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ANALYSIS AND PDE
Vol. 9, No. 6, 2016

dx.doi.org/10.2140/apde.2016.9.1285

A COMPLETE STUDY OF THE LACK OF COMPACTNESS
AND EXISTENCE RESULTS OF A FRACTIONAL NIRENBERG EQUATION
VIA A FLATNESS HYPOTHESIS, I

WAEL ABDELHEDI, HICHEM CHTIOUI AND HICHEM HAJAIE]

Dedicated to the memory of Professor Abbas Bahri who left us on January 10, 2016.

We consider a nonlinear critical problem involving the fractional Laplacian operator arising in conformal
geometry, namely the prescribed o-curvature problem on the standard n-sphere, n > 2. Under the
assumption that the prescribed function is flat near its critical points, we give precise estimates on the
losses of the compactness and we provide existence results. In this first part, we will focus on the case
1 < B <n —20, which is not covered by the method of Jin, Li, and Xiong (2014, 2015).

1. Introduction and main results

Fractional calculus has attracted the interest of a lot of scientists during the last decades. This is
essentially due to its numerous applications in various domains: medicine, population modeling, biology,
earthquakes, optics, signal processing, astrophysics, water waves, porous media, nonlocal diffusion, image
reconstruction problems; see [Hajaiej et al. 2011] and the references [1, 2, 6, 7, 13, 14, 19, 22, 25, 36, 38,
41, 43, 45, 46, 58] therein.

Many important properties of the Laplacian are not inherited, or are only partially satisfied, by its
fractional powers. This gave birth to many challenging and rich mathematical problems. However, the
literature remained quite silent until the publication of the breakthrough paper of Caffarelli and Silvester
[2007]. This seminal work has hugely contributed to unblocking a lot of difficult problems and opening
the way for the resolution of many other ones. In this paper, we study another important fractional PDE
whose resolution also requires some novelties because of the nonlocal properties of the operator present
in it. More precisely, we investigate the existence of solutions for the Nirenberg fractional nonlinear
equation

Pou=c(n,o)Ku"t?/=29)  for y > 0on S”, (1-1)

where o € (0, 1), K is a positive function defined on (S", gg,),

[‘(B+%+U) \/ n—1\2
Po=——2""2 B=/|-A (—)
*r(B+1l-o0) e T\

MSC2010: 35160, 35B33, 35B99, 35R11, 58E30.
Keywords: fractional Laplacian, critical exponent, o -curvature, critical points at infinity.
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I is the gamma function, c(n, o) = F(% + 0) / F(% — a), and A,_, is the Laplace—Beltrami operator
on (S", gg.). The operator P, can be seen more concretely on R" using stereographic projection. The
stereographic projection from S" \ {N} to R" is the inverse of F : R" — S§" \ {N} defined by

Fix) 2x  xP—1
x == 9 b
14 x]2" |x]2+1

where N is the north pole of §”. For all f € C*°(§"), we have

2 —(n+20)/2 . 2 (n—20)/2
<Pa(f>>°F=(1+|x|z) (=) ((1+|x|2) (foF)), (1-2)

where (—A)? is the fractional Laplacian operator (see page 117 of [Stein 1970], for example).
For o =1, the classical Nirenberg problem consists of the following question: which function K on
(S", gg,) 1s the scalar curvature of a metric g that is conformal to g¢,? This is equivalent to solving

Pv+1=—-A, v+1=Ke* onS? (1-3)

g§)’l
and

Piw+1=—A,  w+bm)Row =bm)Kw"+>/"=? onS" n>3, (1-4)

where g = ezvggn, b(n) = m—2)/(@n —1)), and w = e 2V/4 and where Ry = n(n — 1) is the scalar
curvature of (8", 8sn)-

To our knowledge, the very first contribution to this topic is due to D. Koutroufiotis [1972]. He has
been able to solve the above Nirenberg problem (1-3) when K is an antipodally symmetric function
which is close to 1. However, his approach only applies to S2. Following a self-contained method, Moser
[1973] has solved the Nirenberg problem on S? for all antipodally symmetric functions K which are
just positive somewhere. Later on, Chang and Yang [1988] have succeeded in removing the symmetry
assumption on K in dimension 2 and Bahri and Coron [1991] have extended these results to dimension 3.

Another important issue related to the study of the classical Nirenberg problem is the compactness of
the solutions. This has first been addressed by Chang, Gursky and Yang [Chang et al. 1993], Han [1990]
and Schoen and Zhang [1996], for n =2 or n = 3.

Compactness and existence of solutions in higher dimensions have been established in the breakthrough
papers of Li [1995; 1996]. Let us point out that the situation is completely different in higher dimensions
(n > 3). More precisely, when n = 2 or n = 3, a sequence of solutions of the Nirenberg problem cannot
blow up at more than one point. If n > 3, there could be blow ups at many points, which considerably
complicates the study of the problem. Many aspects of this very interesting situation have been addressed
in [Ambrosetti et al. 1999; Ben Ayed et al. 1996; Ben Mahmoud and Chtioui 2012; Chen and Lin 2001;
Li 1995; 1996].

Another stimulating situation is the study of higher orders and fractional order conformally invariant
pseudodifferential operators P,f on (S§", ge.), which exist for all positive integers & if 7 is odd and for
k= {1, cees %} if n is even. These operators were first introduced by Graham, Jenne, Mason and Sparling
[Graham et al. 1992]. Beyond the case Plg which corresponds to the operator associated to the classical
Nirenberg problem discussed above, the operator P5 is the well known Paneitz operator; see [Abdelhedi
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and Chtioui 2006; Djadli et al. 2000; Paneitz 2008; Wei and Xu 2009] and references therein. Up to
positive constants, Plg (1) is the scalar curvature associated to g and P2g (1) is the so-called Q-curvature.

In the last two decades, it has been realized that the conformal Laplacian P#, and more generally P?,
play a central role in conformal geometry. As mentioned previously, the classical Nirenberg problem is
naturally associated to the conformal Laplacian. Consequently, the higher order Nirenberg problems are
associated to Graham, Jenne, Mason and Sparling operators (known as the GIMS operators). Recently, a
recursive formula for GIMS operators and Q-curvature has been found by Juhl [2014; 2013] (see also
[Fefferman and Graham 2013]). Moreover, Graham and Zworski [2003] have introduced a family of
fractional order conformally invariant operators on the conformal infinity of asymptotically hyperbolic
manifolds thanks to a scattering theory.

After this seminal paper, new interpretations of the fractional operators and their associated Q-curvatures
have been the subject of many studies; see for example [Chang and Gonzélez 2011]. For the Q-curvature
of order o on general manifolds, we refer to [Chang and Gonzélez 2011; Gonzalez et al. 2012; Gonzdlez
and Qing 2013; Graham and Zworski 2003; Qing and Raske 2006] and references therein. Prescribing
Q-curvature of order o on S” can be interpreted as a generalization of the Nirenberg problem, called in
this context the fractional Nirenberg problem.

For 0 < o < 1, this challenging problem was first addressed in [Jin et al. 2014; 2015]. In these two
groundbreaking papers, the authors were able to show the existence of solutions of (1-1) and to derive
some compactness properties. More precisely, thanks to a very subtle approach based on approximation
of the solutions of (1-1) by a blow-up subcritical method, they proved the existence of solutions for the
critical fractional Nirenberg problem (1-1) (see Theorems 1.1 and 1.2 of [Jin et al. 2014]). Their method is
based on tricky variational tools; in particular, they have established many interesting fractional functional
inequalities. Their main hypothesis is the so-called flatness condition. Namely, let K : S" — R be a
C? positive function. We say that K satisfies the flatness condition (f) p if for each critical point y of K
there exist b; = b;(y) € R* for i < n, with 221:1 b; # 0, such that in some geodesic normal coordinate
centered at y we have

K@) =K@y + ) bilx—y)il’ +Rx—y), (1-5)

i=1

where Z.Eﬂ:]o IVSR(Y)|1y]|™#~* = o(1) as y tends to zero. Here V* denotes all possible derivatives of
order s and [B] is the integer part of 8. However, they were only able to handle the case n —20 < 8 <n
in the flatness hypothesis. This excludes some very interesting functions K. In fact, note that an important
class of functions, which is worth including in any results of existence for (1-1), are the Morse functions
(C? having only nondegenerate critical points). Such functions can be written in the form (f) g with
B = 2. Since Jin, Li and Xiong require n —20 < B <n (0 < ¢ < 1), their theorems do not apply to this
relevant class of functions. Moreover, they require some additional technical assumptions (K antipodally
symmetric in Theorem 1.1 and K € C"! positive in Theorem 1.2 of [Jin et al. 2014]).

Motivated by [Jin et al. 2014; 2015] and aiming to include a larger class of functions K in the existence
results for (1-1), we develop in this paper a self-contained approach which enables us to include all the



1288 WAEL ABDELHEDI, HICHEM CHTIOUI AND HICHEM HAJAIEJ

plausible cases (1 < 8 < n). Our method hinges on a readapted characterization of critical points at
infinity. The approach is different for 1 < 8 <n —20 and n — 20 < 8 < n. In this work, we handle the
first case.

The spirit of our method goes back to the work of Bahri [1989] and Bahri and Coron [1991]. Never-
theless, the nonlocal properties of the fractional Laplacian involve many additional obstacles and require
some novelties in the proofs. Note that in [Abdelhedi and Chtioui 2013], the first two authors have given
an existence result for n = 2, 0 < 0 < 1, through an Euler—Hopf-type formula. In their paper, they
assumed that K is a Morse function satisfying the nondegeneracy condition

AK(y) 20 whenever VK (y) =0. (nd)

We point out that the criterion of [Abdelhedi and Chtioui 2013] has an equivalent in dimension 3 (see
[Abdelhedi and Chtioui > 2016]). However, the same method cannot be generalized to higher dimensions
n > 4 under the condition (nd), since the corresponding index counting criteria, when taking into account
all the critical points at infinity, are always equal to 1. Recently, Y. Chen, C. Liu and Y. Zheng [Chen et al.
2016] proved an existence result for n > 4, under the (nd) condition and another topological condition, in
the case where the index counting criteria, when taking into account all the critical points at infinity, are
equal to 1, but a partial one is not equal to 1.

Convinced that the nondegeneracy assumption would exclude some interesting class of functions K,
we opted for the flatness hypothesis used in [Jin et al. 2014; 2015]. But again, in order to include all
plausible cases (both 1 < 8 <n —20 and n — 20 < 8 < n), we need to develop a new line of attack with
new ideas. This is essentially due to the structure of the multiple blow-up points, which is much more
complicated than in the classical setting. Many new phenomena emerge. More precisely, it turns out that
the strong interaction between the bubbles, in the case where n — 20 < 8 < n, forces all blow-up points
to be single, while in the case where 1 < 8 < n — 20 such an interaction of two bubbles is negligible with
respect to the self interaction, and if 8 = n — 20 there is a phenomenon of balance that is the interaction
of two bubbles of the same order with respect to the self interaction. In order to state our results, we need
the following notations and assumptions. Let

K={yeS"|VK(y) =0}, Kn2o={yeK|B=p()=n—20},

Kt = {ye/c BT >0}, f() = #lbe = bi(y) | 1 =k < n and by <0},
k=1

For each p-tuple, 1 < p < #K, of distinct points 7, := (yy,, ..., yi,) € (Kn—25)?, we define a p x p
symmetric matrix M (t,) = (m;;) by

“_n—205 —ZZ=1bk()’l,-)
IR Se DI

(1-6)

_ -Gy, yi;)
L — (n 20’)/2 i J
mij =2 VK i) K ()20
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where
1

(I—cosd(yy, yi,;))=20)/2"

dx i "2

= d c1 = _—
D= Jo G pperzorz 9= Ly

GOy yi;) =
(1-7)

Here x; is the first component of x in some geodesic normal coordinate system. Let p(z,) be the least
eigenvalue of M(z,).

Assume that p(7,) # 0 for each 7, € (K,—2,)”, 1 < p < K. (Ayp)

Now, we introduce the following sets:

31—20 = {Tp = (}’11, -.-,}’1,,) S (ICJ’_\]Cano)p | 1 SPSWC and Yi #yj for all i 75]}
For any 7, = (y,, ..., y1,) € (K)?, we write

p
(oo =p— 14y (n—i(y,)).

j=1
Theorem 1.1. Assume that K satisfies (A1) and (f)g with1 < <n —20. If

Z (_l)i(fp)oo + Z (_l)l(fl/,)oo _ Z (_l)i(fp)oo-i-i(‘[]/,)oo #1’

00 ’ 00 ’ 00 o0
Tﬁecn—Za Tpec<n—2(7 (T/”Tp)ecn—Za ><C<n—2(7

then (1-1) has at least one solution.

In Part II, we will address the case n — 20 < 8 < n, following another approach and recovering the
main existence results of [Jin et al. 2014; 2015]. More precisely, we will prove:

Theorem 1.2. Assume that K satisfies (A1) for each p > 1 and (f)g withn —20 < B <n. If

Z (_1)i(y)oo + Z (_1)i(fp)oo £1,

y€K+\’Cn_2g Tp Ec,?iza
then (1-1) has at least one solution.

We organize the remainder of our paper as follows. Section 2 is devoted to recalling some preliminary
results related to the variational structure associated to problem (1-1). In Section 3, we characterize the
critical points at infinity of the associated variational problem. In Section 4, we give the proofs of the
main results. The characterization of critical points at infinity requires some technical results, which, for
the convenience of the reader, are given in the Appendix.
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2. Preliminary results

Problem (1-1) has a variational structure; see Section 3 of [Jin et al. 2015], as well as [Chen and Zheng
2014; 2015; Chen et al. 2016; Jin et al. 2014]. The Euler-Lagrange functional associated to (1-1) is

2
[ull

J(u) = (fg,, KMZH/(H—ZU))(H_ZG)/n

foru e H°(S"), (2-1)

where H? (S") is the completion of C*°(S") by means of the norm

1/2
|ul| = (/ Pguu) . (2-2)
Sn

Problem (1-1) is equivalent to finding the critical points of J subjected to the constraint u € £, where
ST=weX|u>0} and EZ={ucH(S"||ul|=1}

The exponent 2n/(n — 20) is critical for the Sobolev embedding H? (S") — L4(S"). This embedding is
continuous and not compact. The functional J does not satisfy the Palais—Smale condition on £, but
the sequences which violate the Palais—Smale condition are known. In order to describe them, let us
introduce some notation. For a € " and A > 0, let

5 (1=20)/2

Sun(x) =2 (2-3)

(14102 = (1 = cos(d(x, a))) ">
where d( -, -) is the distance induced by the standard metric of " and ¢ is chosen so that §, ; is the
family of solutions for

Pou=u"t20/=20)  fory > 0on S"; (2-4)

see page 1113 of [Jin et al. 2014]. For ¢ > 0 and p € N*, we define the set V (p, ¢) of potential critical
points at infinity to be the set of u € ¥ for which there exist aj,...,a, € S", ay,...,a, > 0, and
Ay ooy Ap > e~ ! satisfying

<e,

p
u— E :aigais)\i
i=1

|7 )"/ 20O K () — 1] < e foralli, j=1,...,p,

gij <e foralli # j,

) . (20—n)/2
gij = ﬁ—l—k—j—{—ki)»jlai—ajlz .
)Lj Ai

where

Following [Li and Zhu 1995; Brezis and Coron 1985], the failure of the Palais—Smale condition can be
described as follows.
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Proposition 2.1. Assume that J has no critical points . Let (uy) be a sequence in £ such that J (uy)
is bounded and 3J (uy) goes to zero. Then there exist an integer p € N*, a sequence (er) > 0 which tends
to zero, and an extracted subsequence of the uy, again denoted (uy), such that uy € V(p, &x).

If u is a function in V (p, €), one can find an optimal representation, following the ideas introduced in
[Bahri 1996]. Namely, we have:

Proposition 2.2. Forany p € N*, there is €, > 0 such that if € <&, andu € V(p, €), then the minimization

p
=Y idia)
i=1

has a unique solution («, A, a) up to a permutation.

problem

min
o;>0,1;>0,a;,€S"

If we denote
p
Vi=u— Zais(uh)\i)’
i=1

then v belongs to H° (S") and, arguing as in page 175 of [Bahri 1989], satisfies the condition
96; 96;
(v,0)=0 forg;=8;, —, —andi=1,...,p, Vo)
8)»,' 861[

where 8; = 4,5, and (-, -) denotes the inner product in H° (S") defined by

(u, v) =/ vPyu.

We say v € (V) if v satisfies (Vy). The following Morse lemma completely gets rid of the v-contributions.

Proposition 2.3. There is a C' map which, to each (a;, a;, »;) such that Zf’zl ;84,5 belongs to
V(p, €), associates v = v(«, a, A) such that v is unique and satisfies

p p
J(Z ai(S(a,‘,Ai) + 1_)) = UIé’l(i‘%){J(Zai(S(ai,}\i) + v) }
i=1 i=1

Moreover, there exists a change of variables v — v — V such that

p p
J (Zaf%,m + v) =J (Zai&ai,m - ﬁ) +IVIP
i=1

i=1

Furthermore, under the assumption (f)g, 1 < B < n, there exists ¢ > 0 such that the following holds:

Xp:( n/2 IVIi(a,)I n (log )Lé-zjrnzzjz)/(zn)>
i=1 ; Ki

Z (n+20)/2(n— 20))(1og gk_rl)(n-i-Zo)/(Zn) lfl’l >3,

+c %gkr(logg 1y(n=20)/n s

k#r
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To conclude this section, we state the definition of critical point at infinity.

Definition 2.4. A critical point at infinity of J on X7 is a limit of a flow-line u(s) of the equation

ou _ —aJ (u(s)), u(0)=uo,
as

such that u(s) remains in V(p, e(s)) for s > s9. Here e(s) > 0 and — 0 when s — +o00. Using
Proposition 2.2, u(s) can be written as

p
() =Y i ()8a,5).0: (5 + V().
i=1

Defining ¢; := lim «;(s) and y; :== lim a;(s), we denote a critical point at infinity by
§— 400 s—+00
p
Z&ia(i,',oo) or (yl’ sy yp)oo-
i=1

3. Characterization of the critical points at infinity for 1 < 8 <n —20

This section is devoted to the characterization of the critical points at infinity in V (p, ), p > 1, under the
B-flatness condition with 1 < 8 <n — 2¢. This characterization is obtained through the construction of a
suitable pseudogradient at infinity for which the Palais—Smale condition is satisfied along the decreasing
flow-lines, as long as these flow-lines do not enter the neighborhood of a finite number of critical points y;,
i=1,..., p,of K such that

Vs eer yp) €PX=CS 5 UCP,, UCS L,y X C2,0).

<n—20 <n—20
Note that we say (y1, ..., yp) €CX_, xC°, if thereexists | <s < p—1suchthat (y1, ..., y;) €CZ
and (Y541, ..., Yp) €C, . More precisely:

Theorem 3.1. Assume that K satisfies (A1) for each p > 1 and (f)g, 1 < <n—20. Let

B :=max{B(y) | y € £}.

For each p > 1, there exists a pseudogradient W in V(p, ) and a constant ¢ > 0 independent of
u= Zle ®i8(a;. ) € V(p, €) such that

1 & IVK (@)
. 1
(@) (3J (w), W(w) < _C(Z Vi +Z — +Ze,~,~>,
i=1 " i=1 VES
I 1w < o[ S L L3 VK@)
(i) (00 e+ 0. W) 4+ 52 (W) < —c Yot )
i=1 " i=1 J#
Furthermore, |W| is bounded in V (p, €) and the only case where the maximum of the A; is not bounded
is when a; € B(yy;, p) with y;, € K foralli =1, ..., p, (i, ..., yi,) € P> and p is a positive constant

small enough such that for any y € K, the expansion (f)g holds in B(y, p).
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In order to prove Theorem 3.1, we state the following two results, which deal with two specific cases
of Theorem 3.1. Let §; = (4, ,1,) and

P
Vi(p,e) = {MZZaiS,- eV(p,e) ‘ai € B(yi;, p), yi; € K\ Kp—po foralli = 1,...,p},

i=1

p
Vo(p, €) = :u = Zaiéi eV(p,e) ‘ai € B(y,, p), yi, € Kp—po foralli =1, ..., p}.
i=1

Proposition 3.2. For p > 1, there exists a pseudogradient Wy in Vi(p, ¢) and ¢ > 0 independent of
u=7yi_ a8 € Vi(p,e) such that

14

1 " |VK (a;
(0 (), W1 () = —c(Z LAYty %)

i=1 M i) i=1

Furthermore, |W1| is bounded in V\(p, €) and the only case where the maximum of the \; is not bounded
is when a; € B(y;,, p) with y;, € Kt foralli=1,..., p,with Vs -5 1,) € CZ _op

Proposition 3.3. For p > 1 there exists a pseudogradient W, in V2(p, €) and ¢ > O independent of
u=Yy"_ ;8 € Va(p, ) such that

p

(8 (), Wa(w)) < —c<2

i=1

1 "L |IVK (@)
4 ey TR
i 1

i#j i=1

Furthermore, |W3| is bounded in V,(p, €) and the only case where the maximum of the \; is not bounded
is when a; € B(y;,, p) with y, € Kt foralli =1, ..., p, with (y;, ..., yi,) €C25

In constructing the pseudogradient W, we will use the following notation. Let u = Zf:] ;8 eV(p,e),
such that a; € B(y;,, p) and y;, e L foralli =1, ..., p. For simplicity, if a; is close to a critical point yj,,
we will assume that the critical point is at the origin, so we will confuse a; with (a; — y;;). Now, let
iefl,..., p}andlet M be a positive large constant. We say that

ieLy if Ajla;| < My,
iel, if Ai|ai|>M1.

Foreachi € {1, ..., p}, we define the vector fields
09;
Zi(u) :a"k"a_/\,»’ (3-1)
198 ek + Ai (ai)el? Xi
X =u; — / by : ST dx, (3-2)
= Ai 0(aik Jme (T4 Al (@)= (14 |x |2+
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where (a;)i is the k-th component of a; in some geodesic normal coordinate system. We claim that X; is
bounded. Indeed, the claim is trivial if i € L. If i € L, by elementary computation we have the estimate

o +diCalPx g | Xk
/ A eyt A= GilldD” L 0| T e
= c(sign A (a;)) (ki1 (@) )P~ (1 4+ 0(1)) (3-3)

for any k, 1 < k < n, such that A;|(a;)x| > M;/+/n. Hence our claim is valid.

Proof of Theorem 3.1. In order to complete the construction of the pseudogradient W suggested in
Theorem 3.1, it only remains (using Propositions 3.2 and 3.3) to focus attention on the two following
subsets of V(p, €).

Subset 1. We consider here the case of u = Zf:] o8 = Zie]l a;d; + Zie]z «;8; such that
Lh#8, L#o, ) wdeVithe). and ) b eVath.e).
ieh ieh

Without loss of generality, we can assume here and in the sequel that

)le"‘<)‘p~

We distinguish three cases.

Case 1: u :=Zai5i g Vvi@n,e)

iel
gh
- {u =3 a8 ‘ a; € By, p), yi, € K* for j=1,..., 81 and y;, # y, for all j ;ék}.
j=1

In this case, the pseudogradient Wl (u) := Wy(uy), where Wy is as defined in Proposition 3.2, does not
increase the maximum of the A;, i € I1. Using Proposition 3.2, we have

~ 1 VK (a;
(00 @), Wiw) < —c(Z RDIIEDD %) + o( 3 g,.‘,.). (3-4)

iel i j#i il iel, jeh
i,jeh
An easy calculation implies that
1 1
gij = 0<W) +O<W) foralli € Iy and all j € I5. (3-5)
i J

Fixing iy € I, we define

Biy

Ni={ieh|X7?>41"} and hi=5h\J.

Using (3-4) and (3-5), we find that

~ 1 VK (a; "o
@ Wz ¥ ey L Y)Y ) 6o

ielhUJ; i iel jFiel i=1
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Let k; be an index such that
|(ai)k;| = max [(a;);]. (3-7)
1<j<n
From Lemma 3.4 we have
l . asu 1 (@i — yi)i 1P 2
<3J(M)Z 2Z(M)><c22 : (Zﬁ>+0( > ——5 ) G
ield; JjFied iedi i ieJiNLy i

Observe that for i < j, we have

20, O +2Jx a_ < —ce;; (3-9)
Ton T Y

oeij .
In addition, for i € J; and j € J, we have A ; < A;, so by (3-18) we obtain A, 8—; < —cg¢;j. These estimates

i

yield

<8J(u), Z —2le~(u)>
- ) 1 [ — 1) |2 )
=—C Z 51]"‘0 ZF + 0 ZT + 0 Z Eij |-

ji ie; Vi ieJiNL, i ieJy, jel
iely, jeJ1UL

Taking m; > 0 small enough, using Lemma 3.5, (3-21), and (3-16) we get

<8J(u),Z—2iZi(u)+m1 Z Xi(u)>

ieJ; ieJiNLy
VK (a; 1 P
= T a2 ro(T ) (X )
[#l ieJy ieJ; )" i=1 )\'i
iely, jeJ1UJy

and by (3-6) we obtain

<8J(u), Wi () +m; (Z —2Ziw) +my Y X,-(u))>

ieJ; ieJiNLy
IVK(a)I
o T Lo ¥ YOy ) e
1611UJ11 i#jel; JFEi lellull i:z
ey, jehJUJy

We need to add the remainding indices i € J,. Note that & := Zjeh a;é; € Va(1Jp, €). Thus, the

pseudogradient Wg (u) = Wy (), where W, is as defined in Proposition 3.3, satisfies

p
<aJ(u),vT/2(u)>§—c<Z 5 D i) lVK(a’)l)Jro( > eij)+o<z xiﬂ) (3-11)

JEJ N i#]j jeh iely, jelr i=1 i
i,je

since |a; —aj| > p fori € Iy and j € J;.
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From (3-10) and (3-11), for W = Wy +m (W2 + Y5, =2/ Zi +m1 Y5,z Xi) we obtain

21 &IVK (@
(0 (u), W) < —C(Z = +3 'Aﬂ +Zgij).
i=1 " i=1

! i#]
Case 2: up = Za,-&,- € Vll(j:tll, g) and up:= Zai&- =4 Vzl(nlz, ),
iel i¢h
where
gh
Vi (th, €) == {u =Y a8 ‘aj € B(y;, p), v, KT forall j=1,....80L and p(y,, ..., yz1,) >0}.
j=1

Let Vi (u) := Wa(uy). By Proposition 3.3, we get

<8J(u),V1(u))§—c(Z%+Z|VKAM+ Z8ij>+0( Z e,-,-). (3-12)

ieh M icl ! i#j ieh, jel
i,jE]z

Observe that V| (1) does not increase the maximum of the A;, i € I», since u, ¢ V21 (fh,¢e). Fixige I,
and let

~

Ni={ien |2 =52 and L=0L\.

Using (3-12) and (3-5), we get

1 VK (a;)] P
(0J(u), Vi(w)) < —C< Z __+ZT+ Z 8,']') —I-O(Z W) (3-13)

Bi
Aj i#]j i=1 i

iehbulJ; i ieh i
l,jelz

We need to add the indices i fori € 72 Let i := Zjefz a;6; and let Vo (u) := Wy (i). By Proposition 3.2,
we have

(0J (u), Va(u)) < _C(Z)Lﬂf Z IVK(aj)| Zgij>+0( Z 8ij)-

jeh jeh A i#] jeh,igh
i,je)

Observe that [ = fl U 72 and we are in the case where for all i # j € I, we have |a; —aj| > p. Thus by
(3-16) and (3-5), we get

P

1

o X w)=o(X:5)
jeh,i¢l i=1 "

and hence

"1 VK (a;
(0 ), Vi) + Va(u)) =< (Z—ﬂ Z'kﬂ+zew).

i=1 lEIzUjé i#]
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Let in this case W = Vi + Vo +m; ), 7 Xi (u), m; small enough. Using the above estimate and
Lemma 3.5, we find that

P p
(370, W) < (Zlﬂ 3 VK@)l VK(al)l ngf)-

i=1 i=1 i)
Case 3: up € Vll (#l1,e) and wup e V21 (1, €).
Fori=1,2, let ‘71 be the pseudogradient in V (p, €) defined by ‘7,-(u) = W;(u;) where W; is the vector

field defined by Proposition 3.2 (fori =1) or 3.3 (fori =2) in Vl.1 (#1;, &), and let in this case W = Vl + ‘72.
Using Proposition 3.3, Proposition 3.2, and (3-5) we get

1 &G IVK (@
(0J (), W) < —c(Z 7 +> l/\ﬂ +Ze,-j>.
i=1 "

1

i i=1 i#j
Notice that in the first and second cases, the maximum of the X;, 1 <i < p, is a bounded function and

hence the Palais—Smale condition is satisfied along the flow-lines of W. However in the third case all the
Ai, 1 <i < p, will increase and go to oo along the flow-lines generated by W.

Subset 2. We consider the case of u = Zle a;8; € V(p, €), such that there exist @¢; not contained in
Uye,C B(y, p). Leti; be such that for any i < i1, we have a; € B(ys,, p), y¢, € K and a;, ¢ UyEIC B(y, p).

Let us define
uy = Z 011‘5,‘
i<iy
Observe that u; must be contained in V(i; — 1, ) or V2(i1 — 1, €), or else u; satisfies the condition of

Subset 1. Thus we can apply the associated vector field, which we will denote by Y, and we then have
the estimate

(0T (), Y (u)) < —C(Z - Z'VK(a’)|+Z ,,)+0( 3 sl-j).

i<iy i i<iy l 1;&] i<iy, j>iy
i,j<ij
Now we define the vector field
y— 1 1 88,, VK(al1 Zzl
Aiy 0a;, IVK(an)I

>0
Using Propositions 3.3, 3.2, and the fact that |[VK (a;,)| > ¢ > 0, we derive
1 1
(0 (u), Y () < —¢—+0 (Z s,-J) —c Y & +o<2 ;).
h i) L= i>ip !
Taking ¢’ > 0 large enough, we find

(8.](1/!) Y’ (I/l) —C(Z - Z |VK(611)| Z gij)-

. z
=i l =i i#j, >0
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Now let W := Y’ +m Y, where m is a small positive constant; then we have

14
(07 (), W) < (Ziﬂ Z'V[i(a’)|+z ,])

i#]

Finally, observe that our pseudogradient W in V (p, ¢) satisfies Theorem 3.1(i), and it is bounded since
[[X; 38;/0X;|| and ||(1/A;)06;/0a;| are bounded. From the definition of W, the A;, 1 <i < p, decrease
along the flow-lines of W as long as these flow-lines do not enter the neighborhood of a finite number
of critical points y;,, i =1, ..., p, of K such that (y;, ..., y;,) € P*™. Now, arguing as in Appendix 2
of [Bahri 1996], Theorem 3.1(ii) follows from (i) and Proposition 2.3. This complete the proof of
Theorem 3.1. O

Proof of Proposition 3.2. In our construction of the pseudogradient Wy, we need the following lemmas.
Write 1,4 for the characteristic function of a set A.

Lemma 3.4. Letu = Zle o;8; € V(p, €) be such that a; € B(y;;, p), y, e Kforalli =1,..., p. We
then have

(0J (), Zi(u)) = =2¢2J (u) Zot,ou aail] + 0(%)
i /

o 1@ =yl . -
+ Lz(l) )\—12 +o ZSU +o Z_ﬂ/ y
4 J
with k; defined as in (3-7).
Proof. Observe that for k € {1, ..., n}, if A;|(a; — yi;,)k| > M1//n, we have

e + A (@i = yi)i P
Ry (1+|x[?)"

dx = O((uil(a — yi"?) (3-14)
if My is sufficiently large. If not, we have

/ I+ A (ai — yi )i lPi =t |
" (14 |x|>)"

dx=0().

Using the fact that the k; defined in (3-7) satisfies A;|(a; — yi, )k, | > M/ /nifi € Ly, Lemma 3.4 follows
from Proposition A.1. U
Lemma 3.5. Let u = Zle a;8; € V(p, €) be such that a; € B(y;,, p), y, € Kforalli=1,..., p. We

then have
0&;; 1 |(al yli)kivsiil 5 !
(8](u),X,(U)>§O(Zk— aalJ )+1L1(l)0<)“ ) 1L2(1)C<)\‘/3 )\—z>+0<; W)’

J# i

with k; defined as in (3-7).
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Proof. Using Proposition A.2, we have

1 A (@i — v |P _ 2
(BJ(u),Xi(u))S—cW(f by, ki = )i al dx)
i \JR

T+ 2il(a =y DEDZ (L4 |x 2y
p
> (Z T)' (3-15)
j=17%j

1 aEij
+0(Z T

J#

Using (3-3) and the fact that
My ...
rillai =yl > —= if i € La,

Jn
Lemma 3.5 follows. 0
In order to construct the required pseudogradient, we have to divide the set V;(p, ¢) into four different
regions, construct an appropriate pseudogradient in each region, and then glue up through convex
combinations. Let Z; and Z, be two vector fields. A convex combination of Z; and Z, is given by
0Z,+ (1 —0)Z,, where 6 is a cutoff function. Let

p n
Vi(poe)i={u= X i € Vilp. o) |y, # v, foralli # j, = 3 bily) > 0,
i=l1 k=1

and A;la; —y;| < é foralli = 1,...,p},

VA(p. e) _{u_zals(amevl(p,eﬂyl £y, forall i # j, Aila; — y,| <8 foralli =1, ...

i=1

and — Z bi(y1,) < 0 for some z}
k=1

M"e

) .
V13(p, €)= {u =D i@ € Vi(p, ) | yi; 7 yi; foralli # jand Ajla; — y;;| > 5 for some ]},

i=1

<

Vip.e) = {u = ZWS(M) € Vi(p.e) | y;, = yi, for some i #J’}-

Pseudogradient in V1 (p,e). Letu = Zleoc,-éi € Vll(p, ¢). For any i # j, we have |a; —a;| > p;

1 1 1
e 0(<A,-Aj><"—2°>/2> (w) *"(w) 10

since B;, Bj <n—20. Let Wl1 (u) = le Z;(u). Using the fact that |V K (a;)|/A; is small with respect
to1/ 1;#, we obtain from Proposition A.1

1 & IVK (@
(00 (), W} () < —C(Z S+ Frel +Ze,~,~).
i=1 " i=1

! i#j

therefore

Pseudogradient in Vlz(p, €). Letu = Zip:1 a;d; € V12 (p, ). Without loss of generality, we can assume
thati =1, ..., ¢ are the indices which satisfy — Y/ _, bx(y;,) < 0. Let

: /3, 1 : Bj
I=ie{l,....p}| 2 WY,
{ief pyIA; < g min A7)
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In this region we define le(u) = l.q:] (—=Zj))(u)+ ) ;c; Zi(u). Using a calculation similar to [Ben Mah-
moud and Chtioui 2012], we obtain
> 1 VK@)
(0J ), Wi @) < = D+ — +) e
T i=1 ! i#j
Pseudogradient in V13 (p,e). Letu = Zle o;d; € V13( p, €). Without loss of generality, we can assume
that ;" = min{a” | 2;1a; — yi,| > ). Let
Ji=lill<i<pandaff = L)

Observe that if i ¢ J we have A;|a; —y;,| > 8. We write u =) ,_;c 2idi + ;. ; @i8; = uy +us. Observe
that u; has to satisfy one of the two above cases, that is, u; € Vl1 (#JC, &) oru; € Vlz(tiJC, ). Let W
be a pseudogradient on V13(p, ¢) defined by W(u) = Wl1 (uy) ifu; € Vll #JC, ), or W(u) = le(ul) if
Uy € Vf(jj]c, ¢). In this region let Wf(u) = ﬁ/(u)+X1(u)—l—ZiemL2 X;(u)—M,Z;(u). By Propositions
A.1 and A.2, we have

P P IVK (g
(0J (u), Wf(u))S—C(ZE+Z|)\ﬂ+ZSU>.
i=1 " i=1

! i#]

Pseudogradient in V14 (p, €). Finally, let u = Zf’zl o;é; € V14 (p, €). Consider
Br={jl1=<j=<panda;e B(y,, p)}

In this case, there is at least one By which contains at least two indices. Without loss of generality, we

can assume that 1, ..., g are the indices such that the set B, 1 <k < g, contains at least two indices. We
will decrease the A; for i € By with different speed. For this purpose, let

0 if 7| <y,

X:[R{—>[RR+, t— .II_J/

1 if | > 1.

Here y is a small constant. For j € By, set x(A;) = Zi#i, icBy X (Aj/A;). Let

LI ={i|1=<i<pandAla —y;| >3}
We distinguish two cases:

Case 1: I} # @. Let in this case

. . Bj . ;
J:{]|15]5[93]’1(1)\.]-/2%1;1’611]1]1)\.;3}.

Observe that, if a; € B(y;;, p), we have |VK (a;)| ~ > p_; |bill(ai — yi,)k|P L. So, if i € Ly we have
IVK (a)|/7i < c/AP, andif i € L, we have

VK (@)| _ [@i =yl P!
<c .
Ai - Ai
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Thus by Lemma 3.5 we obtain

- Bi—1
<al<u>ZX<u>> —CS(Z ; DI Z%)

iel ieJ ie ieliNLy

+0( >

i#j, i€l

Let C = {G, ) |y =Ai/r; <1/y}, where y is a small positive constant. Observe that

1 88,']'

n 94 =o(g;j) forall (i, j) e C,i # j.

This with (3-3) yields

R Bi—1
<8J(M)Zx(u)> —Ca(z ; Z'VK(“')' Z%)

i€l ieJ ieJ ieliNLy
q p
(X X w)ro(X X ) ro(X ) e
k=1 i#jeBy k=1 i#jeBy i=1 i
(i,j)eC,iely (i,))¢C,iel

Forany k=1, ...,q, let A;, = min{A; | i € Bi}. Define

q
Z=-Y > x0pNZ —ylz > X0z,

k=1 jEBk = jEBA
(ir,))¢C (ix.j)eC

where y; is a small positive constant. Using Lemma 3.4, we find that

! deij
<
(0 (), Zw) <c Y Z XG5
k=1 i#Fj
J€B, (j,ir)¢C
1 1 1 |(61'—}’1~)|’3-"_2
—i—cylz Z X (xj )Aja)\ (Z Z ( j )sz >)
k=1 i#j 1 jeBNL, k, J
JE€Bk, (j,ir)eC (i gC

1 |(aj—YI-)|’3f_2
no(L 3 ()
k= leBkﬁLz J J

(j.ir)eC

Observe that by using a direct calculation, we have
881']'

igy, = e ifAiz A A~ A, orla; —ajl 2 8> 0. (3-18)
1
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LetjeBi,1<k<g,andleti,1 <i < p,besuchthati # j. Ifi &€ By, ori € By with(i,j)ea,then

we have by (3-18)
88, 88,’]
Ai —<—ce,j and A;— < —cgjj.
; 0A;

In the case where i € By with (i, j) & Cc (assuming A; < A;), we have x(A;) — x(A;) > 1. Thus,

X )x L ¥ (0 )/\ <hj—L < —cey.

/ a,\
We therefore have

q
(07 (u), Z(u)) < —c(Z Yoo iy, Y s,-,)

k=1 i#j ~ k=1 i#j ~
JE€B, (j,ix)€C JE€Bk, (j,ix)eC

(X 2 (5 )

Bj
k= IJEBAﬂ[g A

(i) £C ’ 2
a; —y.)|P
+y10(2 3 ( e ) )ﬁf )) (3-19)
Ay j

k= IJEBkﬂLz
(i eC

Observe that if j € By with (j, ix) € c , we have j or iy € I;. Thus for M large enough and y; very small,
we obtain from (3-17) and (3-19)

<8J(u), Z X; +M12(u)>

iel
q
|VK(az)|
(T D T a)ro(E T ) e
iel iel k=1 i#j k=1 jeBx J
. J€By (ix. /) £C
since - -
ai — Vi )i I ai — yi; )i 1™ .
I( yl,z)k,| _, |(ai — Y1)k, | forany i € L (3-21)
A Ai

(as M is large enough). Now, let in this region

n

W= Ml(ZXi +M12) +Z(— Zbk>Zi.

iel i¢g] N k=l

We obtain from the above estimates

14
(0 @), Wi (W) < (Z—ﬂ 3o VK@) + X o).

i=1 i=1 i#]

Case2: I, = 2. Let
L={1}1U{i |1 <i<pandAX; ~A}.
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We write

u= Zoe,-é,- +Zai8i =up+up.

ielp i¢12

Observe that, for all i # j € I such thati # j, we have |a; —a;| > §. Indeed, if |a; —a ;| < §,s01, j € By,
we get |a; —aj| <l|a; — y,| +|a;j — y;| <28/A;, since Iy = & and A; ~ A; for all i, j € I. This implies
that

(n—20)/2
MM 2 -
)\._j+)\._l'+ irjlai —ajl <c,

and hence ¢;; > ¢, which is a contradiction. Thus u; € Vlj (812, €), j =1 or 2 or 3. Applying the associated
pseudogradient denoted by W, we obtain

(dJ (), W(u)) < _C(Z% —i—Z lv{iﬂ—i— Zsij) + 0( Z 81‘]‘).

iel, i ieh ! i#j ieh, j¢h
i,jel

Let

.Bl /3!
b = 1<i<p, A’ >mini
=il i <p, min J}

We can add to the above estimates all indices i such that i € J>. So, using the estimate (3-16) we obtain
—_ 1 IVK (a;)] S
(BJ(u),W(u))S—c(ZF—i-ZA—i—i- > ) +o Zx_ﬂ +o > &)
ieh ™  ieh i) i=1 i i,jeBs
i,jel ieh, j¢h

Let M; > 0 be large enough, then the above estimate and (3-19) yields

(0 (), MIZ(“)+W(M)>

_c( = Z'VK(Q’”JFXQ: 3 e+ Ze,,>+0<§ 3 > (3-22)

ie, i ie), k=1i#jeBy i#j i€By i
i,j€h (ik, 1)¢C

By Step 3 in the proof of Proposition 3.3 below and (3-16), we have
<8](u), Z(— Z bk> Z; (M)>
igh k=1
|v1<<a,>| : 3
_C<Z ; +> )+0(Z > e,-,-) <Z—ﬁ (3-23)

i¢J i¢Jr k=1i#jeBy
i¢)

Define

Wi ) = My (M\Z(u) + W () + Z(— Zm) Zi(u).

i¢h ~ k=1
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Using (3-23), we get

4 S 1 K IVK @)
(@0 ), Wiw) < —c( D 7 +> — +) e,
i=1 i i=1 i#j
since l/k’?i = o(l/ll?ki") for all i € By such that (i, iy) & C.
The vector field W, in V| (p, ) will be a convex combination of w/, j=1,...,4. From the definitions

of le , J =1,...,4, the only case where the maximum of the A; increases is when a; € B(y;,, p),
yi; KT foralli=1,..., p, with y;, # y;, for all i # j. This concludes the proof of Proposition 3.2. [J

Proof of Proposition 3.3. We divide the set V,(p, ¢) into five sets:

n

p
V) (p.e) = {u = iba, € Va(p. e) \ i, # i foralli # j, = " bi(y,) >0,
i=1 k=1

ki|ai—yli|<8foralli=1,...,pandp(yll.,...,ylp)>0},

p n
Vi(p,e)= {u = Zai%xi € Va(p, e) ‘ yi; # yi; forall i # j, — Zbk(yz,») >0,
i=1 k=1

Ai|ai—yli|<6f0ralli=1,...,pandp(yll.,...,y1p)<0},

p
Vi(p.e)=1u=> 43, € Valp.£) ‘ i, # w, foralli # j, Aila; —y,| <8 foralli=1,..., p,
i=l1

n
and there exist j such that — Z bi(yi;) <0
k=1

p
V24(p, g)=u= Zaﬁaili e Vao(p, €) ‘ Vi, # Vi for all i # j,
i=1

and there exist j (at least) such that Aj|a; — y;;| > %

)4
V25(p, g)=3u= Zai‘saiki e Va(p, €) ‘ such that there exist i # j satisfying y;, = yi; }
i=1

We break up the proof into five steps.

Step 1. First, we consider the case u = Zf’zl i85, € V21 (p,e). We have, forany i # j, |a; —aj| > p

and therefore,

(n—20)/2
= 2 _ ~(n—20)/2 G(ai,aj)
B = ((l—cos d(a;, a.,-))/\i),,) (1+o(l)) =2 Gur 2o o).

Here G(a;, a;) is defined in (1-7). Thus,

8‘c/‘ij __n—20 'Z(n_zg)/z. G(a;, Clj)

T 2 Gy o)
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Using Proposition A.1 with 8 = n — 20 and the fact that a:m/(”_zg)K(a[)J(u)”/(”_z") =1+4+o0(1) for all
i=1,..., p, we derive that

83 n— 20’ 1-n/2 n—2o0 - Zlebk 1
<8J(u) aiki > I () n K (@)@ %

+e 2(,1,20)/2 Z G(yl,-, )/l,-) 1
1 “ (K(al_)K(aj))(n—Za)/@a) (A.)\ .)(n—20)/2
ot )
Ai i#]
n—2o0
Here ¢ = c(z)"/ (n=20) % dx. Hence, using the fact that |a; — y;,| < § for § very small, we get
Rr X n
p P 1
<8](u), Zaizi> < —ctAM(yll, e, y[p)A +O(Z W + Zé‘ij)
i=1 i=1 " i#j
< —cp(yzl,...,yzp>|A|2+o<Z == +Zs~),
i=1 i#j
where A =t(1/k§”_20)/2, e 1/)»21_2”)/2). Here M (yy,, ..., y,) is as defined in (1-6) and p (yy,, . .., y1,)
is the least eigenvalue of M (yy,, ..., y;p). Using the fact that for all i # j, we have ¢;; < c/(kikj)(”_za)/Z,

since |a; —aj| > 8, we then obtain
P
<W, > )z —o(X st + o)
i=1 i#]j

In addition, for alli = 1,..., p, if A;|a;| < 8 then we have |VK (a;)|/A; ~ |(a)x|f~ /2 < ¢/AP. Thus,
we derive, for W21 = p A Z;,

p p '
. = e(3 3 TRl )
i=1 i !

i=1 Iy

Step 2. Secondly, we study the case u = Zle i85, € sz(p, e). Since p := p(yy, - -, y1,) is the least
eigenvalue of M(yy,, ..., yi,), it satisfies

(3-24)

' {IXM(yll,...,ylp)X}
inf 5
X eRP\{0} X

Therefore, there exists an eigenvector e = (e;);—=1
foralli =1,..., p. Indeed,

p associated to p such that |e] = 1 with ¢; > 0,

.....

P=t€M(y11,---,ylp)e—zmue +Zml/elej >Zmll|el| +th/|et||ej (3-25)
i#] i#]
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since m;; < 0 for i # j. Observe that if there exists ig # jo such that ¢;,e;, < 0, then the inequality in
(3-25) will be strict. This is a contradiction with (3-24). Therefore e;e; > 0 for all i # j. Hence, we can
work with e = (ey, ..., e,) such thate; > 0, forall i =1..., p. Now, if there exists iy such that e;; =0,
then M (y;,, ..., ylp)e = pe would imply that Z#io mjj,ej =0 and e; =0, a contradiction. Thus, ¢; > 0
foralli=1,..., p.

Let ¥ > 0 such that for any x € B(e, y) ={y € SP~! ||y —e| < y}, we have

XMt )X <3000 ,)

Two cases may occur.

Case 1: A/|A| € B(e,y), where A = ’(1/A§”—20)/2, L l/kg,"_za)/z),

In this case, we define W22 =— f:] o;Z;. As in Step 1, we find that
> 51 &K VK@)
(7 (), Wi @) < —c( D =T +>° y +> i)
i=1 i i=1 i)

Case2: A/IA| ¢ B(e, y).
In this case, we define

p

Ale; — A; A {|Ale— A, A)\ 3d,.»,

o 2 (I AN 0,9 P,
i=l1

n—2o ’ |Al AP dA

Using Proposition A.1, we find that

7
(0J (), W3(u)) = —c|A|2%(’A(t)MA(t))\l:0 +0<Z /\H) +0<Z s,,),

i=1 i i£]
(I—=0)A+t|Ale
where M = M(yy,, ..., y,) and A(t) = [A=0A+11A] |A. Observe that
— e
(1—1)?

'AOMA@) =p+ ('AMA —p|AP).

|(1 =) A +1]Ale]

Thus we obtain %(’fA(t)M A(t)) < —c and therefore,

S | P IVK (g
(0J (u), Wiu)) < —C(Z o +Z | ;a )| +Ze;~,~).

i=1 "i i=1 i#j

Step 3. Now, we deal with the case u = Zf’zl o841, € V23(p, ¢). Without loss of generality, we can
assume that 1, ..., ¢ are the indices which satisfy — > ;_, bx(y;,) <Oforalli=1,...,q. Let

q
! § :
) = —Ol,'Z,'.
i=1
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By Proposition A.1 and (3-18), we obtain

01

(0 (u), Wy () s—c(Z T > eu)-

i=1 " i#j, 1<i<q

Set

_ . . . l . X
I={i|1<i<pand} < 1011511]12[1)»]}.

It is easy to see that we can add to the above estimates all indices i such thati ¢ I. Thus

~ 1
(0 (), Wy (w)) < —c(z e T > e,-,-).

igl i i#],i¢l

If I # @, in this case, we write

u=uy+us, Uy = E i85, Uy = E i85,
iel i¢l

Observe that 11 must be contained in either V21 (#1, €) or sz(]il , €). Thus we can apply the associated
vector field which we denote by VT’% We then have

) 1 VK (@)
(3 (), Wz(u»s—c(Z ot > ei,~+ZT)+0( > e,-,-).
i 1 !

iel i#j,iel i= i#],i¢l

Let in this subset W23 = VT/ZI +m sz for m; a small positive constant. We get

PO " \VK (a;
(8 (u), W5 (u)) < _C(Z =T +Z | ;a )| +Zel~j).

i=1 i=1 i#j

Step 4. We consider next the case u = Y "_; 84,3, € V24(p, g). Let
)‘il Zil’lf{)\.j | Ajlaj| > §}.

For m; > 0 small enough, we claim that

1 = VK (@)
(00 (), (Xiy —m1 Zi)w)) < —c Y ot Doty ).
i=iy i j#il i=1 i
Indeed, for i # j, we have |a; —a;| > p, thus in Proposition A.2 the term )% a‘zagi./)' | is very small with
i 0(ai)k

respect to ¢;;. Hence,

c Xk, + iy (@i 1P Xk, >2 1
aJ(w), X; (u)) < — by 1 a 1 dx +0( + & >
( ( ) 11( )) )‘;‘11_20 </I‘Q” k,l (1 +)“i1|(ail)ki1|)(ﬂ_l)/2 (1 + |x|2)n+l )‘?1_20 H&Z” 3]
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If iy € Ly, in which case § < A;,|a;,| < M|, then an elementary calculation gives

Xt + Aj (@) |P Xk, 2
by J > 0.
(/ A aala@ne DE DR (4 ) =€~

Using (3-26), we get

(0J(u), Xi, (u)) < —

20 +O<Zgilj) = CZ_+0<Z<9i1j>-

1 J#i =iy i J#i

On the other hand, we have, by Proposition A.1 and (3-18),

(0J (), Ziy (w)) < —c Z €ij + 0( n— 20)
VER i

Using (3-27) and (3-28) our claim follows in this case.
If iy € L,, using (3-3), we find

N
(8J (), Xi, (u)) < —C(AZE% + I(a”))\rj:l ) +0<Z %)

J#

p , B—1
1 [(ai)k; |
S—c(Z e + A-l )—l—o(z 8i1,/),

i=iy i n J#i

and by Proposition A.1 and (3-3), we have

| (@i, 1P
DT W), —Zo, W) < —c Y e, + (+>
J# l

Now using (3-21), we obtain

p 1 l B
(00 W), (X, —mlz,-lxu»s_c(Z e e (@ IA)kl )

i=ip i J#i
IVK(a”)I
<o Dt + Dy + V)
i=i i J#i M
since |VK (a;)| ~ [(ai )k, |#=1. Thus, our claim follows.
Now let
I = { |1 <i<pand) <110A }
We have

VK (a;,
(0J (u), (X;, —m1Z,-,)(u))§—c(Z —— Z I (a )I)
el i j#isigl

(3-26)

(3-27)

(3-28)
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Furthermore, using (3-3), we have
1 IVK (a;)]
<aJ(u>, (X,-l —miZi + Y X,») <u>> < _C(Z e Yot 2 i),
i¢l icLy igl i igl ! i#ji¢l
since fori ¢ I andi € L1, we have |[VK (a;)|/ i < c/kf}. We need to add the remainder terms (if I # 9).

Letuy =3¢ 18
can apply the associated vector field which we will denote W24 . We then have

(0 (), W;‘>§—c(szzg + ¥ gij+z|w§ﬂ>+o( 3 gi,).

iel i i#j i, jel iel iel, j¢I

o;84,5,. For all i € I we have A;|a;| < 8. Thus, u; € sz(ﬁl, g) for j =1or2or3,sowe

Let W;‘ =X —mZ;, + Ziil’ieLz X; +m2W§ for m, > 0 small enough. We get

P " \VK (a;
(8 (u), W5 (u)) < _C(Z =T +Z | ;a )| +Zel~j).

i=1 i i=1 i#j

Step 5. We study now the case u = Zle i85, € st(p, ). Let
By={jl1=<j=<panda; € B(y,, p)}

In this case, there is at least one By which contains at least two indices. Without loss of generality, we
can assume that 1, ..., g are the indices such that the set By, 1 <k < g, contains at least two indices. We

will decrease the A; for i € By with different speed. For this purpose, let
il < 0

x:R— RT, [ 0 1 =y

1 if |¢7] > 1.

Here y’ is a small constant.
For j € By, set X(Aj) =i 4; jep, X (*j/*:). Define

q
W25 =—Z Zaj)_((kj)zj.
k=1 jEBk
Using Proposition A.1 and (3-3), we obtain
(8 (), W3 (u)) < qu S Xy
u Ay’
s Wolu))y=¢ '.'ija)\j
k=1 “i#j, jeBx
_ 1 _ (@), 1P
+ Z X(M)O(m> + Z X()»j)0<jT .
j€Bk, jeL, )‘j Jj€Bk, jeLs J

For j € By, with k < ¢, if X (A;) # 0, then there exists i € By such that 1/)»;?_2" = o(g;;) (for p small
enough). Furthermore, for j € By, if i ¢ By (ori € By with A; ~ A ;), then we have, by (3-18),

0&;; de;j
,—” < —cgjj and )L,-—l] = —cgjj.
’ 8kj aki
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In the case where i € By (assuming A; < A;), we have x (A;) — x(A;) > 1. Thus
08ij Eij
XA )k o, + x (A ))» k~—'§—cs,~j.

Thus we obtain

q
(0 (), W3 ) < cZZm»(ZeU = 20>+Z > —<A>0('( Dul” ) (3-29)

k=1 jeBy i#]j k=1 jeBy, jeL,
We need to add the indices j € ( K=l k)c U{j e B | x(;)=0}. Let
)\.io :inf{ki | i = 1, ...,p}.
We distinguish two cases.

Case 1: There exists j such that X (1) #0, ;, ~ A;, and y’ < X;,/A; < I; then we observe in the above
estimate — 1 /A;’O_zc and therefore — Y7 1/A" 2 and — Y, 4 €kr- Thus we obtain

<8J(u),W§(u)>§—c(an 2U+Ze,,>+0(z 3 |(aJ)k| )

i#j k=1 j€By, JEL, ]

Now let p
W5 =W; +my Y X;.
i=1

Using the above estimates with Proposition A.2 and (3-21), we obtain

VK
(aJ(u)’ W;(H)) - _C<Z )\Vl —20 +Z l] +Z | (a )|)

i#j i=1
Case 2: For each j € By, | <k <g, we have A;) < ; (i.e., Aj,/A; <y'), orif X;; ~ A; we have () =0.

In this case we define
q c Iy 1
= ({i | >‘<<Ai>=0}U(UBk> )ﬂ{i < _,}.
io 14

k=1
It is easy to see that ip € D and if i # j € {i | x(4;) =0} U (U7, Bk)c we have a; € B(y;,, p) and
a;j € B(y;;, p) with y;, # y;;. Let
= Zai(Sai;ﬁ.
ieD

Then u; has to satisfy one of the four subsets above, that is, u; € V2j (#1,¢) for j =1, 2, 3, or 4. Thus we
can apply the associated vector field, which we will denote Y, and we have

1 IVK (a;)|
@1 vw) = —o( ¥ + X Y ) ro( X a)
ieD A ieD ! i#j ieD, j¢D
i,jeD
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Observe that in the above estimates, we have the term —1/)»?0_2”, thus we have — le 1 /A?‘za.
Concerning the term — Zi#j gjfori e Dand j € D€, we have

. 1 1
DC — { )’}_ - y_}u<{i|)—((xi)7é0}m(UBk)).
k=1

If j € {i | ¥() # 0y UYL, By. then we have (—&;;) in the estimates (3-29). If j { | ;— > i} we
can prove in this case that |a; —a;| > p. Thus 4

c Cy/(n 20)/2

&ij = (hih ) n=200/2 < (high) =20/ = 0(&igi)

for y’ small enough. We derive that

(8 (), (W3 +m1Y)(w))

q ‘ 52
S_C(ZWKA—,@)' an 20+Zsu) Z 3 _(11)0<%),

ieD i#£j Jj€B, jela J

and hence, by (3-21), we get

<aJ<u), (W§+mly+m2 ) X,~>(u)>§—c(z LY ”+Z|V1<<al)|>

i=1,iely i=1 i#]j i=1

for m; and m, two small positive constants. In this case we define

W3 = W3 +mY +my Y X,

i=l,iel,

The vector field W, in V,(p, &) will be a convex combination of sz ,j=1,...,5. This concludes the
proof of Proposition 3.3. O

Corollary 3.6. Let p > 1. The critical points at infinity of J in V (p, €) correspond to

b 1

Vi e V1) o0 1= 21: W(S(yz,oo)’
where (yi,, ..., y1,) € P™. Moreover, such a critical point at infinity has an index equal to
p ~
iy -5 V1,0 =p—1 —I—Zn—i(y).

i=1
4. Proof of Theorem 1.1

Using Corollary 3.6, the only critical points at infinity associated to problem (1-1) correspond to
Woo = (Viys -+ y,-P) € P°°. We prove Theorem 1.1 by contradiction. Therefore, we assume that (1-1) has
no solution. For any we, € P, let c(w)~ denote the associated critical value at infinity. Here we choose
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to consider a simplified situation where for any wo, # w/,, we have ¢(w)s 7# c(w’)oo and thus order the
c(W)oo With we, € P as

c(Wi)oo < -+ < c(Wiy)oo-

For any ¢ € R, let J; = {u € 7 | J(u) < c}. By using a deformation lemma (see [Bahri and Rabinowitz
1991]), we know that if c(Wi—1)co < @ < c(Wi)oo < b < c(Wi+1)0o, then

Jp 2 Ja U WS (W) oo, (4-1)

where W (wy)o denotes the unstable manifolds at infinity of (wi)so (see [Bahri 1996]) and ~ denotes
retracts by deformation.
Taking the Euler—Poincaré characteristic of both sides of (4-1), we find that

X(Jp) = X (Ja) + (=1) )=, (4-2)
where i (wy)oo denotes the index of the critical point at infinity (wg)o. Let

by <c(Wy)oo = rggi JW) < by <c(Wr)oo <+ < by, < c(Wiy)oo < biy+1-

Since we have assumed that (1-1) has no solution, kao .1 1s a retract by deformation of ¥ T. Therefore
X(kao+1) =1, since 1 is a contractible set. Now using (4-2), after recalling that x(Jp,) = x (@) =0,
we derive

ko
1= Z(—l)“wﬁw. (4-3)
j=1

So, if (4-3) is violated, then (1-1) has a solution.
If there exists wo, # Wy, such that a < c(w)oo = c(w')oe < b, then

Ip = Ty U WP (W) UWX (W) (4-4)
By taking the Euler—Poincaré characteristic of both sides, we find that
X(Up) = X (o) + (= 1) 4 (=1 D=, (4-5)

Repeating the same argument used above, we get a contradiction, completing the proof of Theorem 1.1.

Appendix

This appendix is devoted to some useful expansions of the gradient of J near a potential critical point
at infinity consisting of p masses. These propositions are proved under some technical estimates of the
different integral quantities, extracted from [Bahri 1989] (with some changes).

Proposition A.1. Assume that K satisfies (f)g, 1 < B <n. For any u = Zle a;éjin V(p,e), the
following expansions hold:
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@) <3J(u) A gi > —2ch(u)§a] +o(;sij) +0<%>
i#j i

where ¢y = 2/ (n=20) dy
’ e (14 [y 20027

(i1) If a; € B(yj;, p), yj, € K and p is a positive constant small enough, we have

a6;
<8J(u) A BT>

0&; — _ o 1
—2](1/!)(—0220(] lj+n 2acgn/(n 20),3 i b

) 4 B
= 2n K (ai) 3!
. _ Xk
b r(a: — v Aia —vi) P! d
xg e e TR
—|—0<ZSU+Z )) (A-1)
J# j=1
(iii) Furthermore, if Aila; —yj,| <8, for § very small, we then have
aJ (u), i — 00
u
oA
a; 1 b
=2J(u )<” 29 goy % Z"—ﬂl "—czZaj ”+o(Ze,,+Z )) (A-2)
2n K(ai) Z o

2n/(n—2 1 P
where c3 = Con/(n U)/ ﬁ
sr (14 |x]7)

Proposition A.2. Under condition (f)g, 1 < B <n, foreachu = Z?:l a;jé;j € V(p,e), we have:

96; VK 1
(i) <8](u) > —csJ ()" T2/ 2“’& + 0( > ) +o(§ eij + )
A; 0a; Ai
4 l#]
where cs =/ —yz
re (L+1y[)"
(i) Ifa; € B(yj[, p), yj; € K, we have

(19605 5]
), Ta(aok

38”
da;

_ 20/ (n=20) o (1420 /(1=20) Y S S
=—2(n —20)c, J(u)? )JS /nbk|Xk +Ai(ai — yj)kl AT dy
P ag;
ro( L) +o(X55) +o( S5 o))
i£) izt i i#] ai

where k=1, ..., n and (a;)y is the k-th component of a; in some geodesic normal coordinate system.
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ON POSITIVE SOLUTIONS OF THE (p, A)-LAPLACIAN WITH POTENTIAL
IN MORREY SPACE

YEHUDA PINCHOVER AND GEORGIOS PSARADAKIS

We study qualitative positivity properties of quasilinear equations of the form
Q/A,p,v[U] = —div(|Vv|Z72A(x)Vv) +V@P =0, xe,

where Q is a domainin R", 1 < p <00, A = (a;;) € L. (2; R"*") is a symmetric and locally uniformly
positive definite matrix, V is a real potential in a certain local Morrey space (depending on p), and
n
EG =AWE - E= ) a;(0&E, xeQ =, ..., E)eR".
ij=1

Our assumptions on the coefficients of the operator for p > 2 are the minimal (in the Morrey scale) that
ensure the validity of the local Harnack inequality and hence the Holder continuity of the solutions. For
some of the results of the paper we need slightly stronger assumptions when p < 2.

We prove an Allegretto-Piepenbrink-type theorem for the operator Q' p,v» and extend criticality
theory to our setting. Moreover, we establish a Liouville-type theorem and obtain some perturbation
results. Also, in the case 1 < p < n, we examine the behaviour of a positive solution near a nonremovable
isolated singularity and characterize the existence of the positive minimal Green function for the operator

Q/quyv[u] in Q.
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1. Introduction

Let 2 be a domain in R”, n > 2. The Allegretto—Piepenbrink (AP) theorem asserts that under some
regularity assumptions on a real symmetric matrix A and a real potential V, the nonnegativity of the
Dirichlet energy,

/Q(Wu@ +V(@)lul*)dx >0 forall ue CX(Q),
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is equivalent to the existence of a positive weak solution of the Schrodinger equation

—div(A(x)Vu)+ V(x)v=0 in Q, (1-1)
where

£ = AME £ =Y aij(0)EE =0 forall x €Q, &= (E1.....5) €R". (1-2)

ij=1

After the original results in [Allegretto 1974; Piepenbrink 1974], a sequence of papers gradually
relaxed the assumptions on A and V (see [Piepenbrink 1977; Moss and Piepenbrink 1978; Allegretto
1979; 1981]). It was established by Agmon [1983] that if A € L (2; R"*") is symmetric and locally

loc

uniformly positive definite in €2, and V € LfOC(Q) with g > %n, then the AP theorem holds true. If A is
the identity matrix, further relaxation on the regularity of V is established in [Simon 1982, §C8], albeit
some global condition on V ~ is required there. We refer to [Lenz et al. 2009] and references therein for
an up-to-date account.

A generalization of the AP theorem to certain quasilinear equations with A being the identity matrix
and V € Ly,
in [Pinchover and Regev 2015] to include Agmon’s assumptions on the matrix A. More precisely,

(£2) has been carried out in [Pinchover and Tintarev 2007]. This was recently extended

[e¢)

for1 < p <00, Aasabove,and V € L},

(R2), the nonnegativity of the energy functional,
Qapvlul = /Q(|vu|§ +V(@)[ul?)dx =0 forall ueCF(RQ), (1-3)

is proved to be equivalent to the existence of a positive weak solution to the corresponding Euler—Lagrange
quasilinear equation

Oy pylul = —div(Vul 2A@) Vo) + V)P v =0 in . (1-4)

Clearly, the quasilinear equation (1-4) satisfies the homogeneity property of (1-1) but not the additivity
(such an equation is sometimes called half-linear). Consequently, one expects that positive solutions of
(1-4) would share some properties of positive solutions of (1-1).

An essential common implication of the various assumptions on A and V in the aforementioned results
is the validity of the local Harnack inequality for positive solutions of (1-1) and (1-4). For instance,
Agmon’s assumption on V is optimal in the Lebesgue class of potentials for the Harnack inequality to be
true. We stress that, when the Harnack inequality fails, the AP theorem might not be valid. Indeed, denote
by p’:= p/(p—1) the conjugate index of p and suppose that A is the identity matrix. Let V € Dlgcl’p /(SZ),
where D‘l’p/(Q) is the dual of D(l)’p(Q), which is in turn defined as the closure of C°(€2) under the

seminorm || Vu||Lrq:re). If in addition to the nonnegativity of the energy functional one has that
k{V,|ulf) < / |[Vu|P dx forall u € CJ°(2)
Q

for some positive constant «, then the equation

—div(|Vo|P2Vo) +aV|v/P2v=0 in Q (1-5)
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admits a positive solution (in a certain weak sense) for any « € (0, p¥), where p* < 1 is given explicitly
and depends only on p (see [Jaye et al. 2013, Theorem 1.2(i)], or [Jaye et al. 2012, Theorem 1.1(i)] for
p = 2). Moreover, this range for « is optimal, as examples involving the Hardy potential reveal (see [Jaye
et al. 2013, Remark 1.3], or [Jaye et al. 2012, Example 7.3] for p = 2). We note that under the above
assumptions the local Harnack inequality for positive solutions of (1-5) is in general not valid.

The first aim of the present paper is to extend the AP theorem for the operator Q/A’ oV by relaxing

0
loc

matrix A, we require V to lie in a certain local Morrey space, the largest such that the Harnack inequality

significantly the condition V € L7 (£2). In particular, under Agmon’s (minimal) assumptions on the
for positive solutions (and hence the local Holder continuity of solutions) holds true. This means that we
assume (see for instance [Trudinger 1967, §5; Rakotoson and Ziemer 1990; Maly and Ziemer 1997] and
also [Di Fazio 1988] for (1-1))

sup ¢, (r) |[V]dx <oo forall w € 2, (1-6)

yew wNB,
O<r<diam(w) r)

where ¢, (r) has the following behaviour near 0:

Fn@=1/q with ¢ >n/p if p <n,
0q(r) ~r—0 {1og? =D/ (1/r)  with ¢ > n if p=n, -7
1 if p>n.

We prove, in addition, that the assertions of the AP theorem are equivalent to the existence of a weak
solution 7" € Lf:)C(SZ; R") of the first-order (nonlinear) divergence-type equation

—div(AT)+ (p— D|T|” =V.

We refer to [Jaye et al. 2012, Theorem 1.3] for a related result, where A is the identity matrix and p = 2.

Recall that in general, functions in Morrey spaces cannot be approximated by functions in C*°(£2), nor
even by continuous functions (see [Zorko 1986]). Therefore, we cannot use an approximation argument
to extend the AP theorem to our setting. Consequently, we need to start our study from the beginning of
the topic and present in detail proofs involving new ideas.

Another aim of the paper is to extend to the above class of operators several classical results and tools
that hold true in general bounded domains (see [Allegretto and Huang 1998; Garcia-Melidn and Sabina de
Lis 1998; Pinchover and Regev 2015], where stronger regularity assumptions on the coefficients and the
boundary are assumed). In particular, we prove the existence of the principal eigenvalue, establish its
main properties, and study the relationships between the positivity of principal eigenvalue, the weak and
strong maximum principles, and the (unique) solvability of the Dirichlet problem.

We then proceed to our main goal: establishing criticality theory for (1-4) with A and V satisfying
the above assumptions. To present the main results of the paper, let us recall that if the inequality (1-3)
holds true but cannot be improved, in the sense that one cannot add to its right-hand side a term of the
form fQ Wu|? dx with a nonnegative function W # 0, then the nonnegative functional Q4 , v is called
critical in Q2. Furthermore, a sequence {u }xen C W(}’p (R2) is called a null sequence with respect to the
nonnegative functional Q4 v in Q if
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(@) upy >0forallk e N;
(b) there exists a fixed open set K & €2 such that ||uk||Lrx) =1 for all k e N;
(©) limgsoe Q. p.v[ux] = 0.
A positive function ¢ € Wli)’cp (€2) is called a ground state of Q4 p v in Q if ¢ is an L{;C(Q) limit of
a null sequence. Finally, a positive solution # of the equation Q/A’ pvlul =01n L is a global minimal

solution if for any smooth compact subset K of €2, and any positive supersolution v € C (2 \ intK) of the
equation Qg’ pvlul= 0in Q\ K, we have the implication

u<vondK = u<vin Q\K.

The central result of this paper is summarized in the following theorem.

Main Theorem. Let Q be a domain in R", where n > 2, and suppose that the functional Q4 , v is
nonnegative on C°(2), where A is a symmetric and locally uniformly positive definite matrix in 2, and

Ae Ly (2; R"™") and V satisfies (1-6) with ¢, as in (1-7) if p>2,

Ac CO”’(Q; R™ ™), y € (0,1) and V satisfies (1-6) with ¢, ~,0r?, g >n if p <2.

loc

Then the following assertions are equivalent:
(1) Qa,p,v iscritical in Q.
(2) Qa,p,v admits a null sequence in 2.
(3) There exists a ground state ¢ which is a positive weak solution of (1-4).
(4) There exists a unique (up to a multiplicative constant) positive supersolution v of (1-4) in Q.
(5) There exists a global minimal solution u of (1-4) in .

In particular, ¢ = c1v = cou for some positive constants cy, c3.
Moreover, if 1 < p <n, then the above assertions are equivalent to

(6) Equation (1-4) does not admit a positive minimal Green function.

Remark 1.1. The additional regularity assumptions on A and V for the case 1 < p <2 in the Main Theorem
seems to be technical, and might be nonessential. However, these assumptions guarantee the Lipschitz
continuity of solutions of (1-4) (in fact they guarantee that solutions are C; see [Lieberman 1993,
Theorem 5.3]), a property which (as in [Pinchover and Tintarev 2007; Pinchover and Regev 2015]) is
essential for the proof of the Main Theorem in this range of p. On the other hand, throughout the paper
we do not use the boundary point lemma, which was an essential tool in [Garcia-Melidn and Sabina de
Lis 1998; Pinchover and Tintarev 2007; Pinchover and Regev 2015].

The structure of the article is presented next. In Section 2A we define the local Morrey space of
potentials V we are going to work with, and also present an uncertainty-type inequality for such potentials
due to C. B. Morrey for p = 2, and D. R. Adams (see [Maly and Ziemer 1997, §1.3]) for 1 < p < o0,
that holds true in this space. This is the key property that is used in [Maly and Ziemer 1997; Trudinger
1967] in order to extend Serrin’s elliptic regularity theory [1964] for such equations. In Section 2C we
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recall several well-known local regularity and compactness properties of (sub/super)solutions of equation
(1-4) found in [Maly and Ziemer 1997; Pucci and Serrin 2007].

In Section 3 we deal with bounded domains. Firstly, in Section 3A we establish some helpful lemmas,
including the estimate (3-6) that extends to our case, a well-known inequality of P. Lindqvist [1990]
proved for the p-Laplace equation and concerns the positivity of the corresponding / functional of Anane
[1987] (see also [Diaz and Sad 1987]). We note that (3-6) replaces throughout our paper Picone’s identity
of Allegretto and Huang [1998]; a key tool in [Pinchover and Tintarev 2007; Pinchover and Regev 2015].
In addition, we prove in Section 3A the weak lower semicontinuity and the coercivity for two functionals
related to the solvability of the Dirichlet problem in bounded domains. In Section 3B we use the results
from Section 3A to prove the existence, simplicity and isolation of the principal eigenvalue A in a general
bounded domain. Then we extend the main result in [Garcia-Melidn and Sabina de Lis 1998] concerning
the equivalence of A being positive, the validity of the weak/strong maximum principle, and the existence
of a unique positive solution for the Dirichlet problem

Q’A’p,V[v] =ginw, VE Wol’p(a)), where g € L”/(p; ) 1s nonnegative.

In passing from local to global, the results in bounded domains of Section 3 are exploited in the last
two sections. More precisely, in Section 4A we establish the AP theorem while in Section 4B we prove
among other results the equivalence of the first four statements of the Main Theorem. In addition, we
prove a Poincaré-type inequality for critical operators, and a Liouville comparison principle, generalizing
results in [Pinchover and Tintarev 2007] and [Pinchover 2007; Pinchover et al. 2008], respectively (see
also [Pinchover and Regev 2015]).

The last two statements of the Main Theorem are treated in Section 5C after establishing a suitable
weak comparison principle (WCP) in Section 5A, and the behaviour of positive solutions near an isolated
singularity in Section 5B.

We emphasize here, that generally speaking, we omit straightforward proofs that follow exactly the
same steps as in the aforementioned papers, provided the needed tools have been obtained.

2. Preliminaries

In this section we fix our setting and notation, introduce some definitions, and review basic local regularity
results of solutions of the equation (1-4).

Throughout the paper we assume that

el <p<oo.

e Q2 is a domain (an open and connected set) in R", where n > 2.

o A= (a;;) € Ly, (2; R"™*") is a symmetric and locally uniformly positive definite matrix.

The assumptions on A imply in particular that

ajj(x) =aji(x) forae xeQandi,j=1,...,n, S)
Yo e 36, >0 9w|§|§|§|A§9ajl|§| fora.e. x ew and all £ € R", (E)
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where we have set

n

Ela=VA@E-E= | Y aj(x)EE; forae xe€Q and £ = (&, ...,&) € R".

i,j=1

Moreover, we adopt the following notation:
e ¢’ is the conjugate index of g € (1, 00), i.e., ' =¢q /(g — 1).
e @ € 2 means w is a subdomain of Q with compact closure in 2.
e B.(y):={xeR":|x—y| <r}, where r >0 and y € R".
o L"(E) is the Lebesgue measure of a measurable set £ C R".
e (f)e is the mean value of a function f in w.
 supp{f} is the support of f.
o fT:=max{f,0}and f~ := — min{f, 0} are the positive and negative parts of f, respectively.
e y and y’ will always stand for numbers in (0, 1).
e [, is the identity matrix of size n x n.

e C(a,b,...)is a positive constant depending only on a, b, ..., and may be different from line to
line.

2A. Local Morrey spaces. In the present subsection we introduce a certain class of Morrey spaces that
depend on the index p, where 1 < p < oo. It is the class of spaces where the potential V of the operator
Q) ,.v belongs to.
Definition 2.1. Let g € [1, oo] and w € R". For a measurable, real valued function f defined in w, we set
1
= swp [ far
« vewo 14 Jonp, ()
r<diam(w)
We write then f € M .(€2) if for any @ @ 2 we have || f ||y () < 0.

(Q) and M (Q) = L(R), but LY

loc

Remark 2.2. Note that M| (Q) =
for any g € (1, 00).

Q) CM! (2 CL! (Q)

loc loc loc loc loc

For the regularity theory of equations with coefficients in Morrey spaces we refer to the monographs
[Maly and Ziemer 1997; Morrey 1966], and also to [Rakotoson 1991; Byun and Palagachev 2013] for
further regularity issues. For generalizations of the Morrey spaces and other applications to analysis and
systems of equations we refer to [Peetre 1969; Adams and Xiao 2012; 2013].

Next we define a special local Morrey space M, loc (p; 2) which depends on the values of the exponent
p.
Definition 2.3. For p # n, we define
Mq

loc

(0. Q) = { M () with ¢ >n/p if p <n,
COLL.(@)  if p>n,
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while for p=n, f € M{éc(n; 2) means that for some ¢ > n and any € 2 we have

I fllmagniey == sup  @q(r) | fldx < oo,
yew @B, (y)
O<r<diam(w)

where ¢, (r) := log(diam(a))/r)"/”/ and 0 < 7 < diam(w).

In what follows we will frequently use the following key fact (sometimes called an uncertainty-type
inequality) originally due to Morrey and further generalized by Adams (see [Morrey 1966, Lemmas 5.2.1
and 5.4.2] for p = 2, [Trudinger 1967, Lemma 5.1] for 1 < p < n, and [Rakotoson and Ziemer 1990;
Maly and Ziemer 1997, Corollary 1.95]).

Theorem 2.4 (Morrey—Adams theorem). Let w € R", and suppose that V € M1(p; w).
(1) There exists a constant C(n, p, q) > 0 such that, for any 6 > 0 and all u € Wol’p (w),

C(n, p,q) -
f IV 1ul? dx < 8IVIE pigugny + sarcram 1V Wit 101 2y 2-1)
w

(ii) For any o' € w with Lipschitz boundary there exist positive constant C(n, p, q, @', ) and 8y such
that, for any 0 < 8 < 8y and all u € WP (o),

/IIVI ul? dx < 8IVUl]p (. +C O Py s 8, IV s o) 1l p -
[}

Proof. (i) The case where p < n is contained in [Maly and Ziemer 1997]. In particular, for p < n this
follows from [Maly and Ziemer 1997, Corollary 1.95] (see also inequality (3.11) therein), while for p =n
one repeats that proof using Theorem 1.94 instead of Theorem 1.93 of that work. Thus, we only need to
argue for p > n. In this case our assumption reads V € L!(w). Recall also that by the Sobolev embedding
theorem we have WO1 P (w) C C(w). It follows that

f|V| ul? dx < 1V L1 oy 1 ey < Gt PIIV I 2 0y V0 i 1
w

where we have used the Gagliardo—Nirenberg inequality (see for example [DiBenedetto 2002, §IX,
Theorem 1.1]). The result follows by applying Young’s inequality:

ab < saP/n 4 P—1 (l)n/(pﬂ)bp/(p—n)
J— p p8 b
with @ = [[Vull2y s b= C1 IV Il 1o 250

(ii) Let " € o with do’ being Lipschitz. We may then consider the extension operator (see for example
[Evans and Gariepy 1992, §4.4])

E: W' (o) = Wy (w)
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such that for any u € W7 (') to have

Eu=u inda,
|EullLrw) < Cn, p, @, o)|ullrrw), (2-2)
IV(EW Lr (@;rmy < C(n, p, @, o) [t wi.p oy

Thus, if § > 0 and u € WP ('), it follows from (2-1) that

C(n, p,q) pa/(pg—n)

p
Lr(w:Rn) T W”V”M‘i(p;w) ||E”||Lp(w)~

[wiigar ar < o1z
w
Applying (2-2) to the latter inequality yields (ii). U

2B. Regularity assumptions on A and V. We are now ready to introduce our regularity hypotheses on
the coefficients of the operator Qg’ PV Throughout the paper we assume that

the matrix A satisfies (S), (E), and the potential V is in Ml%c( p; Q). (HO)
In the sequel, in the case 1 < p < 2, we sometimes make the following stronger hypothesis:
A € CX7(Q; R™™") satisfies (S), (E), and V € M? (), where ¢ > n. (H1)

loc loc

2C. The (p, A)-Laplacian with a potential term in Ml‘f)c( p; ). For a vector field T € Llloc(Q; R™) we
define

divy T :=div(AT),

where div(AT) is meant in the distributional sense.
In this paper we are interested in the (p, A)-Laplacian equation plus a potential term, that is

Q'A’p’v[v] = —diVA(|Vv|Z_2Vv) + Vlvl”_zv =0 in Q. (2-3)
This is the Euler—Lagrange equation associated with the functional
Qa,pvlul ::/Q(Wuli—i—VIuI”)dx, u e CX(Q). (2-4)
Definition 2.5. Assume that A and V satisfy (H0). A function v € Wlf)’cp (2) is a solution of (2-3) in Q if
L|VU|Z_2AVU -Vudx —I—fQVlvl”_zvu dx=0 forall u e C(Q), (2-5)
a supersolution of (2-3) in Q if
/Q |VU|Z_2AVU -Vudx +/Q VIv|P2vudx >0 for all nonnegative u € C(Q), (2-6)

and a subsolution if the reverse inequality holds. A strict supersolution of (2-3) in 2 is a supersolution
which is not a solution.
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Remark 2.6. The above definition makes sense because of condition (E), the Morrey—Adams theorem
(Theorem 2.4), and Hélder’s inequality. In light of our assumptions on A and V, and by a density
argument, one can replace CJ°(2) in Definition 2.5 by WC1 "P(Q), the space of all L”(2) functions having
compact support in €2 and first-order weak partial derivatives in L?(£2).

The following theorem follows from [Maly and Ziemer 1997, Theorem 3.14] for the case p < n, and
from [Pucci and Serrin 2007, Theorem 7.4.1] for the case p > n.

Theorem 2.7 (Harnack inequality). Under hypothesis (HO), any nonnegative solution v of (2-3) in 2
satisfies the local Harnack inequality. Namely, for any o' € w € Q2 there holds

supv < Cinfu, (2-7)
, 154

@

where C is a positive constant depending only onn, p, q, dist(o, w), 6, and ||V || ya(s) (and not on v).

Remark 2.8 (local Holder continuity). A standard consequence of Theorem 2.7 is the following regularity
assertion, found in [Maly and Ziemer 1997, Theorem 4.11] for p < n and in [Pucci and Serrin 2007,
Theorem 7.4.1 ] for p > n:

Under hypothesis (HO), any solution v of (2-3) in Q2 is locally Holder continuous of order y
(depending on n, p, q, and 6,,), and for any ' € w € Q, we have

[U]y,a/ < Csup|v], (2-8)
w
where C is a positive constant depending only on n, p, q, dist(o’, ®), 0y, and ||V || ym4(w). Here
[v]y,o is the Holder seminorm of v in o'.

Remark 2.9 (local Lipschitz continuity). Later on, when proving Theorem 4.12 for p < 2, we will need
conditions under which the local Lipschitz continuity of solutions is guaranteed. In other words, in the
case p < 2 we will need conditions that ensure the local boundedness of the modulus of the gradient of a
solution of (2-3). This and more are provided by [Lieberman 1993, Theorem 5.3]:

Under hypothesis (H1), any solution v of (2-3) in 2 is of class Cllo’g/(Q) for some y' € (0, 1)
depending only onn, p, v, q and 6,,,.

In particular, we will use the fact that, whenever o’ € w € 2,

sup |Vv| < Csup |v|
' w

for some positive constant C, depending only on n, p, v, q, dist(«’, ®), 6,, | Allcoy (> and |V || s (w)-

Remark 2.10 (weak Harnack inequality). For p > n, Theorem 2.7 holds true verbatim if v is merely a
nonnegative supersolution of (2-3) in €2 (see [Pucci and Serrin 2007, Theorem 7.4.1]). For p <n we only
have [Maly and Ziemer 1997, Theorem 3.13]:
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Let p<nandsets =n(p—1)/(n— p). Under hypothesis (HO), any nonnegative supersolution v
of (2-3) in Q satisfies the weak Harnack inequality, namely, for any o' € w €@ Qand 0 <t <'s,

Ivllzi(w) = Cinfo, (2-9)
w

where C is a positive constant depending only on n, p, t, dist(o’, ), L (@) and ||V || m4(w)-

We conclude the section with the following important result that will be used several times throughout
the paper.

Proposition 2.11 (Harnack convergence principle). Consider a matrix A € L*°(2; R"*") which satisfies
conditions (S) and (E). Let {w;}ien be a sequence of Lipschitz domains such that w; € Q, w; € w;+1
forieN, and UieN w; = 2, and fix a reference point xo € wy. Assume also that {V;}ien C M9 (p; w;)
converges in Mff)c (p; Q) oV e Mff)c(p; Q). Foreachi € N, let v; be a positive solution of the equation

0’4 , v [v1=0in w; such that v;(xo) = 1.
PV .

Then there exists 0 < B < 1 such that, up to a subsequence, {v;} converges in C,

solution v of the equation Q' pylv]=0in Q.

(2) to a positive

Proof. The convergence in Cloo’f () follows by the Arzela-Ascoli theorem from the local Harnack
inequality (2-7) and the local Holder estimate (2-8).

Now pick an arbitrary w € 2. We will show that a subsequence of {v;};cn converges weakly in
WhP(w)toa positive solution of Q’A p,v[“] =0 in Q. Recall first that the definition of v; being a positive
weak solution to Q/A,p,v, [v] =0 in w; reads as

IV A2 AV, - Vu dx+/ Vv’ ludy =0 forall ue Wy (). (2-10)

[} Wi

By Remark 2.8, v; is also continuous for all i € N. Fix k € N. For u € C°(wx) we may thus pick

vilul? € Wcl’p(a)k). i >k, as a test function in (2-10) to get

P -1 -1
|||Vv,-|Au||Lp(wk)spf Vil ful” v,-|W|Adx+/ Vilvf Jul” dx.
Wi

Wk

On the first term of the right-hand side we apply Young’s inequality: pab < sa? + [(p —1)/e]?~'bP,
g€ (0,1), witha = |Vu; Z_] lu|P~! and b = v;|Vul 4. On the second term we apply the Morrey—Adams
theorem (Theorem 2.4). We arrive at

-Vl

< ((p = 1/e)" wilVula |,y TSIV @O iy + CO1 . @ 8. IV bt vitt | -

By (E) and the simple fact that

-1
IV QOIS ey < 27 (107 V002 sy + 101 )
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we end up with the following Caccioppoli estimate valid for all i > k and any u € CZ°(wy):
(1 =265, =278, M) I Vuilu| 1,
<(p=1/e)"7'0 7 +2P718) |vi| Vul|

oo T C0 2@y 8 IV s e DIV 5y (2-11)
Without loss of generality we assume that w contains xg. Picking o’ € 2 such that w C ', we find k > 1
such that @' C wy. Next we choose § < (1 —¢)21—7 93,,{’ and specialize u € CZ°(wy) such that

suppfu} Cw’, 0<u<line’, u=1inw and |Vu|<1/dist(0, w) in w. (2-12)

Applying this to the Caccioppoli inequality (2-11), and using the fact that {v;};cn is bounded in the
L°(w)-norm uniformly in i (due to the local Harnack’s inequality (2-7)), we conclude

IVVllE p ey F 10175 (@) < €1, Py g, €, 8, dist(@', ), O, IVIIMa(pran, ) Forall i > k.

So {v;}ien is bounded in W7 (w). By weak compactness of WP (w), there exists a subsequence, still
denoted by {v;};en, that converges weakly in WhP(w)toa nonnegative function v with v(xg) = 1.

Next we show that v is a solution of Q/A, polul= 0 in @ @ w such that xo € . First note that for a
subsequence (that once more we do not rename) we have v; — v a.e. in w and in L (w). For the potential
term of the equation we note first that (up to a subsequence) V; — V a.e. in w. Thus, V, vip I pyr-]
a.e. in w, while |V} vip_ll < c|V| a.e. in w, where c is independent of i. Since |V| € M{f)c(P? Q) C LIIOC(Q)
we may apply the dominated convergence theorem to get

/Vivflu dx — vap_lu dx forall u € C(w). (2-13)
It remains to prove that
g = Vol PAVY = ihoo [VUIE PAVU =€ in L7 (@; R"). (2-14)

To this end, letting u be as in (2-12) but with @ and '’ replaced by @ and w respectively, we take u(v; — v)
as a test function in (2-10) to obtain

f u& -V, —v)dx = —/(vi —0)&Vudx — f%vflu(vi —v)dx. (2-15)

We claim that
/ u& -V, —v)dx —; 5 0. (2-16)
w

Indeed, by an argument similar to the one leading to (2-13), the second integral on the right of (2-15)
converges to 0 as i — oo. For the first one, apply Holder’s inequality to get

<08/ 1| (i = ) Vatll Lo sy [V i 1757

'—/(v,- — v)él-Vu dx )

< C(p. Oy, dist(@. 0)) 10 = Vl| Loy IV 1750 0

which also converges to 0 as i — oo since the || Vv; || 1r(w;rn) are uniformly bounded and v; — v in L?(w).
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Notice that, as in the case where A = I,,, we have, for any X, Y e R", n > 1,
(XA 2AX — [Y[PT?AY) - (X —Y) = |X|h — |X|"PAX - Y + |V |2 — Y|P °AY - X
> X1 = IXE Y a1 =115 X
= (XI5~ = 115" DH(X1a = 1Y [a) = 0. (2-17)

The above considerations imply that
0=T= [ 6-8) V- vdr = [ uE -6 V0 -0 dr >0,
w w

where we have used (2-16) and the weak convergence in LY (w; R™) of Vu; to Vu. Thus lim; ., Z; =0
and invoking a celebrated lemma of Maz’ya [1970] (see also Lemma 3.73 of [Heinonen et al. 1993]),
(2-14) follows.

Hence, using Harnack’s inequality, we have that v is a positive weak solution of Q’A’ pylu]l =0in ®
with v(xg) = 1. We now use a standard Harnack chain argument and a diagonalization procedure to
obtain a new subsequence (once again not renamed) {v; };cn such that v; — v in wlp (2) (and locally

loc
uniformly in €2), where v is a positive weak solution of Q/A’p’v[u] =01in Q. (]

3. Principal eigenvalue and the maximum principle

Throughout the present section we fix a bounded domain @ in R" and suppose that A is a uniformly
elliptic, bounded matrix in w and V € M?(p; w). We consider, in w, the operator Q/A’ oV defined in (2-3)
and, for u € C°(w), we let
Qs pvluioli= [ (Vul} +Veolup)d.
w

Definition 3.1. We say that A € R is an eigenvalue with an eigenfunction v of the Dirichlet eigenvalue

problem s )
Q) ,ylwl=Aw[’~w in o,
P (3-1)
w=0 on Jw,
if v e W, () \ {0} satisfies
/|Vv|ﬁ_2AVv -Vudx + / VP 2oudx = A/ lv|P2vudx forall u e CZ(w). (3-2)
w w w

Definition 3.2. A principal eigenvalue is an eigenvalue of (3-1) with a nonnegative eigenfunction.
The existence of a principal eigenvalue for the problem (3-1) and its variational characterization by the
Rayleigh—Ritz variational formula

A =2(0a,pv:w) = 5
ueW P @n\oy  ullzp )

(3-3)

is established in Theorem 3.9 below.
Consider first the equation

Q/A,p,v[v] =g in w, where g € M4(p; w) is nonnegative. (3-4)
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By a solution of (3-4) we mean a function v € WIL’CP (w) such that
/lelﬁ_2AVv -Vudx +/V|v|p_2vu dx = / gudx forall u € C*(w).
w w w

A function v € Wll)’cp (w) is a supersolution of (3-4) if

/ Vo[l 2 AV - Vu dx +/
w

[0

Vlvlp_zvu dx > / gudx for all nonnegative u € C°(w),

w
and a subsolution if the reverse inequality holds. One of our targets in the next subsection is to characterize,
in terms of the strict positivity of the principal eigenvalue of problem (3-1), the following properties:

(a) the solvability in WOI”7 (w) of (3-4);
(b) the (generalized) weak maximum principle for (3-4);
(c) the strong maximum principle for (3-4).

Recall at this point that the (generalized) weak maximum principle for the operator Q’A’ p.y asserts that a
solution of (3-4) which is nonnegative on dw is nonnegative in w, while the strong maximum principle
asserts that, in addition to the weak maximum principle, a solution of (3-4) which is nonnegative on dw
is either identically zero or strictly positive in w.

3A. Preparatory material. We start with the following technical lemma, which generalizes computations
found in [Anane 1987; Diaz and Sad 1987; Lindqvist 1990], where the case V; =V, =0and A = [, is
considered. This useful lemma replaces Picone’s identity, which is a key tool in [Pinchover and Tintarev
2007; Pinchover and Regev 2015]. We note that in the present paper the lemma is used only for the
case V| =V, but this assumption does not affect at all the volume of computations of the general case.

Lemma 3.3. Let g;, V; € M9(p; ), where i =1, 2. There exists a positive constant ¢, depending only
on p, such that the following assertions hold true:

(1) Suppose that wi, w; € WO1 "P(w) \ {0} are nonnegative solutions of
Oy plwiol=g1 and Q) ,y[w; ] =g, (3-5)

respectively, and let w; j := w; + h, where h is a positive constant, and i =1, 2. Then

—1 p—1
g1 —Viw! g —Vhw
= /( - : >(wip,h —wy ;) dx
w

p—1 p—1
Wy p Wy p
wip|P
[ why+ulp|vieg 24| ar i p=2,
5} W2k | A

(3-6)

2
2 .
(IVlog wipla+IViogwanla)” “dx if p<2.

>Cp
p p

f(wl,h+w2,h)

w A

(i1) In the particular case of nonnegative eigenfunctions, i.e.,

W1,h
Vlog ——
w2, h

. . . -2 -2
wii=wy, w2 i=wy,,  gri=AwalP T wn, g2 = plw, P w,,
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with A, 1 € R, we have

[ G- = v - wpas

w;, |? .
[l up|viog 22 ax i p>2,
o Wy A
Zcp w 2
/(wf+wg)v1ogi (|v1ogwx|A+|Vlogwu|A)P’2dx if p<2.
o Wy |4

(ii1) Suppose further that w is Lipschitz, and let wy, wy € WP (w) be positive solutions of (3-5) such that
wy = wy > 0 on dw, in the trace sense. Then

/w< — —%—(W—%))(wf’—wf)dx

wl w2
p
w
[t uh|viog ™| ax fpz2,
ol oy 2
/(w{’+w§) Viog | (IVlogwila+|Viegwala)" " dr if p<2.
v 214

Proof. Set Yy j, := (wfh — wfh)w;_hp. It is easily seen that | ; € W(}’p(a)) and, using it as a test function
in the definition of w; being a solution of the first equation of (3-5), we get

_ W2, h
f(wfh—wé”h)W(log wi )4 dx—p/ wh 1V (log wi n)l}y 2AV(logwl,h)-v(log w—) dx
w w 1,h

p—1
g1—Viw
:/—1 (wﬁh—wgh)dx.
w

p—1
Wy p

In the same fashion we set ¥, 5 := (w) , —w? h)w;;p and use it as a test function in the definition of w,
being a solution of the second equation of (3-5) to obtain

_ W1,h
/(wih — wf’h)W(log wz,h)lﬁ dx — p/ wlp7h|V(10g wz,h)|f‘ 2AV(log wo.p) - V<log L) dx
w w

W2, h
-1
g — Vowy
=/ — T (wih—wih)dx.
) wz’h
Adding these we arrive at
_ Wi,h
/ wy (|V(log wi )i — IVIogwa p)lh — plVogwa n)ly AV (log wy ) - V(log w_h)) dx
w 2,

+/ wf,;,(lv(long,h)lﬁ— |V (log wi )}
w

— pIV(ogwy,)|A 2 AV logwy 1) - v<1og 32;» dx=1,. (3-7)
1,
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Now we use the following inequality, found in [Lindqvist 1990, Lemma 4.2] for A being the identity
matrix I,; cf. [Pinchover et al. 2008, (2.19)] (the proof is essentially the same and we omit it):

For all vectors o, B € R" and a.e. x € w, we have

lor = B if p=2,
o = B3 (lala + 1810772 if p<2.
Applying this to both terms of the left-hand side of (3-7), we obtain the inequality of part (i).

Ialﬁ—lﬁlﬁ—plﬁlﬁ_zA(X)ﬁ-(Oé—ﬁ)ZC(p){ (3-8)

To prove part (ii), take g; = Awi|P~2w; and g = wlws|P 2w, for some A, u € R, and rename w;
and w, to w, and w,,, respectively. The integrand of Ij, in this case satisfies, forall 0 < h < 1,

wi, \P ! wy, \'7 p p
A=W m) —(n— V2)<wu,h (wk,h - wu,h)

< (A= Vil+ I = Val)((wa + D + (w, + D) € L' (),

by Theorem 2.4(i). As h — 0, we have

w, p—1 w p—1
QA‘WKE_J —w—vaU“) )w{wﬂ%ﬁ%»u—u—vww@wf—wﬁ

Wy h w,h

a.e. in w. By applying the dominated convergence theorem and the Fatou lemma to the inequality of
part (i), we get the desired estimate. Part (iii) follows from part (i) by setting 7 = 0. [

We modify to our case a well-known lemma on the negative part of a supersolution (see [Agmon 1983,
Lemma 2.7] or [Pinchover et al. 2008, Lemma 2.4], for example).

Lemma 3.4. LetV € Mlqoc(p; Q). Ifve W]L’CP(Q) is a supersolution of Q;‘,pﬁv[u] =0in Q, thenv™ isa

WIL’CP (S2) subsolution of the same equation.

Proof. Though this argument is quite standard, we add it for completeness and since it requires the use
of the Morrey—Adams theorem in the final limit argument. Following the steps of the proof in [Agmon
1983], we define

Ve — U
20,

with ¢ being an arbitrary nonnegative function in CZ°(€2). It is straightforward to see that

Qe 1= ¢ and v, := (v2 —|—82)1/2,

Vv, -V < Vu- V(%(p) a.e.in Q,

&
and then
IV, —v) Vo <=V, - Vg, ae.in Q. (3-9)

Thus, taking ¢, € WC1 "7 () as a test function in the definition of v € Wli)’cp (2) being a supersolution of
Q’A’ slul=0 in 2, and then applying (3-9), we conclude that we only need to show that we can take
the limit ¢ — O in the inequality

%/lelﬁzAV(vg —v)-Vedx —/Vlvlp_zv(ps dx <0. (3-10)
Q Q
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Note that, since V(v, —v)/2 — Vv~ and vy, — —v~ ¢ as € — 0, this would readily give
f |Vv_|z_2AVv_ -Vedx + / VIvT|P2v"¢dx <0 for all nonnegative ¢ € C(Q).
Q Q

However, the justification of taking the limit inside both integrals in (3-10) is verified by the dominated
convergence theorem. For the first one we use Holder’s inequality, while for the second we apply first
Holder’s inequality and then the Morrey—Adams theorem. (|

Definition 3.5. Let (X, | - ||x) be a Banach space. A functional J : X — R U {oo} is said to be coercive
if J[u] — oo as |lul]|x — oo. The functional J is said to be (sequentially) weakly lower semicontinuous
if J[u] <liminf;_, o J[ur] whenever u; — u.

We have:
Proposition 3.6. (a) Letw €R",V € MY (p; w) and G € LY (w). Define the functional

T WP (@) = RU{oo},  Jlul:= Qa pylu; a)]—/gudx. 3-11)

Then J is weakly lower semicontinuous in WO1 P (w).

(b) Let w € o' € R" with w Lipschitz, and let G,V € M9 (p; '). Define the functional
J: WP () = RU{oo),  Jlul:= Qa pylu; w]—/gluldx. (3-12)
w

Then J is weakly lower semicontinuous in Whe ().

Proof. We first prove statement (b). Let u, {uz}ren C WP (w) be such that u — u in W7 (w). By the
uniform boundedness principle, we have

K :=sup |lugllwi.r) < 00,
eN
and thus, by the compact embedding of W' (w) in L (w), and by passing to a subsequence we may

assume that u; — u in L?(w) and a.e. in w.
Let § > 0. By Minkowski’s inequality and the Morrey—Adams theorem (Theorem 2.4(i1)), we have

1/p 1/p
(/vimkv’dx) — (/viw’dx)
1/p
< </Vi|uk—ulpdx>

< (BUV k= 1L ery + C 1 P2 @, 8 IVE ag (i) itk — w1 )
<8P (K + VullLo@mn) + €01, po g, 8, IVEIma o) itk =l oy (3-13)

1/p

This shows that
limsupfviluklpdx §fvi|u|pdx.

k— 00 w
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On the other hand, by Fatou’s lemma, we have

/Vi|u|!’ dx fliminf/vimkv’ dx.
© k—oco J,

The last two inequalities imply

lim /Vluklpdx=/V|u|pdx,
k—o0 J, ®

The weak lower semicontinuity of the gradient term follows from the convexity of the Lagrangian
> Iélﬁ(x). We deduce then

Qapylul =liminf Q4 p ylug]. (3-14)

For the last term of J, we work similarly:

/gimudx—/gﬂmdx

I/p
l /
<lg* 1, (fgim —ulpdx>
w

1 ’
<8VPNGEIAD (K + IV ulormn) + C 01, P, g, 8, 1G% o ron) itk = ull Lo
and thus
1imsupfgi|uk|dx S/indx.
w w

k—00

On the other hand,

/gi|u|dx gliminf/gimkmx.
® k—o00 ®

The last two inequalities imply

lim /g|uk|dx=fg|u|dx,
k— 00 ® ®

and thus J is weakly lower semicontinuous in Whe(w).

For the proof of the weak lower semicontinuity of J in WO1 "P(w), one follows the same steps, but uses
Theorem 2.4(i) in (3-13), in order to obtain (3-14). Note that, since we require in this case that G € L? (w),
the functional 7 (1) := fwgu dx is weakly continuous since it is a bounded linear functional. O

Proposition 3.7. (a) Let w € o’ € R", where w is Lipschitz, and G,V € M9 (p; o). If V is nonnegative,
then for any f € WP (w) we have that J is coercive in

A={ue W' () |u=fon o).
(b) Letw @R", YV e M1(p; w) and G € L? (w). Assume that for some ¢ > 0 we have

Qupvlus o) = elully, ., forall ueW," (). (3-15)

. .. 1,
Then J is coercive in W, P(w).
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Proof. (a) Fix t € R, and suppose that u € A is such that Jul <t Itis enough to prove that
lullwirw) == llullLrw) + IVullLr@ry < C, (3-16)

with C independent of u. To this end, from J[u] <t and since V > 0 a.e. in w, we readily deduce

, 1/p
/|Vu|ﬁ dx < z+/g|u| R [ (f I |u|de) <1+ Clullwire (3-17)

for some positive constant C that depends only on n, p, ¢, , |G || ma(p;er) and |Gl 11 (), Where we have
used Theorem 2.4(ii) in the last inequality. Thus, applying also assumption (E), we obtain

IVl s ey < €1+ 2l 1r - (3-18)
where ¢ and ¢; are positive constants independent of u. Next observe that u — f € WOl "P(w), so that

lullLr@w) < llu— fller) + 11 fllrw) < CrIIV@ — f)llerrny + | fllLew)

for a positive constant Cp depending only on n and w, because of the Poincaré inequality in W(;’p (w).
Using (E) we have, successively,

lullLr@w) < Cp(IIVullLr@rny + IV fllLr@rn) + 1 I Lr@)

I/p
< G—P((/ |Vu|Adx> + IV f I Lo (e ) 1l Lr )

Cp
< 5 (@ Cllallwrr @) 1V fllr@an) + 1/ v,
C()
with C as in (3-17). This implies the estimate

Nl sy < €3+ Calltllwr - (3-19)
where c3 and ¢4 are positive constants independent of u. Now, (3-18) and (3-19) give

11y < €5+ collullrngoy-

for some positive constants c¢s and ce that are independent of u. This implies, in turn, [Ju|lyi.p,) <
max{1, (cs +cg)/P~D}, and (3-16) is proved.

(b) Let us prove the coercivity of J in WO1 "P(w). Assume that J[u] <t in (3-15); then, by applying
Holder’s inequality, we obtain

Nl < r+fgu dx <1+ 161 o Il oo
w

This implies the estimate

t+ llgllm)‘“"‘“} (3-20)

lullLrwy <m:= max{l, (
e
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From J[u] < ¢, applying once more Holder’s inequality and the Morrey—Adams theorem (Theorem 2.4(i))

/|Vu|ﬁdx§t+fgudx+/|V||u|pdx
w w w
<t NG Lo @y 1l 20 @) + SNVENT gy + C NN p () (3-21)

we get

where C/ = Cn’p’q(S—”/(Pq—")||V||1’f,qu/(;p;'50;"). Thus, from (3-20), (3-21) and assumption (E) we have,
for § <65,
0, — 8)”vu”€l7(w;Rn) <t+ Gl Ly @m+C'm?,

which, together with (3-20), implies [|u||y1.(,,) < C. O

Remark 3.8. Propositions 3.6 and 3.7 will be used to prove the existence of a minimizer for the Rayleigh—
Ritz variational problem (3-3), and to establish the weak comparison principle using the sub/supersolution
method (see Section 5A).

3B. Existence, properties and characterization of the positivity of A1. The following theorem general-
izes several results in the literature concerning the principal eigenvalue A, (see [Allegretto and Huang
1998, Theorem 2.1; Anane 1987, Proposition 2; Garcia-Melidn and Sabina de Lis 1998, Lemma 3;
Pinchover and Regev 2015, Lemma 6.4], for example). Note that our results apply to a general bounded
domain, and in particular, the boundary point lemmas are not used in the proof (cf. [Garcia-Melidn
and Sabina de Lis 1998, Lemma 3] and [Pinchover and Regev 2015]). In addition, we do not need any
further regularity assumption on the entries of the matrix A as in the aforementioned references, while
the potential V is far from being bounded.

Theorem 3.9. Let w be a bounded domain in R", and assume that A is a uniformly elliptic, bounded
matrix in w, and V € M9 (p; w). Then the operator Q;\,p,v in w admits a principal eigenvalue A| given
by the Rayleigh—Ritz variational formula (3-3). Moreover, A1 is the only principal eigenvalue, it is simple
and an isolated eigenvalue in R.

Proof. We define A by (3-3) and prove that it is a principal eigenvalue. Using the Morrey—Adams theorem
(Theorem 2.4) with § = 6} one sees that

b = —C(n, p. )0, "/ PV |HEPE oo,

In particular, setting V :=V — A; + ¢, with ¢ > 0, we get that
1,
Oapylu; o] > 8||u||€p(w) forall u e W, P(w).

Applying Propositions 3.6(a) and 3.7(b) with G = 0, we get that Q4 , v_j,+¢[-; @] is coercive and
weakly lower semicontinuous in WO1 "?(w) and, consequently, also in WOl P(w) N {llullLr@w) = 1}. Hence,
the infimum
) O, p. v +elu; @]
&= inf

ueW,” ()\(0} ”u”zzp(w)
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is attained in Wol’p (w) \ {0} (see [Struwe 2008, Theorem 1.2], for example), and thus A; is attained
in Wy () \ {0}.

Let v; be a minimizer of (3-3). It is quite standard to see that v is a solution of (3-1) with A = A;.
Since |vi| € Wol’p(a)) \ {0}, it follows that \V(|v1 |)|A = |Vuy|4 a.e. in w. This implies that |v] is also a
minimizer of (3-3) and thus a nonnegative solution of (3-1) with A = A;. By the Harnack inequality, and
the Holder continuity of |v;|, we obtain that |v] is strictly positive in w. In light of the homogeneity of
the eigenvalue problem (3-1), we may assume that v; is strictly positive in w.

To prove the simplicity of A1, we assume that v, € WO1 P (w) is another eigenfunction of (3-1) with A =A;.
Hence, v is a minimizer of (3-3), and thus has a definite sign. Without loss of generality, we may assume
that vo > 0 in . Applying Lemma 3.3(ii) with Vi = Vo =V, A = pu = Ay and wy = vy, w, = vy we

obtain
V1 P .
/(vf—l—vf)Vlog— dx if p>2,
w 1%} A
>¢p 5
/(vf+v§) Viog | (|Vloguils+|Viegul)P2dx if p <2,
w 1%) A

from which, because of (E), we deduce |v,Vv; — v Vva| =0 a.e. in w, which in turn implies the existence
of a positive constant ¢ such that v, = cv; a.e. in w.

Next we show that A; is the only eigenvalue possessing a nonnegative eigenfunction associated to it. If
A > A1 is an eigenvalue with eigenfunction ev, > 0, where ¢ > 0 is small, then, by Lemma 3.3(ii) with
V1 =V2=V, ,bL:)\.l andwuzvl,

(x—/\l)/(svf —v])dx >0,

which is a contradiction for ¢ small enough.

It remains thus to prove that A; is an isolated eigenvalue in R. Suppose that there exists a sequence
of eigenvalues {A;}reny C R such that Ag | A1, as k — o0. Let {vi}ren be a sequence of the associated
normalized eigenfunctions. We claim that {vg }xen is bounded in WO1 P (w). Indeed, by the Morrey—Adams
theorem, we obtain for some 0 < § < 1 that

/IVvklﬁ dx < |Agl +/|V||vk|pdx <8IVl 7 p ey + € (3-22)
w w

which implies our claim. Therefore, up to a subsequence, v; converges weakly in Wol "P(w) and also
in L? (w).

Next we claim that vy — w in WO1 "P(w). Since vy — w in WO1 "P(w), it is enough to show that
{IIVUrllLr:rny} 1s a Cauchy sequence. Let ¢ > 0 be arbitrary. The inequality

la? —bP| < pla—b|(a’ ' +bP7Y), a,b>0,

together with the Holder inequality and the Morrey—Adams theorem imply, for all sufficiently large
k,leN,
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/|Vvk|§dx—/|w,|§; dx
w w

=< |M—M|+/|V||Ivk|”—Ivz|p|dx

w

ss+p/|V||vk—vz|\|vk|f’—l+|vl|f’—1!dx.
w

1/p 1/p'
§8+C(p)(/IV||vk—v1I”dX) (/IVIIka”dx+/IV||vz|de) . (3-23)

Applying first the Morrey—Adams theorem and then (3-22), we see that both integrals on the second
factor of (3-23) are uniformly bounded in k and [, respectively. For the first factor we use again the
Morrey—Adams theorem to arrive at

/|Vvk|§ dx—/|Vu,|§dx
w w

where C; and C; are positive constants independent of k and /. The convergence in L? (w) of vy to v
implies that there exists m, € N such that

1/p
|vk—vl|pdx> , (3-24)

=e+C (Sf|V(vk—v1)|pdx—{—ng”/("—pq)/
w

w

/Ivk—vzlpdeS”/<Pq—">+1 for all k,1 > m,.
w

Coupling this with (3-24) implies that {||Vvi||zrw:r")} is @ Cauchy sequence.
By a similar argument, one shows that
Qapviwl=2rilwl}, e,

hence, w is a minimizer of the Rayleigh—Ritz variational problem (3-3), and hence an eigenfunction of
(3-1) with A = Ay. The simplicity of A; implies that w = v, where v > 0 is the normalized principal
eigenfunction with an eigenvalue A ;. Without loss of generality, we may assume that vy — v in Wol’p (w).

Set w, :={x € w | vy <0}. By Lemma 3.4 (with V = V — ;) we have that v, is a subsolution of
Q4 pv_slul=0in w, and thus, from (3-2),

/le,:lde < /lV—Ak||v,:|pdx
w w
< SIVOL I ey + € po )8 PID |V — g 0P w17
for any § > 0, where we have used Theorem 2.4. For é < 6 we deduce, because of assumption (E), that
©OF = SV gy < C, p. )87/ PITDY — p BT 2,
Since v, =01in w\ w; , we use Poincaré’s inequality

_ LMo\
lvg e @) < £7(B)) IV [l Lr (@;Rm)s (3-25)




1338 YEHUDA PINCHOVER AND GEORGIOS PSARADAKIS

to get

_ ) (pa e o AL
0 = IV I imeny < Cln, p. )8/ P ">||V—xk||§’;fq/5,,”;i)”)(wljl)) IV oy

Canceling ||Vv, ||€ P (o R)> rearranging and raising to the power n/p, we arrive at

Lwp) = Cn, p, @)L (B1)(0F — 8)"/P s I ra=mly — || ma/(pa=m), (3-26)

Notice that ||V — A1 pa(p;w) 18 a strictly positive number. Indeed, assume that ||V — 41|y (p;w) = 0. Then
v is a nontrivial solution of the Dirichlet problem for the (p, A)-Laplace operator which is false under
our assumptions on A (see [Heinonen et al. 1993; Pucci and Serrin 2007], for example).
On the other hand, ||V — Acllma(p;0) = IV — Atllma(p;w) @s k — oo. Therefore, there exists C > 0
such that
||V — A.k”Mq(p;w) > C||V - )»1 ||M‘f(p;a)) for all k > k(). (3—27)

Consequently, (3-27) applied to (3-26) implies that
L"(w;)>=C>0 forall k> ko

for a positive constant C independent on k.

With this at hand, the rest of the proof follows [Anane 1987, Théoreme 2]. We include it for complete-
ness: Let n > 0. Recalling that v is continuous in @, we may pick a compact set w, € w and m, > 0,
such that £" (o \ w;) < n and v(x) > m,, for every x € w,. Up to subsequence that we don’t rename,
vk converges to v a.e. in w, and thus in ,. By the Egoroff theorem (see [Evans and Gariepy 1992, §1.2])
we have the existence of a measurable set w’ C w, with £L" (') < 1 such that vy converges uniformly to
v on wy \ . Since v > m, > 0 in w, we deduce that for any k large enough we have vy > 0 on w, \ @'.
Thus, w, C o' U (@ \ w,), which implies that £" (w, ) < 2n. Since n > 0 is arbitrary, for k large enough
this contradicts our estimate £" (w; ) > C;. O

We are now ready to prove the main result of this section. Extending the corresponding results in
[Garcia-Melidn and Sabina de Lis 1998; Pinchover and Regev 2015], we have:

Theorem 3.10. Let w be a bounded domain, and assume that A is a uniformly elliptic, bounded matrix
inw,and V € M1(p; w). Consider the following assertions:

(o)) O satisfies the weak maximum principle in w.

A.p.V p P
(o) O satisfies the strong maximum principle in w.

A,pV 8 p /4

(013) )\1 > 0.
(atq) The equation Q;x » vIv] = 0 admits a positive strict supersolution in Wol’p(a)).
(ocjt) The equation Q' » vIv] = 0 admits a positive strict supersolution in Whp(w).
(as) ForO<ge LY (w), there exists a unique nonnegative solution in Wol’p(a)) of Q;‘,p’v[v] =g.

Then ay <= an <= a3 = a4 = o), and a3 => a5 = 4.
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Remark 3.11. In Corollary 4.14 we prove (imposing stronger regularity assumptions on A and V
when p < 2) that in fact, o) => 3. Hence, under these additional assumptions for p < 2, all the above
assertions are equivalent.

Proof. oy => ap: Let v e WP (w) be a solution of (3-4) and suppose v > 0 on dw. The nonnegativity of g
and the weak maximum principle implies that v is a nonnegative supersolution of (2-3) in w. Suppose that
for some xg, x; € @ we have v(xg) # 0 and v(x;) =0 and let o’ € w contain both x( and x;. Recalling
Remark 2.10, we apply the weak Harnack inequality if p < n, or the Harnack inequality if p > n, to get
v =0 in . This contradicts the assumption that v(xo) # 0. Thus, if v # 0 we necessarily have v > 0
in w.

oy = a3: Suppose that A <0 and let v € WO1 "P(w) be the corresponding principal eigenfunction. Then
u := —v is a supersolution of (2-3) in w, satisfying u = 0 on dw, and u # 0. By the strong maximum
principle, u is positive, which is absurd.

a3 = ap: Let v e WP (w) be a solution of (3-4) such that v > 0 on dw. Taking v~ € Wol’p(a)) as a test
function we see that

Qapvlv;o]l= fgv dx,

w
where @™ := {x € w | v < 0}. The nonnegativity of g gives Q4 , v[v™; w] <0, which implies that 1; <0.
Thus, we must have v~ =0 a.e. in w, or in other words v > 0 a.e. in w.
a3 = a4: Since A; > 0, it follows that the principal eigenfunction is a positive strict supersolution
of (2-3) in w.
o4 => ay: This is trivial.

o3 => a5: Consider the functional
1,
J[ul:=Qa, pvlu; ol —/ gudx, ueW, P(w).
w

By Proposition 3.6(a), J is weakly lower semicontinuous in WO1 'P(w) and, by Proposition 3.7(b), J is
coercive. Therefore, the corresponding Dirichlet problem admits a solution v; € Wol’p (w) (see [Struwe
2008, Theorem 1.2], for example). Since oz = a2, this solution is either zero or strictly positive.

If v; =0, then g =0, and by the uniqueness of the principal eigenvalue, equation (2-3) in w does not
admit a positive solution in W(:’p (w). So, we may assume that vy > 0 and let v, € WO1 P (w) be another
positive solution. Applying Lemma 3.3(i) with g; = g» = g and V| = V, =V, we obtain

1 1 » » v\ v\ » »
OZ wg p—l_ p—1 (Ul,h—vz,h)dxz wV E — E (vlvh—vz’h)dx.

Vin Uh

The integrand of the integral on the right converges to 0 a.e. in w, and also it satisfies the following
estimate for every h < 1:

p-1 r—1
U] %]
VIl — —| — (vp —vp)
‘ ((Ul,h) (UZ,h) ) L 20

<2|VI((vi + D? + (v2 + DP) € L' ().
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Thus
: 1 1 p P
lim g ﬁ_ﬁ (Ul,h_UZ,h)dxzo’
h—0 J, Ul,h vZ,h

which, together with Fatou’s lemma, implies that the right-hand side of (3-6) equals zero. Thus, v, = v,
a.e. in w.

as =>ay: Letv e W(;’p (w) be a positive solution of (3-4) with g = 1. Then v is readily a positive strict
supersolution of (2-3) in w. Il

4. Positive global solutions

In the present section we pass from local to global properties of positive solutions of the equation (2-3)
in Q. In Section 4A we establish the AP theorem, while in Section 4B we prove among other results the
equivalence of the first four statements of the Main Theorem.

4A. The AP theorem. In this subsection we prove the AP theorem for the operator Q/A’ PR under
hypothesis (HO). We will add a couple of equivalent assertions to this theorem, regarding the first-order
equation

—diva T+ (p—DITIE =V in Q, (4-1)

where divaT = div(AT) and T € L (2; R™); see [Jaye et al. 2012, Theorem 1.3] for a similar study

loc

when A =1, and p =2.
Definition 4.1. Suppose that the matrix A satisfies (S) and (E) and let V € LIIOC(Q). A vector field
T e LY (Q; R") is a solution of (4-1) in Q if

loc

/ AT -Vudx + (p — 1)/ |T|f4’/u dx = f Vudx forall u e CX(Q), (4-2)
Q Q Q
a subsolution of (4-1) in Q if
/ AT -Vudx + (p — 1)/ |T|Z/u dx < / Vudx for all nonnegative u € C°(2), (4-3)
Q Q Q

and a supersolution if the reverse inequality holds.

Remark 4.2. The additional assumption V € Mlqoc( p; 2) allows the replacement of C°(2) by WC1 P (Q)
in Definition 4.1.

Theorem 4.3 (the AP theorem). Under hypothesis (HO), the following assertions are equivalent:
(A1) Qa,pvlul =0 forallu € C°(R).

(Az) Q/A’p,v[w] = 0 admits a positive solution v € WIL’Cp(Q).

(A3) Q/A,p,v[w] = 0 admits a positive supersolution v € WI:)’CP(Q).

(Ag) (4-1) admits a solution T € L” (22; R™).

loc

(As) (4-1) admits a subsolution T e LY (2; R™).

loc
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Proof. We prove A = Ay = A; = As = Aj, where j =3, 4.
A1 = A;: We fix a point xg € Q and let {w; };en be a sequence of Lipschitz domains such that xg € wy,
wi Ewi+1 € R, i €N, and | ;. wi = Q. Fori > 2, we consider the problem
/A,p,V-i-l/i[u]:fi in w;, (4-4)
u=~0 on dw;,

where f; € C°(w; \ @;—1) \ {0} are nonnegative. Assertion .A; implies
M(QA pvr1yis i) = ll forall i e N,

so that by Theorem 3.10 there exists a positive solution v; € Wg "P(w;) of (4-4). Since supp{ f;} C w; \@;_1,
setting o] = w;_1 we have

Vi |A 2 AV, - Vi dx +/ (V+1/iw” lude =0 forall ue W, " (). (4-5)

w; wj

By Theorem 2.7, the solutions v; we have obtained are continuous. We may thus normalize f; so that
v;i(xo) =1 for all i € N. To arrive to the desired conclusion we apply the Harnack convergence principle
(Proposition 2.11) with V; :=V 4+ 1/i.
Ar = As: This is immediate with 0 = v.

Ay = Ay and A3 = As: Let v be a positive (super)solution of (2-3). By the weak Harnack inequality

(Remark 2.10) if p < n, or by the Harnack inequality if p > n, we have 1/v € L° (R2). Set

loc

T :=—|Vlog v|§‘2v log v,

and let u € C2°(S2). We may thus pick |u|Pv!=F € WP () as a test function in (2-6) to get
(p =0 [ 171l a < p [ (Tl uladr+ [ Vial? dx (4-6)
Q Q Q

Note that from (4-6) we obtain A; just by using Young’s inequality pab < (p — Da? + b? with
a = |T|slulP~" and b = |Vu|4 in the first term of the right-hand side. Towards A3, we use instead
Young’s inequality

pab<na”+< 771) b?, (4-7)

with n € (0, p — 1) and the above a, b. We arrive at
(p—l—n)/|T|A|u|de< /|Vu|Adx+/|V||u|de

This, together with (E) and Theorem 2.4 imply, by specializing u, that T € LlOC(Q; R"). Next we show
that 7 is a (sub)solution of (4-1). To this end, for u € C°(£2), or for nonnegative u € C°(2), we pick
uv' P e WC1 "P(Q) as a test function in (2-5) or (2-6), respectively, to obtain

—/AT-Vudx—(p—l)/|T|ﬁ’udx+/Vudx:0,
Q Q Q
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or > in the supersolution case.
A4 = As: This is immediate with T=T.
As = A;: Suppose now that T € Lp/ (£2; R") and let u € CZ°(€2). We compute

loc

—/AT-V(|u|p)dx:—p/ lu|P VAT - V|u| dx
Q Q
spf|u|f”|T|A|W|Adx
Q
5(p—l)/IuIPITIﬁ/dx-l-/IVuIde,
Q Q

where we have also used Young’s inequality pab < (p — l)a”/ +bP, witha = |u|P~Y|T|4 and b = |Vu|,.
This readily implies

/|Vu|§dx > —/AT-V(|u|P)dx—(p—1)/|T|§’|u|l’dx for all u € CX(Q). (4-8)
Q Q Q

If T is a subsolution of (4-1) then, testing (4-3) by |u|”, one readily sees from (4-8) that Q4 , v[u] is
nonnegative for any u € C3°(£2). U

Remark 4.4. Inequality (4-8) with A = I,, has been obtained in [Fleckinger et al. 1999].

4B. Criticality theory. In the present subsection we generalize several global positivity properties of the
functional Q4 p v, where A and V satisfy (at least) our regularity assumption (HO). For the convenience
of the reader, we recall the following terminology:

Definition 4.5. Assume that Q4 , v is nonnegative in Q (that is, Q4 p v[u] > 0 for all u € CZ°(R2))
with coefficients satisfying hypothesis (HO). Then Q4 , v is called subcritical in 2 if there exists a
nonnegative weight function W e Mlqoc( p; 2) \ {0} such that

Oa,pyvlul = / Wlu|? dx forall u € C° (). (4-9)
Q

If this is not the case, then Q4 , v is called critical in 2.
The functional Q4 , v is called supercritical in Q if Q4 , v is not nonnegative in €2 (that is, there
exists u € C°(2) such that Q4 p, v[u] <0).

Definition 4.6. A sequence {u;} C W(: "P(Q) is called a null sequence with respect to the nonnegative
functional Q4 , v in Q if

(@) upy >0forall k e N,
(b) there exists a fixed open set K & €2 such that [luy||zrx) =1 for all k e N,
(©) limy_ o0 QA,p,V[uk] =0.

We call a positive ¢ € WIL’C”(Q) a ground state of Q4 p v in Q if ¢ is an L? () limit of a null

loc
sequence.
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Remark 4.7. Let w C R" be a bounded domain, and suppose that A is a uniformly elliptic and bounded
matrix in w, and V € M?(p; w). Let v; be the principal eigenfunction with eigenvalue A;. Set
Ck = |lvillLr(x), where K € w is fixed. Then the constant sequence {Clzlvl} is a null sequence
and Clzlvl is a ground state of Q4 p vy, in w.

The following proposition states an elementary positivity property of the functional Q4 , v:
Proposition 4.8. Suppose that V, > Vy a.e. in Q and L"({V, > Vi}) > 0.

(@) If Qa,p,v, is nonnegative in 2, then Q 4 p. v, is subcritical in Q2.

(b) If Qa,p,v, is critical in 2, then Q 4 p,v, is supercritical in 2.

Proof. Part (b) follows from part (a) by contradiction, and, from the obvious relation

Qa,pv,lul= QA,p,Vl[u]+/ (V2= VD)lul? dx  forall u € C°(Q),
Q

part (a) is evident. U

Note here that Definitions 4.5 and 4.6, and also Proposition 4.8 make perfect sense if V is merely in
LIIOC(Q) for all values of p.

Now we connect the (sub)criticality of the functional Q4 , v in £ with the existence of positive weak
(super)solutions for equation (2-3) in €2, through the existence of ground states. Towards this we need

to give sufficient conditions on A and V, under which a null sequence with respect to the nonnegative

p

. . 1,p
loc to a function in W, .

functional Q4 , v will converge in L
We need the following definition for the case 1 < p < 2.

Definition 4.9. Suppose that 1 < p <?2. A positive supersolution v of (2-3) will be called regular provided
that v and |Vv| are locally bounded a.e. in €.

Remark 4.10. Under hypothesis (H1) for 1 < p < 2, any positive supersolution v of (2-3) satisfying
Qapvivl=g>0withge Ll

loc

(€2) is regular (see Remark 2.9).

We start with the following proposition, which gives us the intuition that any null sequence converges
in some sense to any positive (regular if p < 2) (super)solution. Note that our proof for the case p < 2 is
considerably shorter than the corresponding proof in [Pinchover and Tintarev 2007; Pinchover and Regev
2015].

Proposition 4.11. Suppose that {u;} C Wol’p (R2) is a null sequence with respect to a nonnegative func-
tional Q 4. p,v in Q with coefficients satisfying hypothesis (HO).

Let v be a positive supersolution of the equation (2-3) in Q. If 1 < p < 2 we assume further that v is
regular. Set wy := uy/v. Then {wy} is bounded in Wli)’cp(Q), and Vwy — 0in LY (; R").

loc

Proof. Let K @ 2 be the set such that the null sequence {uy} satisfies ||ux||L»x) =1 for all k € N. Fix a
Lipschitz domain w such that K € w € Q.
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By the Minkowski and Poincaré inequalities, and the weak Harnack inequality, we have

lwillLr oy < lwe = (wed g lLr ) + (W) g (£ (@)/P
< C(n, p, 0, K) | VWil Lo iy + ——— (ur) x (£ (@) '/
infg v
Since |luk|lz»(x) = 1, applying Holder’s inequality we deduce
llwell = C( K)[[Vwgl + 1 [ Lw)\P (4-10)
w n,p,w, w n . -
kIILP (w) p kIILP (w; R") infr v \ £7(K)
Let
/v”|Vwk|§dx, p=>2,
Q

I(v, wy) :=C(p) 72
f|Vwk|i(|V<vwk)|A+wk|Vv|A)” dx, 1<p<2,
Q

where C(p) is the constant in (3-8). We now use (3-8) with « = V(wv) = Vuy and 8 = wi Vv to obtain

(v, wk)<f|Vuk|Adx—/ |Vv|Adx—/v|Vv|§ZAVU-V(w,{’)dx
Q
= [l [ 9oy Ve Veufu ax @11

Since v is a positive supersolution, we get

I (v, wy) §/|wk|’; dx+/Vu,fdx= Q4. p.viugl. (4-12)
Q Q

Suppose now that p > 2. Using the definition of /, and the weak Harnack inequality, we obtain from
(4-12) that

C/IVwkl”dx < C(p)/ VPV dx < Qa pvlug]l = 0 as k — oo, (4-13)
w Q

where ¢ > 0 is a positive constant. By the weak compactness of W7 (w), we get for p > 2 that (up to a
subsequence)

p
Vw, — 0 in Ly,

(@ R"). (4-14)

By (4-10) and (4-13), we have that wy is bounded in W1 P(Q) for any p > 2.
On the other hand, if p < 2, then by the definition of / and (4-12), we get

v Vwgly
C(p) 75 X < Qapvlmd — 0 as k— oo.
(IV(wi)|a + wel Vol a)
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For convenience we set gy = Q4 v[ui]. By Holder’s inequality with conjugate exponents 2/p and
2/(2— p), we get

vzlvwk|2 r/2 1-p/2
/vf’wwkvg dx < (/ 7 dx) (/ (IV(vwi)|a —|—wk|VU|A)pdx)
& 2 (IVowi)|a + wk[Vvla) w

1-p/2
< C(p)—qu/2</vP|Vwk|§dx+/w,f|Vv|§dx>
w w

< C(p)‘lq,f”(/vl’wwklﬁdx+/w,f’|w|5;dx+1).
w w

Since v is locally bounded and locally bounded away from zero, |Vv| is locally bounded, and A is
uniformly elliptic and bounded in w, we get using (4-10) that, for some positive constants c;, 1 < j <4,
that are independent of &,

C1f|Vwk|1’dx §c2q£/2</|Vwk|de+/wfdx+1) Schlf/z(c3/|Vwk|de—|—C4).
w w w w

Since g — 0 as k — oo, we conclude that also in the case p < 2 we have

: p
Vwg — 0 in L.

(Q; R"),
and thus by (4-10) we have that wy is bounded in Wli)’cp (w) for any p < 2. O

Several consequences follow. In the following statement, uniqueness is meant up to a positive multi-
plicative constant.

Theorem 4.12. Suppose that Q 4, v is nonnegative in Q with A and V satisfying hypothesis (HO) if p>2,

P
loc

a unique positive (regular if p < 2) supersolution of (2-3) in 2. In particular, a ground state is the unique

or (H1) if 1 < p < 2. Then any null sequence with respect to Q 4, , v converges, in L, . and a.e. in 2, to
positive solution and the unique positive (regular if p < 2) supersolution of (2-3) in 2, and so the ground
state is CY ifp22,0rC1’V ifl<p<?.

Remark 4.13. At this point we need to add the stronger assumption (H1) on A and V inthecase 1 < p <2,
since in this case we assume the existence of a positive regular (super)solution. In fact, the proof presented
here for p < 2 applies under the least assumptions on A and V that ensure the Lipschitz continuity of
positive solutions. This fails if we just keep the assumption (E) on the matrix A, even for V =0 (see
[Jin et al. 2009]). To our knowledge, the least known assumptions on A and V ensuring the Lipschitz
continuity of solutions are due to Lieberman [1993] (see our Remark 2.9).

Proof of Theorem 4.12. From the AP theorem we may fix a positive (regular if p < 2) supersolution
v E Wl’p(SZ) and a positive (regular if p < 2) solution v € WIL’C”(Q) of (2-3). Setting wy = ug /v, we

loc
have, by Proposition 4.11, that Vwy; — 0 in Lf;C(Q; R™). The Rellich—Kondrachov theorem implies (see
the proof of [Lieb and Loss 2001, Theorem 8.11]) that, up to a subsequence, wy — ¢ for some ¢ > 0
in Wll)’cp (£2). This implies in turn that, up to a further subsequence, uy — cv a.e. in €2 and also in Lf;c(Q).
Consequently, ¢ = 1/||v||zrx) > 0. It follows that any null sequence {u;} converges (up to a positive
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multiplicative constant) to the same positive (regular if p < 2) supersolution v. Since the solution v is a
(regular if p < 2) supersolution, we see that v = Cv for some C > 0, and therefore it is also the unique
positive solution of (2-3) in . O

We can now close the chain of implications between the assertions of Theorem 3.10 (see Remark 3.11).

Corollary 4.14. Let w € R" and suppose that A is uniformly elliptic and bounded matrix in o, and
VeMi(p;w).If 1 < p <2, we suppose in addition that A and V satisfy hypothesis (H1).

If the equation Q’A’ vl =0 admits a positive, regular, strict supersolution in WP (w), then the
principal eigenvalue is strictly positive.

Hence, all assertions of Theorem 3.10 are equivalent (if by a supersolution we mean, when p <2, a

regular one).

Proof. ozjl = o3: From the AP theorem we get Q4 p v[u; w] > 0 for all u € C°(w), which implies
that A1 > 0. Suppose that A1 = 0. Then, by Remark 4.7 and Theorem 4.12, the principal eigenfunction,
which is a positive (regular if p < 2) solution of (2-3) in w is the unique (regular if p < 2) positive
supersolution of that equation. This shows that this equation cannot have a positive strict (regular if p < 2)
supersolution. O

In the next theorem we state characterizations of criticality, subcriticality and existence of a null
sequence. We also state a useful Poincaré inequality in the case where Q4 , v is critical. It generalizes
the corresponding results in [Pinchover and Tintarev 2006; 2007; 2008; Pinchover and Regev 2015; Takac
and Tintarev 2008].

Theorem 4.15. Suppose that Q 4 p.v is nonnegative on C°(2) with A and V satisfying hypothesis (HO)
ifp=2,or(H)if 1 < p <?2. Then
(1) Qa,p,v iscritical in Q if and only if Q 4, p,v admits a null sequence.

(i1) Qa,p,v admits a null sequence if and only if (2-3) admits a unique positive (regular if p < 2)
supersolution.

(iii)) Qa,p,v is subcritical in 2 if and only if there exists a strictly positive weight function W € C Q)
such that (4-9) holds true.

(iv) If Q A, p,v admits a ground state ¢, then there exists a strictly positive weight function W € C Q)
such that, for every ¥ € CX°(2) with fQ ¢ dx # 0, the following Poincaré-type inequality holds:

/MWdX
Q

and some positive constant C > Q.

p
Qapvlul+C Eéfgwlulpdx forall ue Wol’p(Q)

Remark 4.16. In the sequel (Lemma 4.22) we add the following accompaniment to (i): if Qa,, v is
critical in Q, then there exists a null sequence that converges locally uniformly in 2 to the ground state.
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Proof of Theorem 4.15. (1) If Q4 , v is critical in €2, we claim that, for any & # K € €,

CK :— inf QA,py[u] =0. (4—15)
0<ueC®(Q)
lullLpxy=1

To see this, pick W € C°(K) \ {0} such that 0 < W < 1. Then
CK/ Wlu|P dx <ckx < Qa,pvlul forall u e CF(Q) with |lullzrk) =1,
Q

a contradiction to the criticality of Q4 , v in case cx > 0. Picking one such K, (4-15) implies the
existence of a null sequence with respect to Q4 ,.v.

If Q4,p,v admits a null sequence then, by Theorem 4.12, (2-3) admits a unique positive solution v,
which is also its unique (regular if p < 2) positive supersolution. Suppose now, to the contrary, that
0, p,v is subcritical in £ with a nonzero nonnegative weight W. By the AP theorem we obtain a positive
solution w of the equation Q/A, p.v—wlul =0, which is readily another positive supersolution of (2-3).
This contradicts the uniqueness of v, and thus Q 4 , v has to be critical in €2.

(i) The sufficiency is captured by Theorem 4.12. To prove the necessity, let v be the unique positive
(super)solution of Q’A’ oV in 2. By part (i) we have that the nonexistence of null sequences with respect
to Q 4, p,v implies that Q 4, v is subcritical in 2. Now the same argument as in the proof of the necessity
of the first statement of part (i) implies that v is not unique, a contradiction.

(iii) The necessity follows by the definition of subcriticality. On the other hand, the proof of the sufficiency
of the first statement of (i) implies that cx > 0 for any domain K € 2. Using a standard partition of
unity argument we arrive at a strictly positive W that satisfies (4-9) (see [Pinchover and Tintarev 2007,
Lemma 3.1]).

(iv) The proof is identical to [Pinchover and Tintarev 2007, Theorem 1.6(4)] (and also [Pinchover and
Regev 2015])). O

Corollary 4.17. Suppose that for i = 0, 1 the functional Q4. v, is nonnegative in Q with A and V;
satisfying hypothesis (HO) if p > 2,or (H1) if 1 < p <2. Fort € (0, 1) set

Vi=Q-t)Vo+1tV.

Then Q4 p,v, is nonnegative in S2 for all t € [0, 1]. Moreover, if L"({Vo # Vi}) > 0, then Q4 p.v, is
subcritical in Q foranyt € (0, 1).

Proof. The nonnegativity of Q4 , v, forz € (0, 1) follows from the obvious relation

Qapvlul=0=004 pvlul+10a p v [ul (4-16)

Suppose now that {u;} C C°(£2) is a null sequence with respect to Q 4, v, in € for some 7 € (0, 1) such
that u; — ¢ in Lf;C(Q). It follows from (4-16) that {u} is also a null sequence for Q4 v, and Q4 p.v,
in 2. By Theorem 4.12, ¢ is a solution of Q’A’ Vi [#] = 0 in €2, for both values of i, which is impossible
since L"({Vy # V1}) > 0. O
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Finally, we state generalizations of the corresponding results in [Pinchover and Tintarev 2007; Pinchover
and Regev 2015]. We skip their proofs since they are essentially the same.

Proposition 4.18. Suppose Q' C Q is a domain. Let A and V satisfy hypothesis (HO) if p > 2, or (H1) if
l<p<?2.

(@) If Qa,p,v is nonnegative in 2, then Q4 p v is subcritical in Q.
(b) If Qa,p,v is critical in ', then Q 4 p.v is supercritical in Q.

Proposition 4.19. Suppose that Q 4 p.v is subcritical in Q with A and 'V satisfying hypothesis (HO)
ifp>=2,or(H)if 1 < p <2 Let U € L°®°(Q) \ {0} be such that U # 0 and supp{U} € Q2. Then there
exist Ty > 0 and 1_ € [—00, 0) such that Q 5 p v+ is subcritical in Q if and only if t € (t_, t4) and
O, p,v4r,uU s critical in Q.

Proposition 4.20. Suppose that Q 4 p v is critical in Q with A and 'V satisfying hypothesis (HO) if p > 2,
or (H1) if 1 < p < 2. Denote by ¢ the corresponding ground state. Consider U € L*°(R2) such that
supp{U} € 2. Then there exists 0 < 14 < 00 such that Q s, v+.v is subcritical in Q2 fort € (0, ty) if
and only lfo Ulg|? dx > 0.

The following theorem extends the corresponding theorems in [Pinchover 2007; Pinchover and Regev
2015; Pinchover et al. 2008]; see some applications therein.

Theorem 4.21 (Liouville comparison theorem). Suppose that for i = 1,2 the functional Qa; p.v; is
nonnegative in Q with A; and V; satisfying hypothesis (HO) if p > 2, or (H1) if 1 < p < 2. Suppose in
addition that:

(1) Qa,,p,v, admits a ground state ¢ in S2.
(2) The equation Q;h,p,vl [u] = 0 in Q admits a weak subsolution r with ™ # 0.

(3) There exists M > 0 such that the matrix (M@ (x))?As(x) — (W (x))2A; (x) is nonnegative-definite
in R"* for almost every x € Q.

(4) There exists N > 0 such that |V |Z_2

1(x)
Then the functional Q , p.v, is critical in 2, and \J is the unique positive supersolution of Q/A1 sl =0
in Q.

< NP—2|V¢|22_(ZX) for almost every x in QN {y > 0}.

We close this section by showing that the ground state is a locally uniform limit of a null sequence.
This is a generalization of the second statement of [Pinchover and Regev 2015, Theorem 6.1(2)]. We give
a detailed proof, as it utilizes many of the results presented above.

Lemma 4.22. Suppose Q 4 p,v is critical in Q with A and V satisfying hypothesis (HO) if p > 2, or (H1)
if 1 < p <2 Then Qa,p v admits a null sequence that converges locally uniformly to the ground state.

Proof. Let {w;}icn be a sequence of Lipschitz domains such that w; € Q, w; € w;4+ for i € N, and
U, en @i = Q2. We fix xo € w; and a nonnegative U € C°(£2) \ {0} with supp{U} C w;. By Proposition 4.19,
for every i € N there exists #; > 0 such that the functional Q4 , v_v is critical in w;. For i € N we denote
by ¢; € WP (w;) the corresponding ground states, normalized by ¢; (xo) = 1. The sequence of the ; is
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strictly decreasing with i. Indeed, we have by Proposition 4.18 that Q 4 , v_,v has to be supercritical
in w; 1. There thus exists u € C°(w;4+1) such that Q4 , v—svlu; wi+1] <0. This in turn implies that

Oa,p,v-rnvulu; w1l < @ —tiv1) Ulu|? dx.
Wi+1

The criticality of Q4 p v, v in w;y implies by definition that Q4 , v, v 1S nonnegative in w;
and thus #; > t;4;. Setting t» := lim;_, o t;, by Harnack’s convergence principle (Proposition 2.11),
up to a subsequence, {¢;};ien converges locally uniformly to a positive solution v of the equation
Q’A’p’v_th[u] = 0 in Q. The AP theorem (Theorem 4.3) implies that Q4 , v, v 1S nonnegative
in Q. Clearly, o, > 0. Let us show that in fact 7o = 0. If not then V — ¢, U < V a.e. in 2 and, since
by our assumptions Q4 , v is critical in 2, Proposition 4.8(b) gives that Q4 , v_ v is supercritical,
contradicting its nonnegativity.

Summarizing, for each i € N we have obtained a ground state ¢; € WP (w;) of O A.p,V—rU 1N @;,
and the sequence {¢;};en converges locally uniformly to a positive solution v of the equation (2-3)
in Q. To conclude, we will show that {¢;};en is in fact a null sequence. Consider the principal
eigenvalue A1(Qa p,v—su:; @), i €N, which is nonnegative. Suppose that for some i € N we had
A(Qa,p,v—yu;; @) > 0. Then the principal eigenfunction vi"i € Wol’p (w;) would be a positive, strict
supersolution of the equation Q%’ pv—gulvs wil= 0, which contradicts the fact that ¢; is the unique positive
supersolution and also a solution of Q/A, p,V—t,-U[U; w;] = 0 (see Theorem 4.12). Thus, for each i € N,
r(Qa,p,v—yu;; ;) =0 and, since ¢; is also the unique positive solution of Q;\,p,\/—z,-u[v; w;] =0 (see
Theorem 4.12 again), we conclude ¢; = v;”" € W(: P (wy). Consequently,

lim Qg4 pvi¢i]l= lim ti/ Ugp? dx = 0.
1—> 00 11— Ql

o]

After a further normalization, we may assume that for some & # K & €2, there also holds ||¢;||zr(x) =1
for alli e N. O

5. Positive solutions of minimal growth at infinity

The present section is devoted to the existence of positive solutions of the equation Q/A, syl =0 in
Q\ {xo} that have minimal growth at infinity in €2, and their role in criticality theory. For this purpose
we extend in the following subsection the weak comparison principle (WCP) (cf. [Garcia-Melidn and
Sabina de Lis 1998; Pinchover and Regev 2015]). Section 5B is devoted to the study of the behaviour
of positive solutions near an isolated singularity. Finally, in Section 5C we study positive solutions of
minimal growth at infinity in €2, and prove the last two parts of the Main Theorem.

5A. Weak comparison principle (WCP). We prove first a simple version of the WCP that holds true for
the p-Laplacian operator with a nonnegative potential (see [Pucci and Serrin 2007, Theorem 2.4.1], for
instance).

Lemma 5.1. Let o be a Lipschitz domain in R". Suppose that A is a uniformly elliptic and bounded
matrix in w, and G,V € M1(p; ) with YV > 0 a.e. in Q. Suppose that v| (respectively v,) is a subsolution



1350 YEHUDA PINCHOVER AND GEORGIOS PSARADAKIS

(respectively supersolution) of the equation
qu,p,y[v] =G inw. (5-1)
If vi < vy a.e. on dw in the trace sense, then v; < v; a.e. in w.

Proof. Our assumption that v; < v; a.e. on dw implies (vo —vy)~ € Wol’p (w). Using this as a test function
in the definitions of v; and v, being, respectively, sub- and supersolutions of (5-1), and subtracting the
two resulting inequalities, we obtain

/ (Vi 2 AVY — Voo i AV - V(v — o))~ dx + / V(117720 = [02]” " 202) (v — v1)~ dx <0

w w

In other words,

/ (Vo1 2 AVY = Vs § 2 AV) - (Vo1 — V) dx +V(u1 [P ~201 = [02]7~20) (v — 1)) dx <0.
{va<vi}

By (2-17) we have that each term of the sum of the integrand is nonnegative, with equality if and only if
Vv; = Vu; ae. in the set {v, < vy}, or equivalently if (v; —v;)” =c¢ > 0a.e. in w. Since (v; —v;)” =0
a.e. on dw in the trace sense, we conclude v; < v; a.e. in w. O

The following proposition deals with the sub/supersolution technique:

Proposition 5.2. Let w be a Lipschitz domain in R"*. Assume that A is a uniformly elliptic and bounded
matrix in w, and g,V € M1(p; w), where g > 0 a.e. in w. Let f, ¢, ¥ € WP (w) N C(®), where f=0

a.e. in w, and
Q’A’p’v[xp] <g=< Q’A,p’v[go] in w, in the weak sense,

Y<f=<e¢ on dw,
(I n w.

Then there exists a nonnegative solution u € W7 (w) N C(®) of

[Guspta=s o 52

u:f on 80),

such that v <u < ¢ in w.
Moreover, if f > 0 a.e. in dw, then the solution u is the unique solution of (5-2).

Proof. Consider the set
K:={ve W'(@NC@)|0<y <v<g in o).
For any x € w and v € K we define
G(x,v):=g(x)+2V - (x)x)" .

Note that G € M9(p; w) and G > 0 a.e. in w. The map T : K — WP (w) defined by T (v) = u, where
u is the solution of

{Q;&,p,VI[”] =G(x,v) in w, (5-3)

u=f in the trace sense on dw,
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is well-defined by Propositions 3.6 and 3.7. Indeed, consider the functionals
J,J:WhP () > RU {oo}
defined in (3-12) and (3-11), respectively, with V = |V| and G = G (x, v). Let

{uidken CA:={ue WP (w) |u= f on dw)

be such that
Jur] { m := inf J[u].
ueA

Since f > 0, we have that {|ug|}ren C A as well, which implies m < J[|ug|] = Jur] < J[ugl, the latter
inequality holds since G > 0 a.e. in w. In particular, it follows that inf,,c 4 J[u] = m. Letting k — oo, we
deduce

Jur] = m.

But, by Proposition 3.6(b), we have that J is weakly lower semicontinuous and, by Proposition 3.7(a), it
is also coercive. Since A is weakly closed, it follows (see [Struwe 2008, Theorem 1.2], for example) that
m is achieved by a nonnegative function u € A that satisfies J(u) = m. Moreover, J (1) = J(u) =m. So
u is a minimizer of J on A and hence a solution of (5-3).

Observe that the map 7 is monotone. Indeed, let v, v, € K be such that v; < v,. Then, since G (x, v)
is increasing in v, we have

O [T (1); 0] = g(x,v1) < gx,v2) = Q4 1| [T (v2); @]

and, since T'(v;) = f = T(v2) on dw, we get from Lemma 5.1 with V = |V| and G = g(x, v;) that
T() <T(vy) in w.

Let v e WP (w) N C (@) be a subsolution of (5-2). Then Q;\,p,lvl[v] = Q:‘l,p,v[v] +Gx,v)—gx) <
G (x, v) in w, in the weak sense, and thus v is a subsolution of (5-3). On the other hand, 7' (v) is a solution
of (5-3). Lemma 5.1 with V = |V| and G = G(x, v) gives v < T (v) a.e. in w. This implies in turn that

QY pvITWI=g+2V (" 20— TP ’TW) <g in o,

in the weak sense.

Summarizing, if v is a subsolution of (5-2), then 7' (v) is a subsolution of (5-2) such that v < T (v)
a.e. in w. In the same fashion, we can show that if v € W!?(w) N C(®) is a supersolution of (5-2) then
T (v) is a supersolution of (5-2) such that v > T'(v) a.e. in w.

Defining the sequences

wo =V, u,:=T(,—)=T"W) and dig:=¢, iy:=T>{n1)=T"(p), neN,

we get from the above considerations that {u,} and {u,} increases and decreases, respectively, to functions
u and u for every x € w. Moreover, the convergence is clearly also in L? (w) (by Theorem 1.9 in [Lieb
and Loss 2001]). Then, using an argument similar to the proof of Proposition 2.11, it follows that u and
u are fixed points of T, and both solve (5-2) and satisfy ¥ <u <u < ¢ in w.

The uniqueness claim follows from Lemma 3.3(iii). O
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Finally, we extend the WCP (cf. [Garcia-Melidn and Sabina de Lis 1998; Pinchover and Regev 2015;
Pucci and Serrin 2007]):

Theorem 5.3 (weak comparison principle). Let @ C R" be a bounded Lipschitz domain. Suppose
that A is a uniformly elliptic and bounded matrix in w, and g,V € M4(p; ) with g > 0 a.e. in w.
Assume that .y > 0, where A is the principal eigenvalue of the operator Q;" oV defined by (3-3). Let
uy € WhP(w) N C(®) be a solution of
{Q/A,p,v[MZ] =g ino,
u, >0 on dw.

Ifu; € W (w) N C(®) satisfies

{Q’A,,,,v[u]] < Q) vyl in o,

U <us on Jw,
then u; < uj in w.

Proof. Since u; is a supersolution of (2-3) in w that is positive on dw, the strong maximum principle
implies uy > 0 in @. Let ¢ := max{1, maxg u/ ming u,}, then u; < cuy in @. Consider now the problem

{Qiq,p,v[v] =8 in w, (5-4)

vV=1uy on Jdw.
By the choice of ¢ and our assumption we have that cu, is a supersolution of (5-4) such that u; <u, <cu»
on dw, while u; is a subsolution of (5-4). Applying Proposition 5.2 with ¢ = u; and ¢ = cu,, we get a
unique solution v of (5-4) such that #; < v < cuj in w and v = u» on dw, in the trace sense. Clearly, v is
a supersolution of (2-3) in w that is positive on dw. Again, by the strong maximum principle, we get
v > 0 in @. By the uniqueness of the boundary problem (5-4) (Proposition 5.2), we have v = u,. Hence,
u; < upin w. O

5B. Behaviour of positive solutions near an isolated singularity. Using the weak comparison principle
of Theorem 5.3 we study the behaviour of positive solutions near an isolated singular point. We have:

Theorem 5.4. Let p < n and xy € Q. Suppose A and V satisfy hypothesis (HO) in Q, and let u be a
nonnegative solution of the equation Q;"p’v[v] =0in Q\ {xo}.

(1) If u is bounded near xq, then u can be extended to a nonnegative solution in Q.
(2) If u is unbounded near xq, then lim,_, ,, u(x) = oo.

Proof. (1) This is a special case of [Maly and Ziemer 1997, Theorem 3.16], which is in turn an extension
toVe Mff)c(p; Q) of [Serrin 1964, Theorem 10], where V is assumed to be in LfOC(Q) for some g > n/p.
In particular, this part of the theorem holds true for solutions of arbitrary sign in 2 \ o, where o is a set

having zero p-capacity.

(2) We follow the argument in [Fraas and Pinchover 2011] (for a slightly different argument see [Serrin
1964, p. 278]). Without loss of generality, we assume that xo = 0 and B;(0) € Q2. For r > 0, we write the
ball as B, := B,(0), and the corresponding sphere as S, := 9 B,.
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Since lim sup,_, ; u(x) = oo, there exists a sequence {xi }ren C €2 converging to 0 such that u (x;) — oo
as k — oo. Let ry = |xi|, where k =1, 2, ..., and consider the annular domains Ay := B3, /2 \ E,k/z. For
each k we scale Ay to the fixed annulus A’ := B3,(0) \ B, ,2(0). Note next that if u is a solution of the
equation Q’A’p’v[v] = 01in Q\ {0} then, for any positive R, the function u g(x) := u(Rx) satisfies the
equation

Oy pveltr] = —divAR(|vuR|’/§;2AR(x)vuR) + Ve |ugl?2ug =0 in Qg, (5-5)

where Ag(x) := A(Rx), Vg(x) := RPV(Rx) and Qg :={x/R | x € Q\ {0}}. Applying thus the Harnack
inequality in A’, we have, for k sufficiently large,
sup u(x) = sup u,, (x) < Cinf u, (x) = C inf u(x), (5-6)
xehy xeA’ xeA! X e

where the positive constant C is independent of r;. To see this, for example in the case p < n, observe
that || Vg paan = RP7"/4||V || 14 (az) and, by our assumptions on ¢, we have that the exponent on R is
nonnegative (it is in fact positive). Now from (5-6) we may readily deduce
minu(x) — oo as k — oo. (5-7)
Tk

Let v be a fixed positive solution of the equation Q/A, p’V[w] =0in By and set, for0 <r < 1,

Then, as in [Fraas and Pinchover 2011, Lemma 4.2], the WCP implies that the function m, is monotone
as r — 0. This, together with (5-7), implies that m, is monotone nonincreasing near 0. Therefore,
lim, _,¢g m, = 00 and, thus, lim,_,o u(x) = oc. O

Remark 5.5. The asymptotic behaviour of positive solutions of the equation Q/A’ p.v[v]l =0 near an
isolated singular point remains open for further studies (see [Fraas and Pinchover 2011; 2013; Pinchover
and Tintarev 2008] and the references therein for partial results).

5C. Positive solutions of minimal growth and Green’s function. The following notion was introduced
by Agmon [1983] in the linear case and was extended to p-Laplacian-type equations of the form (1-4) in
[Pinchover and Tintarev 2007; Pinchover and Regev 2015].

Definition 5.6. Let K( be a compact subset of 2. A positive solution u of (2-3) in 2\ K is said to be a
positive solution of minimal growth in a neighbourhood of infinity in 2, and denoted by u € Mgq.g, if,
for any smooth compact subset of 2 with Ky € int K and any positive supersolution v € C(€2\ int K)
of (2-3) in Q\ K, we have

u<v ondK = u<v in Q\K.

If u € Mgq.g, then u is called a global minimal solution of (2-3) in Q.

We first prove that if Q4 , v is nonnegative in 2 then Mgy, # & for any xo € 2. This result extends
the corresponding results in [Pinchover and Tintarev 2007; 2008; Pinchover and Regev 2015].
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Theorem 5.7. Suppose that Q 4, v is nonnegative in 2, where A and V satisfy hypothesis (HO). Then,
for any x¢ € 2, the equation Q/A’p’v[v] = 0 admits a solution u € Mg, x,)-

Proof. We fix a point x¢ € Q and let {w;};cn be a sequence of Lipschitz domains such that xy € w1,
w; € wi+1 € Q fori € N and UieN w; = Q. Setting r) := SUDP, e, dist(x; dw;) (the inradius of w;), we
define the open sets

Ui :=; \ B, ii+1)(x0).

Pick a fixed reference point x; € U; and note that U; € U; 41, i € N, and also UieN U; = Q\ {xo}. Also
let fi e C° (Br1 /i (x0) \ B )G+ 1)(x0)) \ {0} be a sequence of nonnegative functions. The nonnegativity of
O, p,v implies A1 (Qa p.v+1/i; Ui) > 0, and thus, by Theorem 3.10, we obtain for each i € N a positive
solution v; of
{Q;\,p,v-i-l/i[v] =fi in U,
v=0 on dU;.

Normalizing by u; (x) := v; (x)/v;(x1), the Harnack convergence principle (Proposition 2.11) implies that
{u;}ien admits a subsequence converging uniformly in compact subsets of €2\ {xo} to a positive solution
u of the equation Q;‘,p7v[w] =0in Q\ {xo}.

We claim that u € Mgq.(y,). To this end, let K be a compact smooth subset of €2 such that x¢ € intK,
and let v € C(2\ intK) be a positive supersolution of (2-3) in 2\ K with u <v on dK. Let § > 0. There
then exists ig € N such that supp{ f;} € K for all i > ix and, in addition, u; < (14 8)v on d(w; \ K). The
WCP (Theorem 5.3) implies u#; < (1 +6)v in w; \ K and letting i — oo we obtain u < (1 +§)v in Q\ K.
Since § > 0 is arbitrary, we conclude u < v in Q\ K. g

Definition 5.8. A function u € Mg (,, having a nonremovable singularity at xq is called a minimal
positive Green function of Q'y |, in  with a pole at xo. We denote such a function by GSX v (X, x0).

The following theorem states that criticality is equivalent to the existence of a global minimal solution,
that is, (1) <= (5) in the Main Theorem presented in the introduction. It extends [Pinchover and Regev
2015, Theorem 9.6] and also [Pinchover and Tintarev 2007, Theorem 5.5; 2008, Theorem 5.8].

Theorem 5.9. Suppose that Q 4, v is nonnegative in Q with A and V satisfying hypothesis (HO) if p > 2,
or(H1)if 1 < p <2. Then Q 4, p,v is subcritical in 2 if and only if (2-3) does not admit a global minimal
solution in Q2. In particular, ¢ is a ground state of (2-3) in 2 if and only if ¢ is a global minimal solution
of (2-3) in Q.

Proof. To prove necessity, let Q4 , v be subcritical in 2. Clearly (by the AP theorem) there exists a
continuous positive strict supersolution v of (2-3) in 2. We proceed by contradiction. Suppose there
exists a global minimal solution u of (2-3) in Q and fix K to be a compact smooth subset of 2. Let
gk ‘=minggx v/ maxyg u. Then eyxu < v, and ¢, I}v is also a positive continuous supersolution of (2-3)
in 2. Using it as a comparison function in the definition of u € Mgq. 5, we get egxu < v in Q\ K. Letting
also g := ming v/ maxg u, we readily have exu < v in K. Consequently, by setting & := min{eyg, g}
we have
ceu<v in Q.
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Now we define

go:=max{e >0]eu <v in Q}

and note that, since gou and v are, respectively, a continuous solution and a continuous strict supersolution
of (2-3) in 2, we have gou # v. There thus exist x; € Q and §, r > 0 such that B,(x;) C 2 and

(14 8)eou(x) <v(x) forall x € B,(x1).
But, since u € Mgq.g, it follows that
(14 68)eou(x) <v(x) forall x € 2\ B, (x1).

Consequently, (1 + 8)eou(x) < v(x) in 2, which contradicts the definition of &9. We note that in the
proof of this part we did not use the further regularity assumption (H1).

To prove sufficiency, assume that Q 4 , v is critical in £ with ground state ¢ satisfying ¢ (x1) =1 for
some x| € Q2. We will prove that ¢ € Mgq.5. To this end, consider an exhaustion {w; };en of €2 such that
xo € wy and x1 € Q\ w;. Fix j e Nand let f; € C°(B,,/j(x0)) \ {0} satisfy 0 < f;(x) < 1, where, as in
the previous proof, we write r| for the inradius of w;. Let v; ; be a positive solution of

{Q/A,,,,V[v] =f; inw,

v=0 on dw;.

The WCP (Theorem 5.3) ensures that the sequence {v; j}ien is nondecreasing. If {v; ;(x1)} is bounded,
then the sequence converges to v;, where v; is such that Q) , ,[v;]= f; in Q. Thus v; would be a strict
supersolution of (2-3), which contradicts Theorem 4.15, since the ground state ¢ is the only positive
supersolution of Q;" p,v[w] = 01in 2. Therefore, v; j(x1) — oo as i — oo. Defining thus the normalized
sequence u; j(x) :=v; j(x)/v; j(x1), by the Harnack convergence principle (Proposition 2.11) we may
extract a subsequence of {u; ;} that converges as i — o0 to a positive solution u; of the equation (2-3)
in Q2. Once again, by the uniqueness of the ground state, we have u; = ¢.

Now let K be a smooth compact set of €2 and assume that xo € int(K). Let v € C(€2\intK) be a positive
supersolution of (2-3) in 2\ K such that ¢ < v on dK. Let j € N be large enough that supp{f;} € K.
For any § > 0O there exists i5 € N such that, for i > is,

0=20) ,yluij1< Q4 ,ylvl in v\ K,

Qg,p’v[v]zo in w; \ K,
Ofui,jf(l—i-é)v on d(w; \ K),
which implies that ¢ =u; < (1+6)v in Q\ K. Letting § — 0 we obtain ¢ < v in Q\ K. 0

To conclude the paper, it remains to establish the equivalence between (1) and (6) of the Main Theorem.

Theorem 5.10. Suppose that Q s, v is nonnegative in Q with A and 'V satisfying hypothesis (HO) if p > 2,
or(HD) if 1 < p <2. Let u € Mg x,) for some xq € Q.

(a) If u has a removable singularity at xo, then Q s , v is critical in 2.
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(b) Let 1 < p < n and suppose that u has a nonremovable singularity at xo; then Q s, v is subcritical
in Q.

(c) Let p > n and suppose that u has a nonremovable singularity at xo. Assume also that lim,_, x, u(x)=c,
where c is a positive constant. Then Q 4 v is subcritical in .

Proof. (a) If u has a removable singularity at xo, its continuous extension is a global minimal solution
in 2, and Theorem 5.9 assures that Q4 v is critical in Q.

(b) Assume that # has a nonremovable singularity at xo and suppose for the sake of contradiction that
Qa,p,v is critical in . Theorem 5.9 implies the existence of a global minimal solution v of (2-3) in .
By Theorem 5.4 we have lim,_, , #(x) = 0o and thus, by comparison, v < eu in €2, where ¢ is an arbitrary
positive constant. This implies that v = 0, a contradiction.

(c) Suppose that Q4 , v is critical in €2 and let v > 0 be the corresponding global minimal solution. We
may assume that v(xg) = c. Since both u and v are continuous at xo, it follows that for any & > 0 there
exists 6, > 0 such that, forall 0 < § < §,,

(1I—8)ulx) <vx)<A4+e)u(x) forall x € dBs(xp).

Since u# and v are positive solutions (in 2\ {xo} and €2, respectively) of minimal growth at infinity in €2,
the above inequality implies that

(1—8)ulx) <vx)<{d+e)u(x) forall x € Q\ {xo}.

Letting ¢ — 0, we get u = v in €2, which contradicts our assumption that # has a nonremovable singularity
at xg. O

Remark 5.11. For sufficient conditions ensuring that in the subcritical case with p > n the limit of the
Green function GfZ v (x, x0) as x — xo always exists and is positive, see [Fraas and Pinchover 2013].
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GEOMETRIC OPTICS EXPANSIONS
FOR HYPERBOLIC CORNER PROBLEMS, I:
SELF-INTERACTION PHENOMENON

ANTOINE BENOIT

In this article we are interested in the rigorous construction of geometric optics expansions for hyperbolic
corner problems. More precisely we focus on the case where self-interacting phases occur. Those phases
are proper to the high frequency asymptotics for the corner problem and correspond to rays that can
display a homothetic pattern after a suitable number of reflections on the boundary. To construct the
geometric optics expansions in that framework, it is necessary to solve a new amplitude equation in view
of initializing the resolution of the WKB cascade.
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5. Conclusion 1416
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1. Introduction

The aim of this article is to give rigorous methods to construct geometric optics expansions for linear
hyperbolic initial boundary value problems in the quarter-space. Such problems will be called corner
problems and are of the form

L(0)u® := d;u® + A101u® + A20,u® =0,

(x1,x2) € Ry xRy, >0, (1)
Blu8|xl=0 = gg, Bzu8|x2=0 = 0, M8|t50 = 0,

where the matrices A1, A are in My (R) and where the boundary matrices B, By are elements of
My, n(R) and M, n(R) respectively (the values of the integers p; and p, will be made precise in
Assumption 2.2).

We have, in this article, chosen to work with only two space dimensions in order to save some notations.
However, all the following results can be generalized if one looks at problem (1) with extra space variables
x’ € R4=2 (with, of course, the suitable modifications on the operator L (d) to preserve hyperbolicity).

MSC2010: 35L04, 78A05.
Keywords: hyperbolic corner problem, geometric optics expansions, self-interacting phases.
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This article can be seen, in some sense, as a complement to the paper by Sarason and Smoller [1974]
in which the authors give intuitions and elements of proof about how to construct geometric optics
expansions but where the construction is not performed rigorously. To our knowledge it is the only paper
about this subject in the literature for general first-order systems and we shall rely on some of the deep
ideas of this seminal work. In particular, the links between the phase generation by reflections and the
geometry of the characteristic variety will be the foundation of the proofs in this article (see Section 3
and [Sarason and Smoller 1974, Section 6] for more details).

Indeed, in [Sarason and Smoller 1974] the authors give examples of corner problems whose character-
istic variety is such that, according to their argumentation, the associated ansatz of the geometric optics
expansion has to contain more phases than the analogous ansatz for each problem in the half-spaces
{x1 > 0} and {x2 > 0}. They also show that a new phenomenon, specific to corner problems, may
happen for some characteristic variety configurations: the existence of “self-interacting phases”. By
self-interacting phases we mean that some phases can regenerate themselves after a suitable number of
reflections on both sides of the corner. Such spectral configurations trap part of the solution in a periodically
repeating pattern of reflections from one side to the other (see Definition 4.8 and Figure 6 for more details).

Our aim is to give a rigorous construction of the geometric optics expansion when self-interacting
phases occur. This result is achieved in Theorem 4.27. The most interesting thing during this construction
is the appearance of a new amplitude equation whose resolution is needed to initialize the resolution of
the whole cascade of equations. More precisely, the resolution of the new amplitude equation requires the
invertibility of an operator acting on the trace of one of the self-interacting amplitudes. This operator
arises under the form (/ — T) and is reminiscent of Osher’s invertibility assumption [1973] for proving
an a priori estimate for (1). We show in Theorems 4.28 and 4.29 that a sufficient and necessary (in many
meaningful cases) condition for the new amplitude equation to be solvable in L2?(R.) is that the energy
associated with the trapped information does not increase. Such a formulation matches with the naive
(but intuitive) idea that if part of the information is trapped and increases after running through one cycle,
then the associated geometric optics expansion will blow up after repeated cycles.

Inverting an operator of the form (/ — T) in view of constructing the geometric optics expansion is not
surprising. Indeed, if we make the analogy with the analysis of the initial boundary value problem in
the half-space, the necessary and sufficient condition to ensure strong well-posedness is the so-called
uniform Kreiss—Lopatinskii condition (see [Kreiss 1970] and Assumption 2.11). When one wants to
construct geometric optics expansions for such problems in a half-space, a “microlocalized” version of
this condition arises [Williams 1996]. So one should expect that an analogous situation takes place for the
corner problem and that the solvability condition we exhibit here is a microlocalized version of a stronger
condition ensuring well-posedness of (1).

The full characterization of strong well-posedness for the corner problem has not been achieved yet.
Some partial results are known, for example for symmetric corner problems with strictly dissipative
boundary conditions (in that framework, the strong well-posedness can easily be obtained with few
modifications of the proofs of [Lax and Phillips 1960; Benzoni-Gavage and Serre 2007] for half-space
problems). However, there are, to our knowledge, few results concerning the general framework, that
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is to say, corner problems only satisfying the uniform Kreiss—Lopatinskii condition on each side. A
fundamental contribution to this study is the article by Osher [1973]. In this paper, the author uses the
invertibility of an operator of the form (I — T;) —here ¢ denotes a time frequency — to establish a
priori energy estimates. More precisely, he uses such an invertibility property to construct a “Kreiss-type
symmetrizer” providing a priori energy estimates with a loss of regularity from the source terms to the
solution. Unfortunately the number of losses in the estimates is not even explicit. However, some new
results about the possibility to obtain energy estimates without loss can be found in [Benoit 2015].

We believe that, as for the half-space problems, the invertibility condition on (/ —T) is a microlocalized
version of Osher’s condition. It is also interesting to remark that the example given in Section 3E shows that
the invertibility condition on (/ —T) may not be satisfied if we only impose the uniform Kreiss—Lopatinskii
condition on either side of the corner. But, looking still at the example of Section 3E, we observe that the
invertibility condition on (/ —T) is automatically satisfied if the boundary conditions are strictly dissipative.

The paper is organized as follows: In Section 2 we define some objects and introduce notations for deal-
ing with geometric optics expansions for initial boundary value problems. We also give some known results
about the well-posedness theory for the corner problem (1). In Section 3, we explain, and make complete,
the phase generation process by reflection as studied in [Sarason and Smoller 1974]. We also briefly give an
example of a 2 x 2 corner problem for which geometric optics expansions contain infinitely many phases.

Section 4 is devoted to the proof of our main result. Firstly, we give a rigorous framework for the
description of the phases obtained by successive reflections. This framework has to be general enough
to take into account self-interacting phases. Then we construct the geometric optics expansion. To do
that, it is, in a first time, necessary to exhibit a global “tree” structure on the set of phases, then to find a
way to initialize the resolution. As already mentioned, the initialization requires solving a new amplitude
equation for the trace of a self-interacting amplitude. The derivation of this equation is performed in
Section 4B2. Then we show that, once we have organized the set of phases and we have constructed one
of the self-interacting amplitudes, we can construct all amplitudes associated with phases “close to” the
self-interacting ones. A more precise study of the structure of the phase set then permits to determine all
the phases in the geometric optics expansion.

The end of Section 4 aims at justifying the geometric optics expansion and then at giving a necessary
and sufficient condition to ensure that the operator (/ — T) is invertible. We also give examples of corner
problems with one loop and revisit some of the conclusions of [Sarason and Smoller 1974]. Finally, we
make some comments on our results and give some prospects in Section 5.

2. An overview of well-posedness for half-space and corner problems
2A. Notations and definitions. Let
Q:={(x1,x2) €R?*|x1 >0,x2 >0}, 9IQ1:=QN{x; =0}, and IQs:=QN{x, =0}
be the quarter-space and both its edges. For T > 0, we will define

Qr:=]-00,T]xQ, 0Qq,r1:=]-00,T]x0dQ1, and 0 71 :=]-00,T]x3IQ>.
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The used function spaces will be the usual Sobolev spaces H”(X), with the notations L?(X) = H°(X)
and H*(X):=(, H"(X), where X is some Banach space. But we will also need the weighted Sobolev
spaces defined by H)/(X) :={u € BD'(X) | e Y'u e H"(X)} for y > 0.

At last, during the construction of the WKB expansion, to make sure that amplitudes are smooth
enough, we shall need the source term in (1) to be flat at the corner. The associated space of profiles is
thus defined as

H} :={ge H"(RxRy)|Vk <n, 0%g(t.x)jx=0 =0} V¥neNU{oo}. 2)

The flat-at-the-corner weighted Sobolev spaces H ]’} , are defined in a similar way.
Throughout .# will be the symbol of the differential operator L(9); i.e., for t € R and £ € R?,

2
L(r.E) =1+ &A;.
j=1

The characteristic variety V' of L(0) is given by
Vi={(1,§) e Rx R? | det Z(t, &) = 0.

In this article we choose to work with constantly hyperbolic operators. However, it has to be mentioned
that the analysis of Section 4 is slightly easier in the particular framework of strictly hyperbolic operators.
We thus assume the following property on L (0):

Assumption 2.1. There exists an integer q > 1, real-valued A1, . .., A4 analytic on R?\ {0} and positive
integers (L1, . .., lLq such that

q
det£(z.§) = [[(r+ 1, VEeS!
j=1

where the semisimple eigenvalues A (§) satisfy A1(§) <--- < A4(§).

Let us also assume that the boundary of €2 is noncharacteristic, and that the matrices B; and B, induce
the good number of boundary conditions, that is to say:

Assumption 2.2. We assume that the matrices A1, Ay are invertible. Then py (resp. p2), the number of
lines of By (resp. B»), equals the number of positive eigenvalues of Ay (resp. A3).
Moreover we also assume that By and B, are of maximal rank.

Under Assumptions 2.1 and 2.2, we can define the resolvent matrices
(€)= —AT oI +indy) and A(C) :=—Ay (ol +inAy).
where ¢ denotes an element of the frequency space
={:=(c=y+it.n) €CxR, y>0}\{(0,0)}

For convenience, we also introduce E¢ the boundary of &:

[x]

Eo:=ZN{y =0}
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For j =1,2and ¢ € (E \ Eg), we denote by E/S (¢) the stable subspace of <7; ({) and by Ej“ (%) its
unstable subspace. These spaces are well-defined according to [Hersh 1963]. The stable subspace £ Js (9]
has dimension p;, whereas EJ” (¢) has dimension N — p;. Let us recall the following theorem due to
Kreiss [1970] and generalized by Métivier [2000] for constantly hyperbolic operators:

Theorem 2.3 (block structure). Under Assumptions 2.1-2.2, for all { € E, there exists a neighborhood ¥V’
ofg in &, integers L1, Ly > 1, two partitions N = vy 1+---+vy,, =Va, 1+ +Va 1, withvy j,v2 1> 1,
and two invertible matrices Ty, T, regular on V' such that for all ¢ € ¥,

T1(Q) ™ A T1(0) = diag(#1,1(8), ..., #,1, (),
T2~ h () T2(8) = diag(#2,1(8), - ., ,1,(0)),
where the blocks <; | () have size v; | and satisfy one of the following alternatives:
(i) All the elements in the spectrum of <7} | (g ) have positive real part.
(ii) All the elements in the spectrum of <7} ; () have negative real part.
(i) vy, 1 =1, 1(§) €iR, 3y 1(§) € R\ {0}, and <7} 1(§) € iR forall { € ¥ N Ey.

(iv) v;; > 1, and there exists k; ; € iR such that

kig i 0
2 1(8) = RN
0 kiji

the coefficient in the lower left corner of 3y 7; 1(§) is real and nonzero, and moreover, <7; 1({) €
iMy, ,(R) forall{ € 7 N Eo.

Thanks to this theorem it is possible to describe the four kinds of frequencies, one for each part of the
boundary 02:

Definition 2.4. For j = 1,2, we denote by

(1) & the set of elliptic frequencies, that is to say, the set of { € E¢ such that Theorem 2.3 for the matrix
</ (£) is satisfied with one block of type (i) and one block of type (ii) only;

(2) A the set of hyperbolic frequencies, that is to say, the set of { € E¢ such that Theorem 2.3 for the
matrix <7; (¢) is satisfied with blocks of type (iii) only;

(3) &) the set of mixed frequencies, that is to say, the set of { € E¢ such that Theorem 2.3 for the
matrix <7 (§) is satisfied with one block of type (i), one of type (ii) and at least one of type (iii), but
without a block of type (iv);

(4) 9 the set of glancing frequencies, that is to say, the set of { € E¢ such that Theorem 2.3 for the
matrix <7 ({) is satisfied with at least one block of type (iv).

Thus, by definition, E¢ admits the decomposition

Eo=& U&EA; UM UY,.
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The study made in [Kreiss 1970; Métivier 2000] shows that the subspaces E7(¢) and E5(¢) admit a
continuous extension up to Eg. Moreover, if { € E¢ \ (%1 U%,), one has the decomposition
=E{(D)® EY(§) = E3(0) ® E3 (D). 3)
and for j € {1, 2},
ES(0) = E° () @ E" (),
EY(Q) =E Qe EM"©).

where E; & e(Z ) (resp. E; s e(( ) is the generalized eigenspace associated with eigenvalues of <7; () with
negative (resp posmve) real part, and where the spaces E & h(§ ) and E > h(§ ) are sums of eigenspaces of
</ (£) associated with some purely imaginary eigenvalues of 7 (£). From Assumption 2.2 we also have

CV = A E{ () @ AVEY () = A2E5(5) @ A2 E5(2). )

In fact, it is possible to give a more precise decomposition of the spaces E;’h (¢) and E}"h (¢). Indeed,
let wm,; be a purely imaginary eigenvalue of <7 ({), that is,

det(z + nA1 + ©@m,2A42) = det(z + @m,141 + nA2) = 0.
Then, using Assumption 2.1, there exists an index ky,,; such that

T+ Ay (0, @m2) =T+ Ak, (@m,1,m) =0
where A,  is smooth in both variables. Let us then introduce the following classification:

Definition 2.5. The set of incoming (resp. outgoing) phases for the side 0€21, denoted by J; (resp. 1),
is the set of indices m such that the group velocity vy := Vg, | (@m,1, 1) satisfies 911, | (@m,1,1) >0
(resp. 914k, | (@m,1,1) <O0).

Similarly, the set of incoming (resp. outgoing) phases for the side d€2,, denoted by J, (resp. D7), is
the set of indices m such that the group velocity vy, := VAg, (1], ©m,2) satisfies 924, , (1, @m,2) >0
(resp. 24, , (1, @m,2) <O0).

Thanks to this definition, we can write the following decomposition of the stable and unstable compo-
nents E;’h (¢) and E}"h (©):

Lemma 2.6. Forall { € #; U &), j = 1,2, we have

EY"©) = @ ker L. om1. ). EV"(©) = €D kerZ(r.oma. 1), (5)
meJ men,
ES" () = @ kerZL(z.n.om2). EY*(©) = @D kerZ(z.n.wm.2). (6)

meJs men
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From Assumption 2.2 we can also write

AMEP Q) = P Arker Z(t.oma.n). MEV Q) = P Arker L. omin). (D)

me7J; me
AE Q) = @ Asker (1. n.0mp). AEY" ()= P Acker Z(z.n.0ma). (8
meds me,

We refer, for example, to [Coulombel and Gues 2010] for a proof of this lemma.

2B. Known results about strong well-posedness. We consider the corner problem with source terms in
the interior of 27 and on either side of the boundary 027 given by

LAu=f onQr,
Biujy, =g = on 0921 T,
U|x;=0 = &1 1,T )
Bou|x,—g=g2 ondQs T,
u‘tso - 0

By strong well-posedness for the corner problem (9) we mean the following:

Definition 2.7. The corner problem (9) is said to be strongly well-posed if for 7 > 0 and for all
f € L?(Qr) and g; € L?(dS2},1), the corner problem (9) admits a unique solution u € L?(Q27) with
traces in L?(d21.7) and L?(R25,7) satisfying the energy estimate

”u”iZ(QT)"i_ ||u|x1=0||i2(3glj)+ ||u|x2=0”i2(392j)
= CT(”f”iZ(QT)—}_ g1 “12(391'70 + ”g2”iz(392’T)) (10)
for some constant Cr depending on 7.

As we have already mentioned in the Introduction, the full characterization of strong well-posedness
for the corner problem (9) has not been achieved yet. However, we have some partial results.

First of all, the strong well-posedness is proved in the particular framework of symmetric operators
with strictly dissipative boundary conditions, that is, boundary conditions defined as follows:

Definition 2.8. For j =1, 2, the boundary condition Bju|y;=o = g; is said to be strictly dissipative if
the inequality
(Ajv,v) <0 Vv ekerB;\ {0}

holds and ker B; is maximal (in the sense of inclusion) for this property.
We thus have the following result:

Theorem 2.9 [Benoit 2015, chapitre 4]. Under Assumption 2.2, if the matrices A1 and A, are symmetric
and if the boundary conditions of the corner problem (9) are strictly dissipative, then under a certain

algebraic condition on the matrix A1_1A2, the corner problem (9) is strongly well-posed is the sense of
Definition 2.7.
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We refer to [Benoit 2015, chapitre 4] for a proof of this result and for more details about the mentioned
algebraic condition (see hypothese 4.1.2 of [Benoit 2015]).! For more details about the algebraic condition
we also refer to [Métivier and Rauch 2016] in which the necessity of imposing this condition is shown.

It is also easy to show (see [Benoit 2015, paragraphe 5.3.1]) that a necessary condition for (9) to be
strongly well-posed is that each initial boundary value problem

L@)u = f.

on{x; >0,x3_; €R} for j =1,2, (11
Bjujx,=0 = gj» Ujr<0=0,

is strongly well-posed in the usual sense for initial boundary value problems in the half-space (see, for
example, [Benzoni-Gavage and Serre 2007]).

This implies that Theorem 2.9 is not sharp (except for N =2, thanks to [Strang 1969]) because there
exist nonstrictly dissipative boundary conditions leading to a strongly well-posed initial boundary value
problem (11) (see, for example, [Benoit 2014, paragraphe 5.3]).

However, the set of the boundary conditions making (11) strongly well-posed has been characterized
by [Kreiss 1970] and is composed of the boundary condition satisfying the so-called uniform Kreiss—
Lopatinskii condition:

Definition 2.10. The initial boundary value problem (11) is said to satisfy the uniform Kreiss—Lopatinskii
condition if for all { € B, we have
ker B; N E;(g) = {0}.

So for the corner problem (9) to be strongly well-posed it is necessary that, for j = 1, 2, the initial
boundary value problem (11) satisfies the “uniform” Kreiss—Lopatinskii condition. We thus make the
assumption:

Assumption 2.11. Forall { € E, we have
ker By N E7(¢) =ker B, N E5(¢) = {0}.

In particular, the restriction of By (resp. B2) to the stable subspace E7 ({) (resp. E5(L)) is invertible, and
its inverse is denoted by ¢1(C) (resp. ¢2(0)).

Unsurprisingly, the counterexample [Osher 1974a] shows that imposing the uniform Kreiss—Lopatinskii
condition on each side of the boundary is not sufficient to ensure that the corner problem (9) is strongly
well-posed.

3. The phase generation process and examples

Before constructing the geometric optics expansions, it is necessary to describe the expected phases in
these expansions. Since the boundary of the domain €2 is not flat, we expect that it is possible to generate
more phases than for half-space problems. Indeed, at the very first glance, we can think that a ray of

I'We do not want to give more details about this condition because it is not used to construct the WKB expansion. Moreover,
this condition will be satisfied by all our examples.
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geometric optics can be reflected several times on the boundary of the domain, with different new phases
generated at each reflection.

It is thus very important in order to postulate an ansatz to be able to describe all the phases that can be
obtained by successive reflections on each side of the boundary.

Here, we shall go back to the discussion by Sarason and Smoller [1974] explaining this phenomenon
and establishing a very strong link between the geometry of the characteristic variety of L(d) and the
phase generation process.

As already mentioned in the Introduction, we are interested here in corner problems which are
homogeneous in the interior and on one side of the boundary. The only nonzero source term, which arises
in the boundary condition on d€21, will be highly oscillating, and we want to understand which phases
can be induced by this source term. We will here describe the phase generation process when the source
term is taken on d€21; the arguments are the same for a source term on 9$2.

3A. Source term induced phases. Our problem of study is

LOu®=0 onQ7,

Biufy,—g=g° ondQr,
1 al.xl 0 g 15 (12)
Bouf|x,—0 =0 ondQy T,
Ufjr<0 =0,
where the source term on d$2; 7 is given by
g5 (1, x2) 1= e €2 g (1 xy), (13)

where the amplitude g belongs to H}’o and is zero for negative times. The planar phase ¢ is defined by
@(t,x2) =1t + £2x2

for two fixed real numbers T > 0 and &».

The fact that g belongs to H ]?" impl_ies that g¢ is zero at the corner. Assume that g identically vanishes
in a neighborhood of the corner. Then by finite speed of propagation for the half-space problem, we can,
at least during a small time interval, see the corner problem (12) as a boundary value problem in the
half-space {x; > 0}.

Geometric optics expansions for boundary value problems in the half-space have already been studied
(see, for example, [Williams 1996]) and, going back over the existing analysis, we expect that the source
term g° on the side d€2; induces in the interior of the domain several rays associated with the planar
phases

(po’k (t,x):=q(t,x2) + g(l)’kxl,
where the (¢ ?’k)  are the roots in the &;-variable of the dispersion relation

det.Z(z,§1.£2) =0. (14)
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An important remark to understand the phase generation process is that the (§ ?’k) & are the intersection
points (with the convention that complex roots are viewed as intersection poinzs at infinity) between the
line {(L £1, &), & € R} and the section of the characteristic variety V at t = t.

Let us denote by p, the number of real roots of (14) and by 2 p. the number of complex roots (which
occur in conjugate pairs). We also assume that (z,£5) is not a glancing frequency for the matrix </ ;
hence p, can be decomposed as pi + p?, where p_’, (resp. p?) is the number of real roots inducing
an incoming (resp. outgoing) group velocity (see Definition 2.5). We thus have p; = pﬁ + pc and
N — p1 = p? + p. by Lemma 2.6. Firstly we shall consider <plp , one of the p£ phases with an incoming
group velocity, and (pg, one of the p? phases with an outgoing group velocity. We also denote by v?
and v the associated group velocities. Phases associated with complex roots will be dealt with separately.
The following discussion should be performed for each such real phase.

We shall study separately the influence of the phases <p? and (pg upon the generation of phases.

The phase ¢0: The phase ¢?, associated with an outgoing group velocity, describes the “past” of the
information reflected on the side d€2; at the initial time. In other words, to know the origin of a point on
the side 021, it is sufficient to travel along the characteristic with group velocity vg by rewinding time
back to —oo.

This leads us to separate two cases, making, thus, more precise the Definition 2.5:

Definition 3.1. An outgoing group velocity v = (vy, vp) for the side d2; (i.e., v1 < 0) is said to be
e outgoing-incoming if v, > 0,
e outgoing-outgoing if v, < 0.

First subcase: vg outgoing-outgoing. Let us fix a point on the side d€2; and we draw the characteristic
line with group velocity v2 passing through this point. Since v? is outgoing for each side of the boundary,
the information at the considered point of d€2; can only come from information in the interior of the
domain, which has been transported towards the side d€21; see Figure 1. But, without a source term in the
interior of €2, such information is zero. As a consequence, the amplitude ug associated with the phase gag

is zero, since according to Lax’s lemma [1957] it satisfies the transport equation

dud +v9.vul =0,

0 _
Ug oo = 0

Outgoing-outgoing phases do not have any influence on the WKB expansion or on the phase generation
process and are therefore ignored from now on.

Second subcase: vg outgoing-incoming. Once again, we fix a point on the side d€2; and we draw the

characteristic line with group velocity vg passing through this point. As in the subcase of an outgoing-

outgoing, the information at the considered point of d€2; cannot come from the interior of the domain.
However, the characteristic associated with the group velocity v? hits the side Q, when we rewind

the time back to —oo, so the information at the point of the side d€2; could a priori come from some
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Figure 1. The four different kinds of phases.

information on the side €25, which would have been transported towards the side d€2;. But this is not
possible at time ¢ = 0 since the boundary condition on 92, is homogeneous for negative times.

So, the amplitude associated with the outgoing-incoming phase (pg is zero at time ¢ = 0 and even on a
small time interval if g° identically vanishes near the corner. That is why we do not take into account the
phase <p3 initially in the phase generation process.

Let us stress here that the phase ¢? is moved apart a priori only at time ¢ = 0. Indeed, for some
configuration of the characteristic variety, this phase can be generated at a future reflection on the side 025,
and will finally be included in the ansatz. We will make more comments on this point in Section 3C, after
having precisely described which reflections are taken into account.

The phase ga? : The phase gol-o is associated with an incoming group velocity for the side d€21. Opposite to
the phase @2, it describes the “future” of the source term g®. That is to say, when time goes to +oo, part
of the oscillations in g° is transported along the characteristic with group velocity v?. So, the phase (p?
carries a nonzero information and has to be taken into account in the phase generation process.

However, once again, we have to separate two subcases, according to the following refinement of the
Definition 2.5:

Definition 3.2. An incoming group velocity v = (v1, v2) for the side 02 (i.e., v1 > 0) is said to be
 incoming-incoming if v, > 0,
¢ incoming-outgoing if v, < 0.

The four kinds of (nonglancing) oscillating phases used in this analysis are drawn in Figure 1.

0
i
and we draw the characteristic with velocity vl‘-) passing through this point. When ¢ goes to 400, the

First subcase: v; incoming-incoming. We choose a point (0, x), on 921 such that g¢(0, x») is nonzero
information transported along this ray will never hit the side d€2, and will be unable to generate new
phases by reflection. So, when the group velocity v? is incoming-incoming, the phase generation process
for the phase <.0,Q stops.

0 . . . . .
; incoming-outgoing. We fix a point (0, x2) € d€21 with g®(0, x3) # 0, and we draw

the characteristic with velocity v? passing through this point. As v? , 1s negative, this ray will hit, after

Second subcase: v
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a while, the side 0€2,. We thus expect that this ray will give rise to reflected oscillations and that this
reflection will create new phases. This reflection phenomenon and more specifically the new expected
phases will be described in the next section. But before that, we will conclude the discussion on the
phases induced by the source term g€ by considering the possible complex-valued phases.

(p,? complex-valued: We now deal with phases corresponding to roots in the &;-variable to the dispersion
relation (14) with nonzero imaginary part. Let us first introduce some vocabulary.

Definition 3.3. A phase go,? with § ?’k € C\ R is said to be

¢ evanescent for the side d21 if Im §(1)’k >0,

e explosive for the side d€2; if Im §(1)’k < 0.

Thanks to the construction of geometric optics expansion for complex-valued phases made, for example,
in [Marcou 2010; Lescarret 2007], the expected behavior of the amplitudes associated with these phases
is a propagation of information in the normal direction to the side d€2;. However, this propagation is
exponentially decreasing (resp. increasing) according to the variable x; for the amplitudes linked with
evanescent (resp. explosive) phases. In all that follows, as we are looking for amplitudes in L?(2) so as
in [Lescarret 2007; Marcou 2010; Williams 1996] we do not take into account explosive phases.

Thus, we only keep the evanescent phases. Since, for regularity considerations on the oscillating
amplitudes, we are working with a source term in HJ?O, this source term satisfies, in particular, g(z,0) = 0.
Consequently, the information carried by evanescent phases will never hit the side d€2, and the evanescent
phases for the side d€2; are, as well as the incoming-incoming ones, stopping conditions in the phase
generation process.

To summarize, the phases induced directly by the source term g° are the incoming (for the side 9€21)
phases and the evanescent phases for the side d€21. Incoming-incoming and evanescent phases will not be
reflected; thus we only have to study the reflections on 025 associated with incoming-outgoing phases.

3B. The first reflection. We assume that the dispersion relation (14) has at least one solution in the
&1-variable generating an incoming-outgoing group velocity. We shall describe the reflection of one of
these phases. Of course, to determine all the expected phases in the WKB expansion, the following
discussion has to be repeated for each of these phases.

Let & (1) be a fixed root in the &;-variable to (14). We denote by vlp the associated incoming-outgoing
group ;elocity which corresponds to rays emanating from 9d€2; and hitting d€25 in finite time. Let us also
assume that time is large enough so that the ray associated with v? and emanating from the support of g#
has hit d€25. Once again, by (formal) finite speed of propagation arguments, the reflection of the ray can
not hit immediately the side d€2;. Thus during a small time, we can represent our situation as an initial
boundary value problem in the half-space {x, > 0} whose boundary source term has been turned on by
the amplitude for the outgoing (for the side d€2;) phase <p?.

We thus have to determine the roots (§ ;’k) , in the &>-variable of the dispersion relation

det #(z.£7.£2) = 0. (15)
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Figure 2. The geometry of the characteristic variety and the phase generation.

Let us stress that we already know one of them, that is, £5. For each of the new roots, we associate to
it the phase
1.k . 0 1.k
o (e, x) =zt +§ix1 + 557 xa.

It is interesting to note that the (¢ ;’k) r are the intersection points between V N {t = t} and the line
{(g, §(1’ &), &€ [R}. Thus to determine the phases generated by the source term, it is necessary to consider
the intersection of V N {t = 7} with a horizontal line, and to determine the phases generated by the first re-
flection, we have to consider the intersection of V N{r = t} with a vertical line (see Figure 2). To determine
the phases generated by the second reflection, we will have to consider the intersection with a horizontal
line and so on. We see that this process strongly depends on the geometry of the characteristic variety V.

Repeating exactly the same arguments as those used for the phases induced by the source term,
we claim that outgoing-outgoing and incoming-outgoing phases can be neglected (at least initially for
incoming-outgoing phases). Consequently, for real roots of (15), we just have to consider those associated
with an incoming-incoming or outgoing-incoming group velocity. Let (/)l.l denote one of these phases and
vl.l its group velocity.

v 11 incoming-incoming: In that case, as when the group velocity v? was incoming-incoming, the
considered ray will never hit the side d€21, and it will never be reflected. The phase generation process
for the phase (pl.l stops, and we are free to study the reflection(s) of another root of (15).

v 11 outgoing-incoming: The reflected ray travels towards 9€21, it will hit 92 after a while, and we will
have to determine how it is reflected back. So the phase generation process for the phase (pl.l continues.

Concerning complex roots of (15) (if such roots exist), we only add in the WKB expansion those
associated with evanescent phases for the side 02, (that is to say, those satisfying Im & ;’k > 0). As for
the complex-valued phases induced by the source term, they will never be reflected bac_k, and the phase
generation process for these phases stops.

3C. Summary. To summarize, the phase generation process is the following: We start from a source
term on 0€2; and we only study the reflections for the incoming phases that it induces. If all of the
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phases are incoming-incoming (or evanescent), then the process stops. Otherwise, we determine the
reflections on d€2, of all the incoming-outgoing phases and we shall consider them into the ansatz. If one
of these reflected phases is outgoing-incoming, we will determine its reflection on d€2;, otherwise the
phase generation process stops. This leads us to consider sequences of phases which are alternatively
incoming-outgoing and outgoing-incoming until we find an incoming-incoming or evanescent phase
during a reflection, which ends the sequence.

There are, of course, two possibilities: either each of these sequences of phases generated by successive
reflections is finite, and then the number of phases in the ansatz will be finite (see the example of
Section 3E), or at least one of these sequences is infinite, and then the number of phases in the ansatz is
infinite (see Section 3D).

In all the preceding discussion, we used the tacit assumption that we never meet glancing phases. This
assumption is satisfied in all our examples and it will be clearly stated in Theorem 4.27. Formally glancing
phases should be stopping criterion as well as incoming-incoming and evanescent phases. However, how
to include rigorously glancing modes in the WKB expansion is left for future studies.

Let us also stress that during a reflection on the side d€2; (resp. d€22), the fact that outgoing-incoming
(resp. incoming-outgoing) phases are not considered does not prevent these phases from appearing in the
WKB expansion.

Indeed, let (z, €1, £2) be an incoming-outgoing phase generated by the source term g° and (z, §1, § 2)
be an outgoing-incoming phase also generated by the source term. This phase is a priori not taken into
account in the WKB expansion at the first step of the phase generation process described above. Let us
assume that the intersection between the characteristic variety V' N{t = t} and the line {(g, £1,.62), &€ [R{}
contains a value of &, say é such that the associated oscillating phase is outgoing- inc_oming and that
the intersection between V' N {r = t} and the line {(r &1, é ), & € IR} contains the frequency (z, S §, ,é )
(in other words, it is equivalent to say that there exists a rectangle with sides parallel to the x- and y-axes
whose corners are four points of V N{t = z}). If the frequency (z, § 5 ) is associated with an incoming-
outgoing group velocity, we remark that by applying the phase generatlon process (more precisely during
the third reflection), we have to consider the frequency (z, § 1 § 2), which has been initially excluded.

Moreover, when we study the reflections of the phase associated with the frequency (z, g X § 2) on
the side d€21, we are led to consider one more time the phase with frequency (z, &1, €2). So, the phase
associated with the frequency (z, £1, £5) is “self-generating” or “self-interacting” because it is in the set
of the phases that it generates. Such ;conﬁguration in the characteristic variety will be called a “loop”.
An explicit example of a corner problem with a loop will be given in Section 3E.

The fact that at each reflection there is more than one generated phase and this self-interaction
phenomenon between the phases imply that there is no natural order on the set of phases as in the
N =2 framework. Indeed, when N > 2 we have to deal with a tree matching the phase generation at
each reflection. Thus, constructing the WKB expansion when N > 2 will be less intuitive than when
N =2, a framework in which it is sufficient to use the order induced by the phase generation process. In
Sections 4B1 and 4B4, we show how to overcome this lack of natural order in view of constructing the
WKB expansion.
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Figure 3. Phase generation for the corner problem of Section 3D.

3D. An example with infinitely many phases. The aim of this section is to illustrate the phase generation

process and to give an explicit example of a corner problem whose geometric optics expansion contains

an infinite number of phases. Moreover, this example will also stress the fact that the phase generation

process is much simpler when N = 2, since it gives a natural order of construction of the WKB expansion.
Let us consider the corner problem (12) with

0 -1 0 1
a= 30 =] )

It is thus clear that p; = p, = 1; then we have to choose Bj, B, € M;>(R) in such a way that the
boundary conditions on d€2; and <2, are strictly dissipative [Strang 1969]. Moreover, one can easily
check that this corner problem satisfies Assumptions 2.1 and 2.2.
We choose _
£°(tx2) 1= e£ 727 g 1, x)

for the source term on d€27 in the corner problem (12). Then the phase generation process for this problem
is precisely described in [Benoit 2015, paragraphe 6.6.1] and is illustrated in Figure 3. The phases that we
have to consider form a “stairway” in a parabola (see Figure 3). The points of this stairway are labeled
by two sequences (§1,p)pen and (§2,p)pen in such a way that points (§1,p, §2, p)pen match with points
in the “top of the parabola”, whereas points (§1,,. &2, p+1)pen match with points in the “bottom of the
parabola”. Finally we initialize at §1 o = —% and & 0 = % A simple computation shows that we have

E1,p=-2p*-3p—3%. Ep=-2p"—p+1,
and

oo L o4ptl 1 [=(p+))
P ap24pr2 |—@p+3)|0 P T 4p248p+5| 4p+3 |
So all the points of the “top” are associated with incoming-outgoing group velocities, while points of the

“bottom” are associated with outgoing-incoming group velocities. Thus according to the phase generation
process described above, the number of phases in the expansion will be infinite.
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Figure 4. Appearance of the characteristics for problem of Section 3D.

We refer to [Benoit 2015, paragraphes 6.6.2 and 6.6.3] for a rigorous construction of the geometric
optics expansion and a justification of its convergence towards the exact solution. The difficult part of
this analysis does not come from the construction because we are in the simpler case N = 2 but it comes
from the justification. Indeed, when infinitely many phases occur, to ensure that the WKB expansion (at a
finite order in terms of powers of £) makes sense, we have to ensure that a series converges.

Finally, we address the following phenomenon. If we fix a point (0, y,) € 921 and follow the
characteristic with group velocity v, then we will hit 92, at time 7, in a point (xp,0). Then if we start
from (xp,0) € 322 and follow the characteristic line with group velocity wp, we will hit 921 at time 7,/
in a point (yp+1,0). A simple computation shows that the considered sequences are given by

yp - 4p+1y0’ p — 4p+3YO, P vp,lyp, P Up,z D>

from which we deduce that from the starting point (0, yo), yo > 0, we will get closer and closer to

the corner at each reflection and will reach the corner in an infinite time. A scheme illustrating the
characteristic lines for this corner problem is given in Figure 4.

3E. An example with a loop. We consider the corner problem

oruf + A101uf + A20,uf =0,
e Ao £202 (x1.32) € Q. (16)
Blu8|x1=0 = Oa B2u8|x2=0 = g67 u€|t§0 = O’

ith
" 3/42 1/42 0 -2 0 0
Avi=|1/42 =3//2 0 |, Ax:=| 0 2 0f.
0 0 5/7 0 0 -2

This system does not have any physical meaning and is composed of a “wave type” equation and a
scalar transport equation. It is clear that the corner problem (16) satisfies Assumption 2.2 with p; =2
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Figure 5. Section of the characteristic variety and the phase generation for corner problem (16).

and p, = 1. The corner problem (16) does not satisfy Assumption 2.1, but it is hyperbolic in the sense
of geometrically regular hyperbolic systems (see [Métivier and Zumbrun 2005, Definition 2.2]). This
hyperbolicity assumption is sufficient for our discussion as long as we do not have to consider the ansatz
frequencies corresponding to intersection points? of the different sheets of the characteristic variety.
For the corner problem (16), the equation of the section of the characteristic variety with the plane
{t = 1} is given by
Vem1: (SEF 4285 — 6616+ 1)(1+ 28 —2&) =0,

and is composed of an ellipse and a crossing line; see Figure 5. If we choose
i (;41
gf(t.x1) = e 53 g1, xp)

for the source term g© on d2, in (16) then after the application of the phase generation process (see
Figure 5), we obtain a loop as introduced in Section 3C. The four self-interacting phases and the associated
group velocities are given by

—1 5/7
Q1(t,x) =1+ Ix1 +2x2, vi= |:1/ } @2(t.x) =1+ Lx1 +x2, v2=[ / }

17)
-2
e3(t,x) =1t 4+ x1 + x2, U3 = [ 1:|, @a(t,x) =1+ x1+2x2, v4= [_1:|’

2We have to stress that these intersection points, specific to geometrically regular hyperbolic systems, can, generically,
induce an infinite number of phases in the WKB expansion. Indeed, let us assume that in a given intersection point, one of
the sheets of the variety is associated with an incoming-outgoing group velocity, whereas the other sheet is associated with an
outgoing-incoming group velocity. Then, using the fact that the group velocities are regular, one can find a neighborhood on
each sheet such that the group velocity does not change type on this neighborhood. It immediately follows that if a ray of the
geometric optics expansion contains a frequency in these neighborhoods, it is automatically attracted toward the intersection
point by forming a “stairway”, like in Section 3D. The fact that this phenomenon does not occur for the corner problem (16), and
that the number of generated phases in finite, is somewhat very special.
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Figure 6. The loop.

where vy and v3 are outgoing-incoming, whereas v, and v4 are incoming-outgoing. The precise values
of the fifteen other expected phases in the WKB expansion can be explicitly computable but they are not
really important for our actual discussion. Let us just stress that, as it can be seen in Figure 5, there are
four evanescent phases for the side 0€2, but there are no oscillating phases of the form (1, &1, 0). Thus, in
particular, the technical Assumption 4.9, used in the construction of the WKB expansion will be satisfied.

As in Section 3D we are not interested in the construction of the geometric optics expansion but we
want to study the behavior of the rays associated with the phases (¢;);=1,....4 when T is large.

If we start from a point (xg, 0) € Q2> and make it travel along the characteristics with group velocity
V1, U2, v3 and vy, then after one cycle the ray will hit 02, after a time of travel ¢y in a point (x2, 0).
Some computations, like those made in Section 3D, show that, for xo > 0, we have

X2p = ,B_pra Ip = &ﬂ_pxo,

with
gl — 1 V1,2 V2,1 V3,2 V4,1
28 w11 V22 V3,1 Vap

and & a nonrelevant parameter for our purpose. Since 8 > 1, the ray concentrates at the corner. Moreover
the total time of travel towards the corner ) |, p is the sum of a finite geometric sum so the ray reaches
the corner in finite time.

We will come back in Section 4D to this example, and more precisely to the resolution of the new
amplitude equation needed to construct the geometric optics expansion. Let us conclude this section by
noting that Figure 6 depicts the characteristics associated with the group velocities (v;),=1,...,4.

4. Geometric optics expansions for self-interacted trapped rays
Until the end of this paper, we will study the following hyperbolic corner problem with N equations:

0;uf + A101uf 4+ A20,uf =0,

(t,x1,x2) € Qr, (18)
B1u8|x1=0 = gaa B2M8|x2=0 = 07 u€|t§0 = O’
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where we recall that A1, A2 € My (R) with N > 2, By € M, nv(R) and B; € M, n(R). Our goal is
to construct the WKB approximation to the solution u® to (18) when self-interacting phases occur. But
before starting the construction of the geometric optics expansion, we shall give a precise and rigorous
meaning of the phase generation process described in Section 3. This is the object of the following section.

4A. General framework. In this section we define a general framework wherein we can construct
rigorously geometric optics expansions for corner problems. As already mentioned, the geometry of
the characteristic variety influences the phase generation process and consequently it also influences the
geometric optics expansion. Though not the most general, our framework will be general enough to take
into account one-loop and self-interacting phases. Possible extensions are indicated at the end of this article.

4A1. Definition of the frequency set and first properties. Let us start with the definition of what we mean
by a frequency set:

Definition 4.1. Let .# be a subset of N and 7 € R, £ # 0. A set indexed by .7,
Fi={fi=(.5.8). i s},

will be a set of frequencies for the corner problem (18) if for all i € .7 the frequency f; satisfies

detZ(fi)=0
and one of the following alternatives:
(i) .6 €R.
(i) & € (C\R), & e Rand Imé&! > 0.
(i) &5 € (C\R), & € Rand Imé£, > 0.
In all that follows, if .% is a frequency set for the corner problem (18), we will define

Fos =1 fi € .F satistying (i)},
Fevl ‘= {fi € . satisfying (ii)},
Fev2 :={ fi € F satisfying (iii)}.

It is clear that the sets %y, Fey1 and Feyn give a partition of .#. Moreover, to each f; € Fo, we
can associate a group velocity v; := (v;,1,v;,2). Let us recall that the group velocity v; is defined in
Definition 2.5. The set %, can be decomposed as

Fi = {fi € Fos | vi,1, vi2 >0}, Fio =11i € Fos | Vi1 >0, vi2 <0},
Foi 1= {fl € Fos | Vi1 < 0, Vi2 > O}’ Foo \= {fl € Fos | Vi1 < 0, Via2 < O}-
Fo =1{fi € Fos | vi,1 =00rv; 2 =0},
The partition of .# induces the following partition of .#:
f=ng]00U'ﬂi0U]inL¢iinevl U Hev2,

where we have denoted by ., (resp. g, 0os ois ii» evls ev2) the set of indices i €.# such that the corresponding
frequency fl € Fio (resp. g> 005 Oi» iis evls ev2)-
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From now on, the source term g# on the boundary in (18) is given by
gi(t, x7) 1= elg(zt+§2x2)g(1, X2), (19)

where the amplitude g belongs to Hj?o and is zero for negative times.

The following definition gives a precise framework for the phase generation process described in
Section 3. More precisely, this definition qualifies the frequency set that contains all (and only) the
frequencies linked with the expected nonzero amplitudes in the WKB expansion of the solution to the
corner problem (18).

Definition 4.2. The corner problem (18) is said to be complete for reflections if there exists a set of
frequencies .# satisfying the following properties:

(1) .Z contains the real roots (in the variable &) associated with incoming-outgoing or incoming-
incoming group velocities and the complex roots with positive imaginary part to the dispersion
equation

det.Z(z,61.£2) =0.
(i) Fy =023
(iii) If (¢, €& i, éé) € Zio, then .Z contains all the roots (in the variable &,), denoted by Ef , of the dispersion
relation det £ (z, & i, &) = 0 that satisfy one of the following two alternatives:
(iii") Ef € R and the frequency (z, & i Szp ) is associated with an outgoing-incoming group velocity or
an incoming-incoming group velocity.
(iii”) Imé&Y > 0.
@(v) If (z, & ’1 éé) € Z,i, then .Z contains all the roots (in the variable &), denoted by & lp , of the dispersion
relation det £ (z, &1, Eé) = 0 that satisfy one of the following two alternatives:
@iv") Ef € R and the frequency (z, & f’ , Eé) is associated with an incoming-outgoing or an incoming-
incoming group velocity.
(iv") Im&P > 0.
(v) % is minimal (for the inclusion) for the four preceding properties.

Remark. Property (i) establishes that the frequency set .# contains all the incoming phases for d€2; that
are induced by the source term g%

Property (iii) (resp. (iv)) explains the generation by reflection on the side d€2, (resp. d€21) of a wave
packet that emanates from the side d$21 (resp. 9€25).

An immediate consequence of the minimality of .# is that .%,, is empty. In all that follows, we will
assume that the dispersion relation det Z(z, £1,£2) = 0 has at least one real solution £ such that the
group velocity for the frequency f := (z,£1, £2) is incoming-outgoing. This assumption is, of course,
not necessary. However, without this assumption, it is easy to see that the phase generation for the corner

3 This restriction is probably not necessary. However, for a first work on this subject we did not want to add the technicality

induced by the determination of amplitudes associated with glancing frequencies (see [Williams 2000] for such a construction).
Incorporating glancing modes in the WKB expansion is left for future studies.
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problem (18) is not richer than the phase generation for the standard boundary value problem in the
half-space {x; > 0}. Indeed, the minimality of the frequency set .% would imply, in this case,

F = gzii U ﬁ\evl and Vfl < g’ glz - §2.

For a corner problem that is complete for reflections, one can define the following functions. These
functions are defined on the index set .# and give, in the output, the indices “in the direct vicinity” of the
input index:

D, V: - Py(F),

where Zy (.#) denotes the power set of .# with at most N elements. More precisely, for i € .# and

fi = (x.E1.ED),
O():={jers|& =€) and W(i):={jes|t =¢).

Thanks to these functions, the index set .# can be seen as a graph. This graph structure will be more
abstract than the description of .# based on the wave packet reflections, but it will be easier to work with
when we will construct the WKB expansion. This graph structure is defined by the following relation:
two points i, j €.# are linked by an edge if and only if i € ®(j) ori € W(j).

In terms of wave packet reflection, the set (i) (resp. W(i)) is the set of all indices of the phases that
are considered in the reflection of the wave packet with phase associated to f; on d€25. Let us stress that
the index i is not necessarily the index of an incident ray but can be the index of one of the reflected rays.

It is easy to see that functions @ and ¥ have the following properties. One can also check that these
properties are independent of the concept of “loop” that will be introduced in the following section.

Proposition 4.3. If the corner problem (18) is complete for reflections, then ® and W satisfy the following
properties:

(1) Vie g, wehavei e V(i) andi € O(i).
(i) Vi e £, Vj € W(i), Yk € (i), we have V(i) = V(j) and D(i) = D(k).

(iii) Vi € &, we have (i) N Foyp = D and V(i) N Fey1 = D, and, Vi € Fey1, V] € Fovn, we have
V(i) C Fey1 and O(i) C Feya.

(iv) Vi € o5, we have #(P(i) N Foy1 N Fio N Fii) < p1 and #(V(0) N Foy2 N Foi N Fii) < po.
(v) Vi €.7, we have, on one hand, Viy, i € ®(i), i1 # ia,
Q@) NW(r) =i} and V(i) NY(2) =2,
and on the other hand, vV j1, j» € Y(i), 1 # j2,
V@) Ne(j1) ={1} and @(j1)NP(2) =2.

Proof. Properties (i), (ii) and (v) are direct consequences of the definition of the functions ® and W.
Property (iii) arises from the definition of the frequency set. Finally property (iv) is a consequence of the
block structure theorem (see Theorem 2.3). O
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Thanks to functions @ and W it is easy to define the notion of two linked indices in the graph structure
of .. In terms of wave packet reflections, this notion means that the index i will be linked with the
index j if and only if j is obtained from the wave packet associated with i after several reflections. In
other terms, we can say that the index i generates the index j, or that i is the “father” of j. The following
definition makes this notion more precise:

Definition 4.4. 1If i € .,, we say that the index j € .%j, U 1 (resp. j € Foi U Fey2) is linked with the
index i if there exists p € 2N + 1 (resp. p € 2N) and a sequence of indices £ = ({1,45,...,{p) € I?
such that

GV Ip, L e®Ey) €S, ..., jEDLy) (resp. j € V(). @)
We say that the index j € .%; is linked with the index i, if there is a sequence of indices { =
(41,42, ....4p) € 7P such that

®(Lp) if pisodd,

LeW(i)N L, Lredl)N Ay, ..., e
! @ 2 (‘) W(lp) if piseven.

B
If i € .%,, we say that the index j € %, U Sy (resp. j € Foi U Fy2) is linked with the index i, if
there exists p € 2N (resp. p € 2N 4+ 1) and a sequence of indices £ = ({1, {2, ...,{p) € #? such that
Lie®i)N S, LreVW(ly) €S, .... Jjedy) (resp.)eV(Lp)). (@)
We say that the index j € .#%; is linked with the index i, if there exists a sequence of indices £ =
(£1,4€2,....4p) €72 such that
W(l,) if pisodd,
®(Ly) if piseven.

Finally, if i € %; U Fey1 U Zy2, there is no element of .# linked with i.
Moreover, we will say that an index j € .7 is linked with the index i by a sequence of type H (for

bLed)NS, LeVl)N A, ..., B

“horizontal”) (resp. V' (for “vertical”)) and we will use the notation i i j (resp. i 7 j) if the sequence
(@, €1.42,....Lp, j) satisfies (a”) or (B”) (resp. (&) or (B)).

Let us comment a bit on this definition. In terms of wave packet reflections, if one fixes an index
i € %,, an index j is linked with the index i if j comes from i after several reflections. More precisely,
the incoming-outgoing ray associated with i hits the side 02, and is reflected in the outgoing-incoming
ray associated with the index £;. Then the ray of index £; hits the side €21, and generates the incoming-
outgoing ray associated with the index £,. This ray hits the side 92, and so on until the ray associated
with the index £, generates by reflection the index j.

The distinction of cases based on the group velocity of the index j in the subcase («’) considers the fact
that a ray associated with an index in %, U 1 (resp. £ U Zey2) can be generated by a ray associated
with £, only during a reflection on the side d€21 (resp. 0€22), or equivalently after an even (resp. odd)
number of reflections, whereas a ray with an incoming-incoming group velocity can be generated by the
ray £, during a reflection on the side dQ; or one the side d$2,. That is the reason why the subcase (8’)
differs from the subcase (a’).
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If one rather sees the index set .# with a graph structure, saying that j is linked with i is no more
than saying that starting from i one can reach the index j by passing through the indices ¢;, with the
following rule of travel: if one reaches £; by following a vertical (resp. horizontal) edge of the graph,
then £; 1 will be reached by following a horizontal (resp. vertical) edge. A sequence of type H (resp. V)
just means that when we start from i, the first edge is a horizontal (resp. vertical) one.

The following proposition is an immediate consequence of Definitions 4.2 and 4.4.

Proposition 4.5. Let F be a complete-for-reflection frequency set indexed by 7. Let %y be the set of
indices in & generated by the source term g%; that is to say,

Io:=1{i €U I U Iy | det Z(z,£{.§2) = 0}.
Let 94 be the set of indices in & linked with one of the elements of Y. Then
I =S

Proof. Let .74 be the set of frequencies indexed by .#5. It is clear that the set .%4 satisfies properties (i)—(iv)
of Definition 4.2. Let us describe the verification of property (iii) to be more convincing.

We fix i € .5, an incoming-outgoing index. Let £ be a sequence that links i to one of the indices
of #y. Then indices in fo; N W(i), % NW(i) and ey N W (i) are linked with an element in . by the
sequence (£,7). As a consequence, these indices are in .#5,. We just showed that .7, satisfies property (iii)
of Definition 4.2.

We now want to show that .#;, = .#. By contradiction, we assume that there exists j € (% \ Z»).
Firstly, if j € Zy1 U 2 U %, then the frequency set indexed by .# \ {j } still satisfies properties (i)—(iv)
in Definition 4.2. This fact contradicts the minimality of .#.

Then, if j € %, U .%,, we construct the set of indices linked with j, and we denote this set by 7.
Let .7 be the frequency set indexed by 7. The set (ﬁf UZ2)\ (ﬁ N F4) satisfies properties (i)—(iv) in
Definition 4.2 and is strictly included in .# because j € (Z N.Z4). Once more, this fact is incompatible
with the minimality of the frequency set .%. O

Proposition 4.5 concludes the description of our formal framework for frequency sets. Let us stress
that in this framework we do not assume that the number of phases in the WKB expansion is finite. The
assumption “#.% < +00” will only be used to make sure that the formal geometric optics expansion
constructed in the following sections is relevant, in the sense that the expansion is well-defined and that it
does indeed approximate the exact solution. But it will not be used to construct the WKB expansion, at
least, at a formal level.

4A2. Frequency sets with loops. As mentioned in the beginning of this section, the aim of all that follows
is to construct rigorous geometric optics expansions for corner problem where some amplitudes in the ex-
pansion display a self-interacting phenomenon. To do that, we will need to consider corner problems whose
characteristic variety contains a “loop”. By loop, we mean that it is possible to find at least four points on
the section of the characteristic variety V N {t = t} such that if we draw the segments linking these points,
we obtain a rectangle or a finite “stairway” (see Section 3C and [Sarason and Smoller 1974, Figure 8]).
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Many kinds of loops are possible and few of them lead to a self-interaction phenomenon. That is why,
in all that follows, we will assume that there is a unique loop and that this loop induces a self-interaction
phenomenon. The uniqueness of the loop is probably not a necessary assumption, but it permits us to
simplify many steps of the proof and to save a lot of combinatorial arguments. We refer to [Benoit 2015,
paragraphe 6.10] for more details. The different kinds of loops are defined as follows:

Definition 4.6. Leti € .7, p € 2N+ 1 and £ = ({1, ...,{p) € #P (we stress that elements of £ are not
necessarily distinct).

e We say that the index i €. admits a loop if there exists a sequence £ satisfying
b e®(@), LlreWV(ty), ..., ieW(ly).

* A loop for an index i is said to be simple if the sequence £ does not contain a periodically repeated
subsequence.

e An index i € .9, (resp. i € %) admits a self-interaction loop if i admits a simple loop and if the
sequence (i, £,i) is of type V (resp. H) according to Definition 4.4.

From now on, let us assume the following:

Assumption 4.7. Let (18) be complete for the reflections. We assume that the frequency set % contains a
unique loop of size 3 and that this loop is a self-interaction loop. More precisely, we want the following
properties to be satisfied:

(vi) (n1,n3) € 72, (n2,n4) € I3 such that
ng €V¥(ny), nzednyg), npeWni), ny;edmy).

(vii) Leti €. be an index with aloop £ = ({1, ...,Lp). Then p =3 and {i, €1,{2, L3} ={n1,n2,n3,n4}.

The fact that we restrict our attention to a loop of size 3 is just to simplify as much as possible the
redaction of the proof. However, all of the following construction can be generalized to loops with more
than three elements.

One of the main difficulties induced by the presence of a loop is that the definition of linked indices
does not permit us anymore to define a partial order on the frequency set, as can be done in the case
N = 2. Indeed, if one considers indices n1 and n3 defined in Assumption 4.7 then we have n 7 13
and n3 d ! but 71 # n3. We will see in Section 4B1 how this new difficulty can be overcome.

We conclude this section by defining what we mean by “trapped” and “self-interacting” rays.
Definition 4.8. A ray of the geometric optics expansion is said to be trapped if when we follow its
characteristics, we never escape from a compact set.

A ray of the geometric optics expansion is said to be self-interacting if when we follow its characteristics,
we can find a repeating sequence of group velocities.

So a trapped ray is a ray which will never escape to “infinity”. The ray obtained by following the
characteristic lines for the indices (n1,7n2,n3,14) is a self-interacting trapped ray, whereas, the ray
described in Section 3D is non-self-interacting trapped ray.
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To conclude this section let us give the following assumption about an extra special property which
applies to the frequency set .#. This assumption will be useful in the beginning of Section 4B to derive
the WKB cascade. Moreover, some extra comments about this assumption can be found in Section 5.

Assumption 4.9. If Z.,1 (resp. Fey1) is not empty then %o does not contain any element of the form

fie = (z,0,E5) (resp. fi = (z. €K, 0)).

4A3. Some _deﬁnitions and notation. For j € Jey1 U S U S (resp. 1 € Feyn U F5 U Hp), we denote by
fi=(t,¢ { , sz) the associated frequency. Let us recall that thanks to the uniform Kreiss—Lopatinskii
condition, it is possible to define ¢{ (resp. ¢£ ), the inverse of B (resp. B») restricted to the stable subspace
E{(iz. &) (resp. E5(iT.£])).

To construct the amplitudes in the WKB expansion, we will need the following projectors and partial
inverses:

Definition 4.10. For j € {1,2} and f; = (z,é{‘,éé‘) € %, let us denote by Plk,s,j (resp. P2k,s,j)’ the
projector on EJs.’e (it, Eé‘_j) (resp. Eiu’e (it, Sé‘_j)) associated with the direct sum (3), and Plk (resp. sz)
the projector on ker £ ( f;) associated with the sums (5) (resp. (6)).

Let us denote by Q’f,s,j (resp. Q’zc,s’j), the projector on E}(it, éé‘_j) (resp. E;*“(iz, Eé‘_j)) asso-
ciated with the direct sum (4), and Q;‘ (resp. leC ) the projector on A1 ker Z( fi) (resp. Az ker Z( fi))
associated with the sums (7) (resp. (8)).

Let R;‘ be the partial inverse of . ( fx), defined by the two relations
k _ k kpk _ pk Ak _
Finally, to simplify the notation as much as possible, set
Sti=PioY. Sy i=Prey. Siii=PReT. Siy = Plhes.

An important remark is that, for k € Z, if f}, is the associated frequency then Ran .Z( f) = ker Q% =
ker lec, and that, for j € {1, 2}, the projector Q;‘ induces an isomorphism from Ran ij to Ran Q}‘.
We will have to solve transport equations, so the following variables will be convenient:

) 1 . v;
: . . J,2
Vj €S, tlt.x1):=t——x1. x](x1,x2) 1= x3— L2xq, (21
Vj1 Vj,1
, J . 1 J . vj,1
Y €Sy, loi(l,X2) =ft——1X2, xoi(xl,xz) =X1— —X2. (22)
Vj2 Vj,2

4B. Construction of the WKB expansion. During all the construction, we will have to consider three
kinds of phases, namely oscillating phases, evanescent phases for the side d€2; and evanescent phases for
the side d25. These will be denoted by

(pk(l,X) = ((I,X),fk), fkeyos,

Vi1t x2) == ((2,0,x2), fk),  Ji € Fevi U Fos,
wk,Z(Z’xl) = ((Z,xl,O), fk>’ fk € Feva U Fs.
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For a given amplitude g € H2°, zero for negative times, we will work with a source term on the side 0€2;
of the form

gS(t’ x2) - elg(zt-l—xzszl)g(t’ x2)»

that is to say, a source term that “turns on” the index 7 on the loop, and that has an incoming group
velocity for the side 0€2;. So, we expect that the source term g€ will generate a wave packet propagating
towards the side 9£25.

As in [Lescarret 2007], evanescent modes will be treated in a “monoblock™ way, that is to say, that for
an index i € Z,,1 (resp. i € Zy»), all the indices j € ey N (i) (resp. j € Fevo N W(P)) will contribute
to a single vector-valued amplitude. To write off the ansatz and to describe with enough precision the
boundary conditions, it is useful to introduce the two equivalence relations 3 and T defined by

iz &=JE€ d(i),

ig]=1J¢€ (7).
The fact that these relations are effectively equivalence relations is a direct consequence of Proposition 4.3.
Let &; (resp. €,) be the set of equivalence classes for the relation 3 (resp. E)’ and Z; (resp. %) be a

set of class representative for € (resp. €). So % (resp. #») is a set of indices which includes all the
possible values for &, (resp. 1) of the different frequencies. Let us define 93; and R, by

Ry :={i €% | (i) N Iey1 # D}, (23)
Ro = {i €% | V(i) N Iev2 # B} (24)
M1 (resp. Ry) is a set of class representative of the values in &, (resp. &1) for which there is an evanescent
mode for the side 0€21 (resp. d€25). At last, without loss of generality, we can always assume that | € %»;

in other words, we choose n1 as a class representative of its equivalence class.
We take for the ansatz

us(t,x) ~ Z elg(ok(t,X) Zgnun,k(tvx)

k€ Iy n>0
L X1 L (t,x1) n X2
+ ) esVrkatx) N ny tx, = |4 Y esVr2ltx e"U, t,x,— ). (25
2 2" Unkatx o )+ 2 2" Unkaltx 7). 29)
keR n>0 keR, n>0

And we now want to determine the profiles u, x and U, x ;. We are looking for oscillating profiles u,
in the space H *°(271), whereas, the space for the evanescent profiles is (see [Lescarret 2007]):

Definition 4.11. For i = 1, 2, the set P.,,; of evanescent profiles for the side 92; is defined as functions
U(t,x,X;)e H®(Qr xRy ) for which there exists a positive § such that e*Xi U(z, x, X;) € H®(Qr xR).

Plugging the ansatz (25) in the evolution equation of the corner problem (18) and identifying in terms
of powers of ¢ leads us to solve the cascade of equations
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L(do)uor =0 Vk €Iy,
i Z(do)uns1k +L(Oupr =0 VneN, Vk € .7,
Lx@x)Uok,1 =0 VkeRy,
LrOx)Upt1h1+LOUpr1 =0 VneN, Vk € Ry,
Li(0x,)Up k2 =0 Vk€Ry,
Li@x,)Un+1k2+ L(DUnk2=0 VneN, Yk € Ry,

(26)

where the “fast” differentiation operators L (dy,) and Ly (dx,) are given by

Li(9x,) := A1 (9x, — 21 (z.€5)) for k € Ry,
Li(3x,) := A2(dx, — o5 (z,£F))  for k € Ry

Then, plugging the ansatz (25) in the boundary conditions on the sides d€2; and 92, gives

] ] ] X
B Z el?‘/’k-‘un,k(t,o,xz)—l— Z es Vi Up k.1(,0,x2,0)+ Z elEE’Un,k,z (I,O,xz, ?2):|

ke Sy ken keRo
—poetVmitg, (27)
and
L L L X1
B eVk.2 VYi.2 Tt 2 )|=o.
Z[Ze un’k(t,xl,0)+zes Un’k’z(t,xl,o,o)‘i_zes Un’k’l t,XI,O, . O (28)
k €Sy keRo keR

Let us study the first boundary condition. If there are no evanescent phases for the side d€2, then it simply
reads

B Z elgwk"un’k(z,o,xz)+ Z els‘/’k=‘U,,,k,1(z,0,x2,O)i| :8n,oel§w”l>1g,
ke Sy ken

whereas if there are evanescent phases for the side 92, we can use Assumption 4.9 to decouple (27) into

Bl[ 3 eeVitu, 1 (1.0.x2) + Y eéwk-lUn,k,l(z,o,xz,O)} = Sppec¥miig,
k €7y keR

i X2
B eetU £,0,x, =] =0.
1 Z n,k,2( 2 e)

keRo

(29)

Indeed Assumption 4.9 implies the linear independence of the phases v ; and zz. The same reasoning
for the boundary condition gives

BZ[ 3 erVeru, k(6 x1.0)+ Y els‘”k-ZUn,k,z(t,xl,O,O)} —0.
k€ Iy keRs

i x
By Y es™ Uy, (f,x1,0, ?1)

keRo

(30)

0.
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Now, using again the linear independence of the phases, the boundary conditions (29) and (30) can be
decomposed as the following cascades of equations:

Bl|: Z un,j+Un,n1,1|Xl=0 =8n,0g VneN, if n; € Ry,
JE€®(n1)N Sos bx1=0
Bl|: Z Un,j =8n,0g Vn eN, ifn1¢%1,
jed() - x1=0
B1[ D n+Unkay o =0 vneN, Yk € R\ {n1}.
e (k)N I, dlx1=0 31
Bl[ > un, =0 VneN, Vk ¢ R\ {n1}.
jedk) =0
Bz[ Yo unj+ Un k25,0 =0 Vn eN, Yk € R,
J €W (K)N oy lx2=0
BZ[ Z Un,j =0 VneN, Yk ¢ R,.
jew(k) — -x2=0
and
B Y U,,,k,z(z,o,xz, 2) =0 VneN,
&
kenr
o (32)
X
By Y. Un,k’l(t,xl,o, —1) =0 VneN.
keR, €

At last, plugging the ansatz (25) in the initial condition of the corner problem (18) leads us to solve

un,k|t=0 =0 Vk € Los,
Vn eN, Unk1,-0 =0 VkeRy, (33)
Unkay_g=0 VkeRs.

The main steps in the construction of the geometric optics expansion are the following. First, before
solving the WKB cascade, we will describe a global structure on the set of indices .#. More precisely, this
structure is based on a partition which takes into account the different relations that an index can have
with the elements of the loop. We will thus be able to express .# as a union of nonintersecting “trees” (or
ordered sets by the relations >z> and >, see Definition 4.4). Then, we will construct the amplitudes for
the indices of the loop. To do this, we will need a new invertibility condition, which will be studied in
Section 4D.

Thanks to the knowledge of the amplitudes associated with the loop, we will be able to construct
the amplitudes in a direct neighborhood of the indices of the loop. In other terms, the new invertibility

condition will be used to start the construction of the geometric optics expansion.
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Then, to construct the remaining amplitudes, we will first make a more precise study of the structure of
the trees that form .#. Using this more precise analysis, we will see that the construction of the amplitudes
in these trees is rather easy because one can define a partial order on these trees.

The scheme of proof, and more precisely the order of construction of the amplitudes will be exactly
the same for higher-order terms.

4B1. Global structure of the set of indices .#. In this section we will construct a partition of .# based
upon the position of the indices compared to the loop index n; and no more on the different kinds of
elements in .. More precisely, the partition will be based upon the different kinds of sequences that can
link an index i to the loop index n1.

The idea of the construction is the following; firstly, thanks to Proposition 4.5, we know that every
index i in .# is linked by a sequence of type V' to one of the indices of .# (cf. Definition 4.4). Without
loss of generality, one can always assume that for all indices i the sequence linking i to the index in .#y
does not start by the subsequence (14, 712,n3,11).

The following lemma is also immediate:

Lemma 4.12. For alli € .7, there exists at least one sequence of type V linking i to ny. Equivalently, for
alli € .9,

1oy i,

where the notation > has been introduced in Definition 4.4.

Proof. Tt is sufficient to treat the case of indices i linked with ig for iy € # \ {n1}. For such indices,
there exists a sequence, denoted by l,of type V linking i to ig. By definition, ip € ®(n1). So i is linked
with n1 by the type-V sequence defined by £ = (n4,n3,nz, ig, Z). |
Now, leti € #\{n1,ny,n3,n4}, and let 0= (£1,42,...,£p) be atype-V sequence linking i tony. The
way to construct the sets, denoted Ag,, Bp,,, Cc,, D4, , of the sought partition is based on the following
algorithm:
LetCy :=#W(n1)—2, and

Y(ny) \{n1,na}:={ay,az,...,ag}.

Let/ € {1,...,C1}. We will say that i € A, if and only if the sequence ¢’ can be chosen such that
61 =daj.

At this stage, we have treated all the sequences that do not start with n4. To treat the sequences that
start with ny, let C4 := #P(n4) — 2, and

CI>(I’l4) \ {n3, I’l4} = {bl, bz, ey bg4}.
Then for m € {1,...,C2}, we will say that i € By, if and only if the sequence ¢' can be chosen such that
El =Ny and Ez = bm
Consequently we have treated all the sequences £ except those starting with (114, 73).

Finally let C3 := #W¥(n3) — 2, Cp :=#P(n) —2 and
W(n3) \ {na,n3}:={ci1,ca,...,ce3}, Pma)\{n1,n2} :=4{d1.da,....de,}.
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We define the sets C¢, and D, by the relations:

e Forg €{l,...,C3}, we have i € C,,, if and only if the sequence ¢! can be chosen such that £; = ng,
¢y =n3and {3 =¢4.

e Forr €{l,...,C2}, we have i € D, _if and only if the sequence £ can be chosen such that £ = ng4,
62 =ns3, 53 =ny and @4 = dr.

This algorithm permits to consider all the possible sequences because no sequence starts with the
subsequence (n4,n3,n2,n1). Then, we repeat this construction for all the potential sequences linking i
tony.

It is thus clear that

(£ \{n1,n2,n3,n4}) = (U Aa,) u( U Bbm) u( U ccq) U ( U Dd,). (34)

1<y m=0(> q=<C3 r=<C4

The sets Aq, and Bp,, can be characterized as follows: Ag, is the set of indices i € .7 such that a; > i,
whereas Bp,, is the set of indices i €.# such that by, > i. In terms of wave packet reflection, the set Ag,
gathers the indices obtained by reflection of the phase associated with the index a;, this phase being
obtained by reflection of the wave packet associated with 71 on the side 0Q25. In a similar way, B}
gathers the indices obtained by reflection of the phase associated with the index b;. The phase associated
with b; being obtained by reflection of the phase associated with n4 on the side 92;. An analogous

characterization stands for the sets C, and Dy, .
Lemma 4.13. The decomposition
(7 \{n1.n2.n3,n4}) = (U Aal) ( g Bbm) U ( U ccn) U ( U qu)
I<h m=(> n=<C3 q=<C4
is a partition of ¥ \{n1,n2,n3,na}.
Proof. Let us first define the “mirror” sequence of a sequence by the relation
V= (Ly,Ls,....0p) €97, L:=(p,ly_1,...,0) TP

Let/,l/€{l,....0.}5 [ £1.

Proof of A4, N A4, = @: We argue by contradiction. Let us assume that there exists i € A, N Ag,,.
Then by definition, there exists a type-H sequence { = ({1,...,{p) linking i to a; and a type-H
sequence ¢/ = (¢}, ... ,E;),) linking i to a;;. We now have to consider several cases depending on the
oddness/evenness of p and p’.

p, p' € 2N: By the definition of type-H sequences, we have i € W({,) and i € \IJ(E’ ). Thanks to
property (ii) of Proposition 4.3, K’ € W({p). The sequence (£, ') is consequently a type-H sequence
hnkmg a; toay. Buta; € O(ay ) so the sequence (¢, 0, ayp)is a loop for the index a; with exactly
p + p’ + 1 elements. This contradicts Assumption 4.7.
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pe2N,p"€2N+1: Nowi € U({p)andi € @(K;},) or equivalently E;, € ®(i). The sequence (£,i,{)
is a type-H sequence linking a; to a;. Then (£, 1, 0,ap)is a loop for the index a; with p + p’ + 2

elements. Once again, it contradicts Assumption 4.7.
The case p, p’ € 2N + 1 is quite similar to the case p, p’ € 2N, so we omit the proof.

We now deal with the proof of the property A,, N By, = &, the other proofs showing that the other
kinds of intersections are empty are analogous and consequently they will not be treated here.

Proof of A,, N Bp,, = J: Once again, we argue by contradiction. Let i € Ay, N By, . Then by
the definitions of the sets Aq, and Bp,,, we have a; >7> i and by > i. That is to say, there exists
{=(£y,....£p) atype-H sequence linking i to a; and a type-V sequence £’ = (¢/, ... ,E;),) linking i

to by,. We have to consider the following cases:
p,p' €2N: We have i € W({p) and i € CIJ(%,). So it is possible to show exactly as in the proof of

one of the above subcases that the sequence (£, i, £’) links a; to by,. It follows from a; € ¥(n,) and
n4 € ®(by,) that the sequence (£,i,£’, by, n4) is a loop for the index a; with an odd number of elements.

p €2N, p’ € 2N + 1: We can show that the sequence (£, £') links a; to bp,. So (£, €', by, n4) is a loop
for a; with an odd number of elements, which is again a contradiction with Assumption 4.7. O

We have just shown that

( U Aa,-) U ( U Bbl.) U ( U ccl.) U ( U Ddl.) (35)

i<Cy i<C i<C3 i<C4

is a partition of .# \ {n1,n,,n3,n4}. A consequence is that to determine all the amplitudes in the WKB
expansion, it will be sufficient to construct the amplitude for the indices on the loop and then the amplitudes
in each set of the partition (35).

Moreover, the construction of the amplitudes in each set of the partition (35) can be made intrinsically
in this set. Indeed, the fact that (35) is a partition implies that an index i in one set of (35) is only linked,
by the boundary conditions (31), with other indices in the same set.

A last consequence of the fact that (35) is a partition of the frequency set is the following refinement
of Proposition 4.3:

Proposition 4.14. Let (18) be complete for the reflections, under Assumption 4.7. Let .7 be the index set;
then ® and V satisfy, in addition to the properties of Proposition 4.3, the two extra properties:

(an) q)(nl)\{nZ}C%oU%iUfevla \Ij(nl)\{nl}Cfin%inevL
D(ng) \{na} C iU I U Foy1, W(n3) \ {n3}CI% U S5 U Foyn.
(ix) Leti € # U Sy and j € iU Feyn. Then

ied®(ny) = V@) ={i}, je¥(im) = @()={/}.
i€dP(ng) = V@) ={i}, je¥ns) = @()={/}
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Figure 7. “Tree structure” of the frequency set .%.

Proof. (viii) We will here just show the first assertion, that is to say, ®(n1) \ {n2} C Fi, U #; U Zy1. By
contradiction, let i € ®(n1) N S, i # np. Then, there exists j € V(i) N .%,; otherwise, the frequency
set indexed by .# \ {i} is strictly included in .% and satisfies (i)—(iv) of Definition 4.2.

Thanks to Lemma 4.12, we know that there exists a type-V sequence, £ = ({1,42,...,{p), with
necessarily p € 2N + 1 (because n1, j € %o, see Definition 4.4), such that ny > j. The sequence
(€, j,1) is a self-interacting loop for n; with an odd number of elements, but it is not the same loop as
{n1,n2,n3,n4}. This is a contradiction of Assumption 4.7.

(ix) This uses exactly the same reasoning as for (viii) and we will omit it here. The only difference is that we
cannot conclude that the loop is a self-interacting one because it may contain indices in .%;. Then we need
the uniqueness assumption of a loop and not only the uniqueness assumption of a self-interacting loop. [

Property ®(n1)\{n2} C #i, U.#;U %y of (viii) in Proposition 4.14 means that even if the characteristic
variety contains a loop, all the frequencies (but n5) associated with outgoing-incoming group velocity
are initially discarded. We already justified this observation in the phase generation process described in
Section 3. Property (ix) means that, thanks to the uniqueness assumption of a loop, an incoming-incoming
phase in the direct neighborhood of the loop can only be generated by reflection on one side of 32 and
not on both sides.

Thanks to Proposition 4.14, partition (35) can be rewritten as

(£ \{n1.n2.n3,n4}) =

( U 4. U {al})u( U B U {bm})

alew(nl)mjio ale‘l’(nl)m(jevluﬁi) bme¢(n4)m/0i bmeq>(n4)m(fev2u<]ii)
U ( U ¢ U {cq}) U ( U Da g {d, }). (36)
ch\I/(n3)ﬂﬂio ch\If(ng)ﬂ(]evl va“ii) drqu(nZ)m/io deq’(nZ)n(]eVZUwyii)

Let us conclude this section by noting that Figure 7 illustrates the “tree structure” of the frequency set .%.
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4B2. Determination of the amplitudes on the loop and invertibility condition. Now that the global
structure of the frequency set is described, and thanks to the new properties of functions ® and W, it is
time to start the construction of the amplitudes in the WKB expansion. A good (and natural) choice to
initialize this construction is to determine first the amplitudes associated with the loop indices. To do that,
a new amplitude equation will be derived (see Section 3E).

The cascades of equations (26), (31) and (33) written for » =0 and k =n tell us that the amplitude u¢
satisfies

-f(dfﬂnl)uo,nl =0,

. (37)
lg(d(pnl)ul,nl + L(a)uo,nl = Oa
in the interior, the boundary conditions
31[ Z uo,j + Uo,ny,11x, =0 =g. ifni €Ny,
j€q>(nl)n*ﬂos - |.X]:0 (38)
31[ > ug, =g, ifny €z \ Ry,
jew(m) =0
and }
Bz|: Z uO,j+U0,n|,1|Xl=0 =0, ifn; €Ay,
JEW(1)N.Ioy Alx2=0 (39)
Bz|: Z Uo,j =0, if}’lleﬁz\%z,
jew(ny)  ~12=0
and finally the initial condition
U0,y = 0. (40)

We will now explain the method of resolution of equations (37)—(40). The ideas described below are
classical; they explain why the amplitudes associated with oscillating phases satisfy transport equations
in the example of Section 3E and they will be applied to all the oscillating amplitudes.

Firstly, let us remark that the first equation of (37) tells us that the amplitude ugo ,, belongs to
ker Z(den,). In other words, we have the so-called polarization condition

ni —
Pl Uo,ny = Uo,ny»

where Pln ! is the projector defined in Definition 4.10. Now, composing the second equation of (37) with
the projector Q7' defined in Definition 4.10 and using the polarization condition give us

"UL@)PMugn, = 0.

But Lax’s lemma [1957] tells us that if the corner problem (18) is constantly hyperbolic then we have the
relation

QilzlL(a)Plnl = (3¢ + vn, 'Vx)erllplnl’
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where v, is the group velocity associated with the phase ¢;,,. So, the amplitude ug ,, satisfies the
transport equation

(0 + Un, 'Vx)erlluo,nl =0.

We are now interested in the boundary conditions. As mentioned in Section 3, the boundary conditions
needed to solve a transport equation in a quarter-space are linked with the nature of the transport velocity.
Let us recall the four possible alternatives:

e The transport velocity is outgoing-outgoing; then no boundary condition has to be imposed.

e The transport velocity is incoming-outgoing; then the transport equation needs a boundary condition
on 027 only.

» The transport velocity is outgoing-incoming; then the transport equation needs a boundary condition
on 925 only.

» The transport velocity is incoming-incoming; then the transport equation needs a boundary condition
on 021 and on 9€25.

Here, by assumption we have n1 € .4, so no boundary condition on d€25 has to be imposed and we only
keep the boundary condition on d€2,. Consequently, the amplitude u¢ ,, satisfies the transport equation

. nl -
1 ;
(0r +vp V)C)Ql ugn; =0,

B, [Zked)(nl)uo,k} =g. if ny & Ry, (41)
|x1=0
uO,n1|t§0 = O’
and
(07 + vn, -VX)Q'I“MOJI1 =0,
By |:Zke<1>(n1) Uk + Uo,nl,lxl=o} =g  ifnieRg (42)
|x1=0

uo,n1|t§0 - 07

In both cases, using the fact that ®(n1) N F,; = {n,} thanks to (vi) of Assumption 4.7 and (viii) of
Proposition 4.14, the boundary condition of (41) reads

uo,mm:O + Z uo,k‘xl=0 = ¢;“ [g - BIMO,n2|x1:0]
ke(@(n)N(FHUA%))\{n1}

when n ¢ Ry, and

uo’nl\)q:() + Z MO,k|x1=0+U03n151|x1=X1=0 :¢’111[g_B1u03n2‘x]:O]
ke(@n)N(HAUIi)\{n1}

when n1 € R1. Multiplying these conditions by the projector Pln ', using the fact that the u x are polarized
on ker £ (dyy), we obtain, in both cases, that the trace ug ,, on d€2; is given by

_— Qi _
“0,n1|xl=0_Sl lg Bl“0,n2|xl=0]’

where we recall that the matrix S f I has been introduced in Definition 4.10.
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It is now easy to integrate (41) along the characteristics. We obtain the expression of ug_,, according
to its trace on d€21; more precisely,

U, (t,x) =Sy [g— BIMO,nz‘XFO](Zi’Z)l (t,x1), X! (x1, X2)),

where the new variables ti'(')l and xi'(’)1 are defined in (21). As a consequence, the trace of ug_,, on 92 is
given by
Uni,2
Ug,n, (£, x1,0) = S7'[g— Bluo,n2|Xl=0](ti'él(t,m), e 1361). (43)
ni,

Then we can repeat exactly the same reasoning for the second element 71, of the loop. Indeed, using the
fact that ny € %, ug,n, will be determined by integration along the characteristics from its trace on 9$25.
Thanks to Assumption 4.7 and property (viii) of Proposition 4.14, the trace Uz, g will depend only
of the trace UOn3, o The trace U0,z o which appears in (43), is consequently given by

Uns,1
Mo,nz(l, 0, XQ) = —S;232u05n3 _ l:iz (Z, XQ), —n2 X2 . (44)
Ix2=0 Uny,2

At last, repeating the same method, we obtain the traces of the two remaining amplitudes for the
indices of the loop:

Uns,2
Uons(t, x1,0) = —S{’3B1u0,n4|x1=0 (li’?(l,xl), - n3 1361)- (45)
3,
and
Uny,1
u(),n4(l, 0, x2) = —S;MBzu(),nl _ t(’)li4(l, XQ), 4 X2 ). (46)
[xp=0 na,2

An important point in this analysis is that at each step of the computation, there is one and only one
outgoing phase coupled with the incoming phases in the equivalence classes, for the relations 3 and v of
the indices n;. This fact will, a priori, not be true if one considers a frequency set containing several loops.

Thus, combining equations (43)—(46) we obtain, after some computations, the functional equation
determining the trace ug p, =0 :

1 v
(I =Duon, _, = Sf‘g(t — xl,—n—l’le), (47)

Uni,1 Uni,1

where T is the operator defined by

(Tw)(t, x1) := Sw(t +axy, Bx1), (48)

with
S :=S{'B1S)>B,S{*B1S,* B>,

1 Uni,2  Uni,2Vns,1 | Uny,2Vn;,10n3,2
o= _1+ 1,2 1, 25 + 1, 25 3 <07
vnlal vn232 vn252vn3,1 vn2a2vn391vn4>2

(49)

Uny,1 VUns,2 Uny,1 Ung,2
pi= b s 2 L s,
Uny,2 Unz,1 Uny,2 Uny,1
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Given (47), we make the following assumption:

Assumption 4.15. For all y > 0, the operator (I — T) defined in (48) is invertible from L)z,([R+ X R) to
Lf,([R{_i_ X R) uniformly with respect with the parameter y > 0.

However, for T > 0 and for a source term in L?(]—oo, 7] x R4) that is zero for negative times, this
assumption will only give us amplitudes for indices of the loop which are L2 (7). This is not sufficient to
construct the amplitudes of high order in the WKB expansion nor to make sure that the amplitudes linked
with an incoming-incoming group velocity are H(S27). We thus need to reinforce Assumption 4.15 in
the following way:

Assumption 4.16. Let 2 < K < oo. For all y > 0, the operator (I — T) defined in (48) is invertible from
Hny to Hny uniformly with respect with y > 0.

Let us stress that Assumption 4.16 is (at this stage of the analysis) purely formal and is introduced to
construct the WKB expansion. We will show in Section 4D the following proposition:

Proposition 4.17. If |S| < \/B (where S and 8 are defined in (49)), for all y > 0, the operator (I —T) is
uniformly invertible from L)Z,(RJ’_ X R) to Lf,([RJr X R). In particular, for all T > 0, equation (47) admits
a unique solution u € L?(]—o0, T] x R4.), zero for negative times, if the source term G is in L2(0Q1,1)
and is zero for negative times.

If B<1and G € HX, under the assumption |S| < \/E the solution u of the equation (I — T)u = G
is in HJ?O.

If B> 11let K e€Nand G € HX; then under the assumption |S|,3K_% < 1, the solution u of

(I-Tu=Gisin HfK.

Assumption |S| < \/E, or |S|8 K-35 < 1, gives us a framework in which we can, firstly ensure enough
regularity to construct (at least up to a finite order) the amplitudes in the WKB expansion, and secondly
construct the incoming-incoming amplitudes. More details and comments about the condition |S| < \/E
will be given in Section 4D.

From now on we denote by K € NU {400} the largest integer such that the solution u of the equation
(I-Tu=Gis H fK forGe H ;{ In view of constructing the first corrector term and to ensure that the
WKB expansion is a good approximation to the exact solution, we need K > 3.

From all these considerations about (47), it follows that the trace uo’nl|x2=0 is uniquely determined
in H ]{( by the formula

1
uosnl(t,xl,O):(I—'[F)_lSi“g(t—v xl,—vnl’le), (50)
ni,l

Unq,1

an equation which enables us to construct the amplitudes uon;, j = 1,...,4, by using (46), (45) and
(44) and integrating along the corresponding characteristics.

We summarize this construction of the amplitudes associated with loop indices by the following
proposition:
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Proposition 4.18. Under Assumptions 2.1-2.2 on the complete-for-reflections corner problem (18) and
under Assumptions 4.7 and 4.16, for j =1, ..., 4 and for all T > 0, there exist functions uon; € HX(Qr),
with traces in H ;( , satisfying the cascades of equations (26), (31), (32) and (33) written for n = 0 and
k =n;j.

4B3. Determination of the amplitudes in the direct neighborhood of the loop. In this section we will show
that the knowledge of the amplitudes on the loop and the global structure of the index set .# described in
Section 4B1 are sufficient to construct the amplitudes in the direct neighborhood of the indices of the
loop.

We have chosen to separate this construction from the construction of the amplitudes linked with
indices in the different sets of the partition (36). This choice is motivated by the following two reasons.
Firstly we think that it is important to make the computations explicit at least once (mainly because we
have not yet described the construction for evanescent phases). Secondly, the construction in the close
neighborhood of the loop remains unchanged, instead of the determination of the amplitudes associated
with indices in the different sets of the partition (36), under a weaker uniqueness assumption of the loop
(i.e., an assumption imposing the uniqueness of a self-interaction loop, but which allows other types of
loops in the frequency set).

We will here describe the determination of the amplitudes in ®(74); the construction for amplitudes
in W(ng), ®(ny) or W(ny) is exactly the same. Using property (viii) of Proposition 4.14, we know
that ®(n4) N i = {n4}. The boundary condition (31) written for k = n4 (if we choose ny4 as a class
representative of its own equivalence class for the relation $) is given by

B [ Z uo,j + Uo,n4,1X1=o} = —B1uony,, —o if ng € Ry, (51)
j €®(n4)N(S0U.55) Ix1=0

B1|: Z uo,j:| =_Blu0,n4\x1=0 if}’l4 6%1\%1, (52)
 €@(n)N(FoU55) x1=0

where in both cases, the source term is a known element of H fK

Applying the uniform Kreiss—Lopatinskii condition to equations (51) and (52), and composing by the
projectors Plj for j € ®(nq) N (S, U ), and/or by Psn"l‘, leads us to solve the uncoupled boundary
conditions

Vj € (na) N (S0 US5). U0y, _o=—5] BiUony,, _o- (53)
and if, moreover, n4 € R,
UOan4al\X1 =x1=0 = _SSj,lBluoyn4\xl=0’ (54)

Thus, the construction of the possible evanescent amplitude for the side €21 can be made independently
of the construction of the amplitudes for oscillating phases.

Let us first briefly recall how to determine amplitudes for oscillating phases. We have several cases to
take into account.
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J € Fo: Lax’s lemma and the polarization condition enable us to show that the amplitude uq_; satisfies a
transport equation with an incoming-outgoing velocity v;. That is why to construct this amplitude we just
need to know its trace on d€21. This trace is determined by (53), so integrating along the characteristics,
uo,; is given by

uo,j (£, x) = S{ B1uo,ng,,, —o (£5(2, X1), X, (x1, X2)). (55)

An important point for the end of the proof (more specifically for the construction of incoming-incoming
amplitudes in the set Bp;) is that ug,; € HX(Q7) for all T > 0 and that its trace on the side 95 is HfK.
We can easily see this fact in the formula (55).

In other words, the flatness at the corner of the source term g° is transmitted to the amplitudes close to
the loop.

J €. In this case, ug,; is solution to a transport equation with incoming-incoming velocity, so its
determination needs the traces on both sides €21 and d€2;,. The boundary condition (53) gives the trace
on d€21. Concerning the trace on d$2,, property (ix) of Proposition 4.14 shows that j is the only element
in its equivalence class for the relation % in particular, j ¢ P,. So the boundary condition (31) written
for k = j reads

Bzuo 0.

7j\xz=0 =

Using the uniform Kreiss—Lopatinskii condition, it follows that ug, Jixg=o = 0- So the amplitude ug, ;
satisfies the transport equation

@ +v; - Vx) Q{uo,j =0,

—ply, . _pl, .
uo,j = Piuo,; = Py uo,;, __s5/p . _
U0,j 1 =0 = —51 B1Uony —o»  U0,jjy—0 = 0s U0,/ = 0.

To solve this transport equation, we use the flatness at the corner of ug 5 41, =0 to extend the problem in
the half-space {x; > 0} by extending u¢_; by zero to {x, < 0}, we integrate along the characteristics, and
then we restrict the constructed solution to the quarter-space. The obtained solution ug,; is in H K(@Qr),
thanks to the fact that ug 4xq =0 is flat at the corner.

One can also easily check that the obtained solution ug,; satisfies the property: if x; > 0, then
U0, j =, € H J{{ This extra regularity of uo,; will also be needed during the construction of higher-order
terms.

n4 € R;: The determination of the amplitude associated with an evanescent index for the side d€2; (or
even 0€25) follows (in some sense) the same kind of ideas as the determination of amplitudes linked with
oscillating indices. Indeed, it will be easy to construct the amplitude linked with an evanescent index if
we know its trace (on 0€21 for elements of %1 and the trace on 0€2, for indices of .Z2).

However, we will in this proof treat the evanescent modes in only one block, as in [Lescarret 2007];
that is why the associated amplitudes will not satisfy transport equations as in the oscillating case. Thus,
we first recall the evolution equations and the boundary conditions satisfied by such amplitudes and then
we will give a method to solve these equations.

Plugging the ansatz (25) in the evolution equation of the corner problem (18) we have seen that the
amplitude Uy ,,,1 has to satisfy the cascade of equations
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Ln4(8X1)UO,n4,1 = 0, (56)
Ln4(aX1)Un,n4,l + L(a)Un—l,n4,1 =0, Vn=>1,

where
Ln,(x,) := A1 (0x, — 21 (x. £3%)).

The boundary condition has also already been studied in the case nq € R1 and is given by (51). So
Uo,n,,1 has to satisfy the system

Ln4 (aXl )UO,n4,1 =0,

Bl|: Z ug,j + UO,n4,1X1=0] = —B1uo,ny, o (57)
€D (n4)N(F0U.5) [x1=0

Uo,ny.1,0 =0,
and one has also to keep in mind that the boundary condition (32) will also have to be satisfied. First let

us solve (57). Let us recall the following lemma from [Lescarret 2007], which permits us to solve (56) in
the profile space Pey,1.

Lemma 4.19. Fori = 1,2, and k € R;, let

k

ev,i

k
PE UX) = X180 pE 1 0), (58)

k Xi X; o k k 1 oo X; o k k 1
@ev,iF(Xi):/O XA @E ) pr AT F(s)ds—/X eXim9o @8 ) pE 41 F(5)ds. (59)
Then, for all F' € Py ;, the equation

Li(0x;)U =F

admits a solution in Py ;. Moreover, this solution is given by

U=pr* U+Qk F

ev,i ev,i

This lemma tells us that the evanescent amplitude of leading order Uy ,,,1 satisfies IP’Zj, 1Uona1 =
Uo,n,,1. This relation is analogous to the polarization condition for oscillating phases and thanks to the
definition of [P’Zj’ 1» enables us to determine Uy ,,1 if we know its trace on {X1 = 0}.

Unfortunately the system (57) does not give any information about this trace but only on the “double”
trace on {x; = X1 = 0}. This is determined by

__qJ
UO,”4:1\X1 =x1=0 — _Ss,l By U0,n41x,=0"
It is then sufficient to lift the “double” trace in a “single” one. As in [Lescarret 2007], for example, choose
UO,n4,1 (Z7 xv 0) = _X(xl)SSJ’l Bluo,n4|xl =0"

where y € €2°(R) satisfies x(0) = 1.
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Now that the trace of U p,,1 on {X; = 0} is determined, we can apply the operator [P’Zj’ ;- Thus by
construction, the amplitude

n4
UO,n4,1(t,x, Xl) = _X(xl)eXl-ofl (z.&, )S;ljBluO,"Mxl:o(t’xﬂ (60)

is a solution to the system of equations (57).
Now, we consider the contribution of Up ,,,1(¢, x1,0, x1/¢) in (32). From (60), this trace is explicitly
given by

X1 XL o (2,604 ona
UO,n4,1(f»x1’O’ ?) = —x(xp)ee N @E )Ss,lBluo,n4|x1=x2=o’

but from the flatness of UO,n4 5, —o At the corner, it follows that U ,,,1(¢, x1, 0, x1/¢) is zero and that it
does not contribute* to (32).

The determination of evanescent amplitudes for the side 92, that can appear when we construct the
amplitudes associated with indices in W(n3) or W(n1) is totally similar. For example, for the indices
in W(n3), we will start by determining Uy 55,2 on {x2 = X, = 0} by using the boundary condition; then
we lift this double trace in a single one on {X, = 0}. This trace is finally propagated in the interior
ZV3’2 defined in (58). We also obtain that U ,,2(f,0, x2, x2/¢) is zero and as a
consequence, Up »,,2(f, 0, X2, X2 /¢) does not contribute in (32).

of 2 by the operator P

Then we repeat this construction for all the indices in the direct neighborhood of the loop, so the
indices whose amplitudes have still to be determined in partition (36) are

(U Aa \{al}) U (g By, \{bm}) U (U Ce, \{cq}) U (g} Dy \{d,});

that is to say, it only remains to determine the amplitudes linked with indices in the trees of the partition (36).
Before constructing these amplitudes, we will need to have a more precise description of the structure of
those trees. It is the subject of the following section.

4B4. Local structure of the trees. Let us concentrate on the internal structure of the trees A,, appearing
in the partition (36) of .#. The description for the trees By, , C¢, and Dy, is, up to a few modifications,
analogous and will not be given in detail here. Let us recall that a tree A,, has for its root an index
a; € (W(n1) N %) \ {n4} and is the set of indices j linked with a; by aisequence of type H (see
Definition 4.4). To simplify the future notations, we will define A4, := Ag4.

The following proposition has already been mentioned in Section 4B1, and is the main proposition
needed to understand the structure of A,.

Proposition 4.20. Let j € A,. Then there exists a unique sequence £ of type H linking j to a.

Proof. By contradiction, let £ = (€1, 42, ...,£p) and £’ = (£}, 4, ... ,Z;D,), £ # 0, be two sequences of
type H which link j to a. We will separate several cases depending on the oddness/evenness of the
lengths p and p’, and without loss of generality we assume that p < p’.

4We will in fact show in the following that all the contributions of the evanescent phases for the side 821 (resp. 322) in (32)

are zero. As a consequence, the boundary condition (32) is in fact trivially satisfied as soon as the oscillating amplitudes remain
flat at the corner.
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p, p’ € 2N: We have to distinguish two different subcases:

Il = C, . ... Lpy) thenl € CD(E;,). This allows us to show that the sequence (£}, 5, ..., {p)
is a loop for the index Efp 41 of length p’ — p — 1. Thanks to Assumption 4.7, it is impossible.

o If U # (L4, .....L,), let m be the first integer such that £, # {;,. From the preceding subcase,
we can assume that 1 <m < p. We will here deal with the case m € 2N + 1 (the case m € 2N can be
treated in a similar way, up to modification of the type of sequence). We have, £, € ®(£},,).

We have, once again two different possibilities:

e There exists [, where m + 1 <[ < p, such that k; = k;. Then let [ be the first integer /, where
m+1 <[ < p, such that k; = kj. Then if [ € 2N (resp. [ € 2N + 1), we have {;_; € W({;_,) (resp.
l_y € <I>(€2_1)). Consequently the sequence (£),,, ... ,62_1) is a sequence of type H linking £;_; to £,
and the sequence (€;;,+1,...,¢;—2) is a sequence of type V' linking £;_; to £,,. From this observation,
we deduce that the sequence (£},,. .. ., 62_1 Ai—1.41—2, ..., Lm+1) is aloop for the index £,,. Once again,
this fact contradicts Assumption 4.7.

o If, forallge{m+2,..., p}, the indices £, and Z; are distinct, we easily see that (£},,, ... ,pr Ap,oolm=—1)
is a loop for £,,.

We now consider the second subcase, that is to say:

PEN, p'eNF L I =(L, £}, 4, ... ,6;),), we can show that (€}, , ;. .. ,E;),) is a loop for j, whereas,
it # ... ,K;,), we can repeat the analysis made in the subcase p, p’ € 2N to treat the subcase,
“There exists [, where m + 1 <[ < p, such that {; = ﬁ;”. If, forallg € {m +2,..., p}, the indices £,

and ¢, are distinct, we can easily show that (£, ..., ¢,, j,€p, ..., €m—1) is aloop for £y,

The other case, p, p’ € 2N + 1, is analogous, up to the inversion of the role played by the functions ®
and W, to the case p, p’ € 2N. This case, is left to the reader. O

Remark. As indicated in Section 4B1, the uniqueness of the sequence linking j € A, to the root a
depends, in a nontrivial way, on Assumption 4.7.

Thanks to Proposition 4.20, it is now possible to give a more precise (and final) version of the properties
satisfied by functions ® and W:

Proposition 4.21. Let j € Ag \ {a}. We denote by L = ({1, ..., {Lp) the sequence of type H linking j to a.
Then, according to the parity of p, we have:

(1) If p € 2N, then!' & S4i. Moreover, lfl € Foy1 U F; then lI‘(l) = {Z ).
(i) If p € 2N+ 1, then j ¢ Fio. Moreover, if j € Ieva U Fii then O(j) = {1}
Proof. We will consider the case p € 2N. Let us first show that j ¢ Soi. By contradiction, we assume
that j € %, but using the fact that the frequency set .7 is minimal, we can assume that W(j) N i, # <.
Let i € W(j) N Ho. According to the analysis made in Section 4B1, we have i € 44. Let U =

... ,Z;/) be the sequence linking i to the root a. Reiterating the arguments used in the proof of
Proposition 4.20, it is sufficient to study the case £; # ¢; for all .
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If p’ € 2N, we can then show that (¢, 7, j, £, ..., {2) is a loop with an odd number of elements for the
index {1, whereas if p’ € 2N + 1, the sequence (¢',i,£p,...,{2) is a loop for £;. Both cases contradict
Assumption 4.7.

The proof of the assertion “If j € .%; U .Zy1, then ¥(j) = {j}” follows the same reasoning. O

The same proposition, up to some adaptations on the oddness/evenness according to the considered
tree, is true for all trees in partition (36).

In terms of wave packet reflection, Proposition 4.21 states that, on one hand, during a reflection on
the side d€2; (resp. d€23), an outgoing-incoming phase (resp. incoming-outgoing) cannot generate (resp.
incoming-outgoing) outgoing-incoming phases. This “natural” idea used in [Sarason and Smoller 1974]
is now rigorously justified.

4BS. Determination of the amplitudes for indices in the trees. Thanks to the precise description of the
internal structure of the different trees in the partition (36), it is easy to determine all the remaining
amplitudes in the WKB expansion, and to conclude the construction of the leading-order terms. Once
again, we will here only deal with a tree A,. The construction is analogous for the other trees.

Let j be any index of A,. We will show that it is always possible to determine the amplitude ug, ;.
Thanks to Proposition 4.20, there exists a unique sequence of type H, denoted by ££ = £ = (¢4, . .. ,EI;),
linking j to the root a. The first step in the construction of the amplitude ug,; is to remark that
indepen(_iently of the determination of uo,;, we can always first determine the arﬁplitudes Ugy, I =
L....p. )

Indeed, by the definition of sequences of type H (see Definition 4.4), £1 € ®(a) N %,. So, the
amplitude u¢ ¢, satisfies a transport equation given by

(0 +vg, - V) Qi g, =0,

Bl|: Z u05i|x1=0i| - _Bluo’gbfl:o’ if 61 € 71\ N,
1€@(£1)N(H,U.%)

ug’e <0 — O,
1|r<0 (61)

(0 +ve, - V2) Q8 ug g, =0,

By [Zie@(ﬁl)n(tﬂmuyﬁ) uo,i + Uo,zl,1X1=0] = —Biuo,a,, o if {1 € Ry,

|x1=0
U0l j1<0 = 0,
because all the elements of ®(£) are linked with a by a sequence of length zero. Thanks to property (i)
of Proposition 4.21, it follows that ®(£1) N .%,; = {a}. Consequently, multiplying (61) by S f ' (see
Definition 4.10), we can write

_ 4y
u0,51|x1:o - _Sl Blu0,2|xl=o-

This equation determines the trace of 1 ¢, on the side d€2; because the amplitude g, and its trace
have already been determined in Section 4B3. Integrating (61) along the characteristics, we determine
Ug, € HX(Q7) and the trace U001 y—0 € HJ{(.
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Then we are interested in the construction of the amplitude u ¢, , by the definition of type- H sequences,
£y € W(£1) N H;. Once again, we can apply Proposition 4.21 to show that

Y(lp) N A = {L1}.

This allows us to rewrite the transport equation on ug ¢, in the form

(0; 4 ve, - V) O52ug 4, =0,

2 (©2)
U0,8 xy=0 = -5, B2u0,€1|x2:0’ U0,lr <0 = 0,

and we solve this equation by integration along the characteristics.

We can reiterate the same kind of resolutions of transport equations for all the indices of the sequence £.
This operation permits us to construct all the amplitudes ug ¢,, [ = 1,..., p. The important point in these
recursive resolutions is that since the first amplitude ¢ 4 has its trace on 9221 in H K this flatness at the
corner is transmitted to all the amplitudes indexed by the sequence £.

Indeed, integration along the characteristics gives an explicit formula and it is easy to see on this
formula that the traces of the ug ¢, are in H ;{ foralll1 </ < p.

Once we have constructed all the amplitudes associated to the indices of £, it is easy to determine the
amplitude uo, ;. We distinguish the following cases depending of the nature of the index ;.

* j €4, (resp. j € F;): Proposition 4.21 tells us that an index in .%, N A4 (resp. %) can appear only
after an even (re_sp. odd) number of reflections, in other terms, the length of the sequence £, p € 2N
(resp. p € 2N + 1). Using the fact that j € .%, (resp. j € %), to construct the amplitude uo,; it is
sufficient to know u, Jie (resp uo,j, . ) But, Proposmon 4 21 implies that £, is the only element
of Soi (resp. o) in P(j ]) (resp V() multlplylng by S (resp. S ), we can determine the trace uo, i,
(resp. uo, \x2:0) as a function of the trace uq ¢ Pl =0 (resp U0,y —0 ,)- Consequently the amplitude uo, J
is constructed.

Moreover, we can show that ug ; € H K (), and that its traces on the sides dQ; and 92, are in H ;{
This fact will be crucial to construct the incoming-incoming phases as well as the evanescent phases that
may appear in the WKB expansion.

e j €.%;: Anincoming-incoming index may appear after an even number of reflections as well as after an
odd number of reflections. We will here deal with the case p € 2N; the case p € 2N 4 1 is totally similar.
Proposition 4.21 implies, on the one hand, that £, is the only index in ®(j) N .%; and, on the other hand,
that W(j) = {,}. So the boundary conditions for the amplitude uo, ; can be written in the form

J
Ug, j =-—-57 Biu , U, =
0’1|x1=0 121 O,fmxl O’1|x2=0

It follows that the amplitude u¢, ; satisfies the incoming-incoming transport equation

(0 +v; -Vx)Q{u()’j =0

s/ 0 ()
uo,lm:o—— 1 1u°’€P|x1=0’ u0’1|x2=0_ s uo’lltso_
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To solve this equation, we extend the source term —S 1! Blu0’5p|x1=o by zero on {x, < 0} (this extension
gives a regular function because ug,, =0 € H Jf( ); then we restrict to {x, > 0} the solution to the
transport equation in the half-space {x; > 0, x; € R}.

Consequently we have constructed Uuo,j € HK(Q 7), such that for all x; > 0, we have uo’jlxl =x1€ H]{(.

e j €Ny (resp. j €NRy): Asinthe case j €., (resp. j € %), Proposition 4.21 tells us that an evanescent
index for the side a2 (resp. 023) can only appea; after an even (resp. odd) number of reflections.
Moreover, Proposition 4.21 also implies that the only index of .#,; (resp. -%,) and ®(j) (resp. ¥V(j))
is £,. We are now interested in the construction of the evanescent amplitude Up_; 1 (resfx Uo,;,2). B

Repeating the construction described in Section 4B3, to determine the amplitu&e Uo,j1 (resf). Uo,j,2),
it is sufficient to start by determining the double trace on {X; = x1 = 0} (resp. {X» =x, = 0}). Uging
the fact that £, is the only element of .%; (resp. .%,) in ®(j) (resp. W(;)) allows us to show that this
double trace is given by B B

J
Uo,j1(2,0,x',0) = —SgaBiuoy,. _,
/ J
(resp. U, j (1, x7,0,0) = _Ss,ZBZMO’mez:o)'

We then lift this double trace to a single one by setting

;
UO,j,l(t,x»O) = —X(xl)S;,lBlu(),gp‘n:O
J
(resp. Uy, j 2(t, x,0) := _X(x2)S§,232”0,€p‘X2=0)’

where y € €7°(R) is such that x(0) = 1. Finally, Lemma 4.19 shows that the function Uy, ;1 (resp. Uo, ;2)
defined by
J
UO,J',I(I’ X, Xl) = _X(xl)'edel S;,lBluO,eplxl =0 64
B , (64)
J
(resp‘ UO,J,Z(t, 'x’ Xz) = _X(xz)eX2‘0j2 S;,szuO,‘eI)|X2=O)

is a solution to the cascades of equations (26), (31) and (33) written forn =0 and k = j.

We are now interested in the influence of the evanescent phases previously constructed in the extra
boundary condition (32). For example, let us study the trace on {x, = 0} of an evanescent phase for the
side 0€21. From (64) this trace is explicitly given by

X1 J
UO,!',l (t,xl,O, ?) = _X(xl)eXu?fl SE,IBIMO,mel:o(Z’O)

because the only term depending on x in (64) is uq ¢ Plxy=0" The flatness at the corner of u ¢ plxy=0 shows
that Uy, ;,1(f, x1, 0, x1/¢) is in fact zero and that it does not contribute in (32). The same result is also
true for all the other evanescent amplitudes (for both sides) in the tree Ag,.

In this section we have shown that an arbitrary amplitude in the tree A, can always be constructed.
As a consequence, all the amplitudes in the tree A, can be determined. Then it is sufficient to repeat
the method of construction for each tree in the partition (36). So we have constructed all the amplitudes
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associated with indices in .# \ {n1, ny,n3,n4}, and we have thus finished the construction of the leading
term in the WKB expansion. We summarize the analysis with the following proposition:

Proposition 4.22. Under Assumptions 2.1-2.2 on the complete-for-reflections corner problem (18) and
under Assumptions 4.7-4.9 and 4.16, there exist functions (Uo,i)ic.s,, (Uo,i,1)iem, and (Upi2)ien,
satisfying the cascades of equations (26), (31), (32) and (33) written for n = 0.

Moreover, the functions (uo,; )i, admit the following regularity. For all T > 0:

o Ifi € Fip U Iy thenug,; € HK(QT) and the traces U0,i 1y, o and UQ,i|yy—o ATE in Hf{.

o If i €.%; thenug,; € HX(Q1). Moreover, if (i) = {i} (resp. ®(i) = {i}) then for all x1 > 0 (resp.
X > 0), the trace U0,i |y —x, (resp. ”0’i|x2=52) is H;{.

The functions (Up ;i 1)ien, (resp. (Ui 2)ien,) are in Peyy (resp. Pey2). Moreover, all the functions
(Uo,i,1)ien; (resp. (Uo,i2)ien,) satisfy Up;1(t, x1,0, X1) =0 (resp. Up; 2(¢,0, x2, X2) = 0).

4B6. Construction of the higher-order terms in the WKB expansion. The construction for the higher-order
terms in the WKB expansion looks like the construction of the leading-order term. In particular, the
order of resolution will be the same: we start with the amplitudes on the loop, and then we show that the
knowledge of these amplitudes is sufficient to construct any amplitude in the trees of the partition (36).
In this section we only give the main steps of the construction of the term of order ¢, without all details.
Let us begin with the oscillating amplitudes.

For k € 7, the amplitude u j satisfies the equations

.2 (d L(d =0,
1 Z(dei)ur g+ L(@)ugk 65)
Ulki<o = 0,
with the two boundary conditions
Bl[ Z Uk =0 ifk ¢MRy,
ke® (k)N I, dlx1=0
€@(k)NSo - ©6)
Bl[ > Utk +Uik1x, - =0 ifkeR,
ke® (k)N Ios dlx1=0
and ]
Bz[ Yoo wk| =0 ifkgR,
kew(ns, - x2=0
7 (67)
B2|: Z ul,k+U1J£52|X2=o =0 lfl_c 69{2,
keW (k)N Iy d|x2=0

In a classical way, we compose the first equation of (65) by the partial inverse R]f if k € %, R]; itk € 7
and by R]f or R]f if k € ;. Let us recall that this partial inverse satisfies: fori =1, 2,

k k k pk k Ak
R; Z(do)=1—P-, PFR; =R;Q; =0.
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The first equation of (65), after this composition, reads
k .k
(I = Puy =iR; L(dugx (68)

and determines in a unique way the unpolarized part of u; ;. Indeed, at this stage of the analysis, the term
of the right-hand side of (68) has already been constructed. As ugx € H K(Qr) and its traces on the
sides 921 and 925 are in H X, the unpolarized part of uy k belongs to HX=1(Q7) with traces in H;{_l.
To complete the construction of the oscillating amplitude u; z, we just have to construct its polarized part,
. k . k -

that is to say, Py uy (or equivalently Py uq ).

To determine the polarized part, we will repeat with some modifications, the method described for the
leading order. First, we remark that the evolution equation for the amplitude u j is

i Z(deg)uy g+ L(O)uy g =0,
and, after composition by Q]f for k € %, by QIEC for k € ., and by Q]f or Q’; for k € .%;, is given by

0% L(0) PEuy s = — 05 LO)(T — PEyuy
— —i Q¥ L(O)REL(O)uoy.

Thanks to Lax’s lemma [1957], this equation is a transport equation with speed vg on the polarized
part Pl.k U1 k. As a consequence, Qlk Pl.k uq k satisfies the same transport equation (with a nonzero source
term in the interior of §2) as the transport equation satisfied by u¢ . This observation leads us to apply
the same method of construction as in Sections 4B3 and 4BS.

More precisely, we start with the indices on the loop; to fix the ideas, we will describe the construction
of u1 »,. We have already seen that its unpolarized part is known. To construct the polarized part of 11 ,,
since it travels with an outgoing-incoming velocity, we need to know its trace on d€2,. Repeating the
computation made in Section 4B2, we obtain an invertibility condition which reads

(I _—”—)Plnlul,nuxzzo = Gl,

where G; € H fK ~! only depends on the unpolarized traces of the amplitudes associated with the elements
of the loop. Assumption 4.15 implies that P"*4uy p, is solution to the transport equation

(8t+vn4‘Vx)Q;’4P2n4u1,n4=—iQ;"‘L(E))R;"‘L(E))uO,M,
P2n4”1,n4|x2=o= _53432[(1_@_161+(1_P2n4)“1,n4|x2=o+(1_P1n])“l,nl|x2=0]’ P2n4”1,n4|z50= 0.

All the source terms in this equation are known, so we can integrate along the characteristics to determine
P; *U1,n,. The source term in the interior is H K-2 (27) and the source term on the boundary is H ;{ -1
so the solution P;“ul,n4 is in HK_2(QT) with traces on 927 and 925 in HfK_z. The fact that the
construction of the term of order one in ¢ needs two derivatives is classical, and more generally, the
construction of the term of order Ny needs 2Ny derivatives on the ug_;.

When the amplitudes associated with indices on the loop are determined, the construction of the

polarized parts of the other oscillating amplitudes follows exactly the same method. In particular the
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order of resolution is the same order as the order described in Section 4B5. That is why we will not give
more details about this construction.

We are now interested in the construction of the evanescent amplitudes of order . Although these
amplitudes do not satisfy transport equations, the method of construction is based on the same ideas as
the method for oscillating amplitudes. Indeed, we remark that the amplitudes U; x; can be decomposed
in a polarized part (whose construction will use the techniques of the construction of Uy ;) and an
unpolarized part only depending of the known amplitude Uy x ;.

In this section we will only consider evanescent amplitudes for the side d€21, so we let k € Ry. The
amplitude Uy g ; satisfies the system of equations

Li(0x,)Uy g1+ L(O)Upg,1 =0,

Bl|: Z u1,k+U1,k,1X1=0:| =0, (69)

ked (k)N Iy |x1=0
Ul,kaluso =0,

but thanks to Lemma 4.19, we know that the first equation of this system has a solution reading

Uik = Ui k1— L(0)Up k.1, (70)

evl evl

where we recall that the projectors |]3’evl and @evl are defined in (58) and (59). Using the fact that the
evl L(a) ankal’
ov1U1,k,1- To do that, we
repeat the construction used for U 1. By the definition of P, we know P, U; k1 will be determined

amplitude Uy g 1 has already been constructed, the unpolarized part of Uy 1, namely @
is known. It is thus sufficient to construct the polarized part of Uy g 1, namely P

if we can construct the trace of Uy g ; on {X1 = 0}.
Firstly, the boundary condition (69) and Proposition 4.21 give the double trace on {x; = X; = 0}.
More precisely, this double trace is given by

k
Ul,k,1\X1=x1=o = _Ss,lul,k\x1=0’ (71)

where the source term is known because we have already constructed the oscillating amplitudes of order &.

To conclude we lift this double trace on {x; = X1 = 0} in a single trace {X; = 0} exactly as has been done
Lc

for Uy k1, and then we apply the operator P,

Finally we have to study the contrlbutlon of Uik R in the boundary condition (32). From

=0
the decomposition (70), it is in fact sufficient to study the traces on {x, = 0} of IP
Qevl

amplitudes, its trace on {x, = 0} will be zero if and only if (see (71)) the trace of ULk o ON {x, =0}1is

Ui k,1 and of

evl
L(0)Up k1. Concerning the first term, since it has been constructed exactly as lower-order evanescent

zero. This point is a consequence of the fact that oscillating amplitudes of order one are, as the amplitudes
of order zero, flat at the corner.

Concermng the value of the trace on {x, = 0} of @evl L(0)Up k1, let us first remark that from (59), the
operator @2 1 only acts on the fast variable X;. As a consequence it does not influence the value of a trace

for the slow variable x5. We thus have to study L(d)Up k1 (t, x1,0, x1/¢). From (64), we can compute
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X 1 X X
LUy k1 (taxl,XZa ?1) = (X/(xl)'i‘g)Ml (?l)ul,km:()(f,xz)-l-Mo(f)atm,k,xl#)(l,xz)
X
+M2(?1)82u15k|x1=0 (t,x2),

where M;(x1/¢) :=—Ajee 1S fl B (with the convention Ag := I). Evaluating the previous formula at
x =0, we obtain from the flatness of U1 k), —o A the corner that the trace on {x, = 0} of @fvlL(a) Uo k.1
is zero. So the construction of the WKB expansion for the corner problem (18) is complete. To summarize

we give the following theorem:

Theorem 4.23. Under Assumptions 2.1-2.2 on the complete-for-reflections corner problem (18) and
under Assumptions 4.7 and 4.16, if [-] denotes the integer-part function, then there exist functions
(”n,k)ng[g],kefos’ (Un,kal)s[g],kezm and (Un,k:2)5[§],kem2 satisfying the cascades of equations (26),
(31), (32) and (33).

Moreover, the functions u, ; admit the following regularity. For all T > 0:

o If k € #io U Iy then uy, i € HX=2"(Qr) and the traces Un ki, o and Un k| ymo GT€ in HJ{{_z”.

o If n € %, then u, i € HX=2(Qr). Moreover, if W(k) = {k} (resp. ®(k) = {k}) then for all

x1 > 0 (resp. xo > 0), the trace Un ki =, (resp. ”n,k|x2=x2) is Hj{{_z”.

The Uy 1 (resp. Uy, k 2) are in Pey1 (resp. Pey2). Moreover, the Uy, k 1, Uy k2 satisfy for all n, k,
Un,k,l (tv X1, O’ Xl) = Un,k,Z(t’ O’ X2, X2) =0.

4C. Justification of the WKB expansion. In this section we show that, if the corner problem (18) is
strongly well-posed, the truncated WKB expansion constructed in the preceding section is a good
approximation to the exact solution u® of the corner problem (18). Let us recall what we mean by strong
well-posedness:

Definition 4.24. The corner problem is said to be strongly well-posed if for all f € L2(Q7), g1 €
L?(0Q1,1) and g2 € L?(dQ4,7) zero for negative times, the system

0ru + A101u + Ardru = f,

B1M|xl=0=g1, B2u|xz=0=g2’ u|t§0=0’
admits a unique solution u € L2(Q7), with traces in L?(3Q21,7) and L?(32 1), satisfying the energy
estimate

2 2 2
HMHLZ(QT) + ||u|x1:0”L2(3Q1,T) + ||u|x2=0||L2(392’T)
. CT(”f”iz(QT) + ”gl “iz(agzl’r) + ||g2||22(392j))- (72)

Let us recall that the strong well-posedness of the corner problem is demonstrated for the particular
class of symmetric corner problems with strictly dissipative boundary conditions.

To justify the convergence of the WKB expansion, we need to be sure that the amplitudes are regular
enough. The regularity has already been studied for the oscillating amplitudes. Concerning the evanescents’
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amplitudes, the following proposition shows that they are regular and also gives their size according to
the small parameter ¢.

Proposition 4.25. Let U be an element of Pey,1 (resp. Pey2). Then the functions U(t, x, x1/¢) and
(L(U(t, x, X]))le:ﬂ (resp. U(t, x,x2/¢) and (L(O)U(t, x, Xz))lxzzﬁ) are 0(8%) in L2(Qr).

We refer to [Benoit 2014] for a proof of this result.

Before showing that the truncated WKB expansion is a good approximation to the exact solution to the
corner problem (18), we have to make sure that the truncated WKB expansion makes sense. Indeed, we
saw in Section 3D that when there was an infinite number of phases generated by successive reflections,
it was not clear that the sum of all amplitudes defining the WKB expansion converges. That is why, to
avoid this difficulty we will restrict ourselves to a finite number of phases:

Assumption 4.26. We assume that the number of phases generated by successive reflections on the
sides 021 and K25 is finite. That is to say, #.7 < +o0.

With this extra assumption, it is clear that the truncated WKB expansion makes sense. The main
theorem of this article is:

Theorem 4.27. Suppose Assumptions 2.1-2.2 for the complete-for-reflection corner problem (18) and

Assumptions 4.7, 4.9, 4.16 and 4.26 hold. Then, for Ng € N, with Ny < [— - 3] we denote by u®

2 app, No

the geometric optics expansion truncated at order Ny defined by

ipp,No = D ef“’"(”“)Ze (1, )

keﬂ)s

+ Z egwkl(zxz)zg Unkl(t X ) Z egl/fk2(tx1)zg Unkz(t .. xz)

kenRy keR,

where functions up i, Uy i1 and U, i » are given by Proposition 4.22. Then, if the corner problem (18)

is strongly well-posed, let u® be its exact solution, and the error u® — ué is 0(eNot1y in L2(Q7).

app, No

K No+1

Proof. Since we assumed that Ng < [7 — —] the term of order ¢

sense and is at least in H'!(Q7). By construction of the Un ks Un k1 and Uy g 2, for n < No + 1, the
. e s .
remainder u® —u; o No+1 satisfies the corner problem

of the WKB expansion makes

L) =ugy Nor1) = Shgt1- 73)
Bi(u®—ugy, no+D)li=0 =0, Ba(uf—ug,, oy Diwo=0 =0, ' —ug,, n i 1)ie<o =0,

with

SRt :=eN°+1[ D e L@ungrie+ ) eV (L@ Ung1)px, =0

k€ o keR

+ Yy eé"’“(L(B)UNo+l,k,2)|Xz=?]
keRy
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But the corner problem (18) is supposed to be strongly well-posed, so we can use the energy estimate (72),
to obtain

lu® =g, nos1llz2@r) < CT 1 Rps1l22@r)-

The right-hand side can be estimated by

No+1
1 /%1222y <™ [ RRRUEES R

k eIy k€g
+ Z ||L(3)UN0+1,k,z(-,-,X2)|X2:x82||L2(QT)]
ke]evZ
< C8N0+1

because, according to Proposition 4.25, (L(3)Upy,, k, 1)|X —u and (L(0)Uny+1,k 2)|X _xz are 0(82)
in L?(Q27), whereas L(0)u g1,k are O(1) in L*(Q7), because UNo+1,k 18 at least in jig Q7).

We thus have shown that

e s o+1

[u” app No+1 2@y = Cr

and we conclude by the triangle inequality. O
4D. Study of the invertibility condition (47). In this section we will give a sufficient (and also necessary

in several relevant cases) condition ensuring that the invertibility condition (47) is satisfied. Let us recall
that this condition reads

o, (t,x1)— Suo’”l|x2=o (t —axy, Bx1) = ST g(t + 8x1.kx1), (74)
with &, B > 0, and § < 0, k¥ > 0. The exact expressions of these parameters are given by
S :=S7'B1S)*>B,S{*B1S,* B>,

1 Uni.2 v v v v v
1s n1,2Vn,,1 n1,2Vn>,1Vn3,2
—14 — +

Uny,1

o= —
Uny,2 Un2,2vn3,1 Unz,Zvn3,1vn4,2

__ Uny4,1 Un3,2 Uny,1 Uny,2

Ung4,2 VUns,1 Unsy,2 Uny,1

If we assume that dimker Z(it, ', &,") = 1 (an assumption which is automatically satisfied in the
strictly hyperbolic framework), then (74) is in fact a scalar equation:

u(t, x1) = Su(t —axi, fx1) = G(t, x1), (75)
where, thanks to the polarlzatlon condition, we write U, M (t x1) = u(t, x1)en,, with e,, chosen
such that ker(Z(iz,£]''.£5")) = Spaney, . The scalar S is deﬁned by the equality

Senl - S~en1,

and without loss of generality we can assume that S #0.
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In all that follows, it will be more convenient to rewrite (75) as

(I -Tu =G, (76)
where
(Tu)(r, x1) := Su(t —axy, Bx1). 77
A sufficient condition for (74) (and thus also (75)) to have a unique solution in the profiles space
L?(]—o0, T] x Ry) is given by the following theorem:
Theorem 4.28. If

S| < VB,

then for all y > 0, for all G € L)Z,(R+ X R), the functional equation (74) admits a unique solution
u e le,([R.F x R), polarized on ker £ (it, &', §,"), and satisfying

||M||L)2/(R+XR) = C||G||L)2,(R+XR)’
where C does not depend on the parameter .

In particular, for all T > 0, if G is in L2(8S22,T) and is zero for negative times, then (74) has a unique
solution u € L*(0Q2,1), polarized on ker(Z(it, &', €5")), and satisfying

lull 209, 1) = CTIIG L2002, 1)-

Proof. To solve (76) in a unique way, it is sufficient that T is a contraction on L)Z, (R+ xR) (or equivalently
on L2(]—o0, T] x R4)). A simple computation shows that is it effectively the case under the assumption
S| < /B. O
Remark. The fact that we are interested in uniform bounds (compared with the parameter y) of the
operator T is motivated by the following fact. In the analysis of the initial boundary value problem in
the half-space, one starts to deal with global problems in time. Then from the uniformity of the energy
estimate compared to y follows a principle of causality which allows for the restriction to problems where
the time variable lies in |—oo, T']. We refer to [Benzoni-Gavage and Serre 2007; Chazarain and Piriou
1981] for more details about this proof.

To fully understand the condition | S| < \/B , it is important to note the following fact: if one considers
a point (0, L) € Q2 and follows the characteristic curves associated with the indices on the loop, then
after three reflections, this traveling point goes back to d€2; in a new position (0, L’) € d21. Some basic
computations show that

B=—. (78)
So, we have three possible behaviors depending of the value of S:
e If B > 1, then traveling along the bicharacteristics, the information approaches the corner.

e If B < 1, then traveling along the bicharacteristics, the information goes away from the corner.

e If B = 1, then the travel along the bicharacteristics is periodic.
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The condition |S| < \/F imposes that after one turn along the bicharacteristics associated with the
loop, the L2-norm of the trace has decreased.

In the scalar case, that is, when the matrix S can be replaced by the scalar S.5 that is to say, when
the rank of the projector Pln ! is one, we can show that the condition |§ | < \/E is also necessary for the
well-posedness of (75). The idea of the proof is to use Laplace transformation in the time variable to
reduce to a situation already studied by Osher [1974b].

Theorem 4.29. Let o, f > 0 and S € R\ {0} be such that S > \/E Then the equation
u(t,x)—gu(t—ax,ﬂx):G (79)
satisfies one of the alternatives:
(1) If B < 1, then (79) written for G = 0 admits a nonzero solution in LJZ,(R X R4), forall y > 0.

(ii) If B > 1, then there exists g € L)Z,([R x R4) such that (79) does not have any solution.

Proof. We begin with the proof of (i). We are looking for a nonzero solution u written in the form
u(t,x) = H(t)v(t, x), where H is the Heaviside function. Applying the Laplace transform in the time
variable to (79) leads us to solve

(0, x) — Se **§(0, Bx) =0, (80)

where o € C, Reo > 0, is the dual variable of ¢. Following [Osher 1974b], let

i

aocx _In
v(o,x) =el=Bx In

=)

It easy to check that this function is a solution to (80). But Re(o /(1 — f)) < 0, so using the assumption
S > /B, it follows that v € L2(R.).

However, in order to come back to the time variable, we want to apply the Paley—Wiener theorem to 0.
That is why we denote by 9 (o, x) the following modification of v:

A

v(o,x) =

It is easy to see that v is still a solution to (80). Moreover,

_2@ 2xay 1
Sup// |U()/+in,X)|2dxd77§sup(/ x B, 1-B dx)/ sdn<C.
y>0Jr Jr y>0 \JRr r1+7

We can thus apply the Paley—Wiener theorem, so there exists v € ﬂy>0 Lf,([R{ x R4) such that v is the

Laplace transform. As a consequence we have constructed a nonzero solution to (79).
To show (ii), using the same proof as in [Osher 1974b], it is sufficient to remark that the adjoint of T is

S o 1
T*v = —Ev t— Ex, Ex )
SWhen S is a matrix and not a number, it seems more difficult to show the analog of Theorem 4.29. That is why the restriction
to strictly hyperbolic operators is an easy way to obtain sharp results.

given by
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So if B > 1, the operator T* is as in (i), so

and T* is not injective. As a consequence, T is not surjective. O

During the construction of the geometric optics expansion we saw that the invertibility of the operator
I — T on the weighted space L%,([R x R4+) was not sufficient to construct the term of order & which is,
however, necessary if we want to show that the truncated expansion approximates the exact solution.
More precisely, to construct the first corrector term, it is necessary that / — T is (at least) invertible from
H f3 to H f3, and more generally if one wants the remainder u® — u:pp’ No to be O(eNot1), it is needed that
I —T is invertible from H}v°+3 in HfNOJr3 (to ensure that the term of order No -+ 1 is at least in H! (7).
The following theorem shows that the solution to the functional equation (75) given by Theorem 4.28
inherits (under some restrictions) the regularity H J{( of the source term. There are two different cases to

handle:

Theorem 4.30. (i) If 0 < B <landif |S| < \/E, then I —T is invertible from H2° to H2°.

f f

(i) Let K e N, if B> 1 and if |S|,3K_% < 1, then I —T is invertible from H;( to HJ{(.
Proof. Let

+o00 ) ) )

u(t,x1) =G(t,x1)+ Y S/G(t +X] gx1, 8/ x1), (81)

j=1

where
. j_l
Xo][,B = Zaﬂk + B’ .
k=0

It is easy to check that, under the assumption |S| < \/B , we have u is a solution to (75) which belongs to
L?(3Q4.1). According to Theorem 4.28, it is unique.

Then, we show that the solution u defined by (81) inherits the regularity of G. Firstly, according to the
particular form of (75), it is clear that independently of 8, for all n € N,

107 ull 2200, ) < ClO78llL2005 1) (82)

so we only have to deal with the derivatives in the spatial variable, because it will also permit us to deal
with the cross-derivatives by using (82). For n € N, a simple computation gives

+o0 n
P u=096+> 8 [Z(’;)(Xé,ﬂ)l(ﬁjlc)”_la’;_lail G] (t + X] gx1. 7 x1) (83)
j=1 =0

and leads us to a distinction depending on the value of .
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If B <1, then all the constants appearing during the derivation can be abruptly bounded from above
and we obtain
+o00

1SV = | o
19% wull 290, 1) < I19% Gllr2@as 1) + Cna Z(— > 197710 G2 ags,1)-

j=1 VB 1=0

[1-1a 5L
y 0 B/ X1
to force the appearance of the factor \/B . As a consequence, under the assumption |S| < \/B , the

solution u given by (81) is in H°°(025,7) and we can check by (83) that its trace is also in Hj?o.
If B > 1, we have

where we used the change of variable

+o00 n
_1 _
102, 1l 220 1) < 102, G200 1)+ Cna D (SIB"2)7 Y 1187710 Gl 1)
j=1 =0

. . . . _1
for 0 < n < K, this sum is finite thanks to the assumption |S| BX=2 < 1. We have thus shown that
ue HX (0822,7). Once again, the flatness at the corner is given by computing the trace in (83), so we

haveueHJf{. O

Remark. As in the situation where an infinite number of phases was present in the WKB expansion
(see the example in Section 3D), we can remark that when the source term g is in €° with its support
away from the corner, if we restrict ourselves to the construction of the WKB expansion for a finite time
T < 400, then the number of nonzero terms in the sum (81) is finite. Thus, in this framework the operator
(I —T) is automatically invertible (independently of the parameters § and .S). Its inverse is given by (81).

Theorem 4.30 seems to indicate that a corner concentration phenomenon is more difficult to handle
with than a separation from the corner phenomenon. Indeed, if 8 < 1, the error between the exact solution
and the truncated WKB expansion is O(¢") with N arbitrarily large, whereas if 8 > 1, the norms of the
derivatives of the solution to (75) seem to get larger and larger. To prevent this “blow up”, we have made
the assumption | S |8X =2 <1 which “implies” that there exists a maximal Ny such that the error is O (7).
We do not claim that, for 8 > 1, Theorem 4.30 is sharp. But it is sufficient to treat the example of Section 3E.

4E. Examples for which the invertibility condition (75) is satisfied.

4E1. The example of Section 3E. We come back to the corner problem (16) and more precisely to the
resolution of the amplitude equation (75) for this problem.
First of all we have to specify the chosen boundary conditions. We set for B; and B; in (16)

1 00
By = [o 4 J, By:=[0 =5 1]. (84)

where § € R, § # 0, is a fixed parameter.
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It is easy to see that the boundary condition defined by Bj on the side d€2; is strictly dissipative; in
particular, it satisfies the uniform Kreiss—Lopatinskii condition (see [Benzoni-Gavage and Serre 2007,
Proposition 4.4]). The real parameter § # 0 encodes the dissipativity on the side 325 in the following way:

o If |§] > 2_%, the boundary condition defined by B; is strictly dissipative.

o If 6] = 2_%, the boundary condition defined by B is maximal dissipative.

e If0 < || < 2_%, the boundary condition defined by B, is not dissipative but it satisfies the uniform

Kreiss—Lopatinskii condition.

Reiterating the same kind of computations as those described in Section 4B2, using the fact that
dim Z(d¢;) = 1, shows that the amplitude equation for the amplitude associated with the phase ¢ is
scalar and is given by

 beevr
(V24 1) (3 - v2)8?

where u is a real-valued function, G is an explicitly computable, but nonrelevant, source term and « is

u(t,0,x2) = (t —ax2,0,28x2) + G(t, x2), (85)

also not relevant.
According to Theorem 4.28, if

e
V2+ D) (1 -v2)v28

then the functional equation (85) admits a unique solution. We are thus able to construct the leading-order

15| > = 8o ~ 0.73

term of the geometric optics expansion for more parameters than those leading to strictly dissipative
boundary conditions.
On the contrary, if

0 < 8] < o,

we are in a nondissipative framework, and according to Theorem 4.29, equation (85) admits a nonzero
solution for G = 0, so the leading-order term in the WKB expansion is not determined in a unique way.
This example shows that imposing the uniform Kreiss—Lopatinskii condition on each side of the boundary
is not sufficient to construct the geometric optics expansion in a unique way. It seems to be a good argument
in favor of the fact that the same situation is true for the strong well-posedness of the corner problem (18).

4E2. The example of Sarason and Smoller [1974]. In [Sarason and Smoller 1974], the authors construct
an example of 4 x 4 a strictly hyperbolic operator whose section of the characteristic variety contains a
loop. This example, with the example of Section 3E, constitute, to our knowledge, the only two examples
of corner problems with a loop in the literature.

The main idea of the construction is a perturbation argument: we first choose a centered ellipse and we
fix three points P5, P3, P4 on this ellipse such that angle m is a perpendicular angle and the group
velocities are incoming-outgoing in P3 and outgoing-incoming in P, and P4. This choice determines
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&

3

Figure 8. The construction of Sarason and Smoller for py := 5§7 + 2£2 — 6§16, — 1
and p 1= 3267 + €2 2616 — 1.

in a unique way a point P; such that P; P, P3 P4 is a rectangle. Then we construct a second ellipse
meeting Py with an incoming-outgoing group velocity at this point (see Figure 8).
The variety constructed can be written in the form

P1(7,61,862) p2(7. 61,62) =0,

where the polynomials p; and p, are homogeneous of degree two. This variety contains the loop
(Py, P>, P3, P4), but it cannot represent the section at 7 = 1 of the characteristic variety of a strictly
hyperbolic operator. Indeed, the two ellipses constructed previously intersect in four points, namely Q1,
0,, 03 and Q4. However, it can be shown that it is the section at T = 1 of the characteristic variety of a
geometrically regular hyperbolic operator with A; and A, of block diagonal form

—d] dp 0 0 —b 0 00

L ar dq 0 0 L 0b 00
Av=100 Zay a,| ™ A= 50 50
0 0 da a 00 0h

for suitable real parameters a1, a», d1, dz, b and b (we refer to [Benoit 2015, paragraphe 6.9.6] or [Sarason
and Smoller 1974] for more details about the construction of A; and A5).
Once the operator L(d) is constructed, we add the boundary conditions

P & P
Biujx,—0:=¢ ., BauU|x,=0:=0,

where B and B, are defined by

100 —§ 0100
Bi:= [0 01 0]’ Bz = [—8 00 1] (86)
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It is easy to check, using the particular form of 4; and A, and the fact that the boundary conditions (86)
written for § = 0 are strictly dissipative, that By and B» satisfy the uniform Kreiss—Lopatinskii condition
for all 8. It is also easy to check that the boundary conditions By and B, are strictly dissipative if § is
sufficiently small.

Now that boundary conditions are fixed, we want to study the invertibility condition |S| < \/E , which
appears when we construct the WKB expansion of the corner problem®

L@)u® =0,
(87)
Blu€|x1=0 = gsa B2M8|x2=0 = 07 u€|t§0 = O’

where the source term is .
¢° = elE(H'PLZxZ)g,

with g € HJ?°, zero for negative times, and where Py := (Py,1, P1,2).

The factor 8 only depends of the coefficients of the operator L(d). In particular, it does not depend
on § and can be explicitly computed. The term S can be considered as a scalar (see Section 4D) and it is
given by

S:=SsPBsP2B,s3 B ST B,,

where we have made the amalgam between the indices of the loop and the associated frequencies.
Once again, using the fact that the operator L(d) defined two 2 x 2 uncoupled systems, the stable sub-
space E5(i, P4,1)is givenby E5(i, P4,1) = Vect{(O, 0, pa,q4), (P, 4,0, 0)}. Thus, we can easily compute

P1 §q1 8 0

Py q1 — Py q1 5 — 0
S, * B> 0 P 0 +6 %(Cllg_Pl) =78 e |

0 0 QIg_Pl 94

where ¢ is not zero and only depends of the projector P*+ on ker(.Z(z, P4)) and we set ker(Z(z, P1)) =
vect{(p1,41,0,0)}. Repeating exactly the same arguments for the other terms composing S, it is easy
to show that the invertibility condition (75) is equivalent to

c82<\/;§, ¢ >0.

This condition is not satisfied for large values of §. Let us remark on the following points: firstly, the
blow up phenomenon is in §2 and not in §4 as predicted in [Sarason and Smoller 1974]. Secondly, for
|| small enough, the invertibility condition is satisfied and we are in the strictly dissipative framework.

Moreover, the condition c§? < \/E is more precise than the analogous condition of [Sarason and
Smoller 1974]. Indeed it says that since we are working with L2-norms, to prevent the signal from

SWe do not try here to determine all the phases in the WKB expansion because, due to a concentration of the phases in the
neighborhood of the intersection points of the ellipses (see Section 3E), the number of expected phases in the expansion will be
infinite.
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increasing in strength after a complete circuit, we must have that the amplification caused by the boundary
condition is less than the contraction of the support of the source term after a complete circuit.

Finally, since we have 8 > 1 and S “scalar”, Theorem 4.29 tells us that if the condition c§% < /8 is
not satisfied then the WKB expansion cannot be constructed for any source term on the boundary. This
conclusion is, in fact, worse than the conclusion of Sarason and Smoller, which says that in this case the
corner problem is poorly posed (see [Sarason and Smoller 1974, Definition 4.3]).

To construct a strictly hyperbolic corner problem whose characteristic variety contains a loop, Sarason
and Smoller use a perturbation argument. More precisely, they introduce a small coupling between the
two 2 x 2 uncoupled systems defining L (d) constructed in such a way to “pull apart” the two intersecting
ellipses of the characteristic variety; see Sections 7 and 9 of [Sarason and Smoller 1974]. They show
that if the perturbation is small enough then the obtained corner problem is strictly hyperbolic and the
boundary conditions defined by By and B, satisfy the uniform Kreiss—Lopatinskii condition, and finally
that the perturbed system admits a loop in the section of its characteristic variety.

5. Conclusion

In this article we have shown a theorem which gives a rigorous geometric optics expansion for a
hyperbolic corner problem when the number of phases generated by reflections is finite, but our theorem
is general enough to apply to problems involving self-interacting phases. For such problems, a sequence
of propagation of, at least, four fixed group velocities is repeated ad vitam aeternam. The construction
of the geometric optics expansion then needs the solvability of a new amplitude equation, which is an
invertibility condition in the spirit of Osher’s condition [1973](see Assumption 4.15).

Of course, the construction given in this article can also be made if the section of characteristic variety
does not contain any loop. Without any surprise, in that framework the construction is much simpler
because the results in Sections 4B1 and 4B4 are more or less immediate and we can construct the
expansion as it has been done in [Benoit 2015, paragraphes 6.4—6.6]. Moreover, the construction can also
be adapted if the source term on the boundary does not turn on a self-interacting phase but if this phase
appears after several reflections.

We also think that it should be possible to show a version of Theorem 4.27 without the assumption of
the nonappearance of glancing modes during the phase generation process. Indeed, if one starts with a
hyperbolic frequency, then nothing ensures that after several reflections a glancing mode will not appear
in the phase generation process. However, thanks to [Williams 1996; 2000], we think that, after the
suitable modifications of the oscillating scales in the ansatz, glancing modes will, more or less, behave
like evanescent modes in the sense that they will create boundary layers in the expansion and that they
will not be reflected from one side to the other.

The proof of Theorem 4.27 should also work when there are several loops. There are two cases to
distinguish: first, if there is still a unique loop of interaction but other loops that are not interaction
loops and, second, the case where there is more than one interaction loop. In the first case, the proof of
Theorem 4.27 just has to be a bit adapted in a more technical way. In the second case, we think that the
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proof of Theorem 4.27 can also be adapted as long as the interaction loops do not intersect themselves,
but this is left for future work.

Finally, let us give some comments about Assumption 4.9. On one hand, this restriction is really
anecdotal because in the phase generation process described in Section 3 there is no mathematical reason
to systematically meet one of the axes {§; = 0} or {§2 = 0}. The process depends on the geometry of the
characteristic variety and on the phase of the source term. Moreover, it is easy to see that Assumption 4.9
is clearly not sharp (but it has the advantage of simplicity). Indeed what we really need in our construction
is the following sharper version of Assumption 4.9: Let i € .7, be the index associated to a frequency
given by (z, 0, Eé‘) (resp. (z, E{‘, 0)) and let I" be defined by

I:={i e \inpi},
(resp. [ :={i € S\ i > i}).
Then I' N Zey1 (resp. I' N Fey2) is empty. However, this new version seems not to be really less restrictive
than Assumption 4.9 as soon as we have some kinds of symmetries in the characteristic variety.

But on the other hand, and in the author’s opinion, an interesting question may be to consider WKB
expansions without Assumption 4.9. Indeed in such a framework one of the boundary conditions is given

BI[Z uok + Z Uo,k,z]| 0254,
x1=

kes, keRo

by, for example,

and it seems to be not so easy to adapt the previous construction when such a boundary condition occurs
because the resolution described in this paper is mainly based on the fact that we are able to determine
oscillating phases before evanescent ones. That is why the construction without Assumption 4.9 is left
for future studies.
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THE INTERIOR C? ESTIMATE FOR THE MONGE-AMPERE EQUATION
IN DIMENSION n =2

CHUANQIANG CHEN, FEI HAN AND QIANZHONG OU

We introduce a new auxiliary function, and establish the interior C? estimate for the Monge—Ampére
equation in dimension n = 2, which was first proved by Heinz by a geometric method.

1. Introduction
We consider the convex solution of the Monge—Ampere equation
det D’u = f(x) in Bg(0) C R>. (1-1)

When the solution u is convex, (1-1) is elliptic. It is well known that the interior C 2 estimate is an
important problem for elliptic equations. For the Monge—Ampere equation in dimension n = 2, the
corresponding interior C? estimate was established by Heinz [1959], and for higher dimensions n > 3
Pogorelov [1978] constructed his famous counterexample, namely irregular solutions to Monge—Ampere
equations.

Later, Urbas [1990] generalized the counterexample for o}, Hessian equations with k > 3. So the
interior C? estimate of the o, Hessian equation

o»(D*u) = f in Br(0) CR" (1-2)

is an interesting problem, where o2 (D?u) = o5 (A(D*u)) = Zlfz’] <iy<n MiAins the eigenvalues of D?u are
A(D?*u) = (A1, ..., Ay), and f > 0. For n =2, (1-2) is the Monge—Ampere equation (1-1). For n =3
and f =1, (1-2) can be viewed as a special Lagrangian equation, and Warren and Yuan [2009] obtained
the corresponding interior C? estimate in their celebrated paper. Moreover, the problem is still open for
general f with n > 4 and nonconstant f with n = 3.

Moreover, Pogorelov-type estimates for the Monge—Ampere equations and the o, Hessian equation
(k > 2) were derived by Pogorelov [1978] and Chou and Wang [2001], respectively, and see [Guan et al.
2015; Li et al. 2016] for some generalizations.

In this paper, we introduce a new auxiliary function, and establish the interior C? estimate as follows:

Research of Chen is supported by the National Natural Science Foundation of China (No. 11301497 and No. 11471188). Research
of Han is supported by the National Natural Science Foundation of China (No. 11161048). Research of Ou is supported by
NSFC No. 11061013 and by Guangxi Science Foundation (2014GXNSFAA118028) and Guangxi Colleges and Universities Key
Laboratory of Symbolic Computation and Engineering Data Processing.
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Theorem 1.1. Let u € C*(Bg(0)) be a convex solution of the Monge—Ampére equation (1-1) in dimension
n=2,where 0 <m < f <M in Bg(0). Then

|D*u(0)] < CyeC23upI1Dul/R? (1-3)

where Cy is a positive constant depending only on m, M, Rsup |V f| and R*>sup |V f|, and C; is a
positive constant depending only on m and M.

Remark 1.2. By Trudinger’s gradient estimates [1997], we can bound | D% (0)] in terms of u. In fact,
we get from the convexity of u that

OSCHRO) U _ 4supg, o) lul

sup |Du| < <
Br2(0) R/2 R
and
D2 (0))| SCleczsmpgk/z(mIDu\z/(R/2>2 §C1616C25up3R(0) |u|2/R4' (1-4)

Remark 1.3. The result was first proved by Heinz [1959]. In fact, Heinz’s proof depends on the strict
convexity of solutions and the geometry of convex hypersurfaces in dimension two. Our proof, which is
based on a suitable choice of auxiliary functions, is elementary and avoids geometric computations on the
graph of solutions.

Remark 1.4. The interior C? estimate of the o, Hessian equation (1-2) in higher dimensions is a
longstanding problem. As we all know, it is hard to find a corresponding geometry in higher dimensions,
so we cannot generalize Heinz’s proof or Warren and Yuan’s proof to higher dimensions. But the method
in this paper and the optimal concavity in [Chen 2013] is helpful for this problem.

The rest of the paper is organized as follows. In Section 2, we give the calculations of the derivatives
of eigenvalues and eigenvectors with respect to the matrix. In Section 3, we introduce a new auxiliary
function, and prove Theorem 1.1.

2. Derivatives of eigenvalues and eigenvectors

In this section, we give the calculations of the derivatives of eigenvalues and eigenvectors with respect to
the matrix. We expect the following result is known to many people; for example see [Andrews 2007] for
a similar result. For completeness, we give the result and a detailed proof.

Proposition 2.1. Let W = {W;;} be an n x n symmetric matrix with eigenvalues (W) = (A1, A2, ..., A,)
and with corresponding continuous eigenvector field T’ = (rf, e 'c,’;) e S". Suppose that W = {W;;}
is diagonal with A; = W;; and corresponding eigenvector 7'=(0,...,0,1,0,...,0) ¢ S" ! with the 1 in

the i-th slot. If Ay is distinct from the other eigenvalues, then we have, at the diagonal matrix W,
0 if i =k forall p,q,
1 s .
! — i1 k, =1, == k, 2_1
oW, Py if i #k, p=i,q (2-1)
0 otherwise;
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9%tk 1 ) )
W oW~ Gx—rgp U PEE
821'1.]‘ 1 s . azfik 1 . )
Wi dWii O — 1)? FiFEk Wi dWie Ok — 1) FiFEk
u 1 ik g, gtk
WigdWat i — hi i — g
82‘cik )
————— =0 otherwise.
OW g Wy

Proof. From the definitions of eigenvalue and eigenvector of a matrix W, we have

where t¥ is the eigenvector of W corresponding to the eigenvalue A;. Thatis, fori =1, ..., n,

(W —rxDTh =0,

(Wi — k)t + Z Wijtj =0.
J#
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(2-2)

(2-3)

(2-4)

(2-5)

(2-6)

When W = {W;;} is diagonal and A is distinct from the other eigenvalues, A, and % are C? at the
matrix W. In fact,

r,f:l and rik=0f0ri7ék at W.

Taking the first derivative of (2-6), we have

ow;; oA otk oW otk
( ok )r,-"+(Wi,~—Ak) ‘ +Z< J r]’~‘+W,-,-—J)=0.
W,y W,y AL Wpq

Hence, for i =k, we get, from (2-7),

oAk _ Wik _{1 if p=k, g=k,

Wyy  IWy, 0 otherwise,
and, fori #k,
atk aW;;
(Wi = Ai) = +Z Y rj'? =0,
Wpq < Wy
J#i
then
k . i =1 =
ari — 1 Wik . Py if p L, q k,
Wpg e —2i Wy 0 otherwise.

Since t¢ € "1, we have

=" P =)+ + @+ + @)

(2-7)

(2-8)

(2-9)

(2-10)
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Taking the first derivative of (2-10), and using (2-7),

ar,f
W,y

=0 forall (p,q). (2-11)
For i = k, taking the second derivative of (2-6), and using (2-7),

( 82Wkk 82)\,]( ) k+Z(8Wk] 81']]( n 8ij Br]k ) 0
j— T =0,
Wy Wy Wy dW,s ) S\ OWpg 0Wys  OWys OWpg

hence
1

PV (E)ij otk aw,; orh )_ e hg
WpgWrs S \OWpg W,y OWys OWg p—
0 if otherwise.

if p=k,q#k, r=q,s=k,

if r=k,s#k p=s, g=k (212)

For i # k,
oW;; Ak 8Tik n oW;; oAk 8Tl-k
Wpy Wy oW, \ oW, 0W,s ) 9W,,

a2tk aw:. otk aw.. otk
+(W”—)\,k)—l+2( lj J + tj J >=0,
#i

W,y OW, Wy OW,s  IW,g OW,,
then
a2tk 1 otk 1 1 o
! = ! — lf l # k, (2'13)
32tk 1 0w, otk 1 1
= 4L = if i £k, i#q,q#k (2-14)
Wiy W Ak — A aWig W Ak — A Ax — Ay
32tk 1 drg otk 1 1
L A S S if i #k; (2-15)
Wik Wi A — A Wik OW;i Ae— A A — A
92tk
—L =0 otherwise. (2-16)
W,y OW,.
From (2-10), we have
2k k k
ok 07Ty, N dr; 0T _
OWpgdWrs ot Wy Wi
then
92k ok ark [——L L i sk g=k r=p, s=¢q
S S N e R T T ’ ’ ’ ’
IWpg Wy i £k Wpg IWrs 0 otherwise.

The proof of Proposition 2.1 is finished. O
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Example 2.2. When n = 2, the matrix (j;}! /12 ) has two eigenvalues

(it um) +V n — ux)? +dunpun and dp = (11 +uz) — /(Ui — uxn)? +4unun
B 2 B 2

uip Ui\ 10 &1\
<(M21 Mzz) g (0 1)) <52) =0
_ (22 —u11) — /(11 — u22)? +durua
2

Then the eigenvector t corresponding to Aj is

Al

with A1 > M. If A1 > Ap,

we get

&1

and %’2 = —Uujni.

(&1, 62)
NGRS
By direct calcutions, we can get the derivatives of eigenvalues and the eigenvector t with respect to the
matrix, and this verifies Proposition 2.1.

T=—

3. Proof of Theorem 1.1

Now we start to prove Theorem 1.1.
Let 7(x) = t(D%u(x)) = (11, ) € S' be the continuous eigenvector field of D%u(x) corresponding
to the largest eigenvalue. Let

o= {x € Br(O) 1 7% — x P+ (x, T(0))? > 0, r? — (x, 7(x))? > 0}, (3-1)

where r = R/ V2. Ttis easy to show that X is an open set and B, (0) C ¥ C Bg(0). We introduce a new
auxiliary function in X as follows:

¢ (x) =n(x)Pg(31Dul*)u:-, (3-2)

where 7(x) = (r? — x>+ (x, T(x))?) (r* — (x, T(x))?) with B =4 and g(1) = <!/ with co = 32/m. In
fact, (x, (x)) is invariant under rotations of the coordinates, and so is 7(x).

From the definition of X, we know n(x) > 0in X, and =0 on 0 X. Assume the maximum of ¢ (x) in
¥ is attained at xo € X. By rotating the coordinates, we can assume D?u(x) is diagonal. In the following,
we let A; = u;; (x0), A = (A1, A2). Without loss of generality, we can assume A; > A, and t(xg) = (1, 0).

If

nii < 1o3<1 + M +rsup |Vf|+ %M)r“ =: 0,

then we easily get

1 1
Uz (0)z(0)(0) < m¢(0) < m¢(xo)

2,2
< @ecosuple /r

< 103(1+ M + 7 sup |V f[)e(co+2M/m sup [ Duf/r?,
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Hence we get

e ()] < tz0yr0)(0) < 103(1+ M +7 sup [V f [ elot2M/mswpIDul/r® - for a1 £ € S,

This completes the proof of Theorem 1.1 under the condition niA; < ©.
Now, we assume nA; > ®. Then we have

Mo © M sup |D
il —=103<1+M+rsup|Vf|+—M).
m r

From (1-1), we have

Hence A is distinct from the other eigenvalue, and 7 (x) is C? at xo. Moreover, the test function

¢ = Blogn +log g(31Dul*) +logui

attains the local maximum at x¢. In the following, all the calculations are at xg.
Then, we get

ni g/ Ulli
0=g; :,8_l+_zukuki+—,
n 8 X Uil

so we have
/
Ui n 8 e
—— =—pPp— — —Uujuj if i=1,2.
uii n

At xg, we also have

2 " 12 /
ni N 8§88 8 Ullii
0= gi =ﬁ<l——;) +T E UjUki E ululi‘i‘g E (uriug; + uugii) + —— —
I I Kk

n n Uil
2 1 2
.. . . us,.
(M T (0 D) + -
non 8 X i ouyy
since g"g — g’'> =0. Let
2
F“:adetmu:h’ 22=8detDu=M’
auy ouy)
pi2_0detDxu oy 9detDu
ouy ’ ouy
Then from (1-1) we get
=L
Al

Differentiating (1-1) once, we get
Flupi+ F?ux; = f;,
then

1 1 '
Up; = ﬁ(fi —F un) = o aan

(3-3)

(3-4)

(3-6)

(3-7)



THE INTERIOR C2 ESTIMATE FOR THE MONGE-AMPERE EQUATION IN DIMENSION n =2 1425

Differentiating (1-1) twice, we get

32 det D*u 32 det D*u
F11”1111+F22u2211 = J11— —’/‘111’/‘221_2—”2
f aunauzz 8u128u21 12

2
= fi1 —2urnuni +2uj,

u
= fu +2u%12—214111<£ — iﬂ)

Al AL U
2
Ui Ui
—f11+2”112—2f1—+2f(u1) (3-8)
1
and
1 2 9% det D%u 9% det D?u 9% det D?u
F lupinn+ Funin = fio — ——F——uiuan — ———F——uniUi12 — 2——————U121U4212
ou110u) Judu du120uU2
= flo —urnu2 — w2421 + 2u112u21
2 fun fi fun
=f12—u111(———— tuip| ————
Al AL U Al A up
Ui Ui
=fot+fi——fr—. (3-9)
Ui Ui
Hence

2
SIOMLICEEATE DILERE SILYR™) LTS ol )

- Uil
i i

2 /
= ﬂ)»z(? - F) + Br (% - %) + g—()»l +r) f+ g—(ulfl +us f>)

1 Ui Uiy uing uinn
+—(f11+2”%12 2fl—+2f ) —?»1
Uil Uil Uiy uii

2 2 2
Zﬁ(iﬂﬂlﬁ)_ fm M&+i(m) _pfium

AL M n A1 n? n? o A\ up up un
M (uin\ A ’ 2 g
F () 2 (B ) + £ fxl——w 1.1 — Ll
2 \un 2 no g Al
>ﬁ(iﬂm@) S M"_%+L(m>2
T\ 1 A1 n? n?  2x1 \ up
SWATTY) ,32 3 g m | f1l fi
gl 2 A ——v v -2 o 30
+2<M“)+2 +,3f 2+ f1 IVul |V f|— ™ o (3-10)
Lemma 3.1. Under the condition nk; > ©® we have, at xop,
2 6 2 /
8Bfr M [fu ru
pl < SIC(M) S Py _appS ol G-11)
1N n°i 4 \ up g gn r
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and
f N2 18 Y f (un) M Uiz r?
L ) s 2 B ) = — ) == 2—
'8<M77+177 N 28f1 Ph n 2h1 \ un 4 \ up Al
rt ot LA | filr? 6ﬂ|f1|2r4 128fr*
—4 32 - —24 - +
'B|f12|77 i ni3 o A3 g nA1 ( nii nA1 )
8 4 2 48 32 2 2.8
_( BIFIAE | 488110 3261 P ) 412
3 n°Al n*if
Proof. At xg, T = (11, T2) = (1, 0). Then from Proposition 2.1 we get
2 0T 2 0T, 0T U12;
m l . .
<x,8ir>=2xma—g=2xma s = gty = ifi=1,2. (3-13)
m=1
From the definition of #n, then we have, at xg,
n=(?—Ix+{x, 1)) = (x, 1)%) = (P = x> — x]). (3-14)

Taking the first derivative of 1, we get

i = (=2x; +2(x, T)(x, 1)) (rF — (x, 1)) + (* = |x* + {x, T)D)(=2(x, T){x, 7))
= (=2 +2x1 (i1 + (x, %)) (¢ = x7) + (rF = x3) (= 2x1 Bi1 + (x, §;7)))
_{ 2x1(r? —x2)+2x1(x alt)(xz—xl) ifi=1,

200 =) F2x (x, o) (k2 —xD) if i =2.

Hence
) 2 2 2
2x1(r? —x Xy —X7 U
i”_é=51<1—2)+2xw2 2 1i>
An n n A=
8 6 8 8 2 8 6 A 2
fﬂi L2+Lz LILA R ﬂzfr M un2) (3-15)
M\ 7 n Ui n*hi 4\ un
Also we have
) 2 _ 42 x2— x2
m_ ZIelTox) L BT um
n n n A —Ap
:MJrlexzx%_xlz—] (ﬁ_iﬂ)
n n A — A2\ A Al U1
) 2 .2 2_ .2 2_ .2 1 2—x2 1 '
:M 1_x1(x2 D07~ x) ﬁ +2x1X2x2 ! i ﬂﬂ‘i'g_”l”ll
. 7 A — Ao Ap N A=A A n 8
(s b 1 (6,
" ! n M=t \A g
2_ 2 2_x2 7 —x7
Y2 —x 1 —2x1(rc —x X5 — X u
+2x1xp2 L 1,3 1 24 2x1x0 2 L
N Al— A2 Al n A=
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:—2x2(r2—x12) (1_x1(x22—x12)(r2—x§) 1 <f1+_ e f,Ble(r — X5 )))
n n )»1—)\.2 )\.1 n
2 2\2 ’
X5 — Xy f m g
+(2x1x2 ; ) o )2/3( B guzuzz)
then we get
2 2\2
1+ 82(2 xz—x1> S )@
( P (XIXZ n A1 —22)?%/) 1
=—2x2(r2—x%) <l_x1(x%—x12)(l’2—x22) 1 <£ _/ lf_iﬂle(” —x2)>)
n n )\1_)\.2 )\,1 i
—2x2(r2—x12) 2x12x2(x22—x12) (r x22 f f
—up 3-16
n n? (A1 — )»2)2/3 1 (>-16)
Hence
g'm g'2r r (£l 28f17\ | 16pr° f* ¢
f—— Uy > ,Bf——( +nk (k | if+ i )—l— 2 A3 g|u2|>|uzl
2r3 1,1 1
> ﬂf——( +4+4+4+4>|le
:_4ﬂf_r_@ (3-17)
gn r

In fact, 2 /n ~ —2x2(r* — xlz)/n if nA; is big enough, and we get from (3-16)
2 2 2\2 2 2 2\2 2
2z (e (o) )3 (-0 (o5 5 5)
n (A =227/ n n (A1 —22)
( x2(r? —x2)>2(1 2_}’5(@+g—/|u1|f 28113 ) 8pr° g_| 2|f—2) (1_ﬁ216r8i>2
i\ A g i At g T M n* a3
2x2(r — 1)\ 164 1 1V 1Y
e e — ) [1- —
103 103 10 103 103

1 ZXz(r —x)\?
=5(H)

Taking second derivatives of n, we get

v

v

mii = (=24 2(x, T){x, T)is +2(x, 7)ix, 1)) 7 = (x, T)%)
+2(=2x; +2(x, T){x, 7)) (=2(x, T){x, T);)
+ (7 = x4 (o, 1) (=20x, T (x, T — 20x, T)i(x, 1))
=(=2+2x1(x, )i + 20 + (x, ;7)) = x7)
+2(=2x; +2x1(8i1 + (x, % T))) (—2x1(8i1 + (x, 9;7)))
+ (r? = x3)(—2x1 (x, T)ii —2(8i1 + (x, 9;1))?),
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SO

n=—20% —x3) = 2x1(x} —x3)(x, T)11 4+ (@4x5 — 12x) (x, 91 7) + (2x5 — 10x7) (x, d;7)%,  (3-18)

My =—2(r* —x3) = 2x1(x% — x3) (x, T)2n + 8x1x2(x, D7) 4+ (2x5 — 10x7) (x, 8,7)°. (3-19)
Hence

r2 —x? r2 —x? x(x% — x2
ﬁ(i@ +A1@) = —w(i 2 4 1) —mu(i(x, e rm)
AL M n Aom n n Al
+ﬁf(x2(4x§—12x12) Ui +x§(2x§-10x%)( Ui )2>
A n Al — A n Al — A
8x1x§ U1 XZZ(ZX%—IOX%)( uno1 )2>
+,9/\1< + . (3-20)
Al — A2 n Al — A2

Direct calculations yield

2 [ T o 02T

LT = — E T, | =2— E —

vt 8x12< n '”) ox
2

Ty ATy 821,
:2814 upql"‘zxm 9 Upgll + . 9u Upg1Ursi
pq 1 Pq pqOlrs

321'1

0+ + ( i L
= Xl UpgllUpsl T X2\ T Upgll T 5 UpglUrsi
Ot pg Outyg Ot pg Ut pg Out g

2
Ui 1 Ur2u111 U122

=—x +x u +2x| — + .

1<?»1 —)»2> 2()»1 —)»2) 2 2( (A —22)% (A —)»2)2>

Similarly, we have

9Ty T 921,
= 28 upq2+2xm a_”pq22+Wupq2ur52
Upq el Upq UpqgOUrs

1 um \ 1 U112U221 U222
=2 U1 —Xl( ) +x7 U122 +2x| — + ,
()»1 —)»2) A=A A=A (A1 —22)% (A1 —A2)?

L oyt i = — i L (Y o (2 g (Y
)\’1 ) 11 1\A, 1722 = 1)\’1 1 )“1_)\’2 1M1 )\’1_)\’2

1 U112 Uil
+x2( )(f12+f1——f2<—))
Al— A Ul Uil

uri Ui
2 — . 3-21
* x2< (M—Az)2f1+(x1—xz)2f2> G-2D

then
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From (3-20) and (3-21), we get

r2 —x2 rz —x2 x1x0(x% — x2 1 u
=-2 (i 2 4 1>—2,3 LAl 2)( )(flz—fz(ﬂ
A7 n n Al — A2 Ui

N ( Ui )2(2ﬁix12(x12 —x3) +ﬂix§(2x§ - 10x12))
Al — A2 A n A n

)

" Ui (_213)51(9612—)622) (x ﬁ—Zx i >+Igim(4x%—12x12))
n

2 2
A=A Al Al — A2 Al n

2 20,2 2 20m9,2 2
u xr(xy—x x5(2x5 —10x
+< 221 ) (2,3)\1 1( 177 2)+ﬁk1 2( 277 1))

Al — A2

U1 X1 (xf —x3) < 2 ) 8x1x3
+———|2———(2M +2x2 + B
M—?»z( ] A=A n

2

r _xlz 2 4 4

r r r
—2Bf — —2B| f12] — 28| f2l
nA1 n

(A1 —A2) N —22)
_( U2 )Zﬂiﬁ_‘ U2

4 123
(6/8 | f1l V_+ﬁi r)
A1—=22)/) A1 7m Al — A2 A=A Al M

L3001

v

— 28

uii

1 RPN 8rt 1 | 4ﬂr4| Hl LB 123
(A —22)? 2! ! N A=A 2! n At ! n

2 2
r-—xj Uil

4
un

B 4Bl —api ol
nii 12 A 2 n
4 3
A7

r4
n Al
w2\ f 16r
_(Mu)ﬂ): N AL

2w\ 16r (1Al f
_2<F+F w) )P et
1 1\ U411 n 1 1

v

— 280

Uiz

uii

L3001

uii

4
)(Sﬁr—@ﬂm
n A

v

— 280

r r r
—2Bf —— — 4Bl fial — — 32— -8B
nii nii ni a3 nii

A (u112>2<32,3fr4 N 128r* N 24,8fr4) A (12,B|f1|2r4 N 24,8fr2)
2 \un nk% nk% r])»% 2 nk% 17)»%

2 4 4

u 648 fr 168r
(et 1y
2x01 \ U 17)\,1 r])\‘l 4 4

_L<16ﬂr4|fz|2 N (48/3r3)2+ (8/3#‘@)2)
20 i n n f

n

2.2 2 4 2,4 4 3
rt—x |f1f2lr _24ﬂ|f1|r

24r3 )
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r’—xj r? ré 2 | f1 falr | filr?
—2Bf — —4B| fial — — 32— —88 — 24—
nii nii ni a3 nii

o (uﬂf ~ (6ﬂ|f1|2r4 N 12ﬂfr2)
4\ un nii nii
_f <m>2_<8ﬁfr4|fz|2 L (8B fre +32/32|fz|2r8>
20\ un ni; i naf )

Now we just need to estimate —281; (r> — xlz)/n. If x22 < %rz, we get

> =28

rz—xl2 8 16 1c¢co

18
2B — M= 2 2 =22 ol
B ; e e 2r2f1 2gf1

P22 3 2 3 1/ 200 \2 ,\2
=2 , L=— FA1 = -2 M= —ﬂ)\l—(’ﬁ) > —BA (%) .

2

2 _ 2 _ 52,2 42 —
re—Xx; Fe— X571 — X5 5

2 2 / 2
r-—x 18 n2
—2pM S Y —ﬂM(—)
n 8 n

and

ﬂ<imm@> . _1g_’ﬁ1_ml(@)z_i(m)z_ﬂ<m)z
A1 M n 2¢ n 20 \ U1 4\ up
r’ rt ot LSl |filr?
—2ﬂfm—4ﬁ|fu|m—szﬂ nlk? —8p o —24p -y
_<6ﬂlf1I2r4 N 12ﬂfr2>
nii nii
8BSl fol*  (48B)*fro  32B%| fo|*r8
_< iy - n*hi * n?i f )

This concludes the proof of Lemma 3.1.

Now we continue to prove Theorem 1.1. From (3-10) and Lemma 3.1, we get

2
0> Z Fllgi
i=1

18 r? rt ot fiflr
>S5 fra =2B8f— —4B| fral — — 328 —8p —24p
2¢ i i1 i i il
(65|fl|27”4 n 12,3f"2) (8A3J”r4|f2|2 n (48p)2 fr® 32/32|fz|2r8)
nii nii i A n?arf

g rtlus| g \ful fE 8Bfr®
—ABfS == = S VUl [V f| = S =2 —
gn r g Al far nen

4 |filr?

(3-22)

(3-23)
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com 8r2-M 3272\ fial 12872 r2 2 3272-r2 fifal 9682 -r|fi]

Z 53 3 3
2r nii nii niy nij nii
24r2-r2|fil> 48r2 M 32r%-M-r?|fol> 1922-M-r® 512712 fo>- 1/m
nii nii A3 nh nh
_16r%-com Jua|  co IV Vul _1ful i 32Mr6.
n 2 r Al mhj n?h
So we get
IVul\ 4
nh <C[1+ re, (3-24)
r

where C is a positive constant depending only on ¢, m, M, r|V f| and r2|V2 f|. So we easily get

1z e 0) < —50(0) < 5 (xp) < c(l 21Dl ”')eco WP DU/ < gl sop D
r r r

and
Il/l (0)| < Ut (0)z (0 (0) < (:e(co 2) suplDulz/r2 for all S € Sl. (3‘25)
33 0)z(0) —

This completes the proof of Theorem 1.1 under the condition nA; > ®. Hence Theorem 1.1 holds.

Remark 3.2. The eigenvector field t is important. In fact, it is well-defined when the largest eigenvalue
is distinct from the others, and T depends only on the adjoint matrix. For the Monge—Ampere equation
in dimension n > 3, we do not know whether the largest eigenvalue is distinct from the others, so our
method is not suitable for this case.
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BOUNDED SOLUTIONS TO THE ALLEN-CAHN EQUATION
WITH LEVEL SETS OF ANY COMPACT TOPOLOGY

ALBERTO ENCISO AND DANIEL PERALTA-SALAS

We make use of the flexibility of infinite-index solutions to the Allen—Cahn equation to show that, given
any compact hypersurface ¥ of R? with d > 3, there is a bounded entire solution of the Allen—Cahn
equation on R? whose zero level set has a connected component diffeomorphic (and arbitrarily close) to
arescaling of . More generally, we prove the existence of solutions with a finite number of compact
connected components of prescribed topology in their zero level sets.

1. Introduction
The study of the analogies between the level sets of the solutions to the Allen—Cahn equation
Au+u—u>=0

in R? and minimal hypersurfaces in R? was greatly fostered by De Giorgi’s 1978 conjecture that all the
level sets of any entire solution to the Allen—Cahn equation that is monotone in one direction have to be
hyperplanes for d < 8. This is a natural counterpart of the Bernstein problem for minimal hypersurfaces,
which asserts that any minimal graph in R¢ must be a hyperplane provided that d < 8. Ghoussoub and
Gui [1998] and Ambrosio and Cabré [2000] proved De Giorgi’s conjecture for d = 2, 3, and the work of
Savin [2009] showed that it is also true for 4 < d < 8 under a weak additional technical assumption. Del
Pino, Kowalczyk and Wei [del Pino et al. 2011] employed the Bombieri—De Giorgi—Giusti hypersurface
to show that the statement of De Giorgi’s conjecture does not hold for d > 9.

In dimension 2, it is well known [Dancer 2005] that the monotonicity hypothesis can be relaxed to the
assumption that the solution u is stable, i.e., that its Morse index is 0. Let us recall that the Morse index
of u is the maximal dimension of a vector space V C Cgo(Rd ) such that

(|Vv|? = v? +3u?v?) dx <0
R4

for all nonzero v € V. Remarkably, it has been shown recently [Pacard and Wei 2013] that in dimension 8
(actually, in any even dimension d > 8) there are bounded stable solutions to the Allen—Cahn equation
whose level sets are not hyperplanes, but rather they are asymptotic to a minimal cone. For the role of
minimal cones in the Allen—Cahn equation, see also [Cabré and Terra 2009] and references therein. In
dimensions d < 7, the level sets of stable solutions to the Allen—Cahn equation are conjectured to all be
hyperplanes [Pacard and Wei 2013].

MSC2010: 35B05, 35J15, 35B08.
Keywords: Allen—Cahn equation, level sets.
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The analysis and possible classification of bounded entire solutions to the Allen—Cahn equation is
an important open problem, where the Morse index of the solutions plays a key role. Unlike the stable
case [Dancer 2005], the structure of solutions with finite Morse index can be very complex; in fact, in
dimension 3 a result of del Pino, Kowalczyk and Wei [del Pino et al. 2013] ensures that, under mild
technical assumptions, given any embedded complete minimal surface in R with finite total curvature
there is a bounded entire solution to the Allen—Cahn equation with a level set that is close to a large
rescaling of this minimal surface, and that the Morse index of this solution coincides with the genus of
the surface. Also in this direction, the existence of solutions to the Allen—Cahn equation with a level set
close to a nondegenerate minimal hypersurface was proved by Pacard and Ritoré [2003] provided that
the ambient space is a compact Riemannian manifold (instead of R4). Furthermore, Agudelo, del Pino
and Wei [Agudelo et al. 2015] have recently constructed bounded entire axisymmetric solutions on R* of
arbitrarily large index that have multiple catenoidal ends.

Generally speaking, it is expected [del Pino et al. 2012; 2013] that the condition that the Morse
index of the solution be finite should play a similar role to the finite total curvature assumption in the
study of minimal hypersurfaces in Euclidean spaces. In particular, it is well known that there are many
infinite-index solutions to the Allen—Cahn equation [Dancer 2001; Cabré and Terra 2009; Kowalczyk
et al. 2015], and this abundance of solutions should translate into a wealth of possible level sets.

Our objective in this paper is to explore the flexibility of bounded entire solutions to the Allen—Cahn
equation of infinite index by showing that there are bounded solutions to the Allen—Cahn equation on R?
with level sets of any compact topology. Specifically, given a compact hypersurface X without boundary
of R?, we will show that there is a rescaling of X that is arbitrarily close to a connected component of
the nodal set of a bounded entire solution of the Allen—Cahn equation. Furthermore, this level set is
structurally stable, in the sense that any function on R? which is sufficiently close to « in the C'! norm in
a neighborhood of this set will also have a zero level set of the same topology. In view of the existing
literature, we are particularly interested in the case of high-dimension d.

To present a precise statement, let us agree to say that an e-rescaling is a diffeomorphism of R? that can
be written as ® = ®; o ®,, where ®; is a rescaling and ||® —id || ¢c1(gey < € (here we could have taken
any other fixed C* norm, though). By a hypersurface we will refer to a smoothly embedded codimension 1
submanifold of R?, so self-intersections will not be allowed. Furthermore, in what follows we will use
the notation (x) := (1 + |x|*)!/? for the Japanese bracket.

Theorem 1.1. Let X be any compact orientable hypersurface without boundary of R? with d > 3, and
take any € > 0. Then there is a bounded entire solution u of the Allen—Cahn equation in RY such that its
zero level set u='(0) has a connected component given by ®(X), where ® is an e-rescaling. This set is
structurally stable. Furthermore, u falls off at infinity as |u(x)| < C(x)1=D/2 ifd > 4 and is in L*(R?)
if d=3.

It is worth mentioning that the result that we will actually prove (Theorem 4.1) is in fact stronger, in the
sense that given any finite number of hypersurfaces X, ..., Xy that are not linked (see Definition 2.1)
we will show that there is a diffeomorphism & such that ®(X;)U---U ®(Xy) is a union of connected
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components of the nodal set of a bounded entire solution to the Allen—Cahn equation. The diffeomor-
phism @ is not an e-rescaling, although it does act on each hypersurface %; as an e-rescaling composed
with a rigid motion.

The idea of the proof of the theorem is that, when u is small in a suitable sense, solutions to the
Allen—Cahn equation behave as solutions to the Helmholtz equation

Aw+w =0.

Hence, a key step of the proof is to establish an analog of Theorem 1.1 for solutions to the Helmholtz
equations with a sharp fall-off rate at infinity, which is as (x)(!1=9/2 (Theorem 2.2). For this we combine
a construction using the first eigenfunction of the domain bounded by ¥ with a Runge-type theorem
with decay conditions at infinity that generalizes the results that we proved in [Enciso and Peralta-Salas
2012; 2015] for Beltrami fields on R3. Using suitable weighted estimates for a convolution operator
associated with the Helmholtz equation (Theorem 3.1), we then promote these solutions of the Helmholtz
equation to solutions of the Allen—Cahn equation and show that the latter still possess a nodal set of the
desired topology. From the method of proof it stems that the statement of Theorem 1.1 remains valid
for much more general nonlinearities. (More precisely, one can replace x> by a smooth enough function
F (u) that behaves as u't® as u — 0 with & > (d +1)/(d — 1).) Observe that solutions of the Helmholtz
equation were also used in [Gutiérrez 2004] to construct nontrivial solutions in some L9 space to the
closely related Ginzburg-Landau equation on R* and R*, and that in fact for d = 3 our proof will borrow
estimates from this work.

2. Bounded solutions to the Helmholtz equation

In this section we will prove an analog of Theorem 1.1 for solutions to the Helmholtz equation on R?.
We shall begin by introducing some notation.
Let us consider the function
G () = Blx|'"™ Y41 (Ix]), (2-1)

where Y,;/21 denotes the Bessel function of the second kind and we have set

yl—d/2,
= s T @a=1)

with |S?~!| the area of the unit (d—1)-sphere and ' the Gamma function. A simple computation in
spherical coordinates shows that AG + G = 0 everywhere but at the origin and the asymptotics for Bessel
functions show that

G(x) = — +0(x]*%

|gd—l||x|d—2

as x — 0. It then follows that G is a fundamental solution for the Helmholtz equation, so, if v is, say, a
Schwartz function on R?, the convolution G * v satisfies

A(Gxv)+G*xv=n. (2-2)
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As we discussed in the introduction, we will prove a result that is considerably more general than
Theorem 1.1, as it applies to an arbitrary number of hypersurfaces. There is, however, a topological
condition that we must impose on these hypersurfaces, which is described in the following:

Definition 2.1. Let X1, ..., Xy be compact orientable hypersurfaces without boundary of R?. We will
say that they are not linked if there are N pairwise disjoint contractible sets Sy, ..., Sy such that each
hypersurface ¥; is contained in S;.

We are now ready to state and prove the main result of this section. Notice that the proof of the theorem
provides a satisfactory description of the structure of the diffeomorphism W, as noted in Remark 2.3.
The proof makes use of some techniques we introduced in [Enciso and Peralta-Salas 2013] to study the
level sets of harmonic functions and in [Enciso and Peralta-Salas 2015] to construct Beltrami fields with
prescribed vortex tubes. Throughout, diffeomorphisms are assumed to be of class C* and connected
with the identity, and B denotes the ball centered at the origin of radius R. Observe that, of course,
for N = 1 the condition that the hypersurface be not linked is satisfied trivially.

Theorem 2.2. Let X1, ..., Xy be compact orientable hypersurfaces without boundary of R? that are
not linked with d > 3. Then there is a function w satisfying the Helmholtz equation

Aw+w=0

in R? and a diffeomorphism W of R? such that W(%1), ..., W(Zy) are structurally stable connected
components of the zero set w'(0). Furthermore, w falls off at infinity as |3%w(x)| < Cq(x)1=D/2 for
any multiindex o.

Proof. An easy application of Whitney’s approximation theorem ensures that, by perturbing the hypersur-
faces a little if necessary, we can assume that X; is a real analytic hypersurface of R?. The fact that the
hypersurfaces are not linked allow us now to rescale and translate them so that the (unique) precompact
domains €2; that are bounded by each rescaled and translated real-analytic hypersurface, which we will
call E]f := 082}, are pairwise disjoint and their first Dirichlet eigenvalue A;(€2;) is 1. The first eigenvalue
is always simple, so there is a unique eigenfunction v/;, modulo a multiplicative constant, that satisfies
the eigenvalue equation

Alﬁj +1ﬁj =0 in Qj, ¢/|E,/ =0.

We can choose ¥/; so that it is positive in 2;.
Hopf’s boundary point lemma shows that the gradient of ¥/; does not vanish on X;:

miyf; IV (x)| > 0. (2-3)

Furthermore, as the hypersurface ¥; is analytic, it is standard that ; is analytic in an open neighborhood
ﬁj of the closure of ;.

Our goal is to construct a solution w of the Helmholtz equation in R that approximates each function Y
in the set €2;. To this end, let us take a smooth function y : R? — R that is equal to 1 in a narrow
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neighborhood of the closure 2 and is identically zero outside €, with

N N
§2=U§j, QZUQJ
Jj=l1 j=1

We can now define a smooth function w; on R by setting

N
wi .= Z Xl[/j.
j=1

Here we are assuming that w; := 0 outside Q.
Let us now write

w; =w|+h
with
W) (x) = /R Gl = f Oy, (2-4)

where f is the compactly supported function f := Aw; + w; and G is the fundamental solution (2-1).
By construction, / satisfies the homogeneous Helmholtz equation

Ah+h=0.

The support of the function f is obviously contained in the open set Q \ Q. Therefore, an easy
continuity argument ensures that one can approximate the integral (2-4) uniformly in the compact set
by a finite Riemann sum of the form

M
wy(x) 1= chG(x — xn). (2-5)

n=1

Specifically, it is standard that for any § > 0O there is a large integer M, real numbers ¢, and points
X, € 2\ © such that the finite sum (2-5) satisfies

||wi —w2lleo) < 9. (2-6)

Let us now take a large ball Bg containing the closure of the set €2. We shall next show that there is a
finite number of points {x;l}%:/ L in R\ B and constants ¢/, such that the finite linear combination

M/
ws(x) =Y ¢, Gx —x}) (2-7)
n=1
approximates the function wy uniformly in €2:
lwa — wsllcog) < 9. (2-8)

Here § is the same arbitrarily small constant as above.
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Consider the space V of all finite linear combinations of the form (2-7), where x;, can be any point
in R? \ By and the constants c,, take arbitrary values. Restricting these functions to the set 2, we can
regard V as a subspace of the Banach space C%(£2) of continuous functions on .

By the Riesz—Markov theorem, the dual of C %(Q) is the space M(2) of the finite signed Borel
measures on R? whose support is contained in the set Q. Let us take any measure i € M() such that
Jga f d =0 for all f € V. We now define a function F € L}, (R?) as

F(x):= f G(x —x")du(x"),
R4

so that F satisfies the equation
AF+F=pu.

Notice that F is identically zero on R? \ By by the definition of the measure x and that F satisfies the
elliptic equation
AF+F=0

in R?\ Q, so F is analytic in this set. Hence, since R? \  is connected and contains the set R? \ By, by
analyticity the function ' must vanish on the complement of €2. It then follows that the measure u also
annihilates the function G(- — y) with y & Q because

0=F(y) = ‘/RdG(y —x) dpu(x").

/ wy dpu =0,
Rd

which implies that w, can be uniformly approximated on €2 by elements of the subspace V, due to the

Therefore

Hahn-Banach theorem. Accordingly, there is a finite set of points {x;}ﬁ’lz/ | in R?\ B and reals ¢/, such
that the function w3 defined by (2-7) satisfies the estimate (2-8).
To complete the proof of the theorem, notice that the function

w4 = w3+ h
satisfies the equation
Aws+wys =0 (2-9)

in the ball Bg, whose interior contains €2. Let us take hyperspherical coordinates r := |x| and w :=
x/|x| € S~ in Bg. Expanding the function wy (with respect to the angular variables) in a series of
spherical harmonics and using (2-9), we immediately obtain that w4 can be written in the ball as a
Fourier—Bessel series of the form

oo
wy=) Y i) Yin(),
=0 mel;

where j; denotes a d-dimensional hyperspherical Bessel function, ¥;,, are spherical harmonics on $¢~!
and [; is a finite set that depends on / and whose explicit expression will not be needed here.
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Since the above series converges in L?(Bg), for any é > 0 there is an integer /o such that the finite sum
lo
W= Y Cmji(r) Yim(@)
=0 mell
approximates the function wy in an L? sense:
lw—wall 25, < 9. (2-10)
By the properties of Bessel functions, w is smooth in R?, falls off as
18w ()] < Co )77
at infinity for any multiindex « and satisfies the equation

Aw+w=0 (2-11)

in the whole space.
Given any R’ < R large enough for the set 2 to be contained in the ball By, standard elliptic estimates
allow us to pass from the L? bound (2-10) to a uniform estimate

lw—w4llcop,) < C8.
From this inequality and the bounds (2-6) and (2-8) we infer
w—willco) < C8. (2-12)

Moreover, since w also satisfies the Helmholtz equation in a neighborhood of the compact set €2, standard
elliptic estimates again imply that the uniform estimate (2-12) can be promoted to the C'! bound

Finally, since ¥; U---U Xy is a union of components of the nodal set of w; and, by (2-3), the gradient
of wy does not vanish on these hypersurfaces, the estimate (2-13) and a direct application of Thom’s
isotopy theorem [Abraham and Robbin 1967, Theorem 20.2] imply that there is a diffeomorphism W
of R? such that

U(Z,U---UZy) (2-14)

is a union of components of the zero set w~!(0). Moreover, the diffeomorphism W is C'-close to the
identity. The structural stability of the set (2-14) for the function w also follows from Thom’s isotopy
theorem and the lower bound

min [Vw(x)| > 0,
xeW(XU---UZy)

as a consequence of the C' estimate (2-13) and the fact that the function w; satisfies the gradient
condition (2-3). O
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Remark 2.3. It follows from the proof that there are rescalings W ].2, translations \Ilf and diffeomorphisms
\IJ].] with ||\IJJ.] —id || c1(ge) arbitrarily small such that
V(X)) = (V] 0¥ oW)(X)).

In particular, if N =1 the diffeomorphism W can be assumed to be an e-rescaling. A minor modification
of the argument would have allowed us to take || W jl —id || ¢k (rey arbitrarily small, with k any fixed number.

3. A weighted estimate for a convolution operator

In promoting solutions to the Helmholtz equation with sharp decay at infinity to solutions to the Allen—Cahn
equation, the estimates that we establish in this section will play a key role.

Specifically, we will be interested in the convolution of the fundamental solution G, introduced in (2-1),
with functions with certain decay rate at infinity. To quantify this, for any nonnegative integer k and any
positive real v let us denote by ij (R?) the closure of the space of Schwartz functions on R with respect
to the metric

[vllk,» := max sup [(x)"0%v(x)].
4% gkxeRd

Clearly
lvwllk,v+v < Cllvllevllwlli,w

whenever v € C f([R{d) andw e C f,([R{d), where C is a constant that only depends on k. In particular,
1V k0 < Cl IR s (3-1)
The following theorem, which asserts that the convolution with G defines a bounded map
CHRY) — Cfy_y)n(RY
for any v > d, provides the estimates that we need:

Theorem 3.1. Suppose that d > 3. Then, for any v € CX(R?) with k > 0 and v > d, one has

I1G * vk, @-12 < Cllvllk,v,
with a constant that depends on d and v but not on v or k.

Proof. In view of the well-known asymptotics for Bessel functions when d > 3, there is a positive
constant C such that G is bounded by

Clx|>4 if |x] <1,

G <
G)] {C|x|(1_d)/2 if x| > 1.

It then follows that

|G *v(x)] </ IG@)||v(x —2)|dz
Rd

< Cllvllo,v( 2> (x — )7 dz+/ Izl(l_d)/z(x—z)_”dz>. (3-2)
R\ B,

B
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For any fixed x, the first integral is convergent for any value of v, while the second converges provided
that v > %(a’ +1). Since v > d > %(a’ + 1), we infer that G % v(x) is well defined as a convergent integral
forany v e C 8(|Rd) and all x € R?, and it only remains to analyze its behavior for large |x|.

For concreteness, let us assume that |x| > 2. We shall next show that the integrals

L= | 1z —2) 7" dz,
B

I ::/ 12| =D (x — )7V dz,
B2

;= / 12|12 (x — 7)™ dz,
By |\ Bx|2

u:f 12|12 (x — 2y dz,
R4\ By

are then bounded as
I; < Clx|"=D/2 (3-3)

where C does not depend on v. In view of the inequality (3-2) and the fact that
/ 2|2 — ) < L+ B+ L,
RI\B;

this shows that the convolution with G is a bounded map CS([RRd) — C?d_l) /Z(Rd). Since for any
multiindex o we have

3% (G % v) = G * (3%),

this immediately implies that the convolution with G is also a bounded map C¥(R%) — Cé‘d_ B /2([R§d),
thereby proving the theorem.

So it only remains to prove the estimate (3-3) for 1 < j < 4. For this we start by using the elementary
inequality

1 : 1
" >Fm if |z| < 1xl,

1 .
slzlaf fz] > 2[x],

to obtain, for |x| > 2,

L <Clx|™" | 127 %dz=C|x|™" < C|x|™¢ < C|x|1=D/2,
B
I < C|x|—v/ |Z|(l—d)/2dZ — C|x|(d+l)/2—v < C|x|(l_d)/2,
By 2
Iy < C/ |Z|(1—d)/2—v dz = C|x|(d+1)/2—v < C|x|(1_d)/2,
R{I\BZM

To obtain these bounds we have used that v > d by assumption.
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To estimate I3 we choose a Cartesian basis such that x = |x|e; and then use the rescaled variable
7 := z/|x| to write
21(1=d)/2 g7
_ _ _ Z z
Iy :/ 12| D25 — 2y gz = [x] @D/ v/ |2| S (3-4)
BZ|x|\B|x|/2 Bz\B]/z (1/|x| + |el - Z| )

Denoting by B’ the ball centered at e; of radius %, one can check that

/ |Z|(l_d)/2 dz B C/1/4 pd—l d,O
B (1/|x]2 + |er — z|»)V/ o (/x| +p)/2

Clx|" /'X'/“ ' dp
= X —_—
0o T+

—d—1 _
< C|X|V_d/00—p dp
o (14+p2)"/2

< Clx|"™,

where we have defined p := |x|p, and we have used that the integral in p is convergent for any v > d.
Plugging this into (3-4), one gets

| (A=d)/2 g7 S1(1=d)/2 g3
13 = |x|(d+1)/27v (/ |Z2| d_Zz 2 +/ |Z2| d_Zz 2)
g (1/1x|* + ey — z|2)V/ B\B1puB)y (1/1X[ + |er —Z|2)/

<C|x|(d+1)/2fv(|x|l)*d+c)<C|x|(lfd)/2‘

To obtain the first inequality we have used that |e; — 712> % forall z € B>\ (B1/2 U B’), and the second
inequality follows from the assumption v > d. This is the last estimate that we needed in (3-3) and thus
the theorem follows. O

In view of the structure of the nonlinearity of the Allen—Cahn equation, the following corollary will be
useful:

Corollary 3.2. Foranyv e C é‘dil) /Z(Rd) withk > 0 and d > 4, one has the estimate

I1G % W) llk@-1y2 < CIVIR -1y 2-

Proof. We can apply Theorem 3.1 with v := %(3d — 3) because v > d for all dimensions d > 4, thus
implying that
I1G % @) lIk.a—172 < CIV k. 3a—372 < CIVIR 1) /20

where we have used the relation (3-1). U

4. Proof of Theorem 1.1

We are now ready to prove the main result of this paper, which reduces to Theorem 1.1 when N = 1.

Theorem 4.1. Let X1, ..., Xy be compact orientable hypersurfaces without boundary of R? that are
not linked with d > 3, and let us take any positive integer k. Then there is a diffeomorphism ® of R such
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that ®(X1), ..., () are connected components of the level set u~'(0) of a smooth solution to the
Allen—Cahn equation in R, which is bounded as |3%u(x)| < Cy (x)1=D/2 for any multiindex with |a| < k
if d >4, and if d =3 then u is in L*(R*) N L®(R?). Furthermore, these level sets are structurally stable
and the diffeomorphism ® can be assumed to have the same structure as in Remark 2.3.

Proof. Let us first assume that d > 4, since this will allow us to apply Corollary 3.2. By Theorem 2.2
there is a solution w to the Helmholtz equation

Aw+w=0

on R? such that W (X)), ..., W(Zy) are connected components of its zero set w~1(0), where W is a
diffeomorphism of R?. Moreover, ||w|| k,d—1),2 < C and the above hypersurfaces are structurally stable,
in the sense that there exist a large ball B and a positive constant n such that, if w’ is any function with

lw—w'llc1(pgy < M 4-1)
then there is a diffeomorphism ® of R? such that
P(ZPHU---UD(Zy) (4-2)

are structurally stable connected components of the level set w’~!(0). Furthermore, ® is close to W in
the norm C!'(RY).
Let us take a small positive constant € that will be fixed later and consider the iterative scheme

uo 1= 8w, Uy i=08w+Gx (), (4-3)
where we have set
€

 2fwlka-n2
Our goal is to show that, if € is small enough, u, converges in C é‘d_l) /Z(Rd ) to a function u that satisfies
the Allen—Cahn equation

Au4u—u?=0
and is close to w in a suitable norm.

A first observation is that, if [lu,[|x,—1)2 < € and € is small enough, by the definition of § we
automatically have

Sllwllk,@—1y2 + 1G * @) llk,@—1))2
w12+ Cllunlly, g1y < 36+ Ce” <e. (4-4)

lnsille,@—1)2 <
<

Here we have used Corollary 3.2 to estimate G # (u>). Notice that the smallness that we have to impose
on € only depends on the constant that appears in Corollary 3.2. In particular, since the first function ug
of the iteration satisfies

1
luollk,@@—1)2 = 3¢,



1444 ALBERTO ENCISO AND DANIEL PERALTA-SALAS
the induction property (4-4) then implies that

Nl @12 <€ 4-5)
for all n.
To estimate the difference u, | — u,, let us start by noticing that for any functions v, v’ we have
10* = "3k, Ga—3)2 = max sup (x) 2[99 (0% (0 = ') + 00" (W = V) + 02 (0 =)
alsk ycpd

2 2
< C(”UHk,(dfl)/z + ||v/||k’(d71)/2)||v - U/||k,(d—1)/2-

It then follows from Theorem 3.1, the fact that %(3(1 —3) > d when d > 4, and (4-5) that we can write

33
lns1 —unlle,@—1y2 = G * (u, — u,,_Dllk,a-1,2

< Cllup — w2 lIk.a—3)2 < Cellun — tn—1lk.d—1)/2- (4-6)

If € is small enough that Ce? < %, it is standard that (4-4) and (4-6) imply that u, converges in C é‘d_l) /Z(Rd )
to some function u with

lwllk,@—1)/2 < €. (4-7)

Since the map v — G * (v?) is continuous in C é‘d_l) /Z(Rd ), from (4-3) we infer that u satisfies the integral
equation

u=2=8w+Gx*ud). (4-8)

As w is a solution of the Helmholtz equation and G is a fundamental solution satisfying (2-2), it then
follows that

Au+u:u3,

so u is a solution of the Allen—Cahn equation, which is smooth by elliptic regularity.
One can now use the bound (4-7), the relation (4-8) and the definition of § to write

u _ 1 _ 1 3 C 3 2
[0 =51 = 5100 i = FIG @i < Gl g yp SCE - @9)

In view of the stability estimate (4-1), if € is small enough (namely, C €2 < 1), we infer that there is a
diffeomorphism ®, close to the diffeomorphism W in the norm C'(R?), such that the hypersurfaces (4-2)
are structurally stable connected components of the level set u ' (0). The theorem then follows for d > 4.

For d = 3 the proof is similar but employs the L*(R?) estimates for the inverse of the Helmholtz
equation proved in [Gutiérrez 2004]. More precisely, as G is the real part of the fundamental solution of
the Helmholtz equation that satisfies the Sommerfeld outgoing radiation condition (namely, —e'! /47 |x]),
the iteration (4-3) converges in L4(R?) by [Gutiérrez 2004]. The rest of the proof is just as in higher
dimensions, replacing the estimate (4-9) in the ball Bg by the standard elliptic estimate

|5
)

u

R
C(Bg) )

E}

LA®Y)
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where the last bound is what one obtains directly from the iteration. Moreover by [Gutiérrez 2004,
Proposition 1], it follows that any L*(R?) solution to the Allen—Cahn equation is bounded. Il
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HOLDER ESTIMATES AND LARGE TIME BEHAVIOR
FOR A NONLOCAL DOUBLY NONLINEAR EVOLUTION

RYAN HYND AND ERIK LINDGREN

The nonlinear and nonlocal PDE
[ve|P72v; + (—Ap) v =0,
where

v, 0) —v(x +y, )P ((x, 1) —v(x +y,1))
|y|n+sp dy

’

(—Ap)’v(x,1) =2 P.V./

[Rﬂ
has the interesting feature that an associated Rayleigh quotient is nonincreasing in time along solutions.
We prove the existence of a weak solution of the corresponding initial value problem which is also unique
as a viscosity solution. Moreover, we provide Holder estimates for viscosity solutions and relate the
asymptotic behavior of solutions to the eigenvalue problem for the fractional p-Laplacian.

1. Introduction
We study the nonlinear and nonlocal PDE
0[P 720 + (= Ap) v =0, (1-1)
where p € (1,00), s € (0, 1) and (—A,)?® is the fractional p-Laplacian

(—Ap) u (x) := 2P.V./Rn e () —u(x + yl);;;f;t(X) —u(x +y))

dy. (1-2)

Here and throughout P.V.denotes principal value. The main reason of our interest in solutions of (1-1) is
the connection with ground states for (—A,)?, i.e., extremals of the nonlocal Rayleigh quotient

— p
o o BB .

Aep= inf (1-3)

P uews P @)\(0} Jo lu()|? dx
Here and throughout 2 C R” is a bounded domain. Clearly, 1/As, , is the optimal constant in the Poincaré
inequality in the fractional Sobolev space WOS P(Q).

In recent years there has been a surge of interest around this nonlinear and nonlocal eigenvalue problem:;
see [Lindgren and Lindqvist 2014; Brasco and Franzina 2014; Brasco and Parini 2015; Brasco et al. 2016;
Del Pezzo and Salort 2015; Franzina and Palatucci 2014; Iannizzotto and Squassina 2014]. In particular,
it is known that ground states (or first eigenfunctions) are unique up to a multiplicative constant and have

MSC2010: 35J60, 47135, 35J70, 35R009.
Keywords: doubly nonlinear evolution, Holder estimates, eigenvalue problem, fractional p-Laplacian, nonlocal equation.

1447


http://msp.org/apde/
http://dx.doi.org/10.2140/apde.2016.9-6
http://dx.doi.org/10.2140/apde.2016.9.1447
http://msp.org

1448 RYAN HYND AND ERIK LINDGREN

a definite sign (see Theorem 14 in [Lindgren and Lindqvist 2014] together with Corollary 3.14 in [Brasco
and Parini 2015]). The corresponding local problem (formally s = 1), i.e., the eigenvalue problem for the
p-Laplacian, has been extensively studied throughout the years. See, for instance, [Lieb 1983; Lindqvist
1990; 2008].

The first of our main results is a local Holder estimate for viscosity solutions of (1-1). This is one of
the first continuity estimates for parabolic equations involving the fractional p-Laplacian.

Theorem 1.1. Let p > 2, s € (0, 1) and v € L*°(R" x (=2, 0]) be a viscosity solution of
0[P 20, + (=Ap) v =0 in By x(=2,0].

Then v is Holder continuous in By X (—1, 0] and in particular there exist « and C depending on p and s
such that

[vllce By x(-1,01) = Cllvll Lo ®nx(—2,0])-
We also study the initial value problem
[v¢ P20 + (—=Ap)Sv =0 in Q x (0, 00),
v=20 in R"\ Q x [0, 00), (1-4)
v=g in Q x {0},

and show that (1-4) has a weak solution in the sense of a doubly nonlinear evolution and a unique viscosity
solution. In addition, we relate the long time behavior of solutions to the eigenvalue problem for the
fractional p-Laplacian. These results are presented in the two theorems below.

Theorem 1.2. Let p € (1,00) and s € (0, 1). Assume g € Wos’p(Q) and define

1
7 r—1
Ws,p = As.p -

Then for any weak solution v of (1-4),

w(x) = Jim etsrly(x,t) (1-5)
exists in W5P(R") and is a ground state for (—Ap)*, provided it is not identically zero. In this case,
v(-,t)#0 fort > 0and

fu;en fRn lvx.0—vG.0O” 5. dy

=y TP

As,p = lim
$P T oo fQ |v(x,t)|? dx
Theorem 1.3. Let p > 2, s € (0,1), Q be a C'! domain and assume that g € Wos’p(Q) N C(R) satisfies
|g| < W, where W is a ground state for (—Ap)°. Then there is a unique viscosity solution of (1-4) that is
also a weak solution. In addition, the convergence in (1-5) is uniform in Q.

In our previous work [Hynd and Lindgren 2016], we studied the large time behavior of the doubly
nonlinear, local equation
v [P 20, = Apv. (1-6)
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One of the novelties of the present paper in comparison with the above-mentioned work is that we obtain
uniform convergence to a ground state and a uniform Holder estimate for the doubly nonlinear, nonlocal
equation (1-1). No such results are known for (1-6). Related to this is also the work for more general sys-
tems in [Hynd 2016]. The method in these papers, as the method in the present paper, differs substantially
from most of the other methods used in the literature to study asymptotic behavior of nonlinear and possibly
degenerate flows, as in [Agueh et al. 2010; Aronson and Peletier 1981; Armstrong and Trokhimtchouk
2010; Kamin and Vazquez 1988; Kim and Lee 2013; Stan and Véazquez 2013]. Our methods are based on
energy and compactness in Sobolev spaces, while most of the earlier work is based on comparison princi-
ples. This allows us, in contrast to most earlier work, to treat initial data without any assumption on the sign.

In the case of a linear equation, i.e., when p = 2, the large time behavior of solutions is especially
well understood. Due to the theory of eigenfunctions in Hilbert spaces, one can then recover our result
(and more) using the eigenfunction expansion. When p # 2, this expansion is not available.

The literature on equations of the type (1-1) is very limited. Equations of type (1-6) appear in
[Kilpeldinen and Lindqvist 1996] and in the theory of doubly nonlinear flows. In the case of linear
nonlocal equations, i.e., when p = 2, the literature on regularity is vast. We mention only a fraction; see
[Silvestre 2010; 2012; Caffarelli and Vasseur 2010; Lara and Dévila 2014]. Neither of these results apply
to our setting. However, our proof of the Holder regularity is very much inspired by the work of Luis
Silvestre [2010; 2012]. We also seize the opportunity to mention the recent papers [Puhst 2015; Maz6n
et al. 2016; Vazquez 2016; Warma 2016] where the corresponding heat flow is studied, i.e., the equation

v+ (—Ap)° v =0.

The stationary equation, i.e.,

(=Ap)v =0,
has in recent years attracted a lot of attention; see [Ishii and Nakamura 2010; Brasco and Lindgren 2017;
Chasseigne and Jakobsen 2015; Di Castro et al. 2014; 2016; Chambolle et al. 2012; Korvenpii et al.
2016; Iannizzotto et al. 2016; Kuusi et al. 2015a; 2015b; Gal and Warma 2016; Lindgren 2016]. In
[Bjorland et al. 2012], a different nonlocal version of the p-Laplacian is studied.

The plan of the paper is as follows. In Section 2, we introduce the fractional Sobolev spaces W*7, the
fractional p-Laplacian (—A,)* and additional notation used in this paper. In Section 3, we define weak
solutions and derive several of their important properties. The section ends with a key compactness result
and some brief explanations on how to construct weak solutions. This is followed by Section 4, where we
introduce viscosity solutions and prove that the weak solution constructed in Section 3 is also the unique
viscosity solution. In Section 5, we verify Holder estimates for viscosity solutions. Finally, in Section 6,
we prove Theorem 1.2 and Theorem 1.3, which involves the large time behavior of weak solutions.

2. Notation and prerequisites

The fractional Rayleigh quotient (1-3) naturally relates to the so-called fractional Sobolev spaces W*:7 (R").
If 1 < p <ooands € (0,1), the norm is given by

p — p p
”u”Ws.p(Rn) - [u]WS.IJ(Rn) + ”u”Lp(Rn)’
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where the Gagliardo seminorm is

() —u)l?
Wyrn = [ [ S dxdy = [ [ ) —ul? dutr. ).

Here and throughout, we will use the notation
dp(x,y) = |x—y[""Pdxdy.

The space WOS "7 (Q) is the closure of Cs°(€2) with respect to the norm || - || ys.» (n). Many properties that
are known for the more common Sobolev spaces W 17, also hold for W*:? and can be found in [Di Nezza
et al. 2012]. In particular, we have the compact embedding of W,"” () in L4(2) for ¢ € [1, p]. This
result can be found in Theorem 2.7 in [Brasco et al. 2014] (see also Theorem 7.1 on page 33 in [Di Nezza
et al. 2012]).

The operator (—Aj)*® arises as the first variation of the functional

[u]ﬁ/s,l)(Rny

More specifically, minimizers satisfy
/Rn /R u(x) — ()P (u(x) —u(y) (@ (x) — () du(x. y) =0

for each ¢ € Wos P (Q). If the solution is regular enough, one can split this into two equal terms, make
a change of variables and write the equation in the sense of the principal value, as in (1-2). Note that
the notation (—A,)® is slightly abusive; this operator is not the s-th power of —A, unless p = 2. See
Section 3 in [Di Nezza et al. 2012].

Ground states of (—Aj)*® are minimizers of the Rayleigh quotient

e e Jan ) —u)IP dpx, y)
s,p = inf ,
ueWs? (Q) Jo lu(x)|? dx

and they are signed solutions of

(—Ap)*u = Ag plulP2u in Q,
u=20 in R" \ Q.

The notation
Tp(t) =117
will also come in handy. With this notation, equation (1-1) can be written as
Tp(vi) +(=Ap)’v=0
and the operator (—A ,)* can be written as

Tp(u(x) —u(x +y))
R" ly|rFep

(—=Ap)’u(x) =2PV. dy.
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Due to the scaling of the equation, we introduce the following notation for parabolic cylinders
_Sp_ sp_ _ Sp_
Or(xo.10) = Br(xo) X (to—r»=T, 10 +r»=1), Q. (xo0.%0) = Br(xo) X (to —r»=T,10),
where B (xg) is the ball of radius r centered at xo. When x¢ = 0 and 79 = 0, we will simply write By,

QO and Q.

3. Weak solutions

In this section, we present our theory of weak solutions of (1-4). The main results are that the Rayleigh
quotient is monotone along the flow (Proposition 3.6) and that “bounded” sequences of weak solutions
are compact (Theorem 3.8). The interested reader could also consult [Hynd and Lindgren 2016], where a
similar theory is built for equation (1-6).

Definition 3.1. Let g € W,>?(Q2). We say that v is a weak solution of (1-4) if
v e L2([0,00): WyP (),  vs € LP(2 %[0, 00)), (3-1)

and
/ o (e, )P0 (6. D) (x) dx + / / Tp@.1) =01 D)) — () di(x.y) =0 (3-2)
Q R JR"?
for each ¢ € WOS’I’(Q) and for a.e. t > 0, and

v(x,0) = g(x). (3-3)

Remark 3.2. We note that if v satisfies (3-1), the L? norm of v is absolutely continuous in time (one
can for instance adapt the proof of Theorem 3 on page 287 of [Evans 2010]), so that it makes sense to
assign values in L?(2) at t = 0, as in (3-3).

In the rest of this section, we derive various identities and estimates for weak solutions.
Lemma 3.3. Assume v is a weak solution of (1-4). Then
p
[U( ) [)]Ws,p(Rn)

is absolutely continuous in t and

d 1
EAC Oy == [ Ter)1? d (3-4)
holds for almost every t > Q.
Proof. Define
1 ,
S(w) = | P w €W (@),
+o00 otherwise

for each w € L?(R2). Then ® is convex, proper, and lower-semicontinuous. In addition, (3-2) implies

AD(v(-, 1)) = {=|ve (-, )" 2ve (-, 1)}
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for almost every ¢ > 0. Since t — v(-,t) is absolutely continuous in L?(2) (see Remark 3.2) and
since |0®(v)||vs| € L1(Q x [0, T)) for any T > 0, Remark 1.4.6 in [Ambrosio et al. 2008] implies that
t — ®d(v(-,t)) is absolutely continuous and that identity (3-4) holds for a.e. t > 0. O

Lemma 3.4. Assume v is a weak solution of (1-4). Then
d
E [U( " t)]I[/)Vs,p(Rn) = —DHs,p [U( T Z)]ﬁ/s,p([@n) (3-5)

fora.e. t >0, and
G Ol p@ny < € P glws.ran) (3-6)

foreacht > Q.

Proof. By Lemma 3.3, v(-,¢) is an admissible test function in (3-2), which yields
0y = [ [ o000 =000 =3 (. )
= [ e nIP e w0 d
Q

< ([Qw,(x,z)v’dx)l_(/ v (x, z)|de)

1 1—
<33 ([ e ax) ", 37
Hence,
1
v(-, )%, nf—/vx,t P dx. 3-8
[ ( )]W P (RM) s, p Ql t( )l ( )
Identity (3-4) together with (3-8) implies (3-5). From Gronwall’s inequality, we can now deduce inequality
(3-6). O

Corollary 3.5. Let v be a weak solution of (1-4). Then the function

A UICND) [

is nonincreasing in t and

1 d ( (us.pp) P _ (s pp)t P
; E(e Hs.pP [U( ) [)]Ws.p(Rn)) =e Hs.pP Ms,p[v(' ) [)]Ws,p(Rn) - o |Ut(X, Z)lp dx =< 0 (3'9)
fora.e. t > 0.
Proof. The monotonicity is a consequence of (3-5). The identity (3-9) follows from (3-4). O
Proposition 3.6. Assume that v is a weak solution of (1-4) such that v(-,t) # 0 € L?(Q) for each t > 0.
Then the Rayleigh quotient

[U( ) Z)]ﬁ/s,p(Rn)

Jo lv(x,0)|7 dx

is nonincreasing in t.
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Proof. By (3-1),
4L n)? dx = [ [0, 1720 (e, v (x. 1) dox (3-10)
dt Jg p Q

for a.e. t > 0. Suppressing the (x, ¢)-dependence, we compute, using (3-4) in Lemma 3.3 and (3-10), to
find

d Wy P (W15 @n
d Plysr@y fszlvtl x_, Mweran [|U|P 200, dx
dt [o|v|Pdx f9|v|1’dx fQ|v|1’dx

p j—
ZW([U]%&P(R”)/QWW 2U(_Ut)dx—/9|v|pdx/9|vtlpdx) (3-11)

for a.e. t > 0. By Holder’s inequality,

/Q|v|p_2v(—v,)dx§ (/Q|v|pdx) ([9|v,|pdx) ,

which together with (3-7) gives

[U]Ws, n / lv|? 2v(—v )dx<[ |v|pdx/ [ve|? dx.
2 (R") o t t
Inserted into (3—1 1), this yields

N|=

p
d [U]WS.I)(Rn)

— O
dt [q|v|Pdx ~

As a corollary, we obtain that any weak solution with a ground state as initial data can be written
explicitly. Since the proof is exactly the same as the proof of the corresponding result in [Hynd and
Lindgren 2016], Corollary 2.5, we have chosen to omit it.

Corollary 3.7. Suppose that v is a weak solution of (1-4) and that g is a ground state of (—Ap)°. Then
v(x,t) =e Msrlg(x).

The following compactness result is the key both to the long time behavior and to the construction of
weak solutions, as we will see. The proof is based on the compact embedding of WOS ‘P (Q) into L?(Q)
and it is fairly similar to the proof of Theorem 2.6 in [Hynd and Lindgren 2016].

Theorem 3.8. Assume {g¥}ren € Wos P (Q) is uniformly bounded in WOS "P(Q) and that v¥ is a weak
solution of (1-4) with v (x, 0) = g% (x). Then there is a subsequence {v*/ } jen C (v e and v satisfying
(3-1) such that

k: . C([0,T]; LP(R2)) forall T >0,
v = n r S, D n (3‘12)
L .([0,00); WSP(R")) forall 1 <r <oo
and
v/ v in LL([0.00): L7 (R)) (3-13)

as j — oo. Moreover, v is a weak solution of (1-4), where g is a weak limit of {g*/ Yxen in Wos’p ().
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Proof. Asin (3-4),

EA T My == [ 1E 0l dx (3-14)

for almost every ¢ > 0. After integration, we obtain
* k k
p/o /Q [vf (x,2)|P dx dt + Sug[vk(',l)]Ws,p(Rn) <2[g ]%S,p(Rn). (3-15)
1>

By assumption, the right-hand side above is uniformly bounded. It follows that the sequence { VE Y en €
Cioc ([0, 00), L?(2)) is equicontinuous, and {v¥ (-, 1)} xen € Wos’p(Q) is uniformly bounded for each
¢ > 0. By Theorem 1 in [Simon 1987], we can conclude that there is a subsequence {v¥/ Jjen C (v en
converging in Cio ([0, 00), L?(£2)) to some v satisfying (3-1). Passing to a further subsequence, we may
also assume that v&/ — v in Lf;c ([0, 00); WS-P(R™)).

Since vt is bounded in L? (2 x [0, o0)), we may also assume

vfj — V¢ in L?(Q2 x [0, 00)),
Tp(v) =& in LU x[0,00)),

where 1/p 4+ 1/q = 1. We will prove below that
§=Jp(vr). (3-16)
Let us assume for the moment that (3-16) holds. Note that since the function |z|? is convex,

Sy 2 51 GO - fgJp(vi‘-"(x,z))(wm—v"f'(x,r»dx

for any w € WOS "7 (). Integrating over the interval [to, 1] and passing to the limit, we obtain

5] 1 5]
[ Sl dr= [ (30C My [ €000 v dx) dr

0 o

£ k j
Here we made use of Fatou’s lemma, the weak convergence of 7,(v;”) and the strong convergence
of v/
Therefore,

L0l = S10C O = [ €GO =00 dx

for a.e. t > 0. In particular, for each ¢ € Wos’p(Q),

/ E(x. 0)p(x) dx + / / Ty (.1 = v(3. D)) — (»)) du(x. y) = 0 (3-17)
Q R JR?

for a.e. t > 0. Thus, once we verify (3-16), v is then a weak solution of (1-4).



HOLDER ESTIMATES AND LARGE TIME BEHAVIOR FOR A NONLOCAL DOUBLY NONLINEAR EVOLUTION 1455

For each interval [t, 11],

151
i kj t "
ji>r20 0 ™ (-, )]Ws P (R )

t
= lim / TpWF7 (x, 1) = v (3, 1)) (W% (x, 1) — 0% (9, 1)) du(x, y)
R JR?

1 )
— — lim / T (e, )R (x, 1) dx dt
to JQ

_ /:/sz E(x, 1)v(x, 1) dx di

51
= [ [v("t)]ﬁ/s,p(n'\gn) dt’

0

where the last equality is a consequence of (3-17). Since weak convergence together with convergence of
the norm implies strong convergence, we have

kj V4
v — v in Lloc

([0, 00): WP (R™)).
It is now routine to combine the interpolation of L? spaces with the uniform bound (3-15) to obtain the
stronger convergence v%/ — v in L7 (

loc ([0, 00); WS:P(R™)) for each 1 < r < oo. Further, upon extracting
yet another subsequence, we can assume that

[vkj(Wz)]ﬁ/s.p(Rn) - [U('vt)]ﬁ/s.p([@n) (3'18)

as j — oo forae. t>0.
We will now verify (3-16). As in the proof of Lemma 3.3, (3-17) implies

d 1
0y == [ 6050000
for a.e. t > 0. Therefore, for each #1 > 1y,
n 1 1
[ st deds + LG o = g0 C O e G19
In addition, integrating (3-14) yields
kj 1. k:
/, [ s L ool s + LR
1 &
= S8 o)y (3-20)

Let now #¢ and #; be times for which (3-18) holds and pass to the limit to obtain

noeog ] 1 ]
—lve(x, )P + =18, )T dxds + —[v(- 1)o@y < — [0 10155 p (gen
/tofszp q p Whe@®D = p w2 R
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by weak convergence. Together with (3-19) this implies

/t:/g‘z(%|vt(X,S)|p+$|$(X,S)|q_g(x,s)vt(x,s)) dxds <0.

Identity (3-16) now follows from the case of equality in Young’s inequality.
Substituting £ = 7, (v;) into (3-19) and passing to the limit as j — oo in (3-20) also gives

t 151
. kj
lim / v, (x,8)|P dxds = / / |ve(x, )P dx ds.
J70 Jty JQ to JQ

Again, since weak convergence together with convergence of the norm implies strong convergence, we
obtain (3-13). |

Let us now discuss how the ideas above can be used to construct weak solutions. As in [Hynd and
Lindgren 2016], we aim to build weak solutions (1-4) by using the implicit time scheme for 7 > 0:
00 =g,

ok _ k-1
Tp (f) + (=Ap) v =0 for x € Q,
vk =0 for x e R"\ Q,

where k =1,2,..., N. (3-21)

The direct methods in the calculus of variations can be used to show that this scheme has a unique weak
solution sequence {v!,..., vV} C Wy P () for each > 0 and N, in the sense that

k _ k-1
/ Jp(v e (X))¢(X)dx+ / / Tp(W* (1) =0 ()@ () = $ (1) dp(x.y) = 0
Q T R JR?

for any ¢ € WOS "7 (Q). Our candidate for a solution v(x, ¢) of (1-4) is the limit of v (x), when N tends
to infinity with t =¢/N.

Choosing ¢ = v¥ —vk~1 a5 test function, we obtain
ok — k1 Lo ke Lo k=10
/QTCZX—F;[U ]W‘V!p(R”)SE[U ]W‘V’P(R”)’ where k:l,,N
Summing over k = 1,...,j < N yields
J k_ k-1
[v* —v P Lo jp L, .p
kzl /Q 1 dx T E[U ws.o@ny = ;[g]Ws,p(Rn)’ (3-22)

which is a discrete analogue of the energy identity (3-4).
Let t =T /N and t; = kt, and define the “linear interpolation” of the solution sequence as

t— 71—
wy (x, 1) :=v* 1 (x)+ (L) W*(x)=v*1(x)), where 11 <t <1, k=1,...,N. (3-23)
T
From (3-22) we conclude

T
p /0 Q |ale (X, [)|p dX dt + OE?ET[wN( ’ t)]pWS,D(RH) S 2[g]§/AD(Rn) (3'24)
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Arguing as in the proof of Theorem 3.8, we can obtain a subsequence wy; and a weak solution w of
(1-1) on © x (0, T') such that

C([0,T]: L7(R)),

wWN: —> W
! LP([0, T]; WSP(R"))
and
drwn; — wy in LP(Q2x[0,T]),
TIp(0rwn;) = Tp(wy) in L9(Q2 %[0, T]).

It remains to construct a global-in-time solution. This can be accomplished as follows: Let k € N and

let wk be the weak solution of (1-1) above for T' = k. Define
X wk(-,0), telok],
Z ( ’ t) = k
w*(-,k), telk,o0).

One readily verifies that z¥ satisfies (3-1). In addition, the proof of Theorem 3.8 can easily be adapted to
give that z¥ has a subsequence converging as in (3-12) and (3-13) to a global weak solution of (1-4). We
omit the details.

Remark 3.9. At this point, we seize the opportunity to mention that the “step function” approximation

g, t=0,
-, 1) = 3-25
UN( ) Uk, tE(‘L’k_l,‘L'k], k=1,...,N, ( )

converges in C([0, T']; L?(£2)) to the same weak solution v as the linear interpolating sequence (3-23).
Indeed, by (3-22),

/|wN(x,t)—vN(x,t)|pdx§ max /|vk(x)—vk_1(x)|pdx
Q 1<k<N JQ

1 ,-
< ;Tp ! [g]ﬁls,p(Rn)

1/T\P71 p
= ;(ﬁ) [g]Ws.p(Rn)-

This fact will be used in Section 4, where we verify that the viscosity solution we construct is also a weak
solution.

4. Viscosity solutions

Throughout this section we assume that 92 is C1l, p > 2, g€ Wos’p(Q) N C(R) and that there is a
ground state W such that
gl < W.

Our main result in this section is:

Proposition 4.1. There is a unique viscosity solution v of the initial value problem (1-4) which is also a
weak solution.
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It is not known whether or not uniqueness holds for weak solutions of (1-4), even in the local
case. However, quite standard methods for viscosity solutions apply to (1-4). The key here is that the
term |v; |P~2v, is strictly monotone with respect to v;. In what follows, we will prove that the discrete
scheme (3-21) converges both to the unique viscosity solution and to a weak solution.

We first define viscosity solutions of the relevant equations.

Definition 4.2. Let Q2 be an open set in R” and f(x,u) a continuous function. A function u € L°°(R")
which is upper semicontinuous in €2 is a subsolution of

(—Ap)°u < f(x,u) in Q
if the following holds: whenever xo € Q and ¢ € C?(B,(xg)) for some r > 0 are such that
¢(x0) = u(xp), ¢(x) >u(x) for x € By(xo) C €2,
then we have

(=Ap)* 9" (x0) < f(x0.¢(x0)).

where
¢r — ¢ in Br (X()),
u in R"\ By(xp).

A supersolution is defined similarly and a solution is a function which is both a sub- and a supersolution.

Remark 4.3. For a bounded function f* which is C? in a neighborhood of x¢, we know (—Ap)’ f (xo) is
well defined. Indeed, we may split the operator into one integral over By (x¢) and another over R\ By (xo).
The latter is well-defined since f is bounded. For the former, we may write, for & > 0,

2PV, / To(f(x0) = FO)|xo— y| " dy
B1(x0)

=2 lim Tp(f(x0) — f(xo+ y)|y| "2 dy
& B1\B;
= lim | (Tp(f ) = o+ )+ Ty (f o) = f o = y) ™7 -

Since f is a C? function and p > 2, we have the estimate
1S = fFx+ P2 0) = f(x + )+ f () = fx=»IP2(f(x) = flx =) = Clyl?.
This is due to the elementary inequality
|la +b|7"2(a + b) — |a|”"%a| < C|b|(Ja| + b)) P2
Therefore, the integral

|| a0y = Fso 90+ Tp(f50) = o= )y |7 dy

is absolutely convergent, so that the principal value exists.
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We define viscosity solutions of the evolutionary equation (1-1). We introduce the class of test functions
CH (D xI), where DxI CR"xR,
consisting of functions that are C? in the spatial variables and C! in ¢, in the set D x I.

Definition 4.4. Let 2 € R” be an open set, / € R be an open interval. A function v € L°°(R” x I') which
is upper semicontinuous in 2 x [ is a subsolution of

0[P 20, + (=Ap)Sv <C in Qx [

if the following holds: whenever (xg,%p) € 2x [ and ¢ € C 3’}1 (Br (x0) X (to—r, to + r)) for some r > 0
are such that

¢ (xo,10) = v(x0, o), ¢(x,t)>v(x,t) for (x,t) € Br(xo) X (to—r,to+7)
then
|2 (x0. 20) [P > ¢¢ (x0. 10) + (—Ap)°@” (x0.70) < C,
where o in B (xo)x( )
- . i By(xo) X (tog—r,t0+71),
o= v in R®\ By(xo) X (to—r,t0 + 7).

A supersolution is defined similarly and a solution is a function which is both a sub- and a supersolution.

Remark 4.5. In both of the definitions above, it is obvious that we can replace the condition that ¢
touches v from above at a point with the condition that v — ¢ has a maximum at a point. In addition, as is
standard when dealing with viscosity solutions, it is enough to ask that ¢ touches v strictly at a point or
equivalently that v — ¢ has a strict maximum at a point.

Now we are ready to treat the implicit scheme (3-21). We first construct viscosity solutions v!, ... v¥.

Lemma 4.6. For each N and t, the implicit scheme (3-21) generates viscosity solutions vk € C(Q) for
k=1,...,N. Moreover,

k
max Ssup |v <su .
| ax Rf' | < Rnplgl

Proof. Consider the implicit scheme (3-21) for k = 1:

1_
Jp(v . g)—i—(—Ap)svl =0, where x € Q.

This means that

1_
/j”(v g)‘””/ / Tp (' (x) =0 (1)) —p(»)) dpa(x. y) = 0
Q R”? JR?

T

for any ¢ € Wos "7 (Q). The existence of such a weak solution follows from the direct methods of calculus
of variations. Since J), is strictly increasing, it is standard to prove a comparison principle for weak sub-
and supersolutions; see, for instance, Lemma 9 in [Lindgren and Lindqvist 2014] for a proof. Clearly, the
constant function supgx |g| is a supersolution; hence v! < supgs |g|. Similarly, v! > — supgs |g|, and

thus |v!| < supg» |g|. By induction, vk | < supgn |g| for k =2,..., N. As the left-hand side of the PDE
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(3-21) is bounded it follows by Theorem 1.1 in [lannizzotto et al. 2016], that v¥ is continuous in Q for
k=1,...,N.

That each v¥ isa viscosity solution can be verified by following the proof of Proposition 11 in [Lindgren
and Lindqvist 2014] line by line. We omit the details. O

The natural candidate for a viscosity solution of (1-4) is limy 0 v, Where vy is defined in (3-25).
Before proving this, we present some technical lemmas.

Lemma 4.7. Let N € N. Further assume {y°, ', ... . yN} C C3(Q) and (xo.ko) € Q x{1,....N}
are such that

vk () = ¥* (x) < 0¥ (x0) — Y0 (xo) (4-1)
for x in By(xo) and k € {kog —1,ko}. Then

ko _ 1 ko—1
(PR ) cap ey o <o

Proof. Evaluating the left-hand side of (4-1) at k = k¢ gives

7 (Uko (x0) — v~ (xg)

T

) +(=Ap)* (YFO) (x9) <0,

as v¥ is a viscosity solution of (3-21). Evaluating the left-hand side of (4-1) at x = xg and k = ko — 1

gives YKo (xg) — YKo (xg) < vk0(xg) — v¥0~1(xg). The claim follows from the above inequality and
the monotonicity of 7. O

Let v and v denote the weak upper and lower limits respectively of vy defined in (3-25), i.e.,

v(x,t):= limsup vy (y,s), v(x,t):= 111\]nl)1£of N (1, 5).
9> w5)>(00)

By Lemma 4.6, the sequence {vy }yen is bounded independently of N € N. As a result, v and v are
well defined and finite. In addition, v and —v are upper semicontinuous. We recall the following result,
which is Lemma 4.4 in [Hynd and Lindgren 2016]. Its statement there is for smooth ¢, but the proof
holds also for ¢ as below.

Lemma 4.8. Assume ¢ € C1} (2 x (0, T)). For N € N, define

bty = 10000 170
o(x, 1), te(tp_1,7%], k=1,...,N.
Suppose v — ¢ has a strict local maximum at (xo,1t9) € 2 x (0, T). Then there exist (x;,t;) — (xo, )
and Nj — 00, as ] — 00, such that vn, — ¢n; has local maximum at (x;, ). A corresponding result
holds in the case of a strict local minimum.

Before proving the uniqueness of viscosity solutions, we need the following result, which verifies that
whenever we can touch a subsolution from above with a C 3,}1 function, we can treat the subsolution as a
classical subsolution in space. The proof is almost identical to the one of Theorem 2.2 in [Caffarelli and
Silvestre 2009] or the one of Proposition 1 in [Lindgren 2016].
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Proposition 4.9. Suppose
0[P v + (=Ap) v < C in By x 1

in the viscosity sense. Further assume that (xg,tp) € By x I and ¢ € Ci’tl (Br (x0) x (to—r,tg + r)) are
such that

¢(xo0.t0) =v(x0.%0),  P(x.1) Zv(x,t) for (x,1) € Br(xo) X (to —r,t0 + )
for some r > 0. Then (—Ap)*v is defined pointwise at (xo, to) and
[ (x0. 10)| 721 (0, 10) + (—2p)*v (0, 70) < C.
Proof. For 0 < p <r, let

¢ in By(xo) X (to —r.t0 +7),

b=
¢ v inR"\ By(xo) X (to—r.t0 +1).

Since v is a viscosity subsolution,

|1 (x0.70) [P "> (x0. f0) + (—Ap)° $° (x0.10) < C.
Now introduce the notation
B(§P.x, y.1) 1= P (x.1) = 9P (x + 7. )P 2@ (x.1) = $P(x + y.1)
+ 3107 (0. 1) =P (x = y. DIP (@ (x.1) = P (x = y.1)).
§E(¢P, x, y,1) = max(£8(¢”, x, y,1),0).

Since ¢ is C? in space near x¢, we can substitute —y for y in the integral and obtain the convergent
integral

2/ (9P, x0, ¥, t0)|y| " P dy < C — |¢¢ (x0,0)|P > ¢¢ (x0, o) := D. 4-2)
Rﬂ

See Remark 4.3 for more details.
We note that

8P, x0, y,10) <8(¢P", x0,¥,%0) <8(v,x0,Y,t0) for p1 <pa<r,
so that
87 (¢P2, x0, v, 10) = 8 (9P, x0, ¥, t0) > 8~ (v, x0,y,20) for p; < py <r. (4-3)

In particular,

8§~ (v, x0,,%0) <|8(¢", x0, ¥, 10)|-

Since |8(¢r, X0, Y, to)|y|_"_sl" is integrable, so is 6~ (v, X9, ¥, to)|y|~"*. In addition, by (4-2),

2/ §(¢”, x0, y,10)|y| 7" P dy 52/ §(¢”. x0, y.10)|y|7" P dy + D.
R7 R7
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Thus, for p; < p2,

2/ 5t (9P, x0. ¥, 10) |y " P dy < 2/ § (9P, x0. . t0)|y|" P dy + D
R” R7

52/ 8§ (pP2, x0, ¥, t0)|y| 7" P dy + D < o0, (4-4)
R”

where we have used (4-3).
Since 8T (¢”, xo, y.t0) /' 81 (v, X0, y, to), the monotone convergence theorem implies

/ 8797, x0, y.10) ¥ dy _)/ 87 (v, x0, y,10)|y| " P dy.
R -

By (4-4)7
2[ 8t (v, x0,y,10) |y " P dy < 2/ 87 (9P, x0,y.10)|y|T" P dy + D < 00 (4-5)
R7 R7

for any 0 < p < r. We conclude that 8T (v, xo, ¥, 20)| v| 7" ~? is integrable. By the dominated convergence
theorem, we can pass to the limit in the right-hand side of (4-5) and obtain

2/ 8% (v, x0, ¥, 10) |y " P dy < 2/ 87 (v, x0, y. 10)|y| ™"’ dy + D < o0.
R R

This is simply another way of writing

2 [ 800 pa0)ly P dy < D,
Therefore (—Ap)*v (xg, to) exists in the pointwise sense and (—A,)*v (xo,%0) < D, which concludes
the proof as D = C — |¢; (xg, 10)|? " 2¢: (x0, to). |
Proposition 4.10. Assume that u is a viscosity subsolution and that v is a viscosity supersolution of
0 P20, + (=Ap) v =0 in Qx(0,T).
Suppose u,v € L®°(R" x[0,T]), u <vinR"\ Q x[0,T] and

limsup u(xp,t0) < liminf wv(xp,t0) for (xo,%) € 92 x(0,T)UQ x{0}.

(x,£)—>(x0,t0) (x,8)—>(x0,t0)
Then u <.

Proof. We employ the usual trick of adding a term §/(t — T); let i = u +8/(t — T). Then v is a
supersolution, # is a subsolution of

)

p—2 _ Soy . Z
[ve| P v + (=Ap)°v = (—T)2

u<vinR"\ Qx[0,T] and

limsup #(xg,%) < liminf v(xp,?) (4-6)
(x,8)—>(x0,t0) (x,8)—>(x0,t0)
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for (xo,10) € 02 x (0, T) U Q x {0}. Moreover, (x,t) —v(x,t) > —oo as t — T. Tt is now sufficient
to prove that & < v for any § > 0 since we can then let § — 0. We argue by contradiction and assume that

sup (i—v)>0.
R?x[0,T]

Fix € > 0 and define

Pt |z—r|2)

M, = sup (ﬁ(x,t)—v(y,r) .

R” x[0,T]xR" x[0,T]

Note M, > supgn(o,71(# —v) > 0 and select x,, y. € R" and 7, 7, € [0, T'] for which

2 2
- Xe — + |[te —t
Mg <ti(xg,te) —v(Ve, Te) — e = Jel . e — | +e.

By Proposition 3.7 in [Crandall et al. 1992], (x,, t;) and (ys, t-) each have subsequences converging to
(%,1) € 2x(0,T) as ¢ — 0 for which
sup (i —v) = (i —v)(X,7).
R”?x[0,T]
As a result, there is ¢ small enough such that x., y. € Q and ¢, 7 € (0, T). For this ¢, it also follows that
the maximum M is attained in 2 x (0, 7)) x 2 x (0, T'). For convenience, we will again call this point
(XS’ t&‘a )’e, T&‘)'
Observe that the function

|x_y<9|2+|t_fs|2 |Xs_ys|2+|ts_fs|2

+i(xg, 1) —
€
touches # from above at (xg, ;) and
|x6_y|2+|t£_77|2 |xe_J’s|2+|t8_Ts|2
c _v(y&"té‘)_ c

touches —v from above at (y;, t;). From Proposition 4.9, we can conclude that (—Ap)%u(xg, tg) and
(—=Ap)*v(ye, Te) exist pointwise and satisfy

(_AIJ)SL~£ (xg,1e) < (Ap)sv (Ve, Te).
In addition, since the function

x =y +e—zf?
&

ulx,t)—v(y,v)—
is larger at (xg, Ve, te, T¢) than at (xg + y, ye + ., e, 7o) for any y, we obtain

U(xe,te) —u(xe + y,1e) = v(ye, Te) —V(Ve + ¥, Te).
This implies
(=Ap)*1i (xe, te) > (=Ap)* v(Ye, Te),

which is a contradiction. Therefore, we must have u < v. O
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Now we present a general result for nonlocal parabolic equations, inspired by previous work of Petri
Juutinen [2001, Theorem 1]. This fact will be important in the proof of Holder regularity of solutions of

(1-1).
Proposition 4.11. Suppose that v is a viscosity subsolution of
0[P 720 + (=Ap)°v <0
in By(xo) X (to—r,to+7r)and ¢ € C,i’tl(Br (x0) X (to—r,to+71)). If
¢(x0.10) = v(x0,%0),  P(x.1) = v(x,t) for (x.1) € Br(xo) x (to — 1, 10], 4-7)

then
¢ (X0, 20) [P ™21 (x0, 10) + (—=Ap) @" (x0, o) <O.

Proof. We argue by contradiction. If the assertion is not true then
|1 (x0.10) [P > (x0.10) + (—Ap)°¢" (x0.10) = &> 0
for some ¢. Recall ¢ is defined in Definition 4.4. By continuity, we have
|72y + (—Ap)°¢" = 2e>0
in B,(xp) X (to — p, to) for p small enough.
Let n: R"*! — R be a smooth function satisfying

0<n=1,

n(xo, %) =0,

n(x,1) >0 if (x,1) # (xo, to),

n(x,1) > 1 if (x,1) € By(xo) X (to — p. to).
Also define

b5 (x.1) = ¢(x.1) +dn(x, 1) =4,

where § > 0 is considered small. By continuity,

(65): 1P 72(ds)e + (—Ap)* (d5) = 26> 0

in By(xo) x (to — p, %), provided § is small enough.

This means that (¢5)" is a supersolution in the pointwise classical sense in B,(xo) x (fo — p, ?p), and
in particular it means that (¢5)” is a viscosity supersolution in this region. Moreover, (¢s)” > ¢” > v in
the complement of

R" \ By(x0) % (to — p, t0) U By(x0) x {to — p}.

By Proposition 4.10, (¢s)” > v in R” x [tg — p, tp]. Furthermore, (¢s)" (x0, t0) > v(xo, o) which is a
contradiction since (¢g)" (xo, o) = ¢ (x0,t0) —8 = v(x0, ) — 6. |
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Let us now return to our study of the implicit time scheme. We are now in position to construct barriers
that assure that v and v satisfy the correct boundary and initial conditions.

Lemma 4.12. Assume that =V < g < WV, where V is a nonnegative ground state of (—Ap)°. Then v
and v satisfy the boundary condition in the classical sense; i.e.,

lim v(y,t) = lim v(y,t) =0 forany x € d0Q and anyt > 0.
y—>x y—>x
Proof. We observe that

|V —g|P72(¥—g) o (w—grt
—(—Ap) W — o = Ao p WP - <0,

Hence W is a supersolution of (3-21). Since ¥ = v! = 0in R” \ Q, the comparison principle implies
! <\,

We can argue similarly to obtain
vl < w.

Iterating this method for each vk yields |vk| <Wforany k = 1,..., N. By the definition of vy in (3-25),
lon| = W. (4-8)

By inequality (4-8), the assertion would follow as long as W is continuous up to the boundary. To
establish this continuity, we first note that W is globally bounded. This fact is due to Theorem 3.2
in [Franzina and Palatucci 2014], Theorem 3.3 in [Brasco et al. 2014] or Theorem 3.1 together with
Remark 3.2 in [Brasco and Parini 2015]. Theorem 1.1 in [Iannizzotto et al. 2016] can now be used to
establish the desired continuity of W. O

Lemma 4.13. Assume g is continuous. Then v and v satisfy the initial condition in the classical sense; i.e.,
lim v(x,?) = lim v(x,?) = g(x) foranyx € Q.
t—0 t—0

Proof. Take 7 to be a bounded, smooth and strictly increasing radial function such that n(0) = 0. Let
d = diam 2 and

Pl = sup |(—A,)*n(x)].

X€By

Clearly « is finite. Now we fix xo € 2. We first prove that given ¢ > 0 there is C = C(xg, &) such that

u(x) =g(xo) + e+ C(at + n(x — xp))

lies above vl

As g is continuous, for each ¢ > 0 there is § > 0 and C > 0 so that

|g(x) —g(xo)| <& if [x—xo| <4
and

sup|g| <Cn(x—xp) if |x—x0| > 4.
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Upon choosing C even larger, we may also assume that ¥ > 0 in R” \ Q. In addition

_ -1
lu—g|P2(u—g) <CP-lyP-1_ (g(xo)+8+Cr}(-—xo)—g+Cocr)p
‘L’p_1 - -[P_l
<P lgr7l P lgr~l =,

—(=Ap)°u—

since g(xo) + &+ Cn(- —x0)—g(-) > 0 by construction. Now it follows from the comparison principle
that

v!(x) Su(x) = g(x0) + £+ Clat + n(x — x0)).
Arguing in the same fashion, we have
v'(x) = g(x0) —& — Clat +nlx — xo)).
Similarly we can obtain the bounds
g(x0) —& — C(kat +n(x —x0)) < v*(x) < g(x0) + & + Ckat + 5(x — x0))

foreach k = 1,..., N. Using the definition (3-25) of vy, we also have
u (. 1) = 0K (3) < glv0) + & + Clak +1(x = ¥0)) = g(x0) &+ C (ot + a1+ n(x —x0))
fort € (k—1)t,kt)as t = T/N. A similar estimate from below holds as well. In total,
g(xg)—e—C (at + a% +n(x —xo)) <un(x,t) <g(xo)+e+C (at + a% +n(x —xo)).
Passing to the liminf and limsup in the above inequalities, we find

g(xo) —& = Clar +n(x —xo)) = v(x,7) = v(x,1) < g(xo) + &+ C(ar +1(x — xo)).
And after letting x = x¢ and t — 0,
g(x0) —e <liminfv(xg, ) <limsup v(xg,?) < g(xo) + €.
t—0 t—0

Since both ¢ and x¢ € €2 are arbitrary, the desired result follows. O

Proof of Proposition 4.1. 1t is enough to show that v is a viscosity subsolution of (1-1). The same
argument (applied to —v) yields that v is a supersolution. Combining Lemma 4.12, Lemma 4.13, and
Proposition 4.10, would then imply v < v. Hence, v := v = v is continuous and vy converges to v locally
uniformly. The claim would then follow as vy has a subsequence converging to a weak solution of (1-1)
in C([0, T], L?(2)); see Remark 3.9.

We now prove that v is a viscosity subsolution of (1-1). Assume that ¢ € C i’tl (Br(xo)x(tg—r,to+T1))
and v — ¢ has a strict maximum in B, (xg) X (fo —r, to + 1) at (xg,%9) € 2 x (0, T). By Lemma 4.8, there
are points (x;,#;) converging to (xo,%o) and N; € N tending to +00, as j — 00, such that vy; —¢n; has
a maximum in B, (xo) X (fo —r,fo +r) at (x;, ;). Observe that for each j € N, we have #; € (tg; 1. 7]
for some k; € {0,1,..., N;}. Hence, by the definition of vN; and ¢n;,

Qx{0,1,...,N;} 3 (x, k) = o5 (x) — p(x, )
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has a local maximum in B, (xo) x{0,1,..., N;} at (x,k) = (x;,k;). By Lemma 4.7,

7 (¢(xj,fk_;)_¢(xjafkj—l)
i T/N;

) (A ¢ () 1)) <O.

As tg;—1 =1, —T/Nj and |t; —1¢,| < T/Nj for j €N, we can send j — oo above by appealing to
the smoothness of ¢ and arrive at

Tp(91(x0.10)) + (=Ap)°¢" (x0.10) < 0.

It follows that v is a viscosity subsolution. O

5. Holder estimates for viscosity solutions

In this section we prove Theorem 1.1. The proof of this regularity result is based on Lemma 5.1 below.
We start by noting an elementary inequality that will come in handy:

la + b7 2(a+b) <2P72(|a|P"2a +|b|P72b), a+b>0, p=>2. (5-1)
Lemma 5.1. Fix § > 0. Suppose v is continuous in Q7 and satisfies (in the viscosity sense)
[ve P20 4+ (=Ap)°v <0 in OF,
v=1 in O,

v(x,1) <22x|T"—1 in R"\ By x (—1,0),

1
§B1X|:— 1,—Ti|} ﬂ{v EO}
27T
Then for n small enough,v <1—60 < 1in QI_/Z’ where 8 = 6(8, p,s) > 0.

> 4.

Recall that the parabolic cylinders Q7 and Q7 have been defined on page 1. Before proving this lemma,
we will first need to gain control of a certain function.

Lemma 5.2. Fix § > 0, let ¢ > 0 and assume the following:

t
m(t) = e_c"/ coe'¥|G(s)|ds,
~1

G(t) ={x € By : v(x,t) <0},
b(x,t)=14+¢e—m(t)p(x),
0<p<l, p=1 inB%, peC(ﬁ’o(B%),

ool

b(x.1) > 3.

> 4.

If co|B1| < 3¢y then

and for 0>t > —1/27°1,
m(t) > coe” 1S6.
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Remark 5.3. Note that m solves the equation
m'(t) = co| G(t)| —cam(t)
for a.e. t € [—1,0].
Proof. As |G(t)| < |Bj], it follows that m(¢) < co/c1|B1]|. And since cg|B1| < %cl,

c c
b(x,1)>1 +8—C—O|Bl|p(x) > 1 +8—C—O|B1| > 1
1 1
Moreover,

t t
m(t) =e 1! / coe'%|G(s)| ds > ¢S 17D / colG(s)| ds.
-1

From our hypotheses,
sp

—1/271
/ |G(s)|ds > 8.

-1

Therefore,
m(t) > coe €18

for0>¢>—1/27-T. O

Proof of Lemma 5.1. Assume the hypotheses of Lemma 5.2. Choose cg, c; and ¢ so that

0T <1)@PTAIIEBPTR), colByl < her. 227P(e)P TN > 2 sup (=Ap) ( —E— ) (o)
p(xo)

XO€B§
a
and
2e < e €legé.

Note that the quantity
2 sup (<005 o)

xoeB; P(XO)
7

is finite, since the only way it could be infinite is if there is maximizing sequence of points x; where

s _P ,

We claim that v < b in Q7. Let us describe how the lemma follows once this claim is proved. By the

p(x;) — 0. But then

would be negative for j large enough.

lower bound on m in Lemma 5.2, we have
b(x,t) <1+e—e ¢y
for0>1t > —1/2%. Since 2¢ < e “l¢gd,

b(x,t)<1-— %e_clco&

Therefore,
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in Q7 as long as we choose
2

0= %e‘clco&

Let us now prove that v < b in Q7. We argue by contradiction. Assume that, starting from t = —1,
the first time v touches b at some point in Q7 is at the point (xo, fp). Since p = 0 outside 33 andv <1
in Q7 , we know that xo € 33 In addition, since m(—1) = 0, we know #y > —1. It is not difficult to
see b touches v from above at (xo, t9) in the sense of (4-7). In order to simplify the presentation, we first
assume that b is C'! at (x, 7o) and explain in the last paragraph of this proof how to relax this assumption.

By Proposition 4.9, (—A,)*v(xo, tp) is well defined and

|be (x0,10) [P~ 2b (x0, t0) + (—Ap)*v(x0, o) < O. (5-2)

Note that b (xq. t9) = —m’(t9) p(xo). We will now estimate (—A,)*(b—v) (xo, o) from above and from
below and arrive at a contradiction. This part of the proof will be divided into four steps. Along the way,
we will use the notation

Tp(w(y, 1) —w(x,1))
yeD  |x—y[rtps

Lpw (x,t) :=2PV.

for a measurable function w and an open or closed set D C R". Notice that
(—Ap)’w=—Lpnw.

Step 1: Estimate Lp,. Since b(-,tp9) > v(-,tp) in By, (5-1) implies

TIp((b=v)(y,10) = (b —v)(xo, to))

LBl(b —v) (xg,1) = ZP.V./

B |xo — y|rtps
<or-lpy, Jp(b(y,to) —b(xo,10)) — Jﬁ(v(y . 10) — v(xo, to))
B |xo — y["TPs

=2772(Lp,b (xo,10) — LB, v (x0.10)).
In addition, since v(xo, to) = b(xo0, to),
Tp((b—v)(y.10))

B, |XO_y|n+ps

p—2
22/ |b(y.10)|P~*b(y.t0)
G(ty)  |Xo—y[TPs

Lp, (b—v) (x0,29) =2P.V.

+ . —
22(3)"" inf |b(v. 101" |G(10)]

—24n+
> (3)77"TPIG (o),
from Lemma 5.2.

Step 2: Estimate Lgn\ g,. By our hypotheses,
v(y,to) <212y|"—1, b=1+¢e>1
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whenever |y| > 1. Hence, b(y, o) —v(y,t0) = 2(1 —|2y|") so that

b(y.t0) —v(y,t0) < b(y.t0) —v(y,t0) +2(12y|" = 1) (5-3)
and
b(y.to) —v(y.t0) +2(12y|" = 1) > 0. (5-4)

By (5-1), (5-3) and (5-4),

Lgn\p, (b—v) (xo,to)fz/Rn\B Ip(b(y,t0)—v(y, l0)+|2x((|)2yy||”n+lp)s (b(x0,10)— v(xo,to)))

- Tp(b(y.10)+2(12y|"—1)— b(Xo,to))
p=2( _ p
52 ( L[R”\Bl U(XO,ZQ)+2[I%”\BI |x0 y|n+ps .

Using (5-4), we obtain the estimate from below

Tp(b(y.10) —v(y.10))

Lgn b—v) (xp,t :2/ d
rn\B, (b —v) (X0, 70) " o — [P y
> _z/ (2(|2y|'7—1))”‘1—dy
- R"\ B, lxg — y|nt+sp

— Cﬂ .
We note that lim,_, o+ ¢, = 0 by an application of the dominated convergence theorem.

Step 3: Use the equation. The two steps above together imply

(2)7 721G 10)] — ey < —(=Ap)* (b —v) (x0.10)
<2P72(=Ap)*v (xo. t0) + 2P "2 L g, b(x0, to)

_ Tp(b(y.t0) +2(12y|"=1) — b(xo,to)
+ 2P 1/ 2 . (5-5
R\ B, |X0— |n+ps y ( )

From inequality (5-2), it follows that
(—Ap)°v (xo. o) < —|bs|? by (x0. to)
= |m’(t0) p(x0)|?~>m’ (10) p(x0)
= | p(x0)colG(to)| — p(x0)c1m(10)|” > (p(x0)col Glto)| — p(xo)c1mi(to))
< |eolG(to)| — p(x0)erm(t0)| "> (co| G (t0)] — p(xo)c1m (to)). (5-6)

Using (5-1), with a = ¢ p(x0)m(to) — co|G(to)| and b = co|G(2p)|, we then obtain

(c1p(x0)m(t0))? ™"
< 2P72|p(x)cr1m(to) — ol G (10)||P ™% (p(x0)c1m(to) — col G (to)]) +27~2(col G (to) )P
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After rearranging
2772|¢o|G(10)] — p(xo)c1m(to)|” > (col G (to)| — p(xo)c1m(to))
< 2P72(¢olG (1) )P~ — (c1p(xo)m(t0))? ", (5-7)
Combining (5-5), (5-6) and (5-7) yields
(c1p(xo)m(10))? ™" =277 (col G (i) )P + ()7 |G t0)| — ¢

- - Tp(b(y.t0) +2(12y|"=1) — b(Xo,to))
<2772, b(xo.1 27 1/ P
= B (xo0,%0) + R\ B, |X0— |n+ps

Since we assumed at the outset that ¢Z ="' < 1/(227=4+7+5P|G (19)|P~2), we have, by the definition
of band Lp,,

227P ¢y p(xo)m(to)) P~
_ n_
<2 12PV, Jp(m(fo)(P(:?r) sP(J’)) dy+2/ Jp(m(to)P(Xo)-:i(|s2J’| 1))
B, |xo—y[*+P R\ B, |xo—y|" TP

Here we also used that p(y) = 0 whenever y & B.

dy. (5-8)

Step 4: Arrive at a contradiction. It follows from the proof of Lemma 5.2 that m is uniformly bounded
with respect to 1. Consequently, the second integral on the right-hand side of (5-8) is uniformly bounded
for all small . We can again apply the dominated convergence theorem to show that the right-hand side
of (5-8) converges to the quantity

—(=Ap)°b (x0.10) = (m(10))? " (—Ap)*p (x0)

as n — 0. As m is bounded from below by % (by Lemma 5.2), there is y; ~\( 0 as n — 0 such that
227P(c1p(x0))? ! < vy + (=Ap)*p (x0). (5-9)

In general, xo will depend on 7. Let us now consider two cases depending on the size of (—Ap)*p (xo)
for n small.

For the first case, we suppose lim sup,_,o+(—Ap)°p (xp) < 0. Then (5-9) forces lim,_, o+ p(xo) =0
as 1 — 0. It would then follow that (—A,)*p (xo) < —yy for all small n > 0. Together with (5-9), this
would in turn would force p(xg) < 0 for 1 small enough, which is a contradiction.

Alternatively if lim sup, o+ (—Ap)°p (x0) > 0, then for some sequence of n — 0, we have that
(=Ap)°p (x0) = yy. By (5-9),

2277 (c1p(x0)? ™ < 2(=4p)°p (x0)

along this sequence. Also note that (—A,)*p (xg) > 0 implies that xg € B 3 After dividing by (p(xo))? ™},
we have

22—1’(c1)P—152<—Ap)S( 2 ))(X0)<2 sup (= Ap)S( L ))< 0.

)C()EB?,
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However, by our hypotheses on ¢y,

222 ¢y 1 > 2 (—4,)° (ﬁ) (x0),

which is a contradiction.

Step 5: Relax the C! assumption on b. As mentioned above, m is not necessarily C ! since |G(t)] is not
necessarily continuous. We have chosen to ignore this fact in the reasoning above in order to make the
proof more accessible. This issue can be handled as follows.

First, set

0
S ) = /_ =) oy (x.5) ds

for x € R" and ¢ € R, where ¢y is a standard mollifier. Also define
g = [ s,
B,

Observe gx (1) — |G(¢)] a.e. and in L' (R) as k — oo.
Now set

t
my(t) := e_clt/ coeVgr(s)ds
-1

fort € [—1,0] and
bi(x,1) :=1+4&—my(1)p(x)

for (x,t) € Q7. It is evident that my — m and by — b uniformly as k — oo.

Recall that b —v > ¢ and by —v > € on dB1 X [—1,0] U By x {—1}. These facts combined with the
above uniform convergence imply that v touches by from below at some (xg, fx) — (X9, fp), Where v
touches b from below at (xg, fp). Without loss of generality, we may assume that #; < 0 for all k € N
large enough. Moreover, as in Step 1 we find

Tp((bk—v)(y.1k)) dy > (L)P 2P ing (M)p_lgk(tk)

2PV.
B |xg—y|"tes - yeB \ 1/2

=

b (v, 1) [P 2bg (v, k)
lxg—y | tps

) /B (i~ 2100 (0 12) dy. (5-10)

Notice that as k — oo,

o (el (G \T
yeB] 1/2 yeB] 1/2 -

Let us now argue that the second term on the right-hand side of (5-10) goes to zero as k — co.
By Lemma 5.2, b > 0 and so b > 0 for all k large enough. Hence, v(xg, t) = b(xg, 1) > 0. Since
v is continuous, v > 0 in a neighborhood of (x, fx) for k large. This means that yx = x{y<o; = 0in
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B (xg) x {t;} if T is small enough and k large enough. Hence,

bre (v, 1) 1P~ 2bg (v 1x)
|xg — y|rtps

/ Xk — Xfw<0y) (Vs 1)
B

_/ Xk — Xtw<o) (V. 1) by 1IP by 1)
—_— - < )
B1\Bx (x¢) °= |x — y|ntes

As a result, the integrand is uniformly bounded and converges to zero almost everywhere. By Lebesgue’s

dominated convergence theorem, we can conclude

_ i (v, 1) 172 bi (v tx)
Ck .—2/BI(Xk—X{v§0})(yslk) X — y|ntps dy —0

as k — oo.
Steps 2 and 3 go through with minor modifications, so that we can obtain the following analog of (5-8)

2272 (1 pxy)my (1) P!
T, — J +2(12y|"—1
S )

for all k sufficiently large. We can then send k — oo and recover (5-8). At this point, we can repeat

Step 4 to complete this proof. O

We are now in a position to verify Theorem 1.1 and prove that solutions of equation (1-1) are Holder
continuous.
Proof of Theorem 1.1. Upon rescaling v by the factor
1

2||v|| Loo(rn x[=2.0))

we may assume that v satisfies
lve|P "2, + (—=Ap)’v=0 in Q53, 0SCRrrx[—2,0) U < 1.
We will now show that for any (xo, %) € 07,
- —Jje P —
0SCO~  (xo.to) V = 277%, where j =0,1,....
Here « is chosen so that

2—-6

3 <2 %and o <7, (5-11)

where 0 = 6(8(p, s). p,s) and 7 are from Lemma 5.1 with §(p,s) := 2 (1 — 1/2%)|B1|. This will
imply the desired result with C = 2%,
To this end, we will find constants a; and b; so that

bj<v<a;j in Q; ;(xo.t0),  laj—b;|<27/* (5-12)
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for j € Z. We construct these constants by induction on j. For j < 0, (5-12) holds true with b; =
infRnX[_z’O) v and Clj = bj 4+ 1.

Now assume (5-12) holds for all j < k. We need to construct ag ., and bg 4. Put my = %(ak + by).
Then

lv—my| <2751 in Q7 (xo.10).

Let
W, 1) =2 (0@ Fx + 20,2781 +10)—my). y =
p_
Then
welP"2wy + (=Ap) w=0 in Q7
and

lw| <1 in Q7.
It also follows for |y| > 1, such that 2¢ < |y| < 2¢+1 and r > —2Y¢+D that

w(y, 1) = 2% (@ *y +x0.27%1 + 10) —mi) < 2% (ag_g—y —mp)
< 2% N (ag_g_y — br—g—1 + b —mp)
< 2oek+1 (2—a(k—€—1) _ %2—ka)
< pltal+1) <2P2y[*—1
<2P2y"—1.

Here we used that (5-12) holds for j < k.
Suppose now that

(G, 1) w(x, 1) <03 N {By x [—1, =L} = L(1=1/2771)| B | = 8(p, 9).

If not we would apply the same procedure to —w. Then w satisfies all the assumptions of Lemma 5.1
with § = §(p, s), and so

w=<1-60in Q7.
2

Scaling back to v yields

v(x, 1) <2717R (1= 0) fmy <271 - 0) + Lag + by
<bg 42717k (1 —g) 4271k
< by +2—a(k+1)

for (x,1) € Qp—k—1(x0, tp), by (5-11). Hence, if we let by = by and ag 1 = bx + 27k+1) e obtain
(5-12) for the step j = k + 1 and the induction is complete. O
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6. Large time limit

In this section, we prove Theorem 1.2 and Theorem 1.3. The main tools are the monotonicity of the
Rayleigh quotient and the W*-# seminorm (equation (3-11) and Proposition 3.6), the compactness of
weak solutions (Theorem 3.8) and the Holder estimates (Theorem 1.1). In order to control the sign of the
limiting ground state, we also need the following lemma.

Lemma 6.1. Assume that v is a weak solution of (1-4). For any positive ground state w for (—Ap)° and
any constant C > 0, there is a § = §(w, C) > 0 such that if

(1) [v("o)]ﬁ/s.p([@n) st:P/Qlwlp dx’
() / [v(x,0)|” dx < C,
Q

[v(',o)]ﬁ/s,p(Rn) <1 1§
fq lv(x,0)[Pdx =757 77

<4>/|v+(x,o>|f’dx31/ w|? dx,
Q 2 Jg

then

3)

/ lePsrty T (x, )P dx > l/ |lw|? dx (6-1)
Q 2 Ja
fort €[0,1].

Proof. We argue towards a contradiction. If the result fails, then there are w and C such that for every
8 > 0, there is a weak solution v that satisfies (1)—(4) while (6-1) fails. Therefore, associated to §; := 1/j
(J €N), there is a weak solution v; that satisfies

(1) 105 Ol = Ay [l .
@ [ 1oword=c.
Q

[v; (-, O)]ﬁ/s.p(Rn) <A 4 l
Jo lvi(x,0)|7dx ~ BT

1
4) / |v;r(x,0)|pdxz—/ |lw|? dx,
Q 2 Je

while

3)

/Q |eHs.pli v;r(x,tj)|p dx < %/g |lw|? dx (6-2)

for some ¢; € [0, 1].

Consequently, the sequence of initial conditions (v;(-,0));en is bounded in W(f *(Q) and has a
subsequence (not relabeled) that converges to a positive ground state g of (—A,)* in W57 (R"). By
Theorem 3.8, it also follows that (a subsequence of)) the sequence of weak solutions (v;);en converges
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to a weak solution w in C([0, 2], L?(2)) N L?([0, 2]; W5P(R™)) with w(-,0) = g. By Corollary 3.7,
W(-, 1) =e Hsrlg,
In addition, by (1) and since g is a ground state,

1 |
/Q |g|p dx = E[g]lp)vs,p([@n) = r .hm [Uj(x, O)]ﬁ/s,p([@n) > /;2 |w|p dx.

s,pJ =7

However, sending j — oo in (6-2) gives

/nglpdx=[9|g+|deS%[QIU)Ide.

This is a contradiction as w = 0. |

Corollary 6.2. Assume that v is a weak solution of (1-4). For any positive ground state w for (—Ap)*
and any constant C > 0, there is a § = §(w, C) > 0 such that if

(1) PP (- Dy p(@ny = As.p /Q wl|? forallt =0,

@) / lo(x. 0)|7 dx < C.
Q

[U(-,O)]ﬁ/s.p([@n) <1 —|—8~
A

1
<4>/|v+(x,o>|f’dxz—/ w]? dx,
Q 2 Jq
then
/|e”s~”’v+(x,t)|pdx21/ w|? dx
Q 2 Jo
forallt > 0.

Proof. Choose
§ = min(As,p, 8(w,2C)),

where §(w, 2C) is from Lemma 6.1. Tt is clear that v satisfies the assumptions of Lemma 6.1, so that in
particular

/ |e“‘“”v+(x,1)|pdx2%/ w|? dx.
Q Q

By Proposition 3.6 combined with (2) and (3)

1 1 8
/Q lets-rty(x,1)|P dx < o [e" T (- O] fysp(gny = m[v(-,O)]é’V&p(Rn) <C (1 + P p) <2C

for any ¢ > 0.
The above inequality, together with (1) and the monotonicity of the Rayleigh quotient, implies that
ets.rky(x,t + k) satisfies properties (1)—(3) in Lemma 6.1 with C replaced by 2C. In particular,
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Lemma 6.1 applied to e#s-»v(x,t + 1) yields
f |20yt (x,2)|P dx > l/ w|? dx.
Q 2 Ja

Now we can apply Lemma 6.1 repeatedly to ets.pky(x,t 4+ k) for k = 2,3,... in order to obtain the
desired result. O

We are now ready to treat the large time behavior of solutions of equation (1-4).

Proof of Theorem 1.2. Let v be a weak solution of (1-4). By (3-9) in Corollary 3.5,
d ,
E[euﬁ'ptv("t)]pWs.p(Rn) = 0 (6-3)

for almost every ¢ > 0. Consequently, the limit

e 1; s, pt . p
S = tl_l)rgo[e P U( ’t)]WS»P(R”)

exists. If § = 0, there is nothing else to prove. Let us assume otherwise.
Let 7z be an increasing sequence of positive numbers such that t — co as k — oo, and define, for
k=1,2,3,...,
VR (x, 1) = et rhu(x, 1 + 11). (6-4)

Then v is a weak solution of (1-4) with initial data
g (x) 1= el (x, o).

By (6-3), gF € Wos’p(Q) is uniformly bounded in W*?(R"). Hence, it is clear that v* satisfies the
hypotheses of Theorem 3.8. Therefore, we can extract a subsequence {vkiy jeN converging to a weak
solution w as detailed in Theorem 3.8. We may also assume that v/ (-, 1) converges to w(-,7) in
WS:P(R™) for almost every time ¢ > 0 since this occurs for a subsequence.

We now observe that by (6-3)

S = etsrPl Tim [vKi (- 1)]

. y = el Plw(-, 1)
Jj—00

(6-5)

p 14
WS.p(Rn Ws,p(Rn)

for almost every time ¢ > 0. Since [0,00) 3¢+ [w( -, )]ﬁ,s, P (RM is absolutely continuous (by Lemma 3.3),

S — phs.ptp [w(-, l)]ﬁ/s,P(R")

holds for all # > 0. As w is a solution of (1-4), (3-9) in Corollary 3.5 implies

0 1d

= (P52 P[w (-, )by pguny) = W0 P (us,p[w(-,t)]i’ys,p(w) — /Q lwy (x, )7 dx)

for almost every ¢ > 0.
A more careful inspection of the proof of (3-8) reveals that if

o0 Oy = [ Il
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then we must have [w(-,1)]5 As,p [o lw(x,1)|? dx. Therefore w(-,7) is a ground state for

W (R) —
almost every ¢ > 0. The absolute continuity of [w(-,?)]ws.»@n) and |w(-,?)|Lr(g) then implies that

w(-,t) is a ground state for all # > 0. By Corollary 3.7,

w(x,t) =e Hsrlyg,

where wo(x) = w(x,0) is a ground state.
For any #¢ € [0, T'] such that the limit (6-5) holds, we have, by Proposition 3.6,
[U( Z)]Ws P(RT) . [U( o Tkj + ZO)]pWS.D(Rn) _ [vkj ( o tO)]ﬁ/s.p(Rn)
250 Jo W 07 dx ~ js0 g [0, 1, +10)[7dx 00 g |08 (x, 10)| dx

[w( tO)]W.& -P (R7) [wO]{/)Vs‘p(Rn) _
fQ lw(x,t0)[Pdx — [q |wol? dx 5P

Since weak convergence together with the convergence of the norm implies strong convergence, the
e!s Py (. , Tg;) holds in W*P(R"). We conclude that {e/*s-»" v(-, 74 ) }xen has a
subsequence converging in W*-?(R") to a ground state wy.

Recall that, due to the simplicity of the ground states, wg is determined completely by its sign and the

limit wo = lim; 0

constant
p
S = [wo] Ws.P(R")"

We may assume wg > 0; if not we can consider —v instead.
Now we note that for any ¢ > 0,

e'u“s’ppt[v(-,t)]Wé DR 2 hm M PP (- ) Tk )]Ws PRP) = [wO]WA PR = = As p/ lwo|?. (6-6)

Since v&7 (x, 0) = g%/ (x) converges in WP (R") to ground state wg, we also have

O LA

=2 6-7
jm>oo [q V% (x,0)|Pdx — "*F &7
and
[1wbontirdx =3 [ ol ax (©-8)
Q 2Ja

whenever j is large enough. In addition, due to the monotonicity of the W*? norm,
ki (x,0)|7 dx < —[v% (-,0 L e 6-9
|U ()C )l X A, 5.p [U ( )]WA P(Rn) s » [g]Ws.Il(Rn)7 ( - )

where g = v(-,0). From (6-6)—(6-9), it is clear that for j large enough, vki satisfies assumptions (1)—(4)
in Corollary 6.2, with w = wg and C = [g]pWs.p([RH)/A’ssP‘ As aresult,

/ |e.us,pt(vkj)+(x’t)|P dx Z%/ |wO|p dx
Q Q
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for all ¢ > 0, which implies

/Q e o) (x| d = | /Q [wol? dx (6-10)

for ¢ large enough.
Suppose now that we pick another convergent subsequence of {e#s-»% v (-, 73 ) }ren. Then arguing as
above, the sequence converges in W*:7(R") to a ground state w and by (6-5),

[wl]ﬁ/s.p(Rn) =S.

By the simplicity of ground states, w; = wg or w1 = —wyg. Passing t — oo in (6-10), we obtain

[y as=1 [ ol ax.
Q Q

forcing w1 to be positive and hence w; = wyp. As the sequence {tx }ren Was chosen arbitrarily, it follows
that e#s-»'y (-, 1) — wq as t — oo in WP (R™). O

We are finally in a position to prove Theorem 1.3.

Proof of Theorem 1.3. Let 13 be an increasing sequence of positive numbers such that tz — oo as
k — oo. In Theorem 1.2, we established that limy_, o, €52 v (-, %) = w in W52 (R"). In view of
Proposition 4.1, it suffices to show that this convergence occurs uniformly on .
To this end, define vk as in (6-4). We also remark that e ~#s-»' W is a solution of equation (1-1). By
the comparison principle,
v (e, 0)] = W (x) (6-11)

for (x,1) € R" x [-1, 1] for all k € N large enough. These bounds with Theorem 1.1 give that v¥ is

uniformly bounded in C%(B x [0, 1]) for any ball B € Q. By a routine covering argument, v¥ is then

uniformly bounded in C%(K x [0, 1]) for any compact K € Q. We now claim that the sequence v¥ is

equicontinuous in  x [0, 1].

Fix ¢ > 0. Recall that ¥ is continuous up to the boundary of Q2. By (6-11), it follows that there
is & so that [vF(x,1)| < %e whenever d(x) := d(x,9dR) < § and ¢ € [0, 1]. Now we will show that if
|x — y|+ |t — 7| is small enough, then |v* (x, 1) —v¥(y, 7)| < &. We treat three cases differently as follows.

(1) d(x) < %8 and d(y) < %8: Then
() = (o)l = F o+ L <

(2) d(x) < %8 and d(y) > %8: Then |x — y| < %8 implies d(y) < § so that again
W e = ol = F ol + o)l s e

3) dx) > %8 and d(y) > %8: Then by the local Holder estimates,
[ () =0 (. 1)) = Collx =y + e =) < ¢

if we choose |x — y| + |t — 7| < (¢/Cs) /.
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Hence, if
lx —y| + |t — 7| < min(18, (¢/C5)/®)

k is equicontinuous on Q x [0, 1]. By the

then [v¥(x, ) — v¥(y, )| < &. Therefore, the sequence v
Arzela—Ascoli theorem, we can extract a subsequence vki converging to e #s.»'y, the limit in (1-5),

uniformly in € x [0, 1]. O
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BOUNDARY C!* REGULARITY OF POTENTIAL FUNCTIONS
IN OPTIMAL TRANSPORTATION WITH QUADRATIC COST

ELINA ANDRIYANOVA AND SHIBING CHEN

We provide a different proof for the global C'“ regularity of potential functions in the optimal transport
problem, which was originally proved by Caffarelli. Our method applies to a more general class of domains.

1. Introduction

We study the global C!¢ regularity of potential functions in optimal transportation with quadratic cost.
Let 2 and Q* be the source and target domains associated with densities 1/C < f <Cand 1/C <g < C,
respectively, where C is a positive constant. The optimal transport problem with quadratic cost is about
finding a map 7 : Q — Q* among all measure-preserving maps minimizing the transportation cost

/ Ix — Tx|? dx.
Q

Here the term “measure-preserving” means that fT*l( B) f=/ p & for any Borel set B C Q*. Brenier
[1991] proved that one can find a convex function u such that

T(x)=Du(x) forae. x € Q2.

Indeed, the convex function u satisfies f -1 B f= f & for any Borel set B C €2, where du is the standard
subgradient map of the convex function u. We call u a Brenier solution of the optimal transport problem if
it satisfies the property above. When the target domain Q* is convex, Caffarelli proved that du(2) = Q*
and that u is an Alexandrov solution, namely u satisfies (1/C)|AN Q| < |du(A)| < C|A N 2| for any
Borel set A C 2. Moreover, if we extend u to R" via

u:=sup{L | L islinear, L|g <u, L(z) =u(z) for some z € R},
then # is a globally Lipschitz convex solution of
C 'y <detit;; < Cxq.

We will still use u to denote this extended function. Caffarelli [1992b] proved interior C'¢ regularity
by using his techniques for studying the standard Monge—Ampere-type equation; see [Caffarelli 1990a;
1990b; 1991].

This work is supported by the Australian Research Council. The authors would like thank Professor Xu-Jia Wang for sharing his
proof of Lemma 2.5.
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Then, Caffarelli [1992a] proved the boundary C'* regularity result under the condition that both
and Q* are convex. Below we will briefly discuss the main ideas involved in his proof. First, Caffarelli
established a fundamental property of convex functions, namely the existence of sections centred at a given
point (see the statement of Lemma 2.5). Then, he proved that such sections are decaying geometrically,
namely there exists a constant § such that

Ssn(y) C 384(x) forany y € 184(x). (1-1)

Here S, (x) denotes the section of u centred at x with height 2. From (1-1) we obtain the quantitative
strict convexity estimate

u(z) > u(x)+ Du(x)-(z—x)+Clz—x|f forany x,ze€Q, (1-2)

for some B > 1. From (1-2), it is easy to check that u*, the standard Legendre transform of u, is C'*
on Q*. Recall the well-known fact that u* is indeed the potential function of the optimal transport problem
from Q* to Q. Therefore, by switching the role of u and u* one can show the global C'* regularity of u.

The convexity of domains is crucial in Caffarelli’s approach. Indeed, the convexity of €2 ensures that u*
is an Alexandrov solution, while the convexity of * ensures that the sections of u*, centred at some point
in Q*, have some doubling property. Here we provide a different proof of the global C!¢ result. Instead
of deducing the C-* regularity of u from the strict convexity of u*, we prove the C'* regularity of u
directly. Moreover, our method works for a slightly more general class of domains, namely we allow the
source to be a domain obtained by removing finitely many disjoint convex subsets from a convex domain.

We would like to mention that in recent years the regularity of optimal transport maps has attracted
much interest and there are many important works related to it; to cite a few, see [Figalli and Loeper
2009; Liu 2009; Trudinger and Wang 2009b; 2009a; Figalli and Rifford 2009; Loeper 2011; Loeper and
Villani 2010; Liu et al. 2010; Kim and McCann 2010; Figalli et al. 2010; 2011; 2012; 2013a; 2013b].

The rest of the paper is organized as follows. In Section 2 we introduce some notations and preliminaries,
and state the main results. Section 3 is devoted to the proof of global C! regularity. In the last section we
complete the proof of the main results.

2. Preliminaries and main result

The main result of this paper is the following theorem:

Theorem 2.1. Let Q2 and Q* be two bounded domains in R", n > 2, and f and g be densities of two
positive probability measures defined in Q and Q*, respectively, satisfying C™' < f, g < C for a positive
constant C. Assume that Q* is convex and 2 is Lipschitz.

() If, for any given x € Q, there exists a small ball B, (x) such that, for any convex set @ C B, (x)

centred in 2, we _have fw f=<c fw P f for some constant C independent of w, then the potential
function u is C'(Q). (Here f is defined to be 0 outside .)

(i1) If Q2 is a domain obtained by removing finitely many disjoint convex subsets from a convex set, then
the potential function u is C1%(Q) for some o € (0, 1).
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Remark 2.2. (a) It is easy to see that in Theorem 2.1(i) we allow €2 to be any polytope (not necessarily
convex). We also note that the C! regularity always holds in dimension two without any condition on .
This is a classical result of Alexandrov; see also [Figalli and Loeper 2009].

(b) One may want to prove higher regularity when the densities are smooth; however, in view of the
following simple example we see that this is impossible. Let the dimension be n = 2. Let Q2 := B, — By,
with uniform probability density, and let 2* := B, s, with uniform probability density. Then by symmetry
it is easy to compute that the optimal transport map is 7'(x) = /|x|2 — 1 x/|x|, which is only C!/?
on 0B C 022.

In the following we will use Sy (xp) to denote a section of # with height /2, namely
Sn(xo) :=={x [u < p-(x —xo)+h},

where p is chosen so that xq is the centre of mass of Sy, (xo). We say a point xo € Q is localized (with
respect to u) if, for any sequences hy — 0 and x; — x¢ satisfying xo € Sp, (xx), we have that Sy, (xx)
shrinks to the point xg € Q.

Now we record a fundamental property of convex sets.

Lemma 2.3 (John’s lemma). Let U C R" be a bounded, convex domain with its centre of mass at the
origin. There exists an ellipsoid E, also centred at the origin, such that

ECUcn?E.

The original John’s lemma does not require that the ellipsoid is centered at the origin, and the constant
n3/? can be replaced by n. We refer the reader to [Liu and Wang 2015] for a simple proof of the existence
and uniqueness of such an ellipsoid.

By John’s lemma we can show the following property of convex functions:

Lemma 2.4. Let u : R" — R be a convex function. Let L be a supporting function of u. Then any extreme
point of {u = L} is localized.

Proof. Suppose to the contrary that there exists an extreme point xo of {# = L} which is not localized.
Then there exist sequences x; — xo and hy — O such that xo € Sy, (xx), and that Sp, (xx) contains a
segment of length greater than or equal to some positive constant §. Since Sj, (xx) is convex and centred
at xg, by John’s lemma there exists a unit vector &, such that I, the segment connecting x; — 3/ 2n3?) &
and x; + 6/ (2n3/?) &, is contained in Sh. (xr). Denote by L the defining function of Sy, (xx), namely
Sh(xx) = {u < Li}. Then it is easy to see that DL is bounded; hence, by passing to a subsequence,
Ly — L for some linear function L.,. Also by passing to a subsequence we may assume & — &4
for some unit vector £5,. Then u is linear on I, which is the segment connecting xo — 8/(2n/?) &4
and xo 4 8/(2n3/?) £x. Hence I, C {u = L}, which contradicts the assumption that xg is an extreme
point of {u = L}. O

The following property of sections of convex functions was proved by Caffarelli [1992a]. Here we
provide a different proof by using a well-known fact that if a continuous map from a ball to itself fixes the
boundary then it must be surjective. We learned this method from Wang; see [Sheng et al. 2004, Section 4].
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Lemma 2.5. Let u : R" — [0, oo] be a convex function. Assume that:
(1) u(0)=0, u>0.
(2) u is finite in a neighbourhood of 0.
(3) The graph of u contains no complete lines.

Then for h > 0 there exists a slope p such that the centre of mass of the section

Shp={xlu=<x-p+h}
is defined and equal to 0.
Proof. Let
{uk(x) =u(x) in B, o-1)

Up =00 in R* — By.

We only need to show the existence of sections SK:={x | ux <x- pr+h} centred at 0 with bounded py.
Then S, , = limy_, o Sk is the desired section in the lemma.

Take a large ball B,. For any p € B,, let z,, be the centre of mass of the section S, := {x | ux(x) <x-p+h}.
Then we obtain a mapping M; : p — z, from B, to R". If p € dB,, it is easy to see that p -z, >0
provided r is sufficiently large.

If there is no p € B, such that z,, = 0, then we can define a mapping M> : z,, — t,2,, where 1, > 0 is
a constant such that 7,z, € 9B,. We then obtain a continuous mapping M = M, o M from B, to dB,
with the property that

p-M(p)>0 on 0B,. (2-2)

To get a contradiction, we extend the mapping M to B,, as follows. For any point p € 9By,, let
pL=p, Po = %p € 0B, and p; = (1 —t)po + p1- We extend the mapping M to B,, by letting
M(p;) =1 —1t)M(po) +tp;. Then, by (2-2), M(p) # 0 on By, and M is the identity mapping on 9B,.
This is a contradiction.

Hence, for each k > 0, there exists a p; € R” such that S¥ := {x | uy < x - px + h} is centred at 0.
Moreover, | px| < C for some constant independent of k. Indeed, we can argue as follows: By rotating the

coordinates we may assume p; = (a,0, ..., 0) with a > 0. Let a™ = sup{x; | (x1,0,...,0) € Sk} and
o =—inf{x; | (x1,0,...,0) € S"}. Then a™/a™ — oo as a — 0o. Since Sy is centred at 0, a cannot
be too large. g

The following Alexandrov-type estimates were proved by Caffarelli [1996]:
Lemma 2.6. Let u be a convex solution of
det D*u = du
in the convex domain S with u = 0 on 3S. Assume S is normalized, namely By C S C n3?B|. Assume
du(S) <6 du(%S) for some constant 0, where %S is a dilation of S with respect to the origin.
(a) (1/C)|infs u|* < du(S) < Clinfs u|*, where C is a constant depending only on 6.
(®) Ju()[" = Cdu(S)d(x,dSs).
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3. Global C! regularity

In this section, we prove Theorem 2.1(i).

Lemma 3.1. Suppose u is a globally Lipschitz convex function. Assume that u is C' at all of the extreme
points of a convex set K = {u = L}, where L is a linear function satisfying u > L and u(y) = L(y) for
somey € R". Thenu is C' on K.

Proof. By subtracting L we may assume K = {u = 0}. If K is a bounded convex set, then for any x € K

we have .
X = Z)Lixi,
i=1
where x;, i =1, ..., k, are extreme points of K, A; >0 and Zle A=1.SinceuisClatx;,,i=1,...,k,
we have 0 < u(z) =o0(z —x;), i =1, ..., k. Now, by convexity we have

k k k

0<u(z)= u(ZAi(z —x —i—xi)) < Z)»,-u(z —x+x)= Z)»,-o(z —x)=o0(z—x).
i=1 i=1 i=1

Hence, u is C! at x.

If K is unbounded, it is well-known that K = covext[K] + rc[K ], where covext[K] is the convex
hull of the extreme points of K, and r¢[K] :=lim; o AK is the recession cone of K. Hence we need
only to show that u is C! at points represented by x = xo + ¢, where xq is an extreme point of K
and g € rc[K]. For any M > 0, by using the facts that u is Lipschitz and x| := xo + Mg € K we have
that u(z — x +x1) < C|z — x|. By convexity we have
M—1

M

M—1

u(z):u( (z—x—i—xo)—i-%(z—x—i-xl))f 0(|z—x|)+%|z—x|.

By letting M — oo we have 0 < u(z) < o(]z — x|). Hence u is C! at x. Il

Since u is convex, for any unit vector y the lateral derivatives

a;u(x)=:}i\néfl(u(x+ty)—u(x)) and a;u(x)=:}i\r%fl(u(x)—u(x—ty))

exist. To prove that u € CH(Q), it suffices to prove that
3 u(x0) = 0, u(xo) (-1

at any point xo € 02 for any unit vector y. By convexity, it suffices to prove this for & = & for all
k=1,2,...,n,where &, k=1, ..., n, are any n linearly independent unit vectors.

Proof of Theorem 2.1(i). By Lemmas 3.1 and 2.4 we only need to show that u is C! at localized points.
Assume to the contrary that u is not C' at xop € 9. Let us assume that xo =0, #(0) =0, u > 0 and
81+u(0) > 9, u(0) = 0. Since d€2 is Lipschitz, we may also assume that —ze; € 2 for ¢ € (0, 1), where ¢;
is the first coordinate direction.
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Figure 1. Centred section.

Now we consider a section Sy (x”), where x’ = (—a’, 0, ..., 0) for some small constant 0 < a’ < %ro,
where r( :=r,, is the radius in the condition of Theorem 2.1(i). Note that by John’s lemma there exists an
ellipsoid E with centre x’ such that E C S;(x") C n3/?E. Since u is Lipschitz and Bfu(O) > 0, we have
that C~'e < u(ee;) < Ce for any small positive &, where C is a positive constant. Since d; u(0) =0, we
have u(—Ma'e;) = o(a’), where M = 2n/?. Hence, we can choose small ¢ and a’ so that the following
properties hold:

(1) o(@) =u(—Md'e;) < C e < d,
(2) eeq is on the boundary of some section Sy, (x"), and

(3) Su(x") C By (0).

The existence of such a section Sy (x”) in (2) follows from the property that a centred section, say S, (x),
various continuously with respect to the height /; see [Caffarelli and McCann 2010, Lemma A.8], and
(3) follows from the assumption that xo = 0 is localized.

Let L be the defining linear function of Sy (x’); by (1) it is easy to see that L is increasing in the e;
direction (see Figure 1); hence,

(L=u)(0) = (L —u)(x") =h. (3-2)
Since fSh(X’) f< Cf%sh(x') f, we have that

1
n

-0 =c(5)n (3:3)
contradicting (3-2), since a’ > ¢. Here we have followed the argument of [Caffarelli 1996]. Indeed, let
A be an affine transform normalizing Sj,(x); then v := (u — L)(A*Ix)/h satisfies det D?v = f(A x)/h"
in A(S,(x")) and v =0 on 985, (x"). Hence, by applying Lemma 2.6 to v and translating back to u we
get (3-3).

Hence, u must be C! at any localized point xo. Therefore u € C!(R"). O
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Remark 3.2. The proof of Theorem 2.1(i) shares some similarities with the proof of C! regularity for
the obstacle problem in [Savin 2005] (see Proposition 2.8 in that paper).

4. Global C1* regularity

In this section, we prove Theorem 2.1(ii). First we point out that to prove u € C Le(Q), it suffices to
prove that there exist constants C > 0, « € (0, 1) and r > 0 such that, for any point xq € €,

U(x) — Ly (x) < Clx — x0T 4-1)

for every x € B, (xg) N Q. From (4-1) one can prove that u € C Le(Q), using the convexity of u. In the
following we will show that a relaxed version of (4-1) is enough to show u € C1*(Q), and it has the
advantage of avoiding some annoying limiting picture.

By the assumption of Theorem 2.1(ii) we write 2 =U — Zle C;, where U is an open convex set, and
Ci,i=1,...,k, are closed disjoint convex subsets of U; see Figure 2. Given any x € Q, we introduce
the function

— X

ox (1) = sup{u(z)—u(x)—Du(x)-(z—x) lz—x|=t, x+s | e Q forany s € [0, ro]}, (4-2)

|z —x

where rg is a fixed small positive constant depending on €2, and its smallness will be clear in the proof of
Lemma 4.1. Indeed, we need to take r¢ small enough that B, (x) N dU can be represented as the graph of
some Lipschitz function for any x € U with the Lipschitz constant independent of x, and that

ro < min{dist(dU, 3C;), dist(dC;,dC)) |i=1,...,k, 1 < j #I <k}.

Lemma 4.1. Suppose that there exist r > 0 and 8 € (0, 1) such that for any x € Q we have

px(31) = 31 =8)px() (4-3)

whenevert <r. Then u € C*(Q) for some o € (0, 1).

a

Figure 2. Domain .
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Proof. For t = r/2¥, we have
(1—05)F
2k
where C depends on r, § and p,(r), and o« = —log(1 — §)/log 2.
Suppose x, y € Q and |x — y| < r < ro. We need to consider two cases:

t
px(t) < pu(r) < —(1 = §)loer/nflog2 5 (ry < Crlte, (4-4)

(a) x, y are close to dU.

(b) x, y are close to dC; for some 1 <i <k.

We will deal with case (a) first; case (b) follows from a similar argument. Without loss of generality we
may assume that B3,, C U for some small fixed r, that ro < r1, and that dist(dB3,,, 9U) > r;. Denote
by €., the convex hull of x and B,,. By convexity, 6, 3,, C U. Then we prove the following claim:

Claim 1. For any z € B, ;2(x) N6, 2, we have |Du(x) — Du(z)| < C|x —z|*.

Proof of Claim 1. Observe that dist(z, 3€, 3,,) > (1/C)|x — z| for some large constant C. Hence,
B(1/c)jx—z(z) C B, N6, 3,,. Now, for any z € dB(1/c)|x—;(2), by (4-4) we have that

u@) <u(x)+ Du(x) - (Z—x)+ C|z —x|'T®, (4-5)
By convexity we also have
u(@ >u(zx)+Du(z) - (Z—2) (4-6)
and
u(z) >u(x)+ Du(x) - (z—x). 4-7)

By (4-5), (4-6) and (4-7) we have
(Du(z) — Du(x)) - (Z —z) < C|z —x|'**. (4-8)

Note that |Z —z| & |2 — x| & |z — x| provided Z € 0B(1,¢)|x—;|(2) and C is sufficiently large. Since (4-8)
holds for any z € dB(1/c)x—7(2), it follows that [Du(x) — Du(z)| < Clx —z|%. [

Now suppose |x — y| < r. If either y € €, 5, or x € 6,5, holds, then by Claim 1 we have
|Du(x) — Du(y)| < C|x — y|%. Otherwise one may find a point z € 6, ,, N6, ,, such that |z — x| ~
|z — y| =~ |x — y|. Then by applying the estimate in Claim 1 we have

|Du(x) — Du(y)| < |Du(x) — Du(z)| + [Du(y) — Du(z)| < C(lx —z|* + 1y —z|*) < Clx — y|*.

We can prove case (b) by a similar argument. Indeed, dC; N B, (x) can be represented as the graph
of some Lipschitz function for any fixed x € dC; provided r < ry. Then, by the assumption that the C;
are disjoint, it is easy to find a small ball B;,, C €2 such that €, 3, C Q2 for any z € B, (x) N Q. Then, by
a similar argument to the proof of case (a), we can show that |Du(x) — Du(y)| < C|x — y|* provided
lx -yl <Lr. O

The following lemma shows that the centred sections are well-localized provided the heights are
sufficiently small.
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Lemma 4.2. There exists a height ho > 0 such that, for any x € Q, the section S,(x) intersects at most
one of 0U, 0C;,i =1, ..., m, provided h < hy.

Proof. Suppose to the contrary there exist sequences x; €  and &; — 0, such that Sy, (x;) intersects
at least two of U, aC;, i =1, ..., m. Passing to a subsequence we may assume x; — y € Q. Since
u is strictly convex in the interior of €2, we have either y € dU or y € dC; for some i. Denote by L
the defining function of Sy, (xz), namely Sy, (xx) = {u < Li}. Then, passing to a subsequence we may
assume Ly — L for some affine function L, and Sy, (xx) — S C {u < L}. It follows from the properties
of Sy, (x¢) that:

(1) S is centred at y.
(i1) S intersects at least two of 0U, 0C;,i =1, ..., m.
(i) L(y) = limg— oo Li(xg) = limg— oo t(xg) + g = u(y).

By (i) and (iii) we have that S C {u = L}. Then by (ii) we see that S passes through the interior of €2,
which contradicts the fact that u is strictly convex in the interior of 2. (|

Proof of Theorem 2.1(i1). Step 1. The main observation in this step is that if (4-3) is violated for small &,
then u is close to a linear function on a segment connecting x and some point zs € Q. Hence, if (4-3)
is violated for arbitrary r, §, then one can find a sequence of points x; such that u is more and more
linear around x; in some direction as k — 0o. The “almost linearity” will be clear if we perform blow-up
and an affine transform on u properly restricted to some carefully chosen section around xx, and a line
segment will appear on the graph of the limiting function. The detailed argument goes as follows.

To prove py(t) < Ct'*% for any x € Q and any ¢ < r, by Lemma 4.1 we assume to the contrary that
there exist sequences #; < 1/k, 8; = 1/k and x; € Q such that

P (3t) = 3 (1= 1/k) oy (). (4-9)

Suppose the supremum in (4-2) (when x=x;andt = %tk) is attained at %(xk +7) e by the definition
of p, we see that Zxx; C Q, where Z;x; denotes the segment connecting zx and x;. By passing to a
subsequence, we may assume Xy — Xoo € 0€2.

Choosing sections. For each k, let Sy, (x;) be a section of u with centre x;, where & is chosen so that
Zk € 0Sp, (x¢). Similar to the proof of Theorem 2.1(i), the existence of such a section follows from the
property that a centred section, say Sy (x), varies continuously with respect to the height /; see [Caffarelli
and McCann 2010, Lemma A.8] for a proof. It is easy to see that #; — O.

Normalization. Let L be the defining function of Sy, (xz). We normalize the section Sy, (x) by a linear
transformation 7, and let Sy = T (Sp, (xx)). Note that Ty (xx) =0 and B; C Sx C n3/2B,. Also we let
ug = (u — L) (T} 'x) /hy. Then uy solves

{det D%uy = fi in S,

(4-10)
Uy =0 on 8Sk,

where f; = hk_" (det Tp) ™! f (Tk_]x) / g(Du(Tk_lx)). After a rotation of coordinates, we may assume
Ty (zx) is on the xp-axis.
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Linearity estimate. Let

U (x) :=u(x) — Du(xg) - (x — xx) — u(xp);
from (4-9) we have that vy (5 (x¢ +2¢)) = 5(1 — 1/k)ve(ze). Let
Li(x) == Li(x) — Du(xg) - (x — xg) — u(xg).

Then we have that Sy, (xx) = {vx < Zk}. Since Sp, (xi) is centred at xi, zx € 0S5k, (xx), vk > 0 and
Zk (xg) = hy, by John’s lemma we have that 0 < ik (zx) < 2n3hy. Now,

3 1 = ~ 1 - - 3,3/2
(0= L) (5 (x +20) —%(1 - ;)((vk — L) (o) + 0 = L) @) = =57 (L) + L @) = =5~ hie
Since vy — Ly = u — Ly, from the above estimate and the definition of u; we have
1 353/2
uk(%Tka) > %(1 — %) (ur(0) + ug (Trezi)) — Zk . 4-11)

Limiting problem. Now, by convexity we may take limits Sy — S and u; — uo.. Let foo be the weak
limit of f;. Then u satisfies det D*u,, = foo in the Alexandrov sense. Let zoo := limg_ o0 Tx(zx). By
(4-11) we have

Uso = L on the segment connecting 0 and 7z, (4-12)

where L is a supporting function of u, at 0.

Step 2. In this step, we need to consider two situations:
(@) xo0 € 9C; for some 1 <i <k.
(b) xo0 € 3U.

In each case, a contradiction is obtained at some carefully chosen extreme point (denoted by y) of
{uso = L}. Heuristically, we can choose a section of u, (denoted by §) around y such that y is much
closer to dS in one direction than in the opposite direction. Hence, on one hand the Alexandrov-type
estimate Lemma 2.6(a) shows that /4, the height of the section S, should not be too small. On the other
hand, Lemma 2.6(b) shows that 4 is very small, which is a contradiction.

We deal with case (a) first.

Proof'in case (a). Note that since xo, € dC; for some 1 <i <k and h;y — 0 as k — oo, by Lemma 4.2 we
have that the support of f; can be represented by Sy — Ay when k is large, where Ay is an open convex
subset of S. Let the convex set Ao, be the limit of the Ag. Then Soo — Ao 1s the support of f. Since the
centre of mass of Sy is 0 and 0 € Soo — Aco, We have that the volume of S, — Ao is positive. Hence, it
is easy to see that there exists a constant C such that C ™ x5, .. < foo < CXSmAn-

Since Zxxx C 2, we have 0zoo N Age = .

Subcase 1: {u, = L} contains an interior point of Sy, — Acs.

Subcase 2: {oo = L} N Seo C Ano.
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Uoso

Li=L+Cs

y Ly=L+¢e(x1—b+a)

Figure 3. Two related sections.

For subcase 1, take xg € (Soo — Aoo) N{u = L}. Take § sufficiently small that Bs(xg) C Seo — Aco.
Choosing an extreme point. Let y € {u = L} be the point such that:
(1) oo (y) = infyy—1) Ueo.
(2) y is an extreme point of the convex set {uq = L} N {uoo = u(y)}.
It is easy to see that y is an extreme point of {u., = L}.

Cutting a suitable section. By rotating the coordinates we may assume that {u., = L} C {x; < b}
for some constant b > 0, and that {u,, = L} N {x; = b} = {y}. Then we consider the section S =
{oo < L+ e(x; —b+ a)} (see Figure 3), where we fix a sufficiently small and then take ¢ < a, so that
S € S« and a > d :=max{x; | (x1,0,...,0) € S} —b.

Using Alexandrov estimates to obtain a contradiction. On one hand, by the Alexandrov estimate we have

1S)? > C%s”. (4-13)

On the other hand, we consider another section § = {1o, < L+Cs}. Since u is Lipschitz, it is easy to see
that S C S provided C (independent of ¢) is sufficiently large. By convexity we have | Bs(xp) N S’l >C |S’|
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for some constant C. We claim
ISI* < Ce", (4-14)

where the constant C is independent of d. The claim follows from the following argument. Let v =
Uso — L — Ces. Let G := SN Bs(xp). By John’s lemma, there exists an affine transformation A with
det A =1 such that

B; C A(G) C n’/*B;

for some 7. Now o = v(A~'x) satisfies det D’ = foo(A"'x) > C~! in A(G) and |v| < Ce in A(G).
Then we have

c G| 5/ foo=[00(A(3G))| = cg— (4-15)
G/2 r

Equation (4-14) follows from (4-15) and the fact that |S’ | ~ |G| ~r". Since d K a, it is easy to see that
(4-14) contradicts (4-13).
For subcase 2, we need to choose the extreme point more carefully.

Choosing an extreme point. Let K C R" be a supporting plane of the convex set Ao at 0. If A is not C?
at 0 we choose K to be the one containing z..0. Let y’ be the point where uo, attains its minimum on
D:={u= L}ﬂlz NSs. Itis easy to check that D is a convex set, and the set DN {x | u(x) =u(y’)} is also
convex. Let y be an extreme point of DN{x |u(x) =u(y’)}. We claim that y is an extreme point of {u = L}.
Indeed, suppose not; then there exist y;, y» € {u = L} NS C Ao such that y= %(yl + y»). Since Kisa
supporting plane of Ay, and y € Ao, we have that y;, y» € D. However, since u(y) = min{u(x) | x € D},
we have yi, y2 € D N {x | u(x) = u(y’)}, which contradicts the choice of y as an extreme point of
DN {x [u(x) =uy")}.

Cutting a suitable section. By subtracting L and translating the coordinates we may assume that y = 0,
that #, >0, that u(te;) =0for ¢ € (0, 1), and that u(te;) > 0 for t < 0. Let 0 < ¢ < a be small positive
numbers. Let S, (aep) be a section of uy, with centre ae;, where h is chosen so that —ee € 95y, (ae;).
Since y is an extreme point of {u = L}, we have that Sy, (ae|) € So provided £ is sufficiently small. Note
that h - O as e — 0.

Using Alexandrov estimates to obtain a contradiction. Since A, is convex, it is easy to see that

[ ogesef g
Sn(aer) 1Sn(aer)

for some constant C. Let L be the defining function of the section Sy, (ae;), which is obviously decreasing
in the e; direction. Hence (L| — u#+,)(0) > h. Then by Lemma 2.6 we also have

e 1/n
(Li—u) O =C(£) T,
which contradicts the previous estimate. U

Proof in case (b). The proof in case (b) follows from a similar argument to the proof of [Caffarelli 1992a,
Lemma 4]; we sketch the argument here. Note that f; is now supported in a convex domain Dy C Sy.
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Let Dy := limg_, o Dy. We have 7o € Doo. Let L be the supporting function of u, at O such that
0Zoo C {ttoo = L}. Similarly to the proof of subcase 1 of case (a), let y € {us, = L} be the point such that:

(D) use(y) = inf{uoo:L} Uo-
(2) y is an extreme point of the convex set {us = L} N {uoo = u(y)}.

It is easy to see that y is an extreme point of {u, = L}. Observe that y € Dy, since otherwise u; has
positive Monge—Ampere measure outside Dy for large k. Let z=(1—0)y+0 2 for some small positive o;
we may also find a section satisfying S;(2) := {#oo < L} € Sec and y + (¥ — 200)/|Y — Zoo| € 385 () for
small ¢ << 0. Since y € Do, there exists a sequence y; € Dy such that y;, — y as k — oo. Let

=0 —=0o)y+0T(z1);

it is easy to see that Z; — z as k — oo. Recall that 7z, := limg_, o T (zx) With T(zz) € Dy. Let
S‘k := {ur < L} be a section of u; centred at z; with height 2. Then, passing to a subsequence,
S’k — Sj,(z) in Hausdorff distance. In particular, S'k € S provided k is sufficiently large. Then, by
Lemma 2.6, we have that

1/n
Ch < (L — up)(y) < (5) h

for large k, which is a contradiction because ¢ <K o. O
Theorem 2.1(ii) follows from the above discussions. O
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COMMUTATORS WITH FRACTIONAL DIFFERENTIATION AND
NEW CHARACTERIZATIONS OF BMO-SOBOLEYV SPACES

YANPING CHEN, YONG DING AND GUIXIANG HONG

Forb e LIIOC(IR{”) and « € (0, 1), let D* be the fractional differential operator and T be the singular integral

operator. We obtain a necessary and sufficient condition on the function b to guarantee that [b, D*T] is a
bounded operator on a function space such as L?(R") and L?*(R") for any 1 < p < oo. Furthermore, we
establish a necessary and sufficient condition on the function b to guarantee that [b, D*T] is a bounded
operator from L*®(R") to BMO(R") and from L'(R") to L"*°(R"). This is a new theory. Finally, we
apply our general theory to the Hilbert and Riesz transforms.

1. Introduction

Forb e L}OC([R{”), denote by B the multiplication operator defined by Bf (x) =b(x) f (x) for any measurable
function f. If T is a linear operator on some measurable function space, then the commutator formed by
B and T is defined by [b, T]f(x) :=(BT —T B) f(x). Let 0 <« < 1. The commutators we are interested
in here are of the form

Q _
[b. Talf (x) = p.v. / =)

re X — y[nte

(b(x) =b(y) f(y)dy,

where Q is homogeneous of degree zero, integrable on S" .

The case o« = 1 was first investigated by Calderdn [1965] and now is well known as Calderén’s
first-order commutator. Calderén proved that b € Lip(R") (Lipschitz space) is a sufficient condition for
the L”-boundedness of [b, T1] when 2 satisfies some assumptions but may fail to have any regularity.
However, this result has inspired many mathematicians to find new proofs, to make generalizations and to
find further applications. We refer the reader to [Calderén 1980; Coifman and Meyer 1975; 1978; Cohen
1981; Hofmann 1994; 1998], among numerous references, for its development and applications. We
would like to single out the work by Coifman and Meyer [1975], who found a new proof of Calderén’s
first-order commutator by reducing the commutator estimates to continuity of multilinear operators, which
was used to deal with higher-order commutators in the same paper and has since been widely developed.

Let us comment on the main idea of Calderén’s proof for future convenience. Firstly, the special
properties such as locality of Lipschitz functions enable Calderén to use a rotation method to reduce
The research was supported by NSF of China (Grant: 11471033, 11371057, 11571160, 11601396), NCET of China (Grant:
NCET-11-0574), the Fundamental Research Funds for the Central Universities (FRF-TP-12-006B, 2014KJJCA10), SRFDP of
China (Grant: 20130003110003), ERC StG-256997-CZOSQP, ICMAT Severo Ochoa Grant SEV-2011-0087 (Spain) and 1000
Young Talent Researcher Program of China 429900018-101150(2016).

MSC2010: 42B20, 42B25.
Keywords: commutator, fractional differentiation, BMO-Sobolev spaces, Littlewood—Paley theory.
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commutator estimates in the higher-dimensional cases to the one-dimensional case. Secondly, the one-
dimension commutator is just the commutator formed by b and d H/dx, the derivative of the Hilbert
transform. Then Calderén exploited the special properties of the Hilbert transform as being closely related
to analytic functions and used a characterization of the Hardy space H!(R) in terms of the Lusin square
function to prove his theorem. It is the second part that has been reproved by Coifman and Meyer using
techniques from multilinear analysis.

The case o = 0 was first studied by Coifman, Rochberg and Weiss [Coifman et al. 1976], who showed
that b e BMO(R"), the bounded mean oscillation space, is a sufficient and necessary condition for the
L?-boundedness of [b, Tp] when Q2 € Lip(S”_l) (see also [Janson 1978; Uchiyama 1978]). For rough €2,
similar results have also been obtained in [Alvarez et al. 1993; Hu 2003; Chen and Ding 2015]. It is
worth mentioning that the operator [b, Tp] has a different character from [b, T], whose research actually
was inspired by the factorization of Hardy spaces.

The case 0 < o < 1 was first investigated by Segovia and Wheeden [1971], who obtained an analogue
for differentiation of a fractional order of the one-dimensional version of Calderdn’s result [1965]. Murray
[1985] improved the results of [Stein and Weiss 1971], more or less along the research line initiated by
Calderdn, by extending the commutator with derivatives of the Hilbert transform to those with fractional
derivatives of the Hilbert transform. It turns out that these commutators with fractional differentiation
are closely related to BMO-Sobolev spaces. Let 0 < « < 1, and consider the fractional differentiation
operators defined for f by

DY (£) = |E1°F ().

The fractional Laplacian can be defined in a distributional sense for functions that are not differentiable
as long as f is not too singular at the origin or, in terms of the variable x, as long as

/ PAC I
—ax < OX.
re (114 [x[)*

For a function f : R* — R, we consider the extension u : R" x [0, co) — R that satisfies the equation

u(x,0) = f(x), At 1_7% ity =0,

Caffarelli and Silvestre [2007] showed that

’ - ,O
CDf = tim —y =y = L pim LN D)
y—0* o y—0 yOI

for some C depending on »n and «.

Let I, be the Riesz potential operator of order «. The Sobolev space I, (BMO) is the image of
BMO under [,,. Equivalently, a locally integrable function b is in I, (BMO) if and only if Db € BMO.
Strichartz [1980] showed that, for « € (0, 1), I,(BMO) is a space of functions modulo constants that is
properly contained in Lip,, while Lip, is properly contained in /; (BMO).

Murray studied it only in the one-dimensional case, the commutators [b, T, ] formed by b and D*H
or D%, and showed that b € I,(BMO)(R) is equivalent to the L”-boundedness of [b, T,]. Calderén’s
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original proof did not work well in this new situation. Instead, Murray used special properties of one-
dimensional commutators to represent them in a way that techniques of multilinear analysis developed
in [Coifman and Meyer 1975] could come into play. In the meantime, she showed that b € Lip(R) is
also a necessary condition for L”-boundedness of [b, T1], thus providing a converse of Calderén’s results
on R. In the review of [Murray 1985] in Math Reviews, Y. Meyer indicates that the results there apply
to functions on R". However, a direct perusal of [Murray 1985] reveals that the paper only tackles the
case n = 1. (Meyer might have known how to treat n > 1.) Maybe, it can in particular be applied to
[b, D*] on R" for n > 1. But we think the techniques may fail for [, T,] on R" for n > 1. The reason is
that the higher-dimensional commutators are much more complicated due to the presence of €2, which
cannot be represented easily.

In the case of 0 < « < 1, by applying an off-diagonal 7'1 theorem (see [Hofmann 1998]), Q. Chen
and Z. Zhang [2004] obtained the (L”, L?) bounds for the operator [b, T,,] with Q € Lip(S”_l) and
D*b e L"(R"), where 1 <r <ooand 1/p+ 1/r = 1/q. However, they pointed out that they do not
know whether the off-diagonal 71 theorem is true for » = oo, so the (L”, L?)-boundedness of the
operator [b, T, ] cannot be obtained in [Chen and Zhang 2004]. We think there are two reasons that the
(L?, L?)-boundedness of the operator [b, T, ] cannot be obtained in [Chen and Zhang 2004]. Firstly,
Calderdn’s rotation method is of no use, since the elements in I, (BMO)(R") are not local and do not
enjoy the properties of Lipschitz functions. Secondly, the T'1 theorem developed by David and Journé
[1984], which is a powerful tool for the commutators [b, d H/dx] and [b, D] to give an alternate proof,
does not work well in general situations, such as the cases where the operators are rough or the cases
where the weak-boundedness property (WBP) is not easy to verify.

Here we use Fourier transform estimates and Littlewood—Paley theory developed in [Duoandikoetxea
and Rubio de Francia 1986] to get the L”-boundedness of [b, T, ] with rough kernel for all 1 < p < oo,
which can be stated as follows.

Theorem 1.1. Suppose a € (0,1) and b € I,(BMO). If Q€ L log+L(S”_1) having the mean value zero
property, that is,

f Q(x)do(x") =0, (1-1)
Snfl
then there is a constant C such that, for 1 < p < 00,

16, To] flle < CID*bllgmoll £ e

We will prove this result in Section 2.

Remark 1.2. Our arguments depend heavily on the Fourier transform estimates, which is not a surprise
from the historical point of view of techniques in handling rough operators [Duoandikoetxea and Rubio de
Francia 1986]. But, as Murray has pointed out, the cases 0 < o < 1 are fundamentally different: the
underlying details turn out to be very subtle and quite different from the cases of « = 0 and o = 1.
Furthermore, we believe some modifications of the method in the present paper should provide an alternate
proof of Calderén’s first-order commutator estimate.
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As applications to partial differential equations have been found in the cases « = 0, 1 and Murray’s
one-dimensional result in the case 0 < o < 1 (see [Calderén 1980; Chiarenza et al. 1991; Di Fazio and
Ragusa 1991; 1993; Murray 1987; Lewis and Silver 1988; Lewis and Murray 1991; 1995; Taylor 1991;
1997; 2015]), we also expect applications of our results to fractional-order partial differential equations
(see for instance [Silvestre 2007; Caffarelli and Silvestre 2007; Caffarelli and Stinga 2016] on fractional
elliptic equations).

Definition 1.3. A measurable function f € L”(R"), p € (1, 00), belongs to the Morrey space L”*(R")
with A € [0, n) if the following norm is finite:

1 1/p

||f||Lm=( sup  — If(y)l”dy) ;
xeRrr>07 Q(x,r)

where Q(x, r)stands for any cube of radius r and centered at xo. When A = 0, L?**(R") coincides with

the Lebesgue space L?(R").

It is well known that the Morrey space L?-*(R") [1938] is connected to certain problems in elliptic PDEs.
Later, the Morrey spaces were found to have many important applications to the Navier—Stokes equations,
the Schrodinger equations, elliptic equations and potential analysis (see [Chiarenza and Frasca 1987;
Kato 1992; Taylor 1992; Ruiz and Vega 1991; Shen 2003; Di Fazio et al. 1999; Palagachev and Softova
2004; Deng et al. 2005; Adams and Xiao 2004; 2011; 2012]).

Recently, Chen, Ding and Wang gave a criterion of the boundedness of a general linear or sublinear
operator on Morrey spaces:

Theorem A [Chen et al. 2012]. Let 0 < A < n. Suppose that Q € L1(S"V) forg > n/(n — 1) and S is
a sublinear operator satisfying |Sf (x)| < C fR" Qx — WO/ 1x —y|"dy. Let 1 < p < oo. If the
operator S is bounded on LP (R"), then S is bounded on LP*(R™").

Clearly, b € I,(BMO) C Lip,, for 0 <o < 1 implies |[b, T, ] f (x)]| < CfRle(x—y)| [fO)I/|x —y|"dy.
Since Q € L4(S"~ 1) c Llog"L(S"~") for ¢ > n/(n — A), applying Theorem A and Theorem 1.1, we get:

Corollary 1.4. Let 0 < A < n. Suppose a € (0, 1) and b € 1,(BMO). If Q€ L9 (S"_l)forq >n/(n—2»\)
and satisfies (1-1), then there is a constant C such that, for 1 < p < 00,

16, To] fllprr < CID*bllsmoll fll Lo

Pérez [1995] gave a simple example to show that the commutator [b, Tp] is not of weak type (1, 1)
when b € BMO. However, if 0 <« < 1, b € I,(BMO) and © € Lip(§”~1), it is easy to verify that k(x, y) =
(Q(x —y)/|x — y|" ) (b(x) — b(y)) is a standard kernel. Moreover, Q € Lip(S"~') c LlogTL(8" 1),
we apply Theorem 1.1 (the L?-boundedness of [b, T, ]) to see [b, T,] is a generalized Calderén-Zygmund
operator. So the weak type (1, 1)-boundedness of [b, T,] is a natural consequence. Therefore, it will be
interesting to give a necessary condition for the L' — L1-*° bounds of [b, T, ], which is our main aim in
this part. Moreover, we will also give the necessity of the L”**-boundedness of the commutator [b, T].

The following useful characterization of Lip, (R") is due to Meyers [1964]:
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Theorem B. Let o € (0, 1]. A locally integrable function b is in Lip,(R") if and only if there is a
constant C such that, for any cube Q,

1
|Q|1+a/n/;|b(x) —boldx < C.

We first give a necessary condition for the LP* bounds of [b, T, ].

Theorem 1.5. Suppose a € (0, 1], b e L} (R") and Q € Lip(S"~") satisfies (1-1) or

loc
f Q(x")x}do(x') =0, (1-2)
Snfl

for j =1,2,...,n Assume Q is not identically zero. If [b, T,] is bounded on LP*(R") for some
l<p<ooand0 <A <n,then b € Lip, (R").

Remark 1.6. In particular, if [b, T,] is a bounded on L?(R") for some 1 < p < oo, then b € Lip, (R").
Remark 1.7. Since the structure of €2 is complicated and cannot be represented easily, the idea of proving

Theorem 1.5 is very different from Murray’s method [1985], where the proof depends on a special property
of the Hilbert transform H.

Theorem 1.8. Suppose « € (0,1], be L} (R") and € Lip(S"~1) satisfies (1-1) or (1-2). Assume S is

loc

not identically zero. If [b, Ty is bounded from L' (R") to L1 (R"), then b € Lip, (R").
Remark 1.9. As far as we know, this is the first example of a necessary condition for the L' — L1:>°-
boundedness of an operator.

The proof of Theorems 1.5 and 1.8 will be given in Sections 3 and 4, respectively.

Moreover, in the course of showing the main result, in conjunction with Calderén’s first-order estimates,
we obtain the characterizations of Lip(R") in terms of the L?-, (L', L"*°)- and L?*-boundedness of
commutators. If b € Lip(R") and Q € Lip(S"~!), then by Theorem 2 in [Calderén 1965] it is easy to
check that [b, T] is a Calderén—Zygmund operator, so the weak type (1, 1)-boundedness of [b, T1] is a
natural consequence. Applying Calderén’s conclusion [1965, Theorem 2] and Theorems A, 1.5 and 1.8
for the case of & = 1, we give the characterizations for the Calderén commutator [b, T1] as follows.
Corollary 1.10. Let 1 < p <ocoand 0 < A < n. Suppose that b € Llloc([R”) and Q € Lip(S"~1) satisfy (1-2);
then the following four statements are equivalent:

(i) b € Lip(R");

(i1) [b, T1] is bounded on LP(R");
(iii) [b, T1] is bounded from L' (R") to LV (R");
(iv) [b, T1] is bounded on LP*(R™).

For the case of @ € (0, 1), in conjunction with Theorems 1.1, 1.5 and 1.8, we get:

Theorem 1.11. Suppose a € (0, 1), b e LIIOC(IR") and Q € Lip(8"~ 1) satisfy the mean value zero property.
Let 1 < p <ooand 0 < A < n. Then the implications (1) = (i1) = (iii) = (iv) hold for the following
four statements:
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(1) [b, T, ] is bounded on LP (R");

(i) [b, Ty is bounded from L' (R") to LV*°(R");
(iii) [b, Ty] is bounded on LP*(R");
@iv) [b, Ty] is bounded from L*°(R") to BMO(R").

We will prove Theorem 1.11 in Section 5.
Let T, and T be the operators which are defined respectively by

Taf(x)zp.v./ wf(y)dy, O<a<l, (1-3)
w =l
and _
O Y
Tf(x) =p.v. f O 3y ay. (1-4)
R X — Yl

We will give a relation between [b, T,,] and [b, D*T] for the case of 0 < @ < 1.

Proposition 1.12. Let 0 < « < 1. For any fixed operator T, defined by (1-3) with Q € L*(S"~") satisfying
(1-1), there exists a singular integral operator T defined by (1-4) with Qe Li(S"*I) satisfying (1-1) such
that Ty = D*T. Conversely, for any fixed singular integral operator T with Qe Lé(S”_l) satisfying
(1-1), there exists an operator T, with Q € L>(S"~") satisfying (1-1) such that T, = D*T.

We will prove Proposition 1.12 in Section 6.

In particular, for any fixed singular integral operator 7 with Qecsmh satisfying (1-1), there exists
an operator T, with Q € C!'(§"~!) satisfying (1-1) such that T, = D*T. Then, applying the result of
Proposition 1.12, we get:

Corollary 1.13. Suppose o € (0, 1), b € L} (R") and Q € C*(8"") satisfy (1-1). Let 1 < p < oo and
0 < A < n. Then the implications (i) = (ii) = (iii)) = (iv) hold for the following four statements:

(1) [b, D*T] is bounded on LP (R");
(i) [b, D*T] is bounded from L' (R") to L1 (R");
(iii) [b, D*T1] is bounded on LP*(R");
(iv) [b, D*T] is bounded from L*°(R") to BMO(R").
Remark 1.14. We will gim application of Theorem 1.1 and Corollary 1.13 to Riesz transforms. In
fact, for 0 < a < 1, since D°R; f(§) = —i&;|& |o=1 f (&) a trivial computation gives

l—-n—«a F(%(n—{—oz— 1))
o0 ﬂn/2+a71[‘(%(1 —0[)).

X A
n(a)<p-V-W> (&) =iglg1""",  where () =
From the above facts, we get

. DR =pv. [ U
Re X — e

(bx)=b(y) f(y)dy,
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where Q;(x") =n(a)x;/|x|, j=1,2,...,n. Since 2;(x’) is in Llog™L(S"~') and satisfies the mean
value zero property, by Theorem 1.1 we get, for 1 < p < o0,

b, D*Rj1llLr < CID*bllsmoll fllLrs j=1,2,...,n.

Now suppose that [b, D*R;] are bounded operators from L* to BMO for j = 1,2,...,n. The
vanishing moment of 2; gives [b, D*R;](1)(x) =—D“R;b(x) =—R;D%(b)(x) e BMO, j=1,2,...,n.
Since R; : BMO — BMO and }_’_, R?f = —f, we get

Xn: RJZ-D“b < an:

j=1 j=1

I D*bllBmo = (R;D*b) <C.

BMO BMO

This gives that D*b € BMO. Then, applying Corollary 1.13, fora € (0, 1), 1l < p<ococand 0 <A <n
the following five statements are equivalent:
(i) b € 1,(BMO);
(ii) [b, D*R;], j =1, ...,n, are bounded on L”(R");
(iii) [b, D*R;], j =1, ..., n, are bounded from L' (R") to L1">*(R");
(iv) [b, D°R;], j =1,...,n, are bounded on LP*(R");
(v) [b, D*R;], j =1, ...,n, are bounded from L*>(R) to BMO(R").

The following results show that if we assume some conditions on 7', then we may characterize the
commutator [b, D“T] directly.

Corollary 1.15. Suppose a € (0, 1) and b € L\ (R"). If T is a bounded, invertible operator on BMO,

loc

then when Q € C?(S"1) satisfies (1-1), for 1 < p < oo and 0 < A < n the following five statements are
equivalent:

(i) b € 1,(BMO);

@i1) [b, D*T] is bounded on LP (R");
(iii) [b, D*T] is bounded from L' (R") to L'*°(R");

(iv) [b, D*T] is bounded on LP*(R");

(v) [b, D*T] is bounded from L°°(R") to BMO(R").
Proof. (1) = (ii) follows from Theorem 1.1 and (ii) = (iii) = (iv) = (v) follows from Corollary 1.13,
so0 it remains to prove (v) = (i). If [b, T,] is bounded from L*° to BMO, the vanishing moment of 2

gives [b, D“T](1)(x) = —T D*b(x) € BMO. Since T is a bounded, invertible operator on BMO, we get
D*b € BMO. O

Remark 1.16. Since H is a bounded, invertible operator on BMO(R), by Corollary 1.15 we have for
a€(0,1), 1 < p<ooand0 < X < n that the following five statements are equivalent:

(G) b € 1,(BMO);
@i1) [b, D*H] is bounded on L?(R);
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(iii) [b, D*H] is bounded from L' (R) to L1 (R);
(iv) [b, D*H] is bounded on L?*(R);
(v) [b, D¥H] is bounded from L*°(R) to BMO(R).

2. Proof of Theorem 1.1

We first prove Theorem 1.1 by a key lemma, whose proof will be given below. Let ¢ € . (R") be a radial
function such that supp¢ C {1 < [€] <2} and

Y ¢*27'e)=1 forany |&|>0.

leZ
Define the multiplier S; by S; £(§) = ¢(27&) f(€) for all [ € Z.
Lemma 2.1. Suppose that Q (x') satisfies (1-1). Let

Q(x"
Kj(x)= WX{z.ig\x\<2./+l}(x)

for j € Z. Define the multiplier T! (I € Z) by T/  (§) = ¢ 2/ ') K;(§) f (£). Set

Vif )= "1b. ST/ S j1(f)(x).

jez

Let 0 <o < 1. For b € I,(BMO)(R"), the following conclusions hold:

() If Q € L®(S"Y), then there exists 0 < T < 1 such that
IVifliz < ClIQN=2"" I D*bllgmoll fll2 for I € Z. (2-1)
Gi) IfQe LY(s" 1 then, for 1 < p < oo,
IVifller < CILULIID*bllmoll fllLr  for 1 € Z. (2-2)

The constants C in (2-1) and (2-2) are independent of 1.

Proof of Theorem 1.1. Let us now finish the proof of Theorem 1.1 by using Lemma 2.1.
Let Eg={x"eS" 1 |1Q()| <2}and E; = {x" € §"" ! :2¢ <|Qx")| < 29!} ford e N. Ford > 0,
let

, 1
Qi) = xe, (V) — oL / Q(x")do (x),
|S | Ey
Then Q(y") =D _ 4> Qa(y'). Since Q satisfies (1-1),

/ Qu(y)do(y')=0 forall d>0.
gn—1

Set
Qq(x)

Kja(x)= W

X(2i <|x|<2i+1}(X)
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and define le 4 and V; 4 in the same way as Tj’ and V; are defined in Lemma 2.1, replacing K; by K 4.
With the notations above, it is easy to see that

(b, Tl f ) =D D Y b ST S j1f ) =Y > Viaf ().

d>0 leZ jeZ d>0 leZ

By interpolating between (2-1) and (2-2), there exists 0 < 6 < 1 such that
IViafllie < ClQalloc2 "I D*bllgmoll fllr  for I € Z. (2-3)

Taking a large positive integer N such that N > 207!,
Wb, TAfller <Y Y WVaaflr+Y . Y Wiafllee = Ji+ /.
d>0 Nd<|l| d>00<|/|<Nd
For Ji, using (2-3) we get

Ji < CID°bllgmo Y27 > 27| fllLr < CIID*bllBMoll £ Il Lr-
d>=0 |l|>Nd

Finally, by (2-2) we get
L <CID%lemo Y, Y. 20 (E)|f e
d>00<|l|<Nd

< C|ID*bllemo Y 20 (Ea)| f Lo
d>0

= ClQl L1og+ L ID“blBmoll f I Lr-

Combining the estimates of J; and J,, we get

16, Tal fllLr = C(A + 12 L10g+ ) I D*Bllamoll fllr

which is exactly the required conclusion of Theorem 1.1. O

Proof of Lemma 2.1. Hence, to finish the proof of Theorem 1.1, it remains to prove Lemma 2.1. Let us
begin by giving some lemmas and their proofs, which will play a key role in the proof.

Lemma 2.2 [Christ and Journé 1987]. Let ©; f(x) := fR" Vi(x,y) f(y)dy, where y;(x, y) satisfies the
standard kernel conditions, i.e., for some y > 0 and C > 0,

2JY
277 +|x —yphrty

V(. I <C (2-4)

and
|h|”

277+ [x =yt

[ (x, y+h) —¥;(x, )| <C |h| <2/, (2-5)

forall x,y e R" and j € 7. Suppose that du(x,t) = Zjel|®j 1(x)|? dx 8,-;(t) is a Carleson measure,
where 8,-;(t) is Dirac mass at the pointt =27/, Then Zjez ||®jf||i2 < C||f||i2.
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Lemma 2.3. Let @ € (0,1) and b € I,(BMO)(R"). Let ¢ € #(R") be a radial function such that
supp ¢ C {% < < 2}. Define the multiplier operator S; by 5'17(5) = ¢(2*l§)f(§) forl € Z. Then for
1 < p < 0o we have

< C|ID*blismoll fllLr-
Lr

2ja ) 21/2
> 251D, Si1f|

jez

Proof. Let = ¢ and &, (x) = 2/"®(2/x); then Sif =% f. Let

kj(x,y) =2%(b(x) —b(y)Dyi (x — ¥);
then
21,5170 = [ kit ).

It is easy to verify that k; (x, y) satisfies (2-4) and (2-5). Since
2%(b, $;11 =2/S;b =2 (|&*|&|*p (2 £)b)Y = (6(277§) D*b)" =: $%(D"b),

where 6 (§) = ¢ (£)|€]* and S;’.‘ is a multiplier defined by S;?‘f(x) =o0y-j * f(x), by Db € BMO we
know

du(x,t) = Z 127%[b, S;11(x)|* dx 8,-5 (1)
jez

is a Carleson measure. Thus, by Lemma 2.2 we get
> l271b, S;1f 17 < Cl £ (2-6)
jez

Define the operator T by

0= [ Keonfoay.

. 1/2
where K : (x, y) = {kj(x, y)}jez with [K(x, y) ¢ 2 = (Zjel k;(x, y)|2) 2, Thus, (2-6) says that

ITfllz2e2) < CID*Dlimoll £l 2-
On the other hand, for b € 1I,(BMO), it is easy to verify that, for 2|x — x| < |x — y]|,

lx — xol*
|x — ylnte

12
(Z|kj(x, y) —k; (xo, y)|2) < C|D*bllsmo

jez
since I,(BMO) C Lip, for 0 < o < 1. Then, by the result in [Grafakos 2004], we prove Lemma 2.3. [J

Lemma 2.4. Let ms j € C°(R"),0 < 8§ < oo, for any fixed j € Z and let Ts ; be the multiplier operator
defined by Ts ; f(§) = mg,j(é)f(é). For 0 <o < 1, let b € Lip, (R") and let [b, T; ;] be the commutator
of Ts ;. If, for some constants A > 0and 0 < 8 < 1,

Ims il < CA27/*min{8, 877} and ||[Vms |1~ < CA2/277%,
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then there exists a constant 0 < A < 1 such that
b, Ts.;1f N2 < CAmin{s*, 5P 1blILip, | £ 22,
where C is independent of § and j.

Proof. Without loss of generality, we may assume that ||b||Lip, = 1. Taking a C5°(R") radial function ¢
with supp C |1 < x| <2} and ¥,, #(27'x) = 1 for any |x| > 0. Let ¢o(x) = Y. #(27'x) and
¢1(x) = (27 x) for positive integers /. Let K5 ;(x) = msv j(x), the inverse Fourier transform of m ;.
Split K5 ; into

Ks.j(x) = K5 j()po(x) + > Ks j(x)u(x) =: Y K} ;(x).
=0

=1

Note that [, #(n)dn=0and

KL, =2" [ msje=03Cydy= [ mst =205 dy.

Thus,
IKS Nl < ||| Omsj(x=27"y) —ms j(x)p(y) dy
R)l LOO
_ ~ 2-7
< CA Vs jllue | 191G dy (&7
R)l
<CA2712ip e,
On the other hand, by the Young inequality,
K] Nl = 1Ky % @lle < 1Kl dull < CA277* min{s, 7). (2-8)
Therefore, by (2-7) and (2-8), foreach 0 <6 < 1,
1K e < CA2120~imin(s! ¢, 5=1-0)8), 2-9)
Then, from (2-8), (2-9) and the Plancherel theorem, we get
1Y fllz2 < CA27* min{s, 8P} £l 2 (2-10)
and
175 ; fllz2 < CA272€ = min{s'~? 6~ =P} £ 2. (2-11)

Now we turn our attention to [b, Tal il the commutator of the operator TSZ ;- Decompose R”" into a grid
of nonoverlapping cubes with side length 2!. That is, R" =52, Q. Set fs = fxo,; then

f) =Y fialx) forae xeR"

d=—00
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It is obvious that supp([b, TBI’ j] fa) C 2n Qg4 and that the supports of {[b, TBI’ j] fd}+°° have bounded

d=—00
overlaps. So we have the almost orthogonality property

o
16, 75 j1f 7. <€ > b T 1 full -

d=—00

Thus, we may assume that supp f C Q for some cube with side length 2/. Choose ¢ € Co°(R™)
with 0 <¢ <1, suppep C 100nQ and ¢ =1 when x € 30n Q. Set é =200nQ and b= (b(x) —b@)(p(x);
then

I, T5. 1 2 < Y Wb, T3 1S M2 < Y NBTS  flle+ Y TS ;B )2 =: L+ L.

=0 >0 =0

For I;, we have

L) BTy flle < C 2 2 bl ITE £l 2

>0 >0

Take 6 such that @« < 6 < 1 in (2-11); then, by (2-10) and (2-11),

I < C(sznT;,-fan +Zz’“||T,s’,,-f||Lz>

I<j =3

< CA(Zz(’—D“ min(8, 677} + ) 20 min(s' 7, 5—5(1—9>})||f||L2

I<j =3
<CAmin{8'?, 720D |l 2.

where C is independent of §. Similarly, we can get

L < CAmin{8'~?, s P0=9}| f]|,2.
Thus
b, Ts. j1f 1,2 < CAmin{8*, §7P*}|| £l 1

with0 <A =1—-6 <1 and C independent of é. U

Proof of (2-1) in Lemma 2.1. For j € Z, define the operator 7; by T; f = K; * f, where K;(x) =
(") /1xX1") x (27 <xj <2041} (x). Since € L®(§"~1), for some 0 < B < 1 we have

IK;(8)] < ClIQ =277 min{|27&| 7P, |27¢|)

(see [Duoandikoetxea and Rubio de Francia 1986, pp. 551-552]). A trivial computation shows that
V)] < ClIQ0I1i20797. Set

mi© =K@, m©=m;©e@ 6.
Define the operator le by ff?(é ) = mé (&) f(£). Thus m§ € C°(R") with

lm) e < ClIQN =27 min{2™#, 2"} and V'l ~ < C||QI~2" "%, (2-12)
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Thus Lemma 2.4 with § = 2! and I,,(BMO) C Lip, for 0 < o < 1 says that, for some constant 0 < A < 1,
I, T{1£1lz2 < ClIQU | D*bllgmo min{2 =, 2| 2, L eZ. (2-13)
By the Plancherel theorem, we get
IT!fllz2 < ClIQ =277 minf27P, 2'}(| £l 2. (2-14)
For any j, [ € Z we may write
b, Si— T} S1-j1f = b, ST} Si—j )+ Si—j (b, T1Si— f) + Si—; T} (1, Si—1).

Then

Vifllz < +

L2

+
L2

> S (b. TS f)
jez
=5L+5L+15

D ST (b, Si-j11)

jez

D 1b. ST Si-1f)

jez

L2

Below we shall estimate I; for i = 1, 2, 3. By Littlewood—Paley theory and (2-13), we get

1/2
I < (Z 2 T?](Szjf)||§2)

jez 12
< C[|L| L~ min{2 ¥, 2”}||D“b||BMo(Z 1S;- ,-f||iz)
jez
< |||z~ min{2~ P, 2} D*Dllgmoll £l 2 (2-15)

Now we estimate /,. By (2-14) and Lemma 2.3, we get

1/2
I < (Z I} (b, Sz_jmniz)

jez

_ 1/2
< C||Ql| o minf2~F+, z<‘—“>’}(222”||[b, Sj]fniz)
jez

< C||]| e min{2~ P+ 20O DD grio | £11 2. (2-16)
Finally, by duality and (2-16) we get
I3 < C|| L min{2~ #0200y D |igyio || £1] 2. (2-17)
It follows from (2-15)—(2-17) that, for some constant 0 < 7 < 1,
IVifll < ClIQ2" M Dbllsmoll £l 2 for I €Z.

This completes the proof of (2-1). Il
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Proof of (2-2) in Lemma 2.1. Since TJ =T;§,—j forany j, I € Z, we may write

[, Si—; T} S1-j1f = Si—j (b, TS?; )+ Si—; T (b, S7_ ;1) + b, S 1(T; S f).

Thus,
WViflle < | DS b. TISE 0| + [ D S Tib, ST 10|+ | Db, S 1T St
jez Lr jez Lr jez
=: L1+ Ly+ Ls.

Below we shall estimate L;, i =1, 2, 3. It is well known that, for any g € L?(R"),

I[b, Tjlg(x)| < Cllb|Lip, Mag(x),
where

Mgqg(x) —Sup— |2(x —y)Ig(y)|dy.

r>0 |[x—yl<r

From this we get, for 1 < p < oo,

(g

jez

(2’

jez

= ClIQII 1 [1P1ILip,

LP LpP

Then, by Littlewood—Paley theory and since /,(BMO) C Lip, for 0 <« < 1, we have

1/2
L < CU(Z b, TS )

jez

< ClQ| . IID*bllsmoll flI -
Lr

For L,, by a similar proof to that of [Chen and Zhang 2004, (1.13)], we get

H(Zw 1l )1/2 (Zwamz)l/z

JjezZ jez

=ClLlp

L? Lp

Then, by Littlewood—Paley theory and the above inequality, we get

12
Ly < CQllp <Z|D”[b,Sf_j]f|2>
jez Ly
1/2 1/2
< ClQll (Z I[b. D“]Sfmz) +ClIQl (Zub, D“Sfj]fﬂ)
jez Le jez Lp
Note that the kernel of [b, D%] is
b(x) = b(y)
K(x,y) =)~

| |n+a ’

where n(«) is some normalization constant (see [Stein 1970]). Since K (x, y) is antisymmetric, WBP
is satisfied automatically. Also [b, D¥]1 = D“b € BMO so, by the T'1 theorem (see [David and Journé
1984)), [b, D] is bounded on L?(R"). It is easy to verify that K (x, y) is a standard kernel; then, by
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the Calderén—Zygmund theorem (see [Grafakos 2004]), we get that [b, D] is bounded on L? (£?(R")).
Combining this with Lemma 2.3, we get

(D&fﬁ)m ,

jez
<l ID*blsmoll flILr,

) _ 1/2
(Z 27 [b, S,-]f|2)

jez

Ly < ClIQl1 1 D“bllBMO

+ ClIS2 1
P Lp

where § ; is the Littlewood—Paley operator given in the transform by multiplication with the function
27TE|*p2 (27T ). By duality and the estimate of L,, we get

Ly < C27|Q|I .1 1 D*Bligmoll £l e -
Combining the estimates of L, L, and L3, we get
IViflliLr < CIKLUI L IID*DllBmoll flILr  for I € Z.

This completes the proof of (2-2). (|

3. Proof of Theorem 1.5

In the proof of Theorem 1.5, for j =1, ..., 15, A; is a positive constant depending only on 2, n, p, o, A
and A;, 1 <i < j. We may assume ||[b, To]||1r+_ p» = 1. We want to prove that, for any fixed xog € R"
and r € Ry,
),
= |b(y) —aoldy < A(p, 2, a, 1), (3-1
|B(X0, r)|1+a/n B(xo,r)
where ay = | B(xo, r)|_1fB(x0 " b(y)dy. Since [b — ag, T, ] = [b, T, ], we may assume ag = 0. Let

S(y) = (sgnb(y) — co) XB(xo.r) (¥), (3-2)

where co = (1/|B(xg, r)]) fB(xo,r) sgnb(y)dy. Then f has the following properties:

Fb(y) >0, (3-4)
1
1B(xo. [ ern /Rnf(y)b(y) dy=M. (3-5)

Without loss of generality, we may assume that |Q2(x) — Q(y)| < |x’ — /| for all x’, y’ € §"~!. Since Q
satisfies (1-1) or (1-2), there exists a positive number A; < 1 such that

o(A)=o({x' €S Q1) = 24,}) > 0, (3-6)
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where o is the measure on "' which is induced from the Lebesgue measure on R". Then, for
xeG={xeR":|x—xo| > Ayr = RQA;'+ 1)r and (x —xp)' € A},

b, To 1 f (X)| = /RnQ((x—y)/)lx—yl_”_“b(y)f(y) dy'—lb(X)l‘/IR Q=X =y f(» dy

=: 11 (x) — Ix(x).

For I (x), noting that if |y — xo| < r, we get |(x —x0) — (x — y)'| < 2|y — xo|/|x — x0| < Ay, then, since
Q e Lip(§"1), we get Q((x —y)’) > A;. Thus it follows from (3-4) and (3-5) that

I (x) > Ay / b)) FMy —x|™""%dy > Asr" T M|x — xo| " Y.
B(xo,r)

Since Q2 € Lip(S"_l) and by (3-3), we have

Q@ —y)) _ Rx—x0))
=y = ol

dy < Agr" b ()] |x — x| "

L (x) < [b(x)] If(y)l‘

B(xo,r)
Let6 =p/(n(p—1)+ pa+A) and

AsMro!

F:{xeG:lb(x)|> A

|x —xo| and |x — xg| <M6r}.

This gives that /;(x) > 2I5(x) when x € (G\ F)N{x : |x —xo| < MPOr}. Then we have
b, T1f ()| = I1(x) — L(x) = 111(x)  for x € (G\ F)N{x :|x —xo| < Mr}.

Hence,

1A, o = 1B, TR F 0

=3
Z [[b, Tyl f (x)|P dx
MO |x—xo|<M?r “
> ;/ (1A3Mr0l+n|x_x0|—n—a)pdx
= MO J G\l —xo <Mor)
1 / .
2— _A3Mr01+ﬂ|x_x0|—n—ol pdx
M r* {A5(|F|+(Bzr)")l/”<|x—x0|<M9r}ﬂG(2 )

+ Mm?
_ o(A) (ASM”a n)P/ ' M p=D=pa=1 4,
MO\ 2 ASF I (Aaryn)

O_(A) (%B3Mra+n)l7

= AP (n(p = ) = pay (M) = AG(IF 4 (Agr)) T mmIT),

Then, by || fllrr <C r=1/P and an elementary computation, we have
(|F|+ (Azr)n)*(Pfl)*P“/" < A7(M9(*H(P*1)*P0l) + MQ}»*P),.*"(P*I)*P“‘
Since A = p/0 —n(p — 1) — pa, we get

(|F|+ (Azr)”)—(P—l)—pa/n < AgMe(_"(p_])_p“)r_"(p_l)_pa.
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Then we have
|F| > AgM?"r" — (Ayr)".

If M < 2A5' A7)/ then Theorem 1.5 is proved. If M > (2A5 ' A"/ 6 then
9 A2 p 9 A2
|F| > $AgM?"r". (3-7)

Now let g(y) = XBx.r) (¥). For x € F,

(b, To g (x)| = [b(x)]

Q oY
/ ((x—n);)a)g(Y) dY‘ —/ 1Q((x =)D x =7 |b(y)| dy
B vl B(xo,r)

(xo.r) X —
=: K] - Kz. (3'8)

For y € B(xg, r) and x € F we have that |x —xo| =~ |x — y| and Q((x — y)") > A;. Now, regarding K1, it
follows that

Ky > C|b(x)] lx —y|7""%dy = Aolb(x)]|x — xo| " " (3-9)
B(xo,r)

For K>, since Q € L>®(5"~1), we have

K>, <Clx —xol_n_a/ Ib(y)|dy < Arp]x —xo| " %"t M. (3-10)
B(xo,r)

So, by (3-8)—(3-10) and since |b(x)| > (AsMr®/(2A4))|x — xo|/r when x € F, we get, for x € F,
|[b, To1g ()| = Apalx —xo ™" ™ M — Ay |x — xo ™" M. (3-11)
Since || gl pr < Cr=2/p, by (3-11) and Holder’s inequality we have

Ar PP > I, Tolgll oo

1 1/p
> I[b, To,]g(x)|pdx)
((1‘407'))L -/{.iAé/"M“’r<x—xo<M9r}

|[b, To)g(x)| dx

1
2 9 A‘ / /
(M I") /p+n/p Fﬂ{%A;/nMGr<|x—x0|<M‘9r}

M’,.n-‘ra—l
ZAlsz lx —xo|' "% dx
(MOr)r/pEnip Fﬂ{%A;/”M(’r<\x—xo|<Mﬁr}
e
—n—a
vy |x — xo dx
(MOr)* ptnlp Fﬂ{%A;,/nMgr<|x—x0|<M"r}
= L1 — L2. (3—12)

To estimate L and L,, we first prove that
|FN{1Ay" MPr < |x —xol < MOr}| = LAgM®"r". (3-13)
Let
F=(Fn{ A" Mr <|x —xol < MOr}) U (F 0 {lx —xol < 45" M°r}) =: E; UEs.
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Notice that
|Eal < |{x: bx —xol < §Ay"Mr}| < (3)"AoM""r".

If |E1| < ;AoM?"r", then
|F| = |E1|+|Ea| < JAoM™r" + (1) AoM™"r" < $ AgM®"r".

This contradicts |F| > %AgMG"r”. This proves (3-13). Now we turn to give the estimates of L and L.
Since |x — xo| < M?r and by (3-13),

n+a—1
1 41/n 5.0 0 0 Nl—-n—a
L]ZA]Z|FH{§A9 Mr<|x—x0|<M r}|W(M r)
MOU—)+1,.(=0)/p
Z A G G-19
For L,, we have
I, <A I”n+aM / | |—n—ad
22 AT T X — Xo X
(M@r))»/p-i-n/p Fﬂ{%Aé/”M9r<|x—x0|<M9r}
angt [ =l " d
<A ; X — X0 X
(MGr))»/p-i-n/p {%Aé/"M9r<|x—x0|<M9r}
r(n—)»)/le—on
< A1S @G Tl (3-15)
Now (3-12) and (3-14)—(3-15) show that
M
0(l—a) _ —ab _
Az = (AuM AisM )MO(A/Hn/p’)'
Since 6 = p/(n(p — 1)+ pa+ A1),
MOCIp+n/p) — ppl=pa/@(p=D)+pa+i) _ prl-ad
Thus, we get
Az > AuM? — Ass.
Therefore, M < A(p, @, , A) and we complete the proof of Theorem 1.5. Il
4. Proof of Theorem 1.8
As in the proof of Theorem 1.8, let A;, j =1, ..., 14, be positive constants depending only on £, n, «

and A;, 1 <i < j. Without loss of generality, we may assume that ||[b, T, ]||11_ 1.0 = 1. For any fixed
xo € R" and r € R4, we also set ag := | B(xo, r)|*1fB(x0’r) b(y)dy =0since [b —ag, Ty] = [b, T ). It is
our aim to prove the inequality

1

M=—— b)) dy < An, Q. a).
|B(xo, r)[1+o/n /Buo,r) YNy
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Let f be as defined in (3-2) and A be as defined in (3-6). Take

={x eR":|x —xo| > Aor = QA] '+ D)r and (x —xp)’ € A}.
Then for x € G we have

b, To1f () = [To (Df) ) = [b() [ To f ()]

=: 11 (x) — L(x).

Similar to the proof of Theorem 1.8, we get

I1(x) > Asr"™ M M|x — xo| "%

and
L(x) < Aar"b(x)] Jx —xol "4
Let
F= {x €G:|b(x)| > %u — x| and |x —xo| < Ml/("+°‘)r},

Then we have |[b, T,1f (x)| = 11;(x) when x € (G \ F) N {x : [x — xo| < M"/@+)r}. Thus,

1l = f dx
{xeR™:|[b,Ty] f(x)|>1}

/ dx
(G\F)N{|x—x0| <M+ r}n{|[b, T, 1 f (x)|>1}

v

v

dx
(G\F)N{|x—xo| <MY "+ r}N[ Az Mro+n|x —xo|~"—%>2}

v

dx
{Ac(|F|+(A2r)M)/n <|x—xo|<As M/ () riNG

Ale/(nJroc)r
”‘1dt/ do (x)).
Ag(|F|+(Aryml/n A

Since || f|lz1 <r", we then have
|F| > AgM™ "0 — Agr™,
If M < (243A5 1)@ +/" then Theorem 1.8 is proved. If M > (2Ag A7) *+®)/" then
|F| > %A7M"/(n+(x)rn‘
Now, let g(¥) = xB(xy.r» (). Similar to (3-11) in the proof of Theorem 1.5, for x € F' we have

(b, Tolg(X)] = Aglx — xo|" ™" *r" ™I M — Ajglx — xo| ™" *r" M.

1515

/ sz((x—y)/nx—yr”—“b(y)f(y)dy'—|b<x>|‘ fR Q=) dy

(4-1)
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Since ||g||;1 < Cr", we have

A= Nl = [ ar= | dx.
{xeR":|[b,Tylg(x)|>1} Ffx:x—xo|>(2A10/A9)r}n{xeR":|[b, Ty 1g (x)|>1}
For |x —xo| > (2A10/A9)r,
1 l-n—a_ .n+a—1
I[D, Telg(x)]| = 5 Aglx — xol r M.
Thus,
Apr” 2/ dx
FN{x:|x—x0|>(2A10/Ag)r}N{xeR":(Ag/2)|x —xo|' " ~¢rnte=1 1> 1)
2/ dx
FN{x:|x—x0|>2A10/A9)r}N{xeR":|x —xo| <Ay M/ (1ta=Dp}
= / dx. (4-2)
{xeF:A13r<|x—xo|<ApMV@ta=Dy}

IfM< (A13/A12)"+“*1, then we have proved Theorem 1.8. If M > (A13/A12)”+°‘*1, then
/ dx :f dx —/ dx
(xeF:Aj3r<|x—xo|<ApM1/(nte=Dyy {(xeF:|x—xg|<AjpMV/(te=1p) {xeF:|x—xo|<A3r}
= K] - KQ. (4'3)
IfM< A1_2(”+a)("+a_l), then Theorem 1.8 is proved. If M > Al_z("+a)("+a_l), we have

A12M1/(n+ot—l) > p /)
By (4-1), we get

KIZ/ dx:/dXZIFIZ%A7M"/("+“)r”
(xeF:|x—xo| <MV (te)p} F

K> S/ dx < A14r".
{xeF:|x—xo|<Ai3r}

Combining these estimates, from (4-2) and (4-3) we get

and

Ay = A MM — Ay
Then M < A(n, 2, a). O
5. Proof of Theorem 1.11

Let
_ Qx—y)

k(x,y) = m(b(x) —b(y)).

Proof of (i) = (ii). Suppose that, for some 1 < p < oo,

1D, T flle = CILfllLr; (5-1)
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then, by Theorem 1.5 for A = 0, we must have b € Lip,,. If @ € Lip(5"~!) and b € Lip, (R"), there is a
constant C > 0 such that, for all x, x9, y € R” with 2|x — xo| < |y — x|, the kernel k(x, y) satisfies the
inequality

lk(x, y) —k(xo0, Y)| < Clx —xol*[y —x|7""%. (5-2)

Applying (5-1) and (5-2), by using a Calderén—Zygmund decomposition and a trivial computation, we get
1D, Talfliree < CllLf - O

Proof of (i1) = (iii). Suppose that [b, Ty] is bounded from LY (R") to L1 (R"); then by Theorem 1.8 we
must have b € Lip,,. So k(x, y) satisfies (5-2). For fixed x € R", pick a cube Q = Q(xo, ) that contains x.
Let f = fi+ f2, with fi = fy,, and f2 = fy, .. We select a = [b, Ty ] f (x0) and let 0 < & < 1; then

L s o) (] NV
b, Ta - d =\ 1 b, T, — d
(g [ e maror —iarlas) = (g [ 5.7 =at'ay)
1 5 s
= b, T d TNl b, Ty —aldy.
_<|Q|/Q|[ 1A y) +|Q|fQ|[ 1f2(y)—aldy

Since [b, Ty]: LY (R") — LY (R") and 0 < § < 1, Kolmogorov’s inequality [Garcia-Cuerva and Rubio de
Francia 1985, p. 485] yields

1 18
(—fl[b, Ta]fl(y)l‘sdy) <— [ 1fiWldy < CMf(x).
101 Jo O] Jrn

By (5-2), it is easy to get
1

10l

Combining these estimates, we get, for any fixed x € R”,

f b, To1/f2(y) —aldy < CMf(x).
Q

(ME(I[b, Tu1£19)"° (x) < CMF ().

Applying this inequality we get, for 1 < p <ocoand 0 < A < n,

1/8

| (M3 (b, Tul £19)) [ s = | (MF (15, Tl £19)) ]

(see [Chiarenza and Frasca 1987]). On the other hand,

Los SCIMS s < Cllfll oo
1/8 1/8
1B, Tul £ll e = Wb, T FIPNY25, < | M1, T1 F1P) |-
Combining these estimates, we get
b, Tl fllLos < CILF L. O

Proof of (iii) = (iv). Suppose that [b, T, ] is bounded on L?**(R") for some 1 < p < oo and 0 < A < n;
then, by Theorem 1.5, we must have b € Lip,. So k(x, y) satisfies (5-2). Let f = fi + fo, with fi = f,,,
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and f = fy,, For any cube Q = Q(xo, 1),

|Q|/|[b TfO) — by Tal £ (xo)| d

=—/|[b, Ta]f1<y>|dy+—/|[b T f(3) — b, Talf (xo)| dy.
01/, 0

By Holder’s inequality and since [b, T,] is bounded on L?**(R"), we get

1/p 1 1 1/p
I[b, Ty ] fl(y)lde) < ——> Ssup (—/ |f(y)|1’dy)
<|Q| / re=2Ir o vere \* J 0(e.0M20(0.r)

= oI e < ClL S Dl

By (5-2), it is easy to get

o [ 16 T 200~ 0. Tl o) dy = ClF o
01 Jo

Combining these estimates, we get

(b, Tal fllBmo =< ClI f I Loe- O

6. Proof of Proposition 1.12

Denote by %,, the spaces of spherical harmonics of degree m and let d,, = dim %,,. If Q@ € L2(5"~")
satisfies (1-1), then we can write

dl)’l
Q=D > am Y i),
m>1 j=1

where {Y,, j}?i | denotes the normalized orthonormal basis of ¥, (see [Calderén and Zygmund 1978] or
[Stein and Weiss 1971]). Then

By [Chen et al. 2003, p. 528], we have
Y j DT ONE) 2 m ™2 E Y (8)).
Then we get

dm
To fE) 2 €YD m™ 2y, ¥, &) f&).

m=>1 j=1
Using this, we get

dp
LT fE) =YY m™* %, ¥, ;) &)

m>1 j=1
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Let
dl?l
QEY =D m T Y (€.
m>1 j=1
It is easy to verify that 2 satisfies (1-1) and
dl}l
SN im T g Y 112 gaer, < 00
m>1 j=1

Then by [Stein and Weiss 1971, Theorem 4.7, p. 165] there exists a function K (x) = EZ(x’) /1x|" such
that K (&) = Qp(&) in the sense of principal value, where Q satisfies (1-1). Therefore, we get that

Tf(x) =IaTy f(x) =p.v.(K* f(x))

is a singular integral operator. In fact,

dp
5()6/) = Z Zm_aam,jym,j(x/)’

m>1 j=1
and

d
SN2 2 - 2
120172 (g0-1) = > > m™(map,j)* < 0.

m>1 j=1

This says that, for 0 < o < 1 and any operator T, defined by (1-3) with Q € L2(5"~!) satisfying (1-1),
there exists a singular integral operator 7" defined by (1-4) with Qe L2 (8" ") satisfying (1-1) such that
T, = D*T. Conversely, for any fixed singular integral operator 7" with Qe Lé(S”_l) satisfying (1-1),
there exists an operator T, with Q € L2(S" 1 satisfying (1-1) such that 7, = D*T. Il
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