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GLOBAL WELL-POSEDNESS OF THE MHD EQUATIONS
IN A HOMOGENEOUS MAGNETIC FIELD

DONGYI WEI AND ZHIFEI ZHANG

We study the MHD equations with small viscosity and resistivity coefficients, which may be different.
This is a typical setting in high temperature plasmas. It was proved that the MHD equations are globally
well-posed if the initial velocity is close to O and the initial magnetic field is close to a homogeneous
magnetic field in the weighted Holder spaces. The main novelty is that the closeness is independent of the
dissipation coefficients.

1. Introduction

We consider the incompressible magnetohydrodynamics (MHD) equations in [0, T) x 2, with Q C R4,

v—vAv+v-Vo+Vp=5b-Vb,
0tb—uAb+v-Vb=>b-Vv, (1-1)
divv=divh =0,

where v denotes the velocity field and b denotes the magnetic field, v > 0 is the viscosity coefficient, and
u > 0 is the resistivity coefficient. If v = u = 0, (1-1) consists of the so-called ideal MHD equations; if
v>0and b =0, (1-1) is reduced to the Navier—Stokes equations. We refer to [Sermange and Temam
1983] for a mathematical introduction to the MHD equations.

It is well known that the 2-dimensional MHD equations with full viscosities (i.e., v > 0 and p > 0)
have a global smooth solution. In the general case, the question of whether a smooth solution of the MHD
equations develops a singularity in finite time is basically open [Sermange and Temam 1983; Cordoba
and Fefferman 2001]. Recently, Cao and Wu [2011] studied the global regularity of the 2-dimensional
MHD equations with partial dissipation and magnetic diffusion. We refer to [Cao et al. 2013; Chemin
et al. 2016; Fefferman et al. 2014; He et al. 2014; Jiu et al. 2015; Lei 2015] for more relevant results.

In this paper, we are concerned with the global well-posedness of the MHD equations in a homogeneous
magnetic field By. Recently, there have been a lot of works [Abidi and Zhang 2016; Lin et al. 2015; Ren
et al. 2014; 2016; Zhang 2014] devoted to the case without resistivity (i.e, v > 0 and p = 0). Roughly
speaking, it was proved that the MHD equations are globally well-posed and the solution decays in time if
the initial velocity field is close to 0 and the initial magnetic field is close to Bg. These results especially
justify the numerical observation [Califano and Chiuderi 1999]: the energy of the MHD equations is
dissipated at a rate independent of the ohmic resistivity.
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In high temperature plasmas, both the viscosity coefficient v and resistivity coefficient y are usually
very small [Califano and Chiuderi 1999]. Up to now, the heating mechanism of the solar corona is still
an unsolved problem in physics [Priest et al. 1998], so it is very interesting to investigate the long-time
dynamics of the MHD equations in the case when the dissipation coefficients are very small.

For simplicity, let us first look at the case ;& = v. Following [Bardos et al. 1988], we rewrite the system
(1-1) in terms of the Elsésser variables

Z+:v+b, Z_=v-—b.
Then the ideal MHD equations (1-1) can be written as

8tZ+ +Z_-VZy =vAZy—-Vp,
0tZ_+724-VZ_=vAZ_—Vp, (1-2)
divZ, = divZ_ =0.

We introduce the fluctuations
zy =2Z4+—Bo, z—=Z_+ By.

Then the system (1-2) can be reformulated as

0izy +7Z_-Vzy =vAzy —Vp,
0iz—+7Z4+-Vz_=vAz_—Vp, (1-3)
divzy =divz_ =0.

In the case of @ = R? and v = 0, Bardos, Sulem and Sulem [Bardos et al. 1988] proved that for large
time, the solution z1 of (1-3) tends to linear Alfvén waves:

d;w+ F Bg- Vw4 = 0.

Cai and Lei [2016] and He, Xu and Yu [He et al. 2016] studied the global well-posedness of (1-1) for any
v >0 and Q = R3. The result in [Cai and Lei 2016] also includes the case 2 = R2. These works are based
on an important observation: the nonlinear terms z— - Vz4 and z4 - Vz_ can be essentially neglected after
a long time since zy are transported along the opposite direction. To justify this observation, the key
point is to make weighted estimates for the fluctuations z4+. Due to the nonlocal pressure, the choice of
weight function is very delicate. On the other hand, the viscosity gives rise to more technical troubles
compared with the ideal case.

From the physical point of view, it is more natural to consider the MHD equations in a domain
with boundary. One frequently used domain in physics is a slab bounded by two hyperplanes, i.e.,
Q =R41 %[0, 1]. More importantly, although both v and p are very small, they should be different in
the real case. However, the proof in [Cai and Lei 2016; He et al. 2016] strongly relies on the facts that 2
is a whole space and v = p. In particular, the formulation (1-3) plays a crucial role.

The main goal of this paper is to prove the global well-posedness of (1-1) in the physical case when €2
is a slab and v # p. In this case, we need to impose suitable boundary conditions on zy. Let zy be a
function of (z, x, y), (x, y) € Q. In the case when v = u = 0, we impose the nonpenetrating boundary
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condition
z4=0 ony=o0,1. (1-4)

In the case when v > 0 and p > 0, we impose the Navier-slip boundary condition
z4 =0, dgz, =0, i=1,...,d—1, ony=0,L. (1-5)

To deal with the boundary case, our idea is to use the symmetric extension and solve the MHD equations
in the framework of Holder spaces C 1** for 0 < o < 1. In the ideal case, we give a representation formula
of the pressure by using the symmetric extension. Although the extended solution does not have the
same regularity as the original one under the nonpenetrating boundary condition, we have the important
observation that V p still lies in C 1** based on the representation formula. In the viscous case, we can
reduce the slab domain to 2 = R4~1 x T by using the symmetric extension, because the extended solution
still keeps the C 1'% regularity under the Navier-slip boundary condition.

The most challenging task comes from the case v # . To handle this case, we need to introduce some
new ideas. First of all, we introduce a key decomposition: let ;1 = %(v + W), p2 = %(v — 1), and we

have the decompositions z4 = ZSFI) + Zf) and z_ =z 4 2@ such that

8;25_1) +Z_- Vzg_l) = U1 Azg_l) — Vpg_l),
0z + Z 4 - vz = iy Az -V pD),
8;2_(5) +Z_- sz) = U1 Azf) + py Az — fo),
3,z2P 4+ 7, .Vz® =y Az® 4 pp Az —Vp?.

@)

il) and z*” with respect to

The next task is to establish a closed uniform estimate for the fluctuations z
@1 and ¢. For this, we need the following key ingredients:

¢ The construction of the weighted Holder spaces for the solution. Due to the appearance of the
extra problematic terms Az, we have to work in spaces with different regularity and weight for
the solution zil), zf). Such inconsistencies give rise to the essential difficulties. In particular, the
choice of the weight is very delicate. In [Bardos et al. 1988; Cai and Lei 2016; He et al. 2016], the
weight has decay in all directions. For the slap domain, the weight is only allowed to decay in partial

directions. Again, the weight has to be compatible with the estimate of the nonlocal pressure.

¢ Uniform estimates of the transport equation in the weighted Holder spaces, which are very crucial to
control the growth of the Lagrangian map.

¢ Uniform estimates for the parabolic equation with variable coefficients in the suitable weighted
Holder spaces. This is the most important step.

¢ Boundedness of the Riesz transform and its commutator in the weighted Holder spaces, which is
essentially used to handle the nonlocal pressure. To our knowledge, these results are new and may
be independent of interest. The proof is highly nontrivial.

In this work, we require that 5 /1 is small. However, this cannot be handled as a perturbation of

the case > = 0 except when || < u$ for some o > 1. In this case, the smallness of 25:2) is not easily
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observed. If we directly use the energy method, we can only prove that ||Z§|:2) ) lz2 = O(|2]/ 1) for
fixed z4 (0). However, we can show that |Z§|:2) ()]0, = O(p1) fort ~ 1/p; and fixed z4(0).

In this paper, we consider the MHD equations in a homogeneous magnetic field. In the real case (for
example, solar corona), it is more natural to consider the MHD equations in an inhomogeneous magnetic
field. An important question is to consider the decay of Alfvén waves in an inhomogeneous magnetic
field Bo(y) = (b1(¥), b2(y),0). This is similar to the situation of Landau damping.

2. The weighted Holder spaces and symmetric extension

Weighted Hilder spaces. Let  C R be a domain and o € (0, 1]. We denote by CK2(Q), (k =0, 1)
the Holder space equipped with the norm

|u|0,a;9 = |U|o;sz + [u]a;Q, |u|1,a;Q = |u|0;82 + |Vu|0,a;52,
where

Ju(X) —u(Y)|
|u|0;Q = Sup |U(X)|, [u] Q= Ssup ——————
XeQ * xyeq |X-=Y[*

Let h(X) € C(R?) be a positive bounded function. We introduce the weighted C ke norms

[ulo,q:n,@ = Ulo:n,Q + Ula:nes  ulian0 = ulone + [Vilo,wh-

where
Ju(X) —u(Y)|

u
Ulo:h = |- s Ula;h,Q = SU '
|uo:n.2 ‘h‘o;sz [la;n,0 xyoa (h(X)+h(¥)|X -V

We say that u € C;f’a (2) if ||k q;n,0 < +00. We also introduce

[ulk a:n,Q,7 = sup |u(t)|ka:h@),Q-
0<t<T

When € = R?, we will omit the subscript €2 in the norm of Holder spaces.

The following two lemmas can be proved by using the definition of Holder norm.

Lemma 2.1. Let h, hy, hy be the weight functions such that there exists a constant cq such that
0<coh(X)<h(Y) foranyX,Yele, X -Y|<2. 2-1)
Then there exists a constant C depending only on co such that, fork =0, 1,

[ulo.a:n.a < C(Iulon.q + | Vilong)

[UW |k a:hy o2 < C i ,a:hy Q| Wk aho,0o

/tsu(r) dr

‘ < sup [u(")lka:ne)o-
k[ h(r)dr,Q t<r=<s
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Lemma 2.2. Let ® be a map from Q to Q with V® € C%*(Q). It holds that

|uo CI)|0,oe;h0<I>,Q =< |u|0,a;h,52 maX(|vq>|g;Q’ 1),

[uo @y ginod,0 =< [Ul1,a:n.0 max(|VP[G.q, 1) max(|VP|o,u:q. ).
Here and in what follows, |V ®| denotes the matrix norm defined by

|A|:= sup |AX]. (2-2)
| X|=1

To deal with the viscous case, we introduce the following scaled weighted Holder space. Let o € (0, 1),
R > 0 and define
ulo,a;n,R := |ulo;n + R* [Ula:n,
Ul 10,8 = [Ulo.a:n + max(R, R'™%)|Vulo g:p &-

For these kinds of weighted spaces, we have analogues of Lemmas 2.1 and 2.2. For example, if #(X)
satisfies
0 <coh(X) <h(Y) forany X,Yele, | X —Y| <2R, (2-3)

then for R > 1, we have
|u|0;h + Rlvu|0,a;h,R = |“|1,rx;h,R = |u|0,a;h,R + Rlvu|0,a;h,R = C(|”|O;h + R|v”|0,a;h,R)-
Here C is a constant depending only on cg. In the following, we will fix o € (0, 1).

Lemma 2.3. Let y > 0 and h(X) > 0. Then there exists a constant C independent of h, y, t such that

/Otu(s) ds

Losh,v/k+yt
— 1 1 _a
<cy™! [ Sup ((VS)Z(V(I — )2 () o,ash + Pa(VE +y5) (1t =)' 2 [Vuls)logn
<s<t

3—a
+ 0a (VEF79) (0 =) T [Vuls)]a ).
where ¢ (R) = max(R, R179).
Proof. We denote by Cy~! A the right-hand side of the inequality. Then we have

‘/Otu(s)ds

‘v/ot u(s) ds

t t
< / u(s)lo.aun ds < / () Syt — )~ dsA < Cy1 A,
0,a:h 0 0

t t
h 5/0 IVu(s)logn ds = /0 ga(Vk +y5) " (1 —5) 712 dsA
0;
=< Cy—l min((k + yt)—%, (k + V[)_I_Ta)A,
For any X, Y € R, we have

[Vu(s, X) = Vu(s, Y)| < [X =Y |(A(X) + 2(Y)[Vu(s)]i;h.
[Vu(s, X) = Vu(s. Y)| < [Vu(s, X)[ + [Vu(s. Y)| < (h(X) + h(Y)[Vu(s)lo;n-
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This gives
|Vu(s, X)—Vu(s,Y)| < min((y(t—s))%, |X—YI)(h(X)+h(Y))([Vu(s)]1;h+(y(z_s))—%|vu(s)|0;h)
< min((y(t—=5)) 2. [X =Y ) (2(X) +h(Y)ga(Vhk+y5) " (p(t=5)) 72" 4

Therefore,
'V/Ot u(s) ds(X)—V/Ot u(s) ds(Y)‘
t
5/ |Vu(s, X)—Vu(s,Y)|ds
< /0 min((y(t =), [X =¥ ) (h(X)+h (¥ )gal VET79) " (0t =)~ "7 A ds
< c<h<X>+h(Y))A(min(<w>i, X—7)) /0 ? (VR ys) " ds(yn) 3
t 1
+ [ min((ra= 3 XY =) 7T dsga(VEFT )

N

< C(h(X)+h(Y))A(( 1) 2| X =Y "tpa(Vk+y) )2 1y X =Y (Y0 (VE+y1)” 1
<Cy Y h(X)+h(Y)AIX =Y [*0a(Vk+yt)~".

Hence, we deduce our result. O
Lemma 2.4. Let ® be a map from R? to R¢ with V& € C%*(R?). It holds that

[uo ®@lo gno0,R = [|0,a;n,r max([VO[g, 1)

luo q)|1,0t;h0<I>,R = |“|1,a;h,R maX(|V¢|g, 1) maX(|V¢|0,a;1,Ra 1).
Symmetric extension. Let Q@ = R?~1 %[0, 1] be a strip and X = (x, y), x € R¥~1, y €0, 1] be a point
in €.

Let 7, be an even extension from C(Q2) to C(R?) defined by
Tef(x.2n+y)=Te f(x.2n—y) = f(x.y)
for x e R~ y €[0,1], n € Z. Let T, be an odd extension from Co(2) = {u € C(2) : u=0 on I} to
C(R%) defined by
Tof(x.2n—y)=—=f(x,y), Tof(x.2n+y)= f(x,y)

for x € Rd_l, y€[0,1], neZ.
Lemma 2.5. It holds that

|Tef|0,a = |f|0,o¢,Q» |f|0,o¢;$2 = |T0f|0,a = 2|f|0,¢x;§2-

The same result holds for the weighted Holder norm | - |o o5 if the weight function h(X) depends only
on x.
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Proof. First of all, it is obvious that

|fWO¢uQ f|7%fW0ﬂ’ |fWO¢uQ S|7bfw0ﬂ’
and the same is true for the weighted Holder norm |- | .. We define
po(y)=inf |y —2n| €[0,1] fory eR,
nez

p(X) = (x.po(y)) € @ for X = (x,y) € R,
and let
Q=R x2n2n+1]. Q=R x[2n—1,2n].

nez nez

Then it is easy to see that
Tef = fop,
Tof =fop inQy, Tof=—fop inQ_,
1po(¥) = po ) =1y =)'l |p(X)—p(¥)| =X = Y],

from which, it follows that

ITeflow < | floass: 1Tefloan < 1/ loasne:

1T flo = | flo:e. 1 To flon = | flosn,-
Given X = (x,y), Y = (x’,y) e R? with y < y",if X, Y € Q4 or X,Y € Q_, then
1 To f(X)=To f(Y)| = |fop(X)— fop(Y)

<|floana(hop(X)+hop(¥))|p(X)—p(¥)[*
<|flowheh(X)+h¥)|X-Y|%

1367

Here we used hop(X) = h(X). Otherwise, there exists y1, yo €Zsothat y1—1 <y <y; <y, <y <yr+1.

Let X' = (x,y1), Y/ = (x, y2). Then for f € Co(R2), we have

1T fOI=1fop(X)|=1fop(X)— fop(X))]
<|flo.a:n.e(hop(X)+hop(X")p(X)—p(X")|*
<2/ flo,un@h (X)X — X"|*
Similarly, we have
To S| =2/ floashe k(MY = Y|

Then, using | X — X'|+|Y = Y/| < |X =Y, we get
1T f(X) = To f(Y)] = 2] flo,en,2(A(X) + (Y )X =Y |%

This shows [T fla:n < 2[fla:n,- Similarly, [T flo < 2[f]u:-
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3. Global well-posedness for the ideal MHD equations

This section is devoted to the proof of the global well-posedness of the ideal MHD equations in R¢ ~1x[0, 1]
with the boundary condition (1-4). Recall that in terms of the Elsésser variables z4 = Z 4 + By, the ideal
MHD equations take

0iz+ +Z_-Vzy =—-Vp,

3‘tZ_+Z+‘-VZ_=—Vp, 3-1)

divzy =divz_ =0,

zi(r,x,y) =0 ony=0,1.
Without loss of generality, we take the background magnetic field By = (1,0,...,0).

Main result. Let f(x,y) = fo(x1), where fp € C1(R) is chosen so that | fol < fo <1 and for some
Cf >0,
A T
8(T)= sup / f(Y +2Bot)dt <C{ forany T >0,
Yerd /T
(3-2)

SY)
/Rd I1|X —y[d+ dY <C}f(X) forany X e RY,

f(X)<2f(Y) forany|X—Y|<2.

In fact, fo(r) = (Co + rz)_HTl satisfies the above conditions for some Cp > 1 and 0 <6 < 1.
Now we introduce the weight function f4 (¢, X) given by

fe(t, X) 2 f(X £ Bot),

which satisfies (2-1) with a uniform constant ¢ independent of ¢. Let

A
My (1) = sup |21(5)] 1,05 11 (5).02-
|s|=<t
The main result of this section is stated as follows.
Theorem 3.1. Let o € (0, 1). There exists € > 0 such that if M4 (0) < ¢, then there exists a global in time
unique solution (z4,z_) € LOO(O, +o00; C 1 (Q)), with the pressure p determined by (3-10), to the ideal
MHD equations (3-1), which satisfies

My(t) <Ce foranyt €]0,+00).

Remark 3.2. Since M4 (0) ~ |2+ (0)(x1)' 7|} 4.0 if fo(r) = (Co + r2)_5#, the initial data decays
at infinity only in one direction. This is very crucial for the global well-posedness in the slap domain,
especially in R x [0, 1].

We conclude this subsection by introducing some properties of weighted functions. Let

S Y + Bot) f(Y — Bot)
Rd 1+ |X-Y|d+!

g(t,X) 2

We have the following important facts.
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Lemma 3.3. There exists a constant C > 0 such that for any X € R, t € R,

F(X + Bot) f(X — Bot) < Cg(t. X).
gt.X)<C+x-Y))" e 1),

T
/ gt, X £ Bot)dt <CS(T) f(X).
-T

Proof. Thanks to f(Y) > f(X)/2for | X —Y| <2, we get
Y + Bot) f(Y — Byt X + Bot) f(X — Bot
g(t’X)Z/ f(+o)f(d of) 21/ f(+o)f(d of)
Bx2 1+|X-Y[dt! 4JB(x2 1+|X—Y|d+]
> C7! f(X + Bot) f(X — Bot),

dY

which gives the first inequality.
Using the inequality

1 - 1+ |X —Y|4+!
1+ |X —Z[4+1 = " 14|y —Z|a+V’
we infer
f(Z + Bot) f(Z — Bot) f(Z + Bot) f(Z — Bot) d+1
1, X)= dZ <C I1+|X-Y dYy
8. X) /d 1+ |X —Z|d+1 T Jra 1+ |Y —Z|d+1 1+ =
=C(1+|X=Y|" e, 7),
which gives the second inequality.
Make a change of variable
Y + Bot) f(Y — Byt Y +2Bot) f(Y
(X4 By [ L EBDSC=Bo) [ J 4280 D)
rd 14 |X + Bot — Y|4 +1 rd 1+ |X—Y[¢F1

which along with (3-2) gives

T JTr FOY +2Bot) f(Y) di S(T)f(Y)
/Tg(t’X—i_BOZ): Rd 1+ |X —Y|d+1 dYSC/%dl—I—|X—Y|d+1

dY < C8(T) f(X).

Similarly, we have

T
/Tg(t,X—Bot)fCS(T)f(X). g

Weighted C 1% estimate for the transport equation. Let Z € C'([0,T] x Q) be a vector field with
Z4 =0 on 9. We introduce the characteristic associated with Z:

%@(s,t, X) = Z(t, ®(s,1, X)), D(s,s, X) = X. (3-3)
Then ®(s,¢, X) € Cl([O, T]x[0,T] x ) is a diffeomorphism from € to  and 9 to dQ having the

property
D(r,t) o O(s,r) = P(s, 1), D(s,5) =1d.
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Lemma 3.4. If Z(t, X) satisfies the extra condition
T
VZlownar [ G ST X0Vt < Ao forany X €2
o

then it holds that for 0<to <t <s < T,

V(s t)—1Id|g.0 < e —1,
| ;
IVO(s, )]0 < e,

[VO(s, 1)]asn < 24ge@T® 40,
Proof. Thanks to the definition of ®(s, ), we have

3, VO(s.1) = VO(s,1)((VZ(1)) o D(s.1)),
D(s,s) =1d, VOP(s,s)=1d,
[V®(s,t)] < |VD(s,t) —1d| + 1.

Here |V®(s, t)| is the matrix norm defined by (2-2). Therefore,
N
|V (s, 1) —Id| 5[ [0,V®(s,r)| dr
t

3 /s |VCI)(S, r)| |(VZ(V)) o ®(s, r)| dr
t

< /s‘(VZ(r))OCD(s,rﬂ dr +/S|V<I>(s,r)—ld| }(VZ(r))odJ(s,r)‘ dr,
t t

which implies
|V&(s,1)—1d| < exp(/s}(VZ(r)) o ®(s,r)| dr) —1.
t

Thanks to
|(VZ(r)) o ®(s.7)| < VZloasn,0,17h(r) o D(s.r),

we get by (3-4) that

/t (VZ(r) 0 ®(s. ) (X)| dr <V Z]o a7 /t h(r) o B(s.r)(X) dr

s
= |VZ|o,a;h,sz,T/ h(r, ®(T.r, (s, T)(X))) dr < Ao.
t

Thus, we conclude that
|V®(s, 1) —1d|g. < e0—1,
IVO(s.1)]o:2 < e,
|B(s.7, X) — D(s5,2,Y)| < |VD(s.1)|o:| X — Y| <eo|X —7Y].

(3-4)
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Notice that

|Vd(s.t, X)—Vd(s,1,Y)| < /SWCI)(S, r.X)=Vo(s,r,Y)|[(VZ(r)) o ®(s.r. X)|dr
t

+ /s |VO(s, r, Y)|[(VZ(r) o ®(s.r. X) = (VZ(r)) o ®(s, 1, Y)|dr.
t

From this and Gronwall’s inequality, we infer

|V®(s,1,X)—VD(s,2,Y)|
N N
5/ }VCD(S,r,Y)‘}(VZ(r))oCIJ(s,r,X)—(VZ(r))o@(s,r,Y)}drexp(/ ‘(VZ(}’))O(D(S,V,X)‘CIV)
t t
s
5/ }V@(s,r,Y)‘ |VZ|0,a;h’Q,T(h(r,®(s,r,X))—J,—h(r,CIJ(s,r,Y)))‘q)(s,r,X)—q)(s,r, Y)!OldreAO
t
N
5/ eV Zown.a.r (h(r, @(s,r, X)) +h(r, (s, 7, Y)))e* 0| X ~Y |* dredo
! Ry
:e(2+“)A0|X—Y|O‘|VZ|0,a;h!Q,T/ (h(r, ®(s,r, X)) +h(r,®(s,r,Y))) dr
t
S 2A0€(2+Q)AO|X—Y|Q,

which shows the last inequality of the lemma. O

Next we consider the transport equation
u+2Z-Vu=F, u(0,X)=uo(X). (3-5)

Using the characteristic, the solution u(¢, X) is given by

t

u, X) =uo(®(,0, X))+/ F(s,®(t,s, X)) ds. (3-6)
0

Lemma 3.5. If Z satisfies (3-4), then we have
t
0loae = e (juoloaa + [ 1FO)oa ds),
0

t
|div u(?)]o.@ < |div uolo:0 +/ !(tr(VZ Vu) —div F)(s)|0.Q ds.
0 ;

Proof. Using (3-6) and Lemmas 2.2 and 3.4, we get
¢
[u@)o,a;2 < [uo o @(7,0)|0,0;2 + / |F(s)o®(t,5)|0,a:2 ds
0
t
S |u0|0,a;9 maX(|V<D(t, O)|(())lsﬂv 1) + / |F(S)|0,(¥;Q maX(|vq)(t’ s)|((:)l;Q’ 1) ds
0

t
< Ao (l“olo,a;sz + / F5)loas ds).
0
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Taking the divergence of (3-5), we obtain
drdivu+Z-Vdivu +tr(VZVu) =div F, u(0,X) =1up(X).
So, we have
t
divu(t) = divug o ®(¢,0) + / (diV F—-tuw(VZ Vu))(s) o®(t,s)ds,
0
and then the second inequality follows easily. O
Proposition 3.6. If |Z + Bo|y 4.7 @,70(T) < 1, then we have
ult,a:fr.0,17 < C(luolia; 0 + (DI Fliag.0.7)
If|Z = Bol1,a; 7, ,,78(T) < 1, then we have
|u|1,a;f_,Q,T =< C(|u0|1,a;f,fz + S(T)|F|1,a;g,Q,T)-

Here C is a constant independent of T.

Proof. We only prove the first inequality; the proof of the second one is similar. Let us claim
|®(s, 7, X)+ Bo(t —s)— X|<2 for0<t<s<T. (3-7)

Otherwise, there exists ¢ € [0, s] such that |<I>(s, t,X)+Bo (t—s)—X! =2and ‘@(s, r,X)+Bo (r—s)—X‘ <2
for r € [t, s]. Thus,

s
‘@(s,t,X)—i—Bo(t—s)—X‘ff |0, D (s, 7, X)+ Bol|dr
t
s
=[ |Z(r, ®(s, 7, X))+ Boldr
t
)
< [ 12+ Boliass ar S 06 r. X dr
t

S
—1Z+ Bohaisax / F(®(s.r. X) — Bor) dr,
t
while, by (3-2),

/tf(dD(s,r,X)—BOr)der/t f(X —Bo(r—s)— Bor)dr <26(T).

This shows
|®(s, 1, X) + Bo(t —s) — X| <2|Z + Bol1,a:7_.,78(T) <2,

which is a contradiction; hence (3-7) is true.
Now we verify (3-4) for h = f_ and Ay = 2. Indeed, by (3-2) and (3-7),

T T T
/f_(t,CID(T,z,X))dtz/f(CD(T,t,X)—BOt)dt§2/ F(X = Bo(t —T) — Bot) dt < 28(T),
0 0 0
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which implies (3-4). Then we infer from Lemma 3.4 that
V(1. 5)|00;:2 = C. (3-8)

It follows from Lemma 3.3 and (3-7) that
t t
/ gr, ®@,r,X))dr < C/ g(r, X —Bo(r —1t))dr <C&(T) f(X + Bot),
0 0

which implies

[u(|1,0: 11 @),0 < U0 0 @, 0)|1,0; 7, (1), + CHT) sup [F(s)o D(t,5)]0,a:g(s)00(1,5),2-

o<s<t

Using the fact f(®(z,0, X)) <2f(X — Bo(0—1)) =2f4(t, X), we get

[uo o @(7,0)|1,0; 71 (1), 2 = 2|u0 © P, 0)|1,0; fod(2,0),2-

Then by Lemma 2.2 and (3-8), we obtain

U 1,0; 11 1), 0
SC(|u00(p(t’0)|1,0t,f,9+8(T) Sup |F(S)|1,O(;g(s),9)maX(|V(D(t’S)|g;Q’l)max(|vq>(t’s)|0,(¥;951)

0<s<t

< Cluoli,a;,@+C(T) sup |F(s)|1,a:0(s),0-

o<s<t
This shows the first inequality of the lemma. O
Representation formula of the pressure. In this subsection, we give a representation formula of the

pressure by using the symmetric extension.

Let (v, b, p) be a smooth solution of (1-1) in [0, T'] x 2 with the boundary condition (1-4). We make
the following symmetric extension for the solution:

0=Tv:= (T, ..., Tv" Tov?), b=Tbh, p=T.p.

Then (0, b, p) satisfies (1-1) in [0, T'] x R? in the weak sense. Although the solution after the symmetric
extension does not have the same smoothness as the original one, we have the following important
observation.

Lemma 3.7. Let h be a weight satisfying (2-1). Letu = (u',..., u?),w = (w!,...,w%) e C}:’“(Q)
be two vector fields with u¢ = w? =00n dQ. Let i = Tu and w = Tw. Then it holds that for
i,j=1,...,d,

Iaiﬁ] aj w' |O,a;h + |ai7/_ll aj w’ |0,a;h =< C|Vu|0,a;h,s2|vw|0,a;h,s2’

it 0;W" [o,0;n + |1 ;W |0,0:n < C l1t]o,0:0,2|VW]0,0:h,0-
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Proof. 1t is easy to verify that

9! ;W' = T, (3;u’ djw'), i’ 3;w! = To(du' d;w’),

i/ 3w’ = T’ d;w), il 9w = T,(u' djw’) fori=1,....,d—1,
al 3w =T, d;w?),  a?d;w/ = Tow? d;w’).
Then the lemma follows easily from Lemma 2.5. O

Taking the divergence of the first equation of (1-1), we get
—Ap=3;(079;0" —b’9;b").

Formally, we have
Vpt,X)=V / N(X —Y)d; (879;0" —b’/3;b")(t,Y)dY,
R4
where N(X) is the Newton potential. In terms of the Elsésser variables Z (¢, X), we have

Vi, X) = V/Rd N(X —Y) 3,8,z )(t,Y)dY.

However, this integral does not make sense for 0; (Zfr d; z1 ) e C%% To overcome this trouble, we introduce
a smooth cut-off function 8(r) such that

1 for|r| <1,
0(r) = - 3-9
") {O for |r| > 2. (3-9)
Integrating by parts, we can split Vp(¢, X) as
~Vit, X) =/ VN(X —Y)(3;209;20)(1,Y)dY
R4

+ f 9;0;(VN(X —Y)(1—0(X —Y[)(E.Z)(t.Y)dY. (3-10)
R4

It is easy to check that this representation makes sense for z4 € wLoo(RD),
We define

Tlué/ VN(X —Y)0(|X —Y|u(Y)dY,
R G-11)

Tjw 2 /d 9;0; (VN(X —Y)(1—0(|X —Y|))w(Y)dY.
R

Let u, w € C1*(2) be two vector fields with u? = w? =0 on 3. Let## = Tu and w = Tw be the
symmetric extension. We define

I(u, w) 2 Ty (3;a/ ;0" — 0’ 9;w') + T (' ). (3-12)
Here and in what follows, the repeated index denotes the summation. Thanks to

;1! 3w’ — d;u! 9;w' = 9; (it ;W' — i’ §;w’), (3-13)
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we infer from Lemmas A.1 and 3.7 that
(1, w)|o,e:2 < Clulou:elw|1a:0- (3-14)
Using Lemma A.2 and (3-13), we calculate
div I(u, w) + (3;u’ djw’ —d;u’ d;w’)
= fRd VN(X —Y)-VO(X =Y )@@/ 8;w" — ;" 3;w/)(Y)dY

—/ 3;9; (VN(X =Y)-VO(X —Y|) @/ w' ) (Y)dY

Rd

:/d 3 (VN(X —Y)-VO(X =Y ) (—it/ ;0" +u' 3w’ +9; @’/ w'))(Y)dY
R

= fd 3 (VN(X —Y)-VO(IX —Y|)) (@' diviwo + w' divit)(Y)dY,
which implies !
|div 7(u, w) — (3ju? 9w’ — 3’ 9;w”)|.q < C(luloldivwloe + [wloeldivuleg).  (3-15)
In the case of R4, the pressure p(¢, X) can also be expressed as

—Vpit,X)=1(z4,z-), (3-16)

where
T, w) 2 /Rd VN(X —=Y)0(X =Y )(@3;u’ 3;v')(Y)dY

+ Ad 9;9; (VN(X =Y)(1=0(1X =Y )@/ v')(¥)dY. (3-17)
Notice that the representation formula (3-16) is independent of the choice of 6 in I(u, w).

Proof of Theorem 3.1. Since we cannot find a well-posedness theory for the ideal MHD equations in
the weighted Holder spaces, we will present a complete proof of Theorem 3.1. In fact, we find that the
proof of the existence part is very nontrivial.

Using the representation of the pressure (3-10), we rewrite the system (3-1) as
ez4 +Z--Vzp =—1I(z4,2-),
0iz—+2Z4 -Vz_=—1(z4,z-), (3-18)
724(0, X) = z40(X), z-(0,X) = z—o(X).

Let T > 0 be determined later and

A1 =zp0l1,0:. 10 + 17-0l1,0: 1.0

When A is sufficiently small, 7" can be taken to be +oo. The system (3-18) is solved by the following
iteration scheme:

0 =:9=0 z=:0"1+By. z™M=:"_B,.
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Let us inductively assume that ng) satisfies

O hasrer 2260 P haer a7 S2004,

where C is the constant in Proposition 3.6.
Take T > 0 so that 4C1 A18(T) < 1. Then we have

2w fy 2 8T < b 12710y 0.0 8(T) < L. (3-19)
Now, the solution foﬂ), z(+1D g determined by

8;Z§7+1) +2zm -Vzgflﬂ) = —I(ZEZ’), zm),
8;2(_”“) + Zif) Vot — —I(ZSZ’), Z(_")),
200, X) = zp0(X). 20FD(0,X) = z0(X).

It follows from Proposition 3.6 that

+1
2 g pear < Cillz4ohiare + 82" lwe pe 0712w a.1);
(n+1)

1200 0 r a1 < Cillz—oliasfa + 8Dz lw sy 0112w pa.1)-

Here we used
[(u, w)|1,0:g,2 < Cl0;u/ 0;w" —0;u/ 0; W' |g,q;n + Clit]o;p < Cluly,e:nlwlang.

which follows from Lemma A.1 with A(z, X) = f+ f—(¢, X) and Lemma 3.7.
Due to (3-19), we obtain

n+1 1
|er )|1,oc;f+,S2,T <2C14;, |207F )|1,oc;f_,§2,T <2Ci14;.
In particular, we show that for any #,
n
|ZS_)|1,oc;f+,Q,T <C, 12" 4r ar=<C.

Next, we show that {Zf:)}nz() are Cauchy sequences in C%%(Q). Indeed, we have

at(z_(:-i-l) _ZE:)) + Zin) . V(Zf:-i-l) _ ZE:)) + (z&") _Z(_n—l)) ) VZE:)
+ I(sz) — zf:_l), ™y 4+ I(sz_l), zM =Dy — g,

3,z D My 4 ng) V(0D 0y 4 (Zsf) —zS:’_l)) vz
+ I(ZE:') — ng'_l), zMy 4 1(25:1_1), W =y =,

(ZE:+1) —ZE:))(O, X) =0, (Z(_n+1) _Z(_"))(O, X) =0.
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Then it follows from Lemma 3.5 and (3-14) that
t
1 _
G = 0] g = C [ 12 =20 D)0y g |92 Gloaa ds
t
4+ [0 =20 g 20O s ds

t
c /0 |G = 2D) ()] o 28T 0 s ds

t
< C2/0 (l(sz) (n 1))(3)‘001{2 + ‘(z(") (n—l))(s)}o’a;g) ds

Similarly, we have

t
1 —
D20 = Co [ (L =200 + [ =200 )
This implies that

D = 2N O] g + [EETD =2 (1) 0 < CRC2Y" /01,

(n) (n)

Therefore, z", z converge to some z, z_ uniformly in [0, /] xQ forany 0 <7 < T. As zy , 2% are uni-

formly boun—ged in C1% we have z,z_ € C1** Then Vzi) Vz®™ converge to Vz, VZ uniformly in
[0, #]x 2 forany 0 <¢ < T Using the equations of Zg_ ‘el 1), 2+ we have 8,25_ ), 3,z also converge uni-
formly in [0, ¢]xQ forany 0 <t < T. Thus, z4, z_ € C1(]0, 1]x ) satisfies (3-18) and zi =24 =00n9Q.

Finally, it remains to prove that if divz¢ = divz_g = 0, then divzy = divz_ = 0. It follows from
Lemma 3.5 and (3-15) that

|div z4 (1) o0

t X .
5/ |(0iz7, 928 —div I(z4.2-))(5)|y.q dS
O bl
t
= C/ (Idiv 24 () 0; [div 2 () |0:2 + 12+ () oz |div z— (5)[0;2 + |div 24 (5)[0;2 |2 (5)|0:2) s
0

t
< C/ (Idiv z4(s)]o;@ + [divz—(s)|o;@) ds
0
Similarly,

t
div 2=l = C [ (1iv24 o + ldivz(5)loim) ds
0

This implies that divz4 =divz_ = 0.
Let us remark that 7(z4, z_) can be expressed as V p. Indeed, we can find 61, 6, € C°°(0, +00) such
that 0] (r) = —0(r)N(r) and 65(r) = (6(r) — 1)N(r). Let 6;; (X) = 9;9;62(|X|) and

Lic(u, w)(x)
:/ 91(|X—Y|)(8iujiji—ajujaiwi)(Y)dY+/ (0;;(X =Y) =0, ;(=Y))(w/ w)(Y)dY.
R4 R4
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Then we have VI.(u,v) = I(u,v). Therefore, we can take p = I.(Z4+,Z_), which satisfies |p| <
C In(2 + |x|). This completes the proof of Theorem 3.1.

4. Global well-posedness for the viscous MHD equations

In this section, we study the global well-posedness for the viscous MHD equations in the slab domain
Q=RI1x [0, 1] with the Navier-slip boundary condition. Because we can reduce the slab domain
Q=RI1x [0,1] to RI-1xT by using the symmetric extension, we will consider more general domain
Q =RK x T4k for2 <k <d. The case k = 1 is more difficult and will be dealt in the future work.

In fact, @ = RF x T9 7k is a special case of R periodic in d —k directions ey, ..., e _x. We will
assume that ey, ..., e z_g, Bo are linearly independent.

New formulation. Let (11 = %(v + ) and py = %(v — ). In terms of the Elsésser variables Z+ =v+b,
the MHD equations (1-1) read

01z+ +Z_-Vzy =u1 Azy +usy Az_—Vp,
0tz +Z4 -Vz_ =1 Az + up Az —Vp, 4-1)
divzy =divz_ =0,

where z4 = Z4 &+ By. In the case of v = p (thus, wp = 0), the formulation (4-1) plays a crucial role in

the proof of [Cai and Lei 2016; He et al. 2016]. To deal with the case of v # u, we need to introduce the
key decomposition

Z4 = ZS:) + zf), 2=z 4@

@)

where thl) and z]” are determined by
8tz_(|_1) +Z_. VZS_I) = U] Azil) — Vpg_l),
3;zM 4+ 7, . vz = py Az v p D),
. (1) . 1) (4'2)
divz’ =divzl’ =0,
2(0) = 24.(0). z0(0) = z_(0).
and
atzf) +Z_. sz) = U1 Azf) 4y Az — Vpg_z),
02 + 24 -VzD = iy Az® + py Azy —Vp?, @3
divz? =divz® =0,
22(0) =22 (0) = 0.
To estimate zg:l), we rewrite (4-2) as
3,23_1) +2zM. Vzg_l) = U1 Azg_l) —z®. VZS_I) —1(z®, Zg_l)) —1(zW, 25_1)), (4-4)

8,20 + ZW v D = 1y Az P v O (2P W) (P, D),
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(1)

where (1, w) is defined by (3-17). We also need to use the equation of J M = curl z ', which is given by
0¢ J(l) +zO. VJ(I) + vz A Vz(l) + curl(z® - Vz(l)) J(l)

(4-5)
8,]11) + Zil) VJE) + Vzil) A VZ(_I) + curl(zi) vy =4 AJSI).

Here AA B = (AB) — (AB)T is understood as matrix multiplication.
To estimate 25:2), we need to introduce another formulation in terms of the stream function w(z)

A~ curlz( ) which satisfies
3,y + At eurl(Z- - VzP) = 1 AYP 00,
@D+ A eurl(Zy - Vz) = 5y AYD 4 o J
where

Jr=curlzy = J( ) + curlz(z) (4-6)

We introduce
I (u, w) £ A curl div(u ® w),

I (u, w) YN curl(u - Vw) —u -V A~ ! curl w.
So, we get
A1 curl(Z— - VZS_Z)) zM. Vlﬂ(z) + 114 (2(2) (2)) + Hz(Z(_l), 25_2)).

Then we deduce that

0,0? + 720 vy P 11,0, 2P) + 1D, 2P = 1y AYP + 0, )
0y @+ 7. vy @ 11,0, 2@) + 1, (22, 2@) = jy AY® + 04
A direct calculation shows
— (A curl(u - Va))’* = AT (0,0 (u' w’ ) — 9,0 ('l w)) = —Re R (' w’) + R Ry (u' w),
—(u V(A curl w))jk =u' ;AT (B w’ — jwk) =u'(—R; Ryw’ + R,'ijk),
where R; is the Riesz transform defined by R; = 9; (—A)_%. This gives
o (u, w)’* = [u', R RjJw* — [u', R; Ry ]w’. (4-8)

Weighted C1+* estimates for the parabolic equation. We consider the parabolic equation with variable
coefficients

du—y d;(aj; ;u) + Fy + F2 +9;G' =0, (4-9)
where y > 0 and the coefficients a;; (¢, X) satisfy

sup (Jaij (t) = 8ijlo + (1 4+ y1) 2[ai; ()]a) < €0 (4-10)
t€[0,T]

for some @ € (0, 1), g9 >0and T > 0.
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Let f (¢, X) and h(z, X) be two weight functions satisfying (2-1) with a uniform constant co independent
of ¢ and

/t HQ2y(t—s)h(s.X)ds <cg' f(t. X), HQy(t—5)f(s.X)<cy' f(t.X) (4-11)
0

forall0<s<t<T, Xe[Rd,Where

1 X-Y
HHp(X) = —— e~ 4 Y)dY.
0000 = s [ oY)
Let § > 0. We introduce

_ 1 s
AT, Fi, F2,G, f.h) & SUPT(|Fl(f)|1,a;h(t),(1+yz)l/2+V "2+ ) ) F(0lo,a; £0)
0<t<

— 1
+y A+ YD GO lo s ). 4v0y172)-
and

A _ _a s
Ao(T, F1, F2,G, f,h) = SUPT(|F1(f)|1,a;h(t),(yt)1/2 +y D"+ )T D)IR0lo s
0<t<

— 1 1—a
DR+ 00 TN O s.012):
Proposition 4.1. There exist g > 0 and C > 0 independent of y and T such that

sup_ Oy g ). 14700172 < C(1u0)]1,0; £0)1 + A1 (T, F1, F2. G, f.h)),

0o<t<

sup_ Oy g £1).r)172 < C (1400, (0) + Ao(T. F1. F2, G, f. 1)).

o<t<

Proof. Let us first consider the case a;; = §;;. Then we get

t

u(t) = H(yr)u(0) +/0 (H(y(t =) (Fi(s) + Fa(s)) + 8 H(y(t —5))G' (5)) ds.
Using H(2yt) £(0) < co_lf(O, X), we get by Lemma A.4 that

[H(yOuO)y o; 7(6),14yn172 = CLHYDUO) |y 0; 5 2y1) £0),1 4700172 = Clu(0)]1,0; £(0),1-
[H(yDu )1 a: £¢t),(yey172 < CLHy DUy o: H2y1) £(0).(ve)1/2 < C[1(0)]o,a; £(0)-

By (4-11) and Lemma A.4, we have

t
‘ / H(y(t—s))Fi(s)ds <C sup [HyE—$) FL()|1.0: 12y —s) h(s).(+y1)1/2
0 La; f(2),(k+yt)1/2  O<s<t

=C sup [H(y(—=9)F1(5)|1 a: H@2yt—5)h(s),k-+ys+yt—s))1/2

0<s<t

<C sup [F1(9)l1 a:n(s),(k+ys)1/2>

0<s<t
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and by Lemma A 4,

t
= Cfo [H(y (¢ =) F2() 101 2y (1-5)) £ (). (k +yr) 172 S

" ga(Vk +y1)
c [ LNYEEYD e Dlow o d
2CJ, ity s s

for k = 0, 1. Recall that ¢y (R) = max(R, R'™¥) for k =0, 1,

! R 1+Ut+k(1 ) 1— _1+a+k(1—a)
/O P (Vy(t —5))"" min((ys)~ ys)” dS</ (vt —5) 72 (ys) > ds

t
‘ [0 H(y(t — ) Fa(s) ds

Lo f(),(k+yt)1/2

()
and
/t ¢a(V/y (=) min((ys) "I, (ys) 71 72) ds
0
/(y(t—s)) =5 mll’l(()/s) 1+0t+ (1—a) (ys)” _7)

tx+k(1 —)

) t 1+«
<C/ (y)~ =D mm((ys) I ()/S)_l_z)a’er/t(V(f—S))_Jg(Vf)_lds

<Cy g

Thus, we have

/t a(\Vk +yt)
0 @al(/y(t—15))

at+k(1—a)
2

min((ys)~' ,()/s)_l_g) ds

a— k)(l —o)

< Cy_l max((k + yt)%, k + yt)HTa) min((yt)_ (yt)_i) < Cy

Therefore, we deduce that fork = 0,1 and j = 1,2,

S CAk(T’ F17 F2’ G? ﬁh)
Lo f(2),(k+y1)l/2

It follows from Lemmas 2.3 and A.3 that for k =0, 1,

t
‘ [0 H((t — ) Fj(s) ds

t
‘ /O 8 H(y(t — )G’ (s)) ds

La; f(2),(k+yt)1/2

<Cy7t sup (9200 =D HGA =G ) g0
+<oa(\/m><y(r—s))l‘%\vaﬂ(y(z—s))G"(s)}O 50

+ (VK )t =) T IV Hy = )G ()] ) )

<Cy" sup ((19)21G )00 rs) + Lo (VE + Y9)GS)]a: £(s))

O<s<t
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— 1 1—a
<Cy™! S ((k +y8$)2 +(k+v5) 2 )IG)o.a: £(s).(k+ys)/2
<s<t

< CAk(T, Fi, F>, G, f,]’l)

Summing up, we conclude the proof for the case a;; = §;;.
To deal with the general case, we rewrite (4-9) as

du—y Au+ Fy+ F, + ;G =0,
where G = Gi — y(aij —&8;j) 0ju. Thus, we have

SUPT U1 0 @) teryn1/2 < C (14010 0y k + Ak (T, F1, Fa, G.f. h))

0<t<

for k =0, 1, where
Aw(T. Fy, F>. G, f.h)

1 1—a
< AT P PG foh)+ sup sup(k+y0)2 + () 2) | (@i =8i) 010 o g; 0 yeyyo
0o<t< i

and by (4-10),
|@ij = 8i) 71O o g: oy, k4yiy1r2 = Claij () =8ijlo,as1,tey01721074Olo.a; p0y,k4y0)1 /2
= CeolVu®)lo,a; £2),+y1)172

. 1 _l1—a
< Ceomin((k +y0)™2, (k + 1)~ 2 )u(l1,q: £(1), (k+y1)1/2-
This shows that

SHPT [u(O1,a: £t).(k+ye)1/2

0<t<
< C(|u(0)|1,a; (0) + Ak (T, F1. F2, G, f.h) + g9 SUPT (1 g: £ 1) +y1)1/2)-

0<t<

O

which gives the desired result by taking o such that Cgg < %

Weighted C 1% estimates for the transport-diffusion equation. We consider the transport-diffusion equa-
tion with general form

du+Z-Vu—yAu+Fi+F,+93;G' =0, u(0,X)=uo(X). (4-12)
Given the divergence-free vector field Z(r, X) € C1([0, T] x R?) and s € [0, T], we define
%@(s,t, X) = Z(t, (5.1, X)), B(s,s, X) = X.
We denote by D® and V& the matrix with the convention
(D®);; =3, ', (Vd);; =9;d/.
That is, (D ®) = (V®)T. We introduce
b=(D®) Y a=DO) VD), a; =biby;.



GLOBAL WELL-POSEDNESS OF THE MHD EQUATIONS IN A HOMOGENEOUS MAGNETIC FIELD 1383
For v(¢, X) defined in [0, T] x RY, we define

v¥(t, X) 2 v(t, D(s, 1, X)).
Using the formulas
(divG)o® =div(D®)'Go®), (Au)o® =div((DP) (V) ! Vuod),
we can transform (4-12) into the form
dpu*(t) — ydi(aijd;,u™(t)) + Fy + FS +0;,GL, =0, (4-13)
where G% = b;; (G*).
We introduce the weight functions f(z, X), f (t, X), h(t, X), which satisfy (2-1) with a uniform

constant cg and

t
/ HQy(t —s)hi(s, X)ds <cy' f(t1.X) forall0<:<T, X eR?,
0

T r (4-14)
/ fa(t, X &+ Bot) dt :/ f(t, X £2Bpt)dt < cgl,
0 0

HQRy(t—5))f(s.X)<cg' f(t.X) forall0<s<t<T, X eR?
where we set

Jx@. X) =U(F0) f(2, X), U@)f(s, X) = f(s, X + Bo?).

Proposition 4.2. There exist €1 > 0 and C > 0 independent of y and T such that if

|Z() + Bol1,a; (1), (1+y1)1/2 < €1

and (4-14) holds for the minus sign, then it holds that for k =0, 1,

sup |u(l)|1,a;f+(t),(k+yt)1/2 = C(|u0|1’a;f(0),k + Ap (T, F1, F2, G, fy, h))

0<t<T
Similarly, if
|Z(Z) - BO|1,(x;f+(t),(1+yt)l/2 <é1,

and (4-14) holds for the plus sign, then it holds that for k = 0, 1,

OiltlET |u(t)|l,a;f_(t),(k+yt)1/2 = C(|u0|1,a;f(0),k + Ak(T, F1.F, G, f—, h))

Proof. We only consider the case |Z(1) + Boly 4: _(¢),(14+yr)1/2 < €1. In this case, similar to (3-7), we
have

|®(s,t, X)+ Bo(t—s)—X| <2 forO0<t<s<T.
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Then we get by (2-1) and (4-14) that

T
sup |VZ()|oaf (S)/ fo(s, ®(T,s, X)) ds

t<s<T
T
<e1(1+ )/t)_%co_1 / f_(s, X—Bo(s—T))ds <e1(1+ yt)_%cgl, (4-15)
0

and by (2-1),
UG —t)h(t) =h(t, X + Bo(s—1)) > coh(t) o O(s,1), (4-16)
U(s)f (1) = Uls =) f+(1) = o f+(1) 0 D(s.1). (4-17)
Now we fix s > 0 and assume 0 <t < s < T. With (4-15), we infer from Lemma 3.4 that
IVO(s.t) —1d|o.q < Cer(1+ y1) 2. (4-18)
This implies that
laij(t) = 8ijlo,e < Cer(1+ yi)2, 1bij (Olo.q:1,(14y0y1/2 < C.
Using (4-14), it is easy to verify that

HQy(t —0)U(s) f (1, X) = UG)HQ2y(t — 1)) f (. X) < ¢ LU(s) £ (0),
and

/ HQ2y(t—1)U(s — 1) h(z, X)dr—/ HQy(t—=1)U(s)h—(r,X)dt <cg U(S)f(t)

Therefore, if we take &1 > 0 so that Ce; < g9, then we can apply Proposition 4.1 to obtain

oores 1Ol a0 f o), k4172
<C(Jugo (5.0} 4.005) f0y ke T A FY' FY, Gy, U(s) f,U(s — -)h)).
Thanks to (4-18), we get by Lemma 2.4, (4-16) and (4-17) that

|ug 0 ®(s,0)], . UGs) £ (0),k = < Clug o ®(s, 0)|1af(0)oq>(s 0),k = < Cluol . F(0)k

<C|F; )] = ClFy(1)]

1E2 Do ais) f oy = 0,03 F1 (1)o®(s,t) = 0,0 /4 (1)’

|FY (D 1,0:0-0)h@),t+y172 < CIFT O ash@yod(s.0),(k+y0)172 < CIlFL O 0:h(),(k+y0)1725
and

< C|G«(1)]

G Dlo a0 f ).k +yey172 = 0,03 4 (0)0®(s.),(k+71)1/2

< CIb)o,a;1,(14y1)1/21G (1) 0 D(s, t)|0,a;f+(f)°q’(s”)’(k+”t)1/2
= CIGWlo ;7 @), Geyiy/2

This proves
Ak(s, F' Fy,Gy, U(s) f, U(s—t)h) < CAi(s, F1, F2,G, fy,h).
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Therefore, we conclude

sup |u*(t)|1,a;U(s)f(t),(k+yt)1/2 =< C(|u0|1,a;f(0),k + Ak(sa F1, Fz, G, f+v h))

0<t<s
Thanks to u*(s) = u(s) and U(s) £ (s) = f4(s), we have
) s £y (9,412 = C (0l g oy i + Ak(s: Fr. F2. G f )
forall 0 <s < T. The case s = 0 is trivial. O

Main result. Let us first introduce the weight functions

f@)=HA+2mt)er,  f1(t) = H(1+2u11)po.

where if Bo = (1,0,...,0), we may take
_148 _
1(X)=[x7+x372 . @o(X)=|x2|? (4-19)

for some 0 < § < % Let
S+ Y) [~ (. Y)

dy.
« 1+|X-Y|d+1

gt X) 2

We introduce
A 1 1 — 2
M (t)zoiugtﬂzi)(f)|1,a;fi(r>,<1+mr)1/2+|fi 'Ol £2@.00072 T TVE O as £, 0. 00172)-
=T=

The main result of this section is stated as follows.

Theorem 4.3. Let o € (0, 1). There exists e > 0 such that if M+(0) + |u2|/ 1 < & < &3, then there
exists a global in time unique solution (z4,z-) € L% ((0, +00) x ), with the pressure p determined by
(3-16), to the viscous MHD equations (4-1) satisfying

My(t) <Ce foranyt €]0,+00).

Remark 4.4. Since M4 (0) ~ |z4+ (O)((xl,xz))l""sh,a, the initial data decays at infinity only in two
directions. This is crucial for the global well-posedness in domains like R? and R? x [0, 1].

Remark 4.5. The condition |, | < guq is crucial to our proof. Although p, /1 is small, the smallness
is independent of 1. It remains open whether one can prove a similar result for any © > 0, v > 0.

Remark 4.6. In numerical simulation, , is usually taken to be zero, although it is unreasonable in
physics. However, our result provides a theoretical base for the validity of such a choice, because our
result shows that a small discrepancy between the dissipation coefficients does not change the dynamics
of the system.

To proceed, we need to verify that the weight functions introduced here satisfy some key properties,
(2-3) and (4-14).
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With the choice of (4-19), it is easy to check that for k =0, 1,

C' R4 min(ge (X). R+P) < / or(Y)dY < CR? min(gy (X), R+,
B(X,R)

/ o1(X + Bot) di < Cpo(X),
R

which imply

C ' min(py(X). (14 111)" 2 ) < f(t. X) < C min(py (X). (1+ 1) 2), (4-20)
C ™ min(go(X). (1 + u1£)™2) < fi(t, X) < C min(go(X)., (1 + £11)™3), 4-21)
/ f(t, X + Bos)ds <Cfi(t, X). (4-22)
R

Therefore,

/ At Y)dY < CRY min(R™5, (14 j10)""2") (4-23)
B(X,R)
and
[ wyay =chco. (4-24)
B(X,R)

which is true for 2 = 1, f(¢), f1(¢), and fL(¢) by translation. Thus,

S+, Y)dY .
/Rd R+ {|X —y[d+1 <CR™ fx(1,X). (4-25)

Lemma 4.7. (1) The weight functions f(t, X), f1(t, X), g(t, X) satisfy (2-3) with R = (1 + /th)% and
a uniform constant cq independent of t.

(2) Property (4-14) with y = 1 holds true for (f, h)=(f g) and (f h) = (f1, f=) for the minus sign
or (f h) = (f1, f+) for the plus sign.

Proof. We deduce from (4-20) and (4-21) that f(¢) and f7(¢) satisfy (2-3) with R = (1 + /th)%. So do
fa(¢) and f4(¢) f—(¢), and thus g(z). This also implies

g(t7X) = C_lf-i-(t?X)f—(t’X)'

By definition, we have

HQ2ui(t =) f(s. X) = f(t. X), HQu1(t —5)) f1(s. X) = f1(r, X),

which give the third inequality of (4-14).
By

T T
/ fi(t,X:I:Bot)dt=/ ft,X £2Bot)dt <Cfi(t,X) <C,
0 0

we get the second inequality of (4-14).
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Thanks to
t t
/0 HQui(t —5)) f-(s. X) ds = /0 HQpui(t — ) U(=25) f(s. X) ds
= /t f(t, X =2Bos)ds < Cfi(t, X),
0

we get the first inequality of (4-14) with minus sign for ( f ,h) = (f1, f=). Similarly, the first inequality
of (4-14) with plus sign for (£, h) = (f1, f+) is true.
Notice that

HQ2p1( - _(s))(Y £ B
HQpui(t - 5))g=(s. X) = fR ) (2pa (1 f)l((’;(f;’]ji?( 0s) .y

_/ H(2u1(t—S))(f(S)U(ﬂS)f(S))(Y)dY
 Jra 1+ |X—Y|9+1 '

By (4-20), we have

flt X)<C(1+ ¥ — X )1+8f(t Y)
T T+t o

which gives

Y —X|
1+ s

242§
F(5)U(25) f()(X) < C (1 + ) F(5)U(225) f($)(Y).

Therefore, for ¢ /2 < s <,
HQ2u1(t —s5)(f(s)U(£25) f(5))(Y)

= /Rd K(2u1(t —5), X — Y)(f(s)U(i2s)f(s))(X) dX
¥ — x| 2t

ﬁ) F5)U(E25) f5)(¥) dX

< CF(5)U(E25) FsN(Y) = CL () U(E28) FO)(Y),

and for 0 <s <¢/2,

§C/ K(2u1(t—s),X—Y)(1+
R4

HQ2u1(t =) (f(s)U(E2s) f(5)) < CHRu1t)(f(s) U(£2s) f(5)) < CHQ2u11)(f(0) U(£2s) £(0)).
Therefore,
[ #eme - (160 U2 1) ds
<C /0 2 HQu1t)(f(0)U(x2s) f(0)) ds + C /, (f()U(£25) £(0)) ds

< CHQ2p11)(f(0) /1(0)) + Cf () /1(0) = Cf(1).
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This shows that

[ CHQuA (- $)ge (s X)ds < C / JOY) gy < crax,
0

rRd 14 |X =Y |d+1
which gives the first inequality of (4-14) for (£, h) = (£, g). O

Proof of Theorem 4.3. The following lemma gives the relation between the Holder norms of z i)(t)
i =1,2,and ML(¢).

Lemma 4.8. It holds that
|Z:|: Olo,as f1(0).urry1/2 < Cpy min((pt)~ 5 un~ ML),
122 O)o.ae1. (14,0172 < Cor min((p17)” 5 (uar)™ )Mi(f)
V28w e 02 < CM(0),
Proof. As z( ) = div w(z) we have
122 Olow 10,6172 < CIVYE Ol 169, (ua 1172
< CWf)(f)h @ fl(t) (u11)1/2 min((ﬂlf)_% (Mll)_l_Ta)
< Cpy min((p11)~ S gun~ ML),
which along with (4-21) gives

2
|Z( )(Z)|O(x 1L,(4u01/2 = |Zi (Dlo,a: £10), (;,th)l/2(1 +—) |/1(]o

IR

< Cprmin(Gun) 7 (u0) ™ )Mo (14 ) (14

< Cpymin((p1)” 5 (i)™ )Mﬂ:([)
Obviously, we have

1 1
V2Pl e ) < 1281w a0, 4072 < M ().

Thanks to Azil) = div Jil), we have

1828100 72 0.Gu0172 = C s o 0.2 min((at) =2, (uar) = 2%)
< CM(s) min((u12)~ S un” T)
Notice that by Lemma 4.7,
fet, X) S CLe(,Y) i [X = Y] = (14 pan)?.
Then we infer from Lemma A.10 that
|V22i lo,a: £ (6), (1 )1/2 <C(|VZ:|: |0afi(t)m1n((ﬂlt) 5 (uar)” )+|Azi 0,05 £ (6), (1) 1/2)

< CM(s) min((p12)~ 3 (uat)” T)
This proves the third inequality. O
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Proof of Theorem 4.3. For fixed v > 0 and p > 0, the local well-posedness of the MHD equations in
the weighted Holder spaces can be proved by using the semigroup method and the estimates of the heat
operator in the weighted Holder spaces (see the subsection on page 1394). Here we omit the details. The
local well-posedness of the linear equations (4-2)—(4-7) in the weighted Holder spaces is also true.

The proof of global well-posedness is based on a continuity argument. Let us first assume

My(s) <é&p (4-26)
for €1 > 0 given by Proposition 4.2. This in particular gives

12O % Boly s 0,012 < 1.
Our next goal is to show that
M (s) < C(M4(0) + (M1 (s) + |12l / 11) M—(s)). (4-27)
M_(s) < C(M—(0) + (M—(s) + |2l / 1) M1.(5)). (4-28)
With the above estimates, we can deduce our result if €, is taken small enough that

CMi(0)§C82<%81, C282<%.

This condition on &5 implies that if M (s) < &1 then ML (s) <2CM1(0) < &;.
The proof of (4-27) and (4-28) is split into three steps.

Step 1: C1¢ estimate for thl). For the system (4-4), we apply Proposition 4.2 to obtain

1
,Sup 28O s £ 00,1 40012
<t<s
< C(lz4+ O @1 + A1 (s 1D, 280). 2@ vz 4+ 1@ 29, 0, £1.5)).
By (A-5), we have
1 1
DO 2L O gy a2 = CIEL Ol asr@,4m0172128 Ol s £ 0,012
< CM4(s)M_(s).
By (A-6) and Lemma 4.8,
1 1
2@ vzP0 + 120,28 O)g g s, 0
1 _1
< ClE2Olo.ast, (1410172128 Ol s 10,0401 2 0 11) 72
. _1 _ 1448 _1
< CpuaM—(s) min((12) "2, (at)™ 2 )My (s)(1 + pa2) ™2

. _1 _1-_8
< Cpy My (s)M—(s) min((pu12) ™2, (1) ™' 72),
and obviously,

12+ (0)1,e; £(0),1 < M+(0).
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Therefore, we obtain

sup |Z+ Ot f1 @), (1+10y172 < C(M4(0) + M4 () M—(5)).

0<t<s

Similarly, we have

sup |29 a3 0,14a012 = C(M=(0) + My (5)M—(5)).

0<t<s
Step 2: C 1% estimate for Jj(cl). For the system (4-5), we apply Proposition 4.2 to obtain

sup |J (t)|laf+(t)(,ult)1/2<C(|J+(O)| f(o)+Ao(S,VZ(_1)AVZSFI),O,Z(_Z)-VZS:),f+,g))-

0<t<s

Thanks to the choice of weight functions, we have

-, X) f+ (. X) =Cg(t, X).
Then by Lemma 4.8 and the analogue of Lemma 2.1, we have
1
vz AV )(Z)}l g (1), (uin)1/2 = < CIVz 40, (mt)‘/2|vz+ Otz 14 0010172
= CMi(s)M—(s),
2. vz < Clz22O)lg,a (w)‘/2|VZ+ Olo,a; 1), (10172
<CM1H11H((M1I) (Hll)_j)M ()M (s),

and [J4(0)]o,a: £(0) < M+(0). Therefore, we obtain

sup |3 (t)|1cxf+(t) G2 < C(M4(0) + My (s)M—(5)).

0<t<s

Similarly, we have

sup /2O a3 70,0172 = C(M—(0) + My (5)M(5)).

0<t<s

Step 3: C 1% estimate for v/ :l:) For the system (4-7), we apply Proposition 4.2 to obtain

sup [V PO 0110010172 < CAo(5, 2D, 22) = 1oy D11 2P, 22), 1229, 11, 1),

0<t<s

where we used the facts that 1//(2) (0) =0and fi+ = f1, and the decomposition of J1 in (4-6). We get
by Proposition A.6 and Lemma 4.8 that

2D @), 2P 0) = 127 L O a1 0,002

< C|Z(—1)(t)|1,¢x;f_(t),(,ult)1/2|Vw_(|_2)(t)|1,oc;f1 O.0unt2 T2l TP O w1612
< CpurM4(s)M—(s) + | 2| M—(s),
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and
2
DO, 22 O)o 0
_8 _a
< CIEZPOlo.as f10),001017212 2 Olo,as £, g2 L+ 1) 72 (14 (at)~2)

. 14 —1-8
< Cpfmin((u10) ™2, ()T 2) M_(9) M (s),
and
. _1 e
1122 (o 02 11 (0. (yry1/2 < Cita |2 min((u11) 72, (u1) ™2 ) M_(s).

This shows that

2
sup |w-(|-)(t)|l,a;f1(t),(ult)1/2 < C(u1M4(s) + |pal ) M—(s).

0<t<s

Similarly, we have

sup [V PO 4. 11 0. 010172 < C (1M(5) + |pa) My (s).

0<t<s
Summing up the estimates in Steps 1-3, we conclude (4-27) and (4-28). O
Appendix

Weighted C1+* estimate for the integral operator. Recall that
Tiu é/ VN(X-Y)0(X —Yu(Y)dY, T;jw é/ 9;0; (VN(X —Y)(1—0(1X —Y|)))w(Y)dY,
R4 R4

where the cut-off function 6 is given by (3-9).

Lemma A.1. Letu,weC ;l) *(RY), with the weight h satisfying (2-1). Then there exists a constant C > 0
depending only on cq such that

|T1u|1,a;h §C|u|0,a;hv |Tijw|1,a;g §C|w|0;h,

h(Y)
X) = dy.
g(X) /[Rd1+|X—Y|d+1 Y

where

In particular, we have
|Tlu + Tijwll,(x;g = C(|u|0,a;h + |w|0,h)-
Proof. Thanks to
C
Vk3;0;(VN(X —Y)-(1—6(|x — <——— —— k=012,
[VE3,0; (VNG = 1) (=0 =y D) =
and h(X) < Cg(X), we get

w
VAT ()] = (0|

0
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which in particular implies

w
|Tijw|1,a;gsC|—\ |

7l (A-1)

To deal with T7u, we decompose it as

+o0
Thu= Z By (u),
k=0
where
Bye(u) = /R X =Vu(¥)dY. g(X) = VNX)- (025X ) - 02" x))).
To proceed, we need to use the simple facts
[ Joccolax sc2i [ wacolixiax scrr [ Vg Qolx e dx < cakime)
R4 R4 R4

or(X)=0 for|X|>2,k>0.
Then we have

B01= [ e =ynmlay|E| = catnn|;

. (A-2)
Notice that ’
V() = [ VX =)V —u(x)) av,

from which, we deduce
VB () (X)) < /R Vo (X =X =Y [*hX) +h(V)) dY Julo.asn < C27*h (X0 lulogan- (A-3)

Similarly, we have
V2 By (u)(X)] < C2KO=n(X) ulg g (A-4)

It follows from (A-2) and (A-3) that

400 +o00
—k U u
;) |Be(u)(X)| < ;)cz h(X)‘h ‘0 < chx)

0

+o00 +o00
D IVB@)(X)| < > C27*R(X)ulo.e < Ch(X)|ulo.as-
k=0 k=0

It follows from (A-3) and (A-4) that
|V B () (X) ~ VB )(Y)| < C27(h(X) + h(Y))|ulo g min(1, 25| X — V),

which gives

+o0 +o0
> V(Br@)(X) = Be@)(Y))| < C(X) + h(Y))|ulo.qsn Y 27** min(1,2¥|X - Y)
k=0 k=0

< C(h(X) + h(Y))ulo,an| X — Y%
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Now we can conclude that

|Tlu|1,a;h = §C|u|0,a;h- O

“+o0
> Be(w)
k=0 I,Ol;h
Lemma A.2. It holds that
div (Tyu + Tijw" ) 4 u
= / VN(X -Y)-VO(|X =Y )u(Y)dY —/ 3;9; (VN(X =Y)-VO(|X =Y ))w” (Y)dY.
R4 R4

Proof. With the notations in Lemma A.1, a direct calculation gives

div Tj; (w) = —/

3;9; (VN(X =Y)-VO(IX —Y)w" (Y)dY,
Rd

div By (u) = /Rd divop (X — Y)u(Y) dY,

where
div g (X) = VN(X)- V(02| X|) — 021X ) = f (X) — ¢, (X).
2k0'(2%| X )
P (X) = VN(X)-VoQ2k|x|) = RN > 0.
Therefore,

N
v Y- Betwrtu= [ (05 (X-1) 0k (X-Y)u(¥) dY +u(x)
k=0

= [ o x=YDur) @y = g (X)) Y L=,
where we used [ps ¢ (X) dX = 1. Now,
il < [u]a/d PN (X =) X -Y[*dY = C[u]az—Na 50
R

as N — +oo. This proves the lemma. O

We also introduce

Ti(u, R) 2 /Rd VN(X —Y)0(X —Y|/Ru(Y)dy,

Tyw.R) 2 [

3;0;(VN(X —Y)(1-6(|X —Y|/R)))w(Y)dY,
R4

where N(X) is the Newton potential. Let R > 1. If h(X) < Coh(Y) for | X — Y| < 2R, then we can
deduce by following the proof of Lemma A.1 that

Ty, R) |10z, R + | Tij (W, R)|1,a:0,8 < C(R*ulo.a:n.r + [Wo:n)
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h(¥)
X)= .
g(X) /Rd Rd+1+|x_y|d+l dy

where

Due to (4-25), we also have
RNT1(u, R 1 (o).8 + 1T (0, R)lo.as £ 0,8 < C (1ulo.e .8 + R wlos £ 1)
for R = /14 ut.

In particular, we have
[, w1 a3 0y, (14 111)172
< C((1+ w1Vl g £ (1), (141101721 VWlo.0s 1 0.1+ 1100172 F [lo; £ [Wlo: £ )

= Cluly o fy().0+0172 W e f@).(1+ 100172
(A-5)

where g, f+ are defined as in the subsection on page 1385.
For divu = divw = 0, we have

I(u,w) £ Ty (3;u’ d;w’, R) + Ty (' w’, R) = 8; Ty (u/ d;w’, R) + Ty (u' w/, R).
Therefore, we deduce
_1
[, w)o,a: 14 (1) < Clulo,s1,4y0)1721W 1 as £y (1), 14yry12 (L YD) 72 (A-6)

Weighted Holder estimates for the heat operator. Let H(t) be the heat operator given by

1 x-v)2
H(t) f(X) ::W/Rd e f(Y)dY:/Rd K(t, X —Y)f(Y)dY,

2
where K(t, X) = (4nt)_%e_%. Let o > 0 and k € N. It is easy to verify the properties

IVEK(1,X)| < C1=3 K1, X),
VKK (2, X)||X'|% < Ct—" 3" K (21, X), N
(A-T)
IVKK(t. X)— VK@ Y)| < Cr" T KQ1. X)|X Y|,

k+1—a
T KQt, X)|X Y|

IVEK(t, X)— VK@, Y)||X'|* <Ct™

forany X, Y € B(X, V/t). Here C is a constant independent of .
We introduce the seminorm

e sup O =u()]
T xyerd (MX)+h(Y))|X Y]
Then it is easy to check that

(o < ]fpluloy”  [Vulon < 2[ulisp. (A-8)
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Lemma A.3. Letu € C}?’a (R?), with 0 < h < Co and « € (0, 1). Then there exists a constant C > 0
depending only on d, o, k such that, fork € N,

k _k k _k+1
IVEHOulo,ann < Ct™ 2 ulon, [V HOUlHEHR =< Ct™ 2 |ulom,
_k _ktl-a
[V*H(Oula:r@on < Ct 2 [ulan,  [VKHOWLaERS CET 2 [Wan.
Proof. Thanks to (A-7), we have

IVEHu(X)| = ’/Rd VEK(, X =Y )u(Y)dY

</ IVEK(, X —=Y)||u(Y)|dY

Rd

5Cz—’§[ KQt.X —Y)h(Y)dY |ulop
Rd

< Cr™ 5 HQOW(X)lulog.
which gives the first inequality.
If | X — Y| < /1, then we get by (A-7) that

\VEH(Ou(X) - VFH@Ou(Y)| = ‘/ (VEK(@t, X = X")=VFK@, Y — X' )u(X) dX'
R4

5[ VKK, X — X') = VFK(1, Y — X')|[u(X")| dX’
R4

<Cr= 7 |X=Y| [ KQ@t.X—=X)h(X")dX |u|o
R4

< Cr X — Y| HQ@OAX) ulosh.
and if | X — Y| > J/t, then
|VEH(Ou(X) - VEH@Ou(Y)| < [VFH@Ou(X)| + |VFH(Ou(Y))
< Cr™ S HROMX)lulo + C1™ 2 HQOYR(Y ) luloy,

<t FX —Y|(H@OAX) + HQOKY)) lulo.
which imply the second inequality.
For any X,Y € [F\Rd, we have

\VEH(Ou(X) - VEH(@Ou(Y)| = VW VEK @ X u(X —X')dX' — /Rd VEK@, X (Y —X')dX’
< / VKK, X)) [u(X = X") —u(Y — X")|dX’
R4
<Cr % / Kt X")(h(X = X")+h(Y = X)) dX'|X =Y |*[ula:n
R4

< Ci73 (HRO(X) + HRORMY)) X =Y * g,
which gives the third inequality.
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Forany X,Y € R%, if | X — Y| < /7, we take Y’ € B(X, +/7) so that

h(Y') KQt, X —XdXx' < / KQt, X — X h(X')dX' < HQ2t)h(X),
B(X,\/7) B(X,/1)

which gives h(Y’) < CH(2t)h(X). Then we deduce, for | X — Y| < /1,
IVEH@u(X) = V¥ H@Ou ()

f (VEK(. X = X) = VFK@.Y = X)) (u(X") —u(Y")) dX'

R4

5/d\ka(z,X—X’)—ka(z,Y—X’)\|u(X’)—u(Y/)}dX/
R

5/ IVEK(t, X —X') = VFK@, Y = X")||X' = Y% (h(X") + h(Y")) dX[ula:n
R4

k+1—a

<Ct 2 |X—Y|/ KQ2t, X = X")(h(X")+h(Y") dX'[ulg:n
Rd

k+

<Cr T X =Y |(HROKX) + h(Y)) gz

<Ct T X — Y HQRORX) s

While, if | X — Y| > /7, then

}ka(z)u(X) — ka(z)u(Y)| <Cr % (HQtYh(X)+ HRt)R(Y))|X =Y |*[ula:n

k+l—«a

<Ct™ 2 (HROX) + HRORY))|X =Y | [laun-

This proves the fourth inequality. O

Lemma Ad4. Lety >0, k >0,and u € C}?’a ([Rd), with 0 < h < Cy. Let R > \/t > 0. Then there exists
a constant C > 0 depending only on d, o such that

¢a(R) |M| "
oY1) et

[ HOuly o meonvire < Clulygnvi: 1HOULg;HEHRR = Cgo

where ¢ (R) = max(R, R119).

Proof. By Lemma A.3 and (A-8), we have

|H(tulo:a20n < Clulon,  [HOulg:H@HR < Clula:n, [H@ulo,o:HEHR < ClUlo,a:h

—a

1 1 1 1—
|V H (t)ulo: 1 2yn < min(Ct ™2 ulop. Ct™ 2 [ulggn) < Cmin(t™2, 67 2) |l aun-

14+o

[V H(Olg: fraryn <min(Ct™ 2 [ulgy. Ct™ 2 [ulgep) < C min(t™ 2. 172 ulo qun.

+

Due to VH (t)u = H(t) Vu, we have

IVH@Oulo,znn < ClVulon, [VHOulo;HEHE < C[Vitlg;p.
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Therefore,

(HOuly g pron v = 1 HOUlo,asrreon +max((k +1) 25, (k + 02|V H@Oulo;paon

+max((k+1)2, (k+1) ) VHOul: Ha0h

< Clulo.gn + max(k 2" k2)|VH(O)ulo; m Gy
+max(t 2%, 1)V HOulo; s +max(k2, k35 [V H(Oulas 1 Gon

+max(2, tHTa)[VH(Z)”]a;H(Zt)h

< Clulogn + C max(k 2" k2)|Vaelogs + Clulo gsn
+C max(k 2,k 2) [Vadlgsh + C lulo.ash

= C|“|1,a;h,~/E’

which gives the first inequality. Also,

|H(Ouly a: o = [HOU|o.a:HE@yn+max(R™, RY(IVH(t)ulo: eyn+ RV H(Oulg: H2000)

< Clulo,q;n +max(R, RH“)(Z_% \VH ()ulo:r2eyn+ [V H@uUla: o) h)

. _lda 1
5C|u|0,a;h+c¢a(R)mm(t 2t 2)|u|0,¢x;h

¢a(R)
C
= (D)

which gives the second inequality. O

|u|0,a;hv

Riesz transform in the weighted Hélder spaces. Throughout this subsection, we take f, fi, f+ to be
as in the subsection on page 1385. We need the following property for the weight functions.

Lemma A.5. For h =1, f1(t), f(t), and f+(t), we have
R_d[ h(Y)f1(t,Y)dY < Ch(X) min(R_‘s,(l —i—,ult)_%). (A-9)
B(X,R)
Proof. The case of h = 1 follows from (4-23). We define
p1(X) =|xal.  p2(X) =|(x1.x2)] for X = (x1,....xg) € RY.
Then by (4-21), for h = f1(¢) if p1(X) > 2R or p1(X) <2./1 4+ u1t, we have
h(Y)<Ch(X) for|Y —X|<R,

which gives,

R—d/ h(Y)fi(,Y)dY < CR—d/ h(X) fi(t,Y)dY < Ch(X)min(R™, (1 + p11)"2).
B( )

s BX,

Using (4-20), the above inequality holds for & = f(¢) if p2(X) > 2R or pa(X) <2./1 + u1t.
For the case h = f1(¢), if 2/T+ p1t < p1(X) < 2R, then by (4-21),

hX)>Clo1(X) > CT'R™S, h(Y)fi(t,Y) < Co1(Y)? = Co1(Y) ™%,
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which imply

R—d/ hY)fi@t,Y)dY < CR_d/ o1(Y) 2 dy <CR™ <Ch(X)R™S.
B(X,R B(X,R)

For the case h = f(t), if 24/1 4 pu1t < p2(X) < 2R, then by (4-20),
_ _ _1— _1_ _1_
h(X) = Clga(X) = CTIR™'5 h() f1(1.Y) < Cor(Y)ga(Y) = Clya| 7270 |ya| 7275,
which imply
R_d/ h(Y)fi(t,Y)dY <CR™'™2 <Ch(X)RS.
B(X,R)

Thus (A-9) is true for A= f1(¢), f(¢). The case h = fu (¢) follows from the case 1= f(¢) by translation. [
Proposition A.6. It holds that
[0 Ri ROk g 1, 1), uanyrr2 = Clulnas .02 10 s 110,10y 1725

_3 _a
|Ri Rj (uw)o,q; 11 (0) < C+ pat) "2 (1 + (1) ™ 2) [Ulo.g: £, (1)1 )12 1W o0 £1 (1) (g 1)172

The proof of the proposition is very complicated. Let us begin with some reductions. For fixed i, j,

o0
RiRjw(X) + %w(X) = —p.v. /Rd i N(X —Y)w(¥)dY £ > RI(w),
where T
RY () = —fRd on (X — YYu(Y) dY,
with ¢, (X) = 9;9; N(X)(6(2"|X|) — 6(2" 1| X|)). Therefore,
o0
. RiRj] 0w = > [u.R}] dw. (A-10)

n=—oo

Lemma A.7. For h =1, f1(t), f(t) and f+(t), it holds that

_$
[Ri Rj Dlo.ah, (110172 = CA+ 1172 [lo gcify (.14 1 1)172-
Proof. Notice that

/Rd on(X)dX =0, suppe, C B(0,2'")\ B(0,27'™"), |Vig,| <C2"@*+D [ =0,1,2.
We deduce from Lemma A.5 that
|RY; () (X)] < fRd lon (X =V)IA(Y) f1(2,Y) dY [ulons ()
sc2d [ RO AED Y oo < CYROWlonr

For X € RY,
Ry @00 == [ on(X 1)) ~u(x))d¥.
R4
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which along with (4-24) gives
|R}; ()(X)] < /Rd |on (X = Y)I(W(X) +h(Y)|X =Y [* dY [u]g;n

<2 / (h(X) +h(Y)) dY [u]g;p < C27"R(X) [u]asn-
B(X,ZI_")

By (4-21), we have
-8 _ats
[esn < CA+ 1) 2[Uanfi ) < CA+ 1107 2 [uloginf (), (1410172

Thus, we can conclude

o0

[RiRj)(X)| < D R 0)(X)

n=—oo

o0
. _ _até
< Y Cmin(2"27" (4 0)” 2 VR ulo,ash sy (6,014 100012

n=—00
_$
<C+ p1)" 2h(X) |[ulo,q:nf, 1), (14110172
For any X, X’ € R?, with | X — X'| <27,

|RZ () (X) = R (u)(X)] < /R (X =)= gu (X' = V)| (B(X) + R DIX =Y |* Y [l

< C2@H=ay — x| (h(X) +h(Y)) dY [u]on
B(X,21—7n)

< C2"TINX — X[ h(X)[ulasn.
which gives, for any X, X' € RY,
|RY; (u)(X) — R (u)(X)| < C27"* min(1, 2" [X — X[)(h(X) + 7(X") [u]az-

Then we have
(o,¢]

[RiR; ) (X) = RiR; ) (X)) = 3 |RE ) (X) = R o) (X))

n=—oo

o
< Y 27" min(1,2"X — X)) (h(X) + h(X")[ula;n
n=—00
< CIX = X'|*(h(X) + h(X")) [u]a;h.
which implies [R; Rju]y.n < Cu]g;p- Thus,
|Ri Rj ()|o,0:h (140100172 = | Ri Rj (W)]o;n + (1 + (10) 2 [Ri Rjulgon
_3 o
<CA+ 1) 2 ulog:nfi@),1+mnr/2 T A+ p10) 2 [u];n
_$
< C +pat) "2 |ulo s fy (1), 4+1010)1/2>

which gives our result. O
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Lemma A.8. For! =0, 1, it holds that

|V [u, R dw(X)| < €20 |Vl g, pix p1-n) Wl
Proof. Thanks to

[, R dpw(X) = /R (X =Y)@(¥)—u(X)) dgw(¥)d Y

= [ en XD ) O aY = [ gu (XD B ()Y, (a-11)
R R
we deduce that
e, R 9w (X)] < fR 10k@n (X =) IX =YY |Vulo; i a1y wlo; e 211

+/Rd lon (X =Y)|dY |Vulp. px 21-m)|Wlo. B(x 21-n)

< C|Vuly.gx 21-m)lwlo; B(x,21-n)>
Thanks to

V[M,RZ]akw(X)=/Rd Voron(X=Y)u(Y)—u(X)w(¥)dY
—Vu(X) /Rd Bk(pn(X—Y)w(Y)dY—/Rd Voo (X=Y)oru(Y)w)dY, (A-12)
we can similarly deduce that
|VIu, R ] 0w (X)| < C2"|Vug, g(x,21-m)[wlo; p(x,21-m)-
As [u, RY; ] orw = [u, RZ-] or (w —w(X)), we have, for/ =0, 1,

V! [, R 9w (X)| < €2 [Vulg, g p1-my [ w = w(X)lo:pex.t-m) < €279 | Vatlg, g x p1-m) [W]a
O

Lemma A9. If [uly o.p (1410172 = W a; £10), )72 = Lfor k=1, f1(2), f(t) and [ (t), then we
have

)-

+

[t R 0w (X)) <Ch(X)m1n(2”8(1+u1t) 327 4 )T

N\'—‘

|01, RE] 05w (X)| < CROO( 4 pat)™ 2 min(2707), 277 (1)~
Proof- As [uly o.n. (141,012 = 1WI1a: £, (0).(u 00172 = 1, we have
)| <h(X).  [Vu(X)| <h(X)(1+pi0)"2,  [wX)| < fi(t, X).
Using f1(¢, X) <C(1 + Mlt)_%, we also have
wlo < CL+mn) ™2, [wla <C(1+w)—% |Vw|o<C(1+mr>—%(mt)—%

[Vwle < C(1L+ )% min((u10) ™%, (ui)™ 27) < C(1L+ t) ™ 2" (uan) ™2,
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and
_ _s _a
[wle < Clwlg~*Vw[§ < C(1 + p1t) "2 (r1t)~ 2.
Therefore

[Wle < C + w16)~3 min(1, Gui1)~%) < A + i)~ 3*
Then we deduce from (A-11) and Lemma A.5 that, for 277" > /1 + w11,
[, R2] dw (X))
< /Rd |3k<ﬂn(X—Y)|(h(X)+h(Y))f1(t,Y)dY+(1+,ulz)_§/Rd lon(X =) |h(Y) f1(1,Y)dY

< Czn(d-{-l)/

(h(X)+h(Y)) f1(t,Y) dY+C(1+,u1t)_§2”d/ h(Y) f1(t,Y)dY
B(X,21—71)

B(X,Zl_”)
< C2" U (X )+ C(1+ prt) 22" h(X)
< C(14p11) 22" h(X).

For 27" < /1 + u1t, we have
_1
[Vulo.px 21—y < [Vulo.p px.21-myhlo:B(x 21-n) < Ch(X)(1 + p11)~2,
where we used the fact that & satisfies (2-3) with R = /1 + ¢, Similarly, we have

[Vuly. B(x,21-7) < [Vulen, Bx,21-m)|Plo; Bx,21-7) < Ch(X)(1 + Mll)

Then we get by Lemma A.8 that

4o

I, RE] 9w (X)] < C2"h(X)| Vulg. px 21-mwla < C2*R(X)(1+pat) ™
which gives the first inequality of the lemma.

Similarly, by (A-12) and Lemmas A.5 and A.8, we can deduce

S+ta

19, R B w(X)] < Ch(X)2" min(2"3 (14 pa1) "2, 27" (14 pyt) ™2

1438 +a

< Ch(X)2" =1 4 1)~
On the other hand,
0y [u, R”]akw(X)—/ 01on (X=Y)(u(Y)—u(X))dpw(¥Y)dY — azu(X)/ Pn(X=Y)pw(Y)dY
2 [u,a,R,. ]akw(X)+81u(X)R drw(X).
From the proof of Lemma A.7, we can see that

IR dw(X)| = C27"¥[Ogw]e = C27"(1 4 pat)™ B un 2.
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By (4-24), we deduce that, for 27" > /1 + uqt,
I, 7 R B w (X)) </d 10100 (X — V)| ([(¥)] + [u(X)]) [9ew(¥)] d¥
< CO@D (4 ) S ) / (h(Y) +h(X))dY
B(X,21—1)
<Cc2'(1+ mrr%(w)—%h(X)
< COM( 4 pgt) 2 (at) 2 h(X).
For 27" < /1 4 u1t, using the formula
[, 3 Y] dpw(X) = /R Brgn(X =) @(¥) —u(X) @pw(¥) = dw (X)) dY
4000 [ gn(X = ¥)@u(r) - du(x)) Y,
R
we deduce that
00 RE1 9000 < [ 100X =YX = ¥4 QY Vil g 1oy Bl
+ |akUJ|0/I; gﬂn(X — Y)lX — Y|a dY[VM]a;B(X’zl—n)
< COMR(X)(1+ pat) (4 pat) ™ 2" (uat) 2
1
+C(1 ) ) IR (X) (1 4 pat) T

< CORX) 1+ )T 2 ()R
This shows that
‘Bl[u, R?j]akw(X)}
< |[u. 0 R} ] B w(X)] + \alu(X)R Iw(X)|

<c2 E E S un
< CORX)(1 4 pat) ™ 2 ()73,
which gives the second inequality of the lemma. O

Using the formula
Bm[u,alR;;]akw(X)
= /Rd Om01on (X = Y)(u(Y) —u(X)) dpw(¥) dY — dpu(X) /Rd dgn(X =Y) dpw(Y)dY,
we can also deduce that
[l B RI] 5w (X)] < C2" O R(X) (14 par)™ 2 (uan) 2. (A-13)

Now we are in position to prove Proposition A.6.
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Proof. We get by Lemma A.7 with h = fi(¢) that
_8
[Ri Rj (uw)lo.a; £y = C(1+ pat) "2 [uwlo g £, ()2, (14 11)1/2
_$ _a
< C(1+pa)"2(1+ ()" 2)[uwly g £, (0)2, (u11)1/2

<C(l+mn 3 (1+ (1) ) lo.0; £ (0,112 1 Wlosas £ 1), 0)1/25
which gives the second inequality of the proposition.
For the first inequality, without loss of generality, we can assume
Ul an, 02 = Wle A 0.0z =1
where h = fi(¢).
First of all, by Lemma A.9, we have

[, R Rj]dw(X)| < Y | R 9w (X))

n=—oo

<C ) h(X)min(

n=—oo

) <Ch(X)(14pat) ™ 2,

and
(0,¢]

|9, Ri Rj] 0 w(X)| < Z |97 [u. R} ] 8w (X)|

n=—o0
o0
<C 3 A+t min(27070, 277 (1))
n=—oo
<ChX)(A+mt) ™ (7"
Now we consider X, Y € R?, with |X — Y| < /T + 17 It follows frorn Lemma A.9 that
|l R 0w (X) — [, RE] dpw(Y)| < CAOX)27 (L4 )™ 2 min(1,27|X —Y|),
where we used the fact that & satisfies (2-3) with R = /1 + p1¢. Therefore,
![u RiR;] 0pw(X) —[u, R; R)] Bkw(Y)} Z |[u R ] 0w (X) —[u, R:-}] Bkw(Y)|

n=—0oo

<C Z R(X)27 (1 4 )™ 2 min(1,2"|X — Y )

n=—oo

<ChX)( )2

X —Y |~
We write

Oi[u, RiRj] 0w = [u,0;R; R;] 0rw+ 0ju R; R; 0w,
where
[u 81R R; ]Bkw_ Z [u 8,R ]akw
n=—00

We get by Lemma A.9 and (A-13) that
[, 8 R 0w (X) — [, 3R] 03w (V)| < CR(X)27" (L4 pyt)™ 2 (uat) ™ min(1,2" X — Y ),
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which gives

[, 9, Ri Rj] 3w (X) — [u, 9, R; R;] akw(Y)|

< Z |[w. 0; R} 1 85w (X) — [u, 8; RY;] 9w (Y)|

<C Z R(X)27"%(1 4 at)™ 2 (uyr)~"2 min(1,2"|X — Y))
< Ch(X) (1 + i)™ 2 () 3| X = Y|

By
195Wlo,0: 10,1 +ney1/2 < (1 (1) ™) 8wl 0, AO G2
<+ (u1t)~ 2)fIllfl((Mll) L (ur)” 2) <2(u1t)” 5,
we infer from Lemma A.7 that
|91 Ri Rj Ok wlo,q;n (1410012 = ClO1lo,0s, (1410100172 | Ri R} 9k Wlo,0:1, (141211172
<C(+ mr)—%(l - m—%|akw|o,a;h,(1+w>uz

<C+ p1t)” Ea (le)
and

[0ju R;i Rj 0pw]g.p < C(1 +M11) (Mlt) 3

This shows that

|0, [u. Ri R}] dw(X) — d;[u. Ri R;] 5w (Y)| < Ch(X)(1 + puyt “3|X Y|
For the case X, Y € RY, with | X — Y| > /T+ 117, we have
. R Rj] 0w (X) —[u, Ri R;] 9w (Y)| < C(R(X) +h(Y)(1 + p11)” =
= C(h(X)+h¥))(A+ p1t
and
|97 [u, R R;j] 0w (X) — 81, Ri R;]dw(Y)| < C(h(X) + h(Y))(1 +M10“W(M11)_%
< CX)+ RN+ mt) ™ 2 () 3 X - Y%

In summary, we conclude
“”’RiRJ']akw|1,a;h,(mt)l/2
= |[u, Ri Rj] 9 w|g, +[[u, Ri Rj]1 9 w]
1—a 1 o
+max((u11)'2 ,(mr)z)(}wu,R:-R,-]akw|0;,,+<w>z[V[u,Rz-leakw]a;h)

+oz

<C(l+p1t)” = +C(1+M11)

+CmaX((Mll)T,(Mll)i)((lﬂilf) (Mll) (i) (1+M11) (,ulf) 2)<C
which gives the first inequality of the proposition. O
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Weighted Schauder estimate. Let h(X) be a positive bounded weight satisfying
h(X) <Coh(Y) for|X—Y|<2R, R>0.
Lemma A.10. Letu € Chz’a([Rd). Then we have
V2uloasn,R < C(IVttlo,asn min(R™' T R™Y) + [Aufo a;,R)-
Here C is a constant depending only on Cy.
Proof. Fix X € R? and consider the function w(Y) = u(Y) —u(X) — (Y — X) - Vu(X). So,

Viw =V, Aw=Au, |Aulog:px.2r).R=<2Coh(X)|Aulog:n R,
where

lulo.0:Bx,2R).R = [Ulo;B(x2R) + R¥[ula:B(x 2R)-
As Vw(Y) = Vu(Y) — Vu(X), we have for | X — Y| <2R,
Vw(Y)] = [Vu¥) — Vu(X)| < (h(X) + h(Y)|X =Y |*|Vuloa:n < 4Coh(X)R* [Vuulg,g:n,
IVw(¥)| = [Vu(Y)[ + [Vu(X)| < (h(X) + h(Y))[Vulo,a;p < 2Coh(X)[Vitlo,a;h-
This shows that
IVwlo: px,2R) < 4Coh(X) min(R*, 1)|Vu|g g4
from which and w(X) = 0, we infer
[wlo:B(x.2R) < 2R|Vwlo:(x,2R) < 8Coh(X) min(R'T¥, R)|Viulg g:-
Then by the (scaled) Schauder estimate, we obtain
IV2wlo,.0;80x,8).8 < C(R™?|wlo;B(x,2R) + | AWl0.0:B(X.2R),R)
< Ch(X)(min(R™"F% R™H)|Vulg g + | Attlo,asn,r) £ Ch(X)A,
which in particular shows
IV2u(X)| = [V2w(X)| < IV*wlo,0;8(x,R),R < Ch(X)A.
On the other hand, if |Y — X| < R, then
[V2u(X) = V2u(Y)| < |X =Y |* R |V?wlo.a;8(x,R),k < Ch(X)A|X —Y|*R™°,
and if |Y — X| > R, then

1405

|V2u(X)—V2u(Y)| < |V2u(X)|+|Vu(Y)| < Ch(X)A+Ch(Y)A < C(h(X)+h(Y)A|X Y |*R™™.

This gives
|V2”|0,a;h,R = |V2u|0;h + Ra[vzu]a;h = CA.
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