
ANALYSIS & PDE

msp

Volume 10 No. 2 2017

COSMIN BURTEA

OPTIMAL WELL-POSEDNESS FOR
THE INHOMOGENEOUS INCOMPRESSIBLE NAVIER–STOKES

SYSTEM
WITH GENERAL VISCOSITY



ANALYSIS AND PDE
Vol. 10, No. 2, 2017

dx.doi.org/10.2140/apde.2017.10.439 msp

OPTIMAL WELL-POSEDNESS FOR
THE INHOMOGENEOUS INCOMPRESSIBLE NAVIER–STOKES SYSTEM

WITH GENERAL VISCOSITY

COSMIN BURTEA

In this paper we obtain new well-posedness results concerning a linear inhomogeneous Stokes-like
system. These results are used to establish local well-posedness in the critical spaces for initial density �0

and velocity u0 such that �0 � � 2 PB
3=p
p;1 .R

3/, u0 2
PB

3=p�1
p;1 .R3/, p 2

�
6
5
; 4
�

for the inhomogeneous
incompressible Navier–Stokes system with variable viscosity. To the best of our knowledge, regarding the
3-dimensional case, this is the first result in a truly critical framework for which one does not assume any
smallness condition on the density.

1. Introduction

In this paper we deal with the well-posedness of the inhomogeneous, incompressible Navier–Stokes
system 8̂̂̂<̂

ˆ̂:
@t�C div.�u/D 0;

@t .�u/C div.�u˝u/� div.�.�/D.u//CrP D 0;

div uD 0;

ujtD0 D u0.

(1-1)

In the above, � > 0 stands for the density of the fluid, u 2 Rn is the fluid’s velocity field, while P is the
pressure. The viscosity coefficient � is assumed to be a smooth, strictly positive function of the density,
while

D.u/DruCDu

is the deformation tensor. This system is used to study fluids obtained as a mixture of two (or more) incom-
pressible fluids that have different densities: fluids containing a melted substance, polluted air/water etc.

There is a very rich literature devoted to the study of the well-posedness of (1-1). Briefly, the question of
existence of weak solutions with finite energy was first considered by Kažihov [1974] (see also [Antontsev
et al. 1990]) in the case of constant viscosity. The case with a general viscosity law was treated in [Lions
1996]. Weak solutions for more regular data were considered in [Desjardins 1997]. Recently, weak
solutions were investigated by Huang, Paicu and Zhang in [Huang et al. 2013c].
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The unique solvability of (1-1) was first addressed in the seminal work of Ladyzhenskaya and Solonnikov
[1975]. More precisely, considering u0 2W 2�2=p;p.�/, with p > 2, a divergence-free vector field that
vanishes on @� and �0 2 C 1.�/ bounded away from zero, they construct a global strong solution in
the 2-dimensional case and a local solution in the 3-dimensional case. Moreover, if u0 is small in
W 2�2=p;p.�/ then global well-posedness holds true.

The question of weak-strong uniqueness was addressed in [Choe and Kim 2003] for the case of
sufficiently smooth data with vanishing viscosity.

Over the last thirteen years, efforts were made to obtain well-posedness results in the so-called critical
spaces, i.e., the spaces which have the same invariance with respect to time and space dilation as the
system itself, namely�

.�0.x/;u0.x//! .�0.lx/; lu0.lx//;

.�.t;x/;u.t;x//!
�
�.l2t; lx/; lu.l2t; lx/; l2P .l2t; lx/

�
:

For more details and explanations for this classical approach we refer to [Danchin 2003] or [Danchin and
Mucha 2015]. In the Besov space context, which includes in particular the more classical Sobolev spaces,
these are

�0� N� 2 PB
n=p1
p1;r1

and u0 2
PBn=p2�1
p2;r2

; (1-2)

where N� is some constant density state and n is the space dimension. Working with densities close (in
some appropriate norm) to a constant has led to a rich literature. In [Danchin 2003] local and global
existence results are obtained for the case of constant viscosity and by taking the initial data

�0� N� 2L1\ PB
n=2
2;1

and u0 2
PB

n=2�1
2;1

and under the assumption that k�0� N�kL1\ PBn=2

2;1

is sufficiently small. The case with variable viscosity

and for initial data
�0� N� 2 PB

n=p
p;1

and u0 2
PB

n=p�1
p;1

;

p 2 Œ1; 2n/, is treated in [Abidi 2007]. However, uniqueness is guaranteed once p 2 Œ1; n/. These results
were further extended by H. Abidi and M. Paicu [2007] by noticing that �0� N� can be taken in a larger
Besov space. B. Haspot [2012] established results in the same spirit as those mentioned above (however,
the results are obtained in the nonhomogeneous framework and thus do not fall into the critical framework)
in the case where the velocity field is not Lipschitz. Using the Lagrangian formulation, R. Danchin
and P. B. Mucha [2012], established local and global results for (1-1) with constant viscosity when
�0� N� 2M. PB

n=p�1
p;1

/, u0 2
PB

n=p�1
p;1

and under the smallness condition

k�0� N�kM. PB
n=p�1

p;1
/
� 1;

where M. PB
n=p�1
p;1

/ stands for the multiplier space of PBn=p�1
p;1

. In particular, functions with small jumps
enter this framework. Moreover, as a consequence of their approach, the range of Lebesgue exponents
for which uniqueness of solutions holds is extended to p 2 Œ1; 2n/. In [Paicu and Zhang 2012; Huang
et al. 2013a; 2013b; 2013c] the authors improve the smallness assumptions used in order to obtain global
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existence. To summarize, all the previous well-posedness results in critical spaces were established
assuming the density is close in some sense to a constant state.

When the latter assumption is removed, one must impose more regularity on the data. For the case
of constant viscosity, R. Danchin [2004] obtained local well-posedness and global well-posedness in
dimension nD 2 for data drawn from the nonhomogeneous Sobolev spaces:

.�0� N�;u0/ 2H n=2C˛
�H n=2�1Cˇ

with ˛; ˇ > 0. The same result for the case of the general viscosity law is established in [Abidi 2007].
For data with non-Lipschitz velocity results were established in [Haspot 2012]. Concerning rougher
densities, considering �0 2L1.Rd / bounded from below and u0 2H 2.Rd /, Danchin and Mucha [2013]
constructed a unique local solution. Again, supposing the density is close to some constant state, they
proved global well-posedness. These results are generalized in [Paicu et al. 2013]. Taking the density
as above, the authors construct a global unique solution provided that u0 2 H s.R2/ for any s > 0 in
the 2-dimensional case and a local unique solution in the 3-dimensional case considering u0 2H 1.R3/.
Moreover, assuming u0 is suitably small, the solution constructed is global even in the 3-dimensional case.

In critical spaces of the Navier–Stokes system, i.e., (1-2) there are few well-posedness results. Very
recently, in the 2-dimensional case and allowing variable viscosity, H. Xu, Y. Li and X. Zhai [2016]
constructed a unique local solution to (1-1) provided that the initial data satisfy �0� N� 2 PB

2=p
p;1

.R2/ and
u0 2

PB
2=p�1
p;1

.R2/. Moreover, if �0� N� 2Lp \ PB
2=p
p;1

.R2/ and the viscosity is supposed constant, their
solution becomes global. In the 3-dimensional situation, to the best of our knowledge, the results that are
closest to the critical regularity are those presented in [Abidi et al. 2012; 2013] (for a similar result in the
periodic case one can consult [Poulon 2015]). More precisely, in three dimensions, assuming

�0� N� 2L2
\ PB

3=2
2;1

and u0 2
PB

1=2
2;1

and taking constant viscosity, H. Abidi, G. Gui and P. Zhang [Abidi et al. 2012] show the local well-
posedness of system (1-1). Moreover, if the initial velocity is small then global well-posedness holds true.
In [Abidi et al. 2013] they establish the same kind of result for initial data

�0� N� 2L�\ PB
3=�

�;1
and u0 2

PB
3=p�1
p;1

;

where � 2 Œ1; 2�, p 2 Œ3; 4� are such that 1
�
C

1
p
> 5

6
and 1

�
�

1
p
�

1
3

.
One of the goals of the present paper is to establish local well-posedness in the critical spaces

�0� N� 2 PB
3=p
p;1

.R3/; u0 2
PB

3=p�1
p;1

.R3/; p 2
�

6
5
; 4
�

for system (1-1)

� with general smooth variable viscosity law,

� without any smallness assumption on the density,

� without any extra low frequencies assumption. In particular, we generalize the local existence and
uniqueness result of [Abidi et al. 2012], thus achieving the critical regularity.
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As in [Danchin and Mucha 2012], we will not work directly with system (1-1); instead we will use its
Lagrangian formulation. By proceeding so, we are naturally led to consider the following Stokes problem
with time-independent, nonconstant coefficients:8<:

@tu� a div.bD.u//C arP D f;

div uD div R,
ujtD0 D u0:

(1-3)

We establish global well-posedness results for system (1-3). This can be viewed as a first step towards
generalizing the results of Danchin and Mucha [2015, Chapter 4] for the case of general viscosity and
without assuming the density is close to a constant state. Let us mention that the estimates we obtain
for system (1-3) have a wider range of applications: in a forthcoming paper we will investigate the
well-posedness issue of the Navier–Stokes–Korteweg system under optimal regularity assumptions.

To summarize all the above, our main result reads:

Theorem 1.1. Consider p 2
�

6
5
; 4
�
. Assume that there exist positive constants . N�; �?; �?/ such that

�0 � N� 2 PB
3=p
p;1

.R3/ and 0 < �? < �0 < �
?. Furthermore, consider u0 a divergence-free vector field

with coefficients in PB3=p�1
p;1

.R3/. Then, there exists a time T > 0 and a unique solution .�;u;rP / of
system (1-1) with

�� N�2CT . PB
3=p
p;1

.R3//\L1T .
PB

3=p
p;1

.R3//; u2CT . PB
3=p�1
p;1

.R3//; .@tu;r
2u;rP /2L1

T .
PB

3=p�1
p;1

.R3//:

One salutary feature of the Lagrangian formulation is that the density becomes independent of time.
More precisely, considering .�;u;rP / a solution of (1-1) and denoting by X the flow associated to the
vector field u,

X.t;y/D yC

Z t

0

u.�;X.�;y// dy:

We introduce the new Lagrangian variables

N�.t;y/D �.t;X.t;y//; Nu.t;y/D u.t;X.t;y// and P .t;y/D P .t;X.t;y//:

Then, using the chain rule and Proposition 3.23 we gather that N�.t; � /D �0 and8<:
�0@t Nu� div.�.�0/A NuDA Nu. Nu//CAT

Nu rP D 0;

div.A Nu Nu/D 0;

NujtD0 D u0;

(1-4)

where A Nu is the inverse of the differential of X , and

DA. Nu/DD NuA NuCAT
Nu r Nu:

Note that we can give a meaning to (1-4) independently of the Eulerian formulation by stating

X.t;y/D yC

Z t

0

Nu.�;y/ d�:

Theorem 1.1 will be a consequence of the following result:
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Theorem 1.2. Consider p 2
�

6
5
; 4
�
. Assume there exists positive . N�; �?; �?/ such that �0� N� 2 PB

3=p
p;1

.R3/

and 0 < �? < �0 < �?. Furthermore, consider u0 a divergence-free vector field with coefficients in
PB

3=p�1
p;1

.R3/. Then, there exists a time T > 0 and a unique solution . Nu;rP / of system (1-4) with

Nu 2 CT . PB
3=p�1
p;1

.R3// and .@t Nu;r
2
Nu;rP / 2L1

T .
PB

3=p�1
p;1

.R3//:

Moreover, there exists a positive constant C D C.�0/ such that

kuk
L1

T
. PB

3=p�1

p;1
/
Ck.r2u;rP /k

L1
T
. PB

3=p�1

p;1
/
� ku0k PB3=p�1

p;1

exp.C.T C 1//:

The study of system (1-4) naturally leads to the Stokes-like system (1-3). In Section 2 we establish the
global well-posedness of system (1-3). More precisely, we prove:

Theorem 1.3. Consider n 2 f2; 3g and p 2 .1; 4/ if n D 2 or p 2
�

6
5
; 4
�

if n D 3. Assume there
exist positive constants .a?; b?; a?; b?; Na; Nb/ such that a� Na 2 PB

n=p
p;1

.Rn/, b� Nb 2 PB
n=p
p;1

.Rn/ and

0< a? � a� a?; 0< b? � b � b?:

Furthermore, consider the vector fields u0 and f with coefficients in PBn=p�1
p;1

.Rn/ and L1
loc.
PB

n=p�1
p;1

.Rn//

respectively. Also, consider the vector field R 2 .S 0.Rn//n with1

QR 2 C
�
Œ0;1/I PB

n=p�1
p;1

.Rn/
�

and .@tR;r div R/ 2L1
loc.
PB

n=p�1
p;1

.Rn//

such that

div u0 D div R.0; � /:

Then, system (1-3) has a unique global solution .u;rP / with

u 2 C
�
Œ0;1/; PB

n=p�1
p;1

.Rn/
�

and @tu;r
2u;rP 2L1

loc.
PB

n=p�1
p;1

.Rn//:

Moreover, there exists a constant C D C.a; b/ such that

kuk
L1t .

PB
n=p�1

p;1
/
Ck.@tu;r

2u;rP /k
L1

t .
PB

n=p�1

p;1
/

�
�
ku0k PBn=p�1

p;1

Ck.f; @tR;r div R/k
L1

t .
PB

n=p�1

p;1
/

�
exp.C.t C 1// (1-5)

for all t 2 Œ0;1/.

The difficulty in establishing such a result comes from the fact that the pressure and velocity are
“strongly” coupled as opposed to the case where � is close to a constant; see Remark 2.11 below. The key
idea is to use the high-low frequency splitting technique first introduced in [Danchin 2007] combined
with the particular structure of the divergence-free part of arP , i.e.,

P.arP /D P..a� Na/rP /D P..a� Na/rP /� .a� Na/P.rP /

WD ŒP; a� Na�rP;

1P is the Leray projector over divergence-free vector fields, QD Id�P .
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which is, loosely speaking, more regular than rP. Let us mention that a similar principle holds for u,
which is divergence free:2 whenever we estimate some term of the form Q.bM.D/u/, where b lies in an
appropriate Besov space and M.D/ is some pseudodifferential operator, we may write it as

Q.bM.D/u/D ŒQ; b�M.D/u

and use the fact that the latter expression is more regular than M.D/u; see Proposition 3.21.
The proof of Theorem 1.3 in the 3-dimensional case is more subtle. Loosely speaking, in order to close

the estimates for system (1-3) one should work in a space on which the solution operator corresponding
to the elliptic equation div.arP / D divf is continuous. It is for this reason that we first prove a
more restrictive result by demanding extra low-frequency information on the initial data. Then, using a
perturbative version of Danchin and Mucha’s results [2015] we arrive at constructing a solution with the
optimal regularity. Uniqueness is obtained by a duality method.

Once the estimates of Theorem 1.3 are established, we proceed with the proof of Theorem 1.2, which
is the object of Section 3. Finally, we show the equivalence between system (1-4) and system (1-1) thus
achieving the proof of Theorem 1.1. We end this paper with an Appendix where results of Littlewood–Paley
theory used through the text are gathered.

We end this section with some observations regarding the global existence issue. As opposed to the case
when � is supposed to be a small perturbation of a constant state, when considering the linearized system of
the Lagrangian formulation, i.e., system (1-3), we obtain the estimates (1-5), which have a time-dependent
right-hand side term. This in particular prevents us from adapting the arguments from [Danchin and
Mucha 2012] to our situation and obtaining a global solution for system (1-4) and consequently for the
system (1-1). In fact, even if we were able to construct such a solution for system (1-4), it is not clear how
we could go back into the original formulation as passing from the Eulerian formulation to the Lagrangian
one needs some smallness condition on the k � k

L1
t .
PB

n=p

p;1
/
-norm of the velocity.

2. The Stokes system with nonconstant coefficients

Pressure estimates. Before handling system (1-3) we shall study the elliptic equation

div.arP /D divf: (2-1)

For the reader’s convenience let us cite the following classical result, a proof of which can be found, for
instance, in [Danchin 2010]:

Proposition 2.1. Consider a 2L1.Rn/ and a constant a? such that

a� a? > 0:

For all vector fields f with coefficients in L2.Rn/, there exists a tempered distribution P unique up to
constant functions such that rP 2L2.Rn/ and equation (2-1) is satisfied. In addition, we have

a?krPkL2 � kQf kL2 :

2and thus QuD 0.
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Recently, regarding the 2-dimensional case, Xu et al. [2016], studied the elliptic equation (2-1) with the
data .a� Na; f / in Besov spaces. Using a different approach, we obtain estimates in both 2-dimensional
and 3-dimensional situations. Let us also mention that our method allows to obtain a wider range of
indices than the one of [Xu et al. 2016, Proposition 3.1(i)]. We choose to focus on the 3-dimensional
case. We aim at establishing the following result:

Proposition 2.2. Consider p 2
�

6
5
; 2
�

and q 2 Œ1;1/ such that 1
p
�

1
q
�

1
2

. Assume there exist positive
constants . Na; a?; a?/ such that a� Na 2 PB

3=q
q;1
.R3/ and 0 < a? � a � a?. Furthermore, consider f 2

PB
3=p�3=2
p;2

.R3/. Then there exists a tempered distribution P unique up to constant functions such that
rP 2 PB

3=p�3=2
p;2

.R3/ and equation (2-1) is satisfied. Moreover, the following estimate holds true:

krPk PB3=p�3=2

p;2

.
�

1

Na
C

1

a
�

1

Na


PB

3=q

q;1

��
1C

1

a?
ka� Nak PB3=q

q;1

�
kQf k PB3=p�3=2

p;2

: (2-2)

Remark 2.3. Working in Besov spaces with third index r D 2 is enough in view of the applications
that we have in mind. However, similar estimates do hold true when the third index is chosen in the
interval Œ1; 2�.

Proof. Because p< 2, Proposition 3.7 ensures that PB3=p�3=2
p;2

,!L2D PB0
2;2

and owing to Proposition 2.1,
we get the existence of P 2 S 0.R3/ with rP 2L2 and

a?krPkL2 � kQf kL2 : (2-3)

Moreover, as Q is a continuous operator on L2, we deduce from (2-1) that

Q.arP /DQf: (2-4)

Using the Bony decomposition (see Definition 3.14 and the remark that follows) and the fact that
P.rP /D 0, we write

P.arP /D P. PT 0
rP .a� Na//C ŒP; PTa�Na�rP:

Using Proposition 3.16 along with Proposition 3.7 and relation (2-3), we get

kP. PT 0
rP .a� Na//k PB3=p�3=2

p;2

. krPkL2 ka� Nak PB3=p�3=2

p?;2

. 1

a?
kQf kL2 ka� Nak PB3=q

q;1

; (2-5)

where
1

p
D

1

2
C

1

p?
:

Next, proceeding as in Proposition 3.20 we getŒP; PTa�Na�rP

PB

3=p�3=2

p;2

. krak PB3=p�5=2

p?;2

krPkL2 . 1

a?
kQf kL2ka� Nak PB3=q

q;1

: (2-6)

Putting together relations (2-5) and (2-6) we get

kP.arP /k PB3=p�3=2

p;2

. 1

a?
kQf kL2ka� Nak PB3=q

q;1

:



446 COSMIN BURTEA

Combining this with (2-4) and Proposition 3.7, we find

karPk PB3=p�3=2

p;2

.
�
1C

1

a?
ka� Nak PB3=q

q;1

�
kQf k PB3=p�3=2

p;2

:

Of course, writing

rP D
1

a
arP;

using product rules one gets

krPk PB3=p�3=2

p;2

.
�

1

Na
C

1

a
�

1

Na


PB

3=q

q;1

��
1C

1

a?
ka� Nak PB3=q

q;1

�
kQf k PB3=p�3=2

p;2

(2-7)

This concludes the proof. �

Applying the same technique as above leads to the 2-dimensional estimate:

Proposition 2.4. Consider p 2 .1; 2/ and q 2 Œ1;1/ such that 1
p
�

1
q
�

1
2

. Assume there exists positive
constants . Na; a?; a?/ such that a� Na 2 PB

2=q
q;1
.R2/ and 0 < a? � a � a?. Furthermore, consider f 2

PB
2=p�1
p;2

.R2/. Then there exists a tempered distribution P unique up to constant functions such that
rP 2 PB

2=p�1
p;2

.R2/ and equation (2-1) is satisfied. Moreover, the following estimate holds true:

krPk PB2=p�1

p;2

.
�

1

Na
C

1

a
�

1

Na


PB

2=q

q;1

��
1C

1

a?
ka� Nak PB2=q

q;1

�
kQf k PB2=p�1

p;2

: (2-8)

Let us point out that the restriction p > 6
5

comes from the fact that we need 3
p
�

5
2
< 0 in relation (2-6).

In two dimensions, instead of 3
p
�

5
2

we will have 2
p
� 2, which is negative provided p > 1.

The next result covers the range of integrability indices larger than 2:

Proposition 2.5. Consider p 2 .2; 6/ and q 2 Œ1;1/ such that 1
p
C

1
q
�

1
2

. Assume there exist positive
constants . Na; a?; a?/ such that a � Na 2 PB

3=q
q;1
.R3/ and 0 < a? � a � a?. Furthermore, consider f 2

PB
3=p�3=2
p;2

.R3/ and a tempered distribution P with rP 2 PB
3=p�3=2
p;2

.R3/ such that equation (2-1) is
satisfied. Then, the following estimate holds true:

krPk PB3=p�3=2

p;2

.
�

1

Na
C

1

a
�

1

Na


PB

3=q

q;1

��
1C

1

a?
ka� Nak PB3=q

q;1

�
kQf k PB3=p�3=2

p;2

: (2-9)

Proof. Notice that p0, the conjugate Lebesgue exponent of p, satisfies p0 2
�

6
5
; 2
�

and 1
p0
�

1
q
�

1
2

. Thus,
by Proposition 2.2, for any g belonging to the unit ball of S\ PB3=p0�3=2

p0;2
there exists a Pg 2 S 0.R3/ with

rPg 2 S\ PB
3=p0�3=2
p0;2

such that
div.arPg/D div g

and
krPgk PB3=p0�3=2

p0;2

.
�

1

Na
C

1

a
�

1

Na


PB

3=q

q;1

��
1C

1

a?
ka� Nak PB3=q

q;1

�
:

We write
hrP;gi D �hP; div gi D �hP; div.arPg/i

D �hdivQf;Pgi D hQf;rPgi;
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and consequently

jhrP;gij. kQf k PB3=p�3=2

p;2

krPgk PB3=p0�3=2

p0;2

.
�

1

Na
C

1

a
�

1

Na


PB

3=q

q;1

��
1C

1

a?
ka� Nak PB3=q

q;1

�
kQf k PB3=p�3=2

p;2

:

Using Proposition 3.8, we get that relation (2-9) holds true. �

As in the previous situation, by applying the same technique we get a similar result in two dimensions:

Proposition 2.6. Consider p 2 .2;1/ and q 2 Œ1;1/ such that 1
p
C

1
q
�

1
2

. Assume there exist positive
constants . Na; a?; a?/ such that a � Na 2 PB

2=q
q;1
.R2/ and 0 < a? � a � a?. Furthermore, consider f 2

PB
2=p�1
p;2

.R2/ and a tempered distribution P with rP 2 PB
2=p�1
p;2

.R2/ such that equation (2-1) is satisfied.
Then, following estimate holds true:

krPk PB2=p�1

p;2

.
�

1

Na
C

1

a
�

1

Na


PB

2=q

q;1

��
1C

1

a?
ka� Nak PB2=q

q;1

�
kQf k PB2=p�1

p;2

: (2-10)

Some preliminary results. In this section we derive estimates for a Stokes-like problem with time-
independent, nonconstant coefficients. Before proceeding to the actual proof, for the reader’s convenience,
let us cite the following results which were established by Danchin and Mucha [2009; 2015]. These
results correspond to the case where a and b are constants:

Proposition 2.7. Consider u0 2
PB

n=p�1
p;1

and .f; @tR;r div R/2L1
T
. PB

n=p�1
p;1

/ with QR2CT . PB
n=p�1
p;1

/

such that
div u0 D div R.0; � /:

Then, the system 8<:
@tu� Na Nb�uC NarP D f;

div uD div R;

ujtD0 D u0

has a unique solution .u;rP / with

u 2 C
�
Œ0;T /I PB

n=p�1
p;1

�
and @tu;r

2u;rP 2L1
T .
PB

n=p�1
p;1

/

and the following estimate is valid:

kuk
L1

T
. PB

n=p�1

p;1
/
Ck.@tu; Na Nbr

2u; NarP /k
L1

T
. PB

n=p�1

p;1
/
.ku0k PBn=p�1

p;1

Ck.f; @tR; Na Nbr div R/k
L1

T
. PB

n=p�1

p;1
/
:

As a consequence of the previous result, one can establish via a perturbation argument:

Proposition 2.8. Consider u0 2
PB

n=p�1
p;1

and .f; @tR;r div R/2L1
T
. PB

n=p�1
p;1

/ with QR2CT . PB
n=p�1
p;1

/

such that
div u0 D div R.0; � /:

Then, there exists an �D �. Na/ small enough such that for all c 2 PB
n=p
p;1

with

kck PBn=p

p;1

� �;
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the system 8<:
@tu� Na Nb�uC . NaC c/rP D f;

div uD div R;

ujtD0 D u0

has a unique solution .u;rP / with

u 2 C
�
Œ0;T /I PB

n=p�1
p;1

�
and @tu;r

2u;rP 2L1
T .
PB

n=p�1
p;1

/

and the following estimate is valid:

kuk
L1

T
. PB

n=p�1

p;1
/
Ck.@tu; Na Nbr

2u; NarP /k
L1

T
. PB

n=p�1

p;1
/
.ku0k PBn=p�1

p;1

Ck.f; @tR; Na Nbr div R/k
L1

T
. PB

n=p�1

p;1
/
:

In all that follows we denote by Eloc the space of .u;rP / such that

u 2 C
�
Œ0;1/I PB

n=p�1
p;1

�
and .r2u;rP / 2L1

loc.
PB

n=p�1
p;1

/�L1
loc.
PB

n=p�n=2
p;2

\ PB
n=p�1
p;1

/:

Additionally, we introduce the space ET of u 2 CT . PB
n=p�1
p;1

/ with r2u 2 L1
T
. PB

n=p�1
p;1

/ and rP 2

L1
T
. PB

n=p�n=2
p;2

\ PB
n=p�1
p;1

/ such that

k.u;rP /kET
D kuk

L1
T
. PB

n=p�1

p;1
/
Ckr

2uk
L1

T
. PB

n=p�1

p;1
/
CkrPk

L1
T
. PB

n=p�n=2

p;2
\ PB

n=p�1

p;1
/
<1:

The first ingredient in proving Theorem 1.3 is the following:

Proposition 2.9. Consider n 2 f2; 3g and p 2 .1; 4/ if nD 2 or p 2
�

6
5
; 4
�

if nD 3. Assume there exist
positive constants .a?; b?; a?; b?; Na; Nb/ such that a� Na 2 PB

n=p
p;1

.Rn/, b� Nb 2 PB
n=p
p;1

.Rn/ and

0< a? � a� a?; 0< b? � b � b?:

Furthermore, consider u0; f vector fields with coefficients in PBn=p�1
p;1

.Rn/ and L1
loc.
PB

n=p�n=2
p;2

.Rn/\

PB
n=p�1
p;1

.Rn// respectively and a vector field R 2 .S 0.Rn//n with

.@tR;r div R/ 2L1
loc
�
PB

n=p�n=2
p;2

.Rn/\ PB
n=p�1
p;1

.Rn/
�

and QR 2 C
�
Œ0;1/I PB

n=p�1
p;1

.Rn/
�

such that

div u0 D div R.0; � /:

Then, there exists a constant Cab depending on a and b such that any solution .u;rP / 2ET of the Stokes
system (1-3) will satisfy

kuk
L1t .

PB
n=p�1

p;1
/
Ckr

2uk
L1

t .
PB

n=p�1

p;1
/
CkrPk

L1
t .
PB

n=p�n=2

p;2
\ PB

n=p�1

p;1
/

�
�
ku0k PBn=p�1

p;1

Ck.f; @tR;r div R/k
L1

t .
PB

n=p�n=2

p;2
\ PB

n=p�1

p;1
/

�
exp.Cab.t C 1// (2-11)

for all t 2 .0;T �.

Before proceeding with the proof, a few remarks are in order:
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Remark 2.10. Proposition 2.9 is different from Theorem 1.3 when nD 3. Indeed, in the 3-dimensional
case the theory is more subtle and thus, as a first step we construct a unique solution for the case of more
regular initial data.

Remark 2.11. The difficulty when dealing with the Stokes system with nonconstant coefficients lies in the
fact that the pressure and the velocity u are coupled. Indeed, in the constant coefficients case, in view of

div uD div R;

one can apply the divergence operator in the first equation of (1-3) in order to obtain the following elliptic
equation verified by the pressure:

a�P D div.f � @tRC 2abr div R/: (2-12)

From (2-12) we can construct the pressure. Having built the pressure, the velocity satisfies a classical
heat equation. In the nonconstant coefficient case, proceeding as above we find that

div.arP /D div
�
f � @tRC a div.bD.u//

�
: (2-13)

Therefore the strategy used in the previous case is not well-adapted. We will establish a priori estimates
and use a continuity argument like in [Danchin 2014]. In order to be able to close the estimates on u,
we have to bound karPk

L1
t .
PB

n=p�1

p;1
/

in terms of

kuk
ˇ

L1t .
PB

n=p�1

p;1
/
kr

2uk
1�ˇ

L1
t .
PB

n=p�1

p;1
/

for some ˇ 2 .0; 1/. Thus, the difficulty is to find estimates for the pressure which do not feature the time
derivative of the velocity.

In view of Proposition 2.7, consider .uL;rPL/, the unique solution of the system8<:
@tu� Na div. NbD.u//C NarP D f;

div uD div R;

ujtD0 D u0;

(2-14)

with
uL 2 C

�
Œ0;1/I PB

n=p�1
p;1

�
and .@tuL;r

2uL;rPL/ 2L1
loc.
PB

n=p�1
p;1

/:

Recall that for any t 2 Œ0;1/ we have

kuLkL1t .
PB

n=p�1

p;1
/
Ck.@tuL; Na Nbr

2uL; NarPL/kL1
t .
PB

n=p�1

p;1
/

� C
�
ku0k PBn=p�1

p;1

Ck.f; @tR; Na Nbr div R/k
L1

t .
PB

n=p�1

p;1
/

�
: (2-15)

In what follows, we will use the notation

QuD u�uL; reP DrP �rPL: (2-16)

Obviously, we have
div QuD 0: (2-17)
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Thus, the system (1-3) is recast into8<:
@t Qu� a div.bD. Qu//C areP D Qf ;
div QuD 0;

QujtD0 D 0;

(2-18)

where
Qf D a div.bD.uL//� Na div. NbD.uL//� .a� Na/rPL:

Using the last equality along with Proposition 3.17, we infer

k Qf k PBn=p�1

p;1

�
adiv.bD.uL//�Nadiv. NbD.uL//


PB

n=p�1

p;1

Ck.a�Na/rPLk PBn=p�1

p;1

. . NaCka�Nak PBn=p

p;1

/. NbCkb�Nbk PBn=p

p;1

/kruLk PBn=p

p;1

Cka�Nak PBn=p

p;1

krPLk PBn=p�1

p;1

: (2-19)

Let us estimate the pressure areP. First, we write

karePk PBn=p�1

p;1

� kQ.areP /k PBn=p�1

p;1

CkP.areP /k PBn=p�1

p;1

:

Applying the Q operator in the first equation of (2-18) we get

Q.areP /DQ Qf CQ.a div.bD. Qu///:

Thus, we get

kQ.areP /k PBn=p�1

p;1

� kQ Qf k PBn=p�1

p;1

CkQ.a div.bD. Qu///k PBn=p�1

p;1

: (2-20)

Let

Q
�
a div.bD. Qu//

�
DQ

�
D. Qu/ PSm.arb/

�
CQ

�
PSm.ab� Na Nb/� Qu

�
(2-21)

CQ
�
D. Qu/.Id� PSm/.arb/

�
(2-22)

CQ
�
.Id� PSm/.ab� Na Nb/� Qu

�
; (2-23)

where m 2 N will be chosen later. According to Proposition 3.17 we haveQ�D. Qu/ PSm.arb/
�
PB

n=p�1

p;1

. k PSm.arb/k PBn=p�1=2

p;1

kr Quk PBn=p�1=2

p;1

: (2-24)

Owing to the fact that Qu is divergence free we can write

Q. PSm.ab� Na Nb/� Qu/D ŒQ; PSm.ab� Na Nb/�� Qu; (2-25)

such that applying Proposition 3.21 we getQ� PSm.ab� Na Nb/� Qu
�
PB

n=p�1

p;1

.
� PSm.arb/; PSm.bra/

�
PB

n=p�1=2

p;1

k� Quk PBn=p�3=2

p;1

.
� PSm.arb/; PSm.bra/

�
PB

n=p�1=2

p;1

kr Quk PBn=p�1=2

p;1

: (2-26)
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The last two terms of (2-21)–(2-23) are estimated as follows:Q�.Id� PSm/.arb/D. Qu/
�
CQ

�
.Id� PSm/.ab� Na Nb/� Qu

�
PB

n=p�1

p;1

(2-27)

.
�
k.Id� PSm/.arb/k PBn=p�1

p;1

Ck.Id� PSm/.ab� Na Nb/k PBn=p

p;1

�
kr Quk PBn=p

p;1

: (2-28)

Thus, putting together relations (2-20)–(2-28) we get

kQ.areP /k PBn=p�1

p;1

. kQ Qf k PBn=p�1

p;1

C
� PSm.arb/; PSm.bra/

�
PB

n=p�1=2

p;1

kr Quk PBn=p�1=2

p;1

Ckr Quk PBn=p

p;1

�
k.Id� PSm/.arb;bra/k PBn=p�1

p;1

Ck.Id� PSm/.ab�Na Nb/k PBn=p

p;1

�
: (2-29)

Next, we turn our attention towards P.areP /. The 2-dimensional case and the 3-dimensional case have
to be treated differently.

The 3-dimensional case. Noticing that

P.areP /D P
�
.Id� PSm/.a� Na/reP �C ŒP; PSm.a� Na/�reP ;

and using again Proposition 3.21 combined with Propositions 2.2 and 2.5 we get

krePk PB3=p�3=2

p;2

CkP.areP /k PB3=p�1

p;1

. krePk PB3=p�3=2

p;2

CkP..Id� PSm/.a� Na/reP /k PB3=p�1

p;1

CkŒP; PSm.a� Na/�rePk PB3=p�1

p;1

(2-30)

. k.Id� PSm/.a� Na/k PB3=p

p;1

krePk PB3=p�1

p;1

C .1Ck PSmrak PB3=p�1=2

p;2

/krePk PB3=p�3=2

p;2

(2-31)

. k.Id� PSm/.a� Na/k PB3=p

p;1

�
1

Na
C

1

a
�

1

Na


PB

3=p

p;1

�
karePk PB3=p�1

p;1

(2-32)

C eC .a/�1Ck PSmrak PB3=p�1=2

p;2

��
k Qf k PB3=p�3=2

p;2

Cka div.bD. Qu//k PB3=p�3=2

p;2

�
; (2-33)

where eC .a/D � 1

Na
C

1

a
�

1

Na


PB

3=p

p;1

��
1C

1

a?
ka� Nak PB3=p

p;1

�
:

We observe that

ka div.bD. Qu//k PB3=p�3=2

p;2

. . NaCka� Nak PB3=p

p;1

/. NbCkb� Nbk PB3=p

p;1

/kr Quk PB3=p�1=2

p;1

: (2-34)

Putting together (2-30)–(2-33) along with (2-34) we get

krePk PB3=p�3=2

p;2

CkP.areP /k PB3=p�1

p;1

. k.Id� PSm/.a� Na/k PB3=p

p;1

�
1

Na
C

1

a
�

1

Na


PB

3=p

p;1

�
karePk PB3=p�1

p;1

C eC .a/.1Ck PSmrak PB3=p�1=2

p;2

/

�
�
k Qf k PB3=p�3=2

p;2

C . NaCka� Nak PB3=p

p;1

/. NbCkb� Nbk PB3=p

p;1

/kr Quk PB3=p�1=2

p;1

�
: (2-35)
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Combining (2-29) with (2-35) yields

krePk PB3=p�3=2

p;2

CkarePk PB3=p�1

p;1

. T 1
m.a; b/kar

ePk PB3=p�1

p;1

CT 2
m.a; b/k

Qf k PB3=p�3=2

p;2
\ PB

3=p�1

p;1

CT 3
m.a; b/kr Quk PB3=p�1=2

p;1

CT 4
m.a; b/kr Quk PB3=p

p;1

;

where

T 1
m.a; b/D k.Id� PSm/.a� Na/k PB3=p

p;1

�
1

Na
Ck

1

a
�

1

Na
k PB3=p

p;1

�
;

T 2
m.a; b/D

eC .a/.1Ck PSmrak PB3=p�1=2

p;2

/;

T 3
m.a; b/D k.

PSm.arb/; PSm.bra//k PB3=p�1=2

p;1

C eC .a/.1Ck PSmrak PB3=p�1=2

p;2

/. NaCka� Nak PB3=p

p;1

/. NbCkb� Nbk PB3=p

p;1

/;

T 4
m.a; b/D k.Id� PSm/.arb; bra/k PB3=p�1

p;1

Ck.Id� PSm/.ab� Na Nb/k PB3=p

p;1

:

Observe that m could be chosen large enough such that T 1
m.a; b/ and T 4

m.a; b/ can be made arbitrarily
small. Thus, there exists a constant Cab depending on a and b such that

krePk PB3=p�3=2

p;2
\ PB

3=p�1

p;1

� Cab

�
k Qf k PB3=p�3=2

p;2
\ PB

3=p�1

p;1

Ckr Quk PB3=p�1=2

p;1

�
C �kr Quk PB3=p

p;1

; (2-36)

where � can be made arbitrarily small (of course, with the price of increasing the constant Cab). Let us
take a look at the PB3=p�3=2

p;2
-norm of Qf ; we get

k Qf k PB3=p�3=2

p;2

�
adiv.bD.uL//�Nadiv. NbD.uL//


PB

3=p�3=2

p;2

Ck.a�Na/rPLk PB3=p�3=2

p;2

. . NaCka�Nak PB3=p

p;1

/. NbCkb�Nbk PB3=p

p;1

/kruLk PB3=p�1=2

p;1

Cka�Nak PB3=p

p;1

krPLk PB3=p�3=2

p;2

: (2-37)

As uL 2 C
�
Œ0;1/; PB

3=p�1
p;1

�
\L1

�
Œ0;1/; PB

3=pC1
p;1

�
and Q is a continuous operator on homogeneous

Besov spaces from

div.uL�R/D 0;

we deduce

P.uL�R/D uL�R;

which implies

QuL DQR:

By applying the operator Q in the first equation of system (2-14) we get

NarPL DQf �Q@tuLC Na NbQ�uLC Na Nbr div R

DQf �Q@tRC 2 Na Nbr div R

and thus

krPLk PB3=p�3=2

p;2

�
1

Na
kQf k PB3=p�3=2

p;2

C
1

Na
k@tQRk PB3=p�3=2

p;2

C 2 Nbkr div Rk PB3=p�3=2

p;2

:
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In view of (2-36), (2-19), (2-37) and interpolation we gather that there exists a constant Cab such that

krePk PB3=p�3=2

p;2
\ PB

3=p�1

p;1

�Cab

�
kruLk PB3=p�1=2

p;1

CkrPLk PB3=p�3=2

p;2

Ck.r2uL;rPL/k PB3=p�1

p;1

Ckr Quk PB3=p�1=2

p;1

�
C�kr Quk PB3=p

p;1

(2-38)

�Cabk.Qf;@tQR;r divR/k PB3=p�3=2

p;2

CCabkuLk PB3=p�1

p;1

(2-39)

CCabk.r
2uL;rPL/k PB3=p�1

p;1

CCabk Quk PB3=p�1

p;1

C2�kr Quk PB3=p

p;1

; (2-40)

where, again, at the price of increasing Cab , we can make � arbitrarily small.

The 2-dimensional case. In this case, using again Proposition 3.21 combined with Propositions 2.4 and 2.6
we get

krePk PB2=p�1

p;2

CkP.areP /k PB2=p�1

p;1

. krePk PB2=p�1

p;2

Ck.Id� PSm/.a�Na/k PB2=p

p;1

krePk PB2=p�1

p;1

CkŒP; PSm.a�Na/�rePk PB2=p�1

p;1

. k.Id� PSm/.a�Na/k PB2=p

p;1

krePk PB2=p�1

p;1

C.1Ckr PSmak PB2=p

p;2

/krePk PB2=p�1

p;2

. k.Id� PSm/.a�Na/k PB2=p

p;1

krePk PB2=p�1

p;1

CeC .a/.1Ckr PSmak PB2=p

p;2

/
�
k Qf k PB2=p�1

2;2

CkQ.adiv.bD. Qu///k PB2=p�1

p;2

�
where, as before eC .a/D � 1

Na
C

1

a
�

1

Na


PB

2=p

p;1

��
1C

1

a?
ka� Nak PB2=p

p;1

�
:

As we have already estimated kQ.a div.bD. Qu///k PB2=p�1

p;2

in (2-29), we gather

krePk PB2=p�1

p;2

CkarePk PB2=p

p;1

.T 1
m.a;b/kar

ePk PB2=p�1

p;1

CT 2
m.a;b/k

Qf k PB2=p�1

p;1

CT 3
m;M .a;b/kr Quk PB2=p�1=2

p;1

CT 4
m;M .a;b/kr Quk PB2=p

p;1

; (2-41)

where

T 1
m.a;b/Dk.Id� PSm/.a�Na/k PB2=p

p;1

�
1

Na
C

1

a
�

1

Na


PB

2=p

p;1

�
;

T 2
m.a;b/D

eC .a/.1Ckr PSmak PB2=p

p;2

/;

T 3
m;M .a;b/Dk. PSm.arb/; PSm.bra//k PB2=p

p;1

CeC .a/.1Ckr PSmak PB2=p

p;2

/k. PSM .arb/; PSM .bra//k PB2=p

p;1

;

T 4
m;M .a;b/Dk.Id� PSm/.arb/k PB2=p�1

p;1

Ck.Id� PSm/.ab�Na Nb/k PB2=p

p;1

CeC .a/.1Ckr PSmak PB2=p

p;2

/
�
k.Id� PSM /.arb/k PB2=p�1

p;1

Ck.Id� PSM /.ab�Na Nb/k PB2=p�1

p;1

�
:

First, we fix an � > 0. Let us fix an m 2 N such that T 1
m.a; b/kar

ePk PB2=p�1

p;1

can be “absorbed” by the
left-hand side of (2-41) and such that

k.Id� PSm/.arb/k PB2=p�1

p;1

Ck.Id� PSm/.ab� Na Nb/k PB2=p

p;1

�
1
2
�:
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Next, we see that by choosing M large enough we have

T 4
m;M .a; b/� �:

Thus, using interpolation we can write

krePk PB2=p�1

p;2

CkarePk PB2=p�1

p;1

�Cab

�
k.r2uL;rPL/k PB2=p�1

2;1

CkQuk PB2=p�1

p;1

�
C2�kr2

Quk PB2=p�1

p;1

: (2-42)

End of the proof of Proposition 2.9. Obviously, combining the two estimates (2-38)–(2-40) and (2-42)
we can continue in a unified manner the rest of the proof of Proposition 2.9. First, choose m 2 N large
enough such that

Na NbC PSm.ab� Na Nb/� 1
2
a?b?:

We apply P�j to (2-18) and we write

@t Quj�div
�
. Na NbC PSm.ab�Na Nb//r Quj

�
D Qfj�

P�j .areP /C P�j div
�
.Id� PSm/.ab�Na Nb/r Qu

�
CdivŒ P�j ; PSm.ab�Na Nb/�r Qu

C P�j .D Qu PSm.bra//C P�j

�
D Qu.Id� PSm/.bra/

�
C P�j .r Qu PSm.arb//C P�j

�
r Qu.Id� PSm/.arb/

�
:

Multiplying the last relation by j Quj j
p�1 sgn Quj , integrating and using Lemma 8 from Appendix B of

[Danchin 2010], we get

k QujkLpCa?b?22j C

Z t

0

k QujkLp .
Z t

0

k QfjkLpC

Z t

0

k P�j .areP /kLpC

Z t

0

divŒ P�j ; PSm.ab�Na Nb/�r Qu


Lp

C

Z t

0

 P�j div
�
.Id� PSm/.ab�Na Nb/r Qu

�
Lp

C

Z t

0

k P�j .D Qu PSm.bra//kLpC

Z t

0

 P�j

�
D Qu.Id� PSm/.bra/

�
Lp

C

Z t

0

k P�j .r Qu PSm.arb//kLpC

Z t

0

 P�j

�
r Qu.Id� PSm/.arb/

�
Lp :

Multiplying the last relation by 2j.n=p�1/, performing an `1.Z/-summation and using Proposition 3.19
to deal with

divŒ P�j ; PSm.ab � Na Nb/�r Qu

PB

n=p�1

p;1

along with (2-38)–(2-40) and (2-41) to deal with the
pressure, we get

k Quk
L1t .

PB
n=p�1

p;1
/
Ca?b?Ckr2 Quk

L1
t .
PB

n=p�1

p;1
/

. k Qf k
L1

t .
PB

n=p�1

p;1
/
CC

Z t

0

karePk PBn=p�1

p;1

C

Z t

0

k. PSm.bra/; PSm.arb//k PBn=p

p;1

kr Quk PBn=p�1

p;1

CTm.a;b/kr
2
Quk

L1
t .
PB

n=p�1

p;1
/

�Cab.1Ct/
�
ku0k PBn=p�1

p;1

Ck.f;@tR;r divR/k
L1

t .
PB

n=p�n=2

p;2
\ PB

n=p�1

p;1
/

�
CCab

Z t

0

k Quk PBn=p�1

p;1

C.Tm.a;b/C�/kr
2
Quk

L1
t .
PB

n=p�1

p;1
/

(2-43)

where

Tm.a; b/Dk.Id� PSm/.bra/k PBn=p�1

p;1

Ck.Id� PSm/.arb/k PBn=p�1

p;1

Ck.Id� PSm/.ab�Na Nb/k PBn=p�1

p;1

: (2-44)
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Assuming m is large enough and � is small enough, we can “absorb” .Tm.a; b/C �/kr
2uk

L1
t .
PB

n=p�1

p;1
/

into the left-hand side of (2-43). Thus, we end up with

k Quk
L1t .

PB
n=p�1

p;1
/
C a?b?

1
2
Ckr2

Quk
L1

t .
PB

n=p�1

p;1
/

� Cab.1C t/
�
ku0k PBn=p�1

p;1

Ck.f; @tR;r div R/k
L1

t .
PB

n=p�n=2

p;2
\ PB

n=p�1

p;1
/

�
CCab

Z t

0

k Quk PBn=p�1

p;1

such that using Grönwall’s lemma, (2-15) and the classical inequality

1C t˛ � C˛ exp.t/

yields

k Quk
L1t .

PB
n=p�1

p;1
/
C a?b?

1
2
Ckr2

Quk
L1

t .
PB

n=p�1

p;1
/

� Cab

�
ku0k PBn=p�1

p;1

Ck.f; @tR;r div R/k
L1

t .
PB

n=p�n=2

p;2
\ PB

n=p�1

p;1
/

�
exp.Cabt/: (2-45)

Using the fact that uD uLC Qu along with (2-15) and (2-45) gives us

kuk
L1t .

PB
n=p�1

p;1
/
C a?b?

1
2
Ckr2uk

L1
t .
PB

n=p�1

p;1
/

� Cab

�
ku0k PBn=p�1

p;1

Ck.f; @tR;r div R/k
L1

t .
PB

n=p�n=2

p;2
\ PB

n=p�1

p;1
/

�
exp.Cabt/: (2-46)

Next, using (2-38)–(2-40) and (2-42) combined with (2-15), we infer

krPk
L1

t ..
PB

n=p�n=2

p;2
\ PB

n=p�1

p;1
/

� CakarPLkL1
t .
PB

n=p�n=2

p;2
\ PB

n=p�1

p;1
/
CCakarePkL1

t .
PB

n=p�n=2

p;2
\ PB

n=p�1

p;1
/

(2-47)

� Cab

�
ku0k PBn=p�1

p;1

Ck.f; @tR;r div R/k
L1

t .
PB

n=p�n=2

p;2
\ PB

n=p�1

p;1
/

�
exp.Cabt/: (2-48)

Combining (2-48) with (2-46) we finally get

kuk
L1t .

PB
n=p�1

p;1
/
Ckr

2uk
L1

t .
PB

n=p�1

p;1
/
CkrPk

L1
t ..
PB

n=p�n=2

p;2
\ PB

n=p�1

p;1
/

�
�
ku0k PBn=p�1

p;1

Ck.f; @tR;r div R/k
L1

t .
PB

n=p�n=2

p;2
\ PB

n=p�1

p;1
/

�
exp.Cab.t C 1//: (2-49)

Obviously, by obtaining the last estimate we conclude the proof of Proposition 2.9.
Next, let us deal with the existence part of the Stokes problem with the coefficients having regularity

as in Proposition 2.9. More precisely, we have:

Proposition 2.12. Consider .a; b;u0; f;R/ as in the statement of Proposition 2.9. Then, there exists
a unique solution .u;rP / 2 Eloc of the Stokes system (1-3). Furthermore, there exists a constant Cab

depending on a and b such that

kuk
L1t .

PB
n=p�1

p;1
/
Ckr

2uk
L1

t .
PB

n=p�1

p;1
/
CkrPk

L1
t ..
PB

n=p�n=2

p;2
\ PB

n=p�1

p;1
/

�
�
ku0k PBn=p�1

p;1

Ck.f; @tR;r div R/k
L1

t .
PB

n=p�n=2

p;2
\ PB

n=p�1

p;1
/

�
exp.Cab.t C 1// (2-50)

for all t > 0.



456 COSMIN BURTEA

Proof. The uniqueness property is a direct consequence of the estimates of Proposition 2.9. The proof of
existence relies on Proposition 2.9 combined with a continuity argument as used in [Danchin 2014]; see
also [Krylov 2008]. Let us introduce

.a� ; b� /D .1� �/. Na; Nb/C �.a; b/

and consider the Stokes system8<:
@tu� a� .div.b�D.u//�rP /D f;

div uD div R;

ujtD0 D u0:

(S� )

First of all, a more detailed analysis of the estimates established in Proposition 2.9 enables us to conclude
that the constant Ca�b� appearing in (2-49) is uniformly bounded with respect to � 2 Œ0; 1� by a constant
c D cab . Indeed, repeating the estimation process carried out in Proposition 2.9 with .a� ; b� / instead
of .a; b/ amounts to replacing .a� Na/ and .b � Nb/ with �.a� Na/ and �.b � Nb/. Taking into account
Proposition 3.12 and the remark that follows we get that there exists

c WD sup
�2Œ0;1�

Ca�b� <1:

Let us take T > 0 and consider ET , the set of those � 2 Œ0; 1� such that for any .u0; f;R/ as in the
statement of Proposition 2.9 problem (S� ) admits a unique solution .u;rP / 2ET which satisfies

kuk
L1t .

PB
n=p�1

p;1
/
Ckr

2uk
L1

t .
PB

n=p�1

p;1
/
CkrPk

L1
t .
PB

n=p�n=2

p;2
\ PB

n=p�1

p;1
/

�
�
ku0k PBn=p�1

p;1

Ck.f; @tR;r div R/k
L1

t .
PB

n=p�n=2

p;2
\ PB

n=p�1

p;1
/

�
exp.c.t C 1// (2-51)

for all t 2 Œ0;T �. According to Proposition 2.7, 0 2 ET .
Suppose � 2 ET . First we denote by .u� ;rP� /2ET the unique solution of (S� ). We consider the space

ET;div D f. Qw;r eQ/ 2ET W div Qw D 0g

and let S�� 0 be the operator which associates to . Qw;r eQ/ 2ET;div, the unique solution . Qu;reP / of8<:
@t Qu� a� .div.b�D. Qu//�reP /D g�� 0.u� ;rP� /Cg�� 0. Qw;r eQ/;
div uD 0;

ujtD0 D 0;

(2-52)

where
g�� 0.u;rP /D .a� � a� 0/rP C a� 0 div.b� 0D.u//� a� div.b�D.u//: (2-53)

Obviously, S�� 0 maps ET;div into ET;div. We claim that there exists a positive quantity " D ".T / > 0

such that if j� �� 0j � ".T / then S�� 0 has a fixed point . Qu?;reP ?
/ in a suitable ball centered at the origin

of the space ET;div. Obviously,
. Qu?Cu� ;reP ?

CrP� /

will solve .S� 0/ in ET .
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First, we note that, as a consequence of Proposition 2.9, we have

k. Qu;reP /kET

�
�
kg�� 0.u� ;rP� /kL1

T
. PB

n=p�n=2

p;2
\ PB

n=p�1

p;1
/
Ckg�� 0. Qw;r eQ/kL1

T
. PB

n=p�n=2

p;2
\ PB

n=p�1

p;1
/

�
exp.c.TC1//: (2-54)

Observe that

k.a� � a� 0/rPk
L1

T
. PB

n=p�n=2

p;2
\ PB

n=p�1

p;1
/
� j� � � 0jka� Nak PBn=p

p;1

krPk
L1

T
. PB

n=p�n=2

p;2
\ PB

n=p�1

p;1
/
: (2-55)

Next, we write

a� 0 div.b� 0D.u//� a� div.b�D.u//D .a� 0 � a� / div.b� 0D.u//C a� div..b� 0 � b� /D.u//:

The first term of the last identity is estimated as follows:

k.a� 0 � a� / div.b� 0D.u//kL1
T
. PB

n=p�1

p;1
/
� j� � � 0jka� Nak PBn=p

p;1

. NbCkb� Nbk PBn=p

p;1

/kD.u/k
L1

T
. PB

n=p

p;1
/
:

Regarding the second term, we have

ka� div..b� 0 � b� /D.u//kL1
T
. PB

n=p�1

p;1
/
� j� � � 0jkb� Nbk PBn=p

p;1

. NaCka� Nak PBn=p

p;1

/kD.u/k
L1

T
. PB

n=p

p;1
/

and thusa� 0 div.b� 0D.u//� a� div.b�D.u//


L1
T
. PB

n=p�1

p;1
/

� j� � � 0j. NaCka� Nak PBn=p

p;1

/. NbCkb� Nbk PBn=p

p;1

/kDuk
L1

T
. PB

n=p

p;1
/
: (2-56)

The only thing left is to treat the L1
t .
PB

3=p�3=2
p;2

/-norm of a� 0 div.b� 0D.u//� a� div.b�D.u// in the case
where nD 3. Using the fact that ru 2L

4=3
T
. PB

3=p�1=2
p;1

/, we can write

k.a� 0 � a� / div.b� 0D.u//kL1
T
. PB

3=p�3=2

p;2
/

� j� � � 0jka� Nak PB3=p

p;1

k div.b� 0D.u//kL1
T
. PB

3=p�3=2

p;1
/

� j� � � 0jka� Nak PB3=p

p;1

. NbCkb� Nbk PB3=p

p;1

/kDuk
L1

T
. PB

3=p�1=2

p;1
/

(2-57)

� j� � � 0jka� Nak PB3=p

p;1

. NbCkb� Nbk PB3=p

p;1

/T 1=4
kuk

1=4

L1
T
. PB

3=p�1

p;1
/
kuk

3=4

L1
T
. PB

3=pC1

p;1
/

(2-58)

� j� � � 0jC.T; a; b/
�
kuk

L1
T
. PB

3=p�1

p;1
/
Ckr

2uk
L1

T
. PB

3=p�1

p;1
/

�
(2-59)

and, proceeding in a similar manner, we can estimate
a� div

�
.b� 0 � b� /D.u/

�
L1

T
. PB

3=p�3=2

p;2
/
.

Combining (2-55), (2-56) along with (2-59) we get

kg�� 0.u;rP /k
L1

T
. PB

3=p�3=2

p;2
\ PB

3=p�1

p;1
/

� j� � � 0jC.T; a; b/
�
kuk

L1
T
. PB

3=p�1

p;1
/
Ckr

2uk
L1

T
. PB

3=pC1

p;1
/
CkrPk

L1
T
. PB

3=p�3=2

p;2
\ PB

3=p�1

p;1
/

�
: (2-60)

Substituting this into (2-54), we get

k. Qu;reP /kET
� j� � � 0jC.T; a; b/

�
k.u� ;rP� /kET

Ck. Qw;r eQ/kET

�
;
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and by linearity. Qu1
� Qu2;reP 1

�reP 2
/


ET
� j��� 0jC.T; a; b/

. Qw1
� Qw2;r eQ1

�r eQ2
/


ET
;

where for k D 1; 2,
. Qui ;reP i

/D S�� 0.. Qw
i ;r eQi

//:

Thus one can choose ".T / small enough such that j� � � 0j � ".T / gives us a fixed point of the solution
operator S�� 0 in BET;div.0; 2k.u� ;rP� /kET

/.
Thus, for all T >0, we have ET D Œ0; 1� and owing to the uniqueness property and to Proposition 2.9, we

can construct a unique solution .u;rP /2Eloc to (1-3) such that for all t >0 the estimate (2-11) is valid. �

The proof of Theorem 1.3 in the case n D 3. As discussed earlier, in dimension nD 3, Proposition 2.9
is weaker than Theorem 1.3, as one requires additional low-frequency information on the data

.f; @tR;r div R/ 2L1
t .
PB

3=p�3=2
p;2

/:

Thus, we have to bring an extra argument in order to conclude the validity of Theorem 1.3. This is the
object of interest of this section.

Existence. We begin by taking m 2 N large enough and owing to Proposition 2.8 we can consider
.u1;rP1/, the unique solution with u1 2 C.RCI PB3=p�1

p;1
/ and .@tu

1;r2u1;rP1/ 2 L1
loc.
PB

3=p�1
p;1

/ of
the system 8<:

@tu� Na Nb div D.u/C . NaC PS�m.a� Na//rP D f;

div uD div R;

ujtD0 D u0;

which also satisfies

ku1
k

L1
T
. PB

3=p�1

p;1
/
Ck.@tu

1; Na Nbr2u1; NarP1/k
L1

T
. PB

3=p�1

p;1
/

� C
�
ku0k PB3=p�1

p;1

Ck.f; @tR; Na Nbr div R/k
L1

T
. PB

3=p�1

p;1
/

�
for all T > 0. Let us consider

G.u1;rP1/D a div.bD.u1//� Na div. NbD.u1//� ..Id� PS�m/.a� Na//rP1:

We claim G.u1;rP1/ 2L1
loc.
PB

3=p�3=2
p;2

\ PB
3=p�1
p;1

/. Indeed

a div.bD.u1//� Na div. NbD.u1//D .a� Na/ div.bD.u1//C Na div..b� Nb/D.u1//

and proceeding as in (2-56) and (2-58) we geta div.bD.u1//� Na div. NbD.u1//


L1
t .
PB

3=p�3=2

p;2
\ PB

3=p�1

p;1
/

� Cab.1C t1=4/
�
ku1
k

L1t .
PB

3=p�1

p;1
/
Cku1

k
L1

t .
PB

3=pC1

p;1
/

�
� exp.Cab.t C 1//

�
ku0k PB3=p�1

p;1

Ck.f; @tR;r div R/k
L1

T
. PB

3=p�1

p;1
/

�
: (2-61)
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Next, we obviously have�.Id� PS�m/.a� Na/
�
rP1


L1

t .
PB

3=p�1

p;1
/
� Ck.a� Na/k PB3=p

p;1

krP1
k

L1
t .
PB

3=p�1

p;1
/
: (2-62)

Using the fact that the product maps PB3=p�1=2
p;1

� PB
3=p�1
p;1

! PB
3=p�3=2
p;2

, we get�.Id� PS�m/.a� Na/
�
rP1


L1

t .
PB

3=p�3=2

p;2
/
� Ck.Id� PS�m/.a� Na/k PB3=p�1=2

p;1

krP1
k

L1
t .
PB

3=p�1

p;1
/
: (2-63)

Of course

k.Id� PS�m/.a�Na/k PB3=p�1=2

p;1

�C
X

j��m

2j.3=p�1=2/
k P�j .a�Na/kL2 �C 2m=2

X
j��m

23=pj
k P�j .a�Na/kL2 :

�C 2m=2
ka�Nak PB3=p

p;1

so that the first term on the right-hand side of (2-63) is finite. We thus gather from (2-61), (2-62) and (2-63)
that G.u1;rP1/ 2L1

loc.
PB

3=p�3=2
p;2

\ PB
3=p�1
p;1

/ and that for all t > 0 there exists a constant Cab such that

kG.u1;rP1/k
L1

t .
PB

3=p�3=2

p;2
\ PB

3=p�1

p;1
/
� .ku0k PB3=p�1

p;1

Ck.f; @tR;r div R/k
L1

t .
PB

3=p�1

p;1
/
/ exp.Cab.t C 1//:

According to Proposition 2.12, there exists a unique solution .u2;rP2/ 2Eloc of the system8<:
@tu� a div.bD.u//C arP DG.u1;rP1/;

div uD 0;

ujtD0 D 0;

which satisfies the estimate

ku2k
L1t .

PB
3=p�1

p;1
/
Ck.r2u2;rP2/k

L1
t .
PB

3=p�1

p;1
/

� kG.u1;rP1/k
L1

t .
PB

3=p�3=2

p;2
\ PB

3=p�1

p;1
/

exp.Cab.t C 1//

�
�
ku0k PB3=p�1

p;1

Ck.f; @tR;r div R/k
L1

t .
PB

3=p�1

p;1
/

�
exp.Cab.t C 1//:

We observe that
.u;rP / WD .u1

Cu2;rP1
CrP2/

is a solution of (1-3) which satisfies

kuk
L1t .

PB
3=p�1

p;1
/
Ck.r2u;rP /k

L1
t .
PB

3=p�1

p;1
/

�
�
ku0k PB3=p�1

p;1

Ck.f; @tR;r div R/k
L1

t .
PB

3=p�1

p;1
/

�
exp.Cab.t C 1//: (2-64)

Of course, using again the first equation of (1-3) we get

k@tukL1
t .
PB

3=p�1

p;1
/
� Cabk.f;r

2u;rP /k
L1

t .
PB

3=p�1

p;1
/

and thus, we get the estimate

kuk
L1t .

PB
3=p�1

p;1
/
Ck.@tu;r

2u;rP /k
L1

t .
PB

3=p�1

p;1
/

�
�
ku0k PB3=p�1

p;1

Ck.f; @tR;r div R/k
L1

t .
PB

3=p�1

p;1
/

�
exp.Cab.t C 1//: (2-65)
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Uniqueness. Next, let us prove the uniqueness property. Let us suppose there exists a T > 0 and a pair
.u;rP / that solves 8<:

@tu� a div.bD.u//C arP D 0;

div uD 0;

ujtD0 D 0;

(2-66)

with
u 2 CT . PB

3=p�1
p;1

/ and .@tu;r
2u;rP / 2L1

T .
PB

3=p�1
p;1

/:

Observe that we cannot directly conclude to the uniqueness property by appealing to Proposition 2.12
because the pressure does not belong (a priori) to L1

T
. PB

3=p�3=2
p;2

/. Recovering this low-frequency
information is done in the following lines. Suppose 3 < p < 4. Applying the operator Q in the first
equation of (2-66) we can write

Q
�
. NaC PS�m.a� Na//rP

�
DQ

�
a div.bD.u//

�
�Q

�
.Id� PS�m/.a� Na/rP

�
;

where m 2 N will be fixed later. We observe thatQ�. NaC PS�m.a� Na//rP
�

L1
T
. PB

3=p�3=2

p;1
/

.
Q�a div.bD.u//

�
L1

T
. PB

3=p�3=2

p;1
/
C
Q�.Id� PS�m/.a� Na/rP

�
L1

T
. PB

3=p�3=2

p;1
/

. T 1=4. NaCka� Nak PB3=p

p;1

/. NbCkb� Nbk PB3=p

p;1

/kruk
L

4=3

T
. PB

3=p�1=2

p;1
/

Ck.Id� PS�m/.a� Na/k PB3=p�1=2

p;1

krPk
L1

T
. PB

3=p�1

p;1
/
:

Consequently, we get
Q
�
. NaC PS�m.a� Na//rP

�
2L1

T .
PB

3=p�3=2
p;1

/: (2-67)

Let us observe that the condition p 2 .3; 4/ ensures that PB3=p
p;1

is contained in the multiplier space of
PB
�3=pC1
p0;2

D PB
3=p0�2
p0;2

. More precisely, we get:

Proposition 2.13. Consider p 2 .3; 4/ and .u; v/ 2 PB3=p
p;1
� PB
�3=pC1
p0;2

. Then uv 2 PB
�3=pC1
p0;2

and

kuvk PB�3=pC1

p0;2

. kuk PB3=p

p;1

kvk PB�3=pC1

p0;2

:

Proof. Indeed, considering .u; v/ 2 PB3=p
p;1
� PB
�3=pC1
p0;2

and using the Bony decomposition we get

k PTuvk PB�3=pC1

p0;2

. kukL1kvk PB�3=pC1

p0;2

:

Next, considering
1

p0
D

1

2
C

1

p?
;

we see

2j.�3=pC1/
k P�j
PT 0vukLp0 .

X
`�j�3

2.�3=pC1/.j�`/2.�3=pC1/`
kS`C1vkL2k P�`ukLp?

D

X
`�j�3

2.�3=pC1/.j�`/2�1=2`
kS`C1vkL223=p?`

k P�`ukLp?
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such that, with the help of Proposition 3.10, we get

k PT 0vuk PB�3=pC1

p0;2

. kvk PH�1=2kuk PB3=p?

p?;1

. kvk PB�3=pC1

p0;2

kuk PB3=p

p;1

: �

Proposition 2.14. Consider p 2 .3; 4/. Furthermore, consider a constant Nc > 0 and c 2 PB
3=p
p;1

. Then
there exists a universal constant � > 0 such that if

kck PB3=p

p;1

� �;

then for any  2 PB3=p0�3=2
p0;2

\ PB
3=p0�2
p0;2

there exists a unique solution rP 2 PB
3=p0�3=2
p0;2

\ PB
3=p0�2
p0;2

of the
elliptic equation

div.. NcC c/rP /D div :

Moreover, the following estimate holds true:

krPk PB3=p0��

p0;2

. kQ k PB3=p0��

p0;2

;

where � 2
˚

3
2
; 2
	
.

Proof. The proof is standard. Under some smallness condition on c 2 PB
3=p
p;1

, the operator

rR!rP D
1

Nc
Q. � crR/

has a fixed point in a suitable chosen ball of the space PB3=p0�3=2
p0;2

\ PB
3=p0�2
p0;2

. �

Choose m 2N such that k PS�m.a� Na/k PB3=p

p;1

is small enough that we can apply Proposition 2.14 with Na
and PS�m.a � Na/ instead of Nc and c, and we consider  a vector field with coefficients in S. As the
Schwartz class is included in PB3=p0�3=2

p0;2
\ PB

3=p0�2
p0;2

, let us consider rP 2 PB
3=p0�3=2
p0;2

\ PB
3=p0�2
p0;2

, the
solution of the equation

div
�
. NaC PS�m.a� Na//rP 

�
D div ;

the existence of which is granted by Proposition 2.14. Then, using Propositions 3.8 and 3.9, we can write3

hrP;  iS0�S

D

X
j

h P�jrP; Q�j i D
X

j

�h P�j P; Q�j div i (2-68)

D

X
j

�
˝
P�j P; Q�j div

�
. NaC PS�m.a� Na//rP 

�˛
D

X
j

˝
P�jrP; Q�j

�
. NaC PS�m.a� Na//rP 

�˛
(2-69)

D

X
j

˝
P�j

�
NaC PS�m.a� Na/

�
rP; Q�jrP 

˛
D

X
j

˝
P�jQ

�
. NaC PS�m.a� Na//rP

�
; Q�jrP 

˛
(2-70)

.
Q�. NaC PS�m.a� Na//rP

�
PB

3=p�3=2

p;2

krP k PB3=p0�3=2

p0;1

(2-71)

.
Q�. NaC PS�m.a� Na//rP

�
PB

3=p�3=2

p;2

k k PB3=p0�3=2

p0;1

: (2-72)

3We define Q�j WD
P�j�1C

P�j C
P�jC1.
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Taking the supremum over all  2 S with k k PB3=p0�3=2

p0;2

� 1, by (2-67) and Proposition 3.8, it follows
that rP 2L1

T
. PB

3=p�3=2
p;2

/ and that

krPk
L1

T
. PB

3=p�3=2

p;2
/
.
Q�. NaC PS�m.a� Na//rP

�
L1

T
. PB

3=p�3=2

p;2
/
:

According to the uniqueness property of Proposition 2.12 we conclude that .u;rP /D .0; 0/.
Observe that in the case p 2

�
6
5
; 3
�
, owing to the fact that PB3=p�1

p;1
,! PB

3=q�1
q;1

for any q 2 .3; 4/

and u 2 CT . PB
3=p�1
p;1

/ along with .@tu;r
2u;rP / 2 L1

T
. PB

3=p�1
p;1

/, we get u 2 CT . PB
3=q�1
q;1

/ along with
.@tu;r

2u;rP / 2L1
T
. PB

3=q�1
q;1

/. Thus, by the uniqueness property for the case q 2 .3; 4/, we conclude
that .u;rP / is identically null for p 2

�
6
5
; 3
�
.

3. Proof of Theorem 1.2

In the rest of the paper we aim to prove Theorem 1.2. Thus, from now on we will work in a 3-dimensional
framework.

The linear theory. Let us fix some notation. The space eFT consists of . Qw;r eQ/ with Qw 2 CT . PB
3=p�1
p;1

/

and .@t Qw;r
2 Qw;r eQ/ 2L1

T
. PB

3=p�1
p;1

/ with the norm

k. Qw;r eQ/keF T

D k Qwk
L1

T
. PB

3=p�1

p;1
/
Ck.@t Qw;r

2
Qw;r eQ/k

L1
T
. PB

3=p�1

p;1
/
: (3-1)

For any time-dependent vector field Nv we define

X Nv.t;x/D xC

Z t

0

Nv.�;x/ d�;

and A Nv D .DX Nv/
�1. Also, let us denote by adj.DX Nv/ the adjugate matrix (i.e., the transpose of the

cofactor matrix) of DX Nv and J Nv D det.DX Nv/.
Before attacking the well-posedness of (1-4), we first have to solve the linear system8<:

�0@t Nu� div
�
�.�0/A NvDA Nv . Nu/

�
CAT

Nv rP D 0;

div.adj.DX Nv/ Nu/D 0;

NujtD0 D u0;

(3-2)

where Nv 2 CT . PB
3=p�1
p;1

/ with r Nv 2L1
T
. PB

3=p
p;1

/\L2
T
. PB

3=p�1
p;1

/ is such that

kr Nvk
L2

T
. PB

3=p�1

p;1
/
Ckr Nvk

L1
T
. PB

3=p

p;1
/
� 2˛ (3-3)

for a suitably small ˛. Obviously, this will be achieved using the estimates of the Stokes system established
in the previous section; see Theorem 1.3. Let us write (3-2) in the form8̂<̂

:
@t Nu�

1
�0

div
�
�.�0/D. Nu/

�
C

1
�0
rP D 1

�0
F Nv. Nu;rP /;

div NuD div
�
.Id� adj.DX Nv// Nu

�
;

NutD0 D u0;
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with

F Nv. Nw;rQ/ WD div
�
�.�0/A NvDA Nv . Nw/��.�0/D. Nw/

�
C .Id�AT

Nv /rQ:

Consider .uL;rPL/ with uL 2 C.RC; PB3=p�1
p;1

/ and .@tuL;r
2uL;rPL/ 2 L1

loc.
PB

3=p�1
p;1

/, the unique
solution of 8̂<̂

:
@tuL�

1
�0

div
�
�.�0/D.uL/

�
C

1
�0
rPL D 0;

div uL D 0;

uLjtD0 D u0;

(3-4)

for which we know that

k.uL;rPL/kET
� ku0k PB3=p�1

p;1

exp.C�0
.T C 1//:

Moreover, T can be chosen small enough such that

kruLkL2
T
. PB

3=p�1

p;1
/
Ck.@tuL;r

2uL;rPL/kL1
T
. PB

3=p�1

p;1
/
� ˛: (3-5)

Following the idea in [Danchin and Mucha 2012], and owing to Theorem 1.3, we consider the operator

ˆ. Qw;r eQ/D . Qu;reP /; (3-6)

which associates to . Qw;r eQ/ 2 eFT the unique solution . Qu;reP / 2 eFT of8̂<̂
:
@t Qu�

1
�0

div
�
�.�0/D. Qu/

�
C

1
�0
reP D 1

�0
F Nv.uLC Qw;rPLCr

eQ/;
div QuD div

�
.Id� adj.DX Nv//.uLC Qw/

�
;

QujtD0 D 0:

We will show in the following that for any R> 0 there exists a sufficiently small T > 0 such that there
exists a fixed point for ˆ in the ball of radius R centered at the origin of eFT . More precisely, according
to Theorem 1.3 we get

kˆ. Qw;r eQ/keF T

�

 1

�0
F Nv.uLC Qw;rPLCr

eQ/
L1

T
. PB

3=p�1

p;1
/

Ck@t .Id� adj.DX Nv//.uLC Qw/kL1
T
. PB

3=p�1

p;1
/

C
r div

�
.Id� adj.DX Nv//.uLC Qw/

�
L1

T
. PB

3=p�1

p;1
/
: (3-7)

We begin by treating the first term: 1

�0
F Nv.uLC Qw;rPLCr

eQ/
L1

T
. PB

3=p�1

p;1
/

.
�

1

N�
C

 1

�0
�

1

N�


PB

3=p

p;1

�F Nv.uLC Qw;rPLCr
eQ/

L1
T
. PB

3=p�1

p;1
/
: (3-8)
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We write

T1D div
�
�.�0/A NvDA Nv .uLC Qw/

�
�div

�
�.�0/D.uLC Qw/

�
D div

�
�.�0/.A Nv�Id/DA Nv .uLC Qw/

�
Cdiv

�
�.�0/DA Nv�Id.uLC Qw/

�
D div

�
�.�0/.A Nv�Id/DA Nv�Id.uLC Qw/

�
Cdiv

�
�.�0/.A Nv�Id/D.uLC Qw/

�
Cdiv

�
�.�0/DA Nv�Id.uLC Qw/

�
:

Thus, using (3-22) of Proposition 3.27 along with product laws in Besov spaces (see Proposition 3.17)
we get the following bound for T1:

kT1kL1
T
. PB

3=p�1

p;1
/
.C�0

kA Nv�Idk
L1

T
. PB

3=p

p;1
/

�
1CkA Nv�Idk

L1
T
. PB

3=p

p;1
/

��
kruLkL1

T
. PB

3=p

p;1
/
Ckr Qwk

L1
T
. PB

3=p

p;1
/

�
.C�0

kr Nvk
L1

T
. PB

3=p

p;1
/

�
1Ckr Nvk

L1
T
. PB

3=p

p;1
/

��
kruLkL1

T
. PB

3=p

p;1
/
Ckr Qwk

L1
T
. PB

3=p

p;1
/

�
.C�0

˛
�
˛Ck. Qw;r eQ/kFT

�
: (3-9)

The second term is estimated as

k.Id�AT
Nv /.rPLCr

eQ/k
L1

T
. PB

3=p�1

p;1
/
. kr Nvk

L1
T
. PB

3=p

p;1
/

�
krPLkL1

T
. PB

3=p�1

p;1
/
Ckr eQk

L1
T
. PB

3=p�1

p;1
/

�
. ˛.˛Ck. Qw;r eQ/kFT

/ (3-10)

so that combining (3-8), (3-9) and (3-10) we get 1

�0
F Nv.uLC Qw;rPLCr

eQ/
L1

T
. PB

3=p�1

p;1
/
. C�0

˛.˛Ck. Qw;r eQ/kFT
/: (3-11)

In order to treat the second term of (3-7) we use the estimates (3-23) and (3-24) of Proposition 3.27 along
with Hölder’s inequality in order to obtain

k@t .Id�adj.DX Nv//.uLC Qw/kL1
T
. PB

3=p�1

p;1
/

. k.uLC Qw/@t adj.DX Nv/kL1
T
. PB

3=p�1

p;1
/
Ck.Id�adj.DX Nv//.@tuLC@t Qw/kL1

T
. PB

3=p�1

p;1
/

(3-12)

. k@t adj.DX Nv/kL2
T
. PB

3=p�1

p;1
/
kuLC QwkL2

T
. PB

3=p

p;1
/
CkId�adj.DX Nv/kL1

T
. PB

3=p

p;1
/
k@tuLC@t QwkL1

T
. PB

3=p�1

p;1
/

. kr Nvk
L2

T
. PB

3=p�1

p;1
/

�
˛Ck. Qw;r eQ/kFT

�
C˛.˛Ck. Qw;r eQ/kFT

/

.˛.˛Ck. Qw;r eQ/kFT
/: (3-13)

Treating the last term of (3-7) is done with the aid of Corollary 3.24:

div..Id� adj.DX Nv//.uLC Qw//D .DuLCD Qw/ W .Id�J NvA Nv/

D J Nv.DuLCD Qw/ W .Id�A Nv/C .1�J Nv/.div uLC div Qw/:
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Thus, using the estimates (3-22) and (3-26) of Proposition 3.27, we may writer div
�
.Id� adj.DX Nv//.uLC Qw/

�
L1

T
. PB

3=p�1

p;1
/

.
J Nv.DuLCD Qw/ W .Id�A Nv/


L1

T
. PB

3=p

p;1
/
C
.1�J Nv/.div uLC div Qw/


L1

T
. PB

3=p

p;1
/

.
�
1CkJ Nv � 1k

L1
T
. PB

3=p

p;1
/

�
kId�A NvkL1

T
. PB

3=p

p;1
/
kDuLCD Qwk

L1
T
. PB

3=p

p;1
/

Ck.J Nv � 1/k
L1

T
. PB

3=p

p;1
/
k div uLC div Qwk

L1
T
. PB

3=p

p;1
/

. ˛.1C˛/.˛Ck. Qw;r eQ/kFT
/: (3-14)

Combining the estimates (3-11), (3-13) and (3-14) we get

kˆ. Qw;r eQ/keF T

. ˛.˛Ck. Qw;r eQ/kFT
/: (3-15)

Thus, for a suitably small ˛ the operator ˆ maps the ball of radius R centered at the origin of eFT

into itself. Due to the linearity of ˆ, one can repeat the above arguments in order to show that ˆ is a
contraction for small values of ˛. This concludes the existence of a fixed point ofˆ, say . Qu?;reP ?

/2 eFT .
Of course,

. Nu;rP /D . Qu?;reP ?
/C .uL;rPL/

is a solution of (3-2).

Proof of Theorem 1.2. Consider T small enough such that .uL;rPL/, the solution of (3-4), satisfies

kruLkL2
T
. PB

3=p�1

p;1
/
CkruLkL1

T
. PB

3=p

p;1
/
� ˛;

and consider the closed seteFT .˛/D
˚
. Qv;r eQ/ 2 FT W QvjtD0D0; k. Qv;r eQ/kFT

�R˛
	

with R sufficiently small such that

kr Qvk
L2

T
. PB

3=p�1

p;1
/
Ckr Qvk

L1
T
. PB

3=p

p;1
/
� ˛: (3-16)

Let us consider the operator S which associates to . Qv;r eQ/ 2 eFT .˛/, the solution of8̂<̂
:
@t Qu�

1
�0

div
�
�.�0/D. Qu/

�
C

1
�0
reP D 1

�0
F.uLCQv/.uLC Qu;rPLCr

eP /;
div
�
adj.DXuLCQv/.uLC Qu/

�
D 0;

QujtD0 D 0

constructed in the previous section. We will show that for suitably small T and ˛, the operator S maps
the closed set eFT .˛/ into itself and that S is a contraction. First of all, recalling that . Qu;reP / is in fact
the fixed point of the operator ˆ defined in (3-6) and using the estimates established in the last section,
we conclude that

k. Qu;reP /keF T

D kS. Qv;r eQ/kFT
�R˛ (3-17)

for some small enough T .
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Next, we will deal with the stability estimates. For i D 1; 2, let us consider . Qvi ;r eQi/ 2
eFT .˛/ and

. Qui ;reP i/D S. Qvi ;r eQi/ 2
eFT .˛/. Defining

.ı Qv;rıeQ/D . Qv1� Qv2;r eQ1�r
eQ2/;

.ı Qu;rıeP /D . Qu1� Qu2;reP1�r
eP2/;

we see 8̂<̂
:
@tı Qu�

1
�0

div
�
�.�0/D.ı Qu/

�
C

1
�0
rıeP D 1

�0

eF ;
div ı QuD div eG;
ı QujtD0 D 0;

where

eF D F1.ı Qv;uLC Qu1/CF1.uLC Qv2; ı Qu/CF2.ı Qv;rPLCr
eP1/CF2.uLC Qv2;rıeP /;eG D��adj.DX.uLCQv1//� Id

�
ı Qu�

�
adj.DX.uLCQv1//� adj.DX.uLCQv2//

�
.uLC Qu2/ WD eG1C

eG2;

and

F1. Nv; Nw/D div
�
�.�0/A NvDA Nv . Nw/��.�0/D. Nw/

�
;

F2. Nv;rQ/D .Id�AT
Nv /rQ:

According to Theorem 1.3 we get

k.ı Qu;rıeP /keF T

. C�0

�
keFk

L1
T
. PB

3=p�1

p;1
/
Ckr div eGk

L1
T
. PB

3=p�1

p;1
/
Ck@t

eGk
L1

T
. PB

3=p�1

p;1
/

�
: (3-18)

Proceeding as in relations (3-8) and (3-9) we get

keFk
L1

T
. PB

3=p�1

p;1
/
. krı Qvk

L1
T
. PB

3=p

p;1
/
kruLCr Qu1kL1

T
. PB

3=p

p;1
/
CkruLCr Qv2kL1

T
. PB

3=p

p;1
/
krı Quk

L1
T
. PB

3=p

p;1
/

Ckrı Qvk
L1

T
. PB

3=p

p;1
/
krPLCr

eP1kL1
T
. PB

3=p�1

p;1
/

CkruLCr Qv2kL1
T
. PB

3=p

p;1
/
krıePk

L1
T
. PB

3=p�1

p;1
/

.˛k.rı Qv;rıeQ/k
L1

T
. PB

3=p

p;1
/
C˛k.ı Qu;rıeP /keF T

: (3-19)

Of course, we will use the smallness of ˛ to absorb ˛k.rı Qu;rıeP /k
L1

T
. PB

3=p

p;1
/

into the left-hand side
of (3-18).

Next, we treat kr div eGk
L1

T
. PB

3=p�1

p;1
/
. Using Proposition 3.23, we can write

�diveG2D div
��

adj.DX.uLCQv1//�adj.DX.uLCQv2//
�
.uLCQu2/

�
D div

�
adj.DX.uLCQv1//.uLCQu2/

�
�div

�
adj.DX.uLCQv2//.uLCQu2/

�
DJuLCQv1

D.uLCQu2/ WA.uLCQv1/�J.uLCQv2/D.uLCQu2/ WA.uLCQv2/

D .JuLCQv1
�J.uLCQv2//D.uLCQu2/ WA.uLCQv1/CJ.uLCQv2/D.uLCQu2/ W .A.uLCQv1/�A.uLCQv2//;
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and thus, using Propositions 3.27 and 3.28 we get

kr div eG2kL1
T
. PB

3=p�1

p;1
/

. k.JuLCQv1
�J.uLCQv2//kL1

T
. PB

3=p

p;1
/
k.DuL;D Qu2/kL1

T
. PB

3=p

p;1
/
.1CkId�A.uLCQv1/kL1

T
. PB

3=p

p;1
/
/

C .1Ck.JuLCQv2
� 1/k

L1
T
. PB

3=p

p;1
/
/k.DuL;D Qu2/kL1

T
. PB

3=p

p;1
/
kA.uLCQv1/�A.uLCQv2/kL1

T
. PB

3=p

p;1
/

. ˛krı Qvk
L1

T
. PB

3=p

p;1
/
:

(3-20)
Next, using again Proposition 3.23 we see

� div eG1 D div
�
.adj.DX.uLCQv1//� Id/ı Qu

�
DDı Qu W .JuLCQv1

A.uLCQv1/� Id/

D JuLCQv1
Dı Qu W .A.uLCQv1/� Id/C .JuLCQv1

� 1/ div ı Qu

and consequently

kr diveG1kL1
T
. PB

3=p�1

p;1
/

.
JuLCQv1

Dı Qu W .A.uLCQv1/�Id/


L1
T
. PB

3=p

p;1
/
C
.JuLCQv1

�1/divı Qu


L1
T
. PB

3=p

p;1
/

.
�
1CkJuLCQv1

�1k
L1

T
. PB

3=p

p;1
/

�
kDı Qu W .A.uLCQv1/�Id/k

L1
T
. PB

3=p

p;1
/
CkJuLCQv1

�1k
L1

T
. PB

3=p

p;1
/
kdivı Quk

L1
T
. PB

3=p

p;1
/

.˛k.ı Qu;rıP /keF T

: (3-21)

Combining (3-20) with (3-21) yields

kr div eGk
L1

T
. PB

3=p�1

p;1
/
. ˛krı Qvk

L1
T
. PB

3=p

p;1
/
C˛k.ı Qu;rıP /keF T

: (3-22)

Again, we will use the smallness of ˛ to absorb ˛k.rı Qu;rıeP /k
L1

T
. PB

3=p

p;1
/

into the left-hand side of (3-22).

Finally, we write

@t

��
adj.DX.uLCQv1//� adj.DX.uLCQv2//

�
.uLC Qu2/

�
D
�
@t adj.DX.uLCQv1//� @t adj.DX.uLCQv2//

�
.uLC Qu2/

C adj.DX.uLCQv1//� adj.DX.uLCQv2//.@tuLC @t Qu2/:

Using Proposition 3.28 gives us@t

�
.adj.DX.uLCQv1//�adj.DX.uLCQv2///.uLCQu2/

�
L1

T
. PB

3=p�1

p;1
/

.
@t adj.DX.uLCQv1//�@t adj.DX.uLCQv2//


L2

T
. PB

3=p�1

p;1
/
kuLkL2

T
. PB

3=p

p;1
/

C
@t adj.DX.uLCQv1//�@t adj.DX.uLCQv2//


L1

T
. PB

3=p

p;1
/
k Qu2kL1

T
. PB

3=p�1

p;1
/

C
adj.DX.uLCQv1//�adj.DX.uLCQv2//


L1

T
. PB

3=p

p;1
/
k@tuLC@t Qu2kL1

T
. PB

3=p�1

p;1
/

.˛kı Qvk
L2

T
. PB

3=p

p;1
/
:

The conclusion is
k@t

eGk
L1

T
. PB

3=p�1

p;1
/
. ˛kı Qvk

L2
T
. PB

3=p

p;1
/
: (3-23)
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Combining (3-19), (3-22) and (3-23) we get if ˛ is chosen sufficiently small then

k..ı Qu;rıeP //keF T

�
1
2
k..ı Qv;rıeQ//kFT

(3-24)

and the operator S is also a contraction over eFT .˛/. Thus, according to Banach’s theorem there exists a
fixed point . Nu?;rP?/ of S . Obviously,

. Nu;rP /D .uL;rPL/C . Nu
?;rP?/

is a solution of 8<:
�0@t Nu� div

�
�.�0/A NuDA Nu. Nu/

�
CAT

Nu rP D 0;

div.adj.DX Nu/ Nu/D 0;

NujtD0 D u0:

(3-25)

In view of Proposition 3.26 we also get J Nu D 1. Thus, the second equation of (3-25) becomes

div.A Nu Nu/D 0:

The only thing left to prove is the uniqueness property. Consider . Nu1;rP1/, . Nu2;rP 2/ 2 FT , two
solutions of (3-25) with the same initial data u0 2

PB
3=p�1
p;1

. With .uL;rPL/ defined above, we let

. Qui ;reP i
/D . Nui ;rP i/� .uL;rPL/ for i D 1; 2

such that the system verified by . Qui;reP i
/ is8̂̂<̂

:̂
@t Qu

i �
1
�0

div
�
�.�0/D. Qu

i/
�
C

1
�0
reP i

D
1
�0

F.uLCQui /.uLC Qu
i ;rPLCr

eP i
/;

div
�
A.uLCQui /.uLC Qu

i/
�
D 0;

QujtD0 D 0:

We are now in the position of performing exactly the same computations as above so that we obtain a
time T

0

sufficiently small such that

. Nu1;rP1/D . Nu2;rP2/ on Œ0;T 0�:

It is classical that the above local uniqueness property extends to all of Œ0;T �. �

Proof of Theorem 1.1. Considering .�0;u0/ 2 PB
3=p
p;1
� PB

3=p�1
p;1

and applying Theorem 1.2, there exists
a positive T > 0 such that we may construct a solution . Nu;rP / to the system (1-4) in FT . Then,
working with a smaller T if needed and considering X Nu, the “flow” of Nu defined by (3-17), by using
Proposition 3.26 from the Appendix, one obtains that X Nu is a measure preserving C 1-diffeomorphism
over Rn for all t 2 Œ0;T �. Thus we may introduce the Eulerian variable:

�.t;x/D �0.X
�1
Nu .t;x//; u.t;x/D Nu.t;X�1

Nu .t;x// and P .t;x/D P .t;X�1
Nu .t;x//:

Then, Proposition 3.23 ensures that .�;u;rP / is a solution of (1-1). As DX Nu� Id belongs to PB3=p
p;1

, using
Proposition 3.22, we may conclude that .�;u;rP / has the announced regularity.

The uniqueness property comes from the fact that considering two solutions .�i ;ui;rP i/ of (1-1),
i D 1; 2, and considering Yui , the flow of ui , we find that

�
ui.t;Yui .t;y//;rP i.t;Yui .t;y//

�
are solutions

of the system (1-4) with the same data. Thus, they are equal according to the uniqueness property
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announced in Theorem 1.2. Thus, on some nontrivial interval Œ0;T 0�� Œ0;T � (chosen such that condition
(3-19) holds), the solutions .�i ;ui;rP i/ are equal. This local uniqueness property obviously entails
uniqueness on all of Œ0;T �. �

Appendix

We present here a few results of Fourier analysis used through the text. The full proofs along with other
complementary results can be found in [Bahouri et al. 2011, Chapter 2].

Let us introduce the dyadic partition of the space:

Proposition A.1. Let C be the annulus
˚
� 2 Rn W

3
4
� j�j � 8

3

	
. There exists a radial function ' 2 D.C/

valued in the interval Œ0; 1� such that

for all � 2 Rn
nf0g;

X
j2Z

'.2�j�/D 1; (A-1)

2� jj � j 0j ) Supp.'.2�j
� //\Supp.'.2�j 0

� //D∅: (A-2)

Also, the following inequality holds:

for all � 2 Rn
nf0g;

1

2
�

X
j2Z

'2.2�j�/� 1: (A-3)

From now on we fix functions � and ' satisfying the assertions of the above proposition and denote by
Qh and h their Fourier inverses.

The homogeneous dyadic blocks P�j and the homogeneous low-frequency cut-off operators PSj are

P�j uD '.2�j D/uD 2jn

Z
Rn

h.2j y/u.x�y/ dy;

PSj uD �.2�j D/uD 2jn

Z
Rn

Qh.2j y/u.x�y/ dy

for all j 2 Z.

Definition A.2. We denote by S 0
h

the space of tempered distributions such that

lim
j!�1

k PSj ukL1 D 0:

Let us now define the homogeneous Besov spaces:

Definition A.3. Let s be a real number and .p; r/ 2 Œ1;1�. The homogeneous Besov space PBs
p;r is the

subset of tempered distributions u 2 S 0
h

such that

kuk PBs
p;r
WD
.2js

k P�j ukL2/j2Z


`r .Z/

<1:

The next propositions gather some basic properties of Besov spaces.

Proposition A.4. Let us consider s 2 R and p; r 2 Œ1;1� such that

s <
n

p
or s D

n

p
and r D 1: (A-4)

Then . PBs
p;r ; k � k PBs

p;r
/ is a Banach space.
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Proposition 3.5. A tempered distribution u2S 0
h

belongs to PBs
p;r .R

n/ if and only if there exists a sequence
.cj /j such that .2jscj /j 2 `

r .Z/ with norm 1 and a constant C D C.u/ > 0 such that for any j 2 Z we
have

k P�j ukLp � Ccj :

Proposition 3.6. Consider s1 and s2 two real numbers such that s1 < s2 and � 2 .0; 1/. Then, there exists
a constant C > 0 such that for all r 2 Œ1;1� we have

kuk
PB
�s1C.1��/s2
p;r

� kuk�
PB

s1
p;r

kuk1��
PB

s2
p;r

;

kuk
PB
�s1C.1��/s2
p;1

�
C

s2� s1

�
1

�
C

1

1� �

�
kuk�

PB
s1
p;1

kuk1��
PB

s2
p;1

:

Proposition 3.7. (1) Let 1 � p1 � p2 � 1 and 1 � r1 � r2 � 1. Then, for any real number s, the
space PBs

p1;r1
is continuously embedded in PBs�n.1=p1�1=p2/

p2;r2
.

(2) Let 1� p <1. Then, PBn=p
p;1

is continuously embedded in .C0.R
n/; k � kL1/, the space of continuous

functions vanishing at infinity.

Proposition 3.8. For all 1� p; r �1 and s 2 R,(
PBs
p;r �

PB�s
p0;r 0 ! R;

.u; v/!
P

j h
P�j u; Q�jvi;

(3-5)

where Q�j WD
P�j�1C

P�j C
P�jC1, defines a continuous bilinear functional on PBs

p;r �
PB�s
p0;r 0 . Denote by

Q�s
p0;r 0 the set of functions ' 2 S\ PB�s

p0;r 0 such that k'k PB�s
p0;r 0
� 1. If u 2 S 0

h
, then we have

kuk PBs
p;r
. sup
'2Q�s

p0;r 0

hu; 'iS0�S :

Proposition 3.9. Consider 1 < p; r < 1 and s 2 R. Furthermore, let u 2 PBs
p;r , v 2 PB�s

p0;r 0 and
� 2L1\M. PBs

p;r /\M. PB�s
p0;r 0/. Then, we have

.�u; v/D
X

j

X
j

h P�j u; Q�j .�v/i D .u; �v/: (3-6)

The proof of Proposition 3.9 follows from a density argument. Relation (3-6) clearly holds for functions
from the Schwartz class: then we may writeZ

Rn

�uv D .�u; v/D .u; �v/:

The conditions 1< p; r <1 and s 2 R ensure that u and v may be approximated by Schwartz functions.
An important feature of Besov spaces with negative index of regularity is the following:

Proposition 3.10. Let s < 0 and 1� p; r �1. Let u be a distribution in S 0
h
. Then, u belongs to PBs

p;r if
and only if

.2js
k PSj ukLp /j2Z 2 `

r .Z/:



OPTIMAL WELL-POSEDNESS FOR THE INHOMOGENEOUS INCOMPRESSIBLE NAVIER–STOKES SYSTEM 471

Moreover, there exists a constant C depending only on the dimension n such that

C�jsjC1
kuk PBs

p;r
�
.2js

k PSj ukLp /j2Z


`r .Z/

� C
�
1C

1

jsj

�
kuk PBs

p;r
:

The next proposition tells us how certain multipliers act on Besov spaces.

Proposition 3.11. Consider A a smooth function on Rnnf0g which is homogeneous of degree m. Then,
for any .s;p; r/ 2 R�Œ1;1�2 such that

s�m<
n

p
or s�mD

n

p
and r D 1;

the operator4 A.D/ maps PBs
p;r continuously into PBs�m

p;r .

The next proposition describes how smooth functions act on homogeneous Besov spaces.

Proposition 3.12. Let f be a smooth function on R which vanishes at 0. Consider .s;p; r/ 2 R�Œ1;1�2

such that

0< s <
n

p
or s D

n

p
and r D 1:

Then for any real-valued function u 2 PBs
p;r \L1, the function f ıu is in PBs

p;r \L1 and we have

kf ıuk PBs
p;r
� C.f 0; kukL1/kuk PBs

p;r
:

Remark 3.13. The constant C.f 0; kukL1/ appearing above can be taken to be

sup
i21;Œs�C1

kf .i/kL1.jŒ�MkukL1 ;�MkukL1 �/
;

where M is a constant depending only on the dimension n.

Commutator and product estimates. Next, we want to see how the product acts in Besov spaces. The
Bony decomposition, introduced in [Bony 1981], offers a mathematical framework to obtain estimates of
the product of two distributions, when the latter is defined.

Definition 3.14. Given two tempered distributions u; v 2 S 0
h
, the homogeneous paraproduct of v by u is

defined as
PTuv D

X
j2Z

PSj�1u P�jv: (3-7)

The homogeneous remainder of u and v is defined by

PR.u; v/D
X
j2Z

P�j u P�0jv; (3-8)

where
P�0j D

P�j�1C
P�j C

P�jC1:

4A.D/w D F�1.AFw/.
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Remark 3.15. Notice that at a formal level, one has the following decomposition of the product of two
(sufficiently well-behaved) distributions:

uv D PTuvC PTvuC PR.u; v/D PTuvC PT
0
vu:

The next result describes how the paraproduct and remainder behave.

Proposition 3.16. (1) Assume .s;p;p1;p2; r/ 2 R�Œ1;1�4 such that

1

p
D

1

p1
C

1

p2
; s <

n

p
or s D

n

p
and r D 1:

Then, the paraproduct maps Lp1 � PBs
p2;r

into PBs
p;r and the following estimate holds:

k PTf gk PBs
p;r
. kf kLp1kgk PBs

p2;r
:

(2) Assume .s;p;p1;p2; r; r1; r2/ 2 R�Œ1;1�6 and � > 0 such that

1

p
D

1

p1
C

1

p2
;

1

r
D

1

r1
C

1

r2

and
s <

n

p
� � or s D

n

p
� � and r D 1:

Then, the paraproduct maps PB��p1;r1
� PBsC�

p2;r2
into PBs

p;r and the following estimate holds:

k PTf gk PBs
p;r
. kf k PB��p1;r1

kgk PBsC�
p2;r2

:

(3) Consider .s1; s2;p;p1;p2; r; r1; r2/ 2 R2 � Œ1;1�6 such that

0< s1C s2 <
n

p
or s1C s2 D

n

p
and r D 1:

Then, the remainder maps PBs1
p1;r1
� PB

s2
p2;r2

into PBs1Cs2
p;r and

k PR.f;g/k
PB

s1Cs2
p;r

� kf k PB
s1
p1;r1

kgk PBs2
p2;r2

:

As a consequence we obtain the following product rules in Besov space:

Proposition 3.17. Consider p 2 Œ1;1� and the real numbers �1 � 0 and �2 � 0 with

�1C �2 <
n

p
Cmin

�
n

p
;

n

p0

�
:

Then, the following estimate holds:

kfgk
PB

n=p��1��2
p;1

. kf k
PB

n=p��1
p;1

kgk
PB

n=p��2
p;1

:

Proposition 3.18. Consider � a C1 function on Rn such that .1C j � j/ O� 2 L1. Let us also consider
p; q 2 Œ1;1� such that

1

r
WD

1

p
C

1

q
� 1:
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Then, there exists a constant C such that for any Lipschitz function a with gradient in Lp, any function
b 2Lq and any positive �, Œ�.��1D/; a�b


Lr � C��1

krakLpkbkLq :

In particular, when � D ' and �D 2j we getŒ P�j ; a�b


Lr � C 2�j
krakLpkbkLq :

Proposition 3.19. Assume s; � and p 2 Œ1;1� are such that

0� � �
n

p
and � 1�min

�
n

p
;

n

p0

�
< s �

n

p
� �:

Then, there exists a constant C depending only on s; �;p and n such that for all l 2 1; n we have for some
sequence .cj /j2Z with k.cj /j2Zk`1.Z/ D 1,@l Œa; P�j �w


Lp � Ccj 2�js

krak PBn=p��

p;1

kwk PBsC�
p;1

for all j 2 Z.

For a proof of the above results we refer the reader to the Appendix of [Danchin 2014, Lemmas A.5
and A.6].

Proposition 3.20. Consider a homogeneous function A W Rnnf0g ! R of degree 0. Let us consider s 2 R,
0<�� 1 and p; r; r1; r2 2 Œ1;1� such that

1

r
D

1

r1
C

1

r2
and

s <
n

p
� � or s D

n

p
� � and r2 D 1: (3-9)

Moreover, assume w 2 PBsC�
p;r2

and a 2L1 with ra 2 PB��1;r1
. Then, the following estimate holds:ŒA.D/; PTa�w


PB

sC1
p;r
. krak PB��1;r1

kwk PBsC�
p;r2

: (3-10)

As this result is of great importance in the analysis of the pressure term, we present a sketched proof
below (see also [Bahouri et al. 2011, Chapter 2, Lemma 2.99]).

Proof. The fact that a 2 L1, along with relation (3-9), guarantees that A.D/w 2 PBsC�
p;r and that the

paraproducts PTaw and PTaA.D/w are well-defined. We observe that there exists a function Q' supported
in some annulus which equals 1 on the support of ' such that one may write (of course it is here that we
use the homogeneity of A)

ŒA.D/; PTa�w D
X

j

�
.A Q'/.2�j D/; PSj�1a

�
P�jw:

But according to Proposition 3.18 we have

2j.sC1/
�.A Q'/.2�j D/; PSj�1a

�
P�jw


Lp . 2�j�

kr PSj�1akL12j.sC�/
k P�jwkLp :

The last relation obviously implies (3-10). �
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As a consequence of the above proposition and Proposition 3.16 we get the following:

Proposition 3.21. Let us consider a homogeneous function A WRnnf0g!R of degree 0, s 2R, 0<��1

and p; r; r1; r2 2 Œ1;1� such that
1

r
D

1

r1
C

1

r2

and

�1�min
�

n

p
;

n

p0

�
< s <

n

p
� � or s D

n

p
� � and r D r2 D 1: (3-11)

assume w 2 PBsC�
p;r2

and a 2L1 with ra 2 PB��1;r1
. Then, the following estimate holds:ŒA.D/; a�w PBsC1

p;r
. krak PBn=p��

p;r1

kwk PBsC�
p;r2

:

Properties of Lagrangian coordinates. The following results are gathered from [Danchin 2014] and
[Danchin and Mucha 2012]. More precisely, proofs of Propositions 3.22, 3.23, the estimate (3-26) of
Proposition 3.27 and the estimate (3-31) of Proposition 3.28 can be found in [Danchin 2014, pp. 782–786].
Propositions 3.27 and 3.28 can be found in the Appendix of [Danchin and Mucha 2012]. Proposition 3.26
is inspired by [Danchin and Mucha 2012].

Proposition 3.22. Let X be a globally defined bi-Lipschitz diffeomorphism of R3 and � 3
p0
< s� 3

p
. Then

a! a ıX is a self-map over PBs
p;1

whenever

(1) s 2 .0; 1/;

(2) s � 1 and .DX � Id/ 2 PB3=p
p;1

.

The following result interferes in a crucial manner in the proof of the well-posedness result for the
inhomogeneous incompressible Navier–Stokes system.

Proposition 3.23. Let m be a C 1 scalar function over R3 and u 2 R3 a C 1 vector field. Let X be a C 1

diffeomorphism and we define J WD det.DX /. Suppose J > 0. Then, the following relations hold:

.rm/ ıX D J�1 div.adj.DX /m ıX /; (3-12)

. div u/ ıX D J�1 div.adj.DX /u ıX /: (3-13)

Corollary 3.24. Let m be a C 1 scalar function over R3 and u 2 R3 be a C 1 vector field. Let X be a C 1

diffeomorphism and J WD det.DX /. Suppose J > 0. Then, we have

J�1 div.adj.DX /u/DDu W .DX /�1; (3-14)

J�1 div.adj.DX /m/D Œ.DX /�1�Trm: (3-15)

Proof. In order to ease reading, we define Fjx WD F.x/. Writing u as u ıX ıX�1, using the chain rule
and Einstein convention over repeated index, we write

.div u/jx D @k.u
i
ıX /jX�1.x/@i.X

�1/k
jx

DD.u ıX /jX�1.x/ WD.X
�1/jx

DD.u ıX /jX�1.x/ W .DX /�1
jX�1.x/

;
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and thus, we get
.div u/ ıX DD.u ıX / W .DX /�1: (3-16)

Then, using (3-13) and (3-16) we get

J�1 div.adj.DX /u/D J�1 div
�
adj.DX /u ıX�1

ıX
�
D .div u ıX�1/ ıX

DD.u ıX�1
ıX / W .DX /�1

DDu W .DX /�1:

In a similar manner we prove (3-15). �

For any Nv a time-dependent vector field we set

X Nv.t;x/D xC

Z t

0

Nv.�;x/ d� (3-17)

and we define
A Nv D .DX Nv/

�1: (3-18)

It is crucial to know (in order to pass back in Eulerian coordinates, for instance) when X Nv is a global
diffeomorphism. In order to achieve this, we will use the following theorem due to Hadamard:

Theorem 3.25 (Hadamard). Let X W Rn! Rn a function of class C 1. Then, the following are equivalent:

(1) X is a local diffeomorphism and limjxj!1jX.x/j D1.

(2) X is a global C 1-diffeomorphism over Rn.

For a proof of this result one can consult, for instance, [Katriel 1994].

Proposition 3.26. Let us consider Nv 2 Cb

�
Œ0;T �; PB

3=p�1
p;1

�
with @t Nv, r2 Nv 2 L1

T
. PB

3=p�1
p;1

/. Then, there
exists a positive ˛ such that if

kr Nvk
L1

T
. PB

3=p

p;1
/
� ˛; (3-19)

then, for any t 2 Œ0;T �, we have X Nv.t; � / introduced in (3-17) is a global C 1-diffeomorphism over R3 and
det.DX Nv/ > 0. Moreover, if

div.adj.DX Nv/ Nv/D 0 (3-20)

then, X Nv is measure-preserving, i.e.,
det DX Nv D 1: (3-21)

Proof. Differentiating X Nv, we obtain

DX Nv.t; � /D IdC
Z t

0

D Nv.�; � / d�

and because of the embedding of PB3=p
p;1

into the space of continuous functions, see Proposition 3.7, we
conclude X Nv 2 C 1.Œ0;T ��R3/. We observe that

kDX Nv.t; � /� IdkL1.R3/ �

Z t

0

kD Nv.�; � /kL1 d�

� Ckr Nvk
L1

t .
PB

3=p

p;1
/
� ˛C:
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Thus choosing ˛ sufficiently small ensures that X Nv.t; � / is a local C 1-diffeomorphism over R3. The second
condition of Hadamard’s theorem is verified in the following lines. Using the triangle inequality we get

jX Nv.t;x/j � jxj �

Z t

0

j Nv.�;x/jd� � jxj �

Z t

0

k Nv.�; � /kL1d�

� jxj �C

Z t

0

k Nv.�; � /k PB3=p

p;1

d�

� jxj �C
p

tk Nvk
L2

t .
PB

3=p

p;1
/
:

The conclusion is that X Nv.t; � / is a global C 1-diffeomorphism over R3. Let us define J Nv WD det DX Nv 6D 0.
Using Jacobi’s formula we get

J Nv.t;x/D 1C

Z t

0

tr
�
D Nv.�;x/ adj.DX Nv/.�;x/

�
d�:

Recall that according to [Danchin and Mucha 2012, Lemma A.4] we may write

Id� adj.DX Nv/D

Z t

0

.D Nv� div Nv Id/ d� CP2

�Z t

0

D Nv d�

�
;

where the coefficients of the matrix P2 WMn.R/!Mn.R/ are at least quadratic polynomial functions of
degree n�1. Using this identity combined with the embedding L1 ,! PB

3=p
p;1

and the smallness condition
(3-19) we get J Nv > 0. In order to prove the second part of the proposition, let us define

v.t;x/ WD Nv.t;X�1
Nv .t;x//:

Using relation (3-20) combined with (3-13) we get

0D J�1
Nv div.adj.DX Nv/ Nv/D div. Nv ıX�1

Nv / ıX Nv;

which implies
div v D div. Nv ıX�1

Nv /D 0:

Since X Nv can be viewed as being the flow of v, using Jacobi’s formula we can conclude the validity of
(3-21). Indeed, we have

X Nv.t;x/D xC

Z t

0

Nv.�;x/d�

D xC

Z t

0

Nv.�;X�1
Nv .�;X Nv.�;x/// d�

D xC

Z t

0

v.�;X Nv.�;x// d�:

Then, Jacobi’s formula implies

det.DX Nv/.t;x/D exp
�Z t

0

.div v/.�;X Nv.�;x//
�
D 1: �
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Proposition 3.27. Consider Nv 2 Cb

�
Œ0;T �; PB

3=p�1
p;1

�
with @t Nv, r2 Nv 2L1

T
. PB

3=p�1
p;1

/ satisfying the small-
ness condition (3-3). Let X Nv be defined by (3-17) and J Nv D det DX Nv. Then for all t 2 Œ0;T �,

kId�A Nv.t/k PB3=p

p;1

. kr Nvk
L1

t .
PB

3=p

p;1
/
; (3-22)

kId� adj.DX Nv/.t/k PB3=p

p;1

. kr Nvk
L1

t .
PB

3=p

p;1
/
; (3-23)

k@t adj.DX Nv/.t/k PB3=p�1

p;1

. kr Nv.t/k PB3=p�1

p;1

; if p < 6; (3-24)

k@t adj.DX Nv/.t/k PB3=p

p;1

. kr Nv.t/k PB3=p

p;1

; (3-25)

kJ˙Nv .t/� 1k PB3=p

p;1

. kr Nvk
L1

t .
PB

3=p

p;1
/
: (3-26)

In order to establish stability estimates we use the following:

Proposition 3.28. Let Nv1; Nv2 2 Cb

�
Œ0;T �; PB

3=p�1
p;1

�
with @t Nv1; @t Nv2, r2 Nv1;r

2 Nv2 2 L1
T
. PB

3=p�1
p;1

/, both
satisfying the smallness condition (3-19) and ıv D Nv2� Nv1. Then we have

kA Nv1
�A Nv2

k
L1

T
. PB

3=p

p;1
/
. krıvk

L1
T
. PB

3=p

p;1
/
; (3-27)

k adj.DX Nv1
/� adj.DX Nv2

/k
L1

T
. PB

3=p

p;1
/
. krıvk

L1
T
. PB

3=p

p;1
/
; (3-28)

k@t adj.DX Nv1
/� @t adj.DX Nv2

/k
L1

T
. PB

3=p

p;1
/
. krıvk

L1
T
. PB

3=p

p;1
/
; (3-29)

k@t adj.DX Nv1
/� @t adj.DX Nv2

/k
L2

T
. PB

3=p�1

p;1
/
. krıvk

L2
T
. PB

3=p�1

p;1
/
; if p < 6; (3-30)

kJ˙Nv1
.t/�J˙Nv2

.t/k PB3=p

p;1

. krıvk
L1

t .
PB

3=p

p;1
/
: (3-31)
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