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OBSTACLE PROBLEM WITH A DEGENERATE FORCE TERM

KAREN YERESSIAN

We study the regularity of the free boundary at its intersection with the line {x; = 0} in the obstacle
problem
Au = |x1| x>0y in D,

where D C R? is a bounded domain such that D N {x; = 0} # @.

We obtain a uniform C!*! bound on cubic blowups; we find all homogeneous global solutions; we
prove the uniqueness of the blowup limit; we prove the convergence of the free boundary to the free
boundary of the blowup limit; at the points with lowest Weiss balanced energy, we prove the convergence
of the normal of the free boundary to the normal of the free boundary of the blowup limit and that locally
the free boundary is a graph; and, finally, for a particular case we prove that the free boundary is not C!-*
regular near to a degenerate point for any 0 < o < 1.

1. Introduction

Let D C R? be a bounded domain such that D N {x; =0} # @. Let g € H'(D) such that g > 0 on dD.
Let u € H'(D) be the unique minimiser of the functional

/ (\Vu)* + 2|x1|u) dx (1-1)
D

in the admissible set of functions
{u>0ae.in D and u = g on dD}.

For the existence and uniqueness of the minimiser # one may refer to [Kinderlehrer and Stampacchia
1980].
It is known (see [Petrosyan et al. 2012]) that u € Cl(l)él (D) and

Au = |xi|xu>0y in D (1-2)
in the sense of distributions.
Let us denote by €2 the noncoincidence set and by I' the free boundary, i.e.,

Q={xeD|ulx)>0} and I'=DNIN.

Let us consider two examples. Set D = (—1, 1)2. For the first example we take g(x) = 11—6(x1 +x7)T
and for the second example we take g(x) = x{"(c — |x2)T, where ¢ & 0.42559. The noncoincidence set
and the free boundary are depicted in Figure 1 for both examples.
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Figure 1. Q2 and I in the examples.

In the case of the nondegenerate obstacle problem, i.e., when instead of |x;| we have f satisfying
f > cin D for some ¢ > 0, the Lipschitz and C! regularity of the free boundary was proved for the first
time in [Caffarelli 1977]. A good reference for nondegenerate obstacle problems is [Caffarelli 1998] and
a good reference for obstacle-type problems is [Petrosyan et al. 2012].

In [Yeressian 2015], for a class of degenerate obstacle problems the optimal nondegeneracy of the
solution is obtained. The proof of the optimal nondegeneracy is based on specially constructed comparison
functions using harmonic polynomials. In this paper the nondegeneracy result in [Yeressian 2015] will be
used numerous times.

Our approach to prove the regularity of the free boundaries is based on some directional monotonicity
properties satisfied by the solutions. This method is based on the proof of C! regularity in [Petrosyan
et al. 2012] and is closely related to [Alt 1977].

We use Hopf’s lemma to prove the irregularity of the free boundary in a particular case which
corresponds to the free boundary near to the origin in the example depicted in Figure 1(b). A related
irregularity result has been proved in [Shahgholian et al. 2007], where the authors considered a two-phase
membrane problem and in higher dimensions they proved that the free boundary is, in a neighbourhood
of each branch point, the union of two C !-graphs, but in general these graphs are not C 1-Pini (C1,Dini
includes all C* for 0 < o < 1).

Studying obstacle problems with a degenerate force term reveals rather unexpected behaviour of the
solution, such as the fact that the free boundary usually forms a certain angle at its intersections with the
line {x; = 0}, where the force term is degenerate.

In the problem of the free boundary near contact points with the fixed boundary — see [Shahgholian
and Uraltseva 2003] — where the solution satisfies a homogeneous Dirichlet boundary condition, a similar
strong influence of the data of the problem on the structure of the free boundary has been observed.

Varvaruca and Weiss [2011; 2012; 2014] have studied 2-dimensional or axisymmetric, 3-dimensional,
inviscid, incompressible fluids acted on by gravity and with a free surface. These problems are in the class
of Bernoulli free boundary problems, but the degeneracies in the force terms give rise to similar situations
as encountered in this paper and has been a motivation for considering the problem in this paper.
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This paper is structured as follows. In Section 2, the main results of this paper are presented. In
Section 3, we prove uniform C!*! bounds on cubic blowups. In Section 4, using the Weiss balanced
energy we prove the homogeneity of the blowup limits. In Section 5, we classify all possible homogeneous
global solutions. In Section 6, using the fact that possible blowup limits form a discrete set we prove the
uniqueness of the blowup limits. In Section 7, using a lower bound for homogeneous global solutions
and the optimal nondegeneracy result in [Yeressian 2015] we prove the convergence of the free boundary
to the free boundary of the blowup limit. In Section 8, we prove the convergence of the normal of the
free boundary to the normal of the free boundary of the blowup limit at regular points. In Section 9, we
prove that in a neighbourhood of a regular point the free boundary can be given as a graph. In Section 10,
we prove that under some assumptions the free boundary near to a degenerate point is either flat or not
C1® for any 0 < a < 1. In Section 11, we conclude this paper with a discussion about further directions
of research on obstacle problems with degenerate forces.

2. Main results
Let us define a cubic blowup of u as follows:

Definition 1. Let B,, C D, then we define, for 0 < r < ro,

ur(x) = u(:;C) for x € By

and call u, the (cubic) blowup of u at 0.
In the following theorem we prove that for 7 > 0 the family u, is uniformly bounded in C 11 (By).

Theorem 2 (uniform C'>! bounds on blowups). There exists a C > 0 such that, if u is a solution in D,
ro >0, By, C D and 0 € I', then we have the estimate

lurllcrngy=C (2-1)

for0<r < %ro.

The proof of this theorem is based on the optimal growth result proved in [ Yeressian 2015].

From the uniform bound (2-1) it follows that, for any sequence r; such that r; — 0, there exists a
subsequence rj, and v € C11(By) such that uj, — v in Cl(B)).

Let us consider for u € H!(B,) the Weiss balanced energy

1 3
W(r,u) = —6/ (|Vu|2+2|x1|u)dx——7/ u? do(x). (2-2)
r= JB, r-JoB,

The Weiss balanced energy [1998; 1999] was introduced to study the free boundary in the nondegenerate
obstacle problem. The energy in (2-2) has been adapted to the first-order homogeneity of the force term |x|.
For the Weiss balanced energy for different homogeneities, one may refer to [Petrosyan et al. 2012].

As we will see, for u a solution in D with 0 € D, by a monotonicity result for the Weiss balanced
energy, the right limit W(+0, u) exists but might be —oo. If 0 € I" then W(+0, u) > —o0.
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£ E =

{ups(x) > 0} {ups(=x1,x2) >0} {ups(x) + ups(—x1, x2) > 0}
{uy(x) >0} {uy(x1,—x2) > 0} {ty (x) + ty(xy, —x2) > 0}

Figure 2. The only possible noncoincidence sets of nontrivial homogeneous global solutions.

Definition 3. Let u be a solution in D, 0 € D and 0 € T'. Then we call v € C'!(B)) a blowup limit if
there exists r; — 0 such that u,, — v in CY(B)).

Using the Weiss balanced energy, if v is a blowup limit at O then v is a third-order homogeneous global
solution and W (40, u) = W(1,v).
So we are led to find all the solutions of the obstacle problem

Au = |x1|xu>0}y in R?, (2-3)
u third-order homogeneous.
Clearly u = 0 is a trivial solution of (2-3).
Let us define
ups(x) = 517 and  ww(x) = (glx11> + 133 — §xT%2) X ool - (2-4)

Theorem 4 (classification of homogeneous global solutions). The only nontrivial solutions of (2-3) are
U, U (X1, =X2), U + U (X1, =X2), Ups, Ups(—X1,X2) and ups + ups(—X1, X2).

To prove Theorem 4 we first find all the solutions of the corresponding no-sign obstacle problem and
then among these solutions we find the nonnegative ones.

All possible noncoincidence sets of nontrivial homogeneous global solutions, i.e., the noncoincidence
sets of the nontrivial solutions of (2-3), are depicted in Figure 2.

It is easy to see that W(1,uy) = W, uyw(x1,—x2)), W, uy + uyw(xy,—x2)) = 2W(1, uy),
W, upe) = W, upg(—x1,x2)), W, upg +ups(—x1,x2)) =2W(1, ups) and, by direct computation,
we see that 0 < W(1, uy) and

2W(, uy) < W(L, upyg).
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So we have the following four possible energy levels together with the order between them:
W, uy) <2W(1,uy) < W, upg) <2W(, upy).
Let us define, for y e ' N{x; =0} and r > 0,
W(r,y,u) = W(r,u(- +y)). (2-5)

Based on the four possible values of W(+0, x, u) (the value 0 is excluded by the nondegeneracy)
for x € I' N {x; = 0}, the points of I' N {x; = 0} get classified in four types.

Definition 5. We call y € I' N {x; = 0} a degenerate free boundary point if there exists r; — 0 such that
(- + p)r; = ups o8 u(- + )y, (x) = ups(—x1,x2) in C'(By).

We use this name for points where a blowup limit is g or upg(—x1, X5) by following the naming for
similar points in the problem studied in [Varvaruca and Weiss 2011].

In the example depicted in Figure 1(b), the origin is a degenerate free boundary point with uy, as a
blowup limit.

By our uniform bounds on the blowups it follows that 0 is degenerate if and only if W (40, u) =
W, upy).

Definition 6. We call y € I' N {x; = 0} a regular free boundary point if there exists r; — 0 such that
u(- + )y = uw oru(- + y)p (x) = uy(xy, —xz) in CY(B)).

In the example depicted in Figure 1(a) a point close to the origin is a regular free boundary point with
Uy as a blowup limit.

By our uniform bounds on the blowups it follows that 0 is regular if and only if W (40, u) = W(1, uy),
i.e., it has the lowest Weiss balanced energy.

Theorem 7 (uniqueness of blowup limits). If u is a solution in D, 0 € D and 0 € " then the blowup limit
at the origin is unique.

Let us define, for § >0 and k =0, 1,

0k (8) = sup |ur —uolcr(m,) (2-6)

0<r=<§

where u¢ is the unique blowup limit.

Theorem 8 (convergence of the free boundary). There exists C; > 0 and C, > 0 such that if u is a solution
in D,0e€ D and0 €T then, for x € ' close enough to the origin, if W(+0,u) € {W(1,uy),2W(1,uy)}
then we have

d(x.Tuy) < C1 (00(Ca|x])) /). 2-7)

where Ty, is the free boundary of the unique blowup limit, and, if W(+0,u) € {W (1, ups), 2W(1, ups)},
then

Ix1] < C1 (00(Calx) > |x]. 2-8)



402 KAREN YERESSIAN

The proof of this theorem is based on a lower bound for the nontrivial homogeneous global solutions
and the nondegeneracy result proved in [ Yeressian 2015].

From Theorem 8, it follows that all points of TN {x; = 0} N{W(+0, x,u) € {W (1, uy),2W(1,uy)}}
are isolated points of I' N {x; = 0} (in the topology of {x; = 0}), in particular.

Theorem 9 (convergence of normals and the free boundary as a graph at regular points). There exists
C1 > 0 and Cy > 0 such that if u is a solution in D, 0 € D and 0 € T is a regular free boundary point
with blowup limit uy, then there exists € > 0 and

y € C(—g€ 3¢) N CH((—5€. 3e)\(0})

such that
I {|xi| < €} N Be = {(x1,7(x1)) | x1 € (—3€. 36) }.
|y (x1) = |xi]| < Cy (Go(C2|X1|))1/2|X1| for x1 € (—1e, Le).
Y= = Clon(ClaD) for x1 € (—e. je)\{0}.

The proof of this theorem is mainly based on a directional monotonicity result proved in Lemma 37.
There we prove that d,u > 0 in B, (x) for x € ' N{x; > 0} N3dB 4 if, for a given v € 9B with v-vy, >0,
r is small enough and u is close enough to uy, in C 1(Bl). The vector vy, is the normal to the free
boundary of uy, in the half-plane {x; > 0}, pointing into the noncoincidence set of u,. This directional
monotonicity result establishes the convergence of the normal of the free boundary to the normal of the
free boundary of the blowup limit.

As we will see, from Theorem 9 it follows that, in the case when the origin is a regular point but with
Uy (X1, —Xx3) as blowup limit, and in the case when W (40, u) = 2W(1, uy,), the free boundary is a graph
or the union of two graphs, respectively.

In the following theorem, in particular cases we show that the free boundary near to a degenerate point
is not C1** smooth.

Theorem 10 (an irregularity result at degenerate points). Let u be a solution in D with 0 € D. Sup-
pose also that there exists § > 0 such that Bs C D, 0x,u < 0 in Bs N {x; > 0,x, > 0}, there exists
pE C([O, %5)) nct ([O, %8)) such that p(0) = p'(+0) =0, p>0in (O, %5), p is convex and

QﬂB(gﬂ{xl>0,O<x2<%8}=B50{0<x2<%5, ,0(x2)<x1}.

Then either p =0 and u = uyg in QN BgN {x1 >0,0<x;,< %8} or the free boundary part T’ N {x1 > 0}
is not C 1% regular at 0 for any 0 <« < 1.

Let us note that the conditions in this theorem correspond to the example depicted in Figure 1(b).
The proof of this theorem relies on considering the nonnegative function v = —dx,u and using the
quantitative Hopf lemma (see [Han and Lin 2011]).



OBSTACLE PROBLEM WITH A DEGENERATE FORCE TERM 403

3. Uniform bounds on blowups

The following theorem is a consequence of the Harnack inequality and is a special case of the optimal
growth theorem in [Yeressian 2015].

Theorem 11. There exists a C > 0 such that if B,(y) C D then we have

u(x) < Cy)+r2(r+1nl) for x € Bya(y).

Based on this optimal growth estimate, in the following theorem we prove an estimate on the growth
of the solution near the free boundary.

Lemma 12. There exists a C > 0 such that if u is a solutionin D, y € Q,d = d(y,T") and Bs;(y) C D
then

u(x) <Cd*(d +|y1]) for x € B4(»). (3-1)

Proof. Let z € T be such that d = |y — z|. We have, for r = 4d,

By (z) = B44(2) C Baay|y—z/(y) = Bsa(y) C D.
By Theorem 11 we have that, because z € " and B,(z) C D,
u(x) < Clrz(r +|z1]) for x € B,/5(2). (3-2)
We have
Bi(y) C Bat|y—z/(2) = B24(2) = By /2(2). (3-3)
By (3-2) and (3-3) we obtain
u(x) < Cr?(r +|z1]) = C1(4d)* (4d +|z1|) < Cod*(d +|z1])
< Cod*(d +|z1—y1]+[31])

< Cd?*(2d +|y1]) < C3d*(d +|y1])  for x € By(y),
which proves the lemma. O

Let us define
y(t)=1lt]* forteR (3-4)
and, for 7y € R,
Wieo (1) = Y (1) = Y (to) — ¥ (o) (t —t9) for t €R.
Then there exists C > 0 such that for #, 7y € R we have
i (1) = Clt = to]*(lt0] + 1t 10 (3-5)

Proof of Theorem 2. We have

1 1 1
lurllLooBy) = r_3||”||L°°(B,-)’ IVurllLey) = r_2||vu||L°°(Br)» [Vurlcor( g, = ;[VM]COJ(B,)-
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So, if we prove that for some C > 0 we have
lullLoocB,) < Cr3,
IVu| Loo(p,) < Cr,
[V“]C‘“(Br) <Cr,

then the lemma is proved.
There exists C > 0 such that for v a harmonic function in B; we have

IVv(0)| = CllvliLee(s,) and [VV]coa(p, ) = ClvliLes(sy)-

By scaling we obtain that for v harmonic in B, we have

C
Vu(0)] = ;IIUIILOO(B,?)

C
[Vvlcoa(s,,,) = n_2||v||L°°(B,7)-
For x € Q let d = d(x, T"); then we have
Bsq(x) C Bsa+|x| C Bs|x|+|x| = Be|x|:

so if x € B(1/6)r, then Bsg(x) C D.
Now, by Lemma 12, we obtain that for x € B(j/¢),, We have

lullLoo(By(xyy < Cd?(d + |x1]).

Let0<r < %ro.

To prove (3-6), we compute, for x € B;,

u()] = llullLoo(B, ) < Cd?(d + |x1) < Clx(Ix| + |xi]) = 2C |x|* < 2C7r°,

To prove (3-7), using wgcl (x1) =0, (3-9), (3-11) and (3-5), we compute, for x € B,,
C
[Vu(x)| = [V(u —wx, ) (x)] < 7”” — Wy, Lo (B4 (x))

Cq Cq
=< i lull Loo(B,(x)) + 7”wx1 Lo (B, (x))
< Cod(d + |x1|) + C3d(d + |x1|) = Cad(d + |x1]).

From (3-12) it follows that
[Vu(x)| < 2C4|x|* < 2C4r?.

It remains to prove (3-8). We should show that

[Vu(x)—Vu(y)| <Cr|x—y| forall x,ye€ B,.

(3-6)
(3-7)
(3-8)

(3-9)

(3-10)

(3-11)

(3-12)

(3-13)

Fix x, y € B,. In the case B|x_y|(%(x + y)) C Q let us denote z = %(x + y). We have d =

d(z,T) = |x =yl
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By (3-10) and (3-11), we compute

[Vu(x) = Vu(y)|
|x — y| f [VM]CO,I (B|x—y|/2(z))

= [Vulcoa(,),(2))

< [V(u—wz)]c01(By () T [0 1001 (B2 (2))
C

< d2 — llu—wz, ||L°°(Bd(z)) + Wz lc2(By )2 (2))

<5 ||u||L°°(Bd(z)) L& VE lwz, Lo (8, + [We2(8a 20
G Cq

< ﬁczdz(d +la+ 23 —C3d*(d + |z1) + Ca(d + |21 )

= Cs(d + |z1])

=< 2C5}".

In the case B|x_y|(%(x + 1)) NQ° # @, by (3-12) we compute

|Vu(x) = Vu(y)| = [Vu(x)| + [Vu(y)|
=Cd(x,I)d(x,T)+[x1) +Cd(y, D)y, T) + |y1])
<3Clx—yldx.T)+|x1) +3Clx = y|d(y.T) + 1))
= Cirlx—y|

and this finishes the proof of the theorem. O

4. Homogeneity of blowup limits

Most of the results in this section are well known; one may refer to [Petrosyan et al. 2012; Weiss 1998;
1999]. But for the sake of completeness we include the proofs.
The Weiss balanced energy W (r, u) is defined in (2-2).

Lemma 13. Forr,s > 0and u € H'(B,s), we have W(rs,u) = W(s, u,).
Forue H! (Bry), W(r,u) as a function of 0 <r < rg is locally bounded and absolutely continuous.
For u a solution in By, and 0 <r < ry, we have

iW(r, u) =2r (0,u,)? do(x). (4-1)
dr 0B,

For u a third-order homogeneous solution in By, we have

W(l,u)=/ |x1|udx. (4-2)
B
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Proof. Let r, s >0 and u € H'(B,s). We compute

3
/ (IVu|? + 2|ox1 |u) dx — —— / u? do(x)
(rs)" Jom,,

1
|Vu(rx)|2+2r|x1|u(rx))dx—i7—6/ u?(rx) do(x)
5716 Jom,

W(rs,u) =

1
56

1 3
=& [ (VP 2t dv =5 [ ot =W,
s JBy s' JoB,

which proves the first claim.
Let u € H'(By,); then, for 0 < r < rg, by direct computation using polar coordinates we have

1
/ u?do(x) = =2r / o u(x)Vu(x)-xdx + — / u?(x)do(x). (4-3)
0B, Bro\B; [X] ro JoBy,
The equation (4-3) together with the fact that if f € L10C
bounded and absolutely continuous proves the second claim.

Let u be a solution in B,,, then we have (see [Petrosyan et al. 2012]) u € Clz)cl (Bry)- Let 0 <r <y,

(R?) then fBr f dx as a function of r is

then we compute

1d
Sdr W(r u)
2d W(1 ur)
= l(/ (2Vu, (x) - Voruy (x) + 2|x1|0,u,) dx—6/ UpOriy da(x))
2\Jp, 3B,

=/ (Vur(x)~V8rur(x)+|x1|8rur)dx—3/ Uy druy do(x)
B 0B}

=/ (—Au,(x)arur(x)—i-|x1|8ru,) dx—l—/ 8vur(x)8ru,(x)do'(x)—3/ Uy 0ruy do(x)
B,

B B

= / (avu,(x) - 3u,)8rur do(x).
0B
It is easy to see that on dB; we have

dyuy(x)—3u, =r d,u,,

which proves the third claim.
Let u be a solution in B;. We compute

W(l,u) =/B (|Vu(x)|2+2|x1|u) dx_3/33 u? do(x)

=/Bl(—Au(x))u(x) dx+/831 dyu(x)u(x) dU(X)+/Bl 2|xq|u dx—3/ u? do(x)

B

:/831 dyu(x)u(x) do(x)—i—/Bl |x1|udx—3/aB1 12 do (x)
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=/ [x1|udx + (dyu —3u)udo(x).
B 0B

For a third-order homogeneous function we have d,u = 3u; thus the last integral is null and this proves
the last claim. O

If u is a solution in B, for some ry > 0 then, by (4-1), W(r, u) is nondecreasing in 0 < r < rp; thus
the limit lim, ¢ >0 W(r,u) = W(40, u) exists but might be —oo. If 0 € I" then by Theorem 2 we have
lurllLoo(B,) < C for small enough 0 < r and from this it follows that

1

—— u?do(x) = —/ uf do(x) > —cq;
r 0B, 0B}

thus W(r,u) > —3c¢y and W(+0,u) > —3¢; > —oo0.
For y e 'N{xy =0} and r > 0, W(r, y, u) is defined in (2-5).

Lemma 14. W (40, x, u) is an upper-semicontinuous function of x € I' N {x; = 0}.

Proof. For x € I' N {x; = 0}, by the monotonicity of W(r, x, u) as a function of r > 0 and its continuity
as a function of x it follows that W(+0, x,u) = lim, ¢ >0 W(r, x,u) is upper-semicontinuous in
rn {X 1= 0}. O

Assume v is a third-order homogeneous function in By, i.e., v(0) = 0 and v(x) = v(x/(2|x|))(2|x|)?
for all x € B1\{0}. Then we might extend v as a third-order homogeneous function in R? as v(x) =
v(x/(2|x]))(2]x])? forall x e B{. Let us note that the term on the right-hand side is well defined because
for x € B we have x/(2|x|) € B;. From this definition of extension it follows that v(rx) = r3v(x) for
all x e R? and r > 0.

The following theorem is a special case of the main theorem in [ Yeressian 2015].

Theorem 15. There exists a ¢ > 0 such that if u is a solution in D, y € Q and B,(y) € D then we have

sup  u=u(y)+cer?(r + |y1l).
QNIB; (y)

A blowup limit is defined in Definition 3.

Lemma 16. Let v be a blowup limit. Then v is a third-order nontrivial homogeneous solution in By, the
third-order homogeneous extension of v in R? is a global solution, and W(+0,u) = W(r,v) for r > 0.

Proof. Assume v € C>1(B) is a blowup limit and Up, —> vin Cl1(B)).

From u,; > 0 in By it follows that v > 0 in By. By the convergence u,; — v in C1(By) it follows
that Au,, — Av in H~'(B;) and in particular as distributions. Also Xur, >0} = X{v>03 in L'(B;) and
thus |x; |X{u,~j >0} = |X1]|x{v>0y as distributions. Now (1-2) holds for u,; in By, so passing to the limit
as j — oo we obtain that v satisfies (1-2) in By. This together with v > 0 in B proves that v is a solution
to the obstacle problem in Bj.

For 0 < s <1 we compute

W(+0,u) = lim W(srj,u) = lim W(s,u,;) = W(s,v). (4-4)
Jj—0o0 j—o0
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Thus W(s, v) is independent of 0 < s < 1.
Now, by (4-1), we obtain that for 0 < s < 1

d

0= %W(s, v) =2s /831 (05v5)? do(x).

From here it follows that Vv - x —3v = 0 in B; and hence v is third-order homogeneous in B;.
Now let us prove that v is not 0 in By, i.e., v is nontrivial.
Let§>0and Bs C D. Let 0 <r <§ and y € B,/, N 2; then we have

Byj4(y) C Brjat|y| C Brjayr/a = Byrja €D,
thus by Theorem 15 we have
sup u>u(y)+ c(%r)3.

aBr/4()’)
We compute
0By /4(¥) C Brj2(¥) C Byjayiy| C By,
so we have
supu > sup u > u(y)+c(%r)3 > gser’
B, 0B, /4(»)
and thus
supu, = 4%6.
B,

From this inequality, taking r = r; — 0, we obtain that v is not identically 0 in Bj.

Let us again denote by v the extension of v in R2. Then it is easy to see that, because v is a solution
in B and v(rx) = r3v(x) for x € R? and r > 0, v is a solution in R?, i.e., a global solution.

By third-order homogeneity of v we have W(r,v) = W(% v) for » > 0 and this together with (4-4)
proves the last claim of the lemma. O

5. Homogeneous global solutions

In this section we classify all possible solutions of the problem (2-3). The solutions of (2-3) form the
subset of nonnegative solutions of the following no-sign obstacle problem (see [Petrosyan et al. 2012] for
more on no-sign obstacle problems)

Au = |x1|xQu) in R2,
Q(u) = {u = [Vu| = 0}°, (5-1)
u third-order homogeneous.

We first classify the nontrivial solutions of (5-1) and then find the subset of nonnegative and nontrivial
solutions of (5-1), and thus obtain the classification of the nontrivial solutions of the problem (2-3).

In the rest of this section we always assume that u # 0 in R?, i.e., we discuss only the nontrivial
solutions, so Q2 # @.
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In both problems, by homogeneity, the set 2 is an open cone in R?\{0}, i.e., for x € Q and r > 0 we
have rx € Q.

Either Q is equal to R?\{0} or it is at most a countable union of disjoint connected open cones
in R2\{0}.

To classify the solutions in both problems we first establish if there exists a solution with @ = R?\{0}.
Then we find all the connected cones  not equal to RZ\{0} for which there exists a corresponding
solution.

Let us define

U®) = u(e'?) — Lidgu(e™).

Lemma 17. If u is a third-order homogeneous function in a connected open cone Q C R?* such that
Au = |x1| then there exists a € C such that

U= %|cos 0| cos(@)eie + ge3i? (5-2)
for all é* 9 ¢ Q (in the rest of this section we identify R? with the complex plane C).

Proof. Let us write v(x) = u(x) — ¥ (x1) with ¥ as defined in (3-4); then v is a third-order homogeneous
harmonic function in the connected open cone 2 C R?. Thus there exists a € C such that

v(x) = N(@(xy +ixy)3) forall x €.

So we have
u(e'?y = %lcos 013 + R(ae) (5-3)
for all e’ € Q.
Differentiating (5-3) with respect to 6 we obtain the desired equation. O

By the homogeneity of u it follows that
{xeQ|ulx)=|Vu(x)| =0} ={re’® eQ|U®) =0, r >0}

If Q@ = R2\{0} then, for u to be a solution to (5-1), U should be a periodic function with period
27 such that U(0) # 0 for all 8 € R and if, in addition, u is a solution to (2-3) then we should have
RU(B) > 0 for all 6 € R.

In the case that 2 is an open connected cone not equal to R?\{0}, there exist 6, f, € R such that
0 < 0y <6y + 27 and Q = {re'? | r >0, 60; <0 < 6,}. In this case, if u is a solution to (5-1)
with Q = Q(u), then U should satisfy U(68;) = U(6,) =0 and U(#) # 0 for 8 < 6 < 6,. If, in addition,
u is a solution to (2-3) then we should have RU(8) > 0 for 6; < 0 < 6,.

Let us define

V(0) = |cos 6] cos(6)e??. (5-4)

It follows that

6¢310U (9) = V(0) + 6a. (5-5)

Lemma 18. The function u is a solution of (5-1) with Q@ = R?\{0} if and only if —6a & V(R).
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Figure 3. The set V(R).

Proof. The function u is a solution of (5-1) with Q = R?\{0} if and only if U is 27-periodic and U(6) # 0
for all 8 € R.

From (5-2) it follows that U is 2 -periodic and, by (5-5), it is clear that U(#) # 0 for all 8 € R if and
only if —6a & V(R). O

From the definition of V' in (5-4) it is clear that B{ C (V(R))¢, so by Lemma 18 it follows that there
are many solutions of (5-1) with @ = R2\{0}.

Let us note that for a connected cone specified by 6; and 6,, the solution with such a cone is unique.
This follows from the fact that, because U(6;) = 0, by (5-2) « is uniquely obtained and for this value
of a the solution u is uniquely given by (5-3). Based on this observation, in the following we do not
distinguish between a connected cone and the corresponding solution.

Lemma 19. The function u is a solution of (5-1) with a connected open cone Q # R>\{0} if and only if
one of the following cases hold.:

() 01 €Zn +{Z. %, 3%} and 6, = 0, + 2.

(i) 0; € Zm + % and 0, = 6, + 7.
(111) 91 eZn + % and 92 = 91 + %
(iv) 01 € Zn + 3 and 0, = 0, + 3Z.
Proof. Let us remember that we should have 6, 6, € R, 6; <6, <01 + 27, U(61) = U(6,) =0 and
U(0) # 0 for 8, < 6 < 0,. Tt is possible to find all such 6; and 8, by algebraic computations, but for
ease of presentation we resort to geometric arguments.

By (5-5), U(6) = 0 if and only if —6a = V(0), hence we should have 01, 6, € R, 6; < 0, < 601 + 2,
V(61) = V(6,) and V(0) # V(6,) for 8; < 6 < 0,. Thus we should find the smallest closed loops in the
range graph of V. The range graph of V, i.e., the set V(R) is depicted in Figure 3.

Then we have the following four cases:

(i) —6a = V(6,) € V([RE)\{O, i%} with 0, € R\(Zrx + {% s 37”}) and the smallest loop is when
0, =601 +2m.
(i) —6a = V(6) = 0 with 6; € Zn + 7 and the smallest loop is when 6, = 0 + 7.
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(iii) —6a = V(6,) € {j:%} with 0y € Zm + Z and the smallest loop is when 6, = 6; + %.

(iv) —6a =V (6)) € {j:%} with 0; € Zx + 3% and the smallest loop is when 6, = 6; + 3.

|
There is some redundancy in the solutions specified in the previous lemma. In the following lemma
we prove that if for two solutions the corresponding connected cones are rotations of each other by a

multiple of 7 then the corresponding solutions are also rotated by the same angle.

Lemma 20. Let a, a’ € C and let U, U’ be the corresponding functions. If n € Z and 6y € R are such
that U'(0g + nm) = U(0y) then U’ (0 +nm) = U(0) forall 0 € R.

Proof. For any n € Z and 6 € R we have
U'(0 +nr) =a e300 4 l|cos(9 + n1)| cos(6 + nm)et @ +nm)
= (=1)"@e*? + Licos | cos(9)e’® = (—1)"a’ —a)e3 ' +U(0),

from which the lemma follows because if U’(6y + nm) = U(6) for some 6, then (—1)"a’ —a = 0, from
which in turn it follows that U’ (6 + nm) = U(0) for all 6. |

Corollary 21. Let u and u' be solutions of (5-1) with Q(u) = {re'? | 0; <0 < 65, r > 0} and Q') =
{ret? | 0] <6 <0, r>0}, where 0 <0, <0y 421 and 0] < 0, < 0] + 2n. If there exists n € Z such
that 0] = 01 +nm and 05, = 6, + nn, then u' (€' Oty = 4y (e19) for 6, < 6 < 6,.

Proof. Let U(0) correspond to u(x) and U’(6) to u'(x). Then U(#;) = 0 and U’(0]) = 0. Thus
U(6,) =U"(0;) = U'(6; +nm). Now by Lemma 20 the corollary is proved. O

By this corollary we are able to remove some of the redundancies in Lemma 19, as stated in the
following corollary:

Corollary 22. The function u is a solution of (5-1) with a connected open cone Q # R>\{0} if and only
if one of the following cases hold:

(i) 61 € [0, 271)\{% s 37”, ST”, 37” 77”} and 6, = 6, + 2m: the solutions correspanding to 01 in

[7, 27r)\{5”, 3z 7”} are equal to the solutions corresponding to 6 € [0, m)\{Z, 72’ 324 rotated
by m, respectively.

ii) 0y € {5, 5F} and 0, = 01 + 7w: the solution corresponding to 0y = =F is equal to the solution

(i) 61 € {Z.,3F} and 6, = 6 he soluti ponding to 01 = 3 is equal to the soluti
corresponding to 01 = % rotated by m,

iii) 01 € {%, =} and 0, = 01 + %: the solution corresponding to 01 = = is equal to the solution

(iii) 0y € {Z, 2%} and 6, = 6; + Z: the soluti ponding to 0; = 2 is equal to the soluti
corresponding to 01 = % rotated by .

iv) 01 € {=F, F}and 0, = 6, : the solution corresponding to 01 = = is equal to the solution

(iv) 01 € {3F, 2%} and 0, = 61 + 2Z: the sol ding to 0 qual to the sol

corresponding to 61 = 37” rotated by m.

By Lemma 18 we have obtained the solutions of (5-1) with = R2\{0} and by Corollary 22 we have
obtained all the solutions of (5-1) with a connected open cone  # R?\{0}. Now we turn to finding the
nonnegative solutions among these solutions.

To check the nonnegativity of a solution u, in the following lemma we write u(¢’?) in a closed form.
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Lemma 23. Let 61 < 0, < 61 + 27 and let u be a solution to (5-1) in the cone corresponding to 61 and 0.
Then we have

6u(ei9) = |cos 8]* —|cos 6; | cos(B;) cos(36 —26)). (5-6)
Proof. Because U(6;) = 0, by (5-5) we have 6a = —V (6;).
Now, by (5-3) we compute
6u(e'?) = |cos 0° + R (6ae3%) = |cos 8]> — R(V (6;)e>?)
= |cos 6> — R(|cos 0| cos(6)e 21016319
= |cos 0> — R(|cos 0| cos(@l)e(39_291)i)
= |cos 8|3 — |cos B; | cos(8; )R (e GO—2007)
= |cos 0> —|cos 6; | cos(B;) cos(36 —26),
which proves (5-6). O
Lemma 24. There exists no solution to the problem (2-3) with Q = {u > 0} = R2\{0}.

Proof. On the line segments {x; = 0}\{0}, i.e., for & = =7, we have

6u(e™™/?) = !cos(:l:%)‘3 — |cos 01| cos(61) cos(:l:%” —264)
= —|cos 01| cos(6y) cos(:l:%” — 291)

= +|cos 81| cos(8;) sin(261). (5-7)

If |cos 01| cos(61) sin(281) =0 then u(eii%) =0, which is in contradiction with Q = {u > 0} =R?\{0}.

If |cos 01| cos(61) sin(26;) # 0 then we can choose § = 7 or § = —7 and obtain u(e'?) < 0, which is
again in contradiction with Q@ = {u > 0} = R?\{0}. |

Lemma 25. The function u is a solution of (2-3) with a connected open cone Q # R>\{0} if and only if
one of the following cases hold.:

1 6; € {%, 37”} and 0y = 01 + m: the solution corresponding to 01 = 37” is equal to the solution
corresponding to 60y = % rotated by .
(i) 6; € {% ST”} and 0 = 6 + % the solution corresponding to 0; = ST” is equal to the solution

corresponding to 01 = % rotated by 7.

Proof. We first show that the solutions given in parts (i) and (iv) of Corollary 22 are not nonnegative and
then we show that the solutions given in parts (ii) and (iii) are nonnegative.

To prove the failure of nonnegativity of solutions given in part (i) of Corollary 22 we need only to
consider 6; €0, n)\{%, 7 37”} with 8, = 81 + 27 and, to prove the failure of nonnegativity of solutions
given in part (iv), we need only to consider 0, = 37” with 6, = 6; + 37”

For all these cases let us consider 6 = 37”, then 6; < 6 < 6, and, by a similar computation as in (5-7),
we obtain that

6u(e™/%) = —|cos 0; | cos(6;) sin(26;).
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Because for 6; € [0, 7) we have
|cos 6y | cos(8;) sin(26;) = 2|cos 0; | cos?(6;) sin6; > 0,

this proves that the respective solutions take a nonpositive value at 8 = 37” If u(e371/2) < 0 then u is
not nonnegative. If u(e37/2) = 0 and u was nonnegative then we would have dgu(e37%/2) = 0, which is
in contradiction with the connectedness of 2.

To prove that the solutions given in Corollary 22(ii) are solutions of (2-3), we need only to consider
the case when 0, = % and 0, = 6; + w. We compute

6u(e’?) = |cos 0] — |cos Z| cos(Z) cos(30 —2(%)) = |cos 6| (5-8)

and, because |cos 0| > 0 for 5 < 0 < 37”, we obtain that u is a solution of (2-3).
To prove that the solutions given in Corollary 22(iii) are solutions of (2-3), we need only to consider
the case when 6, = % and 6, = 6; + % We compute

6u(e’®) =|cos 0] ~|cos T | cos(Z) cos(30—Z) = |cos O]* 1 cos(30—Z ) =|cos 0>~ 1L 5in(36). (5-9)
Let 0 = Z +y for =% <y < ; then
6u(e! /2y = |cos(% + )/)‘3 - % sin(3(% +y)) = Isin v} + % cos(3y).

It follows that 61 (e!"/2+7)) = 6u(e("/277)) s0 we need only to consider 0 < y < T.For0<y<Z
we have sin y > 0, thus

6u(e! 12Ty =in y + %005(3)/) = %0053()/)(tan y—1D2Qtany +1) > 0;
therefore we obtain that u is a solution of (2-3). O

Lemma 26. In the original variable x € R?, the only solutions of (2-3) with a connected open cone

Q # R2\{0} are the following four solutions together with their noncoincidence cone Q and their free

boundary I":
u(x) = ups(x), Q= {x; >0}, I ={x; =0}
u(x) = ups(—x1,x2), Q={x; <0}, I={x; =0}
U(X) = ty(x), Q={x2>[x1l}, T'={x2=|xl}
u(x) =uw(xy, —x2), QL={x2<-[x1l}, I ={x2=—|x1]}.

Proof. We compute the solutions given in Lemma 25 in the original variable.
For solutions given in Lemma 25(i), we only consider the case when 6, = % and 0, = 01 + . We
have
{xzreie }r>0, %<9<37”}={x1 < 0}.

Now, for x = re’? € {x; < 0}, using the computation in (5-8) we compute

6u(x) = 6u(rei9) =6r3u(e’?) = r3eos O] =r3|xy/rP =P = (xl_)3.
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For solutions given in Lemma 25(ii) we only consider the case when 6; = Z and 6, = 0, + 5. We
have

{x=rei9‘r>0, %<9<3T”}={x2>|x1|}.
Now, for x = re’? € {x, > |x;|}, using the computation in (5-9) we compute
6u(x) = 6u(rei9) = 6r3u(ei9) = r3(|c089|3 — % sin(39))
= r3(|cos 6|3 — %(3 cos?(#) sin 6 — sin? 9))
=73 (|x1/r]? = 3(3(x1/r)*x2/1 — (x2/1)?))
= |x1|? = $(3x7x2 —x3),
which completes the proof of the lemma. O

Proof of Theorem 4. By Lemma 24 there exists no solution to the problem (2-3) with Q = {u > 0} =R\ {0}.

So we are left only with solutions whose noncoincidence open cone €2 is a countable union of disjoint
connected open cones. But, considering the only possible connected open cones as noncoincidence sets
enumerated in Lemma 26, we come to the conclusion that, except for the solutions with connected cones,
there exist two additional solutions, uy, + (X1, —X3) and upg + ups(—X1, X3), each a combination of
two solutions with connected open cones. O
Lemma 27. We have

1 8
W, ups) =& and W(l,uy) = 155 (7 — 3).

Proof. For any solution of (2-3) with connected open cone, we have, using (4-2),

1 1
W(l,u) =/ |x1|u dx =/ / |x1|udo(x)dr =f / lry1|lu(ry)r do(y)dr
B, 0 JIB, 0 BBl

1
:/ r5dr/ |yilu(y)do(y)
0 0B,

1 (% :
== cos O|u(e'?) do.
6

01

For the half-space solution uyg, we compute, using (5-8),

1 3m/2 1 /2 T
W(l,uhs):%//2 |cos@|4d9:§/0 cos49d9:%.
b3

For the wedge solution u,,, we compute, using (5-9),

3n/4
W(1,uw):%//4 (Icos B]* — Licos 0] sin(36)) d
T

1 /2 . 1 /2 ' 1 .
= 1_8/71/4 cos Gde—%[ﬂ/“ cos(6) sin(36) d6 = m(”—g),

which completes the proof of the lemma. O
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Corollary 28. We have

0< W, uy) =W, uy(x1,—x2)) < W, uy + ty(x1,—x2)) =2W(1, uy)
<W(ups) = W upg(—x1,x2)) < W, upg +ups(—x1,x2)) =2W(1, up).

Proof. The only inequality that is not clear is the inequality 2W (1, uy,) < W(1, ups). But this is verified
by the explicit values computed in the previous lemma. O

Corollary 29. The set I'N{x; = 0} might be decomposed into four disjoint sets according to four possible
values of the Weiss balanced energy. The closure of the set of points with a given energy w is a subset of
the set of points with energy larger than or equal to w.

Proof. Let y € I' N {x1 = 0}; then, by the translation u(x + y), we might assume that y = 0. Let 0 < § be
such that Bs C D. Let us consider the family u, for 0 <r < %8. By Theorem 2 this family is uniformly
bounded in C'!(B;). Thus there exists r; — 0 and v € C1:1(By) such that uy; —> vin C!(B)). By
Lemma 16, v is a nontrivial homogeneous global solution and W(+0, u) = W(1, v). The possible values
of W(1, v) are only of the four values given in the previous corollary and this shows that the free boundary
points I' N {x; = 0} divide into four disjoint sets depending on the Weiss balanced energy of the blowups
at that point.

The last claim follows from the upper semicontinuity of W(+0, x, u) stated in Lemma 14. O

For example, from Corollary 29 it follows that the set T N {x; = 0} N{W(+0, x,u) = 2W(1, upg)} is
closed. Actually, at the end of Section 7 we will show that all points of I' N {x; = 0} N {W (40, x, u) in
{W(,uy),2W(1, uy)}} are isolated points of I' N {x; = 0}.

In the following lemma we obtain a lower bound for the homogeneous global solutions, which will be
used in Lemma 32.

Lemma 30. There exists a ¢ > 0 such that for all homogeneous global solutions u we have
u(x) = cd?(x,{u=0})(d(x,{u=0}) +|x1|) for x e R% (5-10)

Proof. It is easy to see that we need to prove (5-10) for the cases when u = uy, or u = uyy.
In the case u = uy,, for x; < 0 both sides of the inequality (5-10) are 0. For x; > 0 we have
d(x,{ups = 0}) = x1, hence

ups(X) = £7 = $d>(x, {ups = 01 (3 (x, fups = 0}) + $x1)
= 15d” (x, {uns = O (d(x, fups = 0}) + x1)
and this proves (5-10) for u = uy;.

In the case u = uy,, for x5 < |x1| both sides of the inequality are 0. Also, by the symmetry uy, (xy, X3) =
Uyw(—x1,x3) we need only to consider the case x, > x1 > 0.
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For x5 > x1 > 0 it is easy to see that d(x, {uy =0}) = %(xz —X1), thus for x, > x; > 0 we compute

3 3 2
Uy (x) = %x1 + %xz _%x X2 = L2(362 —x1)7(2x1 + x2)

= L (V2d(x, {uy = 01))* (31 + V2d(x, {uyy = 0}))
V2d? (x, {uy = 0} (d(x, {tw = 0}) + x1),

which proves the desired inequality. O

A%
A= ._.l
N

In the next lemma we prove directional monotonicity type inequalities, which will be used in Lemma 37.

Lemma 31. There exists a C > 0 such that adyuy —uy > 0in By N {(1 +€)x1 > x > x1 > 0} if
v=el0Bm/4HY) e 0, -2 <y <Zand C(1/a+ 1)e <cosy.

Proof. For x, > x; > 0 we have

2
Uy(x) = %xf + ll—zxg — %xlxz = 15 (x2 —x1)7(2x1 + x2)
Oy Uw(x) = %xlz—%xlxz =——(x2—x1)x1,
1.2 1.2 _
8X2uw(x) 3% — 7% 4(x2_x1)(x1 +x2)

Thus we may compute, for x, > x; > 0,
Ayt (x) —ty(x) = a(vi(—1 (o —x1)x1) +v2(3(x2 = x1) (X1 4+ x2))) — 15 (x2 — x1)*(2x1 +x7)
=202 —xp)(a(—vixs +v2(3(x1 +x2))) — 2(x2 — x1)(2x1 + x2)). (5-11)
Thus, to have a9, 1y (X) — iy (x) > 0 for x € R? satisfying x, > x; > 0 we should have
a(—vixy +v2(3(x1 +x2))) = £(x2 —x1)(2x1 +X2)

and, rearranging this further, we get the equivalent inequality
vy — vy = —(Xz —Xl)(—(2X1 +x2) — Vz)

Now, for x € B; we have the bounds x; < 1 and x, < 1. Also, if 0 < x; < x5 then x, —x; > 0. So it
is sufficient to have the inequality

1 1
vy — vy = T(xz—xl)(a—vz)- (5-12)

By 0 < x; <Xxp < (1+¢€)x; we have 0 < (x, —Xx1)/x1 <e€. Thus, if 1 /a—v, > 0 then we should have

1
amnz5(ion)

and if 1/a — v, <0 then we should have v, —v{ > 0. Because v, > —1, for both cases it is sufficient to
have
by — vy > E(l+1). (5-13)
— 2\a
We compute
(3T 3 _ f
vy — vy =sin(3E +y) —cos(3F +y) = v2cosy. (5-14)
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From (5-13) and (5-14) it follows that it is sufficient to have

\/5 ( 1
>N2(2 1)
cosy L +1)e
and, taking C > —‘?, the second part is also proved. O

6. Uniqueness of blowup limits

Proof of Theorem 7. By Lemma 16 a blowup limit at the origin is a third-order homogeneous global
solution.

By Theorem 4 we have six nontrivial homogeneous global solutions. Let us enumerate them by u’ for
i=1,...,6.

Assume by contradiction that there exist r; — 0 and 7; — 0 such that u,, — u' and u 5o u
in C1(By).

There exists € > 0 such that [|u’ —u! lcp,)>e€fori=2,...,6.

2

Let us write f(r) = ||u, —u! lc(By)-
Because u is uniformly continuous in a neighbourhood of 0 we have that f(r) is continuous for small
enough r > 0. We have also /(rj) — 0 and f(7j) — |u* —u'|c(p,) > €. Thus there exists #j — 0 such

that f(7;) = Le.

By Theorem 2, u3; is uniformly bounded in C L1(By) for large j. Thus there exists a subsequence ji
such that u 7, converges in C!. By Lemma 16 the limit of u P is a third-order nontrivial homogeneous
global solution. This is in contradiction with f(7}, ) = %e and the choice of €. O

7. Convergence of the free boundary to the free boundary of the blowup limit

In the following lemma, roughly speaking, we prove two inclusions. First, if u is close to a nontrivial
homogeneous global solution u then, for x far from {u¢ = 0}, we have u(x) > 0. Second, if u is close
to a solution u¢ then, for x far from {u¢ > 0}, we have x € {u = 0}°.

Lemma 32. There exists ¢ > 0 such that if ug is a nontrivial homogeneous global solution and u is a
solution in By, then we have

{x € B, ‘ cdz(x, {ug = 0})(d(x, {ug=0}) + |x1|) > ||u _uO”LOO(Bl)} C {u > 0}; (7-1)

here {ug =0} = {x € R? | uo(x) = 0} and {u > 0} = {x € By | u(x) > 0}.
If ug and u are solutions in By and

lu—uollLooBy) <,
then

{x € Byya | ed?(x.Aug > O (d(x. futg > 0) + x1]) > u—uollzoesy} Clu =01 (7-2)

here {ug =0} ={x € By |ug(x) =0} and {u =0} ={x € By |u(x) =0}.
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Proof. Assume u is a nontrivial homogeneous global solution and u is a solution in By. Using Lemma 30
for x € B; we compute
u(x) = uo(x) +u(x) —uo(x) = ug(x) — lu —uol Lo (B))
> c1d?(x, {ug = 0})(d(x, {ug = 0}) + |x1|) — llu —uoll Lo (B,):

here c; is the constant in Lemma 30. So, if

llu—uollLoo(py) < 3e1d*(x, {ug = OP(d(x, {ug = 0}) + |x1])
then
u(x) > gerd®(x, {ug = 0})(d(x, {uo = 0}) + |x1])

and this proves (7-1) with 0 < ¢ < %cl.
Assume uq and u are solutions in B;. By Theorem 15 there exists ¢, > 0 such that, if y € By, u(y) >0
and B,(y) € By, then we have

sup u>=u(y)+car®(r + y1)).
{u>0}N3B(y)

Thus, if y € By, u(y) >0, B.(y) € {ug =0YN By and cor%(r + |y1|) > |lu — uo|lLoo(B,)» then we
have

0= sup Uy = sup (u— (u—uyp))
{u>0}N3B, () {u>0}N3B;(y)
> sup  u—|lu—uglLe(s)
{u>0}N3B, ()

> u(y) +car?(r + |y1]) — lu — uollLeo(y)
> cor?(r + |y1]) — llu — uollLoo(By):

a contradiction. Thus, if y € By, B,(y) € {uo = 0} N By and cr%(r + |y1|) > |u — uollLoo(B,)
then u(y) = 0.
For y € ({ug =0} N By)°, setting r = %d(y, uo =0}N Bl)c) it follows that if

1e2d*(y, ({ug = 04 N B1)) (3 (v, Quo =0} N B1)S) + [ y1]) > llu —uo |l Loo(By)
then u(y) = 0. This proves that
{x € By | xc2d?(x, ({uo = 03N B1))(d (x. ({uo =0} N B1)) + |x1]) > llu —uollLoo(py)} C {u =0}
By the continuity of d (x, ({uo =0} N Bl)c) as a function of x it follows that

{x € By | §c2d?(x. (fuo = 0} N B1))(d (x. ({uo = 0} N B1)°) + |x1]) > lu —uollLoo(s)}
Clu=0)°. (7-3)

Let x € By/,; then we compute

d(x, ({ug=0}NB1)°) =d(x, {ug>0}UBS) =min(d(x, {ug>0}),d(x, BS)) >min(d (x, {ug>0}), 3).
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so we have
d*(x, ({ug = 0} N By)°) (d (x. ({uo = 0} N B1)°) + |x1])
= min(d2(x, {uo > 0D(d(x, {uo > 0} + x11). (3)* (4 + x1]))
> min(d > (x, {ug > 0})(d(x. {uo > 0}) + |x1]), %) (7-4)

So, by (7-3) and (7-4), if
lu —uollLoo(By) < o5€2

then
{x € Bija | gead®(x, {ug > 0N (d(x,{uo > 0}) + |x1]) > u —uoll ooy} Clu =0} (7-5)
and, by choosing 0 < ¢ < &cz, this finishes the proof of the lemma. |

By the inclusions proved in the previous lemma, in the following lemma we show that for u a solution
and u( a nontrivial homogeneous global solution, if # is close enough to u# then the free boundary of u
is in a quantitatively specified neighbourhood of the free boundary of u.

Lemma 33. There exists ¢ > 0 such that, if u is a solution in By and uq is a nontrivial homogeneous
global solution, then if
llu —uollLoo(my) <c (7-6)
we have
[N By C {ed?(x, Tug)(d(x, Tug) + |x1]) < llu—uollLoo(By) }-

Proof. If u = ug in B then the claim is obvious, so we assume that u¢ 7# u in Bj.
Assume there exists x € I' N By, such that

cd?(x, Tug)(d(x, Tug) + |x1]) > [l — uollLoo(By):

here ¢ > 0 is as in Lemma 32.
Then, because
d(x,Tyy) = max(d(x, {ug = 0}),d(x, {ug > 0})),

we should have either

cd?(x, {ug = 0})(d(x, {uo = 0}) + |x1]) > lu —uollLo=(8) (7-7)
or
cd®(x . {uo > 0})(d(x. {uo > 0}) + |x1]) > [lu — ol Loo(B))- (7-8)

In the case when (7-7) holds then, by (7-1), we obtain that u(x) > 0, which is in contradiction
with x € I'.

In the case when (7-8) holds then, because also (7-6) holds by (7-2), we obtain that x € {u = 0}°,
which is in contradiction with x € I" and this finishes the proof of the lemma. O
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Lemma 34. There exists ¢ > 0 such that if ug is a nontrivial homogeneous global solution, u is a solution
inD,0€ D and0 €T then, for x € I" such that By C D and

llua)x) —tollLoo(By) <c»
we have
cd®(x, Tug)(d(x, Tug) + x11) < |x* [ uajx) — ol Loo(By)-

Proof. Let ¢ be as in Lemma 32.
Let » > 0 and assume

lur —uollLoo(By) <¢;
then, by Lemma 33, we have

T, N Bz C {ed* (3. Tug)(d(y. Tug) + [¥1]) < llur —uollLoo(sy)}-
Then, because I',, is a cone and I'y N B, ;5 = r(I'y, N Bj/,), we obtain
TuN Byjs C{ry € Byya | ¢d? (9. Tug)(d(v. Tug) + 131) = llur —uollzoocny )
e () 03+ 21) 2 er -tan
={x € B,5 | cd?(x,Tup)(d(x,Tuy) + |x11) < > llur —uollLoo(sy)}-

For those x € I', such that By || C D, we may consider r = 4|x|.
So, if

ltta)x| —uollLoo(By) <€
then, because x € I'y N By|x|, we have
cd? (x, Tug)(d(x, Tug) + |x11) < 4% x| [ ug)x) — o]l Loo () O

Proof of Theorem 8. Let us consider the case W(+0, u) = W(1, uy,) with the blowup limit u,. Then for
xe{x; >0, x;>—x;} wehave d(x,I'y,) = “/T§|x2 —x1] and, for x € {x; > 0, x, < —x1}, we have

d(x,Ty,)=|x|= §|x2 —x1/|. Thus we compute, for x; > 0,
d(x,Tu,) + x1] = 38v2]x0 — x| + x| = eq]x]. (7-9)

By symmetry we obtain the same inequality for x; < 0.

Now, by Lemma 34 we obtain the inequality (2-7). For the remaining cases, when W(4-0, u) is in
{W(,uy),2W(1,uy)}, we can compute similarly.

In the cases when W (40, u) € {W (1, ups), 2W(1,ups)} we have I'yy = {x; =0} and d(x, I'y,) = |x1],
so (2-8) follows immediately from Lemma 34. O

Corollary 35. Let u be a solution in D; then the points of
L N{xy =03 N{W(+0,x,u) € {W(1, uyw), 2W(1, uyw)}}

are isolated points of I' N {x1 = 0} (in the topology of {x; = 0}).
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Proof. Assume W (40, u) € {W(1, uy),2W(1,uy)}; then, by (2-7), the free boundary should converge
to the free boundary of the blowup limit tangentially. But this is not the case if the origin is not an isolated
point of I' N {x; = 0}. |

8. Convergence of the normal of the free boundary to the normal of the free boundary
of the blowup limit at regular points

In the following lemma we prove a nondegeneracy type result for u — ad,u far from the degeneracy
line {x; = 0}.

Lemma 36. Ifu is a solution in D, y € 2, B,(y) €@ DN {x1 > 11—6} and u(y) — %Bvu(y) > 0, then we

have

%rzf sup  (u—adyu).
QNIBr(y)

—_

Proof. Let y and r be as in the statement of the theorem.
We define, for a > 0 and ¢ > 0,

h(x) = u(x) = adyu(x) = u(y) —adsu(y)) —clx — y|*.
We compute

Ah(x) = |x1|—avixi/|x1| —4c> L —a—4c in QNi{x; > L},

16 16
so if we choose a = % and ¢ = ﬁ then we have
Ah=0 in QN{x; >} (8-1)
Also we have
h(y)=0. (8-2)

For x € I" we have u(x) — 31—2 dyu(x) =0, thus if u(y) — % dyu(y) > 0 then we have
h(x)z—(u(y)—31—28,,u(y))—llﬁ|x—y|2 <0 onT. (8-3)

Because B(y) C {x1 > £}, by (8-1) we have that / is subharmonic in the domain © N B, ().
Applying the maximum principle for the domain N B, (y) and the subharmonic function /2, we have

h(y)< sup h. (8-4)
QN B ()
By (8-2) and (8-4), we obtain
0= sup  h. (8-5)
a(QNB ()

Because
AQN B () = (02N By (y) U(RNIBr()),

by (8-3) and (8-5) we obtain

0< sup h. (8-6)
QNaBr(¥)
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By the definition of /, from (8-6) we get the inequality

)=y gt S sup (=5 ) (8-7)
rJy

and this proves the lemma. O
Let vy, be the normal to ', N {x; > 0} pointing into {u,, > 0}, i.e.,
=L
Vy = ﬁ( 1, 1).

In the following lemma we prove a crucial directional monotonicity result, which will be used in the
proof of the convergence of normals.

Lemma 37. There exists ¢ > 0 such that, if u is a solution in By, x, € I'y N B4 N{x1 >0}, v € 0B

and r > 0 are such that
1/2

||u—uw||cl(31)

+r = cv-vy,

then
%avu_uio il’l QﬂBr(Xu).

Proof. We have
Xuy b =Tu, N0By4N{xy >0}, where xy, = “/TE(I, 1).
Step 1. In this step we show that there exists C; > 0 such that
16w = Xu | < Crllu —ttw | 2 5, (8-8)
By Lemma 33 there exists ¢ > 0 such that if ||u —uy| oo (B,) < ¢ then
Ty NV Byyy C{e(d(x, Ty, )2 (d(x. Tuy) + [X11) < lu — || Loo(By) - (8-9)
We have x, € T', N 3By /4 N {x; > 0}; thus, by (8-9),
¢(d (¥, Ty, ) (d (Y. D) + 161 D) < e = wwll oo (s (8-10)
As in (7-9) there exists ¢; > 0 such that
d(Xu, Tuy) + 1xu1] = c1|xul = §e1. (8-11)
Also, because x;, € dB1/4 N {x1 > 0} there exists C; > 0 such that
|Xu = Xuy, | < Cad(xy, Tyy,). (8-12)
Now, by (8-10), (8-11) and (8-12), it follows that there exists C5 > 0 such that
[ =, | < Callu—wll o2 . (8-13)

Step 2. In this step we show that there exists § > 0 such that if

1

|u—uwlreop) <6 and 0 <r < g5
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then, for x € Q N By/48(xy), if u(x) — ;—zavu(x) > ( we have

ﬁrzf sup (u—%avu).

QNIB, (x)
By Step 1, if
1/2 1
Csllu — ”w”Loo(Bl) < 73
then |xy — xy,, | < 75 Thus xy,1 > Xy,,,1 — 418 and

1 1 1
Bl/48(xu) - {Xl > Xuw,1— a8 R} = {xl > Xy 1 _ﬂ}

and, for x € Bj/43(xy), we have

B11as(x) C {1 > X1~ 353} = (1> 31— 1g) = (1> g} Clr > § =g} = {1 > 1.

Now, by Lemma 36, if

1

O<l"<m,

x € QN By48(xy) and u(x) — ;—zavu(x) > (, then we have

1.2
ogf < sup (u 328vu)
QNIB;(x)

Step 3. In this step we show that there exists C4 > 0 such that % Oyl —Uy >01in By(xy, ) if0<n< %,
veIB; and Cqn < v -vy.
Assume x € By(xy,,) with 0 <71 < 7. Then

1
R>

11

16 16

V2
8

oo|—

X1 > Xyyy, 1 — 1> Xy 1 —ﬁ =
and
X X2 — X Xy — X
AL R S 51+u <1416|x3—x1| =1+ 168/2d(x, {x2 = x1})
X1 X1 X1

<14 16v2|x —xy, | <1+ 16427
hence by Lemma 31 we have ;—zavuw(x) —uy(x)=>0if v € dB; and

C(i/53 +1)16v2n) <v-vy
with C > 0 as in Lemma 31.
Step 4. In this step we show that there exists §; > 0 and Cs > 0 such that, if

1

lu—uwlLoos) <81, 0<r<g5., 0<ri<gzg, (8-14)

vedBr Colr+ri+Callu—unll /2 p,)) <v-vu. (8-15)
1/2

C5||”—uw||cl(31) <r, (8']6)

then
— L u<0 in QN B, (x). (8-17)
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By Step 1 there exists 0 < §; < § such that if

[ — uwl|Loo(By) < 61
then
Xy — Xu,, | < ﬁ
Let
1

O0<r<gg and 0<r <

€1
48"

Assume now that both (8-18) and (8-20) hold.
We define
n=r+r+|xy—Xu,l;

then by (8-19) and (8-20) we have
0<n< %.

By Step 2 for x € QN By, (xy), if u(x) — ;—Zavu(x) > ( then

12 1
sl < sup  (u—450,u).
QNIB(x)

By (8-21) and Step 3 we have 55 0yuy — Uy = 0 in By(xy,,) if

vedB; and Cyn=<v-vy,.

Assume now that (8-23) holds.
We have

(8-18)

(8-19)

(8-20)

(8-21)

(8-22)

(8-23)

B (x) C Br—i—lx—xul(xu) C Br+|x—xu|+\xu—xuw|(xuw) - Br+r1+|xu—xuw|(xuw) C Bp(xu,).

We compute

sup (u—;—zavu)f sup (uw—;—za,,uw)—i- sup  (u—

QNIB;(x) QNAB;(x) QNIB;(x)
= Cslu—uwlcica,)-
Therefore, by (8-22), if
3572 > Collu—uwllcip))
then

u—%athfO in QN By, (xu).

Step 5. In this step we finish the proof of the lemma.

Choosing
1/2

r= 2C5”“_uw”C1(B1)’

(8-16) holds. Noticing that v - vy, <1 we obtain that, by choosing ¢ > 0 small enough, if

1/2
v € 0B, ||”_”w||c/l(31)+r1 <cv-vy

3% dyu — (i — ;—zavuw))



OBSTACLE PROBLEM WITH A DEGENERATE FORCE TERM 425
holds then (8-14) and (8-15) hold and thus, by Step 4, (8-17) holds and this proves the lemma. O
For 0 < § < 1 let us define the open cone
Cs ={x € R? | x - vy > 8|x]}.

Corollary 38. If u is a solution in By, x € ' NdB;/4N{x; >0}, 0 <8 <1 and r > 0 are such that

1/2
”u _uw”CI(Bl) +r = cé
with ¢ > 0 as in Lemma 37, then
B,(x)N(x+Cs) C{u>0} and B,(x)N(x—Cs) C{u =0} (8-24)

Proof. By Lemma 37 and the definition of Cs we have that, for all v € Cg,
dyu >0 in By(xy). (8-25)
From (8-30), because u > 0,
zeBy(x) and u(z)=0 = B,(x)N(z—Cs) C{u=0}. (8-26)
In particular, because u(x) = 0 we have
B, (x)N(x —Cs) C {u =0}.

Now assume there exists y € By (x) N (x + Cs) such that u(y) = 0. By (8-26) we have that u = 0 in
B, (x)N(y—Cs). From y € x + Cy it follows that x € y—Cs, thus X is in the interior of B, (x)N(y—Cs),
where we have shown that u = 0 and this contradicts x € I". O

It is easy to see that, for the cone C 8/ conjugate to the cone Cg, we have

Cé:{xe[R{2|x-yZOf0rallyeC5}=5m. (8-27)

Theorem 39. There exists C1 > 0 such that, if u is a solution in D, 0 € D and 0 € T is a regular point
with blowup limit u,, then there exists € > 0 such that all points of I’ N{x; > 0}N B¢ are usual (for x1 >0
the force term is nondegenerate) regular free boundary points and
1/2
1) = vao| = Ci g =l 1 (8-28)
for x e T N{x; > 0} N Be, where n(x) is the normal to T at x, pointing into Q2.

Proof. If there exists ¥ > 0 such that u = uy, in B, then the claim of the theorem holds trivially. So we
might assume that for all » > 0 we have u # uy, in B,.

Let x € ' N {x; > 0} N By. By the uniqueness of the blowup limit and Theorem 2 we have that
Ug|x| —> Uy in C!(By) as x — 0. Thus there exists € > 0 such that for |x| < € we have

c 2
ltax) —uwllcrepyy < (5) (8-29)

with ¢ > 0 as in Lemma 37.
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Let y = 4x/|x|. Then y € Ty, N 3By N{x; > 0}. By (8-29), if we choose

2 1/2
§= E||u4|xl - uw||C1(Bl) (8-30)
then0 < é < 1.
Also let us set
1/2
r = lttage) =l T (8-31)

Then, by (8-30) and (8-31) we have
ltage —wwll o, + 1 =8 (8-32)
and consequently, by Corollary 38, we have
By (y)N(y +Cs) Clugix) >0} and By (y) N (y —Cs) C {ugx = 0}. (8-33)
From (8-33) it follows that
Byjxr (x) N (x +Cs) C{u>0} and By (x) N (x —Cs) C{u =0} (8-34)

Now, if x is a singular free boundary point then the blowup limit is a nonzero homogeneous quadratic
polynomial. But, by (8-34), this polynomial should be equal to 0 in —Cg, which brings us to contradiction.
Thus all points of I' N {x; > 0} N B are regular points.

Now assume |x| < €; then, because x is a regular point, I" has a normal at this point. Let n(x) be the
normal to I" pointing into 2. From (8-34) it follows that n(x) € C 5/ . Now, by (8-27), we have

nx)eC 5
o)
n(x) vy > V1-352
We compute
252
In(x) —vp|> =2—=2n(x) vy <2-2V1-86>= — <26 (8-35)
N N 1+v1=8

and (8-28) follows from (8-30) and (8-35). O

9. Free boundary as a graph near regular points

The following two lemmas will be used in Lemma 42.

Lemma 40. Ifu is a solution in D, 0 € D and 0 € I is a regular free boundary point with blowup limit
Uy, then there exists an € > 0 such that u(0,1) > 0 for 0 <t < e and (0,t) € {u = 0}° for —e <t < 0.

Proof. Let x = (0,t) € Be, 0 <t < €, then we compute
d? (3 /x|, {ww = 03) (d (3/ x|, {uw = 0}) + | 3x1/Ix][) = d° (5x/1x], {uw = 0})
=d*(Jer fuw = 03) = (%2)". O-D
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For small enough e, if |x| < € then

3
)| — twll ooy < ¢(242) (9-2)

with ¢ as in Lemma 32. Thus, by (9-1), (9-2) and (7-1), we have u2|x|(%x/|x|) >0, so u(x) > 0.
Let x = (0,¢) € Be, —€ <t <0, then we compute

d? (/x| A > 03) (d (g /|x |, {uw > 0) + [gx1/Ix]|) = d° (3x/1x], {uw > 0})

(9-3)
= d*(—je2. {uw > 0}) = 5.
For small enough ¢, if |x| < € then
lt0415) — uwll Loo(By) < 75¢- (9-4)
Thus, by (9-3), (9-4) and (7-2), we have x/(4|x|) € {us)x| = 0}°, so x € {u = 0}°. |

Lemma 41. If u is a solution in D, 0 € D and 0 € T is a regular free boundary point with blowup
limit uy,, then there exists an € > 0 such that for every 0 < x; < %6 there exists a unique x, such that
x = (x1,x2) € I' N Be and, for (x1,t) € Be, we have u(xq,t) > 0 if t > x5 and (x1,t) € {u = 0}°
ift < Xxj.

Proof. First we show that there exists € > 0 such that for all 0 < x; < %e there exists x, such that
(X],Xz) eI' N Be.
Let € > 0, to be chosen later. Let 0 < x1 < %e; then we compute
3.2 1,)2 3.\2_ 10,2 2.
|(x1.7€)|" < (3€)" + (3€)" = 15€” <™
thus (xl, %e) € Bc. We compute
d((xi/e.3). uw =0}) = L2 (3 —xi1/e) = (3 -1) =4
and
3
dz((XI/G, %)’ {uw = 0})(d((X1/€, %)v {uw = 0}) + |X1/€|) Z d3((X1/€, %)9 {”w = O}) Z (JTE) .
Thus, if € is small enough that
3
e —ty ||L°°(B1) < C(JTE)
with ¢ as in Lemma 32, then by (7-1) we obtain that
ue(xy /e, %) >0

and therefore
u(xy,3€) > 0. (9-5)

Let0<x; < %e; then we compute

(1 =5 < (50 + (36)” = (42)” < (39)"
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thus (xl,—%e) € B¢jx C Be.
We compute
d((x1 /e ~1). > 03) = 1
and
d*((x1/e.=3). uw > 0})(d ((x1/€.~ 7). uw > 0}) + [x1/€]) = 5.
Thus, if € is small enough that

lue —uy ||L°°(B1) < 4%6’

then by (7-2) we obtain that
(x1/€,—1) € {ue = 0}°
and therefore
(x1.—Le) e fu = 0}°. (9-6)

From (9-5), (9-6) and the continuity of u it follows that there exists —%6 < Xy < %6 such that

(x1,x,) € I. This finishes the proof of the existence of x;.
By Corollary 38 there exists ¢ > 0 such that, if y € [', N {y; > 0} and

2
”u4|y| —uw”Cl(Bl) = (%C) ,
then
Bey(»)N(y+Cija) Clu>0} and By () N (y —Cyy2) Clu=0;. (9-7)

Now let € be small enough that o (4¢) < (%c)z. Then (9-7) holds for y € T, N Bc N {y; > 0}.
Because x = (x1,x3) € I'y N Be N {x; > 0}, by (9-7) we have

Box|(x)N(x +Cy/2) Cu>0} and By (x) N (x = Cyy) C{u =0}, (9-8)

Assume there exists (x1,7) € Be such that ¢ > x, and u(z, x) = 0. Let ¢* be the infimum of such ¢,
ie.,
t* =inf{t > x, | (x1,7) € Be and u(t, x,) = 0}.

From the first inclusion in (9-8) we have that * > x,. Thus for x, < s < * we have u(xy,s) > 0,
therefore (x,¢*) is on the boundary of {u > 0}. We obtain that (x;,7*) € I',. But now, because
(x1,t*) € Ty N Be N {x; > 0}, by the second inclusion in (9-7) at the point (x1,%*) we come to a
contradiction.

Now assume that there exists (xj,7) € Be such that 1 < x, and (¢, x;) € {u > 0}. Let t* be the
supremum of such 7, i.e.,

t* = sup{t < x5 | (x1,1) € Be N {u > 0}}.

From the second inclusion in (9-8) we have that 7* < x,. Thus for t* <s < x, we have (x1, s) € {u =0}°,
therefore (x1,1*) € T',. But now, because (x1,t*) € T, N B¢ N {x; > 0}, by the first inclusion in (9-7) at
the point (x1,¢*) we come to a contradiction. O

In the following lemma we prove that near to regular points the free boundary is a continuous graph.
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Lemma 42. If u is a solution in D, 0 € D and 0 € T is a regular free boundary point with blowup
limit uyy, then there exists an € > 0 and y € C([O, %6)) such that y (0) = 0, we have (x1,y(x1)) € Be for
0<x; < %e, and

{u =0}ﬂB€ﬂ{O§x1 < %e} = {x € B, }Ofxl < %e, Xs f)/(xl)}. (9-9)

Proof. By Lemma 41 there exists an € > 0 such that, for every 0 < x; < %e, there exists a unique x, such
that x = (x1,x3) € I' N Be; let us define y(x1) = x,. Let us also define y(0) = 0.

Then, by Lemmas 40 and 41, we have (9-9).

Now let us show that y is continuous. Assume there exists 0 < y < %6 such that y is discontinuous
at y. Then there exists x; — y such that y(x;) — z and either z > y(y) or z < y(»).

In the case z > y(y) we have u(y,z) > 0, which is in contradiction with u(x;, y(x;j)) = 0 and the
continuity of u.

In the case z < y(y) we have (y, z) € {u = 0}°, which is in contradiction with (x;, y(x;)) e . O

In the following lemma we formulate the convergence of the free boundary in terms of the function .

Lemma 43. There exists C; > 0 and Cy > 0 such that, if u is a solutionin D, 0 € D and 0 € T isa
regular free boundary point with blowup limit u,, then, with € > 0 and y as in Lemma 42, we have

1/2
[y (x1) = x1] < C1(00(Ca|x1])) / Ix1| for 0<x; < g€,
where oy is as defined in (2-6).
Proof. By Theorem 8 we have
1/2
d(x.Tu,,) = C1(00(CalxD) /],
For x; > 0 we estimate
d(x.Ty,) = %2[x2 = xi :
thus
1/2 1/2
[y (x1) = x1| < C3(00(Ca|x])) " “|x] = Ca(00(Calx])) " (ly (x| + [x11)
1/2
< Ca(oo(CalxD) " (Iy (er) — x| + 211 ). (9-10)

By the continuity of y at 0 we have that y(x;) — y(0) =0 as x; — 0. Hence |x| < C5(|y(x1)| +|x1 |) -0
as x; — 0. From this convergence we obtain g¢(C,|x|) — 0 as x; — 0.
Thus, from (9-10) it follows that

|V(X1)—X1|SCG(UO(C2|X|))1/2|X1|- 9-11)
In turn, from (9-11) it follows that
1/2
x| < Cs(Iy @)l + |x1]) < Cs(Iy () = x1 ]+ 2fx1]) < Cs(Co (00(Calx )i [+ 2101)

= Cs(Cs(Uo(C2|X|))1/2 +2)|x1|
< C7lxq]. (9-12)



430 KAREN YERESSIAN

Now, by (9-11) and (9-12) the lemma is proved. o
In the following lemma we formulate the convergence of the normals in terms of the function y.

Lemma 44. There exists C; > 0 and Cy > 0 such that, if u is a solutionin D, 0 € D and 0 € T isa
regular free boundary point with blowup limit uy,, and € > 0 and y are as in Lemma 42, then we have
y € CI(O, %e) and
1/2
' (x1) = 1] = Ci (01 (Calxi ) 2,

where oy is as defined in (2-6).

Proof. By Theorem 39, for small enough € > 0 all points of I' N {x; > 0} N B¢ are usual regular points.
Let0<x; < ie. Hence (see [Petrosyan et al. 2012]) T" is a C'! curve in a neighbourhood of (x;, ¥ (x1)).
From (8-28) it follows that for small enough € and |x| < € we have n(x) & {—ey,e1}. It follows that
y'(x1) exists and

(') D)
VIO GD)

From here it follows that there exists C > 0 such that for #(x) close enough to v, we have

n(x) =

Y/ (x1) — 1] = Cln(x) — . (9-13)
Now, by (8-28) and (9-13) we obtain
1/2
Y Cen) =1 = Calluagg — w5, - (9-14)
By (9-12) together with the definition of o and (9-14), the lemma is proved. O

Proof of Theorem 9. This follows from Lemmas 42, 43 and 44 and the symmetry of the problem with
respect to the line {x; = 0}. O

In the case when 0 is a regular point but with u,(x1, —x,) as the blowup limit, we consider the even
reflection #(xq, x) = u(xy, —x3), apply Theorem 9 to & and obtain that the free boundary of u is a
graph with properties as in Theorem 9 but reflected with respect to the line {x, = 0}.

By the following two lemmas we prove that if W(+0, u) = 2W(1, uy,) then u might be decomposed
into the sum of two functions each having 0 as a regular point.

Lemma 45. If u is a solutionin D, 0 € D, 0 € " and W (40, u) = 2W (1, uy,), then there exists an € > 0
such that u(x1,0) = 0 for |x1| <e.

Proof. Let ug = ty + ty(x1, —x2). We have

d(+ter, fug > 0}) = L2,

We compute
d*(£4er, {ug > 0})(d(£ker, {ug > 0}) + 1) = (%)2(% L1y,
Now, if |x| > 0 is small enough that

luajx,) —uollLoo(B,) < C(%)z(%g LY
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with ¢ as in Lemma 32 then, by (7-2), we have ug)y,|(£4e1) = 0. Thus u(x1,0) = 0. O

Lemma 46. If u is a solutionin D, 0 € D, 0 € " and W (40, u) = 2W (1, uy,), then there exists an € > 0
such that uy = Y (x,>0yu and u— = Y (x,<oyu are solutions in Be. We have W(+0,u+) = W(1,uy), the
blowup limit of u is uy, and the blowup limit of u— is uy (X1, —X3).

Proof. By Lemma 45 there exists an € > 0 such that u(x;,0) = 0 for |x;| <e.
Because u > 0, u € CléC(D) and u(xy,0) = 0 for |x1| < ¢, it follows that Vu(x,0) = 0 for |x;| < €.
From this it follows that # 4 and u_ are solutions in Be. We have 1, (X) — ty 41y (X1, —x2) in C1(By)
as r — 0. Thus Y(x,>0yur —> Uy in CY'(By) and uy ,(x) = r_3X{XZ>0}(rx)u(rx) = X{xy>0}Ur(X);
hence uy ,(x) — uy in C'(B;) and

W(+0,us) = lim W(r,uy)= lim W, uy,) =W, uy).
r—>+0 r—>—+0

We argue similarly for u_. O

In the case W(40,u) =2W(1,uy), by Lemma 46 and Theorem 9 it follows that the free boundary
near to 0 is the union of two graphs, one graph as in Theorem 9 and the other a graph with properties as
in Theorem 9 but reflected with respect to the line {x, = 0}.

10. An irregularity result for the free boundary near degenerate points

Lemma 47. Let u be a solution in D with 0 € D. Suppose also that there exists § > 0 such that Bs C D,
Ox,u <0in BsN{x; >0, x>0}, TNBsN{x; =0, x, >0} # T and BsN{x; >0, x, >0} CQ;
then u = uyg in BsN{xy >0, x, > 0}.

Proof. For ease of notation let us write v = —dx,u. We have that v is harmonic in  and v > 0 in
BsN{x; >0, x, >0}

Assume y € I'N BsN{x; =0, x > 0}, then by the optimal growth (Theorem 11) we have dx, v(y) =0.
For small enough r > 0 we have B,(re; + y) C . Now, because v is nonnegative and harmonic in
B, (re; + y) and dx,v(y) = 0, by Hopf’s lemma we conclude that v = 0 in B,(re; + x). Because v is
harmonic in € we obtain that v =0 in BgN{x{ >0, x, > 0}. Hence u = u(x;) in BsN{x; >0, x, > 0}.
By this and the assumption I' N Bs N {x; = 0, x5 > 0} # & the claim follows. |

Lemma 48. Let u be a solution in D with 0 € D. Suppose also that there exists § > 0 such that
Bs C D, 0x,u <0in BsN{x; >0, xo > 0}, and there exists p € C([O, %5)) N Cl([O, %3)) such that
p(0)=p(+0) =0, p>0in (0, %8) p is convex and

QNBsN{x;>0,0<x; <38} =BsN{0<x3 <168, plxa) <x1); (10-1)
then for every q > 1 there exist ¢ > 0 and ty > 0 such that
pt)>ct? and p'(t)>ct?™l for 0 <t <t. (10-2)

Proof. Again, for ease of notation let us write v = —dx, u. The proof is divided into multiple steps.
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Step 1. In this step we show that v > 0 in Bs N {0 < x, < 38, p(x2) < x1}.

If there is x € Bg N {O <xp < %5, p(x) < xl} such that v(x) = 0 then, because v is harmonic and
nonnegative in BgN {0 <Xy < %8, p(xy) < xl}, it follows that v =0 in BgN {O <Xy < %8, p(x2) < xq },
but then because u(p(t),t) =0 for 0 <t < %5 we come to contradiction with (10-1).

Step 2. In this step we show that for each ¢ > 1 and 1 > (tan(n / (Zq)))_1 there exist ¢; > 0 (depending
on u) and #; > 0 such that

v(xs) > cqt?? for 0 <t <1, (10-3)
where
xr = (nt,t) e Q.
Letg > 1 and
a, ==
q — 2q

Because p'(40) = 0 there exists #; > 0 such that p(¢) < ¢/tancg for 0 <7 < 1.
Let us denote

_lq

 tanog

Tq
It follows that
Q={x=re? |0<r<r;, 0<<a}CQ.

Let us define the function

vg(x) = r*9sin(2gh) for x = re'? e Q.

We have
0(39q) = SqU 4q.
where
Sq={x=re® |0=<r<lrg 0€{0 0}
and

Ag={x=re |r=1r,, 00 <a,}.

Leta = %rqel and b = %rqei“q be the endpoints of the arc A,. We have b € @2, hence v(b) > 0. Either
v(a) > 0 or v(a) = 0 and, by Hopf’s lemma, we have dy,v(a) > 0. Also we have v > 0 on 4,\{a,b}.
Thus there exists € > 0 such that

€vg <v on A4 (10-4)
We have v; = 0 and v > 0 on Sy, thus

€vg <v on . (10-5)
Putting (10-4) and (10-5) together we have

evg <v on 3(1Q).
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Now, by the maximum principle, we obtain that

€vg <v in 7Qq. (10-6)
We compute |x;| = /1 + n?t, so for
2 1+ 7’]2
we have |x;| < %rq; also we compute
Xt,2 1
—= = — <tanoy,
Xt,1
thus we have
1 1 I'q
xtezﬁq for 0 <t < -———— (10-7)

2 /1+7’2.

Now, by (10-6) and (10-7) we have

. 1 2 1 I'q
v(xs) > evg(x;) = €|x; |4 sm(Zq arctan —) =ct°? for 0 <t < z—r—,
t q Xt t ” 2 Jim
where
c; =e(1+n*)? sin<2q arctan %) > 0.

Step 3. In this step we show that there exists ¢, > 0 (independent of u) and #, > 0 such that if
0<t<t, and n<1
then there exists y; = (p(¥s,2), ¥¢,2) € I’ with 0 < y; » <14 such that

de = |yt — x| =d(T, x¢)
and
€2
On(yv(ye) Z -(x0). (10-8)
t
Here n(y) is the normal to I" at y, pointing into £2.
Let
Iy ={0<x; <r1g, 0 <x3 <ty};
then we have
Fg=TNIg ={(p().1) [0 <1 <14}
One may see that
d(x;,0T1g) = min{nt, rg —nt, 1, ty—1} =nt (10-9)
if

Z
t<min(r—q, 4 ) and n<1.
2n 1417
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Because 1 > (tana,) ™! and 0 < ¢ < 1,4, we have that p(¢) < t/tana, < nt. Also we have p(t) > 0,
thus

d(xs, (p(2), 1)) = nt — p(r) <nt.
Now, because (p(?), ) € I'; we have
d(x;,T") <nt. (10-10)
By (10-9) and (10-10) there exists y; € I'y such that
dy = |ye — x| = d(T, x,). (10-11)
Because
d(x0. 8T1g) = nt > d(T.x) = dy.

we have
By, (x;) CIly C Q.

Because y; € 0By, (x;), by the quantitative Hopf lemma (see [Han and Lin 2011]) there exists ¢, > 0
(independent of u and ¢) such that (10-8) holds.

Step 4. In this step we show that
8,,(y)v(y) =-—ny(y)y1 for yely. (10-12)

By the equation Au = |x1]x{,>0} and the smoothness of the free boundary I'y, i.e., smoothness of p,
it follows that in a neighbourhood of y € I'; we have

Av = —ny|xq|%LT. (10-13)
From (10-1) and (10-13), the equation (10-12) follows.

Step 5. In this step we show that for 0 < ¢ < f, we have

Vea <4+t (10-14)
We have . .
n(y) = —LZPW) I, (10-15)
V14 (0 (32))?
and
Ve =xr—dm(yr).
Thus /( )
Vea =t di—t
V1+ (0" (y1,2)
and

Vip <t+d;<t+nt=1+nt.
Step 6. In this step we show that there exists ¢3 > 0 and #3 > 0 such that

P(Ve2)p (Ve2) = e3t* 1 for 0 <t <t;. (10-16)
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Set t3 = min(t;, t;). From (10-3), (10-8) and (10-12) it follows that
. Co (&) 2g
_nZ(yt)yt,l = an(yt)v(y,) > d—v(x,) > d—Cll for 0 <t <t5. (10-17)
t t
From (10-17), (10-15), (10-10) and (10-11) we get

P/()’t,z) Ve
VI+ (' (ye2)?

€2 2 1 2g—1 2g—1
=—n2(ye) Y1 = d—le 7> ﬁclczl = =379
t

pe2)P (e2) =P (Ve2)yen =

Step 7. In this step, using the convexity of p we finish the proof of the lemma.
By the convexity of p, the function pp’ is nondecreasing; hence, by (10-14) and (10-16), we have

p((L+mD)p (1 +m1) = p(ye2)0 (yi2) Z 32?971 for 0 <1 <13.

Letting t = (1 4 1)t we have that

2g—1
p(0)P'(t) = ¢3 (#77) =427 for 0 <1 < (14 n)t3 = 10.

It follows that
(p?) (t) = 2¢4t®™! for 0<t <79
and by integration we obtain

p(t) >c¢st?  for 0 <71 < 19.
From the convexity of p it follows that p'(t) > p(t); hence
/ q—1
p () =csT for 0 <7 <19
and this completes the proof of the lemma. O

Proof of Theorem 10. By Lemmas 47 and 48 we have that either p = 0 in (O, %5) and u = uy, in
QN BsN{x; >0, x, >0} or, for all ¢ > 1, there exist ¢ > 0 and ¢y > 0 such that (10-2) holds.

In the latter case, if I' is C'** regular for some 0 < o < 1 at the origin, then there exists C > 0 and
81 > 0 such that

0/ (x2) = p'(+0)] = Clx2|*  for 0 <xy <§y.
But, because p’(+0) = 0 and p’(x) > 0, we should have
p'(x2) <Cx§  for 0 <xy <$y.

This contradicts with (10-2) if we take 1 < ¢ < 1 +«. O
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11. Further directions

The problem considered in this paper might be thought of as a prototype of free boundary problems,
especially the obstacle problem, with a degenerate force term. There are many open questions in these
problems and we are working to complete some works on these questions.

Some further directions are as follows:

(1) Higher dimension. It is interesting to consider the same problem in higher dimensions with possibly
different dimensions for the set where the force term vanishes. In [Yeressian 2015] the key nondegeneracy
result is proved for such higher-dimensional problems when the force term vanishes on a linear subspace.

(2) More general force terms. Partial results show that, when the force term is of the form |x|* for a > 0,
the number of homogeneous global solutions — and together with it the possible Weiss balanced energy
levels — grows linearly with o > 0. Again in [Yeressian 2015] the key nondegeneracy result is proved
for such general force terms. Many results in this paper could be written for such more general forces,
but to have a reasonable bound on the size of the paper we have opted to consider the case « = 1 only.

(3) Degenerate free boundary points and points where W(+0, x, u) = 2W(1, up,). We know that at
these points the free boundary converges tangentially to the line {x; = 0} and we know some topological
structure of the set of these points based on the upper semicontinuity of the Weiss balanced energy.
Also, in a particular case we have proved an irregularity result for the free boundary at such points. It is
interesting to study the structure of the free boundary near to such points in more detail.

(4) Uniform results. For the nondegenerate obstacle problems there are many results which hold uniformly
for a class of problems; see [Petrosyan et al. 2012]. But in this paper we have only considered a single
solution alone.

(5) Parabolic problem. The problem considered in this paper has a parabolic analogue. It is interesting to
know the exact influence of the degeneracy of the force term in the parabolic problems.
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