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KOSZUL COMPLEXES,
BIRKHOFF NORMAL FORM
AND THE MAGNETIC DIRAC OPERATOR

NIKHIL SAVALE

We consider the semiclassical Dirac operator coupled to a magnetic potential on a large class of manifolds,
including all metric contact manifolds. We prove a sharp Weyl law and a bound on its eta invariant. In the
absence of a Fourier integral parametrix, the method relies on the use of almost analytic continuations
combined with the Birkhoff normal form and local index theory.

1. Introduction

Semiclassical analysis concerns the study of the spectrum of (k-)pseudodifferential operators Py :
C®(X) > C®(X), h €(0,1], in the limit &z — 0 and is now the subject of several texts [Dimassi and
Sjostrand 1999; Guillemin and Sternberg 2013; Ivrii 1998; 2017; Maslov and Fedoriuk 1981; Robert 1987;
Zworski 2012]. Standard examples of such operators include the Schrédinger operator P, = —h?Ay +V
on a compact n-dimensional Riemannian manifold X with potential V' € C°°(X). The clearest asymptotic
result is given by the celebrated Weyl law, see for example [Dimassi and Sjostrand 1999, Chapter 10], on
the asymptotic number of eigenvalues N [, b] in a fixed interval [a, b]. A related result is on the number
of eigenvalues N(—ch, ch) of P}, in the finer interval (—ch, ch): assuming O is not a critical value of the
symbol o (P) = p(x,&) € C*®°(T*X), one has

N(—ch,ch) = O(h™"*1) (1-1)

as h — 0, for all ¢ > 0. Similar results also exist in the case where 0 is a Morse—Bott critical level for
the symbol; see [Brummelhuis et al. 1995]. In the critical case, the exponent in the Weyl law may drop
depending on the codimension of zero energy level 25 = {p(x, &) =0} and the signature of the normal
Hessian. The Weyl laws thus obtained are sharp and are proved using a parametrix construction for the
evolution operator e Pn as a Fourier integral operator.

In the context of nonscalar operators P : C°(X; E) — C*°(X; E) acting on sections of a vector
bundle E, fewer result are known. The simplest case is when the nonscalar symbol p(x,§) e C®°(T*X; E)
is smoothly diagonalizable near the zero energy level Eé) = {det(p(x,£))=0}. In this case, similar
Fourier integral methods apply; see [Emmrich and Weinstein 1996; Maslov and Fedoriuk 1981] or
[Guillemin; Sandoval 1999] for an exposition in the microlocal/classical setting. For nonscalar operators

MSC2010: primary 35P20, 81Q20; secondary 58J40, 58J28.
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another method is provided under the microhyperbolicity condition of Ivrii [1998, Chapters 2 and 3]; see
also [Dimassi and Sjostrand 1999, Chapter 12]. In this paper, we study the particular case of the magnetic
Dirac operator where neither diagonalizability nor the microhyperbolicity condition is satisfied.

More precisely, let (X, gTX) be an oriented Riemannian manifold of odd dimension n = 2m + 1
equipped with a spin structure. Let S be the corresponding spin bundle and let L be an auxiliary Hermitian
line bundle. Fix a unitary connection Ag on L and let a € Q!(X; R) be a one-form. This gives a family
of unitary connections on L via Vi = Ao+ %a and a corresponding family of coupled magnetic Dirac
operators

Dy :=hDy, +ic(a) (1-2)

for h € (0, 1] and where ¢ stands for the Clifford multiplication endomorphism (see Section 2B).

In order to derive sharp spectral asymptotics, we shall make a couple of restrictive assumptions on the
one-form a and the metric gTX . First, the one-form a will be assumed to be a contact one-form (i.e., one
satisfying a A (da)™ > 0). This gives rise to the contact hyperplane H = ker(a) C TX as well as the
Reeb vector field R defined viaigda =0, igra = 1.

To state the assumption on the metric, consider the contracted endomorphism J : T X — T X defined
at each point x € X via

da(vi,v2) = gTX (v1,Jv2) Vv, vy € Ti X.

From the contact assumption, J has a one-dimensional kernel spanned by the Reeb vector field R. The
endomorphism J is clearly antisymmetric with respect to the metric

g7 (v1,3v2) = —gTX (v, v2),

and hence its nonzero eigenvalues come in purely imaginary pairs iu, pu > 0. The assumption on the
metric g7X is then as follows.

Definition 1.1. We say that the metric g7X is suitable to the contact form a if there exist positive
constants 0 < (1 < p <--- < U, (independent of x € X') and a positive real function v(x) > 0 such that

Spec(Jx) = {0, £ipv(x), £ipov(x), ..., igmv(x)} (1-3)
for all x € X.
Before proceeding further, we give two examples of suitable metrics:

(1) In the case that the dimension of the manifold X is 3, any metric gTX is suitable, as Spec(Jx) =
{0, +i|da|} has only two nonzero eigenvalues.
(2) There is a smooth endomorphism J : TX — TX such that (X2 a, ¢TX J) is a metric contact
manifold. That is, we have
J?v; =—v1 +a(v)R,

(1-4)
gTX(vl, Juvp) =da(vy,v2) Vv, vy € T X.
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In this case the nonzero eigenvalues of Jy = J are £i (each with multiplicity m). For any given
contact form «a there exists an infinite-dimensional space of (g%, J) satisfying (1-4). This case in
particular includes all strictly pseudoconvex CR manifolds.

In addition to the Weyl law we shall also be interested in the asymptotics of the eta invariant n; = n(Djy,)
of the Dirac operator, formally its signature (see Section 2A for a definition). The main result is now
stated as follows.

Theorem 1.2. Under the contact and suitability assumptions on a and gT*, the Weyl counting function
and eta invariant of Dy, satisfy the sharp asymptotics

N(—ch,ch)y=0(h™™), (1-5)
= O0Mh™™) (1-6)

ash — 0.

We note that the exponents above are significantly lower than (1-1). This is again partly attributed to
the high codimension of the zero energy level EOD . In this case EOD ={£=—a} C T*X is the graph of
the contact form a, a submanifold of half-dimension 2m + 1 on which the canonical symplectic form is
maximally nondegenerate of rank 2m.

The proof of the asymptotic result Theorem 1.2 above will be based on a functional trace expansion.
To state the trace expansion involved, set v := f1[minyex v(x)] and choose f € C°(—+/2vg, /2v0).
Pick real numbers 0 < 7’ < T and let 0 € C2°((—T, T); [0, 1]) such that 6(x) = 1 on (=7, T’). Let

Fo0 =000 = 5 [ et a

1 1 i
Filo(x) = EQ(%) - h—hfehxfe(g)dg

be its classical and semiclassical inverse Fourier transforms respectively. We now have the following
functional trace expansion for the magnetic Dirac operator D = Dy, given in (1-2).

Theorem 1.3. Let a be a contact form, gTX be a suitable metric and f be as above. There exist smooth
functions u; € C°°(R) such that there is a trace expansion

(s (552

N—1 A
—pmet (fm S s ohs + O(hg)) (1-7)
j=0
for T sufficiently small and for each N € N, A € R.

Again, the trace (1-7) should be compared with the wave trace expansions for scalar and microhyperbolic
operators [Dimassi and Sjostrand 1999, Chapters 10 and 12], although a different scale of size Vh is
being used. In the absence of a Fourier integral parametrix or microhyperbolicity our strategy is to
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combine the use of almost analytic continuations with local index theory expansions. We first show that
the trace is O(h®°) in the region spt(0) C {T > |x| > h*}, ¢ € (O, %) (see Lemma 3.1). Here the lack of
microhyperbolicity for the symbol poses a difficulty in the use of almost analytic continuations [Dimassi
and Sjostrand 1999, Chapter 12]; see also [Dimassi and Sjostrand 1996]. We however show that this can
be overcome with a closer understanding of the total symbol of D via its Birkhoff normal form. It is in
deriving the Birkhoff normal form that Koszul complexes are used and the assumptions on a, g7¥ are
required. The local index theory method [Bismut 1987; Ma and Marinescu 2007] finally provides the
expansion in the region spt(6) C {|x| < h®} (see Lemma 3.2).

There is a large recent literature for semiclassical problems in the presence of magnetic fields. In
particular the extensive book of Ivrii [2017] specifically considers the case of the magnetic Dirac operator
in Chapter 17. The Birkhoff normal form here (5-13) generalizes Proposition 17.2.1 therein. Our use
of normal forms should also be compared to their use in scalar cases from [Charles and Vii Ngoc 2008;
Helffer et al. 2016; Raymond and Vii Ngoc 2015]. We note that some of the spectral literature on Dirac
operators treats the massive case (e.g., mass m = 1 in [Helffer and Robert 1983]), where the mass term
renders the symbol diagonalizable. The geometric Dirac operator considered here corresponds to the
odd-dimensional purely massless case.

The asymptotic problem of the eta invariant (1-6) was earlier considered by the author in [Savale
2014], where a nonsharp estimate was proved, under no assumptions on a, g X, via the use of the heat
trace. This asymptotic problem was first considered and applied in [Taubes 2007] in the proof of the
three-dimensional Weinstein conjecture using Seiberg—Witten theory. The three-dimensional case has
been further explored in [Tsai 2014].

The paper is organized as follows. In Section 2, we begin with preliminary notions used throughout the
paper, including basic facts about Clifford representations, Dirac operators and the semiclassical calculus.
In Section 2B1 we compute the spectrum of a model magnetic Dirac operator on R using Clifford
representations and the harmonic oscillator. In Section 3 we perform certain reductions towards proving
Theorem 1.3, including a time scale breakup of the trace into Lemmas 3.1 and 3.2. These reductions are
then used in Section 4 to further reduce Lemma 3.1 to the case of a Euclidean magnetic Dirac operator
on R”. In Section 5 we obtain the Birkhoff normal form for the Euclidean magnetic Dirac operator on R”
from Section 4. It is here in Section 5A that Koszul complexes are employed for the normal form. In
Section 6 we show how the normal form is used in proving Lemma 3.1 via the use of almost analytic
continuations. In Section 7 we prove Lemma 3.2 using the methods of local index theory. In Section 8 we
show how to prove the spectral estimates of Theorem 1.2 via the trace expansion Theorem 1.3. Finally, in
the Appendix we prove some spectral estimates useful in Sections 4 and 5.

2. Preliminaries

2A. Spectral invariants of the Dirac operator. Here we review the basic facts about Dirac operators
used throughout the paper, with [Berline et al. 2004] providing a standard reference. Consider a compact,
oriented, Riemannian manifold (X, g7X) of odd dimension n = 2m + 1. Let X be equipped with spin
structure, i.e., a principal Spin(n) bundle Spin(7X) — SO(TX) with an equivariant double covering
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of the principal SO(n)-bundle of orthonormal frames SO(7X). The corresponding spin bundle S =
Spin(TX) Xspin(n) S2m is associated to the unique irreducible representation of Spin(n). Let VTX denote
the Levi-Civita connection on 7'X. This lifts to the spin connection V° on the spin bundle S. The Clifford
multiplication endomorphism ¢ : T*X — § ® S* may be defined (see Section 2B) satisfying

c(@)?* =—lal*> VYaeT*X.

Let L be a Hermitian line bundle on X. Let Ay be a fixed unitary connection on L and let a € Q1(X;R)
be a one-form on X. This gives a family Vh = Ay + %a of unitary connections on L. We denote by
VS®L — VS @ 1 + 1 ® V" the tensor product connection on S ® L. Each such connection defines a
coupled Dirac operator

Dj:=hDg, +ic(a) =hco(V5®L):C®(X;S®L) - C®(X;:S®L)

for h € (0, 1]. Each Dirac operator Dy, is elliptic and self-adjoint. It hence possesses a discrete spectrum
of eigenvalues.
We define the eta function of Dj, by the formula

o0 o
n(Dy,s) = Z sign(A) A7 = ST / t%tr(Dhe_tD%)dt. (2-1)
0

A0 F( 2 )
A€Spec(Dy)

Here, and in the remainder of the paper, we use the convention that Spec(Dy,) denotes a multiset with
each eigenvalue of Dy, being counted with its multiplicity. The above series converges for Re(s) > n. It
was shown in [Atiyah et al. 1975; 1976] that the eta function possesses a meromorphic continuation to
the entire complex s-plane and has no pole at zero. Its value at zero is defined to be the eta invariant of
the Dirac operator

Nh = 1(Dp,0).
By including the zero eigenvalue in (2-1), with an appropriate convention, we may define a variant, known
as the reduced eta invariant, by
i = 3 tkn +nn ',
with kj = dimker Dy,.
The eta invariant is unchanged under positive scaling:

n(Dp,0) =n(cDy,0) V¢ >0. (2-2)

Let L, j denote the Schwartz kernel of the operator Dje P 7 on the product X x X. Throughout the
paper all Schwartz kernels will be defined with respect to the Riemannian volume density. Denote by
tr(L; p(x, x)) the pointwise trace of L, ; along the diagonal. We may now analogously define the function

1
r()

n(Dy.s,x) = / 7 (L p(x, X)) dt. (2-3)
0
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In [Bismut and Freed 1986, Theorem 2.6], it was shown that for Re(s) > —2, the function n(Dy, s, x) is
holomorphic in s and smooth in x. From (2-3) it is clear that this is equivalent to

tr(Lyp) = 0(t2) ast—0. (2-4)

The eta invariant is then given by the convergent integral

o0 1 _tD2
nh:/o mtr(Dhe h)dt. (2-5)

2B. Clifford algebra and its representations. Here we review the construction of the spin representation
of the Clifford algebra. The following, being standard, is merely used to set up our conventions and
subsequently compute the spectrum of the model magnetic Dirac operator on R™ in Section 2B1.

Consider a real vector space V' of even dimension 2m with metric (-, - ). Recall that its Clifford algebra
CI(V) is defined as the quotient of the tensor algebra T'(V') := @;’io V' ®J by the ideal generated from the
relations v ® v 4 |v|? = 0. Fix a compatible almost complex structure J and split V @ C = V1.0 g 101
into the =i eigenspaces of J. The complexification V @ C carries an induced C-bilinear inner product
(-,-)c, as well as an induced Hermitian inner product AC(-,-). Next, define S»,, = A*V 10 Clearly
Som is a complex vector space of dimension 2 on which the unique irreducible (spin)-representation of
the Clifford algebra C1(V') ® C is defined by the rule

com(V)w = \/E(vl’o AW —1,010), VEV, € Sypy.

The contraction above is taken with respect to (-,-)c. It is clear that cop, (v) : A®VeM/odd . podd/even
switches the odd and even factors. For the Clifford algebra C1(W) ® C of an odd-dimensional vector
space W =V @ R[eg] there are exactly two irreducible representations. These two (spin)-representations
S2+m-|—1 =Somi1 = A*V10 are defined via

c;:m—kl(v) =C2m ('U), v E V’ (2-6)

C;-m+1(60)a)even/0dd = _Cz_m+1(e0)weven/0dd = =i Weven/odd-
Throughout the rest of the paper, we stick with the positive convention and use the shorthand ¢ = ¢,
c= c;m 11 When the indices 2m, 2m + 1 are implicitly understood.

Pick an orthonormal basis e, e, ..., €2, for V in which the almost complex structure is given by
Jeyj—1=-e3j, 1 <j<m.An hC-orthonormal basis for V1 is now given by w; = %(62]‘ +iexj—1),
1 <j <m. Abasis for S, and Szj:erl is given by wy, = w]fl As- -/\w,lﬁ{” with k = (k1,ka,...,km)€{0, 1}
Ordering the above chosen bases lexicographically in k£, we may define the Clifford matrices, of rank 2™,
via

yit=clej), 0=<j<2m,
for each m. Again, we often write y ;" = y; with the index m implicitly understood. Giving representations
of the Clifford algebra, these matrices satisfy the relation

Yivi +vivi = —26i;. (2-7)
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Next, one may further define the Clifford quantization map on the exterior algebra

¢:A*W ® C — End(Sam), (2-8)
c(eko o nekamy = c(eg)® .. cleam)*m.

An easy computation yields

cleg A+ Aeap) =i™mTL

Furthermore, if eg A - -+ A €2, 1s designated to give a positive orientation for W then for w € AW we

have
c(xw) = i (=15 (), (2-9)
@) = (1) c(w) (2-10)

under the Hodge star and ~C-adjoint. The Clifford quantization map (2-8) is a linear surjection with
k(k+1) . . .
kernel spanned by elements of the form s — i™11(—1) S 0. Thus, in particular one has linear

isomorphisms
¢ AU & C — End(Sam). (2-11)
Next, given (rq,...,r,) € R™\ 0, we define
I:={j|r #0}C{1,2,...,m}, (2-12)
Zr = I, 2-13)
Vy =@ Clw;] c v, (2-14)
JElr
m
wy = Z rjw; € V. (2-15)
j=1
Clearly, |w,|| = |r|. Denoting by w;- the hC-orthogonal complement of w, C V;, one clearly has

Vi = Clw,] ® er-. Hence

AevenVr Z(Aevenwj_) D % A (AOddwf'),
odd odd, . L Wr even, | (2- ! 6)
AV, =(A wr)EBm/\(A w;).
Next, we define
it A*V, — A*V, via ir(w):= %/\a), ir(%Aw) =w (2-17)

for w € A*wﬂ-. Clearly, 12 = 1 with the decomposition (2-16) implying that
i AevenVr —)AOddVr,

i AOddVr _)AevenVr
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are linear isomorphisms. Next, the endomorphism

c(#) = (wy A+1p,) AV, = AV, (2-18)

U)r_lz)r |r|ir
et 2-19
( NG ) [Irlir ] 12

with respect to the decomposition AV, = Ay @ Aevery. . This finally allows us to write the
eigenspaces of (2-18) as

has the form

+ — (1 4 ir)(AevenVr) (2_20)
with eigenvalues +|r| respectively.

2B1. Magnetic Dirac operator on R™. We now define the magnetic Dirac operator on R via

m

1

-\ 2 m

Dgm = Z(%) [y2; (hdx,) +iyaj—1x;] € Py(R™: C*7). (2-21)
j=1

Its square is computed in terms of the harmonic oscillator

DZm =Hy —ihRom+1, (2-22)
with
1« 1w
2 2
Hy =3 Z,uj[—(haxj) +x;], Romt1 = 5 ZM][VZj—IVZj]- (2-23)
Jj=1 Jj=1
It is an easy exercise to show that
l. m
k;i—1
Rom+1wg = E[Z(_l) / Mj]wk- (2-24)
j=1
Next, define the lowering and raising operators A; = hdy, + x; and AJ”.‘ = —hdyx; +xj for1 <j <m,

and the Hermite functions

Yok (X) = ¥ (x) @ wy,

Yr(x) = o |:1_[ (A? )’f] -5 for v = (71,72, ..., Tm) € NG (2-25)
(h)% (2h) >

It is well known that v, x (x) form an orthonormal basis for L2(R™;C?"). Furthermore we have the
standard relations

m
1 »
(A7 Af] =2k, Hy=5 ) uj(A;AF = 1D). (2-26)
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It is clear from (2-22), (2-24) and (2-26) that each v/, x (x) is an eigenvector of D”%m with eigenvalue

m
Aok =h S Q0+ 1+ (—D)HE
ok ;(w +(=DYH

x|2
Hence, clearly the kernel of Dgm is one-dimensional and spanned by v¥¢,0 = e_%. We now find a
decomposition of L2(R™; C2") into eigenspaces of Drm. First, if we define

m 1
- . 1 /’L] 2 . .
8_52(7) c(wj)A;, (2-27)
Jj=1
then one quickly computes
m 1
- 1 mi\? -
=3 (71) c(w;) A} (2-28)
j=1
and
Dgm = ~/2(0 + 3%). (2-29)

For each v € Ni' \ 0, we define I, V7 as in (2-12), (2-14) and set
b
c(wi)A; \~
E;:= @ C[H (—ZJ .hj) Wr,o].
befo,13fr Ljer, N VU
It is clear that we have an orthogonal decomposition
L*R™:C*") = Clyool ® P E-.
TeNG\0
Furthermore, we have the isomorphism
I N*Vy — Eq,
b;
b c(wi)A;i\~
fr(/\ wj’) = 1_[ (—2j hj) 1/[1-’0.
jEl; JEl¢ 4

Each E; hence has dimension 247 and is closed under c(w;)A; and c(u'Jj)A;'.‘ for 1 < j <m. We again
have
E'E — E:VGI] @ E.?dd, Whel‘e E:ven/odd = fr (ACVCn/Odd V‘E)? (2_30)

thus giving the Landau decomposition
L>R™:C*") =Clyool® @D (ES" e EX). (2-31)
TeNJ\0
The Dirac operator Dgm by virtue of (2-27)—(2-29) preserves and acts on E; via
( Wr, + wrr
C —

\/z ) = (wrf AN +LII)r.[)’
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under the isomorphism %, where r; := (\/Tiit1h, ..., /Tmimh) and w,, is as in (2-15). Hence, if we
define iy := Si, I L. Eﬁven/ odd _, E;’dd/ even we have that the restriction of Dgm to E is of the form

|rT|it] (2-32)

via (2-19). Also note that since ESeV0dd c 7 (C®(R™) @ ASYen/odd 1.0) regpectively, one has
C(eO)Eeven/odd — :I:l'ECVCH/Odd (2_33)
T T
using (2-6). The eigenspaces for Dgm are now given by
E* = (V). (2-34)
via (2-20) with eigenvalues +|r;| = +/.th respectively. We now summarize.

Proposition 2.1. An orthogonal decomposition of L2(R™:; C2") consisting of eigenspaces of the magnetic
Dirac operator Dgm (2-21) is given by

L*R™:.C*") =Clyool® P (Ef @ E;).
TeNG\0

Here E ri, as in (2-34), have dimension 247~ and correspond to the eigenvalues ++/ W.Th respectively.

2C. The semiclassical calculus. Finally, here we review the semiclassical pseudodifferential calculus
used throughout the paper, with [Guillemin and Sternberg 2013; Zworski 2012] being the detailed
references. Let gl(/) denote the space of all / x [ complex matrices. For A = (a;;) € gl(/) we define
|A| = max;; |a;;|. Denote by S(R”; C!) the space of Schwartz maps f : R* — C. We define the symbol
space S™(R2"; C!) as the space of maps a : (0, 1], — C OO(R)ZCT‘S; gl(/)) such that each of the seminorms

lallap = supye (€)™ N0 alx, £: )|

is finite for all o, B € Nj. Such a symbol is said to lie in the more refined class a € S (R2"; C) if there
exists an /-independent sequence ag, kK =0, 1,. .. of symbols such that

N
a— (Z hkak) e WNtIgm®R2. cly V. (2-35)
k=0

Symbols as above can be Weyl quantized to define one-parameter families of operators a" : S(R"; C!) —
S(R"; C) with Schwartz kernels given by

1 ie—v).E (X T+
W’;: i(x y)h ‘W) dE.
¢ (2nh)"/e a( 2 ’5’) :

We denote by W7 (R"; C!) the class of operators thus obtained by quantizing S 0 (R?"; C!). This class of
operators is closed under the standard operations of composition and formal-adjoint. Indeed, the Weyl
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symbols of the composition and adjoint satisfy

w

ih —
aV opW = (a * b)W = [e 5 (0 05, 3r23.v1)(a(S1,r1; h)b(sz, ra; h))]x=s1=sz,$=r1=r2’ (2-36)

(aW)* — (a*)W

Furthermore the class is invariant under changes of coordinates and basis for C!. This allows one to
define an invariant class of operators W' (X; E) on C*°(X; E) associated to any complex vector bundle
on a smooth compact manifold X. These define uniformly in 4 bounded operators between the Sobolev
spaces H*(X; E) and H* ™ (X ; E) with the h-dependent norm on each Sobolev space defined via

lullgscxy i= (1 +R2VE*VEYIu| . seR,
with respect to any metric g7X, hE on X, E and unitary connection V£.

For A € W/} (X; E), its principal symbol is well defined as an element in 0(4) € S”(X;End(E)) C
C°(X;End(E)). One has that 0(A4) = 0 if and only if 4 € AW (X; E). We remark that o(A) is the
restriction of standard symbol in [Zworski 2012] to the refined class W/} (X; E) and is locally given by
the first coefficient ag in the expansion of its Weyl symbol. The principal symbol satisfies the basic
relations 0 (AB) = 0(A)o(B) and 6(A*) = 0(A)* with the formal adjoints being defined with respect
to the same Hermitian metric #Z. The principal symbol map has an inverse given by the quantization
map Op : ™ (X;End(E)) — V' (X; E) satisfying 0 (Op(a)) = a € S"(X;End(E)). We often use the
alternate notation Op(a) = a". For a scalar function b € ™ (X)), it is clear from the multiplicative property
of the symbol that [a"V,b"] € hWT(X: E) and we define Hy(a) := ,%a([aW,bW]) € S™(X;End(E)).
If a is self adjoint and b real, then it is easy to see that Hy(a) is self-adjoint. We then define | Hp(a)| =
maxjespec Hy (a) |A]. L

The wavefront set of an operator A € W' (X; E) can be defined invariantly as a subset WF(A4) C T*X
of the fiberwise radial compactification of its cotangent bundle. If the local Weyl symbol of A is given by
a then (xg, £9) ¢ WF(A) if and only if there exists an open neighborhood (x, £9;0) € U C T*X x (0, 1],
such that a € h®(£)~°Ck (U C!) for all k. The wavefront set satisfies the basic properties

WF(A + B) C WF(A) UWF(B), WF(AB) C WE(A)NWF(B) and WF(4*) = WF(A).

The wavefront set WF(A) = & is empty if and only if A € h>°W~%°(X; E). We say that two operators A
and B are equal microlocally on U C T*X if WF(4 — B) N U = @. We also define by V(X E) the
class of pseudodifferential operators A with wavefront set WF(A) € T* X compactly contained in the
cotangent bundle. It is clear that W$(X; E) C V(X E).

An operator A € W] (X; E) is said to be elliptic if (£ )Mo (A)~! exists and is uniformly bounded on T* X.
If Ac VI (X; E), m>0,is formally self-adjoint such that A +i is elliptic then it is essentially self-adjoint
(with domain C2°(X; E)) as an unbounded operator on L?(X; E). Its resolvent (A—z)"! € v "™M(XE),
z € C, Imz # 0, now exists and is pseudodifferential by an application of Beals’s lemma. The resolvent
furthermore has an expansion (4 —z)~ ! ~ Z}?io h' Op(ajz- )in W™ (X; E). Here each symbol appearing
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in the expansion has the form

af = (0(A)—2)""af (0(A) —2)" - (0(A) —2)"af ;(0(A) —2)7" € ST"(X; End(E)),

4
J,2j
where aik is a polynomial in z symbols for k = 1,...,2/. Given a Schwartz function f € S(R), the

Helffer—Sjostrand formula now expresses the function f(A) of such an operator in terms of its resolvent
and an almost analytic continuation f via

f(4) = %/Céf(z)(fl—z)_l dzdz.

Plugging the resolvent expansion into the above formula then shows that the above lies in and has an
expansion f(A4) ~ Z;io h' Ajf in U °°(X; E). Finally, one defines the classical A-energy level of A
via

4 = {(x.) e T*X | det(0(A)(x,£) —AT) = 0}.

Now, the form for the coefficients of the resolvent expansion also shows

A e A
WE(f() CcZhn= J =4
Aespi(f)

2C1. The class V§'(X; E). In Section 3 we shall need the more exotic class of symbols S§" (R?";C)
defined for each 0 < § < % A function a : (0, 1], — C“([R)ZC”E; C) is said to be in this class if and only if

lallap = supyg (€)™ FIRAHEDS 9% g (x & ) (2-37)

is finite for all a, B € Njj. This class of operators is closed under the standard operations of composition,
adjoint and changes of coordinates allowing the definition of the exotic pseudodifferential algebra W§" (X)
on a compact manifold. The class S§"(X) is a family of functions a : (0, 1], — C*°(T*X; C) satisfying
the estimates (2-37) in every coordinate chart and induced trivialization. Such a family can be quantized to
a’ e WL (X) satisfying a" bW = (ab)W + n172 \IJ(’S""""/_I (X) for another b € Sg"’(X). The operators
in lI/g (X) are uniformly bounded on L?(X). Finally, the wavefront of an operator A € V(XS E) is
similarly defined and satisfies the same basic properties as before.

2C2. Fourier integral operators. We shall also need the local theory of Fourier integral operators. Let
k : U — V be an exact symplectomorphism between two open subsets U C T*X and V C T*Y
inside cotangent spaces of manifolds of same dimension n. Assume that there exist local coordinates
(x1,...,x1),(y1,...yn) on w(U), w (V) respectively with induced canonical coordinates (x, £), (y,7)
on U, V. A function S(x,n) € C°°(£2) on an open subset 2 C [R)Zcf‘n is said to be a generating function
for the graph of « if the Lagrangian submanifolds

(T*X)x(T*Y)" D Ay :={((x.§):k(x.§)) | (x.§) €U} and {(x,0xS5:9,S.7) | (x.n) € Q}

are equal. Here (T*Y )™ denotes the cotangent bundle with the negative canonical symplectic form. A
generating function S always exists locally near any point on A. Letting a : (0, 1], = C°(Qxm(V); C),
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which admits an expansion a(x, y, m; h) ~ Y 7o h*ay (x, y,n), one may now define a Fourier integral
operator associated to « via

A:L*(Y) - L%(X),

/R R gy k) f () dy d,

(AN = G

The symbol of 6 (A4) € CX°(Ay; C) is defined using the generating function via o (4)(x, n) =ag(x, 0xS, n).
The adjoint A* is again a Fourier integral operator associated to the symplectomorphism x~!. The
wavefront set of A maybe defined as a subset WF(A4) C T*X x T*Y. A point (x, £;y,7) is not in
WF(A) if and only if there exist pseudodifferential operators B € W/} (X),C € \Ilgf/(Y) with (x,&;y,n) €
WEF(B) x WE(C) such that || BAC || g5 (yy— g5’ (x) = O(h*) for each s, 5" € R. It can be shown that the
wavefront set is in fact a compact subset WF(A) C A,. Given a pseudodifferential operator B € W/ (X),
Egorov’s theorem says that the composite is a pseudodifferential operator A* BA € W7 (Y'). Moreover
its principal symbol is given via 6 (4* BA) = (k= 1)*|0(A4)|?0(B) € C2°(V), where we have again used
the identification of V' with A, given by the generating function. Finally one has the wavefront relation
WF(A* BA) C WE(A) N WF(B), again using the identifications of U, V and A.

An 1mportant spe(nal case arises when k = e’f¢ is the time ¢ flow of a Hamiltonian g € S™(T*X).
The operator e " , defined as a unitary operator via Stone’s theorem, is now a Fourler 1ntegral op-
erator associated to x. Egorov’s theorem now gives that the conjugatlon e e~ w8" ¢ wr (X ) is

it ,Ww

pseudodifferential for each A € W "(X) with principal symbol o (e 78" 4= e ) = (etHs )*U(A).

3. First reductions

The trace expansion theorem, Theorem 1.3, will be proved in two steps based on the following two
lemmas. Below, 7, T, T’, f,6 and D are the same as in Section 1.

Lemma 3.1. Let ¢ € (0, 3) and 9 € C((T'h#, T);[—1,1]). Then

oo o] o (5o (25-2)] oo

forall A € R.

We note that in the above lemma the function 9 is allowed to depend on /, while its support and range
are contained in /s-independent intervals.

Lemma 3.2. There exist smooth functions u; € C°°(R) such that for each A € R and ¢ € (O 1) one has
a trace expansion

D\ D\ 1 «(AVA-D (= Ny
(2 )00 =i () i (B2 s (it o)

Jj=0

where O¢(x) := 6(x/h®).
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We note that the trace expansion theorem, Theorem 1.3, follows from the above two lemmas by simply
splitting
0(x) = 0g(x) + [0(x) — Og(x)]
~———
#(x)
and applying Lemmas 3.2 and 3.1 to the first and second summands respectively. Lemma 3.2 is a relatively
classical expansion proved via local index theory and will be deferred to Section 7. Our main occupation
until then is in proving Lemma 3.1.
As a first step, for T > 0 fixed one chooses a microlocal partition of unity A, € \Ilg (X),0<a <N,
satisfying

N
Y Au=1,  WF(A0)CUyCT*X\Z, ).  WF(U) EUaCEL 5, 1<a<N, (31)
a=0

subordinate to an open cover {Uy }évzo of T*X. Clearly, it suffices to prove

tr[Aaf(%)b(mT_D)Aﬂ] = 0(h™) (3-2)

for 1 <a,B < N with WF(44) N WF(4g) # 2.
By the Helffer—Sjostrand formula we have the trace above is given by

A—2zZ

-1
7;}3(1))::%/@5]?(2)5( 7 )tr[Aa(%D—z) Aﬂ] dzdz (3-3)

for f an almost analytic extension of f. We note that the resolvent, the above trace, and the left-hand
side of (3-2) are well defined for any essentially self-adjoint pseudodifferential operator in place of D.
The next reduction step attempts to modify D without affecting the asymptotics of 7, % (D). To this end,
choose open subsets Uyg, Vyp such that

WE(A4y) NWE(Ag) CUyg
N (3-4)
WF(Ay) UWF(Ag) CVop € T*X

for each such pair «, B with WF(A4,) NWF(Ag) # @. With d = o(D) € C*(X;iu(S)), define the
required exit time

1

Tyg i = ——m—, h ={geC®(T*X:[0,1 =1, c =04. 3-5
B infgeg,, |Hgd| where Gap {g ( [0. 1) ‘ g|U"ﬁ g|Vaﬂ } (3-5)

If one were to use a scalar symbol d € C°°(X) instead in (3-5), the required exit time 7,5 would have
the following significance: any Hamiltonian trajectory y(¢) = ¢4 with y(0) € Uyp and y(T) € Vacﬁ
would have length T" > Ty, at least the required exit time. We now have the following.
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Lemma 3.3. Let D' € \IJCII(X ; E) be essentially self-adjoint such that D = D' microlocally on Vg. Then
ford € Ccoo((To/tﬂhe, Top): [0.1]), 0 < To/e,B < Top, one has

T5(D) = T5(D") mod h™.

Proof. Let B € \IJ ,(X) be a microlocal cutoff such that B =0 on WF(D — D’) and B =1 on V,g. Then
(I = B)Ag = 0 microlocally implies

(Z—%D)B(Z—%D/)_IAB

I _ iyt Ay b R ©y (3.
= Ag [ﬁD,B}(z D) Aﬂ+B(ﬁD ﬁD)(Z ﬁD) Ag (mod h®)  (3-6)

in trace norm. Next, multiplying through by A, (Z — \/LED)_land using Ay B = Aq microlocally gives

1 —1 —1 -1
Aa(z—%D/) Aﬂ—Aa(Z—%D) Aﬂ:Aa(Z—%D) B(«}ED/ «/IED)(Z_%D/) Ag
1 \'T1 1\
“ale0) [ os) ()
+0([Imz|~1h™>) (3-7)

in trace norm. Now B = 0 on WF(D — D’) gives that the first term on the right-hand side above is
O(|Im z|~2h™).

We now estimate the second term. Let Spp < S (;/ﬂ <S (;’23 < Ty and S, 5 > T, s be such that
Ve CC°°([S(;ﬂh8, Sapl: [0, 1]). Let go € Gop With [Hg(d)| < l/S(;’k. Set ¢ = a; g0, where

S’ Imz
oy = min(L, N),
Vhlog(1/h)
with the constant N > 0 to be specified later. We note that
G = (e8 ot MW e N WI(X)

foreach 0 < § < % Since it has an elliptic symbol, we may construct its inverse by symbolic calculus
G le hN\Ifg(X). Moreover

1 _ 1
G( —ﬁDh)G ( —ED,,) +i (azflog )(Hgo(d))W (3-8)
with
R= o(hiaz log %) in SY(X). (3-9)
Now, since

|Imz| < |[Imz|,

(azﬁlog ;z) go(d)‘ S’”
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the inverse G (z — LhDh)_lG_1 of the above exists and is O(|Im z|~!) in operator norm for Im z # 0
and / sufficiently small.

Next, pick C € W9 (X) such that WF(C) C Ugpg and C =1 0on WF(A4) "WF(Ap). Now G = e** log j;
on WF(CAy), G =G~ =1 on WE(B)\ Vop and [Dy, B] = 0 on Vg imply

1 ! 1 -1 1
ez 1025 c 4 (Z——D) [—D ,B}:CA G(Z——D) G—l[—D ,B]—i-O Imz|~ 1A%

in trace norm. The above is now O(|Imz|~!A™") in trace norm. Hence

”
SaBImZ

1 ! _
CAylz——D ——D;,.B|=0(Imz| YA " max(hN,e~ V&
( 7 h) [ﬁ h ] (jim 2] ( )

in trace norm. This and CAyAg = Ay Ag now estimate the second term of (3-7) to give

1 —1 1 —1 _S(IX Imz
Ay (Z - EDZ) Ag — Ay (z — ﬁDh) Apg = O(|Imz|_2h_" max(h,e” V7 ) (3-10)

in trace norm.
Next, we have the Paley—Wiener estimate

SaB(ImZ)
«(A—z O(e Vvn ), Imz>0,
19( «/E ) = S&’B(Imz) (3-11)

O(e W'72=2), Imz <O0.

Introduce ¥ € C*°(R; [0, 1]) such that

1, x<I1,

v = %0, x;2.

Setting

W(z)—w(lm—z)
M= P\ MR 1og(1/ 1)

for another constant M > 1 yet to be chosen, we have the estimate

1 Imz
o(vpmmzy 4 — (—)) Imz >0,
(le s o A\ b g1/ (3-12)
O(|Imz|V), Imz <0.

I f) =

Finally, (3-10)-(3-12), along with the observation

N
Y [Imz|V = 0((M\/Elog%) ),
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give
04 ’ s
75 (D))~ T (D)

- _/ a(wa)ﬁ( Y )[Aa(z \;EDZ)_IAﬂ—Aa(Z—%Dh)_IAﬁ} dzdz

hn Sqpmz)  (Sgg—Sqp)Imz
=0(h°°)+0[/ ——— max(hMe” Vi e N )}
{M«/Zlog%flmszMﬁlog%} \/Elogﬁ

= Ofmax (N =2MSas M= Su)=n)]

Choosing M > n/ (S” — S4p) and furthermore N >> 2M S,g + n gives the result. O

In the proof above we have closely followed [Dimassi and Sjostrand 1999, Lemma 12.7]. Again, the
proof above avoids the use of an unknown parametrix for e’i © which, following the significance of the
required exit time 7,8 noted before, maybe used to give an alternate proof in the case when d is scalar.

4. Reduction to R”

In this section we shall further reduce to the case of a Dirac operator on R”. First we cover X by a finite
set of Darboux charts {¢ : Q5 — Q9 CR"}se5 for the contact form a, centered at points {xs}ses € X. By
shrinking the partition of unity (3-1) we may assume that for each pair o, B, with WF(A44) "WF(Ag) # @,
the open sets Vg C T*Q; in (3-4) are contained in some Darboux chart. Now consider such a chart Q
with coordinates(xo, . .., X2,,,) centered at x; € X and an orthonormal frame {e; = wj].c Oxe ), 0=<j <2m,
for the tangent bundle on €2;. We hence have

wh grwl =8, (4-1)

where gg; is the metric in these coordinates and the Einstein summation convention is being used. Let
Fl be the Christoffel symbols for the Levi-Civita connection in the orthonormal frame e; satisfying
Ve ek = r! kel This orthonormal frame induces an orthonormal frame u,, 1 < g < 2™, for the spin
bundle S. We further choose a local orthonormal section 1(x) for the Hermitian line bundle L and define
via Vg.ol =T, (x)1, 0 < j < 2m, the Christoffel symbols of the unitary connection Ao on L. In terms
of the induced frame v, ® 1, 1 < g < 2™, for S ® L the Dirac operator (1-2) has the form [Berline et al.
2004, Section 3.3]

D =y wk P+ h(3Thr v v+ 0iv). (4-2)
where
Py = hox, +iag, (4-3)
and
m
a(x) = a dx" = de"‘Z(XJ dXjym = Xj4m dXx;) (4-4)
j=1

is the standard contact one-form in these coordinates.
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The expression in (4-2) is formally self-adjoint with respect to the Riemannian density e® A--- A e?™ =
Jgdx = /g dx® A--- Adx®™ with g = det(g;;). To get an operator self-adjoint with respect to the
Euclidean density dx, one expresses the Dirac operator in the framing g%uq ®1, 1 <g <2™ In this
new frame the expression (4-2) for the Dirac operator needs to be conjugated by g4 and hence the term
hy’ wJ’.c g_% (O, g%) needs to be added. Hence, the Dirac operator in the new frame has the form

D =[o/ wh & + a0 +hE e Wi (Q0:C*"),

with o/ = iy/, for some self-adjoint endomorphism E(x) € C°°(Q(s); iu(C2").
The one-form a is extended to all of R” by the same formula (4-4). The functions wJ’-‘ are extended
such that

. moo . .
W0y, ®dx!)| (o) = e ®AX"+ Y p? (O, ®dx! +0y;,, ®dx/H™)
j=1

(and hence g g0y = dx% + Z;-"zl W (dsz + dsz Jrm)) outside a compact neighborhood Q¢ € K?.
These extensions may further be chosen such that the suitability assumption Definition 1.1 holds globally
on R" and for an extended positive function v € C>°(R") satisfying

Vo < /JLl(iﬂgfv). (4-5)

The endomorphism E(x) € C°(R"; iu(C2™)) is extended to an arbitrary self-adjoint endomorphism of
compact support. This now gives

Do = [0/ w¥ (& +ai)]” +hE € BL(R™; C*), (4-6)

as a well defined formally self adjoint operator on R”. Furthermore, the symbol of Do + i is elliptic in
the class S°(m) for the order function

2m %
m= (1 + +ak)2) :

k=0
and hence Dy is essentially self adjoint; see [Dimassi and Sjostrand 1999, Chapter 8]. Below ¢ €
CCC’O((TO/tﬂhg, Top):[0,1]), 0 < To/zﬂ < Top. as before and we set V5 := (ds)*Vap C T*Q0.

Proposition 4.1. There exist A9, Ag € WO(R™), with WF(AS) U WF(A%) S Vo?ﬂ C T*Qy, such that

7;% (D) = tr[Agf (%)é(/\\/ﬁh—_l)o)Ag} mod h°.

:=T.%(Do)

5 K gﬂ and Va’!ﬂ, Va/t;‘J be compact and open subsets respectively satisfying Vog C K (/x,B C

cv, :3 C T*Qy. Choose D’ € WY (X; S) self-adjoint such that D = D’ microlocally on K/, 8

Proof. Let K,
Véﬁ C fo/ﬂ
and

D/
S 0 C Vi (4-7)
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and set E = D' — 37 € W(X; S). Pick a cutoff function y(x;y,n) € Cfo(n(VoZg) X (ds)* Vg1 [0, 1])
such that y =1 on n(K(’x/ﬂ) X (d(ps)*K‘/x/ﬁ. Now define the operator

U:LXR";C*") > L?(X;5S),

(UF)(x) = / HO@DT oy F)dydn. x € X.

Qrh)n

The above is a semiclassical Fourier integral operator associated to symplectomorphism x = (dg; !)*
given by the canonical coordinates. Its adjoint U* : L2(X: S) — L2(R"; C2") is again a semiclassical
Fourier integral operator associated to the symplectomorphism k1 = (d¢s)*. A simple computation
gives the following compositions are pseudodifferential with

UU* =1 microlocally on Kgﬂ, (4-8)
U*U =1 microlocally on K(K(;/ﬂ). (4-9)

The composition
E'=Ey:=U*EU € WQ(R"; C?")

is now a pseudodifferential operator by Egorov’s theorem with symbol

o(Eo) = (dps)* x*.0(E). (4-10)
Similarly, E}, := UEoU* € ¥(X; S) and

o(Ep) = (dgs)* x*.0(Eo). (4-11)

By (4-7), (4-10) and (4-11) we have » o 1€ K(V(;ﬂ) and £50

(—OO,— (—OO,—
E.E’, Eg and E| all have discrete spectrum in (—oo, —7]. We now select g € C2°(—57, —7) such that

g = 1 on [—47r,—27]. We have

1 C v, 5~ Hence by Proposition A.6,

WF(Z(E) CEE ) C 2 oo 11 CVag-

Combined with (4-9) this gives (U*U —1)g(E) € h*°W_*°(X: S) and hence |(U*U—1)g(E)| = O(h*)
as an operator on L2(X; S). This in turn now gives

|w*v-nn® [AENUI+1) = 0kr™), (4-12)

with TTE = £

[—47.—27] denoting the spectral projector of E onto the interval [—4t, —2t]. Similarly, we

get
[U*—DnEo| (| Eell |U*] +1) = O(h™). (4-13)

Another easy computation gives E = E{ microlocally on K g 8 and we may similarly estimate

|(£~ Egyno] = 0(i%). (4-14)
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Next we define 4% := U*A4,U, AO =U*AgU € \IJS]([R{") and again note

UA% A U* =A Aﬁ microlocally on K,

0, . (4-15)
U*AgAgU = Az A ﬁ microlocally on « ( aﬂ)-
This again gives
|[UASAGU* — Ay AgITIE | = O(h™), (4-16)
[[U* 4 AgU — AL AGITTZ0 | = O(h), (4-17)

Now using (4-12), (4-13), (4-14), (4-16), (4-17) and using the cyclicity of the trace we may apply
Proposition A.5 of the Appendix with

x+3t\v (AVh—31—x
= (= (55

o (] (o (55 ] o

for Dg:= Eo+ 3. Finally observing D = D’ on Vg, Do = D;, on Vo?ﬂ and using Lemma 3.3 completes
the proof. O

to get

5. Birkhoff normal form for the Dirac operator

In this section we derive a Birkhoff normal form for the Dirac operator (4-6) on R”. First consider the
function

In4 <«
f02=(0§0— X0 ) DI}
(«/_—1) P Jv JSJ

If Hy, and e denote the Hamilton vector field and time ¢ flow of fo respectively then it is easy to
compute

e Hro(xo, £9) = (\/EXO’ &%)

Xj A Edm —Xjhm & Xjam +& =X+ §/+m)
V2o V2 T V2 T 2 '
We abbreviate (x,&") = (x1,....xXm: &1, 6m)s (X7 E") = (Xm+1s -+ X2mi Em+1, - ., E2m) and
(x,8) = (x0,x",x";&,&,€"). Further, let oy C Scll(Rz";Cl) denote the subspace of self-adjoint
symbols a : (0, 1], — C°°([R)26’,'E; iu(2™)) such that each of the coefficients a;, k = 0,1,2,..., in its
symbolic expansion (2-35) vanishes to order N in (&, x’, £’) at 0. We also denote by oy the space of
Weyl quantizations of such symbols.
Using Egorov’s theorem, the operator (4-6) is conjugated to

e (x, 65 Xjrms Ej+m) = (

e o’ Doe~ S0 = dll, (5-1)
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with
do = 2(c”/ wj(.),foéo + o*jw;‘,foék + ij;c}oka) + hoo, (5-2)
where
wk = (e i) wk. (5-3)
Note that the index k ranges from 1 to m in the Einstein summation above. A Taylor expansion of dy,
given in (5-2), in (&g, x’, &’) now gives r](.) € 03, 0 < j <2m, such that

do = ~207 (0960 + W & + 05" xp) + 0710 + hog

-k .k £ 4 . . .
and where W} (xo, x",&") = w; (0. 7 f/_i) On squaring using (4-1) we obtain

dy)? = QY + hoy + 03 + h2o0o.
with
g(k+m)(l+m) (x07 x//’ %—//) g(k+m)0(Xo, x//, E”) g(k-i—m)l (XO, x//’ %—//) X/

Qo=[x" & &]| &% (xo.x". ") g%%x0.x".E")  g%(xo.x".E") | | ko
gk(l+m)(xO’x//’§//) g,ko(xO’xu’ //) g’kl(x(),x", //) él

4 14 . .
Here gk (xq,x",£") = 2g¥! (x0. —3—5, f/—i) and the g are the components of the inverse metric
on T*R"
Next we consider another function f; of the form
/
X
Oy (X(),X//, //) y « +1(x0,x//’ //)

V,tn_;_lxm(xva”’s//) IBm-i-le-l-l(xO»x//’S//) %-/

where «, 8 and y are matrix-valued functions of the given orders, with «, 8 symmetric. An easy
computation now shows

El

/ /

X X
ey [ & | = et | £ | + 02,
& 2

with
0 _J ( " %.//) ( ” %.//)
A "ogny m+1xm+1 Umxm X0, X, Ymxm+1(X0, X ,
(xo’x ’é ) I 0 t V4 4 4 14 *
mxm Y 1xm (X0 X5 ") Bm+1xm+1(x0, x", §")

From the suitability assumption (1-3), we have that there exist smooth matrix-valued functions ¢, 8 and y
such that

N g(k+m)(l+m) (XO, x", %-//) g,(k+m)0(xO’ x//’ é-//) g(k+m)l (XO, x". é”) N x'
[.Xf/ %_0 5/] e gO(l—i_m)(xO’x”vE”) gOO(xO’x//’i_-//) gOl (xo,x//,fﬁ) e 50
g,k(l—i—m) (xO’ x//’ g//) gko (XO, x//’ i_.//) gkl(X(), x//’ s//) %-/

=62+ ﬁ[z i (x +§,2)] + 03,

Jj=1
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where

B(x0, x", £") = v(xo, —%, %) (5-4)

Letting

m
1

Hy= 5 1} +€),

j=1

Egorov’s theorem now gives
W o 2m w
eihi dJVe_ﬁfl = (Z Ojbj) + hog, (5-5)
=0

with

2m
ijz = (82 +20Hy)" +o03.
j=0

Another Taylor expansion in the variables (x’, £, §') gives A= (a;x (xo,x",§"))eC*® ([R{’(’x0 o gy 50(n)
and r; € 02, j =0,...,2m, such that

&
1
5 (2vp1)2x
0 N ¢ ro
2v 2
oA _ ( Ml) &1 n
b ' r
R O R
_ 1
L (2Vim)2Em

We may now set cqg = llajkojak € COO(R?XO X iu(2™)) and compute

eicye%flwdgve_%flwe_icy = dIW, (5-6)
where
diy = Hy + 0’ rj + hoo, (5-7)
i 1
Hy := 000 + (20)2 ) 2 (X021 +§02;). (5-8)
j=1

SA. Weyl product and Koszul complexes. We now derive a formal Birkhoff normal form for the sym-
bol d; in (5-7). First denote by R = C*(x¢, x”,£"”) the ring of real-valued functions in the given
2m + 1 variables. Further define

S := R[[x'. &.&"; ],

the ring of formal power series in the further given 2m + 2 variables with coefficients in R. The ring
S ® C is now equipped with the Weyl product

axbi=[e2 070000 (a(sy ryh)b(sa.rai )]y o oy
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corresponding to the composition formula (2-36) for pseudodifferential operators, with
[a,b] :=axb—bxa

being the corresponding Weyl bracket. It is an easy exercise to show that for a, b € S real-valued, the
commutator i [a, b] € S is real-valued.

Next, we define a filtration on S. Each monomial 4% EG (x> (& )8 in S is given the weight 2k +a +
|| 4 |B|. The ring S is equipped with a decreasing filtration

S=00>012--20y>.... ()On=1{0}
N

where Oy consists of those power series with monomials of weight N or more. It is an exercise to show that

ON *Op CON+Mm.
[ON, Om] CihON+M—2.

The associated grading is given by

o0
S=EP Sw.
N=0
where Sy consists of those power series with monomials of weight exactly N. We also define the quotient
ring Dy := S/0pn+1 whose elements may be identified with the set of homogeneous polynomials with
monomials of weight at most N. The ring Dy is also similarly graded and filtered. In a similar vein,
we may also define the ring

S(m) =S ®glc(2™)

of R ® gl (2™)-valued formal power series in (x', &, £’; ). The ring S(m) is equipped with an induced
product * and decreasing filtration

Oo(m) D 01(m) D---D On(m) D+, () On(m) = {0},
N

where Oy (m) = Oy ®@glc(2™). It is again a straightforward exercise to show that fora, b € S ® iuc(2™)
self-adjoint, the commutator i [a, b] € S @ iuc(2™) is self-adjoint.

5A1. Koszul complexes. Let us now again consider the 2m and (2m+1)-dimensional real inner product
spaces V =RJey, ..., exm] and W =R[eo]|dV from Section 2B. Considering the chain groups D 5 QAFV,
k=0,1,...,n, one may define four differentials

1

0 5 . .
/'sz (Xjiey;—y T Ejles;),

m
1
Youi(xjeaj1 AtEjeain), il =
j=1

Il

Il
_

0
Wy

J

1 1
1} Dxse2j—1 A+0ge2i ), ig =D 17 (Ox;ier; y + O, ies;)-

&
£
i

&
I
s

J
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We equip Dy with the R[[h]]-valued inner products, where the distinct monomials

a a B

WE 8§
are orthonormal. With these inner products w2, i 3 9 and w) 50 lx
Laplacians A® = w?;9 5 i g 0= wa 94 xwg are computed to be equal and act on basis elements
EG (x> (& )8 ( A ejyf ) via multiplication by w.(2(a+f)+y). It now follows that these have (co-)homology

only in degree zero given by R[[A]).

0 are respectively adjoints. The combinatorial

Similarly, we may consider the chain groups Dy ® AW, k =0,1,...,n; one may define four
differentials : .
Wx = EOeO AN +(2‘_))§w2’ ix = SOieo + (2‘7)51.3?,
1 1
wy = dg,e0 A +(20) 2w, ig = gyie, + (20)207.
Again these complexes have cohomology only in degree zero given by R[[A]].
Next, we define twisted Koszul differentials on Dy ® AKXV via

w9 = hZM] (ady, 21 A +adg ez A) = ZM] (0x; €27 A—0g; €2/ 1),

j=1

1
a 7 ZMJ (adx, ey, +adg;ie,;) = Z,Uv; (Ox;ier; = Og;ler; 1)
j=1 J=1

We note that the above are symplectic adjoints to their untwisted counterparts with respect to the symplectic
pairing Z}"zl exj—1 Nezjon V.
Similar twisted Koszul differentials on Dy & AKW are defined via

i 1 L
Wy = Eadgoeo A +(2v)2wg = —0xy€0 A +(2v)2 g

~ 1 N . -1z
ig= Eieoadgo + (21})215) = —0Oxgplep + (21))215).
These twisted differentials correspond to the untwisted ones by a mere change of basis in V, W and hence
also have (co-)homology only in degree zero given by R[[A]].
We now compute the twisted combinatorial Laplacian to be

m

X0 _ ~0:0 , :0~0 030 |, 500 - -

A" =wyiy +iywy = —(wyiy +igwy) = Z,uj[sjaxj —Xj0g; tezjie,; | —€2j—1ley;]-
j=1

One may similarly define A = Wyix + ixWy. Next, we define the spaces of twisted A®-harmonic,
&o-independent elements

HK, ={we Dy @ AW | A’w=0, 95,0 =0},
F={weSoAW|A%0=0, 9z =0}.

We now prove a twisted version of the Hodge decomposition theorem.
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Lemma 5.1. The k-th chain group is spanned by three subspaces:
Dy ® AKW = R[Im(ixwy), Im(yix), HK].
Proof. We first compute A in terms of A° to be
A = —£0dy + 20A% —2(34,52)e0i?.
Next, since A° is skew-adjoint, we may decompose

Dy ® AW = Eo & @D[Eir ® E_ia]
A>0

into its eigenspaces. Following [A?, 7] = 0 we may now invert A on the nonzero eigenspaces of A°
above using the Volterra series:

A= @0A% 7 Y [@0A%) ™ (Godx, +2(0x0)e0i )]
j=0

The sum above is finite since £pdx, + 2(0 XOD%)eoi )? is nilpotent on Dy ® A¥W. Thus we have

@[E,- 2 ® E_;;] CIm(A) C R[Im(ixWy), Im(Waix)].
A>0

Finally, we have the decomposition
N
Eo =D&y
j=0
and we write each w € E({Hk , j>1,as

o =wo+ Awy,

where .
. x07/ k
wo = |:—2(8x01_)2)e0i£§0_1 / i| w € Hy,
0
X0 Jj—1 I X0 /
w1 = —(50‘1 / ) Z[—z(axoﬁz)eoi,?go—l / ] .
0 I—o 0
to complete the proof. O

5B. Formal Birkhoff normal form. The importance of the Koszul complexes introduced in the previous
subsection is in continuing the Birkhoff normal form procedure for the symbol d; in (5-7). The remaining
steps in the procedure are formal.

First let us define the Clifford quantization of an elementina € § ® AW using (2-8) as an element in

cola) =i 2" ¢c(a) € S(m).
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It is clear from (2-10) and (2-11) this gives an isomorphism
co: S @AWY 5§ @iuc(2™) (5-9)

of real elements of the even or odd exterior algebra with self-adjoint elements in S(m). It is clear from
(5-7) that
di = Hy+co(r)+hS Qiuc(2™) (5-10)
forr:=3"7_ rje; € 020 W,
For a € A¥W, we define [a] := [%] Now for f € Oy, N >3,anda € Oy Q A®"W, N > 1, we
may compute the conjugations
el Hye™i/ = Hy + co(ibyf) + On ® inc(2™), (5-11)
' O@H T 10@ = Hy 4 (=D 2¢q (ixa) + heo(Dya) + On 2 ® iuc(2™) (5-12)

in terms of the Koszul differentials.
We now come to the formal Birkhoff normal form for the symbol d.

Proposition 5.2. There exist f € O3, a € O3 @ AW and w € H%% "\ O, such that
eicO(a)el%fdle_%fe_icO(“) = Hy + ¢co(w). (5-13)

Proof. We first prove that for each N > 1, there exist fny € O3, a?\, € 01 A*W, a)?v e H!' N O, and
rR, € On+1 ® W such that

e10@ IV gy e~ hIN i@ — i, 4 co(wR) + co(ry) +hS ®iuc(2™), 5-14)
fN-}—l_fNEON—i—Z, a?v+1_a0NEON, CU?V+1—0)(]2]€0N+1.
The base case N =1 is given by (5-10) with a(l) = f1= a)? =0and r? = r. To complete the induction
step we decompose rx, as
rv=uly o+ iy - (5-15)

ESN+1®W  €ON20W

Next we use Lemma 5.1 to find by, gy € Oy +1 ® W and UR, eH!N SN +1 such that

Ul = vl —ixWyh% — WaixgN + On 2. (5-16)

Next, define fy11 = fn —i—ixg?v € O3, a?v_H = a?v + %ﬁ)ab?\] € 01 ® A’W and a)?v_H = a)g, + UR,.
We now use (5-11), (5-12), (5-15) and (5-16) to compute

eiCO(a%+1)e%fN+ldle_%fN+le_iCO(a(/)v+1)
i 1= 30 Li o0 _i; 5,0 _: 1.5 50 .
— o100 il py =gl ¢ ~10(3BR) f co(w) + co(rg) + 7S ®iuc(2™)

= H; +co(w1.i,+1) ~|—co(r2,+1) +hS @iuc(2™),
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completing the induction step. Now setting f =limy 00 /N, @0 =liMy 00 a?v and wg =limy - 00 a)gl
and letting N — oo in (5-14) gives the relation

¢1€0@0) i f gy o= 5 S g=i€0@0) = [y 1 ¢(wo) + hS ® iug(2™). (5-17)
Next we claim that for each N > 0, there exist ay € O1 @ AY"W, wy € H* N O, such that

e/€0@N)ohif qie~ i S e10@N) = [ 4 co(wn) +hOy ®iuc(2™),

(5-18)
aN+1—aNEON+1®AevenW, WN+1— WON GHOddHON.

The base case N = 0 is now provided by (5-17). To complete the induction step, we use the isomorphism
(5-9) to decompose the remainder term in (5-18) above as

co(un) +ihOn41 Quc(2™)

foruy € Sy ® A°4W. Next we use Lemma 5.1 to find by, gy € Oy ® AW and vy € H°Y4 N Sy
such that

UN = UN —ixWybN — WyixgN + ON+1. (5-19)

Now define ay+1 =any +ixgn + %h(—l)[bN]u?abN € 01 and wy+1 = on + vy. We now use (5-11),
(5-12), (5-15) and (5-19) to compute

eie0@n+0e S e h S emi0@N+) = Hy 4 co(wn41) +ihOn+1 @ uc2™),

completing the induction step. Now setting @ = limy o0 @y and w = limy_, o, @y and letting N — oo
in (5-18) gives the proposition. O

Finally, we show how the Birkhoff normal form maybe used to perform a further reduction on the
trace. First note that we may similarly use (2-8) to define a self-adjoint Clifford—Weyl quantization map

C(I)/V = Op ®co : Sg(RZH’ (]:) ® Aodd/evenW — \Ijg(Rn, sz),

which maps real-valued symbols S9(R?"; R) ® AN} o self-adjoint operators in W3 (R"; c?2").
Similarly we define a space of real-valued, twisted A®-harmonic, £o- independent symbols

1 SY = {w e SSR*™R) @ AFW | A’w=0, 95,0 =0}.

Next, an application of Borel’s lemma by virtue of (5-1), (5-6) and (5-13) gives the existence of

o0 o0
a~Y ha;e SRR QAYNW, [~ I fi e SHR™:R),
Jj=0 :

~
Il
(=]

o0
P Wi e SRR @ ACNW, @~ h iy € HOUSY

e

j=0 /=0
such that o .
eied @i qW =il o=l @ = gW 4 W (&) +clV (7) (5-20)
D e —

=D
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on I7a,3 = %o (Vo?ﬂ)' Here {7 }jeng> fo, @o vanish to infinite, second and second order respectively
along

J— ~ W -
50 =3P =5, 7 = g=x'=¢'=0}.

Note that on account of (4-5) and (5-4) one again has

vo=pMyminv(x) <p; inf .
x€X n

xq.x" &

Furthermore, since g vanishes to second order we may choose @ arbitrarily small satisfying the estimate
lwollct <& (5-21)

for any ¢ > 0, while still satisfying (5-20).

We note that D € \If1 (R C2"™), with D + i having an elliptic symbol in the class S°((&o, £')), and
is hence essentially self-adjoint as an unbounded operator on L2(R"; C2"). The domain of its unique
self-adjoint extension is H!(Ry,) ® L2(R", :C2"); see [Dimassi and Sjostrand 1999, Chapter 8]. We

x x//’
now set
Ag 1= i @i " 40 =5 pmicy’ @) (5-22)
Avh—D

o=l dus ()3 (2572) 4]

1/E)f”( )é(k_z)t[ﬁ (1 D )_IA }d dz (5-23)
=— z r —D— zdz. -

7 Je Jh “\Vh P

Proposition 5.3. We have
T3 (Do) = T, (D) mod h>.

Proof. Since the conjugations in (5-1) and (5-20) are unitary and WF(4y), WF(A g) C 170,,3, we have

1 =~ xfA—z - 1 - -1
T2 (Do) = _/ 9 (2)19(—) tr|:A (—(D +cW(f))—Z) A ]dz dz.
op ) NG “\Vh 0 P
It now remains to do away with the ¢, W (7) above. Since this term vanishes to infinite order along

ED ED +eg (7 ), we may use symbohc calculus to find Py, QOpN € \IJ (R C2"), forall N > 1, such
that

el (7) = Py (D +c ()N (5-24)
e (7) = On(D)N. (5-25)
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Modifying D outside a neighborhood of 170,3 using Lemma 3.3 and Proposition A.6 we may assume that
D,D+ c(I)’V () have discrete spectrum in (—+/2vg, v/2Vg) and hence

70 =l A (23 (22 4]

Vi h
_ (D+c¥ () \« (AVh—D—=c¥ (7)) -
¥ _ 0 0
EB(D")_“[A“f( Jh )’9( i )A”]'
. ) ) oW D+clV (F) . ..
Next, with TTP = H[lz Nerm e and [TP+¢o () = H[_j%’ Ve denoting the spectral projections,

(5-24) and (5-25) give
le (HTP | = 0(h%), | TP+ D) = 0(h*?)

for each N > 1. Finally applying Proposition A.5 with

()

and using the cyclicity of the trace gives 7, % (Do) — 7;% (D) = O(h_lhztévﬁ), for all N > 1, completing
the proof. O

6. Extension of a resolvent

In this section we complete the proof of Lemma 3.1. On account of the reductions in Propositions 4.1 and
5.3 in the previous sections, it suffices to now consider the trace 7;’;’3 (D). First let Ay = ag/ A = a/I;V
for aq,ag € S(g([R{z"). The conjugations

it - it it - it
txo —xo — W n X0 —nxXo — oW
en VAye agy and er 0Age ag,

are easily computed in terms of the one-parameter family of symbols aq (%o, ...) = aq(§o +1¢,...),
ag;=agéo+1t,...)€S g (R?"), t € R, obtained by translating in the £y-direction. One now introduces
almost analytic continuations of the symbols aq,, ag; € S g(RZ”), defined for ¢ € C, such that all the
Fréchet seminorms of 5aa,t, da gt are O(|Imz|°°). These may be further chosen to have the property that
the wavefront sets of their quantizations have uniform compact support when 7 is restricted to compact
subsets of C. Again one clearly has

iRet

ay, = ¢ H (g i imy) Ve RO, (6-1)
alf, = e H 0 (ag i)W e O (6-2)
In similar vein we may define
D;:= e~ X0 Deli¥o = HIVK +cF (@), (6-3)
m
His = (50 + oo + (29)2 > /"Lj% (xj02j-1+§j02)) € SG(R*") (6-4)

Jj=1
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for t € R, on account of the £g-independence of @. An almost analytic continuation of D; is easily intro-
duced by simply allowing ¢ € C to be complex in (6-4) above. The resolvent (D; —z)~ ! : L2(R": C2") —
L2(R"; C2") is well defined and holomorphic in the region Im z > [Im¢|.

In the lemma below we sett =iy (M, §) := i2MhS log %, foré=1—¢€ (%, 1) with ¢ as in Lemma 3.1
and M > 1. We now have the following.

Lemma 6.1. For h sufficiently small and for all eg > 0, the resolvent

1 — -1 m m
——Djy,—z) L*R*:C*")— L*(R":C?
(ﬁ iy ) ®:C?") > LR ")

extends holomorphically, and is uniformly O(h_%), in the region Imz > MK log%, [Rez| <

A/ 21)0 —£0.

Proof. We begin with the orthogonal Landau decomposition (2-31)

LPR:C) = PRy ® (C[wo,o]ea D [EFeEy” ) (6-5)
Aepn.(NI'\0)

=L2(qu/ ;C2™)

where
. dd . dd
Eqn:= P EX". EY:= P E? (6-6)
€N\ 0 7eNJ'\0
A=p.t A=p.t

according to the eigenspaces of the squared magnetic Dirac operator Dﬂ%m (2-21) on R™. Tt is clear from
(6-4) that

1
HY = (5o +0)" 00+ [(29)2]" & Dgnm
in terms of the above decomposition. Furthermore one has the commutation relations

[00’ Dﬂ%m] = 0»

[ (&), D3m] = ihcl (M%) =0,

since @ is A°-harmonic. The above and (6-3) show that the (ﬁﬁ r— Z) preserves the eigenspaces in the
decomposition (6-5) for all ¢ € C. It hence suffices to consider the restriction of (ﬁ D iy — Z) to each
eigenspace.

Let Eo := C[Y0,0]. Ea:= E}"® EOAdd and Py, P4 denote the projection onto the corresponding
summands of (6-5). Define the restrictions

Q0:="Pocy (@)Pg : L*(RHL) — L2(REHL).

Q24 :=Pycy (@)Pa: LXRETEFT ® EQY) > L2REYLES @ EYY), A >0.

)C(),x”’ ’x//a
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Now @ ~ Z;‘;O h'@; € HOYS g with &p-independent @ vanishing to second order along Z(? 0= Z(l? =
{€o=x"=¢&'=0}. Hence we may decompose
wy = Z[aijzizj +a;jziz; +bijzizj +15,~j2,~2j]
i<j
in terms of the complex coordinates z; = x; + i&§;, z; = x; —i§;, 1 < j < m, with a;;,b;; €
S 3(R2”; R) ® A°YW. The self-adjoint Clifford—Weyl quantization now yields
cg (@0) = Y [cg (@ij)Ai Aj + AT ATl i) + cg (bij) AT Aj + A Aicg (bij)] + hU{(R": C*")
i<j
in terms of the raising and lowering operators in (2-26). Since each lowering operator A; annihilates

¥0,0, this leads to the estimate
[$20]| = O(h). (6-7)

Next, on account of (5-21) one may also expand @wg = Z;-"=1 lajzj+a;z;], witha; € Sg([Rzn; R)QA°YNW,
satisfying ||| co < & < 1. On self-adjoint quantization this now gives
m
co (@) = ) [eq (ap)A; + Afed @p] +h¥gR": C*"),
j=1
where
leg” @)liz2—z2- lleg” @)z 12 = laglico + Oh) < e+ Oh).

Knowing the action of the lowering and raising operators A4;, A;‘ on each eigenstate (2-25) of D2, gives
the estimate

|24l <ev AR+ O(h), (6-8)

with the O(h) term above being uniform in A.
Next we compute the restriction of (\/sz D iy — Z) to the Ey eigenspace in (6-5) using (2-6) to be

1 - 1
D; ,O(Z)IZ Po(—D' —Z)POZ—[—E()—Z.)/—Z\/E-F £0]. (6-9)
v N/ Jh
The above is again understood as a closed unbounded operator on LZ(RZ’O+;,,) with domain H'! (Ryo) ®
L2(RT,). Set Riy0(2) = [riy,0(2)]", with
) vh
iyo\Z) = ,
P iy —zvh

which is well defined for Imz > —y/(2vh) = MK log %, and compute

Riy0(2)Diyo(z) = I + O(h'™D),
Diy0(z)Riyo(z) =1+ O(h'~?)

using (6-7). This shows that the inverse D;,,0(z) ! exists and is O(R;y,0(2)) = O(h%_‘s).
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Next, we compute the restriction of (L D iy — Z) tothe E 4, A > 0, eigenspace in (6-5). Using (2-32),
(2-33) this has the form

S

) 1 [_go—iy—zﬁ («/2DAh)Wi| 1

1 -
i@ i=ra( P =2)ea= | Ut g eyt | 75O

with respect to the Z,-grading E4 = E" @ E?ldd. Here we leave the identification i, in (2-32) between
the odd and even parts as being understood. Set R;y, 4(z) = [riy, A(2)]%, where

vh ~tg—iy—zvh  (V20Ah)
22h—(Eg+iy)2 — 20 Ah (V2vAh)  Eo+iy—zvh|

riy,A(Z) =

which is well defined for |Re z| < +/2vg — o < infgn /2D A, and £ sufficiently small. We now compute
[Riy,a(z2)Diy,a(z) = I = Ce+ O(h),
[ Diy,a(2)Riy,a(z) —I|| = Ce+ O(h)

using (6-8) with the constants above being uniform in A. Choosing ¢ sufficiently small in (5-21) shows
that the inverse Djy, 4(z)~! exists and is O(R;y,4(z)) = O(h_%) uniformly. |

We now finally finish the proof of Lemma 3.1.

Proof of Lemma 3.1. As noted in the beginning of the section, on account of (3-2), (3-3) and the reductions
in Propositions 4.1 and 5.3, it suffices to show 7;% (D) = O(h®). We now define the trace

1 _ -1
Tapt(2) 1= tr[ao‘ft(ﬁDt —z) agft], Imz > [Im¢|, (6-10)

in terms of the almost analytic continuations. We clearly have
Top.1(2) = Oh"[Imz|7h),

) _ _
a—t_ra,g,,(z)zom " Im ¢|%°|Im z|~2).

Furthermore, by (6-1)-(6-3) 748, (z) only depends on Im7 and we have
Tap,ine (2) = Tap,0(2) + O(h " [Im1|%|Im 2| 72). (6-11)
As before, we again introduce ¥ € C°°(R; [0, 1]) such that

1, x<I1,
W(x)_%o, =2

and set

v (z)—w(lm—z)
M= M«/Elog% '
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The estimates (3-11), (3-12) along with the observation yYps[Im z|V = O((M v/h log %)N) now give

_ 1 [ v A— -
o=~ [ a(wa)ﬁ( ﬁz)fa/},o(z) dz d

2 v (A—z
= O0(h*® 5222, .
Wty AMflogh<Imz<2Mf1ogh} 0Wmf) ( \/E )T /3,0(2) zaz

Using (6-11) and y = 2Mh% log 4, § € (4. 1), the above now equals

T5(D) = O(h™) + l/{ 5(¢Mf)1§()‘ _Z)faﬂ,l-y(z) dzdz.

M\/ﬁlogiflmz§2M«/ﬁlog%} \/Z
Since the resolvent (%5 ) 1, and hence the trace 74p ;,(2), extends holomorphically to Imz >
| <

—MK3 log }—11, |[Re z| < +/2vp — &0 by Lemma 6.1 we may replace the integral in the last line above:

D)= 0(h*®)+— [ 3 19( )r z)dzdz
( ) ( ) { 1/2Mhé— l/zlogh<lmz<—*Mh8 1/210g1} (WMf) \/E 01,31)’( )
h—n—1/2 S gy (Im2)
= O(hoo)+0|:/ —e¢ nl/2=¢ dZdZ]
{—l/ZMh‘s*l/zlog%flmzﬁ—%MhS*I/zlog%} x/ﬁlog(l/h)

— O[h'% Sap)—n~3)

using (3-11) and O(h_%) estimate on the resolvent (ﬁﬁiy — Z)_l. Choosing M sufficiently large now
gives the result. O

7. Local trace expansion

In this section we prove Lemma 3.2. This is a relatively classical trace expansion. A parametrix construc-

tion for the operator e 7 Di

» may potentially be employed in its proof since the principal symbol of D? 518
Morse—Bott critical, as in [Brummelhuis et al. 1995]. However Lemma 3.2 would require an understanding
of the large time behavior of parametrix left open in that paper; see [Camus 2004; Khuat-Duy 1997]. Here
we prove the expansion using the alternate methods of local index theory. The expansion is analogous to
the heat trace expansions arising in the analysis of the Bergman kernel [Bismut 1987; Ma and Marinescu
2007]. Here we adopt a modification of the approach in [Ma and Marinescu 2007, Chapters 1 and 4].

First, fix a point p € X. On account of Definition 1.1 there is an orthonormal basis eg,, = Rp, ¢; p,

ejtm,p,j =1,...,m,of T, X consisting of eigenvectors of JJ, with eigenvalues 0, £A; ,(:=£iu;v(p)),
j =1,...,m, such that
m
da(p) =Y Aj(p)ef p Aefim p- (7-1)
j=1
Using the parallel transport from this basis, fix a geodesic coordinate system (xg, ..., X2,,) On an open

neighborhood of p € Q. Lete; = =w; 8x,\, 0 < j <2m, be the local orthonormal frame of TX obtalned by
parallel transport of e; , = x; |, O < j <2m, along geodesics. Hence we again have w gklw =3djr,
wk | p= = 8k with the gkl belng the components of the metric in these coordinates. Choose an orthonormal
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basis {uq(p)}2_,for S, in which Clifford multiplication

clej)lp=yj (7-2)

is standard. Choose an orthonormal basis 1, for L,. Parallel transport the bases {u( p)} 1, along

q=1
geodesics usmg the spin connection VS and unitary family of connections Vi = Ag+ ha to obtain trivi-
a=1’ 1 of S, L on 2. Since Clifford multiplication is parallel, the relation (7-2) now holds

on €. The connection VS®L = VS ® 1 4+ 1® V" can be expressed in this frame and these coordinates as

VSOL =g + Al dx/ + T dx/, (7-3)

alizations {uq}

where each Ah is a Christoffel symbol of V" and each T; ' 1s a Christoffel symbol of the spin connection VS,
Since the sectlon [ is obtained via parallel transport along geodesics, the connection coefficient Ah may
be written in terms of the curvature F; h dxf Adx* of V" via

Al(x) = [O dp(px* Fh (o). (7-4)
The dependence of the curvature coefficients Fj}}C on the parameter /4 is seen to be linear in % via

i
Fh =F+ +(da) (7-5)

despite the fact that they are expressed in the ~-dependent frame 1. This is because a gauge transformation
from an h-independent frame into 1 changes the curvature coefficient by conjugation. Since L is a line
bundle, this is conjugation by a function and hence does not change the coefficient. Furthermore, the
coefficients in the Taylor expansion of (7-5) at 0 maybe expressed in terms of the covariant derivatives
(VAo)! Fj .(;c, (VA (da) jk evaluated at p. Next, using the Taylor expansion

(da)jx = (da)jx(0) +x"ajuy. (7-6)

we see that the connection VS®L has the form
. k
i (x .
VS®L — g 4 [E(T(da)jkm) + xkxlAjkl) +xKA9 + r,-] dx”, (7-7)
where

1 1
A;)k =/0 dp(ij(;((,OX)), Ak =/0 dp(pajr(px))

and I'; are all independent of /. Finally from (7-2) and (7-7) may write down the expression for the

Dirac operator (1-2) also given as D = hc o (VS®L) in terms of the chosen frame and coordinates to be

D = yrwf [haxj —i—i%xk(da)jk(O) + ixkxlAjkl + h(xkA;)k + Tj)] (7-8)
=y [wihdx, +iw] 2xk(da),k(O) +ihgT70,, (g7 w))]

+y [lwﬁx X Ajkl + hw/ (xkAOk +T;)— lhg 28xj (ngJ)] e wl(QY: c?). (7-9)

In the second expression above, both square brackets are self-adjoint with respect to the Riemannian
density el A A" = Jgdx = \/§dx1 A--- A dx" with g = det(g;;). Again one may obtain an
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expression self-adjoint with respect to the Euclidean density dx in the framing g%uq ®1, 1<g=<2m
with the result being an addition of the term Ay’ w]’.‘g_% (8xkg%).

Let ig be the injectivity radius of gTX. Define the cutoff y € C>X(—1,1) such that y =1 on (—%, %)
We now modify the functions wj’.c, outside the ball B;, />(p), such that wj’.c = 8]’.‘ (and hence gjr = d;¢)

are standard outside the ball B;, (p) of radius ig centered at p. This again gives
D =y [wlhdy, +iw! Lx¥(da); (0) + Lhg ™20y, (g2 w))]
1 1 : m
+ x(|x|/ig)y" [zwjx X Ajk; + hw) (xkA;-)k +T)— Ehg 20, (g2w))] € YL(R":C*") (7-10)

as a well defined operator on R” formally self adjoint with respect to /g dx. Since D +1 is elliptic in
the class S%(m) for the order function

m =1+ g7 (& + Lk (da)(0)) (& + Sx7 (da), (0)).
the operator D is essentially self adjoint.

Proposition 7.1. There exist tempered distributions uj € S'(Ry), j =0,1,2,..., such that one has a
trace expansion

n+1

0( 2. ||<§)N¢3(k)llu) (7-11)
k=0

trd)(—) :h_Z( u~(¢)h2)
7 W

foreach N e N, ¢ € S(Ry).
Proof. We begin by writing ¢ = ¢o + ¢1, with

igg 2 h
wio) =5 [ a0x(E a5 wior= 2 [ g2 28] ac

g

via Fourier inversion.
First considering ¢, integration by parts gives the estimate

n+1

"1y ()] < Cwh' T (Zns%“‘)nu)

k=0
for all N € N. Hence,

[ ()P

forall N e N, foralla =0,...,n+ 1. The semiclassical elliptic estimate and Sobolev’s inequality now

(%)

for all N € N, on the Schwartz kernel.

n+1
=Cyh" 2 Ng® )
= (Zns $) 11

k=0

give the estimate
n+1

<Cyh"5 ( > ||EN¢3(")||L1), (7-12)

CO(XXX) k=0
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Next, considering ¢, we first use the change of variables o = & V'h to write

D 1 ia(Dy —Hh_'c(a))A( o ) (2“)
— | = e 0 —— -— da.
¢°(¢5) 2 i Je *\ 7 )15,

Now s1nce D =D on B;,/2(p), we may use the finite propagation speed of the wave operators e
el@h™'D [Ma and Marinescu 2007, Theorem D.2.1] to conclude

¢o( f)(p,) ¢o( I)m ). (7-13)

The right-hand side above is defined using functional calculus of self-adjoint operators, with standard

ich~'D

local elliptic regularity arguments implying the smoothness of its Schwartz kernel. By virtue of (7-12), a
.. . D . . D
similar estlr.nate for ¢y (Tﬁ)’ ar?d (7-13) it now suffices to consider ¢(J_E)
We now introduce the rescaling operator

Z:CPR"C?") > CO®R": "), (%s)(x)::s(%).

Conjugation by # amounts to the rescaling of coordinates x — xvh. A Taylor expansion in (7-10)
now gives the existence of classical (h-independent) self-adjoint, first-order differential operators D; =
a}‘ (x)0x, +bj(x), j =0,1,..., with polynomial coefficients (of degree at most j + 1) as well as
h-dependent self-adjoint, first-order differential operators E; = Z| al=N+1X" [c]k o (X1 h)0x; +dja(x; h)],
j =0,1,..., with uniformly C° bounded coefficients c]’.c o+ dj, such that

#D% ' = Vhp, (7-14)

with
N

VA N+1
= thDj +h 2 En+1 VN (7-15)

J=0

The coefficients of the polynomials aj.‘ (x), bj(x) again involve the covariant derivatives of the curvatures
FTX_ FA40 and da evaluated at p. Furthermore, the leading term in (7-15) is easily computed as

Do = ¥/ [9x; +i3x* (da);x (0)] (7-16)

=y 0xo + ¥/ [0x; + 3iA; (D)Xjm] + ¥ T [0x; 1, — 3i 25 (P) )] (7-17)

:=Doo

using (7-1), (7-6). It is now clear from (7-14) that

¢(f)<xx)—h—¢< )(f xf) (7-18)

Next, let I; = {k =(ko,k1,...) ‘ ko €N, D kq = j} denote the set of partitions of the integer j and set

= Y (z=Do) [ Ma[Dk, (z — Do) ']]. (7-19)

kel;
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Local elliptic regularity estimates again give

1829

(=D =0z g (mz[™)  and  GF=0pz pp (Imz[~7h. j=0.1.....

loc

A straightforward computation using (7-15) then yields
N 1
— L _ 1
(z—D)~ ' — (Z h?2 cj.) = 0p2 L2 (([Imz] Tp2)N+1y,
=0
A similar expansion as (7-15) for the operator (1 + Dz)% (z —D) also gives the bounds

ocC

N
_nt1 _ L 1,1
(1+D%)~"2 (z-D) 1—(thc§,n+1)=0g,s Lt (Imz] T 2V
j=0

for all s € R, for classical (h-independent) Sobolev spaces H;; . Here each C]Z.,n 41 satisfies

with leading term

2\—ntl -1
om+1=(1+Dg)~ 2 (z—Do)™ .

Finally, plugging the expansion (7-21) into the Helffer—Sjostrand formula
1 - n
¢(D) =—-— / 35(z)(1 +D%) "% (z D)~ dz d>,
2w C

with p(x) := (x)*T1¢(x), gives

n+1

N ] N+1 A
$(D)(0,0) = (Z hév,-,p(m) +h2+0( 3 ||<s>N¢(">||Ll)
k=0

J=0

using Sobolev’s inequality. Here each

1 _
Uip@) =—— f@ 0p(2)C%,11(0.0)dzdz € End S} ¥

(7-20)

(7-21)

(7-22)

(7-23)

defines a smooth family (in p € X) of distributions U; and the remainder term in (7-22) comes from the

estimate
n+1

35 = 0(|Imz|N+1 3 ||<s>N¢3(")||L1)
k=0

on the almost analytic continuation; see [Zworski 2012, Section 3.1]. Integrating the trace of (7-22) over

X and using (7-18) gives (7-11).

O

Next we would like to understand the structure of the distributions u; appearing in (7-11). Clearly,

uj=/Xuj,p, with u; , :=trU; , € C®(X;S'(Ry)),

(7-24)



1830 NIKHIL SAVALE

is the smooth family of tempered distributions parametrized by X defined via the pointwise trace of
(7-23). Letting H(s) € S’(Ry) denote the Heaviside distribution, we now define the following elementary
tempered distributions:

Va:p(s) =5 aeNy, (7-25)
Varbe.aip(s) = 02[[s]s? (s>=2v, A) ™3 H(s>=2v, A)],  (a,b,c; A) € NoxZxNoxju.(NZ\0). (7-26)

Proposition 7.2. For each j, the distribution (7-24) can be written in terms of (7-25), (7-26):

wip() = > P+ Y. CabeA(P)Vabie,a:p(). (7-27)
a<2j+2 A€p.(NJ\0)
a,lbl,c<4j+4

Moreover, the coefficient functions cj;a, Cj.q.b.c,A € C°(X) above are evaluations at p of polynomials
in the covariant derivatives (with respect to VIX ® 1 + 1 ® VA0) of the curvatures FTX, FA0 of the
Levi-Civita connection VIX, VA0 and da.

Proof. It suffices to consider the restriction of u; to the interval (—v2vM, v/2vM) for each 0 < M ¢
w.(NG' \ 0). We begin by finding the spectrum of the operator Dgg in (7-17). To this end, define the
unitary operator Uy, : C®(R"; C2") — C®(R"; C2"),

m 1 1 1
(UAS)(xo,XLXz,.--):(]_[ )S(XO, ZXHL xz,lz X3, 4y 2 X4,...)
=1
and

m
F=> (X ym+E&ym) € CORP™).
j=1
Next, as in (5-1) we compute the conjugate
T u3DooULe T/ = [20(p)]2 Dgm [
of the operator in (7-17) in terms of the magnetic Dirac operator on R (2-21) evaluated at 2z = 1. Hence

the eigenspaces of Dgg are

Ul T (Bo @ LARITL)). upem T (B @ LARTTL)): A € p. (N 0),

x x// x x//

with eigenvalues 0, =+/2v A respectively, where

Eo :=C[y0,0|p=1] - & Ei’

TeNG\0

A=,u.t
are as in (6-5). We again let Py, Pﬁ denote the respective projections onto the eigenspaces of Dgg and
Pyp= PX ® P,. We also denote by P~ pr = @ 4>mP 4 the projection onto eigenspaces with eigenvalue
greater than ~/2vM in absolute value.
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2
loc

computation of u;. The j-th term in the expansion is of the form

Now, since expansions in L:* = are unique, it suffices to work with the resolvent expansion (7-20) in the

ci = Z (z —Do) " ![TT4Dg, (z — Do) '], (7-28)
kGIj

where each Dy, is a differential operator with polynomial coefficients involving the covariant derivatives of
the curvatures F7X, F40 and da. Now using (7-17) we decompose each resolvent term above according
to the eigenspaces of Dgo:

1
—Do) ' =Py ————|P
(z —Do) O(z—yoaxo) 0

z+y%y, +D z4+9% ), +D
o P PA(ZZIaZXO_szO)PAEBP>M( zyaz"o DZOO)P>M. (7-29)
Ae NN (0,M) Xo z%+ 9%, —Doo

Next, we plug (7-29) into (7-28). This gives an expansion for CJZ- with some of the terms given by

09 D
T?[MgDy, T7].  where TZ=P>M(Z+V xo + °°)p>M,

2 2 2
e+ 8xo _DOO

and which are holomorphic for Re z € (—+/2vM, ~/2vM). For the rest of the terms in C%, we use the
commutation relations

%, Pol = [y°.Pal = [y°.P>m] =0,
[axovPO] = [8x0, PA] = [axo’P>M] =0,
[0x0.Doo] =0,
[(z2 + 8)260 —2vA)_1,x]~] = do; (22 + 8)260 — 2vA)_28xO,
[(z% + 83, —2vA) "', 8x,] =0,

as well as the Clifford relations (2-7). This now gives a finite sum of terms of the form

K

1 - b

T ] SeTE | [] T |G =7"9x) a0zb1 502903, (7-30)

(z% + 0%, —2vA)
k=1 Aep.NJ'N(0,M) 0

ao+Xap<2j+2, b1,by, b3 < j+1, where each Sy is a differential operator in (x’x”) (i.e., independent
of x¢) with polynomial coefficients and each T} is equal to one of

1 Doo
Po, Pa, PaDgoP4a, P M(—)P M, or P M(—)P M, (7-31)
T\ 402 -3, ) T\ 493,03 ) T

with at least one occurrence of Pg, P 4 or P 4DgoP 4 in (7-30). Now using partial fractions, (7-30) may be
written as a sum of terms of the forms
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K
TOZ|:1_[ Skaz} x (z — y"axo)—%zb'xbzagg,
k=1
K
Toz[l_[ SkaZ] x (22 4+ 92, —20A)T4z01x0295 A e wNE N (0, M), (7-32)
k=1

apg,ap <2j +2, by,ba, b3 < j + 1. Next, we plug (7-32) into the Helffer—Sjostrand formula and
use the analyticity of Ps a7 (1/(z% + 82 — DZO))P>M and Px 37 (Doo /(22 + 82 — DZO))P>M forRez €

(—+/2vM , ~/2vM). This gives
1 —
Uy = =5 [ 38)50.0)dz a2

for ¢ € C2°(—~/2vM, ~/2vM), as a sum of terms of the form

K
(78] TT 672 <xeationtr®as ) 0.0

k=1

K
(Té’[]_[ SkT,S] x x02003 4 (— 02, + 2vA)) 0,0), AeuNPN(©O, M), (7-33)
k=1

where each T]? is equal to one of

1 Doo
Po, Pa, PaDooPa, P M(— P.ym, or P M(— Powm,
~ 21}A—Dg0 ~ ~ 2vA—D%O ~

and
go(s) = T : XD (s),
(ap—1)!

oy (DT rP1g(r) an—1 rP1g(r)
oah = [ ()]l ()]

At least one occurrence of Pg,P 4 and P 4DgoP 4 in (7-33) gives the smoothness of the kernel.
Finally, an elementary computation involving Laplace transforms using the knowledge of the heat

kernel
192 1 _ Ixg=vol?
e "*o(xg, yo) = \/me 1
gives
(=4[]
xg7 05260 (y°0x)(0.0) = T (f’”“] Ty o s ()
H*
2 2
X025 ¢ 4 (—92, +20.4)(0,0) = 4nF(b3—%)801’2%,0’?,1‘;1)(%@ ), bz even,

™|

0, b3 odd,

completing the proof. O
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As an immediate corollary of Proposition 7.2, we have that the distributions u; are smooth near 0.
Corollary 7.3. Foreach j,

sing spt(u;) C R\ (—v/2vo, v/2v).

Proof. This follows immediately from (7-24)—(7-27) on noting that the distributions vg;, are smooth,
while vg p ¢ A;p = 0 0n R\ (—+/2v9, +/2vg) for each p € X. |

We next give the exact computation for the first coefficient u¢ of Proposition 7.1. In the computation
below, recall that Z; = ||, as in (2-13), denotes the number of nonzero components of 7 € Ng' \ 0.

Proposition 7.4. The first coefficient ug of (7-11) is given by

uop =cCo0+ D €0:0,0.0,4(P)0,0,0,4:p(5), (7-34)
A (NI\0)

where

OO T un)s
v (T 1)) v (TT7 1
co;o,o,o,A(m:”(’—i’)dlm(EA)z”(’—i])( 3 2Zf). (7-35)
(4m)2 (4m)2 N\
nw.t=A

Proof. First note that the square of (7-16) gives the harmonic oscillator
. . . 1 , i .
Dy = —8/40; 0, —1(da)g (0)x*ds; + 73 x1(da){ (0)(da); (0) + S v/ v* (da) 1 (0).

The heat kernel e~* DG of the above is given by Mehler’s formula [Berline et al. 2004, Section 4.2]

et itda(0)
—D2 _ e 4 d t% ltaa —tc(ida(0)) 7.36
e oY) (4mt)ym At © sinhitda(0) ¢ (7-36)
- Aj Ajt
XeXP{—m((xj—Yj)2+(XJ+m—yj+m)2)+jjtanh(%)(xjyf'+xj+myj+m) :
(7-37)
Next, using (7-1) we compute
) m
e te(ida(0) 1_[ [cosh(tA;) —ic(ej)c(ejm) sinh(tA;)]. (7-38)
j=1
For I C{2,...,m}and o; = /\;¢/(€j Aej+m), the commutation

cler)c(emr1)c(wr) = 3e(er). c(emr1)e(wr)]
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shows that the only traceless terms in (7-38) are the constants. Hence, Mehler’s formula (7-36) gives
. 1 m

1 tda(0 12 Aj

re"th)(O, 0) = - det 3 — ‘a( ) = . 1_[ J

(4mt)2 tanhitda(0) (4m)2 i tanh A

1

172
= []_[ Aj(1+42e 24 42044 4. )]

(47)%
o Z. -2t A)
- - 2
(47[)2(}_[1 )(‘E%n
_ %(gi—jéw)(t_; 3 2Zre—2tr-1) =g p(e™"), (7-39)

m
TeNy

with ug,p as in (7-34) and the last line above following from an easy computation of Laplace transforms;
see [Savale 2014, Section 4]. Furthermore, differentiating Mehler’s formula using (7-16) gives

trDoe*23(0,0) = 0 = ug_p(se ") (7-40)

since the right-hand side of (7-34) is an even distribution. From (7-39) and (7-40) we have that the

ts2 —ts2

evaluations of both sides of (7-34) one™**", se are equal. Differentiating with respect to # and setting

k

t = 1 gives that the two sides of (7-34) evaluate equally on s*e™* ? forall k € No. The proposition now

follows from the density of this collection in S(Ry). O
We now complete the proof of Lemma 3.2.

Proof of Lemma 3.2. We begin by writing

DD () S o

Next, the expansion result, Proposition 7.1, with ¢ (x) = f(x)e!?®=)_ combined with the smoothness of
u; on spt( f) C (—+/2vg, 4/2v¢) from Corollary 7.3 gives

(G- (S r”

n+1
(Z ||<§>N<$<"><s—r>||y). (7-42)
k=0

=0(()N)

Finally, plugging (7-42) into (7-41) and using Q(Zh%_s) = 14 O(h®°) gives via Fourier inversion
it(A——~= 1_ S J o
o / dt tr[f(ﬁ)el Vi ]Q(th H=n"" 1(jE:0h2f()L)uj()t)) + O(h*N+D—m—1y

as required. O
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8. Asymptotics of spectral invariants
In this section we prove Theorem 1.2 on the asymptotics of the spectral invariants.

Proof of Theorem 1.2. To prove the Weyl law (1-5), we choose 6 € CZ°((—T, T); [0, 1]) such that
O(x)=1on (=T".T"), T'<T, 6(§) >0and 6(§) > 1 for || < ¢ in Theorem 1.3. Choosing f(x) >0
with f(0) = 1, the trace expansion (1-7) with A = 0 now gives

%N(—ch, ch)(1+ 0(Vh)) < tr[f (%)%9(%)} =0k

proving (1-5).
To prove the estimate (1-6) on the eta invariant, we first use its invariance under positive scaling (2-2)
and the formula (2-5) to write

wer(5)= o 5
:/0 dtﬁt[—e_hl)z} / dt —— [ﬁe th] (8-1)

Next, [Savale 2014, equation 4.5, p. 859] with r = % translates to the estimate
D _D2:| _
tr| —=e "% O(h™™e ). (8-2)
7
Plugging, (8-2) into the first integral of (8-1) gives

np=0Hh")+uwE (2 (8-3)

)

where

E(x) = sign(x) erfc(|x|) = sign(x) - % /|O|o e

with the convention sign(0) = 0. The function E(x) above is rapidly decaying with all derivatives, odd
and smooth on Ry \ 0. We may hence choose functions f € C2°(—+/2vg, +/2v9), g € CZ°(R<p) such
that

f(x)+g(x)=E(x) forx<O.

Define the spectral measure

Me(W)i= Y fSA-2).

A€Spec (%)
It is clear that the expansion (1-7) to its first term may be written as

My o+ (Fy10,)(A) = K2 (f(Auo(A) + O(h?),
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where 0 1 (x) = 0(x/~/h) as before. Since both sides above involve Schwartz functions in A, the remainder
maybe replaced by O(h% /(A)?). One may then integrate the equation to obtain

0 1 0 1
/ dA / dA (Fy 10 (A =2y () =~ ( f dkf(k)uo()t)+0(h2)). (8-4)

Next we observe

0 . , 0 . A , A —00
dA(F, 01)(A—A :/ dt@(t——)zl_ A +O(<—> ) (8-5)
| _axtope-a=[ 7) = tema)+o((
While the Weyl law yields

A/ —00
avmyo((==) )=owm™). -
T )0(<¢z> ) o (50

Substituting (8-5) and (8-6) into (8-4) gives

. 0
> s =n ([ dasimw) +on.
A<0 o
AGSpec(%)

This combined with D
rel —)=hr""2u +omh™™
o) o(g) + O(h™)
then gives
0
Y EQ =k (/ dAE(A)uo(A)) T om™),
—OoQ

A<0
A€Spec (%)

where the integral makes sense from the formula (7-34) for ug. A similar formula for

> EW

A>0
A€Spec (%)

trE(%) —hms (/_Z de(A)uo(A)) +OMh™™).

Since E is odd and ug is even from (7-34), the integral above is zero and hence nj, = tr E(D/~/h) =
O(h™™) from (8-3) as required. O

now gives

In the above proof we have used a Tauberian argument, as in [Dimassi and Sjostrand 1999, Chapter 10].
A similar argument along with the trace expansion theorem, Theorem 1.3, also gives a true Weyl law in
O(~/h)-sized intervals: the number of eigenvalues N(—c Vh,cevh), 0 < c < /2vg, in the given interval

satisfies
m

N(-c«/ﬁ,cﬁ):h—m—%[ 2¢ /v’"(]_[ w) dx}+0(h—m). (8-7)
X

(4" jzl
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The leading term of the above may possibly be obtained by squaring the Dirac operator and using the
spectral estimates on an O (h)-sized interval near the critical level for D?Z, as in [Brummelhuis et al. 1995].

8A. Sharpness of the result. Here, we finally show that the result Theorem 1.2 is sharp. The worst case
example was already noted in [Savale 2014, Section 5] for 5. To recall, we let Y be a complex manifold
of dimension 2m with complex structure J and a Riemannian metric g7 Y. Fix a positive, holomorphic,
Hermitian line bundle £ — Y. The curvature F* of the Chern connection is thus a positive (1, 1)-form.
Let X be the total space of the unit circle bundle S' — X &> Y of £. The Chern connection gives a
splitting of the tangent bundle

TX =TS '@ n*TY, (8-8)

where T'S! is the vertical tangent space spanned by the generator e of the S action. Define a metric g7 l
on TS! via ||e||gT51 = 1. A metric on X can now be given using the splitting (8-8) via

TX TS!

g =g EBS_IJT*gTY

for any ¢ > 0. A spin structure on Y corresponds to a holomorphic, Hermitian square root X of the
canonical line bundle Ky = K®2. Fixing such a spin structure as well as the trivial spin structure on 7'S!
gives a spin structure on X. Finally a = e* € Q!(X), while the auxiliary line bundle is chosen to be
trivial L = C with the family of connections V# = d + %a. We now have the required family of Dirac
operators Dj, (1-2). One may check that (X211 qa, gTX . J) here gives a metric contact structure (1-4)
and hence the assumption Definition 1.1 is satisfied.

Denote by Ag (QYP (XK QL) — Q0P (X; K ® £L8%) the Hodge Laplacian acting on (0, p)
forms on X. Its nlﬁll—space is given by the cohomology H? (X; K ® Lok ) of the tensor product via Hodge
theory. Let eﬁ’k denote the dimension of a each positive eigenspace with eigenvalue % u? e Spec+(Agk).
The spectrum of Dy, was now computed in Proposition 5.2 of [Savale 2014].

Proposition 8.1. The spectrum of Dy, is given by eigenvalues of the following types:

A= (—l)ph(k+ (s—%) —%) (8-9)

0 < p <m, k € Z, with multiplicity dim HP? (X ; K ® £L®¥).

e Type 1.

e Type 2.

2
A= hB((—nP“s + \/(Zk +e@2p—m)— % + 1) + 4;%)], (8-10)

0<p<m, ke, %,uz € Spec+(Ag ), with multiplicity dlf’k = eﬁ’k —eﬁ_l’k +e (—l)l’eg’k.
k

As observed in [Savale 2014], by choosing

€< inf{%uz € Spect(A? )},
k.p e



1838 NIKHIL SAVALE

the eigenvalues of type 2 are either positive or negative depending on the sign appearing in (8-10). Hence
the dimension of the kernel k;, of Dy, is now given by the eigenvalues of type 1:

dim H*(X; K ® £B%), +=k+(e—12),

ki, =
h 0, otherwise.

(8-11)
Now by a combination of Kodaira vanishing and Hirzebruch—Riemann—Roch,
dim H*(X: K ® £%%) = dim HO(X; K ® £%%) = y(X, K ® £%%) = / ch(K ® £8%) td(X)
X

for k > 0, where x(X, K ® £8%), ch(K ® £2¥) and td(X) denote Euler characteristic, Chern character
and Todd genus respectively. Hence (8-11), (8-12) show that the kernel and hence the counting function
are discontinuous of order O(h™™) = kj, < N(—ch, ch) in this example. A similar discontinuity of the
eta invariant of O(h~"™) was proved in Theorem 5.3 of [Savale 2014].

Appendix: Some spectral estimates

In this appendix we prove some spectral estimates used in Sections 4 and 5; see [Helffer 1988, Section 4.1]
for some related estimates.
Let H be a separable Hilbert space. Let A : H — H be a bounded self-adjoint operator. The resolvent
set and the spectrum of A are defined to be
R(A) ={A € C| A— Al is invertible},
Spec(A4) = C\ R(A).
Since A is self-adjoint, Spec(A) C R. We may now define the following subsets of the spectrum:

EssSpec(A) = {A € C| A— Al is not Fredholm},
DiscSpec(A) = Spec(A) \ EssSpec(A).
We shall consider DiscSpec(A4) above as a multiset with the multiplicity function m4 : DiscSpec(A) —
No defined by m4(1) = dimker(4). We may then find a countable set of orthonormal eigenvectors
vfl, vf, v§4, ..., with eigenvalues )L’l‘l < )L‘z‘l < )Lgl < --- such that DiscSpec(A4) and {)L‘l“,/\‘z“, ...} are
equal as multisets. Now let [a, b] C R be a finite closed interval such that EssSpec(A4) N [a,b] = @ (i.e.,
A has discrete spectrum in [a, b]). Then

A
Higp = @ ker(A —A)
A€Spec(A)N[a,b]

is a finite-dimensional vector subspace of H. We denote by
A . A

the orthogonal projection onto H [‘;1 b] and by N[‘; b] the dimension of H [‘3 b]" The operator p(4): H > H
may now be defined for any function p € C9([a, b]) by functional calculus.
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Lemma A.1. Let v € H and A € [a, b]. Assume there exists € > 0 such that A has discrete spectrum in
[a— /e, b+ /e] and || (A — A)v| < el||v|. Then

||H[a fb'f‘f] U” S«/E”U”, (A'l)

[[(p(4) — p)v | < 3Vellpllicorlv] (A-2)

for any Holder continuous function p € Cé)’l ([a, b)).

Proof. We abbreviate I1 = H[a Jebt el Let Hy := [a JebtE = = IT1H, which by assumption

is a finite-dimensional vector space. Let H be the orthogonal complement of Hy. By assumption,
Spec((A — )2 HJ_) N [—e, e] = @. Hence by the mini-max principle for self-adjoint operators bounded
from below [D1mass1 and Sjostrand 1999, Lemma 4.21], we have & < (4 — 1)?| Hi Hence
ITTv —v%e < (A = 2)(TTv —v)|?
< (A=) (v = v)[* + [|(A = HTTw|? = (4= Vv]* < & |v)?
since (A —A)(ITv — v) and (A — A)ITv are orthogonal. This gives

ITTv —v|| < Vellv]. (A-3)
To prove (A-2) first note that || TT'v — v|| < 4/¢||v||, for TT' = [/l St A by the same argument. We
now have , ,
[(o(A) — p)v ]l = [[(p(A) = p(A)(ITv —v) | + [[(p(A) — p(A) T v
<2Vellpllcor vl + Velplcorllvl. O

Before stating the next lemma we need the following definition.

Definition A.2. Given 0 < ¢ < 1, a set of vectors wi, w3, ..., wy € H is called an g-almost orthonormal
set of eigenvectors (e-AOSE for short) of A4 if

(D) [lwjlI>—1| <& forall j,

(2) {w;,wg)| <eforall j #k,

(3) (A —pj)w;| < & for some u; € R, for all j.

Lemma A.3. Assume that Hy C H has finite dimension M and is mapped onto itself by A. Let
w1, Wa,...,wWN € Hy be an e-AOSE of A for some € < 1/(2(M + 1)). Then there exist orthonormal

Wi, Wy, ..., wy,_n € Ho such that ||(A — u;)w;|| < 4M ¢ for some /,L} € R, for all j. Furthermore
(wj, wy) = 0 for each j, k.

Proof. 1t follows from ¢ < 1/(2(M + 1)) that wy, w,, ..., wy are linearly independent. Let W denote
their span and WL C Hj its orthogonal complement. Let IT, I be the orthogonal projections onto
W, W+ and consider the operator Ag := ITATTL : WL — W Let WL Wh, ... Wy, € W+ be an
orthogonal basis of eigenvectors of Ag. Hence

1 /A
™ Aw; = p;w;



1840 NIKHIL SAVALE

for some 11, € R, for all j. Also

[(Aw], we)| = [{w], (4 — p)wie)| <e.
It then follows that || HAw} | <2Mes/1+ ¢ <4Me giving the result. |

Lemma A4. Given N € N, let 0 < ¢ < (JJA|| + |a| + |b| + N + )™* Let wy,ws,...,wy € H

be an e-AOSE for A. Assume that A has discrete spectrum in [a — eé,b + eé]. Then there exist

orthonormal vectors Wy, W, ..., wy € H which span the same subspace of H as wi,w3,..., WyN.

Moreover |lw; —w;|| < /& and |[(p(A) — p(;)w; || < 38%||p||C0,1 for 1 < j < N and any Holder
. . 0,1

continuous function p € C¢’" ([a, b]).

Proof. Again it follows easily that the vectors w;, 1 < j < N, are linearly independent. Let W C H be
their span and choose an orthonormal basis e¢;, 1 < j < N, for W. We write

N
w; = Z mjjef.
k=1

If we consider the matrix M = [m ], then assumptions (1) and (2) of Definition A.2 are equivalent
to |[M*M — I| < ¢. Consider the polar decomposition M = UP, where U is unitary and P is a
positive semidefinite Hermitian matrix. We have |P*P — I| < ¢ and hence |P*P — I || < Ne. Thus
any eigenvalue A of P, being nonnegative, satisfies A — 1| < ¢ and we have |P — I|| < Ne. Thus
M —Ul| =|UP—-U]| < Ne. If wenow let U = [u;r] and w; = Z,](Ll ujker, then the w; are clearly
orthonormal and satisfy |w; —w; || < 4/¢. This last inequality along with assumption (3) of Definition A.2
easily gives

=

(A = pj)wy |l <e*.
Now Lemma A.1 gives

T, — ;|| < ¥, (A-4)
_ 1
I(o(A) = p(u)w; || < 3e¥lpllco.r, (A-5)
completing the proof. O

Next, let H’ be another separable Hilbert space. Let U : H — H’ be a bounded operator. Let
B,D :H' — H’ and C : H — H be bounded self-adjoint operators. Define A’ = UAU* : H' — H’,
B'=U*BU:H —-H,C'=UCU*:H'— H'and D' =U*DU : H — H. In the next proposition we
assume that there exists § > 0 such that A, A, B and B’ have discrete spectrum in [a — 8, b + §]. We also

abbreviate N4 = NfA_; cand T4 =TI ;o and similarly define N4, N5, N®, 14, 12, 1%’

Proposition A.5. Suppose there exists 0 < & < L™2948 with
L=25{|A| + |4 + | Bl + B’ + ICI+ D] + N4+ N4 + NB + NB 4 |a| + b + 571 + 1},
such that

W 1O =DHIA (AU +1) <eand [(UU* = DOP|(IBIIIU*] +1) <e,



KOSZUL COMPLEXES, BIRKHOFF NORMAL FORM AND THE MAGNETIC DIRAC OPERATOR 1841

2) (A =B || < g and ||(A— BHT1Z'|| <z,
(3) |(C"—D)14|| < e and ||(C — D18 <&

Then we have

|w[Cp(4)] — t[Dp(B)]| < 0% o]l s
for any p € C}([a, b]).

Proof. Let (DiscSpec(A),m4) N[a,b] = {A4 A4 ... }, with N = N[ b A8 multlsets Let

ap»taz aN
Pt () = L(p(x) + |p(x)]) and p~(x) = (p(x) — [p(x)]). We then have p*, p~ € C2'([a. b]) with
et lcor < llellcts o™ llcor < lipllcr- We further decompose C = CT +C~, D = DT + D~ into
their positive and nonpositive parts. Clearly

N
tr[C+p+(A)] = Z ,0+(ka_,~)(vaj ) C+Ua_,' ).
j=1

Next we consider w; = Uv,, € H ’. From assumption (1) we have
(4" =Ry | = WAV = 2o U, | = U = DI | 1ATIU 1 <.
Similar estimates give |||wj > — 1| < e and [(wj, wg)| < e for j # k. Now by Lemma A.1 we have
1
[TTw; —w; || < (2¢)2 with IT = H[a NI rt
[(B —=2a))wi]| = (4" = Aaj)ws | + [[(B = A)TTw; | + (B — A)(Tw; —w)|

<etevTte+ 2e)2(|A] + Bl

Following this and using assumption (3) we have

1 1
<&t <ebuyl.

Next define wJQ = Hﬁ_sl/m,bﬂl/m]wj. By Lemma A.1,
1
) —wy || <16 . (A-6)
From here it follows immediately that w(l), wg, e, w?\, form an 8617-AOSE of B. If we let Hy =
H[Jag £1/16 p1g1/16]° then by Lemma A 4 there exist orthonormal w1, w», ..., wy € Ho which span the

same subspace of Hy as the w . Furthermore

1

lwf — ;|| < 728 (A-T)

and ||(pT(B) — ,o"'(/\aj NHw;| < 3||p||C18% From (A-6) and (A-7) we also have |[w; —w;| < £7%.
From Lemma A.3 there exist orthonormal wi, w2, oWy With M = N[ (1/16 4 g1/16 such that

(w,w;) = 0 and ||(B — p))w/| <4Megor < 128, Hence by Lemma A.1, ||(p+(B) pr(wil <



1842 NIKHIL SAVALE

3||,O||C18% We now have

N —
u[D*p T (B)] = ) (w;. DT p*(B)iy) + Z i Dot (Byw))
j=1 =1
N — 1
> pt(hay) (). DT ) Z F(p)(wi, DY w)) =352 M| D]l pllc1
j=1 j=1

N
- _ 1
=Y p" a0y, DFiy) =3e52 M| Dlllpll
j=1

1
> ZPJF(/\a,-)(wj, D*w;)—6e52 M || Dlll|pllc
j=1

N
1
> pt(ha){va,; . CHva;) — 6652 M| D] + Dl e
j=1
= ufC ot ()] e pllcr.
Reversing the roles of H and H' gives
1
|u[DFp ™ (B)] —t[CTpT (A)]| < 02 p]lc1.
Similar estimates with C*tp~(A4), C~p*(A4) and C~p~ (A) give the result. O

Finally, we now give a criterion implying the discreteness of spectrum for pseudodifferential operators
required by the preceding propositions in this appendix.

Proposition A.6. Let A € W (R"; Cly and I = [a,b] C R be a closed interval such that the I -energy

band
A._ A
=2
A€l

is bounded. Then for h < hq sufficiently small
EssSpec(A)NI =2

Proof. Let 0(A) = a(x, &) € C®(R?") and £(a) C Bg be some open ball of finite radius R around the
origin. For A € I and (x, §) ¢ B, we hence have thata_; := (a(x, £)—A) ! exists. Let y € C°(—4R, 4R)
such that y(x) = 1 for x < 2R. Set ¢(x) = 1 — y(x) and define

w
A =[¢((x. HDa-1(x.9)]" € PYR":C).
Then since it has vanishing symbol, we have

(A=A — (I = (. DY) = hR € hUGR™: C").
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Next, we clearly have I + hR is invertible for i < hg sufficiently small. Also, y(|(x, £)|)% is trace class
by [Hérmander 1994, Lemma 19.3.2]. Hence if S := A_1(/ +hR)~!, then (4 —A)S — I is trace class.
By a similar argument, S(A —A) — [ is trace class. Hence by Proposition 19.1.14 of [Hormander 1994],
A — A is Fredholm. |
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INCOMPRESSIBLE IMMISCIBLE MULTIPHASE FLOWS IN POROUS MEDIA
A VARIATIONAL APPROACH

CLEMENT CANCES, THOMAS O. GALLOUET AND LEONARD MONSAINGEON

We describe the competitive motion of N+1 incompressible immiscible phases within a porous medium
as the gradient flow of a singular energy in the space of nonnegative measures with prescribed masses,
endowed with some tensorial Wasserstein distance. We show the convergence of the approximation
obtained by a minimization scheme 4 la R. Jordan, D. Kinderlehrer and F. Otto (SIAM J. Math. Anal.
29:1 (1998) 1-17). This allows us to obtain a new existence result for a physically well-established
system of PDEs consisting of the Darcy—Muskat law for each phase, N capillary pressure relations, and a
constraint on the volume occupied by the fluid. Our study does not require the introduction of any global
or complementary pressure.

1. Introduction

Equations for multiphase flows in porous media. We consider a convex open bounded set Q c R?
representing a porous medium; N41 incompressible and immiscible phases, labeled by subscripts
i €{0,..., N} are supposed to flow within the pores. Let us present now some classical equations that
describe the motion of such a mixture. The physical justification of these equations can be found, for
instance, in [Bear and Bachmat 1990, Chapter 5]. Let T > 0 be an arbitrary finite time horizon. We
denote by s; : Q x (0, T) =: Q — [0, 1] the content of the phase i, i.e., the volume ratio of the phase i
compared to all the phases and the solid matrix, and by v; the filtration speed of the phase i. Then the
conservation of the volume of each phase can be written as

0;5i +V-(s;iv;)=0 1in Q, Vi €{0,..., N}. (1)
The filtration speed of each phase is assumed to be given by Darcy’s law
1 . .
v,-=—;K(Vp,-—p,-g) in Q, Vie{0,..., N} 2)
l

In the above relation, g is the gravity vector, u; denotes the constant viscosity of the phase i, p; its
pressure, and p; its density. The intrinsic permeability tensor I : @ — R¢*? is supposed to be smooth,
symmetric, that is, K = K7, and uniformly positive definite: there exist «,, «* > 0 such that

KEP < KEOE-§ <k"IEF VEER?, VxeQ. (3)
MSC2010: 35K65, 35A15, 49K20, 76S05.
Keywords: multiphase porous media flows, Wasserstein gradient flows, constrained parabolic system, minimizing movement

scheme.
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The pore volume is supposed to be saturated by the fluid mixture
N
o= Zsi =w(x) ae.in Q, @)
i=0

where the porosity w : 2 — (0, 1) of the surrounding porous matrix is assumed to be smooth. In particular,
there exists 0 < w, < w* such that w, <w(x) <w* forall x € Q. In what follows, we set s = (s, . .., SN),

A)={s e RV | TN 5 = 0],
and
X ={seL" (R |s(x) e Ax) ae. in Q).

There is an obvious one-to-one mapping between the sets A(x) and
A @) ={s"=C1,..., o0 € ROV [T s <o)},
and consequently also between X and
X*={s* e L"(; RY) | s*(x) € A*(x) ae. in Q).

In what follows, we set Y =, .5 A*(x) x {x}.
In order to close the system, we impose N capillary pressure relations

pi—po=mi(s,x) ae inQ, Vie{l,...,N}, 5)

where the capillary pressure functions 7; : ¥ — R are assumed to be continuously differentiable and to
derive from a strictly convex potential IT: Y — R, ; that is,

oIl
mi(s* x) = 8—(s*, x) Vie{l,...,N}
Si

We assume that IT is uniformly convex with respect to its first variable. More precisely, we assume that
there exist two positive constants @, and @* such that, for all x € Q and all s*, §* € A*(x), one has

L8 — s> = TIGE™, x) — T1(s*, x) — w (5%, x) - §* —5%) > Lo, |§* — 5™/, (6)
where we introduced the notation
7: Y =>RY, (%x) n(s* x)=r1(s% %), ..., 75 x)).
The relation (6) implies that 5t is monotone and injective with respect to its first variable. Denoting by
2> ¢z, %) = ($1(z, %), ..., Pn(z, X)) € A™(x)

the inverse of (-, x), it follows from (6) that

0<-L <0g@x) < VrelQ Vzem(A*(x).x) %
w [

*
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where J, stands for the Jacobian with respect to z and the above inequality should be understood in the
sense of positive definite matrices. Moreover, due to the regularity of & with respect to the space variable,
there exists My > 0 such that

IVid(z,x)| < My Vx €Q, Vzem(A*(x),x), (8)

where V, denotes the gradient with respect to the second variable only.

The problem is complemented with no-flux boundary conditions

v,-n=0 ondRx(0,T), Vie{0,...,N}, 9)
and by the initial content profile §0 = (sg, - s](f,) e X:
N
si(.0)=s) Viel0,...,N}, with Y s)=0 ae inQ. (10)
i=0

Since we did not consider sources, and since we imposed no-flux boundary conditions, the volume of
each phase is conserved along time:

/si(x,t)dxzfs?(x)dx::mi>0 Vi €{0,..., N}. (11)
Q Q

We can now give a proper definition of what we call a weak solution to the problem (1)—(2), (4)—(5),
and (9)—(10).

Definition 1.1 (weak solution). A measurable function s : Q — (R;)¥*! is said to be a weak solution
if s € A a.e. in Q, if there exists p = (po, ..., pn) € L2((0, T); H'(Q))N*! such that the relations (5)
hold, and such that, for all ¢ € Cfo(f_z x [0, T))and all i € {0, ..., N}, one has

// sia,q&dxdt—i—/s?qﬁ(-,O)dx—// i[K(Vpi—p,‘g)~V¢dxdt=O. (12)
0 Q 0 Mi

Wasserstein gradient flow of the energy.

Energy of a configuration. First, we extend the convex function IT : ¥ — [0, 4+00], called capillary
energy density, to a convex function (still denoted by) IT: RN*! x @ — [0, 4-00] by setting

s* s s
H(w—,x) = H(a)—l, e, a)—N, x) ifs € [Rif“ and 0 < w(x),
I(s, x) = o o log

+00 otherwise,

o being defined by (4). The extension of IT by 400 where o > w is natural because of the incompressibility
of the fluid mixture. The extension to {o < w}U [R{i’ s designed so that the energy density only depends
on the relative composition of the fluid mixture. However, this extension is somehow arbitrary, and,
as it will appear in the sequel, it has no influence on the flow since the solution s remains in X; i.e.,
ZZNZ 0Si = . In our previous note [Cances et al. 2015] the appearance of void o < @ was directly
prohibited by a penalization in the energy.
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The second part in the energy comes from the gravity. In order to lighten the notation, we introduce
the functions

VU, : Q> Ry, x+— —pig-x, Viel0,...,N},
and
¥:Q - RV x> (W), ..., Uy ().
The fact that W; can be assumed to be positive comes from the fact that €2 is bounded. Even though the
physically relevant potentials are indeed the gravitationals W;(x) = —p; g - x, the subsequent analysis

allows for a broader class of external potentials and for the sake of generality we shall therefore consider
arbitrary W; € C'(Q) in the sequel.

We can now define the convex energy functional £ : L' (2, RV*!) — RU {400} by adding the capillary
energy to the gravitational one:

E(s):/(l'[(s,x)+s-\ll)dx20 Vs € L'(Q; RN, (13)
Q

Note moreover that £(s) < oo if and only if s > 0 and 0 < w a.e. in Q. It follows from the mass
conservation (11) that

N
dx = i = dx.
/Qo*(x) ;m /Qa)(x) x

Assume that there exists a nonnegligible subset A of 2 such that 0 < w on A; then necessarily, there
must be a nonnegligible subset B of €2 such that o > w so that the above equation holds, and hence
E(s) = +o0. Therefore,

E() <00 <= secX. (14)

Let p = (po, ..., pn) : 2 — RM*! be such that p € dI1(s, x) for a.e. x in Q. Then, defining
hi=pi+V;(x)foralli €{0,..., N} and h = (h;)o<i<n, Wwe have h belongs to the subdifferential 9;& (s)
of £ ats;ie.,

N
5(§) > E(s) —i—Z/ hi(ﬁi —s;)dx Vs e LI(Q; RN+1).
i=0 Y€

The reverse inclusion also holds; hence
ES)=1{h:Q— RV | h; — W;(x) € 3,T1(s, x) for ae. x € Q). (15)

Thanks to (14), we know that a configuration s has finite energy if and only if s € X. Since we are
interested in finite energy configurations, it is relevant to consider the restriction of £ to X'. Then using
the one-to-one mapping between X and X'*, we define the energy of a configuration s* € X'*, which we
denote by £(s*), by setting £(s*) = £(s), where s is the unique element of X corresponding to s* € X'*,
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Geometry of 2 and Wasserstein distance. Inspired by [Lisini 2009], where heterogeneous anisotropic
degenerate parabolic equations are studied from a variational point of view, we introduce N+1 distances
on €2 that take into account the permeability of the porous medium and the phase viscosities. Given two
points x, y in €2, we denote by

P(x,y)={y €C'([0,1]1: ) | y(0)=x and y (1) =y}

the set of the smooth paths joining x to y, and we introduce distances d;, i € {0, ..., N}, between elements
on €2 by setting

1 1/2
di(x,y)= inf ( f wlK @)Y (@) -y () dr) V(x,y) € Q. (16)
vePx,y)\Jo
It follows from (3) that
Mi Mi =
K—ﬁ|x—y|sd,-<x,y)s,/x—’|x—y| V(x,y) € Q2 (17)

Fori € {0,..., N} we define
A ={si e L"Q Ry) | [ 50 dx =m; ).
Given s;, §; € A;, the set of admissible transport plans between s; and §; is given by
Ty(si, 8) = {6i € Mp(Q x Q) | 0:(2 x Q)=m;, 6" =s; and 67 =5,},

where M, (2 x €2) stands for the set of Borel measures on €2 x 2 and Gi(k) is the k-th marginal of the
measure ¢;. We define the quadratic Wasserstein distance W; on A4; by setting

12
w,-<s,-,§i>=( inf /f di<x,y)2dei<x,y)) . (18)
0;€l"(si,5;) QxQ

Due to the permeability tensor K(x), the porous medium €2 might be heterogeneous and anisotropic.
Therefore, some directions and areas might be privileged by the fluid motions. This is encoded in the
distances d; we put on 2. Moreover, the more viscous the phase is, the more costly are its displacements,
hence the u; in the definition (16) of d;. But it follows from (17) that

/’L. A A I’L A ~
K_iWref(sia §i) < Wi(si, 5) < ,/K—lWref(Si, 5) Vs, 8 €A, (19)

where Wt denotes the classical quadratic Wasserstein distance defined by

172
Wiet (s, 8i) = < inf f/ lx — y|*do; (x, y)) . (20)
0; €L (s,5:) QxQ

With the phase Wasserstein distances (W;)o<i<y at hand, we can define the global Wasserstein
distance W on A := A x - - - x Ay by setting

1/2

N
W(s,§) = (Z W, (s, §i)2> Vs, § € A.
i=0



1850 CLEMENT CANCES, THOMAS O. GALLOUET AND LEONARD MONSAINGEON

Finally for technical reasons we also assume that there exists a smooth extension K to R? of the
permeability tensor such that (3) holds on R% This allows us to define distances d; on the whole R by

I 1/2
di(x,y) = inf (/ WK ()Y (o) - y/(r)dr) Vx,yeR (21)
yeP(x,y)\JO
where F(x, y) ={y € C'([0, 1]; RY) | y(0)=x and y(1)=y}. In the sequel, we assume that the
extension [K of K is such that

Q is geodesically convex in M; = ([Rd, Ji) for all ;. (22)

In particular c?,- =d; on Q x . Since K1 is smooth, at least Cg(Rd), the Ricci curvature of the
smooth complete Riemannian manifold M; is uniformly bounded; i.e., there exists C depending only on
(1i)o<i<n and K such that

IRicrg, »(0)| < CuilK'v-v Vx e RY Vo e RY (23)

We deduce from the lower bound on the Ricci curvature and on the geodesic convexity of €2 that the
Boltzmann relative entropy H,, with respect to w;, defined by

Hep(s) = / K log(i) dx for all measurable s : Q@ — R, (24)
R4 w

is A;-displacement convex on P*(R2) for some A; € R. Here, P?*(£2) denotes the set of probability
measures on €2 that are absolutely continuous with respect to the Lebesgue measure. Then mass scaling
implies that H,, is also A;-displacement convex on (A4;, W;). We refer to [Villani 2009, Chapters 14
and 17] for further details on the Ricci curvature and its links with optimal transportation.

In the homogeneous and isotropic case K(x) = Id, condition (22) simply amounts to assuming that
Q is convex. A simple sufficient condition implying (22) is given in Appendix A in the isotropic but
heterogeneous case K(x) =k (x)[,.

Gradient flow of the energy. The content of this section is formal. Our aim is to write the problem as a
gradient flow, i.e.,

d
d—j € —grady £(s) = —(grady, £(s), ..., grady, £(s)), (25)

where grady, £(s) denotes the full Wasserstein gradient of £(s), and grady, £(s) stands for the partial
gradient of s; — £(s) with respect to the Wasserstein distance W;. The Wasserstein distance W; was built
so that § = (§;); € grady £(s) if and only if there exists h € 9;E(s) such that

3,5,‘ =-V. (Siﬁv}li) Vi e {O, ey N}
i

Such a construction was already performed by Lisini in the case of a single equation. Owing to the defini-

tions (13) and (15) of the energy £(s) and its subdifferential d,€(s), the partial differential equations can

be (at least formally) recovered. This was, roughly speaking, the purpose of our note [Cances et al. 2015].
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In order to define rigorously the gradient gradyy £ in (25), A has to be a Riemannian manifold. The
so-called Otto’s calculus [2001], see also [Villani 2009, Chapter 15], allows to put a formal Riemannian
structure on .A. But as far as we know, this structure cannot be made rigorous and .A is a mere metric
space. This leads us to consider generalized gradient flows in metric spaces; see [Ambrosio et al. 2008].
We won’t go deep into details in this direction, but we will prove that weak solutions can be obtained as
limits of a minimizing movement scheme presented in the next section. This characterizes the gradient
flow structure of the problem.

Minimizing movement scheme and main result.

The scheme and existence of a solution. For a fixed time-step t > 0, the so-called minimizing movement
scheme [De Giorgi 1993; Ambrosio et al. 2008] or JKO scheme [Jordan et al. 1998] consists in computing
recursively (s"),>1 as the solution to the minimization problem

w , n—1y2

"= Argmin(ﬁ + g(s)), (26)
seA 27

the initial data s” being given in (10).

Approximate solution and main result. Anticipating that the JKO scheme (26) is well-posed (this is
the purpose of Proposition 2.1 below), we can now define the piecewise constant interpolation s* €
L*>((0,T); XN .A) by

sT(0, ) =s° and st(t,)=s" Vie((n—1Dz,nt], Vn > 1. 27
The main result of our paper is the following.

Theorem 1.2. Let (ti)i>1 be a sequence of time steps tending to 0. Then there exists one weak solution s
in the sense of Definition 1.1 such that, up to an unlabeled subsequence, (s™);>| converges a.e. in Q
towards s as k tends to oo.

As a direct by-product of Theorem 1.2, the continuous problem admits (at least) one solution in the
sense of Definition 1.1. As far as we know, this existence result is new.

Remark 1.3. It is worth stressing that our final solution will satisfy a posteriori d;s; € L*((0, T); H'(2)"),
s; € L>((0, T); H'()), and thus s; € C([0, T]; L*(S2)). This regularity is enough to retrieve the so-called
energy-dissipation equality

—8(s(t))— Z/ KﬁV(p,(t)—l—\IJ) V(pi(t)+¥)dx <0 forae.te(0,T),

which is another admissible formulation of gradient flows in metric spaces [Ambrosio et al. 2008].

Goal and positioning of the paper. The aims of the paper are twofold. First, we aim to provide a
rigorous foundation to the formal variational approach introduced in the authors’ recent note [Cances et al.
2015]. This gives new insights into the modeling of complex porous media flows and their numerical
approximation. Our approach appears to be very natural since only physically motivated quantities appear
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in the study. Indeed, we manage to avoid the introduction of the so-called Kirchhoff transform and global
pressure, which classically appear in the mathematical study of multiphase flows in porous media; see,
for instance, [Chavent 1976; 2009; Antoncev and Monahov 1978; Chavent and Jaffré 1986; Fabrie and
Saad 1993; Gagneux and Madaune-Tort 1996; Chen 2001; Amaziane et al. 2012; 2014].

Second, the existence result that we deduce from the convergence of the variational scheme is new as
soon as there are at least three phases (N > 2). Indeed, since our study does not require the introduction of
any global pressure, we get rid of many structural assumptions on the data, among which is the so-called
total differentiability condition; see, for instance, Assumption (H3) in [Fabrie and Saad 1993]. This
structural condition is not naturally satisfied by the models, and suitable algorithms have to be employed
in order to adapt the data to this constraint [Chavent and Salzano 1985]. However, our approach suffers
from another technical difficulty: we are limited to the case of linear relative permeabilities. The extension
to the case of nonlinear concave relative permeabilities, i.e., where (1) is replaced by

0rsi + V- (ki(si)v;) =0,

may be reachable thanks to the contributions of Dolbeault, Nazaret, and Savaré [Dolbeault et al. 2009], see
also [Zinsl and Matthes 2015b], but we did not push in this direction since the relative permeabilities k;
are in general supposed to be convex in models coming from engineering.

Since the seminal paper of Jordan, Kinderlehrer, and Otto [Jordan et al. 1998], gradient flows in metric
spaces (and particularly in the space of probability measures endowed with the quadratic Wasserstein
distance) were the object of many studies. Let us for instance refer to the monograph of Ambrosio,
Gigli, and Savaré [Ambrosio et al. 2008] and to Villani’s book [2009, Part II] for a complete overview.
Applications are numerous. We refer for instance to [Otto 1998] for an application to magnetic fluids,
to [Sandier and Serfaty 2004; Ambrosio and Serfaty 2008; Ambrosio et al. 2011] for applications to
superconductivity to [Blanchet et al. 2008; Blanchet 2013; Zinsl and Matthes 2015a] for applications to
chemotaxis, to [Lisini et al. 2012] for phase field models, to [Maury et al. 2010] for a macroscopic model
of crowd motion, to [Bolley et al. 2013] for an application to granular media, to [Carrillo et al. 2011]
for aggregation equations, and to [Kinderlehrer et al. 2017] for a model of ionic transport that applies
in semiconductors. In the context of porous media flows, this framework has been used by Otto [2001]
to study the asymptotic behavior of the porous medium equation, which is a simplified model for the
filtration of a gas in a porous medium. The gradient flow approach in Wasserstein metric spaces was used
more recently by Laurengot and Matioc [2013] on a thin film approximation model for two-phase flows
in porous media. Finally, let us mention that similar ideas were successfully applied for multicomponent
systems; see, e.g., [Carlier and Laborde 2015; Laborde 2016; Zinsl and Matthes 2015b; Zinsl 2014].

The variational structure of the system governing incompressible immiscible two-phase flows in porous
media was recently depicted by the authors in their note [Cances et al. 2015]. Whereas the purpose of
that paper is formal, our goal is here to give a rigorous foundation to the variational approach for complex
flows in porous media. Finally, let us mention the work of Gigli and Otto [2013], where it was noticed
that multiphase linear transportation with saturation constraint, as we have here thanks to (1) and (4),
yields nonlinear transport with mobilities that appear naturally in the two-phase flow context.
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The paper is organized as follows. In Section 2, we derive estimates on the solution s* for a fixed t.
Beyond the classical energy and distance estimates detailed in the first subsection, in the second subsection
we obtain enhanced regularity estimates thanks to an adaptation of the so-called flow interchange technique
of Matthes, McCann, and Savaré [Matthes et al. 2009] to our inhomogeneous context. Because of the
constraint on the pore volume (4), the auxiliary flow we use is no longer the heat flow, and a drift term
has to be added. An important effort is then done in Section 3 to derive the Euler—Lagrange equations
that follow from the optimality of s". Our proof is inspired by the work of Maury, Roudneff-Chupin, and
Santambrogio [Maury et al. 2010]. It relies on an intensive use of the dual characterization of the optimal
transportation problem and the corresponding Kantorovich potentials. However, additional difficulties
arise from the multiphase aspect of our problem, in particular when there are at least three phases (i.e.,
N > 2). These are bypassed using a generalized multicomponent bathtub principle (Theorem B.1 in
Appendix B) and computing the associated Lagrange multipliers in the first subsection. This key step
then allows to define the notion of discrete phase and capillary pressures in the second subsection. Then
Section 4 is devoted to the convergence of the approximate solutions (s%); towards a weak solution s
as 7 tends to 0. The estimates we obtained in Section 2 are integrated with respect to time in the first
subsection. In the second subsection, we show that these estimates are sufficient to enforce the relative
compactness of (s™)y in the strong L' (Q)V*! topology. Finally, it is shown in the third subsection that
any limit s of (s™); is a weak solution in the sense of Definition 1.1.

2. One-step regularity estimates

The first thing to do is to show that the JKO scheme (26) is well-posed. This is the purpose of the
following proposition.

Proposition 2.1. Letn > 1 and s"~! € X N.A. Then there exists a unique solution s" to the scheme (26).
Moreover, one has s € X N A.

Proof. Any s"~! € X N A has finite energy thanks to (14). Let (s™¥), C .A be a minimizing sequence in
(26). Plugging s"~! into (26), it is easy to see that £(s™*) < £(s"~!) < oo for large k; thus (s™%), c XN.A
thanks to (14). Hence, one has 0 < s?’k(x) < w(x) for all k. By the Dunford—Pettis theorem, we can
therefore assume that s’ LN 5! weakly in L'(). It is then easy to check that the limit s” of s"* belongs
to X N.A. The lower semicontinuity of the Wasserstein distance with respect to weak L' convergence is
well known, see, e.g., [Santambrogio 2015, Proposition 7.4], and since the energy functional is convex
and thus lower semicontinuous, we conclude that s” is indeed a minimizer. Uniqueness follows from the
strict convexity of the energy as well as from the convexity of the Wasserstein distances (with respect to
linear interpolation sy = (1 — 6)sg + 051). Il

The rest of this section is devoted to improving the regularity of the successive minimizers.

Energy and distance estimates. Plugging s = s"~!

W(Sn, Sn—l)2
2t

into (26) we obtain

+E(™) < EG™. (28)
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As a consequence we have the monotonicity
S SEE SEE"T s < E6%) <00

at the discrete level; thus s” € X for all n > 0 thanks to (14). Summing (28) over n we also obtain the
classical fotal square distance estimate

% Do WAL s") <2667 < C(Q. T W), (29

n>0

where the last inequality comes from the fact that s° is uniformly bounded since it belongs to X, and
thus so is £(s”). This readily gives the approximate %—Hdlder estimate

W(s"!, s") < Cy/|ny —ny|t. (30)

Flow interchange, entropy estimate and enhanced regularity. The goal of this section is to obtain some

n*

additional Sobolev regularity on the capillary pressure field m (s"*, x), where s"* = (s{, ..., s}) is the

unique element of X'* corresponding to the minimizer s” of (26). In what follows, we set
' Q—>R, x> m(s™x),x), Vie{l,...,N}

and " = (7{, ..., my). Bearing in mind that w(x) > @, > 0 in Q, we can define the relative Boltzmann
entropy H,, with respect to w by (24).

Lemma 2.2. There exists C depending only on Q, I1, , K, (i;);, and VU such that, for all n > 1 and all
T > 0, one has

N 2 —1 N n—1 n
n w (sn, s" ) Hw(si )_Hw(si)
> IV 2y < c<1 T 3 ) 31)

. 3 T
i=0 i=0

Proof. The argument relies on the flow interchange technique introduced by Matthes, McCann, and
Savaré [Matthes et al. 2009]. Throughout the proof, C denotes a fluctuating constant that depends on the
prescribed data 2, IT, w, K, (1;);, and ¥, but neither on ¢, T, nor on n. Fori =0, ..., N consider the
auxiliary flows

813‘/,' = d1v([KV§l —S‘/,'[Kv IOg w), t>0,xe,

K(Vs; —s;Vlogw) -v =0, t>0, x €09, (32)
Sili=o = s]', xeQ
for each i € {0,..., N}. By standard parabolic theory, see for instance [LadyZenskaja et al. 1968,

Chapter III, Theorem 12.2], these initial-boundary value problems are well-posed, and their solutions s; (x)
belong to C1-2((0, 11 x ) NC([0, 1]; LP()) for all p € (1, 00) if w € C>*(R) and IK € C1-¥(Q) for some
o > 0. Therefore, ¢ — §;( -, t) is absolutely continuous in L'(£2), and thus in .A; endowed with the usual
quadratic distance Wir (20) thanks to [Santambrogio 2015, Proposition 7.4]. Because of (19), the curve
t — 5; (-, t) is also absolutely continuous in A; endowed with W;.
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From Lisini’s results [2009], we know that the evolution ¢ — §; (-, f) can be interpreted as the gradient
flow of the relative Boltzmann functional (1/u;)H,, with respect to the metric W;, the scaling factor 1/u;
appearing due to the definition (18) of the distance W;. As a consequence of (23), The Ricci curvature
of (2, d;) is bounded, and hence bounded from below. Since w € C*(2), and with our assumption (22),
we also have that (1/u;)H,, is A;-displacement convex with respect to W; for some A; € R depending
on w and the geometry of (2, d;); see [Villani 2009, Chapter 14]. Therefore, we can use the so-called
evolution variational inequality characterization of gradient flows, see for instance [Ambrosio and Gigli
2013, Definition 4.5], centered at si”_l, namely

1d n—1 )“ 2 n—1 1 n—1 1 M
—— Wi (t), 57 )+ WEGi), s )<M—’H w(S; )_;Hw(si(t))-

2 dr 2
Define § = (5o, ..., Sy) and §* = (51, ..., Sy). Summing the previous inequality over i € {0, ..., N}
leads to
d ) | W2E (1), 5" ) | o Hols) ™) — Ho (i (1))
( W23 (@), 5" )>§C(—+Z ) (33)
dr T T

i=0

In order to estimate the internal energy contribution in (26), we first note that »_ 5/ (x) = w(x) for

all x € Q; thus by the linearity of (32) and since w is a stationary solution we have ) _$;(x, 1) = w(x)

as well. Moreover, the problem (32) is monotone, thus order preserving, and admits 0 as a subsolution.

Hence $; (x, t) > 0, so that §(¢) € AN X is an admissible competitor in (26) for all ¢ > 0. The smoothness
of § for t > 0 allows us to write

N
%(/ [1(s*(x, 1), x) dx) = Z/ i (x, 1) 0:5i(x, 1) dx = I1(t) + L (¢), (34)
¢ i=1 7%

where 7; := m; (§*, - ), and where, for all ¢ > 0, we have set

I(t) = — Z/ V(1) - KV () dx, L) =— Z/ &V 7 (t) - KVawdx.

To estimate I, we first use the invertibility of & to write

$(x, 1) = ¢ (x, 1), x) = $(x, 1),

yielding
Vs(x, 1) =Jp((x,1),x) Ve (x, 1) + V(i (x, 1), X). (35)
Combining (3), (7), (8) and the elementary inequality
a2 2
ab < 8? + % with § > 0 arbitrary, (36)

we get that for all r > 0,

(5/ |V7Vt(t)|2dx+lf |Vx¢(ft(t))|2dx).
Q 5 Ja
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Choosing § = k. /(4x* ™), we get that

3k,

L(t) <—
1(1) = yp—

/ IVa())>dx +C Vi > 0. (37)
Q

In order to estimate I, we use that §(z) € X for all > 0, so that 0 < §;(x, ) < w(x); hence we deduce
that Z,N: 1 (Si Jw)? < 1. Therefore, using (36) again, we get

Iz(t)§8/<*/ |V:%(z)|2dx+K—/ |Vw|? dx.
Q 5 Ja

Choosing again § = «,/(4x*w*) yields

b) < —* f IV (t)|* dx + C. (38)
doo* Q
Taking (37)—(38) into account in (34) provides
d * .
—(/ TI(s*(x, 1), x) dx) <-— i f Vi ())>dx+C Vit >0. (39)
dr\Jq 2* Jq

Let us now focus on the potential (gravitational) energy. Since §(7) belongs to X N A for all > 0, we
can make use of the relation

N
Sox, ) =) =Y Fi(x, 1) ¥(x 0)eQxRy,
i=1

to write: for all £ > 0,

N N
Z/ 50, )W (x) dx:Z/ 5, (Y — We)(x) dx—l—f w(x)Wo(x) dx.
i=0 < i=1 7% Q
This leads to
d /& N
5 (Z / 5i (Wi dx) =Y / (Wi (x) = Wo(x)) dysi (x, 1) dx = J1 (1) + (), (40)
i=0 Y€ i=1 7

where, using the equations (32), we have set

w

N N v
Ji(t) = —Z/QV(\IJi—\IJO)-KVEi(t)dx, L (t) = Z/QwV(lD,-—\IJO)-Kdex.
i=1 i=1

The term J; can be estimated using (36). More precisely, for all § > 0, we have

N
* v 1
N <k <5||vs*<r>||iz +5 D IV - \Ifo)ﬂiz). (41)
i=1
Using (35) together with (7)—(8), we get that
. |- 2_ 2 y
V815 = (- IVl +120My) < o IV 22 +20121My)"
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Therefore, choosing § = (). /(8k*w*) in (41), we infer from the regularity of W that

Jl(t)§L/ \V#(0)2dx +C Vi > 0. (42)
4ZD'* Q

Finally, it follows from the fact that ZlN: | §i < w, from the Cauchy—Schwarz inequality, and from the
regularity of ¥, w that

N
(1) = —k* Y VW = V|2 Vol 2 = C. (43)

i=1
Combining (40), (42), and (43) with (39), we get that

K

i5(5(:)) <- / IVx()|>dx+C Vit >0. (44)
dr 4 Q

w—*
Denote by
1
Fi(s)i=5-Wis,s" ) +£0) (45)
T
the functional to be minimized in (26); then combining (33) and (44) provides

Ky
doo*

d .
—F($() +

dr T T

204 n—1 N n—1y v
W=(s(0),s" ) +Z Hols; ) Hw(sz(f))) Vi 0
i=0

IV, < c(l T
Since §(0) = s" is a minimizer of (26), we must have
. d _, .
0 <limsup| —F;(s(1))],
t—0F dr
otherwise § () would be a strictly better competitor than s” for small ¢ > 0. As a consequence, we get
N

W2 (), s" 1) Heo (57 — He (i (1))
(1+f+2 >

T

liminf |V (#)]), < C lim sup
t—0t t—0t .
i=0
Since $; belongs to C ([0, 1]; L”(2)) for all p € [1, 00), see for instance [Cances and Gallouét 2011], the
continuity of the Wasserstein distance and of the Boltzmann entropy with respect to strong L”-convergence
imply that

W2E (@), s"H =5 W2(s™ 5" and Mo Gi(1) =% Hy (7).

Therefore, we obtain that

(46)
T < T
i=0

W2 n’ n—1 N H, (171 -, n
liminf |V ©)]|7, < c(l + W™ s ) n Z (s; ) (s; )).
t—0t

It follows from the regularity of & that

TGF@), x) =x(t) 28 7" = n(s", x) in LP(Q).
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Finally, let (#;)¢>1 be a decreasing sequence tending to O realizing the lim inf in (46); then the sequence
(Vi (t;))e>1 converges weakly in L2(Q)V*4 towards Vr". The lower semicontinuity of the norm with
respect to the weak convergence leads to

N
n2 : ~ 2
E I i ”LZ = Ehm l n(ti)”LZ

i=1

W27 L Ha ) — o)
e ) ’ L _—
_htril)(l)glf||V7t(f)||Lz§C(l+ . +§ T ) -

3. The Euler-Lagrange equations and pressure bounds

The goal of this section is to extract information coming from the optimality of s” in the JKO mini-
mization (26). The main difficulty consists in constructing the phase and capillary pressures from this
optimality condition. Our proof is inspired by [Maury et al. 2010] and makes extensive use of the
Kantorovich potentials. Therefore, we first recall their definition and some useful properties. We refer to
[Santambrogio 2015, §1.2; Villani 2009, Chapter 5] for details.

Let (vi, ) € J\/lJr(Q)2 be two nonnegative measures with same total mass. A pair of Kantorovich
potentials (¢;, ¥;) € L'(v)) x L'(vy) associated to the measures v; and v, and to the cost function %dlz
defined by (16),i € {0, ..., N}, is a solution of the Kantorovich dual problem

DPi(v,v) =  max / 01 (X1 () dx + f Wi ()va(y) dy.
(@i yi)eL (1) x L (vp) Q Q
@i (X)+; (y)g%diz(x,y)

We will use the three following important properties of the Kantorovich potentials:
(a) There is always duality; that is,
DP; (vi, ) = W (i, v2) Vief{0,...,N}.

(b) A pair of Kantorovich potentials (¢;, ¥;) is dv; ® dv, unique, up to additive constants.

(c) The Kantorovich potentials ¢; and ; are %diz—conjugate; that is,
¢i(x) = inf 3d7(x, y) = ¥i(y) YxeQ,
yeQ
Vi(y) = inf 3d7(x, ) —@i(x) VyeQ.

Remark 3.1. Since €2 is bounded, the cost functions (x, y) — %diz(x, y),i €{l,..., N}, are globally
Lipschitz continuous; see (17). Thus item (c) shows that ¢; and v; are also Lipschitz continuous.

A decomposition result. The next lemma is an adaptation of [Maury et al. 2010, Lemma 3.1] to our
framework. It essentially states that, since s” is a minimizer of (26), it is also a minimizer of the linearized
problem.
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Lemma 3.2. Forn>1andi =0, ..., N there exist some (backward, optimal) Kantorovich potentials ¢;'
from s! to s?il such that, using the convention wy = (0I1/9s0) (s}, ..., sy, x) =0, setting
n_ % a .
F''=—4+nm'+V;, Viell,...,N}, 47)
T

and defining F" = (F[")o<i<n, we have
s" € Argmin/ F'(x) -s(x)dx. (48)
seXNA JQ
Moreover, F' € LN HY(Q) foralli €{0,..., N}.

Proof. We assume first that sl."*1 (x) > 0 everywhere in Q for all i € {1, ..., N}, so that the Kantorovich
potentials (¢!, ¥/") from s/ to s;' ~! are uniquely determined after normalizing ¢;' (xXrer) = 0 for some
arbitrary point X € 2; see [Santambrogio 2015, Proposition 7.18]. Given any s = (s;)1<o<y € X NA
and ¢ € (0, 1) we define the perturbation

s :=(1—¢)s" +es.

Note that X N.A is convex; thus s° is an admissible competitor for all ¢ € (0, 1). Let (¢;, ¥;) be the unique
Kantorovich potentials from s to sl.”_l, similarly normalized as ¢ (xrf) = 0. Then by characterization of
the squared Wasserstein distance in terms of the dual Kantorovich problem we have

Lw2(st, 50 = fg o ()57 () dx + /Q P () dy,

LWt st ) = /Q of ()5 (x) dx + /Q E s () dy.

By definition of the perturbation s it is easy to check that s{ —s!" = &(s; — s}'). Subtracting the previous
inequalities we get

W2(se, s" 1) — w2(st, s7!
l (S[ Sl ) 1 (Sl s[ ) S E/ (plg(SL —sl")dx (49)
2t T Jo
Define s* = (s{,...,sy), ®° = m(s**, -), and extend to the zeroth component 7° = (0, ). The
convexity of IT as a function of s1, ..., sy implies
/(n(s"*,x)—n(sf*,x))dxzf n'a-(s”*—sa*)dx=/ J'tg-(s"—se)dx=—8/ % (s—s")dx. (50)
Q Q Q Q

For the potential energy, we obtain by linearity that

/(sg—s”)‘\lldx=s/(s—s”)‘\lldx. (&2}
Q Q

Summing (49)—(51), dividing by ¢, and recalling that s” minimizes the functional 7' defined by (45), we
obtain

Fr(s8) — Fr(s" N €
0< T A6 52/<‘p—‘+ﬁ5+wi>(s,-—s;1)dx (52)
€ iz /N T
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foralls e XN.Aandall ¢ € (0, 1). Because 2 is bounded, any Kantorovich potential is globally Lipschitz
with bounds uniform in ¢; see, for instance, the proof of [Santambrogio 2015, Theorem 1.17]. Since s°

converges uniformly towards s” when ¢ tends to 0, we infer from Theorem 1.52 of the same paper that
¢; converges uniformly towards ¢! as ¢ tends to 0, where ¢! is a Kantorovich potential from s to sl.”_1
Moreover, since 5 is uniformly continuous in s, we also know that ¢ converges uniformly towards "

and thus 7° — " = (0, ") as well. Then we can pass to the limit in (52) and infer that
OffF”-(s—s”)dx Vse XNA (53)
Q

and (48) holds.

If sl.”_1 > 0 does not hold everywhere, we argue by approximation. Running the flow (32) for a short
time § > O starting from s” !, we construct an approximation s~ 1% = (s(')'_l"s, R le—l,s) converging to
sl = (sg_l, - s?v_l) in L1(Q) as 8 tends to 0. By construction s" 14 e XN A, and it follows from

the strong maximum principle that s;' 195 0in Q forall § > 0. By Proposition 2.1 there exists a unique

n—1

minimizer ™% to the functional
s 1 w2, =15
F: XNA— Ry, Sr—)EW (s, 8" +E(s).

n=1.8 - 0, there exist unique Kantorovich potentials (¢;' s 1//1.”’8) from s;' % to " 713 This allows

i

us to construct F”% using (47), where ¢;' and 7" have been replaced by (p;‘"S and J'rl.""s. Thanks to the

Since s

above discussion,

0< / Fmo* . (s* —s™*)dx Vs* e X*N.A" (54)

Q
We can now let § tend to 0. Because of the time continuity of the solutions to (32), we know that sn—1.o
converges towards s”~! in L'(€2). On the other hand, from the definition of s"* and Lemma 2.2 (in
particular (31) with sh=18 b gnd instead of s" 1, 5", ") we see that ™% is bounded in H' (Q)NJrl
uniformly in § > 0. Using next the Lipschitz continuity (8) of ¢, one deduces that s is uniformly
bounded in H'(2)V*!. Then, thanks to Rellich’s compactness theorem, we can assume that s converges

n=1,6 _ ¢"=1 and standard properties

strongly in LZ(Q)V*! as § tends to 0. By the strong convergence s
of the squared Wasserstein distance, one readily checks that F/% I"-converges towards F”, and we can
therefore identify the limit of s™- as the unique minimizer s" of 7. Thanks to Lebesgue’s dominated
convergence theorem, we also infer that J'rl.""S converges in L*(2) towards m!'. Using once again the
stability of the Kantorovich potentials [Santambrogio 2015, Theorem 1.52], we know that ¢!’ 0 converges
uniformly towards some Kantorovich potential ¢;'. Then we can pass to the limit in (54) and claim
that (53) is satisfied even when some coordinates of s”~! vanish on some parts of €.

Finally, note that since the Kantorovich potentials ¢;' are Lipschitz continuous and because 7' € H !
(see Lemma 2.2) and ¥ is smooth, we have F/" € H 1. Since the phases are bounded 0 < 57" (x) < w(x)

and 7 is continuous we have " € L*; thus F/" € L* as well and the proof is complete. U

We can now suitably decompose the vector field F"* = (F/")o<;<y defined by (47).
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Corollary 3.3. Let F" = (Fy, ..., Fy) be as in Lemma 3.2. There exists a"* € RN*! such that, setting
A(x) = minj(F]’? (x) —i—a;‘), we have \" € H'(Q) and

F'+a! =\" dsi'-a.e.in Q, Vi {0, ..., N}, (55)

VF'=VA" ds'-ae inQ,Vie{0,...,N}. (56)

Proof. By Lemma 3.2 we know that s” minimizes s — [ F" -s among all admissible s € X N A.
Applying the multicomponent bathtub principle, Theorem B.1 in Appendix B, we infer that there exists
o = (ag,...,ay) € RN+ such that F''+al = A" fords;'-a.e. x € 2 and A" = minj(F;’ +a7) as in our
statement. Note first that A" € H' () as the minimum of finitely many H! functions Fy, ..., Fy € H(Q).
From the usual Serrin’s chain rule we have moreover that

V)\.n =V m]ln(F; +a‘7) = VF!"X[Fl»n—Q-(X?:)\”]s
and since s;' = 0 inside [F}" + o # A"], the proof is complete. O

The discrete capillary pressure law and pressure estimates. In this section, some calculations in the
Riemannian settings (€2, d;) will be carried out. In order to make them as readable as possible, we have
to introduce a few basics. We refer to [Villani 2009, Chapter 14] for a more detailed presentation.

Leti € {0, ..., N}; then consider the Riemannian geometry (€2, d;), and let x € Q2. We denote by
8ix: R? x RY — R the local metric tensor defined by

gix(v,v)= /JLi[K*l(x)v v=0G;(x)v-v Vve RY.
In this framework, the gradient Vg, ¢ of a function ¢ € C'(Q) is defined by
@(x +hv) = (x) +hgix (Ve 0(x), v) +0(h) YveS'™, VxreQ.

It is easy to check that this leads to the formula

Vo0 = i[I/&V(p, 57
i
where V¢ stands for the usual (euclidean) gradient. The formula (57) can be extended to Lipschitz
continuous functions ¢ thanks to Rademacher’s theorem.
For ¢ belonging to C% we can also define the Hessian Df,,,(p of ¢ in the Riemannian setting by

d2
8i.x(Dg o) v, 0) = —50(y)

=0
for any geodesic y; = exp; , (1v) starting from x with initial speed v € T; » 2.

n—1

Denote by ¢! the backward Kantorovich potential sending s}’ to s~ associated to the cost %dlz By

the usual definition of the Wasserstein distance through the Monge problem, one has

W2(st, st = / d?(x, ' (x))s" (x) dx,
Q
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where ¢/ denotes the optimal map sending s;' to sl."_l. It follows from [Villani 2009, Theorem 10.41] that
t(x) = expi’x(—Vgi(p{’ (x)) VxeQ. (58)

Moreover, using the definition of the exponential and the relation (57), one gets that
1
d} (x, exp; (= Vg0 (X)) = gix (Vg 0] (x), Vo 07 (X)) = ;K(x)wa’ (x) - Vi (x).
l
This yields the formula
n
W2 s, st =/ iKVgo{' Ve'dx Vief0,...,N}. (59)
Q Mi
We have now introduced the necessary material in order to reconstruct the phase and capillary pressures.
This is the purpose of the following Proposition 3.4 and then of Corollary 3.5.

Proposition 3.4. Forn > 1let ¢! : s!' — s!' ~! be the (backward) Kantorovich potentials from Lemma 3.2.
There exists h = (hy, ..., k") € HY(Q)NT such that

(i) Vh! =—=Vo!/t fords'-a.e x € L,
(i) A (x) —hy(x) =7 (x) +W;(x) — Wo(x) fordx-ae x €, i €{l,..., N},

(iii) there exists C depending only on 2, I1, w, K, (u;);, and W such that, for alln > 1 and all T > 0,

one has
W2(s", 5" ") ZN Hoo(s7 1) — Ho (57

2 ’ w 10}
||hn||H1(Q)N+1 S C(l + ‘L'2 + ! T . )

i=0

Proof. Let ¢ be the Kantorovich potentials from Lemma 3.2 and F/" € L N H 1(Q) as in (47), as well
asa” € RVN*! and A" = minj(F;’ + a;?) e LN H'(Q) as in Corollary 3.3. Setting

o

fi= L F " Vi€ (0. V),

we have h! € H () as the sum of Lipschitz functions (the Kantorovich potentials ¢;') and H ! functions
F[", A". Recalling that we use the notation 7o = 9I1/0so = 0, we see from the definition (47) of F}" that

w-np= (=) (-2 ) =@ vy - (V) = AW~ (60)
T T

foralli e {1,..., N} and dx-a.e. x, which is exactly our statement (ii).
For (i), we simply use (56) to compute

Voo V!
Vil = f’ FV(E A = fl for ds"-a.e. x € 2, ¥i € {0, ..., N). 61)

In order to establish now the H' estimate (iii), let us define

U = {x € Q5] (¥) = 0. /(N + D).
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Then since ) s!'(x) = w(x) > w, > 0, one gets that, up to a negligible set,

N
Jth=2. hence @) c|Ju;. (62)
= J#i

We first estimate V hy. To this end, we write

1
||Vh’5||iz < — / Kth . th dx <A+ B, (63)
Ke JQ
where we have set
A=i IKth-thdx, B=i Kth-thdx.
K Ju e J o

Owing to (61) one has Vhj = —Vgo/t on Uy C 2, where s; > w,/(N + 1). Therefore,

N+1 N+1
ASM/ 50 powpn . vandx < N DR )“0/ 20KVl Vel dx.
Wi K 5 Z/{()/J'O TC()*K*

Then it results from formula (59) that
C
W05, 55 ), (64)

where C depends neither on n nor on . Cornblmng (62) and (60), we infer
B<— Z/ KV[h! — (! +W; — Wp)]- V[A! — (x]" + ¥; — Wp)] dx.

Using (a+ b+ 0)? <3(a?+b*+c?) and (3), we get that

B<—Z/

Similar calculations to those carried out to estimate A yield

Z(uwuiz V(W — Wo)[3,). (65)
i=1

C
/KVh Vh; dx<—W2(s,,, h

1

for some C depending neither on 7, i nor on t. Combining this inequality with Lemma 2.2 and the
regularity of ¥, we get from (65) that

20t on—1 N n—1y _ n
W=(s", s )+2Hw(s,' ) Hw(sl)) (66)

B§C<1+ 5
T P T

for some C not depending on n and t (here we also used 1/t < 1/t2 for small 7 in the W? terms).
Gathering (64) and (66) in (63) provides

W2 ") L Ho (8771 — Ho(s™)
||th||§2<c<1+¥+2 L d )

- 2
T T
i=0
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Note that (i) and (ii) remain invariant under subtraction of the same constant, that is, hg, i ~
hy — C, h} — C, as the gradients remain unchanged in (i) and only the differences h — hjj appear in (ii)
fori € {1,..., N}. We can therefore assume without loss of generality that fQ hy dx = 0. Hence by the

Poincaré—Wirtinger inequality, we get that
WA s i Ho (') — Hw(sf)).

72 T

lhg 13 < ClIVAGIZ. < C<l +
i=0

Finally, from (ii) A} = hi + /' +W; — Wy, the smoothness of ¥, and using again the estimate (31) for

V"2, we finally get that for all i € {1, ..., N}, one has
W2(s™ 5" 1) o Hao(s! ") — Hols))
1R 130 < C (MG N 1+ 1 151+ 1 Woll ) < C<I+T+Z o . L >
i=0
and the proof of Proposition 3.4 is complete. (|
We can now define the phase pressures (p}');—o,..,y by setting
pl=h! —V; Vie{0,...,N}. (67)

The following corollary is a straightforward consequence of Proposition 3.4 and of the regularity of ;.

Corollary 3.5. The phase pressures p" = (p;)o<i<n € HY Q)N satisfy

W2(s", 5" ") ZN Hoo (57 1) — Ho(s7)
2 ’ 0} w
||Pn||H1(Q) S C<l+ t2 + : T : )

(68)
i=0

for some C depending only on Q,I1, o, K, (u;);, and ¥ (but neither on n nor on tv), and the capillary
pressure relations are fulfilled:

pi—po=m Viell,...,N}L (69)
Our next result is a first step towards the recovery of the PDE:s.

Lemma 3.6. There exists C depending only on Q, I1, w, K, (i;);, and ¥ (but neither on n nor on t) such
that, foralli € {0, ..., N} and all € € C*(Q), one has

K
/(s,-”—si"_l)é dx+r/ sP—V(p} + ) - VEdx| < CWP(s!, 5!~ D; £ oo (70)
Q Q M '

1

This is of course a discrete approximation to the continuity equation d;s; = V - (s; (K/u; )V (p; + ¥;)).

Proof. Let ¢! denote the (backward) optimal Kantorovich potential from Lemma 3.2 sending s;' to sl.’”l,

and let #' be the corresponding optimal map as in (58). For fixed & € C?(Q) let us first Taylor expand (in
the g; Riemannian framework)

E(t](x) —E(x) + %K(x)vax) V@] (x)| < 511D & llood} (x. £ (X)).
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Using the definition of the pushforward s’ = t'#s!', we then compute

/Q(s?(x)—s?“(x))S(x) dx—/ LVg( ) - Vol (x)s (x) dx

Q Mi

K(x
f(S(X)—S(t"(x))s (x) dx — / LV%‘(x) Vi (x)s (x) dx

sfg%||D§,.snood?<x ! (0))sf () dx = 31 D3 o WEGS 5771,

From Proposition 3.4(i) we have Vo' = —tVA! for ds;'-a.e. x € Q; thus by the definition (67) of p!', we
get Vo' = —1tV(p!' + ;). Substituting in the second integral of the left-hand side gives exactly (70). [
4. Convergence towards a weak solution

The goal is now to prove the convergence of the piecewise constant interpolated solutions s*, defined
by (27), towards a weak solution s as T — 0. Similarly, the t superscript denotes the piecewise
constant interpolation of any previous discrete quantity (e.g., p; (¢) stands for the piecewise constant
time interpolation of the discrete pressures p!'). In what follows, we will also use the notation s™* =
(5{,...,sy) €L®(0,T); X*)and x* = (s7*, x).

Time integrated estimates. We immediately deduce from (30) that
W™ (1), s"(1) <Cln—n+7|'? VO<n<n<T. (71)
From the total saturation Z —05'(x) =w(x) <" and 57 > 0, we have the L*°-estimates
0<s/(x,t) <w* ae.inQforallie{0,...,N}. (72)
Lemma 4.1. There exists C depending only on 2, T, I1, w, K, (u;);, and ¥ such that
P77 2 0.7 11 vy F 1T 12 oyt ey < C- (73)

Proof. Summing (68) fromn=1ton = N, :=[T/1], we get

N

. W2(s", s" 1) Heo (s — Ho (57
Ip IIQZ(H1)=Zr||p ||H1<CZ ( —+Z - )

i=0

2 n—1 N
((T+1)+ZM+Z (Har(s?) — Moo (s ))>.

We use that
0>Hy,(s) > —%||a)||L1 > —l% Vs € L°(Q) with0<s <w

together with the total square distance estimate (29) to infer that || pl? < C. The proof is identical

LZ(HI) —
for the capillary pressure x* (simply summing the one-step estimate from Lemma 2.2). O
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Compactness of approximate solutions. We define H' = H'(Q)'.

Lemma 4.2. For eachi € {0, ..., N}, there exists C depending only on Q, 1, ¥, K, and wu; (but not
on T) such that

s (t2) —sF ()|l < Clta—t1 +7|"* VO<t; <t <T.

Proof. Thanks to (72), we can apply [Maury et al. 2010, Lemma 3.4] to get

'/Q FUsT () = sF )y dx | SV fll 2 Weet(s7 (1), 57 (1)) V.f € H'(Q).
Thus by duality and thanks to the distance estimate (71) and to the lower bound in (19), we obtain that
s (12) = 57 (@) |1 < Wret(57 (1), 57 (12)) < CWi(s7 (1), 57 (12)) < Clia — 1y + |2
for some C depending only on €2, IT, (p;);, g, (1ti)i, K. O
From the previous equicontinuity in time, we deduce full compactness of the capillary pressure:

Lemma 4.3. The family (x7%);~¢ is sequentially relatively compact in L*>(Q)VN.

Proof. We use Alt and Luckhaus’ trick [1983] (an alternate solution would consist in slightly adapting the
nonlinear time compactness results [Moussa 2016; Andreianov et al. 2015] to our context). Let 2 > 0 be a
small time shift; then by monotonicity and Lipschitz continuity of the capillary pressure function (-, x),

1 =" T T T *
”nr('+h)_7tr(')lIiZ((O’T_h);LZ(Q)N) = K_/ f(n (l+h,X)—7T (tv x))'(s (t+hax)_sr (t’ x)) dx dt
*J0 Q

2T

== 17" N 20,7 1 M) IS5 (AR, ) =8 (| oo (0. 7—hy: H7YN -
*

Then it follows from Lemmas 4.1 and 4.2 that there exists C > 0, depending neither on 4 nor on T,
such that

Im*C +h, ) = | 20,7 -y 2@y < Clh+7]'/2
On the other hand, the (uniform with respect to t) L2((0, T); H'(Q)")- and L>°(Q)"-estimates on 7’
ensure that

IZ (- + ) =7 207222 < CVIXIA+IyD) YyeRY

where * is extended by 0 outside 2. This allows us to apply Kolmogorov’s compactness theorem, see,
for instance, [Hanche-Olsen and Holden 2010], and gives the desired relative compactness. O

Identification of the limit. In this section we prove our main result, Theorem 1.2, and the proof goes in
two steps: we first retrieve strong convergence of the phase contents s* — s and weak convergence of
the pressures p* — p, and then use the strong-weak limit of products to show that the limit is a weak
solution. Throughout this section, (tx)x>1 denotes a sequence of times steps tending to 0 as k — oo.
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Lemma 4.4. There exist p € L>((0,T); H'(Q)N*tY) and s € L¥(Q)VN ! with s(-,1) € X N A for
a.e. t € (0, T) such that, up to an unlabeled subsequence, the following convergence properties hold:

k— 00

§h X2X5 ¢ a.e.in Q, (74)
nt K200 (5% ) weakly in L*((0, T); H' ()V), (75)
pik k=0l g weakly in L*((0, T); H' ()N*1). (76)

Moreover, the capillary pressure relations (5) hold.

Proof. From Lemma 4.3, we can assume that 7% — z strongly in L2(Q)" for some limit z, thus a.e. up
to the extraction of an additional subsequence. Since z > ¢(z, x) = 7~ !(z, x) is continuous, we have

= (T, x) K= g, x) =:s* ae.in Q.

In particular, this yields &% £=%5 7 (s* .) a.e. in Q. Since we have the total saturation Z oSt x) =

w(x), we conclude that the first component i = O converges pointwise as well. Therefore, (74) holds.
Thanks to Lebesgue’s dominated convergence theorem, it is easy to check that s(-,¢) € X N .A for
a.e.t € (0, T). The convergences (75) and (76) are straightforward consequences of Lemma 4.1. Lastly,
it follows from (69) that

pf—py =mi(s™, ) Viefl,...,N}, Vk>1.
We can finally pass to the limit k — oo in the above relation thanks to (75)—(76) and infer
pi—po=m(s5x) in L*((0,T); H'(Q)), Vi e{l,..., N},
which immediately implies (5) as claimed. 0

Lemma 4.5. Up to the extraction of an additional subsequence, the limit s of (§%)x>1 belongs to
C([0, T1; A), where A is equipped with the metric W. Moreover, W(s™(t), s(t)) X2 0 for all
te[0,T].

Proof. 1t follows from the bounds (72) on s; that for all 7 € [0, T'], the sequence (sl.”') « 1s weakly compact in
L'(). Itis also compact in A; equipped with the metric W; due to the continuity of W; with respect to the
weak convergence in L'(); this is, for instance, a consequence of [Santambrogio 2015, Theorem 5.10]
together with the equivalence of W; with W stated in (19). Thanks to (71), one has

limsup W; (s/* (12), 7 (1)) < |2 —11]'? Vi1, 12 €10, T1,

k—00
Applying a refined version of the Arzela—Ascoli theorem [Ambrosio et al. 2008, Proposition 3.3.1] then

provides the desired result. 0

In order to conclude the proof of Theorem 1.2, it only remains to show that s =lim s* and p =lim p*
satisfy the weak formulation (12):
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Proposition 4.6. Let (ti)r>1 be a sequence such that the convergences in Lemmas 4.4 and 4.5 hold. Then
the limit s of (s™)x>1 is a weak solution in the sense of Definition 1.1 (with —p; g replaced by +VV; in
the general case).

Proof. Let 0 <t; <t, <T, and define n; = [t;/7] and ; = nj ;7 for j € {1, 2}. Fixing an arbitrary
£ € C%(Q) and summing (70) from n =n; ; + 1 to n = ny; yields

n2.k

[ore—stemear= 3 [ o750

n=nj x+1
B srk n2.k
=—/ LKV + ;) ngxdt+0( Z W2(s?, st 1)). (77)
nJo Mi ——

Since 0 <7; —t; < 7 and (s;* /i )KV (p;* + ¥;) - VE is uniformly bounded in L?(Q), one has

1)) Tk t Tk
/ YKV (pR 4+ W) - VE dx dt = //S’—KV(pfk+wi)-ngxdz+0(ﬁ).
Q :U“l N Q Ml'

Combining the above estimate with the total square distance estimate (29) in (77), we obtain

/ (57(12) — 7 (01))E dx + / / SV (4 ) - VE dx di = O/, (78)

Thanks to Lemma 4.5, and since the convergence in (A;, W;) is equivalent to the narrow convergence of
measures (i.e., the convergence in C(S2)’, see for instance [Santambrogio 2015, Theorem 5.10]), we get

/(Sf"(tz) — 57(11))€ dx £=225 f(sz (12) — i (1)) dx. (79)
Q
Moreover, thanks to Lemma 4.4, one has
15 Tk
f S—[KV(p”{—i—\IJ) V&dx dt —= oo, / f —KV(pz+\I’) V& dx dr. (80)
fn JQ Mi QM

Combining (78)—(80) yields, for all £ C}(Q)andallO<t <t <T,

/(Si(tz)—sz'(tl))é dx+/2/ iKV(P;'-i-‘lfi)'V%‘dxﬂlt:O- (1)
Q n Jo Mi

In order to conclude the proof, it remains to check that the formulation (81) is stronger the formula-
tion (12). Let ¢ > 0 be a time step, unrelated to that appearing in the minimization scheme (26), and set
L.=1|T/e]. Letg¢ € CSO(S_Z x [0, T)), and set ¢y = ¢ (-, Le) for £ € {0, ..., L.}. Since t — ¢ (-,1) is
compactly supported in [0, T'), there exists €* > 0 such that ¢;, =0 for all € € (0, £*]. Then define

G Qx[0,T] =R, (x,1) ¢p(x) ifrelle, £+ 1e).
Choose 1| =Yle, thp = (€ + 1)e, £ = ¢ in (81) and sum over £ € {0, ..., L, — 1}. This provides

A(e)+BE)=0 Ve=>0, (82)
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where
Le—1 S
Ae) = Z / (si((€+ De) —s;(Le))p* dx,  B(e) = // ZKV(pi + ;) - Vo dx dr.
=0 ' 9 0 Mi
Due to the regularity of ¢, we know V¢?® converges uniformly towards ¢ as ¢ tends to 0, so that

B(g) £=0 f/ —KV(p,—i—\IJ) V¢ dx dr. (83)

Reorganizing the first term and using that ¢z, =0, we get

Ae) = Z /s,(zs) ¢“dx /s¢( ,0) dx.

It follows from the continuity of # — s; (-, ¢) in A; equipped with W; and from the uniform convergence of

Pe(x) — de—1(x)

(x,1) —~ ift € [(£ — 1)g, Le)
&
towards 0d;¢ that
Ae) &= /f S 8,¢dxdt—/ s2(-,0)dx. (84)
0 Q
Combining (82)—(84) shows that the weak formulation (12) is fulfilled. Il

Appendix A: A simple condition for the geodesic convexity of (2, d;)

The goal of this appendix is to provide a simple condition on the permeability tensor in order to ensure
that condition (22) is fulfilled. For the sake of simplicity, we only consider here the case of isotropic
permeability tensors

Kx)=«k@x)l; VxeQ (85)

with k, <Kk (x) <k*forall x € Q. Let us stress that the condition we provide is not optimal.

As in the core of the paper, Q2 denotes a convex open subset of R? with C? boundary 2. For ¥ € 9%,
we denote by n(x) the outward-pointing normal. Since 92 is smooth, there exists £3 > 0 such that,
for all x € €2 such that dist(x, d€2) < £o, there exists a unique X € €2 such that dist(x, 0Q2) = |x — x|
(here dist denotes the usual euclidean distance between sets in R?). As a consequence, one can rewrite
x =X —£n(x) for some ¢ € (0, £y).

In what follows, a function f : € — R is said to be normally nondecreasing (resp. nonincreasing) on
a neighborhood of 9€2 if there exists £1 € (0, £o] such that £ — f(x — €nr(x)) is nonincreasing (resp.
nondecreasing) on [0, £1].

Proposition A.1. Assume that

(1) the permeability field x — k (x) is normally nonincreasing in a neighborhood of 9%2;

(i) forall ¥ € 3K, either Vi (¥) -n(x) <0, or Vi (¥) -n(x) = 0 and D*« (¥)n(x) -n(x) = 0.
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. 2 . ~ . md 1 * . . .
. *
Then there exists a C* extension k : R* — [2K K ] of k and a Riemannian metric

1 1/2
S(x,y)= inf (f _ ! |y’(t)|2dt) Vx,y e R? (86)
0 K(y())

yeP(x.y)
with P(x, y) = {y € C1([0, 1]; R?) | y (0)=x and y (1)=y}, such that (2, 8) is geodesically convex.

Proof. Since € is convex, for all x € RY \  there exists a unique x € 9€2 such that dist(x, Q) = |x —x|.
Then one can extend « in a C? way into the whole R by defining

K(X) =K (X) +|x —%|Vk () -n(¥) + §|x —%>D*, (¥)n(¥) -n(x), VxeR'\Q.

Thanks to assumptions (i) and (ii), the function ¢ + k(¥ — £n(x)) is nondecreasing on (—oo, £;] for all
x € 022. Since 0€2 is compact, there exists £, > 0 such that

K(X—n(x)) > 3k, Ve (—L,0].
Let p : R, — R be a nondecreasing C? function such that p(0) = 1, p/(0) = p”(0) =0 and p(¢) = O for
all £ > £,. Then define
7 (x) = p(dist(x, Q)i (x) + (1 — p(dist(x, Q) 1k, Vx eRY,

so that the function £ — k(X — £n(x)) is nonincreasing on (—oo, £1) and bounded from below by %K*.

Let x, y € ©; then there exists ¢ > 0 such that dist(x, d2) > ¢, dist(y, d2) > ¢, and « is normally
nonincreasing on 92, := {x € Q | dist(x, 9Q) < ¢}. A sufficient condition for (€2, §) to be geodesic is
that the geodesic y,?f’yt from x to y is such that

dist(y;’f’;(t), Q) >¢e, Vrel0, 1] &7

In order to ease the reading, we denote by y = y,?f’yt any geodesic such that

- Lo o
x,y) =1 = [y (D))" dr. (88)
0o k(¥(1)
We define the continuous and piecewise C! path y, from x to y by setting

Ye(t) = projg (¥ (1)) Vi €0, 1], (89)

where Q, 1= {x € Q | dist(x, 3Q) > ¢} is convex, and the orthogonal (with respect to the euclidean
distance dist) projection projg_onto Q. is therefore uniquely defined.
Assume that condition (87) is violated. Then by continuity there exists a nonempty interval [a, b] C [0, 1]
such that
dist(y(t),02) <& Vt € (a,b);

that is, the geodesic between y (a) and y (b) coincides with the part of the geodesic between x and y.
Then, changing x into y (a) and y into y (b), we can assume without loss of generality that

dist(py(z),02) <& Vte (0,1).
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It is easy to verify that

Ol <1y’ vVeel0,1]  and [y, <|y'(®) on (a,b) (90)

for some nonempty interval (a, b) C [0, 1]. It follows from (86) that

52(x, y) < /1 L yopar
=y en”

Since « is normally nonincreasing, one has

1
) 1 , )
5 (x,y)sfo O

Thanks to (90), one obtains that

<§2(x,y)<f1 : Iy (v)dr,
0 Ky (D)

providing a contradiction with the optimality (88) of y. Thus condition (87) holds; hence (€2, §) is a
geodesic space. 0

Appendix B: A multicomponent bathtub principle

The following theorem can be seen as a generalization of the classical scalar bathtub principle; see, for
instance, [Lieb and Loss 2001, Theorem 1.14]. In what follows, N is a positive integer and €2 denotes an
arbitrary measurable subset of R?.

Theorem B.1. Let w € L' (Q), and let m = (mo, ..., my) € (RN be such that 31\ m; = [, w dx.
We define

XNA= {s:(so, ..., 85N) € L:L(Q)NJrl | Jo sidx =m; and Zf\’:osi =wa.e. in Q}
Then for any F = (Fy, ..., Fy) € (L®(Q))N*!, the functional

J-":sr—>/F-sdx
Q

has a minimizer in X N A. Moreover, there exists o = («g, . .., ay) € RVt such that, defining
Ax) = Og}iSnN{Fj(x) +aj}, x €L,
any minimizer s = (So, . . . , SN) satisfies
Fi+oa;=A ds;-ae in2, Vie{0,..., N}.

One can think of this as: s; =0 in {F; +«; > A} and F; + «; > X everywhere; i.e., s; > 0 can only
occur in the “contact set” {x | F;(x) +a; = min; (F;(x) +o;)}.
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Proof. For the existence part, note that F is continuous for the weak L' convergence, and that X N A is
weakly closed. Since Y s; = w and s; > 0, we have in particular 0 <s5; <w € L' foralli and s € X N A.
This implies that X N.A is uniformly integrable, and since the mass ||s;[|;1 = [ s; = m; is prescribed, the
Dunford—Pettis theorem shows that X N A is L'-weakly relatively compact. Hence from any minimizing
sequence we can extract a weakly-L! converging subsequence, and by weak L' continuity the weak limit
is a minimizer.

Let us now introduce a dual problem: for fixed o« = (&g, ..., an) € RN+ we set

Ag(x) :=min{F;(x) + o;} 1)
and define
N
J () :=/ Ao () () dx —Zaimi.
v i=0

We shall prove below that
(1) supy g+ J () = maxyepy+1 J(er) is achieved,
(i) mingexn.a F(s) = maxgepvn J(@).

The desired decomposition will then follow from equality conditions in (ii), and A(x) = Ag(x) will be
retrieved from any maximizer & € Argmax J.

Remark B.2. The above dual problem can be guessed by introducing suitable Lagrange multipliers
A(x), a for the total saturation and mass constraints, respectively, and writing the convex indicator of the
constraints as a supremum over these multipliers. Formally exchanging inf sup and sup inf and computing
the optimality conditions in the rightmost infimum relates A to « as in (91), which in turn yields exactly
the duality infy 7 = maxg J.

Let us first establish property (i). For all @ € RV*! and all s € X N A, we first observe that

N
J(a) = fﬂmjin{Fj(x)—i—ozj}a)(x)dx—Zoz,-m,-

i=0

N N
:/mjn{Fj(x)+aj}Zsi(x)dx—Zoei/si(x)dx
@ J i=0 i—0 %

N
= Z/(m,in{Fj(x)-l-aj}—oz,-)sl-(x)dx5/ F-sdx = F(s).
i=0 Q J Q

In particular J is bounded from above and
sup J(x) < min F(s). 92
I ( ) = ( ) ( )

Since f wdx =) m;, the function J is invariant under diagonal shifts, i.e., J(a + c1) = J(«) for any
constant ¢ € R. As a consequence we can choose a maximizing sequence {a*};> such that min j ozf. =0
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k

for all k > 0. Let j(k) be an index such that (x’j‘.(k) = min; a’J‘. = 0. Then, since a* is maximizing and

w(x) > 0, we get, for k large enough,

supJ — 1< J(ak) =f mjin{Fj(x) —i—a?}a)(x) dx — Za,{‘mi
Q

< / (Fia @)+ Jo@) dx = " afm; < |IFlleloln ) ofm.
Q ~—
=0

Thus ) ozf‘mi < C, and since ozf‘ > 0 and m; > 0 we deduce that (a*) is bounded. Hence, up to extraction
of a nonrelabeled subsequence, we can assume that & converges towards some & € Rﬁ“. The map J is
continuous; hence « is a maximizer.

Let us now focus on property (ii). Note from (92) and (i) it suffices to prove the reverse inequality

max J(«)> min F(s).
acRN+HI seXNA

We show below that, for any maximizer & of J, we can always construct a suitable s € X N A such that
F(s) = J(a). This will immediately imply the reverse inequality and thus our claim (ii). In order to
do so, we first observe that J is concave; thus the optimality condition at & can be written in terms of
superdifferentials as Ogv+1 € 9J (&). Denoting by

Alx) = / g dx = / min{F;(x) +o;}w(x)dx
Q Q J
the first contribution in J, this optimality can be recast as
m e I\ (@). (93)

For fixed x € 2 and by usual properties of the min function, the superdifferential 014 (x) of the concave
map & > Ay (x) at & € RV*! is characterized by

() ={0 eRYT | SN 6;=1and 6; =0 if F;(x) + 0o > ha(x)}.

Therefore, it follows from the extension of the formula of differentiation under the integral to the
nonsmooth case, see [Clarke 1990, Theorem 2.7.2], that

IA () = {w e R |w= [, 0(x)w(x) dx for some 0 (x) € IAq(x) a.e. in Q. (94)
The optimality criterion (93) at any maximizer & gives the existence of some function 8 as in (94) such that

mi:/Hi(x)a)(x)dx Vie{0,...,N}.
Q

Defining
si(x):=6;(x)w(x) Vief0,...,N}, (95)

we have by construction that s; > 0, f si=m;,and Y_§5; = (Zl Gi) w=w a.e.; thus s € XN.A. Exploiting
again Y _s; = w as well as the crucial property that ; = 0 a.e. in {x | F; + @; > Ag}, or in other words
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that F; +a; = A4 for ds;-a.e x € 2, we get

N N N N N
J(@) = f rgodx = am; = Z/ hasidx — Y am; = Z/ (Fi+a)sdx = aim; = F(s)
@ i=0 i=0 7% i=0 i=0 7% i=0
as claimed. Therefore s constructed by (95) is a minimizer of F and
J () = F(s). (96)

In order to finally retrieve the desired decomposition, choose any minimizer s € X N.A of F and any
maximizer @ € RV*! of J. Then it follows from (96) that

N N
Ozf(g)—J(&):Z/Figidx—/k&wdx+z&imi.
i=0 Y& @ i=0

Using once again that f si=m; and ). s; = w, we get that

N
> [+ —sarsiax <o
i=0 V¢
By the definition of A4, the above integrand is nonnegative; hence F; +a; = Ag a.e. in {s; > 0}. O
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RESONANCES FOR SYMMETRIC TENSORS
ON ASYMPTOTICALLY HYPERBOLIC SPACES

CHARLES HADFIELD

On manifolds with an even Riemannian conformally compact Einstein metric, the resolvent of the
Lichnerowicz Laplacian, acting on trace-free, divergence-free, symmetric 2-tensors is shown to have a
meromorphic continuation to the complex plane, defining quantum resonances of this Laplacian. For higher-
rank symmetric tensors, a similar result is proven for (convex cocompact) quotients of hyperbolic space.

1. Introduction

This paper studies the meromorphic extension of the resolvent of the Laplacian acting on symmetric tensors
above asymptotically hyperbolic manifolds. The geometric setting of asymptotically hyperbolic manifolds,
modelled on convex cocompact quotients of hyperbolic space, dates back to [Mazzeo 1988; Mazzeo and
Melrose 1987; Fefferman and Graham 1985]. The meromorphic extension with finite-rank poles of the
resolvent of the Laplacian on functions is obtained in [Mazzeo and Melrose 1987], excluding certain
exceptional points in C. Refining the definition of asymptotically hyperbolic manifolds by introducing
a notion of evenness, Guillarmou [2005] provided the meromorphic extension to all of C and showed
that for such an extension, said evenness is essential; see also [Guillopé and Zworski 1995]. By shifting
his viewpoint and studying a Fredholm problem, rather than using Melrose’s pseudodifferential calculus
on manifolds with corners, Vasy [2013a; 2013b] was also able to recover the result of [Guillarmou
2005]. This technique is presented in a very accessible article of Zworski [2016] in a microlocal language
(nonsemiclassical). This alternative method is more appropriate when one considers vector bundles, and,
for symmetric tensors, is lightly explained later in this introduction. Effectively contained in [Vasy 2013a],
the meromorphic extension is explicitly obtained in [Vasy 2017] for the resolvent of the Hodge Laplacian
upon restriction to coclosed forms (or excluding top forms, for closed forms). Such a restriction is natural
in light of works in a conformal setting [Aubry and Guillarmou 2011; Branson and Gover 2005], i.e.,
the boundary of the asymptotic space. In fact, from the conformal geometry viewpoint, Vasy’s method
of placing the asymptotically hyperbolic manifold in an ambient manifold equipped with a Lorentzian
metric is very much in the spirit of both the tractor calculus [Bailey et al. 1994], as well as the ambient
metric construction [Fefferman and Graham 2012].

We give the theorems (with precise definitions of the objects involved left to the body of the article) and
sketch their proofs. Let X be a compact manifold with boundary ¥ = 8 X. That (X, g) is asymptotically

MSC2010: primary 35P25; secondary 35Q75, 53B21.
Keywords: quantum resonances, asymptotically hyperbolic, meromorphic extension of resolvent.

1877


http://msp.org/apde/
http://dx.doi.org/10.2140/apde.2017.10-8
http://dx.doi.org/10.2140/apde.2017.10.1877
http://msp.org

1878 CHARLES HADFIELD

hyperbolic means that, locally near Y in X, there exists a chart [0, £), x Y such that on (0, &) x Y, the
metric g takes the form
_ dp*+h
02

’

where 4 is a family of Riemannian metrics on Y, depending smoothly on p € [0, €). That g is even means
that /2 has a Taylor series about p = 0 in which only even powers of p appear. Above X, we consider the
set of symmetric cotensors of rank m, denoting this vector bundle by £/ = Sym™ T*X. On symmetric
tensors, there exist two common Laplacians. The (positive) rough Laplacian V*V and the Lichnerowicz
Laplacian A, originally defined on 2-cotensors [Lichnerowicz 1961], but easily extendible to arbitrary
degree [Heil et al. 2016]. On functions, these two Laplacians coincide; on one-forms, the Lichnerowicz
Laplacian agrees with the Hodge Laplacian; and in general, for symmetric m-cotensors, the Lichnerowicz
Laplacian differs from the rough Laplacian by a zeroth-order curvature operator

A=V*V+4qR).
We construct the Lorentzian cone M = R} x X with metric
n=—dsQ®ds+s’g

(and call s the Lorentzian scale). Pulling £ back to M we naturally see £ as a subbundle of the bundle
of all symmetric cotensors of rank m above M this larger bundle is denoted by F = Sym™ T*M. On F
we consider the Lichnerowicz d’ Alembertian [J. Up to symmetric powers of ds/s we may identify F
with the direct sum of £® = Sym* T*X for all k < m. Indeed by denoting by £ = PBio € *®) the bundle
of all symmetric tensors above X of rank not greater than m, we are able to pull back sections of this
bundle and see them as sections of F:

nCP(X; E) = C®(M; F).

A long calculation gives the structure of the Lichnerowicz d’ Alembertian with respect to this identification.
It is seen that s>(] decomposes as the Lichnerowicz Laplacian A acting on each subbundle of £®
for 0 < k < m; however, these fibres are coupled via off-diagonal terms consisting of the symmetric
differential d and its adjoint, the divergence §. (There are also less important couplings due to the trace A
and its adjoint L.) Also present in the diagonal are terms involving s d; and (s d;)% By conjugating by

sT"/ZHM we obtain the operator

Q=V*V+(s9)*+D+G,

where D is of first order consisting of the symmetric differential and the divergence, while G is a smooth
endomorphism on F. By appealing to the b-calculus of Melrose [1993], we can push this operator acting
on F above M to a family of operators (holomorphic in the complex variable A) acting on £ above X of
the form

0, =V*V+A12+D+g,
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where D is of first order consisting of the symmetric differential and the divergence, while G is a smooth
endomorphism on £. Explicitly, in matrix notation writing
um
u=| 1 |, ueC®X;8), u® eCc®(X; W),
4 ©

the operator Q, takes the form

[ A+32—cp—LA  2bu_1d —by_obu_iL i
Sbpy§ e e e 0
—byabm 1 A
. , . —bobL
0 2byd
L —bobt A —2bp8  A+A%—co—LA

for constants
by=vm—k, cc=1in*+mmn+2k+1)—kQn+3k-1),

and operators A the Lichnerowicz Laplacian, § the divergence, d the symmetric differential, A the trace,
and L the adjoint of the trace. (The operator Q, naively does not appear self-adjoint for A € iR since § is
the adjoint of d. The sign discrepancy is due to the Lorentzian signature of 1. The operator is indeed
self-adjoint for A € iR as detailed in Proposition 5.13.) When this family of operators acts on L sections,
denoted by Lf(X ; €) described in (5), it has an inverse for Re A >> 1. This family of operators has the
following meromorphic family of inverses.

Theorem 1.1. Let (X" T, g) be even asymptotically hyperbolic. Then the inverse of (Definition 5.11)
O, acting on Lf(X; &),

written as Q;l, has a meromorphic continuation from Re X > 1 to C,

m
Q1 CRX: &) = PP p T (X EW)

even
k=0

with finite-rank poles.

Consider u € C*®(X; £). Although the trace operator A acting on each subbundle £ gives a notion
of u being trace-free, it is more natural to consider the ambient trace operator from F, denoted by A,
(Section 3B). Pulling u back to M, we have 7ju € C*°(M; F) and we may consider the condition that
mu € ker A,. Avoiding extra notation for this subbundle of £ (consisting of symmetric tensors above X
which are trace-free with respect to the ambient trace operator A,;) we will simply refer to its sections
using the notation

C™(X; &) Nker(Ayomy).
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On this subbundle, the operator Q, takes the form

A+A2—c)  2b,_d
b8 e 0
i —2bo8  A+A2—c_

with the modified constants
cr=ck—m—k)(m—k—1).

Note that if u = u™ € C®(X; ™) then u € ker A if and only if 7*u € ker A,. Again, a similar
meromorphic extension of the inverse may be obtained.

Theorem 1.2. Let (X", g) be even asymptotically hyperbolic. Then the inverse of (Definition 5.11)
Q;. acting on L*(X; &) Nker(A, o)),

written as Q;l, has a meromorphic continuation from Re > > 1 to C,

m
o7 CX(X; &) Nker(A, o)) — ptn/2—m (@ o kCx (X; 5<’<>)> Nker(A, o))
k=0

with finite-rank poles.

In order to uncouple the Lichnerowicz Laplacian acting on £ and obtain the desired meromorphic
extension of the resolvent, we need to restrict further from simply trace-free tensors to trace-free,
divergence-free tensors. Equivalently, we must be able to commute the Lichnerowicz Laplacian with
both the trace operator and the divergence operator. The first commutation is always possible giving
the preceding structure of Q,; however, unlike in the setting of differential forms (where the Hodge
Laplacian always commutes with the divergence), such a commutation on symmetric tensors depends on
the geometry of (X, g). For m = 2 the condition is that the Ricci tensor be parallel, while for m > 3, the
manifold must be locally isomorphic to hyperbolic space.

Theorem 1.3. Let (X", g) be even asymptotically hyperbolic and Einstein. Then the inverse of
A — }‘n(n -8+ 22 acting on LZ(X; 5(2)) Nker A Nker§,
written as R, has a meromorphic continuation from Re A > 1 to C,
Ry C(X; EP)Nker A Nkers — p*/272C2 (X; €P) Nker A Nker 8

with finite-rank poles.
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Theorem 1.4. Let (X", g) be a convex cocompact quotient of '+, Then the inverse of
A —1(n* —4m(n +m —2)) + 2% acting on L*(X; £"™) Nker A Nker$,
written as R, has a meromorphic continuation from Re > > 1 to C,

Ry C(X; E™)Nker A Nker§ — p* /27 CX (X; £™) Nker A Nker

ceven
with finite-rank poles.

Note that on H"*!, the difference between the Lichnerowicz Laplacian and the rough Laplacian is
q(R) = —m(n +m — 1). Thus by introducing a spectral parameter s = A + %n (not to be confused with
the Lorentzian scale), the previous operator A — ¢,, + A% may be equivalently written as

V*V —s(n—s)—m

in the spirit of [Dyatlov et al. 2015].

In order to demonstrate Theorem 1.1, Vasy’s technique is to consider a slightly larger manifold X,,
as well as the ambient space M, = Rt x X,. Using two key tricks near the boundary ¥ = 3X: the
evenness property allows us to introduce the coordinate ;. = p? and twisting the Lorentzian scale with the
boundary-defining function gives (what is termed the Euclidean scale) t = s/ p, it is seen that the ambient
metric 7 may be extended nondegenerately past R™ x Y to M,. On Sym” T*M, we construct, analogous
to @, an operator P replacing appearances of s by ¢ which, on M, is easily related to Q. Again the
b-calculus provides a family of operators P on ;. Sym* T*X, above X,. Section 7 shows precisely
how this family of operators fits into a Fredholm framework giving a meromorphic inverse, and very
quickly also provides Theorem 1.1.

Such theorems are desirable for several reasons. Firstly, the quantum/classical correspondence between
the spectrum of the Laplacian on a closed hyperbolic surface and Ruelle resonances of the generator
of the geodesic flow on the unit tangent bundle [Faure and Tsujii 2013, Proposition 4.1] has been
extended to compact hyperbolic manifolds of arbitrary dimension [Dyatlov et al. 2015], at which point
the correspondence is between Ruelle resonances and the spectrum of the Laplacian acting on trace-free,
divergence-free, symmetric tensors of arbitrary rank. This correspondence is extended in [Guillarmou
et al. 2016] to convex cocompact hyperbolic surfaces using the scattering operator [Graham and Zworski
2003], as well as [Dyatlov and Guillarmou 2016], to obtain Ruelle resonances in this open system.
Theorem 1.4 has been applied, along with results from [Dyatlov et al. 2015; Dyatlov and Guillarmou
2016], in order to provide such a correspondence in the setting of convex cocompact hyperbolic manifolds
of arbitrary dimension [Hadfield 2017]. Secondly, with knowledge of the asymptotics of the resolvent
of the Laplacian on functions, it is possible to construct the Poisson operator, the scattering operator,
and study in a conformal setting, the GJMS operators and the Q-curvature of Branson [Djadli et al.
2008, Chapters 5-6]. This problem should be particularly interesting on symmetric 2-cotensors above
a conformal manifold which, upon extension to a “bulk” Poincaré-Einstein manifold, makes contact
with Theorem 1.3. Finally, and again with respect to Theorem 1.3, the Lichnerowicz Laplacian plays
a fundamental role in problems involving deformations of metrics and their Ricci tensors [Biquard 2000;
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Delay 1999; Graham and Lee 1991], as well as to linearised gravity [Wang 2009]. Spectral analysis
of the Lichnerowicz Laplacian [Delay 2002; 2007], as well as the desire to build a scattering operator,
emphasise the importance of considering this Laplacian acting on more general spaces than that of L?
sections. From the viewpoint of gravitational waves, the recent work [Baskin et al. 2015] studies decay
rates of solutions to the wave equation (acting on the trivial bundle) on Minkowski space with metrics
similar to (1). It is very natural to consider this problem on symmetric 2-cotensors acted upon by the
Lichnerowicz d’ Alembertian.

Theorem 1.3 requires the global condition that the manifold be Einstein. It is unclear whether such a
condition is necessary. Vasy’s technique deals with the condition of even asymptotic hyperbolicity near the
boundary. Indeed, this is reflected in Theorem 1.2. However to obtain our desired result, uncoupling the
Lichnerowicz Laplacian from the operator Q currently requires a global condition on the base manifold.
One should study whether perturbation techniques could provide a more general theorem, giving precise
conditions for when such a meromorphic continuation exists.

The paper is structured as follows. Section 2 sets up the geometric side of the problem, introducing the
various manifolds of interest as well as the construction of the ambient metric 1. This section also includes
a digression into the model geometry X = H"*! to motivate Vasy’s construction. Section 3 introduces the
algebraic aspects of symmetric tensors, introduces many notational conventions and establishes several
relationships between symmetric tensors when working relative to the Lorentzian and Euclidean scales.
Section 4 recalls standard notions from microlocal analysis and gives several notions from the b-calculus
framework adapted to vector bundles. Section 5 contains the bulk of the calculations of this paper, relating
0 and Q with the Lichnerowicz Laplacian. Sections 6 and 7 introduce the operators P and P and provide
the desired meromorphic inverse. Section 8 establishes the four theorems. Section 9 details the particular
case of symmetric cotensors of rank m = 2. It is useful to gain insight into this problem via this low-rank
setting, and it is hoped that the presentation of this case will aid the reader particularly during Sections 5
and 8. Finally, Section 10 gives the high energy estimates one would obtain if the microlocal analysis
performed in Section 7 was performed using semiclassical notions.

2. Geometry

2A. Model geometry. It is worth mentioning the model geometry which provides a clear geometric
motivation for the construction of the ambient space, as well as the Minkowski and Euclidean scales.
Let R!"*! be Minkowski space with the Lorentzian metric

n+1
n:= —dxg + Z dx}
i=1
and set M, to be Minkowski space minus the closure of the backward light cone. The metric gives the
Minkowski distance function, denoted by 7% on R"“"*! from the origin:

n+1
n?(x) := —xg + lez
i=1
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Hyperbolic space X = H"*! is then identified with the (connected) hypersurface
X:={xeR"" | n’(x)=-1, xo >0}

and is given the metric g induced by the restriction of 1. The boundary at infinity of hyperbolic space,
i.e., the sphere Y = S", is identified with the (connected) submanifold

Y i={x e R p?(x) =0, xo=1},

which, as an aside, inherits the standard metric, denoted by #, by restriction of n. For completeness we
introduce de Sitter space dS"*! as the hypersurface

ds" = {x e R"" | (x) = 1).
We define the forward light cone
M :={x e R"* | n?(x) <0, xo >0}
and note the decomposition M = Ry x X via the identification
[R{;rxXa(s,x)Hs-xeX.
In these coordinates, the metric 7 restricted to M takes the form
n=—ds®ds+s’g
and we refer to s as the Minkowski scale. We define X, to be the subset of the (n+1)-sphere contained

in M, - 1
» _

E x;i=1,x0>—

fz}

X, = ix e Rl
i=0

and note that the ambient space M, is diffeomorphic to R} x X, via the identification
[R;r XX,d({,x)—>t-x €M,.
We refer to ¢ as the Euclidean scale. The dilations induced by the Euclidean scale allow the identification

X,~Xuyuds.

2B. General setting. We now properly introduce the geometric setting of the article. Let (X, g) be a
Riemannian manifold of dimension n 4 1 which is even asymptotically hyperbolic [Guillarmou 2005,
Definition 1.2] with boundary at infinity denoted by Y. We recall the definition of evenness.

Definition 2.1. Let (X, g) be an asymptotically hyperbolic manifold. We say that g is even if there exists
a boundary-defining function p and a family of tensors (/12;);en, On Y = dX such that, for all N, one has
the following decomposition of g near Y:

N
¢*(p’g) =dr’+ ) hur® + 0 (N2,
i=0
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where ¢ is the diffeomorphism induced by the flow ¢, of the gradient grad »,(p):
$:[0,1) xY — ¢([0,1) xY) C X,
(r,y) = ¢ (y).

We define X2 := (X U X)/Y to be the topological double of X. (For a slicker definition, we stray ever
so slightly from the model geometry.) From the diffeomorphism ¢ we initially construct a C* atlas on
X2 by noting that ¥ C X2 is contained in an open set U?:=U_u Uy)/Y with Uy :=¢([0,1) x Y) and
we declare this set to be C* diffeomorphic to (—1, 1) x Y via

(—1,1) x Y ~U?,

p_(y)eU_- iftr <0,

e {qm(y) cU, ifr>0.

Charts on the interior of X in X complete the atlas on X
We want to consider the boundary-defining function p as a function from X2 to [—1, 1] such that X
may be identified with {p > 0}. Using the previous chart for U? ~ (—1, 1) x Y we initially set

o (=1, ) xY — (=1, 1),
(r,y) —>r,

and extend p to a continuous function on X2 by demanding that p be constant on X?\U? In order to
ensure smoothness at dU> we deform p smoothly on the two subsets (—1, —14+¢) x Y and (1 —¢, 1) x ¥
of U2 This achieves our goal. We now define the function i on X? by declaring
2 .
—p~ ifp <0,
X =11, p=y 0,
p- if p>0.
Remark 2.2. Although we have performed a deformation of p near dU? we will continue to think of
p and p as coordinates for the first factor of U2 = (—1, 1) x Y (if we wanted to be correct, in what
follows we would replace (—1, 1) with (—1+4 ¢, 1 — &) but this is cumbersome and we prefer to free up
the variable ¢). Of course, only the coordinates (i, y) provide a smooth chart for X2 near Y.

We now weaken the atlas on X2 near Y. By the previous remark, we may think of & as coordinates for
the first factor of U2 and we thus demand that the C* atlas is with respect to this coordinate rather than p
(as was the case for the initial atlas). It is now the case that on X2, only ¢ (and not p) is a smooth function.

We define the set cgsen()? ) to be the subset of functions in C*°(X) which are extensible to C>(X?)
and whose extension is invariant with respect to the natural involution on X2 (For example, consider
the restriction of u to X. However, such an invariant extension would of course not give the function p
previously constructed due to a sign discrepancy.) We remark that C°°(X), the subset of functions in
C*°(X) which vanish to all orders at Y, injects naturally into C*°(X 2y and may be identified with the
subset of C*°(X?) whose elements vanish on {p < 0}. Such constructions may also readily be extended
to the setting of vector bundles above X by using a local basis near Y of such a vector bundle which

smoothly extends across Y.
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Definition 2.3. We denote by X, the extension of X
X, ={u>—-1}cCXx?

by S the hypersurface { w= —%} C X., and by X, the open submanifold { w > —%} C X, such that
X5 =S.

We construct two product manifolds M := R} x X and M, := R} x X,. We supply M with the
Lorentzian cone metric

n:=—ds®ds +sg

and explain how this structure may be smoothly extended to M,.
Using the even neighbourhood at infinity U := (0, 1),, X ¥, we remark that, on Rj x U, the Lorentzian

metric takes the form
d d h
n=—ds®ds +S2<&2M + —),
4 u
where 4 has a smooth Taylor expansion about & = 0 by the evenness hypothesis. Upon the change of
variables t = s/p with ¢ € R*, the metric on R;" x U takes the form

n=—pdt@dt — Jt(du®@dt +dt ®dp) +t*h

or, in a slightly more attractive convention,

—2 W (diy? _ldr
== () g dn 0

with the convention for the symmetric product - introduced in the following section. From this display we
see that, by extending /4 to a family of Riemannian metrics on Y parametrised smoothly by u € (—1, 1),
we can extend 1 smoothly onto the chart R;” x U? C M,. We do this, thus furnishing M, with a Lorentzian
metric. As in the model geometry we refer to s (which is only defined on M) as the Minkowski scale,
and to ¢ (which is defined on M,) as the Euclidean scale.

From (1), the measure associated with =25 on R x U? is ﬂa’x where dx = %d}L dvol,. On U, we
have dx = p”*zdvolg; hence dx extends smoothly to a measure on X,, also denoted dx, and agrees with
dvolg on X\U.

3. Symmetric tensors

This section introduces the necessary algebraic aspects of symmetric tensors and establishes conventions,
which follow [Heil et al. 2016].

3A. A single fibre. Let E be a vector space of dimension n + 1 equipped with an inner product g and
let {e;}]_, be an orthonormal basis and {e"}f:0 be the corresponding dual basis for E* We denote by
Sym* E* the k-fold symmetric tensor product of E*. Elements are symmetrised tensor products

Ur:----- Ug := Z U Q- QUsk), Ui € E¥,

(TEHk
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where Iy is the permutation group of {1, ..., k}. By linearity, this extends the operation - to a map from
Sym* E* x Sym"" E* to Sym"*¥" E*. Note the inner product takes the form g = 1 3% ¢’ - ¢ and that
for u € E* we write u* to denote the symmetric product of k copies of u. The inner product induces an
inner product on Sym* E* defined by

(wy----- U, V] o )= Y g W Vo) 8 ks Vo), i, v € E

oelly

For u € E*, the metric adjoint of the linear map u- : Sym* E* — Sym**! E* is the contraction u_ :
Sym‘*t! E* — Sym* E* defined by

(uv)(wy, ..., wp) =v®, wy, ..., wy), uckE" veSymkE*, w; € E,

where u* is dual to u relative to the inner product on E. Contraction and multiplication with the metric g
define two additional linear maps:
A : Sym* E* — Sym* 2 E*,
urs Y€ ae u,
and
L:Sym* E* — Sym**? E*,
urs Y e e,
which are adjoint to each other. As the notation is motivated by standard notation from complex geometry,
we will refer to these two operators as Lefschetz-type operators.

Let F be the vector space R x E equipped with the standard Lorentzian inner product — f ® f + g,
where f is the canonical vector in R* The previous constructions have obvious counterparts on F which
will not be detailed. (For this subsection, we write (-, - ) g for the Lorentzian inner product on Sym™ F*)
The decomposition of F provides a decomposition of Sym™ F*:

- 1
Sym™ F* = akfm—k_s IIlkE*, QG = ——————
Y kezao Y V(m—k)!

and we write

m
u= Zak R u® e Sym™ F¥, u® e Sym* E*.
k=0

The choice of the normalising constant ay is chosen so that (u, v)r = ZZ’ZO(—I)’"_" (u® v®). There is
a simple relationship between the terms #®) in this decomposition of u when u is trace-free.

Lemma 3.1. Let Afr and A denote the Lefschetz-type trace operators obtained from the inner products
on F and E respectively. For u € Sym™ F* in the kernel of A, we have

Au® = —by_obp_u*?,

where u =y dk £k u® for u® e Sym* E* and constants by = /m — k.
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Proof. Beginning with Ag "% = (m —k)(m —k — 1) f"*=2 we obtain

Ap(ae " u®) = o/ m =) m —k = D "2 u® gy L Au®,

Therefore, as u € ker A g, equating powers of f in the resulting formula for

m
A (S s
k=0

gives

akfm_kAu(k) +ak\/(m —k+2)(m—k+ 1)fm_k’4(k_2) =0. O

We introduce some notation for finite sequences to simplify the calculations below. Denote by «7* the
space of all sequences K = kj - - - k; with 0 <k, <n. We write {k, — j}K for the result of replacing the
r-th element of K by j. If j is not present, this implies we remove the r-th element from K, while if
k, is not present, this implies we add j to K to obtain j K. This notation extends to replacing multiple
indices at once. For example, {k, —, k, —}K indicates we first remove the r-th element from K and
then remove the p-th element from {k, —}K. We set

K =ekr..... e @E*, K=k ky €T~

3B. Vector bundles. These constructions are naturally extended to vector bundles above manifolds. We
include this subsection in order to introduce our notation and conventions. Consider M and X (with
similar constructions for M, and X.). We define

m
Fi=Sym"T*M, £ :=sym*'T*x, &:=He®.
k=0

If we want to make precise that F consists of rank-m symmetric cotensors, we will write 7). The
Minkowski scale gives the decomposition M = Ry x X and we denote by 7 the projection onto the
second factor w : M — X. (Remark that on M this gives the same map as the projection 7 : M, — X,
using the Euclidean scale M, = [R?;'r x X,.) This enables £% to be pulled back to a bundle over M which
we will also denote by £®.

Given u € C*(M; F), we decompose u as

m m—k
u=3a (d—s) a® y® e e M g®), )
k=0 §

where ay, is the previously introduced constant ((m — k)!)~!/2

. We say that such a decomposition is
relative to the Minkowski scale.
For a fixed value of s, say so, there is an identification of the corresponding subset of M with X via

the map m,—,. We will thus reuse 7 for the map

Ts=sy : CF(M; F) > C¥(X; €),

m m
ds\"mk
u= Z ag (T) . u(k) —> Z 7T|S:s0u(k)v
= k=0

k=0
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and in order to map from C*(X; &) to C*°(M; F), taking into account the Minkowski scale, we introduce

n CR(X; E) > CF(M; F),
— () a3 L, (0
M—ZM HZak(s) aFu'™.
k=0 k=0

On M we have two useful metrics. First, s~2n, which takes the model form of the metric on F
introduced in the previous subsection

=y

Second, we have the metric 1, which is geometrically advantageous as it gives the Lorentzian cone metric
on M. Notationally we will distinguish the two constructions by decorating the Lefschetz-type operators
with a subscript of the particular metric used. A similar decoration will be used for the two inner products
on F. There are two useful relationships. First,

A2 u = s4A,,u, uerF, 3)

]
and second,

(U, v) g2y = ™ (u,v),, u,verF. (4)

n

On X, when the metric g is used, no such decoration will be added. We can, however, make use of the
metric s ~27 by appealing to m;. We introduce (-, - ); on C(X; £) by declaring

(u, v)s = (wlu, wjv), u,veC®X;¢).

,27]’

Note that such a definition does not depend on the value of s € R* at which point the inner product on F
is applied. With this inner product given, and the measure dvol, previously introduced, we obtain the
notion of L? sections and define

L2(X; &) :=L*(X, dvolg; £, (-, - )s), (5)

whose inner product is provided by
(u, v); := / (u,v)gdvoly, u,veCI(X;¢).
X

On X,, we define L? sections with respect to the measure dx,
L{(Xe; &) = L2(Xe,dx; €, (-, -)0).

On X, the necessary correspondences between the constructions using the Lorentzian and Euclidean
scales are given in the following lemma.

Lemma 3.2. There exists J € C®°(X; End &) such that

riu=mnJu, uecC>®X;¢),
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whose entries are homogeneous polynomials of degree at most m in dp/p, upper triangular in the sense
that J(£*0) @Z;ko EM | and whose diagonal entries are the identity. Moreover,
(u, v)s = p*"(Ju, Jv);, u,veC®X;E).
Finally,
L3(X; &) = p"* "I LI (X; ).

Proof. As t = s/p, the differentials are related by
ds _dr  dp

s t P

’

and hence by the binomial expansion

m—k e m—k—j —k J
ak(d_S) .ﬂ*u@:Zakﬂ.(ﬂ) (m )a_k<d_ﬂ) o u®,
s =0 ! S Jakj\p

where u® € C*(X; £®). This defines the endomorphism J by declaring

—k .
J ® _ X (”"k> ax (dp)f ®
u® =37 (MT) A (SL) T,
s J Jaryj\p

The second claim is direct from s =2 = p~2t~>n; hence on F, where the inner product requires m appli-
cations of the inverse metric, (-, )2, = P . )¢-2,- The final claim follows from the second claim

and the previously mentioned correspondence, dx = p"+2dvolg. O

4. b-calculus and microlocal analysis

This section introduces the necessary b-calculus formalism on symmetric cotensors. The standard reference
is [Melrose 1993]; in particular we make much use of Chapters 2 and 5. We also recall some now standard
ideas from microlocal analysis.

4A. b-calculus. For convenience we will only work on M = R} x X rather than on both M and M,.
We define M to be the closure of M seen as a submanifold of R, x X with its usual topology. Then

M=MUX,

where X is naturally identified with the boundary M = {s = 0}.

We let {e;}!_, denote a (local) holonomic frame for TX and (e }7_ its dual frame for T*X. The Lie
algebra of b-vector fields consists of smooth vector fields on M tangent to the boundary X. It is thus
generated by {s dy, e;}. This provides the smooth vector bundle PTM. The dual bundle, *T* M, has basis
{ds/s, e'}. This dual bundle is used to construct the b-symmetric bundle of m-cotensors, denoted by °F.
On the interior of M, this bundle is canonically isomorphic to F.
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An operator  belongs to Diffg (M; End®F) if, relative to a frame generated by {ds /s, '} the operator
0 may be written as a matrix

0=[0,;]

whose coefficients Q; ; belong to Diff]‘;7 (M). That is, each Q; j may be written as

Q.= Z i ko (s 3)F9%

klal<p

for smooth functions g; j .o € C*(M).

Operators in Diff{; (M; End®F) provide indicial families of operators belonging to Diff” (X; End £).
In order to define this mapping we recall the operator 7y, defined in the previous section for so € R¥.
This family of maps clearly has an extension to M giving

Tsmsy : C(M; P F) — C=(X; 6),
where sg € [0, 00). The indicial family mapping (with respect to the Minkowski scale s)

I, : Diff! (M; End"F) — O(C; Diff”(X; End £))
is defined by
L,(Q. M) () :=m—o(s* Qs *(mfu)), ueC®(X;E).

When the scale s is understood, we will use the convention of removing the bold font from such an
operator and write

Q::I.Y(Q")v Qs ::IS(Q’)\‘)’

Remark 4.1. This definition effectively does three things. First, if Q is written as a matrix, relative to
the decomposition established by the Minkowski scale (2), then Q will take the same form but without
the appearances of ay(ds/s)™ % .. Next, the functions qi.j.k,a are frozen to their values at s = 0. (These
two results are due to the appearance of 7;—.) Finally, due to the conjugation by s*, all appearances of
s d; in @ are replaced by the complex parameter —A.

Remark 4.2. The choice to conjugate by s is to ensure that the subsequent operators (in particular P)
acting on L? sections have physical domains corresponding to Re A > 1. If one is convinced that
the convention ought to be conjugation by s* rather than s~
Considering the model geometry, which motivates the viewpoint of hyperbolic space “at infinity” inside the

one can kill two birds with one stone:

forward light cone of compactified Minkowski space, it would be somewhat more natural to introduce the
coordinate § = s~! on M, then construct the closure of M as a submanifold of R; x X. The indicial family
would then by constructed via a conjugation of s* and appearances of 59; = —s d; would be replaced
by A. For this article, the aesthetics of such a choice are outweighed by the superfluous introduction of
two dual variables, one for each of s and ¢.

The b-operators we consider are somewhat simpler than the previous definition in that the coefficients
qi,j.k,« do not depend on s (in the correct basis).
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Definition 4.3. A b-operator Q € Diff! (M; °F) is b-trivial if, for all 5o € R,
[(Q, M) () = Tomgy (5" @s T (wfu)), € CP(X; ).

One advantage of this property is that self-adjointness of @ easily implies self-adjointness of Q, for
A €ilR.

Lemma 4.4. Suppose Q is b-trivial and formally self-adjoint relative to the inner product
ds 0
(u, V)2, = (u,v)‘vfz,]?dvolg, u,ve CX(M; F).
M
Then, the indicial family Q is, upon restriction to A € iR, formally self-adjoint relative to the inner product
(u, v); = / (u,v)gdvoly, u,veCI(X;E).
X

Moreover, for all A, we have Qi =0_;.

Proof. We prove only the first claim. That Q} = Q_; for all A follows by the same reasoning, making the
obvious changes in the second display provided below. Let ¥ be a smooth function on R with compact
support (away from s = 0) and with unit mass fR+ V¥ (ds/s)=1.Letu,v e CX(X; ). The b-triviality
provides

(Qyu, v)s = /W(Qw, V)5 ¥ ds—s = (s* Qs wiu, Yylv) 2.
For A € iR this develops as
(Quu, v)s = (wfu, " Qs Y v) 2,
= (7}u, Vst st)‘ns*v)s—z,7 + (fu, [s* Qs ™, Ylmi v,
= (u, Quv)s + (] u, [s* Qs 1/f]rrs*v)sfz,7,
where the last line has again used the b-triviality. Thus we require
(u, [s* Qs Yl v) =, = 0. (6)
Consider Q as a matrix Q = [@Q; ;] with respect to a basis in which
0= Z i ko (s 85)F9%
klal<p
for g; j k.« € C*°(X). The key is to note that we may write
[*Qijs ™ ¥l= Y Kijka(sd) 08 (7)
k,Jo|<p—1

for smooth functions (which depend on 1) «; jx« € C°°(X) such that every term in each k; j i o is
smoothly divisible by some nonzero integer (s ds)-derivative of . Factoring out these appearances and
integrating over R™ in (6) causes, by the fundamental theorem of calculus, the problematic term to vanish.
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The factorisation claim involving the functions «; ; r « follows directly from the following calculation.
First

[*Qijs V1= D qijkallsds =0, Y= D qijralls d— 1" ¥107,

klal<p klal<p
k>1
and for k > 1,
Kok koo ¢
[ 8= 205 w1 =2 () R 16 005 w1 = D0 D7 () =, ) (s 0G5 80",
=1 =1 m=1
which, due to the appearance of (s d;5)" gives (7) with the desired structure. O

Remark 4.5. The use of dvol, is unimportant; the result holds for any measure on X given such a
measure also appears as dvol, does in the inner product on M.

We finish this subsection by remarking on the effect that the scale (Minkowski or Euclidean) has on
the indicial family.

Lemma 4.6. For Q € Diff{: (M; °F), the indicial families obtained using the scales s and t are related by

L(Q.2) = p"J7L(Q. 1) Ip™
with J presented in Lemma 3.2.

Proof. Lemma 3.2 provides 7 = ;" o J. Dual to this equation, my—¢ = J “lom_o. Combining these
observations gives the result

1,(Q, V)(u) = m—o(s* Qs (r}u))
= J 'moo (o't Qt T p M () T u))
=p T 'L(Q, M) (Ip u). O

4B. Microlocal analysis. We recall standard objects in microlocal analysis (the necessary information
is given in [Zworski 2016] for pseudodifferential operators acting on the trivial bundle; here we merely
indicate the small changes that occur when acting on a vector bundle). Recall the open submanifold
Xes = {M > —%} C X, from Definition 2.3. We will assume that L,Z(X «; €) provides a notion of sections
above X.; with Sobolev regularity s, denoted by H*(X; £), with norm || - || gs (see Section 7A for
subtleties arising due to the boundary S). Let ¢ denote the coefficients of a covector relative to some
local base for T* X, such that we may define the Japanese bracket (¢). We denote by

WP (Xes: End€) C WP(X,; End €)

the space of properly supported pseudodifferential operators of order p acting on £ and which have scalar

a
scal

principal symbol. For A € W¢ (X.s; End £) such a symbol is written as

o (A) € S“(T*X5\0; End £)/8* 1 (T* X 5s\0; End &)
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b

and is scalar. For such operators, it continues to hold that, for B € W,

(X¢s; End £), the principal symbol
of the composition

o (AB) =0 (A)o (B) € S (T* X ,\0; End £) /S~ 1(T* X ;\0; End £)

remains scalar. However now, as lower-order terms are not required to be diagonal, the commutator has
principal symbol

o([A, B]) € S~ 1(T* X, \0; End £) /S0 ~2(T* X ,,\0; End &),

which, in general, is not scalar. In the case that A € W4 (X)) C V¢ (X.s; End &) we get

scal

1 1
o(z—i[A, B]) = 5 Ho) (0 (4)),

where H,(p) is the Hamiltonian vector field associated with o (B). Exactly as in the case that £ is
the trivial bundle, associated with the operator A are the notions of the wave front set WF(A) and the
characteristic variety Char(A).

There are two radial estimates used in the analysis of P (the family of operators introduced in Section 6)
in order to prove Proposition 7.3. The analysis is performed in [Vasy 2013a, Section 2.4] for functions
with an alternative description given in [Dyatlov and Zworski 2017, Section E.5.2]. We will follow the
second approach and translate the results into a (nonsemiclassical) setting adapted to vector bundles. For
this, and to follow closely the referenced works, we introduce [Dyatlov and Zworski 2017, Section E.1.2]
the radially compactified cotangent bundle T*X,., and projection map « : T* X ;\0 — dT*X,. Consider
Pevw’ |(X¢s; End €) with real principal symbol o (P) and Hamiltonian vector field H,(py. Write P as

sca
P=ReP+iIlmP
for

P+P* P - pP*
eV (X.:EndE), ImP =

Re P = e WP~ (X,; End€).

In the sense of [Dyatlov and Zworski 2017, Definition E.52], let ' and I'_ be a source and a sink of
o (P) respectively. Suppose that (¢)!~7 H, (p) vanishes on I'y.

Lemma 4.7. Let s satisfy the following threshold condition on I

(c)i-r (0 (Im P) + (s + I_TP>HU(P) log(§)> is negative definite.

Then for all By € V(X ;) with WE(I — B)) NT'y. = @, there exists A € W(X ) with Char(A)NT, = &
such that for any u € CX°(Xs; €) (and any N large enough)

[Aullgs < CIByPull gs—pr1 + [lull g-n).

Lemma 4.8. Let s satisfy the following threshold condition on T'_:

(£)i=p (O’(Im P)+ (s + I_Tp)Ha(p) log(§)> is negative definite.
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Then for all B € WO(X ) with WF(I —B))NI'_ =@, there exists A, B € W (X,,) with Char(A)NT'_ =&
and WE(B) NT'_ = & such that for any u € C°(X.; €) (and any N large enough)

[Aulls < C(IBullms + || By Pull grs—per + [luell ).

Remark 4.9. There are two trivial but important points to make. First, a source for P is a sink for — P
(and similarly a sink for P is a source for —P). Second, we have assumed P has real principal symbol;
therefore, when considering its adjoint P*, we have H,p+) = Hy(p). Less trivially, by approximation
[Dyatlov and Zworski 2017, Lemma E.47], these results do not need to assume u € C2°(X; €). In
Lemma 4.7, if s > 5 with 5 satisfying the threshold condition and u € H $(X,s: €) then the inequality
holds (on the condition that the right-hand side is finite). Similarly in Lemma 4.8, if u is a distribution
such that the right-hand side of the inequality is well defined, then so too is the left-hand side, and the
inequality holds.

5. The Laplacian, the d’Alembertian and the operator Q

This section shows the relationship between the Laplacian on (X, g) and the d’ Alembertian on (M, n).
We first introduce several differential operators on X using the Levi-Civita connection V of g extended to
all associated vector bundles associated with the principal orthonormal frame bundle. Let {¢;}7_ be a
local orthonormal frame for TX and {e’ }7_, be the corresponding dual frame for T*X. We define two
first-order differential operators. Let the symmetrisation of the covariant derivative, called the symmetric
differential, be denoted by d:

d: C®(X; W) - c>(x; D),
urs Y e - Veu.
Denote by § its formal adjoint called the divergence:
5:C®(X; W) » Cc®(x; %Dy,
urs =Y " e iV,u.

The two first-order operators behave nicely with L and A, giving the following commutation relations
[Heil et al. 2016, Equation (8)]:

[A,8]=0=[L,d], [A,d]=-25 [L,d]=2d. (8)
The rough Laplacian on this space will be denoted by V*V:

VAV C®(X: ER) - c®(X; W),

ur V*Vu,
where V* is the formal adjoint of V : C®(X; £®) - C®(X; T*X ® £W)). Equivalently

V'Vu=(—troVoV)u), uecC>®X;:EX),
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where tr: T*X ® T*X — R is the trace operator obtained from g and is extended to
rTXQTX@EW — &®,
For the Lichnerowicz Laplacian, we introduce the Riemann curvature tensor, which will be denoted by R:
Ry, w=I[Vy, Vylw =V qw, u,v,we CPX; TX).

It is extended to all tensor bundles as a derivation. On symmetric k-cotensors we introduce the curvature
endomorphism which will be denoted by g (R):

n
qRu=Y e e iRy u, uece®.
i,j=0

The Lichnerowicz Laplacian, hereafter simply referred to as the Laplacian, will be denoted by A:
A:C®(X; W) — = (X; W),
ur> (V*V+qgR)u.
We decompose symmetric k-cotensors using the symmetrised basis elements:

U= Z uge®, ueCc™®X; W), ux € C*(X).
Keak

Useful formulae for the preceding operators thus far introduced are given in the following lemma. Recall
the notation for finite sequences ¥ introduced in the final paragraph of Section 3A.

Lemma 5.1. Let u € C®°(X; EW). At a point in X about which {e;} are normal coordinates, the trace is

Au = Z Z Z ko ethr= k1K

Kea* k€K kpelk—}K

the symmetric differential is

du = Z i(eiuK)e{_”}K,

Kegak i=0

su== 3 Y3 el IK

Kewk kreK i=0

the divergence is

and the rough Laplacian is
n n
V*Vu= Z Z (—gij(eiejuK)eK + Z ZgieuK(egFff)e{k’_’f}K)
Kewk i,j=0 kreK £=0

where the connection coefficients are given locally by V,, ek =— Z’;’:o Ffj e’. Finally, (at a point using
normal coordinates), the Riemann curvature takes the form

n

14 § : .k 12 12 13

Re,-,e_/-e = — Rij K€ , R,‘j k =€,‘ij—€jrik.
k=0
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In a similar vein to (8) we have the following two useful results, the second of which originates from
[Lichnerowicz 1961, Section 10].

Lemma 5.2. Let u € C®(X, £X). The Laplacian commutes with the Lefschetz-type trace operator
[A, Alu=0

and commutes with the divergence under the following conditions:

k=0,1,
[6, Alu=0 if {k=2and X is Ricci parallel,
k >3 and X is locally isomorphic to H",

Proof. The first result is very standard. As the metric is parallel, the Riemann curvature tensor (acting as
a derivation on £®)) commutes with L; hence

n
[L.g®R)Ju= Y (Le/ se' 1—e L&' JL)R,, o u
i,j=0

and developing the second term with the aid of the commutation formula [’ 1, L] = 2¢'- provides

[LgR)Ju= > —2(c/ e 1+e/ &' )Ry qu= Y  —2(e/ e 487+ e/ YRy, u,
i,j=0 i,j=0

which vanishes due to the skew-symmetry of the Riemann curvature tensor. By duality, [A, g(R)] = 0.
Now using the commutation relations (8) and the characterisation of the Laplacian [Heil et al. 2016,
Proposition 6.2]

A = 8d —ds +29(R)

provides the commutation of A with A.

The second result is more involved as a demonstration via a direct calculation (however, as these
statements are well known, we only sketch said calculations). For k =0, 1 the Laplacian and divergence
agree with Hodge Laplacian and the adjoint of the exterior derivative. We will thus assume X is Ricci
parallel (and k > 2). We break the calculation into two parts studying [§, V*V] and [§, ¢ (R)]. As usual,
we use a frame {e;}?_, for TX with dual frame {ei};’zo and calculate at a point about which the connection
coefficients vanish. We act on u = ugeX € C*(X; £®). That the Ricci tensor is parallel implies, by
the (second) Bianchi identity, ) , V,,R; jek = 0. This observation is repeatedly used. Also, the Ricci
endomorphism may be written as Y, ; Ric! ¢’ ® ¢; with Ric/ = Y, , g"“(V,, T}, — V, T'7)).

Consider [8, V*V]. Calculating simply §V*V gives

VIV ==Y eV, (— r) €@V, ® Vej))
P i

ij k il Jy Lk
= 87 1V Ve Ve, — > g (Vo Ti ek LV,
i,j.k ij.k.e
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with a similar calculation for V*V§. Combining these results and commuting V,, with V,, V., gives

[8,V*V]=) " gek 1[Ve,. Ve, Ve, 1 — Y _(Rice') LV,

i,j,k i

= gk 1(Ve Rey o) — Y (Rice) 1V,

i,J.k i
where { -, - } is the anticommutator. After a tedious calculation, we obtain
[8, V*V]u =) (Rice') s Vou + 2R, V, u), )

i

where (R, V, u) is shorthand for the unwieldy term
R.V.w)=Y " > R¥(Vyug)elr=i b=k
i,j k€K kpelk,—)K

For completeness we outline this calculation:

_ Z gijee N {Ve,-a Rej,e/g}u — Z Z ({Ve” Rgikrj}u[()eg _‘e{kr—>j}K

ij.t i,j.t krek

=2 Z Z R@ikr.i(Vei”K)E(Z Ltk K

i,j.t krek
where the anticommutator has been removed using ), V,,R; jek = (. Developing the final term in the
preceding display gives
ot el VK — gitplhe—IK Z ot ol =i k=K
kpetk,—)K
which after a little rearrangement of dummy indices and using the algebraic symmetries of the Riemann
curvature tensor gives
—> gle" (Ve Ry Ju=2) (Rice') 1 Vou+2(R, V. u).
i,j,¢ i
Upon subtraction of ) _; (Ric e') V., u, this provides (9).
Consider [d, g(R)]. Similar to the previous calculations we obtain
[8,qR) =Y —e 16/ &' 1VR, o+l e IR, o (" 1 V,)
i)k
=Y el el 1" 1Ry 0 Vo 1 — g7 € UV R, o+l LR, ) LV
i,j.k
After an even more tedious calculation treating each of the three terms in the previous display, we obtain

[8,g(R)Ju =—[8, V*V]u — (V,R, u), (10)
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where (V, R, u) represents the even more unwieldy term

(V, R, M) — Z Z geks(VezRikrkpj)uKe{ks—)l‘,kp—>j, kr—>}K‘

i,j,t k€K
kyelk,—1K
kselkp—, ky—1K

Again, we sketch the calculation. One of the three terms is easy to calculate directly, giving
Y el e iRy ) 1 Vou=—R, V. u).
i)k
Another term is also relatively easy, again using the trick that ), V,,R; jek =0:
— > gl 1V R, u=— (Rice') 1Vou— (R, V,u).
ij.k i
The involved step is treating 3, ; e/ e sek SRy, e, Ve, ]. We first obtain
Zej et el [Re,-,ej, Ve lu = Z Z ([le_krm’ Ve, luig) el e et Je{k’_”"}K,
i,j.t ik,,m k€K

and it is important to realise that whenever the index ¢ contracts with m (or i or j), the resulting sum
vanishes (as > ¢ Ve Rij t = 0). Similarly, if i and m are contracted then, as Ricci is parallel, the resulting

tm gimy denote any

sum vanishes. Expanding the final part of the previous display (and letting terms(g
terms involving g“" or g'"™) gives

el el eﬁ _le{kr—nn}K — Z gekpej et e{kp—nn,k,—)}K —|—terms(gem)
kpelk,—}K
— Z gEk"gikse{ks_)j’ kp—>m, k,—1}K + terms(gﬁm’ gim)
kpelk,—}K

kyetkp—, k,—}1K

and after a little rearrangement of dummy indices, this gives

D el el e LRy Velu=—(V.R, u),
i)t
whence (10) is obtained.

Combining (9) with (10) gives [§, Alu = —(V, R, u). For symmetric tensors of rank 2, such a
summation (over k;,, k,, ks) does not arrive, so such a term instantly vanishes and the result follows. For
tensors of higher rank, one needs the Riemann curvature to be parallel. This is assured in the constant
curvature setting of H"*1., U

The objects thus far introduced in this section all have natural analogues in the Lorentzian setting on
(M, n). We denote by ¥V the Levi-Civita connection of 1 extended to all associated vector bundles
and MR the Riemann curvature tensor of 7. We let d, and §, denote the symmetric differential and
the divergence with respect to 1. Finally we let ¥ V**V denote the rough d’ Alembertian and [J the
(Lichnerowicz) d’ Alembertian, both constructed with respect to the metric 7.
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SA. Minkowski scale and the operator (). We define the first of our two main operators.

Definition 5.3. The second-order differential operator Q € Diff?>(M; End F) is the following conjugation

of the d’ Alembertian:
Q:C®M; F)— C®(M; F),
U sn/2—m+2 Ds—n/2+m u.

Lemma 5.4. The differential operator Q is formally self-adjoint with respect to the inner product
(U, V)52, = /M(u, V)52, ci_s dvolg, u,veCX(M;F).
Proof. The d’ Alembertian is self-adjoint with respect to the inner product
(u, v), = /M(u, v)pdvol,, u,veCX(M;F).

The two inner products on F are related via (4). Tracking the effects of the conjugations by powers of s
on [J, as well as the multiplication by s2, in order to obtain Q implies self-adjointness when using the inner
product (-, - )2, with the measure s~ +2) dvol,, which gives the result as dvol, = s"F2(ds/s) dvolg. [

Lemma 5.5. The operator Q commutes with the Lefschetz-type trace operator s> A s=2n"
[s72Ay2,, Qu=0, ueC>(M;F).
Proof. The Lorentzian analogue of Lemma 5.2 is that the d’Alembertian commutes with A,

[A,, O]1=0.

This operator is related to our standard Lefschetz-type operator A, via (3). The result is now a direct
calculation. For clarity we denote differential operators with a superscript (m) to indicate that they act on
symmetric cotensors of rank m. In particular, on C*°(M; F) we have

SizAs*Zr] Q(m) — SZAnSn/27m+2|:|(m)s7n/2+m — s2sn/27m+2|:|(mf2)s7n/2+mA)7

— Sn/l—(m—2)-|—2|:|(m—2)s—n/l—i—(m—Z)SZA)7 — Q(m_z)S_ZAY—Zn. 0

The rest of this subsection is dedicated to proving:

Proposition 5.6. For u € C*°(M; F) decomposed relative to the Minkowski scale (2), the conjugated
d’Alembertian Q is given by

Qay, (i—s)m_k u® = g (i—s)m_k_z - (=bgbg 1 Lyu®
+ ary1 (cls_S)m—k—l - by dyu®
+a (?)m_k (A4 (585)? — e —LA)u®
+ ag—1 (%)m_k+1 . (—Zbk_lé)u(k)
+ -2 (a;_S)m*kH (—b—abr—1 A)u™®
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with constants
ar = ((m—kNH~""2,

by =~m—k,
ck=qn> +m@n—+2k+1)—kQ2n+3k—1).
Consequently, relative to this scale, there exist D € Diff Y(M; End F) and G € C®°(M; End F) indepen-

dent of s such that
0=V*V+(s9,)’+D+G.

Proof. The result will follow from Lemmas 5.8 and 5.9. The conjugation by s~*/2*" is chosen so that

the term (s 9, + 5 — m)2 in Lemma 5.8 becomes simply (s 9;)> 0

Proposition 5.6 is a direct calculation which we present in the rest of this subsection. To begin we
state the following lemma whose proof need not be detailed.

Lemma 5.7. In the Minkowski scale, with {e;};_, a local holonomic frame on (X, g) with dual frame
{e"};’:O such that g = Zi’j gijei ® e/, the connection MV acts in the following manner:

n

M dS_ ds M ds _ j
Vel == MV =2
j=0
M i i M JdS
Ve = —é', Veiej = §; +Velef

This lemma provides the following two important formulae for the symmetrised basis:

My . (‘ls_s>m_k.e’< :—m@s)m ek (1)

and
m—k m—k—1 .
Mvei (@) oK = (d_S) . (_(m _ k)gije{ﬁJ}K)

S S
m—k
()7 (- e
kreK

+(ds)m o (Za " gl ) (12)

kreK
where the second result is a consequence of
ds
My, K = Z 8;"? e L VejeK
kreK

and we recall that the connection coefficients were introduced in Lemma 5.1. We split the calculation of
the d’ Alembertian into two calculations, treating the rough d’Alembertian separately from the curvature

endomorphism.
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Lemma 5.8. Foru e C®(M; F) decomposed relative to the Minkowski scale (2), the rough d’Alembertian
is given by

m—k—2
- (—bgby 1 Lyu®

k-1
" 2bedyu™

m—k
SZMV*MV ak<i—s> -u(k) = 442

“ S = | &
~— —

+
Q
=~

X

S
a8

VAV (s 0+ dn—m) = &)u®

+1
(=2by_18)u®

w S e S e |
3
L
+
[38)

Q
~
|
AN N N
\_/\_/5\_/
L

(=br_abe_1 Ayu®

+
Q
T
)

with modified constants

&= gn* +mn+2k+1) —k(n+2k).

Proof. Tt suffices to consider a single term ug (ds/s)" % - eX and we will ignore the normalising
constants a; until the final step. Upon a first application of ¥ V we obtain a section of T*M ® F:

m—k m—k m—k
(7 e L (B s o ()

e 0 ()" s Fane 0, (£ e8).

Using (11) and (12) to develop the terms involving My, 5, and M V., we group the result in terms of
symmetric powers of ds/s. In order to handle the equations we write

MwK(ds—s)m*k-e’(:+++, (13)

where

N

=~ -0 Yusgze' o (L) eix
i,J

m—k
2]=(sa, —m)ude—s ® (ds—s) ek,

3|=) euge' ® dsy™~* K =N uge' ® dsy"~*. etk — 71K
S Ky tj
i i,j kreK
= — Z I/lKei %) (ds—s>m_k+1 . Z 55{"6{]9‘)}[(‘
i

kreK

Taking the second derivative, we calculate at a point about which {e;} are normal coordinates. Of course,
we only need to keep track of terms which are not subsequently killed upon applying the trace tr, (which,
as the notation suggests, is the trace map from T*M ® T*M — R built using the metric 7).
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Considering the first term in (13), applying ¥ V; 5 provides only terms in the kernel of tr, and applying

My, gives
. m—k—1 .
Ze‘Z@MVQ=—(m—k)2egu1(gije[®e’®(i—s> eIk
L i,j,¢
. m—k—1 .
—(m—k)ZquijeZ@)e’®MVW<<L£—S> -e{_”}K)-l—kertr,7

i)t
and we immediately apply tr, to get

m—k—1 , m—k—1 .
St T (S e T, () ),
J

- N
i

The first term of the preceding display reduces to the symmetric differential (m —k)(ds/ $)" = d(u g eX)
by Lemma 5.1. The second term of the preceding display is calculated with the aid of (12) and remembering
that the connection coefficients cancel at the point of interest. Specifically

M ds m—k—1 LK ds m—k—2 3 K
Ve, (<?) e ) = (?) A - Z(m —k—1)gjel =i
1
ds\"* (i k ke (= kr—)K
+<T> -<8je + 3 e .

kreK

Observe that Y, 3", x 8" e™/ k1K = keX_ Using Lemma 5.1 again this time to recover L, the result is

—s2(tr, M V)[1] = (%)m_k_z (= (m — k) (m —k — DL)ugek

+ (‘i—s)m*k*l (m = K)dyugeX

ds

m—k
() (e =p @+ T+ R)uge”

Considering the second term in (13) is much simpler. A second application of ¥V provides

o) _

. . m
— (s 0y —m)ug Zgije‘®ef®(ds—s) -eX +kertr,
i,j

My2]= (s —m —1)(s as—m)uK‘i—S@)

and the desired result is
m—k
—sz(tr,, oMV)z (ds_s) ~((s 0y —m +n)(s d —m))uKeK.

Considering the third term in (13) is somewhat similar to the first term in that ¥ V5 provides only
terms in the kernel of tr,. Remembering that at the point of interest, the connection coefficients vanish,
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applying ¥ Ve, gives
ZeJ®MVejI Zeje,uKe’@)e ®<ds> ek
J i,j

ds\"— —k
+Zelu1{e] R ®MV67 (( ss> eK)

, m—k
- Z uge' e @ (a;_s) . Z (Ve, Flk')e{k’_”}K + kertr,,
i,j, € k,eK

and we immediately apply tr, to recover the rough Laplacian from the first and third terms in the previous
display
) ds ds\m—k
—s=(tr, oMV): <?> V*V(uge )—Zg”e Ug Vef((s) eK),
ij

while the second term in the previous display is first treated using (12) and then Lemma 5.1 to recover
the symmetric differential and the divergence:

X e, ()

LJ

—Zg ejug (m— k)(ds)m - -geje 7Ok —I—Zg”e uK(ds)m b ZS rethr 1K
ij.t ij.e kyek
= (m —k)(‘is—s)m*k*1 d(uge®y — (Ci—s)'H+1 SugeX).

The result is

—k—1
—s2(tr, oMV)[3] = ("s—s)m ((m — ) dyugeX

—k

+ (ds_s)m (V*V)ugeX
m—k+1
+ (d—s> (=) ugeX,
)

Considering finally the fourth term in (13) we immediately remove the sum over i using the Kronecker
delta. Again 'V, provides only terms in the kernel of tr, and applying ¥ V,, gives

Ze @MV [4]= =) ) cuxe @ ®<ds>m et

i k€K K
m—k+
— Z Z uge @ ek ®MVe,. <<d_s> -e{k’_”K> +kertr,
i k€K §

and we immediately apply tr, to get

—sz(tr,, MV) <ds>m k+1 <Z Zg » uKe"_’ )—i—Z Zg ruKM v, ((dss>m k+1 {kr—>}K).

i kekK i k€K
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The first term provides the divergence —(ds/s)" **+1.8(ugeX), while the second term is treated using
(12) and then Lemma 5.1 to recover a multiple of uxe® and a term involving A:

. m—k—+1
Z Z P ((i_s> 'e{k,<—>}K>

i krek

ds m—k ik, k1K ds m—k+2 Kok ko k1K
SR CRSRIICS M ) SLPPISIE O NS DD DI ST

i,j krek k,eK kpe{kr—>}K
ds m—k K ds m—k+2 K
:—k(m—k+1)(7) e _(T> Auge®).

The result is )
s (tr, oM V)[4] = (‘i_s) (—k(m —k + 1)ugeX

+ (‘ls—s)m_k+l (=8)ugeX

+ (Cis—s)m_k+2 (=Mugek.
Upon summation of these four terms coming from (13) we obtain
gy (42" = (L) - by — k= DL
HE) 2 - pau®
(YT (04 b m) )

+ (ds—s)m_k+1 (—2k8)u®

F(B)" - au®

with constant ¢ as given in the proposition. The final step is to reintroduce the normalisation constants
ay. Treating, for example, the term containing (ds/s)™*~! amounts to observing

at (m —kag = /(m — k) O

Lemma 5.9. Foru € C*(M; F) decomposed relative to the Minkowski scale (2), the curvature endo-
morphism acts diagonally with respect to the Minkowski scale and is given by

s2gMRu® = (g(R) +k(n+k —1) —LA)u®.

Proof. We need only concern ourselves with the effect of g(MR) on (ds/s)" % - K. Tt is easy
to see from Lemma 5.7 that ¥R, a,.¢; 1S the zero endomorphism, that M R ;(ds/s) = 0, and that
nM Re; e ef,ds/s) = 0. Therefore we need only calculate the effect of g(MR) on eX. The nontrivial
information of MR is encoded in the equation

k .
MRij e = gjedf — gied; + R
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We extend MR, ., to £®), giving

MR, eX =Re e+ (87 gi0 — 81 gj0)elr K,
kreK
Calculating the interior product requires the metric; in particular,
s2e ap MRel.,ej =é MRel.,ej,
where _, uses the metric 1 to identify TM with T*M. Consequently calculating

K _ i K
E (s e _n,, Reic;e” —e aRe, € )

gives

DD G g5 gje)(g Lell=IK 4 3™ gikpe{kp_”k’_’e}K>.

i kekK kpelk,—}1K

Applying > j e/ - to the preceding display provides s2q(MR) — g(R). Splitting the calculation into four
terms, the results are

SN 8 g et T =k + e,

ij keek

_Zze, (Sk,g pgilekr K — oK.

i,j krek

SY Y sbgugtret o 0K S kg — 1)k

i,j k€K kpetk,—}K

_ Z Z Z e_] 8 g glkpe kp—, kr—E0}K _ —LAeK.

i,j kreK kpetk,—}1K
Upon summation of these four terms, the proof is complete. O

Proposition 5.10. Suppose u € C*°(M; F), decomposed relative to the Minkowski scale (2), is trace-free
with respect to the trace operator As—,. Then the conjugated d’Alembertian Q is given by

m—k m—k—1
Qar (L) u® = et (L) @

m—k

+ar (?) (A + (s 3)* = cpHu®
m—k+1

+ak-1 (Ci—s> (—2b—18)u®

with constants ay, by given in Proposition 5.6 and the modified constants
cr=ck—(m—ky(m—k—1).

Proof. This follows directly from the structure of Q given in Proposition 5.6 and the condition that
Au® = —by_sby_1u*=?, coming from Lemma 3.1. O
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5B. The indicial family of Q.

Definition 5.11. Denote by Q the indicial family of the operator Q € Diffg([VI ; F) relative to the
Minkowski scale s:

0 =1,(Q; ) € Diff>(X: €).

The previous section introduced @ as a differential operator on F above M; however, from the
structure of Q given as in Proposition 5.6, it is clear that the operator extends to M. Moreover by the
same proposition we immediately get the structure of Q.

Proposition 5.12. Foru=7>;_, u® e C®(X; &), the operator Q is given by
Qu® = (—bpbp L u® + b dyu® + (A +22 — ¢ — LA)u® + (=255 _18)u® + (—by_abp_i A)u®

with constants
bk =+m—k ,

ek =1n* +mn+2k+1) —kQ2n+3k —1).
Consequently, there exist D € Diff 1(X ;End &) and G € C*°(X; End €) independent of ) such that
0, =V*V+A2+D+G.

Proposition 5.13. The family of differential operators Q is, upon restriction to A € iR, a family of formally
self-adjoint operators with respect to the inner product

m
o= [ 30", o) dvl,
k=0

where u = ka:O u® y= ZZ;O p® for u®, p® ¢ CX(X; 5(")). Moreover, for all ., we have QF = Q_;.
Proof. This follows from Lemmas 4.4 and 5.4. (]

The operator Q preserves the subbundle 7 Nker A2, by Lemma 5.5. As " is algebraic, we may
consider it as a map from & over X to F over M. We thus obtain the subbundle & Nker(A -2, 07)) over X,
that is, symmetric tensors above X which are trace-free with respect to the ambient trace operator A-2,,.
It thus follows that Q may also be considered a family of differential operators on this subbundle and we
obtain:

Proposition 5.14. Foru=7>%_,_, u® e C®X; &N ker(Ag-2, o), the operator Q is given by

Qb d)u® 4+ Qu® = (A +22 —c)u® 4 (—2b;_18)u®.

6. The operator P and its indicial family

This section introduces the operator P on M, and its indicial family P on X, and similar results to those
presented for @ and Q are given. The relationship between these two constructions is also detailed.
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6A. Euclidean scale. The manifold M, =R;" x X, has been equipped with the Lorentzian metric n which
agrees with the Lorentzian cone metric put on M. Recalling the smooth chart U = (0, 1), xY C X C X,,
the metric on R;" x U takes the form of (1) and we may assume that this is the form of 1 on the larger
chart [R{,Jr x U% where U? = (—=1,1), x Y. For later use we record the behaviour of Mey,

Lemma 6.1. On the chart R} x (=1, 1), x Y with {e;}!_, a local holonomic frame on Y with dual frame
{e"};’:1 such that h = Zi,j h,-jei ® e/, the connection MV acts in the following manner:

= =0 Mey, 22 =0
t b 3/’* t 9

d
Mevgdp=—du, MVy du=— -

Me Vi,

My ge =—e,  Mevy e =—L1hi(9,h )",
and 4
t .
MoV = = =(@uhije’,
MoV dp = =2((1 — udy)hij)e’,
MoV, el = —5] 4 it @ h)dp+ 7 Vel

Motivated by the structure of @ from the previous section we define the second of a our two main
operators.

Definition 6.2. The second-order differential operator P € Diff?(M,; F) is the following conjugation of

the d’ Alembertian:
P:C®(M; F)— C®(M,; F),

U = tn/2—m+2|:|t—n/2+m u.

Note that on M C M, there is a trivial correspondence between P and Q,
P= p—n/2+m—2 Qpn/Z—m

and that, since p = 1 on X\U, we have equality P = Q on M\(R" x U).

Lemma 6.3. The operator P € Diffz(Me; F) naturally extends to an operator P € Diffg(M e °F) and
is b-trivial.

Proof. The important point is to verify that at u = 0, P fits into the b-calculus framework. This is
reasonably clear from Lemma 6.1. Indeed, the Lie algebra of b-vector fields is generated by {z 9;, 9, e;},
where {e;}?_, is a local holonomic frame on Y, while the b-cotangent bundle has basis {dt/t, d, e'} with
(e }7_, the dual frame on T*Y. Lemma 6.1 thus shows that M.V is a b-connection. Taking the trace using
n and then multiplying by #? is equivalent to taking the trace with =27, whose structure (1) indicates
it is a b-metric. Therefore 1> M V*MeV is a b-differential operator. That 1> MeV*M¢V is b-trivial is also
immediate from Lemma 6.1 and the structure of r~27. A similar line of reasoning for g(M<R) (which
uses one application of the inverse of the metric 1) shows that #>(] is also a b-differential operator. The
final conjugation by powers of ¢ preserves the b-structure (and its b-triviality) as it merely conjugates
appearances of ¢ d;. This implies the result. O
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Lemma 6.4. The differential operator P is formally self-adjoint with respect to the inner product

(u, v)2, = / (1, v),2, %dx, u,v € C>X(M,; F).
M,

Proof. By the correspondence between P and Q on M\(R' x U) and Lemma 5.4, it suffices to verify
this claim when u, v are supported on R;” x U2 The d’Alembertian is self-adjoint with respect to the
inner product

(u,v)nzfﬁl (u, v),dvol,, u,veCfo([foUz;]-").

The two inner products on the fibres of F are related via the Euclidean scale analogue of (4). Tracking
the effects of the conjugations by powers of ¢ on [J, as well as the multiplication by #2, in order to obtain
P implies self-adjointness when using the inner product (-, -);-2, with the measure t_”_zdvol,]. As
detn = —112"*2 deth, we have

f”fzdvol,7 = %%du dvoly,. O

6B. The indicial family of P.

Definition 6.5. Denote by P the indicial family of the operator P € Diff?(M,; ®F) relative to the
Euclidean scale ¢:
P, =1L,(P; 1) € Diff*(X,; £).

Lemma 4.6 gives the following proposition (whose final statement follows as p is constant on X\U).
Proposition 6.6. On X C X, the indicial family operators P and Q are related by
P)\, — p—k—n/2+m—2Jij—lpx+n/2—m
with J presented in Lemma 3.2. Moreover, on X\U, we have P = Q.

Proposition 6.7. The family of differential operators P is, upon restriction to A € iR, a family of formally
self-adjoint operators with respect to the inner product

(u, v); zf (w,v)rdx, u,veCx(X;E).
Xe
Moreover, for all A, we have P} =P_;.

7. Microlocal analysis

This section constructs an inverse to the family P introduced in the preceding section. This is done by
first showing that the family is a family of Fredholm operators and then by considering a Cauchy problem
which provides an inverse for Re A >> 1. In [Vasy 2013b; Zworski 2016], the procedure is described for
functions, rather than symmetric tensors. We are required to alter only minor details in order to apply the
technique to symmetric tensors.
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7A. Function spaces. From Section 3B, we have the space of L? sections L?(Xe; &). This defines
H (X,.; &), the space of (locally) H* sections for s € R. For all notions of Sobolev regularity, we will
only use the Euclidean scale; we thus need not decorate these spaces with a subscript ¢.

As is standard, we denote by C (X ;&) the set of smooth sections which are extensible to smooth
sections over X, and whose support is contained in X, and by C®(X; £) all smooth sections which
are smoothly extensible to X,.

Following [Hormander 1994, Appendix B.2] we obtain, for s € R, the Sobolev spaces

H(Xe: ) and  H*(Xe: E),

1oc(Xe3 &) supported by X5 and the space of restrictions
to Xy of Hj} (X.; E). Then HS (X5 &) gets its norm directly from that of H;} (X,; £), while the norm
of an element in H*(X.; £) is that obtained by taking the infimum of the norms of all permissible

which are, respectively, the set of elements in H;

extensions of the element which have compact support in X.. (Such norms will be denoted, for simplicity,
by || - Il s and || - || zs. Furthermore, if an object is supported away from S, these norms correspond and
we may simply write || - || gs.)

The inner product (-, - ), gives the L? pairing

(3 )1 C®(X 53 €) X CF(X 55 E) — C,

which extends by density [Hérmander 1994, Theorem B.2.1] to a pairing between the spaces H (X ; &)
and H (X.y; E), providing the identification of dual spaces

(H*(Xes: ) ~ H (X (53 E), s eR. (14)
Definition 7.1. For s € R, let X* and )* be the spaces
V' =H*(Xes: 6),
X={u:ue)', Puey ).
These spaces come with the standard norms, in particular,
lullzes = llullys + 1 Pullys—1,  u€X’.

Remark 7.2. It will be seen that A does not appear in the principal symbol of P; it is thus unimportant to
state with respect to what value of A the preceding norm is taken, as all such norms are equivalent.

When restricting to U 2 c X,, we will let {e; *_, denote an orthonormal frame for (Y, i), which depends
on i € (—1, 1), and by {e’ }7_, its dual frame. The frames are completed to frames for 77U 2 and T*U? by
including 0,, and d u respectively. A dual vector will be denoted by

n
éjd,u+2n,-ei e T'U> (15)
i=0

The next subsection proves the following two propositions.



1910 CHARLES HADFIELD

Proposition 7.3. For fixed s, the family of operators
Pxs - Y
is Fredholm for Re A > % —s.
Proof. See Lemmas 7.6 and 7.7. O

Proposition 7.4. For fixed s, the Fredholm operator Py : X* — Y*~! is Fredholm of index O for
ReA >m+ % — s and it has a meromorphic inverse

Pl ys
with poles of finite rank.
Proof. See Lemmas 7.8 and 7.9. U
7B. Proofs of Propositions 7.3 and 7.4. On R, x U?, the inverse of the metric 7 takes the form
'y =219, +2ud, - 8, +h7,
which implies to highest order for t> MeV*MeV that
M Moy = —4p97 +41 0,0, + Ay + Diff' (R x U*; End F),

where A, may be considered the rough Laplacian on (Y, ). Considering P, conjugation by ¢~/>+"
replaces 1 9; by (td — 3n + m) and we can absorb the newly created term 4(—1n + m)d, into
Diff! ([F\R;r x U?%; End F). Also, the curvature term is of order zero so

P=—4ud> +41 3,0, + Ay + A

for some A € Diff! (R;” x U?; End F). This structure of P immediately gives the structure of P to highest
order. Keeping track of the term 4¢ 9,9, for the moment, we write

Pr = —4pd; — 403, + Ap + Ay, (16)

where A;, e Diff! (U?; End €) is the indicial family of A. The most obvious conclusion we draw from
such a presentation of P is that P is a family of elliptic operators on U2 N {x > 0} and a family of strictly
hyperbolic operators for {it < 0} (with respect to the level sets {i© = constant}). Of course the ellipticity
extends to all of X. The principal symbol on U? is also immediately recognisable as

o (P) = 4ug” +[n*

using the notation from (15) and In|> = 2?21 77,~2- And on U?, the Hamiltonian vector field associated
with o (P) is
Hy(p) = 81§09, — 46°0; + H,p2.

The strategy to obtain a Fredholm problem is to combine standard results for elliptic and hyperbolic
operators with some analysis performed at the junction ¥ = { = 0}. The analysis was first presented
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in [Vasy 2013a, Section 4.4]. It turns out the dynamics of interest are those of radial sources and
sinks [Dyatlov and Zworski 2017, Definition E.52]. The original radial estimates of Melrose [1994] on
asymptotically Euclidean spaces have been adapted to functions on asymptotically hyperbolic spaces by
Vasy [2013a]. Indeed, to see that such dynamics are relevant for P, consider o (P) and H,(py given in
the preceding displays. Define the characteristic variety ¥ C T*X,\0 which is contained in T*U. As
(n,y,0,n) € X, wemay split ¥ as ¥ =X, UX_, given by X1 = ¥ N{££ > 0}. At Y remark that

ENTyU ={(0,y,£,0): £ #0} C N*Y
and, recalling the projection « : T*U\0 — dT*U, define
'y =«(Z4NY), T'_=«k(E_NY).

In [Vasy 2013b, Section 3.2], it is shown that I' ;. are respectively a source and a sink for o (P). In order to
apply Lemmas 4.7 and 4.8, we introduce the principal symbol of the imaginary part of P. By Remark 4.9,
H,(py = Hy(p+ and by Proposition 6.7, P} = P_j;, hence o (ImP) = —o (ImP*). Also, by a direct
calculation using the structure of Hyp),

(§ + )" Hop)log(§ +n) = F4 on .. (17)
In fact Proposition 6.7 along with (16) gives more precisely

—P; Ay — A
l l

However, as A is of first order, .4, may be written as the sum of a first-order operator independent of A
and a zeroth-order operator (which may depend on A). Therefore

oc(ImP,) =—4ReAré. (18)
Bringing this all together in preparation for the proof of Proposition 7.3 we have:

Lemma 7.5. For P, we have 'y is a source, while I'_ is a source for —P. In both situations, the threshold
condition, when working on H* (X .s; £), is satisfied if

s > —Rek+%.

For P*, we have T"_ is a sink, while T is a sink for —P*. In both situations, the threshold condition, when
working on H(Xo5; E), is satisfied if
s <ReA+ %

Proof. We explain the first result, all others are similar after taking into account Remark 4.9. On ', by
(17) and (18),

(& +m 7~ (oM P) + (s — 1) Ho(py log(§ + 1) = —4(Re A +5 — 3).
For this to be negative definite requires precisely that s > — Re A + % 0

Lemma 7.6. Restricting tos > —Re A+ %, the operators Py : X° — Y¥ 1 have finite-dimensional kernels.
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Proof. It suffices to obtain an estimate, for u € X*, of the form

lullzs = CAPull g + 1Yull g-x)

for some i supported on { uw> —%} and such that ¢y = 1 near { W > —% + 8}. This is done by writing

u = (Y_ + Yo+ ¥)u with the supports of V¥_, ¥, ¥ respectively contained in {u < —e}, {|u| < 2¢},
{u > e}. The estimate for ¥ u is due to ellipticity of P. The estimate for {_u is due to hyperbolicity,
which allows us to reduce to the estimate for Yryu:

IV—ullgs = CUPull g1 + 1boullas)-

The estimate for you is obtained by microlocalising. Away from X, ellipticity gives the result, while
near X, propagation of singularities implies that the norms can be controlled by I'1.. The high regularity
results for I'y and I'_ from Lemma 4.7 are applicable as these are sources for P and —P respectively.
Lemma 7.5 ensures that the threshold conditions are satisfied (by hypothesis of this proposition). The
desired estimate is obtained. g

Lemma 7.7. Restricting to s > —Re A + %, the operators P, : X* — V5~ have finite-dimensional
cokernels.

Proof. To show that the range is of finite codimension we study the adjoint operator P*. By (14) the dual
space of H ' (X5 E) is H!=S (X ¢s; €) and the dimension of the kernel of P* equals the dimension of
the cokernel of P. It suffices to obtain an estimate of the form

ve H' ™ X E)NkerP* = vl gies < CllYv]lgn

with ¢ as defined in the previous proof. Again, we use the partition v = (Y_ + ¥ + ¥ )v. Again,
the estimate for ;v is due to ellipticity of P*. This time, the estimates for {_v are immediate due
to hyperbolicity and the requirement at S that v vanish to all orders, which implies that v = 0 on
{u < 0}. The estimate for Y¥v is obtained by microlocalising. (Away from Char(P), the result is
obtained by ellipticity.) The low regularity results for I'_ and I'; from Lemma 4.8 are applicable as
these are sinks for P* and —P* respectively. Lemma 7.5 ensures that the threshold conditions are
satisfied. Therefore there exist A, B € W°(X,,) with Char(4A) NIy = @ and WF(B) NT'y+ = @& such that
lAYov| g1-s < C|BYov| gi-s + |[¥v]l g-~). As v =0 on { < 0} and v is smooth (by ellipticity of P*)
on {¢ > 0}, we have WF(Byyv) N Char(P*) = @ so microellipticity gives || Byov| gi-s < Cl[Y v g-».
The desired estimate is obtained. U

Lemma 7.8. For P, with A € R acting on H* (X5 ), the kernel of P, is trivial for A > 1.

Proof. Consider u € ker P,. By the estimate obtained in Lemma 7.6, u € C* (Xes: E). Restricting our
attention to {ix > 0}, Proposition 6.6 gives

p_)”_n/2+m_2]Q)\]_lp)‘+n/2_mu =0,
so defining it = J ! p**"/27"y, we get Q,it = 0, or by Proposition 5.12,

(VIV+ 12 +D+G)i=0.
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Now D may be bounded (up to a constant) by V (and G by a constant as the curvature is bounded on X)
so we can find C independent of A such that

1(Qudt, i0)s| = C Va2 + (02— O)llall?,

and taking A >> +/C shows it =0 on {p > 0}. By smoothness, u vanishes on {z > 0} (and so too do all
its derivatives on Y). Standard hyperbolic estimates give the desired result u = 0 if we can show a type of
unique continuation result that u =0 on {u > —¢}.

To this end we work on U? and consider P written in the form

Pr=—nd) + Ay + B,

for By, = —4A0, + A, € Diff! (U?; End £). Let (-, )ns on T*Y ® £ denote the coupling of the metrics 4
on T*Y with (-, -); on £. For ease of presentation, we will assume throughout this proof that all objects
are real-valued. Consider u, v e C°(U 2 &) (and we may assume supp # C (—1, 0] x Y). Then we have
the formula

'Vu, " Vo), = (Apu, v), +div,

where div denotes any term which is of divergence nature on Y, and hence vanishes upon integrating
over Y (using dvol). Indeed such an equation is obtained by considering f € C*°(Y) and calculating, at
some value u,

/(Yw,vah,tfdvolh:/(Yw,YV(fv»h,,—<YVu,YVf®v>,,,t dvoly,
Y Y

= /((Ahu, v); +div) f dvoly,
Y

where the second term was dealt with in the following way:

[vu s @ v dvot = [ Vv el @7V ) dvol,
Y Y .
4

:/ Y+ <Z(YV6,.M, v),ei)fdvolh.
Y i

With this formula established we define, for given u,
H(w) = |l (D, 0pu); + Vi, 'V u)p g + (u, u),

and on {it < 0} (using v = 9, u in the previously established formula)

~

— 0, H = —2(Pu, du); 4 ((2By, — ,)u, d,u); + div — 7,

where # has the same structure as 7 but with appearances of & (used to construct the various inner
products) replaced by its Lie derivative, £y h. Recall that suppu C (—1,0] x ¥ and u is smooth, and
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hence aﬁlu =0 at {u = 0} for all N. Continuing to work on {u < 0},

=3, (1™ H) + |l "N div
= — N ||V H = 2|7V Re(Pout, du); + || N (2B, — d)u, du); — || TV H.

Now suppose that u € ker P,. Fix § > 0 small and let 0 < ¢ < §. We take the previous display and insert
it into the operator [ [, -+ dudvol,. The first term on the left-hand side of the previous display is
treated with the fundamental theorem of calculus, and the second term vanishes due to the appearance of
| y divdvol,. We claim the right-hand side is negative for large N. Indeed the second term vanishes as u
is assumed in the kernel of P;. Considering the third term, ((28; — d;)u, d,,u), is quadratic in u, ¥ Vu,
and d,u; hence for N large enough, it may be bounded by N| w|~'H. Thus the third term’s potential
positivity may be absorbed by the negativity of the first term. The fourth term may be treated in a similar
manner upon consideration of the Taylor expansion of / at Y. We obtain

(SN/H(—(S) dvol,, fstH(—s)dvolh.
Y Y

As u is smooth and vanishes to all orders at u© = 0, we may bound fY H(—¢) dvol, by C|u|X on [—¢, 0]
for arbitrarily large K. We can obtain a similar bound for [, H(—¢) dvoly, in particular, for K > N. This
produces

S_N/’H(—S) dvol, < Ce Ntk
Y

and letting ¢ — 0% shows [, H(—8) dvol;, = 0; hence H(—8) = 0. Doing this for all § less than the
original § gives H = 0 near 0. Hence 9,u and VY vanish and u = 0 near 0. This suffices to conclude
the proof. U

Lemma 7.9. For P; with A € R acting on H'=5(X,; &), the kernel of P} is trivial for A > 1.

Proof. Take A satisfying the threshold condition and consider v € ker P;. Hyperbolicity, as used in
Lemma 7.7, implies v = 0 on {u < 0}, and that v is smooth on X due to ellipticity. The strategy given in
Lemma 7.7 implies v € H* (X,; ) forall § < A + %, which with A >> n implies v is continuous. By the
same logic, again by taking A sufficiently large, we may assume v is regular enough to conclude a,{y Vy = 0

even

for N < %X. Equivalently, v|x € ,02N cx ()? ; £). Meanwhile, direct calculations on C*°(X; £) give

pNV*VpTN =V*V — N> — N(Alog p) + 2NV, ,
dep*N:d—N%’o-,

pNS,o_Nch—I—NdF’OJ,

where Alogp =n — (% Zij hi p Bph,-j) en—p>Cx, (X;E). Also forii € CX(X; &) we have

even
dp dvoly,
n

(2N V4, it il)s| = ‘Nf ||u||§ap( < CNllull%.
X



RESONANCES FOR SYMMETRIC TENSORS ON ASYMPTOTICALLY HYPERBOLIC SPACES 1915

So consider the difference operator (Q; — N2 4+2NV,; ) — pN Q;p~" acting on it € C°(X; €). All
terms are of order N and of differential order 0. Similar to the previous proof (and using the preceding
remark in order to treat the term involving NV, ; ) we may obtain

1o Qup Vi, it)s| = CTY| V|2 + (A2 — N2 = CN) ||,

and provided N > C, the final term in the preceding display may be written with coefficient 1> — 2N2.
Set N = | 1] with A 3> 2C so that

(PN QupNit, )| = CTV Va2 + Ia2 )2,

Considering the Hilbert space {w € Lf(X; &) : B(w, w) < oo} with B(w, w) = ||pNQA,0_Nw||f < 00,

the previous inequality shows that w — (w, f)s is a linear functional for f € L%(X; €) so by the Riesz

representation theorem, there exists u € L?(X; &) with (PN O pNw, 1), = (w, f)x for all w. To show

v vanishes on X, it suffices to show (f, v); =0forall f € C(X; E). Let f € C°(X; £) and
F= prn/2mmt2 j=1 =N ¢ C(X; &).
Then the preceding argument gives i € L2(X; £) such that p= Q; pVii = f: hence Pyu = f, where
w=Jp 2N (1/2)/\+1L2(X £)

(the inclusion is a consequence of Lemma 3.2). This gives u# enough regularity to perform the following
pairing which provides the desired result:

(f,v)r = (P, v); = (u, 7);:0)1 = (u,0), =0. O

8. Proofs of theorems
8A. Proof of Theorem 1.1. Proposition 6.6 gives
Qk — J—lpk+n/2—m+2rp)”0—)u—n/2+mJ
By Propositions 7.3 and 7.4, there is a meromorphic family P~ on C mapping C®(X; &) to C®(Xcs; ).
Hence an extension of Q™! from Re A > 1 to all of C as a meromorphic family is given by
Q;l — J—lp)»+n/2—mrx7);lp—)»—n/2+m—2j
where ry is the restriction of sections above X, to sections above X. The previous display implies

Q1 C¥(X; &) — AT (X 6)

even

and for f € C'°°(X; £), we may write near X

Q! fy =pHAr AR g IZZ(du)" ~a®, @ e, (0, 1) x ¥ Symt T*Y).
k=0 £=0
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The proof of Lemma 3.2 shows that the part of J (or J~') which sends £® to E*+P) for0 < p <m —k
is, up to a constant, (du/u)?. Therefore,

m m—k k
_ _ d P _
07 iy w2 D DY) €. 1 x i Sym T
k=0 p= ® =0
Hence on X,
m m—k
O fep T EP o CR (X £,

k=0 p=0

which is contained in p* /2= B p7*C,,

(X; EW).

Remark 8.1. Suppose that, for f € C®(X; €), it were possible to write in the preceding proof that
near 9 X

(U; M),

Q! fy =PI, ™ e e,

Then as J~! acts as the identity upon restriction to £, we would obtain

Q;lf c p)»+n/2—mCOO (}?, S(m))

even

This will be useful for the asymptotics given in Theorems 1.3 and 1.4.

8B. Proof of Theorem 1.2. The meromorphic inverse of Q, is precisely that given in the preceding
proof:
Q}TI — J—lpk+n/2—111rx7>;1p—k—n/2+m—2‘]'

All we must check is that, given f € COO(X; &) Nker(Ag—2, 0 m}), the resulting section u = Q;lf is
indeed trace-free with respect to the ambient trace operator. To this end, we first lift the equation Q,u = f
to an equation on M involving Q, giving

st Qs M (wiu) =) f.

We apply A;-2, to obtain an equation on F (m=2) Using the hypothesis Ag—2pmf f =0 and Lemma 5.5 to
commute s A s-2n With Q gives

s2s* QS_)‘S_ZAS—zn(JT;kM) =0.

Freezing this differential equation at s = 0 with m,_¢ to obtain the indicial family of Q provides the
equation
L,(Q, A +2)my—o A2, (i u) =0.

Section 7 ensures that, for Re A > 1, this operator has trivial kernel; hence
Ty—0Ag-2, (i u) =0

and u € ker(A 2, o) as required.
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8C. Proof of Theorems 1.3 and 1.4. We are finally in a position to consider the original problem of
proving Theorems 1.3 and 1.4. Let

feC®X; E™)Nker A Nkers

and define, using Theorem 1.1,

(X; D).

even

m
U= Zu(k) — Qflf’ u® g phtn/2—m=2k oo
k=0

Note that the growth near X of #® and §u® may be controlled by the size of Re A; hence for Re A > 1
we may assume that they are sections of L2(X; £€®) and L2(X; £*~) respectively. We claim, for
ReA > 1and |ImA| < 1, that

A+n/2—mCoo
even

u=u ep (X: E®)Nker A Nkers,
at which point the equation Q,u = f decouples giving
(A +2%2— et = f,
and by uniqueness of the L? inverse of the Laplacian, we have the formula, for ReA > 1 and |[Im A| < 1,

(A +)\‘2 _ Cm)—l — J—lpk+n/2—mrXP;1p—k—n/2+m—2J,

with the right-hand side giving the meromorphic extension of the resolvent stated in the theorems.

To this end take ReA >> 1 and | Im A| < 1. By Theorem 1.2, we deduce u is trace-free with respect to
the ambient trace operator; thus Q, takes the form detailed in Proposition 5.14. We begin by remarking
that while working on L?(X A I T§ Rf\k) is any operator of the form (A + A% 4+ O(1))~! (which has
order O (|A|~2), then the operator dRik) 6 has norm of order O (1). We define ’R/(\O) =(A+1>— c(’))_1 and
for 0 < k < m,

RE = (A+22 =, +4m —k+ DdR*Vs) ",
The component of Qyu = f in £V is
(A+ 22— c(/))u(o) =2/méu';
hence u©® = 2./mR\"” suV. The component of Qyu = f in D now reads as
(A +22— ¢ +4mdRV8)u® = 23/m — 16u?;
hence uV) = ZWR;DSM(Z). Continuing, we obtain on & (m)
(A+22—cp+4dR" V)™ = .

Applying the divergence, we recall Lemma 5.2. For this, we must assume that if m =2 then X has parallel
Ricci curvature, and if m > 3 then X is locally isomorphic to H"*!. We obtain

(A + 22—,y +48dR"ysu™ = 0.
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Again, 8dR(km_1) has norm of order O (1) so we may invert this equation and deduce that u™ = 0. This
implies, for all k < m,

u® =23/m —kRPsuk+ = 0.

Therefore u = u™. By Remark 8.1, u € p**"/2=mC%, (X; £™). By Theorem 1.2, u € ker A, and as
previously mentioned u € ker §. This completes the proof.

9. Symmetric cotensors of rank 2

This section details the results stated in Sections 5 and 8 for rank-2 symmetric cotensors. In this low rank,
writing the action of the d’ Alembertian, or its conjugation Q, on F = Sym? T*M is tractable.

9A. The operator Q for 2-cotensors. Using the decomposition given by the Minkowski scale, we write

(@)

u

2

u:[l ds i(d—s)} uD | wec®m: F). u® e coM: ).
s WJ2\s 1 ©

The change of basis matrix J takes the form

L dp 1 (d,o>2

P J2\p
I=lo 1 2l
P
0 0 1
Propositions 5.6 and 5.10 become:

Proposition 9.1. For u € C°°(M; F) decomposed relative to the Minkowski scale (2), the conjugated
d’Alembertian Q is given by

U1 idee A+ (s95)>—cs —LA 2d —V2L u®
Qu = [1 TS E(TS) } 25 A+ (s9)%—c) 24/2d u®
—V2A —228 A+ (sd)%—co | | u®

with constants

o =in(n—8), c1=5n*+16), co=;(n>+81+38).

If, furthermore, u is trace-free with respect to the trace operator A2, then Au® = —2u©, and
A+ (s 85)% — ¢ 2d 0 u®
2 2
Qu = [1 %- %(‘i—s) ] 26 A+ —c,  2v2d u®
0 —24/28 A+ (sd)—ch | [u®

with modified constants

1,2
c=c, cy=c1, cy=z3(n"+8n).
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9B. The indicial family of Q for 2-cotensors. Propositions 5.12 and 5.14 become:

Proposition 9.2. Foru = Zizo u® e C®(X; E) the operator Q is given by

A+212—cy—LA 2d —/2L u®
Quu = -2 A+212—c; 2J2d u®
—V2A —2V28  A+AT—co ]| [ u©@

and if, furthermore, u € ker(A-2, o) then

A+22—c) 2d 0 u®
Quu = —28  A+A2-¢, 2v2d u®
0 -2v28  A+A2—c) | [u®

with previously given constants.

9C. Illustration of proof for 2-cotensors. Let f € C®(X; £?)Nker A Nker$ and define

u® ¥
uD | = J—lp)»-‘rn/Z—Zr,X,P—]p_)\_n/zJ 0
u® 0

Take ReA > 1 and |ImA| <« 1. By Theorem 1.1,

hn/2-2-2k oo
even

u® e p (X; £W),

and by Proposition 6.6, Q,u = f. Theorem 1.2 forces

@, ds L(d_s)z. <0))_ .
Arz,’<u +s u +«/§ S u =0;

hence Au® = —/2u®, and Q,u = f reads explicitly as

A+A*—c 2d 0 u® f
—28 A+2r2—¢  2J2d ud =10
0 —2v28  A+22—cy| | u® 0

Introducing the resolvents Rio) and R/(\D provides

A+22—c)+4dR{"s 0 0 u® f
—26 A+2%—c; +8dRS 0 u® =10
0 —2/26 A+r2—c | Lu® 0
and applying &, assuming that X is Einstein, provides the homogeneous equation
A+22—c)+48dRY 0 0 Su® 0
—26 A+22—c; +88dRY 0 su [ =10].

0 —2/25 A+22—c) | Lou®] [0

1919
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The lower triangular nature of this system implies §u® =0 for all k. Hence the system Q;u = f collapses.
So u® and u" vanish and by Remark 8.1,

Jn/2=2 o0
even

u=u?ep (X; &0,

giving (A + A% —c)u = f.

10. High energy estimates via semiclassical analysis

This article shows the meromorphic continuation of the resolvent of the Laplacian on symmetric tensors
using microlocal techniques. This direction means one does not talk about introducing complex absorbers
but rather studies the problem on a manifold with boundary. If one were to follow more closely the track
established by Vasy, one obtains semiclassical estimates. We state these estimates.

On X, whose smooth structure at infinity is the even structure given by u rather than p, we have the
semiclassical spaces HISAI*‘ (X; &).

Theorem 10.1. Suppose that X is an even asymptotically hyperbolic manifold which is nontrapping.
Then the meromorphic continuation, written as Q;l, of the inverse of Q) initially acting on LE(X ; €) has
nontrapping estimates holding in every strip |IRe A| < C, |ImA| > 0: for s > % +C,
|m””quimﬁﬂwasaM”M”WMWJﬂwﬁﬂwy
If X is furthermore Einstein, then restricting to symmetric 2-cotensors, the meromorphic continuation R,
of the inverse of
A—qn(n—8)+1?

initially acting on L*>(X; £€?)Nker A Nker § has nontrapping estimates holding in every strip |Re 1| < C,
[ImA| > 0: fors > % +C,

—A—n/2+42 -1 —A—n/2
1™ 2R flls  xiey < CIA o thmﬂﬂm
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CONSTRUCTION OF TWO-BUBBLE SOLUTIONS
FOR THE ENERGY-CRITICAL NLS

JACEK JENDREJ

We construct pure two-bubbles for the energy-critical focusing nonlinear Schrodinger equation in space
dimension N > 7. The constructed solution is global in (at least) one time direction and approaches a
superposition of two stationary states both centered at the origin, with the ratio of their length scales
converging to 0. 9ne of the bubbles develops at scale 1, whereas the length scale of the other converges
to 0 at rate |¢|” ¥—6. The phases of the two bubbles form the right angle.

1. Introduction

Setting of the problem. We consider the Schrodinger equation with the focusing energy-critical power
nonlinearity given by

i0pu(t,x)+ Au(t,x)+ f(u(,x) =0, f(z):= |z|ﬁz, reR, x eRY. (1-1)

This equation can be studied in space dimension N > 3, but we will restrict our attention to the case N > 7.
The energy functional associated with this equation is defined for ug € H!(RY ; C) by the formula

EGuo) = [ AITu0(o = Fluo(o) dx.

where
N -2

2N
|Z|m.

F(z):=

Note that E(ug) is well-defined due to the Sobolev embedding theorem. The differential of E is
DE(up) = —Auo — f(uo); hence we have the following Hamiltonian form of (1-1):

d;u(t) =—iDEu()).

Equation (1-1) is locally well-posed in the space HY(RN ), as was proved by Cazenave and Weissler
[1990]; see also a complete review of Cauchy theory in [Kenig and Merle 2006] for N € {3, 4,5} and
[Killip and Visan 2010] for N > 6. By “well-posed” we mean that for any initial data ug € H'(RN)
there exists T > 0 and a linear subspace S C C([to — .19 + 7]; H'(RY)) such that there exists a
unique weak solution u(¢) € S of (1-1) satisfying u(f9) = ug, and that this solution is continuous with
respect to the initial data. By standard arguments, there exists a maximal time of existence (7—, T),
—00 < T_ <ty < Ty < +00, and a unique solution u € C((T—, T'y); H'(RN)). Moreover, if ug € X' :=

MSC2010: 35B40.
Keywords: nonlinear Schrédinger equation, energy-critical, multisoliton.
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H2®RN)Nn HY(®RN), then u € C((T—, Ty); X1). If T4 < 400, then u(r) leaves every compact subset
of H'(RN) as r approaches Ty. A crucial property of the solutions of (1-1) is that the energy E is a
conservation law. If ug € L2 then the mass ||u(?)]| iz is another conservation law, but we will never use
this fact.

In this paper, we always assume that the initial data are radially symmetric. This symmetry is preserved
by the flow. We denote by € the space of radially symmetric functions in H(RY; C).

1 X
V)(X) = ——=Vv| — ].
) e (k)

E((uo0)2) = E(uo).

Equation (1-1) is invariant under the same scaling: if u(¢) is a solution of (1-1) and A > 0, then
t — u(to + A72t), is also a solution with initial data (u¢); at time # = 0. This is why (1-1) is called

For a function v € £, we define

A change of variables shows that

energy-critical.

The solutions of the corresponding defocusing equation exist globally and scatter. This was proved by
Bourgain [1999] and Tao [2005] for radial solutions, and by Colliander, Keel, Staffilani, Takaoka and Tao
[Colliander et al. 2008], Ryckman and Visan [2007], and Visan [2007] for nonradial data.

The study of the dynamical behavior of solutions of the focusing equation (1-1) for large initial data
was initiated by Kenig and Merle [2006]. In this case, an important role is played by the family of

stationary solutions u(r) = e'? W, , where
2

N
W(x) = (1 + %) .

The functions e'? W) are called ground states or bubbles (of energy). They are the only radially symmetric
solutions of the critical elliptic problem

—Au— f(u)=0.
The ground states achieve the optimal constant in the critical Sobolev inequality, which was proved by
Aubin [1976] and Talenti [1976]. They are the “mountain passes” for the potential energy.

Kenig and Merle [2006] exhibited the special role of the ground states ¢’ o W) as the threshold elements
for nonlinear dynamics of the solutions of (1-1) in space dimensions N = 3,4, 5 for radial data. They
proved the so-called threshold conjecture by completely classifying the dynamical behavior of solu-
tions u(¢) of (1-1) such that E(u(¢)) < E(W). An analogous result in higher dimensions, for nonradial
data, was obtained by Killip and Visan [2010].

A much stronger statement about the dynamics of solutions is the soliton resolution conjecture, which
predicts that a bounded (in an appropriate sense) solution decomposes asymptotically into a sum of energy
bubbles at different scales and a radiation term (a solution of the linear Schrodinger equation). This was
proved for the radial energy-critical wave equation in dimension N = 3 by Duyckaerts, Kenig and Merle
[Duyckaerts et al. 2013]; see also [Duyckaerts et al. 2017] for the nonradial case. For (1-1) this problem
is completely open.
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Solutions slightly above the ground state energy threshold were studied by Ortoleva and Perelman [2013]
in dimension N = 3; see also [Perelman 2014] for the closely related critical equivariant Schrodinger
map equation with values in the sphere. They constructed global solutions which stay close to elf Wi,
in the energy space, with A converging to 0 as time ¢ goes to +00. These solutions decompose into a
concentrating bubble and a radiation term, in accordance with the soliton resolution conjecture. The
works of Ortoleva and Perelman follow the approach developed by Krieger, Schlag and Tataru [Krieger
et al. 2008; 2009] for wave equations. For the Schrodinger maps, following a different approach, Merle,
Rodnianski and Raphaél [Merle et al. 2013] obtained blow-up solutions which are stable relative to a set
of finite codimension in some space which contains the bubble.

On the classification side, it is unknown whether the soliton resolution conjecture holds even with an
additional assumption that the solution remains close to the family of the ground states. In the mass-critical
case and for a solution blowing up in finite time, this was proved by Merle and Raphaél [2004; 2005]; see
also [Fan 2016].

Main results. In view of the soliton resolution conjecture, solutions which exhibit no dispersion in one
or both time directions play a distinguished role. One obvious example of such solutions are the static
solutions ¢ GWA. In this paper, we consider the simplest nontrivial case; namely we construct global
radial solutions which approach, in the energy space, a sum of two bubbles. The ratio of the scales at
which these bubbles develop tends to 0.

Theorem 1. There exists a solution u : (—oo, To] — £ of (1-1) such that
t_lirflooH”(t) W+ W%(Kltl)—Z/(N—‘”)Hs =0,
where Kk is an explicit constant.

Remark 1.1. For the value of «, see (3-4).

Remark 1.2. More precisely, we will prove that
_ 1
Ju(e) = (=iw + W%(K‘t|)—2/(N—6))H5 < Cift| 2N=9

for some constant C; > 0.

Remark 1.3. We construct here pure two-bubbles; that is, the solution approaches a superposition of
two stationary states, with no energy transformed into radiation. By the conservation of energy and
the decoupling of the two bubbles, we necessarily have E(u(¢)) = 2E(W). Pure one-bubbles cannot
concentrate and are completely classified; see [Duyckaerts and Merle 2009].

Remark 1.4. For energy-critical wave equations, similar objects were constructed in [Jendrej 2016].

Remark 1.5. In dimension N = 6 one can expect an analogous result, with an exponential concentration
rate.

Remark 1.6. In higher dimension, fast dispersion or dissipation sometimes excludes the possibility of a
concentration of a bubble of energy for solutions which belong to a small neighborhood of a bubble. This
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was proved in [Collot et al. 2017] in the case of the critical heat equation; Perelman addressed the case
for the Schrodinger equation in a lecture given at an IHES seminar in July 2016. We prove here that once
we leave a small neighborhood of a bubble, concentration of a bubble of energy is possible in arbitrarily
high dimension.

A similar phenomenon was observed by Martel and Raphaél [2015] for the mass-critical NLS.

Remark 1.7. We expect that the phases of the two bubbles forming the right angle is the only configuration
in which a two-bubble can form.

Outline of the proof. The overall structure is similar to the earlier work of the author on the critical wave
equations [Jendrej 2016]. We build a sequence uy, : [T, To] — £ of solutions of (1-1) with 7,, - —oco
and u, (¢) close to a two-bubble solution for ¢ € [T, Tp]. Taking a weak limit finishes the proof. This
type of argument goes back to the works of Merle [1990] and Martel [2005]. The heart of the analysis is
to obtain uniform energy bounds for the sequence u. This is achieved by means of a bootstrap argument,
which can be resumed as follows.

We study solutions of (1-1) close to a sum of two bubbles:

u(t) = e OwW, +e9Ow, oy +g(0).

One should think of ¢(¢) as being close to —Z, u(t) ~ 1, 8(t) ~0, A(f) < 1l and ||g(?)||¢ < 1. In
order to specify the values of the modulation parameters, we impose the orthogonality conditions, which
make disappear terms linear in g in the modulation equations. There is essentially a unique choice of
such orthogonality conditions. In Lemma 3.1 we establish bounds on the evolution of the modulation
parameters under some bootstrap assumptions. The goal is to improve these bounds, thus closing the
bootstrap. The essential point is to improve the estimate of g, which is the infinite-dimensional part. The
novelty of this paper is to use the energy conservation to deal with this. Namely, the energy of the initial
data is chosen close to 2 E (W) and is conserved by the flow. It turns out that if we control the modulation
parameters sufficiently well, we can improve the bound on | g||¢ by simply expanding the formula for
E (u) and using coercivity of the energy near a ground state; see Step 3 of the proof of Proposition 4.4.

It remains to control the modulation parameters. Note that the interaction between the two bubbles
appears explicitly in the modulation equation for A’'(z); see (3-11). In fact, the configuration of the two
bubbles (phases forming the right angle) is chosen so as to maximize the size of the term appearing in
(3-11) and leading to the growth of the parameter A. The critical part of the proof consists in improving
the bound (3-7) on 6(¢). To this end, we add a localized virial correction to 6(¢) to cancel the main
quadratic, which is K(#) in the modulation equation (3-12). Note that the size of the term

K(r)
YOR 4

in (3-12) is O(|¢ |_%). Adding the virial correction allows us to gain a small constant on the right-hand
side of (3-12), which is decisive for closing the bootstrap.

Finally, in order to deal with the linear instabilities of the flow, we use a classical topological argument
based on the Brouwer fixed point theorem.
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Notation. For z = x + iy € C we define %(z) = x and J(z) = y. For two functions v, w € L2(RY, C)
we define

(v, w):= sﬁ/ v(x) - w(x)dx.
RN

In this paper all the functions are radially symmetric. We write L2 := erad RV:C)and £:= Hr}ld([R{N ;0).
We will think of them as of real vector spaces. We define X! :=&n H2(RN).

2. Variational estimates

Linearization near a ground state. Recall that for z € C we define

N—-2 N
|z| V=2,

f(z):=|z|¥2z and F(z):=

For z € C we define the R-linear function f’(z):C — C by

FiE)m = |z|N“—2(zl T zm(z—lzl))

N -2
(with the convention f/(0)z; = 0). It is easy to check that for any z1, z5,z € C,
R(Z2(f'(2)21) = RE(S(2) 22)) = R((f'(2) 22) 21). (2-1)

Integrating this identity on RY we see that for a complex-valued function u(x) the operator g — f'(u)g
is symmetric with respect to the real L? scalar product. We define

, _N+2
@)= 5

which is the norm of Jf’(z) as a linear map up to a constant. For u : RV — C we define || f/(u)||r :=
(Jan |f/ ()P dx) 7 for 1 < p < +00 and || f'(u)]| Lo = supyeqn |/ ((x))].

Lemma 2.1. Let N > 7. For z1, 22, z3 € C,
1f' i+ z) = @IS G+ 22— f1El S a V2l if 21 #£0.  22)
f(z1+22) = FED S 1 @D 22l + £ (22)]. (2-3)
| f(z1+22) = f(z1) — f(z1) 22| £ f(|22]),

_4
|Z|N—2’

=4 ' 0, 24
fertz) - fe - ezl <lal ¥mp T -4
|F(z1 +22) — F(z1) = R(f(z1) 22)| S 1.f/(z1)||z2]* + F(22), 05
|[F(z1 4 22) = Fz1) = R(f(21)22) =N (21)2222)| S F(22). (2-6)

Remark 2.2. In (2-2), | f/(z1+2z2)— f’(z1)| denotes the norm of f/(zy+z2)— f’(z1) as an R-linear map.

Remark 2.3. Note that (2-4) implies f’(z) is the derivative (in the real sense) of f at z; in particular, f
isa C! function.
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Proof. All the bounds are immediate if |z5| > %|21 |; hence we can assume |z3| < %|21 |, in particular zq # 0.
The formulas f/(z1)z2 = f(zl)f/(l)(zl_lzz) and f'(z1+22)z3 = f(z1) ' (1+z7 ' 22) (7 23) allow
us to reduce the proof to the case zq = 1. For |z| < , the mappings F(14z), f(14z) and f'(14z) are real-
analytic with respect to z and the required bounds follow by writing standard asymptotic expansions. [l
We denote by Zg 5 :=i A+ if/(eieW;L) the linearization of i Au +if(u) near u = ¢/®W,. In order
to express Zy ; in a more explicit way, we introduce the following notation:

N+2
V.= —N—+2Wﬁ, Vo= —Wﬁ, Lt =—A+Vt L i=—-A+V".
We also introduce the generators of the H !-critical and the L2-critical scaling. For a function v : RN — C
we define 3 N>
Av = =—=+x-V)v,
v o AZl(vA) ( 7 +x )v
d 1 N
AoV i= —— ) ==+x-V]u
o 0A [p= 1(1”) (2+x )v

It is known that for all g € £ we have (g, L™ g) > 0 and ker L™ = span(W). The operator L™ has one
simple strictly negative eigenvalue and, restricting to radially symmetric functions, ker L™ = span(AW);
see for instance [Nakanishi and Roy 2016].

For future reference, we provide here the values of some integrals involving W and AW:

N—-4 N
W2dx = 3(N(N —2)) B ey (2-7)
RN 2 2
N+2
W 'N=2 dx =—(N(N 2))2 (2-8)
RN
N+2 N —
YT et AW dx = —(N(N —2)%, (2-9)
N =2 Jrn 2N
For the first integral, we use the formula B(x, y) = +°° t*~1(1 4 ¢)=7 dt. For the second, we write
N
W'~ 5 = —AW and we integrate by parts. For the last integral, we write
N +2
—N—+2W N2 AW = VEAW = AAW

and we integrate by parts.
Using the definition of f’, one can check that if g; = Mg and g, = Jg, then
» oi®
Zga(e'"ga) = 2 (L g2 —iL%*g1)y.
In particular, we obtain
, i0
Zg(OWy) = 5 (L™W), =0,
. oi®
Zg (el AW)) = A—z(—iLJFAW)A =0.

This can also be seen by differentiating i A(e'? W;) + i f (e!? W) with respect to 6 and A.
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Consider now the operator Z ; 5- We claim that (W, iel? AW} CkerZ ; 5+ Indeed, we have
i0
(W, Zga(e0g2)) = < ’GWA, —5 (L7 g2 —1L+g1)x>
= (W, L™ gz) =(L"W,g2) =0, (2-10)
(iAW), Zga(e'9g2)) = <1610AWA7 lo(L gz—lL+g1)A>
—(AW, LT g1) =—(LTAW, g1) = (2-11)
One can show that there exist real functions yU), y(2) € S and a real number v > 0 such that

L+y(1) — _vy(Z)’ L—y(z) — vy(l) (2-12)

(the proof given in [Duyckaerts and Merle 2009, Section 7] for N = 5 works in any dimension N > 5).
We can assume that ||y(1>||L2 = ||y(2)||L2 = 1. We define

g, ( VP +iv)), g, = ( ¥ _iym), (2-13)
For g = g1 +ig> we have
(g oef21) = (VP g) + (VP g2) and (05,.¢"%82) = (0P, 21) = (¥, 2).

Note that
W,y D) = Low, 17y = Limw @) = o

(AW, YP) = —%(AW, LTyMy = _%(LJF(AW)’ Yy =g
It follows that

(g i/ OWy) = (ag ;. i Wy) =0, (2-14)
(o, e AWY) = (ag ;. /O AW;) = 0. (2-15)

Since Y@ # W, we also have
Y0, y@) = Ly@ 1=y@) >0, (2-16)

oy v v .
We claim that 059 , and g, are eigenfunctions of Z} 9.2 with eigenvalues 3> and —-5 respectively.

Indeed, we have

i

. c _ .
(g0 Zoa(egn) = (ag;, FEAGIE £he 1L+g1)x>

—_—

1 1
A—z(()}(z) L™ g2) — (y(l),L+g1)) = A—z((L_y(z), g2) — (LYW, g1))
= 5 (VD g2) + (9, g1) = 505 2) 2-17)

X

Similarly, (o ;. Zo.4(c9g1)) = =35 {ag ;. ¢ ga).
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Coercivity of the energy near a two-bubble. We consider u € £ of the form u = e'¢ W, + e W, + ¢
with
C+ 5|+ I=11+101+A+]glle < 1.

Moreover, we will assume that g satisfies
(IS AWy, g) = (—e"S Wy, g) = (ie!® AWy, g) = (/O W, ) = 0. (2-18)

This choice of the orthogonality conditions is dictated by the kernel of Zy , ; see (2-10) and (2-11). In
this section this has little importance, but will be crucial in the sequel.
When £, i, 8, A and g are known from the context, we define

af =lof,.8). ar=l(og,.8). af =log.0). a3 =l{og,.8).

Our objective to prove the following result.

Proposition 2.4. There exist constants 1, Co, C > 0 depending only on N such that for all u € £ of the
formu = e/*W,, + e W, + g, with |§ + %} + pu—=1]+10|+ A+ |glle <nand g verifying (2-18), we

have
—2

|E@)—2E(W)| < C ((|Z+Z]+n—1]+0|+1)A 7 +]glI2), (2-19)

lgl2+CobA T < C()LNz_z(\g“+%|+|,u—1|+|9|3+A)+E(u)—2E(W)+ > ((aj)2+(aj—)2)). (2-20)
j=1,2

The scheme of the proof is the following. Inequality (2-6) yields the Taylor expansion of the energy:
|E@u)—E €Wy, +e""W;)—(DE "W, +e/W,), )L D2 E (/s W), +eW)) g, g)| < gl 22 (2-21)

We just have to compute all the terms with a sufficiently high precision. We split this computation into a
few lemmas.

Lemma 2.5. Let ¢, ju, 0, A be as in Proposition 2.4. Then
|E@ W, +e O Wy)—2E(W)—(N(N=2) 0157 | < CA™2 (|t + Z |+ u—1]+]6P+2), (2-22)
with a constant C depending only on N.

Proof. Expanding the energy we find

E@ W, +ePWy) = E@E*W,) + E@ W) + %/ e C=Ov (W) - V(W) dx
RN
— / (F(e Wy, +eWy) — F(el* W) — F(e®W))) dx. (2-23)
RN
By scaling invariance, E (e Wu)+E (e'?W)) = 2E(W). Integrating by parts we get

m/ e"@—“V(WM)-V(WA)dx=—9’t/ eiGWAA(e’fWM)dxﬂt/ O W) - f(e* W) dx.
RN RN RN



CONSTRUCTION OF TWO-BUBBLE SOLUTIONS FOR THE ENERGY-CRITICAL NLS 1931

Hence (2-23) yields
E@E W, +¢wy)
=2E(W) —f (F(e* Wy, +e W) — F(el* W) — F(eOW)) —R(el®Wj - f(5W,)))dx. (2-24)
RN

In the region |x| > +/A, using (2-5) with z; = ¢ EWM and z, = e’ W;, we obtain
|F(e/* W, + e W)) — F(e'* W) — F(e!OW)) — R (O W, - (5 W)| < W2,

and we see that

too N—4 N
/ szlz/ Wzdxs)tzf PN+ N-L g 2455 = )7,
lx|=v/2 x|=1/v 1/VA

In the region |x| < +/A the last term in (2-24) is negligible, because |9 (e/® Wy, - f(e! gWM))l < W), and
»[IXI<~/X Wy dx < 1552 fol/ﬁ r=N+2pN=14r ~ 1% . Similarly, the term F (/% W,,) is negligible. Using
(2-5) with z; = el? W, and z, = elt W, we obtain

a4

|F(e W, + el W) — F(eOWy) —R(elt W, - f(Wy))| s w2,

and we see that

Nz N-2 2 N—2 oo —4 N—1 N—2-N-4
W,V =2 dx = A WN=2dx <A rr dr =2 7 =
Ix|<v/A Ix|<1/+/A 1/v/A

In order to complete the proof of (2-22), we thus need to check that

N
2

— R(elW, - fe''w dx——1 N(N -2 ]%IQ)LNz_z‘
—2

ST ([E+ 2+ lu—1+10P +2). @25)

The following holds:

T i6 i(¢-6) N3
REeSW, - f(e"Wy))dx —R(e™>~ )/ W,N=2 dx
/lesﬁ a RN A

N2 N+2
g/ W, — 1{W, V=2 dx +/ W= dx
|x]<v/A lx|>~/A

<(u—1]+24) W= +/ WA gy
x<vi xl=vi
§(|M—1|+A)AN22+/\N22/ WNS dx < (| —1] + DA T
lx|=1//A

and

N+2 _ _
WA= dy =257 [ wiB de= Liviv —2) 320
RN A RN N
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We have
R(=ie™®) + 6] =3 + 6| <16
and, using (2-8),
D e = (e il < o+ 5],
hence
REED) 0] <162 + |+ Z| < |1~V (2-26)
The bound (2-25) follows now from (2-26), which finishes the proof. O

Lemma 2.6. Under the assumptions of Proposition 2.4, we have
(DEE W, +eWy). g)| < ligle A"+ (227)
Proof. Using the fact that DE CA W,.) =DE (e?W)) =0, (2-27) is seen to be equivalent to
(/W + W) = f W) = fE W), g)] < lglle A7+
By the Sobolev inequality, it suffices to check that
| £ W+ Wa) = f€E W) = W) | oy S A

As usual, we consider separately the regions |x| < /A and |x| > +/A. In the first region we have Wi S Wy
hence (2-3) with z; = W), and z, = W, yields

N+2 _4 4

W+ OWa) = FEW) — EOW) | S W2 W+ W2 S W2 W, S W2,

By a change of variable we obtain

+ N—2

N
||W - ||L2N/(N+2)(|x|<f) =" 2||WN 2||LZN/(N‘H)(|x|<1/«f)

N+2
vz [ (UVE oy o 2N
<Az r 'N¥zy dr
0
N—2_(N-6N N+2 N42
~ )\ 2 2(N+2) 2N =)\ 4 .

In the region |x| > /A we have W) < W,.; hence (2-3) with zy = W, and z, = W), yields
. i0 . 0 N+2 4
| FE8W, +e W) — fe W) — f(e W) < WN 2Wy+ WV 2 W2 W S Wy,

and we have

IWill p2vs v a2 (x )= va) = A |w I 2v/v42) (x> 1/ v

N+2

+00 2N
N (N—6N N+2 N2
< /\2(/ p~(N=2) 55 . N-1 dr) 2wy e = ) M O
/A

We now examine coercivity of the quadratic part in (2-21).
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Lemma 2.7. There exist constants ¢, C > 0 such that

e for any real-valued radial g € £,
Lt g) e [ IVgP dr—C (0.0 + 0.0, 2-28)

(g.L g) > c / IVg[?dx — C(AW, g)2. (2-29)
RN

e if r1 > 0 is large enough, then for any real-valued radial g € £,

(1-20[  [WglPdx+e / Vgl dx + / Vg dx > —C((W.g)2 + (VP g)?). (2-30)
[x]<r [x]=r RN

(1—-2c) Vg|?dx + c/ Vg|?dx +/ V™ |g|?dx > —C (AW, g)2, (2-31)
|x|<r [x]|>r1 RN

e if rp > 0 is small enough, then for any real-valued radial g € &£,

(=20  WgParic| WePar+ [ VigPdrz (g + D). @32
|x|>r2 |x|<r2 RN

(1—-2c) |Vg|2dx+c/ |Vg|2dx+/ V™ lgl?dx = —C (AW, g)2 (2-33)
|x]|=r> |x|<r> RN

Proof. In the proofs of (2-28) and (2-29) we repeat with minor modifications the arguments of Nakanishi
and Roy [2016]. We include them for the reader’s convenience.
Let us show that

ges, VP g)=0 = (gLt g) >0 (2-34)

Suppose the contrary. Let (a,b) € R2\ {(0,0)} and consider ag + by € &. Since Y@ #£ W, (2-12)
yields

(y(l), L+y(1)> — _VO}(I)’ y(2)) — _(L—y(Z)’ y(2)) <0, (2-35)
SO we obtain
ag +bY D, L*(ag +bY D)) = a*(g. LTg) +2ab{g. L¥YDV) + b2 (¥, LTYWD)
a®(g. Lt g) —2abv(g. @)+ p>(yD, LTy <.

This is impossible, because L™ has only one negative direction. This proves (2-34).
Suppose (2-28) fails. Then there exists a sequence g, € £ such that ||g,||le = 1 and

(gn> L+gn> =Cn— Cn(<W’ gn>2 + (y(2)’ g)z)s cn =0, Cp — +o00. (2-36)

Upon extracting a subsequence, we can assume that g, — g € £. Since |{gn, L gn)| < llgn ||§ = 1, from
(2-36) we immediately get (W, g) = (Y@, g) = 0. Also, by standard arguments (g,,, V1 g,) — (g, Vtg).
Hence by the Fatou property

(g.LTg) < lirr’111nf(g,,,L+,gn) <liminfc, = 0.
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Thus g is a minimizer for the quadratic form associated with L™ on the hyperplane orthogonal to Y®.
This implies (2, L*g) = 0 for all & € £ such that (Y@, h) = 0. But we also have (Y, LTg) =
(L"‘y(l), g) = —u(y(2>, g)=0and (y“), y(2)) #£ 0, see (2-35), so we obtain (h, LT g) =0forall h € £.
Hence g = AW. But (W, AW) = —|| W||i2 = 0, so we get a contradiction. This proves (2-28).

The proof of (2-29) is similar. We obtain that the weak limit g is a minimizer for the quadratic form asso-
ciated with L™ (without constraints); hence g = W, which is incompatible with the orthogonality condition.

Once we have (2-28) and (2-29), the bounds (2-30)—(2-33) follow by repeating the proof of Lemma 2.1
in [Jendrej 2015]. U

We now use this lemma to study the linearization around e’ O, for a complex-valued perturbation g.
Proposition 2.8. There exist constants ¢, C > 0 such that for any 6 € R and A > 0,

e for any complex-valued radial g € £,
[ VePar=n [ g rewgas
=c [R Vg dx —C (A2 Wy )2 + A% AW 8)° + (o, 8) + (0, 8)). (237
e if r1 > 0 is large enough, then for any complex-valued radial g € £,

(1-2c¢) |Vg|2dx+c/

|x|<ry |x|=>ry

> —C (A2 Wy, g)> + (A 20 A Wy, 8)° + (0. €)% + (@54, 8)7).  (2-38)

VePar=nt[ g fE Wgdr

e if rp > 0 is small enough, then for any complex-valued radial g € £,

(1-2¢) |Vg|2dx+c/ |Vg|2dx—m/ g f1(e0Wy)gdx

|x|=r2 |x|<r2 RN

> —C (A2 Wy, g)” + (A2 AWy, )7 + (o, €)% + (@54, 8)7). (2-39)

Remark 2.9. Note that the scalar products on the right-hand side of these estimates are the ones which
appear in the orthogonality conditions (2-18). For the definition of ozét 1> see (2-13).

Proof. Without loss of generality we can assume that § =0 and A = 1. Let g = g1 +ig>. Observe that

. A : 4 A N
—f' (W) (g1 +lg2)=—WN—2(g1+zg2)——N_2WN—2g1=V+g1+zV g2,
which gives

—5?%/ g-f (W)gdx =/ V+g% dx —I—/ V_gg dx.
RN RN RN
Also, (W, g) = (W.g1) and (iAW, g) = (AW. g3). We have Y@ = (o | + g ). s0

VP, g1)? = (®,2)? < L((edy. €)% + (051, 8)7).

Applying (2-28) with g = g1 and (2-29) with g = g, we obtain (2-37). The proofs of (2-38) and (2-39)
are similar. O
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One consequence of the last proposition is the coercivity near a sum of two bubbles at different scales:
Lemma 2.10. There exist n, C > 0 such that if A < nu, then for all g € £ satisfying (2-18),
cllglz = 3D EE W+ "W). g) +2((@i)? + (a1)* + (@) + (a2)%) = Clig 2.
Proof. It is essentially the same as the proof of [Jendrej 2015, Lemma 3.5]. O

Proof of Proposition 2.4. Bound (2-19) follows immediately from (2-21), Lemmas 2.5, 2.6 and 2.10 and

the triangle inequality.
2N
For any ¢ > 0 we have | g[|} > < c||g||§ if n is chosen small enough; hence (2-21) and Lemmas 2.5
and 2.6 yield
|E(u) —2E(W) — & (N(N —2)301"5" — LD?E(* W), + ' Wy)g. g)|
N7

<C(lL+Z|+1n—11+16P + )2 T +c|gl?

hence
L(N(N=2))2 02" + LD2E W, +¢W))g. g)
<E@)—2EW)+C([t+Z|+ =1+ [0 + )17 +c|lgll2-

Choosing ¢ small enough and invoking Lemma 2.10 finishes the proof of (2-20). O

3. Modulation

Bounds on the modulation parameters. We study solutions of the form

u(t) = e OW, )+ OWy ) + g (1), (3-1
with
-1« [(O+Z <l A< [8@)| <1 and [glle < L. (3-2)

We will often omit the time variable and write ¢ for {(¢) etc.
Differentiating (3-1) in time we obtain

deu="Cie W, — %effAWM +0'ief W, — %/AWA +9;g.
On the other hand, using A(W,,) + f(W,) = A(W)) + f(W)) = 0 we get
iAu+if(u)=iAg+i(fE W, +e Wy +g)— f W) — fEOW)));
hence (1-1) yields
dig =iAg+i(fE Wy +eoWy+g)— f(e* W) — f(eWy))
—CieS W, + %eifAWM — 0w, + %/emAWA. (3-3)

Since we work with nonclassical solutions, it is worth pointing out that the equation above should be
understood as a notational simplification. Any computation involving g(¢) could be rewritten in terms of
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u(t) and the modulation parameters ¢, i, 6, A. Most of the time we only use the fact that (3-3) holds in
the weak sense, but later we will also need to compute the time derivative of a quadratic form in g(¢), in
which case the rigorous meaning of the computation is less clear.

We impose the orthogonality conditions (2-18). By standard arguments using the implicit function
theorem, they uniquely determine the modulation parameters.

We need precise bootstrap assumptions about the parameters quantifying (3-2). In order to formulate

e (N6 ) (3-4)
SV )

Lemma 3.1. Let ¢ > 0 be an arbitrarily small constant. Let To < 0 with |Ty| large enough (depending
onc)and T < Ty <Ty. Suppose that for T <t < Ty we have

them, set

I Ny @)Y

20+ Z| < |t| 77, (3-5)
() — 1] < 1|~ ¥, (3-6)
10()] < |t]” 7, 3-7)
!)L(t) — %(ﬂﬂ)‘ﬁ‘ < |t|_‘2<N54—6), (3-8)
lglle < || 2Fo. (3-9)
Then
1£(1)] < clt| Ve, (3-10)

N-—3
' ()] < clt]”~=e,
N—4

2T _ _
()= =) T =l T, (3-11)
N—4
N -2k 2 — K _
QR LRV e e SO PRI S (-12)
N=6 KO IW I,

for T <t < Ty, where
K = —(elAW,, fSW, +e W) +g)— fESW +e W) — £/ W +eWy)g).  (3-13)
Remark 3.2. We will not really use (3-8), but only the fact that A(z) ~ |t |_ﬁ.

Proof. We use the usual method of differentiating the orthogonality conditions in time, which will yield a
linear system of the form

Mii Miz Myz Mas\ [(p?¢ By
M1 My Myz Moy | | up _| B2
M31 M3y M3z Mg | | 2267 Bs
My Mz Myz Mayy AN By
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Here, the coefficients M;; and B; depend on g, {, u, 6 and A. We will now compute all these coefficients
and prove appropriate bounds.

First row. Differentiating (ie"CAWM, g) = 0 and using (3-3) we obtain
d . . ro .
0= a(ie’éAWu,g) = ¢S AW,, ) — %(ie’fAAWM,g) + (iel* AW, 3, 8)

/
=(— (IS AW, i W) — (eC AW, g) + %((ie’fAWM,elfAWM) —(ie'SAAW,, g))
. . . )
+ 0" (i’ AW, —ie W) + T(ie’EAWM,eZOAWA)
(i S AW, i Ag +i(fS W +e Wy + g) — fE5W) — fOWy))).

Note that (=AW, W,) = ||WM||1242 = MZHW”Iz}; hence we get

A . . ol
(i AW, i W) — (AW, 8) = IWII7. + Olglle) = W17 + Ol ~¥=9),

=1 (A

Mz = p=2((ie S AW, €S AW,) — (i€ AAW,. 8)) = O(lg]le) = O(It[~2V=9),
AT
AT

2(iel* AW, —ielf W) = 0(1),
2(i

M3 =
My = e S AW, e AW;) = O(1).
Let us consider the term
By =—(ie! AW, iAg +i(f(e Wy +eOW) +g) — f( W) — f(OWy))).
From (2-11) (with 6 replaced by ¢ and A replaced by p) we obtain
By = —p (il AW, i (fSWy +e Wy +g)— fE8W) — fEOWy) — £ W)g))
= —u AW (f W+ Wy 4 0) = (W) = [ W2) — [ W)g)).
First we show that
(e AW S W+ €W+ 9) — F W+ e Wa) — /W + P W)g)| < N1gllZ. (3-14)
Note that (3-5) and (3-7) imply |ei§WM + e"9W1| % Wy; hence (2-4) with z; = ei§WM + eieWA and
zp = g yields
| fE W, +e Wy + ) — f W +e W) — £/ W+ W)g| < W, |g|2

Using the fact that |AW| < W and the Holder inequality, we arrive at (3-14).
Next we show that

(e S AW, £ S W), + e Wy) — F(e W) — feOWy)) <A77 . (3-15)
Using (2-3) we get
| £ W+ O Wa) — (W) — F@OWi)| < IWu N2 Wy + | F(W).
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The second term is easy. We have f(W) € L! and we check that || f(W3)| 1 ~ AT by a change of

variable. Consider the first term. In the region |x| < 1 we write
—1

Ni2 Ni2 ~N+2 N—1 N2
IWalaiety = A “F2 W L qegert) <475 /0 N2 N1 gy 3

As for |x| > 1, we notice that || W) || co(x|>1) < A %52 and [AW,| |WM|ﬁ is bounded in L.
Finally, we show that

(€8 AW, (F @ W+ W) = £/ @ W) S 277 g e (3-16)
In the region |x| < +/A it suffices to use the bound

|f(& W, +e W) — f1Ee W) S WV
and the fact that

”Wﬁ” /\ 2 ||WN 2” </\N+2
i NN (< V) T L2N/(N+2)(|x| A= 1/2)

where the last inequality follows from W= (x) < |x|™% In the region |x| > +/A we use Holder and the

fact that
N—=2

2 —2

Wl 2oy = IW Do aguizavay < ([ 2V tar) ™ 520,
Taking the sum of (3-14), (3-15), (3-16) and using (3-8), (3-9) we obtain
|B1| < 1]V, (3-17)

“+o00

Second row. Differentiating (—e’® Wy, g) =0, we obtain

d » r .
0= g (=€ Wi g) = e W g) (/A ) = (€1 i)

:g/((&ﬁwu,ieffwﬂ)—(ieifAWM,g»+%(—<ef§WM,effAWM>+<e"fAW,L,g>)
+9/(e"§WM,ie"9WA)+%,(—e"fwu,e"9/\wk)
(e Wy i Ag +i (fESW, +e Wy + g) — f( W) — fOWy))),
which yields
Moy = 2 (€ Wy, i€ W) — (i’ Wyt g)) = O(llglle)
Mzz—ﬂ 2 (—("E Wy, AW + (€ E AW, ) = W7, + OClglle),
= 272w, iefWy) = o(1),
= 272 (—=e S W, e AWy) = O(1).
Consider now the term
By = (e Wi, i Ag +i(f Wy + "W+ g) = f* W) — £ W)
= (Wi (S W+ W+ ) = f W) = FEOWa) = £ W)g)),
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where the second equality follows from (2-10). The proof of (3-17) yields
_N—2
|B2| < |r|”~V=6.

Third row. Differentiating (ie’® AW;, g) = 0 we obtain

0= %(ieieAWA, g)=—0'(e"9AW;, g) — %,(ieieAAWA, g) + (iAW, 0, g)
=i’ AWy, —iel W) + %(ieieAWA,eicAWM)
+0'((ie AWy, —ielOW)) — (O AWy, g)) + %/((iemAW,\, e AW,) — (il AAW;, g))
+ (ieieAW;L, iAg —i—i(f(ei;WM + eieWA +g)— f(eigWM) — f(eieWA))),
which yields

Mzy = u2(iel? AW, —ie't W, )= 0% = 0(|t|_ﬁ),
My = 2(ie!® AW, e AW,) = 0(A%) = O(|1]"7),

= A2 (1O AWy —ieOW;) — (€O AW3. ) = [ W25 + Olglle) = W12, + O(lr|"2v-9),
My = A72((ie!® AW, el AW;) — (ie® AAW. g)) = O(gle) = O(1t] %)),

Let us consider the term
By = (i AWy, iAg +i(f(S Wy +e Wy + ) — f(E W) — f(0Wy)))
(i€ AW (W + Wi+ 8) = f(EWa) = [ Wa) — (€O Wa)g))
= (/AW f(E W+ Wy +8) = f W) = (W) = (O Wa)g).
where the second equality follows from (2-11). Comparing this formula with (3-13) we obtain

By — K = —(e!9 AWy, (W), +e W) — f(E W) — f(OWy))
(el AWy, (f/( Wy +e W) — £ Wy))g).  (3-18)

First we treat the second line by showing that
(€O AWz, (£ W+ W) — 1)) S AT gl (3-19)

We consider separately |x| < AY and |x| > AY with y = 2( N 2) In the region |x| < AY we use the bound

N—

/€W +eOW) — [0 Wy)| < W, VT WM.
It implies

. . . . _4
AW |(f/ €W+ W) — £/ (W) g| < W2 gl
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pointwise and it suffices to see that

Av—1 N+2
N=2 _42N_ N_ 2N
||WN ||L2N/(N+2)(|x|<;w)—/\ z ||WN 2”L2N/(N+2)(|x|<ky 1)<l 2 (/ FANTz N 1dr)

0

N(N=6) N+2 —2_ N(N=6) N2-2N+8 N
<A P DINET AN AT AN = )\ A o

In the region |x| > AY we have
||AW;L||L2N/(N—2)(|X|ZM) < ||WA||L2N/(N—2)(|X|ZA)/) = ||W||L2N/(N—2)(|X|Z;Ly—1)
+oo %
< (/ PN pN=1 dr) <AU0- VNG = /\%,
Av—1

which yields the required bound by Holder.
We are left with the first line in (3-18). We will prove that

N4
(N=2)c = [[W7,
N—6

(lOAW,, (/S Wy+e/OWp)— £ (&S Wy)— f(eOW)))— 07 T | <|t| N6 (3-20)

For this, we first check that

N

(e AW, FbW, +e W) — £ W) — f W) — £/ W) (S W) S A= (3-21)
In the region |x| > +/A we have W, < W), which implies
¢ 0 i 0 10 i _4
| f W+ Wy) — f(& W) — fWy)— f/ (W) (e W) | S W2 W

hence the required bound follows from |[AW| < W and

N+2

2 (T Ny N g
W, 2 L1 (x> v/ <A A_l/zr ¥V ldr ~ 22,

In the region |x]| < VA we have W, < Wy, which implies
¢ » ¢ 0 PONT ¢ N+2
| fE W+ "Wy) = f(e*Wu) = f( W) = £/ W) (" W) S W25

hence the required bound follows from

A—l/2

WAl i< vy S ,\NZFZ/ N2 N1 g Y
= 0
Finally, we need to check that

N—4
(N =22 W37,

N
<t NS, 3-22
e <l (3-22)

(€O AWy. [ OWR) e W) — 01"

The definition of f’(z) yields

4

. ) 4 (. 4 . .
FIEOW)E W) = W W2 (e’i a5 e —9>>); (3-23)
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hence
. . . N
€AWy, 1/ W)t w,)) = N+2%( 16— 9))/W WN 2 AW, dx. (3-24)
Since
_4 N N—2
VWMWAN_ZAWNX <A%< )R,
we obtain

G i¢- 0))[W W= ZAWAdx—i——@/WMWN > AW, dx

N+2
' + <|t|_ﬁ<<|t|_7 (3-25)

Next, we prove that

e 5 P No2 N
W2 AW, dx — [ WW I 2 AW, dx| SAS +|u— A" Si"7%. (3-26)

Indeed, in the region |x| > +/A both terms satisfy the bound. In the region |x| < +/A we have
W - TSP SA and T — 1S |n- 1),

from which (3-26) follows.
From (2-9) and (2-7) we get

N +2 N — 2T w
+ [WNZAde——( ) I ||L2)LN2
N -6
and (3-22) follows from (3-24)—(3-26).
From (3-18)—(3-20) and the triangle inequality we infer
N=—4
(N=2" T [W3, N>
By — K+ ——————L200" | S|t W i T g | < e TV

In particular, since |9)&¥| < |t|_H, we have

N—1
B3| < 111787 4 e %56 + [t] 7280 |lg s + gl < Ir|787 + CRle|~Hs < Jr|~H=.
Fourth row. Differentiating (—e'® W), g) = 0 we obtain

d, iy A .

0= (=W, g) = =0'(ie' Wy, g) + (e AWy, €) = (! W, drg)
= (lelgW,l,lelé'W ) — M< efw,., elCAW)

/

. . . A . . )
+0' ("W, i W) — (i Wy, g)) + 7((—e’9WA, e OAW,) + (AW, g))
— (W iAg +i(fE Wy +e Wy +g)— f(e W) — £(e9W))),
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which yields

Myy = 2(iel® Wy, iels W,) = 0(2) = 0(|t| " ¥%),
Mz = 2 OWy, S AW,) = 0(2) = O([t|"~5),

-2

(
(e
. g __N—=1_
2( OWy, i W) — (i Wy, g)) = O(lglle) = O(|t|"2N=9),
10 i i 2 2 A

((—e'"Wy. " AW)) + (AW, g)) = IW 7. + O(llglle) = W7, + O(|t|2v=0)).

Let us consider the term
By = (e Wy, iAg +i(f(eSW,+e Wy +g)— fEW) — f(0Wy)))

= (e OW,.i (f Wy +e Wy +g)— fE W) — £ W) — f1(0W))g)).

where the last equality follows from (2-10).
First we show that

el Wi (£ SWy, +e Wy +g)— f bW, +e W) — £/ W+ W) < llgl?. (3-27)

Note that (3-5) and (3-7) imply |e/é W, + e/ W | = Wj; hence (2-4) with z; = e/ W, + ¢/® W, and
zp = g yields

. . , . . . _N=6
| fE W +eWy +g)— fE W +e0W) — £/ W+ Wy)g| s W, V2 gl

Using the fact that |AW| < W and the Holder inequality we arrive at (3-27).
The proof of (3-19) yields

(e OWa. i (f W+ W) — (€ OW))g)| S AT Ilglle. (3-28)
The proof of (3-21) yields
N

(Wi (f W+ W) = f(@ W) = f(@Wa) = £/ W W) 42, (3-29)

Finally, we show that

: . . w
(el OWyif (O Wy) (e  Wy,)) — # B2 < |, (3-30)
Using again (3-23) we get
(W, if (W) (et W) = R(ie!C~D) / W, W, N2 dx. (3-31)

We have |f(e~7%) — 1] < |0]2 < |¢|~ 76 and |ie/ =0 —e=10| = |e/t +i| < |¢| < |¢|"¥5; hence

R D)~ 1] ||
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. Nt2 N—2 N—
Since | [ W, W,N 2 dx| SA72 S|~ N=¢, we obtain

N+2

. N+2 NA+2
‘m(ie’(f—‘?))/ Wy, W,V =2 dx—/ W, W,N=2 dx| < J1| 7. (3-32)

The proof of (3-26) yields

N+2 N+42 N
‘/WANz dx_/WMWN 2 dx <Az +|/’L_1|A’ 2 <|t| N—6 (3-33)
From (2-8) we get
i WIS o
N -6

hence (3-30) follows from (3-31)—(3-33).
From (3-27)—(3-30) and the triangle inequality we obtain

u T\ W

”L2
N—¢ AT

S 17 g2,

‘ 4_
in particular
_N=2
|Bal < 1(]7N=8 + g1 < Je[ 775 0

Remark 3.3. A computation similar to the proof of (3-14) shows that |K| < ||g||? s =<lt]” =6 6 SO we
obtain the following simple consequence of Lemma 3.1:
W (1)
SO+ |— | +10"(0)] +
(1)

A1)

-1
20) < | (3-34)

(for the last term, this bound is sharp).

Control of the stable and unstable component An important step is to control the stable and unstable
components af:(t) = (ozgt(t) W) g(t)) and a5 (1) = (ozét(t) A)” g(1)). Recall that v > 0 is the positive
eigenvalue of the linearized flow; see (2-12).

Lemma 3.4. Under assumptions of Lemma 3.1, fort € [T, T1] we have

et -t 0| < o, (3-35)
GO+ (t)zal(o T,

" Laro- m)z af (1)) < M[)ZW—MN_@’ (3-36)
—az () + m)zaz > ()] < M‘;)zlrl‘iﬂf@v—@, (3-37)

with ¢ — 0 as |To| = +o0.
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Proof. We will give a proof of (3-35) and (3-36), the other two inequalities being analogous.
Applying the chain rule to the formula af‘(t) = (cx;'(t) w(@) g(t)) and using the definition of cx;'M we
obtain

d w [eft
Eaii_:—;<“ (A y(2)+lA ly(l)) >+é‘< (ly(z) y/&l))’g>+<azu,8lg)

_ — N
Thanks to (3-34) and (3-9), the size of the first two terms is < |¢| 71|z |_2(]>]V—16> =t |_23<]>IV—163> L |t| 29,
We are left with the third term, and we expand d;g according to (3-3).
Let us consider, one by one, the contributions of the four terms in the second line of (3-3):
(1) The term (a;t“, —é"iei;WM) is equal to O thanks to (2-14).
(2) The term (azu, %/e’fAWM) is equal to O thanks to (2-15).
(3) Consider the term <a;u«’ —0'ie!® W ). We have ||ozJr | g1 < 1; hence

o, 0O Wa) 16 e gy IWall g < 167142,

and (3-34) yields |0/|A2 < || L|t|~ V=6 = |t| V¢ < M‘m_
(4) The term (O(ZM, )“T/eieAW,\) is treated as the previous one, using |%| <|t|7V instead of |0’ < |¢|7L.
Let us finally consider the contribution of the first line of (3-3). We have
iAg +i(f W+ Wy +g) = (W) — £ W)
= Zeu8 +i(f Wy + Wyt )= [ W) — [ Wa) = /(€ Wa)g).

From (2-17) we obtain (o, g, Zen8) = 2a1 ; hence we need to show that
oy i (FEEWu 4O Wa+g) = f W) = F(OWa) = [ W)g))| < || 77D,

The proof of (3-17) yields the bound |t|_% < |t|_2(1‘[/V*6>.
We turn to the proof of (3-36). Applying the chain rule to the formula a;' (t) = (a;'( O’ g(?)) and
using the definition of a; 5, We obtain

d AMle
+ _ 2 (1) () (1) +
7% __)L<)Lz( WV +HiA Yy ). > < (ly -V ). > {og 5. 0:8).
The first two terms are treated as in the case of a;r. In the third term, we expand d; g using (3-3). Let us
consider, one by one, the contributions of the four terms in the second line of (3-3):

(1) In order to bound the term (ozéIr 3¢l elt W,.), notice that

N N—

||agu||us/ L0014+ @) dx £ A2 <11 ¥F «
’ RN

This is sufficient since |—¢'ie’* W, |1 < 1.

(2) The term (a;}tk, %e"ZAWM) is analogous.
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(3) The term (océ'rl, —0'ie'?W;) is equal to 0 thanks to (2-14).
(4) The term (Ot;r Iy %eioAWA) is equal to O thanks to (2-15).
Let us finally consider the contribution of the first line of (3-3). We have
iAg +i(fEe Wy +e Wy +g)— (W) — f(eWy))
=Zoag +i(f W+ e Wit g) = f( W) = (Wi = ' Wi)g).
From (2-17) we obtain (0‘9 1 Z0.28) = )Lzaz ; hence we need to show that
22|(er F(FEE W+ €O Wa + g) — W) — @ OWa) — (€O W))g))| < [t]TW=5. (3-38)
The proof of (3-19) yields

W2\, i (f/ Wt W) — £/ W) )] <A glle <020 Es « o5 (339
The proof of (3-27) yields
22| i (F @ W+ Wy + g) = F(&E Wy +OWa) — £/ W + O Wa)e))|
Slglz < (| 2v=er,  (3-40)
Using (2-3) we get

. . . . _4 1
[ £ W€ OWa) = £ W) = W) [ oo S IWET 7 Wallios < 55

By a change of variable, ||A2a9A||L1 <)t > ; hence
W2 |{og o i (f W, +eOWy) — [ W) — FEOW))| AT SV < il W6 (3-41)

Taking the sum of (3-39)—(3-41) and using the triangle inequality, we obtain (3-38). O

4. Bootstrap

We turn to the heart of the proof, which consists in establishing bootstrap estimates. We consider a
solution u(¢), decomposed according to (3-1), (3-2) and (2-18). The initial data at time 7" < Ty is chosen
as follows.

Lemma 4.1. There exists To < 0 such that for all T < Ty and for all A°, a(l), ag satisfying

2 __ 5 N N
A° = L WIT)™W=| < 3IT|72W=0,  [af| < 3|T|72¥=9, |a§| <3|T[Z¥=0,  (4-1)

there exists g° € X1 satisfying

(AW, g°%) = (iW, g% = (i AWj0.£°) = (—Wj0.£°) =0, (4-2)
(a:%,l’g()) = 0’ (O(__'_% l’g ) - (1(1), (a(IAO’ gO) = 0’ (a(—){:)LO’ gO) = a(Z)’ (4'3)
Igle < || (4-4)

This g° is continuous for the X topology with respect to A°, a? and ag.
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Remark 4.2. For the continuity, we just claim that the function g° constructed in the proof is continuous
with respect to A9, a(l’ and ag. Clearly, g° is not uniquely determined by (4-2)—(4-4).

Remark 4.3. Condition (4-2) is exactly (2-18) with (¢, u.6,4) = (=%, 1,0, A%). Hence, if we consider
the solution u(¢) of (1-1) with initial data u(T) = —i W + W0 + g° and decompose it according to (3-1),
then g(T) = g° and the initial values of the modulation parameters are ({' (T), u(T),06(T), /\(T)) =
(—%.1,0,19).

Proof. We consider functions of the form

0_ +iq—
g =ajiox,

—al_iozf%,l—kblW+c1(—iAW)+a;r(A0)2iozg’ Ao—a;(xo)zia&ﬁbziWAo+cZAWAo,

with a;r, ay, by, ci, a;, a, , by, c2 being real numbers. Let @ : R8 — R® be the linear map defined as

2

(g 10- 8%)- (0g 30- €% (A0 20 AW;0. 8%). (=A%) W30, 7).

Using (2-14)—(2-16) and the fact that A° is small we obtain that the matrix of ® is strictly diagonally
dominant, which implies the result. O

Q(aii_’al_’blvcl’a;7a57b27c2) = (<aj_77 1’g0>’ (a:%’l’g())’ (AW’ g0>’ (iW’ g0>’

In the remaining part of this section, we will analyze solutions u(¢) of (1-1) with the initial data
u(T) = —iW + Wyo + g% where g° is given by the previous lemma.

Proposition 4.4. There exists Ty < 0 with the following property. Let T < Ty < Ty and let A°, a(l), ag

satisfy (4-1). Let g° € X! be given by Lemma 4.1 and consider the solution u(t) of (1-1) with the initial
data u(T) = —iW + Wyo + g° Suppose that u(t) exists on the time interval [T, T1], that for t € [T, T1]
conditions (3-5)—(3-9) hold, and moreover that

laf ()] <1t|77W,  JaF ()] < || 7o (4-5)
Then fort € [T, T1],
2() + | < e~ w5, (4-6)
|u(6) — 1] < L2~ ~%, (4-7)
16(6)] < L[|~ 7, (4-8)
le@)lle < 111|725, (4-9)

Before we give a proof, we need a little preparation.
A virial-type correction. The delicate part of the proof of Proposition 4.4 will be to control 6(¢). For
this, we will need to use a virial functional, which we now define.

Lemma 4.5. For any ¢ > 0 and R > 0 there exists a radial function q(x) = q¢,r(X) € C3Y(RN) with
the following properties:

(P1) q(x) = 3|x|* for |x| < R.
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(P2) There exists R > 0 (depending on ¢ and R) such that q(x) = const for |x| > R.

(P3) |Vq(x)| < |x| and |Aq(x)| < 1 for all x € RN, with constants independent of ¢ and R.

(P4) Y12 gen (s 400 = —¢ 30 [vj |2 for all x e RN, v; € C.

(P5) A%q(x) <c-|x|72 forall x € RN,

Remark 4.6. We require C>! regularity in order not to worry about boundary terms in Pohozaev
identities; see the proof of (4-13).

Proof. It suffices to prove the result for R = 1 since the function gg(x) := qu(%) satisfies the listed
properties if and only if g(x) does.
Let r denote the radial coordinate. Define go(x) by the formula

% r=1,
qo(r):=1 NN —2)r N N N 1 _
(N=1)(N=3) 2(N—4) 2(N=3)(N—-4rN—4 2(N-DrN-2" "~
A direct computation shows that for r > 1 we have
N(N -2) N N -2
_ + ’
(N=D(N=3) 2(N=3)rN=3  2(N-1)rN-1

N N-2
" - =
Go(r) = 2rN—=2 2N

N(N -2) 1 1
" _
qo (r) = ) (_,,N—l + ,,N+1)’

A%qo(r)=—-N(N —2)r 3 <0.

(Sl

qo(r) =

>0 (so go(x) is convex),

In particular,
lim (qo(r),45(r). 44 (r).qq' (r)) = (.1, 1,0).
r—1+

Hence go € C>! and it satisfies all the listed properties except for (P2). We correct it as follows.
Letej(r):=(1/j Nr/ - x(r) for j € {1,2,3}, where y(r) is the standard cut-off function:

X € C*((0, +0),R), x(ry=1 forr <1, x(r)=0 forr>2.
Let Ry > 1. We define

_ faqo(r), . A r < Ro,
qO(R0)+Z;=1q(()J)(R0)'R(J)'€j(—1+R61V), r > Ro.

Note that g(Ro) ~ 1, g4 (Ro) ~ R6N+2 and gg'(Ro) ~ RaNH. It is clear that g(x) € C3>1(RN).
Property (P1) holds since Ro > 1. By the definition of the functions e; we have g(r) = go(Ro) = const
for r > 3Rg; hence (P2) holds with R = 3R. From the definition of q(r) we get |¢'(r)| < lgp(Ro)| S
and |q"(r)| < lgg(Ro)| < R6N+2 < 1 for r > Ry, with a constant independent of Ry, which implies
(P3). Similarly, [dx;x;q(x)] < Ry! for x| > Ry, which implies (P4) if Ry is large enough. Finally
|A%g(x)| < Ry 3 for |x| > Rg and A%g(x) = 0 for |x| > 3Ry. This proves (P5) if Ry is large enough. O

q(r):
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In the sequel ¢(x) always denotes a function of class C>1(RY) verifying (P1)~(P5) with sufficiently
small ¢ and sufficiently large R.
For A > 0 we define the operators A(A) and Ag(A) as

N -2 by 1 by
1 1
[A0(hI) = 55 Ag G)h(x) ¥ XVq(§) Vh(x).

Combining these definitions with the fact that ¢(x) is an approximation of %|x|2 we see that A(A) and
Ao () are approximations (in a sense not yet made precise) of A~2A and A2 A respectively. We will
write A and Ay instead of A(1) and Ag(1) respectively. Note the following scale-change formulas, which
follow directly from the definitions:

forallhe &, AR (hy) =A"2(Ah);, AoV (hy) = A72(Aoh);. (4-10)
Lemma 4.7. The operators A(L) and Ao(A) have the following properties:

o For A > 0, the families {A(L)}, {Ao(A)}, {13, A(X)}, {13, Ag(A)} are bounded in £(€; H™') and
the families {AA(L)}, {AA¢(1)} are bounded in £ (E; L?), with the bound depending on the choice
of the function q(x),

e For all complex-valued hy, h, € X! (RN) and A > 0,

(AMh1, f(hy +h2) = f(h) = f/(h)ha) = (AW, f(h1 +h2) — f(h1)), (4-11)
(h1, Ao(AM)ha) = —(Ao(A)h1, h2), and hence iAog(A) is a symmetric operator. (4-12)

e For any co > 0, if we choose ¢ in Lemma 4.5 small enough, then for all h € X,

co 2 1 / 2
AoMh, Ah) < —||h||z — —= Vh(x)|” dx. (4-13)
el O]

In dimension N = 6 and for real-valued functions, this was proved in [Jendrej 2016, Lemma 3.12]. Most
arguments apply without change, but we provide here a full computation for the reader’s convenience.

Proof. Since Vg(x) and V2¢g(x) are continuous and of compact support, it is clear that 4 and A are
bounded operators £ — H ~!. From the invariance (4-10) we see that A(1) and Ao (1) have the same norms
as A and Ay respectively. For AA(1), AAg(L), Ady A(A) and Ad) Ao (L) the proof is similar. We compute

N =2 by N =2 X 1 S
W AR) = —WAQ(I) —WX-VACI(X) —/\—3x-V q(z) V.

Since V¢(x), V2¢(x) and V3¢(x) are continuous and of compact support, we get boundedness of
d; A(1), and boundedness {13, A(A)} follows by the scaling invariance.

In (4-11), we may assume without loss of generality that A = 1. Notice that both sides are con-
tinuous with respect to the topology ||h1|x1 + ||h2]lx1. Indeed, A is continuous from X! to £ and
(h1,h2) = (f(h1 + h2) — f(h1) — f'(h1)h2, f(h1 + h2) — f(h1)) is continuous from & to H~! by
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Sobolev and dual Sobolev We may therefore assume that /11, iy € C5°. Observe that for any h € C§°
we have f(h)h = N F(h) and R(f(h)Vh) = V(F(h)); hence

N-2 - -
(Ah, f(h)) = ER/ (—Aqh 4+ Vg- Vh) f(h)dx = / Ag-F(h)+Vgq- V(F(h)) dx =
RN 2N RN
Using this for A = h1 + hy and for & = hy, (4-11) is seen to be equivalent to
(Aha, f(h1)) + (Ahy, f'(h1)h2) = 0. (4-14)

Expanding the left side using the definition of A we obtain

, N —

(Aha, f(h1))+(Ahy, f'(hi)ha) = m/N WACI ha- f(h1)+Vq-Vhy- f(h1) dx
R
N-=-2 - -

+§R/RN WAq-hl-f/(hl)h2+vq-V/’l1'f/(hl)/’lz dx. (4_15)

We have
srt/ Vq-Vhy- f(hy)dx =—m/ ﬁz-Aq-f(hl)dx—m/ hy-Vq-V f(hy)dx.
RN RN [RN

Using (2-1) and the fact that f’(h1)hy = N2 f(h1) we get

N-2. N 42
< hz-Aq-f’(hl)hldxzﬁ}i/ o E 2 A g F(hy) dx.
RN

N -2 =
ER/ —Aq~h1-f/(h1)h2dx:ﬂt/
RN RN 2N

2N
Using (2-1) and the fact that f'(h1)Vhy = V(f(h1)) we get

%/ Vq-Vﬁl-f/(hl)hzdx:Eﬁ‘/ ﬁz-Vq-f’(hl)Vhldx:Eﬁ/ hy-Vq-V(f(h1))dx.
RN RN RN

Plugging the last three formulas into (4-15) we obtain

(Aha, f(h1))+(Ahy, f'(h1)h2)

= {2, S A )= ) =YgV £ )45 - ) +5-5 (£ 1)) = (1, 0) =0

which proves (4-14).

Identity (4-12) follows by an integration by parts.

In (4-13), we can again assume that A = 1 and h € C§° (we use the fact that ¢ € C 3.1 and hence A%g
is bounded and of compact support). Inequality (4-13) follows easily from (P1), (P4) and (P5), once we
check the following identity:

%/ Ah- ( Ag-h+Vq- Vh / (A2q)|h|? dx — / Z 9ijq dih d;hdx.  (4-16)
RN

i,j=1
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We can assume that g € C$°, and (4-16) follows from integration by parts:

m/ 1 AR-Agh+AR-Vg-Vhdx

/ ajjh'akkqﬁ‘i‘ajjh'akq'akﬁ) dx

/ Z h(Okeq 05 h+0kkq-h)+Y_50;(197h1%)9;g+ Y (—50k|0; 11> 0eq—0j1cq 01 ich) dx
J.k

J Jj#k
/ 2> Ok q197h1* =300k 1h17) =Y 9759107 h1>+3 Y " 0kicqld;h?=> " 0kq 0;h dhdx
Jk J Jj#k J#k
:/N%Zajjkkqwz—Zajkqa,-ﬁakhdx. O
RY ik ik
Closing the bootstrap.

Proof of Proposition 4.4. We split the proof into three steps. First we prove (4-6) and (4-7). Then we
use the virial functional and variational estimates to prove (4-8), with l replaced by any strictly positive
constant. To do this, we have to deal somehow with the term [[W || 3 K in the modulation equation (3-12).
It involves terms quadratic in g, which is the critical size. However, it turns out that we can use a virial
functional to absorb the essential part of K. Proving (4-8) is the most difficult step. Finally, (4-9) will
follow from variational estimates.

Step 1. Integrating (3-10) on [T’ ¢] and using the fact that {(7) = —7 we get

L N3 N—-6 _ 3 1
<c| |f|"~¥=edr=<c- 3 [t|”~=6 < 3|t| ~-s,
T

t
6+ Z| = |¢(0) — ()| = )/T ¢'(v) dr

provided that ¢ < Recall that ¢ > 0 can be made arbitrarily small by choosing |Tp| large enough,

2(N 6)"

in particular smaller than The proof of (4-7) is similar.

3
2(N—6)"
Step 2. First, let us show that for ¢t € [T, T1] we have

N N
lay (O] <[] 2N=9, ay ()] < [t| 2N=9). (4-17)

This is verified initially; see (4-3). Suppose that/\Tz € (T, Ty) is the last time for which (4-17) holds for
t € [T, T). Let for example aj (T2) = |T»|2¥=6 . But since [|g(72)]|2 < |T2|_H < |T2|_ﬁ,
(3-37) implies %al_(Tz) < 0, which contradicts the assumption that ay () < |T2|_% fort < T,. The
proof of the other inequality is similar.

Let co > 0. We will prove that if Ty is chosen large enough (depending on cg), then
10(t)] < colt|"N=5, fortel[T,Th]. (4-18)
By the conservation of energy, (2-19) and (4-4) we have

|E(u)—2E(W)| = |E(T)) —2E(W)| < |T|" %5 < [t| ~s;
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hence (2-20) yields

0A T SliTW = O S|V NS = || TWoe « |r| TN (4-19)
It remains to prove that
0 > —colt| ~-s. (4-20)

To this end, we consider the real scalar function

V(o) = 0(1) - W@(z), iAo (1) (0)).
L2

We will show that for # € [T, T1] we have
V(1) = —ert| TN, (4-21)

with ¢1 > 0 as small as we like by eventually enlarging |7p|.
From (4-19) we get A T« [t~ =6 g hence, taking in Lemma 3.1, say, ¢ =
|To| large enough, (3-12) ylelds

1

z¢1 and choosing

N—-4
(N-2)k" 2 N=6 K €1, ,_N=5 1 d
YO T o — TN 3 (& iAo(Mg)
N -6 AWz, 4 2(|W 7, di 420
1 (1 1d c1_n=s (422
> —K—-—(g,ido(A — —|t|”~-s,
> ||W||§2(?&2 5 g7 (8- 14o( )g)) 5 Il

so we need to compute 2 ¥ d (g iAg(L)g), up to terms of order < |t|_H. In this proof, the sign ~ will
mean “up to terms of order < |t|_Nig as |To| = +00”.
Since i Ag(A) is symmetric, we have

1d

& iAo (h)g) = (.13 Ao(A)g) + (0. iAo(A)g). (4+23)

The first term is of size < ”%! lgl? <« |t|_H, and hence is negligible. We expand d;g according
to (3-3). Consider the terms in the second line of (3-3). It follows from (3-34) and the fact that
140(0)gll -1 < liglle that their contribution is < [¢|!||g]le < |¢|"3V-9 < |¢|"¥=4, and hence is
negligible, so we can write

35814008 = (Ag + FEE W+ Wy 4 9)— FEE W)~ FOWa), Ao()g).  (424)

We now check that
. . . . _N-—5
(fE W, +e W) — £ W) — fOW)), Ao(M)g)| < [t|”~=s. (4-25)

The function Ag(4)g is supported in the ball of radius RA. In this region we have W, <« W,,; hence (2-3)
yields | f(e'? W, + el? WA) — f(e't Wu) — FEOW)| < Wy el By a change of variable we obtain

(|7 ¥.

||W - ||L2(|x|<R;L)—ki||WN 2”L2(|x|<R)
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By the first property in Lemma 4.7, | Ao(A)gllz2 S A7 glle < |t|_2(]>/\’_—56> ; hence the Cauchy—Schwarz
inequality implies (4-25) (with a large margin). By the triangle inequality, (4-24) and (4-25) yield

1d : , A .
537 (& 1A = (Ag + f( W+ Wi+ ) — f( Wy + e Wh). Ao (A)g).

We transform the right-hand side using (4-11), (4-13) and the fact that Ag(A)g = ﬁAq(i)g + A(M)g.
Note that for any ¢ > 0 we have

t N—
ez =S

if we choose ¢ small enough; thus

1d
EE(gJAo(/\)g)
1

< cz|r|‘%:2—ﬁ(/|x|<m|Vg|2dx—(f(eifWu+ef9WA+g)—f(ei¢WM+ei9WA), %Aq(i)g})
—{AM) (e WM+eiGI/I_/A), FEEW+e P Wytg)— f W+ Wy)— /(S Wy +eP Wy)g), (4-26)
where ¢ can be made arbitrarily small. Consider the second line. We will check that
(W + e OWs 4 0) = FEE W +eW0), 4 Aq(3)e) = (O Wa)g, g)]| < Il ~V=e. @4-27)

Indeed, Ag is bounded; hence H ~ Aq H N < |lglle. By (2-4) we have

N—

+2

| £ Wy+ Wy + ) — F&E Wy +eOWa) = £ W+ W) | pamsonsm S 11T < liglle-
Now from (2-2) we obtain

| (/€W + W) = 1@ Wa))g | Lonsrinsorui<iny S I C Wl v i<y llglle < lglle-
We have obtained

{(f(eigWM +e Wy + ) — f( W, +eWy), +Aq(5)8)—(f (e’eW,l)g, 1 ~Aq(5)g)| <t~ =

But %Aq(i—‘) =1 for |x| < RA and ||f’(eiGWA)”LN/qulzR)L) & 1 for R large. This proves (4-27).
The bounds (4-5) and (4-17) together with (2-38) imply

/| o VP A ()8 5) = ~cslel,
x|<

with c¢3 as small as we like by enlarging R. Thus, we have obtained that the second line in (4-26) is
<cyft |_H, with ¢, which can be made arbitrarily small.

We are left with the third line of (4-26). We will show that it equals A%K up to negligible terms. The
support of A()L)(e"EWM) is contained in |x| < RA and ||A(A)(ei§WM)||Loo < A72; hence

N

. N=2
IAQ) W)l p2nn— < (AN A72) 2N =)

~

® e
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From (2-4) and Holder we have

. . . . . : N+2 1
£ (&S W,+e Wy +g)— f(e W, +eWy)— £/ W +e " Wi)gllav/ivia S gl 177 < 1]~ V—s.

Thus, in the third line of (4-26) we can replace AV (et W, + efw)) by AN OW)). Property (P3)
implies |[AW — AW| < W pointwise, with a constant independent of ¢ and R used in the definition of
the function ¢. After rescaling and phase change we obtain ‘A()L)(ei fw,) — A—lze" OAWA‘ < %WA. But
AMW = A%AW;L for |x| < RA, so we obtain

‘<A(k)(e’9WA) - ﬁe’eAWA, FESW, +e9Wy 4+ g)— fE° W, +e W) — £/ W, + e“QW;L)g>‘
1 . . . . . .
< )TZ/ Wy | £ W, + €Wy + g) — f( W +eOWy) — £/ Wy + /O W))g| dx.
|x|>RA
Since |§ — 6| ~ 7, we have S W, + €' Wy | = Wy; hence (2-4) yields

Wi £/ W Wy + g) = F@E W)+ Wa) — 1S W+ W )g| < W2 g
Integrating over |x| > RA and using Holder we find
‘(A(M(e”m) - %e""AWA, SEEW, +e Wy + )= f( W+ W) — [ Wy, + e”WA)gH
< cz|t|_%7:g, with c; arbitrarily small as R — 4oc0.

Resuming all the computations starting with (4-23), we have shown that

1d 1, _n=s 1
—— (g, idog(A < —|t|” 76 + =K.
5 (8 iAo(M)g) = i 2
Hence (4-22) yields (4-21).
Since 8(T) = 0, we have [0(T)| < |lg(T)]12 < |T|_ﬁ. Integrating (4-21) on [T, ¢] we get ¥ (¢) =
—c1]t|"~=%. But
_N=1 _1
(g(0). Ao(M)g ()] < Ig(MF < Ir|™~¥= < |r| =5
hence we obtain 6(¢) = —c1 |t|_ﬁ, which yields (4-20) if ¢; is chosen small enough. This finishes the
proof of (4-8).
Step 3. From (2-20) we obtain [|g[|Z + C09/\¥ <C |t|_%; hence
g2 < —CobA"T" + Cilr| "= < 4r|"R=6 + Cyle| ¥,
provided that cg in (4-18) is small enough. This yields (4-9). O

Choice of the initial data by a topological argument. The bootstrap in Proposition 4.4 leaves out the
control of A(z), afL(t) and a;r (¢). We will tackle this problem here.
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Proposition 4.8. Let |Ty| be large enough. For all T < Ty there exist A°, a(l), ag satisfying (4-1) such that
the solution u(t) with the initial data u(T) = —i W + W0 + g° exists on the time interval [T, Ty and for
t € [T, Ty] the bounds (4-6)—(4-9) and

M) = L) w76 | < Lje|72v=o, (4-28)
lat (6)] < Lje|"2v=e, (4-29)
lad (1)) < e[ 2-o (4-30)

hold.

The proof will be split into some lemmas. For ¢ € [T, Ty], A >0, d; €Rand d, € R we define

X,(i,dl,dz):—( (k)t])~ 6+)L|;| SN =6) Jarlt|” Toe) Laat]” T e 6))

We see that A(), a;r(t) and a;r () satisfy (4-28)—(4-30) if and only if
CL (). af (1).af (1) € 0= [-1. 4T3

Lemma 4.9. Assume that A(t), a] () and a;' (t) satisfy (3-11), (3-35) and (3-36) on the time interval

t € (T1, T») and that
(Po. p1. p2) := X, (A(t).ay (t), a5 (1)) € Q\OQ forallt € (T1,T>).

Then forall t € (Ty, T3),

2N —

1 -1
— |l | =<cit] , 4-31
PoD) = 5= 6)|| Po(t)| =l @31
c
Pi(O)——=pi1()| = —, (4-32)
: ( ) p(z)
, c
t —, 4-33
pa(t) — )L(l‘)pZ() =70 (4-33)
where ¢ > 0 can be made arbitrarily small by taking To large enough.
Proof. By the definition of pg(z) we have
M) = Lty TRES + po(0)]e| 79 (4-34)

Differentiating in time we obtain

—4

N
th~~=e
(e R +

M) =+

Applying the Newton formula (the binomial expansion with power

that | po| < 1 we get

_ _ 4 N-—4
AT =T (k) N6 + . P

2(N —

6)

_2N-—7 _ 5
|]72V=0 po () + || 2N=9 py (7).

— 5 —
2 () po0) ]t 7T 4 O(lr] N9,

N > 4) to (4-34) and using the fact
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Thus

2w ( 5 N—4

4
N—4

At = —

N -6 @ 2(N—6) N-—6

5

_2N=7 - , _N=3
|£[720V=0) po (1) + [t 2V=0) po (1) + O(|t[~N=0).

A(t)—

Using (3-11) and multiplying both sides by |¢| W= we obtain (4-31).
N
We have ai"(t) = |t| 2(N=6 py(t), which yields

d v N v N
+ + _ T 2(N —=6) _7__1
T B U B 6’(pi<f>‘;”1(’))+0(lrl =),

so (3-35) implies (4-32). The proof of (4-33) is similar. O
For C > 1, j €{0,1,2} and p € R3 we define

Vi(C, p) :={p+ (ro,r1.r2) : sign(r;) = sign(p,) and max rjl < Clrjl}.

Lemma 4.10. Assume that A(t), a;r(t) and a;r(t) satisfy (3-8), (3-11), (4-5), (3-35) and (3-36) for
t € (Ty,T). There exists a constant C > 0, depending on Ty and T, such that if for some T3 € (T1, T»)
and j €10, 1,2} we have |p;(T3)| > %, then for all t € (T3, T») we have p(t) € V;(C, p(T3)).

Proof. From the previous lemma we infer that there exist strictly positive constants ¢; and Cp, depending
on Ty and T», such that |p} (t)| < Cy and

POl =5 = |pj(®)|=c1and sign p}(1) = sign p; (7).
It is sufficient to take C > S—I‘ O

Proof of Proposition 4.8. The proof proceeds by contradiction. Supposing that the result does not hold,
we will construct a continuous retraction ® : Q — dQ, ®(p) = p for p € Q. It is a well-known fact
from topology that such a function ¥ does not exist.

Let p® € Q. Take ()Lo,d(l),dg) = X7(p°) and let g° be given by Lemma 4.1. Let u : [T, T1) — £ be
the solution of (1-1) for the initial data u(T) = —i W + W;0 + g% We will say that the solution u is
associated with p° € Q.

Let T, be the infimum of the values of ¢ € [T, T+) such that (4-6), (4-7), (4-8), (4-9), (4-28), (4-29) or
(4-30) does not hold. By our assumption that Proposition 4.8 is false, we have that 75 exists and 7, < Tp.
Indeed, if all the listed conditions were satisfied for ¢ € [T, T ), then Corollary A.3 would imply 7+ > Tp;
hence all the conditions would hold on [T, Ty], which contradicts the assumption.

Set pl:= X1 (A(T), ay (T»), a5 (T»)). By continuity p! € Q, and we will show that in fact p! € 90Q.
Indeed, by continuity of the flow, the assumptions of Proposition 4.4 are satisfied for 77 = 75 + t for
some 7 > 0. Hence (4-6)—(4-9) continue to hold on [T3, T> + 7], so one of the conditions (4-28), (4-29)
or (4-30) is violated somewhere on [T>, T» 4 7] for every t > 0. By continuity of the parameters with
respect to time, this yields p! € 9Q.

We set

®:0 930, d(p°:=ph

It is immediate from the definition that ®(p) = p for p € dQ, and it remains to show that ® is continuous.
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Let p° € O, ®(p°) = p' €90 and ¢ > 0. Let C be the constant from Lemma 4.10 for 77 = T and
T, = Ty. We will consider the case p(} = % the other cases being similar. It is clear that for § > 0 small
enough Vs := 1) (C, % -4, p%, p;) N dQ is an e-neighborhood of pl. Thus, by Lemma 4.10, in order to
finish the proof it suffices to show that if ¢° € Q with |¢® — p°| small enough, then the solution associated
with g passes through V.

If p° = pl €90, this is obvious, since Vj is in this case a neighborhood of p°. In the case p® € 0\ 940,
the solution associated with p° passes through Vs before reaching dQ. Thus, by the continuous dependence
on the initial data, the solution associated with ¢° passes through Vj if |¢® — p°| is small enough. O

Proof of Theorem 1. Let Ty < 0 be given by Proposition 4.8 and let Ty, 71, T», ... be a decreasing
sequence tending to —oco. For n > 1, let u, be the solution given by Proposition 4.8. Inequalities (4-6),
(4-7), (4-8), (4-28) and (4-9) yield

_ 1
[un (@) = (=W + Wy -2/v-0) [ ¢ S 1|20 (4-35)

for all ¢ € [Ty, To] and with a constant independent of n. Upon passing to a subsequence, we can assume
that u, (Ty) — up € £. Let u be the solution of (1-1) with the initial condition u(7y) = ug. Corollary A.4
implies u exists on the time interval (—oo, Ty] and for all ¢ € (—oo, Ty] we have u, (t) — u(t). Passing
to the weak limit in (4-35) finishes the proof. O

Appendix: Cauchy theory

Profile decomposition. We recall briefly the profile decomposition method of Bahouri and Gérard [1999]
and Merle and Vega [1998]. In the case of the energy-critical defocusing NLS, the corresponding theory
was developed by Keraani [2001]. For the focusing NLS in high dimensions, which is the case discussed
in this paper, see [Killip and Visan 2010].

Proposition A.1 (Killip, Visan). Let ug , be a bounded sequence in E. There exists a subsequence of
Uo,n, still denoted ug n, such that there exist a family of solutions of the linear Schrédinger equation
U/ (t)=¢ ’AUOJ and a family of sequences of parameters t;, and A}, satisfying the pseudo-orthogonality

condition ) )
My Atk

i #k = lim — + —+ +
Pk S g T
such that for all J > 0 ; )
4
=SN'vu/[-=2 . A-1
Uon =) L(M )xfw” (A-1)

with

lim limsup ||e”Aw,{ I 2v+2/8v-2) = 0.
J—>+00 p—»+c00 t.x

Moreover, for any J > 0,

J
2 112 J 2
luo.nllz =Y _IUG IZ = lwyy IIZ| = 0. H

lim
n—+o0o ‘
Jj=1
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Formula (A-1) is called the linear profile decomposition. In the applications, we regard ug, as a
sequence of initial data of solutions u; of (1-1). In order to approximate the solutions u;, we introduce
nonlinear profiles. The nonlinear profile U/ corresponding to the linear profile U; is defined as the

solution of (1-1) such that
) R
lim HUJ( ’?)—ULJ( ’f)
n—+o00 ,\{l ksz £

The next proposition is a version of the result of Keraani for the focusing NLS. Its statement is very

=0.

similar to Proposition 2.8 in [Duyckaerts et al. 2011].

Proposition A.2. Let ug , be a sequence in £ with a linear profile decomposition (A-1) and let U I
(T_(U7), T (U’)) — & be the nonlinear profiles. Let t, > 0 be a sequence such that for all j and n

Tn_j

. tn Tn — tn
< T (U, limsup | U’ | L2cv+2/(v=2) (VY < 00,  Wwhere I = [ ]
()2 o0 (D > ()

Let uy be the solution of (1-1) with the initial data u, (0) = ug . Then, for n large, u, exists on the time
interval [0, T, ], limsup,, _, o [[un || L20v+2/ (V-2 (10,7, ]xrN) < 00 and forall J >0,

Un(r) = ; U’ (W)’;) +wl @) +r] 1),

with

lim 11rnsup(||r | L2v+20/v -2 ([0,7,]xrN) T SUP ||”n ”8) =0.
—>+00 400 t€[0,7,]

Proof. See [Duyckaerts et al. 2011, proof of Proposition 2.8] and [Killip and Visan 2010, proof of
Lemma 3.2]. U
Corollaries.

Corollary A.3. There exists a constant 1) > 0 such that the following holds. Let u : [tg, T+) — € be a
maximal solution of (1-1) with T4+ < +o00. Then for any compact set K C & there exists T < Ty such that
dist(u(t), K) > nfort €[t, T4).

Proof. See [Jendrej 2016, Corollary A.4]. O

Corollary A.4. There exists a constant n > 0 such that the following holds. Let K C € be a compact set
and let uy, : [T, To] — € be a sequence of solutions of (1-1) such that

dist(u,(¢), K) <n foralln eNandt € [Ty, T3]

Suppose that u, (T1) — ug € . Then the solution u(t) of (1-1) with the initial condition u(T1) = ug is
defined for t € [Ty, Tz] and
Uy (t) = u(t) forallt e [Ty, T5].

Proof. See [Jendrej 2016, Corollary A.6]. O
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BILINEAR RESTRICTION ESTIMATES
FOR SURFACES OF CODIMENSION BIGGER THAN 1

JONG-GUK BAK, JUNGJIN LEE AND SANGHYUK LEE

In connection with the restriction problem in R” for hypersurfaces including the sphere and paraboloid,
the bilinear (adjoint) restriction estimates have been extensively studied. However, not much is known
about such estimates for surfaces with codimension (and dimension) larger than 1. In this paper we show
sharp bilinear L2 x L? — L9 restriction estimates for general surfaces of higher codimension. In some
special cases, we can apply these results to obtain the corresponding linear estimates.

1. Introduction and statement of results

For a smooth hypersurface S such as the sphere or paraboloid in R”, n > 3, the L?-L9 boundedness of
the (adjoint) restriction operator (or the extension operator) f/d\a has been extensively studied since the
late 1960s. Here do denotes the induced Lebesgue measure on S. Specifically, when S is the sphere,
it was conjectured by E. M. Stein [1993] that ]fd\o should map L?(S) boundedly to L?(R"), precisely
wheng > p’(n+1)/(n—1) and ¢ > 2n/(n—1). Since then, a large amount of literature has been devoted
to this problem. Over the last couple of decades, the bilinear and multilinear approaches have proven to
be quite effective, and through them substantial progress has been made. We refer the reader to [Bennett
et al. 2006; Bourgain and Guth 2011; Guth 2016] for the most recent developments.

On the other hand, when the dimension of the manifold is 1, namely, when the associated surface is a
curve, the restriction estimate is by now fairly well understood [Bak et al. 2002; 2009; 2013; Stovall 2016].

However, not much is known about the intermediate cases, namely, when the codimension k of the
manifold is between 1 and n — 1. The restriction problem for quadratic surfaces of codimension k£ > 2
was first studied by Christ [1982] and Mockenhaupt [1996]. They also considered the problem in a more
general setting and found some necessary conditions on the curvature and codimension of the surface.
For some surfaces they also established the optimal L? — L linear estimates, which may be regarded as
generalizations of the Stein—Tomas restriction theorem; see also [Banner 2002]. Although there are some
known cases in which the L?-L4 boundedness is completely characterized, see for example [Bak and
Ham 2014; Bak and Lee 2004; Oberlin 2005], for most surfaces with codimension bigger than 1, the
current state of the restriction problem is hardly beyond that of the Stein—Tomas theorem.

J. Lee is supported in part by NRF grant No. 2017R1D1A1B03036053 (Republic of Korea). S. Lee is supported by NRF grant
No. 2015R1A2A2A05000956 (Republic of Korea). J. Bak was supported in part by the Basic Science Research Institute (BSRI),
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In this paper, we are concerned with restriction estimates for surfaces of codimension k > 2. To be
more specific, letus setk > land I =[—1,1]. Let ®: [ d _5 R¥ be a smooth function given by

D) = (01(5). 92(8). . ... 9xc(§)).
The adjoint restriction operator (the extension operator) E = Eg for the surface (&, ®(£)) € R? x R¥ is
defined by

Ef(x,t) = [ ) 2mIEHR®) rey ge (x,1) € RY xRk,
1

Specific examples of such operators with 2 < k < d — 2 can be found in [Bak and Ham 2014; Bak and
Lee 2004; Christ 1982; Mockenhaupt 1996; Oberlin 2005]. (Also, see Section 5.)

There are some classes of surfaces for which the optimal L2-L¢ boundedness of E is well understood.
In fact, using a Knapp-type example it is easy to see that £ may be bounded from L? to L4 only if
(d +2k)/q <d(1—1/p). Hence, the best possible L2-L4 bound is that for ¢ = 2(d + 2k)/d. Christ
[1982] and Mockenhaupt [1996] showed that this is true for a class of surfaces satisfying a suitable
curvature condition. In particular, let M be a linear map from R¥ to the space of d xd symmetric matrices
and suppose that [, |det M(¢)|7” do(t) < oo for y = k/d. Then it was proven in [Mockenhaupt
1996] that the extension operator E defined by ® = £ M(¢)¢ is bounded from L2 to L2(@+2k)/d,

In order to obtain estimates for some g < 2(d + 2k)/d and p > 2, it seems necessary to consider
methods other than the 7' T* argument, which solely relies on the decay estimate for the Fourier transform
of the surface measure. For this reason we wish to consider the bilinear restriction estimates for surfaces
of codimension greater than 1 and try to obtain the best possible estimates.

Let S1, S» be closed cubes contained in / 4 and define

E,-f(x,t):/ Q2R ®®) f(£) dg, i =1,2.

i

Let us consider the estimate

IE1f E2gllpama+ky < CIfllLrwa)lgllLr @ay- (1-1)
For the elliptic surfaces, bilinear estimates can be thought of as a generalization of linear estimates,
since a linear restriction estimate follows from the corresponding bilinear one by an argument involving a
Whitney decomposition; see, e.g., [Tao et al. 1998]. The advantage of the bilinear estimates is that a wider
rage of boundedness is possible than for the linear estimate, provided that a separation condition holds
between the supports of the functions f, g. For surfaces with codimension 1, the sharp bilinear (adjoint)
restriction estimate for the cone was obtained by Wolff [2001], and for the paraboloid the corresponding
estimate was proved by Tao [2003]. The bilinear approach has also been applied to the restriction problem
for hyperbolic surfaces: Vargas [2005] used it for the saddle surface in R® and, independently, Lee [2006]
proved the bilinear estimate by extending Tao’s method.! From these bilinear restriction estimates the
corresponding linear ones have been obtained as well.

IFor more general negatively curved surfaces in R and higher dimensions, Lee [2006] showed the bilinear restriction
estimates. However, in higher dimensions the linear estimate could not be deduced from the bilinear one, because the separation
condition needed to prove the bilinear estimate for hyperbolic surfaces was more complex than that for the elliptic surfaces.
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In order to state our results, we first introduce some notation. For vy, v, € d, we define the k x d
matrix D (vy, vp) by
Vo1(v2) = Vi (vi)
D(vy,v2) = :
Vi (v2) = Vg (v1)

Here V; is a row vector. Let H¢ denote the Hessian of ¢ and D (v, v2) be the transpose of D (vy, v2).
The following is our main theorem.

Theorem 1.1. Lett = (t1,...,t), k > 1. Suppose that, forv € S1 US> and |t| =1,

k
det(Zt,-Hgoi (v)) £0 (1-2)
i=1
and, for vy € S1, va € S, |t| = 1 and for v = v, v2,
k -1
det[D(vl,vz)(Z thwj(v)) D' (v, UZ{| #0. (1-3)
j=1
Then, for
>d+3k J 1—|—d+3k1<1
and — — <1,
1= 0¥k » ' d+k 2q

the estimate (1-1) holds.

As special cases of Theorem 1.1, one can deduce the known bilinear restriction theorems for the elliptic
surfaces in [Tao 2003] and the negatively curved ones in [Vargas 2005; Lee 2006].
Let us set
0 D (vq,
M(t,v1,v3,v) = ( (v1,v2) ) .

D'(vi.v2) Yy tiHei(v)
Assuming the condition (1-2), it is easy to see that (1-3) is equivalent to
det M (z,v1,v2,v) #0 (1-4)

for v; € S1, v € 83, |t| =1 and for v = vy, vs. (One can use the block matrix formula det(é B) =
det(D) det(A—BD~'C) ) The condition (1-4) may seem rather complicated, but such a condition appears
naturally when one considers the bilinear L2 x L2 — L? estimate. When k = 1, it is closely related to
the “rotational curvature”; see [Lee 2006] for more details. The necessity of the condition (1-4) will
become clear in the course of the proof of Proposition 1.3 below.

From the condition (1-3) it follows that D (v, v3) has rank k. So, the vectors

{Voi(v2) =Voi(v):i =1,....k}

are linearly independent. This means d > k. If d = k, then (1-4) implies (1-3), but otherwise (1-4) may
hold without (1-3) being satisfied.
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In fact, it is possible to obtain a local version (Theorem 1.2 below) of Theorem 1.1, which holds
under a weaker assumption. Let n1,...nyz_; be orthonormal vectors (seen as row vectors), which are
perpendicular to the span of {Vg; (v2) —Ve;(v1):i =1,...,k} and set

n
N(vz2,v1) =
Rg—k
Then we can replace the condition (1-4) with
k
det|:N(V2»Vl)(ZZiH‘/’i(V))Nt(VZvUl)] #0 (1-5)

i=1

whenever vy € S1, v € Sa, |t| =1 and v = vy, vy. Tt is easy to see that the value of this determinant is
independent of the particular choice of orthonormal vectors ny,...,n _j, and that the condition (1-5) is
equivalent to (1-4) under the assumption (1-2).2 If we have (1-5) instead of (1-3), then we don’t need
(1-2) to get (1-6) for any « > 0. More precisely, we have

Theorem 1.2. Suppose that, for any vi € Sy, v € Sa, the vectors Vi (v2) — Vi (v1), i =1,...,k, are
linearly independent and that (1-5) holds for vi € S1, va € S2, |t| = 1 and for v = v, va. Then, for any
o > 0, there is a constant Cy such that

1E1 f Exgllpw+30/@+iogg) < CaR*[ fll2 l1g]l2, (1-6)
where QR is a cube of side length R > 1.

However, to obtain the global estimates L2 x L? — L4, for ¢ > (d + 3k)/(d + k), we need to impose
a decay condition on the Fourier transform of the surface measure, since it is needed to apply the epsilon
removal lemma [Bourgain and Guth 2011]. Under the condition (1-2) such a decay estimate follows from
the stationary phase method.

For g > 2, the estimate (1-1) is relatively easier to prove under the conditions (1-2), (1-3). The following
may be thought of as a generalization of Theorem 2.3 in [Tao et al. 1998], which is concerned with elliptic
hypersurfaces; see also Theorem 4.2 in [Moyua et al. 1999]. A generalization to general hypersurfaces
had already been observed in [Lee 2006]. As a byproduct this gives estimates for the endpoint cases of

(p, q) satisfying

l+d+3ki:1, >0,
p d+k2q -

Proposition 1.3. Suppose the condition (1-4) holds for vy € S1, va € Sp and |t| = 1. Then, for g > 2 and

1 d+3k 1 -

p+d+k 2g —

’

the estimate (1-1) holds.

2Indeed, if H, N and D are matrices of sizes d xd, (d —k)xd and k xd, respectively, such that ND! = 0, deI:t H 75[0
and rank(N’ D’) = d, then det(NHN') # 0 if and only if det(DH ' D*) # 0 because (V27)(N* D) = (VEN" NHEDT
N t Nty NN? 0
and (pp—1)(N' D) = (pg =i ye pp=1pe)-
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Remark 1.4. In the proof of the above results we may assume that the aforementioned conditions hold
uniformly, by breaking up the extension operator by decomposing S, S» into sufficiently small pieces.
That is to say, there is a constant ¢ > 0 such that for v € S1 U S, and |¢t| =1,

k

det(z ti Ho, (v))

i=1

> ¢ (1-7)

and, for vy, v] € S1, v2,v5 €S2, [t| ~ 1 and for v € S; U S5,

k -1
det[D(vl,vz)(thHgoj(v)) Dt(v/l,vlz)] >c. (1-8)

j=1

The same holds also for the conditions (1-4) and (1-5).

Necessary conditions for (1-1). By modifying the examples in [Tao and Vargas 2000] with some specific
surfaces we see that (1-1) cannot hold in general, unless

d+k
> " 1-
9z — (1-9)

1 d+3k 1
_ < 1-10
p+ d+k2g~ " ( )
20-k)  d+3k . W

4 q
In fact,
(1) (1-9) is necessary for (1-1) to hold under (1-2), and

(ii) so is (1-10) under the assumption that the matrix D (vy, v2) has rank k for v; € §;, j =1,2.

However, in general, (1-11) is not necessarily required for (1-1), but as is well known there are various ®
satisfying (1-2) and (1-3) for which (1-1) fails if

2d—k) d+3k
+ >
V4 q

2d.

We show (i) and (ii) in the following paragraphs.

(i) By making use of the stationary phase method together with the condition (1-2) it is not difficult to see
that, with suitable choice of xg, there is a cube Q of side length R >> 1 such that |E; (e 271 %0€ )| ~
|E2 ¥ (x)| ~ R=4/2 on Q provided that supports of /1, ¥ are small enough. We insert these into (1-1)
to see R™4/2R~4/2RU+K)/a < | from which we get (1-9) by letting R — oo. (This can also be shown
by making use of a wave packet decomposition, see Lemma 4.2, and randomization.)

(ii) For j = 1,2, let X; be the surface {(§, ®(£)) : £ € S;}, and denote by do; the induced Lebesgue
measure on X;. To see (1-9) it is more convenient to consider f — fdo;, instead of dealing with the
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operator E;. Also, let v; be the center of cube S; and let {; = (v;, ®(v;)) € ¥;, j = 1,2. The normal
space IV; to X; at {; is spanned by

n;i =(—V(pi(l)j),€i), i =1,2,...,k,

where ¢; € R¥ is the usual unit vector with its i-th entry being equal to 1. Clearly, these vectors are
linearly independent because D (vy, v») has rank k. Let p,, n =1,...,d —k, be an orthonormal basis
of the orthogonal complement of span{n;; :i =1,2,...,k, j =1,2}. Letus set, for j =1, 2,

ANj={LeS; |(C=8) majil <8, [(C=8)-pal <83, i=1,....k,n=1,....d —k}.
Now, we set fj = ya;, j =1,2. Thenitis easy to see |?j/a?j(x,t)| > §d+k)/2 i — 1,2 provided that
(e 0)omg | <87 |(xu ) pal<c873 i=1.....k £=12 n=1....d—k

with sufficiently small ¢ > 0. (For example, see the proof Lemma 4.2.) Since (1-1) implies

I fidor f2dozllg < || fillp Il f2llp
we get §4 Tk—(d+3k)/29) < C§@+k)/P and (1-10) by letting § — 0.
Restriction to complex surfaces. Using the above theorem we can obtain a bilinear restriction estimate
for complex quadratic surfaces. To define the (Fourier) extension operator for a complex surface we first

distinguish the dot product and the inner product for complex variables, and define an auxiliary product ©.
For z, w € C", we define z - w, {z,w), z®w by

m m
z-w:Zijj, (Z,w):ZZju_)j, zOw =Re(z,w).
ji=1 j=1
Hence,if z=x+4+iyand w =u+iv forx, y,u,v e R" thenz O w = x -u + y - v. If we identify C"
with R?™ in the usual way, then z © w is just the inner product on R?™.

Let n > 1 be an integer and let D be a real symmetric invertible matrix. Then we define the complex
quadratic surface y C C**! by

y(z) = (z, %ZtDZ), zeC (1-12)

Now we define the extension operator £, f by
E, f(w) = / 2miwOYdl £y gz, weCt,
@I’l

where we have written dz for dx dy, z = x +iy. The operator E, f is an extension operator for surfaces
of codimension 2 in R?”, which is given by (x, v, %Re(x +iy)' D(x +iy), %?s(x +iy)' D(x + iy)),
x,y € R™ From Theorem 1.1 we can establish the following.

Corollary 1.5. Let S1, S» be closed cubes in C". Suppose that, for any z1 € S1 and z € S»,

|(z2—21)'D(z2 — 21)| # 0. (1-13)
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Then, whenever f, g are supported on S1, Sa, respectively, for

n—+3 1 n+31
and — — <1,
n+1 p n+12¢q

q>
there is a constant C such that

IEy f Eygllpant+iy < CllfllLr@emliglLe ey

This theorem can also be stated without using the complex number notation, but its use makes it
easier to derive the linear estimates from the bilinear one. The condition (1-13) in C? can be contrasted
with that in R% If S1, S, C R? and the eigenvalues of D have the same sign, then the condition
(1-13) is always valid if dist(S, S») # 0. But, when Sy, S» C C?, the condition (1-13) may fail even
if the separation condition is satisfied. For instance, if D is the 2 x 2 identity matrix, the condition
(1-13) becomes |(v1 — w1)? + (v — w2)2| 2 1 with z; = (vq,v32) and z = (w1, wy). Since we may
factor (v — wi)? + (v2 — w2)? as [(vy — wy) + i (v2 — w2)][(v1 — w1) — i (v2 — w»)], the expression
|(v1 —w1)? 4 (v2 — w2)?| may vanish even if dist(S, S») > 1. When D has eigenvalues with different
signs, this phenomenon may occur even when S1, S C R?; for instance, if D is the 2 x 2 diagonal matrix
with diagonal entries 1 and —1, then we have

x-Dx = x% —x% = (x1 + x2)(x1 — x2).
This real-variable case was studied by Lee [2006] and Vargas [2005]. In the special case that the surface
is two-dimensional they could deduce a linear estimate from the bilinear one.
By adapting their argument, we can obtain the following linear estimate.

Theorem 1.6. Let n =2 and y be given by (1-12) with a nonsingular real symmetric matrix D. Then, for
q>%and%+§<l,
IEy fllLaey < CISf e 2y (1-14)

whenever f is supported in a bounded set.

By analogy with the corresponding problem for the paraboloid (elliptic or hyperbolic) in R3, it may be
conjectured that (1-14) holds if and only if ¢ > 3 and % + %1 < 1. Theorem 1.6 extends the known (p, q)
range for the operator £, f when D is a nonsingular real symmetric matrix. This result is an analog of the
adjoint Fourier restriction estimates for the hyperbolic paraboloid in R3, which is known to hold for the
same range of p, q. As a special case of the results by Christ [1982, Lemma 4.3] and Mockenhaupt [1996,
Theorem 2.11], it was previously known that E f maps L?(R*) boundedly to L*(R®). Also, the slightly
stronger Lorentz space estimate || Ef || 14.2ge) < C| f||L2r#+) can be deduced by applying Theorem 1.1
in [Bak and Seeger 2011]. It is quite likely that the multilinear approach will yield further progress on
these problems. We hope to return to this problem in the near future.

Notation. We adopt the usual convention to let C or ¢ represent strictly positive constants, whose value
may vary from line to line. But these constants will always be independent of f, for instance. We write
A< BorBZ Atomean A <CB,and A ~ B means both A < B and B < A.
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4(d +k) 4(d+k) 2 . .
2, L3d+k x L3d+k — L~“ estimates and proof of Proposition 1.3

In this section we show Proposition 1.3. Our proof here is different from that in [Tao et al. 1998]. Instead
of making use of the boundedness of the averaging operator, we directly exploit the oscillatory decay
estimate which is concealed in the averaging operator. For this we need the following lemma.

Lemma 2.1 [Greenleaf and Seeger 2002, Section 1.1]. Leta € CX° (R4 xR x RN) and set
T = [ [Pt y.0)d6 £(3)d.
R4 JRN

where ¢ is a smooth function on the support of a. Suppose

P90 o

det <¢” o #0
vyl TXxy

on the support of a whenever ¢(; = 0. Then, ||T) f |2 S A~@+N/2|| £,.

Proof of Proposition 1.3. By interpolation with the trivial L! x L1 — L estimate, it suffices to show

IE1 f1 E2 f2ll2 S | f1llaw+io || f2]l 4+ -
3d+k 3d+k

For fixed &>, set

2 (£1, 1) = D7) + O(E2) — P(m1) — P51 + E2— 1)
and

12(f1, fi) = / §(D2 (51, m)) f1(51) fi(n) dErdn,

where § is the delta function. Its composition is well defined, since the vectors Vg; (v2) — Vi (vy),
i =1,...,k, are linearly independent.
By Plancherel’s theorem

VEx fi Ea foll2 = //// §(E1 + E2 — 11 — 1. B(E1) + D(E2) — D) — B(n2)
x f1(&1) f2(E2) fi(n1) fa(n2) dE1 dEx dny di
=[[ S8 (51 ) fiEn) Ailn) fo(E2) folEr +E2—m) dEy dE dy.

where f1, f> are assumed to be supported in Sy, S, respectively. We claim that

1E1f1 E2 2115 S 11 ftllpa /2010 0 fillpn 1] f2lloos -1

where p = (d +k)/d. Here || f|s denotes the norm of Lorentz space L™*. For this we may obviously
assume that the functions f1, f1, f2, f2 are nonnegative. In order to show (2-1) it suffices to prove

12 <N fllpa 12lp.a- (2-2)

Let ¥ be a smooth function with compact Fourier support contained in B(0, 1) such that 1& =1
on B(0,1). Since h(0) = limj_o0 2/ [1x ¥(2/x) h(x) dx for any Schwartz function h, we have



BILINEAR RESTRICTION ESTIMATES FOR SURFACES OF CODIMENSION BIGGER THAN 1 1969

§=1lim; 500 27k (27 x). So, we may write
o0

§= Y RUTDRy@/T—2/ky 2/ x) = Z 27k (27 x),

Jj=—00 J=—0o0

where 7(x) := 2Ky (2x) — ¥ (x). By the choice of ¥ we see that the Fourier support of 7 is contained in
{f;‘ : % <&l < 2}. We decompose 142( f, g) by making use of the above decomposition of § to get

oo

2(f9)= Y Ii(fg.

Jj=—0o0
where

1(fog) =2 /f 27 O (E ) £(En) g () dEr dip.

It should be noted that we are assuming that f, g are supported on S; and &; + & — 11 € S». Using the
Fourier transform we write 1 (f1, f2) as

1(fg)=2M / ( // ﬁ(z)ez"'f"b&@hm)drf@l)dsl)g(m)dm.

Now, we will apply Lemma 2.1 to the double integral inside the parentheses. If we set ¢ (&1, 11,7) =

7-®82(&, 1), then
aer [ 27 %o || 2 e 0 D161+ —m)
k .
Pnie Pein, D(nm.b&i+&—m) o1 tHei¢ré+&—m)
So, by the condition (1-4) the last expression does not vanish since |7| ~ 1. Hence, by Lemma 2.1 it
follows that

(£l S277 1 f 2 gl

On the other hand, we have the trivial bound |7, (f, g)| < 25711 £1l1 llgll1. Now we may use a summation
method (usually called Bourgain’s summation trick) to obtain (2-2).

Considering (f1, f1. f». f2) = |Efi1 E f2||§ as a quadrilinear mapping (replacing f, f> on the left-
hand side by f_3 and f_4, respectively), we apply Christ’s multilinear trick [1985]. By symmetry and
interpolation we get the estimates

'/f Efi Efs Efs Efadx di

4
ST,
j=1

1 1 1 1
for ( P13 D3 p4) contained in the convex hull of the four points

v1=<l,l,1,0), v2=(l,—,0,1), v3—(10 1), v4=(0,1,l,1)
pp p P p D

which is contained in the 3-plane IT = {u1 +us +usz+ u4 =142 } The convex hull has a nonempty
interior in I1, because det(vy, va, v3,v4) # 0 as long as - ;é Hence we may apply the multilinear
trick to get

IEfL Ef213 S I fillawrio Nl ol swrio | fillswsno ) f2llsasno - g
3d+k 3d+k ° 3d+k 3d+k >
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3. Transversality and the curvature conditions

In this section we prove several lemmas that will play crucial roles in proving Theorem 1.1. These lemmas
are related to the curvature conditions.

For R > 1and v € §; U S,, we set
k

X+ (Z le(pj (1)))

Jj=1

Ty = {(x,t):

< R5§, Rém, = 7, + O(R2TY).

Here, for any set A C RZ1X and p > 0, we have A + O(p) = {u € R+ : dist(u, A) < Cp}.

Lemma 3.1. Suppose that the vectors Vo;(v2) —Vo;(v1), 1 < j <k, are linearly independent for all
v1 € 81 and vy € Sy. Then, there is a constant C such that

7Ty, N7y, C B(O, CR2).

Proof. Since the set {Vg;(v2) — Vg, (vl)};;l is linearly independent for all v{ € S and v, € S, the
map (t1,...,1) = (t1....,1)" D(v1, v2) is injective. So, by continuity and compactness it follows that
there is a constant C such that, for all v{ € S and v, € S5,

|(t1,. ... tx)' D(v1,v2)| > C|(t1, . ... t)].
If (x,t) € my, N7y, then ‘x + (Z;;l th(/)j(Ui))‘ < R? fori = 1,2. This gives
(11, 150) D (v, v2)| < 2R?.

Hence, the above inequality yields | (¢, ..., #%)| < CR:. So, we also get |x| < CR:. |

As was already shown in [Lee 2006; Vargas 2005], a simple transversality condition between the two
wave packets is not enough to obtain a bilinear estimate beyond the range of the linear L2 — L4 estimate.
So, we need to consider the Fourier supports of the wave packets to put a restriction on the permissible
wave packets. This makes the geometry of the associated wave packets more favorable.

For given v; € §7 and vé € S, we define H‘l’""é by
H‘l""’é = {vi €S1:v]+vy—v1 €82, ®(vy) + POV +v5—v1) =D(v)) + CD(vg)}. (3-1)

Since {Vg;(v2)—Vo; (vl)}i?zl are linearly independent, by the implicit function theorem we may assume
that H‘f“”é is a smooth (d —k)-dimensional surface.> We now set

R = | Ry,

7
viellj1-V2

which is an O(R%""g) neighborhood of the conical set with k null directions. The transversality between
Iy 12 and the opposite plates m,, is important. Such a transversality is made precise in the following
(see Figure 1).

3 We may need to assume that S and S, are small enough.
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F{’l,vé (R)

Figure 1. Transversality when k =1 and d = 2.
Lemma 3.2. Let0 <5 K1, u e Rtk and set

TViv2(R, R%) = {(x,1) e TP"2(R) : R'™% <|(x,1)| < CR).

Suppose that the conditions (1-2) and (1-3) hold. Then, if S1 and S» are sufficiently small, there exist a

RA+% such that for some u' € RAtk,

constant C, independent of vy, vé, R, and a vector u €
FYva(R, R®) N (RPmy, +u) € B/, CR2TEP),

Note that the set l:i’ 1"’Q(R, R%) can be represented as an O(R%’LS ) neighborhood of a surface. Let
us define the map CD‘I’I"’§ : H‘l’l"’i x Rk — R+ py

k
QY2 (v, 1) = (— ZUVW(V),I).
j=1
Then it is easy to see that
TP2(R RY) C {02 (00) tv e P, eRYY <t < CRY + O(R> 7).
Proof. After scaling it is sufficient to show that the intersection of the two sets
M= {@2 .0 v e, R <l <€)+ O(R™>)
and

k
C(R™EH) = { (_ > 1V (v2), t) = C} +ii+O(R2H)
=1

is contained in a ball of radius CR~2+C8, For j > —C, let us set
M{ (R72H0) = {oy¥2 v,y rv e M2, 27770 < 1] <277} + O(RT2H),

Using homogeneity and a dyadic decomposition in ¢ for I'y, the matter can be reduced to the case
271 <|¢| < 1. That is to say,

TR 28) N ey (R™218) € Bu, CoR™21%) (3-2)

for some u and Co > 0. In fact, applying the scaling change of variables (x,7) — 27/ (x, 1), followed
by (3-2) and the reverse change of variables, we see that I‘{ (R_%""s) N QZ(R_%"'S) is contained in a
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ball of radius CoR_%""S. Since I'y C Up—1p—6<2/ <C I‘lj, we know I'1 N Qﬁz(R_%"'g) is contained in the
union of as many as ~ log R such balls of radius 60 R~z This union of balls is obviously contained
in a ball of radius CR~27C% since the set rne (R_%"'S) is connected.

Since we may assume that S; and S, are sufficiently small, in order to show (3-2) it is enough
to show that the tangent spaces of the surfaces @‘{“”é : H‘l’l"’é x {271 < |1] <1} —> RATk and
{(Z;;l tiVeji(v2), t) e <C } are uniformly transversal to each other. In fact, since all the underlying
sets are compact, by continuity it is enough to check this at each point.

Let ug = @‘fl’vé(vo,tg) for vy € H‘l’l"’ﬁ and 271 < |to| < 1. Let vq,...,v47_g be orthonormal
vectors spanning the tangent space TUOH‘I’I"’ﬁ. Then the tangent space of the parametrized surface
<I>‘1’1"’§ : 1‘[‘1’1’“5 x {271 < |t] < 1} = R4+k at uq is spanned by the vectors

(Ve1(vo),—1,0,...,0), (Vga(vg),0,-1,0,...,0), ..., (Ver(vo),0,...,0,—1) (3-3)

and

k
(vi(Zzo,jH%(vo)),o,...,o), i=1,....,d —k. (3-4)

j=1
On the other hand, the k-dimensional plane {(— Zf:l tiVe;(v2), t) e =<C } is spanned by
(Ve1(v2),—-1,0,...,0), (Vga(v2),0,-1,0,...,0), ..., (Ver(12),0,...,0,—1). (3-5)

Hence it suffices to show that these d+k vectors are linearly independent, or equivalently that the
determinant of the matrix with these vectors as row vectors is nonzero. After Gaussian elimination it is
enough to show

k Ho:
det V(X j=1t0,;Hej(vo)) £ 0, (3-6)
D (vo, v2)
where V is the (d — k) x d matrix having vy, ..., vg_j as its row vectors. Now by (3-1) we note that the
vectors vy, ..., Vg—j are orthogonal to the span of the vectors

Voij(vo+v5,—v1)—Voei(ve), j=1,... k.

Assuming S is small enough, we may replace D (vg,v2) by D (vo, vo+v5—v1). For simplicity we set ¥, =
Vo +v£ —V1. (We may assume there is a ¢ > 0 such that ‘det[N(vz, vl)(Zf;l ti Hop; (v))Nt(vz, vl)] ‘ >c
for vy € S7 and v, € S5; see Remark 1.4.) Since (Zle to,j Hpj(vo)) is invertible, we need only show

D (vo. 172)(2;?:1 to,j Hoj(vo)

Since VD' (vg, 2) = 0, we note that the matrix A (V? D*(vo. 7)) equals

| 4
detA #£0, where A = ( )_1) .

1 0
(D(Uo, 92)(21?:1 to,j Hoj (Vo))_1 vVt D(vo, 172)(2?:1 to,j Hoj (vo))_lDl(vo, 172)) '

This matrix is clearly invertible thanks to (1-3). Hence, so is the matrix A. O
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Below we show that the following version of Lemma 3.2 holds, where we assume (1-5) instead of
(1-3), dropping the condition (1-2).

Lemma 3.3. Suppose that, for any vi € S1, va € Sz, Voi(v2) — Vi (vy), i = 1,...,k are linearly
independent and (1-5) holds for vy € S1, v2 € S, |t| =1 and for v = vy, v,. If S1 and S, are sufficiently
small, there is a constant C, independent of v1, vé, R, and u such that, for some u’ € Rd'H,

Freva (R, R®) N (R3 7y, +u) C B/, CR2ZHCY),

Proof. 1t is sufficient to show that (3-6) holds. As before, under the assumption that S, is small enough,
we can replace D (vg, v2) with D (vg, V2), where by = vg + vé —v1. We need only show that

det (V(Zj;l fo.j Hej (VO))) £ 0.
D (v, V2)

Since vectors vy, ..., vy_k are orthogonal to the row vectors of D (vg, ¥2), by multiplying the nonsingular
matrix (V! D'(vg, V2)) by the matrix inside the determinant from the right, we see that the above is
equivalent to

det (V(Zfﬂ to, Hojv))V' V(S 1o H %(Uo))lft(”()»f’z)) £0.
0 D (vo, ¥2) D* (v, ¥2)

Since the matrix D (vg, 2) D’ (v, 72) is nonsingular, it is clear that the above is equivalent to

k
det[V (Z to,j Hoj (vo)) V’:| #£0,
j=1
which is the condition (1-5). O

4. Proof of Theorem 1.1

In this section we will prove Theorem 1.1. Our proof is similar to that in [Lee 2006]; also see [Tao 2003].
To prove Theorem 1.1, we need only show that, for p > (d + 3k)/(d + k),

IELf Exgllp = Clfl21gl2

since we can obtain the desired conclusion by interpolating this estimate with the trivial estimate
lE1f E28lloco <||.f|l1 llgll1- By an e-removal argument [Tao and Vargas 2000; Bourgain and Guth 2011],
it is sufficient to show that (1-6) holds for any & > 0. In fact, by the assumption that Zj;l tiHo;(v) is
nonsingular for v € supp f U supp g as long as |¢| = 1, it follows that

_d
|Ex(a)(x, ) S (x| +e)72, w=1.2,

where a1, a are smooth bump functions which vanish on the supports of f and g, respectively. This can
be shown by the stationary phase method. Hence, the arguments in the papers mentioned above work
here without modification.
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Proposition 4.1. Let 0 < § < 1. If (1-6) holds, then for any € > 0

IELf Exgllpw@+3/@ti(g gy < Ce RM¥@A=DCOTE| g1, g5, (4-1)
with C independent of 8.

By iterating finitely many times the implication in Proposition 4.1, we can easily obtain the estimate
(1-6) for any « > 0.

Wave packet decomposition. In this section we decompose the function Ef into wave packets. Let
R > 1. We define
1 1
L£L=L(R):=R27%, V=V(R):=R27%

Let v be a nonnegative Schwartz function such that U is supported on B(0,1) and ) jcya ¥ (- —k) = 1.
Also, let ¢ be a smooth function supported on B(0, 1) and ) ;. cya {(- —k) = 1.
Forle L,veV wesetyy(x):=v((x —E)/R%), (¢ =: §(R%(E— V)), and for a given function f,
we define fy , by
Jew =FWF G 1)),

where F, F~! denote the Fourier transform and the inverse Fourier transform, respectively. Then, it
follows that f ="\, > s, fr.v- Hence we may write

Ef =YY Ef.. (4-2)
veEV el
Lemma 4.2. If |t| < R, then

k —-N
Y ne0)|) MO GO @

Jj=1
forall N > 0. Here, M f is the Hardy—Littlewood maximal function of f.

|Efpy(x,1)| <Cn (1 +R2

Proof. Since fy , is supported in B(v, 3R_%), multiplying by a harmless smooth bump function ¥
supported in B(0, 5) and satisfying ¥ = 1 on B(0, 3), we may write

Efeneat) = [ KG=z.000F " ) dz,
where K(x,1) = fezni(x'Sth'@(g))X(R%(S — 1)) d£. Changing variables & — R™2£ + v,
K(x,t)= R—5 p2mix / e2m'(R—1/2x-s+t-<1>(R—1/2s+v))X@) dE.

Since |¢| £ R, we know VE(R_%x E41- @(R_%E +v)) = R_%(x + Z;-(:l th<pj(v)) 4+ O(1). This
follows by Taylor’s expansion. Hence, by repeated integration by parts we get
k
X+ Y 1V

)—N
j=1

Once this is established, (4-3) follows by a standard argument. See [Lee 2006] for the details. O

IK(x,1)| <CyR™% (1 +R?
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From the above lemma we see that E fy ,, is essentially supported on
mgy =1y +(£,0). (4-4)
If # = my ,,, we define v(r) = v, which may be considered as the (generalized) direction of 7.

The following is the main lemma of this section.

Lemma 4.3. Let R > 1. Then, Ef can be rewritten as
Ef(x.t)= Y cgoPypy(x.1) (4-5)
(L,v)eLxy
and ¢y, Py, satisfy the following:
(1) F(Pg,y(-,1)) is supported in the disc D (v, CR_%).

@ii) If |t| < R, then for any N >0
k

x—0+ (Z t;Vo; (v)) D_N.

|Ppy(x,0)] < CyR™% (1 +R2
j=1

1
(i) (X e.yecxy leew?)? S 1S 2.
Pﬁ,u(‘,[)uz SH#W forany W C LxV.

Proof. We define ¢y ,, and Py , by

d _ _
cop=RIMF L)), Pyy(x.1)=cp L Efyy(x.1),

where M denotes the Hardy—Littlewood maximal function. Then we have (4-5) from (4-2). Since
Efe(-,y) = .F_l(ez”iyéfg,v), we know Efy ,(-,y) has Fourier support contained in supp fz .,
which is in turn contained in D(v, C R_%). Thus (i) follows and so does (ii) from Lemma 4.2.

In order to show (iii), note that

d _
> derP=R> Y MFEG)®> (4-6)
(,v)eLxy (L,v)eLxy
Since ¢, f is supported on B(v, CR%), we have M(F~1(&, 1)) (x) ~ M(F71(& (X)) if |x —x'| < R2.
Hence, from the Hardy-Littlewood maximal theorem and Plancherel’s theorem we have that, for each v,

RE Y IMF GO S / IM(F~ G MNP dx S 116 f13.

L,v)eLxy

Combining this and (4-6) we obtain Y-¢ yyezxr 106,02 S Xyey 160 113 5 11/ 13. and (i),
Finally, we consider (iv). Since ) ,. (¢ vyew Pe v (1) is Fourier-supported in D(v, CR™ 2) which
has bounded overlap as v varies over V, by Plancherel’s theorem,

2
> P(-n| )

€, vyew 2 vey

2

> Py
2

L:(Lv)ew
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From (ii) it is easy to see that H Z(:(é,u)ew Py y(-.1) Hz <#{{:(£,v) € W}. Hence, combining this with
the above gives (iv). O

Dyadic pigeonholing and reduction. In the remainder of this section we will prove Proposition 4.1. For
simplicity we set

_d+3k

Cd+k’

Po
By translation invariance we may assume that Q g is centered at the origin. Let
Wi C{l.v)eLxV:veSi+O0R ), i=1,2.

By Lemma 4.3 and the standard reduction with pigeonholing, which may only cause a loss of (log R)€,
see [Lee 2006; Tao 2003], the matter is reduced to showing

Y Pu Y P,

w1 EW] w2 EW>

< (RO=9 1 RC) iy #11,) 2
LP0(Qg)

whenever Py, , P, satisfy (i), (ii), (iv) in Lemma 4.3. Here A $ B means A < C¢R€ B for any € > 0.

By a further pigeonholing argument we specify the associated quantities in dyadic scales. Let Q be a
collection of almost disjoint cubes of the same side length ~ R 2 which cover QORr. Foreach g € Q
we define

Wi(q) = {w; €W : e, N R%q # ).

RloOd, we define

For dyadic numbers p1, p with 1 < p1, ps <
Qp1.p2) ={q € Q: p; <#Wj(q) <2p;, j =1,2}. (4-7)
For w € W1 UW,, we set
M@ p1. p2) = #{g € Qo1. p2) 1 0 N R # 21},
For a dyadic number 1 <A < RIOOd, we define
WijlA;p1, p2]l = {wj € Wy i A < Mwj; p1.p2) <21}, j=1,2. (4-8)
By a standard pigeonhole argument, it is sufficient to show

(> ] 2 p ¥ on

q€Q(p1,02) "w1EW[A1;01,02]  @2€EWL[A2;p01,02]

1

po 70 (1-8)a | pC§ 1
é (R +R™°)#WL #WL)2. (4-9)

L70(q)

For the rest of the proof we assume that g € Q(p1, p2), w1 € Wh[A1; p1, p2] and wa € Wh[A1; p1, p2] if
it is not mentioned otherwise. So, the above sums are denoted simply by > 7 D w ,»and D w ,» respectively.
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Induction argument. For brevity let us put

A= U q.

q€Q(p1,02)

Let {B} be a collection of almost disjoint cubes of the same side length R4, which cover Q g. Then

> Pu Y P,
w1 w2

We define a relation ~ between w; (or w») and the cubes in {B}. For each w € Wi[A1; p1, p2] U
Wh[A2; p1, p2], we define B*(w) € {B} to be the cube which maximizes the quantity

the left-hand side of (4-9) < Z
B

(4-10)

LPO(ANB)

#lg € Q(p1,p2) 1w NROq # @, N B # 2}, @-11)
Then the relation ~ is defined as
w~B if BN10B*(w) # @.

Here 10B*(w) is the cube which has the same center as B*(w) and side length 10 times as large as that
of B*(w). Using this relation we divide the sum into three parts to get

ST Puy Y P, <S> P Y P,
[OF] w2 wi: w3

B LP0(ANB) B
w;~B wr~B
+2

+Z prl Zsz ZPQ,IZP(D2
B [ Wy LP0(ANB) p o P

wi~B wr+~B w;+~B

LPO(ANB)

LP0(ANB)

We will first show that

2

B

< RU=Oe @) n,)2 (4-12)
LP0(ANB)

> Py Y P,
wi. w2

w1~B w2~B

By applying the hypothesis (1-6), (iv) in Lemma 4.3, and the Cauchy—Schwarz inequality,

2 1
SN Poy D Py <CRUDT] (Z#{wj L)~ B})z.
w1 w7 B

B LP0(ANB) j=1
wi~B w>r~B

From the definition of the relation ~ it is clear that #{B : ; ~ B} < C. Hence, for j = 1,2

Z#{wj oy ~B}=Z#{B cwj~ B} S W;.
B

@j

By inserting this into the previous inequality, we get (4-12).
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Now, to prove (4-9) it is enough to show

w1 E wz

< RS (3, #1y) 2

P LP0(ANB)
w1 ~B wr*~B
and
‘ 3 P, S RS W, #y)2. 4-13)
. LP0(ANB)

wle

The proofs of these two estimates are similar. So, we will only prove (4-13). By Plancherel’s theorem,
IEf(-.0)ll2 < || £ 2 for all # € RK. Integration in ¢ gives | Ef||12¢0 z) S R¥/2l f ||2- By the Schwarz
inequality it follows that

IE1 fE28l1(0,) < REIS 112 lIgll2-

Combining this with (iv) in Lemma 4.3 yields

Z Pa)1 ZPCUZ
wi: w>

wle

< RE@W #Wy) 2. (4-14)
L1(ANB)

Hence, the (4-13) follows from interpolation between (4-14) and
P
w2

Now it remains to show the L2-estimate (4-15).

< ROSR=F" (i #ny) 2. (4-15)

L2(ANB)
w1~*B

L2 estimate. To prove (4-15) it suffices to show

2 o 2 o

q€2(p1,02)
qC2B w1

< ROSR™ T wwpw 4
1#W,. (4-16)

L2

For j = 1,2, let us set
Wi(q) = {w; e WilAjip1.p2] i 0; NROq £ 2}, WiB(q) = {w; e Wi(q): wj ~ B}.

Then by (ii) in Lemma 4.3 we may discard some harmless terms, whose contributions are O(R_C‘s).
Hence, it suffices to show

DI D REND DY

q€2(p1,02) " w1 W] B (q) w2(q)
qC2B

< < RO R T 8, #Ws. (4-17)

By using Plancherel’s theorem we write

sk

w1eW;B(g) W2 €EW2(q)

2

= Z Z Z Z *Pa)zvﬁa){ *ﬁaé)

w1EW; B (q) ©3W2(0) wiew B(q) w2eW2(q)

2
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Letus write w; = (£;,v;), a)} =, v}), j =1,2. Forany vy € Sy, v € S», we define Wi B (q; vy, v}) by
Wi B(givivy) = (o] = (€1.v]) e Wi B (g) v € T2 + O(R72)}.

Then ﬁwl * ﬁwz is iupporied on the (A)(R_%)—neighborhood of the point (v 4+ vz, ®(v1) + ®(v2)). So

the inner product (P, * Py, Py * Pwé) vanishes unless
V1A va = V] 40+ O(R™2),  ®(vy) + B(vy) = BOV,) + B(vh) + O(R™2).

Thus, for given vy and vg, we see that v’l is contained in an O(R_%)-neighborhood of TI7! "’5, which is
defined by (3-1). Once vy, v} and v} are given, then there are only O(1) many v5, since v, should be in
an O(R_%)-neighborhood of the point vy + v} — v5. Therefore,

2 -
H Yo Pu ) szzsR“’zk > Y B Bgivi g,

wr1ew;B(g)  @2en2(q) w1eW; B (q) wreW2(q)

where we also used
d—k

(Poy Pus- Puy Pug)l S R™Z.

This follows from (ii) in Lemma 4.3 and the transversality between 7y, (nwi ) and 7y, (Jl’wé), respectively.
Hence, (4-17) follows if we show

max BB (v vh) Z #WT B ()#Wa(q) < RES#W, #W,. (4-18)
qC2B,v1,v5 q€Q(p1,02)
qC2B

We will prove (4-18), assuming for the moment that

#W
max #WTB(q; v1,v5) < RCST2

—— (4-19)
qC2B,vi v, A1p2

To this end it is enough to show

Z #VE B (@#Wa(q) < X pat#Wr.

q€2(p1,02)
qC2B

Recalling #V,(g) < p2, we see that the left-hand side is bounded by

Cp2 Z #W1(q).
q€Q(p1,02)

Changing the order of summation, we see this in turn is bounded by Cp2 ), #1q € Q(p1, p2) : 7w, NR%g}.
Since

#{q € Q(p1, p2) : T, N ROG} S Ay,

the desired inequality (4-18) follows.
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Proof of (4-19). Fix g C2B, vy € S1 and vé € S5. Let us consider the set

S :={(G, 01, 02) € Qp1, p2) x Wi B (q;v1, 1) x Wy
7wy NRYG # B, 1w, NROG # 2, dist(q, q) > R},

To prove (4-19) it suffices to show
RS 0o B (g1, v5) S #S 5 RO, (4-20)
For the lower bound it is enough to show that, for each w; € Wf’ B (g;v1, vé),
#(q, 2) € Qp1, p2) X Wa 1 1o, N R3G # B, 1, N ROG # @, dist(,q) = R'°} > R 11,

By (4-8), w1 contains as many as O (A1) cubes ¢ in Q(p1, p2). (Recall that we are assume assuming
q € Q(p1,p2), w1 € Wi[A1;p1,p2] and wr € Wa[A1;p1,p2].) Let B*(w1) € Q be the cube which
maximizes the quantity given by (4-11) with @ = w;. Since w; ~ B, it follows from the definition of the
relation ~ that dist(B*(w1), B) = R'~. Since T, + O(R%M) can be covered by R€® cubes B, by a
simple pigeonholing argument we get

#1g € OQ(p1,p2) 1 Tty NR3G # @, dist(G, q) > R173} = R7C),.
Next, for the upper bound it suffices to show that, for any w, € W5,

#{(G, w1) € Q(p1, p2) x Wi B (q;v1,1))
oy VR3G # 0, 10, NROG # 2, disG.q) 2 R} < RCS. 421

Let zg be the center of g. Then, by the definition of W{* B (q0; v1, vé), it follows that
U 7w CTYPPS(CREFD) 4z,
w1eW; B (g;v,v5)
If wy € Wy, then it follows from Lemma 3.2 that the intersection

Ty N ( U erl)

w1eWy B(g;vy,v5)

is contained in a cube of side length O(R%""g ). Thus, there are at most O(R€?®) choices of balls qe
Q(p1, p2) such that (§, w;) is contained in the set in (4-21). On the other hand, since dist(7, ¢) = R'~€9,
we have

#lwy e Wi B (giv1,v5) 1 1, NRYG # @, 1w, N ROq # @) < RES. (4-22)

To see this, by scaling it is enough to check that the map S13v+— Zle t; Vi (v) is one-to-one whenever
|t| = 1. But this follows from the condition (1-2) if we take S to be small enough. Thus we obtain the
claim (4-21). Hence, we also have (4-9), which finishes the proof of Proposition 4.1. This completes the
proof of Theorem 1.1. U
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Proof of Theorem 1.2. Thanks to Lemma 3.3, the line of argument in the proof of Theorem 1.1 works
without modification except that we need to show (4-22). However, to prove (4-22) we don’t need to show
S1 > 1/) > Zf.;l Itcj Vi (v) is one-to-one. Instead, as is clear after rescaling, it is enough to show that
-2 s v - /Zi:l tiVg;(v) is one-to-one. Let #1,...,f;_j be a set of vectors spanning the tangent
space of IT"1-Y2 at vg. Then the above follows if we show that the matrix

k
..., t(’l_k)(zthwi (VO))

i=1
has rank d — k for |¢| = 1. In fact, ¢y, ...,t;_; are almost normal to the span of {V¢; (v2) — Vg;(v1) :
i =1,...,k}. These vectors are close to ny,...,ng_j. Hence, assuming that S; and S, are small
enough, the above follows if we show N (v, vl)Zthj H ¢; (vg) has rank d — k. This clearly follows
from (1-5). O

5. Restriction estimates for complex surfaces
In this section we provide the proofs of Corollary 1.5 and Theorem 1.6. In what follows we set k = 2,
d =2n.
Proof of Corollary 1.5. Let ¢1, 2 be given by %ZZDZ = @1 + i@y so that
o1(x,y) = (x'Dx—y'Dy), @2(x,y)=x"'Dy, (x,y)eR"xR".

In order to prove Corollary 1.5 we need only to show that the condition (1-13) implies the assumptions in
Theorem 1.1.

Letus set z; = x; +iy; € C" for j = 1,2, §x = x2 —x1, and §;, = y2 — y1. Then a computation
shows that the associated matrix M (¢, z1, z2, z) is given by

0 0 8D —S;D

0 0 83’,D §tD

D8x D(Sy nbD ta D

—D8y D(Sx t,D —t1D

XZ:I'H o nbD D

4 Jer = t»D —11D )’
j=1

Then, it is easy to see that the inverse of 212:1 tiHoj is

-1 -1
2 2\—1 tlD lzD
(ty +13) (tzD_l —tlD_l) -

M(t,z1,22,2) =

Note that

So, the assumption (1-2) holds. Hence, it suffices to show that (1-13) implies (1-3). By the block matrix
formula we only need to check

8D =8,D\ (uD~' 1,D7V\ ( D& DS,
det[(&;D S;D) (tzD_l —;D71 ) \-D§, DSy 7 0.
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By a direct computation it is not difficult to see that the left-hand side equals*
—(t7 +13)((8,. D8x — 8, D8y)* + 4(8%D5y)* ).
Since (z2 —z1)! D(z2 — z1) = 8 D8x — 8, D8y 4 2i 6%, D8y, it is now clear that (1-13) implies (1-3). O

Proof of Theorem 1.6. From the bilinear estimate we can get the linear estimate by adapting the arguments
in [Tao et al. 1998; Vargas 2005; Lee 2006]. Since D is nonsingular and symmetric, by making use of

10
D_(o il)’

and so we have either ®(z1, z2) = Z%—I—Z% =(z1+iz3)(z1—izp) or ®(z1,22) = Z%—Z% =(z1+22)(z1—22).
By a linear change of variables the problem can be further reduced to showing Theorem 1.6 when

linear transforms we may assume that

®(z1,22) = 2122,
The following is an immediate consequence of Theorem 1.1 and the translation invariance of the
bilinear estimate.

Lemma 5.1. Let ®(z1,22) = 2122 and Q1, Q2 C C? be closed cubes. Assume that
2% > |z1 —wi| > 27U and 2* > |zo —wa| > 21

whenever (z1,22) € Q1 and (w1, w2) € Q2. If supp(f) C Q1 and supp(g) C Q2, then for q > 170 and
1,5
ptag <l

IEf Egllg < Cpq I/l lglp-

In the next lemma the hypothesis of “nonvanishing rotational curvature” is weakened to the usual
11

.. . . ., . . p ' q
condition. This lemma is an analog of Proposition 4.1 in [Lee 2006].

separation condition. But then, for the conclusion to hold, the pair ( ) needs to satisfy a more restrictive

Lemma 5.2. Let Q1, Q2 be closed cubes in C? such that dist(Q1, Q2) > 1. If supp(f) C Q1 and
supp(g) C Q2, then there is a constant Cp, 4 such that

|Ef Eglly < Cog I fllp gl if 2+2<1.q>12,

or
10

IExr Excllg S1flpallglps if 5+2=1.q>%.

By translation it is clear that in Lemmas 5.1 and 5.2 the same estimate holds with Q1, Q» replaced

by Q1 + a, Q» + a, respectively, for any a € C2 It is possible to prove the strong-type estimate

IExF Excllg/2 < fllp lgllp for % + % =1,9g> % by making use of the asymmetric estimates which

are obtained in the course of proof of Proposition 1.3 and the bilinear interpolation; see, e.g., [Bergh and

Lofstrom 1976, Section 3.13, 5(b)]. However, we have decided not to include the details here, because it
does not seem to have any consequences for linear estimates.

. . — 8. D8x—8L DS, 28LD
“#In fact, the product of the three matrices is equal to (t1 2 )( R S 5% Déy )

t 28L D8y 84,D8y—8LDéx
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Proof of Lemma 5.2. By interpolation it suffices to consider the case 5~ < ¢ <4 and p < ¢q. By
decomposition of the domains, followed by translation and scaling, we may assume that Q1 = H; x K
and O, = Hy x K, where dist(Hy, Hy) > 271 and K is the unit cube in C, centered at the origin.

By a Whitney decomposition, we get

_ Jo i
(kxk)\D=J |J 1{x1],
J>1 (kk):
1l~1},

where D = {(z2, w2) : z2 = wa}, and {; J }x are the dyadic cubes in C of side length 27 J, and as usual
the notation / ,j ~ 1, / means that the parent cubes of I} / and I, / are adjacent, while I and I k// are not.
Let us set

[l (z1.22) = 1, (22) f(z1.22), gl (wi,wa) = x,7 (w2)g(wr, w2).
k k
Then, since the cubes [ Ig x I ]g, are almost disjoint, we may write

EfEg=>" > E(f)E(g}).

J (kK
~r,
Since g > 10 , we get
2
. 4\ q
15 Egle <X 30 ECH) EGel) <Z( )3 IE(fk)E(gk,)llg)
j _] IJNI]

R FES
where the last inequality follows from Lemma 6.1 in [Tao et al. 1998]. Here, we used the fact that for
each fixed j the supports of the Fourier transforms of E( fk )E (gk,) have uniformly bounded overlap as
(k, k") varies, provided that /; S/ - This is a consequence of the Whitney decomposition. We now
claim that if I ST ]g,, then

. . 12 . .
IIE(f,j) E(gi)lly 52V G017 1, gl (5-1)

when 1 + 3g < 1, g > . This is an easy consequence of a translated version of Lemma 5.1. Assuming
this for the moment we w111 finish the proof. Since g > p, for 1 > T 3q <1,4>q> 3 , we have

2
(1,2 . g . 4\q
17 Eely < 22760 ( 11 1sh )
J

Y
1l~1},

1 1
(1,2 i P 1 14 (L2 _
sL G (D) (Shebiz)” 5 G0, lel
J 17 JJ J

Now take f )( F and g = x¢ for measurable sets F, G contained in V1, V,, respectively. Fix p, g
with4 > g > =, = + £ =1, and choose p; and p; such that - —|— % <1, j=1,2,and

E+E—1=n, E-i‘g—l:—ﬂ
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for some small n > 0. Then by applying the last estimate for p = p; and p = p,, we obtain

. s , , : i
IExF Excllg < Zmin{24f’7|F|”+1—a|G|n+1—a’ 24| TG G g
J
<|FI'7716'77 = |F|'? |G,

This shows the estimate || Exr Excllg/2 < | fllp,1llgllp,1 for % + % =1,4>¢qg> %.
Now it remains to show (5-1). Clearly, [ Ig and [ ]{, are contained in a ball of radius 227/ and

dist(llf, I,f/) > 271-J Hence, by a change of variables,
E(f)w) =27 E(f/ (-, 277 ) (w1, 2 wa, 27 ws),
E(g,i,)(w) =272 E(gi/("2_j N (Wi, 27 wa, 27 w3).

Then we see that supp fkj(-,Z_j -)C Hy x I and g,{,(- 27 ) C Hyx I, ifdist(fl, fz) > 2_1.and I, I,
are contained in a ball of radius < 23. The assumption of Lemma 5.1 is satisfied with f = fk] (-,277 )
and g = gljc,(-,2_j -). Hence we may apply it to E(fkj(- 27 -))E(fkj(-,z_j -)) and get (5-1). O

Once Lemma 5.2 is established, the usual argument in [Tao et al. 1998], used to deduce linear estimates
from bilinear ones, works without modification. We omit the details. O
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COMPLETE EMBEDDED COMPLEX CURVES IN THE BALL OF C?
CAN HAVE ANY TOPOLOGY

ANTONIO ALARCON AND JOSIP GLOBEVNIK

In this paper we prove that the unit ball B of C? admits complete properly embedded complex curves of any
given topological type. Moreover, we provide examples containing any given closed discrete subset of B.

1. Introduction

Yang [1977a; 1977b] raised the question of whether there exist complete bounded complex submanifolds
of a complex Euclidean space C¥ (N > 1). Recall that an immersed k-dimensional complex submanifold
¥ M* — CN (1 <k < N) is said to be complete if the Riemannian metric induced on M by the Euclidean
metric in C" via v is complete in the classical sense, or equivalently, if the image by v of any divergent
path on M has infinite Euclidean length.

The case of main interest to us in this paper is when k = 1 and N = 2, i.e., complex curves in the
complex Euclidean plane C2 There are many known examples of complete bounded immersed complex
curves in C2, which have been obtained by different methods; see the works of Jones [1979] for discs,
Martin, Umehara, and Yamada [Martin et al. 2009] for some finite topologies, Alarcén and Lopez [2013a]
for examples with arbitrary topology, and Alarcén and Forstneri¢ [2013] and Alarcén, Drinovec Drnovsek,
Forstneri¢, and Lopez [Alarcén et al. 2015] for examples normalized by any given bordered Riemann
surface. Furthermore, the curves in [Alarcén and Léopez 2013a; Alarcén and Forstneri¢ 2013; Alarcon
et al. 2015] can be chosen to be proper in any given convex domain of C2, in particular, in the open unit
Euclidean ball, which throughout this paper will be denoted by B.

On the other hand, using the techniques developed in the cited sources and taking into account that
the general position of complex curves in C" is embedded for all N > 3, it is not very hard to construct
complete bounded embedded complex curves in C" for any such N; see again [Alarcén and Forstnerié
2013; Alarcén et al. 2015]. For submanifolds of higher dimension, Alarcén and Forstneri¢ [2013] provided
examples of complete bounded embedded k-dimensional complex submanifolds of C3* for any k € N,
whereas Drinovec DrnovSek [2015] proved that every bounded, strictly pseudoconvex, smoothly bounded
domain of C* admits a complete proper holomorphic embedding into the unit ball of CV provided that
the codimension N — k is sufficiently large.

However, constructing complete bounded embedded complex curves in C? (and, more generally,
complete bounded embedded complex hypersurfaces of CV for N > 1) is a much more arduous task; the

MSC2010: 32H02, 32B15, 32C22.
Keywords: complex curves, holomorphic embeddings, complete bounded submanifolds.
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main reason why is that self-intersections of complex curves in C* are stable under small deformations.
It is therefore not surprising that the first known examples of such curves were only found almost four
decades after Yang posed his question; they were given in [Alarcén and Lépez 2016]. Their method,
which in fact furnishes complete properly embedded complex curves in any convex domain of C? is rather
involved and relies, among other things, on a subtle self-intersection removal procedure that does not
allow for the inference of any information on the topological type of the examples. A little later Globevnik
[2015; 2016b], using a different technique, extended the results in [Alarcoén and Lépez 2016] by proving
the existence of complete properly embedded complex hypersurfaces in any pseudoconvex domain D
of CN for any N > 1; this settles the embedded Yang problem in an optimal way in all dimensions. His
examples are given as level sets of highly oscillating holomorphic functions D — C, and hence, again, no
information on their topology is provided. In light of the above, the following questions naturally appear;
see [Alarcén and Lépez 2016, Question 1.5; Globevnik 2015, Questions 13.1 and 13.2]:

Problem 1.1. Is there any restriction on the topology of a complete bounded embedded complex hyper-
surface of CV? What if N = 2? For instance, do there exist complete proper holomorphic embeddings of
the unit disk D C C into the unit ball B C C*?

The first approach to this problem was recently made in [Alarcén et al. 2016] by Alarcén, Globevnik,
and Lépez, who, with a conceptually new method based on the use of holomorphic automorphisms
of CV, constructed complete closed complex hypersurfaces in the unit ball of C for any N > 1 with
certain restrictions on their topology. In particular, for N = 2, they showed that the unit ball of C? admits
complete properly embedded complex curves with arbitrary finite topology, see Corollary 1.2 of that paper,
thereby affirmatively answering the third question in Problem 1.1. Going further in this line, Globevnik
[2016a] proved the existence of complete proper holomorphic embeddings D < B whose image contains
any given closed discrete subset of B. This is reminiscent of an old result by Forstneri¢, Globevnik, and
Stensgnes [Forstneri¢ et al. 1996] asserting that, given a pseudoconvex Runge domain D ¢ CV (N > 1)
and a closed discrete subset A C D, there is a proper holomorphic embedding D < D whose image
contains A. It is nevertheless true that these embeddings are not ensured to be complete in any case.

The aim of this paper is to settle Problem 1.1 for N = 2 by proving the existence of complete properly
embedded complex curves in B with arbitrary topology (possibly infinite). This completely solves the
problem and, in particular, generalizes the existence result [Alarcén et al. 2016, Corollary 1.2], which
only deals with finite topological types. Moreover, we provide examples of such curves which contain
any given closed discrete subset of B, thereby extending the above-mentioned hitting result by Globevnik
[2016a, Theorem 1.1].

The main theorem of this paper can be stated as follows.

Theorem 1.2. Let A be a closed discrete subset of the unit ball B C C% On each open connected
orientable smooth surface M there exists a complex structure such that the open Riemann surface M

admits a complete proper holomorphic embedding M — B whose image contains A.

It is perhaps worth mentioning that, choosing any closed discrete subset A C B such that A \ A =
bB = {¢ € C?: |¢|=1}, Theorem 1.2 trivially implies the following:
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Corollary 1.3. The unit ball B C C? contains complete properly embedded complex curves with any
given topology and whose limit set equals bB.

Although it is not explicitly stated there, Corollary 1.3 in the simply connected case straightforwardly
follows from the results by Globevnik [2016a].

Our method of proof exploits some ideas from both [Alarcén et al. 2016] and [Globevnik 2016a]
(in particular, our construction technique is based on the use of holomorphic automorphisms of C?),
but also from [Alarcén and Lépez 2013b], where the authors constructed properly embedded complex
curves in C? with arbitrary topology. The latter contributes to the so-called embedding problem for
open Riemann surfaces in C2, a long-standing open question in Riemann surface theory asking whether
every open Riemann surface properly embeds in C? as a complex curve [Bell and Narasimhan 1990,
Conjecture 3.7, page 20]; for recent advances and a history of this classical problem we refer to [Forstneri¢
and Wold 2009; 2013]. It is shown in [Forstneri¢ and Wold 2009] that given a compact bordered Riemann
surface M = M UbM admitting a smooth embedding f : M < C? which is holomorphic in M, there is
a proper holomorphic embedding f : M <> C? which is as close as desired to f uniformly on a given
compact subset of M. (A compact bordered Riemann surface M is a compact Riemann surface with
boundary @ # bM C M consisting of finitely many pairwise disjoint smooth Jordan curves; its interior
M = M \ bM is called a bordered Riemann surface.) This fact and the arguments in its proof were key in
the construction method in [Alarcén and Lépez 2013b], which will be used in the proof of Theorem 1.2.

We strongly expect that the new construction techniques developed in this paper may be adapted to
prove the statement of Theorem 1.2 but replacing the ball B by any convex domain of C2 The following
questions, concerning pseudoconvex domains, remain open and seem to be much more challenging.

Problem 1.4. Let D C C? be a pseudoconvex Runge domain. Does there exist a complete proper
holomorphic embedding D < D? Given a closed discrete subset A C D, do there exist complete properly
embedded complex curves in D containing A?

As we have already mentioned, every bordered Riemann surface M admits a complete proper holomor-
phic immersion M — B [Alarcén and Forstneri¢ 2013], and if in addition there is a smooth embedding
M — C? that is holomorphic in M, then M properly holomorphically embeds into C? [Forstneri¢ and
Wold 2009]. It is however an open question, likely very difficult, whether every bordered Riemann
surface admits a holomorphic embedding in C? (even without requiring the embedding to have any global
condition such as completeness or properness); see, e.g., the introduction of [Forstneri¢ and Wold 2009]
or Section 8.9 in the monograph [Forstneri¢ 2011] for more information. Thus, one is also led to ask:

Problem 1.5. Let M = M UbM be a compact bordered Riemann surface and assume that there is a smooth
embedding M <> C? which is holomorphic in M. Does M admit complete holomorphic embeddings
M < C? with bounded image?

We hope to return to these interesting questions in a future work.

Organization of the paper. In Section 2 we set the notation that will be used throughout the paper and,
with the aim of making it self-contained, state some already known results which will be used in the
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proof of Theorem 1.2. In Section 3 we prove an approximation result by properly embedded complex
curves in the unit ball B € C? (see Theorem 3.1) from which Theorem 1.2 will be easily derived.

2. Preliminaries

We denote by |- | and B = {¢ € C?: |¢| < 1} the Euclidean norm and the unit Euclidean ball in C For a
subset C C C? we denote by C, C,andbC=C \ C the topological closure, interior, and frontier of C in C?,
respectively. Also, given a point £ € C? and a number r € R, = [0, +oo[ we write £ +rC ={£+r¢: ¢ € C).

Let A be a smoothly bounded compact domain in an open Riemann surface andletke Z, ={0, 1,2, ... }.
We denote by 7% (A) the space of functions A — C of class 4*(A) which are holomorphic on the interior
A=A \ bA. If N € N we will simply write «7*(A) instead of

N times

(AN = 7*(A) x x ¥ (A)

when there is no place for ambiguity. Given an immersion ¥ : A — CV (N > 1) of class ¥ 1(4), we
denote by disty, : A x A — R, the Riemannian distance in A induced by the Euclidean metric of cN
via y; that is,

disty (p, q) ;= inf{length(y/(y)) : ¥ C A path connecting p and ¢}, p,q €A,
where length( - ) denotes the Euclidean length in CV.

Tangent balls. Given a point ¢ € C?\ {0} and a number r > 0, we denote by .7 (¢, ) the closed ball with
center ¢ and radius r in the real affine hyperplane H, tangent to the sphere b(|¢|B) at the point ¢; that is,

T, r)={feH :|E—¢| <r}CC>

According to [Alarcén et al. 2016, Definition 1.3], the set 7 (¢, r) above is called the tangent ball of
center { and radius r. A collection § = {.7 (¢}, rj)}jes of tangent balls in B C C? will be called tidy, see
Definition 1.4 of the same paper, if it satisfies the following requirements:

e J(&,rj) C Bforall j € J and the tangent balls in § are pairwise disjoint.

« tB intersects finitely many tangent balls in the family § forall 0 <7 < 1.

e If 7(¢,r), 7', rYeFand |¢]| = ||, thenr =7,

e If (¢, r), 7(¢',r)eFand || < |{'|, then T (¢, r) C |C'|B.
Notice that a tidy collection § = {.7 (¢, rj)}jes of tangent balls in B consists of countably many elements;
and so we may assume that J C N={1, 2, 3, ...}. We denote by

131:=J 7.
jed

the union of all the tangent balls in a tidy collection. Note that if J is finite then |F| is compact, whereas
if J is infinite then |§| is a proper subset of B.

The following two results, involving tidy collections of tangent balls, are proved in [Alarcén et al.
2016], and will be invoked in our argumentation.
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Lemma 2.1 [Alarcén et al. 2016, Lemma 2.4]. Given numbers 0 < r <r' < 1 and £ > O there is
a finite tidy collection § of tangent balls in B such that |§| C r'B\ rB and the length of any path
y 110, 11— B\ (rB) U|F|) with |y (0)| =r and |y (1)| =1’ is at least L.

The next result is not explicitly stated in [Alarcén et al. 2016] but straightforwardly follows from an
inspection of the proof of Theorem 1.6 of that paper as a standard finite recursive application of their
Lemma 3.1.

Lemma 2.2. Let 0 < r < r’ < 1 be numbers and let § be a finite tidy collection of tangent balls in B with
IF| C r'B\ rB. Then, given a properly embedded complex curve Z C C* and a number € > 0, there is a
holomorphic automorphism ® : C> — C? satisfying the following properties:

1) (2)NI§ =2.
(i) |®()—¢| <€ forall ¢ €rB.
Hitting and approximation lemmas. In this subsection we state two results which will also be used in

our construction. The first one, due to Globevnik, will be key in order to achieve the hitting condition in
the statement of Theorem 1.2.

Lemma 2.3 [Globevnik 2016a, Lemma 7.2]. Given a finite subset A C B there exist numbers n > 0 and
w > 0 such that the following holds. Given a number 0 < 8 < n and a map ¢ : A — C? such that

lp(¢)—¢l <8 forallZ € A,
there exists a holomorphic automorphism W : C> — C? satisfying the following conditions:

(1) W(p(£))=¢ forall§ € A,
(i) |W () —¢| < pusd forall ¢ €B.

The second result, which will help us to increase the topology in the recursive construction, is a
particular case of [Alarcén and Lopez 2013b, Theorem 4.5]; it also easily follows from the results in
[Forstneri¢ and Wold 2009].

Lemma 2.4. Let M = M UbM be a compact bordered Riemann surface and let K C M be a connected,
smoothly bounded, Runge compact domain which is a strong deformation retract of M. Let ¢ : K — C?
be an embedding of class </ (K) and assume that there exists a number s > 0 such that

d(bK)NsB=o.

Then, given € > 0, there are an open domain 2 C M and a proper holomorphic embedding ¢ : Q2 < C?
such that:

(1) K C Q2 and Q2 is a deformation retract of M and homeomorphic to M.

(i) 1¢(p) —¢(p)| <€ forall p e K.
(iil) ¢(Q\ K)NsB = 2.
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Recall that a compact subset K of an open Riemann surface M is said to be Runge or holomorphically
convex if every continuous function K — C, holomorphic in K, may be approximated uniformly on K by
holomorphic functions M — C. The classical Mergelyan theorem ensures that K C M is Runge if and
only if M \ K has no relatively compact connected components in M; see [Bishop 1958; Runge 1885;
Mergelyan 1951].

3. Proof of the main theorem

In this section we prove the following more precise version of Theorem 1.2.

Theorem 3.1. Let M be an open connected Riemann surface, let K C M be a connected, smoothly
bounded, Runge compact domain, let 0 < s <r < 1 be numbers, and assume that there is an embedding
VK — C? of class o' (K) such that

¥ (bK) C rB\ sB. (3-1)
Let A C B be a closed discrete subset such that
ANrBc y(K)NsB. (3-2)
Then, given € > 0, there are a domain D C M and a complete proper holomorphic embedding  : D < B
satisfying the following properties:
(i) K C D and D is a deformation retract of M (and hence homeomorphic to M).
(i) [¥(6) =¥ ()] <€ forall¢ € K.
(iii) A C ¥(D).
(iv) v (D\K)NsB = o.
Proof. Pick a number s < s, < r such that
¥ (bK) C rB\ s,B. (3-3)

Such an s exists in view of (3-1) by compactness of 1/ (bK). Without loss of generality we assume that
A is infinite, and hence, since it is closed in B and discrete, A is in bijection with N and for any ordering
A ={pi}ien of A we have lim;_, «, | p;| = 1. Thus, there are sequences of numbers {r;};en, with ry =7,
{r;}jeN’ {sj}jen, and {sj’. }jen, satisfying the following properties:

(a) SJLI <rj< rj’. < <sj’. for all j e N.

(b) limj_,rj =1.

(© A CsBU(U,jen(sB\s;B)), taking into account (3-2).
Write Ag:=ANsB=ANsyBand A; =AN (s]/. B\ s; B), j € N, and observe that A; is finite for all
J € Z,. We also assume without loss of generality that A; # @ for all j € Z,. By (a) and (c) we have

A=J A, ANA= foralli,jeZy, i+#]. (3-4)
JEZ4
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Let {€;}jen \ O be a decreasing sequence of positive numbers such that

D e <e (3-5)
JjeN
The precise values of the numbers €;, j € N, will be specified later.
Write M := K and let
MyeM eMye---eM= ] M (3-6)
JEZy
be an exhaustion of M by connected, smoothly bounded, Runge compact domains such that the Euler
characteristic satisfies x (M; \M i—1) €{0, —1} for all j € N. Such an exhaustion exists by basic topological
arguments; see, e.g., [Alarcén and Lopez 2013b, Lemma 4.2] for a simple proof.
Write Dy := My = K and set ¥y := . Fix a point pg € K. We shall recursively construct a sequence
8; ={D;, ¥}, j €N, where D; is a connected, smoothly bounded, Runge compact domain in M and
¥; : Dj < C? is an embedding of class «7!(D;) such that the following hold for all j € N:

(1;) Dj—y @ D;j € M; and D; is a strong deformation retract of M;.
(2)) i (p) —¥j—1(p)| <¢; forall p e D;_;.

(3;) disty, (po, bDj) > j.

(4)) ¥j(bD)) Crj11B\s/B.

(5) YD\ Dj_)Ns|_B=2.

(6;) A; C (D) foralli €0, ..., j}.

Assume for a moment that we have already constructed a sequence {E;};cn enjoying the above
conditions. By (1;) and (3-6), we obtain that

D:= (] D,
JEZy
is a domain in M satisfying property (i) in the statement of the theorem. We claim that, if the number
€; > 0 is chosen small enough at each step in the recursive construction, the sequence {{;};cz, converges
uniformly on compacta in D to a limit map

¥ = lim y;: D — C?
]J— 00

satisfying the conclusion of the theorem. Indeed, by (2;) and (3-5) the limit map ¥ exists and satisfies (ii);
recall that K = Dy. Since each map ; is an embedding of class </ ! (Dj), choosing the number €; > 0
sufficiently small at each step in the recursive construction, we have ¥ : D — C? is an injective holomorphic
immersion. Moreover, (3;) ensures that 1[ is complete, whereas (5;), (a), and (b) guarantee (iv) and the
facts that ¥ (D) C B and that ¥ : D — B is a proper map; recall that s < s, and observe that lim;_, o s} =1.
Thus, ¥ : D < B is a proper embedding. Finally, (6;) and (3-4) imply that A C v (D), thereby proving (iii).

To conclude the proof, it therefore suffices to construct a sequence E; = {D;, ¥}, j € N, satisfying
properties (1;)—(6;) above. We proceed by induction. The basis is given by the compact domain D
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and the map vg; observe that (3p) holds since pg € lo)o and ¥ is an immersion, (4g) = (3-3) (recall that
ry =r), (6g) is implied by (c) and (3-2), and (29), (5¢), and the first part of (1¢) are vacuous conditions.
Finally, the second part of (1) is obvious since Dy = M.

For the inductive step, assume that we have E;_1 = {D;_y, ¥;;_1} enjoying the desired properties for
some j € N and let us construct E; = {D;, ¥;}. We distinguish two cases.

Case 1: Assume that x (M; \ M;_;) = 0. In this case M;_; is a strong deformation retract of M;.

Write A’ = U{ZOA ; and let n > 0 and @ > 0 be the numbers given by Lemma 2.3 applied to the finite
subset A’ C B.

By (3j—1) and (4;_1) there is another number n’ > 0 with the following property:

(Al) If ¢ : Dj— — C? is an immersion of class ﬂ’l(Dj_l) such that |¢(p) — ¥j—1(p)| < n’ for all
p € Dj_i, then disty (po, bDj—1) > j — 1 and ¢ (bD;_1) Cr; B\ s} | B.

On the other hand, Lemma 2.1 gives a finite tidy collection § of tangent balls in B satisfying the
following conditions:

(A2) |51 CriB\r; B.
(A3) The length of any path y : [0, 1] — r]f @\((rj B)U|S]) with [y (0)|=rjand [y (1)|= r]f is greater than 2.
Thus, there is a third number n” > 0 enjoying the following property:

(Ad) If @ : [0, 1] — r]f@\rj B is a path satisfying that there is another path y : [0, 1] — rj@\((rj B)U|ZD
such that [y (0)| =r;, |y (D] = r]/., and |y (x) —a(x)| < n” for all x € [0, 1], then the length of «
is greater than 1.

Next, pick a number ¢ such that s]’._1 <t <rjand

Yi—1(bDj_1) C r;B\ B; (3-7)
the existence of such number 7 is ensured by (a) and (4;_). Finally, choose a number
/ 1 . r— S{, Fig] — s
0<8<min{n, LA S N i R f}. (3-8)
nw+1 pu+1 w41 u 21

Also fix a number 7; > 0 which will be specified later.
Taking into account (3-7), Lemma 2.4 furnishes an open domain 2 € M ; and a proper holomorphic
embedding ¢; : Q < C? such that the following hold:

(B1) D;_; C Q2 and € is a deformation retract of M ; and is homeomorphic to M ;. In particular, the second
part of (1;_1) and the fact that M;_; is a strong deformation retract of M; ensure that Q\ D;_;
consists of a finite collection of pairwise disjoint open annuli.

(B2) [¢1(p) —¥j—1(p)| <1 forall p € Dj_;.
(B3) ¢1(Q\ Dj_)NtB=wo.
In view of (3-7) and (B2), and choosing 7| > 0 small enough, we also have:

(B4) ¢1(bDj_1) CrjB\1B.
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Now, given a number 7 > 0 which will be specified later and taking into account (A2), Lemma 2.2
provides a holomorphic automorphism ® : C> — C? such that

(CI) @(1())N[§] = 2.
(C2) |®(¢)—¢| <1 forall ¢ €r;B.
Write
¢r:=DPog : Q— C (3-9)
By (B1), (B3), (B4), (C2), and (a), and choosing 7, > 0 sufficiently small, we have:
(D1) ¢2(bD;j_1) C ;B\ ¢B.
(D2) p(Q\ Dj_)NtB=2.

and, taking into account (B1), (D1), and the maximum principle for the function |¢,|, there exists a
smoothly bounded compact domain Y C €2 such that:

(D3) Dj_; €Y and Dj_ is a strong deformation retract of Y.

(D4) ¢»(bY) C b(#'B) and meets transversely there for some number ¢’ with rjf <t <sj.

Next, choose a point go € bY and a smooth embedded compact path A C C?\ +'B having ¢»(qo) as
an endpoint, meeting b(r'B) transversely there, and being otherwise disjoint from #'B. Assume also that

Aj CACsB\1'B. (3-10)

Also take a smooth embedded compact path y € \ Y having ¢ as an endpoint, meeting b transversely
there, and being otherwise disjoint from Y. Extend ¢, with the same name, to a smooth embedding
Y Uy < C? such that

h2(y) = A. (3-11)

Observe that T Uy is a Runge compact subset of €2; take into account (B1) and (D3). Thus, given 73 > 0
to be specified later, Mergelyan’s theorem applied to ¢, : Y Uy < C? ensures the existence of a smoothly
bounded compact domain Y’ C € and an embedding ¢3 : Y/ — C? of class &' (Y’) such that:

(E1) YUy C Y’ and Y’ is a strong deformation retract of M ;. In particular, D;_; is a strong deformation
retract of Y'; see (D3).

(E2) |¢3(p) —¢a2(p)l <73 forall pe TUy.

Furthermore, if we take Y’ close enough to Y U y and if 73 > 0 is chosen sufficiently small, we obtain
in view of (E2) that:

(E3) ¢3(Y'\T) C s} B\ r/B. See (D4), (a), (3-10), and (3-11).
(E4) ¢3(bDj_1) Cr;B\tB. See (DI) and (D3).

(E5) ¢3(Y'\ D;_1)NtB = @. See (D2).

(E6) ¢3(Y')N|F| = 2. See (3-9), (C1), (E3), and (A2).
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Given 14 > 0 to be specified later, applying Lemma 2.4 once again, we obtain, in view of (E3), a
domain Q" € M; and a proper holomorphic embedding ¢4 : Q" — C? such that:

(F1) Y/ C Q' and €' is a deformation retract of M ; and homeomorphic to M ;. In particular, Q" \ Y’
consists of a finite collection of pairwise disjoint open annuli. See (B1).

(F2) ¢4(p) — ¢3(p)| <74 forall pe Y

(F3) ¢o(Q\T)Nr/B=2.

If 74 > 0 is chosen sufficiently small then, in view of (F2), we also have:
(F4) ¢pa(bD;_1) Cr;B\¢B. See (E4).

(F5) ¢4(Q2'\ [o)j_l) NtB = &. See (F3) and (E3), and recall that 7 < rj < rjf.
(F6) ¢4(2")N || = 2. See (EO6), (F3), and (A2).

Assume now that the numbers 7;, i =1, ..., 4, are chosen small enough such that Z?:l T; < 6, where
8 > 0 is the number in (3-8). Thus, by (B2), (C2), (3-9), (E2), and (F2), we have:

(F7) pa(p) — Y1 ()| < Yj_y 7 < 8 forall p € D;_y.
(F8) |da(p) —pa(p)| <3+ T4 < Yt 1 < 8 forall pe Y Uy.

By (6;-1), (¢), (3-10), and (3-11), we infer that A; C wj_l(lo)i), i=0,...,j—1,and A; C ¢a(y).
Thus, (F7) and (F8) guarantee the existence of an injective map ¢ : A’ — ¢4(Q') C C? such that:

(G1) |p(¢)—¢| <8 forall ¢ € A

(G2) o(A;) C ¢u(D;) foralli €{0, ..., j—1}.

(G3) ¢(A)) C pa(y) Cpa(T\ ).

Observe that, since 0 < § < n where 7 is given by Lemma 2.3 for the subset A’ C B, see (3-8), every map

p: AN — C? satisfying (G1) is injective. In view of (3-8) and (G1), Lemma 2.3 provides a holomorphic
automorphism W : C> — C? such that:

(H1) W(p(¢)) =¢ forall ¢ € A

(H2) |W(¢) —¢| < ué for all ¢ € B, where p is the number given by Lemma 2.3 for the set A’ which
appears in (3-8).

Consider the proper holomorphic embedding
¢ :=Wopy: Q — C
Properties (F4), (F7), (H2), and (3-8), together with the maximum principle, ensure that
B(p) = Wj—1(p)| < (u+ 1§ <min{n’, 0", ;) forall p e Dj_i. (3-12)
This inequality and (A1) guarantee that

disty(po, bD;j—1) > j — 1 (3-13)
and
¢(bD;_1) CriB\s;_B. (3-14)
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Furthermore, since ¢4 : Q' < C?is a proper holomorphic embedding, (F4), (F1), and the maximum
principle ensure the existence of a smoothly bounded compact domain D; C M ; satisfying condition (1;)
and such that

$4(bD)) C (rjy1 — ud)B\ (5] + ud)B C B; (3-15)

observe that ;11 — ué > sj/. + udé > r; by (3-8) and (a). Thus, (H2) gives that
¢(bD;) Crj1iB\s;B. (3-16)

Moreover, (3-15) and the maximum principle imply that ¢4(D;) C (rj11 — ud)B C B, and hence (H2)
gives that
|¢(p) — da(p)| < pné forall p e Dj. (3-17)
Set
Y ==¢lp, : D; > C~.

We claim that the pair E; = {D;, v/;} satisfies conditions (1;)—(6;). Indeed, (1;) has been already checked,
(2;) is implied by (3-12), and (4;) = (3-16). On the other hand, since ¢4(D;) C B, properties (F5) and
(H2) ensure that @ = ¥;(D; \ lo)j_l) Nt —pd)B D Y (Dj\ lo)j_l) ﬂs]’._lﬁ, where the latter inclusion
follows froom the fact that sj’._1 <t — ud; see (3-8). This proves (5;). Further, (G2) and (H1) guoarantee that
A; Cy(D;) foralli €10, ..., j— 1}, whereas (G3), (H1), and (3-16) ensure that A; C v¥;(D;); thereby
proving (6;). Finally, (3-14), (3-16), (3-17), (F6), and (A4) guarantee that disty, (bD;_1, bD;) > 1; take
into account that sj’. > rjf in view of (a). This and (3-13) prove (3;); recall that pg € Doj_l € D;.

This concludes the construction of &; in Case 1.

Case 2: Assume that x (M; \ M i—1) = —1. In this case there is a smooth embedded compact path
yCcM i\ Doj,l with its two endpoints lying in bD;_, meeting transversely there, and otherwise disjoint
from D;_y, such that D;_; Uy is a strong deformation retract of M.

By (4;_1) we may extend v;_1, with the same name, to a smooth embedding D; Uy — C? such that
Yi1(y)Cr;B \s}’._1 B. Thus, in view of properties (1 j—1)—(6;_1), Mergelyan’s theorem with interpolation
applied to ;1 : D;_1Uy — C? guarantees the existence of a connected, smoothly bounded, compact
domain DJ’._1 C Mj and an embedding 1//;_1 : DJ/._1 <> C2 of class .o/ (Dj/._l) with the following properties:
(1;._1) Di_; e D]’._1 € M; and DJ’._1 is a strong deformation retract of M;.

@j_) W] (P) = Wj—1(p)] < ¢j/2 forall p e Dj_y.
(3}71) distw;_l(po, bDJ’.fl) >j—1.

@_)) ¥/ (bD_) Cr [B\sj/._I@.

(5}_1) l//j{—l(Dj/'—l \Doj_l) ﬂsj/-_IB = (.

(6,_) Ai C w;_l(bi) foralli € {0, ..., j—1}.

Since x (M; \ DOJLI) = 0, this reduces the proof to Case 1 and hence concludes the construction of the
sequence E; = {D;, ¥;} meeting properties (1;)—(6;), j € N.

This completes the proof of Theorem 3.1. O
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To finish the paper we show how Theorem 3.1 implies Theorem 1.2.

Proof of Theorem 1.2. Let A and M be as in Theorem 1.2 and assume without loss of generality that
0 € A. By [Alarcén and Lépez 2013b, Main Theorem, page 1795], there exists a complex structure
on M such that the open Riemann surface M admits a proper holomorphic embedding ¢ : M < C?; up
to composing with a translation, we may assume that 0 € ¢ (M). Take a number O < r < 1 such that
ANrB = {0}; since A C B is closed and discrete, every small enough r > 0 meets this requirement.
Thus, there are a small number O < s < r and a smoothly bounded compact disk K C M such that
#(bK) C rB\ sB and 0 € ¢(K).

Now, Theorem 3.1 applied to y := ¢|x furnishes a domain D C M homeomorphic to M and a complete
proper holomorphic embedding ¥ : D < B with A C ¥ (D). Since D is homeomorphic to the smooth
surface M, there exists a complex structure on M (possibly different from the one used in the previous
paragraph) such that the open Riemann surface M is biholomorphic to D. O
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FINITE-TIME DEGENERATION OF HYPERBOLICITY WITHOUT BLOWUP
FOR QUASILINEAR WAVE EQUATIONS

JARED SPECK

In three spatial dimensions, we study the Cauchy problem for the wave equation —3>W +(1+W) AW =0
for P € {1, 2}. We exhibit a form of stable Tricomi-type degeneracy formation that has not previously
been studied in more than one spatial dimension. Specifically, using only energy methods and ODE
techniques, we exhibit an open set of data such that W is initially near 0, while 1 4+ W vanishes in finite
time. In fact, generic data, when appropriately rescaled, lead to this phenomenon. The solution remains
regular in the following sense: there is a high-order L2-type energy, featuring degenerate weights only
at the top-order, that remains bounded. When P = 1, we show that any C I extension of W to the future
of a point where 1 + W = 0 must exit the regime of hyperbolicity. Moreover, the Kretschmann scalar of
the Lorentzian metric corresponding to the wave equation blows up at those points. Thus, our results
show that curvature blowup does not always coincide with singularity formation in the solution variable.
Similar phenomena occur when P = 2, where the vanishing of 1 + W corresponds to the failure of strict
hyperbolicity, although the equation is hyperbolic at all values of W.

The data are compactly supported and are allowed to be large or small as measured by an unweighted
Sobolev norm. However, we assume that initially the spatial derivatives of W are nonlinearly small relative
to |3, |, which allows us to treat the equation as a perturbation of the ODE (d?/dt*)¥ = 0. We show that
for appropriate data, 9, ¥ remains quantitatively negative, which simultaneously drives the degeneracy
formation and yields a favorable spacetime integral in the energy estimates that is crucial for controlling
some top-order error terms. Our result complements those of Alinhac and Lindblad, who showed that if
the data are small as measured by a Sobolev norm with radial weights, then the solution is global.

1. Introduction

Many authors have studied model nonlinear wave equations as a means to gain insight into more challenging
wave-like quasilinear equations, such as Einstein’s equations of general relativity, the compressible Euler
equations without vorticity, and the equations of elasticity. Motivated by the same considerations, in this
paper, we study model quasilinear wave equations in three spatial dimensions. To simplify the presentation,
we have chosen to restrict our attention to the 3-dimensional case only; with only modest additional effort,
our results could be generalized to apply in any number of spatial dimensions. In a broad sense, we are
interested in finding initial conditions without symmetry assumptions that lead to some kind of stable
breakdown. In our main results, which we summarize just below (1A-2), we exhibit a type of stable degen-
Speck gratefully acknowledges support from NSF grant DMS-1162211, from NSF CAREER grant DMS-1454419, from a Sloan
Research Fellowship provided by the Alfred P. Sloan foundation, and from a Solomon Buchsbaum grant administered by the
Massachusetts Institute of Technology.

MSC2010: primary 35L.80; secondary 35L05, 35L72.
Keywords: degenerate hyperbolic, strictly hyperbolic, Tricomi equation, weakly hyperbolic.
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erate solution behavior, distinct from blowup, that, to the best of our knowledge, has not previously been
studied in the context of quasilinear equations in more than one spatial dimension. Roughly, we show that
there exists an open set of data such that certain principal coefficients in the equation vanish in finite time
without a singularity forming in the solution. More precisely, the vanishing of the coefficients corresponds
to the vanishing of the wave speed, which in turn is tied to other kinds of degeneracies described below. We
note that Wong [2016] has obtained similar constructive results for axially symmetric timelike minimal sub-
manifolds of Minkowski spacetime, a setting in which the equations of motion are a system of (effectively
one-space-dimensional) quasilinear wave equations with principal coefficients that depend on the solution
(but not its derivatives). Specifically, he showed that all axially symmetric solutions (without any smallness
assumption) lead to a finite-time degeneracy caused by the vanishing of a principal coefficient in the evolu-
tion equations. We also note that in the case of one spatial dimension, results similar to ours are obtained in
[Kato and Sugiyama 2013; Sugiyama 2013; 2016a; 2016b] using proofs by contradiction that rely on the
method of Riemann invariants. However, since the method of Riemann invariants is not applicable in more
than one spatial dimension and since we are interested in direct proofs, our approach here is quite different.

Through our study of model problems, we are aiming to develop approaches that might be useful for
studying the kinds of degeneracies that might develop in solutions to more physically relevant quasilinear
equations. One consideration behind this aim is that there are relatively few breakdown results for
quasilinear equations compared to the semilinear case. A second consideration is that many of the
techniques that have been used to study semilinear wave equations do not apply in the quasilinear case;
see Section 1D for further discussion. A third consideration concerns fundamental limitations of semilinear
model equations: they are simply incapable of exhibiting some of the most important degeneracies that
can occur in solutions to quasilinear equations. In particular, the degeneracy exhibited by the solutions
from our main results cannot occur in solutions to semilinear wave equations with principal part equal to
the linear wave operator! [J,,. As a second example of breakdown that is unique to the quasilinear case,
we note that the phenomenon of shock formation, described in more detail at the end of Section 1F, cannot
occur in solutions to semilinear equations since, in the semilinear case, the evolution of characteristics is
not influenced in any way? by the solution.

In view of the above discussion, it is significant that our analysis has robust features and could be
extended to apply to a large class® of quasilinear equations. The robustness stems from the fact that our
proofs are based only on energy estimates, ODE-type estimates, and the availability of an important
monotonic spacetime integral (which we describe below) that arises in the energy estimates. However,
rather than formulating a theorem about a general class of equations, we prefer to keep the paper short
and to exhibit the main ideas by studying only the model equation (1A-1a) below in the cases P =1, 2.

'Here, 0, := —8t2+A denotes the standard linear wave operator corresponding to the Minkowski metric m :=diag(—1,1, 1, 1)
on R13,

2In the works on shock formation for quasilinear equations described in Section 1F, the intersection of the characteristics is
tied to the blowup of some derivative of the solution.

30f course, we can only hope to treat wave equations whose principal spatial coefficients vanish when evaluated at some finite
values of the solution variable; equations such as —3[2\11 +(1+W¥2) AV =0are manifestly immune to the kind of degeneracies
under study here.
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1A. Statement of the equations and summary of the main results. Specifically, in the cases P =1, 2,
we study the following model Cauchy problem on R!*3:

—V 4+ (1+WPAY =0, (1A-1a)
(W], 8 Wx,) = (¥, Wp), (1A-1b)

where (x?:=1r, x!, x% x3) is a fixed set of standard rectangular coordinates on RT3 A= 23:1 83 is
the standard Euclidean Laplacian on R3, and throughout,* ¥, := {t} x R? ~ R>. We sometimes denote
the spatial coordinates by x := (x!, x2 x?). Note that we can rewrite (1A-1a) as> (g~!)*# (¥)d, 0¥ =0,
where g is the Lorentzian (for ¥ > —1) metric

3
gi=—dt* + (1+W¥)"" > (dx")>. (1A-2)
a=1
This geometric perspective will be useful at various points in our discussion.
We now summarize our results; see Theorem 4.1 and Proposition 4.2 for precise statements.

Summary of the main results: In the case P = 1, there exists an open subset of H S(R3) x H(RY)
comprising compactly supported initial data (U, Wp) such that the solution W, its spatial derivatives, and
its mixed space-time derivatives initially satisfy a nonlinear smallness condition compared to® maxsy, (o]
and 1/ ol L>(%,)» and such that the solution has the following property: the coefficient 1 + W in (1A-1a)
vanishes at some time 7, € (0, co). In fact, the finite-time vanishing of 1 + ¥ always occurs if \ilo is
nontrivial and the data are appropriately rescaled; see Remark 2.4. Moreover,

W e C([0, T, HA(RY) N L([0, 7,1, H*(RY)) N C([0, T.1, H(RY)),
while for any N < 5,
W e C([0, T.), H(R?)) N L™®([0, T.], H>(R?)C([0, T.1, H" (R?)).

In addition, the Kretschmann scalar Riem(g)"‘ﬁ vé Riem(g)qpys blows up precisely at points where 1 + W
vanishes, where Riem(g) denotes the Riemann curvature of g. Finally, the solution exits the regime of
hyperbolicity at time 7, and thus it cannot be continued beyond 7, as a classical solution to a hyperbolic
equation. In the case P = 2, similar results hold, the main differences being that W is not necessarily an
element of LZ([O, 1.1, H 6([Ri3)) and that the strict hyperbolicity’ breaks down when 1 4 ¥ vanishes but
hyperbolicity® does not.” This leaves open, in the case P = 2, the possibility of classically extending the
solution past time 7,; see Section 1C2.

4Here we use the notation “~” to mean “diffeomorphic to”.

5 Throughout we use Einstein’s summation convention.

6Thr0ughout, [p]— := | min{p, O}].

7Equation (1A-1a) is said to be strictly hyperbolic in the direction w if the symbol p(§) := —502 +(1+w)P 23:1 53 has
the following property: for any one-form & # 0, the polynomial s — p(& 4 sw) has two distinct real roots. It is straightforward
to see that (1A-1a) is strictly hyperbolic in the direction @ := (1, 0, 0, 0) if 1 + W > 0, and that it is not strictly hyperbolic in any
direction if 1 + ¥ =0.

8Here, by hyperbolic (in the direction w), we mean that for all one-forms & # 0, the polynomial s — p(£§ + sw) from
Footnote 7 has only real roots. Such polynomials are known as hyperbolic polynomials.

91n the literature, equations exhibiting this kind of degeneracy are often referred to as weakly hyperbolic.



2004 JARED SPECK

1B. Paper outline. The remainder of the paper is organized as follows.

« In Section 1C, we provide some initial remarks expanding upon various aspects of our results.

e In Section 1D, we mention some techniques that have been used in studying the breakdown of
solutions to semilinear equations. As motivation for the present work, we point out some limitations
of the semilinear techniques for the study of quasilinear equations.

« In Section 1E we provide a brief overview of the proof of our main results.

e In Section 1F, we describe some connections between our results and prior work on degenerate
hyperbolic PDEs.

o In Section 1G we summarize our notation.
« In Section 2, we state our assumptions on the initial data and introduce bootstrap assumptions.

« In Section 3, we use the bootstrap and data-size assumptions of Section 2 to derive a priori pointwise
estimates and energy estimates. From the energy estimates, we deduce improvements of the bootstrap
assumptions.

« In Section 4, we use the estimates of Section 3 to prove our main results.

1C. Initial remarks on the main results. As far as we know, there are no prior results in the spirit of
our main results in more than one spatial dimension. There are, however, examples in which the Cauchy
problem for a quasilinear wave equation has been solved (for suitable data without symmetry assumptions)
and such that it was shown that some derivative of the solution blows up in finite time while the solution
itself remains bounded. One class of such examples comprises shock formation results, which we describe
in more detail at the end of Section 1F. A second example is [Luk 2013] on the formation of weak null
singularities in a family of solutions to the Einstein-vacuum equations. Specifically, Luk exhibited a stable
family of solutions such that the Christoffel symbols (which are, roughly speaking, the first derivatives
of the solution) blow up along a null boundary, while the metric (that is, the solution itself) extends
continuously past the null boundary. We stress that the degeneracy we have exhibited in our main results
is much less severe than in the above results; there is no blowup in our solutions, except possibly at the
top derivative level, due to the degeneracy of the weights in the energy (1E-1).

We also point out a connection between our work here and our joint works [Rodnianski and Speck
2014a; 2014b], in which we proved stable blowup results (without symmetry assumptions) for solutions to
the linearized and nonlinear Einstein-scalar field and Einstein-stiff fluid systems. In the nonlinear problem,
the wave speed became, relative to a geometrically defined coordinate system,'? infinite at the singularity.
Although the infinite wave speed is in the opposite direction of the degeneracy exhibited by our main results
(in which the wave speed vanishes!!), the analysis in [Rodnianski and Speck 2014a; 2014b] shares a key
feature with that of the present work: the solution regime studied is such that the time derivatives dominate
the evolution. That is, the spatial derivatives remain negligible, all the way up to the degeneracy; see

10Speciﬁcally, the X; have constant mean curvature and the spatial coordinates are transported along the unit normal to ;.
HNote that the effective wave speed for (1A-1a)is (1 + \IJ)P 2,
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Section 1E for further discussion regarding this issue for the solutions under study here. Hence, those works
and the present work all exhibit the stability of ODE-type behavior in some solutions to wave equations.

1C1. Remarks on small data. The methods of Alinhac [2003] and Lindblad [2008] yield that small-data
solutions to (1A-1a) exist globally,'> where the size of the data is measured by Sobolev norms with radial
weights. Consequently, if (U, By are compactly supported data to which our main results apply, then
for A sufficiently large, the solution corresponding to the data (A~ U, A1) is global. On the other
hand, our main results apply to data that are allowed to be small in certain unweighted norms, as long as
the spatial derivatives are “very small”. How can we reconcile these two competing statements? The
answer is that our data assumptions are nonlinear in nature and are not invariant under the rescaling
(\i’, \ilo) — (! g, 0! \ilo) if A is too large. We can sketch the situation as follows (see Section 2C for
the precise nonlinear smallness assumptions that we use to close our proof): if € is the size of VW at
time 0 (where V denotes the spatial coordinate gradient) and § is the size of 9,V at time 0, then, roughly
speaking, some parts of our proof rely on'? the assumption that € exp(C8~!) < 1. The point is that if A
is too large, then the assumption is not satisfied, the reason being that € and 8 both scale like A ~!. One
can contrast this against the discussion in Section 2D, where we note that a different scaling of the data
always leads to our nonlinear smallness assumptions being satisfied.

1C2. Remarks on extending the solution past the degeneracy. It is of interest to know if and when
the solutions provided by our main results can be extended, as solutions with some kind of Sobolev
regularity,'# past the time of first vanishing of 1 + W. Although we do not address this question in this
article, in this subsubsection, we describe what is known and some of the difficulties that one would
encounter in attempting to answer it. The cases P =1 and P = 2 in (1A-1a) correspond to different
phenomena and hence we will discuss them separately, starting with the case P = 1.

Interesting results have recently been obtained in [Lerner et al. 2015] for equations related to (1A-1a).
They suggest that in the case P = 1, it might not be possible to continue the solutions from our main
results as Sobolev-class solutions in a spacetime neighborhood of a point at which 1 4+ ¥ vanishes.
Perhaps this is not surprising since, for the solutions under study, the case P = 1 corresponds to (1A-1a)
changing from hyperbolic to elliptic type past the degeneracy (at least for C! solutions). Specifically,
those authors proved a type of Hadamard ill-posedness for certain initial data for a class of quasilinear
first-order systems in n spatial dimensions of the form

n
8,u+ZA“(t,x,u) dau = F(t, x,u), (1C-1)

a=1

128ince the equations do not satisfy the null condition, the asymptotics of the solution can be distorted compared to the case
of solutions to the linear wave equation.

BFor example, a careful analysis of the proof of inequality (3C-4) yields that the constant C in front of the &2 term on
the right-hand side depends on exp(S*_ 1), where 8 is defined in (2A-2). See Section 3A for our conventions regarding the
dependence of constants on various parameters.

l4Tphe Cauchy—Kovalevskaya theorem could be used to prove an (admittedly unsatisfying) result showing that in the cases
P =1, 2, one can extend analytic solutions to (1A-1a) to exist in a spacetime neighborhood of a point at which 1 + W vanishes.
Note that this shows that the blowup of the curvature of the metric of (1A-1a) that occurs when 1 4+ ¥ = 0 is not always an
obstacle to continuing the solution classically.
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where (¢, x) € R, u is a map from R'*" to RN with n and N arbitrary, and the A“ are real N x N matrices.
The authors proved several types of results in [Lerner et al. 2015], but here we describe only the ones that
are most relevant for (1A-1a). Roughly, in Theorem 1.3 of that paper, for systems of type (1C-1) that
satisfy some technical conditions, the authors studied perturbations of a background solution, denoted by
¢ = ¢(t, x), with the following property: the system (1C-1) is hyperbolic when evaluated at (¢, x, u) =
O, x, ¢°>(x)), where qg(x) := ¢ (0, x), but necessarily becomes elliptic at (¢, x, u) = (¢, x, ¢ (¢, x)) at any
t > 0 due to the branching!’ of the eigenvalues of the principal symbol. The assumptions of their
Theorem 1.3 guarantee that the branching is stable under small perturbations. Roughly, for the solutions
to (1A-1a) from our main results, a similar transition to ellipticity would occur in the case P =1 if one
were able to classically extend the solution'® past the time of first vanishing of 1+ W. We now summarize
the main aspects of [Lerner et al. 2015, Theorem 1.3]. We will use the notation i to denote initial data
for the system (1C-1) and u to denote the corresponding solution (if it exists). The theorem is, roughly,
as follows: for any m € R and o € (1, 1], and any sufficiently small 7 > 0, there is no H"-neighborhood
U of ¢ whose elements launch corresponding solutions obeying a bound roughly!” of the type!®

= llyy1eo o2 g0, 79)
sup — <
aeut it — @11%m

Put differently, there exist data arbitrarily close to é (as measured by a Sobolev norm of arbitrarily high
order) such that either the solution does not exist or such that its deviation from ¢ becomes arbitrarily
1.0 in an arbitrarily short amount of time. It would be interesting to

Iy
determine whether or not a similar result holds for initial data close to that of the data induced by the

large in the low-order norm || -

solutions to (1A-1a) from our main results at the time of first vanishing of 1 + .

We now discuss the case P =2. We are not aware of any results for Sobolev-class solutions to quasilinear
equations that are relevant for extending solutions to (1A-1a) to exist in a spacetime neighborhood of a point
at which 1 + W vanishes. As we will explain, the main technical difficulty that one encounters is that the
solution might lose regularity past the degeneracy. In the case P =2, even though the strict hyperbolicity
(see Footnote 7) of (1A-1a) breaks down when 1 4+ W vanishes (corresponding to a wave of zero speed),
the hyperbolicity (see Footnote 8) of the equation nonetheless persists for all values of W. The degeneracy
is therefore less severe compared to the case P = 1 and thus in principle, when P = 2, the Sobolev-class
solutions from our main results might be extendable, as a Sobolev-class solution, to a neighborhood of the
points where 14 W first vanishes. As we alluded to above, the lack of results in this direction might be tied
to the following key difficulty: the best energy estimates available for degenerate'® linear hyperbolic wave

151n [Lerner et al. 2015], the definition of hyperbolicity is that the polynomial (in 1) p := det(A] — >"_ | £,A%(t, x, u))
should have only real roots, which are eigenvalues of ZZ: 16aA%(t, x, u). Moreover, branching roughly means that the
eigenvalues are real at # = 0 but can have nonzero imaginary parts at arbitrarily small values of ¢ > 0.

16 A5 we will explain, the solutions from our main results are such that W is strictly decreasing in time at points where 1 + W
vanishes.

7 The precise results of [Lerner et al. 2015, Theorem 1.3] are localized in space, but here we omit those details for brevity.

18Iff = f (¢, x), then || f|| WXI,OOLtoo([O)T]) i=esssupsepo, 71 1/ ) llyytco.

19By degenerate, we mean that the wave equation is allowed to violate strict hyperbolicity at one or more points.
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equations exhibit a loss of derivatives. By this, we roughly mean that the estimates for solutions W to the
linear equation are of the form || W || gv (x,) S | | frvasg) + I|‘~fJQ||HN+d(EO), where the loss of derivatives d
(relative to the data) depends in a complicated way on the details of the degeneration of the coefficients
in the equation; see Section 1F for further discussion. As is described in [Dreher 1999], in some cases,
the loss of derivatives in the estimates is known to be saturated. Since proofs of well-posedness for
nonlinear equations typically rely on estimates for linearized equations, any derivative loss would pose a
serious obstacle to extending (in the case P = 2) the solution of (1A-1a) as a Sobolev-class solution in a
spacetime neighborhood of points at which 1 4 W vanishes. At the very least, one would need to rely
on a method capable of handling a finite loss of derivatives in solutions to quasilinear equations. As is
well-known [Hamilton 1982], in some cases, it is sometimes possible to handle a finite loss of derivatives
using the Nash—Moser framework.

Despite the lack of results concerning extending the solution to (1A-1a) as a Sobolev-class solution past
points at which 1 4+ W vanishes, there are constructive results in the class C. Specifically, in one spatial
dimension, Manfrin [1996] obtained well-posedness results that, for C* initial data, allow one to locally
continue the solution to (1A-1a) in the case P =2 to a C* solution that exists in a spacetime neighborhood
of a point at which 1 4+ W vanishes; see Section 1F for further discussion. Manfrin [1999] also derived
similar results in more than one spatial dimension, again treating the case of C* data/solutions. We are
also aware of a few results [Dreher 1999; Han et al. 2003] for quasilinear equations in more than one spatial
dimension in which the authors proved local well-posedness in Sobolev spaces for equations featuring a
degeneracy related to — but distinct from — the one under study here. However, the degeneracy in those
works was created by a “prescribed semilinear factor” rather than a quasilinear-type solution-dependent
factor. For this reason, it is not clear that the techniques used in those works are of relevance for trying to
extend solutions to (1A-1a) beyond points where 1 + W vanishes; see the paragraph below (1F-5) for
further discussion.

To close this subsubsection, we note that there are various well-posedness results [D’ Ancona and
Spagnolo 1992; Ebihara 1985; Ebihara et al. 1986] for degenerate wave equations of Kirchhoff type. An
example of an equation of this type is

—8,2\11+F(f |V\I/|2dx) AV =0, (1C-2)
Q

where 2 is a bounded open set in R” and F = F(s) > 0O satisfies various technical conditions (with
F =0 corresponding to the degeneracy). However, it remains open whether or not the techniques used in
studying Kirchhoff-type equations are of relevance for proving local well-posedness for (1A-1a) (in the
case P =2) in regions where 1 4+ W is allowed to vanish.

1D. Remarks on methods used for studying blowup in solutions to semilinear wave equations. Al-
though we are not aware of any other results in the spirit of the present work, there are many results
exhibiting the most well-known type of degeneracy that can occur in solutions to wave equations in three
spatial dimensions: the finite-time blowup of initially smooth solutions. Our main goal in this subsection
is to recall some of the most important of these results but, at the same time, to describe some limitations
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of the proof techniques for the study of more general equations. We will focus only on constructive
results, by which we mean that the proofs provide a detailed description of the degeneracy formation and
the mechanisms driving it, as in the present work. Constructive results, especially those proved via robust
techniques, are clearly desirable if one aims to understand the mechanisms of breakdown in solutions to
realistic physical and geometric systems. They are also important if one aims to continue the solution
past the breakdown, as is sometimes possible if it is not too severe; see, for example, [Christodoulou and
Lisibach 2016] for a recent result in spherical symmetry concerning weakly locally extending solutions to
the relativistic Euler equations past the first shock singularity. Importantly, we will confine our discussion
to prior results for semilinear equations since, as we mentioned earlier, aside from the shock formation
results described at the end of Section 1F, most constructive breakdown results for wave equations in
three spatial dimensions are blowup results for semilinear equations.

Specifically, most constructive breakdown results for wave equations in three spatial dimensions are
blowup results for semilinear equations (or systems) of the form [,, W = f (W, dW), where f is a smooth
nonlinear term. Many important?>' approaches have been developed to prove constructive blowup for
such equations, especially for scalar equations with f = f (W) given by a power law and for systems of
wave-map type; see, for example, [Kenig and Merle 2008; Donninger 2010; Donninger and Schorkhuber
2012; 2014; Krieger and Schlag 2014; Krieger et al. 2008; 2009; Donninger et al. 2014; Rodnianski and
Sterbenz 2010; Raphaél and Rodnianski 2012; Duyckaerts et al. 2012; Martel et al. 2014; Donninger and
Krieger 2013]. There are also related results that are conditional in the sense that they do not guarantee
that the solution will blow up. Instead they characterize the possible behaviors of the solution by providing
information such as (i) how the singularity would form if the solution is not global and (ii) the structures
of the data sets that lead to the various outcomes; see, for example, [Payne and Sattinger 1975; Struwe
2003; Nakanishi and Schlag 2011a; 2011b; 2012a; 2012b; Krieger et al. 2013a; 2013b; 2014; 2015; Killip
et al. 2014].

Although the above results and others like them have yielded major advancements in our understanding
of the blowup of solutions to semilinear equations, their proofs fundamentally rely on tools that are not
typically applicable to quasilinear equations. Here are some important examples, where for brevity, we
are not specific about exactly which semilinear equations have been treated with the stated technique:

» The existence of a conserved energy (which is not available for some important quasilinear equations,
such as Einstein’s equations®?). This allows, among other things, for the application of techniques from
Hamiltonian mechanics.

20Constructive proofs of blowup stand, of course, in contrast to proofs of breakdown by contradiction. There are many
examples in the literature of proofs of blowup by contradiction for wave or wave-like equations. Two of the most important ones
are Sideris’ blowup result [1985] (proved by virial identity arguments) for the compressible Euler equations under a polytropic
equation of state and John’s proof [1981] of breakdown for several classes of semilinear and quasilinear wave equations in
three spatial dimensions. See also the influential work [Levine 1974], in which he proved a nonconstructive blowup result for
semilinear wave equations on an abstract Hilbert space.

21Arguably, the most sophisticated blowup results of this type have been proved for nonlinearities that correspond to energy
critical equations.

22For asymptotically flat solutions to Einstein’s equations, the ADM mass is conserved. However, in three spatial dimensions
without symmetry assumptions, this quantity has thus far proven to be too weak to be of any use in controlling solutions.
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 The invariance of the solutions under appropriate rescalings (which is not a feature of some important
quasilinear equations, such as the compressible Euler equations?).

« The availability of well-posedness results in low regularity spaces such as the energy space (Lindblad
[1998] showed that low regularity well-posedness fails for a large class of quasilinear equations in three
spatial dimensions).

» The existence of a nontrivial ground state solution (corresponding to the existence of a soliton solution)
and sharp classification results for the possible behaviors of the solution for initial data with energy
less than the ground state: either there is finite-time blowup in both time directions or global existence,
according to the sign of a functional (for quasilinear equations, there is no known analog of this kind
of dichotomy). Moreover, in some cases, there are more complicated classification results available for
solutions with energy just above the ground state.

o A characterization of a certain norm of the ground state as a size threshold separating global scattering
solutions from ones that can blow up or exhibit other degenerate behavior (again, for quasilinear equations,
there is no known analog of this kind of dichotomy).

o A characterization of the ground state as the universal blowup-profile under various assumptions.

« The availability of profile decompositions for sequences bounded in the natural energy space, which
allows one to view the sequence as a superposition of linear solutions plus a small error (for quasilinear
equations, there is no known analog of this).

o Channel-of-energy-type arguments showing that a portion of the solution propagates precisely at

2

speed one (again, for quasilinear equations, there is no known?* analog of this phenomenon).

 The possibility of sharply characterizing the spectrum, see for example [Costin et al. 2012], of linear
operators tied to the dynamics (which, for quasilinear equations in many solution regimes, is exceedingly
difficult).

Although the above methods are impressively powerful within their domain of applicability, since they
do not seem to apply to quasilinear equations, we believe that it is important to develop new methods for
studying the kinds of breakdown that can occur in the quasilinear case. It is for this reason that we have
chosen to study the model wave equations (1A-1a).

1E. Brief overview of the analysis. As we mentioned earlier, the solutions that we study are such that W,
VW, (where V denotes the spatial coordinate gradient), and sufficiently many of their spatial derivatives
are “nonlinearly small” (in appropriate norms) compared to [lifo]_ = min{\ilo, 0}| and 1/ ||1i/0|| L®(%0)-
A key aspect of our work is that we are able to propagate the smallness, long enough for the coefficient
1+ W in (1A-1a) to vanish. Put differently, our main results show that under the smallness assumptions,
the solution to (1A-1a) behaves in many ways like a solution to the second-order ODE (d?/dt*)W = 0.
The reason that W vanishes for the first time is that d, ¥ is sufficiently negative at one or more spatial
Tarticular, the fluid equation of state does not generally enjoy any useful scaling transformation properties.

241t is conceivable that channel-of-energy-type results might hold for certain quasilinear wave equations in various solution
regimes, since channel-of-energy-type arguments seem to be somewhat stable under perturbations.
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points, a condition that persists by the previous remarks. To control solutions, we use the (nonconserved)
energy”

5
Epsit) =) / 0, V¥ WP+ (14+ 97|V + | VH P dx. (1E-1)
k/ 2 Et

We avoid using low-order energies corresponding to &' = 0, 1 in (1E-1) because for the solution regime
under consideration such energies would contain terms that are allowed to be large, and we prefer to work
only with small energies. Hence, to control the low-order derivatives of W, we derive ODE-type estimates
that rely in part on the energy estimates for its higher derivatives and Sobolev embedding. Analytically,
the main challenge is that the vanishing of 1+ W leads to the degeneracy of the top-order spatial derivative
terms in (1E-1), which makes it difficult to control some top-order error integrals in the energy estimates.

To close the energy estimates, we exploit the following monotonicity, which is available due to our
assumptions on the data:

o,V is quantitatively strictly negative in a neighborhood of points where 1 4 W is close to 0.

This quantitative negativity yields, in our energy identities, the spacetime error integral
i !
/ f @1+ vV w2 dx ds, (1E-2)
s=0 J X

which has a “friction-type” sign in regions where 14 W is close to O but positive; see the spacetime integral
on the left-hand side of (3C-3). It turns out that the availability of this spacetime integral compensates
for the degeneracy of the energy (1E-1) and yields integrated control over the spatial derivatives up to
top-order; this is the key to closing the proof.

1F. Comparing with and contrasting against other results for degenerate hyperbolic equations. For
solutions such that 1 4 W is near 0, (1A-1a) can be viewed as a “nearly degenerate” quasilinear hyperbolic
PDE. For this reason, the proofs of our main results have ties to some prior results on degenerate hyperbolic
PDEs, which we now discuss. In one spatial dimension, various aspects of degenerate hyperbolic PDEs
have been explored in the literature, such as the branching of singularities [Alinhac 1978; Amano and
Nakamura 1981; 1982; 1983; 1984], uniqueness of solutions for equations that are hyperbolic in one region
but that can change type [Ruziev and Reissig 2016], and conditions that are necessary for well-posedness
[Yagdzhyan 1989]. However, in the rest of this subsection, we will discuss only well-posedness results
since they are most relevant in the context of our main results.

In one spatial dimension, there are many results on well-posedness, in various function spaces, for
degenerate linear wave equations for the form

—02W +a(t, x) 02V +b(t, x) 3, W +c(t, x) ;W = f(t, x), (1F-1)

where a(t, x) > 0 and a(¢, x) = 0 corresponds to degeneracy via a breakdown of strict hyperbolicity.
For example, if the coefficients a(z, x), b(¢, x), and c(z, x) are analytic and satisfy certain technical
assumptions, then it is known [Nishitani 1984] that (1F-1) is well-posed for C°° data; see also [Nishitani

25 Throughout, dx := dx'dx2dx3 denotes the standard Euclidean volume form on ;.
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1980] for similar results. There are also results on well-posedness for degenerate semilinear equations.
For example, in [D’Ancona and Trebeschi 2001], the authors used a Nash—Moser argument to prove C*
local well-posedness for semilinear equations of the form

—2W ta(t,x) ?W = f(t,x, ¥, 8, V¥, 3, V), (1E-2)

where a(t, x) > 0 is analytic and a and f satisfy appropriate technical assumptions. We clarify that in
contrast to our work here, in the above works, the authors solved the equation in a spacetime neighborhood
of points at which the degeneracy occurs.

A serious limitation of the above results is that techniques relying on analyticity assumptions are of little
use for studying quasilinear Cauchy problems with Sobolev-class data, such as the problems we consider
here. Fortunately, well-posedness results for degenerate linear equations that do not rely on analyticity
assumptions are also known; see, for example, [Oleinik 1970; Taniguchi and Tozaki 1980; D’ Ancona
1994; Han et al. 2006; Herrmann 2012; Herrmann et al. 2013; Han and Liu 2015]. We note in particular
that the results of [Oleinik 1970; Taniguchi and Tozaki 1980; Han et al. 2006; Herrmann 2012; Herrmann
et al. 2013; Han and Liu 2015] provide Sobolev estimates for the solution in terms of a Sobolev norm
of the data, with a finite loss of derivatives. We also mention the related works [Ascanelli 2006; 2007], in
which the author proves well-posedness results (in C* and Gevrey spaces) for linear wave equations with
two kinds of degeneracies: (i) the breakdown of strict hyperbolicity (corresponding to the vanishing of
certain coefficients) and (ii) the blowup of the time derivatives of certain coefficients in the wave equation.
We also mention the works [Ivril 1975; Ishida and Yagdjian 2002], in which the authors obtain necessary
and sufficient conditions for the Gevrey space well-posedness of degenerate linear hyperbolic equations.

Most relevant for our work here is Manfrin’s aforementioned proof [1996] of C* well-posedness
for various degenerate quasilinear wave equations in one spatial dimension (see also [Manfrin 1999]
for a similar result in more than one spatial dimension and the related work [Boiti and Manfrin 2000]),
including those of the form

—2W +WHa(r, x, W) 020 = f(r,x, V), (1E-3)

where k > 1 is an integer and a(¢, x, W) is uniformly bounded from above and from below, strictly away
from 0 (and ¥ = 0 corresponds to the degeneracy). More precisely, for C* initial data, Manfrin used
weighted energy estimates and Nash—Moser estimates to prove local well-posedness for solutions to
(1F-3). The energy estimate weights are complicated to construct and are based on dividing spacetime into
various regions with the help of “separating functions” adapted to the degeneracy. Note that Manfrin’s
results apply to our model equation®® (1A-1a) in the case P = 2. However, it is an open problem whether
or not his results can be extended to yield a local well-posedness result for (1F-3) with data in Sobolev
spaces.
To further explain these results and their connection to our work here, we consider the simple Tricomi-
type equation
—3?W +a(t) AV =0, (1F-4)

26More precisely, the role of “1 4+ W” in (1A-1a) is played by “¥” in (1F-3).
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where a(t) > 0. It is known [Colombini and Spagnolo 1982] that in one spatial dimension, the linear
(1F-4) can be ill-posed,27 even if a = a(t) is C*. Hence, it should not be taken for granted that we can
(for suitable data) solve (1A-1a) in Sobolev spaces all the way up to the time of first vanishing of 1+ W.
Roughly, what can go wrong in an attempt to solve the linear equation (1F-4) is that a(¢) can be highly
oscillatory near a point ¢ty with a(#yp) =0. In fact, in the example from [Colombini and Spagnolo 1982], a(t)
oscillates infinitely many times near fy. This generates, in the basic energy identity, an uncontrollable term
involving the ratio ((d/dt)a(t))/a(t) and leads to ill-posedness in domains [A, B) x R when 7y € [A, B).

In all of the aforementioned well-posedness results, the technical conditions imposed on the coefficients
rule out the infinite oscillatory behavior from [Colombini and Spagnolo 1982] that led to ill-posedness. To
provide a more concrete example, we note that in one spatial dimension, Han [2010] derived degenerate
energy estimates for linear wave equations of the form

—32W +alt, x) 2W + bo(t, x) W + b(t, x) 3,V +c(t, x)¥ = f(t, x), (1E-5)

where the coefficients satisfy certain technical conditions, including, roughly speaking, that a(z, x) >0
behaves like " + cjp—1 (X))t 4+ -+ -+ 1 (X))t + co(x). In particular, even though a is allowed to vanish
at some points, it does not exhibit highly oscillatory behavior in the ¢-direction. In [Han et al. 2006],
similar results were derived in n > 1 spatial dimensions.

We now describe Dreher’s Ph.D. thesis [1999], which involves the study of equations that share some
common features with (1A-1a) near the degeneracy 1+ W = 0. Specifically, in his thesis, Dreher proved
local well-posedness results in Sobolev spaces for several classes of quasilinear hyperbolic PDEs in any
number of dimensions with various kinds of space and time degeneracies. However, a key difference
between the equations studied by Dreher in his thesis and our work is that the degeneracies there were
“prescribed” in the sense that they were caused only by degenerate semilinear factors that explicitly
depend on the time and space variables. That is, if one deletes the degenerate semilinear factors, then
one obtains a strictly hyperbolic PDE for which local well-posedness follows from standard techniques.
Dreher made technical assumptions on the degenerate semilinear factors that were sufficient for proving
well-posedness. In contrast, the degeneracy caused by 1 + W = 0 in (1A-1a) is “purely quasilinear” in
nature. The following model equation in one spatial dimension gives a sense of the kinds of prescribed
degeneracy treated by Dreher:

—W 12 f (W) 32 =0, (1F-6)

where f is smooth and satisfies f(W) > 0. We stress that the absence of strict hyperbolicity in a
neighborhood of X is not caused by the quasilinear factor (W), but rather by the semilinear factor ¢
A related example, coming from geometry, is the aforementioned work [Han et al. 2003], in which the
authors proved the existence of local C* embeddings of surfaces of nonnegative Gaussian curvature
into R3. The quasilinear system of PDEs studied there degenerated at points where the Gauss curvature of
the surface vanishes. As in [Dreher 1999], the degeneracy was “prescribed” in the sense that it was caused

271n [Colombini and Spagnolo 1982], which addressed solutions in one spatial dimension, the authors exhibited a smooth
function a(t) > 0 with a(fg) = 0 for some 7y > 0 and data such that there is no distributional solution to (1F-4) with the given
data that extends past time .
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by the Gauss curvature (which is “known”). Hence, the authors were free to make technical assumptions
on the Gauss curvature to ensure the local well-posedness of the PDE system.

We now give another example of prior work that is closely connected to our main results. In [Ruan
et al. 2016], the authors proved local well-posedness in homogeneous Sobolev spaces on domains of the
form [0, T) x R" for semilinear Tricomi equations of the form

—2W 1P AV = f(W), (1F-7)

where P € N and f is a nonlinearity such that f and f’ obey certain P, n—dependent power-law growth
bounds at co. See [Ruan et al. 2015a; 2015b] for related results. Note that the coefficient * in (1F-7)
does not oscillate; once again, this is the key difference compared to the ill-posedness result for (1F-4)
mentioned above. As we described in Section 1E, (1F-7) is a good model for the solutions to (1A-1a)
provided by our main results in the sense that the degenerating coefficient (1 + W)” in (1A-1a) behaves
in some ways, when 14 W is small, like?® the coefficient t¥ (near r = 0) in (1F-7).

In view of the above discussion, we believe that one should not expect to be able to solve (1A-1a)
in Sobolev spaces all the way up to points with 1 + W = 0 unless one makes assumptions on the data
that preclude highly oscillatory behavior in regions where 1 4+ W is small. In this article, we avoid
the oscillatory behavior by exploiting the relative largeness of [d,W]_ and the relative smallness of
8,2\11 in regions where 1 + W is small, which are present at time O and which we propagate; see the
estimates (3B-2) and (3C-5c). As we have mentioned, the relative largeness of [d, W]_ can be viewed
as a kind of monotonicity in the problem. One might say that this monotonicity makes up for the lack
of remarkable structure in (1A-1a), including that it is not an Euler—Lagrange equation, its solutions
admit no known coercive conserved quantities, and the nonlinearities are not signed. As we described
in Section 1E, this monotonicity yields an important signed spacetime integral that we use to close the
energy estimates; see the spacetime integral on the left-hand side of (3C-4). The largeness of [d,¥]_ is
connected to so-called Levi-type conditions that have appeared in the literature. Roughly, a Levi condition
is a quantitative relationship between the sizes of various coefficients in the equation and their derivatives.
As an example, we note that in their study [D’Ancona and Trebeschi 2001] of well-posedness for (1F-2)
with analytic coefficients, the authors studied linearized equations of the form (1F-1) under the Levi
condition |b(z, x)| < |a(t, x)| +19;+/a(t, x)|; the Levi condition allowed them, for the linearized equation,
to construct suitable weights for the energy estimates (even at points where a vanishes), which were
sufficient for proving well-posedness. In the problems under study here, the largeness of [d, W]_ at points
with 14+ ¥ =0 can be viewed as a Levi-type condition for the coefficient (1 + ¥)” in (1A-1a), which
allows us to control various error terms that arise when we derive energy estimates for the solution’s
higher derivatives.

The degenerate energy estimates featured in our proofs have some features in common with the
foundational works [Alinhac 1999a; 1999b; 2001; 2002; Christodoulou 2007] on the formation of shock
singularities in solutions to quasilinear wave equations in two or three spatial dimensions; see also the

28The key point is that since our solutions are such that 9; ¥ < 0 when 1 4+ W = 0, it follows that 1 4 W behaves, to first order,
linearly in ¢ near points where it vanishes.
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follow-up works [Christodoulou and Miao 2014; Speck et al. 2016; Speck 2016; Ding et al. 2015a; 2015b;
2017] and the survey article [Holzegel et al. 2016]. In those works, the authors constructed a dynamic
geometric coordinate system that degenerated in a precise fashion?® as the shock formed. Consequently,
relative to the geometric coordinates, the solution remains rather smooth,*’ which was a key fact used
to control error terms. A crucial feature of the proofs is that the energy estimates®! contained weights
that vanished at the shock, which is in analogy with the vanishing of the weight (1 +¥)* in (1E-1) at
the degeneracy. A second crucial feature of the proofs of shock formation is that they relied on the fact
that the weight has a quantitatively strictly negative time derivative in a neighborhood of points where it
vanishes. This yields a critically important monotonic spacetime integral that is in analogy with the one,
(1E-2), that we use to control various error terms in the present work.

We close this subsection by noting that the degeneracy that we encounter in our study of (1A-1a) is
related to— but distinct from — a particular kind of absence of strict hyperbolicity that has been studied in
the context of the compressible Euler equations for initial data satisfying the physical vacuum condition;
see, for example, [Coutand et al. 2010; Coutand and Shkoller 2011; 2012; Jang and Masmoudi 2009;
2011]. The key difference between those works and ours is that in those works, the degeneracies occurred
along the fluid-vacuum boundary in spacelike directions rather than a timelike one. In particular, the
degeneracy was already present at time 0. More precisely, at time 0, the fluid density vanished at a certain
rate, meaning that the density’s derivative in the (spacelike) normal direction to the vacuum boundary
satisfied a quantitative signed condition. It turns out that this condition yields a signed integral in the
energy identities that is essential for closing the energy estimates. The signed integral exploited in those
works is analogous to the integral (1E-2), but the integrals in the above papers were available because
the solution’s (spacelike) normal derivative had a sign, which is in contrast to the sign of the timelike
derivative d; W exploited in the present work. With the help of the signed integral, the authors of the
above papers were able to prove degenerate energy estimates with weights that vanished at a certain rate
in the normal direction to the vacuum boundary. Ultimately, these degenerate estimates allowed them to
prove local well-posedness in Sobolev spaces with weights that degenerate at the fluid-vacuum boundary.

1G. Notation. In this subsection, we summarize some notation that we use throughout.

e {x%}4=0.1,2.3 denotes the standard rectangular coordinates on R'*3 =R xR3 and 8, := 9 /9x“ denotes
the corresponding coordinate partial derivative vector fields; x° € R is the time coordinate and x :=
(x!, x% x3) € R? are the spatial coordinates.

o We often use the alternate notation x° = 7 and 9y = 9.

291n essence, the authors straightened out the characteristics via a solution-dependent change of coordinates.

30The high-order geometric energies were allowed to blow up at the shock, which led to enormous technical complications
in the proofs. Note that this possible high-order energy blowup is distinct from the formation of the shock singularity, which
corresponds to the blowup of a low-order Cartesian coordinate partial derivative of the solution.

3 There are many shock-formation results for solutions to quasilinear equations in one spatial dimension, with important
contributions coming from Riemann [1860], Oleinik [1957], Lax [1957], Klainerman and Majda [1980], John [1974; 1981;
1984], and many others. However, those results are based exclusively on the method of characteristics and hence, unlike in the
case of two or more spatial dimensions, the proofs do not rely on energy estimates.
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» Greek “spacetime” indices such as « vary over 0, 1, 2, 3 and Latin “spatial” indices such as a vary over
1,2, 3. We use primed indices, such as a’, in the same way that we use their nonprimed counterparts. We
use Einstein’s summation convention in that repeated indices are summed over their respective ranges.

1

e We raise and lower indices with g7 and g respectively (not with the Minkowski metric!).

* We sometimes omit the arguments of functions appearing in pointwise inequalities. For example, we
sometimes write | f| < Cé instead of | f (¢, x)| < Cé€.

o VKW denotes the array comprising all derivatives of order k of W with respect to the rectangular
spatial coordinate vector fields. We often use the alternate notation VW in place of V!W. For example,
VU := (0¥, 0\, d3W).

o VR =8 VR W)

o VP =30 vk

« HN(X,) denotes the standard Sobolev space of functions on X, with corresponding norm
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||f||HN<z,>::{ 3 /z|aflagza§3f(z,5)|2dg} .
xeR’

ai+ay+az<N

In the case N = 0, we use the notation “L>” in place of “H"”.

o L°°(%;) denotes the standard Lebesgue space of functions on X; with corresponding norm || f ||z (x,) 1=
esssup, cgs | f (1, )|

« If A and B are two quantities, then we often write A < B to indicate that “there exists a constant C > 0
such that A < CB”.

» We sometimes write O(B) to denote a quantity A with the following property: there exists a constant
C > 0 such that |[A| < C|B|.

2. Assumptions on the initial data and bootstrap assumptions

In this short section, we state our assumptions on the data (¥|x,, 9;¥|5x,) := (\iJ, \ilo) for the model
equation (1A-1a) and formulate bootstrap assumptions that are convenient for studying the solution. We
also show that there exist data satisfying the assumptions.

2A. Assumptions on the data. We assume that the initial data are compactly supported and satisfy the
size assumptions

V=410 ooy + IV [ oo gy + IV N gacsg) + 1V 0l 3sy <€ W0l Loe(sy) <8, (2A-1)

where & and § are two data-size parameters that we will discuss below (roughly, é will have to be small
for our proofs to close). Roughly speaking, in our analysis, we will approximately propagate the above
size assumptions all the way up until the time of breakdown in hyperbolicity, except at the top derivative
level. More precisely, we are not able to uniformly control the top-order spatial derivatives of W in the
norm | - [[z2(x,) up to the time of breakdown due to the presence of degenerate weights in our energy (see
Definition 3.4).
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Before we can proceed, we must first introduce the crucial parameter 8, that controls the time of first
breakdown in hyperbolicity; our analysis shows that for € sufficiently small, the time of first breakdown
is {1+ O(é’)}g*_l; see also Remark 2.2.

Definition 2.1 (the parameter that controls the time of breakdown in hyperbolicity). We define the
data-dependent parameter 8, as
S* = max[\ilo],. (2A-2)
o

Remark 2.2 (the relevance of S*). The solutions that we study are such that’? & ~ 0 and 8,2\1' ~0
(throughout the evolution). Hence, by the fundamental theorem of calculus, we have 9,V (¢, x) ~ \ifo (x)
and 14+W(,x)~ 1+ t\ilo (x). From this last expression, we see that 1 + W is expected to vanish for the
first time at approximately ¢ = 5*_ I, See Lemma 3.1 for the precise statements.

2B. Bootstrap assumptions. In proving our main results, we find it convenient to rely on a set of bootstrap
assumptions, which we provide in this subsection.

The size of Toor: We assume that T(goor) 1S a bootstrap time with
0 < Tgoony < 28" (2B-1)

The assumption (2B-1) gives us a sufficient margin of error to prove that finite-time degeneration of
hyperbolicity occurs, as we explained in Remark 2.2.

Degeneracy has not yet occurred: We assume that for (¢, x) € [0, TBoot)) X R3 we have
0<14+W({,x). (2B-2)

L bootstrap assumptions: We assume that for ¢ € [0, T(goor)), We have

Wl Loocs,) < 28718 + €72, (2B-3a)
18, | s,y <8 +€/? (2B-3b)
IV oo (sy <€, 18, VI3 | 1oy <€, [102VE"W | 1oz <, (2B-3c)

where € > 0 is a small bootstrap parameter; we describe our smallness assumptions in the next subsection.

Remark 2.3 (the solution remains compactly supported in space). From (2B-3a), we deduce that the
wave speed (1 + ¥)” /2 associated to (1A-1a) remains uniformly bounded from above for (¢, x) €
[0, T(Boor)) X R3. Hence, there exists a large, data-dependent ball B C R? such that W (¢, x) vanishes for
(t, x) € [0, Toor)) X B, where B¢ denotes the complement of B in R3.

2C. Smallness assumptions. For the rest of the article, when we say that “A is small relative to B,”
we mean that B > 0 and that there exists a continuous increasing function f : (0, c0) — (0, c0) such
that A < f(B). In principle, the functions f could always be chosen to be polynomials with positive

32Here “A ~ B imprecisely indicates that A is well-approximated by B.
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coefficients or exponential functions. However, to avoid lengthening the paper, we typically do not specify
the form of f.

Throughout the rest of the paper, we make the following relative smallness assumptions. We continually
adjust the required smallness in order to close our estimates.

» The bootstrap parameter € from Section 2B is small relative to §~1, where § is the data-size parameter
from (2A-1).

« € is small relative to the data-size parameter $, from (2A-2).

The first assumption will allow us to control error terms that, roughly speaking, are of size 8% for some
integer k£ > 0. The second assumption is relevant because the expected degeneracy-formation time is
approximately 5*_ ! (see Remark 2.2); the assumption will allow us to show that various error products
featuring a small factor € remain small for t < 25; !, which is plenty of time for us to show that 1 + W
vanishes.

Finally, we assume that

3/2

€ <é<e, (2C-1)

where € is the data smallness parameter from (2A-1).

2D. Existence of data. 1t is easy to construct data such that the parameters €, $,and §, satisfy the relative
size assumptions stated in Section 2C. For example, we can start with any smooth compactly supported
data (lfl, \iio) such that mings \ifo < 0. We then consider the one-parameter family

(M), Do) = (B @), B ).

One can check that for A > 0 sufficiently large, all of the size assumptions of Section 2C are satisfied.
The proof relies on the simple scaling identities

vE N () =27 (VR D) (), (2D-1a)
v M) = A K(VE B () (2D-1b)
and
IVE W 2 = 27 1 25 (2D-2a)
IVF Dol 20z = 2210l 2y (2D-2b)

Remark 2.4 (degeneracy occurs for solutions launched by any appropriately rescaled nontrivial data).
The discussion in Section 2D can easily be extended to show that if Wy is nontrivial, then one always
generates data to which our results apply by considering the rescaled data ((A)\if, (M\ilo) with XA sufficiently
large. More precisely, if mings Wy = 0, then we must have maxgs3 Wy > 0; in this case, the degeneracy in
the solution generated by the rescaled data occurs in the past rather than the future.
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3. A priori estimates

In this section, we use the data-size assumptions and the bootstrap assumptions of Section 2 to derive
a priori estimates for the solution. This is the main step in the proof our results.

3A. Conventions for constants. In our estimates, the explicit constants C > 0 and ¢ > 0 are free to vary
from line to line. These constants are allowed to depend on the data-size parameters § and S*— ! from
Section 2A. However, the constants can be chosen to be independent of the parameters € and € whenever
¢ and e are sufficiently small relative to §~! and 8, in the sense described in Section 2C. For example,
under our conventions, we have that S*_ Ze = O(e).

3B. Pointwise estimates. In this subsection, we derive pointwise estimates for W and the inhomogeneous
terms in the commuted wave equation.
We start with a simple lemma that provides sharp pointwise estimates for W and o, .

Lemma 3.1 (pointwise estimates for W and 9, V). Under the data-size assumptions of Section 2A, the

bootstrap assumptions of Section 2B, and the smallness assumptions of Section 2C, the following pointwise
estimates hold for (t, x) € [0, TBoor)) X R3:

W(t, x) = 1¥o(x) + Oe), (3B-1a)

W (t, x) = Wy(x) + O(e). (3B-1b)

Proof. To derive (3B-1b), we first use the bootstrap assumptions to deduce ||(1 +¥)” AW Locs) < Ce.

Hence, from (1A-1a), we deduce the pointwise bound |8,2\IJ| < Ce. From this estimate and the fundamental

theorem of calculus, we conclude the desired bound (3B-1b). The bound (3B-1a) then follows from the
fundamental theorem of calculus, (3B-1b), and the small-data bound ||\il|| L5, < € <e€. O

The next proposition captures the monotonicity that is present at points where 1 + W is small. It is of
critical importance for the energy estimates.

Proposition 3.2 (monotonicity near the degeneracy). Under the data-size assumptions of Section 2A,
the bootstrap assumptions of Section 2B, and the smallness assumptions of Section 2C, the following
statement holds for (t, x) € [0, TBoor)) X R3:

V() <—3 = W@, x) < —gbs, (3B-2)
where 8, is the data-dependent parameter from Definition 2.1.

Proof. To prove (3B-2), we first use the estimates (3B-1a) and (3B-1b) to deduce that W(¢, x) =
to,W(t, x) + O(e). Hence, if ¥(z,x) < —%, then t 0, W (¢, x) < —i. Recalling that 0 < ¢t < 25*_1, see
(2B-1), we conclude (3B-2). O

We now derive pointwise estimates for the inhomogeneous terms in the commuted wave equation.

Lemma 3.3 (pointwise estimates for the inhomogeneous terms). Let W be a solution to the wave equation
(1A-1a). Fork =2,3,4,5and P = 1, 2, consider following wave equation,33 obtained by commuting

33We do not bother to state the precise form of F ) here.
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(1A-1a) with V*:
—2ViW + (1+ W)PAVFY = F®), (3B-3)

Under the data-size assumptions of Section 2A, the bootstrap assumptions of Section 2B, and the smallness
assumptions of Section 2C, the following pointwise estimates hold for (¢, x) € [0, TBoor)) X R3:

|[FP| < Ce|VIZFHTTy| (P=1), (3B-4)
|[FO| < Ce(140) VW] 4+ €| VI2Kw| (P =2). (3B-5)
Proof. We first consider the case P = 1. Commuting (1A-1a) with V¥, we compute that
FRI<c Y |[V[IVhy.
a+b<k+2
1<a,2<b<k+1

The desired estimate (3B-4) then follows as a simple consequence of this bound and the bootstrap
assumptions. The proof of (3B-5) is similar, the difference being that when P = 2, we have the bound

FOl<Ce(t+ W)V Wi +C > [V VPiw). O

a+b<k+2
1<a<k,2<b<k

3C. Energy estimates. We will use the following energy, which corresponds to between two and five
commutations of the wave equation with V, in order to control solutions.

Definition 3.4 (the energy). We define
5
Eps (1) == Z 10, VKW 2+ 1+ 9P| VVE )2 + VKW % dx. (3C-1)
k=27 %

We now provide the basic energy identity satisfied by solutions.

Lemma 3.5 (basic energy identity). Let W be a solution to the wave equation (1A-1a). Let £y 51 be the
energy defined in (3C-1) and let F® be the inhomogeneous term from (3B-3). Then for P = 1,2, we have
the energy identity

5 t
5[2,51(f)=5[z,51(0)+PZf /(8,w)(1+xv)”1|vvk\p|2d;cds
k 2 SZO Es
5 t
_ZPZf f(1+qf)Pl(vw>-(vv’< W) (3, V¥ W) dx ds
k 2 SIO ES

_zi/

k=2 s=0

t

5 t
/ @V¥ U F® dxds +2) / / 0, VKU (VK W) dx ds. (3C-2)
Es k'=2 =0 E.v

Proof. The identity (3C-2) is standard and can verified by taking the time derivative of both sides of
(3C-1), using (3B-3) for substitution, integrating by parts over %, and then integrating the resulting
identity in time. U



2020 JARED SPECK

With the help of Lemma 3.5, we now derive an inequality satisfied by the energy &£p2 5.

Proposition 3.6 (integral inequality for the energy). Let E2 51 be the energy defined in (3C-1). Let
1_1<w<_1/2) be the characteristic function of the spacetime subset {(t, x)| -1 <W(tx) < —%} and
define 1i_1 2w analogously. Let 6, be the data-size parameter from Definition 2.1. Under the data-size
assumptions of Section 2A, the bootstrap assumptions of Section 2B, and the smallness assumptions of
Section 2C, the following integral inequality holds for P =1,2 and t € [0, Tgoor)):

5 t
5[2,5](1)+§P3*E / / L icg<—12(1 + W) VVR W12 dx ds
k=2 s=0 J X

5 5
55[2,5](0)+02f f|atv’<’\p|2dgds+ch f|v’<’\p|2d1cds
k=2 s=0 J X k=2 s=0 J X5

S oot
+CZ/ /1{_1/2<\p}(1+‘IJ)Pllvvkll-’lzdgcds
k=2"s=0 s

5 !
+CeZ/ /1{_1<\y<—1/2}(1—i—lIl)Q(P_l)lVVk/\Iflzdgcds. (3C-3)
=2 s=0 J X

Proof. We must bound the terms appearing in the energy identity (3C-2). We give the proof only for the
case P = 1 since the case P = 2 can be handled using similar arguments. We start by bounding the first
sum on the right-hand side of (3C-2); this is the only term that requires careful treatment. We split the
integration domain [0, 1] x R? into two pieces: a piece in which —1 < ¥ < —% and a piece in which
v > —%. To bound the first piece, we use the estimate (3B-2) to deduce that whenever —1 < W < -1
the integrand satisfies (9, W)|VV¥ W2 < —%§*|VV"/\IJ|2. We can therefore bring all of the corresponding
integrals over to the left-hand side of (3C-3) as positive integrals, as is indicated there. To bound the
second piece, we use the estimate (3B-1b) to bound 9,V in L*> by < C, which allows us to bound the
integrand by C|V V¥ W|2 It follows that since ¥ > —% (by assumption), the integrals under consideration
are bounded by the third sum on the right-hand side of (3C-3).

To bound the second sum on the right-hand side of (3C-2), we first use the bootstrap assumption
(2B-3c) to bound the integrand factor VW in L™ by < €. Thus, using Young’s inequality, we bound the
terms under consideration by the sum of the first, third, and fourth sums on the right-hand side of (3C-3).

To bound the third sum on the right-hand side of (3C-2), we use (3B-4) and Young’s inequality to
bound the integrand by Ce 22,22 18, VK W|2 4 Ce 22,22 VKW 2 Tt is easy to see that the corresponding
integrals are bounded by the right-hand side of (3C-3).

Finally, using Young’s inequality, we bound last sum on the right-hand side of (3C-2) by the first two
sums on the right-hand side of (3C-3). O

In the next proposition, we use Proposition 3.6 to derive our main a priori energy estimates. We also
derive improvements of the bootstrap assumptions (2B-3).

Proposition 3.7 (a priori energy estimates and improvement of the bootstrap assumptions). Let 8, be the
data-size parameter from (2A-2) and let 1;_1-y<_1,2) be the characteristic function of the spacetime
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subset {(t, x)| -1 < W, x) < —%} There exists a constant C > 0 such that under the data-size
assumptions of Section 2A, the bootstrap assumptions of Section 2B, and the smallness assumptions of
Section 2C, the following a priori energy estimate holds for P =1,2 and t € [0, Tgoor)):

5 t
Ep.51() + & PS, Z/ / 1 1cw<_1/ (1 + W) Vv W2 dx ds < CE2 (3C-4)
k=2 s=0 J X

Moreover, we have the following estimates, which are a strict improvement of the bootstrap assumptions
(2B-3) for € sufficiently small:

Wl (s, < 28,18+ Cé, (3C-5a)
18, Wl oo (s,) < 8 + CE, (3C-5b)
IV (s < €& 10,V s,y < CE, 107V | oo,y < CE. (3C-5¢)

Proof. We give the proof only for the case P = 1 since the case P = 2 can be handled using similar
arguments. To obtain (3C-4), we first note that for € sufficiently small relative to S*, we can absorb
the last sum on the right-hand side of (3C-3) into the second term on the left-hand side, which at most
reduces its coefficient from %80* to %S*, as is stated on the left-hand side of (3C-4). Moreover, since
L 12<w) < C -y jpc) (14 W), we have the bound [ 111 /2<u)|VV¥ W[? dx < CEp3 5(s) for the terms
in the next-to-last sum on the right-hand side of (3C-3). The remaining X, integrals are easily seen to be
bounded in magnitude by < C&[2.51(s). Also using the data bound £p 51(0) < Cé2, which follows from
our data assumptions (2A-1), we obtain

5 t t
Ep.5)() + 184 Z/ / L 1cw<_1/2|VV¥ W2 dx ds < C& —i—c/ Epsi(s)ds.  (3C-6)
=2 s=0J X s=0

From (3C-6), Gronwall’s inequality, and (2B-1), we conclude

5 '
Ensi() + 168 > / / 1 1cw<_1/3|VVE W2 dx ds < Cexp(cr)é® < CE%,
k=2 s=0 J X

which is the desired bound (3C-4).

The estimates (3C-5¢) for V>3 and 8, V>31W then follow from (3C-4) and the Sobolev embedding
result H2(R?) — L>®(R?). Next, we take up to one V derivative of (1A-1a) and use the already obtained
L™ estimates and the bootstrap assumptions to obtain the bound ||32 V='W || (s, < C& stated in (3C-5c¢).
Using this bound, the fundamental theorem of calculus, and the data assumptions ||V\il0|| L=(5,) < € and
||\i10||Loo(>;0) < 3§, we obtain the bounds ||3, V¥ lLoo(s,) <Céand ||0; V| x5, < §+Cé, whichin particular
yields (3C-5b). Using a similar argument based on the already obtained bound |9, VW[ 1= (x,) < Cé,
we deduce || VW] 1x(x,) < Cé. Similarly, from the already obtained bound ||9; ¥ || 1 (x,) < §+Cé, the
fundamental theorem of calculus, the initial data bound || U |z (s,) <€, and the fact that 0 <t < T(Boor) <
251, we deduce ||W||z~(x,) < 28718 + Cé, that is, (3C-5a). O
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4. The main results

We now derive our main results, namely Theorem 4.1 and Proposition 4.2.

Theorem 4.1 (stable finite-time degeneration of hyperbolicity). Ler (U, Uy) € HO(R3) x H5(R3) be
compactly supported initial data (1A-1b) for the wave equation (1A-1a) with P € {1, 2} and let V denote
the corresponding solution. Let

M(t) := min {1+ W(s, x)}. 4-1)
(s,x)€[0,1]xR3

Let €, S, and 8* be the data-size parameters from (2A-1)—(2A-2) and assume that § > 0 and 8* > 0. Note
that if & is sufficiently small, then M(0) = 1+ O(€) > 0. If & is sufficiently small relative to § " and 8, in
the sense described in Section 2C, then the following conclusions hold.

Breakdown in hyperbolicity precisely at time T,: There exists a T, > 0 satisfying
T, = {14+ 0(&)}5;! (4-2)

such that the solution exists classically on the slab [0, T,) x R® and such that the following inequality
holds for 0 <t < T,:

M(t) > 0. 4-3)
Moreover,
tl#r}} M(t) =0. (4-4)

Regularity properties on [0, T,) x R3: On the slab [0, T,) x R, the solution satisfies the energy bounds
(3C-4), the L*™® estimates (3C-5) and the pointwise estimates (3B-1) (with Cé on the right-hand side in
place of € in the latter two estimates). Moreover,

W e C([0, T, HA(RY)) N L>([0, T.), H (R?)), (4-5a)
W e C([0, T.), H(R?)) NL>¥([0, T), H>(RY)). (4-5b)

Regularity properties on [0, T,] x R3: W extends to a classical solution on the closed slab [0, T,] x R3
enjoying the following regularity properties: for any N < 5, we have

v e C([0, T.], H(RY)), (4-6a)
W e C([0, .1, HY (R*)) N L™([0, T.1, H>(RY)). (4-6b)

In particular, the L™ estimates (3C-5) and the pointwise estimates (3B-1) (with C¢& on the right-hand
side in place of € in these estimates) hold on [0, T,] x R3 Moreover, in the case®* P = 1, we have

W e L*([0, T.], H*(R?)). (4-7)
Description of the breakdown along X1,: The set
S = (g € T, | 1+ ¥(q)=0} (4-8)

34n the proof of the theorem, we clarify why our proof of (4-7) relies on the assumption P = 1.
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is nonempty and we have the estimate

sup o,V < —%g*. (4-9)
Degen
ET*
In particular, in the case P = 1, the hyperbolicity of the wave equation breaks down on E?j’gen in

the following sense: if q € ETD*egen, then any C' extension of W to any spacetime neighborhood Q2

containing q necessarily contains points p such that (1A-1a) is elliptic at W (p). In contrast, in the case
P =2, only the strict hyperbolicity (in the sense of Footnote 7) of (1A-1a) breaks down for the first time
at T,.

Proof. Let T, be the supremum of the set of times T(goor) Subject to inequality (2B-1) and such that
the solution exists classically on the slab [0, T(goor)) X R3, has the same Sobolev regularity as the initial
data, and satisfies the bootstrap assumptions of Section 2B with € := C,¢é, where C, is described just
below. By standard local well-posedness, see for example [Hormander 1997], if € is sufficiently small
and C, > 1 is sufficiently large, note that this is consistent with the assumed inequalities (2C-1), then
T, > 0. Next, we state the following standard continuation result, which can be proved, for example, by
making straightforward modifications to the proof of [Hérmander 1997, Theorem 6.4.11]: if 7, < 25*_ L
then the solution can be classically continued to a slab of the form [0, T, + A] x R3 (for some A > 0 with
T.+A< 25*_ 1) on which the solution has the same Sobolev regularity as the initial data and on which the
bootstrap assumptions hold, as long as the bootstrap inequalities (2B-3) are strictly satisfied for ¢ € [0, T,)
and inf;¢fo, 7,y M(#) > 0. It follows that either (i) 7, = 280*_ ! (ii) that the bootstrap inequalities (2B-3)
are saturated at some time ¢ € [0, 7,), or (iii) that inf,¢po,1,) M(t) = 0. If Cy is chosen to be sufficiently
large and € is chosen to be sufficiently small, then the a priori estimates (3C-5) ensure that the bootstrap
inequalities (2B-3) are in fact strictly satisfied for ¢ € [0, T}). Moreover, from (2A-2) and the estimate
(3B-1a) (which is now known to hold with € replaced by C¢€), we see that miny, (14+W¥) =1— St +0O(&)
and thus, in fact, case (iii) occurs with 7, = 5;1 +0E) ={1+ O(é)}é;l < 25;1 and lim;y7, M(t) = 0.
From the above reasoning, we easily deduce that the energy bound (3C-4) holds for ¢ € [0, 7,) and, since
the a priori estimates (3C-5) show that the bootstrap assumptions hold with € replaced by Cé, that the
pointwise estimates (3B-1) hold for (¢, x) € [0, T,) x R? with € replaced by Cé.

In the rest of this proof, we sometimes silently use the simple facts that W, 3, ¥ € L*([0, T.), H' (R?)).
These facts do not follow from the energy estimates (3C-4) (since the energy does not directly control
W, 9, ¥, VW or Vo, V), but instead follow from (3C-5) and the compactly supported (in space) nature
of the solution. To proceed, we easily conclude from the definition of &2 51(¢) and the fact that the
estimates (3C-4) and (3C-5b)~(3C-5¢) hold on [0, 7,) that 9, ¥ € L>([0, T,], H3(R?)), as is stated in
(4-6b). Also, this fact trivially implies the corresponding statement in (4-5b), where the closed time
interval is replaced with [0, 73). The facts that W € C([0, o), H*(R*)) and 9, ¥ € C([0, T.), H>(R?)),
as is stated in (4-5a) and (4-5b), are standard results that can be proved using energy estimates and
simple facts from functional analysis. We omit the details and instead refer the reader to [Speck 2008,
Section 2.7.5]. We note that in proving these “soft” facts, it is important that M(¢) > 0 for r € [0, T, ), which
implies that standard techniques for strictly hyperbolic equations can be used. To obtain the conclusion
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Ve LZ([O, T.], H 6([R§3)) in the case P = 1, as is stated in (4-7), we simply use the fact that the energy
bounds (3C-4) hold on [0, 7,) (including the bound for the spacetime integral term on the left-hand side).
Note that the same argument does not apply in the case P = 2 since in this case, the spacetime integral on
the left-hand side of (3C-4) features the degenerate weight 1 + W. The fact that ¥ € C ([O, T.], H> ([R{3)),
as is stated in (4-6a), is a simple consequence of the fundamental theorem of calculus, the fact that
W € HO(X), and the already proven fact that 3, ¥ € L™ ([0, .1, H>(R?)). To obtain that for N <5 we have
W eC([0, T.], HY (R?)), as is stated in (4-6b), we first use (1A-1a), the fact that ¥ € C ([0, 7], H>(R?)),
and the standard Sobolev calculus to obtain BtleJ eC ([O, T.], H 3([R{3)). Hence, from the fundamental
theorem of calculus and the fact that \ifo € H>(Zy), we obtain 9,V € C([O, T.l,H 3([R?3)). From this fact
and the fact 9, ¥ € L>([0, o], H3(R?)), we obtain, by interpolating®> between L* and H>, the desired
conclusion o; W € C([O, T.], HN(R3)).

Next, we note that the arguments given in the first paragraph of this proof imply that M extends
as a continuous decreasing function defined for ¢ € [0, T,] such that M(¢) > O for ¢ € [0, T,) and
such that M(T,) = 0. Also using that ¥ € C([0, T.], H>(R?)) C C([0, T.], C*(R?)), we deduce, in
view of definitions (4-1) and (4-8), that degen is nonempty. Moreover, from (3B-2) and the fact that
W e C([0, T.], H**(R?)) C C([0, T.], C*(R?)), we find that the estimate (4-9) holds. In addition, in
view of (4-9), we see thatin the case P =1, if g € E]%egen, then any C! extension of W to a neighborhood
of g contains points p such that 1 + W (p) < 0, which renders (1A-1a) elliptic. This is in contrast to the
case P =2 in the sense that (1A-1a) is hyperbolic for all values of . U

Theorem 4.1 yields that W remains regular, all the way up to the time 7,. However, as the next
proposition shows, a type of invariant blowup does in fact occur at time 7, in both the cases P =1, 2.
The blowup is tied to the Riemann curvature of the metric g.

Proposition 4.2 (blowup of the Kretschmann scalar). Let g = g(V) denote the spacetime metric
defined in (1A-2) and let Riem(g) denote the Riemann curvature tensor’® of g. Under the assump-
tions and conclusions of Theorem 4.1, we have the following estimate for the Kretschmann scalar
Riem(g)®7® Riem(g)qpys on [0, T,] x R3:

. aﬁyé . _ 15 (81 1')4 ( é _ _
Riem(g) Riem(g)qepys5 = 5 —(1 7 +0 —(1 3 (P=1), (4-10a)
. . (3, 9)* é
afyé _ _ _
Riem(g) Riem(g)apys = 60—(1 7 + (’)(—(1 )3) (P =2). (4-10b)

In particular, Riem(g)‘)"gy‘S Riem(g)qpy s is bounded for 0 <t < T,, while by (3B-2) and (4-10) at time T,,
Riem(g)*A7? Riem(g)qpys blows up precisely on the subset ZIT)*egen defined in (4-8).

Proof. We prove only (4-10a) since the proof of (4-10b) is similar. The identities that we state in this
proof rely on the form of the metric (1A-2). We first note the following simple decomposition formula,

35Here, we mean the following standard inequality: if f € H 5(%;) and 0 < N <5, then there exists a constant C N > 0 such
th 1=N/57  N/5
at Il fl v s S CNIFNZO NI s,
Our sign convention for curvature is Dy Dg X, — DgDg X = Riem(g)aﬂle”, where D denotes the Levi-Civita
connection of g and X is an arbitrary smooth vector field.
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which relies on the standard symmetry and antisymmetry properties of the Riemann curvature tensor:
Riem(g)*#7° Riem(g)qpys = Riem(g),, ¢ Riem(g) 4" + 4 Riem(g) ¢ Riem(g)
—4gecgaa g™ Riem(g)os Riem(g)gs . (4-11)

Next, we let 8 denote the first fundamental form of X, relative to g; that is, 8ij =8ij = (1+Ww)~Ps; ; for
i, j=1,2,3, where §;; denotes the standard Kronecker delta. We also let (recalling that P = 1 in the
present context)

k= — (g7 (3L5,8aj) = 310 In(1 + W)}, (4-12)

denote the (type (1)) second fundamental form of ¥, relative to g, where £;, denotes Lie differentiation
with respect to the vector field 9, and &' ; denotes the standard Kronecker delta. Standard calculations
based on the Gauss and Codazzi equations for the Lorentzian manifold (R!*3, g) yield, see for example
[Rodnianski and Speck 2014b, Appendix A], the identities

Riem(g),f¢ = k< k% — k% kS, 4+ A9, (4-13)
Riem(g), " = (3, In(1 + W)k, +k%k% + A, (4-14)
Riem(g)o<? = Aycd, (4-15)
where the error terms are
Ayt = Rlem(g)ab , (4-16)
ALY =~ 1+\IJ —— 3, ((1 + W)k, (4-17)

Doy 1= (g7 Beky) — (g7 Be (K7,
+(§ )Le efk];)_(g—l)CEFefbkd ( —l)deref A +(g_1)derebkcf’ (4 18)
and
T/ =350 gak + 0k8ja — a8} (4-19)
are the Christoffel symbols®” of g. In (4-16), Riem(g) denotes the Riemann curvature tensor of g. We
note that in deriving (4-14) and (4-17), we have used the simple identity

1
—0; (k) = (3 In(1 + W)k, — = A (1 +W)KS).
We will use the estimates of Theorem 4.1 to show that
DS = 0@) —— 1+\IJ (4-20)
ASY =008, (4-21)
L' — -
Doft = 0(8) 1+\If’ (4-22)

370ur index conventions for the Christoffel symbols are different than the ones used in many works on differential geometry.
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The desired bound (4-10a) then follows from (4-11), (4-12), (4-13)—(4-15), (4-20)—(4-22), the simple
estimates g/ = O(1)(1 + V) and g;; = O(1)(1 + W), and straightforward calculations.
It remains for us to prove (4-20)—(4-22). To prove (4-20), we first use (4-19) and (3C-5) to deduce

| o l. o

14+ w)?’
Since Riem(g) alfd has the schematic structure Riem(g) alfd =g 9T + g7 'I" - T (where 3 denotes
the gradient with respect to the spatial coordinates), we deduce from (4—53) and the simple estimate
(g™HY =0(1)(1+ W) that
Riem(g) ¢ = O(e");,
= 1+¥

which yields (4-20). To prove (4-21), we first use (4-12), (1A-1a), and the estimates (3C-5a) and (3C-5c)
to deduce 3, ((1 + W)k¢,) = 392Ws¢, = 2(1 + W) AWSS, = O(&)(1 + V). From this bound and (4-17),
we conclude (4-21). To prove (4-22), we first use (4-12) and the estimates (3C-5) to deduce

. 1 : 1

Ki=0()——, k', =0(&)———. 4-24

i =W WK =0O T3 (4-24)

From (4-23), (4-24), and the simple estimate (g~")"” = O(1)(1 + W), we conclude (4-22). O
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DIMENSION OF THE MINIMUM SET FOR THE REAL AND COMPLEX
MONGE-AMPERE EQUATIONS IN CRITICAL SOBOLEYV SPACES

TRISTAN C. COLLINS AND CONNOR MOONEY

We prove that the zero set of a nonnegative plurisubharmonic function that solves det(ddu) > 1in C” and is
in W2:nn=k)/k contains no analytic subvariety of dimension k or larger. Along the way we prove an analo-
gous result for the real Monge—Ampere equation, which is also new. These results are sharp in view of well-
known examples of Pogorelov and Btocki. As an application, in the real case we extend interior regularity
results to the case that u lies in a critical Sobolev space (or more generally, certain Sobolev—Orlicz spaces).

1. Introduction

In this paper we investigate the dimension of the singular set for the real and complex Monge—Ampere
equations, assuming critical Sobolev regularity.

We first discuss the real case. It is well known that convex (e.g., viscosity) solutions to det D?u = 1
are not always classical solutions. Pogorelov constructed examples in dimension 7 > 3 of the form

u(x', ) = ¥ 27 f ()
that solve det D?u = 1 in |x,| < p for some p > 0 and some smooth, positive f. This example is C1:¢
fora <1-— %, and WP for p < @ Furthermore, this solution is not strictly convex, and it vanishes
on {x’ = 0}.

On the other hand, it is known that strictly convex solutions are smooth. The proof of this fact is
closely related to the solution of the Dirichlet problem, which has a long history, beginning with work
of Pogorelov [1971a; 1971b; 1973; 1978], Cheng and Yau [1976; 1977] and Calabi [1958]. Cheng
and Yau [1976] solved the Minkowski problem on the sphere, and in [Cheng and Yau 1977] proved the
existence of solutions to the Dirichlet problem which are smooth in the interior and Lipschitz up to the
boundary. P. L. Lions [1983; 1985] gave an independent proof of this result. Caffarelli, Nirenberg and
Spruck [Caffarelli et al. 1984] and Krylov [1983] established the existence of solutions smooth up to the
boundary, provided the boundary data are C*:!. Trudinger and Wang [2008] proved optimal boundary
regularity results, where the optimality comes from earlier examples of Wang [1996].

Remark 1.1. In the case n = 2 it is a classical result of Alexandroff [1942] that solutions to det D%u > 1
are strictly convex.

Collins was supported in part by National Science Foundation grant DMS-1506652, the European Research Council and the Knut
and Alice Wallenberg Foundation. Mooney was supported in part by National Science Foundation fellowship DMS-1501152 and
by the ERC grant “Regularity and Stability in Partial Differential Equations (RSPDE)”.
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In view of the above discussion, to show interior regularity for det D?u = 1 it is enough to show strict
convexity. (We remark that interior estimates generally depend on the modulus of strict convexity). Urbas
[1988] showed strict convexity when u is in C 1* for o > 1 — %, orin W2 for p > ”("T_l) (Note that for
these values of p, W?2P embeds into C12 fora > 1— —1,
[1990b] showed that if 1 < det D?>u < A and u is not strictly convex, then the graph of u contains an

so neither result implies the other). Caffarelli

affine set with no interior extremal points, and if det D2y > 1, then the dimension of any affine set in
the graph of u is strictly smaller than 5 [Caffarelli 1993]; see also [Mooney 2015]. These results led
to interior C2>% and W24 estimates for solutions with linear boundary data, when det D?u is strictly
positive and C%, resp. C 0 [Caffarelli 1990a]. Finally, in [Mooney 2015] the second author showed that if
det D?u > 1, then u is strictly convex away from a set of Hausdorff (n—1)-dimensional measure zero,
and that this is optimal by example (even when det D?u = 1).

In view of the Pogorelov example, the C'*® hypothesis in [Urbas 1988] is sharp, and the W?2:?
n(n—1)

hypothesis is nearly sharp. In this paper we show interior regularity for the borderline case p = ==

Our result in the real case is:

Theorem 1.1. Assume that u is a convex solution to det D>u > 1 in By C R", and let 0 < k < 5. 1f
u € W2P(By) for some p > % " (n—k), then the dimension of the set where u agrees with a tangent plane
is at most k — 1.

Remark 1.2. In particular, if u € W2 then it is strictly convex We in fact show that u is strictly
convex if Au lies in Orlicz spaces that are shghtly weaker than L (see Section 3), strengthening
the result from [Urbas 1988]. Our result is sharp in view of the Pogorelov example.

As a consequence, we can extend interior estimates to the borderline case p = "(”2—_1) (see Section 5).
Interior estimates of this kind are often important in geometric applications, where one does not control
the boundary data.

Remark 1.3. There are analogues of the Pogorelov example that vanish on sets of dimension k for any
k < % and are not in W 2>2k (n=k) [Caffarelli 1993]. These show that Theorem 1.1 is also sharp in the
case k > 1.

We now discuss the complex case. Like in the real case, there exist singular Pogorelov-type examples
of the form

_2
u(z',zn) = 121777 f(zn)
for n > 2, such that det(3du) is a strictly positive polynomial [Blocki 1999].

Remark 1.4. In fact, there are analogues of this example that vanish on sets of complex dimension k for
any k < n. Furthermore, these singular examples are global.

Less is known about interior regularity for the complex Monge—Ampére equation det(ddu) = 1. Blocki
and Dinew [2011] showed that if # € W22 for some p > n(n— 1), then u is smooth. This result relies
on an important estimate of Kotodziej [1996]. The same result is true provided Au is bounded; see, e.g.,
[Wang 2012]. In this case the point is that the operator becomes uniformly elliptic, and by its concavity
an important C > estimate of Evans and Krylov applies; see, e.g., [Caffarelli and Cabré 1995]. Thus far,
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there does not seem to be a geometric condition analogous to strict convexity that guarantees interior
regularity.

However, if u is nonnegative then something can be said about analytic structures in the minimum
set. A classical theorem of Harvey and Wells [1973] says that the minimum set of a smooth, strictly
plurisubharmonic function is contained in a C, totally real submanifold. Dinew and Dinew [2016]
recently showed that if det(ddu) has a positive lower bound and u € C1® for o > 1 — %, or C# for
B>2— % in the case k > 7, then the minimum set of u contains no analytic subvarieties of dimension k
or larger. We investigate the same situation assuming Sobolev regularity. In the complex case, our main
result is:

Theorem 1.2. Assume that u is a nonnegative plurisubharmonic function satisfying det(aéu) > 1in the
viscosity sense in By C C", and let 0 < k <n. If Au € L? for some p > %(n — k), then the zero set
{u = 0} contains no analytic subvarieties of dimension k or larger.

Remark 1.5. We recall that det(ai_iu) > 1 in the viscosity sense if  is continuous in By, and whenever a
quadratic polynomial P of the form A7,z;Zj + Re(Q(z1. ..., zx)) such that A is a positive semidefinite
Hermitian matrix touches u# from above in By, then det(ddP) > 1.

Remark 1.6. Since W2%#=%) embeds into C 1’1_%, this result is different from that in [Dinew and
Dinew 2016]. It is sharp in view of Pogorelov-type examples.

Remark 1.7. It is not known whether all singularities of solutions to det(ddu) = 1 arise as analytic
subvarieties, or that they occur on a complex analogue of the agreement set with a tangent plane. Thus,
Theorem 1.2 does not immediately imply smoothness of solutions to det(du) = 1 when u € W2n=1)
(unlike in the real case).

The critical Sobolev spaces arise naturally in geometric applications. For example, in complex
dimension 2 the L? norm of the Laplacian is a scale invariant, monotone quantity whose concentration
controls, at least qualitatively, the regularity of functions with Monge—Ampere mass bounded below.
In this sense, Theorem 1.2 can be seen as a step toward understanding the regularity and compactness
properties of sequences of (quasi)-PSH functions with lower bounds for the Monge—Ampere mass, which
arise frequently in Kihler geometry.

The proof of Theorem 1.1 relies on two key observations. The first is that u grows at least like dist?=
away from a zero set of dimension k. The second is that the W22 ("=K) norm is invariant under the
rescalings that fix the k-dimensional zero set, and preserve functions with this growth. By combining
these observations with some convex analysis, we show that the mass of (A u);T(”_k) is at least some
fixed positive constant in each dyadic annulus around the zero set.

In the complex case the strategy is similar, but an important difficulty is that we don’t have convexity.
We overcome this in two ways. First, using subharmonicity along complex lines, we can say that u grows
at a certain rate from its zero set at many points. Second, we use a dichotomy argument: either the
mass of | D2u| o is at least a small constant in an annulus around the zero set, or it is very large and
concentrates close to the zero set. Using that the Wz’n(nT_k) norm is bounded, we can rule out the second
case and proceed as before.
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The paper is organized as follows. In Section 2 we prove some estimates from convex analysis that are
useful in the real case. We then prove an analogue in the general setting that is useful in the complex
case. In Section 3 we prove Theorem 1.1. In Section 4 we prove Theorem 1.2. Finally, in Section 5 we
give some applications of Theorem 1.1 to interior estimates for the real Monge—Ampere equation.

2. Preliminaries

Here we prove some useful functional inequalities. The first inequality is from convex analysis. This will
be used to prove Theorem 1.1. We then prove a certain analogue in the general setting. This will be used
to prove Theorem 1.2.

Estimate from convex analysis.

Lemma 2.1. Let n > 2 and let w be a nonnegative convex function on B, C R, with w(0) = 0 and

supyp, w = 1. Then there is some positive constant ¢(n) such that

/ Aw dx > c(n).
B>\ B,

Proof. By integration by parts, we have

/ Aw dx =/ d,wds — drwds,
B>\ B; 0B, 0B,

where 0, denotes radial derivative. By convexity, d,w is increasing on radial lines. We conclude that

f Awdx > 1 dywds.
B>\ B, 2 0B>

Assume that the maximum of w on 0B is achieved at e,. By convexity, w > 1 in B, N {x, > 1}; hence
0pw > % on 0B, N{x, > 1}. Since d,w > 0, the conclusion follows. O

As a consequence, the Sobolev regularity of a convex function whose maximum on dB, grows like r¢
is no better than that of r9:

Lemma 2.2. Assume that w is a nonnegative convex function on By C R" (n > 2) such that w(0) =0
and supyg w > 14 for some q € [1,2) and all r < 1. Then

[ (Aw)?7 dx > c(n,q)|logr|
Bl\Br

for some c(n,q) > 0 and all r € (0, 3).
Remark 2.3. We take ¢ > 1 since convex functions are locally Lipschitz.

Proof. Fix p < % and let w,(x) = p~9w(px). Note that the L777 norm of Aw is invariant under such
rescalings. We conclude from this observation and Lemma 2.1 that

/ (Aw)zﬁﬁ dx = / (Awp)Z%l dx >c(n,q).
By,\B, B>\B,

The estimate follows by summing this inequality over dyadic annuli. O
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Remark 2.4. One can refine this estimate to Orlicz norms. Let F : [0, c0) — [0, 00) be a convex function
with F(0) = 0. By Lemma 2.1 we have

1

—_— Audx > c(n)ri2.
| B2\ Br| JB,,\B,

Using Jensen’s inequality and summing over dyadic annuli, we obtain

/ F(Au/A)dx =Y " | By—i\By—si—1|F(c(n)275@2) /3).
Bi k=1

In particular, the Orlicz norm [|Au||; 7 (p,) is equal to oo if
® dt
/ t 2-a F(t) - =oo
1

Examples F(t) that agree with t7q [logz|~? for ¢ large and 0 < p < 1 satisfy this condition, and give
weaker norms than LZHTQ. For a reference on Orlicz spaces, see, e.g., [Simon 2011].

Estimate without convex analysis. The following estimate is a certain analogue of Lemma 2.1, in the
general setting.

Lemma 2.5. Let w be a nonnegative function on By C R" with w(0) = 0, and let p > 5. Then there
exists co > 0 depending on n, p such that for all € € (0, 1), there exists some §(¢,n, p) such that either

1
p
(/ |D2w|pdx) > §supw,
BZ\Be 8Bl

1
p n_
(/ |D2w|1’dx) > coer 2 supw.
B> aBl

Proof. After multiplying by a constant we may assume that supyg, w = 1. Assume that the first case is

or

not satisfied. Then by the Sobolev—Poincaré and Morrey inequalities we have

“w _l”LOO(Bz\Bg) < C(n’ D, 6)8

for some linear function /. Take § so small that the right side is less than %
By the hypotheses on w, we have /(0) > % Indeed, after a rotation we have /(e,) > % and /(—2ep) > —%.
Let w(x) = (w—1[)(ex). Then |0| < % in B,\ By, and furthermore, w(0) < —%. It follows again from

standard embeddings that

( |D*w|? dx)p > co(n, p).
B;

Scaling back, we obtain the desired inequality. O
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3. Proof of Theorem 1.1

We recall some estimates on the geometry of solutions to det D?u > 1. The first says that the volume of
sublevel sets grows at most as fast as for the paraboloids with Hessian determinant 1:

Lemma 3.1. Assume det D?u > 1 in a convex subset of R" containing 0, with u > 0 and u(0) = 0. Then

l{u < h}| < C(n)h2
for all h > 0.

The proof follows from the affine invariance of the Monge—Ampere equation and a quadratic barrier;
see, e.g., [Mooney 2015], Lemma 2.2.

Using Lemma 3.1 we can quantify how quickly u grows from a singularity. Below we fix n > 3 and
0 <k < %, and we write (x, y) € R" with x € R"k and y € R¥.

Lemma 3.2. Assume that det D*u > 1in {|x| <1} N {|y| <1} C R", withu > 0 and u = 0 on {x = 0}.
Then for all v < 1 we have

inf sup u(x,y)> c(n)rz_%(.

Y |x|=r
Proof. Take ¢ = c(n) small and assume by way of contradiction that for some r( the conclusion is false.

2_7
Seth =cr, ". Then for some yo we have

=0} N {Ixl<(™' M FmF} C {u <y,
Since {u < h} is convex, it contains the convex hull of the set on the left and +e,. We conclude that
[{u <1} = 2" )2,
which contradicts Lemma 3.1 for ¢ small. O

The main theorem follows from the growth established in Lemma 3.2 and the convex analysis estimate
Lemma 2.2.

Proof of Theorem 1.1. Assume that u agrees with a tangent plane on a set of dimension k. After
subtracting the tangent plane, translating and rescaling, we may assume that # > 0 on {|x| < 1} N{|y| < 1},
and that u = 0 on {x = 0}. By Lemma 3.2, we also have that
inf sup u(x,y) > c(n)rz_ZTk.
{UyI<1} |x|=r
Apply Lemma 2.2 on the slices {y = const.}, taking g =2 — % and replacing n by n — k, and integrate
in y to conclude that

/ (Au)2e =k gy > c(n, k)|logr]|.
{lyl<i3n{r<|x|<1}

Taking r — 0 completes the proof. O
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Remark 3.3. By Remark 2.4, one obtains the same result if Au is in the (weaker) Orlicz space L¥ for
any convex F : [0, 00) — [0, 00) satisfying F(0) = 0 and

X = dt
/ ) F(t) = = oo. )
1

4. Proof of Theorem 1.2

We first prove an analogue of Lemma 3.2. We fix n > 2 and 0 < k < n, and we use coordinates (z, w) € C"
with z € C" % and w e Ck.

Lemma 4.1. Assume that det(ddu) > 1 in {|z| < 1} N {|w| < 1} C C" in the viscosity sense, with u > 0
and u = 0 on {z = 0}. Then for all r < 1 we have
sup sup u(z,w) > c(n)rz_%{.
lw|<4 zI=r
Proof. Take ¢ = c(n) small and assume by way of contradiction that for some r( the conclusion is false.

Let h =cr, ™. Since u is subharmonic on the slices {w = const.}, by the maximum principle we have

0
{lw] <3y n{jz] < (') z@=P ) C {u < h}.

(Note that the volume of the set on the left is much larger than 4" for ¢ small.) The proof then proceeds
as in the real case. For ¢ small, the convex quadratics Q; = 2h(16|w|?> + (c_lh)_ﬁ|z|2) + ¢ are
supersolutions that lie strictly above © on 8({|w| < %} N{|z| <ro }) for £ > 0. For some ¢t > 0, Q; touches
u from above somewhere inside this set, contradicting that u is a viscosity subsolution. O

Proof of Theorem 1.2. Assume that the minimum set of u# contains an analytic subvariety of dimension k.
After a biholomorphic transformation and a rescaling, we may assume that # > 0 on {|z| < 1} N{|w| < 1}
and u = 0 on {z = 0} (see, e.g., [Dinew and Dinew 2016, Theorem 32] for details) and that

”M” 5 n(n—k) = C() < Q.
W=k (lwl<13n{lzl<1})

(Here we used elliptic theory: Au controls D?u in L? for 1 < p < 00.)

For any r < % we define

1
ur(z,w) = ﬁu(rz, w).
r<- n

We claim that there exist €, § > 0 small depending on n, k, Cy (but not r) such that

nn—k)

|D2u,|” % |dz||dw| > 8. (2)

/{.Iw|<1}ﬂ{e<|z|<2}
Here D2 denotes the Hessian in the z-variable. We first indicate how to complete the proof given the
claim. The invariance of this norm under the rescalings used to obtain u, gives that

n(n—k)

|D*u|” & |dz||dw| > §

/{|w|<1}ﬂ{(§)r<|z|<r}
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k+1
)

for all ¥ < 1. By summing this over the annuli {|w| < 1}N {(% <|z] < (%)k} we eventually contradict

the upper bound on the w2" e norm of u.
We now prove the claim. By Lemma 4.1, there exists some (zg, wo) € {|z| = 1} N {|w| < 7} with
ur(zg, wg) > c(n) > 0. Let
M(w) = ur(zg, w).

Since M (w) is positive and subharmonic, we have by the mean value inequality that
[ M(w) |[dw| > c¢(n) > 0. 3)
lwl<1}

By Lemma 2.5, for all € small, there exists (7, k, €) such that either

( [ Dk

{e<|z|<2}

( / D2u, (=, w)]"
{lz|<2}

Let A be the set of w such that the first case holds. We conclude from the scale-invariance of the norm

=y
) > M (w)
or
(n k)

)_k) >c(n, k)e” M(w).

we consider that

Co > c(n, k) (/ |D2u,|
A \J{|z|<2}

By taking €(n, k, Cp) small, we conclude that the mass of M (w) in A¢ is less than its mass in Ac. We

n(n k)

2(n—k)
n

k
n(n—kKy
|dz|) |[dw| > c¢(n, k)e™ / M(w) |[dw|.
A¢

conclude from the estimate (3) that

(/ D2, |™
{lw|<1}n{e<|z|<2}

Remark 4.2. To justify the above computations, on the slices {w = const.} we use that, for almost every w
2,257 ({|z] < 1}) with D2 f,, = D2u(-, w).
““** (By). and apply

k
-
) zc(n,k)S/ M(w)|dw|>c(n,k)é(n, k,Cy). O
Ae

in {|w| < 1}, the restrictions fy,(z) := u(z, w) are in W

To see this, let {u/} be a sequence of smooth functions approximating u in W2
the Fubini theorem to |u/ —u| + |Vu/ — Vu| +|D*u’/ — D?u|.

Remark 4.3. Theorem 1.2 actually implies a slightly more general result. Namely, if « is plurisubharmonic
on B and satisfies det 3du > 1, and Au € L? for some p=> %(n — k), then u cannot be pluriharmonic
when restricted to any analytic set of dimension greater than or equal to k. This follows from Theorem 1.2
and the proof of Theorem 35 in [Dinew and Dinew 2016].

5. Applications

As a consequence of Theorem 1.1 we obtain interior estimates for the real Monge—Ampere equation

depending on the W2:? norm of the solution for any p > "("T_l) This extends a result of Urbas [1988]

to the equality case p = @
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Remark 5.1. In fact, we obtain interior estimates depending on certain Orlicz norms that are slightly
(n—1)
weaker than L™ 2

We recall the definition of sections of a convex function. Let u be a convex function on By C R™. If /
is a supporting linear function to u at x € B, we set

St(x)={u<I+h}nBy.

Lemma 5.2. Assume that det D*>u > 1 in By C R”, and that lullw2.0(B,) < Co for some p = @
Then there exists hg > 0 depending only on n, p and Cy such that

Sh,(X) € B
forall x € B 1 and supporting linear functions | at x.

Proof. The result follows from a standard compactness argument using the closedness of the condition
det D?u > 1 under uniform convergence, the lower semicontinuity of the W2>? norm under weak
convergence and Theorem 1.1. O

Remark 5.3. The conclusion is the same if | Au| ;r(p,) < Co for some F satisfying condition (1) for
k =1, and in addition, e.g., [[u| p2.2(p,) < Co. The argument is by compactness again, but one has to
work harder to extract a limit whose Hessian has bounded Orlicz norm. Rather than using weak W22
convergence of a subsequence {uy, }, invoke the Banach—Saks theorem and use the strong convergence in
W?2:2 of Cesaro means % chvzl uy. The convexity of F then implies that the Hessian of the limit has
bounded Orlicz norm.

(In order to use Banach—Saks we need control of Au in L? for some p > 1, which does not follow
from bounded Orlicz norm. This is the reason for the second condition).

Interior, e.g., C 2.« estimates and W2+4 estimates in terms of ||u||Wz,n<n—1)/z( B) follow, where the
estimates also depend on 7, o and the C* norm (resp. 1, ¢ and the modulus of continuity) of det D?u.

Indeed, by Lemma 5.2 we have S }llo (x) € By for some universal /iy and all x € B 1 Since det D?u also
has an upper bound (depending on the C® norm or modulus of continuity of det D?u), we have the
lower volume bound |S }llo (x)| > chg for compactly contained sections [Caffarelli 1990b]. Combining this
with the diameter estimate diam(S ,io (x)) <2, we see that the eigenvalues of the affine transformations
normalizing these sections (taking B to their John ellipsoids) are bounded above and below by positive
universal constants. The estimates follow by applying Caffarelli’s results [1990a] in the normalized
sections, scaling back, and doing a covering argument.
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