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We prove dispersive estimates in R3 for the Schrödinger evolution generated by the Hamiltonian H D

��CV , under optimal decay conditions on V , in the presence of zero-energy eigenstates and resonances.
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1. Introduction

1A. Classification of exceptional Hamiltonians. Consider a Hamiltonian of the form H D ��C V ,
where V is a real-valued scalar potential on R3.

We assume V 2L
3
2
;1
�L

3
2 , which is the predual of weak-L3 and a Lorentz space, L

3
2
;1
�L

3
2
��
\L

3
2
C�;

for its definition and properties, see [Bergh and Löfström 1976]. By [Simon 1982], this is sufficient to
guarantee the self-adjointness of H D��CV .

Let R0.�/ WD .��� �/
�1 be the free resolvent corresponding to the free evolution e�it� and let

RV .�/ WD .��CV � �/�1 be the perturbed resolvent corresponding to the perturbed evolution eitH .
Explicitly, in three dimensions and for Im�� 0,

R0..�C i0/2/.x;y/D
1

4�

ei�jx�yj

jx�yj
: (1-1)
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It will be shown below that, under reasonable assumptions, H has only finitely many negative eigenval-
ues. Then the Schrödinger evolution restricted to the continuous spectrum Œ0;1/ has the representation
formula

eitH Pc D lim
�!0

1

2� i

Z 1
0

eit�
�
RV .�C i�/�RV .�� i�/

�
d�:

By the work of Ionescu and Jerison [2003] and Goldberg and Schlag [2004b], it is known that,
when V 2L

3
2 , the perturbed resolvent RV .�˙ i0/ is uniformly bounded in B.L

6
5 ;L6/ on any interval

� 2 Œ�0;1/, where �0 > 0, and has no singularities in Œ0;1/ except potentially at �D 0.
Observe that RV D .I CR0V /�1R0, so RV has a singularity at zero precisely when I CR0.0/V ,

which is a compact perturbation of the identity, is not invertible.
We denote the null space of I CR0.0/V by

M WD
˚
� 2L1 j �CR0.0/V� D 0

	
:

If M¤¿, we say that H is of exceptional type, while if MD¿, we say that H is of generic type.
The sesquilinear form �hu;V vi is an inner product on M; see Lemma 2.2. This pairing is well-defined

when V 2L
3
2
;1 because u; v 2L3;1\L1 by Lemma 2.1.

Let E WDM \L2 and P0 be the orthogonal L2 projection onto E . In Lemma 2.3, we provide a
characterization of E and show that codimM E � 1.

The set E1 WD E \L1 also plays a special part in the proof. In Lemma 2.5, we give a characterization
of E1 and prove that codimE E1 � 12.

A function � 2M n E is called a zero-energy resonance of H . Following [Jensen and Kato 1979;
Yajima 2005], we classify exceptional Hamiltonians H as follows:

(1) H is of exceptional type of the first kind if it has a zero-energy resonance, but no zero-energy
eigenfunctions: f0g D E ¨M.

(2) H is of exceptional type of the second kind if it has zero-energy eigenfunctions, but no zero-energy
resonance: f0g¨ E DM.

(3) H is of exceptional type of the third kind if it has both resonances and eigenfunctions at zero energy:
f0g¨ E ¨M.

1B. Main result. When H is of exceptional type of the first kind, we let the canonical resonance be �2M
such that hV; �i> 0 and �h�;V�iD 1 (one can make these choices by Lemmas 2.3 and 2.2, respectively).

Using the canonical resonance �.x/, we define a constant a and a function �t .x/ by

aD
4� i

jhV; �ij2
; �t .x/D e

ijxj2

4t �.x/:

We also define a function �t .x/ by

�t .x/ WD
i

jxj

Z 1

0

.e
ijxj2

4t � e
ij�xj2

4t / d�:
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Let the operators R.t/ and S.t/ be given by

R.t/ WD
ae�i 3�

4

p
� t

�t .x/˝ �t .y/;

S.t/ WD
e�i 3�

4

p
� t

�
�iP0V

jx�yj2

24�
VP0C�t .x/

jx�yj

8�
VP0CP0V

jx�yj

8�
�t .y/

�
:

(1-2)

Note that
kR.t/ukL3;1 CkS.t/ukL3;1 . t�

1
2 kukL3=2;1 :

Proposition 1.1 (main result). Assume that hxi2V 2L
3
2
;1 and that H D��CV is exceptional of the

first kind. Then, for 1� p < 3
2

and any u 2L2\Lp,

e�itH PcuDZ.t/uCR.t/u; kZ.t/ukLp0 . t
� 3

2

�
1
p
� 1

p0

�
kf kLp ;

where p0 is the dual exponent, that is, 1
p
C

1
p0
D 1. Furthermore, assuming only that V 2 L

3
2
;1,

for 3
2
< p � 2,

ke�itH PcukLp0 . t
� 3

2

�
1
p
� 1

p0

�
kukLp ; ke�itH PcukL3;1 . t�

1
2 kukL3=2;1 :

Assume that hxi4V 2L
3
2
;1 and that H D��CV is exceptional of the second or third kind. Then, for

1� p < 3
2

and any u 2L2\Lp,

e�itH PcuDZ.t/uCR.t/uCS.t/u; kZ.t/ukLp0 . t
� 3

2

�
1
p
� 1

p0

�
kukLp ; (1-3)

where R.t/ is missing if H is an exceptional Hamiltonian of the second kind.
In the case when all the zero-energy eigenfunctions of H are in L1, one can omit S.t/ from (1-3).
Assume that hxi2V 2L

3
2
;1 and that H D��CV is exceptional of the second or third kind. Then, for

3
2
< p � 2,

ke�itH PcukLp0 . t
� 3

2

�
1
p
� 1

p0

�
kukLp ; ke�itH PcukL3;1 . t�

1
2 kukL3=2;1 :

Note that, in terms of powers of x, the decay conditions on the potential correspond to jV j. hxi�2�,
jV j. hxi�4�, and jV j. hxi�6�.

Additionally, note that these decay estimates also imply a certain range of Strichartz estimates.
The rest of the paper is dedicated to proving this main result, which is a combination of Propositions 2.13,

2.15, 2.18, and 2.19. For brevity, we omit the proof in the case when H is an exceptional Hamiltonian of
the second kind, which is similar to the case when H is exceptional of the third kind.

1C. History of the problem. We study solutions to the linear Schrödinger equation in R3 with potential

i@tuC�u�V uD 0; u.0/ given:

By the RAGE theorem, every solution is the sum of a bound and a scattering component. The quantitative
study of scattering states began with Rauch [1978], who proved that if H D ��C gV , where g 2 C,
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with exponentially decaying V , then eitH Pc has a local decay rate of t�
3
2 , with at most a discrete set of

exceptional g for which the decay rate is t�
1
2 . Here Pc is the projection on the space of scattering solutions.

Threshold estimates in the presence of eigenvalues and resonances go back to the work of Jensen and
Kato [1979], who obtained an asymptotic expansion of the resolvent R.�/D .H � �/�1 into

R.�/D���1B�2� i��
1
2 B�1CB0C i�

1
2 B1C � � �

and similar ones for the spectral density and the S-matrix. The condition imposed on the potential was
polynomial decay at infinity of the form .1Cjxjˇ/V .x/ 2L

3
2 .R3/, where ˇ > 2.

The possible singularities in this expansion are due to the presence of resonances or eigenstates at zero.
B�2 is the L2 orthogonal projection on the zero eigenspace, while B�1 is given by

B�1 D P0V
jx�yj2

24�
VP0��˝�;

where � is the canonical zero resonance; see above.
Jensen and Kato also obtained an asymptotic expansion for the evolution eitH Pc in two cases: if zero

is a regular point, then

eitH Pc D�.4� i/�
1
2 t�

3
2 B0C o.t�

3
2 /;

and if there is only a resonance � at zero then

eitH Pc D .� i/�
1
2 t�

1
2�˝�C o.t�

1
2 /:

Murata [1982] extended these results by obtaining an asymptotic expansion to any order, for a more
general evolution, with or without singular points, and then proving that each term in the expansion is
degenerate. Murata’s expansion and proof are valid in weighted L2 spaces.

Erdoğan and Schlag [2004] obtained an asymptotic expansion of the evolution eitH Pc in the pointwise
L1-to-L1 setting using the Jensen–Nenciu lemma [2001]. The condition assumed for the potential
was that jV .x/j . hxi�12��. The same method works in the case of nonselfadjoint Hamiltonians (see
[Erdoğan and Schlag 2006]) of the form

HD
�
��C�CV1 V2

�V2 ����V1

�
;

assuming that jV1.x/jC jV2.x/j. hxi�10��.
At the same time, Yajima [2005] proved a similar expansion for generic Hamiltonians H D��CV

when jV .x/j � hxi�
5
2
�� , for singular Hamiltonians of the first kind when jV .x/j � hxi�

9
2
�� , and of the

second and third kind when jV .x/j � hxi�
11
2
��. His main result stated the following:

Theorem 1.2 [Yajima 2005, Theorem 1.3]. (1) Let V satisfy jV .x/j � C hxi�ˇ for some ˇ > 5
2

. Suppose
that H is of generic type. Then, for any 1� q � 2� p �1 such that 1

p
C

1
q
D 1,

ke�itH Pcukp � Cpt�3
�

1
2
� 1

p

�
kukq; where u 2L2

\Lq: (1-4)
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(2) Let V satisfy jV .x/j � C hxi�ˇ for some ˇ > 11
2

. Suppose that H is of exceptional type. Then the
following statements are satisfied:

(a) Estimate (1-4) holds when p and q are restricted to 3
2
< q � 2� p < 3 and 1

p
C

1
q
D 1.

(b) Estimate (1-4) holds when p D 3 and q D 3
2

provided that L3 and L
3
2 are respectively replaced by

Lorentz spaces L3;1 and L
3
2
;1.

(c) When 3< p �1 and 1� q < 3
2

are such that 1
p
C

1
q
D 1, there exists a constant Cpq such that, for

any u 2L2\Lq , .e�itH Pc �R.t/�S.t//u


p
. Cpqt�3

�
1
2
� 1

p

�
kukq:

If H is of exceptional type of the first kind, statement (2) holds under a weaker decay condition
jV .x/j � C hxi�ˇ with ˇ > 9

2
.

However, note that, due to a mistake in the proof, the requirement ˇ > 11
2

should be replaced by ˇ > 8.
When the zero-energy eigenfunctions �k of H have enough decay, both R.t/ and S.t/ can be taken to

be zero. Indeed, Goldberg [2010] showed that if V 2L
3
2
��
\L

3
2
C� and the zero-energy eigenfunctions

are in L1 then ke�itH PcukL1 . t�
3
2 kukL1 . We retrieve a similar result in our context.

Some of our results for exceptional potentials of the first kind hold under the same decay assumption
as those for generic potentials: V 2L

3
2
;1. A similar fact was also recently noticed by Egorova, Kopylova,

Marchenko and Teschl [Egorova et al. 2014] in dimension one.
Several results [Journé et al. 1991; Goldberg and Schlag 2004a; Goldberg 2006; Beceanu and Goldberg

2012] address the issue of pointwise decay in the case of generic Hamiltonians — for L
3
2
��
\L

3
2
C�

potentials in [Goldberg 2006] and Kato-class potentials in [Beceanu and Goldberg 2012].
Results obtained in other dimensions include [Cardoso et al. 2009; Egorova et al. 2014; Erdoğan et al.

2014; Erdoğan and Green 2010; 2013a; 2013b; 2013c; Goldberg 2007; Goldberg and Green 2014; 2015;
Green 2012; Schlag 2005].

The current result, Proposition 1.1, represents an improvement on [Yajima 2005] by half a power of
potential decay for exceptional Hamiltonians of the first kind. We expect the rate of potential decay from
Proposition 1.1 to be optimal for this sort of result.

The same considerations apply in the case of exceptional Hamiltonians of the second and third kind,
also leading to similar improved results. These will constitute the subject of a separate paper.

Below we mostly follow the scheme of Yajima’s proof [2005], making the changes from Hölder spaces
to Wiener spaces needed to improve the result. The proof method that we use here is the same as in
[Beceanu 2011; Beceanu and Goldberg 2012].

2. Proof of the statements

2A. Notations. We denote the usual Lebesgue spaces by Lp and the Lorentz spaces by Lp;q , where
1 � p; q �1. Note here that Lp;pDLp, Lp;1 is weak-Lp, and Lp;q1 � Lp;q2 for q1 � q2. For the
definition and further properties, see [Bergh and Löfström 1976].
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Let Sobolev spaces be W s;p , where s 2 R and 1� p �1, and denote weighted Lebesgue spaces by
f .x/Lp D ff .x/g.x/ j g 2Lpg.

Fix the Fourier transform to

Of .�/D

Z
Rd

e�ix�f .x/ dx; Lf .x/D .2�/�d

Z
Rd

ei�xf .�/ d�:

Let R0.�/ WD .����/
�1 and for � 2 R,

R0a.�/ WD
1

i

�
R0.�C i0/�R0.�� i0/

�
:

Concerning the Fourier transform, resolvents, and the free evolution, note that with our definitions

eitH0 D .R0a.�//
_.t/;

R0a.�/D .e
itH0/^ for � 2 R;

iR0.�/D
�
�Œ0;1/.t/e

itH0
�^
.�/ for Im� < 0:

Likewise let RV .�/ WD .��CV ��/�1.
Also, let

� �A be the characteristic function of the set A;

� M be the space of finite-mass Borel measures on R;

� ıx denote Dirac’s measure at x;

� hxi D .1Cjxj2/
1
2 ;

� B.X;Y / be the Banach space of bounded operators from X to Y and B.X / be the Banach space of
bounded operators from X to itself;

� C be any constant (not always the same throughout the paper);

� a. b mean jaj � C jbj;

� S be the Schwartz space;

� u˝ v mean the rank-one operator h � ; viu;

� K.x;y/ denote the operator having K.x;y/ as its integral kernel.

For a potential V , let V1 D jV j
1
2 and V2 D jV j

1
2 sgn V .

2B. Auxiliary results. Recall that M is the kernel of I CR0.0/V in L1.

Lemma 2.1. Let V 2 L
3
2
;1; then M � L3;1. Conversely, any � 2 L3;1 that satisfies the equation

�CR0.0/V� D 0 must be in L1, hence in M.

Proof of Lemma 2.1. Let V D V 1CV 2, where V 1 is smooth of compact support and kV 2kL3=2;1 � 1.
Then, if � solves the equation

� D�
�
I CR0.0/V

2
��1

R0.0/V
1�

D�

� 1X
kD0

.�1/k.R0.0/V
2/k
�

R0.0/V
1�;
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where the inverse is the sum of a Neumann series, and thus is bounded on L3;1 and on L1.
If � 2L1, then V 1� 2L1; hence R0.0/V

1� 2L3;1, so � 2L3;1.
If � 2L3;1, then V 1� 2L

3
2
;1; hence R0.0/V

1� 2L1, so � 2L1. �
Lemma 2.2. The quadratic form �hu;V vi is an inner product on M.

Proof. Suppose that u, v 2M. By the definition of M, observe that �hu;V vi D hu;��vi, where
u 2L3;1\L1 by Lemma 2.1 and ��v D V v 2L1\L

3
2
;1. Thus the pairing is well-defined.

Furthermore, ruDrR0.0/V u 2L
3
2
;1
\L3;1 �L2 and the same holds for rv, so their pairing is

also well-defined and we can write .u;��v/D .ru;rv/.
This expression is positively defined because, setting uD v, the equation hru;rui D 0 implies that u

is constant; hence, in view of the fact that u 2L3;1 by Lemma 2.1, uD 0. �
Recall that E DM\L2.

Lemma 2.3. Assume that V 2L
3
2
;1. Then, for any � 2M, we have �.x/ 2 hxi�1L1.

Assume that V 2L1\L
3
2
;1. Then, for any � 2M, we have

�.x/�
h�;V i

4�jxj
2 jxj�1L3;1

\ jxj�1L1 �L2:

Thus � 2M is in E if and only if h�;V i D 0; thus codimM E � 1. Also, E � hxi�2L1.

Proof of Lemma 2.3. First, assume that V 2L
3
2
;1. Rewrite the eigenfunction equation

�.x/D�
1

4�

Z
R3

1

jx�yj
V .y/�.y/ dy

as

jxj�.x/C
1

4�

Z
jyj�R

jxj � jx�yj

jx�yjjyj
V .y/jyj�.y/ dy

D�
1

4�

Z
R3

V .y/�.y/ dy �
1

4�

Z
jyj�R

jxj � jx�yj

jx�yj
V .y/�.y/ dy:

Note that
ˇ̌
jxj � jx�yj

ˇ̌
� jyj and limR!1

�jxj�R.x/V .x/


L3=2;1 D 0. Then, for sufficiently large R,
we can invert

.T0�/.x/D �.x/C
1

4�

Z
jyj�R

jxj � jx�yj

jx�yjjyj
V .y/�.y/ dy

as an operator in B.L1/. Since �.y/ 2 L3;1 \L1, the right-hand side is in L1, so we obtain that
jxj�.x/ 2L1.

Next, assume that V 2L1\L
3
2
;1. Start from

�.x/�
h�;V i

4�jxj
D �

1

4�

Z
R3

�
1

jx�yj
�

1

jxj

�
V .y/�.y/ dy

D�
1

4�jxj

Z
R3

jxj � jx�yj

jx�yj
V .y/�.y/ dy;

which is bounded in absolute value by
1

4�jxj

Z
R3

jyjjV .y/jj�.y/j

jx�yj
dy:
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Since � 2 hxi�1L1 and V 2L1\L
3
2
;1, this expression is in jxj�1L1\jxj�1L3;1�hxi�1L3;1�L2.

Since whenever h�;V i ¤ 0 we have h�;V i=.4�jxj/ 62 L2, it follows that for � to be in L2 it is
necessary and sufficient that h�;V i D 0.

The space E is then the kernel of the rank-one map � 7! h�;V i from M to C, so it has codimension
at most 1.

Finally, we already know that E �M� hxi�1L1. The eigenfunction equation for a function � 2 E
for which h�;V i D 0, can be written as

�.x/D�
1

4�

Z
R3

jxj � jx�yj

jx�yjjxj
V .y/�.y/ dy:

We further rewrite it as

jxj2�.x/C
1

4�

Z
jyj�R

.jxj � jx�yj/2

jx�yjjyj2
V .y/jyj2�.y/ dy

D�
1

4�

Z
R3

.jxj � jx�yj/V .y/�.y/ dy �
1

4�

Z
jyj�R

.jxj � jx�yj/2

jx�yj
V .y/�.y/ dy:

The right-hand side is in L1 and, for sufficiently large R, the left-hand side is invertible, as above. This
shows that jxj2�.x/ 2L1. �

We can continue the asymptotic expansion of eigenfunctions to any order, but first we need the following
lemma.

Lemma 2.4. For x, y 2 R3, ˇ̌̌̌
1

jx�yj
�

�
1

jxj
C

xy

jxj3

�ˇ̌̌̌
. jyj2

jxj2jx�yj
(2-1)

and ˇ̌̌̌
1

jx�yj
�

�
1

jxj
C

xy

jxj3
C
jyj2

2jxj3
�

3.xy/2

2jxj5

�ˇ̌̌̌
. jyj3

jxj3jx�yj
: (2-2)

More generally, it seems to be the case (one can prove by induction) thatˇ̌̌̌
1

jxCyj
�

NX
kD0

dk 1

jx� � j
.y; : : : ;y/

ˇ̌̌̌
. jyjNC1

jxjNC1jx�yj
:

Proof of Lemma 2.4. Indeed, we start from

.jxj2C 2xyCjyj2/
1
2 � .jxj2/

1
2 D

2xy

jxCyjC jxj
C

jyj2

jxCyjC jxj
: (2-3)

Then ˇ̌̌̌
2xy

jxCyjC jxj
�

xy

jxj

ˇ̌̌̌
D

ˇ̌̌̌
xy.jxj � jxCyj/

.jxCyjC jxj/jxj

ˇ̌̌̌
. jyj

2

jxj
:

Therefore, ˇ̌̌̌
jxCyj � jxj �

xy

jxj

ˇ̌̌̌
. jyj

2

jxj
: (2-4)
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Consequently,ˇ̌
jxj2.jxj � jx�yj/�xyjx�yj

ˇ̌
� jxj2

ˇ̌̌̌
jx�yj � jxjC

xy

jxj

ˇ̌̌̌
C
ˇ̌
xy.jxj � jx�yj/

ˇ̌
. jyj2jxj:

Dividing by jxj3jx�yj, we obtain (2-1).
We next perform a more detailed analysis of the same inequality. In (2-3), by (2-4) we haveˇ̌̌̌

xy.jxj � jxCyj/

.jxCyjC jxj/jxj
C
.xy/2

2jxj3

ˇ̌̌̌
.
ˇ̌̌̌
xy.jxj � jxCyj/

.jxCyjC jxj/jxj
�

xy.jxj � jxCyj/

2jxj2

ˇ̌̌̌
C

ˇ̌̌̌
ˇxy

�xy
jxj
Cjxj � jxCyj

�
2jxj2

ˇ̌̌̌
ˇ. jyj3jxj2 :

Furthermore, also in (2-3),
jyj2

jxCyjC jxj
�
jyj2

2jxj
. jyj

3

jxj2
:

Therefore, ˇ̌̌̌
jxCyj � jxj �

xy

jxj
�
jyj2

2jxj
C
.xy/2

2jxj3

ˇ̌̌̌
. jyj

3

jxj2
: (2-5)

By (2-4) and (2-5), we then obtain (2-2). �
We can now establish the asymptotic expansion of eigenfunctions.

Lemma 2.5. Assume that V 2L1\L
3
2
;1. Let � 2 E be a zero-energy eigenfunction of H . Then

�.x/�

3X
kD1

hV�;yki
xk

jxj3
2 jxj�2.L3;1

\L1/:

Further assume that V 2 hxi�1L1\L
3
2
;1. Then

�.x/�

3X
kD1

hV�;yki
xk

jxj3
�

3X
k;`D1

h�V;yky`i

�
ık`

2jxj3
�

3xkx`

2jxj5

�
2 jxj�3.L3;1

\L1/:

In particular, � 2 E is in L1 if and only if hV�;yki D 0 and hV�;yky`i D 0 for 1� k; `� 3.
Let E1 WD E \L1. Then codimE E1 � 12.

Proof of Lemma 2.5. We start from the eigenfunction equation

�.x/D�
1

4�

Z
R3

1

jx�yj
V .y/�.y/ dy:

Recall that h�;V i D 0. Using (2-1), we obtain thatˇ̌̌̌
�.x/�

3X
kD1

hV�;yki
xk

jxj3

ˇ̌̌̌
. 1

jxj2

Z
R3

jyj2jV .y/jj�.y/j dy

jx�yj
:

Since � 2 hxi�2L1 and V 2L1\L
3
2
;1, the right-hand side is in jxj�2.L3;1\L1/.
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Using (2-2), we obtain instead thatˇ̌̌̌
�.x/�

3X
kD1

h�V;yki
xk

jxj3
�

3X
k;`D1

h�V;yky`i

�
ık`

2jxj3
�

3xkx`

2jxj5

�ˇ̌̌̌
. 1

jxj3

Z
R3

jyj3jV .y/jj�.y/j dy

jx�yj
:

Since � 2 hxi�2L1 and V 2 hxi�1L1\L
3
2
;1, the right-hand side is in jxj�3.L3;1\L1/.

These estimates matter only in the region fx W jxj � 1g, since near zero, � 2L1 �L1.fjxj � 1g/. As
jxj�3L3;1 �L1.fjxj � 1g/ and

xk

jxj3
;
ık`

2jxj3
�

3xkx`

2jxj5
62L1

are linearly independent, it follows that � 2 E is in L1 if and only if all the coefficients hV�;yki and
hV�;yky`i are zero.

Then E1 is the kernel of a rank-12 map � 7!
�
h�V;yki;h�V;yky`i

�
from E to C12, so codimE E1�12. �

2C. Wiener spaces.

Definition. For a Banach lattice X , let the space VX consist of kernels T .x;y; �/ such that, for each
pair .x;y/, we have that T .x;y; �/ is a finite measure in � on R and

M.T /.x;y/ WD

Z
R

d jT .x;y; �/j

is an X -bounded operator.

VX is an algebra under

.T1 �T2/.x; z; �/ WD

Z
T1.x;y; �/T2.y; z; � � �/ dy ds:

Elements of VX have Fourier transforms

yT .x;y; �/ WD

Z
R

e�i�� dT .x;y; �/;

which are uniformly X -bounded operators, yT .�/2L1
�
B.X /, and, for every �2R, we have yT1.�/ yT2.�/D

.T1 �T2/
^.�/.

The space VX contains elements of the form ı0.�/T .x;y/, whose Fourier transform is constantly the
operator T .x;y/ 2 B.X /. In particular, rank-one operators ı0.�/�.x/˝ .y/ are in VX when  2X �

and � 2X . More generally, f .�/T .x;y/ 2 VX if f 2L1 and T 2 B.X /.
Moreover, for two Banach lattices X and Y of functions on R3, we also define the space VX ;Y of

kernels T .x;y; �/ such that M.T /.x;y/ is a bounded operator from X to Y . The category of such
operators forms an algebroid, in the sense that

kT1 �T2kVX;Z
� kT1kVY;Z

kT2kVX;Y
:

For example, note that�
R0..�C i0/2/

�^
2 VL3=2;1;L1 \VL1;L3;1 and

�
@�R0..�C i0/2/

�^
2 VL1;L1 :
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Indeed, the Fourier transform in � is�
R0..�C i0/2/

�^
.�/.x;y/D .4��/�1ıjx�yj.�/;

so we have
M
��

R0..�C i0/2/
�^�
D

1

4�jx�yj
:

Clearly 1=.4�jx�yj/ is in B.L
3
2
;1;L1/\B.L1;L3;1/.

Likewise, �
@�R0..�C i0/2/

�^
.�/.x;y/D .4�/�1iıjx�yj.�/;

so we have
M
��
@�R0..�C i0/2/

�^�
D .4�/�11˝ 1;

which is in B.L1;L1/.
A space that will repeatedly intervene in computations is

W D
˚
L jL_ 2 VL3=2;2 \VL3;2 ; .@�L/_ 2 VL3=2;2;L3;2

	
:

This space has the algebra property that L1;L2 2W D)L1.�/L2.�/ 2W .
The following technical lemma will be useful:

Lemma 2.6 (Fourier transforms).

M

��
eisjx�yj

4�jx�yj

�̂ �
D

1

4�jx�yj
;

M

��
@s

eisjx�yj

4�jx�yj

�̂ �
D

1˝ 1

4�
;

M

��
R0..sC i0/2/�R0.0/

s

�̂ �
D

1˝ 1

4�
;

M

��
@s

R0..sC i0/2/�R0.0/

s

�̂ �
D
jx�yj

8�
;

M

��
R0..sC i0/2/�R0.0/� is 1˝1

4�

s2

�̂ �
D
jx�yj

8�
;

M

��
@s

R0..sC i0/2/�R0.0/� is 1˝1
4�

s2

�̂ �
D
jx�yj2

24�
:

Proof. Let a> 0. Observe that the Fourier transform of ei�a in � is ıa.t/. Then

ei�a� 1

i�
D

Z a

0

ei�b db;

so
�
.ei�a� 1/=.i�/

�^
D �Œ0;a�.�/. Also

ei�a� 1� i�a

i�2
D

Z a

0

ei�b � 1

�
db;
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so
�
.ei�a� 1� i�a/=.i�2/

�^
D .a� t/�Œ0;a�.t/.

Note that

R0..sC i0/2/D
eisjx�yj

4�jx�yj

has the Fourier transform ıjx�yj.�/=.4�jx�yj/. Thus

R0

�
.sC i0/2

�^
D

�
eisjx�yj

4�jx�yj

�̂
D
ıjx�yj.�/

4�jx�yj
:

Integrating the absolute value in � , we obtain 1=.4�jx�yj/.
Likewise, �

R0..sC i0/2/�R0.0/

s

�̂
D

i�Œ0;jx�yj�.�/

4�jx�yj
:

Integrating the absolute value in � , we get 1=.4�/D .1˝ 1/=.4�/.
The Fourier transform of the derivative is�

@s
R0..sC i0/2/�R0.0/

s

�̂
D

i��Œ0;jx�yj�.�/

4�jx�yj
:

Integrating in � , we obtain jx�yj=.8�/.
Next, �

R0..sC i0/2/�R0.0/� is1˝ 1

s2

�̂
D

�
eisjx�yj� 1� isjx�yj

4�s2jx�yj

�̂
D
.jx�yj � �/�Œ0;jx�yj�.�/

4�jx�yj
: (2-6)

Integrating in � , we obtain jx�yj=.8�/.
The Fourier transform of the derivative is�

@s
R0..sC i0/2/�R0.0/� is1˝ 1

s2

�̂
D
�.jx�yj � �/�Œ0;jx�yj�.�/

4�jx�yj
:

Integrating in � , we obtain jx�yj2=.24�/. �

2D. Regular points and regular Hamiltonians. Before examining the possible singularity at zero, we
study what happens at regular points in the spectrum.

Recall the notation V1 D jV j
1
2 and V2 D jV j

1
2 sgn V . The following two properties play an important

part in the study:

Lemma 2.7. Let
T .x;y; �/ WD

V2.x/V1.y/

4�jx�yj
ı�jx�yj.�/;

so yT .�/D V2R0..�C i0/2/V1. Then:

(C1) limR!1 k���R.�/T .�/kV
L3=2;2\VL3;2

D 0.

(C2) For some N � 1, we have lim�!0 kT
N .�C �/�T N .�/kV

L3=2;2\VL3;2
D 0.
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Here the powers of T mean repeated convolution. We refer the reader to similar properties that appear
in the proof of [Beceanu and Goldberg 2012, Theorem 5].

Proof of Lemma 2.7. Suppose V1 and V2 are bounded functions with compact support in B.0;D/. It
follows that for R> 2D, we have �

�
t
R

�
T .t/D 0, so in particular

k�t�RT kV
L3=2;2\VL3;2

! 0

as R!1, and property (C1) is preserved by taking the limits of V1 and V2 in L3;2.
Next, fix p 2

�
1; 4

3

�
and assume that V1 and V2 are bounded and of compact support.

Since V1 and V2 are bounded and of compact support, T also has the local and distal properties

lim
�!0

�<�.jx�yj/
V2.x/V1.y/

jx�yj


B.L3=2;2/\B.L3;2/

D 0;

lim
R!1

�>R.jx�yj/
V2.x/V1.y/

jx�yj


B.L3=2;2/\B.L3;2/

D 0:

Combined with condition (C1), this implies that for any � > 0 there exists a cutoff function � compactly
supported in .0;1/ such that

k�.�/T .�/�T .�/kV
L3=2;2\VL3;2

< �:

Thus, it suffices to show that condition (C2) holds for �.�/T .�/.
The Fourier transform of �.�/T .�/ has the form�

�.�/T .�/
�^
.�/D V2.x/

ei�jx�yj

4�jx�yj
�.jx�yj/V1.y/: (2-7)

Such oscillating kernels have decay in the Lp operator norm for p > 1. By [Stein 1993, Lemma on
p. 392], with p0 being the dual exponent, that is, we have 1

p
C

1
p0
D 1,.�.�/T .�//^.�/f 

Lp . ��
3

p0 kf kLp : (2-8)

Taking into account the fact that .�.�/T .�//^.�/ has a kernel bounded in absolute value by

jV .x/j
1
2 jV .y/j

1
2

4�jx�yj

(where jV j
1
2 D V1 is bounded and has compact support by assumption), it follows that .�.�/T .�//^.�/

is uniformly bounded in B.X;Lp/, B.Lp;X /, and B.Lp/ for all �, where X is L
3
2
;2 or L3;2. Therefore,

by also using (2-8) for the middle factors,�.�.�/T .�//^.�/�Nf 
X
. h�i�

3.N�2/

p0 kf kX :

For N > 2C 2p0

3
, this shows that @�.�.�/T .�//N are uniformly bounded operators in B.X /, where X is

either L
3
2
;2 or L3;2. Since

�
�.�/T .�/

�
N has compact support in �, this in turn implies (C2).

For general V 2L
3
2
;1, choose a sequence of bounded compactly supported approximations for which

(C2) holds, as shown above. By a limiting process, we obtain that (C2) also holds for V . �
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Lemma 2.8. Let yT .�/D V2R0..�C i0/2/V1. Assume that V 2L
3
2
;1 and let �0 ¤ 0. Consider a cutoff

function �. Then, for �� 1, we have

�
�
���0

�

�
.I C yT .�//�1

2W:

The same holds for �0 D 0 if V is a generic potential.
Infinity has the same property: for R� 1, we have�

1��
�
�

R

��
.I C yT .�//�1

2 W:

Proof of Lemma 2.8. Note that I C yT .�0/ is invertible in B.L
3
2
;2/ and in B.L3;2/ for all �0 ¤ 0, the

only issue being at zero.
Indeed, assume that I C yT .�0/ is not invertible in B.L

3
2
;2/; then, by Fredholm’s alternative, there

exists a nonzero f 2L
3
2
;2 such that

f D�V2R0..�0C i0/2/V1f:

Let V1 D V 1
1
CV 2

1
and V2 D V 1

2
CV 2

2
, where V 1

1
and V 1

2
have compact support and are bounded with

kV 2
1
kL3;2 , kV 2

2
kL3;2 � 1. Then

f D�
�
I CV2R0..�0C i0/2/V 2

1 CV 2
2 R0..�0C i0/2/V 1

1

��1
V 1

2 R0..�0C i0/2/V 1
1 f;

which implies that f 2L2. Letting g DR0..�0C i0/2/V1f , we obtain a nonzero L6;1 solution g of
the equation

g D�R0..�0C i0/2/Vg:

However, this is impossible for �0 ¤ 0 due to the results of Ionescu and Jerison [2003] and Goldberg and
Schlag [2004b].

When �0 D 0, we have that g is a zero-energy eigenfunction or resonance for H D��CV , which
cannot happen if V is a generic potential.

Let
S�.�/D �

�
���0

�

�
. yT .�/� yT .�0//:

A simple argument based on condition (C1) shows that lim�!0 kS
_
� kVL3=2;2\VL3;2

D 0. Then

�
�
���0

�

�
.I C yT .�//�1

D �
�
�

�

��
I C yT .�0/C�

�
���0

2�

�
. yT .�/� yT .�0//

��1

D �
�
���0

�

�
.I C yT .�0//

�1
1X

kD0

.�1/k
�
S2�.�/.I C yT .�0//

�1
�k
:

The Fourier transform of the series above converges for sufficiently small �, showing that�
�
�
���0

�

�
.I C yT .�//�1

�_
2 VL3=2;2 \VL3;2 :

Concerning the derivative,

�
�
���0

�

�
@�.I C yT .�//

�1
D��

�
���0

�

�
.I C yT .�//�1@� yT .�/�

�
���0

2�

�
.I C yT .�//�1:
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Here �
�
�
���0

2�

�
.I C yT .�//�1

�_
2 VL3=2;2 \VL3;2 and .@� yT .�//

_
2 VL3=2;2;L3;2

since
M
�
.@�T .�//_

�
D
jV2.x/j˝ jV1.y/j

4�
:

Then �
�
�
���0

�

�
@�.I C yT .�//

�1
�_
2 VL3=2;2;L3;2 :

At infinity, for any real number L, one can express
�
1��

�
�
R

��
yT .�/ as the Fourier transform of

SR.�/D
�
T �R L�.R � /�T

�
.�/D

Z
R

R L�.R�/
�
T .�/�T .�� �/

�
d�:

Thanks to condition (C2), the norm of the right-hand side integral vanishes as L!1. This makes it
possible to construct an inverse Fourier transform for�

1��
�
�

R

��
.I C yT .�//�1

D

�
1��

�
�

R

�� 1X
kD0

.�1/k
��

1��
�

2�

R

��
yT .�/

�k
via this power series expansion, which converges for sufficiently large R.

If only T N satisfies (C2) then one constructs an inverse Fourier transform for�
1��

�
�

R

��
.I � .� yT /N .�//�1

in this manner and observes that�
1��

�
�

R

��
.I C yT .�//�1

D

�
1��

�
�

R

���
I � .� yT .�//N

��1
N�1X
kD0

.�1/k yT k.�/:

Finally, concerning the derivative in a neighborhood of infinity, we note that�
1��

�
�

R

��
@�.I C yT .�//

�1
D�

�
1��

�
�

R

��
.I C yT .�//�1@� yT .�/

�
1��

�
2�

R

��
.I C yT .�//�1:

Here ��
1��

�
2�

R

��
.I C yT .�//�1

�_
2 VL3=2;2 \VL3;2 and .@� yT .�//

_
2 VL3=2;2;L3;2 :

Therefore, ��
1��

�
�

R

��
@�.I C yT .�//

�1
�_
2 VL3=2;2;L3;2 : �

In the case when H is generic, we can cover the whole spectrum Œ0;1/ by open neighborhoods of
regular points, plus an open neighborhood of infinity, and choose a subordinate partition of unity. We
retrieve a form of [Beceanu and Goldberg 2012, Theorem 2]:

Theorem 2.9. Let V 2L
3
2
;1 be a real-valued potential for which the Schrödinger operator H D��CV

has no resonances or eigenvalues at zero energy. Then

ke�itH Pcf k1 . jt j�
3
2 kf k1: (2-9)

In the context of the wave equation, again if the Hamiltonian H is generic, we retrieve the results of
[Beceanu and Goldberg 2014].
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Proof of Theorem 2.9. Consider a sufficiently large R such that�
1��

�
�

R

��
.I C yT .�//�1

2W

by Lemma 2.8. Also by Lemma 2.8, for every �0 2 Œ�4R; 4R� (including zero, since V is a generic
potential), there exists �.�0/ > 0 such that

�

�
���0

�.�0/

�
.I C yT .�//�1

2W:

Since Œ�4R; 4R� is a compact set, there exists a finite covering

Œ�4R; 4R��

N[
kD1

�
�k � �.�k/; �k C �.�k/

�
:

Then we construct a finite partition of unity on R by smooth functions 1 D
PN

kD1 �k.�/C �1.�/,
where supp�1 � R n .�2R; 2R/ and supp�k �

�
�k � �.�k/; �k C �.�k/

�
. By our construction, for

each 1� k �N and for k D 1, we have �k.�/.I C yT .�//
�1 2 W , so summing up we obtain that

.I C yT .�//�1 2W .
By spectral calculus, we express the perturbed evolution as

eitHPcf D
1

2� i

Z 1
0

eit�
�
RV .�Ci0/�RV .��i0/

�
f d�

D
1

� i

Z 1
�1

eit�2

RV ..�Ci0/2/f �d�

D
1

� i

Z 1
�1

eit�2�
R0..�Ci0/2/�R0..�Ci0/2/V1.ICyT .�//

�1V2R0..�Ci0/2/
�
f �d�

D
1

2� t

Z 1
�1

eit�2

@�
�
R0..�Ci0/2/�R0..�Ci0/2/V1.ICyT .�//

�1V2R0..�Ci0/2/
�
f d�

D
C

t
3
2

Z 1
�1

ei �
2

4t

�
@�
�
R0..�Ci0/2/�R0..�Ci0/2/V1.ICyT .�//

�1V2R0..�Ci0/2/
��_

.�/f d�:

(2-10)
Since .I C yT .�//�1 2W , it follows that

�
@�.I C yT .�//

�1
�_
2 VL3=2;2;L3;2 . Taking into account that

R0..�C i0/2/V1 2 VL1;L3=2;2 and V2R0..�C i0/2/ 2 VL3;2;L1 , we obtain that

R0..�C i0/2/V1.I C yT .�//
�1V2R0..�C i0/2/ 2 VL1;L1 :

By definition, this ensures a bound of jt j�
3
2 for this expression’s contribution to (2-10). The other terms

are handled similarly. �

We next consider the effect of singularities at zero.

2E. Exceptional Hamiltonians of the first kind. Let

QD�
1

2� i

Z
jzC1jDı

�
V2R0.0/V1� zI

��1
dz



DISPERSIVE ESTIMATES IN R3 WITH THRESHOLD EIGENSTATES AND RESONANCES 829

and Q D 1 �Q. Assuming that H D ��C V has only a resonance � at zero, then (recalling that
�h�;V�i D 1), by the analytic Fredholm theorem,

QD�V2�˝V1�:

The resonance � 2M satisfies the equation � D �R0.0/V�. Since � 2 L3;1 \L1, we have that
Q is bounded on L

3
2
;2 and on L3;2, so the constant family of operators Q is in W . Moreover, Q is in

B.L
3
2
;2;L3;2/ and in B.L3;2;L

3
2
;2/.

Note that, since

ei�jx�yj
� 1.min.1; �jx�yj/ D) ei�jx�yj

� 1. �ıjx�yjı;

one has

V2.x/

�
ei�jx�yj

jx�yj
�

1

jx�yj

�
V1.y/. jV2.x/j�jV1.y/j: (2-11)

Thus, when V 2 hxi�1L
3
2
;1,

I C yT .�/D I CV2R0..�C i0/2/V1

is Lipschitz continuous in B.L2/. This implies that, more generally, when V 2L
3
2
;1, we have that yT .�/

is continuous in B.L2/ (the proof is by approximation).
In a similar manner, by approximating V 2L

3
2
;1 with hxi�2L

3
2
;1 potentials, we obtain that yT .�/ is

continuous in B.L
3
2
;2/\B.L3;2/.

Let
K D

�
I CV2R0.0/V1CQ

��1
Q:

Then K is the inverse of Q.IC yT .0//QDQ
�
ICV2R0.0/V1

�
Q in B.QL

3
2
;2
\QL3;2/, in the sense that

KQ
�
I CV2R0.0/V1

�
QDQ

�
I CV2R0.0/V1

�
QK DQ: (2-12)

By continuity, Q
�
I CV2R0..�C i0/2/V1

�
Q is also invertible for j�j � 1.

The following lemma, also known as the Feshbach lemma, is extremely useful in studying the singularity
at zero.

Lemma 2.10 (see [Yajima 2005, Lemma 4.7]). Let X D X0CX1 be a direct sum decomposition of a
vector space X . Suppose that a linear operator L 2 B.X / is written in the form

LD

�
L00 L01

L10 L11

�
with respect to this decomposition and that L�1

00
exists. Set C DL11�L10L�1

00
L01. Then, L�1 exists if

and only if C�1 exists. In this case,

L�1
D

�
L�1

00
CL�1

00
L01C�1L10L�1

00
�L�1

00
L01C�1

�C�1L10L�1
00

C�1

�
: (2-13)

By definition, an exceptional point � 2 C is one where I CV2R0.�/V1 is not L2-invertible.
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Lemma 2.11. Assume that V 2 hxi�2L
3
2
;1
� hxi�1L1\L

3
2
;1 and that H D��CV is exceptional of

the first type, with a resonance � at zero. Let � be a fixed cutoff function. Then, for some � > 0,

�
�
�

�

�
.I C yT .�//�1

DL.�/���1�
�
�

�

�
4� i

jhV; �ij2
V2�˝V1�;

where L 2W .
Moreover, zero is an isolated exceptional point, so H D��CV has finitely many negative eigenvalues.

The computations in the proof of this lemma parallel those in [Yajima 2005, Section 4.3]. The main
difference is using yL1-related spaces instead of Hölder spaces.

Proof of Lemma 2.11. We apply Lemma 2.10 to

I C yT .�/ WD

 
Q.I C yT .�//Q Q yT .�/Q

Q yT .�/Q Q.I C yT .�//Q

!
D

 
T00.�/ T01.�/

T10.�/ T11.�/

!
:

Note that T00.�/ WDQ
�
I CV2R0..�C i0/2/V1

�
Q is invertible in B.QL

3
2
;2/\B.QL3;2/ for j�j � 1

because
T00.0/DQ.I C yT .0//QDQ

�
I CV2R0.0/V1

�
Q

is invertible on QL
3
2
;2 and on QL3;2 with inverse K (see (2-12)), and T00.�/ is continuous in the norm

of B.QL
3
2
;2/\B.QL3;2/ (see (2-11) above).

Furthermore, start from

.R0..�C i0/2//^ 2 VL3=2;1;L1 \VL1;L3;1 and .@�R0..�C i0/2//^ 2 VL1;L1 :

We know that

jV j
1
2 2 B.L

3
2
;2;L1/\B.L1;L3;2/\B.L3;1;L

3
2
;2/\B.L3;2;L

3
2
;1/:

Thus V2R0..�C i0/2/V1 2W and Q preserves that. Then T00.�/ 2W as well.
Next, since T00.0/ is invertible, for small � we have �

�
�
�

�
T �1

00
.�/ 2W . The proof is as follows: Let

S�.�/ WD �
�
�

�

�
Q. yT .�/� yT .0//Q:

A simple argument based on condition (C1) shows that lim�!0 kS
_
� kVL3=2;2\VL3;2

D 0. Then

�
�
�

�

�
T �1

00 .�/D �
�
�

�

��
T00.0/C�

�
�

2�

�
Q. yT .�/� yT .0//Q

��1

D �
�
�

�

�
T �1

00 .0/

1X
kD0

.�1/k.S2�.�/T
�1
00 .0//

k :

The series above converges for sufficiently small �, showing that �
�
�
�

�
T �1

00
.�/ 2 VL3=2;2 \VL3;2 .

Concerning the derivative,

�
�
�

�

�
@�T �1

00 .�/D��
�
�

�

�
T �1

00 .�/@�T00.�/�
�
�

2�

�
T �1

00 .�/:
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In this expression,
�
�
�
�
2�

�
T �1

00
.�/
�_
2 VL3=2;2 \VL3;2 and .@�T00.�//

_ 2 VL3=2;2;L3;2 . Thus�
�
�
�

�

�
@�T �1

00 .�/
�_
2 VL3=2;2;L3;2 :

This computation shows that �
�
�
�

�
T �1

00
.�/ 2W .

Let

J.�/ WD
yT .�/�

�
V2R0.0/V1C i�.4�/�1V2˝V1

�
�2

D
V2R0..�C i0/2/V1�V2R0.0/V1� i�.4�/�1V2˝V1

�2
:

Then (recall that QD�V2�˝V1�),

T11.�/DQ.I C yT .�//QDQ
�
I CV2R0..�C i0/2/V1

�
Q

DQ
�
V2R0..�C i0/2/V1�V2R0.0/V1

�
Q

D V2�˝V�.R0..�C i0/2/�R0.0//V�˝V1�

D

�
�
jhV; �ij2

4i�
��2
hV1�;J.�/V2�i

�
Q

D
�
�a�1

��2
hV1�;J.�/V2�i

�
Q

DW �c0.�/Q: (2-14)

Note that c0.0/D a�1 ¤ 0. Recall that aD 4i�=jhV; �ij2.
By the third line of (2-14), c0.�/ 2 yL

1 ifZ
R3

Z
R3

V .x/�.x/V .y/�.y/

ei�jx�yj� 1

�jx�yj


yL1
�

dx dy <1:

For every x and y, by Lemma 2.6,ei�jx�yj� 1

�jx�yj


yL1
�

D

�Œ0;jx�yj�.t/

jx�yj


L1

t

D 1;

so it is enough to assume that V� 2L1, i.e., that V 2L
3
2
;1, to prove that c0.�/ 2 yL

1.
In order for @�c0.�/ to be in yL1, it suffices thatZ

R3

Z
R3

V .x/�.x/V .y/�.y/

@� ei�jx�yj� 1

�jx�yj


yL1
�

dx dy <1:

For every x and y, by Lemma 2.6,@� ei�jx�yj� 1

�jx�yj


yL1
�

D

 t�Œ0;jx�yj�.t/

jx�yj


L1

t

D
jx�yj

2
;

so @�c0.�/ 2 yL
1 when V� 2 hxi�1L1, i.e., when V 2L1.
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Regarding J.�/, if V 2L1 then

hJ.�/V2�;V1�i D

�
R0..�C i0/2/�R0.0/� i�.4�/�11˝ 1

�2
V�;V�

�
2 yL1

�: (2-15)

Moreover, when V 2 hxi�1L1, we know h@�J.�/V2�;V1�i 2 yL
1
�

.
Furthermore, considering the fact that �CR0.0/V� D 0, let us define

� Q .�/ WD .I C yT .�//V2� D
�
V2R0..�C i0/2/V �V2R0.0/V

�
�

D �

�
i
V2˝V1

4�
C�J.�/

�
V2�

and
� Q �.�/ WD .I C yT .�/�/V1� D

�
V1R�0..�C i0/2/V �V1R0.0/V

�
�

D �

�
�i

V1˝V2

4�
C�J�.�/

�
V1�:

Note that
M.J.�/_/D jV2.x/j

jx�yj

8�
jV1.y/j

is a bounded operator from L
3
2
;2 to L3;2, assuming that V 2 hxi�2L

3
2
;1. Thus J.�/_ 2 VL3=2;2;L3;2 and

the same goes for �@�J.�/.
Moreover,

M
�
.�J.�//_

�
D
jV2j˝ jV1j

2�
:

Thus .�J.�//_ 2 VL2 for V 2L1 and .�J.�//_ 2 VL3=2;2 \VL3;2 when V 2 hxi�2L
3
2
;1. Further note

that .@�.�J.�///_ D .J.�/C�@�J.�//_ 2 VL3=2;2;L3;2 . It follows that �J.�/ 2W .
Then (recalling that QD�V2�˝V1�),

T01.�/ WDQ yT .�/QDQ.I C yT .�//QD .I C yT .�//Q�Q.I C yT .�//Q

D �� Q .�/˝V1� ��c0.�/Q

D ��. Q .�/C c0.�/V2�/˝V1�:

Likewise,
T10.�/D��V2�˝

�
Q �.�/C c0.�/V1�

�
:

By our above computations, it follows that T01.�/D �E1.�/ and T10.�/D �E2.�/ with E1, E2 2W .
Then �T10.�/T

�1
00
.�/T01.�/D �

2c1.�/Q, where

c1.�/ WD�
˝
Q �.�/Cc0.�/V1�;T

�1
00 .�/

�
Q .�/Cc0.�/V2�

�˛
D�

��
�i

V1˝V2

4�
C�J�.�/

�
V1�Cc0.�/V1�;T

�1
00 .�/

��
i
V2˝V1

4�
C�J.�/

�
V2�Cc0.�/V2�

��
:

(2-16)
For example, one of the terms in (2-16) has the form˝

�J�.�/V1�;T
�1
00 .�/�J.�/V2�

˛
: (2-17)
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Since �J.�/ 2W and �
�
�
�

�
T �1

00
.�/ 2W and since V1�, V2� 2L

3
2
;2
\L3;2, it immediately follows

that �
�
�
�

�
(2-17) is in yL1 and its derivative is also in yL1.

We then recognize from formula (2-16) that, for a cutoff function �,

�
�
�

�

�
c1.�/ 2 yL

1 and �
�
�

�

�
@�c1.�/ 2 yL

1

when V 2 hxi�2L
3
2
;1.

Let
C.�/ WD T11.�/�T10.�/T

�1
00 .�/T01.�/:

Then
C.�/D

�
�a�1

��2
˝
V1�;J.�/V2�

˛
C�2c1.�/

�
QDW �a�1QC�2c2.�/Q:

Thus C.�/=� is invertible for j�j � 1, and when V 2 hxi�2L
3
2
;1 one has that

C�1.�/D
1

�a�1C�2c2.�/
Q

D

�
1

�a�1
C

1

�a�1C�2c2.�/
�

1

�a�1

�
Q

D

�
a

�
�

c2.�/�
a�1C�c2.�/

�
a�1

�
Q

DW a��1QCE.�/:

By our computations, such as (2-15), �
�
�
�

�
c2.�/ 2 yL

1 and �
�
�
�

�
@�c2.�/ 2 yL

1. Therefore for sufficiently
small �, as Q 2 B.L

3
2
;2/\B.L3;2/\B.L

3
2
;2;L3;2/, it follows that �

�
�
�

�
E.�/ 2W .

The inverse of I C yT .�/ is then given for small � by formula (2-13):

.I C yT /�1
D

 
T �1

00
CT �1

00
T01C�1T10T �1

00
�T �1

00
T01C�1

�C�1T10T �1
00

C�1

!
:

Three of the matrix elements belong to W when localized by �
�
�
�

�
. Indeed, recall that �

�
�
�

�
T �1

00
.�/ 2W ,

T10.�/D �E1.�/ and T01.�/D�E2.�/, while C�1D��1E3.�/, with E1;E2;�
�
�
�

�
E3 2W .

The fourth matrix element is C�1 in the lower-right corner, which is the sum of the regular term
�
�
�
�

�
E.�/ 2W and the singular term

a��1�
�
�

�

�
QD�a��1�

�
�

�

�
V2�˝V1�:

As an aside, note that ��1
�
1��

�
�
�

��
2 yL1 and the same holds for its derivative. Thus we can also write

the singular term as a��1Q.
Further note that .I C yT /�1 is well-defined on a whole cut neighborhood of zero by formula (2-13)

above. Thus zero is an isolated exceptional point, so there are finitely many negative eigenvalues. �

The next lemma shows what happens in the case when the potential has the critical rate of decay.
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Lemma 2.12. Assume that V 2L
3
2
;1 and that H D��CV is exceptional of the first kind. Let � be a

standard cutoff function. Then

�
�
�

�

�
.I C yT .�//�1

DL.�/C��1S.�/;

with L.�/ 2W and S.�/_ 2 VL3;2;L3=2;2 for sufficiently small � > 0.
Furthermore, 0 is an isolated exceptional point, so H has finitely many negative eigenvalues.

Proof of Lemma 2.12. We again apply Lemma 2.10 to

I C yT .�/ WD

 
Q.I C yT .�//Q Q yT .�/Q

Q yT .�/Q Q.I C yT .�//Q

!
�

 
T00.�/ T01.�/

T10.�/ T11.�/

!
:

The proof of the fact that �
�
�
�

�
T �1

00
.�/ 2W is the same as in Lemma 2.11.

Then note that

T11.�/DQ.I C yT .�//QDQ
�
I CV2R0..�C i0/2/V1

�
Q

DQ
�
V2R0..�C i0/2/V1�V2R0.0/V1

�
Q

D V2�˝V�
�
R0..�C i0/2/�R0.0/

�
V�˝V1�

DW �c0.�/Q:

Observe that c0.0/D a�1 ¤ 0. Recall that aD 4i�=jhV; �ij2.
Note that c0.�/ 2 yL

1 ifZ
R3

Z
R3

V .x/�.x/V .y/�.y/

ei�jx�yj� 1

�jx�yj


yL1
�

dx dy <1:

For every x and y, by Lemma 2.6,ei�jx�yj� 1

�jx�yj


yL1
�

D

�Œ0;jx�yj�.t/

jx�yj


L1

t

D 1;

so it is enough to assume that V� 2L1, i.e., that V 2L
3
2
;1, to prove that c0.�/ 2 yL

1.
Furthermore, recalling that QD�V2�˝V1�,

T01.�/ WDQ yT .�/QDQ.I C yT .�//QD .I C yT .�//Q�Q.I C yT .�//Q

D �
�
V2

�
R0..�C i0/2/�R0.0/

�
V�C�c0.�/V2�

�
˝V1�

D ��

�
V2

R0..�C i0/2/�R0.0/

�
V�C c0.�/V2�

�
˝V1�: (2-18)

Likewise,

T10.�/D�V2�˝
�
V1.R

�
0..�C i0/2/�R0.0//V�C�c0.�/V1�

�
D��V2�˝

�
V1

R�
0
..�C i0/2/�R0.0/

�
V�C c0.�/V1�

�
: (2-19)
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Thus T _
10

and T _
01

are both in VL3=2;2 \ VL3;2 — T _
10

by the second line of (2-18) and T _
01

by the first
line of (2-19) — when V 2L

3
2
;1. Indeed, following the definition, this reduces toZ
R3

jV2.x/jjV .y/jj�.y/j

4�jx�yj
dy 2L

3
2
;2

x \L3;2
x :

Next, �T10.�/T
�1
00
.�/T01.�/D �c1.�/Q, where

c1.�/D�

�
V1

�
R�0..�C i0/2/�R0.0/

�
V�C�c0.�/V1�;

T �1
00 .�/

�
V2

R0..�C i0/2/�R0.0/

�
V�C c0.�/V2�

��
: (2-20)

For example, one term from formula (2-20) has the form�
V1

�
R�0..�C i0/2/�R0.0/

�
V2V1�;T

�1
00 .�/V2

R0..�C i0/2/�R0.0/

�
V1V2�

�
: (2-21)

Note that V1

�
R�

0
..�C i0/2/�R0.0/

�
V2 and �

�
�
�

�
T �1

00
.�/ are in W , while

M

�
V2

R0..�C i0/2/�R0.0/

�
V1

�
D
jV2j˝ jV1j

4�
2 B.L

3
2
;2;L3;2/;

so

V2

R0..�C i0/2/�R0.0/

�
V1 2 VL3=2;2;L3;2 :

Taking into account the fact that V1�, V2� 2L
3
2
;2, it follows that (2-21) is in yL1.

Thus we recognize from (2-20) that c1.�/ 2 yL
1 when V 2L

3
2
;1.

Further note that, since R�
0
..�C i0/2/�R0.0/D 0 when �D 0, we have c1.0/D 0.

Let
C.�/ WD T11.�/�T10.�/T

�1
00 .�/T01.�/:

Then
C.�/D �.c0.�/C c1.�//Q:

Thus C.�/=� is invertible for j�j � 1 and C�1.�/D ��1c2.�/Q, with c2 locally in yL1. Consequently,
for small �, we have

�
�
�
�
�

�
�C�1.�/

�_
2 VL3;2;L3=2;2 .

The inverse of I C yT .�/ is then given for small � by formula (2-13):

.I C yT /�1
D

 
T �1

00
CT �1

00
T01C�1T10T �1

00
�T �1

00
T01C�1

�C�1T10T �1
00

C�1

!
:

Since T �1
00
2W and T _

01
;T _

10
2 VL3=2;2 \VL3;2 , while�

�
�
�

�

�
�C�1.�/

�_
2 VL3;2;L3=2;2 ;

it immediately follows that

�..I C yT .�//�1
�T �1

00 .�// 2 VL3;2;L3=2;2

and that .I C yT /�1, given by formula (2-13), exists on a whole cut neighborhood of zero. �
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Recall that by (1-2)

R.t/ WD
ae�i 3�

4

p
i� t

�t .x/˝ �t .y/; �t .x/ WD ei jxj
2

4t �.x/:

Proposition 2.13. Assume that hxi2V 2L
3
2
;1 and that H D��CV is an exceptional Hamiltonian of

the first kind with canonical resonance � at zero. Then, for 1� p < 3
2

and R.t/ as above,

e�itH PcuDZ.t/uCR.t/u;

kZ.t/ukLp0 . t
� 3

2

�
1
p
� 1

p0

�
kf kLp ; kZ.t/ukL3;1 . t�

1
2 kf kL3=2;1 :

Furthermore, for 3
2
< p � 2,

ke�itH PcukLp0 . t
� 3

2

�
1
p
� 1

p0

�
kukLp :

Here 1
p
C

1
p0
D 1.

Proof of Proposition 2.13. Write the evolution as

e�itH Pcf D
1

i�

Z
R

e�it�2�
R0..�C i0/2/�R0..�C i0/2/V1

yT .�/�1V2R0..�C i0/2/
�
f � d�:

We consider a partition of unity subordinated to the neighborhoods of Lemmas 2.8 and 2.11. First, take a
sufficiently large R such that

�
1��

�
�
R

��
.IC yT .�//�1 2W . Then for every �0 2 Œ�4R; 4R� there exists

�.�0/ > 0 such that

�

�
���0

�.�0/

�
.I C yT .�//�1

2W

if �0 ¤ 0, while the conclusion of Lemma 2.11 holds when �0 D 0.
Since Œ�4R; 4R� is a compact set, there exists a finite covering

Œ�4R; 4R��

N[
kD1

�
�k � �.�k/; �k C �.�k/

�
:

Then we construct a finite partition of unity on R by smooth functions 1D�0.�/C
PN

kD1 �k.�/C�1.�/,
where supp�1 � R n .�2R; 2R/, supp�0 � Œ��.0/; �.0/�, and supp�k �

�
�k � �.�k/; �k C �.�k/

�
.

By Lemma 2.8, for any k ¤ 0, we have �k.�/.I C yT .�//
�1 2W , so .1��0.�//.I C yT .�//

�1 2W .
By Lemma 2.11, �0.�/ yT .�/ also decomposes into a regular term L 2 W and a singular term
���1�0.�/aV2�˝V1�.

Let Z1 be given by the sum of all the regular terms in the decomposition:

Z1.t/ WD
1

i�

Z
R

e�it�2�
R0..�Ci0/2/�R0..�Ci0/2/V1L.�/V2R0..�Ci0/2/

�.1��0.�//R0..�Ci0/2/V1
yT .�/V2R0..�Ci0/2/

�
�d�

D
1

2� t

Z
R

e�it�2

@�
�
R0..�Ci0/2/�R0..�Ci0/2/V1L.�/V2R0..�Ci0/2/

�.1��0.�//R0..�Ci0/2/V1
yT .�/V2R0..�Ci0/2/

�
d�
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D
C

t
3
2

Z
R

e�i �
2

4t

�
@�
�
R0..�Ci0/2/�R0..�Ci0/2/V1L.�/V2R0..�Ci0/2/

�.1��0.�//R0..�Ci0/2/V1
yT .�/V2R0..�Ci0/2/

��_
.�/d�:

The fact that kZ1.t/ukL1 . jt j�
3
2 kukL1 follows by knowing that�

@�
�
R0..�C i0/2/�R0..�C i0/2/V1L.�/V2R0..�C i0/2/

� .1��0.�//R0..�C i0/2/V1
yT .�/V2R0..�C i0/2/

��_
2 VL1;L1 :

The fact that kZ1.t/ukL2 . kukL2 follows by smoothing estimates. Indeed, the first term is bounded
since it represents the free evolution, and note that

kV2R0.�˙ i0/f kL2
�;x
. kf kL2

x
;e�it�.L.˙

p
�/C .1��0.˙

p
�// yT .˙

p
�//


L1
�

B.L2/
<1;Z

R

R0.�˙ i0/V1F.x; �/ d�


L2

x

. kFkL2
�;x
:

Combining these three estimates, we obtain the L2 boundedness of Z1.
By interpolation between the two bounds, we obtain that, for 1

p
C

1
p0
D 1, with 1� p � 2,

kZ1.t/ukLp0 . t
� 3

2

�
1
p
� 1

p0

�
kukLp ;

as well as

kZ1.t/ukL3;1 . t�
1
2 kukL3=2;1 :

Let Z2 be the term corresponding to the singular part of the decomposition from Lemma 2.11, given by

Z2.t/ WD
a

i�

Z
R

e�it�2

�0.�/R0..�C i0/2/V�˝V�R0..�C i0/2/ d�

D
a

i�

Z
R

Z
.R3/2

e�it�2

�0.�/
ei�jx�z1j

4�jx� z1j
V .z1/�.z1/V .z2/�.z2/

ei�jz2�yj

4�jz2�yj
dz1 dz2 d�:

The subsequent Lemma 2.14 is the same as [Yajima 2005, Lemma 4.10], the only difference being the
space of potentials for which the result holds. For the sake of completeness, we repeat the proof given in
[Yajima 2005].

Lemma 2.14. For V 2 hxi�1L
3
2
;1,

k.Z2.t/�R.t//ukL1 . t�
3
2 kukL1 ; kZ2.t/ukL3;1 . t�

1
2 kukL3=2;1 : (2-22)

Proof of Lemma 2.14. Let b D jx� z1jC jz2�yj and

C.t; b/D
1

i�

Z
R

e�it�2Ci�b�0.�/ d�:
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We express Z2.t/ as

Z2.t/D

Z
.R3/2

C.t; b/a
V .z1/�.z1/V .z2/�.z2/

jx� z1jjz2�yj
dz1 dz2:

Note that

C.t; b/D
e�i 3�

4 ei b2

4t

p
� t

�
ei s2

4t �_0 .s/
�^� b

2t

�
:

Then C.t; b/. t�
1
2 and

jZ2.t/.x;y/j. t�
1
2

Z
.R3/2

jV .z1/�.z1/V .z2/�.z2/j

jz1�xjjz2�yj
dz1 dz2:

Clearly Z
R3

jV .z1/�.z1/j

jz1�xj
dz1 2L3;1

x and
Z

R3

jV .z2/�.z2/j

jz2�yj
dz2 2L3;1

y ;

implying the second half of (2-22):

kZ2.t/ukL3;1 . t�
1
2 kukL3=2;1 :

We also have ˇ̌̌
F.e

is2

4t �_0 .s//
�

b

2t

�
� 1

ˇ̌̌
. t�1

�
ks2�_0 k1Cjbj

�
:

It is easy to see, for

B D 2
�
jx� z1jjz1jC jz2�yjjz2jC jx� z1jjz2�yj

�
Cjz1j

2
Cjz2j

2;

that
jeib2=4t

� ei.x2Cy2/=4t
j D

ˇ̌
ei.jx�z1jCjz2�yj/2=4t

� ei.x2Cy2/=4t
ˇ̌
�

B

4t
:

It follows that

C.t; b/�
e�i 3�

4 ei.x2Cy2/=4t

p
� t

. .1C bCB/t�
3
2 :

Thenˇ̌̌̌
Z2.t/�

Z
.R3/2

ei 3�
4 ei.x2Cy2/=4t

p
� t

a
V .z1/�.z1/V .z2/�.z2/ dz1 dz2

jx� z1jjy � z2j

ˇ̌̌̌

. t�
3
2

Z
.R3/2

.1C bCB/
ˇ̌
V .z1/�.z1/V .z2/�.z2/

ˇ̌
jx� z1jjz2�yj

dz1 dz2:

Now note that, for V 2 hxi�1L
3
2
;1 and �.x/. jxj�1,

sup
x;y

Z
.R3/2

.1C bCB/jV .z1/�.z1/V .z2/�.z2/j

jx� z1jjz2�yj
dz1 dz2 <1

and Z
R3

V .z1/�.z1/ dz1

jx� z1j
D �.x/:

The first part of conclusion (2-22) follows. �
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Note that R.t/ also satisfies kR.t/ukL3;1 . t�
1
2 kukL3=2;1 , so the same holds for the difference:

k.Z2.t/�R.t//ukL3;1 . t�
1
2 kukL3=2;1 :

By interpolation with the L1-to-L1 estimate of Lemma 2.14, we obtain that, for 1� p < 3
2

,

k.Z2.t/�R.t//ukLp0 . t
� 3

2

�
1
p
� 1

p0

�
kukLp :

Since the same is true for Z1, we obtain for 1� p < 3
2

that

k.Z.t/ukLp0 D
.Z1.t/CZ2.t/�R.t//u


Lp0 . t

� 3
2

�
1
p
� 1

p0

�
kukLp ;

where e�itH PcuDZ1.t/uCZ2.t/uDZ.t/uCR.t/u.
Knowing that kZi.t/ukL3;1. t�

1
2 kukL3=2;1 leads to the conclusion that ke�itH PcukL3;1.kukL3=2;1 .

Combining this with the L2 estimate ke�itH PcukL2 . kukL2 , we obtain that, for 3
2
< p � 2,

ke�itH PcukLp0 . t
� 3

2

�
1
p
� 1

p0

�
kukLp :

Thus we have proved all the conclusions of Proposition 2.13. �

Proposition 2.15. Assume that V 2 L
3
2
;1 and that H D��CV is an exceptional Hamiltonian of the

first kind. Then
ke�itH PcukL3;1 . t�

1
2 kukL3=2;1 ;

and, for 3
2
< p � 2,

ke�itH PcukLp0 . t
� 3

2

�
1
p
� 1

p0

�
kukLp :

Here 1
p
C

1
p0
D 1.

Proof of Proposition 2.15. Write the evolution as

e�itH Pcf D
1

i�

Z
R

e�it�2�
R0..�C i0/2/�R0..�C i0/2/V1

yT .�/�1V2R0..�C i0/2/
�
f � d�:

We consider a partition of unity subordinated to the neighborhoods of Lemmas 2.8 and 2.12. First, take
a sufficiently large R such that

�
1��

�
�
R

��
.I C yT .�//�1 2W . Then, for every �0 2 Œ�4R; 4R�, there

exists �.�0/ > 0 such that

�

�
���0

�.�0/

�
.I C yT .�//�1

2W

if �0 ¤ 0, while the conclusion of Lemma 2.12 holds when �0 D 0.
Since Œ�4R; 4R� is a compact set, there exists a finite covering

Œ�4R; 4R��

N[
kD1

�
�k � �.�k/; �k C �.�k/

�
:

Then we construct a finite partition of unity on R by smooth functions 1D�0.�/C
PN

kD1 �k.�/C�1.�/,
where supp�1 � R n .�2R; 2R/, supp�0 � Œ��.0/; �.0/�, and supp�k �

�
�k � �.�k/; �k C �.�k/

�
.
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By Lemma 2.8, for any k¤ 0, we have �k.�/.IC yT .�//
�1 2W , so .1��0.�//.IC yT .�//

�1 2W . By
Lemma 2.12, �0.�/.I C yT .�//

�1 also decomposes into a regular term L 2W and a singular term ��1S ,
with the property that S_ 2 VL3;2;L3=2;2 .

Let Z1 be given by the sum of all the regular terms of the decomposition:

Z1.t/ WD
1

i�

Z
R

e�it�2�
R0..�Ci0/2/�R0..�Ci0/2/V1L.�/V2R0..�Ci0/2/

�.1��0.�//R0..�Ci0/2/V1
yT .�/V2R0..�Ci0/2/

�
�d�

D
1

2� t

Z
R

e�it�2

@�
�
R0..�Ci0/2/�R0..�Ci0/2/V1L.�/V2R0..�Ci0/2/

�.1��0.�//R0..�Ci0/2/V1
yT .�/V2R0..�Ci0/2/

�
d�

D
C

t
3
2

Z
R

e�i �
2

4t

�
@�
�
R0..�Ci0/2/�R0..�Ci0/2/V1L.�/V2R0..�Ci0/2/

�.1��0.�//R0..�Ci0/2/V1
yT .�/V2R0..�Ci0/2/

��_
.�/d�:

The fact that kZ1.t/ukL1 . jt j�
3
2 kukL1 follows by knowing that�

@�
�
R0..�C i0/2/�R0..�C i0/2/V1L.�/V2R0..�C i0/2/

� .1��0.�//R0..�C i0/2/V1
yT .�/V2R0..�C i0/2/

��_
2 VL1;L1 :

Using smoothing estimates, it immediately follows that Z1.t/ is L2-bounded; see the proof of
Proposition 2.13. Interpolating, we obtain the desired kZ1.t/ukL3;1 . t�

1
2 kukL3;1 estimate.

Let Z2 be the singular part of the decomposition from Lemma 2.12, given by

Z2.t/ WD
1

i�

Z
R

e�it�2

R0..�C i0/2/V1S.�/V2R0..�C i0/2/ d�: (2-23)

Note that
�
R0..�Ci0/2/V1

�_
2VL3=2;2;L3;1 , S.�/_2VL3;2;L3=2;2 , and

�
V2R0..�Ci0/2/

�_
2VL3=2;1;L3;2 .

Thus
R0..�C i0/2/V1.�S.�//V2R0..�C i0/2/ 2 VL3=2;1;L3;1 :

By taking the Fourier transform in (2-23), this immediately implies the conclusion that kZ2.t/ukL3;1 .
t�

1
2 kukL3=2;1 .
Putting the two estimates for Z1 and Z2 together, we obtain that ke�itH PcukL3;1 . kukL3=2;1 .

Interpolating with the obvious L2 bound ke�itH PcukL2 . kukL2 , we obtain the stated conclusion. �

2F. Exceptional Hamiltonians of the third kind. We next consider the case in which H is exceptional
of the third kind; that is, there are both zero eigenvectors and zero resonances. Recall that yT .�/ D
V2R0..�C i0/2/V1.

Lemma 2.16. Suppose that V 2 hxi�4L
3
2
;1 and H D��CV has both eigenvectors and resonances at

zero. Let � be a standard cutoff function. Then, for sufficiently small �,

�

�
�

�

�
.I C yT .�//�1

DL.�/C�

�
�

�

��
V2P0V1

�2
C

iV2P0V jx�yj2VP0V1

�
�

aV2�˝V1�

�

�
;
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where L.�/ 2W and � is a certain resonance for H D��CV .
Furthermore, 0 is an isolated exceptional point for H , meaning that H has finitely many negative

eigenvalues.

The computations in the proof of this lemma parallel those in [Yajima 2005, Section 4.5]. The main
difference is in using the space W instead of Hölder spaces.

Proof of Lemma 2.16. We study .I C yT .�//�1 WD
�
I CV2R0..�C i0/2/V1

��1 near �D 0.
Let

QD�
1

2� i

Z
jzC1jDı

�
V2R0.0/V1� zI

��1
dz:

Take the orthonormal basis f�1; : : : ; �N g with respect to the inner product �.V u; v/ for M so that
f�2; : : : ; �N g is a basis of E and h�1;V i> 0. This condition determines �1 uniquely.

Define the orthogonal projections �1 onto CV1�1 and �2 onto V1P0L2 with respect to the inner
product �.sgn V u; v/, i.e., �1 D�V2�1˝V1�1 and �2 D�

PN
jD2 V2�j ˝V1�j , and let

Q0 DQ WD 1�Q; Q1 WDQ�1Q; Q2 WDQ�2Q:

The following identities hold in L2:

Qj Qk D ıjkI for j ; k D 0; 1; 2; Q0CQ1CQ2 D I;�
I CV2R0.0/V1

�
Q1 DQ1

�
I CV2R0.0/V1

�
D 0;�

I CV2R0.0/V1

�
Q2 DQ2

�
I CV2R0.0/V1

�
D 0;

Q2.V2˝V1/Q0 D 0; Q2.V2˝V1/Q1 D 0; Q2.V2˝V1/Q2 D 0;

Q0.V2˝V1/Q2 D 0; Q1.V2˝V1/Q2 D 0:

These identities follow from Q2V2 D 0 and Q�
2
V1 D 0, which in turn follow from the fact that eigen-

vectors �k are orthogonal to V , that is, h�k ;V i D 0 for 2� k �N .
We first apply Lemma 2.10 to invert Q.I C yT .�//Q in QL2 for small �, after writing it in matrix

form with respect to the decomposition QL2 DQ1L2CQ2L2:

Q.I C yT .�//QD

 
Q1.I C yT .�//Q1 Q1

yT .�/Q2

Q2
yT .�/Q1 Q2.I C yT .�//Q2

!
DW

 
T11.�/ T12.�/

T21.�/ T22.�/

!
:

The inverse will be given by formula (2-13); that is,

�
Q.I C yT .�//Q

��1
D

 
T �1

11
CT �1

11
T12C�1

22
T21T �1

11
�T �1

11
T12C�1

22

�C�1
22

T21T �1
11

C�1
22

!
; (2-24)

where
C22 D T22�T21T �1

11 T12:

As in the case of exceptional Hamiltonians of the first kind, let

J.�/ WD
yT .�/�

�
V2R0.0/V1C i�.4�/�1V2˝V1

�
�2

:
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Then (recall that Q1 D�V2�1˝V1�1),

T11.�/DQ1.I C yT .�//Q1 DQ1

�
I CV2R0..�C i0/2/V1

�
Q1

DQ1

�
V2R0..�C i0/2/V1�V2R0.0/V1

�
Q1

D V2�1˝V�1

�
R0..�C i0/2/�R0.0/

�
V�1˝V1�1

D

�
�
jhV; �1ij

2

4i�
��2
hV1�1;J.�/V2�1i

�
Q1

DW .�a�1
C�2c1.�//Q1:

Here aD 4i�=jhV; �1ij
2 ¤ 0. As in the proof of Lemma 2.11, note that c1.�/ 2 yL

1 when V 2L1 and
@�c1.�/ 2 yL

1 when V 2 hxi�1L1.
It follows that T11.�/ is invertible for j�j � 1 in Q1L2 and

T �1
11 .�/D

1

�a�1C�2c1.�/
Q1

D

�
a

�
�

c1.�/

.a�1C�c1.�//a�1

�
Q1

D ��1aQ1CE.�/:

Here and below we denote various regular terms by E.�/, i.e., terms with the property that �
�
�
�

�
E.�/2W

for sufficiently small �.
Likewise, since Q2.V2˝V1/D .V2˝V1/Q2 D 0,

T12.�/DQ1

�
I CV2R0..�C i0/2/V1

�
Q2

DQ1V2

�
R0..�C i0/2/�R0.0/� i�

1˝ 1

4�

�
V1Q2

D��2Q1

�
V2

jx�yj

8�
V1C�V2e1.�/V1

�
Q2

D��2Q1V2

jx�yj

8�
V1Q2C�

3E.�/;

where

e1.�/ WD
R0..�C i0/2/�R0.0/� i�1˝1

4�
C�2 jx�yj

8�

��3
:

By Lemma 2.6,

M..e1.�//
^/D

jx�yj2

24�
and M..@�e1.�//

^/D
jx�yj3

96�
:

Thus E.�/ WDQ1V2e1.�/V1Q2 2W whenZ
.R3/2

V .x/�1.x/jx�yj3V .y/�k.y/ dx dy <1;

which takes place when V 2 hxi�2L1 (recall that j�1.y/j. hyi�1).
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Likewise we obtain

T21.�/D��
2Q2V2

jx�yj

8�
V1Q1C�

3E.�/I

hence, combining the previous results,

T21.�/T
�1
11 .�/T12.�/D �

3aQ2V2

jx�yj

8�
V1Q1V2

jx�yj

8�
V1Q2CE.�/:

Furthermore,

T22.�/DQ2

�
I CV2R0..�C i0/2/V1

�
Q2

DQ2V2

�
R0..�C i0/2/�R0.0/� i�

1˝ 1

4�

�
V1Q2

D��2Q2

�
V2

jx�yj

8�
V1C i�V2

jx�yj2

24�
V1��

2V2e2.�/V1

�
Q2:

Here

e2.�/ WD �
�4

�
R0..�C i0/2/�R0.0/� i�

1˝ 1

4�
� i�2 jx�yj

8�
��3 jx�yj2

24�

�
:

By Lemma 2.6,

M.e2.�/
^/D

jx�yj3

96�
and M..@�e2.�//

^/D
jx�yj4

480�
:

Thus E.�/ WDQ2V2e2.�/V1Q2 2W whenZ
.R3/2

V .x/�k.x/jx�yj4V .y/�k.y/ dx dy <1;

which holds true when V 2 hxi�2L1 (recall that j�k.y/j. hyi�2). Then

T22.�/D��
2Q2

�
V2

jx�yj

8�
V1C i�V2

jx�yj2

24�
V1

�
Q2C�

4E.�/: (2-25)

Let P0 be the L2 orthogonal projection onto the set E spanned by �2; : : : ; �N . By relation (4.38) of
[Yajima 2005], �

Q2V2

jx�yj

8�
V1Q2

��1

D�V2P0V1:

Also note that
V2P0V1Q2 DQ2V2P0V1 D V2P0V1:

By (2-25),

T �1
22 .�/D��

�2

�
Q2V2

jx�yj

8�
V1Q2

��1

1X
kD0

.�1/k
��

i�Q2V2

jx�yj2

24�
V1Q2��

2E.�/

��
Q2V2

jx�yj

8�
V1Q2

��1�k

D ��2V2P0V1

1X
kD0

�
i�V2

jx�yj2

24�
V1��

2E.�/

�
V2P0V1:
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Therefore, by grouping the terms by the powers of �, for j�j � 1,

T �1
22 .�/D �

�2V2P0V1C i��1V2P0V
jx�yj2

24�
VP0V1CE.�/:

Then we write
C22.�/D T22.�/�T21.�/T

�1
11 .�/T12.�/

D
�
I �T21.�/T

�1
11 .�/T12.�/T

�1
22 .�/

�
T22.�/:

By our previous estimates, T21.�/T
�1
11
.�/T12.�/T

�1
22
.�/D �E.�/, where E.�/ 2W . Then, by means

of a Neumann series expansion, we retrieve that

C�1
22 .�/D T �1

22 .�/

1X
kD0

�
T21.�/T

�1
11 .�/T12.�/T

�1
22 .�/

�k
D T �1

22 .�/CT �1
22 .�/T21.�/T

�1
11 .�/T12.�/T

�1
22 .�/CE.�/;

so

C�1
22 .�/D �

�2V2P0V1C i��1V2P0V
jx�yj2

24�
VP0V1

C a��1V2P0V
jx�yj

8�
V1Q1V2

jx�yj

8�
VP0V1CE.�/:

If we set
Q�1 D P0V

jx�yj

8�
V�1 2 E ;

then

V2P0V
jx�yj

8�
V1Q1V2

jx�yj

8�
VP0V1 D�V2

Q�1˝
Q�1V1:

Then we get that

C�1
22 .�/D �

�2V2P0V1C i��1V2P0V
jx�yj2

24�
VP0V1��

�1aV2
Q�1˝

Q�1V1CE.�/:

Furthermore,

�T �1
11 .�/T12.�/C

�1
22 .�/D .�

�1aQ1CE.�//�2Q1

�
V2

jx�yj

8�
V1C�E.�/

�
Q2

�
��2V2P0V1Ci��1E.�/

�
D��1a.�V2�1˝V1�1/V2

jx�yj

8�
VP0V1CE.�/

D�a��1V2�1˝
Q�1V1CE.�/:

Likewise we obtain

�C�1
22 .�/T21.�/T

�1
11 .�/D�a��1V2

Q�1˝�1V1CE.�/;

T �1
11 .�/T12.�/C

�1
22 .�/T21.�/T

�1
11 .�/DE.�/:

By (2-24), we have that
�
Q.I C yT .�//Q

��1 is given in matrix form modulo E.�/ 2W by 
�a��1V2�1˝V1�1 �a��1V2�1˝V1

Q�1

�a��1V2
Q�1˝V1�1 ��2V2P0V1C i��1V2P0V jx�yj2

24�
VP0V1��

�1aV2
Q�1˝V1

Q�1

!
: (2-26)
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Therefore, if we define the canonical resonance as � D �1 �
Q�1, we have that � satisfies � 2M and

h�;V i D 1 and

�
Q.I C yT .�//Q

��1
D

V2P0V1

�2
C

iV2P0V jx�yj2

24�
VP0V1

�
�

aV2�˝V1�

�
CE.�/: (2-27)

We apply Lemma 2.10 again after writing I C yT .�/ in matrix form with respect to the decomposition
L2 DQL2CQL2, where QL2 D V2M:

I C yT .�/D

 
Q.I C yT .�//Q Q yT .�/Q

Q yT .�/Q Q.I C yT .�//Q

!
WD

 
S00.�/ S01.�/

S10.�/ S11.�/

!
:

Next, let A.�/ WD S00.�/
�1. Then �

�
�
�

�
A.�/ 2W for sufficiently small �. Indeed, it is easy to see

that S00.�/ 2W . Furthermore, S00.0/ is invertible on QL
3
2
;2
\QL3;2 of inverse K; see (2-12).

As in the proof of Lemma 2.11, let

S�.�/D �
�
�

�

�
Q. yT .�/� yT .0//Q:

A simple argument based on condition (C1) shows that lim�!0 kS�.�/kV
L3=2;2\VL3;2

D 0. Then

�
�
�

�

�
S�1

00 .�/D �
�
�

�

��
S00.0/C�

�
�

2�

�
Q. yT .�/� yT .0//Q

��1

D �
�
�

�

�
S�1

00 .0/

1X
kD0

.�1/k
�
S2�.�/S

�1
00 .0/

�k
:

This series converges for sufficiently small �, showing that
�
�
�
�
�

�
S�1

00
.�/
�_
2 VL3=2;2 \VL3;2 .

Concerning the derivative,

�
�
�

�

�
@�S�1

00 .�/D��
�
�

�

�
S�1

00 .�/@�S00.�/�
�
�

2�

�
S�1

00 .�/:

In this expression,�
�
�
�

�

�
S�1

00 .�/
�_
2 VL3=2;2 \VL3;2 and

�
�
�
�

2�

�
@�S00.�/

�_
2 VL3=2;2;L3;2

since M..@�T00.�//
_/D .jV2j˝ jV1j/=.4�/. Thus�

�
�
�

�

�
@�S�1

00 .�/
�_
2 VL3=2;2;L3;2 :

From this we infer that �
�
�
�

�
A.�/ 2W , so A is a regular term.

We compute the inverse of I C yT .�/ by finding each of its matrix elements:

.I C yT .�//�1
D

 
ACAS01C�1S10A AS01C�1

�C�1S10A C�1

!
: (2-28)

Here
C.�/D S11.�/�S10.�/A.�/S01.�/:
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S10.�/A.�/S01.�/DQ yT .�/A.�/ yT .�/Q may be written as 
Q1
yT .�/A.�/ yT .�/Q1 Q1

yT .�/A.�/ yT .�/Q2

Q2
yT .�/A.�/ yT .�/Q1 Q2

yT .�/A.�/ yT .�/Q2

!
D

 
�2E11.�/ �

3E12.�/

�3E21.�/ �
4E22.�/

!
: (2-29)

Indeed, consider, for example, Q2
yT .�/A.�/ yT .�/Q2. It can be reexpressed as

Q2
yT .�/A.�/ yT .�/Q2

D�4Q2V2

R0..�Ci0/2/�R0.0/�i�1˝1
4�

�2
V1A.�/V2

R0..�Ci0/2/�R0.0/�i�1˝1
4�

�2
V1Q2: (2-30)

For this computation, we assume that V 2 hxi�4L
3
2
;1. Taking a derivative of (2-30), we obtain terms

such as

Q2V2@�

�
R0..�Ci0/2/�R0.0/�i�1˝1

4�

�2

�
V1A.�/V2

R0..�Ci0/2/�R0.0/�i�1˝1
4�

�2
V1Q2: (2-31)

Note that the range of Q2 is spanned by functions V2�k , with 2 � k � N , such that j�k.y/j . hyi�2

and V2 2 hxi
�2L3;2, so V2� 2 hyi

�4L3;2. Also

M

��
V2@�

�
R0..�C i0/2/�R0.0/� i�1˝1

4�

�2

�
V1

�̂ �
D jV2j

jx�yj2

24�
jV1j 2 B.L

3
2
;2;L3;2/:

Likewise

M

��
V2

R0..�C i0/2/�R0.0/� i�1˝1
4�

�2
V1

�̂ �
D jV2j

jx�yj

8�
jV1j 2 B.L

3
2
;2;L

3
2
;2/:

This shows that (2-31) 2 VL3=2;2;L3;2 . By such computations, we obtain that Q2
yT .�/A.�/ yT .�/Q2 D

�4E22.�/, where �
�
�
�

�
E22.�/ 2W for sufficiently small �. In this manner, we prove (2-29).

By (2-26), we have S�1
11
.�/D .Q yT .�/Q/�1 is of the form

S�1
11 .�/D

�
��1E.�/ ��1E.�/

��1E.�/ ��2E.�/

�
:

Then, letting N.�/ WD S�1
11
.�/S10.�/A.�/S01.�/, by (2-29),

N.�/ WD S�1
11 .�/S10.�/S

�1
00 .�/S01.�/

D

�
��1E.�/ ��1E.�/

��1E.�/ ��2E.�/

��
�2E11.�/ �

3E12.�/

�3E21.�/ �
4E22.�/

�
D

�
�E.�/ �2E.�/

�E.�/ �2E.�/

�
:

This shows that C.�/ is invertible for �� 1:

C.�/D S11.�/�S10.�/A.�/S01.�/D S11.�/.1�N.�//;

so
C�1.�/D .I �N.�//�1S�1

11 .�/

D S�1
11 .�/C .I �N.�//�1N.�/S�1

11 .�/: (2-32)
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A computation shows that .I �N.�//�1N.�/S�1
11
.�/ is a regular term:

.1�N.�//�1N.�/S�1
11 .�/DE.�/

�
�E.�/ �2E.�/

�E.�/ �2E.�/

��
��1E.�/ ��1E.�/

��1E.�/ ��2E.�/

�
DE.�/:

By (2-32) and (2-27),

C�1.�/D S�1
11 .�/CE.�/

D ��2V2P0V1C i��1V2P0V
jx�yj2

24
VP0V1� a��1V2�˝V1�CE.�/:

One can then also write C�1 as

C�1.�/D

�
��1E.�/ ��1E.�/

��1E.�/ ��2E.�/

�
:

We also have
S01.�/DQ.I C yT .�//QD �E1.�/Q1C�

2E2.�/Q2

with regular terms E1;E2 2W:

E1.�/ WDQV2

R0..�C i0/2/�R0.0/

�
V1Q1;

E2.�/ WDQV2

R0..�C i0/2/�R0.0/� i�1˝ 1

�2
V1Q2:

Showing that E1, E2 2W requires assuming that V 2 hxi�4L
3
2
;1.

Therefore, the following matrix element of (2-28) is regular near zero:

A.�/S01.�/C
�1.�/D

�
�A.�/E1.�/ �

2A.�/E2.�/
� ���1E.�/ ��1E.�/

��1E.�/ ��2E.�/

�
DE.�/:

One shows in the same manner that the matrix element C�1.�/S10.�/A.�/ of (2-28) is regular near zero.
Finally, the last remaining matrix element ACAS01C�1S10A of (2-28) consists of the regular part A

and

AS01C�1S10ADE.�/
�
�E.�/ �2E.�/

� ���1E.�/ ��1E.�/

��1E.�/ ��2E.�/

��
�E.�/

�2E.�/

�
E.�/

D �E.�/:

Thus this is also a regular term. It follows by (2-28) that yT .�/�1 is up to regular terms given by

��2V2P0V1C i��1V2P0V
jx�yj2

24
VP0V1� a��1V2�˝V1�;

which was to be shown. �

We next prove a corresponding statement in the case when V has an almost minimal amount of decay.
One can also obtain a resolvent expansion when V 2 hxi�1L

3
2
;1, but it does not lead to decay estimates.
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Lemma 2.17. Suppose that V 2 hxi�2L
3
2
;1 and H D��CV is an exceptional Hamiltonian of the third

kind. Let � be a standard cutoff function. Then, for sufficiently small �,

�
�
�

�

�
.I C yT .�//�1

DL.�/C��1S.�/C��2V2P0V1;

where L.�/2W , S.�/_ 2VL3;2;L3=2;2 , and P0 is the L2 orthogonal projection on E .
Furthermore, 0 is an isolated exceptional point, so H has finitely many negative eigenvalues.

Proof of Lemma 2.17. We study .I C yT .�//�1 WD
�
I CV2R0..�C i0/2/V1

��1 near �D 0.
Let QDQ1CQ2, Q0DQ, and Q1 and Q2 be as in the proof of Lemma 2.16.
Also take again the orthonormal basis f�1; : : : ; �N g with respect to the inner product �.V u; v/ for M

so that f�2; : : : ; �N g is a basis of E and h�1;V i> 0.
We apply Lemma 2.10 to invert Q.I C yT .�//Q in QL2 for small �, after writing it in matrix form

with respect to the decomposition QL2 DQ1L2CQ2L2:

Q.I C yT .�//QD

 
Q1.I C yT .�//Q1 Q1

yT .�/Q2

Q2
yT .�/Q1 Q2.I C yT .�//Q2

!
WD

 
T11.�/ T12.�/

T21.�/ T22.�/

!
:

The inverse will be given by formula (2-13), that is,

.Q.I C yT .�//Q/�1
D

 
T �1

11
CT �1

11
T12C�1

22
T21T �1

11
�T �1

11
T12C�1

22

�C�1
22

T21T �1
11

C�1
22

!
; (2-33)

where
C22 D T22�T21T �1

11 T12:

Then (recall that Q1 D�V2�1˝V1�1),

T11.�/DQ1.I C yT .�//Q1 DQ1

�
I CV2R0..�C i0/2/V1

�
Q1

DQ1

�
V2R0..�C i0/2/V1�V2R0.0/V1

�
Q1

D V2�1˝V�1

�
R0..�C i0/2/�R0.0/

�
V�1˝V1�1

DW �c0.�/Q1:

Here c0.0/D aD 4i�=jhV; �1ij
2 ¤ 0. Note that c0.�/ 2 yL

1 whenZ
R3

Z
R3

V .x/�1.x/V .y/�1.y/

ei�jx�yj� 1

�jx�yj


yL1
�

dx dy <1:

Since ei�jx�yj� 1

�jx�yj


yL1
�

D 1;

it is enough to assume that V�1 2L1, i.e., that V 2L
3
2
;1, in view of the fact that �1 2 hxi

�1L1.
It follows that T11.�/ is invertible for j�j � 1 in Q1L2 and

T �1
11 .�/D �

�1c�1
0 .�/Q1 D �

�1E.�/:
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Here �
�
�
�

�
c�1

0
.�/ 2 yL1 for sufficiently small �.

Likewise, since Q2.V2˝V1/D .V2˝V1/Q2 D 0,

T12.�/DQ1

�
I CV2R0..�C i0/2/V1

�
Q2

D �2Q1V2

R0..�C i0/2/�R0.0/� i�.4�/�11˝ 1

�2
V1Q2

D �2Q1e.�/Q2:

Since by Lemma 2.6

M

��
R0..�C i0/2/�R0.0/� i�.4�/�11˝ 1

�2

�̂ �
D
jx�yj

8�
;

it follows that e.�/ 2 yL1 if Z
R3

Z
R3

V .x/�1.x/V .y/�k.y/jx�yj<1;

that is, if V 2L1.
Likewise we obtain T21.�/D �

2Q2e.�/Q1I hence, combining the previous results,

T21.�/T
�1
11 .�/T12.�/D �

3Q2e.�/Q2:

Furthermore,
T22.�/DQ2

�
I CV2R0..�C i0/2/V1

�
Q2

D �2Q2V2

R0..�C i0/2/�R0.0/� i�1˝1
4�

�2
V1Q2

D��2

�
Q2V2

jx�yj

8�
V1Q2C�Q2e.�/Q2

�
:

Again by Lemma 2.6, e.�/ 2 yL1 ifZ
R3

Z
R3

V .x/�k.x/V .y/�`.y/jx�yj2 <1;

that is (taking into account that �k , �` . hxi�2), if V 2L1.
Let P0 be the L2 orthogonal projection onto the set E spanned by �2; : : : ; �N . By relation (4.38) of

[Yajima 2005], �
Q2V2

jx�yj

8�
V1Q2

��1
D�V2P0V1:

Then
C22.�/D T22.�/�T21.�/T

�1
11 .�/T12.�/

D��2Q2V2

jx�yj

8�
V1Q2C�

3Q2e.�/Q2:

Therefore,
C�1

22 .�/D �
�2V2P0V1C�

�1Q2e.�/Q2:
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Furthermore, we then obtain that

�T �1
11 .�/T12.�/C

�1
22 .�/D �

�1Q1e.�/Q1�
2Q1e.�/Q2�

�2Q2e.�/Q2

D ��1Q1e.�/Q2:

Likewise we obtain

�C�1
22 .�/T21.�/T

�1
11 .�/D �

�1Q2e.�/Q1;

T �1
11 .�/T12.�/C

�1
22 .�/T21.�/T

�1
11 .�/DQ1e.�/Q1:

By (2-33), we know that
�
Q.I C yT .�//Q

��1 is given in matrix form by

�
Q.I C yT .�//Q

��1
D

0B@�
�1Q1e.�/Q1 ��1Q1e.�/Q2

��1Q2e.�/Q1 ��2V2P0V1C�
�1Q2e.�/Q2

��1Qe.�/QC��2V2P0V1

1CA ; (2-34)

where �
�
�
�

�
e.�/ 2 yL1 for sufficiently small �.

We apply Lemma 2.10 again after writing I C yT .�/ in matrix form with respect to the decomposition
L2 DQL2CQL2, where QL2 D V2M:

I C yT .�/D

 
Q.I C yT .�//Q Q yT .�/Q

Q yT .�/Q Q.I C yT .�//Q

!
WD

 
S00.�/ S01.�/

S10.�/ S11.�/

!
:

Next, as in the proof of Lemma 2.16, let A.�/DS�1
00
.�/. Then �

�
�
�

�
A.�/2W for sufficiently small �.

We compute the inverse of I C yT .�/ by finding each of its matrix elements:

.I C yT .�//�1
D

�
ACAS01C�1S10A AS01C�1

�C�1S10A C�1

�
: (2-35)

Here
C.�/D S11.�/�S10.�/A.�/S01.�/:

S10.�/A.�/S01.�/DQ yT .�/A.�/ yT .�/Q may be written as 
Q1
yT .�/A.�/ yT .�/Q1 Q1

yT .�/A.�/ yT .�/Q2

Q2
yT .�/A.�/ yT .�/Q1 Q2

yT .�/A.�/ yT .�/Q2

!
D

 
�2Q1e.�/Q1 �3Q1e.�/Q2

�3Q2e.�/Q1 �3Q2e.�/Q2

!
; (2-36)

where e.�/ 2 yL1.
Indeed, consider, for example, Q2

yT .�/A.�/ yT .�/Q2. It can be rewritten as

Q2
yT .�/A.�/ yT .�/Q2

D �3Q2V2

R0..�C i0/2/�R0.0/� i�1˝ 1

�
V1A.�/V2

R0..�C i0/2/�R0.0/

�
V1Q2: (2-37)

Assuming that V 2 hxi�2L
3
2
;1,

M

��
V2

R0..�C i0/2/�R0.0/

�
V1

�̂ �
D
jV2j˝ jV1j

4�
2 B.L

3
2
;2/:
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Likewise

M

��
V2

R0..�C i0/2/�R0.0/� i�1˝1
4�

�2
V1

�̂ �
D jV2j

jx�yj

8�
jV1j 2 B.L

3
2
;2;L3;2/:

This implies that (2-37)D �3Q2e0.�/Q2 and e0.�/ 2 yL
1. In this manner, we prove (2-36).

By (2-34), we know that S�1
11
.�/D .Q yT .�/Q/�1 is of the form

S�1
11 .�/D

�
��1Q1e.�/Q1 ��1Q1e.�/Q2

��1Q2e.�/Q1 ��2Q2e.�/Q2

�
:

Then, letting N.�/ WD S�1
11
.�/S10.�/A.�/S01.�/, by (2-36),

N.�/ WD S�1
11 .�/S10.�/S

�1
00 .�/S01.�/

D

�
��1Q1e.�/Q1 ��1Q1e.�/Q2

��1Q2e.�/Q1 ��2Q2e.�/Q2

��
�2Q1e.�/Q1 �3Q1e.�/Q2

�3Q2e.�/Q1 �3Q2e.�/Q2

�
D

�
�Q1e.�/Q1 �2Q1e.�/Q2

�Q2e.�/Q1 �Q2e.�/Q2

�
:

Therefore N.0/D 0. This shows that C.�/ is invertible for �� 1:

C.�/D S11.�/�S10.�/A.�/S01.�/D S11.�/.I �N.�//;

so
C�1.�/D .I �N.�//�1S�1

11 .�/

D S�1
11 .�/C .I �N.�//�1N.�/S�1

11 .�/: (2-38)

A computation shows that

.I�N.�//�1N.�/S�1
11 .�/DQe.�/Q

�
�Q1e.�/Q1 �2Q1e.�/Q2

�Q2e.�/Q1 �Q2e.�/Q2

��
��1Q1e.�/Q1 ��1Q1e.�/Q2

��1Q2e.�/Q1 ��2Q2e.�/Q2

�
D

�
Q1e.�/Q1 Q1e.�/Q2

Q2e.�/Q1 ��1Q2e.�/Q2

�
:

By (2-38) and (2-34),
C�1.�/D S�1

11 .�/C�
�1Qe.�/Q

D ��2V2P0V1C�
�1Qe.�/Q:

Note that
S01.�/DQ yT .�/QDQ.I C yT .�//Q

D �QV2

R0..�C i0/2/�R0.0/

�
V1QD �E1.�/;

where E1.�/
_ 2 VL3=2;2 when V 2 hxi�1L1. Therefore,

A.�/S01.�/C
�1.�/DA.�/�E1.�/�

�2Qe.�/QD ��1S.�/;
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where S.�/_ 2 VL3;2;L3=2;2 . Likewise S10.�/D �E2.�/, where E2.�/
_ 2 VL3;2 . Then

C�1.�/S10.�/A.�/D �
�1S.�/;

where S.�/_ 2 VL3;2;L3=2;2 .
Finally, for the last remaining matrix element ACAS01C�1S10A of (2-35), we use the fact that

AS01C�1S10ADA.�/�E1.�/�
�2Qe.�/Q�E2.�/A.�/D S.�/;

where S.�/_ 2 VL3;2;L3=2;2 . Also recall that A.�/ 2W .
We have thus analyzed all the terms in (2-35) and the conclusion follows. �

Recall that

R.t/ WD
ae�i 3�

4

p
� t

�t .x/˝ �t .y/; �t .x/ WD ei jxj
2

4t �.x/;

S.t/ WD
e�i 3�

4

p
� t

�
�iP0V

jx�yj2

24�
VP0C�t .x/

jx�yj

8�
VP0CP0V

jx�yj

8�
�t .y/

�
;

where

�t .x/ WD
i

jxj

Z 1

0

.ei jxj
2

4t � ei j�xj2

4t / d�:

Although it is not immediately obvious, it is also true that

kS.t/ukL3;1 . t�
1
2 kukL3=2;1 : (2-39)

Indeed, note that since h�k ;V i D 0 for the eigenvectors �k , with 2 � k � N (recall that �1 is the
resonance),

�t .x/jx�yjVP0 D �t .x/.jx�yj � jxj/VP0;

which is bounded in absolute value by

NX
kD2

j�t .x/j

Z
R3

jyjjV .y/jj�k.y/j dy˝j�k.z/j:

By definition, j�t .x/j. jxj�1. This leads to (2-39), since �k 2 hxi
�2L1 and V 2L

3
2
;1.

We use Lemma 2.16 as the basis for the following decay estimate:

Proposition 2.18. Let V satisfy hxi4V .x/ 2L
3
2
;1. Suppose that H is of exceptional type of the third kind.

Then, for 1� p < 3
2

and u 2L2\Lp,

e�itH PcuDZ.t/uCR.t/uCS.t/u; kZ.t/ukLp0 . t
� 3

2

�
1
p
� 1

p0

�
kukLp : (2-40)

Here 1
p
C

1
p0
D 1. If in addition all the zero-energy eigenfunctions �k , with 2� k �N , are in L1, then

we can take S.t/D 0.
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Proof of Proposition 2.18. Write the dispersive component of the evolution as

eitH Pcf D
1

i�

Z
R

eit�2�
R0..�C i0/2/�R0..�C i0/2/V1

yT .�/�1V2R0..�C i0/2/
�
f � d�:

We use the same method as in the proofs of Propositions 2.13 and 2.15. Consider a partition of unity
subordinated to the neighborhoods of Lemmas 2.8 and 2.16. First, following Lemma 2.8, take a sufficiently
large R such that �

1��
�
�

R

��
.I C yT .�//�1

2W:

Then, again by Lemma 2.8, for every �0 2 Œ�4R; 4R�, there exists �.�0/ > 0 such that

�

�
���0

�.�0/

�
.I C yT .�//�1

2W

if �0 ¤ 0 while the conclusion of Lemma 2.16 holds when �0 D 0.
Since Œ�4R; 4R� is a compact set, there exists a finite covering

Œ�4R; 4R��

N[
kD1

�
�k � �.�k/; �k C �.�k/

�
:

Then we construct a finite partition of unity on R by smooth functions 1D�0.�/C
PN

kD1 �k.�/C�1.�/,
where supp�1 � R n .�2R; 2R/, supp�0 � Œ��.0/; �.0/�, and supp�k �

�
�k � �.�k/; �k C �.�k/

�
.

By Lemma 2.8, for any k ¤ 0, we have �k.�/.I C yT .�//
�1 2W , so .1��0.�//.I C yT .�//

�1 2W .
By Lemma 2.16, for L 2W ,

�0.�/.I C yT .�//
�1
DL.�/C�0.�/

�
V2P0V1

�2
C

iV2P0V jx�yj2VP0V1

�
�

a

�
V2�˝V1�

�
:

Let Z1 be the contribution of all the regular terms in this decomposition, such as the free resolvent,
.1��0.�//.I C yT .�//

�1, and L.�/:

Z1.t/ WD
1

i�

Z
R

e�it�2�
R0..�Ci0/2/�R0..�Ci0/2/V1L.�/V2R0..�Ci0/2/

�.1��0.�//R0..�Ci0/2/V1
yT .�/V2R0..�Ci0/2/

�
�d�

D
1

2� t

Z
R

e�it�2

@�
�
R0..�Ci0/2/�R0..�Ci0/2/V1L.�/V2R0..�Ci0/2/

�.1��0.�//R0..�Ci0/2/V1
yT .�/V2R0..�Ci0/2/

�
d�

D
C

t
3
2

Z
R

e�i �
2

4t

�
@�
�
R0..�Ci0/2/�R0..�Ci0/2/V1L.�/V2R0..�Ci0/2/

�.1��0.�//R0..�Ci0/2/V1
yT .�/V2R0..�Ci0/2/

��_
.�/d�:

The fact that kZ1.t/ukL1 . jt j�
3
2 kukL1 follows by knowing that�

@�
�
R0..�C i0/2/�R0..�C i0/2/V1L.�/V2R0..�C i0/2/

� .1��0.�//R0..�C i0/2/V1
yT .�/V2R0..�C i0/2/

��_
2 VL1;L1 :
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By smoothing estimates, it also follows that Z1.t/ is L2-bounded; see the proof of Proposition 2.13. By
interpolation, we also obtain the estimate kZ1.t/ukL3;1 . kukL3=2;1 .

Let Z2.t/ be the contribution of the term a��1�0.�/V2�˝V1�:

Z2.t/ WD
a

i�

Z
R

e�it�2

�0.�/R0..�C i0/2/V�˝V�R0..�C i0/2/ d�:

By Lemma 2.14,

k.Z2.t/�R.t//ukL1 � t�
3
2 kukL1 ; kZ2.t/ukL3;1 . t�

1
2 kukL3=2;1 :

We are left with the terms

��2R0..�C i0/2/VP0VR0..�C i0/2/ and i��1R0..�C i0/2/VP0V
jx�yj2

24�
VP0VR0..�C i0/2/:

Let their contributions be

X2.t/ WD
�1

�

Z
R

e�it�2

R0..�C i0/2/VP0V
jx�yj2

24�
VP0VR0..�C i0/2/ d�;

X3.t/ WD
�1

i�
lim
ı!0

Z
j�j>ı

e�it�2

R0..�C i0/2/VP0VR0..�C i0/2/��1 d�:

By [Yajima 2005, Lemma 4.12],

kX2.t/ukL3;1 . t�
1
2 kukL3=2;1 ;X2.t/uC i

e�i 3�
4

p
� t

P0V
jx�yj2

24�
VP0


L1
. t�

3
2 kukL1 :

(2-41)

This lemma has a proof similar to Lemma 2.14. It requires, in addition, that j�j .x/j. jxj�2 for every
eigenfunction �j 2 E , with 2� j �N , which is guaranteed by Lemma 2.3.

By [Yajima 2005, Lemma 4.14],

kX3.t/ukL3;1 . t�
1
2 kukL3=2;1 ;X3.t/u�

e�i 3�
4

p
� t

�
�t .x/

jx�yj

8�
VP0CP0V

jx�yj

8�
�t .y/

�
L1
. t�

3
2 kukL1 :

(2-42)

The proof of [Yajima 2005, Lemma 4.14] depends on hyi3V .y/�.y/ being integrable, which is also true
here since j�.y/j. hyi�1 and hyi2V .y/ 2 hyi�2L

3
2
;1
�L1.

Combining the two results (2-41) and (2-42) and knowing that kS.t/ukL3;1 . t�
1
2 kukL3=2;1 by (2-39),

we obtain that

k.X2.t/CX3.t/�S.t//ukL1 . t�
3
2 kukL1 ; k.X2.t/CX3.t/�S.t//ukL3;1 . t�

1
2 kukL3=2;1 : (2-43)

Recall that

e�itH Pc DZ1.t/CZ2.t/CX2.t/CX3.t/DZ.t/CR.t/CS.t/:
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We obtain for Z.t/DZ1.t/C .Z2.t/�R.t//C .X2.t/CX3.t/�S.t// that

kZ.t/ukL1 . t�
3
2 kukL1 ; kZ.t/ukL3;1 . t�

1
2 kukL3=2;1 :

Conclusion (2-40) follows by interpolation.
Finally, assume that all the eigenfunctions �k are in L1 for 2� k �N (recall that �1 is the resonance).

Then, by Lemma 2.5, it follows that hV�k ;y`i D hV�k ;y`ymi D 0 for all ` and m and all 2� k �N .
As a consequence, we immediately see that

P0V jx�yj2VP0 D P0V .jxj2Cjyj2/P0� 2

3X
kD1

P0VxkykVP0 D 0:

Since h�k ;V i D 0 and hV�k ;y`i D 0, we can also rewrite

�t .x/jx�yjVP0 D �t .x/

�
jx�yj � jxjC

xy

jxj

�
VP0:

Then note that jxj
�
jx�yj � jxjC xy

jxj

�
VP0 is bounded in absolute value by

NX
kD2

Z
R3

jyj2jV .y/jj�k.y/j dy˝j�k.z/j;

which is bounded from L1 to L1 since �k 2 hxi
�2L1 and V 2 hxi�1L

3
2
;1. Having gained a power of

decay in x, we use it by
ˇ̌
�t .x/jxj

�1
ˇ̌
. t�1. Therefore,t�

1
2�t .x/jx�yjVP0u


L1
. t�

3
2 kukL1 :

Consequently, when �k 2 L1 for 2 � k � N , we can remove S.t/ from (2-43). Hence we retrieve
conclusion (2-40) without S , as claimed. �

Proposition 2.19. Assume that V 2 hxi�2L
3
2
;1 and that H D��CV is an exceptional Hamiltonian of

the third kind. Then
ke�itH PcukL3;1 . t�

1
2 kukL3=2;1

and, for 3
2
< p � 2,

ke�itH PcukLp0 . t
� 3

2

�
1
p
� 1

p0

�
kukLp :

Here 1
p
C

1
p0
D 1.

The proof of this proposition parallels the proof of Proposition 2.15.

Proof of Proposition 2.19. Write the evolution as

e�itH Pcf D
1

i�

Z
R

e�it�2�
R0..�C i0/2/�R0..�C i0/2/V1

yT .�/�1V2R0..�C i0/2/
�
f � d�:

We consider a partition of unity subordinated to the neighborhoods of Lemmas 2.8 and 2.17. First, take a
sufficiently large R such that �

1��
�
�

R

��
.I C yT .�//�1

2W:
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Then, for every �0 2 Œ�4R; 4R�, there exists �.�0/ > 0 such that

�

�
���0

�.�0/

�
.I C yT .�//�1

2W

if �0 ¤ 0, while the conclusion of Lemma 2.12 holds when �0 D 0.
Since Œ�4R; 4R� is a compact set, there exists a finite covering

Œ�4R; 4R��

N[
kD1

�
�k � �.�k/; �k C �.�k/

�
:

Then we construct a finite partition of unity on R by smooth functions 1D�0.�/C
PN

kD1 �k.�/C�1.�/,
where supp�1 � R n .�2R; 2R/, supp�0 � Œ��.0/; �.0/�, and supp�k �

�
�k � �.�k/; �k C �.�k/

�
.

By Lemma 2.8, for any k ¤ 0, we have �k.�/.I C yT .�//
�1 2W , so .1��0.�//.I C yT .�//

�1 2W .
By Lemma 2.17,

�0.�/.I C yT .�//
�1
DL.�/C��1S.�/C��2V2P0V1;

where L 2W and S_ 2 VL3;2;L3=2;2 .
Let Z1 be given by the sum of all the regular terms of the decomposition:

Z1.t/ WD
1

i�

Z
R

e�it�2�
R0..�Ci0/2/�R0..�Ci0/2/V1L.�/V2R0..�Ci0/2/

�.1��0.�//R0..�Ci0/2/V1
yT .�/V2R0..�Ci0/2/

�
�d�

D
1

2� t

Z
R

e�it�2

@�
�
R0..�Ci0/2/�R0..�Ci0/2/V1L.�/V2R0..�Ci0/2/

�.1��0.�//R0..�Ci0/2/V1
yT .�/V2R0..�Ci0/2/

�
d�

D
C

t
3
2

Z
R

e�i �
2

4t

�
@�
�
R0..�Ci0/2/�R0..�Ci0/2/V1L.�/V2R0..�Ci0/2/

�.1��0.�//R0..�Ci0/2/V1
yT .�/V2R0..�Ci0/2/

��_
.�/d�:

The fact that kZ1.t/ukL1 . jt j�
3
2 kukL1 follows by knowing that�

@�
�
R0..�C i0/2/�R0..�C i0/2/V1L.�/V2R0..�C i0/2/

� .1��0.�//R0..�C i0/2/V1
yT .�/V2R0..�C i0/2/

��_
2 VL1;L1 :

Using smoothing estimates, it immediately follows that Z1.t/ is L2-bounded; see the proof of
Proposition 2.13. Interpolating, we obtain that kZ1.t/ukL3;1 . t�

1
2 kukL3;1 .

Let Z2 be the following singular term in the decomposition of Lemma 2.17:

Z2.t/ WD
1

i�

Z
R

e�it�2

R0..�C i0/2/V1S.�/V2R0..�C i0/2/ d�

D
C

t
1
2

Z
R

e�i �
2

4t

�
R0..�C i0/2/V1S.�/V2R0..�C i0/2/

�_
.�/ d�:
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Note that�
R0..�Ci0/2/V1

�_
2VL3=2;2;L3;1 ; S.�/_ 2VL3;2;L3=2;2 and .V2R0..�Ci0/2//_ 2VL3=2;1;L3;2 :

Thus
R0..�C i0/2/V1.�S.�//V2R0..�C i0/2/ 2 VL3=2;1;L3;1 :

This immediately implies that kZ2.t/ukL3;1 . t�
1
2 kukL3=2;1 .

We are left with the contribution of the term ��2V2P0V1. This is the same as the term X3 from the
proof of Proposition 2.18. By (2-42), we have kX3.t/ukL3;1 . t�

1
2 kukL3=2;1 .

Putting the three estimates for Z1, Z2, and X3 together, we obtain that ke�itH PcukL3;1 . kukL3=2;1 .
Interpolating with the obvious L2 bound ke�itH PcukL2 . kukL2 , we obtain the stated conclusion. �
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