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LOCAL ANALYTIC REGULARITY
IN THE LINEARIZED CALDERON PROBLEM

JOHANNES SJOSTRAND AND GUNTHER UHLMANN

We show that the linearized local Dirichlet-to-Neumann map at a real-analytic potential for measurements
made at an analytic open subset of the boundary is injective.
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1. Introduction

In this paper, we consider the linearized Calderén problem with local partial data and related problems.
We first briefly review Calderén’s problem including the case of partial data. For a more complete review,
see [Uhlmann 2009].

Calderdn’s problem is, roughly speaking, the question of whether one can determine the electrical
conductivity of a medium by making voltage and current measurements at the boundary of the medium.
This inverse method is also called electrical impedance tomography. We describe the problem more
precisely below.

Let 2 C R" be a bounded domain with smooth boundary. The electrical conductivity of €2 is represented
by a bounded and positive function y (x). In the absence of sinks or sources of current, the equation for
the potential is given by

V-(yVu)=0 inQ (1-1)

since, by Ohm’s law, y Vu represents the current flux. Given a potential f € H'/2(32) on the boundary,
the induced potential u € H 1(Q) solves the Dirichlet problem

V-(yVu)=0 1in Q, (1-2)
ulae = f.

Sjostrand was partly supported by ANR 2011. Uhlmann was partly supported by the NSF and a Simon Fellowship.
MSC2010: 35R30.

Keywords: Calderén problem, linearization, partial data, analytic microlocal analysis.
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The Dirichlet-to-Neumann (DN) map, or voltage-to-current map, is given by

0
Ay (f) = (ya—fj)

where v denotes the unit outer normal to 0€2. The inverse problem is to determine y knowing A, .

; (1-3)
191

The local Calderén problem, or the Calderén problem with partial data, is the question of whether
one can determine the conductivity by measuring the DN map on subsets of the boundary for voltages
supported in subsets of the boundary. In this paper, we consider the case when the support of the voltages
and the induced current fluxes are measured in the same open subset I'. More conditions on this open set
will be stated later. If y € C°°(£2), the DN map is a classical pseudodifferential operator of order 1. It was
shown in [Sylvester and Uhlmann 1986] that its full symbol computed in boundary normal coordinates
near a point of I' determines the Taylor series of y at the point giving another proof of the result of Kohn
and Vogelius [1984]. In particular, this shows that real-analytic conductivities can be determined by
the local DN map. This result was generalized in [Lee and Uhlmann 1989] to the case of anisotropic
conductivities using a factorization method related to the methods of this paper. Interior determination
was shown in dimension n > 3 for C? conductivities [Sylvester and Uhlmann 1987]. This was extended
to C! conductivities in [Haberman and Tataru 2013]. In two dimensions, uniqueness was proven for C?
conductivities in [Nachman 1996] and for merely L° conductivities in [Astala and Péivérinta 2006]. The
case of partial data in dimension n > 3 was considered in [Bukhgeim and Uhlmann 2002; Kenig et al.
2007; Isakov 2007; Kenig and Salo 2013; Imanuvilov and Yamamoto 2013]. The two-dimensional case
was solved in [Imanuvilov et al. 2010]. See [Kenig and Salo 2014] for a review. However, it is not known
at the present whether one can uniquely determine the conductivity if one measures the DN map on an
arbitrarily open subset of the boundary applied to functions supported in the same set. We refer to these
types of measurements as the local DN map.

The map y — A, is not linear. In this paper, we consider the linearization of the partial-data problem
at a real-analytic conductivity for real-analytic I'. We prove that the linearized map is injective. In fact,
we prove a more general statement (see Theorem 1.6)

As in many works on Calderén’s problem, one can reduce the problem to a similar one for the
Schrédinger equation (see for instance [Uhlmann 2009]). This result uses that one can determine from
the DN map the conductivity and the normal derivative of the conductivity. This result is only valid for
the local DN map. One can then consider the more general problem of determining a potential from the
corresponding DN map. The same is valid for the case of partial data and the linearization. It was shown in
[Dos Santos Ferreira et al. 2009] that the linearization of the local DN map at the O potential is injective. We
consider the linearization of the local DN map at any real-analytic potential assuming that the local DN map
is measured on an open real-analytic set. We now describe more precisely our results in this setting.

Consider the Schrodinger operator P = A — V on the open set Q2 € R”, where the boundary 0€2 is
smooth (and later assumed to be analytic in the most interesting region). Assume that O is not in the
spectrum of the Dirichlet realization of P. Let G and K denote the corresponding Green and Poisson
operators. Let y : C* () = C*®(dR) be the restriction operator and v the exterior normal. If xo € 9€2, we
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can choose local coordinates y = (y1, ..., y,), centered at xo so that 2 is given by y, > 0 and v = —9,,.
If 9LQ2 is analytic near xp, we can choose the coordinates to be analytic.
The Dirichlet-to-Neumann (DN) operator is

A=yd(x,d)K. (1-4)
Consider a smooth deformation of smooth real-valued potentials

neigh(O,R)>¢t+—> P=A-V,,

_ (1-5)
Vi(x) = V(t, x) € C*®(neigh(0, R) x Q; R).
Let G, and K, be the Green and Poisson kernels for P; so that
(?):deb-ac@%Q)xcw@Q)
has the inverse
(G: Ki).
Then, denoting ¢-derivatives by dots,
.. P . .
(Gz Kt) = (Gt Kt) (Ot) (Gt Kz) == (GtPth GtPth) ;
that is,
G =-GPG, K = -GPK, (1-6)
and consequently,
A =—-y3,GPK. (1-7)
Using the Green formula, we see that
y3,G = K", (1-8)
where K' denotes the transposed operator.
In fact, write the Green formula,
/ ((Pup)uz —uiPuz)dx = | (dyuiuz —u1dyuz)S(dx),
Q a0
put u; = Gv and u; = Kw for v € C®(Q) and w € C®(3),
/ vKw = / (yd,Gv)wS(dx),
Q Ele}
and (1-8) follows.
Equation (1-7) becomes
A=—-K'PK =K'VK. (1-9)

The linearized Calderén problem is: if V, = V + ¢, determine g from A,—g. The corresponding
partial-data problem is to recover ¢ or some information about ¢ from local information about A,—g.
From now on, we restrict the attention to t = 0. In this paper, we shall study the following linearized
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baby problem. Assume that V and 9€2 are analytic near some point xo € d2. We also assume that V
is smooth. If A (for r = 0) is an analytic pseudodifferential operator near xo, can we conclude that ¢ is
analytic near xo? Here,

A =K'qK, (1-10)

and we shall view the right-hand side as a Fourier integral operator acting on q.

Actually this problem is overdetermined in the sense that the symbol of a pseudodifferential operator
on the boundary is a function of 2(n — 1) variables while ¢ is a function on n variables and 2(n — 1) > n
for n > 2 with equality precisely for n = 2. In order to have a nonoverdetermined problem, we shall only
consider the symbol o (¥, ') of A along a half-ray in 7’; i.e., we look at o' (¥, tn;) for some fixed
1, 7 0 and for some local coordinates as above. Assuming this restricted symbol to be a classical analytic
symbol near y’ = 0 and the potential V = V} to be analytic near y = 0 (i.e., near x(), we shall show that
q is real-analytic up to the boundary near x( (corresponding to y = 0).

In order to formulate the result more precisely, we first make some remarks about the analytic singular
support of the Schwartz kernels of K and K'qK and then we recall the notion of classical analytic
pseudodifferential operators. Assume that W C R" is an open neighborhood of xp € O and that

02 and V are analytic in W. (1-11)

For simplicity, we shall use the same symbol to denote operators and their Schwartz kernels. Then:

Lemma 1.1. The Schwartz kernel K (x, y') is analytic with respect to y’, locally uniformly on the set
{(x,y)eQx@QNW) :x £ V).

Proof. Using (1-8), we can write K (x, y’) = yd,u(y’), where u = G(x, -) solves the Dirichlet problem
A=V)u=656(-—x), yu=0,

and from analytic regularity for elliptic boundary-value problems, we get the lemma. (When x € 02, we
view G(x, y) away from y = x as the limit of G(x;, y) when Q5 x; — x.) O

Lemma 1.2. The Schwartz kernel (K'qK)(x', y') is analytic on the set
(@) e@NW)*:x" #). (1-12)

Proof. Let (x(), y;) belong to the set (1-12). After decomposing ¢ into a sum of two terms, we may assume
that x;, ¢ supp(q) or that y; ¢ supp(q). In the first case, it follows from Lemma 1.1 that (K'q K)(x’, y') is
analytic in x’ uniformly for (x’, y’) in a neighborhood of (x{, y,)), and since the kernel is symmetric, we
can exchange the roles of x” and y” and conclude that (K'qg K)(x’, y’) is analytic in y’ uniformly for (x’, y’)
in a neighborhood of (x)), y;). In the second case, we have the same conclusion about analyticity in x” and
in y’ separately. It then follows that (K¢ K)(x’, y’) is analytic near (x,, y;) (by using the Fourier—Bros—
Iagolnitzer (FBI) definition of the analytic wave-front set and which can also (most likely) be deduced from
a classical result on logarithmic convexity of Reinhardt domains [Hormander 1990, Theorem 2.4.6]). [
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Remark 1.3. By the same proof, K'q K (x', y’) is analytic near
(. x) € @QNW)? 1 (', 0) ¢ suppg}.

We next define the notion of a symbol up to exponentially small contributions. For that purpose, we
assume that X is an analytic manifold and consider an operator

A:C(‘)’O(X)—>C°°(X) (1-13)
that is also continuous
&'(X) - D'(X). (1-14)

Assume (as we have verified for K'q K with n replaced by n— 1 and with X = QN W) that the distribution
kernel A(x, y) is analytic away from the diagonal. After restricting to a local analytic coordinate chart,
we may assume that X C R” is an open set. The symbol of A is formally given on 7*X by

oalx,E) =e AN = / e T A(x, y) dy.

In the usual case of C*°-theory, we give a meaning to this symbol up to O({£)~°°) by introducing a
cutoff x (x, y) € C*°(X x X) that is properly supported and equal to 1 near the diagonal. In the analytic
category, we would like to have an exponentially small indeterminacy, and the use of special cutoffs
becoming more complicated, we prefer to make a contour deformation.

For x in a compact subset of X, let > 0 be small enough and define for £ %0

o (x, £) = / SO Ak, y) dy, (1-15)
x+Te

where

[re:B0O,r)>t— t+ix<§>ré—| eC"
and y € C*°(B(0, 1); [0, 1]) is a radial function that vanishes on B(0, %) and is equal to 1 near d B(0, 1).
Thus, the contour x + I, ¢ coincides with R"” near y = x and becomes complex for ¢ close to the boundary
of B(0, r). Notice that along this contour

|| = X/ rIrIE]

is bounded by 1 and for 7 close to 9 B(0, r) it is exponentially decaying in |&|. Thus, from Stokes’ formula,
it is clear that o4 (x, &) will change only by an exponentially small term if we modify ». More generally,
for (x, £) in a conic neighborhood of a fixed point (xg, &) € X x §"~!, we change o4(x, &) only by an
exponentially small term if we replace the contour in (1-15) by xo +I',.¢,, and we then get a function that
has a holomorphic extension to a conic neighborhood of (xg, &) in C" x (C" \ {0}).

Remark 1.4. Instead of using contour deformation to define o4, we can use an almost-analytic cutoff in
the following way. Choose C > 0 so that

1= f Ch™"2e= =712 gy
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and put
= —n/2 —(y—1)2/2h
e(y) = X(y —)Ch "2 0=/

where x € C°(R") is equal to 1 near 0 and has its support in a small neighborhood of that point. Then if
X is another cutoff of the same type, we see by contour deformation that

oalx,£)=e "% A( f 2<r>ete<'>f)

up to an exponentially decreasing term.

Definition 1.5. We say that A is a classical analytic pseudodifferential operator of order m € R if o4 is a
classical analytic symbol (cl.a.s.) of order m on X x R" in the following sense.
There exist holomorphic functions p,,_;(x, &) on a fixed complex conic neighborhood V' of X x R”
such that
pi(x, &) is positively homogeneous of degree k in &, (1-16)
forall K € V N{(x,&) : |§] = 1}, there exists C = Cx such that |p,,—_;(x,&)| < C/*'j/ on K, (1-17)

for all K € X and every C| > 0 large enough, there exists C» > 0

such that

oA )= D pujlr, 5)‘ < Coe™ V2 with (x,8) € K xR" and [£] 2 1. (1-18)
0<j=<I&1/C

The formal sum ZSO Pm—j(x, &) is called a formal cl.a.s. when (1-16) and (1-17) hold. We define cl.a.s.
and formal cl.a.s. on open conic subsets of X x R” and on other similar sets by the obvious modifications
of the above definitions. If p(x, &) is acl.a.s. on X x R" and if & € R", then

q(x, 1) := p(x, &)
isacla.s.on X x Ry.

The main result of this work is:

Theorem 1.6. Let xo € 092, and assume that 92 and V are analytic near that point. Let g € L*°(Q2).
Choose local analytic coordinates y' = (y1, . .., yn_1) on neigh(xg, 0K2), centered at xy, so that the symbol
oi(y', 1) becomes well defined up to an exponentially small term on neigh(0) x R, Let o € Rr1
Ifoi (', Tny) is a cla.s. on neigh(0, R"~1) x Ry, then q is analytic up to the boundary in a neighbor-
hood of xy.
We also have the converse statement.

We have a simpler direct result.

Proposition 1.7. Let xq, 02, and V be as in Theorem 1.6, and choose analytic coordinates as done there.

If g € L>() is analytic up to the boundary near xo, then A is an analytic pseudodifferential operator
/

near y' = 0.

We get the following immediate consequence.
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Corollary 1.8. Under the conditions of the previous theorem, the map
g — A
is injective.

This follows from the previous result since ¢ must be analytic on W and, if the Taylor series of ¢
vanishes on W, then ¢ = 0 on the set where ¢ is analytic.

Most of the paper will be devoted to the proof of Theorem 1.6, and in Section 7, we will prove
Proposition 1.7.

2. Heuristics and some remarks about the Laplace transform

Let us first explain heuristically why some kind of Laplace transform will appear. Assume that xo € 92
and that V and 0€2 are analytic near that point. Choose local analytic coordinates

Y=oy YuetsYn) = (s yu)

centered at xo such that the set 2 coincides near xg (i.e., y = 0) with the half-space R", ={y e R" : y, > 0}.
Assume also (for this heuristic discussion) that we know that ¢(y) = ¢(y’, y,) is analytic in y’ and that
the original Laplace operator remains the standard Laplace operator also in the y coordinates. Then up to
a smoothing operator, the Poisson operator is of the form

Ku(y) =

(27)n-1 / SOy, u(w') dw' dif

where the symbol a is equal to 1 to leading order. We can view K, g, and K' as pseudodifferential
operators in y" with operator-valued symbols. K has the operator-valued symbol

K&\ 1) :C3zm ze ™ Ma(y, n') € L2([0, +o0l,,). (2-1)

The symbol of multiplication with ¢ is independent of n’ and equals multiplication with g(y’, -). The
symbol of K is

o0
K'(G/ ") s L2(10, +00ly,) 3 f () = / e Ma(y, =) f (ya) dyn € C. (2-2)
0
For simplicity, we set a = 1 in the following discussion. To leading order, the symbol of A is

o0
oi(y. n) = /0 e gy, ya) dy = (Lq (¥, ) Q2I')). (2-3)
where

Ef(r):/ooe‘”f(t)dt
0

is the Laplace transform.
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Now we fix 1 € R"~! and assume that oi(y', Tng) is a clas. on neigh(0, R x R,
x
o (LT ~ Y m(y, o), (2-4)
1

where ny, is analytic in y’ in a fixed complex neighborhood of 0, (positively) homogeneous of degree —k
in 7, and satisfies
e (', D < CHIK 7 (2-5)

More precisely for C > 0 large enough, there exists C > 0 such that

ln'1/C1
o T — Ym0

1

< Cexp(—1/C) (2-6)

on the real domain.
From (2-3), we also have

[/ C1
‘(ﬁq(y’, NQInlD = Y w7

1

<exp(—1/C) 2-7)

for y' € neigh(0, R"~!) and v > 1. In this heuristic discussion, we assume that (2-7) extends to y’ €
neigh(0, C"~1). It then follows that ¢(y’, y,) is analytic for y, in a neighborhood of 0, from the following
certainly classic result about Borel transforms.

Proposition 2.1. Let g € L°°([0, 1]), and assume that for some C, C>0

[x/C] B
‘ <e V¢ >0, (2-8)

Lg(t)— > qr **D
0

| < C*H1kk, (2-9)

Then q is analytic in a neighborhood of t = 0. The converse also holds.

Proof. We shall first show the converse statement, namely that, if g is analytic near t = 0, then (2-8)
and (2-9) hold. We start by computing the Laplace transform of powers of 7.
Fort>0,a>0,andk e N,

oo —tt 4k k!
/0 et = . (2-10)

In fact, the integral to the left is equal to

(=0.)* ( / e‘”dr) = (=3(2).
0 T
Next, for a > 0, we look at

1 a 1 ‘L'k+1 00 1 00 Sk
— | e ikdr = l— — ek dr ) = —(1-— et —ds ). (2-11)
k' Jo Th+l k', Th+l . k!
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First let T € ]0, oo[ be large. For 0 < 6 < 1 to be optimally chosen, we write for s > 0

ie—s — gk ©s)" o0 p=(1=0)s — g—k ,—(1-0)s
k! k! - '
——
<1
Thus,
00 k 00 —k ,—(1—0)at
0
/ e ds = 9"/ e Uo7 ¢ (2-12)
ar k! ar 1-6

We will estimate this for k < at/O(1). Under the a priori assumption that 8 <1—1/0(1), we look for 6
that minimizes the numerator

e_ke_(l_g)at —[(I—G)ar—i—klné)].

=e

Setting the derivative of the exponent equal to 0, we are led to the choice 8 = k/(at). Assume that

k
LR (2-13)
aTt
Then,
(1—6)at +kInd =ar(1—ﬁ+ilni) =at<1 —f(i)),
at at at at
where

1
f)=x4+xIn—, 0<x<1.
x

Clearly f(0)=0and f(1)=1, and for 0 < x < 1, we have f'(x) =1In(1/x) > 0, so f is strictly increasing
on [0, 1]. In view of (2-13),

(1—-0)at+klnb > at(1— f(6)),
and (2-12) gives

o gk e—at(1=£(60)
ds<—n . (2-14)
e k! 1—6
Using this in (2-11), we get
1 a
— | e dr = —— (1 +01)e /€O for <6y < 1, where C(6p) > 0. (2-15)
k! Jo k+1 at

Now, assume that g € C([0, 1]) is analytic near t = 0. Then for ¢ € [0, 2a], 0 < a <« 1, we have

> a®
gn=3 O

K
0
where
lg® O]  ~ 1
k! EC(za)k’ (2-16)
SO
[/l ko N
‘q(t)_ > k!( Y4 <€, 0=ziza.
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Hence,
[z/C]

(k)(())
cg=> 7 T T O ) + L) @)
0
=0(e™ 7/C)

and we obtain (2-8) with g; = ¢®(0) while (2-9) follows from (2-16).
We now prove the direct statement in the proposition, so we take g € L>([0, 1]) satisfying (2-8)
and (2-9). For a > 0 small, put

G(1) = q() = lo.a(1) Z gk,

The proof of the converse part shows that
1£G(r)] <e7/E, (2-17)
where C is a new positive constant, and it suffices to show that
g vanishes in a neighborhood of 0. (2-18)

We notice that £g is a bounded holomorphic function in the right half-plane. We can therefore apply
the Phragmén-Lindelof theorem in each sector arg T € [0, %] and arg T € [—%, 0] to the holomorphic
function

e g (v)

and conclude that this function is bounded in the right half-plane:
1£4(0)] < O(Me ™/ g >0, (2-19)
Now, Lg(io) = Fq (o), where F denotes the Fourier transform, and the Paley—Wiener theorem allows us
to conclude that suppg C [1/ C, 1]. O
3. The Fourier integral operator ¢ — o

Assume that 92 and V are analytic near the boundary point xo. Let y' = (y1, ..., y,—1) be local analytic
coordinates on 92, centered at xo. Then we can extend y’ to analytic coordinates y = (y1, ..., Yu_1, Yn) =
(', yn) in a full neighborhood of xy, where y’ is an extension of the given coordinates on the boundary
and such that €2 is given (near xg) by y, > 0 and

—P =D; +R(y. Dy), (3-1)

where R is a second-order elliptic differential operator in y” with positive principal symbol r(y, ). (Here
we neglect a contribution f'(y)dy,, which can be eliminated by conjugation.) Then there is a neighborhood
W CR"of y=0andacl.as. a(y, £y on W x R"~! of order 0 such that

Ku(y) = f/ G080y, EYu(5) dF dE' + Kat(y) (3-2)

(271)" 1
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for y € W and u € C3°(W N 9<2). The distribution kernel of K|, is analytic on W x (W N9<2), and we
choose a realization of a that is analytic in y. Here ¢ is the solution of the Hamilton—Jacobi problem

(0y,0)° +r(y. ¢}) =0, 3dy,¢ >0,
¢(y',0,8)=y"-&"
This means that we choose ¢ to be the solution of

3y, —ir(y, ;)" =0 (3-4)

(3-3)

with the natural branch of r!/? with a cut along the real negative axis.

To see this, recall (by the analytic Wentzel-Kramers—Brillouin (WKB) method [Sjostrand 1982,
Chapter 9]) that we can construct the first term Kyopu in the right-hand side of (3-2) such that P Ky,
has analytic distribution kernel and y K¢op, = 1. It then follows from local analytic regularity in elliptic
boundary-value problems that the remainder operator K, has analytic distribution kernel.

We notice that

K(e™€) = e Da(y, )+ 0@ V) (3-5)

since the first term to the right solves the problem
Pu=0, u|y,,:0=€iy/'$”

with an exponentially small error in the first equation. K is a real operator, so K (¢!*(=8)) = K (e/*€).
It follows that

o0y, —€)=—-¢(.8), a(y, —&)=a(y, &) (3-6)
without any error in the last equation when viewing a as a formal cl.a.s. Notice also that, since K is real,
K'=K*.

We shall now view A = K'gK = K*¢K as a pseudodifferential operator in the classical quantization.

In this section, we proceed formally in order to study the associated geometry. A more efficient analytic
description will be given later for the left composition with an FBI transform in x’. The symbol becomes

GA(X/, E/) — e*ix’,s/./\'/—(ei(')'g/) — (zn)lfn // ei(x/'(ﬁ/*i’)*fﬁ*(y,f]’)+¢(y§/))a*(y’ n/)a(y, S/)q(y) dy dn/’

where in general we write f*(z) = f(Z) for the holomorphic extension of the complex conjugate of a
function f.

Actually, rather than letting &’ tend to oo, we replace &’ with &’/ h, where the new &’ is of length =< 1
and h — 0. This amounts to viewing A as a semiclassical pseudodifferential operator with semiclassical
symbol o (x', §'; h) = o (x', &'/ h). Thus,

i (' Es ) = e E AT OE T
— Qrh)'™" // /MG =)= )+ ED g * (y s hya(y, &' h)q(y) dy dn,

where a(y, &'; h) = a(y, &'/ h) and similarly for a*.
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We have
¢y, EN =y -E+v( &), ¢ v, )=y 0" +v* (v, ), (3-7)
where

SYLIYF =y, NP NP =002) (3-8)

uniformly on every compact set that does not intersect the zero section. Equation (3-6) tells us that 9y is
odd and 3 is even with respect to the fiber variables £’ (and also positively homogeneous of degree 1 of
course). Using (3-7) in the formula for the symbol of A, we get

ohC 1) = @) // eUMINCEE T g* (y, ' hyaly, €' g (y) dy dn’
:ZMQ(X/,S/; ]’l), (3_9)
where

Sy E Ly, )= =) =E)+ Y, &) = (v, 1) (3-10)
and n’ are the fiber variables. We shall see that this is a nondegenerate phase function in the sense of
Hormander [1971] except for the fact that @, is not homogeneous in 1’ alone, so g — Mpq(x’, &) .=

Mq(x', &'; h) is a semiclassical Fourier integral operator, at least formally.
We fix a vector &; € R"~! and consider @ in a neighborhood of (x', y, &', n) = (0,0, &), &) €

CHn=D+1 — =3, The critical set Cg,, of the phase ®); is given by 3y @y = 0, which means that
x' =y =8y y*(y,n) =0 or equivalently

X' =y 4y, ). (3-11)

This is a smooth submanifold of codimension n — 1 in C**~3 that is parametrized by (y, 7', &) €
neigh((0, &), 56), C3"~2). We also see that ®; is a nondegenerate phase function in the sense that d 8,7/1 Dy,

..., ddy @y are linearly independent on Co,,. Using the above parametrization, we express the graph
4(n—1)
C

X (where we notice that 4(n — 1) > 2n with

of the corresponding canonical relation « : Cif’y* —
equality for n = 2 and strict inequality for n > 3):

graph(x) = {(x", &', 0y Py, 3 Pars y, —0yPu) : (X', &', y, 1) € Co,, )
={(/+ v . 0). &0 =&, 0¥ (v, &) — 0y Y™ (v, n);
Y, =y (y, EN+ oy (v ) +n =&, =0, (v, )+ 3y, ¥ (v, 1))} (3-12)

The restriction to y,, = 0 of this graph is the set of points
(y/’ 5/, 77/ - S/v 0’ y/’ 0’ 77/ - 5/7 _aynw(y/’ O’ é/) + ayn w*()’/, O’ 77/)) (3_13)
It contains the point

(0,&},0,0; 0,0, 23, ¥ (0, £)) = (0, &), 0, 0; 0, 0, —2ir (0, &)"/?). (3-14)
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The tangent space at a point where y, = 0 is given by

{8y + 0™ 8y, 8ers 8y — Ser, (Wl (v, EN =¥ (v, )8y,
8ys (=Wl (1 ENV U (08, + 8y — S,
" / x// / 1 *//
(_wyn’y(y’ S ) + w yn,y(ys n ))(Sy + (_wyn,f’as/ + W yn,n’gr],))}' (3_15)

From (3-15), we see that, at every point of graph(x) with y, = 0 and with n’ ~ &/,

(1) the projection graph(x) — Cif’y* has surjective differential and

4(n—1)
xl’%‘/’xl*vsr*

(2) the projection graph(k) — C has injective differential.

In fact, since « is a canonical relation, (1) and (2) are pointwise equivalent, so it suffices to verify (2). In
other words, we have to show that, if

_ x//
O — (Sy/ + l// n/’yngyn,

0= 55/,
(3-16)
0=24, —d¢,
0=, 0 &) =™, (v, 1)y,
then §,y =0, §,, =0, 6e =0, and §,y =0.
When y, = 0, we have ¢* = —, and when in addition ' ~ &', we see that the (n — 1) x 1 matrix in

the fourth equation is nonvanishing, so this equation implies that §,, = 0. Then the first equation gives
8y =0, and from the second and third equations, we get §z = 0 and §,; = 0 and we have verified (2).

As an exercise, let us determine the image under « of the complexified conormal bundle of the boundary,
given by y, =0 and y*' = 0. From (3-13), we see that this image is the set of all points

(x',£,0,0). (3-17)
The subset of real points in (3-17) is the image of the set of points (y’, 0, 0, y¥) such that y’ is real and
y: € —IR+
Now restrict (x’, &) to the set of (x’, ;) with x" € C" ! and t € C, where 0 # ny € R"~!. This means
that we restrict the symbol of A/ to the radial direction £’ € Cny, and consider
oi (X' tny; b)) = Mq(x', tny; h) =: Myewq (X', £5 1)
= Q) [[ et sty €5 gy dydn's G18)

where

@ty (X' 1, y5 1) = Par (X g, yi ) =W (v, tng) =)+ & —y) - —1mp). (3-19)
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We will soon drop the subscripts “new” when no confusion is possible. This is again a nondegenerate
2n has the graph

phase function. The new canonical relation kpey : (Ci”y* — Cx, -

graph(knew) = { (¥ + 3y ™ (v, ), £.0" — tng, my - 8 (v, 11g) — m - B ™ (v, ')
¥, =0y W (y, tng) + 0y (v, ')+ 0" — tng, =0y, ¥ (v, tng) + 0y, ¥ (v, 1))} (3-20)
This graph is conic with respect to the dilations
Ry oA (), Ar, Ax"™, 1%y, Ay™).
The restriction of the graph to y, =0 is
{1, —1n5,0;¥',0,0" —tng, =3y, ¥ (', 0, tng) + 8y, ¥ (', 0, "))},

where
A, (v, 0,6)=ir(y,0,EN2 8, ¥*(,0,&) = —ir(y,0,&)'2,

so the restriction is
(O 0 =g, 05, 00" — 15, =i (r (5, 0, 1) +r12(y', 0, 1)) (3-21)
If we take 1 = ¢, and use that r1/2 is homogeneous of degree 1 in the fiber variables, we get
{(/,1,0,0;y,0,0, =2itr'2(y', 0, np))}. (3-22)
This is the graph of a diffeomorphism
neigh(0, 32) x (—i[RR;%) — neigh(0; 9Q) x RF.
The tangent space at a point where y, = 0 is given by

{ (8)7, + (1//*)/7]//’))”8))” ’ 8[7 817/ - 81"76’ 77(/) : (’ll/é//,yn - (w*):,//,yn)(sy,, ;

Bys (=l s+ (W)l )8y, + 8y — Butlly (=W + (WY )8y — Yl b+ (W L 8y)). (3-23)
The projection onto the first component is injective as can be seen exactly as in the proof of the property (2)
stated after (3-15). Now ey 1S a canonical relation between spaces of the same dimension, so we conclude

that kyey 1S a canonical transformation or more precisely near each point of its graph. Combining this
with the observation right after (3-22), we get:

Proposition 3.1. Equation (3-20) is the graph of a bijective canonical transformation
Knew : neigh((0; 0, —i), Cg X C';*) — neigh((0, 1; 0), C, , x CZ’*,:*)'

The neighborhoods can be taken to be conic with respect to the actions Ry 3 A+ (y, \y™) and Ry 5 A —
(x, A, Ax"*, t%), and Kney intertwines the two actions (5o knew is positively homogeneous of degree 1 with
y* as the fiber variables on the departure side and with t and x'* as the fiber variables on the arrival side).
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Basically, the same exercise as the one leading to (3-17) shows that the image under ke of the
complexified conormal bundle, given by y, =0 and (y*)’ = 0, is the zero section
{1 (", %) =0)). (3-24)
Consider the image of 7*9€ x iR = {(y, y*): v, (") eR" y, =0, y* € iR~} under kpeyw. On
that image,
¥ =y eR!
n —tnye R
" =g e (y, tng) —ng - ™ (v, n') = 0.

If we restrict the attention to 7 € Ry so that n' = (y*) + 5}, € R"~!, we see that
Vi =—=0d, ¥ (', 0,tn0) +dy, ¥ (', 0,n) €iR™.
Thus, the image contains locally
(1, (%), 0): X, () eR™ teRTY,

which has the right dimension 2(n — 1) + 1

Similarly, the image of 7*9<2 x neigh(iR ., C,:) is obtained by dropping the reality condition on ¢

* 9
Yn

but keeping that on n’ — 7, and we get

Knew (T*0Q x neigh(iR ., Cx)) = {(x', 1, x,0):x, (x*) e R*™L, 1 € neigh(RT, C)). (3-25)

I’
4. Some function spaces and their FBI transforms

We continue to work locally near a point xo where the boundary is analytic, and we use analytic coordinates

y centered at xq as specified in the beginning of Section 3.

We start by defining some piecewise-smooth I-Lagrangian manifolds, some of which will be associated
with function spaces below.

o The cotangent space T*2 that we identify with (neigh(0) "R’ ) x R".

e The real conormal bundle N*9Q2 C T*R". In the local coordinates y,
N*3Q={(y.n) eR¥:y, =0, 5 =0}.

It will sometimes be convenient to write N*0Q2 = Q2 x R*, where of course the second expression
appeals to the use of special coordinates as above. More invariantly, N*9€2 is the inverse image of
the zero-section in 7*9<2 for the natural projection map 7r+yq : TyoR" — T*0Q.

We will also need some complex sets.

» The complexified zero-section in the complexification T*Rn = C} x €}, defined to be
neigh(0, C") x {n =0} C C} x Cj.

We denote it by C§ x 0, for short.
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o The complexification N*3%2 of N*32 defined to be
{(vy.n) € C} xC} : y € neigh(0,C"), y, =0, n' =0}

o The space 7~ (T*92), where 7 : TjoR"®C — T*dQ®C is the natural projection and ®C indicates
fiberwise complexification. In special coordinates, it is {(y, n) : (y/, n') € R2®=D y, =0, 5, € C}.
We will denote it by 7%9€2 x C or T*9€2 x C,,, for simplicity. It contains the subset 7*9$2 x C/
(easy to define invariantly), where C™ is the open lower half-plane. Notice that

T IQ x aC_ =T*IQ x R=T,oR".
o The piecewise-smooth (Lipschitz) manifold
F=T*QU(T*IQ x C,)-

Notice that the two components to the right have T;,R" as their common boundary.

o The piecewise-smooth (Lipschitz) manifold (Cg’, x 0,) UN*0€2, where the two constituents contain
IS x 0,. Here 32 denotes a complexification of the boundary (near xp).

Let
Tut = Ch [ ey, zee, (1)

n

be a standard FBI transform [Sjostrand 1982], sending distributions with compact support on R" to
holomorphic functions on (in general some subdomains of) C". For simplicity, we let ¢ be a holomorphic
quadratic form so that 7' can also be viewed as a generalized Bargmann transform and a metaplectic
Fourier integral operator (see for instance [Sjostrand 1990]). We work under the standard assumptions

3¢/, >0, detg! 0. (4-2)
We let C > 0 be the unique positive constant for which T : L2(R?) — Hg,(C") is unitary, where

Dp(z) = suﬂg —J¢(z,y) = -3¢ (z, y(2)) 4-3)
yeR?

is a strictly plurisubharmonic (real) quadratic form on C" and Hg, is the complex Hilbert space
Hol(C") N L2 (e~ 2%/ [(dz)) with L(dz) denoting the Lebesgue measure on C" ~ R2". Let

iy :C" 5 (y, =, (2, ) = (2, $L(z, y)) € C" (4-4)

be the complex (linear) canonical transformation associated to 7', and let

Ao, = i(z, 3®(@> 1z EC”}
i 0z
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be the R-symplectic' and I-Lagrangian? manifold of C?*, actually a real-linear subspace since ¢ is
quadratic. Then we know that

Ao, = k7 (R™). (4-5)
More explicitly,
—1, 29%o 2n
kr (2 - ) =0 @),n@k) e R™, (4-6)
i 0z
where y(z) appeared in (4-3).
Let
O (z) = sup —J¢(z,y) = =9 (z2, §(2)), 4-7)
yedRL

where (z) = (3'(z), 0) and 7'(z) is the unique point of maximum in R"~! of y/ > —J¢ (2, y', 0). If
suppu C {y e R" : y, >0}, then Tu € Hl"lc, where

~ Do(z)  if yu(2) 20,
®1(z) = sup —JI¢(z, y) ={ Sxt . I (4-8)
yeRY CDI () if ya(2) <0.
Notice that
e —30,,¢(z, y(z)) = 0 in the first case and
o —3J9y,¢(z, $(z)) <0 in the second case.
Notice that
200, 2090 _ - ;-
-— @)=~ —=(=39¢) |(z,¥(2)) = ¢.(z, ¥(2))
i 0z i\0z
and 7j(z) = —¢,(z, y(2)) satisfies 77'(z) € R"~!. When ®;(z) = *(2),
i@ eR™,  Siu2) <0. (4-9)
This means that
A,:D?xt = KT(T*aQ X Cj;n)
and that
Ao, = k7 (F), (4-10)
where F was defined above:
F=T*(Q)U{(y,0;n",n,):(Y,n)eT*Q, In, <0}. 4-11)

It is a Lipschitz manifold. The second component is a union of complex half-lines; consequently in the
region where ®; < ®g, Ay, is a union of complex half-lines. If we project these lines to the complex
z-space, we get a foliation of C! into complex half-lines and the restriction of ®; to each of these is
harmonic.

lie., symplectic with respect to fio, where o = d¢ A dz is the complex symplectic form
Zie., Lagrangian with respect to Jo
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We introduce the real hyperplane
H = k7 (TjoR"),
which is the common boundary of the two half-spaces
Hy = w7 (T*Q),
H_=mr({(y,0;m): V', n) € T*3Q, In, <0}).

Here, 7, : C7 x Cf — C" is the natural projection. We have

=0 in H+,
Dy — D 4-12
0= {x dist(z, H)> in H_. (“-12)

Similarly, recall the definition of the complexified normal bundle N*9% at the beginning of this section.
It is a C-Lagrangian manifold.> We have k7 (N*3Q) = Ag,, where @ is pluriharmonic:

®3(2) = Vey et (=36 (2, ', 0)).

Similarly «7(CY§ x 0,) (with the notation from the beginning of this section) is of the form Ag,, where

Dy(z) = veyen (=P (2, y)).

The complex zero-section Cy, x 0, and T*R" intersect transversally along the real zero-section R x 0;,.
Correspondingly, we check that

®o(z) — Pa(z) = dist(z, 7, 0 k7 (R" x 0,))2. (4-13)
Similarly,
DT (2) — P3(2) = dist(z, 7 0 k7 (32 x 0) x T ))?, (4-14)

where 02 x 0 denotes the zero-section in 7*9€2, so that
(02 x 0) x C;n =NIQ®C

is the fiberwise complexification of N*9<2. (Here we work locally near y = 0.)
Let u be real-analytic in a neighborhood of , and consider

v(z) =T (lqu)(2), (4-15)

where we restrict our attention to z € C" such that the critical point y¢, (z) in the definition of ®4(z) belongs
to a small complex neighborhood of & or equivalently to z € C" in a small neighborhood of k7 (2 x 0,).
By the method of steepest descent, we see that v € H, l°5°, where first of all &5 < ®; and further

N Q

®5(z) = P4(z) when both { (\yq>4(z) €3 _ (4-16)
|~3)7<D4 (Z)| << dlSt(g{yQM (Z)’ 89)5
N Q

®s5(z) = ®3(z) when both { (\yq>4(z) £, _ (4-17)
I¥ye, (2)| K dist(Nys, (2), 9€2).

3ie,a holomorphic manifold that is Lagrangian for the complex symplectic form o
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Actually, in the last case, we can relax the condition that ys,(z) belongs to a small (z-dependent)
neighborhood of Q. The appropriate restriction is then that the critical point ye,(z) € 92 in the definition
of &3 belongs to a small (#-dependent) neighborhood of 9£2.

5. Expressing M with the help of FBI transforms

From now on, we work with Myey, @y, and kpew and we drop the corresponding subscript “new”.
Then from (3-18),

1 . ’ N
Ma( 0 = o [[ ermenmat gt aty. i gy (s

with &, given in (3-19).

We want to express Mg with the help of Tq, where T is as in (4-1), and we start by recalling some
general facts about metaplectic Fourier integral operators of this form, following [Sjostrand 1982] for the
local theory and [Sjostrand 1990] for the simplified global theory in the metaplectic framework (i.e., all
phases are quadratic and all amplitudes are constant). To start with, we weaken the assumptions on the
quadratic phase in T and assume only that ¢ (x, y) is a holomorphic quadratic form on C" x C" satisfying
the second part of (4-2):

det ,(x, ) #0. (5-2)

To T we can still associate a linear canonical transformation «r as in (4-4). Let ®; and @, be plurisub-
harmonic quadratic forms on C” related by

Ao, =k7(Ao)). (5-3)

Then we can define T : Hy, — Hg, as a bounded operator as in (4-1) with the modification that R"
should be replaced by a so-called good contour, which is an affine subspace of C" of real dimension #,
passing through the nondegenerate critical point y.(x) the function

y =3¢(x, y) + @i (y) (5-4)

and along which this function is ®(x) — (< |y — y. x)?). (Actually in this situation, it would have been

—n/2

better to replace the power 4 ~3"/% by h since we would then get a uniform bound on the norm.)

Remark 5.1. Recall also that, if only ®; is given as above, the existence of a quadratic form &, as in
(5-3) is equivalent to the fact that (5-4) has a nondegenerate critical point and the plurisubharmonicity
of &, is equivalent to the fact that the signature of the critical point is (n, —n) (which represents the
maximal number of negative eigenvalues of the Hessian of a plurisubharmonic quadratic form). This in
turn is equivalent to the existence of an affine good contour as above.

In this situation, T : Hy, — He, is bijective with the inverse

Svu(y) =T 'v(y)=Ch™"* / e~ (M9 y(2) dz, (5-5)
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which can be realized the same way with a good contour, and here the constant C does not depend on the
choice of ®;, j =1, 2.

Remark 5.2. Let us introduce the formal adjoints of 7 and S,

T(y) = Ch_3"/4/ /My (x) dx, yeC”,

n

Stu(x):5h—"/4/e—<"/h>¢<X~>’>u(y) dy.

Let W; and ¥, be plurisubharmonic quadratic forms such that xst«(Ag,) = Ay,. Then as above,
T':Hy, — Hy, and S': Hy, — Hy, are bijective and S' = const(T)~!. We claim that S' is the
inverse of T". In fact, this statement is independent of the choice of ® j and W; as above, and we can
choose them to be pluriharmonic in such a way that Ag; intersects A_y; transversally for one value of j
and then automatically for the other value. Then for j = 1, 2, we can define

(u | v) :/ u(x)v(x)dx
vi

foru € Ho,; and v € Hy; (or rather for functions that are O(e®i’"y and e%i/", respectively — the space

of such functions is of dimension 1, which suffices for our purposes) if we let y; be a good contour
for ®; +W;. Foru = O(e®/"y and v = O(e*2/") nonzero,

0% (u|v)=(TSu|v)=(Sul|TW) = (u]|S'T),
and knowing already that S'T"" is a multiple of the identity, we see that it has to be equal to the identity.

Now return to the discussion of an FBI transform 7" whose phase satisfies (4-2). When letting 7" act on
suitable Hg-spaces, it has the inverse S in (5-5). However, if we let T act on L*(R") so that Tu € Ho,
(with Ag, = k7 (R?")), the best possible contour in (5-5) is

I'(y)=1{zeC":y(@) =y}

This follows from the property

®o(2) + ¢ (z, y) < dist(z, T(»))? < [y(z) — yI%, (5-6)

s0 ®o(z) +Jp(z, y) =0 on I'(y) and e~ /M9 @+/M®P0G) s hounded there. This is not sufficient for a
straightforward definition of Sv(y), v € Hg,, since we would need some extra exponential decay along
the contour near infinity, but it does suffice to give a precise meaning up to exponentially small errors of
the formula

Tu=(TS)Tu (5-7)

in a local situation, where T : L2 — Hg, is a second FBI transform and where TS: Hop, — Hg, is
defined by means of a good contour.
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Proposition 5.3. Let (yg, no) € R, (zo, ¢o) = k1 (Yo, N0), and (wg, wo) = k5 (yo, no). We realize Tu
and Tu (T Su modulo exponentially small terms) in Hg, ;, and Hg, ,,, (and Hg, ., ) by choosing good
contours restricted to neighborhoods of yo and yo (and zg), respectively. Then (5-7) holds (modulo an
exponentially small error) in Hg, ., . Here u € D'(R™) is either independent of h or of temperate growth
in D'(R") as a function of h.

Proof. The left-hand side of (5-7) is
const h=3n/4n / / / T/ D@D =BCXHOEI y (y) dy d d.,

and all good contours being homotopic, we can write it as
Chnn/s / (consth_" // /P HDEN Hi DPw.) g dz)u(y) dy.

The expression in the big parentheses is nothing but 7'S'(e// ’1)‘5(“’“))( y), which by Remark 5.2 is equal
to /Méw.y) and (5-7) follows. (In the proof, we have chosen not to spell out the various exponentially
small errors due to the fact that the integration contours are confined to various small neighborhoods of
certain points.) O

We now return to the operator M in (5-1). Choose adapted analytic coordinates centered at xg as
in the beginning of Section 3. In that section (see (3-25)), we have seen that there is a well defined
canonical transformation «,; from a neighborhood of (0, 0, —i) € Cgf’n to a neighborhood of (0, 1, 0, 0)
in CZTI x C; x Cﬁ;l x Cy+ mapping T*0Q2 x iR_ to [R{ZTI x Ry x [R{Z,Zl x {t* = 0}. This means that we
have a microlocal description of Mg near (0, 1, 0, 0) and not a local one near x’ = 0 and ¢t = 0. We shall
therefore microlocalize in (x’, x'*) by means of an FBI transform in the x’ variables.

Let

Tu(w') = Chd—m/2 / /MW X 1y gy e L, (5-8)
Rnfl

be a second FBI transform as in (4-1) though acting on n — 1 variables and with a different normalization.
Assume (for concreteness) that
Kk(C' (o)) = €1 x {0}, (5-9)
Then
kp(T*R"™) = Ag,, (5-10)
where @ is a strictly plurisubharmonic quadratic form. In view of (5-9) and the fact that the zero-section
C"! x {0} is strictly positive with respect to the real phase space, we also know that

Do(w') < |w'? (5-11)

or equivalently that the quadratic form 60 is strictly convex.
By slight abuse of notation, we also let T act (as To 0) on functions of n variables by

Tw(w', 1) = (Tu(-,0)(w).
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The presence of T leads to a formula for 7 M that is simpler than the one for M in (5-1):
?Mq(u/, 1) = f(e—(i/h)(')'N]{)Ktq[((e(i/h)(-)~lﬂ6))(w/)

_ Cpi-n / / f e E/ MG I e (3 g (1)K (v, x)e /DY 4’ dy dF

— / K(e(i/h)(q;(w/")_(')'t"é’))(y)q(y)K(e(i/h)(')'tn6)(y) dy.
Up to exponentially small errors, we have (see (3-5))

K(e(i/h)(')'fnf))(y) — e(i/h)lb(%“?(/))a(y’ ”76; h)
and
K (/M@ 0) (y) = @/ MV Dy el ),

where b is an elliptic analytic symbol of order 0 and v is the solution of the eikonal equation in y
oy, =ir(y. oy i)' Ply—0 =’ y) =y 1.

Thus, up to exponentially small errors, we get for g € L ()
TMgw', 1) = f WMV e 1,y g (y)dy,  (w',1) €neigh((0,1),C"' xC),  (5-12)

where c is an elliptic analytic symbol of order O and

Y 1 y) =P 1, y) +¢(y. 1))
satisfies
Yly—0= W', ), (5-13)
ay,ﬂ/’l)m=0 = i(r(y/a 0’ 8)7,¢§(w/v y/) - tr’/o)l/z +r(y/7 Ov tné))l/z) (5-14)
Assume for simplicity that (0, 0, nj) = %. Then, at the point (w' =0,7=1, y =0),
Ow Y, 3, =0y, —0y,¥) = (0,0, 0, —i),
s0 k7,,(0,0, —i) = (0, 1, 0, 0).* Also, K7y = K7 oKy and
KM(()’ 05 _l) = (09 1’ 05 0)9

k7(0,1,0,0)=(0, 1,0, 0).
Recall from (3-25) that

K : eigh((0; 0, —i), T*92 x C.) — neigh((0, 150, 0), R x €, x R x {t* = 0}),
SO
K7y : neigh((0, 0, —i), T*92 x C}») — neigh((0, 1,0, 0), Ag g0)-

4We can verify directly that detd,,s ;9y ¥ # 0.



LOCAL ANALYTIC REGULARITY IN THE LINEARIZED CALDERON PROBLEM 537

On the other hand, we have seen in Section 4 that k7 (F) = A, and that the part 7*9€2 x C;* of Fis
mapped to A gex. More locally,

kr :neigh((0, 0, —i), T*9Q x (Dy_;:) — neigh(x7 (0, 0, —i), Agex)
ks : neigh(xr (0, 0, —i), Agen) = neigh((0, 0, —i), T*92 x C;,:).
Using also (3-25), we get
k7 - neigh(m ket (0, 0, —i), Aq;.?xt) — neigh((0, 1, 0, 0), Ag g0)- (5-15)
We then also know that
Do(w') = vey (=Y (W', 1, ) + 3¢ (2, ¥).

This means that the formal composition
TMSv(w', 1) =Ch™/* // UMW =Gr G ey 1, y; h)v(z) dz dy (5-16)
gives a well defined operator
T™S: Hoex 717.0,0,—i) = Héo00.00.1) (5-17)

that can be realized with the help of a good contour.
We shall next show that

TMu=(TMS)Tu in Hg g 01 (5-18)

when u is supported in {y, > 0}. The proof is the same as the one for (5-7). The right-hand side in (5-18)

is equal to
const " /// /W 10=01 GO+ (1 x: hyu(y) dy dz dx.

where the y-integration is over R}, and we may assume without loss of generality that u has its support
in a small neighborhood of y = 0. The dz dx integration is, to start with, over the good contour in (5-16).
This last integration can be viewed as T'S' acting on e@/M¥®'t.)¢(w/ ¢, . h), and here T'S' is the
identity operator that can be realized with a good contour, so we get

TMS)Tuw', t) = / /MY WLL0 e ¢ s hyu(x)dx = TMu(w', 1),

and we have verified (5-18).
Above, we have established (5-17) as the quantum version of (5-15). It follows by an easy adaptation
of the exercise leading to (3-17) that

ke (neigh((0, 0, —i), C"~! x {0} x C; )) = neigh((0, 0, 1, 0), €' x {x* =0} x C, x {t*=0}), (5-19)

and hence,
k7 ys(neigh(kr (0,0, —i), Ag,)) =neigh((0, 0, 1, 0), Aogo). (5-20)
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The quantum version of (5-20) is
= .l 1
TMS : Hgy o (neigh(er 0.0~ — How0,0.1)- (5-21)

We also know that 7 M S is an elliptic Fourier integral operator. Consequently, (5-17) and (5-21) have
continuous inverses. We also have the following result.

”w 1 7 1 1
Proposition 5.4. Ifu € Hcg’f’ﬂl(neigh(w(o’o’_[.))) and TM Su € Hoce)aco,(o,l)’ then u € Hg:’nz(neigh(w(0’0’_1.))).
6. End of the proof of the main result

We will work with FBI and Laplace transforms of functions that are independent of % or that have some
special h-dependence. Consider a formal Fourier integral operator u — Tu, given by

Tu(x; h) = Ch® f e/ MOy vy dy, (6-1)

where ¢ = ¢ is a quadratic form on Cﬁf’y satisfying

det ¢;’y #0 (6-2)
and hence generating a canonical transformation that will be used below.

Proposition 6.1. If u is independent of h,

1
(hDh—{—EPa(x,hD;h))Tu =0, (6-3)
where
Py = p(x, hD) +ih(a+ L w@l, ¢, " ¢l.0L "), (6-4)

P, &) = Splx - x +x - (€ —¢lx) + 1ol T ol gl T E — ¢lx) - (6 — lx)
= =3¢l x x+ 30000 T Bl Pl x x

txE—l el T el s+ el T 9l el T E . (65)
Proof. We have

hDy, (/M) = L imecn,

h
hDy(h®) = <1,
l

1 .
hDATuCe; ) =~ / IMOCN ey ¢ (x, y)u(y) dy.

Try to write ¢ (x, y) = p(x, ¢.(x, y)) for a suitable quadratic form p(x, &) (that will turn out to be the
one given in (6-5)). We have

P(x.y) =3¢l x-x+)y-x+ 505y, (6-6)
O =¢lx+ oLy, ie.y=al (@) — L), 6-7)
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and using the last relation from (6-7) in (6-6), we get
¢(-x’ y) 2¢)’C/x'x X + ¢}x'x ¢x/\7 (¢ ¢)/c/xx) + 2¢;/y¢” 71(¢ ¢)/C/)C ) ¢// 71(¢)’( - ¢;/(/xx)’ (6_8)

where the ¢y, and qﬁ)/c’y_ in the second term cancel and we get p(x, ¢.) with p as in (6-5).
To verify (6-4), it suffices to notice that

e (MO p(x, hD)(e/MPY) — p(x, @) = 3¢y, @), 81, hDx-(8))

%¢ ', hDy - (87,%)
-1

—¢;’x¢” Byt

r —1

" —1

= (gl o0 *1). 0

Remark 6.2. Let k7 : (y, —¢>; (x,y)) = (x, ¢.(x, y)) be the canonical transformation associated to T,
which can also be written

Kk 2 (y, —(Pyx + 5, 3) > (x, ¢ x + ¢, y)
or still k7 : (y, n) — (x, &), where
x=—¢ " (+¢ly).
e O R 0 S A

We see that the following three statements are equivalent.

/—1

o k7 maps the Lagrangian space n =0to & =0.
.« ¢l — @l by P, =0.
e p(x,0)=0and pé(x, 0) for all x.

Example 6.3. Consider

TLu(x: h) = Ch(l—n)/z/e(i/h)(¢(x/,}")+ixnyn)u(y)dy’ 6= or.
If P'(x’, hD,; h) is the operator associated to Tinn—1 variables, we get when u is independent of &
1 ~
(hDh + E(P/(X/’ hD,; h) +xnthn)> TLu=0. (6-9)

Similarly (though not a direct consequence of Proposition 6.1 but rather of its method of proof), we have
for £ alone that

1
(hDh + anthn)Eu =0. (6-10)

Example 6.4. Let T be as above, and assume that we are in the situation of Remark 6.2 so that p(x, 0) =0
and pé (x,0) =0. Then
p(x,hD)=bhD-hD,
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where b is a constant symmetric matrix. Then

Pu=p.hD)+ih(@+fo). fo=3.
and (6-3) reads
(hDp+ (hbD - D +i(o+ fo)))Tu =0. (6-11)

fTu=Y"" h*v; € Hy and u is independent of %, we can plug this expression into (6-11) and get the
sequence of equations

m .
(7+l(a+f0)>vm =0,
m+1
(—i +i(0l+fo)>vm+1 +bD - Dv, =0,

m+2
(T +i(a +f0)>vm+2 +bD - Dvyyq =0,

so unless v = 0, we get m = « + fy. We can choose v, € Hy arbitrarily, and vy, 41, U2, . .. are then
uniquely determined.

Now, consider the situation in Theorem 1.6 and let g € L°°(2) be independent of & and such that
oi(y', tng) is a cla.s. on neigh({0} x R, R"~! x R,) of order —1 (see (2-4)):

o
oAy tp) ~ Y ey 1), (6-12)
1

where ng(y’, t) is homogeneous of degree —k in 7.
(', 0] < CHEE 75,y € neigh(0, €. (6-13)

For the moment, we shall only work with formal cl.a.s. and neglect remainders in the asymptotic expansions.
The semiclassical symbol of A is then

o0

oAy o/ ) ~ Y iy /) =) h'm(y, 0, (1) €neigh((0, D, R xRy, (6-14)
1 1

Recall that o3 (¥, tny/h) = Mq(y’, t; h). From (6-14), we infer that TMq isacla.s.nearw =0
andr =1:

o0
TMgq -~ hmw', 1), (6-15)
1

Formally,
TM=TML L. (6-16)

The canonical transformation k- is given by

y.m) = O ine 0 iyn).
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It maps the complex manifold n” =0 and y, =0 to the manifold {(z, 0)} and the point (0; 0, —i) to (0, 1; 0),
SO Kp-1 = KZI maps £ =0 to n’ =0 and y, = 0. We noticed in (3-24) (see (3-22)) that x; takes the
complexified conormal bundle to the zero-section, and it maps the point (0; 0, —i) to (0, 1; 0). Thus,
k-1 maps the zero-section ¢ = 0 to the zero-section and in particular (0, 1; 0) to (0, 1; 0). (We may
notice that this is global in the sense that we can extend z,, to an annulus, and we then get ¢ in an annulus.)
Since k7 maps the zero-section to the zero-section, we have the same facts for k7.

From the above, it is clear that T M £~ maps formal cl.a.s. to formal cl.a.s.

Recalling (6-14) for o4 (y', tny/h) = Mq(y’, t; h) and using that TML'isan elliptic Fourier integral
operator whose canonical transformation maps the zero-section to the zero-section, we see that there
exists a unique formal cl.a.s.

o
v~ (@, z)h*, 2 €neigh((0, 1), C"), (6-17)
1
such that in the sense of formal stationary phase
TMqg=TML 'v. (6-18)
Now ¢ is independent of &, so Mg satisfies a compatibility equation of the form
1
(hDh—l—}—leM)Mq =0. (6-19)

This gives rise to a similar compatibility condition for v

1
(hDh—I-E [:M—lf—l'fM)UZO
or simply |
hDp+ —P =0,
( h+h L)v

which is the same as (6-10):

(hdp, + 2,9, )v =0. (6-20)
Application of this to (6-17) gives
(k + 2,8, )vx =0, (6-21)
ie.,
v(@) =gz, (@) < RS (6-22)
Thus,

o0 " k o0 h k+1
I _ n{
v Z]:qk(z )<zn) = XO:Qk+1(Z )(zn> ,
and we see as in Section 2 that

o0
s N ()
v~ LGE . G0) = loaOn Y T, (6-23)
Tk

with a > 0 small enough to assure the convergence of the power series.
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More precisely (and now we end the limitation to formal symbols), as in (5-18) and (5-7), we check that
TMG=(TML™")LG in Ho 1) (6-24)

(up to an exponentially small error). By the construction of g, the right-hand side is = ™ q in the same
space.
Putr =g —¢g. Then

TMr=0 inHy ). (6-25)
Now, we replace £ with T and consider in light of (5-18)
(TMS)Tr=0 in Hy ). (6-26)
which implies that Tr € Hg, satisfies
Tr=0 in Hee 70 0:0,—i)- (6-27)
As we saw in Section 4, Ag, contains the closure I' of the complex curve
[ =17 ({(0; 0, 1) : I < O}),

and «7((0; 0, —i)) € I'. Consequently, @1, is harmonic and (6-27) and the maximum principle imply
that

Tr=0 1in He, on (D). (6-28)

In particular,
Tr=0 1in Hg, o (6-29)

and a fortiori
Tr=0 1in Heg,o. (6-30)

This implies that r = 0 near y = 0. Hence, ¢ = g near y = 0, which gives the theorem.

7. Proof of Proposition 1.7

We choose local coordinates y = (y’, y,) as in the beginning of Section 2. As in Proposition 1.7, we assume
that g is analytic in a neighborhood of 0. We adopt the alternative definition of symbols in Remark 1.4.
It will also be convenient to consider the semiclassical symbol of A, o (¥, n'; h) = o4 (y', '/ h). For
y" € neigh(0, R*~1),

o (¥, 1’ h) = —d,, GqK( f x(@ew (-5 hyemh dﬂ) (', 0)e= " n/h, (7-1)

where x and e, were defined in Remark 1.4 with n there replaced by n — 1. By analytic WKB (as we
already used), we have up to an exponentially small error

K(er(-; h)e' My = ch=m"2q(y, y/; h)e!#O-1m/h, (7-2)
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where ¢ is the solution of the eikonal problem

. i
dy, 0 =ir(y, dy®)'*,  @ly,—o=y -1+ E(y/ —1)? (7-3)

and a is an cl.a.s. of order O obtained from solving a sequence of transport equations with the “initial”
condition a(y’, 0, n’; h) = 1.

Using again the analytic WKB method, we can find a cl.a.s. b of order O in /& that solves the following
inhomogeneous problem up to exponentially small errors:

(A = R*V)(RE2b(y, t, s e/ MPO110) = CRO=M2ge 19
{ b(y',0,t,n';h) =0.

Then up to exponentially small errors,
GqK (e,(-; h)ei(')'"//h) = h(3*n)/2b(y’ 1, h)e(i/h)tb(y:taﬂ’)
and similarly for the gradients, so
— (@5, =0GaK (er (-3 )71y = =2, b)Yy, 0, 1, ' e/ IOTHEDOD,

Multiplying with x (¢') and integrating in ¢, we see that o3 (¥, n’; h) is a cl.a.s. in the semiclassical sense,
and this implies that o5 (y', ) is a cl.a.s.
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DISPERSIVE ESTIMATES FOR THE SCHRODINGER OPERATOR
ON STEP-2 STRATIFIED LIE GROUPS

HAJER BAHOURI, CLOTILDE FERMANIAN-KAMMERER AND ISABELLE GALLAGHER

The present paper is dedicated to the proof of dispersive estimates on stratified Lie groups of step 2 for
the linear Schrodinger equation involving a sublaplacian. It turns out that the propagator behaves like
a wave operator on a space of the same dimension p as the center of the group, and like a Schrédinger
operator on a space of the same dimension & as the radical of the canonical skew-symmetric form, which
suggests a decay rate |¢t|~*TP~D/2 We identify a property of the canonical skew-symmetric form under
which we establish optimal dispersive estimates with this rate. The relevance of this property is discussed
through several examples.

1. Introduction

1A. Dispersive inequalities. Dispersive inequalities for evolution equations (such as the Schrodinger
and wave equations) play a decisive role in the study of semilinear and quasilinear problems which
appear in numerous physical applications. Proving dispersion amounts to establishing a decay estimate
for the L°° norm of the solutions of these equations at time 7 in terms of some negative power of ¢ and
the L' norm of the data. In many cases, the main step in the proof of this decay in time relies on the
application of a stationary phase theorem on an (approximate) representation of the solution. Combined
with an abstract functional analysis argument known as the 77*-argument, dispersion phenomena yield a
range of estimates involving spacetime Lebesgue norms. Those inequalities, called Strichartz estimates,
have proved to be powerful in the study of nonlinear equations (for instance, one can consult [Bahouri
et al. 2011] and the references therein).

In the R? framework, dispersive inequalities have a long history, beginning with [Brenner 1975; Pecher
1976; Segal 1976; Strichartz 1977]. They were subsequently developed by various authors, starting with
[Ginibre and Velo 1995] (for a detailed bibliography, we refer to [Keel and Tao 1998; Tao 2006] and the
references therein). Bahouri et al. [2000] generalize the dispersive estimates for the wave equation to the
Heisenberg group H? with an optimal rate of decay of order |¢|~!/2 (regardless of the dimension d) and
prove that no dispersion occurs for the Schrodinger equation. Del Hierro [2005] proved optimal results
for the time behavior of the Schrodinger and wave equations on H-type groups: if p is the dimension of
the center of the H-type group, Del Hierro establishes sharp dispersive inequalities for the wave equation
solution (with a decay rate of |1|7P/?) as well as for the Schrodinger equation solution (with a |t|~(P—D/2

MSC2010: 35B40.
Keywords: step-2 stratified Lie groups, Schrodinger equation, dispersive estimates, sublaplacian.
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decay). Compared with the R? framework, there is an exchange in the rates of decay between the wave
and the Schrodinger equations.

Strichartz estimates in other settings have been obtained in a number of works. One can first cite
various results dealing with variable coefficient operators (see for instance [Kapitanski 1989; Smith 1998])
or studies concerning domains, such as [Burq et al. 2008; Ivanovici et al. 2014; Smith and Sogge 1995].
One can also refer to the result concerning the full laplacian on the Heisenberg group [Furioli et al. 2007],
works in the framework of the real hyperbolic spaces [Anker and Pierfelice 2009; Banica 2007; Tataru
2001], or in the framework of compact and noncompact manifolds [Anton 2008; Banica and Duyckaerts
2007; Burq et al. 2004]; finally, one can mention the quasilinear framework studied in [Bahouri and
Chemin 1999; 2003; Klainerman and Rodnianski 2005; Smith and Tataru 2005] and the references therein.

In this paper our goal is to establish optimal dispersive estimates for the solutions of the Schrodinger
equation on step-2 stratified Lie groups. We shall emphasize in particular the key role played by the
canonical skew-symmetric form in determining the rate of decay of the solutions. It turns out that the
Schrodinger propagator on G behaves like a wave operator on a space of the same dimension as the center
of G, and like a Schrodinger operator on a space of the same dimension as the radical of the canonical
skew-symmetric form associated with the dual of the center. This unusual behavior of the Schrédinger
propagator in the case of Lie algebras whose canonical skew-symmetric form is degenerate (known as
Lie algebras which are not MW; see [Moore and Wolf 1973; Miiller and Ricci 1996], for example) makes
the analysis of the explicit representations of the solutions tricky and gives rise to uncommon dispersive
estimates. It will also appear from our analysis that the optimal rate of decay is not always in accordance
with the dimension of the center: we shall exhibit examples of step-2 stratified Lie groups with center of
any dimension for which no dispersion occurs for the Schrodinger equation. We shall actually highlight
that the optimal rate of decay in the dispersive estimates for solutions to the Schrodinger equation is,
rather, related to the properties of the canonical skew-symmetric form.

1B. Stratified Lie groups. Let us recall here some basic facts about stratified Lie groups (see [Corwin
and Greenleaf 1990; Folland 1989; Folland and Stein 1982; Stein and Weiss 1971] and the references
therein for further details). A connected, simply connected, nilpotent Lie group G is called stratified if
its left-invariant Lie algebra g (assumed to be real-valued and of finite dimension ») is endowed with a

g= @ Ok

1<k<oo

vector space decomposition

where all but finitely many of the g, are {0}, such that [g, gr] = gi+1. If there are p nonzero g; then the
group is said to be of step p. Via the exponential map

exp:g— G,

which is in that case a diffeomorphism from g to G, one identifies G and g. It turns out that, under this
identification, the group law on G (which is generally not commutative) provided by the Campbell-Baker—
Hausdorff formula, (x, y) = x -y, is a polynomial map. In the following we shall denote by 3 the center
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of G, which is simply the last nonzero g, and write
G=v®3, (1-1)

where b is any subspace of G complementary to j.
The group G is endowed with a smooth left-invariant measure w(x), the Haar measure, induced by the
Lebesgue measure on g, which satisfies the fundamental translation invariance property

/Gf(y)du(y)=/Gf(x'y)dM(y) forall feL'(G,dp), x€G.

Note that the convolution of two functions f and g on G is given by

frglx) = /G f-y Hedu®y) = fG fMegG™x)duy) (1-2)

and as in the euclidean case we define Lebesgue spaces by

I flize) = ([G If(y)lpdu(y)>

for p € [1, ool with the standard modification when p = oo.

<=

Since G is stratified, there is a natural family of dilations on g defined for ¢+ > 0 as follows: if X
belongs to g, we can decompose X as X = > X; with X; € g, and then

8 X = Zr"xk.

This allows us to define the dilation §; on the Lie group G via the identification by the exponential map:

g
expl

G—

expodoexp!

S
_

exp

— @

Q

To avoid heaviness, we shall still denote by 8, the map exp o 8; oexp™ .
Observe that the action of the left-invariant vector fields X; for X; belonging to g; changes the
homogeneity in the following way:

Xi(fo8) =t"Xp(f) o8,

where by definition X (f)(y) :=df (y-exp(sXx))/ds|s=o and the Jacobian of the dilation &; is 12, where
0 =) | <=0 k dim gy is called the homogeneous dimension of G:

/Gf(&y)du(y):t_Q/Gf(y)du(y)- (1-3)

Let us also point out that there is a natural norm p on G, which is homogeneous in the sense that it
respects dilations: x — p(x) for x € G satisfies

p(x™H=px), pGx)=tp(x) forall xeG; pkx)=0 < x=0.
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We can define the Schwartz space ¥(G) as the set of smooth functions on G such that x > p? (x)&“ f (x)
belongs to L>(G) for all « in N¢ and p in N, where 2% denotes a product of || left-invariant vector
fields. The Schwartz space $(G) has properties very similar to those of the Schwartz space ¥(R?),
particularly density in Lebesgue spaces.

1C. The Fourier transform. The group G being noncommutative, its Fourier transform is defined by
means of irreducible unitary representations. We devote this section to the introduction of the basic
concepts that will be needed in the sequel. From now on, we assume that G is a step-2 stratified Lie
group, meaning 3 = g», and we let v = g; in (1-1). We choose a scalar product on g such that v and 3 are
orthogonal.

1C1. Irreducible unitary representations. Let us fix some notation, borrowed from [Ciatti et al. 2005]
(see also [Corwin and Greenleaf 1990] or [Miiller and Ricci 1996]). For any A € 3* (the dual of the
center 3) we define a skew-symmetric bilinear form on v by

B\)(U,V):=A(U,V]) forall U,V €v. (1-4)

One can find a Zariski-open subset A of 3* such that the number of distinct eigenvalues of B(A) is
maximum. We denote by k the dimension of the radical ¢, of B()). Since B(A) is skew-symmetric, the
dimension of the orthogonal complement of t; in v is an even number, which we shall denote by 2d.
Therefore, there exists an orthonormal basis

(Pr(A), ..., Pa(M), Q1(A), ..., Qa(R), Ri(D), ..., Re(R))

such that the matrix of B()) takes the form

0 0 m@i) -« 0 0---0
0 0 0 na(x) 0 --- 0
-n@) -~ 0 0 0 0 0
0 —ng) 0 -~ 0 O 0
0 0 o --- 0 0 0
0 0 o --- 0 O0-.-- ())
where each n;(1) > 0 is smooth and homogeneous of degree 1 in A = (A1, ..., A,) and the basis vectors

are chosen to depend smoothly on A in A. Decomposing v as

v=p,+q, -+t
with

pri=Span(Pi(A), ..., Pg(A), @y :=Span(Qi(A), ..., Qu(r)), v :=Span(Ri(}),..., Ri(})),
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any element V € v will be written in the following as P + Q + R with P € p,, Q € g, and R € ;.
We then introduce irreducible unitary representations of G on L (p;)

Wy ¢ (€)= VOTHETEREROD (P ), hest, ver), (1-5)

for any x = exp(X) € G with X = X(A, x) := (P(A,x), Q(A, x), R(A, x), Z(x)) and ¢ € L*(p,). In
order to shorten notation, we shall omit the dependence on (A, x) whenever there is no risk of confusion.

1C2. The Fourier transform. In contrast with the euclidean case, the Fourier transform is defined on the
bundle t(A) above A whose fiber above A € A is t] ~ R¥. It is valued in the space of bounded operators
on Lz(p,\). More precisely, the Fourier transform of a function f in L!'(G) is defined as follows: for
any (A, v) € t(A),

F(LIO, v) = fG FOOUR o dn(x).
Note that, for any (A, v), the map u%’&’x) is a group homomorphism from G into the group U (L*(p;)) of
unitary operators of L2(p;), so functions f of L!'(G) have a Fourier transform (F(f)(X, v)) v thatis a

bounded family of bounded operators on L?(p,). One may check that the Fourier transform exchanges
convolution, whose definition is recalled in (1-2), and composition:

F(fx) (A, v) =F(f) (X, v) o F () (A, ). (1-6)

Further, the Fourier transform can be extended to an isometry from L?(G) onto the Hilbert space of
two-parameter families A = {A(X, v)}. v)er(a) Of Operators on L2(p ») which are Hilbert—Schmidt for
almost every (4, v) € t(A), with [|A(X, v)|lus(z2(p,)) Measurable and with norm

1
2
Al = ( [ | ||A<x,v>||;S(L2(m))|Pf<x)|dvdx) <00,
reA Jver]

where |Pf(})] := ]_[?:1 n;(A) is the Pfaffian of B(1). We have the following Fourier—Plancherel formula:
there exists a constant ¥ > 0 such that

fG f )P dx =« f ) f 1) O ) g 129, [PEG v (1-7)
rE ver]

Finally, we have an inversion formula as stated in the following proposition, proved in the Appendix.

Proposition 1.1. There exists k > 0 such that, for f € ¥(G) and almost all x € G, the following inversion
formula holds:

f(x)=;c/A A/ *tr((uﬁg(”m)*@f(,\,v))|Pf(A)|dudx. (1-8)

1C3. The sublaplacian. Let (V, ..., V,) be an orthonormal basis of g;. The sublaplacian on G is
defined by

m
Ag:=) V7% (1-9)
j=1



550 HAJER BAHOURI, CLOTILDE FERMANIAN-KAMMERER AND ISABELLE GALLAGHER

It is a self-adjoint operator which is independent of the orthonormal basis (V1, ..., V,,), and homogeneous
of degree 2 with respect to the dilations in the sense that

S;IAG(SI = tZAG.

To write its expression in Fourier space, we consider the basis of Hermite functions (%,),cn, normalized
in L?(R) and satisfying, for all real numbers &,

RIE) —E2, (&) = —(2n+ D)h,(8).

Then, for any multi-index o € N¢, we define the functions A4, 1) by

d
hano)(E) = l_[ hay (&) forall E= (&, ... &) R,
j=1 (1-10)
B p(&) := BV, (B'%E)  forall (n, B) eNx R, £ eR.
The sublaplacian Ag defined in (1-9) satisfies
F(—AG ), v) =F(f)h, v)HO) + [v]?), (I-11)

where |v| denotes the euclidean norm of the vector v in R¥ and H (1) is the diagonal operator defined on
L*(RY) by
d

HM\hg o) = 2(205]‘ + Dnj(Mhapi)-
j=1

In the following we shall denote the “frequencies” associated with sz (A) + Q? (A) by
i, &) i= Qo+ Dnj(A), (@, 1) eNY x A, (1-12)

and those associated with H (1) by

d
fleh) =) gl n), (@ 2) eNx A, (1-13)
j=1
Note that Ag is directly related to the harmonic oscillator via H (A) since eigenfunctions associated with
the eigenvalues ¢ («, A) are the products of 1-dimensional Hermite functions. Also observe that ¢ (¢, 1) is
smooth and homogeneous of degree 1in A = (A1, ..., A,). Moreover, ¢ (o, 1) =0if and only if B(1) =0,
or equivalently, by (1-4), A =0.

Notice also that there is a difference in homogeneity in the variables A and v. Namely, in the variable v,
the sublaplacian acts as in the euclidean case (homogeneity 2) while in A, it has the homogeneity 1 of a
wave operator.

Finally, for any smooth function ®, we define the operator ®(—A) by the formula

F(O(—A6) (A, v) := PHR) + )F() (%, v), (1-14)
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which also reads

F(®(—AG) )y Vg niy = PUVI*+ C(a, WF(L) A, V) hg 00
for all (A, v) € t(A) and o € N¥.

1CA4. Strict spectral localization. Let us introduce the following notion of spectral localization, which
we shall call strict spectral localization and which will be very useful in the following.

Definition 1.2. A function f belonging to L'(G) is said to be strictly spectrally localized in a set 6 C R
if there exists a smooth function 6, compactly supported in 6, such that, for all 1 < j <d,

FHR,V)=F(f)(A, v)@((sz + Q?)()\,)) forall (A, v) e t(A). (1-15)

Remark 1.3. One could expect the notion of spectral localization to relate to the laplacian instead of
each individual vector field P,-2 + Q%, assuming rather the less restrictive condition

F(HR,V)=F(f)(A, v)O(HR)) forall (A, v) €r(A).

The choice we make here is more restrictive due to the anisotropic context (namely the fact that n; (1)
depends on j); in the case of the Heisenberg group or, more generally, H-type groups, the notion of “strict
spectral localization” in a ring € of R” actually coincides with the more usual definition of “spectral
localization” since, as recalled in the next subsection, 7;(A) = 4|A| (for a complete presentation and
more details on spectrally localized functions, we refer the reader to [Bahouri and Gallagher 2001;
Bahouri et al. 2012a; 2012b]). Assumption (1-15) guarantees a lower bound, which roughly states that
for F(f)(A, v)hy ) to be nonzero we must have

Qaj+Dnjx)=c>0 forall jefl,...,d}, (1-16)

hence each n; must be bounded away from zero, rather than the sum over j. These lower bounds are
important ingredients of the proof (see Section 3C).

1D. Examples. Let us give a few examples of well-known stratified Lie groups with a step-2 stratification.
Note that nilpotent Lie groups which are connected, simply connected and whose Lie algebra admits a
step-2 stratification are called Carnot groups.

1D1. The Heisenberg group. The Heisenberg group H? is defined as the space R*¢*! whose elements
can be written w = (x, y, s) with (x, y) € R? x R, endowed with the product law

(x,y,8)- (Y, s =@+x y+y, s+ =2(x | ¥)+2(y | x),

where (- | -) denotes the euclidean scalar product on R“. In that case the center consists of the points of
the form (0, 0, s) and is of dimension 1. The Lie algebra of left-invariant vector fields is generated by

XJ' = axj+2yjas, Yj = 3yj—2x]'8s for 1<j<d; S:= 852%[Yj,Xj].

The canonical skew-symmetric form B(A)(U, V) defined in (1-4) associated with the frequencies
A € R* is proportional to X, since [U, V] is proportional to d;. Its radical reduces to {0} with A = R*,
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and |n;(A)| =4|A| for all j € {1, ..., d}. Note in particular that strict spectral localization and spectral
localization are equivalent.

1D2. H-type groups. These groups are canonically isomorphic to R”*? and are a multidimensional
version of the Heisenberg group. The group law is of the form

Ky

) j == 1, R (4
D, x@). (D @) ::( j )
2 2
P 4y@ 41O OOy k=1, p

where U/ are m x m linearly independent, orthogonal, skew-symmetric matrices satisfying the property
UPDu® L y©y® =9

for every r, s € {1, ..., p} with r # 5. In that case the center is of dimension p and may be identified
with R?, and the radical of the canonical skew-symmetric form associated with the frequencies A is
again {0}. For example, the Iwasawa subgroup of semisimple Lie groups of split rank 1 (see [Kordnyi
1985]) is of this type. On H-type groups, m is an even number, which we denote by 2/, and the Lie algebra
of left-invariant vector fields is spanned by the following vector fields, where we have written z = (x, y)
inRl xR forj=1,...,landk=1,..., p,
p 2 p 2
Xji= 0+ % N auNey,. vi=0y,+ % YN au®, 0, and d,.

k=1 I=1 k=1 I=1
In that case, we have A = R? \ {0} with n;(A) = «/)L% 4+ + )Lf, for all j € {1, ..., 1} (here, again, strict
spectral localization and spectral localization are equivalent).

1D3. Diamond groups. These groups, which occur in crystal theory (for more details, consult [Ludwig
1995; Poguntke 1999]), are of the type = x H?, where X is a connected Lie group acting smoothly on H.
One can find examples for which the radical of the canonical skew-symmetric is of any dimension &,
0 < k < d. For example, one can take for ¥ the k-dimensional torus, acting on H? by

Ow):=0-z,8) = E"z1,....e%, 211, ..., 20.5), w=(z,5),
where the element 6 = (61, ..., 6;) corresponds to the element (e, ..., e%) of T*. Then the product
law on G = T* x H¢ is given by

O, w)- O, w)=(0+6", w.(6w")),
where w.(6(w’)) denotes the Heisenberg product of w by #(w’). As a consequence, the center of G
is of dimension 1, since it consists of the points of the form (0, 0, s) for s € R. Let us choose for

simplicity kK = d = 1; the algebra of left-invariant vector fields is generated by the vector fields 9y, 0;,
g x and I'g ,, where

[y x =cos 00, +sin0ad, +2(y cos — x sin )0,
[g,y = —sin00, +cos 09, —2(y sin& + x cos 6)J;.
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It is not difficult to check that the radical of B(}) is of dimension 1. In the general case, where k < d, the
algebra of left-invariant vector fields is generated by the vector fields ds, the 2(d — k) vectors

X = 3x[ +2yds and Y, = 8y1 — 2x;0;,
and the 3k vectors defined for 1 < j <k by 89/., Lo, x; and Loy where

[y, x; =¢€080;0x; +sin6;0y, +2(y; cos6; —x; sin6;)dy,
[y, y; = —8inb;0y; +cos0;d,, —2(y;sinb; +x; cos;)ds,

J

and this provides an example with a radical of dimension k.

1D4. The tensor product of Heisenberg groups. Consider HY ® H®, the set of elements (w;, wy)
in H @ H?2 that can be written as (wi, w2) = (x1, Y1, 51, X2, 2, 52) in R21H! x R22+1 - equipped
with the product law

(wi, wa) - (W}, wh) = (W - wi, wy - wh),

where wy - w} and w; - w), denote the product in H% and H®, respectively. Clearly H"' ® H is a step-2
stratified Lie group with center of dimension 2 and radical index null. Moreover, for A = (A1, A7) in
the dual of the center, the canonical skew bilinear form B(A) has radical {0} with A = R* x R*, and
one has 11 (A) = 4|1| and 12(A) = 4|A2|. In that case, strict spectral localization is a more restrictive
condition than spectral localization. Indeed, if f is spectrally localized, one has A; #% 0 or A, # 0 on the
support of F( f)(A), while one has A1 # 0 and X, # 0 on the support of F(f)(A) if f is strictly spectrally
localized.

1D5. Tensor product of H-type groups. The group R™TP1 @ R™21P2 ig easily verified to be a step-2
stratified Lie group with center of dimension p; + p», radical index null and a skew bilinear form B(})
defined on R™*™™2 with m; = 2I; and m, = 2l,. The Zariski-open set associated with B is given
by A = (RP'\ {0}) x (RP2\ {0}) and, for A = (Ay, ..., Ap,4p,), We have

nj(M) =VA4--+A forall je{l,...,01},

i) = VAL A3 L, forall je(li+ 1. L +h).

(1-17)

1E. Main results. The purpose of this paper is to establish optimal dispersive inequalities for the linear
Schrédinger equation on step-2 stratified Lie groups associated with the sublaplacian. In view of (1-11)
and the fact that the “frequencies” ¢ («, A) associated with H(A) given by (1-13) are homogeneous of
degree 1 in A, the Schrodinger operator on G behaves like a wave operator on a space of the same
dimension p as the center of G, and like a Schrodinger operator on a space of the same dimension & as the
radical of the canonical skew-symmetric form. By comparison with the classical dispersive estimates, the
expected result would be a dispersion phenomenon with an optimal rate of decay of order |¢|~**P~1/2,
However, as will be seen through various examples, this anticipated rate is not always achieved. To reach
this maximum rate of dispersion, we require a condition on ¢ (¢, A).
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Assumption 1.4. For each multi-index o in N?, the Hessian matrix of the map A — ¢ (a, X) satisfies
rank D3¢ (a, &) = p — 1,
where p is the dimension of the center of G.

Remark 1.5. As was observed in Section 1C3, ¢(«, A) is a smooth function, homogeneous of degree 1
on A. By homogeneity arguments, one therefore has D%;(a, A)A = 0. It follows that

rank D¢ (a, &) < p— 1

always; hence, Assumption 1.4 may be understood as a maximal rank property.

Let us now present the dispersive inequality for the Schrodinger equation. Recall that the linear
Schrodinger equation is as follows on G:

{(iaz —Ag)f =0,
fli=0 = fo,

where the function f with complex values depends on (¢, x) e R x G.

(1-18)

Theorem 1. Let G be a step-2 stratified Lie group with center of dimension p with 1 < p < n and radical
index k. Assume that Assumption 1.4 holds. A constant C exists such that, if fy belongs to L'(G) and is
strictly spectrally localized in a ring of R in the sense of Definition 1.2, then the associate solution f to
the Schrodinger equation (1-18) satisfies

£, e < AL 07 I follz1(c) (1-19)

for all t # 0 and the result is sharp in time.

The fact that a spectral localization is required in order to obtain the dispersive estimates is not
surprising. Indeed, recall that in the R? case, for instance, the dispersive estimate for the Schrodinger
equation derives immediately (without any spectral localization assumption) from the fact that the solution
u(t) to the free Schrodinger equation on R with Cauchy data u is, for t # 0,

e—il /(0

1) =0 iy

where s denotes the convolution product in R? (for a detailed proof of this fact, see for instance [Bahouri
et al. 2011, Proposition 8.3]). However, proving dispersive estimates for the wave equation in R? requires
more elaborate techniques (including oscillating integrals), which involve an assumption of spectral
localization in a ring. In the case of a step-2 stratified Lie group G, the main difficulty arises from the
complexity of the expression of a Schrédinger propagator that mixes a wave operator behavior with that
of a Schrodinger operator. This explains, on the one hand, the decay rate in the estimate (1-19) and on
the other hand the hypothesis of strict spectral localization.

Let us now discuss Assumption 1.4. As mentioned above, there is no dispersion phenomenon for the
Schrédinger equation on the Heisenberg group HY (see [Bahouri et al. 2000]). Actually the same holds
for the tensor product of Heisenberg groups H' ® H® whose center is of dimension p = 2 and radical
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index null, and more generally for the case of step-2 stratified Lie groups, decomposable on nontrivial
step-2 stratified Lie groups; indeed, we derive from Theorem 1 the following corollary:

Corollary 1.6. Let G =), <m<r Gm be a decomposable, step-2 stratified Lie group where the groups G,
are nontrivial step-2 stratified Lie groups satisfying Assumption 1.4, of radical index k,, and with centers
of dimension p,,. Then the dispersive estimate holds with rate |t|™4:

1 _1
q:=75 ) ntpn—1=5k+p-r),

1<m<r
where p is the dimension of the center of G and k its radical index. Further, this rate is optimal.

Corollary 1.6 is a direct consequence of Theorem 1 and the simple observation that Ag =), _,,, <, Ac,,-
This result applies, for example, to the tensor product of Heisenberg groups, for which there is no
dispersion, and to the tensor product of H-type groups R™1*P1 @ R™2%P2 for which the dispersion rate is
t~(P1+P2=2)/2 (see [Del Hierro 2005]). Corollary 1.6 therefore shows that it can happen that the “best”
rate of decay |r|~**P~1/2 is not reached, in particular for decomposable Lie groups. This suggests that
Assumption 1.4 could be related with decomposability.

More generally, a large class of groups which do not satisfy the Assumption 1.4 is given by step-2
stratified Lie groups G for which ¢ (0, A) is a linear form on each connected component of the Zariski-open
subset A. Of course, the Heisenberg group and any tensor product of Heisenberg groups is of that type.
We then have the following result, which illustrates that there exist examples of groups without any
dispersion and which do not satisfy Assumption 1.4.

Proposition 1.7. Consider a step-2 stratified Lie group G whose radical index is null and for which ¢ (0, 1)
is a linear form on each connected component of the Zariski-open subset A. Then there exists fy € F(G),
x € G and ¢y > 0 such that

le™"86 fo(x)| = co forall t € RT.

Finally, we point out that the dispersive estimate given in Theorem 1 can be regarded as a first step
towards spacetime estimates of Strichartz type. However, due to the strict spectral localization assumption,
the Besov spaces that should appear in the study (after summation over frequency bands) are naturally
anisotropic; thus, proving such estimates is likely to be very technical, and is postponed to future works.

1F. Strategy of the proof of Theorem 1. In the statement of Theorem 1, there are two different results:
the dispersive estimate in itself on the one hand, and its optimality on the other. Our strategy of proof
is closely related to the method developed in [Bahouri et al. 2000; Del Hierro 2005], with additional,
nonnegligible technicalities.

In the situation of [Bahouri et al. 2000], where the Heisenberg group H? is considered, the authors
prove that there is no dispersion by exhibiting explicitly Cauchy data f; for which the solution f (¢, -) to
the Schrodinger equation (1-18) satisfies

£ @ oty = I follagre, forall g € [1, 00l. (1-20)
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More precisely, they take advantage of the fact that the Kohn laplacian Ay can be recast in the form

d
Ay =4 (Z;Z;+idy), (1-21)
=1
where {Z, Z1, ..., Z4, Z4, s} is the canonical basis of the Lie algebra of left-invariant vector fields

on H¢ (see [Bahouri et al. 2012a] and the references therein for more details). This implies that, for
a nonzero function fj belonging to Ker(Z?zl Z; Z j), the solution of the Schrodinger equation on the

—itA

Heisenberg group f () =e™""“n¢ fy actually solves the transport equation

Fzos,0) =¥ fy(z,8) = fo(z, s +4dt)

and hence satisfies (1-20). The arguments used in [Del Hierro 2005] for general H-type groups are similar
to the ones developed in [Bahouri et al. 2000]: the dispersive estimate is obtained using an explicit formula
for the solution, coming from Fourier analysis, combined with a stationary phase theorem. The Cauchy
data used to prove the optimality is again in the kernel of an adequate operator, by a decomposition
similar to (1-21).

As in [Bahouri et al. 2000; Del Hierro 2005], the first step of the proof of Theorem 1 consists in writing
an explicit formula for the solution of the equation by use of the Fourier transform. Let us point out
that, in the setting of [Bahouri et al. 2000; Del Hierro 2005], irreducible representations are isotropic
with respect to the dual of the center of the group; this isotropy allows us to reduce to a one-dimensional
framework and deduce the dispersive effect from a careful use of a stationary phase argument of [Stein
1986]. As we have already seen in Section 1Cl1, the irreducible representations are no longer isotropic
in the general case of stratified Lie groups, and thus we adopt a more technical approach, making use of
Schrodinger representation and taking advantage of some properties of Hermite functions appearing in the
explicit representation of the solutions derived by Fourier analysis (see Section 3C). The optimality of the
inequality is obtained as in [Bahouri et al. 2000; Del Hierro 2005], by an adequate choice of the initial data.

1G. Organization of the paper. The article is organized as follows. In Section 2, we write an explicit
formulation of the solutions of the Schrodinger equation. Then, Section 3 is devoted to the proof of
Theorem 1, and in Section 4 we discuss the optimality of the result and prove Proposition 1.7.

Finally, we mention that the letter C will be used to denote a universal constant which may vary from
line to line. We also use A < B to denote an estimate of the form A < C B for some constant C.

2. Explicit representation of the solutions

2A. The convolution kernel. Let f; belong to ¥(G) and let us consider f(z, - ), the solution to the free
Schrédinger equation (1-18). In view of (1-11), we have

%(f(t’ : ))()\'s V) = %(fo)()\,, U)eitlv|2+ilH()\),

which implies easily (arguing as in the Appendix) that f(z, -) belongs to ¥(G). Assuming that fj is
strictly spectrally localized in the sense of Definition 1.2, there exists a smooth function 6 compactly
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supported in a ring € of R such that if we define

d
o) =[P} +0H )
j=1
then

F(F(t,-)h, v) = F(fo)(h, V)OI HITHR)

Therefore, by the inverse Fourier transform (1-8), we deduce that the function f (¢, - ) may be decomposed
in the following way:

f,x)=x« / / 1yl o) F (o) (e VO HHR) PEG)  dv di. (2-1)
reA Jver]
We set, for X € R”,
k(X)) ==« f / (" @ (el P FHH ) PEGLY | dv d. (2-2)
reA Jver]

The function k; plays the role of a convolution kernel in the variables of the Lie algebra and we have the
following result:

Proposition 2.1. If the function k; defined in (2-2) satisfies

) = ¢
|£|K/2(1 + |¢|(P=1)/2)

k¢ | oo (mn forall t € R, (2-3)
then Theorem 1 holds.

Proof. We write, according to (2-1),

ft.x)=« f f f r((Wh ) il O e HITD) £ () PG dv dA dpu(y)
reA Jver] JyeG
. 2
=« / / / tr(uﬁg(“k,y)(a(,\)e”'”' HEHGD) fo(x - ) IPE)| dv dA d ().
reAN Jver] JyeG

Note that we have used the property that the map X +— uﬁ(’” is a unitary representation, and the invariance
of the Haar measure by translations.

Now we use the exponential law y+— Y = (P (X, y), Q(A, y), Z, R(A, y)) and the fact that du(y) =dY,
the Lebesgue measure; then we perform a linear orthonormal change of variables

(P(L,y), Q(h, ¥), RG., ) = (P, O, R),
so that du(y) =dY =dP dQ dZ dR and we write

f(l X) — K/ / / )x v @()\,)C”lvl +itH(A)
reA Jver] J(P Q V4 R)ER" (P Q Z, R) ) - _ -
X fo(x - exp(P, Q, Z, R)|IPf(A)|dvdrdPdQdZdR.
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Thanks to the Fubini theorem and Young inequalities, we can write (dropping the tilde on the variables)

| f(t,x)| = f ke(P,Q,Z,R)fo(x-exp(P,Q,Z,R))dPdQ deZ’
(P,Q,Z,R)eR"

< llkellL>(c)

/ folx -exp(P, Q, Z, R))deQdeZ)
(P,Q,Z,R)eR"

< lkillz=@)ll follL1 (G-
Proposition 2.1 is proved. U

In the next subsections, we make preliminary work by transforming the expression of k; and reducing
the proof to statements equivalent to (2-3).

2B. Transformation of k;: expression in terms of Hermite functions. Decomposing the operator H (1)
in the basis of Hermite functions, and recalling notation (1-12) replaces (2-2) with

d
kz(X)ZKfo PR TT (g (ot 1)) (0 Ry | han) PER) | dv di, X € R
Nd A Jver] =1

Using the explicit form of uﬁ(’” recalled in (1-5), we find the following result:

Lemma 2.2. There is a constant k and a smooth function F such that, with the above notation, we have,
fort #0,

Re—ilRIZ/@) i

Y /A LN G (P, 0, nONIPIIF () i,

aeNd

kI(P’ Q’ tZ? R) =
where the phase ®, is given by
Qo (Z, 1) ==& (a, 1) —A(Z)

with notation (1-13) and the function G is given by the following formula, for all (P, Q, n) € R3:

d
Go(P, Q. 1) = 1_[ 0(Qaj+ Dnj)ga; (V1 Pj /1 Q). (2-4)

J=1

while, for each (&1, &, n) in R? x N, using the notation (1-10),
461, £a) = e HEEN fR eI D &) + E)hy (6) dE 25)

Notice that (g, )nen is uniformly bounded in R? thanks to the Cauchy—Schwarz inequality and the fact
that ||/, || 2y = 1, and hence the same holds for (G)yene (in R*).

Proof. We begin by observing that, for X = (P, O, R, Z),

1=y hanoy | hany) = e VR=IHD) / ) e MIETP/2.0Dp o (P A E)hg oy (§)dE,
R
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with, in view of (1-4),

ME+3P. Q) =BWE+LIP. Q)= D nj0Q,(E +5P).

l<j=d

Asa consequence,

| = e IV(R)—IN(Z) 1_[ fRe—m_;(x)(s_;+Pj/2)thaj’nj(k)(Pj +$j)ha,-,nj(x) (gj)dgj,
I<j=<d

The change of variables & i =+vn;(M)§; gives, dropping the tilde for simplicity,

[ = e~ V(R)—iA(Z) 1_[ /‘ei4/r]j()t)Qj($j+ nj()L)Pj/z)haj(Sj_i_ /ﬁj()»)Pj)ha,(fj)de,

1<j<d 'R

which implies that

k(P.QIZ. R)=k Y / e DRI @I G, (P 0, (1) [PEG)| dv di.
aeNd w(A)

It is well known (see for instance Proposition 1.28 in [Bahouri et al. 2011]) that, for ¢ £ 0,
.k
/ =i OIRHIE g _ (ﬂ)Ze—uRlz/w) (2-6)
R t ’
where (- | -) denotes the euclidean scalar product on RX This implies that, for ¢ # 0,

1
<

Z / " ZNG (P, 0, n(L\)|PEFV)|F (L) dA|,
aeNd A

with F the Jacobian of the change of variables f :t} — R¥, which is a smooth function. Lemma 2.2 is
proved. O

2C. Transformation of the kernel k;: change of variable. We are then reduced to establishing that the
kernel l;,(P, 0,tZ), defined by

k(P,Q,12):= ) / " ENG (P, Q, n(W)IPEG)IF (1) dA,
aeNd A

satisfies

~ C
||kt“L0<>(G) =< m for all r € R. 2-7)

To this end, let us define m := |a| = Z‘;: o and, when m # 0, let us set y :=mA € R”. By construction
of n(A) (which is homogeneous of degree 1), we have

10) =i (y) 1= —on(y) forall m £0. (2-8)
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Let us check that if A lies in the support of 6(¢; (e, - )), then y lies in a fixed ring € of R”, independent
of . On the one hand we note that there is a constant C > 0 such that, on the support of 6(¢;(a, 1)), the
variable y must satisfy

Qaj+1Dnj(y) <Cm forall m#0 (2-9)

for all & € N¢ such that || = m. Since, for each j, we know that 1 () is positive and homogeneous of
degree 1, we infer that the function 7;(y) goes to infinity with |y |, so (2-9) implies that y must remain
bounded on the support of 6(¢;(a, A)). Moreover, thanks to (2-9) again, it is clear that the bound may be
made uniform in m.

Now let us prove that y may be bounded from below uniformly. We know that there is a positive
constant ¢ such that, for A in the support of 6(¢;(ct, 1)), we have

¢ila,y) = cm  forall m #0. (2-10)

Writing y = |y |y with y on the unit sphere of R”, we find
cm
gila, p)

lyl >

Defining

Cj:=maxn;(y) < oo,
l7I=1

it is easy to deduce that if (2-10) is satisfied then

cm
2m+d) maxi<;<d Cj ’

lyl >

hence y lies in a fixed ring of R”, independent of « # 0. This fact will turn out to be important to perform
the stationary phase argument.

Then we can rewrite the expression of IEI(P, 0, tZ) in terms of the variable y, which, in view of the
homogeneity of the Pfaffian, produces the formula

ki(P, Q,tZ) = f " PENG(P, Q, n(A)|PE(L)|F(X) dA
A

F2Y wr [ NG (P. Qi () IPE)F(y ) dy.

meN* yeNd
|lot|=m

d—1

Note that the series in m is convergent, since the sum over |«| = m contributes a power m“~", whence a

series of m~P~!, which is convergent since p > 1. Since the functions G, are uniformly bounded with
respect to & € N and F is smooth, there is a positive constant C such that

lkillz~G) < C forall r €R.

In order to establish the dispersive estimate, it suffices then to prove that

~ C
||kt||L°°(G) < W for all ¢ 75 0. (2—11)
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3. End of the proof of the dispersive estimate
In order to prove (2-11), we decompose k; into two parts, writing
ki(P, Q,12) = k{ (P, Q,1Z) + ki (P, Q,12),

with, for a constant ¢y to be fixed later on independently of m,

k'(P,Q,tZ) = / e"PENGy(P, 0, n(A)|PE(L)|F(X) dA
VA ®o(Z,1)|=Zco
DI P LI MGy (P, Q. i ()
meN* gend [Vy (P (Z,y /m))|<co
lerf=m x F(y/m)|Pt(y)|dy. (3-1)

In the following subsections, we successively show (2-11) for k! and k2.

3A. Stationary phase argument for ktl. To establish the estimate (2-11), let us first concentrate on k.
As usual in this type of problem, we define, for each integral of the series defining ktl, a vector field that
commutes with the phase, prove an estimate for each term and, finally, check the convergence of the
series. More precisely, in the case when o 7% 0 and ¢ > 0 (the case ¢ < 0 is dealt with exactly in the same
manner), we consider the first-order operator

gl Id—iV,(®.(Z,y/m))-V,
11V (De(Z, v /m))]

Clearly we have
igtlxeiﬂbm(z,y/m) — oit®a(Zy/m)

Let us accept the next lemma for the time being.

Lemma 3.1. For any integer N, there is a smooth function 6y, compactly supported on a ring of RP, and
a positive constant Cy such that, defining

Va(y) :=Ga(P, Q, m(y) F(y/m)[Pt(y)] (3-2)
and recalling (2-8), we have
(L) W] = CumVOn ) (14 129, (@e(Z, y /m)[*)
Returning to ktl, let us define (recalling that y belongs to a fixed ring 6)
€u(2) = {y €€ [|Vy(Pa(Z,y/m))]| < co}

and let us write, for any integer N and o # O (which we assume to be the case for the rest of the
computations),

1,(Z) := / e 1P ZyImy (yydy = / e/ P2y Im gy Ny () dy, (3-3)
o (2) 6y (Z)
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where ¥, (y) has been defined in (3-2). Then, by Lemma 3.1, we find that for each integer N there is a
constant Cp such that

11o(Z)] SCNmN/ )ON(V)(l+I|Vy(<1>a(Z,V/m))|2)_N dy. (3-4)

o

Then the end of the proof relies on three steps:

(1) a careful analysis of the properties of the support of the integral,
(2) a change of variables which leads to the estimate in t~(?=1D/2,

(3) a control on m in order to prove the convergence of the sum over m.

Before entering into details for each step, let us observe that, by definition, we have

(7. L) = ¢l y) — (2,

with y(Z) = (Ay | Z) = (y | 'AZ) for some invertible matrix A. Performing a change of variables in y
if necessary, we can assume without loss of generality that A = Id. Thus we write

V(22 L)) = LV, 1) -2 (3-5)

m
3A1. Analysis of the support of the integral defining 1,(Z). Let us prove the following result:
Proposition 3.2. One can choose the constant c in (3-1) small enough such that, if y belongs to €,(Z),
theny -Z #0.
Proof. We write
y-Z=y -Vyi(a,y)+y-(Z=V,i(a,y))
and, observing that, thanks to homogeneity arguments, y - V, ¢ («, y) = ¢(«a, y), we deduce that, for
any y € €4(Z),
ly - Z| = | (o, I =Y IIZ =V, 8(a, y)l.

Since, as argued above, y belongs to a fixed ring and ¢ («, A) = 0 if and only if A = 0 (as noticed in
Section 1C3), there is a positive constant ¢ such that, for any y € €,(Z),

[¢(a, )| = mec,

which implies, in view of the definition of 6, (Z), that there is a positive constant ¢ depending only on
the ring ‘6 such that

|y - Z| = mc —mcyc.

This ensures the desired result, by choosing the constant ¢y in the definition of k! smaller than c/c.
Proposition 3.2 is proved. O
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3A2. A change of variables: the diffeomorphism #. We can assume without loss of generality (if not
then the integral is zero) that €,(Z) is not empty and, in view of Proposition 3.2, we can write for
any y € €4(Z) the orthogonal decomposition (since Z # 0)

1 s~ 1 ~ - Z
V@) =2+, wih T ::(n—ivy;(a,y)‘z) ad Zy=n (6)

Since IV is orthogonal to the vector Z, we infer that
1 ~
IVy(@a(Z, y /m)| = -|Z =V, L(a, y)| = IT]. (3-7)

Let us consider an orthonormal basis (Z, ey Z,) in R?. Thanks to Proposition 3.2, we have y - Z #£0
on the support of the integral defining /,(Z). Obviously, the vector I defined by (3-6) belongs to the
vector space generated by (22, el Zp). To investigate the integral /,(Z) defined in (3-3), let us consider
the map # : y — ' defined by

14 p
y > W)=y Z0Zi+ Yy T Z0Zi=Y HZx for y € 6u(2). (3-8)
k=2 k=1

Proposition 3.3. The map ¥ realizes a diffeomorphism from €, (Z) into a fixed compact set of R?.
Proof. It is clear that the smooth function # maps €, (Z) into a fixed compact set I of R? and that

jl=y-Zi and y,g:%vyg(a, VY- 7, for 2<k < p.
Now let us prove that, thanks to Assumption 1.4, the map ¥ constitutes a diffeomorphism. Indeed, by
straightforward computations we find that D, the differential of 3, satisfies

(DH()Z1, Z1) =1,

(DH(NZ1, Z¢) = (- D2e (@, )21, Zi) for 22k < p,
(DHNZ;, Z) = (- D2, )7, 2] for 25k < p,
(DH()Z;,Z1) =0 for 2 < j < p.

Proving that ¥ is a diffeomorphism amounts to showing that, for any y € €,(Z), the kernel of DH(y)
reduces to {0}. In view of the above formulas, if V = Z]p.zl V; Z ;j belongs to the kernel of D (y)
then V=V - 21 =0and Dig(a, y)vV. /Z\k =0 for 2 <k < p. Thus we can write D]%g“(a, y)V = 121 for
some 7 € R. Since the function ¢ (¢, - ) is homogeneous of degree 1, we have D}z,g“(oz, y)y =0. We deduce
that

0=DJ¢(e. y)y -V =y Dyl y)V =1y Z.

Since y - Z # 0 for all y € €,(Z), we find that T = 0 and therefore D}z,g“(oz, y)V =0. But Assumption 1.4
states that theAHessian Di;(a, y)is of rank p — 1, so we conclude that V is collinear to y. But we have
seen that V - Z; = 0, which contradicts the fact that y - Z; # 0. This entails that V is null and ends the
proof of the proposition. O
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We can therefore perform the change of variables defined by (3-8) in the right-hand side of (3-4), to
obtain

1
u(2)] < Cym" / 47 d3.

g (1+1]7'1HN
3A3. End of the proof: convergence of the series. Choosing N = p — 1 implies, by the change of
variables y* = ¢!/2}, that there is a constant C such that

1a(2)] < Cle| =P~ D2m P,
which gives rise to

< C|t|—(17—1)/2m17—1.

| e rmy,gay
€s(2)

We get in exactly the same way that

< C|t|_(p_1)/2.

/ " PZNG(P, Q, n(1)|PE)|F (L) dA
[V, ®@0(Z,1)|<co

Finally, returning to the kernel k! defined in (3-1), we get
|kzl(P’ 0,t7)| < C|t|_(p_l)/2 +C|l‘|_(p_1)/2 Z mé—ly—d=ryr—1 < C|l‘|_(p_l)/2,
meN*

since the series over m is convergent. The dispersive estimate is thus proved for k.

3B. Stationary phase argument for k,z. We now prove (2-11) for k2, which is easier since the gradient
of the phase is bounded from below. We claim that there is a constant C such that

Ik} (P, Q,t2)| < (3-9)

t(p—1/2

This can be achieved as above by means of adequate integrations by parts. Indeed, in the case when o # 0,
consider the first-order operator

$2 — .Vy(cDa(Z, y/m))vy
=1
: IV, (Do (Z, v /m))|2

Note that, when o = 0, the arguments are the same without performing the change of variable A =y /m.
The operator &2 obviously satisfies

gieitd)a(Z,y/m) — teitCDO,(Z,y/m);
hence, by repeated integrations by parts, we get

Jo(P, Q,1Z) := / Pl Zv/imy, (y)dy
IV, (@ (Z.y /m)) 2o

1

=% /10y Im (12N () din.

[Vy (®o(Z,y/m))|=co

Let us accept the following lemma for a while:
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Lemma 3.4. For any integer N, there is a smooth function 0y compactly supported on a compact set
of R? such that

O (y)m"Y
|Vy(q)a(zs V/m))|N .

12N e ()] <

One then observes that, if y is in the support of the integral defining k2, the lemma implies

On(y) mV.

Co

12V Y (9| < ———

This estimate ensures the result as in Section 3A by taking N = p — 1.

3C. Proofs of Lemmas 3.1 and 3.4. Lemma 3.1 is an obvious consequence of the following Lemma 3.5,
taking (a, b) = (0, 0). We omit the proof of Lemma 3.4, which consists in a straightforward modification
of the arguments developed below.

Lemma 3.5. For any integer N, one can write

LDV ) = fum(y, 12V, (@ (Z, y/m))),

with |a| = m, and where fn  is a smooth function supported on € x RP with € a fixed ring of R?, such
that for any pair (a, b) € NP x NP, there is a constant C (independent of m) such that

IVEVE fum (v, ©)] < CmNHI(1 4 |@H) NP2,

Proof of Lemma 3.5. Let us prove the result by induction over N. We start with the case when N
is equal to zero. Notice that in that case the function fp (Y, ®) = ¥,(y) does not depend on the
quantity ® = !/ 2V),(CIJOl(Z , ¥/m)), so we need to check that, for any a € N?, there is a constant C such
that

IViva(y)] < Cm (3-10)

when |«| = m. The case when a = 0 is obvious thanks to the uniform bound on G,. To deal with the
case |a| > 1, we state the following technical result, which will be proved at the end of this section.

Lemma 3.6. For any integer k, there is a constant C such that the following bound holds for the
functions g,, n € N, defined in (2-5):

|(£10g, + 620,  gn(E1, &2)| < Cn* forall (&, &) e R

Let us now compute V)‘f Y4 (y). Recall that, according to (3-2),

d
Va¥) = Ga(P, Q. lin D F (L) P) = F (L) T v ),
j=1
where

Ve, ) (V) =0, (0OQet; + Dt jm W) 8a, Vi j WP N (W) Q))s Tjm(y) = n%’)j()’)-
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We compute

b N _ Z =
Vi ;0= 2 () Vo0 + Vi )) Vi (0080, jm ) Py Vi () )
beNP
0<|b|<lal

Let us assume first that |a — b| = 1. Then we write, for some 1 <[ < p,

0y (0} ()8, ViT;m P P N T jm (1) Q)

= 3,180, Vi jm NP VT m() Q)
ayzﬁj,m()’)
2ﬁj,m(y)

+1,(9) X (6105, + E206) 80 ) Vi1 jm (V) P1 Vil m (1) Q).

Next we use the fact that there is a constant C such that, on the support of 6((2a; + 1)1 . (¥)),

- 1 ~ C
nj,m<y> > a and |8yl77j,m(y)| =< n_1 ,
so applying Lemma 3.6 gives

IVy Ve j (V) S 0

Recalling that a; < m and that v, ; is uniformly bounded for all j € {1, ..., d}, this easily achieves the
proof of the estimate (3-10) in the case |a| = 1 by taking the product over j. Once we have noticed that

a
allll . 'add S (o) + - ”_+_ad)a1+ +ad’

the general case (when |a| > 1) is dealt with identically; we omit the details.
Finally let us proceed with the induction: assume that for some integer N one can write

CEON W) = fv—im (v, 112V, (@ (Z, v /m))),

where fy_1., is a smooth function supported on € x R?, such that for any pair (a, b) € N? x N” there is
a constant C (independent of m) such that

IVEVE fv—tm (v, ©)] < Cm™ =141l (1 4 (@) =N =D Ibl/2, (3-11)

We compute, for any function W (y),
l.Vy(CDa(Z, y/m))-Vy¥(y) 1+iA(Pu(Z, y/m)) w(y)
L+tVy (P (Z, y/m)I> 141V, (Pu(Z, y/m))|?
it Z ayj ayk(cboz(z’ V/m))ayj (Pu(Z, V/m))aykz(qDa(Z’ y/m)) W
<7 kep (14 1V (@a(Z, y /m))I)

P (y) =

).



DISPERSIVE ESTIMATES FOR THE SCHRODINGER OPERATOR ON STEP-2 STRATIFIED LIE GROUPS 567

We apply that formula to W := fy_; (y, tl/ZV,, (Py(Z, y/m))) and, estimating each of the three terms
separately, we find (using the fact that m > 1)
"Ly (fu=i(y. 112V, (@a(Z, y /m))))|
< C(1411V (Do (Z, y /m) ) mN 1 144V, (@u(Z, y /m)) )
FC(141]V, (e (Z, y /m)?) " mN " 1411V, (9o (Z, v /m))?)
+C1IV (e (Z, y /m) P (L+1]V, (@ (Z. y /m)?) mN = (141]9, (D4(Z, y /m)) )

—(N-1)
—-(N=1)

—(N-1)

thanks to the induction assumption (3-11) along with (3-10) and the fact that, on €, (Z), all the derivatives
of the function V, (®(Z, y/m)) are uniformly bounded with respect to & and Z. A similar argument
allows us to control derivatives in ¥ and ®, so Lemma 3.5 is proved. O

Proof of Lemma 3.6. By definition of g, and using the change of variable
£>&— 18

we recover the Wigner-type formula

gn(Er, £2) = /R e I8N, (& + L6 o (5 — L1 it

Then an easy computation shows that, for all %,
| (619, +£205,) g (51, 62)| < /R | (6195, + &0 + D (7a (5 + 361)1a (8 — 361)) | d&.

By the Cauchy—Schwarz inequality (and a change of variables to transform & + %S 1and & — %51 into (£, &),
it remains therefore to check that, for all k,

1€ 0) hull 2 @) < Cin®.
This again reduces to checking that
16 hull 2y + 1370l 2y < Cn (3-12)
This estimate is a consequence of the identification of the domain of /H,
DWH)={ueL*® |Euu' € L*®)),
which classically extends to powers of v/ H as
D(H"?) = {ue L*R) | §"~'u € L*(R), 0= < p}.

Then (3-12) is finally obtained by applying this to p = 2k, recalling that H*4,, = (2n+ 1)¥h,,. The lemma
is proved. O
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4. Optimality of the dispersive estimates

In this section, we first end the proof of Theorem 1 by proving the optimality of the dispersive estimates
for groups satisfying Assumption 1.4. Then we prove Proposition 1.7.

4A. Optimality for groups satisfying Assumption 1.4. Let us now end the proof of Theorem 1 by
establishing the optimality of the dispersive estimate (1-19). We use the fact that there always exists A* € A
such that

V£ (0,2%) #0, (4-1)

where the function ¢ is as defined in (1-12). Indeed, if not, the map A — ¢ (0, A) would be constant, which
is in contradiction with the fact that ¢ is homogeneous of degree 1. We prove the following proposition,
which yields the optimality of the dispersive estimate of Theorem 1.

Proposition 4.1. Let \* € A satisfying (4-1). There is a function g € D(R?) compactly supported in a
connected open neighborhood of \* in A such that, for the initial data fy defined by

0 if @ £0,
gMhoyoy if =0,

there exists co > 0 and x € G such that

F(fo) (A, V)hg o) = { Jorall (A,v) et(A), (4-2)

—itA —(k —1)/2
le ™26 fo(x)| = cole|~*FTPD/2,

Proof. Let g be any smooth, compactly supported function over R”, and define fy by (4-2). For any point
x =eX € G in the form X = (P =0, Q0 =0, Z, R), the inversion formula gives

e 18 fo(x) =k f el MHICON M) =1v(R) 6 () PE(L)| dv dih.
reA Jver]

To simplify notations, we set {o(A) := £ (0, A). Setting Z =¢Z* with Z* :=V, £ (0, 1*) # 0, we get, as
in (2-6),

—itA —k/2
le™"26 fo(x)| = 1|t

/ e/t 2 =50(M) o (1)|PE(L)| dA
rERP

for some constant ¢; > 0. Without loss of generality, we can assume
A*=(,0,...,0)

(if not, we perform a change of variables A — QA, where Q2 is a fixed orthogonal matrix), and we now
shall perform a stationary phase in the variable A’, where we have written A = (A1, "). For any fixed A1,
the phase

@5, (W, Z) = Z- %~ o(b)

has a stationary point A’ if and only if Z’ = V;,¢o(A) (with the same notation Z = (Z;, Z’)). We observe
that the homogeneity of the function ¢y and the definition of Z* imply that

Z*:ngo(l,o, .o, 00 =V380(A1,0,...,0) forall A; e R;
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hence, if " =0, then the phase ®,, (0, Z*) has a stationary point.

From now on we choose g supported near those stationary points (A1, 0) and vanishing in the neigh-
borhood of any other stationary point.

Let us now study the Hessian of ®,, in A" = 0. Again because of the homogeneity of the function ¢,
we have

[Hess co(M)JA =0 forall A € R?,

In particular, for all A1 # 0, Hess ¢o(11, 0, ..., 0)(A1,0,...,0) =0 and the matrix Hess ¢o(11, 0, ..., 0)
in the canonical basis is of the form

0 0
Hess ¢y(A1,0,...,0) = (O Hessy v £o0n1, 0, .. 0)> .

Using that Hess ¢o(A1, 0, ..., 0) is of rank p — 1, we deduce that Hessy/ y ¢o(11, 0, ..., 0) is also of
rank p — 1 and we conclude by the stationary phase theorem [Stein 1993, Chapter VIIL.2], choosing g so
that the remaining integral in A| does not vanish. g

4B. Proof of Proposition 1.7. Assume that G is a step-2 stratified Lie group whose radical index is null
and for which ¢ (0, A) is a linear form on each connected component of the Zariski-open subset A. Let g
be a smooth nonnegative function supported in one of the connected components of A and define fj by

F(fo)Mhgnoy =0 for a#0 and F(fo) (M ho,y0) = &R ho,,0.)-
By the inverse Fourier formula, if x = eX € G is such that X = (P =0, 0 =0,tZ), then we have
e A0 (x) =k / e MDHOM o (1) |PE(L) | d .
Since ¢ (0, A) is a linear form on each connected component of A, there exists Zy in 3 such that
—M(Zp)+¢(0,1) =0 forall A €3 Nsuppg.
As a consequence, choosing Z = Z, we obtain

180 (x) = i / (PG| d2 £ 0,

which ends the proof of the result.

Appendix: On the inversion formula in Schwartz space
This section is dedicated to the proof of the inversion formula in the Schwartz space ¥(G) (Proposition 1.1).

Proof. We first observe that, to establish (1-8), it suffices to prove that

f(O)=K/ / tr(F(f) (A, v))|PER)| dv d. (A-1)
reA Jver]
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Indeed, introducing the auxiliary function g defined by g(x’) := f(x - x"), which obviously belongs

to ¥(G) and satisfies F(g)(A, v) = u;’a 1) © F(f)(X, v), and assuming (A-1) holds, we get

Jx)=g0) =« / r(F (@), v))PER) | dv di

AEA
= [ [ wad o F O R dvdi,
reA Jver] ’

which is the desired result.
Let us now focus on (A-1). In order to compute the right-hand side of (A-1), we introduce

A::/ f tr(F(f)(h, V) [P | dv dA
reA Jver

- / / / S (Wit o any | o) IPEOOLF (0 () dv d,
reA Jver) JxeG

aeNd

with the notation of Section 1C. In order to carry on the calculations, we need to resort to a Fubini
argument, which comes from the identity

S A i PO v i < . (A2)
reA Jver]

aeNd

We postpone the proof of (A-2) to the end of this section. Thanks to (A-2), the order of integration does
not matter and we can transform the expression of A: we use the fact that, for any o € N,

W oy han) | hany) =" O7HE f e RGO g ) (P o+ §)ha ) (6)dE.
R

where we have identified p, with R and this gives rise to
A= / / / / 3 e R @De T ni 20
reA Jvert JxeG JEeR? el
X oy (P +8)hay)(§)IPEA)] f (x) du(x) d§ dv da,
where we recall that
d
hanoy &) = [ [ haym; 0 &) With hay ;00 E)) =100 *ha; (/0 0)E)).
j=1

Performing the change of variables

& =Vm0g, Pi=yn0pP;, 0;=n0)0;

for j € {1, ..., d}, we obtain, dropping the tilde on the variables,
d
A= / / / / Z e IVIR)—iMZ) =i 3 &+ P1/2)- Qs 1_[ ho (Pj +&)ha, (&)
reA Jver; J(P,Q,R,Z)eR" JscRd weNd i=1 ! !

x f~ 2P, 7 2(W)Q, R, Z)dPdQdRdZdE dvd,
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. —1/2 o —1/2 —1/2 ..
with n MNP :=m "“A)Pr,...,n,; " (L) Pg) and similarly for Q.
Then using the change of variables $J’. =§&;+ Pjfor jefl,...,d} gives

d
A:/ / / f e~V R—iMD) o~/ TGO T hy (&) hey (6)
reA Jver) J(E,0,R,Z)eR" EeRdaZ 1_[ ARSI RS )

eNd j=l1
x f 20 (E =€), Y2(\) O, R, Z)dE’ dQdRdAZ dE dv di .

Because (/) cne is a Hilbert basis of L?(RY), we have, for all ¢ € L>(R?),
6@ =) fé oy PEhaE) dE ha(E).

aeNd
which leads to

A:f / f / e VR e=iE0 £ (0 n12(M)Q, R, Z)dQdRAZ d& dv d .
reA Jver; J(Q,R, Z)eRdth+r JeeRd

Applying the Fourier inversion formula successively on R?, R¥ and R” (and identifying t(A) with R? x R¥),
we conclude that there exists a constant ¥ > 0 such that

A=kf(0),
which ends the proof of (A-1).

Let us conclude the proof by showing (A-2). We choose a nonnegative integer M. From the obvious
fact that the function (Id —A )™ f also belongs to #(G) (hence to L!(G)), we get, in view of (1-11),

F( e gy = A+ [P+ 2, )™M F(Ad=A6)Y ) ey
In view of the definition of the Fourier transform on the group G, we thus have
1) O gy,

=1+ >+, r) M

<[ ( /G (1d—AG)™ Y, e ) dM(X)> ( fG (14 =AM F RS, o ©) dM(X’)> dé.
78

Now, by Fubini’s theorem, we get

IF ) Oy Va7,
= (4P + @~

x /G /G 1d =AM FEAd =AM O Wy, ohanoy |15 G o hant) g, D) d(x).

Since the operators uﬁ(’a’x) and uﬁ(’a’x,) are unitary on p, and the family (hq ,(.))0ene 15 @ Hilbert basis
of p,, we deduce that

IFC) ey a2y < A+ W12+ ) ™MIAd—AN)Y fllL16)-
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Because
m+d—1

m

Card(for € N | lo] = m}) = ) = Clm+ 1P,

this ensures that

S A i P v
aehd Y AED very

10486/ Fle X 0m+ 0 [ [ P e an i dv ar.
m reA Jver]
Hence, taking M = M + M, with M, > %k implies that

> f K / IFCF) s ) 12, IPEG) | dv d
nd YA€ ver]
5||(1d—AG)Mf||L1(G)Z(erl)d—‘fA A(1+§(a, ) MPE(L)| d A

Noticing that ¢ (o, ) = 0 if and only if A = 0 and using the homogeneity of degree 1 of ¢ yields that

there exists ¢ > 0 such that ¢(«, A) > cm|A|. Therefore, we can end the proof of (A-2) by choosing M

large enough and performing the change of variable i = mA in each term of the above series.
Proposition 1.1 is proved. O
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OBSTRUCTIONS TO THE EXISTENCE OF LIMITING CARLEMAN WEIGHTS

PABLO ANGULO-ARDOY, DANIEL FARACO, LUIS GUJARRO AND ALBERTO RUIZ

We give a necessary condition for a Riemannian manifold to admit limiting Carleman weights in terms of
its Weyl tensor (in dimensions 4 and higher), or its Cotton—York tensor in dimension 3. As an application,
we provide explicit examples of manifolds without limiting Carleman weights and show that the set of
such metrics on a given manifold contains an open and dense set.

1. Introduction

The inverse problem posed by Calderén asks for the determination of the conductivity of a medium by
making voltage-to-current measurements in the boundary. The problem in the current form started with
the seminal work of Calderén [1980] and research on it has been very intense. An outstanding problem is
the case of anisotropic conductivities. At least in dimension n > 3, the right formalism seems to be the
language of differential geometry. Namely for (M, g), a Riemannian manifold with boundary, and A,
the corresponding Laplace—Beltrami operator, does the Dirichlet-to-Neumann map determine the metric g
up to a gauge transformation? The problem seemed out of reach, apart from the real analytic class (see
[Kohn and Vogelius 1984; 1985]). However, a recent breakthrough in [Dos Santos Ferreira et al. 2009]
allows one to solve several inverse problems in the Riemannian setting for a larger class of Riemannian
manifolds. We refer to [Dos Santos Ferreira et al. 2009; 2013b; Salo 2013] for detailed accounts of these
results, and recall the following theorem as an illustration. For reconstruction, see [Kenig et al. 2011] and
for stability, see [Caro and Salo 2014].

Theorem 1.1 [Dos Santos Ferreira et al. 2009, Theorem 1.7; 2013a, Theorem 1.1]. Let (M, g) be
an admissible Riemannian manifold of dimension n > 3 with boundary and q, g2 be two potentials
in L"/>(M). Assume that 0 is not a Dirichlet eigenvalue for the corresponding Schridinger operator
Ly =—Lg+qi- If Mgy =Ny, then q1 = qo.

A precise definition of admissibility is given in [Dos Santos Ferreira et al. 2009, Definition 1.5], but a
necessary condition in that paper for a manifold (M, g) to be so was the existence of a so-called /imiting
Carleman weight (LCW for short). It turns out that this is a conformally invariant notion, as the following
theorem shows:
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Theorem 1.2 [Dos Santos Ferreira et al. 2009, Theorem 1.2]. If (M, g) is an open manifold having a
limiting Carleman weight, then some conformal multiple of the metric g, called g € [g], admits a parallel
unit vector field. For simply connected manifolds, the converse is true.

Recall that a vector field X is parallel if VX =0 and that in a simply connected manifold, X is parallel if
and only if it is a Killing field (e.g., Lx g =0) and also a gradient field. It was proven in [Dos Santos Ferreira
et al. 2009] that if g admits a parallel vector field X, there exist local coordinates such that X = 9, and

~ / _ 1 0 _ zf(x) 1 O
glxy,x) = <0 go(x/)> and hence g(x)=e 0 go(x))

In other words, around each point, g = e @ g, where gg is the metric of an (n—1)-manifold and e is the
euclidean metric in R.

Here we concentrate on the local existence of limiting Carleman weights for a given metric g. Thus we
can consider the manifolds as being simply connected, and the existence of limiting Carleman weights is
therefore equivalent to having parallel vector fields after a conformal change of the metric. This character-
ization is very elegant but it has the drawback that it requires information about the whole conformal class
of g. It would be desirable to have a criterion that depends on the metric g itself in an invariant manner.
It seems natural to look at this question in terms of the Weyl curvature tensor, which as a (1, 3)-tensor is a
conformal invariant. In dimension n > 4, being conformally flat is equivalent to the Weyl tensor being zero.

For the case of parallel vector fields, we prove:

Theorem 1.3. Let (M, g) be a Riemannian manifold of dimension n > 4. Assume that a metric g € [g]
admits a parallel vector field. Then for any p € M, there is a tangent vector v € T,M such that the
Weyl tensor of any metric in [g] satisfies Wpy(v A vY) C v AVt In particular, for any p € M, we have
W, e SZ(AQ(T;‘ M)) has at least n — 1 linearly independent eigenvectors that are simple.

Recall that an element of A%,(M ) is simple if it is equal to v Aw for v, w € T, M. In the above theorem,
we are considering W, as a curvature operator as defined, for instance, in [Besse 1987] and given a vector
v e T,M, we define vt e T, M to be its orthogonal complement, that is, v ® v = T,M. An algebraic
Weyl operator (Weyl tensor) in a euclidean vector space V is a symmetric operator on the space A2V that
satisfies the Bianchi and the Ricci conditions (see Section 2, equations (3) and (4) for the definitions). To
facilitate the reading, we include a brief overview of curvature operators in Section 2. We also give a
special name to algebraic Weyl operators satisfying the condition in the above theorem.

Definition 1.4. Let W be a Weyl tensor. We say that W satisfies the eigenflag condition if and only if
there is a vector v € V such that W(v A v) C v A v,

The following is an easy corollary of Theorem 1.3.

Corollary 1.5. Let (M, g) be a 4-dimensional Riemannian manifold such that some g € [g] admits a
parallel vector field. Then all the eigenvectors of the Weyl operator of g are simple.

The theorem gives a simple algebraic condition to decide whether a given Riemannian manifold can
admit a parallel vector field after a conformal change. Hence our theorem yields a quick way to decide
that a given metric does not admit limiting Carleman weights; we illustrate this in Section 4 by showing
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that any manifold locally isometric to CPP? with its Fubini—Study metric does not fall into this class.
However, the metric is analytic so Calderén’s problem can be solved by unique continuation from the
boundary, at least for analytic potentials.

Notice that conformal geometry in dimensions n = 2 and n = 3 is characterized differently. In
dimension n =2, every manifold is conformally flat due to the existence of isothermal coordinates. Dimen-
sion n =3 is also special as conformal flatness is characterized by the vanishing of the Cotton tensor. Notice
that in the presence of conformal flatness, direct proofs are available as long as the conformal parametriza-
tion is invertible. In analogy with higher dimensions, the existence of conformally parallel vector fields (and
thus the existence of limiting Carleman weights) can be read algebraically from the Cotton—York tensor.

Theorem 1.6. Let n = 3. If a metric g € [g] admits a parallel vector field then, for any p € M, there is a
tangent vector v € T, M such that

CY,(v,v) =CYp(wy, wz) =0
for any pair of vectors wy, wy € v*.

In the above theorem, the Cotton—York tensor CY is understood as a (0, 2)-tensor. The characterization
can be read easily from the matrix representation of the Cotton—York tensor in any basis.

Corollary 1.7. The above condition is equivalent to det(CY,) = 0.

Finally, we end our study of the 3-dimensional case using Theorem 1.6 and Corollary 1.7 to determine
which of the eight Thurston geometries admit limiting Carleman weights. The motivation for such a
question spurs from the geometrization theorem, since any closed oriented 3-dimensional manifold arises
as union of pieces admitting one of these eight geometries.

Theorem 1.8. Among the eight Thurston geometries, only the Nil and Sm)-geometries do not admit
limiting Carleman weights. The others are admissible in the sense of [Dos Santos Ferreira et al. 2009].

In the last section, we show that the set of metrics not admitting LCWs contains an open and dense
subset of the space of all the metrics. A precise statement is contained in the next result:

Theorem 1.9. Let U be an open submanifold of some compact manifold M without boundary having
dimension n 2= 3. The set of Riemannian metrics on M for which no limiting Carleman weight exists on U
contains an open and dense subset of the set of all metrics, endowed with the C3-topology for n = 3, and
the C?-topology for n > 4.

Remark 1.10. If a Riemannian metric on U admits an LCW, then Theorem 1.3 shows that its Weyl
tensor satisfies the eigenflag condition at every point of U. We make use of that fact in our proof of
Theorem 1.9, fixing a point pg, and proving that the set of metrics whose Weyl tensor at py does not
satisfy the eigenflag condition is open and dense.

The proof of Theorem 1.9 gives indeed a constructive method for building explicit metrics that do not
admit an LCW near any given Riemannian metric by adding a “bump” at a certain point. In Section 4 and
the subsection beginning on page 584, we show explicit examples of classical homogeneous manifolds
that do not admit local LCWs at any point of U.
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In the companion paper [Angulo-Ardoy 2015], it is shown that the set of Riemannian metrics on U that
do not admit a locally defined LCW at any point is also open and dense. This generalizes [Liimatainen
and Salo 2012, Corollary 1.3], where it is proven that this set is residual.

2. Tensors in conformal geometry

The proof relies on the decomposition of the curvature tensor and its behaviour under conformal transfor-
mations. We denote by R, S and Ric the (0, 4)-curvature, Schouten and Ricci tensors respectively, and

by s the scalar curvature. Recall

1 /o 1
Szn—2<R1°_2(n—1)sg)’ M

R=W+SnDg, 2)

where @ is the Kulkarni—-Nomizu product of two symmetric 2-tensors, which is defined by
(@@ B)ijki = dirBji + Bikaji — it Bjk — & jiBit,
and R and W are understood as (0, 4)-tensors.

In the proof of Theorem 1.3, we consider W as an algebraic curvature operator; for a fuller treatment of
such objects, we refer the reader to [Besse 1987], but for completeness we include here a short description.
Consider the curvature at a point p as a (0, 4)-tensor; its symmetries allow us to consider it as a symmetric
linear endomorphism p,, of the space of bivectors AZ(TI;k M), that is, p), € SZ(AZ(T;‘M )). Now the first
Bianchi identity induces a projector onto the 4-forms, considered as symmetric endomorphisms of the
space of bivectors:

bR)(x, y,2,0) = H(R(x, v, 2, 0) + R(y, 2, x, 1) + R(z, x, y, 1)), 3)
so that SZ(AQ(TI;"M )) = ker(b) & Im(b), where the elements of ker(b) are called the algebraic curvature
operators. It turns out the Weyl tensors are curvature operators in the kernel of the Ricci contraction.
That is, if we define r : S2(A2(T;M)) — SZ(T;(M)) by

r(R)(xsy):Tr[R(xs'vys')] (4)
then
W(T,M) =ker(b) Nker(r).
We would like to remark on one property of the space of Weyl tensors. Any rotation p € SO(V)
induces a rotation B(p) on the space of bivectors, where B(p)(v A w) = p(v) A p(w). The space of Weyl
tensors is invariant under all such rotations (see [Besse 1987, 1.114]):

W, e W(IT,M) <= B(p)oW,oB(p)' € W(T,M). (5)

In our formulation of Theorem 1.3, we used the isomorphism induced by g between AZ(T;M ) and
Az(TpM ) to consider W), as a symmetric endomorphism of the latter space. Thus, given a simple bivector
XAYyE€ A2(Tp M), we have that W, (x A y) is the only bivector (not necessarily simple) such that

(Wp(x AY), 2 /\t> = (Wp(x, »z, t)

for any z, t € T, M, where the W), in the right-hand side is considered as a (1, 3)-tensor.
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When dealing with a 4-dimensional manifold M, we make use of the Hodge operator (or, more
precisely, of its equivalent in bivectors). This is a linear map % : A2M — A% M defined as
(xw, T) = (AT, e1 Ney ANe3 Aey)

for an oriented orthonormal basis {e;} of T, M. Since * is self-adjoint and (%)?w =  for any bivector,

there is a splitting
A =AT®A”

into eigenspaces with eigenvalues 1 and —1 respectively. Each eigenspace has dimension 3: A7 is
spanned by the bivectors e Aey+ezAes, ejAe3+esney and e; Aeg+exAez and A~ by the bivectors
eiNex—e3zNeq, ey Ne3—egNey and e Aes—exNes.

This gives a corresponding splitting for algebraic curvature operators R:

SId+wt Z
R=|12 6
( A f—zld—i—W—)’ ©)

where W = Wt @ W~ and Z = (Ric —4g) ® g (see [Besse 1987, 1.126-1.128]).
Another important tensor in conformal geometry is the Cotton tensor. It is a (0, 3)-tensor defined as

Cijk = (ViS) jk — (V;S)i, (7
where the notation (V,S)p. stands for (V;,5)(9, d¢), so that
(VaS)pe = 3a(S(p, 9c)) — S(Vap, 0c) — S(p, Vade)-

The Cotton tensor has the symmetries

Cijk = —Cjik,
Cijk + Cjki 'i.‘.Ckij =0, ®
g Cijk =0,
gikC,-jk =0.

The first three are straightforward, and the last follows from the second Bianchi identity (see [York 1971]).
If the metric is changed within its conformal class to g = >/ g, the (1, 3)-Weyl tensor is unchanged,
the (0, 4)-Weyl tensor changes as W = %/ W, and the Cotton tensor changes as

a(x’y’z)=C(xsysz)_W(xay7Z’ Vf)

Indeed, conformal flatness is characterized, at any dimension n > 3, by the vanishing of both the Cotton
and Weyl tensors at all points (see, for example, [Hertrich-Jeromin 2003, p. 5] for the classical proof and
[Liimatainen and Salo 2015] for less regular metrics).

For n > 4, the Cotton tensor is the divergence of the Weyl tensor:

Proposition 2.1. Ifn >3, then (V;W)};, = (n —3)Cij.
Thus the Cotton tensor vanishes if the Weyl tensor vanishes.

In dimension n = 3, the Weyl tensor always vanishes, and conformal flatness has to be read directly
from the Cotton tensor. This is conformally invariant, and it is equivalent to the so-called Cotton—York
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tensor. This new tensor is defined by considering the Cotton tensor as a map Cp, : T,M — AZ(T;M )
(thanks to the antisymmetry of C with respect to its first two entries) and composing with the Hodge star
operator  : AZ(T[;“ M) — T;M . This gives a (0, 2)-tensor that turns out to be symmetric and trace-free,
but not conformally invariant. The Cotton—York tensor also appears in the literature as a (1, 1)-tensor
after raising one index.

In a patch with coordinates x! x2, x3, the Hodge star has the expression
_ _ €iil .
*(dx' Ndx') = gik———— dx*,
Z J/det(g)

where /! is the signature of the permutation (i, j, [) (it takes the values 0, 1 and —1). So from
€= Cydx' @dx) @dx* = % 3 Con(dx’ ndxd) @ dx,

the following expression for the (0, 2)-version of the Cotton—York tensor follows:

| eklm lem
CYii=5Cui8im———=8im (Vi S)ji—. 9
ij =73 kllgjmm gjm( k )llm )
It follows from (8) that this tensor is symmetric and its trace is zero:
CYj=CYj;,

g'Ccy;; =cy! =0.
Remark 2.2. The reader may notice, looking at (9), that the Cotton—York tensor is not conformally
invariant. However, if the metric g is replaced by Ag, the Cotton—York tensor is scaled by A~!/2 so,
in particular, the determinant of the tensor is zero if and only if it is zero for any conformal metric.
The (1, 1)-version of the Cotton—York tensor is not conformally invariant either. We remark that our
computation of the scaling factor differs from the one found in the literature [York 1971].

3. Proof of Theorem 1.3

The (1, 3)-Weyl tensor is invariant under conformal changes of the metric. Thus, thanks to Theorem 1.2,
we can assume that g admits a parallel vector field X. As in [Dos Santos Ferreira et al. 2009], we notice
that in the appropriate semigeodesic coordinates, X = e; and the metric is written as

» , 1 0
g, ) = (0 go(x'))‘

For any set of coordinates, e is parallel if and only if Ry;;x = 0 (the sufficiency follows from Frobenius’
theorem). Moreover, notice that g;; = 0 for all j > 2. Thus, by the formula of the Schouten tensor, it
holds that in these coordinates, S;; =0 for all j > 2. Now for j, k,[ > 2,

(SO jki = Sik&ji + Sjigwk — Sugjx — Sjkgu =0,
and by the decomposition of the curvature tensor,

Wik = Rijr — (S ® g)1ju = 0.



OBSTRUCTIONS TO THE EXISTENCE OF LIMITING CARLEMAN WEIGHTS 581

Recall that W acts on bivectors by
W(einej)= Z Wiikier Ney.
k.l
Given p € M, let v = X, = ey; thus g;; = §;;; in these coordinates, e; A ell is invariant. In other
words, for every j, k,l # 1,
(W(el Nej), e A el) =0=Wju.

Therefore W(v A v1) C v A vt, and the first part of Theorem 1.3 is proved. Finally, v A v* is an
(n—1)-dimensional subspace of simple bivectors; thus it contains n — 1 linearly independent simple
eigenbivectors of W.

Proof of Corollary 1.5. Let v € T, M be the vector given by Theorem 1.3. Since A*(v1) is orthogonal
to v Avt, and v A vt is invariant by W, we know that W also leaves A%(v™) invariant. But v being
3-dimensional implies that every element of A2(v') is simple, finishing the proof. U

4. Examples of manifolds without LCWs

This section provides explicit examples of Riemannian manifolds without any LCWs. Namely, this:

Theorem 4.1. Let CP? be the complex projective space with its Fubini—Study metric gcan. Then any
subdomain 2 C CP? with boundary does not admit an LCW.

Proof. Since CIP? is 4-dimensional, we will make use of the decomposition
ASCP*=AT @A™
induced by the Hodge operator  : A%,(IZI]J’2 — Af’djl]}2 as was explained in Section 2.

Use J : TPCI]:I>2 — TPCD[P’2 to denote the canonical complex structure of CP? and let {¢;} be an
orthonormal basis of TPCIP’z, with e = Jeq, eq4 = Jes. A basis of Af,(IJ[IJ’2 is given by

pr=e Nexte3Nes, Qr=e Nes—exNes, P3=e NesterNe; (10)
for its self-dual component, and
Vi=eNex—e3Nes, Yp=eNesterNey, Ys=e Nes—er3Ne3 (1)

for its anti-self-dual part.

The curvature of CP? is computed in several texts in Riemannian geometry; we give a quick overview
here, but see [do Carmo 1992, p. 189] for more details. Viewing S as the unit sphere in C, and CP? as the
basis of a Riemannian submersion under the action of S! on $° given by z - (21, 22, z3) = (221, 222, 223),
the sectional curvature of a 2-plane in CP? is

K(X,Y)=1+3cos’¢,

where X, Y is an orthonormal basis of the plane in CP?, and cos ¢ is the hermitian product (X, iY) of the
horizontal lifts X, Y of X, Y respectively to S°. From here it is easy to see that the sectional curvatures
of CIP? take values between 1 and 4. Since norms of horizontal lifts agree with those of the vectors in
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the base, 0 < ()_( 1 7) < 1. Therefore K (X, Y) =1 only when ()_( 1 }_’) = (; since the complex structure
of CP? is induced by that of C3, this happens only when the plane o = {X, Y} satisfies Jo L . On the
other hand, a 2-plane o will have K (o) =4 if and only if o is complex, i.e, Jo = 0.

To recover the full curvature operator from the sectional curvature, either use an explicit formula for the
terms of the curvature in terms of the sectional curvatures, as the one in [Cheeger and Ebin 1975, p. 16], or
continue using O’Neill’s formula for the curvature terms (R(x, y)z, w) in CP? in terms of the correspond-
ing curvature terms in $° and O’Neill’s A-tensor, as in [do Carmo 1992, p. 187, Exercise 10(a)]. The reader
will also find [Sakai 1996, pp. 76-77] useful, which, in spite of defining the curvature tensor differently,
makes explicit the relation between the complex structure of CP? and the submersion §° — CIP2.

The only nonvanishing components of the curvature tensor are then

(R(e1, ex)eq, e2) = (R(e3, es)e3, eq) =4,
(R(e1, e3)er, e3) = (R(ey, es)ey, eq) = (R(ez, e3)ez, e3) = (R(ez, es)er, e4) =1
for the sectional curvatures and
(R(e1,e2)e3,ea) =2, (R(er,e3)er,es) =1, (R(er,es)er, e3) = —1

for the mixed terms.
In the space of bivectors and with the ¢;, ¥; as above, the curvature operator R, satisfies

Rp(¢1) =601, Rp(¢2) =0, Rp(¢3) =0,
Ry(Yy1) =21, Rp(Y2) =292, Rp(Y3) =293.
Thus the curvature operator R, of gcan i Written as
6E O
Rp= ( 0 21) ’

where [ is the 3 x 3 identity matrix, and E is the matrix

100
E=1000
000
A simple computation, using (6), yields
4 0 O
+_ - _
wWy=10-2 0|, W,=0
0 0 -2

Observe that every eigenvector of W), belongs to either A™ or A~, which contain no simple eigenvectors.
Hence no eigenvector of W), is simple, which, by Corollary 1.5, implies that no subdomain of (CP?%, g fs)
admits an LCW. O

Similar arguments can be used in higher dimensions to rule out domains in CP" or other suitable
symmetric spaces.
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5. The 3-dimensional case

Restrictions on the Cotton-York tensor.

Proof of Theorem 1.6. Since Theorem 1.6 is formulated at some fixed point p € M, we can assume that
everything is local. Recall that in semigeodesic coordinates, the metric is independent of x|, and that

81j=0=5;=5=0
if j # 1. It follows also that
0=T},=T% =T},
These identities simplify the expression of the Cotton—York tensor: if either i, [ or k is equal to 1, then

(VS = 0k (Sii)-

Now for i # 1 # j, we notice that m # 1 for each nonzero term in the sum:

lem
CYii=gim(ViS)i .
i = &jm (Vi )1«/m
us 10r € , necessari or [ are equal to 1, an ence
Thus for €k £ 0 ily k or [ qual to 1, and h
Eklm
CYii = gimoiSii =0
ij 8jm Ok llm

using that 9;S; =0=S); fori # 1.

Similarly,
VdetgCiy = g1, 8 Spe™ = 9 Spe!! = 0.
These equations yield that v = 9/9,, is the vector required in Theorem 1.6. O

In fact, since the Cotton tensor is invariant after conformal changes of the metric, we can assume
that M is isometric to R x X, where ¥ is a surface. Taking coordinates (xi, x>, x3), with # = x| and
(x2, x3) isothermal coordinates of X, the metric reads as g = dx12 +ef (dx% + dx32) for some function
f(x2,x3) on X. In these coordinates, a simple expression of the full Cotton—York tensor is available.
Namely, the Ricci tensor takes the values

Ric;; =0, Ricyy =Riczz = —%(Af), Ricy3 =0,
the scalar curvature is
s=—(Af)e ™,

the Schouten tensor equals
Ric;; = 2(Af)e™/, Ricy =Ric3 = —1(Af), Ricyy = Ricjz = Ricys =0,

and a further calculation using formula (9) yields the following explicit formula for the Cotton—York

tensor: 1
CYia=CYy =—3(Af03f —3(Af))e ™,

CYi3=CYsi = 3(Afdaf —h(Af)e .
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The Cotton—York tensor of the product of R with a surface ¥ in isothermal coordinates can also be
expressed as

CY = 1dx; - (xds),

where - is the symmetric product of forms, s is the scalar curvature of the surface, and * is the Hodge star
operator of the surface, which sends the 1-form ds to an orthogonal 1-form on X.

Proof of Corollary 1.7. Corollary 1.7 follows from this lemma:

Lemma 5.1. Let V be a 3-dimensional euclidean space, and A : V — V be a symmetric endomorphism.
Then there exists a 2-dimensional subspace P such that for any vy, v, € P, w € P+, we have

(Avy, 1) = (Aw, w) =0 (12)
if and only if det(A) = Tr(A) =0.

Proof. The “only if” part is clear: Let e;, eo € P and e3 € P~ form an orthonormal basis. The expression

of A in these coordinates is
00a

A=1005b
ab 0

Thus the conditions on the determinant and the trace of A are obvious.
For the converse, first notice that since it is symmetric, we can diagonalize A. Our conditions imply
the existence of A1 € R and an orthonormal basis vy, vy, v3 such that

A 00
A=10 -2 O
0 00O

The desired plane P is the span of {v; 4+ vo, v3}. Namely for 71, t, € R,
(A(r1(v1 +v2) + 1203), 11 (V1 +v2) + 123) = A1 {v) — V2, 11 (V] + v2) + 1v3) =0,
and similarly
(A(v1 —v2), vi — v2) = Ay {v1 + v2, v — v2) =0. 0

Remark 5.2. The matrix expressions of the (1, 1)- and the (0, 2)-versions of the Cotton—York tensor are
different at any point where the matrix for the metric is not the identity. However, the determinant will
vanish for one of them if and only if it does for the other.

LCWs in the Thurston geometries. The rest of this section deals with the existence of LCWs among
the eight Thurston geometries. A good reference for their definition and properties is the classical paper
[Scott 1983]. We begin with the following six geometries:

o S3 3, H?: These three geometries are conformally flat, and consequently admit multiple LCWs.

¢ S? x R, H? x R: This case is obvious, with the LCW lying along the R-direction.
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« Sol: Recall that Sol can be seen as R with a metric given in the standard coordinates (x, y, z) by
g = e¥dx* + e Fdy? + dZ>.
The metric g = e~2% - g splits along 9, and therefore g has an LCW.

The last two geometries have a different behaviour.

Theorem 5.3. SL,(R) and Nil do not admit LCWs.

Proof. We start by recalling the properties we will need.

* SL,(R): Since our study is local, we will work directly in SL,(R). Being a Lie group, SL,(R) has a
left-invariant metric defined by declaring the three matrices

(0 o _f2 0 . _(01

as aggr/thonormal basis of 77 SL,(R). We will use E;, E», E3 to denote the left-invariant vector fields
in SL,(R) agreeing with ey, e>, e3 at the identity.

To write the metric in coordinates, we will use the Iwasawa decomposition that writes any element
in SL,(R) as an ordered product of three matrices of the form

cosf siné e’z 0 1s
—sinf cosb)’ 0 et/%)’ 01/

It is easy to see that we can take 6, ¢t and s as coordinates in a suitable neighbourhood of the identity
matrix I, with dy, d; and 9, agreeing with Ey, E> and E3 at I, but not away from it. In fact, in these coor-
dinates, a tedious calculation shows that the coefficients for the above-mentioned left-invariant metric are

goo = (4s% + De* + ((s2 — e’ + e_’)z, gos = (s> = 1De' +e7, (13)
8or = ((s2 — e’ +e*t)s +2se',  gu= s2+1, s =S, gs=1

To see this, write the orthonormal basis {E;} in terms of 9y, 9;, 0;.

Once we have an expression for the metric tensor in coordinates, computing the determinant of the
Cotton—York tensor is a matter of following the definitions with a lot of care. The Ricci tensor is

Ricgg = —8s2%e”,
Ricy; = Ric,p = —4se’,
Ric,, = -2,
the scalar curvature is s = —2, the Schouten tensor is
Sos = —8s%¢¥ + 145> + )e¥ + 1((s* = De! +¢77)’,
Sor= (357 = Is)e' +Le7's,  Spy=2(s?—De' +1e, (14)

3,12 1 1
Si=—5+38" Sis=38 Ss=3.



586 PABLO ANGULO-ARDOY, DANIEL FARACO, LUIS GUIJARRO AND ALBERTO RUIZ

—~—

The Cotton—York tensor of SL,(R) can be computed from these equations and formula (9), yielding

CYpp = 4s*e® — 2852 4 85% + 8> +4e' 2 — 12,
CYg =4s°e’ +4se™ — ldse’', CYy, =4s’e' +4e™" —6¢',
CY;=4s>—4, CY,=4s, CY, =4
When s =t = 0, this yields

with nonzero determinant. Since the metric is left-invariant, the same happens at any other point.

 Nil: This is the space of triangular matrices of the form

1 x z
01y :x,y,zeR¢,
001

with the natural left-invariant metric. This turns out to be just R? with the metric
g =dx*+dy* + (dz — x dy)*.

Once again, we apply the standard formulas, and find the Ricci tensor

-1 0 0
Ric = 0 %xz—% —%x ,
0 —%x %
the scalar curvature s = —%, the Schouten tensor,
-3 0 0
S = 0 %xz—% —%x ,
0 —%x %

and the Cotton—York tensor

The determinant of CY is —}—P and there are no local LCWs in this space.

6. Proof of Theorem 1.9 in dimensions n > 4

(15)

We divide the proof into two parts. First, we examine the set of algebraic Weyl operators satisfying the
eigenflag condition. We prove that this set is semialgebraic (and, in fact, algebraic in dimension 4), and
compute its codimension explicitly. Then, we see how to use this to approximate any metric by metrics

whose Weyl tensor at a given point pg does not satisfy the eigenflag condition.
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The algebraic part is contained in the following theorem.

Theorem 6.1. The set EVW of Weyl tensors that satisfy the eigenflag condition is a semialgebraic subset of
the space of Weyl tensors with codimension

1.3 2 4
N —n —§n+2.

In particular, the codimension is 2 for n =4 and 12 for n = 5.

Remark 6.2. A semialgebraic subset of R” is defined by equations and inequalities involving polynomials.
We will need the Tarski—Seidenberg theorem, which states that the image of a semialgebraic set by a map
given by polynomials is a semialgebraic set (see [Bochnak et al. 1998, Proposition 2.2.7]). At present,
we do not know whether the set of Weyl tensors satisfying the eigenflag condition is an algebraic set;
nonetheless, this will not be necessary for the purposes of this paper.

Dimension 4. Before proving Theorem 6.1, we recall the special structure of the Weyl operator in
dimension 4. The curvature tensor in dimension 4 has the following decomposition induced by the Hodge

R 3 ld+w+ z
B z' Sd4wo)’

where W™ (resp. W) is any symmetric traceless operator on the 3-dimensional space A™ (resp. A™).

operator * (see Section 2):

Reciprocally, any such operators appear as W+ and W~ for some curvature operator.

Clearly there are no simple bivectors in A™ or A~. The Weyl operator can have simple eigenvectors
only when W' and W~ share some eigenvalue since in that case W could have some eigenspace that
would not be contained in A" or A™.

In particular, if all the eigenvalues of W are different, all eigenvectors of W will be nonsimple. This
gives the following argument for the density of Weyl operators in dimension 4 that do not satisfy the
eigenflag condition.

Let Wy = WOJr ® W, be a Weyl operator in £)V. We define a sequence of Weyl operators W; having
the same eigenvectors of W and such that the corresponding eigenvalues of W; converge to those of W.
It is clear that we can choose the six eigenvalues of W; to be different (thus assuring that W; ¢ £W) and
also such that the three eigenvalues of either W;r or W,- add up to zero; this assures us that W; is a Weyl
operator, thus proving density of the complement of EW.

Notice that this automatically implies the openness and denseness of the complement of £WV. Now we
turn to the proof of Theorem 6.1.

Proof of Theorem 6.1 for n = 4. Let W = W @ W~ be a Weyl operator satisfying the eigenflag
condition. Since W € EW, there is some v € V such that W (v A v) C v A v*. This also implies that
A?(vh) = (v Avh)*t is an eigenspace of W.

We can perform a rotation in V so that e; = v and e; Aep, e Aez and e] Aey are eigenvectors of the
Weyl operator with corresponding eigenvalues A3, A3 and A14. Notice that the induced rotation in A%(V)
leaves AT and A~ invariant.
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We now compute W (e3 A esq): By the eigenflag condition,

Wies Ney) € (62 Nes3,ex Ney,es /\64).

By the choice of basis,
Wi ANerxt+esAhes) =Apper Aey+ W(es Aey)
must lie in AT. From Ajz(e; Aex +e3 Aey) € AT, it follows that
W(ei Aex+e3Aey) —hin(er Aer+e3Aey) € (ex Aes, er Aey, e3 Aes) N AT ={0}.

Hence W(e; A 64) = Apes A ey. Similarly, W(62 Aeq) = Aizep Aeyg and Wiex A 63) = Alqez A e3.
Thus in the basis of A2(V) as given in (10) and (11), W is written as

and since both W and W~ are traceless, A2 + A3+ A4 =0.
The dimension of the space of Weyl tensors in dimension 4 is 10. Let us now compute the dimension
of EW. By the above, the map
@ :SO(V) x R* — EW,

sending (p, A12, A13) to

B(p) - -B(p)',

—A12 — A3

is surjective, where B(p) is the rotation on A%(V) induced by p.

This means that £W is the image of an algebraic set by an algebraic map, so it is a semialgebraic
subset of W by the Tarski—Seidenberg theorem [Bochnak et al. 1998, Proposition 2.2.7]. The map is
singular only if two of the three numbers A, A3 and Aj4 = —Aj» — A3 coincide, or if all of them
vanish. This implies that the map @ is locally injective in an open set, and thus the dimension of EW is
dimSO(V) +2 =8. O

Remark 6.3. As mentioned before, we do not know whether £V is an algebraic set. However, in
dimension 4, we have shown that operators in £V have at least one double eigenvalue. It follows that EW
is contained in a proper algebraic set.
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Theorem 6.4. In dimension 4, the set of Weyl tensors having different eigenvalues and nonsimple eigen-
vectors is the complement of a proper algebraic set.

Proof. The set of algebraic operators with at least one multiple eigenvalue is an algebraic set given by the
equations

A, (det(tW — I)) =0,

where A; is the discriminant of a polynomial in ¢. The discriminant of the characteristic polynomial
of W vanishes exactly when the characteristic polynomial has nonsimple roots, which happens when the
operator has eigenspaces of dimension greater than 1. O

Weyl tensors with the eigenflag condition in dimensions n > 5.

Proof of Theorem 6.1 for n > 5. As in dimension 4, we will find an algebraic map from a space of
dimension smaller than dim W whose image is exactly £V and use [Bochnak et al. 1998, Proposition 2.2.7]
to show that £V is semialgebraic.

Let W be an algebraic Weyl operator with the eigenflag condition on the vector space V. We will build
an orthonormal basis of V such that W is written conveniently.

By hypothesis, there is vector v such that W(v A v) C v A vt. The operator W, ,,. is symmetric
and diagonalizes in an orthonormal basis of bivectors contained in v A vt. All such eigenvectors are of
the form v A w, and two such bivectors v A w; and v A w, are orthogonal if and only if w; is orthogonal
to wy. We let {e; = v, ey, ..., e,} be an orthonormal basis of v A v* such that W, vt 1s diagonal in the
basis e| A ek, with eigenvalue .

Then, in this basis,

In other words,
W = Zkkelk e+ Wy,

where W, is a symmetric operator on the vector space A?(vt) and ey, O eqq denotes the symmetric

endomorphism of A%V sending e, Aep to e Aey and vice versa; notice that we will use the same © notation

to indicate also the symmetric product in V; it will be clear from the context which situation applies.
Notice that

b(W)=0, beixOe)=0,

where b is the Bianchi projector defined as in (3); we obtain that W, is a curvature operator. It may not
be a Weyl operator, because for the Ricci projector r introduced in (4),

reixQeir) =e1 Qe +erOeg. (16)
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Nonetheless, we can deduce that Y ;_, A = 0 because

0=(r(W),e10e1) = ZM(r(elk Oew), e1 Oer)+ (r(Wa), e1 Oer), (17)
k=2

and (r(W,), e;®e;) =0 because W, is an operator on the orthogonal complement of e;. Together with (16),

r(Wo) ==Y r(en©ey) = —<Z)Lkek®ek>-
k=2

k=2

In other words, W, € ker(b) Nr~! (— ZZ:Z Arer © ek). We denote this (affine) space by R({At}); its
dimension will agree with the dimension of W(t) =ker(b) Nker(r).

Hence if W € £WW, there exist an element p € SO(V), numbers A, ..., A, with ) , Ax =0, and a
curvature operator W, € R({1¢}) such that

W=B(p) | Y menOen+| g -B(p)', (18)
W,

where remember that B(p) is the map in bivectors induced by p. Let

and define a map
P :SO(V)xSxR{M}) = W

by the above formula (18).

We know that
0

Z Areik © ey + 0
W;

is a Weyl tensor because it lies in the kernel of b and r, and conjugating by B(p) produces another Weyl
tensor by equation (5). It follows that ®(p, {A¢}, W>) is always a Weyl tensor, and it is clear that it has
the eigenflag property. Thus @ is surjective onto EW.

We will now compute the dimension of £W. The dimension of the space of curvature operators is

dim R, = dim $>(A?V) — dim(A*V) = Ln* — Ln?,
The dimension of the space of Weyl operators is

dimW, = dimR,, — dim S>(V) = ﬁn“ - %”2 -

=

The dimension of SO(V) x S x R({Ar}) is thus the sum of

dimSO(V)=(5). dimS=n-2, dmR({) = f500—D* = Fon -1~ 1.
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However, the dimension of SO(V) x S x R({\¢}) could be strictly greater than that of £W. In order
to prove that this is not the case, we show that & is finite-to-one when restricted to a nontrivial open
subset A of SO(V) x S x R({Ar}).

Let w be the projection from the curvature operators onto the Weyl tensors. Then A is the set of triples
(p, {Ar}, R) such that

e all Ay for k=2, ..., n are different,
» the Weyl tensor w(R) does not satisfy the eigenflag condition.

It is clear that 4 is open. In order to see that it is not empty, we use induction to find a Weyl tensor W, on
the space 8% that does not satisfy the eigenflag condition. The base case for the induction is dimension 4,
which was done in the previous section. We fix arbitrary {A;} whose sum is 0, and choose any rotation p.
Let Ry be any operator in R({A}). Then Ry = Ry + W> — w(Ryp) is a curvature operator in the affine
space R({Ar}) whose projection w(R1) to the space of Weyl tensors is W5.

For W € ®(A), let us compute its preimages (o, {A+}, R,—1) in A. The direction v; is a direction with
the eigenflag property, and by the hypothesis, it is unique up to sign. The numbers A, fork =2, ..., n are
the unique eigenvalues of W1, .1, up to change of order. The vy are unit-vectors in vi" such that vy Avy are

eigenvectors of W| x corresponding to the eigenvalues A, and they are unique up to a change of sign.

V1AV
The basis v; determines p uniquely and R, is the unique remainder B(p)" o W o B(p) — >_ Areix © eix.
It follows that @' (W) is finite for any W, and dim(EW) agrees with dim(SO(V) x S x R({A})). Thus

using the above formulae, we obtain that the codimension of £V inside W is

%n3—n2—‘3—‘n+2. O

Proof of Theorem 1.9 for n = dim M > 4. We start with a precise statement of a folklore lemma in
Riemannian geometry.

Lemma 6.5. Let M be a Riemannian manifold with metric g and p any point in M, with R(p) the
curvature of the metric g at p.

Then for any algebraic curvature operator R® close enough to R(p), there exists a metric g' that agrees
with g outside a neighbourhood of p and such that the curvature of g' at p is R.

Furthermore, we can choose g’ such that

lg" = gllc: < CIR® = R(p)II,
with a constant C independent of RC.

Remark 6.6. The norm appearing in the left-hand side in the above inequality is computed in a fixed set
of coordinates of p.

Proof. We use the following formula for the computation of the Riemannian curvature in terms of partial
derivatives of g and the Christoffel symbols:
1 ( 9> gim 9% gre 0 gic 9 gkm

) _ . _ P _ p
Rikem =5\ Gxkoxt T axioxm ~ axkoxm axiax€)+g””(r’r‘lﬁr"’" Finle) (19
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Take normal coordinates for the metric g at p. In these coordinates, the Christoffel symbols at p vanish.
In these coordinates, choose a smooth function ¢ with value 1 near p and value O in the complement
of the domain of the coordinates. Define a new metric as

1
8 = 8ij — 2 § :R;khjkxhxkﬁp(x)
kol

in the coordinate patch, and by g outside of it, where R* = R® — R(p). If R* is small enough, g’ will
still be positive definite. The Christoffel symbols are given by

1 d 0 0
M = 3 g (mgki + 5 78k mgij)-

Thus, since the Christoffel symbols of g vanish, and we have added a quadratic perturbation to g, the
Christoffel symbols of g" also vanish. We compute the curvature of g’ at p using (19):

R (p)ikim = R(P)ikim = § (Rims + Riitm — Risim — Riimt) = R(P)ikim + Riim = Ritim- (20)
The C?-norm of g’ — g is bounded by C||R*||, with a constant C independent of R*. a

Proof of Theorem 1.9 for dimM > 4. Let U C M for a compact manifold M. Denote by O the set of
Riemannian metrics on M for which there is at least one point p € U such that the Weyl tensor W), of g
at p does not satisfy the eigenflag condition. By Theorem 1.3, O is contained in the set of metrics that do
not admit an LCW on U.

Since the complement of £V is open, and the map that assigns its Weyl tensor to a Riemannian metric
is continuous under C2-deformations of the metric, O is open.

For density, fix an arbitrary point pg € U and consider a metric g such that W(g),, € EW. By
Theorem 6.1, we can find a Weyl tensor W & EVW such that || W — W(g)pll <e.

We choose Ry = R(g)p, — W(g)p, + W and apply Lemma 6.5 to get a new metric g’ that satisfies
lg' —gllc2 <CIIW — W (g)p, |l < Ce. The Weyl tensor of g’ at po is W & EW; thus g’ is not in O. Since €
is arbitrary, denseness of O follows. O

Proof of Theorem 1.9 for n = dim M = 3. In this section, we use the Cotton tensor instead of the Weyl
tensor.

The space of algebraic Cotton—York tensors at p € M consists of simply the symmetric, traceless
operators on the euclidean space T, M. It is obvious that the set of Cotton—York tensors with zero
determinant is a proper algebraic subset of the set of all such tensors.

The following result is the equivalent of Lemma 6.5 for the Cotton tensor:

Lemma 6.7. Let M be a Riemannian manifold with metric g and p any point in M.
Then for any algebraic Cotton—York tensor CY° close enough to CY », we can find a metric g' that
agrees with g outside a neighbourhood of p so that the Cotton—York tensor of g’ at p is CY°.
Furthermore, we can find the metric g’ in such a way that the C-norm of |g — g'| is bounded by a
multiple of the norm of CY° — CY,.
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Proof. Our first goal is to find a formula that expresses the Cotton tensor at p in terms of the metric tensor
and its derivatives. Take normal coordinates at p, so that g, is the identity matrix, and the Christoffel
symbols vanish at p. We start with the formula (19) for the curvature tensor and take derivatives.
We compute first the Schouten tensor in a neighbourhood of p:
; g 9% gke 9% gic 9% gk
Sap = 3 (8iadiy — 4gabg”)gk’”( A AT ) +oM), @D

axkoxt = dxigx™m  9xkdxm  9xioxt

where Q(I") consists of terms like I'7, I/ .
The covariant derivative V, S,,(p) = (3/0x™)S.»(p) at p is

1 8 [ 82 92 92 92 19 9%g; 92
< 8ak 8kb 8ab gkk) ( ik 8kk )8 @)

Vv, S — — —
an(p) = 29x7 \ dxkaxt ' axedxk  axkaxk  9xadxb 49 axkaxi  axioxi

The derivatives of Q(I") vanish because one Christoffel symbol will remain in the final computation, and
it evaluates to O at p.
The Cotton tensor at p is

Cnah(p)
19 ( Pgak gy 0°8ar 078k )_1 0 (azgnk gy gy 078k )

T 20x" \oxkoxt " axeaxk  axkaxk oxe9xP ) 29xe \ 9xkaxt ' 9x"axk  9xkaxk 9x"oxb

13 [ 3%g g 4 10 [ g 0%gu s
49xn \oxkoxi  oxiaxi ) a9xa\ gxkaxi  axioxi )"

1 ga g gw Pgww  \ 1( g g 5
2\ 9xkax"0xt  9xkaxe9xP  dxkox"dxk  oxkaxadxk ) 4\ axkaxiox" axioxigx" )
1 I’ gik 3% gik
— : R Snb. 23
+4(8xk8x’8xa 8x’8x’8x“> " 23)

If the Af.‘}.m are small enough real numbers, symmetric under permutations of i, j and also under permuta-
tions of k, [, m (there are 60 different such terms), then

gU glj+ZAklrn k l m

defines a new metric g’.
The new Cotton tensor at O is

Crap(P) = Cuap(P) + S(AGR? — AP — ALY+ Ajp®) — L(AR" — A Sap + HARY — A8 (24)

We define A to be the real vector space of dimension 60 whose coordinates are indexed by the tuples
({i, j}, {k, 1, m}). The formula

Amlk 2(Aknb _ Akab Al;l;)n + Aillc)a) _ (Allgn _ A”n)(sab + 4(Aﬁa _ A”a)anb
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defines a linear map L : A — C,, into the space of algebraic Cotton tensors (the (0, 3)-tensors with the
symmetries (8)). It follows from (24) that the image of L consists of Cotton tensors, but it is a nice
exercise to check it directly.

In order to show that we can prescribe the Cotton tensor at p, we just need to check that L is surjective.
The map from the Cotton tensors to the Cotton—York tensors is a linear isomorphism, so we only need to
check that the image of the above linear map has dimension 5. Let L(ef.‘}’") be the image by L of the
basis vector ef}m € A, with Afj’.”l =1 and the other entries equal to 0. The reader may check, for instance,
that L(el?2), L(el?®), L(e33?), L(€3?) and L(e?3°) are linearly independent. O

Proof of Theorem 1.9 for dimM = 3. Let U C M for a compact manifold M. This time, O is the set
of Riemannian metrics on M for which there is at least one point p € U such that the Cotton—York
tensor CY), of g at p has nonzero determinant. By Theorem 1.6, O is contained in the set of metrics that
do not admit an LCW on U.

Since the map that assigns its Cotton tensor to a Riemannian metric is continuous under C3-deformations
of the metric, O is open in the C3-topology.

For density, let € > 0, fix an arbitrary point py € U and consider a metric g such that its Cotton—
York tensor CY (g)p, at po has zero determinant. Choose a symmetric traceless tensor with nonzero
determinant CY° and such that ||CY? — CY(@)pll <e.

We apply Lemma 6.5 to get a new metric g’ that satisfies ||g’ — g|l¢3 < c|cy®— CY(g)p,ll < Ce and
whose Cotton—York tensor at pg is CY?. It follows that g’ is not in ©, and since € is arbitrary, we deduce
that O is dense. O
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FINITE CHAINS INSIDE THIN SUBSETS OF R?

MICHAEL BENNETT, ALEXANDER IOSEVICH AND KRYSTAL TAYLOR

In a recent paper, Chan, Laba, and Pramanik investigated geometric configurations inside thin subsets
of Euclidean space possessing measures with Fourier decay properties. In this paper we ask which
configurations can be found inside thin sets of a given Hausdorff dimension without any additional
assumptions on the structure. We prove that if the Hausdorff dimension of E C RY, d > 2, is greater
than %(d + 1) then, for each k € Z™, there exists a nonempty interval I such that, given any sequence
{t;,t2, ..., 1 :1; € I}, there exists a sequence of distinct points {xf}l;: such thatx/ € E and |x" ™! —x| =1,
for 1 <i <k. In other words, E contains vertices of a chain of arbitrary length with prescribed gaps.

1. Introduction

The problem of determining which geometric configurations one can find inside various subsets of
Euclidean space is a classical subject. The basic problem is to understand how large a subset of Euclidean
space must be to be sure that it contains the vertices of a congruent and possibly scaled copy of a given
polyhedron or another geometric shape. In the case of a finite set, “large” refers to the number of points,
while in infinite sets it refers to the Hausdorff dimension or Lebesgue density. The resulting class of
problems has been attacked by a variety of authors using combinatorial, number theoretic, ergodic, and
Fourier analytic techniques, creating a rich set of ideas and interactions.

We begin with a comprehensive result due to Tamar Ziegler [2006], which generalizes an earlier result
due to Furstenberg, Katznelson and Weiss [Furstenberg et al. 1990]. See also [Bourgain 1986].

Theorem 1.1 [Ziegler 2006]. Let E C R? be of positive upper Lebesgue density, in the sense that
- FUEN[-R, R}
lim sup ]
R—o0 (ZR)

where ¥ denotes the d-dimensional Lebesgue measure. Let Es denote the 8-neighborhood of E. Let
VvV ={0, vl w2, vkil} C R, where k > 2 is a positive integer. Then there exists ly > 0 such that, for

> 0,

any | > ly and any & > 0, there exists (x1, ..., xk} C Es congruent to 1V = {0, ..., lvk_l}.

In particular, this result shows that we can recover every simplex similarity type and sufficiently large
scaling inside a subset of R? of positive upper Lebesgue density. It is reasonable to wonder whether the
assumptions of Theorem 1.1 can be weakened, but the following result, due to Maga [2010], shows that

This work was partially supported by the NSF Grant DMS10-4504 and the NSA Grant H98230-15-1-0319.
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the conclusion may fail even if we replace the upper Lebesgue density condition with the assumption that
the set is of dimension d.

Theorem 1.2 [Maga 2010]. For any d > 2 there exists a full-dimensional compact set A C R? such that
A does not contain the vertices of any parallelogram. If d = 2 then, given any triple of points x', x*, x3,
x/ € A, there exists a full-dimensional compact set A C R? such that A does not contain the vertices of

any triangle similar to Ax'x?x>.

In view of Maga’s result, it is reasonable to ask whether interesting point configurations can be found
inside thin sets under additional structural hypotheses. This question was recently addressed by Chan,
Laba, and Pramanik [Chan et al. 2013]. Before stating their result, we provide two relevant definitions.

Definition 1.3. Fix integers n>2, p>3andm=n[3(p+1)]. Suppose By, ..., B, are n x (m —n)
matrices.

(a) We say that E contains a p-point B-configuration if there exist vectors z € R” and w € Rm*”\()

such that
(z+ ij}f:1 CE.
(b) Moreover, given any finite collection of subspaces Vi, ..., V, C R"™" with dim(V;) <m —n, we
say that E contains a nontrivial p-point %B-configuration with respect to (V1, ..., V) if there exist

vectors z € R" and w € R™™\ | J?_, V; such that
{z+ ij}le CE.

Definition 1.4. Fix integersn >2, p>3andm=n |_%( p+ 1)-|. We say that a set of n x (m —n) matrices
{B1, ..., By} is nondegenerate if
B, — B;,
rank : =m-—n

Bim/n - Bil
for any distinct indices iy, ..., im/m € {1,..., p}.
Theorem 1.5 [Chan et al. 2013]. Fix integersn >2, p>3and m = n[%(p—l— 1)-|. Let{By,..., By} bea
collection of n x (m — n) nondegenerate matrices in the sense of Definition 1.4. Then, for any constant C,
there exists a positive number g = €o(C, n, p, By, ..., B,) < 1 with the following property: Suppose the
set E C R" with |E| = 0 supports a positive, finite Radon measure pu with two conditions:

(a) Ball condition: sup,.p o1 H(B(x, r)/r* <Cifn—ey<a<n.

(b) Fourier decay: sup; g |1(§)|(14|§))P/* < C.

Then:
(1) E contains a p-point B-configuration in the sense of Definition 1.3(a).

(ii) Moreover, for any finite collection of subspaces Vi, . .., V, CR"™" with dim(V;) <m—n, E contains
a nontrivial p-point B-configuration with respect to (V1, ..., V,) in the sense of Definition 1.3(b).
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Figure 1. A 3-chain.

One can check that the Chan-Laba—Pramanik result covers some geometric configurations but not
others. For example, their nondegeneracy condition allows them to consider triangles in the plane, but not
simplexes in R® where three faces meet at one of the vertices at right angles, forming a three-dimensional
corner. Most relevant to this paper is the fact that the conditions under which Theorem 1.5 holds are
satisfied for chains (see Definition 1.6 below), but the conclusion requires decay properties for the Fourier
transform of a measure supported on the underlying set. We shall see that, in the case of chains, such
an assumption is not needed and the existence of a wide variety of chains can be established under an
explicit dimensional condition alone.

Focus of this article. 'We establish that a set of sufficiently large Hausdorff dimension, with no additional
assumptions, contains an arbitrarily long chain with vertices in the set and preassigned admissible gaps.
Definition 1.6 (see Figure 1). A k-chain in E C R? with gaps {t,-}f.‘:1 is a sequence
{xl,xz, ...,ka :x) € E, |x"Jrl —xi| =t;, 1 <i<k}.
We say that the chain is nondegenerate if all the x/ are distinct.
Our main result is the following:

Theorem 1.7. Suppose that the Hausdorff dimension of a compact set E C RY, d > 2, is greater
than %(d + 1). Then, for any k > 1, there exists an open interval I such that for any {ti}f.‘:1 c I there
exists a nondegenerate k-chain in E with gaps {ti}f-‘zl.

In the course of establishing Theorem 1.7 we shall prove the following result, which is interesting in its
own right and has a number of consequences for Falconer-type problems. See [Falconer 1985; Erdogan
2005; Wolft 1999] for the background and the latest results pertaining to the Falconer distance problem.

Theorem 1.8. Suppose that p is a compactly supported, nonnegative Borel measure such that
n(B(x,r)) < Cr' (1-1)

for some s, € (%(d + 1), d], where B(x, r) is the ball of radius r > 0 centered at x € R4, Then, for any
Hy....tx >0and e > 0,

,ux,ux---xu{(xl,xz,...,x“]):ti—65|xi+1—xi|§t,~+e, i=1,2,...,k}§Cek. (1-2)
Corollary 1.9. Given a compact set E C R, d>2, k>1, define

A(E) ={|x" = x|, x> =3, ..., |xF=xK o x/ e E).
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Suppose that the Hausdorff dimension of E is greater than %(d +1). Then
FK(AR(E)) > 0.

Remark 1.10. Suppose that E C R? has Hausdorff dimension s > %(d + 1) and is Ahlfors—David regular,
i.e., there exists C > 0 such that, for every x € E,

C'r* <u(B(x,r) =Cr

(where p is the restriction of the s-dimensional Hausdorff measure to E). Then, using the techniques in
[Eswarathasan et al. 2011] along with Theorem 1.8, one can show that, for any sequence of positive real
numbers tq, f2, ..., Iy, the upper Minkowski dimension of

(X2 Yy e EFTU T oy =1, 1< j < k)

does not exceed (k + 1) dimg(E) — k.

2. Proof of Theorem 1.7 and Theorem 1.8

The strategy for this section is as follows:
We begin by dividing both sides of (1-2) by €. The left side becomes

efuxoxpfel, Y e < X =X <46 i=1,2, .0 k), (2-1)

which can be interpreted as the density of e-approximate chains in £ x --- x E.

Theorem 1.8 gives an upper bound on this expression that is independent of €. This is accomplished
using an inductive argument on the chain length coupled with repeated application of an earlier result from
[Tosevich et al. 2014], in which the authors establish L?(x) mapping properties of certain convolution
operators. This upper bound is important in the final section, where we define a measure on the set of
chains.

Next, we acquire a lower bound on (2-1). This result was already established in the case k =1 in
[Iosevich et al. 2012], where the authors show that the density of e-approximate 1-chains with gap size ¢ is
bounded below, independent of €, for all 7 in a nonempty open interval /. Using a pigeonholing argument,
we extend the result in [losevich et al. 2012] to obtain a lower bound on (2-1) in the case that every gap
is of equal size ¢ for some ¢ € /. To obtain a lower bound on chains with variable gap size, we show
that the density of e-approximate k-chains is continuous as a function of gap sizes. Furthermore, we use
the lower bound on chains with constant gaps to prove that this continuous function is not identically
zero. We conclude that the density of e-approximate k-chains is bounded below, independent of € and
independent of the gap sizes, as long as all gap sizes fall within some interval [ around ¢.

In the final section, we address the issue of nondegeneracy. To this end, we reinterpret the density of
e-approximate k-chains as a measure supported in EX*! and show that it converges to a new measure, Aif,
as € | 0. This new measure is shown to be supported on “exact” k-chains (¢ = 0) with admissible gaps.
We next show that the measure of the set of degenerate chains is 0, and we conclude that the mass of A’tf
is contained in nondegenerate k-chains.
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We shall repeatedly use the following result, due to Iosevich, Sawyer, Taylor and Uriarte-Tuero:

Theorem 2.1 [losevich et al. 2014]. Let T f (x) = A *x (f ) (x), where ) and p are compactly supported,
nonnegative Borel measures on R?. Suppose that . satisfies (1-1) and, for some a > 0,

A(€)] < ClE|™.

Suppose that v is a compactly supported Borel measure supported on R? satisfying (1-1) with sy, replaced
by s, and suppose that @ > d — s, where s = %(SM +sy). Then

1T f 2y < el F iz

In this article, we will use Theorem 2.1 with A = o, the surface measure on a (d—1)-dimensional
sphere in R?. Tt is known — see [Stein 1993] — that

6(E)=0(|g|"“"12,

Since the proof of Theorem 2.1 is short, we give the argument below for the sake of keeping the
presentation as self-contained as possible. It is enough to show that

(The £, 8v) = Cllf 2 - 1812wy
The left-hand side equals

/ A FRE)av (&) de.

By the assumptions of Theorem 2.1, the modulus of this quantity is bounded by

Cf E17%| Fre(€)|1gV(8)]| d&

and applying Cauchy—Schwarz bounds this quantity by

C(/ Fr@Ple dé)2 : (/ 1§ Pl d§>2 (2-2)

for any o, o, > 0 such that o = %(au + ).
By Lemma 2.5 below, the quantity (2-2) is bounded by C|| fll12(,) - 1812 after choosing, as we
may, o, > d — s, and «, > d — s,. This completes the proof of Theorem 2.1.

Proof of Theorem 1.8 and Corollary 1.9. Let € > 0. Divide both sides of (1-2) by € and note that it
suffices to establish the estimate

k
Ci(p) = / ( [JofG™*! —xh du(x")) du(x*h <, (2-3)
i=1
where c is independent of € and 11, ..., # > 0. Here o, (x) = 0, * pc(x), with o, the Lebesgue measure

on the sphere of radius r, p a smooth cut-off function with f p=1and pc(x) = e p(x/€). Assume in
addition that p is nonnegative and that p(x) = p(—x).
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Let o denote the Lebesgue measure on the (d—1)-dimensional sphere in RY. Set Tf =T, , where
J
T(ft S (x) =0y, * (f w)(x) was introduced in Theorem 2.1. Define
J

fi@)=Tfo-- o T (1)(x) (2-4)
and
fsx=1.
It is important to note that f;(x) depends implicitly on the choices of #1, ..., # > 0, and this choice will
be made explicit throughout.
Observe that
fk:-l = Tk€+1fk€- (2-5)

Rewriting the left-hand side of (2-3), it suffices to show
Ci(un) = /f/f(x)du(X) < (2-6)
Using Cauchy—Schwarz (and keeping in mind that f du(x) =1), we bound the left-hand side of (2-6)
by
Cin = [ 700 duto) < 1520, @7

We now use induction on k to show that

I £EN 20 < &, (2-8)

where c is the constant obtained in Theorem 2.1. For the base case, k =0, we have || f; || .2(,,) = f dux)=1.
Next, we assume inductively that || £ [[12(,) < ck.
We now show that, for any ;4 > 0,

k+1
i llzg <
First, use (2-5) to write
Il 2o = 1T fi ez -

Next, use Theorem 2.1 with A = o, the Lebesgue measure on the sphere, and o = %(d — 1) (see the
comment immediately following Theorem 2.1 to justify this choice of «) to show that

1T iz < el filllzg
whenever s, >d —a = %(d +1).
We complete the proof by applying the inductive hypothesis. This completes the verification of (2-8).
We now recover Corollary 1.9. Let s, € (%(d + 1), dim(E )), and choose a probability measure y with

support contained in E which satisfies (1-1); the existence of such a measure is provided by Frostman’s
lemma (see [Falconer 1986], [Wolff 2003] or [Mattila 1995]).
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Cover Ay (E) with cubes of the form

d
U H(tijv lij +€i),

i j=1
where [ [ denotes the Cartesian product. We have

I=px o x (B <Y pxoxp{G! s 6 i —e < =y < e, 1< <k

1

By Theorem 1.8, the expression above is bounded by
C> e (2-9)
i

and we conclude that (2-9) is bounded from below by 1/C > 0. It follows that A;(E) cannot have
measure 0 and the proof of Corollary 1.9 is complete.
We now continue with the proof of Theorem 1.7.

Lower bound on C;(p). Lets, € (%(d +1),dim(E )), and choose a probability measure p with support
contained in E which satisfies (1-1).
We now establish the existence of a nonempty open interval I such that

lim iélf Ci(n) >0, (2-10)
€—>

where each f; belongs to [ and Ci(n) is as in (2-3).

Note that this positive lower bound alone establishes the existence of vertices xt ., xM e E such
that [x'T! — x/| =¢; for each i € {1, ..., k} (this follows, for instance, by Cantor’s intersection theorem
and the compactness of the set E). Extra effort is made in the next section in order to guarantee that we

x*+1 distinet.

may take xt

We first prove the estimate (2-10) in the case that all gaps are equal. This is accomplished using a
pigeonholing argument on chains of length one. We then provide a continuity argument to show that the
estimate holds for variable gap values 7 belonging to a nonempty open interval . The second argument
relies on the first precisely at the point when we show that the said continuous function is not identically

equal to zero.

Lower bound for constant gaps. The proof of the estimate (2-10) in the case k = 1 was already established
in [losevich et al. 2012] provided that u satisfies the ball condition in (1-1) with %(d +1) <s, <dimy(E).
The existence of such measures is established by Frostman’s lemma (see, e.g., [Falconer 1986], [Wolff
2003] or [Mattila 1995]).

More specifically, it is demonstrated in [losevich et al. 2012] that there exists ¢(1) > 0, ¢y > 0 and a
nonempty open interval / C (0, diameter(E)) such that, if r € I and 0 < € < ¢, then

Ci= / of % u(x)du(x) > 2¢(l).
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To establish the estimate (2-10) for longer chains, we rely on the following lemmas:

Lemma 2.2. Set
Gire(l)={x € E:of xpu(x) > c(l)}.

There exists m(1) € Z* such that, ift € I and 0 < € < €, then
W(Gre(l)) = 2720,

Lemma 2.3. Set
Gie(j+D={xeE: o xpu|j(x)>c(j+ D},

where j € {1,..., (k—1)}, ul;j(x) denotes restriction of the measure ju to the set G; (), and
c(j+1) = 56(NGre())-

Then there exists m(j + 1) € Z such that if t € I and 0 < € < €, then
1(Gre(j+ 1)) >272"0+0,

We postpone the proof of Lemmas 2.2 and 2.3 momentarily, and we apply these lemmas to obtain a
lower bound on Cj (1).

We write
Ciw = [ 0o duco),
where f¢ was introduced in (2-4) and here t) = --- =t =1t.
Now

A / FE() dp(x) = / / 0 €(x = ) fior(v) die(y) due(x).

Integrating in x and restricting the variable y to the set G, (1), we write

Ci () Z/G (I)Gf*u(y)fkfl(y)du(y) >c(1) fi—1(») du(y)=6(1)ffk1(y)dm(y)-

Gre(D
To achieve a lower bound, we iterate this process. For each j € {2,..., k — 1} we have

[ feswdiw = [[ofa=yfimdumrdig@ = [ o0 o0 de)

Gre(G+1D)

>c(j+1 Ji—j—1(y)du(y)
Gre(j+1)

=G+ [ fiogr ) diaga ).
It follows that
k—1 k
CE) > (H c(i)) J[ ot =y s due = (H c(i))u(Gt,eac)),
j=1 j=

j=1

and we are done in light of Lemma 2.3.
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Given Lemmas 2.2 and 2.3, we have shown that, for all r € I and all 0 < € < ¢j, we have
lim i(glf Ci(u) >0, (2-11)
€—>

where all gap lengths 71, ..., #; are constantly equal to #. This concludes the proof of the estimate (2-10)
in the case of constant gaps.
We now proceed to the proofs of Lemmas 2.2 and 2.3.

Proof of Lemma 2.2. We write

2¢(1) < / o () dp(x) < ( / of % u(x) dM(X)> - ( / of *M(X)du(X)) =T +17,
(Gre(1))E Ge()

where A denotes the complement of a set A C E.
We first observe that

Z<c().
Next we estimate ZZ. Let m € Z1 and write

Gic()={xeE:c(l)<of *pux) <2"}U{x € E:2" <o/ xu(x)}.
Then

17 = [ of * pu(x) d,u(x)+f of xpu(x)dp(x)
{xeE:c(l)<of *pu(x)<2m} {xeE:2"<of*pu(x)}

<2"u(Gre(M)+ ) 27 p(tr € E:2' <o wpx) <2™1).

I=m

We use Theorem 2.1 to estimate
p(lx € E:2' <of wp(x) <271)) <277,
where the constant ¢; depends only on the ambient dimension d. Now,

I <2"u(Gre() +2¢4- » 21272 S2"u(G, (1)) +27".
I=m

It follows that
2c(1) <ZT4+IT Sce(1) +2"u(Gre (1) +277.

Taking m € Z* large enough, we conclude that
W(Gre(1) = 272", O

Proof of Lemma 2.3. We prove the lemma by induction on j. The base case, j = 1, was established in
Lemma 2.2. Next, assume that there exists m(j) € Z" such that

27" < u(Gye(j))

forall 0 <e <e¢yandrel.
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By the definition of G, (),

c(H(Gro(j)) < / 0 % 116, 1) (¥) A (x).
Gie(j)

Set c(j + 1) = 1e())u(Gr.e(j)). By assumption, 2¢(j + 1) = c(Hu(Gre(j)) = ¢(j)27"Y), and in
particular this quantity is positive. Next, we obtain a bound from above:

/ of % G, (j—1)(x) dpu(x) 5/ of * u(x) du(x)
Gre(j) el

zfcrf * ] j(x) dpa(x)

- (f o *MI;(X)dM(x)) " (/ of *m,-(x)du(x))
(Gre(j+D)° Gre(j+1)
=7+717.

First we observe that

IT<c(j+1).
Next, we estimate ZZ. Let m € ZT and write

Gie(j+D={xeE:c(j+1) <ofxuljx) <2"}U{x € E:2" <o/ *ulj(x)}.
Then

Of*ulj(x)du(XHf of * ulj(x)dp(x)

17 = /
{(xeE:c(j+1)<of*ul;(x)<2m} {xeE2m"<ofxu(x)}

<" u(Gre(G+ 1)+ Y 2% u(lx € E:2' <of xpulj(x) <2F1).

[=m

We use Theorem 2.1 to estimate
p(lxe E:2 <of i) <2"1)) <277,
where the constant c; depends only on the ambient dimension d and the choice of the measure p. Now,

IT<2"w(Gre(G+ D) +2ca- Yy 227 S2"u(Gre(+ 1) +27".

I=m

It follows that
20(j+ D) <ZTHITSc(G+D+2"u(Gre(j+ 1) +27".

Taking m € Z* large enough, we conclude that

1(Gre(j+1) =272 [
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Lower bound for variable gaps. We now verify (2-10) in the case of variable gap lengths. In more detail,
we show that, for all k € Z" and for values of 7 in a nonempty open interval I, we have

limi(r)lf/ fi)du(x) >0, (2-12)

where f¢ is as defined in (2-4) with 0 <1,..., % € 1.
The following lemma captures the strategy of the proof and establishes (2-12).

Lemma 2.4. We have

k
) = / FE@) () = Mo, 1) — SO RE (01, ), 2-13)
=1
where
Mttt = [ 6@ TR -0E) ds (2-14)

is continuous and bounded below by a positive constant (independent of €) on I x - - - x I for a nonempty
open interval I, and

R (.t .. ) = / & (16)(1 = p(e6)) Fio11u(6)gS,  u(—§) dE = O(eC~@HDD)  (2.15)
for some o > 0.

In proving the lemma, we utilize the notation

gi(x)=T;o---oT(1)(x) (2-16)

and
gk+1(x) = 1. (2-17)
It is important to note that g;(x) depends implicitly on the choices of 71, ..., #; > 0, and this choice will

be made explicit throughout.
First, we demonstrate (2-13) with repeated use of Fourier inversion. We again employ a variant of the
argument in [losevich et al. 2012]. Write

/f;f(X)du(x)sz o (x — y)g5(y) dpu(x) du(y)zf (01, % pe) (x — )85 (V) d(x) dju(y).

Using Fourier inversion and properties of the Fourier transform, this is equal to

/ / / PTG (6)pe(§)85(y) din(x) dpn(y) dE.
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Simplifying further, we write
[ fewrdue = [ s @penne g6 ds
= / Gy (E)A(E) g5 1u(—§) dE + f G0, (E)(1 — p(eE))A(E) g5 u(—§) dE
= [ u©@n© g6 ds + R )

With repeated use of Fourier inversion, we get

J
ff;f(x)dlt(x) 2/5zj(§)'fj—1/t(—$)'g;HM(é) df-l-ZRZ,;(tl,fz,---,tk)

=1

k
= [ 1© o) wE)de + 30 RE 1)

=1

k
=M (t1, 10, ..., 0) + Z Ri (1,1, .. ).
I=1

We now prove that My (¢, 12, . . ., ) is continuous on any compact set away from (1, ..., ) = 0 and
that
Rf (1, ..., 1) = 0(e*C~@rD/2)y, (2-18)
Once these are established, we observe that the lower bound on constant chains established in (2-11)
combined with (2-18) implies that My (¢, ..., t) is positive when t; = --- =t =t for any given r € I.
Fixing any such ¢ € I, it will then follow by continuity that M (¢, ..., #) is bounded from below on
I x ---x I, where I is a nonempty interval.
We now use the dominated convergence theorem to verify the continuity of M(¢(, ..., t;) on any

compact set away from (¢1, ..., ;) = 0. Let f1, ..., ty > 0. Using properties of the Fourier transform and
recalling the definition of f; from (2-4) and g; from (2-16), we write

Mkm,rz,...,rk>=/&,j<s>-m<—s>‘m<s>ds

forany j € {1,...,k}.
Let iy, ..., hx € R be such that (hy, ..., h;) | 0. Let

fi=Tysn;o 0Ty (1) and g =T n; 000 Typn (D).

We have

Mkm+h1,z2+hz,...,zk+hk)=/&,,+h,.<s>-ﬁ_m—s)-ﬁ(s)ds.



FINITE CHAINS INSIDE THIN SUBSETS OF R4 609

The integrand goes to 0 as & goes to 0. Now, for ¢; in a compact set, the expression above is bounded by

c)) / E @R T ()] 15 ()] dE.

To proceed, we will utilize the following calculation:

Lemma 2.5. Let i be a compactly supported Borel measure such that w(B(x,r)) < Cr® for some
s € (0, d). Suppose that « > d — s. Then, for f € L*>(1),

[ 1FR@ P dg < U (2-19)

To prove Lemma 2.5, observe that

flfﬁ(é)lzlél_“dé=C/ FEFOIx =y dux)duy) = (Tf. f), (2-20)
where

Tf(x)= / =y £ () d(y)

and the inner product above is with respect to L?(u). The positive constant C appearing in (2-20) depends
only on the ambient dimension d. Observe that

f =yl dp ~ Yy 2/ f du(y) <C Y 2/ < ¢’

j>0 le—yl~2 j>0
since o >d —s.
By symmetry, [ |x — v~ du(x) < C'. Tt follows by using Schur’s test [1911] — see also Lemma 7.5

in [Wolff 2003] — that
ITf L2 < C/”f”LZ(IL)'

This implies the conclusion of Lemma 2.5 by applying the Cauchy—Schwarz inequality to (2-20). We
note that Lemma 2.5 can also be recovered from the fractal Plancherel estimate due to R. Strichartz [1990].
See also Theorem 7.4 in [Wolff 2003], where a similar statement is proved by the same method as above.

We already established, using [losevich et al. 2014], that finite compositions of the operators 7; applied
to L?(u) functions are in Lo(u). Using the Cauchy—Schwarz inequality and in light of Lemma 2.5,
My (ti+hy, ta+ho, ..., t+hi) is bounded. We proceed by applying the dominated convergence theorem.
We have

Iim My (ti +hi,to +ha, ..., 60+ hi)
hjl0
- / 61, (&) &y T A(—8) - () dE
= / &1, (Tyy_ysn,y 00 Ty (1) - 1) (—8) - (T 4y © - 0 Ty (1) - ) (6) dE.

We then rewrite the procedure, isolating 6;, for each j € {1, ..., k}, and repeat the process above a total
of k times.
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Bounding the remainder. Next, we wish to show that lim, o R (#1, ..., %) = 0. Fix € > 0. Recall that
R (t1, ..., 1) is equal to

/ (1= p(eE))3 (tE)A(E) Tam(—&) dE.

We consider the integral over |£| < (1/€)* and the integral over |£| > (1/€)* separately, where « € (0, 1)
will be determined. Assume that s > %(d +1).

Lemma 2.6. Let p : RY — R satisfy the following properties: p >0, p(x) = p(—x), the support of p is
contained in {x : |x| < ¢}, and fp = 1. Then

0=<1-p(@) <2mcl§].
To prove Lemma 2.6, write
56 = [ costamr-£)p() dx.
We observe that cos x 4+ |x| > 1, and conclude that the lemma follows when |x| < c. It follows that

fm e |/3(€‘§)—1||5(f§)||ﬁ(§)||m(—é)ldé,§61“f|8(t§)||@(g)||m(_g)|ds561a’

where the last line is justified in the estimation of My (¢) above.
It remains to estimate the quantity

/ 16 UOAE) fir(=§)] dE.
[§1>(1/e)*
Proceeding as in the estimation of M (¢) above, we bound the integral above by
Cr==hr / €17V | frmn(—€)| dE
|§]>(1/e)*

and then use Cauchy—Schwarz to bound it further by

Cr—<d—‘)/2( / |§|—<d—‘>/2|;1<5)|2ds>2 ( / |s|—<d—”/2|ﬂe<s>|2ds)z.
[E1>(1/e)¥ &]>(1/e)~

We have already shown that the second integral is finite. The first integral is bounded by

SEESE | AE)P dt.

j j+1
j>alogy(1/€) Islgl<2

We may choose a smooth cut-off function i such that the inner integral is bounded by
[a@rieisae.
By Fourier inversion, this integral is equal to

> / Y@ (= y) dp)dp(y) < €274
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Returning to the sum, we now have the estimate

C Z 2—id=1)/2 jd=s) ~ ¢ Z 2Jd+1)/2=s
j>alog,(1/e€) j>alog,(1/€)

As long as s > 3(d + 1), this is « €*¢~@+D/2 Thus R{(t,...,#) tends to O with € as long as
dimy(E) > 3(d + 1).
In conclusion, we have

k
li e i+l _ i d i d k+1 0 2.21
im (1_‘[10,,@ x') u(x)) p( ) > e > (2-21)
J:
forall ¢; € I.
To complete the proof of Theorem 1.7, it remains to verify that E contains a nondegenerate k-chain
with prescribed gaps. This is the topic of the next section.

3. Nondegeneracy

An important issue we have not yet addressed is that the chains we have found may be degenerate. As an
extreme example, consider the case where #; = 1 for all i. Then included in our chain count are chains
which simply bounce back and forth between two different points. We now take steps to ensure that we
can indeed find chains with distinct vertices.

We verified above that there exists a nonempty open interval / such that

k
. €rpitl _ i i k+1
lim (}:[1 of =2 dp(x )) dp
is bounded above and below for 71, ..., # € I. The upper bound appears in (2-3) and the lower bound
appears in (2-21).

From here onward, we fix t;, ..., € [ and set 7 = (t1, ..., ). We now define a nonnegative Borel
measure on the set of k-chains with the gaps 7. Let A’ti denote a nonnegative Borel measure, defined as

k
kKeAy — 1; € i+l i i k+1
AF(A) = lim A(]‘[lo,, @ =) dp(x )) dp (',
j=
where A C E x --- x E, the (k+1)-fold product of the set E.
It follows that Aif is a finite measure which is not identically zero:

0<ANE X xE). (3-1)

The strategy we use to demonstrate the existence of nondegenerate k-chains in E is as follows: We
first show that A[’f has support contained in the set of k-chains. This is accomplished by showing that
the measure has support contained in all “approximate” k-chains. We then show that the measure of the
set of degenerate chains is zero. It follows, since the Aif—rneasure of the set of k-chains is positive and
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the A’tf—measure of the set of degenerate k-chains is zero, that the set of nondegenerate k-chains in E is
nonempty.

For each test entry n € Z*, define the sets of (1/n)-approximate k-chains and the set of exact k-chains
as

An’k:{(xl,...,ka)eEx-uxE:ti—%§|xi+1—xi|§ti+% foreachi:l,...,k}

and
Ak={(xl,...,xk“)eEx---xE:|xi+l—xi|=ti for each i=1,...,k}.

Observe that

() Ak = A
n

We now observe that the support of A% is contained in the set of all approximate chains. This follows
immediately from the observation that
k ~

for each n € Z™, where Azy « denotes the complement of the set A, in E x --- X E.
Next, we observe that the support of Aiﬁ is contained in the set of exact chains. Indeed, it follows from

A (U A;,k) < Z A5(AS ) =0.
n n

Recalling (3-1), we conclude that

0<Ai5(E><---xE)=A§§<UAfhk>+Aif(mAn,k), (3-2)

the previous equation that

and so
Ab(Ap) = Ak (ﬂ An,k> > 0.
n
Since t1, ..., € [ were chosen arbitrarily, we have shown that Aif (Ar) > 0 whenever f= (t, ..., )
and f; € I.

We now verify that the set of degenerate chains has A’tf—measure Zero.

Lemma 3.1. Let

Dy = {(xl, ...,xk+1) €EEx---xE:x' :xjforsomei # jl.
Then
A%(Dy) =0.

To prove the lemma, we first investigate the quantity

J,(1

k
of (¢ =) du(x")) dp (.
1
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By the definition of Dy, we can bound the quantity above by

> . (Ho (6 =2 dp)) dua),
{(x!,. xktTyxm=xn}

1<m<n<k+1

We can rewrite the integral as
k
/ / (l_[ o (! —x’)) A"y dp(x") - dp ("D dp (" - dp (.
(Rd)k xXix=xm j:l

Since the inside integral is taken over a region of measure 0, this whole integral must be 0. This holds for
every choice of m and n, and thus the entire sum must be 0. This completes the proof of the lemma.

In conclusion, we have shown that the set of exact k-chains has positive measure — Aiﬁ (Ax) > 0—and
that the set of degenerate chains has zero measure — Aif(Dk) = 0. It follows that Ay # Dy and A, # O.
In other words, there exists a nonempty open interval I and distinct elements x', ..., x**! € E such that
|xIt1 — x| =+ foreachi e {1, ..., k}.
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ADVECTION-DIFFUSION EQUATIONS WITH DENSITY CONSTRAINTS

ALPAR RICHARD MESZAROS AND FILIPPO SANTAMBROGIO

In the spirit of the macroscopic crowd motion models with hard congestion (i.e., a strong density constraint
p <1)introduced by Maury et al. some years ago, we analyze a variant of the same models where diffusion
of the agents is also taken into account. From the modeling point of view, this means that individuals try
to follow a given spontaneous velocity, but are subject to a Brownian diffusion, and have to adapt to a
density constraint which introduces a pressure term affecting the movement. From the point of view of
PDE:g, this corresponds to a modified Fokker—Planck equation, with an additional gradient of a pressure
(only living in the saturated zone {p = 1}) in the drift. We prove existence and some estimates, based on
optimal transport techniques.

1. Introduction

In the past few years modeling crowd behavior has become a very active field of applied mathematics.
Beyond their importance in real life applications, these modeling problems serve as basic ideas to
understand many other phenomena coming for example from biology (cell migration, tumor growth,
pattern formations in animal populations, etc.), particle physics and economics. A first nonexhaustive list
of references for these problems is [Chalons 2007; Colombo and Rosini 2005; Coscia and Canavesio
2008; Cristiani et al. 2014; Dogbé 2008; Helbing 1992; Helbing and Molnar 1995; Hughes 2002; 2003;
Maury and Venel 2009]. A very natural question in all these models is the study of congestion: in many
practical situations, a high number of individuals could try to occupy the same spot, which could be
impossible, or lead to strong negative effects on the motion, because of natural limitations on the crowd
density.

These phenomena have been studied by using different models, which could be either “microscopic”
(based on ODEs on the motion of a high number of agents) or “macroscopic” (describing the agents via
their density and velocity, typically with Eulerian formalism). Let us concentrate on the macroscopic
models, where the density p plays a crucial role. These very same models can be characterized either by
“soft congestion” effects (i.e., the higher the density, the slower the motion), or by “hard congestion” (i.e.,
an abrupt threshold effect: if the density touches a certain maximal value, the motion is strongly affected,
while nothing happens for smaller values of the density). See [Maury et al. 2011] for comparison between
the different classes of models. This last class of models, due to the discontinuity in the congestion
effects, presents new mathematical difficulties, which cannot be analyzed with the usual techniques from
conservation laws (or, more generally, evolution PDEs) used for soft congestion.

MSC2010: 35K61, 49J40, 49J45.
Keywords: diffusive crowd motion model, Fokker—Planck equation, density constraint, optimal transportation.
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A very powerful tool to attack macroscopic hard congestion problems is the theory of optimal transporta-
tion (see [Villani 2003; Santambrogio 2015]), as we can see in [Maury et al. 2010; 2011; Roudneff-Chupin
2011; Santambrogio 2012a]. In this framework, the density of the agents solves a continuity equation (with
velocity field taking into account the congestion effects), and can be seen as a curve in the Wasserstein
space.

Our aim in this paper is to endow the macroscopic hard congestion models of [Maury et al. 2010;
2011; Roudneff-Chupin 2011; Santambrogio 2012a] with diffusion effects. In other words, we will study
an evolution equation where particles

« have a spontaneous velocity field u,(x) which depends on time and on their position, and is the velocity
they would follow in the absence of the other particles;

» must adapt their velocity to the existence of an incompressibility constraint which prevents the density
to go beyond a given threshold;

« are subject to some diffusion effect.

This can be considered as a model for a crowd where a part of the motion of each agent is driven
by a Brownian motion. Implementing this new element into the existing models could give a better
approximation of reality; as usual when one adds a stochastic component, this can be a (very) rough
approximation of unpredictable effects which are not already handled by the model, and this could work
well when dealing with large populations.

Anyway, we do not want to discuss here the validity of this hard congestion model and we are mainly
concerned with its mathematical analysis. In particular, we will consider existence and regularity estimates,
while we do not treat the uniqueness issue. Uniqueness is considered in [Di Marino and Mészéaros 2016],
and one can observe that the insertion of diffusion dramatically simplifies the picture as far as uniqueness
is concerned.

We also underline that one of the goals of the current paper (and of the work just cited) is to better
“prepare” these hard congestion crowd motion models for a possible analysis in the framework of mean
field games (see [Lasry and Lions 2006a; 2006b; 2007], and also [Santambrogio 2012b]). These MFG
models usually involve a stochastic term, also implying regularizing effects, which are useful in the
mathematical analysis of the corresponding PDEs.

The existing first-order models in light of the work of Maury, Roudneff-Chupin and Santambrogio.
Some macroscopic models for crowd motion with density constraints and “hard congestion” effects were
studied in [Maury et al. 2010; 2011]. We briefly present them as follows:

o The density of the population in a bounded (convex) domain € C R? is described by a probability measure
p € P(€2). The initial density py € P(£2) evolves in time, and p, denotes its value at each time ¢ € [0, T'].

« The spontaneous velocity field of the population is a given time-dependent field, denoted by u,. It
represents the velocity that each individual would like to follow in the absence of the others. Ignoring the
density constraint, this would give rise to the continuity equation d;0; +V - (p;u;) = 0. We observe that in
the original work [Maury et al. 2010] the vector field u,(x) was taken of the form —V D(x) (independent
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of time and of gradient form), but we try here to be more general (see [Roudneff-Chupin 2011], where
the nongradient case is studied under some stronger regularity assumptions).

« The set of admissible densities will be denoted by K := {p € P(2) : p < 1}. In order to guarantee that
KC is neither empty nor trivial, we suppose |2| > 1.

« The set of admissible velocity fields with respect to the density p is characterized by the sign of the
divergence of the velocity field on the saturated zone. We need to suppose also that all admissible velocity
fields are such that no mass exists from the domain. So formally we set

adm(p):={v:Q—>R‘:V.-v>0o0on{p=1}andv-n <0ondQ}.
« We consider the projection operator P in L>(£4):
Padm(p)[u] € argmin, cygm(,) / lu —v|*dx.
Q

Note that we could have used the Hilbert space L?(p) instead of L?(£%); this would be more natural in this
kind of evolution equation, as L?(p) is interpreted in a standard way as the tangent space to the Wasserstein
space W, (£2). Yet, these two projections turn out to be the same in this case, as the only relevant zone
is {p = 1}. This is just formal, and would require more rigorous definitions (in particular of the divergence
constraint in adm(p); see below). Anyway, to clarify, we choose to use the Lz(ﬁd)—projection; in this
way the vector fields are considered to be defined Lebesgue-a.e. on the whole €2 (and not only on {p > 0})
and the dependence of the projected vector field on p only passes through the set adm(p).

« Finally we solve the modified continuity equation

atpt+v‘(,0tpadm(p,)[ut]) =0 (I-1

for p, where the main point is that p is advected by a vector field, compatible with the constraints, which
is the closest to the spontaneous one.

The problem in solving (1-1) is that the projected field has very low regularity; it is a priori only L?
in x, and it does not depend smoothly on p either (since a density 1 and a density 1 — e give very different
projection operators). By the way, its divergence is not well defined either. To handle this issue we need
to redefine the set of admissible velocities by duality. Taking a test function p € H'(Q), p > 0 a.e., we
obtain by integration by parts the equality

/v-Vpdx:—/(V-v)pdx—{—/ pv-nd?—[d_l(x).
Q Q aQ

For vector fields v which do not let mass go through the boundary 0€2, we have (in an a.e. sense) v-n =0.
This leads to the definition

adm(p) = {v e L*(S; RY) :/U-Vpdx <0 forall p e H' () with p >0, p(1—p) =0 a.e.}.
Q

(Indeed, for a smooth vector field with vanishing normal component on the boundary, this is equivalent to
imposing V - v > 0 on the set {p = 1}.)
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Now, if we set
press(p) :={pe H'(Q): p>0, p(1—p)=0ael,

we observe that, by definition, adm(p) and V press(p) are two convex cones which are dual to each other
in L?($2; R?). Hence we always have a unique orthogonal decomposition

u=v+Vp, wveadm(p), p €press(p), /v-Vpdx:O. (1-2)
Q

In this decomposition (as is the case every time we decompose on two dual convex cones), v = Padm(p)[u].
These will be our mathematical definitions for adm(p) and for the projection onto this cone.

Via this approach (introducing the new variable p and using its characterization from the previous
line), for a given desired velocity field u : [0, T] x Q — R4, the continuity equation (1-1) can be rewritten
as a system for the pair of variables (p, p), namely

00t +V-(o(uy —Vp;))=0 1in [0, T] x 2,
p=0,p<1l,pd—p)=0  in[0, T]x €, (1-3)
oy —Vp)-n=0 on [0, T] x 092.

This system is endowed with the initial condition p (0, x) = po(x) (for pg € K). As far as the spatial
boundary 9€2 is concerned, we put no-flux boundary conditions to preserve the mass in £2.

Note that in the above system we withdrew the condition f (u; —Vpy)-Vp, =0, as it is a consequence
of the system (1-3) itself. Informally, this can be seen as follows. For an arbitrary pg € press(p;,), we
have that 7 — [, pop; is maximal at t = o (where it is equal to [, po). Differentiating this quantity with
respect to ¢ at t = tg, using (1-3), we get the desired orthogonality condition at t = fy. For a rigorous
proof of this fact (which holds for a.e. #y), we refer to Proposition 4.7 in [Di Marino et al. 2016].

A diffusive counterpart. The goal of our work is to study a second-order model of crowd movements
with hard congestion effects, where beside the transport factor a nondegenerate diffusion is present as well.
The diffusion is the consequence of a randomness (a Brownian motion) in the movement of the crowd.

With the ingredients introduced so far, we modify the Fokker—Planck equation o, o, — Ap;+V - (p,u;) =0
in order to take into account the density constraint p; < 1. Assuming enough regularity for the velocity
field u, we observe that the Fokker—Planck equation is derived from a motion given by the stochastic
ODE dX; = u,(X,)dr + V2dB, (where B, is the standard d-dimensional Brownian motion), but is
macroscopically represented by the advection of the density p; by the vector field —V o,/ p; +u,. Projecting
onto the set of admissible velocities raises a natural question: should we project only u,, and then apply
the diffusion, or project the whole vector field, including —V p;/0;? But this is not a real issue, since, at
least formally, V p;/p; = 0 on the saturated set {0, = 1} and

Padm(p,)[_vlot/pt +u] = Padm(p,)[_vlot/pt] + Padm(p,)[ut] =0+ Padm(p,)[”t]-

Rigorously, this corresponds to the fact that the heat kernel preserves the constraint p < 1. As a
consequence, we consider the modified Fokker—Planck-type equation

010t — Ap: +V - (o Padm(p,)[ut]) =0, (1-4)
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which can also be written equivalently for the variables (p, p) as

{atpt—AP1+V'(Pt(ut—VPt))=O in [0, T] x €, (1-5)

pz0,p=1, p(l-p)=0 in [0, T'] x €2.

As usual, these equations are complemented by no-flux boundary conditions and by an initial datum
P (0, x) = po(x).

Roughly speaking, we can consider this equation to describe the law of a motion where each agent
solves the stochastic differential equation

dX, = (u,(X,) — Vpi(X,)) dt +~/2dB,.

This last statement is just formal and there are several issues defining a stochastic ODE like this. Indeed,
the pressure variable is also an unknown, and globally depends on the law p, of X;. Hence, if we wanted
to see this evolution as a superposition of individual motions, each agent should somehow predict the
evolution of the pressure in order to solve his own equation. This calls to mind some notions from the
stochastic control formulation of mean field games, as introduced by J.-M. Lasry and P.-L. Lions, even if
here there are no strategic issues for the players. For mean field games with density constraints, we refer
to [Cardaliaguet et al. 2015; Mészaros and Silva 2015; Santambrogio 2012b].

However, in this paper we will not consider any microscopic or individual problems, but only study
the parabolic PDE (1-5).

Structure of the paper and main results. The main goal of the paper is to provide an existence result,
with some extra estimates, for the Fokker—Planck equation (1-5) via time discretization, using the so-called
splitting method (the two main ingredients of the equation, i.e., the advection with diffusion on one
hand, and the density constraint on the other hand, are treated one after the other). In Section 2 we will
collect some preliminary results, including what we need from optimal transport and from the previous
works about density-constrained crowd motion, in particular on the projection operator onto the set K. In
Section 3 we will provide the aforementioned existence result, by a splitting scheme and some entropy
bounds; the solution will be a curve of measures in ACZ([0, T]; Wh(2)) (absolutely continuous curves
with square-integrable speed). In Section 4 we will make use of BV estimates to justify that the solution
just built is also Lip([0, T']; W1 (£2)) and satisfies a global BV bound || p; ||pv < C (provided that py € BV);
this requires us to combine BV estimates on the Fokker—Planck equation (which are available depending
on the regularity of the vector field u) with BV estimates on the projection operator on /C (which have
been recently proven in [De Philippis et al. 2016]). Section 5 presents a short review of alternative
approaches, all discretized in time, but based either on gradient-flow techniques (the JKO scheme, see
[Jordan et al. 1998]) or on different splitting methods. Finally, in the Appendix we detail the BV estimates
on the Fokker—Planck equation (without any density constraint) that we could find; this seems to be a
delicate matter, interesting in itself, and we are not aware of the sharp assumptions on the vector field u
to guarantee the BV estimate that we need.



620 ALPAR RICHARD MESZAROS AND FILIPPO SANTAMBROGIO

2. Preliminaries

Basic definitions and general facts on optimal transport. Here we collect some tools from the theory of
optimal transportation, Wasserstein spaces, its dynamical formulation and more, which will be used later
on. We formulate our problem either in a compact convex domain © C R with smooth boundary or in the
d-dimensional flat torus  := T¢ (although we will not adapt all our notation to the torus case). We refer
to [Villani 2003; Santambrogio 2015] for more details. Given two probability measures w, v € P(£2) and
p > 1 we define the usual Wasserstein metric by means of the Monge—Kantorovich optimal transportation
problem

1/p
Wy (i, v) :=inf{/ |x —y[Pdy(x,y) 1y € (k, V)} ,
QxQ

where IT(u,v) :={y € P(Q x Q) : @ )ay = u, (@¥)#y = v} and 7* and 77 denote the canonical
projections from €2 x €2 onto 2. This quantity happens to be a distance on P(£2) which metrizes the weak-
* convergence of probability measures; we denote by W, (2) := (P(£2), W),) the space of probabilities
on 2 endowed with this distance.

Moreover, in the quadratic case p = 2 and under the assumption p < £¢ (the d-dimensional Lebesgue
measure on €2), Y. Brenier [1987; 1991] showed that actually the optimal y in the above problem (the
existence of which is obtained simply by the direct method of calculus of variations) is induced by a
map which is the gradient of a convex function, i.e., there exists S : 2 — Q and ¥ : 2 — R convex such
that S = Vi and y := (id, S)»#u. The function i is obtained as ¥ (x) = %|x|2 — @(x), where ¢ is the
so-called Kantorovich potential for the transport from p to v, and is characterized as the solution of a dual
problem that we will not develop here. In this way, the optimal transport map S can also be written as
S(x) =x — Ve(x). Later, in the 1990s, R. McCann [1997] introduced a notion of interpolation between
probability measures: the curve u, := (T —t)x +ty)#y, fort € [0, T] (T > 0 is given), gives a constant
speed geodesic in the Wasserstein space connecting o := @ and ur :=v.

Based on this notion of interpolation, J.-D. Benamou and Y. Brenier [2000] used some ideas from fluid
mechanics to give a dynamical formulation to the Monge—Kantorovich problem. They showed that

1
pTr-!

WP, v) =inf{B,(E, u) : 9+ V- E=0, uo=p, pr = v}

Here B, is a functional defined on pairs (E, ), where E is a d-dimensional vector measure on [0, 7] x €2
and u = (uy), is a Borel-measurable family of probability measures on 2. This functional is defined to
be finite only if £ = E; ® dt (i.e., it is induced by a measurable family of vector measures on €2: we have
f[o,T]xsz £(t,x)-dE(t,x) = fOT dr [ &(t, x) - dE,(x) for all test functions & € C°([0, T] x Q; R)) and
in this case it is defined through

T
1 .
//—|v,|pdut(x)dt if E; = v; - iy,
0o JaP

+00 otherwise.

By(E. 1) i=

It is well known that B, is jointly convex and lower semicontinuous with respect to the weak-* convergence
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of measures (see Section 5.3.1 in [Santambrogio 2015]) and that, if 3;,u +V - E =0, then B, (E, u) < +00
implies that ¢ — u; is a curve in AC? ([0, T'1; W,,(Q)).1 In particular it is a continuous curve and the
initial and final conditions on g and w7 are well defined.

Coming back to curves in Wasserstein spaces, it is well known (see [Ambrosio et al. 2008] or Section 5.3
in [Santambrogio 2015]) that for any distributional solution y, (being a continuous curve in W,(£2)) of
the continuity equation o, 4 + V - E = 0 with E, = v, - u;, we have the relations

t
I lw, @) < llvellr  and Wp(uz,us)S/ 1 lw, (7) dr,
N

where we denote by |/ lw, (¢) the metric derivative with respect to W), of the curve u, (see for instance
[Ambrosio and Tilli 2004] for general notions about curves in metric spaces and their metric derivative).
For curves u, that are geodesics in W, (€2) we have the equality

1 1
Wp(Mo,Ml)Z/O qulwp(t)dt:/0 lvellz dr.

The last equality is in fact the Benamou—Brenier formula with the optimal velocity field v, being the
density of the optimal E, with respect to the optimal p,. This optimal velocity field v; can be computed as
v = (S —id) o (S,)~ !, where S, := (1 — ) id +¢S is the transport in McCann’s interpolation (we assume
here that the initial measure (g is absolutely continuous, so that we can use transport maps instead of
plans). This expression can be obtained if we consider that in this interpolation particles move with
constant speed S(x) — x, but x represents here a Lagrangian coordinate, and not an Eulerian one: if we
want to know the velocity at time ¢ at a given point, we have to find out first the original position of the
particle passing through that point at that time.

In the sequel we will also need the notion of entropy of a probability density, and for any probability
measure o € P(£2) we define it as

/Q(x)logg(x)dx if o < L7,
E(@) =1/

+00 otherwise.

We recall that this functional is lower semicontinuous and geodesically convex in W, (£2).
As we will mainly be working with absolutely continuous probability measures (with respect to
Lebesgue), we often identify measures with their densities.

Projection problems in Wasserstein spaces. Our analysis strongly relies on the projection operator Px
in the sense of W,. Here K :={p € P(Q2) : p < 1} and

Pic[p] := argmin . W3 (1, p).

We recall the main properties of the projection operator P (see [Maury et al. 2010; Santambrogio 2012a;
De Philippis et al. 2016]).

IHere ACP ([0, TT; Wp(£2)) denotes the class of absolutely continuous curves in W, (£2) with metric derivative in LP. See
the connection with the functional B),.
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» Aslong as Q2 is compact, for any probability measure p, the minimizer in min,cx %sz (u, p) exists
and is unique, and the operator Px is continuous (it is even CY%1/2 for the W, distance).

» The projection Px[u] saturates the constraint p < 1, in the sense that for any p € P(£2) there exists a
measurable set B C 2 such that Px[u] = 1p + u*1pc, where ¢ is the absolutely continuous part of .

« The projection is characterized in terms of a pressure field, in the sense that p = Px[u] if and only if
there exists a Lipschitz function p > 0, with p(1 — p) = 0, and such that the optimal transport map S
from p to p is given by S :=id —V¢ =id+Vp.

 There is (as proven in [De Philippis et al. 2016]) a quantified BV estimate: if © € BV (in the sense that
it is absolutely continuous and that its density belongs to BV(£2)), then Px[u] is also BV and

TV (Prlul, 2) =TV (i, ).

This last BV estimate will be crucial in Section 4, and it is important to have it in this very form (other
estimates of the form TV (P[], 2) <a TV (u, 2) + b would not be as useful as this one, as they cannot
be easily iterated).

3. Existence via a splitting-type algorithm (Main Scheme)

Similarly to the approach in [Maury et al. 2011] (see the algorithm (13) and Theorem 3.5) for a general
nongradient vector field, we will build a theoretical algorithm, after time-discretization, to produce a
solution of (1-5). Let us remark that splitting-type methods have been widely used in other contexts as
well; see for instance [Clément and Maas 2011], which deals with splitting methods for Fokker—Planck
equations and for more general gradient flows in metric and Wasserstein spaces, or [Laborde 2015],
where a splitting-like approach is used to attack PDEs which are not gradient flows but “perturbations” of
gradient flows.

In this section the spontaneous velocity field is a general vector field u : [0, T]x 2 — R¢ (not necessarily
a gradient), which depends also on time. The only assumption we require on u is that

ue L=(0, T] x Q: RY). (U)

We work on a time interval [0, 7] and in a bounded convex domain  C R? (the case of the flat torus is
even simpler and we will not discuss it in detail). We consider py € P?*°(€2) to be given, which represents
the initial density of the population, and we suppose py € K.

Splitting using the Fokker—Planck equation. Let us consider the following scheme.
Main Scheme. Let t > 0 be a small time step with N := [T/t]. Let us set pj := po. For every
ke{l,..., N}, define p;_ | from p; by solving
{atQt — Ao+ V- (0rur44:) =0, 1€]0, 7],
00 = Py »
equipped with the no-flux boundary condition (¢,(Vo;—u;)-n=0a.e. on 92), and setting p; | = P[],

(3-1)

where pg, | = or. See Figure 1 below.
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Figure 1. One time step.

Let us remark first that by classical results on parabolic equations (see for instance [Ladyzhenskaya et al.
1967]), since u satisfies the assumption (U), the equation (3-1) admits a unique distributional solution.

The above algorithm means to first follow the Fokker—Planck equation, ignoring the density constraint,
for a time 7, then project. In order to state and prove the convergence of the scheme, we need to define
some suitable interpolations of the discrete sequence of densities that we have just introduced.

First interpolation. We define the following curves of densities, velocities and momenta constructed with
the help of the p. First set

pr — {QZ(I—kI) ifre [k‘L', (k+ %)‘L’[,
T 2(k+ DT = OV PE ) eere it e [(k+ )T k+ D]

where ; is the solution of the Fokker—Planck equation (3-1) with initial datum p; and V p; 4 arises
from the projection of p;_ , or more precisely, (id +tV p;_ ) is the optimal transport from p; | to o ;.
What are we doing? We are fitting into a time interval of length t the two steps of our algorithm. First
we follow the Fokker—Planck equation (3-1) at double speed, then we interpolate between the measure
we reached and its projection following the geodesic between them. This geodesic is easily described as
an image measure of p;; through McCann’s interpolation. By the construction it is clear that p/ is a
continuous curve in P(2) for ¢ € [0, T]. We now define a family of time-dependent vector fields through
_pYerkn) g, if t € [kt, (k+3)7[,
vl o= Q2(t—kv)
—2Vpi, o (id+2((k+ DT —n)VpE,,) "' ifre[(k+1)7, (k+ e[,

and, finally, we simply define the curve of momenta as E := p/v;.

Second interpolation. We define another interpolation as follows. Set
Bl = 0ike ift €[kT, (k+ DL,

where o; is (again) the solution of the Fokker—Planck equation (3-1) on the time interval [0, 7] with initial
datum p;. Here we do not double its speed. We define the curve of velocities

vy = —m+u, ift € [kt, (k+ Dz,

Ot—kt
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and we build the curve of momenta by E ;=P

Third interpolation. For each 1, we also define piecewise constant curves,

OF = Py if t € [kt, (k+ D],
O :=Vpr, iftelkr, (k+ D[,

and Ef := /7 7. We remark that Pis1(1 = pg,1) = 0, hence the curve of momenta is just
ET:=Vpi,, ifrelkr, (k+ .

Mind the differences in the construction of p;, o and p; (and hence in the construction of v/, v}
and 97, and Ef, E] and E):

(1) The first one is continuous in time for the weak-* convergence, while the second and third ones are
not.

(2) In the first construction we have taken into account the projection operator explicitly, while in the
second one we see it just in an indirect manner (via the “jumps” occurring at every time of the
form ¢ = kt). The third interpolation is piecewise constant, and at every time it satisfies the density
constraint.

(3) In the first interpolation the pair (p*, E") solves the continuity equation, while in the other two
it does not. This is not astonishing, as the continuity equation characterizes continuous curves
in Wi ().

In order to prove the convergence of the scheme above, we will obtain uniform AC2([0, T1; Wa ()
bounds for the curves p*. A key observation here is that the metric derivative (with respect to W) of the
solution of the Fokker—Planck equation is comparable with the time differential of the entropy functional
along the same solution (see Lemma 3.2). Now we state the main theorem of this section.

Theorem 3.1. Let pg € K and u be a given desired velocity field satisfying (U). Let us consider the
interpolations introduced above. Then there exists a continuous curve t — p, € Whr(Q2) fort € [0, T], and
some vector measures E, E , Ee M([0, T x Q) such that the curves p*, p°, p° converge uniformly in
Wh(R2) to p and

ETSE, E'E E'XE inMJ0,T]IxQ)ast— 0.

Moreover E = E — E and for a.e. t € [0, T] there exist time-dependent measurable vector fields v;, v;, 0y
such that

(1) E=pv, E=pi, E=pi,
T
@) | (lvell32 + 15117, + 115117, ) dt < 400,
Lﬂ Lp Lp
O 't 't 't

3) v, =0, — 10, ps-a.e., E,=pu,—Vp, and v, =Vp,, p;-a.e.,
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where p € L2([O, TI; HI(Q)), p=>0and p(1 —p)=0a.e. in[0,T] x Q2. As a consequence, the pair
(p, p) is a weak solution of the problem

00 — AP +V - (p(u, —Vp))=0 in[0,T] x <,

>0, 0=<1 p(1—p)=0 in[0,T]x €, (3-2)
(Vo —u; +Vp)-n=0 on [0, T] x 082,
p(0,-) = po.

To prove this theorem we need the following tools.

Lemma 3.2. Let us consider a solution o, of the Fokker—Planck equation on [0, T'] x Q with the velocity
field u satisfying (U) and with no-flux boundary conditions on [0, T'] x dQ2. Then for any time interval
la, b[ we have the estimate

TS

In particular this implies

\Y
Vor +u,
Q1

ordr dr < £(00) — E(n) + 1 / / g P dx dr. (3-3)

b b
1 1
3 / 10713y, 4t < E00) — E(on) + 5 f f i Pr dx dr, (3-4)
a a JQ

where |0} |w, denotes the metric derivative of the curve t — o, € Wh().

Proof. To prove this inequality, we first make computations in the case where both # and g are smooth,
and o is bounded from below by a positive constant. In this case we can write

d
ag(Qt) = / (logo; +1)0;0, dx = / log 0:(Ao; —V - (0su;)) dx
Q Q

\VJ 2
=/(_| Qll —i—l/t[‘th)dx?
Q Q1

where we use the conservation of mass (i.e., f o 0r0; dx = 0) and the boundary conditions in the integration

by parts. We now compare this with

1 1Vo
= 01 x—— |ut| ordx = ——— — Vo, -u; ) dx
2 Ja a\2 o
\V4 2
s/(ﬂ—v@-ut) ar=-3 .
Q Ot

This provides the first part of the statement, i.e., (3-3). If we combine this with the fact that the metric

Y
VOor +14t

derivative of the curve f — g, is always less than or equal to the Lé, norm of the velocity field in the
continuity equation, we also get

1 d
e =3 [ e <~ e,

and hence (3-4).
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In order to prove the same estimates without artificial smoothness and lower bound assumptions, we
can act by approximation. We approximate the density g, by smooth and strictly positive densities Qf,
(by convolution, so that we guarantee in particular £ (Q’(; ) — £(04)), and the vector field u with smooth
vector fields uf (strongly in L*([a, b] x ), keeping the L™ bound). If we call o* the corresponding
solution of the Fokker—Planck equation, it satisfies (3-3). This implies a uniform bound (with respect to k)
for \/? in L2([a, b]; H'(2)), and hence a uniform bound on Qk in L2([a, b] x ). From these bounds
and the uniqueness of the solution of the Fokker—Planck equation with L> drift, we deduce o* — o.
The semicontinuity of the left-hand side in (3-3) and of the entropy term at ¢ = b, together with the
convergence of the entropy at # = a and the convergence fab fq lu* 0" dx dr — fab Jq lul?o dx dr (because
we have a product of weak and strong convergence in L?), allow us to pass (3-3) to the limit. O

Corollary 3.3. From the inequality (3-4) we deduce that

b
1
amrfw»szf/Ww%Mmm

a JQ
and hence in particular for u satisfying (U), we have

1

E(op) = £(0a) = 5 llullz~ (b~ a).
As a consequence, if o, < 1, then we have
1
Eep) = S lulf~ (b~ a).

The same estimate can be applied to the curve p*, with a = kt and b € lkt, (k + 1)t[, thus obtaining
E(pf) < Ct foreveryt.

Lemma 3.4. For any p € P(2) we have E(Px[p]) < E(p).

Proof. We can assume p < £?, otherwise the claim is straightforward. As we pointed out in Section 2,
we know that there exists a measurable set B C 2 such that

Pxlpl =1p+ plpe.

Hence it is enough to prove that

/plogpdxiO:/ Px[p]log Pxlp]dx,
B B

as the entropies on B¢ coincide. As the mass of p and Px[p] are the same on all of €2, and they coincide

fmmw=/&mM=WL
B B

Then, by Jensen’s inequality we have

1 1 1
—_— logpdx > — dx ) log| — dx ] =0.
|mﬁpgp—<wﬁp) 4wﬁp)

The entropy decay follows. O

on B¢, we have
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To analyze the pressure field we need the following result.

Lemma 3.5. Let {p*};~0 be a bounded sequence in L3([0, T1; H'(R)) and {p"}e=0 a sequence of
piecewise constant curves valued in Wh(2) which satisfy Wr(p*(a), p* (b)) < C/b—a -+t for all
a < b e |0, T] for a fixed constant C. Suppose that

pt=0, p'1—-p"H=0, p'=l,
and that
pt— p weaklyin L*([0, T1; H'(Q)) and p° — p uniformly in W>(S).
Then p(1—p)=0a.e. in[0, T] x .

The proof of this result is the same as in Step 3 of Section 3.2 of [Maury et al. 2010] (see also [Roudneff-
Chupin 2011] and Lemma 4.6 in [Di Marino et al. 2016]). We omit it in order not to overburden the paper.

The reader can note the strong connection with the classical Aubin—Lions lemma [Aubin 1963], applied
to the compact injection of L? into H~!. Indeed, from the weak convergence of p® in L2([0, T]; H'(R)),
we just need to provide strong convergence of p* in L%([0, T]; H~Y(Q)). If instead of the quasi-Holder
assumption of the above lemma we suppose a uniform bound of {p7}; in AC%([0, T; W5 (£2)) (which is not
so different), then the statement really can be deduced from the Aubin—Lions lemma. Indeed, the sequence
{p"} is bounded in L*°([0, T]; L?(§2)) and its time derivative would be bounded in L2([0, T]; H ' ()).
This strongly depends on the fact that the H ! distance can be controlled by the W, distance as soon as
the measures have uniformly bounded densities (see [Loeper 2006; Maury et al. 2010]), a tool which is
also crucial in the proofs in [Maury et al. 2010; Roudneff-Chupin 2011; Di Marino et al. 2016]. Then, the
Aubin-Lions lemma guarantees compactness in CO([0, T1; H~'(§2)), which is more than what we need.

Lemma 3.6. Let us consider the previously defined interpolations. Then we have the following facts.

(1) For every T > 0 and k we have
max{W3 (of, 57, 1) W3 (of piy )} < TCEWY) — E(pfy)) +C?,

where C > 0 only depends on ||u||p~.

(ii) There exists a constant C, only depending on pg and ||u| L, such that
By(E",p") <C, By(E",p%) <C and By(E",p") <C.

(iii) Forthe curve [0, T]> t — p/ we have that

T
/0 (o)) Iy, dt < C,

fora C > 0 independent of t. Here we denote by |(p;)'|w, the metric derivative of the curve p* at t
in Wh. In particular, we have a uniform Hélder bound on p*, namely Wy(p" (a), p* (b)) < CVb—a
for every b > a.

(iv) ET, ET,E® are uniformly bounded sequences in M([0, T] x Q)%.
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Proof. (i) First, by the triangle inequality and by the fact that o7, ; = Px[p; ;] we have that

Walogs Pri) < Walpg, Prat) + Wa(brprs rgr) < 2Wa(pg, Pyt (3-5)

We use (as before) the notation g, ¢ € [0, 7] for the solution of the Fokker—Planck equation (3-1) with
initial datum p/; in particular we have o = p; ;. Using Lemma 3.2 and since 0o = p; and 0 = o7,
we have by (3-4) and W (pf, o, ;) < fof lo}|w, dt that

T 1/2\2 T
W%(p,f,ﬁk’ms(r”z( fo |Q;|%v2dr) >52r<5(go)—5(gf>>+r /O /Q k1170, dx dt

< 20(E(O]) — EBEs) + CT> < 20(E(0]) — E(pfay) + C T2,

where C > 0 is a constant depending just on [|lu|z. We have also used the fact that (o, ) < E(pg,)s
a consequence of Lemma 3.4.
Now by means of (3-5) we obtain

W3 (0F» of41) < TCEW]) — E(pfy 1))+ CT2.

(ii) We use Lemma 3.2 on the intervals of type [k, (k + 3)7[ and the fact that on each interval of type
[(k + %)t, (k+ l)r[ the curve p/ is a constant speed geodesic. In particular, on these intervals we have
(") Iw, = ”v:”Lif = 27|V gy IIL%+1 =2Wa(pis1s Prs1)-

On the other hand we also have
|V piy, ||sz = W3 (0541 Prer) < W3 (0F, Aig1) < TCEW]) — E(pfp)) +CT2.
e+l

Hence we obtain

k+1)t s
/k ”U;”LZ()OT) dt

T
(k+1/2)t v 2 (k+1)t
/ /4‘ TOKD) 4y e Qz(tkr)(X)dxdt+4/ /IVP/E+1|2,015+1dde
kt Q2(1—kt) *k+1/2)r JQ

< C(&(pg) = E(pry)) + CT + 27|V pyy, ”Lz

it

< C(E]) — E(pfsy) +Cr.

Hence by adding up we obtain

By(ET, p") <D (CE]) — E(pip1) + C1) = CE(PF) — E(pfys) + CT < C.
k

The estimates on B, (E?, p%) and BZ(E T, %) are completely analogous and arise from the previous
computations.

(iii) The estimate on B, (E®, p*) implies a bound on fOT [(o]) | dt because v’ is a velocity field for p*
(i.e., the pair (E*, p*) solves the continuity equation).
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(iv) In order to estimate the total mass of E we write

T T 1/2 1/2
|ET|([O,T]><SZ)=/ flvﬂpfdxdtff (/ |vf|2,0fdx) (/ pfdx) dr
0o Ja 0o \Ja Q
T 1/2
5ﬁ</ /|v,’|2p;dxdr) <C.
0 Ja

The bounds on E° and E* rely on the same argument. U

Proof of Theorem 3.1. We use the tools from Lemma 3.6.

Step 1. By the bounds on the metric derivative of the curves p/ we get compactness, i.e., there exists
acurve [0, T] >t +— p;, € P(R2) such that p* (up to subsequences) converges uniformly in [0, T'] with
respect to W5, in particular weakly-* in P(2) for all ¢ € [0, T]. It is easy to see that 5 and p* are
converging to the same curve. Indeed we have p; = ,05’0) and p; = ,og(t) for |s(t)—t|<tand |5(t)—t|<T,
which implies Wa (o7, 57), Wa(pF, p7) < Ct'/2. This provides the convergence to the same limit.

Step 2. By the boundedness of E7, E® and E¥ in M([0, T] x )%, we have the existence of E, E, E
in ([0, T] x )¢ such that (up to a subsequence) E¥ %~ E, E** E E** E as t — 0. Now we show
that E = E — E. Indeed, let us show that for any test function f € Lip([0, T] x )¢ we have

T
/ fi - (EF — (EF + EP))(dx, dr)| — 0
0 Q

as T — 0. First, for each k € {0, ..., N} we have that

(k+1/2)T k+1)T1
/ f £ EX(dx, di) = / / Furior2 - (=Vorte -+ ts0rxe)(dx, df)

(k+1)t (k+Dt
f /ft Ef (dx, dt)+/ /(f(t—i—kr)/Z_ft) ET(dx, dr)

and

(k+1)t
/ /ft-Ef(dx,dt)
(k+1/2)7

(k+1)t
/ f(t+(k+1)r)/2 ° (id +((k+ Dt — f)VPlerl) -V P 1Py (dx, do)
kt

(k+1)r (k+1Dt
_ / [ fBranan+ f f (i = fustayoy o Gd+((k + D) — 1)) - 5757 (dx. do).
k Q

T
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This implies that

T
f / fi - (EF — T + E)(dx, dr)
0 Q

(k+1)t N
=3[ e [ (Eni@nan+ Y [
Q & k

P kt

k+1)t .
Lip(f)rf(1+|ﬁ;|)|E:|(dx,dr>
Q

< tCLip(/)(|ETI(0, T x Q) + |ET|([0, T] x ) + Bo(E, p))
< tCLip(f),

for a uniform constant C > 0. Letting T — 0, we prove the claim.

Step 3. The bounds on By (E®, p*), BZ(E T, p%) and 82(21: T, 0Y) pass to the limit by semicontinuity and
allow us to conclude that £, E and E are vector-valued Radon measures absolutely continuous with
respect to p. Hence there exist v;, ¥, and v, such that E = pv, E = pv and E= 00.

Step 4. We now look at the equations satisfied by FE, E and E. First we use 9, pt+V-E" =0, passto
the limit as ¢ — 0 and get

Then, we use E* = —V5" +u, ", pass to the limit again as  — 0 and get
E = —Vp+up.

To justify this limit, the only delicate point is passing to the limit the term u, 0", since u is only L,
and p’ converges weakly as measures, and we are a priori only allowed to multiply it by continuous
functions. Yet, we remark that by Corollary 3.3 we have that £(p;) < Ct for all t € [0, T']. In particular,
this provides, for each ¢, uniform integrability for o/ and turns the weak convergence as measures into
weak convergence in L'. This allows multiplication by u, in the weak limit.

Finally, we look at E®. There exists a piecewise constant (in time) function p* (defined as p; 4 0on
every interval Jkt, (k + 1)7]) such that p* >0, p*(1 — p%) =0,

T T T
/ /|fo|2<dx,dr>=/ /|VP’|2ﬁf(dx,dr>=/ /|ﬁ’|2ﬁ’<dx,dr>sc (3-6)
0 Q 0 Q 0 Q

and E7 = VpTpT = Vp?. The bound (3-6) implies that p® is uniformly bounded in L>(0, T; H'(R)).
Since for every t we have |{p] =0}| > [{p] < 1}| > |2| — 1, we can use a suitable version of Poincaré’s
inequality, and get a uniform bound in L%([0, T]; L>(Q)) = L*([0, T] x ). Therefore, there exists
p € L*([0, T x Q) such that pT — p weakly in L? as T — 0. In particular we have E= V p. Moreover
it is clear that p > 0 and by Lemma 3.5 we obtain p(1 — p) = 0 a.e. as well. Indeed, the assumptions of
the lemma are easily checked: we only need to estimate W, (6" (a), o (b)) for b > a, but we have

Wa(p" (a), p* (b)) = Wa(p" (keT), p* (kpT)) < C\/kp —ky for kyt <b+71 and k, > a.
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Once we have E = Vp with p(1 — p) =0, p € L2([0, T]; H'(2)) and p € L™, we can also write
E= Vp=pVp.
If we sum up our results, using E = E — E, we have
p—Ap+V-(p(u—Vp)=0 withp>0, p<1, p(1—p)=0a.e.in[0,T]x L.

As usual, this equation is satisfied in a weak sense, with no-flux boundary conditions. (|

4. Uniform Lip([0, T']; W) and BV estimates

In this section we provide uniform estimates for the curves p®, p* and p° in the form of uniform BV (in
space) bounds on o° (which implies the same bound for 47) and uniform Lipschitz bounds in time for the
W distance on p*. This means a small improvement compared to the previous section concerning time
regularity, as we have Lipschitz instead of AC?, even if we need to replace W with W;. It is also important
for space regularity. Indeed, from Lemma 3.2 one could deduce that the solution p of the Fokker—Planck
equation (1-5) satisfies \/p € L?([0, T1; H'(Q)) and, using p <1, also p € L?([0, T1; H'(R)). Yet, this
is just an integrable estimate in #, while the BV estimate of this section is uniform in the time variable.

Nevertheless there is a price to pay for this improvement: we have to assume higher regularity for
the velocity field. These uniform-in-time W-Lipschitz bounds are based both on BV estimates for the
Fokker—Planck equation (see Lemma A.1 in the Appendix) and for the projection operator Py (see
[De Philippis et al. 2016]). The assumption on « is, essentially, that we need to control the growth of the
total variation of the solutions of the Fokker—Planck equation (3-1), and we need to iterate this bound
along time steps.

We will discuss in the Appendix the different BV estimates on the Fokker—Planck equation that we
were able to find. The desired estimate is true whenever |[|u; | c1.1(q) is uniformly bounded and u; -n =0
on 0L2. It seems to be an open problem to obtain similar estimates under the sole assumption that u
is Lipschitz continuous. Of course, we will also assume pg € BV(2). Despite these extra regularity
assumptions, we think these estimates have their own interest, exploiting some finer properties of the
solutions of the Fokker—Planck equation and of the Wasserstein projection operator.

Before entering into the details of the estimates, we want to discuss why we concentrate on BV
estimates (instead of Sobolev ones) and on W (instead of W, p > 1). The main reason is the role of the
projection operator. Indeed, even if p € W!7(R2), we do not have in general Px[p] € W!? because the
projection creates some jumps at the boundary of { Pc[p] = 1}. This prevents us from obtaining any W!-?
estimate for p > 1. On the other hand, [De Philippis et al. 2016] exactly proves a BV estimate on Px[p]
and paves the way to BV bounds for our equation. Concerning the regularity in time, we observe that
the velocity field in the Fokker—Planck equation contains a term in Vp/p. Since the metric derivative in
W, is given by the L?” norm (with respect to p;) of the velocity field, it is clear that estimates in W, for
p > 1 would require spatial W7 estimates on the solution itself, which are impossible for p > 1 in this
splitting scheme. We stress that this does not mean that uniform W'-? are impossible for the solution
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of (1-5); it only means that they are not uniform along the approximation used in our Main Scheme to
build such a solution.
The precise result that we prove is the following.

Theorem 4.1. Let us suppose that |\u;|| 11 < C and pg € BV(R). Then using the notations from the
Main Scheme and Theorem 3.1 one has | o/ |y < C and W1(py, pi,;) < Ct. As a consequence we also
have p € Lip([0, T]; W) N L*°([0, T]; BV(R2)).

To prove this theorem we need the following lemmas.

Lemma 4.2. Suppose ||u;||Lip < C and u, -n =0 on 0S2. Then for the solution o of (A-1) with velocity
field v = u we have the estimate

C
lorlize < lloollL~e™,

where C = ||V - uy|| oo

Proof. Standard comparison theorems for parabolic equations allow us to prove the results once we notice
that f (¢, x) := |loollL~€€" is a supersolution of the Fokker—Planck equation, i.e.,

O fr = Afy =V - (frur).

Indeed, in the above equation the Laplacian term vanishes as f is constant in x, 9, f; = Cf; and
V- (fiu)=fiV-u,+Vfi-u = f;V-u <Cfy, where C = ||V - u;| L. From this inequality, and from
po < fo, we deduce p, < f; for all ¢. O

We remark that the above lemma implies in particular that after every step in the Main Scheme we
have ,5,:“ <e' <14 Crt, where ¢ := ||V - u||L~. We note the following corollary as well.

Corollary 4.3. Along the iterations of our Main Scheme, for every k we have W (pg, pgy,) < TC fora
constant C > 0 independent of 7.

Proof. With the saturation property of the projection (see Section 2 or [De Philippis et al. 2016]), we
know that there exists a measurable set B C €2 such that p = oL n 115 + 1\ 5. On the other hand we
know that

Wi(Dgs1s Pes1) = sup /f(ﬁ;fﬂ — Pry1) dx
felipy@ Jo
0< f <diam(£)

= sup f (B — 1) dx < CIQ| diam(L2).
feLip () JQ\B
0<f<diam(£2)

We use the fact that the competitors f in the dual formula can be taken to be positive and bounded by

the diameter of €2, just by adding a suitable constant. This implies as well that C is dependent on ¢, |<2|
and diam(£2). O

Proof of Theorem 4. 1. First we take care of the BV estimate. Lemma A.1 guarantees, for 7 € Jkt, (k+1)t],
that we have TV(p/) <Crt +eCT TV(p;). Together with the BV bound on the projection that we presented
in Section 2 (taken from [De Philippis et al. 2016]), this can be iterated, providing a uniform bound
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(depending on TV (pg), T and sup; |[u;||c1.1) on ||pf |gy. Passing this estimate to the limit as T — 0 we
get p € L>([0, T]; BV(R2)).
Then we estimate the behavior of the interpolation curve p° in terms of W;. We estimate

(k+1)7 k+1t
Wl(pk’,ﬁkl])sf 1(67) Iw, dts/ /(
kt kt Q

k+1)t
5/ o7 sy dt + Ct < Crx.
k

T

v"'t
| b L |u[|),3,f dx dr
Pt

Hence, we obtain

Wi(og, pig1) < Wilog, Py ) + Wiy pgy1) < TC.

This in particular means, for b > a,
Wi(p"(a), p* (b)) < C(b—a+1).

We can pass this relation to the limit, using that, for every 7, we have 7 — p, in W1 (2) (and hence also
in W) (L2), since W < Wj), getting

Wi(p(a), p(b)) = C(b—a),

which means that p is Lipschitz continuous in W (£2). Il

5. Variations on a theme: some reformulations of the Main Scheme

In this section we propose some alternative approaches to study the problem (1-5). The general idea
is to discretize in time, and give a way to produce a measure oy starting from p;. Observe that the
interpolations p*, 6 and p° proposed in the previous sections are only technical tools to state and prove
a convergence result, and the most important point is exactly the definition of o ;.

The alternative approaches proposed here explore different ideas, more difficult to implement than
the one that we presented in Section 3, and/or restricted to some particular cases (for instance when u is
a gradient). They have their own modeling interest and this is the main reason justifying their sketchy
presentation.

Variant 1: transport, diffusion then projection. We recall that the original splitting approach for the
equation without diffusion [Maury et al. 2011; Roudneff-Chupin 2011] exhibited an important difference
compared to what we did in Section 3. Indeed, in the first phase of each time step (i.e., before the projection)
the particles follow the vector field u and o, ; was not defined as the solution of a continuity equation with
advection velocity given by u,, but as the image of p; via a straight-line transport: oy := (id +Tug)# 05 -
One can wonder whether it is possible to follow a similar approach here.

A possible way to proceed is as follows. Take a random variable X distributed according to p;, and
define p; 41 as the law of X + tuy.(X) + B;, where B is a Brownian motion, independent of X. This
exactly means that every particle moves starting from its initial position X, following a displacement
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ruled by u, but adding a stochastic effect in the form of the value at time t of a Brownian motion. We
can check that this means

ﬁ]:.l,_l ==n*((d +Tukr)#,01§),

1

—lx[*/(47)
We xI%/ r.Then

where 1, is a Gaussian kernel with zero mean and variance 7, i.e., n;(x) :=
we define

Prs1 = Prclpr+1].

Despite the fact that this scheme is very natural and essentially not that different from the Main Scheme,
we have to be careful with the analysis. First we have to quantify somehow the distance W, (o;, o)
for some p > 1 and show that this is of order 7 in some sense. Second, we need to be careful when
performing the convolution with the heat kernel (or adding the Brownian motion, which is the same).
This requires working either in the whole space (which was not our framework) or in a periodic setting
(2 =T¢, the flat torus, which is quite restrictive). Otherwise, the “explicit” convolution step should be
replaced with some other construction, such as following the heat equation (with Neumann boundary
conditions) for a time t. But this brings us back to a situation very similar to the Main Scheme, with the
additional difficulty that we do not really have estimates on (id +Tux; )40y -

Variant 2: gradient flow techniques for gradient velocity fields. In this section we assume that the
velocity field of the population is given by the opposite of the gradient of a function, u, = —VV,. A
typical example is given when we take for V the distance function to the exit (see the discussions in
[Maury et al. 2010] about this type of question). We start from the case where V does not depend on
time, and we suppose V € W'1(Q). In this particular case — beside the splitting approach — the problem
has a variational structure, hence it is possible to show the existence by the means of gradient flows in
Wasserstein spaces.

Since the celebrated paper of Jordan, Kinderlehrer and Otto [Jordan et al. 1998], we know that the
solutions of the Fokker—Planck equation (with a gradient vector field) can be obtained with the help of
the gradient flow of a perturbed entropy functional with respect to the Wasserstein distance W,. This
formulation of the Jordan—Kinderlehrer—Otto (JKO) scheme was also used in [Maury et al. 2010] for the
first-order model with density constraints. It is easy to combine the JKO scheme with density constraints
to study the second-order/diffusive model. As a slight modification of the model from [Maury et al. 2010],
we can consider the following discrete implicit Euler (or JKO) scheme. As usual, we fix a time step 7 > 0,
Py = po and for all k € {1,2, ..., [N/7]} we just need to define ,olf_H. We take

. 1
piy1 = argmin,,pq, { f V()p(x) dx +E(p) + Iic(p) + 5-W3 (0. pf )}, (5-1)
Q

where Iy is the indicator function of X, which is

0 ifx e K,
+o0o otherwise.

IK(X) = {
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The usual techniques from [Jordan et al. 1998; Maury et al. 2010] can be used to identify that the system
(1-5) is the gradient flow of the functional

p = J(p) :=/QV(x)p(X)dx+€(p)+I;c(p)

and that the above discrete scheme converges (up to a subsequence) to a solution of (1-5), thus proving
existence. The key estimate for compactness is

S W21, PE) = (D) = T (P4,
which can be summed up (as on the right-hand side we have a telescopic series), thus obtaining the same
bounds on B, that we used in Section 3.

Note that whenever D?V > A1, the functional p > fQ V(x)p(x)dx +E(p) + Ix(p) is A-geodesically
convex. This allows us to use the theory in [Ambrosio et al. 2008] to prove not only existence, but
also uniqueness for this equation, and even stability (contractivity or exponential growth on the distance
between two solutions) in W,. Yet, we underline that the techniques of [Di Marino and Mészaros 2016]
also give the same result. Indeed, that article contains two parts. In the first part, the equation with density
constraints for a given velocity field u is studied, under the assumption that —u has some monotonicity
properties: (—u;(x) +u;(y)) - (x —y) > Alx — yl2 (which is the case for the gradients of A-convex
functions). In this case standard Gronwall estimates on the W, distance between two solutions are proved,
and it is not difficult to add diffusion to that result (as the heat kernel is already contractant in W,). In
the second part, via different techniques (mainly using the adjoint equation, and proving somehow L'
contractivity), the uniqueness result is provided for arbitrary L>° vector fields u, but with the crucial help
of the diffusion term in the equation.

It is also possible to study a variant where V depends on time. We assume for simplicity that
V e Lip([0, T] x Q) (this is a simplification; less regularity in space, such as W' !, could be sufficient).
In this case we define

Ji(p) 2=/QVz(X)p(X)derS(p)Jrlzc(p),

. 1
Pip1 = argmin ;e p () { Jer (p) + szz(ps o) } (5-2)

The analysis proceeds similarly, with the only exception being that we get

1
32 W3 (0 1. ) = Jee (D) = Jee (D)

which is no longer a telescopic series. Yet, we have J; (p,fH) > J(k+1),(,0,f+1) + Lip(V)t, and we can
go on with a telescopic sum plus a remainder of the order of 7. In the case where u;, is the opposite of the
gradient of a A-convex function V;, one could consider approximation by functions which are piecewise
constant in time and use the standard theory of gradient flows.

We remark here that [Alexander et al. 2014] gave another approach for dealing with first-order crowd
motion models as limits of nonlinear-diffusion equations with gradient drift. This approach could plausibly
be used also in the case where we add a simple diffusion term to the models studied in that paper.
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Variant 3: transport then gradient flow-like step with the penalized entropy functional. We present
now a different scheme, which combines some of the previous approaches. It could formally provide a
solution of the same equation, but presents some extra difficulties.

We define now p | := (id +Tugc)#po; and with the help of this we define

. 1 ~
pl:-i-l = argmin g, ¢ e E(p) + EWQZ()O, /013_,_1)-

In the last optimization problem we minimize strictly convex and lower semicontinuous functionals,
and hence we have existence and uniqueness of the solution. The formal reason for this scheme being
adapted to the equation is that we perform a step of a JKO scheme in the spirit of [Jordan et al. 1998]
(without the density constraint) or of [Maury et al. 2010] (without the entropy term). This should let a
term —Ap — V- (pV p) appear in the evolution equation. The term V - (pu) is due to the first step (the
definition of o7 ;). To explain a little bit more for the unexperienced reader, we consider the optimality
conditions for the above minimization problem. Following [Maury et al. 2010], we can say that p € K is
optimal if and only if there exists a constant £ € R and a Kantorovich potential ¢ for the transport from p
to p; such that
1 on(lnp+e¢/t) <t
p=10 on(lnp+e¢/t)>4¢,
€[0,1] on(np+¢/Tt)=2"~.

We then define p = (£ —In p —¢/7)4 and we get p € press(p). Moreover, p-a.e., Vp=—Vp/p—Vop/T.
We then use the fact that the optimal transport is of the form 7" = id —V¢ and obtain a situation as
sketched in Figure 2.

Notice that

(id+7uge) ™" o ([d+T(Vp+Vp/p)) = id —T(Ugs1ye — VP — Vp/p) +0(1)
provided u is regular enough. Formally we can pass to the limit T — 0 and have
0p—Ap+V-(p(u—Vp))=0.

Yet, this turns out to be quite naive, because we cannot get proper estimates on Wa (o, oy, ;). Indeed, this
is mainly due to the hybrid nature of the scheme, i.e., a gradient flow for the diffusion and the projection
part on the one hand and a free transport on the other hand. The typical estimate in the JKO scheme

~T
Pk+1
[ ]

V/
7(2’
W (>
x¢ S

Figure 2. One time step.
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comes from the fact that one can bound W2 (o;, o | )2/t with the opposite of the increment of the energy,
and that this gives rise to a telescopic sum. Yet, this is not the case whenever the base point for a new
time step is not equal to the previous minimizer. Moreover, the main difficulty here is the fact that the
energy we consider implicitly takes the value +oo, due to the constraint p € K, and hence no estimate
is possible whenever p¢, | € K. As a possible way to overcome this difficulty, one could approximate
the discontinuous functional /i with some finite energies of the same nature (for instance power-like
entropies, even if the best choice would be an energy which is Lipschitz for the distance W»). These kinds
of difficulties are a matter of current study, in particular for mixed systems and/or multiple populations.

Appendix: BV-type estimates for the Fokker-Planck equation

Here we present some total variation (TV) decay results (in time) for the solutions of the Fokker—Planck
equation. Some are very easy, some trickier. The goal is to look at those estimates which can be easily
iterated in time and combined with the decay of the TV via the projection operator, as we did in Section 4.

Let us take a vector field v : [0, +o00[ x 2 — R? (we will choose later which regularity we need) and
consider in 2 the problem

0o — Apr + V- (prv,) =0 in JO, +00[ x €,
ot (Vpr—v)-n=0 on [0, +oo[ x 9€2, (A-1)
PO, ) =po in €,

for pp € BV(2) NP(L2).

Lemma A.1. Suppose ||v;||c11 < C forall t € [0, +00[. Suppose that either Q = T¢, or that Q is convex
and v -n =0 on Q2. Then we have the total variation decay estimate

/lV,otldng(t—s)—i-eC(’_s)/ |Vos|dx forall 0 <s <t, (A-2)
Q Q

where C > 0 is a constant depending just on the C"! norm of v.
Proof. First we remark that by the regularity of v the quantity
vl + 1Dl + IVV - v) [ L

is uniformly bounded. Let us drop now the dependence on ¢ in our notation and calculate in coordinates

v —Va d
f|p| o [Vl (0;p) dx

_ [ Y. _ N
_A|v | V(Ap =V - (vp))dx = /Z|Vp|<zpuj (V- (vp))J>

2
Pij ijkPkiPij) /
N - dx + By — (v} p+vipj + vipi + 0 pij) dx
L%(WM IVpl|3 Z |Vp| J i i j

§Bl+C+C/|Vp|dx+/ |V,o||V-v|dx—|—B2§Bl+Bz+C+C/ |Vp|dx.
Q Q Q
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Here the B; are the boundary terms, i.e.,

i o
B ::/ S PELPY qpd and Byi=— | (u-n)|VpldHIT
02 Vol a0

The constant C > 0 only depends on ||v|[zo + |V - v] Lo 4+ [|V(V - v)||L~. We used as well the fact that

Pl PiPkPuiPij
_/Z( ij ]kkl3l]>dx§0.
AN Vol

Now, it is clear that in the case of the torus the boundary terms B; and B, do not exist, hence we have

the desired conclusion by Gronwall’s lemma. In the case of the convex domain we have B, = 0 (because
of the assumption v -n = 0) and B; < 0 because of the next lemma. O

Lemma A.2. Suppose that u : Q@ — RY is a smooth vector field with u -n = 0 on 3K, p is a smooth
function with Vp -n =0 on dQ and Q C R? is a smooth convex set that we write as Q = {h < 0} for a
smooth convex function h with |Vh| =1 on 02 (so that n = Vh on 92). Then we have, on the whole
boundary 92, 3, ; u;,ojni =—2.; u'hijp;.

In particular, we have Zi’ j Pijp in' <0.

Proof. The Neumann boundary assumption on # means u(y (¢)) - Vh(y (¢)) = 0 for every curve y valued
in 02 and for all ¢. Differentiating in ¢, we get

D u ) OV hi(y () + Y u ()i (y @) (' (1)) =0.

i,j i,j
Take a point xo € 92 and choose a curve y with y (fp) = xo and y'(t9) = V p(xo) (which is possible, since
this vector is tangent to 92 by assumption). This gives the first part of the statement. The second part, i.e.,
Zi, j PijP jni < 0, is obtained by taking u = Vp and using that D?h(xo) is a positive definite matrix. [J

Remark A.3. If we look attentively at the proof of Lemma A.1, we can see that we did not really exploit
the regularizing effects of the diffusion term in the equation. This means that the given regularity estimate
is the same that we would have without diffusion; in this case, the density p; is obtained from the initial
density as the image through the flow of v. Thus, the density depends on the determinant of the Jacobian
of the flow, hence on the derivatives of v. It is normal that, if we want BV bounds on p;, we need
assumptions on two derivatives of v.

We would like to prove some form of BV estimates under weaker regularity assumptions on v, trying
to exploit the diffusion effects. In particular, we would like to treat the case where v is only C%!. As we
will see in the following lemma, this degenerates in some sense.

Lemma A.4. Suppose that 2 is either the torus or a smooth convex set Q = {h < 0} parametrized as
a level set of a smooth convex function h. Let v; : @ — R? be a vector field for t € [0, T, Lipschitz
and bounded in space, uniformly in time. In the case of a convex domain, suppose v-n =0 on 0S2. Let
H : RY - R be given by H(z) := /€2 +|z|2. Now let p, be the (sufficiently smooth) solution of the
Fokker—Planck equation with homogeneous Neumann boundary condition.
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Then there exists a constant C > 0 (depending on v and 2) such that

t
/ H(Vpy)dx < / H(Vpo)dx+Cer+§ / 19513« ds. (A-3)
Q Q 0
Proof. First let us discuss some properties of H. It is smooth, its gradient is VH(z) = z/H (z) and it
satisfies VH (2) - z < H(z) for all z € R¢. Moreover its Hessian matrix is given by

8YH(2) —z'7/ } L, 1
R — -
H3(2) i,jell,...d) H3(2)

:®z VzeR?,

where o

0 ifi#],
is the Kronecker symbol. Note that, from this computation, the matrix D?H > 0 is bounded from above
by 1/H, and hence by e ~!. Moreover we introduce a uniform constant C > 0 such that

2
lvll7ee |2} + IV - vllLee + | DVl L= < C.
Now to show the estimate of this lemma we calculate

i/ H(Vpr)dXZ/ VH(Vp) -9,V dx:/ VH(Vp)-V(Ap; =V - (v0r)) dx
dr Jg Q Q
:/QVH(V/OI)'VA:Otdx_/QVH(V/Ot)'V(V'(vtpt))dx

=:(I)+ D)

Now we study each term separately and for simplicity we drop the ¢ subscripts in the following. We start
with the case of the torus, where there is no boundary term in the integration by parts:

() = /Q VH(Vp)-VApdx = fg > Hj(Vp)pjii dx = — /Q > Hij (Vo) pikpji dx,
Jsi

Jiik

= — /Q VH(Vp) V(V- (1p)) dx = — fg S Hi (V)W p)yj dx
i,j

=/ Zij(Vp)pkiv§pdx+/ > Hj(Vp)priv' pj dx
Q. Q.

i,j.k i,j.k
=:(I1,) + (IIp).

First look at the term (11, ). Since the matrix Hj; is positive definite, we can apply a Young inequality
for each index i and obtain

(o) = /Q > Hi(Vp)privipdy < 5 fQ > Hix(Vp)pripij dx + 5 fg > Hit(Vo)vjupp® dx

i,j.k i,j.k i,j.k

1
< =I(DI+Cllpl3, | D*Hl| .
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The L? norm in the second term will be estimated by the L> norm for the sake of simplicity (see
Remark A.5 below).
For the term (/1) we first make a pointwise computation,

> (Do 2 1a+ VoL~ Vp ® Vo) - Vp)v!

i

& ZiDZ v 22 ia< 1 )
= — v 10 p:—{;‘ V 0; R
H3(Vp) & ~  \H(p)

where Dl.z,o denotes the i-th row in the Hessian matrix of p, and we use (|Vp|*l; — Vp® Vp)-Vp =0.
Integrating by parts, we obtain

Z Hj (Vp)piv' pj =

1
3
Py H>(Vp)

dx < Ce?||1/H |1~ < Ce,

_ 2 _ 1
) =¢ /Q(V U)H(V,o)

where we use H(z) > &.
Summing up all the terms and using || D>H|| < e~', we get

d 1 -
5/ H(Vp)dx < =51+ Cllorlli I D*Hl| 1= + Ce < Ce +Clipi 706",
Q

which proves the claim.
If we switch to the case of a smooth bounded convex domain €2, we have to handle boundary terms.

/ > Hj(Vp)pin' —f > Hj(Vp)pvin',
19 4 124

where we ignore those terms which involve n’v’ (i.e., the integration by parts in (II,), and the term

These terms are

H;(Vp)p jnivi in the integration by parts of (/1,)), since we have already supposed v -n = 0. We use
here Lemma A.2, which provides

j P i 1
. L . L -
igj H;(Vp)pijn pH](V,o)an = HVo)

Z(Pjpijni - ijvi-ni)

ij

1 T — ok
~ T HVp) ;(pjhl]pl ppjhijvY).

If we use the fact that the matrix D>/ is positive definite and a Young inequality, we get ) jPjhijpi =0

,OZ lpjhijv'| < 3 ijhijpi ) ZP v/ hijut,
i.j i.j ij

and

which implies

Cliplli

1 i iy < p* 2 2
o pin’ — ppjvt D2 v]? <

This provides the desired estimate on the boundary term. O
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] _ Pxlu]
L T —T o

Figure 3. A counterexample to the decay of fQ H (V p), which corresponds to the total
length of the graph.

Remark A.5. In the above proof, we needed to use the L* norm of p only in the boundary term. When
there is no boundary term, the L? norm is enough to handle the term (II,). In both cases, the norm of p
can be bounded in terms of the initial norm multiplied by ¢¢’, where C bounds the divergence of v. On
the other hand, in the torus case, one only needs to suppose pg € L? and in the convex case pg € L™.
Both assumptions are satisfied in the applications to crowd motion with density constraints.

We have seen that the constants in the above inequality depend on ¢ and explode as ¢ — 0. This
prevents us from obtaining a clean estimate on the BV norm in this context, but at least it proves that
po € BV = p, € BV for all ¥ > 0 (to achieve this result, we just need to take ¢ = 1). Unfortunately,
the quantity which is estimated is not the BV norm, but the integral |, o H(Vp). This is not enough for
the applications to Section 4, as it is unfortunately not true that the projection operator decreases the
value of this other functional. (Here is a simple counterexample. Consider u = g(x) dx a BV density
on [0, 2] C R, with g defined as follows. Divide the interval [0, 2] into 2K intervals J; of length 2r
(with 2r K = 1); call ¢; the center of each interval J; (i.e.,t; =i2r +r,fori =0,...,2K — 1) and set
g(x)=L++/r*—(x —t;)? on each J; with i odd, and g(x) = 0 on J; for i even, taking L =1 —mr/4.
It is not difficult to check that the projection of p is equal to the indicator function of the union of all the
intervals J; with i odd, and that the value of f H(Vp) has increased by K2 —n/2)r =1—m/4,1i.e., by
a positive constant. See Figure 3.)

If we pursue the value of the BV norm, we can provide the following estimate.

Lemma A.6. Under the assumptions of Lemma A.4, if we suppose pg € BV(2) N L>°(K2), then, fort <T,

we have

/Wmdxs/ IV pol de 4+ C/7. (A-4)
Q Q

where the constant C depends on v, on T and on || pg|| L.

Proof. Using the L™ estimate of Lemma 4.2, we will assume that || o;||~ is bounded by a constant
(which depends on v, on T and on || pgl|| ). Then, we can write

Ct

/lV,o,ldxf/ H(V,ot)de/ H(V,O())dx-l-CEt-i-%E/(|V,00|+8)dx+C8t+ -
Q Q Q Q

It is sufficient to choose, for fixed ¢, € = /7, in order to prove the claim. O
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Unfortunately, this /7 behavior is not suitable to be iterated, and the above estimate is useless for the
sake of Section 4. The existence of an estimate (for v Lipschitz) of the form TV (p;) < TV(po) + Ct,
or TV(p;) < TV(po)e’, or even f(TV(p)) < f(TV(po))eC’ for any increasing function f : Ry — Ry,
seems to be an open question.
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ASYMPTOTIC STABILITY IN ENERGY SPACE FOR DARK SOLITONS
OF THE LANDAU-LIFSHITZ EQUATION

YAKINE BAHRI

We prove the asymptotic stability in energy space of nonzero speed solitons for the one-dimensional
Landau-Lifshitz equation with an easy-plane anisotropy

om+m x (0ycm —mszez) =0

for a map m = (my, my, m3) : R x R — S?, where e3 = (0, 0, 1). More precisely, we show that any
solution corresponding to an initial datum close to a soliton with nonzero speed is weakly convergent
in energy space as time goes to infinity to a soliton with a possible different nonzero speed, up to the
invariances of the equation. Our analysis relies on the ideas developed by Martel and Merle for the
generalized Korteweg—de Vries equations. We use the Madelung transform to study the problem in the
hydrodynamical framework. In this framework, we rely on the orbital stability of the solitons and the
weak continuity of the flow in order to construct a limit profile. We next derive a monotonicity formula
for the momentum, which gives the localization of the limit profile. Its smoothness and exponential decay
then follow from a smoothing result for the localized solutions of the Schrédinger equations. Finally,
we prove a Liouville type theorem, which shows that only the solitons enjoy these properties in their
neighbourhoods.

1. Introduction
We consider the one-dimensional Landau—Lifshitz equation
om +m X (0xxm + Amszez) =0 (LL)

foramap m = (my, my, m3) :RxR— S2, where e3 = (0, 0, 1) and A € R. This equation was introduced by
Landau and Lifshitz [1935]. It describes the dynamics of magnetization in a one-dimensional ferromagnetic
material, for example in CsNiF; or TMNC (see, e.g., [Kosevich et al. 1990; Hubert and Schifer 1998]
and the references therein). The parameter A accounts for the anisotropy of the material. The choices
A > 0 and A < O correspond respectively to an easy-axis and an easy-plane anisotropy. In the isotropic
case A = 0, the equation is exactly the one-dimensional Schrodinger map equation, which has been
intensively studied (see, e.g., [Guo and Ding 2008; Jerrard and Smets 2012]). In this paper, we study the
Landau-Lifshitz equation with an easy-plane anisotropy (A < 0). Performing, if necessary, a suitable
scaling argument on the map m, we assume from now on that A = —1. Our main goal is to prove the
asymptotic stability for the solitons of this equation (see Theorem 1.1 below).

MSC2010: 35Q51, 35Q60, 37K40.
Keywords: asymptotic stability, solitons, Landau—Lifshitz equation, travelling waves.
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The Landau-Lifshitz equation is Hamiltonian. Its Hamiltonian, the so-called Landau-Lifshitz energy,
is given by

E(m) ::%/R(wmeer%).

In the sequel, we restrict our attention to the Hamiltonian framework in which the solutions m to (LL)
have finite Landau-Lifshitz energy, i.e., belong to energy space

ER):={v:R— S?| v € L*R) and v3 € L*(R)}.
A soliton with speed c is a travelling-wave solution of (LL) having the form
m(x,t) :=u(x —ct).
Its profile u is a solution to the ordinary differential equation
u” + | Pu + u%u —uze3+cuxu =0. (TWE)

The solutions of this equation are explicit. When |c| > 1, the only solutions with finite Landau-Lifshitz
energy are the constant vectors in S' x {0}. In contrast, when |c| < 1, there exist nonconstant solutions
u. to (TWE), which are given by the formulae

(1 _C2)1/2
cosh((1—c?)1/2x)’

C

cosh((1—c%)1/2x)’ [c]2 () = tanh((1 =A%), [ucls(x) =

[ue]i(x) =

up to the invariances of the problem, i.e., translations, rotations around the axis x3 and orthogonal
symmetries with respect to the plane x3 = 0 (see [de Laire 2014] for more details).

Our goal is to study the asymptotic behaviour for solutions of (LL) which are initially close to a soliton
in energy space. We endow £(R) with the metric structure corresponding to the distance introduced by
de Laire and Gravejat [2015],

de(f,8) = 1f0) =g+ f —&'ll 2w + 1 f5 — &3l 2wy

where f = (f1, f2, f3) and f = f1 +if> (and similarly for g). The Cauchy problem and the orbital
stability of the travelling waves have been solved by de Laire and Gravejat [2015]. We are concerned
with the asymptotic stability of travelling waves. The following theorem is our main result.

Theorem 1.1. Let ¢ € (—1, 1) \ {0}. There exists a positive number 5., depending only on ¢, such that, if
dg(mo, uc) <6,
then there exist a number ¢* € (—1, 1)\ {0}, and two functions b € CY(R, R) and 6 € CH(R, R) such that
b(t)y—c* and 6'(t)—0
as t — 400, and for which the map

mg := (cos(8)m; — sin(0)my, sin(6)m + cos(0)m,, ms),
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satisfies the convergences

demgqy(-+b(t), 1) = deue  in L*(R),
mg(,)(-—i—b(t),t) — U in Llog)c(R),
m3(-+b(t), 1) = [uels in L*(R)

ast — +o0.

Remarks. (i) Note that the case ¢ = 0 —that is, black solitons —is excluded from the statement of
Theorem 1.1. In this case, the map iy vanishes and we cannot apply the Madelung transform and the
subsequent arguments. Orbital and asymptotic stability remain open problems for this case. Note that, to
our knowledge, there is currently no available proof of the local well-posedness of (LL) in energy space,
when u( vanishes and so the hydrodynamical framework can no longer be used.

(i1) Here, we state a weak convergence result and not a local strong convergence one, like the results
given by Martel and Merle [2008a; 2008b] for the Korteweg—de Vries equation. In their situation, they
can use two monotonicity formulae for the L? norm and the energy. This heuristically originates in the
property that dispersion has negative speed in the context of the Korteweg—de Vries equation. In contrast,
the possible group velocities for the dispersion of the Landau—Lifshitz equation are given by

14242
VI+k

where k is the wave number. Dispersion has both negative and positive speeds. A monotonicity formula

v (k) =+

remains for the momentum due to the existence of a gap in the possible group velocities, which satisfy
the condition |vg (k)| > 1. However, there is no evidence that one can establish a monotonicity formula
for the energy.

Similar results were stated by Soffer and Weinstein [1989; 1990; 1992]. They provided the asymptotic
stability of ground states for the nonlinear Schrodinger equation with a potential in a regime for which
the nonlinear ground-state is a close continuation of the linear one. They rely on dispersive estimates
for the linearized equation around the ground state in suitable weighted spaces, and they apply a fixed
point argument. This strategy was successfully extended in particular by Buslaev, Perelman, C. Sulem
and Cuccagna to the nonlinear Schrodinger equations without potential (see, e.g., [Buslaev and Perelman
1993; 1995; Buslaev and Sulem 2003; Cuccagna 2001]) and with a potential (see, e.g., [Gang and Sigal
2007]). We refer to the detailed historical survey by Cuccagna [2003] for more details. Later, Cuccagna
[2011] proved a stronger result for the ground state satisfying the sufficient conditions for orbital stability
of M. Weinstein, for seemingly generic nonlinear Schrodinger equation which has a smooth short range
nonlinearity with the presence of a very short range and smooth linear potential. In addition, asymptotic
stability in spaces of exponentially localized perturbations was studied by Pego and Weinstein [1994]
(see also [Mizumachi 2001] for perturbations with algebraic decay).
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Our strategy for establishing the asymptotic stability result in Theorem 1.1 is reminiscent of ideas
developed by Martel and Merle [2006; 2008a; 2008b] for the Korteweg—de Vries equation, and successfully
adapted by Béthuel, Gravejat and Smets in [Béthuel et al. 2014] for the Gross—Pitaevskii equation.

The main steps of the proof are similar to the ones for the Gross—Pitaevskii equation in [Béthuel et al.
2015]. Indeed, the solitons of the Landau-Lifshitz equation share many properties with the solitons of
the Gross—Pitaevskii equation. In fact, the stereographic variable Y defined by

ur+iu
w - 11+u32
satisfies the equation

— |2 U
et + 5 GV — bl = T @),

which can be seen as a perturbation of the equation for the travelling waves of the Gross—Pitaevskii

equation, namely
0V 4+ (1 — WY —icd, ¥ =0.

However, the analysis of the Landau—Lifshitz equation is much more difficult. Indeed, we rely on a
Hasimoto like transform in order to relate the Landau—Lifshitz equation with a nonlinear Schrodinger
equation. Doing so, we lose some regularity. We have to deal with a nonlinear equation at the L>-level
and not at the H'-level as in the case of the Gross—Pitaevskii equation. This leads to important technical
difficulties.

Returning to the proof of Theorem 1.1, we first translate the problem into the hydrodynamical for-
mulation. Then, we prove the asymptotic stability in that framework. In fact, we begin by refining the
orbital stability. Next, we construct a limit profile, which is smooth and localized. For the proof of the
exponential decay of the limit profile, we cannot rely on the Sobolev embedding H' into L™ as was done
in [Béthuel et al. 2015]. We use instead the results of Kenig, Ponce and Vega in [Kenig et al. 2003], and
the Gagliardo—Nirenberg inequality (see the proof of Proposition 2.9 for more details). We also have to
deal with the weak continuity of the flow in order to construct the limit profile. For the Gross—Pitaevskii
equation, this property relies on the uniqueness in a weaker space (see [Béthuel et al. 2015]). There is
no similar result at the L2-level. Instead, we use the Kato smoothing effect. The asymptotic stability in
the hydrodynamical variables then follows from a Liouville type theorem. It shows that the only smooth
and localized solutions in the neighbourhood of the solitons are the solitons. Finally, we deduce the
asymptotic stability in the original setting from the result in the hydrodynamical framework.

In Section 2 below, we explain the main tools and different steps for the proof. First, we introduce the
hydrodynamical framework. Then, we state the orbital stability of the solitons under a new orthogonality
condition. Next, we sketch the proof of the asymptotic stability for the hydrodynamical system and we
state the main propositions. We finally complete the proof of Theorem 1.1.

In Sections 3 to 5, we give the proofs of the results stated in Section 2. In Section 3, we deal with
the orbital stability in the hydrodynamical framework. In Section 4, we prove the localization and the
smoothness of the limit profile. In the last section, we prove a Liouville type theorem. In a separate
appendix, we show some facts used in the proofs, in particular the weak continuity of the (HLL) flow.
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2. Main steps for the proof of Theorem 1.1

The hydrodynamical framework. We introduce the map m := m| 4+ im». Since m3 belongs to H'(R), it
follows from the Sobolev embedding theorem that

im(x)| =1 —m3@x)"/? -1

as x — F00. As a consequence, the Landau-Lifshitz equation shares many properties with the Gross—
Pitaevskii equation (see, e.g., [Béthuel et al. 2008]). One of these properties is the existence of a
hydrodynamical framework for the Landau-Lifshitz equation. In terms of the maps m and ms, this
equation may be written as

10;m — m30 M +moy,mz —mms3 =0,

d;m3 + 0y (im, 0,m)c = 0.
When the map m does not vanish, one can write it as m = (1 — m%)l/ 2expip. The hydrodynamical
variables v := m3 and w := d, ¢ satisfy the system

{atv = 0:((V* = Dw),

Oy U (3,v)2
atw:3x<lixv2 +U(1_XUZ)2

This system is similar to the hydrodynamical Gross—Pitaevskii equation (see, e.g., [Béthuel et al. 2015]).!

(HLL)

Fow?— 1)).

We first study the asymptotic stability in the hydrodynamical framework.
In this framework, the Landau—Lifshitz energy is expressed as

1 N2
E(v) :=/Re(n) :=§/R(l(”_v2 +(1—v2)w2+v2>, (2-1)

where v := (v, w) denotes the hydrodynamical pair. The momentum P, defined by

P(v) = / o, 2-2)
R

is also conserved by the Landau-Lifshitz flow. The momentum P and the Landau-Lifshitz energy E play
an important role in the study of the asymptotic stability of the solitons. When ¢ # 0, the function .
does not vanish. The hydrodynamical pair Q. := (v, w,) is given by

(1 _ C2) 1/2
cosh((1—=c?)1/2x)

cve(x)  c(1—=c»)2cosh((1—c?)/%x)
l1—v.(x)2  sinh((1—=c?)V/2x)24¢2

and w.(x) =

Ve(x) = (2-3)

The only invariances of (HLL) are translations and the opposite map (v, w) — (—v, —w). We restrict
our attention to the translation invariances. All the analysis developed below applies when the opposite
map is also taken into account. For a € R, we define

Oca(x):=0c(x —a) = (ve(x —a), w.(x —a)),

IThe hydrodynamical terminology originates in the fact that the hydrodynamical Gross—Pitaevskii equation is similar to the
Euler equation for an irrotational fluid (see, e.g., [Béthuel et al. 2014]).
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a nonconstant soliton with speed c. We also set
NV(R) := {U =, w)e H'(R) x L>(R) | ngx lv] < 1}.

This nonvanishing space is endowed in the sequel with the metric structure provided by the norm
ol iz = (I0ll3 + lwl3) .
Orbital stability. A perturbation of a soliton is provided by another soliton with a slightly different
speed. This property follows from the existence of a continuum of solitons with different speeds. A
solution corresponding to such a perturbation at initial time diverges from the soliton due to the different
speeds of propagation, so that the standard notion of stability does not apply to solitons. The notion of
orbital stability is tailored to deal with such situations. The orbital stability theorem below shows that a
perturbation of a soliton at initial time remains a perturbation of the soliton, up to translations, for all time.
The following theorem is a variant of the result by de Laire and Gravejat [2015] concerning sums of
solitons. It is useful for the proof of the asymptotic stability.

Theorem 2.1. Let ¢ € (—1, 1) \ {0}. There exists a positive number o, depending only on c, with the
following properties. Given any (vo, wg) € X (R) := H'(R) x L*(R) such that

ag = |[(vo, wo) — Qcallx®) < ¢ (2-4)

for some a € R, there exist a unique global solution (v, w) € CO(R, NV(R)) to (HLL) with initial datum
(v, wo), and two maps ¢ € C'(R, (=1, 1)\ {0}) and a € C' (R, R) such that the function & defined by

e(-,0) = (v(-+a@),n, w(-+a@),1)) = Qcu (2-5)
satisfies the orthogonality conditions
(e(-, 1), 0x Qeny) 2wy = (€(+5 1), Xew)) 22 =0 (2-6)

forany t € R. Moreover, there exist two positive numbers o, and A., depending only and continuously
on c, such that

maﬂ%( vix, 1) <1-—o,, 2-7)
leC-, Ollxm + le®) —cl < Aca®, (2-8)
I' )] +1a'(t) —c(®)| < Aclle(-, Dl xw). (2-9)

foranyt eR.

Remark. In this statement, the function yx. is a normalized eigenfunction associated to the unique negative
eigenvalue of the linear operator

¢ =E"(Qc) +cP"(Q0).
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The operator H,. is self-adjoint on L?(R) x L?(R), with domain Dom(#,) := H?(R) x L>(R) (see (A-42)
for its explicit formula). It has a unique negative simple eigenvalue —A, and its kernel is given by

Ker(H,.) = Span(0, Q.). (2-10)

Our statement of orbital stability relies on a different decomposition from that proposed by Grillakis,
Shatah and Strauss in [Grillakis et al. 1987]. This modification is related to the proof of asymptotic
stability. A key ingredient in the proof is the coercivity of the quadratic form G, which is defined in
(2-46), under a suitable orthogonality condition. In case we use the orthogonality conditions in [Grillakis
et al. 1987], the corresponding orthogonality condition for G, is provided by the function v 'S9. Q. (see
(2-40) for the definition of S), which does not belong to L?*(R). In order to bypass this difficulty, we use
the second orthogonality condition in (2-6) for which the corresponding orthogonality condition for G,
is given by the function v !Sx., which does belong to L%(R) (see the appendix for more details). This
alternative decomposition is inspired by the one used by Martel and Merle [2008a].

Concerning the proof of Theorem 2.1, we first establish an orbital stability theorem with the classical
decomposition of Grillakis, Shatah and Strauss [Grillakis et al. 1987]. This appears as a particular case of
the orbital stability theorem in [de Laire and Gravejat 2015] for sums of solitons. We next show that if
we have orbital stability for some decomposition and orthogonality conditions, then we also have it for
different decomposition and orthogonality conditions (see Section 2 for the detailed proof of Theorem 2.1).

Asymptotic stability for the hydrodynamical variables. The following theorem shows the asymptotic
stability result in the hydrodynamical framework.

Theorem 2.2. Let ¢ € (—1, 1)\ {0}. There exists a positive constant . < o, depending only on ¢, with
the following properties. Given any (vy, wo) € X (R) such that

I (vo, wo) — Qcallx®) =< Be,

for some a € R, there exist a number ¢* € (—1, 1)\ {0} and a map b € C' (R, R) such that the unique
global solution (v, w) € CO(R, NV(R)) to (HLL) with initial datum (vo, wo) satisfies
and

b(t) — c*
ast — +00.
Theorem 2.2 establishes a convergence to some orbit of the soliton. This result is stronger than the one
given by Theorem 2.1 which only shows that the solution stays close to that orbit.

In the next subsections, we explain the main ideas of the proof, which follows the strategy developed
by Martel and Merle [2008a; 2008b] for the Korteweg—de Vries equation.
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Construction of a limit profile. Let ¢ € (—1, 1) \ {0}, and let (vg, wy) € X(R) be any pair satisfying
the assumptions of Theorem 2.2. Since B; < «, in the assumptions of Theorem 2.2, we deduce from
Theorem 2.1 that the unique solution (v, w) to (HLL) with initial datum (vg, wg) is global.

We take an arbitrary sequence of times (#,),en tending to 4+oco. In view of (2-8) and (2-9), we may
assume, up to a subsequence, that there exist a limit perturbation £; € X (R) and a limit speed ¢ € [—1, 1]
such that

e 1) = (v(-+aty), t), w(-+an), tn)) — Ociy — & in X(R), (2-12)
and
c(ty) = ¢4 (2-13)

as n — +00. Our main goal is to show that

(see Corollary 2.15). For that, we establish smoothness and rigidity properties for the solution of (HLL)
with the initial datum Q.x + &g.

First, we require the constant 8, to be sufficiently small so that, when the number . which appears in
Theorem 2.1 satisfies o < ., then we infer from (2-8) and (2-9) that

min{c(t)?, a'(t)*} > f, max{c(r)?,d' (1)} <1+ % (2-14)
and 5 ,
o) = v +a(), Dl < minf S, 12 (2-15)

for any ¢ € R. This yields, in particular, that ¢ € (—1, 1) \ {0}, and then, that Qc;; is well-defined and
different from the black soliton.
By (2-8), we also have
lco — ¢l < AcBe, (2-16)

and, applying again (2-8) well as (2-12) and the weak lower semicontinuity of the norm, we also know
that the function

(vg, wp) 1= Qe + &5
satisfies
(g, wy) — Ocllx® < AcBe+ 11Qc — Ot xw)- (2-17)

We next impose a supplementary smallness assumption on B, so that

(v, wy) — Qcllxm < . (2-18)

By Theorem 2.1, there exists a unique global solution (v*, w*) € Co%(R, NV(R)) to (HLL) with initial
datum (v, wg), and two maps c¢* € C'(R, (=1, 1)\ {0}) and a* € C'(R, R) such that the function &*
defined by

8*( ) t) = (U*( . +a*(t)7 t)v w( : +a*(t)v I)) - QC*(t) (2_19)
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satisfies the orthogonality conditions
(€, 1), 0x Qerr)) L2y = (€7, D) Xer) 22 = 0, (2-20)
as well as the estimates
le* (-, Dl x @ + 1" (1) = el 4 |a™' (1) = * ()] < Acll(vg, wg) = Qellx®), (2-21)

for any t € R.
We may take f. small enough such that, combining (2-16) with (2-17) and (2-21), we obtain

min{c*(t)%, (a*)'(¢)*} > % max{c* (1), (a*)'(1)*} < 1 + % (2-22)
and
2 _ 2
[oeC) = 0" +a* 0. )] gy < min{%, I = } (2-23)
for any 7 € R.

Finally, we use the weak continuity of the flow map for the Landau—Lifshitz equation. The proof relies
on Proposition A.1 and follows the lines of the proof of Proposition 1 in [Béthuel et al. 2015].

Proposition 2.3. Let t € R be fixed. Then
(V-4 alt), ta+1), w(-+alty), tn+0)) = (V. 0, w -, 1) inXR), (2-24)

while
at,+t)—a(t,) — a*(t) and c(t,+1)— c*(t) (2-25)

as n — +o0. In particular, we have
e(- ty+1)—e"(-,1) inX(R) (2-26)
asn — 400.

Localization and smoothness of the limit profile. Our proof of the localization of the limit profile is based
on a monotonicity formula.

Consider a pair (v, w) which satisfies the conclusions of Theorem 2.1 and suppose that (2-14) and
(2-15) are true. Let R and ¢ be two real numbers, and set

Ir() = 19" (t) = % / [vw](x +a(t), H)®(x — R) dx,
R
where @ is the function defined on R by
®(x) := (1 + th(vex)), (2-27)

with v :=+/1 —¢2/8.
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Proposition 2.4. Let R€R,t € Rand o € [—o¢, o ], with o, :=~/1 — ¢2/4. Under the above assumptions,
there exists a positive number B., depending only on ¢, such that

1—¢2

%[IRW(I)] > /R [(0:0)* +v* +w](x +a(t), )P (x — R — o) dx — Bee 2*IFHo!l - (2-28)

In particular, we have
Ir(11) = Ig(fg) — Bee 2!" (2-29)
for any real numbers to < ti.
For the limit profile (v*, w*), we set I5(1) := I,(e”*’w*>(t) for any R € R and any ¢ € R.

Proposition 2.5 [Béthuel et al. 2015]. Given any positive number §, there exists a positive number R,
depending only on &, such that we have

Ix()| <8 VYR =Rs,
[Ix(t) — P(v*, w*)| <8 VR <—Rs
foranyt e R.

The proof of Proposition 2.5 is the same as that of Proposition 3 in [Béthuel et al. 2015].
From Propositions 2.4 and 2.5, as in [Béthuel et al. 2015] we derive:

Proposition 2.6 [Béthuel et al. 2015]. Let t € R. There exists a positive constant A, such that

t+1
[ 10w+ @+ @Rl a6 drds < A
t R

We next consider the following map, which was introduced by de Laire and Gravejat [2015]:

-_l3x—v~_21/2) ~ _
._2<(1_v2)]/2+1(1 )20 expif, (2-30)
where .
0(x, 1) :2—/ v(y, Hw(y, 1) dy. (2-31)
—00
The map W solves the nonlinear Schrédinger equation
30 + 3, U + 2| WP + 2020 —Re(W(1 —2F (v, U)) (1 —2F (v, ¥)) =0, (2-32)
with .
F(U’ II!)(-X’ t) :Z/ U(y’ f)\p()’» t) dy’ (2_33)
—00

while the function v satisfies the two equations
dv =20, Im(V(2F (v, ¥) — 1)),
dv =2Re(¥(1 —2F (v, ¥))).
The local Cauchy problem for (2-32)—(2-34) was analyzed by de Laire and Gravejat [2015]. We recall the

following proposition which shows the continuous dependence with respect to the initial datum of the
solutions to the system of equations (2-32)—(2-34) (see [de Laire and Gravejat 2015] for the proof).

(2-34)
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Proposition 2.7 [de Laire and Gravejat 2015]. Suppose that the pairs 0, v% e HY(R) x L*(R) and
(@°, \’170) € HY(R) x L%(R) are such that

8,0 =2Re(WO(1 —2F (1%, W0))) and 9,0° =2Re(¥°(1 —2F (7, T0))).
Given two solutions (v, W) and (9, W) in C°([0, T,.], H' (R) x LA(R)), with (¥, U) € L*([0, T,.], L®(R))2,
1o (2-32)—(2-34) with initial data (v°, ¥°) and (?°, \T’O) respectively, for some positive time T, there exist

a positive number t, depending only on ||v0||Lz, ||170||Lz, ||\I-’O||Lz and ||{I70||Lz, and a universal constant A
such that we have

lv="2vlleoqo.71.2) + IV — Wllcogo. 7.2y + 1Y — Wl 140,77,
< A(IW° =002+ W0 =00 2)  (2-35)

for any T € [0, min{z, T..}]. In addition, there exists a positive number B, depending only on ||v°| 2,
1500 2, 19Ol 2 and B0 2, such that

18,0 — dxDlleoo.77.22) < B(IIV" = 00012 + 10 — WO 2) (2-36)
forany T € [0, min{z, T,}].

This proposition plays an important role in the proof of not only the smoothing of the limit profile, but
also the weak continuity of the hydrodynamical Landau—Lifshitz flow.

In order to prove the smoothness of the limit profile, we rely on the following smoothing type estimate
for localized solutions of the linear Schrodinger equation (see [Béthuel et al. 2015; Escauriaza et al. 2008]
for the proof of Proposition 2.8).

Proposition 2.8 [Béthuel et al. 2015; Escauriaza et al. 2008]. Let A € R, and consider a solution
u € CO(R, L*(R)) to the linear Schrodinger equation

[0;u+ 0y yu=F, (LS)

with F € L>(R, L*(R)). Then there exists a positive constant K, depending only on A, such that

T T+1
x2/ /laxu(x,t)|2e)‘x dxdtglgf /(|u(x,z)|2+|F(x,t)|2)e“ dx dt (2-37)
-TJR — R

T-1

for any positive number T.

We apply Proposition 2.8 to W* as well as all its derivatives, where W* is the solution to (2-32)
associated to the solution (v*, w*) of (HLL), and then express the result in terms of (v*, w*) to obtain:

Proposition 2.9. The pair (v*, w*) is indefinitely smooth and exponentially decaying on R x R. Moreover,
given any k € N, there exists a positive constant Ay ., depending only on k and ¢, such that

/[(8}5*%*)2 + (3507 + (3w (x +a* (1), e M dx < Ay (2-38)
R

foranyt e R.
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The Liouville type theorem. We next establish a Liouville type theorem, which guarantees that the limit
profile constructed above is exactly a soliton. In particular, we will show that j =
The pair ¢* satisfies the equation

3e* = THer 1y (%) + I Rerne* + (@ (1) — (1)) (35 Q1) + 3x™) — ¢ ()3 Q1) (2-39)

where J is the symplectic operator

J =280, = (_Sa _f)a*) , (2-40)
X

and the remainder term R.«)e™ is given by
Rer@ye™ = E'(Qery +&°) — E'(Qer (1) — E"(Qex (1) (€7).

We rely on the strategy developed by Martel and Merle [2008a] (see also [Martel 2006]), and then applied
by Béthuel, Gravejat and Smets in [Béthuel et al. 2015] to the Gross—Pitaevskii equation. We define the
pair

u (-, 1) = SHery(€°(-, 1)). (2-41)
Since SHex(r)(0x Qe+ (1)) = 0, we deduce from (2-39) that
du™ = Herry (I Su™) + SHerry (JRex (1) €™) — (€)' (1) SHex (1) (e Q1))

+ () (S Her 1y (%) + (@) (1) — " (1)) SHerry (re™). (2-42)

Decreasing further the value of 8. if necessary, we have:

Proposition 2.10. There exist two positive numbers A, and Ry, depending only on ¢, such that we have®

d 1—¢2
E(/ xu”f(x,t)ui(x,t)dx) > 16C ||u*(-,t)||§((R)—A*Ilu*(-,t)lli(mo,m (2-43)
R

foranyt eR.

We give a second monotonicity type formula to dispose of the nonpositive local term ||u™* (-, 1) ||§(( B(O.R,)
on the right-hand side of (2-43). If M is a smooth, bounded, two-by-two symmetric matrix-valued function,
then

i(Mu*, u) 2w = 2(SMu’™, Her (=20,u™)) 12(y2 + “superquadratic terms”, (2-44)

dt
01
s=(01).

where S is the matrix
2In (2-43), we use the notation
I ey = [ (@SP4 1248

in which Q denotes a measurable subset of R.
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For c € (—1, 1)\ {0}, let M, be given by

20004V, Oy Ve

)2
Moo= | (7v7 v (2-45)
Oy 0
Ve
We have the following lemma.
Lemma 2.11. Letc € (—1, 1)\ {0} and u € X*(R). Then
G.(u) :=2(SMcu, Hc(_zax”)>L2(R)2
2 2 4 2
:2/ pe (w2 = 2y - 2e0cdxve oy +3/ Y (o - axvcul) , (2-46)
R e pe(1=v7) R Me Ve
where
e = 2(8,0)* +v2(1 — v?) > 0. (2-47)
The functional G, is a nonnegative quadratic form, and
Ker(G.) = Span(Q,). (2-48)

We have indeed chosen the matrix M, such that M.Q. = 9, Q. to obtain (2-48). Since Q. does not
vanish, we deduce from standard Sturm-Liouville theory that G, is nonnegative, which is confirmed by
the computation in Lemma 2.11.

By the second orthogonality condition in (2-20) and the fact that H .« (x+) = —):C* X+, We have

0= (Her(Xer)s €5) 22 = (Her (8%), Xer) 2wz = (U™, SXe) L2y (2-49)
On the other hand, we know that
(Qex, Sxer) = P'(Qe) (Xe) #0, (2-50)

so that the pair u™* is not proportional to Q.+ under the orthogonality condition in (2-49). We claim the
following coercivity property of G. under this orthogonality condition.

Proposition 2.12. Let c € (—1, 1) \ {0}. There exists a positive number A, depending only and continu-
ously on c, such that

Ge(u) > A / [(Bxu1)* + (1)* + (u2)*1(x)e > dx, (2-51)
R

for any pair u € X(R) verifying
<1/l, SXC)LZ([R)Z =0. (2-52)

Coming back to (2-44), we can prove the next proposition.
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Proposition 2.13. There exists a positive number By, depending only on ¢, such that

dt
— B.lle* (- Dl Y g
foranyt e R.
Propositions 2.10 and 2.13 have the following corollary.

Corollary 2.14. Set

1 0 X 2R,
N@) =5 (x 0) + Ay B.e*® Moy,

There exists a positive constant A, such that we have

LN @ 0,07 0) ) 2 Al LD

foranyt € R. Since

—+00
/ 103 g dt < +00,

—00

there exists a sequence (t)xen such that
Jim (- Oz @ =0
In view of (2-20), (2-41) and the bound for H.+ in (A-43), we have
le* (-, Dllxm < Acllu™ (-, Dllxw),
Hence, we can apply (2-56) and (2-57) in order to obtain
Jim e C i)l =0-
By (2-58) and the orbital stability in Theorem 2.1, this yields:
Corollary 2.15. gy =0.

L (M-, 0, 0 D) ) = - fR [(@:u})? + @) + )], 1)e ™ dx

l* G Dl (2-53)

(2-54)

(2-55)

(2-56)

(2-57)

(2-58)

At this stage we obtain (2-11) for some subsequence. We should extend this result for any sequence.

The proof is exactly the same as the one done by Béthuel, Gravejat and Smets in [Béthuel et al. 2015]

(see Subsection 1.3.4 in [Béthuel et al. 2015] for the details).

Proof of Theorem 1.1. We choose a positive number §, such that || (vg, wo) — Qcllx®) < B, whenever
dg(m®, u;) < 8.. We next apply Theorem 2.2 to the solution (v, w) € C°(R, NV(R)) to (HLL) corre-
sponding to the solution m to (LL). This yields the existence of a speed ¢* and a position function

b such that the convergences in Theorem 2.2 hold. In particular, since the weak convergence for

m3 is satisfied by Theorem 2.2, it is sufficient to show the existence of a phase function 6 such that
exp(i6(1))dcm (- 4+ b(1),t) is weakly convergent to d,u+ in L?(R) as t — oo. The locally uniform
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convergence of exp(i6(¢))m( -+ b(t), t) towards it~ then follows from the Sobolev embedding theorem.
We begin by constructing this phase function.

We fix a nonzero function x € C2°(R, [0, 1]) such that y is even. Using the explicit formula of i+, we
have

. x (x)

e () x (x) dx =2¢* / dx #0. (2-59)
'/R ‘ R cosh(\/l - (c*)zx)

Decreasing the value of g if needed, we deduce from the orbital stability in [de Laire and Gravejat 2015]

that
x(x)

R cosh(y/1 — (¢*)%x)

‘/nﬁ(x—i—b(t),t)x(x)dx > |c¥| dx £0 (2-60)
R

for any r € R.
Let Y : R? — R be the C! function defined by

Y(t,0):= Im<e—f"/ m(x +b(t), 1) x (x) dx).
R

From (2-60) we can find a number 6y such that Y (0, y) = 0 and 95 Y (0, 8y) > 0. Then, using the implicit
function theorem, there exists a C! function 6 : R — R such that Y'(¢, #(¢)) = 0. In addition, using (2-60)
another time, we can fix the choice of 6 so that there exists a positive constant A such that

Y (t,0(1)) = Re<e—i9<’>/ mx +b@), 1) x(x) dx> > A > 0. (2-61)
R
Differentiating the identity Y (¢, 8(¢)) = 0 with respect to ¢, this implies that

Y (1, 0) | _ LIBIT(L@(I))I (2-62)

O OI= 5T 60 = Ax

for all + € R. Now, we differentiate the function Y with respect to 7, and we use the equation of m to
obtain

Y (t,0(1) = Im(e”/ X () (B (x 4+ b(1), O (1) — im3(x +b(1), )3yt (x +b(2), 1)
R
Fim(x +b(1), Ddgm3(x +b(t), 1) — im3(x +b(t), Hi(x +b(1), 1)) dx>. (2-63)

Since b € Cg (R, R), and since both 9,7 and 9,7 belong to CS(R, H~'(R)), it follows that the derivative
9’ is bounded on R.
We denote by ¢ the phase function defined by

px+b(), 1) = @), t)+/0 w(y +b(),1)dy,

with @(b(2), t) € [0, 27], which is associated to the function m (x + b(¢), t) for any (x, t) € R?2 in the way
that
m(x+b(1), 1) = (1 —m3(x +b(t), 1) explig(x + b(t), 1)).
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It is sufficient to prove that
exp(i ((b(t), 1) —6(1))) — 1 (2-64)

as t — oo to obtain
exp(i(p (- +b(0). 1)~ 00) — explige (1) = exp(i [ wedy) in LE®
0
as t — oo. This implies, using Theorem 2.2 once again as well as the Sobolev embedding theorem, that

e O3 (- +b(1). 1) = dyiie in LA(R),

o . (2-65)
e ! (t)m( . —I—b(f), 1) = U in LfOOC(IR)

as t — oo. Now let us prove (2-64). We have

e_ie(’)f m(x+b(), 1)y (x)dx
R

= exp(i[q)(b(t), 1) _Q(I)]).A;a(l — m%(x +b(1), t))l/2 exp(i/(; w(y+b(),1) dy)x(x) dx.

We use the fact that Y (¢, 8(¢)) = 0 to obtain
cos(p(b(1), 1) — 6(1)) Im(/ (1 —m3(x +b(1), 1)/? exp(i/xw(y +b(@),1) dy)x(x) dx)
R 0

+sin(p(b(1), t) — 6(1)) Re(/ (1 —m3(x +b(1), 1)"/? exp(ifxw(y +b(1), 1) dy)x(x) dx) =0.
R

0
On the other hand, by (2-61), we have

cos(p(b(t),t) —0(2)) Re([ ¢! —m%(x +b(1), 1))/ exp(i/xw(y +b(t), 1) dy)x(x) dx)
R 0

—sin(p(b(1), 1) — 6(1)) Im(/ (1 —m3(x +b(1), 1)/? exp(i/xw(y +b(1), 1) dy)x(x) dx) > 0.
R 0

We derive from Theorem 2.2 and (2-59) that
Im(/R(l —mi(x +b(),1)"? exp(i/oxw(y +b(t), 1) dy)x(x) dx) - Im(/R lies (X) x (%) dx) =0,
and

Re(/R(l —mi(x +b(t),1))"? exp(ifoxw(y +b(1), 1) dy)x(x) dx) — Re(/R e () x (%) dx) > 0.

This is enough to derive (2-64).
Finally, we claim that 6’(t) — 0 as t — o0o. Indeed, we can introduce (2-65) into (2-63), and we then
obtain, using the equation satisfied by ., that

o Y(t,6()—0

as t — 00. By (2-62), this yields 6'(z) — 0 as t — oo, which finishes the proof of Theorem 1.1. O
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3. Proof of the orbital stability

First, we recall the orbital stability theorem, which was established in [de Laire and Gravejat 2015] (see
Corollary 2 and Propositions 2 and 4 in [de Laire and Gravejat 2015]).

Theorem 3.1. Let c € (—1, 1)\ {0} and (vy, wo) € X (R) satisfying (2-4). There exist a unique global solu-
tion (v, w) € C°(R, NV(R)) to (HLL) with initial datum (v, wo), and two maps ¢; € C'(R, (=1, 1)\ {0})
and a; € CY(R, R) such that the function €1, defined by (2-5), satisfies the orthogonality conditions

(e1(-, 1), 9 Qcy) 22 = P'(Qey)(e1(-, 1) =0 (3-1)
forany t € R. Moreover, e1(-, 1), c1(t) and a\(t) satisfy (2-7), (2-8) and (2-9) for any t € R.
With Theorem 3.1 at hand, we can provide the proof of Theorem 2.1.

Proof of Theorem 2.1. We consider the map

E((U, U)), o, b) = (<ax QO’,[‘H 8)L2><L2’ <X0‘,b’ 8>L2><L2)’

where we have set ¢ = (v, w) — Qsp, and xsp = X0 (- — b) (we recall that x, is the eigenfunction
associated to the unique negative eigenvalue —A, of the operator H,). The map Z is well-defined for,
and depends smoothly on, (v, w) € H'(R) x L?(R), o € (—1, 1)\ {0} and b € R.

We fix t € R. In order to simplify the notation, we substitute (c;(¢), a;(¢)) by (c1, a;). We check that

E(Qc.ar»c1,a1) =0,
and we compute
05 E1(Qey.ar> €1, a1) =0,
{3o E2(Qci.ars €1, a1) = —(Xey.ar» 00 Qeyoar ) 12512+
Let c € (—1, 1) \ {0} and suppose towards a contradiction that

(XC’ ac Qc>L2><L2 =0.

Using the fact that H.(3.Q.) = P'(Q.), this gives

0= (Xe» ach)L2><L2 = —={(Xe> Hc(ach»szLz =—=(Xc> P/(QC)>L2><L2~

1 1
R he

Since H, is self-adjoint, we also have
(Xes 0xQc)r2xr2 = 0.
By Proposition 1 in [de Laire and Gravejat 2015], we infer that
0> —Aellxell Tz, 2 = (tes HeXD 2wz = Aclixeli, 2 > 0,

which provides the contradiction and shows that

{(Xe 8ch)szL2 * 0 (3-2)
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for all c € (—1, 1) \ {0}. In addition, we have

{abEI(ch,a] o a) =10 0¢ 112, =2(1 — )2 > 0,

0pE2(Qe,ar» C1,a1) =0.

Therefore, the matrix

0 , 0 2572
dopE(Qey.ars €1 1) = ( W O Qv )

2(1—cp)!? 0

is an isomorphism from R? to R>.
Then, we can apply the version of the implicit function theorem in [Béthuel et al. 2014] in order to
find a neighbourhood V of Q. 4, a neighbourhood U of (¢, a1), and a map y,, 4, : Y — V such that

E((v, w),0,0) =0 (c(v,w),a(v, w)) :=(0,b) =yqa(v,w) V(v,w)eV, V(o,b) el
In addition, there exists a positive constant A, depending only on cy, such that
le@llx +1c(@) — 1O +1a(®) —ai (O] < Alle1(®)llx < Ae, Ao, (3-3)

where c(¢) :=c(v(t), w(t)), a(t) :=a(v(t), w(t)) and e(t) := (v(?), w(t)) — Ocw).a(r), for any fixed t € R.
Using the fact that (v(z), w(#)) stays in a neighbourhood of Q¢,(1).4,(:) for all # € R by Theorem 3.1, and
also the fact that ¢ satisfies (2-8), we are led to the following lemma.

Lemma 3.2. Under the assumptions of Theorem 3.1, there exists a unique pair (a, c) of functions in
CO(R, R?) such that

(1) == (v(®), w)) — Qey,a)
satisfies the orthogonality conditions
(e(1), 0x Qc(r),a) L2x 12 = (Xe),a), €M) 2512 = 0. (3-4)
Moreover, we have (2-8).

This completes the proof of orbital stability. Now, let us prove the continuous differentiability of the
functions a and c, as well as the inequality

') +1d'(t) —c®)] < Aclle (-, Dllx @), (3-5)

for all # € R. The C! nature of a and ¢ can be derived from a standard density argument as in [de Laire
and Gravejat 2015]. Concerning (3-5), we can write the equations satisfied by &, namely

dew = (@ (1) — c))dxve,a — ' ()3cve.a) + 3y (((Wea +80)* = D(vea +80) — (07, — Dwea)  (3-6)
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and
016y = (a/(t) - C(l))ach,a - C/(t)acwc,a
axxvc a + 8)CX8U (axvc a + 8X8U)2 axxvc a (aX vC a)2
0, ——— — ) ; _ a ,
o (1 et e? T e T2, a2,

+ 0y ((Ve,a + &) (Wea +8w)* — 1) — veo(wl, — D). (3-7)

We differentiate with respect to time the orthogonality conditions in (2-6) and we invoke equations (3-6)

and (3-7) to write the identity
el Y

Here, M refers to the matrix of size 2 given by

M= (0cQc» Xe)r2xp2 + <8cXc,aa E)L2xL2s
M1,2 = (Xe» 0xOc)p2x12 — (axXc,av E) 2% L2
M2,1 = _<ax Qc, ach)szL2 + <acax Qc,m 8)L2><L2,

M = 118: Qcll T2y 2 = (B5x Qc.as €) 1212
The vectors Y and Z are defined by

Y= (ach,aa ((vc,a + 81})2 - 1)(wc,a +8w) - (vCZ’a - l)wc,a>L2
+ (0 ve.ar (Wea +80)> — D(Wea +80) — (WE, — Do),
<3 Oxx Ve,q + Oxx€v Oxx Ve,a

- XX Uc,aa

1-— (Uc,a + sv)z B 1— vcz,a

> +C<axXc,ua E) 2% 12
L2

and

Z= (axxvc,as ((We,a + gv)z — D(weq+6&w) — (Ug,a - l)wc,a)Lz

+ <8xch,as ((wc,a + gw)z - 1)(vc,a + Sv) - (wcz»,a - l)vc,a>L2
axxvc,a + 0xx &y _ Oxyx Uc.a
l—(vegt+ep)? 1-— vg’a

_<axxch,a, > +C<axec,a’ E) 22
L2

We next decompose the matrix M as M = D + H, where D is the diagonal matrix of size 2 with
diagonal coefficients

Dl,l = (ach XC)L2xL2 7& 0,
by (3-2), and
Dy =113 Qe =2(1 —c(t))'/?,

so that D is invertible. Concerning the matrix H, we check that

(P/(Qc), 0xOc)2wr2 = (0x Qec, 0 Qc) 252 =0.
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Then,
H— (aL‘Xc,ua5>L2xL2 _<axXc,m 8>L2><L2
(acax Qc,a, 8>L2><L2 _<axx Qc,a’ 8>L2><L2
It follows from the exponential decay of Q. , and its derivatives that

|H| < Acllell L2 r2-

We can make a further choice of the positive number o, such that the operator norm of the matrix D 'H
is less than 1/2. In this case, the matrix M is invertible and the operator norm of its inverse is uniformly
bounded with respect to r. Coming back to (3-8), we are led to the estimate

IO+ d' (1) —c@)| < A(IY (O + | Z@)]). (3-9)
It remains to estimate the quantities ¥ and Z. We write
|<ach,a’ ((Ve,q + 81))2 — D(we,q + &w) — (via - 1)wc,a)L2|
= |<ach,av (83 + zvc,agv)wc,a + gw((‘gv + vc,a)z - l)>L2‘
< Acllell2xp2-
Arguing in the same way for the other terms in Y and Z, we obtain
Y1+ 1Z1 = Olell 2x12),

which is enough to deduce (3-5) from (3-9).
To complete the proof, we show (2-7). Using the Sobolev embedding theorem of H'(R) into C°(R),
we can write

max v(x, 1) < lveyllze® + V(5 1) = Vey,am e ®) < ey |y + le@) | x w) -

By (2-3), llvellzemy < 1, so that (2-8) implies that there exists a small positive number y, such that
lve@y ll L@y < 1 — y.. We obtain

max v, ) =l =ye+lle@®llxm =1 —ye +ac.
For «, small enough, the estimate (2-7) follows, with o, := —a, + ¥,. Ol

4. Proofs of localization and smoothness of the limit profile

Proof of Proposition 2.4. The proof relies on the conservation law for the density of momentum vw. Let
R and ¢ be two real numbers, and recall that

Ir() =1 (1) :=%A[vw](x—i—a(t),t)Q(x—R)dx,

where @ is the function defined on R by

®(x) = 1(1 + th(vex)),
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with v, := +/1 — ¢2/8. First, we deduce from the conservation law for vw (see Lemma 3.1 in [de Laire
and Gravejat 2015] for more details) the identity

%[IRJFM(I)] =—(d'(t)+0) / [vw](x +a(t),t)®' (x — R —ot)dx
R

—i—/R[vz—Fw — 302w’ + (13 vz)z(a v) ](x+a(t) H®'(x — R —ot)dx

+/[ln(l—vz)](x-l—a(t),t)cb’”(x—R—Gt)dx. (4-1)
R

Our goal is to provide a lower bound for the integrands on the right-hand side of (4-1).
Notice that the function ® satisfies the inequality

|®"| < dv?d'. (4-2)

In view of the bound (2-14) on a’(¢) and the definition of o., we obtain that

9+7¢2
@/ +o? < 2 (4-3)
Hence, we deduce
%[lm(,,(z)] > / [4u3 In(1 — v?) + v> + w? — 3v%w?
R
2 9+7c .
+ (0,v)" —/ —vw| |(x +a@®),))®' (x — R —ct)dx =1 J1 + J. (4-4)

At this step, we decompose the real line into two domains, [— Ry, Rg] and its complement, where Ry is to
be defined below, and we denote by J; and J; the value of the integral on the right-hand side of (4-4) on
each region. On R\ [— Ry, Ro], we bound the integrand pointwise from below by a positive quadratic
form in (v, w). Exponentially small error terms arise from integration on [— Ry, Rp].

For |x| > Ry, using Theorem 2.1 and the Sobolev embedding theorem, and choosing «p small enough
and Ry large enough, we obtain

l(x +a(), D] < ley(x, D] + Ve (0] < Ac(@o +exp(—v'1 = 2Ro)) < 15 (4-5)

for any ¢t € R. Using the fact that In(1 —s) > —2s for all s € [O, %] and introducing (4-5) in (4-4), we

obtain

2
ey f [0+ w0 + @) 2](x +a(t), DO (x — R — 1) dx. (4-6)
[x|>Ro

We next consider the case x € [— Ry, Ro]. In that region, we have
|[x —R—o0t|>—Ro+ |R+ot|.

Hence,
@' (x — R — o1) < 2u.e?VRop=2velRtotl (4-7)
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Since the function | In( - )| is decreasing on (0, 1], in view of (2-7) and (4-4),
|Ja] < Ae / [v2 4+ w? + (8,v)*1(x +a(r), )®' (x — R —o't) dx.
[x|<Ro

Then, by (4-7) and the control on the norm of (v, w) in X (R) provided by the conservation of the energy,
we obtain
|J2| < BC€_2VCIR+O-Z|.

This finishes the proof of (2-28). It remains to prove (2-29). For that, we distinguish two cases. If R > 0,
we integrate (2-28) from t = 1y to t = (fp + t1)/2, choosing ¢ = o, and R = R — oy, and then from
t=(to+1t1)/2tot =1t choosing 0 = —o. and R = R+ o.t;. If R <0, we use the same arguments for the
reverse choices 0 = —o, and 0 = o.. This implies (2-29), and finishes the proof of Proposition 2.4. [

Proof of Proposition 2.9. Let W* and v* be the solutions of (2-32)—(2-34) expressed in terms of the
hydrodynamical variables (v*, w*) as in (2-30). We split the proof into five steps.

Step 1. There exists a positive number A, depending only on ¢, such that

t+1
/ / 10, W™ (x + a* (1), s)|%e" P dx ds < A, (4-8)
t R

foranyt e R

By (2-23) and (2-30),
[W*| < Ac(|0xv™] + [w™]). (4-9)

In view of Proposition 2.6 and the fact that |a*(#) — a*(s)| is uniformly bounded for s € [t — 1, t 4+ 2] by
(2-22), this yields
142
/ / |W*(x 4+ a*(1), s)2e®* dx ds < A.. (4-10)
-1 JR
We define
F*:= —3(")?W* + Re(W* (1 — 2F (v*, U%))(1 — 2F (v*, U*)).

We recall that ||[v*||zorxr) < 1 — 0 by (2-23). Using the Cauchy—Schwarz inequality, the Sobolev
embedding theorem and the control of the norm in X (R) provided by the conservation of energy, we have
F*, ¥*) e L (R x R). Hence,

|F*] < A W7, (4-11)

where A, is a positive number depending only on ¢. Then, by (4-10),

t+2
/ [ |F*(x +a*(1), )|*e® P dx ds < A, (4-12)
t—1 JR

for any ¢ € R. Next, by Proposition 2.7, we have

I (r—1.r42) %) < Ac. (4-13)
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Indeed, we fix t € R and we denote by

W), v)) == (W (- +a*t = 1), 1= D, v*(-+a*@t = 1), 1 = 1)),
(W1(s), v1(5)) := (\IJ*( Fatt—1D,t—14+s),v"(-+a*(t—-1),t—1 —I—s))

the corresponding solution to (2-32)-(2-34). Denote also by

(W9, 09) 1= (Wer(r—1y, Verr—1))s
(W2(s), 2(5)) := (Wer -1y (x — (1 = 1)$), ver—1y (x — c* (£ — D)s))

the corresponding solution to (2-32)—(2-34), where W.«(; is the solution to (2-32) associated to the
soliton Q). We have, by (2-35),

W1 (5) — W2 ()l 22 g0.z1.20) < A(IV) — 0312 + WY — W2l 12).

Using (2-21), we obtain

[W1(s) — W2 ()l 240,71, L) < Ac,

where 7. = 7 (1001l 22, 91122, 1Yl 2, 11D 12) depend only on ¢. Since [0,3]1 € |J  [kte, (k+ Dz,

we can infer (4-13) inductively. 0<k=3/%

In addition, by (4-9), we have
(- +a™(0), I oo qr—1,1421,L2) < Ac 4-14)

Hence, applying the Cauchy—Schwarz inequality to the integral with respect to the time variable, (4-10),
(4-13) and (4-14),

t+2
/ /|\D*(x+a*(t),s)|4e”‘|x|dx ds
t R

-1

t+2
5/ /|\v*(x+a*(z),s)|2e”c'xdx||\p*(s)||ioo(R)ds
t—1 R

K% (). )W/ )2 s w2
= ”\Ij ( +a (t)v )e ||L4([tfl,t+2],L2(lR))”ql ( +a (t)’ )||L4([tfl,t+2],L°°(R))
< [W*(-+a*(), - e 2=t 121, 2@NNW* -+ a™ (@), )l Loo(r—1.0421.L2®R))
* * 2
”"Il (+a (t)a .)||L4([t—l,t+2],L°°(R))
< A.. (4-15)

In order to use Proposition 2.8 on W*, it is sufficient to verify

sup / |W*(x +a*(1), s)2e® M dx ds < A.. (4-16)
selt—1,t4+2] JR
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Indeed, using (4-16) and (4-13), we can write
142
/ [W*(x +a*(1), s)|%e> ¥ dx ds
-1 JR
112 4

< || \IJ*( -+ a*(t)9 : )eu -1 ||L°°([tfl,t+2],L2(R)) ”\'IJ*( . +Cl*(t), : ) ||L4([l‘—l,t+2],L°°(R))

<A, 4-17)
which proves that W* satisfies the assumptions of Proposition 2.8. Then, we apply Proposition 2.8 with
=W (-4+a*@), -+ t+1/2), T:=1/2, F := |u|>u+ F*(-, t+1/2) and successively A := v, and
we use (4-10) and (4-12) to obtain (4-8).

Now let us prove (4-16). First, we recall the next lemma stated by Kenig, Ponce and Vega [Kenig et al.
2003].

Lemma 4.1. Leta € [-2, —1] and b € [2, 3]. Assume that u € C°([a, b] : L*>(R)) is a solution of the
inhomogeneous Schrodinger equation

[0;u—~+ 0y u=H, (4-18)
with H € L'([a, b] : L*(eP* dx)), for some B € R, and
ug=u(-,a), up=u(-,b) e L* dx). (4-19)
Then there exists a positive number K such that

sup lu(-, Ol L2(epraxy < K(||Ma||L2(eﬁde) + llubll2eprax) + ||H||L1([a,b],L2(eﬁde)))- (4-20)

a<t<b

In order to apply the lemma, we need to verify the existence of numbers a and b such that (4-19)
holds for u := W*(-+a*(t), - +1) and such that H := |u|*u+ F*(-,-+1) € L'([a, b], L*(e#* dx)) for
B = L. respectively and any ¢ € R. Our first claim is a consequence of (4-10) and the Markov inequality.
Indeed, there exist so € [—2, —1] and s € [2, 3] such that

/|\I/*(x+a*(t),sj+t)|262”‘x|dx§Ac for j =0, 1.
R

For the second claim, due to (4-12) and the Cauchy—Schwarz estimate, it is sufficient to show that
lul>u € L'([-2, 3], L*(e"" dx)). To prove this we use the Cauchy—Schwarz inequality for the time
variable, (4-10) and (4-13),

3 1/2
/ </ |\IJ*(x+a*(t),s+t)|662”f|x|dx) ds
-2 R

= ||\IJ*( : +a*(t)a -+ t)eUC| 'l HLZ([_273],L2)”\IJ*( : +a*(t)’ : +t)||i4([—2,3],[,°°)
< A..

Now we may apply Lemma 4.1 with a = 59 and b = s to deduce (4-16). This finishes the proof of the
first step.
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In the next step, we prove that (4-8) remains true for all the derivatives of W* and v*.

Step 2. Let k > 1. There exists a positive number Ay ., depending only on k and ¢, such that

t+1
/ / 185W* (x +a* (1), 5)|Pe" M dx ds < Ay (4-21)
t R

and

t+1
/ / 185v* (x +a* (1), 5)|*e" W dx < Ay (4-22)
t R

foranyt e R.

The proof of Step 2 is by induction on k£ > 1. We are going to differentiate (2-32) k times with respect
to the space variable and write the resulting equation as

10, (0NW*) 4 8, (35 W) = Ry (v, W), (4-23)

where R (v*, ¥*) = a§(|\p*|2w*) + BfF*. We are going to prove by induction that (4-21), (4-22) and

t+1
/ f IR, (v*, W) (x +a*(1), s)|?e" W dx ds < Ay, (4-24)
t R

hold simultaneously for any # € R. Notice that (4-21) implies that 9W* € L} (R, L*(R)), while (4-24)

implies that Ry (v*, ¥*) € L? (R, L?>(R)). Therefore, if (4-21), (4-22) and (4-24) are established for

loc
some k > 1, then applying Proposition 2.8 to 9¥W* can be justified by a standard approximation procedure.

For k = 1, (4-21) is exactly (4-8). Equation (4-22) holds from Proposition 2.6 and the fact that
la*(t) —a*(s)] is uniformly bounded for s € [t — 1,  + 2]. Next, we write

Ri(v*, U¥) = —v*3,v*W* — L(v*)20,¥* +Re (8, U*(1 — 2F (v*, U%)))(1 — 2F (v*, U*))
— 2% WH (1 — 2F (v*, W¥)) — 20*W* Re(W*(1 — 2F (v*, U%)) — 28, (¥*|¥*|9)).
We will show that

U e L[t —1,t+2], L°(R)) (4-25)

in order to control the derivative of the cubic nonlinearity by |9, W*|, and then we will use the fact that
F@*, ¥*) € LR x R), ||[v*||L~®xr) < 1 and the second equation in (2-34) to get

Ri(v*, W¥) < K (10, W*| 4 [0,0%] ||+ [W*]?). (4-26)
Let us prove (4-25). We define the function H on R by

H(s) :=%/R(|8xlll*(x,s)|2—|\Il*(x,s)|4) dx.
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We differentiate it with respect to s, integrate by parts and use (2-32) to obtain

H'(s)=— Re(/ Oy W (x, )[Ox W* +2WH W 2] (x, 5) dx)
R

= Re(/ W™ (x, ) F*(x,s) dx)
R
<3 ) [ -1 @) 1 F* () | 1 ) - (4-27)

We have
0 F*| < K (185 9%] + |9, 0% |WF| + | W*]?),

using the fact that F (v*, ¥*) € L°(R x R), |[v*||z~®mxr) < 1 and the second equation in (2-34).
Hence, by (4-8), (4-10), (4-15) and the fact that |0, v*| < |¥*| on R x R, we obtain

10x F* Il L2(t—1, 1421, 12®)) < Ac- (4-28)

On the other hand, we infer
Has\lj*||L2([t—1,t+2],H*1([R€)) <A, (4-29)

from (2-32), (4-8), (4-12) and the fact that W* € L*([r — 1, 1 + 2], L°(R)) N L[t — 1, + 2], L*(R)).

Next, we integrate (4-27) between ¢ — 1 and ¢ 4 2 and apply the Cauchy—Schwarz inequality to obtain
HeWhi(t—1,t+2) forallr e R using (4-28) and (4-29). Notice that all these computations can be
justified by a standard approximation procedure. This yields, by the Sobolev embedding theorem, that
H e L®([t — 1, t +2]). We conclude that the derivative 3, V* € L>®([t — 1, r + 2], L*>(R)). Indeed, we
can use the Gagliardo—Nirenberg inequality and the fact that ¥* is uniformly bounded in L>(R) by a
positive number to write

1
H) = 5 [ 1000 0o )P dx = A6y 1997 )z
R

=3 [ B 9P dx = AR Ol

The function x — %xz — AM?x diverges to +00 when x goes to +00. Since H is bounded, we infer that
10 W*(- )l L2(w) is uniformly bounded on [¢ — 1, # 4- 2] for all # € R. This finishes the proof of (4-25) by
the Sobolev embedding theorem. Then, by (4-26), (4-24) for k = 1 is a consequence of (4-8), (4-15) and
the fact that |9, v*| < |¥*| on R x R.

Assume now that (4-21), (4-22) and (4-24) are satisfied for any integer 1 <k < kp and any 7 € R. Let us
prove these three estimates for k =ko+1. We apply Proposition 2.8 with u := 8)16“’ W*(+a*(t), - +(t+1/2)),
T :=1/2 and successively A := Fv.. In view of (4-21), (4-23), (4-24) and the fact that |a*(¢) — a™(s)] is
uniformly bounded for s € [t — 1, ¢ + 2], this yields

t+1
/ / 18RI (x 4 a* (1), 5)| 2" dx ds < A, (4-30)
r JR

so that (4-21) is satisfied for k = ko + 1.
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Letk € {1, ..., ko}. We use the induction hypothesis and (4-30) to infer that
I e L2([t, 1 4+ 11, HA(R)).

Also, we have
aw* e H([t, 1 4+ 1], L*(R))

using (4-23) and (4-24). This yields, by interpolation,
3w e H2B([r,t + 11, H}(R)).

Hence, using the Sobolev embedding theorem, we obtain

A e L®([r,t + 1], L°(R)) forallt e R. (4-31)
On the other hand, since |d,v*| < |V*|, we have, by (4-25), that 9,v* € L*°([¢, t + 1], L°°(R)). For
ke{2,..., ko}, we differentiate the second equation in (2-34) k times and we use (4-31) to obtain
k—1 k—2
|aj§v*|5K(Z|a;w*|+2|a;v*), (4-32)
j=1 j=0

where K is a positive constant. By induction we infer from (4-31) that
v e Lo([t, t + 1], LX(R)) forallt € R, (4-33)

forall k € {2, ..., ko}. Then, we just compute explicitly Ry +1(v*, ¥*) and we use (4-31) and (4-33) to
obtain

ko+1 ko
| Rigr1 (vF, WH)| < Akoﬂ,c,K(Z EANESY |a;v*|>.

j=0 j=1

Hence, by (4-21) for all k < kg, (4-22) and (4-30), we obtain (4-24) for k = ko + 1. Finally, we introduce
(4-21) for all kK < ko4 1 and (4-22) for all k < kg into (4-32) to deduce (4-22) for k = kg + 1. This finishes
the proof of this step.

In order to finish the proof of Proposition 2.9, we now turn these leoc in time estimates into L* in
time estimates, and then into uniform estimates.

Step 3. Let k > 0. There exists a positive number Ay ., depending only on k and ¢, such that
/R |05 W* (x +a* (1), O)Pe" ™ dx < Ap (4-34)
for any t € R. In particular, we have
|05 w* (- +a*(t), t)e/2I"] | ey < Akee (4-35)

for any t € R, and for a possibly different choice of the positive constant Ag..
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Here, we use the Sobolev embedding theorem in time and (4-23) for the proof. By the Sobolev
embedding theorem, we have

[ (- a @, e gy = K (00597 +a" 0,90 [ Ly oy

k /2112
+ ||8x‘~11*( - a* (1), s)et )] lHLZ([z—l,tH],LZ(R)))’
while, by (4-23),

8, (95w (- +a* (1), )21 |2, 052w (- a* (1), )e/21 |2,

M= i+1LL2R)) = 2(
D1 1112

H R CHa* @), )™ e

so that we finally deduce (4-34) from (4-21) and (4-24). The estimate (4-35) follows from applying the

Sobolev embedding theorem to (4-34).
The function v* satisfies a similar inequality:

([t—1,1+1],L2(R))

Step 4. Let k € N. There exists a positive number Ay ., depending only on k and ¢, such that
f (a;]ccv*(x +a* (1), l‘))zevclxl dx < Apc (4-36)
R
and
k /2| -
Jokv (- +a* @), e D1 L < Ak 4-37)
foranyt e R.

The proof is similar to the proof of Step 3 using the first equation in (2-34) instead of (2-32). We use
the Sobolev embedding theorem to write

2

[0%v* (- +a*@), t)e“c"‘||jz < K (|8, (85v* (- +a*@), s)e™! )| L2 Li+11,L2R)

R) —
N2
+ ||k v* (- +a* (@), 5)e"! lHLZ([t—l,t—HJ,Lz(R)))'

By the first equation in (2-34), (4-21), (4-23) and (4-33), we have

85 (850" C 4@ 090" ) a1y 2y = A

This leads to (4-36). The uniform bound in (4-37) is then a consequence of the Sobolev embedding
theorem.
Finally, we provide the estimates for the function w*.

Step 5. Let k € N. There exists a positive number Ak ., depending only on k and ¢, such that
/ |0 w* (x +a* (1), )" dx < Ay (4-38)
R

and
|o5w* -+ a*@), e n) < Axc (4-39)

foranyt e R.
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The proof relies on the last two steps. First, we write
v = 19, ((1— v)H) ! expif™).

Since (1 — v*(x, 1)»)!/? expif*(x,t) - 1 as x — —oo for any ¢ € R, we obtain the formula

2F(v*, ") =1—(1—@"HH 2 expib*. (4-40)
Hence, using (2-30), we have
U*(1-2F(v*, ¥*))
W — 2Im( s ) (4-41)
Combining (2-7) and (4-40), we recall that
[1 —2F(v*, *)|
<A.. (4-42)
1— (v*)?
Hence, we obtain
|w*| < Ac[W¥].

Then, (4-38) and (4-39) follow from (4-34) and (4-35) for k = 0. For k > 1, we differentiate (4-41) k
times with respect to the space variable, and using (4-35), (4-37) and (4-42), we are led to
k k—1
|3k w*| < Ak,c<z EANE |a,{v*|).
j=1

j=0

We finish the proof of this step using Steps 3 and 4. This completes the proof of Proposition 2.9. O

5. Proof of the Liouville theorem

Proof of Proposition 2.10. First, by (2-38) and the explicit formula for v. and w, in (2-3), there exists a
positive number Ay . such that

[ (@etce 0+ Ghep ey < A, (5-1)
R
for any £ € N and any 7 € R. In view of the formulae of H, in (A-42) and for u* in (2-41), a similar

estimate holds for u*, for a possibly different choice of the constant Ay .. As a consequence, we are
allowed to differentiate with respect to the time variable the quantity

T5(@) = /xu’f(x, Hus(x, t)dx
R
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on the left-hand side of (2-43). Moreover, we can compute
%(I*) = _2/RM<HC*(8XM*)a u*>R2+/[RM<HC*(JRC*8*)»“*>R2
@ [ 00 @00 w0+ € [ 0 ),
+ (@) =" fR p(He (9x€%), ")z, (5-2)

where we have set u(x) = x for any x € R.
At this stage, we split the proof into five steps. The proof of these steps is similar to the proof of
Proposition 7 in [Béthuel et al. 2015].

Step 1. There exist two positive numbers Ay and Ry, depending only on ¢, such that

ﬁuw=—g@ (Hes (Dutt™), u*) g2 nu<tmam—AmM«Jwammm (5-3)

foranyt e R.

We introduce the explicit formula of the operator # .« in the definition of Z(¢) to obtain

Oy U o ut
THE) =2 a(x—1> *—2/ 1= ()2 = (54 (€D +2vh) —1
0] AM 2 uj RM( ()" =G+ () C)(1 1) uj

1+ 02 (1402)?
+2f ,uc*—z(axu’z‘)uf—2/ u(c )2—3(8)6”916)“7
R 1 — v R (1—v%)

LAt v
+2/ - — < (@udui — 2/ (1 —v2) (Bcub)us.
R
Integrating each term by parts, we obtain

Iy (t) = / ((x, 1) dx,
R

f{:( o el )(8u )2—2c*( SARAL LS UCZ) h
1 —vi 1—v2 1 —vi (1_UZ*)

1+2((c*)? = 3)v2 + 2(c*)* = 3k
(1—v2)3
((c*)? = 3) + (2(c")? = 3)v2 — v’

+4x0, VU < (uh)?
X vc C (l_vc*)“ ( )

c*

+( - v —2x0, vc*vc*)(uz)

(1)

Let § be a small positive number. We next use the exponential decay of the function v, and its derivatives
to guarantee the existence of a radius R, depending only on ¢ and § (in view of the bound on ¢* — ¢ in
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(2-21)), such that

2
G ) > (2 —8)@xut) (x. 1) + (1 < - 6)((u1‘)2(x, 0+ U, 1)

when |x| > R.

Then, we choose § small enough and fix the number R; according to the value of the corresponding R,
to obtain

_ 2
/ Gx, 1) dx > I sc / (@cuf(x, ) +uf(x, ) +ub(x, 1)?) dx. (5-4)
[x[=Ry [x[=Ry

On the other hand, it follows from (2-3), and again (2-8), that

/ G, t)dx > <1
[x|<R;

for a positive number A; depending only on ¢. Combining with (5-4), we obtain (5-3).

—c?

_Al)/ (@uf (x, ) +uf(x, ) +uj(x, 1)?) dx
[x|<R

Step 2. There exist two positive numbers A, and Ry, depending only on ¢, such that

1

_ 2
;)] = = 64C ||u*(’7t)||§(([kg)+A2||u*(‘,f)||§((3(0,1e2)) (5-5)

/ Pt (JReve™), )
R

foranyt e R.

We refer to the proof of Step 2 in the proof of Proposition 7 in [Béthuel et al. 2015] for more details.
We infer the next step from (2-9), (2-57), the explicit formula of H . in (A-42) and the exponential
decay of the function d. Q.+ and its derivatives.

Step 3. There exist two positive numbers Az and Rs, depending only on ¢, such that

—2

1
T3 (0] == | () / WHe B Q). )| < =l L0y + A3l G DI sy (5-6)
R

foranyt e R.

We decompose the real line into two regions, [—R, R] and its complement, for any R > 0. We use the
fact that |x| < e"<*!/* for all |x| > R, to write

|Z; (1) SRI(c*)’(t)I/|| | He (1) (Be Qi) (¥) [ |* (x, 1) | dx
X|<R

+81() @ | Hex (1) (B Q) () | (x, 1) P14 dix
¥|=R

for any ¢t € R. We deduce from (2-9), the explicit formula of .+ in (A-42) and the exponential decay of
the function 9. Q.+ and its derivatives that

1Z5 ()] < Ac(RIlu* (-, Dl x@0.8) + 8™ Dllx @) 15 Dl 2wy
for any ¢ € R. Hence, by (2-57),

R2
501 = Ac( 510 D0,y + 20005 Dy )-
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We choose 8 so that 24,8 < (1 — ¢?)/64, and we denote by R4 the corresponding number R, to obtain
(5-6), with Ay = AR}/S.
Similarly, we use (2-9), (2-21) and (2-57) to obtain:

Step 4. There exists two positive numbers A4 and Ry, depending only on ¢, such that

1

=

2
—C
1Z3 (0] = LDk + Aslw™ G0k so,Ry  (57)

(C*)//Rﬂ<ac%c* (%), u™)ge2

foranyt eR.
The last step follows from an argument as in Step 3.

Step 5. There exist two positive numbers As and Rs, depending only on ¢, such that

T2 = (@) =) / B (M (06™), ")
R
1_C2 * 2 * 2
= 64 | ("t)||x([Ra)+A5||” ('7t)||X(B(O,R5)) (5-8)

foranyt e R
Finally, combining the estimates in Steps 1 to 5 with the identity (5-2), we obtain

1—¢?
16
allowing us to conclude the proof of (2-43) with

d
S T0) = (- Ol @ — (A1 + A2+ Az + As+ As) (- DX 50,7,y

Ry, = max{Ry, Ry, R3, R4, Rs},
A=A+ A+ A3+ Ay + As. ]
Proof of Lemma 2.11. When u € H3(R) x H'(R), the function d,u is in the space H2(R) x L*(R) which

is the domain of #.. The scalar product on the right-hand side of (2-46) is well-defined in view of (2-45).
Next, we use the formula for H. in (A-42) to express G.(u) as

(SMcu, Hc(_zaxu)>L2(R)2

:2/ 3, U, 1—c2—(5+62)v3+2vf+C2(1+Uc2-)2_262M 1Aty
R (1—v2)2 (1—v2)3 (1=vd)?

_2/ axvcax(axxu12>+2f 8xvc(l_v3)u28xuz
R Ve 11— R Ve

9, U, 3 ve(1 4 v?
+2c/<2v° xv;maxuz—L—i_gC)ax(uluz)). (5-9)
r\ 1—v: ve(1 —v7)

Ve

We recall that v, solves the equation
derve = (1 — ¢ = 2v2)v,, (5-10)

which leads to

8.x C
@00 = (1 —c®—v2)? and ax< ° )2—02. (5-11)

Uc
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Then, the third integral on the right-hand side of (5-9) can be written as

A ve(1 —v7
2[ = _Uc)uzaxm:/l‘cu%s (>-12)
R R

Ve

with 1. :=2(8,v.)% 4+ (1 — vf)vf. Similarly, the last integral is given by

Ve 0y Vg 3, ve(1 4+ v?) / 2 Ve 0y U
2——uduy — ———<-9 =— 2 0 . 5-13
/R( 1_v3M1 U ve(l—2) o (u1u2) . vuuy + 1_v3u2 U (5-13)
Combining (5-12) and (5-13) with (5-9), we obtain the identity
cvc2 2C0: 05V 2
(SMeu, He(=20xu)) 2y =1+ | pe|ur — —ur — ————-0dxui ),
R He pe(l —vg)
where
_ / 2(8xvc (1 — 2= (5+ A+ 20t L 1+ 02 > 52 v}, v, )ula “
- X
R\ Ve (1—v2)? (1—-v2)? pe(l—v?2)
P 9 4 9 2.2
—/ xvcu13x< “”‘2)_& Yz g [ O
R Ve l_vc R Mc Rﬂc(l_vc)
Using (5-10) and (5-11), we finally deduce that
4
9.v. \2
1 = 2/ v—c(axl/tl — xvcul) s
2 R Mc 2%
which finishes the proof of (2-46). Il

Proof of Proposition 2.12. We first rely on (2-3) and (2-46) to check that the quadratic form G, is
well-defined and continuous on X (R). Next, setting

v = (Velt1, Velt2), (5-14)

and using (5-10), we can express it as

vf. 20, V¢ 2 e Che CU:0x Ve 2
R O e R B I o2 )L (1)
R Me Ve R Vg el —v7) el —v7)

c

where we have set A, := — . + 4(d,v.)%. From (2-48) and (5-14) we deduce that
Ker(K.) = Span(v.Q.). (5-16)

Let w be the pair defined in the following way
CV:0yx U
w=|v,v,—2———0 vl).
( pe(l—v) ™
We compute
Kc(v) = (Te(w), w) 2(w)2, (5-17)
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with
Te(w) =
vf. 8vﬁ(8xvc)2—2vf(l—vf) 4(3,v.)? c2(2c2—1+v3)2v(2. c(2€2—1—|—vf)
=30 | —0ywi |+ 5 + o Jwi— L)
¢ 25 He He(1—v2) (1-v2)
(5-18)
cc?—1+ vf) n e
— S w +—w
1—v3) Tt

The operator 7; in (5-18) is self-adjoint on L?(R)?, with domain Dom(7;) = H?(R) x L?(R). In addition,
combining (5-15) with (5-17) we deduce that 7. is nonnegative, with a kernel equal to

_ 2 2cv3(axvc)2)}
Ker(7.) = Span{ (vc, —Mc(l — ) .

At this stage, we divide the proof into three steps.

Step 1. Let c € (—1, 1) \ {0}. There exists a positive number A1, depending continuously on c, such that
(Tow). wap = A [ (wh 0 (5-19)
R
for any pair w € X'(R) such that

2cv%(8,v,)?
<w, (vf, va)» =0, (5-20)
el — UC) L2(R)?

We claim that the essential spectrum of 7. is given by

Oess (Tc) = [T¢, +00), (5-21)
with
=115 >0. (5-22)

Here, we have set

o 41— +c22c%—1)? n 3—-2c?
Le = 2(3—2¢2) 2

and

2N 2002 1)2 2
D= (4(1 c)re(Ze - (3-2¢)) +4c* @~ 1),
’ 3—2¢2
In particular, O is an isolated eigenvalue in the spectrum of 7.. The inequality (5-19) follows with A
either equal to 7., or to the smallest positive eigenvalue of 7.. In view of the analytic dependence on ¢ of
the operator 7., A1 depends continuously on c.

Now, let us prove (5-21). We rely on the Weyl criterion. It follows from (2-47) and (5-10) that

Me(x) 2 (axvc)z(x) 1-¢?
3—-2 d
v 0T T T T 32
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as x — oo. Coming back to (5-18), we introduce the operator 74, given by
3 41— +c*Q2c?—1)?
———30
Tuw) = | 3222 %Wt 3-2c2
—c2c? = Dw + B =23 ws

w; —c(2c¢? — Dw,

By the Weyl criterion, the essential spectrum of 7. is equal to the spectrum of 7.
We next apply again the Weyl criterion to establish that a real number A belongs to the spectrum of 75,
if and only if there exists a complex number & such that

> (.3 2 41 =cH+cr 23 -1)?
* <3—2c2|§| + 3—2¢2

This is the case if and only if

+3—2€2)k+3|§|2+4(1 ) =o.

41— 422 —1)2 43¢ n 3—-2¢2

- 2(3—2¢2) 2
l((4(1—c2)+62(2c2—1)2+3|§|2
2 3—-2c2

This leads to gess(7c) = 0 (To) = [T¢, +00), with 7. as in (5-22). This completes the proof of Step 1.

A

+

— @3- 2c2)>2 F4R 23— 1)2>1/2.

Step 2. There exists a positive number A,, depending continuously on c, such that
Ke() = As / (@0 + 07 +v3), (5-23)
R

for any pair v e X' (R) such that
(v, v Sxe) 2wy = 0. (5-24)

We start by improving the estimate in (5-19). Given a pair w € X'(R), we observe that

2
(Te(w), w) 2yt — 3 / e gown?| < A, f w? + wd).
R Mc R

Here and in the sequel, A, refers to a positive number depending continuously on c¢. For 0 <t < 1, we
have

v2
(Te(w), w) 2@ = (1= T(Te(w), w) 2@y + 37 fR M—C(axwl)2 — AT fR (Wi +w3).
Since vc2 /ite = 1/(3 —2¢?), this yields
3
(Tew), w22 = (1= T)A; — AcT) / W +wd) + 2 / (yw1)?
R 3—2C R

under condition (5-20). For t small enough, this leads to

(Te(w), w) 2wy > Ac / ((Bew)* + wi + w3) (5-25)
R

when w satisfies condition (5-20).
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Since the pair w depends on the pair v, we can write (5-25) in terms of v. By (5-17), K.(v) is equal to
the left-hand side of (5-25). We deduce that (5-25) may be expressed as

2 2 2cve(0xve) 2
K.(v) zAc/I%((axvl) +v1)+Ac/%(v2_maxvl) .

We recall that, given two vectors a and b in a Hilbert space H, we have
2 2 T 2
lla=bly = tllaly — 10l

for any 0 < 7 < 1. Then, we deduce that

A Ve (05 0¢) 2
K.(v)> A 8v2+v2+1v2—fc/(cxcav>.
c(v) C/I;E(( V1) 1 2) 1—1 R ,ch(l—Ucz-) x Ul

We choose t small enough so that we can infer from (2-3) that

K.(v) > A, / ((3cv1)* + vf +v3) (5-26)
R
when w satisfies condition (5-20), i.e., when v is orthogonal to the pair
be = <v§ — 0, <2CU3 (8xv"2)2), 2ev; (axvczﬁ) (5-27)
ne(l=v2) )" pe(1=v2)

Next, we verify that (5-26) remains true, decreasing possibly the value of A., when we replace this
orthogonality condition by

(v, Ve Qc) 2Ry = 0. (5-28)
We remark that
(0e, Ve Qc)LZ(R)Z £ 0.

Indeed, we would deduce from (5-26) that
0=Kc(v:Qc) = A, f (0202 + vf + (vewe)?) > 0,
R

which is impossible. In addition, the number (v., v.Qc)12®)> depends continuously on ¢ in view of
(5-27). Given a pair v satisfying (5-28), we denote by X the real number such that v = Av. Q. + v is
orthogonal to v.. Since v. Q. belongs to the kernel of K., using (5-26) we obtain

K. (D) = K.(0) > A, / ((3x01)* + 0] +03). (5-29)
R

On the other hand, since v satisfies (5-28), we have
(0, Ve Qc) 2Ry
|| vC QC ”iZ(R)Z

Using the Cauchy—Schwarz inequality, this yields

A2 < A, (/R(vz1 + (vcwc)z)) (/R (07 + u%)).
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Hence, by (2-3) and (5-29),
22 < AKo(0) = A K. (D).

Using (5-29), this leads to
/((axﬁl)2 + 07 4+93) < 2<x2/ V2 ((3xve)? + v+ w?) + f ((3:01)? + 07 + n%)) < AK (D).
R R R

We finish the proof of this step applying again the same argument. We write v = Av.SQ. + U, with
(0, v:Qc) L2mwy2 = 0. Since v Q. belongs to the kernel of K., we infer from the same argument that

Ko(v) = Ko(D) = A / (B)?2 + 2 + 2. (5-30)
R

Using the orthogonality condition in (5-24), we obtain

(0, v Sxe) 12wy
(Qc» SXc)LZ(R)Z '

By the Cauchy—Schwarz inequality, we are led to
32 < Aoy Sxell a2 /R (57 +13).
Invoking the exponential decay of . in (A-46), we deduce
g Sxel 72y g2 < A
As a consequence, we can derive from (5-30) that
W< AK (D) = AK ().

Combining again with (5-30), we are led to

/R (@Bcv)® +v7 +v3) < 2()? /R vz ((8xve)> + 07 +wg) + /R (@01 + 57 + 65)) < AcKc(v).
which completes the proof of Step 2.

Step 3. End of the proof.

Since the pair v depends on the pair « as in (5-14), we can write (5-23) in terms of u. The left-hand
side of (5-23) is equal to G.(u) by (5-15). Moreover, for the right-hand side, we have

/R((axul)2+u%+v§)=/Rvf((axu1)2+(2v§+c2)u%+u§).

We deduce that (5-23) may be written as

G(u) > A, / 2 ((Bxun)? +ut +ud), (5-31)
R
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when v.u verifies the orthogonality condition (5-24), which means that u verifies the orthogonality
condition (2-52). We recall that

Ve(x) > Ace_m
by (2-3), which is sufficient to obtain (2-51). This completes the proof of Proposition 2.12. 0

Proof of Proposition 2.13. First we check that we are allowed to differentiate the quantity
T* (@) = (Mesyu™ (-, 1), u™ (-, 1)) 2Ry

Indeed, by (2-41), (5-1) and (A-42), there exists a positive number Ay . such that
f((afu’{(x, D)’ + (05us(x, 1)) e M dx < Ay (5-32)
R
Next, using (2-42) and (2-45), we obtain

%(\7*) = 2<SMC*”*s Hc*(JSM*»LZ(R)z + 2<SMC*M*, Hc*(JRc*g*»Lz(R)z
+ 2((61*)/ — ") (SMu™, Hc*(axg*»Lz(R)Q - 2(6*)/<SMC*M*, Hex (0c QC"))LZ(R)2
+ (€9 Mesu™, ™) oy +2(™) (Meru™, S8 Her (%)) 2my2- (5-33)

The proof of (2-53) is the same as in [Béthuel et al. 2015]. We will give only the main ideas of the
proof. We will estimate all the terms on the right-hand side of (5-33) except the fourth term, which
vanishes.

For the first one, we infer from Proposition 2.12 the following estimate.

Step 1. There exists a positive number By, depending only on ¢, such that
Ti () = 2SMpu*, Hes (J Su™)) 22 > By / [(@:u)? + WD) + @3)*](x, t)e ™ dx
R

foranyt e R.
From (2-21), (2-57) and (5-1), we get an estimate for the second term.

Step 2. There exists a positive number By, depending only on ¢, such that

1/2
|75 (0] 1= 21 (SMesu*, Her (SR 2z ] < Balle* (-, DY 1 (- Dy

foranyt eR.
For the third one, we use (2-21) to obtain:

Step 3. There exists a positive number B3, depending only on ¢, such that
172
T 0] = 21@) = || (SMeur™, Her (3x™)) 22| < Bslle™ (-, Dl (- Dy
foranyt eR.

We now prove the following statement for the fourth term.
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Step 4. We have
\.74*(” = 2(C*)/<SMC*M*’ Hex (0 Qc*))Lz([R)2 =0

foranyt e R.
Since He+ (0. Q¢+) = P'(Q¢+) = SO+ and My« Qo+« = S0, Q.+, we have
(SMeu™, Her (3 Q) L2y2 = (Mestt™, Q) 2y = (U™, S3x Qet) 2Ry
= (e, He (0x Qc*))LZ([R)2 =0.

This is the reason why we do not need to establish a quadratic dependence of (¢*)'(¢) on &*.
Next, we use (2-3), (2-9), (2-21) and (2-45) to bound the fifth term.
Step 5. There exists a positive number Bs, depending only on ¢, such that

1/2
TE O] = 1) {8 Meru™, u*) 2] < Bslle™ (DY G 10 1y

foranyt e R.
Finally, we acquire a bound on the sixth term in the same way.

Step 6. There exists a positive number Bg, depending only on ¢, such that

T O] = () |[(Mesu*, S8:Hes () 2| < Bolle (- O gy 1™ G O sy

foranyt e R.

We conclude the proof of Proposition 2.13 by combining the six previous steps to obtain (2-53), with
B, :=max{1/B;, By + B3+ Bs + Bg}. O

Proof of Corollary 2.14. Corollary 2.14 is a consequence of Propositions 2.10 and 2.13. We combine the
two estimates (2-43) and (2-53) with the definition of N (¢) to obtain
d 1—¢?
SN O 0w G ee) = (e -

for any t € R. In view of (2-21), we fix the parameter B, such that

1/2
AB2ER e (LI Il 0 )

2 o 1=¢

%
le™ (-, Dllyw) < 324, B2F

for any ¢ € R, to obtain (2-54). In view of (2-3), (2-21) and (2-45), we notice that there exists a positive
number A, depending only on ¢, such that

I Moyl ey < Ac (5-34)

for any ¢ € R. Moreover, since the map 7 +— (N (£)u™(-, 1), u*(-, 1)) 2y is uniformly bounded by (5-32)
and (5-34), the estimate (2-55) follows by integrating (2-54) from t = —o0 to t = +o00. Finally, statement
(2-56) is a direct consequence of (2-55). Il
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Appendix A. Appendix

Weak continuity of the hydrodynamical flow. In this section, we prove the weak continuity of the
hydrodynamical flow, which is stated in the following proposition.

Proposition A.1. We consider a sequence (v,.0, Wn.0)nen € NV(R)Y, and a pair (vo, wo) € NV(R) such
that
Upo—vy in H'(R) and wyo— wo inL*(R) (A-1)

as n — +oo. We denote by (v,, w,) the unique solution to (HLL) with initial datum (v,0, wy,0) and we
assume that there exists a positive number T, such that the solutions (v,, w,) are defined on (—T,, T,),
and satisfy the condition

sup  sup maxv,(x,t)<1—o (A-2)
neN re(=T,,T,) *€R

for a given positive number o. Then, the unique solution (v, w) to (HLL) with initial datum (vy, wq) is
defined on (—Tmax, Tmax)» with?

Tmax = liminf 7,,
n—-+o0o

and for any t € (—Tax, Tmax), we have
() = v(@) in H'(R) and w,(t) — w®) in L*(R) (A-3)
as n — +OO

First we prove a weak continuity property of the flow of equations (2-32)—(2-34). Next, we deduce the
weak convergence of w,, from (4-41).

More precisely, we consider now a sequence of initial conditions (W, o, vs.0) € L*(R) x H'(R), such
that the norms ||W,, o||;2 and ||v, 0ll;2 are uniformly bounded with respect to n, and we assume that

sup |[vpollz=m® < 1. (A-4)

neN

Then, there exist two functions Wy € L2(R) and vy € H'(R) such that, going possibly to a subsequence,

U, 0— ¥y in L3 (R), (A-5)

vpo— vy in H'(R), (A-6)
and, for any compact subset K of R,

Un0 —> Vo in L(K) (A-7)

as n — +o00. We claim that this convergence is conserved along the flow corresponding to equations
(2-32)~(2-34).4

3See Theorem 1 in [de Laire and Gravejat 2015] for more details.
We only consider here positive time but the proof remains valid for negative time.
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Proposition A.2. We consider two sequences (W, 0)neN € L>(R)N and (Vn.0)neN € H'(R)N, and two
functions Wy € L%(R) and vy € H'(R), such that assumptions (A-4)—(A-7) are satisfied, and we denote by
(W, vy) and (W, v), respectively, the unique global solutions to (2-32)—(2-34) with initial data (W, o, vs.0)
and (Wy, vg), which we assume to be defined on [0, T'| for a positive number T. For any fixed t € [0, T],
we have

W,(-, 1) =~ (-, 1) in L*(R), (A-8)

v (- )= v, 1) in H'(R) (A-9)
when n — +00.

Proof. We split the proof into four steps.
Step 1. There exist three functions ® € L2([0, T1, L*(R)) and v € L*([0, T], H'(R)) such that, up to a

further subsequence,

W, (1) =~ ®(t)  in L*(R), (A-10)
va(-, ) =~v(-,1) in H(R), (A-11)
v, 1) = 0(-, 1) in LE(R) (A-12)
forallt €0, T], and
W, |20, — |®*® in L*([0, T], L*(R)), (A-13)

when n — +00.

Proof. We recall that there exists a constant M such that
[Waolllz <M and  [vpollgr =< M
uniformly on n. Applying Proposition 2.7 to the pairs (¥,, v,) and (0, 0), we obtain
1Wallco 2 + 1omllco gy + 1%l 41 < A(In0llz2 + 1m0l ).
This leads to
Wl 500 <2AM,  [Wallpgor2 <2AM  and  [|vyllpe gy < 2AM. (A-14)

Hence, there exist two functions ® € L ([0, 7], LZ(R))NL*([0, T], L*(R)) and v € L*([0, T], H'(R))
such that

W, X ® in L2([0, T], LA(R)),
vy — v in L®([0, T], H'(R)).

Let us prove (A-10) and (A-11). We argue as in [Béthuel et al. 2015] and we introduce a cutoff function
x € CZ(R) such that x =1 on[—1, 1] and x =0 on (—o0, 2]U[2, +00). Set x,(-) := x(-/p) for any
integer p € N*. By (A-14), the sequences (x, W, )nen and (X, V,)nen are bounded in cO([0, T1, L*(R)) and
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([0, 71, H'(R)), respectively. In view of the Rellich-Kondrachov theorem, the sets {x, W, (-, 1) |n € N}
and {x,v, (-, t) |n €N} are relatively compact in H “2(R) and H (R), respectively, for any fixed # € [0, T].
In addition, since the pair (¥, v,) is a solution to (2-32)—(2-34), we have that (09, ¥,,, d;v,) belongs to
C(10, T1, H 2(R) x H~'(R)) and satisfies

10: (- Dllg—2@w) < Km and 0,0, (-, Dl g-1m) < K-

This leads to the fact that the pair (x,W¥,, x,v,) is equicontinuous in c°([0, T], H2(R) x H™(R)).
Then, we apply the Arzela—Ascoli theorem and the Cantor diagonal argument to find a further subsequence
(independent of p), such that, for each p € N*,

xpWn — x,® in C°([0, T1, H2(R)), (A-15)
XpVn — xpo  inC°([0, T1, H ' (R)) (A-16)

as n — +00. Combining this with (A-14) we infer that (A-10) and (A-11) hold. By the Sobolev embedding
theorem, (A-12) is a consequence of (A-11).
Now, let us prove (A-13). Using the Holder inequality, we infer that

T
| [ 1ot dedr < 19,100y
0 R x T™x

By (A-14), we conclude that
IRARA s (A-17)

So, there exists a function ®; € L2(R x [0, T']) such that up to a further subsequence,
W, 2w, =~ ®; in L*(R x [0, T]).
Let us prove that & = |®|>®. To obtain this it is sufficient to prove that, up to a subsequence,
W, - & in L*([0, T], L*([—R, R))) (A-18)

for any R > 0, i.e., the sequence (V) is relatively compact in L*([—R, R] x [0, T]). Indeed, using the
Holder inequality, we obtain

|19 20 — RPP] o = (W = @)(Wa* +PP) + U @ (T — D) 015
<219 — @1 + 12D o5
<20, = @l (19l +1907, ) (A-19)
for any R > 0. By (A-17), (¥,,) is uniformly bounded in LS(R x [0, T]) and ® € L°(R x [0, T]). Then
W, *®, — [@[*® in L*°([—-R, R1x [0, T]),

so that &, =|P|>®. Now, let us prove that the sequence (W},) is relatively compact in L*([—R, R1x[0, T]).
The main point of the proof is the following claim.
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Claim 1. Let W be a solution of (2-32) in

([0, T1, L*(R)) N L*([0, T1, L>°(R)).

Then W € L2([0, T, H2(R)).

Proof. The proof relies on the Kato smoothing effect for the linear Schrodinger group (see [Linares and
Ponce 2009]). Let S(¢) = ¢/'%+, and

F(W,v) = 10>W —Re(V(1 —2F (v, ¥)))(1 —2F (v, ¥)). (A-20)

We recall that there exists a positive constant M such that

+00
sup f IDY2S(0) fF(0)1*dt < M| f112, (A-21)

xeR J—o0

and

< Mlhllpi,2 (A-22)

when f € L*(R) and h € L' (R, L>(R)) (see [Linares and Ponce 2009] for more details). We prove that
there exists a positive constant M such that

f S(—YDV2h(-, 1"y dt’
R

L2

1D Wl ez = MIWoll 2+ MW (1915 +T (07 +11-2F@. W)z ). (A-23)

The claim is a consequence of this estimate, so that it is sufficient to prove (A-23).
We write

t
W(x, 1) = SO Wo(x) +i / St — 1) (20W W) (x, 1)+ F(W, v)(x, 1)) di’
0
for all (x, t) € R. First, using (A-21), we obtain

+00
2
sup / |DY2S(t)Wo(x)|” dt < M|| Wl

xeR J—o0
For the nonlinear term, we can argue as in [Goubet and Molinet 2009] to prove that

< Mllglly1 .o (A-24)

L¥Ly

“/ St —1t)DV?g(-,t)dt
0

Using a duality argument, it is equivalent to prove that for any smooth function / that satisfies ||/ ;1,2 <1,
we have

/ S@= YD 2g(x, th(x, 1) dt' dx dt
Rx[0,T]

=Mligliyra- (A-25)
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Using the Cauchy—Schwarz and Strichartz estimates and (A-22), the left-hand side can be written as

T T
/(/ S(—z/)D;/zg(x,z’)dt’) (/ S(—t)h(x,t)dt) dx
R 0 0
T T
/(/ S(—t/)g(x,t/)dt’) (/ S(—)DY*h(x, 1) dt) dx
R 0 0

T
<M V S(=thgx,thdt'| <Mlglpia.
0 L2 T™x
This achieves the proof of (A-24). Similarly, we have
t
[ su=ipec ihar| < miglge. (A-26)
0 L®L2 T

We next apply (A-24) and (A-26) on the nonlinear terms to obtain, using the Cauchy—Schwarz and Holder
estimates,

/D}/ZS(z—z’)(|w|2\1/)(-,z/)dﬂ
0

3 2
< MW7 e < MW 2 1176
LO.OLZ T,x X T,x
x =T

and

“ / ID;/zS(t —tF(W,v)(-, 1) dr
0

< M ||J (LIJ, U)HLITL;%
L>*L2
X T

< MWl (I0lge +11=2F @, ®)l7x )

<MT'2| ¥z (Ivlge +11-2F @ Wi ).
Since v € L®([0, T], H'(R)) and ¥ € L>®([0, T], L*(R)), we know that ¥ € L*®([0, T'], L%(R)) and
F(¥,v) e LR x [0, T]). Using the fact that ¥ € L8R x [0, T]), we finish the proof of this claim. [J

Applying this claim to the sequence (W, ) yields that (\V,,) is uniformly bounded in L%([0, T, HIL/CZ([R)).
On the other hand, we have F(¥,, v,) € L>([0, T1, L*>(R)), since

vy € L0, T], H'(R)), W, e L*®(0,T],L*(R)) and F(V,,v,) € LR x [0, T]).

Then, using (2-32) and (A-17), we obtain that (¥,) is uniformly bounded in H 1[0, T], H2(R)).
Hence, by interpolation, (V) € H'1%(0, T1, H11/4([R{)), so that it converges in L*([—R, R]x [0, T)) for

ocC

any R > 0. This finishes the proofs of (A-18) and of Step 1. O
Step 2. We have

F(V,, v,) = F(d,0) in L*X(R), (A-27)
foranyt €0, T], and

F(W,, v,) = F(®,0) inLY([0,T], L2 (R)). (A-28)

loc
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Proof. Let ¢ € L*>(R). We compute
/ (W2, )W, (x, 1) — 0% (x, 1) D (x, 1)) (x) dx
R
_ / W2, 1) — 02k, )W (s 1) () dx + / (W (x, 1) = D(x, V2, NP (x) dx.  (A-29)
R R

The second term on the right-hand side goes to 0 when n goes to 400, since v%(t)¢ € L*>(R) for all t on
the one hand and using (A-10) on the other hand. For the first term on the right-hand side, we consider a
cutoff function x with support in [—1, 1] and let xz(x) = x(x/R) for all (x, R) € R x (0, +00). We set

1,(t) := / (W2 (x, 1) — 02 (x, )W, (x, 1) (x) dx,
R
1Y) = / (W2 (x, 1) — 0% (x, )W, (x, D) xR (X)P (x) dx,
R

12 = /R (W2(x, 1) — 02 (x, D)W, (x, 1) (1 — xr(x))p (x) dx,

so that [,(t) = I,El)(t) + 1,52) (t). By the Cauchy—Schwarz inequality, we have
1LV O] < 19Ol 2@ 191l 2y 107 (1) = 02Dl 2 - & R - (A-30)
Using (A-12) and (A-14), we infer that
V() = 0 foranyr e [0,T], (A-31)
as n — +o0o. Next, we write
112 O = (I0a O 1oy + 10O 1700 ) ¥ Ol 2y (1 = XRIP 2.

Since ¢ € L>(R), we have
Rli_)n;o (1= xr)PllL2w) = O.

In view of (A-14), this is sufficient to prove that

I, (1) >0 (A-32)
as n — 400, for all r € [0, T']. This yields
W2W,) (1) = (V*®)(r) in L*(R) (A-33)
for any ¢ € [0, T]. Now, we prove
V2, — 0*® in L([0, T1, L (R)). (A-34)

As in (A-29), we write

2 2 2 2 2
1020, = 02 ® 1 2 < 2 = 02 Wyl 1y + (W, — D)2 112
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For the first term on the right-hand side, we infer from the Cauchy—Schwarz inequality that
2_ .2 2_ .2
(v, — v )\IJnHLlTL?e <|lv,—v ”L%L%”wn”L%L%‘
1/2
< — 0.
< [lva U”L‘;L‘]‘e(”Un”L‘;L‘}‘a + ||U||L‘;L‘}?)T ||\IJ,,||L4;LR

On the other hand, by (A-14), v, is uniformly bounded on L%([0, T], H'(R)). By the first equation of
(2-34) and (A-14), v, is uniformly bounded in H 1[0, T1, H~'(R)). We deduce that v, is uniformly
bounded in H'/3([0, T], H'/3(R)) and so that v, converges to v in L*([0, T1, L*([—R, R])) as n — +o0.
Hence, using (A-14) once again, we obtain

2 2
12 = 02 Wyl 12 — O

as n — 4-00. For the second term we have, by the Cauchy—Schwarz inequality and the Sobolev embedding
theorem,
(W = )0l 1 < W0 = Pl 12 107113 10 < MPT 210, = @1l 122

This yields, using (A-18),
(W, = @)1 ;2 — 0

as n — 00, which proves (A-34). Next, we set
Gy, W) = W, (1 — F(vy, \Tjn))(l — F(v,, ¥,)).

We have, by (2-33),
0 F(v,, ¥,) =v,¥, and 0,F (v, d)=10d.

Using the same arguments as in the proof of (A-32), we obtain
0x F (vg, W) = 3, F (0, @) in L*(R))

for any ¢ € [0, T']. Hence,
F(v,, ¥,) > F(b, ®) in L. (R) (A-35)

for any ¢ € [0, T']. Using (A-10), (A-35) and the same arguments as in the proof of (A-33), we conclude that
G(un, W) = G(v, ®) in LA(R) (A-36)
for any ¢ € [0, T']. Next, we use (A-18) and (A-35) to prove that
G(vn, Wa) = G(o, @) in L'([0, T], Lip(R)). (A-37)
This finishes the proof of this step. U
Step 3. (P, v) is a weak solution of (2-32)—(2-34).
Proof. By (A-18), we have

iV, — i, ® inD'Rx[0,T]) and 82, — 32, ® inD'RxI[0,T])



ASYMPTOTIC STABILITY FOR DARK SOLITONS OF THE LANDAU-LIFSHITZ EQUATION 691

as n — +o00. It remains to invoke (A-13) and (A-35) and to take the limit n — 400 in the expression

T
f f(iat\yn + 7, Wy + 2|0, [P, + Jv2 W, —Re(W(1 —2F (v,, U,)) (1 — 2F (v, W,)))h = 0,
0 R

where 7 € C°(R x [0, T']), in order to establish that (P, v) is a solution to (2-32) in the sense of
distributions. In addition, using the same arguments as above and (A-35), we prove that (®, v) is a
solution to (2-34) in the sense of distributions. Moreover, we infer from (A-5) that ®(-, 0) = ¥y and
from (A-6) that v(-, 0) = vy. Il

In order to prove that the function (®, v) coincides with the solution (W, v) in Proposition A.2, it is
sufficient, in view of the uniqueness result given by Proposition 2.7, to establish the following.

Step 4. ® € C([0, T1, L*(R)) and v € C([0, T1, H'(R)).
Proof. First, we prove that ® € C([0, T], L?(R)). This is a direct consequence of the identity
®(x,1)=S(t)Dg+ /0, St —)(2(PPO) (-, 1) + F (D, 0)(-, 1)) dt’. (A-38)
Indeed, let us define
G(®,0)(1t) = /Ot St — )21 PP (-, 1) + F (D, 0)(-, 1)) dt’.

Since S(1)®o € C([0, T1, L*(R)), it suffices to show G (P, v) € C([0, T1, L%(R)). We take (¢1, ) € [0, T]?
and write

G(®,0)(11) — G(P, v)(1) = /0 (St —1') = St =N RAIPLPD)(-, 1) + F (@, 0)(-, 1)) di’

—/2S(t—t’)(2(|<I>|2d>)(-,t/)+]-"(d>, o)(-,1))dr.

n
For the second term on the right-hand side, we use the Strichartz and Cauchy—Schwarz inequalities to
obtain

/ ’ St —t)(2(PP®) (-, 1)) + F(P,0)(-, 1)) adt’

n

L2
2
= M[2APP0+ 7@ 0 1, .12
< Mt = P|0PO],; + Ml =6l F (@, 0)llx.  (A-39)
For the first term, we write

St —t) =Sty —t")=St — 1)1 — Sty —11)).

Hence,

141
f (St —1) =St =N RIPLPD) (-, 1)+ F (P, 0) (-, 1)) di’
0 L2

=11 =8 —-1)G(P,0))|2. (A-40)
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Taking the limit , — #; in (A-39) and (A-40), we obtain that ® € C([0, T, L2(R)).
Now, let us prove (A-38). Denote by ® the function given by the right-hand side of (A-38). We will
prove that

U, (1) = &) in L2R) (A-41)

for all r € R. This yields ® = ) by uniqueness of the weak limit. Let R > 0 and denote by xr the
function defined in Step 2. Set

GP(-, ) =/0t S =) xr UYL (-, 1)+ F (Y, 00) (-, 1)) di
GP( 0= /0 S -1 - XR) (Y, P W) (- 1)+ F (W, 0) (-, 1)) di
GV =/OI St =t xr(2UPPO) (-, 1) + F (@, 0)(-, 1)) dl’,

G-, 1) =f0t St =11 = xp) (PP (-, 1) + F(®,0)(-, 1)) dr,

for all € R, so that G(®, ) = GV + G and G(¥,,, v,) = G + G, Since S(1)W, o — S(1)Py in
L?*(R) as n — oo for all 7 € R, it is sufficient to show that

G(W,, v,)(1) = G(®,0)(t) in L*(R)
as n — +oo for all 7 € R. Let ¢ € L*>(R). We write

(G(\Ijn’ vn)(t) - G(CD’ U)(t), @)LZ
+o0 +oo
= / [GP(x, 1) — GV (x, )]p(x) dx +/ [GP(x, 1) — GP(x,)]p(x)dx

= IR(t) + IR (@0).

For the first integral, using the Cauchy—Schwartz inequality, the Strichartz estimates for the admissible
pairs (6, 6) and (o0, 2), the Holder inequality and (A-19), there exists a positive constant M such that for
all t € [0, T] we have

LR < 11IGV 1) — GV )l 2Nl 2
< Milgll 2 ([0 W0 = [P @ o5 + I F (W, va) = F(@, 0)]I313)

< M@l 2 (1F(Pn, va) = F (@, 0) 3 2 +11W = @llz (1Wallfs + P17 ))-
Then, using (A-18) and (A-28), we obtain for all € R

1IR(#)] -0 asn— oco.
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Next, using the Holder inequality we have

T poo 5/6 T 1/6
|Jf(r)|52(f/ ||\Ifn|2wn(x,r/)—|<I>|2d>(x,r’)|6/5dxdr/) (/f |S<t—r/><p|6dxdt’)
0 J—o00 0 JIx|>R

T o 172 172
+/ (/ | F (W, vp) (x, 1) — F(D, n)(x,r’)’zdx) dt’ sup (/ IS(t—t’)w(X)lde) :
0 —00 I\JIx|=R

t'e[0,T

The terms on the right-hand side are bounded by a constant independent of n. Besides, since (6, 6) and
(00, 2) are admissible pairs, we have

ISOelis = Mlgll )
ISOellLrrw) = Mllell2w),

so that, by the dominated convergence theorem and the fact that # — S(¢) is uniformly continuous from
[0, T] to L*(R), we obtain

T 12
fim // ISP dxdt = lim  sup (/ |S(t)(p(x)|2dx> —0.
R=o0Jo Jix|=R R—00 110,71\ J|x|=R

Hence,
Rlim IJ,fe (t)| =0 uniformly with respect to n € N
— 00
for any ¢ € [0, T']. This completes the proof of (A-41) and then of (A-38). This leads to the fact that
® ([0, T1, L*(R)).
Now, let us prove that v € c%([0, T1, H'(R)). Since (®, v) satisfies the first equation in (2-34),
® e L>®([0, T], L>(R)) and F(¥, v) € L>®([0, T], L®(R)), we have v € H'([0, T], H~'(R)). This

yields, using the Sobolev embedding theorem, v € C°([0, T1, H~'(R)). Let (¢, ;) € [0, T]>. We can
write that

‘/I\Q |U(t17 -x) - U(t29 x)|2d-x = (U(tla -x) - U(t25 -x)s U(tla -x) - 0(1‘2» x))].[—l’Hl
< llo(t1, x) —o(t2, X) | g-1ll0(t1, x) — (2, X) [ 1
Since v € C°([0, T], H~Y(R)) N L*>®°([0, T], H'(R)), we obtain v € C°([0, T], L*(R)). Next, we write
| F (o, ®)(t1) — F(o, ®) ()o@ < ll0(t1) —0@) 2P @) 2 + [P (2) — Pl 2 [l0(22) |l 2.

Using the fact that ®, v € C°([0, T, L?>(R)), we infer that F (v, ®) € C°([0, T], L*(R)). Then, by
the second equation in (2-34), v € C%([0, T], H'(R)). This finishes the proof of this step, and of
Proposition A.2. 0

Finally, we give the proof of Proposition A.1.
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Proof of Proposition A.1. In view of Proposition A.2, it is sufficient to prove the convergence of w,. The
proof follows the arguments in the proof of (A-27). Let ¢ € L*(R). We rely on (4-41) to write

/[w*(t, x) —wy(t, x)]¢(x) dx
R

:2/ Im(‘IJ*(t,)c)(1—2F(v*, N, x) Wt x)(1=2F (v, \Dn)(t,x)))¢(x) dx
R

1_(U*)2(t, x) 1—(Un)2(t,x)
— W, x)  W(t,x)
= Z/RIm(l—(U*)Z(t’ _x) 1_(vn)2(t, X)>¢(X) dx

(i, ) F*, W, x) W, X)F (v, W) (@, X)
41 ( . ) d
fm (G TR R
for all ¢ € [0, T']. Then, we use the same arguments as in the proof of (A-27) to show that the two last
terms on the right-hand side go to 0 when n goes to +o0. This finishes the proof of the proposition. [J

Exponential decay of x.. In this subsection, we recall the explicit formula and some useful properties of
the operator ., and then study its negative eigenfunction x.. For ¢ € (—1, 1) \ {0}, the operator H, is
given in explicit terms by

1 232 1 2
Ec(ev)—i—cz%gv _c1+”gsw
—v —v
He(e) = 1402 ¢ ¢ : (A-42)
—c—e,+ (1 —v))ey,
1 —v?
where & = (&, &) and
Ox€v 2 ) 4 €y
Ec(gv) = _8x(1——v2> + (1 —C — (5+C )UC +2UC)(1_—1)3)2

In view of (A-42), the operator H, is an isomorphism from H 2(R) x L*(R) N Span (0, Q.)* onto
Span(d, Q.)". In addition, there exists a positive number A, depending continuously on ¢, such that

17 (s ) ey ey < Acll(fs @) |y (A-43)

for any (f, g) € HKR)ZN Span(0y 0.t and any k € N.
The following proposition establishes the coercivity of the quadratic form H, under suitable orthogo-
nality conditions.

Proposition A.3. Let c € (—1, 1)\ {0}. There exists a positive number A, depending only on c, such that

He(e) = Aclellf, 2 (A-44)
for any pair ¢ € H'(R) x L*(R) satisfying the two orthogonality conditions
(0xQc, &) 12512 = (Xes ) p2x12 = 0. (A-45)

Moreover, the map ¢ — A, is uniformly bounded from below on any compact subset of (—1, 1)\ {0}.
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The proof relies on standard Sturm-Liouville theory (see, e.g., the proof of Proposition 1 in [de Laire
and Gravejat 2015] for more details).
Now, we turn to the analysis of the pair y..

Lemma A.4. The pair x. belongs to C*°(R) x C*°(R). In addition, there exist two positive numbers A,
and a., depending continuously on c, such that a. > ~/1 — ¢* and

188 xc] < Ace ™ on R fork € {0, 1,2). (A-46)

Proof. We set x. := (¢, &:). Since H.(xc) = —Ac Xc, We have the following system

e 2 22y be , (1+1v2)? 1402 ~
—0 1—c"=(5 420 <l — CE = —Mele, (A-4T
x(l_v3>+( =G+ + v°)(1—vf_)2+c TR Cl—vf,sc Loy ( )
1402 -
eyt ==+ Aok (A-48)

It follows from standard elliptic theory that x. € H 2(R) x L*(R). Since the coefficients in (A-48)
are smooth and bounded from above and below, we infer from a standard bootstrap argument that
Xc € C®°(R) x C*°(R). Notice in particular that, by the Sobolev embedding theorem, . and 9, x. are
bounded on R. Then, we deduce from the first statement in (5-11) that’

—duxle + (1 +Ae)Ee — cée = O(v2), (A-49)
to="1tg 4002, (A-50)

Note that we have

Beexp(—vV 1 —c?|x]) < ve(x) < Acexp(—v1—c?|x|) forallx € R, (A-51)

where B, and A, are two positive numbers.
In order to prove (A-46), we now introduce (A-50) into (A-49) to obtain

—xxle + b2 = O(exp(—2v1 = c2|x])), (A-52)
£ = l—ifi e+ O(exp(—2v'1 —c?[x])), (A-53)

1—c2 42k 4 (Ae)? o

L — 2. Next, we set
1+,

with b2 =

8c = _axx§c+b3§c’ (A-54)

so that g.(x) = O(exp(—Z\/ 1-— 02|x|)) for all x € R. Using the variation of constants method, we obtain,
for all x € R,

Le(x) = A(x)eP* + A’ + B(x)e™P* + B.e7be,

S5The notation (’)(vg) refers to a quantity bounded by Acvg (pointwise), where the positive number A, depends only on c.
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with .
J— __1 _hct
Alx) = 2. /0 e gc(t)dt

and

-1 [*
B(x):ﬁ/ ebl g (1) dt.
cJO

Since ¢, € L%(R), this leads to
£.(x) = O(exp(=2v/1 = 2Ix]) + exp(—belx])).

Hence, we can take a, = min{2«/1 —c2, bc} and invoke (A-50) to obtain (A-46) for k = 0. Using (5-10),
(5-11), (A-47), (A-48) and (A-51), we extend (A-46)to k €1, 2. O
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ON THE WELL-POSEDNESS OF
THE GENERALIZED KORTEWEG-DE VRIES EQUATION
IN SCALE-CRITICAL L"-SPACE

SATOSHI MASAKI AND JUN-ICHI SEGATA

The purpose of this paper is to study local and global well-posedness of the initial value problem for the
generalized Korteweg—de Vries (gKdV) equation in Lr = feSR) Nfljr= ||f||L,/ < oo}. We
show (large-data) local well-posedness, small-data global well-posedness, and small-data scattering for
the gKdV equation in the scale-critical i,’-space. A key ingredient is a Stein—Tomas-type inequality for
the Airy equation, which generalizes the usual Strichartz estimates for L" -framework.

1. Introduction
We consider the initial value problem for the generalized Korteweg—de Vries (gKdV) equation

deu+03u = udx(lu|*tu), t,xeR,
u(0, x) = uo(x), x €R,

(1-1)

where u : R x R — R is an unknown function, u¢ : R — R is a given function, and p € R\{0} and « > 1
are constants. We say that (1-1) is defocusing if p > 0 and focusing if p < 0.

The class of equations (1-1) arises in several fields of physics. Equation (1-1) with = 2 is the notable
Korteweg—de Vries equation [1895], which models long waves propagating in a channel. Equation (1-1)
with @ = 3 is also well-known as the modified Korteweg—de Vries equation, which describes a time
evolution for the curvature of certain types of helical space curves [Lamb 1977].

Equation (1-1) has the following scale invariance: if u(¢, x) is a solution to (1-1), then

uy(t, x):= )Laleu(k?’t,)Lx)

is also a solution to (1-1) with initial data u (0, x) = Aﬁuo(kx) for any A > 0. In what follows,
a Banach space for initial data is referred to as a scale-critical space if its norm is invariant under
ug(x) — /\%uo(/\x).

The purpose of this paper is to study (large-data) local well-posedness, small-data global well-posedness
and scattering for (1-1) in a scale-critical space L% . Forre [1, o0], the function space L" is defined by

L'=L"R):={f €S®) : Ifllzr =l fll~ < oo},

MSC2010: primary 35Q53, 35B40; secondary 35B30.
Keywords: generalized Korteweg—de Vries equation, scattering problem.
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where f stands for the Fourier transform of f* with respect to the space variable and r’ denotes the Holder
conjugate of r. We use the conventions 1" = 0o and oo’ = 1. Our notion of well-posedness consists of
existence, uniqueness, and continuity of the data-to-solution map. We also consider the persistence property
of the solution; that is, the solution describes a continuous curve in the function space X whenever ug € X .

Local well-posedness of the initial value problem (1-1) in a scale-subcritical Sobolev space H*(R),
S > 8q 1= % — (ﬁ, has been studied by many authors [Bourgain 1993; Griinrock 2005b; Guo 2009; Kato
1983; Kenig et al. 1993; 1996; Kishimoto 2009; Molinet and Ribaud 2003], where s,,, a scale-critical
exponent, is the unique number such that H*» becomes scale critical. A fundamental work on local
well-posedness is due to Kenig, Ponce, and Vega [Kenig et al. 1993]. They proved that (1-1) is locally
well-posed in H*(R) with s > % (@=2, 5= —%), 5= % (=3, s53= —%), 5= ﬁ (=4, 54= —é)
and s = sq (o = 5). Introducing Fourier restriction norms, Bourgain [1993] obtained local (and globall)
well-posedness of the KdV equation (i.e., (1-1) with @ = 2) in LZ(R). In [Kenig et al. 1996], Kenig,
Ponce, and Vega improved the previous results for the KdV equation to H*(R) with s > —%. Further,
Guo [2009] and Kishimoto [2009] extended the result of Kenig et al. in H -3 (R). (See also [Buckmaster
and Koch 2015] on the existence of a weak solution to the KdV equation at H ~1) Griinrock [2005b] has
shown local well-posedness of the quartic KAV equation ((1-1) with & = 4) in H® with s > s4. Notice
that all of the above results are based on the contraction mapping principle for the corresponding integral
equation. Hence, a data-solution map associated with (1-1) is Lipschitz continuous.?

Concerning the well-posedness of (1-1) in the scale-critical H-space, Kenig et al. [1993] proved
local well-posedness and global well-posedness for small data in the scale-critical space H* when o = 5.
Since the scale-critical exponent s, is negative in the mass-subcritical case a < 5, the well-posedness
of (1-1) in H becomes rather a difficult problem. Tao [2007] proved local well-posedness and global
well-posedness for small data for (1-1) with the quartic nonlinearity® o = 4 in H*4. Later on, the above
results were extended to a homogeneous Besov space B;"‘oo by Koch and Marzuola [2012] (¢ = 4) and
Strunk [2014] (o = 5). As far as we know, local well-posedness and small-data global well-posedness of
(1-1) in H*« for the mass-subcritical case o < 5 were open except for the case o = 4.

Local and global well-posedness for a class of nonlinear dispersive equations is currently being
intensively investigated also in the framework of L -space. For the one-dimensional nonlinear Schrédinger

equation,
10,0 —03%v = plv|* v, t,xeR,

(1-2)
v(0, x) = vo(x), x €R,

where € R\{0}, Griinrock [2005a] has shown local and global well-posedness for (1-2) with o = 3
in L". Hyakuna and Tsutsumi [2012] extended Griinrock’s result in L’ to all mass-subcritical cases
1 <« < 5. Griinrock and Vega [Griinrock 2004; Griinrock and Vega 2009] proved local well-posedness

ISince (1-1) preserves the L2-norm of a solution in ¢, local well-posedness in L? yields global well-posedness in L2 if o < 5.

21n fact, if the nonlinear term is analytic, then the data-solution map associated with (1-1) is analytic.

3Strictly speaking, the local well-posedness is shown not for pdy (|u|3u) but for 113y (u*). These two are not necessarily
equivalent.
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for the modified KdV equation (i.e., (1-1) with « = 3) in H 7, where
[y . 2,38 2
Hi={feS :|flg =10+ )2 SOl < oo}

However, the above results are not in scale-critical settings.
It would be interesting to compare the scale-critical space L “Z with some other scale-critical spaces in
view of symmetries.* Other than the scaling, the L “2" -norm is invariant under the three group operations

(i) translation in physical space, (T, f)(x) = f(x —a), where a € R,
(i) translation in Fourier space, (Pg f)(x) = e7*¢ f£(x), where £ € R,
(iii) Airy flow, (Ai(r) £)(x) = e~*%% f(x), where ¢ € R.

The critical Lebesgue space L 3" is invariant under the former two symmetries but not under the Airy flow.
The critical Sobolev space H*e (or homogeneous Triebel-Lizorkin and homogeneous Besov spaces A';‘fq,
with 1 < ¢ < oo, more generally) is not invariant with respect to Pg if s4 # 0. The critical weighted
Lebesgue space H% S« := L2(R, |x|~2% dx) is not invariant with respect to T, and Ai(z). Further,
when o = 5, these four spaces coincide with L2, which is invariant under the above three symmetries.
Thus, among the above four critical spaces, ZaT_l possesses the richest symmetries, and, in some sense,

~o—

1. . . . .
L7 is close to L2-space. Inclusion relations between these spaces are summarized in Appendix B.

Local well-posedness. Before we state our main results, we introduce several notations.

Definition 1.1. Let (s,r) € Rx[1, 00]. A pair (s, r) is said to be acceptable if % € [O, %) and

_1 2 Ffo<l<l
s [ 2r’r] lfo\rSZ’
2 55 3 P | 1 3
(F-33-7) if3<3<3

For an interval / C R and an acceptable pair (s, r), we define a function space X(/; s, r) of space-time
functions with the norm

where the exponents in the above norm are given by

2 1 1 1 2
+ =, - + =
pGs,r) qls,ry 1o pls,r) - q(s,r)

()= 6)

We refer to X(I;s,r) as an L"-admissible space.
4Here, a symmetry is an isometric bijection which possesses a group structure. Some of them are also “symmetries of (1-1)”
in such a sense that an image of a solution of (1-1) again solves the equation.

s, (1-3)

or equivalently,

NI W=
= N

Our main theorems are as follows.
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Theorem 1.2 (local well- posedness 1n LT ) For &= 21 <a <2, the problem (1-1) is locally well-posed
in L7 . Namely, for any ug € L 2z ([R) there exzsts an mterval I = I(ug) such that a unique solution

ueC(I;LET (R)N N X(I s, “21) (1-4)

(s, ) acceptable

to (1-1) exists. Furthermore, for any given submterval I’ C 1, there exists a neighborhood V of ug
in f,)% (R) such that the map ug — u from V into the class defined by (1-4) with I’ instead of I is
Lipschitz continuous.

Remark 1.3. Theorem 1.2 (and all results below) holds for more general nonlinearity of the form 9, G (1)
with G € Lipa. For the precise condition on G, see Remark 3.5.

The proof of Theorem 1.2 is based on a contraction argument, with the help of a space-time estimate
for the Airy equation in L™ A key ingredient is a Stein—Tomas-type inequality for the Airy equation, a
special case of [Griinrock 2004, Corollary 3.6]:

D17 £l ry < CUF 50 (1-5)

where r € (4, oo]. This inequality is a generalization of a well-known Strichartz estimate,

1102157 Fl s (rumy < CIf 2.

Moreover, interpolations between the above Stein—Tomas-type inequality (1-5) and the Kenig—Ruiz

estimate or Kato’s local smoothing effect give us the following generalized Strichartz estimate for the Airy
equation in L"-framework (Proposition 2.1): if (s, r) is an acceptable pair then there exists C such that

_+93
le™% fllx@ss.ry < CILf Iz (1-6)

for f eL". Furthermore, combining the homogeneous estimate and the Christ—Kiselev lemma (Lemma 2.6),
we also obtain a generalized version of inhomogeneous Strichartz estimates. The estimate (1-5) can be
regarded as a kind of restriction estimate of the Fourier transform, which goes back to Stein [Fefferman
1970] and Tomas [1975] (for more information on the restriction theorem, see, e.g., [Tao et al. 1998]).
It is worth mentioning that the L’ -spaces have naturally come out in this context.

We set S(I;r):= X(1;0,r). The S(I;r)-norm is the so-called scattering norm. It is understood that
a key for obtaining a closed estimate for the corresponding integral equation from which local well-
posedness immediately follows, is to bound the scattering norm S ( ) In the proof of Theorem 1.2,
the scattering norm is handled by means of the above generalized Strlchartz estimate (1-6). Notice that the

pair (O 5 1) is acceptable only if o« > %= 21

, which leads to our restriction. For the upper bound on «, see
Remark 4.1 below. Alternatively, Sobolev s embedding also yields a bound on the scattering norm, pro-

vided o = 5. In such case, we obtain local well-posedness in H* asin [Kenig et al. 1993] (see Remark 4.4).

Persistence of regularity. We establish two persistence-of-regularity-type results for L7 -solutions
given in Theorem 1.2. More specifically, we consider persistence of L -regularity for r # "‘T—l and
H*-regularity for —1 < s < . These results yield local well-posedness in other L"-like spaces such as
L™ N L, where ry < "‘T_l <ry,and HS N LT
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Theorem 1 4 (persistence of L’- -regularity). Assume 2?1 <a< ? Let uo € L 2 ([R{) and let u €
C(; LT ([R?)) be a corresponding solution given in Theorem 1.2. If ug € L for some % <ap < 233,
where ag # o, then
ag—1
oz : Olo_—1>
wueC(:L, 2 (R)N N X(I,s, =)
(s,aoz_ 1)acceptable
Theorem 1 5 (persistence of H’-regularity). Assume % <ua< ? Let ugy € ZQT_I([R) and let u €

C(, LT ([R)) be a corresponding solution given in Theorem 1.2. If ug € HU(R) for some —1 <0 < «,
ID:[CueCU:L* RN ()  X(I:s.2).
(s,2) acceptable
As a corollary, we obtain the following well-posedness results.

Corollary 1.6. We have the following.

@) If 2L <2 3 3 then (1-1) is locally well-posed in L''NL"™ as long as = 8 <1 < Tl <r< %.

2
a—1"

() If % 21 < a < 5then (1-1) is locally well-posed in HSNL*% , where s = % —

Since L7 ¢ H% does not hold (see Lemma B.2), the second is weaker than well-posedness in H .
Here we remark that an L “Z" -solution has conserved quantities, provided the solution has appropriate
. . ~a—1 .
regularity. More precisely, when ug € L “2° N L2, asolution u(t) has a conserved mass

Mu(®)] = [u@®)I7
Similarly, if ug € L' N H! then the energy

E[u(0)]:= 3l19xu(®)|7> +

n
N7

is invariant.

Blowup and scattering. We next consider long time behavior of solutions given in Theorem 1.2. To this
end, we give the definitions of blowup and scattering of (1-1) for the initial data ug € L’,. Set

Thax : = sup{T > 0 : the solution u to (1-1) can be extended to [0, T)},
Tiin : = sup{T > 0 : the solution u to (1-1) can be extended to (-7 0]}.

Denote the lifespan of u(z) as (—Tin, Tmax). We say a solution u(¢) blows up in finite time for positive
(resp. negative) time direction if Ty < +00 (resp. Tmin < +00). We say a solution u(z) scatters for
positive time direction if Tinax = 400 and there exists a unique function ¥ € L, such that

dim () =™ Bz =o0.

-t 3xu+ is a solution to the Airy equation d;v + a;u = 0 with initial condition v(0, x) = u4. The

where e
scattering of u for negative time direction is defined in a similar fashion.

Roughly speaking, a solution scatters if a linear dispersion effect dominates the nonlinear interaction.
A typical case is when the data (and the corresponding solution) is small. Here, we state this small-data

scattering for (1-1).
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a 1
Theorem 1.7 (small-data scattering). Let 2 o< 23 . There exists £9 >0 such that if ugeL,? (R) satisfies
HMOHE?‘*”/Z < &g,

then the solution u(t) to (1-1) given in Theorem 1.2 is global in time and scatters for both time directions.
Moreover,

||u||L?O(R;Z(xa—1)/2) + ”“”S(R;"‘—;') < 2||u0”i§f‘_”/2‘

We now give criterion for blowup and scattering.

Theorem 1.8 (blowup criterion). Assume % <a<Z. LetugeL “T and let u(t) be a corresponding

unique solution of (1-1) given in Theorem 1.2. If Tmax < o0 then

el s o, ry; 5y = 00

as T 1 Thax- A similar statement is true for negative time direction.

. . . a—1
Theorem 1.9 (scattering criterion). Assume %1 <<% Letuge LT and let u(t) be a corresponding

unique solution of (1-1) given in Theorem 1.2. The solunon u(t) scatters forward in time if and only if
Tmax = +00 and ||u ”S([o 00):251) < 00. A similar statement is true for negative time direction.

Finally, we glve a crlterlon for scattering in terms of the energy We note that if an L 2" -solution u(t)

scatters (in the LT —sense) as t — *oo and if ug € L (resp. if ug € H %) then u(t) scatters as
0—1

t — o0 also in the L -sense (resp. H "—sense)

Theorem 1.10. Let A aw<Z Ifuye LT nH! satisfies ugy # 0 and Eug] <0 then u(t) does not
scatter as t — :I:oo.

The rest of the paper is organized as follows. In Section 2, we prove some linear space-time estimates
for solutions to the Airy equation, in L"-framework. The generalized Strichartz estimates are established
in Propositions 2.1 and 2.5. Section 3 is devoted to several nonlinear estimates. We also introduce several
function spaces to work with in this section. Then, in Section 4, we prove our theorems. In Appendix A,
we prove a fractional chain rule in space-time function space (Lemma 3.7). Finally in Appendix B, we
briefly collect some inclusion relations for L.

The following notation will be used throughout this paper: | Dx|* = (—8%)% and (Dx)* = — 8)26)%
denote the Riesz and Bessel potentials of order —s, respectively. For 1 < p,g < oo and I C R, let us
define a space-time norm

17 1zs ey = NAE I e@l oy

1A ez zeay = 1LFC 0L e wy-
2. Linear estimates for the Airy equation

In this section, we consider the space-time estimates of solutions to the Airy equation

8tu—|—8)3€u=F(t,x), tel, x eR,

(2-1)
u(0,x) = f(x), x €R,
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1
1 ¢

) A

N =

Figure 1. The range of (p, ¢) satistfying the assumptions of Proposition 2.1.

where I C Ris an interval and F : I xR — R and f : R — R are given functions.
Let {9 },cg be an isometric isomorphism group in L” defined by e~1%% = F~1e/’8* £ or more
precisely by

(€% f)(x) = EHIEY £(g) dE.

1 [e.e]
— e
£V, 2 /—oo
Using the group, the solution to (2-1) can be written as

t
u(t) = e 1% f 4 / e~ R E(ydr.
0
We first show a homogeneous estimate associated with (2-1).

Proposition 2.1. Let I be an interval. Let (p, q) satisfy

1 1 1 1 1
OSE<Z, Osc—]<§—;.
Then, for any f € L,
D¢ ™% £l o pagry < ClLF NIz, (2-2)
where
2112
rp dq P 4

and the positive constant C depends only on r and s.

Figure 1 shows the range of (p, ¢) satisfying the assumptions of Proposition 2.1, where A = (% O),
B = (%, %), and C = (O, %) The line segments OA and OC are included, but the other parts of the
border are excluded.

To prove Proposition 2.1, we show three lemmas. The first one is a Stein—Tomas-type estimate.

Lemma 2.2 (Stein—Tomas-type estimate). For any r € (4, o], there exists a positive constant C depending
only on r such that for any f € L3,

||Dx|7 e~ 1|

LT () < C||f||zr/3- (2-3)
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Proof of Lemma 2.2. Although a more general version is proved in [Griinrock 2004, Corollary 3.6], here
we give a direct proof, based on the fact that the exponents for the space variable and time variable on the
left-hand side coincide.

It suffices to prove (2-3) for the case I = R. For notational simplicity, we omit R. The case r = oo
follows from the Hausdorff—Young inequality. Let r < co. Squaring both sides, we may show that

[[1Dx7e™ % £ [*] 2 < CILLIZ

2 e (2-4)

The left-hand side of (2-4) is equal to

H Jli eix@—n)“f@s—"”wnﬁf(é)%)dsdn“ /
R2 Lr2

r.x
Changing variables by a = £ —n and b = £3 — 3, we have

L= H || e tientt 76 F ) gy da b

D*—ta3
JiDatre-r P .

LyZ
We now use the Hausdorff—Young inequality to deduce that

pre <Cllgnl £ @7 1E =17 Lo

:c(/f Enl =2 1/ @172 1/ )= dgdn)l‘? 05
S I R

Notice that 5 > 2. We now split the integral region R? into {£7 > 0} and {£n < 0}. We only consider the
first case, since the other can be treated essentially in the same way. For (&, ) with £n = 0, we have

E+mn?
R

|[1Dx] 7% £ P2

En <

and so

[ VORI by, fOIE I 0 o
om0 [§—nl72 I+ 0l o JE—yl7

By the Holder inequality and the Hardy—Littlewood—Sobolev inequality, we have

[ O ety < 17175 | oas 61722 17175
£n=0 1§ —nlr=2

Lr—2

<CIFI o = CIA I @)

as long as =5 < I, that is, r > 4. Combining (2-5), (2-6) and (2-7), we obtain the result. O
The second is a Kenig—Ruiz-type estimate [1983].

Lemma 2.3 (Kenig—Ruiz-type estimate). There exists a universal constant C such that for any interval 1
and any f € L2,

D175 | 4 poogry < CILf D2 (2-8)
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Proof of Lemma 2.3. See [Kenig et al. 1991, Theorem 2.5]. O
The last estimate is an L9-version of Kato’s local smoothing effect [1983].

Lemma 2.4 (Kato’s smoothing effect). For any g € [2, 00], there exists a positive constant C depending
only on q such that for any interval I and for any f € L4,

[1D217e™ £l oo oy < CIlF e (2:9)

Proof of Lemma 2.4. We show (2-9) by slightly modifying the argument due to Kenig, Ponce, and Vega
[Kenig et al. 1991, Theorem 2.5]. We prove (2-9) for the case / = R only.
The case g = oo is treated in Lemma 2.2. Hence, we may suppose g < co. A direct computation shows

2 _ 1 . s 2 A
IDx[7e ta;f:E/Re’x“”@léiqf@)ds
1
32w

where we have used a change of variable n = £ to yield the last line. Take the L‘t]-norm and apply the

. 2 24 1
e XNt n 130 =5 £ (n3) dn,
R

Hausdorff—Young inequality to obtain

1Dl e 1| g < C L™ 15 F ) g < CI Al = €Az
Since the right-hand side is independent of x, we obtain (2-9). |
Proof of Proposition 2.1. Interpolating (2-3), (2-8), and (2-9), we obtain (2-2). O
Next we show an inhomogeneous estimate associated with (2-1).

Proposition 2.5. Let 3 <r <4 and let (pj.q;) (j = 1.2) satisfy

pj 4 g 2 pj
Then, the inequalities

t
—(t—t)33 / / —s52
e YE() di <Ci||D:"2F| ;0 o (2-10)
‘/o L (LY 10+ “L?Li’z(n
and )
D | e R EEy ar < G|||D<|2F| 1 o 2-11
“| N /0 O I il @-11)
hold for any F satisfying |Dx| 52 F € L,IgzL?z, where
L_2,0 o2 121 12
rprr qi P14 r P2 42 P2 42

and where the constant Cy depends on r, s1 and I, and the constant C, depends on r, sp and 1.

To prove Proposition 2.5, we employ the following lemma, which is essentially due to Christ and
Kiselev [2001]. The version of this lemma that we use is the one presented in [Molinet and Ribaud 2004].



708 SATOSHI MASAKI AND JUN-ICHI SEGATA

Lemma 2.6. Let [ C R be an interval and let K : S(I x R) — C(R3). Assume that

<
< C”F”L;UL;’Z(])

H/ K@t t"F(t")dt
I

LYVLTN(TD)

for some 1 < py, pa,q1,q2 < oo withmin(py, q1) > max(pz, q2). Then

H/t K@t t"F(@'ydt
0

S C|Fllpr2po2
L§1L?1(1) x t ()

Moreover, the case g1 = o0 and p3, qr < o0 is allowed.

Proof of Lemma 2.6. See [Molinet and Ribaud 2004, Lemma 2]. O

Proof of Proposition 2.5. We first prove the inequality (2-10). Since the group {e~’ aJ3c} teR 18 isometric
in L", the duality argument and Proposition 2.1 yield

t 7’93
‘ A =‘/ eF @yl
L% 0 L%
o /opt
= sup (/ (/ e 3XF(t/,x)dt’)g(x)dx)
gl =1\/—00 AJ0

t o0
= sup (/f |Dx|—SZF(z/,x)|Dx|sze—’f’ig(x)dz/dx)
0 J—oo

t
/ e~ =% p(t1) dy’
0

gl =1
- o
) "g”S;rI’;l”lel stHLfZ/ZLf’/z(I) [1Dx2e™ g 22 02 g
5 o y
=€ ||g||S;,I?=1“|DX| FHLJIZZsz([)”g”L;
=Clibx2F] (2-12)

ph b s
LX*L,>(I)

where the constant C is independent of ¢. Hence we have (2-10).
Next we prove the inequality (2-11). Since the case r = 2 was already proved in [Kenig et al. 1993],
we consider the case where r # 2. To prove (2-11), it suffices to show

< C||Dx|™F|

;o 2-13
L2 L (1) LYL7 (D) (2-13)

”ler” f TRy dr!
1

Indeed, since min(p1,¢1) > max(pj, g,) follows from

_r_
r—1

) if % <r <2,
min(p1,41) =
r

r if%<r< 2,
max(p3. 45) = { . X

if2<r <4, —— if2<r <4,

r—1
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we see that the combination of the Christ—Kiselev lemma (Lemma 2.6) with (2-13) implies (2-11).
Therefore we concentrate our attention on proving (2-13). By Proposition 2.1,

“wxf‘ / e =% () dr
I

— ”|Dx|sle—t8§; / et’ag’cF([/) d[/
1

LIV L{N(T) LI'LIN(D

<C / R F ) dt (2-14)
I .
By the duality argument similar to (2-12), we obtain
33 NS, —s
*F(t") dt SC||Dx|2F| o0 o - 2-15
[ rary 1 SCIDATF g @15)
Combining (2-14) and (2-15), we obtain (2-13). O

3. Nonlinear estimates

In this section, we prove several nonlinear estimates which are used to prove main theorems. We introduce
several function spaces. Let us recall that a pair (s, r) € Rx[1, oo] is said to be acceptable if % € [0, %) and

LAl s
(2_§ §_§) if%<

’

1
Sz
3
<17

N = Y

Definition 3.1. Let (s,7) € R x [1, 00]. A pair (s, r) is said to be conjugate-acceptable if (1 —s,r") is
acceptable, where % =1 —% e[o,1].

Figure 2 shows the ranges of acceptable pairs (quadrangle OABC) and conjugate-acceptable pairs
(quadrangle DEFG). Here, O = (0.0), A= (3.—%), B=(3.4).C=(3.1), D=(1.1), E=(3.2),
F=(%.2),and G = (3.0).

4’
s E
»‘\
F /15
T B
s
o G| 1
K r
\LA

Figure 2. The ranges of acceptable pairs (quadrangle OABC) and conjugate-acceptable
pairs (quadrangle DEFG).
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For an interval / C R and a conjugate-acceptable pair (s, ), we define a function space Y (/;s, r) by

||f ”Y(I,s,r) = H |Dx |sf HL)[;)(SJ) (R’L?(Y,I)(I))s
where the exponents are given by

2 N 1 - 1 1 N 2
~ ~ = - = ~ =S’
p(s.r)  q(s,r) r p(s.r)  q(s,r)

_1 _1 2 _1 4
1 - 2 1 1) 1 2]
q(s,r) 553 2+ q(s,r) 5

With this terminology, Propositions 2.1 and 2.5 can be reformulated as follows:

(3-1)

or equivalently,

Proposition 3.2. Let I be an interval.

(i) Let (s, r) be an acceptable pair. Then, there exists a positive constant C depending only on s and r
such that

—193 —133 -
le™™ " fllpoo:iry + le = fllxws,ry < Csrll fllzr
forany f € L.

(ii) Let (s1,r) be an acceptable pair and let (s, r) be a conjugate-acceptable pair. Then, there exists a
positive constant depending only on s; and r such that for any tg € I CRandany F € Y(I;52,r),

t
/ e~ F (') dt!
t

0

. <C ”F”Y(I;sz,r)-
LU L)NX(;51,7)

To handle X(/;s,r)- and Y(I;s, r)-spaces, the following lemma is useful.

Lemma 3.3. Let 1 < p;,q; <ocoands; €R fori =1,2. Let p,q and s satisfy

1:i+ﬂ’ l:i-i—ﬂ, s=0s1+(1—-0)s2
P pr1 P2 9 491 92

for some 0 € (0, 1). Then, there exists a positive constant C, depending on p1, p2,41,q2,51,52 and 9,
such that

1D f [ag < NP F gz 105177 125 22
holds for any f such that |Dx|*' f € LE'L9" and |Dx |2 f € LE? L%,

Proof of Lemma 3.3. For z € C, define an operator T, = | D |1 717252 L et ¢(¢) and h(x) be R-valued
simple functions and G, (¢) and H;(x) be extensions of these functions defined by

1-(z/q1+(1=2)/q2)
Gz (1) :=[g ()] 1=174 sign g(1)

and
I—¢/p1+1=2)/p3) |
H;(x) := |h(x)] 1=1/p signh(x),



ON THE WELL-POSEDNESS OF THE GENERALIZED KORTEWEG-DE VRIES EQUATION 711

respectively, for z € C with 0 <Rez < 1. Put

YU(z):= // T, f(t,x)G,(t)H;(x)dt dx.
R2
By density and duality, it suffices to show
|W(0)| < C|||D«|* f HLWI |1 Dx |5 f HLﬂquz (3-2)

for any f € S(R?) with compact Fourier support and any simple functions g(¢) and /(x) such that
Il =11l p =1.

Let us now prove (3-2). It is easy to see that W(z) is analytic in 0 < Rez < 1 and continuous in
0 < Rez < 1. By a variant of the multiplier theorem by Fernandez [1987, Theorem 6.4], we see that
| Dx|" is a bounded operator in L' L?' with norm C(1 + |y|). Therefore, for any y € R,

[W(1+iy)| <] |Dx|iy(S1_S2)(|DX|SIf)”Lf;lL;“ ||G1+in1+iy||Lga %

SCU+ [y =)D 1D £ o1 g glzq 171

SC+|y(si—s2)) | |Dx|s1fHL§1L;11- (3-3)

The same argument yields
(W) < CA+[y(s1=s)D 1D f |2 2. (3-4)
From (3-3), (3-4) and Hirschman’s lemma [1952], we obtain (3-2) (see also [Stein 1956]). O

Estimates on nonlinearity. In this subsection, we establish an estimate on nonlinearity. For this, we
introduce a Lipschitz y-norm (i > 0) as follows. Write 4 = N + 8 with N € Z and 8 € (0, 1]. For a
function G : C — C, we define

S 6D 6™ ()= GM ()

G llLip e == sup ————— + sup ;
o Z(:)ZGR\{O} |Z[#77 0 xy |x — y|P

where G/) is j-th derivative of G. We say G € Lip u if G € CV (R) and |G |Lip u < 00.
The main estimate of this subsection is as follows:

Lemma 3.4. Suppose that G(z) € Lip « for some % <a<?2 % . Let (s, 1) be a pair which is acceptable

and conjugate-acceptable. Then, the following two assertions hold.

1) Ifue S(I; %) NX(I;s,r) then G(u) € Y(I;s,r). Moreover, there exists a constant C such that
”G(u)”Y(I S,r) X < C”“”S([ a— l)llu”X(I;s,r)
foranyueS( )ﬂX(Isr)

(i1) There exists a constant C such that
166G @) ly(ris) < € (Iulxcrsn 10 lxcrson) (1l sgrsity vl rsemsy) 2 lu=vll ety
+C (lull g sasnyF 0l seresty) ™ Tu=vllxcr;sm
foranyu,ve S(I; %5 NX(I;s, 7).
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Remark 3.5. Itis easy to see that |z|*!z € Lip a.. The validity of the above lemma is the only assumption
on the nonlinearity that we need. Hence, the all results of this article hold for an equation with generalized
nonlinearity d,u + d2u = dx(G(u)), provided G(z) € Lipa.

To prove the above lemma, we recall the following two lemmas.

Lemma 3.6. Let I be an interval. Assume that s = 0. Let p,q, pi,qi. € (1,00) (i =1,2,3,4). Then,

D2 (D Lo pary < CUIDEF o por iy 18 L2 poo gy + 1 W23 pos gy 11| oa s py)-
provided that

P ptop2 ps opa 4 @1 42 43 g4
where the constant C is independent of I and f.

o1 1 _ 11 1_1 1 _ 1.1

Proof of Lemma 3.6. If s € Z then (the classical) Leibniz rule, Holder’s inequality, and Lemma 3.3 give
us the result. By a similar argument, it suffices to consider the case 0 < s < 1 to handle the general case.
However, that case follows from [Kenig et al. 1993, Theorem A.8] and Lemma 3.3. O

Lemma 3.7. Suppose that u > 1 and s € (0, u). Let G € Lip w. If p, p1, p2.9,491, 42 € (1, 00) satisfy
1 -1 1 1 -1 1
pol pol

p pm P24 @ q
then there exists a positive constant C depending on |, s, p1, p2,41,q2 and I such that

”|Dx| G(f)”Lqu(I) < C”G”Llpu ”f”Lpqul(I) Hlelsf”Li’ZL?Z(])

holds for any f satisfying f € LY LT (I) and |Dx|* f € LE>L(1).

Although Lemma 3.7 is essentially the same as [Kenig et al. 1993, Theorem A.6; Christ and Weinstein
1991, Proposition 3.1], we give the proof of this lemma in Appendix A for self-containedness and in
order to clarify the necessity of the assumption G € Lip p.

Proof of Lemma 3.4. We prove the second assertion since the first immediately follows from the second
by letting v = 0. For simplicity, we name S = S(I; “T_l), L=X({:;s,r),and N =Y(I;s,r).
Let us write

1
Gu)—GW) = (u— v)/0 G'(u+ (1—=0)v)db.

Lemma 3.6 implies that
1
IG(u) = G)llxy < Cllu—vls / [IDx*(G" (O + (1= 0)v)) | o1 pr dB
0

1
-|—C||u—v||L/0 H(G’(9u+(1—9)1}))”L§2L?2 do
=11+ 1,

1/p\ _ (1/5G,r))  (1/p(0.%51)\ _ 1/p(0,%5%) 1/p(s,7)
(1/611)_(1/67(&’))_(1/61(0 e-1) =@-2) 1/4(0, %1) +(1/61(s r))

where
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(1/P2) _ (l/ﬁ(s,r)) _ (l/p(s,r)) — [P0 1)
l/qz l/é(s,r) I/Q(S,r) I/Q(O, %) .

It is easy to see that |G ||Lip(a—1) < |G Lipa < 4-00. By the definition of || - [|ip(@—1). We estimate 15 as

and

1
12 < Cllu=vl 16 luptamy [ 183+ (10001 2 a8

1
scuu—an[O (Julls + [vlls)*" d6

< C(llulls + llvlls)*™Hu—vlL.

On the other hand, we see from Lemma 3.7 that
[1D<*(G"(Ou + (1 =0)) | o1 pr < CUG ILipta—n 10w + (1 = O[> [0 + (1= O)v]L
for any 6 € (0, 1). Hence, we find the following estimate on /;:

It < Cllu = v s 16" ILipe—n (lulls + 1vlls)* > (lullz + [[vllz).-

Collecting the above inequalities, we obtain the result. O

4. Proofs of the main theorems

In this section, we prove the main theorems. Recall the notation S(/;r) = X(/;0,r). Now, take a
number sy, () so that a pair (s, (), %5*) is acceptable and conjugate-acceptable. We define L(7; %51) =
X(I;sp(e). %) and N (1: %51) = Y (150 (@), 2451).

1

=1 Works.

Remark 4.1. If % <o < ? then s7 (o) with the above property exists. Indeed, sz (@) = % —
Our upper bound on o comes from this point.

Local well-posedness in a scale-critical space. Let us prove Theorem 1.2. To prove this theorem, we
show the following lemma.

~a—1 .
Lemma 4.2. Assume % <o < 2—33’ and ug € L;T. Let to € R and I be an interval with to € I. Then,

there exists a universal constant § > 0 such that, if a tempered distribution uy and an interval I > ty

satisfy

_ . e —(t—10)d3 —(t—10)d3
e=¢(l;ug,t0):=|e 0 XM0||S(1;L51)+||€ 0 XuollL(l,aTﬂ)$5,

~a=l
then there exists a unique solutionu € C(I; Ly? ) to the initial value problem

deu+3u = iy (Ju|*1u), t,xeR,
u(to, x) = uo(x), xeR

(in the sense of the corresponding integral equation) that satisfies

”M”S(];“T—l) + ”u”L(I;“T_l) < 2e.
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If ug € L , in addition, then
”u”Loo(];Z(ot—l)/Z) < luollf@—1y/2 +Ce*

holds for some constant C > 0 and u belongs to all L -admissible spaces X (I ) S, %)

Proof of Lemma 4.2. For R > 0, define a complete metric space
Zr={ueL(;%5)NS(I: %) : |lullz <R},
hellz 2= Nl ooty + el grimsty.  dzev) = Ju—vlz.

. e e (t—)33
For given tempered distribution u¢ with e @ ’0)3xu0 € Zs and v € ZR, we define

t
D)(t) 1= e 10y 4y f e~ =R (lv|* 1) () dt

to
We show that there exists § > 0 such that ® : Z,, — Z5, is a contraction map for any 0 < & < 6.
To this end, we prove that there exist constants C1, C> > 0 such that for any u,v € Zg,
| @)z < lle~ % ug|| 2 + C1 R, (@-1)
dz(®(u), ®(v)) < C2R* Ydz(u,v). (4-2)

Let u € Zg. We infer from Proposition 3.2(ii) that
193 _
121z < lle™ P uollz +C [l u v, esny.

We then apply Lemma 3.4(i) with r = “T_l and s = s7, (o) to obtain (4-1). A similar argument, employing
Lemma 3.4(ii), shows (4-2).
Now let us choose § > 0 so that

C1(26)* '<l 8 < (4-3)

1
S35
Then, we conclude from (4-1), (4-2), and the smallness assumption that ® is a contraction map on Z»,.

Therefore, the Banach fixed point theorem ensures that there exists a unique solution u € Z,, to (1-1).
We now suppose that ug € L . By means of Proposition 3.2, we have

”u”Loo([ Le-1/2) S luoll7@—1)2 +Ce*
as in (4-1). The same argument shows u € X (I s, —) for any s such that ( > 1) is acceptable. [
Proof of Theorem 1.2. By Lemma 4.2, we obtain a unique solution
ueL¥(— TT] )ﬂS([ T,T); ¢ )ﬂL([ T,T]; % )

for small T = T (ug) > 0. We repeat the above argument to extend the solution, and then obtain a solution
which has a maximal lifespan. The regularity property (1-4) and the continuous dependence of solution
on the initial data are shown by a usual way. This completes Theorem 1.2. O



ON THE WELL-POSEDNESS OF THE GENERALIZED KORTEWEG-DE VRIES EQUATION 715

Blowup criterion and scattering criterion. In this subsection we prove Theorems 1.7, 1.8, and 1.9.

Proof of Theorem 1.8. Assume for contradiction that Ty, < 0o and |u| S([0. T): 65 1) < O

Step 1. We first show that the above assumption yields

1ellz o, Ty)s 5y < 0©-
Fix T so that 0 < T < Tyax. Let sz, («) be as in the previous section (see Remark 4.1). If we take 8 € (0, 1)
so that (QSL (), “T_l) is conjugate-acceptable then it follows from Proposition 3.2 that

—1
Il o, 73, 51) < € Mol ass + Cl* ™ ully o, 7105, (@, 251)-

Then, Lemma 3.4(i) with r = % and Lemma 3.3 give us

Il o, ryse5ty < Cltollzags + Clluelgh ety 15 go ey
By assumption,
s o, ryie5ty < Mllsqo. Tezty < +00
for any T € (0, Thnax)- Plugging this to the previous estimate, we see that there exist constants A, B > 0
such that
”M”L([O T];% 1) < A + B”M”L([O T); %= 1)
for any T € (0, Thhax), which gives us the desired bound since 6 < 1.

Step 2. Let 79 € (0, Tax). Since
t
u(t) = e~ (t0) 4+ 1 / R0 (ul* @) i’
to
for ¢ € (0, Thhax), the above estimate yields the following bound on e _’0)333%0:

—(t—10)d3
||€ ( 0) ,CM(IO)”S([t() Tnax); a— 1)ﬂL([l‘() Tmax; %5 )

< ”“”S<[to,Tmax>;“T*‘)nL([ro,me, sty + Clul§ g 7 e oy [l Lo, Tz 51y < 00

Step 3. Let us now prove that we can extend the solution beyond Ti.x. Let § be the constant given in
Lemma 4.2. We see from the bound in the previous step that there exists 7y € (0, Tiax) such that

le™ OB (19) | 5 4 7 Tosesty + e OB (t0) o Tow)s2sl) < 36.

Hence, one can take t > 0 so that

||e_(t 10)03 —(t—10)d3

o)l 5 (1rg, Ty to); 51y T lle o)l (1o, Ty t-o); 251y <9

Then, just as in the proof of Theorem 1.2 (or Lemma 4.2), we can construct a solution #(¢) to (1-1) in the
interval (—Tin, Tmax + 7), which contradicts the definition of Tiax. O

Proof of Theorem 1.9. We first assume that T, = 400 and ||u]| S([0,00);251) < - Then, as in the first

. . —_+93 . .
step of the proof of Theorem 1.8, one obtains ||u ||L([0 00); 251y < O0. Since {e~"%%};cp is an isometry
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~a—1

in L7 , it suffices to show that {e’axu(t)}teR is a Cauchy sequence in nL%7 ast— 0. Let0 <1y <1p.
By an argument similar to the proof of (4-2), we obtain

He’za«%u(tg) —e“aiu(ll)Hz(a—n/z <C| |u|a_1uHN([t1,oo);aT_l)

< Cllull,

S([t1 ,00);251) el 11y 00); 251y = O as t1 — oo

Hence, we find that the solution to (1-1) scatters to a solution of the Airy equation as ¢t — oo.
Conversely, if u(¢) scatters forward in time then we can choose T > 0 so that

193 33
le™ ™04 7,00y 051 + e ™ Sttt 7,00y 51) < 36
where 4 = lim;_, o0 €’ 833614(t) € L% and § is the constant given in Lemma 4.2. Moreover, it holds for
sufficiently large 7o € [T, 00) that
—td3 (1003 —td3 (1003 .
He . (e 0 M(ZO) _u"')HS([T,oo);"‘—_l) + He (e 0 M(IO) u-i-)“L([T oo)'@)
< Clle S ulto) = u | fan/ < 38

by means of (2-2). We then see that

”e_(t_m)ax“(t())”S([T,oo);“%‘) + ”e_(t_m)ax”(t())”L([T,oo);“—;‘) <S$.
Then, Lemma 4.2 implies that ”u”S([T,oo);"‘z;l) < 26. O
Proof of Theorem 1.7. By (2-2), we have

—193 _+93
lle taXMOHL(R;"T*l)""”e ta"“0||S(R;“T*1)$C8-

Then, in light of Lemma 4.2, we see that u exists globally in time and satisfies ||u||s < 2Ce, provided ¢
is small compared with the constant § given in Lemma 4.2. Theorem 1.9 ensures that u scatters for both
time directions. O

Persistence of regularity. In this subsection, we prove Theorems 1.4 and 1.5, and then Theorem 1.10.
Proof of Theorem 1.4. Let us prove that u € L(I ; %) As in the proof of Lemma 4.2, one deduces
from Proposition 3.2 and Lemma 3.4(i) that

< Clluol o 1>/2+C”|“|a 1””N(I;%T*l)

< Clluollzry + Cllull, [l

S ety L0ty

Since we already know ||u|| S(1;e51) < O by assumption, we have the desired bound
||“||L(I;a02—l) < 2C Juoll f@o-n/2
for a sufficiently short interval /. Then, again by Proposition 3.2,

< Cslluoll ao-1r2 + Csllull, <400

””||L;>°(1;iﬁ?o‘”/z)mxu;s,“ 5(1 asty [l 0ty

for any acceptable pair (s, “02_ 1 ) Finite-time use of this argument yields the result. O
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Proof of Theorem 1.5. Suppose that 0 < 0 < «. Take a number ¢ so that 0 < ¢ < min(l, o — 0).

—193

Since | Dy |° commutes with e %% and since (¢, 2) is acceptable and conjugate-acceptable, we see from

Proposition 3.2 that

H |Dx|a”(’)HX(1;g,z) <C| |Dx|0“0HL2 +C| |Dx|0(|”|a_1”)”Y(I;s,z)'
Since 0 + ¢ < «, arguing as in the proof of Lemma 3.6, one sees that

D1 (| ) | Y(le2) = 11D 17 ([u]* ) ”L;)(S.Z)L?(E.Z)(l)

|o+£

-1
<C ||U||Zp(0.(a71)/2)L?(0.(a71)/2)(1) H |Dx 2 HLgc»(a.z)Ltq(a.z)(I)

= Clull§ e asny 11Px17u | xqrse 0y

Hence, we obtain an upper bound for H |Dx|%u H X(I:6.2) for a small interval. Then, the result follows as
in Theorem 1.4.
Next, let —1 <0 < 0. Set e = —0 € (0, 1). As in the previous case, we have

” |DX|UM(Z)HX(I;8,2) <C ”|Dx|0”0HL2 +C H |Dx|g(|“|a_1”)HY(1;s,2)
since (e, 2) is acceptable and conjugate-acceptable. Then,
| 1D (e IM)HY(I £2) — = [[lul*” ””LP‘F 2 pae S ”””3(1 -1y H|DX|GMHX(I;8,2)
by Holder’s inequality. The rest of the argument is the same. O

Remark 4.3. In the above proposition, the upper bound s < « is natural in view of the regularity that the

|a—1

nonlinearity |u u possesses. When « is an odd integer, that is, if & = 5, 7, then the nonlinearity u> or

7

u’ is analytic (in #) and so we can remove the upper bound and treat all s > 0. We omit the details.

Remark 4.4. By modifying the proof of Theorem 1.5, we easily reproduce the local well-posedness

in H% for o = 5. More precisely, by Lemma 3.3,

”M“ a . HlD |Sau”5(a 1 H|D |%u”%
Szezh) = I X(I;—4.2) 117X LEe1/2(py

By Sobolev’s embedding in space and Minkowski’s inequality,
D.|G e <clip Sa— T0ee=1%)
H| x| k u”lfg—m)/zu) < ”| x| DHu HL§5a—13)/2L§4(5a—13))/<5a—17)(I)
So
< C||IDx] ””X(I;—iJrsofﬁ,z)'
Hence, estimating as in the proof of Theorem 1.5, we obtain a closed estimate in
|Dx|**X(I;6,2) N |Dx| X (I: =% + =255.2) N | Dx| X (I: 1. 2).,
which yields local well-posedness in Hb 5

3 Strictly speaking, we should work with pairs (—% + 11, 2) and (—% + ﬁ — 12, 2) for small n; = n; (a) > 0 because
the critical case q(—%, 2) = o0 is excluded in Lemma 3.3. However, the modification is obvious.
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Proof of Theorem 1.10. We suppose for contradiction that u(#) scatters to U4 € LT ast — oo. Since
ug € H', Theorems 1.4 and 1.5 imply that u(¢) € C(R; H'). Further, u(¢) scatters also in H! and so we
see that | dxu(t)| ;2 = ||8xeta)3€u(t)||L2 — [ut|l g1 ast — oo.

On the other hand, by the Gagliardo—Nirenberg inequality and mass conservation,

a3 2 o

o o

||u(t)||Lg+1 <C ||”0||L2 ” | Dx|3@=Du(r) HL(3(a—1))/2'
X X

Since u(t) scatters as 1 — oo, we see that u € X ([0, o0); 3(%_1)

Therefore, we can take a sequence {t,}, with t, — 0o as n — oo so that ||u(t,)||fe+1 — 0 as n — oco.

“2;1) as in the proof of Theorem 1.9.

Thus, by conservation of energy,
I
02 Efuo] = Elu(tn)] = J1su()F2 = A I — S,

as n — oo. Hence, E[ug] < 0 yields a contradiction. If Eug] = 0 then we see that u+ = 0, and so
luollz2 = llu+|z2 = 0. This contradicts ug # 0. O
Appendix A: Proof of Lemma 3.7

In this appendix, we prove Lemma 3.7. To prove this lemma, we need the following space-time bounds
of the maximal function

1 x+R
(M) = sup 5 [ )l dy.
R>0 x—R

Lemma A.1. Let I be an interval. Assume 1 < p,q < 0.

(1) There exists a positive constant C depending on p,q and I such that

IMSllzray < Clf Lz (A-1)
forany f e LELI(I).
(ii) There exists a positive constant C depending on p,q and I such that

”Mfk”Lf(’L?ei(I) $C||fk||L§ng%(1) (A-2)

forany { fitk € LYLIG (D).
Proof of Lemma A.1. See [Fefferman and Stein 1971] for (A-1) and [Kenig et al. 1993, Lemma A.3(e)]
for (A-2). O

Proof of Lemma 3.7. We follow [Sickel 1989] (see also [Runst and Sickel 1996]). Let {¢ (Dx)}72 _ be
a Littlewood—Paley decomposition with respect to the x-variable. From [Kenig et al. 1993, Lemma A.3],
we see

Dl £ Lo po ~ 12K 0 (D) fll g 92 (A-3)
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Step 1. Write u = N + B with N € Z and B € (0, 1]. We remark that N > 1 since u > 1. We first note
that Taylor’s expansion of G gives us
G(l)(a) Iy Z(z—p)N-1
G(z) = — A
(2)= Z C-a'+ | “H o

G(N)(v) dv

(N —1)!

1=0

N ~0) Z(z—v)N-

ZG (a)( _a)1+/ w(G(N)(u)—G(N)(G))dU
;

2

l Nlell) I-j z (r_ \N—1
Z )(ﬁ—j)!(;l!)a o, (Z(Nv—)l)! (6N 0) =N @) dv

Hence, applying the above expansion with z = f(y) and a = f(x),

e FG(N(x) = C/ (F o) (x=y)G(f (y)) dy

(=D GO(f(x)(f(x)) 1 j
clgo,zzo R | F =) ds
IO (fF)-vV 1w (N)
+c/ (F o) (x— y)/ ERCEE (G*()=-GY¥ (f(x))) dvdy
=.T1’k+T2’k.

(A-4)

We first estimate 7} k. Since | Flor(y) dy = ¢ (0) = 0, the summand in T x vanishes if j = 0. By
the estimate

IGOFN| < NG lLipp | f )P,

we have N
12T ello o2 < CIGILipn Y1147 2% (DD o962
j=1
<C||G||LWZ||f||Lp1Lq1 [P (f )] pr2s 2.
where

T L N
1_p=i, 1_pw=j

pop P4 @1 G
Further, a recursive use of Lemma 3.6 yields

NDel D 2 o2 < G Nt o 11D f | 72

for j = 2, which completes the estimate of T .
Next, we estimate T’ j. First note that

f) —p)N-1
‘/f() (f((y]é _”1))‘ (GM () =GN (f(x))) dv| < ClIGlLipp | f(x) = F()*
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by the definition of ||G ||Lip .. Further, for any M > 0, there exists Cps such that

(F o) (x — )| = 2 |(F o) (2K (x — y))| < Cu2F (1 + 2K |x — y ™.

Therefore,
)= FOI N
Toal S CXNGlhun | 7 e =y ¥ <€ 12202" MU D).
where
1 f(x) = f Gt 2) = f)Fdz =27 f G+ 275 2) — f* de.
|z|<2— lz|<1

We now claim that ‘
12°CFDUE Dliperaa < ClDxI f ] wr pua- (A-3)

This claim completes the proof. Indeed, combining the above estimates, we see that

o0
—M) ||~ (k-1 L
12 Ta el prg < € D 2T PREDCDV@E N Lppg < DI f g o
=0
provided we choose M > s + 1. By Lemma 3.3, we conclude that

. 1 1
”|Dx|ﬁf”L§:PL/tW < ||f||;)PCIML?1 H|DX|SfHZ)1?2L;12'

Step 2. We prove claim (A-5). Let Ay, be the difference operator Ay, f(x) = f(x + h) — f(x). Since
f = mer Pk+m(Dx) f for any k € Z, one sees that

2 [ B 1 d:
VAR

2kS/

|z]<1

2kS/
lz|<1

=:A+ B.

H2k<s+1)(1,§‘f)(x)”u:m% N

LYriez

"w
< dz

-1
Api; Y Pram(D)f(x)

m=—0o0

Api; Y Pram(D) f(x)

m=0

LRLY ez

“w
+ dz

LiLrie

We estimate A. Take a € (i, 1). Letk € Z. If m < 0 and |h| < 27F then we have

| AT " ok m T F1)| < RV F 7 @k 4mF SN x +6h)|

R

o T e D )
=~ va veR 1+|2k+my|a

F! Fflx—
< C2" sup | [‘Pk+mk+f 1(x =)
yeR 1+ [2fFmy|a

m
<2" sup
lyls27%




ON THE WELL-POSEDNESS OF THE GENERALIZED KORTEWEG-DE VRIES EQUATION 721

for any x € R, where we have used the estimate

IVF HpoF f1(x — y)| <C | F oo F f1(x — y)
< C sup
yeR 1+ ]yl@ yeR 1+ |yl

(see [Runst and Sickel 1996, Section 2.1.6, Proposition 2(i)]) to obtain the last line. We define the
Peetre—Fefferman—Stein maximal function by

|F i Ff1(x =yl
YER 1+|2jy|a

o f) =

By the above estimates, we have
-1
2% sup | Agippym(D) f(0)]"

m=—oo0 1Z|<1

A<C

e <€ Z omit| ok gra fHLwszu

t*k m=-—00
sC Z amu S)”2(k+m)7(pl:-fmfHL‘”’L“qZZM \anku‘pk fHL‘”’L“qEz‘“
m=—00

where we used the fact that s < . Since ((p;:’af)(x) = ((p;’a(@k(Dx)f)(z;k))(ka), [Triebel 1983,
Lemma 2.3.6] yields

(03" F)x) < C(MI@r(Dx) )" (),
where @ = Zl-l:_l @k +i- Then, (A-2), the embedding ¢% < €9 (2 < g < 00), and (A-3) lead us to
|25 g HLgI’L;WegM < C|[2%@ Mg (D) f )é]”}t;“n?“qei““
sC szﬁ(@k(Dx)f)é ”ng’L?wg%
<C |}2ki¢k(Dx)fHL§pL;4qzi/a < C|1Dxl f | o o

since ﬁ <a<l1.

Let us proceed to the estimate of B. We first note that

/|z|$1

“w
dz

Api; O @ksm(D) f(x)
m=0

[z|<1

/| oy Z 2| Ayt 0t 4m (D) f ()| dz

7
Zz WM™ Ay, Qrm (D) f(¥)| dz

ey oo / 180spem(D) S0 d2

m=0 |z|<

e sz sup | Ay k@t 4m (D) (1)) Y [| | I\Az—kzmm(mf(x)\“dz,
Z|<

m=0 |Z|\
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where A € (0,1). For m = 0 and |h| < 27%, the triangle inequality gives us

|ARF ek 4mF f1(x)| <2 sup k‘f_l[¢k+mff](X—y)‘ < CY"pl, (),
lyl<2~

where a € ( o 1) Further,

/ |<1|AZ_"z(pk-f-m(Dx)f(x)‘M}L dz < CM[l(pk-f-m(D)xfWA](x)-

Using these inequalities, one deduces from Holder’s inequality, the embedding £2 < {4 (2 < g < 00),
(A-2), and (A-3) that

oo

2% 3" 2" M| @ggm (D) f11H 2 A8 (o fyI=H)

m=0

B<C

LELY

/N

WK

C ym(etan(1=2)) HZSkM[|<Pk+m(Dx)f|MA](‘pk+mf)M(l -1 “L”L"€2

3
Il
o

/A
@)
Mg

metapi=2)=s) HM[|2“ <Pk(Dx)f|M]HLp/ALq/AKz/A H2“k o "ﬂﬁfﬂ:lp}?qziu

8ﬁ
(=]

/

<C 3 DI D £ [

m=0

< 1Dl £ |7 o

aslongase+au(l—A)—s <0. Sincea € (ﬁ 1), we are able to choose A € (0, 1) and & > 0 suitably. [

Appendix B: Inclusion relations of L™

In this appendix, we briefly summarize some inclusion relations between L" and other frequently used
spaces such as Lebesgue spaces or Sobolev spaces. Here, H* = H%5(R) stands for a weighted L2-space

with norm || f'| go.s = H|x| f”L2‘
Lemma B.1. We have the following:
() L" > L"if1<r<2andL" < L" if 2 <r < co.
(i) H%7—2 (—>Z’ if1<r<2andzr~'—>l-'10’%_% if2<r <oo.
(iii) L’<—>32 zf1<r<2andB r

2r,’L>L’if2§r§oo.

Proof of Lemma B.1. The first assertion follows from the Hausdorff—Young inequality. The Sobolev
embedding (in the Fourier side) yields the second. We omit the details.
The third is also immediate from the Holder inequality. Indeed, if 2 < r < oo then

A~ L_l A
||f||Lr’({2n$|E|$2n+l}) < Czn(2 r)||f||L2({2"$|§|$2”+1})
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for any n € Z. Taking the K,’z/—norm, we obtain the desired embedding. The case 1 < r < 2 follows in the
same way. O

Let HS = H*(R) be a homogeneous Sobolev space with norm

LS 1l s = 161 F o

. . . w11 I S |
Notice that the above inclusions are the same as for H 27 r. Namely, we can replace L” with H27r

in Lemma B.1 (except for the endpoint case r = 1, oo in (i)). Indeed, (i) is a Sobolev embedding, (ii)
follows from Hardy’s inequality, and a basic property of Besov spaces gives us (iii). However, there is no
inclusion between L” and H 2~ * for r #£ 2.

LemmaB.2. For | <r <oo(r#2),L" & H> 7 and H>"7 o> L.

Proof of Lemma B.2. If 2 < r < 0o, we have the following counterexamples: Let us define f,(x) by
fa¢)=1forn <& <n+1and f, (&) =0 elsewhere. Then, f,(x) satisfies || /5 ”H%_% — 00 as 1 — 00,

while || fn||;,=1. Hence. L /> H>~7. On the other hand, for some p € (%, %), take g, (x) (n = 3) so

that g, (§) = E_% [log &|~P for % <EL % and g, (&) = 0 elsewhere. Then, || gn ”H%_% is bounded but
|gnll7» — oo as n — oo. This shows H2 v /> L.

The case 1 < r < 2 follows by duality.

Let us consider the case r = 1. We note that 8o (x) € L \H _%, where 8o (x) is the Dirac delta function.

Therefore, L' &> H~2. On the other hand,
-1
Ja(x) = (log(1+ 7)) F 1[1{1s$s1+5}](x)

. Sl A
is a counterexample for H~2 o L1 O
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REGULARITY FOR PARABOLIC INTEGRO-DIFFERENTIAL EQUATIONS
WITH VERY IRREGULAR KERNELS

RUSSELL W. SCHWAB AND LUIS SILVESTRE

We prove Holder regularity for a general class of parabolic integro-differential equations, which (strictly)
includes many previous results. We present a proof that avoids the use of a convex envelope as well as
give a new covering argument that is better suited to the fractional order setting. Our main result involves
a class of kernels that may contain a singular measure, may vanish at some points, and are not required to
be symmetric. This new generality of integro-differential operators opens the door to further applications
of the theory, including some regularization estimates for the Boltzmann equation.
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1. Introduction

We study the Holder regularity for solutions of integro-differential equations of the form
us +b(x,t)-Vu — / (u(x +h,t)—u(x, t))K(x, h,t)dh = f(x,t1). (1-1)
R4

The integral may be singular at the origin and must be interpreted in the appropriate sense. These equations
now appear in many contexts. Most notably, they appear naturally in the study of stochastic processes with
jumps, which traditionally has been the main motivation for their interest. In the same way that pure jump
processes contain the class of diffusions (processes with continuous paths) as particular limiting cases,
(1-1) contains the usual second-order parabolic equations as particular limiting cases. This is due to the fact

L. Silvestre was partially supported by NSF grants DMS-1254332 and DMS-1065979.
MSC2010: 47G20, 35R09.
Keywords: nonlocal equations, nonsymmetric kernels, covering lemma, crawling ink spots, regularity.

727


http://msp.org/apde/
http://dx.doi.org/10.2140/apde.2016.9-3
http://dx.doi.org/10.2140/apde.2016.9.727
http://msp.org

728 RUSSELL W. SCHWAB AND LUIS SILVESTRE

that the integral term becomes a second-order operator a;; (x, t) d;;u as the order « (to be defined below)
converges to 2. We note that the simplest choice of K is K(h) = Cgq o|h| —d—e which results in the equation

U + (=A% =0,

and converges to the usual heat equation u; — Au = 0 as o — 2 (recall that (—A)®/2 is the operator
whose Fourier symbol is [£]%).

The Holder estimates that we obtain in this article are an integro-differential version of the celebrated
result by Krylov and Safonov [1980] for parabolic equations with measurable coefficients. There are, in
fact, several versions of these Holder estimates for integro-differential equations, which were obtained in
the last 10 years, and we briefly review them in Section 1A. Besides the elliptic/parabolic distinction, the
difference between each version of the estimates is in the level of generality in the possible choices of the
kernels K(x, h,t). In this article, we obtain the estimates for a very generic class of kernels K, including
nearly all previous results of this type.

The most common assumption in the literature is that for all x and ¢, the kernel K is comparable
pointwise in terms of / to the kernel for the fractional Laplacian. More precisely,

A A
(2—W)WSK(X»hJ)S(2—“)W- (1-2)

This is often accompanied by the symmetry assumption K(x, h,t) = K(x,—h,t). It is important for the
applications of these estimates that no regularity condition may be assumed for K with respect to x or .

In this paper, we only assume a much weaker version of (1-2). The upper bound for K, in (1-2), is
relaxed to hold only in average when we integrate all the values of /& on an annulus, and it appears as
assumption (A2). Also, for our work, the lower bound in (1-2) only needs to hold in a subset of values
of h that has positive density, given as assumption (A3). We also make an assumption, (A4), which says
that the odd part of K is under control if « is close to 1. The exact conditions are listed in Section 2. We
prove that solutions of (1-1) are uniformly Holder continuous, which we state in an informal way here
and revisit more precisely in Section 7.

Theorem 1.1. Let u solve (1-1). Assume that for every x € By and t € [—1,0], the kernel K(x,-,t)
satisfies the assumptions (A1), (A2), (A3) and (A4) in Section 2. Assume also that f is bounded, b is
bounded, and for a < 1, we have b = 0. Then for some y > 0,

[Ulcv,,») = ClullLooma x[-1,01) T I/ ILo(@1))-

The constants C and y depend on the constants i, A and A in (A1)—(A4), on the dimension d, on a
lower bound for « (in particular, o can be arbitrarily close to 2), and on ||b||f .

Our purpose in developing Theorem 1.1 is not merely for the sake of generalization. An estimate with
the level of generality given here can be used to obtain a priori estimates for the homogeneous Boltzmann
equation. This is a novel application. None of the previous Holder estimates for integral equations are
appropriate to be applied to the Boltzmann equation.

As a byproduct of our proof of Theorem 1.1, we simplify and clarify some of the details regarding para-
bolic covering arguments (see the crawling ink spots of Section 6) as well as present a proof that does not
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invoke a convex envelope. Rather, we circumvent the oft-used gradient mapping of the convex envelope by
using a mapping that associates points via their correspondence through parameters in an inf-convolution,
modeled on the arguments of [Imbert and Silvestre 2013a], originating in [Cabré 1997; Savin 2007].

In Section 8, we apply this result to derive the C !** regularity for the parabolic Isaacs equation. This is
a rather standard application of Holder estimates for equations with rough coefficients, as in Theorem 1.1.

1A. Comparison with previous results and some discussion of (1-1). The Holder estimates for integro-
differential equations that take the form of (1-1) are a fractional-order version of the classical theorem
by Krylov and Safonov [1980]. This is a fundamental result in the study of regularity properties of
parabolic equations in nondivergence form, and has consequences for many aspects of the subsequent
PDE theory. The classical theorem of De Giorgi, Nash and Moser concerns second-order parabolic
equations in divergence form, in contrast with the theorem of Krylov and Safonov. The basic results
for integro-differential equations in divergence form were developed earlier, and a small survey of this
subject can be found in [Kassmann and Schwab 2014].

The simplest case of K would be K(h) = (2—a)|h|~¢~2, and this choice gives the operator Lu(x) =
—Ci (—A)*/2y(x), which is a multiple of the fractional Laplacian of order « (the operator whose Fourier
symbol is |£|%). This operator (and its inverse, the Riesz potential of order o) have a long history, and have
been fundamental to potential theory for about a century; see, for example, Landkof’s book [1966]. In fact,
the appearance of nonlocal operators similar to the one in (1-1) is in some sense generic among all linear
operators that satisfy the positive global maximum principle (that is, the operator is nonpositive whenever
it is evaluated at a positive maximum of a C? function). This has been known since the work of Courrége
[1965]. He proved that any linear operator with the positive maximum principle must be of the form

Lu(x)=—c (x)u(x)+b(x)-Vu(x)+Tr(A(x)D2u(x)) +/ (u (x+h)—u(x)—1p, (h)Vu(x)-h)/L(x, dh),
R4

where ¢ > 0 is a function, 4 > 0 is a matrix, b is a vector, all of A, b, ¢ are bounded, and u(x,-) is a
Lévy measure that satisfies

sup/ min(|k|?, ) p(x, dh) < 4o0.
x JR4

Heuristically from the point of view of jump-diffusion stochastic processes, b records the drift, A records
the local covariance (or +/A is the diffusion matrix), and p records the jumps.

The first Holder regularity result for an equation of the form (1-1) was obtained in [Bass and Levin
2002a]. In that paper, the authors consider the elliptic equation (¥ constant in time), with symmetric
kernels satisfying the pointwise bound (1-2) and without drift. Their proof uses probabilistic techniques
involving a related Markov (pure jump) stochastic process. Other results using probabilistic techniques
were [Bass and Kassmann 2005; Song and Vondrac¢ek 2004], where different assumptions on the kernels
are considered. The first purely analytical proof was given in [Silvestre 2006]. This first generation of
results consists only of elliptic problems. They are not robust in the sense that as order approaches 2,
the constants in the estimates blow up (hence they do not recover the known second-order results).
Furthermore, they all require a pointwise bound below for the kernels as in (1-2).
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The first robust Holder estimate for the elliptic problem was obtained in [Caffarelli and Silvestre 2009],
which means that the estimate they proved has constants that do not blow up as the order « of the equation
goes to 2. In that sense, it is the first true generalization of the theorem of Krylov and Safonov. It was
the first of the series of papers [Caffarelli and Silvestre 2009; 2011a; 2011b] recreating the regularity
theory for fully nonlinear elliptic equations in the nonlocal setting. As above, these results are only for
the elliptic problem, and they require symmetric kernels that satisfy the pointwise assumption (1-2).

The first estimate for parabolic integro-differential equations, in nondivergence form, appeared, to the
best of our knowledge, in [Silvestre 2011] (the divergence case had some earlier results such as [Bass and
Levin 2002b; Chen and Kumagai 2003]). In this case, the kernels are symmetric and satisfy (1-2) with
o = 1. The focus of [Silvestre 2011] is on the interaction between the integro-differential part and the
drift term. The proof can easily be extended to arbitrary values of «, but the estimate is not robust (it
blows up as @ — 2), and the details of this proof are explained in the lecture notes by one of the authors
[Silvestre 2012b]. It is even possible to extend this proof to kernels that satisfy the upper bound in average
like in our assumption (A2) below (see [Silvestre 2014b]). However, the estimates are not robust, and the
lower bound in (1-2) is required.

The first robust estimate for parabolic equations appeared in [Chang Lara and Ddvila 2014], which is a
parabolic version of the result in [Caffarelli and Silvestre 2009]. The kernels are required to be symmetric
and to satisfy the two pointwise inequalities (1-2) as an assumption.

Elliptic integro-differential equations with nonsymmetric kernels are studied in the articles [Chang Lara
2012; Chang Lara and Ddvila 2012]. There, the kernels are decomposed into the sum of their even
(symmetric) and odd parts. The symmetric part is assumed to satisfy (1-2), and there are appropriate
assumptions on the odd part so that the symmetric part of the equations controls the odd part. This
effectively makes the contribution to the equation from the odd part of the kernel a lower-order term.

The only articles where the lower bound in the kernels (1-2) is not required to hold at all points
are [Bjorland et al. 2012; Guillen and Schwab 2012; Kassmann and Mimica 2013a; Kassmann et al.
2014]. These papers concern elliptic equations and the upper bound in (1-2) is still assumed to hold.
It is important to point out that under the conditions in [Bjorland et al. 2012; Kassmann et al. 2014],
the Harnack inequality is not true. There is, in fact, a counterexample in [Bogdan and Sztonyk 2005]
(also discussed in [Kassmann et al. 2014]). The assumption in these works that was made to replace the
pointwise lower bound on the kernels is more restrictive than our assumption (A3) below.

The main result in this article (see Theorems 7.1 and 7.2) generalizes nearly all previous Holder
estimates (for both elliptic and parabolic equations) for integro-differential equations with rough kernels in
nondivergence form. It strictly contains the Holder regularity results in [Bass and Levin 2002a; Bjorland
et al. 2012; Caffarelli and Silvestre 2009; Chang Lara 2012; Chang Lara and Dévila 2012; 2014; Guillen
and Schwab 2012; Kassmann et al. 2014]. There is an interesting new result given in [Kassmann and
Mimica 2013b] that allows for kernels with a logarithmic growth at the origin (among other cases),
corresponding in our context to the limit o« — 0, and it is not contained in the result of this paper.

Our approach draws upon ideas from several previous papers. Moreover, we haven been able to simplify
the ideas substantially, especially how to handle parabolic equations, and we do not follow the method in
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[Chang Lara and Dévila 2014]. Our method allows us to make more general assumptions on the class of
possible kernels. We would like to point out that we do not make any assumption for simplicity in this
paper. Extending these results to a more singular family of kernels would require new ideas.

There are two possible directions that we did not pursue in this paper. We did not try to analyze
singularities of the kernels of order more general than a power of |h|, as in [Kassmann and Mimica
2013b]. Also, it might be possible to extend our regularity results for equations with Holder continuous
drifts and o < 1, as in [Silvestre 2012a]; although, we do point out that this technique does not work right
away with the methods in this paper. We also point out that the results in this paper and all of the others
mentioned (except for [Kassmann and Schwab 2014]), require that the Lévy measure — referred to above
as i(x,dh) —has a nontrivial absolutely continuous part, K d&, with respect to Lebesgue measure (our
work allows for a measure with a density plus some singular part). Verifying the validity of, and finding
a proof for, results similar to Theorem 1.1 in the case when p may not have a density with respect to
Lebesgue measure remains a significant open question in the integro-differential theory.

The importance of not assuming any regularity in x and ¢ for the ingredients of (1-1) — the case of
so-called bounded measurable coefficients —is for much more than simply mathematical generality.
For example, because equations such as (1-1) often lack a “divergence structure” —i.e., admitting a
representation as a weak formulation for functions in an energy space such as H%/2 —they can usually
only be realized as classical solutions or as viscosity solutions (weak solutions). (We note that uniqueness
for equations related to (1-1) is still an open question for the theory of viscosity solutions of integro-
differential equations, and recent progress has been made in [Mou and Swigch 2015].) That means that one
of the few tools available for compactness arguments involving families of solutions are those provided
in the space of continuous functions via Theorem 1.1. This is relevant for both the possibility of proving
the existence of classical solutions as well as for analyzing fully nonlinear equations in a way that doesn’t
depend on the regularity of the coefficients. Indeed, both situations can be viewed as morally equivalent
to studying linear equations with bounded measurable coefficients. For studying regularity of translation
invariant equations, this arises by effectively differentiating the equation, which results in coefficients that
depend upon the solution. In the fully nonlinear case, many situations involve operators that are a min-max
of linear operators, and so the bounded measurable linear coefficients arise from choosing the operators that
achieve the min-max for the given function at each given point— a situation in which you cannot assume
any regular dependence in the x-variable. Such min-max representations turn out to be somewhat generic
for fully nonlinear elliptic equations, as was noted in the recent work [Guillen and Schwab 2014, Section 4].

1B. Application: the homogeneous non-cut-off Boltzmann equation. In this section, we briefly explain
an important application of our main result, which is not possible to obtain with any of the previously
known estimates for integro-differential equations. This result is explained in detail in [Silvestre 2014a].

The Boltzmann equation is a well-known integral equation that models the evolution of the density of
particles in dilute gases. In the space homogeneous case, the equation is

f=0U = [ | (P00 0= fwnn .0 Bl 6 dodv. (Y
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Here v’, v/, and 6 are defined by the relations

r=lve—v| =, =], v'=21@+vs)+1iro
Vg —

cosf =0 - -,
|vs—v]

vl = 2(v+vy) — 310

There are several modeling choices for the cross-section function B. From some physical considerations,
it makes sense to consider B(r, 8) ~r?|0|" 1% withy > —n and o € (0, 2). Note that this cross section B
is never integrable with respect to the variable o € dBj. In order to avoid this difficulty, sometimes a (non-
physical) cross section is used that is integrable. This assumption is known as Grad’s cut-off assumption.

Until the middle of the 1990s, most works on the Boltzmann equation used Grad’s cut-off assumption.
The non-cut-off case, despite its relevance for physical applications, was not studied so much due to its
analytical complexity. An important result that caused a better understanding of the non-cut-off case came

with the paper of Alexandre, Desvillettes, Villani, and Wennberg [Alexandre et al. 2000], in which they
/2
loc

results for the non-cut-off case that came afterwards are based on a coercivity estimate that is a small

obtained a lower bound on the entropy dissipation in terms of the Sobolev norm || f||; 7", All regularity
variation of this entropy dissipation argument. So far, this was the only regularization mechanism that
was known for the Boltzmann equation.

It turns our that we can split the right-hand side of the Boltzmann equation, (1-3), in two terms. The
first one is an integro-differential operator, and the second is a lower-order term:

fi=01(/. )+ 020/ 1)
o /I;ﬂ 9B f(v/*’t)(f(v/’t)_f(v”))BﬂU—U*I,Q)dadv*
+f(v,l)/Rn /{;Bl(f(v*,l)—f(v*’[))BOv_v*l’e)do_dv*

= [ (100~ FO00)Kr @ 0+ ef ol « 1)

The kernel Ky depends on f* through a complicated change of variables given using the integral identity
above. If one knew that f was a smooth positive function vanishing at infinity, then indeed it could be
proved that K (v,v’, 1) &~ |[v —v'|7"7%, and the first term would correspond to an integro-differential
operator of order « in the usual sense satisfying (1-2). Unfortunately, this is not practical for obtaining
basic a priori estimates for (1-3). In fact, there is very little we can assume a priori from the solution f
to the Boltzmann equation, and it is not enough to conclude that K¢ satisfies (1-2). Instead, all we
know a priori about f is given by its macroscopic quantities: its mass (the integral of f), the energy
(its second moment), and its entropy. The first two quantities are constant in time, whereas the third
is monotone decreasing. It can be shown that K satisfies the hypotheses (A1), (A2), (A3) and (A4),
depending on these macroscopic quantities only. Therefore, the results in this article can be used to obtain
a priori estimates for solutions of the homogeneous, non-cut-off, Boltzmann equation, which is explained
in [Silvestre 2014a]. It is a new regularization effect for the Boltzmann equation that is not based on
coercivity estimates, as in [Alexandre et al. 2000].
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Interestingly enough, the macroscopic quantities do not give much more information about Ky than
what our assumptions (Al), (A2) and (A3) say. The kernels Ky will be symmetric, so, in fact, (A4)
is redundant. In terms of this generalization, almost the full power of our main result is needed. The
only nonessential points are that the kernels can be assumed to be symmetric, and the robustness of the
estimates does not necessarily play a role.

1C. Notation.
e Our space variable x belongs to R4,
e The annulus is R, := B \ B,.
e The parabolic cylinder Q, is defined as
0O, := B, x (—r%,0], and with a different center, Q,(x,7) = Qr + (x,1).
e The “a-growth” class is
Growth(a) = {v : R? >R { lv(x)| < C(1 +|x[)*~* for some C, &> 0}.
e Pointwise C !'! is defined as
CM(x):={v:R? > R|3IM(x) and ¢ so that [v(x+h)—v(x)—Vv(x)-h| < M(x)|h|? for |h] <&},
and over R? , we have
CHRY) = {v:R? - R| 0] poo(may < 00, V0] poo(ay < 00,
and v € C"!(x)Vx with M(x) independent of x}.

e The difference operator for the different possibilities of o is

u(x +y)—u(x) ifa <1,
Syu(x) == qu(x+y)—u(x)—1p,(»)Vu(lx)-y ifa=1,
u(x +y)—u(x)—Vu(x)-y ifa>1.

* The class of kernels and corresponding linear operators are

K:={K: R > R | K satisfies assumptions (A1)—(A4)},

L:= %Lu(x) :/ Spu(x)K(h)dh ‘ K e IC}.
R4

We will try to stick to the following conventions for constants:
 Large constants will be upper case letters, e.g., C, and small constants will be lower case letters, e.g., c.

e If the value of a constant is not relevant for later arguments, then we will freely use the particular letter
for the constant without regard to whether or not it was used previously or will be used subsequently.

e If the value of a constant is relevant to later arguments (e.g., in determining values of subsequent
constants), then we will label the constant with a subscript, e.g., Co, C1, C», etc.

Note 1.2. The following observation is useful and applies for all values of «: if u(x) = ¢(x) and u > ¢
everywhere, then 8pu(x) > 8,¢(x) for all i. This implicitly assumes that for @ > 1, both u and ¢ are
differentiable at x.
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2. Classes of kernels and extremal operators

The kernel K(x, h,t) in (1-1) is not assumed to have any regularity with respect to x or ¢. The best way
to think about it is that for every value of x and ¢, we have a kernel (K ;(h) = K(x, -, t)) that belongs
to a certain class. This class of kernels is what we describe below.

2A. Assumptions on K. For each value of A, A, u and «, we consider the family of kernels K : RY >R
satisfying the following assumptions:
(A1) K(h)>0forall h e R?.
(A2) For every r > 0,
/ K(hydh < (2—a)Ar ™. 2-1)
B2r\Br

(A3) For every r > 0, there exists a set A, such that

e Ay C By \ By,

¢ A, is symmetric in the sense that A, = —A4,,
b |Ar| > /L|BZr \ Br|>

e K(h)>(2—a)Ar—4=2in A,.

Equivalently,

[{y € Bar \ By | K(h) = 2= a)Ar™" and K(=h) = @ —a)Ar ™7} | = u|Bor \ B,|.  (2-2)
(A4) For all r > 0,
<Al —a|ri™®. (2-3)

/ hK(h)dh
B2r\Br

2B. Discussion of the assumptions. We stress that although our kernels can be zero for large sets of 4,
their corresponding integral operators are not rightfully described as “degenerate”. One can draw an
analogy with the second-order case in the context of diffusions. A diffusion process will satisfy uniform
hitting-time estimates for measurable sets of positive measure whenever the diffusion matrix is comparable
to the identity from below and above. In the context of our pure jump processes related to (1-1), these
jump processes will still satisfy such uniform hitting-time estimates even though the kernels can be zero
in many points (meaning that at the occurrence of any one jump, the process will have zero probability of
jumping with certain values of /).

The first assumption, (A1), is unavoidable if one hopes to study examples of (1-1) that satisfy a
comparison principle between sub- and supersolutions.

The second assumption, (A2), is mostly used to estimate an upper bound for the application of the
operator, L, to a smooth test function. It is more general than assuming a pointwise upper bound, as was
done in [Caffarelli and Silvestre 2009; Kassmann et al. 2014] and many others. It is also slightly more
general than a corresponding bound obtained by integrating on spheres as

f K(h)dS(h) < (2 —a)Ar~ 7%,
0B,
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It is, however, a stronger hypothesis than

/ |h|>K(h)dh < Ar?™%.
It is worth pointing out that (A2) implies
o

2
/ K(h)dh < 2—a)Ar .
Rd\Br 20 — 1

The first factor blows up as @ — 0 but not as @ — 2. In fact, the proofs of all our regularity results fail
for o < 0 exactly because the tails of the integrals become infinite. The question of what happens as ¢ — 0
is interesting for the nonlocal theory, and some results are obtained in [Kassmann and Mimica 2013b]
(note, there they do not use the typical normalization constant as in potential theory, where Cy o ~ «
as o — 0, so the limit operator is not a multiple of the identity). We also have

/Rda AP K (h) dh < C(a)A (2-4)

for a constant C(«) that stays bounded as @ — 2, and (2-1) can be thought of as a scale invariant, of
order «, version of (2-4).

Note that the assumption (A2) does not preclude the kernel K from containing a singular measure. For
example, the measure given by

A
K(h)dh =/ 2—a)————dh
[A *) An{h1=h2=~~~=hd_1=0}( )lhn|1+°‘ d

is a valid kernel K that satisfies (A2) (but not (A3)). In this case, K is a singular measure, but we abuse
notation by writing it as if it was absolutely continuous with a density K(#).
The example above corresponds to the operator

- / Spu(x)K(h) dh = (=3 ,44)% *u.
R4

As we mentioned before, this kernel satisfies the assumption (A2) but not (A3). However, the kernel of
the operator

- f Spu(x)K(h) dh := (—0)*?u(x) + (—=A)*2u(x)
Rd

would satisfy both (A2) and (A3).

The third assumption, (A3), is stated in a form that does not require the kernel K to be positive along
some prescribed rays or cone-like sets, as was done in [Kassmann et al. 2014]. The relaxation to (A3) from
previous works is important to allow for situations where the positivity set of K may change from radius
to radius. As mentioned above, it is equivalent to (2-2), which is the form we will actually invoke later on.

Finally, note that the assumption (A4) is automatic for symmetric kernels (i.e., when K (h) = K(—h)),
since in that case the left-hand side is identically zero. This assumption is made in order to control the
odd part of the kernels in a fashion that does not require us to split up L into two pieces involving the
even and odd parts of K. It is also worth pointing out that even for a < 1, the kernel K can have some
asymmetry, but it must die out as r — oo.
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There are two final facts that are important to point out. The first one is the observation that although
each K may not be such that

Lu(x) = /R 8K (k) dh

results in an operator that is scale invariant, i.e., Lu(r -)(x) = r®Lu(rx), the family of K that satisfy
(A1)-(A4) is scale invariant. The second one is that some authors have worked with assumptions where
the lower bound in (1-2) is only required for |#| < 1. This does not effect our overall result because we
can add and subtract the term

flx)=Q2-a) /;w Sput(x)1gay g, (W) ~4~* dh

from (1-1). Assuming K satisfies the lower bound of (1-2) only for |4| < 1, this would result in an operator
governed by K(h) = K(h) + 1ga\ B, (h)|h)~4~*, and now K does satisfy the lower bound of (1-2) for
all 4. Furthermore, the term f(u;-) is controlled by |u||z e and possibly C|Vu| (depending on «) due
to the fact that 1ga\ g, (h)|h|~?* is integrable, and hence these terms can be absorbed into the equation
as a gradient term and bounded right-hand side. This pertains to, e.g., the results in [Chang Lara 2012].

2C. Extremal operators and useful observations. As mentioned above, £ is the class of all integro-
differential operators Lu of the form

Lu(x) = /Rd Spu(x) K (h) dh,

where K is a kernel satisfying the assumptions (A1)—(A4) specified above. Sometimes we wish to refer to
a kernel, K, instead of the operator, L, and so we also use K to denote the collection of all such kernels.
Correspondingly, we define the extremal operators M ZF and M as in [Caffarelli and Silvestre 2009]:

M;u(x) = sup Lu(x),
Lec

M, = inf L .

L u(x) Lnéﬁ u(x)

In order to avoid notational clutter, we omit the subscript £ in the rest of the paper. We note that when
(1-1) holds for some kernel K satisfying the assumptions and with a bounded b and f, this also implies
that the pair of inequalities

ur 4+ Co|Vu| =M~ u > —Cy,

u; — Co|Vul—M*u < C

is simultaneously satisfied. The advantage of this new formulation is that it can be understood in the
viscosity sense, whereas the original equation (1-1) only makes sense for classical solutions. Unless
otherwise noted, we use the terms solution, subsolution, and supersolution to be interpreted in the viscosity
sense (made precise below, in Definition 3.2). There may be instances when we need equations to hold in
a classical sense, and in those cases, we will explicitly mention that need.
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Remark 2.1. We emphasize that although (1-1) allows for K that are x-dependent, the class £—and
hence the definition of M * — contains only those K that are independent of x. The desired inequalities
are obtained because £ contains all possible such K, and hence, for each x fixed, K(x,-) € L.

It will be useful to know an important feature of M * regarding translations, rotations, and scaling. This
is an important feature to keep in mind in the sense that for any one choice of a kernel to determine (1-1),
K may not have any symmetry or scaling properties on its own. However, it is controlled by an extremal
operator that does enjoy these properties. This is particularly relevant for intuition on what to expect from
solutions of these equations.
Lemma 2.2. M (and hence M ™) obey the following:

() If z € R? is fixed, and Tu :=u(- + z), then Mt Tu(x) = M Tu(x + z) (translation invariance).

(i) If R is a rotation or reflection on R?, then M Tu(R -)(x) = M tu(Rx) (rotation invariance).
(iii) If r > 0, then M T u(r -)(x) = r*M Tu(rx) (scaling).
Proof of Lemma 2.2. Property (i) follows from a direct equality in LT u(x) = Lu(x + z) whenever K € L

(importantly, note that K € £ requires K(x, n) = K(h)). Property (ii) follows because L is closed under
composing K with a rotation or reflection. Property (ii1) follows from the observation that if K € £, then

R = r_d_“K(é) er
as well, combined with the fact that for L, L corresponding to K, K, we have Lu(r-)(x) = r*Lu(rx).
It is worth remarking that when o = 1, one must be careful with rescaling the integral due to the presence

of 1p, (h). However, in this case the rescaling still holds because (A4) implies that

/ hK(h)dh =0,
B1\B,

and this allows to keep the term 1p, (/) fixed in L without effecting its value. O

In the rest of this section, we make some elementary estimates that give us some bounds on Lu(x)
in terms of bounds for u and its derivatives. These estimates explain the need for the assumptions (2-1)
and (2-3). We start with the following lemma.

Lemma 2.3. Let K be a kernel satisfying assumptions (A2) and (A4). Then the following inequalities hold:

/ WK (h)dh < CAF>~®, (2-5)
‘/ hK(h)dh| < CAr'™ ifa <1, (2-6)
B,
/Rd\B hK(h)dh| < CAr'™ ifa > 1, (2-7)
/ K(h)dh < CAZ=% <, 2-8)
R4\ B, o

In this lemma, the constant C is independent of all the other constants.
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Proof. The four assertions are all proved in a similar fashion, and they follow from a straightforward
decomposition of the integrals in dyadic rings B,x+1, \ B,k , followed by applications of (2-1) and (2-3).
We will only write down explicitly the proof of (2-7) as an example.

Assume o > 1. We use (2-3) and decompose the integral in dyadic rings Byx+1, \ By, :

/ hK(h)dh / hK(h)dh
RY\ B, Boi+1,\Byk,

oo
<Y All—a|@* )
k=0

o0

=3

k=0

11—« |1 - O‘(|
1 —21-e’
Since the last factor on the right is bounded uniformly for @ € (1, 2), we have finished the proof. O

< Ar

Lemma 2.4. Assume o > og. Let K be any kernel that satisfies (2-1) and (2-3). Let u be a function that is
C? around the point x and p = Vu(x). Moreover, assume that u satisfies the following bounds globally:

D?*u < AI, |u|<B.

[tk ai < c(BY“(5+(5)"1n).

Here C is a constant that depends on A and og. Moreover, when o = 1, we can drop the term depending

Then,

on p and get
/ Spu(x)K(h)dy < C(AB)/2.
R4

Proof. Since §pu(x) has a different form depending on « > 1, = 1 and o < 1, we must divide the proof
into these three cases.
We start with the case @ < 1. In this case dpu(x) = u(x + h) —u(x). Let r > 0 be arbitrary. Then

/ Shu(x)K(h)dy=/ 5hu(x)K(h)dh+/ Spu(x)K(h)dh
R4 B, r

RY\B
< / (p-h+ Alh|*)K(h)dh + / 2B K(h) dh. (2-9)
B, R4\ B,
Using (2-6), (2-5) and (2-8), we get
<C(lplr' ™+ Ar* ™+ Br79). (2-10)

We finish the proof in the case o < 1 by picking r = (B/A)/2.
The case o > 1 is similar. In this case §u(x) = u(x +h) —u(x) — p-h and we get

/ 8hu(x)K(h)dh=/ 8hu(x)K(h)dh—|—/ Spu(x)K(h)dh
R4 B, r

R4\ B

5/ A|h|2K(h)dh+[ (p-h+2B)K(h)dh.
B, R4\ B,
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This time using (2-5), (2-7) and (2-8), we again arrive at (2-10), and conclude by picking the same
r=(B/A)Y2.
We are left with the case @ = 1. In this case,

Spu(x) =u(x+h)—u(x)—p-h1p, (h).

For arbitrary r > 0, we have
/ Syu(x)K(h)dh=/ (u(x +h)—u(x)—p-h)K(y)dh
R4 B,

+[Rd\3r(u(x—I—h)—u(x))K(h)dhi/BlABrh~pK(h)dh.

The last term on the right-hand side is equal to zero because of the assumption (2-3). Therefore, we can
drop this term and use the other two to estimate the integral:

/ Shu(x)K(h)dhf/ A|h|2K(h)dh+/ 2B K(h) dh.
R4 B R\ B,

<C(Ar + Br71),
where the second inequality follows from (2-5) and (2-8). Picking r = (B/A)'/2, we obtain
/ Spu(x)K(h)dh < C(AB)'/?. O
R4
Remark 2.5. Lemma 2.4 requires an inequality to hold for D2u in the full space R. This does not
require the function u to be C? globally. What it means is that u(x) — %A|x|2 is concave.

Corollary 2.6. Let M 2’ and M be the extremal operators defined above. Let p = Vu(x) and assume
that u satisfies the global bounds

—A_I <D?*u<A4l lu| < B.
Then
miuw =c(L) (4 (L£) " 1n)

B
J’_
_ B \—%/2 B \1/2
Mpu) 2 =C (=) (B4 (o) TIrl).
Moreover, if o = 1, the estimate can be reduced to
MFu(x) < C(BAL)Y?,
M;u(x) = —C(BA-)'/2,

Proof. The estimate for M ZF follows from taking the supremum in K in Lemma 2.4. The estimate for
M . follows then since

MZu(x):—MZL[—u](x). |
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3. Viscosity solutions

We use a standard definition of viscosity solutions for integral equations that is the parabolic version of
the one in [Caffarelli and Silvestre 2009] and equivalent under most conditions to the parabolic version of
[Barles and Imbert 2008].

Definition 3.1 (cf. [Caffarelli and Silvestre 2011b, Definition 21 and (1.2)]). We say I is a nonlocal
operator that is elliptic with respect to the class of operators in this article if /u(x) is well-defined for
any function u € Growth(e) such that u € C?(x) and moreover,

M~ (u1 —uz)(x) — C|V(uy —uz)(x)] < Tuy(x) — Tuz(x) < M (uy —u2)(x) + C|V(u1 —uz)(x)|.

The constant C must be equal to zero if o < 1.
We say that [ is translation invariant if 7 [u(- — x¢)] = Tu(- — xo).

Note that the operators M+ and M ~ in particular are nonlocal operators, uniformly elliptic with respect
to this class. These are the only operators that are needed for the main result in this article (Theorem 1.1).
The main result has implications to nonlinear equations in terms of operators, as in Definition 3.1, which
are given in Section 8.

Definition 3.2 (cf. [Caffarelli and Silvestre 2009, Definition 2.2; Caffarelli and Silvestre 2011b, Def-
inition 25]). Let I be a nonlocal operator as in Definition 3.1. Assume that u € Growth(«). We say
u : R x [T}, T»] satisfies the following inequality in the viscosity sense, and also refer to it as a viscosity
supersolution of

u;—Iu>0 in QCRY xR

if every time there exist a C 1! function ¢ : D C Q — R so that ¢(x¢, to) = u(xg, to) and also u > ¢ in
D N{t <tp}, then the auxiliary function

_ fo(x,10) if (x,20) € D,

YOV =\ uxate) if (v.t0) € D

satisfies

vz (x0.20) — Tv(xp,10) > 0.

One of the most characteristic properties of viscosity solutions is that they obey the comparison
principle. In the context of this article, we state it as follows.

Proposition 3.3. Let I be a translation invariant nonlocal operator that is uniformly elliptic in the sense
of Definition 3.1. Let u,v € R" x [0, T] be two continuous functions such that

e forall x € R", we have u(x,0) > v(x,0),
e forallx e R*\ By andt € [0, T], we have u(x,t) > v(x,t),
e u;—Iu>0andv;—Iv<0in By x[0,T].

The u(x,t) > v(x,t) forall x € By andt € [0, T].
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The proof of Proposition 3.3 is by now standard. We refer the reader to [Chang Lara and Davila
2014, Corollary 3.1; Silvestre 2011, Lemmas 3.2, 3.3; Caffarelli and Silvestre 2009, Theorem 5.2; Barles
and Imbert 2008] for the main ideas. For the purposes of this article, we do not use the full power of
Proposition 3.3. We only use the comparison principle to compare a supersolution ¥ with a special barrier
function constructed in Section 5. This barrier function is explicit and is smooth, except on a sphere
where it has an angle singularity. The comparison principle follows easily from Definition 3.2 when v is
this special barrier function or any smooth subsolution of the equation.

In [Caffarelli and Silvestre 2009], and many subsequent works, it was frequently used that wherever a
viscosity solution u can be touched with a C? test function from one side, the equation can be evaluated
classically with the original u at that particular point (a notable departure from the second-order theory!).
This fact plays a role in some measure estimates used to prove the regularity results in those works. With
our current setting, it is not possible to evaluate the equation pointwise in u because of the gradient terms;
however, many possible useful variations on that theme can be shown — similar to [Kassmann et al. 2014,
Appendix 7.2]. In this case, the following lemma is what we will use to obtain pointwise evaluation of
the regularized supersolution.

Lemma 3.4. Assume u satisfies the following inequality in the viscosity sense:
us + ColVu|—M " u>-C in Q.

Assume also that there is a test function ¢ @ R% x [t1,15] — R so that ¢(xg,1) = u(xo,to) and
e(x,t) <u(x,t)forallt € (ty — &, to).
Then, the following inequality holds:

<p,(xo,t0)+Co|Vgo(xo,to)|—M_q0(xo,t0)—inf{/d(u(x—l—y,to)—<p(x—|—y,to))K(y)dy : KG’C} >-C.
R

Proof. We can use ¢ as the test function for Definition 3.2 in any small domain D = B, (x¢) X (to — ¢, to].
Constructing the auxiliary function v, we observe that

vy (X0, t0) = @¢(x0,10),  Vv(xo,t0) = Vo(xo, to),

M~ v(xg,t0) = inf{ Ad Syo(x)K(y)dy + /Rd\B (u(x +y)—px+ y))K(y) dy : K€ IC}

> M~ p(xo0,t) + inf{ /d (u(x+y)—px+y)K(»)dy : K€ IC} .
RI\B,
Observe that the last term is monotone increasing as r — 0.
From Definition 3.2, for any r > 0, we have that v;(x¢, to) + Co|Vv(x0, t0)| — M ~v(x0, t0) = —Cj.
The result of the lemma follows by taking r — 0. O

4. Relating a pointwise value with an estimate in measure: the growth lemma

In order to obtain the Holder continuity of u, we need to show the following point-to-measure lemma,
which seems to originate in the work of Landis [1971] (in some circles, it is known as the growth lemma).
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It is a cornerstone of regularity theory, it leads to the weak Harnack inequality, and it is one of the few
places where the equation plays a fundamental role.

Lemma 4.1. There exist positive constants Ay and 8y depending on A, A, d, ag and Cy so that if a > o
andif u: R¥ x (—1,0] = R is a function such that

(1) u > 0 in the whole space R? x (—1,0],
(2) u is a supersolution in Q1, i.e.,
ur + Co|Vu| =M~ u(x) >0 in Qy, 4-1)
3) mian/4 u<l,
then

{u < Ao} N Q1] > do.

The following function, ¢, plays an important role in the proof of Lemma 4.1. It is actually an
inf-convolution of u with a quadratic, and it is defined as
q(x,1) = min u(y, 1)+ 64|x — y|. (4-2)
YEB
Note that ¢ is a nonnegative function. We will prove a collection of properties of the function ¢, which
will lead us to the proof of Lemma 4.1.
The next barrier is used to find a bound for the rate at which ¢ can decrease with respect to t.

Lemma 4.2. For a universal constant Cy, the function
@(x,t) =max(0, f(t) — 64|x|?)
is a subsolution to
0r +Co|Vo|—M ¢ <0 in R" x(—00,0].
The inequality holds classically at all points where ¢ > 0.

Here f(t) is the (unique) positive solution to the (backward) ODE

f(0) =0,
[0y ==Ci(fO)V2 + f()'7*/2),

where C1 is a constant depending on A and oo (such that o > o).

(4-3)

Proof. Note that for every fixed value of ¢ € (—o0, 0], it holds that

lollizee = f(t), [IV@lree <Cy/ f(t), and 0= D¢ >—1281.

Applying Corollary 2.6,
M~ >—Cf(r)' /2

Then, at all points where ¢ > 0, we have
¢ + ColVp| =M ¢ < f/(t) + CoC L) /? + Cf() /2.

The lemma then follows by choosing Cy so that f’ dominates the right-hand side. O
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It is worth commenting that the ODE for f in Lemma 4.2 has a unique solution that is strictly positive
for ¢t < 0. This function f is differentiable and locally Lipschitz. The universal constant C, of the
following result is the Lipschitz constant of f in the interval [T, 0], where f(T) = —4.

Corollary 4.3. Assume x € By;g and q(x,t) < 3. Then there are positive universal constants t and C
such that for s € (t — t,t), we have q(x,s5) —q(x,t) < Ca(t —5).

Proof. We let x, t, and s be fixed as stated. Let y be the point where the minimum for ¢ (x, ¢) is achieved in

(4-2). Using the definition of ¢, we note that for all values of z € By, we have u(z, s) > q(x, s) —64|x —z|?.
The point of the proof is to use the fact that u and ¢ are respectively super- and subsolutions of (4-1) on

the time interval (s, 0]. In order to invoke a comparison result between them, we will make various choices

involving 7 and f to enforce ¢ to be below u at the initial time, s, and on the boundary, which is R4 \ Bi.
We define the function

P(xX,1):= (X —x,t —s + 1),
where ¢ is a fixed time, yet to be chosen. We fix the constant t so that
t< TR - T4,
and we fix the time 79 < 0 so that
f(to) = min(q(x,s),4).

Checking the boundary condition for X ¢ By and 7 > s, we see that |x — x| > % (as x € By/g), and hence
since f(to) <4 <49, we have (note f is decreasing)

@(x,7) = @(x —x,f —5 +19) = max(0, f(7 —s +to) — 64|x — X[*) < max(0, f(to) —49) <0.
Checking the initial condition at 7 = s, we have (by the definition of 7¢)
@(%,5) = (X — x, 1) = max(0, (o) — 64|x — %|?) < max(0, g(x,s) — 64|x — %|?) <u(x,s),

from the definition of ¢.
Comparison therefore tells us that ¥ > ¢ on By x (s, 0), and, in particular, for X = y and 7 =1,

u(y, 1) = o(x —y, 1 —s+10) = f(t —s +19) — 64|x — y|>.
Hence
qx, 1) =u(y,1) +64]x —y|> > f(t —s +10),
and we will use

q(x,t) > f(t —s+1t0) = f(to) — | f'(to)[(t — ).

In the case that f(¢9) = g(x, s), we can conclude the corollary with C5 :=max{ f/(¢) : t € (— f ~1(4),0)}.
However, T was chosen specifically so that it is impossible for f(¢9) < ¢g(x,s). Indeed we see that if it
occurred that f(zg) = 4 then because f is decreasing and ¢ — s < t, it holds that

3>q(x,1) = f(t—s+10) = fto) + f(z +10) — f(to) =4+ f(f T (3)) —4 =3,

which is a contradiction. Thus f(z9) = ¢(x, s) is the only possibility, and we conclude. O
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Corollary 4.3 should be interpreted as g; > —C3 everywhere. The next lemma gives us a bound above
for g, in a set of positive measure.

Lemma 4.4. Under the assumptions of Lemma 4.1, (but assuming here u(0,0) = 1) the function q from
(4-2) satisfies |{q: < A1} N Q1] = 81 > 0, where Ay and 81 are universal constants.

Proof. Since u(0,0) = 1, for any x € Bj/4, we have ¢(x,0) <1+ 64|x|? < 5. Moreover, the minimum
is achieved at some y € By, since 1+ 64|y — x|? > 5if |y| > % By similar reasoning, we also have
that for every x € By s, it holds that g(x, 0) < 2. Corollary 4.3 implies that for 7 € (-7, 0],

q(x.1) =q(x,0) + Calr] <24 Cot].

Thus if we restrict ¢ € (—1’, 0], where t/ = 1/C>, then we have that ¢(x, ) < 3 and a second application
of Corollary 4.3 shows that g(x, ) + Cat is monotone increasing. Thus ¢;(x,?) exists pointwise for
ae. t € (—7/,0] and g, exists as a signed measure. Furthermore,

q:(x,t) > —C, forae. t e (—1,0].

Integrating the measure g (x, ¢) and ignoring its singular part shows (note, ¢ > 0 always)

C=2|Bl/8|2/ q(x,0)—q(x,—7")dx

Bys
0

> / q¢(x,s)dxds
—/ Bl/8

> Ar|((=7, 0] x Bysg) N{q: > Ar}| — C2|((—=7", 0] x By5) \ {q: > A1}
= —Co7'|Bys| + (A1 4+ C2)|((—7'. 0] x Bysg) N{g: > A1}].

Therefore, rearranging shows that

C + Cot’

A1+ C;

We can make the right-hand side arbitrarily small by choosing A large. In particular, we choose A
sufficiently large (depending only on universal constants) so that we have

[((—=7", 0] x Bysg) N{g: > Ar}| <

|((—7".0] x By/g) N{q: < A1}| > 37| B1/g| =: 61. O

After Corollary 4.3 and Lemma 4.4, we obtain a set of positive measure where |g;| is bounded. At this
point, we can use ideas from the stationary case to proceed with the rest of the proof.

The next lemma replaces Lemma 8.1 in [Caffarelli and Silvestre 2009]. We, in fact, prove a slightly
modified version of the lemma, which enforces a quadratic growth of §,u simultaneously on two rings. In
the proofs of Theorem 8.7 and Lemma 10.1 in [Caffarelli and Silvestre 2009], there is a cube decomposition
plus a covering argument. It could be replaced by a double covering argument. In this paper, we will
have a simpler covering argument using Vitali’s lemma only once. This is possible thanks to the stronger
measure estimate in the next lemma (in two simultaneous rings).
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Lemma 4.5. Let pu be the constant in (2-2) and co < 1 be an arbitrary constant. Let y be the point
in By, where the minimum of (4-2) is achieved and u satisfies (4-1). Assume that x € By 4, q(x,1) <3
and q;(x,t) < Ay. Then, for A, sufficiently large (depending on Cy, jt1, A, A, co and oo but not on o),
we have that there exists some r < rq so that both

[{h € By \ By : 8pu(y.1) < Aor® and S_pu(y,1) < Aor®}| > 34| Bay \ By | (4-4)

and
[{h € Bacor \ Beor : 8pu(y. 1) < Az(cor)® and §_pu(y.t) < Az(cor)*}| = 1 it|Bacor \ Beor| (4-5)
hold simultaneously for r and cor. Here ro = 4_1/(2_“), and we note that ro — 0 as o — 2.

In Lemma 4.5, we abuse notation by writing

even though Vu(y, t) may not exist. Note that if ¥ happens to be differentiable at (y, ¢), then Vu(y,t) =
128(x — y) because of (4-2). The value of co will be selected as a universal constant in Lemma 4.7.

Proof. From the construction of x and y, we have that u(y,t) = q(x,t) — 64|x — y|?>. Moreover,
u(z,s) > q(x,s) —64|x —z|? for any z € R” and s < ¢. Since we are assuming that g;(x,t) < A; (in
particular, that g; exists at that point), there is an & > 0 so that g (x, s) > g (x,t)—A1(t —s) for s € (t —e&, t].
Consequently, u(z,s) > q(x,t) — 64|x —z|> — A1 (t —s) for s € (t — &, t].
Let
o(z,5):= max(q(x, 1) —64|x —z|> — A1 (t —s), —256).

The choice of the number —256 is made so that the maximum is always achieved by the paraboloid every
time z € By. From the analysis above, we have that u > ¢ in R” x (t — ¢, t] and u(y,t) = ¢(y,t). Note
that since ¢(x,¢) < 3, we have |Vo(y,t)| < 16+/3. Also, from Lemma 2.4, since D2¢p > —1281, we
have M~ ¢(y,t) = —C for some universal constant C. We apply Lemma 3.4 and we get

0<@i(y.0) + ColVoly.0)] - M~ p(y.1) —inf{ [+ b =g+ h)ka an: K e zc}

R4

< A1+ Co|Vo(y,1)] —M_(p(y,t)—inf% /Rd (u(y +h,t)—e(y +h,t))K(h) dh:Ke IC}

<C —inf{/ (u(y+h.t)—o(y +h,1))K(h)dh: K € IC} .
R4
Note that u(y + h,t) —@(y + h,t) > 0 for all values of & € R". We abuse notation by saying

Spu(y,t) =u(y +h,t)—u(y.t)—h-Vo(y,t).
Note that
u(y +h,t)—o(y +h,t) =8u(y, 1) —dpe(y.t),

and 8,¢(y,t) = —64|h|*> whenever y +h € B;.
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Using that the integrand is positive, we can reduce its domain of integration to an arbitrary subset of R”:

C zinf{/ (u(y +h.t)—@(y +h.t))K(h)dh: KEIC}

0

=inf{/ (8;,u(y,t)+64|h|2)K(h)dh:KEIC}.

0
Let us define
w(h) = 8u(x,t) +64h*> >0

for h € B,,. We have that there exists an admissible kernel K such that

C > / w(h) K (h) dh. (4-6)

0

Let r < rog = 4~1/C2=®) From (2-2), we know that
[{h € Box \ By : K(h) > 2—a)Ar™"% and K(=h) > 2—a)Ar~?"%}| > 1By \ Br|.  (4-7)
To obtain a contradiction, let us assume that the result of the lemma is false. That is, for all » < rg, either

|{h € Bay \ By : w(h) > (A + 64)r* or w(—h) > (A +64)r>}| > (1— L 1)|Bar \ By (4-8)

or
[{h € Bacor\ Beyr : w(h) > (A+64)(cor)? or w(—h) > (A+64)(cor)*}| > (1= )| Bacor \ Beor|. (4-9)

Therefore, the intersection of the set in (4-7) — with r appropriately chosen in each case — with either
of that in (4-8) or (4-9) must have measure at least % | Bar\ By | or % | Bacor \ Beor |, depending on which
of the two possibilities occurred. Let us set 7 to be either r or cor, depending upon whether we will invoke
(4-8) or (4-9). Let us call Gy this intersection between the sets (4-7) and either (4-8) or (4-9). Note that
G5 C B,;\ Bj and G; is symmetric (i.e., Gz = —Gj). Moreover, for all h € Gz, either w(h) > (A + 64)72
and K(h) > 2 —a)AF~94=% or w(—h) > (A + 64)72 and K(—h) > (2—a)AF~4~®, Therefore

/ w(h)K(h)dh > / w(h)K(h)dh
Boy\ By P

r

_ % /G wK(h) + w(=hK(h) di

> 1 / AN —a)F4+2=a g,
2 /e

7

> AAQ2 — )PP Y pwy.,

where w, is a constant depending on dimension only.
We invoke the contradiction assumption for each of the radii r; = 2-J ~1r, with j=0,1,2,.... For
each r;, we get the estimates corresponding to 7';, which is either r; or cor;, depending on the case of
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the contradiction assumption. Partitioning By, we get

/B,O w(h)K(h) dh = Z:fB - w(h) K (h) dh

%Z / L, K d

> (A+6HA2—a)uwg Y (7)™
j=0

o0
> (A+ 6912 - a)pwg Y (o2 " ro)* ™
j—O

— o

We get a contradiction with (4-6) if A is large enough. Note that the last factor is bounded away from
zero, independently of « as long as « € (0,2). Thus the value of A = A, is independent of «, and it is
chosen to obtain this contradiction. |

The following geometric statement about functions will play a role in the proof of Lemma 4.1.

Lemma 4.6. Let u : R — R be a continuous bounded function such that Vu(0) exists. Let q(x) =
min, g u(y) + 64|x — y|2. Assume the following conditions hold true:

o There is at least one point xo € R? for which q(x¢) = u(0)+64|x0|2 = min, . g, {u(y)+64|x9—y|?}.
o [fwe consider the (symmetric) set
G .= {h € By \ By : 6pu(0) < A and 6_,u(0) < A},
then |G| > %/,L|Bz \ Bi|. (Here, as in Lemma 4.5, Spu(y,t) =u(y +h,t)—u(y,t)—128(x —y)-h.)
Then there are constants co and Cq4 depending on A and p and d so that if for some pair of points
X1, y1 we have
q(x1) = u(y1) + 64|x1 — y1 /%,
then |y1| < co implies |x1 — x¢| < Cg.
Proof. Assume |y1] < cg. Let pg and p; be the quadratic polynomials
Ppo(2) = q(x0) — 64|xo — 2|,
p1(2) = q(x1) — 64]x1 —z|*.
From the definition of ¢, we have that po(z) < u(z) and py(z) < u(z) for all z € R?. Moreover,

po(yo) =u(yo) and p1(y1) = u(y1).
Observe that p; — po is the affine function

P1(2) = po(2) = q(x1) =g (x0) + 64(Jx0|> — x1]?) + 128(x1 — x0) - 2.
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Since p1(y1) =u(y1) > po(y1), we have
P1(y1+2)— po(y1+2) = 128(x1 —xp) - Z.
Using that u(y; +2) > p1(y1 +2) > po(y1 + z) + 128(x1 — x¢) - z, we get that

81 +2)u(0) = 8(y, +2)Po(0) + 128(x1 —x0) - 2
> —64+ 128(x1 —x9)-z for z € B;.

Let us consider the following set, which is the intersection of a cone (whose vertex is at y1, recall that
|v1| < co) and the ring By \ B;:

H={he B\ By : h=y;+zwith z- (x; —x0) > colz||x1 — xol}.

Observe that as cog — 0, the set H approximates the intersection of the ring B, \ By with the half-space
{z : z-(x1 —x0) > 0}. More precisely

|B2\ Bi\H\—H| < Ccqg

for some constant C depending on dimension only.
Let us choose ¢ so that Ccg < % 1| B2\ Bi|. Then H NG must have a positive measure (also G N—H,,
recall that G is symmetric), and so there exists some 7 € H N G. Then

A > 6pu(0) > —64 4+ 128(x1 —x0) - 2
> —64 + 128co|x1 — x0||2]
> —64 + 64CO|X1 —x0|.

Therefore |x1 — xo| < (6L4A +1)/co =: Cs. O

In the proof of Lemma 4.1, we will use the map m : y +> x, which assigns the point x where the
minimum is achieved in the definition of ¢. This maps plays the same role as the gradient map of the
convex envelope of u# in B, does in an ABP-based proof of the growth lemma. This would be the purpose
of [Caffarelli and Silvestre 2009, Lemma 8.4] or [Bjorland et al. 2012, Lemma 3.6]. In those cases, we
would need to adjust u by a supporting hyperplane and argue using a convex envelope. In our approach,
we work without invoking a convex envelope.

Note that after Corollary 4.3 and Lemma 4.4, where we obtain that |g,| is bounded in a set of positive
measure, the rest of the proof of Lemma 4.1 should be interpreted as a nonlocal version of the method in
[Savin 2007]. It is more flexible, and arguably more natural, than an ABP-based proof.

We are now in a position to prove Lemma 4.1.

Proof of Lemma 4.1. We assume (0, 0) = 1. The result follows for the assumption ming, , u =1 by a
simple translation argument.

Let G be the set of points (x,7) € By/g x (-7, 0] so that g; < A1. From Lemma 4.4, we have a universal
lower bound on its measure: |G| > §;. For each point (x,7) € G, there is at least one point y € B; that
realizes the minimum value for ¢(x, ¢) in (4-2). For each fixed value of ¢, we define the map m : y — x.
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This is a well-defined function if u € C!. In general, the function nature of m is not necessary, and we
should think of m as a set mapping that sends values of y into a set of possible values of x (like the
subdifferential of a convex function).

We note that if y € m~!(G), we have g;(x,t) < Ay for some x € G, and we can apply Lemma 4.5,
which was presented above. This gives a ball around y and a collection of points where u does not grow
too much. For example, we can control the set

Ey:={z € Beyr(y) 1 u(z,t) < Ay +43}. (4-10)

This is possible by starting with the ring from Lemma 4.5 and then noting that » < 1, u(y) < 3 (since
g(x) < 3, see first line of the proof of Lemma 4.5), §1pu(y) < A»r?, |h| < % |x —y| < 2, and

J— 8’
128|x — y||h| < 40. Thus from Lemma 4.5, we see that
|Ey| = [{z € Beor(y) : u(z,1) < Az 4+ 43}| > 8| Beor|. 4-11)

Here § is a constant that depends on dimension and the p from Lemma 4.5. We note that we use the
r2-growth of §,u from Lemma 4.5 in a very rough fashion at this step. The importance of the 72 comes
later, in relationship to an upper bound on |m(B;)|. We also note that we have used the ball B, instead
of B,. At this stage, both balls have the same estimate regarding the growth of © on a universal proportion
of the set. However, only B, also has the necessary estimate for the size of m(Bc,,). This choice will
be further illuminated below.

We need to estimate a set where u is not too large, and given the choice of E, above, we see that a
good candidate is

NL:= | ] E,.
yem~1(G)

Thanks to (4-10) and (4-11), the measure of NL can be equivalently estimated via the size of

NLB:= ) BeyrinO).
yem~1(G)

where B¢, (,)(y) is the good ball given in Lemma 4.5. Therefore, the only question is whether or not the
set, NL B, has a measure that is comparable to Bj.
If {B;} is a Vitali subcovering of the collection {B,(,)(¥)},em—1(g)- then we have

5B om™(G).
j
and hence

m(U 5Bj) > m(m™Y(G)).
J

Also by subadditivity, we have that

(U»)

<) |m(Bj)|.
J J
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In order to conclude, it would suffice to know that
lm(B;)| < C3|Bj, (4-12)

which allows us to compare | NLB| back to |G|.
The inequality (4-12) follows from the following lemma.

Lemma 4.7. Under the same conditions as in Lemma 4.5, |m(Bcyr(y))| < Csr?. Here r is the same
value as in Lemma 4.5, cg is fixed from Lemma 4.6 and depends only on other universal constants, and C3
depends on co, Cy4 (of Lemma 4.6) and the constant Ay of Lemma 4.5.

In order to prove Lemma 4.7, we only use the equation through Lemma 4.5. Indeed, after fixing a
time ¢ and rescaling, it reduces to Lemma 4.6.
We simply sketch the main idea to show how Lemma 4.7 follows from Lemma 4.6.

Sketch of the proof of Lemma 4.7. Assume that u and g are as given in the statements of Lemmas 4.5
and 4.7. After a translation, we can assume that y = 0. We would then define the rescaled functions

G(z) =r 2u(rz) and §(z) =r"2q(rz) for z € B,.

We note the definition of § will be through a minimum over By, but, in fact, restricting the minimum
to By changes nothing since y = 0 is such a point that gives the minimum for ¥ = x/r. Then Lemma 4.6
is applicable with the functions 7 and §, with the point xo = £ = x/r, and the set G = r ' G, with G
being the set arising from the outcome of Lemma 4.5. O

Lemma 4.7 gives (4-12) via the result of Lemma 4.5 and the choice of cor(y).
We will use the fact that m maps onto G as well as the fact that by construction of the subcover {B;},
m~1(G) is contained in its union. Thus we see that

G=m(m Y(G)) cC m(U Bj) = Um(Bj),
i J

J
and hence by the choice of cor(y) and the definition of E, with Lemmas 4.5 and 4.7, it holds that

UmB)| =D ImB)I <> Cs1B;| <> %|Eyj |
J j j

J
Since the B; were chosen to be disjoint, so are the corresponding Ey, and thus we can conclude

) 86
UEy, | =D 1By, = 1G]l = .
J J

Cs C3
This finishes the proof of Lemma 4.1. O

|G| <

INL| >

5. A special barrier function

This section is concerned with the construction of a barrier function that is essential for all of the results
regarding regularity of parabolic (and elliptic) equations in nondivergence form. In principle, one would
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expect our construction to be similar to the one presented in [Chang Lara and Dévila 2014, Lemma 4.2],
but this is not actually the case. We deviate in some significant respects due to the additional generality
allowed by assumptions (A2) and (A3). In this regard, our construction is more accurately described as a
parabolic version of the barrier from [Kassmann et al. 2014, Section 5], where similar lower bounds on
only small sets were allowed. Significant detail is required to carry over the ideas from [loc. cit.] to the
parabolic setting. These additional difficulties involved in the construction of the barrier are, in fact, also
related to the conditions under which the Harnack inequality fails for equations such as (1-1).

Because of the relative strength of the terms |V p| and M~ p under rescaling, it is necessary to break
the construction of the special barrier function into two cases: one with & > 1 and the other with o < 1.
For the second case, we must remove the gradient term from the equation.

5A. The main lemmas and the barrier.

Lemma 5.1. Let o € [1,2) and suppose r € (0, 1) is given. There exists g > 0, qo > 0 and a function
P R% x (0, 00) = R such that for all o > 1,

pi+ColVpl—M~p <0 in (Byx(0,00))\(Brx(0,r%), (5-1)
p<1 in B, x(0,r%], (5-2)

p=<0 in ([R{d \ Bl) x (0, 00) and (Rd \ Br) x {0}, (5-3)

p>eorf0e ST iy By x [r®, T]. (5-4)

The constants go and qg depend only on A, A, u, Co, oo and dimension.

Lemma 5.2. Let « € [ag, 2) and suppose r € (0, 1) is given. Then the same statement of Lemma 5.1

remains true except (5-1) is replaced by
pi—M"p =<0 in (Byx(0,00)\ (B x(0,r%). (5-5)
Remark 5.3. Note that the same constants ¢ and g can be chosen to work for both Lemmas 5.1 and 5.2.

Remark 5.4. The existence of the barrier is closely related to uniform estimates on hitting times of a
Markov process, which are crucial to the proofs of the weak Harnack inequality and Holder regularity
in the probabilistic framework. These hitting-time estimates appear in the original work of Krylov and
Safonov [1980; 1979], and they have become a standard technique in the probability literature (see the
presentation in, e.g., the lecture notes [Bass 2004]). In other contexts, there exists an explicit barrier and
this lemma looks deceivingly simple. For nonlocal equations whose kernels are allowed to vanish, this
step is, in fact, highly nontrivial. Lemmas 5.1 and 5.2 have a probabilistic interpretation as the lower
bound for the probability of the process to hit a ball between time 0 and r¢.

The strategy for this construction is to start with a yet-to-be-determined function, ®, supported in By,
and rescale ® on the time interval ¢ € (0, r%) as

—q0 rx
plx,t)y=1"1 cD(tl/a)’ (5-6)



752 RUSSELL W. SCHWAB AND LUIS SILVESTRE

and then to use
p(x,1) = e~ T p(x, r%) = e~ G m2d0 g x) (5-7)

for 1 € (r%, 0o). The choice of rx/1/% is to make sure that p will be positive for all |x| < 1 when 7 > r®,
The constants go and C5 are there to force the subsolution property in the regions where M~ p cannot be
made to be as large as we like. We now make some initial computations to illuminate our subsequent
choices (note the use of Lemma 2.2):

pr = —qot_qo_lcb(%) - ét‘qo_l/a_lvcb(%) rX, (5-8)
— 90— 1/ RES ,
Vp=rt— V@(ll/a), (5-9)
— = ol g X -
M~ p =19 rMCD(tl/a). (5-10)

We want to satisfy (5-1), which then can be transformed to the new goal (at least for ¢ € (0, r%)):

—qo—1( _ rx 1 —1/a rx ) 1-1/a rx o« _ i
490 (quD(Zl/a) i VCD(—tl/a rx—+trt Co|VD —tl/a r“*M~® T <0.

(5-11)
Switching out variables
_rx
zZ = m,
for an appropriate set of z, we want
707N (—go®(2) — LV O(2) - 2 + 117V CH | VO(2)| - r* M~ D(2)) < 0. (5-12)

We can now turn to the requirement for p to satisfy (5-1) when ¢ > r®. The computations are similar
to the case of 7 € [0, r¥]. Using (5-6),
pr = —C5€_C5(t_ra)r_aq0q)()€),
Vp = r%90e=CEr)y p(x),
M~ p =r%90e=C0) pr—g(x).
Then the goal (5-12) becomes
e~ G a0 (L Csd(x) + Co| VD (x)| — M~ d(x)) <0. (5-13)

The function ® and subsequently p will be built in a many-staged process. One of the key components
is a special bump function, which acts as a barrier in the stationary setting. This construction proceeds
similarly to that of [Kassmann et al. 2014], and we would like to point out that there, just as here, there are
significant challenges for this construction due to the generality of the lower bound assumption in (2-2)
(cf. the bump function in [Caffarelli and Silvestre 2009], where the lower bound on K holds globally).
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y I~ 1-9
\lJfl_q

Figure 1. The function b, 4.

We start with a two-parameter family of auxiliary functions

bya(¥) =b(|y))

and
r—4 ifr >1-9,
b(r)=4my (r) ifl—c;<r<1-%, (5-14)
y—4 ifr <1-—c¢y,

with m,, ; smooth and monotonically decreasing (so there will be a restriction between y and ¢ both
being small enough), and without loss of generality m,, 4, will be such that

byq(y) = min{y~9,|y|79} forall y € RY.

See Figure 1 for the graph of by 4.

The key part of the construction is that there are choices of y and ¢ that make b a subsolution in a
given small strip (and a subsequent truncation allows the equation to hold in a large set). We state this
result for the choices of y and ¢, and then we will prove it in Section 5B.

Lemma 5.5. Let C > 0 be given. Then there exist a small constant c1 and choices of y1 and g1 (depending
on C plus all other universal objects) such that

M™by, 4,(x) > Cq1|x|” "™ for all 1—%1 <|x| =<1, (5-15)

for all « € (g, 2). The constant ¢y depends on the lower bound of K in (2-2).

Remark 5.6. Lemma 5.5 provides a subsolution to a stationary problem. It is a generalized version of
[Caffarelli and Silvestre 2009, Corollary 9.2; Bjorland et al. 2012, Lemma 3.10; Kassmann et al. 2014,
Lemmas 5.2 and 5.3] to the more general class of kernels in this article.

Now that we know the details of an equation for b = b, 4, we will continue the calculations, which
will be useful to construct p. For the following, we assume that 1 — %1 < |z| < 1. We also note that
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Y1, 41, and C will be determined subsequently:

b(z) = by, q,(2) = 2|77 if 1 -5 <]|z], (5-16)
Vb(z) = —q1z|z| 712, (5-17)
—LVb(z)-z = Lgy|z|7T, (5-18)
ColVb(z)| = Cogqu|z|™ 17", (5-19)
—~M"bh(z) = —Cqql|z|" "% (5-20)

Now that we have sorted out the details regarding by, 4,, we can proceed with the proof of Lemma 5.1.
Some complications arise from the need to satisfy the boundary conditions in (5-3).

We will give the proof of Lemma 5.1 and then afterwards indicate the few steps that are modified to
prove Lemma 5.2.

Proof of Lemma 5.1. We proceed with defining p in terms of ® as described in (5-6) and (5-7). Note that
this construction gives a function p that is unbounded around the origin (0, 0). To fix that, at the end of
the proof, we have an extra truncation step.

In order to satisfy the boundary conditions (5-3), ® will be the following truncated version of by ,4:

®(z) = max{by 4(z) — by 4(e1),0}.

This function @ is zero outside of By and strictly positive inside By. The properties of the function b
will be used to make the value of M~ ® large in By \ Bi_¢, /2.
Recall the variable z,
rx
z=—. (5-21)
We need to verify (5-12) and (5-13) in order to account for the regions ¢ € [0, r¥] and ¢ € (r%, c0). We
will need to select parameters and constants to work for both ranges of 7. But we note that all of the
parameters are such that they can be chosen to satisfy both conditions simultaneously.
Part 1: 7 € [0, r¥].
Note the following relations for z € By:
V&(z) =Vb(z),
M~ ®(z) > M~ b(z).
We need to find parameters so that (5-12) holds. The computation will be different in the three regions
lz|<1-%,1-% <|z| <1,and |z| > 1.
Replacing (5-17), (5-18), (5-19) and (5-20) in the left-hand side of (5-12), we get
—qo®(z) — LVO(z) -z + 11 7VECH|VO(2)| - r*M ™ D(2)
<—qo®(z) — éVb(z) 24+ rColVb(z)| —r*M™b(z). (5-22)

For the last inequality, we used that (1=l < 1. Thisis because t < r%* <1 and o > 1. When « < 1, the

negative power of ¢ cannot be controlled and that is why we assume Cp = 0 in those cases.
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When 1 — 5 < |z] < 1, we can ignore —gob(2), and instead focus on
1 —
—3Vb(2) -z 4+1rCo|Vb(z)| —r*M~h(z) <0. (5-23)
In light of (5-18), (5-19), (5-20), it will suffice to choose b so that
2 11z1 ™ +rCoqi|z] TN T = Cqur®|z| 71T <0,

or more succinctly
q11z|7% (5 +rColz| ™' = Cr®|z| ™) <0. (5-24)

After C is chosen to obtain (5-24) (recall |z| < 1), then b = by, 4, can be fixed by Lemma 5.5. The
resulting » will be smooth and bounded.
Switching now to the set |z| <1 — %‘, inequality (5-22) then follows from

(—qOCID(z) — éVb(z) -z +1Co|Vb(2)| — r”‘M_b(Z)) <0. (5-25)

The function @ is strictly positive in B; and, in particular, it is bounded below by a positive constant in
Bi_¢,/2. Since C, y1, q1 have all been fixed and all of the terms are bounded, we can then choose go
large enough so that (5-25) will also hold.

We are only left with the case |z| > 1. Note that because of the angle singularity of the function ® on
|z| =1, we cannot touch the function ® from above with any smooth function at those points. Therefore, the
points |z| = 1 play no role in @ satisfying (5-12) in the viscosity sense. If |z| > 1, then ®(z) = |VP(z)| =0
and M~ ®(z) > 0 because z will be at a global minimum of ®, and so (5-12) trivially holds.

Part 2: 1 € (r*, 00).
We now need to make sure (5-13) holds. The procedure is similar to the first part.
In the region 1 — - < |x| < 1, using (5-19) and (5-20), we get

—C5®(x) + Co| VO(x)| = M~ ®(x) = —C5®(x) + Cogi |21~ = Cqy|z| =17
We ignore the term —C5®(x) < 0 and use
—Cs5®(x) + Co| VO(x)| — M~ D(x) < g1]x| 7" (Co|x|~" = C|x| ™) < 0.

The last inequality holds provided that we choose C large enough (which can be done by choosing
appropriate values of y and g from Lemma 5.5).
In the region |x| < 1— %1 we use that b (note that y and ¢ are fixed in the previous step) is a given smooth
function and ®(x) > |1 — %1 ‘_q — 1> 0. Therefore, picking a large enough C5, we can make (5-13) hold.
If |x| > 1, then the equation holds just as in the first part of this proof, owing to the fact that z will be at a
global minimum of ®. Note that the constant C', which we use for picking y; and ¢; in Lemma 5.5, needs
to be large enough to satisfy the requirements of both Part 1 (¢ € [0, r%]) and Part 2 (¢ > r%) of this proof.

Part 3: The truncation step.
Now there is one last step of truncation. At this stage, the function t ~90®(rx /¢ 1/@) has a singularity
at x = 0 and r — 0, which of course violates requirement (5-2).
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We define the function

p(x.1) :=t“10<1>( x )

tl/(x

and p will be defined as a truncation of p to be compatible with (5-2). Importantly, in this truncation
we need to not destroy the equation satisfied by our choice of p outside of B, x [0, r*]. That means that
we should only truncate at a small enough ¢ so that the support of p(-,¢) is contained in B,. This way,
for such x outside of B,, the desired equation is trivially satisfied because the equation will be evaluated
where p; =0 and p(x,¢) = 0, which is the global minimum for p, giving Vp =0 and M~ p > 0. Given

1/a

the scaling z = rx/t"/% and that the support of ® is in B;, we see that a convenient choice for truncation

will be when the graph of 1 = (r|x|)® intersects the line |x| = r; hence at t = 2%,
Accordingly, we define (note for each ¢, we know that p has its max at x = 0)
min{p(x, 1), p(0, %)}
plx.1) = e
p(0,r2%)

= (r~ 24909 (0)) " min{ p(x, 1), r 2490 P (0)}.

This now gives a complete description of p for ¢ in both (0, r%) and [r%, co) via (5-6) and (5-7) respectively.

The inequality (5-4) follows by a direct inspection using the expression (5-7) for p. We get that for
t>r%and |x| <3,

p(x,t) = (r_zaqoC[)(O))_le_CS(’_ra)r_“qO<I>(x) > @40, C5(t=r%) glin o.
3/4

We note that the truncation expression has shown that the choice of g for the lower bound requirement
in (5-4) will be ¢ = aqg. The choice of radius % in (5-4) is irrelevant, since a similar lower bound would
hold if % is replaced by any other number smaller than 1.

This completes the proof of Lemma 5.1. O

We now mention where the proof of Lemma 5.2 deviates from the previous one.

Proof of Lemma 5.2. One needs to go back and remove the term Cyp|V p| from all of the calculations.

Note this was the only term affected by the factor 117%/2 which would be unbounded if & < 1. O

5B. The proof of Lemma 5.5. Lemma 5.5 will be attained in two stages, Lemmas 5.10 and 5.11. First
we develop some auxiliary results related to ». We begin by making a useful observation about the
behavior of §,b.

Lemma 5.7. Assume a € [1,2). If b = by, 4 is as in (5-14), then for some universal ro and C(q), where
|h| <roand 1 — 3 < |x| <1, we have

|[? (h1)?
etz (¢ +2) Ix|a+2

Spb(x) = —q —C(g)|h?

(this is only relevant, and only invoked, for o« > 1; otherwise we would use a different expansion for o < 1).

Proof. This follows from Taylor’s theorem. Note that / is restricted to be in a small set, B;,, and so
actually b(x) = |x|72 and b(x + h) > |x + h|79. O
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The next lemma says that our assumptions allow that for all r <ry, the set A, intersects annuli centered
at —e; in a uniformly nontrivial fashion. This feature is essential to be able to utilize the lower bounds
on K in (2-2).

Lemma 5.8. There exist constants ci, ¢o and ry (all small), so that
(1) for any x so that 1 —c1 < |x| < 1,
| A 0 Bic, (=x)| = 3| Bar, \ Br, .
@i) forallr,
| A, (R (h)? = ealh*}| = 34| Bar \ By |.
Proof. We first note that by the symmetry of A4,,
|Ar N (Bor \ By) N {h : h-x <0} > 1u|Bar \ By . (5-26)
Now we will establish (i). We first choose r; small enough so that
[((Bary \ Bry) N {h < hx <00\ Biyy(—x)| < Lt (Bar, \ Bry) 1A 2 hox <0},

Note that this choice of r; can be done uniformly for all 1 — ¢y < |x| < 1.
Let us define the failed set where A, cannot reach Bi_¢, (—x) as

F :=((B2r; \ Br))N{h : h-x <0})\ Bi—¢, (—X).
With r; fixed, we can choose ¢; small enough so that
|F| < 2u|(Bar, \ Br)N{h  h-x <0} (5-27)
This is possible because
[FI < |((Bary \ Bry) N {h 2 hex < 0N\ Biay(=x)| + | B \ Biey |
< 31| (Bary \ Br) Nk hox <O} +C(1—(1—cp))).

Finally, combining (5-26) with (5-27) we obtain (i).
To establish (ii), we note that

|Ar N 4R 2 (h1)? = ea|hP}| = |Ar| = |{h € Bar \ By : hT < ca|h|?}|
> (u—Cc2)[Bar \ By
for a universal constant C. Thus, we simply take ¢, small enough so that (4 — Ccp) > % . O

Note 5.9. If y; < y» and ¢ is fixed, then for all y,

by ,q(¥) = by, q(¥),

and the two functions are equal when |y| > 1 — <; hence
M by, q(x) = M~ by, 4(x)

forall [x| > 1— 9.
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Next we make the first choice of parameter for b. It is the selection of the exponent, ¢, and it only
uses the information about the family /C for « very close to 2.

Lemma 5.10. Let y < yg = % be fixed. Let C > 0 be given. Then, there exist a g1 > 1 and an oy,
depending only on C, yo, Co, t, d, A, A, such that

M by g, (x) = Cqr|x|71"™*  forall 1 -9 < |x| <1,
for all orders, o € (a1, 2) and for all y < yo.

Then once the g has been chosen, we can finish the definition of b by fixing the truncation height, y~¢,
to be large enough (so y small enough). This allows us to fix one function that satisfies the special
subsolution property for all @ € [, 2).

Lemma 5.11. Let C > 0 and q1 be as in Lemma 5.10. Then there exists a y1 < yo = % such that
M7by, q,(x) > Cq1|x|™1'™% forall 1-5 <|x| <1,
for all orders, a € (ap, o1].
First we give the proof of Lemma 5.10.

Proof of Lemma 5.10 . Let x be any point such that 1 — - < x| < 1. We begin with a few simplifying
observations. First of all, there is no loss of generality in assuming « > 1 for this lemma—indeed the
end of the proof culminates with a choice of «; that is sufficiently close to 2 (hence 8;b(x) uses only one
case for o« > 1). Second, to simplify notation, we drop the y, ¢ dependence and denote by 4 by b.

To obtain the bound we want, we only need the contribution of §,b(x) to M ~b(x) in a small ball,
h € By, for some ry fixed with, say, r, = min{ro, $}, where rq originates in Lemma 5.7 and ¢; comes
from Lemma 5.8. This is because the large curvature of the graph of b in the /;-direction can be used to
dominate the integral at the expense of all the other terms.

We also note that for & € R4 \ B,, we have

: _ _ —-q-2 _ X
Sibz _inf (b(x +h)—b(x)—q|x|"72x - h) > cq(1+|x| h).

€R r
Here C; = max(q (1 — %‘)_q_l, (1- %‘)_q).
Therefore, by Lemma 2.3, we see that

r—Ot
f Spb(x)K (h)dh > —(2 —a)C, A (2— + rzl—“). (5-28)
RI\B;, o
Furthermore, combining Lemmas 5.8 and 5.7, we see that on each ring, B,—«, \ B,—x—1,, we can enhance
the positive contribution to M~ f(x) by manipulating the term

q(q +2)

SN (h1)2K (h) dh.

B,k \By—k—1,
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By Lemma 5.8 and assumption (A3), we see that
/ K= [ Kb
Bz k \Bz k—1 Az—k—l

z/ c|h|?K(h) dh

Ay—i—1, (kD)2 |2}

> 227 )20 2—) 7R ) T Ay R 2 (1) = ealh]?)
> 2277 )22 0-a) @7 ) T S| Byi \ Byi, |

= oA 2—a)pu2c(d)r?— 4 k@=2)

where c(d) is a purely dimensional constant that we use temporarily during this proof. Hence adding up
the contribution along all of the rings, we see

/ (2K (h) dh = Z [ (2K (h) dh > (Appeac(d))r2@, (5-29)

where we have collected various dimensional constants into ¢(d) in such a way that is uniform for
« € (0,2). Note that

Z(z gk = 274 g

1—20=2 =
k=0

for all @ € (1,2).

We also estimate the following integral using assumption (A2):

/ Ih| K(h)dh_Z/ \h|3K (k) dh < (2—“)2 3-ap, (5-30)
B

_9pa-3 2
2 kr2 2 k*1r1

Now we need to put all of the pieces together. We will use Lemma 5.7 to balance the terms of different
orders in both |A| and ¢. We will be invoking Lemma 2.3 as well as the bounds from (5-28)—(5-30):

/ 8,b(x)K(h) dh
R4

_ f 81b () K (h) dh+ / 81 (x) K (h) dh

r2 RY\B,,
q(q+2) q
= x[e?? / () K (h) dh— q+2/ |h|2K(h)dh—C(fJ)/ |h|3K(h)dh+/ 8 f(x)K(h)dh
|x]| By, x| B, 5., i,
—_— - ry® _ X B
> |X|Z+2 ((g+2)(Apcac(d))—CyA)r2 a—(2—oz)(CqA(27+r21 a)_c(q)l_za_s 3 A).

At this point, we note that the first term is the one that does not have the factor (2 — &) in front. We will
first choose ¢ large to control the sign of this term. Hence we can choose ¢ = ¢ large enough, depending
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only on the given constant C and the universal parameters, so that (recall C, with no subscript, was the
parameter given in the statement of this lemma and |x| < 1)

q — —q — —
o2 (@ Daeac(d) = Can)r3 == = 3Cqlx - 7ere.

Once g1 has been fixed, we can now choose ¢ close enough to 2 so that the rest of the expression in
(5-31) is small:

Y- 2% 3— —q1—0 .2~
(2—a)(CqA(7 +r, “) —C(q)mh YN <Cq|x|TT %57
(Recall that r, = min{ro, §}.) Thus we have achieved
/ 8pb(x)K (h)dh > 2C qy|x| "1~ %r3 72,
R4
The chosen value of « is sufficiently close to 2. We may choose « even closer to 2 so that r22_°‘ > % and

/ Spb(x)K(h)dh > Cqq|x|™9'7%.
R4

Taking an infimum over K yields the result. O

Remark 5.12. The underlying reason why the previous proof works is because if we fix the values of
A, A and p, the following limit holds:

. - — A= 2
lim M™b(x) = Mj ; (D?b(x)).

where M™ is the classical minimal Pucci operator of order 2 and X, A are ellipticity constants that depend
on A, A, u and dimension. The proof of this fact goes along the same lines as the proof of Lemma 5.10.

Remark 5.13. We note that the statement and proof of Lemma 5.10 here, combined with step 1 of the
proof of Lemma 5.1, corrects an error in the construction of the similar barrier used in [Kassmann et al.
2014, Section 5], where the truncation step should have been done first, not at the end of the construction.

Now we can conclude this section with the proof of Lemma 5.11.

Proof of Lemma 5.11. Let x be any point such that 1 — %1 < |x| < 1. First of all, we note that g1 has been
fixed already, so we will drop it from the notation. Since we will be manipulating the choice of y to
obtain the desired bound on M ~b, 4, (x), it will be convenient to have bounds that transparently do not
depend on y. Therefore, as above, we keep yo = % fixed and we will use an auxiliary function to make
some of the estimates. Let ¢ be any function in C2(R?) such that

0<¢ <byq inR?,
and
— - c
p(x) = x| Vx| >1-5.

We note that these definitions imply ||¢|| -2 can be chosen to be independent of y (depending on universal
parameters plus yo, g1).
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We now estimate the contributions from the positive and negative parts of (8,b(x))* separately. The
first estimate below is simply a use of the fact that by construction, ¢ touches b from below at x, and the
second one uses (5-28):

[ sy ki< [ ca@xivleni, PKm i+ [ @)K d
R4 By, R4\

r1

_ A _ _
< CiC@)@lcri(a, »onAri®+ Ca’mi * 4 goCqAr] ™. (5-32)

Now we move to (8;5(x)) ™. Here we will use Lemma 5.8(i), the important feature being that there is
at least one good ring where (8,b(x))" will see the influence of the value of b on the set B1—.,. We
alert the reader to a strange term in line (5-33) below, which arises simply as a worst case scenario of the
three definitions of 8y, and, for example, if & < 1, the term would not even be necessary. It does not harm
the computation, and so we leave it there for any of the possible three cases of §;, via «. Finally we note
the important feature that we may only integrate on the set 4 € B1_., (—x), which allows us to avoid the
singularity of K at 7 = 0. Also note if 7 € Bj—_¢, (—x), then |h]| < 2:

/ G f ) K () dh
Rd
> / G £ ()T K(h)dh
Ar1 ﬂBl—cl (—.X)
> / (=01 x| ") K (h) dh—q1 x| 01 / I K (h)dh (5-33)
Arl ﬂBl_(,l (—x) Bl—(‘l (=x)
= (9 -(1-5) ) 2o [ g (-9 [ 2k
Arl nBI,CI (—ey) Blfcl (—e1)
(5-34)
> (y 1 —(1-9)" ") 2—)Ar; ™ 1 1| Boy \ By, |—q1(1—%)_q1_1(2—a)C(d,ao). (5-35)

We note the use of (2-8) in the transition between the last two lines.

Recall that the values of ¢ and ¢; were fixed in Lemmas 5.8 and 5.10. In order to conclude the proof,
we see that we can choose y =y large enough so that when we add together the contributions from (5-32)
and (5-35), the final estimate becomes greater than C > ¢ for all @ € (g, ). We note that it is crucial to
have o < o1 < 2 in this case in order to keep o uniformly away from 2, which would cause problems. [

6. An estimate in L® — the weak Harnack inequality
The purpose of this section is to combine the point-to-measure estimate with the special barrier to prove
the L¢ estimate, also called the weak Harnack inequality.
Theorem 6.1 (the L¢ estimate). Assume o > a9 > 0. Let u be a function such that
u>0 in RYx[—1,0],
U+ ColVu|—- M u<C in Qq,
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and for the case o < 1, further assume Co = 0. Then there are constants C¢ and & such that

1/e
(/ usdxdl) <Cs(inf u+C).
Bi/4x[-1,—2"] Q1/4

The constants Cg and € depend on ag, A, A, Co, d and 1.

Note that the L® norm of u is computed in the cylinder By 4 x [—1, —=27%]. This cylinder lies earlier in
time than the cylinder Q1 /,, where the infimum is taken in the right-hand side of the inequality. This is
natural due to the causality effect of parabolic equations. What should be noted in this case is that, due to
the scaling of the equation, the size of these cylinders varies. Indeed, if « € (1,2), then the time interval
[—1,—27%] is longer than % and certainly longer than [—-4~%, 0], which is the time span of Q; /4. However,
for small values of «, the length of [—-1, —27%] becomes arbitrarily small and the time span of Q4 is
almost 1. We still have uniform choices of the constants C and ¢ because of the assumption @ > cg > 0.

The basic building block of this proof is Lemma 4.1, which needs to be combined with Lemmas 5.1
and 5.2 as well as a covering argument. Since the work of Krylov and Safonov [1980], it is known that
these ingredients lead to Theorem 6.1. However, there are several ways to organize the proof and there
are some subtleties that we want to point out. Thus, we describe the full proof explicitly. We start with
some preparatory lemmas.

The following lemma plays the role of Corollary 4.26 in [Imbert and Silvestre 2013b], which the
reader can compare with [Chang Lara and Dévila 2014, Corollary 5.2]. Recall the notation Q,(x,t) =
B, (x) x [t —r%, t]. We now define a time shift of the cylinder Q, which we call Q™. For any positive
number m, we write Q™ to denote

O™ = B, (x) x (t,t +mr®).
The cylinder Q™ starts exactly where Q ends (see Figure 3). Moreover, its time span is enlarged by a
factor m. Because of the order of causality, the information we have about the solution u# in Q propagates
to Q™. This is reflected in the following lemma.

Lemma 6.2 (stacked point estimate). Let m be a positive integer. There exist § > 0 and N > 0 depending
onlyon A, A, d, ag and m such that if for some cylinder Q = Q,(xo,t0) C Q1, we have

u>0inRY x[—1,0], (6-1)

ur+ Co|Vu| - M~ u>0 in Qi, (6-2)
[{u>=N}NQp(xo.t0)| = (1-82)|Qpl. (6-3)
Bsp(x0) X [to — p% . to + mp*] C Q1, (6-4)

thenu > 1in Q™ = By (x0) x [to, to + mp*].
Proof. Let ui be the scaled function
. A
i(x,t)= Wou(px + xo, p%t + 19),

where Ay is the constant from Lemma 4.1.
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O1/4 O1/a

01 01

By x[—1,-27%]

2 :I’ B1/4 X [—1,—2_0[]

Figure 2. The cylinders Q4 and By4 x [—1,—27%] with large o (left) and small & (right).

Both u and u satisfy (6-2). From our assumption (6-3), we have that

[ > Ao} N O1] = (1—62)|01].

Applying the contrapositive of Lemma 4.1, we obtain that # > 1 in Q4. Thus,

N .
U= A_o in Q,/4(x0, ).

Recall that u is a supersolution in 1 and u > 0 everywhere. We apply Lemmas 5.1 or 5.2 with r = %

to obtain the subsolution, p, and we can compare the functions % and p. Writing this in terms of u gives

N ((x—xo) (t—10+(p/4)%)
u(x,t)>—p ; :
M P p*
The conclusion follows from taking N large enough, combined with the lower bound for p given in
Lemma 5.1. 0

The point of the previous lemma is that it can be combined with the crawling ink spots theorem. This
is a covering argument that can be used as an alternative to the Calder6n—Zygmund decomposition, and it
is close to the original argument by Krylov and Safonov in [1980]. It has the cosmetic advantage that it
does not use cubes but only balls. Moreover, the Calderon—Zygmund decomposition uses that we can tile
the space with cubes, which is only true for « = 1. In [Chang Lara and Dévila 2014], this difficulty is
overcome by a special tiling with variable scaling, which is explained by the beginning of Section 4.2. It
is a cumbersome construction to define rigorously. The use of the crawling ink spots theorem completely
avoids this difficulty.

O™ = Bp(xo) x [to, 1o + mp®]

10 = 0Qp(xo,10)

Figure 3. The cylinders involved in Lemma 6.2.
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Theorem 6.3 (crawling ink spots). Let E C F C By, x R. We make the following two assumptions:
e For every point (x,t) € F, there exists a cylinder Q C By xR so that (x,t) e Q and |[ENQ|<(1—w)| Q0|
e For every cylinder Q C By x R such that |[E N Q| > (1 —u)|Q|, we have Q™ C F.

Then
m—+1

Els——(1- F|.
Bl <"1 - )| F

Here c is an absolute constant depending on dimension only.

The proof of Theorem 6.3 will be presented in the Appendix. The crawling ink spots theorem is used
with a value of m sufficiently large so that mTH(l —cd) < 1. In order to prove the L¢ estimate, we would
want to apply Theorem 6.3 with

E={u>N""YnB,,N(=1,-27% and F={u>N*}nBnn(-1,-27%.

The problem is that the assumption of Theorem 6.3 is not implied by Lemma 6.2 because there is no way
to ensure that t +mr® < —27%_ This is a difficulty that is nonexistent in the elliptic setting. Because of
the time shift in all the point estimates, the conclusion of the crawling ink spots theorem may be spilling
outside of the time interval [—1, —27%]. There is no trivial workaround for this.

The purpose of the following lemma is to show that the cylinders Q,(xo, po) that satisfy the condition
of the crawling ink spots theorem are necessarily small, and consequently the amount of measure that
leaks outside the cylinder By,4 x [—1, —27%] will decay exponentially.

Lemma 6.4. Assume that

inf u <1,
Q1/4

u>0 in RYx[—1,0],
us+ ColVu|— M u>0 in Q,

and that there is a cylinder Q p(xo, to) such that

Qp(x0,10) C Byjg x [—1,-27%],
[{u=N}NQpy(xo.t0)| = (1—682)|Qpl.
Then p < C N7 for some universal y > 0 and C > 0.

Proof. Applying Lemma 4.1 rescaled to Q,(xo, fo), we obtain that u > N/M in Q ,/4(xo0, fo). Just as in
the proof of Lemma 6.2, we get

ue0) z 3P (3 =x0). (5) (1 =10+ (4)").

where p is the function from Lemmas 5.1 or 5.2 with r = % p. The reason for the factor % is that since
Xo € By/4, we know that B3 4(x0) C By.
We have that xg € By /4, o € [-1,—27%] and p < min(%, (1 —2_“)1/"‘). Since infg, ,, u < 1, we have
M _ . _
N2 inf{p(x.1) : x € By;s At € [374Q* = 1)+ (30)%. ($)* + (30)°]} = cp?.
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which holds by (5-4) in Lemmas 5.1 and 5.2. Therefore p < CN ™Y, where y = % and ¢q is the exponent
from Lemma 5.1 or 5.2. O

Proof of Theorem 6.1. We start by noting that we can assume C = 0. Otherwise we consider #(x,t) =
u(x,t)— Ct instead. For every positive integer k, let

A= {u> N0 (Byja x (-1,-27%),
where N is the constant from Lemma 6.2. We apply Theorem 6.3 with
E={u= N0 (Bax(-1,-27%) and F ={u= NN (B x (—1.-27% + CmN~7K)),

where C and y are the constants from Lemma 6.4.
Let us verify that both assumptions of Theorem 6.3 are satisfied. The first assumption in Theorem 6.3
is implied by Lemma 6.4 (at least when N and/or k are large). Indeed, any point

(x,1) € Byjg x (—1,-27% £ mN~7%k)

is contained in some cylinder Q (xg, fp) with large enough p so that p > CN —k7 Because of Lemma 6.2,
whenever there is a cylinder Q such that |4z N Q| > (1 —§)|Q|, we know that Q™ C {u > Nk,
Moreover, because of Lemma 6.4, the length in time of O™ is less than mC N . Therefore 0™ C F.
Thus, the second assumption of Theorem 6.3 holds as well.

Note that we allow the result of the crawling ink spots theorem to spill to the time interval

[<27%, —27% 4 CmN V%K.
Therefore,
A1l = 5L = ) (4] + CmNTYE),

We first pick m sufficiently large so that

m+1

7(1—c8):zl—u<l.

Thus, we have

|Aks1] < (1= ) (| Ax| + CmNTYR),

This already implies an exponential decay on | Ay |, which proves the theorem. O

7. Holder continuity of solutions

We first state a Holder continuity for parabolic integral equations without drift. In this case, « € (0, 2)
can be arbitrarily small, although the estimates depend on its lower bound «.

Theorem 7.1 (Holder estimates without drift). Assume a > a9 > 0. Let u be a bounded function in
R4 x [1, 0] such that
u,—MTu<C in Qy,

ur—M u>-C in Q.
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Then there are constants C7 and y, depending on n, A, A and ay, such that

luller (g, ,2) < C7(llull Loo e x[—1,0) + C)-
We can also include a drift term in the equation when « > 1. This is stated in the next result.

Theorem 7.2 (Holder estimates with drift). Assume o > 1. Let u be a bounded function in RY x [—1,0]

such that
u;—Co|Vul-M*tu<C in Qy.

us + ColVu|— M~ u>-C in Q.
Then there are constants C7 and y, depending on n, A, A, Cy, such that

lullc (@, /2) = Cr(llull oo e xi—1,01) + C)-
The proofs of these two theorems are essentially the same. The only difference is that when o > 1,
we can include a nonzero drift term in Theorem 6.1. Because of this, we write the proof only once, for
Theorem 7.2, which applies to both theorems.

Proof of Theorem 7.2. We start by observing that we can reduce to the case C < ¢gg and |Ju| L < % by

considering the function .

C/eo+2[ullzeo

We choose ¢g sufficiently small, which will be specified below.

u(x,t).

Our objective is to prove that for some y > 0, which will also be specified below,

()Qscu <2rY (7-1)

for all r € (0, 1). This proves the desired modulus of continuity at the point (0, 0). Since there is nothing
special about the origin, we obtain the result of the theorem at every point in Qy/, using a standard
scaling and translation argument. Note that since ||u||fc0 < %, we know a priori that (7-1) holds for all
r <2717 We can make this threshold arbitrarily small by choosing a small value of y.

In order to prove that (7-1) holds for all values of r € (0, 1), we use induction. We assume that it holds
for all r > 8~k and we show that it then holds for all r > 8~ (k+1)  Because of the observation in the
previous paragraph, we can guarantee this inequality for the first few values of k by choosing a small
value of y. Thus, we are left to prove the inductive step.

Let
_ 1 1 8—(k—1) 8—0l(k—1)
u(x,t) = 3 8y(k_1)u( > X, T t).

This function # is a scaled version of u so that the values of # in O, correspond to the values of u

in Qg—«+1. Moreover, since (7-1) holds for r > g~k , we have that
osc i <min(r¥,1) forall r > %. (7-2)
2r
Since oscg, # < 1, for all (x,7) € Q», we have that 1 (x, ) > maxg, u —% oru(x,t) <ming, Ui + %
There may be points where both inequalities hold. The important thing is that at least one of the two in-
equalities holds at every point (x, ) € Q5. Therefore, one of the two inequalities will hold in at least half of
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the points (in measure) of the cylinder B4 x[—1, —27%]. Without loss of generality, let us assume it is the
first of these inequalities that holds for most points (a similar argument works otherwise). That is, we have

|{u = max i — 33N (B1jax[-1,=27%)| = 4| Byjal x (1—-27%).
Let v be the truncated function
v(x,t) == (i(x,1) —néax[t + 1)+.
2
Note that v > 0 everywhere and v = 1 (x,?) —maxg, # + 1 in Q2. If x ¢ By and ¢ € [-1,0], it can
happen that v(x, ) > 1 (x, ) —maxg, # + 1. We can estimate their difference using (7-2):
Y
v(x,t)—(ﬁ(x,t)—maxﬁ—l—l)f osc u—1=< (m) —1 forany x ¢ By, t €[—1,0]. (7-3)
Q2 B‘x‘X[—l,O] 2
Note that for any fixed R, the right-hand side converges to zero uniformly for 2 < |x| < R as y — 0.
Inside Q1, the function v satisfies the equation

v+ Co|Vu|— M v>1u; +Co|Vii| - M+ M~ (1 —v)
>—go+ M (u—v)
=—eo+ M~ (( —maxu + 1) —v)
> —eo —c(y).
Here ¢(y) =—ming, M~ ((i—maxii+1)—v) =maxg, M T (v—(i—maxii+1)). We can estimate c(y)

using (7-3) and assumption (A2), because

L(v— (i —maxii+ 1))(x) = / 8p(v— (1 —max it + 1)) (x) K (h) dh
R4
=/ (v— (1 —maxa + 1))(h)K(h)dh
|h|>2

§C[ (|h|”—1)K(h)dh—|—/ 2||ut|| oo K (h) dh, (7-4)
2<|h|<R |h|=R

where we note the use of the fact that v — (i — max i + 1) = 0 and also V(v — (U —maxu + 1)) =0
in Q,. Thus given any p, we can make c(y) < p by first choosing R large enough so that the tails of K
are negligible outside of Bg — hence controlling the second term of (7-4) — and then choosing y small
enough so that second term of (7-4) is small enough. Since none of these choices depend upon the
kernel, K, they hold for M T, and hence c(y), as well.

Applying Theorem 6.1,

1 1/e
minv+80+c(y)z—(/ vadxdt)
Q1/4 C6 B]/4X[—1,—2_a]

11 o)l
> C6(2|31/4|(1 27%) >
Let us choose g9 > 0 and y > O sufficiently small so that

(L)
5:= o (31B1al1-279) " 5~ =) >0
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Therefore, we obtained ming, 4V 8, which implies that 0SCQ, /4 # < 1—4. In terms of the original

variables, this means that

osc u<2x8 kD _g).
8—k

Consequently, for any r € (87k—1 87k,
oscu <2x8 V&1 _§).

Qr
Choosing y sufficiently small so that
872 > (1-6)
implies that (7-1) holds for all r > 27%=1_This finishes the inductive step, and hence the proof.
Note that there is no circular dependence between the constants y and gg. All conditions required
in the proof are satisfied for any smaller value. We choose ¢p and y sufficiently small so that all these
conditions are met. O

8. C1:7 regularity for nonlinear equations

It is by now standard that a Holder regularity result as in Theorem 1.1 for kernels K that have rough
dependence in x and ¢ implies a C 1% estimate for solutions to nonlinear equations. The following is a
more precise statement.

Theorem 8.1. Assume ag > 1, @ € [wg,2] and I is a translation-invariant nonlocal operator that
is uniformly elliptic with respect to the class of kernels that satisfy (A1), (A2), (A3) and (A4). Let
u :R* x [=T,0] = R be a bounded viscosity solution of the equation

ur—Iu=f in By x[-T,0].
Then u(-,t) € C'TY(By ) forall t € [-T/2,0] and u(x,-) € CA+M/%([~T/2,0]) for all x € By ,.

Moreover, the following regularity estimate holds:

sup  u(-.Ollcr+v(,,) + sup Nulx,)lca+nieqr/2,01
te[—T/2,0] X€By /2

< C(ullpoe@nx(—T.00) + I f Lo By x[~T.0p + I )-

The constants C and y depend only on A, A, i, n and og. Here y > 0 is the minimum between ag — 1
and the constant y from Theorem 1.1 (or Theorem 7.2).

The proof of Theorem 8.1 is given in [Serra 2015] for the smaller class of symmetric kernels satisfying
(1-2). His proof uses the main result in [Chang Lara and D4avila 2014], and the proof of Theorem 8.1
follows simply by replacing it with Theorem 7.2 in this paper. There is only one comment that needs to be
made. In [Serra 2015], the following quantity is used a few times to control the tail of an integral operator

Il = [ G120 d.
Because of our assumption (2-1), this quantity is not sufficient and needs to be replaced by

max{x € R" : (1+ |x])*"*u(x)}
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for some arbitrary small & > 0. After this small modification, the proof in [Serra 2015] straightforwardly
applies to prove Theorem 8.1 using Theorem 7.2.
The main example of a nonlinear integral operator I is the Isaacs operator from stochastic games:

Tu(x) = infsup/ Spu(x, )K" (h) dh.
l ] Rn

Here, the kernels K/ must satisfy the hypotheses (A1), (A2), (A3) and (A4) uniformly in i and j.
The result can also be extended to kernels K/ (x, h, t) that are not translation-invariant provided that
they are continuous with respect to x and ¢. See [Serra 2015] for a discussion on this extension.

Appendix: The crawling ink spots theorem

We prove a version of the crawling ink spots theorem for fractional parabolic equations, which is a covering

argument that first appeared in the original work of Krylov and Safonov [1979]. There it is indicated that the

result was previously known by Landis, and it was Landis himself who came up with its suggestive name.
Let d,, be the parabolic distance of order «. By definition, it is

do((x0.70). (x1.11)) = max((2|ty —22) "%, |x1 — x2).

The parabolic cylinders Q,(x,?) are balls of radius r centered at (x,t — %r"‘) with respect to the
distance d,. The importance of this characterization is that it allows us to use the Vitali covering lemma,
since this result is valid in arbitrary metric spaces.

Lemma A.1. Let u > 0and E C F C By XR be two open sets that satisfy the following two assumptions:

o For every point (x,t) € F, there exists a cylinder Q C By xR so that (x,t) € Q and |[ENQ| < (1—w)|0|.

e For every cylinder Q C By X R such that |E N Q| > (1 — w)|Q|, we have Q C F.

Then |E| < (1 —cp)|F|, where c is a constant depending on dimension only.

Proof. For every point (x,1) € F, let Q° be the cylinder such that (x,#) € Q% and |[ENQ°| < (1—pu)|0°|.
Recall that F is an open set. Let us choose a maximal cylinder Q®?) such that (x,7) € Q&)

Q&1 < 0% and Q&) C F. Two things may happen; either Q) = Q°, in which case |Q ) NE| <

(1—p)| Q™| or for any larger cylinder Q") ¢ O  Q°, we would have Q ¢ F. In the latter case, we

would have |[EN Q| < (1—p)| Q| for any cylinder Q so that Q") ¢ QO c Q°. In particular, the inequality

holds for a decreasing sequence converging to Q **) and therefore |E N Q| < (1 —p)|Q™1).
In any case, we have constructed a cover Q(" ) of the set F so that for all (x,t) € F,

o (x,1) e QWD)
« QD CF,
« |0 NE| < (1—w)]Q™).

Using the Vitali covering lemma, we can select a countable subcollection of cylinders Q; such that
F C U;‘;l 50Q;. Here each Q; is one of the cylinders Q&1 We write 50 ;j to denote the cylinder
expanded as a ball with respect to the metric d, with the same center and five times the radius.
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Since Q; C Fand |[EN Q| <(1—w)|Qj|, we have |Q; N (F\ E)| > n|Q;|. Therefore,
o0
|FNE|= ) |Q;N(F\E)
j=1

o0
> 10l
j=1
o0
=577 Y 11501 = 5l F).
j=1
The lemma follows with ¢ = 5742, |

Lemma A.1 is not applicable directly to parabolic equations. What we need is a covering lemma so
that if |[E N Q| > (1 — w)|Q], then a time-shift of the cylinder Q is included in F instead of Q itself.
This time-shift is given by the cylinders O™, which we defined in Section 6.

We now give the proof of the crawling ink spots theorem.

Proof of Theorem 6.3. Let Q be the collection of cylinders Q C By xR such that |[ENQ|> (1—u)|Q]. Let
G =Ugeg Q- By construction, £ and G satisfy the assumptions of Lemma A.1; thus |E| < (1—cu)|G].
In order to prove this theorem, we are left to show that |G| < (m + 1)/m| F|. For that, we will see that

L 0" ) ouo™
Q€9 QeQ
The second inequality above is trivial by the inclusion of the sets. The first inequality is not obvious since
the cylinders may overlap. We justify this first inequality below.

From Fubini’s theorem, the measure of any set A € By x R is given by

z

m m
o > 7
m—+1 _m—i-llG"

1Al =/B L1(AN ({x} x R)) dx,

where £ stands for the one-dimensional Lebesgue measure.
We finish the proof applying Fubini’s theorem and noticing that for all x € By,

El(U Qmﬂ({x}xR))zm’ilﬁl(

Qe€Q

L (QUG™) N (ix} x R)).

QeQ

This inequality follows from Lemma A.2, which is described below. O

The following lemma is copied directly from [Imbert and Silvestre 2013b, Lemma 2.4.25]. An
elementary proof is given there, which is independent of the rest of the text.

Lemma A.2. Consider two (possibly infinite) sequences of real numbers (ak),]cv=1 and (hk)llcv=1 for
N eNU{oco} withhy >0fork =1,...,N. Then

N
| @@k ax + (m + Dhy)
k=1

N
< mlﬂ‘,yl(“" +hi,ag + (m+ 1)hg))|.
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