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THE WEAK-A,, PROPERTY OF HARMONIC AND p-HARMONIC MEASURES
IMPLIES UNIFORM RECTIFIABILITY

STEVE HOFMANN, PHI LE, JOSE MARIA MARTELL AND KAJ NYSTROM

Let E C R™!, n > 2, be an Ahlfors—David regular set of dimension n. We show that the weak-A,
property of harmonic measure, for the open set Q := R"*! \ E, implies uniform rectifiability of E. More
generally, we establish a similar result for the Riesz measure, p-harmonic measure, associated to the
p-Laplace operator, 1 < p < oo.
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1. Introduction

In this paper we prove quantitative, scale invariant results of free boundary type, for harmonic measure and,
more generally, for p-harmonic measure. More precisely, let & C R"*! be an open set (not necessarily
connected nor bounded) satisfying an interior corkscrew condition, whose boundary is n-dimensional
Ahlfors—David regular (ADR) (see Definition 2.1). Given these background hypotheses we prove that
if w, the harmonic measure for €2, is absolutely continuous with respect to o, and if the Poisson kernel
k = dw/do verifies an appropriate scale invariant higher integrability estimate (in particular, if w belongs
to weak-A o, with respect to o), then €2 is uniformly rectifiable in the sense of [David and Semmes 1991;
1993]; see Theorem 1.1 and Corollary 1.5 below. In particular, our background hypotheses hold in the
case that Q := R"*!\ E is the complement of an ADR set of codimension 1, as in that case it is well
known that the corkscrew condition is verified automatically in €2, i.e., in every ball B = B(x, r) centered
on E, there is some component of 2N B that contains a point Y with dist(Y, E) =~ r. Furthermore, our
argument is general enough to allow us to establish a nonlinear version of Theorem 1.1 (see Theorem 1.12
below) involving the p-Laplace operator, p-harmonic functions, and p-harmonic measure.

Hofmann was supported by NSF grant DMS-1361701. Martell was supported by ICMAT Severo Ochoa project SEV-2015-0554.
He also acknowledges that the research leading to these results has received funding from the European Research Council under
the European Union’s Seventh Framework Programme (FP7/2007-2013)/ERC agreement no. 615112 HAPDEGMT.
MSC2010: primary 31B05, 31B25, 35J08, 42B25, 42B37; secondary 28A75, 28A78.

Keywords: harmonic measure and p-harmonic measure, Poisson kernel, uniform rectifiability, Carleson measures, Green
function, weak-A .
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To briefly outline previous work, in [Hofmann et al. 2014] the first and third authors, together with
I. Uriarte-Tuero, proved the same result (cf. Theorem 1.1 and Corollary 1.5) under the additional strong
hypothesis that €2 is a connected domain, satisfying an interior Harnack chain condition. In hindsight,
under that extra assumption, one obtains the stronger conclusion that the exterior domain R"*!\ Q in
fact also satisfies a corkscrew condition, and hence that €2 is an NTA domain in the sense of [Jerison and
Kenig 1982]; see [Azzam et al. 2014] for the details. Compared to [Hofmann et al. 2014] the main new
advances in the present paper are two. First, we remove any connectivity hypothesis; in particular, we
avoid the Harnack chain condition. Second, we are able to establish a version of our results also in the
nonlinear case 1 < p < co. Our main results — Theorem 1.1, Corollary 1.5, and Theorem 1.12 —are
new even in the linear case p = 2.

Our approach is decidedly influenced by prior work of Lewis and Vogel [2006; 2007]. In particular, a
version of Theorem 1.12 and Theorem 1.1 was proved in [Lewis and Vogel 2007], under the stronger
hypothesis that p-harmonic measure p itself is an Ahlfors—David regular measure, which in the linear
case p = 2 implies that the Poisson kernel is a bounded, accretive function, i.e., k & 1. However, to
weaken the hypotheses on w and u, as we have done here, requires further considerations, which we
discuss below in Section 1B.

To provide some additional context, we mention that out results here may be viewed as “large constant”
analogues of results of Kenig and Toro [2003] in the linear case p = 2, and of J. Lewis and Nystrom
[2012], in the general p-harmonic case 1 < p < oo. These authors show that in the presence of a
Reifenberg flatness condition and Ahlfors—David regularity, log k € VMO implies that the unit normal
v to the boundary belongs to VMO, where k is either the Poisson kernel with pole at some fixed point
or the density of p-harmonic Riesz measure associated to a particular ball B(x, r). Moreover, under
the same background hypotheses, the condition v € VMO is equivalent to a uniform rectifiability (UR)
condition with vanishing trace. Thus log k € VMO => vanishing UR, given sufficient Reifenberg flatness.
On the other hand, our large constant version “almost” says “logk € BMO — UR”. Indeed, it is well
known that the A, condition, i.e., weak-A., plus the doubling property, implies that logk € BMO,
while if logk € BMO with small norm, then k£ € A,,. We further note that, in turn, the results of
[Kenig and Toro 2003] may be viewed as an “endpoint” version of the free boundary results of [Alt
and Caffarelli 1981; Jerison 1990], which establish, again in the presence of Reifenberg flatness, that
Holder continuity of log k implies that of the unit normal v (and indeed, that 32 is of class C¢ for
some o > 0).

1A. Statement of main results. Given an open set Q C R"+1 and a Euclidean ball B = B(x, r) c R"+!
centered on €2, we let A = A(x, r) := BN 92 denote the corresponding surface ball. For X € €, let wX
be harmonic measure for €2, with pole at X. As mentioned above, all other terminology and notation will
be defined below.

Concerning the Laplace operator and harmonic measure we prove the following results.

Theorem 1.1. Let Q C R"*!, n > 2, be an open set whose boundary is Ahlfors—David regular of dimension
n (see Definition 2.1). Suppose that there are positive constants Cqy and cg, and an exponent q > 1, such
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that for every surface ball A = A(x, r), with x € 92 and 0 < r < diam(9€2), there exists Xp € B(x, r)NL,
with dist(Xa, 02) > cor, satisfying

(») scale-invariant higher integrability: v*X* < o in 2A, and k*> := dw*? /do satisfies

/ K2 ()4 do (y) < Coo(A)' 1. (1.2)
2A

Then 02 is uniformly rectifiable and moreover the “UR character” (see Definition 2.4) depends only on n,
the ADR constants, q, cy, and Cy.

The point XA in Theorem 1.1 is a “corkscrew point” for €2, relative to A. An open set €2 for which
there is such a point relative to every surface ball A(x, r), x € 92, 0 < r < diam(9€2), with a uniform
constant co, is said to satisfy the “corkscrew condition” (see Definition 2.5 below).

Remark 1.3. We note that, in lieu of absolute continuity and (x), only the following apparently weaker
condition is actually used in the proof of Theorem 1.1:

(**) local nondegeneracy: there exist uniform constants 7, § > 0 such that if A C A is Borel measurable,
then
o (A) = (1=mo () = o™ (4) = fo™* (). (1.4)

Here A= A(x, r) forx € 9Q and 0 <r < diam(9€2), and Xa € B(x, r/2)NQ with dist(Xa, 02) > cor/2.2
We observe that there turns out to be some flexibility in the choice of XA (see the discussion at the
beginning of Section 4), and consequently it is not hard to see that (x) implies (x*); see Lemma 4.3.

We also have the following easy corollary of Theorem 1.1 (we shall give the short proof of the corollary
in Section 5D).

Corollary 1.5. Let @ C R"*!, n > 2, be an open set satisfying the corkscrew condition, whose boundary
is Ahlfors—David regular of dimension n. Suppose further that for every ball B = B(x, r) with x € 0S2 and
0 < r < diam(dR), and every Y € Q\ B(x, 2r), harmonic measure o belongs to weak-A~(A(x, r)),
i.e., there is a constant Co > 1 and an exponent q > 1, each of which is uniform with respect to x, r, and
Y, such that ¥ < o in A(x,r), and kY =dw" /do satisfies

1/q
( f kY (2)? do(z)) <C f kY (2)do(2) (1.6)
! ZA/

for every surface ball centered on the boundary A' = B’ N3 with 2B’ C B(x, r). Then 3$2 is uniformly
rectifiable, and moreover, the “UR character” (see Definition 2.4) depends only on n, the ADR constant
of 0L2, g, Co, and the corkscrew constant.

Remark 1.7. As mentioned above, the corkscrew condition is automatically satisfied in the case that E is

an n-dimensional ADR set (hence closed, see Definition 2.1 below), and 2 = R+l \ E is its complement,

with the corkscrew constant for 2 depending only on n and the ADR constant of E. Thus, in particular,
IThis formulation is adapted from [Mourgoglou and Tolsa 2015]; see the discussion in Section 1D.

2For aesthetic reasons, and for convenience in the sequel, in contrast to condition (x), we prefer to state condition (xx) in
terms of A rather than 2A, and with Xa € B(x, r/2) rather than B(x, r).
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Corollary 1.5 applies in that setting, so in the presence of the weak reverse Holder condition (1.6), we
deduce that E is uniformly rectifiable.

Combining Theorem 1.1 with the results in [Bortz and Hofmann 2015], we obtain as an immediate
consequence a “big pieces” characterization of uniformly rectifiable sets of codimension 1, in terms of
harmonic measure. Here and in the sequel, given an ADR set E, QO denotes a “dyadic cube” on E in
the sense of [David and Semmes 1991; 1993; Christ 1990], and D(E) denotes the collection of all such
cubes; see Lemma 2.6 below.

Theorem 1.8. Ler E C R*!, n > 2, be an n-dimensional ADR set. Let Q := R"*'\ E. Then E is
uniformly rectifiable if and only if it has “big pieces of good harmonic measure estimates” in the following
sense: for each Q € D(E) there exists an open set Q= QQ with the following properties, with uniform
control of the various implicit constants:

. 02 is ADR;
e the interior corkscrew condition holds in ﬁ;
« 0Q has a “big pieces” overlap with E, in the sense that o (Q N 8§~2) Zo(Q);

e for each surface ball A = A(x,r) := B(x,r)N A with x € 3Q and r € (0, diam(SNZ)), there is
an interior corkscrew point Xx € Q such that a)éA, the harmonic measure for Q with pole at Xa,
satisfies a)éA (A) 2 1, and belongs to weak-A oo (A).

The “only if” direction is proved in [Bortz and Hofmann 2015], and the open sets  constructed
in [Bortz and Hofmann 2015] even satisfy a 2-sided corkscrew condition, and moreover, Q C Q with
diam(ﬁ) ~ diam(Q). To obtain the converse direction, we simply observe that by Theorem 1.1, the
subdomains €2 have uniformly rectifiable boundaries, with uniform control of the “UR character” of
each BSNZ, and thus, by [David and Semmes 1993], E is uniformly rectifiable.

To formulate our main result in the nonlinear setting we first need to introduce some notation. If
O C R"*!is an open set and 1 < p < 0o, then by W!-7(0) we denote the space of equivalence classes of
functions f with distributional gradient V f' = (fy,, ..., fx,,,), both of which are g-th power integrable
on O. Let || fll1,, = fll, + IIVfIll, be the norm in WP (0), where | - l; denotes the usual Lebesgue
p norm in O. Next, let C§°(O) be the set of infinitely differentiable functions with compact support in O,
and let Wo P(0) be the closure of C°(0) in the norm of WbhP(0). We let W1 p(O) be the set of all
functions u such that u® € WO1 "7(0) whenever © ¢ C5°(0).

Given an open set O and 1 < p < 0o, we say that u is p-harmonic in O provided u € Wli’cp (0) and

f/ IVu|P™2Vu-VOdX =0, VO e CP(0). (1.9)
Rn+1
Observe that if # is smooth and Vu # 0 in O, then

V-(IVu|’2Vu)=0 in O, (1.10)

and u is a classical solution in O to the p-Laplace partial differential equation. Here, as in the sequel, V-
is the divergence operator.
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Let Q C R"*! be an open set, not necessarily connected, with n-dimensional ADR boundary. Let
p € (1,00). Given x € Q2 and 0 < r < diam(d€2), let # be a nonnegative p-harmonic function in
QN B(x, r) which vanishes continuously on A(x, r) := B(x,r) N dQ2. Extend u to all of B(x, r) by
putting # = 0 on B(x, r) \ Q. Then there exists a unique nonnegative finite Borel measure p on R"*!,
with support contained in A(x, r), such that

—// |VulP2Vu-VodX = | ¢du, Vé e CE(B(x,r)): (1.11)
Rr+! IQ

see [Heinonen et al. 2006, Chapter 21] and Lemma 3.43 below. We refer to u as the p-harmonic measure
associated to u. In the case p = 2, and if u is the Green function for 2 with pole at X € 2, then the
measure u coincides with harmonic measure at X, o = w*.

Concerning the p-Laplace operator, p-harmonic functions, and p-harmonic measure, we prove the

following theorem.

Theorem 1.12. Let @ C R**!, n > 2, be an open set whose boundary is Ahlfors—David regular of
dimension n. Let p, 1 < p < oo, be given. Let C be a sufficiently large constant (to be specified),
depending only on n and the ADR constant, and suppose that there exist ¢ > 1 and a positive constant
Cy for which the following holds: for each x € Q2 and each 0 < r < diam(02), there is a nontrivial,
nonnegative p-harmonic function u = uy , in QN B(x, Cr), and corresponding p-harmonic measure
W= Wy, such that © K o in A(x, Cr), and such that k := du/do satisfies

1/q
w(A(x, r))
k()?d Co———————. 1.13
(fA(x,Cr) ) G(y)) = Yo (A(x, 1) (1.13)

Then 02 is uniformly rectifiable, and moreover the “UR character” (see Definition 2.4) depends only
on n, the ADR constant, p, q, and Cy.

Some remarks are in order concerning the hypotheses of Theorem 1.12. Let us observe that, in
particular, Ahlfors—David regularity and (1.13) imply that

n(Ax, Cr)) = Ciun(Alx, 1)), (1.14)

with C; ~ Cy. In the linear case, the latter estimate follows automatically, with u = @” for some
Y € B(x,r) such that dist(¥, E) ~ r, and with C; depending only on n and the ADR constant, by
Bourgain’s Lemma 3.1 below, even though ! need not be a doubling measure (i.e., (1.14) says nothing
about points other than x nor about scales other than ). In the nonlinear case, it seems that we must impose
condition (1.14) by hypothesis. We also observe that (1.13) holds in particular if ;4 € weak-Aqo (A (x, 2Cr))
and satisfies (1.14) (with radius 2C in place of C). Of course, (1.14) holds trivially if x is a doubling
measure, but we do not assume doubling.

Remark 1.15. We note that, as in Remark 1.3, the proof of Theorem 1.12 will in fact use, in lieu of
absolute continuity and (1.13), only the apparently weaker condition that there exist uniform constants
n, B € (0, 1) such that for all A = A(x, r), and for all Borel sets A C A,

o(A)==-nac(Ad) = n(A)=Bu(d). (1.16)
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1B. Brief outline of the proofs of the main results. As mentioned, the approach in the present paper is
strongly influenced by prior work due to Lewis and Vogel [2006; 2007], who in the latter paper proved a
version of Theorem 1.12, and Theorem 1.1, under the stronger hypothesis that p-harmonic measure @
itself is an Ahlfors—David regular measure. In the linear case p = 2, this implies that the Poisson kernel
is a bounded, accretive function, i.e., k &~ 1. Assuming that p-harmonic measure u is an Ahlfors—David
regular measure, Lewis and Vogel were able to show that E satisfies the so-called weak exterior convexity
(WEC) condition, which characterizes uniform rectifiability [David and Semmes 1993]. To weaken the
hypotheses on w and u, as we have done here, requires two further considerations. The first is quite
natural in this context: a stopping time argument, in the spirit of the proofs of the Kato square root
conjecture [Hofmann and Mclntosh 2002; Hofmann et al. 2002; Auscher et al. 2002a] (and of local Th
theorems [Christ 1990; Auscher et al. 2002b; Hofmann 2006]), by means of which we extract ample
dyadic sawtooth regimes on which averages of harmonic measure and p-harmonic measure are bounded
and accretive; see Lemma 4.12 below. This allows us to use the arguments of [Lewis and Vogel 2007]
within these good sawtooth regions. The second new consideration is necessitated by the fact that in
our setting, the doubling property may fail for harmonic and p-harmonic measure. In the absence of
doubling, we are unable to obtain the WEC condition directly. Nonetheless, we are able to follow the
arguments of [Lewis and Vogel 2007] very closely up to a point, to obtain a condition on 92 which we
call the “weak half space approximation” (WHSA) property (see Definition 2.19). Indeed, extracting the
essence of the argument of [Lewis and Vogel 2007], while dispensing with the doubling property, one
realizes that the WHSA is precisely what one obtains. In the sequel, we present the argument of [Lewis
and Vogel 2007] as Lemma 5.10. Finally, having obtained that 9€2 satisfies the WHSA property, we are
able to prove the following proposition stating that WHSA implies uniform rectifiability.

Proposition 1.17. An n-dimensional ADR set E C R"*! is uniformly rectifiable if and only if it satisfies
the WHSA property.

While the WHSA condition, per se, is new, our proof of Proposition 1.17 is based on a modified version
of part of the argument in [Lewis and Vogel 2007].

1C. Organization of the paper. The paper is organized as follows. In Section 2, we state several
definitions, including definitions of ADR, UR, and dyadic grids, and introduce further notions and
notation. In Section 3, we state, and either prove or give references for, the PDE estimates needed in
the proofs of our main results. In Section 4, we begin the (simultaneous) proofs of Theorem 1.1 and
Theorem 1.12 by giving some preliminary arguments. In Section 5, following [Lewis and Vogel 2006;
2007], we complete the proofs of Theorem 1.1 and Theorem 1.12, modulo Proposition 1.17. At the end
of Section 5 we also give the (very short) proof of Corollary 1.5. In Section 6, we give the proof of
Proposition 1.17, i.e., the proof of the fact that the WHSA condition implies uniform rectifiability.

1D. Discussion of recent related work. We note that some related work has recently appeared, or been
carried out, while this manuscript was in preparation. In the setting of uniform domains with lower
ADR boundary with locally finite n-dimensional Hausdorff measure, Mourgoglou [2015] has shown that



THE WEAK-Ax PROPERTY OF (p-)HARMONIC MEASURES IMPLIES UNIFORM RECTIFIABILITY 519

rectifiability of the boundary implies absolute continuity of surface measure with respect to harmonic
measure (for the Laplacian). Akman, Badger, Hofmann, and Martell [Akman et al. 2015], in the setting of
uniform domains with ADR boundary, have characterized the rectifiability of the boundary in terms of the
absolute continuity of harmonic measure and some elliptic measures and surface measure or in terms of
some qualitative Ay, condition. Also, Azzam, Mourgoglou, and Tolsa [Azzam et al. 2015] have obtained
that absolute continuity of harmonic measure with respect to surface measure on an H"-finite piece of
the boundary implies that harmonic measure is rectifiable in that piece. The setting is very general as
they only assume a “porosity” (i.e., corkscrew) condition in the complement of d€2. In [Hofmann et al.
2015], Hofmann, Martell, Mayboroda, Tolsa, and Volberg prove the same result removing the porosity
assumption. Both [Azzam et al. 2015] and the follow-up version [Hofmann et al. 2015] (which will be
combined in the forthcoming paper [Azzam et al. 2016]) rely on recent deep results of [Nazarov et al.
2014a; 2014b], concerning connections between rectifiability and the behavior of Riesz transforms.

Finally, we discuss two closely related papers treating the case p = 2. First, we mention that a
preliminary version of our results, treating only the linear harmonic case (i.e., Theorem 1.1 of the present
paper) under hypothesis (x), appeared earlier in the unpublished preprint [Hofmann and Martell 2015].
That result, again in the case p = 2, was then essentially reproved, by a different method, in [Mourgoglou
and Tolsa 2015], but assuming condition (%) in place of (x). While the present paper was in preparation,
we learned of the work in [Mourgoglou and Tolsa 2015], and we realized that our arguments (and those of
[Hofmann and Martell 2015]), almost unchanged, also allow (x) to be replaced by (%) or its p-harmonic
equivalent. The current version of this manuscript incorporates this observation.> Let us mention also that
the approach in [Mourgoglou and Tolsa 2015] is based on showing that (%) for harmonic measure implies
L?-boundedness of the Riesz transforms, and thus it is a quantitative version of the method of [Azzam
et al. 2016]. An interesting feature of the proof in [Mourgoglou and Tolsa 2015] is that it works even
without the lower bound in the Ahlfors—David condition; in that case, one may deduce rectifiability, as
opposed to uniform rectifiability, of the underlying measure on d2. On the other hand, it seems difficult
to generalize the approach of [Mourgoglou and Tolsa 2015] to the p-Laplace setting, since it is based on
Riesz transforms, which are tied to the linear harmonic case.

2. ADR, UR, and dyadic grids

Definition 2.1 (Ahlfors—David regular (ADR)). We say that a set £ C R"*!, of Hausdorff dimension n,
is ADR if it is closed and if there is some uniform constant C such that

C " <o(A(x,r)) <Cr", Vre(0,diam(E)), x € E, (2.2)

where diam(E) may be infinite. Here, A(x,r) := E N B(x, r) is the “surface ball” of radius r, and
o := H"|g is the “surface measure” on E, where H" denotes n-dimensional Hausdorff measure.

Definition 2.3 (uniformly rectifiable (UR)). An n-dimensional ADR (hence closed) set E C R"*! is UR
if and only if it contains “big pieces of Lipschitz images” of R" (BPLI). This means that there are positive

3We thank Mourgoglou and Tolsa for making their preprint available to us while our manuscript was in preparation.
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constants 6 and My, such that for each x € E and each r € (0, diam(E)), there is a Lipschitz mapping
o =ps, R"— R with Lipschitz constant no larger than M, such that

H"(ENBx,r)Np{zeR":[z] <r}) = 6r"

We recall that n-dimensional rectifiable sets are characterized by the property that they can be covered,
up to a set of H" measure 0, by a countable union of Lipschitz images of R"; we observe that BPLI is a
quantitative version of this fact.

We remark that, at least among the class of ADR sets, the UR sets are precisely those for which
all “sufficiently nice” singular integrals are L’-bounded [David and Semmes 1991]. In fact, for n-
dimensional ADR sets in R"*!, the L2-boundedness of certain special singular integral operators (the
“Riesz transforms”) suffices to characterize uniform rectifiability (see [Mattila et al. 1996] for the case
n =1, and [Nazarov et al. 2014a] in general). We further remark that there exist sets that are ADR (and
that even form the boundary of a domain satisfying interior corkscrew and Harnack chain conditions), but
that are totally nonrectifiable (e.g., see the construction of Garnett’s “4-corners Cantor set” in [David and
Semmes 1993, Chapterl]). Finally, we mention that there are numerous other characterizations of UR
sets (many of which remain valid in higher codimensions); see [David and Semmes 1991; 1993], and
in particular Theorem 2.14 below. In this paper, we also present a new characterization of UR sets of
codimension 1 (see Proposition 1.17 below), which will be very useful in the proof of Theorem 1.1.

Definition 2.4 (UR character). Given a UR set E C R"*!, its “UR character” is just the pair of constants
(6, My) involved in the definition of uniform rectifiability, along with the ADR constant; or equivalently,
the quantitative bounds involved in any particular characterization of uniform rectifiability.

Definition 2.5 (corkscrew condition). Following [Jerison and Kenig 1982], we say that an open set
Q c R+ satisfies the “corkscrew condition” if for some uniform constant ¢y > 0 and for every surface
ball A := A(x,r), with x € 3Q and 0 < r < diam(9€2), there is a point X5 € B(x, r) N 2 such that
dist(Xa, 0€2) > cor. The point Xo C €2 is called a “corkscrew point” relative to A.

Lemma 2.6 (existence and properties of the “dyadic grid” [David and Semmes 1991; 1993; Christ 1990]).
Suppose that E C R" is a closed n-dimensional ADR set. Then there exist constants ag > 0, y > 0, and
C, < 00, depending only on n and the ADR constant, such that for each k € Z, there is a collection

Di:={Q% CE:je)
of Borel sets (“cubes”), where Jj, denotes some (possibly finite) index set depending on k, satisfying
() E= Uj Q’; for each k € Z,
(ii) if m > k then either Q' C 0% or Q' N Q% = &;
(>iii) for each (j, k) and each m < k, there is a unique i such that Qlj‘- c o
(iv) diam(Q}) < C,27%;
(v) each Q]; contains some “‘surface ball” A(x;?, ap2 %) == B(x?, a2 YN E;

(vi) H"({x € Q’; sdist(x, E \ Q’]‘.) <027M) = Cio” H”(Q’J‘.) for all k, j and for all o € (0, ag).
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Let us make a few remarks concerning this lemma, and discuss some related notation and terminology.

« In the setting of a general space of homogeneous type, this lemma has been proved by Christ [1990],
with the dyadic parameter % replaced by some constant 6 € (0, 1). In fact, one may always take
5= % (cf. [Hofmann et al. 2017, Proof of Proposition 2.12]). In the presence of the Ahlfors—David
property (2.2), the result already appears in [David and Semmes 1991; 1993].

« For our purposes, we may ignore those k € Z such that 27 > diam(E), in the case that the latter is
finite.

e We denote by D = D(E) the collection of all relevant Q’J‘., ie.,
D:= U Dk,
k

where, if diam(E) is finite, the union runs over those k such that 2= < diam(E).

o Properties (iv) and (v) imply that for each cube Q € [, there is a point xg € E, a Euclidean ball
B(xg,r), and a surface ball A(xgp,r):= B(xg,r)N E such that r ~ 27k ~ diam(Q) and

A(xg,r) C Q C A(xg,Cr) 2.7)
for some uniform constant C. We denote this ball and surface ball by
Bg :=B(xg, 1), Ag :=A(xg, 1), (2.8)
and we refer to the point xo as the “center” of Q.
 Given a dyadic cube Q € D, we define its “x-dilate” by
kQ:=ENB(xg, k diam(Q)). 2.9

« For a dyadic cube Q € Dy, we set £(Q) = 27k, and we refer to this quantity as the “length” of Q.
Clearly, £(Q) ~ diam(Q).

« For a dyadic cube Q € D, we let k(Q) denote the “dyadic generation” to which Q belongs, i.e., we
set k = k(Q) if Q € Dy; thus, £(Q) =27+Q).

e Forany Q e D(E), weset Dp :={Q' e D: Q' C Q0}.
 Given Q¢ € (E) and a family F = {Q;} C D of pairwise disjoint cubes, we set

Dr, 0, :={0 € Dg, : O is not contained in any Q; € F} = IDQO\( U IDQJ.). (2.10)
Qje]-'

Definition 2.11 (e-local BAUP). Given ¢ > 0, we say that Q € D(E) satisfies the e-local BAUP condition
if there is a family P of hyperplanes (depending on Q) such that every point in 10Q is at a distance at
most e£(Q) from UP673 P, and every point in (UPE7J P) N B(xg, 10diam(Q)) is at a distance at most
el(Q) from E.

Definition 2.12 (BAUP). We say that an n-dimensional ADR set E C R"*! satisfies the condition of
bilateral approximation by unions of planes (BAUP) if for some g9 > 0, and for every positive € < &g,
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there is a constant C, such that the set 5 of bad cubes in D(E), for which the g-local BAUP condition
fails, satisfies the packing condition

Z 0(Q) =Ceo(Q), YQeD(E). (2.13)
Q'cQ,Q'eb

For future reference, we recall the following result of David and Semmes.

Theorem 2.14 [David and Semmes 1993, Theorem 1.2.18, p. 36]. Let E C R"*! be an n-dimensional
ADR set. Then E is uniformly rectifiable if and only if it satisfies BAUP.

We remark that the definition of BAUP in [David and Semmes 1993] is slightly different in superficial
appearance, but it is not hard to verify that the dyadic version stated here is equivalent to their condition.
We note that we shall not need the full strength of this equivalence here, but only the fact that our version
of BAUP implies the version in [David and Semmes 1993], and hence implies UR.

We also require a new characterization of UR sets of codimension 1, which is related to the BAUP and
its variants. For a sufficiently large constant K to be chosen (see Lemma 4.24 below), we set

B}y := B(xg, K3¢(Q)), A% :=B)NE. (2.15)
Given a small positive number ¢, which we typically assume to be much smaller than K 6, we also set
B} = Bj(¢) := B(xg, e *£(Q)), By™ = By (e) := B(xg, £ >4(Q)). (2.16)

Definition 2.17 (¢-local WHSA). Given ¢ > 0, we say that Q € D(FE) satisfies the e-local WHSA
condition (or more precisely, the “e-local WHSA with parameter K”) if there is a half-space H = H(Q),
a hyperplane P = P(Q) = dH, and a fixed positive number Ky satisfying

(1) dist(Z, E) < el(Q) forevery Z € PN BZ*(E),

(2) dist(Q, P) < K;/*¢(Q), and

(3) HNBy(e)NE =2.
Note that part (2) of the previous definition says that the hyperplane P has an “ample” intersection

with the ball BE* (¢). Indeed,

dist(xg, P) S Ko/*€(Q) < e720(Q). (2.18)

Definition 2.19 (WHSA). We say that an n-dimensional ADR set E C R"*! satisfies the weak half-space
approximation property (WHSA) if for some pair of positive constants g9 and Ko, and for every positive
& < &, there is a constant C, such that the set 5 of bad cubes in D(E), for which the e-local WHSA
condition with parameter K fails, satisfies the packing condition

Z 0(Q) =Ce0(Qo), VYQoeD(E). (2.20)
QCQo, QeB

Next, we develop some further notation and terminology. Given a closed set E, set §g(Y) :=dist(Y, E),
simply writing 6 (Y) when the set has been fixed.
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Let W = W(2) denote a collection of (closed) dyadic Whitney cubes of €2, so that the cubes in W
form a covering of €2 with nonoverlapping interiors, and which satisfy

4diam(]) < dist(41, 92) < dist(/, 92) < 40diam(/) 2.21)
and
diam(/y) ~ diam(/;), whenever I; and I, touch. (2.22)

Assuming that £ = 92 is ADR and given Q € D(E), for the same constant Ky as in (2.15) we set
Wo: ={leW: KO_IZ(Q) <{() < Kol(Q), and dist({, Q) < Ko £(Q)}. (2.23)
Fix a small, positive parameter 7, to be chosen momentarily, and given I € W, let
I"=r(t):=0+1)l (2.24)

denote the corresponding “fattened” Whitney cube. We now choose 7 sufficiently small that the cubes 7*
retain the usual properties of Whitney cubes, in particular that

diam(/) ~ diam(I/ ™) ~ dist(I*, E) ~ dist(/, E).
We then define Whitney regions with respect to Q by setting

Up:= U I" (2.25)
IeWy
We observe that these Whitney regions may have more than one connected component, but that the number
of distinct components is uniformly bounded, depending only upon Ko and dimension. We enumerate the
components of Ug as {U é}i. Moreover, we enlarge the Whitney regions as follows.

Definition 2.26. For ¢ > 0, and given Q € D(E), we write X X, o Y if X may be connected to ¥ by
a chain of at most ¢! balls of the form B(Y, 8(Yy)/2), with £3¢(Q) < 8(Yy) < e3£(Q). Given a
sufficiently small parameter ¢ > 0, we then set

Up:={X R\ E: X~ 7, forsomeY eUb}. (2.27)

Remark 2.28. Since U ’Q is an enlarged version of Uy, it may be that there are some i # j for which U ’Q
meets U é This overlap will be harmless.

3. PDE estimates

In this section we recall several estimates for harmonic measure and harmonic functions, and also for
p-harmonic measure and p-harmonic functions. Although some of the PDE results in the harmonic case
p = 2 can be subsumed into the general p-harmonic theory, we choose to present some aspects of the
harmonic theory separately, in part for the convenience of those readers who are more familiar with the
case p =2, and in part because the presence of the Green function is unique to that case.
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3A. PDE estimates: the harmonic case. Next, we recall several facts concerning harmonic measure and
Green’s functions. Let Q2 be an open set, not necessarily connected, and set 6 (X) = 83 (X) = dist(X, 9€2).

Lemma 3.1 [Bourgain 1987]. Suppose that dS2 is n-dimensional ADR. Then there are uniform constants
c € (0,1) and C € (1, 00), depending only on n and ADR, such that for every x € 02 and every
r € (0,diam(0€2)), if Y € QN B(x, cr) then
1.
C
We refer the reader to [Bourgain 1987, Lemma 1] for the proof. We note for future reference that in
particular, given X € Q, if X € 9Q satisfies |[X — x| = 8(X) and Ay :=3Q N B(x, 106(X)), then for a
slightly different uniform constant C > 0,

o' (A(x, 1)) > 0. (3.2)

X 1
Ax) > —. .
o (Ax) > C (3.3)
Indeed, the latter bound follows immediately from (3.2), and the fact that we can form a Harnack chain
connecting X to a point Y that lies on the line segment from X to X and satisfies |Y — x| = ¢8(X).
A proof of the next lemma may be found, e.g., in [Hofmann et al. > 2017]. We note that, in particular,

the ADR hypothesis implies that d€2 is Wiener regular at every point (see Lemma 3.27 below).

Lemma 3.4. Let Q2 be an open set with n-dimensional ADR boundary. There exist positive, finite
constants C, depending only on dimension, and cg, depending on dimension and 6 € (0, 1), such that the
Green function satisfies

GX,Y)<C|X-Y|'™ (3.5)
clX =YY" <G(X,Y), if|X—-Y|<608X), 0¢€0,1); (3.6)
G(X,)eCQ\{X}) and G(X,)|sa=0, VXe (3.7)
G(X,Y)>0, VX, YeQ, X#Y; (3.8)
GX,Y)=G(.X), VX, YeQ, X+#Y; (3.9)
and for every ® € C° (R,

/ Ddo* —d(X) = —// VyG(Y, X)-VO&(Y)dY, VXeQ. (3.10)

Q2 Q

Next we present a version of one of the estimates obtained by Caffarelli, Fabes, Mortola, and Salsa in
[Caffarelli et al. 1981], which remains true even in the absence of connectivity.

Lemma 3.11 (“CFMS” estimates). Suppose that dS2 is n-dimensional ADR. For every Y € Q and X € Q
such that | X — Y| > 8(Y)/2, we have
G, X) _ ¥ (Ay)
s(Y) T oAy’

(3.12)

where Ay = B(y, 108(Y)) N E, with y € 0 such that |Y — y| = 8(Y).
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For future use, we note that as a consequence of (3.12), it follows directly that for every Q € D(9£2),
if Y € B(xg, C£(Q)) with §(Y) > c£(Q), then there exists k =« (C, ¢) such that

G, X) _ o*«Q)
(o) ~ 00

where « Q is defined in (2.9), and M is the usual Hardy—Littlewood maximal operator on 0£2.

2
gx”(f (Ma™)!1/? do) , VX ¢ B(xg, k(Q)), (3.13)
0

Proof of Lemma 3.11. We follow the well known argument of [Caffarelli et al. 1981] (see also [Kenig
1994, Lemma 1.3.3]). Fix Y € Q and write BY = B(Y, §(Y)/2). Consider the open set Q=0 \ BY for
which clearly 9Q = 9Q U dBY. Set

u(X) =G, X)/5(Y), v(X) =¥ (Ay)/o(Ay),

for every X € Q. Note that both u and v are nonnegative harmonic functions in Q. If X € 9Q then
u(X) =0 < v(X). Take now X € dBY, so that u(X) < §(Y)™" by (3.5). On the other hand, if we fix
X, € dBY with X on the line segment that joints Y and y, then 2Ax, = Ay, so that v(Xo) 2 §(Y) ™",
by (3.3). By Harnack’s inequality, we then obtain v(X) > §(Y)™" for all X € dBY. Thus, u < v in aQ
and by the maximum principle this immediately extends to Q as desired. (I

Lemma 3.14. Let 02 be n-dimensional ADR. Let B = B(x,r) withx € Q2 and 0 < r < diam(9L2), and
set A = BN oK. There exist constants kg > 2, C > 1, and M > 1, depending only on n and the ADR
constant of dS2, such that for X € Q\ B(x, kor), we have

¥ (Ax, Mir))
< —
SFEG( S f/ G(Y, X)dY = Cr——"co=—. (3.15)

Moreover, for each y € (0, 1],

1 X(A(x, M
— // G(Y. X)dy < cy2 B M) (3.16)
|Bl JJBniy:svy<yr) o(A)

where C depends on n and the ADR constant of 2.

We note that in the previous estimates it is implicitly understood that G( -, X) is extended to be O
outside of €2.

Proof. Extending G( -, X) to be 0 outside of 2, we obtain a subharmonic function in B. The first
inequality in (3.15) follows immediately. The second inequality in (3.15) is just the special case y =1
of (3.16), so it suffices to prove the latter. Set X, ={I e W: I N B # @, dist(/, 92) < yr}, and note
that if I € X, then by (2.21),

40~ dist(1, 9Q2) < diam(I) < dist(1, 9Q) < yr <r, dist(/, x) <r.

In particular, I C B(x, 2r). Furthermore, we can find «(, depending only on dimension, such that
dist(X, 41) > 4r forevery I € ¥, and X € Q\ B(x, kor). Let Q; € D be such that £(Q;) = £(I) and
dist(/, 02) =dist(/, Q). Then £(Qy) < yr, and Y (1), the center of /, satisfies Y (/) € B(xg,, C£(Q7))
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and §(Y (1)) ~ £(1) = €(Qy). Hence we can invoke (3.13) (taking kg larger if needed) and obtain that for

every Y €1,
X (kQ))

o(Qp)

where the first estimate uses Harnack’s inequality in 2/ C 2. Hence,

G(Y, X)dY G, X)dY < 3 e(h)2w”
v/»/;?ﬂ{Y:(S(Y)qxr} (¥, X)dY = Z/_/, ¥, X) Z (D " (kQr)

GY, X)~GXY ), X))

Iex, IeZ,
< Y27 Y 0w S (e (Ax, Mir)),
k2 k<yr I€X, 4 (])=2F

where in the last step we have used that for each fixed k, the cubes x Q; with £(I) = 2% have uniformly

n+1

bounded overlaps, and are all contained in A(x, M;r) for M| large enough. Dividing by |B| ~ r"™" and

using the ADR property, we obtain the desired estimate. U

3B. PDE estimates: the p-harmonic case. We now recall several fundamental estimates for p-harmonic
functions and p-harmonic measure, some of which generalize certain of the preceding estimates that we
have stated in the harmonic case. We ask the reader to forgive a moderate amount of redundancy. Given a
closed set E, as above we set 6(Y) :=dist(Y, E).

Lemma 3.17. Let p, 1 < p < 00, be given. Let u be a positive p-harmonic function in B(X, 2r). Then

1 Vr ¢
(— // |Vu|? dy> <~ max u, (3.18)
|B(X, r/2)| JJBx.r/2) r B(X.r)
max u < C min u. 3.19)
B(X,r) B(X.r)

Furthermore, there exists a = a(p, n) € (0, 1) such that if Y,Y' € B(X, r), then

r

nse(BH)
lu(Y) —u(Y)| < C max u. (3.20)

Proof. The inequality (3.18) is a standard energy estimate, (3.19) is the well known Harnack inequality
for positive solutions to the p-Laplace operator, and (3.20) is a well known interior Holder continuity
estimate for solutions to equations of p-Laplace type. We refer to [Serrin 1964] for these results. (I

Definition 3.21. Let O C R"*! be open and let K be a compact subset of O. Given p, 1 < p < 0o, we
let

Cap,, (K, O) :inf{// IVp|PdY : ¢ € CZ(0), ¢ >1in K}.
o

Cap, (K, O) is referred to as the p-capacity of K relative to O. The p-capacity of an arbitrary set E C O

is defined by

Capp(E, 0) = EcingO I?lé% Capp(K, 0). (3.22)
G open g compact
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Definition 3.23. Let E C R"*! be a closed set and let x € E, 0 < r < diam(E). Given p, 1 < p < o0,
we say that £ N B(x, 4r) is p-thick if for every x € E N B(x, 4r) there exists r, > 0 such that

/rx [Cap,,(E NB(x. p). B(x, 2p))}1/<ﬂ—” dp
o L Cap,(B(x,p), B(x,2p)) P
We note that this definition is just the Wiener criterion in the p-harmonic case. As it can be seen in

[Heinonen et al. 2006, Chapter 6], p-thickness implies that all points on E N B(x, 4r) are regular for the
continuous Dirichlet problem for V - (|Vu|?~2Vu) = 0.

oQ.

Definition 3.24. Let E C R"*! be a closed set and let x € E, 0 < r < diam(E). Given p, 1 < p < o0,
and n > 0 we say that £ N B(x, 4r) is uniformly p-thick with constant » if
Cap,(ENB(X,7), B(%, 27))
>

Cap,(B®, ), B&,27) (3.25)

whenever x € EN B(x, 4r) and B(x, 2r) C B(x, 4r).

Remark 3.26. In the case p =2, the condition defined in Definition 3.24 is sometimes called the capacity
density condition (CDC); see for instance [Aikawa 2004]. Note that uniform p-thickness is a strong
quantitative version of the p-thickness defined above and hence of the Wiener regularity for the Laplace
and the p-Laplace operator.

Lemma 3.27. Let E C R"!, n > 2, be Ahlfors—David regular of dimension n. Let p, 1 < p < 00, be
given. Then E N B(x, 4r) is uniformly p-thick for some constant n, depending only on p, n, and the ADR
constant, whenever x € E,0 <r < % diam E.

Proof. We first observe that since the ADR condition is scale-invariant we may translate and rescale
to prove (3.25) only for X = 0 and 7 = 1 (we would also need to rescale FE, but abusing the notation
we still call it E). Write B = B(0, 1) and observe that, for every 1 < p < oo, [Heinonen et al. 2006,
Example 2.12] gives

Cap,(B,2B) = C(n, p). (3.28)
The desired bound from below follows at once if p > n + 1 from the estimate in [Heinonen et al. 2006,
Example 2.12]:

Cap,(ENB,2B) > Cap,({0},2B) = C(n, p)".

Let us now consider the case 1 < p <n+ 1. Write K = EN %_B Combining [Heinonen et al. 2006,
Theorem 2.38; Adams and Hedberg 1999, Theorems 2.2.7 and 4.5.2] we have that

~ p(K) g
Cap,(ENB,2B) 2 Cap,(K) 2 sup —— ) (3.29)
IANTARIS

In the previous expression the implicit constants depend only on p and n; é:ﬁ) » stands for the inhomoge-
neous p-capacity, that is,

Cap, (K) = inf{f/ (1617 +V4I7) dY : § € CZR), ¢ 1in K};
Rn+1
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the sup runs over all Radon positive measures supported on K; and

LBy, 0)\' " d
Wy () (y) 12/0 (M> Tt X € supp L.

th+1-p

We choose u© = H"|x and observe that, if y € suppu C K C E and 0 < ¢ < 1, then, by ADR,
w(B(y, 1) =a(B(y,t)N B(O, %) S t". This easily gives W,(u)(y) S 1 for every y € supp u and, by
ADR,

/K W, () () di(y) < w(K) <o (B) S 1.

We can now use (3.29) and ADR again to conclude that
Cap,(ENB,2B) 2 u(K) >0 (B(0, 3))" 2 1.
Combining this with (3.28) we readily obtain (3.25). [l

Lemma 3.30. Let E C R"t n > 2. be Ahlfors—David regular of dimension n. Let p, 1 < p < 00,
be given. Let x € E and 0 < r < diam(E). Then, given f € WP (B(x,4r)) there exists a unique
p-harmonic function u € WP (B(x, 4r) \ E) such that u — f € Wol’p(B(x, 4r)\ E). Furthermore, let
u,ve Wli)’cp (B(x,4r)\ E) be a p-superharmonic function and a p-subharmonic function in 2, respectively.

If inf{lu—v, 0} € Wol’p(B(x, 4r)\E), then u > v a.e. in B(x, 4r)\ E. Finally, every point X € ENB(x, 4r)
is regular for the continuous Dirichlet problem for V - (|Vu|P~2Vu) = 0.

Proof. The first part of the lemma is a standard maximum principle. The fact that every x € ENB(x, 4r) is
regular in the continuous Dirichlet problem for V- (|Vu|?~>Vu) = 0 follows from the fact that Lemma 3.27
implies that E N B(x, 4r) is uniformly p-thick for every 1 < p < oo, and hence we can invoke [Heinonen
et al. 2006, Chapter 6]. ]

Lemma 3.31. Let Q@ C R""!, n > 2, be an open set whose boundary is Ahlfors—David regular of
dimension n. Let p, 1 < p < 00, be given. Let x € 0S2 and consider 0 < r < diam(9€2). Assume also
that u is nonnegative and p-harmonic in B(x, 4r) N, continuous on B(x,4r) N Q, and that u = 0 on
02N B(x, 4r). Then, extending u to be 0 in B(x, 4r) \ Q, we have

1/p 1/(p—1)
1 c/ 1 B
- VulPdy) <—(— 0 . (3.32)
|B(x,r/2)| JJBx,r/2) r \|B(x, )| JJB,r

Furthermore, there exists a € (0, 1), depending only on p, n, and the ADR constant, such that if
Y, Y € B(x,r), then

, <|Y—Y/|>°’
[u¥)—u¥H| <C max u. (3.33)
r

Proof. Since u, extended as above to all of B(x, 4r), is a nonnegative p-subsolution in B(x, 4r), (3.32) is
just a standard energy or Caccioppoli estimate plus a standard interior estimate. Thus, we only prove (3.33).
Since E N B(x, 4r) is uniformly p-thick as seen in Lemma 3.27, we can invoke [Heinonen et al. 2006,
Theorem 6.38] to obtain that there exist C > 1 and @ = « € (0, 1), depending only on n, p, and the ADR
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constant, such that

o
max u < C(B) max u, whenever(Q < p <r. (3.34)
B(x,p) r/  B(xr)
This, the triangle inequality, and elementary arguments give (3.33). ]

Lemma 3.35. Let Q@ C R"*!, n > 2, be an open set whose boundary is Ahlfors—David regular of
dimension n. Let p, 1 < p < 00, be given. Let x € 02 and consider 0 < r < diam(9€2). Assume also
that u is nonnegative and p-harmonic in B(x, 4r) N Q, continuous on B(x, 4r) N Q, and that u = 0 on
QN B(x, 4r). Then, extending u to be 0 in B(x, 4r) \ Q, there exists a > 0 such that

Y)<C LICORY ! r=Yzydz ey 3.36
= ( r ><|B<x,2r)|//3<x,zr)“ ) ) (330

forall Y € B(x, r), where the constants C and o depend only on n, p, and the ADR constant of 0.

Proof. This follows from Lemma 3.31 and standard estimates for p-subsolutions. Let us note that in the
linear case (i.e, p = 2) one can give an alternative proof based on Bourgain’s Lemma 3.1 and an iteration
argument (see [Hofmann et al. > 2017] for details). O

Lemma 3.37. Let Q@ C R"*!, n > 2, be an open set whose boundary is Ahlfors—David regular of
dimension n. Let p, 1 < p < 00, be given. Let x € 02 and consider 0 < r < diam(9S2). Assume also that u
is nonnegative and p-harmonic in B(x, 4r) N2, continuous on B(x,4r)N Q, thatu =0 0n QN B(x, 4r),
and that u is extended to be 0 in B(x,4r) \ Q. Then u has a representative in WP (B(x, 4r)) with
Holder continuous partial derivatives in B(x, 4r) \ 092. Furthermore, there exists 8 € (0, 1] such that if
Y,Y' € B(X,7/2), with B(X,4F) C B(x,4r)\ 0, then

, Y =Y\ LY =Y\
[Vu(Y) —Vu(Y")| < ~ max |Vu| < < ~ max u, (3.38)
r B(X,r) r r B(X,2r)
where B and the implicit constants depend only on p and n. Furthermore, if
“Y) \Vur)l. Y e B(X.37) (3.39)
~|Vu , , Jr), .
3(Y)

then u has continuous second derivatives in B(X, 37), and there exists C > 1, depending only on n, p,
and the implicit constants in (3.39), such that

1 12 u(X)
max |VZu| < c(—A // |V2u(Y)|2dY> <C*—=. (3.40)
B(X.7/2) |B(X, )| JJpx.p 3(X)

Proof. For (3.38) we refer, for example, to [Tolksdorf 1984]; (3.40) is a consequence of (3.38), (3.39),
and Schauder type estimates, see [Gilbarg and Trudinger 1983]. For a more detailed proof of (3.40), see
[Lewis and Vogel 2006, Lemma 2.4(d)] for example. (I

Remark 3.41. We note that the second inequality in (3.38) and (3.19) give

IVu¥)| < % Y € B(x,2r)\ 982. (3.42)
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Lemma 3.43. Let Q C R""!, n > 2, be an open set and assume that 32 is Ahlfors—David regular
of dimension n. Let p, 1 < p < 00, be given. Let x € 02, 0 < r < diam(dS2), and suppose that u
is nonnegative and p-harmonic in B(x,4r) N 2, vanishing continuously on B(x, 4r) N Q2 (hence u is
continuous in B(x, 4r) after being extended by 0 in B(x, 4r) \ Q). There exists a unique finite positive
Borel measure j on R"*!, with support in 9 N B(x, 4r), such that

—// |Vu|1’_2Vu-V¢dY:/¢du (3.44)
Rn+1

whenever ¢ € C;°(B(x, 4r)). Furthermore, there exists C < 00, depending only on p, n, and the ADR
constant, such that

(maXB(x,r) M)”_1< C,u(A(x, 2r)) (3.45)

o (A(x,2r))
Note that (3.45) is the p-harmonic analogue of Lemma 3.11.

r

Proof. For the proof of (3.44), see [Heinonen et al. 2006, Chapter 21]. Using Lemma 3.27 and Lemma 3.31,
(3.45) follows directly from [Kilpeldinen and Zhong 2003, Lemma 3.1]; see also [Eremenko and Lewis
1991]. O

The following lemma generalizes Lemma 3.14 to the case 1 < p < oo.

Lemma 3.46. Ler Q@ C R™, n > 2, be an open set and assume that 3S2 is Ahlfors—David regular of
dimension n. Let p, 1 < p < 00, be given. Let x € 02,0 < r < diam(0R2), and suppose that u and | are
as in Lemma 3.43. Then there exist constants C and M1, depending only on n and the ADR constant, such
that if B(y, M1s) C B(x, 2r) with y € 02, then

max M‘D71 S.; 1 // upfl(z) dZ S Cspfll’L(A(yv Mls))
B(y.s/2) |B(y, )| JJB(y.s) a(A(y, s))

Moreover, forall y € (0, 1],

L // ur=\(2ydz < Cyrsp-1 AL M19))
|B(y, )| JJBo.s)nr:s(v)<ys) B o(A(y,s))

We note that in the previous estimates it is implicitly understood that u is extended to be 0 on
B(x,4r)\ Q.

Proof. Using (3.45), the proof of Lemma 3.46 is the same mutatis mutandi as that of Lemma 3.14. We
omit further details. ]

4. Proofs of Theorem 1.1 and Theorem 1.12: preliminary arguments

We start the proofs of Theorem 1.1 and Theorem 1.12 by giving some preliminary arguments. We first
show that (1.2) implies (1.4). To this end, we claim that, without loss of generality, we may suppose that
for a surface ball A = A(x, r), the point X, in the statement of Theorem 1.1 satisfies (3.2), i.e., there is

some ¢; = c¢j(n, ADR) > 0 such that
XA (A) > cy. 4.1)
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The only price to be paid is that the constants cp, Cp may now be slightly different (depending only on n
and ADR), and that (1.2) now holds with A in place of 2A, i.e., for the (possibly) new point X, we have

f K2 (y) do (y) < Coo (M) 71, 4.2)
A

Indeed, set A" := A(x, r/2), and let X" := X € B(x, r/2) N 2 be the point such that (1.2) holds for A’.
Fix x € 092 such that §(X’) = | X’ — x|. Suppose first that §(X’) < r/4, in which case A(x, r/4) C A.
Thus, if in addition §(X") < cr/4, where ¢ € (0, 1) is the constant in Lemma 3.1, then we set X5 := X',
and (4.1) holds by Lemma 3.1. On the other hand, if cr/4 < §(Xa) < r/4, we select Xx along the line
segment joining X’ to X, such that §(Xa) = |Xa — X| = ¢r/8, and (4.1) holds exactly as before. Moreover,
(4.2) holds for this new X4, in the first case, immediately by (1.2) applied to X’ = X A/, and in the second
case, by moving from X’ to X via Harnack’s inequality (which may be used within the touching ball
B(X',8(X"))). Let us finally consider the case §(X’) > r/4. Then we can use Harnack within the ball
B(X',r/4) to pass to a point X” on the line segment joining X’ to x such that | X' — X”| = r/8, and
consequently §(X") < | X" —x| <3r/8 (since X' € B(x, r/2)). Hence (1.2) holds (with different constant)
for A’ with X" in place of X »/. Now take X € 92 such that §(X”") = |X” — x| and note that A(X, r/4) C A.
We can now repeat the previous argument with X” in place of X'. Details are left to the interested reader.

Similarly, if (1.4) holds for A = A(x, r), with Xa € B(x, r/2)N <2, then again without loss of generality
we may suppose that (4.1) holds, possibly for a new Xa € B(x, r)N<. Indeed if we let X’ € B(x, r/2)NQ
be the original point XA for which (1.4) holds, we may then follow the argument in the previous paragraph,
mutatis mutandi. We choose x € 92 such that §(X’) = | X’ — x| and suppose first that §(X") < r/4, so that
A(x,r/4) C A. Considering the same two cases as before we pick X and in either case (4.1) holds by
Lemma 3.1 applied to the surface ball A(x, r/4). Note that in the second case, (1.4) continues to hold for
X, with a different but still uniform 8, using Harnack’s inequality within the touching ball B(X’, §(X")) to
move from X’ to Xx. When r/4 < §(X’) we choose X" as before, and by Harnack’s inequality, (1.4) holds
with X" in place of X', for a different but still uniform 8. Again, if we let x € 9Q2 with §(X") = | X" — X]|,
then A(x, r/4) C A, and we may now repeat the previous argument with X” in place of X'.

We are now ready to show that (1.2) implies (1.4).

Lemma 4.3. Let Q C R"™! be an open set with n-dimensional ADR boundary, and let A = A(x, r) be
a surface ball on 0Q2. Let u be a measure on 052 such that |p < o, and such that for some q > 1

and A < 00,
f kido < A, 4.4)
A
where k :=du/do on A. Suppose also that
A
wa (4.5)
o(A)

Then there are constants n, B € (0, 1), depending only on n, q, A, and ADR, such that for any Borel set
A CA,

o(A)= (1 =nac(A) = u(A) = pur(A). (4.6)
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Remark 4.7. Let k be a normalized version of harmonic measure: k = cl_lcr(A)kXA, with X, a point
for which (4.1) and (4.2) hold. Then clearly (4.4) and (4.5) hold for &, and the conclusion (4.6) is just a
reformulation of (1.4). We note that in the sequel, we actually use only (4.6) or (1.4), rather than condition
(4.4) or (4.2). Thus, Theorem 1.1 could just as well have been stated with condition (xx) (see Remark 1.3)
in place of (x).

Proof of Lemma 4.3. Set F := A\ A, so o (F) <no(A). Then

1/q
M(F):/kdafa(F)l/q/(/ kqda>
F A

< Ao (F)! 7o (M) < AMin' 7o (a) < AVa! T (a),
where in the last step we have used (4.5). Thus,
() = (1= A7) (D) = Ju(D)
for n small enough. This completes the proof. U

Fix Qg € D(3€2). As in (2.8), we set Bg, = B(xg,, ro), with rg :=rg, =~ £(Qp), so that Ay, =
BQO No2 C Qo.

Proceeding first in the setting of Theorem 1.1, let Xg := Xa % be the point relative to A = Ap, such
that (4.1) and (4.2) hold. Note that (4.1) trivially implies that

w*°(Qo) > ci.

With the pole X fixed, we define the normalized harmonic measure and the normalized Green’s function,
respectively, by | .
W= aO(Qo)a)X", u(y) = EG(Qo)G(Xo, Y). (4.8)

Then under this normalization, setting ||p| = ©(9€2), we have

W@y Il
Cq, 4.9
=600 ~o(Qy) — ! )

with C; = 1/c;. Furthermore, we may apply Lemma 4.3 (using (4.1) and with A ~ Cy/cy) to obtain (4.6)
for p, with A = Ag,. In turn, the latter bound, in conjunction with (4.1) and ADR, clearly implies an
analogous estimate for Qg, namely that there are constants that we again call n, 8 € (0, 1) such that for

any Borel set A C Qo,
o(A) = —=mo(Qo) = n(A) = Bu(Qo). (4.10)

Here, of course, we may have different values of the parameters n and 8, but these have the same
dependence as the original values, so for convenience we maintain the same notation.

In the p-harmonic case, proceeding under the setup of Theorem 1.12, we let # and u be the p-harmonic
function and its associated p-harmonic measure, corresponding to the point x = xp, and the radius
r = Crg := Cr,, satisfying the hypotheses of Theorem 1.12, where we choose the constant C depending
only on n and ADR, such that Qo C A(xg,, Cro) (thus, in particular, u is defined on Q). Since we assume
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that u is nontrivial and nonnegative, we can apply Lemma 3.43 in B(xg,, Cro) and use (1.14) to conclude
that w(Ag,) > 0. We can therefore normalize u and p (abusing the notation we call the normalizations
u and ) so that n(Ag,)/o(Qp) = 1, and since Ag, C Qo C A(xg,, Cro) by (1.14), we also have
w(A(xg,, Cro))/o(A(xg,, Cro)) ~ u(Qo)/o(Qo) ~ 1. Setk :=du/do. As above, by (1.13) and (1.14),
we may then use Lemma 4.3 to see that again u satisfies both (4.9), now with ||u|| := n(A(xg,, Cro)),
and (4.10). The constants C1, n, and § depend on C, n, the ADR constant, Cy, and q.

Remark 4.11. Under the assumptions of Theorems 1.1 and 1.12 and throughout this section and Section 6,
for Q¢ € D(E) fixed, u and u will continue to denote the normalized Green function and harmonic
measure or the normalized nonnegative p-harmonic solution and p-harmonic Riesz measure, as defined
above. In particular, (4.9) and (4.10) hold for all 1 < p < oc.

As above, let M denote the usual Hardy-Littlewood maximal operator on 02 and recall the definition
of Dr, g, in (2.10).

Lemma 4.12. Let Qg € D, and suppose that | satisfies (4.9) and (4.10). Then there is a pairwise disjoint
family F ={Q}j>1 C Do, such that

7(00\ (UQ)) = ¢(Q0) “.13)
J
and
B _ Q) _
270 "

where C > 1 depends only on n, 8, C1, n, and ADR.

2
(f(/\/l,u)lﬂdo) <C, VQeDzg, (4.14)
(0]

Proof. The proof is based on a stopping time argument similar to those used in the proof of the Kato
square root conjecture [Hofmann and McIntosh 2002; Hofmann et al. 2002; Auscher et al. 2002a], and in
local Tb theorems. We begin by noting that

IMpll ooy := sup o {Mp > 2} S llull S 0 (Qo) (4.15)
A>0
by the Hardy-Littlewood theorem and (4.9). Consequently, by Kolmogorov’s criterion,

(Mp)'/?do < C =C(n, ADR, C)). (4.16)
Qo

We now perform a stopping time argument to extract a family 7 = {Q ;} of dyadic subcubes of Q( that
are maximal with respect to the property that either

gzgf; < g (4.17)
J
and/or

(Mw)'?do > K, (4.18)

Q)



534 STEVE HOFMANN, PHI LE, JOSE MARIA MARTELL AND KAJ NYSTROM

where K > 1 is a sufficiently large number to be chosen momentarily. Note that Qg ¢ F, by (4.9) and
(4.16). We say that Q; is of “type I’ if (4.17) holds, and of “type II"” if (4.18) holds but (4.17) does not.

Set A:= Qo \ (U; Q). and F := Uy, yype Q- Then by (4.9,

0(Qo) = u(Qo) = Z w(Qj) + n(F) + u(A). (4.19)
Q;typel
By definition of the type I cubes,

> w©@) =53 00 = o, (4.20)
J

Q; typel
To handle the remaining terms, observe that
_ 1 172
o(F)= Z G(QJ)S?Z/Q‘(MM) do
Q; type Il J J

<+ [ Mw'Pdo <no(00), 4.21)
Qo

by the definition of the type II cubes, (4.16), and the choice of K = Cn~!. By (4.10) and complementation,
we therefore find that

n(F) < (1 =p)u(Qo). (4.22)

Next, if x € A, then every Q € Dy, that contains x must satisfy the opposite inequality to (4.18), and
therefore, by Lebesgue’s differentiation theorem,

Mpu(x) < Kz, for o-a.e. x € A.
Thus p|a4 < o, with dj|4/do < K2, and thus,
1(A) < K?a (A).

Combining the latter estimate with (4.19), (4.20), and (4.22), we obtain

pr(Q0) = Lo (00 + K0 (4).
Using (4.9), we then find that
B (Q0) < Bin(Qo) < B (o) + K20 (1),

The conclusion of the lemma now follows readily. U

For future reference, let us note an easy consequence of the last inequality in (4.14) and the ADR
property: for all Q € D ¢,, and for any constant b > 1, we have

2
1(A(xg, bdiam(Q))) < b"o(Q)( f (Mu)'/? da) <b'o(Q). (4.23)
o

Recall that the ball BZ and surface ball A*Q are defined in (2.15).
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Lemma 4.24. Let u, |4 be as in Remark 4.11. If the constant K in (2.15) and (2.23) is chosen sufficiently
large, then for each Q € Dr o, with £(Q) < KO_IE(QO), there exists Yo € Ug with

§(Yp) =Yg —xg| SUQ),

where the implicit constant is independent of K, such that

u(Q) I
C|Vu(Yp)|P~ 4.25
2(0) < C|Vu(Yg)| (4.25)

where C depends on K and the implicit constants in the hypotheses of Theorems 1.1 and 1.12.

Remark 4.26. Recalling the construction at the beginning of Section 4, and the fact that we have defined
Xo := Xa,,. We see that £(Qo) ~ 8§(Xo) > K, ?
that the point Yy whose existence is guaranteed by Lemma 4.24 is essentially a corkscrew point relative
to Q. Indeed, §(Yp) 2 KO_IE(Q) (since Y € Up), and also |Yp — xp| S €(Q) (with constant independent
of Ko). With a slight abuse of terminology, we shall refer to Y as a corkscrew point relative to Q, with
corkscrew constant depending on Kj.

£(Qo), for Ky chosen large enough. We note further

Proof of Lemma 4.24. Fix Q € Dr g,, with £(Q) < K, *IE(QO) where, as in Remark 4.26, we have chosen
Ko large enough that £(Qo) ~ §(Xo) = K / ZE(QO) Recall (2.7) and (2.8), and set Bg = B(xg. 79).
AQ BQ N3, with 7o ~ £(Q) and Q C AQ Let 0 < ¢p € C°°(2BQ) such that ¢p =1 in BQ and
Vool < €(Q)~". Note that

1/2 -12

Q) = K, "E(Qo) =5(Xo) = [Xo—xol,

which implies that X ¢ 4I§Q provided Ky is large enough. Thus, by (3.10) in the linear case, or (3.44) in
general,

E(Q)M(Q)<K(Q)f odu S f/ IVu(¥)|P~'dy (4.27)
BQﬂQ
5// |Vu(Y)|P—1dY+// IVu(Y)|P~'dy
BonUp (BoN@)\Ug
=:T+717.

Notice that by construction,
(BoNQ)\Ug C{Y € By :8(Y) < CK;'¢(Q)}.

We may therefore cover the latter region by a family of balls { By}, centered on 92, of radius CK, 1E(Q),
such that their doubles {2B;} have bounded overlaps and satisfy

U2Be C (Y €2Bg:8(Y) <2CK; '€(Q)} =: (Ko).
k
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By the boundary Cacciopoli estimate in Lemma 3.31, plus Holder’s inequality, we obtain

Ko V!
1T Vu(Y P—ldY<(—°) /f V)Pl dy
52/ vurtar s (ggr ) 2 [, won

p—1
Y)|P~tay
(E(Q)) //2(1(0)'”( )

Ky n
< —-pP p
S (E(Q)) K, () u(Axg, 2M;rp))

- 1
< K Q)0(Q) = 56Qu(Q)
where in the last three steps we have used (3.16) (when p =2) or Lemma 3.46 (1 < p < 00), (4.23), and
finally the choice of Ky large enough. We can then hide this term on the left-hand side of (4.27), so that

«ou@sz=[[ - vumitay - Z// Vu(r) P! dy
BonUy

BonUi,

SeQ)"'max  sup  [Vu(Y)[P!
' YeBonuj

~0(Q)o(Q)max  sup [Vu(Y)[P™,
! YeéQﬂUé
and we recall that {U }; is an enumeration of the connected components of Ug, and that the number
of these components is uniformly bounded. Thus, for some i, there is a point Yy € BQ N U such
that u(Q)/o(Q) < |Vu(YQ)|”_1. To complete the proof, we simply observe that by construction,
8(Yg) =Yg —xg|l =7g S(Q). O

5. Proof of Theorem 1.1, Corollary 1.5, and Theorem 1.12

In this section we complete the proofs of Theorem 1.1 and Theorem 1.12 by proving that E := 92
satisfies WHSA, and hence, by Proposition 1.17, E is UR. The proof of Corollary 1.5 follows almost
immediately from Theorem 1.1 and we supply the proof at the end of the section. Our approach to the
proofs of Theorems 1.1 and 1.12 is a refinement and extension of the arguments in [Lewis and Vogel
2007], who, as mentioned in the introduction, treated the special case that k ~ 1.

We fix Q¢ € D(E) and we let u and u be as in Remark 4.11. We recall that by (4.9),

wn(Qo) ~1
o (Qo)

Let 7 ={Q}; be the family of maximal stopping time cubes constructed in Lemma 4.12. Combining
(4.25) and (4.14), we see that

Vu(Yp)l 21, VQeD% o :={0 € Drg,: £(Q) < Ky ' (Q0)}, (5.2)

where Yo € Uy is the point constructed in Lemma 4.24. We recall that the Whitney region Uy has a
uniformly bounded number of connected components, which we have enumerated as {U é} ;- We now fix

G.D
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the particular i such that Yo € U ’Q C UL, where the latter is the enlarged Whitney region constructed in
Definition 2.26.

For a suitably small g, say g < K ~6 we fix an arbitrary positive ¢ < gy, and we fix also a large
positive number M to be chosen. For each point Y € €2, we set

By := B(Y, (1 — e2M/®)§(Y)), By := B(Y,8(Y)), (5.3)

where 0 < o < 1 is the exponent appearing in Lemma 3.35. For Q € Dr ¢,, we consider three cases.
Case 0: Q € Dr o,, with £(Q) > £'°2(Qy).
Case 1: Q € Dr g,, with £(Q) < £'%2(Qy) and

sup sup |Vu(Z) — Vu(Yp)| > M. (5.4)
Xeﬁé ZeBy

Case 2: Q € Dr o,, with £(Q) < '%¢(Qp) and

sup sup |Vu(Z) — Vu(Yp)| < &*M. (5.5)
Xeﬁig ZeBx

We trivially see that the cubes in Case 0 satisfy a packing condition:

Y o@ = ) 0(Q) < (oge o (Q). (5.6)
0€eDr g, QeDy,
Case 0 holds 2(Q)>e'%¢(Q0)

Note that in Case 1 and Case 2 we have Q € [D}’ 0o (see (5.2)). Furthermore, if £(Q) < £'92(Qy), then
by (5.2), (3.42), and either (3.13) (which we apply in the case p = 2, with X = X, since £(Q) < £(Qy))
or (3.45) (for general p, 1 < p < 00), and (4.14), we have
uYo) o
§(Yo)

1S IVu(Yo)l S (5.7

Regarding Case 1 we obtain the following packing condition.

Lemma 5.8. Under the previous assumptions, the following packing condition holds:
1
o (Qo)

> 0(Q) = Cle, Ko, M, ). (5.9)

QEnygo
Case 1 holds

On the other hand, we show that the cubes in Case 2 satisfy the e-local WHSA property. Given ¢ > 0,
recall that BZ** (¢) = B(xop, £722(Q)) (see (2.16)). We also introduce

bi bi - o o
BYE = Bpf(e) = Blxg. e S0(Q)),  AYT:=ByiNE.

Lemma 5.10. Fix ¢ € (0, Ko_é), and let 1 < p < oo. Suppose that u is nonnegative and p-harmonic in
Qo =N ng, ue C(Q_Q), u=0on AbQig. Suppose also that for some i, there exists a point Yo € UiQ
such that

[Vu(Ypo)| ~ 1, (5.11)
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and furthermore, that

supu < eE(Q) (5.12)
BZ**
and
sup sup  |Vu(Zy) — Vu(Zy)| < 2¢*M. (5.13)

X.YeUl, Zi1€By, Zo€Bx

Then Q satisfies the e-local WHSA, provided that M is large enough, depending only on dimension and
on the implicit constants in the stated hypotheses.

Assuming these results momentarily, we can complete the proofs of Theorem 1.1 and Theorem 1.12
as follows. First we see that we can apply Lemma 5.10 to the cubes in Case 2. Indeed, let Q be a cube
such that Q e D ¢,, £(0) < €192(Qy), and (5.5) holds. Hence (5.11) follows by virtue of (5.7), while
(5.12) holds by Lemma 3.14 applied with B = ZBZ** (or Lemma 3.46, with B(y, s) = 233‘*), and (4.23).
Moreover, (5.13) follows trivially from (5.5). Thus, the hypotheses of Lemma 5.10 are all verified and
hence Q satisfies the e-local WHSA condition. In particular, the cubes Q € D ,, which belong to the
bad collection B of cubes in D(E) for which the e-local WHSA condition fails, must be as in Case 0 or
Case 1. By (5.6) and (5.9) these cubes satisfy the packing estimate

Y 0(Q) = Ceo(Qo). (5.14)

QeBND £, Qo

For each Qg € D(E), there is a family 7 C Dy, for which (5.14), and also the “ampleness” condition
(4.13), hold uniformly. We may therefore invoke a well known lemma of John—Nirenberg type to deduce
that (2.20) holds for all € € (0, &y), and therefore to conclude that E satisfies the WHSA condition,
Definition 2.19. Hence E is UR by Proposition 1.17.

The rest of the section is devoted to the proof of Lemmas 5.8 and 5.10. We shall first prove Lemma 5.8
in the relatively simpler linear case p = 2 (see Section 5A). The proof of Lemma 5.8 in the general case
1 < p < 00 is a bit more delicate and given in Section 5B. Lemma 5.10 is proved in Section 5C. Finally,
the proof of Corollary 1.5 is given in Section 5D.

Before passing to the subsections we first introduce some additional notation to be used in the sequel.
We augment U ZQ as follows. Set

WiQ’*:: {IEW:I* meets By for some Y € < U BX>} (5.15)
Xeﬁé
(and define WJQ* analogously for all other U é), and set
uyt=J 1. uy=Jul (5.16)
Iewy J
where I** = (1 +27)I is a suitably fattened Whitney cube, with t fixed as above. By construction,

r7i ik
Uy C U Bx C U By CUyg;,
xeU}, YEL&Egbe
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andforallY e U iQ’*, we have that §(Y) ~ £(Q) (depending of course on ¢). Moreover, also by construction,
there is a Harnack path connecting any pair of points in U ’Q* (depending again on ¢), and furthermore,
for every I € W’Q* (or for that matter for every I € W]Q )

Q) S Se0(Q),  dist(, Q) SeH(Q),
where 0 < s = s(M, «). Thus, by Harnack’s inequality and (5.7),
C18(Y) <u(y) < C8(Y), VYeUg*, (5.17)

with C = C(Ky, ¢, M). Moreover, for future reference, we note that the upper bound for # holds in all of
U 5 ie.,
uY)<Ccsy), VYGUZ, (5.18)

by (3.12) or (3.45) and (4.14), where again C = C(Ky, &, M).

5A. Proof of Lemma 5.8 in the linear case (p = 2). Here we complete the proof of estimate (5.9) in
the relatively simpler linear case p = 2. To start the proof of (5.9), we fix Q € Dr g, so that Case 1 holds.
We see that if we choose Z as in (5.4), and use the mean value property of harmonic functions, then

M < €, (6(0)) "D / / Vu(Y) - Blay,
BzUByQ

where B is a constant vector at our disposal. By Poincaré’s inequality (see, e.g., [Hofmann and Martell
2014, Section 4] in this context), we obtain that

U(Q)S//. |V2u(Y>|28<Y)dY§/f IV2u(Y)[*u(Y) dY,
U;j Ub‘*

where the implicit constants depend on ¢, and in the last step we have used (5.17). Consequently,

Yo o< > //U*WZM(Y)FM(Y)CJYS//Q* IV2u(Y)Pu(Y) dY, (5.19)
[ )

QeDr g, Q€eDr g,
Case 1 holds £0(0)=e'%(Qp)

where

Q% o, i=int ( U Ug), (5.20)
QGD]:,QO
£(0)=e'02(Qo)
and where we have used that the enlarged Whitney regions U 5 have bounded overlaps.

Take an arbitrary N > 1/¢ (eventually N — 00), and augment F by adding to it all subcubes Q C Qg
with £(Q) < 27N¢(Qyp). Let Fy C Dg, denote the collection of maximal cubes of this augmented
family. Thus, Q € Dz, ¢, if and only if O € Dr o, and £(Q) > 27Ne(Qo). Clearly, Dx, ¢, C Dz,.0,
if N < N’, and therefore Q*fN,Qo - Q*fN/,Qo (where Q*fN,Qo is defined as in (5.20) with Fy replacing F).
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By monotone convergence and (5.19), we have that

Z o (Q) < lim sup /f IVZu(Y)|?u(Y) dY. (5.21)
QeDr g, N=oo ry.00
Case 1 holds
It therefore suffices to establish bounds for the latter integral that are uniform in N, with N large.
Let us then fix N > 1/e. Since Q% ., is a finite union of fattened Whitney boxes, we may now
integrate by parts, using the identity 2|Vd;u|> = div V(dyu)?* for harmonic functions, to obtain that

/f IV2u(Y)2u(Y)dY 5/ (IV?u||Vulu+ |Vul’) dH" < C.H"(3Q%, o). (5.22)
QF Q%

FN:Qo FN:CQo
where in the second inequality we have used the standard estimates

2 u(Y)

SMIVu)|, [Vu(¥)| S 5()’
along with (5.18). We observe that Q}N, 0o is a sawtooth domain in the sense of [Hofmann et al. 2016],
or to be more precise, it is a union of a bounded number, depending on ¢, of such sawtooths, one for each
maximal subcube of Q¢ with length on the order of e'%2(0Qo). By [Hofmann et al. 2016, Appendix A]
each of the previous sawtooth domains is ADR uniformly in N. Hence, its union is upper ADR uniformly
in N with constant depending on the number of sawtooth domains in the union, which ultimately depends
on ¢. Therefore,

H" (995, 9,) < Ce(diam(dQ%, )" < Cc0(Qo).
Combining the latter estimate with (5.21) and (5.22), we obtain (5.9), as desired, in the case p = 2.

5B. Proof of Lemma 5.8 in the general case (1 < p < 00). Here we prove (5.9) for general p, 1 < p < o0,
by proceeding along the lines of the proof of Lemma 2.5 in [Lewis and Vogel 2006]. We fix Q € Dr ¢,
so that Case 1, and hence (5.4), holds. Let us recall that we have verified estimates (5.7), (5.17), and
(5.18) forall p, 1 < p < o0.

Recall that if X € U ’Q then by definition X can be connected to some ¥ € U%, and then to Yy € UL,
by a chain of at most Ce~! balls of the form B (Y, §(Yy)/2), with £3£(Q) < 8(¥y) < &73£(Q). Note that
using the triangle inequality and the definition of UL, we may suppose that Yy 1 € B(Yx, 36(Yx)/4) C By,;
otherwise we increase the chain by introducing some intermediate points and the new chain will have
essentially the same length. Fix now Q, a cube in Case 1, and by (5.4) we can pick X € U ’Q so that

sup [Vu(Y) — Vu(Yp)| > e*M.
YeByx

As observed previously, we can form a Harnack chain connecting X and Yy so that Y1 =Yg and ¥; = X
and [ < Ce~!. Then the previous expression can be written as

sup |[Vu(Y) — Vu(¥y)| > M. (5.23)
YEByl
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Obviously we may assume that
sup |Vu(Y) — Vu(Y))| < &M (5.24)
YEByj
whenever 1 < j </—1, and [ > 1, since otherwise we shorten the chain (and work with the first ¥; for
which (5.23) holds). This and the fact that Y;, € By, for every 1 < j </ —1 imply that

IVu(Y)| > |Vu(¥)|—e*M, forl<j<lI. (5.25)

Furthermore, using the triangle inequality,

-1
&M < sup |Vu(Y) = Vu(¥)|+ ) [Vu(Yiy) = Vu(Y))|. (5.26)

YEByI ,:1

Hence, using this and the fact that / < ¢ ~! we have that either

() sup |Vu(Y) — Vu(¥))| > M2 or
YeBy, (5.27)
(i)  |Vu(Yj41) — Vu(¥;)| > e*M*2 forsome 1 < j<I—1.

By (5.18) and (3.42) we have
IVu(Y)| <Ce, VY€ Ua. (5.28)

In scenario (i) of (5.27) we take Y, a point where the sup is attained. This choice, (5.28), and the first
inequality in (3.38) imply that |Y — Y;| ~, £(Q). We then construct ['g(Q) a (possibly rotated) rectangle
as follows. The base and the top are two n-dimensional cubes of side length c.£(Q), with ¢, chosen
sufficiently small, centered respectively at the points Y and Y}, and lying in the two parallel hyperplanes
passing through the points Y and ¥; and perpendicular to the vector joining these two points. Note that
for this rectangle, all side lengths are of the order of £(Q) with implicit constants possibly depending
on ¢. In scenario (ii) of (5.27) we do the same construction with ¥; | and Y; in place of ¥ and ¥; and
define I'g(Q) which verifies the same properties. Note that in either case, (5.28) and the first inequality in
(3.38) give the property that

IVu(Y) — Vu(W)| > g2M+4 (5.29)

whenever W and Y are in the base and top of the parallelepiped, respectively. By construction, at least
the top, which we denote by 7(Q), is centered on Y}, for some 1 < j < /. We observe that by (5.25) and
(5.7), since Y1 := Y, and since ¢ is very small, we have for each ¥;, 1 < j </,

[Vu(Y;)| > a, (5.30)
for some uniform constant a independent of ¢. Therefore, by (3.38), we also have
Vu()| = 5. VY €1(Q), (5.31)

provided that we take ¢, small enough, since diam(z (Q)) ~ c.£(Q). Moving downward, that is, from top
to base, through I'g(Q) along slices parallel to 7(Q), we stop the first time that we reach a slice b(Q)
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which contains a point Z with |[Vu(Z)| < a/4. If there is such a slice, we form a new rectangle I'(Q)
with base b(Q) and top ¢ (Q); otherwise, we set I'(Q) := ['g(Q), and let b(Q) denote the base in this
case as well. In either case, dist(b(Q), 1 (Q)) ~ £(Q), with implicit constants possibly depending on &,
by (3.38) and (5.31). Note that by construction and the continuity of Vu,

|Vu(Y)| > %, YY e T'(Q), (5.32)

and that |T'(Q)| ~ £(Q)"*!, again with implicit constants which may depend on ¢. Furthermore, if
I'(Q) =To(Q), then (5.29) holds for all W € b(Q) and Y €1(Q). Otherwise, if I'(Q) is strictly contained
in ['9(Q), then, since diam(b(Q)) ~ c.£(Q) with ¢, small, and since by construction b(Q) contains a

point Z with |Vu(Z)| = a/4, it follows that |Vu(W)| < 3a/8 for all W € b(Q), by (3.38). Hence, in

2M+4

either situation, since a/8 > ¢ , we have

IVu(Y) — Vu(W)| > e*M+4 VW e b(Q), Y €1(0). (5.33)
We let y = a/8 and set
F,(IVu|) := max(|Vu|* — %, 0).
Then by (5.32) we see that )
F,(IVul) > 2—4, VY eT(Q). (5.34)
Furthermore, by (5.33), the fundamental theorem of calculus, (5.17), (5.32), and (5.34), we have

z(Q)"gff u|v2u|2dX§// wF, (|Vul) |Vu|"2|V2ul* dY,
re) re)

where the implicit constants depend on ¢. In particular, since ['(Q) C U ’Q* c U}, by ADR we obtain
U(Q)S/f uF, (IVu)) |VulP =2 |V2ul* dY,
Us

where the implicit constants still depend on ¢, and this estimate holds for all cubes Q € Dr g, so that
Case 1 holds. Hence,

> a(Q),g// uF, (|Vul)|Vu|P2|V?ul* dY, (5.35)
x 0,

QGD}',QO
Case 1 holds

where Q7% 0, Was defined in (5.20) and where we have used that the enlarged Whitney regions U 5 have
bounded overlaps. To prove (5.9) in the general case 1 < p < 00, it therefore suffices to establish the
local square function bound

// uF, (|Vul) |Vu|"2|VZul* dY < o (Qo), (5.36)
Q*

F.00

where, as we recall, u is a nonnegative p-harmonic function in the open set ¢ := Q2N B(xg,, Crg,),
vanishing on A(xg,, Cro,).
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To start the proof of (5.36), for each Q € D(FE), we define a further fattening of U 5 as follows. Set

Ui,** — U I*** U** — U Ui,**
0 ’ Q o -
IeWiQ‘* i
Ui,*** — U e U -— U Ui,***
0 ’ 0 o
IeWiQ‘* i

where I"™* = (1 +3t)I and I = (1 +41)I are fattened Whitney regions, for some fixed small 7 as
above; see (5.15)—(5.16). Notice that I** C I*** C I"™**. We observe that the fattened Whitney regions
U™ have bounded overlaps, say

2 lug (V) < Mo, (5.37)
QeD(E)

where M\ < oo is a uniform constant depending on Ko, ¢, 7, and n. Next, let {np}o be a partition of
unity adapted to Uj". That is,

(D ZQ no(Y) =1 whenever Y € Q,
(2) suppng C U}, and
(3) ng € CL R with 0 <ng < 1,59 > con U}, and [Vno| < CL(Q)~.

Set
D gpe = {0 €Dr g, : €(Q) <'0(Q)},

and recall from (5.20) that
Q;,Qo :=int( U Ua)
0e€Dr, 0.

Given a large number N > ¢~ 10

, set
A=AN)={QeD(E): U5 NQ%s 5 # and £(Q) = N~'¢(Qp)}.

Eventually, we shall let N — oco. Let

n+1
L(N)= ) //qu(qu( > uf,iyj) nodY
QeA(N) ij=1

and note, by positivity of u and the properties of 7o, that we then have
// uF,(|Vul)|V2ul*dY < lim I;(N).
Q*}_ % N—o0

We now fix N. We intend to perform integration by parts and in this argument, we exploit that |Vu|? is a
subsolution to a certain linear PDE defined based on u. To describe this in detail, let Q € A(N) be such
that F), (|Vu(Y)|) # 0 for some Y € UZ*. Then |Vu(Y)| > y and there exists C = C(y) > 1 such that

C™'<|Vu(X)| <1 whenever X € B(Y,8(Y)/C), (5.38)
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and where the upper bound follows from (5.18) and the lower bound uses also (3.38). Let ¢ = Vu - &, for
some £ € R"T!. Then ¢ satisfies, at X € B(Y, §(Y) /C), the partial differential equation

L=V -[(p—2)|Vul”*(Vu - V) Vu+|VulP~> V] =0, (5.39)

as is seen by a straightforward calculation from differentiating the p-Laplace partial differential equation
for u with respect to £. Note that (5.39) can be written in the form

n+1
0
L= Z a—y[bij(-)§y,(~)] =0, (5.40)
ij=1 "
where
bij(Y) = |Vu|1’_4[(p —2)uyl.uyj +8ij|Vu|2](Y), 1<i,j<n+1, (5.41)

and §;; is the Kronecker §. Clearly we also have
Lu(Y)=(p—1DV-[|VulP>Vu](¥) =0. (5.42)

In particular,  and (Vu - £) for each & € R"*! all satisfy the divergence form partial differential
equation (5.40).
It is easy to see that (b;;);; satisfies the following degenerate ellipticity condition: for every & € Rr+!

one has
n+l n+l n+l1
Y byt = (p =D IVulP Y wiu gk +VulP Y 8k
ij=1 ij=1 ij=1

= (p—2)|Vul”*(Vu-£)* +|Vul"?|€|* > min{1, p — 1}|Vu|? 2 |&]%, (5.43)

where the last inequality is immediate when p > 2 and uses the Cauchy—Schwarz inequality when
1 < p < 2. Hence, |Vu|? is a subsolution to the PDE defined in (5.40), (5.41), as seen from the calculation

n+1 n+1
L(Vul?) =2 ) bijity ity 2 |Vu|”—2( > ui,.y,). (5.44)

ijk=1 i.j=1

Now, using (5.44) and the fact that (5.38) holds for every Y such that F, (|Vu(Y)|) # 0, we see that
I1(N) < Ji(N), where
Ji(Ny = )~ // uF, (|Vul)L(|Vu*)ng dY.
QeA(N)
Hence it suffices to establish bounds for the integral J, := J; (V) that are uniform in N, with N large.
In the following we let v = F), (|Vu|) and note that Vv = V(|Vu|*) whenever v > 0. Using this and

integration by parts we see that

Ji=—J—J3—Js,
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where
n+1
J2= Z //vaijuyivyandY,
QeA(N) i, j=1
n+l
= > //u > bijvyvynoady,
QeA(N) i,j=1
n+1
Jy = Z //uv Z bijvy,(ng)y, dY.
QeA(N) ij=1

We estimate Jy first. Set A; = A1 U Aqo, where

An:={0ecA: UZ* meets Q\ Qr .}
and
A :={Q €A :U} meets Uj such that £(Q") < N~'£(Qo)}.

From the definition of 1o, we obtain

n+1 n+1

S ffuvZ|u,-j||ui||<nQ),-|dY+Z //uvz|ui,~||ui||(ng>j|dY=:151+Jsz.

QeAy ij=1 Q€A i,j=1
Notice that, equivalently, A is the subcollection of Q € A such that U 5* meets 8&2}’ 0o We start
with Js;. Note that by (3.38), (5.18), and Harnack’s inequality,
SMIVu¥)| Su¥) $8(Y) = Q) (5.45)
whenever Y € U 5** Furthermore, if v % 0 for some Y € U 5**, then using (5.38) and (3.40), we also have
G@N?*IV2u@)| Su(¥) S8~ Q). (5.46)

In particular, u|Vng| < 1 by construction of no, [Vu(Y)| S 1 whenever Y € U™, and s IVu(¥)| <1
whenever ¥ € U™ and v # 0. Thus,

IS D U S Y H' UG NaQy o) S Y H' (92 ,) S 0(Qo),
QeAq Q€A Q€A

where we have used that 89;’ 0 is ADR (see [Hofmann et al. 2016]), and the bounded overlap property
(5.37). To estimate Js, observe that for each Q € Aj», we have £(Q) ~ N~™'£(Qy) by properties of
Whitney regions. Hence, by a slightly simpler version of the argument used for Js;, we obtain

J2S Y 0(Q) So(Qo).

Qe

Therefore, |J4| < Js1+ Jso S 0 (Qo).
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To handle J, we use the fact that u is a solution to (5.40). Indeed, by integration by parts, using the
identity 2vv,, = (v?),, we see that

n+l n+1
2n= Y [ Y budmear == ¥ [[ 3 byu,iiron, av.
QeA(N) i,j=1 QeA(N) ii=1

and by the same argument as in the estimate of J4 we obtain |J;| < o (Qp).

To conclude, we collect the estimates for J, and J4, and use the fact that J3 is nonnegative by (5.43)
to obtain J1(N) < o(Qp), with constants independent of N. The proof of (5.9) in the general case
1 < p < 00 is then complete.

5C. Proof of Lemma 5.10. To prove Lemma 5.10, we follow the corresponding argument in [Lewis and
Vogel 2007] closely, but with some modifications due to the fact that in contrast to the situation in that
paper, our solution # need not be Lipschitz up to the boundary, and our harmonic/p-harmonic measures
need not be doubling. It is the latter obstacle that has forced us to introduce the WHSA condition, rather
than to work with the weak exterior convexity condition used by Lewis and Vogel. Lemma 5.10 is
essentially a distillation of the main argument of the corresponding part of [Lewis and Vogel 2007], but
with the doubling hypothesis removed.

In the remainder of this section, for convenience we use the notational convention that implicit and
generic constants are allowed to depend upon Ky, but not on € or M. Dependence on the latter is stated
explicitly. We first prove the following lemma. Recall that the balls By and By are defined in (5.3).

Lemma 547, LetY e U iQ, XeU lQ Suppose first that w € BEY N E, and let W be the radial projection

of w onto dBy. Then
u(W) < e2M=35(v). (5.48)

Ifwe 3Bx NE, and W now is the radial projection of w onto dBy, then
u(W) <e2M=3¢(Q). (5.49)

Proof. Since KO’IE(Q) < 8(Y) < Kob(Q) for Y € UL, it is enough to prove (5.49). To prove (5.49), we

first note that
W —w|=e*"5(X) <M 70(0),

by definition of By, By and the fact that by construction of Ui,
e30(0) $8(X) Se(Q), VX eU),. (5.50)
In addition, again by construction of U,
diam(U}) < e *4(Q). (5.51)

Consequently, W € 5 B5™* = B(xg, 1e750(Q)), so by Lemma 3.35 and (5.12),

2M /o =3 o
M(W) 5 (8 & E(Q)) |Bi**| /f u SSZM-FZ(X—SE(Q) < 82M_SE(Q). O
0 ¢’

£7(Q)
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Claim 5.52. Let Y € U},. Forall W € By,
u(W) —u(Y) —Vu(¥)- (W —=7)| <e2Ms(v). (5.53)
Proof of Claim 5.52. Let W € By. Then for some We By,
u(W) —u(Y) = Vu(W)- (W =Y).
We may then invoke (5.13), with X =Y, Z| = W, and Z, =Y, to obtain (5.53). O
Claim 5.54. Let Y € Ué. Suppose that w € 3By NE. Then
u(¥) = Vu¥)- (Y —w)| = lu(w) —u(Y) — Vu(¥) - (w—Y)| <2M35(Y). (5.55)

Proof of Claim 5.54. Given w € 3By N E, let W be the radial projection of w onto dBy, so that
W —w| =e?M/2§(Y). Since u(w) = 0, by (5.48) we have

lu(W) —u(w)| = u(W) < e*M35(v).
Since (5.53) holds for W, we obtain (5.55) by (5.11) and (5.13). O

To simplify notation, we now set Y := Y, the point in UiQ satisfying (5.11). By (5.11) and (5.13), for

€< %, and M chosen large enough, we have that

Vu(Z)|~1, VYZeU). (5.56)
By translation and rotation, we assume that 0 € 8§y N E and that ¥ = 6(Y)e,+1, where as usual
ent1:=0(00,...,0,1).

Claim 5.57. We claim that
|Vu(Y) - en1 — IVu(¥)|| <&M (5.58)

Proof of Claim 5.57. We apply (5.55), with w = 0, to obtain
u(Y) —Vu(Y) Y| <e2M=35(Y).
Combining the latter bound with (5.53), we find that

lu(W) = Vu(Y)-W|=u(W) —=Vu¥)- ¥ —=Vu¥)- (W -Y)| <&M3s(Y), VYW eBy. (559
W—Y

Fix W € 3By so that Vu(Y) - WY = —|Vu(Y)]. Since |W — Y| = (1 — &2M/*)§(Y), and since u > 0,
we have
u(W)
0<|Vu¥)| = Vu(¥)-ept1 < |Vu(¥)| = Vu(¥) -ept1 + %)
<! Vu(Y) W-1 Vu(Y)-Y +u(W)
—_— — u  — u . u
= 8(Y) 1 — g2M/«
5 (82M_5 +82M/05) ~ 82M_5, (560)

by (5.59) and (5.11). O
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Claim 5.61. Suppose that M > 5. Then

[IVu(Y)lens1 — Vu(r)| S e, (5.62)
Proof of Claim 5.61. By Claim 5.57,

[IVu)lenst = (Vu¥) - ensenr| S eV
Therefore, it is enough to consider V|ju := Vu — (Vu(Y) - e,41)e,+1. Observe that
Vi) = [Vu) P = (Vu(Y) - eny1)?
= (IVu¥)| = Vu¥) - en s )((Vu¥)| + Vu(¥) - en1) S M7,

by (5.58) and (5.11). O

Now for Y =46(Y)ey+1 € U ’Q fixed as above, we consider another point X € U ’Q By definition of Ui,
there is a polygonal path in UL, joining Y to X, with vertices

Yo:=Y.Y,Ys,....Yy =X, NZe&*

such that Yx41 € By, N B(Yx, £(Q)), 0 <k < N — 1, and such that the distance between consecutive
vertices is at most C£(Q). Indeed, by definition of UL, we may connect Y to X by a polygonal path
connecting the centers of at most ¢~ balls, such that the distance between consecutive vertices is between
34(0) /2 and e730(0) /2. If any such distance is greater than £(Q), we take at most Ce~3 intermediate
vertices with distances on the order of £(Q). The total length of the path is thus on the order of N£(Q)
with N < ¢~*. Furthermore, by (5.13) and (5.62),

|Vu(W) = [Vu(Y)lens1| < [Vu(W) — VuY)| + [Vu(Y) — [Vu(Y)| et
SeM M3 < M3 yWe By, VZ eU),. (5.63)
Claim 5.64. Assume M > 1. Then for eachk =1,2,..., N,
u(Ye) = [Vu(¥)| Yy - enr| S ke™32(Q). (5.65)
Moreover,
lu(W) — [Vu(¥)|Wyir| Se”770(Q), VW eByx, VX € (7@. (5.66)
Proof of Claim 5.64. By (5.59) and (5.62), we have
|u(W) = IVu(¥) Wyt | S lu(W) = Vu(Y) - W+ |(Vu(Y) — [Vu(Y)|ent1) - W|
< M5y + M3 \W) < eM30(Q), VW e By, (5.67)

since 6(Z) ~ £(Q), for all Z € UiQ (so in particular, for Z = Y), and since |W| < 25(Y) < £(Q), for
all W € By. Thus, (5.65) holds with k = 1, since Y| € By, by construction. Now suppose that (5.65)
holds for all 1 <i <k, with k < N. Let W € By,, so that W may be joined to Y; by a line segment of
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length less than §(Yy) < £732(Q) (the latter bound holds by (5.50)). We note also that if k < N — 1, and
if W = Y41, then this line segment has length at most £(Q), by construction. Then

|u(W) — [Vu(¥)|[Wopt| < [u(W) —u(Ye) + [Vu(¥)| (Y = W) - engr | + |u(Yie) — [Vu(Y)|Ye - epy1]
= |(W = Y0) - Vu(Wy) + [Vu@)| (Y — W) - eni1| + O (ke 32(Q)),

where W, is an appropriate point on the line segment joining W and Y, and where we have used that Y}
satisfies (5.65). By (5.63), applied to Wy, we find in turn that

|u(W) — [Vu(¥) | Wpr| S M3 W — Vil +ke™30(Q), (5.68)

which, by our previous observations, is bounded by C(k + DeM=3¢(Q) if W = Yjqy, or by (eM—6 4
keM=3)¢(Q) in general. In the former case, we find that (5.65) holds for all k = 1,2, ..., N, and in the
latter case, taking k = N < e~4, we obtain (5.66). O

Claim 5.69. Let X € U}, and let w € E N 3Bx. Then
IVu(¥)| lwati| S /20(0). (5.70)
Proof of Claim 5.69. Let W be the radial projection of w onto dBy, so that
(W —w|=eM/e5(X) <e@M/D=3¢(0), (5.71)
by (5.50). We write
IVu) | [wag1] < [VuWW — w| + [u(W) = [Vu¥) [ Wogr | +u(W) =: 1+ 11 +u(W).

Note that I < e@M/®=3¢(Q) by (5.71) and (5.11) (recall that Y = Yy), and that 17 < eM~7¢(Q) by
(5.66). Furthermore, u(W) < e2M=3¢(Q), by (5.49). For M chosen large enough, we obtain (5.70). U

We note that since we have fixed ¥ = Y, it then follows from (5.70) and (5.11) that
lwps1] S eM20(Q), Ywe ENdBy, YX e U, (5.72)
Recall that xo denotes the “center” of Q (see (2.7)—(2.8)). Set
O := B(xg,2e2L(Q)) N{W : W,y1 > £2£(Q)). (5.73)
Claim 5.74. For every point X € O, we have X ~; o Y (see Definition 2.26). Thus, in particular, O C U lQ

Proof of Claim 5.74. Let X € O. We need to show that X may be connected to Y by a chain of at most
¢~ ! balls of the form B(Y, §(Yy)/2), with e£(Q) < 8(Yx) < e2£(Q) (for convenience, we shall refer
to such balls as “admissible”). We first observe that if X = te,, with £3£(Q) <t < ¢73£(Q), then
by an iteration argument using (5.72) (with M chosen large enough), we may join X to Y by at most
Clog(1/e) admissible balls. The point (28)*3£(Q)en+1 may then be joined to any point of the form
(X', (26)73£(Q)) by a chain of at most C admissible balls, whenever X’ € R" with |X'| < e73£(Q). In
turn, the latter point may then be joined to (X', 34(Q)) by at most C log(1/¢) admissible balls. [l
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We note that Claim 5.74 implies that
ENO=g. (5.75)
Indeed, O C U ’Q C Q. Let Py denote the hyperplane
Py:={Z:7Z,+1 =0}.
Claim 5.76. If Z € Py, with |Z — x| < 3 ¢72(Q), then
8(Z) =dist(Z, E) < 1682£(Q). (5.77)

Proof of Claim 5.76. Observe that B(Z,2¢%£(Q)) meets O. Then by Claim 5.74, there is a point
Xe l7’Q NB(Z,2e20(0Q)). Suppose that (5.77) is false, which in particular implies that §(X) > 14¢2¢( Q).
Then B(Z, 4¢*£(Q)) C By, so by (5.66), we have

(W) = [Vu(V)|Wasi| < Ce¥70(Q). VW € B(Z,46%0(Q). (5.78)
In particular, since Z,, | =0, we may choose W such that W, ;| = —&2£(Q), to obtain that
IVu(¥)|e2¢(Q) < Ce¥~7¢(Q),

since u > 0. But for ¢ < %, and M large enough, this is a contradiction, by (5.11) (recall that we have
fixed Y =Yp). U

It now follows by Definition 2.17 that Q satisfies the e-local WHSA condition, with

P=P(Q):=(Z:Zy1 =€0Q)},  H=H(Q):=(Z:Zu1 > LQ)).
This concludes the proof of Lemma 5.10.

5D. Proof of Corollary 1.5. Now Corollary 1.5 follows almost immediately from Theorem 1.1. Let
B=B(x,r)and A = BN, with x € 92 and 0 < r < diam(9€2). Let ¢ be the constant in Lemma 3.1.
By hypothesis, there is a point Xo € B N Q2 which is a corkscrew point relative to A, that is, there is a
uniform constant ¢y > 0 such that §(Xa) > cor. Thus, to apply Theorem 1.1, it remains only to verify
hypothesis (). For a sufficiently large constant Cy, set A" = A(x, C;r). Cover A™ by a collection
of surface balls {A,-}INZ1 with A; = B; N dQ and B; := B(x;, cor/4), where x; € Aft and where N is
uniformly bounded, depending only on n, ¢y, C, and ADR. By construction, Xp € Q\ 4B;, so by
hypothesis, w** € weak-A(2A;). Hence, ** « o in 2A;, and (1.6) holds with ¥ = X4, and with
A’ = A;. Consequently, w*s <« o in A and if we write k%2 = dw*Xa /do, we obtain

N N q
f K@) do(z) <Y f k¥ (2)1 do (2) gzo(A,-)< f k¥ (2) do(z)>
Afat i=1 A i—1 2A;

N
S oA 2A) S (AR,
i=1

where in the last estimate we have used the ADR property, the uniform boundedness of N, and the fact
that ¥4 (2A;) < 1. By Theorem 1.1, it then follows that 92 is UR as desired. [l
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6. Proof of Proposition 1.17

Here we prove Proposition 1.17. We first observe that if E is UR then it satisfies the so-called “bilateral
weak geometric lemma” (BWGL); see [David and Semmes 1991, Theorem 1.2.4, p. 32]. In turn, in [David
and Semmes 1991, Section I1.2.1, p. 97], one can find a dyadic formulation of the BWGL as follows.
Given ¢ small enough and k > 1 large to be chosen, D(E) can be split in two collections, one of “bad
cubes” and another of “good cubes”, so that the “bad cubes” satisfy a packing condition and each “good
cube” Q verifies the following: there is a hyperplane P = P(Q) such that dist(Z, E) < ¢£(Q) for every
Z € PN B(xg, k€(Q)), and dist(Z, P) < e£(Q) for every Z € B(xg, k¢(Q)) N E. In turn, this implies
that B(xp, k€(Q)) N E is sandwiched between two planes parallel to P at distance ¢£(Q). Hence, at
that scale, we have a half-space (indeed we have two) free of E, and clearly the 2e-local WHSA holds
provided K is taken of the order of £~2 or larger. Further details are left to the interested reader. Thus we
obtain the easy implication UR = WHSA.

The main part of the proof is to establish the opposite implication. To this end, we assume that £
satisfies the WHSA property and show that E is UR. Given a positive ¢ < g9 < K 6 we let By denote
the collection of bad cubes for which e-local WHSA fails. By Definition 2.19, By satisfies the Carleson
packing condition (2.20). We now introduce a variant of the packing measure for By. We recall that
B}, = B(xg, K§t(Q)), and given Q € D(E), we set

D:(Q) :={Q' € D(E) : £¥/%£(Q) < £(Q") < £(Q), Q' meets B})}. (6.1)
Set
g = iO(Q) if By ﬂ_[De(Q) # D, 6.2)
0 otherwise,
and define
m@) = > g, D CD(E). (6.3)
Qe
Then m is a discrete Carleson measure, with
m(Do,) = Z g = Ce0(Qo), Qo€ D(E). 6.4)

0CQo

Indeed, note that for any Q’, the cardinality of {Q : Q' € D.(Q)} is uniformly bounded, depending on n,
e, and ADR, and that 0 (Q) < C.0o(Q’) if Q" € D.(Q). Then given any Q¢ € D(E),

m(Dg,) = Yo @<y ()

0CQo:BoND, (Q)#2 Q'eBy 0CQo:Q'€D:(Q)
<C. Y,  0(Q)=<Ca(Qo),
Q'eBy: Q'C2By,
by (2.20) and ADR.

To prove Proposition 1.17, we are required to show that the collection B of bad cubes for which the
J/€-local BAUP condition fails satisfies a packing condition. That is, we establish the discrete Carleson
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measure estimate

fiDg) = Y. 0(Q)=<Ceo(Qo), Qo<D(E). (6.5)
QCQo:Q€eB

To this end, by (6.4), it suffices to show that if Q € B, then ap # 0 (and thus ap = o (Q), by definition).
In fact, we prove the contrapositive statement.

Claim 6.6. Suppose that a2 = 0. Then the /e-local BAUP condition holds for Q.
Proof of Claim 6.6. We first note that since @y = 0, then by definition of «,
BoND:(Q) = 2. (6.7)

Thus, the e-local WHSA condition (Definition 2.17) holds for every Q' € D,(Q) (in particular, for Q
itself). By rotation and translation, we may suppose that the hyperplane P = P(Q) in Definition 2.17 is

P={ZeR"": 7,1 =0},

and that the half-space H = H(Q) is the upper half-space R’fl ={Z: Z,+1 > 0}. We recall that by
Definition 2.17, P and H satisfy

dis(Z, E) <e€(Q), VZe PNB (), (6.8)
dist(P, Q) < Ky/*£(0Q). (6.9)

and
HN B (e)NE =2. (6.10)

The proof now follows by a construction similar to that in [Lewis and Vogel 2007], used to establish the
weak exterior convexity condition. By (6.10), there are two cases.

Case 1: 10Q C {Z: —./el(Q) < Z,+1 < 0}. In this case, the \/e-local BAUP condition holds trivially
for Q, with P = {P}.

Case 2: There is a point x € 100 such that x,+; < —/e€(Q). In this case, we choose Q' > x with
3*(0) < (Q)) <2&3*¢(Q). Thus,

Q' C{Z:Zyt1 = —3Vel(Q)). (6.11)

Moreover, Q' € D.(Q), so by (6.7), Q' ¢ By, i.e., Q' satisfies the e-local WHSA. Let P’ = P(Q’) and
H' = H(Q'’) denote the hyperplane and half-space corresponding to Q" in Definition 2.17, so that

dist(Z, E) <e€(Q") <2¢7/*(Q), VZ e P'NBy(e), (6.12)
dist(P', Q') < Ky20(0) ~ K2 0(0) < £'/4(Q) (6.13)

(where the last inequality holds since ¢ < Ky’ 6), and

H'NBy(e)NE =2, (6.14)
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where we recall that Bgﬁ (&) := B(xg, e720(Q")) (see (2.16)). We note that
B}y C Bg(e) := B(xg. & '€(Q)) C B ()N By (e), (6.15)

by construction, since ¢ K K, ® Let v’ denote the unit normal vector to P’, pointing into H'. Note that
by (6.10), (6.12), and the definition of H,

P'NBo(e)N{Z: Zuy1 > 26"%0(Q)) = 2. (6.16)

Moreover, v’ points “downward”, i.e., V" - e,1 < 0, as otherwise, H' N EQ (¢) would meet E by (6.8),
(6.11), and (6.13). More precisely, we have the following.

Claim 6.17. The angle 0 between v' and —e, | satisfies 0 <6 ~sin6 < e.

Indeed, since Q' meets 100, (6.9) and (6.13) imply that dist(P, P') < K;/*£(Q), and that the latter

estimate is attained near Q. By (6.16) and a trigonometric argument, one then obtains Claim 6.17 (more
precisely, one obtains 6 < Kg/ %¢, but in this section, we continue to use the notational convention that
implicit constants may depend upon Ko, but K is fixed, and ¢ < K|, ®). The interested reader could
probably supply the remaining details of the argument that we have just sketched, but for the sake of
completeness, we give the full proof at the end of this section.

We therefore take Claim 6.17 for granted, and proceed with the argument. We note first that every
point in (P U P)N BZ is at a distance at most ¢£(Q) from E by (6.8), (6.12), and (6.15). To complete
the proof of Claim 6.6, it therefore remains only to verify the following. As with the previous claim, we
provide a condensed proof immediately, and present a more detailed argument at the end of the section.

Claim 6.18. Every point in 10Q lies within \/s€(Q) of a point in P U P’.

Suppose not. We could then repeat the previous argument, to construct a cube Q”, a hyperplane P”,

a unit vector v” forming a small angle with —e, 11, and a half-space H” with boundary P”, with the

same properties as Q’, P’, v/, and H'. In particular, we have the respective analogues of (6.13) and (6.14),
namely

dist(P”, Q") < KJ'20(Q") ~ K*e¥*0(Q) < £'/2€(Q) (6.19)

and
H'NBy.()NE =2, (6.20)
Also, we have the analogue of (6.11), with Q”, P’ in place of Q’, P. Thus
dist(Q", P') > 1 /et(Q) and Q'NH =o. 6.21)

In addition, as in (6.15), we also have B}, C Bg, (¢). On the other hand, the angle between V" and v” is
very small. Thus, combining (6.12), (6.19), and (6.21), we see that H” N BZ captures points in E, which
contradicts (6.20).

Claim 6.6 therefore holds (in fact, with a union of at most 2 planes), and thus we obtain the conclusion
of Proposition 1.17. U

We now provide detailed proofs of Claims 6.17 and 6.18.
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Proof of Claim 6.17. By (6.13) we can pick x’ € Q’, y’ € P’ such that |y’ —x’| <« £!/2£(Q), and therefore
y' € 11Q. Also, from (6.9) and (6.10) we can find X € Q such that — 3/ZZ(Q) < Xp41 < 0. This and
(6.11) yield 3/2

UQ) < ypp1 < —3V/EUQ). (6.22)

Let 7 be the orthogonal projection onto P. Let Z € P (i.e., Z,,+1 =0) be such that | Z —7 (y)| < K3/2£(Q).
Then Z € B(xg. 4Ky *£(Q)) C B}y. Hence Z € P N B} () and by (6.8), dist(Z, E) < e€(Q). Then
there exists xz € E with |Z — xz| < ¢£(Q), which in turn implies that |(xz),+1] < €£(Q). Note that
xz € B(xg, 5K/20(Q)) C B and by (6.15), x7 € E N Bl (e) N BYi(e). This, (6.10), and (6.14) imply
that x; ¢ H U H'. Hence, (xz)n+1 <0and (xz —y)-v' < 0 since y € P’ and v’ denote the unit normal
vector to P’ pointing into H'. Using (6.22) we observe that

1 /60(Q) < —e£(Q) + 1 VEt(Q) < (xz — ¥ )ap1 < 2K,7€(0), (6.23)
and that

(2 =Y Dnt1vyy < -z —y) - w (V)
<lz—zl=m(Z—y) 7() <el(Q) —n(Z—Y) 7). (6.24)

We prove that v) | < —l < 0 by considering two cases.

Case 1: |n(v/)|> . We pick
312, (V')
(Q)| NI

£(Q). Hence, we can use (6.24) with Z;:

Zi=n(y)+ K,

By construction, Z; € P and |Z — 7 (y')| < K3/2

(X2, = Y)nt1 Vosy < 80(Q) —7(Zy — y) - (V)
=e0(Q) — K2 U(Q) I ()] < =LK %e(0).
This together with (6 23) give that v, | < —l <0.

Case 2: |71(v’)| < 5. This case is much simpler. Note first that lv) 1|2 =1—|7r()*> 3 , and thus either
v; 1 <3 3 or vn > \/— We see that the second scenario leads to a COIltI'adICtIOIl Assume then
that v/ 1 > 1«/_ We take Z, = n(y') € P, which clearly satisfies |Z, — 7 (y)| < K3/2€(Q). Again

(6.24) and (6.23) are applicable with Z;:
1 3 /
LVB0) Y2 < (52— Yot < £(0) < VEU(Q).

and we get a contradiction. Hence necessarily v, | < —%«/5 < —% < 0.

Having proved that v, < —% < 0, we estimate 6, the angle between V' and —e,1;. Note first

’
n+l =

complete. Assume then that cos @ # 1, in which case % < —v,,; < 1 and hence |7 (v")| # 0. Pick

cosf = —v % If cos® = 1 (which occurs if v/ = —ej, 1), then § = sinf = 0 and the proof is

Z3 — y/+ E(Q) 1A)/ o Cntl— U:H-IU/

|7 (V)]
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Then v’ -v' =0 and hence Z3 € P" as y’ € P’. Also, |V'| =1 and therefore |Z3 — y'| = £(Q)/(2¢). This
in turn gives that Z3 € EQ (¢). We have obtained that Z3 € P'N EQ(e), and hence (Z3),41 < 26740(Q)
by (6.16). This and (6.23) applied to Z3 easily give

1 _ / 2
4K3P0(0) 2 2670(0) = (Zoywas = vy, + D L= Uni)

2e  |m()]
/ £(0Q) , Q) ,
=Y+, |7r(v)|2—2K§/2£(Q)+2—8|7r(v)|.

This readily yields |sinf| = |7 (V)| < SKS/ 28, and the proof is complete. U

Proof of Claim 6.18. We want to prove that every point in 10Q lies within 4/¢£(Q) of a point in P U P’.
We argue by contradiction and hence we assume that there exists x’ € 10Q with dist(x’, PUP") > \/e€(Q).
In particular, x;, ; < —/€£(Q), and as observed above, we may repeat the previous argument to construct
acube Q”, a hyperplane P”, a unit vector v” forming a small angle with —e, 1, and a half-space H” with
boundary P”, with the same properties as Q’, P, v', and H', namely (6.19), (6.21), and (6.20). Also,

Vel(Q) < dist(x’, P’) < diam(Q") +dist(Q”, P) < %ﬁE(Q) +dist(Q”, P,

and, in addition, as in (6.15), we have BE C Bg, (e).

By (6.19) there is y” € Q” and 7 € P” such that |y” —z”| < ¢'/2£(Q). By (6.20) y” & H'. Write 7’ to
denote the orthogonal projection onto P’ and note that (6.21) gives dist(y”, P")=|y"—n'(y")| > %\/EE(Q).
Note also that

|y// _n/(y//)| — diSt(y//, P/)
< [y" = x'| +|x" = x| +diam(Q") +dist(Q’, P) < 11 diam(Q)

and that
7' () —xgl < 7' () = Y| + 1y — x|+ |x’ —xo| < 22diam(Q) < K¢(Q).

Hence 7'(y") € B}, C By (), and since 7' (y") € P', (6.12) gives € E with |7/(y") — 7| < 2&7/*£(Q).
Then y € 230 C B*é NE and |y — 7”| < 12diam(Q). To complete our proof we just need to show that
y € H”, which contradicts (6.20).

Write v” to denote the unit normal vector to P” pointing into H”, and let us momentarily assume that

W =" < 16v2K. s, (6.25)
Recalling that y” ¢ H’, we then obtain that

et @ <y =" = @' (") =y v
<7’ =F+ 5=V =V +G =)+ 12—
< IVel( Q)+ G-
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This immediately gives that (y —z")-v” > A—IM/E £(Q) > 0, and hence y € H” as desired. Thus, to complete
the proof we have to prove (6.25). We first note that if |a| < 7, then

1—cosa=1—v1—sin2a§sin2a.

In particular, we can apply this to 6 (resp. 6), which is the angle between v’ (resp. v”) and —e,, 41, and as
we showed that |sin 8], |sin8’| < 8K3/2s, we see that

V1 —=cosf++/1—cosb’ < 16K3/28.

Using the trivial formula
la—b|>=2(1—ab), Va,beR'" |a|=|b =1,
we conclude that

/

W =" < V' = (—ensr D)+ (—€nt1) — V"
=V2(1+V epr) + 20U+ V"ey11)
= /2(1 —cos0) ++/2(1 —cos §’) < 16«/51(3/28.
This proves (6.25), and hence the proof of Claim 6.18 is complete. (Il
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THE ONE-PHASE PROBLEM
FOR HARMONIC MEASURE IN TWO-SIDED NTA DOMAINS

JONAS AzzZAM, MIHALIS MOURGOGLOU AND XAVIER TOLSA

We show that if @ C R? is a two-sided NTA domain with AD-regular boundary such that the logarithm of
the Poisson kernel belongs to VMO(o'), where o is the surface measure of €2, then the outer unit normal
to 02 belongs to VMO(o') too. The analogous result fails for dimensions larger than 3. This answers a
question posed by Kenig and Toro and also by Bortz and Hofmann.

1. Introduction

In this paper we study a one-phase free boundary problem in connection with the Poisson kernel. The study
of this type of problems was initiated in the pioneering work [Alt and Caffarelli 1981], where they showed
that for a Reifenberg flat domain with n-AD-regular boundary in R"*!, if the logarithm of the Poisson
kernel is in C¥ for some o > 0, then the domain is of class C!# for some B > 0. Later on, Jerison [1990]
showed that, in fact, one can take § = . Kenig and Toro [1997; 1999; 2003] considered the endpoint case
of the logarithm of the Poisson kernel being in VMO, and they obtained the following remarkable result:

Theorem A [Kenig and Toro 2003]. Suppose 2 C R"*! is a §-Reifenberg flat chord-arc domain for some
8 > 0 small enough. Denote by o the surface measure of Q2 and by h the Poisson kernel with a pole in Q2
if Q is bounded or with the pole at infinity if Q2 is unbounded. Then logh € VMO(o) if and only if the
outer unit normal i to K2 is in VMO(0).

A domain Q C R"*! is called chord-arc if it is an NTA domain with n-AD-regular boundary. Its
Poisson kernel with pole at p € Q2 equals # = dw? /do, where w” stands for the harmonic measure of €2
with pole at p. For the definitions of Reifenberg flatness, NTA, and VMO, we refer the reader to Section 2.

We also remark that, in fact, Kenig and Toro [2003] proved a slightly weaker statement than the one
in Theorem A. Indeed, instead of showing that when log/h € VMO(o), the outer unit normal 7 to 32
is in VMO(o), they proved that 7 belongs to VMO),.(o) (which coincides with VMO(o) when € is
bounded). However, as we explain in Remark 9.1, a minor modification of their arguments in [Kenig and
Toro 2003] proves the full statement above in Theorem A.

Without the Reifenberg flatness assumption and just assuming the NTA condition, the conclusion of the
theorem above need not hold: Kenig and Toro [1999, Proposition 3.1] showed that for the Kowalski—Preiss

The three authors were supported by the ERC grant 320501 of the European Research Council (FP7/2007-2013). Tolsa was
also supported by 2014-SGR-75 (Catalonia), MTM2013-44304-P and MTM2016-77635-P (Spain), and by the Marie Curie ITN
MARET (FP7-607647).
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cone 2 ={(x,y,z,w): x2+ y2 +72> wz} C R?* the harmonic measure with pole at infinity coincides
with the surface measure modulo a constant factor, and thus has logh € VMO(o), even though the outer
unit normal is not in VMO(¢). In fact, a similar conical example in R*> was shown previously by Alt and
Caffarelli [1981, Section 2.7].

It was conjectured by Kenig and Toro [2006] and Bortz and Hofmann [2016] that, instead of the
Reifenberg flatness assumption, being a two-sided chord-arc domain should be enough for the implication
logh€e VMO(0) = n€VMO(o). By a two-sided chord-arc domain we mean a chord-arc domain such
that its exterior is also connected and chord-arc. Kenig and Toro showed that this holds under the
additional assumption that the logarithm of the Poisson kernel of the exterior domain is also in VMO(o').
Their precise result reads as follows:

Theorem B [Kenig and Toro 2006, Corollary 5.2]. Let Q2 be a two-sided chord-arc domain in Rr+L
Assume further that log(dw/do ), 10g(dwexi/do) € VMOjoc(0). Then n € VMO (o).

Bortz and Hofmann [2016] showed that this same result holds under the assumption that €2 is uniformly
n-rectifiable, so that the measure theoretic boundary has full surface measure, instead of the two-sided
chord-arc condition above. The boundary of any two-sided chord-arc domain is always uniformly
n-rectifiable by results due to David and Jerison [1990], and thus this is more general than Theorem B.
We also note that, by Proposition 4.10 in [Hofmann et al. 2010], such domains with 77 € VMOj,. (o) are
also vanishing Reifenberg flat. It is also worth mentioning that the arguments in [Bortz and Hofmann
2016] are very different from the ones in [Kenig and Toro 2006]: while the latter uses blow-up techniques,
the former relies on the relationship between the Riesz transform and harmonic measure and exploit the
jump relations for the gradient of the single layer potential.

In this paper we resolve the conjecture mentioned above:

Theorem 1.1. Let Q C R? be a two-sided chord-arc domain. Denote by o the surface measure of S and
by h the Poisson kernel with a pole in Q if Q2 is bounded or with the pole at infinity if Q is unbounded. If
logh € VMO(0), then the outer unit normal of Q also belongs to VMO(o).

On the other hand, for d > 4, there are two-sided chord-arc domains Q C R satisfying h = 1 and such
that the outer unit normal of 2 does not belong to VMO(o).

Most of the paper is devoted to proving the positive result stated in the theorem for R3. Our arguments
use the powerful blow-up techniques developed by Kenig and Toro [2003]. Indeed, by arguments
analogous to the ones of Kenig and Toro, we reduce our problem to the study of the case when €24, is an
unbounded two-sided chord-arc domain such that its Poisson kernel with pole at infinity is constantly equal
to 1. By combining a monotonicity formula due to Weiss [1998] and some topological arguments inspired
by a work from Caffarelli, Jerison and Kenig [Caffarelli et al. 2004], we then show that for such domains
all blow-downs are flat. This is probably one of the main novelties in our paper. Then an application
of a variant of a well-known theorem of Alt and Caffarelli [1981] shows that 2., must be a half-space.

The aforementioned reduction of the problem to the case when the Poisson kernel with pole at infinity
is constantly equal to 1 requires estimating from above the gradient of the Green function. This estimate
is obtained in [Kenig and Toro 2003] under the assumption that the domain €2 is Reifenberg flat, and this
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is one of the main technical difficulties of that paper. In [Kenig and Toro 2006] it is shown how these
estimates can be extended to the case when €2 is not Reifenberg flat. In our present paper we provide some
alternative arguments to estimate the gradient of the Green function. The main difference with respect to
the ones in [Kenig and Toro 2003; 2006] is that in the present paper we use the jump relations for the
gradient of single layer potentials, instead of the (perhaps) less standard approach in the aforementioned
works. We think that our approach has some independent interest (especially because of the connection
between harmonic measure with pole at infinity and the Riesz transform that we describe in Section 3).

Concerning the negative result for dimensions d > 4 in Theorem 1.1, basically we recall in the last
section of the paper an example of a conical domain in R* by Guanghao Hong![2015] such that the
harmonic measure with pole at infinity coincides with surface measure, and so that the outer unit normal
does not belong to VMO(o). One can check easily that such domain is two-sided NTA. Probably, this
example was unnoticed in some recent works in this area.

2. Preliminaries
For a, b > 0, we will write a < b if there is C > 0 so that a < Cb and a <, b if the constant C depends
on the parameter 7. We write a & b to mean a < b < a and define a ~, b similarly.
Definition 2.1. Given a closed set E, x € R, r > 0,and P a d-plane, we set

@E(x, r, P) - r_l max{supyEEnB(x’r) dlSt(y, P), Supyeme(X’r) dlSt(y, E)}
Also define

Op(x,r) =infOp(x, 1, P),
where the infimum is over all d-planes P. A set E is §-Reifenberg flat if ©g(x,r) < § for all x € E and
r > 0, and is vanishing Reifenberg flat if

lim sup @fg(x,r) =0.

r—0 cE

Definition 2.2. Let Q C R"*! be an open set, and let 0 < § < % We say that 2 is a §-Reifenberg flat
domain if it satisfies the following conditions:

(a) 0L is §-Reifenberg flat.

(b) For every x € 92 and r > 0, denote by P(x, r) an n-plane that minimizes ® g (x, r). Then one of
the connected components of

Bx,r)N{x e R+ dist(x, P(x,r)) = 26r}
is contained in 2 and the other is contained in R\ Q.
If, additionally, €2 is vanishing Reifenberg flat, then €2 is said to be vanishing Reifenberg flat, too.

Definition 2.3. Let @ C R"*!. We say that 2 satisfies the Harnack chain condition if there is a uniform con-
stant C such that for every p >0, A >1, and every pair of points x, y € 2 with dist(x, d€2), dist(y, 92) > p
and |[x — y| < Ap, there is a chain of open balls By,..., By C Q, N < C(A), with x € By, y € By,

1 So the statement in the theorem referring to the case d > 4 should not be attributed to us.



562 JONAS AZZAM, MIHALIS MOURGOGLOU AND XAVIER TOLSA

By N Byy1 # @ and C~!diam(By) < dist(Byg, ) < C diam(By). The chain of balls is called a Harnack
chain. Note that if such a chain exists, then
u(x) =y u(y).
For C > 2, the set Q is a C-corkscrew domain if for all £ € 92 and r > 0 there are two balls of radius
r/C contained in B(§, r) N Q2 and B(&, r)\2 respectively. If
B(x,r/C) C B(,r)NQ,

we call x a corkscrew point for the ball B(§, r). Finally, we say Q2 is C-nontangentially accessible (or
C-NTA, or just NTA) if it satisfies the Harnack chain condition and is a C-corkscrew domain. We say €2
is two-sided C-NTA if both © and Qey := ()¢ are C-NTA. Finally, it is chord-arc if, additionally, 92 is
n-AD-regular, meaning there is C > 0 so that, if o denotes surface measure, then

C " <o (B(x,r)) <Cr" forall x €92, 0<r < diam(L).

Any measure o that satisfies the preceding estimate for all x € suppo and 0 < r < diam(suppo) is
called n-AD-regular.

Definition 2.4. Let o be an n-AD-regular measure in R” and f a locally integrable function with respect
to o. We say f € VMO(o) if

2
lim sup ][ f—- ][ fdo| do=0. 2-1)
r—=0 xesuppo J B(x,r) B(x,r)
We say f € VMO, (0) if, for any compact set K,
2

do =0.

lim  sup ][ f —][ fdo
r=0 xesupponk JB(x,r) B(x,r)

It is well known that the space VMO coincides with the closure of the set of bounded uniformly
continuous functions on supp o in the BMO norm.

We also remark that one can find slightly different definitions of VMO in the literature. For example,
in some references besides (2-1) the additional condition that

lim  sup ][ f—][ fdo
=00 xesuppo J B(x,r) B(x,r)

is required. In this case, it turns out that VMO coincides with the closure of the set of compactly supported

2
do =0

continuous functions on supp o in the BMO norm. However, the definition we will use in our paper is
Definition 2.4 (as in other works like [Kenig and Toro 1999; 2003]).

3. The Riesz transform of the harmonic measure with pole at infinity

Readers that are familiar with the results in [Kenig and Toro 2003; 2006] may skip this section, as well as
Sections 4 and 5, and go directly to Section 6 without much harm. In fact, in Sections 3-5 we provide the
alternative arguments to estimate the gradient of the Green function that we mentioned in the Introduction.
Our approach uses the jump relations for the gradient of the single layer potential (derived by Hofmann,
Mitrea, and Taylor [Hofmann et al. 2010] in the case of chord-arc domains and somewhat more general
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settings). Modulo these standard relations, our arguments are reasonably self-contained and shorter than
the ones in [Kenig and Toro 2003; 2006].

Recall from [Kenig and Toro 1999, Lemma 3.7] that if Q@ c R"*! is an unbounded NTA domain, then
there exist a function u € C(2) and a measure  in 3 such that

Au=0 1in Q, u=0 1indg, u>0 1in L, (3-1)
and

/ ulApdm= [ ¢dw forall ¢ e CPR"™. (3-2)
Q 02

The function u and the measure @ are unique modulo constant factors, and u is the so-called Green
function with pole at infinity and @ the harmonic measure with pole at infinity.
From now on, we will assume that u is also defined in R"*!\ © and vanishes identically here, so that
ue CR™.
Given a Radon measure y in R"*!, its n-dimensional Riesz transform is defined by
x —
Rit) = e, [ = da(y),

whenever the integral makes sense. We assume that the constant ¢, is chosen so that

K(X) = Can_H

coincides with the gradient of the fundamental solution of the Laplacian.
The main result of this section is the following.
Proposition 3.1. Let Q@ C R"*! be an unbounded NTA domain, and let u and w be the Green function
and the associated harmonic measure with pole at infinity, respectively. Suppose that for all x € 92 there
exist some constants 0 < § < 1 and C > 0 (both possibly depending on x) such that
oBx,r)<Cr"*  forallr>1. (3-3)
Then we have

Rw(x) —Rw(y) = Vu(y) — Vu(x) forallx,y e R\ 9Q. (3-4)

Some remarks are in order. First, it is easy to check that if the condition (3-3) holds for all x € 9€2,
then it also holds for all x € R"*! (with some constants C, § depending also on x). For the identity (3-4)
to be true, it is important to define the Riesz transform so that its kernel is the gradient of the fundamental
solution of the Laplacian, as we did above. On the other hand, the function Rw is defined modulo a
constant term (i.e., in a BMO sense). So for all x, y € R"*!\ 8, by definition we write

Rw(x) — Ro(y) = /(K(x —2)—K(y—2)dw(z).
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Then it turns out that the integral on the right-hand side above is absolutely convergent. Indeed, defining
d =max(2|x — y|, 1), we have

/ \K(x—z)—K(y—z)|dw(Z)§/ Lylﬂ w(2)
lx—z|=d |x—a>dlx-ZW
lx—yl k nk(n+8
NZ 0B, 2%d) S Y () < o0,
= (de) +1 = (de) +1

(3-5)
which implies

/|K(X_Z)—K(y—z)|da)(z) < 00,

since x, y & supp w = 0€2.

Before proceeding with the proof of Proposition 3.1, we recall a few lemmas about NTA domains.
These lemmas were originally shown in [Jerison and Kenig 1982] for bounded NTA domains, but as the
arguments for these results are purely local, they also hold for unbounded NTA domains.

Lemma 3.2 [Jerison and Kenig 1982, Lemma 4.4]. Let Q C Rt be NTA and B a ball centered on 92
with 0 < r(B) < diam 02. Let xp be a corkscrew point for B in Q and let g be the Green function for Q2.
Then

w*(B) ~ g(xp, z)rl_” forall z € Q\2B. (3-6)

Lemma 3.3 [Jerison and Kenig 1982, Lemma 4.10]. Ler 2 C Rt be an NTA domain and B a ball
centered on 02 with 0 < Mr(B) < diam 0S2, where M depends on the NTA character of 2. Suppose u, v

are two positive harmonic functions in 2 vanishing continuously on M B N 02 and let xp be a corkscrew

point for B in Q. Then
u(z) _ ulxg)

v(@)  v(xp)

Proof of Proposition 3.1. As shown in [Kenig and Toro 1999, Section 3], the Green function u and the

forall z € BNQ. (3-7)

harmonic measure @ with pole at infinity can be constructed as follows. Given a fixed point a € 2 and a
sequence of points p; € € such that p; — oo, we consider the function

{g(x pj)/ga, pj) ifxeQ,

uj ) = ifx g0,

and the measure |

g(a, pj)

Passing to a subsequence and relabeling if necessary, we may assume that u; is locally uniformly

w?i.

a)j:

convergent and that w; is weakly convergent. Then it turns out that u is the weak limit of the sequence u;
and w is the weak limit of w;. For simplicity, we choose points p; such that |p; —a| ~ dist(p;, 9€2) — oo.
Observe that by (3-6) and our definitions of # and w, it follows that for all balls B centered on 9€2, if xp
is a corkscrew point for B in €2, then

o (B)r' ™" ~ u(xp). (3-8)
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It is well known that the Green function g( -, -) equals

g(x,l?)=5(X—p)—/€(x—z)dw”(z) forx, p e Q,

where £ stands for the fundamental solution of the Laplacian. On the other hand, the right-hand side
above vanishes if x e R\ Q, p € Q. So we deduce that for all x & 92,

Vu;(x) =

K (x — p;) — Rwj(x).
<@ K& =) —Raj)

Thus, for all x, y € 9€2,

1
gla, pj)
Since u; is harmonic outside of €2 and u; converges locally uniformly to u, it turns out that Vu; converges

Vu;j(y) —Vu;(x) = (K(y — pj) — K(x — pj)) + Rw;(x) — Rw;j(y).

also locally uniformly to Vu outside of d€2. Hence, to prove the proposition, it suffices to show that

(K(&y—pj)—K@x—pj)=0, (3-9)

lim

j—oc g(a, pj)
lim (Rw;(x) — Rwj(y)) = Ro(x) — Ro(y). (3-10)
J—>00

To prove the above identities, first we will estimate g(a, p;) in terms of u and w. To this end, we will
apply the boundary Harnack principle.

Let &; € 02 be such that |§; — p;| =dist(p;, d€2), and consider the ball B(p;) = B(§;, |§;— pj|). Suppose
that |§; — p;| > dist(a, 0€2). Consider a corkscrew point p; € %B(pj)ﬂfz, so that dist(p;, 02) ~r(B(p;)).
Since u and g( -, p;) are harmonic in N B(p;) and vanish identically in 9€2, we deduce from (3-7) that

g(pj, pj) ~ u(pj)

gla,pj))  u@)’
since a belongs to CB(p;) for some fixed constant C, and dist(a, 02) < r(B(p;)) by assumption. Taking
into account that by (3-8)

u(py) ~u(p;) ~o(B(p)) |p; — &' ~ w(B(p)) |pj —al'™"

and
(pj. pj) : :
g(pj, pj) ~ — A :
Py = pilnt pj—alr!
we infer that @
ula
gla, pj)~ ——. (3-11)
7 w(B(py))

With (3-11) at hand, we are ready to prove (3-9):

1 w(B(pj)) |x—yl
K(&y—p)—Kx—p)| < .
fapp | KO TP TR ST
For j big enough, we have r(B(p;)) ~ |x — p;|, and then we derive
oB(p)) _ l—pI"™ 1

X - —
v = pi[" T x =yt = py Y
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and thus

lx — ¥
u(a) |x—pj|'=?

K(y—pj)—K@x—pp|Zx —0 asj— oo.

g(a’ P]) |

We turn our attention to the identity (3-10) now. Take an auxiliary radial C* function ¢ : R"*! — R
such that xp(,1) < ¢ < xB(0,2) and define ¢.(z) = ¢(z/¢). For ¢ > 0, we define

Ke=(1—¢:)K and K,=¢. K

Notice that K, and K, are standard Calderén—Zygmund kernels. We denote by R, and R, the respective
associated operators, so that, at least formally, R, tends to R as & — co. Then we write

|(Rw; (1) =Ra; () = (R (x)—Rw())|
= | (Rew; (1) =Re; (1)) = (Rew (1) =R (1) [+]Rewwj ()= Rewj () [+[Rew () =Rew ()] (3-12)

Since the function I?g x—-)— IP(VE (y — ) is continuous on d€2 (recall that x, y € R"*1\ 9Q) and has
compact support, we infer that

|(Rew; (x) = Rewj () — (Rew(x) = Rew(»))| = 0 as j — oo, (3-13)

by the weak convergence of w; to w.
Concerning the second term on the right-hand side of (3-12), we will show below that

R R < b=yl ! 3-14
| @ (X) — Swf(y)|wx u(a) 81—6+|x_ 1= ) (3-14)
J

The last term in (3-12) is estimated as in (3-5). Indeed, for ¢ > |x — y],

Rew(x) = Rew(V)| S [ |Ke(x —2) — Ke(y —2) | dw(2) S de(z)
| |

l—z|ze2 X — 2|t

|x_y| n+6 ~ |x—y|
NZ s ),,H 0(B(x,2') S2 ) o Qe R . (3419)

2k n+1
k>0 kzO( £)

From (3-12), (3-13), (3-14) and (3-15) we deduce that

: x—yl | lx=yl
lim sup|(Rw; (x) — Rw; () — (Rw(x) — Ro(»))| Sx — —.
j—o0 u(a)e e
Since this holds for any arbitrarily big &€ > 0, the limit vanishes and this concludes the proof of (3-4).
Finally we deal with the estimate (3-14). Arguing as in (3-15), with w replaced by w;, we obtain

lx — ¥

eyt @i (B, 2ke)).

[Rewj (1) = Rew; 0 £

k>0
We split the last sum according to whether 2¢¢ < | pj — x| or not, so that

|R.0j(x) = Rewj(»)| < §1 + 2,
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where

lx =yl lx =l

Si= Y. ij(ls(x,zks)) and S= ) ij(B(x,Z"e))-
k>0 k>0

2ke<|p;—x| 2e>|pj—x|

To estimate S; we use the fact that, for 2ke < lpj — x|,

k
P (Bx. 2he)) ~ 1 o(B(x,2))

. B ’2k =
a)j( (x €)) g(a, pj) gl(a, pj) G)(B(pj))

Hence, by (3-11),
w(B(x, 2ke))

. koyy A
w;(B(x,2"%)) " @)

and so

5152 [x =yl w(B(x,Zke))< Z lx —yl (2k8)"+‘3< |x — |

(2kg)nt1 u(a) ~* ket w(a@) ™ u(a)e'=d

k=0 k=0

To estimate S», we use the trivial estimate
I w(B(p)))

. keoyy — pj k ~
w;(B(x,2%)) = 2@ ) o (B(x,2%)) < @ ) " @
Therefore,
~ |x—yl @B(p)) . x=yl @B(p))
2 ; @ u@ g —xT u(@
2ke>D7j7x|

Assuming that [p; — x| > 1, we have

w(B(pj)) Sy r(B(p)"™ ~ |p; — x|,

and thus
— B(p:
5 <, |x yll : w(B(p;))
lpj—xI"=°  u(a)
From this estimate and the one for S|, we obtain (3-14), as wished. O

We recall now the following version of the jump equations for the gradient of the single layer potential
due to Hofmann, Mitrea and Taylor [Hofmann et al. 2010]:

Proposition 3.4 [Hofmann et al. 2010, Proposition 3.30]. Let Q C R"*! be a domain in R*' with
uniformly rectifiable boundary such that o (0Q2\ 0,2) = 0, where 0,2 stands for the measure theoretic
boundary and o for the surface measure of Q2. Let f € LP (0 |yq) for 1 < p < oo. Then, for o-a.e. x € 912,

lim  R(fo)(z) = —57(x) f(x) +pvR(fo)(x), (3-16)

'~ (x)a2z—>x

and
lim  R(fo)(2) = %ﬁ(X) fx)+pvR(fo)(x), (3-17)

't(x)sz—x
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where I'(x) is a nontangential cone at x relative to Q, (that is,
I'(x) ={y e Q:dist(y, Q) > t]y — x|}

for some t > 0), I'"(x) is a nontangential cone at x relative to R"*! \S_Z, and n(x) is the outer normal to
Q at x.

In particular, if €2 is a chord-arc domain in R+ then 9 is uniformly rectifiable (see [David and
Jerison 1990]) and o (02 \ 0,2) = 0; thus the preceding proposition can be applied.

Proposition 3.5. Let Q C R"*! be a chord-arc domain in R*™*\. Let w and u be the harmonic measure
and the Green function with a pole either at infinity or at some point p € Q. Suppose that for each x € 92
there exist some constants 0 < § < 1 and C > 0 such that

w(B(x,r) <Cr"™ forallr > 1. (3-18)

Suppose h :=dw/do € L' (o) for some p > 1. Then limr+ ()5, x Vu(z) exists for o-a.e. x € 902 and

loc

lim  Vu(z) = —h(x)n(x). (3-19)

I't(x)sz—x

Proof. Assume that the pole for @ and u is at infinity (the arguments for the case when the pole is finite
are analogous). Let B be a ball centered at 2. By Proposition 3.4, for o-a.e. x € B,

r7()lci)rsriﬂ72()(219w) (z2) = =371 (x) h(x) + pvR(x250),

and

lim  R(x2p0)(2) = 3 i(x) h(x) + pvR(x250)

t(x)oz—>x

In particular,

lim  R(x2pw)(2) — . llm R(Xzsw)(z)—n(X)h(X)

I't(x)sz—>x (x)2z—

Using the condition (3-18), by estimates analogous to the ones in (3-5), it is immediate to check that

lim ROppw)(z)— lIm  R(xpw)(z) = +lim Rw(z)— lim Row(z).

I't(x)sz—>x I'(x)>z—>x I't(x)>z—x I'(x)>z—>x

Then, by Proposition 3.1 we infer that

lim Vu(z)— lim Vu(z) =n(x)h(x).

'~(x)sz—>x I't(x)az—>x
Since u = 0 in R"*'\ Q, we have limr- (y)5;—x Vu(z) =0 and so

— lim Vu(z) =n(x)h(x) foro-ae.x €dQNB. O

't(x)sz—x
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4. Some technical lemmas

From now on, given a domain Q C R**t! and x € R"*!, we define
do(x) = dist(x, Q°).
The following is a well-known result. See, for example, [Jerison and Kenig 1982, Section 4].

Lemma 4.1. Let Q C R"! be an NTA domain and let B be a ball centered at 3. There exist some
constants C, o« > 0 depending on the NTA character of 2 such that the following holds. If u is a
nonnegative harmonic function on 2 N 2B which vanishes continuously on 02 N\ 2B, then

dg(x) )a

sup u(y) forallx e BNL.

y€d(2B)NQ

nt) =€ ( -(B)

If xp is a corkscrew point for B, then

sup u(y) < Cu(xp).
yeBNQ

We will also need the next auxiliary result.

Lemma 4.2. Let Q C R"*! be an NTA domain. There exist some constants C, o > 0 depending on the
NTA character of 2 such that the Green function of Q2 satisfies

1 <min(d9(x), da(y)
|x — yln=! lx — yl

glx,y)=C )) forall x,y € Q. 4-1)

Proof. 1t is enough to show that, for some C, o’ > 0,

1 (dsz(x)
lx — "= \x —y|

o
gx,y)<C ) forall x, y € Q, (4-2)

because then the analogous inequality interchanging x by y also holds, by symmetry.
Because of the trivial estimate g (x, y) <1/|x —y|*~!, to prove (4-2) we may assume |x —y| > 10 dg (x).
Let &, € 02 be such that |, — x| = dq(x) and consider the ball B := B(&,, |x —y|/8). Clearly x € B, as

x — &c| = da(x) < 151x — y| = 5r(B).
Note also that, for all z € 9(2B),
ly—zl=Ilx—yl—|x—z| =8r(B)—4r(B)=4r(B) ~ |x —y|.

Hence g(z,y) < 1/ly —z|" ! < 1/]x — y|*~! for all z € 3(2B). Thus, (4-2) follows from Lemma 4.1
applied to the function g(-, y). O

The following rather standard result is shown in [Kenig and Toro 2003, Theorem 2.1].
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Lemma 4.3. Let Q C R"! be a chord-arc domain, f e VMO(o), and h = el. Then, forall x € 092,
0<r<diam() and 1 < p < o0,

1/p 1/p
(][ h? da) < cp][ hdo and <][ hP dcr) < c,,][ hdo.
B(x,r) B(x,r) B(x,r) B(x,r)

The next lemma is proven in [Jerison and Kenig 1982, Lemma 4.11]:

Lemma 4.4. Let Q2 be an NTA domain, B a ball centered on 02 with 0 < r(B) < diam 0$2, and let
E C BN be Borel. If xp is a corkscrew point for B in 2, then

OAE) | w(E) forze Q\2B. (4-3)
w*(B)
Note that this implies that if w is the harmonic measure with pole at infinity, we also have
w(E) s
— E). 4-4
wB) ¢ (E) (4-4)

The next corollary is an easy consequence of the preceding lemma, as shown in [Kenig and Toro 2003,
Corollary 2.4].

Corollary 4.5. Let @ C R"*! be a chord-arc domain. If the harmonic measure w in Q is such that
dw/do € VMO(0), then, forall e >0, x € 902, 0 <r <diam(2) and E C B(x,r) N0,

c(e)—l(—"(E) )l+€<—“’(E) <C(8)(—G(E) )1_8
c(B(x.r)) ~wBx.r) - oc(BGx.r))

Let us remark that the pole of harmonic measure above can be either a point p € €2 (in which case the
constants also depend on p) or infinity in the case €2 is unbounded.
Another easy consequence of Lemma 4.3 is the following.

Corollary 4.6. Let Q C R"*! be a chord-arc domain. Suppose that the harmonic measure w in Q with
pole at infinity is such that log(dw/do) € VMO(0). For z € Q, let K, =dw*/do (i.e., K; is the Poisson
kernel). For 1 < p < o0, if x €0, 0 <r <diam(2), and z € 2\ B(x, 2r), then

1/p
(][ (Kz)pda) <C(p) K.do.
B

(x,r) B(x,r)
For this corollary to hold we assume either the pole of w is at oo if €2 is unbounded, or it is in €2.

Proof. Since z € Q\ B(x, 2r), if zg is a corkscrew point for B(x, r), then whenever B(y, s) C B(x,r)
and all 0 < s < r/10, by (4-3) and (4-4),

0By, 5) _ (B, )

0 (B(y, s))

(B(x,7)) T @ (B, 1)
Hence, by the Lebesgue differentiation theorem, if we define 7 = dw/do for o-a.e. y € B(x,r) N o,
dw* . o(B(y,s)) o (Bx,r)) . w(B(,s) o (Bkx,r)

(y) = lim h(y).

K.(y)= ~ m =
do s—0 a(B(y,s)) w(B(x,r)) s—00(B(y,s)) w(B(x,r))
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Therefore, by Lemma 4.3, since logh € VMO(o),

1/p C!)Z(B(x, r)) 1/p
KZ Pd N —_-— h pd
< ][l;(x,r) ) O'()’)) w(B(x,r)) ( ]i(x,r) ) 0()’))

~ CU(B(X,]")) B(x,r) (y) G(y) B(x,r) Z(y) G(y)

Lemma 4.7. Let Q C R"*! be a chord-arc domain. Suppose that the harmonic measure w in Q with
pole either at infinity or at some fixed point p € Q is such that log(dw/do) € VMO(o). Denote by u the
associated Green function. Then, for o-a.e. x € R, we have Vu(z) converges to —n(x)(dw/do)(x) as
Q > z — x nontangentially, where 1 is the outer unit normal of Q.

This lemma is proved in [Kenig and Toro 2003] under the additional assumption that €2 is Reifenberg
flat. In [Kenig and Toro 2006] it is shown how to prove this without the Reifenberg flatness assumption.
The delicate arguments involved in [Kenig and Toro 2003; 2006] do not use the connection between
harmonic measure and the Riesz transform and instead are of a more geometric nature.

Proof. This is an immediate consequence of Proposition 3.5 and Corollary 4.5. Indeed, this corollary,
implies that for all x € 02 and all 0 < ry <r < diam(S2),

o (B ro)\** _ 0Bl
o(B(x,r)) w(B(x,r))
Hence, using also the AD-regularity of o we get

o (B(x,r)) )”8 ®(B(X,10)  14e)
—_— N ———————r .
o (B(x, 1)) o (B(x, o)+

w(B(x,r)) = C(e) w(B(x, ro))(
Therefore, choosing ¢ = 1/(2n),
w(B(x,r)) < Cx)r"% forr > r.

So the assumption (3-18) in Proposition 3.5 holds and thus

d -
Iim Vu(z) = ——w(x) n(x) foro-a.e. x €0%2. O
I't(x)sz—>x do

The next result is an auxiliary calculation which will be used several times in the next section. The
arguments for the proof are quite standard. Similar calculations appear, for example, in the proofs of
Lemma 5.2 of [Kenig and Toro 2006], Lemma 3.3 of [Kenig and Toro 2003] or Lemma 3.30 of [Hofmann
and Martell 2014].

Lemma 4.8. Let Q C R*! be a chord-arc domain, and let w be the harmonic measure in Q with pole
either at infinity or at some fixed point p € Q. Let B C R"*! be a ball centered at 3 such that p ¢ 10B.

Then for any constant € > 0,

/ (dg(y))”"w(B(yﬂdQ(y)))
pna \ (B) do(y)t!

dy < C(e) w(B).
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Proof. We write

do(y)\" @(B(y.2da(y)) _je »(B(y,27*'r(B)))
/Bmsz(r(B)) do(y)"*! 522 yeBNe Q~/r(B)!

dy. (4-5)
j=0 27171 (B)<dq(y)<2~/r(B)

We define A; :={y € BNQ:27/"1r(B) < dg(y) <27/r(B)}. For each y € A; consider a ball B with
radius 27/*17(B) centered at a point &y, € 0Q2 such that [y — &, | =dq(y). Clearly y € By foreach y € Aj,
and thus we can extract a subfamily of pairwise disjoint balls { B,{ e C {B;}yE A; so that

Ajc| 3B
k

Notice that for each y € B, since w is doubling,
o(B(y.27/'r(B))) < 0(6B]) S o(B)).

Therefore, taking also into account that the balls B,f are contained in 6B,

w(B(y, 2_j+1r(B))) Z/ w(B])

yeBNQ: 2-ir(B))r+!1 2 Jr(B (=i (RYi+L
2777 1r(B) <da(y)<27/r(B) (@=/r(B) r(8))

=C> w(B]) Sw(6B) S w(B).
Plugging this estimate into (4-5), the lemma follows. ]

5. Estimates for the gradient of Green’s function

The reader should compare the arguments in this section to the ones in Section 3 of [Kenig and Toro
2003] and Section 2 of [Kenig and Toro 2006], which in turn rely on the results in the Appendices Al
and A2 of [Kenig and Toro 2003].

Lemma 5.1. Let Q C R"*! be an unbounded chord-arc domain. Suppose that the harmonic measure w
in Q with pole at infinity satisfies log(dw/do) € VMO(o). Denote by u the associated Green function.
Then

[Vu(x)| < fasz j—:(y) dw*(y) forall x € Q. (5-1)

The proof of this lemma would be quite immediate if the function dw/do inside the integral in (5-1)
were compactly supported, taking into account that Vu is harmonic. However, this is not the case and so
the arguments are more delicate. The next auxiliary lemma will be used to take care of this question by a
localization of singularities technique.

Lemma 5.2. Under the assumptions of Lemma 5.1, suppose that 0 € 0Q2. Fix R > 1 large and let
Pr € C(R"™Y) such that xpo,r) < Pr < XB0.28)> |VI PRI S1/RI for j =1,2. For x € Q, define

wR(X)=/ g(x,y) AlprVul(y) dy.
Q
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Then wg € C¥*(Q) for some a > 0, wr|sq = 0, and the following estimates hold for x € Q:
w(B(0, R)) (da(x)
R R
w(B(0, R)) (dn(x)

|x|n—1+a/2 Rl1-a/2 |x|

/2
@ lwp(®)| S ) if |x| <4R.

a/2
b) lwr(x)| S ) if |x| > 4R.

Proof. By the relationship between Green’s function and harmonic measure, for all y € Q2 we have

u(y) ~ w(B(y,2dq(y))),

do(y)"~!
and by standard estimates for positive harmonic functions we derive

u(y) _ o(B(y,2do(y))) and  |V2u(y)| < u(y) _ o(B(y,2dq(y)))

\Y < ~ -~
VNS G T T daly do()t  da)!

Thus,
lwr(x)| = ‘[9 g(x, ) (Adr(y) Vu(y) +2Vr(y) - Vu(y)) dy‘

< w(B(y, 2da(y))) w(B(y,2dQ(y)))>d
N/I;(O,R,ZR)OQg(x’y)< R2do(y)" * Rdg(y)rt! Y

w(B(y,2da(y)))

< -
S g(x,y) (5-2)
/B(o,zR)msz Rdg(y)r*!

Case 1: |x| <4R.
We split the integral on the right-hand side of (5-2) as follows:

w(B(y, 2da(y))) w(B(y, 2da(y)))

IwR(X)IS/ g(x,y) y+/ g(x,y)
ly—x|<da(x)/2 Rdg(y)"t! Iifil(g’if()g% Rdg(y)"+!

=11+ 1. (5-3)

First we will deal with I;. In the domain of integration of I; we have dq(y) & dq(x). Taking into
account that w is doubling, in this case we derive w (B(y, 2dq(y))) =~ w(B(x, 2da(x))). Then using also
the trivial estimate g(x, y) < 1/|x — y|*~!, we get

1 o (B(x, 2dg(x)) w(B(x, 2dq(x))
h's 1 Ay~ 1
ly—x|<do(x)/2 X = y["~1 Rdo(x)"* Rdo(x)"

Notice that, by Lemma 4.1,

u(x) < (—dQ(X) )a

d o
- sup u<y>5( QIEX)) u(xg), (5-4)

y€dB(0,8R)NQ

where xp is a corkscrew point for B(0, R). That is, xg € B(0, R) N Q and do(xg) ~ R. Hence using that
w(B(z,2da(2))) ~ u(z) do(z)" ! both for z = x and z = xg, we deduce that

[ < LB, 2o () <dQ(x))aw(B(xR7 2d(xr)) (dsz(X))aa)(B(O, R))

5.5
'~ T Rdoy-T U R Rdq(xg)"! R R" (5-5)
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We consider now the integral /5 in (5-3). To estimate this we use the inequality
1 do(x) \*"*( da(y) \"*
g,y < — ( , (5-6)
lx =l [x =yl lx =yl
which is an immediate consequence of (4-1). To shorten notation, for each integer j > 0 we write

rj= 2/ dg(x). Denote by jmax the least integer such that B(0, 2R) C B(x, rj,, ), so thatr; ~ R. Then
plugging the estimate (5-6) into /5 and splitting, we obtain

1 (do(x)\*? do(M\? o (B(y, 2da(y)))
hS 2 er“( ry ) ﬁeﬁ < )

d n+1
ijfjmax rj71<|y7x|5rj Q(y>

Tj

Let &, € 02 be such that [x —&,| = dq(x). It is immediate to check that if |y — x| <r; = 2/dg(x), then
y € B(&,, 2r;j). So the last integral is bounded above by

/ (dsz(y) )“/2 ©(B(y, 2da(y) |
y?
QNB(&,,2r)) T do(y)rt!

and then, by Lemma 4.8, this does not exceed C w (B(y, rj)). Hence,

1 d /2
Z _<$) w(B(x, rj))- (5-7)
J

n—1
0=<j <Jjmax J

I

AN

To estimate the right-hand side in the inequality above, we argue as in (5-4). We consider a corkscrew
point x; in each ball B(&,, rj), and then since dist(x;, d2) ~ r;, we deduce

w(x;) < (%{) u(xg)

(recall that xp is a corkscrew point for B(0, R)). Thus,

(B, 1) (Q)“w(B(O, R))

r;l_l ~\R Rnfl

Plugging this estimate into (5-7) we obtain

do()\*? (1 \*@(B(0, R))  da(x)** w(B(0, R)) w2
D Sl o ) L R

0=<j < jmax
Since the last sum is geometric, it turns out that
a/2 . o/2  pa /2
D R SR
0=J=<Jjmax

Therefore,
< da()*? w(B(0, R))
~  Ro/2 Rn '
Together with the estimate for /; in (5-5), this yields the inequality (a) in the lemma.

L
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Case 2: |x| > 4R.
To estimate the integral on the right-hand side of (5-2) we use the fact that, for y € B(0, 2R), by (4-1),

oG y) < <dg<x>)“/2(da<y)>“/2

=[x |x|

taking into account that |[x — y| & |x|. Then we get

)] S — (M)"‘/z / <dsz<y>)"‘/2w(3<y, 2a3))
T U BO2R)NQ \  |X] R dgo(y)n+!

_ 1 (de)a/z( R )“/2 / (d9<y>)“/2w(3(y,2dg<y>)) p
Rix["=1\ |x] | x| BO2RNe \ R dg(y)"t!

By Lemma 4.8, the last integral above does not exceed Cw (B(0, R)), and so we deduce that

1 d /2 R /2
wr ()] < _I(Q(x)) (—) (B0, R)),
RIx|" x|

|x|

which gives the inequality (b) in the lemma. (I

Proof of Lemma 5.1. The arguments are similar to the ones for [Kenig and Toro 2003, Theorem 3.1]. For
the reader’s convenience, we show the details below.

Suppose that 0 € 92 and, for R > 1, let ¢ and wg be the functions introduced in Lemma 5.2. For
x € , we define

hr(x) = ¢r(x)Vu(x) —wg(x).

Since Awg = A[¢prVu] in 2, it turns out that 4 is harmonic in 2. Further, the estimates (a) and (b) in
Lemma 5.2, in particular, ensure that wg vanishes continuously at 2. Thus &g vanishes on 02\ B(0, 2R).

By Lemma 4.7 it follows that Vu(z) converges nontangentially to —(dw/do)(y)n(y) as 23z — y
for o-a.e. y € Q2. Also, as mentioned above, wg(z) — 0 as z — y. Therefore, if we define

lim  hr(z) = —¢pr(y) h(y)n(y) foro-ae.yedQ.
t(y)sz—>y

‘We claim that for all x € €,

hr(x) = — / $r() h() () do* (). (5-8)

To prove this, recalling that 4 vanishes at co, by Theorem 5.8 and Lemma 8.3 in [Jerison and Kenig
1982] it suffices to show that AV hg € L' () for all x € Q, where A stands for the operator defined by

Nihgr(y) = sup hg(2),
zel'f ()
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with T (y) = " (y) N B(y, 1). By Lemma 5.2, wg is bounded, and thus NVjwg € L'(w"). Hence it is
enough to prove that N7 (¢rVu) € L'(@"). To this end, notice that if z € l"fr(y), then

u(z) _ w(B(y,do(2)))

IVu(z)| S ~
dq(z) do(z2)"
Thus,
w(B(y,r)) 1
Ni@rViy») S sup 2 = qup —,,/ Ikl do =: Myh(y).
O<r<l r 0<r<1 7" JB(®y,r)

Also, Ni(¢rVu)(y) vanishes outside of B’ := B(0, 2R + 1) because in this case ¢z(z) = 0 whenever
zZ € Ffr(y). Therefore,

/Nl (PrVu) do* = fB, Ni(prVu) Ky do S (/B/|Mlh|2d0)l/2( B’(KX)Z d0>1/2-
By the L?(o)-boundedness of M, it follows that
[ (MihPdo = [ MG do < oo,
where B” = B(0, 2R +2). Also, by Corollary 4.6,

(Kx)2 do < o0,
BI

and so N1 (¢pgrVu) € L' (w*) and (5-8) holds.
From the definition of 4 ; and (5-8) we deduce that

dr(x) Vu(x) = —/¢R(y)h(y)fi(y)dwx(y)+wR(X). (5-9)
Hence, letting R — oo,

[Vu(x)] S/Ih(y)ldwx(y)JrliRII_l)ioI;fIwR(X)l-

By Lemma 5.2(a) and Corollary 4.5 (with & small enough), we deduce easily that wg(x) — 0 as R — oo,
for any fixed x € €2, and then the lemma follows. (]

Now we wish to obtain a variant of Lemma 5.1 suitable for the case when the pole for harmonic
measure is finite. This is what we do in the next lemma.

Lemma 5.3. Let Q@ C R"*! be a chord-arc domain. Suppose that the harmonic measure wP in Q with
pole at p € Q satisfies log(dw? /do) € VMO(o). Then, for all x € Q such that do(x) < dq(p)/8 and all
qx € 02 such that |x — q;| <dq(p)/8,

w”(B(gyx, da(p))) (dsz(x) )“/2

\Y K g
| g(x,P)IE/BQ pMde )+ C = da(p)

(5-10)
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Proof. Let £ € Q2 and take a C* function ¢ compactly supported in B(&, dg(p)/4) which is identically 1
on B(£,dq(p)/8), so that [V/¢| < 1/dq(p)’ for j = 1,2. Note that, in particular, ¢ vanishes on
B(p,dq(p)/4). We consider the function

wo(x) = fg (e ) Alp Vg(-. pI(»)dy forx €.
We claim that

lwo()| < . (5-11)

(B, da(p)/8)) (dw))“” if 1x —g| < 2
do(p)" da(p) -4
The arguments to prove (5-11) are quite similar to the ones in Lemma 5.2. By the relationship between
Green’s function and harmonic measure and by standard estimates for positive harmonic functions, for all
y € B(&,dq(p)/4) N2 we have

§G,p) @ (BE, da(p)/4) and V(v p)| < §G.p)  @"(BE da(p)/4)
do(y) do(y)" Y do(y)? do(y)"t!

IVe(y, p)I S

Thus,

lwo(x)| = ‘/Q g(x, ) (Ap(y) Vg(y, p) +2Vo(y) - VZg(y, p)) dy

< oP (B, da(p)/4) (B, da(p)/4)
A, do(p)/8.da(p)/4)NQ da(p)-da(y) da(p)da(y)
wP (B, da(p)/4))
S X, ) ;
B(¢.do(p)/4)NQ da(p)da(y)"*

Notice that the integral on the right-hand side above is very similar to the one on the right-hand side of
(5-2). The reader can check that exactly the same arguments and estimates used to prove Lemma 5.2(a)
yield (5-11), with & instead of 0, dg(p)/8 instead of R, w? instead of w, and g(y, p) instead of u(y).
We leave the details for the reader.

From (5-11) it follows that wo € C*/>(2) and it vanishes at Q. Further, the function defined by

ho(x) = ¢(x)Vg(x, p) —wo(x), x €,
is harmonic in 2, because Awg = ¢ Vg(-, p). Hence, arguing as in (5-9), we derive
B0 Vgx, ) = [ 90) Kp3)3) o’ (3)-+ ().

If |[x —&] <da(p)/8, then ¢ (x) =1 and from the last identity and the inequality (5-11) with £ = g,, we
deduce (5-10). O

6. The pseudo-blow-up of harmonic measure is surface measure

Let Q@ C R™*! be a chord-arc domain. We recall that harmonic measure with either a finite pole p €  or
pole at infinity is in the A, (o) class of weights by [David and Jerison 1990] or [Semmes 1990] and thus, the
Poisson kernel dw/do exists and is positive and finite. We denote by u either the Green’s function with pole
at p €  or with pole at infinity and by / the corresponding Poisson kernel (see (3-2) for pole at infinity).
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6A. Pseudo-blow-ups of chord-arc domains. Here we introduce the notion of pseudo-blow-ups from
[Kenig and Toro 2003], but with a slight modification. Let x; € 92 and let {r;};>; be a sequence of
positive numbers so that lim;_, o, 7; = 0. Consider now the domains

Q=L@ x).
ri

so that 0€2; = (1/r;)(0€2 — x;), and the functions u; in €2; defined by

riX +Xi, pi
i) = S L) G g, ),
ri P (B(x;, ri))
where either p; = oo or p; € Q\{x;} satisfies
pPi —Xi
Ti

— 00 asi — oo.

Note that u; vanishes at d€2; and is harmonic in ; \ {(p; — x;)/r;}. We denote by dw; = h; do; the
harmonic measure of €2; with pole at infinity or (p; —x;)/r; depending on the pole of u, where 0; =H" |5q, .
Moreover, the corresponding Poisson kernel® ; satisfies

_ h(rix+x) o
hi(x) = mU(B(anz))-

Theorem 6.1 [Kenig and Toro 2003, Theorem 4.1]. If Q C R**! is a chord-arc domain, then there exists

a subsequence satisfying

Q; = Qo  in the Hausdorff metric, uniformly on compact sets,
0€2; — 02 in the Hausdorff metric, uniformly on compact sets,
where Qoo is a chord-arc domain. Moreover, there exists o, € C(Qoo) such that u; — s uniformly on

compact sets which satisfies (3-1) for Q = Q. Furthermore, w; — w~ weakly as Radon measures and
Woo 1S the harmonic measure of Qoo With pole at infinity (corresponding to u ).

This was originally shown in [Kenig and Toro 2003] under the assumption that p; is a fixed point and
X; converges to some point in dS2. However, the same proof gives the result above.

Theorem 6.2. If Q. C R**! and u, are as in Theorem 6.1, then

sup |[Vueo(2)] < 1. (6-1)

7€QRxo

Theorem 6.3. If Q. C R"! and us, and ws are as in Theorem 6.1, then

d
990 S 1, H"ae. on Q. (6-2)
dos

where 050 = H" |30,

2n fact, this is the Poisson kernel of 2; with pole at p; modulo a constant factor.
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Both theorems were proved in [Kenig and Toro 2003, Theorems 4.2 and 4.3] for Reifenberg flat domains
with n-AD regular boundary, although, an inspection of the proofs shows that the same arguments, with
very minor changes, work also for NTA domains with n-AD regular boundary, i.e., for chord-arc domains.
Corollary 6.4. If Qoo C R"! and us, and weo are as in Theorem 6.1, then

dwso
[Vitgo| = —— =1 H"-a.e. on Q. (6-3)
dos
Proof. Combining (3-19) and (6-1) we get that dwe/do < 1 for H"-a.e. on d2,. Then (6-3) follows
from (6-2). O
Lemma 6.5. The subsequence introduced in Theorem 6.1 satisfies o; — 0o weakly as Radon measures.
Proof. This was essentially proved in Theorem 4.4 in [Kenig and Toro 2003]. The only difference is that
instead of invoking [Kenig and Toro 2003, Theorem 2] in the proof, which is particular to the Reifenberg
flat case, we just use Corollary 6.4. U

6B. Blow-downs of unbounded chord-arc domains. In the course of proving our main result we will
need to construct the blow-down domain with respect to a fixed point xo € €2 of an unbounded chord-arc
domain €2 such that dw/do =1 o-a.e. on 92 (i.e., w = ). To do so, we let x; = xg for alli > 1 and a
sequence of positive numbers r; such that lim;_, o, #; = 00. Now we take €2; and u; as in the construction
of pseudo-blow-ups in Section 6A and p = p; = co. Then similar (but easier) arguments show that there
exists a chord-arc domain  such that

Q; — ©  in the Hausdorff metric, uniformly on compact sets,

39 — 9 in the Hausdorff metric, uniformly on compact sets.
Moreover, there exists u € C (5) such that u; — ug uniformly on compact sets which satisfies
Ai=0 inQ, >0 inQ  a=0 ind<
7. Application of the monotonicity formula of Weiss: blow-downs are planes in R?

We first introduce the notion of a variational solution of the one-phase free boundary problem in an open

ball B ¢ R"1,
u=>0 in B,

Au=0 in BY(u):=BnN{u >0}, (7-1)
|Vu|=1 on F(u):=3dB"(u)NB.

Definition 7.1. We define u € WIL’CZ(B) to be a variational solution of (7-1) if

(1) u e C(B)NC*(B*(u)),

(2) X0y € L{,.(B) and

(3) the first variation with respect to the functional

F(v):= / (IVV? + xp=0)) dm (7-2)
B
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vanishes at v = u; i.e.,
d
0= —EF(M(X +ed(x)))]e=0 = / [(IVul®> + xu=0)) divp — 2Vu D (Vu)" [ dm (7-3)
B

for any ¢ € C°(B; R"+1).
Definition 7.2. We say that u is a weak solution of Au = H"(d{u > 0} N -) in B if the following are
satisfied:

(1) ue WI’Z(B) NC(BT(u)), u>01in B, and u is harmonic in the open set {u > 0}.

loc
(2) Nondegeneracy and regularity: for any open D € B there exist 0 < cp < Cp < oo such that for any
B(x,r) C D satisfying x € 9{u > 0} we have

cp <r! / udH" < Cp. (7-4)
dB(x,r)
(3) {u > 0} is locally in B a set of finite perimeter and
- /Vu -V¢dm :f CdH" (7-5)
3" {u>0)

for any ¢ € C°(B), where 0*{u > 0} stands for the reduced boundary of {u > 0}.
Let us now record a useful lemma whose proof is contained in the one of [Weiss 1998, Theorem 5.1].

Lemma 7.3. If u is a weak solution of Au =H"(d{u > 0}N -) in a ball B in the sense of Definition 7.2,
then it is also a variational solution in the ball B in the sense of Definition 7.1.

Lemma 7.4. Assume that Q. is the blow-up domain and u, is the blow-up Green’s function constructed
in Theorem 6.1. If B is a ball centered on d{uc > 0} = 020, then the extension by zero of us outside
{uoo > 0} is a weak solution of Au =H"(0{u >0}N -) in B.

Proof. By construction, Qs = {too > 0}, Uoo > 0 in Ry, Ueo =0 in 024, U 1S harmonic in Q.
Uoo € C(Qo0), and V| < 1 in Q4. Therefore, it is trivial to see that its extension by zero in the
complement of 2., satisfies the condition (1) in Definition 7.2 for the ball B. Notice also that by
Harnack’s inequality at the boundary, if x, is a corkscrew point in B(x, r) N 2, it holds that

max Us(z) = max Uee(2) ®use(x,).

z€0B(x,r)NQso z€B(x,r)NQ2:so
Therefore, we have that by (3-8) and Corollary 6.4,
H"(0B(x, B(x,
r—n—l/ oo M ( (JIC r)) oo () A Woo (B(x, 7)) _

dB(x,r) rnt O'OO(B(-X» r))

Since 02 is n-AD regular, we have that H" |5 __ is locally finite, and thus Q2 is of locally finite perimeter
in R"*!. By the generalized Gauss—Green formula for sets of locally finite perimeter, we infer that

CdH" = g’dwOO:/ Uoo AL dm
0200 0200

oo

:/ div(uoovg)dm—/ Vuoo-ngmzo—/ Vi - V¢ dm
[o¢] [o¢] QOO
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for any ¢ € C2°(R"). Note that H" (02 \ 0*QR0) = 0 in any NTA domain and thus, condition (3) in
Definition 7.2 is satisfied. O

We state without proof a lemma from [Jerison and Kamburov 2016] which allows us to conclude that
any blow-down domain of 2 is in fact a cone.

Lemma 7.5 [Jerison and Kamburov 2016, Lemma 5.2]. Let u be a variational solution of (7-1) in R*+!
which is globally Lipschitz. Assume that O € F(u) and consider a sequence R; — o0. If the sequence

v;(x) = R, 'u(R;x)

converges uniformly on compact sets as j — o0, its limit is Lipschitz continuous and homogeneous of
degree 1.

Lemma 7.6. Assume that Qs C R is the blow-up domain and u is the blow-up Green’s function
constructed in Theorem 6.1. If x € 0Q, then any blow-down domain of Qs at x is a cone.

By a cone we mean a set F C R"*! such that if x € F, then Ax € F for all A > 0. A conical domain is
a domain which is a cone.

Proof. It follows from Lemmas 7.3, 7.4 and 7.5 in view of Section 6B. (I

Lemma 7.7. If Qo C R is a conical two-sided NTA domain in R with 2-AD-regular boundary such that
dwo/dog = 1 op-a.e. in 02, then Qq is a half-space.

Proof. Since €2 is a conical two-sided NTA domain, the intersection of €2g with the sphere S? is an
open connected subset of S and the interior of its complement should be another open connected set
of S% Further, as shown in [Caffarelli et al. 2004, Remark 2 and p. 92] by studying the mean curvature of
90N S2 one deduces that 3Ry N S? is a convex curve and 2( is a convex cone. One can check that a
convex cone in R? is a Lipschitz domain, and also its exterior domain. Hence, by the results of Farina
and Valdinoci [2010] (or by arguments analogous to the ones in [Caffarelli et al. 2004, p. 92]), Q is a
half-space. (I

Corollary 7.8. Suppose that Qq is a two-sided NTA domain in R? with 2-AD-regular boundary such that
dwo/dog =1 og-a.e. in 02y. Then, for any x € 02,

lim ®q,(x,r)=0.

Proof. This is an immediate consequence of Lemmas 7.6 and 7.7. O

8. The Alt-Caffarelli theorem

The objective of this section is to explain how to prove the following lemma.

Lemma 8.1. Let Qq be an NTA domain in R+ with n-AD-regular boundary with constant Co. Suppose

0 € 02y and

d
4% = op-a.e. in 082. (3-1)
dO’Q
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There exists 6o > 0 small enough depending on n, the NTA character of 2, and Cq such that if B= B(0, 1)
satisfies

Oy,(AB) <80y forall A >1, (8-2)
then Qq is a half-space.

Before turning to the proof of this lemma, notice that an immediate consequence of this and Corollary 7.8
is the following.

Corollary 8.2. Suppose that Qg is a two-sided chord-arc in R® such that dwy/dog = 1 op-a.e. in 3.
Then, 2 is a half-space.

Lemma 8.1 is essentially proven in [Kenig and Toro 2004], which assumes that the domain is Reifenberg
flat. This is a variant of some of the results by Alt and Caffarelli [1981]. In [Kenig and Toro 2004] the
authors also assume in the statement of their theorem that

[Vuol < xq. (8-3)

where u is its Green function with pole at infinity. However, this estimate is an immediate consequence
of the assumptions of Lemma 8.1, especially (8-1), and Lemma 5.1. Thus, we will only explain how to
read and adjust the proof in [Kenig and Toro 2004] in order to obtain the lemma, adding details where
necessary.

Lemma 8.3. Ler Q C R"*! be a two-sided C-corkscrew domain so that Qex; is also connected. Then
whenever £ € 0Q2, r >0, and Byq(&,r, P) <1/(Q2C) for some n-plane P,

Oya(§,r/2, P) <2 Bya(E, 1, P) (8-4)
and there are half-spaces H* such that
HTUH™ ={y:dist(y, P) > Bsa(&, 1. P)},
HYNBE, r)CQ and H NBE, 1) C Qext.
In particular, if 7wp is the projection onto P, then tp(0Q N B(&,r)) D wp(B(&,1r/2)).

Proof. Without loss of generality, we assume £ =0,r=1,s0 B(§,r) =B =B(0, 1). Lete = B3q (&, r, P).
If ( HTUH )NB C K, then
Qex NB C {y : dist(y, P) < ¢},

but since 2 has exterior corkscrews, there must be
B(y,1/C) CBNQex C {y:dist(y, P) <¢},

which is a contradiction for ¢ < 1/(2C). We also get a contradiction if (HT U H™) NB C Qex, and so
H* NB must be in two different components. Assume H* NB C Q and H~ C Qey;. The last part of the
lemma now follows from this, since for any y € wp(B(&, r)), the line 71;1 (y) must pass through both
H* and H~, and thus it must intersect 9S2.
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To prove (8-4) it suffices to show that if x € %Bﬂ P, then dist(x, 0€2) < 2¢. Suppose thereis x € %[EBH P
so that B(x, 2¢) C (02)“. Then the set

U=BnNB(x,2)N{y:dist(y, P) > ¢}

is a connected open subset of (0€2)¢, and hence U C 2 or U C Q¢x. Without loss of generality, we can
assume the former case. Then

Qext NB C {y : dist(y, P) <e}U B(x, 2¢).
But by the exterior corkscrew condition, B(y, 1/C) C B N Qex, which is impossible if ¢ < 1/(2C). O

The following definition comes from [Kenig and Toro 2004], and it is a variant of one that appears in
[Alt and Caffarelli 1981].

Definition 8.4. Let Q C R"*! be an NTA domain. Let xo € 32, p >0, 0+,0€(0,1), veS" and v be
the Green function with pole at infinity. We say v € F (o4, o) in B(xg, p) in the direction v € §" if, for
all x € B(xg, p),
v(x) =0 if(x—xp)-v=>04p (8-5)
and
v(x) > —(x—x0)-v—0op if(x —xp)-v=<—0p. (8-6)

Observe that v = 0 exactly on Q¢ and v > 0 exactly on €2, and so
v € F (o, 0) in direction v in B(xg, p) implies B3q(xg, p) < 0. (8-7)

Indeed, assume xg = 0, p = 1, and note that by (8-5), since v = 0 only when Q2€, we have that for
X € B(xo, p),
{(xeB:x-v>0}C Q"

By (8-6), if x - v < —op, then
vix)>—x-v—0>0
and since v(x) > 0 only when x € €,
{(xeB:x-v<—0} CQ.
Since v is continuous, we thus have
Bsa(0,1) <o.

Lemma 8.5. Let Q be a two-sided NTA domain and v the Green function with pole at infinity. Let xg € 0€2,
p,0>0,andv € S" If v e F(o, 1) in B(xg, p) in the direction v, then v € F (20, Co) in B(xg, p/2) in
the same direction, where C = C(n).

Proof. The proof is exactly the same as in Lemma 0.4 in [Kenig and Toro 2004]. Its proof and that of
Lemma 0.3 in the same paper, upon which it depends, do not require the Reifenberg flat assumption and
the proofs are identical. U
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Lemma 8.6. Let Q be a two-sided NTA domain and v the Green function with pole at infinity. There is
some &g small enough so that the following holds. Let xy € 02, p >0, and v € S". Given 6 € (0, 1),
there is o9 > 0 and n € (0, 1) so that if 0 <o < 0y and v € F(o,0) in B(xg, p) in the direction v and
Baq (x0, 2p) < &g, then v € F (00, 1) in B(xg, np) in some direction v’ such that [v —v'| < Co.

Proof. Again, the proof is exactly the same as that of Lemma 0.5 in [Kenig and Toro 2004]. The only time
Kenig and Toro use the Reifenberg flatness assumption is to show that the intersection of a cylinder C
with the boundary (with axis passing through Qg) has projection in the direction of the cylinder equal to
the base of the cylinder (i.e., a ball); see right below equation (0.69) in [Kenig and Toro 2004]. However,
we can just replace this with the assumption that B3¢ (xo, 20) < &g is small and then apply Lemma 8.3. [J

Proof of Lemma 8.1. Let 6" € (0, 1/2) and 8¢ € (0, 0,6 /(8 +2C)). Note that (8-2) implies that for r > 1,
there is a plane P, so that
1839(07r’ PF)E®BQ(07 r’ Pr)SSO (8_8)

Let L, = P, —mp, (0) and let v, € S" be a unit vector orthogonal to L, so that rv,/2 € Q¢. Then
{x e B(O,r):x-v,>8r} C {x € B0, r) : dist(x, L,)>yr} C (92)".
Since {x € B(0,r) : x-v, > dor} and Q€ are connected and rv, /2 is in their intersection, we actually have
{(x e B(O,r): x-v, > §r} C Q°.
Hence, v(x) = 0 for x € B(0, r) such that x - v > §yr. Furthermore, we trivially have
{(xeBO,r):x-v,>r}=0

and thus v € F (8g, 1). Lemma 8.5 implies v € F (28g, Cdp) in %rB in the same direction, and so v € F'(§, §)
in %r[H%, where § = max{2, C}. Let 0’ € (0, 1). By Lemma 8.6 and (8-8), there is " € (0, 1) (depending
only on 6’) so that v € F(0’8, 1) in %(n’r)[B. Again, by Lemma 8.5, we have v € F(26'§, C6'S) in
}‘(n/r)[B, and hence v € F (08, 068) in nrB, where 0 = max{20’, C8’} and n = %n/ in the direction of some
vector v € §". By (8-7), we have

Baa (0, nr) < 66.

Iterating, we get that for all m € N,
ve FO"5,0"8) inn"rB (8-9)

and
©30(0,n"r/2) < 2B (0, n"r) < 6™4.

Let 1 < s <« r and pick m so that n”"*!r < s < ™r. Then this implies
©30(0, 5/2) <2050(0, 1"r/2) < 26" =2/ y < 2(~ sy~ lE/oEN s,

Thus, by sending r — 00, we get ®30(0, s/2) = 0. Since this holds for every s > 1, we have that 92 is
equal to an n-plane, and since €2 is connected, it must be a half-space. U
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9. The proof of Theorem 1.1

Our arguments are very similar to the ones in [Kenig and Toro 2003]. The only difference is that in our
pseudo-blow-ups we allow the points x; to escape to oo. In this way, we are able to show that the outer
unit normal 7 belongs to VMO(o'), not only to VMO).c (o). For the reader’s convenience, we replicate
the arguments of [Kenig and Toro 2003] here.
Let
¢ =1lim sup ||n]«(B(x,r)).
=0 yesQ

We will show £ =0. Let x; € Q2 and r; | 0 be such that

1/2
~1im(][ |ﬁ—ﬁ’3(x,.,,,.)|2da) =.
10N J B(x;,ri)

Let 2; =(1/r;)(2—x;) and uf", a)l.pi be as in Theorem 6.1. By this theorem, we can pass to a subsequence

so that all these quantities converge to some Qq0, U, and ws. By Lemma 6.5, o; also converges to
Rn—H
+

000 = H"|3q,,- By Lemma 7.7, Q4 is a half-space (suppose it is ) and weo = H" |g. For ¢p a smooth,

nonnegative, and compactly supported function with ¢ > xg, and 7; the outer unit normal to 9€;, we

thus have
lim |7i; + ent1]* do; < lim ¢ i +ent1|* doy
i—00 J3Q,nB i—0 JyQ
= lim (/ ¢da,~+2/ ¢>ﬁ,~~en+1do’,~>
i—00 aQi
=2 ¢pdox +2 lim d1V(¢ en+1)dm
n i—00
¢daoo—|—2/ div(¢ ent1)dm
Rn
Pdos —2 ¢en+1 cep+1dos =0
Rn
and hence
1/2 1/2
¢ = lim (][ i —ﬁmxi,riﬂzdo) <2 lim (][ |ﬁ+en+1|2d0) =0. O
1= NJ B(x;i.ri) 1= NJ B(xi.ri)

Remark 9.1. The same arguments as above show that Theorem A by Kenig and Toro is valid as stated in
the Introduction. That is, under the assumptions of Theorem A, one deduces that 7 € VMO(o), instead
of the weaker statement 77 € VMOj,. (o) proven in [Kenig and Toro 2003].

10. Counterexample for R?, d > 4

In this section we show that, for all d > 4, there exists a two-sided chord-arc unbounded domain © c R?
for which the Poisson kernel with pole at infinity is constant and such that the outer unit normal is not
in VMO(o). Indeed, Hong [2015, Example 1] constructed u € C (R*) such that u > 0; u(rx) =ru(x),
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r>0; Au=0inT ={u > 0}; 9"\ {0} is smooth; du/dn = —1, where 7 is the outward unit normal on I"
and u is singular, i.e., u # xfr (modulo rotations). We describe his example in some detail below.

Since u is homogeneous of degree 1, it is determined by its values on the unit sphere S*  R* Further,
u solves the following overdetermined first eigenvalue problem on S¢~! for d = 4:

Agi-iu+(@d—Du=0 and u>0 inQ:=INS

9

a—f:-l and u=0 in9Q:=arnsi-!. (10-1)
n

u=0 in Q.

To be more precise, let us consider in S*> C R* the coordinates

X1 =cosfcos¢, xp;=cosfsing,

. o (10-2)
x3=sinf cosy, x4 =sinf sin,

where 6 € [0, /2] and ¢, ¢ € [0, 27r]. Let u(6, ¢, ) = tf(0), where T > 0 and f is a sufficiently nice
function. To find u that satisfies (10-1), it is enough to solve the ODE

{(sin@ cosOf’) +sinfcosff =0, 6 € (0,m/2),
fO =1, f(0)=0.

Then it is shown in [Hong 2015] that there exists 6y € (0, 7/2) such that f(6y) =0, f'(6y) < 0 and
f/(0) > 0 for all @ € (0, 6y). If u is defined on S3 by u (0, ¢, ¥) = (—1/f'(6p)) £ (6) for all 6 € [0, Hy)
and u =01n [0y, 7 /2], then v(x) = v(E) =ru(€), forr >0and & € S3, is the solution to the one-phase
free boundary problem we are after.

The above-mentioned construction provides us with a domain for which Theorem 1.1 does not hold.
Indeed, let

Q:={x e R :x = r¢& for some & € S’ satisfying (10-2) for 6 € [0, 6p)} = {v > 0},

whose boundary is given by all points x € R* so that x = £ for some r > 0 and & € S that satisfies (10-2)
for 6 = 6y. Remark here that as v is a homogeneous, degree-1 function and v # xl+ (under rotation), €2 is
a cone in R* but not a half-space. Thus, € is not a Reifenberg flat domain with vanishing constant, which
infers that the outward unit normal 7 is not in VMO(9€2). Moreover, as the Poisson kernel h = —0u /dn =1,
it is clear that log h € VMO. Therefore, it is enough to show that 2 is a two-sided chord-arc domain.

To this end, notice that every x € 9€2 satisfies the equation xlz + x22 = cos? 6 x% + xf = sin” 6y while,
for x € 2,

x?+x3 =cos’0 >cos’fy and x3+x; =sin’6 < sin® 6.

So € coincides with the set of those points x € R* such that
X7 +x3 > (x5 +x37) cot? 6. (10-3)

Therefore,  is bi-Lipschitz equivalent to the domain {x € R*: x12 +x22 > x32 +x42}, which is a well-known
two-sided chord-arc domain. The AD-regularity is easier to see as the boundary is locally a Lipschitz
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graph away from the origin by the implicit function theorem, so it is locally AD-regular, and the fact that
it is a cone easily gives that it is globally Ahlfors regular. Hence, €2 is also a two-sided chord-arc domain,
which finishes our proof in R*

If we set D := Q@RI c R, where Q C R* is the domain just constructed, then D is a two-sided
chord-arc domain in R? for which the Poisson kernel is constant and such that the outer unit normal is
not in VMO(o).

Acknowledgement

We would like to thank Simon Bortz and Tatiana Toro for explaining to us some of the results in [Kenig
and Toro 2003], of which we were not aware.

References

[Alt and Caftarelli 1981] H. W. Alt and L. A. Caffarelli, “Existence and regularity for a minimum problem with free boundary”,
J. Reine Angew. Math. 325 (1981), 105-144. MR Zbl

[Bortz and Hofmann 2016] S. Bortz and S. Hofmann, “A singular integral approach to a two phase free boundary problem”,
Proc. Amer. Math. Soc. 144:9 (2016), 3959-3973. MR Zbl

[Caffarelli et al. 2004] L. A. Caffarelli, D. Jerison, and C. E. Kenig, “Global energy minimizers for free boundary problems and
full regularity in three dimensions”, pp. 83-97 in Noncompact problems at the intersection of geometry, analysis, and topology,
edited by A. Bahri et al., Contemp. Math. 350, Amer. Math. Soc., Providence, RI, 2004. MR Zbl

[David and Jerison 1990] G. David and D. Jerison, “Lipschitz approximation to hypersurfaces, harmonic measure, and singular
integrals”, Indiana Univ. Math. J. 39:3 (1990), 831-845. MR Zbl

[Farina and Valdinoci 2010] A. Farina and E. Valdinoci, “Overdetermined problems in unbounded domains with Lipschitz
singularities”, Rev. Mat. Iberoam. 26:3 (2010), 965-974. MR Zbl

[Hofmann and Martell 2014] S. Hofmann and J. M. Martell, “Uniform rectifiability and harmonic measure, I: Uniform
rectifiability implies Poisson kernels in LP”, Ann. Sci. Ec. Norm. Supér. (4) 47:3 (2014), 577-654. MR Zbl

[Hofmann et al. 2010] S. Hofmann, M. Mitrea, and M. Taylor, “Singular integrals and elliptic boundary problems on regular
Semmes—Kenig—Toro domains”, Int. Math. Res. Not. 2010:14 (2010), 2567-2865. MR Zbl

[Hong 2015] G. Hong, “The singular homogeneous solutions to one phase free boundary problem”, Proc. Amer. Math. Soc.
143:9 (2015), 4009-4015. MR Zbl

[Jerison 1990] D. Jerison, “Regularity of the Poisson kernel and free boundary problems”, Collog. Math. 60/61:2 (1990),
547-568. MR Zbl

[Jerison and Kamburov 2016] D. Jerison and N. Kamburov, “Structure of one-phase free boundaries in the plane”, Int. Math.
Res. Not. 2016:19 (2016), 5922-5987. MR

[Jerison and Kenig 1982] D. S. Jerison and C. E. Kenig, “Boundary behavior of harmonic functions in nontangentially accessible
domains”, Adv. in Math. 46:1 (1982), 80-147. MR Zbl

[Kenig and Toro 1997] C. E. Kenig and T. Toro, “Harmonic measure on locally flat domains”, Duke Math. J. 87:3 (1997),
509-551. MR Zbl

[Kenig and Toro 1999] C. E. Kenig and T. Toro, “Free boundary regularity for harmonic measures and Poisson kernels”, Ann. of
Math. (2) 150:2 (1999), 369-454. MR Zbl

[Kenig and Toro 2003] C. E. Kenig and T. Toro, “Poisson kernel characterization of Reifenberg flat chord arc domains”, Ann.
Sci. Ecole Norm. Sup. (4) 36:3 (2003), 323-401. MR Zbl

[Kenig and Toro 2004] C. E. Kenig and T. Toro, “On the free boundary regularity theorem of Alt and Caffarelli”, Discrete
Contin. Dyn. Syst. 10:1-2 (2004), 397-422. Errata in 14:4 (2006), 857-859. MR Zbl


http://dx.doi.org/10.1515/crll.1981.325.105
http://msp.org/idx/mr/618549
http://msp.org/idx/zbl/0449.35105
http://dx.doi.org/10.1090/proc/13035
http://msp.org/idx/mr/3513552
http://msp.org/idx/zbl/06596157
http://dx.doi.org/10.1090/conm/350/06339
http://dx.doi.org/10.1090/conm/350/06339
http://msp.org/idx/mr/2082392
http://msp.org/idx/zbl/1330.35545
http://dx.doi.org/10.1512/iumj.1990.39.39040
http://dx.doi.org/10.1512/iumj.1990.39.39040
http://msp.org/idx/mr/1078740
http://msp.org/idx/zbl/0758.42008
http://dx.doi.org/10.4171/RMI/623
http://dx.doi.org/10.4171/RMI/623
http://msp.org/idx/mr/2789372
http://msp.org/idx/zbl/1211.35206
http://smf4.emath.fr/Publications/AnnalesENS/4_47/html/ens_ann-sc_47_577-654.php
http://smf4.emath.fr/Publications/AnnalesENS/4_47/html/ens_ann-sc_47_577-654.php
http://msp.org/idx/mr/3239100
http://msp.org/idx/zbl/1302.31007
http://dx.doi.org/10.1093/imrn/rnp214
http://dx.doi.org/10.1093/imrn/rnp214
http://msp.org/idx/mr/2669659
http://msp.org/idx/zbl/1221.31010
http://dx.doi.org/10.1090/S0002-9939-2015-12553-1
http://msp.org/idx/mr/3359589
http://msp.org/idx/zbl/1325.35029
http://pldml.icm.edu.pl/pldml/element/bwmeta1.element.desklight-82a3a21b-3971-4e61-b9f0-fae8f309a3b2?q=bwmeta1.element.desklight-79ee230c-67b7-43aa-94a6-77460e9b51fc;13&qt=CHILDREN-STATELESS
http://msp.org/idx/mr/1096396
http://msp.org/idx/zbl/0732.35025
http://dx.doi.org/10.1093/imrn/rnv339
http://msp.org/idx/mr/3567263
http://dx.doi.org/10.1016/0001-8708(82)90055-X
http://dx.doi.org/10.1016/0001-8708(82)90055-X
http://msp.org/idx/mr/676988
http://msp.org/idx/zbl/0514.31003
http://dx.doi.org/10.1215/S0012-7094-97-08717-2
http://msp.org/idx/mr/1446617
http://msp.org/idx/zbl/0878.31002
http://dx.doi.org/10.2307/121086
http://msp.org/idx/mr/1726699
http://msp.org/idx/zbl/0946.31001
http://dx.doi.org/10.1016/S0012-9593(03)00012-0
http://msp.org/idx/mr/1977823
http://msp.org/idx/zbl/1027.31005
http://dx.doi.org/10.3934/dcds.2004.10.397
http://dx.doi.org/10.3934/dcds.2006.14.857
http://msp.org/idx/mr/2026202
http://msp.org/idx/zbl/1051.31001

588 JONAS AZZAM, MIHALIS MOURGOGLOU AND XAVIER TOLSA

[Kenig and Toro 2006] C. Kenig and T. Toro, “Free boundary regularity below the continuous threshold: 2-phase problems”, J.
Reine Angew. Math. 596 (2006), 1-44. MR Zbl

[Semmes 1990] S. Semmes, “Analysis vs. geometry on a class of rectifiable hypersurfaces in R"”, Indiana Univ. Math. J. 39:4
(1990), 1005-1035. MR Zbl

[Weiss 1998] G. S. Weiss, “Partial regularity for weak solutions of an elliptic free boundary problem”, Comm. Partial Differential
Equations 23:3-4 (1998), 439-455. MR Zbl

Received 28 Apr 2016. Accepted 13 Feb 2017.

JONAS AZZAM: jazzam@mat.uab.cat
Departament de Matematiques, Universitat Autonoma de Barcelona, Edifici C Facultat de Ciéncies, 08193 Bellaterra, Catalonia

MIHALIS MOURGOGLOU: mourgoglou@mat.uab.cat
Departament de Matematiques, Universitat Autonoma de Barcelona, Edifici C Facultat de Ciéncies, 08193 Bellaterra, Catalonia

XAVIER TOLSA: xtolsa@mat.uab.cat
Department of Mathematics, Universitat Autonoma de Barcelona, 08193 Bellaterra, Catalonia
and

ICREA, Passeig Lluis Companys, 23, 08010 Barcelona, Catalonia

mathematical sciences publishers :'msp


http://dx.doi.org/10.1515/CRELLE.2006.050
http://msp.org/idx/mr/2254803
http://msp.org/idx/zbl/1106.35147
http://dx.doi.org/10.1512/iumj.1990.39.39048
http://msp.org/idx/mr/1087183
http://msp.org/idx/zbl/0796.42014
http://dx.doi.org/10.1080/03605309808821352
http://msp.org/idx/mr/1620644
http://msp.org/idx/zbl/0897.35017
mailto:jazzam@mat.uab.cat
mailto:mourgoglou@mat.uab.cat
mailto:xtolsa@mat.uab.cat
http://msp.org

ANALYSIS AND PDE
Vol. 10, No. 3, 2017

https://doi.org/10.2140/apde.2017.10.589

FOCUSING QUANTUM MANY-BODY DYNAMICS, II:
THE RIGOROUS DERIVATION OF THE
1D FOCUSING CUBIC NONLINEAR SCHRODINGER EQUATION FROM 3D

XUWEN CHEN AND JUSTIN HOLMER

We consider the focusing 3D quantum many-body dynamic which models a dilute Bose gas strongly
confined in two spatial directions. We assume that the microscopic pair interaction is attractive and given
by a4~V (a# ), where J 'V <0 and a matches the Gross—Pitaevskii scaling condition. We carefully
examine the effects of the fine interplay between the strength of the confining potential and the number of
particles on the 3D N-body dynamic. We overcome the difficulties generated by the attractive interaction
in 3D and establish new focusing energy estimates. We study the corresponding BBGKY hierarchy,
which contains a diverging coefficient as the strength of the confining potential tends to co. We prove
that the limiting structure of the density matrices counterbalances this diverging coefficient. We establish
the convergence of the BBGKY sequence and hence the propagation of chaos for the focusing quantum
many-body system. We derive rigorously the 1D focusing cubic NLS as the mean-field limit of this
3D focusing quantum many-body dynamic and obtain the exact 3D-to-1D coupling constant.
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1. Introduction

Since the experimental achievement of Bose—Einstein condensates (BEC) was reported in [Anderson
et al. 1995; Davis et al. 1995] —a feat for which Cornell, Wieman and Ketterle won the 2001 Nobel
Prize in Physics — the investigation of this new state of matter has become one of the most active areas
of contemporary research. A BEC, first predicted theoretically by Einstein for noninteracting particles
in 1925, is a peculiar gaseous state at which particles of integer spin (bosons) occupy a macroscopic
quantum state.

MSC2010: primary 35Q55, 35A02, 81V70; secondary 35A23, 35B45, 81Q05.
Keywords: 3D focusing many-body Schrodinger equation, 1D focusing nonlinear Schrédinger equation, BBGKY hierarchy,
focusing Gross—Pitaevskii hierarchy.
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Let ¢ € R be the time variable and ry = (r1,72,...,7N) € R"N be the position vector of N particles
in R”?. Then, naively, BEC means that, up to a phase factor solely depending on ¢, the N-body wave
function ¥y (¢, r ) satisfies

N
yn(.rn)~ [ e.r)
i=1
for some one-particle state ¢. That is, every particle takes the same quantum state. Equivalently, there is
the Penrose—Onsager formulation of BEC: if we let ygc) be the k-particle marginal densities associated

with ¥ by

k pa—
Vj(\])(t"'k§"1/<) = / YN e PN ) UN (T f PNk AP Nk, Tror) € RTE (1)
then BEC equivalently means
. k
o) ~ [T et rpaa.r)). @)
Jj=1

It is widely believed that the cubic nonlinear Schrodinger equation (NLS)

10 = Lo + plg|*¢.
where L is the Laplacian —A or the Hermite operator —A +w?|x|?, fully describes the one-particle state ¢
in (2), also called the condensate wave function since it characterizes the whole condensate. Such a belief
is one of the main motivations for studying the cubic NLS. Here, the nonlinear term ji|¢|?¢ represents
a strong on-site interaction taken as a mean-field approximation of the pair interactions between the
particles: a repelling interaction gives a positive w, while an attractive interaction yields a ;& < 0. Gross and
Pitaevskii proposed such a description of the many-body effect. Thus the cubic NLS is also called the Gross—
Pitaevskii equation. Because the cubic NLS is a phenomenological equation of mean-field type, naturally,
its validity has to be established rigorously from the many-body system which it is supposed to characterize.

In a series of works [Lieb et al. 2005; Adami et al. 2007; Elgart et al. 2006; Erd6s et al. 2006; 2007;
2009; 2010; T. Chen and Pavlovi¢ 2011; 2014; X. Chen 2012a; 2013; Benedikter et al. 2015; X. Chen
and Holmer 2013; Grillakis and Machedon 2013; Sohinger 2015], it has been proven rigorously that, for
a repelling interaction potential with suitable assumptions, relation (2) holds; moreover, the one-particle
state @ solves the defocusing cubic NLS (u > 0).

It is then natural to ask if BEC happens (whether relation (2) holds) when we have attractive interparticle
interactions and if the condensate wave function ¢ satisfies a focusing cubic NLS (u < 0) if relation (2)
does hold. In contemporary experiments, both positive [Khaykovich et al. 2002; Strecker et al. 2002] and
negative [Cornish et al. 2000; Donley et al. 2001] results exist. To present the mathematical interpretations

of the experiments, we adopt the notation
ri = (x;,z;) € R**!

and investigate the procedure of laboratory experiments of BEC subject to attractive interactions according
to [Cornish et al. 2000; Donley et al. 2001; Khaykovich et al. 2002; Strecker et al. 2002].
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Step A. Confine a large number of bosons, whose interactions are originally repelling, inside a trap.
Reduce the temperature of the system so that the many-body system reaches its ground state. It is
expected that this ground state is a BEC state/factorized state. This step then corresponds to the following
mathematical problem:

Problem 1. Show that if Y o is the ground state of the N-body Hamiltonian H o defined by

N

2 2 2 .2 tJ
HN,O = Z(_Arj + wo,xlle + wO,ZZj) + Z a3B-1 VO( ab )’ 3)
j=1 1<i<j<N

where Vy = 0, then the marginal densities { )/1(\5%} associated with YN o, defined in (1), satisfy relation (2).

Here, the quadratic potential w?|-|? stands for the trapping since [Cornish et al. 2000; Donley et al.
2001; Khaykovich et al. 2002; Strecker et al. 2002] and many other experiments of BEC use the harmonic
trap and measure the strength of the trap with w. We use wg x to denote the trapping strength in the
x-direction and wg_; to denote the trapping strength in the z-direction, as we will explain later that in
order to have a BEC with attractive interaction, either experimentally or mathematically, it is important to

have wg x 7# wo,z. Moreover, we define

1 1 r
;Vo,a(”) = 613/3—_1V0(a_/3)’ B >0,

to be the interaction potential.! On the one hand, Vj 4 is an approximation of the identity as @ — 0
and hence matches the Gross—Pitaevskii description that the many-body effect should be modeled by an
on-site strong self-interaction. On the other hand, the extra 1/a is to make sure that the Gross—Pitaevskii
scaling condition is satisfied. This step is exactly the same as the preparation of the experiments with
repelling interactions, and satisfactory answers to Problem 1 have been given in [Lieb et al. 2004].

Step B. Use the property of Feshbach resonance, strengthen the trap (increase wg x or wp,z) to make the
interaction attractive and observe the evolution of the many-body system. This technique continuously
controls the sign and the size of the interaction in a certain range.? The system is then time-dependent. In
order to observe BEC, the factorized structure obtained in Step A must be preserved in time. Assuming this
to be the case, we then reset the time so that # = 0 represents the point at which this Feshbach-resonance
phase is complete. The subsequent evolution should then be governed by a focusing time-dependent
N -body Schrodinger equation with an attractive-pair interaction V' subject to an asymptotically factorized
initial datum. The confining strengths are different from Step A as well and we denote them by w, and w;.
A mathematically precise statement is the following:

! From here on, we consider the 8 > 0 case solely. For 8 = 0 (the Hartree dynamic), see [Frohlich et al. 2009; Erd6s and
Yau 2001; Knowles and Pickl 2010; Rodnianski and Schlein 2009; Michelangeli and Schlein 2012; Grillakis et al. 2010; 2011;
X. Chen 2012b; Ammari and Nier 2011; 2008; L. Chen et al. 2011].

2 See [Cornish et al. 2000, Figure 1; Khaykovich et al. 2002, Figure 2; Strecker et al. 2002, Figure 1] for graphs of the
relationship between w and V.
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Problem 2. Let Yy (¢, x §) be the solution to the N -body Schridinger equation
N

} 1 rp—71j
09N =) (~Ar +oflx P tolf)yn + ) a3B—1V( ’aﬂ’)w, @

where V < 0, with YN o from Step A as initial datum. Prove that the marginal densities {)/](éc) ()}
associated with ¥ (t, x n') satisfy relation (2).3

In the experiment [Cornish et al. 2000] by Cornell and Wieman’s group (the JILA group), once
the interaction is turned attractive, the condensate suddenly shrinks to below the resolution limit; then
after ~ 5ms, the many-body system blows up. That is, there is no BEC once the interaction becomes
attractive. Moreover, there is no condensate wave function due to the absence of the condensate. Hence,
the current NLS theory, which is about the condensate wave function when there is a condensate, cannot
explain this 5ms of time or the blow up. This is currently an open problem in the study of quantum
many-body systems. The JILA group later conducted finer experiments and remarked in [Donley et al.
2001, p. 299] that these are simple systems with dramatic behavior, and this behavior provides puzzling
results when mean-field theory is tested against them.

In [Khaykovich et al. 2002; Strecker et al. 2002], the particles are confined in a strongly anisotropic
cigar-shape trap to simulate a 1D system. That is, wx > w;. In this case, the experiment is a success in
the sense that one obtains a persistent BEC after the interaction is switched to attractive. Moreover, a
soliton is observed in [Khaykovich et al. 2002] and a soliton train is observed in [Strecker et al. 2002].
The solitons in these two works have different motion patterns.

In [X. Chen and Holmer 2016b], we have studied the simplified 1D version of (4) as a model case and
derived the 1D focusing cubic NLS from it. In the present paper, we consider the full 3D problem of (4),
as in the experiments [Khaykovich et al. 2002; Strecker et al. 2002]: We take w, = 0 and let wx — 00
in (4). We derive rigorously the 1D cubic focusing NLS directly from a real 3D quantum many-body
system. Here, “directly” means that we are not passing through any 3D cubic NLS. On the one hand, one
infers from the experiment [Cornish et al. 2000] that not only it is very difficult to prove the 3D focusing
NLS as the mean-field limit of a 3D focusing quantum many-body dynamic, but such a limit also may
not be true. On the other hand, the route which first derives

i0;0 = —Ax +02|xP0— 20 —|p[*0 (5)

as an N — oo limit, from the 3D N -body dynamic, and then considers the w — oo limit of (5), corresponds
to the iterated limit (limgy— oo limy —o0) of the N -body dynamic; i.e., the 1D focusing cubic NLS coming
from such a path approximates the 3D focusing N-body dynamic when w is large and N is infinity (if
not substantially larger than w). In experiments, it is fully possible to have N and w comparable to each
other. In fact, N is about 10* and w is about 103 in [Gorlitz et al. 2001; Stock et al. 2005; Hadzibabic
et al. 2006; Desbuquois et al. 2012]. Moreover, as seen in the experiment [Donley et al. 2001], even if
wyx 1s one digit larger than w;, negative result persists if N is three digits larger than w,. Thus, in this

3 Since w # wg, V # Vy, one could not expect that v N,0- the ground state of (3), is close to the ground state of (4).
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paper, we derive rigorously the 1D focusing cubic NLS as the double limit (limp,,— o) 0f a real focusing
3D quantum N -body dynamic directly, without passing through any 3D cubic NLS. Furthermore, the
interaction between the two parameters N and w plays a central role. To be specific, we establish the
following theorem.

Theorem 1.1 (main theorem). Assume that the pair interaction V' is an even Schwartz class function which
has a nonpositive integral, i.e., [p3 V(r) dr <0, but may not be negative everywhere. Let Y (¢, ry)
be the N -body Hamiltonian evolution ¢'*fIN.« YN, (0) with the focusing N -body Hamiltonian Hp

given by N

Hyow=Y (A +?x; P+ Y (No) V(NP (ri = 1)) 6)
j=1 1<i<j<N

for some B € (0, %) Let {y](\fzo} be the family of marginal densities associated with Yy . Suppose that
the initial datum Y n 4 (0) verifies the following conditions:

(@) YN, (0) is normalized; that is, |y N,»(0)||12 = 1,

(b) ¥ N.»(0) is asymptotically factorized in the sense that

lim Tr|—
N,wo—>00

1
Vf\}l,(ole,f ) h(x1)h(x))po(z1)po(z})| = (7

for some one-particle state ¢po € H'(R) and h is the normalized ground state for the 2D Hermite
. _1 _ 142
operator — Ay + |x|%, i.e., h(x) = n~2e7 21X,

(c) Away from the x-directional ground-state energy, YN, (0) has finite energy per particle:
1
sup (VN0 (0). (Hyn,o —2Nw) YN0 (0)) < C.
w,N N

Then there exist C1 and Cy which depend solely on V such that Vk = 1,t = 0, and ¢ > 0, we have the

convergence in trace norm (propagation of chaos)

. 1 ) Xk X
CINV1P) <p<CrN V2B
where v1(B) and v2(B) are defined by
p
=_—, 9
v1(p) =5 ©)
L (1-B 3-8 2 i b
vz(ﬁ)=mm( ﬂﬂ, ;_llﬂzl"‘oo'lfkl’ l_ﬂzﬁ 53 ) (10)
5

(see Figure 1) and ¢(t,z) solves the 1D focusing cubic NLS with the 3D-to-1D coupling constant
bo(f|h(x)|4 dx), that is,

190 = 02 — bo ( / |h<x)|4dx)|¢|2¢ in R (an

with initial condition ¢ (0, z) = ¢o(z) and bo = | [ V(r) dr|.
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Figure 1. A graph of the various rational functions of B appearing in (9) and (10). In
Theorems 1.1 and 1.2, the limit (N, @) — oo is taken with v1(8) <logy @ < v2(B). The
region of validity is above the dashed curve and below the solid curves. It is a nonempty
region for 0 < 8 < % As shown here, there are values of 8 for which v1(8) <1 < va(f),
which allows N ~ w, as in [Cornish et al. 2000; Donley et al. 2001; Khaykovich et al.
2002; Strecker et al. 2002; Gorlitz et al. 2001; Stock et al. 2005; Hadzibabic et al. 2006;
Desbuquois et al. 2012]. Moreover, our result 1ncludes part of the f > 3 L self-interaction
region. We will explain why we call the 8 > 3 case self-interaction later in Introduction.
We remark that it is not a coincidence that three restrictions intersect at § = %

Theorem 1.1 is equivalent to the following theorem.

Theorem 1.2 (main theorem). Assume that the pair interaction V is an even Schwartz class function which
has a nonpositive integral, i.e., fR3 V(r)dr <0, but may not be negative everywhere. Let Y ,(t,rN) be
the N -body Hamiltonian evolution e''HN.« VY N,w(0), where the focusing N -body Hamiltonian Hp 4, is
given by (6) for some B € ( ) Let {y(k) } be the family of marginal densities associated with Yy .
Suppose that the initial datum  y 4, (0) is normalized, asymptotically factorized in the sense of (a) and (b)
of Theorem 1.1 and satisfies the energy condition that

(¢) there is a C > 0 such that
(VN.0(0). (Hyo —2N0) YN o) < CENE - Vi =1, (12)
Then there exist C1, Cy which depend solely on 'V such that Vk = 1, Vt = 0, we have the convergence in

trace norm (propagation of chaos)

lim Tr

k
1 ]
yim, e (S ) - Tl nenepec s )=
s j:1

) , Z
\/_ \/ k
CiNV1B << CoNV2B)

where v1(B) and v,(B) are given by (9) and (10) and ¢ (t, z) solves the 1D focusing cubic NLS (11).
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We remark that the assumptions in Theorem 1.1 are reasonable assumptions on the initial datum coming
from Step A. In [Lieb et al. 2004, (1.10)], a satisfying answer has been found by Lieb, Seiringer, and
Yngvason for Step A (Problem 1) in the wg, x > wo,, case. For convenience, set wg ; = 1 in the defocusing
N-body Hamiltonian (3) in Step A. Let scat(I/) denote the 3D scattering length of the potential W. By
[ErdGs et al. 2007, Lemma A.1], for 0 < 8 < 1 and a < 1, we have

1 .
scat{a-—v (L)) ~ a/@n) [V %f0<,8<1,
a3B  \g4b ascat(V) if p=1.
Lieb et al. [2004, (1.10)] define the quantity g = g(wo,x, N, a) by

g = 8mawo x (/|h()c)|4 dx).

Then if Ng ~ 1, they proved in Theorem 5.1 of the same work that BEC happens in Step A and the
Gross—Pitaevskii limit holds.* To be specific, they proved that

. I X1 x] / / =
1 T - 0, ) ’ ) _h h =O
Noorboo | VN""O'X( Jons ey 1) THeh)deENseE)

provided that ¢ is the minimizer to the 1D defocusing NLS energy functional

Eng = /R (18:0(2) + 221 (2)? + dnNgl(2)|*) dz (13)

subject to the constraint ||¢ |7 2(g) = 1. Hence, the assumptions in Theorem 1.1 are reasonable assumptions
on the initial datum drawn from Step A. To be specific, we have chosen a = (Nw)~! in the interaction
so that Ng ~ 1 and assumptions (a), (b) and (c) are the conclusions of [Lieb et al. 2004, Theorem 5.1].°

The equivalence of Theorems 1.1 and 1.2 for asymptotically factorized initial data is well known. In
the main part of this paper, we prove Theorem 1.2 in full detail. For completeness, we discuss briefly
how to deduce Theorem 1.1 from Theorem 1.2 in Appendix B.

To our knowledge, Theorems 1.1 and 1.2 offer the first rigorous derivation of the 1D focusing cubic
NLS (11) from the 3D focusing quantum N -body dynamic (6). Moreover, our result covers part of the
B > % self-interaction region in 3D. As pointed out in [Elgart et al. 2006], the study of Step B is of
particular interest when 8 € (% 1] in 3D. The reason is the following. The initial datum coming from
Step A is the ground state of (3) with wg x, o,z # 0 and hence is localized in space. We can assume
all N particles are in a box of length 1. Let the effective radius of the pair interaction V' be Ry, then
the effective radius of V((Nw)? (r; — rj)) is about Ro/(N w)P. Thus every particle in the box interacts
with (Ro/(N a))‘g)3 x N other particles. Thus, for > % and large N, every particle interacts with only
itself. This exactly matches the Gross—Pitaevskii theory that the many-body effect should be modeled

4 This corresponds to Region 2 of [Lieb et al. 2004]. The other four regions are the ideal gas case, the 1D Thomas—Fermi
case, the Lieb-Liniger case, and the Girardeau—Tonks case. As mentioned on page 388 of that work, BEC is not expected in the
Lieb-Liniger and the Girardeau—Tonks cases, and is an open problem in the Thomas—Fermi case; we deal only with Region 2 in
this paper.

> We remark that the interaction potential N 381,38 V(N a))“3 (ri —rj)), which looks like a “direct” extension of the
interaction potential from the nD-to-nD work, does not satistfy Ng ~ 1 in the N, w — oo process.
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by a strong on-site self-interaction. Therefore, for the mathematical justification of the Gross—Pitaevskii
theory, it is of particular interest to prove Theorems 1.1 and 1.2 for self-interaction (ﬂ > %)
A main tool used to prove Theorem 1.2 is the analysis of the BBGKY hierarchy of

S0 (= L@ (t Xk %k Z/)}N

VN,a) - wkyN,w ’ \/5’ k> \/a’ k k1
as N,w — oo. In the classical setting, deriving equations of mean-field type by studying the limit of
the BBGKY hierarchy was proposed by Kac and demonstrated by Lanford’s work on the Boltzmann
equation. In the quantum setting, the usage of the BBGKY hierarchy was suggested by Spohn [1980] and
was proven successful by Elgart, Erd6s, Schlein, and Yau in their fundamental papers [Elgart et al. 2006;
Erdds et al. 2006; 2007; 2009; 2010],° which rigorously derive the 3D cubic defocusing NLS from a
3D quantum many-body dynamic with repulsive-pair interactions and no trapping. The Elgart-Erdos—
Schlein—Yau program’

marginal densities {V1(\$)} associated with the Hamiltonian evolution e/~ 5 (0), where

consists of two principal parts: in one part, they consider the sequence of the

N
1
Hy=Y —Ar + ~ Y NFVWEri—1)).
j=1 1<i<j<N

and prove that an appropriate limit, as N — 00, solves the 3D Gross—Pitaevskii hierarchy

k k
19y ® + 3 [An v Ol =00 Y Trr 807 —rig1). y*TV] forallk = 1. (14)
Jj=1 Jj=1
In another part, they show that hierarchy (14) has a unique solution which is therefore a completely
factorized state. However, the uniqueness theory for hierarchy (14) is surprisingly delicate due to the
fact that it is a system of infinitely many coupled equations over an unbounded number of variables.
By assuming a space-time bound on the limit of {yj(f)}, Klainerman and Machedon [2008] gave another
uniqueness theorem regarding (14) through a collapsing estimate originating from the multilinear Strichartz
estimates and a board game argument inspired by the Feynman graph argument in [Erdds et al. 2007].
The method by Klainerman and Machedon [2008] was taken up by Kirkpatrick, Schlein, and Staffilani
[Kirkpatrick et al. 2011], who derived the 2D cubic defocusing NLS from the 2D quantum many-body
dynamic; by T. Chen and Pavlovi¢ [2011], who considered the 1D and 2D three-body repelling interaction
problem; by X. Chen [2012a; 2013], who investigated the defocusing problem with trapping in 2D and 3D;
and by X. Chen and J. Homer [2013], who proved the effectiveness of the defocusing 3D to 2D reduction
problem. Such a method has also inspired the study of the general existence theory of hierarchy (14); see [T.
Chen et al. 2010; 2012; T. Chen and Pavlovi¢ 2010; Gressman et al. 2014; Sohinger and Staffilani 2015].
One main open problem in the uniqueness theory of Klainerman—Machedon type is the verification of
the uniqueness condition in 3D, though it is fully solved in 1D and 2D using trace theorems in [Kirkpatrick
et al. 2011]. For the 3D defocusing problem without traps, T. Chen and Pavlovi¢ [2014] showed that,

6 Around the same time, there was the 1D defocusing work [Adami et al. 2007].
7 See [Benedikter et al. 2015; Grillakis and Machedon 2013; Pickl 2011] for different approaches.
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for B € (0, %), the limit of the BBGKY sequence satisfies the uniqueness condition.® X. Chen [2013]
extended and simplified their method to study the 3D trapping problem for 8 € (0, %] The § € (0, %]
result by X. Chen was then extended to 8 € (0, %) using X spaces and Littlewood—Paley theory in
[X. Chen and Holmer 2016¢] and further to 8 < 1 in [X. Chen and Holmer 2016a] via correlation
structures and many-body scattering process. The 8 = 1 case is still open.

Using a version of the quantum de Finetti theorem from [Lewin et al. 2014], T. Chen, Hainzl, Pavlovi¢,
and Seiringer provided an alternative proof to the uniqueness theorem in [Erdds et al. 2007] and showed
that it is an unconditional uniqueness result in the sense of NLS theory. With this method, Sohinger
[2015] derived the 3D defocusing cubic NLS in the periodic case. See also [X. Chen and Smith 2014;
Hong et al. 2015].

Recently, the first step in the mass critical focusing case has been taken in [X. Chen and Holmer 2016d].

Organization of the paper. We first outline the proof of our main theorem, Theorem 1.2, in Section 2.
The components of the proof are in Sections 3, 4, and 5.

The first main part is the proof of the needed focusing energy estimate, stated and proved as Theorem 3.1
in Section 3. The main difficulty in establishing the energy estimate is understanding the interplay between
two parameters N and w. On the one hand, as suggested by the experiments [Cornish et al. 2000; Donley
et al. 2001; Khaykovich et al. 2002; Strecker et al. 2002], in order to have to a tensor product state (BEC)
in this focusing setting, one has to explore “the 1D feature” of the 3D focusing N -body Hamiltonian (6),
which comes from a large w. At the same time, an N too large would allow the 3D effect to dominate, and
one has to avoid this. This suggests that an inequality of the form N v1(B) < @ is a natural requirement.
On the other hand, according to the uncertainty principle, in 3D, as the x-component of the particles’
position becomes more and more determined to be 0, the x-component of the momentum and thus the
energy must blow up. Hence the energy of the system is dominated by its x-directional part, which is
in fact infinity as @ — oo. Since the particles are interacting via 3D potential, to avoid the excessive
x-directional energy being transferred to the z-direction, during the N, w — oo process, @ cannot be too
large either. Such a problem is totally new and does not exist in the 1D model [X. Chen and Holmer
2016b]. It suggests that an inequality of the form v < N v2(B) is a natural requirement.

The second main part of the proof is the analysis of the focusing “oco —o0o0” BBGKY hierarchy of

1 x x! N

as N, w — oco. With our definition, the sequence of the marginal densities {)71(\5620}]]27:1 satisfies the BBGKY

hierarchy

k k
.q ~(k ~(k ~(k
10070 =0 Y [—Ay; + |32 T+ D 2, T3]
j=1 =1
k
N —k

1 “(k ~(k+1
v X el =) P+ = D T Vo () = riesn): 7 )

1<i<j<k Jj=1

8 See also [T. Chen and Taliaferro 2014].
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where Vy , is defined in (17). We call it an “oo — 0o” BBGKY hierarchy because it is not clear whether

the term
2 (k)
ol-Ax, + 152 70
tends to a limit as N, w — oco. Since )71(\520 is not a factorized state for ¢+ > 0, one cannot expect the

commutator to be zero; though it is zero if )71(\5620 is exactly the limit in (8). This is in strong contrast

with the nD-to-nD work® [Adami et al. 2007; Elgart et al. 2006; Erd6s et al. 2006; 2007; 2009; 2010; T.
Chen and Pavlovi¢ 2011; 2014; X. Chen 2012a; 2013; Sohinger 2015] in which the formal limit of the
corresponding BBGKY hierarchy is clear. With the aforementioned focusing energy estimate, we find
that this diverging coefficient is counterbalanced by the limiting structure of the density matrices and
establish the weak* compactness and convergence of this focusing BBGKY hierarchy in Sections 4 and 5.

2. Proof of the main theorem

We start by setting up some notation for the rest of the paper. Recall i(x) = n_%e_%b"z, which is the
ground state for the 2D Hermite operator — Ay + |x|?; i.e., it solves (—2— Ax 4 |x|?)h = 0. Then the nor-
2 | X |2

malized ground-state eigenfunction /., (x) of —Ax+w is given by sy (x) =w h (w 2 X); i.e., it solves

(=20 — Ay 4+ 0?|x]?)he = 0.

In particular, #; = h. Noticing that both of the convergences (7) and (8) involve scaling, we introduce
the rescaled solution

VNw(. IN) N L (15)
, F =— sy T —,Z
N,w N a)%N N,w \/5 N
and the rescaled Hamiltonian
o 1
HN,a) = [Z —3%}_ +w(—Ax + |x|2):| + N Z VN,w(ri —I’j), (16)
=1 1<i<j<N
where
Nw)B
V() = N3Bo¥B1y (YO (Nwb2). a17)
5 \/5
Then

~ ~ 1 XN
(HNw¥N.o)(t, XN, ZN) = ——(HNo VN, )(t, —. zN),
and hence when ¥/, (¢) is the Hamiltonian evolution given by (6) and 1} N, 18 defined by (15), we have

Inw(t.ry) =" ANo g0, ry).

9 Here, “nD-to-nD” means “deriving the nD NLS equation from the nD many-body evolution”.
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If we let {y(k) W ¢~ be the marginal densities associated with WN w» then {p N) WV 1 satisfies the “co—00”
focusing BBGKY hierarchy

k
1075, =0 Y [~Ay, + 312 7] +Z[ 02 7]

1 k N k
2 Whelri—r), y“]+—ZTrrk+l VNw (i —rirn). 7o V1. (18)

1<i<j<k j=1

We will always take @ = 1. For the rescaled marginals {y(k) }k |» We define

l\)\'—‘

S; _[1—32 +o(—Ay; + x> —2)]2. (19)

Two immediate properties of S ;7 are the following. On the one hand,
2 (h1(x)p(z))) = hi () (1= 02)p(2))

and thus the diverging parameter w has no consequence when S ; is applied to a tensor product function
h1(x;j)¢(z;) for which the x;-component rests in the ground state. On the other hand, §] > 0 as an
operator because —Ay; + |x; |2—2>0.

Now, noticing that the eigenvalues of —A, 4+ @?|x|? in 2D are {2(/ + Dw}72,, let Py, be the
orthogonal projection onto the eigenspace associated with eigenvalue 2(/ + 1)w. That is, [ = Zfio Py,
where [ is the identity operator on LZ(R3). As a matter of notation for our multicoordinate problem,
Plj;o will refer to the projection in x;-coordinate at energy 2(/ + 1)w; i.e.,

k o)
-T1(X ) 20
j=1 =0

In (20), [ is the identity operator on L2(R3¥). In particular, when w = 1, we use simply P;. That is, Py
denotes the orthogonal projection onto the ground state of —A + |x|? and P> means the orthogonal
projection onto all higher-energy modes of — A +|x|? so that I = Py+ P>1, where I : L>(R3) — L2(R3).
Since we will only use Py and P for the w = 1 case, we define 73({ and 79{ to be respectively Py and
P> acting on the x;-variable, and

Po =Py, Pk 1)

for a k-tuple @ = («q, ..., o) with o¢; € {0, 1} and adopt the notation || = o + - -+ + ag. Then

I = ZPQ, (22)

where 1 : L2(R3%*) — L2(R3%).

We next introduce an appropriate topology on the density matrices, as was previously done in [Elgart
et al. 2006; Erd6s and Yau 2001; Erd6s et al. 2006; 2007; 2009; 2010; Kirkpatrick et al. 2011; T. Chen
and Pavlovi¢ 2011; X. Chen 2012a; 2013; X. Chen and Holmer 2013; 2016b; 2016¢; Sohinger 2015].
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Denote the spaces of compact operators and trace class operators on LZ(R3k ) as Ky and L‘}c, respectively.
Then (Ky) = £}€. By the fact that Ky, is separable, we pick a dense countable subset

{Ji(k)}iZI C Kk

in the unit ball of X, (so ||Jl-(k) llop < 1, where || - [|op is the operator norm). For yl(k), yék) € E}c, we then

define a metric dy on E}c by

k (k k k k
d (y P,y = Zz T g - ).
i=1

A uniformly bounded sequence )7](520 € £,1€ converges to )7(k) € £,1€ with respect to the weak* topology if
and only if
lim dp (), 7%) =0
ym k(PN V)
For fixed T > 0, let C([0, T'], ,C,lc) be the space of functions of ¢ € [0, T] with values in E}C which are
continuous with respect to the metric d. On C([0, T'], L',}(), we define the metric
de(yO ). 79N = sup de(y® ). 790,
t€[0,T]

and denote by 704 the topology on the space P~ C([0, T], E}c) given by the product of topologies
generated by the metrics dj on C([0, T, Li}c).

With the above topology on the space of marginal densities, we prove Theorem 1.2. The proof is
divided into five steps.

Step I (focusing energy estimate). We first establish, via an elaborate calculation in Theorem 3.1, that
one can compensate for the negativity of the interaction in the focusing many-body Hamiltonian (6) by
adding a product of N and some constant o depending on V, provided that C; N VB < < CRNV2B),
where C1 and C> depend solely on V. Henceforth, though Hy , is not positive-definite, we derive, from
the energy condition (12), an H !-type energy bound:

2
(VNw, @+ N Hy o —20) yy,,) = CF

k
l_[ Sj‘/’N,w
j=1

LZ(R3N)’
where 1
Sji=(1- Ay, + 0% > =20 -07 )2

Since the quantity (WN,w, (HNw —2N w)k WN,(,)) is conserved by the evolution, via Corollary 3.2, we
deduce the a priori bounds, crucial to the analysis of the “oo —oco” BBGKY hierarchy (18), on the scaled
marginal densities,

k k
s?pTr(l_[ §)y1(§29(1_[ S}) <ck, supTrl_[(l —Ar])y(k) <ck,
j=1 j=1

j=
supTrPa)/(k) Pg <Ckw~ 3lel— 2“8'
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where Py and Pg are defined as in (21). We remark that the quantity
Tr(1— Ar)74),

is not the one-particle kinetic energy of the system; the one-particle kinetic energy of the system is
Tr(1 —w Ay, — 02 )y(l) and grows like w. This is also in contrast to the nD-to-nD work,

Step II (compactness of BBGKY). We fix T > 0 and work in the time interval ¢ € [0, T']. In Theorem 4.1,
we establish the compactness of the BBGKY sequence {FN w() = {y(k) }k 1} C P C(0, T], }c)
with respect to the product topology Tpr0a €ven though hierarchy (18) contains attractive interactions and
an indefinite oo — 0o. Moreover, in Corollary 4.2, we prove that, to be compatible with the energy bound
obtained in Step I, every limit point I'(¢) = {7®) } 7o, must take the form

7O, i zi0): (xf 23)) = (th(xnhl(x )) O, zp: 7)),

J=

(k)

where 7;°) = Trx 7% is the z-component of 7®).

Step III (limit points of BBGKY satisfy GP). In Theorem 5.1, we prove that if ['(¢) = {y(k)}oo
isa CINY1®) < o < C,NY2P) limit point of {T'y,(t) = {y(k) NV_,} with respect to the product
topology Tprod, then {y(k) Try y(k)}"o is a solution to the focusing coupled Gross—Pitaevskii (GP)

hierarchy subject to initial data )/Z (0) o) (0| ®F with coupling constant by = } [ V(r)dr|, which,
written in differential form, is
k k
10,78 =3 "[=02 . ) —bo Y Trzyy, Tre[8(rj — reqr). 7411, (23)
Jj=1 Jj=1

Together with the limiting structure concluded in Corollary 4.2, we can further deduce {?Z(k) =Trx )7(k ) e
is a solution to the 1D focusing GP hierarchy subject to initial data )/Z(k)(O) o) (¢o|®* with coupling
constant bo ([ |/21(x)|* dx), which, written in differential form, is

k
zaty“‘)—Z[ 02, 7] bo( / |h1(x)|4dx)ZTer+l[5(z,~—Zk+1>, FEDL (4
j=1

Step IV (GP has a unique solution). When )/Z(k)(O) |go) (0| ®¥, we know one solution to the 1D
focusing GP hierarchy (24), namely |¢)(¢|®¥ if ¢ solves the 1D focusing NLS (11). Since we have

proven the a priori bound,
k k

supTr(]‘[(az, )) <k>(]‘[(az_,. )) <ck

t j=1 j=1

A trace theorem then shows that {Pz(k) } verifies the requirement of the following uniqueness theorem and
hence we conclude that y ~(k) = |¢)(p|®%.
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Theorem 2.1 [X. Chen and Holmer 2016b, Theorem 1.3]. 10Ler

(k+1) _

B]sk“l‘lyz _Trzk+1[8(Z]_Zk+1), yz(k+1)]

If {yz(k)}zozl solves the 1D focusing GP hierarchy (24) subject to zero initial data and the space-time
bound'!

T k
/ (l_[(azj)8<82})8)Bjsk+13/z(k+1)(f» )| | drsct (25)
0 j=1 Lz.z’
for some e,C >0andall 1 < j <k, thenVk,t €0, T], we have )/Z(k+1) =0.

Thus the compact sequence {FN,a, (t)= {)71(\52)},?;1} has only one C; NV'®) < & < C,N2B) [imit

point, namely
k

§E =TT rhp)hi ()2 2)).

Jj=1

We then infer from the definition of the topology that as trace class operators

k
a0, = [ GG, z)d(r.2})  weak*.
=1
Step V (weak* convergence upgraded to strong). Since the limit concluded in Step IV is an orthogonal
projection, the well-known argument in [Erd6s et al. 2010] upgrades the weak* convergence to strong. In

fact, testing the sequence against the compact observable
k
JO =TT mE)hi(d(t. )b, 2),
1

and noticing the fact that ()71(520)2 < )7](@) since the initial data is normalized, we see that as Hilbert—

Schmidt operators,

k
Ty = [ rhi()e(.z))é(. 2})  strongly.
j=1

Since Tr )7](@) =Tr )7(k), we deduce the strong convergence

N,o—>o0

k
. (k _
lim Tr‘yl(\',Zz)(t’ X, Zk;X;c, Z;c) — 1_[ hl(xj)hl(x;-)qﬁ(t, Zj)(j)(t, ZJ/) =0
CiINVIB <o<CyN V2B =1

via Griimm’s convergence theorem [Simon 2005, Theorem 2.19].12

10 For other uniqueness theorems or related estimates regarding the GP hierarchies, see [ErdGs et al. 2007; Klainerman and
Machedon 2008; Kirkpatrick et al. 2011; Grillakis and Margetis 2008; X. Chen 2011; 2012a; Beckner 2014; Gressman et al.
2014; T. Chen et al. 2015; Hong et al. 2015; Sohinger 2015]

11 Though the space-time bound (25) follows from a simple trace theorem here, verifying such a condition in 3D is highly
nontrivial and is merely partially solved so far. See [T. Chen and Pavlovi¢ 2014; X. Chen 2013; X. Chen and Holmer 2016c].

12 One can also use the argument in [X. Chen 2013, Appendix A] to conclude the convergence with general datum.
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3. Focusing energy estimate
We find it more convenient to prove the energy estimate for ¥y 4, and then convert it by scaling to an

estimate for &N,a); see (15). Note that, as an operator, we have the positivity
—Ax; + a)2|xj > —2w=0.

1
=(1-20—A,, +0?|x; %),

D=

Define
(1-Ax, +0?|x P =20 - 32,)

Sj =
and write
k
k
SO =TTs,.
ji=1
Theorem 3.1 (energy estimate). For B € ((), %), let'3
- 3-8 i B
1ﬂ>i+oo'1ﬂ<%’ 3 . (26)

vE () = min( ,
popl
There are constants'* C; = C1(||[V|Ip1. |V L), C2 = Ca(|V ||z1, |V || Le0), and absolute constant Cs,
and for each k € N, there is an integer No(k), such that for any k € N, N = No(k) and w which satisfy
(27)

Clel(ﬁ) <w< CszE(ﬂ),
(28)

there holds
1
(@+ N7 Hyo =200, ¥) 2 S (ISOVIT + N THSiSC Py L),

where
a=C3|VI|7 +1.

Proof. For smoothness of presentation, we postpone the proof to Section 3.

=

Recall the rescaled operator (19),
5 = [1-%, + 0, + - 2)

We notice that
(Sj¥)(txn,2n) = oV 2(Sj) (¢, Voxy. zn)
if &N,w is defined via (15). Thus we can convert the conclusion of Theorem 3.1 into statements about

, which we will utilize in the rest of the paper.

7 < ~ (k)
VN,ws Sj, and Yy,
13 One notices that vg () is different from v, () in the sense that the term 28/(1 —28)— is missing. That restriction comes

from Theorem 5.1.

14 By absolute constant we mean a constant independent of V, N, w, etc. Formulas for Cy, C5 in terms of || V|| L IV e
can, in principle, be extracted from the proof.
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Corollary 3.2. Define
k

k
SO=T1S. L®=][V)
j=1

Jj=1

Assume CINV'B) < < CoNVEWB), Lot WN (1) = e”HNwwNw(O) and {y(k) (1)} be the associated
marginal densities. Then forallw = 1, k =0, N large enough, we have the umform—in-time bound

Tr 57,50 = |50 Gy o (1)2 v, < C* @
Consequently,
TrL(k)?giz)L(k) - ||L(k)@N,w(t)||iz(R3N) <cCk (30)
and
IPatN ol 2@y < CRo 2ol [TrPagE) Pyl < CRo2lI=318, (3D

where Py, and Pg are defined as in (21).

Proof. Substituting (15) into estimate (28) and rescaling, we obtain

15OV N0 Ol 2@any < CH(INw), @+ N7 Hy o =20) Pno )

The quantity on the right-hand side is conserved; therefore

1SOP 0Ol 2@ny = CEINO), @+ N7 iy o =20) 8,0 0)

Applying the binomial theorem twice,

k
1S9 w72y < € Z( )o (w0 (0) (N~ 0 =200 iy 0 (0)

<ck Z( )aJ(C)k J

=cﬁa+c%s6ﬁ

where we used condition (12) in the second-to-last line. So we have proved (29). Putting (29) and
(70) together, estimate (30) then follows.'> The first inequality of (31) follows from (29) and (72). By
Lemma A.5,

(k ~ ~
Tr Pafyr,Pp = (PaVNw PaUN.).

so the second inequality of (31) follows by Cauchy—Schwarz. O

15 We remark that, though L®) < 3k§() it is not true that L&) < c*k5&) for any C independent of w because of the
ground-state case.
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Proof of the focusing energy estimate. Note that

N
N—1HN@ —2w=N"! Z(_Ari + a)2|xl~|2 —2w) + N2p7! Z VN (ri —r1j),

i=1 1<i<j<N
where we have used the notation!®
VNo(r) = (No)*PV((No)Pr).
Define
Hgij = (@ — Ay + a)2|xi |2 —2w) + (a — Arj + a)2|xj~ |2 —2w),
where the K stands for “kinetic” and
Hijj =0 Vywij =0 Wi —1)),
where the [ is for “interaction”. If we write
Hij = Hkij + Hrij,
then

«+N'Hyo—-20=3N"2 Y H; =N Y Hj. (32)
I<i#j<N 1<i<j<N

We will first prove Theorem 3.1 for k = 1 and k = 2. Then, by a two-step induction (result known for k
implies result for k 4 2), we establish the general case. Before we proceed, we prove some estimates
regarding the Hermite operator.

Estimates needed to prove Theorem 3.1.

Lemma 3.3. Recall that P}, is the orthogonal projection onto the eigenspace of —Ay + w?|x|? associ-
ated with eigenvalue 2(I + 1)w. There is a constant independent of | and w such that

1
1P fllLge < Co2| f 2. (33)

Proof. This estimate has more than one proof. It is a special result in 2D. It does not follow from the
Strichartz estimates. For a modern argument which proves the estimate for general, at most quadratic
potentials, see [Koch and Tataru 2005, Corollary 2.2]. In the special case of the quantum harmonic
oscillator, one can also use a special property of 2D Hermite projection kernels to yield a direct proof
without using Littlewood—Paley theory — see [Thangavelu 1993, Lemma 3.2.2; X. Chen 2011, Remark §].

O

Lemma 3.4. There is an absolute constant C3 > 0 and a constant C; = C(||V'||p1, |V ||Lee) such that if
B
w=CINT-B

16 We remind the reader that this Vi, is different from VN, defined in (17).



606 XUWEN CHEN AND JUSTIN HOLMER

then

1
L [Whati=ra)llvr o dry
< 1oV (1 r2)s (CAn 0% 2 =20y (1 r2),, + GIVIL Y i), - G4

The above estimate is performed in one coordinate only (taken to be r1), and the other coordinate r, is
effectively “frozen”. In particular, let

flra,....ry) = /lVNw(rl —r)|[Y1(r1, ... rN) | [Y2(ry, ..o rN) | dry
Then
flra,.orn) Sl Sty rm) gz 1S1¥20rn, w2, - (35)

The implicit constant in the < is an absolute constant times |V ||p1 + ||V || Loo.

Proof. By Cauchy—Schwarz,

1 1
2 2
f|VNw12||w1||w2|dn < ([Wmnwdn) (/|VNw12||wz|2dr1) |

Thus, assuming (34) and using the facts
S2=1, S7=(=A, +0? x> —20),

we obtain (35). So we only need to prove (34).
Taking P;,, to be the projection onto the x;-component at the moment, we decompose  into ground
state, middle energies, and high energies as follows:

e—1
¥ =Poo¥ + Y _ PV + Preo¥,

=1

where e is an integer, and the optimal choice of e is determined below. It then suffices to bound

1
A10w2=5/|VNa>(71—72)||P0w¢(r1,l’2)|2dr1, (36)

2
1
Amiq 1= 5/ |[VNw(r1 —12)| dry, (37)

e—1
ZleW(rl,Vz)
=2

1
Ahigh := 5/ [VNw(r1 — 12)| | Prew ¥ (r1,12)|* dry. (38)

For each estimate, we will only work in the r; = (x1, z1) component, and thus will not even write the
rp-variable. First we consider (36):

1 2
Aow < ZlVNollLt 1Pow ¥ Izge oo
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By the standard 1D Sobolev-type estimate,

Ao S IV 1 1 Powdz ¥l o 12 | Powt o 2
Then using the estimate (33), we get
Aow SV L1 1Po0d=¥ 2 | Pow I .2
IVl 109 2 1l 2
< ey I3 + HIVIZ v I

Since (—A; + w?|x|? —2w) is a sum of two positive operators, namely —Ay + w?|x|? — 2w and —92,
we conclude the estimate for Ajow-

Now consider the middle harmonic energies given by (37). We aim to estimate Ap;q. For any [ > 1,
we have

1 1
« 2 2
1ProVllLeore < IP1odzVll 120 1 P10Vl 12 o
By (33),
1 1 1
||leW||L§°L§§° Sw? ||P1w3zW||,f§L§ ”Pl“’w”lz,%L)%

1 1 Lol
= 04| P1odz V1 o (1 ProV 212 02)2 174

1 L [T S |
:a)4||leazW||z%Hle(—Ax+a)2|x|2_2w)2w”zzl x.

Summing over 1 </ < e — 1, and using the Holder inequality with exponents 4, 4, and 2, we get

e—1 e—1 1 e—1 1 e

1 4 o2 \4 _1
S 1Ptz 50t ( X 1Putw:) (Xl Po-as+o?sP-200tw (L) (X174
1=1 (=1 I

=1 =1

1

2

11 L JRt

Soted |09}, | (—Ax+o? x> —2w) 2 ¢ | /.

Applying this to estimate (37),
_1 1 21,12 3

Amia S 2e2[[VIp 199 22 [ (=Ax + 0 |x|* = 20) 2y || ..

Take e to be the largest integer so that w ze: IVl <e,ie.,
2
€
e = —Fw |, (39)
LIIVH?J J

and then we have

L2
Amia < €||32W||22 + 6” (—Ax + o?|x|? _2‘“)2w"L2'
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For (38),
Anigh S 0 VN Lo | Preo VI3
.y _ 11 2
Sw%e 1||VNa)||L<><> Heza)zPZewWHLz
5 1.2
S0 2 (No) P |V Lo |(—Ax + 0 |x]* —20) 2y | ;2.
‘We need

0w 2e  (Nw)?B ||V Lo <e.

Substituting the specification of e given by (39), we obtain

ee 63

-2 38
o “(Nw)’? < < )
Vil ~ IVIL< VI3,

’

which is
&3
N3ﬂa)3ﬂ_3 $ 2—
IVIZ IV IIzee
B
That is, @ = C1 N -8 as required in the statement of Lemma 3.4. O

In the following lemma, we have excited-state estimates and ground-state estimates, and the ground-state
. . 1
estimates are weaker (they involve a loss of w2).

Lemma 3.5. Taking W = ¥ (r), we have the “excited-state” estimate
w3 Po1o¥ )2 + |olx| P10V | L2 + 1Vr Prio¥ 2 S ISY L2, (40)
and the “ground-state” estimate
lw? Pow Il 2 + |@lx|Powt || 2 + IVx PowV lIL2 < 02 Yl 2. (41)
We are, however, spared from the w? loss when working only with the z-derivative:
102 Pow ¥ liL2 S ISY L2 (42)
Putting the excited-state and ground-state estimates together gives
l02 ¥l + [lxv ] 2 + IV ¥l S @2 ISw 2. (43)
Proof. For the excited-state estimates, we note
0<(Poro¥. (—Ax + 0 |x* —40) P210V).
Adding 3[|19; P10V 12,45 Vx P10V 12,45 \|w|x|P;1ww|}iz+||w%P>1ww||iz to both sides, we get

2 1
200: P10V 132 + 2V P10V 172 + 3| @lx| Po10V |2 + |02 P10V |72
< %(lewW, (—Ar + 602|x|2 —20))P>1ww)-
This proves (40).
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For the ground-state estimate (41), it suffices to prove

1
lolx|Pow |, 2 + IVx Pow ¥ llL2 S Coo2 |9l 2
because
1 1 1
w2 Pow¥llr2 = @2 || Pow VL2 < 02||¥] 2.

‘We notice that
1
lwlxl £ 2+ 1I1Vx fllLz ~ (= Ax + @*|x[*)2 f] ;-

609

This estimate has been proved by many authors (see, for example, [Thangavelu 1993]), but is usually

known as a scattering space X estimate for PDE analysts. Then, since the eigenvalue for the ground-state

Gaussian is exactly 2w in 2D, we have
1 1 1
[(=2x + 0?[x[*)2 Poo ¥ | 12 = V202 | Poo V|12 < V202 ||| 2.

So we have proved (41).
For (42), we notice that

10z Pow ¥ llL2 = [ Pow(@z¥) L2 < 190 [lL2 S ISV |2

Lemma 3.6. We have the estimates
1 1.1 1 _1 L
”|VNa>12|251P01w¢2HL;1 Sw2NH|S1¥2] 2o (N5 [ST¥212,),
1 lgi 1 1 _1
[1VNar2l>S1P21 V2] 12 < N2P 202 (N72SPyal,2 ).
B
In particular, if o = Cy N -8 then

/ VNoi2] [¥1]|S1¥2] dry
ri

1 L1 1 1g41 _1
SoN|S1¥1lL2 [S1¥2l2, N3 1STYal2, + (No) 222 |[S1y [ 2N 72| STl 2.

Proof. To prove (46), substituting V¥, = Polw Yo + lel » V2, we obtain

/|VNw12||W1||51W2|dV1§F1+Fz,
ri
where
Fr= [ Wvonallpall Py 192l dn
r

< ”lVNa)IZﬁWI HLgl [ VNwi2|? Pl S1¥2 HL;I

. 1
< oISl Vo2l Py S11/2 ”L%l’

Fz=[ Vrota| [¥1] | PLy, S1val dry
ri

1
w21yl

“VNa)12|%P>11wS1 WZHL%I

by Cauchy—Schwarz and estimate (35). Hence we only need to prove (44) and (45).

(44)

(45)

(40)
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On the one hand, using the fact that Polw S1=(01- ) 0 o

1 1 1
” |VNa,12|2S1 PolwW2 HL%l = H|VNw12|2(1 - 851)2 P()lww2 ”L%]
L 1
< Wizl 101=02)2 PoyY2llugs-
By Sobolev in z; and the estimate (33) in x1,
1 1 1 1 1
[1Vivaral? S1 P, va] 12 S 0211 =82) v, 101-02 ol
" 1 1
That is, we get (44):
1 11 L _1 1
H|VNcu12|2511"()1a,1ﬁ2|}Lg1 S w2 NH|S192) 2 (N 74 (STv2ll7,).
On the other hand,
1
H |VNw12|ZSI lela)w2 ”L2 H |VNa)12|2 ”L3 ||P>1w51W2||L91
< (N0)?P|1S2y2ll2,
lgyl 1 _1
= N25+2a)25(N 2 ||Slzlﬁ2||L%1),
which is (45). O
The k =1 case. Recalling (32),

(V. (@+ N""Hyo—20)9)= 3N > (Hyy.y) =5 (Hiv. ¥),

1<i#j<N
where the second equality follows by symmetry. Hence we need to prove
(Hi2y. ) 2 [ S19117-- (47)
We prove (47) with the following lemma.

B
Lemma 3.7. Recall @ = C3||V||i2 + 1L Ifwo=CiNT=Bandyj(r1,r2) =v;(ra,r1) for j =1,2, then

[(Hiyn. ¥a)nr| S 1S1vallz, 1819202 - (48)
Moreover,

IS1v172 < (Hizy ¥) < CS19 7. (49)
Proof. By Cauchy—Schwarz and (34),

(1. HioWa) | = o {(VNe2V1. ¥2)|

1 1
2 2
< (w—l / |VNw12||w1|2) (w—l / |VNw12||wz|2)

SIS1¥llz2 1S1¥2]l 2.
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Thus
[(Hi2V1. V2) s | < [(Hg12Y1, ¥2)ries | + [(H2V1. ¥2) e s |

<
~ ||S1w1 ”L2 ||Slw2||L$1r2’

which is (48). It remains to prove the first inequality in (49).
On the one hand, by (34), we have the lower bound for the potential term,

—to(V: (An @l =20y, —GIVIL VT, <o (Vvow¥ V).

Adding (1// (@—Ay +o?|x |2—2a))1//)r1 y, 10 both sides and noticing the trivial inequalities x—C3 ||V ||i2 =

d>2 L we have

1= —an 100 = 2

. (1= A + P x1)? —20)Y) <Y, (@ — Ay, + 0% |x1)* =20 + 0 Vie12) V) (50)

rira riry’

On the other hand, we trivially have

Hy (1= Ay, + 0?|xa]? — 20)), . < (V. (@— Ay, + w?|x2|* — 20)),.,. (51)
because o > %
Adding estimates (50) and (51) together, we have
20 STY) + 5 (. S3Y) < (Hizy ).
By symmetry in r; and r», this is precisely (49). O

The k = 2 case. The k = 2 energy estimate is the lower bound
F((SES3v. ) + NTHSTY. ) <@+ N7HH —20)%y. v)

We will prove it under the hypothesis

B i (1=8
N8 << N CF2),

We substitute into (32) to obtain

((()t+N 'H- 20)) v, W) % Z <Hi1j1 Hizjﬂ”’ W) = A1+ Az + A3,

I<ii#jh <N
1<ix#j2<N

where
e A consists of those terms with {i1, j1} N{iz, j2} = O
e Aj; consists of those terms with [{i1, j1} N {i2. j2}| =1,
¢ Aj consists of those terms with }{il, Jj1} N {ia, j2}| =2.

By symmetry, we have
Ay = 3 (Hi2H3a¥, V),

Ay = %N_I(H12H23W, V),
A3 = %N_Z(leHulﬂ, lﬂ)
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We discard A3 since A3 = 0. By the analysis used in the k = 1 case,
1 2
Ar = 7151839 (|7 2-

The main piece of work in the k = 2 case is to estimate A,. Substituting Hy» = Hg1 + Hj12 and
H»3 = Hg»3 + Hyo3, we obtain the expansion

Az = Bo+ By + B2,
where
Bo= 3NN Hg12Hg23Y. V),
By = AN"YHgHis ¥, ¥) + SN Y HpHros ¥, V),
B =N Y HynHis. v).

Let 0 = o — 1 = 0. First note that
Bo = INTY(ST + S7 +20)(S3 + S3 +20)¢, V).

Since S 12, SZZ, S_% all commute,

Bo = 3NTH(S3y. ),

which is a component of the claimed lower bound.
Next, we consider B;. By symmetry

By = N7 ' Re(Hk12Hy239, V).

Since every term in B; is estimated, we do not drop the imaginary part. Decompose I = Pozw + P§1 © i
the right factor of i as
B1 = B1o + B11 + Bia,

where
Bio = (No) ' [2a — 1) + ST1VNw23 V. ¥).
Bi1 = (No) (=Ap, + 0°|x2]* = 20) VNw23¥, PG, V),
Bz = (No) (—=Ap, + 0*[x2]* = 20) VNw2s V. P21, V).

The term B is the simplest. In fact, by estimate (35) at the r»-coordinate, we have

|Biol = |(Nw) H{[2a — 1) + ST1VNw23 V. V)]
SNTHIS20 0125 + 151529 112,5).

For Bj,, we consider the four terms separately:

B12 = B121 + B122 + B123 + Bi2a,
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where
Bi2i = (N0)P " H(VV)Nw23V, Vi P21, V),

Bi22 = (No) Y VNw23 Vi V. Vi, P21, ¥),
Bi23 = (Nw) {VNw23olx2 ¥, olx2| P21, %),
Bias = —2(N60)_1(VN(02360%W7 w%P;wW)-
By (35) applied with r; replaced by r3, we obtain
|Bi21] £ (N "' S39 112 | Vra P210,S3¥ | 12
By (40),
|Bi21] £ (N0 "' 0 ]| S39/112 1S285V |2

which yields the requirement w < N %. By (35) applied with r; replaced by r3, we obtain
|Bi22| S (Nw) '@V, S3¥ 12 || Vi, Po10S3Y | 15
Utilizing (43) for the ||V,, S3y|| ;2 term and (40) for the ||V,, P>15S3V |12 term,
|Bios| £ (Nw) '3 15283117 .

This requires w < N 2 The terms Bja3 and Bja4 are estimated in the same way as Bjap, yielding the
requirement @ < N2 This completes the treatment of Bj».
For By1, we move the operator (—A,, + w?|x3|?> — 2w) over to the right, and use the fact that
(=Ap, + 0?|x2|? —2a))P02ww = —agngww to obtain
Bi1 = Bi11 + Bz,

where
Bi11 = (No)P @, V) Nw23V, 32, PE,V),

Bi12 = (No) YVNw2302, ¥, 0z, Po,¥r)-
By (35) applied with r; replaced by r3, we obtain
|Bin] £ (No)? ' l|S39/l|2 192, Po, S3¥ .2
Using (42) for the |0z, POZ(D S3y |2 term (which saves us from the w? loss),
|Bin] £ (No)? oI5yl [ S285 2.
which again requires that w < N %. By (35) applied with r; replaced by r3, we obtain

1Bi12] S (No) 0|92, 39 |12 1102, PE, 3% || 2
Using (42),
|Bi12| S (No) 0| S283¢ 17 .



614 XUWEN CHEN AND JUSTIN HOLMER

which has no requirement on w. This completes the treatment of Bj1, and hence also B;. Now let us
consider B5:

By = N '0 2 (VNw12VNw23 ¥, V),

| Bs| sN‘lw‘Z/ |VNw23|(/ |VNw12||wr1,...,rN)|2dr1) dry---dry.
ry

In the parentheses, apply estimate (35) in the rj-coordinate to obtain

Bl SN 00 [ WvanllSiviZ, draeeedry.
T2seesN !

By Fubini, the right-hand side is equal to

Voo [ ([ ealSwr P dradry ) dn
ri r2,....F N
In the parentheses, apply estimate (35) in the r»-coordinate to obtain
B2 S N7lo 20| S1829 (72
Hence Bj is bounded without additional restriction on w. Therefore we end the proof for the k = 2 case.

The k case implies the k + 2 case. We assume that (28) holds for k. Applying it with v replaced by
(@+N"'Hyop—20)y,

1
S lS©e+ N Hyo =209 12 <@+ N7 Hy o —20) 42y, ).

Hence, to prove (28) in the case k + 2, it suffices to prove
_ — 2
TS 2y )7, + NTHSISE DY) < [SO @+ N Hyo —20)9 120 (52
To prove (52), we substitute (32) into

(S®(@+N"Hyp—2w)y, SO e+ NTHy - 20)¥),
which gives
NT* Z (S(k)Hiljl v, S(k)Hi2j2W>-

1<i;j<ji1<N
1<ir<jp<N

We decompose into three terms
E1+ E> + E3
according to the location of i and i, relative to k. We place no restriction on ji, j» (other than iy < jy,
iz < Jj2):
e F4 consists of those terms for which i; <k and i, <k.
e F> consists of those terms for which both i1 > k and i, > k.

e [ consists of those terms for which either (i1 <k and i, > k) or (i1 > k and i, < k).
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We have E; > 0, and we discard this term. We extract the key lower bound from E» exactly as in the
k = 2 case. In fact, inside E>, we know H;, j, and H;, ;, commute with S &) because j; > i > k and
Ja2 > iy > k; hence we indeed face the k = 2 case again. This leaves us with E3:

E3=2N"* > Re(SOH; ;y. SO H;,;y).

1<i|<ji1<N
I<iz<jp<N
i1$k,i2>k

We decompose E3 as
E3= D1+ D2+ D3,
where, in each case we require i; < k and i» > k, but make the additional distinctions as follows:
e D; consists of those terms where j; < k.
¢ D5 consists of those terms where j; > k and jj € {i2, j2}.
e D3 consists of those terms where j; > k and j; ¢ {i2, j2}.
By symmetry,
Dy =k*N"(S1-+- Sk Hioy, St Sk Hg+1y(k+2) ¥ )-
Dy =kN7*(Sy Sk Hige+ )V S+ SkHk+ 1)k +2) V).
D3 =N"YSy - Sk Hige4+1) V. St Sk Hkr2)(k+3)¥)-
We begin with estimates for the term D;. We decompose it as
Dy = D11+ D12,

where
D11 = N (Hg41)(k+2)[S1 52, H12]S3 -+ Sk, S1 -+ Sey),

D1z = N (Har1yk+2) H12S1 -+ Sk, Si-+- Se).

By Lemmas 3.7 and A.3, D15 is positive because H (x4 1)(k+2) and Hi2 commutes. Therefore we
discard D15. For D11, we take [VNe12, S152] ~ (Na))zﬂ (AV)Nw12. This gives

D11l £ N?P202P Y Ho 1 1y 2) (AV ) Ne12S3 -+ S ¥, St--- Se ).
By using Lemma 3.7 in the rg 4 1-coordinate to handle H g 4 1)k +2), we have
D11 S N#202 7 |(AV ) oo ]2 3+ S 1 | 12 [ 1AV a2 2 St -+ Sia ¥ -
Using (35) in the first factor,
D11l S N2 7218185+ S a2 [ 1AV ) Nw12] 2 St S v o

Decomposing 1 in the second factor into Polww + lel oV gives

D1l < NP 720287318185+ Sy l2
(| (AV) Nw12]2 S1 o Skr1Poo V|2 + | [(AV)Nw12]2 51 Sk PRV || 2)-
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Applying Lemma 3.6,

1

_ _1 11 1 _1 1
1D11| S NP 202P 72|81 S5 S 1 ¥ 1202 N5 || S1 - S ¥ 25 (N7 ST -+ S (17)
B B
+ NP 2027018183 Sipa Yl N 202 (N2 IS Sk v lL2).
The coefficients simplify to N 28=1 2B and N33 w3P~3. This gives the constraints

7/4—28 3/5-8
w<N 2B and w < NB=1/5,

_B_ . .
The second one is the worst one. When combined with the lower bound N T-8 < w, it restricts us to
B < % Moreover, at f = % the relation w = N is within the allowable range.
We now find estimates for the term D,. We write
D3 = D31 + D32,

where
D21 = N2 (Hgs 1)k +2)[S1, Hie+1)1S2 -+ Sk ¥, S1+++ Seyr),

Doz = N7 (Her 1y +2) Hie+1)S1 -+ S ¥ S1-+- Ser).

Let us begin with D,;. We use

[S1, Hige+ ] ~ (No)2 o {(VV) N1 k1)

and
He1)(k+2) =20 + Sty + Sg4p + 07 Vo nk+2)
to get
D21 = D210 + D211 + D212+ D213,
where

D210 =20N" (NP " {(VV) Norre4+1)S2 = Sk ¥, S1++- Se¥r),
Ds11 = N_l(Nw)ﬂ_l(Slerl(VV)Nwl(k+1)52"'Skl/f, Si-- Sev),
Daip = N (NP "HSZ L (VV) Nttty S2 -+ Sk St Sei),
D313 = N_z(Nw)ﬂw_z(VNw(k+1)(k+2)(VV)Nwl(k+1)52"'Sklﬁ, St Sky).
For D711,
Dot = N (NP T ([Skr1. (VV)Nwige+ ) Sz -+ Sk, St Siv)
+ N7 NP " (VV) Nwt 412+ SkSe+1V S1--- Sey).

The first piece is estimated the same way as D1y. For the second term, using Lemma 3.6 in the ry-
coordinate,

_ _ 1 1 _1
IS N NP TN T[Sy S liL2 ISy Seyr |25 (N 7318181+ Sl .2)
+ N YN (Nw) B3 |18y - Sy ¥l 2 (N 721181 - S [122).
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7/4—8 3-38
which gives the conditions w < N~ 8 and w < N 3B-T. Since this results in conditions better than those
produced for D11, we neglect them.
For D513, we apply estimate (35) in the rg 4 ,-coordinate and again in the r 4 ;-coordinate to obtain

D213 S N 2(No)P o 20?12+ Sk ¥ 2 151 -+ Skqa ¥l 2.

This gives the requirement w < N ¥, which is clearly weaker than w < N #, so we drop it. The terms
D319 and D»17 are estimated in the same way. In fact, utilizing estimate (35) in the r; 4 {-coordinate
yields

D210l S NTHNw Tl ol|S2 - SpyllL2 151+~ Sk vl e,

D212 SN“Y N0 0|12+ Sk ¥ 2 151 -+ Ska ¥l 2.

They give the same weaker condition w < N 8 .

We now turn to Dp>. Since Hg41)(k+2) and Hyg+1) do not commute, we cannot directly quote
Lemma 3.7 and conclude it is positive. We estimate it. By the definition of H;;, we only need to look at

the terms .
Dazo = 0 oVNp1G+1) 17 SkW, St Sky),
D32y = I(Sk+1VNw1(k+1)Sl"'Ska S1-- Sk,
D222—N 27! Sk+2VNw1(k+1)Sl“'SkW, Si+ Sev),

-2

Djo3 = VNol+1)k+2) VN1 (k+1)S1 - Sk ¥, St Siy),

D2 =N"w 1(0VNm(k+1)(k+2)Sl e S, St Sk),
D225 = N 20 N VNwt+1)th+2)STS1 - Sk¥. S1 -+ Sevr),

D226 = N 20" (VNok+1)k+2)St4151 -+ Sk¥. S1+++ Sy)

because all the other terms inside the expansion of D,; are positive. It is easy to tell the following:
the terms D559 and D34 can be estimated in the same way as D»19, the terms D31 and D256 can be
estimated in the same way as D511, the terms D35 and D535 can be estimated in the same way as Dy1o,
and the term Dj53 can be estimated in the same way as D,13. Moreover, all the Dy, terms are better
than the corresponding D5 terms since they do not have a (N w)? in front of them. Hence, we get no
new restrictions from D55 and we conclude the estimate for D55.

We now find estimates for the term D3. Commuting terms as usual,

D3 = D31 + D3a,

where .
D31 = N Hg42)(e+3)[S1: Hige+1)1S2 -+ Sk ¥, S1--- Sy,

D3z = N Her2y(k+3) Hite+1)S1 - Sk, St Siyp).

Since H(x42)(k+3) and Hyx41) commute, D3p is positive due to Lemmas 3.7 and A.3. Thus we
discard D3,. For D31, we use that

[S1, Hig+1)] ~ (Nw)ﬂa)_l(VV)Nwl(k—i-l)
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together with estimate (35) in the rx;-coordinate (to handle [S1, Hy41)]) and Lemma 3.7 in the
I'k4+2-coordinate (to handle H x4k +3)):

D3| SN Y (NP |1S2 -+ Skaa¥ll2 111 -+ Sk ¥l 2

This term again yields to the restriction

w<N %.
So far, we have proved that all the terms in E3 can be absorbed into the key lower bound exacted from
E» for all N large enough as long as C; N"1®) < & < C, NV2®). Hence we have finished the two-step
induction argument and established Theorem 3.1.

4. Compactness of the BBGKY sequence

Theorem 4.1. Assume CyN"'®) < & < CoNV2B). Then the sequence

k
{Tvo@®) = {7y} c @ C(o.71. £},
k=1
which satisfies the focusing “oo — 0o0” BBGKY hierarchy (18), is compact with respect to the product
topology tyrod. For any limit point I'(1) = {?(k)}llc\':l, we have 7®) is a symmetric nonnegative trace class
operator with trace bounded by 1.

Proof. By the standard dlagonahzatlon argument, it suffices to show the compactness of VJ(V) for fixed k
with respect to the metric dk By the Arzela—Ascoli theorem, this is equivalent to the equicontinuity
of y(k) By [Erdés et al. 2010, Lemma 6.2], it suffices to prove that for every test function J®) from a
dense subset of (L2(R3*)) and for every & > 0, there exists §(J *), ¢) such that for all 11,1, € [0, T]
with |t; — 12| < 8, we can write

sup|Tr J O 7 (1)~ Tr JOF) (12)] <. (53)
N,w
Here, we assume that our compact operators J (&) have been cut off in frequency as in Lemma A.6.
Assume t; < f,. Inserting the decomposition (22) on the left and right sides of )/( ) , we obtain
~(k k
Prw = Z%y‘ »PB:
where the sum is taken over all k-tuples o and 8 of the type described in (22).
To establish (53) it suffices to prove that, for each o and 8, we have
sup|Tr J O Pe ) Pp(11) — Tr J O PL 7)) Py (12)| <ce. (54)

N,w

To this end, we establish the estimate
k k
ITe J O P78 Py (1) — Tr J O P 7 Py ()]
1,1
< Clta —t1|(1g=0 ana p=0 + max(1, ' 2lal 2|ﬂ|)1a;é00r5;é0)- (55)



FOCUSING QUANTUM MANY-BODY DYNAMICS, II 619

At a glance, (55) seems not quite enough in the || = 0 and |B| = 1 case (or vice versa) because it grows
in w. However, we can also prove the (comparatively simpler) bound

ITe g Oy Py (12) = T S OPL () Py (11)] 5 072518, (56)

which provides a better power of @ but no gain as f, — 1. Interpolating between (55) and (56) in the
le| =0 and |B| = 1 case (or vice versa), we acquire

ITe J O P i) P (12) — Tr JOPL7) Pp(11)] < 2 12,

which suffices to establish (54).
Below, we prove (55) and (56). We first prove (55). The BBGKY hierarchy (18) yields
0: Tr J O Py Py =T+ + 1 +1V, (57)
where

I——la)ZTrJ(k) ij+|xj| Pay(k)P,g]
j=1

k
=i Z Tr J O[-02 . Puiy), Ps].

IH_F Z TrJ(k)Pa[VNw(Vz—VJ) V ]Pﬂ’
1<l<]<k

N_

k
IV = OP[Vivw () = ries1), T 1Pp-

j=1
We first consider I. When o = =0,
k
I= —leTrJ(k) —Ax +|xJ|2 ’Poy(k) ]
j=1

k
=—iw Y TrJO[-2=Ay +|x;2. Poiys,Po] =
Jj=1

since constants commute with everything. When o # 0 or 8 # 0, we apply Lemma A.5 and integrate by
parts to obtain

k
<o Z}(J(k)HjPalffN,w, PaVn.w) — (J ©OPuin.w. HiPg VN.)|
j=1

k
<o Z(‘(J(k)HjPa&N,w, PpUn.w)| + |[(Hi T OPyin G, Ppinw)|).
j=1
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where Hj = —Ay, +|x;|*. Hence

k
<o) (V% H o+ 1 Hi T ®llop) 1 Patn.ol 2@y 1Ps YN0l L2 @ny.-
j=1

By the energy estimate (31),

Il =0, ifo=0and 8 =0,
1 1 (58)
I < Ck’J(k)a)l_zlal_jlﬂ|, otherwise.
Next, consider II. Proceeding as in I, we have
k
0 < Y (VO Pa¥vw Pavnw)| + 02,7 ©Palinw Psvnw)]).
=1
That is, ’
k
1 < > (17P02 op + 102, 7© lop) | Pa V.ol L2@any I PpY Nl 2@any < Cgwr. (59)
j=1

Now, consider III:

<N~ Y (TP VN o — 1) VN0 PaUNw)|

1<i<j<k

AN Y (O R PVl - i)
1<i<j<k

That is,

mj < N~! Z (T O Py Li LiWiiLiLj VN 0. Pp¥Nw)|

1<i<j<k

LNt Z |(J(k)730ﬂﬁN,wv PBL,'L]'VVijLiLj&N,w)‘

1<i<j<k
if we write L; = (1— A,,)? and
Wij =Li7' L7 "Wy o(ri —rj)Li 'L
Hence

< N8 Y ITOLLillop IWij llop I Li LN ol 2@y | Pa .ol L2 @any

I<i<j<k
+NTE Y ILiL T Ollop Wi llop | i Ly v w2 @sm) | Pa Vil 2w
1<i<j<k
Since ||Wijllop < IVN.wllzt = VL1 (independent of N, w) by Lemma A.1, the energy estimates

(Corollary 3.2) imply that

,J K

m < S 60)
| |~T (
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Apply the same ideas to IV:

k
V] < Y [(JOPL; Lis1 Wiger 1y Lj Lit1VN.0- PEYN.)]
j=1

k
+ Z|(J(k)7’al/f1v,w, PgLj Lt 1Wigk+1)Lj Lkt1VN.w)|-

j=1
Then, since J(k)LkH = Lk+1J(k),
k
V] < (T OLjllop + 125 T ©llop) W1 lopll Lj L+ 1 VN 0 | 2w 1L V.0l L2y
j=1
< Cr . (61)

Integrating (57) from t; to #; and applying the bounds obtained in (58)—(61), we obtain (55).
Finally, we prove (56). By Lemma A.S5,

107 Oy, Pp 12)=Te S OPai, Paen)] < 2500 O Poiiv o (1), Piive )]

ST @ op 1PN, (Ol L2 @3n) IPa VN (Ol L2 @3y
that is,

100 DR, Py (1)~ Tr S O, Py ()] 5 0 Hel=418
once we apply (31). -

With Theorem 4.1, we can start talking about the limit points of {I'y,,(f) = {)7](\2) yV_, ). With the
proofs of [X. Chen and Holmer 2013, Theorem 5 and Corollary 2], we arrive at the following corollary
and theorem.

Corollary 4.2. Let I'(¢) = {?(k)},‘?zl be a limit point of {FN,a) (t) = {)71(62)}]1(\]:1}, with respect to the
product topology Tprod. Then )7(k) satisfies the a priori bound

Tr L® 50 ) < ck (62)
and takes the structure
k
PO (e, (e 21); (3, 2))) = (]‘[ hl(xj)hl(x;))yz(k)(t,zk; z}), (63)
j=1

where fz(k) = Tr, 7).

Theorem 4.3. Assume CyN"'®) < & < CaNV2B). Then the sequence
~(k ~(k
Tzvo@®) = 78 o = Tre T i1} € @ € (0. T1. LL(RD))
k=1

is compact with respect to the one-dimensional version of the product topology Tyroq used in Theorem 4.1.
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5. Limit points satisfy GP hierarchy

Theorem 5.1. Ler T'(t) = {)7(1‘)},‘3‘;1 be a CiN"'B) < » < CoNV2B) [imit point of {I‘N,w(t) =
{)7](\520}]12;1} with respect to the product topology Tyrod. Then {Pz(k) = Try )7(k)}]2°=1 is a solution to
the coupled focusing Gross—Pitaevskii hierarchy (23) subject to initial data Pz(k) (0) = |po) (o] ®¥ with

coupling constant by = | [ V(r) dr|, which, rewritten in integral form, is
k ot
7 =u® 050 ©0) +ibo Y /0 U —5)Trzy , Trae[8(r; —rieqn), 74TV (0] ds,  (64)
j=1

k..o —itd?
where U® (1) = T] %o
=1
Remark. The proof of Theorem 5.1 is a bit special for the focusing case and is dimension- and scaling-
dependent. So it does not follow from the 3D to 2D defocusing case [X. Chen and Holmer 2013,
Theorem 4].

Proof. Passing to subsequences if necessary, we have

lim supTr J O (GE 1) — 5@ 1)) =0 vI® e (L2(R¥)),
N,w—00 t ’
CINV1B) <w<CoNV2P)
o <~w< ’ (k) (= k) ~(k) (k) 2 ok (65)
Jim s T O 0 -0 0) =0 VP k@ @)

CINV1 B <w<CoNV2P)
via Theorems 4.1 and 4.3.
To establish (64), it suffices to test the limit point against the test functions J Z(k) € K(L2(Rk)), as in
the proof of Theorem 4.3. We will prove that the limit point satisfies

Tr JO 758 0) = Tr 72 |¢o) (po| ®F (66)
and

kot
Tr SO 7O ) = Tr IPUB )70 (0) +ibo Y /0 T JPOUO @t —5)[8(r7 — 1), 7€V (5)] ds.
ji=1

(67)
To this end, we use the coupled focusing BBGKY hierarchy satisfied by )72(1?\, »> Which, written in the
form needed here, is

.k k
_(k i . k
Tr JR5E, (0 = Aty ) B—i—z(l—ﬁ) > D.
i<j j=1
where
A=TrgPU® R, (0,

t
B=/ TeJPOUB (1 — ) [~V (ri — 1)), 75 (5)] ds,
| ,

t
D :/0 Tr IPOU® (1 =)~V (= r5r1). T (5)] ds.
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By (65), we know

lim TrJ(k)y(k) @) =Tsz(k))7z(k)(l),
N,w—00
CINV 1B <o<CoNV2 P
lim T IOU® )7®) (0) = Tr JOU® (175 (0).

N,w—>00
CiNV1B <w<CrN V2P

With the argument in [Lieb et al. 2005, p. 64], we infer, from assumption (b) of Theorem 1.1,
)71(\,1)60(0) — |h1 @ ¢o)(h1 @ ¢pg| strongly in trace norm;
that is,

771(\?1) (0) = |h1 ® ¢o) (h1 ® po|®¥  strongly in trace norm.

Thus we have checked (66), the left-hand side of (67), and the first term on the right-hand side of (67) for
the limit point. We are left to prove that

. B
lim — =0,
N,w—>00 N
CiN1B <w<CoNV2P)
k t
lim I—— D =bo | JPUB@—5)[8(r; —rrs1), 7*TV(s)]ds
N,w—>00 N 0

CiNV1 B <o<CN V2B

We first use an argument similar to the estimates of II and III in the proof of Theorem 4.3 to prove that
| B| and | D| are bounded for every finite time 7. In fact, since U *) is a unitary operator which commutes
with Fourier multipliers, we have

t
|B|$/ ITe TP UO (& —5)[Viv,o(ri — 1), )/Nzo(s)]!ds
0

t
14— ~(k
:/0 ds| Te L LT IO L L;u® ¢ = s)Wis Li L, ()Li L
~Tr L Ly SO LT LT U (¢ =) Li L), (s)Li L Wi |

t
< /0 ds| L7 L7 T Li L opll U ® lopl| Wiy | Te Li L 7, () Li L

t
1y — ~(k
+ /0 ds|LiLj IO LT LT opllU ®lop | Wi | Tr Li L 0, () Li L

<Cyt.

That is,

. B . kD
lim — = lim — =0.
N,w—>00 N N,w—>00 N
CINV1B <p<CoyNV2B) CINV1B << CyNV2B)
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We now use Lemma A.2 (stated and proved in Appendix A), which compares the §-function and its
approximation, to prove

t
N,w—>00 0
CINV 1B <p<CoNV2#B)

Pick a probability measure p € L!(R?) and define py (r) = a3 p(r/c). Letting MS(Q = Jz(k)U(k)(t —5),
we have
~(k -
Tr JOU® (1 = 5) (= Vo (1 — i )T 0 (8) = bo8(r — )7V ()| = T+ T+ T+ 1V,
where

’

L= [Te M) (Vi (7 = i) = bod (s = ries 1) iy (9)
1= bo|Tr M) (8r) = rie41) = pa(rj = ks ) Ty (5)],
111 = bo|Tr M) pa (7 — riey 1) (FEHD () = 76D (5))),
IV = bo|Tr M) (pa(rj — k1) = 8(r; — i) 7 E TV (5)].

Consider I. Writing V,,(r) = (1/0)V(x/J/w, z), we have Vy , = (Nw)?BV,(Nw)Br). Lemma A.2
then yields

Cbhy — _ ~(k
< NP ( / Voo (r)] 7] dr)(uL,- T L op + 17 TR Lillop) Ly Lics1 7y o P (9)Lj L
(7ot ar)
=Cy .

(Nw)b«
Notice that (Ve (r)||r|€ dr) grows like (v )X, so

Vo )”’

1 SCJ((Nw)ﬂ

1
which converges to zero as N, w — oo in the way in which N = @258 '+ So we have proved

lim I =0.
N,w—00
CiNV1B <w<CoN V2B
Similarly, for II and IV, via Lemma A.2, we have

_ — ~(k
1< Choa (|| L T L7 lop + 117 TF L [lop) TrLij_,_ly](v’II)(s)Lij_H < Choa*C 0 C?,
where the second inequality follows from Corollary 3.2, and

IV < Choo* (| Li T L7 lop + 1 L7 T Ljllop) Tr Lj Ly 1 7¥ TV (5) Lj Ly < Choa*C ) C?,

z
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where the second inequality follows from Corollary 4.2; that is,
N<Cya® and IV <CyaX,

due to the energy estimate (Corollary 4.2). Hence II and IV converge to 0 as a — 0, uniformly in N, w.
For 111,
1

I < by TI'.] tpa(rj I’k_|_1)W
+1

(T () — 7% D ()

eLgq1 k+1 ~(k
+bo|Tr JE) oy (rj — Vk+1)m( 7wt (s) - 7*D ()],

The first term in the above estimate goes to zero as N, w — oo for every ¢ > 0, since we have assumed

condition (65) and J 3(2 pa(rj —rg+1)(1 +eLgy1) ! is a compact operator. Due to the energy bounds

on yl(\iczs ) and )7(k +1) | the second term tends to zero as £ — 0, uniformly in N and w.

Putting together the estimates for I-IV, we have justified limit (68). Hence, we have obtained
Theorem 5.1. U

Combining Corollary 4.2 and Theorem 5.1, we see that y(k) in fact solves the 1D focusing Gross—
Pitaevskii hierarchy with the desired coupling constant by ( J1h1(x) |4 dx).

Corollary 5.2. Let T'(1) = {7®}°  be a N > wYB)TE Jimit point of {Tn (1) = {y(k) IN_ L} with
respect to the product topology Tyroa. Then {)/Z = Try y(k)}zozl is a solution to the 1D Gross—Pitaevskii
hierarchy (24) subject to initial data ?Z(k)(O) = |po) (¢ho|®¥ with coupling constant by (f|h1(x)|4 dx),
which, rewritten in integral form, is

~(k) — U(k)(l))/(k)(())
+lb0(/|h1(x)|4 dx) Z/ U(k)(t—s) Trzk+,[5(zj Zk41)s V k+1)(s)] ds. (69)

Proof. This is a direct computation by plugging (63) into (64). O

Appendix A: Basic operator facts and Sobolev-type lemmas
Lemma A.1 [Erd6s et al. 2007, Lemma A.3]. Let L; = (1 — Arj)%. Then we have
|L7' L7 VG —rp) L7 Lt lop < CIVIIL1-

Lemma A.2. Let f € L'(R®) be such that [p(r) |f(r)| dr < oo and [gs f(r)dr =1 but we allow
that f not be nonnegative everywhere. Define fy(r) = o3 f(r/a). Then, for every k € (O, 2), there
exists C, > 0 such that

T J® (fo(rj — req1) = 8(rj — 1))y &Y
<Cy ( / |f ()| dr)a”(nL,- TJOL op + 1L T® Ly llop) Tr L Ligp 1y * TV L Ly

for all nonnegative )/(k‘H) e LY (L2(R3k+3)),
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Proof. This is the same as [X. Chen and Holmer 2016b, Lemma A.3; 2013, Lemma 2]. See [Kirkpatrick
et al. 2011; T. Chen and Pavlovi¢ 2011; Erdés et al. 2007] for similar lemmas. O

Lemma A.3 (some standard operator inequalities).

(1) Suppose that A =0, P; = Pj*, and I = Py + P1. Then A <2PygAPy+2P1AP;.

(2) If A= B =0,and AB = BA, then A* = B for any a = 0.

3)IfA1=2A2=20, By =By =0and A;Bj = Bj A, forall 1 <i,j <2, then A1B1 = A2 B>.
4) IfA>=0and AB = BA, then AZB = BA2.

1 1 1 1
Proof. For (1), |A2 f|> = ||A2(Po+ P1) f||> <2||A2 Py f||> +2||A2 P, f||*>. For (3), A1B1 = A>B; =
B1As = B A» = A3 B;. The rest, (2) and (4), are standard facts in operator theory. See, for example,
[Reed and Simon 1978; Stein and Shakarchi 2005, Proposition 6.3]. O

Lemma A.4. Recall
~ 1
S=(1-+w(=2—A7x+|x%)2.

We have
S2>1-A,, (70)
§2P>1 2 Po1(1- 0} —wAx + 0|x[*) P, (71)
§?Ps1 2 0Ps1. (72)

Proof. Directly from the definition of S, we have

P1(1— 32 —wAy +0|x|?) P51 =2wPs1 + S2P5;. (73)

all terms positive

The eigenvalues of the 2D Hermite operator —Ay + |x|? are {2k + 2172, So
20Ps1 € 0(-2— Ax +|x|*) Pz < §2 Py (74)

Inequalities (71) and (72) immediately follow from (73) and (74).
We now establish (70) using (71). On the one hand, we have

S?2 = (1-2%). (75)

On the other hand,
Po(—Ax)Po <1< §? (76)

since Py is merely the projection onto the smooth function C e 27 Moreover, by (71),
Poi(—Lx) P21 < §2P2 < §2 (77)
Thus Lemma A.3(1), (76) and (77) together imply,
—A, <82 (78)
The claimed inequality (70) then follows from (75) and (78). O
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Lemma A.5. Suppose o : L2(R3%) — L2(R3k) has kernel
o) = [ Wy T ey dry-
for some ¥ € L2(R3N), and let A, B : Lz([R{3k) — Lz([R{3k). Then the composition AcB has kernel

(ATB)(rg.r}) = [ (AY) (1. ry—) BED)(r e ) d .

It follows that
Tr AcB = (AY, B*vr).

Let Ky denote the class of compact operators on L2(R3k ), let E}C denote the trace class operators on
L?(R3K), and let £2 denote the Hilbert-Schmidt operators on L2(R3*). We have

Ly C L7 C K.
For an operator J on L2(R3¥), let |J| = (J*J)% and denote by J(r, r,’c) the kernel of J and by
[J|(rg, r,’c) the kernel of |J|, which satisfies |J|(r,r;) = 0. Let
1= pr =20

be the eigenvalues of |J | repeated according to multiplicity (the singular values of J). Then

I Nl = llnllege = 1 =11 llop = I/ llop

1
112 = llnllg = 1@ 1)l L2 gy = (Tr T*T)2,
1My = lmnllgy = M1 ri) L1y = T[]

The topology on K coincides with the operator topology, and K. is a closed subspace of the space of
bounded operators on L2(R3k).

Lemma A.6. On the one hand, let y be a smooth function on R3 such that y(§) = 1 for |§| < 1 and

(&) =0 for |E| = 2. Let
k

(Qu 1)) = [ €8s [T 246 f ) d

Jj=1

On the other hand, with respect to the spectral decomposition of L?(R?) corresponding to the operator
H; = —A)zcj + |x; 12, let X 1{4 be the orthogonal projection onto the sum of the first M eigenspaces (in the
Xj-variable only) and let

k
Ry =[] Xi,.
j=1

We then have the following:

(1) Suppose that J is a compact operator. Then Jyr := Rpr Qp JQ g Ry — J in the operator norm.
(2) HiJm, ImH;, Ay, Iy and Jy Ay, are all bounded.
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(3) There exists a countable dense subset {T;} of the closed unit ball in the space of bounded operators
on L2(R3k ) such that each T; is compact and in fact for each i there exists M (depending on i) and
Y; € K with ||Yillop < 1 such that T; = Ry OmYi Om Ry

Proof. (1) If S, — S strongly and J € K, then S,,J — SJ in the operator norm and JS,, — JS in the
operator norm.
(2) This is straightforward.

(3) Start with a subset {¥,,} of the closed unit ball in the space of bounded operators on L2(R3¥) such
that each Y}, is compact. Then let {7; } be an enumeration of the set Rys Qar Yy O pr Rar, where M ranges
over the dyadic integers. By (1) this collection will still be dense. The {Y;} in the statement of (3) is just
a reindexing of {¥}}. O

Appendix B: Deducing Theorem 1.1 from Theorem 1.2
We first give the following lemma.

Lemma B.1. Assume N, (0) satisfies (a), (b) and (c) in Theorem 1.1. Let y € C§°(R) be a cut-off such
that 0 < y <1, y(s) =1 for0<s < 1and y(s) =0 fors = 2. For k > 0, we define an approximation of
VN (0) by

1(k(An.o—2Nw)/N)pn.0(0)

| x(k(Anw —2Nw)/N) VWO

This approximation has the following properties:

Jll’i],a) (0) =

1) &1{, »(0) verifies the energy condition

. ~ . 2k Nk
(VN0 (), (AN 2N U, (0) < ——.

.. ~ ~ 1
(ii) Supy || VN0 (0) = ¥ , (0| 2 < Cr2.
(iii) For small enough k > 0, we have &j’i, »(0) is asymptotically factorized as well:
3 = 1 . Y
lim TR 0,30 210 2) Ao (2o ()] = 0.
k(1)

where yy; " (0) is the one-particle marginal density associated with &fv »(0), and ¢g is the same as
in assumption (b) in Theorem 1.1.

Proof. Let us write y(x (ﬁ N,w —2Nw)) as x and &N,w (0) as &N,w- This proof closely follows [Erd&s
et al. 2010, Proposition 8.1(i)—(ii); 2007, Proposition 5.1(iii)].

Property (i) follows by definition. In fact, denote the characteristic function of [0, A] by 1(s < A). We
see that

x(K(An o —2Nw)/N) =1(Hy,p—2No <2N/k) x(k(Hy,o —2Nw)/N).
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Thus
7 7 - Iw, ~ N IN,
(V% 0 (0), (An,0—2Nw) §% , (0) = <W—“’ 1(Ay.o—2Nw <2N/k)(Hy o—2Nw)k ”’—“’>
IxVNwl IxVNwl
<|1(Ayw—2Nw <2N/i)(Hyo—2No)*|
2k Nk
< .
Kk

We prove (ii) with a slightly modified proof of [Erdds et al. 2010, Proposition 8.1(ii)]. We still have

; ; ’ ’ XU, ,
”w]’i],w - WN,w”LZ < ”X‘/fN,w - 1;DN,a)”L2 + H L0 XWN,a)
Ix¥nN.ol

<XV —VUNwlrz + 1= 1 xFnol]

L2

<2 x¥Nw—VNolL2

where ~ 5
i i Hyo—2N
I =l = (v, (1= 2(“EEE2)) )
< <va’ 1(K(HI\/,Q,N— 2Nw) > l)va>‘

To continue estimating, we notice that if C = 0, then 1(s=>1) < 1(s + C =1) for all 5. So

~ . ~ K HN —2Nw ~
”XWN,&) _WN,Q)”]ZJ < <WN,w, 1( ( ,wN ) = 1)¢N,w>

s Hy,—2Nw+ N -
< <wN,wa I(K( N ©r Ol) = 1)¢N,w>-

N
With the inequality 1(s=>1) < s for all s > 0 and the fact that

Hyo—2Nw+ Na =0,
proved in Theorem 3.1, we arrive at
~ ~ 2 K , ~ ~ ~
”XI/IN,(:) - l;Z/N,a) ||L2 < N(V’N,w, (HN,a) —2Nw + Na)l/fN,w)
K, ~ ~ ~ ~ ~
< N(WN,a)’ (HN,a) - 2Nw)WN,a)) + aKOﬂN,wv lpN,a})-
Using (a) and (c) in the assumptions of Theorem 1.1, we deduce that

IX¥Nw—VNwli2 < Ck,

which implies
7 7 1
”wllff,w —YNwlr2 < Ck2.

Property (iii) does not follow from the proof of [Erdds et al. 2010, Proposition 8.1(iii)] in which the
positivity of V is used. Instead (iii) follows from the proof of [Erdés et al. 2007, Proposition 5.1(iii)],
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which does not require V' to hold a definite sign. Lemma B.1 follows the same proof as [Erdds et al.
2007, Proposition 5.1(iii)] if one replaces Hy by (H N,w —2Nw) and Hy by

N

1
3 (202 + 02— Ay, + 1x51D) + 5 Y VNe(ri—T)).
j=k+1 k+1<i<j<N

Notice that we are working with Vi o, = (Nw)3BV,(Nw)Br), where V,,(r) = (1/w)V(x//w, z); thus
we get

3
3 (Nw)2#P
(No)2P | V|25 ~ ——

instead of N 3B in [Erdds et al. 2007, (5.20)] and hence we get (N a))%ﬂ_1 in the estimate (5.18) of the
same work, which tends to zero as N, w — oo for € (0 Z). O

Via (i) and (iii) of Lemma B.1, % N.o (0) verifies the hypothesis of Theorem 1.2 for small enough « > 0.
Therefore, for y N, w)(t) the marginal density associated with e’ An.o w" (0), Theorem 1.2 gives the
convergence

N,w—00

k
lim Tr‘y”( Yt xk zis % 2) — [ )b (32, 2)(.2))| =0 (79)
CINVI B <p<CoNV2B) J=

for all small enough ¥ > 0, all k > 1, and all € R.
For yN) (t) in Theorem 1.1, we notice that, VJ ®) € Ky, Vi € R, we have

[Tr 7@ (G0 — 1 ® 6(0)) (11 @ 9(1)| )|
< T I®O GO O -7 0 0)] + [Te 7O (758 1) — 1y @ (1)) (1 @ B (1) ®F)|
—T+IL

Convergence (79) then takes care of II. To handle I, part (ii) of Lemma B.1 yields

He”ﬁf\“" VUN.0(0) _eitANe &K,’w(O) 2= VN, (0)— ‘Z]’ir,w(o) |2 < Ck2,
which implies
1
1= I ®GE 0 -7 0)| < Cl1T® fopr .

Since x > 0 is arbitrary, we deduce that

Jim T O G0, 0 1 @ 0) (i ® (1)]%F)| =0
C1INV1 B <o<CoN V2B

i.e., as trace class operators
~(k
PO (10) = 11 @ $(0)) (h ® (1) weak*.

Then again, Griilmm’s convergence theorem upgrades the above weak™ convergence to strong. Hence, we
have concluded Theorem 1.1 via Theorem 1.2 and Lemma B.1.
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CONFORMALLY EUCLIDEAN METRICS ON R"
WITH ARBITRARY TOTAL Q-CURVATURE

ALI HYDER

We study the existence of solution to the problem
(=A)"Pu=Qe™ inR",  k:=[ Qe™dx <oo,
Rn

where Q >0, k € (0, 0o) and n > 3. Using ODE techniques, Martinazzi (for n = 6) and Huang and Ye
(for n = 4m + 2) proved the existence of a solution to the above problem with Q = constant > 0 and
for every k € (0, o). We extend these results in every dimension n > 5, thus completely answering the
problem opened by Martinazzi. Our approach also extends to the case in which Q is nonconstant, and
under some decay assumptions on Q we can also treat the cases n = 3 and n = 4.

1. Introduction

For a function Q € C%(R") we consider the problem

(—A)"?u = Qe™  inR", k= [ Q™dx < oo, (1)
R
where for n odd the nonlocal operator (—A)"/? is defined on page 639.

Geometrically if u is a smooth solution of (1) then the conformal metric g, := e?"|dx|? (here |dx|? is
the Euclidean metric on R") has the Q-curvature Q, at least when n > 2. Moreover, the total Q-curvature
of the metric g, is «.

Solutions to (1) have been classified in terms of their asymptotic behavior at infinity. More precisely
we have the following:

Theorem A [Chen and Li 1991; Da Lio et al. 2015; Lin 1998; Martinazzi 2009a; Jin et al. 2015; Hyder
2015; Xu 2005]. Let n > 1. Let u be a solution of

(—A)?u=mn-1Dle™ inR" K= (n— 1)!/ M dx < oo. 2)
Then

(n—1)! |y] nu(y) 2K
u(x)= log{ ——— Je dy+P(x)=——1og|x|+P(x)+o(og|x|) as|x|—oc0, (3)
n R~ |)C - Y| Al
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where y, ;= %(n — D!S"|, A1 :=2y,, o(log|x|)/log|x| — 0as |x| > oo, P is a polynomial of degree
at most n — 1 and P is bounded from above. If n € {3,4} then x € (0, A1) and x = Ay ifand only ifu is a

spherical solution, that is,
2\

A 4
1+ A2]x — xo|? @)

u(x) =uy x,(x) :=log

for some xo € R" and A > 0. Moreover u is spherical if and only if P is constant (which is always the
case when n € {1, 2}).

Chang and Chen [2001] showed the existence of nonspherical solutions to (2) in even dimension n > 4
for every « € (0, Ay).

A partial converse to Theorem A has been proven in dimension 4 by Wei and Ye [2008] and extended
by Hyder and Martinazzi [2015] for n > 4 even and Hyder [2016] for n > 3.

Theorem B [Wei and Ye 2008; Hyder and Martinazzi 2015; Hyder 2016]. Let n > 3. Then for every
k € (0, A1) and for every polynomial P with

deg(P) <n—1 and P(x)E=2 oo,
there exists a solution u to (2) having the asymptotic behavior given by (3).

Although the assumption « € (0, A] is a necessary condition for the existence of a solution to (2)
for n = 3, 4, it is possible to have a solution for ¥ > A arbitrarily large in higher dimension, as shown
by Martinazzi [2013] for n = 6. Huang and Ye [2015] extended Martinazzi’s result in arbitrary even
dimension n of the form n = 4m + 2 for some m > 1, proving that for every « € (0, co) there exists a
solution to (2). The case n = 4m remained open.

The ideas in [Martinazzi 2013; Huang and Ye 2015] are based upon ODE theory. One considers only
radial solutions so that the equation in (2) becomes an ODE, and the result is obtained by choosing
suitable initial conditions and letting one of the parameters go to +o00 (or —o0). However, this technique
does not work if the dimension » is a multiple of 4, and things get even worse in odd dimension since
(—A)"? is nonlocal and ODE techniques cannot be used.

In this paper we extend the works of [Martinazzi 2013; Huang and Ye 2015] and completely solve the
cases left open; namely we prove that when n > 5, problem (2) has a solution for every « € (0, c0). In fact
we do not need to assume that Q is constant, but only that it is radially symmetric with growth at infinity
suitably controlled, or not even radially symmetric. Moreover, we are able to prescribe the asymptotic
behavior of the solution «, as in (3), up to a polynomial of degree 4 which cannot be prescribed and in
particular cannot be required to vanish when x > Aj. This in turn, together with Theorem A, is consistent
with the requirement n > 5, because only when n > 5 does the asymptotic expansion of u at infinity admit
polynomials of degree 4.

We prove the following two theorems.

Theorem 1.1. Let n > 5 be an integer. Let P be a polynomial on R" with degree at most n — 1. Let
Q € CY%(R") be such that Q(0) >0, Q >0, Qe"’ is radially symmetric and

sup Q(x)e"’® < 0.

xeR”
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Then for every k > 0 there exists a solution u to (1) such that
2 2 4
u(x) = —A—log x|+ Px)+cilx|"—c2|x|"+C+o(l) as|x| — oo
1

for some c1, ¢y > 0and C € R. In fact, there exists a radially symmetric function v on R" and a constant c,
such that

2K 1 4 )
v(x) =——1log|x| + —Av0)(|x|* — |x|7) +0o(1) as|x| = oo,
A 2n

and
u=P+v+c,—|x|*, xeR"

Taking Q = (n — 1)! and P =0 in Theorem 1.1 one has the following corollary.

Corollary 1.2. Letn >5 and k € (0, 00). Then there exists a radially symmetric solution u to (2) such that
2K 2 4
ulx) = —A—log x| +cilx|—calx|"+C+o(l) as|x|— o0
1

for some ¢, co > 0and C € R.

Notice the polynomial part of the solution # in Theorem 1.1 is not exactly the prescribed polynomial P
(compare to [Wei and Ye 2008; Hyder and Martinazzi 2015; Hyder 2016]). In general, without perturbing
the polynomial part, it is not possible to find a solution for ¥ > A . For example, if P is nonincreasing
and nonconstant then there is no solution u to (2) with ¥ > A such that u has the asymptotic behavior (3)
(see Lemma 3.6 below). This justifies the term ¢;|x|? in Theorem 1.1. Then the additional term —c;|x|*
is also necessary to avoid that u(x) > %cl |x|? for x large, which would contrast with the condition ¥ < oo,
at least if Q does not decay fast enough at infinity. In the latter case, the term —c;|x|* can be avoided,
and one obtains an existence result also in dimensions 3 and 4.

Theorem 1.3. Letn > 3. Let Q € ng([R”) be such that Q >0, Q(0) >0 and
Q(y)_1 dy |x]—o00
o =y

Then for every k > 0 there exists a radially symmetric solution u to (1).

0.

Q(x)e“x|2 dx < oo forevery A >0, /
Rn B

The decay assumption on Q in Theorem 1.3 is sharp in the sense that if Qe*™* |2¢ L'(R") for some
A > 0, then problem (1) might not have a solution for every x > 0. For instance, if O = e~**I’ for some
A > 0, then (1) with n = 3,4 and « > A has no solution (see Lemma 3.5 below).

The proof of Theorem 1.1 is based on the Schauder fixed point theorem, and the main difficulty is to
show that the “approximate solutions” are precompact (see in particular Lemma 2.2). We will do that
using blow up analysis (see for instance [Adimurthi et al. 2006; Martinazzi 2009b; Robert 2006]). In
general, if ¥ > A one can expect blow up, but we will construct our approximate solutions carefully in a
way that this does not happen. For instance in [Wei and Ye 2008; Hyder and Martinazzi 2015] one looks
for solutions of the form u = P + v 4+ ¢,, where v satisfies the integral equation

1 1 P(y) n(w(y)+cy)
v(x):—/lo( > (y)e"" VeI T gy
Yn R g |X—)’| Q Y Y
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and c, is a constant such that

Qen(P—&-v-i-cU) dx = k.
RH

With such a choice we would not be able to rule out blow up. Instead, by looking for solutions of the form

u=P+v+ P,+cy,

where a posteriori P, = —|x|* v satisfies
1 1 P(3)+P,(y)+v(y)+cy) 1 2 4
v(x):—/ lo (—) (y)e" POIHPFvOI+e) gy 4 — (1% — |x|H Av(0)], 5)
R (e 4 v+ 5, (3 = k)] Av(O)

and ¢, is again a normalization constant, one can prove that the integral equation (5) enjoys sufficient
compactness, essentially due to the term ﬁlxl2 |Av(0)| on the right-hand side. Indeed a sequence of
(approximate) solutions vy blowing up (for simplicity) at the origin, up to rescaling, leads to a sequence (7))
of functions satisfying, for every R > 0,

/ |Ane — ekl dx < CR™ 2+ 0o(DR"2  o(1) 222250, ¢, > 0,
Bg
and converging to 1, solving (for simplicity here we ignore some cases)

(=A)"? e =" in R", f "~ dx < 00,

and

|AToo — Coo|dXx < CR"2, oo >0, (6)
Br

where ¢, = 0 corresponds to Ane(0) =0 (see Subcase 1.1 in Lemma 2.2 with x; = 0).

The estimate on || Aneo|l11(,) 1n (6) shows that the polynomial part Po of 0o, as in (3), has degree at
most 2, and hence A Py, <0 as P is bounded from above. Therefore, coo =0 = A P5,, P 1s constant,
and in particular 7 is a spherical solution by Theorem A, that is, 7o, = u; x, for some A > 0 and xp € R”,
where u) _y, is given by (4). This leads to a contradiction as An.(0) =0 and Au, ,, <0 in R"

In this work we focus only on the case O > 0 because the negative case is relatively well understood.
For instance by a simple application of maximum principle, one can show that problem (1) has no solution
with Q =constant <0, n =2 and x > —o00, but when Q is nonconstant, solutions do exist, as shown by
Chanillo and Kiessling [2000] under suitable assumptions. Martinazzi [2008] proved that in higher even
dimension n = 2m > 4, problem (1) with Q = constant < 0 has solutions for some «, and it has been
shown in [Hyder and Martinazzi 2015] that actually for every k € (—o0, 0) and Q a negative constant,
(1) has a solution. The same result has been recently extended to odd dimension n > 3 in [Hyder 2016].

2. Proof of Theorem 1.1
We consider the space

X :={ve C" Y (R") : v is radially symmetric, ||v]x < oo},



CONFORMALLY EUCLIDEAN METRICS ON R” WITH ARBITRARY TOTAL Q-CURVATURE 639

where

lvllx = sup(Z(l+|x|)'“"“|D°‘v<x>|+ > |D“v(x)|).

xeR"

la|<3 3<|a|<n—1
For v € X we set
v(x) —v(0
Ay = max{O, sup Lét()} Py(x) := —|x|* — A, |x|*
k=10 |x]

Then
v(x) + Py(x) <v(0) — |x|4 for |x| > 10.

Let ¢, be the constant determined by
/ Ke"Vt) dy =k, K := Qe"Pe"™

where the functions Q and P satisfy the hypotheses in Theorem 1.1. Since Q > 0 in a neighborhood of
the origin, by a dilation argument we can assume that Q > 0 on B3. More precisely, if « is a solution
to (1) then for any A > 0, we know u, (x) :=u(Ax)+log X is also a solution to (1) with Q replaced by Q;,
where Q; (x) := Q(Ax). Now for a suitable choice of A > 0, one has Q; > 0 on Bj3.

The function u = P + P, + v + ¢, satisfies

(=A)"?u = Qe™, k= Qe dx
R)‘l

if and only if v satisfies
(_A)n/ZU — Ken(erC”).
For odd integer n, the operator (—A)"? is defined as follows:

Definition. Let n be an odd integer. Let f € S’'(R"). We say that u is a solution of
(-AN?u=f iR

ifuew' 1!

loc

(R") and A—D/2y ¢ L1/>(R") and for every test function ¢ € S(R"),

f (=) D2~ A) Py dx = (£, ).
Rn

Here S(R") is the Schwartz space and the space L;(R") is defined by
|u(x)]

- 1 . —
Ly([R") := {M € Lioc®") : llullLywmy := /Rn T 2

dx<oo}, s > 0.

For more details on the fractional Laplacian we refer the reader to [Di Nezza et al. 2012].

We define an operator 7 : X — X given by T (v) = v, where

- _ i 1 n(v(y)+cy) L 2 4
100 =L [ tog([ L) K@ dy kL 1wl
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Lemma 2.1. Let v solve tT (v) = v for some 0 <t < 1. Then

t 1 , t
v =~ f log(—|x_ y|)l<<y>e"<”‘”“v) dy + 5-(1x* = |x[H] Av(0)], ™)
n n
Av(0) <0, and v(x) — —o0 as |x| = 0o. Moreover,

sup v(x) =v(l) = inf v(x),
xeBy X€B)
and in particular A, = 0.

Proof. Since v satisfies tT (v) = v, equation (7) follows from the definition of 7. Differentiating under
the integral sign and observing that Alog(1/| - —y|) < 0, from (7) one gets

Av(x) < 5| AvO)A(x = [x[).  xeR" ®)
Taking x = 0 in (8) we obtain Av(0) < ¢|Av(0)|, which implies that Av(0) < 0. Notice that the function
!
w(x) 1= v(x) + 5 -[Av(O) [ (x[* = |x[*)

is monotone decreasing as Aw < 0. This follows from (8) and the integral representation of radially
symmetric functions given by

_ § 1 _
r© &= [ [ arwdxdn 0=E<g o=1s) ©)
g Wp—1r B,

The monotonicity of w implies that sup, . B v(x) = v(1) = inf,ep, v(x), and hence A, = 0. Finally,
together with [Av(0)| > 0, we conclude that lim|y|— o v(x) = —00 as lim, |0 w(x) < w(l). U

Lemma 2.2. Let (v,t) € X x (0, 1] satisfy v =tT (v). Then there exists C > 0 (independent of v and t)

such that

supw <C, w :=v+cv+llogt.
By n

Proof. Let us assume by contradiction that the conclusion of the lemma is false. Then there exists a
sequence wy = Vg + ¢y, + % log ;. such that maxg, =Wk =: Wk (6r) — 0.

If 6 is a point of local maxima of wy, we set x; = 6. Otherwise, we can choose x; € By 4\ By g such that
Xk 18 a point of local maxima of wy and wy (xx) > wi (x) for every x € By, |. This follows from the fact that

inf  wg A oo,
B1/4\B1/s8

which is a consequence of
/ K" dx =tk <k, K >0 on Bs.

We set i := e~ %) We distinguish the following cases.
Case 1: Up to a subsequence, tkp,,% |Avi (0)] = ¢ € [0, 00).
We set
Mk (%) 1= v (Xk + i X) — Vi (xe) = wi (X + X)) — wi (xk).
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Notice that by (7) we have, for some dimensional constant Cy,

2 nwi ()

w K (y)e"™*

Ank(x)=uiAvk(xk+ukx)=C1—"/ —_——
Yn Jre 1%k + prx — |

_4n+2)

dy-f‘fkl/b%(l o

|xk+ukx|2> | Av (0)],
so that

2 2
/ Am(x)—rkuimvk(on(l—(”T“w) dx
Br

2d
M ax 2 2012

2dy—l—Ctk/JLk|Avk(0)| (ke |xk - x|+ g |x|7) dx
x XK+ piex =yl Br

= [ kopemor |
B

Yn JR®

1
< i [k Cond1an ) [ Gl + P d
Vn BR |x| BR

< CktxR" 7> + Cripf | Ave (0)] (i R™ + g R™2). (10)
The function n;, satisfies
(—A)"Pne(x) = K (g + mex)e™™ @ in R, 0, (0) = 0.

Moreover, n; < C(R) on Bg. This follows easily if |x;| < é, as in that case n; < 0 on By for k > ko(R).
On the other hand, for é < x| < % one can use Lemma 2.4 (below). Therefore, by Lemma A.3 (and

Lemmas 2.6, 2.7 if n is odd), up to a subsequence, n; — 1 in Cl’f)gl([R{"), where 7 satisfies

(—=A)"?n = K(xs0)e™  in R, K(xso) | €Mdx <tsok <00, K(xs) >0,
RVL

where (up to a subsequence) f; — f» and x; — X. Notice that 75, € (0, 1], xo € B /4 and for every
R > 0, by (10)

|An —coci|dx < CR"™2, ¢ =:1 |Xoo|? > 0. (11)

2(n+2)
Br n

Hence by Theorem A we have
n(x) = Po(x) —alog |x| +o(log|x]) as [x] = oo,

where Py is a polynomial of degree at most n —1, Py is bounded from above and « is a positive constant.
In fact, by (11)

|APy(x) —coci|dx < CR"™>  for every R > 0.
Br

Since cg, ¢ > 0, it follows that Py is a constant. This implies that n is a spherical solution and in particular
An < 0 on R and therefore, again by (11), we have co = 0.
We consider the following subcases.

Subcase 1.1: There exists M > 0 such that |x;|/ur < M.

We set yr := —xi/ur. Then (up to a subsequence) yx — Yoo € By+1. Therefore,
. . o
AN(Yoo) = lim Am(y) = lim i Ave(0) = — =0,
k— o0 k—00 foo

a contradiction as An < 0 on R”".
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Subcase 1.2: Up to a subsequence, |xg|/ur — 00.

For any N € N we can choose &1, ...,y € R" such that |& x| = |x¢| foralli =1,..., N and
the balls By, (& ) are disjoint for k large enough. Since the v; are radially symmetric, the functions
Nik = v &k + pax) — (& k) — n; = in CJ; ' (R™). Therefore,

lim "V teu) gy > N lim "Wteu) gy — Ni e"dx.
k=00 Jp, k=00 J B, &0 loo J B

This contradicts the fact that
/ Ke"F) dx <, K >0 on Bs.
B
Case 2: Up to a subsequence, #; M;% | Avg (0)] — oo.
We choose p; > 0 such that tk,o,f,u,% |[Avi(0)] = 1. We set

Vi (x) = v (Xg + o i X) — v (X))
Then one can get (similar to (10))

2 2
/ —(n—+)|xk|2> dx
Br n

A (x) — (1

2,2

" P N

<C / K (y)e" ) / b dx dy + Copupi / (1] + i lx |?) dx £ 0,
" B Xk + i prx — | Bg

thanks to Lemma 2.5 (below). Moreover, together with Lemma 2.4, v satisfies
(—M)"*yp =o(1) inBg,  Yx(0)=0,  Yx <C(R) on Bg.

Hence, by Lemma A.3 (and Lemma 2.6 if n is odd), up to a subsequence, ¥, — ¢ in C n—l (R™). Then

loc

Y must satisfy

Ay —coldx =0, co:=1— |Xoo|? > 0,

B

2(n+2)
n

where (up to a subsequence) x;y — Xoo. This shows that Ay (0) = co > 0, which is a contradiction as
Ay (0) = lim Ayy(0) = lim pfugAve(xe) < 0.
k— 00 k— 00
Here, Avg(xx) < 0 follows from the fact that x; is a point of local maxima of vy. O

A consequence of the local uniform upper bounds of w are the following global uniform upper bounds:

Lemma 2.3. There exists a constant C > 0 such that for all (v,t) € X x (0, 1] with v =tT (v) we have
|[Av(0)| < C and

v(x) + ¢y —I—%logt <C onR"
Proof. By Lemma 2.2 we have

supw = sup(v—l—cv + llogt) <C.
Bys Bys n
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Differentiating under the integral sign from (7), and recalling that Av(0) < 0, we obtain

1 1
[Av(0)| < C/ —ZK(y)e”w(y) dy—i—Cf —ZK(y)e"w(y) dy
B

Bis V] 0 1V
1
§CsupK/ —zdy+C/ Ke™dy < C(k, K).
Bys By M By

By (8) we get
Av(x) <t|lAv(0)|<C, xeR",

and hence, together with (9)
|x] 1
v =00+ [ [ Avg)dydr <00) +ClP £ C o0, 3 € B
0 wp1r"7" Jp,

The lemma follows from Lemmas 2.1 and 2.2. |

Proof of Theorem 1.1. Let v € X be a solution of v = T (v) for some 0 < ¢ < 1. Then A, = 0 and
|Av(0)| < C, thanks to Lemmas 2.1 and 2.3. Hence, for 0 < |8| <n—1,

phucoi=c [ |pfiog( L) ‘K(y)e"<”<y>+°‘v+“/”>‘°g” dy+CIDP (P =[x/

EC/ Dﬂk’g(uiﬂ)

where in the second inequality we have used that

_ 4
e Pl ay +C|DP(|x1? — x|,

v(x)+cy+ % logt < C, C isindependent of v and ¢,
which follows from Lemma 2.3. Now as in Lemma 2.8 one can show that
lvllx <M,
and therefore, by Lemma A.1, the operator T has a fixed point (say) v. Then
u=P+v+c,—|x*
is a solution to the problem (1) and u has the asymptotic behavior given by
u(x) = P(x)— 12\_/(} log |x| + %AU(O)(|X|4 —x») = x[* +c, +o(1) as x| - oo. (Il

Now we give a proof of the technical lemmas used in the proof of Lemma 2.2.

Lemma 2.4. Let e > 0. Let (vg, ty) € X x (0, 1] satisfy (7) or (14) for all k € N. Let x; € B\ B be a
point of maxima of vy on E|xk| and vy (xy) = 0. Then

vk (0 + x) — v () < C(n, &) |x > 1 |Avg(0)],  x € By.
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Proof. If |x; + x| < |xi| then vp(xx + x) — ve(xx) < 0 as ve(xx) > vi(y) for every y € By, . For
|xk| < |xx + x|, setting @ = a(k, x) := xx + x, and together with (9) we obtain

lal 1
Uk (Xk +x)—vk(x/<)=f —_1/ Avp(x) dx dr
el @170 J BBy

lal 1
<[ [ wlsuolard
[k | W11 Bla)\ By |

1 1
= C1e| Ave(0)[ (| Bjg) | — |B|xk|)( )

bee"=2  a|r=2

< C(n, &)t |x|*| Avg (0)],

where in the first equality we have used that

1
O=v,’((xk)=—1/ Avgdx.
wn—1xk"" Sy,
Hence we have the lemma. O
Lemma 2.5. Let (v, ty) € X x (0, 1] satisfy (7) for all k € N. Let x; € By be a point of maxima of vy
on E‘m and v,’((xk) =0. We set wy = vk + ¢y, + % logty and puy = e W) Let o > 0 be such that
tk,o,%u% |Avi(0)| < C and pxpr — 0. Then for any Ry > 0,

PEHL
lim | K(y)e"™™ / KTk Sdxdy=: lim I, =0.
k=00 Jn Bry 1Xk =+ Pkpticx — Y| k=00

Proof. In order to prove the lemma we fix R > 0 (large). We split B, into
Ai(R, y) :={x € Bgy : |xx + pesuix — y| > Roxpur ), A2(R, y) := Br,\ A1(R, y).

Then we can write Iy = I} x + > x, where

PEIG
Lix :=/ K(y)e”wk(y)/ kk sdxdy, i=12.
R Ai(R,y) Xk + prptrx — Yl

Changing the variable y — x; + pruxy and by Fubini’s theorem, one gets

L zp,?/ f K (xg + prpry)e™™ ) Xlx—y|<k dy dx
BRO n

Ix — y|?

1

<P / f K (xi + prcjuey)e"™ ) 5> dydx
Bry Y Brir, lx —yl

< C(n, &)(supg, , ,, K" )R+ Ro)" Ry 2 pf,

where i (y) := wi (xx + prpry) — wi(xg). If xp — 0 then nx <0 on Brypg,+1 for k large. Otherwise, for
k large, pxpry € By for every y € Bryg,+1 and hence, by Lemma 2.4

M(y) = v (x4 pritry) — ve () < Cloruy|* te | Avg(0)| < C(R, Ro).
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Therefore,

lim 12,k =0.
k— 00

Using the definition of ¢, we bound

Rol
2

1
Iig < K ()" dy < C(n, k, Ro)—5
’ R R?

Since R > 0 is arbitrary, we conclude the lemma. O
We need the following two lemmas only for n odd.

Lemma 2.6. Let n > 5. Let v be given by (7). For any r > 0 and & € R" we set
wx)=v@Fx+§&), xeR"

Then there exists C > 0 (independent of v, t, r, &) such that for every multi-index « € N" with |a| =n — 1
we have | D*w||L, @ < Cr(1 + r*| Av(0)|). Moreover, for any &€ > 0 there exists R > 0 (independent
of r, & and t) such that

[mdx<8t(l+r4mv(0)|), la|=n—1.
e 14 |x|" !

Proof. Differentiating under the integral sign we obtain

n—1

Drwel =€t [ T FO dy + Cr AV fO) = KO
ST

If n > 5 then the above inequality is true without the term Ctr*|Av(0)|. Using a change of variable
y—= & +ry, we get

ALY P fE+ry) drdy+Crrimvo) [ =

—_— r X | Av T

1+|x|n+l Rn Y |x_y|n—1 1+|x|”+1 y 1+ |x |n+1

The lemma follows by taking 2 = R" or Bj. (]

Lemma 2.7. Let gy — nin C' Y(R™). We assume that for every ¢ > 0 there exists R > 0 such that

loc

/ |AC=D 20, ()

T e dx <e fork=1,2,.... (12)
X

We further assume that
(=) = K (o + x)e™ in R, / K (x+ puex) "™ dx < €,
Rn

where X, — Xoo, ik — 0, K is a continuous function and K (xo,) > 0. Then " € L' (R") and n satisfies

(=A% = K (xs0)e™  in R™.
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Proof. First notice that A”~D/2p, — AC®=D/2p4n [ ,2(R™), thanks to (12) and the convergence ny — 7
n—1 mn
inC . (R").

We claim that 7 satisfies (—A)"/2n = K (xo0)e”™" in R” in the sense of distribution.
In order to prove the claim we let ¢ € C°(R"). Then

lim K(xk + e x)e" D p(x) dx = / K (x50)e" P (x) dx,

k—o00 n

and

Jim (- A)YPD/2 (— A)l/z(pdx—f(—A)(”1)/217(—A)1/2¢dx.
RVL n

We conclude the claim.
To complete the lemma first notice that " € L'(R"), which follows from the fact that for any R > 0

K
/ dx = tim [ edx = tim [ KOETRO) o gy <
B k=00 J g, k—=oo Jp,  K(xxo) K (x00)

We fix a function ¥ € C2°(B>) such that ¢ =1 on B;. For ¢ € S(R") we set gx(x) = ¢(x)¥ (x/k). The
lemma follows by taking k — oo, thanks to the previous claim. ]

Lemma 2.8. The operator T : X — X is compact.

Proof. Let v be a bounded sequence in X. Then (up to a subsequence) {vk(0)}, {Avr(0)}, {Ay,} and {cy,}
are convergent sequences. Therefore, | Avg (0)]( lx]? = |x]*) converges to some function in X. To conclude
the lemma, it is sufficient to show that up to a subsequence { f;} converges in X, where f} is defined by

Ji(x) = / (lx 1 y|)Q(y)enP(y)eank(y)en(vk(y)+cuk) dy.

Differentiating under the integral sign, for 0 < |8| <n — 1, one gets

|Dﬁfk(x)| < C/ 1 Q(y)enP(y)eank ) k() +cuy) dy < C/ e—lyl4 dy <C,
= Jre x| = Jre |x =y B
where the second inequality follows from the uniform bounds
O] <C, eyl =C, Q" <€, and ve(x) + Py (x) < 0(0) — |x[*. (13)
k k

Indeed, for 0 < |B| <n—1
11m sup sup |DP fi(x)| =

—® k xeB§

and for every 0 < s < 1 we have | D" fi lcos(pry < C(R, s). Finally, using (13) we have the bound
A0l =€ [ [tog = yife™T dy = Clog@ + 1
Rn

Thus, by Ascoli’s theorem, up to a subsequence, fy — f in CIOC (R™) for some f € C n=1(R"), and the
global uniform estimates of f; and D? f; would imply that f; — f in X. U
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3. Proof of Theorem 1.3
We consider the space

X :={v e C" (R") : v is radially symmetric, |v||x < 0o},

where

lvollx := sup(Z(1+|x|>'“2|D°‘v<x>|+ > |D“v(x)|).

xR\ 41<1 l<|a|<n—1

For v € X, let ¢, be the constant determined by
Qen(v—}-cv) dy =K,
Rn
where Q satisfies the hypothesis in Theorem 1.3. Again by a dilation argument we can assume Q > 0 on Bs.

We define an operator 7 : X — X given by T (v) = v, where

_ 1 1 1 2
D(x) = — / lo <—> ()" gy + —|Av(0)] x|
A A rsy Oy yta,l [ 1x]
As in Lemma 2.8 one can show that the operator 7" is compact.
The proofs of the following two lemmas are similar to those of Lemmas 2.1 and 2.5 respectively.

Lemma 3.1. Let v solve tT (v) = v for some 0 <t < 1. Then Av(0) <0, and

t 1 t
v(x)=— [ log[ —— ") gy + | Av(0)] |x % 14
=L [ tog( L) o AN (14)

n

Lemma 3.2. Let (v, 1) € X x (0, 1] satisfy (14) for all k € N. Let x;, € By be a point of maxima of
Vi On Elxkl and v,/{(xk) = 0. We set wy = v+ ¢y, + % logty and py = e W) [ ot pr > 0 be such that
,o,ftkui |[Avi(0)| < C and pxpr — 0. Then for any Ry > 0

PEHA
lim [ Q(y)e"® / Kk sdxdy=0.
k=00 Jgn Br, 1Xk + OkpX — Y|

Now we prove similar local uniform upper bounds to those in Lemma 2.2.

Lemma 3.3. Let (v, t) € X x (0, 1] satisfy (14). Then there exists C > 0 (independent of v and t) such that
supw < C, w:=v+cv+llogt.
Bys n

Proof. The proof is very similar to that of Lemma 2.2. Here we briefly sketch it.
We assume by contradiction that the conclusion of the lemma is false. Then there exists a sequence of
(vk, fx) and a sequence of points x; in By /4 such that

wi(xg) = 00,  wi < wi(xg) on By, Xxi is a point of local maxima of vy.

We set 1y := e *0) and we distinguish following cases.

Case 1: Up to a subsequence, ko;% |Ave (0)| = ¢o € [0, 00).
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We set ng (x) := v (xr + mrx) — vr(xx). Then we have
| Ay — 1 | Ave(0)]| dx < C ™
Bg

Now one can proceed exactly as in Case 1 in Lemma 2.2.

Case 2: Up to a subsequence, tkui |Avi(0)] = oc.
We set Y (x) = vp (xx + prprx) — vi(xx), where py is determined by tk,o,f,u% |Avg(0)| = 1. Then by
Lemma 3.2

/ [AYr —1]dx =0(1) ask — oo.
Br

Similar to Case 2 in Lemma 2.2 one can get a contradiction. (I
With the help of Lemma 3.3 we prove:

Lemma 3.4. There exists a constant M > O such that for all (v, t) € X x (0, 1] satisfying (14) we have
lvll < M.
Proof. Let (v, t) € X x (0, 1] satisfy (14). We set w :=v+c¢, + % logt.

First we show that |[Av(0)| < C for some C > 0 independent of v and ¢. Indeed, differentiating under
the integral sign, from (14), and together with Lemma 3.3, we get

1
v IyI?
1 1
=C / —5 0™ dy+C / —5 0" dy
Byys |y Bi g [yl

|AV(0)|(141) < C / 0(y)e™ dy
R

1
§C/ — 0 dy+Ck <C.
Bis VI

Hence |Av(0)| < C.
We define a function £(x) := v(x) — (¢/2n)|Av(0)||x|> Then £ is monotone decreasing on (0, c0),
which follows from the fact that A& < 0. Therefore,

W(x) = () + ¢, + 2 log + 2= Av(0) |
n 2n
1 1 t 2
<&(3) +eotlogt+ 5| Av(0)] ||
Ly L 2
<w(s)+ 5 1Av(O)] x|
Hence, w(x) < A(1+ |x]?) on R" for some A > 0 independent of v and ¢. Using this in (14) one can show
[v(x)] < Clog(2+ |x]) + ClxI,

and differentiating under the integral sign, from (14)

|Dﬂv<x>|s(1/ 0 dy 1 DX, 0<|fl<n—1.

n |x — y|lPl

The lemma follows easily. U
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Proof of Theorem 1.3. By the Schauder fixed point theorem (see Lemma A.1), the operator T has a fixed
point, thanks to Lemma 3.4. Let v be a fixed point of 7. Then u = v + ¢, is a solution of (1). (I

Now we prove the nonexistence results stated in the Introduction.

Lemma 3.5. Letn e {3,4}. If Q(x) = el for some ). > O then there is no solution to (1) with k > Aj.
If Qe Crlad(R”) is of the form Q = e and it satisfies

‘i:(-x) |x]|—o00 0’
|x]?

Q'<0, |x-VOW)I|=C,

then there is no radially symmetric solution to (1) with k > Aj.

Proof. First we consider the case when Q = e Let u be a solution to (1) with Q = ¢~** Then the

function w(x) :=u — (A/ n)|x|? satisfies

(—A)"Pw=e", k= [ Qe"dx= / e dx < oo.
Rll n
It follows from [Lin 1998; Jin et al. 2015] that k < A;.
In order to prove the lemma for Q = ¢%, we assume by contradiction that there is a solution u to (1)
with k > A;. We set

1
v(x) = —/ log( Al )Q(y)e"”(y) dy, h:=u-—v.
Vn n |-x _y|

Then v(x) = —(2«/A1)log|x| + o(log|x|) as |x|] — oo. Notice that /s is radially symmetric and
(—A)"?h = 0 on R"™ Therefore, h(x) = ¢; + c2|x|?* for some ci, c; € R. This follows easily if n = 4.
For n = 3, first notice that Ah € L /2(R3). Hence, by [Jin et al. 2015, Lemma 15] Ah = constant. Now
radial symmetry of / implies that 2(x) = ¢ + c2|x|%
From a Pohozaev-type identity in [Xu 2005, Theorem 2.1], we get
1

ﬁ(ﬁ _ 2) = — | (x-VK@)"Ddx, K:= Qe (15)

Vn \Vn Vn JRr
Since k > A| =2y,, from (15) we deduce that x - VK (x) > 0 for some x € R". Using that Qe € L' (R")
and that £(x) = o(|x]?) at infinity, one has ¢, < 0. Therefore, x - VK (x) <0 in R", a contradiction. [J

The proof of the following lemma is similar to that of Lemma 3.5.

Lemma 3.6. Let k > Ay. Let P be a nonconstant and nonincreasing radially symmetric polynomial
of degree at most n — 1. Then there is no solution u to (2) (with n > 3) such that u has the asymptotic
behavior given by

2
u(x) = —A—K log |x| + P(x) + o(log x|) as |x| — oc.
1



650 ALI HYDER

Appendix

Lemma A.1 [Gilbarg and Trudinger 1998, Theorem 11.3]. Let T be a compact mapping of a Banach
space X into itself, and suppose that there exists a constant M such that

Ixllx <M

forall x € X and t € (0, 1] satisfying tTx = x. Then T has a fixed point.

The following identity (16) is due to Pizzetti [1909]. Simple proofs of (16) and (17) can be found in
Lemma 3 and Proposition 4, respectively, of [Martinazzi 2009a].

Lemma A.2 [Pizzetti 1909; Martinazzi 2009a]. Let A™h = 0 in Byg C R™. For any x € Bg and
0 <r < R—|x| we have

m—1
h()dz=Y cir® Alh(x), (16)
|Br| JB,(x) ;
where
co=1, ci=c(,n)>0 fori=>1.

Moreover, for every k > 0 there exists C = C(k, R) > 0 such that

1l ckBry < ClIAN L1 (Byg)- (17)

Lemma A.3. Let R > 0 and Bg C R™. Let uy € C"~L(R") for some o € (%, 1) be such that

up(0) =0, |l lzope) < C, (=AY *ull (s < C, |Auy|dx < C.
Bg

If n is an odd integer, we also assume that | A"~D/2u ||, @) < C. Then (up to a subsequence) uy — u
in C"~1(Bg/s).

Proof. First we prove the lemma for n even.
We write u; = wy + hy, where

(—=A)"Pwg = (=A)"2uy in B,
Aw =0 ondBg, j=0,1,...,3(n—2).

Then by standard elliptic estimates, the wy are uniformly bounded in C"~"#(Bg). Therefore,

|he @) < C, Il LB < C, [Ahgldx < C.
Bg

Since the hy are %—harmonic, the Ahy are (%—1)-harmonic in Bg, and by (17) we obtain

|Ahkllcn(Bri) < CNlARKNL1(Bgy < C.
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Using the identity (16) we have the bound
1

1 1
— hy (2)dz=—— hi(z)dz — —— hi(z) dz
|Br| JBg(0)

|Br| JBg(0) |Br| JBg(0)
n/2—1

hi (@) dz —he(0) — Y ¢ R¥ A'he(0) < C,
i=1

B 1
|Br| JBg(0)

and hence

[ m@idz= [ wp@a+ [ n@az=c
Br Bpr Bg

Again by (17) we obtain
hkllcnBrs < CllhrllLipg) = C-

Thus, the uj are uniformly bounded in C n=LB(Bg /4) and (up to a subsequence) uy — u in C "~1(Bg /4)
for some u € C”_I(BR/4).

It remains to prove the lemma for n odd.

If n is odd then J(n — 1) is an integer. We split A®~D/2y; = wy + hy, where

(=) = (=A)V2ZAC=D2y, in By,
Wy =0 in B?{'

Then by Lemmas A.4 and A.5 one has ||A(”_1)/2ukllcl/z(BR/2) < C. Now one can proceed as in the case
of even integer. (I

Lemma A4 [Jin et al. 2015, Proposition 22]. Let u € L,(R") for some o € (0,1) and (—A)°u =0
in Byg. Then for every k € N,

1 1 (x)| ”u”Ll(BzR))
k 9

Vku <Cn,o,k)— RzU/ dx +
IViullcoppy < C( )R ( R g 1127 R"

where a € (0, 1) and k is a nonnegative integer.
Lemma A.5 [Ros-Oton and Serra 2014, Proposition 1.1]. Let o € (0, 1). Let u be a solution of

(—A)°u=f inBg,
u=>0 in By.
Then

lullcowny < C(R, o) |l fllLo(Bg)-
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BOUNDARY ESTIMATES IN ELLIPTIC HOMOGENIZATION

ZHONGWEI SHEN

For a family of systems of linear elasticity with rapidly oscillating periodic coefficients, we establish
sharp boundary estimates with either Dirichlet or Neumann conditions, uniform down to the microscopic
scale, without smoothness assumptions on the coefficients. Under additional smoothness conditions,
these estimates, combined with the corresponding local estimates, lead to the full Rellich-type estimates
in Lipschitz domains and Lipschitz estimates in C'® domains. The C% W'P, and L? estimates in
C! domains for systems with VMO coefficients are also studied. The approach is based on certain
estimates on convergence rates. As a biproduct, we obtain sharp O (¢) error estimates in L9(£2) for
q =2d/(d — 1) and a Lipschitz domain €2, with no smoothness assumption on the coefficients.

1. Introduction 653
2. Convergence rates in H' 659
3. Proof of Theorems 1.1 and 1.2 667
4. Convergence rates in L? forg =2d/(d — 1) 668
5. C%estimates in C' domains 674
6. WP estimates in C' domains 678
7. LP estimates in C' domains 681
8. Lipschitz estimates in C'** domains, part I 685
9. Lipschitz estimates in C'** domains, part II 690
Acknowledgements 692
References 692

1. Introduction

The purpose of this paper is to establish sharp boundary estimates with either Dirichlet or Neumann
conditions, uniform down to the microscopic scale, for a family of second-order elliptic systems in
divergence form with rapidly oscillating coefficients, without any smoothness assumption on the coeffi-
cients. Under additional smoothness conditions, these estimates, combined with the corresponding local
estimates, lead to the full Rellich-type estimates in Lipschitz domains and Lipschitz estimates in C'*
domains. The C% W7 and L? estimates in C' domains for systems with VMO coefficients are also
investigated. To fix the idea we shall consider the systems of linear elasticity with periodic coefficients
in this paper. However, the same results, without the complications introduced by rigid displacements,
hold for general second-order elliptic systems with periodic coefficients satisfying the stronger ellipticity

This work was supported in part by NSF grant DMS-1161154 .
MSC2010: primary 35B27, 35J55; secondary 74B05.
Keywords: homogenization, systems of elasticity, convergence rates, Rellich estimates, Lipschitz estimates.
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condition (1-11) (the symmetry condition is also needed for Rellich estimates in Lipschitz domains). We
further point out that although we restrict ourselves to the periodic case, our approach, which is based on
certain estimates on convergence rates in ' and L?, extends to nonperiodic settings, provided that the
interior correctors or approximate correctors satisfy certain L? conditions. The compactness methods,
which were introduced to the study of homogenization in [Avellaneda and Lin 1987] and have played
an important role in establishing regularity results in the periodic setting (see, e.g., [Avellaneda and Lin
1987; 1989; Kenig et al. 2013; Kenig and Prange 2015]), are not used in this paper. As a biproduct of our
new approach, we also obtain sharp O(¢) error estimates in L9 (€2) for ¢ =2d/(d — 1) and a Lipschitz
domain €2, with no smoothness assumption on the coefficients.
More precisely, consider the systems of linear elasticity,

Lo = —div(A(x/e)V) = —%[a?jﬂ(x/s)%} e > 0. (1-1)
i j

We will assume that A(y) = (af‘/ﬂ (y)) with 1 <i, j, a, B <d is real, bounded measurable, and satisfies

the elasticity condition
all () =alf () =al(»), 2
kilE? < alf (EED <ol

for a.e. y € R? and for any symmetric matrix § = (§/) € R?*4 where k1, k> > 0 (the summation convention
is used throughout the paper). We will also assume that A(y) is 1-periodic; i.e.,

A(y+z)=A(y) forae. yeR?andze 7% (1-3)

Theorem 1.1. Suppose that A satisfies conditions (1-2)—(1-3). Let Q2 be a bounded Lipschitz domain
in R Let u, € H'(2; RY) be the weak solution to the Dirichlet problem

Le(ug)=F inQ and u.=f onod, (1-4)
where F € LP(2; R?) for p=2d/(d+ 1) and f € H' (3Q; RY). Then, for ¢ <r < diam(S),

1/2

1

{;f|wm1 < C{IFlr@+ 1 lmen} (1-5)
Q

where 2, = {x € Q : dist(x, 0Q2) <r}. The constant C depends only on d, k1, k, and the Lipschitz
character of €.

Let R denote the space of rigid displacements,
R={Mx+q:M"=—MecR"” and g € R}, (1-6)

where (Mx)* = M{x; and M7 denotes the transpose of matrix M. By u L R we mean u L R in
L?(Q2; RY), ie., fQ u-¢ =0 forany ¢ € R. We will use du,/dv, to denote the conormal derivative of u,
associated with ;.
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Theorem 1.2. Suppose that A and Q satisfy the same conditions as in Theorem 1.1. Let u, € H'(2; RY)
be a weak solution to the Neumann problem

ou

Le(u)=F inQ and =g onodf2, (1-7)

0V,
where F € LP(Q; RY) for p=2d/(d+1), g € L> (0 RY) and [ F- ¢+ [,o8-¢ =0 forany p € R.
Also assume that u, L R. Then, for e <r < diam(£2),

12

1

{;/ |Vug|2} < C{IFl@ +lglon} (1-8)
Q

where C depends only on d, k1, k3, and the Lipschitz character of <.

Estimates (1-5) and (1-8), which are scaling-invariant, may be regarded as the Rellich estimates,
uniform down to the scale &, in Lipschitz domains for the elasticity operators L.. Indeed, if the coefficient
matrix A is constant, then (1-5) and (1-8) hold for any 0 < r < diam(€2). Suppose that F = 0 and
u, € C! (S_Z; [RR"). By letting r — 0, one recovers the full Rellich estimates in Lipschitz domains,

‘ du,

, 1-9
oy (1-9)

L2(0R)

[Vuellr2g0) < Clluellpioey  and  [[Vuell2pe) <C

which were proved in [Fabes et al. 1988; Dahlberg et al. 1988] for second-order elliptic systems with
constant coefficients, using integration by parts (see [Kenig 1994] for references on related work on
boundary value problems in Lipschitz domains). We should note that our proof of Theorems 1.1 and 1.2
uses the nontangential maximal function estimates in [Dahlberg et al. 1988]. On the other hand, under
certain smoothness conditions on A, the Rellich estimates hold for the operator £; on Lipschitz domains
with diam(€2) < 1. By a blow-up argument as well as some localization procedures, this implies

—1/2
IVie |l 250) < C{lIVanttell 200 + & 2 I Vuel 2, )

0
Vel 20 < C{ ‘ te
oV,

(1-10)

~1/2
. te /”V”s”Lz(QS)},
L2(39)

where Viyu. denotes the tangential derivative of u, on 9€2. We emphasize that the estimates (1-10) are
local and structure conditions such as periodicity are not needed. However, with the additional periodicity
condition, one may combine the local estimates (1-10) with the estimates in Theorems 1.1 and 1.2 to
obtain the full Rellich estimate (1-9), uniform in ¢, for operators £, (see Remark 3.1). Thus we have
been able to completely separate the large-scale regularity due to homogenization from the small-scale
regularity due to smoothness of the coefficients.

Under the periodicity condition and the Holder continuity condition on A, the uniform Rellich estimates
(1-9) were proved in [Kenig and Shen 2011a; 2011b] for a family of elliptic operators {L.}, where £, =
—div(A(x/e)V) and A(y) = (a?jﬂ (y)) with 1 <i, j <d and 1 <,  <m satisfies the ellipticity condition

ulé P < aff ()&7e] < 1eP? (1-11)

for y e R? and & = (&) € R?*™ as well as the symmetry condition A* = A, i.e., af‘/ﬂ = afia. The results

were used to establish the uniform solvability of the L? Dirichlet, regularity, and Neumann problems for
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the system L, (u,) = 0 in Lipschitz domains. It is worth pointing out that the Rellich estimates (1-9) are
not accessible by compactness methods. One of the key steps in [Kenig and Shen 2011a; 2011b] uses
integration by parts and relies on the observation that £ (Q) = Q(L), where

Q)(x', xa) =u(x', xg +1) —ux’, xa).

As a result, the approach does not seem to apply if the coefficients are not periodic. We mention that even
with periodic coefficients, the direct extension of the methods used in [Kenig and Shen 2011a; 2011b] is
problematic for the system of elasticity, due to the weaker ellipticity condition and the lack of (uniform)
Korn inequalities on boundary layers.

In this paper we develop a new approach to uniform boundary regularity in quantitative homogenization
of elliptic equations and systems. Let g denote the solution of the boundary value problem for the
homogenized system with the same data. The basic idea is to consider the function

B

B 2 4o

we = ue —uo—ex! (x/e) K2 —Ln, (1-12)
axj

in , where x = (x f ) denotes the matrix of correctors, K 82 = K. o K, with K, being a smoothing operator

at scale ¢, and 1, € C3°(2) is a cut-off function with support in {x €  : dist(x, d€2) > 3¢}. Using energy

estimates for the operator £, as well as sharp boundary regularity estimates for u(, we are able to bound

—1/2
e | well g1 (g

by the right-hand sides of estimates (1-5) and (1-8), respectively. This, together with sharp estimates
for ug, yields the desired estimates for

—1/2
r 21 Vuell 2,

for ¢ <r < diam(€2). We mention that since £ has constant coefficients, the sharp boundary estimates in
Lipschitz domains in terms of nontangential maximal functions are known [Fabes et al. 1988; Dahlberg
et al. 1988]. Also, because of the use of the smoothing operator K., which is motivated by [Pastukhova
2006; Suslina 2013a] (also see [Griso 2004; Onofrei and Vernescu 2007; Kenig et al. 2012; Suslina
2013b]), we only need to assume that

sup / (XD +1Vx(0I?) dy < oo,
xeR? JB(x,1)

and that a similar estimate holds for a dual corrector ¢ = (¢,f£.) (see (2-5) for its definition). As such, it is
possible to extend the approach to the almost-periodic or other nonperiodic settings. We plan to carry out
this study in a separate work.

As we mentioned before, the estimates in Theorems 1.1 and 1.2 may be used to establish uniform
solvability of L? boundary value problems for £, in Lipschitz domains [Kenig and Shen 2011a; 2011b].
They can also be used to obtain sharp O (¢) error estimates in L4 (S2) for ¢ = 2d/(d — 1) and a Lipschitz
domain €2, with no smoothness assumption on the coefficients.
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Theorem 1.3. Suppose that A and Q2 satisfy the same conditions as in Theorem 1.1. Let u, be a weak
solution to (1-4) or (1-7), and ug the weak solution of the homogenized system with the same data. Suppose
that uy € H*(Q; RY). In the case of the Neumann problem (1-7) we further assume that u., uy L R. Then

lue —uollLa) < Celluoll p2(q)s (1-13)

where g = p' =2d/(d — 1) and C depends only on d, k1, k3, and S2.

We remark that if Q is C? and u, = 0 or du,/dv, =0 on <2, the O(¢) estimate
lue —uoll 2@ < CellFllr2 g (1-14)

was proved in [Suslina 2013a; 2013b] for a broader class of elliptic operators with measurable periodic
coefficients, which contains the systems of elasticity considered here (also see [Griso 2004; Onofrei and
Vernescu 2007; Kenig et al. 2012; 2014] and their references for related work on convergence rates).
Note that g =2d/(d — 1) > 2 and |luoll g2() < C||Fll12(q) if Q2 is C? and Lo(ug) = F in Q with ug =0
or dug/dvg = 0 on dQ2. Thus our estimate (1-13) is stronger than (1-14). In the case of scalar elliptic
equations with Dirichlet condition u, = 0 on 9€2, it is known that ||u, — ug||ze(@) < Cée||F|lLr(q), Where
l<p<dand1l/q=1/p—1/d (see [Kenig et al. 2014, p. 1234]). Although the exponent g =2d/(d — 1)
may not be sharp, Theorem 1.3 seems to be the first result on the sharp O (¢) estimate of u, —ug in L9(2)
with g > 2 for elliptic systems with bounded measurable periodic coefficients.

As we indicated above, the proof of Theorems 1.1 and 1.2 only uses the energy estimates in L? for
L, and thus requires no smoothness assumptions on the coefficients. In the second part of this paper we
apply the similar ideas in the L” setting for 1 < p < oo. To do this we first establish the W!? estimates
for the systems

Lo(ue) =div(h) inQ, (1-15)

where h = (h{') € LP(Q; R4y, with either the Dirichlet or Neumann boundary conditions, under the
additional assumptions that  is C! and A = A(y) belongs to VMO(R?). As a result, the L” analogues
of estimates (1-5) and (1-8) are proved under these additional conditions, which are more or less sharp.
Consequently, by combining the L? estimates on the boundary layer €2, with local estimates for £,
which hold for Holder continuous coefficients, we may obtain the uniform Rellich estimates in L? for
solutions of £, (u;) =0 in C' domains under the assumptions that A is Holder continuous and satisfies
(1-2)—(1-3). By the method of layer potentials, this will lead to the uniform solvability of the L? Dirichlet,
regularity, and Neumann problems in C' domains (details will be provided in a separate work). Previously,
these results in L? are known only in C!% domains for operators £, with Holder continuous coefficients
satisfying (1-11) and A* = A [Kenig et al. 2013]. We remark that the WP estimates (local or global) for
operators with nonsmooth coefficients in nonsmooth domains are of interest in their own rights and have
been studied extensively in recent years (see [Caffarelli and Peral 1998; Auscher and Qafsaoui 2002;
Wang 2003; Byun and Wang 2004; 2005; Shen 2005; 2008; Krylov 2007; Dong and Kim 2010; Kenig
et al. 2013; Geng 2012; Geng et al. 2012] and their references). Our approach to the W7 estimates is
based on a real-variable argument, which originated in [Caffarelli and Peral 1998] and further developed
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in [Wang 2003; Shen 2005; 2007]. The required (weak) reverse Holder estimates at the boundary are
proved by combining the interior Lipschitz estimates down to the scale ¢ with boundary C* estimates.
Theorems 1.1 and 1.2 as well as their L? analogues, given in Section 7, are the main contributions
of this paper. For a comprehensive study in the boundary regularity for £, in Sections 8 and 9, we
investigate the boundary Lipschitz estimates, uniform down to the scale ¢, for solutions in C* domains
with the Dirichlet or Neumann conditions. Let
D, ={(x',x) eR: x| <rand Y (x') <xg <Y () +r}, (116
Ay ={(x',xg) €R: x| <r and xq = ¥ (x)},
where ¥ : R?~! — R is a C"* function for some « > 0 with ¥ (0) = 0 and IVl ca a1y < M.
Theorem 1.4. Suppose that A satisfies conditions (1-2)—(1-3). Letu, € H Y(Dy; R?Y) be a weak solution to
Le(ug)=F in Dy and u.=f onA. (1-17)

Then, fore <r <1,

1/2 172
(][ IVua|2> SC{(][ IVua|2> +||f||c1-<r(Al)+IIFIILn(DI)}, (1-18)
D, D,

where p > d and o € (0, «). The constant C depends only on d, k1, k2, p, o, and (e, M).
Theorem 1.5. Suppose that A satisfies (1-2)—(1-3). Let u, € H'(Dy; RY) be a weak solution to

oug

Le(u)=F in Dy and =g onA. (1-19)

oV
Then, fore <r <1,

12 12
(f |ws|2> SC{<][ |Vue|2> +||g||ca<m)+||F||LP<DI)}, (1-20)
D, Dy

where p > d and o € (0, o). The constant C depends only on d, k1, k3, p, o, and (e, M).

As in the case of Rellich estimates, under additional smoothness conditions on A, using local Lipschitz
estimates for £; and a blow-up argument, one may derive from Theorems 1.4 and 1.5 the full boundary
Lipschitz estimates

172
VuellLop, ) < C{(][ |Ms|2) + 1 fllcroa,) + ||F||L1’(D|)} (1-21)
D,

for solutions of (1-17), and

12
Vel LoD, ) < C{(][ |Ma|2) +lgllcoan + ||F||LP(D1)} (1-22)
D,

for solutions of (1-19). We remark that for elliptic systems satisfying the ellipticity condition (1-11),
the periodicity condition (1-3) and the Holder continuity condition, the estimate (1-21) was proved in
[Avellaneda and Lin 1987], while (1-22) was established in [Kenig et al. 2013] under the additional
symmetry condition A* = A. This symmetry condition was removed recently in [Armstrong and Shen
2016]. However, our estimates in Theorems 1.4 and 1.5 are new for the system of elasticity.
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Our proof of Theorems 1.4 and 1.5 also uses the function w,, given by (1-12). As a consequence of its
estimates in L2, for each r € (8, }l) we are able to construct a function v such that Ly(v) = F in D, with
the same (Dirichlet or Neumann) data on A, as u,, and

1/2 1/2
<][ lug, — v|2) < C(e/r)l/z{(][ |u£|2> + terms involving given data}.
D, Dy,

This allows us to use a general scheme for establishing Lipschitz estimates down to the scale e, which
was formulated recently in [Armstrong and Smart 2016] and used for interior estimates in stochastic
homogenization with random coefficients (also see [Armstrong and Mourrat 2016] as well as related work
in [Gloria and Otto 2011; 2012; Gloria et al. 2014; 2015]). Our argument is similar to (and somewhat
simpler and more transparent than) that in [Armstrong and Shen 2016], where the scheme was adapted to
prove the full boundary Lipschitz estimates for second-order elliptic systems with almost-periodic and
Holder continuous coefficients. As indicated earlier, we have been able to completely avoid the use of
compactness methods (even in the case of C* estimates). Although it is possible to prove the interior
Lipschitz estimates as well as the boundary C* estimates, down to the scale ¢ without smoothness, by the
compactness methods, as demonstrated in [Avellaneda and Lin 1987; Gu and Shen 2015], the compactness
methods for boundary Lipschitz estimates require the same estimates for boundary correctors, which are
not easy to establish [Avellaneda and Lin 1987; Kenig et al. 2013].

The paper is organized as follows. In Section 2 we establish some key convergence results in H'. These
results are used in Section 3 to prove Theorems 1.1 and 1.2. In Section 4 we study the convergence rates
in L9 for ¢ = 2d/(d — 1) and give the proof of Theorem 1.3, which uses the estimates in Theorems 1.1
and 1.2 as well as a duality argument. In Sections 5 and 6 we obtain the boundary C* and W7 estimates,
respectively, in C! domains for operators with VMO coefficients. These estimates are used in Section 7 to
establish the L” analogues of (1-5) and (1-8) in C' domains. Finally, Theorem 1.4 is proved in Section 8,
and Section 9 contains the proof of Theorem 1.5.

Throughout the paper we use fE u=(1/|E|) [, U to denote the average of u over the set E. We will
use C and c to denote constants that may depend on d, k1, k2, A and €2, but never on &.

2. Convergence rates in H'!

In this section we establish certain results on convergence rates in H!, which will play a crucial role in
the proof of our main results. Throughout the section we assume that A = A(y) satisfies (1-2)—(1-3) and
Qisa bounded Lipschitz domain in R

Let X = X; (y)) =( Xaﬂ (y)) denote the matrlx of correctors for L., where 1 < j, «, B < d. This means

that X € 1OC([Rid R?) is 1-periodic, fY =0, and
&(xf) =—Li(Pf) inRY, @-1)
where ¥ =0, 1)? and P’Lj =y;(0,. ..., 0) with 1 in the B-th position. The homogenized operator is

given by Lo = — d1V(AV) where A = (af’jﬂ ) is the matrix of effective coefficients with

~af
a;; :]{/{ +Cllk dye (X] )} (2-2)
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It is known that the constant matrix A satisfies the elasticity condition (1-2) [Oleinik et al. 1992; Jikov
et al. 1994]. Define

b () =af +aff (x, Py - (2-3)

Yk
By the definition of A and (2-1),
ad
of _ afy _ ]
/Yb,.j =0 and ayi(b"f')_o' (2-4)

It follows that there exist d)kl ; €H !

10C([R{d) such that ¢,(:£ is 1-periodic,
bl = ( o) and g = —glf 2-5)
ij = ¢kl] an kl_] ikj

(see, e.g., [Jikov et al. 1994; Kenig et al. 2012])
Fix ¢ € Cgo(B(O, 4)) such that ¢ > 0 and fRd ¢ = 1. Define

Ko (f)(x) = f*ge(x) = /d Fx=ye:(y)dy, (2-6)
R
where g (y) =& (y/e).
Lemma 2.1. Let f € LP(R?) for some 1 < p < oo. Then for any g € LIOC(Rd),
1/p
lg(x/e)Ke ()l Lr ey = C sup (][ Iglp) I Nl Lr ey (2-7)
xeRd \J B(x,1)
where C depends only on d.
Proof. By Holder’s inequality,
K, P < P dy,
KN = i [ 1O a0
from which the estimate (2-7) follows readily by Fubini’s theorem. U
It follows from (2-7) that if g € Lff)c([R{d) and is 1-periodic, then
g Cx/e)Ke (F)llLrway = ClgNLrcry | f ll Lr wey- (2-8)
Lemma 2.2. Let f € Wh4(R?) for some | < q < 0o. Then
I1Ke(f) — flleamey < CellV fllLa(may- (2-9)

Moreover, if p=2d/(d + 1),

IKe (Ol 2@y < Ce™ 21 f Nl Loy
If = Ke(D)l2ey < Ce 2NV £l o way-

The constant C depends only on d.

(2-10)
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Proof. To see (2-9), we note that
NFC =) = FClpaway < YTV Sl Lamay
for any y € R?. Thus, by Minkowski’s inequality,

1Ke(f) = fllLamey < /Rd eI —=y) = fC)lameydy

< / ey dy 1V £ Lo
R

= Ce||V [l La(ra)-

Next, by Parseval’s theorem and Holder’s inequality,
/ K. (f)P dx = / 96)P1F €)1 dt
Rd Rd
1/d
A 2d 2
< < | o dé) A2,

-1 2
< Ce7 112, -

where f denotes the Fourier transform of f, and we have used the Hausdorff—Young inequality || f Il Lr gy <
| f Nl Lrwey- This gives the first inequality in (2-10). To see the second inequality, we note that ¢(0) =
fRd ¢ = 1. It follows that

1/(2d)
I1f = Ke(Dll 2wy < c{ / |6(28) = pO) |1 ds} IV Fll Lo ey
Rz
< Ce'?|IV fll 1o o),
where we have used ¢ (&) — @(0)| < C|&| for the last step. O

Lemma 2.3. Let u,, ug € H'(Q; R?). Suppose that L.(u:) = Lo(ug) in Q and either u, = ugy or
dug/0ve = dug/0vg on 9S2. Let

o o o ap 2 8”5
we =ug; —ug —ex; (x/e)Kg ajns ,
where KE2 = K.0K;, ne € C;°(R2) and supp(n,) C {x € Q: dist(x, 92) > 3¢}. Then
/ Ax/e)Vw, -Vwdx = / [A —A(x/e)][Vug — K?((Vuo)ng)] -Vwgdx
Q Q
- / B(x/e)KZ((Vuo)ne) - Vwe dx
Q

— e/ A(x/e)x (x/e)VKZ((Vuo)ne) - Vw dx, (2-11)
Q

where B(y) = (bf}ﬁ (v)) is defined in (2-3).
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Proof. We first note that if u, = ug on 9, then w, € Hj (2; R?), as K2((Vup)n,) € C°(RQ). Since
Le(ug) = Lo(ug) in €2, it follows that

/A(x/e)Vug-Vdex:/ AVug - Vw, dx. (2-12)
Q Q

In the case of the Neumann condition du./de = dug/dvg on €2, equation (2-12) continues to hold. This
is because w, € H'(2; R?) and both sides of (2-12) are equal to

31/!0

(Lo(uo), we)(m1(@)yxH (@) T < o g> .
0 H-1200Q)xH/2(3Q)

Using (2-12), we obtain
/QA(x/s)sz.Vwedx=/Q[A—A(x/e)]wo.ng dx
- /Q A(x/e)Vx (x/e)KZ(Vuo)ne) - Vwe dx
—e [ Ao xx/0) VKoo - Vo i,

from which the formal (2-11) follows by the definition of B(y). O

Lemma 2.4. Let ¢p(y) = (¢kl] (y)) be defined by (2-5). Then

2 d 2 a”g
B(x/e)K; (Vup)ne) - Vwe dx = —¢ %J( x/e ) '3 — K\ e ) dx. (2-13)
Q X 0x;
Proof. Using (2-5), we see that
2 ap 2 3”5 dwg
B(x/g)Kg ((Vugp)ne) - Vwg =bij (x/g)Kg 8_778 :
Xj 8)(,'

B
D [ up J(ouf N e
¢ Xy <¢k” OC/S)) & <8xj s 0x;

aug
= { klj(x/ ) } (a_%),

from which equation (2-13) follows readily. O

Lemma 2.5. Let u. (¢ > 0) be a solution to the Dirichlet problem (1-4) or the Neumann problem (1-7).
Let w, be defined as in Lemma 2.3 with n, satisfying

€ CP(Q), 0<n<l,

supp(n,) C {x € Q : dist(x, 02) > 3¢},
ne=1 on{x e Q:dist(x, 0Q) > 4e},
|Vns| < Ce™!

(2-14)
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Then

‘/ A(x/e)Vw, - Vw, dx
Q

< ClIVwell 2 {1Vl 12,y + 1(Vuo) e — Ko ((Vuo)ne) |20 + €1 Ke (Vuo)ne)ll 2y} (2-15)

Proof. 1t follows from Lemmas 2.3 and 2.4 by the Cauchy inequality that

< ClIVwell 2 {IIVito— K2 (Vo) ne) | 12y el x (/&) VK Z (Vo) na) Il 12
+ellgp(x/e)VKZ(Vuo)ne)ll 2 )

< ClIVwell 2o { IVug—KZ((Vuo)ne) 2@ +€ellVKe(Vuo)ne)ll 2 b

2
loc

‘/ A(x/e)Vwg-Vw, dx
Q

where we have used Lemma 2.1 as well as the fact that x, ¢ € L?> (R?) and are 1-periodic for the last

inequality. Observe that

IVuo — KZ((Vuo)ne) 2@y < (Vo) (1 — 1)l 20 + 1 (Vuo)ne — Ke(Vuo)ne)ll 2o
+ || Ko (o) ne — Ke (Vo)1) | 12
= ”V”0||L2(Q4£) + Cl|[(Vuo)ne — Ke((vuo)ﬂa)HLZ(Q)-

Also,
ellVK:(Vuo)ne)ll 2y < el Ke (Vo) ne) 2y + el Ke (Vi) (Vi) 2o

< el Ke((V2uo)ie) 2 + Cll Vol gy, - D
Finally, we are in a position to state and prove the main result of this section.

Theorem 2.6. Suppose that A(y) satisfies (1-2)—(1-3). Let Q2 be a bounded Lipschitz domain. Let u,
(e > 0) be the solutions to the Dirichlet problem (1-4) in Q with f € H'(3Q; R?) and F € L?(Q; R?),
where p =2d/(d+1). Then

B 2 3”5
ue —uo —ex; (x/E)KI| = ne
J

<Ce"{I fl ey + 1 Flle@ ), (2-16)
Hj(Q)

where 1. € C3°(R2) satisfies (2-14). The constant C depends only on d, k1, k2, and the Lipschitz character
of S2.

Proof. Let w, denote the function on the left-hand side of (2-16). Since w, € HO1 (€2; RY), it follows from
(2-15) by the first Korn inequality [Oleinik et al. 1992] that

lwell g} ) < ClIIVuoll 2y, + 1(Vuo)ne — Ko (Vuo)ne) 120 + e | Ke (Vuo)n)ll 2y} (2-17)
To bound the right-hand side of (2-17), we write ug = v + h, where

v(x) = /Q Fo(x —y)F(y)dy

and I'g(x) denotes the matrix of fundamental solutions for the homogenized operator Ly in R¢, with pole
at the origin. Note that Lo(v) = F in €2, and by the well known singular integral and fractional integral
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estimates,

V20l oty + IVl oy < Coll Flloys (2-18)

where we have used the observation 1/p’ =1/p—1/d. Lete = (ey,...,ey) € Cé (R4; RY) be a vector
field such that (e, n) > cy > 0 on 02 and |Ve| < Cro_l, where rp = diam(€2) and n denotes the outward
unit normal to 9€2. It follows from the divergence theorem that

cof |Vv|2do§/ |Vv|*(e, n) do
092 Q2

9
:f |Vv|2div(e)dx+/ e;—Vv-Vvdx
Q Q 0

Xi
—1 2 2
EC{rO fIVvl dx—l—/ [Vv| |V vldx}
Q Q
< C{rg VUG 2y + IV Ly ) VPV r@ } < CIF 70 (), (2-19)

where we have used (2-18) for the last step. Note that the same argument also gives [[Vvl| 2,y <
C||F| e, Where S; = {x € R? : dist(x, 3Q2) =t} for 0 < ¢ < crg. Consequently, by the coarea formula,
we obtain

1 12
{;/~ |Vv|2dx} <CI|FllLr(g), (2-20)
o

where 0 < r < diam(£2) and 5, = {x € R? : dist(x, Q) < r}.
Next, we observe that Ly(h) =0 in 2 and

Ihlla o) < 1 la oo + IV o)
< flla oo + CllFlLr ),

where we have used (2-19) for the last inequality. It follows from the estimates for solutions of the L2 reg-
ularity problem in Lipschitz domains for the operator £y in [Dahlberg et al. 1988; Verchota 1986] that

IV Nl 1200y < CLILf lmea) + 1 FllLre ), (2-21)

where (Vh)* denotes the nontangential maximal function of VA. This, together with (2-20), gives

IVuoll 2,y < Cr'* {1l fll g oy + 1 F e } (2-22)

for any 0 < r < diam(€2). As a result, the first term on the right-hand side of (2-17) is bounded by
Ce* (| fllim oy + I FllLr)}-
To handle the third term on the right-hand side of (2-17), we use Lemma 2.2 to obtain
el Ke(V2uo)ne)ll o) < el Ke(V20)me)ll 2@ + €l Ke (VM) 20
< Ce' PV el ey + Cel (V2 h)ne |l 2y
< Ce'2|Fllurey + Cel V2Rl 2@\ - (2-23)
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Since Lo(Vh) =0 in 2, we may use the interior estimate for Lo,

c 12
|v2h<x)|s—(][ |Vh|2) ,
3(x) \JB(x,5(x)/8)

where §(x) = dist(x, 0€2), to show that

IV2hl 2@y < CIOVDIEOT I 2@0,)
<Ce "I flmpa + IFlr@ ), (2-24)

where the last inequality follows from (2-21). This, together with (2-23), gives

ell Ko ((Vuo)ne) 2y < Ce {1 fll ey + I FllLr @ }- (2-25)

Finally, to bound the second term on the right-hand side of (2-17), we again write ug = v + h as before.
Note that by Lemma 2.2,

[(VV)ne =K (VU)ne)ll @) < IVV=Ke(VO) || L2 ey H [ (VO) A =06) | 2(0) I Ke (V) A =1)) || L2(02)
< Ce' IVl Loy +C IV VI 1235y,
<Ce'2|F o).
where we have used (2-18) and (2-20) for the last inequality. Also, by Lemma 2.2,
(VR)ne = Ke(VI)ne)ll 120y = CellVIVIIN) 120
< ClelVhlz@e.) + IVAI 2@, }
<Ce"*{l fllmpa + IIFlr@}-

Consequently, the second term on the right-hand side of (2-17) is dominated by the right-hand side of
(2-16). This completes the proof of Theorem 2.6. [l

The next theorem is an analogue of Theorem 2.6 for the Neumann boundary conditions.

Theorem 2.7. Suppose that A = A(y) satisfies (1-2)—(1-3). Let Q be a bounded Lipschitz domain. Let u,
(€ > 0) be the solutions to the Neumann problem (1-7) in Q with g € L>(d%; RY) and F € LP(; RY),
where p =2d/(d + 1). Also assume that u,, uy L R. Then

< e lIgl 200 + 1 FllLre ) (2-26)

B 2 3”5
Ug — U —EX; (X/E)Kg N
H(Q)

3Xj

where 1. € C(°(R2) satisfies (2-14). The constant C depends only on d, k1, k2, and the Lipschitz character
of 2.

Proof. The proof, which uses the estimate in Lemma 2.5, is similar to that of Theorem 2.6. We will only
point out the differences and leave the details to the reader.
Let w, denote the function on the left-hand side of (2-26). Let

{ojri=1,....J=%dd+1)}
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be an orthonormal basis of R, as a subspace of L?(2; R?). By the second Korn inequality [Olefnik et al.

1992],
We-@idx|.
v

+CZ

j=1

||w8||H1(Q)<c‘/ A(x/e)Vw, - Vw, dx (2-27)

Since u., ug L R, it follows that
‘ / We-@jdx
Q

This, together with (2-27) and Lemma 2.5, shows that

< Cellx(x/e)KZ((Vuo)ne)ll 2

< Cel[Vuoll2(q)-

lwell g1 (@)
< {IVuoll 2, +e I Vuoll 2+ 11 (Vo) ne— Ko (Vo) ne) | 12y He Il Ke (V2uo)ne) 2y} (2-28)

To bound the right-hand side of (2-28), we write ug = v + h, where v is the same as in the proof of
Theorem 2.6. Since Ly(h) =0 in  and

oug

L2(392) ‘3"0 L2(0R) Havo L2(39)

< C{liglzp + 1 FllLr@}

H dvy
we may use the estimates in [Dahlberg et al. 1988; Verchota 1986] for solutions of the L?> Neumann
problem for Ly in Lipschitz domains to obtain
J
(V) | 290) < C{ g2 + 1 FllLr@) + Z / h-g; }
, Q
j=1

< C{liglrzpe) + I FliLr@} (2-29)

where we have used the assumption ug L R. With the nontangential maximal function estimate (2-29) at
our disposal, the rest of the proof is exactly the same as that of Theorem 2.6. (I

Remark 2.8. Since
lIx (e /&) KZ(Vuo)ne) 2 < ClIVuoll 2

it follows from the estimate (2-16) that

e —uoll 2y < Ce {1l flluraey + I1F 2@} (2-30)
where L. (u:) = Lo(ug) = F in Q and u, = ug = f on 92. Similarly, the estimate (2-26) implies

lue —uoll 2y < Ce'*{llgll200) + 1 Fll 2@} (2-31)

where u,, ug are given in Theorem 2.7. These O (e'/?) estimates in L? are not sharp (see Section 4), but
they will be sufficient for us to establish the boundary C and Lipschitz estimates.
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3. Proof of Theorems 1.1 and 1.2

Theorems 1.1 and 1.2 are consequences of Theorems 2.6 and 2.7, respectively. We give the proof of
Theorem 1.1. Theorem 1.2 follows from Theorem 2.7 in the same manner.
Without loss of generality we may assume that

I fllaroo + 1 Fllre =1
Let w, denote the function on the left-hand side of (2-16). By Theorem 2.6, for ¢ < r < diam(£2),

IVueli2i,) < 1Vuoll 2o, + I Vwell 2 + & Vix (x/e) K2 (Vo)) | g,
< Cr'2 4 | Vx (/) K (Vuo)ne) || 2, , + € X /) VKZ(Vuo)ne) || 12
< Cr'?+ CIK((Vuo)ne)ll 12, + CellV K (Vuo)ne) 2@y )

where we have used (2-22) and Lemma 2.1 as well as the fact that the operator K, is a convolution with a
kernel supported in B(0, ¢/4). Note that by (2-22) and (2-25),

| Ke(Vuo)ne)ll 2,y < CllVuol 2,y < crl/?,
and
ellVK((Vup)no)ll 2,y < el Ke(V2uo)ne)ll 20y + 1K (Vo) (V) 12 (0

< el Ko ((V2uo)no)ll 20y + ClVuoll 2y
< cri/?

The proof of Theorem 1.1 is complete.

Remark 3.1. Under certain smoothness conditions on A, it is possible to extend the Rellich estimates in
[Dahlberg et al. 1988] for the Lamé systems with constant coefficients to the operator £; with variable
coefficients satisfying the condition (1-2). We refer the reader to [Kenig and Shen 2011b], where this is
done in the case that the coefficients satisfy the ellipticity condition (1-11). It follows that if £;(u) =0
in D,, where D, is defined by (1-16) with ¥(0) =0 and |V ||cc < M, then

0
/ \Vul? do < c/ !
D, oD, |0

V
f |Vu|2da§Cf |Vtanu|2dc7+C/ |Vul|* dx
D, .

r Dr

2
da—i—Cf |Vul?dx,
D,

(3-D

for any r € (1, %), where C depends only on d, A, and M. By integrating both sides of the inequalities in
(3-1) with respect to r over (1, %), we obtain

9
/ \Vul?do < c/ “
A A dv

/|Vu|2da§C/ |Vtanu|2do*+C/ |Vul?dx,
Ay Ay D>

2
da—i—C/ |Vu|*dx,
D2 (3-2)
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where A, = {(x/, ¥ (x")) € R? : |x'| <r and x;=v(x")}. We now take advantage of the fact that the
dependence of C on  is only through M. Since L. (u.) = 0 implies £i{u.(ex)} = 0, one may deduce
from (3-2) that if £, (u,) = 0 in D,,, then

2 C

/ |Vu£|2da§Cf do += |Vu.|?dx,
A Az | € Jpa (3-3)

f |Vu€|2da§C/ |Vtanu$|2d0+£ |Vu,|*dx.
A, Ase € Jp,,

oug

Ve

Now, suppose that u, € H 1(Q: RY) and L, (u.) =0 in 2, where Q is a bounded Lipschitz domain in R,
By covering 92 with a finite number of suitable balls of size ce, it follows from (3-3) that

9
/ |Vu,|*do 5c/
90 a0

/quelszSC/ |Vtanu8|2d0+£/ \Vu,|? dx.
PYe) IQ € JQ.

Notice that up to this point, we have only used the smoothness condition of A, not the periodicity of A.

Ug

2
do+9/ |Vue|? dx,
€ Ja.

Ve

(3-4)

With the additional periodicity condition we may invoke the estimates in Theorems 1.1 and 1.2 to bound
the volume integrals of |Vu,|? over the boundary layer Q.. This yields the full Rellich estimates,

9 2
/ |Vug|2do§Cf “o| do (3-5)
90 aq| Ve
ifu, L R, and
/ |Vue|* do §C/ |vtanu£|2da+c;»0—2/ lue|* do. (3-6)
0 Q2 Q2

It is well known that estimates (3-5)—(3-6) may be used to solve the L? boundary value problems in
Lipschitz domains by the method of layer potentials. We refer the reader to [Kenig and Shen 2011b] for
the case where A(y) satisfies (1-11). The details for the system of linear elasticity have been carried out
in a separate work [Geng et al. 2017].

4. Convergence rates in L? for g =2d/(d — 1)

We now establish sharp O(¢) estimates for ||u, — uopl| (@) With ¢ = 2d/(d — 1), using Theorems 1.1
and 1.2 and a duality argument. Throughout this section we will assume that €2 is a bounded Lipschitz
domain and A = A(y) satisfies (1-2)—(1-3).

We start with the Dirichlet boundary condition.

Lemma 4.1. Let u, (¢ > 0) be the solution of (1-4). Suppose that ug € H*(2; R?). Then

I
ug —ug—exp(x/e)Ke| — ) —ve
0x

k

< Ce||VZiioll 2 gy 4-1)
H(Q)
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where iy € H*(R?; R?) is an extension of ug and v, € HY(Q; R?) is the weak solution to
. g
Le(v,) =0 inQ and Ve = —exr(x/e) K, P on 082.
Xk
Proof. Let
ditg
We =u, —ug—exr(x/e)K, < )—vg.
0Xy

Using L. (ue) = Lo(up) and L. (v.) =0 in €2, a direct computation shows that

9 o _ ub diio
Le(we) =——11q; (x/S) eyexk(x/e)Ke P

ax,- Xj

N 9 diih O [,
=—a{[&zfﬂ - s - Ks(a%?)}}m—m{bf(m“ (55)
2

9 By
+e—qa (x/s)xk (x/e)K,

0X; 0x;0

where bf}ﬂ is defined by (2-3). Using (2-5), we see that

0 [ up diif 02l
o ()] oo (25)

Indeed, the left-hand side of (4-4) equals

3%’
p*P K 0},
Y (X/S) 6(8.)6,'3)6]')

while the right-hand side equals

021} 92 dii)
o 0
by; (x/e)Ks<a o ) <l>z;<,(16/8)a o (axj)
and the second term is zero due to the skew-symmetry ¢Z’i = —¢f§§.

It follows from (4-3) and (4-4) by Lemmas 2.1 and 2.2 that

2~
| Le (el g-1(0) < CellVouoll r2(ray,

669

(4-2)

) o
Xk

(4-4)

where C depends only on d, k1, k2, and €2. Since w, € H(} (2; [R{d), this gives the estimate (4-1) by the

energy estimate.

O

The following theorem establishes the sharp O (¢) estimate in L¢ with ¢ = 2d/(d — 1) for the Dirichlet

boundary condition.

Theorem 4.2. Suppose that A satisfies (1-2)—(1-3). Let Q2 be a bounded Lipschitz domain in RY Let u,

(¢ = 0) be the weak solution to Dirichlet problem (1-4). Assume that uy € H 2(Q; RY). Then

lue —uollLe) < Celluollp2(q),

where ¢ =2d/(d — 1) and C depends only on d, k1, k2, and S2.

(4-5)
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Proof. We begin by choosing iig € H*(R?; R?) such that iip = ug in Q and |liio |l z2ay < Clluoll 2
where C depends only on Q2. Since €2 is Lipschitz, this is possible by an extension theorem due to
A. Calderén [Stein 1970, Theorem 5, p. 181]. Next, since HOI(Q) C L7(2) and

ou
Xk (x/€) Ko ( ; 0)
Xk

in view of Lemma 4.1, it suffices to show that

< ClIViuollpamaey < Clluoll g2y
L9(2)

lvellLa@) < Celluoll g2y (4-6)

where v, is given by (4-2).
To this end we fix G € L”(Q2; R?), where p =¢' =2d/(d + 1), and let h, € H, (Q; RY) be the weak
solution to

Le(he)=G inQ and he=0 ondQ. 4-7)

It follows from (4-2), (4-7), and the divergence theorem that

oh
/.vs-de=—f Vg - *do
Q IQ Ve

dig\ dh
=s/ Xk(x/e)Ke < o= =D do
02

Xy 0V,
-]

— 1) dx

/oK, (8—) a

te Xky(x/t?) (

—1)dx

>u

Y au o
ka (x/s)&;(a G (e — 1) dx
Q Xk

diiy B an.
+8/ %Y (x/e)K, x
k o ) xjdx;

where 1, € C;°(2) satisfies (2-14). This implies

/vg-de <
Q

C/ IV (x/e)|Ke(Vitg)| [VhelIne — 1] dx
Q

+Cs/ Ix (x/&)||Ke(VZiig)| |Vhelne — 1] dx
Q
+Cs/ |x (x/&)| 1K (Viig)| |G| |ne — 1| dx
Q

+C8/QIX(X/S)IIKe(Vﬁo)IIVhEIIVnsldx. (4-8)
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Note that by Cauchy’s inequality and (2-14), the first and fourth terms on the right-hand side of (4-8) are
bounded by

1/2 172
C(/Q |(|VX(x/8)|+|X(X/S)I)K5(Vﬁo)|2dx> (fg |Vh€|2dx>

1/2 1/2
50(/ |Vﬁ0|2dx) (/ |Vh8|2dx) ,
Qse Qe

where Q, = {x € Q : dist(x, 0Q2) <r}, EZ, = {x e R? : dist(x, Q) <r}, and we have used Lemma 2.1 for
the last inequality. Using the divergence theorem, as in (2-19), one may prove that

de

~ ~ n1/2 ~ 1/2
IViioll 2,y < Cliiol 17 o, N0l 2 gy

where S, = {x € R? : dist(x, 3Q) =r}. It follows by the coarea formula that

172

~ ~ 172 ~
IViioll 2,y < Cr'/2llioll 1 g liio ]l 12 o, 4-9)

This, together with the estimate in Theorem 1.1 for 4., shows that the first and fourth terms on the
right-hand side of (4-8) are bounded by

Celluoll p2 @ 1GllLr ()

where p = ¢’ = 2d/(d + 1). Finally, we note that the second and third terms on the right-hand side of
(4-8) are bounded by

2~ ~
CellVouoll 2wy IVhel 12y + Cell Vol Laway | Gl r ) < Celluoll 2 1G | Lr()-

/vs-de
Q

which, by duality, gives the estimate (4-6) and completes the proof. ]

As a result, we have proved that

< Celluoll g2 @) 1GllLr ()

Next we consider the solutions with the Neumann boundary conditions.
Lemma 4.3. Let u. (¢ > 0) be the solutions of (1-7) such that u, L R. Suppose that ugy € H2(Q; RY).
Then

< Ce{lIV2ioll 2 ey + I Vitoll L2 may } (4-10)
HY(Q)

dllg
ue —uo —Exk(x/e)Ke| — ) —ve

Xy

where Qi is an extension of uy and v, € H'(Q; R4) is the weak solution to

Le(ve) =0 inQ,

v, ef 9 9 diio
=-|\m——ni— ij K| — 2, (4-11)
- 2<nkBXi n aXk){m,(x/e) g(ax)} on

ve LR.




Thus, by (1-2) and the energy estimate,
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Proof. Let

I
We =u, —ug—exr(x/e)K, < )—ve.
axk

Using du./dv, = dug/dvg on 02, a direct computation shows that

dw, Odug Jdug

0 (x/e)K, 8u0 AV,
=— — — — —dexlx/e - —
0V, dvg  dv, v, Xk axk

0V,
B B B
ou a d

— i1 — a (x/e)] [— — K. (ﬂ)} — b (x/e)K, (ﬂ)

X ax]' J an
—nja;; Pxse)-exl” (x/e)K,

Using (2-5), we also see that
~B ~B

au av duy v
B -0 77 e
nlbl‘j (x/S)KS(aXJ')—i_ v, [¢kl](x/8)]K (axj>+ o,

£ d ou
; E(ni D Vtason, (2

o 82l

= —en;@,.. K .
nt¢kl](-x/ ) s(axkaxj)

As a result, we obtain

dw,

3u ou
raeB aﬂ _ 0
v _nl[aij (X/E) |:8 (8)6] )]
B

+enigl (x/e)Ke ( 0

Next, we note that as in the proof of Lemma 4.1

0
Le(wg) =——

f dul il d [ .
el a5 G e feron
0 { up 9%
+88—{ a;; (x/s))( (x/s)K(

Vw4 (Vwe) 120

2~Y
Uy

0x ]axk

2

da°u
_ By K,
8xk8xj) i a (x/g) exi (x/e) 0x;j0xy

kaxj>}
~Y
0

>_

“’S)ﬁ&
Xj oV

14
0

dx;0x

0V,

AVA

(4-12)

(4-13)

). (4-14)

)} (4-15)
Xk

< C||sz||L2(Q){||VM0—Ks(Vﬁ0)||L2(Q)+8||¢(X/8)K5(V2ﬁ0)||L2(Q)+8||X(X/8)K (VZuo)ll 12}

2~
< Cel|Vwell 2 IV-ttoll 12 (e,
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where we have used Lemmas 2.1 and 2.2 for the last step. By the second Korn inequality, this implies
J
lwell 10y < Cell V2ol 2y +C Y

ng-wjdx
j=1

< Ce|| V2ol 2y + Cell x (x /) Ke (Vito) | 12¢qy < Ce{ V2ol 2a) + I Vitoll L2y }

where {¢; : j =1, ..., J} forms an orthonormal basis of R, as a subspace of LZ(Q; R4). O
The next theorem is an analogue of Theorem 4.2 for the Neumann boundary conditions.

Theorem 4.4. Suppose that A satisfies (1-2)—(1-3). Let Q be a bounded Lipschitz domain in R. Let
ug (& > 0) be the weak solutions to the Neumann problem (1-7) with the property u, L R. Assume that
ug € H*(; RY). Then

lue — woll oy < Celluoll 2o, (4-16)

where g =2d/(d — 1) and C depends only on d, k1, k2, and 2.

Proof. As in the proof of Theorem 4.2, it suffices to show that

lvellLa@) < Celluoll g2y 4-17)

where v, is given by (4-11). To this end we fix G € L?(; R?) with G L R and let h, € H'(2; RY) be

the weak solution to
doh,

AV

with the property i, L R. It follows from (4-18), (4-11), and Green’s formula that

Le(hy)=G in Q2 and =0 onod<, (4-18)

d
/Us'de=/ A(X/S)va-thdx=/ Ve hedo
Q Q

aQ 0Ve

e 3 il
:Ef ("a_x,_”’ ){q&ku(x/e)K (3—0 } -h® do
it
=——/ ¢kzj(x/ )K< ) ( Mg =~ i — )h"‘-(l—na)da
j i
aii? he
Z_E/;ZE{ kl](x/S)K (8)6])(1_7]8)}

where 1, € C{°(L2) satisfies (2-14) and we have used the divergence theorem as well as (2-5) for the last

dx,
X;

inequality. This leads to

/vg-de <
Q

c /Q Ve (x /)| |Ke (Viio) || Ve | dx
+Ce / 16 Ge/0)] | Ko (V2ii)| | Vhe | dx
945

+Cs/Q lp(x/e)|Ke(Vitg)| [Vne|[Vhe|dx. (4-19)
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Note that by the Cauchy inequality, the first and third term on the right-hand side of (4-19) are bounded by

Cl18 /)1 +10(x/ DK (Vi) | g, I Vhrell iz = CIV ol | Vhell iz,
< Celluoll g2 IGliLr ()

where we have used Lemma 2.2 for the first inequality and Theorem 1.2 as well as estimate (4-9) for
the second. Also, the second term on the right-hand side of (4-19) is bounded by

Cellg (x/e)Ko(VZii0) |l 20 I VIe | 12y < Celluoll 2o I Gl Lr(e)-

Hence we have proved that for any G € L?(§2; R?) with the property G L A,

/vg-de
Q

Since v, L A, this gives the estimate (4-17) by duality and completes the proof. (I

< Celluoll g2 IG Il Lr ()

Note that by combining Theorems 4.2 and 4.4, one obtains Theorem 1.3.

5. C“ estimates in C! domains

In this section we investigate uniform boundary C* estimates in C' domains. The results will be used in
the next section to establish uniform boundary W7 estimates in C' domains. Throughout the section we
will assume that the defining function ¥ in D, and A, is C' and v (0) = 0. To quantify the C' condition
we further assume that

sup{|Vy (x) = VY ()] :x'.y € R and [x' — y'| <1} < 7(0), (5-1)

where 7(t) - 0 as t — 0.
The rescaling argument is used frequently in this paper. Suppose that £.(u.) = F in Dy, and u, = f
on Aj,. Let w(x) = u.(rx). Then

Leyr(w)=G in 52 and w=g on Ay,
where G(x) =r2F(rx), g(x) = f(rx), and
Dy ={(x',xg) e R : x| <2 and ¥, (x) <xg < (x)) + 2},
Ay ={(x',xg) e R : [x'| <2 and xg =, (x) },

with ¥, (x") = r ' (rx’). Note that ¥,(0) = 0 and ||V, |lec = ||V |leo. Moreover, if ¥ is C' and
satisfies (5-1), then v, satisfies (5-1) uniformly in r for 0 < r < 1.

Lemma 5.1. Let 0 <& <r < 1. Let u, € H'(Da,; R?) be a weak solution of Le(ug) =0 in Dy, with
u, =0 on Ayy. Then there exists v € H (D,; R?) such that Lo(v) =0 in Dy, v=0on A,, and

1/2 1/2
(][ |u8—v|2) scw/r)‘/z(][ |u8|2) , (5-2)
Dr D2r

where |V |loco < M, and C depends only on d, k1, k2, and M.
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Proof. By rescaling we may assume r = 1. By Caccioppoli’s inequality,

1/2 1/2
(f |Vug|2) §C<][ |ug|2) . (5-3)
D32 D,

It follows from (5-3) and the coarea formula that there exists ¢ € [45'1 %] such that

IVuellL2@p\as) + 1uellL2@p Dy = Clluell2(p,)- (5-4)

Let v be the solution to the Dirichlet problem: Ly(v) =0 in D; and v = u, on d D;. Note that v =0
on Ay, and by Remark 2.8,

lue — vl 2p,) < Ce'Plluell i op,)- (5-5)
This, together with (5-4), gives
1/2
lue — vl 2epy) < lue —vliz2py < Ce'lluell 2, U

Theorem 5.2. Suppose that A = A(y) satisfies (1-2)—(1-3). Let u, be a weak solution of L¢(u,) =0 in
Dy with uy =0 on Ay, where the defining function \ in Dy and Ay is C'. Then, for any a € (0, 1) and

1
1/2 1/2
(f |wg|2) scar“—‘(][ |u8|2> : (5-6)
D, Dy

£E=Fr =y,
where Cy depends only on d, «, k1, k2, and the function t(t) in (5-1).

Proof. Fix B € (a, 1). For each r € [e, 1], let v = v, be the function given by Lemma 5.1. By the
boundary C# estimates in C' domains for the operator £ (see, e.g., [Auscher and Qafsaoui 2002; Byun

and Wang 2004]),
1/2 172
(][ |v|2) < coeﬁ(][ |v|2)
D(ir Dr

for any 6 € (0, 1), where Cy depends only on d, k1, k2, B and 7 (¢). It follows that

1/2 1/2 1/2
(][ |ug|2) §<][ |v|2) +C(][ |us—v|2)
Dy, Dy, Doy
1/2 1/2
5ceﬂ<][ |v|2) +c9d/2(][ |u€—v|2)
D, D,
1/2 172
5610'3(][ |ue|2> +cle—d/2<e/r>”2(][ |us|2)
D, Dy,

forany e <r < % We now choose 6 € (0, l) so small that C;68~¢ < ‘l‘. With 6 fixed, choose N > 1
large so that
C,209—4/2~ N—1/2 < %'

It follows that if r > Neg,
¢ (Or) < Ho(r) +¢2r)}, (5-7)
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12
() =r“<][ |us|2) .
D,

By integration we may deduce from (5-7) that

d V2o d N,
e T e WAL e
r a r 2a r

where

0/2
fa

where Ne <a < % This implies

I dr ! dr
¢(r)—§C/ d(r)— < Cop(l).
fa r 0/2 r

Hence, ¢ (r) < C¢ (1) for any r € [¢, 1], and the estimate (5-6) now follows by Caccioppoli’s inequality. [

Remark 5.3. Under the stronger assumption that the defining function ¢ for Dy is C!:° for some o > 0,
we will show in Section 8 that the estimate (5-6) holds for ¢« = 1. In particular, it follows from the
argument in Section 7 that if £.(u.) = 0 in B(0, 1), then

12 12
( ][ |Vus|2) < c( ][ |w8|2) (5-8)
B(0,r) B(0,1)

for any ¢ <r < 1. This is the interior Lipschitz estimate down to the scale ¢.

A function A is said to belong to VMO(R?) if the left-hand side of (5-9) goes to zero as t — 0T, To
quantify this assumption we assume that

sup ][
xeR? JB(x,r)

O<r<t

Ay) ][ A' dy < p(1), (5-9)
B(x,r)

where p(t) — O0ast — 0.
The following corollary was essentially proved in [Avellaneda and Lin 1987] by a compactness method.

Corollary 5.4. Suppose that A satisfies (1-2)—(1-3). Also assume that A € VMO(RY). Let u, €
HY(Dy; RY) be a weak solution of Le(ue) =0 in Dy with ug = 0 on Ay. Then, for any a € (0, 1),

1/2
||us||C“(D|/2) = Ca(f Iué‘lz) ) (5_10)
D,

where C, depends only on d, k1, k2, a, and the functions t(t), p(t).

Proof. We may assume 0 < & < %, as the case of & > % is local. Since £ (ug(ex)) =0, it follows from the
boundary C¢ estimates in C ! domains (see, e.g., [Auscher and Qafsaoui 2002; Byun and Wang 2004])

for the operator £; by rescaling thatif o« € (0, 1) and 0 <r < ¢,

12 12
(f |Vus|2> sc<r/e>“—1(][ |Vus|2> ,
D, e
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where C depends only on d, «1, k2, @, T(¢) and p(¢). This, together with Theorem 5.2, shows that the
estimate (5-6) holds for any 0 < r < % By combining (5-6) with a similar interior estimate, we obtain

1/2
ro! ( ][ |w8|2) < Cllugll2p,) (5-11)
B(x,r)ND1 2

for any 0 < r < c and x € Dy 2. The estimate (5-10) follows from (5-11) by Campanato’s characterization
of Holder spaces. U

The rest of this section is devoted to the boundary C* estimates for solutions with the Neumann
boundary conditions.

Lemma 5.5. Let 0 <& <r < 1. Let u, € H'(Ds,; R?) be a weak solution of Lo(ug) =0 in Dy, with
oug /v, = 0 on Ay,. Then there exists a function w € HY(D,; R?) such that Lo(w) = 0, ow/dvy =0

in A, and
1/2 1/2
(][ |ug—w|2) sC(s/r)”Q(][ |ug|2) : (5-12)
D, D2r

where |V |0 < M, and C depends only on d, k1, k», and M.

Proof. By rescaling we may assume r» = 1. As in the proof of Lemma 5.1, there exists ¢ € [% %] such that

luellL2@ppay + 1 Vuelli2pan,) < ClluellL2p,)-

Let ¢, be a function in R such that u, — ¢, L R in L%(D;; RY). Let v be the solution to the Neumann
problem: Lo(v) =0in D; and dv/dvy = du,/dv, on dD;, with v L R. It follows from Remark 2.8 that

lue —pe —vll2(py) < lue — @ —vll2(p,)

< o] e

e ll20p,)
1/2
< Ce'llucll2py)-
It is easy to see that the function w = v + ¢, satisfies the desired conditions. O

Theorem 5.6. Suppose that A = A(y) satisfies (1-2)—(1-3). Let u, be a weak solution of L¢(u,) =0 in
Dy with dug /v, =0 on Ay, where the defining function \ in Dy and Ay is C'. Then, for any a € (0, 1)

ande <r <1,
1/2 1/2
(][ |Vu8|2) fcar“—‘<][ |wg|2) , (5-13)
D, D,

where C depends only on d, o, k1, k2, and the function t(t).

Proof. Fix B € (a, 1). For each r € [e, %], let w = w, be the function given by Lemma 5.5. By the
boundary C# estimates in C! domains for the operator £,

1/2 172
inf <][ |w—q|2> < Cof” inf (][ |U)—61|2) )
qgeRI\ Jp,, qeRI\ Jp,
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where Cy depends only on d, B, k1, k2, and t(¢). This, together with Lemma 5.5, gives

1/2 172 1/2
inf(][ |us—q|2) sCinf(][ |w—q|2> +<][ |u8—w|2)
q€R!\ J Dy, q€RI\ J Dy, Dy,
1/2 1/2
< CoP inf (][ |w—q|2) +C09_d/2<][ |ug—w|2)
q€RY\ Jp, D,
1/2 1/2
<Co* inf<][ |u8—q|2> +C9_d/2(s/r)1/2(][ |u€|2> .
q€R‘\ Jp, Doy

By replacing u, with u, — g, we obtain

d(Or) < COPp(r) + CO 2 (e/r) 2p(2r)

1/2
¢y =r—" igﬂgd(][ |us—q|2) :
q D,

By the integration argument used in the proof of Theorem 5.2, we may conclude that ¢ (r) < C¢ (1) for
r € [e, 3], which yields (5-13) by Caccioppoli’s inequality. O

for any r € [8, %], where

Remark 5.7. Under the stronger condition that the defining function for D; and A is C!*° for some
o > 0, we will show in Section 9 that the estimate (5-13) holds for o = 1.

The following corollary was essentially proved in [Kenig et al. 2013] by a compactness method.

Corollary 5.8. Suppose that A satisfies (1-2)—(1-3). Also assume that A € VMO(RY). Let u, €
HY(Dy; RY) be a weak solution of Le(ug) =0in Dy with du./dv, =0 on Ay. Then, forany o € (0, 1),

1/2
||u8”C"(D1/2) =< C(X(f |u8|2) ) (5_14)
D

where C,, depends only on d, k1, k2, a, and the functions t(t), p(t).

Proof. As in the case of the Dirichlet boundary condition, the additional smoothness assumption A €
VMO(RY) ensures that the estimate (5-13) holds for any r € (O, %) (see, e.g., [Byun and Wang 2005]
for estimates for £1). This, together with the interior estimates, gives the estimate (5-14) by the use of
Campanato’s characterization of Holder spaces. (I

6. WLP estimates in C! domains

In this section we study the uniform W' estimates in C! domains. Throughout the section we will
assume that A = A(y) satisfies (1-2)—(1-3), A € VMO(R?), and @ is C'. Our goal is to prove the
following two theorems.

Theorem 6.1. Suppose that A satisfies (1-2)—(1-3). Also assume that A € VMO(R?). Let 1 < p <00
and Q2 be a bounded C"' domain in R%. Let u, € WP (Q2; RY) be a weak solution to the Dirichlet problem

Le(ue) =div(f) inQ and us=0 onod<2, (6-1)
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where f = () € LP(Q; R?*9). Then

luellwir) < Cpll fllLr), (6-2)
where C,, depends only ond, p, A, and 2.

Theorem 6.2. Suppose that A satisfies the same conditions as in Theorem 6.1. Let 1 < p < 0o and Q2 be
a bounded C' domain in R Let u, € WP (Q; RY) be a weak solution to the Neumann problem

9
Lo(u) =div(f) inQ  and 8”8 ——n-f ondQ, (6-3)
Ve

where f = (f) € LP(Q; RY*4). Assume that u; L R. Then

luellwir) < Cpll fllLr), (6-4)
where C,, depends only ond, p, A, and 2.

Recall that a function u; is called a weak solution of (6-1) if u, € WOl P (Q; RY) and

g

uf g dp¢

/af‘f(x/g) i 28 dx:—/fl.“- Y dx (6-5)
Q axj 8x,~ Q axi

for any ¢ = (p%) € C3°(£2; R?). Similarly, u, is called a weak solution of (6-3) if u, € W7 (2; R?) and
(6-5) holds for any ¢ = (¢p%) € C{° (R?; R?). Under the assumptions that A € VMO(R?) and Q is C,
the existence and uniqueness of solutions of (6-1) and (6-3) are more or less well known (see [Auscher
and Qafsaoui 2002; Byun and Wang 2004; 2005] for references). The main interest here is that the
constants C in the W7 estimates (6-2) and (6-4) are independent of ¢. We mention that for £, with
coefficients satisfying (1-3), (1-11) and the Holder continuity condition, estimates (6-2) and (6-4) were
established in [Avellaneda and Lin 1987; 1991; Shen 2008; Kenig et al. 2013]. The results were extended
to the case of almost-periodic coefficients in [Armstrong and Shen 2016]. Also, for £, with coefficients
satisfying (1-2)—(1-3) in Lipschitz domains, some partial results may be found in [Geng et al. 2012].

Theorems 6.1 and 6.2 are proved by a real-variable argument. The required weak reverse Holder
inequalities (6-6) and (6-2) for p > 2 are established by combining local estimates for £; and boundary
Holder estimates in Section 4 with the interior Lipschitz estimates, up to the scale ¢.

Lemma 6.3. Let u, € H'(B(xq, 2r); RY) be a weak solution to L. (uz) =0 in B(xo, 2r) for some xo € R?
andr > 0. Then, forany 2 < p < 00,

1/p 172
<][ IVus|p> §Cp<][ IVuglz) , (6-6)
B(xo,r) B(x0,2r)

where C,, depends only on d, p, k1, k2, and the function p(t) in (5-9).

Proof. By translation and dilation we may assume that xo = 0 and » = 1. We may also assume that
0<e< %. The case ¢ > % for B(0, 1) is local, since A(x/¢) satisfies the smoothness condition (5-9)
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uniformly in ¢. For each y € B(0, 1), we use the local WP estimates for the operator L; (see, e.g.,
[Auscher and Qafsaoui 2002; Byun and Wang 2004]) and a simple blow-up argument to show that

1/p 12
( ][ |m|f’) < C( ][ |ws|2) . 6-7)
B(y,e/2) B(y,e)

By the interior Lipschitz estimate, up to the scale ¢, we have

1/2 1/2
(][ |Vug|2> < C<][ |Vug|2) : (6-8)
B(y.e) B(y,1)

We point out that the estimate (6-8) will be proved in Section 8 with no smoothness assumption on A
(see Theorem 8.6). Hence, for any y € B(0, 1),

1/p 1/2
(][ |ws|f’) < C(][ |m|2)
B(y.e/2) B(y,1)

< ClIVuell12(0,2))- (6-9)
By covering B(0, 1) with balls of radius /2, we may deduce (6-6) readily from (6-9). [l

Lemma 6.4. Let u, € H'(D,,: RY) be a weak solution to L.(uz) = 0 in Dy, with either u, = 0 or
oug /vy =0in Ay, where 0 <r < 1. Then, forany2 < p < o0,

1/p 1/2
(][ |Vu8|l’) scp(][ |Vug|2) : (6-10)
D, D,

where C depends only on d, p, k1, k2, T(t) in (5-1), and p(t) in (5-9).

Proof. Note that the function » v (rx’) satisfies the condition (5-1) uniformly for 0 < r < 1. Thus, by
rescaling, it suffices to prove the lemma for r = 1. Using Lemma 6.3, Theorem 5.2 and Theorem 5.6, we

1/p 12
(][ |Vus|l’) §C<][ |Vug|2)
B(y,5(y)/8) B(y,8(y)/4)

obtain

< Col8WMI* I Vtell 2, (6-11)
for any « € (0, 1), where y € Dy and §(y) = dist(y, 0D;). We now fix « € (1 — %, 1). It follows from
(6-11) that

[Vu |de) dy < C||Vug|?, . .. (6-12)

/Dl (][B<y,8<y>/8> ’ T
Using the fact that §(x) ~ §(y) if y € Dy and |y — x| < %S(y), it is not hard to verify that (6-12) implies
(6-10). O

Proof of Theorems 6.1 and 6.2. By duality and a density argument it suffices to consider the case where
p>2and f=(f") € Cé(Q; R?*4). Furthermore, by a real-variable argument, which originated in
[Caffarelli and Peral 1998] and further developed in [Shen 2005; 2007], one only needs to establish weak
reverse Holder inequalities for solutions of L. (u#.) = 0 in B(xg, r) N 2 with either u, = 0 or du./dv. =0
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on B(xg, r) N3, where xg € Q and 0 < r < co diam($2). These inequalities are exactly those given by
Lemmas 6.3 and 6.4. We omit the details and refer the reader to [Shen 2005; 2008; Geng 2012] for details
in the case of scalar elliptic equations. (I

Remark 6.5. Suppose that A and Q2 satisfy the same conditions as in Theorem 6.1. By some fairly
standard extension and duality arguments (see, e.g., [Kenig et al. 2013]), one may deduce from Theorem 6.1
that the solution of the Dirichlet problem

Le(ug)=div(h)+ F inQ and us=f ona2
satisfies
luellwiry < Cplllhllr@ + 1 FllLe) + I1f lwirr o) )

for any 1 < p < oo, where W%?(0€2) denotes the Sobolev space on 92 of order « with exponent p.
Similarly, the solutions of the Neumann problem

9
Lo(u,) =div(h)+F inQ  and 8”£=_n.h+g on 492
Ve

with u, 1 R satisfies

luellwiry < CplllhllLr@ + 1 FllLe) + Igllw-1rraa) )

where W~1/P-P(3Q) is the dual of Wl/”’p/(aQ).

7. LP estimates in C! domains

The W7 estimates in the last section allow us to establish the Rellich-type estimates in L”, down to the
scale &, in C!' domains under the additional assumption that A belongs to VMO(RY).

Theorem 7.1. Suppose that A = A(y) satisfies (1-2)—(1-3). Also assume that A € VMO(RY). Let
1 < p < 00 and Q be a bounded C' domain in R Let u, € WhP(Q; RY) be a weak solution to the
Dirichlet problem

Le(ug)=F inQ and u.=f inodQ, (7-1)
where F € L?(2; RY) and f € WP (32; RY). Then, for any ¢ <r < diam(Q),

1/p

1

!;/ |Vus|p} = Cp{||F||LP(Q) + ||f||w1-p(aQ)}» (7-2)
Q,

where Q, = {x € R? : dist(x, dQ) <r}. The constant C, depends only on d, p, A and Q.

Theorem 7.2. Suppose that A and 2 satisfy the same conditions as in Theorem 7.1. Let 1 < p < co. Let
Ug € Wl’p(Q; [Rd) be a weak solution to the Neumann problem

9
Y _g inoQ, (7-3)

Ve

L:(u)=F inQ and
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where F € LP(Q2; RY), g € LP(3Q; RY) and fQ F+ fag g =0. Also assume that u, L. R. Then, for any
e <r < diam(£2),

1/p
1
{;/ |Vus|p} < Cp{IlFllLry + lIglron ) (7-4)
Q,

where C, depends only ond, p, A and Q.

The proof of Theorems 7.1 and 7.2 follows a similar line of argument as for Theorems 1.1 and 1.2 by
considering

8u§
We = Ue — U — EX Pac/e)Ke( =L ). (7-5)
8Xj

where u is the solution of the homogenized problem, K, is a smoothing operator defined by (2-6), and
ne € C5°(R2) is a cut-off function satisfying (2-14).
Throughout this section we will assume that 2 is C and A satisfies (1-2)—(1-3) and (5-9).

Lemma 7.3. Let u. (¢ > 0) be the solutions of the Dirichlet problems (7-1). Let w, be defined by (7-5).
Then

lwellwo@) < Cpe" P {1 Flwiroey + I1F e} (7-6)
where C,, depends only ond, p, A and Q.

Proof. A direct computation shows that

[ up @ dul) du
Le(w) = _B_xi{[a”ﬁ —aP(x/e)] [E — K. (ﬁn)}}
D [y oug )}
o {bij (x/e)K, ( 7
0 ou
+88_x,{ (x/s)x/(x/@—]( (ﬁn))}

where bf}ﬂ (y) is defined by (2-3). Using (2-5), we obtain

0 [, ap ouy \| 9 ub
ron ()| e ()]

I [ as  « 4 oul
Lo(wy) = —a—xl{[&f —af (/)] [3—0 - K<8—u°n>]}
0
e ot (s ()
st o (s ()|
+e— (x/e))(k (x/e) . (7-7)
0X; 0x;

It follows that



BOUNDARY ESTIMATES IN ELLIPTIC HOMOGENIZATION 683

Since we = 0 on 32, we may apply the W!-? estimate in Theorem 6.1 to obtain

lwellwir@ < C{lIVuo — Ko (Vuo)ne) llLr@) + €l (x/e) VK (Vuo)ne) | Lr (e
+ellx (x/e) VK (Vuo)ne) e }

< C{lIVuo — Ke(Vuo)n) llLr) + ellV(Vuo)ne) e }
< C{IIVuollLr @) + el (Vuo)nell 12 ). (7-8)

where we have used Lemmas 2.1 and 2.2 for the second and third inequalities.
We now write ug = v + w, where

w0 = [ Tox = FG)dy (7-9)
and Iy(x — y) denotes the matrix of fundamental solutions for the operator £, in R?, with pole at the
origin. Note that ||v|[y2,ge) < Cpll FllLr ) and

IVullLres,) < CpllFllLe ),
where S; = {x € R? : dist(x, Q) =1} for ¢ small (see the proof of Theorem 2.6). It follows that
IVollLru) +ellV2ollrg) < Ce/PIIF L) (7-10)
Finally, we observe that Lo(w) = 0 in €2 and

lwllwiregy < If lwiree) + 0Ilwirae < CHL lwieo + 1 FlLe@ )

It follows from the solvability of the L? regularity problem for the operator £ in C! domain €2, which
follows from [Fabes et al. 1978; Lewis et al. 1993; Hofmann et al. 2015], that

I(Vw) ey < C{Il fllwieee) + IFllr@)}-

Also, using the interior estimate

C 1/p
V20| 5—(][ |Vw|") ,
3(x) \JB(x,5(x)/8)

where 6 (x) = dist(x, €2), we may show that

/ |v2w|f’dxscf VW) P[8(x)] P dx
Q\ Q3 Q\ 22

< Ce'" PNV 150y < Ce {1 f Iy aay F I F L0 }-

As a result, we obtain
VWl Lr (@) + el (V2wInell ) < CeP{ll fllwiroay + I FllLr@ -
This, together with the estimate (7-10) for v, gives
IVuoll o) + el (Vuo)nell o) < Ce' /7L fllwirea + I Fllre ) (7-11)

which, in view of (7-8), completes the proof. ]
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Proof of Theorem 7.1. Without loss of generality we may assume that

Il fllwirao) + 1 FllLe = 1.
Let ¢ <r < diam(£2). It follows from Lemma 7.3 that
IVuellLr,)
< IVuollLri,) + ClIVx(x/e)Ke(Vuo)ne) e, + Cellx (x/e) VK (Vuo)ne)llr g, + Ce'/?
< ClVuollLr(@y) + CellV((Vuo)ne) | Loy + Ce'/P
< C||VuollLri,) + Ce'/?, (7-12)

where we have used Lemma 2.1 for the second inequality and (7-11) for the third. An inspection of the
proof of Lemma 7.3 shows that
IVuollzr(,) < Cr'/?,

which, in view of (7-12), gives
IVuellro,y < Cr'/P. O

To prove Theorem 7.2, we need the following lemma.

Lemma 7.4. Let u, (¢ > 0) be solutions of the Neumann problem (7-3). Also assume that ug, ug 1. R.
Let w, be defined by (7-5). Then

lwellwir@y < Cpe'P{liglrony + I Fllr@ ), (7-13)
where C,, depends only ond, p, A and Q.

Proof. The proof is similar to that of Lemma 7.3. Let ¢, be a function in R such that w, — ¢. L R in
L2($2; RY). It follows from the formula (7-7) and the W'-? estimates in Theorem 6.2 that

lwe — @ellwrrey < CLIVUOllLr @) + el (V2uo)nell 120 }- (7-14)

To estimate the right-hand side of (7-14), we proceed as in the proof of Lemma 7.3, but use the nontangential
maximal function estimate [Fabes et al. 1978; Lewis et al. 1993; Hofmann et al. 2015]

Vw)* <C
(VW) [ raq) < ’81}0

LP(3S)

where Lo(w) =01in Q and w L R in L2(2; RY). As a result, we obtain
lwe — ellwiney < Ce'/P{lgllLroe) + I Fllir@)- (7-15)
Finally, note that since u, —ug L R,

ldellwir@) < Cellx(x/e)Ke(Vuo)ne)llLr
< Ce|[VuollLr -

This, together with (7-15), yields the estimate (7-13). [l
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Proof of Theorem 7.2. The estimate (7-4) follows from (7-13), as in the case of the Dirichlet conditions.
We omit the details. O

Remark 7.5. Under certain smoothness condition on A, such as Holder continuity, it is possible to solve
the L? Dirichlet, regularity, and Neumann problems for £;(x) =0 in C' domains for any 1 < p < oo.
By the same localization procedure and blow-up argument as in Remark 3.1, this implies

duyg | P C
/ |Vu$|pda§C/ 8”6 da+—f |Vu,|? dx,
v I3
aQ aq| Ve Cszcg (7-16)
[ vurdo ¢ [ Nawnrdo+ S [ Vil s,
o aQ € Qee
where L (ug) = 0 in . It then follows from Theorems 7.1 and 7.2 that
0 p
f \Vu.|? do §C/ Yol do (7-17)
a0 9| Ve
if u, 1 R, and
/ [Vug|? do < C/ |Vianue|P do +C/ lug|? do. (7-18)
aQ a0 aQ

As in the case p = 2, by the method of layer potentials, estimates (7-17)—(7-18) lead to the uniform
solvability of the L” Dirichlet, regularity, and Neumann problems in C! domains. The details will be
given elsewhere.

8. Lipschitz estimates in C'** domains, part I

In this section we investigate the Lipschitz estimates, down to the scale &, in C!** domains with Dirichlet
boundary conditions and give the proof of Theorem 1.4. The Neumann boundary conditions will be treated
in the next section. The proof of Theorems 1.4 and 1.5 is based on a general scheme for establishing
Lipschitz estimates at large scales in homogenization, recently formulated in [Armstrong and Smart 2016]
for interior estimates. Our approach to the boundary Lipschitz estimates in C'** domains is similar to
that used in [Armstrong and Shen 2016] for elliptic systems with almost-periodic coefficients. We remark
that Lemma 8.5, which is a continuous version of Lemma 3.1 in [Armstrong and Shen 2016] and whose
proof is simpler, makes the argument more transparent.
Let D, and A, be defined by (1-16) with {/(0) =0 and ||V ||e0c < M.

Lemma 8.1. Let u, € H'(Dy; R?) be a weak solution of Lo(ug) = F in Dy with ug = f on Ay. Then
there exists v € H' (Dy; RY) such that Lo(v) = F in D1, v= f on Ay, and

lue = vllz2pyy < Ce{lluell2ipy + 1F 2y + 1 Izean + 1Vin fllzean ), (81
where C depends only on d, k1, k3, and M.
Proof. By Caccioppoli’s inequality,

/ IVMSIZSC{/ |ug|2+/ |F|2+||f||ioo(A2)+||vtanf||iM(A2)}.
D3> D, D,



686 ZHONGWEI SHEN

By the coarea formula this implies that there exists some ¢ € [%, %] such that

/ <|Vu€|2+|ua|2>sc{/ |ue|2+/ |F|2+||f||%oo(A2>+||vtanf||%oo<A2>}.
dD\ A D> Dy

Let v be the weak solution to the Dirichlet problem,
Lo(v)=F in D, and v=u, ondD;.
It follows from Remark 2.8 that

lue —vllz2pyy < llue —vli2(p,)
1/2
< Ce"*{lluellmop,) + 1 Fll2 oy )
12
<ce" {luel 22y + IF 2Dy + 1 f 220 + 1 Vian f Lo (an) }-

where C depends only on d, k1, k2, and M. O

Lemma 8.2. Lete <r < 1. Let u, € H (D,,; RY) be a weak solution of Le(ug) = F in Dy, withu, = f
on Aa,. Then there exists v € H'(D,; R?) such that Lo(v) = F in Dy, v = fonA,, and

1/2
(][ |u8—v|2)
D,
12 12
sC(e/r)W{(][ |ug|2) +r2(][ |F|2> +||f||Loc<A2,>+r||vmnf||mmz,>}, (8-2)
D2r D2r

where C depends only on d, k1, k2, and M.
Proof. This follows from Lemma 8.1 by rescaling. (I

In the rest of this section we will assume that the defining function ¥ in the definition of D, and A, is
C for some « € (0, 1) with ¥ (0) = 0 and IV | coma-1y < M.

Lemma 8.3. Let v be a solution of Lo(v) = F in D, withv = f on A,. For 0 <t <r, define

1 1/2 1/p
G(t;v) =~ inf lv—Mx—q|*) +1¢* IFI” )+ f —Mx—qllzea)
t MeRddxd D, D,

+t”vtan(f_Mx_Q)||L°°(A,)+tl+a||vtan(f_Mx_Q)”CO’U(A,)}, (8-3)

where p > d and o € (0, @). Then there exists 6 € (O, %), depending only on d, p, k1, k2, 0, ¢ and M,
such that

G(Or;v) < 3G(r; v). (8-4)

Proof. The lemma follows from the boundary C'* estimates for elasticity systems with constant
coefficients. We refer the reader to [Armstrong and Shen 2016, Lemma 7.1] for the case L£o(v) = 0. The
argument for the general case F' € L? with p > d is the same. ]



BOUNDARY ESTIMATES IN ELLIPTIC HOMOGENIZATION 687

Lemma 84. Let0 < ¢ < % Let ug be a solution of L, (ug) = F in Dy withu, = f on Ay. Define

1 . ) 1/2 5 1/p
H(r)=— inf lug = Mx —q| +r \FI”) +If —Mx—qlle=~a,)
r MERddxd Dr Dr
R

qe
+ 7| Vian(f — Mx — q)llL>(a,) +’”1+G||Vtan(f —Mx — Q)”CW(A,)} (8-5)
and
| 1/2 1/p
®(r) =~ inf :(][ Iug—qlz) +r2(][ IFI") +”f_CI”LOO(Az,)+r”vtanf||L°°(Az,)}» (8-6)
" geR? |\ J D, Ds,

where p > d and o € (0, o). Then
1/2
H@Or) < LH() + C(g) ®(2r) (8-7)

foranyr € [8, %], where 0 € (0, ;ll) is given by Lemma 8.3.
Proof. Fix r € [8, %] Let v be a solution of Ly(v) = F in D, with v = f on A,. Observe that

1/2
H(er)gi(][ |us—v|2) +GOr: V)
Doy

12
(][ Ius—vlz) +1G(@r;v)
Dy,
12
(f |us—v|2) +3H(r),
Dr

where we have used Lemma 8.3 for the second inequality. This, together with Lemma 8.2, gives

eN/2] 5 1/2 ) ) 1/2
H©r < 3HE) +C(%) ;{(][ |u8|) +r(][ |F|) +||f||Loo<A2,)+r||vtanf||Loo(A2,>}.
Dy, D»,

Since H (r) remains invariant if we subtract a constant from u,, the inequality (8-7) follows. O

)
3

IA
SIS

IA

hlle!

Lemma 8.5. Let H(r) and h(r) be two nonnegative continuous functions on the interval (0, 1]. Let
O<e< zlt' Suppose that there exists a constant Cy such that

max H(t) < CoH(2r),
r<t<2r
(8-8)
max2 lh(t) —h(s)| < CoH(2r)
r<t,s<2r
foranyr e [8, %] We further assume that
H(Or) < 1H @) + Cow(e/r){H(2r) +h(2r)} (8-9)

foranyr e [8, %] where 0 € (0, l) and w is a nonnegative increasing function [0, 1] such that w(0) =0

1
/ 0 4t - . (8-10)
0 t

and
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Then
maxl{H(r)+h(r)}§C{H(1)+h(l)}, (8-11)

where C depends only on Cy, 0, and .

Proof. It follows from (8-8) that
h(r) <hQ2r)+ CoH(2r)

forany e <r < % Hence,

a r - a r 0 a r

L'h V'H
:/ ﬂdr—{—Co ) dr,
2a

r 2a r

where ¢ <a < %. This implies

2a h 1 h 1 H
/ ) 4 < / ") g 4 c ™) 4
a r 12 2¢ T

VH(r)

2a r

<C{h(h+HM}+C dr,

which, by (8-8), gives

{ VH(r)
h(a) <C H(2a)+h(1)+H(1)+/ dr}
2

a r

<cln " H(r)
<C{hM+HM+ | —=dr (8-12)

forany a € [8, %]
Next, we use (8-9) and (8-12) to obtain

(r)

H@Or) <5 H(r)—I—Cw(e/r){h(l)—i—H(l)}—I—Cw(e/r)/

It follows that

1
H(r) - &d +C{h(1)+H(1)}+C/ a)(s/r)I @d}r

& r

where o > 1 and we have used the condition (8-10). Using (8-10) and the observation that

1 1 1o
/ w(s/r){ @d } - =/ H(t){// is) ds}—<(4C) 1/ H(t)—
oE r oE e/t

if @ > ap(w), we see that

0 H(r) dr<l/l H(r)
r -2 r

4 1 (' H(r)
r+Colh(l)+ H(1)} + 7
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It follows that

1
/ Hr(r) dr < C{h(1) + H()}, (8-13)

which, together with (8-8) and (8-12), yields the estimate (8-11). U

Proof of Theorem 1.4. We may assume that 0 <& < 7. Let u, be a solution of L, (u;) = F in Dy with
u, = f on Ay, where F € L? (D) for some p > d and feCh?(Ay) for some o € (0, «). Forr € (0, 1),
we define the function H (r) by (8-5). It is easy to see that H(¢) < CH(2r) if t € (r, 2r).

Next, we let h(r) = |M,|, where M, is the d x d matrix such that

. , 1/2 , 1/p
H(r) = - inf lue — Myx —q| +r |F|P +I1f—Mrx —qllLe,
I ger? D, D,

+7[Van(f — M, x — Q)”L“(Ar) 'i‘rH_Or | Vian (f — My x — Q)”CO‘”(A,.)}~

Let ¢, s € [r, 2r]. Using

12
M, — |<—mf(][ (M, — M)x—q|)

geRd

1/2 1/2
5—1nf(][ lu, — M,x—q|> +—1nf(][ lu, — Mx—ql)
I geRd S geRd

=C{H()+ H(s)}
<CHQ(2r),
we obtain
max |h(t) —h(s)| < CHQ2r).

r<t,s<2
Furthermore, if @ is defined by (8-6), then
o) < HQr)+h(Qr).
In view of Lemma 8.4 this gives
HOr) < $H(r)+ Co(e/r){H@2r) +h(2r)}

forr e [ ] where w(r) = t!/2. Thus the functions H(r) and h(r) satisfy the conditions (8-8), (8-9)
and (8-10) in Lemma 8.5. Consequently, we obtain that for r € [ , %],

i 1/2
inf —(][ lug —qlz) <C{H(r)+h(r)}
D,

geRd ¥

< C{H(1) +r(D)}

12
SC{<][ |”s|2> +”F||LP(D1)+”f”ClvU(Al)},
D,

which, together with Caccioppoli’s inequality, gives the estimate (1-18). ]
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The argument used in this section may be used to prove the interior Lipschitz estimates, down to the
scale ¢.

Theorem 8.6. Suppose that A satisfies (1-2)—(1-3). Let u, € H L(B(xo, R); R?) be a weak solution of
Le(ue) = F in B(xg, R) for some xy € R? and R > 0, where F € L”(B(xy, R); [Rd)for some p > d. Then,
fore <r <R,

12 1/2 1/p
(][ |Vus|2) sc{(][ |Vug|2) +R(][ |F|P) } (8-14)
B(xo,r) B(x0,R) B(x0,R)

where C depends only on d, k1, k3, and p.

9. Lipschitz estimates in C** domains, part II

In this section we study the Lipschitz estimate, down to the scale &, with Neumann boundary conditions,
and give the proof of Theorem 1.5. Throughout this section we will assume that the defining function ¥
in D, and A, is C'* for some « € (0, 1) and IV | co(ma-1y < M.

Lemma 9.1. Ler Q be a bounded Lipschitz domain. Let u, € H'(Q; R?Y) be a weak solution to the
Neumann problem: Lo(u;) = F in Q and du, /v, = g on 3. Then there exists w € H'(2; RY) such
that Lo(w) = F in Q, dw/dvy = g on 02, and

lus = wl2@) < Ce'{lgl 200 + 1 Fll 2@ }- (9-1)

Proof. Choose ¢, € R such that u, —¢. L R in L2($2; RY). Let ug be the weak solution to the Neumann
problem: Lo(up) = F in 2 and dug/dvy = g on €2 with the property ug L R. It follows from Remark 2.8
that

lue — de —uoll 2y < Ce'*{lgll 250 + I Fll 20 }-
By letting w = ug + ¢, this gives (9-1). ([

Lemma 9.2. Let ¢ <r < 1. Let u, € H'(Ds; R?) be a weak solution of Lo(ug) = F in Dy, with
dug/0v, = g on Ay,.. Then there exists w € H'(D,; R?) such that Lo(w) = F in D, ow/dvg =g on A,,

and
1/2 1/2 1/2
(][ |u8—w|2> SC(e/r)1/2{<][ |us|2) +r2(][ |F|2) +r||g||Loo<A2,>}, 9-2)
D, Dy, D»y

where C depends only on d, k1, kp, and M.

Proof. By rescaling we may assume r = 1. As in the case of Dirichlet conditions in Lemma 8.2, the
desired estimate follows from Lemma 9.1 by using the coarea formula and the Caccioppoli inequality

/ |Vu8|zsc{/ |u3|2+f |F|2+||g||%m(Az)}, (9-3)
D32 Dy D>

where L. (u.) = F in D, and du,/dv, = g on Aj. U
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Lemma 9.3. Let w be a solution of Lo(w) = F in D, with dw/0vy = g on A,. For 0 <t <r, define

1 1/2 1/p
I(t;w)=~ inf lw—Mx—q|*) +1° |F|P
t MeRddX‘f D, D,

geR

4 t1+o
Lo(A)

o £4w—Mm (9-4)

Vo

8( Mx)
_w_
31)() o

CO’“(Ar)}

where p > d and o € (0, o). Then there exists 0 € (O, %), depending only on d, p, k1, k2, 0, & and M,
such that
10r;w) < 31(r; w). (9-5)

Proof. By rescaling we may assume r = 1. The lemma then follows from the boundary C'¢ estimates
with Neumann boundary conditions in C'** domains for elasticity systems with constant coefficients. [J

Lemma 94. Let0 < ¢ < % Let u, be a solution of Lc(u.) = F in Dy with du./dv, = g on Ay, where
F e L?(Dy; [R{d)for some p >d and g € C° (Ay; Rd)for some o € (0, «). Define

| 1/2 1/p
J(r)=— inf {(][ |us—Mx—q|2) +r2(][ |F|P)
r MeR"IX“ D, D,

geRe

) 9
+rlg——(Mx) +r!tollg — — (Mx) }
& 81)() L®(A,) & 81)() CO,U(Ar) (9-6)
and
1 1/2 1/p
wr)=—inf{(][ |u£—q|2) +r2(][ |F|p) +r||g||Loc<A2,>}. (9-7)
rqERd Dy, D,
Then
J(Or) < 3J(r)+C(e/r)'/>W(2r) (9-8)

foranyr € [8, %] where 0 € (0, 4—11) is given by Lemma 9.3.

Proof. Fix r € [s, %] Let w be the function in H!(D,; RY) given by Lemma 9.2. Then
| 1/2
s < 16w+ 5 (f - up)
Or Do,

| 12
<ll . _ _ 2
< bt b (f e

C 1/2
<31+ —(f |ue — w|2> :
r Dr

where we have used Lemma 9.3 for the second inequality. In view of Lemma 9.2, this gives

C 1/2 1/p
J(9r>s§1<r>+—{(][ |ua|2) +r2(][ |F|P) +r||g||Loo<A2,)},
r D», D>,

from which the estimate (9-8) follows, as the function J(r) is invariant if we replace u, by u, — g for any
g € R4 O
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Proof of Theorem 1.5. With Lemma 9.4 at our disposal, Theorem 1.5 follows from Lemma 8.5, as in the
case of Dirichlet boundary conditions. We omit the details. (I

As we indicate in the Introduction, under additional smoothness conditions, the full Lipschitz estimates,
uniform in ¢, follow from Theorem 1.4, Theorem 1.5, and local Lipschitz estimates by a blow-up argument.

Corollary 9.5. Suppose that A satisfies (1-2)—(1-3). Also assume that A is Holder continuous. Let
u, € HY(B(0, 1); R?) be a weak solution of Lo(us) = F in B(0, 1), where F € L?(B(0, 1); Rd)for some
p >d. Then

IVuellLo0.1/2)) < Cpflluellrzao,1y) + 1 FlliLrso.1y}- 9-9)

where C,, depends only on d, p and A.

Corollary 9.6. Suppose that A satisfies (1-2)—(1-3). Also assume that A is Holder continuous. Let
u, € H'(Dy; RY) be a weak solution of L(ug) = F in Dy with u, = f on Ay, where the defining
function  in Dy and Ay is C1 with VY|l cora-1y < M for some a > 0. Then

”vué‘”Lo‘)(D]/z) =< C{ ”ué‘”Lz(D]) + ||F||LP(D1) + ||f||Cl~‘7(A1)}’ (9_10)
where p > d, o € (0, @), and C depends only ond, p,o, A, o and M.

Corollary 9.7. Suppose that A, D| and A satisfy the same conditions as in Corollary 9.6. Let u, €
HY(Dy; RY) be a weak solution of L(ug) = F in Dy with dug/dv, = g on Ay. Then

||Vu8||L°C(D1/2) =< C{””S”LZ(D]) + ||F”LP(D1) + ||g||CJ(A1)}9 (9_11)
where p > d, o € (0, @), and C depends only ond, p,o, A, o and M.

As we mentioned in Introduction, for £, with coefficients satisfying (1-11), (1-3) and the Holder
continuity condition, estimates (9-9) and (9-10) were proved in [Avellaneda and Lin 1987], while (9-11)
was established in [Kenig et al. 2013; Armstrong and Shen 2016].
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CONVEX INTEGRATION FOR THE MONGE-AMPERE EQUATION
IN TWO DIMENSIONS

MARTA LEWICKA AND MOHAMMAD REZA PAKZAD

This paper concerns the questions of flexibility and rigidity of solutions to the Monge—Ampere equation,
which arises as a natural geometrical constraint in prestrained nonlinear elasticity. In particular, we
focus on degenerate, i.e., “flexible”, weak solutions that can be constructed through methods of convex
integration a la Nash and Kuiper and establish the related A-principle for the Monge—Ampere equation in
two dimensions.

An errata was submitted on 23 Aug 2023 and posted online on 30 Jan 2024. (Theorem 1.4 is unproved.)
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1. Introduction
In this paper we study the C!*® solutions to the Monge—Ampére equation in two dimensions,
Det Vv := —% curlcurl(Vv @ Vv) = f inQ C R (1-1)

Our results concern the dichotomy of “rigidity vs. flexibility”, in the spirit of the analogous results and
techniques appearing in the contexts of the low codimension isometric immersion problem [Nash 1954;
Kuiper 1955a; 1955b; Borisov 1959; 2004; Conti et al. 2012] and Onsager’s conjecture for Euler equations
[Székelyhidi 2013; De Lellis and Székelyhidi 2009; 2013; Constantin et al. 1994; Eyink 1994].

In the first, main part of the paper we show that below the regularity threshold o < %, the very
weak C1¥(Q) solutions to (1-1), as defined below, are dense in the set of all continuous functions
(see Theorems 1.1 and 1.2). These flexibility statements are a consequence of the convex integration
h-principle, which is a method proposed in [Gromov 1986] for solving certain partial differential relations
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and which turns out to be applicable to our setting of the Monge—Ampere equation as well. Here, we
directly adapt the iteration method of Nash [1954] and Kuiper [1955a; 1955b] in order to construct the
oscillatory solutions to (1-1).!

In the second part of the paper we prove that the same class of very weak solutions fails the above
flexibility in the regularity regime o > % Our results are parallel with those concerning isometric
immersions [Borisov 1959; Conti et al. 2012; Pakzad 2004], Euler equations [Constantin et al. 1994;
Eyink 1994], the Perona—Malik equation [Kim and Yan 2015a; 2015b], the active scalar equation [Isett
and Vicol 2015], and should also be compared with results on the regularity of Sobolev solutions to
the Monge—Ampére equation [Pakzad 2004; Sverdk 1991; Lewicka et al. 2017; Jerrard and Pakzad
2017], whose study is important in the context of nonlinear elasticity, and with the rigidity results for the

Monge—Ampere functions [Jerrard 2008; 2010].

The weak determinant Hessian. Let Q C R? be an open set. Given a function v € W]})’CZ(SZ), we define
its very weak Hessian (denoted by #} in [Iwaniec 2001; Fonseca and Maly 2005]) as

Det Vv = —% curl curl(Vv ® Vv),

understood in the sense of distributions. A straightforward approximation argument shows that if
v E Wl%)’cz then Llloc(Q) 5 Det V>v = det Vv a.e. in 2, where V?v stands for the Hessian matrix field
of v. We also remark that this notion of the very weak Hessian is distinct from the distributional Hessian
Det V2v = Det V(Vv) (denoted by Hu in [Iwaniec 2001; Fonseca and Maly 2005]), which is defined

through the distributional determinant Det,

Det Vi = — div(y, V1) = 8(Y2 3191) — 31 (Y2 datry)  for ¢ = (Y1, ¥2) € WH3(Q, RY).

Contrary to the distributional Hessian, the very weak Hessian is not continuous with respect to the weak
topology. Indeed, an example of a sequence v, € W!2(Q) is constructed in [Iwaniec 2001], where
Det VZv = —1 while v, converges weakly to 0. One consequence of the proof of our Theorem 1.1 below
is that Det V2 is actually weakly discontinuous everywhere in W12() (see Corollary 6.2).

Here is our first main result:

Theorem 1.1. Let f € L7/%(Q) on an open, bounded, simply connected 2 C R% Fix an exponent

1
O(<7.

Then the set of C1%(2) solutions to (1-1) is dense in the space C%Q). More precisely, for every vy € Q)
there exists a sequence v, € C*(), converging uniformly to vy and satisfying
DetVZv, = f inS. (1-2)

When f € LP(Q2) and p € (1, %), the same result is true for any o < 1 — %

I'We remark that the recent work of De Lellis, Inauen and Székelyhidi [De Lellis et al. 2015] showed that the flexibility

exponent % can be improved to % in the case of the isometric immersion problem in two dimensions. We expect similar

improvement to be possible also in the present case of equation (1-1); this will be investigated in our future work.
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In order to better understand Theorem 1.1, we point out a connection between the solutions to (1-1) and
the isometric immersions of Riemannian metrics, motivated by a study of nonlinear elastic plates. Since
on a simply connected domain €2, the kernel of the differential operator curl curl consists of the fields of
the form sym Vw, a solution to (1-1) with the vanishing right-hand side f = 0 can be characterized by

the criterion
Jw:Q — R?  such that %Vv@Vv+syme=O in Q. (1-3)

The equation in (1-3) can be seen as an equivalent condition for the one-parameter family of deformations
¢ =id+eves + 2w : Q@ > RS,

given through the out-of-plane displacement v and the in-plane displacement w (albeit with different
orders of magnitude & and £2), to form a second-order infinitesimal isometry (bending), i.e., to induce the
change of metric on the plate 2 whose second-order terms in € disappear:

(Vo) Ve —1ds = 0(e?).

In this context, we take the cue about Theorem 1.1 from the celebrated work of Nash [1954] and
Kuiper [1955a; 1955b], where they show the density of codimension-one C! isometric immersions of
Riemannian manifolds in the set of short mappings. Since we are now dealing with the second-order
infinitesimal isometries rather than the exact isometries, the classical metric pull-back equation

Y'8e=h

for a mapping y from (2, 4) into R? equipped with the standard Euclidean metric g, is replaced by the
compatibility equation of the tensor T (v, w) = %Vv ® Vv + sym Vw with a matrix field A that satisfies
—curlcurl Ag = f:

T (v, w) = Ayp. 1-4)
Note that there are many potential choices for Ag; for example, one may take Ag(x) = A(x)Idy with
A) = — f in Q. Again, equation (1-4) states precisely that the metric (V@,)! V¢, agrees with the given
metric 4 = Idy 4+ 262 Ao on 2, up to terms of order 2 The Gauss curvature « of the metric & satisfies

ik (h) = k(Idy 4 26?Ag) = —e? curl curl Ay + o(e?),

while k (V)T V) = —&? curl curl(%Vv ® Vv + sym w) + 0(g?), so the problem (1-1) can also be
interpreted as seeking all appropriately regular out-of-plane displacements v that can be matched, by a
higher order in-plane displacement perturbation w, to achieve the prescribed Gauss curvature f of €2, at
its highest-order term.

In this paper, similar to the isometric immersion case, we show that solutions to (1-4) are ample. We
design a scheme inspired by the work of Nash and Kuiper, which pushes a “short infinitesimal isometry”,
i.e., a couple (vg, wo) such that T (vg, wy) < Ag, towards an exact solution to (1-4) in successive small
steps. Note that both y*g, = (Vy)? Vy and the term Vv ® Vv in T (v, w) have a quadratic structure,
which is crucial in the analysis of [Nash 1954; Kuiper 1955a; 1955b] and also of this paper. Here, not only
does the presence of the linear term sym Vw in 7 (u, w) not destroy the adaptation of the Nash—Kuiper
scheme, but it actually allows for this construction to work.
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Convex integration for the Monge—Ampeére equation in two dimensions. As we will see in Section 4,
Theorem 1.1 follows easily from the statement of our next main result:

Theorem 1.2. Let Q@ C R? be an open and bounded domain. Let vy € C' (), wo € C1(Q, R?) and
Ag € COB(Q, R2X2), for some B € (0, 1), be such that

sym
dcg >0 such that Ao — (%Vvo ® Vg + sym Vwo) >coldy in Q. (1-5)
Then, for every exponent o in the range
O<a< min{%, %,8},

there exist sequences v, € Cch(Q) and w, € CH¥(Q, R?) which converge uniformly to vy and wy,
respectively, and which satisfy

Apg = %an ® Vv, +symVw, in Q. (1-6)

The above result is the Monge—Ampere analogue of [Conti et al. 2012, Theorem 1], where the authors
improved on the Nash—Kuiper method to obtain higher regularity within the flexibility regime. In our
paper, we adapt similar methods to the system (1-6).

The term convex integration usually refers to a collection of approaches that allow for constructing
anomalous solutions to nonlinear PDEs; in particular, flexibility-type results for the isometric immersion
problem were obtained via the above-mentioned iteration scheme of Nash and Kuiper. From a geometric
perspective, they are special cases of h-principle, a notion which was developed by Gromov [1986]
for studying partial differential relations; see also [Eliashberg and Mishachev 2002]. From another
perspective, one seeks weak solutions of a differential inclusion Lu(x) € K in 2 by investigating certain
classes of subsolutions, e.g., functions u that satisfy Lu(x) € conv K, where the original constraint set K
is replaced by its convex hull conv K [Tartar 1979; Dacorogna and Marcellini 1997; Miiller and Sverak
2003]. This approach leads to the density of very weak solutions, satisfying Lu € L°°(2), in the set of
subsolutions. When K is a continuum, the regularity may be improved to Lu € C°(S2) by applying the
correcting iterations.

Recently, similar techniques were advanced in the context of fluid dynamics and yielded many interesting
results for the Euler equations. De Lellis and Székelyhidi [2009] proved the existence of weak solutions
with bounded velocity and pressure, their nonuniqueness and the existence of energy-decreasing solutions.
In [De Lellis and Székelyhidi 2013], using iteration methods & la Nash and Kuiper, they proved the
existence of continuous periodic solutions of the three-dimensional incompressible Euler equations,
which dissipate the total kinetic energy. These results are to be contrasted with [Constantin et al. 1994;
Eyink 1994], where it was shown that C%% solutions of the Euler equations are energy conservative
if ¢ > % There have been several improvements of [De Lellis and Székelyhidi 2009; 2013] recently,
towards a proof of Onsager’s conjecture, which puts the Holder regularity threshold for the energy
conservation of the weak solutions to the Euler equations at C 0.1/3 [Isett 2012; 2013; 2016; Buckmaster
et al. 2013; 2015; 2016; Choffrut and Székelyhidi 2014]. The stationary incompressible Euler equation
has been studied in [Choffrut and Székelyhidi 2014], where the existence of bounded anomalous solutions
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has been proved. The authors indicate that in two dimensions, the relaxation set corresponding to the
appropriate subsolutions is smaller than in the case of the evolutionary equations. In this context, we
noticed a connection between our reformulation of the Monge—Ampeére equation and the steady-state
Euler equation, which lead to our modest Corollary 4.1.

In this paper we use a direct iteration method to construct exact solutions of (1-1). The recasting of the
statement and the proof in the language of convex integration might shed more light on the structure of
the Monge—Ampére equation, but it would not improve the results and therefore we do not address this
task. We note, however, that constructing Lipschitz continuous piecewise affine approximating solutions
to (1-6) for Ag = 0 is quite straightforward and could be used to prove a convex integration density result
via the Baire category method, as was done in [De Lellis and Székelyhidi 2009] for the Euler equations
(see also Figure 1 and the corresponding explanation).

Rigidity versus flexibility. The flexibility results obtained in view of the A-principle are usually coupled
with the rigidity results for more regular solutions. Rigidity of isometric immersions of elliptic metrics for
¢ isometries [Borisov 1959; De Lellis and Székelyhidi 2009] with @ > %, or the energy conservation
of weak solutions of the Euler equations for C%¢ solutions with o > % are results of this type. For the
Monge—-Ampere equations, we recall two recent statements regarding solutions with Sobolev regularity:
Following the well-known unpublished work by Sverak [1991], we proved in [Lewicka et al. 2017] that
if v € W22(Q) is a solution to (1-1) with f € L'(Q) and f > ¢ > 0 in €, then in fact v must be C'
and globally convex (or concave). On the other hand, if f = 0 then likewise v € C 1(€) and v must be
developable [Pakzad 2004] (see also [Jerrard 2008; 2010; Jerrard and Pakzad 2017]). A clear statement
of rigidity is still lacking for the general f, as is the case for isometric immersions, where rigidity results
are usually formulated only for elliptic [Conti et al. 2012] or Euclidean metrics [Pakzad 2004; Liu and
Pakzad 2015; Jerrard and Pakzad 2017].

In this paper, we prove the rigidity properties of solutions to (1-1) in the Holder regularity context
when f = 0. Namely, we prove:

Theorem 1.3. Ler Q C R? be an open, bounded domain and let

2

If v € CH¥(Q) is a solution to Det Vv = 0 in Q, then v must be developable. More precisely, for all
x € Q either v is affine in a neighbourhood of x, or there exists a segment l, joining <2 on its both ends
such that Vv is constant on 1.

We also announce the following parallel rigidity result for f > ¢ > 0, which will be the subject of the
forthcoming paper [Lewicka and Pakzad > 2017]:

Theorem 1.4. Let Q C R? be an open, bounded domain and let

2
§<a<l.

If v € C*(Q) is a solution to DetV*v = f in Q, where f is a positive Dini continuous function, then v
is convex. In fact, it is also an Alexandrov solution to det Vv = f in Q.
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In proving Theorem 1.3, we use a commutator estimate for deriving a degree formula in Proposition 7.1.
Similar commutator estimates are used in [Constantin et al. 1994] for the Euler equations and in [Conti
et al. 2012] for the isometric immersion problem; this is not surprising, since the presence of a quadratic
term plays a major role in all three cases, allowing for the efficiency of the convex integration and
iteration methods. Let us also mention that it is still unknown which value of « is the critical value for
2

the rigidity-flexibility dichotomy, but it is conjectured to be %, % or 5.

2x2

sym> We denote the cone

Notation. By [Rigyxn% we denote the space of symmetric 2 x 2 matrices, and by R
of symmetric, positive definite 2 x 2 matrices. The space of Holder continuous functions CK*(£2) consists
of restrictions of functions f € C5%(R?) to Q C R? Then, the C*() norm of such a restriction is denoted
by || fllx, while its Hélder norm Ch(Q) is | fllx..- By C > 0 we denote a universal constant which is

independent of all parameters, unless indicated otherwise.

2. The C! approximations: preliminary results

In this and the next section we prove a weaker version of the result in Theorem 1.2. Namely:

Theorem 2.1. Let Q C R? be an open and bounded domain. Let vy € C*°(R2), wy € C°(RQ, R?) and
Ag € C®(Q2, R2X2) be such that

sym
dcog >0 suchthat Ay— (%Vvo ® Vg + sym Vwo) > cold, in Q. 2-1)

Then there exist sequences v, € C Q) and w, € C(Q, R*) which converge uniformly to vy and wq
respectively, and which satisfy

Ao =3Vv, ® Vv, +symVuw, inQ. (2-2)

We start with a series of preliminary lemmas whose details we provide for the sake of completeness.
The first is an observation in convex integration, pertaining to solving an appropriate differential inclusion
to be used for constructing the one-dimensional oscillatory perturbations in v, and w,. As always, C > 0
is a universal constant, independent of all parameters, in particular independent of the function a below.

Lemma 2.2. Let a € C*(R2) be a nonnegative function on an open and bounded set Q@ C R% There exists a
smooth 1-periodic field T = (I'y, Ty) € C®(Q x R, R?) such that the following holds for all (x, 1) € Q x R:

T(x,t+1)=TD(x,1),

(2-3)
S0 Ty (x, D7 4 9, T2 (x, 1) = a(x)?,
together with the uniform bounds
TG, D1+ 10, T1(x, )] < Calx),  [Vil'i(x, )] = C|Va(x)], (2-4)

ITa(x, )] +18,Ta(x, )] < Ca(x)’,  |ViTa(x, )] < Cla(x)||Va(x)|.

Proof. Firstly, note that there exists a smooth 1-periodic function y € C*°(R, R?) such that for all # € R,

1
y+1)=y@, fy(r)dr=(0,0>, y eP:={(1.)eR  si+s=1, Is1] <2}.
0
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/% 59

P={s;=1-1s7}

7[ ~ \r‘gl

Figure 1. The parabola P in the one-dimensional convex integration problem of Lemma 2.2.

The existence of y is a consequence of the fundamental lemma of convex integration, since the intended
average (0, 0) lies in the convex hull of the parabola P (see Figure 1). Indeed, one can take

y(t) = (2 cos(2mt), — cos(471t)) e P.

It is now enough to ensure that 9;I"; = a(x)y;(x) and 9,[', = a(x)%y»(x) to obtain (2-3). Namely

aw) a)?
x,n= sin2wt), TI(x,t)=— sin(4mt).
T 4
We see directly that the bounds in (2-4) hold. O

To compare with the problem of isometric immersions, note that in that context, a one-dimensional
convex integration lemma is similarly proved in [Székelyhidi 2013, Figure 2, p. 11], where instead of a
parabola, the constraint set consists of a full circle.

We will also need a special case of [Conti et al. 2012, Lemma 3] about decomposition of positive
definite symmetric matrices into rank-one matrices.

Lemma 2.3. There exists a sufficiently small constant ro > 0 such that the following holds. For every

positive definite symmetric matrix G € ngxn%yy

functions {®y, : Rfyﬁ — RY_, such that for any G € Rfyxnf we have

there are three unit vectors {&;, € [R?3},3c:1 and three linear

3
VGeRY?Y, G=) ®(G)E®E&, (2-5)
k=1

and each ®y is strictly positive on the ball B(Gy, r(Gg)) C R2X2 with radius r(Gg) = r0/|G0_1/2|2.

sym
Proof. (1) First, assume that Go = Id;. Set
1

1, 1).
ﬁ( )

1 1
= —Q24V2,24V2), O=—=(—2++2,2++2),
q m(+ +V2), & JE( + +v2), &

In order to check that the matrices

1 [6+4v2 2 1 [6-4v2 2 _1fr1
wou=g |57 Coal eee=g "8 () wee=i]) ]
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form a basis of the three-dimensional space Rfyxn%, we validate that
6+4v2 6-4v2 6
det | — -2 -2 6| ] #0.

12
6—4v2 64442 6

Consequently, there exist linear mappings {Wy : R32 — R};_, yielding the unique decomposition

3
VG eRYZ, G=) WG ® . (2-6)
k=1

Now, since Id, = %E 198+ %{2 RO+ %{3 ® ¢3, the continuity of each function Wy implies its positivity
in a neighbourhood of Id; of some appropriate radius ry.

(2) For an arbitrary G € Rsz';ni> we set
1

k= —Tm3
Gyl
Then, in view of (2-6) we obtain (2-5):

Vk=1,...,3, G0 and ©u(G) = |G 2w Gy 266 ).

3 3
VG eRY2, G=G,'’ (Z (G, *6Gy P ® ;k>G§/2 =Y oG)E ® &
k=1 k=1

Finally, if |G—Go| <r(Go) then |G, />G G " ~1dy| <G, /*12 |G — Go| < ro, and s0 indeed @4 (G) >0,

since W (G, *GGy %) > 0. O
The above result can be localized in the following manner, similar to [Székelyhidi 2013, Lemma 3.3]:

Lemma 2.4. There exist sequences of unit vectors {n; € [Rz},fil and nonnegative smooth functions
{r € CO (R )Ye2, such that
(o)
VGeRYym ., G=Y $i(G) m®mn 2-7)
k=1
and such that:
(1) Forall G € Rg;rr%,>’ at most Ng terms of the sum in (2-7) are nonzero. The constant Ny is independent
of G.

(ii) For every compact K C [Rif;(ni>, there exists a finite set of indices J(K) C N such that ¢y (G) = 0 for
allk ¢ J(K) and G € K.
Proof. (1) Let ry be as in Lemma 2.3 and additionally ensure that
ro < §. (2-8)
Recall that for each G € Rs2 . we have defined r(G) = ro/|G™'/?|* and that B(G, r(G)) C R} .. We
first construct a locally finite covering of [Rif;;f} with properties corresponding to (i) and (ii).

Since the set Rfyxn? . is a cone, we have

R o = J2C. whereCo={GeRya_ :1<IG <1} 29

sym, > sym, >
keZ
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The collection {B(G, r(G))}gec, covers the sector Cy by balls that have uniformly bounded radii r (G) <
rolG|/~/2 < ry. Hence, by the Besicovitch covering theorem, it has a countable subcovering Gy = UZOZI gg »
consisting of o € N countable families {GJ }7°_, of pairwise disjoint balls.

Note that for all ¢ > 0 one has r (cG) = cr(G) and so B(cG, r(cG)) =cB(G, r(G)). Consequently, the
collections g,g = {2kB :Be gg } each consist of countably many pairwise disjoint balls, and G = Ugozl gy
is a covering of the dilated sector 2€Cy for every k € Z. Define

Vo=1,....,00, Ghem=|Jo% and Go= |J 9. (2-10)
2|k 2|(k+1)

2x2

Clearly, in view of (2-9), the 20p families in (2-10) form a covering of Rsym},

00 0o
g= U ggven U U ggdd'
o=1 o=1

We now prove that each of the families in G consists of pairwise disjoint balls. We argue by contradiction.

namely

Assume that
3G € B(Gy,r(G1) N B(G2,7(Gy)) for some B(Gy,7(G1)) € Gy, B(G2,7(G2)) €G3,
Without loss of generality we may take k; =0 and k, = k > 1, so that
1<IGi<1 and 2%7'<|Gy| <2

This yields a contradiction with (2-8), in view of

221 _1 < |Gyl = |G| < 1G2— G| <|G2— G|+ |G — G4

1 1 ro 2%
EF(G2)+F(G1)=70( e )S—(|G2|+|G1I)§ro(2 +1).
Gy PR 16, PR T V2

(2) Note that G can be assumed locally finite, by paracompactness. We write G = {B; = B(G;, r(G))}72,

and let {0; € C2°(B;)}2, be a partition of unity subordinated to G. For each i € N, let {§; ¢, }2:1 and
{®.G,}3_, be the unit vectors and the linear functions as in Lemma 2.3. Then

3
VGeRYZ.. G=)Y 6:(G)G=) Y 6:(G) P Gk bk,
ieN ieN k=1

and we see that (2-7) holds by taking

Nik=é&g and @ = (0;Prg,).

Since supp ¢; x C B; and since each G belongs to at most 20y balls B;, we see that (i) holds with Ny = 60y.
On the other hand, condition (ii) follows by the local finiteness of G. O

3. The C! approximations: a proof of Theorem 2.1

The first result in the approximating sequence construction is what corresponds to a “step” in the
terminology of Nash and Kuiper.
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Proposition 3.1. Let Q C R? be an open and bounded set. Given are functions v € C*®°(Q) and w €
C®(Q, R?), a nonnegative function a € C*(RQ), and a unit vector n € R Then, for every A > 1 there
exist approximations ¥y, € C*(Q) and W, € C*(Q, R?) satisfying the bounds

H (%Vﬁ,\ ® Vv, + sym Vﬁu) — (%Vv ® Vv +sym Vw +a2n ® n) Ho
C C
= Zllallo(IVallo+ IV?vllo) + 551 Vallf,  (3-D)

~ C - C
10 —vllo = llallo and  Jwx —wllo = llallo(lallo + Vvllo), (3-2)
and for all x € Q,

V5, (x) = Vo) = Ca) + S Vallo,
(3-3)
V:6) = V()| < Ca@)(lallo + 1V lo) + < (lalloIVallo + 1920]0) + [ Valoll v1l).

Proof. Using the 1-periodic functions I'; from Lemma 2.2, we define v, and w, as A-periodic perturbations
of v, w in the direction 7:

.00 = v() + 3 T1 (@ 2 ),
1 1 (34
wy(x) =w(x) — XFI (x, Ax -n)Vo(x) + XFZ(X’ Ax-mn.

The error estimates in (3-2) follow immediately from (2-4). The pointwise error estimates (3-3) follow
from (2-4) in view of

Vi, (x) = Vv(x)+%VxF1(x, Ax-n)+0, ' (x, Ax-mn,

Vi (1) = V() = 3 Vo) @ Vel (6, Ax) =371 (v, e @ V(0 — 1T (&, o ) V20 ()

@V (x, 2 )+ o, Ak )@,

Finally, we compute

3 Vi) @V, (x) =3 Vo () ® Vu(x)

= %sym(Vv(x)®VxF1(x,kx~n))+8tl“1(x,kx-n) sym(Vo()®@n)|+| | 519, T1 (x, ax-m)*n@n

1 1
501G, Axen) sym(n@Vi L (x Axom) + 55 VaDi G, Ax-m) @ Vil e, Ao,

and

YV, (0)—symVuw (x) =| —3 sym(Vo(0) @Y1 (x, o) =T (&, 2oeo) sym(Vo (1) @)

1 1
—Xrl(x,)»x'n)vzv(x)-i-xSym(U®VxF2(xJnx'77))+ (8, T2 (x, Ax-n)n®n]|.
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We see that the terms in boxes cancel out, while the terms in double boxes add up to ax)’n®n by (2-3).
Consequently,

(3 V() ® V1, (x)+sym Vb, (x)) — (3 Vo(x) ® Vo (x) +sym Vw (x) +a(x)*n®n)
1
= z(atrl(x, Ax-n) sym(n®@ Vil (x, Ax 1)) =T (x, Ax ) V2o (x)+sym(n® Vi 2 (x, Ax 1))

1
tom Vel Ax-m@ Vil (x, Ax-n),

which implies (3-1) in view of the bounds in (2-4). Il
We now complete the “stage” in the approximating sequence construction.

Proposition 3.2. Let Q C R? be an open and bounded domain. Let v € C® (), w € C*(Q, R?) and
A € C®(Q, R2X2) be such that the deficit function D defined below is positive definite in Q:

sym
d¢ >0 suchthat D=A-— (%VU ® Vv +sym Vw) >cld, in Q. (3-5)

Fix & > 0. Then there exist v € C*(Q) and W € C*® (2, R?) such that the new deficit D is still positive
definite, and bounded by ¢ together with the error in the approximations v, w; namely,
3¢>0 suchthat D=A—(3Vi®Vi+symVi)>éld, inQ, (3-6)

IDlo<e and || —vllo+ % —wllo < e. (3-7)

Moreover, we have the uniform gradient error bounds

~ 1/2 1/2
IV — Voo < CN/*IDIl/
12 1/2

IV — Vwllo < CNo([IVvllo+ DNy DIIDIly"

(3-8)

where the constant Ny € N is as in Lemma 2.4.

Proof. (1) Note that the image D(2) is a compact subset of R2*> _. By Lemma 2.4 and rearranging the

sym,>*

indices, if needed, so that J(D(2)) = {1, ..., N} in (ii), we get

N
VxeQ, D)= b(x)’m ®m. where b =g oD eC™(RQ). (3-9)
k=1

Let now a; = (1 —8)'/2b, with 8§ > 0 so small that

N
D-Y aim®@m=38D and §|Dlo < je. (3-10)
k=1
We set v; = v, w; =w. Fork=1, ..., N we inductively define viy; € C®(R) and w1 € C®(2Q, R?),

by means of Proposition 3.1 applied to vg, wg, ar, nx and with A, > 1 sufficiently large, as indicated
below. We then finally set v = vy and W = wy 4.
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(2) To prove the estimates (3-6)—(3-8), we start by observing that since by Lemma 2.4(i) at most Ny terms
in the expansion (3-9) are nonzero, we have

N N N 1/2
Y =Y b < NJ”(Z bk<x)2) = Ny/*(Trace D(x))"/?
k=1 k=1

1/2|

< Ny2(W2 D)) < Ny IDII . (3-11)

Further, by (3-1) and (3-10),
(( Vv®Vv+syme) ( Vv®Vv+syme))

N
=D— Z Vvk+1®Vvk+1+sym VwkH)—(%Vvk@Vvk—l—sym Vwk))
k=1

=z

N

=(D Zaknk®nk> Z((%Vvk+1®Vvk+1+Symek+1)—(%Vvk®Vvk+Symek+a£nk®nk))
k=1 k=1
N

—6D+ZO( (laklloll Vaxllo+1I Vac 15+ laxlloll V vkno))

Choosing at each step Ay sufficiently large with respect to the given a; and the already generated vy, we
may ensure the smallness of the error term in the right-hand side above and hence the positive definiteness
of D in (3-6), because of the uniform positive definiteness of 8D > ¢8Id, in Q. Likewise, the first
inequality in (3-7) follows already when the error is smaller than %8.

The same reasoning proves the error bounds on v — v and W — w in (3-7), in view of (3-2):

N N
50) = () = " (k1 () = () = Y O3l o).
k=1 k=1

N N
D) = w0) = Y (e () = we@) = 3 OG- (lacl + 1 Vacloll Vuelo).
k=1

(3) To obtain the first error bound in (3-8), use (3-3) and (3-11):

V() — Vo] < Z Vv () = V)| < € Zaku) + ZO(—nakno) <Ny IDIy,
k=1 =1

where again, by adjusting A at each step, we ensure the controllability of the error term with respect to

1/2 1/2
SNy

the nonnegative quantity N, Likewise,

k—1
Vk=1,....,N, [Vyx)|=<|Vu(x)] +Z IVvip1(x) = Vo (x)] < [[Vollo+ CN,
i=1

12 1/2

D1y

and obviously by (3-11),

~
|
_

12 1/2

A

ar(x) a;i(x) < CN,""|IDJ|,

Il
—
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which by (3-11) yield
N

Zak(x)(||ak||0+||vvk||0)<C(||VU||O+N D1l Zak(X)<CNo(IIVv||o+IIDII
k=1 k=1

1/2 1/2 1/2 1/2

Dl

Consequently and by (3-3), we get the last gradient error bound in (3-8):

IV (x)—Vw(x)|
N

< Z Vw1 (x) = Vwg (x)]
k= 1

<cZak(x)<||ak||o+||Vvk||o)+2 ( " (laxlo I Vaillo+ llalo 72w llo+ 1| Vai o 1V vk o))

k=1 k=1
1/2 1/2
< CNo(|Vullo+1IDlIy DDl

This concludes the proof of the stage approximation construction. U
We now finally give:

Proof of Theorem 2.1. (1) Fix & > 0. It suffices to construct v € CH(Q) and w € C' (2, R?) such that

Ag=3Vv®Vv+symVw inQ (3-12)

and
lv—wollo + llw —wollo < é. (3-13)
The exact solution (v, w) of (3-12) will be obtained as the C! limit of sequences of successive approxima-
tions {vx € C®(Q), wi € CX(L, [Rz)},fio, where vy and wy are given in the statement of the theorem and

satisfy (2-1), while vgy1 and wy4| are defined inductively by means of Proposition 3.2 applied to vg, wy
and &; > 0, under the requirement

Zsk <e¢ and 281/2 <1. (3-14)

In agreement with our notation convention, we introduce the k-th deficit Dy, which is positive definite
by (3-6):
Vk >0, Dy:=Ag— (3Vor ® Vg +sym Vuy) € C°(Q, RIS ).

sym, >

By (3-7) it follows that

k—1 k—1

o
llve = vllo + llwe — wllo < Z lvis1 — vy ||o+Z lwigr —willo <Y & <Y e
i=1

i=1

Thus, {vk}72, and {wg}72,, converge uniformly in Q, respectively, to v and w which satisfy (3-13) in view
of (3-14).
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(2) We now show that this convergence is in C!. Indeed, by (3-7) | Dkllo < &k, so by (3-8)

m—1 m—1 m—1

1/2 1/2 1/2 1/2
IVkim — Voillo < D 1V0i1 = Voillo < CNy? Y T IDillg* < CNy? > &2, (3-15)
i=k i=k i=k

In particular, in view of (3-14) the sequence {||Vvillo}2, is bounded, so we further have

m—1 m—1 m—1
1/2 1/2 _~ 1/2
IVwesm—Vwelo< Y IVwipi—Vwilo<CNo Y (IVvillo+HIDillg HIDilly> <CNo D ¢, (3-16)

i=k i=k i=k
where the constant C is independent of k and m. Through the above assertions (3-15) and (3-16), in
view of the second condition in (3-14), we conclude that {v;}7 , and {wy ]2, are Cauchy sequences that
converge in C L(Q) tov e (Q) and w € CH(Q, R?), respectively. Finally,

[40 = (GVv@ Vvt symVw) [, = Tim [Dello < lim & =0

implies (3-12) and completes the proof of Theorem 2.1. (]

Remark 3.3. In addition to the uniform convergence postulated in Theorem 2.1, one also has

1/2
Vi, [[Vuallo < [[Vollo+ C Ny’

Using notation as in the proof above and recalling (3-15) and (3-14), this bound follows by

k—1
. . 1/2 1/2 1/2
IV = Vuollo = lim [V = Vvollo < kgrgo(czvo/ > e/ ) <CNy"

i=0

4. The C* approximations: a proof of Theorem 1.1, preliminary results
and some heuristics towards the proof of Theorem 1.2

Theorem 1.1 follows easily from Theorem 1.2, which will be proved in the next section.

Proof of Theorem 1.1. Since C'(Q) is dense in C°(2), we may without loss of generality assume that
v € C! (S_Z). Set wy=0and Ag=(A+c)lde cO8(Q, ngxnf), where c is a constant and A is constructed
as follows.

Extend the function f to f € L”(2,) defined on an open smooth set Q. O Q and solve
—AL=f in g, A=0 ond%Q;.

Since A € W>P(Q,), Morrey’s theorem implies that A € Cc%(Q) for every B € (0, 1) when p > 2, and
for =2 — % when p € (1,2). Also, for ¢ large enough, condition (1-5) on the positive definiteness of
the defect is satisfied. On the other hand,

—curlcurl Ag=—-A(A+c¢) = f,

so the result follows directly from Theorem 1.2, since %(2 — %) > % is equivalent to p > %. |
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Our next simple corollary concerns the steady-state Euler equations with the exchanged roles of the
given pressure g and the unknown forcing term V- g.

Corollary 4.1. Let Q C R? be an open and bounded domain. Let g € C%#(Q) for some B € (0, 1)
and fix ¢ > 0. Then for every exponent « in the range 0 < a < min{%, % ,B}, there exist sequences
{u, € CO*(Q, [RRZ)}ZO:1 and {g, € CO""(Q)},‘;":l solving in Q2 the system

div(u, ®u,) —Vqg=Vtg,, divu,=0, (4-1)

and such that u, = V+v, and gn = curlw,, where each v, € Cch(Q) and w, € CH(Q, R?), while the

o]

sequence {v,})° | is dense in CO(Q) and |lw,|lo < & foreveryn > 1.

Proof. As before, since C! () is dense in C%(Q), it is enough to take vy € C 1(Q) and approximate it by a
sequence {v, € Cl*"‘(S_Z)}flo

¢ > 0 be a sufficiently large constant, so that (g + ¢)Ids — Vv ® Vy is strictly positive definite in Q. By

, with the properties as in the statement of the corollary. Let wo = 0 and let

Theorem 1.2, there exist sequences v, € ch9(Q) and w, € C*(Q, R?) which converge uniformly to vy
and wo and which satisfy

(g +c)ldy = Vv, ® Vv, +2sym Vw, in Q.
Taking the cofactor of both sides in the above matrix identity, we get
(g +o)ldy = Vi, @ Vi, + 2 cof(sym Vwy,).

Taking the row-wise divergence, we obtain (4-1) with u, = V-4, and g, = curl wy, since div cof Vw,, =0,
while (div cof(Vw,)T)+ = —V(curl w,). O

Towards a proof of Theorem 1.2 we will derive a sequence of approximation results, and then combine
them with Theorem 2.1 in Section 6. For completeness, we first prove a simple, useful result:

Lemma 4.2. Let Q C R? be an open and bounded domain. Given are functions f € CN(Q, R") and
Y € C®°(R", R™). Then
Vk=0,....,N, Vo fllk=Mlflk

where the constant M > 0 depends on the dimensions n, m, the differentiability order N, the domain 2, the
norm || || x on the compact set f () and the norm || f ||o, but it does not depend on the higher norms of f.

Proof. The statement is obvious for k =0. Fix k € {1, ..., N} and let m = (my, ..., my) be any k-tuple
of nonnegative integers such that Zle im; = k. Defining |m| = Zle m; and using the interpolation
inequality [Adams and Fournier 2003]

, L=i/ky poi/k
Vi=1,....k Ifli < Mol flly " 11"

valid with a constant My > 0 depending on n, N and €2, we get

k k

i i i—im;/k im; [k m -1
[TV £1g < mg™ TG 1 = g™ e 1g" = 0 f N
i=1 i=1
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with |m| :=m + - -- +m;. Calculating the partial derivatives in Vi o f) by the Faa di Bruno formula
gives hence the desired estimate

k
IV @ o Ollo =M D TTIV FIIG" < M.
m =1

Above, the summation extends over all multiindices m = (my, ..., my) with the properties listed at the
beginning of the proof. U

We recall the following estimates which have been proved in [Conti et al. 2012]:
Lemma 4.3. Let ¢ € C2°(B(0, 1), R) be a standard mollifier supported on the ball B(0, 1) C R", that is,

a nonnegative, smooth and radially symmetric function such that fR" ¢ = 1. Denote

1 X
vVie(0,1), ¢&x)= l_"(p(7>

Then, for every f, g € C*(R") we have

V20, f il < (42)

k20, I %= Sk = gl (43)

Ve e 0. 11 1/ %@~ fllo < CII Fllo (4-4)

Ve e O.11, If %@l < gl flo (4-5)
V20 Ve e 0.1, (9 ko~ r@rol, < 7o I/ loa lglow,  @-6)

with the uniform constants C > 0 depending only on the smoothness exponents k, j, .

Proof. The estimate (4-2) follows directly from the definition of convolution. To prove (4-3), note that for
every x € R",

VA= 0| = )/R w (VA fx=y) =V f () dy'

1
= 'fR Vi (fxr=y) - fx)d ‘ =%

G R,lﬁvkg”(?)’x(y)dy & s O < =51l

xeR|yl<l

1
—Vk<P<X> (VL) y+re(y) dy

Rll ln l

=

~

where we integrated by parts, discarded the contribution with the symmetric term V f(x) - y, which
integrates to 0, and estimated the Taylor’s formula remainder term

() =f&=y) = f@O)=Vf@)-y=[f100y).
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The proof of (4-4) follows similarly by

/ o (Iy* Sl y)a_ S dy
R |yl
while for (4-5) we write

/f( )L v (L) ay| =]
W T YO\ T ) T

_ 1 y C
<cr 1||f||0,a/ - V@z(;)‘d}’ < 75 1 o
R

n [

\VE(fx@— )| =

< CI fllo fR 0 () dy < CI F o,

IV(f*o)(x)| = Vel 5

R |yl L

f—y) = f&) |y~ 1 (X) dy‘

Finally, for the crucial commutator estimate (4-6) we refer to [Conti et al. 2012, Lemma 1]. ([l

A heuristic overview of the next two sections. Let us attempt to follow the construction in Sections 2
and 3, but with the goal of controlling the higher H6lder norms of the iterations, and hence also quantifying
the growth of the C? norms of v, w. Let A € C*°(Q, Rfyﬁ) be the target matrix field and let v; € C®(Q),
w; € C®(R2, R?) be given at an input of a “stage”. As in Proposition 3.2, we decompose the defect
D=A-— (%Vv 1 ® Vv + sym le) into a linear combination Z,iv:l a,% Nk @ Nk of rank-one symmetric

matrices with smooth coefficients given by Lemma 2.4. We define

1 1 1
V1 (%) = ve(0) + 5 T (0, Ax i), Wit (6) = we(x) — T (v, Ax - i) Vo (0) + 5 To (e, Ax - i)
This yields, by applying Lemma 4.2 to ¥ (x) = x% and f = a,

Vm=0,....3, V01— V"0llo <C Y flallin? ™",

i+j=m
0<i,j<m
j—1 j—1 s+1
Vm=0,...,2, [V"wi1—V"wilo <C Y lalli A7 +C > Naeli A 1V ugllo,
i+j=m i+j+s=m
0<i,j<m 0<i,j,s<m

On the other hand, applying Lemma 4.2 to ¢ = ¢ defined in Lemma 2.4 and to f =D, we get
Vk=1,...,N, lall2 < C(lvill3+ lwillz + | All2).

Now, in order to control the C1** norm of vy through interpolation, we need to control the norm
lvy+1ll2, which in turn depends on ||ax||2. The above estimate shows that at the end of each stage, the
C? norm of a; is determined by the C> norms of the given v; and w, of the previous stage. Further, the
C? norm of wy is only controlled by the C* norm of vy and also of all the a;. One might hope to
control ||ag||3 if the deficit D is small enough, but the dependence of ||wy1]l2 on ||vg||3 cannot be easily
bypassed. Recalling that we need infinitely many stages in the construction, this implies that a direct
estimate cannot be obtained in this manner, unless we deal with analytic data similarly to [Borisov 2004].
We thus need to modify the previous simplistic approach.

The appropriate modification is achieved by introducing a mollification before each stage. This
technique was first introduced in [Conti et al. 2012] for the isometric immersion problem, in order to
control the loss of regularity through the stages and to improve on results in [Borisov 2004]. Indeed, we
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note that the loss of derivatives in the above estimates is accompanied by a similar gain in the powers
of A, in a manner such that the total order of derivatives, plus the order of powers needed to control
luys1ll2 and |[wy1|l2 is constant. If we replace v and w; by their mollifications on the scale [ ~ A~
each derivative loss can be estimated by one power of A, and ||vg||> and |jwg]|2 will control ||vy 1|2 and
lwy+1]l2- One problem still remains to be taken care of: does the deficit D decrease at the end of each
stage? As the calculation below will show, a mollification of order A~! does not suffice to this end, and
we need to mollify at a larger scale of [ > A ™\,

This is indeed how we want proceed. In practice, we let the mollification scale be / = §/M and we
treat Vv “like a”, controlling its j-th norm by 8/=/. We then “sacrifice” one [ in order to gain one §;
instead of [|[V(v*¢))|l; < Cllvllil=/, we use |V (v x|l < C(||v|l20)I~/, choosing I such that I||v], < 8
and obtaining the desired bound (5-2).

Finally, note that the loss of N powers of Al > 1 in the control of the C> norms at the end of each stage
is the main reason why the described scheme does not deliver better than C'-!/7 estimates, even for the
optimal N = 3 from the decomposition in Lemma 2.3.

5. The C1'* approximations: a ‘“‘step” and a “stage” in a proof of Theorem 1.2

In this section, we develop the approximation technique that will be used for a proof of Theorem 1.2 in
the next section. The first result is a variant of Proposition 3.1 in which we accomplish the “step” of the
Nash—Kuiper construction with extra estimates on the higher derivatives.

Proposition 5.1. Let Q C R2 be an open, bounded set. Given are functions v € C3(Q), w e C*(Q,R?), a
nonnegative function a € C3(Q) and a unit vector n € R% Let 8,1 € (0, 1) be two parameter constants
such that

8 P
lally < 7 Ym=0.....3. and Vol < Ym=1.2. (5-1)

=m

Then for every A > 1/1 there exist approximating functions vy, € C3(Q) and W, € C*(Q2, R?) satisfying the
following bounds, with a universal constant C > 0 independent of all parameters:

. . . 52
H (%va ® Vv, + sym Vw,\) — (%Vv ® Vv +sym Vw +a2n ® n) Ho < C)»_l’ (5-2)
155, — vl < CSA™ ' Vm=0,...,3, (5-3)
[, — wllw < CEA" (14 [[Vullg) Vm=0,...,2. (5-4)

Proof. We define v,, w; as in the proof of Proposition 3.1:
500 = 000 + 3T m), () = w() = LT (x, Vo) + 1T, Ax )

Firstly, (5-2) follows immediately from (3-1) in view of (5-1), because Al > 1:

Liallo(1Valo+ 1920l0) + < val <228 4 L& 5%
I Loz <088 188
5 1eliodivalio vllo) 57 0= 72 =y
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To check (5-3), we compute directly as in Lemma 2.2:

C C  C S .
V(P — < = ||V"T{(x, Ax - < = A< = —amt < s
U =)o < XII 1(x, Ax-mlo < . i+§j:mlla||j =5 lzzoi /i =

0<i,j<m

by (5-1) and noting again Al > 1. Similarly,

i c
V™ (W, — w)llo < K(IIV’”Fz(x, Ax o+ IV Ti(x, Ax - ) Vollo)
c
sx( ST+ ) llall anns)
i+j=m i+j+s=m
0<i,j<m 0<i,j,s<m
c
51< llxm ot Z x’" <'+S) —+ > —/\J||W||o>
0<t+s<m i+j=m
0<i,s<m 0<i,j<m
C(&8
< I(Z l—ixm—‘)a + 14 [Voll) < C8A" ' (1+ (| Vv]lo),

where we applied Lemma 4.2 to ¥ (x) = x% and f = a in view of (5-1) yielding ||allo < 1, so that
la?ll; < Cllall; < C8/1. This achieves (5-4) and completes the proof of the proposition. U

We now accomplish the “stage” in the Holder regular approximation construction.

Proposition 5.2. Let Q C R? be an open, bounded domain. Let v € C*(Q), w € C*(Q,R?) and A €
COB(Q, R2X2) for some B € (0, 1) be such that the deficit D is appropriately small:

sym
D=A—-(3Vv®Vv+symVw), 0<|Dllo<d < 1. (5-5)
Then, for every two parameter constants M, o satisfying

M > max{|[v]2, [wll2, 1} ~and o >1, (5-6)

there exist v € C2(Q) and W € C*(2, R?) such that the following error bounds hold for v, W and the new
deficit D= A — (V8 ® Vi +sym Vib):

~ 1A, 1
||D||0§C< ’3||D||ﬂ/2+—||1>||0, (5-7)
15—l <CIDIY* and % —wl < C(1+[Vullo)IDl (5-8)
5], <CMo> and |w]y < CA+||Volo)Mo>. (5-9)

The constant C > 0 is universal and independent of all parameters.

Proof. Analogously to [Conti et al. 2012, Proposition 4], the proof is split into three parts.
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Part 1: mollification. Let ¢ € C2°(B(0, 1)) be the standard mollifier in two dimensions, as in Lemma 4.3.
Since v, w and A can be extended on the whole R?, with all their relevant norms increased at most C times
(C depends here on the curvature of the boundary 0$2), we may define

172
v=vkxg, wW:=wxg, A:=Axg withl_”]ﬂ[ <1.

Applying Lemma 4.3 and noting (5-6), we immediately get the following uniform error bounds for v, tv,
2l and for the induced deficit ©® =2 — (%VU ® Vo 4 sym Vm):

12
llo — vl + lIto — wlly < CI(|vll2 + llwll2) < CIDIly

120 — Allo < CIP|| Allo.p,
(5-10)
1D < ||D*<oz||m +[(Voxg) ® (Vokg) — (V@ Vo) x|

< —||D||+

= [m = 2||v||2_ T ||D||0 Vm=0,...,3.

In the proof of the last inequality above, we used (4-6) with the Holder exponent o = 1.

We note that so far we have simply exchanged the lower regularity fields v, w, A with their smooth
approximations, at the expense of the error that, as we shall see below, is compatible with the that
postulated in (5-7)—(5-9). The following estimate, however, reflects the advantage of averaging through
mollification that results in the control of the C? norm of v by the C? norm:

12
Vm=1,2, [[Voln <|0llns1 < lvll2 = l—IIDII / (5-11)

- [m— Tm—1
where again we used Lemma 4.3 and (5-6). Note that the scaling bound (5-11) is consistent with the
second requirement in (5-1) of Proposition 5.1. We also record the simple bound

w2 < Cllwll2 < CM. (5-12)

Part 2: modification and positive definiteness. Contrary to the ‘“stage” construction in the proof of

Proposition 3.2, we do not know whether the original defect D (and hence the induced defect 2)
is positive definite, so that Lemma 2.4 could be used. In any case, we need to keep the number of terms
in the decomposition (3-9) into rank-one matrices as small as possible.

We now further modify tv in order to use the optimal decomposition in (2-5). Let ry be as in Lemma 2.3

and define

Do+ ID
' = 1o 2 U EIPI0) 3y o o (10 @ Vo + sym V).
ro

Clearly, by (5-10) we get
Ivo" —tll2 < C(IDllo + IPllo) < ClIPllo- (5-13)

Note now that

(1Dl + IDllo) (Dl + 1Dllo) ro _
@’(x) =2— I +DHx)=2——— (Id + @) x € Q
ro 2 ro >T23191ll0 + 1210
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By Lemma 2.3 we may apply (2-5) to the scaled defect
70
D
2(I®1lo + I Pllo)

G=Id, +

and arrive at

3 3
D D _
o= Y 2P g Gt os =Y dwaos e G4

k=1 k=1

D 1/213
{ak _ (2(||©||o+ Dllo) o, OG) }
ro k=1

are positive smooth functions on Q. We claim that

where

Vk=1,...,3,Vm=0,...,3, lasllm < - ||D||‘/2. (5-15)
Indeed, for m = 0 this inequality follows directly by || Do < C||D|lp. Form =1, ..., 3 we use Lemma 4.2
on each ¢ = CI>1/ % and f = G, where noting that ||G||p < C and recalling (5-10) yields
(UDlo+ 1PN\
lakllm < (2— ClIGllm
ro
ro
<C(IDllo+ ||D||o)1/2<c+ ||©||m)
2(1D1lo + IDlo)
1 1 12 12
<c(UDlo+ 1Dl + IIDIIO) (uDu ||D|| (5-16)
( (IDllo + IDllo) /2 Im

and hence achieves (5-15). Note that the scaling bound (5-15) is consistent with the first requirement in
(5-1) of Proposition 5.1.

Part 3: iterating the one-dimensional oscillations. We set v; = v, w; = tv and inductively define vy €

C3(Q) and wy4; € C*(R, R?) for k =1, 2, 3 by means of Proposition 5.1 applied to vy, wy, the function ay
and the unit vector & appearing in (5-14), with the parameters

LT S A
e b1

and with the remaining three parameters

83> 6, > &1 = max {{"||Vv],,} + max {lm||ak||m} (5-17)
=12 rl?—? """ 3

as indicated below. We then finally set v = v4 and W = wjy.
We start by checking that the assumptions of Proposition 5.1 are satisfied. Namely, we claim that
3k, I € (0, 1), together with

8
Vm=0,...,3 and [Vl < = Vm=1,2, (5-18)

— |m

k
at each iteration step k = 1, 2, 3, if only the constant dy in (5-5) is appropriately small.

lallm < -7
k



716 MARTA LEWICKA AND MOHAMMAD REZA PAKZAD

Indeed, 8, < C||D||y* in view of (5-11) and (5-15), s0 8; < 1 if only 8y < 1. Further, by the definition

(5-17) it follows that

. 5 8
lakllm = 171 lakllm < T = i

so the first assertion in (5-18) holds. For the second assertion, we see directly that it holds when k =1, as
1 81
IVuillm = ﬁlmIIVUIIm =
On the other hand, using induction on k and exploiting (5-3), we get

Ok
IVUstllm < IVl + VU1 = Vgl < - + C8iAy

1 C 5 8
Sgk(lm_+lm—> :clm_"glfni Vm=1,2, ¥k=1,2.
k+1 k+1 k+1 k+1

The proof of (5-18) is now complete for the choice 81 = Cdy, where C > 1 is, as always, an appropriately
large universal constant. Consequently, §,, §3 < C ||D||(1)/ 2 1if only §p < 1.

(4) We now directly verify the concluding estimates of Proposition 5.2. We have, in view of the definition
of ®" and (5-14),

D=A —A+D + (%Vvl ® Vv 4 sym le) — (%Vv;; ® Vvs+sym Vw4)
3
—A—A— Z((%Vvkﬂ ® Vgt +sym V1) — (3 Vg ® Vg + sym Vg + are ® &),
k=1

and thus by (5-10), (5-2) and the definition of [, (5-7) follows:

3 2 3
Dlo<lA—Alo+CY - <c(PAlog+ 63
IDllo < 114 = 2Allo éxklk— ( 1Allo.6 3;%

2 2
(M1 a3 < (P21 sk L),
< G ) o)~ MB ’ o

We now check (5-8), using (5-10), (5-13) and (5-4):
3 3
~ 1/2 1/2
15—l < lo—vli+ Y oesr — vl < CIDI*+C Y8 < CIDIl”,

k=1 k=1
3

1% —wilh < o —wlli + ' =l + D fwepr —willy

3 3 (5-19)
< C<||D||§/2 +IDllo+ Y 81+ ||Vvk||o>) < C||D||é/2(1 +y° ||VUk||O)
k=1 5 k=1
< C||D||é/2(1 +HIVollo+ o =i+ Y lvess —vknl)

k=1
1/2 1/2 1/2
< CIDI >+ 1Vvllo + ID1Y%) < CIDIY (1 + [V vllo).
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Finally, the first bound in (5-9) follows by (5-11) and (5-3),
3

3

1/2

15112 < ||n||z+Z||vk+1—vk||z<—||D||/ +CD S
k=1 =

3
C ok C
< <Dl +C85 Y — < DIy *(1 +0°) < CMo?,
! — T
while the second bound is obtained by
3 3
1Dz < lIwollz + 0" = wlla + > lwis — willa < C(M+ 1D+ Sihe(l+ ||wk||o))
k=1 k=1

< C<M+83 Z—(l + ||Vvk||o>) < CM(l +0% +0° Z ||wk||o)

k=1
3

< CMo—3(1 + ||Vvk||o) < CMo’(1+[Vuljp)
k=1

in view of (5-12), (5-13) and reasoning as in (5-19). [l

6. The C'** approximations: a proof of Theorem 1.2

We are now in a position to state the final intermediary approximation result, parallel to [Conti et al. 2012,
Theorem 1].

Theorem 6.1. Assume that Q@ C R? is an open, bounded domain. Given are functions v € C*(R),
w e CX(Q, R?) and A € COP(Q, RZX2) for some B € (0, 1), such that the deficit D below is appropriately

sym
small:

D=A—(3Vv®Vv+symVw), 0<]Dlo <8 < 1. (6-1)
Fix the exponent
0 <o <min{i, 18}. (6-2)
Then, there exist v € C*(Q) and w € CV*(Q, R?) such that
IVi® Vi +sym Vi = A, (6-3)
I5—vli <CIDly”>  and b —wli < CA+[Vil)IDl,> (6-4)

where C > 0 is a constant depending on o but independent of all other parameters.

Proof. The exact solution to (6-3) will be obtained as the C!** limit of sequences of successive approxi-
mations {vx € C*(Q), wi € C*(2, RH)}2,.

Part 1: induction on stages. We set v9 = v and wg = w. Given v and wy, define vy and w4 by

applying Proposition 5.2 with parameters o and M} that will be appropriately chosen below and that
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satisfy

My > max{[[vll2, lwkll2, 1} and o > 1. (6-5)

Following our notational convention, we define the k-th deficit Dy = A — (%Vvk ® Vug 4 sym Vwk). In
view of Proposition 5.2, we get

Il Allo, ) 1
IDesllo < c(—ﬂﬁuDkug/ +—IDlo ), (6-6)

Mk o
loes —welh < CIDellY® and  Jlwggs — willi < CA + [[Vuullo) 1Dl (6-7)
lvesilla < CMo®  and  [lwgpilla < C(1+ | Vg llo) Mo, (6-8)

provided that (5-5) holds for each D;. We shall now validate this requirement, with the parameters
k
My = (€(1+[Vuollo)a™)" Mo. (6-9)

In fact, we will inductively prove that one can have

6
IDrllo < IDllo withany 0 <s < min{ P } (6-10)

1, ——
2-p
Fix s as indicated in (6-10). Clearly, (6-10) and (6-5) hold for k = 0. By (6-6) and the induction

assumption we obtain the bound

2—1 _ _ _
O_s(k+1) ”Dk—i-l ”0 _ C”A”O,ﬂ ”D”g/ o L (O-(l B/2)(s—6B/12—p)) )k N CGS—]
DIl — M(’)3 ¢hp (1 +[Vwollo)? '

O-sk

(6-11)

We see that in view of the condition on s in (6-10), both o*~! and o1 =#/2(=68/C=F) are smaller than 1.
Further, it is possible to choose o > 1 so that the second term in (6-11) is smaller than % and so that the
quotient term in parentheses above is also smaller than 1. Then, choose M so that (6-5) holds for k =0
together with

2—1
ClAlog IDIE> o8
B
MO

1
ok

This results in the first term in (6-11) being smaller than % if € > 1. Consequently, we get that
DD llo/IPlo < 1 as needed in (6-10).
Observe now that by (6-7) and by the established (6-10),

k—1 k—1

1/2
Vk =0, [[Voello < IVoollo+ Y i —vill < [Vuollo+C Y ID: 1/
i=0 i=0
=1
172 _ 1/2
<IVuollo+ C(ZO (,.y,-/z) IDllg"™ = 1Vvollo + 7—=751Pllo
1=

< [[Vuollo+ CIIDIIY (6-12)
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if only, say, o® > 4, which can be easily achieved through the choice of . Now, by (6-8) and (6-12),

lve+1ll2 <l C
Mit1 — €1+ IVuollo)’
12

lw1l2 - 1 CA A [Vkllo) - 1A+ Vuollo+IPllg™)
Mir — € (1+[Vulle) — € (I+IVuollo) '

Hence, taking the constant € >> 1 large enough, we see that both quantities above can be made smaller

than 1, proving therefore the required (6-5).

Part 2: ¢ control of the approximating sequences v, and w,. Let now « be an exponent as in (6-2).

Choose s satisfying (6-10) and
a(6+s)—s <O. (6-13)

It is an easy calculation that s satisfying (6-10) and (6-13) exists if and only if the exponent « is in the
range (6-2). Indeed, (6-13) is equivalent to @ < s/(6 + s), while (6-10) is equivalent to

s .
0< 61 <m1n{%, %ﬂ}

We will prove that the sequences {v, wi}2°,, are Cauchy in C1%(Q). Firstly, by (6-7), (6-12), (6-10),

172 C 12
o1 = vl < CIDely” = 75 1Pl
o (6-14)
12 C 12 1/2
lwirr —willt < CA+ [Vl Drlly ™ < yk/2(1+||VvoIIo+IID|IO Dl
p

so we see right away that they are Cauchy in C'(2). On the other hand, by (6-8), (6-12), (6-10),

k
V1 = Vil + 1 wiesr —wiella < CA+ [ Voello) Mo < C(A+[Vupllo+1Dllg ) (€ + [ Vvollo)o®) Mo,
so the sequences have the tendency to diverge in C?(2). Interpolating now the C** norm by [Adams and
Fournier 2003],

1—
I flloe < WAITNA NG
we obtain

1

IV @t = 00 llo.e + 1V Wipr = widlow = €5 (Coo™) " MG - Cy™* —mos

= CoME (CQ) (o 2@ E+) =k, (6-15)

where by Cyp we denoted an upper bound of all quantities involving C, vg, D. It is clear that choosing
o sufficiently large (so that Coo375/2 < 1), the resulting bound (6-15) implies that {Vvg, Vw,}2,, are
Cauchy in C 0. (Q), provided that (6-13) holds. We see that the choice of exponent range in (6-2) so that
the above construction technique works, is optimal.

Part 3: Concluding, we see that {v, wi ]2, converge to some v € ch¥(Q) and w € C*(Q, R?). Since
the defects in the approximating sequence obeys limg_, « || Dk llo = 0 by (6-10), we immediately get (6-3).
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Additionally, by (6-14),

[e.0] o0
_ 1 12 C 1/2 12
uv—whs}jme—vmlsc(Ejggﬁ)mmJ = — =Dl <CIDl”,
k=0 k=0

x o0
_ 1 12 12
nw—wms}]mﬂrﬂwmsc(kaﬁvavwwmm/saLwammmﬂ
k=0 k=0

completing the proof of (6-4). ]
We are now ready to give:
Proof of Theorem 1.2. Fix a sufficiently small ¢ > 0. We will construct v € () and w € C1%(Q2, R?)
such that
Ag=3Vi®Vi+symVi inQ (6-16)
and
[v—=wvollo+ lw—wollo <e. (6-17)
In order to apply Theorem 6.1, we need to decrease the deficit Ay — (%Vvo ® Vyp + sym Vwo) so that it
obeys (6-1). This will be done in three steps.
First, let Ty € C*(R), Wy € C*(2, R?) and A € C*(2, R%?) be such that

- - 5 2
lvo — voll1 + llwo — woll1 + Ao — Aollo < &7,

3¢9 >0 suchthat Ag— (3 Vo ® Vi +sym Ving) > Gold, in Q. (¢-18)
Second, by Theorem 2.1 and Remark 3.3, there exist v € () and w € C'(Q, R?) such that
Ay = %Vv@Vv—i—syme in Q, (6-19)
llv —Bollo + llw — wollo < &> and  [|[Vv— Vil < C.
Third, let ¥ € C>(R2) and w € C*(R, R?) be such that
lo =3l + llw— bl <& (6-20)
By (6-19), (6-20) and (6-18), we get
|40 — (5V0® Vi +sym V)|,
<l1Ao—Aollo+ | (3VE ® Vi +sym Vib) — (Vv ® Vv +sym Vw) |,
<140 = Aollo + (IVvllo + Vll0) Vv = Villo + [V — Vi o
<&+ @2||[Vugllo+22 4+ C)e* + &% < 8, (6-21)

as required in Theorem 6.1, if only ¢ is small enough. We now apply Theorem 6.1 to v, w and the original
field Ao, and get v € C1%(Q) and w € C'¥ (22, R?) satisfying (6-16) and such that

15 —vollo + 1 — wollo < C(1+[[VDlo) | Ao — (VD ® Vi + sym Vib) || + 3¢

lo
< C(14 &>+ |[Vuollo)*e® + 3¢
by (6-4), (6-21), (6-20), (6-19) and (6-18). Clearly (6-17) follows, if ¢ is small enough. O
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The following corollary is of independent interest:

Corollary 6.2. Let Q, f, p, a be as in the statement of Theorem 1.1. Let g >?2. Then, for all vo e W14 (),
there exists a sequence v, € C*(Q) weakly converging to vy in W'4(2), and such that Det Vv, = f
in Q.

Proof. Let v, € C Q) converge to vy in w4 (). For every v,, consider the approximating sequence
{vpreC 1""(52)},?1 , as in Theorem 1.1, converging uniformly to v,. Define now {v,} to be an appropriate
diagonal sequence, so that it converges to vg in L9(€2). We will check that {v,} is bounded in wha,

The boundedness of ||v, ||z« is clear from the convergence statement. On the other hand, the proof of
Theorem 1.2 gives, by (6-4), (6-18), (6-19), (6-20) and (6-21),

V0, (0)] < [V, ()| +262 + C+C8)/> < [Vi,(x)[+C  VxeQ.

Consequently, ||Vv,|lzs < |VUullLe + C < C, which concludes the proof. O

7. Rigidity results for o > %: a proof of Theorem 1.3

The crucial element in the proof of the rigidity Theorems 1.3 and 1.4 is the following result, which is the
“small slope analogue” of [Conti et al. 2012, Proposition 6]:

Proposition 7.1. Let Q@ C R? be an open, bounded, simply connected domain. Assume that for some
o € (% 1), the function v € Cl*"‘(S_Z) is a solution to

DetVv=f inQ,

where f € LP(2) and p > 1. Then the following degree formula holds true for every open subset U
compactly contained in Q and every g € L™ (R?) with supp g C R*\Vv(3U):

[ wovns=[ sordeavu.v. . )

Above, deg(V, U, y) denotes the Brouwer degree of a continuous function ¥ : U — R? at a point
y € R\ ¢ (3U).

Proof. (1) Fix U and g as in the statement of the proposition. We refer to [Lloyd 1978] for the definition
and properties of the Brouwer degree; recall first that deg(Vv, U, -) is well defined on the open set
R?\Vv(3U). In fact, this function is constant on each connected component {U;}7° of R>\ Vu(dU)
and it equals O on the only unbounded component Uy C R?\ Vu(U). Thus, without loss of generality, we
may assume that g is compactly supported and that supp g C | J;=; Ux. By compactness, there must be
suppg C U;{V:1 Uy for some N, and consequently the integral in the right-hand side of (7-1) is well defined.

Let now {gi € CZ?O(L_J,ZCVZ1 Uk) }loil be a sequence pointwise converging to g and such that ||g;[lo < || gll L=
for all i. It is sufficient to prove the formula (7-1) for each g; and pass to the limit by the dominated
convergence theorem. To simplify the notation, we drop the index i, and so in what follows we assume

that g € C°(R?\Vv(dU)).



722 MARTA LEWICKA AND MOHAMMAD REZA PAKZAD

As in the proof of Theorem 1.1, let A € WP () NC%#(Q) be such that curl curl A = — f. Here, we
take g = min{2 — %, oz} € (0, 1). Consequently, in view of the simple connectedness of €2, there exists
w € CF(Q, R?) such that

A= %Vv & Vv +sym Vw.

For a standard 2-dimensional mollifier ¢ € C2°(B(0, 1)) as in Lemma 4.3, define
Vie 0,1), v=vxg, w=wxkxg, A =Axgq,

and apply the degree formula (change of variable formula [Evans and Gariepy 1992; Ambrosio et al. 2000])
to the smooth functions g and Vu;, noting that for sufficiently small /, we have g € C2° (R? \Vy(dU)):

/ (g0 Vr) det V2 = / () deg(Vo, U, y) dy. (7-2)
U R2

We see that Vv, converge uniformly to Vv, so by [Kavian 1993, Proposition 2.1] we obtain that for /
sufficiently small, and for all y € supp g, we have deg(Vv, U, y) = deg(Vv;, U, y). Thus

lim f o(y) deg(Vuy, U, y) dy = / () deg(Vv, U, ) dy.
1—0 R2 R2

Another proof of integrability of the Brouwer degree, in a more general context, can be found in
[Olbermann 2015]. Now, to conclude the proof in view of (7-2), it suffices to show that

lim/ (go V) det V2 :f(gon)f. (7-3)
[—0 U U

(2) Following [Conti et al. 2012; Constantin et al. 1994] we use a commutator estimate to get (7-3). As
f = —curlcurl A, we have

/ (goVy) detVZUZ—(gon)f‘ <
U

/(gonl)(detVzvl+curlcurlAl)
U

+

/(gonl)curlcurl(Al—A)‘—i—‘/ ((gonl)—(gon))f‘. (7-4)
U U

The second term above is bounded by C fU |V2A; — V2A| < C|A;— Al w2.r(q)» hence it converges to 0.
The third term also converges to 0 by the dominated convergence theorem, since goVv; converges to go V.
In order to deal with the first term in (7-4), observe that det V2v; = — curl curl(%Vvl ® Vu; + sym le)
and integrate by parts, in view of go Vy; =0 o0n 0U:

/ (g o Vuy)(det V2v + curl curl A;)
U

/ <VL(g o V), curl(%Vvl ® Vuy; +sym Vw; — AZ))
U

< C[IVgllo IV2urllo | Vv ® Vi, — (Vo ® Vo) x|,

2 ! 3
IVUllge = Cr=g 1VVlg o (7-5)

=C 12—305

< Cog 1 Vvloa-

ll—Z(x

where we used Lemma 4.3. Clearly, for o« > % the right-hand side in (7-5) converges to 0 as [ — 0. By
(7-4), this implies (7-3) and concludes the proof. U
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Below, we present all the details of the proof of Theorem 1.3. The proof of Theorem 1.4 will be
postponed to [Lewicka and Pakzad > 2017].

Proof of Theorem 1.3. (1) By Proposition 7.1 it follows that for all open sets U C U C 2,
deg(Vu,U,y) =0 VyeR*\VvU). (7-6)

We would like to conclude [Pogorelov 1956; 1973] that the image set Vv (U) is of measure 0. This will
result in the developability of v, by the main statement of [Korobkov 2007]. However, we note that
(Maly, personal communication, 2016) for each « € (0, 1), there exists a map in C%*(Q, R?) whose local
degree vanishes everywhere, but whose image is onto the unit square. This example can be constructed
through a similar approach to that in [Maly and Martio 1995, Section 5]. Therefore, we will additionally
exploit the gradient structure of Vv, using ideas of [Kirchheim 2001, Chapter 2], in combination with the
commutator estimate technique of the proof of Proposition 7.1.
Let v; = v * ¢ be as in the proof of Proposition 7.1 and for every § > O define

urs(x1, x2) = Vur(xy, x2) +6(—=x2, x1),  us(x1, x2) = Vo(xy, x2) + 8(—x2, x1).

Fix an open set U with smooth boundary and compactly contained in Q. Let g € C°(R*\Vv(3dU)), and
use the change of variable formula to g and u; s:

/ (g 0 101.5)(det V2; +82) = f &) deg(ur . U, y)dy. (7-7)
U R

where we noted that det Vu; s = det V2v; + 82 The integral in the right-hand side of (7-7) is well defined
for sufficiently small / and &, because then y € supp g implies y & u; s(dU).
Passing to the limit, we immediately obtain

llirr(l)/zg(y) deg(u; 5, U, y)dy = /zg(y) deg(us, U, y)dy, (7-8)
- R R

while to the left hand side of (7-7) we apply the estimate

' f (g oup 5)(det Vv + 8%) — (g o us)8>
U

< ‘/ (gou[,a) detVzvl
U

—i—‘/(gou;,(g—gou,;)éz .
U

The second term above clearly converges to 0 as / — 0, because u; s converge to us. The first term also
converges to 0 as o > %, where we reason exactly as in (7-4) and (7-5), keeping in mind that f = 0. We
hence conclude

limf (g ouys)(det Vv +8%) = / (gous)s>
[—0 U U
In view of (7-8) and (7-7) this implies

V0 <8« 1, /(goua)(?z:/zg(y)deg(ua,U, y)dy.
U R

Consequently,
VO<d§ K1, Vyeus(U)\us(0U), deg(us,U,y)>1. (7-9)
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(2) We now claim that
Vu(U) C Vv(dU). (7-10)

To prove (7-10) we argue by contradiction, assuming that for some xy € U there is yo = Vv(xg) €
Vu(U)\Vv(aU). Note that for § small enough, we have yy ¢ us(dU), because us converges uniformly
to Vv as § — 0. We distinguish two cases:

(i) There exist sequences {x; € U}2, and &§; — 0% as k — oo such that yp = ug, (x;) for all k. In view
of (7-9) we get deg(us,, U, yo) > 1, contradicting (7-6).

(i1) For all § small enough, yg & us(U). In this case, we must have deg(us, U, yo) = 0. But on the
other hand, there exists a ball B(yy, 2r) C R2 \Vu(aU), so also B(yg,r) C R? \ usg(oU) for all
small 6. Consequently, continuity of the degree yields that deg(us, U, z) = 0 for every z € B(yo, r).
In particular, deg(us, U, us(xp)) =0, because lims_. g us(xg) = Vv(xp) = yo. This finally contradicts
(7-9), as us(xo) € us(U) \us(dU).

Our claim (7-10) is now established. Since the set Vv(dU) is the image of a Hausdorff one-dimensional
set 9U under a C%% o« > %, deformation Vv, it has Lebesgue measure O (see [Conti et al. 2012, Lemma 4]).
Thus Vu(U) must have measure O for every smooth U compactly contained in Q2. The same then must
be true for the entire set €2, i.e., |Vv(£2)| =0, and we consequently obtain

Int(Vu(R2)) = @. (7-11)

(3) By [Korobkov 2009, Corollary 1.1.2], condition (7-11) implies that every point y € €2 has a convex
open neighbourhood €2, such that for every point x € €2, there is a line L, passing through x so that
Vv is constant on L, N 2,. The same result in the present dimensionality has been first established in
[Korobkov 2007]; see also the footnote on p. 875 in [Korobkov 2009] for an explanation.

We now prove that v is developable. Fix xg € Q and let [y, z] C Q be the maximal segment passing
through xo on which Vv = Vu(xg) is constant. Assume that [y, z] does not extend to the boundary 92,
i.e., y € Q. We will prove that then Vv must be constant in an open neighbourhood of x¢. In fact, we will
show that

V =Int((Vv) " (Vu(xo))) D (¥, 2). (7-12)

Let (p,q) = L, N 2,. By the maximality of [y, z], the segment (p, g) is not an extension of (is not
parallel to) [y, z]. Also, Vv = Vu(xp) on (p, g). Take any y; € (y, z) N2, and define the open triangle
T =Int(span{p, ¢, y1}). It is easy to notice that every line passing through any point x € 7" must intersect
at least one of the segments (p, g) or (y, y1). Since T C €2y, it follows that Vv(x) = Vv(xo). Hence

(y,ynCcrcv

and, in particular, the set V in (7-12) is nonempty.
To prove (7-12) assume, by contradiction, that there exists y, € [y;, z) so that

(y,y2)CV but (y,y3)ZV Vy;e(y,2). (7-13)
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Now, the intersection €2y, NV contains an open arc C crossing the segment (y, y2) N €2,,. As above, we
argue that every point in a sufficiently small open neighbourhood of the segment I = (y, z) N €2y, must
have the property that every line passing through it intersects C or I, where Vv = Vv (xg). Consequently
I C V, contradicting (7-13) and establishing (7-12). O
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KINETIC FORMULATION OF VORTEX VECTOR FIELDS

PIERRE BOCHARD AND RADU IGNAT

This article focuses on gradient vector fields of unit Euclidean norm in R". The stream functions associated
to such vector fields solve the eikonal equation and the prototype is given by the distance function to a
closed set. We introduce a kinetic formulation that characterizes stream functions whose level sets are
either spheres or hyperplanes in dimension N > 3. Our main result proves that the kinetic formulation is a
selection principle for the vortex vector field whose stream function is the distance function to a point.

1. Introduction
In this article, we analyze the following type of vortex vector field:

w RV > RN, wr(x)= il for every x € RV \ {0}

|x
in dimension N > 2, where | - | is the Euclidean norm in R". This structure arises in many physical
models such as micromagnetics, liquid crystals, superconductivity, elasticity. Clearly, #* is smooth away
from the origin: in fact, O is a topological singularity of degree 1 since the jacobian is det Vu* = Vy o,
where Jg is the Dirac measure at the origin and Vy is the volume of the unit ball in RN. Also, u* is a
curl-free unit-length vector field; i.e.,

u*l=1 and Vxu*=0 in RV\{0}. (1)
Moreover, there is a stream function ¥* : RY — R associated to u* by the equation
u* — Vl//*,

indeed, one may consider * as the distance function at the origin, i.e., ¥*(x) = |x| for x € RV, and *
represents the viscosity solution of the eikonal equation

VY~ =1

under an appropriate boundary condition at infinity (e.g., im0 (¥ *(x) — |x]) = 0).

Note that conversely, these properties characterize the vortex vector field: if u : R — RV is a
nonconstant vector field that is smooth away from the origin and satisfies (1) then u = #u* in R". Indeed,
this classically follows by the method of characteristics: the flow associated to u by

X, x)=u(X(,x)) 2)

MSC2010: primary 35F21; secondary 35B65, 35F20.
Keywords: vortex, eikonal equation, characteristics, kinetic formulation, level sets.
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with the initial condition X (0, x) = x for x # 0 yields straight lines { X (¢, x)}; given by X (¢, x) =x+tu(x)
along which u is constant, i.e., u(X (¢, x)) = u(x). Since u is nonconstant and two characteristics can
intersect only at the origin (which is the prescribed point-singularity of u), every characteristic passes
through the origin! and therefore, u coincides with u* or —u*. Caffarelli and Crandall [2010] proved this
result under a weaker regularity hypothesis for the vector field u = V1i/: if ¢ is assumed only pointwise
differentiable away from a set S of vanishing Hausdorff #!-measure (i.e., %#'(S) = 0) and |Vy/| = 1
in RV \ S, then ¢ = 4vy* (up to a translation and an additive constant). We also refer to [DiPerna and
Lions 1989] for weaker regularity assumptions on u in the framework of Sobolev spaces.

Our aim is to prove a kinetic characterization of the vortex vector field that does not assume any
initial regularity on u. This kinetic formulation will characterize stream functions whose level sets are
totally umbilical hypersurfaces in dimension N > 3, i.e., either pieces of spheres or hyperplanes. In
order to introduce the kinetic formulation of the vortex vector field, we start by presenting the case of
dimension N = 2 and then we extend it to dimensions N > 3.

1.1. Kinetic formulation in dimension N = 2. Let Q@ C R? be an open set and u : @ — R? be a
Lebesgue-measurable vector field that satisfies

[ul=1a.e. in 2 and V xu =0 distributionally in 2. 3)

The main feature of the kinetic formulation relies on the concept of weak characteristic for a nonsmooth
vector field u. We start by noting that (2) has a proper meaning only if some notion of trace of u can be
defined on curves {X (¢, x)};, which in general is a consequence of the regularity assumption on u (see
[DiPerna and Lions 1989]). To overcome this difficulty, the following notion of “weak characteristic”
is introduced for measurable vector fields u (see, e.g., [Lions, Perthame, and Tadmor 1994; Jabin and
Perthame 2001]): for every direction & € S!, one defines the function x (-, &) : Q — {0, 1} by

1 foru(x)-& >0,

X0 8= {0 for u(x) - & <0. @

In the case of a smooth vector field u# in a neighborhood of a point xo € €2, then x (-, &) mimics the
characteristic of u of normal direction & = (&1, &) (see Figure 1); formally, if £+ = (=&, &) = Fu(x),
then either Vx (-, &) locally vanishes (if # is constant in a neighborhood of xg), or Vx (-, &) is a measure
concentrated on the characteristic {X (¢, x9)}; given by (2) with constant measure density +£&. In other
words, we have the following “kinetic formulation” of the problem (see, e.g., [DeSimone, Miiller, Kohn
and Otto 2001; Jabin and Perthame 2001]):

Proposition 1 (kinetic formulation in dimension N = 2). Let Q C R? be an open set and u : Q — R? be
a smooth vector field. If u satisfies (3) then

f;‘L -Vyix(-,&) =0 distributionally in Q2 for every & € st (®))

I This argument is clear in dimension N = 2; for dimensions N > 3, one needs an additional argument showing that two
characteristics are coplanar, as we will see later in the proof of Theorem 8.
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{X (1, x0)}:

Figure 1. Characteristics of u.

We mention that the kinetic formulation (5) holds under the weaker Sobolev regularity W!/7-? for
p €1, 3] (see [Ignat 2011; 2012a; 2012b; De Lellis and Ignat 2015]). Note that the knowledge of x (-, &)
in every direction £ € S! determines completely a vector field u with |u| = 1 due to the averaging formula

u(x) = %fgl Ex(x,&)dH' (&) forae. x € Q. (6)

Thanks to (6), we deduce that the kinetic formulation (5) incorporates the fact that V x u = 0 (see
Proposition 5 below). Therefore, the curl-free condition will be no longer mentioned in the following
statements whenever (5) is assumed to hold true for unit-length vector fields u.

The main question is whether the kinetic formulation (5) characterizes the vortex vector field in R2.
First of all, (5) induces a regularizing effect for Lebesgue-measurable unit-length vector fields u. Indeed,

the classical “kinetic averaging lemma” (see, e.g., [Golse, Lions, Perthame, and Sentis 1988]) shows that
12
oc

Moreover, Jabin, Otto, and Perthame [2002] improved the regularizing effect by showing that u is locally

a measurable vector field u : @ — S! satisfying (5) belongs to H, .~ (2) due to the averaging formula (6).2
Lipschitz away from vortex point-singularities® and u coincides with the vortex vector field around these
singularities:

Theorem 2 [Jabin, Otto, and Perthame 2002]. Let Q C R? be an open set and u : Q@ — R? be a Lebesgue-
measurable vector field satisfying |u| =1 a.e. in Q2 together with the kinetic formulation (5). Then u is
locally Lipschitz continuous inside 2 except at a locally finite number of singular points. Moreover, every
singular point P of u corresponds to a vortex singularity of topological degree 1 of u; i.e., there exists a
sign y = £1 such that

u(x) =yu*(x — P) forevery x # P in any convex neighborhood of P in Q.
In particular, if Q@ = R? and u is nonconstant, then u coincides with u* or —u* (up to a translation).

This result leads to the following interpretation of the kinetic formulation in dimension N = 2:
equation (5) is a selection principle for the viscosity solutions of the eikonal equation |V/| = 1 in the

sense that the solutions i are smooth (more precisely, they belong to the Sobolev space Wli’coo) away from

2For the improved regularizing effect for scalar conservation laws, see [Otto 2009; Golse and Perthame 2013].
3This regularity is optimal; see, e.g., Proposition 1 in [Ignat 2012b].
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point-singularities. Clearly, these solutions are induced by the viscosity solutions of the eikonal equation
under some appropriate boundary condition. Conversely, in the spirit of [Caffarelli and Crandall 2010],
it was shown by Ignat [2012b] and De Lellis and Ignat [2015] that for any vector field u satisfying (3)
together with an initial Sobolev regularity W!/7-P, p € [1, 3] (i.e., excluding jump line-singularities), the
kinetic formulation (5) holds true and therefore, one obtains the regularizing effect in Theorem 2.

Remark 3. The result of Jabin, Otto, and Perthame [2002] was motivated by the study of zero-energy
states in a line-energy Ginzburg—Landau model in dimension 2. More precisely, one considers the energy
functional E, : H'(Q, R?) - R, defined for ¢ > 0 as

1 1
Eg(ua:e/ |Vu8|2dx+gf(1—|u8|2>2dx+g||V><ug||§1I(Q), us € H'(Q.R). (1)
Q Q

where Q is a domain in R? and H~' () is the dual of the Sobolev space HO1 (2). (We refer to [Ambrosio,
De Lellis, and Mantegazza 1999; Aviles and Giga 1999; DeSimone, Miiller, Kohn and Otto 2001; Jabin,
Otto, and Perthame 2002; Jabin and Perthame 2001; Jin and Kohn 2000; Riviere and Serfaty 2001] for
the analysis of this model.) A vector field u : 2 — R? is called zero-energy state if there exists a family
{ue € H'(Q, R?)},_ satisfying

ue—u inL'(Q) and  E.(u;) >0 ase— 0.

Obviously, a zero-energy state u satisfies (3). The result of Jabin, Otto, and Perthame [2002] shows that
every zero-energy state u satisfies (5) and therefore, u shares the structure stated in Theorem 2.

1.2. Kinetic formulation in dimension N >3. Our main interest consists in defining a kinetic formulation
for the vortex vector field in dimension N > 3. Let 2 C R" be an open set and u : 2 — R" be a Lebesgue-
measurable vector field. For every direction & € SN=1 we consider the characteristic function x (-, £)
defined at (4) and we denote the orthogonal hyperplane to & by

et ={veRY:v-£=0).

Definition 4 (kinetic formulation). We say that a measurable vector field u satisfies the kinetic formulation
if the following equation holds true:

v-Vex(-,€) =0 distributionally in Q for every £ € S¥ ! and v e 1. (8)

Roughly speaking, (8) means that V. x (-, &) is a distribution pointing in direction . Note that the
kinetic formulation (8) only carries out the information of the direction of the vector field « (i.e., it gives
no information about the Euclidean norm of u). Imposing the unit-length constraint, # will satisfy a
similar averaging formula (6) which justifies that the curl-free constraint V x u = 0 is incorporated in the
kinetic formulation (8).

Proposition 5. Let N >2, Q C RN be an open set and u : @ — RY be Lebesgue measurable with |u| = 1
a.e. in 2. Then

u(x) = ﬁ/glv_léx(x, EYAHN ()  forae x e, )
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where Vy_y is the volume of the unit ball in RN=!. Moreover, if u satisfies the kinetic formulation (8)
then V x u = 0 distributionally in .

Remark 6. We highlight that Proposition 1 is false in dimension N > 3; i.e., there are smooth curl-free
vector fields with values into the unit sphere S¥~! that do not satisfy the kinetic formulation (8). For
example, in dimension N = 3, considering the vortex-line vector field

(x1, x2, 0)
then 1 is smooth in €2 and satisfies (3). However, (8) fails. Indeed, let & = \/Li(l, 0, 1). Then up(x)-£=0
for x € Q is equivalent to x; = 0 and therefore,

up(x) = nQ={x=(x,x,x3) R x> 1},

Vxx(-,é):eleL{xeQ:x1:0},

where e; = (1, 0, 0). Now, taking v = %fz(—l, 0,1),wehavev-£ =0(.e.,veét)andv-Vyx(-, &) #0
in D'(Q).

As Remark 6 has already revealed, the kinetic equation (8) in dimension N > 3 plays a different role
than in dimension N = 2 because the gradient Vx (-, &) is expected to concentrate on hypersurfaces (not
on the line characteristics of u). In fact, the geometric interpretation of (8) can be regarded in terms of the
stream function ¥ of a nonconstant vector field u = V1i/: the level sets of Y are expected to be pieces of
spheres of codimension 1 where the characteristics of u represent the normal directions to these spheres.

Theorem 7. Let N >3, Q C RN be an open set and \ : Q@ — R be a smooth stream function such that
u = V1 satisfies the kinetic formulation (8). Assume |u| never vanishes on a level set {x € Q2 : ¥ (x) = «}
for some @ € R and let S be a connected component of { = a}. Then S is locally a totally umbilical
hypersurface, that is, either a piece of an (N —1)-sphere or a piece of a hyperplane.

Note that Theorem 7 fails in dimension N = 2: a level set of a smooth stream function ¢ of u = Vi
satisfying (3) (and therefore, u satisfies the kinetic formulation (5) by Proposition 1) does not have, in

general, constant curvature.4

2. Main results

Our main result shows that the kinetic formulation (8) is a characterization of the vortex vector field u* in
dimension N > 3.

Theorem 8. Let N >3, Q C RN be a connected open set and u : Q@ — RN be a nonconstant Lebesgue-
measurable vector field satisfying |u| =1 a.e. in 2 together with the kinetic equation (8). Then u coincides

with the vortex vector field u* or —u™ up to a translation.

Note that in dimension N = 2, this result is true for the domain = R2 but it is in general false
for other domains 2 where there exist nonconstant smooth vector fields u in  different than vortex

4If ' ¢ R? is a smooth curve of nonconstant curvature, then one takes Y to be the distance function to I' in a small
neighborhood 2 of I" (with the convention that I" is withdrawn from that neighborhood, i.e., ' N2 =&, so that ¢ is smooth in €2).



734 PIERRE BOCHARD AND RADU IGNAT

vector fields that satisfy (3) and thus, (5) (by Proposition 1). The main difference in dimension N > 3
is the following: if u is a smooth vector field with (3) that is neither constant nor a vortex vector field,
then the kinetic formulation (8) doesn’t hold for u (see Remark 6). Hence, in dimension N > 3, the
zero-energy states of E, defined in (7) do not satisfy in general the kinetic equation (8). Therefore, the
kinetic formulation (8) is more rigid in dimension N > 3 since it selects only the vortex vector fields, as
they correspond to smooth solutions of the eikonal equation with level sets of constant sectional curvature
(by Theorem 7).

Let us explain the strategy of the proof of Theorem 8. The key point relies on a relation of order of the
level sets of the stream function associated to u: for every two Lebesgue points x, y € 2 of u such that
the segment [x, y] lies in © and for every direction & € SV~! orthogonal to x — y, one has

ux)-£§>0 = u(y)-£=0.

The next step consists in defining the trace of # on each segment X C €2; more precisely, similar to the
procedure of [Jabin, Otto, and Perthame 2002], there exists a trace i € L*(X, SN=1 of u such that
u(P) = u(P) for each Lebesgue point P € ¥ of u. Moreover, if the trace & of u is collinear with the
segment ¥ at some Lebesgue point, then i is 7'-almost everywhere collinear with ¥ (which coincides
with the classical principle of characteristics for smooth vector fields u). The final step consists in proving
that every two characteristics are coplanar. Then one concludes by the following geometrical fact specific
to dimension N > 3:

Proposition 9. Let N > 3 and D be a set of lines in RY such that every two lines of D are coplanar,
but D is not planar (i.e., there is no 2-dimensional plane containing D). Then either all lines of D are
collinear, or all lines of D pass through a same point (that is a vortex point).

In view of Theorem 8, it is natural to ask if one can characterize other types of unit-length curl-free
vector fields u by weakening the kinetic formulation (8), in particular, vector fields having a vortex-line
singularity. In dimension N > 3, the prototype of a vortex-line vector field is given by

uo(x’, xy) = VIx'|,

where x = (x’, xy) and x'=(x1, ..., xy_1); clearly, ug is smooth away from the vortex-line {x e RV : x’ =0}
where (3) holds true. Defining

E:={eeSV ey=0 =SV 2 x {0},
using the notation (4), we have that u satisfies the following kinetic formulation in = R":
VEeE, Yoett, v -Vix(-,6)=0 inD'(Q). (10)

Note that (10) is a weakened form of (8): the quantity v - V, x (-, &) vanishes for directions & € £ (and
v € £1) and fails to vanish for HV~!-a.e. direction & € S¥~1. As opposed to (8) (in view of (9)), the
kinetic formulation (10) does not force a unit-length vector field u to be curl-free; it only implies that

/

v x |Z—/| —0 in {|u|£0) = (u# +ey),
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where ey = (0,...,0,1), v/ = (uy,...,uy—1) and V' = (9, ..., dy_1). Since we are looking for a
characterization of vortex-line vector fields (that are in particular curl-free), we will impose that

oruy =oyug inQ fork=1,...,N—1. (11)
We will prove the following result:

Theorem 10. Let N >4, Q CRY be an open set and u : Q@ — RY be a Lebesgue-measurable vector field
satisfying |u| =1 a.e. on 2 together with (10) and (11). Then in every ball included in {x € Q:u(x) #+xey},
there exists a stream function ¥ = ¥ («, B) solving the eikonal equation in dimension 2 such that

u(x) = Vil (a, )],

where
(1) either o = |x’ — P'| and B = xy for some point P' € RN~!;
(2) ora=w'-x" and B = xy for some vector w' € SN2

Therefore, the weakened kinetic formulation (10), together with (11), is not enough to select vortex-
line vector fields which correspond to the stream function ¥ (¢, ) = £« in case (1) of Theorem 10.
Similar results to Theorem 10 hold for similar kinetic formulations corresponding to vector fields having
vortex-sheet singularities of dimension k in RY with N > k + 3.

The outline of this paper is as follows: in Section 3, we characterize the level sets of smooth stream
functions associated to vector fields that satisfy the kinetic formulation (8). In particular, we prove
Proposition 1 and Theorem 7. Section 4 is devoted to proving fine properties of Lebesgue points of u needed
in Section 5, where the notion of the trace on lines for a vector field u satisfying (8) is defined. Section 6
is the core of this paper: using this notion of trace and the geometric arguments of Proposition 9, we prove
our main result in Theorem 8. Section 7 deals with the study of the weakened kinetic formulation (10).

3. Level sets of the stream function

This section is devoted to the study of the level sets of smooth stream functions i associated to vector
fields u = Vi satisfying (8). We start by proving that | V| is locally constant on each level set of .

Lemma 11. Let N >2, Q C RN be an open set and  : Q — R be a smooth stream function such that
u = Vi satisfies the kinetic formulation (8). Assume |u| never vanishes on a level set {x € Q : {(x) = «a}
for some a € R and let S be a connected component of { =«}. Then |u| is constant on S. Moreover, there
exists a neighborhood w of S, a smooth solution ¥ : w — R of the eikonal equation and a diffeomorphism
t — F(t) such that = F(&) in w (in particular, VJ/ satisfies (8)).

Proof. Since |u| # 0 on S and u is smooth in €2, we can define

= |u_| in a neighborhood of S.
u

For simplicity of notation, we suppose that €2 is this neighborhood, i.e., |#| # 0 in 2. Then v satisfies
(8) because u satisfies it, too; since v is smooth in €2, Proposition 5 implies V x v =0 in 2. (The proof
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of Proposition 5 is independent of Lemma 11; we will admit it here and prove it later in Section 4.) As
a consequence, in any simply connected domain w C €2, the Poincaré lemma yields the existence of a
smooth function ¥ such that v = u/|u| = V¥ in o, i.e.,

VY =u=ulv=|ulVy in .

Therefore, v and ¥ have the same level sets in w. Without loss of generality, we may assume that ¥ = 0
on wNS. Now, for every P’ € w NS, we consider the flow associated to v,

{ X(P',t)=Vy(X(P,1)),

X(P,0)=P' (12)

Call Ip/ the maximal interval where the solution X (P’, -) exists. Obviously, the flow is unique and
smooth, satisfying
X(P,t)y=V>Y(X)-X=V>Y(X)-VY(X)=0 inIp

because V2 is a symmetric matrix and |Vv/| = 1 in w. Consequently, X (P',-) is constant in Ip so that
V(X (P, 1) = Vi (P, %[&(X(P’, Ml=1, X(P.1)=P +1Vy(P).
Therefore, since ¥ = 0 on w NS, we have
V(X(P',t))=t forall PewnSandre Ip.

Identifying the level sets of z/~/ (and of 1, too) using the flow, i.e., {1} =t} ={X(P,1): P e wNS}, we
can define
F@):=y(X(P,t)) for P'cwnS,telp.

The function F is a diffeomorphism: F is smooth (because ¥y and X are smooth) and we have

d F(r) — / o ol (12) / Vi ’ _ /
2 FO=VY(X(P,0)- X(P, 1) = VX (P, 1) = —(X(P, 1) = |ul(X(P, 1)) #0.

V|
In particular, |u| is constant on {1/7 =0} ={y=F(0)} =wNS. Since w was arbitrarily chosen, we deduce
that |u| is locally constant on S; because S is connected, it follows that |u| is constant on S. Since the
flow {X(P',t): P’ S, t € Ip'} covers a neighborhood of S, the last statement of the lemma follows. [

3.1. The case of dimension N = 2. In the special case of dimension N = 2, we start by proving that
every smooth curl-free vector field of unit length satisfies the kinetic formulation (5). This result can be
found already in [DeSimone, Miiller, Kohn and Otto 2001; Jabin and Perthame 2001]. For completeness,
we will present two easy and self-contained proofs. The first one is based on the geometry of the flow (2)
(as heuristically described in Section 1), while the second proof is based on the concept of entropy
introduced in [DeSimone, Miiller, Kohn and Otto 2001].

Proof of Proposition 1: first method. We can assume that £ = e; and £ = ¢, (otherwise, one considers
a rotation R € SO(2) such that ¢; = RE and i (x) := Ru(R"'x) in a neighborhood of a point x € €2).
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Naturally, €2 can be written as a countable union of squares whose edges are parallel with e; and e,.
Therefore, using a partition of unity, it is enough to prove the statement for Q = (—1, 1)%:

weer@. 0= [ pet Vo nar = [ poywendr== [ apdx.
Q Q QN{u;>0}

For that, we consider the flow (2) and by the proof of Lemma 11, we have, for every x € 2, that {X (¢, x)};
is a straight line given by X (¢, x) = x +tu(x) and u(X (¢, x)) = u(x) for all z. Since u is smooth, there
is no crossing between two characteristics in 2. We claim that

QNnfu >0 =| | A
keK
where {Ag}rek 1S a (at most) countable set of pairwise disjoint rectangles of type (ax, br) x (—1,1) C
Q = (-1, 1)% Note first that 2 N {u; = 0} is the intersection of by vertical lines. Indeed, if u;(x) =0,
then u(x) || e2. By the characteristic method, for all ¢, we have u(x + tu(x)) = 0 and u; vanishes on
the vertical line passing through x. Now {x; € (—1, 1) : u;(x1, 0) = 0} is an open set in (—1, 1) and
therefore, we can write
frie(=1, 1) w0, 00=0}" = |_] (@, bo),

kek

where K is at most countable. For k € I?, we define Ay := (ak, by) x (—1,1). By continuity, u; is
either positive or negative on A;. Defining K :={k € K : u; > 0 on A}, the claim is proved. Now, for

@ € C (L),
by pl
oy = f b = / / d2p =0,
s/S‘_Zﬁ{u1>0} ; Ak ; ay —1

because d,¢ can be seen as a signed Radon measure for ¢ € C2°(2) and the proposition is proved. [

Proof of Proposition 1: second method. The following proof links the kinetic formulation (5) with the
theory of entropy solutions for scalar conservation laws (see, e.g., [DeSimone, Miiller, Kohn and Otto
2001]). Indeed, if u is a smooth vector field satisfying (3), then formally, u; = —h(us) :=+v 1 — u% SO
that V x u = 0 can be rewritten as

druz + 02[h(u2)] = 0; (13)

thus, u; can be formally interpreted as a solution of the above scalar conservation law in the variables
(time, space) = (x1, x2). Based on the concept of entropy solution of (13) introduced via the pairs (entropy,
entropy-flux), the following applications (called “elementary entropies”) were used in [DeSimone, Miiller,
Kohn and Otto 2001]. More precisely, for every £ € S!, the map ®% : S! — R? is defined as

£+ forz-£>0,

f eSl, o (z) =
ore @ {o forz-& <0.

Then the kinetic formulation (5) can be written as

V- [®*w)]=0 distributionally in €. (14)
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In order to prove (14), we will approximate ®¢ by a sequence of smooth maps {®; : S' — R?} such
that {®;} is uniformly bounded, lim; ®;(z) = ®%(z) for every z € S! and ®; satisfies (14) for every k.
Following the ideas in [DeSimone, Miiller, Kohn and Otto 2001] (see also [Ignat and Merlet 2012]), this
smoothing result comes from the following observation: there exists a (unique) 2 -periodic piecewise
C! function ¢ : R — R associated to ®¢ via the equation

D% (2) = —¢'(O)z+@(0)z- forevery z=¢'% € S (15)
In fact, ¢ is given by
9(0) =D (2) 27 =& - z1(ze=0) = c08(0 — 00) Lio—tpe(—n/2,x/2); forz=e", O (=7 + 69, 7 + ),
where & = /% € S! with 6y € (—m, ]. In (15), the distributional derivative ¢’ is given by
¢'() = —sin(0 — 00)Li9—0pe(—n/2,7/2)y Tor O € (—m + 06y, w +6p).

Now, one regularizes ¢ by 2 -periodic functions ¢, € C°°(R) that are uniformly bounded in W (R)
with limg ¢ (0) = ¢(0) and limy ¢, (0) = ¢'(0) for every 6 € R. Then we define @ as in (15) for the
functions ¢y:

Or(2) = —9p(O)z + @i (0)z forz=e"€ S\,

Let us now check that {®;}; are indeed the desired (smooth) approximating maps of ®¢. For that, first,

note that differentiating the above equation defining @, one obtains
0P .
a—ek(z)-zL =0 forevery z=¢"€e S (16)

Next, we prove that ®; satisfies (14). Indeed, we can locally write u = ¢/©

smooth lifting ® : B — R that satisfies

in every ball B C €2 for some

VO - u=Vxu=0 1in B.

This means that VO = Aut in B for some smooth function A : B — R. Therefore, it follows that

ady
a6

Passing to limit k — oo, the dominated convergence theorem yields

116

0Pk o :
V-[q)k(u)]zw(e )- VO =A (u)-u in B.

/ ®%(u)-V¢dx =0 forevery ¢ € C°(B).
B

The conclusion is now straightforward. O

Note that another interest of this second method is that it can be adapted to vector fields u € W!/7-7
for p € [1, 3]. For such vector fields, there is a priori no trace of u on a segment, so the flow (2) does not
have a proper meaning anymore; see [Ignat 2012b; De Lellis and Ignat 2015] for more details.
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3.2. The case of dimension N > 3. The aim of this subsection is to prove Theorem 7. We divide the
proof in several steps, each being stated as a lemma.

Lemma 12. Let Q@ C RN be an open set and u : Q@ — RN be a smooth vector field satisfying (8). We define
Q= {x €Q:ulx) £0, V(|”—|>(x) ”) 0}
u
and for every x € Q,

Sy i=u@)TNSV M ={e e SV iux) £ =0}~ SN2
Then we have for all x € Q and for HN2-a.e. £ € S, that the set
yeQ:iu) §=01=2nd{u-§>0)
is a hyperplane around x that is oriented by the normal vector &. Moreover,
Vix(-, &) = :I:é’HN_1 Ld{u-& >0} locally around x. (17)

Proof. As in the proof of Lemma 11, we set v =u/|u| on €. Then v is a smooth unit-length vector field
in Q that satisfies (8) (because u satisfies it, too) and by Proposition 5, we have that v is curl-free in Q. Let
X € 5; in particular, Vv(x) # 0. First, we show that {y € Q: u(y) - & =0} is a smooth (N —1)-manifold
around x. Since v is curl-free, we know that Vv(x) = (9;v;(x));, ; is symmetric. By differentiating the
relation |v(x)| = 1, it follows that

Vo) v(x) = Vox)v(x) =0,
which means v(x) € Ker Vv(x). We will prove that
HV2(S, NKer Vo(x)) = 0.

Assume by contradiction that S, N Ker Vv(x) has positive H" ~2_measure. Since Ker Vv(x) is a linear
space, we have S, C Ker Vuv(x), that is, Vv(x)§ =0 for all £ € S,.. Moreover, since v(x) € Ker Vv (x)
and S, C v(x)4, it follows that Vv(x) = 0, which is a contradiction with the assumption Vv(x) % 0.
Therefore, Vu(x)é # 0 for HV2-ae. £ €S, and {y € Q:v(y) £ =0={y e Q:u(y)-£ =0}isa
smooth (N —1)-manifold around x.

It remains to prove that this manifold is a piece of hyperplane oriented by & where (17) holds true. For
that, let ¢ € C, SO(S~2, R™) be supported in a ball B C € centered at x. By the Gauss theorem, we have

—(vxx<-,5),<p>=/V-go(y)x(y,smy:/ V-wdy=f o-vdH" (),

B {yeB:u(y)-£>0} BNof{u-&>0}

where v is the unit outer normal vector to the (N —1)-manifold o{u(y) - & > 0}. This proves that locally
around x, we have

Vex(x, &) =—vHY 'L (BNd{u-& > 0}).

Because of (8), we know that V, x (x, £) and & are collinear. Since v is smooth on B N d{u - & > 0}, this
implies v=£& or v=—& on BN d{u-& > 0}. The conclusion is now straightforward. U
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We now state the following result, which is the key point in proving Theorem 7.

Lemma 13. Under the hypotheses of Theorem 7, every point x € S is an umbilical point; i.e., there exists
A(x) € R such that
Du(x) = A(0)Id: .8 — RV,

where u is proportional to the Gauss map on S, T, S is the tangent plane to the hypersurface S at x and
Id is the identity matrix.

Proof. Recall that |u| is constant on S by Lemma 11 so that u/|u| is the normal vector (i.e., the Gauss

u
D(—
ul |

where D(u|s) is the differential of u restricted to S as a map with values into the sphere S¥~! (up to

map) at the hypersurface S. Therefore,
1 .
) = —D(uls) inS,
s |u

the multiplicative constant |u|). As in the proofs of Lemmas 11 and 12, we may assume that u never
vanishes in 2 and set v =u/|u| in 2. Then v is a smooth unit-length vector field in €2 that satisfies (8)
and by Proposition 5, v is curl-free so that locally v = Vi for a smooth stream function . Since
Vi = u = |u|Vy, we know that ¥ and v have the same level sets; in particular, S is a level set of .
Therefore, replacing u by v, we may assume in the following that

lul=1 in Q.

Let x € S. We want to show that x is an umbilical point of S. This is clear if Vu(x) = 0. Therefore, we
assume in the following that x € QNS, as defined in Lemma 12; i.e.,

Vu(x) #0.

Since (9) holds for the unit-length vector field u, by differentiating (9), we obtain

1
Vn-1

Vi = [ sevas.
SN—I

where Vy_; is the volume of the unit ball in R¥~!. The above integrand is to be understood as an
absolutely continuous measure with respect to the Hausdorff " =2 measure concentrated on the set S,
(defined at Lemma 12). For that, we check first that the support of the integrand lies on S,. Indeed, if
£ € SN with u(x) - £ # 0, then V. x(-, &) = 0 in the open set {u - £ # 0} around x. Therefore, the
integrand has support on the set & € S, where (17) holds true for HV~2-a.e. £ € S, and the density of the
measure is equal to £ ® EHNT2LS,. Since S, C u(x)*+ = T,S, the density £ ® & with & € S, already
identifies Vu(x) = Du(x). Next we compute this quantity by exploring the sign of the density +£& ® &:

Case N = 3. We show that there are at most two nonzero vectors +&, € S, ~ S! such that Vu(x)éy =0.
Assume by contradiction that there are more than two vectors as above; i.e., there exists another nonzero
vector §0 #+£&)in S, such that Vu(x)& = Vu(x)§0 =0. Because of |u| =1, we know that Vu(x)u(x) =0.
Since the set {u(x), &, 50} spans R3, we have Vu(x) = 0, which contradicts the hypothesis x € Q.
Therefore, Vu(x)& # 0 for every & € S,\ {£&p} (or for every & € S; if & does not exist) and by Lemma 12,
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da{u(y)-& > 0} is a smooth surface around x oriented by £. Let C; and C, be the two connected components
of S\ {£&o} (with the convention that C; = C, = S, in the case Vu(x)& # 0 for every £ € S,). For
J = 1,2, we associate to a point § € C; the unit outer normal vector field v(§) € {££} to the plane
0{u -& > 0} around x. Since the map & € C; — v(§) is smooth (by the implicit function theorem) and C;
is connected, we deduce that v is constant on C;. Thus it follows that

aVu(x) =y ) §®§d§+)/2/c§®§d§’

with V, = and y; 2 € {£1} (with the convention that y; = y» = £1/2 if C; =C, = S;). It remains to
show that fcj & ® & dé& is proportional to the identity matrix Id, j = 1, 2. Up to a rotation, we can suppose
that u(x) = e3 and C; = {£ € S' x {0} : & > 0} ~ {(cos 0, sinh) : 6 € (0, )}. We have

T cos?h cosfsinb T
/(;]S@édéfv/o (cosésine sin® 6 )dG_EId

(the conclusion follows similarly if C; = C, = Sy).

Case N > 3. Let C =KerVu(x) N'S,. We know that u(x) € Ker Vu(x) and u(x) is orthogonal to S,
which is isomorphic to SN2 Since Vu(x) # 0 (i.e., the dimension of Ker Vu(x) is at most N — 1), we
have two situations (as in the case N = 3):

« Situation 1: dim Ker Vu(x) = N — 1, which leads to C isomorphic to S¥=3. In this situation, S,\C is
the partition of two connected sets C; and C, that are isomorphic to the half-sphere

SY2=(e=(&,...,en-1) €SV 25 > 0.

The same argument as in the case N = 3 shows that the sign of the unit outer normal field v(§) € {+£} to
the hyperplane d{u - & > 0} is constant when & covers C;, j = 1, 2, so that

Vn-1Vu(x) =y g E®EdE+ s g E®EdS,

with y1, y» € {£1}.
o Situation 2: dim Ker Vu(x) < N — 2, which leads to the manifold C of dimension < N — 4. In other
words, S,\ C is connected and covers a.e. point of S;. The above formula holds for C; =C, = S, and
1=y, ==%l1/2.

We now compute Vu(x). For that, we may assume (up to a rotation) that u(x) = ey and C; = Sﬁ -2

Since Sﬁ ~2 is invariant under the change of coordinate &; — —&; for some 2 <d < N — 1, we have for
every 1 < j <N —1with j #d,

[, geude= [ geade=o.
S ST

+ +
leading to

S12 0 fHN—Z (SN_Z)

dE = Id. O
2(N—1)
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Proof of Theorem 7. By Lemma 13, every point in S is an umbilical point. Such a hypersurface is called
totally umbilical. A classical result in differential geometry states that a totally umbilical hypersurface
is either a piece of an (N —1)-sphere or a piece of a hyperplane (see, e.g., [Hicks 1965, Chapter 2,
page 36]). O

We have the following consequence of Lemma 11 and Theorem 8 (whose proof is independent of this

section):

Corollary 14. Under the hypotheses of Theorem 7, there exists a neighborhood w of S and a diffeomor-
phism t — F (t) such that either r = F(|x — P|) for every x € w for a point P € RN, or = F(x - £) for
every x € w for a vector £ € SN,

4. Several properties on the set of Lebesgue points

Let Q ¢ RY be an open set and u € Ll (Q,RY). Recall that xo € Q is a Lebesgue point of u if there

exists a vector ug € RV such that

loc

lim lu(x) —ugldx =0. (18)
r=>0 J B, (x0)

In this case, we write u(xg) = ug, which is the limit of the average f of u on the ball B, (xg) as r — 0.
We denote by Leb C Q the set of Lebesgue points of u. It is well known that 7" (2 \ Leb) = 0 and one
can replace the ball B, (xg) by the cube xo + (—r, )" in the definition (18) to recover the same set of
Lebesgue points.

Proof of Proposition 5. We start by proving (9) for a fixed vector u(x) € SV 1. By rotating the axes if
necessary, we may assume that u(x) = ey. Then we compute

/ Ex(r, &) dHY (&) =/ EaHN ) = (/ Ey d%”“(&))eN
SN-1 SN_]Q{.SEN >0} §N_]ﬁ{§1v >0}

because the integrand is odd in the variables £; for j =1,..., N — 1. Defining " := (&1, ..., &n—1), the
half-sphere S¥~! N {&y > 0} is the graph of the map

§eB" by =V1-1EP

so that we have

dyN-! / m__ 95 _ g N-lpgN-1y_y
/SN—'m{sPO}SN é) = . V1—1§| m ( )=Vn_1.

The second statement naturally reduces (by a slicing argument) to the case of dimension N = 2. In that
case, for any ¢ € C°(2), we have V x u = djup — dru1 and

/(pqudxz —/Vlgo-udx
Q Q
(5)

@l//w.gix(x,g)dﬂl(s)dx:lf d%l(s)/w-slx(x,é)dx— U
2 Q Js! 2 Sl Q
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The following lemma yields the relation between the Lebesgue points of # and Lebesgue points of the
functions {x (-, §)}zesn-1 defined in (4).

(2, RY).
() If |u| = 1 a.e. in Q and xq is a Lebesgue point of x (-, &) for almost every & € SN™1, then xq is a

Lemma 15. Let Q@ C RY be an open set and u € Lloc

Lebesgue point of u and (9) holds at xy.

(i) Let xq be a Lebesgue point of u and & € SNL If u(xg)-& #0, then x is a Lebesgue point of x (-, &).
Conversely, if xq is a Lebesgue point of x (-, &) with x(xg,&) =1 (resp. =0), then u(xg)-& >0
(resp. <0).

Proof. To prove (i), we apply Proposition 5. Indeed, if xq is a Lebesgue point of x (-, ) fora.e. £ € SV,
then Fubini’s theorem implies

ﬁr (x0)

dx

/ Ex(x0, &) dHN (&)

u) = Vv

2] ][ / £ (x(r. &) — 2 (x0. ©)] dHY 1 (&) dx
N—1 JB,(xp) SN-1

1
=7 / (][ | (x, s>—x<xo,s>|dx)dHN L&) =%
N—1 JSN-1 B, (x0)

where we used the dominated convergence theorem.
Next we prove (ii). We treat the case u(xg) - £ > 0. For that, we have

1
E)—1|dx = £d
/B,(xo)|X(x £)-1]dx = u(x0)-§ J B, (xo)niu- g<0}M(XO) sd

1
dx <
M(xo) & JB, (xo)n{u-£<0} (u(xz) f ).:(z) £ dx u(x0)-€ J B, (x)

| (x)—u(xo)|dx.

Since xg is a Lebesgue point of u, it follows that xq is a Lebesgue point for x (-, &) with x (xg, &) = 1.
The case u(xp) - & < 0 can be shown similarly and we obtain y (xg, £) = 0. The last statement is a direct
consequence of the above lines (using a contradiction argument). U

Remark 16. (a) Note that the condition u(xg)-& # 0 is essential in Lemma 15(ii). Indeed, if one considers
the vortex vector field u(x) = x/|x| for x € RV \ {0}, then for every & € sh-1, any point xg € £+\{0}isa
Lebesgue point of u (because u is smooth around xg) and satisfies

u(xo) -§ =0,

but xg is not a Lebesgue point of x (-, &) because

fBr (x0)

where we used that

X(x,%‘)—][ é)‘dx_ 1dx4»0 asr — 0,
B(xo) B(xo)

][ (x,&)dx = HY (1 € By (o) 1 x& > 0}) emyiey HY (y € Br(0) 1y £>0)) |
Br<xo>X ’ HN (B (x0)) HN (B, (0)) 2
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(b) Note that in Lemma 15(ii), one cannot conclude in general that u (xg) - & > 0 provided that x (xo, §) = 1.
Indeed, consider for example £ =ey, u(x)-& =uy(x):=|x| for x € RV and set xo=0; then x(-,£) =1
in RV \ {xo}, xo is a Lebesgue point of uy and x (-, &) with x (xo, &) =1, but uy (xg) =0.

We now prove one of the key tools in the proof of Theorem 8, which mimics the relation of the ordering

of level sets of a stream function when (8) holds true. It is a generalization of Proposition 3.1 in [Jabin,
Otto, and Perthame 2002] to the case of dimension N:

Proposition 17 (ordering). Let N >2, Q C RYN be an open set and u € L} _(Q, R) satisfy the kinetic

loc
formulation (8). Assume that y, z € Leb are two different Lebesgue points of u such that the closed

segment [yz) is included in Q. Then for every direction € € SN~ with & € (z — y)*, we have
u(y)-E>0@esp. <0 = u(z)-&£=0 (resp. <0); (19)

moreover, y and 7 are Lebesgue points of x (-, &) and x(y, &) = x(z, §). As a consequence, if u # 0 a.e.
in Q, then fora.e. y € Q, HN '-a.e. £ e SN~" and HN'-a.e. v € €1 with the segment [y, y + v] included
in 2, we have that y and y + v are Lebesgue points of u and

X, &) =x+v,8). (20)

Proof. First, we consider the case u(y) -£ > 0. By Lemma 15(ii), y is a Lebesgue point of x (-, &) and

x(y,6)=1. Let |
{IOS(‘) - 8_Np(g>}a>0

be a standard family of mollifiers, where p is a nonnegative radial smooth function having as support the
unit ball supp p = B; C R" and f B, P dx = 1. Set the convoluted function

Xe :=pexx(-,8)

in a neighborhood w C 2 of the segment [yz] for & > O sufficiently small. Then y,. is smooth in @ and
for every Lebesgue point x € w of x (-, &) we have x.(x) — x(x, &) as ¢ — 0 because

|xe(x) = x(x, §)| = /B (0)(X(x —X,8) = x(x,8))pe(¥) dX

< S“p"/ IX(r —%.8) — x(x. §)| d
B.(0)

eN

5c][3()ix@,@—x(x,sndy%o.

In particular, lim, ¢ x.(¥) = x (v, §) = 1. Let v =z — y. We will show that x(y + v, §) = 1. For that,
we have v € &1 and
® .
V- Vixe =0 Vex (. 6)%p: 20 ino.

Then |
Xe(Y+0) — xe(y) :/ V- Vixe(y+tv)dt =0
0
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so that
lim x.(z) = lim x.(y) = x(y,§) = 1.
e—0 e—0

This implies that u(z) -& > 0. Assume by contradiction that u(z)-& < 0. By Lemma 15(ii), z is a Lebesgue
point of x (-, &) with x(z, &) = 0 so that

lim X:(z) = x(z. ) =0,
which contradicts the above statement. We prove now the following:

Claim. If x.(z) —> 1 as ¢ — 0, then z is a Lebesgue point of x (-, &) with x(z,&) =1.

Proof of Claim. Let {¢;} be a sequence converging to 0 as k — oo. For k large enough, we define
fr: By — {0, 1} by fi(x) = x(z—é&gx, &) for every x € B;. Then the sequence { f;} is bounded in L*(B))
and up to a subsequence, fr — f weakly in L?(B;), where the limit f : By = R takes values in [0, 1].
Therefore, we have for our smooth mollifier p € L?(B;) that

/pfkdx—> pfdx ask— oo.
B B

Note now that by the change of variable X = z — g;x we obtain by our assumption:

f p(x) fi(x) dx = / Pe (2= X)x (X, §)dX = x5 (2) > 1 ask — o0;
By By, (2)

therefore, f B, P f dx = 1. Since 1 is the maximal value of f and p is nonnegative with the integral on B,
equal to 1, we deduce that f = 1 in supp p = Bj. It follows by the change of variable X = z — gx that

][ Ix(x,86) —1]dx =1— fitx)dx — 0 ask — oo,
ng(z) B1(0)

because f; — 1 weakly in L?(By). Since the limit is unique for every subsequence g; — 0, we conclude
that z is a Lebesgue point of x (-, &) with x (z, £) = 1, which proves the claim. O

For the case u(y) - &€ <0, i.e., x(y,&) = 0 by Lemma 15(ii), one applies the above argument by
replacing & with —& and obtains that z is a Lebesgue point of x (-, —&) with x(z, —&) = 1. It follows
that z is a Lebesgue point of x (-, &) with x(z, £) = 0 because

HN({x €B (2):u(x) &> 0}) B
]é,@'X(x’ Hlde= HY (B, (2) =1- ]g,@’“x’ —£)dx — 0

as r — 0. One also concludes that #(z) - £ <0 by Lemma 15(ii).

For the last statement, we have for a.e. y € 2 that y is a Lebesgue point of # with u(y) # 0. Then for
#HN~1-a.e. direction £ € S¥~!, we have that u(y)-£ # 0 and y + v is a Lebesgue point of u for #V~'-a.e.
v € £1 with the segment [y, y + v] C Q. By the above argument, we get (20). U
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5. Notion of the trace on lines

The H!/?-regularity for N-dimensional unit-length vector fields u satisfying the kinetic formulation (8)
(see [Golse, Lions, Perthame, and Sentis 1988]) is a priori not enough to define the notion of the trace of u
on 1-dimensional lines. However, using the ideas in [Jabin, Otto, and Perthame 2002] for dimension 2, we
will define a notion of the trace of # on segments (in the sense of Lebesgue points) in any dimension N > 2.

Proposition 18 (trace). Let N >2, Q C RN be an open set and u : Q — SN 1 phea Lebesgue-measurable
vector field satisfying the kinetic formulation (8). Assume that the segment

L := {0}V ! x [=1, 1] is included in 2.

Then there exists a Lebesgue-measurable function it : (—1, 1) = RN such that

1
lim ][ / lu(x', xy) — i (xy)| dxy dx’' =0, 21)
r—0 (—rr)N-1J 1
where x = (x',xn), X' = (x1,...,Xy_1). Moreover, for H'-a.e. xy € (—1, 1),
ia(xy) = lim u(x', xy)dx' and |u(xy)|=1. (22)

r—0 (_r,r)N—]

Finally, every Lebesgue point x € Leb of u lying inside L is a Lebesgue point of i1 and u(x) = u(xy).
The vector field u is called the trace of u on the segment L.

Proof. To simplify the writing, we assume that Q = R". We divide the proof into several steps:

Step 1: defining the 1-dimensional function ¥ (-, ) for suitable directions € € SN =1, Let D be the set of
directions & € S¥~! such that £y 0 and (20) holds true for the triple (y, y + v, &) for a.e. y € Q and
HN~1-ae. v € £+ (with the segment [y, y +v] C Q, where y and y + v are Lebesgue points of u). By
Proposition 17, we know that D covers S¥~! up to a set of zero #"~'-measure. For such a direction
& € D, we can choose a point ys € € (in a neighborhood of L) such that the map § € D > y: € Q
is Lebesgue measurable, the point y: + 1§ € Q is a Lebesgue point of x (-, &) for H'-ae. t € R, the
function ¢ — x (ys +1§,§) is #'-measurable (by Fubini’s theorem) and (20) holds true for the triple
(ye +1&, ye +t§+v, &) for #HN~1ae. ve&tl and H'-a.e. t. Define the 1-dimensional function

s> 105, 8) = x(ve + (s — ye - )€, §) € {0, 1),

Then we have that for a.e. x € Q in a neighborhood of L,

20

because

v=ye—yeEE+x-EE—xeEh
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Step 2: for & € D and for every Lebesgue point P = (0, ...,0, Py) € L of x(-,§&) with Py € (—1, 1),
the point P - & is a Lebesgue point of x (-, &) and x (Pyén, &) = x (P, &). Indeed, since &y # 0, we have

Pyén+rlén|
][P |X(1,6)—x(P,§)|dt

NEN—TIEN]

Py—+r
:][ dx’][ | X (Enén.§)—x(P.§)|dxn (since t = Xn&n)
(=r,r)N-1 P

N—F

/ PN_X/.S//§N+r ~ / / . !/ !/ ~
:][ dx][ |X (x"-&"+xnEn, &) —x (P, &)|dxy (since x"-&' +xyéy =XnEn)
(=r,r)N-1 Py—x'-&'JEN—T1 ) )
=,

1 Py+7F
5][ v X (e, &)= x (P,&)| dxy
(=r,r)N- F

Py—r

SC][ X (x.&)—x(P.§)|dx — 0 asr — 0,
PA4(—F, )N

where we used that [x”-&'| <r+/N — 1 for x’ € (—r, r)N ! and 7 = (/N — 1/|&x| + Dr. Thus, Py&y is
a Lebesgue point of x (-, &). In particular, we have by Fubini’s theorem, for every o > 0,

ar PnEN+r|EN|+T . .
][ df][ | X (t,6)—X (Pnén, §)|d1
—ar P

NEN—T|EN |+

1 ar  pPyEN+r(En|+a) _ B .
:4a|§N|r2/ar~L £y —r(lEwl4a) |X(I’S)_X(PNSN’E)|l(PNEN_r‘EN‘+t~sPN§N+'”|SN|+l‘~)(t)dtdt
— NEN—T(|EN
1

ar

PyéEn+r(|En|+a) _ _ o
= AalE? 2/ \X(”é)—X(PNfN’E)\df/ L~ ey —rignl+t.~ Pugyrignin () d1
alENIr* Jpyey—r(nl+a) —ar

1 /PNEN+V(|§N|+01)
2|1EnIr Jp

=

|X(t,6)— X (PyEn,E)|dt -0 asr—0. (24)
NEN—T([EN]+a)

Step 3: proof of (21). For & € D, we have, for small r > 0,
1
][ / |X(x,§)—)?(xN$N,f;')|dx’de
(=r,r)N-1 J—1
(23) : ~ / / ~ ’
= ][ N 1/ |X (" &' +xnEn, &) — X (xnén, )| dx' dxy
(N1 -
1 1En] _ . 5 .
= g sup / |X(t+7,8) — 5(t,6)|dt (since t = xyEy)
16N i1<ryw=T - len)

because |x"-&’| <r+/N — 1. Since the 1-dimensional function ¢ —> ¥ (¢, &) belongs to L, its L'-modulus
of continuity present in the above right-hand side tends to 0 as » — 0, which leads to

r—0

1
lim][ / X (e &) — 7 G, &) d’ dey = 0.
—r,r)N=-1J—1
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This formula can be interpreted as the notion of the trace of x (-, £) on the segment L and yields (21).
Indeed, due to (9), we define for a.e. xy € (—1, 1),

1
Vn-1

uxy) =

[, extven o an" @

and we obtain, by Fubini’s theorem,

1
/ i ]f ‘u(x',xN)—ft(xN)‘dx’de
(=r,r)N-1J—1

©) 1 ! ~ / N-—1 r—0
=5 |X(x, ) = X (xnén, §)| dx’ dxy | dHY7H(E) =5 0,
N—1 JSN-T\J (—r,r)N-1 J -1

where we used the dominated convergence theorem.

Step 4: proof of (22). By Step 3, we deduce that
][ ux’, )dx' =% i in L'((~1, 1));
(=r,r)N-1
therefore, the first statement in (22) follows immediately. Moreover,

1 1
flaci=tlan=f [ fli - e ol dx dxy
-1 (=r,r)N-1J -1

1
5][ / ‘L?(xN)—u(x’,xNﬂdx/de@)O asr — 0;
(=r,)N=1J—1

thus, |i(xy)| =1 for H'-a.e. xy € (—1, 1).

Step 5: conclusion. Let P = (0, ...,0, Py) € Leb be a Lebesgue point of u with Py € (—1,1). We want
to show that Py is a Lebesgue point of # and ##(Py) = u(P). For that, we know by Lemma 15 that P is a
Lebesgue point of x (-, £) for every direction £ € S¥~! with u(P)-& # 0. If in addition £ € D, we know
by Step 2 that P - £ is also a Lebesgue point of x (-, £). By the same argument as in Step 3, we have

][ W x0) — ] dx
P+(—rr)

1 N , _
< / ][ | X&) —F(anEn. )| dx dxy dHY (@)
V-1 Jsv=1 JparmV oy ———
=x(x"-&'+xnén.E)
< / dHN_l(E)[][ |X(x/‘§/+XN§N»$)_)Z(PNEN’S)|dx
V-1 Jen-1 P+(=r.r)N Pytr
+][ |X (xnEn. §) _)Z(PNSN:S)|dei|
PNfr
Vol PNEN+TIEN|+x"-E . _
< / dH" (&) dx’][ |X(f,$)—X(PN§N,S)|df
V-1 Jen- (=rr)V! PyEN—rlEN]+x' €'
1 Nl PnEN+TIEN] _ _
+ / a1 ) 1%(1.€) — X (Pykw. £ dr.
Vn-1 Jev-1 PnEn—T|EN]
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Using the dominated convergence theorem twice, we conclude that the above right-hand side vanishes as
r — 0. Indeed, the second integrand converges to 0 as » — 0 by Step 2 for a.e. £ € S¥~!. For the first
integrand, we proceed as follows: for 74" ~!-a.e. direction &£, we may assume that |£’| > 0 and £y # 0 so
that there exists a rotation R" € SO(N — 1) with R’E’ = |&’|e; and we have by the change of variables

X =R'x"and7 =r+/N —1,

, PnEn+r|én|+x-E _ _
][ dx ][ |%(t. &) — X (Pyén, £)| dt
(—r,r)N-1 P,

NEN—TIEN|+X7-E

| pPaEvriEyRE] )
5c][ dx/][ 171, 6) — 7 (Pykn. £)| di
|X|<F PyéEn—rléEn|+x11E]

}

&' p PrEn+riEn]+HT s

5C][ ][ |7(t. &) — (PyEy. )| drdi ©50 asr—0. O
—|&'|F J PyEn—r|én|+i

6. Proof of Theorem 8

We start by showing some preliminary results that reveal the geometric consequences of the kinetic
formulation (8). The following lemma is the first step in proving that u is constant along the characteristics
and is reminiscent of the ideas presented in [Jabin, Otto, and Perthame 2002]:

Lemma 19. Let Q C RY be an open set such that L = {0}¥ ! x [-1,1] C Q and u : Q@ — SN~!
be a Lebesgue-measurable vector field satisfying the kinetic formulation (8). Assume that the origin
O € QNLeb is a Lebesgue point of u and u(O) = ey. Then for every Lebesgue point xy € (—1, 1) of u,
we have

u(xy) = *ey,
where u is the trace of u on L defined at Proposition 18.

Proof. Without loss of generality we assume that €2 is a convex open neighborhood of L. By Proposition 18,
we know that O is also a Lebesgue point of # and u(0) = ey; moreover, |i| = 1 a.e. in (—1, 1). Let
xy € (—1, 1)\ {0} be a Lebesgue point of & such that HVlae ze QN (xyey + ek,) is a Lebesgue
point of u and such that the following holds true (see Proposition 18):
lim lu(x’, xy) —ii(xy)| dx’ = 0. (25)
r=0 J—ppN-1
Our goal is to prove that the component i; (x ) of & (xy) in direction e; vanishes foreveryi=1,..., N—1.
For that, we follow the ideas in [Jabin, Otto, and Perthame 2002]. Let ¢ > 0 be small and define the
following subsets E;” and El+ (depending on ¢) of the hyperplane (xyey + e*,) forl<i<N-1:

Ef= {zeQNLeb:zy = xn, glxy| > £z > 0}.

By our assumption, the sets EljE contain many points (e.g., for i = 1, the set E 1* covers the (N—1)-
parallelepiped (0, r) x (—r, N2 x {xn) up to a set of zero HN—1_measure for r < ¢). For z € EI-+, we
set y = —zjey +xne; if xy > 0and y = z;ey — xye; if xy < 0. Obviously, z-y =0; thatis, y € L
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By the convexity of €2, the segment [Oz] lies in €2 so that by Proposition 17 we have if xy > 0 (resp.
xy <0),then u(O)-y=—z; <0 (resp. u(0) -y =z; > 0)sothat u(z) -y <0 (resp. > 0). It follows that

ui(z) < iuzv(z) <e (reSp- ui(z) = _—Ziuzv(z) > —8),
XN x|

because |uy(z)| < 1. Similarly, for z € E;", one uses y = z;ey —xye; if xy >0 and y = —z;eny +xpye; if

xy < 0and deduces that u; (z) > —e if xy > 0 and u; (z) < ¢ if xy < 0. We conclude that ii; (xy) € [—¢, ¢].

Indeed, let us set i = 1 for simplicity of notation; by (25), we have

i (xy) = lim ur(x',xy)dx' <e ifxy >0 (resp. > —¢ if xy <0)
r—0 0,r)x (=r,r)N-2
and also,
i1 (xy) = lim ur(x’, xy)dx' > —e ifxy >0 (resp. <e¢ if xy <0).

=0 J(—r,0)x (—r,r)N-2

Passing to the limit ¢ — 0, we conclude that ii; (x) = 0 for i = 1 (similarly, for every 1 <i <N —1).
Obviously, #'-a.e. xy € (—1, 1) satisfies this property. As a consequence, if Py € (—1, 1) is a Lebesgue
point of & then forevery 1 <i < N — 1,

PN+V
ﬁ,’(PN) = lim ﬁi(xN) de =0.
r=9Jpy—r
Since |t (Py)| = 1, we deduce that ity (Py) = *£1, that is, u(Py) = *ey. O

We now prove the main result:

Proof of Theorem 8. We first treat the case where 2 is a ball and then the general case of a connected
open set.

Case I: Q2 is a ball. Since u is not a constant vector field, there exist two Lebesgue points Py, P; € 2MNLeb
of u such that

u(Po) # u(Py).
Let Dg (resp. Dy) be the line directed by u(FPp) (resp. u(Py)) that passes through Py (resp. Py).
Step 1: we show that Dy and D1 are coplanar. Assume by contradiction that Dy and D; are not coplanar;

in particular |u(Pp) - u(P1)| < 1. Set A € Dg and B € D such that

O0<|A—B|= min |x—y|.
xEDo,yEDl

Obviously, the segment [A B] is orthogonal to Dy and D;. Let O be the middle point of the segment
[AB] (see Figure 2). Let

wi =u(Py), wr= and w3 =au(Py) + Bu(Py),
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Dy |A Py ‘M(PiO)
0 |
D
' B
Pl u(py)
\\\

Figure 2. Two noncoplanar lines Dy and D;.

where
—u(Po) - u(Pr) 1

o= and B =
V1= (u(Py) - u(P))’ V1= (u(Py) - u(P))’

The choice of « and B is done in order to ensure that w; - w3 = 0 and |w3|? = 1, which finally yields

> 0. (26)

the orthonormal basis w;, wy and ws. Note now that the vectors u(Pp) and u(P;) have the following
components in the basis (w1, wy, w3):

u(Py) =(1,0,0) and u(PQ:(—%,O,%).

—

We want to find the expression of PyP; in that basis, too. For that, we have
—_— = > —>
PyP, = PyA+ AB+ BPy,

which implies the existence of three real numbers A, A, A € R with X 0 such that

SN - A - ~f1 o
PoPy = Awp 4+ Awy + Au(Py) = Aw; +Aw2+k(Ew3 — Ewl).

—_—
Thus, Py P; has the following components in the basis (w1, wa, w3):

— @ - A
PoPi=(rA——h A 2 ).
BB

Define the vector & := (1, s, —8) # 0, written in our basis where

Ma+pB) A
S = —

BA A
Then [PyP;] C 2 (since €2 is a ball) and

% . J_
PQP] S = 0, 1.€., é;' € P()Pl s
u(Pp)-§=1>0, u(P)-&§=u(Pou(P)—1<0,

which contradicts Proposition 17. Thus, Dy and D; are coplanar.
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Py M({’o)
Do g:
u(Py) | P1

D, ) hg

Figure 3. Two parallel lines Dy and D;.

Step 2: we show that Doy and D1 must intersect (Do might coincide with D). Assume by contradiction
that Dy and D, are parallel and Dy # D;. This means that u(Py) = —u(P;) (because of our choice
u(Po) #u(Py)). Set (w1, wy) to be an orthonormal basis in the 2-dimensional plane IT determined by Dg
and D; with w; = u(Py). In the basis (w;, wy), we write m = (A, ):), where X =% 0 (since Dy # D),
and set & = (—A, A) to be an orthogonal vector to PO_P: in IT (see Figure 3). Then one checks that
u(Py)-& = —x and u(Py) - &£ = X have different signs, which again contradicts Proposition 17.

Step 3: there exists a point O € Dy with O # Py, Py and a sign y € {£1} such that
0P, .
u(P)=y—-, i=0,1
|O P
If Dy = Dy, then u(Py) = —u(Py), so any point O € Dy located between Py and P; leads to the
conclusion. Otherwise, Dy # D and we define {O} = Do N D;. First, we prove that O # Py, P;.
Assume by contradiction that O = Py € Do N D;. Then by Proposition 18 we know that Py and P are
Lebesgue points of the trace & of u on the segment D; N Q (directed by u(P;)) with it(Py) = u(Py)
and u(P;) = u(Pp) so that by Lemma 19, we should have u(Py) is parallel with u(P;), which is a
contradiction with Dy # Dy1. So, O # Py, P;. Next, note that for any orthogonal vector & to PO—P>1 in the
plane determined by Dy and D, we have by Proposition 17 that u(Pp) - £ and u(P;) - £ have the same
sign, i.e.,
(u(Po) - &) - (u(Pr)-§)=0. (27)
Write now
OPy=hu(Py) and OP,=iu(P)

with A, A nonzero real numbers. The conclusion of Step 3 is equivalent to proving that A and A have the
same sign. For that, as in Step 1, we choose the orthonormal basis w; = u(Py) and wr = au(Py)+ Bu(Py)
with « € R and 8 > 0 given in (26) (recall that |u(Py) - u(P;)| < 1 because of the assumption Dy % D).
Since PPy = 0P, — OPy= ):u(Pl) — Au(Py), we write, in the basis (w;, wy),

a 1 — o~ A
M(P0)=(1’O)’ M(P1)=<_E’E>’ POP1=(_)\——)\, —>

Then for the orthogonal vector & = (X, AB + 015») # 0 to Py P, we have by (27) that

0<(Py)-&) - (u(Py)-£§)=xr-A.
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Step 4: conclusion. For every Lebesgue point P € LebN 2 of u, we consider the line D passing through P
and directed by u(P). Call D the set of these lines. Obviously, D covers 7" -almost all of the ball Q
(since #N (€2 \ Leb) = 0); in particular, D is not planar. By Step 1, we know that every two lines in D
are coplanar. Then Proposition 9 (whose proof is presented below) implies that either all these lines are
parallel, or they pass through the same point O. Since u is nonconstant, we deduce by Step 2 that only
the last situation holds true. By Step 3, we conclude that u = yu*(- — O) a.e. in Q.

Case II: €2 is a connected open set. By Case I, we know that in every open ball B C €2 around a Lebesgue
point of u, the vector field u is either a vortex-type vector field in B, or u is constant in B. Since u is
nonconstant in €2, there exists a Lebesgue point Py of # and a ball By C €2 around Py such that u is a
vortex-type vector field in By; say for simplicity u = u*. Let P # Py be any other Lebesgue point of u.
Since €2 is path-connected, there exists a path I' C €2 from Py to P. Then we can cover the path I' by
a finite number of open balls {B;}o<;<, such that P € B,, BjNB; | # < for0< j <n—1 and u is either
constant or a vortex-type vector field in any B;. Since u = u* in By and By N Bj is a nonempty open set,
the analysis in Case I yields # =u* in B and by induction, u = u* in B,,, which is a neighborhood of P. [J

Let us now present the proof of the geometric result in Proposition 9, which is independent of the
previous results:

Proof of Proposition 9. Assume that there are two lines Dy, D € D that are not collinear. Since Dy and
D are coplanar, they intersect at a point P. Call IT the plane determined by Dy and D;. We show that
all the lines in D pass through P. Let D, € D be any line not included in IT (such a line exists because D
is not planar). We know that D, is coplanar with Dy and Dy, respectively. Then D, cannot be parallel
with Dy (otherwise, D, || Dy and D, N Dy # & imply that D, C I1, which is a contradiction with our
assumption). Similarly, D, cannot be parallel with D;. Therefore, D, intersects both Dy and D;. Since
D5 is not included in IT, the intersection points coincide with P. Let now D3 € D be any line included
in IT (different than Dy and D). Then Dj; is not included in the plane determined by D; and D;. The
previous argument leads again to P € D3, which concludes our proof. (I

7. Vector fields of vortex-line type

We will prove the characterization of the weakened kinetic formulation (10) in Theorem 10. This result is
in the spirit of Corollary 14 and leads to vector fields that have vortex-line singularities.

Proof of Theorem 10. For x € RY, recall the notation x = (x’, xy) with x’ = (x1, ..., xy_1) € RV "L As
the result is local in the set {uy #% 1}, we will assume that w = B’ x (—1, 1) is included in that set, where
B’ is the unit ball in RV~ Let & € S¥ =2 and &£ = (¢/, 0) € £. Since ey € &1, we deduce by (10) that

en-Vix(-,&)=0x(-,§)=0 inD'(w). (28)

We know that the point (x', ¢) is a Lebesgue point of x (-, &) for ¥~ '-a.e. x’ € B’ and H'-a.e.t € (—1, 1)
and the convolution argument in the proof of Proposition 17 yields

x(x, &) = x(x+tey, &) for HV-ae. x € w and H'-ae. 1.
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Then one can define the measurable function x (-, &) : B — {0, 1} by

X E) = x (6, 8) = Lreww &0y for HV-ae. x=(x',1) € o.

Set
i) =y [ ERW.Ean e, K e
V_2 Jen-2
Thanks to (9),
~c N u/(x) N _ l /
ux) = — for H"-ae. x =", t) e w C {|u’'| > 0}
lu'(x)]

In particular, ¥ (x', ") = Liyepra)&=0) in B’ for every & € SV=2 Therefore, we deduce by (10) that
i : B' — SN2 satisfies

ve' e SVE v e (€)Y, v -V (', &) =0in B,
where V, = (9, ..., dn—1). As N — 1 > 3, Theorem 8 yields either i (x") = w’ for almost every x" € B’,

where w’ € S¥~? is a constant vector, or i(x') = y (x’ — P’)/|x’ — P’| for almost every x’ € B’, where
y € {£1} and P’ € RV~ is some point. This means that for a.e. x € w,

/_ P/
either M/()C) = |M/<x)|w/ or M/(x) = )/|M/(X)| |i/ _ P/| :

Case 1. Let u/(x) = |u'(x)|w’ for a.e. x € w. By (11), we have fork € {1,..., N — 1},
un = Ivug = widn(Ju'])  in o, (29)
which yields, forall k, j € {1,..., N — 1},
wjokuny = wrdjuy in w.

Therefore, uy(x) = g(o, xn) in w for some 2-dimensional function g with the new variable o := a(x) =
x"-w'. Moreover, by (29), the function g satisfies the following: since wy # 0 for some k € {1, ..., N —1}
(because w € SV 1), the equation |u’|? + ”%v =1 a.e. in @ implies

29
W0y g = OkUN @ widy (Ju']) = wedy (V1 — g2).

The Poincaré lemma yields the existence of a stream function ¥ (c, x) such that g =9y and /1 — g2 =
0, ¥ so that u(x) = V,[¥ (o, xy)] and therefore, ¥ satisfies the 2-dimensional eikonal equation

(V) + (Byy)? = 1.

Case 2. Let u'(x) = y|u'(x)|(x’— P")/|x'— P’| for a.e. x € w. As above, we have, fork e {1,..., N —1},

Okun = Oyux =y In(u') inw (30)

X — Py
& = P
and we deduce that, for all k, j € {1,..., N — 1},

(xj — Pj)akuN = (xk - Pk)ajMN in w.
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Therefore, u y (x) =g(a, xy) in w for some 2-dimensional function g with the new variable o :=a (x) = |x/|.
By (30), we conclude as above that there exists a stream function ¥ solving the eikonal equation in the
variables (o, x) such that

u(x) = Ve[ (a, xn)]. O
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