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THE FINAL-STATE PROBLEM FOR THE CUBIC-QUINTIC NLS
WITH NONVANISHING BOUNDARY CONDITIONS

ROWAN KILLIP, JASON MURPHY AND MONICA VISAN

We construct solutions with prescribed scattering state to the cubic-quintic NLS

(i0; + MY = a1y —as|Y Py +as|y|*y

in three spatial dimensions in the class of solutions with | (x)| — ¢ > 0 as |x| — oco. This models
disturbances in an infinite expanse of (quantum) fluid in its quiescent state — the limiting modulus ¢
corresponds to a local minimum in the energy density.

Our arguments build on work of Gustafson, Nakanishi, and Tsai on the (defocusing) Gross—Pitaevskii
equation. The presence of an energy-critical nonlinearity and changes in the geometry of the energy
functional add several new complexities. One new ingredient in our argument is a demonstration that
solutions of such (perturbed) energy-critical equations exhibit continuous dependence on the initial data
with respect to the weak topology on H.!.

1. Introduction
We study the cubic-quintic nonlinear Schrédinger equation (NLS) with nonvanishing boundary conditions

in three space dimensions:

(i0: + M)y = oy —a3|¥|?y +as|y|*y,  (1,x) e RxR?,
v (0) = vo.

We consider parameters o, @3, &5 > 0 so that oz% —4a105 > 0, which guarantees that the polynomial

1-1)

o] —a3x + asx2 has two distinct positive roots rg > r12 > 0. The boundary condition is given by
lim |y (t, x)| = ro. (1-2)
|x|—00

The choice of the larger root guarantees the energetic stability of the constant solution; it constitutes a
local minimum of the energy functional (1-7).

Equation (1-1) appears in a great variety of physical problems. It is a model in superfluidity [Ginzburg
and Pitaevskii 1958; Ginzburg and Sobyanin 1976], descriptions of bosons [Barashenkov et al. 1989] and of
defectons [Pushkarov and Kojnov 1978], the theory of ferromagnetic and molecular chains [Pushkarov and
Primatarova 1984; 1986], and in nuclear hydrodynamics [Kartavenko 1984]. The popularity of this model
can be explained by its simplicity combined with the fact that it captures an important phenomenology:
the constituents of most fluids experience an attractive interaction at low densities and a repulsion at high

MSC2010: 35Q55.
Keywords: final-state problem, wave operators, cubic-quintic NLS, nonvanishing boundary conditions.
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1524 ROWAN KILLIP, JASON MURPHY AND MONICA VISAN

densities. The recent paper [Killip et al. 2014] focuses on the analogous problem with data decaying at
infinity, which constitutes a model for the dynamics of a finite body of fluid; the model (1-1) describes
the behavior of a localized disturbance in an infinite expanse of fluid that is otherwise quiescent.
By rescaling both space-time and the values of ¥, it suffices to consider the case rg =land as = 1.
This leaves one free parameter
yi=1-rf€(0,1), (1-3)

in terms of which equation (1-1) becomes

(0 + M)y =(y¥P=D(y > -1+ ), (1-4)
¥ (0) = o,

with the boundary condition
lim ¥ (¢,x) =1. (1-5)

|x|—00
As discussed in [Gérard 2006] (albeit in the context of the Gross—Pitaevskii equation), finite energy func-
tions obeying (1-2) have a unique limiting phase as |x| — oo, which we can normalize to be zero, yielding
(1-5). Furthermore, the dynamics of (1-1) preserve the value of this phase, so that the boundary condition
is independent of time, as well. This breaks the gauge invariance of (1-1) and prohibits using a phase
factor to remove the linear term in this equation. The presence of the linear term leads to weaker dispersion
at low frequencies, which presents a key challenge in understanding the long-time behavior of solutions.
We are interested in perturbations of the constant solution ¥ = 1, and thus it is natural to introduce the
function u = uj 4+ iu, defined via ¥ = 1 4 u. Using (1-4), we arrive at the following equation for u:
(@0; + A)u—2yuy; = N(u), (1-6)
u(0) = uy,
where N(u) = thz Nj (u), with
Nao(u) = By + 4)u? + yu3 + 2iyujus,
N3() = (v +8)ui + (v + Duruz +i[(y + Duuz + yu3l,
Na(u) = 5uf + 6uiuj +us +il[4ujus + 4uiu3),
Ns(u) = [ul*u = u3 + 2ujud + usuy +ifufuz + 2utus +uj).

The Hamiltonian for (1-4) is given by

B =y [ 1VvPdr+ X [ qwP-vtareg [ qP-niana)

Introducing the notation
q(u) = |y 1> =1 =2u + |uf,
we may write
2yur + N(u) = [yq@) +q)*)(1 +u)
and
E(1+u)=l/ |Vul|? dx+Z/ q(u)zdx+l/ q(u)3 dx. (1-8)
2 Jp3 4 Jm3 6 Jp3
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In the sequel we will write £ (u) for E(1 4+ u); when there is no risk of confusion we will simply write
q(u) = gq. Note that g represents density fluctuations relative to the constant background. The quantity
[ q(t. x) dx, which represents the total surplus/deficit of matter relative to the constant background, is
conserved in time; in this work we do not rely on this conservation law.

Well-posedness in the energy space. We define the energy space for (1-6) to be

E:={ue HI(R?) :q)e L3([R?)}, (1-9)
with associated metric
[de(u,v)]* = |lu— vlliﬁ + llg(u) —q(v)lli)zc,

and we let ||u||¢ := dg¢(u, 0) denote the energy-norm.

To justify our choice of energy space, we first note that functions with finite energy-norm have finite
energy. Indeed, using Sobolev embedding and the fact that (L3 + L8) N L2 C L3, it is not hard to see
that if u € £ then g(u) € L3, and so | E(u)| < co. In fact,

|E@)| < el + )3

On the other hand, in Lemma 3.1 we will show that for y € [% 1), functions with finite energy have
finite energy-norm. When y € (O, %), the energy is not coercive unless we impose an additional smallness
assumption (see Lemma 3.2).

When the energy is not coercive, there is no unique candidate for the name “energy space”. The authors
of [Killip et al. 2012] worked with the following notion of energy space:

Ekopy := {u € HI(R*) N LE(R?) :Reu € LZ(R?)}.

Note that Ekopy C £. In the same work, they also proved that (1-6) is globally well-posed for data
ug € Egopv; in particular, solutions are unconditionally unique in C(R; Exopv).

In Section 3, we prove global well-posedness and unconditional uniqueness for (1-6) in the energy
space £ (see Theorem 3.3). As in [Killip et al. 2012; Tao et al. 2007; Zhang 2006], our approach is to
regard the equation as a perturbation of the defocusing energy-critical NLS

(i9; + A)u = |u|*u, (1-10)

which was proven to be globally well-posed, first in the radial case and then for general data in the
celebrated papers [Bourgain 1999; Colliander et al. 2008]. Proving well-posedness for a Schrodinger
equation in three dimensions that contains a quintic nonlinearity requires control over the H ; -norm of the
solution. As the energy (1-8) is not necessarily coercive for y € (0, %) conservation of the Hamiltonian
does not supply the requisite a priori bound. To resolve this issue we will require that both the energy and
the kinetic energy of the data are small when y € (O, %)

Statement of the main result. The stability of the equilibrium solution ¢ = 1 to (1-4) is equivalent to
the small-data problem for (1-6). In this direction, there are two natural problems to consider, namely,
the initial-value and the final-state problems for (1-6). For the former, the question is whether small and
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localized initial data lead to solutions that are global and decay as |¢| — oco. For the latter, the question is
whether one can construct a solution that scatters to a prescribed asymptotic state. In this paper we prove
two results related to the final-state problem. We will address the initial-value problem in a forthcoming
work.

To fit (1-6) into the standard framework of dispersive equations it is convenient to diagonalize the
equation. Setting

U=|V(V)™! and H=|V|(V), with (V):=2y—A and |V|= (—A)%,
we arrive at the following equation for v := Vu :=u; +iUus:

(id; — H)v = Ny(u) := U Re[N(u)] + i Im[N (u)],

1-11
v(0) = Vuy. ( )
Note that ujiy(¢) := V"Ye H Vi, solves the equation
(id7 + A)ugin — 2y Reuyy, =0 with w43, (0) = uy; (1-12)

this is the linearization of (1-6) about u = 0.
Our main result in this paper is the following theorem:

Theorem 1.1. Suppose y € [% 1). Foranyuy € Hrleal +i Hrleal, there exists a global solution u € C(R; £)
to (1-6) such that
lim [[u(?) —uin ()| g1 = 0, (1-13)
t—>o0 X

where un(t) := V" le "MV y . Moreover, we have modified asymptotics in the energy space, in the
sense that this same solution u obeys

Jim de ((t), win(6) =y (V)2 rin (1)) = 0. (1-14)

In the case y € (O, %), both conclusions still hold if additionally ||u + ||H‘,1+iH‘,1 is sufficiently small.

Remark 1.2. The hypotheses on u are not sufficient to guarantee that uji,(f) € £ at any time ¢;
correspondingly, one cannot hope to say that u is close to uj, in the energy space. Nonetheless, (1-13)
does show that the modification in (1-14) only plays a role at very low frequencies. Indeed, simple
computations show that the modification can be omitted, for example, when 1 is a Schwartz function.

We do not guarantee uniqueness of the solution ¥ in Theorem 1.1. Later, we will show uniqueness
within a restricted class of solutions u for suitable scattering states #; see Theorem 1.4 and Corollary 1.7
below.

Discussion of relevant past results. To give proper context to our work, we need to discuss prior work
of Gustafson, Nakanishi, and Tsai [Gustafson et al. 2006; 2007; 2009] on the Gross—Pitaevskii equation

(9 + M)y = (Y|> =Dy,
¥ (0) = vo, (1-15)
lim (¢, x)=1.

|x|—o00
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Note that unlike in (1-4), the cubic nonlinearity here is defocusing. Writing ¥ = 1 + u, this equation
preserves the energy

1 1
Egp(u) = 3 /R3 |Vu|? dx + Z/R? qu)? dx. (1-16)

In contrast to (1-8), this energy density is lacking the sign-indefinite ¢ (u)3-term. Correspondingly, the
energy is coercive and the nonlinearity is energy-subcritical.

The final-state problem for the Gross—Pitaevskii equation was addressed by Gustafson et al. [2007;
2009] in two and three dimensions and in [Gustafson et al. 2006] in higher dimensions. They also
considered the initial-value problem in dimensions d > 3 in [Gustafson et al. 2006; 2009].

The jumping-off point for Theorem 1.1 is an analogous result appearing in [Gustafson et al. 2009]
for the Gross—Pitaevskii equation, which in turn builds on earlier work of Nakanishi [2001] on the
(gauge-invariant) NLS. As our strategy is modeled closely on his, it is worth discussing in detail the
following result:

Theorem 1.3 [Nakanishi 2001]. Given u4 € HY(R?) and % <p< %, there is a solution to
(0 + Au = |u|Pu (1-17)
that obeys e~ "Au(t) — ug in HY(R3).

Sketch of proof. Nakanishi first defines solutions u” to (1-17) with u” (T) = e!T2u, . As the problem is
L%—subcritical, these solutions are easily seen to be global with uniformly bounded H ; -norm (even in
the focusing case).

By writing (1-17) in Duhamel form and exploiting the dispersive estimate (2-2), it is not difficult to
show that for each ¢ € C2° (R3), the collection of functions

{t (g, e ®ul (1)) : T eR) (1-18)

forms an equicontinuous family on a compactification R U {00} of the real line. In particular, each such
function has limiting values as t — +o00. Applying Arzela—Ascoli and the Cantor diagonal argument
(H! is separable), one can find a sequence 7, — oo and a function u® € L H} so that

et Ay T (t) — e_itAuoo(t) weakly in H; for each t € R.

This construction guarantees that ¥ has two further properties. First, the function ¢ > e /23 (¢) is
weakly H!-continuous on R U {#00}, that is, when H. is endowed with the weak topology. Secondly,
for any ¢ € C2°(R?),

(@, e 2uTn (1)) —> (¢, e "Bu™ (1)) asn — oo, uniformly in ¢ € R.

Using these properties it is elementary to verify that e 77#44%(r) — u, as t — oo. This leaves two
obligations: firstly, one must show that u°° is actually a solution to (1-17) and secondly, one must upgrade
weak convergence to norm convergence.
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Due to the H ;—subcriticality of the nonlinearity, the Rellich—Kondrashov theorem allows one to show
that #® is a weak solution to (1-17). For this problem, weak solutions with values in H ; are necessarily
strong solutions and so we may conclude that #°° is a solution to (1-17).

Lastly, to upgrade weak convergence to strong convergence, one exploits conservation of mass and
energy and the Radon—Riesz theorem. For example, one may argue as follows: The quantity

2
F(u)::/ |Vu|? + ——u|P*? + |u|? dx (1-19)
R3 p+2

is conserved under the flow (1-17). Exploiting this, dispersion of the linear flow, and weak lower-
semicontinuity of norms, we deduce that

lim [le™"2u®0)]2, < F@™) < lim F™(0)) = lim F@™(T,) = llut|?,.
=0 x n—>00 n—>00 x

Given that e 724 () — u, we deduce that e ="y (¢) — u in H. O

In order to adapt this beautiful argument to the Gross—Pitaevskii setting, the authors of [Gustafson
et al. 2009] had to overcome two significant obstacles: (i) One needs to make the (conserved) energy
(1-16) associated to (1-15) play the role of F in the argument above. It is far from obvious that this has
the requisite convexity. (ii) The simple arguments used to prove equicontinuity of the family (1-18) no
longer work. This failure stems from lower-power terms in the nonlinearity combined with the fact that
energy conservation gives poor a priori spatial decay of solutions; while it guarantees ¢(u) € L2, it only
yields u; € Lfc and no better than u, € Lg. This is not sufficient decay to allow direct access to any of
the integrable-in-time dispersive estimates obeyed by the propagator.

The key to obtaining equicontinuity of the analogue of the family (1-18) in the Gross—Pitaevskii setting
is to exploit certain nonresonant structures in the nonlinearity that allow one to integrate by parts in time.
In implementing this approach, one sees that it is necessary to exhibit such nonresonance in both the
quadratic and cubic terms of the nonlinearity. Such a brute force attack is rather messy. The burden
can be significantly reduced by using test functions whose Fourier support excludes the origin. We will
demonstrate this (primarily expository) improvement over the arguments from [Gustafson et al. 2009]
in the proof of Proposition 6.2 below. One particular virtue of this approach is that it makes clear from
the start that the argument is inherently completely immune to the poor dispersion manifested by the
propagator (2-4) at low frequencies.

In [Gustafson et al. 2009], the authors exploit the quadratic nonresonant structure in a more elegant
way through the use of a normal form transformation

z=u1 +Q—=A)"Hu2l+ivV/-A/2—A)us. (1-20)

In this work they also observe (and then utilize) the further nonresonant structure at the cubic level (akin to
(6-30)). There is some flexibility in the choice of normal form that witnesses the requisite nonresonance;
however, the particular one employed in [Gustafson et al. 2009] has the dramatic additional benefit of
overcoming obstacle (i) described above. The necessary convexity of the energy functional becomes
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clearer when written in their new variables: with u and z related by (1-20),

Ep(u) = }|V2=Az|> + L |V=A7@= D) [u?|;. (1-21)

The virtue of this identity is best understood in the context of (6-8). Because the right-most term in (1-21)
is nonnegative, combining (1-21) with (6-8) yields

Tm 1|V2=Az0)7; = HV2= Az 7.

where z(¢) and z4 represent a particular solution and its putative scattering state, both in terms of the
normal form variable. This is just what is needed as input for the Radon—Riesz theorem.

Discussion of the main result. In order to prove Theorem 1.1 we will need to capitalize on all of the
ideas introduced in [Gustafson et al. 2009] to prove the analogous result for the Gross—Pitaevskii equation.
In particular, we will exploit a normal form transformation modeled closely on (1-20), namely,

z=M@u):=[ur +yQy— A" ulP]+iv-A/Qy - A)us. (1-22)

However, several new difficulties arise above and beyond those overcome in [Gustafson et al. 2009].
(i) The first group of new difficulties is associated to the presence of energy-critical terms in the nonlinearity.
(i1) The second group of difficulties stems from the shape of the energy functional.

(i) We begin by discussing the difficulties that arise from the energy-critical terms. As discussed earlier
in the introduction, we already need to give consideration to the energy-critical terms in the proof of
Theorem 3.3, which states that (1-6) admits global solutions for initial data in the energy space £. A
more significant challenge involves establishing a form of well-posedness with respect to the weak H )%
topology (see Theorem 4.1), as we will now explain.

In the argument of Nakanishi described above, it was used that weak limits (in the H topology
pointwise in time) of strong solutions to (1-17) are themselves strong solutions. In the subcritical case,
one sees relatively easily that such limits are weak solutions (via Rellich—Kondrashov) and can then
exploit earlier work (see [Cazenave 2003, Chapters 3—4]) showing that weak solutions with values in H ;
are strong solutions. In particular, solutions converging weakly to zero (in H!) by concentrating will
actually converge to zero in the space-time norms used to construct such solutions. In a similar way, we
see that increasingly concentrated parts of a solution (which will drop out under taking a weak limit) do
not affect parts of the solution living at unit scale.

These arguments break down in the presence of the quintic nonlinearity, which is energy-critical. In
particular, initial data that converge weakly to zero in H ; by concentrating at a point lead to solutions that
do not go to zero in the space-time norms needed for well-posedness. Correspondingly, highly concentrated
parts of a solution may have large norm and so, naively at least, have a nontrivial effect on the remainder of
the solution. Thus, it is not clear that weak limits of solutions should even be continuous in time! The key
to escaping this nightmare is to show that two parts of a solution have little effect on one another if they
live at widely separated scales. We will achieve this by employing concentration compactness techniques.

Before tackling the full equation (1-6), one should first ensure that one can prove that weak limits of
solutions are themselves solutions in the case of the energy-critical NLS equation (1-10). Questions of
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this type appear to have been studied before only in the case of the energy-critical wave equation [Bahouri
and Gérard 1999]. As there, we proceed by harnessing the full power of the associated concentration
compactness ideas. Specifically, one starts with a nonlinear profile decomposition and then further exploits
some of the decoupling ideas used in its proof. In this paper, we will implement this strategy in the setting
of (1-6); this is ample guidance for anyone seeking to reconstruct the argument for (1-10).

As a precursor to the nonlinear profile decomposition needed to prove that weak limits of solutions
to (1-6) are themselves solutions, we must first develop a linear profile decomposition adapted to (1-6);
see Proposition 4.3. Despite the fact that the linear equation underlying (1-6) differs from that underlying
(1-10), we are able to adapt the profile decomposition for the linear Schrédinger equation to our setting,
rather than proceeding ab initio. To develop the nonlinear profile decomposition, we need to construct
solutions to (1-6) associated to each linear profile. For profiles living at unit scale, existence of these
solutions (and all requisite bounds) follows from Theorem 3.3. Profiles whose characteristic length scale
diverges can be approximated by linear solutions on bounded time intervals and so require no special
attention. However, highly concentrated profiles require independent treatment; this is the content of
Proposition 4.5. There are two subtle points here: (a) Such profiles are merely H L "and so do not have finite
energy. (b) The characteristic time scale associated to such profiles is very short; thus, understanding such
solutions even on a bounded interval essentially requires an understanding of their infinite time behavior.

The nonlinear profile decomposition posits that the nonlinear evolution of the initial data can be
approximated by the sum of the nonlinear evolutions of its constituent profiles. This is verified by
demonstrating decoupling of the profiles inside the nonlinearity (see Lemma 4.7) and exploiting a suitable
stability theory for the equation (see Proposition 3.5). The latter requires certain a priori bounds, which
are shown to hold in Lemma 4.6. Once it is known that the nonlinear profile decomposition faithfully
represents the true solution, it is relatively elementary to complete the proof of well-posedness in the
weak topology, that is, the proof of Theorem 4.1.

This completes our discussion of the new difficulties (relative to [Gustafson et al. 2009]) associated to
the presence of energy-critical nonlinear terms.

(i) We turn to the second main group of difficulties mentioned above, which stem from the shape of the
energy functional. First, the lack of coercivity when y € (O, %) was discussed already as an obstacle to
proving global well-posedness. In this case, we restore coercivity by imposing a smallness condition on
the initial data.

As also discussed above, convexity of the energy functional plays a key role in upgrading weak
convergence to strong convergence in the argument of Nakanishi, via an argument of Radon—Riesz type.
The analogue of (1-21) for our equation is as follows: For z = M (u) as in (1-22),

EG) = SIV)212; + 31U, + [ o) dx. (1-23)

Unlike its analogue (1-21), this does not yield an inequality between the energy and the H.!-norm of z.
Indeed, the leading-order correction is the sign-indefinite term % / (u1)3 dx. Correspondingly, we will
need to be concerned with the structure of our solution u®°(¢) as t — oo to ensure that it does not
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contain surplus energy beyond that needed for its (putative) scattering state. Recall that ¥°°(¢) is merely
constructed as a weak limit of solutions 177 () defined by their values at ¢ = T},, which gives very little a
priori information on its structure.

The resolution of this dilemma is to prove a form of energy decoupling between the part of the solution
matching the scattering state and any residual part; see Lemma 6.3. Ultimately, this energy decoupling
shows that any residual part of the solution must converge to zero in norm, which in fact obviates any
explicit implementation of the Radon—Riesz-style argument described above.

Existence of wave operators. Recall thatin Theorem 1.1, we cannot guarantee uniqueness of the nonlinear
solution with prescribed scattering state. However, we are able to guarantee uniqueness under stronger
hypotheses. Specifically, for scattering states with good linear decay, we can guarantee that there is
only one nonlinear solution scattering to it with comparable decay. The decay of such solutions will be
measured in the norm

1
lullx, = sup 12 @)l 1.3 g3y -

Theorem 1.4. Fix y € (0, 1). There exists n > 0 so thatif uy € H. + iHrleal satisfies

real
IV=te ™ Vg |y, <. (1-24)
then there exists a global solution u € C(R; &) to (1-6) such that

: -1 _—itH _
tli>nolo lu(@)—V="e™ Vu"'”HrlaHriHl =0. (1-25)

real

Moreover u is unique in the class of solutions with ||u||x, < 4n for some T > 1.

Remark 1.5. The proof of this theorem gives a quantitative rate in (1-25), namely,

. 1
lu@ =V e  Vugligy i, S5 (1-26)

real

Remark 1.6. Writing uy,(¢) = y—le—itH Vuy, we note that uy € H!

real
guarantee that uy;, is uniformly bounded in the energy space £ for t > 1.

+ iHr}aa] and ”uhn“Xl <00

Finally, we observe that we can guarantee the smallness condition (1-24) by assuming control over
weighted norms.

Corollary 1.7. Lety € (0, 1) and uy € H!

real

+ iHrleal‘ If
1 4 5
1) 2 (Vg2 + [1(x) 3 (V) e Reu || 2
is sufficiently small, then there exists a global solution u € C(R; &) to (1-6) such that (1-25) holds.

We prove Theorem 1.4 and Corollary 1.7 in Section 7. The proof, which relies primarily on dispersive
and Strichartz estimates, consists of a contraction mapping argument that simultaneously solves the
requisite PDE for z = M(u) and inverts the normal form transformation. The argument differs little from
that used to prove Theorem 1.1 in [Gustafson et al. 2007].
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Outline of the paper. In Section 2 we set some notation and collect several useful lemmas.

Section 3 concerns the well-posedness of (1-6) in the energy space. We prove Theorem 3.3, giving
global well-posedness and unconditional uniqueness in the energy space for (1-6). We also prove a
stability result, Proposition 3.5.

The proof of the main result, Theorem 1.1, is ultimately carried out in Section 6. The strategy is
modeled on the proof of Theorem 1.3 sketched above. Recalling that proof, we can broadly describe the
three main steps as follows: (a) weak convergence uniformly in time, (b) well-posedness in the weak
topology, and (c) strong convergence. As discussed above, new difficulties in our setting prevent a naive
implementation of Nakanishi’s strategy. Thus, we need to establish some preliminary results before
launching into the proof of Theorem 1.1.

In Section 4, we consider step (b) and prove Theorem 4.1; briefly, this theorem states that if u, (0) — ug
in H Y then uy, (t) — u(r) in H Y for all ¢, where u, and u are solutions to (1-6) with initial data u, (0)
and ug, respectively. As described above, ingredients include (i) a linear profile decomposition adapted
to (1-6) and (ii) a way to construct nonlinear solutions associated to the linear profiles. We prove the
linear profile decomposition Proposition 4.3 by adapting the energy-critical linear profile decomposition
for the Schrodinger propagator. For linear profiles living at unit length scales, we use Theorem 3.3 to
construct the corresponding nonlinear profiles. The construction of nonlinear profiles in the case of highly
concentrated linear profiles is more delicate and relies on the main result of [Colliander et al. 2008].
Specifically, we approximate such solutions to (1-6) by solutions to the energy-critical NLS and invoke
the stability result, Proposition 3.5. The details are carried out in Proposition 4.5.

In Section 5, we discuss the normal form transformation, which is needed for steps (a) and (c). As
discussed in the subsection on page 1526, low powers in the nonlinearity and poor spatial decay are problem-
atic for establishing the equicontinuity needed to prove weak convergence. To remedy this, we exploit non-
resonant structure in the equation via the normal form transformation M defined in (1-22). We prove some
continuity and invertibility properties of this transformation in Proposition 5.1. We also prove Lemma 5.3
relating the energy and the inverse of the normal form transformation, which plays a role in step (c).

With the results of Section 4 and Section 5 in place, we are in a position to prove Theorem 1.1 in
Section 6. Following the strategy of Nakanishi and using the normal form transformation and Theorem 4.1,
we first construct the putative scattering solution 1 °°. Working with the variables z°° = M (u4*°), we then
prove a weak convergence result, Proposition 6.2. Having removed the worst quadratic terms via normal
form transformation, establishing the requisite equicontinuity is a more feasible prospect; as in the work
of [Gustafson et al. 2009], however, we still need to exhibit additional nonresonance at the cubic level.

We next upgrade to strong convergence, still at the level of z°°. This relies largely on an energy
decoupling lemma, Lemma 6.3. Finally, to complete the proof of Theorem 1.1, we show that strong
convergence for z% implies the desired convergence properties for #°°. For this, we make use of results
proved in Section 5 concerning the inverse of the normal form transformation (e.g., Lemma 5.3).

Finally, in Section 7 we prove Theorem 1.4 and Corollary 1.7. These results are much simpler than
Theorem 1.1; they follow from a contraction mapping argument and rely primarily on Strichartz/dispersive
estimates.
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2. Notation and useful lemmas

Some notation. We write A < B or A = O(B) to indicate that A < CB for some constant C > 0.
Dependence of implicit constants on various parameters will be indicated with subscripts. For example,
A <y B means that A < CB for some C = C(¢). The dependence of implicit constants on the parameter y
defined in (1-3) will not be explicitly indicated. We write A ~ B if A < B and B < A. We write A < B
if A <c¢B for some small ¢ > 0.

We write a complex-valued function ¥ as u = u; +iu,. When X is a monomial, we use the notation
@(X) to denote a finite linear combination of products of the factors of X, where Mikhlin multipliers
(e.g., Littlewood—Paley projections) and/or complex conjugation may be additionally applied in each
factor. We extend @ to polynomials via @(X +Y) = @(X) + @(Y).

For a time interval I we write L?L” (I x R3) for the Banach space of functions u : I x R*> — C
equipped with the norm

1
q
el 1 rxny = ( [1 @), ) dr) ,

with the usual adjustments when ¢ or  is infinity. If ¢ = r we write LY L% = L?’x. We often abbreviate
||u||L;1L§(1X[R3) = ”“”L?LQ and [u|zr 3y = llulLr. We also write C(I; X) to denote the space of
continuous functions on / taking values in X.

We use the following convention for the Fourier transform on R3:

£ = @n)3 /R T fdy sothat f(x) = () /[R ¥ f(e) e

The fractional differential operator |V|® is defined by |€|§” & =7 f (&). We will also make use of
the following Fourier multiplier operators (and powers thereof):

(£) = V2y + 1%, (V) =v2y —A,
UE) =vIgPQy+1E»H™ U=vV(=Mey-n)T1
HE) = VIEPQy + 6P, H=v(=a)(@y—»).

Fix y € (0, 1) as in (1-3). We define homogeneous and inhomogeneous Sobolev norms Hy" and Hy”

as the completion of Schwartz functions under the norms
Il ggsor := 1(=2)2 fller,  and | fllggr = 1Ry = A)> flLr,

respectively. When r = 2 we abbreviate H ;,2 =H S and H ;’2 = Hj. Note that this definition of the
Hj —norr:q is equivalent (up to constants depending on y) to the standard one, which uses the operator
(1-A)2.

Basic harmonic analysis. We employ the standard Littlewood—Paley theory. Let ¢ be a radial bump
function supported in {|§| < %} and equal to 1 on the unit ball. For N € 27 we define the Littlewood—Paley



1534 ROWAN KILLIP, JASON MURPHY AND MONICA VISAN

projections

Poyu(§) = (H6)aE).  Pyu(®) = [¢(6) - o H]aE). and Poy=1d—Poy.
These operators commute with all other Fourier multiplier operators. They are self-adjoint and bounded
on every L% and H3 space for 1 < p < oo and s > 0. We write P, = P<q and Py = P>1.
The Littlewood—Paley projections obey the following standard estimates.

Lemma 2.1 (Bernstein estimates). For 1 <r < g < oo and s > 0 we have

[IVI* P<nu

@) S NI P<nullpr @),
| P> wullLsesy SN |||V| Po vl L g3y
I P<nullpagsy < N7TE I P<nullLr@3)-
We will need the following:

Lemma 2.2 (fractional chain rule, [Christ and Weinstein 1991]). Suppose G € C(C) and s € (0, 1]. Let
l<r,rp<ooandl <ry <oosatisfy 1/r1 +1/rp =1/r. Then

[IVEG@) | < IG" @)l [IVFu],

We will also need the following result concerning bilinear Fourier multipliers. For a real-valued
function B(&1, &>) we define the operator B] f, g] via

BU8® = el [ Bo.e=n f (e —n dn 1

Lemma 2.3 (Coifman—Meyer bilinear estimate, [Coifman and Meyer 1978; Meyer and Coifman 1991]).
If the symbol B(&1, &) satisfies

192 92 B(E1.£2)| Sa.p (E1] + [£2]) "0« T1AD

for all multi-indices o, B up to sufficiently high order, then
IBLS &llley S WS Npriligly

foralll <r <ocoand 1 <ry,rp <oosatisfying 1/r =1/r1 4+ 1/r,.

Linear estimates. We record here the dispersive and Strichartz estimates for the propagators e’ A

and e~ 1HH

As is well known, the linear Schrodinger propagator in three space dimensions can be written as

o2 £1(x) = (in) 3 f e
R3
for ¢ # 0. This yields the dispersive estimates

le™ fllzz @ S 1E7CEDUL e gy (2-2)

fort #0, where 2 <r <ooand 1/r+1/r’ = 1. This estimate can be used to prove the standard Strichartz

estimates for e!’2. We state the result we need in three space dimensions.
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Proposition 2.4 (Strichartz estimates for elt A, [Ginibre and Velo 1992; Keel and Tao 1998; Strichartz
1977)). For a space-time slab I x R3 and2 < q,§ <ocowith2/q+3/r =2/G+3/F = % we have

. t .
eltA¢+[ el(t—s)AF(s)dS
0

Sllelizz +IFI

g/ 7! 3y
LY L% (IxR3) Li L (IxR7)

Using stationary phase, one can prove a similar dispersive estimate for e “/*# (see [Gustafson et al. 2006;
2009]). In fact, there is a small gain at low frequencies compared to the estimates for the linear Schrodinger
propagator; while the dispersion relation for this propagator has less curvature in the radial direction than
that for Schrodinger, this is more than compensated for by the increased curvature in the angular directions.

Proposition 2.5 (estimates for e H [Gustafson et al. 2006, 2009]). For2 < r < oo we have
1

—i (33 1_1
le™™ fllpp@s < 17CN0T £l o (2-3)

fort # 0. In particular, for a space-time slab I xR3 and2 < q,§ <ocowith2/q+3/r =2/G+3/F = %
we have

t
e—ltH(p+/ e—l(t—s)HF(S) ds
0

Sllelizz +IFI

a7 3y
LY L% (IxR3) Li Lk (IxR7)

For an interval I and s > 0 we define the Strichartz norm by

. 2.,3_3
lellgs ry =S“P{“|V|su 25q=o0. L4 = =)

LYLL(IxR3) 2

The Strichartz space Ss (1) is then defined to be the closure of test functions under this norm. We let
NS(I) denote the corresponding dual Strichartz space.

In several places it will be more convenient to work with (1-6) rather than the diagonalized (1-11).
The linear propagator associated with (1-6) takes the form

ylp—itH N _ cos(tH)  Usin(tH) | | fo 24
|2 —U~tsin(tH) cos(tH) 12

for any function f = fj +1if>. We will make use of the following Strichartz estimates for this propagator:

Lemma 2.6. Fix T > 0. Given2 <q,qg <ocowith2/q+3/r=2/G+3/F = % we have

t
” ylemitHyy 4 / Ve iR YR (s) ds
0

sl Il @)

=X

where all space-time norms are over [T, T] x R>.

Proof. As we are excluding the endpoint, it suffices (via a T T* argument) to prove the result when
F = 0; moreover, it clearly suffices to consider each entry in the matrix (2-4) separately. In view of
the boundedness of U, three out of four of these matrix elements obey the same Strichartz estimates

as e "1'H ; see Proposition 2.5. As Py U ™! is also bounded, we need only prove Strichartz estimates for
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P,U ™1 sin(tH). However, this is easily done via Holder and Bernstein’s inequality:
-1 .. 1 -1 ..
”PloU 1 Sln(tH)¢||L?L§C([—T,T]XR3) 5 T a || P]oU 1 SIH(tH)(p”L?OL)ZC([—T,T]XR?’)
1
<T'ta el L2 (R3)- (2-6)

This completes the proof of the lemma. O

At high frequencies, the operator e "/ closely resembles the Schrodinger propagator (on bounded

time intervals); specifically, we have

VIERQy +161%) = €7 +y +m(E)  with [m(§)] < (6)72 27

Indeed, it is not difficult to verify that m (&) defines a Mikhlin multiplier. This observation will play a key
role in our treatment of highly concentrated profiles in Section 4. For the moment, however, we simply

use it to obtain a crude local smoothing estimate.
Lemma 2.7 (local smoothing). Given T > 0 and R > 0,
(2-8)

Lyv—1 —itH
[IVEVTe™ Vo 12 qeryxqxi<ry SRT l0l22-

Proof. We treat high and low frequencies separately. In the low-frequency regime, we exploit (2-4) and

argue as in (2-6) to deduce that
1

1 —1 —itH 1
[1V12 PV =2e™ Vo | 1 nierixgaizry S T2 A+ Dlielzz-

In the high-frequency regime, we can use the usual local smoothing estimate for the Schrodinger equation
together with

1 “1r —i —it(y—
[1V12 Py = e =T OBV 0| oo 2 o1<ryxmny S TlellL2
which follows from (2-7). O
In practice, we will use the following corollary.

Corollary 2.8. Let K be a compact subset of I xR for some interval I C R. Then the following estimates

hold:
itA itA 3 3
Ve 2 fllL2 (k) Sk lle fllL}gC(IXW)llfIIH;,
1 2
1 —itH < 1 —itHy,ry 3 3
IVV="e™™ Vi 2 k) Sk IV e VfllLtlgc(Ing)llfllH;-

Proof. Fix N > 0. By the Bernstein and Holder inequalities,

itA < itA
||VP§N€ f”L%,x(K) ~K N||e f”L}_‘}(Ix[R@)'

By the local smoothing estimate for ¢/*2 and Bernstein, we also have

. 1 _1
||VP>Ne”Af||L%!x(K) SK H|V|2P>NfHL)2€ <k N 2||Vf||L§-

Optimizing in the choice of N yields the first estimate.
To obtain the second estimate one argues in exactly the same way, making use of Lemma 2.7. O
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3. Global well-posedness in the energy space

In this section we discuss the well-posedness of (1-6) in the energy space. We begin by justifying the
name “energy space” given to the set £ defined in (1-9). Recall from the Introduction that if u € €&,
then | E(u)| < co. The following two lemmas prove that if the energy of u is finite, then u € £; when
y € (0, %) this requires an additional smallness condition.

Lemma 3.1. If y € (3.1) and E(u) < oo, then u € € with ||ul|2 < E(u). If y = % and E(u) < 00, then
u € € with

IVull, S E@) and |qllz> < E@) +[E@)]

Proof. When y > % we use the fact that ¢ > —1 in (1-8) to write

1 2 )4 2\ 2
E(u)22/|Vu| dx—|—4/(1 3y) dx,

which immediately implies the result.
We now turn to the case when y = % In this case, the energy takes the form

E(u):%/|Vu|2dx+é/q2(q+l)dx.

As g > —1,wehave g?>(q+1)>0. Thus u € H; (R3) and ||Vu||i2 < E(u).

To estimate the L2-norm of ¢, we note that
/ qzdx§2fq2(q+l)dx§E(u).
la=-3}
On the other hand, if g < —% then |uq| > %; thus, by Chebyshev’s inequality and Sobolev embedding,
| aPar =g < 1Vl < QP o
{a<-3} ¥ ¥
We next consider the full range y € (0, 1). In this case, we can guarantee coercivity of the energy
under an appropriate smallness assumption.
Lemma 3.2. For any y € (0, 1) there exists §,, > 0 so that the following hold:
(i) If E(u) < 00 and | Vui |2, <8y, thenu € € with |[u]? < E).
(i1) For any ball B,
||Vu1||i%(R3) < 5,, == /l;c %|Vu|2 + %yqz + %q3 dx > 0. 3-1)

(iti) If u : I x R3 — C is a solution to (1-6) with E (u) < %81, and ||VReu(t0)||i% <&y forsometyel,
then '

IV Reu|| 8y and ||u||ioo(1;5)§E(u).

2
<
L®L%(IxR3) —
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Proof. We begin by writing
E() = /%|Vu|2 + %yqz + éqz(q + %y) dx
Z/%|Vu|2+%yq2dx+/ 6q2(q+%y)dx.
{a<—3v}
For g < —%y we have |up| > %y. Thus, by Chebyshev’s inequality and Sobolev embedding, we have
8 6

g <—37)| < (Ejnmmgsrvam%

Recalling that ¢ > —1, we find that for | Vu; ||i2 < y% we have

<6 <1 2
y IV IS, < §Ivun 2,

‘/ 661 (q+2y)dx
{a<—3vy
Thus

E(M)E/%IVuler%qudx,

which yields conclusion (i) of the lemma. Claim (iii) also follows from this and a continuity argument.
To obtain (ii), we repeat the argument above, using the fact that Sobolev embedding holds in the
exterior of any ball B. O

We next turn to the question of global well- posedness for (1-6) with initial data ug € £. From the
lemmas above we see that u(¢) € £ and ||Vu(t)||2 < E(up) for all times of existence, whenever
(1) ye [ or2)ye ( ) and E(up) and ||V Re u0|| 12 are sufficiently small. This a priori bound
on ||[Vu(z)|| 12 allows us to treat (1-6) as a perturbation of the defocusing energy-critical NLS, which
was proven to be globally well-posed with finite space-time bounds in [Colliander et al. 2008]. See also
[Killip et al. 2012; Tao et al. 2007] for similar perturbative arguments.

Theorem 3.3 (global well-posedness and unconditional uniqueness). For y € [%, 1) and ug € &, there
exists a unique global solution u € C(R; &) to (1-6).

Fory € ( ) if up € & satisfies |V Re u0|| <8y and E(ug) < %8),, then there exists a unique
global solution u € C(R; €) to (1-6). Here &, is as in Lemma 3.2.

In both cases the solution remains uniformly bounded in £ and for any T > 0,

”u”S"([—T,T]) <rl

Remark 3.4. When y € (O, %), smallness of the initial data is only exploited to prove global existence;
the proof we present below guarantees uniqueness of any solution in C(/; £) on any time interval / € R.

Proof. As mentioned above, Lemmas 3.1 and 3.2 imply that under the hypotheses of Theorem 3.3 we
have ||Vu(t) || < E(uyp) for all times ¢ of existence. This allows us to treat (1-6) as a perturbation of
the defocusmg energy -critical NLS. Indeed, we may rewrite (1-6) as

(10 + A)u = |u|*u +Ru),
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where R(u) =2y Reu + Z —» Nj(u). Noting that the “error” R(u) is energy-subcritical, one may argue
as in [Killip et al. 2012, Section 4.2] to construct a global solution u € C(R; &) N LIOHI’ B(RxR3) to
(1-6). A key ingredient in this argument is the main result in [Colliander et al. 2008] which guarantees
that the defocusing energy-critical NLS is globally well-posed with finite LlOH 13 (R x R3) norm. We
omit the details of this argument. Instead, we present the proof of uniqueness of solutions in the energy
space, because the choice of energy space in this paper does not allow for a direct implementation of the
methods in [Killip et al. 2012, Section 4.3].

Fix a compact time interval / = [0, 7] with t > 0 small. Let u € C(R; &) N L}OH;’%(R x R3) be
the solution to (1-6) constructed via the perturbative argument described above. Suppose 1 € C(; &) is
another solution such that 7 (0) = 1(0). We wish to show that u = 7 almost everywhere on I x R3,

To this end, we define w = &1 —u and let 0 < n < 1 be a small parameter to be determined below. As
w(0)=0and w e C(/; I-'I;), we can choose T small enough so that

lwll ;oo g1 7 xmay < N- (3-2)
2 H L (IxR3)

As Vu € LIOL s (I xR3), we may also use Sobolev embedding and choose 7 possibly even smaller to
guarantee that

”””L}&(IXW) =1. (3-3)

We also note that as u and % are bounded in £, we have that g(u), g(i) are bounded in L)zc; u, U are
bounded in L8; and u, iy are bounded in L3 N L.

We will first show that w is bounded in Strichartz spaces on I x R3. To see this, we write
(id; + A)w =2yu; + N@) — [2yur + N(u)],
where N(u) is as in (1-6). We make use of g (1) and ¢ (i) to rewrite
(0 + A)yw = O(fal> + [ul’) + O(a* + u*) + O] + [u]*)
+yq @) + 2y + i3 + 2iyiiyiia — [ygu) + 2y + ui + 2iyuius].
As w(0) = 0, we can use Strichartz to estimate
lwllz2pe +lwlpsps +llwlpeer2 < IIﬁSIIL%Lg/s+||u5||Lng/s+||ﬂ4IIL;L/sL;/z
+||“4||Lj/3L§/2+||f‘3||L}L§+||“3||L}L§
Flg@li 2 +lg@) g2+l g g2 Hluurliprg2.
where all space-time norms are over I x R3. Using Holder, we find

1 2 3/4 3
P2 |3 Pl oo g IlLizz S tlhullpoors.

5 4
12005 < Loorss tllpamspsn <7
||q(u)||L}L§ < T”C](M)HU;OL)%’ ||W41||L11L)ZC = T““”L?Ol,g ”u1||L‘,’°L§’
and we can estimate similarly for 7. Thus we conclude

“w”L%Lg+||w”L‘[‘L§C+”w”L;>OL§ < 00. (3-4)
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‘We will show that, in fact,
”w”L%Lﬁ+||w||Lj‘L§C+”w”L§>°L,2C:07 (3-5)

which implies w = 0 almost everywhere, as desired. To this end, we again rewrite the equation for w,
using z to indicate that either w or ¥ may appear. We have

(0 + A)w = O(lwlul* + [w]> + [w]|z]> + [w|z]> + |w]|z] + |[w]).
We now use Strichartz, (3-2) and (3-3) to estimate
”w”L%Li+||w||L‘,‘L)3C+”w”L;’OL§

4 5 3 2
S llwutll 100y 307+ Wl 2 pors w2zl 2 pos +Hlwzll s 3o +lwzllpy gz Hlwlp gz
< 4 4 L3
S Il o Il zpg HI S g ol g+ 23 g ol
1 2 3
+‘C2||Z||L<Z>OL)66||w||L?'L§C+T4”Z”L‘l)oLg||w||L;‘L§C+‘E”w||L<;OL)2C

1
< pt 7
=N ||w||L§L§C+T4 ”w”L‘,‘L;’;"i_T”w”L;’OLi'

Choosing 7, t sufficiently small and using (3-4), we conclude that (3-5) holds and so ¥ = u almost
everywhere on I x R3. As uniqueness is a local property, this yields uniqueness in the energy space for
solutions to (1-6). O

Next we develop a stability theory for (1-6), which we will need in Section 4.

Proposition 3.5 (stability theory). Fix T > 0 and letii : [-T, T] x R3 — C be a solution to the perturbed

equation
(ids+ A—=2yRe)u=N(i)+e

for some function e. Suppose that

litl oo £ -7 m1xm3y T 1Vl 1030113 (g sy = L (3-6)
for some constant L > 0. Let ug € H Y(R3) and assume that
t
1(0) —uoll g1 + H / ¢ C=9AVe(s) ds <e (3-7)
* 0 L®LANL 3 ([T, TIxR3)

for some & < eo(L, T). Then for eo(L, T') sufficiently small there exists a solution u : [-T, T] x R3> — C
to (1-6) with data u(0) = ug and

”V(lZ - u)||L?°L)2(ﬂL,1_OX/3([—T,T]XR3) = C(L’ T)S, (3-8)
”M”Sl([—T,T]) <C(L.,T). 3-9)

Proof. The existence of the solution u# on a small neighborhood of ¢ = 0 follows from the arguments
described in Theorem 3.3. In that setting, the solution could be extended globally due to energy control.
That argument does not apply here as ug € H ; by itself does not guarantee finiteness of the energy;
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furthermore, we permit here large data even when y < %, in which case the energy need not be coercive.
However, these earlier arguments do show that if a solution should blow up in finite time, then the
S1-norm must diverge. Consequently, we can prove that the solution exists and obeys (3-8) and (3-9) on
the whole interval [—7, T'] by showing that it obeys (3-8) and (3-9) on any subinterval 0> I € [T, T]
on which it does exist. This is what we do.

For brevity, we define the following norm: given a time interval [a, ] C R,

el ta,bp == IVl oo 201073 (g 13-
Given 0 < n < 1 to be chosen later, we divide / into intervals J where

[JI=n and [Villy 1073001353y < 1- (3-10)

The number K of such intervals depends only on L, T', and 5. Below we will show that for n sufficiently
small,

inf |[u(to) —uto)ll g1 <n = |u—ullyy)=A inf [[i(t0)—u(to)ll 4 (3-11)
toed x toed x

for some absolute constant A on such intervals J. Iterating this completes the proof of (3-8) and yields
constants
go = A"KLTMy and C(L,T)=K(L,T,n)AKLT),

We now verify (3-11). Writing u = ©i 4+ v, we use Strichartz and (3-7) to estimate
iy < inf o)l + [ VINGE + ) = NG| jro gy + 11Vl oo g1 + e
0

where N(-) denotes the nonlinearity, as in (1-6). Moreover,

5
- - - 5=k i k— _
[VINGE +v) = NI 0y S 1Vl 1o 20030101 10 doIE (||u||§;o2+||v||§;02)
WX k=2 WX WX

5
S=k (1~ k—1 k—l)
4
+||W”L;0L§°“3k§_2“| (IIulnggchllvllL;gc :

where all space-time norms are over J x R3. Using Sobolev embedding and (3-10), we therefore obtain

5
. S—k
lollye < inf loGo)ll gy + D07+ Ivlye) +e.
k=1

Choosing 7 sufficiently small, a simple bootstrap argument yields (3-11).
Using the fact that u is a solution to (1-6), a further application of the Strichartz inequality gives (3-9). O

We also record the following corollary.
Corollary 3.6 (small-data space-time bounds). Given T > O there exists n(T) > 0 such that
luoll gy < 0T = Nullgiqr.ry <7 ol -

where u denotes the solution to (1-6) with data u(0) = uy.
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Proof. We apply Proposition 3.5 with i = e!’%u;. By the Strichartz inequality,

”ﬁ”L?OI:I}([—T,T]XR:") + ”Vﬁ”LZIOL?CO/B([—T,T]X[R@) < ”uO”H;,

while a little computation yields

t .
‘ / e =986 (5) ds
0

Proposition 3.5 now gives the claim, provided n(T) is taken sufficiently small. O

5

5=k k
) SZT 4 ||“0||H1-
SI-T.T) {2 x

4. Well-posedness in the weak topology

In this section we prove the following well-posedness result in the weak H ) topology. As described in
the Introduction, this theorem will play a key role in the proof of Theorem 1.1 in Section 6.

Theorem 4.1 (weak topology well-posedness). Let y € (0, 1) and let {u,(0)},>1 be a bounded sequence
in &. Assume that u, (0) — ug weakly in H TR3). Ify e (O, %) we assume additionally that

IVReun(0)l2 <8y and E(un(0)) < 1y,

where 8y, is as in Theorem 3.3. Then there exists a unique solution u € C(R; &) to (1-6) with u(0) = ug,
and for all t € R we have
un(t) = u(t) weakly in H(R?), (4-1)

where u, € C(R; &) denotes the solution to (1-6) with initial data u,(0), whose existence is guaranteed
by Theorem 3.3.

We begin with the following lemma, which guarantees that the limit u¢ belongs to the energy space
and obeys the necessary smallness conditions when y € (0, %), so that the existence and uniqueness of
the solution u € C(R; &) follow from Theorem 3.3.

Lemma 4.2. Fixy € (0, 1) and suppose {u, }n>1 is a bounded sequence in £ that satisfies up (X —xp) —
uo(x) weakly in H)% (R3) for some sequence {xp}n>1 C R3. Then ug € . Moreover, if y > %, then

E(up) <liminf E (u,). 4-2)
n—>oo
Ifye (O, %) and |V Re uy ||1242 <&y, then |VReug ||1242 <&y and (4-2) holds. Here 8y is as in Theorem 3.3.
Proof. Without loss of generality, we may assume that x, = 0.
To prove that ug € &, it suffices to show that q(ug) € L2. As u, — uo weakly in H.}(R?), invoking
Rellich-Kondrashov and passing to a subsequence, we deduce that u, — ug in LZ(K) forany 2 < p <6
and any compact set K C R3. Therefore, for any ball B C R3,

/ lg(uo(x)))?> dx = lim / lg (un (x))|? dxfliminf/ lg (un (x))|? dx < oo.
B n—oo [p n—o0 Jp3

As the bound does not depend on B, this proves ¢ (uo) € L2.
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Proceeding similarly and using (weak) lower semicontinuity of the H ;— and Lg—norms, we obtain
/ 3I1Vuol® + $vq(uo)® + £q (o)’ dx < liminf/ 3IVu P 4+ vqun)? + $q(un)? dx
B n—oo JB

for any ball B. It is crucial here that the sextic term in the energy appears with a positive coefficient.
When y € [% 1), the energy density is positive and so the right-hand side above is majorized by

liminf £ (u,). When y € (0, %), we use instead (3-1) to reach the same conclusion. As ug € &, the

dominated convergence theorem yields (4-2). O

We next prove a linear profile decomposition adapted to (1-12) for H L _bounded sequences. Beginning
with the profile decomposition for the linear Schrodinger equation, we group the profiles according to

the behavior of their associated parameters. We also show that the error term vanishes in the limit under
propagation by V ~le~*H |/ (in addition to propagation by e!’#).

Proposition 4.3 (linear profile decomposition). Suppose { fn }n>1 is a bounded sequence in H L(R3) and
let T > 0. Passing to a subsequence, there exists J* € {0,1,2, ...} U{oco} and for each finite1 < j < J *
there exist a nonzero profile ¢/ € H}(R3), scales {)LJ tn>1 C (0, 00), and positions {(t,, X ) in>1 CRxR3
conforming to one of the following two scenarios:

e Ml =1landt] =0,
o X = 0asn — oo and eithert;, =0 ort;) (A})™% - +o0 asn — 0o,

so that for any finite 0 < J < J* we have the decomposition

) |
fulry = 3 il [(M)‘z«pf( o )} Tl )
j=1 A

satisfying the following properties:

(Aﬁ)%(eitéAfn)(k,j;x + X,];) — ¢j weakly in H; (4-3)
H J itAJ
i tim supl| Ve Va0 o gy e wn g qorapan] =00 @-4)
J .
sup tim sup L fly, = 3 16713, = 12, | =o. 45)
n—-oo j=1 RY X

ANz (A YA x +x)) =0 weakly in H) forall 1< j <, (4-6)

Aj Al J_ 12 lj —ll
lim —;‘+—’f+|x”.x"| W=l oran 21 (4-7)

n>oo )l kT AL AAL

Proof. Using the linear profile decomposition for the Schrodinger propagator for bounded sequences in
H )} (see, for example, [Keraani 2001] or [Visan 2014, Theorem 4.1]), we obtain a decomposition

J
fulr) =Y et [(Mrzdﬂ(
j=1

J'
)] +r)(x) (4-8)

l’l
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satisfying (4-3), (4-5), (4-6), and (4-7) (with w; replaced by /), as well as

itA . J

1_1)n} limsup [e'" ), ||L,12€([—T,T]XR3) =0. (4-9)

n—>00

We will first show that we may assume the parameters conform to the two scenarios described above;
in particular, we will show that we may absorb any other bubbles of concentration into the error r , while
maintaining condition (4-9). To complete the proof of the proposition, we will show that condition (4-9)
(for the new error term) suffices to prove (4-4). Note that it is essential in what follows that we work on a
compact time interval.

We will use the notation

; o
o= ot ()|

We begin with the following lemma.
Lemma 4.4. If II,{I + )&{; — 00 as n — oo, then
: itA 4 j
Jim (e 2@l 10 (7, 71xm3) = O-
Proof. A direct computation gives

(A (A L j
le"™ S dallzo —r.r1xr3) = €707 110 (1xm3)-
where

I [—t,{—T —t,{+T]
a2 a2 I

If /\{; — 00, then the lengths of the time intervals appearing on the right-hand side of the equality
above shrink to zero; consequently, by the dominated convergence theorem combined with the Strichartz
inequality, we deduce the claim.

Passing to a subsequence, we may henceforth assume that A,’; — A/ €[0, 00). In this case, we have
|t,{ | — o0, and so the time intervals escape to infinity. Thus the claim follows once again from the
dominated convergence theorem combined with the Strichartz inequality. O

Discarding the bubbles of concentration whose parameters satisfy the hypotheses of Lemma 4.4, we can
now see that we may reduce attention to the two scenarios described in Proposition 4.3. Indeed, passing to
a subsequence, we may assume that /\J — A/ €0, 00) and t,, —t/ € (—00,00). If /\/ # 0, then we may
assume that A{, =1 and t,, = 0 by redefining the correspondlng profile to be ()H)_* —it/ Alg/ (- /A9)).
The error incurred by this modification can be absorbed into r ; indeed, we have

-3 —ltj i X~ Xn
\%-W) )
orte () e (),

Hy

+

=it A _ =it/ M| (1 7y=E ) i)]” ,
e =)yt (S s
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which tends to zero as n — oo by the strong convergence of the linear Schrédinger propagator. If instead
AJ =0, then passing to a further subsequence we may assume that either l,{ =0or t,{ (A,J;)_Z — +o0
as n — oo. Indeed, if there is a subsequence along which t,{ (A{;)_z — 7 € (—00, 00), then we redefine
the profile to be e 7i*2¢/ and t,{ = 0. It is easy to see that the resulting error can be absorbed into rnJ .
It remains to prove that the new error w,{ (which consists of rnJ plus the bubbles of concentration whose
parameters satisfy the hypotheses of Lemma 4.4) obeys (4-4). This is a consequence of the following: if

lim limsu e”AwJ =0
J—>J* n—)oop” w Lt q-r.rms) =0
then

lim_limsup[| V™' Vw10 0.

J—>J* n—o0o0 N ([—T,T]XR3) -

To prove this final implication, we argue as follows: In view of the representation (2-4) and the boundedness
of U and Py UL, it suffices to verify that e T/*H ¢ TitA and P U~ sin(t H )e™'*2 are Mikhlin multipliers
with bounds that are uniform for ¢ € [T, T']. In the former case, this follows from (2-7); with regard to
the latter, see (2-6).

This completes the proof of Proposition 4.3. O

In the proof of Theorem 4.1, we will construct solutions to (1-6) associated to each qb,{. For profiles
conforming to the first scenario in Proposition 4.3, we can achieve this by an application of Lemma 4.2
and Theorem 3.3. For profiles conforming to the second scenario, this is a more difficult problem, which
we address in the following proposition.

Proposition 4.5 (highly concentrated nonlinear profiles). Let ¢ € H Y[R3 and T > 0. Assume {Ap}n>1 C
(0,00) and {(tn, Xn)}n>1 C R x R3 satisfy A, — 0 and either t, = 0 or tyA,2 — +oo. Then for n
sufficiently large, there exists a solution uy to (1-6) with initial data

un(0,x) = Pn(x) := e_i’nA[k;é(ﬁ(x _xn)]

An
satisfying
lunllgsq_rzp < CUS I 0. (4-10)
Moreover, for all € > 0 there exist ¢pg, Yo € C°([-T,T] x R3) such that
ol (f—1, x—
lim sup un(t,x)—e_’yt/\nqus(—zn,x xn) <e, 4-11)
=00 An o A Sl -rrixed)
. —iyt,—3 I—ty X—Xp
limsup||Vu,(t,x) —e An Ve e 10 <e. (4-12)
n—>00 A An LA (-TrRe)

Proof. As (1-6) is space-translation invariant, without loss of generality we may assume that x, = 0.
We proceed via a perturbative argument. Specifically, using a solution to the defocusing energy-critical
NLS, we will construct an approximate solution i, to (1-6) with initial data asymptotically matching ¢y,.
This approximate solution will have good space-time bounds inherited from the solution to the defocusing
energy-critical NLS. Using the stability result Proposition 3.5, we will then deduce that for n sufficiently
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large, there exist true solutions u, to (1-6) with u,(0) = ¢, that inherits the space-time bounds of i,
thus proving (4-10). We turn to the details.
If t,, =0, let v be the solution to the defocusing energy-critical NLS

(i9; + A)v = |[v|*v (4-13)

with initial data v(0) = ¢. If tnA;Z — =400, let v be the solution to (4-13) which scatters in H ; to /2 ¢
as t — £oo. By the main result in [Colliander et al. 2008], we have

lollg e < CUDl 4.

We are now in a position to introduce the approximate solutions %, to (1-6). For n > 1, we define

U (t,x) :=e VA 21)( ,—).
" AZ A

The phase factor e /77 is necessary. It replaces the linear factor in (1-6) by a nonresonant term; see (4-15).
Note that

liinll 51 = I0lg1 gy < CCIBH - (4-14)

Moreover, ti,(0) asymptotically matches the initial data u,(0) = ¢,; indeed, by construction, we have

1 .
”(_klz) _ eI t/ADA

n

—0 as n— oo.

[ (0) = pnll g1 = .
X H{é

To invoke the stability result Proposition 3.5 and deduce claim (4-10), it remains to show that 1, is an
approximate solution to (1-6) on the interval [—7, T] as n — co. A computation yields

4
en = (i0; + A —2y Re)ily — N(iln) = —yily — Y _ Nj(iln). (4-15)
j=2

To establish (4-10), we have to verify that the error e, satisfies the smallness condition in (3-7) for n
sufficiently large.
Let § > 0 to be chosen later. There exist 77, 7> > 0 sufficiently large so that

||v||LtlF)x({|t|>T1}xR3) <4, (4-16)
lo(@) —e"Pvel g1 <8 for 1> Ty, (4-17)

where v1 denote the asymptotic states for the solution v. Note that the existence of vi is a consequence
of the global space-time bounds for v, as discussed in [Colliander et al. 2008].

We first estimate the contribution of the higher-order terms appearing in e, on the space-time slab
[T, T] x R3. Defining

Li={lt —ta]| <AZTi}N[-T.T] and I ={|t—t,| > A2T1} N[-T,T],
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we use Strichartz, Holder, (4-14) and (4-16) to obtain

t 4
/ IV N " Ny (i) (5) ds
0

k=2

L&LINLIOLIY "
S IV N2 ()| 20110 3016 + IV N3 (i) || 574 30019 + IV NaGin)ll 20113 30722
U - -
~ ”Vun”LtloLio/l}{”un||L?0/17L)ICO(I,,XR3) =+ ”un”L?O/”L}CO(]ng)}
+ ||Vun ||L}OL§O/13 ”un ”L}(; {”un ||L?/3L)1c0(1nXR3) + ”un ||Lf/3L}CO(IﬁXR3)}

~ ~ 12 ~ ~
+ ”V”n”L}‘)Lio/””u"”L}fx{”u””L?OﬂL}O(InXW) + “u””LfO”L}(O(IﬁXW)}
4

ol DANIT) T +T77 8}
k=2
Taking § sufficiently small depending on 7" and » sufficiently large, we see this contribution is acceptable.
Next we consider the contribution of the linear term appearing in e, again on the space-time slab
[-T, T] x R3. First, we observe that by Strichartz and (4-14), we have

t
/ e E=AG () ds
0

L2H L6 (=T, T]xR3) S ”ﬁ"”L}H}([—T,T]xR% S’”¢”H§ T. (4-18)
i ([=1,1]X 3

To continue, using (4-17) we cover R by three disjoint intervals 70 and 7.F such that

. . _1 .
1191 <2A2T, and |ii, —e—’V’e’(’—’n)A[An 2y (—)} <. (4-19)
An ) MlLge (i wrd)
By Strichartz, Holder, (4-14), and (4-19), we have
t
[ o] < linly gy Sloll g 23T (420)
0 L Hy ([-T,T]xR3) x
Using the triangle inequality, Strichartz, and (4-19),
t
H / e ™8y 4 (s)iin(s) ds .
0 " L® HL([-T,T]1xR3)
ro. N | .
STS+ / e UHIn=298 y  (5)e™S A, 203 (—) ds (4-21)
0 " An L HY([-T.TIxR?)

Now for any —7 <a < b < T, an application of Plancherel gives

b
/ eis(y—ZA)/\;éE(;) ds
a An

b ) S~
/ els(y+2|§|2)|§'|k,%@(Skn)ds
gl

2
L

< o+ 202 lela T A .
A

__ , 4-22
2EP + A2 (+22)

2
L«S

~

HEG)
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which converges to zero as n — oo by the dominated convergence theorem. Collecting (4-20), (4-21),
and (4-22), we obtain that

t
‘ / e =ML (5) ds
0

Interpolating with (4-18) and taking ¢ sufficiently small depending on 7" and taking n sufficiently large,

. il 1 A2T2+ T8 +0(1) as n— oo,
L3 B (-T,TIxR?) !

we see that the contribution of the linear term in e;, is also acceptable. This completes the proof of (4-10).
Finally, we turn to (4-11) and (4-12). For & > 0, we approximate v by ¢, ¥ € C°(R x R?) such that

1 1
v _¢€||L}SC(RX[R3) <3¢ and [|[Vv— we”L}%%Rfo‘) <3¢

and take n sufficiently large so that

7 1
”Mn - u"”L,'(;ﬂL}O/SH}'IOB([—T,T]xW) < 3¢€.

The two claims now follow easily from the triangle inequality. O

Finally we turn to the proof of Theorem 4.1.

Proof of Theorem 4.1. As mentioned above, by Lemma 4.2 and Theorem 3.3 we have that u and all of the
Uy are global-in-time solutions to (1-6).

Fix T > 0. We will show that for any subsequence in n there exists a further subsequence so that
along that subsequence, 1, (t) — u(t) weakly in H Y forall t € [T, T]. As the limit is independent of
the original subsequence, this will prove the theorem.

Given a subsequence in n, we apply Proposition 4.3 to u,(0) —uo and pass to a further subsequence
to obtain the decomposition

J . o
un(0) o =3 ¢y +wj  with ¢,{(x)::e—"’“[uz)—é¢f(x i )}

J

which satisfies the conclusions of that proposition. By hypothesis, u, (0) —u¢ — 0 weakly in H Y using
also (4-6) and (4-7), this implies that for all j > 1 we must have

w) =0 weakly in H] and AV |t] |+ |x)| > 00 as n — oo. (4-23)

Indeed, one can first prove the divergence of the parameters by a contradiction argument. Briefly, if some
(Aﬂ)_l + |t,{ | + |x,{ | were to remain bounded as n — oo then one could use (4-6) and (4-7) to deduce
that ¢/ = 0, a contradiction. Once the divergence of the parameters is established, the weak convergence
of w; to zero then follows.

Throughout the proof we write

0

X—x _
")] with parameters A =1, 10 =0, x?

0.
A

P0(x) = e—ffﬁ*A[(A,‘i)—iuo(



FINAL-STATE PROBLEM FOR CUBIC-QUINTIC NLS WITH NONVANISHING BOUNDARY CONDITIONS 1549

In view of (4-23), the decomposition
J .
un(0) = Y 5 +wy
j=0

satisfies the conclusions of Proposition 4.3.

We next construct nonlinear profiles associated to each ¢n If j conforms to the first scenario described
in Proposition 4.3, then (4-3) and Lemma 4.2 guarantee that ¢; € & and moreover, |V Re ¢n I 12 = Sy
and E (¢n) < 18,, if y € (0 ) Thus by Theorem 3.3 there exists a unique solution u;, to (1-6) with
data u3,(0) = ¢;; in particular, ||u{, ¢ (1.1 < °° Note that 19 is simply the solution u from the
statement of Theorem 4.1.

If j conforms to the second scenario described in Proposition 4.3, we let u{, denote the solution to
(1-6) with data u{, 0) = ¢,J,. constructed in Proposition 4.5.

In either scenario, for all ¢ > 0 there exists ¢g , ng € CX([-T, T] x R?) such that

. - P Ry

limsup | uj (t, x) —e "Y' (X)) 2¢/ —, : <e, (4-24)

n—>00 A% An JlLloq-T.rxed)
I Vud (1, x) — e VI (M) "2y ( ~ti x_x’{) < (4-25)
imsup || Vuy (¢, x . <e. -
noo || " o an Loserre

Note that the phase e~'¥? has no significance for j conforming to the first scenario described in
Proposition 4.3; we simply incorporate it so as to treat both cases uniformly. For these j, both ¢8
and ;) are chosen to approximate e'?’u;, J

As a consequence of (4-24), (4-25), and the asymptotic orthogonality of parameters given by (4-7), for

all j # [ we have

[|u n“L5 + ||ujVun||L5 15/8 + ||VujVun||L5L15/13 — 0, (4-26)
where all space-time norms are over [—7, 7] x R>.
We next claim that for j > 1 we have
u,ﬁ (t) =~ 0 weakly in H; (R3) as n — oo for every ¢ € [T, T]. (4-27)

Indeed, if j conforms to the first scenario, then (4-23) implies that |x,{ | = oo and hence (4-27) follows
from the space-translation invariance of (1-6) together with uniqueness. If j conforms to the second
scenario, then we have )L,jl. — 0; however, as (1-6) is not scale invariant, the argument just described
does not apply directly. For this case, we recall that according to the construction in Proposition 4.5,
u,J,. are asymptotically close in L% H )} (up to a phase factor) to rescaled solutions to the defocusing
energy-critical NLS as n — oco. Using the scaling symmetry and uniqueness for (4-13), we see that these
rescaled solutions converge weakly to 0 in H 1 at each time; by construction, u,], inherit this property.

To continue, we define
J

u,{(t) = Z uﬁ(t) 4+ VT leitH Vw,{.
j=0
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Note that u;{ (0) = un(0). In what follows we will prove that for n and J sufficiently large, u,{

an approximate solution to (1-6) with uniform space-time bounds on [-7, 7] x R3. An application of
Proposition 3.5 will then yield that for any & > O there exist n and J sufficiently large so that

is

e — ;) o0 g1 =7, 71x8%) =
On the other hand, using (4-23) and (4-27) and recalling u = u9, we see that for J fixed, uJ #)—u()—0
weakly in H! . forallt € [T, T]. Thus by the triangle inequality, for any ¢ € C2° (R3), we have
[ (0) = u(0). @)] = [{un(t) = u;l (). 0)| + [ {1 (1) —u(1). )]
< fun@) =5 Ol i@l g1 + [ () = u (@), 9)|
Sepe+o(l) asn— oo,

which proves the claim in Theorem 4.1.

J

Thus it remains to show that for n and J sufficiently large, u; are approximate solutions to (1-6) with

uniform space-time bounds on [T, 7] x R3,
Our first step in this direction is the following lemma.

Lemma 4.6 (finite space-time bounds). Given T > 0, we have

sup lim sup[IIu ||L10 (-T.T)xR3) T V] ||L10L30/10([ TT]xR3)] <1 (4-28)

n—0o0

Moreover, for any n > 0 there exists J' = J'(n) sufficiently large so that

lim sup|:H Z ul

n—>oo —J/

J

+
LIS ([-T.T1xR3)

Vu (4-29)

j=J

<
L;0L§O/1°([—T,T]xR3)] =7
uniformly in J > J'.

Proof. By the asymptotic decoupling of the H L _norm in (4-5), there exists Jo = Jo(T) such that for all
j = Jo we have ||¢/ ”H} < n(T), where n(T) is as in Corollary 3.6. In particular,

lujllgr gy ST 97 N1 forall j > Jo. (4-30)

On the space-time slab [T, T] x R we use Lemma 2.6 to estimate

J 2
J 1 —itH J j
la 1700 < 1Vt Vg, +H(Zu,4)

5
Lt,x

J
<t llwyl g+ D0 a0 + > luugllzs -
j=0 T J#
This suffices to show that the first term on the left-hand side of (4-28) is finite. Indeed, we use (4-5)
and (4-30) to bound the first two summands and (4-26) to bound the last (double) sum. An analogous
argument yields that the second term on the left-hand side of (4-28) is also bounded.
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To prove (4-29) one argues as above, taking J' > Jy large enough that

> 19712, S

j=J’
Note that this is possible because of (4-5). O
We next prove that the u ,{ are indeed approximate solutions to (1-6).

Lemma 4.7 (asymptotic solution to (1-6)). We have

lim llmsupHV[(lat—i-A 2)/Re)u N(u,{)

J=>J* n—soo

]HNO([—T,T]) =0.

Proof. Throughout the proof of the lemma, all space-time norms will be over [T, T] x R3. Writing
W) = V-le ity we have

’{;: (i3,+A—2yRe)u,{—N(u,{)
J

J

=Y Nuj) —N(Z u{,’) + N (uj =) — N(u)).
Jj=0 Jj=0

Computations similar to those employed in the proof of Proposition 3.5 yield

5 J
5—k .

777 ||lul Vul um|ks 2,

ZZ Z l2a7 n”LfL}f/s” n”L}f’x

J

[T ve-~(5)]

= HNO

which converges to zero as n — oo in view of (4-26) and (4-30).
Thus, it remains to show that

o J_ =] J —
Jli)n}* hnrri)solipHV[N(un —w,)—N(u;, )] HNO([—T,T]) =0. (4-31)
We argue as follows: First, we estimate
HV[N(”J_ ~J)_N(“J)] HNO([—TT])
<1Vl 1o g0 llso ZT (e 1538 + 103 1776)
k=2
+ (| Vi) IILmeZT N ||wJ||Llo + [y Vi ||L5L15/82T N ||u’||Llo
k=2 k=2

That the first two summands above go to zero as n — 0o and then J — oo follows from (4-4) and Lemma 4.6.

Thus, (4-31) will follow from Lemma 4.6 once we establish
=0. (4-32)

lim limsup ||u! Vi!
T J* n—)oop “ n n ||L?L}C5/8([—T,T]XR3)
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We will prove that the left-hand side of (4-32) is < 5 for arbitrary n > 0. By the definition of u,{ , the
triangle inequality, and Holder, we estimate

Ix7.,5J
|lu;, Vw,, ”LfL}CS/S

J J-1
< ||lf)r{||L;gC||Vlf)r{||L}oL§CO/13 + D IV, 7107 30113 + > upvi) s
’ =T A =0 L}Ly

where J' = J'(n) is as in the statement of Lemma 4.6. Using (4-4) and (4-29), we see that the contribution
of the first two summands on the right-hand side of the formula above is acceptable.
It remains to prove that

(~T.T]xR3) — 0 foreach 0<j <J' (4-33)

. . Ja.md

A B T

Assume first that 0 < j < J’ conforms to the first scenario in Proposition 4.3. Fix ¢ > 0. Invoking
(4-24) and using the triangle inequality, Holder, interpolation, and Corollary 2.8, we estimate

Avarrd < |,/ _ iVt ] =J J J J
lu) Vi, ||L§L)1€5/8_ Hun(t,x) e ol (t,x xn)HLw |V, ||L10L30/13+||¢ Vw,, (x+x; )||L5L15/8

~J
Iv ||

Se+llgl Nl Lo 12||VwJ(X+xJ)|I
& L L L%X( ) L10L30/13

J J ~J
~¢J 5+||w ||L10 | wy, ”6 1”v ||L10L30/13

By (4-4), we see that (4-33) follows in this case.

Now assume that 1 < j < J’ conforms to the second scenario in Proposition 4.3. We split u"),{ into
low and high frequencies and estimate them separately, starting with the low-frequency piece. Fix ¢ > 0.
Arguing as before, using (4-24), Holder, and Bernstein, we estimate

TSN T SR VIS PY] i .
P oy V0 g 1evs < ¢ g (/\’)2 oy

Se+ ||¢g ||L}oLi0/13||wn ”L}&'

P Vol
L,‘OL?P/”” <=1V o,

In view of (4-4), this contribution is acceptable.
We now consider the high-frequency piece. Using (2-7) we can deduce

| Po — Pone™ =DV Y| g1y <7 N2

uniformly for N > 1 and ¢ € [T, T]. Thus

IV P -1 0 ”LS 1/8 (-7, T1xR3)
P . \V4 itA, J )Lj 2101.,7 J .
<r ”un >(Af)—! e Wy, ||L§L)1(5/8([—T,T]XR3) +( n) ”un ||L}&([—T,T]><R3)”wn ”H%
j it A
Sre+ ¢l Ve fn||L§L}C5/8(In><R3) +o(l) as n— oo,
where

fu() = PorAD) 2w Wx +x0) and I, = {|t —t] | < A)2TY.
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To continue, we estimate in much the same manner as for j conforming to the first scenario:

A
AR

JyitA itA
l¢Z Ve fn”LSLlS/S(I xR3) ~ ||¢g ||L°°L12||Ve fn” L1013 (7, xm3)

 (supp@Z NI, xR3)
A it A
<, e fn|Lm “ XR3)||fn||;,1||Vel foll

itA J ”

L10L3°/13(1 xR3)

. J itA w!
ot lle L0, q-r e Wil g I 1lIve ||L10L30/l3([ T.T]xR3)’

where we have again used Corollary 2.8. Recalling (4-4), we see that the contribution of the high-frequency
piece is acceptable. This completes the proof of (4-33) and hence the proof of Lemma 4.7. O

The final step in checking the hypotheses of Proposition 3.5, which will finish the proof of Theorem 4.1,
is to verify that

lim sup lim sup ||u ||LooH L([=T,T]xR%) Srl.
J—>J* n—>00

In view of Lemma 2.6, we have

s | oo g1 ey ST 1 Ol gy + 1€ oz + IVNGD o 1.7

The requisite bounds on the right-hand side now follow from Lemmas 4.6 and 4.7. O

5. Normal form transformation

In this section we discuss the normal form transformation that we use throughout the rest of the paper. The
use of normal form transformations originates in work of Shatah [1985] and has since become a widely
used technique in the setting of nonlinear dispersive equations. The transformation we use is similar to
the one used by Gustafson et al. [2006; 2007; 2009] in the setting of the Gross—Pitaevskii equation.

Suppose u is a solution to (1-6). As mentioned in the Introduction, the quadratic terms in the nonlinearity
are the most problematic when it comes to questions of long-time behavior; in particular, the worst terms
are those containing u#, = Im u, since in the diagonal variables we have u, = U ~ly,. We would like to
find a normal form transformation that eliminates if not all, at least the worst quadratic terms.

To this end, we let Bi[-,-] and B;[-, -] be arbitrary bilinear Fourier multiplier operators defined as in
(2-1), with symmetric real-valued symbols By (£1, &) and B3 (£1,&2). Then

u:=u-+ Bl[ul, ul] + Bz[uz, Mz]
satisfies the equation

(i0; + A)ii —2yiiy =
Gy +4ui — 2y — A)Bi[u1, u1] (5-1)

+yu3 — 2y — A)Ba[uz, uz] (5-2)

+ 2i (yuruz + Bi[ur, —Auz] — Bauz, 2y — Auq]) (5-3)

+ cubic and higher order terms.
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While the symmetry of By and B, makes it impossible to eliminate all of the quadratic terms, we see
that if we choose

Bat1,6) =yQy + 161+ &7 e, Balfigl = (V) (f),

then (5-2) = 0. This allows us to eliminate the worst quadratic term, namely, the one containing two
copies of uy. Moreover, choosing B; = B, we get

i =u+y(V)|ul,
with
(5-1)=Qy +4)u? and (5-3)=—4iy(V) 2V [u;Vuy].

The derivative appearing in front of u5 is a welcome addition in light of the problem at low frequencies.
Similarly one can compute the higher-order terms. In general, one finds that for k € {3, 4, 5} the terms
of order k are given by

Nie(u) + 2i {B1[u1, Im(Ng_1 (u))] — Ba2[uz, Re(N—1 ()]},

where the N are as in (1-6). Notice that there are no sixth-order terms, since B = B, and u1 Im(N5(u)) =
Uz Re(Ns5(u)).

Finally, we employ the transformation Vu = u; 4+iUu; to diagonalize the equation. Our normal form
transformation is therefore given by

z:=M®u) :=Vu+y(V) 2ul? (5-4)

and z satisfies the equation
(10— H)z = Nz(u) (5-5)
with
Re[N: (u)] = U Re[N () — y|ul?]
= U[Qy+4u3 + (v +8)uj + (v + Hurud + (Suf + 6ujus +u3) + [ul*u1)],

v
(V)2
\%

=T [4yu1 Vs | + U?[(y + Dutuz + yu3 + duguzlul® + |ul*uz)].
We should briefly pause to point out the improvements present in (5-5) with respect to (1-6). Firstly,
(5-5) does not contain a quadratic term involving two copies of u5. Secondly, the remaining quadratic

terms involving u, exhibit a derivative of this problematic term. Lastly, all the remaining terms appear

Im[N; (u)] = — [4yur Vg + V@ [ulPuz + ¢*us)|

with a derivative at low frequencies, which is helpful throughout.
We next discuss the invertibility of the transformation (5-4). Note that by using the definition of (V)2
we can rewrite the transformation as

M) =U?u; +y(V)2q+iUus, (5-6)

where g = q(u) = 2uy + |u|>
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This normal form transformation is a homeomorphism from a neighborhood of zero in £ onto a
neighborhood of zero in H ; To prove this, we make use of the neighborhoods

MEyeoi={u €€ E() < E3. ul g < o},
N o i={f € HY: |l < CEp. |1 fll6 < Cepl.
where C denotes an absolute constant depending on y.
Proposition 5.1. Fix Eg > 0 and g9 > 0.
G If y e (%, 1), then M : Mg, ¢, — Eo.co+e2 continuously.
Gi) Ify = %, then M : ME, ¢, _>NE0+E3,€0+6(2) continuously.

Gii) If y € (O, %), then M : ME, ¢, N{l|Vuq ||% <d,} — NEO,EO-}—S% continuously, where 8y is as in
Lemma 3.2.

(iv) Given Eq > 0, there exists ¢1 = £1(E1) and a continuous mapping
R:NE & — €&
such that M o R =1d on NEg, ¢, and |R(f)||le < E1 for f € NE| ¢,-

(v) Suppose y > % Given E > 0, there exists €3 = g2(E2) so that M is a homeomorphism of ME, ¢,
onto a subset of H ; (R3) and has inverse R. In particular, M is injective on M Eyer Ify < %, then
the analogous assertions hold on Mg, ¢, N {[|Vu1l3 < 8y }.

Remark 5.2. We warn the reader that just because M (u) is small in Lg, one cannot guarantee that
u = (Ro M)(u). However, this would follow if u were sufficiently small in LS. This subtlety contributes
nontrivially to the complexity of the proof of Theorem 1.1.

Proof. The proofs of the first three claims parallel one another closely. We will only present the details
when y € (%, 1).
Let u € Mg, ¢, Recall from Lemma 3.1 that

2 2
lullz S E() S Eg.
We first show that M (u) € N Eo.cotel: Using the representation (5-6), we estimate

M) g1 < 101l + 1Y) 2l g1+ U2l g1 < lull s + gl 2 < Eo.
Using the representation (5-4) and Sobolev embedding, we estimate
1M@)l e S lunllge +1Uuall e + (V)2 o
< lullgs + |1V 2l 12
S lull g + 2
<e&o+ 8%.

Collecting these estimates, we conclude M(u) € N Eo.cote2:
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To prove the continuity of M, we note that for u, v € £ we may write
M(u) = M) = U*(ur —v1) + y(V) 2lg ) —q ()] +iUuz —v2).
Estimating as above we find
I M) — M) 1 < de(u,v).

We turn now to the fourth claim in the statement of the proposition. Let f* € Ng, ,. We aim to show
that for &1 = £1(E1) > 0 sufficiently small, we can find a unique u € £ such that M (u) = f, that is,

Uy =U"11,,
uy = fi—y(V)2U ! ]2 =y (V)23
To this end, we define

Rr(uy):= fi—y(V)2 U o] — y(V)%ui.

We will show that for &1 = £1(E1) sufficiently small, Ry is a contraction on

. 1 3
B:={uy € H}: |urll g1 < CE1, [urll e < Cler +¢5 E7))

with respect to the metric d(u1,v1) = |[u1 —v1|| g1, where C denotes an absolute constant depending
X
ony.
We first show that Ry : B — B. We have

IRre)lize < 1 fillzs + (V)20 ol g + 1Y) 203l (5-7)

The first term in (5-7) is controlled by e; by assumption. For the second term in (5-7), we use Sobolev
embedding, Bernstein, and interpolation to estimate

\Y _ _
o “W[(P‘“U ow pl)

SIVPUT Ll U fallge + 1PeU T fall 21U fall e
1 3
SE VA e e

For the third term in (5-7), we have

V)2 U~ f)? HLg s H %[PIOU_IJPZ]Z

_ L
(V) 2utll e < [IVIZ(V) 20t 2 < ).
Thus, for u; € B and &1 = €1 (E) sufficiently small we obtain
1 3
IRf(u1)llpe < Cler +ef ET).
To continue, we estimate

IR @l < 1Al + [0 207 AT g+ 0920 0. (5-8)
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The first term in (5-8) is controlled by £ by assumption. For the second term in (5-8), we argue as above
to find

H(V)_Z[U_lfz]ZHH;S”%[PloU_lfz]z v

+ ” e [(PuU! £)0(U! f5)]

1 3
< 2 2 )
B SV

For the third term in (5-8) we estimate
_ 3, -
10V 2uill g1 S 1V1ZV)20d] a2 S el g 1V 2
Thus for u1 € B and €1 = ¢1(E) sufficiently small we have
IR (u)ll g1 < CEx.

Collecting these estimates, we conclude that Ry : B — B.
Next we show that Ry is a contraction with respect to the H ; -norm. We first use Sobolev embedding,
Bernstein, and interpolation to estimate

Hy

“ (Vl>2 [(u1 4+ vi)(uy — Ul)]H

V|2

(V)2

<

~

[(u1 4 v1) Pri(ur —v1)]

Hy

+”;2[Plo(u1 +v1) Pio(u1 — vl)]H

2 (V)

+ ” #[Phi(ul +v1) Po(u1 —v1)] H a1

S llur +villpe 1 PriCuy —vo)llg2 + IV Py + vl gz llur —vill e

+ lur + vl IV Py —vo)llgs + [ Piur +v)ll gz llur —vill e
1 1 1 1
2 2 2 2 .
< (||M1||L9(||u1||H§ + ||U1||L)6€ ||vl||H)£)||M1 —vill g1 (5-9)
In particular, for &1 = &1(E1) sufficiently small we deduce that

IRy u1) — Ry i)l 1 < llus — w1l 1.
Therefore, by the contraction mapping theorem there exists a unique u1 € B such that Ry (uy) = u;.
We define R(f):=u; +iU~! f5. By construction, we have M(R(f)) = f.
It remains to see that u := R(f) € £ with |lu|l¢ < E1. Asu; € B, we have
el o S e ll gy + ||U_1f2||H)§ S Er+ | f2llg) < Eve
Moreover, by Holder,
lg@)llz2 = 121 + Ul 2 S 1 D2 + 102
< E1+ IVOI(Pow)]l 2 + 19 Pu) 2
S Ev 4+ IVPoullp2 | PoullLee + llull e ll Prirell 3

S Ev+llull g [l PoulliLge + Il Prinell 3 ]-
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Using Bernstein, Holder, and interpolation, we estimate

1 4
—1 z z
IPoullzge < urllLg + 112U fallpio < lluillpg + 120l 3005 < Juillpg + 11210 6 12112
and 1 1 1 1
[ Privell 3 < 1 Privallps + 1 Prif2llps < ||u1||2§||u1||2} + ||f2||[24)6c||f2||12_'1}'

Taking &1 = &1 (E) sufficiently small, this proves ||Q(”)||L% < E;.

To complete the proof of the proposition, it remains to address part (v). From (5-4) and (5-9), we see
that M 1is injective on Mg, ., provided &3 is sufficiently small depending on E>. By shrinking &5, if
necessary, we can further ensure that M (Mg, ,) is contained in a region where R is defined (this relies
on all the other parts of the proposition). It then follows that M is a homeomorphism on M(ME, ¢,)
with inverse R. O

The last result of this section relates the energy and the inverse of the normal form transformation; this
will be useful in the proof of Theorem 1.1.

Lemma 5.3. Let {z,}y>1 C H} be uniformly bounded and assume that z, — 0 in LS. Then
E(R(zn)) = 3l|znll3; +0(1) as n— oo.

Proof. By Proposition 5.1 (and its proof), we have that R(z,) exists for n large and

limsup |R(zx)[l¢e £1 and  lim [[Re R(z,)|l;6 = 0. (5-10)
n n—>0o0 X
We first claim that
R(zp) =V lz, +0(1) inH}as n— occ. (5-11)

Indeed, from the construction of R via the fixed point argument in Proposition 5.1, this amounts to
proving that

V)20 Im 2Pl g1 + (V) 2 [Re R(z))P [l g1 = o(1) s n — oc.
To see this, we use the decomposition
[U_1 Imzn]2 = [PIOU_1 Imzn]2 + @[(U_1 Im z,,)PhiU_1 Imzn] (5-12)
together with Bernstein, Holder, (5-10), and the hypotheses of the lemma to estimate
vy v ImZn]ZHH; < | Ivie,U! Imzn]ZHL% + || Imz,) PiU ™' Im z, HL%

S Tmz |3 U™ Imzy 6
1 1
< IIanlzgllznll,fzx Iznll gy = o(1) as n— oo,
_ 3 -
[¢9)2Re R | 71 < [1V12 (V) 2[Re RGa)| 22

< IVRe R(zn)ll 2| Re R(za)ll g = o(1) as n— oc.

This completes the proof of (5-11).
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We now turn our attention to the terms in the formula for £(R(z,)) containing q¢(R(z,)). Using the
representation (5-6), we observe that

M(u) = %q(u) - %U2(|u|2) +iUImu andso ¢(R(zy))=2Rez,+ U2(|R(zn)|2).
We next claim that
q(R(zy)) =2Rezy +0(1) in LJZC as n — oo. (5-13)

To prove this, we note that Im R(z,) = U ! Imz, and use the decomposition (5-12), as well as the
analogous decomposition for Re R(z,). Arguing as for (5-11), we estimate

102U Mz Pl < [IVIPU ™ Imza)?| o + (U Imzy) PiU ™ Imza | o = o(1),
IU?[Re Rzl 2 < [IVI[PooRe R(zn)I?| 372 + | (Re R(zn)) P Re R(zn) | .2

< IV Re R(zn)ll 2 | Re R(za)l g + I Re R(za)ll ¢ | Phi Re R(za)ll 3

SIVR@E)ll 2 [Re R(zn)ll s = o(1) as n — oc.

This completes the proof of (5-13).
Finally, we note that

q(R(zn)) =o(1) in L3 as n — oo. (5-14)
Indeed, arguing as above we find
1 1
[ Rezn“L; S HZ””Z% ”Zn”ig =o(l) as n— oo,
IU?[Re R(zn)* 13 S IRe R(zn)[|26 = 0(1) as n— oo,
1U*0m R(za)P 2 5 [IVI[PU ™! Imzn]ZHLi +||(U ™ Imz,) PiU ™" Im z, I3
<l Imzn||L)6€ H |V|_1 Im z, HL?C + ||U_1 Imzn”L)ﬁc | Imzn”Lg
Slznllzglizallgy =o(1) asn— oo,

Putting together (5-11), (5-13), and (5-14) completes the proof of the lemma. O

6. Proof of the main result

In this section we prove the main result, Theorem 1.1. As discussed in the Introduction, the proof is
based off of a strategy of Nakanishi; see especially Theorem 1.3 and the sketch of proof thereafter. For
the convenience of the reader, we restate the main theorem here.

Theorem 6.1. Suppose y € [3,1). Foranyuy € H!  +iH]

weal» there exists a global solution u € C(R; £)
to (1-6) such that

() =i (0] g1 =0, (6-1)
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where wjp(¢) := y—le—itH Vuy. Moreover,
Hm de (u(1). w1 (1) — (V) 2 |uiin(0)?) = 0. (6-2)
t—>00

Fory € (O, %), these conclusions hold if ||u 4+ ||Hria1+iHria1 is sufficiently small.

Proof of Theorem 6.1. Let uy € Hrleal + iI-‘Irial. We define z4 = Vuy € H} and we let Eg := ||z+||H)%.
We first claim that
lim ez |6 =0. (6-3)
t—00 X

Indeed, given > 0 we may find ¢ € S(R?) such that ||z —¢| gl < Using the dispersive estimate
(2-3) and Sobolev embedding, we find

—itH —itH -
le™ ™ zpliLe Slle™ ™ @llLs +llz+ =@l g < It el ors + .

which yields (6-3).

Next, we choose g sufficiently small depending on Eq as in Proposition 5.1. By (6-3), there exists
To > 0 such that e_”HZ+ € NEy.¢, for t > To; thus for any 7' > Ty, we may define R(e_iTHZ+) e
so that M(R(e ' THz,)) = e TH;, with |R(e7'THz,)|¢ < Eo.

By Theorem 3.3, there exists a global solution u” € C(R; ) to (1-6) with uT (T) = R(e ™' THz,).
Note that when y € ((), %), we require Eg to be sufficiently small to guarantee that

IVRe@" (O)7, <8, and E@”(0)) < 36, (6-4)
uniformly in 7, where d,, is as in Theorem 3.3. We define
gl =quT) = 2u1T +uT)? and zT:=M@T).
Note that (u”, zT) solves (5-4)—(5-5) with zT (T') = e 7*TH ;. Furthermore, we have

12" Oy + 1" Ol g + la” Ollzzars + ] OllLzazs SEo 1 (6-5)

uniformly in ¢ and 7.

As a consequence of (6-5), there exists a sequence 7, — oo and a function ugy € HJ} such that
uTn (0) —uo weakly in H . As (6-5) and (6-4) imply that {uT7 (0)} satisfy the hypotheses of Theorem 4.1,
we may apply this theorem to deduce that

uln(t) ~ u™®(t) weakly in H! forall 7 € R, (6-6)

where u®° € C(R; £) denotes the solution to (1-6) with initial data u®°(0) = ugy € £.

We define z%° := M(u°°) and note that (1, z%°) solves (5-4)—(5-5). We will prove that u®° is a
solution to (1-6) that satisfies the conclusions of Theorem 1.1. A first step in this direction is the following
weak convergence result.

Proposition 6.2. We have

e () ~ 2, weakly in H} as t — oo.
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Assuming Proposition 6.2 for now, we proceed with the proof of Theorem 1.1. We begin by upgrading
the weak convergence from Proposition 6.2 to strong convergence, namely,

: o _ —itH — _
Jim |20 =~ 2y yy = 0. 67
Using Lemma 4.2 combined with (6-6) and Lemma 5.3 combined with (6-3), we can first write
Eu™) <liminf E(u") = liminf E(R(e ™" 21)) = 3|2+ 112, (6-8)
n—00 n—>oo X

At this moment, it is tempting to attempt a Radon—Riesz-style argument. Recall that the Radon—Riesz
theorem says that if x, — x weakly in some Banach space X and limsup F(x,) < F(x) for some
uniformly convex function F : X — R, then x,, — x in norm. (This is most often quoted in the case of a
uniformly convex Banach space with F being the norm.)

The ideas just sketched were adapted beautifully to the Gross—Pitaevskii setting treated in [Gustafson
et al. 2009]. As discussed in the Introduction, those authors exploit

Egp(u) = $IMGIZ, + U2, = JIM@)I,,

which holds under no additional hypotheses. As also discussed there (see (1-23), in particular) the energy
functional for the cubic-quintic problem admits no such global inequality. Correspondingly, we need to
keep track of the structure of z°°(#,) as ¢, — 0o and then demonstrate the requisite coercivity is available

in this particular limiting regime. To achieve this goal we will use the following lemma. Note that the

2

result on £ plays a key role in controlling the kinetic energy of the real part when y < £.

Lemma 6.3. Let {u,}n,>1 C E be uniformly bounded. Assume that we may write u, = &, + ry, where &,
satisfies
Sl’;p ”En”Hrlal"‘iHéal <1 and nlggo ”E””L}ﬂL?c =0.
Then
E(un) = E(rn) + %IIV&II%,; +Re(M (), V%'n)[-[} +o(1) asn—oo. (6-9)

Furthermore, if E denotes the reduced energy defined via

E(f) = /%IVfIZwL%VIq(f)Izdx - %E(f)—%/q(ffdx,
then
E(un) = E(ra) + 3 VEnlgy1 + 3 Re{M(ra). Vén) g1 +0(1) as n — oo (6-10)

Proof. We will only prove (6-9). Claim (6-10) can be read off from the proof we give below.
To begin we observe that

q(un) =q(ra) +2Re§, + |5n|2 + 2Re(§n”n)-
By hypothesis, r, = u, — &, is uniformly bounded in Lg. Using this and our assumptions on &, we see

qun) =q@rn) +2Re&, +0(1) in LJZC as n — 00,
q(un) =q(rn) +o(1) in L3 as n — oo.
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Moreover, as U, is bounded in £ and Re &, is bounded in LJZC, we deduce that g (ry,) is uniformly bounded
in both L2 and L3.
Therefore, we obtain
E(up) = E(rn) + / %|V§n|2 + Re(vgnvrn) +vq(rn) Reén + y(Re i"n)2 dx +o(1)
= E(rn) + 1| VEn ||§1; +Re((2y — A)M(rn). VEn) 2 +0(1) as n— oo. O
We return now to the proof of (6-7). Let us begin by showing that

Eu™®) > Lz4 (6-11)

2

HY’
which combined with (6-8) fully identifies E(u°°). While natural, this is not (in and of itself) essential
to the argument; it does, however, force us to control the contributions of parts of the energy with the

unhelpful sign. It will be this control that will ultimately allows us to complete the proof of (6-7).
Let t,, — oo be an arbitrary sequence. We apply Lemma 6.3 with

up :=u®(t,) and & :=(Id@®Pspy,)V te il (6-12)
where N, € 27 converges to zero sufficiently slowly to guarantee that
”én”Ling —0 asn— oo. (6-13)
Note that this is possible because of (6-3). In view of (6-9), we obtain
Eu®) = E(ry) + % H (Id @Pan)e_ithZ_{_ ”?{,}
+Re(M(rn), (I1d GBPan)e_””HZJF)H; +0o(l) as n—oo. (6-14)

By Proposition 6.2, e/ M(u™(t,)) = e!"H z%(t,) — z; weakly in H!. On the other hand, by
(6-13), we have

M™(ty)) = ez + M(ry) — P<p, Ime " " H 2 1+ y(V)72[|£,|* + 2Re(Enrn)]
=e Ml 4 M(r,)+0(1) in H; as n — oo. (6-15)

Thus, we may deduce that
e H M(r,) =0 weakly in H; as n — oo.

Combining this with the dominated convergence theorem (which allows us to replace P»y, by Id), (6-14)
becomes

Eu®™) =E(rn)+%||z+||12111 +o(l) as n— oo. (6-16)
Arguing similarly and using (6-10) in place of (6-9), we obtain

E®) = E(ry) + %||Z+||§{} +0(1) as n— oo. (6-17)



FINAL-STATE PROBLEM FOR CUBIC-QUINTIC NLS WITH NONVANISHING BOUNDARY CONDITIONS 1563

Note that (6-11) follows immediately from (6-16), provided that E(r,) > 0. By Lemma 3.1, this is im-
mediate if y € [2, 1). In view of Lemma 3.2, if y € (0, 2) we simply have to verify that |V Re r,, ||? 12 < 8y
This, however, follows from (6-8) and (6-17), provided Ej is chosen sufficiently small dependmg on y.

Combining (6-8) with (6-11) and (6-16), we deduce that

E@®)=3lz4|3; and  E(ra) >0 asn—ooc.
By the argument in the preceding paragraph, this implies
lrnlle = 0 as n— oo. (6-18)

Therefore, using the representation (5-6) for M, we see that

Mg < 10U I rallgr + 102 Rerall gy + 109) 20 () g

Sllrall gy +llg(ra)ll,z =0 as n— oo.
Combining this with (6-15), we get
||z°°(tn)—e_’.t”HZ+||H; —0 as n— oo.

As the sequence ¢, — oo was arbitrary, this completes the proof of (6-7).

We next prove that (6-7) implies the conclusions of Theorem 6.1. We first show that (6-7) implies
(6-1). Let t,, — oo be an arbitrary sequence and define u, and &, as in (6-12). Using (6-13) and (6-18),
we deduce that u®°(,) — 0 in Lg. Furthermore, by (6-7) and (6-3), we have that z%°(#,) — 0 in Lg.
Using Proposition 5.1(v), we find that u®°(t,) = R(z°°(t,)) for n sufficiently large. Arguing as in
Lemma 5.3 and using (5-11), we may write u®(t,) = V"'2%(t,) + o(1) in H}, which together with
(6-7) yields (6-1).

We now turn to (6-2). We begin with the following strengthening of (6-3):

li —1 _—itH =0. -1
Jim U=te ™ H 2y g =0 (6-19)
Given 0 < N < 1, we have
-1 —itH -1 —itH
U™ Peye™ ™ 216 SIVUT Paye ™z |2 < | Panzil 2.
U Py 2yl g S N7 e H 2 .

In view of (6-3), choosing N sufficiently small and then sending ¢t — oo yields (6-19).
Using (6-19), we now show that the modification y (V) ™2 |uyi,|? appearing in (6-2) is negligible in the
H L _norm. Indeed, we have the stronger statement
H (V)_l |ulin(l‘)|2 ”Hl ~ H |V| 2Mhn(l‘) HL3 ”uhn(l‘)”L6
SIVuin O 21U e 2y | 6

S lz4 1l g ||U_le_itHz+||L)6C —0 ast— oo. (6-20)
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It remains to show
Jim [l (%)) =g (uin() =y (V) hin()]?) | 2 =0. (6-21)

As demonstrated above, u®(t) = R(z*(t)) for ¢ sufficiently large and z*°(r) — 0 in LS as t — oo.
Thus, arguing as for (5-13) and using (6-7), we deduce that

qu™(t)) = 2Reujin(t) +0(1) in L2 as t — oo.
On the other hand, a straightforward computation yields
g (wiin(t) — (V) 7 |uiin(1)|?)
= 2Re ujin(t) + U2 uiin(1)|? + [V(V)_2|Mlin(l)|2]2 —2y[(V) 72 [usin(£)]*] Re uin(t).

Thus, to prove (6-21) it suffices to show that the last three terms on the right-hand side above are o(1)
in L2 as 1 — oo. Indeed, we may estimate

U a1 2 < V)™ i (1 g
[V 2 ain@) P12 S 1IVI1F (V) 2han |73 S 10U e H 2y 3,
I[(V) ™ uiin(1)]*] Re ulin(t)HL)ZC < ||U_1€_itHZ+||zg’
and so by (6-19) and (6-20), we have
q(wiin(t) — y{V) > uiin(t)[*) = 2Re usin(t) + 0(1) in L3 as t — oo.
This completes the proof of (6-21) and hence that of Theorem 1.1. O
It remains to prove Proposition 6.2.

Proof of Proposition 6.2. We first claim that
2T (1) = z°(t)  weakly in H! forall € R. (6-22)

This relies in an essential way on Theorem 4.1 via (6-6). Henceforth, we let t € R be fixed. Using (6-6)
and Rellich—Kondrashov and passing to a subsequence, we have u” (1) — u®(t) strongly in L2(K) for
any compact K C R3. Now fix ¢ € cx (R3). Then (V)™2¢ € S(R?); in particular, for any & > 0 there
exists @ € C2°(R?) such that
(V) 20— el 32 <.
Using this, Holder, (6-5), and (6-6), we obtain
(2T (1), @) = (T (0). Vo) + y (" ()7, @e) + y(lu"™ (). (V) 20 — G)

= W (). Vo) + y{(u" () *. @) + O(e)

— (@), Vo) + y(u™® (1), g¢) + O(e)

= (z°°(t), ) + O(e).

As ¢ > 0 was arbitrary, this proves (6-22).
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To continue, we write
e 70 (1) —z
_ [eitHZOO(t)_eiToHZOO(TO)] n [eiToHZOO(TO)_eiToHZT,, (To)]+ [eiToHZTn (To)—e! TnH T (Tw)].
As the above is bounded in H., it suffices to prove weak convergence when testing against a dense
set of functions in H;!. In this role, we take ¢ € S(R?) with ¢ € CZ(R?\ {0}). To continue, we

choose Ng € 27 so that supp @ C {|&| > 100Np} and fix & > 0. By (6-22), there exists  sufficiently large
(depending on Tj) so that

(e ToH 22°(To) — &' oM 2T (Ty), ¢)| <& (6-23)
To handle the remaining two differences, we will prove the inequality
!(e”zHZ(tz)—ei’IHZ(tl),w) <o |t1|_% (6-24)

uniformly for t, > 1, where z denotes any of the functions z7#. In view of (6-22), we see that (6-24)
also holds (with the same implicit constant) for z = z°°. Thus, taking Ty large enough depending on ¢
and then n large enough so that 7}, > Ty and (6-23) holds, we get

sup [(e"2°(1) — 21 ¢)| Sy .

t>To

As ¢ > 0 was arbitrary, this proves Proposition 6.2.

It remains to verify (6-24). By Duhamel’s formula, we have
. . 2 .
("2 2(12) =" 2(11). )| < [ |(N=(u(s)). e p)| ds. (6-25)

n

To continue, we decompose the nonlinearity as
Nz(u) = N (u) = yNZ (),
where
N7 ) =U[37+2¢* +q*ur—yui—5y[ul*]-2yi (V) 2 V-[gVur—uiVual+i U2 [yuiuz+4>uz,
NZ(u)=Uuiu3)—1iU?3).
We first estimate the contribution of NZ1 (u) to (6-25). By Holder and the dispersive estimate (2-3), we
can estimate

1 . 15} .
[ vt e o) ds 5 [TINH @Dl prmle ol e ds
t

1 n

123 5
5(1’/ |S|_1”NZI(M(S))||L'1Y2/11 ds.

5]

Most of the terms appearing in Re(N!) can be handled using Holder and (6-5):

[U[3y +2> + q2ur = yui]l o S NalZaom + Il 2ys g + el g0 < 1.
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To estimate the remaining term in Re(N,!) we also use the fractional chain rule and Sobolev embedding:

4 3 4 3 3 4
1Ou 2 S [IVIE Q] g < [1V13u] s lel}e S IVull}> S 1.
To estimate the terms in Im(N}), we use Holder and (6-5):

-2 2 2
[(V)72V - [qVuz —uiVuo]| 2 S Va2l lall s + IVaallpz a7 s < 1,

27,2 2 < 2 2
| U2 lyuiuz + q*ual| i S IV @iu2) |2 + llg%uall 2
2
S luallpalbellps I Vull 2 + ||CI||L§/3||M2||L§; S L

Putting everything together, we find

123 . 1
/t }(NZ1 (u(s)),e_’SHqJ)} ds S¢ |t1]7%.

1

We turn now to estimating the contribution of N2(u) to (6-25). To complete the proof of (6-24) and so
that of the proposition, we must show that

15 . 1
/t (N2Gu(s)). e 5 g} | ds <, 1] (6-26)

1

Recalling that supp ¢ C {|€| > 100Ny}, we see that
(P<20N N2 (u(5)). e H ) = 0.
Writing u = P<pyyu2 + P> nyu2, we may decompose the remaining part of N, 2(u) as

Po20Ng N2 () = Po2ongUB(u1uz Ps Nguiz) + Psoon, U@ (uz[ P> nou2l?)
+ Po20N U{[P>sNou1][P<Nou2) — i U ([P>snou2l[ P<nou2]?)}-

Writing u; = v +iUu, (withv =Vu)and a := [PSNouz]z, we arrive at the decomposition

Pooong N7 (u) =
Po20N,UD(u1uz Ps Nott2) + Pooong U@ (ua[ Ps Nyii2]?) (6-27)
+ iPo2onU{aU(Psgnyuz) — U (a P>gnyu2)} (6-28)
+ Ps20n,U{a P>gn, 0} (6-29)

As we will see, the terms in (6-27) and (6-28) are small. However, there is no reason to believe that
(6-29) is small pointwise in time; instead, we will show that this term is nonresonant.
We first consider (6-27). Using Holder, Bernstein, and (6-5), we estimate

2
162D am % et Nzl g 1P motiall 2 + 2l g | Ponotia] 2
2 3
SNo It 1 Vaa 2, + Va2, S 1.

Thus, the contribution of this term to (6-26) is acceptable.
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We now turn to (6-28), which includes the commutator [a, U]. We regard this term as a bilinear
operator T'(a, P-gn,u2) with symbol given by

§ 3
=455 ) JpewE -vens ()

L U®E %) [, (& g\
_{ 2y(5)(§2)(|§2|(§)+|5|(52))[1 ¢(20N0)}¢(4N0)§ 2k

where ¢ denotes the standard Littlewood—Paley multiplier. Observing that the multiplier inside the braces

is amenable to Lemma 2.3, we may estimate

16-28) ] 21 5 [ Vall 372 | Posnouall s Swvo IV Penotiall 2 | P<nouzll el Vica | 2.

In view of (6-5), the contribution of this term to (6-26) is acceptable.
Finally, we consider (6-29). Using (1-11), we find

. - 3 U _ . - . U
laz<aP>8N0v,e ”H—<p>=(U(aP>8N0v),e ’tHcp)+(aP>8N0Nv(u),e ”H_(p>
2H 2H
- —itH U . - —itH U
+<[a9H]P>8N()U’e i ﬁ(ﬂ>+l<aP>SNOU,€ i ﬁ(p>

By the fundamental theorem of calculus, we may thus estimate the contribution of (6-29) to (6-26) as

1%) .
/ (UaPos,0). e 7 p)| ds
t

1

. 2 . .
< sup [{aPsgn, b, e (V) 20| + / (@ Pssng Ny (), e SH (V) 720)| ds
t

=1 1
15}

+ : (V)2 (la. H] P>sno 1), e *Hg)| ds + (@ Psgny b, e (V) 2p)| ds.  (6-30)
t

1 15}

To estimate the terms on the right-hand side of (6-30), we note that in view of (6-5),

IVa@)ll 32000 + 1aOl L3z + V0Ol L2 + 100 3028 SNo 1 (6-31)
uniformly for ¢ € R. Using this, Holder, and (2-3), we estimate the first term on the right-hand side of
(6-30) as

= —itH ;g\ —2 —itH ;g\ —2 -1
sutpl(aP>gN0v,e Vo) < llallpeepallvlizeora sup le™74V) 0l Lz Sg.no 11172,
=1 =1

Thus, the contribution of this term to (6-26) is acceptable.
Next we consider the second term on the right-hand side of (6-30). By Hélder and (2-3),

2 . 1
/ HGP>8N0NU(”),e_ISH(V>_2<P)‘ ds <o |t1|_§||aP>8N0Nv(M)||L<t>OL}C-
5]
Note that

5
No(u) =Y UBWF) + 0u").

k=2
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To estimate the contribution of the quadratic terms in Ny (u), we use Bernstein, (6-5), and (6-31):
aP-sno[UB2) + @A) oo 1 SNy lall o2 IVOCR) | 32
<o llall 2o 3 IVull oo 2 ull oo 6 <o 1.
Similarly, we can estimate the cubic terms in N, (u) via
aP-sno[UD@3) + B[ oo 1 S8 Nallzo 16| VO o s
SN ||a||L§>°L§; ”VUHL,”L,% ”u”i?oL?C SN 1.
We estimate the quartic and quintic terms in Ny (1) using Holder, (6-5), and (6-31):

JaP-so[UB0) + 0] | ooy < Nl o g Il g S 1.

JaP-so[UB0) + 0] | oo 1 Sl o g Nt g S 1.

A

Putting everything together, we see that the contribution of the second term on the right-hand side of
(6-30) to (6-26) is acceptable.
We now turn to the third term on the right-hand side of (6-30). By Holder and (2-3),

[t (V)2 (la. H]Posig0). e )] ds g 10|74 (9) 2 (fa. H]Pogy ) | o 12

We regard the term on the right-hand side above as a bilinear operator 7'(a, v) with symbol given by

HE) - HE) [ & b \]_
el el(n ) e era

where

 Qr R BPE 12 [ )[ ) (E_z):|
&1 82) = = (6 6 + E1(E) ¢(4N0 1= 3n,

is a bounded bilinear multiplier in view of Lemma 2.3. Using also (6-31), we get
_2 -
1{V)~2([a. H]P>8NOU)HL?OL;2/11 SIVallpeop32llvlipeers <o 1.

Thus, the contribution of the third term on the right-hand side of (6-30) to (6-26) is acceptable.
We now turn to the fourth and last term on the right-hand side of (6-30). By Holder, (2-3), and
Bernstein,

2
. - _isH -2 N S
/ HGP>8N0U,€ HEV) (p)}dSS(p |t1] 2||a||L<l>OL§||P>8NoU”L<t>°L)2€
A

_1 .
S(p,No 11|72 ||P5N0u2||L<;°L§ ||M2||L<;0Lg ||VU||L<;°L)2('
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In view of (6-5) and (6-31), we need only bound Py, 1> in L?OL?C. To this end, we use (1-6), Bernstein,
and (6-5):

5
| P<notiallpoors S 1 P<no@y = Mutllpoors + D I P<ng@W) oo
k=2

5
k
<No ”u1||L§’°L;3c + Z ||u||LtooL)6C <no L.

k=2
Thus, the contribution of the fourth term on the right-hand side of (6-30) to (6-26) is acceptable. This
completes the justification of (6-26) and so the proof of Proposition 6.2. O

7. Proof of Theorem 1.4

In this section we prove Theorem 1.4 and Corollary 1.7. We recall the norm
1
lllxr = sup £2 |u(@) | 1.3 gs)-
T T Hy ™ (R?)

The proof of Theorem 1.4 will be effected by running a contraction mapping argument simultaneously
for u and z = M (u). The necessity of exploiting the normal form transformation can be seen when one
endeavors to estimate the quadratic terms appearing in the nonlinearity.

Proof of Theorem 1.4.. We define maps
[@1(u, 2)](1) = V71 2(t) =y (V) 2 u (@),

[@2000](0) = e~ Vg +i f T e 1CDH \_(4()) ds,
t

where N; is as in (5-5).

We will show that the map (u,z) — ®(u,z) := (1(u, z), (1)) is a contraction on a suitable
complete metric space, and so deduce that ® has a unique fixed point (u, z) in this space, which then
necessarily solves (5-4)—(5-5).

For 0 <n<1and T > 1 to be determined below, we define

By = oy ety = el iy, Illr < 4nj.
and
— . . -1
By={z: Nzl pgopy < 2usllpp yign o 1V 2lx, <20},

X

where here and in what follows all space-time norms are taken over (7T, 0o) x R? unless stated otherwise.
We define B = B; x B, and equip B with the metric

d((u,z), (1,2)) = |lu—ilx, + 81V "'z =2)lx,.
We first show that ® : B — B. By Sobolev embedding, for (u,z) € Bandt >T > 1,

V) 2P gy + (V) 2@ 10 < |l @) 2] 22 S )2 < P
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Thus choosing T = T (|Ju+ ||Hrlcal+iHr!:al) large enough, we have

[101 60 20O g, i, <1V 2Oy iy, + v IO OP |y < 202l oy

Similarly,
1
[[@1e. 21O | 13 < 1V 20| grs + v [ (V) 2 (@) 2] s < 4ne 2,

provided 7 is chosen small enough. Thus ®; : B — Bj.
We next show that @, : By — B,. We first estimate N, (u), which satisfies

U™IN,(u) =0w? +u® +u* +u’) + U_l% - BuVu) + UBw> + u* +u°). (7-1)
We estimate the quadratic terms at fixed time ¢t > T > 1, as
[e0® + U‘l% OV |0)] 122 S G, <07,
Similarly, for k € {2, 3, 4} we have
[[@@*h + Uoe D] 0] 4122
S Nu@IF e lu @ s
SIVIFu@ I Ju@lgra sl sk g2
Combining the above, we deduce that
U= Nz @) 132 5 24: ~ T+ uniformly for > T > 1. (7-3)
k=1

To continue, we use Strichartz and (7-3) to estimate

||<D2(M)IIL<;<>H; = ||V”+||L<;°H)g + C||Nz(“)||L?/3H;s3/2

4
-2kl k41
S ||u+||Hr1eal+iHrleal + C Z T ! T’ E 2||u+||Hrleal+iHr}eal’
k=1

provided T = T (Jlu+|| HI 4i Hrleal) is chosen sufficiently large.

We turn to estimating V' ~!®, (1) in the X -norm for u € B;. By hypothesis, the dispersive estimate
(2-3), and (7-3), for t > T > 1 we have

m .
[ Ve ' COHEN, (u(s))] ds

t

IV 2]l gra< IV e ™ T Vuy || gis+

H;.3
-1 * —i(t—s)H y7—1
<nt 2+/ He W=y Nz(u(s))]HHxn,sds
; 5
1 *© 1 4 k+1 k+1 1 4 Kk f41 1
fnt_2+C/ |t —s|72 Zs_ 2y dsfnz_2+CZt_2n <2nt" 2,
d k=1

k=1
provided 7 is chosen sufficiently small. This completes the proof that ® : B — B.
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We next claim that ® is a contraction with respect to the metric defined above. First, for (u, z), (i,Z) € B,
we estimate

| @10u.2) = @1 D) |y, < IV 71z = D)llxy + v [{V)2(ul? ~ 1712 .,
< Ld((u,2), @,2)+C sup 17 |+ 8) (1) (u — 0)(0)| 2/
< Ld((u,2). (@.2) + CnT ™2 ||u —iillx,
< Yd(w,2). @.7)).

provided 7 is sufficiently small.
By (2-3), fort > T > 1 we estimate

[V [@2) = D2 (@) (1) | 15 <

/Oo V_l (ie_i(t_s)H[NZ (u(s)) — Nz(ﬂ(s))]) ds
t

H}?
o0 1 1
5/ |t — 5|72 [UT N2 (u(s)) — Nz (@@ (s )] 132 ds.
t X
Writing w to indicate that either u or 7 may appear, we have

U-lv
(V)2

4
Ju—i)Vw+wVu—i)]+U > Olw* w—i)).
k=2

4
U™V N ()= Nz = Y Blwk (u—ib)] +
k=1

We estimate the contribution of the quadratic terms via

o0 1
/ t— s
t

-1

Olw(u —u)](s) + vy, [(u — ) Vw +wV(u—u)](s)

e ds

H1,3/2
X
~ 0 1 4 1 ~
S lwlxrllu —tlxr | 1t =s72s7"ds St 2nflu—lx,.
t

Arguing as in (7-2), we obtain

o0 1
/ £ — s
t

ds
H;,3/2

4
> O[wk @ —ib))(s) + UBIw* (u —1)](s)
k=2

00
k - _1 _k+1 _k K ~
S A e T
t

Thus for 5 sufficiently small we get
8V @2(u) — 22(@)]| y, < 5d((u,2), (@, 2)).

This completes the proof that @ is a contraction on B. Hence there exists a unique (#, z) € B such
that ®(u, z) = (u, z). In particular z = M(u) and (u, z) solves (5-4)—(5-5) on (T, 0o) x R3. We note that
by construction we have u; € H! and u € L3 N LS. In particular, ¢(u) = |u|? + 2u; € L2 and hence
u)ye&fort>T.
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For y € [%, 1), Theorem 3.3 guarantees that the solution u can be extended (in a unique way) to be
global in time. For y € (0, %), global existence follows from [Killip et al. 2012, Theorem 1.3], while
uniqueness in the energy space follows from Theorem 3.3 (see also Remark 3.4).

Next we show that (1-25) holds; indeed, we prove the stronger claim (1-26). We first note that Strichartz
combined with (7-3) gives

N

lz() —e Vg |1 S173,

which in turn implies

=

[v=tz) - e T I Hl gl ST H

real

As z = M(u), for t > T we have

V=20 w1 o, S 1O 2O gy S [P 22 07l

Therefore, by the triangle inequality we may conclude that

ol

-1 _—itH -
”u(t) B V ¢ Vu+ ” Hrlal—i_iHnleal 5 ! )
By the arguments presented so far, it is clear that u is the unique solution in Bj that obeys (1-25). This
is slightly weaker than is claimed in Theorem 1.4, which places no restrictions on the Hrle&ll +1 Hrleal—norm
of alternate solutions v (), nor any restriction on the value of 7' for which ||v|x, < 4n; however, any

solution v(¢) obeying (1-25) must have

IWllLeo ooyt ity = gy i,
for some 7' large enough. Thus the equality of v(¢) and u(¢) follows from the contraction mapping
argument above with 7 large enough combined with uniqueness in the energy space. O
Finally, we prove Corollary 1.7.
Proof of Corollary 1.7. The proof consists of showing that smallness of the weighted norms implies the
smallness condition (1-24). In view of (2-4), it suffices to show

”e:I:itH e:l:itHU

1 -1 _1
willgra Sk and | Reut s S 1l 72

By the dispersive estimate (2-3) and Holder,
; _1 _1 1
It g | S 12NVl a2 S 12 ()2 (Vg | 2

and
. 1 5
”e:I:ltHU—l Reu'ﬁ‘”[—];j 5 |t|_§ ”U_E (V) Reu+”Li/2.

Using Holder and Sobolev embedding, we obtain

_5 1
VU= Reus |32 S (Vs ll 3 S 1) 2 (Vs 2.

||U_% Re”+“L)3/2 < H|V|%U_% R6M+HL)1C8/17 < ” (x)%Jr(V)% Reu+HL%. O
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MAGNETIC WELLS IN DIMENSION THREE

BERNARD HELFFER, YURI KORDYUKOV, NICOLAS RAYMOND AND SAN VU NGOC

This paper deals with semiclassical asymptotics of the three-dimensional magnetic Laplacian in the
presence of magnetic confinement. Using generic assumptions on the geometry of the confinement, we
exhibit three semiclassical scales and their corresponding effective quantum Hamiltonians, by means of
three microlocal normal forms a la Birkhoff. As a consequence, when the magnetic field admits a unique
and nondegenerate minimum, we are able to reduce the spectral analysis of the low-lying eigenvalues to a
one-dimensional A-pseudodifferential operator whose Weyl’s symbol admits an asymptotic expansion in
powers of A 2.

1. Introduction

1A. Motivation and context. The analysis of the magnetic Laplacian (—i#V — A)? in the semiclassical
limit # — 0 has been the object of many developments in the last twenty years. The existence of the
discrete spectrum for this operator, together with the analysis of the eigenvalues, is related to the notion
of a “magnetic bottle”, or quantum confinement by a pure magnetic field, and has important applications
in physics. Moreover, motivated by investigations of the third critical field in Ginzburg—Landau theory
for superconductivity, there has been great attention focused on estimates of the lowest eigenvalue. In the
last decade, it appears that the spectral analysis of the magnetic Laplacian has acquired a life of its own.
For a story and discussions about the subject, the reader is referred to the recent reviews [Fournais and
Helffer 2010; Helffer and Kordyukov 2014; Raymond 2016].

In contrast to the wealth of studies exploring the semiclassical approximations of the Schrodinger
operator —h2A + V, the classical picture associated with the Hamiltonian || p — A (¢)||? has almost never
been investigated to describe the semiclassical bound states (i.e., the eigenfunctions of low energy) of
the magnetic Laplacian. The paper [Raymond and Vi Ngoc 2015] is to our knowledge the first rigorous
work in this direction. In that paper, which deals with the two-dimensional case, the notion of magnetic
drift, well known to physicists, is cast in a symplectic framework, and using a semiclassical Birkhoff
normal form (see, for instance, [Vii Ngoc 2006; 2009; Charles and Vii Ngoc 2008]) it becomes possible
to describe all the eigenvalues of order O(#). Independently, the asymptotic expansion of a smaller set of
eigenvalues was established in [Helffer and Kordyukov 2011; 2015] through different methods which act
directly on the quantum side: explicit unitary transforms and a Grushin-like reduction are used to reduce
the two-dimensional operator to an effective one-dimensional operator.

MSC2010: primary 81Q20, 35P15; secondary 37GO05, 70H15.
Keywords: magnetic fields, Birkhoff normal forms, microlocal analysis.
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The three-dimensional case happens to be much harder. The only known results in this case that provide
a full asymptotic expansion of a given eigenvalue concern toy models where the confinement is obtained
by a boundary carrying a Neumann condition on a half-space [Raymond 2012] or on a wedge in [Popoff
and Raymond 2013]. In the case of smooth confinement without boundary, a construction of quasimodes
by Helffer and Kordyukov [2013] suggests what the expansions of the low-lying eigenvalues could be.
But, as was expected by Colin de Verdiere [1996] in his list of open questions, extending the symplectic
and microlocal techniques to the three-dimensional case contains an intrinsic difficulty in the fact that the
symplectic form cannot be nondegenerate on the characteristic hypersurface. The goal of our paper is to
answer this question by fully carrying out this strategy. After averaging the cyclotron motion, the effect
of the degeneracy of the symplectic form can be observed on the fact that the reduced operator is only
partially elliptic. Hence, the key ingredient will be a separation of scales via the introduction of a new
semiclassical parameter for only one part of the variables. These semiclassical scales are reminiscent of
the three scales that have been exhibited in the classical picture in the large field limit; see [Benettin and
Sempio 1994; Cheverry 2015]. They are also related to the Born—Oppenheimer-type of approximation
in quantum mechanics (see, for instance, [Born and Oppenheimer 1927; Martinez 2007]). In fact, in a
partially semiclassical context and under generic assumptions, a full asymptotic expansion of the first
magnetic eigenvalues (and the corresponding WKB expansions) has been recently established in any
dimension in the paper by Bonnaillie-No€l, Hérau and Raymond [Bonnaillie-Noél et al. 2016].

1B. Magnetic geometry. Let us now describe the geometry of the problem. The configuration space is
R® ={q1e1 +q2e2+q3e3 | gj €R, j =1,2,3},
where (e;)j=1,2,3 is the canonical basis of R>. The phase space is
R® ={(¢. p) € R’ xR?}
and we endow it with the canonical 2-form
wo =dp1 Adg1+dpa Adga +dp3 Adgs. (1-1)

We will use the standard Euclidean scalar product (-, -) on R3 and |- |, the associated norm. In particular,
we can rewrite wg as

wo((u1,u2), (V1,v2)) = (v1,u2) — (v2,u1)  Vur,uz,v1,v2 € R
The main object of this paper is the magnetic Hamiltonian, defined for all (¢, p) € R® by
H(g.p)=lp—A@]* (1-2)

where A € C®(R3, R?).
Let us now introduce the magnetic field. The vector field A = (A, Az, A3) is associated (via the
Euclidean structure) with the 1-form

o = A1dqy + A2dga + Asdgs
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and its exterior derivative is a 2-form, called the magnetic 2-form and expressed as
do = (0142 —02A41)dg1 Adga + (0143 — 33A1)dg1 Adg3 + (0243 — 33A42)dg2 Adg3.
The form do may be identified with a vector field. If we let
B =VxA = (0243—03A43, 03410143, 01A2—0241) = (B1, B2, B3),

then we can write

da = Bizdgy Adga — B2dg; Adgs + Bidga Adgs. (1-3)

The vector field B is called the magnetic field. Notice that we can express the 2-form do thanks to the
magnetic matrix

0 B3 —B>
Mp=|—-Bs 0 B
B, -B; 0
Indeed we have
da(U,V)=(U,MgV)=(U,VxB)=[U,V,B] Y(U,V)eR}xR 1-4)
where [ -, -, -] is the canonical mixed product on R3. We note that B belongs to the kernels of Mg and da.

An important role will be played by the characteristic hypersurface
> = H Y0),
which is the submanifold defined by the parametrization
R*35 g j(q):=(q.A(q)) € R’ xR>.
We may notice the relation between X, the symplectic structure and the magnetic field given by
J*wo = da, (1-5)
where do is defined in (1-3).

1C. Confinement assumptions and discrete spectrum. This paper is devoted to the semiclassical analy-
sis of the discrete spectrum of the magnetic Laplacian L3 4 := (—ihV,—A (9))?, which is the semiclassical
Weyl quantization of H (see (2-1)). This means that we will consider that % belongs to (0, %g) with Ag
small enough.

If £ is a self-adjoint operator, we denote its spectrum by s(£). The discrete spectrum of £ consists of
the isolated eigenvalues with finite multiplicity. The essential spectrum is by definition the complement
in s(£) of the discrete spectrum and is denoted by s.ss(£). It is empty when £ has compact resolvent.

It is known (see, for example, [Avron et al. 1978]) that L3 4 is essentially self-adjoint and we always
consider with the same notation its self-adjoint extension.
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Let us recall the assumptions under which the discrete spectrum actually exists. In two dimensions,
with a nonvanishing magnetic field, a standard estimate (see [Avron et al. 1978; Cycon et al. 1987]) gives

b [ IB@In@P dg < Chan ) Vi e @), (1)

This implies that, as B(g) — 400, the magnetic Laplacian has compact resolvent. Except in special
cases when some components of the magnetic field have constant sign, this doesn’t hold anymore in
higher dimensions (see [Dufresnoy 1983]). One can give examples where | B(q)| — +oo and the operator
doesn’t have a compact resolvent. We should impose a control of the oscillations of B at infinity. Under
this condition, we get an estimate similar to (1-6) at the price of a small loss. When there exists a constant
C > 0 such that

IVB(g)| <C(1+b(q)) YqeR (1-7)

and b(q) := || B (g)|| tends to 400, one can show again that the magnetic Laplacian has compact resolvent
[Helffer and Mohamed 1996].

In the semiclassical context, we would like to consider the case of R3 and, in addition to (1-7), a
confining assumption which allows the presence of the essential spectrum above a certain threshold. More
precisely:

Assumption 1.1. We assume that (1-7) holds and

b(q) = bg := inf b(q) > 0. (1-8)
geRrR3

Under Assumption 1.1, it is proven in [Helffer and Mohamed 1996, Theorem 3.1] that there exist
ho > 0 and Cy > 0 such that, for all # € (0, o),

B =Cotd) [ b@Iu@) P dg < (G au 1) Vi€ R, (19)

In this case, if we do not assume that b(g) — +o00, the spectrum is not necessarily discrete, but using
this inequality and Persson’s theorem [1960], we obtain that the bottom of the essential spectrum is
asymptotically above #b;, where

by := liminf b(g).
|g|—>—+o0
More precisely, under Assumption 1.1, there exist g > 0 and Cp > 0 such that, for all % € (0, hy),
1
Sess(Lh,4) C [hb1(1 — Coh#), +00). (1-10)

Assumption 1.2. We assume that
0<bo<b. (1-11)

Moreover, we will assume that there exists a point go € R3 and & > 0, f;’o € (bg, b1) such that

{b(q) < Po} C D(qo. ¢), (1-12)
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where D(qo, ¢) is the Euclidean ball centered at ¢o and of radius . For the rest of the article we let
Bo € (bo, Bo). Without loss of generality, we can assume that go = 0 and that 4 (0) = 0 (which can be
obtained with a change of gauge).

Note that Assumption 1.2 implies that the minimal value of b is attained inside D(qo, €).

Throughout this paper, we will strengthen the assumptions on the nature of the point gg. At some stage
of our investigation, go will be the unique minimum of . Note in particular that (1-12) is satisfied as
soon as b admits a unique and nondegenerate minimum.

1D. Informal description of the results. Let us now informally walk through the main results of this
paper. We will assume (as precisely formulated in (1-11)—(1-12)) that the magnetic field does not vanish
and is confining.

Of course, for eigenvalues of order O(%), the corresponding eigenfunctions are microlocalized in the
semiclassical sense near the characteristic manifold X (see, for instance, [Robert 1987; Zworski 2012]).
Moreover, the confinement assumption implies that the eigenfunctions of £y 4 associated with eigenvalues
less than Bo# enjoy localization estimates a la Agmon. Therefore we will be reduced to investigating the
magnetic geometry locally in space near a point g9 = 0 € R3 belonging to the confinement region and
which, for notational simplicity, we may assume to be the origin.

Then, in a neighborhood of (0, A (0)) € X, there exist symplectic coordinates (x1, &1, x2, &2, x3, £3)
such that ¥ = {x; = £ = £ = 0} and (0, A(0)) has coordinates 0 € R®. Hence ¥ is parametrized by

(x2, &2, x3).
1D1. First Birkhoff form. In these coordinates suited for the magnetic geometry, it is possible to perform

a semiclassical Birkhoff normal form and microlocally unitarily conjugate £; 4 to a first normal form
N}, = Opy’ (Ny,) with an operator-valued symbol Ny, depending on (x2, &2, x3, £3) in the form

Nh = ES? + b(XZa 527 x3)Ih + f*(htha X2, SZ» X3, 53) + O(|Zh|ooy |S3|OO)’

where 7, = th)zcl + x2 is the first encountered harmonic oscillator and where (%, I, x2, £, X3, £3) —
S*(h, 1, x2, 82, x3,&3) satisfies, for 1 € (0, /o),

| f*(h, I, x2,62,%3,83)| < C(|I|% + &3 +h%).

Since we wish to describe the spectrum in a spectral window containing at least the lowest eigenvalues,
we are led to replace 7 by its lowest eigenvalue % and thus, we are reduced to the two-dimensional
pseudodifferential operator /\/;EI] = Op;’ (Nfgl]), where

N;EI] =3 +b(x2, &2, x3)h + [*(h, h, X2, E2, X3, E3) + O™, |£3]%).

1D2. Second Birkhoff form. If we want to continue the normalization, we shall assume a new nondegen-
eracy condition (the first one was the positivity of b).

Now we assume that, for any (x5, &) in a neighborhood of (0, 0), the function x3 + b(x2, &2, x3)
admits a unique and nondegenerate minimum denoted by s(x3, £2). Then, by using a new symplectic
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transformation in order to center the analysis at the partial minimum s(x2, &>), we get a new operator E]
whose Weyl symbol is in the form
]—VE‘:] = 1)2()62, 52)(55 + hx%) + hb(x2, 52» S()Cz, %—2)) + remainders,
with
1

v(x2.62) = (303b(x2.82.5(x2.£2)))* (1-13)
and where the remainders have been properly normalized to be at least formal perturbations of the second
harmonic oscillator E% + hx%. Since the frequency of this oscillator is A7 in the classical picture, we
are naturally led to introduce the new semiclassical parameter

h=h3

and the new impulsion

o
I
Sk
=
ey

so that
Opy (€5 + hx3) = h* Op}! (§5 + x3).

We therefore get the h-symbol of NV [1],
NI = 5202(xp, hE2)(E2 + x3) + h2b(x2, hE2, 5(x2, hé2)) + remainders.

We can again perform a Birkhoff analysis in the space of formal series given by & = .Z[[x3, §3, h]), where
Z is a space of symbols in the form c(h, x2, h&>). We get the new operator M, = Op;’ (Mp,), with

My = h2b(x2, hEa, s(x2, hE2)) + h2J;, OpY v2(x2, hE2) + h2g* (h, Th, X2, hE2) + remainders,

where Jj, = Op}/ (532 + x%) and g*(h, J, x2, &) is of order three with respect to (J% , h%). Motivated
again by the perspective of describing the low-lying eigenvalues, we replace J;, by 4 and rewrite the
symbol with the old semiclassical parameter # to get the operator ME] = Op,'f(MEll]) = Op;’ (M,El]),
with

MM = hb(x2. £2.5(x2, £2)) + h3v2 (x2, £2) + hg* (h3, 73, x2, &) + remainders. (1-14)

1D3. Third Birkhoff form. The last generic assumption is the uniqueness and nondegeneracy of the
minimum of the new “principal” symbol

(x2,82) > D(x2,82,5(x2,82))

that implies that » admits a unique and nondegenerate minimum at (0, 0, 0). Up to an h%—dependent
translation in the phase space and a rotation, we are essentially reduced to a standard Birkhoff normal
form with respect to the third harmonic oscillator K = thfQ + x3.

Note that all our normal forms may be used to describe the classical dynamics of a charged particle in
a confining magnetic field (see Figure 1).
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Figure 1. The dashed line represents the integral curve of the confining magnetic field
B = curlA through go = (0.5,0.6,0.7) for B(x,y,z) = (1, 3z, v/1 + x2) and the full
line represents the projection in the g-space of the Hamiltonian trajectory with initial
condition (qg, po) (with pg = (—0.6,0.01,0.2)) ending at (g1, p1). The motion is easier
to follow on a video: see http://tinyurl.com/3DMagneticFlow.

1D4. Microlocalization. Of course, at each step, we will have to provide accurate microlocal estimates
of the eigenfunctions of the different operators to get a good control of the different remainders. In a
first approximation, we will get localizations at the scales x1, £1, &3 ~ A% (§ > 0 is small enough) and
X2, &2, x3 ~ 1. In a second approximation, we will get x3, 53 ~ h%. In the final step, we will refine the
localization by x», £ ~ h®.

1E. A semiclassical eigenvalue estimate. Let us already state one of the consequences of our investiga-
tion. It will follow from the third normal form that we have a complete description of the spectrum below
the threshold bo# + 3v2(0, O)h%. This description is reminiscent of the results a la Bohr—Sommerfeld of
[Helffer and Robert 1984; Helffer and Sjostrand 1989, Appendix B] (see also [Helffer and Kordyukov
2015, Remark 1.4]) obtained in the case of one-dimensional semiclassical operators.

Theorem 1.3. Assume that b admits a unique and nondegenerate minimum at qg. Define

o= Hessy,b (B (q0). B(q0)) - \/ det Hessy, b

(1-15)

2h2 Hessgob (B (q0). B(q0))
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There exists a function k* € C§° (R?) with arbitrarily small compact support, and
k*(h?,Z) = O((h+12])?)

when (h, Z) — (0, 0), such that the following holds:
Forall ¢ € (0, 3), the spectrum of Ly, 4 below boh —I—ca%h% coincides modulo O(h°®) with the spectrum
of the operator Fy, acting on L?(Ry) given by

¢

w2l
%hz-i-h(%@/Ch +k (hz,](:h)), Kh:th)zc+x2’

1.3
Fy =boh+02h2 —
with some constant .

Remark 1.4. The constant ¢ in Theorem 1.3 is given by the formula
¢ =[Vv?(0,0)]%
where the function v is given in (1-13). Observe also that o = v#(0, 0).

Corollary 1.5. Under the hypothesis of Theorem 1.3, let (Ay, (h))m=1 be the nondecreasing sequence of
the eigenvalues of Ly, 4. For any c¢ € (0, 3), let

Njc := {m € N* | A (h) < hibo + co2h2}.

Then the cardinal of Ny, . is of order h_%, and there exist vy, vy € R and hg > 0 such that

Am(h) = hbo +02h3 + [G(m - %}hz +ur(m—L)h3 vy (m—1)’H3 + 0h3)

uniformly for h € (0,ho) and m € Ny, ..
In particular, the splitting between two consecutive eigenvalues satisfies

A1 (B) = A (h) = 612 + O(13).
Proof. If the support of k* is small enough, the hypothesis k*(h%, Z)=0((h+|Z |)%) implies that,
when % is small enough,

(1 1)Ch = Ko+ 2k (2, Kp) = (1=K

for some small n > 0. Therefore, since the eigenvalues of K3 are (2m — 1)A, m € N¥, the variational
principle implies that the number of eigenvalues of Kz +(2/6)k* (h% , K#) below a threshold C, belongs to

1 Cy, 1 Cy,
[E(ha ot 1)’E(h<1—n> * l)}

Taking C = (2/6)(c — l)a%h% + (¢/6?%)h, and applying the theorem, we obtain the estimate for the
cardinal of Ny .. The corresponding eigenvalues of L 4 are of the form

£
26

Am(h) =hbo +03h3 — 212 + h[0(m— LYh + k* (B2, 2m — 1)] + OH®),
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with (2m — 1)k < C/(1 — ). Therefore there exists a constant C > 0, independent of #, such that all
m € Ny, . satisfy the inequality (2m — 1)A < Chz. Writing

k*(h?, Z) = coh® +vih? (L Z) + c1h? +v2(L 2)” + vshZ + h2O(h + | Z)* + O(Z3),
we see that, for m € Ny, ¢,
k*(h2, 2m — D)h) = vih3 (m — 1) + vah?(m— 1)? + 0(42),
which gives the result. O

Remark 1.6. An upper bound of A, (%) for fixed 7-independent m with remainder in (’)(h%) was obtained
in [Helffer and Kordyukov 2013] through a quasimodes construction involving powers of A1. To the
authors’ knowledge, Corollary 1.5 gives the most accurate description of magnetic eigenvalues in three
dimensions, in such a large spectral window. Note also that the nondegeneracy assumption on the norm
of B is not purely technical. Indeed, at the quantum level, it appears through microlocal reductions
matching with the splitting of the Hamiltonian dynamics into three scales: the cyclotron motion around
field lines, the center-guide oscillation along the field lines, and the oscillation within the space of field
lines.

1F. Organization of the paper. The paper is organized as follows. In Section 2, we state our main results.
Section 3 is devoted to the investigation of the first normal form (see Theorem 2.1 and Corollary 2.4). In
Section 4 we analyze the second normal form (see Theorems 2.8 and 2.11 and Corollaries 2.9 and 2.13).
Section 5 is devoted to the third normal form (see Theorem 2.15 and Corollary 2.16).

2. Statements of the main results

We recall (see [Dimassi and Sjostrand 1999, Chapter 7]) that a function m : RY — [0, 00) is an order
function if there exist constants Ng, Cp > 0 such that

m(X) < Co(X —Y)Nom(Y)

forany X,Y € RZ. The symbol class S(m) is the space of smooth %-dependent functions ay, : R - C
such that, for all o € Nd,
[9%ap(x)| < Cam(x) Vhe (0, 1].

Throughout this paper, we assume that the components of the vector potential A belong to a symbol
class S(m). Note that this implies that B € S(m), and conversely, if B € S(m), then there exist a
potential A and another order function m’ such that A € S(m’). Moreover, the magnetic Hamiltonian
H(x,£) = || — A(x)]||* belongs to S(m") for an order function m” on RS.

We will work with the Weyl quantization; for a classical symbol aj = a(x, &; ) € S(m), it is defined as

Opj, a ¥(x) =

/R 3 e”x—yf’/ha(x t ,s)w(y)dy & Yy es®. @)

1
Qrh)d 2

The Weyl quantization of H is the magnetic Laplacian £ 4 = (—ihV — A)>2.
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2A. Normal forms and spectral reductions. Let us introduce our first Birkhoff normal form Nj.

Theorem 2.1. If B(0) 0, there exists a neighborhood of (0, A(0)) endowed with symplectic coordinates
(x1,&1, X2, €2, X3, E3) in which ¥ = {x; = & = &3 = 0} and (0, A(0)) has coordinates 0 € R, and there
exist an associated unitary Fourier integral operator Uy, and a smooth function f*(h, Z, x2, &2, x3, £3)
compactly supported with respect to Z and &3, whose Taylor series with respect to Z, &3, h is

Z Z hecz,m,ﬂ(xz,éz,%)szf,

k=3 204+2m+B=k

such that
U;Eh’AUh = N + Ry, (2-2)
with
Ny = th?@ + 15 Opy b+ Opy f*(h. Iy, x2. 62, X3, £3),
and where

(a) we have T, = th)ZC] + x%,
(b) the operator Opy’ f*(h, Ty, X2, 62, x3,£3) has to be understood as the Weyl quantization of an

operator-valued symbol,

(c) the remainder Ry, is a pseudodifferential operator such that, in a neighborhood of the origin, the
Taylor series of its symbol with respect to (x1,£1,&3,h) is O.

Remark 2.2. In Theorem 2.1, the direction of B considered as a vector field on X is d/dx3 and the function
b € C*®(R®) stands for b OJEI om, where m : R® — 2 : m(xy, &1, X2, €2, x3,83) = (0,0, x2, £2, x3,0).
In addition, note that the support of f* in Z and &3 may be chosen as small as we want.

Remark 2.3. In the context of Weyl’s asymptotics, a close version of this theorem appears in [Ivrii 1998,
Chapter 6].

In order to investigate the spectrum of L3 4 near the low-lying energies, we introduce the pseudodif-
ferential operator

NI =#2D2 4 hOpY b+OpY f*(h,h,x2,62, %3, £3),
obtained by replacing Z3 by #.
Corollary 2.4. We introduce
Nf = Opp (N, (2-3)
with
Ni = 8 +Tib(x2.£2.33) + [ F (1. T, %2, 82,33, 53),
and where b is a smooth extension of b away from D(0, g) such that (1-12) still holds and where

o = y(xa, £2, x3) f*, with y a smooth cutoff function that is 1 in a neighborhood of D(0, €). We also
define the operator attached to the first eigenvalue of Tj,

N = opp (N1, (2-4)

where NrEI]’ﬂ = 53? + hb(x2,E2,x3) + f*’#(h, h, x2, &2, x3,&3).
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If € and the support of * are small enough, then we have:
(a) The spectra of Ly 4 and Ng below Boh coincide modulo O(h*°).
(b) For all ¢ € (0, min(3bg, Bo)), the spectra of L 4 and J\/}El]’ﬁ below ch coincide modulo O(h®°).

Let us now state our results concerning the normal form of NfEl] (or NiEl]’ﬂ) under the following
assumption.

Notation 2.5. If f = f(z) is a differentiable function, we denote by 77 f(-) its tangent map at the
point z. Moreover, if f is twice differentiable, the second derivative of f is denoted by T2 f(-,).

Assumption 2.6. We assume that Tozb(B (0), B(0)) > 0.

Remark 2.7. If the function b admits a unique and positive minimum at 0 and it is nondegenerate, then
Assumption 2.6 is satisfied.

Under Assumption 2.6, we have d35(0,0,0)=0 and, in the coordinates (x>, &2, x3) given in Theorem 2.1,
936(0,0,0) > 0. (2-5)

It follows from (2-5) and the implicit function theorem that, for small x,, there exists a smooth function
(x2, &) — s(x2, &), with s(0,0) = 0, such that

03b(x2, &2, 5(x2,62)) = 0. (2-6)

The point s(x», &) is the unique (in a neighborhood of (0,0, 0)) minimum of x3 > b(x2, &2, x3). We
define 1

v(x2, £2) := (303D (x2, £2. 5(x2, £2))) .
Theorem 2.8. Under Assumption 2.6, there exist a neighborhood Vg of 0 and a Fourier integral operator
Vs which is microlocally unitary near Vy and such that

VN vy = i = opp (v,
where NE] =v2(x2,£)(E3 + hx3) + hb(x2, &2, 5(x2, £2)) + ry and ry, is a semiclassical symbol such
that ry = O(hx3) + O(h€2) + O(€3) + O(h?).
Corollary 2.9. Let us introduce

Ny = opp (V).

where N%l]’ﬁ = 2(x2.£2)(§3 + 7x3) 4 hb(x2. £2.5(x2.62)) + Zg, with Zg = x(x2,82,x3,83)ry, and
where v denotes a smooth and constant (with a positive constant) extension of the function v.
There exists a constant ¢ > 0 such that, for any cut-off function y equal to 1 on D(0, ) with support in
D(0,2¢), we have:
(a) The spectra ofA/'E]’ﬂ and N;El]’ﬂ below (bg + ¢€?)h coincide modulo O(h*>).

(b) Forall ¢ € (0, min(3bg, bg +¢&2)), the spectra of Ly 4 and .A/j[;]’ﬁ below ch coincide modulo O(h°).
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Notation 2.10 (change of semiclassical parameter). We let & = hz and, if Ay is a semiclassical symbol
on T*R?, admitting a semiclassical expansion in h%, we write

Ap = Op; Ay =Opy Ap =2y,
with
Ap(x2,62,x3,83) = Ap2(x2, hé2, x3, h&3).

Thus, Ay and 2, represent the same operator when s = h%, but the former is viewed as an #-quantization
of the symbol Ay, while the latter is an /i-pseudodifferential operator with symbol Aj. Notice that,
if A belongs to some class S(m), then Ay € S(m) as well. This is of course not true the other way
around.

Theorem 2.11. Under Assumption 2.6, there exists a unitary operator Wy, as well as a smooth function
g*(h, Z, x2, &), with compact support as small as we want with respect to Z and with compact support
in (x2,&2), whose Taylor series with respect to Z, h is

> mu(x2.6)Z™0"

2m+24=3
such that
Wy W, = 90, = Opf! (M),
with

My, = h2b(x2, héa, s(x2. h&2)) + h2 Ty OpY v2(x2. hE2) + h2g* (h, Th. x2. hé2) + h*Ry, + h*S(1),
where

(a) the operator ‘lt;ll]’ﬁ is N %”’ﬁ (but written in the h-quantization),

(b) we have let J, = Opj) (§§ + x3),

(c) the function Ry, satisfies Ry, (x2, héz, X3, 53) = O((x3, 53)00)-
Remark 2.12. Note that the support of g* with respect to Z may be chosen as small as we want. Note

also that we have used ‘.lt;ll]’ﬂ instead of ‘XE]: since W}, is exactly unitary, we get a direct comparison of
the spectra.

Corollary 2.13. We introduce
9, = Op} (M},

with

ME = h2b(x2. hEa. 5 (x2. hE2)) + h2T4v? (x2. h2) + h2g* (h. Ty x2. hE2).
We also define

o, - = opyy (v} 1),

with

MIE = 12b (xa, hEs, s(x2, hEa)) + hPv2 (X2, hE2) + h2g* (h, h, X2, hE>).
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If € and the support of g* are small enough, we have:
(a) Forall n> 0, the spectra of‘ltgll]’ﬂ and fmi below boh? 4+ O(h>*M) coincide modulo O(h*®).
(b) Forc € (0, 3), the spectra ofgﬁi and mem below boh? + co2h3 coincide modulo O(h®°).
(c) Ifc €(0,3), the spectra of Ly, 4 and ./\/lgll]"i = S)ﬁgll]’ﬂ below boh + co2h? coincide modulo O(R™).

Finally, we can perform a last Birkhoff normal form for the operator M;ll]’ﬁ as soon as (xp, &) —
b(x2, &2, 5(x2, &2)) admits a unique and nondegenerate minimum at (0, 0). Under this additional assump-
tion, b admits a unique and nondegenerate minimum at (0, 0, 0).

Therefore we will use the following stronger assumption.

Assumption 2.14. The function b admits a unique and positive minimum at 0 and it is nondegenerate.

Theorem 2.15. Under Assumption 2.14, there exists a unitary h-Fourier integral operator Q1,2 whose
. . . 1
phase admits an expansion in powers of h2 such that

Q;I/zf\/lg]"i Qp1/2 = Fp + G,

where

(a) Fy is defined in Theorem 1.3,

(b) the remainder is in the form G, = Opy (Gy,), with Gy, = hO(|22]|*°).
Corollary 2.16. If ¢ and the support of k* are small enough, we have:

(a) Foralln e (O, %), the spectra of/\/lg;]’i:t and Fy, below boh + O(h' 1) coincide modulo O(h*).
(b) Forall c € (0, 3), the spectra of Ly, 4 and Fy, below boh + co2h? coincide modulo O(R™).
Remark 2.17. Since the spectral analysis of F} is straightforward, Corollary 2.16(b) implies Theorem 1.3.

The next sections are devoted to the proofs of our main results.

—_— 1]
Ni ™ Corollary 2.4(b) . Vi \
DA hey,
(“\eoﬁeﬁ\ Tem 28 "
Eh,A Mf,
change of
semiclassical
parameter
[1]
Theorem 1.3 N,

Theorem 2.11

0)
Tbeo change of \ary ’L.\B&
m o, 5 semiclassical oo
parameter (]

Ml ol

My,
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3. First Birkhoff normal form

We assume that B (0) # 0 so that in some neighborhood €2 of 0 the magnetic field does not vanish. Up to
a rotation in R? (extended to a symplectic transformation in R®) we may assume that B (0) = || B(0)]e3.
In this neighborhood, we may define the unit vector

B

and find vectors ¢ and d depending smoothly on ¢ such that (b, ¢, d) is a direct orthonormal basis.

3A. Symplectic coordinates.

3A1. Straightening the magnetic vector field. Let < be a small neighborhood of 0 € R% We consider the
form do and we would like to find a diffeomorphism y, defined on Q, such that y*(de) = dd; A dg»,
where we use the notation y(§) = g. First, it is easy to find a local diffeomorphism ¢ such that

939(q) = b(p(4))

and ¢(g1,42,0) = (41, g2,0). This is just the standard straightening lemma for the nonvanishing vector
field b.

The vector e3 is in the kernel of ¢*(da), which implies that we have ¢*(da) = f(§)dg1 A dg for
some smooth function f.

But since the form ¢*(dw) is closed, f does not depend on ¢3. It is then easy to find another
diffeomorphism v, corresponding to the change of variables

4§ =v@) = (¥1(q1.G2). ¥2(G1.92). G3).
such that
V¥ (p* (da)) = dg1 A dga.

We let y = ¢ oy and we notice that

X" (da) = dg1 AdGa,  93x(q) = b(x(9))- (3-2)
Remark 3.1. It follows from (3-2) and (1-4) that det Ty = || B||~.
3A2. Symplectic coordinates. Let us consider the new parametrization of X given by

Q> 3,
g (@, A1(x(@), A2(x(@)), A3(x(3))),

which gives a basis (f1, f2, f3) of TX,

fi=(Tx(ej). TAoTy(e))). j=12.3.

Using (1-5), and the fact that f3 is in the kernel of do, we find wo(f;, f3) =0, j = 1,2. Finally,
wo(f1, f2) =da(Tyeq, Tyez) = x*(da)(eq, ez) = 1.



MAGNETIC WELLS IN DIMENSION THREE 1589
The following vectors of R3 x R form a basis of the symplectic orthogonal of T g%

_1
fa=1B|72(c. ("Ty@gA)e),

o (3-3)
fs =Bl 72(d. ('TygA)d).

so that

wo(f4, f5) =—1.

We let fe = (0,b) + p1 f1+ p2 f2, where p1 and p; are determined so that wo(f;, fs) =0 for j =1, 2.
We notice that wo(fj, fe) =0 for j =4,5 and wo( f3, f6) = —1.

3A3. Diagonalizing the Hessian. We recall that

H(g.p)=|p—-A@|?
so that, at a critical point p = A (g), the Hessian is
T?H((U1, V1), (U2, V2)) = 2(V1 — T, A(Uyr), V2 — T, A(U>)).

Let us notice that
T?H(f4. f5) =2|B| " (B xc.B xd) =0,

T?H(f4, fo) =2(B x¢,b) =0,
T?H(fs, fo) =2(B xd,b) =0.

The Hessian, restricted to the symplectic orthogonal of 7)) %, is diagonal in the basis (f4, f5, f6)-
Moreover we have

T?H(fs. fa) = H(f5, f5) =2|B| 7| B xcll> =2|B| ' | B xd|*=2|B||.

Finally we have
T?H(fs. fe) =2.

Now we consider the local diffeomorphism

(x,8) > 1(x2, 62, x3) + x1 fa(x2. 62, x3) + &1 f5(x2, 82, x3) + &3 fe(x2. 62, x3).

The Jacobian of this map is a symplectic matrix on ¥. We may apply the Moser—Weinstein argument
(see [Weinstein 1971]) to make this map locally symplectic near X modulo a change of variable which is
tangent to the identity.

Near ¥, in these new coordinates, the Hamiltonian A admits the expansion

H=H"+0(x1]® + & +1&P), (3-4)
where H denotes H in the coordinates (x1, X2, x3,£1, &2, &3), and with

H® =&+ b(x2.6.x3)(x] + ). b =|B(x2.6.x3)|. (3-5)
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3B. Semiclassical Birkhoff normal form.

3B1. Birkhoff procedure in formal series. Let us consider the space £ of formal power series in (x1, £1, €3, %)
with coefficients smoothly depending on X = (x3, &2, x3):

&= C)?;,Ez,x3 [[xl, él, 53, h]]

We endow £ with the semiclassical Moyal product (with respect to all variables (x1, x2, x3, £1, &2, £3))
denoted by * and the commutator of two series k1 and k5 is defined as

[k1,Kk2] = K1 * K2 — K2 % K7.

The degree of x| S‘lxzéfhe = Z‘{‘the isay +ax+ B +2€ = |a| + B + 2£. The space of monomials of
degree N is denoted Dy, and Oy is the space of formal series with valuation at least N. For any t,y €€,
we define ad; y = [z, y].

Proposition 3.2. Given y € O3, there exist formal power series t, k € Oz such that
oih " ade (H'+y)=H® +«,
with [k, |z1]?] = 0.
Proof. Let N = 1. Assume that we have, for 1y € O3,
e!h ™ aduy (H°+y)=H°+ Ks+--+ Knt1+ Ry12+Ony3,

with K; € D;, [Ki,|z1/*)] =0 and Ry 2 € Dy .
Let v’ € Dy 5. Then we have

T eyt (HO 4 y) = HO+ K3+ o+ K1 + Ky + On 4,
with Ky € Dy 4o such that
Kn+42=Rni2+ih tady H® 4+ Opys.
Let us temporarily admit that (see Lemma 3.3 below)
in~tady H = in Yhady |z > + Onys.

‘We obtain
KN42 = Ryn42+bady |z1)?

which we rewrite as

Ryi2=Kn42+ in~'h ad|z, 2 v = Kn42+b{|z; |2, '},
Since b(X) # 0, we deduce the existence of 7’ and Ky 1 such that Ky, commutes with |z|% O
Lemma 3.3. For t’ € Dy 42, we have

ih~lady H  =ikh ‘b ady |21|2 + On+3.
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Proof. We observe that
ih~vady H® = in~'ady €5 + ik~ ady (b(X)|z1 7).

Let us write

U= Y g (R)YERH
la|+B+21=N+2

Then, for the first term, we have

L ot’ d0ag gy .
i ade £ =0 8} = —2kss =2 ) "‘T’”’(x)z‘féf“heeozm.
3 la|+B+2(=N+2 3

We also have

dtr’ ab  dt’ db 97’ 9b

h (ade b(X) ={t', b} + H?ON = - —-—
ih™ (ady (X)) ={t", b} + h*ON 8538)C3+3$23X2 3X23§2+

.. ab _
= Z ﬂa(x)—z‘l"|21|2$3’.3 't Ons1 € Ona.
|| +B+26=N+2 0x3

Therefore, for the second term, we get
in~ ady (b(X)|211%) =in ™ (ady b(X))|21 [ + ik H(X) ady |21]?
=ih~'b(%)ady |21]* + On 4 3.
which completes the proof of the lemma. O

3B2. Quantizing the formal procedure. Let us now prove Theorem 2.1. Using (3-4) and applying the
Egorov theorem (see [Robert 1987; Zworski 2012] or Theorem A.2), we can find a unitary Fourier integral
operator Uy such that

Uy L1,4Up = Coh + Opyy (H®) + Opy, (1),

where the Taylor series (with respect to xi, &1, €3, #) of ry, satisfies r{ =y € O3 and Cy is the value
at the origin of the subprincipal symbol of U; Ly 4 Up. One can choose Uy, such that the subprincipal
symbol is preserved by conjugation,! which implies Co = 0. Applying Proposition 3.2, we obtain t and
in O3 such that

.eih_ladf(H0 +y)= H® +«,

with [k, |z1|?] = 0.
We can introduce a smooth symbol az with compact support such that we have a ;7; =t in a neighborhood
of the origin. By Proposition 3.2 and Theorem A.4, we obtain that the operator

e O @) (Opj (H°) + Op} (ry) e~/ 00k an

I'This is sometimes called the improved Egorov theorem. It was first discovered by Weinstein [1975] in the homogeneous
setting. For the semiclassical case, see, for instance, [Helffer and Sjostrand 1989, Appendix A].
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is a pseudodifferential operator such that the formal Taylor series of its symbol is H® 4+ k. In this
application of Theorem A.4, we have used the filtration O; defined in Section 3B1. Since k commutes
with |z1|? we can write it as a formal series in |z |?:

K = Z Z hleq m(x2, 62, x3)| 212 "EE

k=3 20+2m+B=k

This formal series can be reordered by using monomials (|z1|%)*":

k=" Y el (b xa) (2 P EL
k=3 2¢+2m+B=k

Thanks to the Borel lemma, we may find a smooth function f*(#, I, x2, &2, x3, £3), with compact support
as small as we want with respect to #, I and &3, such that its Taylor series with respect to #, I, £3 is

YooY heg,(x. £2.x3)I™ES.
k=3 24+2m+B=k
This achieves the proof of Theorem 2.1.
3C. Spectral reduction to the first normal form. This section is devoted to the proof of Corollary 2.4.
3C1. Numbers of eigenvalues.
Lemma 3.4. Under Assumption 1.2, there exists hg > 0 and g9 > 0 such that, for all h € (0, hg), the

essential spectrum of ./\/;j admits the lower bound

inf sess(NF) = (Bo + £0)h.

Proof. By using the assumption, we may consider a smooth function y with compact support and g9 > 0
such that

£3 +b(x2, €2, x3) + x(x2, x3,£2,£3) = Po + 2¢0.

Then, given n € (0, 1) and estimating the second term in (2-3) by using that the support of f* is chosen
small enough and the semiclassical Calderon—Vaillancourt theorem, we notice that, for # small enough,

Nf 2 (1=m) OpY (82 + |71 2b(x2, &2, x3)). (3-6)
Since the essential spectrum is invariant by (relatively) compact perturbations, we have
5ess(/\/’;ﬁ¢ + (1 - 77)71 Opg X(XZ» X3, 52» 53)) = 5ess(N;?)-

Hence
infﬁess(-/\/'g) > infs(/\fg + (1=nhOpy x(x2,x3,62.63)).

In order to bound the right-hand side from below, we write
N,f+(1—77)h Opy x(x2.x3.£2.£3) = (1-0) Opy (€5 +12117b(x2.£2.x3)) + (1—n)h OpY x(x2,x3.62.£3)

> 1(1—n) OpY (§3+b(x2,62.x3) + 1 (x2.x3,£2,£3))
= h(1-n)(Bo+2e0—Ch),
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where we have used the semiclassical Garding inequality. Taking 1 and then # small enough, this
concludes the proof. O

By using the Hilbertian decomposition given by the Hermite functions (ex )= associated with 7y,
we notice that

f_ [k].4
Ny =N
k=1
where
NFVE = 32D2 4 (2k — 1)hOpl b+ OplY f*#(h, 2k — 1)h, x2, 62, x3, £3) (3-7)

acting on L2(R?).

Lemma 3.5. Forall n € (0, 1), there exist C > 0 and ho > 0 such that, for all k = 1 and h € (0, hg), we
have inf sV = (1 - 25)bo 2k — 1.

Proof. Applying (3-6) to ¥ (x1, x2, X3) = @(x2, X3)ek »(x1), we infer that

WG g) = 2k — 1DR(1 = 1) (OpY (b)g, ¢).

With the Garding inequality, we get

(Opy, (B)g, ) = (bo — Ch) g%,
and the conclusion follows by the min-max principle. O
We immediately deduce the following proposition.
Proposition 3.6. We have the following descriptions of the low-lying spectrum of ./\/f .

(a) There exist hg > 0 and K € N such that, for h € (0, hg), the spectrum Of./\/}i¢ lying below Boh is

contained in the union Ule SP(N;Ek]’ﬂ)-

(b) If ¢ € (0, min(3bg, Bo)), then there exists kg > 0 such that for all h € (0, hg) the eigenvalues ofj\/;!li
lying below ch coincide with the eigenvalues of /\/};EI]’ﬂ below ch.

Notation 3.7. If £ is a self-adjoint operator and E < inf sess(£), we denote by N(L, E) the number of
eigenvalues of £ lying in (—o0, E).

We deduce the following proposition.

Corollary 3.8. Under assumption (1-11), we have
_3 _
N(Lh,a. Boh) = O(h™2), NN, Boh) = O(h™2).

Proof. To get the first estimate, we use the Lieb—Thirring inequalities (which provide an upper bound
on the number of eigenvalues in dimension three) and the diamagnetic inequality (see [Raymond and
Vii Ngoc 2015] and (1-9)). To get the second estimate, we use the first point in Proposition 3.6. Moreover,
given 1 € (0, 1), by using % € (0, 1) we infer

NIV ) = (1= ) {OpY (83 + b(xa. 2. x3)) . ).



1594 BERNARD HELFFER, YURI KORDYUKOV, NICOLAS RAYMOND aND SAN VU NGOC

Note that the last inequality is very rough. By the min-max principle, we deduce that

NG, Boh) < N(OpY (83 +b(x2. £2.x3)). (1=1) " Bo).
Then, we conclude by using the Weyl asymptotics and our confinement assumption:
N(OpY (£3 +b(x2, €2, x3)), (1—1n) "' Bo) = O(h2). O
Since /\/;31i commutes with 75, we also deduce the following corollary.

Corollary 3.9. For any eigenvalue A of N, f such that A < Boh, we may consider an orthonormal eigenbasis
of the space ker(/\/;!li — A) formed with functions in the form ey 3 (x1)pn(x2,x3) with k € {1,..., K}.
Moreover, we have 1(_, 50;,)(/\/'5 ) = O(h2) and each eigenfunction associated with A < Boh is a linear
combination of at most O(h™?) such tensor products.

3C2. Microlocalization estimates. The following proposition follows from the same lines as in dimension
two (see [Helffer and Mohamed 1996, Theorem 2.1]).

Proposition 3.10. Under Assumptions 1.1 and 1.2, for any € > 0, there exist C(g) > 0 and ho(g) > 0 such
that, for any eigenpair (A, V) of Ly 4 with A < Bo h, we have for i € (0, ho(g)),
_ 5 _1
/Ra PAZIDIEZy 2 dg < Ce) explen™2) |y I,

_ 1 _1
Q4 (1™DPDIAZ gy < C(e) exp(eh™2) |y |2,

where ¢ is the distance to the bounded set {||B(q)| < Bo} for the Agmon metric (||(B(q)| — Bo)+g.
with g the standard metric.

Proposition 3.11. Under Assumptions 1.1 and 1.2, we consider 0 < by < Bo < b1 and there exist C > 0
and ho > 0 such that, for any eigenpair (A, V) of Ly 4 with A < Boh, we have for h € (0,ho) and
(0.1)

¥ =10 L) i@y + 0G|y,

where xg is a cutoff function compactly supported in the ball of center 0 and radius 1 and where 1 is a
compactly supported smooth cutoff function that is 1 in an open neighborhood of {||B(q)|| < Bo}.

Let us now investigate the microlocalization of the eigenfunctions of /\/}11i .

Proposition 3.12. Let y be a smooth cutoff function that is 0 on {b < Bo} and 1 on the set {b = Bo + €}.
If A is an eigenvalue of ./\/;li such that A < Boh and if  is an associated eigenfunction, then we have

Opy, (x(x2, &2, x3))¥ = O(*) ¥ ||.

Proof. Due to Corollary 3.9, it is sufficient to prove the estimate for a function in the form ¥ (x1, x2, x3) =
ek n(x1)9(x2, x3), where k lies in {1,..., K} and we have

N;‘fw = Ay, or equivalently N}Ek],ﬂ(p = Ao,
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where we recall (3-7). Then, we write
NI Op¥ ()9 = 1 0p¥ ()@ + N}, 0p¥ ()]p
and it follows that
(NFTEOpY ()9, OpY ()9) = Al Op¥ (1)@l + (VF . 0¥ (01w, OPY (N)e).  (3-8)

Rough pseudodifferential estimates imply that there exist C > 0, & > 0 such that, for all A € (0, #g),

(VP op (30)1e, 0P (1)¢)]
< Cr2|Op¥ (09| + Ch|OpY ()¢ | + Ch(OpY (33 )¢. OPY (63) OPY (X)¢).  (3-9)

Combining (3-9) and (3-8), we get
|OPY (&3) 0P ()¢ || < ChZ |OpY ()]

where x is a smooth cutoff function living on a slightly larger support than y. By using (3-10), we can

) (3-10)

improve the commutator estimate

(VM OpY (010, OpY (1)9)| < C3 || OpY (e

We infer that, there exist C > 0, ¢ > 0 such that for % € (0, Ag),

(VI Op® ()0, OpY (1)9) < Boh [OPY ()¢ || + C3 |Op (n)e |
By using the semiclassical Garding inequality and the support of y, we get
(NVFLE Op (1), OpY (1)¢) = (Bo + £0)h | OPY ()¢ ||
and we deduce
[opy Goe|* < cr* oy (e
The conclusion follows by a standard iteration argument. O
The following proposition is concerned with the microlocalization with respect to £3.

Proposition 3.13. Let yo be a smooth cutoff function that is 0 in a neighborhood of 0 and let § € (0, %)
If A is an eigenvalue of /\/;lt such that A < Boh and if  is an associated eigenfunction, then we have

OpY (xo(h3&3))¥ = OH™®) v ]).

Proof. We write again ¥ (x1, X2, X3) = eg 4 (x1)@(x2, x3) withk € {1,..., K} and we have ./\/}Ek]’ﬁga =Ag.
We use again the formula (3-8) with yo(h~%&3). We get the commutator estimate

(VL O (xo(h 2 £3)) ], OPY (xo(h 2 £3))0)| < CH2 =8| 0¥ (xo(h 2 E3))0
We have
OpY ((h™°83)2 x5 (h ™ £3)) = Op¥y_s (3 13 (£3)).
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so that, with the Garding inequality,

(OpY ((h083)? x3(h°£3)) @, @) = (1 — CHI %) ||g]|>
We infer
(H*5 (1 — Ch'=%) — Boh) | OpY (xo(h P E3))¢ | < CH3 8 | OpY (xo(h 3 E3))0 | O

Using Opy f*(h, Tp. X2, 62, x3.£3) = Opy’ f(h,|z1|%, x2. &2, x3, £3), we deduce the following in the
same way.

Proposition 3.14. Let y1 be a smooth cutoff function that is 0 in a neighborhood of 0 and let § € (0, %)
If A is an eigenvalue of N; such that A < Boh and if ¥ is an associated eigenfunction, then we have

Opy (11 (= (x1.§0))y = OB Y.
Proposition 3.15. The spectra of Ly, 4 and /\/2 below Boh coincide modulo O(H°°).
Proof. We refer to [Raymond and Vii Ngoc 2015, Section 4.3], which contains similar arguments. [

This proposition provides Corollary 2.4(a). With Proposition 3.6, we deduce point (b).

4. Second Birkhoff normal form

4A. Birkhoff analysis of the first level. This section is devoted to the proofs of Theorems 2.8 and 2.11.
The goal now is to normalize an A-pseudodifferential operator N, ;El] on R? whose Weyl symbol has the

form
N = £ 4 b (x2, E2, x3) + 14 (2, E2, X3, £3),

where rj is a classical symbol with the asymptotic expansion
ry =ro+hri +h2r 4
(in the symbol class topology), where each r; has a formal expansion in &3 of the form

re(xa.£2.x3.83) ~ Y ¢ p(xa.b2.x3)E} . @1)

2{+B=3

The leading terms of N,El] are

NI = 8 4 hb (o 2. 05) + €11 (2, Ea. xa)hEs + O(HED) + OED) + 007, (4-2)
4A1.A First rAzormalization of the symbol. We consider the local change of variables ¢(x2, &2, x3,§3) =
(X2, 62, X3, §3), where

X2 1=x2 +§3025(x2,82), X3:=x3—s5(x2,£2),
b=b+80is(a.6), & i=E

It is easy to check that the differential of ¢ is invertible as soon as &3 is small enough. Moreover, we have

P wo —wo = O(|&3]).

(4-3)
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By the Darboux—Weinstein theorem (see, for instance, [Raymond and Vii Ngoc 2015, Lemma 2.4]), there
exists a local diffeomorphism 1 such that

Y =1d+0E2) and Y*@*wo = wo. (4-4)

Using the improved Egorov theorem, one can find a unitary Fourier integral operator V; such that
the Weyl symbol of Vh*Nfgl]V;, is ﬁ;, = Nfgl] ooy + O(?). From (4-4), and (4-3), we see that
P =14 0@ oy is still of the form (4-1), with modified coefficients ¢y g. Thus, using the new variables
and a Taylor expansion in &3, we get

Ny =E2+hb(22+0E3), E2+0(83), 23 +5(524+0(E3), 24+ 0(E3)) +O(ED)) + OE) + 7 + O(h?)
and thus
Ny = 83 +hb (%2, 62, R3+5(Ra, £2)) + hEsg (52, &2, R3) + O(hED) + 1 + O(ED) + O(B)  (4-5)

for some smooth function g (x>, 52, X3).
Therefore N3 has the form

Nj = é? + hb (%2, £, %3 +5(%2, éz)) + 11 (x2, B2, R3)REs + O(hég) + (9(533) + OH?).

4A2. Where the second harmonic oscillator appears. We now drop all the hats off the variables. We use
a Taylor expansion with respect to x3, which, in view of (2-6), yields

b(x2,E2,x3 + 5(x2,£2)) = b(x2, &2, 5(x2, £2)) + 2x303b(x2, £2, 5(x2, £2)) + O(x3).
We let
v=(13b(0x2. 2. 5(x2.£2)))F and y =1Inv. “6)

We introduce the change of coordinates (X5, X3, 52, 53) = C(x3, x3, &2, £3) defined by

. dy v dy
X3 = X2 + =—X38§3, &2 =§2— X363,
982 B =Ry (4-7)
X3 = vxs, £ =176,
for which one can check that C*wo — w9 = O(x3€3) = O(£3). As before, we can make this local
diffeomorphism symplectic by the Darboux—Weinstein theorem, which modifies (4-7) by (’)(532). In the
new variables (which we call (x2, x3, &>, £3) again), the symbol Nj, has the form

Np = v2(x2, £2)(E2 + hx2) + hb(x2, £2, 5(x2, £2)) + E1.1(x2, £2, X3)hE3
+0(hx3) + O(hE3) + O(€3) + O(h?)

for some smooth function ¢1,1(x2, &2, x3).
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4A3. Normalizing the remainder. The next step is to get rid of the term ¢;,1(x2, €2, x3)h&3. Let

1 [,
a(xz,éz,x3):= _E/ C1’1(X2,§2,l)dl.
0

Since ¢1,1 is compactly supported, a is bounded, and one can form the unitary pseudodifferential
operator exp(i4), where A = Op;’(a). We have

exp(—iA) Opy (Ny) exp(i4) = Op} (N3) + exp(~iA)[Op} (N3). exp(id)].
The symbol of [exp(—iA4) Op}’ (]\th), exp(iAd)] is

?e—f“{N, €'Y + O(h?) = h{Ny,a} + O(h?) = h{Ny.a} + O(h?),

where N is the principal symbol of N;,, which satisfies
No =&+ 0(3).
Therefore {Nh, ay = {532, ay+ O(E%). Since
da .
(£3.a) = 2538— = —£3C1,1,
X3

we get
exp(—iA) OpY (N) exp(i A) = OpY (Ny — hésé1,1 + O(hED) + O(12)),

which shows that we can remove the coefficient of #£3. The new operator given by the conjugation
formula N/ E] = exp(—iA) Opy’ (N3) exp(i A) has a symbol of the form

N =02(x2, £2)(83 + hxd) + hb(x2. £2.5(x2.£2)) + 4. (4-8)

where rj = O(hxg) + O(hé%) + (’)(537’) + Oh?).
This proves Theorem 2.8.

4Ad4. The second Birkhoff normal form. We now want to perform a Birkhoff normal form for A gll,ﬁ
relative to the “second harmonic oscillator”

v?(x2, 62) (63 + hx3).
Using Notation 2.10, we introduce the new semiclassical parameter & = h%, and use the relation
Opy (}1) = opp (N4,
Thus, let éj = h_%éj. The new symbol NEM has the form
N%l]’ﬁ(xz, £5.x3.£3) = h* (V2 (x2. h€2) (E3 + x3) + b(x2. hfz. 5(x2. hE2)) + h_zfgﬂ (x2.hE2. %3, hE3)).
We introduce momentarily a new parameter u and define

Nzl]’#(xz, £2, X3, £35 ) 1= 02 (x2, n&2) (3 + Xx3) + b(x2, uéa, s (x2, 162)) + h_zriz(m 11€2, x3, hE3).
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Notice that N%l]’ﬁ(xz, éz,)g, 53;h) = h—2u£l”’”(x2,§2,x3, §3). We define now a space of functions
suitable for the Birkhoff normal form in (x3,&3,/). Let us now use the notation of the Appendix
introduced in (A-4) in the case when the family of smooth linear maps R?> — R? is given by

P2 (X2, £2) = (x2, u2).
Let
j = C(l)RZ,

where the index R? means that we consider symbols on R2 More explicitly, we have

F ={d st.3c € S1:[0. 1] x (0, D)2 | d(x2, E2: pt. h) = (@, g2 (X2, E2): j1. )}

Then we define
& = F|[x3. &3, h].

endowed with the full Poisson bracket

df dg  dg If
sxE3(fomifig= Y re-fl s,
j=2,3 d&j 0x;j  0&; 0X;
and the corresponding Moyal bracket [ f, g]. We remark that the formal Taylor series of the symbol
Ngll]’ﬁ(xz, &, x3, £3; 1) with respect to (x3, &3 Lh) bNelongs to &. We may apply the semiclassical Birkhoff
normal form relative to the main term v2 (x5, Méz)(ég +x§) exactly as in Section 3B1 (and also [Raymond

and Vi Ngoc 2015, Proposition 2.7]), where we use the fact that the function

(x2, €2, x3, 833 j1, h) > (V% (x2, pu2)) !

belongs to & because v2 > C > 0 uniformly with respect to . Let us consider y € &, the formal Taylor
expansion of h_zrzz (x2, ué&2, x3, h€3) with respect to (x3, £3, h). The series y is of valuation 3 and we
obtain two formal series «, T € & of valuation at least 3 such that

[k.x3+£3]1=0
and

e (02 (xp, udn) (B3 + x3) + y) = v2(x2. 1) (B3 +23) + k.

The coefficients of 7 are in S(1) and one can find a smooth function t; € S(1) with compact support
with respect to (x3, §3, h) and whose Taylor series in (x3, 53, h) is t. By the Borel summation, t will
actually lie in S(m") with m’(x2, 52, X3, 53) = ((x3, é3))‘k for any k > 0, uniformly for small # > 0 and
w € [0, 1]. Notice that NE]’# € C(m) with m = {(x3, £3))2 = 1, and that mm’ = O(1).

Then, we can apply Theorem A.3 with the family of endomorphisms of R* defined by

Ot (X2, 62, x3.83) = (x2. ué2, X3, £3).

Thus, the new operator

w w

m, = eih’l OpY rhmzll,ﬂe—ih*‘ OpY’
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is a pseudodifferential operator whose Weyl symbol belongs to the class C(m) modulo 2°°S(1) (see the
notation of Theorem 2.11). Moreover, thanks to Theorem A.4, its symbol M admits the following Taylor
expansion (with respect to (x3, €3, 1))

b(x2, €2, 5(x2, 1é2)) + 12 (x2, uE2) (82 + x2) + .

We write k =) 1 5p>3 Cm (X2, 1€2)|Z3|*2™ht and we may find a smooth function g* (x2, ué», Z, h)

such that its Taylor series with respect to Z, h is
> Cme(xa. ué2)Z™ht
2m+2£=3

We may now replace p by %, which achieves the proof of Theorem 2.11.

4B. Spectral reduction to the second normal form. This section is devoted to the proof of Corollary 2.13.

4B1. From /\/}El]’lﬂt fo A/'E]’ﬁ. In this section, we prove Corollary 2.9.
Lemma 4.1. We have
NG, Bom) = Oh72), NV, Boh) = O 2).
Proof. The first estimate comes from Proposition 3.6 and Corollary 3.8. The second estimate can be
obtained by the same method as in the proof of Corollary 3.8. O

Let us now summarize the microlocalization properties of the eigenfunctions of A %1],11 in the following
proposition.

Proposition 4.2. Let yo be a smooth cutoff function on R that is 0 in a neighborhood of 0 and let
§ € (0, %) Let x be a smooth cutoff function that is O on the bounded set {x3 + b(x2, &2, 5(x2, €2)) < Bo}
and 1 on the set {x% +b(x2,82,5(x2,82)) = Bo+ ¢}, with& > 0. If A is an eigenvalue of J_\/’g]’pt such that
A < Boh and if ¥ is an associated eigenfunction, then we have

Opj, (X(x2.62. x3))¥ = O(™) ||y |,
and
Opy, (o (h™* €)Y = OG™) [y
Proof. The proof follows exactly the same lines as for Propositions 3.12 and 3.13. O

Lemma 4.1 and Proposition 4.2 on the one hand and Propositions 3.12 and 3.13 on the other hand are
enough to deduce Corollary 2.9(a) from Theorem 2.8. Part (b) easily follows from Corollary 2.4.

4B2. From ‘lt;ll]’ﬂ to Dﬁi Let us now prove Corollary 2.13(a). We get the following rough estimate of
the number of eigenvalues.

Lemma 4.3. We have
NEWE, Boh?) = N@y, Boh?) = O(h™), (4-9)
NEE, Boh?) = O(h™%). (4-10)
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Proof. First, we notice that Slt%l]’ﬁ and 901, are unitarily equivalent so that (4-9) holds. Then, given n > 0
and & small enough and up to shrinking the support of g* and by using the Calderon—Vaillancourt theorem
(as in the proof of Lemma 3.4), S)ﬁi > 9512 in the sense of quadratic forms, with

9532 = Op¥ (h?b(x2, héa, s(x2, hE2))) + h2 Ty OpY (V2 (x2, hé2)) — 7).
Since v = ¢ > 0, we get
Opy (h2b(x2. héa. s(x2. hE2))) + h2 T Op} ((v2(x2. hE2)) — )
> Opjy (R (x2. hEa. 5(x2, hE2))) + 5ch® Ty
We deduce the upper bound (4-10) by separation of variables and the min-max principle. O
The following proposition deals with the microlocal properties of the eigenfunctions of ‘lt%l]’ﬁ.

Proposition 4.4. Let n € (0,1), § € (0, 4n), and C > 0. Let x be a smooth cutoff function that is 0 on
{b(x2,&2,5(x2,82)) < Bo} and 1 on the set {b(x2,&2,5(x2,82)) = Bo + €}, with € > 0. Let also x1 be a
smooth cutoff function on R? that is 0 in a neighborhood of 0.

If A is an eigenvalue of ‘lt;ll]’ﬂ such that A < Boh? and if V is an associated eigenfunction, we have

OpY (x(x2, h&2)) ¥ = Oh™®) |y || (4-11)

and if A is an eigenvalue of ‘)_”(Ell]’ﬂ such that A < boh? + Ch>*" and if  is an associated eigenfunction,
we have

Opy (x1(h % (x3.£3))) ¥ = O(h™) ||y (4-12)
Proof. The estimate (4-11) is a consequence of Proposition 4.2. Then, let us write the symbol of 91,
NP = 202 (g, 1E2) (82 + x2) + h2b (2. hE. 5(x2. hE2) + 1k, (x2. hEa. 3. hE3).
We write
(U 1F Opl (31 (h 0 (x3. £3))) ¥, OpY (11 (h % (x3.£3)))
= 2] 0 (x1(h 78 (x3. Ea)) v |* + ([0, 7. Opp (1 (h =% (x3.£3))) . O (x1 (™~ (x3.E3))) v).
We get
([0, 0p¥ (1 (h 8 (x3.£3)))]. OPY (x1(h ™% (x3.63)))¥) < Ch*|OpY (x1 (h 78 (x3.E3))) v

where we have used (4-11). Then, we use that

i

b(x2,héz, s(x2,hE2)) = by, V(x2,hE2) = co >0, A <boh®+Ch*H7,
and the Garding inequality to deduce

KA(Ch¥ — ChM)||OpP (x1(h~% (x3. &) ¥ ||* < Ch*|OpY (1 (h 8 (x5, &) v |2

The desired estimate follows by an iteration argument. O
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In the same way we can deal with Sﬁi

Proposition 4.5. Let n € (0,1), § € (0, %n), and C > 0. Let y be a smooth cutoff function that is 0
on {b(x2,&2,5(x2,82)) < Bo} and 1 on the set {b(x2,&2,5(x2,82)) = Bo + &}, withe > 0. If A is an
eigenvalue of MM, such that A < Boh? and if ¥ is an associated eigenfunction, we have

OpY (x(x2, h&2)) ¥ = O(h™®) |y || (4-13)

and if A is an eigenvalue ofﬂﬁi such that A < boh? + Ch?>*™" and if v is an associated eigenfunction,
we have

OpY (x1(h % (x3, &) ¥ = O(h™) |y |- (4-14)

Proof. In order to get (4-13), it is enough to go back to the representation with semiclassical #, that
is, mt,ﬁ = Mi Indeed the microlocal estimate follows by the same arguments as in Propositions 3.12
and 3.13. Then, (4-14) follows as in Proposition 4.4. O

Propositions 4.4 and 4.5 and Theorem 2.11 standardly imply Corollary 2.13(a).

4B3. From smﬁ to zmg”’ﬂ. Let us now prove Corollary 2.13(b). Note that part (c) is just a reformulation
of (b).
Let us consider the Hilbertian decomposition mk = D=1 Dﬁglk]’#, where the symbol M%k]’ﬂ of zm}f]’ﬁ is

W2b(x2, ha, s(x2, hé2)) + (2k — D> (x2, hEx) + h>g* (h, (2k — 1)k, x2, hs).
There exists iy > 0 such that for all k = 1 and & € (0, ho),
LRy gy = (0pl (h2b(x2, héa, 5(x2, h2)) + (2k — DA (02 (x2, hE2) — £)) ¥, V).

Since each eigenfunction of i)ﬁ[ I associated with an eigenvalue less than Boh? provides an eigenfunction
of i)ﬁﬂ we infer that the e1genfunct10ns of fm[k] ¥ are uniformly microlocalized in an (x3, £2)-neighborhood
of (0, O) as small as we want. Therefore, on the range of 1(_ 3, hz)(f)ﬁ[ ]’#) we have

(MYIEy ) = (Opp (h2b(x2. ha. s(x2. hE2)) + (2k — DR (v(0,0) — 2€)) . ),
and, with the Gérding inequality in the A-quantization, we get
k],
Oy, y) = (Opy (Wbo + (2k — DI (v?(0,0) — &) — Ch*)y, ).
This implies Corollary 2.13(b).
5. Third Birkhoff normal form

5A. Birkhoff analysis of the first level. In this section we prove Theorem 2.15.
We consider M[ 1A Py (M, (1], tt) with

3 11
M,E”’” = hb(x2, &2, 5(x2,£2)) + 302 (x2, £2) + hg* (B2, h2, x2, £2).
By using a Taylor expansion, we get,

MU —pbg + LiHess 0.0)b (X2, £2, 5(xa, £2)) +7312(0,0) +cxah® +dEsh3 +hO((h2, 25)%), (5-1)
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where ¢ = dx,12(0,0) and d = 8521)2(0, 0), and we have identified the Hessian with its quadratic form
in (X2, 52)

Then, there exists a linear symplectic change of variables that diagonalizes the Hessian, so that, if Ly
is the associated unitary transform,

LML, — opy (i1,
with s ; A s 1
MIMF = hibg + 10032 + £2) + h202(0,0) + éx2h% + dExh2 + hO((h2, 22)°),
where

6 = \/det Hess(o,0)b(x2, &2, s(x2, £2)).

Slnce (0x3b)(x2, &2, 5(x2,£2)) = 0 and (0,0) is a critical point of s, we notice that 32
$2x b(0,0,0) = 0. Thus

b(0,0,0) =

X2X3

det Hess(g,0,0)0(0. 0, 0) = 6792,5(0,0,0).

Using that b is identified with b o y (see Remarks 2.2 and 3.1), this provides the expression given in (1-15).
Note that ¢2 4 d? = || (szygzvz) (0,0)]|? since the symplectic transform is in fact a rotation. Moreover,

1 A
~ Ch2 dh ~2 d2
9(x§+§§)+éx2h%+dgzhi:9((XZ_092) (52_ 2) )_hc J(; '

Thus, there exists a unitary transform ﬁhl /2, which is in fact an A-Fourier integral operator whose phase

we have

. . 1
admits a Taylor expansion in powers of %2, such that

0% LML, 0s 0 = Fy = Opl (Fy),
where
1(Vy,£,0%)(0, 0)[12
20

Now we perform a semiclassical Birkhoff normal form in the space of formal series R[x3, &2, h%]]
equipped with the degree such that xzéz h3 is £ +m +n and endowed with the Moyal product. Let F, r
be the full Taylor series of F';. We find a formal series 7(x2, &2, % 2) with a valuation at least 3 such that

Fp = hbo +h312(0,0) — W2+ h(160]222 + O((h2, 22)%)).

ihlad; T _
el a Eh — Fh ,
where FhT is a formal series of the form
(Vx,,£,02)(0,0) 1
260

and k7 is a formal series in Rﬂh% |z2]]] (and that can be also written as a formal series in Moyal power
of |25|2, say (kKT)*).
Let T(x2, &2, i) be a compactly supported function whose Taylor expansion at (0,0, 0) is equal to

FT =hbo +h3v2(0,0) — %+ Lon)2)> + 1k T (2, |22 ),

T(x2, &, ). By the Egorov theorem (Theorem A.2), uniformly with respect to the parameter p, we obtain

eI OR @ Op¥ (F o) 0P = Op¥ (F,)
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is an A-pseudodifferential operator depending smoothly on p. Expanding F, w in powers of  in the S(1)
topology, and letting u = Vi, we see that F vi=fnt+ Gh, where

1(Vx,.£,v%)(0,0) ]
20

with k a smooth function with support as small as desired with respect to its second variable, and

G = hO(|z2|*°). It remains to notice that Op;’ (k(h%, |22|2)) can be written as k*(h%, K#) modulo

Opy (O(]z2|*°)). This achieves the proof of Theorem 2.15.

Fy = hbo + h2v2(0,0) — 2+ 160|252 + hk(h2 | 22]?),

5B. Spectral reduction to the third normal form. Corollary 2.16 is a consequence of the following
lemma and proposition.

Lemma 5.1. We have
N(M%ll,ﬂ’ﬂoh) = O(h_z)’ N(Fh,boh + Ch1+r]) _ O(h_1+’7),

Proof. The first estimate follows from Lemma 4.3 and the second one from a comparison with the
harmonic oscillator in x5. O

The last proposition concerns the microlocalization of the eigenfunctions.

Proposition 5.2. Let € (0, 1), § € (0. 49), and C > 0. Let x be a smooth cutoff function that is 0 in a
bounded neighborhood of (0, 0) and 1 outside a bounded neighborhood of (0,0). If A is an eigenvalue of
Mgll]’ﬁ or of Fy, such that A < boh + Ch'™" and if  is an associated eigenfunction, we have

OpY (x(h % (x2,£2)))¥ = O(h™).

Proof. The proof is similar to that of Proposition 4.4. O

Appendix: Egorov theorems

We start with the classical result (see, for instance, [Zworski 2012, Theorem 11.1; Robert 1987,
Théoreme 1V.10]).

Theorem A.1 [Zworski 2012, Theorem 11.1, Remark (ii) on p. 251]. Let P and Q be h-pseudodijferential
operators on R, with P € Op;, (S(1)) and Q € Op;’ (S(1)). Then the operator eiCPe 79 isa
pseudodifferential operator in Op; (S(1)), and

i@ Pe™i2 —Op¥ (pok) € hOpP (S(1)).

Here p is the Weyl symbol of P, and the canonical transformation k is the time-1 Hamiltonian flow
associated with principal symbol of Q.

From this classical version of Egorov’s theorem, one can deduce the following refinement that is useful
when p does not belong to S(1) (as is the case in this paper).
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Theorem A.2. Let P and Q be h-pseudodifferential operators on R%, with P € Op;) (S(m)) and Q €
Opj, (S(m")), where m and m" are order functions such that

m' =0(1), mm' =0(). (A-1)

Then the operator e 2pPe=iQisa pseudodifferential whose symbol is in S(m), and e 2peiQ -
Op;, (pok) € hOpy (S(1)).
Proof. The proof is based on the following observation. In order to compare Op}’ (pok’) and e "ope e,
we consider the derivative

d , iz . iz ito (i _ d _ _it
(T2 Opp (pox' e Q) = T2 (110, Op} (p ok )]+ 4= Opf (por' ) e 2.

From hypothesis (A-1), the term [Q, Op}’(p o k'~7)] belongs to Opj, (S(1)); moreover, if we denote

by go the principal symbol of O, we have

d _ _
77 0Py (p ok'™%) = —0p} ({go, pok'™T}).

which implies that this term is also in Opj’ (S(1)). By symbolic calculus, we see that

i - d -

712, 0pj (p o )]+ —— Opj (pox'™) € h Op (S(1)) (A-2)
uniformly for 7, T in compact sets. It follows by integration from O to ¢ that

, . t :
elfoPe_th:Op}f(poxt)-i—h/ e 2Pi(s)e” 12 ds (A-3)
0

for some P (s) € Opy (S(1)), uniformly for s € [0, 7]. Applying Theorem A.1 to the integrand, we see
thate%QPe_%Q—Ophw(pOK’)ehOpZ’(S(l)). O

In order to quantize the formal Birkhoff procedure of Section 4A4, one needs to consider symbols
in a class C stable under the Moyal product. For that purpose we first define the families of symbols
S(m; [0, 1] x (0, 1]), that is, of smooth functions a : R2¢ x [0, 1] x (0, 1] — C such that, for any o € N2,
there exists Cy such that, for all (z; u, h) € R24 x [0, 1] x (0, 1],

|07a(z: . h)| < Cam(z)

and where m is an order function on R24. The pair (i, i) is considered as a parameter.
Then, let (¢1)ie[0,1] be a smooth family of linear maps R24 — R24 and define the following families
of symbols on R24 by

C(m) = {a € S(m:[0,1]x (0, 1]) | a(z: u, h) = a(pu(z): p, h) with @ € S(m;[0,1] x (0,1])}.  (A-4)

Theorem A.3. Let P and Q be h-pseudodifferential operators on R4, with P € Op;, (C(m)) and Q €
Op}’ (C(m'")), where m and m’ are order functions such that

m=1, m'=0(1), mm' =0(Q).

Then e#Q Pe~i#Q = P+ R, where B € Op¥ (C(m)), R € h*® OpY (S(1)), and with B —Op¥ (pok) €
hOp¥ (C(1)).
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Proof. Since ¢,, is linear, one can see (using, for instance, [Zworski 2012, Theorem 4.17]) that C is stable
under the formal Moyal product, i.e., for all order functions m; and my, we have

(C(my)) x (C(m3)) C C(myima) +h*>S(1).

Let x be the canonical transformation associated with Q. Then, since m = 1, we have p ok € C(m);
indeed, if we write the Hamiltonian flow of Q in terms of the variable Z = ¢, (z), we see from the
linearity of ¢, that the components of the transformed vector field belong to C(m’). Therefore ¢, o k is
of the form k;, o ¢, for some diffeomorphism «,, depending smoothly on .

Therefore, both terms in (A-2) belong to Opj’ (C(1)). Applying this argument inductively in (A-3), we
may write, for any k > 0,

ehQPe=hQ —OpY (pok)— (hPy + 1Py + -+ h¥ By) € i1 0p2 (S(1)),

with P} € Opy, (C(1)). By a Borel summation in /2, parametrized by Z = ¢, (z), we can find a symbol
Pe Op;, (C(1)) such that we have the asymptotic expansion in Op;’ (S(1))

P~hP +h2Py+---.
We conclude by letting P = Op;, (pok) + P. O

We will also need to examine how the Egorov theorem behaves with respect to taking formal power
series of symbols. For this, it is convenient to introduce a filtration of S(m).

Theorem A.4. Let m be an order function on R24 and let (O))jen be a filtration of S(m), i.e.,
Op = S(m), Oj+1 CO]‘.

Let P = Opy, p and Q = Op}, q be h-pseudodifferential operators on R, with p € S(m) and g € S(m’),
where m’ is an order function such that m’ and mm’ are bounded.

Assume that _
i

h
Then for any k = 0, the Weyl symbol of the pseudodifferential operator

ady(0)) COj41 Vj=0. (A-5)

k
i _i L ;
enlpe i — Z ﬁ(%adQ)JP
Jj=0
belongs to Op% (O +1)- In other words, the series of exp(% adQ)P converges to e QpeiQ for the
filtration (O;)jen.
Proof. By the Taylor formula, we can write

k 1
eiQ Pe hQ:;)ﬁ(adih_lQ)jP+k_!(adih_lQ) H/(; (1=0)kenCpe 72 dr.
By Theorem A.2, we see that the integral belongs to Op;’ (S(m)) = Opj’ (Op). Therefore, by assump-
tion (A-5), the remainder in the Taylor formula lies in Op}’ (Ok1). O
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AN ANALYTICAL AND NUMERICAL STUDY
OF STEADY PATCHES IN THE DISC

FRANCISCO DE LA HOZ, ZINEB HASSAINIA, TAOUFIK HMIDI AND JOAN MATEU

We prove the existence of m-fold rotating patches for the Euler equations in the disc, for the simply
connected and doubly connected cases. Compared to the planar case, the rigid boundary introduces rich
dynamics for the lowest symmetries m = 1 and m = 2. We also discuss some numerical experiments
highlighting the interaction between the boundary of the patch and the rigid one.
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1. Introduction

In this paper, we shall discuss some aspects of the vortex motion for the Euler system in the unit disc D
of the Euclidean space R?. That system is described by the equations
ov+v-Vov+Vp=0, (t,x)eRyxD,
divv =0,
v-v=0 on dD,
V]¢=0 = vo.

ey
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Here, v = (v', v?) is the velocity field, and the pressure p is a scalar potential that can be related to the
velocity using the incompressibility condition. The boundary equation means that there is no matter flow
through the rigid boundary 0D = T; the vector v is the outer unitary vector orthogonal to the boundary.
The main feature of two-dimensional flows is that they can be illustrated through their vorticity structure;
this can be identified with the scalar function w = d,v, — d,v1, and its evolution is governed by the
nonlinear transport equation

dw+v-Vw=0. )

To recover the velocity from the vorticity, we use the stream function W, which is defined as the unique
solution of the Dirichlet problem on the unit disc:

{ AV =@,
Ylop =0

Therefore, the velocity is given by
v=Viw,  Vi=(=d,0).

By using the Green function of the unit disc, we get the expression

1
‘P(Z)ZEA;)lOg :

with d A being the planar Lebesgue measure. In what follows, we shall identify the Euclidean and the

w(é)dA(E) 3

complex planes, so the velocity field is identified with the complex function
v(z) = vi(x1, x2) +iva(xr, x2),  z=x1+ixa.
Therefore, we get the compact formula

v([, Z) = 2i85\11(t, Z)

_ L[ EPEL G aae
b G-E)EE—D)
) ;
=5 [ Sl ane o [ Fenodae. @

We recognize in the first part of the last formula the structure of the Biot—Savart law in the plane R2,
which is given by

v(t,z):%fcw(t ) 4AE). zeC. (5)

The second term of (4) is absent in the planar case. It describes the contribution of the rigid boundary T,
and our main task is to investigate the boundary effects on the dynamics of special long-lived vortex
structures. Before going further into details, we recall first that, from the equivalent formulation (2)—(4)
of the Euler system (1), Yudovich [1963] was able to construct a unique global solution in the weak sense,
provided that the initial vorticity wq is compactly supported and bounded. This result is very important
because it allows one to deal rigorously with vortex patches, which are vortices uniformly distributed in a
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bounded region D, i.e., wg = xp. These structures are preserved by the evolution, and at each time ¢,
the vorticity is given by xp,, with D; = (¢, D) being the image of D by the flow. As we shall see later
in (16), the contour dynamics equation of the boundary 9 D; is described by the following nonlinear
integral equation. Let y; : T — 0D, be the Lagrangian parametrization of the boundary; then

3 1 517
=g | togni—side+ - [ Elae.

D, D, Vi€
We point out that, when the initial boundary is smooth enough, roughly speaking more regular than C',
then the regularity is propagated for long times without any loss. This was first achieved by Chemin
[1998] in the plane and extended in bounded domains by Depauw [1999]. Note also that we can find in
[Bertozzi and Constantin 1993] another proof of Chemin’s result. It appears that the boundary dynamics
of the patch is very complicate to tackle and, to our knowledge, the only known explicit example is
the stationary one given by a small disc centered at the origin. Even though explicit solutions form a
poor class, one can try to find implicit patches with prescribed dynamics, such as rotating patches, also
known as V -states. These patches are subject to perpetual rotation around some fixed point that we can
assume to be the origin and with uniform angular velocity €2; this means that D; = ¢!’ D. We shall see
in Section 2.3 that the V-states equation, when D is symmetric with respect to the real axis, is given by

2
R{<2Qz+7[ dg — 7[ i )/}:0, zel29D, (6)
rZ— 1—2%'

with 7’ being a tangent vector to the boundary 9 Dy at the point z; note that we have used the notation
7[1“ = (1/2im) fr' In the flat case, the boundary equation (6) becomes

Re{(zszz+ 7[5_5 dé)z/} =0, zeTl. (7
rz—=§

Note that circular patches are stationary solutions for (7); however, elliptical vortex patches perform a

steady rotation about their centers without changing shape. This latter fact was discovered by Kirchhoff
[1876], who proved that, when D is an ellipse centered at zero, D, = €'/ D, where the angular velocity 2
is determined by the semiaxes a and b through the formula Q = ab/(a + b)?. These ellipses are often
referred to in the literature as the Kirchhoff elliptic vortices; see for instance [Majda and Bertozzi 2002,
p. 304] or [Lamb 1945, p. 232].

One century later, several examples of rotating patches were obtained by Deem and Zabusky [1978],
using contour dynamics simulations. Burbea [1982] gave an analytical proof and showed the existence
of V-states with m-fold symmetry for each integer m > 2. In this countable family, the case m = 2
corresponds to the Kirchhoff elliptic vortices. Burbea’s approach consists of using complex analysis tools,
combined with bifurcation theory. It should be noted that, from this standpoint, the rotating patches are
arranged in a collection of countable curves bifurcating from Rankine vortices (trivial disc solution) at
the discrete angular velocities set {(m — 1)/2m : m > 2}. The numerical analysis of limiting V -states
which are the ends of each branch is done in [Overman 1986; Wu et al. 1984] and reveals interesting
behavior: the boundary develops corners at right angles. Recently, the C regularity and the convexity
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of the patches near the trivial solutions have been investigated in [Hmidi et al. 2013]. More recently, this
result has been improved by Castro, Cérdoba and Gémez-Serrano [Castro et al. 2016b], who showed the
analyticity of the V -states close to the disc. We point out that similar research has been carried out in
the past few years for more singular nonlinear transport equations arising in geophysical flows, such as
the surface quasigeostrophic equations or the quasigeostrophic shallow-water equations; see for instance
[Castro et al. 2016a; 2016b; Hassainia and Hmidi 2015; Ptotka and Dritschel 2012]. It should be noted
that the angular velocities of the bifurcating V -states for (7) are contained in the interval ]0, %[. However,
it is not clear whether we can find a V-state when €2 does not lie in this range. Fraenkel [2000] proved,
always in the simply connected case, that the solutions associated with 2 = 0 are trivial and reduced to
Rankine patches. This was established by using the moving plane method, which seems to be flexible
and has been recently adapted in [Hmidi 2015] to €2 < 0 but with a convexity restriction. The case Q2 = %
was also solved in that paper, using the maximum principle for harmonic functions.

Another related subject is to see whether a second bifurcation occurs at the branches discovered by
Deem and Zabusky. This has been explored for the branch of the ellipses corresponding to m = 2. Kamm
[1987] gave numerical evidence of the existence of some branches bifurcating from the ellipses; see also
[Saffman 1992]. In [Luzzatto-Fegiz and Williamson 2010], one can find more details about the diagram
for the first bifurcations and some illustrations of the limiting V -states. The proof of the existence and
analyticity of the boundary has been recently investigated in [Castro et al. 2016b; Hmidi and Mateu 2016].
Another interesting topic which has been studied since the pioneering work of Love [1893] is the linear
and nonlinear stability of the m-folds. For the ellipses, we mention [Guo et al. 2004; Tang 1987], and
for the general case of the m-fold symmetric V -states, we refer to [Burbea and Landau 1982; Wan 1986].
For further numerical discussions, see also [Cerretelli and Williamson 2003; Dritschel 1986; Mitchell
and Rossi 2008]. Recently [Hmidi et al. 2015; de 1la Hoz et al. 2016b] have shown a special interest in
the study of doubly connected V -states which are bounded patches and delimited by two disjoint Jordan
curves. For example, an annulus is doubly connected, and by rotation invariance, it is a stationary V -state.
No other explicit doubly connected V -state is known in the literature. In [Hmidi et al. 2015], a full
characterization of the V-states (with nonzero magnitude in the interior domain) with at least one elliptical
interface has been achieved, complementing the results of Polvani and Flierl [1986]. As a byproduct, it
is shown that the domain between two ellipses is a V-state only if it is an annulus. The proof of existence
of nonradial doubly connected V -states has been achieved very recently in [de la Hoz et al. 2016b] by
using bifurcation theory. More precisely, we get the following result. Let 0 < b < 1 and m > 3, such that

2

1—
140" — m < 0.

Then there exist two curves of m-fold symmetric doubly connected V -states bifurcating from the annulus
{z € C: b < |z|] < 1} at each of the angular velocities

1-62 1 1—p2 2
Q= —— - (—m( . )—1) —pm, )
m

The main goal of the current paper is to explore the existence of rotating patches (6) for Euler equations
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posed on the unit disc . We shall focus on the simply connected and doubly connected cases and study
the influence of the rigid boundary on these structures. Before stating our main results, we define the
set Dp = {z € C: |z| < b}. Our first result dealing with the simply connected V -states is:

Theorem 1. Let b € 10, 1[ and m be a positive integer. Then there exists a family of m-fold symmetric
V-states (Vi) m>1 for (6) bifurcating from the trivial solution wy = xp, at the angular velocity
Q, 2 —’"—;“’m.
m

The proof of this theorem is done in the spirit of [Burbea 1980; de la Hoz et al. 2016b], using the
conformal mapping parametrization ¢ : T — 9D of the V-states, combined with bifurcation theory. As
we shall see later in (17), the function ¢ satisfies the following nonlinear equation, for all w € T:
¢w) — () , |6 (0)*¢' (1)

dr — fp——" 21717
o =0 VT T pwe@

Denote by F (€2, ¢) the term in the left-hand side of the preceding equality. Then the linearized operator

Im{ [m(sz) + dti|w¢’(w)} =0.

around the trivial solution ¢ = b1d can be explicitly computed and is given by the following Fourier
multiplier: for h(w) =), . an",

n—1+0b*"

n

3y F (2, bId)h(w) :bZn(

n>1

—ZQ)an_len, e, =—(w"—uw").

Therefore, the nonlinear eigenvalues leading to nontrivial kernels of dimension 1 are explicitly described
by the quantity €2,, appearing in Theorem 1. Later on, we check that all the assumptions of the Crandall-
Rabinowitz theorem stated in Section 2.2 are satisfied, and our result follows easily. In Section 5.1,
we implement some numerical experiments concerning the limiting V -states. We observe two regimes
depending on the size of b: b small and b close to 1. In the first case, as expected, corners do appear as in
the planar case. However, for b close to 1, the effect of the rigid boundary is not negligible. We observe
that the limiting V -states are tangentially touching the unit circle; see Figure 5. Some remarks are in order.

Remark 2. For the Euler equations in the plane, there are no curves of 1-fold V -states close to Rankine
vortices. However, we deduce from our main theorem that this mode appears for spherical bounded
domains. Its existence is the result of the interaction between the patch and the rigid boundary T. Moreover,
according to the numerical experiments, these V-states are not necessarily centered at the origin, and this
fact is completely new. For the symmetry m > 2, all the discovered V -states are necessarily centered at
zero because they have at least two axes of symmetry passing through zero.

Remark 3. By a scaling argument, when the domain of the fluid is the ball B(0, R), with R > 1, then
from the preceding theorem, the bifurcation from the unit disc occurs at the angular velocities

m—1+R™2m
e A

Therefore, we obtain Burbea’s result [1980] by letting R tend to 4-c0.
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Remark 4. From the numerical experiments done in [de la Hoz et al. 2016b], we note that, in the plane,
the bifurcation is pitchfork and occurs to the left of €2,,. Furthermore, the branches of bifurcation are
“monotonic” with respect to the angular velocity. In particular, this means that, for each value of 2, we
have at most only one V-state with that angular velocity. This behavior is no longer true in the disc as
will be discussed later in the numerical experiments; see Figure 3.

Remark 5. Due to the boundary effects, the ellipses are no longer solutions for the rotating patch
equation (6). Whether explicit solutions can be found for this model is an interesting problem. However,
we believe that the conformal mapping of any nontrivial V -state has a necessary infinite expansion. Note
that Burbea [1982] proved that, in the planar case when the conformal mapping associated to the V -state
has a finite expansion, it is necessarily an ellipse. His approach is based on Faber polynomials, and this
could give insight to solving the same problem in the disc.

The second part of this paper deals with the existence of doubly connected V -states for the system (1),
governed by (6). Note that the annular patches centered at zero, which are given by

Abl,b2={Z€C2b1<|Z|<b2}, by <by <1,

are indeed stationary solutions. Our main task is to study the bifurcation of the V -states from these trivial
solutions in the spirit of the recent works [de la Hoz et al. 2016a; 2016b]. We shall first start by studying
the existence with the symmetry m > 2, followed by the special case m = 1.

Theorem 6. Ler0 < by < by < 1, and set b £ by/by. Let m > 2, such that
242b™ — (b +by)?
> .
1—b2

Then there exist two curves of m-fold symmetric doubly connected V -states bifurcating from the annulus

m

Ap, b, at the angular velocities

_1_b2+b%m_b2m

+ 2 1
=g dm T2V A
with
A 1-b 2-b" =" 2—192’" 1—b2m\?
" 2 2m m ’

Before outlining the ideas of the proof, a few remarks are necessary.

Remark 7. As was discussed in Remark 3, one can use a scaling argument and obtain the result previously
established in [de la Hoz et al. 2016b] for the planar case. Indeed, when the domain of the fluid is the
ball B(0, R), with R > 1, then the bifurcation from the annulus A, ; amounts to making the changes
by =1/R and b, = b/R in Theorem 6. Thus, by letting R tend to infinity, we get exactly the nonlinear
eigenvalues of the Euler equations in the plane (8).

Remark 8. Unlike in the plane, where the frequency m is assumed to be larger than 3, we can reach
m =2 in the case of the disc. This can be checked for b, small with respect to by. This illustrates once
again the interaction between the rigid boundary and the V -states.
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Now we shall sketch the proof of Theorem 6, which follows along the lines of [de la Hoz et al.
2016b] and stems from bifurcation theory. The first step is to write down the analytical equations of
the boundaries of the V-states. This can be done for example through the conformal parametrization of
the domains D; and D», which are close to the discs b1D and b,D, respectively. Set ¢; : D¢ — D;, the
conformal mappings which have the expansions,

forall jw| >1, ¢1(w)=

ain
E P (w) =

.. . . N . N .
In addition, we assume that the Fourier coefficients are real, which means that We are looking only for

V -states that are symmetric with respect to the real axis. As we shall see later in Section 4.1, the conformal
mappings are subject to two coupled nonlinear equations defined as follows: for j € {1,2} and w € T,

Fi(Gh, é1, ¢2) (w) 2 Im{((1 =) () + 1 ($;(w)) = J (¢ (w)))wep; (w) } =0,

G 7[ 0@
1<z>_7[ @ s — f T S0 de,

1) % 626
J = d d
@ f [P 6) s — o 1P 0@ de,

In order to apply bifurcation theory, we should understand the structure of the linearized operator around

with

AE1-29.

the trivial solution (¢, ¢2) = (b1 1d, b, 1d) corresponding to the annulus with radii ; and b, and identify
the range of €2 where this operator has a one-dimensional kernel. The computations of the linear operator
DF(L2, b, 1d, by 1d) with F = (F1, F>) in terms of the Fourier coefficients are fairly lengthy, and we find
that it acts as a Fourier multiplier matrix. More precisely, for

ai, aj,
M) =3 " )=

n>1 n>1

we obtain the formula

1
DF(h, by 1d, by 1d)(hy, hy) = M, (M) (a; 1) e, en(w) & (@ —w"),

n>1
where the matrix M, is given by

bmm—1+b?—nwymﬂ]muhwom—wﬁﬁﬂ)

Ma () = ( bil(b2/b)" — (1b)"] balnk—n+1— b2

Therefore, the values of 2 associated with nontrivial kernels are the solutions of a second-degree
polynomial in A,
P,(A) £ det M, (1) = ©)

The polynomial P, has real roots when the discriminant A, (c, b) introduced in Theorem 6 is positive. The
calculation of the dimension of the kernel is significantly more complicated than the cases considered before
in [Burbea 1980; de la Hoz et al. 2016b]. The matter reduces to counting, for a given A, the discrete set

n>2:P,(1) =0}



1616 FRANCISCO DE LA HOZ, ZINEB HASSAINIA, TAOUFIK HMIDI AND JOAN MATEU

Note that, in [Burbea 1980; de la Hoz et al. 2016b], this set has only one element, and therefore, the
kernel is one-dimensional. This follows from the monotonicity of the roots of P, with respect to n. In
the current situation, we get similar results but with a more refined analysis.

Now we shall move on to the existence of 1-fold symmetries, which are completely absent in the plane.
The study in the general case is slightly subtler, and we have only carried out partial results, so some
other cases are left open and deserve to be explored. Before stating our main result, we need to do some
preparation. As we shall see in Section 4.4.3, the equation P;()) = 0 admits exactly two solutions

AL =(ba/b))* or A =1+b3—b7.

Similarly to the planar case [de la Hoz et al. 2016b], there is no hope of bifurcating from the first
eigenvalue A, because the range of the linearized operator around the trivial solution has an infinite
codimension, and thus, the Crandall-Rabinowitz theorem stated in Section 2.2 is useless. However, for
the second eigenvalue )LT, the range is at most of codimension 2, and in order to bifurcate, we should
avoid a special set of b; and b, that we shall describe now. Fix b; in ]0, 1[, and set

€p, £ (b, €10, by[ : there exists n > 2 such that P, (1 —I—b% — b%) = 0},

where P, is defined in (9). As we shall see in Proposition 20, this set is countable and composed of a
strictly increasing sequence (x,,),,>1 converging to b;. Now we state our result.

Theorem 9. Given by € 10, 1[, then for any by ¢ €,,, there exists a curve of nontrivial 1-fold doubly
connected V -states bifurcating from the annulus Ay, p, at the angular velocity

n-n

Q=
! 2

The proof is done in the spirit of Theorem 6. When b, ¢ €,,, then all the conditions of the Crandall—
Rabinowitz theorem are satisfied. However, when b, € €,,, then the range of the linearized operator has
codimension 2. Whether the bifurcation occurs in this special case is an interesting problem which is left
open here.

Notation. We need to collect some useful notation that will be frequently used along this paper. We shall
use the symbol £ to define an object. The unit disc is denoted by [ and its boundary, the unit circle,
by T. For a given continuous complex function f : T — C, we set

ff(r)dré.i/ﬂr)dr,
T 2imw T

where dt stands for complex integration.

Let X and Y be two normed spaces. We denote by £(X, Y) the space of all continuous linear maps
T : X — Y endowed with its usual strong topology. We denote by Ker T and R(T) the null space and the
range of T, respectively. Finally, if F is a subspace of Y, then Y /F denotes the quotient space.
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2. Preliminaries and background

In this introductory section, we shall collect some basic facts on Holder spaces and bifurcation theory
and shall recall how to use conformal mappings to obtain the equations of V -states.

2.1. Function spaces. In this paper as well as in the preceding ones [Hmidi et al. 2013; de la Hoz et al.
2016b], we find it more convenient to think of a 2w -periodic function g : R — C as a function of the
complex variable w = e’?. To be more precise, let f : T — R? be a smooth function; then it can be
assimilated to a 27 -periodic function g : R — R? via the relation

fw) =gm), w=e.
By Fourier expansion, there exist complex numbers (c,),cz such that
fw)=> e,
nez

and the differentiation with respect to w is understood in the complex sense. Now we shall introduce
Holder spaces on the unit circle T.

Definition. Let 0 < y < 1. We denote by C” (T) the space of continuous functions f such that
|f (D) — f(w)]
I fllcrany £ 11 fllLem + sup ————> <00
t4weT [T —wlY

For any nonnegative integer n, the space C"*7 (T) stands for the set of functions f of class C" whose
n-th order derivatives are Holder continuous with exponent y. It is equipped with the usual norm

d* f dn f

n
d*w || oo H d"w

Ifllemray 2

k=0

c V(T).
Recall that the Lipschitz seminorm is defined by
| f(T) — fw)]
I fllLipry = sup ———.
t#wel |T - w|
Now we list some classical properties that will be useful later.
(i) For n e N and y € 10, 1[, the space C"*7(T) is an algebra.
(i) For K € L'(T) and f € C"*7(T), we have the convolution inequality

1K * fllerray < 1K L Lf lenr (-

2.2. Elements of bifurcation theory. We shall now recall an important theorem of bifurcation theory
which plays a central role in the proofs of our main results. This theorem was established by Crandall and
Rabinowitz [1971]. Consider a continuous function F : R x X — Y with X and Y being two Banach spaces.
Assume that F (A, 0) =0 for any A belonging to nontrivial interval /. The Crandall-Rabinowitz theorem
gives sufficient conditions for the existence of branches of nontrivial solutions to the equation F'(A, x) =0
bifurcating at some point (1g, 0). For more general results, we refer the reader to [Kielhofer 2012].
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Theorem 10. Let X and Y be two Banach spaces and V a neighborhood of O in X, andlet F :RxV — Y.
Set £y 2 3, F (0, 0); then the following properties are satisfied.
1) F(A,0)=0forany » € R.
(ii) The partial derivatives F,, Fy and F,, exist and are continuous.
(iii) The spaces N(&Ly) and Y /R (L) are one-dimensional.
(iv) The transversality assumption 9, d, F (0, 0)xo ¢ R(¥y) holds, where

N(Zp) = span{xp}.

If Z is any complement of N(¥y) in X, then there is a neighborhood U of (0, 0) in R x X, an interval
1—a, a[ and continuous functions ¢ : |—a, a| - Rand  : |—a, a|l — Z such that ¢(0) =0, ¥ (0) =0 and

FTHO)NU ={(0(®), Ex0+ () : [€] <a} U{(1, 0): (2, 0) € U}

Before proceeding further with the consideration of the V-states, we shall recall the Riemann mapping
theorem, a central result in complex analysis. To restate this result, we need to recall the definition of
simply connected domains. Let c2cu {oo} denote the Riemann sphere. We say that a domain Q C c
is simply connected if the set C \ @ is connected. Let D denote the unit open disc and 2 C C be a
simply connected bounded domain. Then according to the Riemann mapping theorem, there is a unique
biholomorphic map ® : C\ D — C\  taking the form

a
®@=az+) . a>0.

neN

In this theorem, the regularity of the boundary has no effect on the existence of the conformal mapping,
but it plays a role in determining the boundary behavior of the conformal mapping. See for instance
[Pommerenke 1992; Warschawski 1935]. Here, we shall recall the following result.

Kellogg and Warschawski’s theorem ([Warschawski 1935] or [Pommerenke 1992, Theorem 3.6]). If
the conformal map ® : C\ D — C\ Q has a continuous extension to C\ D which is of class C"# with
neNand0 < B < 1, then the boundary ®(T) is of class C"+P.

2.3. Boundary equations. Our next task is to write down the equations of V -states using the conformal
parametrization. First recall that the vorticity w = d1vy — dv; satisfies the transport equation

oow+v-Vo=0
and the associated velocity is related to the vorticity through the stream function W as

V= 2i85\11,

1 —
Y@= 4 /D log' lz— zéé

with
2

w(§)dA(§).
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When the vorticity is a patch of the form w = xp with D a bounded domain strictly contained in D, then
2

1 —
\D(Z)ZE/Dbg Z_f dA(E).

For a complex function ¢ : C — C of class C !'in the Euclidean variables (as a function of R?), we define

1/0p d¢ 1/0p d¢
8 = \———1— ), 8’ = —\ — - 1.
i 2(8x ’ay) a4 2(ax+’ay

As we have seen in the introduction, a rotating patch or V-state is a special solution of the vorticity

equation (2) with initial data wy = xp and such that
w(t)=xp,, D;=e""D.

In this definition and for simplicity, we have only considered patches rotating around zero. According to
[Burbea 1980; Hmidi et al. 2013; de la Hoz et al. 2016b], the boundary equation of the rotating patches is

Re{(Qz —20,¥)7'} =0, zel 29D, (10)

where 7’ denotes a tangent vector to the boundary at the point z. We point out that the existence of a
rigid boundary does not alter this equation which in fact was established in the planar case. The purpose
now is to transform (10) into an equation involving only the boundary d D of the V -state. To do so, we
need to write 9,V as an integral on the boundary d D based on the use of the Cauchy—Pompeiu formula.
Consider a finitely connected domain D bounded by finitely many smooth Jordan curves, and let I" be
the boundary @ D endowed with the positive orientation; then

forall z € C, fwds = —l/ agp(g)w. 11
r z—§ 7T Jp z—§
Differentiating (3) with respect to the variable z yields
0@ = [ d aa)+ - [ oaae (12)
= p1—zE dr Jpz—& '

Applying the Cauchy—Pompeiu formula with ¢(z) = z, we find

! ! dA(f;“):—][Z_gds for all z € D.
T )pz—& rz—§

Using the change of variable & — & which keeps the Lebesgue measure invariant,

- ! .
_ —d = — dA
JT/DI—ZS A®) nzfﬁl/z_é ®)

with D being the image of D by complex conjugation. A second application of the Cauchy—Pompeiu

formula, using that 1/z ¢ D for z € D, yields

1 d dA(g):f £ d¢ forallze D, T =aD.
wz )Jp 1)z —& =1 —zE ’
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Using once again the change of variable & — & which reverses the orientation,

E2 [ ER _
ﬁl—zédé_ ﬁl—zgdg forall z € D.

[ &P [z-E
49,0 (z) = 7[r1—z§d§ 7[rz—sd§' (13)

Inserting the last identity in (10), we get an equation involving only the boundary

= 2
Re{<mz+7[r§—§d§+7[r1|§|zs df;‘) }:0 forall z € T.

It is more convenient in the formulas to replace the angular velocity €2 in the preceding equation by the

Therefore, we obtain

parameter A = 1 —2€2, leading to the V -states equation

- 2
{((l—k)z—i-][—édé-i-][ £ dg) }:0 forall z € T. (14)
& rl—z&

It is worth pointing out that (14) characterizes V-states among domains with C' boundary, regardless of

the number of boundary components. If the domain is simply connected, then there is only one boundary
component and so only one equation. However, if the domain is doubly connected, then (14) gives
rise to two coupled equations, one for each boundary component. We note that all the V-states that we
shall consider admit at least one axis of symmetry passing through zero and without loss of generality
it can be supposed to be the real axis. This implies that the boundary 9 D is invariant by the reflection
symmetry & — £. Therefore, using this change of variables, which reverses orientation, in the last integral
term of the equation (14), we obtain
i1k

{((l—k)er][ —S S

To end this section, we mention that in the general framework the dynamics of any vortex patch can be

) /}=0 forallz eT. (15)

described by its Lagrangian parametrization y; : T — 9D, £ T, as

v =v(t, ¥r).
Since W is a real-valued function,
;¥ =0,V,
which implies according to (13)

v(t,z) = 2i87\IJ(t, 2)

B 1 HE
=~ loglz—él dé—l— = dE.

Consequently, we find that the Lagranglan parametrization satisfies the nonlinear ODE

£
. -y,

Iy =—— ds. (16)

1
1 d
e R /r
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The ultimate goal of this section is to relate the V-states described above to stationary solutions for Euler
equations when the rigid boundary rotates at some specific angular velocity. To do so, suppose that the
disc D rotates with a constant angular velocity €2; then the equations (1) written in the frame of the
rotating disc take the form

du—+u-Vu—Qyt - Vu+Qut +Vg=0

with

y=e "y, v(t, x)=e ut,y),  q(t,y)=p(t, x).

For more details about the derivation of this equation, we refer the reader for instance to [Farwig and
Hishida 2011]. Here the variable in the rotating frame is denoted by y. Applying the curl operator to the
equation of u, we find that the vorticity of u, which still denoted by w, is governed by the transport equation

do+ w—Qyt) Vo =0.

Consequently, any stationary solution in the patch form is actually a V-state rotating with the angular
velocity €2. Relating this observation to Theorems 1 and 6, we deduce that rotating the disc at some
suitable angular velocities creates stationary patches with m-fold symmetry.

3. Simply connected V -states

In this section, we shall gather all the pieces needed for the proof of Theorem 1. The strategy is analogous
to [Burbea 1980; Hmidi et al. 2013; de la Hoz et al. 2016b]. It consists of first writing down the V -states
equation through the conformal parametrization and second applying the Crandall-Rabinowitz theorem.
As can be noted from Theorem 1, the result is local meaning that we are looking for V -states which are
smooth and cause a small perturbation of the Rankine patch xp, with D, = bD. We also assume that the
patch is symmetric with respect to the real axis, and this fact has been crucial in deriving (15). Note that
as D € D the exterior conformal mapping ¢ : D¢ — D¢ has the expansion

o (w) =bw+§%, b, € R,
and satisfies 0 < b < 1. This latter fact follows from the Schwarz lemma. Indeed, let
1
$(1/2)

then ¢ : D — D is conformal, with D the image of D by the map z+> 1/z. Clearly D C D, and therefore,
the restriction ¢ ~! : D — D is well defined and holomorphic and satisfies ¥ (0) = 0. From the Schwarz

¥(2) =

lemma, we deduce that |(~!)’(0)| < 1; otherwise D will coincide with D. It suffices now to use that
(¥~ 1(0) =b.

Now we shall transform (15) into an equation on the unit circle T. For this purpose, we make the
change of variables z = ¢ (w) and & = ¢ (7). Note that for w € T a tangent vector at the point z = ¢ (w)
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is given by
7 =iwg'(w)
and thus (15) becomes
—— [ow)—9(D) , |6 (0)I*¢'(x) } : }
I 1—A -_ dt — 4y ——F——"—d =0. 17
m{[( W T 5w -0 VT LT swem MM an

Set ¢ = b1d + f; then the foregoing functional can be split into three parts

Fi(f)(w) £ Im{gp (w)we'(w)},
P (w) — (1)
ToW) — P (1)
16 (1) >¢' (7)
11— pw)e(r)

B (f)(w) élm{ ¢'(v)dt w¢’(w)},

F3(f)(w) éIm{ dt w¢’(w)}, (18)

and consequently, (17) becomes

FO., f)=0, FQ, f)£A=MF()+Ff) = F). (19)

Observe that we can decompose F into two parts F (A, f) = G(X, f) — F3(f) where G(A, f) is the
functional appearing in the flat space R? and the new term F3 describes the interaction between the patch
and the rigid boundary T. Now it is easy from the complex formulation to check that the disc D, is a
rotating patch for any © € R. Indeed, as the disc is a trivial solution for the full space R?, G(%, 0) = 0.

A ! 4 dt }
F3(0)(w) = Im{b wj[— =0
T

Moreover,

1-b%wt

because the integrand is analytic in the open disc (1/b?)D and therefore we apply residue theorem.

3.1. Regularity of the functional F. This section is devoted to the study of the regularity assumptions
stated in the Crandall-Rabinowitz theorem for the functional F introduced in (19). The application of
this theorem at this stage of the presentation requires one to fix the function spaces X and Y. We should
look for Banach spaces X and Y of Holder type in the spirit of [Hmidi et al. 2013; de la Hoz et al. 2016b],
and they are given by

X = {fec”“ar):f(w)zzanw", ap € R, weT},

n>0

1
Y = igeC“(T):g(w):anen, b, € R, weT}, enéz(w”—w”),

n>1

with « € ]0, 1[. For r € ]0, 1[, we denote by B, the open ball of X with center O and radius r

B ={feX:|flcr =r}

It is straightforward to see that for any f € B, the function w — ¢ (w) = bw + f(w) is conformal on
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C\ D provided that r < b. Moreover, according to the Kellogg—Warshawski result [Warschawski 1935],
the boundary of ¢(C \ D) is a Jordan curve of class C't%. We propose to prove the following result
concerning the regularity of F.

Proposition 11. Let b € 10, 1] and 0 < r < min(b, 1 — b); then the following hold true:
(i) F:Rx B, — Y is C' (it is in fact C™).
(ii) The partial derivative 0,07 F : R x B, — $(X, Y) exists and is continuous (it is in fact C™).

Proof. (i) We shall only sketch the proof because most of the details are done in [Hmidi et al. 2013; de la
Hoz et al. 2016b]. First recall from (19) the decomposition

F, /)=0=0)F(f)+ F2(f) — F3(f).

The part (1 — L) F1(f) + F»2(f) coincides with the nonlinear functional appearing in the plane, and its
regularity was studied in [Hmidi et al. 2013; de la Hoz et al. 2016b]. Therefore, it remains to check the
regularity assumptions for the term F3 given in (18). Since C*(T) is an algebra, it suffices to prove that
the mapping Fy : ¢ € b1d+B, — C* defined by

|¢(T)|2¢’(f)
F Y LAMAIR S AN 20
4(¢(w)) 1 () (1) T (20)

is C! and admits real Fourier coefficients. Observe that this functional is well defined and is given by the
series expansion
Filpw) = ¢"(w) 7[¢'1<r>|¢<r>|2¢’<r) dr.
T
neN

This sum is defined pointwisely because ||¢|L~ < b +r < 1. This series converges absolutely in C*(T).
To get this, we use the law product which can be proved by induction

1
¢"lce < nll@lz= lglice,

and therefore, we obtain

IFa@lice <D nllgllF Igllce

neN

2n+1
<1¢/ll=ldlice Y _nlpl7x

neN

<9 ll=l@lce Zn(b+r)2"+1 “ o0

neN

ﬁ¢"(r)|¢(r>|2¢/<r) dt

From the completeness of C*(T), we obtain that F4(¢) belongs to this space. Again from the series
expansion, we can check that ¢ > F4(¢) is not only C! but also C*. To end the proof, we need to check
that all the Fourier coefficients of F4(¢) are real, and this fact is equivalent to showing that

Fa(@w)) = Fa(¢p(w)) forallweT.
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As ¢ (w) = ¢(w) and ¢’ (w) = ¢'(w), we may write successively
— (D)% (T) _
F. =—4——""4d
KO = @

_ [P @
= 44— "dz
1= ¢ W) (2)

where in the last equality we have used the change of variable 7 +— 7.

(i) Following the arguments developed in [Hmidi et al. 2013; de la Hoz et al. 2016b], we get what is
expected formally, that is

0,.0rF (X, flh = —0sFi1(f)
= Im{¢ (w)wh'(w) + h(w)we'(w)},

from which we deduce that 9,97 F (A, f) € £(X, Y) and the mapping f > 9,07 F (A, f) is in fact C*°,
which is clearly better than the statement of the proposition. O

3.2. Spectral study. This part is crucial for implementing the Crandall-Rabinowitz theorem. We shall in
particular compute the linearized operator d ¢ F (A, 0) around the trivial solution and look for the values
of X associated with the nontrivial kernel. For these values of A, we shall see that the linearized operator
has a one-dimensional kernel and is in fact of Fredholm type with zero index. Before giving the main
result of this subsection, we recall the notation e, = (w" — w")/2i.

Proposition 12. Let h € X take the form h(w) = Y _, - a,/w". Then the following hold true:

(1) The structure of 3 F (A, 0) is given by

1_b2n
BfF(A,O)h(w):bZn<A— )an_len.

n
n>1

(i1) The kernel of 97 F (A, 0) is nontrivial if and only if there exists m € N* such that

A 1=b" .
A=Ay = , meN”,
m

and in this case, the kernel is one-dimensional and generated by v, (w) = w1,

(iii) The range of 9y F (Ap, 0) is of codimension 1.

(iv) The transversality condition holds: for m € N*,

0007 F(Ap, 0)vyy ¢ ROFF (A, 0).
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Proof. (i) The computations of the terms 97 F; (A, 0)h were almost done in [de la Hoz et al. 2016b], and
we shall only give some details. By straightforward computations, we obtain

37 F1(0, 0)h(w) = Im{bh(w)w + bh'(w)}

= bIm{Zanw"Jrl - ZnanE"H}

n>0 n>1
b
— _2_l Z(” + l)an(wn-‘r] _ wn-H)
n>0

=_b Z(n+ Dapensi. 21)

n>0
Concerning 97 F>(0, 0), one may write

—}Tt)_mdr—kb][—h(ﬂ_h(w)fdr—b
T

T—Ww T—Ww

07 F>(0, 0)h(w) =Im{bw7[ fh'(t)f dt —bh’(w)}.
T T

Therefore, using the residue theorem at infinity,

h(@) —hw) |

T—w

A7 F>(0,0)h(w) = Im{bw %
T

= —Im{bh'(w)},

T— bh/(w)}

where we have used in the last line the fact

h(t)—h(w) w" — "
N

neN

=0.
Consequently, we obtain

37 F>(0,00h(w) =b Y nanens:. (22)

n>1

As for the third term 9 F3(0, 0)h, we get by plain computation

B 3 dt , 3 7[ h(t)dt
07 F3(0,0)h(w) _Im{b wﬁ—l —bzwth (w)+b’w wr—l ~ wr
3 Re{h(t)T} 5 7[wh(r)—i—rh(w) }
+2b wﬁ—l—lﬂwr dt +b’w T—(l—bzwr)z drt
£ Im{l(w) + L(w) + L(w) + I4(w)). (23)

By once again invoking the residue theorem,

I (w) =0. (24)
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To compute the second term I, (w), we use the Taylor series of 1/(1 — ¢), leading to

L(w) = b3w7[M
T

1 - b wt
n>0 T

From the Fourier expansions of 4, we infer that

ft"h'(r) dt = —nay,,
T
which implies that
hw)=—=> na,b*Puw"!, (25)

n>1
In regard to the third term /3(w), it may be written in the form
h(t) Th
L(w) = b3w7[r—(T) dv +b3w7[T—(T) d.
Tl—bzl,UT T[l—bzl,UT

The first integral term is zero due to the fact that the integrand is analytic in the open unit disc and
continuous up to the boundary. Therefore, we get similarly to I(w)

L(w) = b%}fﬂdr

T 1 —b2wrt
= Z p2 3yl ft"_lh(r) dr.
n>0 T
Note that
f‘tnlh(‘[) dt =a,,
T
which implies in turn that
Lw) =Y a,p>Pw"*!, (26)

n>0
Now we come back to the last term I4(w), and one may write using again the residue theorem

Li(w) = bow 27[%+b5wh(w) %
T — w
bl h(t)dt

—+40.
T (1 —=b2wt)? +

Using the Taylor expansion

;)2 =Y " pel<1, 27)

n>1
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we deduce that

Ii(w) = Z nb¥ 3yt fr”lh(f) dt

n>1 T
— E :nanb2n+3wn+l'
n>1

Inserting the identities (24), (25), (26) and (28) into (23), we find

3 F3(0, 0)h(w) = Im{z a,b? 3y ! }

n>0

=— Z a,b® e, 1.

n>0

Hence, by plugging (21), (22) and (29) into (19), we obtain

1_b2n+2
0 F(h, 0h(w)=bY (n+ 1)(,\ - —)anen+1

= n+1
1—p
= bZn(k S— )an_len.
n>1

This finishes the proof of the first part (i).
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(28)

(29)

(30)

(i1) From (30), we immediately deduce that the kernel of 07 F (A, 0) is nontrivial if and only if there exists

m > 1 such that

A1_b2m

m

A=Ap

We shall prove that the sequence n +— A, is strictly decreasing, from which we conclude immediately

that the kernel is one-dimensional. Assume that for two integers n > m > 1 one has

l_me 1_b2n

m n
This implies that

1 — b2 n

1= m’

Set @ =n/m and x = b*"; then the preceding equality becomes

1—x“

f(X)é1

= .

If we prove that this equation has no solution x € ]0, 1[ for any o > 1, then the result follows without

difficulty. To do so, we get after differentiating f

(0 — Dx® —ax® 1 +1 a 8)
(1—x)? SR

flx)=
Now we note that
g =al@—1Dx*2(x—1) <0.
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As g(1) =0, then we deduce
g(x) >0 forall x €]0, 1].

Thus, f is strictly increasing. Furthermore,

lim f(x) =«.
x—1
This implies that,
forall x € 10, 1[, f(x) <a.

Therefore, we get the strict monotonicity of the “eigenvalues”, and consequently, the kernel of 9 F (A, 0)
is a one-dimensional vector space generated by the function v,,(w) = w™ 1.

(iii) We shall prove that the range of 97 F(A,,, 0) is described by

RIfF (b, 0) = {g €Y :gw) = anen} Lgp
n>1

n#m

Combining Propositions 11 and 12(i), we conclude that the range is contained in the right space. So what
is left is to prove the converse. Let g € %; we will solve in X the equation

O F o, Oh =g, h=>_a,w"

n>0

By virtue of (30), this equation is equivalent to

by, -,
ay_1=—— n=>1, n£m.
" oGy — )
Thus, the problem reduces to showing that
by,
h:wr — g tectt ).
v ; bn(An, _)\n)w M

n#m
Observe that

inf [A, — Am| £ co > 0,
n#Em

and thus, we deduce by Cauchy—Schwarz
1 by |
hll7o0 < — _—
Il < 5 32 ot
n>1
#m

1 bl
~ cob — n
n#m

S lgllzz < ligllce
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To finish the proof, we shall check that 2" € C*(T) or equivalently (wh)" € C*(T). It is obvious that

(wh(w))/ - _ Z b—nwn-i-l

n>1 b()\m _)\n)
n;Zm
1 1 A
=— b, w" ! 4 __p,w"t
b)\m Z ! b)\m Z )\n _)\m "
n>1 n>1
n#Em n#Em

We shall write the preceding expression with the Szeg6 projection

w

w
. n n —_ I
M:) auw" > Y auw", (Whw)) = 2ip T8 (W) + 5 (K + Tlg)(w),
nez ne—N
with
Kw e Y
An—Am
n>1
n#m
Notice that
An 1

’

|An — Aml n

and therefore, K € L*(T) which implies in particular that K € L'(T). Now to complete the proof
of (wh)" € C*(T), it suffices to use the continuity of the Szeg6 projection on C*(T) combined with
L'»C(T) c C¥(T).

(iv) To check the transversality assumption, we differentiate (30) with respect to A:

0,0 F Oum, Oh =D nay_1ey.

n>1

Therefore,

0007 F(Ap, 0)vy, = bme,, ¢ R(37F (A, 0)).
This completes the proof of the proposition. U

3.3. Proof of Theorem 1. According to Propositions 14 and 11, all the assumptions of the Crandall-
Rabinowitz theorem are satisfied, and therefore, we conclude for each m > 1 the existence of only one
nontrivial curve bifurcating from the trivial one at the angular velocity

=X, m—1+0b2"
2 2m ’

To complete the proof, it remains to check the m-fold symmetry of the V-states. This can be done by
including the required symmetry in the function spaces. More precisely, instead of dealing with X and Y,
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we should work with the spaces

X = {f eCH(My: fw) =) @™, ay € R},
n=1

Y, = {g eC*(M:g(w) = anenm, b, € [R}’ en = — (" —w").

n>1

The conformal mapping describing the V -state takes the form

o0
¢(w) =bw+ Zanwnm_l,

n=1

and the m-fold symmetry of the V-state means that
(¥ M) = *T/Mp(w)  forall w e T.

The ball B, is changed to B" ={f € X, : || f|lc1+« < r}. Then Proposition 11 holds true according to
this adaptation, and the only point that one must check is the stability of the spaces; that is, for f € B,
we have F' (A, f) € Y,,. This result was checked in [de la Hoz et al. 2016b] for the terms F} and F>, and

it remains to check that F3(f) belongs to Y,,. Recall that

F3(f(w)) = Im{F(¢pw)we'(w)}, ¢ (w) =bw+ f(w),
where Fj is defined in (20). By change of variables and using the symmetry of ¢,

12 /m ()¢ (&)

F4(¢(e2 / w)): fﬂ—l _¢(ei2n/mw)¢(§) dé
i ¢ (e 127 /mE) 2! (e 127/ M)
_ i2w/m
= 11— @2/ mw)(e=127/my) %
i [0 (x)
=e - -
T1—¢w)e(r)

= e 2T/ Ey (¢ (w)).

Consequently, we obtain
F3(f(e"w)) = F(f (w),
and this shows the stability result.

4. Doubly connected V -states

In this section, we shall establish all the ingredients required for the proofs of Theorems 6 and 9, and this
will be carried out in several steps. First we shall write the equations governing the doubly connected
V -states which are described by two coupled nonlinear equations. Second we briefly discuss the regularity
of the functionals and compute the linearized operator around the trivial solution. The delicate part to
which we will pay careful attention is the computation of the kernel dimension. This will be implemented
through the study of the monotonicity of the nonlinear eigenvalues. As we shall see, the fact that we have
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multiple parameters introduces many more complications to this study compared to the result of [de la
Hoz et al. 2016b]. Finally, we shall prove Theorem 6 in Section 4.5.2.

4.1. Boundary equations. Let D be a doubly connected domain of the form D = D\ D, with D, C D,
two simply connected domains. Denote by I'; the boundary of the domain D;. In this case, the V-states
equation (15) reduces to two coupled equations, one for each boundary component I" ;. More precisely,

Re{((1 =AMz +1(z) — J(z))z’} =0 forallzel{UTI>,, 3D
with
7—€ 7—&
b = dé&,
2 7[ mrE i Mt
B > HE
J(Z)_j[rll—zédg rzl—zéds'

As for the simply connected case, we prefer using the conformal parametrization of the boundaries. Let
¢; : D — Df satisfy

djn
$jw)=bjw+ Y -

n>0

with 0 < b; <1, j =1,2 and b, < b;. We assume moreover that all the Fourier coefficients are real
because we shall look for V-states which are symmetric with respect to the real axis. Then by change of
variables, we obtain

()= f 2=0® o g - f 2= ) g,

—¢1(6) —$(8)
_ g1, lg2(E)*
J(z) = ﬁm%(é) d§ — ﬁr{m%(é) d§.

Setting ¢; = b; Id + f;, (31) becomes,

forallweT, G;@&, fi, ) (w)=0, j=1,2,
where

GO, f1, f)(w) EIm{((1 =), (w) + 1 (@;(w)) — J (¢ (w)))we'; (w)}.
Note that one can easily check that
G(,0,0)=0 forallxeR.

This is consistent with the fact that the annulus is a stationary solution and therefore rotates with any
angular velocity since the shape is rotational invariant.
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4.2. Regularity of the functional G. In this short subsection, we shall quickly state the regularity result
of the functional G £ (G, G») needed in the Crandall-Rabinowitz theorem. Following the simply
connected case, the spaces X and Y involved in the bifurcation will be chosen in a similar way: set

X = {f e(C MY fw) =) A,0", A, eR?, we wr},

n>0

1
Y = {gE(C“(T))Z:g(w):ZBnen, B, € R?, weT}, ené;(w"—w"),
l

n>1

with @ € ]0, 1[. For r € (0, 1), we denote by B, the open ball of X with center O and radius r,

B.={feX:|fllc <r}

Similarly to Proposition 11, one can establish the regularity assumptions needed for the Crandall-
Rabinowitz theorem. Compared to the simply connected case, the only terms that one should care about
are those describing the interaction between the boundaries of the patches which are supposed to be
disjoint. Therefore, the involved kernels are sufficiently smooth and actually do not cause significant
difficulties in their treatment. For this reason, we prefer skip the details and restrict ourselves to the
following statement.

Proposition 13. Let b € |0, 1] and 0 < r < min(b, 1 — b); then the following hold true:
(i) G:Rx B, — Y is C! (it is in fact C*®).

(ii) The partial derivative 9,07G : R x B, — $(X, Y) exists and is continuous (it is in fact C™).

4.3. Structure of the linearized operator. In this subsection, we shall compute the linearized operator
d7G (A, 0) around the annulus Ay, ;, of radii by and b,. The study of the eigenvalues is postponed to the
next subsections. From the regularity assumptions of G, we assert that the Fréchet derivative and Gateaux
derivatives coincide and p

DG, 0,0)(hy, hy) = EG(X, thy, thy)|i=o.

Note that DG (A, 0, 0) is nothing but the partial derivative G (A, 0, 0). Our main result reads as follows.
Proposition 14. Let h = (hy, hy) € X take the form h j(w) = ano ajn/w". Then

alp—
DG, 0, O)(hlth)ZZMn()\) <a;n 1) €n,
n>1 =

where the matrix M,, is given by

bilnk —1+b7" —n(b2/b1)*] bal(b2/b1)" — (b152)"]

1 —n n
M"(”:( ~bil(ba/b)" — (biby)"] bz[n)»—n-i-l—b%"]) and - enw) = 57 (0 =W

Proof. Since G = (G, G»), for a given couple of functions (hy, hy) € X,

aflGl()\, 0,0)h; + aszl()», 0, 0)]’!2)

DG4, 0,00(h1, h2) = <afle(,\, 0,0)h1 4 35,Ga(%, 0, 0)h,
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We shall split G; into three terms

G, fi, f2) =Gk, [+ G3(f, f2) + G, f),

where

5@ -6,
6w =y Y

|¢j<r>|2¢;-<r> } , }
1yt [we(w) |,
=D ﬁl—as,-(w)«pj(r) Teei)

Gi(h, fH(w) £ Im{ [(1 — Mg (w) + (=17

¢;(w) —¢i(r) , / .
T—gbj(w)—qb,-(‘r)(pi(f)dt w¢j(w)}, L7 ],

i (T)12)(7) J
/T dr
T1—0¢;(w)e;i(r)

G (fi, f) & (=1) Im{

GH(fi, f) £ (=" Im{ w¢}<w>}, i # ],

withg; =b;jId+f;, j=1,2.

 Computation of 9, G}. (A,0,0)h;. First observe that

o1 (w) —¢i(7) , 161(0) 2 (1) ] / }
o O (1) dr — f Py '
Té1(w) _¢1(t)¢1(r) T 6 0)61 (D) T |we] (w)

This functional is exactly the defining function in the simply connected case, and thus, using merely (30),

GO, f1)(w) = Im{ [(1 —Mo1(w) +

0G0V =b1 Y (h(n+ 1) = 1+ 17" )y pey1. (32)

n>0

In regard to G%(A, f2), we get from the definition

$2(w) — (o) , |2(2)IP$5(2) ] A }
TG SR R

It is easy to check the algebraic relation G;(k, )= —G} (2 — X, f>2), and thus, by applying (32),

Gy (A, ) (w) = Im{ [(1 — M) (w) —

0, Gy(, Oy =by Y (h(n+ 1) —2n — 1 = b")az yens1. (33)

n>0

 Computation of 9, G? (A, 0,0)h;. This quantity is given by

- d b;w —b;T +thj(w)
afjcﬁ(o,O)hj:(_1)Jalm{b,~w7[ ! !

dt (bj +th';
Thjw — bt +th;(w) it J(w))}

t=0
Straightforward computations yield

bjw—b;t
bjw—b;t

GZ(O 0)h; = (- 1)/ b, Im{h (w)w 7[ dt+bjwh; (w)j[

bjw—b;t

bjw—b;T
—bjwh; (w)][ ‘L'}.
bjw— b;7)?
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According to the residue theorem,

d
/—T /——0 forall weT,
biw — bt (byw — by7)?
and therefore,
wh (w) drt whi(w) dt
d GZO,Oh = b2 —7[1—— b _
7 G0, 0 (w) 2 m{ bijw—brt T +o1 T(biw—b1)? T

= —b3 Im{——h/ (w) + — whl(w)}

Z(n + Dagnentr. (34)

n>0

Now using the vanishing integrals

Tdrt Tdt dt
—:O’ —:O’ —:0,
T bhw — b7 T (bow — by 7)? T (bow — by 7)?

we may obtain

8f2G2(O 0)hs(w) = by Im{bzhz(w) 7[ m + bywha (w) 7[ m }
__blhn{-—é_hzou) bzthOU)}
by
=b2) (n+ Daznentr. (35)

n>0
o Computation of 9y, G?()L, 0, 0)h;, i # j. By straightforward computations, we obtain

. (b;jw —b;T) hi(7)
3+ G2(0, 0)h; =(—1)7b;1 = 2 hi(r)dt — b %—d
£G3(0, 0)h;(w) = (—1) ,m{wﬁ by OT b
(bjw—b,‘f)hi(‘[)d‘t
b; . (36
o T (bjw—biT)? } GO

As h; is holomorphic inside the open unit disc, by the residue theorem, we deduce that
e
7[ Ld =0, weT.
Thiw — byt
It follows that
h’ Th!
3f2G%(0, O)hZ(w) = —bl Im{bl fL d'[ — bzwftz—(r) d.[

vb1w—bzf Tblw—bzl’

—i—blsz[ hy(z)dt —b%w% Thy(t)dt }

T (byw — by1)? T (byw —by1)?

£ —byIm{J) + Jo + J3 + J4}. (37)
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To compute the first term J; (w), we write after using the series expansion of 1/(1 — (by/b1)wT)

hewf—mO
1= 7[1—(b2/b1>wr ‘

— Z(b2> _”+17[t”h/2(r)dr.
T

n>0

Note that

ﬁr” 2(t)dt = —nay p,

which us enables to get

Z na,, ( ) o't (38)

n>1

As for the term J>(w), we write in a similar way

sz[ Th(7)
Jp=—— T —
b1 1—(b2/b1)wr

n+1
— Z(b2> w" j[r”lh’z(r) dr.
T

n>0

Since fTr*kh/z(r) dt =0 for k € {0, 1}, the preceding sum starts at n = 2 and by shifting the summation
index

b2 n+2
J=— Z(E) "t ﬁz”h;(r) dt
b
| 2) e, (39)

n>1

Concerning the third term J3, we write by virtue of (27)

bz 27[ ha(7) a4
(1 — (ba/by)wT)?

_Z ( >_"+17[r”_1h2(r)dr.
T

n>1

Therefore, we find

b n
= nay, (i) w't, (40)
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_ by 2_ Thy(T)
h= ‘(E) wﬁ(l “ oo T

—Z ( ) w”/r“hz(r)dr
T

n>1

n+2
:—Z(n—i—l)azn( ) sl 1)

n>0

Similarly, we get

Inserting the identities (38), (39), (40) and (41) into (37), we find

szG 0,0 h2(w) = by Im{Z“hz(Z?) —n+1}

n>0
n+2
= by Zazn( ) ens1 (w). (42)
n>0
Next, we shall move to the computation of 9, G%(O, 0)Aq. In view of (36),
(bzw —bl‘L_’) % hl(T)
d+G2(0,0)h =by1 —————h\(r)dTt —b —d
71 G2(0,0)h1(w) = by m{w  hw byt (D) dt —byw s
+b1w (bzw—bﬂ_')h](f) dt .
T (bw—b7)?

The residue theorem at infinity enables us to get rid of the first and third integrals in the right-hand side,
and thus,

95,G3(0, 0)h1 (w) = —biby Im w][Mdr )
| Thyw —bit

A second application of the residue theorem in the disc yields

87, G3(0, 0)hy (w) = b Im{wh_l (bz—w> }

1

=—b Y ay, ( ) ens1(w). (43)

n>0

o Computation of 9y, G?(A, 0, 0)h;. The diagonal terms i = j can be easily computed:
/
‘ (w) dr Tdrt
37,G?(0,0)h;(w) = (—1 ’+1b.3lm{w7[ 7[
£G70,00h;(w) = (=1)"""b; - wh; (w) (= btwr)?

=0. (44)

i
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Let us now calculate 9, G?()\, 0, 0)h; for i # j. One can check with difficulty that
h(t Re{th;
i(®) dt+2w7[ elthi (@)} dt
T

1—b[-b.,-wr l—b;bjwr

hi(t)dt
bibiw? f et
+oibjw ﬁ(l—bibjwt)Q}

35,G3(0,0)h; (w) = (—1)/T'b;b} Im{ = nain(bib)"w + " a; (byby) w"!

n>0 n>0
+ Z na; n(b;b;)" w"*! }
. >0
= (5 Y b e ' (45)

n>0

35,G3(0,0)h; (w) = (—=1)/ ;b7 Im{wj[
T

Invoking once again the residue theorem, we find

The details are left to the reader because most of them were done previously. Now putting together the
identities (32), (34) and (44),

b 2
37,G1(x,0,0)h; = Zbl [(n +DA— 14572 — (n+ 1)<b—2> ]al,,,e,,ﬂ. (46)
1

n>0

From (33), (35) and (44), one obtains
35,Ga(x, 0,0)hy = Z by((n+ 1)r—n—b3")ay yeni1. (47)

n>0
On the other hand, we observe that for i # j

35,G (. 0)hi(w) = 0. (48)

Gathering the identities (48), (42) and (45) yields

05,G1(A,0,0)hy = Z%[(—) — (ble)n+l]a2,nen+l-

b
n>0 1

Furthermore, combining (48), (43) and (45), we can assert that

37,G2(A,0,0)h; = Zbl |:(191192)"Jrl - (-2) ]al,n€n+1-

b
n>0 1

Consequently, we get in view of the last two expressions combined with (47) and (48)

a
DG(1,0,0)(h1, hy) =Y My (a;) entis (49)
N

n>0
where the matrix M, is given for each n > 1 by
Mo <b1[nx — 14b{" —n(ba2/b1)’] bal(b2/b1)" — (blbz)”]>
" —bi[(b2/b))" — (b1b2)"]  balnk —n+1—b3"]

This completes the proof of Proposition 14. U

(50)
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4.4. Eigenvalues study. The current subsection will be devoted to the study of the structure of the
nonlinear eigenvalues which are the values A such that the linearized operator DG (A, 0, 0) given by (49)
has a nontrivial kernel. Note that these eigenvalues correspond exactly to matrices M,, which are not
invertible for some integer n > 1. In other words, X is an eigenvalue if and only if there exists n > 1 such
that det M,, = 0, that is,

by \* by \’
det M, (%) :blbz[nzxz—n(wrb%" —b12”+n<b—2> )x+(n— 1)(1 —b%"+n<b—2) )
1 1
. +<b1> +nb; by 5

This is equivalent to

a,2_ ZQ 2_ b%n_b%n)]
s 1 (2 -(755)

by\* 1= (ba/b)? 1 —(ba/by)? bi" — b3 (by/b1)* b —b3"
+(2) - + = +
b n? n n n?

=0. &1y

The reduced discriminant of this second-degree polynomial in A is given by

" 2 2n by n )’

Thereby P, admits two real roots if and only if A, > 0, and they are given by

1+ (b2/b))* (b7 —D3" —
)L,:1t= +(22/ 1) _<12 2>:|: A,
n

To understand the structure of the eigenvalues and their dependence on the involved parameters, it would
be better to fix the radius by and to vary n and b, € ]0, b[. We shall distinguish the cases n >2 fromn =1,
which is very special. For given n > 2, we wish to draw the curves by > A (b). As we shall see in
Proposition 19, the maximal domains of existence of these curves are a common connected set of the
form [0, b};] and b}, is defined as the unique b; € 0, bi[ such that A, = 0. We introduce the graphs ‘6,?
of AE(by):

CE L ((by, AE(Dy) 1 by €[0,02]), €, =%, UG, n=>2. (53)

*

It is not hard to check that €, intersects 6, at only one point whose abscissa is b}, that is, when the
discriminant vanishes. Furthermore, and this is not trivial, we shall see that the domain enclosed by the
curve ¢, and located in the first quadrant of the plane is a strictly increasing set on n. This will give in
particular the monotonicity of the eigenvalues with respect to n. Nevertheless, the dynamics of the first
eigenvalues corresponding to n = 1 is completely different from the preceding ones. Indeed, according to
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b,=0.75

1 T T T T T T T

—m=1
—m=2
——m=3
m=4
——m=5
———m=6
m=7
—m=8
—m=9
——m=10
m=11
—m=12
1 |——m=13
7 m=14
// —m=15
4 1|——m=16
—m=17
m=18
—m=19
——m=20

0.9

0.8

0.7 F

06

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
b,el0.b ]

Figure 1. Ai as a function of by € [0, b}, ], form =2, ..., 20, together with the case
m =1 (black), for by =0.75.

Section 4.4.3, we find for n = 1 two eigenvalues given explicitly by
AT = (ba/b1)* or AT =1+b3—b7i.

It turns out that for the first one the range of the linearized operator has an infinite codimension, and
therefore, there is no hope to bifurcate using only the classical results of bifurcation theory. However, for
the second eigenvalue, the range is “almost everywhere” of codimension 1 and the bifurcation is likely to
happen. As for the structure of this eigenvalue, it is strictly increasing with respect to b,, and by working
more, we prove that the curve (éf of b, €10, bi[ — )\T intersects ¢, if and only if n > bl_z. We can now
make precise statements of these results, and for the complete ones, we refer the reader to Lemma 18 and
Propositions 19 and 20.

Proposition 15. Let by € 10, 1[; then the following hold true:
(i) The sequence n > 2+ b}, is strictly increasing.

(ii) Let2 <n <m and by € [0, b} [; then
A, <A <Al <At

(i) The curve %T intersects 6,, if and only if n > l/bf. In this case, we have a single point (x,,, )\T(x,,)),
with x, € 10, b}] being the only solution b, of the equation

P,(1+b5—b}) =0,
where P, is defined in (51).
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The properties mentioned in the preceding proposition can be illustrated by Figure 1. Further illustrations
will be given in Figure 7.

For the proof of Proposition 15, it appears to be more convenient to work with a continuous variable
instead of the discrete one n. This is advantageous especially in the study of the variations of the
eigenvalues with respect to n and the radius b, for b; fixed. To do so, we extend in a natural way (A;),>1
to a smooth function defined on [1, +o0[ as

1—(b/b 2 2_b2x_b2x 2 b 2x 1_b2x 2
Ax=( ba/b1)” 275y 1)—<2>( 1), x €11, +ool.

2 2x b_1 X

It is easy to see that A, is positive if and only if

=) |x—Q=b7-by")=2(—) (1-=b7)=>0 (54)
b] bl

A b2 g 2x 2x b2 ! 2x
B2 (1-(5) Jr-@-mr—s+2(0) a-p <o

We shall prove that the last possibility E, < 0 is excluded for x > 2. Indeed,

E. = (1= (ba/b)®)x —2(1 — (ba/b1)") + (b5 — b})*
x 1= ((ba2/b1)?)*/?
2 1 —(by/b1)?

or

=2(1— <bz/b1>2>[

> (b3 —b})* >0,

] + (b3 — b7)?

where we have used the classical inequality,
1-b*
1-b

Thus, for x > 2, the condition A, > 0 is equivalent to the first one of (54) or, in other words,

2+2(by/by)* — (bT +Db3)?
x> (j/_l()ln /b(oé 2 2 g by, b, (55)

In this case, the roots of the polynomial P, can also be continuously extended as

2 2 2
o L+ B2/ _(bl"—bz"> ™

forallbe (0,1)and x > 1,

<x.

. 2 2x
1+ (b2/b1)* (b7 —Db3" —
)»;: +( 2/ 1) _ 1 2 _ Ax~
2 2x

4.4.1. Monotonicity for n > 2. To settle the proof of the second point (ii) of Proposition 15, we should
look for the variations of the eigenvalues with respect to x but with fixed radii b and b,. For this purpose,

we need to first understand the topological structure of the domain of definition of x > AF
ooy 2{x>2:A, >0}

and see in particular whether this set is connected. We shall establish the following:
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Lemma 16. Let 0 < by < by < 1 be two fixed numbers; then the following hold true:
(1) The set $p, b, is connected and of the form |up, b,, 0O[.
(ii) The map x € $p, b, = Ay is strictly increasing.
Remark 17. If the discriminant A, admits a zero, then it is unique and coincides with the value wp, p,.
Otherwise, up, b, Will be equal to 2.

Proof. To get this result, it suffices to check the following: for any a € $p, p,,
[a’ +OO[ C '-g)b1,b2-

By the continuity of the discriminant, there exists n > a such that [a, n[ C $p, »,, and let [a, n*[ be the
maximal interval contained in $, ;,. If n* is finite, then necessarily A~ = 0. If we could show that the
discriminant is strictly increasing in this interval, then this will contradict the preceding assumption. To
see this, observe that A, can be rewritten in the form

A, =] by b b ’ bzzxzb 56
x—1<f1<;1>—fx( 1) — fa 2)) _(b_1) fi(by) (56)

with the notation
1— t2x

fe) =

Differentiating A, with respect to x,

b
axAx = _%(axfx(bl) + 8xfx(b2)) <f1 (b_?> - fx(bl) - fx(b2)>

by \ > b
—Zﬂwo(i> <ﬁwokg(§)+aﬁumﬂ. (57)

We shall prove that, for all ¢ € JO, 1[, the mapping x € [2, oo[ — f(¢) is strictly decreasing. It is clear that

2x (1 _ _
g = 2;10gt) 1ég;(2z)_ 58)

To study the variation of # — g, (), note that
gl () = —4x**logt >0 forallt €10, 1[

and therefore g, is strictly increasing, which implies that

gx(l) _

5 =0.

O fx (1) <

Using this fact, we deduce that the last term of (57) is positive and consequently

b
Ay = _%(C%Cfx(bl) + 0x fx(D2)) (fl (b_j> = fx(b1) — fx(bZ))-

Hence, to get d, A, > 0 it suffices to establish that

b
ﬁ(f)—ﬁwo—ﬁw»>a (59)
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which is equivalent to

x>—2_b%x_b§x b:Q
1-62 b’

Note that we have already seen that the positivity of A, for x > 2 is equivalent to the condition (55)
which actually implies the preceding one owing to the strict inequality

b* — (b1by)* > 0.
This shows that (59) is true and consequently,
forall x € [a, n*[, 0,A, > 0.

This shows that the discriminant, which is positive, is strictly increasing in [a, n*[, and this excludes the
fact that A, vanishes. Therefore, n* = 0o, and thus, (i) and (ii) are simultaneously proved. U

The next goal is to establish the monotonicity of the eigenvalues.
Lemma 18. Let O < by < by < 1. Then:
(i) The mapping x € $p, p, —> A} is strictly increasing.
(i1) The mapping x € $p, p, —> Ay is strictly decreasing.
(1) Foranyx <y € $p, b,
Ay <Ap <Al <Al
Proof. () Note that

1+b2 b* by
=3 —%fx(b)Jr\/Ax, b=~

We have already seen in the proof of Lemma 16 that for any ¢ € ]0, 1[ the mapping x € [2, oo[ > f () is
strictly decreasing, and therefore, x — b%x fx(ba/by) is also strictly decreasing. To get the strict increasing
of x — A7, it suffices to combine this last fact with the increasing property of x > A,.

(i1) It is clear that

2 —
K; _ 1';b + fx(bl) 5 fx(bZ) _\/IX'

The derivative of A with respect to x is given by

8)( A)C
2JA,

By virtue of (57), we can split the preceding function into three parts:

dehy = 305 fe(b1) — 30 fr (Do) —

oA, =1+ 1I+1I1,
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e J1(6) — fx(b1) — fr(b2)
L1 1 — Jx\O1) — JxO2
12 zaxfx(b])(ur o )
a1 o, Jid) = fi(br) — fi(b2)
= zaxfx(bZ)( 1+ 2/A )

b fe(b1)(f2(b1) log(b) + 0y f+ (b1))
N/ '

Keeping in mind the inequality (59) and 0, f,(t) < O for any ¢ € ]0, 1[, we can see that I is negative. To
prove that the term II is also negative, it suffices to check that

f1(B) — fx(b1) — fx(b2) -
2JVA,

From (59), we can deduce by squaring that the last expression is actually equivalent to

: b2 b b ’ A
Z(fl(bT)—fx( 1) — fx( 2)) > Ay

From (56), we immediately conclude that the last inequality is always verified.

£

1.

In regard to the negativity of the third term III, we just use the fact that 0 < b < 1 and the decreasing
of the function x — f,(¢).

(iii) This follows easily from (i), (ii) and the obvious fact,
for all x € $p, 4,, A, <A]. ]

4.4.2. Lifespan of the eigenvalues with respect to by. We shall study in this section some properties of
the eigenvalue functions b, )»,jf for n > 2 and b, fixed. This will be crucial for studying the dynamics
of the first eigenvalue XT and especially in counting the intersections between the curves CGT and €,
which has been the subject of the part (iii) of Proposition 15. Note that in this paragraph we shall give up
using the continuous version Af of the roots )L,jf as it has been done in the preceding section. The results
that we shall state can actually be proved with the continuous parameter; however, this does not matter a
lot for our final purpose. We define the following set: for n > 2 and by € |0, 1],

24 2(by/by)" — (B} +bY)? }
1 — (by/b1)?

Fnpy = {bz €[0,b1[:n>

We shall prove the following:

Proposition 19. Let by € 0, 1[ fixed and n > 2; then the following hold true:
(1) The set $, p, is an interval of the form [0, b} ], with b}; € 10, by[.
(i1) The eigenvalues by +— Af are defined together in [0, b} ].

(iii) The sequence n — b}, is strictly increasing, and we have the asymptotics

by =bi(1—a/n)+o(l/n), e *+1=a, a~1.27846.
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(iv) The function by € [0, b1 — A, (by) — b% is strictly increasing.

(v) The function by € [0, b} ] — A,J{ (by) — b% is strictly decreasing.
Proof. (1) This follows from studying the function 4 : [0, b;] — R, defined by
h(x) =n(l = (x/b1)*) =2 =2(x/b))" + (B} +x")*.

We claim that £ is strictly decreasing. Indeed, by differentiating,

2nx"!

(1 +bM)
1

2nx
B (x) = 1+ pix?=2) 4
1
< 0.

Ash(O)=n—-2+ b%" >0and h(b)) =4(—1+ bf”) < 0, we deduce from the intermediate value theorem
that the set $,, 5, is in fact an interval of the form [0, b} ]. The number b}, € [0, b;[ is defined by the unique
solution of the equation

h(b}) =0. (60)

(i) Observe that the domain of definition of the eigenvalues A,jl[ coincides with the domain of the
discriminant A,, which is in turn given by $, 5, according to (55). Therefore, (60) implies the vanishing
of A, at the point b}, and consequently both eigenvalues coincide.

(ii1) Recall from (53) the definitions of the curves %ff and 6, =6 U . Since the eigenvalues A" (b})
and A (b}) coincide, curves 6;" and 6, end at the same point which is a turning point for ,,. Furthermore,
we can see that 6, lies on the left side of the vertical axis x = b;;. Now let m > n > 2, and we intend
to check by some elementary geometric considerations that b}, > b;;. From the monotonicity of the
eigenvalues n — A%,

1, (0) < A, (0), LEO) > A (0).

If b}, < b}, then the curve 6, will intersect 6, at some point and this contradicts the strict monotonicity
of the eigenvalues with respect to n. Thus, we deduce that n — b}, is strictly increasing and therefore
should converge to some value b* < b;. Assume that b* < by; then from (60) and the continuity of /2, we
find by letting n — +oo0 that

lim h(b)) =0.

n——+0o

On the other hand,
lim A(b;)= lim n(l— (b;/bl)z) -2
n——+00

n—+00
== +OO’
which is clearly a contradiction, and thus, b* = b;. For the asymptotic behavior of b}, which is a marginal

part here, we shall settle for a formal reasoning by taking a first-order Taylor expansion of 1/n. We shall
look for « such that

b, =bi(1—a/n)+o(1/n).
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At the first order of £,
hby)=a—a/n)—2-2(1—a/n)" +o(1).

By taking the limit as n — oo, we find that & must satisfy
e “+1=aqa.

This equation admits a unique solution lying in the interval ]1, 2[ and can be given explicitly by the
Lambert W function:

a=W(eH)+1~1.27846.

@iv) Set x = (b, /b])2 and define the functions

N I4+x " b*?
frx) =2, (b2) = +—GC"=-D=xVAX), x€]|0,—],
2 2n b
with
1— 2_b2n1 ny\ 2 1_b2n2
An(x)=< x_2ohdy )> —x"( 1 )
2 2n n

Differentiating with respect to x yields

1— 2 — (] +x" 1 —b2n\?
A;(x):_( A O ))(1—b%"x"—1)—nx"—1( ! ) .
2 2n n

Note from the assumption (55), by switching the parameters n and x, that

1—x 2-b"(1+x")
— >

0,
2 2n
and therefore,
b*Z
AL (x) <0 forallx e |:0, "2 } c [0, 1[.
by

Coming back to the function fi and taking the derivative, we find

=L iy B
R I) 2VA ()

Using the definition of A, and (54), one has

_ }2n n
(1—x_2 b2 (l+x)>>\/m

2 2n

and consequently

A (x) - _U=x0)/2- (2—b{"(1+x"))/2n
VAR (x) VA (x)

< —(1=bPx"h.

(1— b%nxn—l)
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Therefore, we obtain that for all x € [0, b;z / b%]

L) > 1,

fi) <b"x"! < bi.

This shows that the function g_ : x — f_(x) — b%x is strictly increasing; however, g4 : x — fy(x) — b%x
is strictly decreasing. This finishes the proof of the desired result. (I

4.4.3. Dynamics of the first eigenvalue. We shall in this paragraph discuss the behavior of the first
eigenvalues corresponding to n = 1. Note from (51) that these eigenvalues are in fact the solutions of the
polynomial

Pi(0) = 1% = (143 = bi + (b2/bD)*)% + (b2/1)* + b3 (b2 /b1)* — b3,
which vanishes exactly at the points
AL = (ba/b))* or A =1+b3—b7.
Recall from the preceding sections the definition
€ = (b2, 2y (02) 1 b2 €10, D31}, 6, =6, UE,
and the graph of the first eigenvalue Afr is given by
€7 2 (b2, 1+b3 — b)) by €0, by ).

As we have already mentioned, it is not clear whether the bifurcation occurs with A because the range
of the linearized operator has an infinite codimension. The main result reads as follows.

Proposition 20. Let b € |0, 1[ and n > 2. Then the following hold true:

(i) Forany 0 < by < by, we have A| < )»,jf.

(ii) Ifn < by, then

€, N6 =2.
@iii) Ifn > bfz, then 6, N C@f is a single point, that is, there exists x, € [0, b};] such that
@, N7 = {(xn, A (xa))}-

(iv) If by ¢ (X :m > by ?}, then for all n > 2, AT # AF.

(V) The sequence {xm}, . b2 is increasing and converges to b;.

Proof. (i) This follows easily from the monotonicity of the eigenvalue n +— A, and the fact that A, < A
Indeed, for all n > 2,

A1_=(172/191)2zngrjrnook,j <A <Al
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(ii) In view of (v) from Proposition 19, the mapping b; € [0, bX]+— A (b2) — )»T(bz) is strictly decreasing,
and therefore, for b, € 10, b} 1,

1
A (b2) =2 (b2) < 27 (0) =2 (©) = b7 — .

Therefore, for n < bl_z, the last term in the right-hand side is negative and consequently

AT (by) < A7 (by) < AT (by)  for all by €10, b1,

(iii) When n > b;2, then A} (0) — A (0) > 0, and since by € [0, b5] = A} (b2) — A (bo) is strictly
decreasing, the equation k:{ (by) — Af(bz) = 0 has at most one solution in [0, b};]. We shall distinguish
three cases. The first one is when A, (b%) — ] (b}) < 0, in which case the foregoing equation admits a
unique solution denoted by x,,. This implies that €, N C(é;r is a single point whose abscissa is x,, and the
next step is to check that €, N ‘GT is empty. Thus,

AEB) =270 < AF () — A () =0,

Combining the last inequality with the fact that A" (b%) = A (b¥) and the monotonicity of the mapping
by € 10,01 — A, (b2) — kT(bz), which follows from (iv) of Proposition 19, we conclude that for all
by €10, 0}]
ho (02) = A (b2) < &y (b)) — 4 (Bp)
< AF(by) =27 (b))
< 0.

Therefore, €, N CG]L = & and the set €, N CG]L reduces to a single point. The second case is when
AF (b — AT (b%) > 0; then €7 N C;' is empty, and we shall prove that 6;, N6} is a single point. Observe
first that

A, () — A (b)) = AL (B)) — AT @) > 0.

Moreover,
2n

1-b
A;(O)—AT(O):TI—(l—b%) <0 foralln>2.

Since by = A, (b2) — )»f(bz) is strictly increasing, by the intermediate value theorem, there exists only
one solution x, € ]0, b}[ of the equation A, (by) — )»;r(bz) = 0. The third and last case to analyze is when
A7 (b2) — 2T (b)) = 0. This means that all the curves 6,

— + . .
+» 6, and ‘€] meet each other at the single point

of abscissa by.
(iv) It follows immediately from (ii) and (iii).

(v) Letn > bfl, and define the set enclosed by %6,, and located at the first quadrant of the plane:

G2 {(x,y) eR2:xe[0,b], A (x) <y<rt()).
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From the monotonicity of the eigenvalues n — A seen in Lemma 18, we note that,

forall (x,y) €@y, Ay, (¥) <Ay (¥) <y <At(x) <ib, (o).
Hence,

@n S @n—ﬁ—lv (Gn-i-l m@n = . (61)

Now, from (iii) and the monotonicity of the mappings b, )L,jf(bz) — kf(bz) stated in Proposition 19,
we deduce that,

forall x € [0, x,[, A, (x) <A (x) <A (x).
Then we have the inclusion

@, 2, A7 (1)) 1 x €0, x,]} C Gy

It follows from (61) that 6,11 N (an = @ and consequently the abscissa of the single point intersection
€nr1 N %f must satisfy x,1 > x,. This proves that {x,}, . b2 is strictly increasing, and thereby this
sequence converges to some value x, < b;. Assume that x, < by, and define the subsequences

sz 2 2 A () = A ()}

Clearly one of the two sequences is infinite. Assume first that {x;} is infinite and up to an extraction this

sequence converges also to x,, and for simplicity, we still denote this sequence by {x,} 2. Then from

n>b;
the definition of A", we can easily check that

. 1+ (x/b1)?* 1= (x./b1)?
+ —
. hrJP Ay (xp) = > + 2
=1.
On the other hand,

Jim AT Go) = 1+x2 - b7

This is possible only if x, = by, which is a contradiction, and thus, x, = b;. Now in the case where only
the sequence {x, } is infinite, then we follow the same reasoning as before. We suppose that x, < by, and
one can verify that

. - 2
nllr-‘,l-loo Xn ('x”) = (X*/bl) ’
: 2 _ 32
ngrfooxf(x,,) =1+x;—bi.
By equating these numbers, we obtain

(1 —=b)(x2—b}) =0,

which is impossible since b; < 1 and consequently x, = b;. Hence, the proof of (v) is finished. U
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4.5. Bifurcation for m >1. Now we shall see how to implement the preceding results to prove Theorems 6
and 9 by using the Crandall-Rabinowitz theorem. The proofs will be broken into several steps. First,
we introduce the spaces of bifurcation which capture the m-fold symmetry, and they are of Holderian
type. Second, we rewrite Proposition 13 dealing with the regularity of the nonlinear functional defining
the V-states in the new setting. We end this section with the proofs of the properties of the linearized
operator around the annulus required by the Crandall-Rabinowitz theorem.

4.5.1. Function spaces. We shall make use of the same spaces as [de la Hoz et al. 2016b]. For m > 1,
we introduce the spaces X,, and Y,, as follows:

X, = CH (M) x CHre (),

where C1%(T) is the space of the 27 -periodic functions f € C'*%(T) whose Fourier series is given by
oo
fw) = Zanwnm_l, weT, a, eR.
n=1

This space is equipped with the usual strong topology of C!T%(T). We can easily see that X, is identified
as

o
X, = {f e(C MY fw) =) A w"™ !, Ay € RZ}. (62)
n=1
We define the ball of radius r € (0, 1) by

B! ={f € (C)"*(M)*: | flcreaqr < 7).

Take (f1, f2) € B}""; then the expansions of the associated conformal mappings ¢ and ¢» in the exterior
unit disc {w € C: |w| > 1} are given by

wnm

d1(w) =bw+ fi(w) = w<b1 +Z L. >,
n=1

wnm

(W) =byw+ fr(w) = w(bz + Z D2 )
n=1

This captures the m-fold symmetry of the associated boundaries ¢;(T) and ¢»(T) via the relation

G (™M) =2 Mp (w), j=1,2, weT. (63)
Set
Y, = {g € (Ca(-l]—))Z ‘8= Z Chenm, Cy € Rz} (64)
n>1

With the help of Proposition 13, we deduce that the functional G = (G, G,) is well defined and smooth
from R x B to Y,, with r small enough. The only thing that one should care about, which has already
been discussed in the simply connected case, is the persistence of the symmetry which comes from the
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rotational invariance of the functional G. As the proofs are very close to the simply connected case
without any substantial difficulties, we prefer to skip them and only state the desired results.

Proposition 21. Let b € |0, 1[ and 0 < r < min(b, 1 — b); then the following hold true:
(i) G:Rx B™ — Y,, is C! (it is in fact C*°).
(ii) The partial derivative 9, DG : R x B" — £(X,,, Y,,) exists and is continuous (it is in fact C*).

Now using (49) and (50), we deduce that the restriction of DG (A, 0) to the space X,, leads to a well
defined continuous operator DG (%, 0) : X,, — Y. It takes the form

DG, 0)(h1, ha) =) Mun(2) (Z;) Enm, (65)

n>1
with (h1, hy) € X, having the expansion
hj(U)) — Zaj’nwnm—l
n>1
and the matrix M, given for n > 1 by

bi[nh — 1+ b3 —n(b2/b1)?] bal(ba/b1)" — (ble)n]> '

—bil(ba/b1) — (biba)"] balnk—n 41— b2] (66)

M,(0) = (

4.5.2. Proof of Theorem 6. The main goal of this paragraph is to prove Theorem 6. This will be an
immediate consequence of the Crandall-Rabinowitz theorem as soon as we check its conditions, which
require a careful study. Concerning the regularity assumptions, they were discussed in Proposition 21. As
to the properties required for the linearized operator, they are the object of following proposition.

Proposition 22. Let 0 < by, < by < 1, and set b £ by/by. Let m > 2 satisfy
2+ - + b2
- 1—-b2 '

m

Then the following results hold true:

(i) The kernel of DG(X?;, 0) is one-dimensional and generated by the vector

oy () = bolmAt —m +1—b3"] —
me bi[b™ — (b1b2)™] )

(i1) The range of DG(k,jn:, 0) is closed and of codimension 1.
(iii) The transversality assumption holds: the condition
8, DG ki, 0 ¢ R(DG (3, 0))

is satisfied if and only if
2+42b™ — (B + bY')?
1—5? ‘

m >
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Proof. (i) According to (55), the positivity of the discriminant A, that guarantees the existence of real
eigenvalues is equivalent for m > 2 to

24w -y + by)?

"= 1= 12

To prove that the kernel of DG()»?;, 0) is one-dimensional, it suffices to check that for n > 2 the matrix
M,y (M) defined in (66) is invertible. This follows from Lemma 18, which asserts that X #A* forn >2
and therefore

det M, (1) #£ 0.

To get a generator for the kernel, it suffices to take a vector orthogonal to the second row of M,,(A).

(i) We are going to show that for any m > 2 the range R(DG()\fn:, 0)) coincides with the subspace

% = {g eYy,:glw)= ZCnenm, CieR\M,), C, e R? for all n > 2}. (67)

n>1

Assume for now this result; then it is easy to check that R(DG()\an, 0)) is closed in Y,, and is of
codimension 1. Now to get the description of the range, we first observe that from (65) and (66) the range
is included in the space %,,. Therefore, what is left is to check is the inclusion %,, C R(DG()»f;, 0)).
Take g = (g1, g2) € %, with the form

gj(w) = Z Cjn€nm,

n>1

and let us prove that the equation
DG(h5. O)h =g
admits a solution & = (hy, h2) in the space X,,. Note that /; has the structure
hj(u)) = Zaj,nw"’”_l.
n>1

According to (65), the preceding equation is equivalent to

a c
Mo ( “’) = ( “’) forall n > 1.
azn Con
For n =1, this equation is satisfied because from the definition of %, we assume that the vector C; = (Z")
belongs to the range of the matrix M,,. With regard to n > 2, we use the fact that M,,, is invertible, and

therefore, the sequences (a; ,),>2 are uniquely determined by

aln —“1{C1,n
’ =M ’ > 2. 68
(az,n> " (Cz,n) = ©%
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By computing the matrix M1 (A%), we deduce that for all n > 2

bolnm(E — 1) +1—b3""] ba[(b2/b)"™™ — (b1b2)™" ]
ajn = I 1,n — I Cons (69)
det(Myym (M) det(Mym (Am))
bi[(b2/b1)"™ — (b1b2)"™] bilnm(\E — (ba/b1)?) — 1+ b3
axn = I 1,n I C2.n-
det(Mm (Am)) det(Mym (Am))

Hence, the proof of (h1, hy) € X,,, amounts to showing that

_ s=m—1
wis (M) —anw L) et x et ).
ha(w) —az jw™

We shall develop the computations only for the first component, and the second one can be done in a
similar way. Notice that det(M,,, (ki)) does not vanish for n > 2 and behaves for large n like

det(My (M5)) = bibam* (A5 — D)IAE — (by/b1)In* + bibam(1 — (ba/b1)*)n — 1+ o(1).

Since )\,ﬂn: ¢ {1, (ba/b1)?}, by Taylor expansion,

1 Cl,n
Hn = — +Y1,nC1n + V2,nC
Ln blm()ﬁ—(bz/bl)z) n Y1,nCln T ¥Y2,nC2n

with

. < —,
|)/j,n| — I’l2

Set ﬁl(w) =hi(w)— al,lwm—l, and define the functions
_ ~ Cj,
Kjw)= nypn®™,  gj=3 —=“emn.
n>2 n>2

Then one can check that

_ . 1 Cln —pm ~ -
whl(w)_mbl(/\i—(bz/blﬂ)z W (K x (gD} (w) + (K * (Tg2)}(w).— (70)

n>2

The convolution is understood to be the usual one: for two continuous functions f, g : T — C, we define,

forallweT, fxg(w)= ff(r)g(tw) dTT
T

The notation IT is used for the Szeg6 projection defined by

H(Z cnw"> = Z c,w",
neZ ne—N
which acts continuously on C'*%(T). One can easily see that the first term in the right-hand side of (70)
belongs to C'**(T). With regard to the last two terms, note that K; € L2(T) € L'(T) and g; € C'**(T);
then using the classical convolution law L!(T) * C'*%(T) — C!*%(T) combined with the continuity of IT,
we deduce that those terms belong to C!'*%(T) and the function w > wWh (w) belongs to this space too.
This finishes the proof of the range of DG (A%, 0).
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(iii) Recall from part (i) that the kernel of DG(A%, 0) is one-dimensional and generated by the vector vy,
defined by
bylmAit —m 41— me]) N
weT > vy(w) = m 2 ) w”
() (blubz/bl)m — (b1b)"]
We shall prove that

»DG(AE, 0, ¢ RIDG (AL, 0))

m?
if and only if A} # 2., which is equivalent to
242b™ — (b +by)?
> .

" 1= 12

Let (h1, hy) € X,, with the expansion
hj(w) = Zaj,nw’”"—l.
n>1
Then differentiating (65) with respect to A,
biain
BADG(A,O)(hl,hz):mZn( ’ )enm. (71)

boray ,
n>1

Hence,

m?’

(ba/b)™ — (b1b2)™

2 mb1byW,,e,,.

+ _ }2m
3, DG (AE, 0)v,, = mby b, ("”m m+1-b )em

This pair of functions is in the range of DG (A%, 0) if and only if the vector W,, is a scalar multiple of
the second column of the matrix M, ()\i) defined by (66). This happens if and only if

b2 m 2
(mrt —m41—-b")? — ((E) — (blbz)’") =0. (72)
Combining this equation with det M,, =0, we find
+ 2my2 + 2 + 2 by ’
(mA,, —m~+1—>b5")"+ (mr, —m+1 —bzm)(mkm —1+b" —m(b—> ) =0,
1
which is equivalent to

b 2
(mx—m+1—b§m)<2mx—m(1+(b—2) ) —b§m+b$m> =0.

1
Thus, we find that
b\
mAE —m4+1-b3"=0 or 2mk$—m(l + (b_1> ) — b3+ b =0.

The first possibility is excluded by (72), and the second one corresponds to a multiple eigenvalue condition:
M= thatis, A,, = 0. This completes the proof of Proposition 22. U
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4.5.3. Proof of Theorem 9. Our next task is to study the bifurcation of 1-fold rotating patches. Recall
from Section 4.4.3 that for m = 1 there are two different eigenvalues given by

A = (ba/b))?, AT =143 bi.

In that paragraph, we observed significant differences in their behaviors, and we shall see next how this
fact does affect the bifurcation problem. It appears that the bifurcation with A" is very complicate due to
the range of the linearized operator which is of infinite codimension. Nevertheless, with 1], the situation
is actually more tractable and the bifurcation occurs frequently. Before stating the basic results of this
section, we need to define some notation. Let b € ]0, 1[ be a fixed real number, and define the set

€p, = {by €10, by[ : there exists m > 2 such that P, (A]) = 0}.

The polynomial P,, was defined in (51), which is up to a factor the characteristic polynomial of the matrix
M,,(1). The set €, corresponds to the abscissa of the points of intersection between the collection of
each m > 2 there is at most one value x,, of b, such that P, (AT) = 0. Moreover, the sequence (x,,)
is strictly increasing and converges to ;. Now we will prove the following result.

mzbl_2

Proposition 23. The following assertions hold true.
(i) The range of DG (A, 0) has an infinite codimension.

(i) If by € €p,, then the kernel of DG ()", 0) is two-dimensional and generated by the vectors v, = (})
and vy, of Proposition 22, with m > 2 being the only integer such that Py, (Af) = 0. In addition, the
range of DG (AT, 0) is closed and has codimension 2.

(iii) If by ¢ €p,, then the kernel of DG (L], 0) is one-dimensional and is generated by the vector vy seen
before. Furthermore, the range of DG (AT, 0) has codimension 1 and the transversality assumption
is satisfied:

9, DG(AT,0)v; ¢ R(IDG(AT, 0)).

Proof. (i) According to (66), we obtain

bil—1 4571 bal(b2/b1)" = (b162)"] ) |

M,(A7) =
G (—bl[(bz/bl)" — (b1b2)"] baln((b2/b1)" — 1) + 1 —b3"]

In this case, we get that the determinant of M, (1) behaves for large n like b1bon. Consequently, we
deduce from (69) the existence of « #~ 0 such that

ai, =ocy, +o(l),

which means that the preimage of an element of Y,, by DG (A, 0) is not in general better than C*(T).
This implies that the range of the linearized operator is of infinite codimension. It follows that one
important condition of the Crandall-Rabinowitz theorem is violated, and therefore, the bifurcation in this
special case still unsolved.
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(ii) Let by € €;,. Then by definition, there exists m > 2 such that P, (AT) = 0. This means that
Af coincides with one of the two numbers )»,j,j. Therefore, the kernel of DG (A, 0) is given by the
two-dimensional vector space

Ker DG(A|, 0) = Ker M (A]) @ Ker M, ()™ "

Easy computations give the expression

MyGF) = ba(1 — b?) (‘bz/ b bz/b1> |

—1 1

Obviously the kernel of M, ()»T) is spanned by the vector v; = (%) However, we know that Ker M, (AT)
is spanned by the vector v, already seen in Proposition 22. To prove that the range is of codimension 2,
we follow the same arguments of Proposition 22 bearing in mind that the determinant of M, ()QL) behaves
for large n like cn? with ¢ # 0. We skip the details which are left to the reader.

(iii) Let by ¢ €5,; then P, (Afr) does not vanish for any m > 2. This means that the matrix M, ()LT) is
invertible, and therefore, the kernel of DG(A+, 0) is one-dimensional and given by

Ker DG(A, 0) = Ker Mi(A]) = (v1).

Similarly to Proposition 22, we get that the range is of codimension 1. In addition, the transversality
condition is satisfied since the eigenvalue )LT is simple ()\T # A, ) as has been discussed in the proof of
Proposition 22(iii). The proof of Proposition 23 is now finished, and the result of Theorem 9 follows. [J

S. Numerical experiments

In order to obtain the V-states, we follow a similar procedure to that in [de la Hoz et al. 2016a; 2016b];
therefore, we shall omit some details, which can be consulted in those references.

5.1. Simply connected V -states.

5.1.1. Numerical derivation. Given a simply connected domain D with boundary z(6), where 6 € [0, 27|
is the Lagrangian parameter and z is counterclockwise parametrized, the condition of D being a V -state
rotating with angular velocity €2 is given by (15), i.e.,

7 2(0) — 2(9) 1 f” |2()|?
>z =~ do — — L L
/0 z(e)—z<¢>>z¢(¢) * " 2mi o 1—z2(0)z(9)

As in [de la Hoz et al. 2016a; 2016b], we use a pseudospectral method to find m-fold V -states from (73).
We discretize 6 € [0, 27 [ in N equally spaced nodes 6; =2mi/N,i =0,1,..., N —1. Observe that the
integrand in the first integral in (73) satisfies

Re{ (2S2z(_9) + i
2mi

24(#) d¢>z@ (9)} =0. (73)

z(0) — z(¢)

29(0)
m =
¢—0 2(0) — 2(¢)

s 200)

(74)
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Therefore, bearing in mind (74), we can evaluate numerically with spectral accuracy the integrals in (73)
at a node 6 = 6; by means of the trapezoidal rule, provided that N is large enough:

L[ 20) —2(9)) 1( V20) —2($)) )
— —_ Ndp~ — 0; i) ]
) TR A A A HZ 2@ — 20 P
J#t (75)
1 (7 @) I e
27y T 2@z ¢ @4 Nl 20028 @)

In order to obtain m-fold V -states, we approximate the boundary z as

M
2(0) = €' [b +> cos(mk&):|, (76)

k=1
where the mean radius is b, and we are imposing that z(—6) = z(0); i.e., we are looking for V -states
symmetric with respect to the x-axis. For sampling purposes, N has to be chosen such that N >2mM +1;
additionally, it is convenient to take N a multiple of m, in order to be able to reduce the N-element
discrete Fourier transforms to N /m-element discrete Fourier transforms. If we write N = m?2", then

M= |m2 —1)/2m)| =2"""1—1.
We introduce (76) into (73) and approximate the error in (73) by an M-term sine expansion:

L[ 200 —z(9) L N Ol
el (2050 5 [ LG @ [ s )o0)

M
~ Z by sin(mk8). (77)

k=1

This last expression can be represented in a very compact way as

Fpalar,...,apy) =(b1,...,by) (78)

for a certain F, o : RY — RY. Remark that, for any  and any b € 10, 1[, we trivially have %) o(0) =0,
i.e., the circumference of radius b is a solution of the problem. Therefore, obtaining a simply connected
V -state is reduced to numerically finding a nontrivial root (ay, ..., ay) of (78). To do so, we discretize
the (M x M)-dimensional Jacobian matrix $ of &, o using first-order approximations. Fixing || < 1
(we have chosen & = 10719), we have that

0Fpqlar,....,am) _ Fpalar+h,...,am) —Fpalar,...,au)
8611 h ’

(79)

Hence, the first M coefficients of the sine expansion of (79) form the first row of $, and so on. Therefore,
if the n-th iteration is denoted by (ai, ..., a ), then the (n + 1)-th iteration is given by

(ai,...,ap)" ™ =y, ....,an)" = Fpaai, ..., ax)™) - 137171,
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Figure 2. ), as a function of b, form =1, ..., 20.

where [j(”)]_1 denotes the inverse of the Jacobian matrix at (ay, .. ., ay). This iteration converges in

a small number of steps to a nontrivial root for a large variety of initial data (ay, ..., ay)®. In particular,

it is usually enough to perturb the unit circumference by assigning a small value to aio) and leave the

other coefficients equal to zero. Our stopping criterion is

max < tol,

M
Z by sin(mko)

k=1

where tol = 1013, For the sake of coherence, we eventually change the sign of all the coefficients {a;},
in order for, without loss of generality, a; > 0.

5.1.2. Numerical discussion. Given m and b, Proposition 14 defines the value A,, at which we bifurcate
from the circumference of radius b. Let us recall that 1, = 1 — 2€2,,. Although working with A is more
convenient from an analytical point of view, we use €2 = (1 — A)/2 in the graphical representations of the
V -states that follow because €2 is a more natural parameter from a physical point of view. Therefore, we
bifurcate at 2, = (m — 1 4+ b>™)/(2m).

In Figure 2, we have plotted A,, as a function of b, for m =1, ..., 20. Figure 2 suggests that there
are two different situations: b close to 1 and b not so close to 1. Note that, in the latter case, the curves
can be approximated by A, ~ 1/m, i.e., 2, =~ (m — 1)/(2m), which is in agreement with [Deem and
Zabusky 1978].

In order to illustrate how the shape of the simply connected V -states depends on b, we consider the
cases 1 <m <4; observe that everything said for m =3 and m =4 is valid for all m > 3. In general, fixing
m and b, we bifurcate from the circumference with radius b at €2,,,. During the bifurcation process, there
may be saddle-node bifurcation points [Kielhofer 2012] appearing; in that case, we use the techniques
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m=3;b=08 B m=3;b=0.9

0.1

01

025 I I I I I I I | 015 L I I I |
0.3756 0.3758 0.376 0.3762 0.3764 0.3766 0.3768 0.377 0.3772 0.42 0.4205 0.421 0.4215 0.422 0.4225
Q Q

Figure 3. Bifurcation diagrams corresponding to m = 3 and b = 0.8 (left) and to m =3
and b = 0.9 (right) with N = 384.

described in [de la Hoz et al. 2016a]. For instance, in Figure 3, we have plotted the bifurcation diagrams
of the coefficient a; in (76) against 2, for m = 3 and b = 0.8 (left) and for m = 3 and b = 0.9 (right).
Note that, in the bifurcation diagrams, when starting to bifurcate at €2,,,, we sometimes take Q2 < €2,,, (left)
and other times Q > 2, (right) although the latter case may appear only when b is large enough. Note
also that we may have several saddle-node bifurcation points in the same bifurcation diagram, and hence
more than two V-states corresponding to the same €2, and in the same bifurcation branch. For instance,
the left-hand side of Figure 3 tells us that there are three V -states corresponding to m = 3, b = 0.8 and
2 = 0.3765, which we have plotted in Figure 4.

m=3;b=0.8;Q2=0.3765

0.8 [

0.6 [

04t

0.2

-0.2 1

-0.6 -

-0.8

4 I I ! I I
-1 -0.5 0 0.5 1

Figure 4. V -states from the same bifurcation branch (left side of Figure 3) corresponding
tom =3,b=0.8 and Q2 =0.3765 with N = 768.
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m=1

—b=04
—b=05
b=0.6
—b=0.7
b=0.8
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Figure 5. Approximations to the limiting V-states corresponding to 1 < m < 4, for
different b with N = 256 x m. The values of 2 corresponding to the plots are given in
Table 1.

We have approximated the limiting V -states occurring for 1 < m < 4, which are depicted in Figure 5.
Figure 5 confirms the observation on the size of b made from Figure 2. Loosely speaking, when b is
far enough from 1, the rigid boundary does not have any remarkable effect on the shape of the V -states.
Take for instance the cases m = 1 with b =04, m =2 with b =04, m =3 with b = 0.6 and m =4
with b = 0.7: the approximations to the respective limiting V-states are clearly far away from the unit
circumference whereas, in all the other cases, the distance to the unit circumference is smaller than 1072,
In fact, Figure 5 suggests that, from a certain » on, we can obtain V-states arbitrarily close to the unit
circumference and that the limiting V -state is precisely the one whose distance to the unit circumference
is zero in the limit. Moreover, as b grows towards 1, the limiting V -states tend to cover an increasingly
larger part of the unit circumference.
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bl m— 1 2 3 4
0.9 0.3749 0.4057 0.4199 0.4283
0.8 0.3251 0.3589 0.3755 0.3859
0.7 0.2900 0.3163 0.3321 0.3650
0.6 0.2640 0.2731 03144 0.3572
0.5 0.2459 0.2363

0.4 0.1964 0.2018

Table 1. Values of €2 for the V -states plotted in Figure 5.

Continuing with Figure 5, the cases m = 1 and m = 2 are pretty different from the other cases. Indeed,
when m > 3 and b is small enough, the limiting V-states very closely resemble those in [Deem and
Zabusky 1978] and corner-shaped singularities seem to develop. It is remarkable that the rigid boundary
only affects the shape of the V-states for b pretty close to 1; furthermore, the larger m is, the larger b has
to be, in order for the influence of the rigid boundary to become noticeable. On the other hand, when
m =2 and b is small enough, the limiting V -states are lemniscate-shaped; whether some self-intersection
actually occurs deserves further study. Finally, when m = 1 and b is small enough, the limiting V -states
seem to resemble an asymmetrical oval.

5.2. Doubly connected V -states.

5.2.1. Numerical derivation. Given a doubly connected domain D with outer boundary z;(6) and inner
boundary z,(0), where 6 € [0, 27| is the Lagrangian parameter and z; and z, are parametrized, D is a
V -state if and only if its boundaries satisfy

— 1 (0 —z21(9) 1 [ 2100) — 22(9)
Rei(ZQm(@)—i—E/O mm,¢(¢)d¢—%/o m12,¢(¢) d¢

L (7 |a@))?
T omi /0 [Za@)n @) P9
1 (7 )P

_ SR d 0); =0, (80
i b Ton @ ¢)z],9< >} (80)

— 1 (T u@®)-a@) 1 /2” 20) — 22(@)
Re] (29226 dé — d
eK ZZ(”zm'fo 20 -a@ P T i |y ne - 0P

L (7 |za@?
Tami )y T—nm@n@) P
L[ 2@

+% ; m&,dy@)d(ﬁ)&,e(@)}:o- (81)

As in the simply connected case, we use a pseudospectral method to find V -states. We discretize 6 € [0, 2 [
in N equally spaced nodes §; =27i/N,i=0,1,..., N—1, where N has to be large enough. Then since
z1 and z» never intersect, all the integrals in (80) and (81) can be evaluated numerically with spectral
accuracy at a node 6 = 6; by means of the trapezoidal rule, exactly as in (75).
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In order to obtain doubly connected m-fold V-states, we approximate z; and z, as in (76):

M M
21(0) = e'? [bl +> an cos(mk@)}, 22(0) = €'’ [bz +> g cos(mk@)], (82)

k=1 k=1

where the mean outer and inner radii are b, and b, respectively, and we are imposing that z1(—60) = 7,(0)
and zo(—60) = 72(0), i.e., looking for V -states symmetric with respect to the x-axis. Again, if we choose N
of the form N =m2", then M = [(m2" —1)/2m)] =2""' — 1.

We introduce (82) into (80) and (81), and as in (77), we approximate the errors in (80) and (81) by
their M-term sine expansions, which are respectively Z,](”: 1 b1,k sin(mk6) and Z,ICWZ | b2k sin(mk6). Then
as in (78), the resulting systems of equations can be represented in a very compact way as

Fpim@it,....atm, a1, ..., a2m) = b1, ..., b, b, .., bo ) (83)

for a certain Fy, p, o : R*M — R*M, Remark that, for any Q and any 0 < b, <b; < 1, we have Fp, 5, 0(0) =0
trivially; i.e., any circular annulus is a solution of the problem. Therefore, obtaining a doubly connected
V -state is reduced to numerically finding {a; x} and {a } such that (a1 1,...,a1.m,a2.1,...,a2,m) 15 a
nontrivial root of (83). To do so, we discretize the (2M x 2M)-dimensional Jacobian matrix $ of Fp, 5, @
as in (79), taking h = 107°:

0Fp, by (@115 a1,M, G215 -+, 2 M)
aal,l
Fpimai+h,arn,...,a m, a1, ..., a2.m) — Fp py@r1, ..o a1,m,02,1, ..., A2 M)
~ (34)
h .
Then the sine expansion of (84) gives us the first row of $, and so on. Hence, if the n-th iteration is
denoted by (ay 1, ...,a1.pm,a2.1, ..., a2y)"™, then the (n + 1)-th iteration is given by
1
(al,ls I ] al,M’ a2,17 ceey GZ,M)(n+ )
-1
= @11y @M @15 s @)™ = Fp (@i ey ar sty - ax )™ [P
where [$(V]~! denotes the inverse of the Jacobian matrix at @1,....a1m,a2.1, .-, azyM)(”). To make

this iteration converge, it is usually enough to perturb the annulus by assigning a small value to aioi

or ag)z and leave the other coefficients equal to zero. Our stopping criterion is

M

> by sin(mk6) < tol),

where tol = 10713, As in [de la Hoz et al. 2016a; 2016b], a1 -az,;1 <0, so for the sake of coherence, we

k=1

(max < tol) A (max

M
> by sin(mk6)
k=1

eventually change the sign of all the coefficients {a; x} and {as x}, in order for, without loss of generality,
aj1>0anday; <O0.
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Figure 6. b}, as a function of b, form =2, ..., 20.

5.2.2. Numerical discussion. Proposition 19 states that, given by € 10, 1] and m > 2, there is a certain b},
such that b, € [0, b},,]. Let us recall that b}, is the only solution of

242(x/b1)" — (b} + x™)?
m —=
1 —(x/b1)?

In Figure 6, we have plotted b}, as a function of by, form =2, ..., 20.

If we make b, = b}, then the discriminant A,, defined in Theorem 6 is equal to zero, and in that case,
Q= Q. or, equivalently, At = 1. Note that the relation between Q* and A= is given by

Q= 3(1—1%).

In Figure 7, we plotted )\,f as a function of b, € [0, b}, ], form =2, ...,20 and by € {0.25, 0.5, 0.75, 0.99}.
We have also plotted in black the special case m =1, where b; € [0, b{], A= 1+b§ —b% and | = (by/b1)?.
Observe that, whereas the curves A, and 1, are disjoint for m > 2, 1] may intersect A, or A,,. It is
particularly interesting to see what happens when b is close to 1; indeed, when b; = 0.99, the curves A,
become practically indistinguishable.

Although Figure 7 gives a fairly good idea of the structure of A=, it may be clarifying to show globally
how the curves in Figure 7 behave as b; changes, for a fixed m. In Figure 8, we have plotted AZ as a
function of b, € [0, b},], for m = 2, 3, 4 and for all b; € ]0, 1[, in such a way that, for a given by, the
intersection between z = b and the resulting surfaces yields curves equivalent to those in Figure 8. In
general, the surfaces corresponding to m > 3 are very similar. On the other hand, Figure 8 shows that, when
m =2 and by is not too large, the size of the curves (b, )éc) is very small; indeed, in Figure 7, (b;, )»éc)
is hardly visible when b; = 0.25. A similar observation can be made with respect to the case m =2 in
Figure 6, which is markedly different from the others.
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Figure 7. Ai as a function of b, € [0, b}, ], for m =2, ..., 20, together with the case
m =1 (black), for b; € {0.25, 0.5, 0.75, 0.99}. We have marked with a small black dots
the intersections happening between the case m = 1 and the other cases.

0.9

As in the simply connected case, we use 2 = (1 — A)/2 as our bifurcation parameter. In order to treat
the saddle-node bifurcation points [Kielhofer 2012] that may appear during the bifurcation process, we

again use the techniques described in [de la Hoz et al. 2016a].

Before illustrating the shape of the doubly connected V -states, let us mention that the situation is much

more involved than in the simply connected case, where there were roughly two situations for all m:

b close to 1 and b not so close to 1. Indeed, we have to play now with both the proximity of b; to 1 and

that of b, to b};,. Furthermore, we can start the bifurcation from the annulus of radii b; and b, at two
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m=2

m=3

3 0 .

o b,€[0,6)] o b,€[0,0;]

o b,€[0,6,]

Figure 8. A,j,j as a function of b, € [0, b}, ], for m =2, 3,4 and for all b; € ]0, 1[.

different values of , i.e., 2 and Q. Finally, the case m = 1 needs to be studied individually. All in
all, we have detected the following scenarios.

When m > 3, there are roughly three cases when starting to bifurcate at Q" and two cases when
starting to bifurcate at 2;,. More precisely, if we start to bifurcate at Q;, we have to distinguish between
the following:

e by is very close to b},. In that case, it seems possible to obtain V-states for all 2 € ]2, [, very
much like in [de la Hoz et al. 2016b], irrespective of the size of b;. For example, in Figure 9, we have
calculated the V-states corresponding to m =4, by = 0.8 and b, = 0.53. Observe that b; =0.5407. . .,
i.e., we have chosen b, close enough to b;. On the right-hand side, we have plotted the bifurcation
diagram of the coefficients a; | and ay 1 in (82) against €2, which shows that there is indeed a
continuous bifurcation branch that joins €2, and Q;7, where Q; = 0.1335... and Q} =0.1671....
On the left-hand side, we have plotted V-states for four different values of 2 € 12, 2! [.

m=4;b, =0.8;b, =0.53; 2{0.134, 0.145, 0.156, 0.167} m=4;b, =08;b,=0.53
1 T T T T T 006

aiy
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08| 2,1

0.6 [
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- Y Sl4
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-08

0.06 I I I I I I I I |
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Q

Figure 9. Left: V-states corresponding to m =4, by = 0.8, b, = 0.53 and several values
of Q. Right: bifurcation diagram. Here N = 256.
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m=4; b1 =0.8; b2 =0.3;2=0.31 m=4; b1 =0.8; b2 =0.3; 2 =0.14611
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Figure 10. Approximation to the limiting V -states corresponding to m =4, by = 0.8
and b, = 0.3. Left: we have started to bifurcate at QI = 0.3256.. ., taking Q < QI.
Right: we have started to bifurcate at 2, = 0.1250. . ., taking 2 > 2, . Here N = 1024.

e by is close to 1, and b, is small enough. There are limiting V -states, for which the distance between
the outer boundary z; and the unit circumference tends to zero, but the inner boundary z, does not
deviate greatly from the circumference of radius b,. On the left-hand side of Figure 10, we have
approximated the limiting V -state corresponding to m =4, by = 0.8 and b, = 0.3. The shape of z;
is not very far from the case m =4 and b = 0.8 of Figure 5.

m=4;b, =0.8;b,=0.4;Q=0.25433 m=4;b, =0.6;b,=0.3; 2 =0.22208

T T T 1 T T T

I

o
T
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-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Figure 11. Left: approximation to the limiting V -state corresponding to m =4, b; =0.8
and b, = 0.4, starting to bifurcate at Q;” = 0.2706, taking Q < QI. Right: approximation
to the limiting V -state corresponding to m =4, by = 0.6 and b, = 0.3, starting to bifurcate
at F = 0.2516, taking Q@ < . Here N = 1024.
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m=4; b1 =0.72; b2 =0.32; 2 = 0.25341

Figure 12. Approximation to the limiting V -state corresponding to m =4, by = 0.72
and b, = 0.32, starting to bifurcate at Q] = 0.2851, taking Q < QI. Here N = 2048.
The zoom shows that the boundaries are very close from each other, but there is no
intersection.

e b; and b, do not fit in the previous two cases. In that case, there are also limiting V -states,
characterized by the appearance of corner-shaped singularities in z; or z,. In Figure 11, we have
approximated the limiting V-states corresponding to m = 4, b; = 0.8 and b, = 0.4 (left) and to
m =4, b; =0.6 and b, = 0.3 (right). Observe that the influence of the rigid boundary seems less
perceptible in the second example, which accordingly does not differ too much from those in [de la
Hoz et al. 2016b].

Although the distance between z; and the unit circumference is always strictly positive, the
distance between z; and z; is sometimes very small, and we cannot exclude in advance the existence
of limiting V -states where z; and z, actually touch each other. For instance, after playing with the
values of b; and b, we have found that the choice of b; = 0.72 and b, = 0.32 enables us to find
a V-state such that the distance between z; and z5 is of about 7 x 1073. This V-state is plotted in
Figure 12, together with a zoom of one apparent intersection of the boundaries that shows that there
is really no intersection and that the nodal resolution is adequate.

On the other hand, if we start to bifurcate at €2/, we have to distinguish between the following:

* by is very close to b},. This case has been explained above. In fact, it is irrelevant whether we start
to bifurcate at €2, or at Q' .

* by is not close enough to b},. In that case, there are limiting V -states, characterized by the appearance
of corner-shaped singularities in z, whereas the outer boundary z; does not deviate greatly from the
circumference of radius b;. On the right-hand side of Figure 10, we have approximated the limiting
V-state corresponding to m =4, by = 0.8 and b, = 0.3. We have not bothered to plot the V -states
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m=2; b1 =0.9; b2 =0.2; Q2 =0.3745 m=2; b1 =0.9; b2 =0.2;Q=0.341
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Figure 13. Left: approximation to the limiting V -states corresponding tom =2, by =0.9
and b, = 0.2, starting to bifurcate at Q] = 0.3892. .., taking Q < Q; Right: we have
started to bifurcate at 2, = 0.2497. .., taking > Q. Here N =512.

corresponding to those in Figures 11 and 12 but starting to bifurcate at 2, because they are virtually
identical, up to a scaling of z. This case closely matches that in [de la Hoz et al. 2016b], and the
inner boundary resembles the simply connected V -states in [Deem and Zabusky 1978].

Summarizing, if we compare the doubly connected V -states just described with those in [de la Hoz et al.
2016b], we conclude that the truly unique case here is when b is close to 1 and b, is small enough.

m=1;b, =09;b,=03;2=037 m=1;b, =0.9;b, =0.3; 2 =0.3429
1 T T T 1 T . T

1 osf
06 1 sl

04r

-02 b 0.2

-0.4 q -04r

1 I I
-1 -0.5 0

Figure 14. Approximation to the limiting V -states corresponding to m = 1, b; = 0.9
and by = 0.3. Left: we have started to bifurcate at SZ;r = ;—‘, taking Q < QT Right: we
have started to bifurcate at 2, = 0.36, taking 2 > Q. Here N = 256.
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Regarding the case m = 2, everything said above is applicable. For example, in Figure 13, we have taken
by =0.9 and by = 0.2, i.e., a value of b; close to 1 and a value of b, small enough. On the left-hand side,
we show an approximation to the limiting V -state appearing when starting to bifurcate at 7 ; note the
clear parallelism with the case m =2 and b = 0.9 of Figure 5 and with the left-hand side of Figure 10.
On the right-hand side, we show an approximation to the limiting V -state appearing when starting to
bifurcate at €2, ; as in the right-hand side of Figure 10, corner-shaped singularities seem to develop in z>
whereas z; has barely deviated from a circumference.

The case m = 1 also deserves a comment. In Figure 14, we have approximated the limiting V -states
corresponding to m = 1, taking again a value of b; close to 1 and a value of b, small enough, more
precisely, by = 0.9 and b, = 0.3. On the left-hand side, we have started to bifurcate at ", and on the
right-hand side, we have started to bifurcate at 2| . It is remarkable that, in both cases, the distance of z;
to the unit circumference is smaller than 10~2. Moreover, even if the V-state on the left-hand side is
roughly in agreement with Figure 5 and with the left-hand sides of Figures 10 and 13, the V -state on the
right-hand side exhibits a completely different, unexpected behavior.
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ISOLATED SINGULARITIES OF POSITIVE SOLUTIONS
OF ELLIPTIC EQUATIONS WITH WEIGHTED GRADIENT TERM

PHUOC-TAI NGUYEN

Let @ C RN (N > 2) be a C? bounded domain containing the origin 0. We study the behavior near 0 of
positive solutions of equation (E) —Au + |x|*u? + |x|#|Vu|? = 0in Q\ {0}, where « > —2, B > —1,
p>l,andg>1. Whenl < p< (N +a)/(N—-2)and 1 <q < (N + B)/(N — 1), we provide a full
classification of positive solutions of (E) vanishing on d€2. On the contrary, when p > (N +«)/(N —2)
or (N + B)/(N —1) <q <2+ B, we show that any isolated singularity at 0 is removable.
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1. Introduction

Let @ C RV (N > 2) be a C? bounded domain containing the origin 0. In this paper, we study isolated
singularities at 0 of nonnegative solutions of the quasilinear equation

—Au+ |x|%u? + |x|B|Vul? =0 (1-1)

in 2\ {0} where « > -2, B > —1, p > 1, and ¢ > 1. By a nonnegative solution of (1-1) we mean a
nonnegative function u € C2(2\ {0}) which satisfies (1-1) in the classical sense.
Equation (1-1) consists of two mechanisms: the semilinear equation

—Au+ |x|*u? =0 (1-2)
in Q\ {0} and the quasilinear equation
—Au+|x|B|Vul? =0 (1-3)
in @ \ {0}. For the sake of simplicity, in the sequel, we use the notation
(F ou)(x) = |x[*u(x)? + |x|# |Vu(x)|?. (1-4)

MSC2010: 35A20, 35J60.
Keywords: gradient terms, weak singularities, strong singularities, removability.
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In the literature, many results concerning isolated singularities for (1-2) with @ = 0 have been published,
among which we refer to [Brézis and Véron 1980/81; Vazquez and Véron 1985; Véron 1981; 1996;
Baras and Pierre 1984, Marcus 2013] and references therein. Marcus and Véron [2014] provided a full
description of isolated singularities of positive solutions of (1-2) (with & > —2) when 1 < p < p. o with

Pea = (1-5)
More precisely, in this range, if v is a positive solution of (1-2) vanishing on d€2, then:
e cither v = v,? (k > 0), the solution of
—Av + |x|*v? = k& in Q, withv =0 o0n Q2 (1-6)
(here 8 is the Dirac measure concentrated at the origin) and v(x) = kcy (14+0(1))]|x|>~N as |x| =0

where ¢y = 1/(N(N —2)wy) with wy being the volume of the unit ball in RV ;

24a
e orv =0 = limg_ o v,? and v(x) =9 (1 +o(1))|x|” »=T as |x| — 0 with

9 e [(2+a)(2p+a B )]P—l (1-7)
p—1 p—1

When p > pe o, they showed that there is no positive solution of (1-2) vanishing on 9€2.

Classification of interior isolated singularities in the general framework (where the nonlinearity does not
depend on gradient term) was established in [Friedman and Véron 1986], in [Cirstea and Du 2010] (for the
p-laplacian), and in [Cirstea 2014] (for elliptic equations with inverse square potentials). A deep existence
and uniqueness result for a more general class of semilinear equations was given in [Marcus 2013].

Much less work concerning the behavior near the origin of positive solutions of equations with the
nonlinearity depending mostly on the gradient term has been investigated. See Serrin [1965] and, more
recently, Bidaut-Véron, Garcia-Huidobro, and Véron [Bidaut-Véron et al. 2014].

Recently, boundary trace problem for semilinear equation with gradient terms were studied by
P. T. Nguyen and L. Véron [2012] and by M. Marcus and Nguyen [2015].

When the nonlinearity is of the form (1-4), i.e., it depends on both u# and Vu, as well as weights, one
encounters the following difficulties:
2te o4 2+B—q

p—1 q—1 7
(1-1) admits no similarity transformation (see Section 2). Moreover, in this framework, the Keller—

(i) The first one stems from the competition of two terms |x|%«? and |x|#|Vu|?. When

Osserman estimate is no longer a sharp upper bound for solutions of (1-1).

(i1) The second one comes from the lack of monotonicity property of the nonlinearity. Furthermore, it is
noteworthy that in general the sum of two solution of (1-1) is not a supersolution.

(iii) The presence of the weights |x|% and |x|#, which may vanish or be singular at 0 according to the
value of @ and 8, make the asymptotic behavior near 0 of solutions of (1-1) more intricate.
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Fix d; € (0, 1) such that B34, (0) € Q and put d, = diam(2). Set
(24 2+B—¢q
7 = min ,
p—1 q-1
We first give sharp estimates on solutions of (1-1) and their gradient. These estimates are obtained due

} with ¢ <2+ B. (1-8)

to a combination of Bernstein’s method, Keller—Osserman estimates, and a transformation argument.

Proposition 1.1. Let o > =2, 8> —1, p > 1, and 1 < g < 2+ B. There exists a positive constant
ci =ci(a, B, N, p,q,d,dy) (i =1,2)such that if u is a positive solution of (1-1) in Q \ {0} vanishing
on 0X2, then
u(x) <ci|x|™* forall x € Q\ {0}, (1-9)
and
|Vu(x)| < ca|x|7*"" forall x € By, (0)\ {0} (1-10)

Estimates (1-9) and (1-10) give an upper bound of F o u but do not ensure that Fou € L1(2). While
investigating the integrability of F ou we are led to the following definition.

Definition 1.2. A nonnegative solution « of (1-1) is called a weakly singular solution if F ou € L'(By)
for some ¢ > 0. Otherwise, u is called a strongly singular solution.

We next introduce the definition of solutions to
{—Au—i—Fou =kéy in L,

1-11
u=20 on d€2. ( )

Definition 1.3. Let k > 0. A nonnegative function u is a solution of (1-11) if u € L'(Q), Fou € L'(R),
and

/Q(—uAg“ + (Fou)t)dx =kt(0) forall { e C3(Q). (1-12)

Remark. Clearly, if u is a solution of (1-11) then u is a weakly singular solution of (1-1).

Let I'y (N > 2) be the Newtonian kernel in RN defined by

Iy (x):=cylx]*™N = Ix|2N, x#0 (1-13)

 N(N —2)on
with wp the volume of the unit ball in RY. Denote by G the Green kernel of (—A) in Q and by G
the corresponding operator.

The study of (1-1) is strongly linked to that of (1-3). As we will see in the sequel there exists an

N+p
N —1
such that if 1 < ¢ < g, g, the problem (1-3) admits weakly and strongly singular solutions; while if
de,p < ¢ <2+ B, then such solutions don’t exist. When both equations (1-2) and (1-3) are combined
in (1-1), the existence result for (1-1) is valid in the range (p. q) € (1, pc,a) X (1,¢.,g). This is reflected

exponent

9e,p = (1-14)

in the following theorems.
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Theorem A. Assume o > =2, B> —1, 1 < p < pcy,and 1 <q <q.pg. For any k > 0, there exists a
unique solution u,? e C2(Q2\{0) NC(2\{0}) of (1-11). Moreover,

Ut (x) = kG%(x,0) = GR[Foult](x) forall x € 2\ {0}, (1-15)
ust(x) = k(1+o0(1)) Ty (x) asx — 0, (1-16)

. N-1y, Q k R
|)}TEO(|x| Vit (x) + Now |x|) =0. (1-17)

Due to (1-16) and the comparison principle [Gilbarg and Trudinger 2001, Theorem 9.2], the sequence
{u,?} is increasing. Denote ugzo = limg a0 u,? The asymptotic behaviors of u?o and its gradient are
given in the following theorem.

Theorem B. Assume o > =2, B> —1, 1 < p < pcg,and 1 <q <q.g. Then u& is a strongly singular
solution of (1-1) vanishing on 02. Moreover,

lim |x|*u$ (x) = 0O, (1-18)
|x|]—0
lim (|x|f+‘w§o(x) + @ri) —0, (1-19)
|x|—0 |x|

where T is defined in (1-8) and © is a positive constant depending on N, «, B, p, q.

Remark. The value of ® varies according to the relationship between the parameters «, 8, p, and ¢. For

simplicity, set )y {
_‘tTo 9

D= X with ¢ <2+ B. 1-20
1 2184 q p (1-20)

In Theorem B, ® is the unique solution of
AP 4 i 997 (1 +2—=N) =0, (1-21)

where j and A are given by

j=0and A =1 if D <1 (hence ® =1 defined in (1-7));

j=1land A =0 if D> 1(hence ® = 6, defined in (4-3));

j=A=1 if D =1 (hence ® = 6, the solution of g{(¢) =0,
where g, is defined defined in (4-2)).

(1-22)

Theorem B shows the competition between two terms |x|*u? and |x|#|Vu|?: if D <1 then |x|*u?
plays a dominant role, otherwise |x|# |Vu|? plays a dominant role.

As a consequence of Theorems A and B, we obtain a description of nonnegative singular solutions
of (1-1) vanishing on 9€2.

Theorem C. Assumea > -2, B>—1, 1 <p<pcg,and1<q<gq.p. Letu e C2(Q\{0HNC(2\{0})

be a nonnegative solution of (1-1) in Q \ {0} vanishing on 0Q2. Then either u =0, or u = u]? for some

Q

k>0, oru=ug.
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On the contrary, the next theorem states that when p > pc o or g, g < ¢ < 2+ B there exists no positive
singular solution.

Theorem D. Assume o > =2, B> —1, p>1l,and 1 <q <2+ B. If p = pca 0r q = q. g then any
nonnegative solution u € C*(Q\ {0) N C(Q \ {0}) of (1-1) in Q \ {0} vanishing on 2 must be zero.

The paper is organized as follows. In Section 2, we prove Proposition 1.1 by treating successively
the equations (1-3) and (1-1). Section 3 is devoted to the proof of Theorem A. Construction of weakly
singular solutions ul? is based on an approximation method and delicate estimates on approximating
solutions and on their gradient. In Section 4, the existence of a strongly singular solution ugzo (Theorem B)
is obtained due to the monotonicity of the sequence {u,ﬁz} and a priori estimates established in Section 2.
In Section 5, by combining Harnack’s inequality, a scaling argument, and the asymptotic behavior of
weakly singular solutions and a strongly singular solution, we obtain a complete description of isolated
singularities (Theorem C). Finally, Theorem D is proved thanks to a nonexistence result for suitable
equations on the unit sphere SV 1,

Notation and terminology. Denote by B, (x,) the ball of center xo € R" and radius r. Henceforth, we
simply write B, for B,(0). Unless otherwise stated, Q2 is a C? bounded domain containing the origin 0.
Fix d; € (0, 1) such that B34, € Q and put d, = diam(£2).

Define, for £ > 0 and x € Q; :=£71Q,

Ro[u](x) = €V 2u(tx),  Selul(x) = LT u(lx), Tolul(x) = £ T u(lx). (1-23)

If u is a solution of (1-2) (resp., (1-3)) in 2\ {0} then Sy[u] (resp., T¢[u]) is a solution of (1-2) (resp., (1-3))
in Q¢ \ {0}. If Q = Qg and u = Sy[u] (resp., u = Ty[u]) for every £ > 0, we say that Sy (resp., Ty) is a
similarity transformation and u is a self-similar solution of (1-2) (resp., (1-3)).

2. A priori estimates
2.1. A priori estimates on solutions of (1-3). Let us start this section by recalling the comparison
principle [Gilbarg and Trudinger 2001, Theorem 10.1].

Proposition 2.1. Let O be a bounded domain in RN. Assume H : O x Ry x RV — Ry is nondecreasing
with respect to u for any (x, £) € O xRN, continuously differentiable with respect to &, and H(x,0,0) = 0.
Letuy, uy € C*(0) N C(O) be two nonnegative functions satisfying

—Aui+ H(x,u1,Vuy) < —Auy+ H(x,up,Vuy) in O

and uy < uy on 00. Then uy < u, in O.

We shall establish a priori estimates on solutions of (1-3) and on their gradients. By using Bernstein’s
method (see [Lasry and Lions 1989; Lions 1985]), we derive estimates on the gradients of solutions of (1-3).

Lemma 2.2. Assume > —1 and q > 1. There exists c3 = c3(N, g, B) such that ifu € C*(2\ {0}) is a
solution of (1-3) in Q \ {0} then

Vu(x)| < eslx| 70T forall x € Bg, \{0}. @-1)
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Proof. Pick an arbitrary point xq € lT,vl \ {0} and denote pg = |xo|. Take n € C®(R™) suchthat 0 <n <1,
supp) C B/ and 7= Lin B /3. Put §(x) = n(py (x—x0)): then | D2g| < ¢} pp > and | V| < &, oy ' ¢

with ¢} = ¢4 (N). Set w = ¢*"|Vu|? with m = ﬁ and define the operator

Llw] := —Aw + ¢|x|#|Vu|?2Vu - Vw.
Due to (1-3) we get
Llw] = —2m@2m — 1)¢* " V|V |*|Vu|* = 2m¢>" ' Ad|Vu|* —8me*™ 1> "0 djudiju
i,j
— 24> D%u|? = 2B|x|P 72> Vu|?x Vu + 2mq|x P> |[Vu|1V ¢ Vu.
By virtue of the inequality N |D?u|?> > (Au)? and the inequality 2ab < a® + b? for any a,b € R, we
obtain, in B, />(xo),

¢>" x|*P|Vu|*
N

where ¢4 = c4(B,¢, N). Denote by x* a maximizer of w then L[w](x*) > 0. In light of the relation
|Vu| = ¢_mw%, the fact that %,00 <|x| < %po with x € B, />(x¢) and (2-2), we deduce

_ — — _ _1
£lw) < ca(pg 20>~ [Vul® + pf 192" [Vl + pf 9?3 Vu| 7+ ) (2-2)

— — - a—1
w(x*)q 1Scs(pOZ(ﬂ+1)+,00(ﬂ+1)w(x*) > ),

where ¢5 = ¢5(8, ¢, N). Consequently,

_20+58)
max (¢*"|Vul?) Sw(x*) < cfpg ot
XGBpo/z(x()
_1+8
Therefore, |Vu(xg)| < cg|xo| ¢-1, where c¢ depends on N, ¢, and f3. O

Remark. From Lemma 2.2, one can verify that if u € C2(Q2\ {0}) is a positive solution of (1-3) then,
for every x € By, \ {0},

u(x) < max{u(x):x € 0Bg, } + c3
ifg#2+ B, and
u(x) <max{u(x):x € 0By, } +c3(Ind; —1In|x|) (2-3)

if ¢ =2 4+ B. Consequently, when ¢ > 2 + 8, we can conclude that # remains bounded. Therefore, in the
sequel, we consider the case ¢ <2+ .

We next derive an upper bound for subsolutions of (1-3) with 8 > 0.

Lemma 2.3. Assume K >0, B>0,and 1 <q <2+ B. If u e C*(Q\{0}) NC(Q\ {0}) is a positive

Sfunction such that
—Au+ K|xP|Vul? <0 (2-4)
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in Q\ {0} and vanishing on 0Q2, then

2+B—q

u(x) < cqlx|” e (2-5)

for every x € Q\ {0}, where ¢7 = K_ﬁ(l —|—,3)‘1%1(q— 1)37:%(24-,3 —q)~ L

Proof. Let € > 0 be small, and put ®¢(x) = c7(| x| —e)_ o + ¢ with x € BS. By a simple computation,
we get —A®D, + K|x|B|VD|? > 0in Q\ Be. Since . dominates u on d$2 U 3B, it follows from
Proposition 2.1 that ®¢ > u in Q \ Be. Letting € — 0 leads to (2-5). O

Combining Lemmas 2.2 and 2.3 we get:
Lemma 2.4. Let B > —1 and 1 <q <2+ B. There exists a constant cg = cg(N, q, B, d1, d>) such that if
ueCHQ\{0)NC(Q\{0}) is a solution of (1-3) vanishing on IQ then
u(x) < cs|x|_2ﬁ1_q forall x € Q\ {0}. (2-6)

Proof. If B > 0 then (2-6) follows from (2-5). Next we consider 8 € (—1,0). Fix x € By, \ {0} and
pick z € 0By, such that |z — x| = d; — |x|. By Lemmas 2.2 and 2.3,

_2+B8—q _2+4+B8— _ +13—q
u(x) < epd T ey Il x| T < el

for all x € By, \ {0}, -7

248
where cg = ¢9(N.q. B.d;.d;). Next put cg > max{co,c7} so that the function x - cg|x|™ o= i

is a supersolutlon of (1-3) in @\ By, /> which dominates u on 92 U 0By, />. By Proposition 2.1,
2
u(x) < cglx|” a1~ =57 for every x € Q\ By, /». This, together with (2-7), implies (2-6). O

By a similar argument, we obtain the following result.

Lemma 2.5. Let 8 > —1 and 1 < g <2+ B. There exist ¢; = ¢;(N, q, B) withi = 10, 11 such that if
u € C2RN\ {0Y) is a solution of (1-3) in RN \ {0} satisfying lim |00 u(x) = 0 then

2+8 148
u(x) <crolx|" a1 and |Vu(x)| <cpy|x|TT T forall x € RN\ {0}. (2-8)
2.2. A priori estimates on solutions of (1-1). We recall that t is defined in (1-8). Due to the Keller—
Osserman estimate and the above result, we obtain a sharp upper bound for solutions of (1-1).

Lemma 2.6. Leta>—2, B>—1, p>1,and 1 <q <2+ B. There exists c1» =c12(c, B, N, p,q,d1,d>)
such that if u is a positive solution of (1-1) in Q \ {0} vanishing on 0S2 then

u(x) <cpa|x|”% forall x € 2\ {0}. (2-9)

Proof. Since u is a positive subsolution of (1-2), due to Keller—Osserman estimate, there exists a constant
c13 = ¢13(NV, p, ) such that
_2ta
u(x) <cy3|x| 71 forall x € 2\ {0}.
We consider two cases: D <1 and D > 1 where D is defined in (1-20).

Case I1: D <1. In this case, 1 = ?FTOf and hence we obtain (2-9).
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Case 2: D > 1. Notice that in this case T = 2;#. For € € (0,d), let we be the solution of

—Aw+ |x|#|Vw|? =0 in Q\ B, suchthatw = {u on 9B, (2-10)
0 ondf.

By Proposition 2.1, u < we in Q \ Be. Therefore, u < we < we in Q\ B for 0 < € < €', It can
be checked that the function x — cl4|x|_i+f(f (with ¢4 > cq3 large, depending on N, p, q, «, B,
and d») is a supersolution of (1-3) which dominates we on 92 U dBc. By the comparison principle,
we(x) < cl4|x|_i+T‘f for x € Q\ B¢. Consequently, the sequence {we} is locally uniformly bounded in
@\ {0}. In light of local regularity results for elliptic equations [DiBenedetto 1983], for every compact
subset O € Q \ {0}, there exist constants M > 0 and u € (0, 1) depending on N, p, ¢, «, B, d», and
dist(0, O) such that ||wel|¢1.u(0y = M. Therefore, {we} converges to a function w in CI(I)C(Q \ {0}) which
is a solution of (1-3) in 2\ {0}, vanishing on 92, and satisfying @ > u in 2\ {0}. By virtue of Lemma 2.4,
W < cs|x|_% for every x € Q \ {0}. Consequently, u < cs|x|_2qT_q for every x € Q \ {0}. This
completes the proof. O

We next establish a sharp estimate from above for the gradient of solutions of (1-1).

Proposition 2.7. Leta>—-2, B>—1, p>1,and 1 <q<2+8. There exists c;5 =c15(c, B, N, p,q, d1, d>)
such that if u is a nonnegative solution of (1-1) in Q \ {0} vanishing on 02 then

|Vu(x)| < c15]x|7CTY forall x € By, \ {0}. (2-11)
Proof. Let xq, po, 0, ¢, w, m, L[w], and x* as in the proof of Lemma 2.2. Then we get

Llw] = —2m@2m — D> DIV|? |Vu|* — 2m¢>™ ' Ap|Vu|* —8mp>™ 1> "0 9ju 0;ju

i’j
—2¢>™|D*u|? = 2a|x|* 2> uP x Vu — 2 p|x|%*$*"u? " | Vu|?
—2B1x|B729>™ | Vu|? x Vu + 2mq|x P> | Vu|TV $Vu.
Case 1: D > 1. In this case, we have
(-2

q-—1
where t is defined in (1-8). By Lemma 2.6 and Young’s inequality, proceeding as in the proof of
Lemma 2.2, we obtain in B2 (xo)

w(x*)473 < e1(pg 2TV w(x*)2 4 p2 2B 4 pr BTy (e 3), (2-13)

where ¢ = c16(, B, p.q, N, dy, d3). By Young’s inequality, we get
_ _ —1 ®6+va-
R T L N AR LR e (2-14)

From (2-12), (2-13), and (2-14), we deduce

w12 <7 (o P Wt +py a0, (2-15)
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which implies

A w3 < e (0 T w4 1), 2-16)

where ¢17 = ¢y7(a, B, p.q. N, dy, d3). Consequently, w(x™*) < Clsp(?Z(flljlﬁ), and therefore

1+8

|Vu(x)| < cy9lx|"a=1 forall x € By, \ {0}, (2-17)

1+
qg—1

Case 2: D < 1. Take xo € By, \ {0}. Put £ = [x¢| € (0,d;) then Sy[u] is a solution of

where ¢; = ¢i(a, B, N, p,q,d1, dy) with i = 18, 19. Notice that

= 7 + 1; hence we obtain (2-11).

pQR+B—)—a(q—1)—q—B
p—1

—Av + |x[*v? + £ 1|21Vl =0 in Qg )\ {0} (2-18)

By the regularity result in [DiBenedetto 1983], there exists ¢y9 = ¢20(, B, p, ¢) such that

sup{|VS¢[u](x)| : x € B33 \ B3/a} < c20.

Consequently,
1+p+a
Y p’il |Vu(£x)|5021 for all .XEB3/2\B3/4'

. _ . _1tpta . .
By choosing x = £~ xq, we derive |Vu(x)| < ¢22|x0| =1 . This completes the proof since

1
p—1
Proof of Proposition 1.1. Estimates (1-9) and (1-10) follow directly from Lemmas 2.2, 2.4, and 2.6, as
well as Proposition 2.7. U

3. Weakly singular solutions

We start with the existence of weakly singular solutions of (1-1). The construction is based on approxi-
mation method.

Proof of Theorem A. We prove the theorem in five steps.

Step 1: Construction of solutions. Let k > 0. For every € > 0, let u,?e be the unique solution of
—Au+ |x|%u? + |x|B|Vul? =0 in Q\ Be,
u=0 on 92, (3-1)

u=kIny(e) ondB..

The existence of u]?’e can be obtained by using an argument similar to the proof of [Gilbarg and Trudinger
2001, Theorem 11.4] and the uniqueness follows from the comparison principle Proposition 2.1. Moreover,
by the comparison principle, 0 < u,%e <kTw in Q\ Be and “l?,e < ul?’é, in Q \ Be forevery 0 < e < €.
Therefore, ulsg = limg u,?,e satisfies

U (x) <kTy(x) forall x € Q\{0}. (3-2)

By regularity results for elliptic equations, u,? is a solution of (1-1) in € \ {0} vanishing on 9€2.
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Fix an arbitrary point x € szl \ Bc and put £ = |x¢| € (¢, d;]. Note that Rg[u,?e] solves

—Av + (N FTe—p(N=2)| y|ayp +€N+,3—q(N—1)|x|B |[Vu|? =0 in Qg \ Jf/(
v=20 on 092y, (3-3)
v=kIn(§) ondBy.

Since 1 < p < peo and 1 < g < g, g, it follows that
(NHemP(N=2) | 1@ < max(1,3%} and VTAIN=D |4 f < max{1,3%} forall x € By )\ By.

By the maximum principle, R¢[u{} ] < kT in Q¢ \ B¢, which implies Re[u ] < kTy(1) in B3\ By.
Due to local regularity for elliptic equations (see, e.g., [DiBenedetto 1983]), there exist constants
cy3 =c3(N, o, B, p,g. k) and u = u(N,a, B, p,q,k) € (0,1) such that

H Re[“lscz,e]Hcl-M(Bs/z\zm) = C23.

Again by the regularity results (see [Lieberman 1988, Theorem 1] and [DiBenedetto 1983]), there exists
¢4 = c24(a, B, N, p,q, k) such that

N sup{| Vg (0x)] < |x] =1} < ca4.
By choosing x = £~ !x(, we deduce |Vu,?,E (x0)| < c24]x0| V. Thus
|Vu,?’€(x)| 5025|x|1_N forall x € 2\ B¢ (3-4)
with ¢35 = ¢25(0, B, N, p,q, k., dy,d3).
Step 2: Proof of (1-16). The solution uﬁe can be written in the form
U (x) = kTy(€) —GHF[Fouf |(x),
where GQ\E is the Green operator in € \ B [Marcus and Véron 2014, Theorem 1.2.2]. Hence, by (3-4),
kTN () Z U (6) 2 kT (x) = 266 - [T PN )P40 N (x) - forall x € 2\ Be.

By letting € — 0, we get

KTy (x) = uit(x) = kT (x) — G| - |2FPC=N) | |BHa0=N](x)  forall x € 2\ {0}. (3-5)
It is classical (see [op. cit.]) that

G2 (x, y) ~min{|x — y*~, p(x)p(y)|x — y| 7V}

for every x, y € Q,x # y, where p(x) = dist(x, dQ2). Therefore there exists ¢y7 = ¢»7(V, ) such that,
for x near 0,

G| - |2tP2=N) 4 |.|A+a(1=N)|(x)
Iy (x)

< cyq|x|V 72 /Q Ix — y[2N |y PN 4|y PraN D) gy (3-6)
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Choose &’ and B’ such that p(N —2) — N <o’ <min{o, p(N —2) =2} and ¢(N —1)— N < ' <
min{8, (N — 1) —2}. Then by [Lieb and Loss 1997, Corollary 5.10],

/ |X _y|2—N |y|0£—P(N—2) dy < Czsdg—a/|x|2+o/—p(N—2)’
Q

(3-7)
/ |x _y|2—N |y|ﬂ—q(N—1) dy < ¢,q df—ﬂ’|x|2+/3/—q(N—l).
Q
Combining (3-6) and (3-7) yields
GL[|. |@tp2—N) 4 |.|B+q(1-N)
G -] ) _, a8
|x[—>0 I'n(x)
From (3-5) and (3-8), we obtain (1-16).
Step 3: Proof of (1-17). For £ € (0, 1), put vy = Rg[u,?] then vy is the solution of
—Av +ZN+a—p(N—2)|x|otvp +gN+B—q(N—1)|x|ﬂ |[Vv|9 =0, inQy\ {0} (3.9)
v=0 ondQy.

Since 0 < ui? < kIy in 2\ {0}, it follows that 0 < vy < kT in Q¢ \ {0}.

Since 1 < p < pco and 1 < g < g, g, by local regularity for elliptic equations [DiBenedetto 1983],
the Arzela—Ascoli theorem, and a standard diagonalization argument, there exists a subsequence {vy, }
converging to a positive harmonic function in Chl)C (RN \ {0}) as £, — 0. On the other hand, from (1-16),
we deduce that {vg} converges to kI'y uniformly in B, \ B;/, as £ — 0. Therefore, the whole sequence
{ve} converges to k'y in Cléc(lRN \ {0}) as £ — 0. In particular, Vvy — kVIy in B, \ Bj/,, which
implies (1-17).

Step 4: u,? is a weak solution of (1-11). By a similar argument as in Step 1, we derive
Vil (x)] < caok|x]'"™N  forall x € Q\ {0} (3-10)

where ¢29 = c29(ct, B. N, p.q.dy. d>). This, together with (3-2), implies u* € L' (Q) and Fouf* € L'(Q).
For every € > 0, by Green’s formula, one gets

Q Q dug? Q98

/ (—u A§+(Fouk)§)dx:—f —;dS+/ uy — dS, (3-11)
Q\E dB. on 3176 on

where n is the outward normal unit vector on dB¢. Due to (1-17), the right-hand side of (3-11) converges

to k¢(0). Therefore, thanks to dominated convergence theorem, by letting ¢ — 0, we obtain (1-12).

Finally, by [Marcus and Véron 2014, Theorem 1.2.2], we get (1-15).

Step 5: Uniqueness. Assume u’ is a positive solutions of (1-1) satisfying (1-16); then

ue

m =
lx|=>0 u/(x)

Hence, for every § > 0, there exists r(8) > 0 such that (1 + 8)14]? + 6 > u’ on 0B, (5). The function
(1 +5)u]§2 + 6 is a supersolution of (1-1) which dominates u" on d$2U dB, (5 therefore, by the comparison
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principle, (1 + 5)u]§2 +8>u"in Q\ B, ). Letting § — 0 yields u,? >u"in Q \ {0}. By permuting u,?

and u’, we derive u’ = u,? O
If Q is replaced by RY, we have the following variant of Theorem A.

Proposition 3.1. Assume a > =2, B> —1, 1 < p < pc.o,and 1 <q < q g. Then for any k > 0, there
exists a unique solution u,”fN e C2(RN\ {0}) of (1-1) in RN \ {0} satisfying

lim ”k (x)—O and “k (x) k(14+0(1)Tx(x) as|x| — 0. (3-12)

|x|—o0

Moreover, u/”f € Lloc (RN), Fo u}? e L! (RN), and there holds

loc
/ (—uf AL+ (Foulf™ ) dx = k£(0) forall ¢ € CZRYN). (3-13)

RN
Proof. For each R > 0, let u,fR be the unique solution of (1-1) in Bg \ {0}, vanishing on dBg and

JR(x)

|xwgo FN(X)

satisfying

(3-14)

By the comparison principle, uBR < uBR’ <kTy in Bg\ {0} for every R < R’. In light of local regularity
[DiBenedetto 1983] and a standard argument,

u,[fN = Rli_r)noo u,fR e C(RN \ {0})

is a solution of (1-1) in RV \ {0}. By combining (3-14) and the fact that u® < u,"fN < kTx in Bg \ {0}
for every R > 0, we derive (3-12). Uniqueness follows from the comparison principle. By proceeding as
in the proof of Theorem A, one can verify (3-13). O

By a similar, and more simpler, argument as in the proof of Theorem A, one can easily obtain the
existence of weakly singular solutions of (1-3).

Proposition 3.2. Assume B > —1 and 1 < q < q. g with q. g defined in (1-14). For any k > 0, there
exists a unique solution w,? e CH(Q\{0H)NC(Q\{0}) of

—Aw + |xB|Vw|? =kSy in Q, withw =00ndSQ. (3-15)
Moreover,
wi =kG(-.0) =G| |P|Vw|); (3-16)
w(x) =k(1+o(1)Tn(x) as |x|—0; (3-17)
k x
li N=1yy$ — ) =o. 3-18
i (s Va0 ) o

Remark. In addition, by proceeding as in the proof of Proposition 3.1, we obtain the existence of the
weak singular solutions w,”fN of (1-3) in RV \ {0}.
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4. Strongly singular solutions

SN=1 the unit sphere in RY and let (r, ) € (0,00) x SN~! be the spherical coordinates

in RV \ {0}. Let V/ and A’ denote respectively the covariant gradient and the Laplace—Beltrami operator

Denote by

on SN1. In order to characterize strongly singular solutions of (1-1), we study the following quasilinear
SN

q

8 2

N o+ Ao +((—+ﬂ1q) +|V/a)|2) —Aw =0, (4-1)
q_

equation on

where

2 —
2>0, and A=A(N,q B):= J”glq(q”f—zv).
g—1 \q-

We introduce an auxiliary function

Cta)g—1) 2 —q\?
gr(t) = At SR + (ilq) 97 A, te(0,00), A>0. 4-2)
q_

It is easy to see that if 1 < ¢ < g, g then A > 0; therefore, the algebraic equation g, () = 0 admits a
unique positive solution 6;. Obviously, ), is a positive solution of (4-1), and 6y is explicitly given by

1
1 1
O = —2 (q +5 N) . (4-3)
24+B—¢q 1
Proposition 4.1. Leta > -2, B> —1, 1 <q <24 B, and A > 0. Denote by & the set of C? positive
solutions of (4-1)in S N-1
) If g =qc,p, then & = &
(i) If 1 <q <qc,p. then &, = {0 }.

Proof. (i) Suppose by contradiction that  is a positive solution of (4-1) and w(0max) = max sN-1@ >0
with omax € SV~ From (4-1), we get

a 2 — q
Ao (Omen) T (%) 0(Om)? — A (Orman) < 0. (4-4)

Since ¢ > g, g, we know A < 0. Therefore, the left hand side is positive, which is a contradiction.

(ii) If w is a positive solution of (4-1), let Omax, Omin € S N—=1 guch that
W(Omax) = maxgy—1 @ = MiNgN—1 ® = ®(Omin) > 0.
Clearly, omax satisfies (4-4) and oy, satisfies

a(q 1)+q+B 24+
A (Grin) + (ﬂ

] ) CO(Umln) - Aa)(omm) > (). (4_5)

Consequently, g3 (w(0max)) <0 < g3 (w(0omin)). Since g, is strictly increasing in (0, 00), it follows that
®(0max) < 0y < @(Omin). Thus, w = ;. This completes the proof. O

The next lemma states existence result for both equations (1-3) and (1-1).
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Lemma 4.2. Let Q be either a smooth bounded domain containing the origin 0 or RN.

(i) Assume > —1and 1 <q <gq.g. Then wézo = limy o w,? is a nonnegative solution of (1-3) in
Q\ {0} satisfying either wgzo = 00n dQ if Q is bounded or lim|x|_>oo wgzo(x) =0if Q =RN

(ii) Assumea>—=2, f>—1, 1 < p < pc.a,and 1 <q <{c,p- Then u =limg o uk isa nonnegative
solution of (1-1) in Q\ {0} satisfying either u =00ndQif Qis bounded or lim| |00 uoo(x) =
if @ =RN

Proof. We only demonstrate (ii) since the proof of (i) is similar and simpler. It follows from Theorem A

— 2+o
and Proposition 3.1 that {u,i2 } is increasing and bounded from above by the function U (x) = ¢3¢ |X|™ P
where ¢3¢ is a large positive constant depending on N, p, and «. Therefore, ufjo = limy 00 u,? is a

solution of (1-1) in 2\ {0} and ugzo <U in 2\ {0}. O
The asymptotic behavior of wgo near the origin 0 is analyzed in the following result.

Proposition 4.3. Assume B > —1, 1 <q < q, g, and Q2 is either a smooth bounded domain containing

the origin 0 or RN, Let wS be the solution in Lemma 4.2(i). Then wS

of (1-3). Moreover, with 0y as in (4-3),

is a strongly singular solution

lim |x|22§1ﬂ wézo(x) =6y (4-6)
|x]—0
+B N
.l
lim (|x|q 'Vl (x) + (" N) i) —0. (4-7)
|x|—>0 q—1 x|

Proof. The proof is based upon the similarity argument.

Case I Q =RN. For k >0, recall that w2 & 1s the weakly singular solution of (1-3) in RN, For every £ >0,
Ty [wk ] is a solution of (1-3) in R™ \ {0} which satisfies

N
Te[w 1(x) _ N,
Ix|=0  I'n(x)

Due to the uniqueness,

R RN
Te[wk ] =Wy+p-a9)/(g—D+2—Nf-
By letting & — oo, we deduce that T, g[w&N] = w&N, ie., wi,R; is self-similar. Consequently, w;, can be
written in the form
24—
W&N () =Ix|" ‘I—lqa)(x/lxl) for all x # 0, (4-8)

where  is a positive solution of (4-1) with A = 0. Since 1 < ¢ < ¢, g, by Proposition 4.1, w = 6.
Therefore,

wl (x) =

=: Wy(x) forall x #0,

the unique self-similar solution of (1-3) in RV \ {0}.
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Case 2: Q is a bounded smooth domain. Since Tg[w,?] = w% +B-a)/(a—1)+2—N DY uniqueness, it follows

that 9 o
TZ [woo] = wooe- (4'9)

Since wf,zo(x) <cglx|” =i in 2\ {0}, woo satisfies the same estimate in €24 \ {0} for every £ € (0, 1).
By local regulanty for elliptic equations and Arzela—Ascoli theorem, there exists a subsequence {weg " }
loc L (RN \ {0}) to a function wq which is a solution of (1-3) in RN \ {0}.

IfQis star—shaped with respect to the origin 0 then we get wl?‘f < wQZ for every k >0 and 0<{' <t<l,

converging in C,

which 1mphes that woo < wizoe for every 0 < ¢/ < £ < 1. Therefore, the whole sequence { woo “} converges

to wo in C! (RN \ {0}) as £ — 0. By (4-9), for any £, ¢’ > 0,

loc
/7 Q /
Ty T [wl]] = Telwe!] = wet'™.

By letting ¢ — 0, we obtain T;[wg] = wq for every £ > 0, namely wy is a self-similar solution of (1-3)
in RV \ {0}. Therefore, wy = wRN = Wo and consequently,

—q

hmﬁ i w (Ex)—00|x|_

By putting y = £x with |x| = 1, we get (4-6).

In general, if Q2 is not necessarily star-shaped with respect to the origin 0, since l?dl C Q2 C By,, it
follows that w23 < ws < wBd2 A (4-6) holds for w3 (e, Qis replaced by B34, ) and wBax we
derive (4-6). Consequently, for every x # 0,

248—q _
wo(x) = hm wgo"(x) = hm 07w (LX) = 90|x|_2251q = Wo(x).

Hence the whole sequence {u)oo }¢ converges to Wy in 1OC(IR{N \ {0}) as £ — 0. By using a similar
argument as in Step 3 of the proof of Theorem A, we obtain (4-7). This implies |x|# |Vwoo|q ¢ L'(B,)

Q

for every € > 0. Thus wg; is a strongly singular solution of (1-3). O

Note that (1-1) does not admit any similarity transformation, except when D = 1. However, due to the
asymptotic behavior of vgzo (the strongly singular solution of (1-2)) and of wgo near 0, we can establish
the asymptotic behavior of ugzo Put

D ifD<l1,
=106, ifD=1, (4-10)
6y if D> 1,

where ¢ is as in (1-7) and 8 (A =0, 1) is given in (4-2).
Now we are ready to deal with strongly singular solution of (1-1).

Proposition 4.4. Assume o > -2, f>—1, 1 <p < pc a>and 1 <q < g p. Let Q be either a smooth
bounded domain containing the origin 0 or RN and u be the solution of (1-1) defined in Lemma 4.2.
Then uoo is a strongly singular solution of (1-1). Moreover (1-18) and (1-19) hold.

Proof. We consider three cases.
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Case I1: D = 1. In this case, Sy is a similarity transformation for (1-1). Therefore, (1-18) and (1-19) can
be obtained by proceeding as in the proof of Proposition 4.3 and consequently ugzo is a strongly singular
solution of (1-1). Notice that if @ = RV then Q; = R" and u = 0 on 92 is understood as u(x) — 0

as |x| — oo.

Case 2: D > 1. Forevery £ € (0, 1), put W, = Tg[u?o]. Then W, is a solution of

a(g—D)+g+B—pQ2+B—q)
—Au+ T T T 1w x| VUt =0 in g\ {0}, withu =00n dQ,.  (4-11)

By the regularity result [DiBenedetto 1983], for every R > 1 there exist M = M («, B8, p,q, N, R, dy, d>)
and n= //L(C(, ﬁ’ P-4, N’ dl ) dz) € (09 1) SUCh that

IWellc1.u(Bg\Br-1) <M.
Consequently, there exists a subsequence {W;, } which converges to a function W in Cl(l)c([R{N \ {0})

as £, — 0. The function W is a solution of (1-3) in RV \ 10} satisfying lim|y|— oo W(x) = 0. By
Proposition 2.1, w&N > W > ulﬂfN for every k > 0. Therefore, thanks to (3-12), we get
¥ (x) W (x)

. . W)
lim inf = liminf = liminf — =
x—0 wlﬂf (x) x—0 kTn(x) x—0 ulﬂf (x)

1.

By using a similar argument as in the proof Proposition 3.1, together with the comparison principle, we
deduce that W > w){RN in RV \ {0} for every k > 0. It follows that W > w&N in RV \ {0} and hence

W = w&N in RV \ {0}. Thus the whole sequence {W;} converges to w&N in C! (RN \{0}) as £ — 0.

loc
This leads to (1-18) and (1-19). Consequently u& is a strongly singular solution.

Case 3: D < 1. Forevery £ € (0,1), put Vy = .Sy [ufjo]. Similarly, we can show that the sequence {V}
converges to U&N (the strongly singular solution of (1-2)) in CI(I)C(RN \ {0}) as £ — 0. This yields the
desired result. O

Proof of Theorem B. The theorem follows from Lemma 4.2 and Proposition 4.4. O

5. Classification and removability of isolated singularities
5.1. Classification of isolated singularities. The following lemma plays an important role in proving
the classification result.

Lemma 5.1. Assume 2 is a bounded domain containing the origin 0, « > =2, f > —1, 1 < p < p¢.a,
and 1 <q <gqcp. Letu € C2(\{0})NC(2\{0}) be a nonnegative solution of (1-1) in Q\ {0} vanishing
on 02. Then there exists c31 = c31(N,a, B, p,q,d1,dy) such that for any § € (0, %dl), there holds

sup{u(x) : x € 0Bs} < c31 inf{u(x) : x € dBs}. (5-1)
Proof. Fix § € (0, {d1) and take xo € 0B; \ {0}. Put ro = |xo, y, =ry 'x, € IB,

_[Spolu] if D <1,
T\ Tylu] if D> 1.
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It is easy to see that ¢, is a nonnegative solution of one of the following equations
PR+B—q)—a(g—1)—q—B

—Ag + |x|%P + 1, = Ix|#|Vpla=0 ifD<1,
“Ag+ rooc(ll—l)-ﬁ-q;é?p(%l-ﬁ—‘” Ix|%@? + |x|B|Vp|9 =0 if D>1,

—Ap + |x|ap? + |x|B |Vl =0 if D=1.
inQ, = rO_IQ. By Lemma 2.6, for every y € By /4(y0),

@ro (V) =rgu(rgy) < ci2ly|™ " <c122".

By Harnack’s inequality (see, e.g., [Trudinger 1980; 1967]) there exists ¢3, = c32(c, 8, p,¢q, N, d1, d>)
such that
sup{er, (1) 1 ¥ € Biys(yo)} = ca2 inf{gy, (¥) 1 y € Byys(yo)}-

As 0Bg can be covered by a finite number (depending only on ) of balls of center on dBg and of
radius %8, we obtain (5-1). O

Proof of Theorem C. The proof is based on Lemma 5.1, scaling argument and asymptotic behavior of
weakly singular solutions and strongly singular solutions. Put

: u(x)
L :=lim sup >0.
x>0 In(x)

(5-2)

Case 1: L = 0. Then for every € > 0, there exists § = §(¢) > 0 such that § - 0 ase — 0 and u < el'y
on dBjg. Thanks to Proposition 2.1, u < e[’y in Q \ Bg. Letting € — 0 yields u = 0.

Case 2: L = oco. By (5-1),

. ou(x)
lim inf = 00,
Ix|>0 T'v(x)
which along with (1-16) implies
1iminf$ — oo forall k>0.
|x]—0 uy (x

By the comparison principle, u > u,? in 2\ {0} for every k > 0. Hence u > ugzo in 2\ {0}. Consequently,
by Theorem B, we derive

liminf|x|Tu(x) > lim |x|*u% (x) = ©. (5-3)
|x|—0 |x|—=0
We next prove that!
lim sup|x|fu(x) < ©. (5-4)
|x|]—0

For any € > 0, it can be checked that there exists ®, > 0 with ®. — ® as € — 0 such that O|x|77 € is
a supersolution of (1-1) in By, \ {0} when D = 1 (respectively, of (1-2) in By, \ {0} when D < I and of

IThe proof of (5-4) was proposed by a referee.
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(1-3) in B4, \ {0} when D > 1). Then by (2-9) and the comparison principle, we find that
u(x) < Qx| T+ maxaBd1 u
in By, \ {0} for every € > 0. Letting € — 0 for fixed x € By, \ {0}, then |x| — 0, we obtain (5-4).
Case 3: 0 < L < oo. Inlight of (5-1), there is a positive number & such that

) sl (5-5)

lim inf
Ix|-0 In(x)

here ¢34 = c34(N, o, B, p,q,dq,d>) > 1, which implies

= 1. (5-6)

By Proposition 2.1, u > u/? in 2\ {0}. From (5-6), there exists a sequence {x,} converging to 0 such that

. u(xn)
lim =

=1
n—o0o M]?(Xn)

Put ry = |Xnl, Vk n = Ry, [u,?] and v, = R, [u]in Q,, = r,I_IQ. Then both vg , and v, are solutions of
—Av  pNTemPN=D) | ey p b NEA=a(N=D) 1B 17y|9 =0 in Q,, \ {0}.

By the Arzela—Ascoli theorem, regularity theory of elliptic equations and a standard diagonalization
argument, up to subsequences, {vx ,} and {v,} converge respectively in Ckl)C (RN \ {0}) to nonnegative
harmonic functions V;* and V* in RN\ {0}. Since u > u,?, it follows that V* > V}*. Put

u(x)

ug (x)

Kp = sup{ IX E 8Brn} €1, c34]

and y, = r,'x, € dB;. Therefore, up to subsequences, k, — « € [1,c34] and y, — y* € 9By.
Consequently, V*(y*) = V*(y*). By the strong maximum principle, we deduce that V* = V;* in
RN\ {0}, which implies ¥ = 1. Thus, for every € > 0, there exists n, > 0 such that

n>=ne = u,?fuf(l—i—e)u,i2 in 0B,,.

The comparison principle implies u < (1 + e)u,? in Q\ B;,. Letting € — 0 yields u < u,? in Q\ {0}.
Thus u = ”152 O

5.2. Removability. We shall treat successively two cases: ¢, g <¢ <2+ f and g =2+ B.

Proof of Theorem D with q. g < q <2+ B. The proof is divided into three cases and strongly based upon
Proposition 4.1 and self-similarity arguments.
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Case 1: If D =1then p> pcy and g > g, g. For 0 <4 < %dl and R > d, = diam(£2), let ug g be the
solution of

—Au+Fou=0 in4BR\\Z%,
u=c336"° on dB;g, (5-7)
u=~0 on dBp,

where ¢33 = max{cg,c12, ©}. By the comparison principle, u < us g < ugy g in Q \ Bg for every
0<8=<§ and0< R <R Putii:=limg_oolims_ous g; then @ is a solution of (1-1) in RV \ {0}
and u < u in Q\ {0}. By uniqueness, Ty[us r] = us;¢,r/¢ for every £ > 0. Letting § — 0 and R — oo
successively implies Ty[ii] = i for every £ > 0. Hence i is a self-similar solution of (1-1) in R \ {0}
and can be represented in the form

+B—
u(x) = |x|_2f1*1qa)(x/|x|) for all x € RV \ {0},

where o is a solution of (4-1). Since ¢, g < ¢ <2+ f, from Proposition 4.1 we deduce that w = 0. It
follows that & = 0 and thus u = 0.

Case 2: If D > 1 then we must have ¢ > g, g. For any 0 < § < R, let ws g be the solution of

—Aw + |x|B|Vw|? =0 in Bg\ Bj.
_2+B—q
w=c338 9-1  ondBy, (5-8)
w= on 0Bg.

By the comparison principle, u < ws g < wg g/ in 2\ By forevery 0 <§ <4 and 0 < R < R’. Put
W :=limg_, o lims_, o ws, g then w is a solution of (1-3) in RN\ {0} and u < W in 2\ {0}. By uniqueness,
Ty[ws,r] = ws/¢,r/¢ for every £ > 0. Letting 6 — 0 and R — oo successively implies Ty[w] = w for
every £ > 0. Hence 1 is a self-similar solution of (1-3) in RV \ {0} and can be represented in the form

- _2+ﬂfq N
w(x) = x| 4T w(x/|x|) forall x € R™ \ {0},

where o is a solution of (4-1) with A = 0. Since ¢, g < ¢ <2+ B, from Proposition 4.1 we deduce
that w = 0. It follows that w = 0 and thus u = 0.

Case 3: 1If D < 1 then we must have p > pc o. One can use an argument similar to the proof in Case 2
to obtain u = 0. O

Remark. Theorem D with ¢ < 2 + B can be obtained by a different way which is suggested by the
referee. The proof, that we present below, is more direct, independent of Proposition 4.1 and does not
require any self-similarity arguments.

Assume that either p > p¢ o Or ¢ > g g. We distinguish two cases:
Case 1: If D > 1 then we must have ¢ > ¢, g.
Case 2: If D < 1 then we must have p > pc 4.

If ¢ > g.pinCase 1 or p > pcq in Case 2, then by (1-13) and (2-9), we deduce that

u(x) _o

1m =
Ix|—0 I (x)
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Since u = 0 on €2, the comparison principle gives that u = 0 in Q \ {0}.
If ¢ =g¢ pin Case 1 or p = pc o in Case 2 then by (1-13) and (2-9), we deduce that

u(x)

1m
Ix|—>0 I (x)

<0

For every € > 0 small, it can be easily checked that there exists C¢ > 0 with C¢ — 0 as € — 0 such that
Se(x) := Ce|x|*~N~¢ is a supersolution of (1-3) in By \ {0} when ¢ = qc,p in Case 1 (respectively, a
supersolution of (1-2) in By \ {0} when p = p. o in Case 2). Since

o u(x) _
Ix|—>0 Se(x)

’

by the comparison principle, u(x) < S¢(x) +maxpp, u in By, \{0}. Letting € — 0, we get u < maxyp, U.
Since u = 0 on a2 \ {0}, we find that u = 0 in Q \ {0}.

In order to prove Theorem D in the case ¢ = 2 + 8§ we need the following lemma.
Lemma 5.2. Let B > —1. Ifw € C2(2\ {0}) N C(Q \ {0}) is a nonnegative solution of
—Aw + [xB[Vw* P =0 in Q\ {0}, (5-9)
which vanishes on 02 then w = 0.

Proof. By (2-3), there exists a positive constant ¢35 = c35(N, q, B, d1, d>, ”w”Loo(aBdl)) such that
w(x) <c35—c31In|x|in By, \ {0}. The constant c35 can be chosen such that ®(x) := ¢35 —c3 In|x|is a
positive superharmonic function in 2 \ {0}.

For € € (0,d), let he be the harmonic function in  \ B¢ such that i = w on dB¢ and he = 0
on 0L2. By the comparison principle, w < /¢ in Q \ B for every € € (0, d;). Consequently, i¢ < h¢ for
0 < €/ < e. On the other hand, since @ is a positive superharmonic function in Q2 \ B¢ which dominates /.
on 02 U 0B, by the comparison principle, £ < ® in Q \ B¢. Therefore, {h¢} converges, as € — 0, to a
harmonic function / in \ {0} which vanishes on 02 and satisfies w < h<®inQ \ {0}. Since N > 2,
we deduce that };(x) = o(I'y(x)) as |x| — 0. Therefore /i =0. Thus w = 0. O

Proof of Theorem D with ¢ = 2 + B.

For € € (0, dy), let we be the solution of (2-10) with ¢ =2+ 8. The sequence {w,} converges, as € — 0,
to a solution w of (5-9) in  \ {0} which vanishes on d€2. Since u < w, for every € € (0, dy), it follows
that u < w. By Lemma 5.2, @ = 0 and thus u = 0. O
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A SECOND ORDER ESTIMATE
FOR GENERAL COMPLEX HESSIAN EQUATIONS

DUONG H. PHONG, SEBASTIEN PICARD AND XIANGWEN ZHANG

We consider the general complex Hessian equations with right-hand sides depending on gradients, which
are motivated by the Fu—Yau equations arising from the study of Strominger systems. The second order
estimate for the solution is crucial to solving the equation by the method of continuity. We obtain such an
estimate for the y -plurisubharmonic solutions.

1. Introduction

Let (X, w) be a compact Kéhler manifold of dimension n > 2. Let u € C°°(X) and consider a (1, 1)-form
X (z, u) possibly depending on u and satisfying the positivity condition x > ew for some ¢ > 0. We define

g=x(z,u)+iddu, (1-1)

and u is called y-plurisubharmonic if g > 0 as a (1, 1) form. In this paper, we are concerned with the
complex Hessian equation

(X(Z,u)—i—iaé_)u)k/\w"_k:w(z,Du,u)a)" (1-2)

for 1 <k <n, where ¥ (z, v, u) € C®(T"(X)* x R) is a given strictly positive function.

The complex Hessian equation can be viewed as an intermediate equation between the Laplace equation
and the complex Monge—Ampere equation. It encompasses the most natural invariants of the complex
Hessian matrix of a real valued function, namely the elementary symmetric polynomials of its eigenvalues.
When k = 1, the equation (1-2) is quasilinear, and the estimates follow from the classical theory of
quasilinear PDEs. The real counterparts of (1-2) for 1 < k < n, with ¥ not depending on the gradient
of u, have been studied extensively in the literature (see the survey paper [Wang 2009] and more recent
related work [Guan 2014]), as these equations appear naturally and play very important roles in both
classical and conformal geometry. When the right-hand side ¥ depends on the gradient of the solution,
even the real case has been a long-standing problem due to substantial difficulties in obtaining a priori C2
estimates. This problem has recently been solved by Guan, Ren and Wang [Guan et al. 2015] for convex
solutions of real Hessian equations.

In the complex case, equation (1-2) with ¢ = i/ (z, u) has been extensively studied in recent years,
due to its appearance in many geometric problems, including the J-flow [Song and Weinkove 2008] and

Work supported in part by the National Science Foundation under Grant DMS-1266033, DMS-1605968 and DMS-1308136.
MSC2010: 35]15, 35160, 5805, 35J96.
Keywords: complex Hessian equation, second order estimate.
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quaternionic geometry [Alesker and Verbitsky 2010]. The related Dirichlet problem for (1-2) on domains
in C" has been studied by Li [2004] and Btocki [2005]. The corresponding problem on compact Kihler
or Hermitian manifolds has also been studied extensively; see, for example, [Dinew and Kotodziej 2014;
Hou 2009; Kotodziej and Nguyen 2016; Lu and Nguyen 2015; Zhang 2010]. In particular, as a crucial
step in the continuity method, C? estimates for complex Hessian type equations have been studied in
various settings; see [Hou et al. 2010; Sun 2014; Székelyhidi 2015; Székelyhidi et al. 2015; Zhang 2015].

However, (1-2) with ¥ = ¥ (z, Du, u) has been much less studied. An important case corresponding
to k =n =2, so that it is actually a Monge—Ampere equation in two dimensions, is central to the solution
by Fu and Yau [2008; 2007] of a Strominger system on a toric fibration over a K3 surface. A natural
generalization of this case to general dimension n was suggested by Fu and Yau [2008] and can be

expressed as B
(" + fe ™ w+niddu)’ A "2 =y (z, Du, u) ", (1-3)

where ¥ (z, v, u) is a function on 71-9(X)* x R with a particular structure, and (X, w) is a compact Kihler
manifold. A priori estimates for this equation were obtained by the authors in [Phong et al. 2015].

In this paper, motivated by our previous work [Phong et al. 2015], we study a priori C? estimates
for the equation (1-2) with general x(z, #) and general right-hand side ¥ (z, Du, u). Building on the
techniques developed in [Guan et al. 2015] (see also [Li et al. 2016] for real Hessian equations), we can
prove the following theorem.

Theorem 1. Let (X, w) be a compact Kdihler manifold of complex dimension n. Suppose u € C*(X) is
a solution of (1-2) with g = x +i00u > 0 and x(z,u) > ew. Let 0 < ¥ (z, v, u) € C(TO(X)* x R).
Then we have the uniform second order derivative estimate

|DDul,, < C, (1-4)

where C is a positive constant depending only on &, n, k, supy |u|, supy | Du|, and the C? norm of x as a
function of (u, z), the infimum of ¥, and the C* norm of ¥ as a function of (z, Du, u), all restricted to the
ranges in Du and u defined by the uniform upper bounds on |u| and | Du|.

We remark that the above estimate is stated for x -plurisubharmonic solutions, that is, g = x +i9du > 0.
Actually, we only need to assume that g is in the [';4; cone (see (3-11) below for the definition of the
Garding cone I'y, and also the discussion in Remark 2 at the end of the paper). However, a better condition
would be g € I'x, which is the natural cone for ellipticity. In fact, this is still an open problem even for
real Hessian equations when 2 < k < n. If k = 2, [Guan et al. 2015] removed the convexity assumption
by investigating the structure of the operator. A simpler argument was given recently by Spruck and Xiao
[2015]. However, the arguments are not applicable to the complex case due to the difference between the
terms | DDu|? and | DDu|? in the complex setting. When k = 2 in the complex setting, C? estimates for
(1-3) were obtained in [Phong et al. 2015] without the plurisubharmonicity assumption, but the techniques
rely on the specific right-hand side ¥ (z, Du, u) studied there.

We also note that if k = n, the condition g = x 4+ iddu > 0 is the natural assumption for the ellipticity
of equation (1-2). Thus, our result implies the a priori C? estimate for complex Monge—Ampere equations
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with right-hand side depending on gradients:
(x(z,u) +iddu)" = ¥ (z, Du, u) ".

This generalizes the C? estimate for the equation studied by Fu and Yau [2008; 2007] mentioned above,
which corresponds to n = 2 and a specific form x (z, u) as well as a specific right-hand side 1 (z, Du, u).
For dimension n > 2 and k = n, the estimate was obtained by Guan and Ma, in unpublished notes, using
a different method where the structure of the Monge—Ampere operator plays an important role.
Compared to the estimates when ¥ = 1 (z, u), the dependence on the gradient of u in (1-2) creates
substantial new difficulties. The main obstacle is the appearance of terms such as |DDu|? and |DDu|?
when one differentiates the equation twice. We adapt the techniques used in [Guan et al. 2015] and [Li
et al. 2016] for real Hessian equations to overcome these difficulties. Furthermore, we also need to handle
properly some subtle issues when dealing with the third-order terms due to complex conjugacy.

2. Preliminaries
Let oy be the k-th elementary symmetric function; thatis, for 1 <k <nand A = (A1, ..., A,) € R",
o) = D Ak ki
l<ij<-<ig<n

Let A(aj;) denote the eigenvalues of a Hermitian symmetric matrix (aj;) with respect to the background
Kihler metric w. We define oy (aj;) = ox(A(aj;)). This definition can be naturally extended to complex
manifolds. Denoting by A!(X) the space of smooth real (1, 1)-forms on a compact Kihler manifold
(X, w), we define, for any g € ALL(X),

n gk Atk
ok (g) = )
Using the above notation, we can rewrite (1-2) as follows:
ok (8) = ow(xji +uji) =¥ (z, Du, u). (2-1)
We use the notation

; 00 s 0%
O_kpq _ k(g)’ O_pq,rs _ k(g)

9g3p 983p085r
The symbol D indicates the covariant derivative with respect to the given metric w. All norms and inner
products are with respect to w unless denoted otherwise. We denote by Aj, A,, ..., A, the eigenvalues of

gji = Xji +uj; with respect to w, and use the ordering Ay > A > --- > A,, > 0. Our calculations are carried
out at a point z on the manifold X, and we use coordinates such that at this point w =i Y_ 8¢ dz* A dz*
and gj; is diagonal. We also use the notation

]-'zZo,fﬁ.
p

Differentiating (2-1) yields )
oy Djggp =Dy (2-2)
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Differentiating the equation a second time gives
of " DiDjggp + 0y """ DiggpDygsr = DiDyy
> —C(1+|DDul + [DDul®) + > " Yuezi + Y Vot (2-3)
¢ ¢

We denote by C a uniform constant which depends only on (X, w), n, k, || x ||c2, inf ¥, |lu||c1 and || || 2.
We now compute the operator akp D p»Dg acting on g;7; = xj; +uj;. Recalling that x7; depends on u, we

estimate . ) )
ol"D,D;g;i =0/ D,DzD;Dju+0l'D,D;x;i

> 0/D,D;D; Dju — C(1+ 1)) F. (2-4)
Commuting derivatives
DquD,-Dj-u = D,‘D]Dquu - qu]&uap + quj-aua,-
= D;Djggp — DiDjxap — Rij*uap + Rgp; uai. (2-5)
Therefore, by (2-3),
o' DpDygsi =~ DjgapDigsr + ) Y gric + Y Vagjic
—C(1+|DDul*+ |DDul* + (1 + A1) F). (2-6)
We next compute the operator akp D »Dg acting on | Du|?, introducing the notation
\DDu?, =0/ D, DyuD;Dju, |DDul?, =0 D,DjuD,Du. 2-7)
Then
ol 1Dul2, = o/* (D Dg DyuD™u + DyyuD, Dy D™ u) +|DDu2, +|DDul2,
= Glfq (Dm (83p — Xgp)D"'u+ DpuD"™ (85, — Xflp)) + alquépM”Z”m
+|DDu|?,+|DDul?,. (2-8)
Using the differentiated equation, we obtain

ol |Dul?, > 2Re(Du, D) — C(1+ F) +|DDul2,, +|DDul2,,

> 2Re(Z(DpouDﬁu + DpuDﬁDmu)x//Um) —C(1+ F)+|DDu|?, +|DDul*,.

p.m

To simplify the expression, we introduce the notation

(D|Dul?, Dyypr) =Y (D DpuDur, + DpuDy DPu ). (2-9)
m
‘We obtain
o/¥|Dul}, = 2Re(D|Du|*, Dyy) — C(1 + F) + |DDul}, + |DDulZ,,. (2-10)

We also compute

—o,fqqu:akpé(xqp—gqp)zsf—kw. (2-11)
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3. The C? estimate

In this section, we give the proof of the estimate stated in the theorem. When k£ = 1, (1-2) becomes
Apu+Try, x(z,u) =ny(z, Du, u), (3-1)

where A, and Tr, are the Laplacian and trace with respect to the background metric w. It follows that
A u is bounded, and the desired estimate follows in turn from the positivity of the metric g. Henceforth,
we assume that k£ > 2. Motivated by the idea from [Guan et al. 2015] for real Hessian equations, we apply
the maximum principle to the test function

G =log P,y + mN|Du|* —mMu, (3-2)

where P, =) j )J]’?. Here, m, M and N are large positive constants to be determined later. We may
assume that the maximum of G is achieved at some point z € X. After rotating the coordinates, we may
assume that the matrix g7; = x7; +uj; is diagonal.

Recall that if F(A) = f(A1, ..., A,) is a symmetric function of the eigenvalues of a Hermitian matrix
A = (aj;), then at a diagonal matrix A with distinct eigenvalues, we have

Fil — 8ij fi, (3-3)
Fi_]_,r§ o B fp_fq 2 3 4
wijkwrgk—Zﬁjwﬁkwjj-k—I—Z)L Y lwpgrl”, (3-4)
p#tq P T4
where
2
Fil — oF i _ 0°F
aa]‘,‘ ’ aaﬁaa;r ’

and w; 7« is an arbitrary tensor; see [Ball 1984]. Using these identities to differentiate G, we first obtain
the critical equation

m

+mND|Du|> —mMDu = 0. (3-5)

m

Differentiating G a second time and contracting with a,f 9 yields

m 5 DP, |2 5 .
0= P_(Z)‘Tl(’k[)prDﬁé’jO - PZZ'G +mNol’|Dul}, —mMol up,
m . m

_ o yml
m —
+ o ((m—1)§ W2l IDygri P oty L x-xj- |ngj—,-|2). (3-6)
" j i#] L

Here, we use the notation |n|§ = okp 9 npng. Substituting (2-6), (2-10) and (2-11), we obtain
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1 m—1 2 Dul?
OZE(_ ;,\j (1+|DDul* 4+ |DDu|* + (1 + A1) F)

1
t5 <§ AT (- pq”ngqujgsr-i-E ergjjz-l-g 1!/@8,-,-@))
m .

J

—1 m—l

+—<(m—1>Zx’" 2ol?|Dpgii P +ol” Z |ng,,|)

|DPyl;
-

m

N(D|Du|*, Dy/) + N(Dyyr, D|Du|?) + (Me — CN)F — kM. (3-7)

+ N(|DDul?, +|DDul?,)

From the critical equation (3-5), we have

1 _ 1/DP,
P Z)‘T Yejev, = —< =, Dﬁl/f> = —N(D|Du|*, Dy} + M(Du, D).
m m\ Py

It follows that

1 _ 2 2
P—mZ(wwg,—jz+wa£g,-,~g>+N<D|Du| . Dyyr) + N(Dyyp, D|Dul?)
j.l
= M((Du, Dyy) + (D, Du)) = —CM.

Using (3-4), one can obtain the well-known identity

_kaq ”ngt}ijgsr =0 prad D;igjpDigaq +0{" " 1D;jgpq I, (3-8)
where
0
oPPad — 9 0
% T, a,\ ok(%)-

We assume that A; >> 1, otherwise the C? estimate is complete. The main inequality (3-7) becomes

—C _ 1 ) o
02 ——=(+DDul’ +|DDul’) + - (Z”T (=" D;g5pDjsaq +sz’p’qq|Dj8ﬁq|2)>
m N
J

1 - B )mel
+P—<(m—1)zx}z 2677\D g2 + 07 Z -y |ngjl|>
" j
_|DPy |2 =
+N(IDDu|%, +|DDul?,) +(Me —CN — C)F — CM. (3-9)

m
The main objective is to show that the third-order terms on the right-hand side of (3-9) are nonnegative.
To deal with this issue, we need a lemma from [Guan et al. 2015]; see also [Guan et al. 2012; Li et al.
2016].
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Lemma 1 [Guan et al. 2015]. Suppose 1 <€ <k <n, and let a = 1/(k —{). Let W = (wg),) be a
Hermitian tensor in the Uy cone. Then for any 6 > 0,

“) | Dio (W)

—okpﬁ’qq(W)wﬁpiwg,q; + (1 —a+ 7 o (W)

> oL (W)(a + 1 —aty| 212tV T 2 (WGP (Wywspwzgr. (3-10)
- o (W) of
Here the I'; cone is defined as
= eR" [0,(0)>0, m=1,..., k. G-11)

We say a Hermitian matrix W € [’y if A(W) € I'.
It follows from the above lemma that, by taking £ = 1, we have

for K > (1 —a +a/0)(infy)~'if 2 <k <n.

We denote
r_n—l o
A = o (KIDiovl” = 0" Digj, Digy).
m
1 —_— (m — l)ai’_ _
B; = p_(za{’””‘k’ﬁ 1|Di813p|2>’ Ci= P—k<ZX’g leigﬁp|2)’
1 _m—l1 —)Ll'.”*l maojl - ?
i~ g (Dt 5, S0l ). B~ D s
m . p M m
P# P
Define T3, = Djxjpq — Dy xjj. For any 0 < 7 < 1, we can estimate
1 _ T 1 _ p,il
7y (S 1Dl ) 2 (5o s + Tl
Pm p Pm p
1 m—1_pp.i 2 2
> P_m(Z,\;; o " (1= 0IDigppl” — CelTppil*)

p
C - o
=(1-1)) B - P—f D A2 (apo ) Topil .
i m o p
Now we use o;(A|i) and o;(A]ij) to denote the /-th elementary functions of
M) =ty his e A) €R™E and Mif) = Gty ovv s by e oy Aoy ) €RPTZ,
respectively. The following simple identities are used frequently:

Ulii:Gk,I()\.li) and o,f’ﬁ’”_zak,z(Mpi).
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Using the identity 07(A) = 0;(A|p) + A,0;-1(A|p) for any 1 < p < n, we obtain

1
F(Xyml“”mﬂm>>a—w2ﬁ%~—2ym%o—@4mmmnm2
™ p P
>(1—I)ZB .7-'>(1—f)ZB - F. (3-13)

We use the notation C; for a constant depending on 7. To get the last inequality above, we assume that
A% > C;; otherwise, we already have the desired estimate A; < C. Similarly, we may estimate

)\‘m 1 1 ~ )"l )\'m 1
” Z _ |ngpl| _O'kppi|Dtgpp+Tppt|
)\. )\. Pm . )"l )\'p
i#p PF
m—1 _ ym—1
?%ﬁZL—JL«Fowm| Ce|Tppil?)
Pu o di—hy
C
>> (1—1)D; — A—;]-‘z > d-1)D; - F. (3-14)
i 1 i

With the introduced notation in place, the main inequality becomes
—C(K) 2 = |DPul;
1+ |DD DD — z
A (1+1DDuf+| Ml) f mP?

+ Z(Ai +(1-1)Bi+Ci+(1—1)D; — (1 - 1) E;)

i

+N(1DDul%, +|DDul%,) +(Me — CN —C)F —CM. (3-15)
Using the critical equation (3-5), we have

DP,|?
% =tm|ND|Du|* — MDu|§ < 2rm(N2|D|Du|2|i + M?|Dul?)

m
< CtmN*(|DDul%, +|DDul%,) + CtmM*F. (3-16)
We thus have

—C(K)

1

0> (1 +|DDul* +|DDul*) + (N — CtmN*)(|DDul>,, + |DDul2,)

+> (Ai+(1-DBi+Ci+(1—-1)Di — (1 - 1DE;)

+(Me—CtmM*—=CN —C)F—CM. (3-17)

3.1. Estimating the third-order terms. In this subsection, we will adapt the argument in [Li et al. 2016]
to estimate the third-order terms.
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Lemma 2. For sufficiently large m, the following estimates hold:

PY(Bi+Ci+ Dy —Ep) = P2 olPIDigppl” — 70l A7 2 Digyy 1%, (3-18)
p#1
and for any fixed i # 1,
PL(B;+Ci+D; — E;) > 0. (3-19)
Proof. Fixi € {1,2,...,n}. First, we compute
o ~ )\‘m—l _ m—l
Pu(Bi+ D) =Y ol" Ay DigpplP + ) 0" ————IDigs |’
p#i p#i P
m—3
- pii p p -2-
= S 2ol D Digy ) + (ol X Digi ).
p#i p#i q=0

Note that
Apo,fp’ll +okpp > ol

To see this, we write
Apo P 40P = hpor_a (M pi) + or—1 (X p)

= 01 (A1) —or—1(Alip) + o1 (A p)
= 01_1(Mi) + Aok (A|ip) > o1 (A]i) =o',

where we used the standard identity o; (1) = o7(A|p) + A,0,-1(A|p) twice, to get the second and third
equalities. Therefore

m—3
. _ p —2—
Py (B; + D;) zo,y(E A 2|D,-g,3p|2>+<§ ol” > A ’1|D,»g1;p|2>. (3-20)
p#i p#i q=0

It follows that

Py (Bi + Ci + Di) = mo{" > " 12| Digpp|* + (m — Doy A" 2| Dy guil*
p#i

m—3
+ 30" Y h T DM (32D)
p#i q=0

Expanding out the definition of E;,

PrE; =mo Y 12" 2| Digppl* +moj A" Y| Dignil* +mol Y > A= D,g5,Diggq. (3-22)
pi P q#p
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Therefore,

2
P, (Bi+C; + D; — E;)

> (mok Z(P — AN 2|Digjpl* —moyf Z Z Ay lk’" 'Digsp lgqq)
p#i PFLGF Dy

2— —1ym—
+Pu Y of Z,\ T Digppl® —2mof Re > AT AT Dygri Digg
p#i q=0 q#i
+ ((m — 1) Py —mAMa A" 2| Digni|*. (3-23)

We now estimate the expression on the second line above. First,
mof! Y B = 1y D= mefl 3 Y 4 D el Dl
pF#l p#i q#p.i pEi
Next, we can estimate

iT —1ym—1 iT 1 -2 2 -2 2
—mogt Y Y Ay AT Digap Digag = —moi Y | Y S (M I Digpl” + Ay a2 IDigg )
PF#i q#p,i PF#i qFp,i

=—mol Y Y A" Digsyl. (3-24)
PF#L qFDp,i

We arrive at
P2(B; +C; + D; — E))
m—3
i - p —2-
>mol" Y A Digppl + Pu Y ol" Y 1A T Digppl?
p#i p#l q=0

—2ma]’ Re(km 'D;gri Zk;n_lD;gqq> + ((m — 1) Py —mAM o A" 2| Digii . (3-25)
qF#i

The next step is to extract good terms from the second summation on the first line. We fix p #i.

Case 1: A; > A,,. Then a,f P >o . Hence

m—3 m—3
Pua [P Y 0T = AT A, 1AM = (m = 3)o A A, (3-26)
g=1 g=1

Case 2: A; < A,. Then Apak = )»i(f,i’_ + (ox (AlT) — or (X p)) = riolt, and we obtain

m—3 m—3
Puof? D 0T T 2 3T N 3, AT T > = 3o A2 (3-27)
qg=1 g=1
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Combining both cases, we have

m—3 m—3
pp m—2—q 2 PP m—2—q 2 PP ym—2 2
Pyo; E )\pq)‘vi |Digppl” = Pnoy, E )\pq)‘vi IDigppl” + Pmoy " A “|Digppl
q=0 g=1

> (m—3)oi ANy 2 IDigjpl + Puof A Digpl.
Substituting this estimate into inequality (3-25), we obtain
Py (Bi+Ci + D; — Ey)

= m =30y’ Y a2 IDigpl’ —2moy! Re (A?”Di gi ) My Digﬁp)

p#i p#i
+ Puh' 2y 0l IDigpp A+ ((m — 1) Py —mA Yo A 7| Dignil*. (3-28)
p#i
Choose m > 1 such that
m? < (2m —3)(m —2). (3-29)

We can therefore estimate

2mo)’ Re (AT‘I Digri x’;;—ll),—g,;p)

p#i
n 2 — -2)/2
<20{" Y ((2m =3)" 220D Dy g, ) (0m = 212 200 Dy gii)
p#i
< @m—3)of" Y MM Digppl’ + (m—2)0)" Y AN Dygril. (3-30)
p#i p#i

We finally arrive at
P2(Bi+Ci+Di— Ei) = PuA" 2 Y 00" IDigpp|> + ((m — 1) Py — maf)oi 72| Digii |
p#i

—(m =20} Y A Drgnl’. (3-31)
p#i

If we let i = 1, we obtain inequality (3-18). For any fixed i # 1, this inequality yields

Pr(Bi+Ci+D; — E;) = Pyl 2 ) " olP|Digppl” + ((m — DAY — A7)0 A | Dy gni

p#i
+m—1) Y Aol N Digal — (m— 2o Y AN Digail®
p#Li p#i
= Pud 2 ) of"IDigppl* 2 0.
p#i

This completes the proof of Lemma 2. U
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We observed in (3-12) that A; > 0. Lemma 2 implies that for any i # 1,
Ai+Bi+Ci+D;—E; >0.

Thus we have shown that for i % 1, the third-order terms in the main inequality (3-17) are indeed
nonnegative. The only remaining case is when i = 1. By adapting once again the techniques from [Guan
et al. 2015], we obtain the following lemma.

Lemma 3. Let 1 <k <n. Suppose there exists 0 < <1 such that », > A for some pe{l1,2,..., k—1}.
There exists a small 8’ > 0 such that if ;41 < &'y, then

Ai+Bi+Ci+D,—E =0.
Proof. By Lemma 2, we have

P2(A1+ B+ Ci+ Dy —E\) = PLA + Pyd 2 ol7IDigpy? — Aol A1 2 Digpy 2. (3-32)
p#l

The key insight in [Guan et al. 2015], used also in [Li et al. 2016], is to extract a good term involving
D187, |2 from A;. By the inequality in Lemma 1 (with 6 = 1/2), we have for u < k

2

Z"/fﬁDlgﬁp

m—1
p2a, >ttt ok ((1 +2)
p

ml = 2
o 2

_ rp,qq - D-o-
oudy, Dlgplet%C/)

P o o _ o - -
= %(Z(] + §)|O’/pr1g1;p|2 + Z EaplzlegﬁPa;Zqugéq
w 14 p#q

+ Z(G{Zﬁal‘{‘; - Gualfﬁ’q’;)Dlg[;pDigqq>

P#q
PuA" Loy _
> %(Z 02" Digppl* = |FPqDlgppD1gqq|), (3-33)
H p P#q

where we defined FP9 = a,f’_’agq — auo,fﬁ’qé. Notice that if u = 1, then FP? = 1. If u > 2, then the

Newton—Maclaurin inequality implies
FP =o}_ | (Apg) —0,(1pq)oyu—2(rIpg) = 0. (3-34)
We split the sum involving F'7? in the following way:

> IFPiDigspDiggel = Y FP|Digppl|D1gel + Y FPIDi1gpplIDiggyl, (3-35)

P#q P#q (p.q)eJ
P.q=<u



A SECOND ORDER ESTIMATE FOR GENERAL COMPLEX HESSIAN EQUATIONS 1705

where J is the set of indices where at least one of p # g is strictly greater than . The summation of
terms in J can be estimated by

— Y FMIDigpplIDigagl = — > o0l Digpyl1Dig,l

(p.g)el (p.q)eJ
D 2 p 2
>—e Y |07 Digpp|* = C Y |07 Digpyl*. (3-36)
DP=M P>

If u =1, the first term on the right-hand side of (3-35) vanishes and this estimate applies to all terms
on the right hand side of (3-35).
If © > 2, we have for p,q < u,

SREEY) o
LRl o o0 Skl (3-37)

Ry <C
ou—1(Alpg) < oy S y

Using (3-34) and (3-37), for 6’ small enough we can control

— Y FPDigjplIDiggql = — > 0f (A pq@)IDigjpl1Digaql

P#q P#q
P.g=p Pa=i
) qé
z —Chu Z |Dlgpp| |D18qq|
p#q
P4=p
A2
At 5 2
>—-C Z A—2|U,prlgﬁp|
p=p P
82 o 2 PP 2
>=C ) o Digppl = —€ Y lof" Digspl* (3-38)
p=i pP=i
Combining all cases, we have
— > IFP1D1g5,Diggel = —2¢ Y |0fPDigpl> —C Y |0/ Digpyl*. (3-39)
P#q P=p p>u
Using this inequality in (3-33) yields
P, )\,milo’k - _
PA; > ((1 —26)) |0/’ Digspl*—C Y |onglg,ap|2)
P=p P>
> (1 —2e>;—|o“D1g11| - ’"— > 1ok Digppl. (3-40)
Iz M P>
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‘We estimate

P oy PoaA" 20y [ hyo T2
(1-26)"L— o} Dygyy | = (1 - 26) ( ! ) |Digq,I?
GM )\1 6#

2
m—2 Ok Apti
> (1= 2€) Py Zk—l<1—c ;T ) |Di gy, |I?

> (1= 2e)(1 — C8)2 P2 261 |Dy g7, 12

> (1 —26)(1 = C8)*(1+8™22" 261 Dy g7, 2.

For 8’ and € small enough, we obtain

-1
- P, o, -
2 m _11,m—2 2 mh k 2
PrAr = 3o Digy | = C——5— > 1ol Digppl.

123 p>n

We see that the | D1 gj,|? term cancels from the inequality (3-32) and we are left with

2 m—2 pp )Llak(azfﬁ)z 2
P, (A1 + B +Ci+ Dy — Ey) > PyA] Z o —CT [D1gppl”

P> 123

For 8’ small enough, the above expression is nonnegative. Indeed, for any p > u, we have

5 1 5 (0,)°
(Ao fP)* < a—zwo;zp)z =C—5-
Therefore,
Mog(afh?)? - C ox
O’& o 82 )\1 ’
On the other hand, we notice that if p > k, then
b Ok _ Cn Ok
PP > ap My > op— > — £,
k Z N kl_n)\‘k_é\/)“1
If w < p <k, then
P s M Ok Cn Ok
Ap Ap = 8 A
It follows that for 8’ small enough we have
5 hop(of?)?
alfp z2C——5—
g

This completes the proof of Lemma 3.

(3-41)

(3-42)

(3-43)

(3-44)

(3-45)

(3-46)
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3.2. Completing the proof. With Lemma 2 and Lemma 3 at our disposal, we claim that we may assume
in inequality (3-17) that

Ai+B;+C;+D;,—E; >0, Vi=1,...,n. (3-47)

Indeed, first set §1 = 1. If A, < 8,4 for §> > O small enough, then by Lemma 3 we see that (3-47)
holds. Otherwise, Ay > drA1. If A3 < §3A1 for §3 > 0 small enough, then by Lemma 3 we see that (3-47)
holds. Otherwise, A3 > 63A;. Proceeding iteratively, we may arrive at A; > §; 1. But in this case, the C?
estimate follows directly from the equation as

C>op =AM = (8 (3-48)
Therefore we may assume (3-47), and inequality (3-17) becomes

—C(K)
1

0=

(1 +|DDul* +|DDul*) + (N — CtmN*)(|DDul%,, + |DDul2,)
+ (Mg —CtmM?>—CN —C)F—CM. (3-49)

. i i_ko 1 . .
Since o}’ > o/l > =75 > — for fixed i, we can estimate
n )»1 C)»l

ow —

\DDul®. +|DDul’. > ——(DDul® + |DDu) > ——|DDuP + 21 (3-50)
ow Ch —CM Cc’
This leads to

0> (% — CtmN? —C(K))M 41 (

= N _cemn?— C(K))(l +1DDup)
1

C
+ (Mg — CtmM?* —CN — C)F — CM.
By choosing 7 small, for example t = 1/(NM), we have

N Cm 1 /N Cm )
0> (E - 7z\f—C(K)>A1+)\—1(5 - 7N—C(K))(1+ |DDul?)

+(Me—-StM—cN-C)F-cMm.
Taking N and M large enough, we can ensure that the coefficients of the first three terms are positive.
For example, if we let M = N2 for N large, then
N Cm N Cm

f_WN_C(K):E_T_C(K) >0,
Ms—CTmM—CN—CzNZs—CmN—CN—C>O.
Thus, an upper bound of A; follows. ]
Remark 2. In the above estimate, we assume that A = (Aq, ..., A,) € I';;. Indeed, our estimate still works

with A € I'g41. It was observed in [Li et al. 2016, Lemma 7] that if A € Iy 1, then A1 > --- > X, > —K)
for some positive constant K. Thus, we can replace A by A = A + Ko/ in our test function G in (3-2).
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PARABOLIC WEIGHTED NORM INEQUALITIES
AND PARTIAL DIFFERENTIAL EQUATIONS

JUHA KINNUNEN AND OLLI SAARI

We introduce a class of weights related to the regularity theory of nonlinear parabolic partial differential
equations. In particular, we investigate connections of the parabolic Muckenhoupt weights to the parabolic
BMO. The parabolic Muckenhoupt weights need not be doubling and they may grow arbitrarily fast in
the time variable. Our main result characterizes them through weak- and strong-type weighted norm
inequalities for forward-in-time maximal operators. In addition, we prove a Jones-type factorization result
for the parabolic Muckenhoupt weights and a Coifman—Rochberg-type characterization of the parabolic
BMO through maximal functions. Connections and applications to the doubly nonlinear parabolic PDE
are also discussed.

1. Introduction

Muckenhoupt’s seminal result characterizes weighted norm inequalities for the Hardy-Littlewood maximal
operator through the so-called A, condition

p—1
sup][ w(][ w1p> <00, l<p<oo.
0 Jo Q

1
loc

weights exhibit many properties that are powerful in applications, such as reverse Holder inequalities, a

Here the supremum is taken over all cubes Q C R”, and w € L, .(R") is a nonnegative weight. These
factorization property, and characterizability through BMO, where BMO refers to the set of functions of
bounded mean oscillation. Moreover, the Muckenhoupt weights play a significant role in the theory of
Calder6n—Zygmund singular integral operators; see [Garcia-Cuerva and Rubio de Francia 1985].
Another important aspect of the Muckenhoupt weights and BMO is that they also arise in the regularity
theory of nonlinear PDEs. More precisely, the logarithm of a nonnegative solution to any PDE of the type

div(|VulP72Vu) =0, 1< p < oo,

belongs to BMO and the solution itself is a Muckenhoupt weight. This was the crucial observation in
[Moser 1961], where he proved the celebrated Harnack inequality for nonnegative solutions of such
equations.

The research is supported by the Academy of Finland and the Viiséld Foundation.
MSC2010: 42B25,42B37, 35K55.
Keywords: parabolic BMO, weighted norm inequalities, parabolic PDE, doubly nonlinear equations, one-sided weight.
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Even though the theory of the Muckenhoupt weights is well established by now, many questions related
to higher-dimensional versions of the one-sided Muckenhoupt condition

1 [ 1 x+h ) p—1
sup —/ w(—f wl_”) <0
xeR,h>0 h x—h h X

remain open. This condition was introduced by Sawyer [1986] in connection with ergodic theory. Since
then these weights and the one-sided maximal functions have been a subject of intense research; see
[Aimar and Crescimbeni 1998; Aimar et al. 1997; Cruz-Uribe et al. 1995; Martin-Reyes 1993; Martin-
Reyes et al. 1990; 1993; Martin-Reyes and de la Torre 1993; 1994; Sawyer 1986]. In comparison with
the classical A, weights, the one-sided A; weights can be quite general. For example, they may grow
exponentially, since any increasing function belongs to AI‘:. It is remarkable that this class of weights still
allows for weighted norm inequalities for some special classes of singular integral operators (see [Aimar
et al. 1997]), but the methods are limited to the dimension one.

The first extensions to the higher dimensions of the one-sided weights are by Ombrosi [2005]. The
subsequent research in [Berkovits 2011; Forzani et al. 2011; Lerner and Ombrosi 2010] contains many
significant advances, but even in the plane many of the most important questions, such as getting the full
characterization of the strong-type weighted norm inequalities for the corresponding maximal functions,
have not received satisfactory answers yet.

In this paper, we propose a new approach which enables us to solve many of the previously unreachable
problems. In contrast with the earlier attempts, our point of view is related to Moser’s work [1964; 1967]
on the parabolic Harnack inequality. More precisely, in the regularity theory for the doubly nonlinear
parabolic PDEs of the type

d(JulP~2u)
at
(see [Gianazza and Vespri 2006; Kinnunen and Kuusi 2007; Kuusi et al. 2012; Trudinger 1968; Vespri
1992]), there is a condition (Definition 3.2) that plays a role identical to that of the classical Muckenhoupt
condition in the corresponding elliptic theory. Starting from the parabolic Muckenhoupt condition

g—1
sup][ w<][ wl_q> <00, l<g<oo, (1-2)
R JR- R+

where R* are space-time rectangles with a time lag, we create a theory of parabolic weights. Here we

—div(|Vul|P2Vu) =0, 1<p<oo (1-1)

use ¢ to distinguish from p in the doubly nonlinear equation. Indeed, they are not related to each other.

The time variable scales as the modulus of the space variable raised to the power p in the geometry
natural for (1-1). Consequently, the Euclidean balls and cubes have to be replaced by parabolic rectangles
respecting this scaling in all estimates. In order to generalize the one-sided theory of weighted norm
inequalities, it would be sufficient to work with the case p = 2. However, in view of the connections
to nonlinear PDEs (see [Saari 2016; Kinnunen and Saari 2016]), we have decided to develop a general
theory for 1 < p < co. As far as we know, the results in this work are new even for the heat equation with
p = 2. There are no previous studies about weighted norm inequalities with the same optimal relation to
solutions of parabolic partial differential equations.
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Observe that the theory of parabolic weights contains the classical A, theory as a special case. However,
the difference between elliptic and parabolic weights is not only a question of switching from cubes to
parabolic rectangles. There is an extra challenge in the regularity theory of (1-1) because of the time lag
appearing in the estimates. A similar phenomenon also occurs in the harmonic analysis with one-sided
weights, and it has been the main obstacle in the previous approaches [Berkovits 2011; Forzani et al.
2011; Lerner and Ombrosi 2010; Ombrosi 2005]. Except for the one-dimensional case, an extra time
lag appears in the arguments. Roughly speaking, a parabolic Muckenhoupt condition without a time lag
implies boundedness of maximal operators with a time lag. In our approach, both the maximal operator
and the Muckenhoupt condition have a time lag. This allows us to prove the necessity and sufficiency of
the parabolic Muckenhoupt condition for both weak- and strong-type weighted norm inequalities of the
corresponding maximal function. Our main technical tools are covering arguments related to the work
of Ombrosi [2005] and Forzani et al. [2011]; parabolic chaining arguments from [Saari 2016], and a
Calderén—Zygmund argument based on a slicing technique.

Starting from the parabolic Muckenhoupt condition (1-2), we build a complete parabolic theory of
one-sided weighted norm inequalities and BMO in the multidimensional case. Our main results are a
reverse Holder inequality (Theorem 5.2), strong-type characterizations for weighted norm inequalities for a
parabolic forward-in-time maximal function (Theorem 5.4), a Jones-type factorization result for parabolic
Muckenhoupt weights (Theorem 6.3) and a Coifman—Rochberg-type characterization of parabolic BMO
through maximal functions (Theorem 7.5). In Section 8, we explain in detail the connection between
parabolic Muckenhoupt weights and the doubly nonlinear equation. We refer to [Aimar 1988; Fabes and
Garofalo 1985; Kinnunen and Kuusi 2007; Moser 1964; 1967; Saari 2016; Trudinger 1968] for more on
parabolic BMO and its applications to PDEs.

2. Notation

Throughout the paper, the n first coordinates of R"*! will be called spatial and the last one temporal.
The temporal translations will be important in what follows. Given a set E C R"*! and € R, we define

E+t:={e+(0,...,0,1):ecE}.

The exponent p, with 1 < p < oo, related to the doubly nonlinear equation (1-1) will be fixed throughout
the paper.

Constants C without subscript will be generic and the dependencies will be clear from the context.
We also write K < 1 for K < C with C as above. The dependencies can occasionally be indicated by
subscripts or parentheses, such as K = K (n, p) S, p 1.

A weight will always mean a real-valued positive locally integrable function on R**!. Any such
function w defines a measure absolutely continuous with respect to Lebesgue measure, and for any
measurable £ C R"T!, we define

w(E) = / w.
E
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We often omit mentioning that a set is assumed to be measurable. They are always assumed to be. For a
locally integrable function f, the integral average is denoted as

|—;|/Ef=][Ef=fE.

The positive part of a function fis (f)* =(f)L = 1{r>0y f and the negative part (f)~ =(f)-=—1r<0) f.

3. Parabolic Muckenhoupt weights

Before the definition of the parabolic Muckenhoupt weights, we introduce the parabolic space-time
rectangles in the natural geometry for the doubly nonlinear equation.

Definition 3.1. Let Q(x,/) C R" be a cube with center x and side length / and sides parallel to the
coordinate axes. Let p > 1 and y € [0, 1). We define

Rx,t,) =Q(x,l) x t =17, t+17)
and
RT(y) =0, ) x (t+yIP, t +1P).
The set R(x,t,[) is called a (x, t)-centered parabolic rectangle with side /. We define R~ (y) as the
reflection of R (y) with respect to R" x {t}. The shorthand R* will be used for R*(0).
Now we are ready for the definition of the parabolic Muckenhoupt classes. Observe that there is a time
lag in the definition for y > 0.
Definition 3.2. Let g > 1 and y € [0, 1). A weight w > 0 belongs to the parabolic Muckenhoupt class

A7 (y), if
/qi1
sup(][ w)(f wl—q> =t (w4, < 00. (3-1)
R \JR™(y) R*(y)

If the condition above is satisfied with the direction of the time axis reversed, we say w € A, (y). If y is
clear from the context or unimportant, it will be omitted in the notation.

The case A;“(y) occurs in the regularity theory of parabolic equations; see [Moser 1964; Trudinger
1968]. Before investigating the properties of parabolic weights, we briefly discuss how they differ from
the ones already present in the literature. The weights of [Forzani et al. 2011; Lerner and Ombrosi
2010] were defined on the plane, and the sets R*(y) in Definition 3.2 were replaced by two squares
that share exactly one corner point. The definition used in [Berkovits 2011] is precisely the same as our
Definition 3.2 with p =1 and y =0.

An elementary but useful property of the parabolic Muckenhoupt weights is that they can effectively
be approximated by bounded weights.

Proposition 3.3. Assume u, v € A} (y). Then f = min{u, v} € Af (y) and
[ 1ap S lulag +[v]a;-

The corresponding result holds for max{u, v} as well.
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Proof. A direct computation gives

/q_l
(f ), )
R=(y) RT(y)
1 o\ 1 o\
(£, ) (0 =)
(J[R‘()/) IRT (W] Jr+()niusv) R-(y) IR Jr+()nfu=w)
1 A 1 A
<(f.,1)(w ) f ) G )
R-(») [RT W Jr+()nfusv) R-(y) [RT (V) J R+ ()nfu<v)

=< [U]A;‘i‘[U]A;n

The result for max{u, v} is proved in a similar manner. (I

Properties of parabolic Muckenhoupt weights. The special role of the time variable makes the parabolic
Muckenhoupt weights quite different from the classical ones. For example, the doubling property does
not hold, but it can be replaced by a weaker forward-in-time comparison condition. The next proposition
is a collection of useful facts about the parabolic Muckenhoupt condition, the most important of which is
the property that the value of y € [0, 1) does not play as big a role as one might guess. This is crucial in
our arguments. The same phenomenon occurs later in connection with the parabolic BMO.

Proposition 3.4. Let y € [0, 1). Then the following properties hold true:
() If 1 <q <r <oo,then Af(y) C Af(y).
(ii) Leto = w'™9. Then o is in Aq_,(y) ifand only if w € Aj(y).

(i) Letw € Af(y), 0 = w'=% andt > 0. Then

][ wa,][ w and ][ J§C,][ o.
R=(y) t+R~(y) RT(y) —t+R+(y)

(iv) If w € A (y), then we may replace R~ (y) by R™(y) —a and R*(y) by R*(y)+b for any a,b >0
in the definition of the parabolic Muckenhoupt class. The new condition is satisfied with a different
constant [w] Al

(V) If 1>y' >y, then Al (y) C AL (y)).
(vi) Let w € Af(y). Then

R™ q
w(R (y)) < C(%) w(S)

forevery S C RT(y).
(vii) If w € Af (y) with some y € [0, 1), then w € AF(y") for all y" € (0, 1).

Proof. First we observe that (i) follows from Holder’s inequality and (ii) is obvious. For the case
t+ R~ (y) = R*(y) the claim (iii) follows from Jensen’s inequality. For a general ¢, the result follows
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from subdividing the rectangles R*(y) into smaller and possibly overlapping subrectangles and applying
the result to them. The property (iv) follows directly from (iii), as does (v) from (iv).
For (vi), take S C R*(y) and let f = 15. Apply the A:Ir(y) condition to see that

NERY _ -
( )w(R () = (fre@))?w(R™(¥))

R ()] ,
) q/q
< (][ qu)(][ wl—q) w(R™ ()
Rt(y) R*(y)

< Cw(S).

For the last property (vii), take R = Q(x,[l) x (¢t —1”,t +17). Let y € (0, 1) and suppose w € A;r(y).
We will prove that the condition A,}L(le) is satisfied. We subdivide Q into 2"% dyadic subcubes
{Q,-}l.zikl. This gives dimensions for the lower halves of parabolic rectangles R; (y). For a given Q;,
we stack a minimal amount of the rectangles R; (y) so that they almost pairwise disjointly cover
Q; x (t —17,t—2"1y1P). The number of R (y) needed to cover Q x (t =17, ¢ —2~1y1P) is bounded by

we, A=22007 peny 2=7
27k (1 — y)IP 2(1—y)
Corresponding to each Q;, there is a sequence of at most 2 — 1 vectors d; =27%"!/e; with e; € {0, 1}"
such that

Qi+Y dj=270.
j

Next we show how every rectangle R;(y) can be transported to the same spatially central position 27X Q
without losing too much information about their measures. By (vi) we have
IR, (¥)I

q
w(R; (y)) < C(T) w(S)

for any S C Rl.+ (y). We choose S such that its projection onto space variables is (Q; +d;) N Q;, and its
projection onto time variables has full length (1 — y)(2_kl )?. Then

w(R; (y)) < Cow(S) < Cow(R! ™ (¥)),

where Rilf(y) D Sis Q; +d; spatially and coincides with S as a temporal projection. The constant Cy
depends on n and g.

Next we repeat the argument to obtain a similar estimate for Ri] ~(y) in the place of R; (y). We obtain
a new rectangle on the right-hand side, on which we repeat the argument again. With k iterations, we
reach the inequality

w(R (1)) < C2'w(R (),

where R~ (y) is the parabolic box whose projection onto the coordinates corresponding to the space
variables is 2% Q. The infimum of time coordinates of points in R (y) equals

inf{r: (x,1) € R7}+ 2K = D1 +y)2 7).
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As p > 1, the second term in this sum can be made arbitrarily small. In particular, for a large enough &,
we have
Q = DU+ NP <2278 P70 < yl”,
In this fashion, we may choose a suitable finite k and divide the sets R¥(27'y) into N Sy 2"kP parts
Rl.i(y). They satisfy
- k_ -
w(RT () < C5 ~ w(RI™ (7))
and
k_
o (R () = Cy o (RIT(r)),
where all starred rectangles have their projections onto space variables centered at 27% Q; they have equal
side length 27%P1P, and
VP <dRI™ (), R (y)) <207
for all 7, j. All this can be done by a choice of k which is uniform for all rectangles.
It follows that

q—1 q—1
G W) = 20 )
R-Q271y) R+ 1y) e RY ()

L]

[‘ [' q 1

i,j

A
M=

.Z/\
M=

C = C(n, P, k’ V.4, [w]A;(y))’

Il
—

A
.MZ

»J

where in the last inequality we used (iv). Since the estimate is uniform in R, the claim follows. (I

4. Parabolic maximal operators

In this section, we will study parabolic forward-in-time maximal operators, which are closely related to the
one-sided maximal operators studied in [Berkovits 2011; Forzani et al. 2011; Lerner and Ombrosi 2010].
The class of weights in [Forzani et al. 2011], originally introduced by Ombrosi [2005], characterizes
the weak-type inequality for the corresponding maximal operator, but the question about the strong-type
inequality remains open. On the other hand, Lerner and Ombrosi [2010] managed to show that the
same class of weights supports strong-type boundedness for another class of operators with a time lag.
For the boundedness of these operators, however, the condition on weights is not necessary. Later the
techniques developed by Berkovits [2011] showed that a weight condition without a time lag implies
boundedness of maximal operators with a time lag. That approach applied to all dimensions. In our case
both the maximal operator and the Muckenhoupt condition have a time lag. This approach, together with
scaling of parabolic rectangles, allows us to prove both the necessity and sufficiency of the parabolic
Muckenhoupt condition for weak- and strong-type weighted norm inequalities for the maximal function
to be defined next.
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Definition 4.1. Let y € [0, 1). For f € L! (R"*!) define the parabolic maximal function

loc

M7 f(x, 1) = sup][ .
R*(y)

R(x,t)
where the supremum is taken over all parabolic rectangles centered at (x, ¢). If y = 0, it will be omitted
in the notation. The operator M?~ is defined analogously.

The necessity of the A:]r condition can be proved in a similar manner to its analogue in the classical
Muckenhoupt theory, but already here the geometric flexibility of Definition 3.2 simplifies the statement.

Lemma 4.2. Let w be a weight such that the operator MY " : L9 (w) — L9°°(w) is bounded. Then
we A;“(y).

Proof. Take f > 0 and choose R such that fg+ > 0, where ST =Rt if y =0.If y > 0,
ST=R"(y)+ (1 —p)P +2Pyl?

will do. Redefine f = xg+ f. Take a positive A < C, fs+. With a suitably chosen C,,, we have
C
wR) <w(fxeR™:MTF>A) < — | flw.
A p+

The claim follows letting A — C,, f = C), (w + €)!=7" and € — 0, and concluding by argumentation
similar to Proposition 3.4. O

Covering lemmas. The converse claim requires a couple of special covering lemmas. It is not clear
whether the main covering lemma in [Forzani et al. 2011] extends to dimensions higher than two. However,
in our geometry the halves of parabolic rectangles are indexed along their spatial centers instead of corner
points, which was the case in [Forzani et al. 2011]. This fact will be crucial in the proof of Lemma 4.4,
and this enables us to obtain results in the multidimensional case as well.

Lemma 4.3. Let Ry be a parabolic rectangle, and let F be a countable collection of parabolic rectangles
with dyadic side lengths such that for each i € Z we have

> 1p- 5L
PeF
1(P)=2
Moreover, assume P~ 51 R~ for all distinct P, R € F. Then
> IPIS IRl
Peg
where G={P € F: PYNRJ # @, |P| <|Rol}.
Proof. Recall that RT = R*(0). We may write G C Go(Rp) UGy, where
Go(R)={P e F:PNIR™, |P| <|R|}
and
Gi={PeF:PCR{,|IP|<|Rol}.
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That is, the rectangles having their upper halves in Rar are either contained in it or they meet its boundary.
An estimate for Gy(R) with an arbitrary parabolic rectangle R instead of Ry will be needed, so we start
with it. Let P be a parabolic rectangle with the spatial side length /(P) =2~". If PN9R™ # @, then
P C A;, where A; can be realized as a collection of 2(n 4 1) rectangles corresponding to each face of R
such that

|Ai| S20(R)" - 27" - 2nl(R)PH" 1. 271,

Now choosing kg € Z such that 27k < [(R) <2 kotl e get, by the bounded overlap,

> |P|=i > |P|5i|Al-|5|R|.

PeGo(R) i=ko P€Gy(R) i=ko
1(P)y=27"
Once the rectangles meeting the boundary are clear, we proceed to G;. The side lengths of rectangles
in G are bounded from above. Hence there is at least one rectangle with the maximal side length. Let ¥4
be the collection of R € G with the maximal side length. We continue recursively. Once X; with

j=1,..., k have been chosen, take the rectangles R with the maximal side length among the rectangles
in G satisfying
R°n | pP=
pelJS_, 3;

Let them form the collection X ;. Define the limit collection to be
==
j

Each P € G is either in ¥ or P~ meets R~ with R € ¥ and [(P) < [(R). Otherwise P would have
been chosen to be an element of X. This implies

ZIRISZ(IRH > |P|).

ReG, ReGiNX PeG:P NR™#0
|P|<|R|

In the second sum, both P and R are in F, so P~ ¢_ R~ by assumption. Thus P NOR™ # &, and the sum
in the parentheses is controlled by a constant multiple of |R| (by applying the estimate we have for go(ﬁ),
where R is a parabolic rectangle with upper half R™). The rectangles in each ¥; have equal side length

YIRS YO IRI=)Y. > |R|<Z U r UR‘5|R0|. m

RegG, ReGNX J ReGIN%; ReX; ReG,

The hypotheses of the next lemma correspond to a covering obtained using the parabolic maximal
function, and the conclusion provides us with a covering that has bounded overlap. This fact is analogous
to the two-dimensional Lemma 3.1 in [Forzani et al. 2011].
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Lemma4.4. Let . > 0, f € L! (R""") be nonnegative, and A C R"*! be a set of finitely many points

loc

such that for each x € A there is a parabolic rectangle R, with dyadic side length satisfying

][ = (4-1)
RE ()

Then there is ' C A such that for each x € T there is F, C R} (y) with

() ACUser Ry,
(i) (/IR [, f R Aand 3 ep 1p S 1.

Proof. To simplify the notation, we identify the sets R” with their closures. Their side lengths are denoted
by [;. Let x; € A be a point with maximal temporal coordinate. Recursively, choose x;+; € A\ Ul;zl R_.
Define A = {x;};. This is a finite set. Take x € A with maximal /, and define I') = {x}. Let 'y = U{y},
where Ry ¢ Ry for all x € I'y and [, is maximal among the /, satisfying the criterion. By finiteness, the
process will stop and let I' be the final collection.

Given x, y € I" with [, =/, =:r and x # y, their Euclidean distance satisfies

lx — | Zmin{%r, r”}.

There is a dimensional constant o € (0, 1) such that R, NaR, = &, and, given z € R"*+1 there is a
dimensional constant 8 > 0 such that

L R:cRG BN

xel:zeR,

Thus
(Br)'@Br)" = R@ Br)|= Y leR=(ar)"Qar)’ Y 1)

xel:l=r, xel:l,=r
ZER,

and consequently

Y. Ik S 4-2)

xel:l,=r

Define
Go={yerl: R;(V)QR;F(V) # @, |Ry| <|R«l}.

By inequality (4-2), the assumptions of Lemma 4.3 are fulfilled. Hence

YIRS IRF ().

yEQx

By (4-1), we have
Z/ fsxDR;(yMSMR:(yns/ f.
yed, VR W) ye. REG)

Let the constant in this inequality be N.
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Define s := #G,. When s < 2N, we choose F, = R;r(y). If s > 2N, we define
E' = !z €R': Z Lpr () (@) Zi}-
yel:ly <l
Thus ), 1 EX (z) counts the points y € G, whose rectangles contain z. Hence
S N
Ely ; ; RE ) ; SRS ezg 7 ygg: *(y) Rm)

For the set Fy = R (y) \ E;y, we have

1
[r=[ s=[ r=5[ rzuriol
Fy R (y) E3y RE(y)

It remains to prove the bounded overlap of F,. Take z € ﬂf;l F,. Take x; so that /;; is maximal
among [, i =1,...,k. By (4-2) there are at most C,, rectangles with this maximal side length that
contain z. Moreover, their subsets Fy meet at most 2N upper halves of smaller rectangles so that
k <2NC,. ]

Weak-type inequalities. Now we can proceed to the proof of the weak-type inequality. The proof makes
use of a covering argument as in [Forzani et al. 2011] adjusted to the present setting.

Lemma4.5. Letg > 1, w € A;(y) and f € L1(w). There is a constant C = C(n, y, p, w, q) such that

w(le B MY f > 4)) < flflp

for every ). > 0.

Proof. We first assume f > 0 is bounded and compactly supported. Since

Mt f(x)=sup———
h>I()) R(x, by ¥)T JRGe )+

1
< sup . / f
iez R(x,21,272)F Jp(eoi 22yt
1
S
J=>=ie7,i>j R(x,2, Yt R(x,21,yN*

it suffices to consider rectangles with dyadic side lengths bounded from below provided that we use

smaller y, and the claim will follow from monotone convergence. The actual value of y is not important

because of Proposition 3.4. We may assume w is bounded from above and from below (see Proposition 3.3).
Moreover, it suffices to estimate w(E), where

={x eR" A <MV f <2a).
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Once this has been done, we may sum up the estimates to get

w® N MY F > ) = Z (RN < MYT f <21H12))

ZAP/UV 5 [

Let K C E be an arbitrary compact subset. Denote the lower bound for the side lengths of the parabolic
rectangles in the basis of the maximal operator by & < 1. For each x € K, there is dyadic /, > & such that

][ f=A.
R (x,L;,y)

Define R, := R(x, l,). Since f € L', we have

1
IRy (1) < X / F=CO I fllp) < oo.
Thus sup, g [x < 0o. Let a = minw. There is € > 0, uniform in x, such that
w((l+ R\ Ry) <at"™’ <w(Ry)

and w((1 +¢€)R;) < 2w(R;) hold for all x € K. By compactness, there is a finite collection of
balls B(x, &”¢/2) to cover K. Denote the set of centers by A, and apply Lemma 4.4 to extract the
subcollection I'. Each y € K is in B(x, §”¢/2) with x € A. Each x € A isin R with z € ', so each
y € K isin B(x,&%¢/2) C (1+¢€)R. Thus

w(K) <Y w(+e)R7) <2 w(R,)

zel zel

C
<L _

x;( %an )
SET L Y [ g
MR ki) F.

< [

In the last inequality we used the A; condition together with a modified configuration justified in
Proposition 3.4, and the bounded overlap of the sets F. (Il

Now we are in a position to summarize the first results about the parabolic Muckenhoupt weights. We
begin with the weak-type characterization for the operator studied in [Berkovits 2011]. Along with this
result, the definition in [Berkovits 2011] leads to all same results in R”*! as the other definition from
[Forzani et al. 2011] does in R2 The next theorem holds even in the case p = 1, which is otherwise
excluded in this paper.
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Theorem 4.6. Let w be a weight and q > 1. Then w € A7 (y) with y = 0 if and only if M™ is of
w-weighted weak type (q, q).

Proof. Combine Lemma 4.2 and Lemma 4.5. [l

The next theorem is the first main result of this paper. Observe that all the parabolic operators M?*
with y € (0, 1) have the same class of good weights. This interesting phenomenon seems to be related to
the fact that p > 1.

Theorem 4.7. Let w be a weight and q > 1. Then the following conditions are equivalent:

(i) w e Af for some y € (0, 1).

(i) w e A forall y € (0, 1).
(iii) Thereis y € (0, 1) such that the operator MY ™ is of weighted weak type (q, q) with the weight w.
(iv) The operator MY is of weighted weak type (q, q) with the weight w for all y € (0, 1).

Proof. This follows from Lemma 4.2, Lemma 4.5 and Proposition 3.4(vii). ]

5. Reverse Holder inequalities

Parabolic reverse Holder inequalities have already been studied in [Berkovits 2011], and they were used
to prove sufficiency of the nonlagged Muckenhoupt condition for the lagged strong-type inequality. The
proof included the classical argument with self-improving properties and interpolation. Our reverse Holder
inequality will lead to an even stronger self-improving property, and this will give us a characterization of
the strong-type inequality. We will encounter several challenges. For example, our ambient space does
not have the usual dyadic structure. In the classical Muckenhoupt theory this would not be a problem, but
here the forwarding in time gives new complications. We will first prove an estimate for the level sets,
and then we will use it to conclude the reverse Holder inequality.

Lemma 5.1. Let w € Af(y), Ry = Qo x (t.t+310) and Ro= Qo x (1,7 + I¥). Then there exist

C = C([w]A;r n, p) and B € (0, 1) such that for every A > W=, we have

)

w(Ro N{w > 1)) < CA|Ro N {w > BA}].
Proof. We introduce some notation first. For a parabolic rectangle R = Q X (ty, to +2{(Q)?), we define

R=0x (o, 10+1(Q)") (5-1)
and
R=0x (to+(1+ Q). 3(Q)"). (5-2)

Here y € (0, 3), and by Proposition 3.4, we may replace the sets R*(y) everywhere by the sets R and R.
Note that R = R™. The hats are used to emphasize that R and R are admissible in the A;]|r condition,
whereas R~ is used as the set should be interpreted as a part of a parabolic rectangle. For g € (0, 1), the
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condition Af(y) gives

1-p'

- 1 [ w 1
R0t = pugl| <" [ Vi <oy IR
R w
Taking « € (0, 1), we may choose 8 such that
|[RN{w > Bwg}| > «lR|. (5-3)

Let
={0 x (t— 31(Q)P. t + 1(Q)P) : Q C Qo dyadic, t € (0,17)}.

Here dyadic means dyadic with respect to Qg, and hence the collection B consists of the lower parts R of
spatially dyadic short parabolic rectangles interpreted as metric balls with respect to

d((x, 1), (', 1)) = max{|x —x'|oo, Cplt —1'|"/7}.

Notice that the (n41)-dimensional Lebesgue measure is doubling with respect to d.
We define a noncentered maximal function with respect to B as
wsfw= s
x}CBeB
where the supremum is taken over all sets in B that contain x. By the Lebesgue differentiation theorem,
we have
Ron{w > 1} C (Mp(15,w) > A} =

up to a null set. Next we will construct a Calderén—Zygmund-type cover. The idea is to use dyadic structure
to deal with spatial coordinates, then separate the scales, and finally conclude, with one-dimensional
arguments, with the assumptions of Lemma 4.3.

Define the slice E; = E N (R" x {t}) for fixed ¢. Since A > w R,» We may find a collection of maximal
dyadic cubes Q; x {t} C E, such that for each Q; there is Bl.’ € B with

BIN(Qox {t}) = 0! and ][w>k.
B;

Clearly {B]}; is pairwise disjoint and covers E;. Moreover, since Q' is maximal, the dyadic parent @f of

Q! satisfies
][A w <A
0ixI

for all intervals I > ¢ with |I| =1 (Q;)P and especially for the ones with Qf x I D B!. Hence

k<f wﬁ][ w<A. (5-4)
B! 0!xI

We gather the collections corresponding to ¢ € (7, T —1—1(1; ) together, and separate the resulting collection
into subcollections as
={B/:ieZte0,1M)=|]09;

jez
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where Q; ={0 x1€Q:|Q0|= 277" Qpl}. Each Q ;j can be partitioned into subcollections corresponding
to different spatial dyadic cubes Q; = | J; Q;i. Here

Qj,':{QXIGQj3Q:Qg,ZE(T,T-i-lp)}.

If needed, we may reindex the Calder6n—Zygmund cubes canonically with j and i such that j tells the
dyadic generation and i specifies the cube such that Q;i = Qtj,l.. Then

U Bn | B'=2
BeQ;; B'eQy,
whenever i # i’. Thus we may identify Q;; with a collection of intervals and extract a covering
subcollection with an overlap bounded by 2. Hence we get a covering subcollection of Q; with an overlap
bounded by 2, and hence a countable covering subcollection of Q such that its restriction to any dyadic
scale has an overlap bounded by 2. Denote the final collection by F. Its elements are interpreted as lower
halves of parabolic rectangles; that is, there are parabolic rectangles P with P~ € F.

Collect the parabolic halves P~ € F with maximal side length in the collection ;. Recursively, if Xy
is chosen, collect P~ € F with equal maximal size such that

Pn | 0T=0
0 el =i
in the collection X ;. The collections X share no elements, and their internal overlap is bounded by 2.
Since each A € ¥, has equal size, the bounded overlap is inherited by the collection

T ={AT AT e Byl
Moreover, by construction, if A* € E;L and Bt € E;T with i # j then AT N Bt = &. Hence
]:/ = U 21'

is a collection such that

According to (5-4) and Lemma 4.3, we get

w(E)< ) w(B) S Y MBI< Y (A|P—|+ > A|B|>5x > IPFL

BeF BeF P-eF BeF P-eF
BTNPT£o
|BI<|P|
Then
wE) Sy Y IPIS Y x\ﬁm{w>ﬂx}|5/ ] Y 1pr SA[RoN{w > gAY O
P-eF’ P-eF Us-ex SN{w>p3} P-eF

The fact that the sets in the estimate given by the above lemma are not equal is reflected in the reverse
Holder inequality as a time lag. This phenomenon is unavoidable, and it was noticed already in the
one-dimensional case; see, for instance, [Martin-Reyes 1993].
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Theorem 5.2. Let w € A(}L(y) with y € (0, 1). Then there exist § > 0 and a constant C independent of R

such that
1/(148)
(][ w‘Hl) < C][ w.
R—(0) R*+(0)

Furthermore, there exists € > 0 such that w € A;_E(y).

Proof. We will consider a truncated weight w := min{w, m} in order to make quantities bounded. At
the end, the claim for general weights will follow by passing to the limit as m — oco. Without loss of
generality, we may take R~ = Q x (0, [?). Define R and R as in the previous lemma (see (5-1) and (5-2)).
In addition, let R be the convex hull of R U R.

Let E = {w > wg-}. By Lemma 5.1,

o0
/ witl = |R™ mE|w5+1+5/ A lw{R™ N{w > A} da
R—NE

Wp—

[e.¢]
<|R™ mE|w5+1+c5f AR N {w > BAY) | dA

wR_
<R NE[wy! +C<S/ wit,
RNE

which implies

1
/ wit! < (|R—mE|w§j_1 +c5f w5+1).
R-NE 1-6C R\(R-NE)

/ w5+1 < 2-4C |R | 5+1 Cé / w5+1
. 1—sC T175¢ Jan

= Co|R™ |w5+1+c15/~ witl, (5-5)
R\R~

Consequently

Then we choose /; P'=2=11P. We can cover Q by M,,, subcubes {Q }il ”” with l(Q}) =1,. Their overlap
is bounded by M,,,, and so is the overlap of the rectangles

(RIT} =0 x (17, 317)

that cover R \ R~ and share the dimensions of the original R™. Hence we are in position to iterate. The

rectangles ngjl;+1)— are obtained from Rf_ as Ril_ were obtained from R~ =: R?_, i=1,..., M,,. Thus

np
/ < ColR™ [wiH! +CISZ/

1
< Z(CJJr (Cy 8)] ZlRJ |w5+1> + (C18an)N LMW ﬁN\Rz\F w5+1
i=1 i i

=I1+1IL
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For the inner sum in the first term we have

an an 5+1

SRt <y 2—15"1—“"”)( / | w> < 2P g
: i ; RI™

i=1 ! i=1 i

Thus

1+6 N
1< <][ w) CoM "7y (€1 Co8) 2777,
R ;
j=0

where the series converges as N — oo if § is small enough. On the other hand, if w is bounded, it is clear
that I — 0 as N — oo. This proves the claim for bounded w, hence for truncations min{w, m}, and the
general case follows from the monotone convergence theorem as m — oo. The self-improving property of
A; (y) follows from applying the reverse Holder inequality coming from the A;, (y) condition satisfied
by w'~¢" and using Proposition 3.4. ([

Remark 5.3. An easy subdivision argument shows that the reverse Holder inequality can be obtained
for any pair R, t + R where ¢t > 0. Namely, we can divide R into arbitrarily small, possibly overlapping,
subrectangles. Then we may apply the estimate to them and sum up. This kind of procedure has been
carried out explicitly in [Berkovits 2011].

Now we are ready to state the analogue of Muckenhoupt’s theorem in its complete form. Once it is
established, many results familiar from classical Muckenhoupt theory follow immediately.

Theorem 5.4. Let y; € (0, 1),i = 1,2, 3. Then the following conditions are equivalent:

(i) we Af ().
(ii) The operator M"*% is of weighted weak type (g, q) with the weight w.

(iii) The operator MV*% is of weighted strong type (q, q) with the weight w.

+

. + . e
Proof. Equivalence of A7 and weak type follows from Theorem 4.7. Theorem 5.2 gives A;_,, so (iii)

follows from Marcinkiewicz interpolation and the final implication (iii) = (ii) is clear. O
6. Factorization and A} weights

In contrast with the classical case, it is not clear what is the correct definition of the parabolic Muckenhoupt
class Af. One option is to derive an AT condition from the inequality of weak type (1, 1) for M¥*, and
get a condition that coincides with the formal limit of A; conditions. We propose a slightly different
approach and consider the class arising from factorization of the parabolic Muckenhoupt weights and
characterization of the parabolic BMO.

Definition 6.1. Let y € [0, 1). A weight w > 0 is in Af(y) if for almost every z € R"*+!, we have
M”"w(z) < [w]AT(y)w(Z)- (6-1)

The class A} (y) is defined by reversing the direction of time.
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The following proposition shows that, in some cases, the AT condition implies the A;-type condition
equivalent to the inequality of weak type (1, 1). Moreover, if y =0, then the two conditions are equivalent.
Proposition 6.2. Letr w € AfL(y) with y <2177,

(i) For every parabolic rectangle R, it holds that

w =< inf  w(z). (6-2)
][ley) P gty

(ii) Forall g > 1, we have w € A].

Proof. Define § = 2P~!y. Take a parabolic rectangle Ry. We see that every z € Rar (8) is a center of a
parabolic rectangle with R™(z, y) D R, (8) such that

][ wé][ w<M"" w(z) Sw(z),
R=(8) R=(z,y)

where the last inequality used (6-1). This proves (i). The statement (ii) follows from the fact that (6-2) is
an increasing limit of A;(y) conditions; see Definition 3.2. O

Now we will state the main result of this section, that is, the factorization theorem for the parabolic
Muckenhoupt weights corresponding to the classical results, for example, in [Jones 1980; Coifman et al.
1983].

Theorem 6.3. Let 5 € (0,1) and y € (0, §21-r). A weight w € A;“(é) if and only if w = uv' =P, where
u€ Al (y) and v € A7 ().

Proof. Letu € A]L(y), v € A| (y) and fix a parabolic rectangle R. By Proposition 6.2, for all x € RT(8),

we have 1 1
u(x)™' < sup u(x)' = ( inf u(x)) < (][ u) ,
XERT(S) xXeRT(S) R-(5)

and, for all y € R™(§), we have the corresponding inequality for v, that is,

-1 1
v() ' < sup v(y)“:( inf v(y)) 5<][ v) :
yER—(8) yeR=(8) RH(5)
Hence

) < ) () (o) =

which proves that uvl—? e A; (8). The finite constant C depends only on y, 8, [”]AT(V) and [U]AT(V)‘
For the other direction, fix ¢ > 2 and w € AZIL. Define an operator 7' as

Tf= (w—l/ny—(fq—lwl/q))l/(q—l) + wl/ny+(fw_1/q).
By boundedness of the operators

MYt LY(w) - LY(w) and MY LY (w'™P) — L (w'P),
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we conclude that 7 : LY — L4 is bounded. Let
B(w) :=||T||r1— L4 ~lw] ,+ 1.
q

Take fy € L9 with || follze = 1. Let
o
¢ = _2Bw) T fo,
i=1

where T simply means the i-th iterate of T. We define
u=w"’¢9" and v=w""9¢.

Clearly w = uv'~4. We claim that u € AT and v € A|. Since g > 2, the operator T is sublinear, and we
obtain

T(¢) <2B(w) Y _(2Bw) VT (f)
i=1

2B(w)) <2B(w)¢.

Noting that ¢ = (w~/9u)!/@=D = y!/9y and inserting the above inequality into the definition of T, we
obtain

MY u < (2Bw)? 'u and M?"Tv <2B(w)v.
This implies u € AT and v € A|, so the proof is complete for g > 2. Once the claim is known for g > 2,
the complementary case 1 < g < 2 follows from Proposition 3.4(ii). ([

Next we will characterize AT weights as small powers of maximal functions up to a multiplication
by bounded functions. The following result looks very much like the classical characterization of
Muckenhoupt A weights. However, we emphasize that even if the maximal operator M”* is dominated
by the Hardy-Littlewood maximal operator, the assumptions of the following lemma are not restrictive at
all when it comes to the measure u. Indeed, the condition M” ™~ u < oo almost everywhere still includes
rather rough measures. For instance, their growth towards the positive time direction can be almost
arbitrary, and the same property is carried over to the Af weights.

Lemma 6.4. (i) Let i be a locally finite nonnegative Borel measure on R"™! such that M~ < oo
almost everywhere. If § € [0, 1), then

w = (M)’ e AT (0)
with [w] A (0) independent of (.
(1) Letw € Af()/). Then there exists a w as above, § € [0, 1) and K with K, K~ € L™ such that
w= KM’

where y' < y.
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Proof. Let x € R™*! and fix a parabolic rectangle R centered at x. Define B= (2Rp)~. Decompose u as
W =1+ o, where u; = |z and oy = plz.. Kolmogorov’s inequality gives

~ B\’
][ (M~ D) < CIRG 1P (B)’ < C(L)) <CM ™ p(x)’,
R |B|
On the other hand, for any y € R, and a rectangle R(y, L) N (E)C # &, we have L 2 I(Ry). Moreover,
R(y, L) C R(x, CL) so that
M~ pa(y) S M~ p(x)
and

M=)l <4 M )’ +4 M )’ <M px)’.
Ry Ry Ry

To prove (ii), take w € Af(y’) and a parabolic rectangle R centered at x. By the reverse Holder
property (Theorem 5.2), Remark 5.3, and inequality (6-1), we have

1/(14-€)
<][ w1+€) S w(x).
R=(y)

Define = w!*€ and 8§ = 1/(1 + ¢€). By the Lebesgue differentiation theorem

wx) < M7 pu(x)’ Swx).

Hence
w
K=——
(MY~ p)?
is bounded from above and from below, which proves the claim. U

7. A characterization of the parabolic BMO

In this section we discuss the connection between parabolic Muckenhoupt weights and the parabolic BMO.
The parabolic BMO was explicitly defined by Fabes and Garofalo [1985], who gave a simplified proof of
the parabolic John—Nirenberg lemma in [Moser 1964]. We consider a slightly modified definition in order
to make the parabolic BMO a larger space and a more robust class; see [Saari 2016]. Our definition has
essentially the same connections to PDEs as the one in [Fabes and Garofalo 1985]. Moreover, this extends
the theory beyond the quadratic growth case and applies to the doubly nonlinear parabolic equations.

Definition 7.1. A function u € LIIOC(R”“) belongs to PBMO™ if there are constants ag, that may depend

on the parabolic rectangles R, such that

Sup<][ (u—aR)++][ (aR—u)+) <00 (7-1)
R R*(y) R=(y)

for some y € (0, 1). If (7-1) holds with the time axis reversed, then u € PBMO™.



PARABOLIC WEIGHTED NORM INEQUALITIES AND PARTIAL DIFFERENTIAL EQUATIONS 1731

If (7-1) holds for some y € (0, 1), then it holds for all of them. Moreover, we can consider prolonged
parabolic rectangles Q x (t — Tl?,t 4+ TI?) with T > 0 and still recover the same class of functions.
These facts follow from the main result in [Saari 2016], and they can be deduced from results in [Aimar
1988] and in a special case from results in [Fabes and Garofalo 1985].

The fact that y > 0 is crucial. For example, the John—Nirenberg inequality (Lemma 7.2) for the
parabolic BMO cannot hold without a time lag. Hence a space with ¥ = 0 cannot be characterized through
the John—Nirenberg inequality. The following lemma can be found in [Saari 2016]. See also [Fabes and
Garofalo 1985; Aimar 1988].

Lemma 7.2. Let u € PBMO™ and y € (0, 1). Then there are A, B > 0 depending only on n,y and u
such that

IRY(y) N {(u—ar)™ > A} < Ae B |R| (7-2)
and

IR™(y)N{(agr —u)" > A} < Ae B*|R). (7-3)

There are also more elementary properties that can be seen from Definition 7.1. Since we will need
them later, they will be stated in the next proposition.

Proposition 7.3. (i) If u, v e PBMO" and a, B € (0, 00), then au + fv € PBMO™.
(i) u € PBMO™ if and only if —u € PBMO™.
Proof. For (i), note that

(u4v—(@h+ap))" < @—ab)™+w@—apt

and an analogous estimate holds for the negative part. Hence au + fv € PBMO™ with

u v
ar = a—R a—R
a p
Since
w—ap)t =((—u) = (=ap))” and (u—agp)” = ((—u) — (=ap))",
the second assertion is clear. O

The goal of this section is to characterize the parabolic BMO in the sense of Coifman and Rochberg
[1980]. The Muckenhoupt theory developed so far gives a characterization for the parabolic Muckenhoupt
weights, so what remains to do is to prove the equivalence of the parabolic BMO and the A:{ condition.

Lemma 74. Let g € (1, 00) and y € (0, 1). Then
PBMO™ = {—Alogw :w € A; (y), 1 € (0, 00)}. (7-4)

Proof. We abbreviate R¥(y) = R* even if y # 0. For u ¢ PBMO™, Lemma 7.2 gives € > 0 such that

_ _ _ _ _nt _
f e U — ¢ aRef ee(aR u)ie aRef ee(aR u) §C_e agRe
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and, for some g < oo,

][ eeu/(ql)zeake/wn][ Qlu—ar)e/(g=1)
Rt Rt

<eaRe/<q—1>][ ple—arye/lg=1)
< -
< C+e“R€/(q_1),

sow:=e "€ A; and u = —e~ ! -logw as it was claimed.
To prove the other direction, take w € A; with g < 2. Choose

ag =logwg-.

Then by Jensen’s inequality and the parabolic Muckenhoupt condition, we have

exp][ (ag —log w)™ 5][ exp(ag — log w) T
R+ R+
B 1 =g’
<144 expl|ar log w
Rt 1—q/
! q_l
< l—l-exp(aR)(][ wlq)
R+
g—1
=1 +u)R* (f wl_q )
R+

On the other hand, again by Jensen’s inequality,

expt (ogw —ag)™ 5][ exp(logw —ag)™
.

<1 +][ exp(logw —ag)

<1 +exp(—aR)][ w
R-
<l+wylwg- <2.
This implies

log2(1+ Cp) = f (~logw=(-ax)" + . (-ax— (~logu))"
Rt R-

and u = —logw € PBMO™. Applying the same argument for A;, with g > 2 shows that —logw!~¢ €
PBMO™ and consequently Proposition 7.3 implies — (g’ — 1) logw € PBMO™. ]

The following Coifman—Rochberg-type characterization [1980] for the parabolic BMO is the main
result of this section. Observe, that it gives us a method to construct functions of parabolic bounded mean
oscillation with prescribed singularities.
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Theorem 7.5. If f € PBMO™ then there exist y € (0, 1), constants a, B > 0, a bounded function b € L™
and nonnegative Borel measures | and v such that

f=—alogM” "+ BlogM" v +b.
Conversely, any f of the form above with y =0 and M~ u, MTv < oo belongs to PBMO™.
Proof. Take first f e PBMO™. By Lemma 7.4,

f=—Clogw

with C > 0 and w € A;r . By Theorem 6.3, there are u € AT and v € A| satisfying the corresponding
maximal function estimates (6-1) such that

w =uv_1.

By Lemma 6.4, there exist functions K, K, K,/ 1 K, l'e L>® and nonnegative Borel measures u and v
such that
u=K,M" )% and v=K,(M" v’

Hence f is of the desired form. The other direction follows from Lemma 6.4. O

8. Doubly nonlinear equation

We begin with pointing out that the theory discussed here applies not only to (1-1) but also to the PDEs

3(|ul”*u)
ot

where A satisfies the growth conditions

—divA(x,t,u, Du) =0, 1< p<oo,

A(x,t,u, Du) - Du > Co|Du|?
and
|A(x, t,u, Du)| < C,|Du|P~".

See [Kinnunen and Kuusi 2007; Saari 2016] for more. For simplicity, we have chosen to focus on the
prototype equation (1-1) here.

Supersolutions are weights. We say that

p
vVE Lloc

(=00, 00); Wy (R™1))
is a supersolution to (1-1) provided

3
/(|Vv|p2Vv V¢ — |v|P2ua—‘f) >0

for all nonnegative ¢ € Cgo([F\R”“). If the reversed inequality is satisfied, we call u a subsolution. If a
function is both sub- and supersolution, it is a weak solution.
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The definition above allows us to use the following a priori estimate, which is Lemma 6.1 in [Kinnunen
and Kuusi 2007]. Similar results can also be found in [Moser 1964; Trudinger 1968], but we emphasize
that the following lemma applies to the full range 1 < p < oo instead of just p = 2.

Lemma 8.1 [Kinnunen and Kuusi 2007]. Suppose v > 0 is a supersolution of the doubly nonlinear
equation in o R, where 0 > 1 and R is a parabolic rectangle. Then there are constants C = C(p, o, n),
C'=C'(p,o,n) and B = B(R) such that

C
|[R"N{logv>1+B+C}| < i |R™|
and
|R+m{logv < —A+ﬁ—c’}| < Vo |[RT|
forall A > 0.

Remark 8.2. There is a technical assumption v > p > 0 in [Kinnunen and Kuusi 2007]. However, this
assumption can be removed; see [Ivert et al. 2014]. Indeed, Lemma 2.3 of [Ivert et al. 2014] improves
the inequality (3.1) of [Kinnunen and Kuusi 2007] as to make the proof of the above lemma work with
general v > 0 in the case of (1-1) or more general parabolic quasiminimizers.

Let v be a positive supersolution and set u = — log v. We apply Lemma 8.1 together with Cavalieri’s
principle to obtain

][ (u—aR)i+][ (ag -’ < C(p.o.y.n)
R+ -

with b =min{(p —1)/2, 1}. A general form of the John—Nirenberg inequality from [Aimar 1988] together
with its local-to-global properties from [Saari 2016] can be used to obtain

][ (u—aR)++][ (ar —u)y+ < C(p,o0,y,n).
R*(y) R=(y)

Hence u = — log v belongs to PBMO™ in the sense of Definition 7.1. The computations required in this
passage are carried out in detail in Lemma 6.3 of [Saari 2016]. We collect the results into the following
proposition, whose content, up to notation, is folklore by now.

Proposition 8.3. Let v > 0 be a supersolution to (1-1) in R**1. Then
u =—logv € PBMO™.

.. +
In addition, v € [, A

Remark 8.4. This gives a way to construct nontrivial examples of the parabolic Muckenhoupt weights
and parabolic BMO functions.

Since log v € PBMO™, we have that some power of the positive supersolution w satisfies a local A; (v)
condition. This follows from Lemma 7.4. However, working a bit more with the PDE, it is possible
to prove a weak Harnack estimate which implies the improved weight condition stated in the above
proposition. This has been done in [Kinnunen and Kuusi 2007], but the refinement provided in [Ivert
et al. 2014] is again needed in order to cover all positive supersolutions.



PARABOLIC WEIGHTED NORM INEQUALITIES AND PARTIAL DIFFERENTIAL EQUATIONS 1735

Applications. The previous proposition asserts that the definitions of parabolic weights and parabolic
BMO are correct from the point of view of doubly nonlinear equations. These properties can be used to
deduce two interesting results, the second one of which is new. The first one is a global integrability result
for supersolutions; see Theorem 6.5 from [Saari 2016]. The second application of the parabolic theory of
weights is related to singularities of supersolutions. It follows from Proposition 8.3 and Theorem 7.5. In
qualitative terms, the following theorem tells quite explicitly what kind of functions the generic positive
supersolutions are.

Theorem 8.5. Let v > 0 be a supersolution to (1-1) in R*™*\. Then there are positive Borel measures v
and u with
MY v<oo and M""p < oo,

numbers o, B > 0, and a positive function b with b, b~ e L®®R") so that

(M)
T (Mrp)F”
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A DOUBLE WELL POTENTIAL SYSTEM

JAEYOUNG BYEON, PIERO MONTECCHIARI AND PAUL H. RABINOWITZ

A semilinear elliptic system of PDEs with a nonlinear term of double well potential type is studied
in a cylindrical domain. The existence of solutions heteroclinic to the bottom of the wells as minima
of the associated functional is established. Further applications are given, including the existence of
multitransition solutions as local minima of the functional.

1. Introduction

In this paper, the system of partial differential equations
—Au+Vy(x,u)=0, xeQ, (PDE)
where Q C R” and u : @ — R™, will be studied. The set €2 is a cylindrical domain in R” given by

Q = R x D, where D is a bounded open set in R?~! with 9D € Cl. On 92, we require

3
5E=o on Q2 = R x 9D, (BC)
v

where v is the outward-pointing unit normal to dD. Later,  will be allowed to be a more general
cylindrical domain which depends 1-periodically on x;.
As to the function V, to begin assume:

V) Ve Cl(f_z xR™ R) and V(x1 + 1,x2,...,x5,u) = V(x,u),ie., V is l-periodic in x;.
(V5) There are points a~ # a ™ such that V(x,a®) = 0 for all x € Q and V(x, u) > 0 otherwise.
(V3) There is a constant V' > 0 such that liminf},| .o V(x, %) > V uniformly in x € .

(V4) For n > 2, there exist constants ¢y, C; > 0 such that
[Vu(x )| < c1 4 Crlul?,
where 1 < p < (n+2)/(n —2) for n > 3 and there is no upper growth restriction on p if n = 2.

An example of V satisfying (V1)—(V4) is V(x,u) = |u —a~|9|u —a™|? for g € (1,n/(n —2)) and
at #a~ € R" By (V»), V is a double well potential and we are interested in the existence of classical
solutions of (PDE) that are heteroclinic in x; from a™ to a™. If n = 1 and m is arbitrary, (PDE) reduces to
a second-order Hamiltonian system of ordinary differential equations and conditions (V7)—(V3) suffice for
such an existence result. For arbitrary n and m, conditions (V7)—(V4) enable us to show (PDE) possesses

MSC2010: primary 35J47; secondary 35J57, S58E30.
Keywords: elliptic system, double well potential, heteroclinic, minimization.
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a weak solution. As is usual, we say that U € WI;C’Z(Q, R™) is a weak solution of (PDE) and (BC) when
for any ¢ € WI;C’Z(Q) having compact support in €2,

/Q(VU-Wp + Vu(x, U)g) dx = 0. (1.1)

The weak solution is a classical solution when n = 1. However, when n > 1, more regularity of V' and
d<2 is required to get a classical solution.
In Section 2, the functional

J(u) = /Q(%|Vu|2+ V(x,u))dx = /Q L(u)dx, (1.2)

whose formal Euler—Lagrange equation is (PDE), will be studied. Minimization arguments will be used
to show that J has a critical point. In particular when n = 1, our first existence result for (PDE) is:

Theorem. If V satisfies (V1)—(V3), then (PDE) possesses a solution heteroclinic from a™ to a™.

For n > 1, existence of solutions requires more work. In Section 3, a regularity theorem will be stated
as a consequence of which we have:

Theorem. If (V1)-(Vy) hold, V € C 2 and 02 € C3, there is a classical solution U of (PDE) and (BC)
such that limy, 400 U(X1,...,X5) = a* uniformly for (x2, ...,xp) € D.

In Section 2, we find the solution by a minimization argument in an appropriate class of functions, I,
and a detailed proof of the regularity will be given in Section 6.

Four generalizations of our existence results will be given in Section 4. The first, Theorem 4.1,
essentially replaces conditions (V>)—(V4) by the requirement that V' possesses a convex basin containing
a® — see hypothesis (Vs)—to get an L (2, R™) bound for the minimizer of Section 2 and this bound
leads in turn to the existence of a solution of (PDE) and (BC), which is heteroclinic in x; from a~
to a™. This result gives the existence of the heteroclinic solution of (PDE) and (BC) for the example of
V(x,u) =|u—a~|?|u—a™|? mentioned earlier, but now for any g > 1.

The second replaces €2 by a more general domain varying periodically in x;. The third considers a
PDE perturbation of the case of n = 1. Finally for the fourth, the case of multiwell potentials will be
discussed briefly.

In Section 5, it will be shown that variational gluing arguments in the spirit of [Montecchiari and
Rabinowitz 2016] together with the basic heteroclinic minimizers of (1.2) as well as their counterparts when
the roles of @~ and a™ are reversed can be used to construct infinitely many multitransition homoclinic
and heteroclinic solutions of (PDE). These solutions are local minima of (1.2) that as a function of x;
transit back and forth between the two global minima, a®, of V. Obtaining these solutions requires a
mild nondegeneracy condition — see Proposition 5.10(ii) — on the set of heteroclinic minimizers of (1.2).
Stated very informally, we will show:

Theorem. If (V1)—(V4) are satisfied and a mild nondegeneracy condition on the heteroclinics in x1 from
a* to a™ holds, then for each k € NU{oo}, k > 2, there exist infinitely many k-transition solutions of
(PDE) and (BC).
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As has been noted above, our existence results rely on minimization arguments from the calculus
of variations. These arguments are elementary, but often delicately exploit (V1)—(V3). The regularity
arguments where (V4) and further smoothness of V' and 0D play their roles are of necessity rather
technical.

To conclude this section, some of the literature on (PDE) and (BC) will be discussed. The earliest
work we know of is for the case of n = 1, where of course D = & and (BC) is vacuous. Thus (PDE)
becomes a second-order Hamiltonian system. Using geometrical arguments, the existence of heteroclinic
solutions for V' = V(u) was studied for a more general class of potentials by Bolotin [1978]. See also
the survey article by Kozlov [1985]. Subsequently other work was done, also for the autonomous case
where V € C3 has nondegenerate minima and m = 2, by Sternberg [1991]. Rabinowitz [1993] treated
V = V(t,u) where V € C? is periodic in ¢. He used minimization arguments from [Rabinowitz 1989],
where V' = V(u) and is periodic in the components of u. Alikakos and Fusco [2008] also treated the
autonomous case for a C 2 potential under a milder condition than the nondegeneracy of the minima.

For m = 1 and n > 1, where (BC) plays a role, minimization arguments similar to the ones used
in [Rabinowitz 1994] were used in [Rabinowitz 2002] and generalized in [Rabinowitz 2004] to obtain
heteroclinics in x;. The case of m,n > 1 for (PDE) has been studied extensively in several papers by
Alikakos and his collaborators, especially Fusco, mainly in the autonomous setting when V' possesses
symmetries and one seeks solutions possessing these symmetries [Alikakos 2012; 2013; Alikakos and
Fusco 2008; 2009; 2011; 2015; Alikakos and Smyrnelis 2012]. In fact it was their recent paper, [Alikakos
and Fusco 2015], together with our work [Montecchiari and Rabinowitz 2016] on systems like (PDE)
but with potentials V(x, u) that are periodic in the components of u that led to this paper. Alikakos and
Fusco [2015] studied (PDE) and (BC), with  periodic in x, essentially under the C? version of (V}),
and stronger forms of (1>) and (Vs). See the survey paper [Alikakos 2013] for many more references
to and related questions for (PDE). For some other related results on entire solutions of systems of
Allen—Cahn-type, see [Alessio 2013; Alessio and Montecchiari 2014; Bronsard and Reitich 1993; Gui
and Schatzman 2008; Schatzman 2002].

2. The existence of a minimizer of J

In this section, as a first step towards finding heteroclinic solutions of (PDE), a minimizer will be obtained
for the functional J, defined in (1.2). The functional will be studied on the Hilbert space

||u||25[ |Vu|2dx+/ |u|2dx<oo},
Q To

where fori € Z, we set T; = (i,i + 1) x D. As the class of admissible functions, take

E={uewWl?Q RrR™)

loc

I'={uekE||u—a*|p2e gmy— 0. i — too}.
Define
¢ = inf J(u). 2.1
uel

It is readily seen that I" # @ and 0 < ¢ < co. Then we have:
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Theorem 2.2. Suppose Q = R x D with D C R"™! a bounded domain and 3D € C. If V satisfies
(V1)-(V3), then there exists a U € T such that J(U) = ¢ > 0. Moreover, there is a constant M > 0 such
that for any minimizer U of (2.1),
sup |U lw1.2(1; mmy < M.
i€z
Before proving Theorem 2.2, the following result is useful.

Proposition 2.3. Let V satisfy (V1)-(V3), 9D € C, and v € E with J(v) < co. Then there are 9% €
{a=,a™} such that |v — ‘pi”L2(T,~,Rm) —0asi — Foo.

Proof. Their proofs being the same, we will prove the result for ¢ . For x € Q, set x = (x1, X) with
x1 € Rand X € D. For x € Ty and k € Z, set vi(x) = v(x1 +k, %) so vy € WH2(Ty, R™). Then (V)
and J(v) < oo imply

lim [[Vogllp2r, gmy = lim V(x,v)dx =0. 2.4
k—o00 ’ k—oo JT,

Consequently {||Vvg || 2(z;,,rm)} is bounded independently of k € Z. By the Poincaré inequality and the
fact that D € C1, there is a constant b so that

vk — velll 2 (1o, mmy < DIV VL2 (70, R) (2.5)

where [vg] denotes the mean value of vy on Ty. We claim that {v;} is bounded in L2(Ty, R™). If not,
(2.5) shows {[vg]} is unbounded in R. For a set S C R", let |.S| denote the measure of S. By (2.5) again,
the sequence {v; — [vr]} converges to 0 in measure. Therefore for any § > 0, the measure of the set in Ty
where |v; — [vg]] < § is at least %|To| for large k. Thus by (V3), for large k > 0,

| v ax=diniy. 6)
To

But (2.6) is contrary to (2.4), so {vg } is bounded in W 1-2(Ty, R™). Hence there is a v* € W12(Ty, R™)
such that along a subsequence, v converges to v* weakly in W1-2(Ty, R™) and strongly in L% (T, R™).
By (2.5), v* = [v*]; i.e., v* is a constant vector. Again vz — v* in measure along the subsequence as
k — 00, so for any small §, we have |vx — v*| < § on a subset of Ty of measure > %|T0|. Therefore

/ Vix,vg)dx > %|T0| min V(x, z), 2.7
To z€Bs(v*)
where Bg(v) denotes an open ball of center v and radius § in R™. If v* ¢ {a~,a™}, and § is small enough,
the right-hand side of (2.7) is positive. But as k — oo, the left-hand side of (2.7) goes to 0. Therefore
v* € {a~,a™}. For notational convenience, suppose v* =a™.

It remains to show that the entire sequence {vg }, rather than a subsequence, converges to a, i.e.,

lim v, =a". (2.8)

k—o00
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Otherwise, there exist subsequences {i,}, {kq} C N, with i, = oo as p — 00, kg — 00 as ¢ — oo,
ip <kp <ip4q forall p and such that

lim v;, =a~, lim vg =at.
p—>00 qg—oo 4

Set e = %|a+ —a_|m. Therefore there is a p such that for p > p,
lvi, —a” I 2(rommy <& vk, —a™tllL2cry.mm) < &
We claim that for p possibly still larger and all p > p, there is an s, € N such that i, < s, <kp and
lvs, —a" ll2(ry mm = & llvs, —a ¥ |2y mmy = &
If not, for every ¢ between i, and k,
v —a_||L2(T0,|RM) <e or v _a+||L2(T0,Rm) <é.
Replace i), and kj, by the smallest adjacent pair j, j +1 € NN [ip, kp] such that
lvj —a" L2z mmy <& lvj+1—a™ 2, mmy <& (2.9)

Next observe that

=

2
/ vx, (J +5,X)ds
0

1
[vj+1(x) —v;(x)| = ‘/ Uy, (X1 4+ j +5.%)ds
0

2 1/2
5«/5(/ vxl(j+s,fc)2ds) .
0

Therefore

lvi+1 —vjllL2(ry,rm) < V2|vx, I 22(rouTy RMY- (2.10)

By (2.4), for p still larger, we can assume the right-hand side of (2.10) is < €. On the other hand, by (2.9),
vj+1 =il L2 mmy > lla™ —a™ | L2(qy gy — 26

=la" —a"|y/|To| —2e. (2.11)

Since 3¢ = [a™ —a~|y/|Tol, (2.11) is not possible and therefore there exists a sequence {s,} as claimed.
But then

dx =
J(U)Z§/;SPL(U) X =00

and we have a contradiction, establishing Proposition 2.3. O

To prove Theorem 2.2, let {1} be a minimizing sequence for (2.1). Thus there is a constant M; such
that for all k € N,
J(ug) < M. (2.12)
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Let p€ (0, % lat —a~|/|To|). Noting that T and J are invariant under a unit phase shift in the x-direction,
it can be assumed that

lux —a™ |l p2¢r; gmy < p foralli <0 and lux —a™ L2z, gmy > P (2.13)
for all k € N. Now a few observations about any u € I" are required. Set

Iy ={uel |min{llu—a~ |l 2 mm. lu—a¥ L2y mm} = P}

Ty = {u el | max{|u—a~ |l 2cr, zmy, 1 —a¥ |27, gm)} < p},

T3 ={uel |max{|lu—a™|p2q,mm) I —a"llL2¢r, gy} < p}-
Proposition 2.14. (1) There is a constant k1 > 0 such that

dy = inf / Lu)dx > k.
uel’y To
(2) There is a constant k > 0 such that
d= inf / L(u)dx > «.
uel’hUI's ToUT;

Proof. If k1 = 0, there is a sequence {vg} in I'y such that
/ L(vg)dx —0 ask — oo. (2.15)
To

Arguing as in the proof of Proposition 2.3, we again conclude (2.4)—(2.5) hold and either (i) both {vg } is
bounded in L?(Ty, R™) and {[vg]} is bounded in R™ or (ii) both sequences are unbounded. If (i) occurs, as
in the proof of Proposition 2.3, {v} converges along a subsequence in L2 (T, R™) to a constant function
v* = [v*] and for any small &, for large k, we have |vy —v*| < § on a subset of Ty of measure > %|T0|.

Thus (2.7) again holds. Noting that
v —a*[|Tol"2 = [[v—a* | 27, mm) = p

for § small compared to p, (V2) and (V3) show the right-hand side of (2.7) is positive independently of v.
This contradicts (2.4) and this case is proved.

Next suppose that (ii) occurs. Then the argument centered around (2.6) again applies and this case is
impossible. Thus (1) of the proposition is proved.

For the proof of (2), we use a similar argument. Assume to the contrary that k = 0. Then there is a
sequence {vg} in I' U I'3 such that

/ L(vg)dx —0 ask — oo. (2.16)
ToUT,

Taking a subsequence if necessary, it can be assumed that {v;} C I's or {vi} C I's. Suppose {vi} C 5.
Arguing as in the proof of (1), by (2.16),

klim Vol 2(ryur, gy = lim V(x,vg)dx =0. (2.17)
—>00 k—>o0 ToUT),
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Again by the Poincaré inequality, there is a constant by so that

vk — el L2cryury mmy < b1lVUrllL2(ryur, gmy = 0 as k — oo, (2.18)

where [v]1 denotes the mean value of vi on Ty U T7. It follows as in case (ii) of (1) that {[vg]1} is
bounded. Taking a subsequence again if necessary, it can be assumed that limg_, oo [vg]1 = @ € R™. Then
we see that
2p> lim |vg—a~ m lim |jvg —at m
pz lim vk I 2270, 8m) + lim v lz2¢7, mm)

= lla” —allp2(ry mmy + lla™ —all L2, g
=la~ —aly/|Tol + la* —a|V/|Ti|
> la” —a™|y/|Tol,

which contradicts that p < %|a+ —a~|+/|To|. In the remaining case where {v;} C I's, a contradiction
follows by the same argument. This proves (2). O

Remark 2.19. Observe that for any u € I" satisfying (2.12) and any i € N, either

min{||u —a |l2r; gmys v — at ||L2(Ti’Rm)} > p (2.20)
or
min{||u —a |2 gy v — at ”LZ(TI.’Rm)} <p. (2.21)
Let /(u) be the number of values of i for which (2.20) holds. By (2.12) and Proposition 2.14(1),
[(u)ky < M. (2.22)

Thus (2.22) shows /(1) is bounded from above independently of u; i.e., (2.20) holds for at most M /k
values of i. Next let /*(u) denote the number of values of i for which

max{|lu—a” | 2¢r, wmy. U —a ¥ lp2(r,, mmy} <
or

max{||u - Cl+ ||L2(Ti,Rm)’ ||M —a ||L2(Tl'+1 ,Rm)} =p.
Hence /*(u) represents the number of transitions of u from being “near” a® on 7; to being “near” a™
on 7;;. By Proposition 2.14(2),

I*(u)k < Mj. (2.23)

This means that the number of pairs of consecutive intervals on which u shifts from being near one of a™
or a™ to the other is uniformly bounded for u € T satisfying (2.12).

Bounds for the functions uj in the minimizing sequence are provided by the next result.

Proposition 2.24. If V satisfies (V1)—~(V3), then there is a constant M such that ||ug ||y 1.2(7, gmy < M
forallk e Nandi € 7.
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Proof. We argue as in an analogous situation in [Montecchiari and Rabinowitz 2016]. It can be assumed
that uy, satisfies the normalization (2.13). By (2.12),

J(uy) = Zf L(ug) dx < M. (2.25)

, T;
€7

Therefore (2.25) and (2.13) immediately yield the desired bound for some value of M, say M5, fori <0.

For any i € Z for which |juy —a* L2 (1; rm) < p, we get the [[ug|ly1.2(7;) bound exactly as was done

for i <0 and obtain the same upper bound, M>. By Remark 2.19, there are at most / values of i that

remain. They lie in

Ak ={i eN| lug —a" |2z, mmy = oo lluk —a bl 2, mmy > p}-

Note that Ay CN. Leti ¢ A andi + 1 € Ag. Let X = (x2,...,Xxp). For (s,X) € T; and (0, X) € Tj+1,

R . 9 Qug(t,x
U (0, xX) = ui (s, X) +/ L dt,
s ot
o)
i+2
lug (0, %)% < 2Jug (s, £)1* + 4[ |Vup (e, %)% dt. (2.26)
i
Integrating (2.26) over s, 0, X gives
””k”I%Z(TiH,Rm) = 2”uk”i2(Ti,[Rm) + 4||Vuk||1242(TiUT,~+l,Rm)' (2.27)
Therefore by (2.25) and the above remarks,
i1 27, , gy < 2M3 +8M1 = M. (2.28)

Then, if i + 2 € Ay, the argument of (2.27)—(2.28) can be repeated. Since the number of elements of Ay
is bounded by / € N, the process stops in at most / steps, giving the desired bound with M = M (). O

Completion of the proof of Theorem 2.2. It is convenient to introduce some notions. A set I C Z will be
called connected if for any i, j € I with i < j, any integer between i and j is also an element in /. For
two connected sets 11, I € Z with I1 N I, = &, we write 1 < I, if i1 < i, forany i1 € I7 and i € I5.
For a connected set / C Z, the length || of I is defined by || = sup{|i — j| | i, j € I}. Now consider
the minimizing sequence {uy } normalized by (2.13). By Remark 2.19, for each k, there are finitely many
disjoint connected sets Ilk <-ee < Ilk(k) in Z satisfying

I(k)
i €Z | lluk—a” i 2qrmm <y = | 1F-
j=1

The normalization (2.13) shows that for any integer i <0, we havei € [ lk and |/ }‘l <ooforj=2,...,I(k).
Remark 2.19 also implies that the sequence {/(k)} is bounded. Taking a subsequence of k € N if necessary,
it can be assumed that /(k) is a positive integer / independent of k € N. Define

po=max{i €{l,....1} |limsup |I}| = co}.
k—o00
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It is well-defined since |I{‘| = 00. Note that if pg </,

1
limsup Y |I¥| < oo, (2.29)

k=00 j=po+1

Now define p(k) to be the largest i € 11],‘0. Set v (x) =up(x1 + pk), x2,...,x,) fork €N, so {vg} is
a new minimizing sequence. By Proposition 2.24, the set of norms {||vk |y 1.2(1; gm) | { € Z, k € N} is
bounded. Since dQ € C, taking a subsequence if necessary, we see that for some U € E and any i € Z,
vx converges weakly to U in W12(T;), strongly to U in L?(T;, R™) and pointwise a.e. to U on T; as
k — oo. Therefore V(x, vg) — V(x, U) pointwise a.e. The weak lower semicontinuity of the |Vu/|? term
in J on bounded sets implies that for any p < ¢ € Z,
q q
Z(/ |VU|2dx) flimian(/ |Vvk|2dx).
i=p T; k—o00 imp T;
By Fatou’s lemma,
q q
Z (/ V(x,U) dx) < lirninfz (/ V(x,vg) dx).
i=p T; k—o00 imp T;

Combining these inequalities yields

q q
Z(/ L(U) dx) < limian(/ L(vg) dx) <liminf J(vg) <c.
: T; k—o00 * T; k—o00
I=p I=p
Letting p — —oo and g — oo gives
J(U) <c. (2.30)
Since limg _, oo |II£‘0| = 00, we see that
U —a"|lp2¢r; gmy < p for i <0. (2.31)

By (2.30), VU ||p2(r; gmy — 0 as i — oo. By the Poincaré inequality, there is a constant b, independent
of i € Z, so that
||U - [U]l ||L2(T,~,R’”) =< b”VU”Lz(T,-,RW’) —0 asi — oo, (232)

where [U]’ is the mean value of U on T;. Since JoV(x,U)dx < oo, as in the proof of Proposition 2.14,
it follows that lim; - oo[U])' = a~ or a™. Thus,

lim |U—a™|p2¢r;, gmy =0 or lim |[U —a+”L2(Ti,Rm) =0.
1 —>00 1 —>00

If lim; 00 [|U —a™ || 2(7; gm) = 0, this contradicts (2.29) since limg o0 U — vi | 2(7; ,mmy = O for
each i € Z. Consequently,
Lim |U —a™ | p2(g, gmy =0 (2.33)
1 —>00

and U € I. This with (2.30) shows U is a minimizer of J in (2.1). It is clear that J(U) = ¢ > 0 and
Theorem 2.2 is proved. O
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If n =1, then D = @ and 2 = R in the problem (PDE). Thus, in this case, (PDE) reduces to a
second-order Hamiltonian system of ordinary differential equations. Moreover, we get a much stronger
conclusion than Theorem 2.2:

Theorem 2.34. Assume n = 1. If V satisfies (V1)—(V3) with D = & and 2 = R, then any minimizer U
of (2.1) is a classical solution of (PDE).

Proof. Since n = 1, the above Wléc’z bounds imply U is continuous. Its asymptotic behavior then shows
U € L°°(R,R™). Consider ¢ € Wléc’z (R) having compact support in R and ¢ € R. Then for 0 < |¢| small,
U +tg eI Consequently, J(U +t¢p) = J(U) or

/ LU +1¢)—L({U)dx >0 (2.35)
supp @

for all such ¢ and ¢. Hence
/ VU -Vo+V,(x,U)-9¢dx =0 (2.36)
Q

for all such ¢, so U is a weak solution of (PDE). But for n = 1, the weak form of (PDE) implies U is a
classical solution of (PDE). O

Remark 2.37. If the minimizer U of Theorem 2.2 lies in L°° (2, R™), the argument just given in
(2.35)—(2.36) shows U is a weak solution of (PDE) even for n > 1.

Remark 2.38. This existence result for n = 1 under (V7)—(V3) seems to be new. It generalizes earlier
such results, [Bolotin 1978; Kozlov 1985; Sternberg 1991; Rabinowitz 1989; 1993; 2012; Alikakos

and Fusco 2015], which get the existence results under slightly stronger hypotheses on V' in terms of

smoothness and nondegenerate behavior of V at the equilibrium solutions a*.

To conclude this section, as a corollary of Theorem 2.34, an explicit L* bound for any minimizer U
will be given. The bound will be useful in Section 4. First some notational preliminaries are needed.
Since U = U(xy), writing ¢ for x1, by (2.1),

JU)=c= /(%|U,|2 +V(t,U))dt, (2.39)
R
SO
/ |U;|? dt < 2c. (2.40)
R

With p < 2]a™ —a™|, let

T(p) = {t e R|min{|{U(t) —a” |, |U(t) —a™ [} = p}.

By (V1)—(V3),
B(p) = inf{V(t,u) } teR min{lu—a |, |u—at|} > ,o} > 0.

Therefore by (2.39),
IT(p)|B(p) = /R V(t,U)dt <c. (2.41)
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Corollary 2.42. If U is a minimizer of (2.1) as in Theorem 2.34, then

2
1U e gy < p+maxtla™], |a+|}+(ﬁ( )) e (2.43)

Proof. If |U || oo (g rmy < max{|a~|, |a™}, the estimate holds. Thus we may assume that ||U || oo (r g >
max{|a~|, |a™|}. Then, the maximum of |U| is achieved at some z € R. If z ¢ T'(p), it follows that

U@)| < p+max{la™],]a"[}.

If z € T(p), we take & to be the closest boundary point of 7' (p) to z. Then, we see from (2.40)—(2.41) that

VUl oo = U] < UG + ‘ /g U(s) ds

s|U<s>|+(|z—5|/S |Ut(s>|2ds)2

2 2
<|UE|+IT(p)|2 2c)? < |UE)| + (ﬁ( ))

Since |U(§)| < p +max{|a~|, |a™|}, (2.43) now follows. O

Remark 2.44. Suppose that V in Theorem 2.34 is modified for |u| > K so that the resulting function, V¥,
still satisfies (V71)—(V3) (for n = 1) and

inf{V*(t,u) ‘ teR min{lu—a |, |u—at|} > ,o} > B(p).

Then the corresponding functional J* has a minimizer U* € T" and since V*(¢,u) = V(t,u) for |u| < K,
minimizing sequences {uy } for J* can be assumed to satisfy J*(uy) < J(U). Consequently

J*U*) <JU) (2.45)

and (2.45) and the derivation of (2.43) show any minimizer U™ of the modified problem is also bounded
in L by K. Thus such a modification produces no new minimizers.

3. The regularity of the weak solution

The regularity of any weak solution U of (PDE) that minimizes J on I" will be discussed in this section.
The special case of n = 1 has already been shown in Theorem 2.34. Therefore it will be assumed that
n > 2 in what follows. Using standard terminology, a solution u of (PDE) and (BC) is called a strong

solution if u € W2 (S_Z). Our main result is:

loc

Theorem 3.1. Suppose V satisfies (V1)—(Va).

(1) If 3Q = R x dD € C?, then any minimizer U of (2.1) is a weak solution of (PDE) and (BC).
Moreover, any weak solution U € E of (PDE) and (BC) is a strong solution of (PDE) and (BC), and
U € L*®(Q).
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() If Vyy € CHQ XR™) and 9Q € C3, then U € C>*(Q, R™) for any a € (0, 1) and U is a classical
solution of (PDE) and (BC) with limy, 400 U(x1,X) = a* uniformly for X € D.

Regularity results for weak solutions of a single second-order quasilinear elliptic partial differential
equation satisfying Dirichlet boundary conditions can be found in the literature; see, e.g., Chapters 8-9 of
[Gilbarg and Trudinger 1983]. However, we do not know of a reference for such a result for the system
(PDE) with (BC). Therefore for completeness we will provide a proof of Theorem 3.1 but postpone it
until Section 6.

4. Some generalizations

In this section, Theorem 2.2 will be generalized in various ways. First we will show that the growth
condition, (V4), can be bypassed when a geometrical condition that leads to an L°° bound for minimizers
of (2.1) is satisfied. Next the case of a more general domain €2 that is periodic in the x;-direction will
be treated. Then a perturbation result will be given. Lastly, the case when the potential V' has multiple
minima will be discussed briefly.

To begin the first result, for any set A € R™ and a > 0, let A? = {y € R™ | dist(y, A) < a}.

Theorem 4.1. Suppose that V satisfies (V1) and (Vs), where:

(Vi) There is a convex bounded open set O C R™ with 30 € C? such that

(1) there are two different points a~ and a™ in O such that V(x,a*) = 0 for all x € Q and
V(x,u)>O0foranyuec O\{a",at}, x € Q;
(2) there is a constant § > 0 such that for the outward unit normal vector i = u(u) to 00,

Vix,u) <V(x,u+tu)) whenxeQ,uecdo,tel0,§].

Then there is a weak solution, U € Wléc’z(Q, O0)NT of (PDE) and (BC). If further, Vy, € C1 (2 x R™) and

0Q € C3, the solution U is a classical solution of (PDE) and (BC) with U € C%%(Q) for any o € (0, 1)
with limy, - +00 U(x1, %) = a® uniformly for % € D.

As a first step towards proving Theorem 4.1, a projection map P : 0% — 0 = 0 U0 will be defined.
Taking a smaller § > 0 if necessary shows that for each u € (30)%, there exists a unique s(u) € O with
lu — s(u)| = miny epo |u — w|. This implies s € C1((30)?, d0). Define a projection map P : 0% — O
by P(u) =u foru € O and P(u) = s(u) € 90 foru € 0%\ 0. Note that if u € 0% \ O, then

u—su) = |u—s@)]|pn(s)). (4.2)

Making 8 smaller if necessary, the implicit function theorem shows P : 0%\ O — 90 is C.
Next to prove Theorem 4.1, a property of the function s(u) is needed.

Lemma 4.3. If u € C1(2,R™) and u(x) € 0% for some x € Q, then, for eachi =1, ..., n,
du(x) d(sou)(x)

0x; ax;

e
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Proof. Tt is a well-known result that the function s is a contraction; that is, |s(z1) — s(z2)| < |z1 — 22| for
any z1,z5 € 0’ Thus, for y € Q2 close to x,

u@) —u®)| _ [s@®)) —s@x)|
y=x = |y — x|
For y = x + he;, h € R, letting || — 0, we get the inequality. O

Proposition 4.4. For any u € C'(Q, 0%) N W,22(Q, 0%), it follows that

PoueWl(Q,0) and J(P))<J().

loc

Proof. For each z € (90)?, there exists a unique s(z) € 30 with |z —s(z)| = minyejo |z — w|. For each
z € 30, we have j1(z) is the outward unit normal vector to O at z € 0. For each z € (90)8, we define
) = |z—s(z)| for z € (00)%\ O,
—|z=s(z)| for z € (30)’ N O,

and

A—(z) = min{A(z), 0}.
Observe that

s € CY(00)%,00), 12eCY((00)°,R), peClHO,R™),

and

z=15(z) + A(2)p(s(2)).

For z = u(x) € (00)%, we see that

Pu(x)) = s(u(x)) + A-(u(x) (s (u(x))).

Define
0 for A >0,

~(2+e%)2 +e for A <O0.

Approximating P(u)(x) by s(u(x)) + fe(A(u(x)))u(s(u(x))) and letting ¢ — 0 shows that P(u) €
WI;C’Z(Q, 0), and for u(x) € 0%\ 0, we have VP (u)(x) = Vs ou(x), while for u(x) € O, we have
VP(u)(x) = Vu(x). Now Lemma 4.3 implies that |V P(u)| < |Vu/|. Thus

£ = {

/Q|VP(u(x))|2dx§/Q|Vu(x)|2dx. 4.5)
Moreover, hypothesis (V) implies that

/Q V(x, P(u(x))dx < /Q V(x,u(x))dx. (4.6)
Then (4.5) and (4.6) show J(P(u)) < J(u). O

Proof of Theorem 4.1. As a class of admissible functions, take

=u € u(x) € or x €2, ||[U—a 2(r. gm)y —> U, I — TOOy.
r0°% E |u(x) € 0° f Q L2 pmy = 0.0 — £
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Define
c(0%) = inf J(u). 4.7)
uel'(09%)
Since O is convex, it is readily seen that I'(0%) # @ and 0 < ¢(0%) < co. Let {ux} C T(0%) be a
minimizing sequence for (4.7). By the density of C1(€2, R™) N T(0%) in ['(0%), we may assume that
{ur} € CHQ,R™)NT(0%). Since P is a contraction on O% and is the identity map on O, for any
z€ 0% and w € O, we have | P(z) —w| < |z — w]|. Thus

+ + .
| P(u) —a~ |l 2(r; mmy < lu—a™|p2¢7, gmy >0, 1 — %00,

Hence Proposition 4.4 implies that { P (1)} is also a minimizing sequence for (4.7) which is contained in
WI’Z(Q, 0) NT(0%). The proof of Theorem 2.2 shows that there exists a p(k) € Z such that a subse-

loc
quence of {P(ur(- + (p(k),0,...,0)))} converges weakly in Wl;C’Z(Q, R™), strongly in L]ZOC(Q, R™)
and pointwise a.e. to a minimizer U € Wléc’z(Q, 0) NT(0%) of (2.1). Since U(x) € O for any x €
and O is bounded, by Remark 2.37, U is a weak solution of (PDE) and (BC).

Following the argument in the Completion of the Proof of Theorem 3.1, we get that if V;, € C! and
0Q e C3 then U e C>*(Q, 0)NT and U is a classical (PDE) and (BC) with limy, 400 U(x1,X) = a*

uniformly for X € D. O
For our second result, as earlier, let e; be a unit vector in the positive x;-direction, 1 <i < n. Assume:

(1) © C R x D for some bounded set D C R"~1, 9Q is a C3 manifold, and for all x € Q, we have
x*tep €.

(22) €2 1is a connected set.

Define the functional J as earlier with this new choice of €2 and for 7, j € Z withi < j, set T; =
{(xeQli<xi<i+1l}and T/ ={xe€Q|i<x; </}
Then we have:

Theorem 4.8. Suppose that V satisfies (V1)—(V3) and 2 satisfies (§21), (22). Let
= {u eE ‘ ||M —aille(Tl.’Rm) —-0,i — :|:OO}

Then there is a U € I'1 such that
JWU) = inf J(u). 4.9
uel’y

Proof. The proof of Theorem 2.2 uses Proposition 2.14 and Remark 2.19 to show that a minimizing
sequence {uy} satisfying the normalization (2.13) and the bounds given by Proposition 2.24 has a
subsequence which converges to a minimizer U of the functional J on I'. Since Proposition 2.14 and
Remark 2.19 can be proved in the same manner for a domain 2 satisfying (£21) and (£22), the proof
carries over to the present setting provided that the bounds of Proposition 2.24 are also valid here; i.e., if
{uy} is a minimizing sequence for (4.9), there is a constant M > 0 such that

ke llw 2, mmy <M (4.10)

for all k € N and i € Z. We will show that this is the case. The proof uses the following result.
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Lemma 4.11. Assume that (21) and (22) hold. Then for any fixed k > 3, there exists a constant C > 0,
independent of i € Z, such that for any u € WI;C’Z(Q, R™yand j e{i+1,...,i +k—2},

lullz2(r; mmy = C(||VM||L2(Tii+k,Rm) +lullwraq, gy + 1l L2y oy mm))-
Proof. By a translation in Zey, it suffices to show that there exists a constant C > 0 such that for any

ue WA Q. R™)and j €{1,... .k -2},

loc
el 2z, momy < C IVl 2 oy + [l L2rg momy + el 27y oy )-
To the contrary, suppose that the inequality above does not hold. Then there is a sequence {w;} C

Wl;c’z(Q, R™) and j € {1,...,k —2} such that

lwillL2 () mmy =1 (4.12)
and

”VU)I ”L2(T({‘,Rm) + ”W] ||L2(T0,Rm) + ||M||L2(Tk_1!|Rm) —0 as | — oo. (413)

Let Qé be a connected component of 7; and Q/ a connected component of Té‘ containing Qé. If
Q/ N (ToUTi_1) = @, then 7 is an isolated connected component of Q. But k > 3, so this contradicts
the connectedness of 2. Thus Q7 N (To U Ty_;) # @. Assume that Q/ N Ty # @. Then by the Poincaré
inequality, there exists ¢ > 0, independent of /, such that

lwr —[wiljll 2@/ rmy < cllVwIllL2(@7 gemy. (4.14)
where [w;]; = (1/]2;]) fsz_,- w; dx. Since lim; o0 |wy || 2(7;,,gm) = 0 and
lwr = [wilj L2/ nrrmy < lwi = [wiljllL2@i gmy < cIVwillL2@i gm)
< el Vil gt gy,
(4.13) implies that lim;_, oo [w;]; = 0. Then (4.14) shows that
lwill > (s gy = lWillL2(@s pmy >0 as I — o0.

If Q/ N Ty # @, we obtain the same conclusion. Thus, for each connected component Q! , we have
limy_, o ||w; ||L2(Qg,RM) = 0. This implies lim;_, o [|w;[|z2(7; @y = 0, contradicting (4.12) and com-
pleting the proof. O

Now, we argue as in the proof of Proposition 2.14. Since Proposition 2.14 and Remark 2.19 hold for
a domain €2 satisfying (£21) and (£23), there exists L € N, independent of k, such that the number of
elements of

A ={i €N llug —a |l 2qry mmy = p» lug —a ™ |27, gy = p}

is bounded by L for each k € N. Note that if i ¢ A,

-1 1
lukllp2(r, gy < p+max{a™"|, la™[}|To|2.
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Then, applying Lemma 4.11, we get the boundedness (4.10). For the completion of the proof of
Theorem 4.8, we follow exactly the same argument as in the Completion of the Proof of Theorem 2.2.
Then, we get a minimizer U € I'y of J. O

As a consequence of Theorem 4.8 and Theorem 3.1, we have:

Corollary 4.15. If in addition to the hypotheses of Theorem 4.8, (V4) is satisfied, Vy, € C1(Q x R™) and
0Q € C3, then U € C>*(Q,R™) for any a € (0,1) and U is a classical solution of (PDE) and (BC)
with limy, 400 U(X1,X) = a* uniformly for X € D. If V satisfies (Vs), then (PDE) and (BC) possess a
solution U € C*%(Q,0)NT}.

Theorem 3.1 and Corollary 4.15 require condition (V4), which allows us to get an L.°° bound for the
solution. When n = 1, condition (V4) is not required; conditions (V7)—(V3) suffice. Next an example
will be given showing that a PDE perturbation of that case without any further conditions other than
V e C? gives classical solutions of (PDE) and (BC). Thus consider (PDE) and (BC) for n = 1. To better
distinguish between the cases of n = 1 and the general case, set

1,2 .
Lo = {u € W, (R,R™) } Il —atllp2i+1y.0m) — 0. £i — oo}

and
J()(u) = /(%|uxl |2 + V(xl, u)) dxy.
R
Then in Section 2, it was shown that
co = inf Jo(u)
uely

has a minimizer, Uy = Up(x1), which is a classical solution of (PDE). With the same choice of V, take
any bounded domain P C R”~! with @ = R x D and T" as in Section 2, J as in (1.2) and ¢ as in (2.1).
Note that Uy € T" so J(Up) = |D|Jo(Up) > c.

Proposition 4.16. J(Up) = ¢ and any minimizer U € C%%() N L*°(Q) of (2.1) depends only on x1.

Proof. Let {u} be a minimizing sequence for (2.1). Write x = (x1, x) for x € R” and fix k£ € N. Then
by Fubini’s theorem, there exists a set Ay C D with |Ax| = |D| such that for any X € Ay,

/Q(%Wuk(xl,)?)Iz + Vi(x1, uk(xl,fc))) dx1 < o0o. 4.17)
Therefore by Proposition 2.3, there exist ekjE (%) € {a~,a™} such that
. ~ + A
i_lginoo ke (-, %) — e (N L2((i,i+17,mm) = 0. (4.18)
We claim that eklL (%) = a™ for all & € Ay. Indeed for each i € Z, set

fE® = /[ ] lug (x1, %) —a™ > dxi.
1,
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Then each function fl.ﬂE is measurable on D and by Fubini’s theorem again,

lim /fﬁ(fc)dfc: lim [/ lug(x1,%) —aT |2 dx; d %
D D J[i,i+1]

i—=+o0 i—>+o00

= lim Jlug —a*| ;207 =0
dim (7% 27

since uy € I'. But fijE (X) >0, so fl.jE — 0in L1(D) as i — Fo00. Hence there exist subsequences

I ji — =400 such that

fijg (X) >0 forae. x €D. (4.19)
J

Comparing (4.19) to (4.18) shows the existence of a set By C Ay with | Bx| =|A| =|D| and e,:f (%) =a*
for all X € By. Defining B = (") Bk, we have |B| = |D|, and for any X € B and k € N, we have

s 1,2 . ~ +
(-, X) € W RR™) and - lim g (-, 2) —a™ L2 (i 11.8m) = 0.
This implies that for each X € B, we have ug (x1, X) € I'g. Therefore, for each x € B,

Jo(ug (-, %)) = Jo(Up). (4.20)

Integrating (4.20) over D then shows J(uy) > J(Up), which implies J(Up) = ¢, yielding the first part of
the proposition.
For the second part, suppose that ¢ is attained by U € C%%*() N L®(RQ). As in (4.20), for a.e. X € D,

Jo(U(-, X)) = Jo(Up).
Since J(U) = c, this implies that for a.e. X € D,
Jo(U(-, %)) = Jo(Uo).

Then, for a.e. X € D,

92U (x1, X -
FUNLD _y, 1, UGer, ) = 0.
0x]
This implies that
02U (x1, X
AiUEAU—%zo for any x; € R;
X1

i.e., U(x1, X) as a function of X is harmonic. Thus using the boundary condition (BC) shows that U(x1, X)
does not depend on X € D. This completes the proof. O

Now the perturbation result can be formulated. Suppose:

(Vo) For some &g > 0, there exists a function W € C((—¢, &) x Q x R™) such that for each ¢ € (—¢&9, €9),
W(e,-) satisfies (V1)—(V3) and W(0, x,u) = V(x1, u).
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For |e| < &g, consider the family of equations

—Au+ W,(e,x,u) =0, xe, 4.21)
with boundary conditions
0
M —0 onoQ. 4.22)
av

Then we have:

Theorem 4.23. Suppose (Vo) is satisfied and Q2 € C3. Then there is an &1 € (0, o) such that the problem
(4.21)—(4.22) has a classical solution U, for each |¢| < &1.

Proof. Let ug be any minimizer of Jo on I'g. Then (2.43) provides an upper bound K for [uq||,c0 (R rm)
and any such ug. To obtain the solutions U, the family of functions W(e,-) will be truncated. Let
Wk € C((—s¢, €) x 2 x R™) satisfy (V) with

(1) Wk (0, x,u) independent of X,

(2) Wg(e,x,u) = W(e, x,u) for |u| <2K,

(3) |(Wk)u(e, x,u)| < K; for some constant K1,

(4) liminf), o Wk(e,x,u) > V > 0 uniformly for x €  and |¢| < &o,

(5) inf{ Wk (0,x,u) |1 € R, min{lu —a~|,|u—a*|} > p} > B(p),
where B(p) = inf{V(xl, u) } x1 €R, min{|lu —a~|,|u—at|} > p}. It is straightforward to construct
such a family of functions. By (V) and Theorem 2.2, the functional

Je.x (1) E/ (%|Vu|2+ WK(s,x,u)) dx z/ Lex(u)dx,
Q Q

corresponding to (4.21) with W replaced by Wk has a minimizer U, g € I' for each |g| < g9. By (3) of
the properties of Wx and Theorem 3.1(1), there is a constant M { that is independent of ¢ but depends
on K such that

1Ue,k llLoo(2,mmy < M 1.

Thus by Theorem 3.1(2), each component of U, g can be viewed as a C 2:0(Q, R) solution of a linear
elliptic equation of the form
—Av=f, xeQ,

with dv/dv =0, x € Q2 and f € L*°(2, R). Applying the ngc’q estimates for such equations gives a
constant M, > 0 that is independent of ¢ but depends on K such that

1Ue.x lw2.a(@r) < Ma.

Taking ¢ > n and applying the Schauder estimates for each component yields a constant M > 0 that is
independent of ¢ but depends on K such that

1Us,k | c2.0 (2 ) < M. (4.24)
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Thus, Uy, k is a classical solution of (4.21)—(4.22). It can be assumed that the functions U g are normalized
as in (2.13). We claim there is an &1 € (0, go] such that for [¢| < &1, we have ||Ug g || 0@ rm) < 2K. If
s0, Wk (e,x,Ug k(x)) = W(e, x, Ug, k(x)) and U; g is the desired solution of (4.21)—(4.22) for |¢| < &1.
To show that such an g; exists, suppose that there exists &; € (—e&g, g9) with lim;_, o, & = 0 such that

limsup | U, k|0 (@,rm) > 2K. (4.25)
=00
By (4.24), it can be assumed that Uy, g converges in ClﬁC(S_Z, R™) to a solution U* of (4.21)—(4.22) for

¢ = 0. Due to equations (4.21)—(4.22) again, the convergence is in Cliéa (2, R™) so by (4.24),
1U* |l c2.a g pm) < M. (4.26)

Suppose for the moment that U* minimizes Jo g on I'. Then by Remark 2.44, ||U*| oo (@ rm) < K and
(4.26) is in contradiction to (4.25). Hence ¢; exists and the theorem is proved.

It remains to verify that U* minimizes Jo g on I. As a first step, let w € C (R, R™) with w(t) = a~
for t < —1 and w(t) = a* for t > 1. We define W(x1,%) = w(x1). Then there is a constant M,
independent of ¢ but depending on K such that

Je, k(W) < M. 4.27)

Thus Jg x (Ug,x) < M; for |¢| < g9. Now for any R > 0, due to the Ckl)C convergence of U g,

[ Lox@?)dx=lin Lok WUs ) dx = My,
[—R,R]xD ¢>0 JI-R,R|xD
Thus letting R — co shows
Jo.x(U™) < M. (4.28)
By (4.28), as |i| — oo,
/T Lo.xk(U*)dx — 0. (4.29)

Due to the bounds (4.26) and the Poincaré inequality,

IU* —a® w12z, gy = 0, |i] = 0. (4.30)
Employing the bounds, (4.26) again with (4.30) and an interpolation inequality shows

IU* —a®|crer, qmy =0, i — £o0. (4.31)

The estimate (4.31) also holds for any #¢ minimizing Jo ¢ on I Let o > 0. By (4.31), there is a
q = q(0) € N such that for u = U* or u = uy,

lu—a®|lcrr, gy <0, £i>q. (4.32)

By (4.28) again, by taking g larger if need be, it can be assumed that

[ Loxk(U*)dx <o and / Lo.x(ug)dx <o. (4.33)
{lx11=g+1}xD {lx11=g+1}xD
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Next observe that U*, being a limit of minimizers, possesses a minimality property. Indeed since U, g
minimizes Jg g over T, for any ¢ € W12(Q, R™) having compact support,

L(LS,K(US,K + ‘/’) - La,K(Us,K)) dx = / (Ls,K(Us,K + §0) - La,K(Us,K)) dx > 0. (4~34)
supp ¢

Thus taking & — 0 in (4.34) yields
/ (LO,K(U* +¢)— LO,K(U*)) dx > 0. (4.35)
supp ¢

Taking ¢ = q(0), choose ¢ = f,, where

uog—U* for |x1] <gq,
(x1—¢—=1D)(U*—up) for g <x1<q+1,

T} = (=g —1—x1)(U* —ug) for —g—1=<x; =—q,
0 for |x1|>q+ 1.
With this choice of ¢, (4.35) becomes
| Lexodss [ Lokt fdvz [ Lox(U")dx. (436)
[—4.9]1xD T—g—1UTy [-g—1,q+1]xD

The choice of f; and (4.32) show

| Lex@' fdx =y
T_q—1UTy
where y(0) — 0 as 0 — 0. Recall that by Remark 2.44 and Proposition 4.16,
co,x = inf Jo g(u) = inf J(u) =c.
uel uel
Consequently, letting 0 — 0, ¢ — oo and (4.36) implies
c=J(o) > Joxk(U*)>co,x

and Theorem 4.23 is proved. O

Remark 4.37. One can also allow for perturbations of the domain in the setting of Theorem 4.23. For
example, with a condition like:

(2¢) For some g9 > 0 and each |¢| < g, there is a domain 2, C R”, where 2, satisfies (£21)—(22), the
map & — 2, is continuous, and Q29 = R x D.

To conclude this section, we will briefly mention the case of (V3) replaced by:
(VZ/) There are points a' € R™ such that Vi(x, ai) =0,1<i<s,forall x € 2, and V(x, u) > 0 otherwise,

i.e., V is a multiwell potential. Existence and multiplicity results for such multiwell potentials and even
infinite well potentials have been studied, e.g., in [Montecchiari and Rabinowitz 2016]. Using the methods



A DOUBLE WELL POTENTIAL SYSTEM 1757

of this paper, such treatments can readily be extended to the current setting. For example, suppose that V'
is an s-well potential and set
A={a',... d*}.

Then it is straightforward to show:

Theorem 4.38. Suppose that V satisfies (V1), (V), (Va), (Va), Vu € CLQ=RxDwithD CR" 1 a
bounded open set and 3D a C3 manifold. Then:

(1) Forany a' € A, there exists ana’ € A withi # j and corresponding classical solution Ui,; of (PDE)
and (BC) such that U;; is heteroclinic in x1 from a' toa’ and Ui,; minimizes J over the set

uGE 11m M—al = llm u_aJ :0 or some . l )
tweE] tim Ju—a'lpaq, mm=lim fu—a’ L2 mm=0 f j#i)

(2) For any al,al € A, with i # J, there exists a (minimal) heteroclinic chain of solutions U; p,,
Upi,p>+---Up,,j of (PDE) and (BC), where Uy ; are as in (1) and the integers i, py,..., ps, j are
distinct. Moreover, if

where

Fi,j = {u eF ‘ ||u —ai ”Lz(Tk,IR’") —> 0, k — —0Q; ||u _aj”Lz(Tk,IRm) —> O, k — OO},
then
¢i,j = JWUip)+-+ J(Up,.j)

5. Multitransition solutions

In this section, it will be shown how the approach of [Montecchiari and Rabinowitz 2016] can be mirrored
to construct multitransition homoclinic and heteroclinic solutions of (PDE). More precisely, we seek
solutions of (PDE) that as a function of x; make multiple transitions between small neighborhoods of a™
and a . In order to find such solutions, we need a mild nondegeneracy condition on the set of minimizing
heteroclinics given by Theorem 2.2. To make this precise, we replace I' by I'(a~,a™) and ¢ by c(a™,a™).
Thus interchanging the roles of a~ and a™ gives us I'(a™,a™) and c(a™,a™). For £ € {a*,a™}, and
nefat.a"}\{§}, set
ME ) ={uel(En|Jw)=céE i

Define

SE.n) ={ulry [u e M(&.n)}

and put the W 12(T,, R™) topology on this set. Then we have:
Proposition 5.1. Suppose V satisfies (V1)~(Va), Vyy € C1(2 x R™) and 9Q € C3. Then

(1) S, n) =SE nULETUn,
(2) S(&,n) is compact.
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Proof. Due to the asymptotic behavior of the members u of M(£, 1), we know u(x; + j, x2,...,Xp)
converges in L?(Ty, R™) to n as j — oo and to £ as j — —oo. Then, by the L> uniform boundedness
of minimizers U € S(, n) in Proposition 6.2 and elliptic estimates, we see that {£} U {n} € S(&, n).

Let {w; } be a sequence in S(§, n). Then the proof of (1)—(2) is complete if a subsequence of {w; }
converges to amember of S(&, n)U{§}U{n}. If a subsequence of w; converges to & or 1, we are done. Thus
suppose this is not the case. For any j, we have w; = W;|r,, where W; € M(§,n), so J(W;) =c(§,n).
By Proposition 6.2 and elliptic estimates, there exists K > 0 such that ||Wj||c2.e(q gm) < K. Then, a
subsequence of W, converges in Clgc (2, R™) to a function W € ENC?(Q,R™) and W is a classical
solution of (PDE). In particular w; — w = W, # &, n. Since for each p < g € Z,

q q
3 /T LOV)dx = Jim Y /T LOW))dx < J(W)) = c(&, ),
i=p° i i=p~"!

letting ¢, —p — oo shows
> [ Lovyax=son <. 52)
iez /T
Equation (5.2) and (V) imply there are points £+ € {£, n} such that | W —&* lz2¢r, gmy — 0 as i — +o0,
respectively. We must show £~ = £ and £ = 5. Arguing indirectly, suppose that £~ # &, s0 £~ = 1.
Let ¢ > 0. Then there is a negative integer io = io(¢) € Z such that |W —nlp1.2(7, gmy < € for all
i <io+2. Forlarge k = k(ip) and i € {ip—1,...,io + 2}, we have || Wi —nlly1.2(1, gm) < 2¢. Define
fie €T(§,m) by

Wi for x1 <ip—1,
(x1 —io+ D+ (io —x1) W for ip —1 < x1 </,

Je=14n for ip <x1 <ip+1, (5.3)
(x1—io— D)W +2+io—x1)n for ip+1=<x1 <ip+2,
Wy for ip +2 < xj.

Note that
[J (W) = J(fi)l = ’/[ v (L) = L(fr))dx| <k(e), (5.4)
Ut

i =io—l 1

where «x(¢) — 0 as ¢ — 0. Therefore by (5.4),

e =JWe) = J(fie) —«(e). (5.5)

Further define functions gz € I' (€, n) and Ay via

for x1 <ip,
gk = {f" Lo (56)
n  for x1 >y,
f <ip+1
fi for xy >ip+1,

so by construction,
J (i) = J(gk) + J (hi). (5.8)
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By (5.5) and (5.8),

c&.n) = J(gk) + J(hi) —k(e) = c(§,n) + J(hi) — K (¢).
Thus, we get
K(e) = J(hg) = L(fi)dx = L(fi)dx, (5.9)
i=§‘r1 /Tf i;o/Ti

where the last inequality follows since ig is negative. But on Ty, we have f; = wi — w in W12(Tp, R™)
as k — oo and w # a4. Therefore fTOL( Jr) dx > w > 0 for all large k. Since the left-hand side of (5.9)
goes to 0 as & — 0, we have a contradiction. Thus £~ = £. Similarly, £T = 7 and the proposition is
proved. O

Next define C¢ (&, 1) to be the connected component of S(&, 1) to which & belongs and define C; (£, )
similarly. Then the following alternative holds.

Proposition 5.10. One of the following items holds:

(i) Ce(&,m) = Cp(&,m);
(i) Ce(§.m) = {&} and Cy(§. 1) = {n}.
If (ii) holds, there exist nonempty disjoint compact sets Ke(§,1), Ky(§,n) C S(£.n) such that

(@) &€ Ke(§,m), ne Ky, m),
(c) dist(Kg (&, ), Ky(§,m) = 5r(&.n) > 0.

Proof. The proofs of these statements are exactly the same as their counterparts in Proposition 2.43 of
[Montecchiari and Rabinowitz 2016]. O

Remark 5.11. Note that Proposition 5.10(i) occurs if V is independent of x;.

To continue, we assume that the nondegeneracy condition, alternative (ii) of Proposition 5.10, holds for
both C¢ (£, 1) and Ce(n, &). Since the arguments are very close to those of [Montecchiari and Rabinowitz
2016], we will give the proof for the simplest case of two transition solutions and merely set up the
variational problem that finds the multitransition solutions as local minima of J, referring to [Montecchiari
and Rabinowitz 2016] for further results and details.

Recalling the definition of p given after (2.12), by Proposition 5.10,

F= min(p, ra—,a4),r(a+, a_)) > 0.
Define the set

A€ ) ={ueTEn | lu—Ke& 0wz mm =7 or llu—KyE w2y gm =T}
and

d,n) = ueji&g’n) J(u). (5.12)
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Arguing as in the proof of Proposition 2.47 of [Montecchiari and Rabinowitz 2016] shows

dé,n) >cé,n). (5.13)

To set up the variational framework to find the simplest two transition solutions of (PDE) and (BC),
following [Montecchiari and Rabinowitz 2016], let m = (my,...,my) € 7* and | € N be such that

mi+2 <my—2l <mp+2l <mz—2l <msz+2l <myg—2I.
Finally define
Ap = Ax(m,l) = {u € E | u satisfies (5.14)},

where
Ny (Ky_(a—,ay4)), j<my+I,

Ny (Kay(a—,ay)), may—1=<j<my+I,

u(- + je € 5.14
CHII €N N (K @poam)), ma—l = <ma+1, G19
Nr(Ka_(ay.a-)), ma—Il=].
Here N, (A) = {u € W12(To, R™) | disty1.2(7, gmy(u, A) < r} for any A ¢ WH2(ToR™).
We seek 2-transition solutions as minima of J on A,. Define
by =by(m,l) = inf J(u). (5.15)
ucAs

Theorem 5.16. Suppose (V1)—~(V4) are satisfied and that Proposition 5.10(ii) holds for Cg (&, n) whenever
& #£nefa—,aq}. There exists an mg € N such that if | > mg and mj+1 —m; —6l > mg fori =1,2,3,
then

M(b2)={u e A | J(u) =ba} # 2.

Moreover, any U € M(bz) is a classical solution of (PDE) satisfying (BC) and ||U —a—||w1.2(r, gmy — 0
as p — too.

Proof. Let {up} C A, be such that J(up) — by. Arguments similar to the ones used to prove
Propositions 2.14 and 2.24 show that {|[ug |y 1.2(7; gm)}iez ken is bounded. Then, along a subsequence
(denoted again by {ug}), ur — U weakly in E. Since A, is weakly closed, we have U € A, and J is
weakly lower semicontinuous, so J(U) = b,. Since J(U) < +o0,

distyy1.2(7, mmy (U, {a—,a4+}) —>0 as p— +oo,

and by the definition of A», it follows that lim4 o |U — a—|lw1.2(7, gy = 0. To show that U is a
classical solution of (PDE) satisfying (BC), the arguments of Section 3 can be applied here once we have
verified that U is a weak solution of (PDE), i.e.,

/ VU -Vo+V,(x,U)-¢dx =0 forany ¢ € Cg°(R",R™). (5.17)
Q

To verify (5.17), it suffices to show that if m is large enough, U satisfies the inequalities defining .4, with
strict inequalities. Towards this end, define K1 = K,_(a—.,a+), Ko =K, (a—,a+), K3=Kq (a+.a-),
Kis=K,; (at,a-),anday=a4=a_, ap=a3z=a4. If U does not satisfy one of the inequalities defining
A with strict inequality, then
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() there exist integers j € {1,...,4} and

(—oo,m1+11NZ if j =1,
pjE€yImj—lmi+)NZ ifl<j <4,
[mg—1,+00)NZ if j =4,

for which

r= diStW1,z(TO’Rm)(U(' +pjel)lt,. Kj).

We show here below how () is not possible if mg is large enough. The arguments are slightly different

depending on whether j = 1,4 (the “boundary” case) or j = 2, 3 (the “interior” case). We will show

here how to get a contradiction only for the interior case, the other being very similar (and simpler).
Assume that for some j € {2, 3} there exists a p € [m]v —1,mj+1) such that

r=disty1.2(, gy (U(- + per)lr,, K>). (5.18)
Let ¢ € (0, 7). First note that if mg is sufficiently large then
by <cla—,a4)+clay,a-)+2 (5.19)

independently of the choice on m — see the simple argument at the beginning of the proof of Proposi-
tion 3.29 in [Montecchiari and Rabinowitz 2016]. Moreover, taking m larger if need be, observe that for
any j €{l,...,4} there exists ; € [m; —] +2,m; +1—2) N Z such that

U —ajllwr2cr, gmy <& fori €y =2, +2]NZ. (5.20)
Indeed, suppose for every X; = ;:;%_2 Ty C [mj —1,m; 4+ 1] x D, there exists 7; C X; such that
IU —ajllw2; mmy = €. Since U € Ay, it follows that disty1.2(7, gmy(U. {a—, a4 }) = . Then, the
argument in Proposition 2.14 shows ij L(U)dx > B(e) > 0. Therefore

by = J1(U) = 521 + 1)B(e) = Fmop(e),

which is in contradiction with (5.19) for large values of myg.
By (5.20), there are integers i— € (m;_y —[+2.m;_+[—=2)andiy € (mj  —1+2,m; +1-2)

and corresponding regions X;_ and X;_ such thatif 7; C X;_ and T} C X;_, then

it
”U —ajf_l ||W‘s2(T,,[R’") <¢ and ”U _a./T-i-l ||Wl~2(Tk,Rm) < E. (521)

Define
a;_y for x; <i_,
f=1U for i 4+1<x; <iy—1, (5.22)
a;iiq for iy <xq,

with interpolations as in (5.3) in the other regions.
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By construction, f € I'(a
Then, by (5.13) and (5.22),

d(aj_lvaf.;.l) <J(f)
E/i+_2 L(U)dx-l—/ L(f)dx—i—/ ) L(f)dx

im41Ti T;_ Tiy—1

j—1-aj4q) andsince f =U on Tp, by (5.18) we have [ € A(aj_j.aj,,).

5/. _, LU)dx +2«(e). (5.23)
Z‘++1Ti

If mg is large enough, there exists u € M(a; jo1-4; 41) such that

lu—a;_yllwi2q,mmy <& foranyg<mj;_,+I,

”u ]+1||W1 2(Tq R™) <e¢ for anyq>m —1.
Define
U for x1 <i_—2,
a;_y fori_—1<x1<i_,
b=1u fori—+1<x; <iy—1, (5.24)

aiiq for ip <x1 <iy+1,

U for x1 > it +2,
making the usual interpolations in the remaining regions. Observe that ® € A,. Consequently, with the
aid of (5.23), we obtain

0§J(<I>)—J(U):/Ui++l . L(®)— L(U) dx

i=i——21i
§/i+_1 L(u)dx +2k(e) — /l++1 LU)dx
Ui=,'_+1 T; z i——2 T;
<cla;_y, a5 ) —da;_y.a5y)+4x(e),
a contradiction to (5.13) if 4x () < d(a; Fo1-4; i) —cla a;_q.4a; +1)- An analogous argument leads to a

contradiction in the boundary case. Thus (x) cannot occur and the theorem is proved. O

Remark 5.25. Varying the values of m, Theorem 5.16 provides the existence of infinitely many 2-transition
solutions of (PDE) homoclinic to a—. Reversing the roles of a_ and a., an analogous result is obtained
giving infinitely many solutions homoclinic to a .

As in [Montecchiari and Rabinowitz 2016], Theorem 5.16 can be generalized also to the case of
k-transition and infinite transition solutions. We state here the case of k-transition solutions referring to
[Montecchiari and Rabinowitz 2016] for more details.

For k € N, let {ay, ..., a} € {a—_,ay}** be such that

ap #az =asz# -+ # dak—p = dok—1 7 dok-
Consider also the family of sets {K7, ..., Ko} defined as

Kzj—1=Ka,;_,(azj—1,a2j) and Kzj = Kg,;(azj—1,a2j), j=1,....k.
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Given/ e Nand m = (my, ..., my) € Z%* with m; —m;_y > 2l for j =2,...,2k, consider the set

A(k,m,l) = {u € E | u satisfies (5.26)},

where
N7(K1), pe(-oo,m+I1)NZ,
u(- + per)lr, € yNi(K;), pelmj—Il,m;+1)NZ, 2<j<2k—1, (5.26)
N#(Kak), p€[moy—1,+o0)NZ,
and let
by =bk,m,l)= inf J(u). (5.27)
ucA(k,m,l)

Theorem 5.28. Under the hypotheses of Theorem 5.16, there is an mgy € N for which if k € N, [ > my
andmjy1—m; —6l >mg fori =1,...,2k — 1, then

M(bg) = {u € Ak, m, 1) | J)=b(k,m, 1)} # .

Moreover, any U € M(by) is a classical solution of (PDE) satisfying (BC).

6. Proof of Theorem 3.1

In this section the proof of Theorem 3.1 will be carried out. It is similar to the proof of the corresponding
scalar case. The proof consists of several steps. First note that since (V7)—(V3) are satisfied and 02 =
R x 0D € C!, by Theorem 2.2, there exists a minimizer U € T of (2.1). For any ¢ € Wl;éz(Q) with
compact support in © and ¢ € R, we see that U + t¢ € I. Since V(x,-) € C!(R™) for each x €  and
(V4) holds, lims—o(J(U +1t¢) — J(U))/t exists. Since J(U) < J(U + t¢) for any ¢t € R, we see that

. JU Fte)—JU)
lim =
t—0 t

/ VU -Vo+ V,(x,U)pdx =0.
Q

This implies that U is a weak solution of (PDE) and (BC).

Now two rather technical steps are required and will be stated as separate propositions. The first
provides an L°° bound for any weak solution U of (PDE) and (BC). When m = 1, such results are well
known; see, e.g., [Gilbarg and Trudinger 1983]. In general, they are not true for systems, but we will show
that due to the semilinear structure of (PDE) and (V4), variants of arguments in [Gilbarg and Trudinger
1983], that in turn go back to work of Moser, can be modified to treat the current setting.

Note that for any U € E, there is a constant M4 > 0 depending on U such that

/|VU|2dx—|—sup/ |U|? dx < Mj. (6.1)
Q T;

i€z
Proposition 6.2. Suppose V satisfies (V1)—(Vy), and that 9Q = R x 3D € C . Then for any weak solution
U € E of (PDE) and (BC), there exists a constant M5 > 0 depending on U such that

|U || Loo(@,rm) < Ms.

If U is a minimizer of (2.1), M4 and Ms are independent of U.
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Proof. First observe that by Proposition 2.24, M4 can be chosen independently of U if U is a minimizer
of (2.1). Let n € C1(R, [0, 1]) have compact support. Then 7, extends to a C !-function on 2 by defining
n(x1,....xn) = n(x1). Foreach o >0and i = 1,...,m, define a function U? by U? (x) =U;(x) if
|Ui(x)| <o, by U? (x)=0 if Ui(x)>0 and by U? (x)=—0 if Uj(x)<—0. If U = (U1, ..., Up), set
U°=U7,....U%). Let B >0 and take ¢; = anj|U;’|2'B, 1 < j <m. Then, taking ¢ = @;e;, with e;
the j-th unit vector in R, we see that ¢ € Wlééz (£2) and the support of ¢ is compact. Thus, (1.1) implies
that for 1 < j <m,

/ VU; - V(PUUP1P) + Vi, e, U0 [UP 12 dx = 0. (6.3)
Note that "’
VU; -V (@*U; U7 1P)
= n?|U7 PPIVU; 2 + 280705 (UF PPV U; - VIUP |+ 20U (UF PPV U; - V. (64)
Observing that the middle term on the right in (6.4) satisfies
261U (U PPIVU; - VIUT| 2 0, 65)
substituting (6.4)—(6.5) in (6.3) and using (V4) shows for some constant C, > 0, independent of o, j, 8,
/Q 7P|UF PP IVU; P dx < 2/9 nU;j| U7 P2 19 U; 1 ) dx+C2/Q 71U [|UF PP (14U |P) dx. (6.6)
Simplifying the right-hand side of (6.6) gives
/Q n?|UP 12|V U; | dx
=3 /g U7 1PV U; P dx + 8/9 U; PIUS 22l dx + Cz/Q 7|UF PP (Us |+ |U1P*) .
Hence there is a constant C3 > 0, independent of o, j, 8, such that
|RGCHRRE

s@/m ( )[(1 + Vil 2 (U [+ U PDIUP PP + U PPlu Pt dx. (6.7)
supp(n

Since
2
VU U 1P)|™ <208 + D202 |UP PP IVU; 1>+ 2(U) U 1P |V 2,

using this estimate in (6.7) shows there is a constant C4 > 0, independent of o, j, 8, such that
|1V GU g R + R P PP dx

< Ca(f+ 1)2/9m ( )[(1 + Vil (U [+ U PDIUP PP + U PP U Pt dx. (6.8)
supp(n
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Due to the Sobolev inequality and (6.8), there exists a constant Cs > 0, independent of o, j, 8, such that

n—2

(/ (lUg P+ s dx) '
Q

=GB+ 1)2f [+ [Valze)?|U; P|US 122 + 2 Uf 2B U P+ ] dx
QNsupp(n)

= M(j.0. B). (6.9)
Suppose for the moment that n > 3. Define 1 by
2n
-2
The restriction on p in (V4) implies B; > 0. By this choice of 81, (6.1) and the Sobolev inequality,

21+ D) +p—1=
n

M(j, o, B1) is bounded independently of o. Consequently letting 0 — oo and choosing 7 so that n(x;) =1
for |x1 —i| <1, (6.9) shows there is a constant K = K(f1, /) such that for each [ > 1,

/ (UIP )2 dx < K(Br. 1) (6.10)
QN{lx1—il<l}
independently of i. For t € N with ¢ > 2, define 8; via
n
2B:+ D+ p—1=2(B1—1 + l)nTZ

and repeat the above argument, obtaining

/ (U2 dx < K(Bror. I+ 1) ©.11)

QN{lx1—il<l}

independently of i. Since B;4+1 — B: =n/(n —2)(B; — Bz—1) and B — B1 > 0, it follows that 8; — oo
as t — oo. Thus for each fixedg > 0and [ > 1,

/ U dx
Qn{lx—il<l}

is bounded independently of i, the bound depending on ¢, n, M4 and the constants in (V).
Now the Moser iteration argument will be used to get the L.°° bound of the proposition. Returning to
(6.9), our above observations show there is a constant C¢ > 0, independent of 7 and 8 > 0, such that

([ orwies s ar) °
Q

< Cs(B+1)? / [(1+ |VilLe)2(1+ [UDIU PP 4 2 |U P2 P dx. (6.12)
QNsupp(n)

Consider the last term in (6.12). Let & > 0. Note that

/ 772|U|2,3+2+p—1 dx=/ 7]2|U|2ﬁ+2+p—1 dx+/ n2|U|2ﬂ+2+p—1 deIl‘i_IZ, (613)
QnNsupp(n) Ry R>
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where Ry = {x € Q Nsupp(n) | |U| <h} and Ry, = {x € Q Nsupp(n) | |U| > h}. Then

I §h1’_1/ n?|\U2+2 dx. (6.14)
Q
By Holder’s inequality,
n—2

2 n—2
I < (/ U P=1/2 dx) (/ (?|U 2 +2)n2 dx) = I31,. (6.15)
R> Q

Noting that %n( p—1)<2n/(n—2) and setting d = %( p — 1)(n —2), another application of Holder’s
inequality implies

" d
17 <|Ry|'™ (/ U2 (1=2) dx) . (6.16)
R
Since
|R2| = |{x € @ Nisupp(n) | U] > h}| < h=2"/(=2) / U2 =2 g,
QNsupp(n)
(6.16) can be rewritten as
4(1—d) 2n %
I3 <h " n2 (/ |U|n—2 dx) . (6.17)
QNsupp(n)

Combining (6.13)—(6.17), (6.12) becomes

n=2

(/ (n2|U|2}3+2)n’T72 dx) n
Q

< Co(B+ 1)2/ (1 + [ValL=)2(U PP 4 |UPE+2) dx
QNsupp(n)

+Ce(B+ 1)2[11”—1 [ o2 ax
Q

2 n—2
+h—“€::5”(f |U|n2—”2dx) (/ <n2|U|25+2>nf2dx) ] (6.18)
QNsupp(n) Q2

Using the freedom in the choice of &, we require that

2
Co(B + 1)2h %" (/ U2 dx) -1
§2Nsupp(1)

or equivalently

2 n—2

" 7\ H=d)
h=(2C6(,B+1)2(/ |U|n2—2dx) ) .
QNsupp(n)
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This makes the coefficient of the last integral term in (6.18) equal to % so it can be absorbed on the
left-hand side of the inequality (6.18). Thus (6.18) becomes

n—2

([ oriwies it ar) ”
Q

<2Cs(B+1) / (1 + [ Vnlle)>(UPEH 4+ |UPE+2) dix
QNsupp(n)

2(n—=2)(p—1)

(p—1)(n—2) n 4n(1—d)
+(206(ﬂ+1)2)1+”4u—d>(/ |U|n22dx) / U2 dx. (6.19)
QNsupp(n) Q

Now for eachi € Z and j € N, choose n; € C*°(R) such that n;(x1) =1 for [x; —i| <1 +27/71
nj(x1) =0for [x; —i| > 1+ 2=/ and [Vnillpe < 2/%2 By (6.1) and the Sobolev inequality, there
exists a constant M’ > 0, independent of i € Z and j € N, such that

/ \U|i22 dx < M.
QNsupp(n;)

Set § = n/(n—2) and for each j € N, define y; by y; = 26/. Then, taking n = n; and 28 +2 =y, in
(6.19), simple estimates show there is a constant C7 > 1, independent of j € N and i € Z, so that

n—2

(/ |U|291+1 x) n
{xeQ||x;—i|<142=/~1}

= C7((29)2J + 92/’(14_%)

QUPTT U P dx
{xeQl|x1—i|l<14+2-/}

)(n— 2) 1 j
< C7((20) + 0"t i ) / (UPY 11U ) dx. (6.20)
{xe€Q||x1—i|<1+2—7}

Thus setting
1

o \2o7
AJ = (/ |U|29./ dx)29 ’
{xeQ||x1—i|<142—7}

by the Holder inequality,
. L .
f{ et ea UPY "Vdx < |{x e Q| |xy —i] =2}]207 (4,;)% L. (6.21)
xeQ||x1—i|< -
With the aid of (6.21), there is a constant Cg > 1, independent of j € N and i € Z, such that (6.20) yields

the simpler inequality
1

_J 1\ 3297

Ajy1 <(Cg)267 (1 4+ — Aj. (6.22)

J ( AJ-) /
1
. 1\ 207 1
Since (1 + _Aj) <1+ 207 _A (6.22) implies
_J 1

A1 = (Ce)297 (4 + 357 ). (6.23)
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This inequality can be further rewritten as

Co
207°

where the constant Cy9 > 1 is independent of j e Nandi € Z. Since D = ZJGN j/(267) < 00, by (6.24),

Ajp1 < (Cs)307 A; + (6.24)

o Cy T el i Cy Cy
Ajt S (COYF Ay + 52 < (Co)7 T3 T Ay 4+ (Co)3 52 5 2
o
<< (Cp)P (Al 1 Gy 6 ) < 0. (6.25)

j=1
Consequently there exists a constant M5 > 0, independent of i € Z, such that for any weak solution U
of (1.1),

1U | Loo({xeq]|x1—il<1}) =j£rgo Aj < Ms

as claimed. Note that M5 depends on n, M4, and the constants in (V).
When n = 2, by the Sobolev inequality, for any g > 2, there exists a constant, C1¢, depending on ¢
but independent of i, such that

1U | La(gxeqiixi—i1<2p) < CrollU w1 2(gxeq||x1—i|<2})- (6.26)
Therefore the case of n > 3 can be simplified and modified by, e.g., replacing our earlier ¢; by

n?U i |U; |2(‘3 +1, This leads to a simpler version of (6.8). Then employing (6.26) in going from (6.8) to
(6.9) leads to the following variant of (6.12)with ¢ replacing n/(n — 2):

1

q

( / (n|U; PBHD)a dx) <CL(B+1)? / (1 IV nl2e)2 U, PIUG 1P+ 22U 17+ ] dx
Q QNsupp(n)

for any g > 2, where C11 depends on g. Then continuing as earlier completes the proof for this case. [J
As the next step in the proof of Theorem 3.1, we have:

Proposition 6.27. Suppose that V satisfies (V1)—(V4) and 0 € CL. If U € E is a weak solution of
(PDE) and (BC), then:

(1) Forany Q' CC Q, we have U € W?2(Q').

Q) If V, e CHQ xR™,R™), then U € Cliéa (2, R™) for any o € (0, 1) and satisfies (PDE) in Q.

3) IfIQ e C?, thenU e ngc’z(f_Z) and U is a strong solution of (PDE) and (BC).
Proof. First since U is a weak solution of (PDE) and by Theorem 3.1, V(x, U) € L2(Q", R™), (1) follows
from Theorem 8.8 of [Gilbarg and Trudinger 1983]. Moreover, this additional differentiability shows U
is a strong solution of (PDE). Next by Theorem 3.1 again, V,,(-,U) € L4 (Q',R™) for any g > 1 so by
Theorem 9.11 of [Gilbarg and Trudinger 1983], U € W24(Q’, R™). The Sobolev inequality then implies
U e CH¥(Q/,R™) for any o € (0,1). Then, since Vy,(x,U) € C1(Q’), invoking the linear Schauder
theory then gives U € C2%*(Q’, R™) and (2) holds. Lastly the proof of Theorem 4 in §6.3.2 of [Evans
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1998] with the modification that U € W12 rather than U € Wol’2 yields the first part of (3). For the
second, taking any ¢ € Wl1 2(SZ) with compact support in €, by (2.36) and integration by parts due to
the fact U € lec’Z(S_Z) (852) we get

loc

aU
/ (—AU + Vu(x,U))-gadx—/ —0dS =0.
Q aq v
Thus since U satisfies (PDE),

U

/ —-9dS =0 (6.28)
aQ 0v

forall ¢ € Wl1 2(Q) — LIOC(E)Q) having compact support and (6.28) implies (BC). Thus, U is a strong

solution of (PDE) and (BC). O

Completion of proof of Theorem 3.1. Tt remains to show the regularity of U in a neighborhood of 92
when 0Q € C3. Since in Section 4 we consider a more general domain than Q = R x D, the special nature
of Q2 will be suppressed here so that our argument also adapts easily to the case treated elsewhere. Let
R ={x e R" | x, >0} and z € Q2 = Rx dD. Slightly modifying the proof of Theorem 8.12 of [Gilbarg
and Trudinger 1983], there exists a C 3 diffeomorphism W defined on Bg(z) such that W(Bg(z)NQ) C R",
W(Br(z)NdQ) CIR". Choose 0 < R and set BY = B;(2)NQ, D' =W(B,(z)),and DT = W(B™).
Then setting ® = W~ and w = U o @, (PDE) in B is transformed into the equation

- > a ,J(y> +Zb (y) +Vu<<1>(y> w)=0 in D/, (6.29)
1<i,j<n
where
" v, ow; ..
al-j(y)=l=21 7 ax; (®(y), 1<i,j<n,

(2, R™), we know w € WL2(DT R™).
Next we will show that an appropriate choice of W, or equivalently of ®, allows us to get the regularity

Moreover, since U € WloC

of U near z and satisfy (BC). Translate and rotate variables for convenience so that z becomes 0 and BRQ’_
is the tangent space to 92 at z = 0. Since 92 is a C3 manifold, for r small, there is a C3 R-valued map ¢
defined on B, (0) N IR’ with ¢(0) = 0 = |V¢(0)| and such that near 0, the boundary 9<2 is given by

{0 () |y € B (0) N IRY }.

Then, for y = (", yn)=(V1..... Yn), extend ¢ to ®=(®Py,..., ®,): B, (0) >R" with ®: B, (0)NR". — Q
via

Vi yna¢(y) for j=1,....n—1,

Y+ () for j =n.

Q;(y) =
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This extension of ¢ makes ® a C? function with ®(0) = 0 and ®’(0) = I, the identity matrix. Thus ® is
a diffeomorphism in B, (0) for r small and
0.0 = (=500 =00
Yn V1 Yn—1
is the inward normal to d€2. Hence for small » > 0 and an open neighborhood N of 0 in R”, the map
D W N B,(0) - N N Q is a diffeomorphism. Let ¥ : N N Q — W N By (O) be the inverse of the
map dD Note that VW, (®(y’, 0)) is orthogonal to the surface {(y’, W(y’)) |y e Br(O) NIR" } C 92
since W, vanishes on the surface {(y’, ¥ (y")) | y' € B,(0) N dR" }. Fori € {1,. — 1}, we know
V¥, (®(y’,0)) is orthogonal to the surface

{O =y Vo). yn+0(Y) | ¥ € B (0)NORY, y, > 0 and fixed y; }

at (y',¢(»’)). This implies that VW; (®(y’,0)) is in the tangent space of 92 at ®(y’,0). Thus for
ief{l,...,n—1},

VU, (@', 0)) - V¥ (2()y', 0)) = 0.
Hence a;, = an; =0when y, =0andi =1,...,n— 1. Now for (y’, y,) € B-(0), we define
c‘lij(y’,yn)zaij(y’,lynl) ifi,j <n—1,

ain(y', yn) = lj(y lynl) ifl1<i<n-1,

Inl

Zlnn(y/, yn) = ann(y/v |yn|)

We also define b; (y', yu) = bi (y', |yu|) fori = 1,....,n—1, and b, (y’, yn) = —by(y’, yn). For the
solution w, we define a function w on B, (0) by w(y’, y,) = w(y’, |yn|). Then, we see that w is a strong
solution of

- Z u(J’)

1<i,j<n

-+ Zb (y) + Vu(®(y), W) =0, y € B,(0).

Since a;; is continuous and ZT, , Viu € L°°, Theorem 9.11 in [Gilbarg and Trudinger 1983] shows first that
w e Wz’p(B% (0)) for any p > 1, and then w € Cl’“(B% (0)). This implies that U € C%%(Q) N C L*(Q).
Now, returning to the original equation (PDE) and applying Theorem 6.31 of [Gilbarg and Trudinger
1983], we get the regularity U € C%%(Q).
It remains to show
lim U(x;, %) =a® uniformly for £ € D. (6.30)

x1—>*00

From the proof of Theorem 2.2, we have

lim (VU =a®)l2qr, amy + U = a* | 2z, omy) = 0.

i—
By Theorem 3.1, Proposition 6.2, and (PDE), there is a constant, M* > 0 such that [|U || c2.« (g gm) < M ™.
Therefore standard interpolation inequalities imply || U —a¥| Loo(T;) —> 0, i — F00, which gives (6.30)
and completes the proof of Theorem 3.1. O
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Remark 6.31. The arguments we have given to establish the regularity of solutions of (PDE) and (BC),
in particular Proposition 6.2 obtaining an L° bound for the solution, Proposition 6.27 giving interior
regularity, and the final arguments establishing regularity up to the boundary, work equally well for any
divergence structure semilinear elliptic system of PDEs satisfying (V4) provided the coefficients are
sufficiently smooth.
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