derivatives of disti (x, y) in x and y all vanish when x = y. Moreover, by [Zelditch
2009, Proposition 2.3], we have that the Hessian of E(j ;4 1) may be written as

dx ®dy|x=yE(k,k+l](xv y) = Cn)\n—ng +0(}‘n+1),

where g, is the metric g on Tx M, and Equation (1.2) in [Potash 2014] shows that
 nQuo)r

Cn
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Therefore, applying Taylor’s theorem, there exists Cy > 0 for which

disti (x,y) On

(s y) < Cy- M distg (x, ). (86)
A2 distz,(x,y) 2n ° gt )

The extra factor of A on the right-hand side of (86) comes from the fact that
lS}lp |0%x=y Eqp+11(x, »)| = O(myA?),
o|=3
which is proved, for example, in [Xu 2006, Equation (2.7)]. Equation (86) shows that

disti(x,y) _ On

inf —_ > > 0.
Adistg (x,¥) <0, /(4nCo) )»zdé% (x, y) 2n

If rog < 0,/(4nCy), then the claim (81) follows. Otherwise, it remains to show that there exists ¢, > 0
with
disti (x,»)

inf —_ > 87
an/(4nC0)§l)Lndistg(x,y)<r0 szé(x, y) “ 87)

for all A sufficiently large. Theorem 6 shows that, after possibly enlarging A,,, we have

2
sup |R(x,y, )| < (J—”CO) inf £ (r)

x,yEM r<ro

for all A > A,,. Then the second relation in (83) combined with (82) yields that, for all A > A,

2
. . On . ~
inf dist? xX,y)=>— inf f(r)>0.
01 /(4nCo) <A distg (x,y)<rg }”( y) (4nC0) r<ro f( )
This completes the proof of (81). O

Proof of Theorem 9. By (13) and Theorem 6 we have that

sup
x,yeM

dist; (x, y) —/ (1 — et diste(x. 7)oy da)' =o(1)
Sn—1

as A — o0o. Combining this with

1 a o
1— iAdistg (x,¥)w1 dow = “n 0 )\2 di t2 ,
A2 distg (x, y)? Sn—l( ¢ )dw 2n T 007 diste (x. 7))
and (86) completes the proof. O
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ON THE CONTINUOUS RESONANT EQUATION FOR NLS
II: STATISTICAL STUDY

PIERRE GERMAIN, ZAHER HANI AND LAURENT THOMANN

We consider the continuous resonant (CR) system of the 2-dimensional cubic nonlinear Schrédinger
(NLS) equation. This system arises in numerous instances as an effective equation for the long-time
dynamics of NLS in confined regimes (e.g., on a compact domain or with a trapping potential). The
system was derived and studied from a deterministic viewpoint in several earlier works, which uncovered
many of its striking properties. This manuscript is devoted to a probabilistic study of this system. Most
notably, we construct global solutions in negative Sobolev spaces, which leave Gibbs and white noise
measures invariant. Invariance of white noise measure seems particularly interesting in view of the
absence of similar results for NLS.

1. Introduction

Presentation of the equation. The purpose of this manuscript is to construct some invariant measures
for the so-called continuous resonant (CR) system of the cubic nonlinear Schrédinger equation. This
system can be written as

H — a7 2
{zatu—J(u,u,u), (t,x) e Rx R=, (CR)

u(0,x) = f(x),
where the operator I defining the nonlinearity has several equivalent formulations corresponding to
different interpretations/origins of this system. In its original formulation [Faou et al. 2013] as the large-
box limit! of the resonant cubic NLS,? J can be written as follows: for z € R? and x = (x;, x») € R?,
letting x~ = (—x3, x1), we have

T, for f3)(2) = /R /R Fix +2) ol +2) (et An L+ 2) dx di.

This integral can be understood as an integral over all rectangles having z as a vertex. It has the equivalent
formulation [Germain et al. 2015]

T foufo) =2 [ TS L))
R
Germain is partially supported by NSF grant DMS-1101269, a start-up grant from the Courant Institute, and a Sloan fellowship.
Thomann is partially supported by the grant “ANAE” ANR-13-BS01-0010-03. Hani is partially supported by NSF Grant
DMS-1301647 and a start-up fund from the Georgia Institute of Technology.
MSC2010: 35Q55, 37K05, 37L50.
Keywords: nonlinear Schrodinger equation, random data, Gibbs measure, white noise measure, weak solutions, global solutions.
I'Starting with the equation on a torus of size L and letting L — oo.
2This is NLS with only the resonant interactions retained (also known as the first Birkhoff normal form). It gives an
approximation of NLS for sufficiently small initial data.
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It was shown in [Faou et al. 2013] that the dynamics of (CR) approximate that of the cubic NLS equation
on a torus of size L (with L large enough) over time scales ~L? /&2 (up to logarithmic loss in L), where
¢ denotes the size of the initial data.

Another formulation of (CR) comes from the fact that it is also the resonant system for the cubic
nonlinear Schrodinger equation with harmonic potential given by

id;u—Au+|x)>u = p|u|®>u, peR constant. (1-1)

In this picture, J can be written as follows: denoting by H := —A + |x|* = —8)261 — 8)262 + xf + x% the
harmonic oscillator on R2,

T

T(f1, f2, f3) =27 /_4 e 1) e f) (e T fy)] d .

]

As a result, the dynamics of (CR) approximate the dynamics of (1-1) over long nonlinear time scales for
small enough initial data.
The equation (CR) is Hamiltonian. Indeed, introducing the functional

E(ur,uz,uz,ug) = (J(uy,uz,u3), us)y2

:271/4 / (e iy ) (e yy) (e—itH yy) (e—itH uy) dx dt
- JR2
4

and setting
E(u):=€(u,u,u,u),

(CR) derives from the Hamiltonian € given the symplectic form w(f, g) = —4Im(f, g)12(g2) on L2(R?),
so that (CR) is equivalent to

¢
i, f = 108(f)
2 9f
In addition to the two instances mentioned above in which (CR) appears to describe the long-time
dynamics of the cubic NLS equation — with or without potential — we mention the following:

o The equation (CR) appears as a modified scattering limit of the cubic NLS on R* with harmonic tapping
in two directions. Here, (CR) appears as an asymptotic system and any information on the asymptotic
dynamics of (CR) directly gives the corresponding behavior for NLS with partial harmonic trapping. We
refer to [Hani and Thomann 2015] for more details.

e When restricted to the Bargmann—Fock space (see below), the equation (CR) turns out to be the
lowest-Landau-level equation, which describes fast-rotating Bose—Einstein condensates (see [Aftalion
et al. 2006; Nier 2007; Gérard et al. > 2015]).

e The equation (CR) can also be interpreted as describing the effective dynamics of high-frequency
envelopes for NLS on the unit torus T2. This means that, if the initial data ¢(0) for NLS has its Fourier
transform given by® {$(0, k) ~ go(k/N)}rez2 and if g(¢) evolves according to (CR) with initial data gg

3Up to a normalizing factor in H*, s > 1.
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and ¢(¢) evolves according to NLS with initial data ¢(0), then g(z, k/N) approximates the dynamics
of ¢(¢, k) in the limit of large N (see [Faou et al. 2013, Theorem 2.6]).

Some properties and invariant spaces. We review some of the properties of the (CR) equation that will
be useful in this paper. For a more detailed study of the equation we refer to [Faou et al. 2013; Germain
et al. 2015].

First, (CR) is globally well-posed in L2(R?). Amongst its conserved quantities, we note

/|u|2dx and /(|x|2|u|2+|Vu|2)dx=/ uHudx,
R2 R2 R2

(recall that H denotes the harmonic oscillator H = —A + |x|?). This equation also enjoys many invariant
spaces, in particular:

e The eigenspaces (En)n=o of the harmonic oscillator are stable (see [Faou et al. 2013; Germain et al.
2015]). This is a manifestation of the fact that (CR) is the resonant equation associated to (1-1). Recall
that H admits a complete basis of eigenvectors for L2(R?); each eigenspace Ex (N =0,1,2,...) has
dimension N + 1.

e The set of radial functions is stable, as follows from the invariance of H under rotations (see [Germain
et al. 2015]). Global dynamics on er d([Rz) the radial functions of L?(R?), can be defined. A basis of
(R?) is given by

normalized eigenfunctions of H for Lrad

rdd(x)

1(dY
S LOGPe R it 100 = () @) for e
n: X

NG
We record that HeR4 = (4n + 2)¢prd,

e If O(C) stands for the set of entire functions on C (with the identification z = x1 +1Xx;), the Bargmann—
Fock space Lhol([Riz) = L%(R?) N (0(C)e~1* 12/ 2) is invariant under the flow of (CR). Global dynamics
on L}zlol([Riz) can be defined. A basis of normalized eigenfunctions of H for Lhol(Rz) is given by the
“holomorphic” Hermite functions, also known as the “special Hermite functions”, namely

ool(x) = (x1 + ixz)”e_|x|2/2 for n € N.

1
v mn!
Notice that Hol! = 2(n + 1)pl°!. It is proved in [Germain et al. 2015] that

hol _hol ,_holy __ hol _
9v((pnl »Pnsy v§0n3) OnynanyngPu,» MNa=n1+ny—ns, (1-2)

with
|
— opg hol _hol _hol holy _ T (ny +ny)!
Frinansng = %(wnl ERAE ’(pn“) o §2n1+n2 nl'n2,n3|n4'1n1+n2=n3+n4-

As a result, the (CR) system reduces to the following infinite-dimensional system of ODEs when

restricted to Span{@y, }nen:

i0icp(t) = Z anl,nz,ng,ncnl(t)cnz(t)c_'m(t)-

ny,np,n3€eN
ni+ny—n3=n
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Statistical solutions. In this paper we construct global probabilistic solutions on each of the above-
mentioned spaces which leave invariant either Gibbs or white noise measures. More precisely, our main
results can be summarized as follows:

e We construct global strong flows on

X2a(R?) = () g (R?)
o>0
and on

X (R?) := ( ﬂ %_U(Rz)) N (@(@)e—|2|2/2)’
o>0

which leave the Gibbs measures invariant (see Theorem 2.5).

e We construct global weak probabilistic solutions on

Xpol (R?) := ( N %‘U(RZ)) N (0(C)e17/2),

o>1

and this dynamics leaves the white noise measure invariant (see Theorem 2.6).

Since the ’90s, there have been many works devoted to the construction of Gibbs measures for dispersive
equations and, more recently, much attention has been paid to the well-posedness of these equations with
random initial conditions. We refer to the introduction of [Poiret et al. 2014] for references on the subject.
In particular, concerning the construction of strong solutions for the nonlinear harmonic oscillator (which
is related to (CR)), we refer to [Thomann 2009; Burq et al. 2013; Deng 2012; Poiret 2012a; 2012b; Poiret
et al. 2014].

Let us define what we mean by white noise measure in our context. Denote by (e;),>0 a Hilbert
basis of L2(0, 1) and consider independent standard Gaussians (g, ),>0 on a probability space (Q, %, p).
Then it is well known (see, e.g., [Hida 1980, Chapter 2]) that the random series

t
B; = Zgn/o en(s)ds

n=0
converges in L2(2, %, p) and defines a Brownian motion. The white noise measure is then defined by

the map

dBt +00
0 W(to) = —2() =) gn(@)enlr). (1-3)
n=0

Now consider a Hilbert space J which is a space of functions on a manifold M and consider a Hilbert
basis (e,);>0 of . We define the mean-zero Gaussian white noise (measure) on ¥ as u = po w1
where

400
W(x,0) =) gn(w)en(x).

n=0
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Notice that this measure is independent of the choice of the Hilbert basis of J. It is clear that, for
all x e M, Ep[W(x,-)] = 0. Moreover, for all x, y € M we have

400
Ep[W(x, )W, )] =D ea(x)en(y) = 8(x — ).
n=0
since the sum in the previous line is the kernel of the identity projector on K. For more details on Gaussian
measures on Hilbert spaces, we refer to [Janson 1997].

Construction of flows invariant under white noise measures is much trickier due to the low regularity
of the support of such measures, and there seem to be no results of this sort for NLS equations. We
construct weak solutions on the support of the white noise measure on Xh;ll (R?) using a method based on
a compactness argument in the space of measures (the Prokhorov theorem) combined with a representation
theorem of random variables (the Skorohod theorem). This approach has been first applied to the Navier—
Stokes and Euler equations in [Albeverio and Cruzeiro 1990; Da Prato and Debussche 2002] and extended
to dispersive equations by Burq, Thomann and Tzvetkov [Burq et al. 2014], who give a self-contained
presentation of the method.

Notations. Define the harmonic Sobolev spaces for s € R and p > 1 by
WP =WSP(R?) = {u e LP(R?): H>u e LP(R%)}, 9 = W2,

They are endowed with the natural norms ||u|4s.». Up to equivalence of norms we have, for s > 0
and 1 < p < 400 (see [Yajima and Zhang 2004, Lemma 2.4]),

lullaws.r = | H2ull Lo = [1(=A)2ull Lo + || (x)ull Lo (1-4)

Consider a probability space (2, %, p). Throughout the paper, {g, :n >0} and {g, x :n >0, 0=k <n}
are independent standard complex Gaussians N'¢ (0, 1) (their probability density function is (1/7)e ™ > dz,
dz being Lebesgue measure on C). If X is a random variable, we denote by .#(.X) its law (or distribution).

We will sometimes use the notation L‘; = LP(-T,T)for T > 0. If E is a Banach space and u is a
measure on E, we write Lﬁ =L?(duw) and ||u ”LﬂE = ” lull g ”Lﬁ' We define X7 (R?) = (), #°(R?)
and, if I C R is an interval, with an abuse of notation we write €(7; X° (R?)) = (,~, €(I; #*(R?)).

Finally, N denotes the set of natural integers including 0; ¢, C > 0 denote constants, the value of which
may change from line to line. These constants will always be universal or uniformly bounded with respect
to the other parameters. For two quantities 4 and B, we write A S Bif A<CBand A~ Bif A<B
and A = B.

2. Statement of the results

As mentioned above, we will construct strong solutions on the support of Gibbs measures and prove the
invariance of such measures. For white noise measures, solutions are weak and belong to the space C7 X 1.
We start by discussing the former case.
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Global strong solutions invariant under Gibbs measure.

Measures and dynamics on the space Ep. The operator H is self-adjoint on L?(R?) and has the
discrete spectrum {2N + 2 : N € N}. For N > 0, denote by E the eigenspace associated to the
eigenvalue 2N + 2. This space has dimension N + 1. Consider any orthonormal basis (¢n k)o<k<N
of En. Define yy € L?(Q2; Ey) by

N
yx (@, x) = ﬁ kg vk @) on ().

The distribution of the random variable 5 does not depend on the choice of the basis, and observe that
the law of large numbers gives

N
1
”VN”%,Z(RZ) = Vil Z |gN,k(a))|2 — 1 a.s.when N — +o0.
k=0

Then we define the probability measure uy = yyp := po y&l on Ey.

The L? properties of the measures p have been studied in [Poiret et al. 2015] with an improvement
in [Robert and Thomann 2015]. We mention in particular the following result:

Theorem 2.1 [Poiret et al. 2015; Robert and Thomann 2015]. There exist ¢, Cy, Cy > 0 such that, for
all N > Ny,
un[ueEn:CiN~Y2(log N)'2|ull 2y < |l oo g2y < CaN /2 (log )2 u| 22y ] 2 1-N °.

This proposition is a direct application of [Robert and Thomann 2015, Theorem 3.8] with 4 = N !
and d = 2. Notice that, for all u € E, we have ||u||ss = QN + 2)5/2 |||z 2. The best (deterministic)
L°° bound for an eigenfunction u € E is given by [Koch and Tataru 2005]:

[ull Loor2) = Cllull 22 (2-1)

and this estimate is optimal, since it is saturated by the radial Hermite functions. Therefore, the result
of Theorem 2.1 shows that there is almost a gain of one derivative compared to the deterministic
estimate (2-1).

It turns out that the measures u are invariant under the flow of (CR), and we have the following:

Theorem 2.2. For all N > 1, the measure py is invariant under the flow ® of (CR) restricted to E .
Therefore, by the Poincaré theorem, u-almost all u € Ep are recurrent in the following sense: for
un-almost all ug € E y there exists a sequence of times t, — 400 such that

n_lll}rloo @ (#n)uo — uoll L2w2y = 0.

In the previous result, one only uses the invariance of the probability measure p under the flow and
no additional property of the equation (CR).
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Gibbs measure on the space X°(R?) and a well-posedness result. In the sequel we either consider
the family (1), of the radial Hermite functions which are eigenfunctions of H associated to the
eigenvalue A = 4n + 2, or the family (<pf,‘°l)n20 of the holomorphic Hermite functions which are
eigenvalues of H associated to the eigenvalue A1 = 27 + 2. Set

rad(Rz) = ﬂ %rad (Rz

o>0

( N %—”(RZ)) N (O(C)e17/2),

o>0

Xl?ol(Rz) :

In the following, we write X?(R?) for X d([Riz) or Xt?l([R{z) @ for fd or hol etc.
Now define y, € L2(Q2; X2(R?)) by

Ve(@.x) = Zg;(%) o7 (%)

and consider the Gaussian probability measure jt« = (V+)sp := poy; L.

Lemma 2.3. In each of the previous cases, the measure Ly is a probability measure on X2 (R?).

Notice that, since (CR) conserves the #! norm, /i, is formally invariant under its flow. More generally,
we can define a family (o4 g)g>0 of probability measures on X 9(R?) which are formally invariant
under (CR) in the following way: define, for 8 > 0, the measure p. = p, g by

dpa(u) = Cpe PP dpu(u), (2-2)

where Cg > 0 is a normalizing constant. In Lemma 3.2, we will show that €(u) < +00 p«-a.s., which
enables us to define this probability measure.
For all B >0, px(X2(R?)) = 1 and p«(L2(R?)) = 0.

Remark 2.4. We could also give sense to a generalized version of (2-2) when B < 0 using the renormalizing
method of Lebowitz, Rose and Speer. We do not give the details and refer to [Burq et al. 2013] for such a
construction.

We are now able to state the following global existence result:

Theorem 2.5. Let 8 > 0. There exists a set © C X2(R?) of full ps measure such that, for every f € X,
the equation (CR) with initial condition u(0) = f has a unique global solution u(t) = ®(¢t) f such that,

forany 0 <s < ;

u(t) — f € G(R; % (R?)).
Moreover, for allo > 0 and t € R,
(@) ll3e-0 @2y < CA(S, ) +In'/2(1 + J¢]))

and the constant A( f, o) satisfies the bound . (f : A(f,0) > A) < Ce=,
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Furthermore, the measure p, is invariant under ®: for any p.-measurable set A C X and any t € R,
px(A) = p«(P(1)(A4)).

White noise measure on the space X, 11 (R?) and weak solutions. Our aim is now to construct weak
solutions on the support of the white noise measure. Consider the Gaussian random variable

R hol (X (x1+ix2)"gn(w) —|x|2/2
0= 3 ea0lef ) = ﬁ(g = )e 2-3)

and the measure 1 = poy~!. Asin Lemma 2.3, we can show that the measure y is a probability measure

on
Xpol (R?) := ( N %‘”(Rz)) N (O(C)e 1772y,
o>1

Since ||u| 12 (g2) is preserved by (CR), u is formally invariant under (CR). We are not able to define
a flow at this level of regularity; however, using compactness arguments combined with probabilistic
methods, we will construct weak solutions.

Theorem 2.6. There exists a set ¥ C X, t;ﬂl (R?) of full ju measure such that, for every f € X, the equation
(CR) with initial condition u(0) = f has a solution

ue () 6R: % (R?).
o>1

The distribution of the random variable u(t) is equal to p (and thus independent of t € R):
Lx-1q2) ) = Ly—1q2)m(0)) = pn forall t €R.

Remark 2.7. One can also define the Gaussian measure .t = poy~! on X ~1(R?) = (N, ¥ 7 (R?)
by

+00 n
1
Y. =) = D &k (@ni(x). hn=2n+2,
VA
n=0 k=—n

(where the ¢, j are an orthonormal basis of eigenfunctions of the harmonic oscillator and the angular
momentum operator). Since [|u[|51g2) is preserved by (CR), p is formally invariant under (CR), but we
are not able to obtain an analogous result in this case.

The same comment holds for the white noise measure t = poy~! on X, r;dl R = o1 Hag (R?)
with

400
y(@.%) =) ga(@)pp(x),
n=0

which is also formally invariant under (CR).

Plan of the paper. The rest of the paper is organized as follows. In Section 3 we prove the results
concerning the strong solutions and in Section 4 we construct the weak solutions.
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3. Strong solutions

Proof of Theorem 2.2. The proof of Theorem 2.2 is an application of the Liouville theorem. Indeed,
write uy = Zl]c\,:o cNkPN Kk € En; then

(N + 1)N+1 N N
duy = T exp(—(N iy |cN,k|2) [T dans db.

k=0 k=0

where cyx =an g +ibnk.
The Lebesgue measure ]_[,]LO dap i dby  is preserved since (CR) is Hamiltonian and 221:0 len |2=
llun ||i2 is a constant of motion.

Proof of Theorem 2.5. We start with the proof of Lemma 2.3.

Proof of Lemma 2.3. We only consider the case X?(R?) = X}?()l([R{2). It is enough to show that
Yhol € X2, (R?) p-a.s. First, for all o > 0, we have

+00 1

[ 1ty dp@ = [ Z (kal’;UH p@)=CY

<40, (D)
= (l’l + 1)0'+1

therefore Yot € (=0 L?(Q2; %79 (R?)). Next, by [Colliander and Oh 2012, Lemma 3.4], for all A > 1
there exists a set 24 C €2 such that p(2§) <exp (=A%) and, forall w € 4, &> 0 and n > 0,

gn(w)| = CA(n +1)°.

Then, for w € |J 4> 24, we have Z+ 02" gn(®)//Ahln! € O(C). O

We first define a smooth version of the usual spectral projector. Choose x € 65°(—1,1) sothat 0 < x <11
with x =1 on [—% %] We define the operators Sy = x(H/An) as

oo oo )\*
SN( Z Cn(P;) = Z ()\* )qu’n
n=0 n=0
Then, for all 1 < p < 400, the operator S is bounded in L? ([Riz) (see [Deng 2012, Proposition 2.1] for
a proof).

Local existence. It will be useful to work with an approximation of (CR). We consider the dynamical
system given by the Hamiltonian #n (1) := #(Syu). This system reads
{iatuN =TI n(uy). (t.x) eRxR?,
un(0,x)=f,

with Ty (uy) := SNT(Syu, Syu, Syu). Observe that (3-2) is a finite-dimensional dynamical system

(3-2)

on EB,IC\;O E} and that the projection of u(¢) on its complement is constant. For § > 0 and N > 0, we
define the measures p by

dpY (u) = C3'e PN dy, (u),



1742 PIERRE GERMAIN, ZAHER HANI AND LAURENT THOMANN

where C é\/ > 0 is a normalizing constant. We have the following result:

Lemma 3.1. The system (3-2) is globally well-posed in L*>(R?). Moreover, the measures ,oiv are invariant
under its flow, denoted by ® .

Proof. The global existence follows from the conservation of ||u x| 2(g2)- The invariance of the measures
is a consequence of the Liouville theorem and the conservation of Y g—, Ax|ck |2 by the flow of (CR)
(see [Faou et al. 2013]). We refer to [Burq et al. 2013, Lemma 8.1 and Proposition 8.2] for the details. [

We now state a result concerning dispersive bounds of Hermite functions.

Lemma 3.2. Forall2 < p < +o00,

1

a1
lop!l Lo gay < Cn2r %, (3-3)
o5l s ey < Cn3 (Inn)s. (3-4)
Proof. By Stirling, we easily get that ||¢°!|| Loord) = C n~1/4 which is (3-3) for p = oo; the estimate

for 2 < p < oo follows by interpolation. For the proof of (3-4), we refer to [Imekraz et al. 2015,
Proposition 2.4]. O

Lemma 3.3. (i) We have
AC >0 3c>0 VA>1 VN >1
pa (€ XOR2) 2 e ™M Snutll pa(/anjaxrry > 1) < Ce™F . (3-5)
(ii) There exists B > 0 such that
AC >0 3c>0 YA=>1 VN > Ny > 1
(1€ XOR) e H (S — Syl L4 (o ey > ) = Ce™M0H . (3:6)

(iii) In the holomorphic case, for all2 < p < 400 and s < % - %,

3C >0 3c>0 VA>1 VN > 1

—7 22
ot (14 € X (R e ™ ull Lot/ mjapywsr@2) > ) < Ce * (3-7)
—j a2 -
thot (4 € Xy (R?) < [le ltH“||L3/3([—71/4,7r/4]x[R€2) > 1) = Ce .

(iv) In the radial case, for all s < %,
3C >0 3c>0 VA>1 VN >1

frad (1 € X24®R2) e ™ )| oo paps ey > A) < Ce™ . (3-8)
Proof. We have that

tx (€ XQR?) 2 e Syl paqor/anjajxnz) > 1)

(s> i A_n)gn«o) R
= (| () oo

> k).
LA([—m/4,m/4]xR2)
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Set

—ztk* gn(w) *
Flw,t,x) = Ze ( )\/)\_Z @, (x).

Letg > p > 2 and s > 0. Recall here the Khintchine inequality (see, e.g., [Burq and Tzvetkov 2008,
Lemma 3.1] for a proof): there exists C > 0 such that, for all real k > 2 and (a,) € £>(N),

Zgn(w) an Lk = C\/%(Z |an|2)2 (3-9)

n>0 Ly n>0

if the g, are i.i.d. normalized Gaussians. Applying it to (3-9) we get

oo

2 2
112 o9l = i 3 (£ ) S ) (Z 1) )

n=0
and using the Minkowski inequality for ¢ > p twice gives
1

S/2 S/2 > ”(Pl:(x)”ip(RZ) 2
7> Flw,t,X) | pg r < H“F(o,t,x)|Lr 19 =CVq Z(n)—l_s :

n=0

(3-10)

We are now ready to prove (3-5). Set p =4 and s = 0. By Lemma 3.2 we have [|¢;; || ,4g2) = Cn~1/8,
so we get, from (3-10),

|F(@.t.3)lg s < C VG
The Bienaymé—Chebyshev inequality then gives
P(IF@.1. s >2) < 07 F@. 1.0l g 18 )7 < (€7 ).
Thus, by choosing ¢ = §A% > 4, for § small enough we get the bound

—cA?
P(IF@, 0, %)) >2) = Ce™,

which is (3-5).
For the proof of (3-6), we analyze the function

—iong [ Mn A \\&n(@)
G(CU,I,X) Ze ! ( (_)_X()\;\/O)) \/)\,—;(pn(X)

and we use that a negative power of Ny can be gained in the estimate. Namely, there is ¢ > 0 such that

1G@.1.3)ll g 1+ = CVaN, "

which implies (3-6).
To prove (3-7)-(3-8), we come back to (3-10) and argue similarly. This completes the proof of
Lemma 3.3. O
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Lemma 3.4. Let 8 > 0. Let p € [1, oo[; then, when N — + 00,
Cyle PN — Cpe P in L2 (dpue(u)).
In particular, for all measurable sets A C X2(R?),
PN (A) = pu(A).

Proof. Let Gy (u) = e PINW and Gg(u) = e P*. By (3-6), we deduce that % (1) — ¥(u) in
measure with respect to .. In other words, for ¢ > 0 and N > 1, we let

ANe={u € X)(R*) |Gy (u) — Gp(u)| <&},
then 14 (A% ,) — 0 when N — +o00. Since 0 <G, Gy <1,
1Gs =Gy llpr. < 1Gp—GEan, llpn, +1(Gp—Gilas, lpn.
< e(tu (AN )P +2(pa (A5 NP
<Cs

for N large enough. Finally, we have, when N — +o00,

-1 -1
CéV — (/e—ﬂ%N(u) d/L*(u)) N (/e—ﬂ%(u) d,u*(u)) = Cg,

and this ends the proof. O

We look for a solution to (CR) of the form # = f + v; thus v has to satisfy

oo 2
idiv=9(f+v), (t.x)eRxR?, (3-11)
v(0,x) =0,
with T () = T (u, u, u). Similarly, we introduce
idooNy =T N(f+on), (,x) e RxR2, (3-12)
v(0,x)=0.

Recall that X?(R?) equals Xfol(Rz) or Xrgd([R{z). Define the sets, for s < %,

Ag(D) = {f € X34 ®R) : 167 fll o/, nyapwsawey < D

choosing p(s) =4/(1 —2s), so that s < % — %,
Atsml(D)
={/ € X ®) e M fll 133 jamyap Lo @y + 1€ F o6 ja,mpaps v w2y < D
In the sequel, we write A5 (D) for A} (D) or A% (D). Then we have the following result:

rad

Lemma 3.5. Let B > 0. There exist ¢, C > 0 such that, for all N > 0,

PN (A3(D)) < Ce™P* p (A5(D)) < Ce™P” and . (A5(D)°) < Ce~<P”,
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Proof. Since B > 0, we have pN (45 (D)), py(A%(D)¢) < Cux (A5 (D)C). The result is therefore given
by (3-7) and (3-8). O

Proposition 3.6. Let s < % There exists ¢ > 0 such that, for any D > 0, setting ©(D) = ¢D™2, for any
f € AS.(D) there exists a unique solution v € L™ ([—t, t]; L2(R?)) to the equation (3-11) and a unique
solution vy € L®([—t, t]; L2(R?)) to the equation (3-12), which furthermore satisfy

”vHLOO([—r,r];%s(RZ))’ ||UN||L00([—r,r];%s(R2)) =D.
The key ingredient in the proof of this result is the following trilinear estimate:

Lemma 3.7. Assume that,for 1 < j <3and1 <k <4, (pjk.qjk) €2, +o0[? are Strichartz admissible
pairs, that is, they satisfy
1 1 1
+ 9
djk  DPjk 2
and they are such that, for 1 < j <4,

1 1 1 1 1 1 1 1
— =t —+— 4+ —=1.
Pj1 Pj2  Pj3  Dja qj1  4j2  {4j3  4j4

Then, for all s > 0, there exists C > 0 such that

—itH

1Ty g uz) lges 2y < Clle™ Mgl poviggsars e H gl o2 para e us | pors pas

+ Clle™ ™ uy || o2 pan lle™ F uy|| praaapsan [l s || pras pars

THH s | prsa pasa e g || possaps.ass,

+ Clle uy| Lo pasi |le
with the notation LPWS9 = LP ([—m /4, 7 /4]; W54 (R?)).
Proof. By duality,
[T (1, ua, u3)llges (m2)

= sup (Hs/zg(ul,UZ,U3),L{)L2(R2)
”u”LZ([RZ):l

=27 sup / * HS 2 (e ™y ) (e uy) (e~ Huy)) (e~ Hu) dx dt.

"u”Lz(R2)=1 % RZ
Then, by Strichartz, for all « of unit norm in L? and for any admissible pair (p4, ¢4),

—itH | \(o—itH |\ TiH —itH
1Ty, zs u3) s oy < Clle™ un) €™ ua) (e Hus)| le™ FullLra Laa

JEANA
< CllEe P upE  uz) @ Hus)l ol

We then conclude using (1-4) and applying the following lemma twice. O

We have the following product rule:
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Lemma 3.8. Let s > 0, then
[ vllws.a = CllullLar [Vl v.qp + CllvlLaz lull, .0
forl <gq<oo,1<qi,qs <ooand1 =q},q, < oo such that
TS TS TS T

¢ a1 4y @ q
For the proof with the usual Sobolev spaces, we refer to [Taylor 2000, Proposition 1.1, p. 105]. The
result in our context follows by using (1-4).

Proof of Proposition 3.6. We only consider (3-11), the other case being similar by the boundedness of S
on LP(R?). For s < 1, we define the space

Z5(v) = {v € 6([—, 7] #*(R*)) : v(0) = 0 and [|v]| zs(r) < D},

with vl zs() = HUHLFE 9 ®2) and, for f € A% (D), we define the operator

K(v)z—i/otg(f+v)ds.

We will show that K has a unique fixed point v € Z°(7).

The case of radial Hermite functions: By Lemma 3.7 with (pj.gjx) = (4,4), we have, forall v € Z*(1),

K@)l zs @) = 21T (S + V)l zs()
—isH 3
= Ct H ”e " (f =+ v)(t)||L4(S€[—7T/4,ﬂ/4])WS'4(R2) HLOO . (3'13)

te[—t.7]

Next, by Strichartz and since v € Z%(7),

le™* 7 (S +0)Oll Lt sepn/a,n/apws 1 w2)
< e™H fll Lacseon/an/apwsa@2) + 1€ FvO | Lagselorn/am/a)ws4@2)
= C(D + [[v(®)llses w2))

<2CD.

Therefore, from (3-13) we deduce
1K) zs(z) < CTD?,

which implies that K maps Z*(t) into itself when ¢ < ¢D~?2 for ¢ > 0 small enough.
Similarly, for vy, v, € Z%(t), we have the bound

IK(v2) = K(i)ll zs(z) < CTD*||v2 — 1| z5(r)s (3-14)

which shows that if 7 < ¢D™2 then K is a contraction of Z*(z). The Picard fixed point theorem gives
the desired result.
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The case of holomorphic Hermite functions: For s < 5, recall that we set p = p(s) = 4/(1 —2s), so
that s < 7 — —. We have

||K(v)||ZS(t) =TS +vlzs@
=Ct(1T S Dlzs TS L0l zs HNT Lo, v)llzs + 1T (w0, )] 29).

We estimate each term, thanks to Lemma 3.7 and Strichartz. The conjugation plays no role, so we forget
it.
For the trilinear term in v,

< —it'H
7. 0.0 = CleT ol ey = Cloly

For the quadratic term in v, for § > 0 such that 2/(3 +§) —|— +1=1,

1T (v, v, )llses = C||e_it/HU||28/3+5(t/e[_,,/4’ﬂ/4])L8/3+3(Rz)||e_it f||Lﬂ(ﬂe[—n/4,n/4])wss1’(RZ)
+ ”e_it,HU”L4(t/e[—n/4,n/4])‘Ws—4([R2)”e_it/Hv||L4(t/e[—n/4,n/4])L4(RZ)
< e fllLaqrelon/am/apri@
< CDI 15 g2-
For the linear term in v, with the same § as above,
1T, £ Nllses < Clle™ Holl ps/sssreronsanpaprssrs@ 167 Hf | sses gretonsanap s+ @)
<N H | Lo relon /o jalywsr@2)
+ ||€_”/HU||L4(ﬂe[—n/4,n/4])°ws-4(R2)||e_”/Hf||24(,/6[_,,/4,,,/4]”4(@2)
< CD vl ).
For the constant term in v,
1TSS Nl < U f 1 508 rermyampaprsrss@lle”™ S Lo ers/am/apwsr@2)
<CD’.
With these estimates at hand, the result follows by the Picard fixed point theorem. O

Approximation and invariance of the measure.

Lemma 3.9. Fix D > 0 and s < 5. Then, for all & > 0, there exists No > 0 such that, for all f € A5 (D)
and N > Ny,

(@) f — PN () Sl Loo =2y ,z 196 R2)) =
where t; = ¢D™2 for some ¢ > 0.

Proof. Denoting for simplicity T(f) = J(f, 1, f),

t
v— vy = —i /O [SN(T(f 4+ )= T(f +ow) + (1= SWT(f + )] ds
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As in (3-14), we get

T

lv=vnlzs@ SCszllv—lelzs(r)Jr/ (1 =SN)T (S + ) |36 w2) ds.
T

which in turn implies, when CtD? < %,

T
o= vnllzem <2 / 1= SA)T(S + 1) s g2y ds.
-1

Choose > 0 so that s +17 < % Then, by the proof of Proposition 3.6, ||T( f + v) ”Lff 90 (R2) <CD?

.T

if T < coD™? and, therefore, there exists Ny = Ny (e, D) which satisfies the claim. O

In the next result, we summarize the results obtained by de Suzzoni [2011, Sections 3.3 and 4]. Since
the proofs are very similar in our context, we skip them. .
Let D j = (i +j /)2, withi, j €N, and set Ty j = >_7_, 11(Dj ). Let
Eni = ON(ET, ) f € AL(Dij+1) forall j €N}
and

;= limsup Ty, I:=J 3.
N—>+00 ieN

Proposition 3.10. Letr 8 > 0; then:

(i) The set X is of full p. measure.

(ii) Forall f € X, there exists a unique global solution u = f + v to (CR). This define a global flow ®
on X

(iii) For all measurable set A C X and all t € R,
px(A) = pu(P(2)(A4)).

4. Weak solutions: proof of Theorem 2.6

Definition of I (u, u, u) on the support of . For N > 0, denote by Il the orthogonal projector on
the space P ,]LO E} (in this section, we do not need the smooth cut-offs Sar). In the sequel, we write
Tw)=Tw,u,u)and Ty (u) = OnT (M yu, Oyu, Myu).

Proposition 4.1. For all p > 2 and all 6 > 1, the sequence (T n(u))n>1 is a Cauchy sequence in
LP(X~Y(R?), B, dp; #7° (R?)). Namely, for all p > 2, there exist § > 0 and C > 0 such that, for

alll <M < N,
/).(—I(RZ)

We denote by T (u) = T (u, u, u) the limit of this sequence and we have, for all p > 2,

1T N (W) = T g )1y oy At () < CM .

1T @)l L2560 @2y = Cp- (4-1)
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Before we turn to the proof of Proposition 4.1, let us state two elementary results which will be needed
in the sequel.
Lemma 4.2. Foralln € N,
400 1 [k 400 k!
> 3 (0) = X st i =
k=n k=n

Proof. For |z| <1 we have 1 /(1 —2z) = Z,’:ﬁ% zK . If we differentiate this formula n times we get

n! R T
(1—2)”+1_];l(k—n)!z ’

which implies the result, taking z = % O
Lemma 4.3. Choose 0 <e < 1and p, L > 1so that p < L?. Then
L <o L2
2L(L—p)! —
Proof. The proof is straightforward. By the assumption p < L%,
!
L <LP< CoL/ 2,
(L-p)!
which was the claim. O

Proof of Proposition 4.1. By the result [Thomann and Tzvetkov 2010, Proposition 2.4] on the Wiener
chaos, we only have to prove the statement for p = 2.
Firstly, by definition of the measure p,

| i 10 = Ta 0y i) = 1T @) =T @D ey (@),

Therefore, it is enough to prove that (7 x(y))n>1 is a Cauchy sequence in L2(Q; % °(R?)). Let
1<M <N and fix @ > % By (1-2), we get

- 1 8n,8n,8n
H %9 —- 16n25n3 g hol’ hol’ hol
N(V) 2a14z(n1+n2_n3+1)a ((pnl (pnz (pn3)
N
- Ty (n1 +n2)! ni8nafns  pal
820 4= omFnz i lnalnyl(ny +ny —n3)! (1 + 1z —ny + 1D TS
Y (D i o
= En18nr8nsz |¢
8'2ap=0 (p+ 1~ 4D mtm gl pl o P

with
Ay ={neN*:0<n; <N,0<n;+ny—n3 <N},

A%)={HEN330§HJ' <N,n+ny,—n3=p} if0<p=<N.
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Therefore,

1780 = Tt e

N -
m? Z 1 Z (nl +n2)!(m1 +m2)!gn1gn2gn3gm1gm2gm3

64-220‘p_0(p+1)2°‘( AT edD 2nitnapmitma pl /niTnytngl/myTmolms!
- n,m M.NZXAMN

where AE\Z’)N is the set defined by

AE\IJJ’)N = {n eN? :0<nj<N,n;+n;—n3=pef{0,...,N} and max{nl,nz,n3,p}>M}.
Now we take the integral over 2. Since (g,),>0 are independent and centered Gaussians, we deduce that
each term in the right-hand side vanishes unless one of two cases holds:

Case 1: (ny,n3,n3) = (my,my,ms3) or (ny,ny,n3) = (my,my, ms).
Case 2: We have one of
(n1,ny,my) = (n3,my,msz), (ny,np,my) = (n3,my,ms3),

(ny,ny,m3) = (my,n3,my), (ny,ny,ms) = (my,n3, mp).

We write

J1TN ) = T2 sy dp = I+ 02

where J; and J, correspond to the contribution in the sum of each of cases 1 and 2, respectively.

Contribution in case 1: By symmetry, we can assume that (ny,n,,n3) = (my,my, ms). Define

B](\fz)N ={neN*:0<n; <N and max{n;,ny,n;+ny—p,p}>M}.

Then

1 ((ny 4 n2)))?
J1=C .
1 ;O(Hp)m (2): 22014m2) plny Ina! (ny +n2 — p)!
- BM,N

In the previous sum, we make the change of variables L = ny + n, and we observe that on B](‘f;)N we
have L > M ; then

e 1 = (L!)?
e Z(Hp)z“ 2 Z22Lp!nl!(L—nl)!(L—p)!

p=0 L>p+M n;=0

1 L!
=Cl i X

p=0 L=p+M
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where we used the fact that Z,flzo (nLl ) = 2L Let &> 0 and split the previous sum into two pieces:

ME 1 +o00 I +o00 1 +o00 I
N=C) a2 = TC X 2. 3L
(L — p)! 2 Lpl(L — p)!
oo Ut = 28 (L =p)t L (L p)* = 25 pi (L — p)!
%8 : Jio = 5> -
<cy —— —— +2C E ————=1J11 + J12,
2 Lpl(L — p)! 2

by Lemma 4.2. For the first sum, we can use Lemma 4.3, since p < M€ < L?; thus

Mée 1 +o00 1 +o00 |
111502:—22 —SCE: <CcMm8,

| L/2 L/2

P=0(1+p)ap'L=M2 L= 2t

Next, clearly, Ji; < CM % because > 5, and this gives J; <CM™ =3,

Contribution in case 2: We can assume that (1, n,,m) = (n3,my,m3). Then, for n, m € Ag\g)N, we

have n, = m, = p. Moreover, by symmetry, we can assume thatn; > M or p > M. Thus,

J’_
J2<CZ Zoo Z (n1 + p)!(my + p)!
>0 1+ p)Za =M+1m;=0 2mEP Y Py lmy ! (p!)?

c >y +z°° X (1 P my P! ey
i =t Ja1 + J2a.
v (1 _|_p)20l ; _Ole: 2n1+p2ml+pn1!m1!(p!)2 21 22

To begin with, by Lemma 4.2, we have

+
Jys=C Z (Z (n1 + p)! )(20:o (my + p)! )
v (1+P)2“ 2mitPpy ! p! o 2mitPmy! p!
= 4C <ceM8,
p>§+l( +p)2ot

Then, by Lemma 4.2 again,

+ +
PR SRR G S UV Y TR )!
2 p>0(1—|—p)2°‘ . 2m+pp ! p! 2mitpPm! p!
= 1

=M+1 m1=0
+o00
1 (ny + p)! )
e —( _mEp)t
; (1+p) n1=%+1 2T Pnyl p!
1 (ny + p)! 1 (ny+ p)!
ey (O ) e B (Y ment
2 ni+py.lpl 2 + I p!
=0 (1 +p) o =M 41 2m nyip: p=Me+1 (1 +P) o =M1 oni pnl.p-
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On the one hand, by Lemma 4.3,

M€

400
1
K, <C S 2—"1/2) <cMm™?
1 (; (1+p)2°‘p!)( 2

ni=M+1

and, on the other hand, by Lemma 4.2, since o > %,

+00 1
K, <C Z T 3. =< CM_S.
ptris (1P

Putting all the estimates together, we get J, < CM ~%, which concludes the proof. O

Study of the measure vy. Let N > 1. We then consider the following approximation of (CR):
id;u =IpNu), (t,x) e R x R?,
u(0,x) = f(x) e X1 (R?).
The equation (4-2) is an ODE in the frequencies less than N and (1 — [Tx)u(z) = (1 —Tly) f for

allt e R.
The main reason to introduce this system is the following proposition, whose proof we omit.

(4-2)

Proposition 4.4. The equation (4-2) has a global flow ®py. Moreover, the measure [ is invariant
under ® y: for any Borel set A C X~V (R?) and for all t € R, n(®n(t)(A)) = u(A).

In particular, if Zy—1(v) = p then, for all 1 € R, Zy—1 (PN (?)v) = .
We denote by v the measure on €([—7, T]; X ~!(R?)), defined as the image measure of ;& under the
map
XTIR?) = 6(-T, T} X' (R?)),

vi> On (1) (V).

Lemma 4.5. Let 0 > 1 and p = 2. Then there exists C > 0 such that, forall N > 1,

Proof. Firstly, we have that, foro > 1, p>2and N > 1,

<C.
Ly =

[ ell 2 e |
Indeed, by the definition of v and the invariance of p under @, we have
lulls 1oz = QDY P vl ppsce = QTP Iy Lp e
Then, by the Khintchine inequality (3-9) and (3-1), for all p > 2,
IV lLpsee = CV/PIVIL2 90 = C-

We refer to [Burq et al. 2014, Proposition 3.1] for the details.
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Next, we show that H 10¢u|l 1 290 HLn < C. By definition of vy,
T7x VN

P 4 _ P
10ty o 0o o) = [ I ON WL di).

- [e([—T,T];X—uRZ)) (®2)

Now, since @ (¢)(v) satisfies (4-2) and by the invariance of u, we have

0012y ppee = fX iy 1TV ONOOD]y o () =27 / TN dutw)

and we conclude with (4-1) and Proposition 4.1. O

The convergence argument. The importance of Lemma 4.5 above comes from the fact that it allows us to
establish the following tightness result for the measures vy . We refer to [Burq et al. 2014, Proposition 4.11]
for the proof.

Proposition 4.6. Let T > 0 and o > 1. Then the family of measures
(WNIN=1 with vN = Zerge—o (un(t);t €[-T,T))
is tight in €([—T, T]; #° (R?)).

The result of Proposition 4.6 enables us to use the Prokhorov theorem: for each 7" > 0 there exists
a subsequence vy, and a measure v on the space 6€([—7, T]; X ~1(R?)) such that, for all 7 > 1 and all
bounded continuous functions F : €([—7T, T]; %% (R?)) — R,

/ F(u)dvn, (u) — F(u)dv(u).
C([-T.TL% = (R?)) C([-T.TL% (R?))
By the Skorohod theorem, there exists a probability space (5, F, P), asequence of random variables (i v, )
and a random variable & with values in €([—7, T']; X ~!(R?)) such that
Lyt €[-T.T))=ZLun,:t€[-T.T)) =vnN,, ZL;te[-T,T])=v, (4-3)

and, for all T > 1,
un, —u p-as.in 6(-T,T]; H T (R?)). (4-4)

We now claim that Zy—1(upn, (1)) = Ly—1(iin, (1)) = p forall t € [T, T]and k > 1. Indeed, for
all t € [T, T, the evaluation map
R :€(-T.TE X '(R?) - X' (R?),
urul(t,-),
is well-defined and continuous.
Thus, for all ¢ € [T, T'], un, (t) and iy, (¢) have same distribution (R;)#vy, . By Proposition 4.4,

we obtain that this distribution is .
Thus, from (4-4) we deduce that

Ly—1(u(@)=pn forall t e[-T,T). (4-5)
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Let k > 1 and ¢ € R and consider the random variable X} given by
X = un (1) = Ro(un, (1)) +i /Ot TN, (uny) ds.
Define X, % similarly to Xy, with uy, replaced by iy, . Then, by (4-3),
Lgpx—1 (YNk) = L, x—1(XN,) = do.
In other words, X k =0 p-as. and uy, satisfies the following equation p-a.s.:
i ()= Rofg )~ [ T ) ds (4-6)

We now show that we can pass to the limit k — +o0 in (4-6) in order to show that # is p-a.s. a solution
to (CR), written in integral form as

t
ii(t) = Ro(ii(t)) —i /0 T (ii) ds. (4-7)

Firstly, from (4-4) we deduce the convergence of the linear terms in (4-6) to those in (4-7). The
following lemma gives the convergence of the nonlinear term:

Lemma 4.7. Up to a subsequence,
TN (in,) — T(@)  p-as. in L*((=T, T]; %% (R?)).

Proof. In order to simplify the notations, in this proof we drop the tildes and write Ny = k. Let M > 1
and write

Tre(ure) =T W) = (T g (ug) =T () + (T ) =T ar () + (Tag ) = Tpr () + (T () = T ().
To begin with, by continuity of the product in finite dimensions, when k — 400,
Taug) = Tar(u)  p-as.in L>(—T, T]; % °(R?)).

We now deal with the other terms. It is sufficient to show the convergence in the space X :=
L2(Q x [T, T]; % (R?)), since the almost sure convergence follows after extraction of a subsequence.
By definition and the invariance of w, we obtain

1T a1 ) — T @) = f

1901 () = T o dic ()
C([-T.T; X1 T

— [ 1T @) - T@OUN [ e ()
X1 (®) Xl

= g _q 2

_ /X ey ITM D =T e i)

— o . 5
=2 /IY_I([RZ) ”JM(f) 'J(f)”%;cr d,LL(f)’

which tends to 0 uniformly in kK > 1 when M — +o0, according to Proposition 4.1.
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The term || T ps (1) — T (1) ||x is treated similarly. Finally, with the same argument, we show

175 i) =T willx = CITr () =T 2950

which tends to O when kK — +o00. This completes the proof. O

Conclusion of the proof of Theorem 2.6. Define f =1(0) := Ro(it). Then, by (4-5), Ly—1( f )=pu
and, by the previous arguments, there exists Q' C 2 such that ﬁ(Q,) =1 and, for each @’ € Q/, the
random variable i satisfies the equation

t
i=f—i| F@d: (1,x)eRxR%. (4-8)
0

Set ¥ = f (2'); then u(X) = 13(5/) = 1. It remains to check that we can construct a global dynamics.
Take a sequence 7 — +o00 and perform the previous argument for 7' = T . Forall N > 1, let X be
the corresponding set of initial conditions and set ¥ = (| ey - Then u(X) = 1 and, for all f €3,
there exists

i € G(R; X1 (R?))

which solves (4-8). This completes the proof of Theorem 2.6.
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We establish an equivalence between the Nirenberg problem on the circle and the boundary of holomorphic
immersions of the disk into the plane. More precisely we study the nonlocal Liouville-type equation

(—A)u=xe—1 in S', )

where (—A)% stands for the fractional Laplacian and « is a bounded function. The equation (1) can
actually be interpreted as the prescribed curvature equation for a curve in conformal parametrization.
Thanks to this geometric interpretation we perform a subtle blow-up and quantization analysis of (1). We
also show a relation between (1) and the analogous equation in R,

(—A)Iu=Ke" in R )
with K bounded on R.
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1. Introduction

A famous problem posed by Louis Nirenberg is the question of for which positive functions K on the
standard sphere (S”, gs») there exists a function # on S” such that the scalar curvature (Gauss curvature
in dimension n = 2) of the conformal metric g = e?*gg» is equal to K. This problem, prescribing the
scalar curvature within a conformal class of manifolds, has stimulated a lot of works in geometry and
analysis. In dimension n = 2 it consists in solving the so-called Liouville equation. More precisely, if
(X, go) is a smooth, closed Riemann surface with Gauss curvature K, an easy computation shows that a
function K (x) is the Gauss curvature for some metric g = e*“go conformally equivalent to the metric gg
with u : ¥ — R if and only if there exists a solution u = u(x) of

—Agu=Ke* —K, on X, 3)
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where A, is the Laplace—Beltrami operator on (X, go) (see, e.g., [Chang 2005] for more details).
In particular, when ¥ = R? or ¥ = §2, (3) reads, respectively,

—Au=Ke* on R? (4)
and
—Agu=Ke*—1 on §% (5)

Singular Liouville equations of the form
m
—Agut=Ke™ — Kgy—2m Y 8, on % (6)
i=1

have a role in fluid dynamics —see [Tur and Yanovsky 2004] — as well as in the study of electroweak
theory or abelian Chern—Simons vortices; see, e.g., [Tarantello 2008]. For the latter cases, singular points
represent zeroes of the scalar wave function involved in the model.

Equations (4), (5) and also (6) have been largely studied in the literature. Here we would like to recall
the famous blow-up result of Brezis and Merle [1991] concerning (4):

Theorem 1.1 [Brezis and Merle 1991, Theorem 3]. Assume that (uy) C L' (), Q an open subset
of R?, is a sequence of solutions to (4) satisfying Ky > 0, |[Kllz» < Ci, and le“ ||, » < Ca for
some 1 < p < oo. Then, up to subsequences, one of the following alternatives holds: either (uy) is
bounded in L°

loc
(blow-up) set B ={ay, ...,ayn} C Q2 such that uy(x) — —o00 on compact subsets of 2\ B. In addition, in

this last case, Kye™* converges in the sense of measure on S to ZlN:1 @84, With a; > 21/ p’.

(2), or uy(x) — —oo uniformly on compact subsets of 2, or there is a finite nonempty

The purpose of this work is to investigate an analogous prescribed curvature problem in dimension 1.
Even if this is a classical problem, it has never been studied so far (to our knowledge) from the point of
view of conformal geometry. In the case, for instance, of a planar Jordan curve (namely, a continuous
closed and simple curve) there is the possibility to parametrize it through the trace of the Riemann
mapping between the disk D? and the simply connected domain enclosed by the curve. The equation
corresponding to such a parametrization is

(—A)2r=ke*—1 in S, (7)

where e*df and ke’ df are the length form and the curvature density, respectively, of the curve in this
parametrization. The definition and relevant properties of the operator ( —A)% will be given in Appendix A.
One of the main results of this paper is the one-to-one correspondence between the solutions to the
Nirenberg problem (7) in S! and the space of holomorphic immersions of the disk D? (see Theorem 1.4
below). This correspondence can be seen as a sort of generalized Riemann mapping theorem.
This permits us to perform a complete blow-up analysis of (7) in the spirit of Theorem 1.1, even if we
do not get exactly the same dichotomy. More precisely, our first main result is the following theorem:

Theorem 1.2. Let (A\;) C L'(S', R) be a sequence with

Ly =My <L (8)
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satisfying
(—A) 2 =kpe™ —1 in S, 9)
where k; € L®(S!, R) satisfies

ikl poocsty < k. (10)

Then up to subsequence we have ke — p weakly in WIL’CP (S'\ B) for every p < oo, where 1 is a
Radon measure, B = {ay, ..., ay} is a (possibly empty) subset of S' and ky *> ko in L®(S). Set
M= (1/2m) /. g1 Ak dB. Then one of the following alternatives holds:

(i) Ay > —oo0ask — 0o, N =1and p = 27 8,,. In this case,

V= A — Ak = Voo in WEP(ST\ {ar)) for every p < oo,

where voo(e'?) = — log(2(1 —cos(f — 91))) fora; = et solving
(—A) 0o = —1 +278,, in S (11)
(i) Ay > —oc0ask — 0o, N =2 and u = 7 (84, + 84,)- In this case,

V= A — Ak — oo in WP (ST {a1, a2)) for every p < oo,

where
Voo (e'?) = =1 log(2(1 — cos( — 61))) — 2 log(2(1 —cos(6 — 6,))), ay =€, ap =€,

solves
1
(=A) 2o = —1 + 78, + 784, in S (12)

(i) |r| < C and p = koo™ + 1 (84, + - - -+ 84y) for some hoo € WI};C”(Sl \ B), with Ao, €~ € L'(S1)
and

N
(—A)2hoo = koo™ — 1+ 784, in S'. (13)

i=1
We would like to stress that we obtain a quantization-type result, namely the curvature concentrating at
each blow-up point is precisely 7, without any assumption on the sign of the curvature (this hypothesis is
crucial in [Brezis and Merle 1991]) and on the convergence of the «. Actually, several works on equations
(4) and (5) have extended the result of Brezis and Merle, showing that, under the crucial assumption
that the prescribed curvatures K; converge in C, the amount of curvature concentrating at each point is
a multiple of 47, i.e., a multiple of the total Gaussian curvature of S?; see, e.g., [Li and Shafrir 1994].
(Also, higher-dimensional extensions were studied under the same strong assumptions of convergence
of Ki in CY or even C!; see, e.g., [Druet and Robert 2006; Malchiodi 2006; Martinazzi 2009b].) In
[Brezis and Merle 1991] the functions K can belong to L?(R), with 1 < p < +o00. We believe that in
the case of the nonlocal Liouville equation (7) the quantization result by 7 does not hold once we replace

k€ L®byk € L? with 1 < p < 4o00.

The fact that we are able to get a quantization result only under the minimal (and geometrically mean-
ingful) bounds (8) and (10) is better understood through the above-mentioned one-to-one correspondence
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between the solutions to (7) and the space of holomorphic immersions of the disk D?. Precisely, given a
solution A to (7) with k € L>(S"), the function e* provides a “conformal” parametrization of a closed
curve y : S' — C in normal parametrization whose curvature at the point y (z) is exactly « (z).

Definition 1.3. A function ® € C'(D?, C) is called a holomorphic immersion if ® is holomorphic in D?
and ®'(z) := 3. (z) # O for every z € D?.

A curve y € C'(S!, ©) is said to be in normal parametrization if |y | is constant, and is in conformal
parametrization if there exists a holomorphic immersion ® € C!'(D?, C) with ®|g = y.

Then we have the following characterization:

Theorem 1.4. A function . € L'(S', C) with L := ||eA||L1(51) < 00 satisfies
(—A)2r=ke*—1 in §! (14)

for some function k : S' — R, k € L>®(S"), if and only if there exists a closed curve y € W>>°(S!, C)
with |y| = L/(2x), a holomorphic immersion ® : D*> — C and a diffeomorphism o : S' — S' such that,
forallz € S', we have ® oo (z) = y(2),

|/ (2)] = @ (15)

and the curvature of ®(S') is k. While ® uniquely determines X via (15), A determines ® up to a rotation
and a translation. Moreover,

|®'(2)] =™, zeD? (16)
where & : D*> — R is the harmonic extension of A.

Figures 1, 2 and 5 provide some examples of curves satisfying the assumptions of Theorem 1.4.
Theorem 1.4 allows us to interpret and reformulate Theorem 1.2 from the point of view of the behavior

conformal
Dy

Jordan curve

Yk
normal
S 1

an

éx R diffeomorphism

S T——
Ok

Figure 1. A domain bounded by a Jordan curve y; and biholomorphic to the unit disk D>
via a map ®; : D?> — C.
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conformal Ve
Dy normal parametrization

Sl

Figure 2. The curve y; can have self-intersections. In this case, ®; : D> — C is a
holomorphic immersion but it is not injective.

conformal Voo
Do normal parametrization

©.

Figure 3. As k — oo the curves y; can generate a pinching phenomenon. In this case,
®; can converge to a constant or, as in this figure, to a holomorphic immersion @

Sl

(singular at finitely many points of d D?) whose image “selects” one of the “components”
bounded by Y.

of the sequences of the curves y; (in normal parametrization) and of the immersions ®; corresponding to
a sequence of solutions to (9); see Figures 3 and 4.

Theorem 1.5. Let a sequence () C LY(S', R) satisfy (8)—(10), let Oy : D?* > Cbhea holomorphic
immersion satisfying (15), and let oy and y, with y, = ®y o oy be as given by Theorem 1.4. Then,
up to extracting a subsequence, there exists an at most countable family J such that for every j € J
there exist a sequence of Mobius transformations fkj : D?> — D? and a finite set of finitely many points
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fe 1 Voo ..
. con orjma normal parametrization
CDOC = llmkﬁ)+oo CDk (@) fk
Sl

Figure 4. Composing ®; as in Figure 3 with suitable Mobius transformations, one can
have &, cover a different “component” bounded by Y. In this figure one can choose
among 4 different components, or choose @, to be constant.

B; = {a{, . .a,];,j} C S! such that

Ve —= Voo in WEP(SY)  and  ®]:=dpofl = &L in WP (D*\ B)),

loc

where p < 00, the &3&, :D?\ B; — C are holomorphic immersions satisfying

(Voo)[S'1=D (DL ).[S"\ B;1,

jelJ

where, for any ¢ : S' — C and differential form w on C,
@is o= [ oo,
s

If)»,i = 10g|(&)£)/lsl | then, up to a subsequence, )»,{ — Aéo in Wl"n(Sl \ Bj), where

loc

J
i

. Nj
(—8) M, = ke —1- 75,
i=1

and/ckofkji\/cgo in L*(S', R) as k — +oo.

(7)

(13)

Theorem 1.5 says that it is always possible, up to the action of sequences of Mobius transformations,

to recover all the connected components enclosed by the limiting curve y., (see in particular (17)). We

will also see that these components are separated by what we call pinched points (see Definition 3.7),

namely (roughly speaking) a pair of points p # p’ € S! such that yso(p) = Yoo (p’). The angle between the

tangent vectors in these pairs of points is shown to necessarily be . This also explains the coefficient

in front of each §,, in (18).
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It would be interesting to compare Theorems 1.2 and 1.5 to the blow-up analysis obtained recently by
Mondino and Riviere [2014] in the case of sequences of weak conformal immersions from $2 into R™;
they study the possible limit of the Liouville equation

~Agu=Ke* —1 on §° (19)

satisfied by the conformal factor of the immersion ® (g¢ = e go) under the assumption that the
second fundamental form is bounded in L?. Also in their case, a sort of bubbling phenomenon occurs
and the choice of different sequences of Mdbius transformations of S permits them to detect all the
limiting enclosed currents. However, the 2-dimensional blow-up analysis differs substantially from the
1-dimensional case: in the 2-dimensional case the area is quantized, namely there is no production of
area in the neck region between the different bubbles, whereas in the 1-dimensional case the quantization
of the length does not hold. Precisely, Mondino and Riviere [2014] show that

%" dy = liminf | ** dv,
s2 k—+o00 S2

whereas in the present situation one can produce examples such that

Z /ekwd9<1iminf/ M do.
,J st k—>+o00 Jg1

“bubbles’

“bubbles”

We insist on the fact that “conformal” parametrizations of planar curves are relevant in different
applications. For instance, they should be one of the main tools of the Willmore plateau problem, of
the analysis of the renormalizing area of surfaces in the hyperbolic space % and of the free boundaries
problem. In particular, for the latter, Da Lio [2015] has observed that there is a one-to-one correspondence
between free boundaries and %—harmonic maps and here we show that the holomorphic immersion ¢ for
which e*® =13¢/30(z)|, z € S, is a 5-harmonic map into ¢ (S").

In forthcoming work, we are going to investigate the topological and differential structure of the
subspace of C Leghy x ¢%«(S') made of solutions (u, ) of the Nirenberg problem in § ! (the Nirenberg
moduli space). The present work should be interpreted as an attempt to describe the “boundary of the
Nirenberg moduli space”. We mention that a nonlocal version of the Nirenberg problem in dimension n > 2
has recently been studied in [Jin et al. 2014; 2015a].

We finally prove a link between (7) and the analogous nonlocal equation in R. Precisely, if u € L 1 (R)
(see (130)), ¢* € L'(R) and u satisfies

(=AY u=Ke" in R (20)

for some K € L™ (R), then A(z) := u(T1(z)) —log(1 +sin z) (where IT: S'\ {—i} — R is the stereographic
projection) satisfies

(—A)2A =K oTle* — 14+ Q2x — [(—=A)2ul1)6_; in S Q1)

Owing to this correspondence from Theorem 1.2, we can deduce the following compactness result in R:
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Theorem 1.6. Let u; € L1 (R) be a sequence of solutions to
2
1 .
(=A)2up = Kpe™ in R

with | Kyl L~ < C and ||e"*|| ;1 < C. Then, up to subsequence, we have Kye"* — 1 weakly in WIL’CP(R\ B)
for every p < 0o, where L is a finite Radon measure in R, B :={ay, ..., an} is a (possibly empty) subset
of R and Ky 2 K in L°(R). Moreover, one of the following alternatives holds:

(1) ulr\ = Kooe"> for some uqy € Wl’p(R B) satisfying
\

loc

N
(—D)2use = Koce"™ + > 78, in R. (22)
i=1

(i) ulpg =0, N <2 and uy — —o0 locally uniformly in R\ B.
In particular, we can deduce the following:

Corollary 1.7. Under the hypotheses of Theorem 1.6, if K; > 0 and
f Kie"* dx < 2m,
R

then either N = 1 and u; — —oo locally uniformly R\ {a1}, or N = 0 and uy — us in WHP(R)
as k — +00, where us, solves
(—A) 2ty = Koge"™. (23)

We will give the proof of Theorem 1.6 and Corollary 1.7 in a forthcoming paper.
An interesting consequence of Theorem 1.4 is a proof of the classification of the solutions to the
nonlocal equation
(—A)lu=¢" inR (24)
under the integrability condition

L:= / e dx < oo. (25)
R
Equation (24) is a special case of the problem
(—=A)"?u=(@n—1)1™ in R", V.= / e dx < oo, (26)

which has been studied by several authors in the last decades (see, e.g., [Chen and Li 1991; Chang and
Yang 1997; Lin 1998; Jin et al. 2015b; Martinazzi 2009a]). Geometrically, if u solves (26) and n > 2,
then the metric ¢*|dx|? on R" has constant Q-curvature (n — 1)! and volume V; see, e.g., [Chang 2004].
All the above-mentioned works rely on the application of a moving-plane technique, in order to show that
under certain growth conditions at infinity (needed only when n > 3) the solutions to (26) have the form

2u

— " xeR 27
I+ 2x—x2 @D

Uy x(x) :=1og
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for some > 0 and xo € R". For the case n = 1, instead of using the moving-plane technique, we will
use stereographic projection to transform (24) into (14), and use the geometric interpretation of the latter
(Theorem 1.4) to compute all its solutions (Corollary 2.3 below). This will yield:

Theorem 1.8. Every functionu € L 1 (R) solving (24)—(25) is of the form (27) for some p > 0 and xg € R.

We also remark that, by changing the sign of the nonlinearity in (24), the problem has no solutions.
More precisely:

Proposition 1.9. Given a function K € L*(R) with K < 0, the equation
(—A):u=Ke" inR
has no solution satisfying (25).

The proof of Proposition 1.9 is a simple application of the maximum principle for the operator (—A) %,
but it is worth remarking that, for n > 4, even solutions to (26) with (n — 1)! replaced by —(n — 1)! (or
any negative constant) do exist, as shown in [Martinazzi 2008].

The paper is organized as follows. In Section 2 we introduce the nonlocal Liouville equation (7) in S'
and we explain its geometric interpretation. In Section 3 we perform the blow-up and quantization analysis

of (7) and in particular we prove Theorems 1.2 and 1.5. Section 4 is devoted to the description of the
relation between equations (7) and (20). Finally, in Section 5 we prove Theorem 1.8 and Proposition 1.9.

Notations. We denote by (x, y) the scalar product of x, y e R". Let h : Q C C — Rand let y : S — C be
a curve. We denote by [ y h(z) |dz| or fy h(z) dO the line integral of & along y. Given z € C, we denote
by M (z) and J(z) its real and imaginary part, respectively.

2. Nonlocal Liouville equation in S!
In this section we study the nonlocal Liouville-type equation
1 u . 1
(—A)2u=«xe"—1 in §°,

where u € L1(S1), (—A)%u stands for the fractional Laplacian and « : S! — R is a bounded function. In
Appendix A we recall the definition and some properties of the fractional Laplacian in S!.

Geometric interpretation of the Liouville equation in S'. The first key step in our analysis is the geo-
metric interpretation of (7). Roughly speaking, such an equation prescribes the curvature of a closed
curve in conformal parametrization.

It is easy to verify that for ¢ € L'(S') we have

(—2)2p®) = Inlp(m)e™ = %( (28)

neZ

@)_8%(@
90 ) 90

where % is the Hilbert transform on S! defined by

H(F)O) =Y —isignn) fme™,  feD'(Sh.

nez
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We recall that the Hilbert transform has the following property, a proof of which can be found, e.g., in
[Katznelson 2004, Chapter I11].

Lemma 2.1. The Hilbert transform ¥ is bounded from LP(S") into itself for 1 < p < 400 and it is of
weak type (1, 1). A function f :=u+iv withu, v € L'(S', R) can be extended to a holomorphic function
in D? if and only if v = ¥(u) + a for some a € C.

Proof of Theorem 1.4. (1) Let ® € C'(D* C)bea holomorphic immersion. Set A := (log |®'|)|¢1. Since
@' : D? — C)\ {0} is holomorphic, ®'|¢1 = e*T¥*+% for some 6 € [0, 27r), where p := #()) is the
Hilbert transform of A. Indeed, by Lemma 2.1, the function f := A + ip has a holomorphic extension
f to D?; hence, e/ is holomorphic in D? and e/ g1 = e/ = "+, But |e/| = ¢* = (|®'|) 1, so that by
Lemma B.1 we have @'/ e/ = ¢/% for some constant 6p. Up to a rotation of ® we can assume that 6y = 0.
Up to such a rotation and a translation, ® is determined by A, and we have

00 ; j
: éz) (2) = ie*@FiP@+i0 (29)
Now let 0
5 (i
5(9) ::/ £ do’.
0 a0’

We have s : [0, 27] — [0, L], where L = ||0®/0360| 11(s1) is the length of the curve d(Sh), and up to a
scaling we will assume that L = 2. Let 6 := s~V : [0, 27] = [0, 27]. One can also easily see that
6 € C'([0, 271, [0, 27]). Then, using (29) and that

§(0) = |/ ()| =M >0, O(s)=e ",
we compute

(s) = %(b(eie(s)) = 0/ (09)i O (5) = g(eie(s))e_x(eiam)‘

Notice that |7| = 1, i.e., the curve y : €/ > ®(e?®)) is parametrized by arc-length and 7 is its unit
tangent vector. Using (28), (29) and identifying s with e’*, the curvature of y is given by
€)= (1), 1)) = [iz(s), S reine" o)
dp(e®)
_ 1)6 (30)
( T (s)
= ((—A)IAE D) + D",

From (30) it follows that A satisfies (14) with k (¢"5®) := (it (s(6)), T(s(8))). Since |k (¢')| = |7 (e'*)] is
in L°(S"), we also have y € W>>2(S!, C).

(2) Conversely, let us assume that A € L'(S') with ¢* € L(S!) weakly satisfies (14) for some x € L>(S!).
By regularity theory, A € WP(S!) for any p < co. We set p := #(1). Let ¢ € W'P(D?, C) be the
holomorphic extension of the function e*+* ¢ Whr(S') and set

d(z) ;= d(w)dw, ze D? (31)
EO,Z
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Figure 5. Plot of the curve % (cos(2s sin0) + i sin(2w sin®))), 6 € [0, 2rr]. It has the
same kind of self-intersections as the curve ®(¢'?) = ez’”’e, whose plot is difficult to
inspect, since |®(z)| oscillates between ¢>* and e~

where X ; is any path in D? connecting 0 and z. Then ® € W2P(D?, C) satisfies (29). From part (1) we
see that « is the curvature of the curve ®(S') in normal parametrization.
Let @ : D? — C be another holomorphic immersion such that |<i>/ (2)| =@, 7 € S'. We claim that

®=e%d+q in D> forsome € R, a € C. (32)
Indeed, the function A := &’/ @’ never vanishes in D? and satisfies

@) _ &M

_ 1
o T e0 - T

|h(z)| =

It follows from Lemma B.1 that / is a constant of modulus 1, say & = €% and (32) follows at once. [J

Remark 2.2. In Theorem 1.4, we cannot expect that ® is a biholomorphism from D? onto ®(D?).
For instance, the function ®(z) := e%* for any a > 0 is an immersion and ® (S 1) has self-intersections
whenever a > r, as is easily seen by writing (see Figure 5)

®(e'”) = e"“*Y (cos(a sin@) +i sin(a sin9)).

Corollary 2.3. All functions » € L'(S') with ¢* € L'(S") that are solutions to
(—A) A =Coe* —1 on S, (33)
where Cy is an arbitrary positive constant, are given by

0 z—ap

01 —az

r(6) =log —log Cy (34)

for some ay in D?.
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Proof. Up to the translation A = A + log Cy we can assume Cy = 1. By Theorem 1.4, the function A
determines a holomorphic immersion ® € C ! (52, C) such that ®(S 1) is a curve of curvature 1; hence,
up to a translation, (S Yy € §!, and therefore it is a Mobius transformation of the disk. From (15) we

infer that A = log|<I>’| st |, and we conclude. O

The following corollary is an easy consequence of Theorem 1.4 and Corollary 2.3:

Corollary 2.4. Let ®, ) and k be as in Theorem 1.4 and let f : D*> — D? be a Mobius diffeomorphism.
Set ®:=®do f, A :=log‘&>/|5|‘ and K :=k o f|g1. Then

J=ho flgi+log|flsi| and (=AY K =ke —1.
Remark 2.5. One can also give an analogous geometric characterization for an equation of the type
(—A)A=ke* —n in S! (35)

with n > 1. In this case there is a correspondence between the solutions of (35) and holomorphic functions
® : D> — C of the form ®'(z) = W(z)h(z), where W is the Blaschke product

n
Z — ag
\Il(z):zl_[ —, al,...,an_leDz,

and h(z) # 0 for every z € D?. In this case, n — 1 =i W -9W¥ /00 = deg V.

Next, we show that the existence of a holomorphic immersion of the disk D? is equivalent to the
existence of a positive diffeomorphism of the disc D?. Such a result can be seen as a sort of generalized
Riemann mapping theorem in the case of closed curves which are not necessarily injective. We start with
the following lemma, giving better regularity up to the boundary of a holomorphic immersion u : D> — C
under the assumption that the curve u|g has a W>*-constant-speed parametrization.

Lemma 2.6. Let u € C°(D?, C) be holomorphic in D* with d.u # 0 in D* and suppose there is
y € W22(S!, C) with |y| constant and a homeomorphism o : S' — S' such that y = uoo. Then
u € W»P(D?, C) for every p < +o0 and d,u(z) # 0 forall z € S'.

Proof. Let zg € S'. Since y(zo) # 0, we can find some p > 0 such that y(S' N B(zo, p)) coincides up to
a rotation with a piece of the graph of a function ¢ € C Le(R) that satisfies ¢’ (u1(xg)) = 0. We may also
assume that u = u; + iu, takes values in the set {(£, n) € R* | n > ¢(&)}. Define

u=uy+it, with ua;:=u, 122:=l42—(p(l/t1).

Claim. The function i, satisfies

?xi (aij 8xjﬁ2) =0 ln B(xo, p) N Dlz, (36)
up, =0 in B(xg, p)NS",
where the matrix
_ 12 <P/(M%)
1+ (¢ 1+ (¢’
(a;j) = /(rp) (u1) (0= (u1) 37)
@' (uy) 1 1

1+ @) T+ @)
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is in L>°(D?) and uniformly elliptic.

Proof. We can write u = @i +i¢(u;). Since, by hypothesis, d:u(z) = 0 for all z € D?, the following

estimates hold:
dzuy = —iozuy,

0z01(z) = —i@ (u1)dzu1 = —¢' (u1)dzu2,
ozuU| +i82122(Z) = _iw/(ul)azuh

l
dsuty = —————0:015(2),
= T gy
. ') .
Bzt = —————0:i1 ().
= T gy @
Therefore,
. A @' (u1) .
Aily = 43(0,0;u) = —43| 0,| —————9; . 38
us $(0,0zu) 9|: z|:1+i(p’(ul) z”2(Z):|:| (38)
Writing

¢’ (u1) 82 (2) = @' (1) Oxiin + @' (u1)dx, 2 + 1Oyl — @' (u1) 0y, U2)
L+ig/(u) ~ L+ (¢")2(ur) 2 ’

we compute the right-hand side of (38) and get

(9" (uy)
Therefore i, satisfies (36)—(37) and the claim is proven. Il

. N . @ (ur) . A .
Alty = —~9|:(3x1 —i0y,) T l [(Ox,tt2 + ¢ (1) 0y, 12) + i (D, lln — </)/(M1)3xluz)]}.

Elliptic estimates imply that i, € W2 (B(zo, r/4) N D?) for every p < +o0; in particular, it is in
C"(B(zo, r/4)N D?) for every « € (0, 1). Now, since i1, > 0 in D? and fi»(zp) = 0, Hopf’s lemma
yields that 9,15 (z9) # 0. Since u = it + i@ (uy), it follows that

dru(z0) = 0,11 (z0) +i0,U2(20) +1i @' (u1(z0)) 0ri1(20) # 0
h\f—/
-0

and, since zo € S' was arbitrary, we conclude that d,u # 0 everywhere on S ! Then, since u is conformal
up to the boundary, we also have d,u # 0 on S'. U

We introduce the set

J:= {y St ¢ | yE w2 |y | constant, and there is W € Cl(ﬁz, C) with detJac(¥(z)) >0, z € D?,
and (W o0)(z) = ¥(2), z € §', for some diffeomorphism o : ! — §! }

Theorem 2.7 (generalized Riemann mapping theorem ). A curve y is in I if and only if there exists a

holomorphic immersion ® : D> — C and a diffeomorphism o : S — S! such that oo = y.

Proof. (1) Suppose that there exists a holomorphic immersion ® : D> — C and a diffeomorphism
o : 8" — S! such that ® oo = y. Then one can take ¥ = &. Therefore, y € 7.

(2) Conversely, let W € C'(D?, C) with V| =y and detJac(¥) > 0 in D?.
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(2i) Consider the pull-back of the Euclidean metric g on R? by W,

hij := (35, W, 9y; W).
Since detJac(y) > 0, we have
¢85 < (hij) < c8ij.
We can write
h=hydx*>+2hdx dy + hy dy?. (39)
Setting z = x + iy, one can write % in the form

h=v|dz+pndz)?

where v is a positive continuous function on U and u is a complex-valued continuous function with
|l oo 2y < 1 0on U. Actually, v and p are given by

V= %(hn + hoy + 2V hy1hay — h3y),

= hiy —ha +2ihy
hit +ho +2Vhi1hy — b,

Moreover, W solves the equation

95V (w)

= in D. 40
30U (w) p(w) in (40)
The function p is the so-called Beltrami coefficient associated to the metric 2. Now we extend u by O
outside D? (we still denote this extension by ). Then there exists a unique homeomorphism & : C — C

(here C = C U {00} >~ §?) which satisfies, in a distributional sense,

825 = u(z) azé: in C

and the normalization conditions

£0)=0, &1)=1§&(c0)=00.

Moreover, & € Wlf)’cp (C) for some p > 2 and 9,£ # 0 a.e. in C. The function & is called a quasiconformal
map with dilation coefficient u (see, e.g., Theorem 4.30 in [Imayoshi and Taniguchi 1992]).
Since & is a homeomorphism, & (S 1) is a Jordan curve.

(2ii) Consider now W := Wo&~!: £(D?) — C. From [Imayoshi and Taniguchi 1992, Proposition 4.13]
it follows that the complex dilatation of W is 0 in £(D?); therefore, 3:W = 0 and W is holomorphic
in £(D?); see [Imayoshi and Taniguchi 1992, Lemma 4.6].

(2iii) Now we apply the Riemann mapping theorem: there exists a biholomorphic map u from D?
onto £(D?). In particular, d,u # 0 in D?. Take ® := W o &~ ou. We observe that det Jac(¥) > 0 implies
3, # 0 in D?. Therefore,

3, D =0, (Wo & Nou+ 05V ot )i =0,(Wo& Nou—+05Wot Nozu =d,(Vo& Ho,u.
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We observe that ® is holomorphic in D? because it is the composition of two holomorphic maps

and 3.® # 0 in D?. From Lemma 2.6, it follows that 3.® # 0 in D? and we conclude the proof of
Theorem 2.7. (|

From the next lemma we can deduce that if y € J then the winding number (or equivalently the degree)
of yis 1.

Lemma 2.8. Let ® € W>P(D?, C) for some 1 < p < 400 be a holomorphic function such that 3,® # 0
in D*. Then
2 ) q)’ aZcD ’
deg<I>:L Md@zl—i—# f(z)dZ:l, (41)
27 Jo |0 P|? 2mi Joi f(2)

where f(z) = ®'(2).

We note that Lemma 2.8 is a direct corollary of Theorem 1.4. Indeed, deg |1 = (1/2m) f g1kl | df =
(1/27) [g1 ke* do but, since (=A)2) = ke* — 1, integrating gives [g1 ke’ df =2m.
Anyway, we provide a direct proof for the reader’s convenience:

Proof. We recall that

1 _inf/0D 0D
D)=z ——-— )= .
(@) =3¢ (ar r80) A
Since @ is holomorphic, we have
0P | 0D
otz 42)
or r 06
Hence,
—0 9 i aNe 00 i9d
'@, _/ 5 (or —ran) 7 (o —F ) .
N —i0 9 i 9D
st /@) S (5 —79%)
9 _id i —i60d
o Gr—rae) (=7 59)
—/;1 70 700 dz (by (42))
r r 90
2090 _ i 9% _ 190
:/ ior2 99 r9rd0  y25%
S1 __l@
r 00
220 )’
. . . 2
=—/ e_’edz—i-/ e araqu dz/ e BQBCD dz (sincer =1on S
S1 S1 _ZZW S! _21W
i [ 5?2;; L[ _gezz?e
—_— —_— r _ —_—
= —27i 2‘/0 @de 2[() a_q)de
3 J
2w 82CI>
= —2mi — f 2899 ag (by (42)). (43)
0 —_—
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On the other hand, we have

2 (i 99D, 32D 2 9932, P 27 (3 P92, D
/ (%%, %) >d9=1/ Bt d9+1/ s (44)
0 |0p | 2Jo 3D 2 )0 3P0
We observe that
27 19, P92 D . 2t 92 ® . 27
1/ 9_—92019:—’-/ Jp ®—2 2d9—’—/ |86 @176 (180 P %) dO
2 0 89<I)89(D 2 0 |89CI>| 2 0
. 21 92 P
:_l_f Gapry (45)
2 0 39CD
It follows that
2 /s 2 27 22
0 ®, 5P 35, P
/ Mo—‘;)cm:—i/ %~ 46, (46)
0 |0p P| 0o 0p®
By combining the estimates (43)—(46), we get
/ 27 52 P 2T (16, D. 92D
/L,f@dz:——i. - d9=_1+L/ (i85 P, 3 P) .
¢1 270 f(2) 2ri Jy  9pd 27 |09 D2

Connection with half-harmonic maps. In this subsection we show an interesting connection between
the solutions of (7) and the half-harmonic maps into a given curve I'.

Let $ = ® € C'(D?, C) be the map given by Theorem 2.7 and set ¢ := ®|q1. Then @ is conformal up
to the boundary, i.e., 3¢ /36 - d¢/3r =0 on S'. Since d¢/0r| _, = (—A)2 ¢, we deduce

¢

(—A)2¢ LTI, e, @-(—A)%:O on @'(S1). (47)

Equation (47) says that ¢ is a %-harmonic map into I' (see [Da Lio and Riviere 2011]).

We would like to recall a characterization of %—harmonic maps of S' into submanifolds of R", which
has been already observed in [Da Lio 2015] and then in [Millot and Sire 2015].

Theorem 2.9 [Da Lio et al. > 2015]. Letue H > (S1, N), where N is a k-dimensional smooth submanifold
of R™ without boundary. Then u is a weak %-harmom'c map, i.e., (—A)%u 1 T,N, if and only if its
harmonic extension it € W2(D?, R™) is conformal, in which case

ot LT,N in 9'(ShH. (48)

Proof. Letue H > (ST, N) be a weak %—harmonic map and let i € WL2(D, R™) be the harmonic extension
of u. Then

1 ~
B = [ \-a)uplazi= [ vaPidzl
St D?
Claim. For every Xe C>®(D?, R?) such that X(z) .z=0forzeS',

(% /Dz|v12(z+tf((z))|2|dz|) =0. (49)

t=0
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Proof of the claim. It has been proved in [Da Lio and Riviere 2011] that, if u is %—harmonic, then
u € C®(S"); in particular, u satisfies

d 1 2
(E /Sl|(—A)4u(z+tX(z))| |dz|)
for every X € C*(S").

Let X € C®(D?, R?) be such that X (z)-z =0 for z € S!. We observe that, forall z € S', Y :=dii- X =
du-X € T,N and

(% /Dz IVii(z+1X(2)) IdZI)

where the last equality follows from (50). U

=0 (50)
t=0

:/ va-vmm:/ arﬂ-Yldzlz—/ (—A)2u-Y |dz] =0,
=0 D2 Sl Sl

From Proposition 2.10 below and the regularity of & up to the boundary, it follows that & is also
conformal in D2, i.e.,
|0y, it = |Ox,it|, Oy it - Oy, it = 0.

. .. . . . ~ 1
Conversely, suppose the harmonic extension # of u is conformal and satisfies (48). Since d,u = —(—A)2u,
we deduce that u is %—harmonic. O

Proposition 2.10 [Riviere 2012, Proposition I1.2]. Let ii be a map in W'2(D?, R™) satisfying
=0, u(x):=ulx+1X(x)),

d =2
(dt /Dzlvml |d2|) .

forevery X € C>®(D?, R?) such that (X (x), x) = Oforx e SY. Then i is conformal in D?.

In the case of %—harmonic maps u : S' — S!, we deduce from Theorem 2.9 the following:

Corollary 2.11. Letu € H? (S!, SV with degu = 1. Then u is a weak %—harmonic map if and only if its
harmonic extension ii - D*> — D? is a Mobius map, namely it has the form

g < —d
1—az

i(z)=é'

for some |a| < 1 and 6y € [0, 27).
3. Compactness of the Liouville equation in S!

In this section we analyze the asymptotics of solutions to (7).

The e-regularity lemma and first compactness result. A key point in the proof of Theorem 1.2 is an
e-regularity lemma, asserting, roughly speaking, that if the L' norm in conformal parametrization of the
curvature (kxe’) is small (less than 77) in a neighborhood of a point, then A — Cy is uniformly bounded
in the same neighborhood for some constant Cy. This result (Lemma 3.3) depends on Theorem 3.2 below.

Lemma 3.1 (fundamental solution of (—A)% on SY). The function

G(@) = —% log(2(1 —cos 9))
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belongs to BMO(S"), can be decomposed as

G6) = %log % YH@), Oel-mnal~S',  with HeCSY), (51)
and satisfies
(—AG=8—-— inS\, / G()do =0, (52)
27 st

and, for every function u € L' (S") with (—A)%u e L'(SY), one has

u-ﬁ:G*(—A)iu::/

G(-— 9)(—A)%u(9) dO for almost every t € st (53)
s1

Proof. The identity (52) follows at once from Lemma 4.3. That G € BMO(S 1 follows from parametrizing
S'=[—m, m]/{m ~ —n}, writing 1 —cosf = %92 + 0(8*) as 8 — 0 and therefore

_ L
21

as & — 0. Similarly, (51) follows from the explicit expression of G, since

G(6) = —5—(log(16%) +log(1+ 0(6%)))

llogi=C-|—10g(1—i—0(t9)2)—>C as 6 —> 0

H(0)=G(0)— - log 17

and H(#) — —(log2)/(2m) as |#| — m, so that H € CO(S").
To prove (53) for u € C*°, we write

w(0) —ii = <51 _ % u> = (—=A)?G, u) = /Sl G(0)(=A)>u(0)do

and, translating, one gets (53) also for ¢+ #= 0. For a general function u € H i’l(S 1), take a sequence
(ur) C C*°(S") with
we—u, (—A)ug— (—A)Zu in L'(SY),

which can be easily obtained by convolution. Then

u E6H uk:f G(.—Q)(—A)“'uk(G)dy&/ G(-—6)(=A)' (6) de.
S1 l

S

the convergence on the right following from (51) and Fubini’s theorem:

J

as k — oo. Since the convergence in L' implies a.e. convergence (up to a subsequence), (53) follows.

dt < |G|l snll(=A) ux — (=A) ull 151y — 0

f Gt —OD(—=A) ux(0) — (—A)'u(®)1do
S]

The last claim follows at once from the explicit expression of G. g

The following theorem, which is a generalization of Theorem I in [Brezis and Merle 1991], is a sort of
Moser—Trudinger inequality and it is crucial for proving Lemma 3.3.
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Theorem 3.2. There exist constants Cy, Co > 0 such that, for any ¢ € (0, ), one has

Ci< sup ¢ / Ol gp < €, (54)
u=Gxf sl
1F 11 s, <1
and, in particular,
C < sup e / Ol gg < ;. (55)
ueL'(sh: st

1
(=) Zu—at]| 1 g1, <1
for some a€R

Proof. Clearly the second inequality in (55) follows from the second inequality in (54) and (52). Let us
now prove (54). Given f with || f|[1s1) < 1 and setting u = G * f, we get

1 t+m T t+m
|u(t)|:‘;/ 1og(|9 )f(e)d9+/ H(@—t)f(@)d@‘

t+m
<1 lo <|9” )|f(9)|d9+C

T t—m

With Jensen’s inequality and Fubini’s theorem, and using that || f|[,1 g1y < 1, it follows that

P ~ T _ t+m
f e(na)lu(z‘)uldt<cf exp(u/ lo < T )|f(9)|d9)dt
_” T Ji_x |9
t+m
< £ log —— 0)| do dt
- f_f_ exp( o " )If( )

7 1-£
=C/ | f(0)] <L) dld@fg. (56)
- —z \ 10 —1| €

This proves the second inequality in (54).
To prove the first inequalities in (54) and in (55), fix € € (0, ), choose (f) C C*®(S') nonnegative
such that fi — Jp weakly in the sense of measures with || fil[1(s1) = 1, and let uy solve
1 . . L . 1 -
(=A)2uy = f = in S, u,=0.

Such uy can easily be constructed using the Fourier formula for (—A)%; see (123). Then, by Lemma 3.1,

1 t+m T
|uk<r>|z/ G(r—e)fkw)dez—f lo ( )fkw)de c.
s! T Ji—w |60 —

Multiplying by 7 — &, exponentiating, integrating on S! and taking the limit as k — oo, one gets

1 (" T—e [T 7T
lim | 79Ol gt > lim —/ exp —/ log fe(0)do
k—o0 Jgi k—oo C J_, T —m |9 t|
b 1-£ C
|f| C J_\|tl €

which proves (54) and also (55), since u; = 0. O
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Lemma 3.3 (¢-regularity lemma). Let u € L'(S") be a solution of

(—A)u=rke' — 1 (57)
with k € L®(SV), e* € L'(S") and A = ||k e" | 1. Assume that, for some arc A C st

/|K|€ do <m—¢ (58)
for some & > 0. Then, for every arc A’ € A with dist(A¢, A") =6,

lu —ullLoan < C@6, €, A). (59)

Proof. Set f := (—A)%u. We split f = fi + f2, where

fi=ke'xa, fr=Ke"xae.
Let us now define
u;(t) ;= Gx* fi(t) :/ Gt—-0)f;0)do, i=1,2,
Sl
where G is as in Lemma 3.1. From (52) and (53) it follows that
u—u=Gx*ke"—1)=Gx(ke") =u; +u».

Choose an arc A” with A’ € A” € A and dist(A”, A°) = dist(A’, (A")¢) = %8. With (51) we easily
bound
luzllLcary < C1 = Ci(A, 95). (60)

It follows from (58) and Theorem 3.2 that [e!“!!|| Lr(sty < Cpe for some p > 1 and, consequently,
also e < C. Then, for t € A’ we have

u (1) < f Gt —0) (|| @ 2O+t _ 1) go
A

§||K||Lw<ecl+u/ G(r—@)eul<">d9+/ G(z—@)e“<9>d9+c)
A// A\A//

<cC. (1 )
where in (1) we use that G € L9(S") for g € [1, 0o) and in (2) we use that G € L®(A’ x (A\ A”)). O

Lemma 3.4. Let 1 : S' — S! satisfy (—A)%)\ e L'(S") and let X be the harmonic extension of A to D?.
Then
~ 1
VAl Lo p2y < CI(=A)2A] L1sy) (61)
and, for any ball B, (xy),

1 ~ ~
— / |V)\.| dx < C”VMlL(Z»OO)(B,(xo)ﬂDZ)- (62)
B, (xg)ND?
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Proof Let : S' — §! satisfy (—A)%k e L'(S") and let X be the harmonic extension of A to D2. Then
we can write

- 8)1 1
k(x):/ G(x,y)a—(y)dyzf G(x, y)(=A)2A(y)dy, (63)
s1 Vv s1

where G is the Green function associated to the Neumann problem. It is known that V,(G(x, y)) is in
L2 (S1) (see, e.g., [Kenig 1994]). Therefore, VA(x) € L?°(D?) as well and (61) holds.
The proof of (62) follows from O’Neil’s inequality [1963]
f VAl dx < llxall oo VAl Le ) = VIAIIVA o)
A
for any A C D?. O

Theorem 3.5. Let (A;) be a sequence as in Theorem 1.2 and let (dy) C C'(D?, C) be holomorphic
immersions with h(z) = log |®) (2)| for z € S! and @, (1) =0 (compare to Theorem 1.4) Then, up to
extracting a subsequence, the set

B::{aeS1

lim limsup/ k| dO > n} ={ay,...,ay) (64)
r—>0%t koo JB(a,r)nS!

is finite and, for functions v, € L(st, R) and @ € W1’2(D2, C) we have, for 1 < p < o0,

Mo—hi = v in WEP(S'\B), k= 2i A do, (65)
T Jsi

and
O —~ doy in WP (D*\ B,C) and in W"3(D?, C). (66)

Moreover, one of the following alternatives holds:

(1) The sequence (L) C R is bounded and ®« is a holomorphic immersion of D*\ B (i.e., it is
holomorphic in D? and 3, ®, # 0 for z € D*\ B).

(2) Ak — —oo locally uniformly as k — +00 and @, = Q for some constant Q € C.

Proof. The sequence of measures |«i|e** d6 on S ! is bounded (for the total variation norm); hence,
up to extracting a subsequence, we have |k;|e** dx %~ i weakly in the sense of measures for a Radon
measure 4 € M(SY). Let B:={a € S' | u({a}) > ). Then B is clearly finite, say B = {ay, ..., ay}, and
is characterized by the first identity in (64). Indeed, if 1({a}) > 7, then for every r > 0 and ¢ € C°(S")
supported in B(a,r)N S! such that 0 < ¢ < 1 = ¢(a) one has

lim sup/ lkele™ do >limsup | |kxl|e™* o do = / pdu>mnp(a) =m,
B(a,r)nS! St St

k— 00 k— 00

and, conversely, if u({a}) < m, then w(B(a, ro) N S1) < 7 for some ro > 0; hence, taking ¢ € cosh
supported in B(a, ro) N S'with0<¢ <1and ¢ =1 on B(a, ro/2)N S!, one gets

lim sup/ |/<k|e)"‘ df <lim sup |/ck|e’\kg0 do = / odu < u(B(a,ry) <m.
B(a,rp/2)NS! st N

k— 00 k— 00



1778 FRANCESCA DA LIO, LUCA MARTINAZZI AND TRISTAN RIVIERE

We now show that for every compact K C S'\ B there exists a constant cx depending on L and & in
(8)—(10) such that

e Loy < i (67)
and

e — Al ooy < ckc- (68)

Indeed, cover K with finitely many arcs A; NSy such that

kx|l dO < 7.
A;NS!

From Lemma 3.3 it follows that A; — A is bounded in each A;, and (68) follows. Moreover, considering
that || || ;.1 sy =Lk = L, it follows that A; and A are bounded above, and this proves (67). Now, writing
A — Ak = G * (kge™ — 1) as in (53) of Lemma 3.1, we can bootstrap regularity and obtain that A, — A is
bounded in WP (K) for every p < 0o, and (65) follows from weak compactness.

Let ):k be the harmonic extension of A;. From (68), (61) and (62) we get

Ak — )_Lk||Loo(3(Dz\U1{v=lB(ai’5))) <Cs forevery § > 0;
hence,
(e — i) is bounded in W7 (D?\ B). (69)

loc

Since @, is harmonic and conformal,
f Ve < 3L (70)
D

Since @ (1) = 0, it follows that the sequence (Py) is bounded in W12(D?) and, up to a subsequence,
) — Oy weakly in W12(D?), where @ is holomorphic.
From (16) it follows that |V®| is bounded in Wlf)’cp (S'\ B), so ®; is bounded in Wli’cp (S'\ B) and

up to a subsequence one gets & — P in Wli’cp (D' \ B), as desired.
Further, if Ay — —oo then (69) yields V&, — 0 uniformly locally in D? \ B; hence, @, is constant.
Similarly, if A > —C then |V®y] is locally uniformly lower bounded on D?\ B; hence, V®y, # 0

in D>\ B. O

Blow-up analysis. In this section we associate to a sequence (Ay) satisfying (8)—(10) a sequence of curves
(yx) C W22 (S!, C) with bounded lengths Ly < L, curvatures bounded by i, and |yx| = Ly /(2m); a
sequence (®y) C C 1(D?, C) of holomorphic immersions such that [(P})[si1| = e and a sequence of
diffeomorphisms oy : S I 5 ST such that ®; ooy = ykx. Up to a translation we can assume that (1) =0
and, by the Arzela—Ascoli theorem, ¥, — o in C'(S', C) for a curve yo € W22(S!, €).

Notice that (®;) and (Ay) satisfy the hypothesis of Theorem 3.5 and, up to a subsequence, we
can assume that (65) and (66) hold for a finite set B = {aj, ..., ay} and functions vs € L'(S', R)
and @, € WI2(D?, C). Moreover, either (1) or (2) in Theorem 3.5 holds.
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We introduce the following distance function Dy : S' x §' — R*:

Di(q,q")
1 1
=inf{(/0 | DL (Ar(0)) | A ()] dr) ‘Akewl%[o 11, D), Ar(0)=0x(q), Ax(1)= ak(q>} (71)

It is well known that the infimum in (71) is attained by a path Ay such that |® (Ax(#))|| A} (¢)] is constant.
For such a path we then have

1 1 1
(fo |<I>;<<Ak(z)>|2|A/<r>|2dz) =/0 |¢;<Ak<r)>||A;<z>|dz=:/ |D(2)] 1zl

Ay
In the sequel we sometimes identify the parametrization of a curve A with its image.
Proposition 3.6. (1) The function Dy is Lipschitz continuous with ||V Dy||L~ < 1 and it converges
uniformly.
(2) The infimum in (71) is attained by a curve Ay in normal parametrization such that the curvature of

@ o Ay is bounded by || k|| 1.
Proof. (1) Letq, q', G, g’ € S'. The following estimate holds:

~ ~/

Di(q,q") < Di(q, §") + larc (v (q), vk (@) + larc (v (g, ve(@ )| < Di(G. G+ 1g — Gl + 19" — 4l

where arc( -, -) is the shortest arc between two points. By exchanging (¢, ¢’) and (¢, ¢'), we get that

|Dk(q.9") — Di(q, ) <lg—ql+1q" =4I,
and we conclude.
(2) For a geodesic A with respect to Dy, the curve ®; o A is a geodesic in C under the constraint
that & o A C ®x(D?). This must be a union of segments (contained in ®;(D?)) and arcs of the curve yg,
where the segments touch the curve y; tangentially. Hence the curvature of ®; o A is bounded by ||« || .
This completes the proof of Proposition 3.6. U

We give next the definition of a pinched point for the curve y.

Definition 3.7. A point p € S! is called a pinched point for the sequence (y;) if there exists p’ € S, p # p/,
such that limy_, ;o Dr(p, p’) = 0. We call p’ the “dual” of p and we will show in Lemma 3.12 below
that this dual is unique. We denote by % the set of the pinched points of Y.

Remark 3.8. The definition of pinched point is independent of ®; and oy in the sense that if O = Pro Jr
where fj : D?* — D? is a Mébius transformation, and if 6 = fk_1 o oy, then

11m / |DL(AM)]|A (1) dt =0 — 11m / |CI>k(A(t))||A(t)|dt

Proposition 3.9. Assume that we are in case (2) of Theorem 3.5, i.e.,  — Q in ClOC (D? \{ai,...,an})
for a constant Q € C. Then N € {1,2}. If N = 2, let €, and 6_ be the connected components
of S'\ {a1, a»}. Then ak_l — p* locally uniformly on €., where p*, p~ € P are dual. Moreover,
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0 = Yoo (pT) = Yoo (p7) and yoo(p) = =Yoo (p7), and ixe* 2> 70(84, + 84,) and vy = kg — A = Voo
in Wlt’cp (S! \ {a1, a2}), where v, solves (12). If N = 1 then vy — v that solves (11).

Proof. By Theorem 3.5 we have Ay — —oo and A, — —oo uniformly locally in S'\ B = {ay, ..., an}.
In particular, since the signed Radon measures ke dx are uniformly bounded, we have p; =  for a
Radon measure supported in B, which we can then write as u = Z,N: 1 % 84;. Moreover, since

/ Kkekk do =2,
N

we infer that 3% | o; = 2.

Let us assume that N > 2. We want to prove that o; = 7 for every i, so necessarily N = 2. In order to
prove that o; = 7, up to a rotation we can reduce to proving that oy = v and assume that a; =i. We
can also assume that N =2 and a, = —i. If this is not the case, it suffices to compose ®; with Mobius
diffeomorphisms f;(z) = (z —itx)/(1 +itxz) with #; 1 1 slowly enough that CIDk = @ o fi is still as in
case (2) of Theorem 3.5, with B = {a; =i, a, = —i}.

Then let & be as above, with ®; — Q in Wli’cp(ﬁ2 \ {i, —i}). Set

Vi(z) = e_i"(fbk(z) — ®(0), v =log|V/lsi| = At — A
By Theorem 3.5 we have
Uk — Voo in WRP(SU\ {i, —i}) and in F'(SV),

loc
where v solves

(—A)Ive = a8 + 27 —a)s_; — 1 (72)

for some « € R. Similarly, V;, — V4 in Wli’cp (D? \ {i, —i}). Solutions to (72) can be computed explicitly

using Lemma 3.1, so that

o . 27—«
= log(2(1 —sinB)) — =

Notice that, writing z = x + iy, for z = e'? € S! we have

Voo (€'?) = — log(2(1 + sin6)).

2(1—sin@) =x>+y>—2y+1=1|z—i|?

and, similarly, 2(1 4sinf) = |z +i |>. In particular, v, can be extended to a holomorphic function

27—«

o
T

2
The estimate (69) together with (16) implies that

D00(2) 1= —5— log(lz —i[%) — log(lz+il%), ze D*\{i, —i}. (73)

¢;' <|V/|<c; on D*\(B(i,8)UB(~i,8)) forevery § > 0.

Therefore, Vi — Vo as k — 400 in Wli’cp (D*\{i, —i}), where V4, is a conformal immersion of D?\ {i, —i}.

Moreover, still using (16), from (73) we obtain

1
|Z_l'|ot/n|z_|_l‘|2—oz/n'

Vo@D =
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Since V/ is holomorphic in D?, up to a rotation (i.e., multiplication by a constant ¢/%) we obtain

/ — 1 — ) dZ
Voold) = e iy V= /0 (z =)/ (z+i)?-o/m

Up to possibly switching i with —i, we may assume that @ < w. The function V, is also known as
the Schwarz—Christoffel mapping! and sends the two arcs €., €_ C S' joining i and —i (chosen so

that £1 € €..) into two parallel straight lines if « = 7 and into two half-lines meeting at V (i), forming
an angle of m — « there if @ < 7.

Claim 1. As k — oo we have o' — p* in LX.(6.), where p*, p~ € S' with p* # p~.

loc

Proof. Notice that ®; — Q in Wli’cp (D? \ {i, —i}) implies that

-1
doy,

29 — 0 uniformly locally in S'\ {i, —i} as k — +o0.

This proves the first part of the claim. Assume for contradiction that p* = p~. Set pki = ok_l (£1) — p*.
By assumption, |arc( p,j, P )| — 0 (here arc( p,j, Py ) denotes the shortest arc connecting p,j to py ).
Since oy is a diffeomorphism, oy (arc(p,j, Dy ) contains either S'NB(i, 8) or S'NB(—i, 8) for small § > 0.
Suppose it contains S' N B(i, §). Then

A AL ; Ly + -
et do = | Dy (e)|db < |Vl d0 = S—larc(py, p )l — 0 (74)
S'NB(i.8) SINB(i.8) arc(p;” pp) 27

as k — oo. This contradicts that i € B and concludes the proof of Claim 1. O
Claim 2. p™* is a pinched point and p~ is dual to it.

Proof. Let p,ﬁc = akfl(jzl) be as above. Consider the path
A =arc(og(p™), ) Uarc(ox(p™), =) U[—1, 1],
where [—1, 1] is the segment in D? joining —1 to 1. Since, as k — 0o, we have

Lylarc(piE, p®)|

f |®, (') d6 = / 7| d6 = -0 (75)
arc(ox (p£),£1) arc(piF, p*) 27

and
/ 1@} [dz] <2 sup &} [dz] — O,
[—1,1] [—1,1]

we immediately infer that
| 1il1dz1 - o
Ak
hence, p* is dual to p~. This proves Claim 2. O

1Up to composition with a conformal transformation, since Schwarz—Christoffel maps are usually defined on the half-plane
{z € C: Nz > 0} instead of the unit disk.
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or(pp e

or(py) =—
7e(Py)
ve(pi) \
Ve(pp e %) = yi(pfe™)
Figure 6. Case 1 in the proof of Proposition 3.9.
Now,
Dy (£1) D (£1)

2r 90 90 WoolED 3, 5 @)

- o e N 1 .

Lk Vk(pk) |8c1>k(i1)| ek M (ED =i 96 ¢ to(l) as k—o0 (76)

In particular, denoting by (v, w)” the angle between two vectors, we have

Voo (1) 8Vc><>(—1))A
90 80

V(PO (o N — ( =a. (77)

We consider different cases:

Case 1: 0 <o < m. Since p,fc — p*and ptis pinched to p—, and since

V(PO =y (PO < Di(pyl, pi) < Di(p™ p)+ (IarC(p L P Flare(p™, p)I) =0 as k— oo,

taking (77) and the bound k on the curvature of y; into account we see that for positive numbers 8,:!: —0
(as k — o0) we have

- .
ve(p e ) = yi(pye %), (78)

i.e., the two curves 1 — yi( p,ﬁcei"’ ) cross in short time (see Figure 6).
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Because Ski — 0, we have
Le(8; +87)
2

Now let Ay :[0,1] — D? be a geodesic realizing the distance on the left-hand side of (79). Then (78)
implies that ®; o A is a closed curve (nonconstant, since p,;'re"‘sk+ %= p,:e_i‘s; for k large), so that the

Dk(p,jeisg, pre %) < Di(pf, )+ — 0 as k— oo. (79)

integral of its curvature is at least v (see Lemma 3.10 below). On the other hand, Proposition 3.6 implies
that the curvature of ®; o A is bounded by « and, since the length of this geodesic is going to 0 according
to (79), we get a contradiction.

Case 2: o = 0. Similarly to case 1, if the curves y;( p,fei"’ ) cross for small times (S,it — 0, we conclude
as before. If not, we can at least say that, up to a rotation of the axis,

Voo(D?) ={x +iy:y <0} (80)
and that, for small times 5ki — 0,
ot -
Ry (pfe®)) = R(ye(py e %)) (81)
and, without loss of generality,
o -
S (pie®)) > S(y(p e %)), (82)

where, for x, y € R, we use the notation 3 (x +iy) = x, J(x +iy) =y (see Figure 7). Moreover, since
the curvature of y is uniformly bounded and 5ki — 0, using (76) and (80) we infer?

. PPEE .
ve(pre)  wi(pp)

i (piEeide)] (PO

+o(1)=—1+o0(1), (83)

i.e., the curves t — y( p,ﬁceiit ) at the time ¢t = (S;E are almost horizontal and pointing into opposite
directions (notice the change of orientation between the curves ¢ — y; (') and t > y; ( Di e~'")). As before,
(79) holds, so let Ag : [0, 1] — D?*be a geodesic realizing the distance in (79), with Ag(0) = yi( p,:re"‘sk+ )
and A(1) = yi(p e
satisfies | A (f)| = 1. Since the map Py preserves the orientation, from (83) we infer

« ). Up to a reparametrization we can assume that Ap:=®r0A,:[0,L]— C

S(AR0) <0+0(D), (A1) = 0+0(D),

i.e., up to o(1) — 0 as k — oo we have that Zk(O) points downwards, while Zk(l) points upwards. Now
using (81) we see that the curve Ay has total curvature at least %T[ —o(1) (see Lemma 3.11 below), again
contradicting Proposition 3.6 and (79).

Case 3: o < 0. Let A be the straight segment in D? (seen as a smooth path) joining —1 to 1. Since
A C D>\ {i, —i} we have that V, o A — V4, o A and, by the explicit form of Vs, we deduce that the
unit tangent vector of the curve Vs, o A describes an arc in ' of length at least |«| + 7 (we are using

+ +ist

PN . .
* i) ) denotes the derivative of the curve f — yj (¢'?) evaluated for ¢!/ = p; €~ °k and not the derivative

2The symbol yy (p;"e
of the curve t — y (p]:(tei”) evaluated for r = 8;(':.
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T
Ok (Pk e )

or(p) =—1

Dre
Py

et
n(pie™) ()

Figure 7. Case 2 in the proof of Proposition 3.9.

that A touches S' perpendicularly and V,, is conformal). This implies that, for k large enough, any
C! curve of the form ®; o A for a curve A € C!([0, 1], D?) with A(0) = —1 and A(1) = 1 has a unit
tangent vector describing an arc of length no less than || — o(1). If such a curve minimizes Dy, since, by
Proposition 3.6, its curvature is bounded by «, its length cannot go to zero as k — co. But this contradicts
that p™ and p~ are pinched points, since, if Ay is a geodesic minimizing Dy (o (p™), ox(p™)) (with
length going to 0 since p™ and p~ are pinched), then joining A; with the two arcs arc(oy ( pi), +1) and
using (75) one would obtain paths joining —1 to 1 of Dy-length going to 0.

The only case left is « = 7, which completes the proof of Proposition 3.9. g
In the proof of Proposition 3.9 we have used the following:

Lemma 3.10. Let A € W2([0, L], C) be a curve satisfying |A(t)| =1 for every t € [0, L] and

A0) = A(L). Then
L
/ |k (t)|dt >,
0

where Kk is the curvature of A.



BLOW-UP ANALYSIS OF A NONLOCAL LIOUVILLE-TYPE EQUATION 1785

Proof. Let 6 : [0, L] — R be a continuous function such that A(¢) = /@ for 7 € [0, L]. Then it is easy
to see that & = «. We have 6([0, L]) =[0-, 6+] C R for some 6_, 6, € R. Assume now that
0. —60_<m (84)

and set

0:=104-0-), vi=e".
Then, since |0(¢) — 0] < %n for every t € [0, L], we have

L (A®),0) = (AW, v) = (0, ) 20,

with equality possible only for a proper subset of [0, L], where |9 (¢) — 6| = %n. But this contradicts that

A(0) = A(L). In particular, (84) cannot hold, and we get
L L
/ |K(l)|dl:/ |0(t)|dt > 0scO =60, —0_ > . O
0 0

Lemma 3.11. Let A € W2°([0, L], C) be a curve satisfying |A(t) = 1| for every t € [0, L]. Assume that

NR(A0) =R(AL)), S(A0)) < I(A(L)), (85)
and that for some (small) ¢ > 0 one has
J(A0) <& and I(A(L)) > —e. (86)
Then
L
/ k()| dt > T — Ce,
O 2

where K is the curvature of A and C is a universal constant.

Proof. Let 0 € Whoo([0, L], R) be as in the proof of Lemma 3.10. Then (85) implies that for some
1, t, € [0, L] one has %(e?™) < 0 and R(e?™) > 0 (otherwise A would always be pointing right,
or always left). Condition (86) implies that J(?®) < ¢ and J(e? D)) > —¢. Then we immediately
infer that the oscillation of 6 is at least %71 — C¢ and we conclude as in the proof of Lemma 3.10, using
that « = 6. g

Next we prove some properties concerning the set %:

Lemma 3.12. Let pT and p~ be dual pinched points and assume that oy (p*) = +1. Then ®y is as in
case (2) of Theorem 3.5, B = {ay, ay} and +1 & B. Moreover, every pinched point p has only one dual p’
and |arc(p, p")| = C/k.

Proof. Let us start with the first claim. If ®; is as in case (1) of Theorem 3.5, then

/ |q);((z)| |dz| = C forevery Ap with Ap(0) =—1, Ax(1) =1, (87)
Ak
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in contrast with the fact that p™ and p~ are pinched. Thus we are in case (2) of Theorem 3.5 and,
by Proposition 3.9, we have N € {1, 2}. Assume now that a; = 1 = oy (p™) (the reasoning is similar
if a; = —1). Then we compose ®; with the Mobius diffeomorphism f;(z) = (z — ) /(1 — t,z), where
tr 1 1 is chosen so that for a fixed small § > O we have, for k large enough,

/ @y 0 fi) (2)] |dz] = 21 (88)
SlﬂBa(l) K

In other words, the effect of f is to stretch the disk to remove the concentration at the point a; = 1,
concentrating the disk towards —1. Then &Dk := ®; o fi is necessarily as in case (1) of Theorem 3.5.
Moreover, the corresponding oy := fk’1 o oy still satisfies 63 (pT) = %1, since f; leaves %1 fixed. This,
together with (88), contradicts that p* and p~ are pinched, since, by conformality and convergence of &y,
in a neighborhood Bj/>(1) we have |d~>;€| > C; hence, (87) holds with &, instead of ®. Therefore, going
back to the original maps &, we have proven that £1 ¢ B.

To rule out the case N = 1 it suffices to observe that in this case oy (p™") and o4 (p~) would belong to
the same connected component of .S 1 \ B; hence, since @y is as in case (2) of Theorem 3.5, we would get
larc(o ' (1), o' (1))| — 0, which is absurd, since o, ' (£1) = p* and p* # p~.

Claim 1. Every pinched point p has a unique dual p'.

Proof. It suffices to prove that, given any pinched points p™ and p~ dual to each other, Yoo (p1) = — o0 (p7)
(since then a third point p dual to p* would be also dual to p~, whence Y (p) would have to coincide
both with y(p™) and its opposite, which is impossible). Let us therefore consider two pinched points
pT and p~, dual to each other. By considering &Dk = &0 fr and 63 = fk_1 o oy for suitable Mo6bius
transformations f, we can assume that 65 (p=) = £1. Then, by the previous part of the lemma, ®; blows
up at two points a; and a5 different from &1. To such a ®; we can then apply Proposition 3.9 with 6.
being the connected component of S "\{a1, az} containing £1. We then infer that o (p™) = — Yo (p7). O

Claim 2. We have |arc(p, p’)| > C/k.

Proof. This follows from the fact that both arcs s¢; and s4; joining &; (p*) = %1 contain a blow-up point,
aj or ap, so that

/|;zk|eik Idzlz/ licle™ |dz| = 7 — o(1). 0
A Sie(sdy)

This concludes the proof of Lemma 3.12. 0
Lemma 3.13. The set P is closed.

Proof. Let {p,} and {p, } be a sequence of pinched points and their duals, respectively, with p, — peo
and p, — p. as k — +oo.

We first observe that |p, — p,| > C > 0forall n > 0, 80 pso # pls.

For each p, there exists a curve A, ; € D? with A,k ={ok(pn), o (p),)} and

lim |®,(2)| |dz| = 0.

k—+o0 An X
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Since yx — Yoo in C'(S') as k — 400, we have

limlim 17 ()] dt =0,
— 400 n—+00
arc(pn, Poo) (89)
lim  lim I ()] dt = 0.
k—+o0 n—>+00 afC(p;,,péo)

We set

Ap = Ay Uarc(ox(pn), ox(poo)) Uarc(ox(pr), ok (Pso))-

For all k, we have An,k — Aoo,k as n — +oo with 8&;{,00 = {0k (Po), 0k (PL,)} and, since @y o o = i
on S! from (89), we have

li D, dz| = i li D, dz|=0.
Jim Akml (@lldz| = lim  lim AMI (@) dz|
Hence po is by definition a pinched point and p_ is its dual. U

We now introduce the following equivalence relation on the set S'\ {#}:

Definition 3.14. Given p, g € S'\ {?}, we say that p ~ ¢ if and only if there exists a sequence of paths
A 1 [0, 1] — D?* with Ax(0) = or(p) and Ay (1) = ox(g) such that

liminf di (Ag, 0x(P)) > 0, (90)
k—+o00

where d; : D? x D* — R™ is the distance defined as

1 3
di(z, w) :inf{(/ |q>;(A(z))|2|A(z)|2dt) ‘A e Wh2([0, 11, D%, A(0) =z, A(l):w}.
0

Proposition 3.15. Let g € S' \ {P}, and let Ay and B, be the equivalence class and the connected
component containing q, respectively. Then B, C .

Proof. Let g € S'\ {?}. We show that Ay NB, is open and closed in B,
(1) dy NRB, is open in RB,: Choose § > 0 small enough so that ellq e SU\ {P} for t € [-28, 28] and

T
f [P ()] ldz] < —. 1)
oy (arc(e=28 g, e q)) 2Kk

Now set g = e %q, g1 = g and ¢» = ¢/®g. Let f; be the sequence of Mdbius transformations of D>
such that 64 (go) = 1, 61(q1) = e¥*'/3 and 61 (q2) = e**'/3. We apply Theorem 3.5 to &y := ¢ o f; and
notice that if we are in case (2) of Theorem 3.5, then there are one or two blow-up points. In the latter

case, away from the blow-up points {a;, a>}, we have that ak_l locally converges to two pinched points,
which implies that one of the ¢; lies in P, a contradiction. In the former case, for one pair of points, say

/ |y'(z>|dr=/ 1B [dz] — 0,
arc(q1,42) arc(6x(q1),0x(¢2))

contradicting that || is bounded away from O and |arc(q1, ¢2)| = 8.

g1 and g3, one has
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Therefore we are in case (1) of Theorem 3.5 and &Dk — &)oo in W-2(D?) and in Wli’cp(lsz \ B), where
Cf>Oo is a holomorphic immersion in D? \ B, B={aj,...,ay} and e2imi/3 ¢ B for j =0, 1, 2. Since
1B | > Cs > 0in D2\JX, Bs(a;), for every p € arc(qo, ¢2), choosing as A the segment joining o (p)
to oy (g) that satisfies (90) shows that Bs(g) N S! C Ay
(2) sy N, is closed in By: Let g, € s, NB, be such that g, — goo € B,. For every n there exists Ak
with A% (0) = 04 (g,) and A% (1) = 0% (q), and

liminf di (A%, o (P)) > 0. (92)
k— 400

n’
Consider now the path Zﬁ = arc(0x(goo), 0k (qn)) U A’,‘l joining 0% (geo) to ox(g). We claim that
lim inf dy (2%, 03, (#)) > 0.
k— 00
Indeed, considering (92), it suffices to prove that, for n sufficiently large,
lim inf di (arc 0% (¢c) . 0 (q)). o1(#)) > 0. (93)

Assume for contradiction that the lim inf in (93) is zero.
For every k and n, let qif € arc(goco, gn) and pﬁ € P be such that

liminf Dy (¢*, pk) = 0.
k—+00
Up to a subsequence, g¥ — goo and p* — po € P as n, k — oo, and

lim lim Dk(q,’;,p’;)zklirfooDk(qoo,poo)=0,

k— +00 n—+00
but this contradicts that go, ¢ %. This contradiction proves that g, € s, N%B,; hence, A, N R, is closed
in RB,. O
Proposition 3.16. Let sl be an equivalence class in S'\ {P}. Then there exists a sequence fi : D* — D>
of Mobius transformations such that Cbk =®po fr — &Doo in Wli’cp(ﬁ2 \ B), B={ay,...,an}, and, as

usual letting oy be such that yy = ®;. 0 Gk, one has 5,:1 — Yo in Wli’cp (S'\ B),

Yoo (S'\ B) = ol (94)
and Yoo () = Do (S'\ B). In fact, (Yeo)«[4] = (Poo)«[S'\ B].

Proof. Given g € d, take f as in the proof of Proposition 3.15 and set ®; := ®; o f;. We have shown
that ®; — P in W'2(D?) and in Wli’cp(ljz \ B) for a finite set B = {aj, ..., ay}, where ® is a
holomorphic immersion (Theorem 3.5, case (1)). In particular, this implies that ¥ := o, ! is bounded in
Wli};p (S'\ B) and, up to a subsequence, Yy — Yoo in Wli’cp (S'\ B). Clearly,

Voo (S'\ B) C 4.

Conversely, given p & ¥ (S!\ B), we want to show that p ¢ . Given such a p we have 6;(p) — a;
for some a; € B, since otherwise we would have p = ¥ 0 6x(p) = Yoo(ps) for p, € S'\ B. Since
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V&, € L*(D?), from Fubini’s theorem we can find a sequence 8; — 0 such that
. = 2
lim VO ()7 |dz] = 0. (95)
n=>+ J3B(a;,81)ND?

For every a;, set {p,i{”;, p,"{’;zr} = 6,;1 (0 B(a;, 8;'[) NS'). We have |p,"{”; — pf{’;l > Cy for any n and k large
enough, since by definition of the blow-up points one has, for k large enough,

f - I)?k(f)ldf=/ MO 1dz) > I
arc(py . pi ) B(a;,8,)NS! 2

Therefore, up to a subsequence, p,’c; — pi= and P;CJ,: — pi with pit # pL; and
Jim DG (pi). Ge(p)) =0

In particular, p’;~ and p are pinched. Then condition (95) implies that any path Ay joining 6% (q)
and 6 (p) for k large enough is close to 6x(p;) € 6x(P), so p € ST\ o.
Finally,

(Voo)slst] = ;ig(yoo)*[woo <S1 \ U B@, 5))},

a,—eB

e T ~—1( ¢l ,
= g oo (1 ) |
a;€B

T . = 1 )
= lim lim (<I>k>*[s \ U B, 8)],

a;,eB
— 11 7 1 .
—;g%@oo)*[s \UBB@,S)},

a; €

= (®no)«[S"\ B]. O

Quantization result: proof of Theorems 1.2 and 1.5. In this section we prove Theorems 1.2 and 1.5. In
Theorem 1.2 we will show that, under the hypothesis of Theorem 3.5, kye** — u weakly in the sense of
Radon measures, where 1 is a Radon measure which is the sum of a locally bounded (possibly vanishing)
function and a (possibly empty) sum of Dirac masses. We also give precise estimates on the coefficients
of the Dirac masses. In Theorem 1.5, we show that up to a suitable choice of Mobius transformations we
can “detect” all the connected components arising in the limit.

Proof of Theorem 1.2. From Theorem 3.5 there is a (possibly empty) set B = {ay, ..., ay} C S' such that
(65) holds. Moreover, from (8) and (10) it follows that ||(—A)%kk|| (st < C. Therefore, (53) implies

A — AellLagsty < C  for every q < +oo.
Up to extracting a further subsequence, we have v := Ay — Ay — Voo in L94(S') and

ke 1 and (—A)%vki\(—A)%vooZM—l in M(S"), (96)
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where .IL(S') denotes the space of finite signed measures on S'. Up to a subsequence we also have
Kk A Koo in L®(S1). We now distinguish three cases.

Case 1: Suppose that we are in case (2) of Theorem 3.5 and N =1, i.e., Ay — —o0 locally uniformly
in S'\ {a1}. Then u = ¢18,, and, since

f /cke’xk do =2m,
Sl

it follows at once that ¢; = 27. The explicit form of vy, follows from Lemma 3.1.

Case 2: Suppose that we are in case (2) of Theorem 3.5 and N > 1. Then we conclude by applying
Proposition 3.9, which in particular implies that N =2 and p = 78,4, + 78,,. Again, the explicit form
of vy follows from Lemma 3.1.

Case 3: Suppose that we are in case (1) of Theorem 3.5, i.e., Ay > —C. Then Ay — Ay weakly in
WIL’CP(Sl \ B) and for every ¢ € C>°(S'\ B) we have

0=tim [ G-ty — (e D) d = fim [ Goe(=D) g = (u= 1) db.
k—o0 Jg1 k—o0 Jgi
In particular, the distribution
Too i= (—A) Aoy — w+1

is supported in B and, since, by (96), T, € M(S 1, the order of T, (as a distribution) is 0; hence,

N
Too = ZC‘]’&;J..
j=1

In order to compute the coefficients c;, let xs : § ' 5> RbelonS'N U7=1 B(aj, 8) and O otherwise. We
rewrite (9) as follows:

(—A) g = (1 — xo)kpe™ + xskpe™ — 1. 97)
Since
lim (1 — xs)kxe™ = (1 — xs)kooe™ in @' (S,
k— 00

testing (97) with ¢ € C*°(S!) and letting k — oo we get

Groo(=A) b — (1 = xa)icoe™™ g+ ) d6 = lim f Kok do
N k— 00 sl

and, letting § — 0, we infer

(Tso, ¢) = lim lim 1 xskre @ do.
S

§—>0k—>o00

By choosing ¢ = 1 in a neighborhood of a; for a fixed j and ¢ = 0 in a neighborhood of B\ {a;}, we get

¢j = lim lim ke do.
§—>0k—o00 SlﬂB(aj,S)
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We now want to compute ¢; for a fixed j € {1, ..., N}. Consider the Mobius transformation f(z) =
(z—traj)/(1 —trajz), and ®y := o fi, for a sequence # 1 1 to be chosen. By Corollary 2.4 we have

A i=log |®,| = Avo fi +log | fll, &k :=xko frs
and
(—A)20p = e — 1.

Since log | f/| = —oc locally uniformly in D>\ {a;} and log | f/(aj)| — oo, it is not difficult to see
that, if # 1 1 slowly enough, then A; — —oo uniformly locally in D?\ {a;, —a,} and we can apply
Proposition 3.9 to ®; and obtain that

e 2 7 (8, + 8.

With a change of variable we then get

7 =lim lim Kre™ do = lim lim ke do = c;,
§—>0k—o00 SlﬂB(aj,(S) §—>0k—o00 fk(S'ﬂB(aj,S))
where the last identity holds up to having #;, 1 1 slowly enough. O

Proof of Theorem 1.5. From Proposition 3.15 it follows that S' \ {?} = Ujej A;, where J is an at
most countable set and ¢ ; is an equivalence class generated by the relation in Definition 3.14. From
Proposition 3.16 it follows that for every class o ; there is a sequence of Mdbius transformations fkj (z)

such that
o/ o J T . 2,0/ 2 ) oyl J
&y =0 ff — P, in W I (D7\ Bj), Bj={b ,...ij},

loc

where ééo :D? \B; — R2 is a conformal immersion and Yoo(dj) = &DéO(S ! \ B;). Moreover, we have

(Vo) [S\P1 =D (DL).[S"\ Bj1.

jeJ
We have
D oodalst 1= (PL).[S"\ B)]
jeJ jeJ
and it remains to prove that
(Vo) [P =0.

In order to do that, let 7 : ? — P be the bijection which, to a pinched point p, associates its dual. For a
differential form ¢ : C — L(C, C), we have

(Voo)*[@](qb)=f@¢()/oo(t)))?oo(t) dr. (93)
Now recall that

Yoo (1) = Yoo (T(1)),  Voo(t) = =Yoo (T(1)). 99)
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For a sequence 1, €  with t, — t € P as n — oo, we have

Yoo (tn) = Yoo (1) + Yoo (1) (tn — 1) + 0(ty — 1), (100)
Yoo (T (1)) = Yoo (T (1)) + Yoo (T (D)) (T () — (1)) + 0(T (1) — T(1)),

where for simplicity of notation we identified S I with the interval [0, 277], with zero corresponding to a
point in '\ . Using (99) and (100) we infer that

T(t) — (1)

lim —1.
n— 00 tn —t
Then, at a density point of %, we have d7/dt = —1 in the sense of approximate differentials (if the density

of % is everywhere O then |2| = 0 and we are done). Therefore,
f @ (Yoo (1)) Voo (1) dt = — / D (Voo (T(1))) Yoo (T (1)) dt = — / ¢ (Yoo (1) Voo (1) dit,
P P (P)=P
where in the first identity we used (99) and in the second identity we made a change of variable. This
proves that the integral in (98) vanishes for every differential form ¢; hence, (y)«[?] = 0.
Since, for every j € J, the sequence (dNDIJ;) is asin case (1) of Theorem 3.5, i.e., setting A,{ = 1og|(<i>,{)’|51|
we have |)_\,]<| < C, we can apply Theorem 1.2(iii) and it follows at once that the blow-up set of )L,Jc is B;. O

4. Relation between the Liouville equations in R and S!

Consider the conformal map G : D?> — R? given by

iz+1  z+z+i(z]>—1)
i 1+ |zP+iGz—2)

G(z) =

We will use on the domain D? the coordinate z = £ + in and on the target R? the coordinates (x, y)
or x +iy. Writing G in components,

28 £+’ -1
G'=RG@)=——, G@D=3CG@)=—>——>,
(2) (2) dxmitee (2) (2) AT mit e
and using the polar coordinates (r, #) on D? one easily verifies
oGl _, 0G| _ 1 G 1 oG _
or |.—,  or |_, 149 80 |_, 14+n 80| _

Notice that G|gi1 (£ +in) = &/(1 +n), i.e., [T := G'| is the classical stereographic projection from
ST\ {—i} onto R. Its inverse is

M) = — i -1+ —2-), (101)
1+ x2 14+ x2

If we write TT7!(x) = /¥, we get the useful relation

2
14+x2" 14T11(6)2

1 +sin(@(x)) = — 1 +sin6, (102)
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which follows easily from sin(6(x)) = J(M~ 1 (x)) = (1 —x?)/(1 +x?).

Proposition 4.1. Givenu:R — R, setv:=uoll:S' — R, where I1:=G'|q1. Then u € L%([R) if and
only ifve L'(SY). In this case,

(—A)2u)(TT(e™))

. /ol .
I Tsind in (S \ {-i}), (103)

(—A) () =

that is,
(=A)2v, ) = (=A)2u, po TI"Y)  forevery ¢ € CSO(S'\ {—i}).

Further, if(—A)%u e L'(R) or, equivalently, (—A)%vlsl\{,i} e L'(SY), then

AV i |
(=AY ety = (AW o arsh), y=/(—A)2udx. (104)
1+4sin6 R
Proof. Since
—1
|v|d9=/ 2pdeD],
sl R 1+X2

it is clear that v € L'(S") if and only if u € Li(R).

Given now @ € CX(S'\ {—1}), set ¥ := oIl € CX(R) and let g € C*(D?) and Y € C*NL>(R%)
be the harmonic extensions of ¢ and ¥ given by the Poisson formulas (125) and (132), respectively. It is
not difficult to see that, setting G = (G', —G?), VoG| p2 18 continuous, harmonic in D? and it coincides
with @ on S'. Then, by the maximum principle, ¢ = V¥ oG in D?\ {—i}.

Using polar coordinates we compute

3¢ - 3(@oG 1) aG! +a(¢oG*1)aGZ | 14x?
—_— O = = —— .
or |,_; dx or |,_; ay or |,_; dy y=0 2
Then, using Propositions A.1 and A.3, we get
96
((—A)iv,go):f w22 ag
Sl 81" r=1
g 2
:/(vol'l_l(x)) Pl onm () dx
R or =1 ]+x2

53
:—/ u—w dx
R ay y:O

= ((=A)2u, ¥),

so that (103) is proven.
In order to prove (104), set f := ((—A)%v)lsl\{,i} € @'(S'\ {—i}) and notice that

1
I/ lersy = (=2 2ull gy = v-
Since f € L'(S") c @'(S"), we have

T:=(=A)tv— f e (sh (105)
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and supp(T) C {—i}. We claim that T = c8_; for some constant c. By a rotation of S', it is convenient to
assume that 7 is supported at {1}. In this case, we can write

N
T = Z ¢ D¥8
k=0

for some N € N and ¢y, ..., cy € C, which leads to
N N L
(T.@) =) c(=DfDroy =) e Y (—=in)*¢(n) for ¢ € B(SH). (106)
k=0 k=0 nez

On the other hand, according to (124) we have, for ¢ € @(S b,

(=80 = [ 0®) Y inipime ™" ao

neN

:Zqu)/ v(@)e " 4o
Sl

neN

=21 ) Inlo(m)g(n), (107)

neN

where the sum can be moved outside the integral because ) _, . []|@(n)| < oo. Similarly,

(f,o) =21 f(m)p(n) for g €B(S"). (108)

neN

Clearly (105), (106), (107) and (108) are compatible only if ¢y =0 for k=1, ..., N, hence proving (up
to rotating back) that T = cod_;, as claimed. Finally, testing with ¢ = 1 we obtain

0=((=A)2v, 1) = (£, 1) +(T, 1) = (= A) 2ullp1 +co,
which implies that ¢y = —||(—A)%u||L1. O
Now, given u € L 1 (R) we want to define a function A € L!(S') such that
IT*(e2 |dx |?) = ¢? |d6)2,

where IT* denotes the pull-back of the stereographic projection, while |dx|> and |d6|? are the standard
metrics on R and S', respectively. Since

2
H*(€2u|d.x|2) — 8_1_[ eZM(H(Q))|d9|2,
a0

we find

A(0) = u(I1(9)) +log 9

oIl .
_‘ =u(T1(9)) —log(1 4 sin @) (109)

or equivalently, using (102),

2
u(x) :A(l‘[_l(x))—l—logm. (110)
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Using Proposition 4.1 we can now easily relate (—A)%u and (—A)%A.

Proposntlon 4.2. Givenu : R — R, set X as in (109). Then u € L1 (R) if and only if A € L'(S"), and
(— A)2u e L'(R) if and only if (— A)ZA e L'(S'\ {—i}). In this case, u solves (20) if and only if A solves

(—A) A =ke* — 14+ Qr —c)s_; in S (111)
with k= V o Tl and ¢ = ||(=A)2ull 1 g)-
Proof. This follows at once from Proposition 4.2 and Lemma 4.3, below. U

Lemma 4.3. We have
1
(—A)2log(1+sinf) =1—-2m6_;.

Proof. Notice that by (102) we can write

log(1 +sin®) =u1 o(I1(0)), wuio(x) =log T2

Then Propositions 5.1 and 4.1 imply

1
(—=A)2u(T(6) 1 eo@en 5, [ 41000) gy
R

(—A)7 log(1 +sin6) = I(=A)2ull 18- =

1+sinf 1+sinf
=1-2mé_;. O

5. Proof of Theorem 1.8 and Proposition 1.9

Before proving Theorem 1.8, we show that the functions defined in (27) are indeed solutions of (24)—(25).

Proposition 5.1. For every i > 0 and xo € R, the function u, ,, defined in (27) belongs to L 1 (R),
satisfies (25) with L =2, and solves (24).

Proof. Thatu, ,, €L 1 (R) and fR e dx =2 is elementary. The equation is invariant under translations
and dilations in the sense that, for all xo € R and A > 0, if « is a solution of (24) then u (A (x +xp)) +1og(X)
is a solution of (24) as well; hence, it suffices to prove that u; o(x) =log(2/(1 +x2)) is a solution. From
Proposition A.3 we get, integrating by parts,

32

log ;
T(—A)2uy o(x) = lim —+’“2dy
-0 R\[x—&,x+¢] (x - y)
2 142
i { log 1y s log 7y e / 2y }
= limy ————— + ——————-dy
=0 Yy—X |-~ Y—=X lxje R\[x—e,x+¢] y—x)1+y?)
2 2
2 arctan y 4 x log (y ) x—¢ 2arctany + x log (y ) 00
= lim{ . +y° }
2 2
e—0 1+x —c0 14+x xte
il = e, O

:1+x2
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Theorem 5.2. There exist constants Cy, Co > 0 such that for any ¢ € (0, ) one has

I
Ci < sup —/&H”“ do < C», (112)
ueHY (1) 11 J1
I=2)3ull 1 <1

where ' (1) == {u € L'(R) : supp(u) C I, (—A)2u € L'(R)}.

Lemma 5.3. The Green function of (—A)% on the interval I = (—1, 1) can be decomposed as
Gix,y)=Fi(lx =y +Hi(x, ),

where F% (x):=1/m)log(1/|x|) and H% is bounded above.

Proof. This follows from the explicit expression of G (x, y) (see, e.g., [Blumenthal et al. 1961; Bucur
2015]), namely

ro(x,y) 1
Gy =5 [ s dr = Lloa(no(e )+ Vil ) + .

where

g

A= xHA =1y
”O(Xs)’) = |x_y|2 .

Proof of Theorem 5.2. Up to a translation and dilation we can assume that I = (—1, 1). With Lemma 5.3
we write, for u € I:Ii’l(l) and f := (—A)%u,

’

()| = ‘/I Gr. ) f () dy

and we bound

G(x,y)§%10g< )+C, x,y,€l,

lx — yl
hence

2
u@)| 5%/110g<|x_y|)lf(y)ldy+C (113)

and, exactly as in (56), one gets

2 \'7
/e(”e)”(x)ldx < C/ |f ()] f<—> dxdy < <
! I r\|x—yl €

The rest of the proof is also similar to the proof of Theorem 3.2. 0

Remark 5.4. A slight modification of (112) is

&
C < sup —fe(”_s)“"d@ <C,, (114)
u=F1/2>kf |I| 1
supp(f)CL [ fll1 gy <1
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where F% is as in Lemma 5.3. The proof of (114) is similar to the proof of (112), since u = F% * f
obviously satisfies (113). An alternative proof of a nonsharp version of (114), namely

sup /e‘sl"_[" do <C, forsome 8§ >0 and u :=][udx,
u=Fyxf I I
supp(ICL 1 fll 1y =1
can be obtained noticing that, for u = F% * f, one has [u]lpmo) < C[F%]BMO(R) Il fllL1(r)> and one can
apply the John—Niremberg inequality.
Proposition 5.5. Letu € L 1 (R) satisfy (24)—(25). Then there is a constant Cy € R such that
1
u(x) = - / 1og<ﬂ)e"<y> dy + Co. (115)
T JR lx — ¥l

In the proof of Proposition 5.5 we use two lemmata.

Lemma 5.6. For any f € L' (R) the function

1
we = 917160 := £ [ oe( (2 rnay (116)
T Jr |x =yl
is well defined, belongs to L 1 (R) and satisfies
(—A)w=f in¥. (117)

Proof of Lemma 5.6. Let us first assume that f belongs to the Schwartz space ¥. Remember that, for
F(x):=(1/m)log(1/]x]), we have (see, e.g., [Vladimirov 1971, p. 132])

ﬁ(g):@éﬁcso in ¢, (118)
where P(1/1&]) € ¥’ is the tempered distribution defined by
1 @(§) —¢(0) / @(§)
P—. )= ————dE+ —=d§, g. 119
< &1 <p> ./|s§1 13 5 lgl>1 1§ 5 e (1)

For every f € C2°(R) one easily sees that F x f € C*°(R) and F * f € L%(R). Then
(DHE P9y i= [ (F )T eld) d
= [ F7sa iy ax
= [ FoE (T e ) dx
— 3 [ PG dx

1 A
:E/ngodgz—/Rf(pdx, (120)
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where in order to apply (119) in the fifth identity can approximate the function ¥ (§) = f €] by a
sequence of functions ¥, = f ngé € F(R) with n, € C*°(R) suitably chosen (see, for instance, [Jin et al.
2015b]). Hence, (—A)%(F x f) = f in @'(R) and, since f € @(R), the identity also holds in a strong
sense. Moreover, since obviously

(4 [ et + b say) =o.

we see that (117) is satisfied when f € D(R).
For a general function f € L'(R) we can find a sequence (fr) C D(R) with fr — f in L'(R) and
take ¢ € F(R). Then

(D = (A2 I fil, @) = (fe, @) = (f. )

as k — oo, while

(D= (§[fk],(_A)é‘P>:/Rg)[fk](x)l//(x)d%

where i 1= (—A)%q) satisfies
[y ()] < C(1+ [x]?). (121)
It remains to show that

/ﬁ[fk—f](x)w(x)dxe 0 as k— oo.
R

Define g, := fy — f — 0 in L'(R). Then, from ||h; shollpr < Al b2, we get

1+1yl
/ log( gr(y)dy| <log(2+ [xDllgkll L w) + Cllgkll
B(x,1) lx —yl

and, using that for |[x — y| > 1 we have log((1+ |y])/|x —y]) < C(1 +log(|x|)),

1+ |yl
log gx(y)dy| < C(1+log|x|)llgllz-
R\B(x,1) lx — ¥l

Therefore, taking (121) into account, we see that
(D = (ILf1, (—A)2@) as k— oo;
hence, we conclude that (—A)%w = f in ¥ (R). O
Lemma 5.7. Let f € L%([RE) satisfy (—A)%f = 0. Then f is constant.
Proof. This is identical to the proof of Lemma 14 in [Jin et al. 2015b]. O

Proof of Proposition 5.5. Set w(x) as in (116) with f(y) := "), Then (—A)% (u —w)=0by Lemma 5.6;
hence, by Lemma 5.7, u — w = Cy for some Cyp € R. O

Proposition 5.8. Letu e L 1 (R) satisfy (24)—(25). Then u € C*°(R).
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1
/ M dx < ¢,
-1

Proof. Up to scaling, assume that

where & will be fixed later.
Let us split u = u; + uo, where

1 1
1+ 1
o= [ a2 )y o= [ e Jer s e a

Then (115) implies that u; is defined by the same formula, integrating over R\ [—1, 1] instead of R. It is
easy to see that

luall o1 1 SC/eu(x)dx<oo.
([—3,3D R

From (114) if follows that, given p < 0o, choosing ¢ > 0 small enough (depending on p) we have

ele LP([—1,1]),s0e* € LP[—1, 1].

The same argument, together with translations and dilations, can be performed in a neighborhood of
every point in R, giving " € Lf;c([R{) for 1 < p < 0o. Going back to (115) it is easy to bootstrap regularity
and prove that u is actually smooth. U

Corollary 5.9. Every function » € L'(S") solving (33) with (—A)%)\ e L'(SY) is smooth.

Proof. By Proposition 4.2 the function u : R — R given by (110) is in L 1 (R) and it solves (24). Then, by
Proposition 5.8, u is smooth; hence, A € C*°(S '\ {—i}). Since (33) is invariant under rotations, we have
that actually A € C*®(S!). O

Lemma 5.10. Foru € L% (R)NCHR) solving (24)—(25), set

a::/e“(") dx.
R

Proof. This argument is taken from [Xu 2005] and is based on a Pohozaev-type identity. Differentiating

Then oo = 27.

(115) (for instance, by splitting the domain of integration into [—a, a] and R\ [—a, a] for some a > |x]|
and using elementary calculus) we obtain

xa—u __1 PV/ L ey dy.
0x b4 RX—Y

Multiplying by ™) and integrating with respect to x on the interval [— R, R], we get

R Ju 1 (R X
(I ::f x—e" W dx = ——f PV/ ——e"O dy "™ dx =: (II).
_r 0x T J_r RX—Y

Integrating by parts we find

R eu(x) R
(I) :f x dx = R(e"® 4 =Ry —/ e"dx — —a as R — oo,
_R Ox —-R
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u(R)

where we used that, at least on a subsequence, R(e — =Ry 5 0 as R — oo, otherwise (25) would

be violated. As for (/I), we compute

R R 2
(II)=—L/ /e”(y)dye”(")dx—L/ PV/ me”(y)dye”(x) dx — ——— 40
2 J_p JR 2 J_g RX—Y 2

as R — oo. Therefore, from (/) = (II) we infer o = az/(27r), ie., 0 =27. Il

Proof of Theorem 1.8. Given u € L 1 (R) satisfying (24)—(25), by Proposition 4.2 the function A(6) :=
u(I1(8)) —log(1 + sin ) solves

(—A)r=e* — 14+ Q2m—a)s_; in S
and, by Lemma 5.10, « = 27; hence,
(—A)2h=e —1 in S'.

By Corollary 2.3, A is of the form given by (34) for some a € D?.
To complete the proof, write a = ae!® = (¢ +is) with a, , s € R. We have

2(1—a?)

u(x):koH_l(x)+log log

1+x2 T l—a+inI 1)1 +x2)
The right-hand side can be computed using (101):
u(x) =log 22(1 o) NP
1+a_2m1+j$2_x ) _l.azsxti(i;x ) (14 x2)
~ log 2(1—a?)

x2(1 —2as +a?) —datx + 14+ 2as + o2’

Completing the square in the denominator on the right-hand side, we get

(x) =1 20 =a) | 2u
u(x) =10g 5 75 = log 3 3
_ N 2at d—oa%) 14+ p?(x — xp)
(1 —2as +a )(x 1—2as+a2> +1—2as+a2
with
20t 1 —2as + o2 0
Xi — T A~ 5> - .
0 1 —2as +ao? H 1 — a2

The following can been seen as a nonlocal version of the classical mean value property of harmonic
functions. It appears in [Silvestre 2007, Proposition 2.2.6] in a slightly different case, but with a proof
which readily extends to the following case.

Proposition 5.11. There exists a positive function y; € CH1(R) with fR y1dx = 1 such that, setting
Yo (x) := (1 /M) y1(x /X)), we have
u(xo) = u * y(xo)

for every . > 0 and every u € L%(IR) satisfying (—A)%u > 0.
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Proof of Proposition 1.9. Since (—A)%u < 0, we have, by Proposition 5.11 below,
u(0) <uxy,(0) forevery A >0,

where y, is as in Proposition 5.11. Since du; (x) := y,(—x) dx satisfies fR du, = 1, from Jensen’s

R R

On the other hand, since du; < (C/A) dx, we estimate

inequality we get

A A
/e”dxz—/e”dukz—e”(o)eoo as A — 00,
R CJr C

contradicting (25). O

Appendix A: The fractional Laplacian

The half-Laplacian on S'. Given u € L'(S"), we define its Fourier coefficients as
~ 1 —in6
un)=— u@)e do, nel.
2 sl
If u is smooth, we can define

(=2)2u@) =Y Inli(n)e™. (123)

nez

For u € L'(S'), we can define (—A)%u € @'(S!) as a distribution as

(—A)2u, @) :=/ u(—A)2@df, ¢eC™(SY). (124)

s
Notice that ¢ € C*®(S") implies that (—A)%go e C*®(S") (here, (—A)%q) is defined as in (123)). In fact,
given ¢ € L'(S1), we have ¢ € C*(S") if and only if ¢(n) = o(|n|~%) for every k > 0.

We can also give a definition of (—A)%u in terms of harmonic extensions. If u € L'(S"), let ii(r, 0) be
its harmonic extension in D2, explicitly given by the Poisson formula

2 2

~ 1 ; 1—r
,0) = =— P(r,0 —tu(t)dt, P(r,0)= Inlgint — 125
ur, 9) 271/0 r Jut) . 6) gr ¢ 1 —2rcosf+r? (125

Then one can define (using polar coordinates)
1 du . /ol
(—A)2u=8—r in 9'(SY), (126)
r=1

where the distribution du/dr ’r:l is defined as

9ii / ¥,
- s = u—
or | %1 Ja "ar

where ¢ € C®(S') and ¢ is the harmonic extension of ¢ in D?.

de,

r=1
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Notice that, if u € C*®(S"), the equivalence of (123), (124) and, in fact, (126) is elementary, and (126)
holds pointwise. For instance, the equivalence of (123) and (126) follows at once from

i(r,0) = Z a(n)r™len?,

nez

Proposition A.1. The definitions (124) and (126) are equivalent.

Proof. Since (126) holds pointwise for smooth functions, one has, for u € L'(SY and ¢ € C®(Sh),
0Q ou
u(—A)%adx:/‘ u—¢d9 =:<—u ,g0>. Il
r=1

or
For u € C1%(S"), there is also the following pointwise definition of (—A)%u:

(—=A)7u, @) :=/

S1

Proposition A.2. Ifu € C1¥(S") for some a € (0, 1], then (—A)2u € C**(S') and

1 /27[ u(eiQ)_u(eit)
0

Tu(e?y = L me )yzue )
(=8)u(e”) = PV > 3os@ 1) dt, (127)

where the principal value is well defined because 2 —2r cos(0 —t) = (0 —1)> + O0((0 —)*) ast — 6.

Proof. Considering Proposition A.1, it suffices to show the equivalence of (126) and (127). Set i as
in (125). Then

di(r, 0) GO u(e')
ar |._; rtl r—1
) 1 (1 —r2)(u(e'®) — u(e'))
=lim dt
M2 (r—1) Jo 1 —2rcos(0 —t)+r2

1 [T+ uE) —ue))
=lim —
2w Jo 1 —2rcos(@ —1t)+r?

27 iy it
:lPV/ u(e’)y —u(e') dr. 0
0

T 2—2rcos(d —1t)

The half-Laplacian on R. For u € ¥ (the Schwarz space of rapidly decaying functions), we set

(—A)u() = [5la@).  f@&) = /R fx)e™™ dx. (128)
One can prove that
1 1 u(x) —u(y) 1. u(x) —u(y)
—A)2 =—P ————dy:=—1 ——dy, 129
( )ulz) T /I% (x — )’)2 Y T 82% R\[—e+x,x+¢] (x — y)2 Y ( )

from which it follows that

sup [(1 +x2)(=A)2p(x)| < oo forevery ¢ € 4.

xeR
Then one can set

Li(R) '={ueL1 (R)‘/de<oo} (130)
5 : loc R1+x2 ’
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and, for every u € L 1 (R), one defines the tempered distribution (—A)%u as
(=A)2u, @) = / u(—A)2gdx = / uF (|E|¢(E)) dx  for every ¢ € 4. (131)
R R

An alternative definition of (—A)% can be given via the Poisson integral. For u € L 1 (R), define the
Poisson integral

1 yu(y)
u(x,y):= / .45, y>0, (132)
r (V2 +(x—§)?)
which is harmonic in R x (0, co) and whose trace on R x {0} is #. Then we have
1 ou
(—A)iy=—— (133)
ay y:O

where the identity is pointwise if u is regular enough (for instance, C 1103 (R)), and has to be read in the
sense of distributions in general, with

< oi > < ¢
—_—— ’(p u ——
9y |y=o dy

Proposntlon A3. Ifu e L] (R) N CloC ((a, b)) for some interval (a,b) C R and some o € (0, 1),
then (—A)2 : u, the tempered dzsmbutzon defined in (131), coincides on the interval (a, b) with the functions
given by (129) and (133). For general u € L% (R), the definitions (131) and (133) are equivalent, where
the right-hand side of (133) is defined by (134).

Proof. Assume that u € L; (IR{) nch “((a, b)). Following [Caffarelli and Silvestre 2007], we have,
for x € (a, b),

>, ped, ¢ asin (132). (134)
y=0

More precisely:

loc

du(x, y) — lim u(x, y) —a(x,0) lim L u(€) —u(x) gt = lPV/ u(€) —u(x)
dy R (E—x)?

y=0 Y0 y y=0T Jg y2+ (€ —x)? 4
where the last convergence follows from dominated convergence outside B;(x) and by a Taylor expansion

dg,

in a neighborhood of x. This proves the equivalence of (129) and (133). The equivalence between (129)
and (131) amounts to showing that

f uF(E10(€)) dx = L / PV / Mdyw(x)dx (135)

whenever ¢ € & is supported in (a, b). When u € &, the equlvalence is shown, e.g., in [Caffarelli and
Silvestre 2007] (passing through the definition given in (128)). In the general case, one approximates u with
functions uj € &¥ converging to u uniformly locally in (a, b) and in L 1 (R), as shown in Proposition 2.1.4
of [Silvestre 2007] (in order to have convergence in (135) as u; — u, it is convenient to consider ¢
compactly supported first, in case (a, b) is not bounded).

The last statement follows at once by noticing that, applying (133) to ¢ € ¥, one gets

(o5
u —_——
dy

> (U, (=A)2g). 0
y=0
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Appendix B: Useful results from complex analysis

Lemma B.1. Ler h € C°(D?, C) be holomorphic in D* with h(S') C S' and 0 & h(D?). Then h is
constant.

Proof. Since h never vanishes, log || is well defined, harmonic and vanishes on S!, hence everywhere.
This implies that || = 1 and, from the conformality of 4, it follows that % is constant. UJ

The following is a generalization of Lemma B.1:

Lemma B.2 [Burckel 1979]. Ifh e C%(D2, C) be holomorphic in D?withh(SY) c S' and degh|q1=n>0,
then h is a Blaschke product of degree n, i.e.,
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