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RESONANCES FOR SYMMETRIC TENSORS
ON ASYMPTOTICALLY HYPERBOLIC SPACES

CHARLES HADFIELD

On manifolds with an even Riemannian conformally compact Einstein metric, the resolvent of the
Lichnerowicz Laplacian, acting on trace-free, divergence-free, symmetric 2-tensors is shown to have a
meromorphic continuation to the complex plane, defining quantum resonances of this Laplacian. For higher-
rank symmetric tensors, a similar result is proven for (convex cocompact) quotients of hyperbolic space.

1. Introduction

This paper studies the meromorphic extension of the resolvent of the Laplacian acting on symmetric tensors
above asymptotically hyperbolic manifolds. The geometric setting of asymptotically hyperbolic manifolds,
modelled on convex cocompact quotients of hyperbolic space, dates back to [Mazzeo 1988; Mazzeo and
Melrose 1987; Fefferman and Graham 1985]. The meromorphic extension with finite-rank poles of the
resolvent of the Laplacian on functions is obtained in [Mazzeo and Melrose 1987], excluding certain
exceptional points in C. Refining the definition of asymptotically hyperbolic manifolds by introducing
a notion of evenness, Guillarmou [2005] provided the meromorphic extension to all of C and showed
that for such an extension, said evenness is essential; see also [Guillopé and Zworski 1995]. By shifting
his viewpoint and studying a Fredholm problem, rather than using Melrose’s pseudodifferential calculus
on manifolds with corners, Vasy [2013a; 2013b] was also able to recover the result of [Guillarmou
2005]. This technique is presented in a very accessible article of Zworski [2016] in a microlocal language
(nonsemiclassical). This alternative method is more appropriate when one considers vector bundles, and,
for symmetric tensors, is lightly explained later in this introduction. Effectively contained in [Vasy 2013a],
the meromorphic extension is explicitly obtained in [Vasy 2017] for the resolvent of the Hodge Laplacian
upon restriction to coclosed forms (or excluding top forms, for closed forms). Such a restriction is natural
in light of works in a conformal setting [Aubry and Guillarmou 2011; Branson and Gover 2005], i.e.,
the boundary of the asymptotic space. In fact, from the conformal geometry viewpoint, Vasy’s method
of placing the asymptotically hyperbolic manifold in an ambient manifold equipped with a Lorentzian
metric is very much in the spirit of both the tractor calculus [Bailey et al. 1994], as well as the ambient
metric construction [Fefferman and Graham 2012].

We give the theorems (with precise definitions of the objects involved left to the body of the article) and
sketch their proofs. Let X be a compact manifold with boundary Y = ∂X. That (X, g) is asymptotically
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hyperbolic means that, locally near Y in X , there exists a chart [0, ε)ρ × Y such that on (0, ε)× Y, the
metric g takes the form

g =
dρ2
+ h
ρ2 ,

where h is a family of Riemannian metrics on Y, depending smoothly on ρ ∈ [0, ε). That g is even means
that h has a Taylor series about ρ = 0 in which only even powers of ρ appear. Above X , we consider the
set of symmetric cotensors of rank m, denoting this vector bundle by E (m) = Symm T∗X. On symmetric
tensors, there exist two common Laplacians. The (positive) rough Laplacian ∇∗∇ and the Lichnerowicz
Laplacian 1, originally defined on 2-cotensors [Lichnerowicz 1961], but easily extendible to arbitrary
degree [Heil et al. 2016]. On functions, these two Laplacians coincide; on one-forms, the Lichnerowicz
Laplacian agrees with the Hodge Laplacian; and in general, for symmetric m-cotensors, the Lichnerowicz
Laplacian differs from the rough Laplacian by a zeroth-order curvature operator

1=∇∗∇ + q(R).

We construct the Lorentzian cone M = R+s × X with metric

η =−ds⊗ ds+ s2g

(and call s the Lorentzian scale). Pulling E (m) back to M we naturally see E (m) as a subbundle of the bundle
of all symmetric cotensors of rank m above M ; this larger bundle is denoted by F = Symm T∗M. On F
we consider the Lichnerowicz d’Alembertian �. Up to symmetric powers of ds/s we may identify F
with the direct sum of E (k) = Symk T∗X for all k ≤ m. Indeed by denoting by E =

⊕m
k=0 E

(k) the bundle
of all symmetric tensors above X of rank not greater than m, we are able to pull back sections of this
bundle and see them as sections of F :

π∗s : C
∞(X; E)→ C∞(M;F ).

A long calculation gives the structure of the Lichnerowicz d’Alembertian with respect to this identification.
It is seen that s2� decomposes as the Lichnerowicz Laplacian 1 acting on each subbundle of E (k)

for 0 ≤ k ≤ m; however, these fibres are coupled via off-diagonal terms consisting of the symmetric
differential d and its adjoint, the divergence δ. (There are also less important couplings due to the trace 3
and its adjoint L.) Also present in the diagonal are terms involving s ∂s and (s ∂s)

2. By conjugating by
s−n/2+m we obtain the operator

Q =∇∗∇ + (s ∂s)
2
+ D+G,

where D is of first order consisting of the symmetric differential and the divergence, while G is a smooth
endomorphism on F . By appealing to the b-calculus of Melrose [1993], we can push this operator acting
on F above M to a family of operators (holomorphic in the complex variable λ) acting on E above X of
the form

Qλ =∇
∗
∇ + λ2

+D+G,
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where D is of first order consisting of the symmetric differential and the divergence, while G is a smooth
endomorphism on E . Explicitly, in matrix notation writing

u =

u(m)
...

u(0)

, u ∈ C∞(X; E), u(k) ∈ C∞(X; E (k)),

the operator Qλ takes the form

1+λ2
−cm−L3 2bm−1d −bm−2bm−1L

−2bm−1δ

−bm−2bm−13

−b0b1L

2b0d

−b0b13 −2b0δ 1+λ2
−c0−L3

0

0


for constants

bk =
√

m− k, ck =
1
4 n2
+m(n+ 2k+ 1)− k(2n+ 3k− 1),

and operators 1 the Lichnerowicz Laplacian, δ the divergence, d the symmetric differential, 3 the trace,
and L the adjoint of the trace. (The operator Qλ naively does not appear self-adjoint for λ ∈ iR since δ is
the adjoint of d. The sign discrepancy is due to the Lorentzian signature of η. The operator is indeed
self-adjoint for λ ∈ iR as detailed in Proposition 5.13.) When this family of operators acts on L2 sections,
denoted by L2

s (X; E) described in (5), it has an inverse for Re λ� 1. This family of operators has the
following meromorphic family of inverses.

Theorem 1.1. Let (Xn+1, g) be even asymptotically hyperbolic. Then the inverse of (Definition 5.11)

Qλ acting on L2
s (X; E),

written as Q−1
λ , has a meromorphic continuation from Re λ� 1 to C,

Q−1
λ : C

∞

c (X; E)→ ρλ+n/2−m
m⊕

k=0

ρ−2kC∞even(X; E
(k))

with finite-rank poles.

Consider u ∈ C∞(X; E). Although the trace operator 3 acting on each subbundle E (k) gives a notion
of u being trace-free, it is more natural to consider the ambient trace operator from F , denoted by 3η
(Section 3B). Pulling u back to M, we have π∗s u ∈ C∞(M;F ) and we may consider the condition that
π∗s u ∈ ker3η. Avoiding extra notation for this subbundle of E (consisting of symmetric tensors above X
which are trace-free with respect to the ambient trace operator 3η) we will simply refer to its sections
using the notation

C∞(X; E)∩ ker(3η ◦π∗s ).
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On this subbundle, the operator Qλ takes the form

1+λ2
−c′m 2bm−1d

−2bm−1δ

2b0d

−2b0δ 1+λ2
−c′0

0

0


with the modified constants

c′k = ck − (m− k)(m− k− 1).

Note that if u = u(m) ∈ C∞(X; E (m)) then u ∈ ker3 if and only if π∗s u ∈ ker3η. Again, a similar
meromorphic extension of the inverse may be obtained.

Theorem 1.2. Let (Xn+1, g) be even asymptotically hyperbolic. Then the inverse of (Definition 5.11)

Qλ acting on L2
s (X; E)∩ ker(3η ◦π∗s ),

written as Q−1
λ , has a meromorphic continuation from Re λ� 1 to C,

Q−1
λ : C

∞

c (X; E)∩ ker(3η ◦π∗s )→ ρλ+n/2−m
( m⊕

k=0

ρ−2kC∞even(X; E
(k))

)
∩ ker(3η ◦π∗s )

with finite-rank poles.

In order to uncouple the Lichnerowicz Laplacian acting on E (m) and obtain the desired meromorphic
extension of the resolvent, we need to restrict further from simply trace-free tensors to trace-free,
divergence-free tensors. Equivalently, we must be able to commute the Lichnerowicz Laplacian with
both the trace operator and the divergence operator. The first commutation is always possible giving
the preceding structure of Qλ; however, unlike in the setting of differential forms (where the Hodge
Laplacian always commutes with the divergence), such a commutation on symmetric tensors depends on
the geometry of (X, g). For m = 2 the condition is that the Ricci tensor be parallel, while for m ≥ 3, the
manifold must be locally isomorphic to hyperbolic space.

Theorem 1.3. Let (Xn+1, g) be even asymptotically hyperbolic and Einstein. Then the inverse of

1− 1
4 n(n− 8)+ λ2 acting on L2(X; E (2))∩ ker3∩ ker δ,

written as Rλ, has a meromorphic continuation from Re λ� 1 to C,

Rλ : C∞c (X; E
(2))∩ ker3∩ ker δ→ ρλ+n/2−2C∞even(X; E

(2))∩ ker3∩ ker δ

with finite-rank poles.
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Theorem 1.4. Let (Xn+1, g) be a convex cocompact quotient of Hn+1. Then the inverse of

1− 1
4(n

2
− 4m(n+m− 2))+ λ2 acting on L2(X; E (m))∩ ker3∩ ker δ,

written as Rλ, has a meromorphic continuation from Re λ� 1 to C,

Rλ : C∞c (X; E
(m))∩ ker3∩ ker δ→ ρλ+n/2−mC∞even(X; E

(m))∩ ker3∩ ker δ

with finite-rank poles.

Note that on Hn+1, the difference between the Lichnerowicz Laplacian and the rough Laplacian is
q(R)=−m(n+m− 1). Thus by introducing a spectral parameter s = λ+ 1

2 n (not to be confused with
the Lorentzian scale), the previous operator 1− cm + λ

2 may be equivalently written as

∇
∗
∇ − s(n− s)−m

in the spirit of [Dyatlov et al. 2015].
In order to demonstrate Theorem 1.1, Vasy’s technique is to consider a slightly larger manifold Xe,

as well as the ambient space Me = R+ × Xe. Using two key tricks near the boundary Y = ∂X : the
evenness property allows us to introduce the coordinate µ= ρ2 and twisting the Lorentzian scale with the
boundary-defining function gives (what is termed the Euclidean scale) t = s/ρ, it is seen that the ambient
metric η may be extended nondegenerately past R+× Y to Me. On Symm T∗Me we construct, analogous
to Q, an operator P replacing appearances of s by t which, on M, is easily related to Q. Again the
b-calculus provides a family of operators P on

⊕m
k=0 Symk T∗Xe above Xe. Section 7 shows precisely

how this family of operators fits into a Fredholm framework giving a meromorphic inverse, and very
quickly also provides Theorem 1.1.

Such theorems are desirable for several reasons. Firstly, the quantum/classical correspondence between
the spectrum of the Laplacian on a closed hyperbolic surface and Ruelle resonances of the generator
of the geodesic flow on the unit tangent bundle [Faure and Tsujii 2013, Proposition 4.1] has been
extended to compact hyperbolic manifolds of arbitrary dimension [Dyatlov et al. 2015], at which point
the correspondence is between Ruelle resonances and the spectrum of the Laplacian acting on trace-free,
divergence-free, symmetric tensors of arbitrary rank. This correspondence is extended in [Guillarmou
et al. 2016] to convex cocompact hyperbolic surfaces using the scattering operator [Graham and Zworski
2003], as well as [Dyatlov and Guillarmou 2016], to obtain Ruelle resonances in this open system.
Theorem 1.4 has been applied, along with results from [Dyatlov et al. 2015; Dyatlov and Guillarmou
2016], in order to provide such a correspondence in the setting of convex cocompact hyperbolic manifolds
of arbitrary dimension [Hadfield 2017]. Secondly, with knowledge of the asymptotics of the resolvent
of the Laplacian on functions, it is possible to construct the Poisson operator, the scattering operator,
and study in a conformal setting, the GJMS operators and the Q-curvature of Branson [Djadli et al.
2008, Chapters 5–6]. This problem should be particularly interesting on symmetric 2-cotensors above
a conformal manifold which, upon extension to a “bulk” Poincaré–Einstein manifold, makes contact
with Theorem 1.3. Finally, and again with respect to Theorem 1.3, the Lichnerowicz Laplacian plays
a fundamental role in problems involving deformations of metrics and their Ricci tensors [Biquard 2000;



1882 CHARLES HADFIELD

Delay 1999; Graham and Lee 1991], as well as to linearised gravity [Wang 2009]. Spectral analysis
of the Lichnerowicz Laplacian [Delay 2002; 2007], as well as the desire to build a scattering operator,
emphasise the importance of considering this Laplacian acting on more general spaces than that of L2

sections. From the viewpoint of gravitational waves, the recent work [Baskin et al. 2015] studies decay
rates of solutions to the wave equation (acting on the trivial bundle) on Minkowski space with metrics
similar to (1). It is very natural to consider this problem on symmetric 2-cotensors acted upon by the
Lichnerowicz d’Alembertian.

Theorem 1.3 requires the global condition that the manifold be Einstein. It is unclear whether such a
condition is necessary. Vasy’s technique deals with the condition of even asymptotic hyperbolicity near the
boundary. Indeed, this is reflected in Theorem 1.2. However to obtain our desired result, uncoupling the
Lichnerowicz Laplacian from the operator Q currently requires a global condition on the base manifold.
One should study whether perturbation techniques could provide a more general theorem, giving precise
conditions for when such a meromorphic continuation exists.

The paper is structured as follows. Section 2 sets up the geometric side of the problem, introducing the
various manifolds of interest as well as the construction of the ambient metric η. This section also includes
a digression into the model geometry X =Hn+1 to motivate Vasy’s construction. Section 3 introduces the
algebraic aspects of symmetric tensors, introduces many notational conventions and establishes several
relationships between symmetric tensors when working relative to the Lorentzian and Euclidean scales.
Section 4 recalls standard notions from microlocal analysis and gives several notions from the b-calculus
framework adapted to vector bundles. Section 5 contains the bulk of the calculations of this paper, relating
Q and Q with the Lichnerowicz Laplacian. Sections 6 and 7 introduce the operators P and P and provide
the desired meromorphic inverse. Section 8 establishes the four theorems. Section 9 details the particular
case of symmetric cotensors of rank m = 2. It is useful to gain insight into this problem via this low-rank
setting, and it is hoped that the presentation of this case will aid the reader particularly during Sections 5
and 8. Finally, Section 10 gives the high energy estimates one would obtain if the microlocal analysis
performed in Section 7 was performed using semiclassical notions.

2. Geometry

2A. Model geometry. It is worth mentioning the model geometry which provides a clear geometric
motivation for the construction of the ambient space, as well as the Minkowski and Euclidean scales.

Let R1,n+1 be Minkowski space with the Lorentzian metric

η := −dx2
0 +

n+1∑
i=1

dx2
i

and set Me to be Minkowski space minus the closure of the backward light cone. The metric gives the
Minkowski distance function, denoted by η2, on R1,n+1 from the origin:

η2(x) := −x2
0 +

n+1∑
i=1

x2
i .
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Hyperbolic space X = Hn+1 is then identified with the (connected) hypersurface

X := {x ∈ R1,n+1
| η2(x)=−1, x0 > 0}

and is given the metric g induced by the restriction of η. The boundary at infinity of hyperbolic space,
i.e., the sphere Y = Sn, is identified with the (connected) submanifold

Y := {x ∈ R1,n+1
| η2(x)= 0, x0 = 1},

which, as an aside, inherits the standard metric, denoted by h, by restriction of η. For completeness we
introduce de Sitter space d Sn+1 as the hypersurface

d Sn+1
:= {x ∈ R1,n+1

| η2(x)= 1}.

We define the forward light cone

M := {x ∈ R1,n+1
| η2(x) < 0, x0 > 0}

and note the decomposition M = R+s × X via the identification

R+s × X 3 (s, x) 7→ s · x ∈ X.

In these coordinates, the metric η restricted to M takes the form

η =−ds⊗ ds+ s2g

and we refer to s as the Minkowski scale. We define Xe to be the subset of the (n+1)-sphere contained
in Me

Xe :=

{
x ∈ R1,n+1

∣∣∣∣ n+1∑
i=0

x2
i = 1, x0 >

−1
√

2

}
and note that the ambient space Me is diffeomorphic to R+t × Xe via the identification

R+t × Xe 3 (t, x) 7→ t · x ∈ Me.

We refer to t as the Euclidean scale. The dilations induced by the Euclidean scale allow the identification

Xe ' X t Y t d Sn+1.

2B. General setting. We now properly introduce the geometric setting of the article. Let (X, g) be a
Riemannian manifold of dimension n+ 1 which is even asymptotically hyperbolic [Guillarmou 2005,
Definition 1.2] with boundary at infinity denoted by Y. We recall the definition of evenness.

Definition 2.1. Let (X, g) be an asymptotically hyperbolic manifold. We say that g is even if there exists
a boundary-defining function ρ and a family of tensors (h2i )i∈N0 on Y = ∂X such that, for all N, one has
the following decomposition of g near Y :

φ∗(ρ2g)= dr2
+

N∑
i=0

h2ir2i
+ O(r2N+2),
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where φ is the diffeomorphism induced by the flow φr of the gradient gradρ2g(ρ):

φ : [0, 1)× Y → φ([0, 1)× Y )⊂ X ,

(r, y) 7→ φr (y).

We define X2
:= (X t X)/Y to be the topological double of X. (For a slicker definition, we stray ever

so slightly from the model geometry.) From the diffeomorphism φ we initially construct a C∞ atlas on
X2 by noting that Y ⊂ X2 is contained in an open set U 2

:= (U− tU+)/Y with U± := φ([0, 1)×Y ) and
we declare this set to be C∞ diffeomorphic to (−1, 1)× Y via

(−1, 1)× Y 'U 2,

(t, y) 7→
{
φ−t(y) ∈U− if t ≤ 0,
φ+t(y) ∈U+ if t ≥ 0.

Charts on the interior of X in X complete the atlas on X2.
We want to consider the boundary-defining function ρ as a function from X2 to [−1, 1] such that X

may be identified with {ρ > 0}. Using the previous chart for U 2
' (−1, 1)× Y we initially set

ρ : (−1, 1)× Y → (−1, 1),

(r, y) 7→ r,

and extend ρ to a continuous function on X2 by demanding that ρ be constant on X2
\U 2. In order to

ensure smoothness at ∂U 2 we deform ρ smoothly on the two subsets (−1,−1+ε)×Y and (1−ε, 1)×Y
of U 2. This achieves our goal. We now define the function µ on X2 by declaring

µ : X2
→ [−1, 1], µ=

{
−ρ2 if ρ ≤ 0,
ρ2 if ρ ≥ 0.

Remark 2.2. Although we have performed a deformation of ρ near ∂U 2 we will continue to think of
ρ and µ as coordinates for the first factor of U 2

= (−1, 1)× Y (if we wanted to be correct, in what
follows we would replace (−1, 1) with (−1+ ε, 1− ε) but this is cumbersome and we prefer to free up
the variable ε). Of course, only the coordinates (µ, y) provide a smooth chart for X2 near Y.

We now weaken the atlas on X2 near Y. By the previous remark, we may think of µ as coordinates for
the first factor of U 2 and we thus demand that the C∞ atlas is with respect to this coordinate rather than ρ
(as was the case for the initial atlas). It is now the case that on X2, only µ (and not ρ) is a smooth function.

We define the set C∞even(X) to be the subset of functions in C∞(X) which are extensible to C∞(X2)

and whose extension is invariant with respect to the natural involution on X2. (For example, consider
the restriction of µ to X. However, such an invariant extension would of course not give the function µ
previously constructed due to a sign discrepancy.) We remark that Ċ∞(X), the subset of functions in
C∞(X) which vanish to all orders at Y, injects naturally into C∞(X2) and may be identified with the
subset of C∞(X2) whose elements vanish on {ρ < 0}. Such constructions may also readily be extended
to the setting of vector bundles above X by using a local basis near Y of such a vector bundle which
smoothly extends across Y.
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Definition 2.3. We denote by Xe the extension of X

Xe := {µ >−1} ⊂ X2

by S the hypersurface
{
µ = − 1

2

}
⊂ Xe, and by Xcs the open submanifold

{
µ > − 1

2

}
⊂ Xe such that

∂X cs = S.

We construct two product manifolds M := R+s × X and Me := R+t × Xe. We supply M with the
Lorentzian cone metric

η := −ds⊗ ds+ s2g

and explain how this structure may be smoothly extended to Me.
Using the even neighbourhood at infinity U := (0, 1)µ×Y, we remark that, on R+s ×U , the Lorentzian

metric takes the form

η =−ds⊗ ds+ s2
(

dµ⊗ dµ
4µ2 +

h
µ

)
,

where h has a smooth Taylor expansion about µ= 0 by the evenness hypothesis. Upon the change of
variables t = s/ρ with t ∈ R+, the metric on R+t ×U takes the form

η =−µdt ⊗ dt − 1
2 t (dµ⊗ dt + dt ⊗ dµ)+ t2h

or, in a slightly more attractive convention,

t−2η =−
µ

2

(dt
t

)2
−

1
2

dt
t
· dµ+ h (1)

with the convention for the symmetric product · introduced in the following section. From this display we
see that, by extending h to a family of Riemannian metrics on Y parametrised smoothly by µ ∈ (−1, 1),
we can extend η smoothly onto the chart R+t ×U 2

⊂Me. We do this, thus furnishing Me with a Lorentzian
metric. As in the model geometry we refer to s (which is only defined on M) as the Minkowski scale,
and to t (which is defined on Me) as the Euclidean scale.

From (1), the measure associated with t−2η on R+t ×U 2 is dt
t

dx where dx = 1
2 dµ dvolh . On U , we

have dx = ρn+2dvolg; hence dx extends smoothly to a measure on Xe, also denoted dx , and agrees with
dvolg on X\U.

3. Symmetric tensors

This section introduces the necessary algebraic aspects of symmetric tensors and establishes conventions,
which follow [Heil et al. 2016].

3A. A single fibre. Let E be a vector space of dimension n+ 1 equipped with an inner product g and
let {ei }

n
i=0 be an orthonormal basis and {ei

}
n
i=0 be the corresponding dual basis for E∗. We denote by

Symk E∗ the k-fold symmetric tensor product of E∗. Elements are symmetrised tensor products

u1 · · · · · uk :=
∑
σ∈5k

uσ(1)⊗ · · ·⊗ uσ(k), ui ∈ E∗,
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where 5k is the permutation group of {1, . . . , k}. By linearity, this extends the operation · to a map from
Symk E∗× Symk′ E∗ to Symk+k′ E∗. Note the inner product takes the form g = 1

2

∑n
i=0 ei

· ei and that
for u ∈ E∗ we write uk to denote the symmetric product of k copies of u. The inner product induces an
inner product on Symk E∗ defined by

〈u1 · · · · · uk, v1 · · · · · vk〉 :=
∑
σ∈5k

g−1(u1, vσ(1)) · · · g−1(uk, vσ(k)), ui , vi ∈ E∗.

For u ∈ E∗, the metric adjoint of the linear map u· : Symk E∗ → Symk+1 E∗ is the contraction uy :
Symk+1 E∗→ Symk E∗ defined by

(u y v)(w1, . . . , wk) := v(u#, w1, . . . , wk), u ∈ E∗, v ∈ Symk E∗, wi ∈ E,

where u# is dual to u relative to the inner product on E . Contraction and multiplication with the metric g
define two additional linear maps:

3 : Symk E∗→ Symk−2 E∗,

u 7→
∑n

i=0 ei y ei y u,
and

L : Symk E∗→ Symk+2 E∗,

u 7→
∑n

i=0 ei
· ei
· u,

which are adjoint to each other. As the notation is motivated by standard notation from complex geometry,
we will refer to these two operators as Lefschetz-type operators.

Let F be the vector space R× E equipped with the standard Lorentzian inner product − f ⊗ f + g,
where f is the canonical vector in R∗. The previous constructions have obvious counterparts on F which
will not be detailed. (For this subsection, we write 〈 · , · 〉F for the Lorentzian inner product on Symm F∗.)
The decomposition of F provides a decomposition of Symm F∗:

Symm F∗ =
m⊕

k=0

ak f m−k
·Symk E∗, ak =

1
√
(m− k)!

and we write

u =
m∑

k=0

ak f m−k
· u(k), u ∈ Symm F∗, u(k) ∈ Symk E∗.

The choice of the normalising constant ak is chosen so that 〈u, v〉F =
∑m

k=0(−1)m−k
〈u(k), v(k)〉. There is

a simple relationship between the terms u(k) in this decomposition of u when u is trace-free.

Lemma 3.1. Let 3F and 3 denote the Lefschetz-type trace operators obtained from the inner products
on F and E respectively. For u ∈ Symm F∗ in the kernel of 3F , we have

3u(k) =−bk−2bk−1u(k−2),

where u =
∑m

k=0 ak f m−k
· u(k) for u(k) ∈ Symk E∗ and constants bk =

√
m− k.
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Proof. Beginning with 3F f m−k
= (m− k)(m− k− 1) f m−k−2 we obtain

3F (ak f m−k
· u(k))= ak+2

√
(m− k)(m− k− 1) f m−k−2

· u(k)+ ak f m−k
·3u(k).

Therefore, as u ∈ ker3F , equating powers of f in the resulting formula for

3F

( m∑
k=0

ak f m−k
· u(k)

)
gives

ak f m−k3u(k)+ ak
√
(m− k+ 2)(m− k+ 1) f m−ku(k−2)

= 0. �

We introduce some notation for finite sequences to simplify the calculations below. Denote by A k the
space of all sequences K = k1 · · · kk with 0≤ kr ≤ n. We write {kr → j}K for the result of replacing the
r-th element of K by j . If j is not present, this implies we remove the r-th element from K , while if
kr is not present, this implies we add j to K to obtain j K . This notation extends to replacing multiple
indices at once. For example, {kp→, kr →}K indicates we first remove the r-th element from K and
then remove the p-th element from {kr →}K . We set

eK
= ek1 · · · · · ekm ∈ ⊗

k E∗, K = k1 · · · km ∈ A k.

3B. Vector bundles. These constructions are naturally extended to vector bundles above manifolds. We
include this subsection in order to introduce our notation and conventions. Consider M and X (with
similar constructions for Me and Xe). We define

F := Symm T∗M, E (k) := Symk T∗X, E :=
m⊕

k=0

E (k).

If we want to make precise that F consists of rank-m symmetric cotensors, we will write F (m). The
Minkowski scale gives the decomposition M = R+s × X and we denote by π the projection onto the
second factor π : M→ X. (Remark that on M this gives the same map as the projection π : Me→ Xe

using the Euclidean scale Me = R+t × Xe.) This enables E (k) to be pulled back to a bundle over M which
we will also denote by E (k).

Given u ∈ C∞(M;F ), we decompose u as

u =
m∑

k=0

ak

(ds
s

)m−k
· u(k), u(k) ∈ C∞(M; E (k)), (2)

where ak is the previously introduced constant ((m − k)!)−1/2. We say that such a decomposition is
relative to the Minkowski scale.

For a fixed value of s, say s0, there is an identification of the corresponding subset of M with X via
the map π|s=s0 . We will thus reuse π for the map

πs=s0 : C
∞(M;F )→ C∞(X; E),

u =
m∑

k=0

ak

(ds
s

)m−k
· u(k) 7→

m∑
k=0

π|s=s0u(k),
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and in order to map from C∞(X; E) to C∞(M;F ), taking into account the Minkowski scale, we introduce

π∗s : C
∞(X; E)→ C∞(M;F ),

u =
m∑

k=0

u(k) 7→
m∑

k=0

ak

(ds
s

)m−k
·π∗u(k).

On M we have two useful metrics. First, s−2η, which takes the model form of the metric on F
introduced in the previous subsection

s−2η =−
1
2

(ds
s

)2
+ g.

Second, we have the metric η, which is geometrically advantageous as it gives the Lorentzian cone metric
on M. Notationally we will distinguish the two constructions by decorating the Lefschetz-type operators
with a subscript of the particular metric used. A similar decoration will be used for the two inner products
on F . There are two useful relationships. First,

3s−2ηu = s43ηu, u ∈ F, (3)

and second,

〈u, v〉s−2η = s2m
〈u, v〉η, u, v ∈ F . (4)

On X , when the metric g is used, no such decoration will be added. We can, however, make use of the
metric s−2η by appealing to π∗s . We introduce 〈 · , · 〉s on C∞(X; E) by declaring

〈u, v〉s := 〈π∗s u, π∗s v〉s−2η, u, v ∈ C∞(X; E).

Note that such a definition does not depend on the value of s ∈ R+ at which point the inner product on F
is applied. With this inner product given, and the measure dvolg previously introduced, we obtain the
notion of L2 sections and define

L2
s (X; E) := L2(X, dvolg; E, 〈 · , · 〉s), (5)

whose inner product is provided by

(u, v)s :=
∫

X
〈u, v〉s dvolg, u, v ∈ C∞c (X; E).

On Xe, we define L2 sections with respect to the measure dx ,

L2
t (Xe; E) := L2(Xe, dx; E, 〈 · , · 〉t).

On X , the necessary correspondences between the constructions using the Lorentzian and Euclidean
scales are given in the following lemma.

Lemma 3.2. There exists J ∈ C∞(X;End E) such that

π∗s u = π∗t Ju, u ∈ C∞(X; E),
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whose entries are homogeneous polynomials of degree at most m in dρ/ρ, upper triangular in the sense
that J (E (k0))⊂

⊕m
k=k0

E (k), and whose diagonal entries are the identity. Moreover,

〈u, v〉s = ρ2m
〈Ju, Jv〉t , u, v ∈ C∞(X; E).

Finally,

L2
s (X; E)= ρ

n/2−m+1 J−1L2
t (X; E).

Proof. As t = s/ρ, the differentials are related by

ds
s
=

dt
t
+

dρ
ρ
,

and hence by the binomial expansion

ak

(ds
s

)m−k
·π∗u(k) =

m−k∑
j=0

ak+ j

(dt
t

)m−k− j
·

(m−k
j

) ak
ak+ j

(dρ
ρ

)j
·π∗u(k),

where u(k) ∈ C∞(X; E (k)). This defines the endomorphism J by declaring

Ju(k) =
m−k∑
j=0

(m−k
j

) ak
ak+ j

(dρ
ρ

)j
· u(k).

The second claim is direct from s−2η = ρ−2t−2η; hence on F , where the inner product requires m appli-
cations of the inverse metric, 〈 · , · 〉s−2η = ρ

2m
〈 · , · 〉t−2η. The final claim follows from the second claim

and the previously mentioned correspondence, dx = ρn+2dvolg. �

4. b-calculus and microlocal analysis

This section introduces the necessary b-calculus formalism on symmetric cotensors. The standard reference
is [Melrose 1993]; in particular we make much use of Chapters 2 and 5. We also recall some now standard
ideas from microlocal analysis.

4A. b-calculus. For convenience we will only work on M = R+s × X rather than on both M and Me.
We define M to be the closure of M seen as a submanifold of Rs × X with its usual topology. Then

M = M t X,

where X is naturally identified with the boundary ∂M = {s = 0}.
We let {ei }

n
i=0 denote a (local) holonomic frame for TX and {ei

}
n
i=0 its dual frame for T∗X. The Lie

algebra of b-vector fields consists of smooth vector fields on M tangent to the boundary X. It is thus
generated by {s ∂s, ei }. This provides the smooth vector bundle bTM. The dual bundle, bT∗M, has basis
{ds/s, ei

}. This dual bundle is used to construct the b-symmetric bundle of m-cotensors, denoted by bF .
On the interior of M, this bundle is canonically isomorphic to F .
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An operator Q belongs to Diffp
b (M;End bF ) if, relative to a frame generated by {ds/s, ei

} the operator
Q may be written as a matrix

Q = [Qi, j ]

whose coefficients Qi, j belong to Diffp
b (M). That is, each Qi, j may be written as

Qi, j =
∑

k,|α|≤p

qi, j,k,α(s ∂s)
k∂αx

for smooth functions qi, j,k,α ∈ C∞(M).
Operators in Diffp

b (M;End bF ) provide indicial families of operators belonging to Diffp(X;End E).
In order to define this mapping we recall the operator πs=s0 defined in the previous section for s0 ∈ R+.
This family of maps clearly has an extension to M giving

πs=s0 : C
∞(M; bF )→ C∞(X; E),

where s0 ∈ [0,∞). The indicial family mapping (with respect to the Minkowski scale s)

Is : Diffp
b (M;End bF )→O(C;Diffp(X;End E))

is defined by
Is(Q, λ)(u) := πs=0(sλ Qs−λ(π∗s u)), u ∈ C∞(X; E).

When the scale s is understood, we will use the convention of removing the bold font from such an
operator and write

Q := Is(Q, · ), Qλ := Is(Q, λ).

Remark 4.1. This definition effectively does three things. First, if Q is written as a matrix, relative to
the decomposition established by the Minkowski scale (2), then Q will take the same form but without
the appearances of ak(ds/s)m−k

· . Next, the functions qi, j,k,α are frozen to their values at s = 0. (These
two results are due to the appearance of πs=0.) Finally, due to the conjugation by sλ, all appearances of
s ∂s in Q are replaced by the complex parameter −λ.

Remark 4.2. The choice to conjugate by s−λ is to ensure that the subsequent operators (in particular P)
acting on L2 sections have physical domains corresponding to Re λ � 1. If one is convinced that
the convention ought to be conjugation by sλ rather than s−λ one can kill two birds with one stone:
Considering the model geometry, which motivates the viewpoint of hyperbolic space “at infinity” inside the
forward light cone of compactified Minkowski space, it would be somewhat more natural to introduce the
coordinate s̃ = s−1 on M, then construct the closure of M as a submanifold of Rs̃× X. The indicial family
would then by constructed via a conjugation of s̃λ and appearances of s̃∂s̃ = −s ∂s would be replaced
by λ. For this article, the aesthetics of such a choice are outweighed by the superfluous introduction of
two dual variables, one for each of s and t .

The b-operators we consider are somewhat simpler than the previous definition in that the coefficients
qi, j,k,α do not depend on s (in the correct basis).
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Definition 4.3. A b-operator Q ∈ Diffp
b (M;

bF ) is b-trivial if, for all s0 ∈ R+,

Is(Q, λ)(u)= πs=s0(s
λ Qs−λ(π∗s u)), u ∈ C∞(X; E).

One advantage of this property is that self-adjointness of Q easily implies self-adjointness of Qλ for
λ ∈ iR.

Lemma 4.4. Suppose Q is b-trivial and formally self-adjoint relative to the inner product

(u, v)s−2η =

∫
M
〈u, v〉s−2η

ds
s

dvolg, u, v ∈ C∞c (M;F ).

Then, the indicial family Q is, upon restriction to λ∈ iR, formally self-adjoint relative to the inner product

(u, v)s =
∫

X
〈u, v〉s dvolg, u, v ∈ C∞c (X; E).

Moreover, for all λ, we have Q∗λ =Q
−λ̄.

Proof. We prove only the first claim. That Q∗λ =Q
−λ̄ for all λ follows by the same reasoning, making the

obvious changes in the second display provided below. Let ψ be a smooth function on R+s with compact
support (away from s = 0) and with unit mass

∫
R+
ψ (ds/s)= 1. Let u, v ∈ C∞c (X; E). The b-triviality

provides

(Qλu, v)s =
∫

R+
(Qλu, v)s ψ

ds
s
= (sλ Qs−λπ∗s u, ψπ∗s v)s−2η.

For λ ∈ iR this develops as

(Qλu, v)s = (π∗s u, sλ Qs−λψπ∗s v)s−2η

= (π∗s u, ψsλ Qs−λπ∗s v)s−2η+ (π
∗

s u, [sλ Qs−λ, ψ]π∗s v)s−2η

= (u,Qλv)s + (π
∗

s u, [sλ Qs−λ, ψ]π∗s v)s−2η,

where the last line has again used the b-triviality. Thus we require

(π∗s u, [sλ Qs−λ, ψ]π∗s v)s−2η = 0. (6)

Consider Q as a matrix Q = [Qi, j ] with respect to a basis in which

Qi, j =
∑

k,|α|≤p

qi, j,k,α(s ∂s)
k∂αx

for qi, j,k,α ∈ C∞(X). The key is to note that we may write

[sλ Qi, j s−λ, ψ] =
∑

k,|α|≤p−1

κi, j,k,α(s ∂s)
k∂αx (7)

for smooth functions (which depend on λ) κi, j,k,α ∈ C∞(X) such that every term in each κi, j,k,α is
smoothly divisible by some nonzero integer (s ∂s)-derivative of ψ . Factoring out these appearances and
integrating over R+ in (6) causes, by the fundamental theorem of calculus, the problematic term to vanish.



1892 CHARLES HADFIELD

The factorisation claim involving the functions κi, j,k,α follows directly from the following calculation.
First

[sλ Qi, j s−λ, ψ] =
∑

k,|α|≤p

qi, j,k,α[(s ∂s − λ)
k∂αx , ψ] =

∑
k,|α|≤p

k≥1

qi, j,k,α[(s ∂s − λ)
k, ψ]∂αx ,

and for k > 1,

[(s ∂s − λ)
k, ψ] =

k∑
`=1

(k
`

)
(−λ)k−`[(s ∂s)

`, ψ] =

k∑
`=1

∑̀
m=1

(k
`

)
(−λ)k−`

(
`

m

)
((s ∂s)

mψ)(s ∂s)
`−m,

which, due to the appearance of (s ∂s)
mψ gives (7) with the desired structure. �

Remark 4.5. The use of dvolg is unimportant; the result holds for any measure on X given such a
measure also appears as dvolg does in the inner product on M.

We finish this subsection by remarking on the effect that the scale (Minkowski or Euclidean) has on
the indicial family.

Lemma 4.6. For Q ∈Diffp
b (M;

bF ), the indicial families obtained using the scales s and t are related by

Is(Q, λ)= ρλ J−1It(Q, λ)Jρ−λ

with J presented in Lemma 3.2.

Proof. Lemma 3.2 provides π∗s = π
∗
t ◦ J. Dual to this equation, πs=0 = J−1

◦ πt=0. Combining these
observations gives the result

Is(Q, λ)(u)= πs=0(sλ Qs−λ(π∗s u))

= J−1πt=0
(
ρλtλ Qt−λρ−λ(π∗t Ju)

)
= ρλ J−1It(Q, λ)(Jρ−λu). �

4B. Microlocal analysis. We recall standard objects in microlocal analysis (the necessary information
is given in [Zworski 2016] for pseudodifferential operators acting on the trivial bundle; here we merely
indicate the small changes that occur when acting on a vector bundle). Recall the open submanifold
Xcs =

{
µ>−1

2

}
⊂ Xe from Definition 2.3. We will assume that L2

t (Xe; E) provides a notion of sections
above Xcs with Sobolev regularity s, denoted by H s(Xcs; E), with norm ‖ · ‖H s (see Section 7A for
subtleties arising due to the boundary S). Let ζ denote the coefficients of a covector relative to some
local base for T∗Xcs such that we may define the Japanese bracket 〈ζ 〉. We denote by

9
p
scal(Xcs;End E)⊂9 p(Xcs;End E)

the space of properly supported pseudodifferential operators of order p acting on E and which have scalar
principal symbol. For A ∈9a

scal(Xcs;End E) such a symbol is written as

σ(A) ∈ Sa(T∗Xcs\0;End E)/Sa−1(T∗Xcs\0;End E)
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and is scalar. For such operators, it continues to hold that, for B ∈9b
scal(Xcs;End E), the principal symbol

of the composition

σ(AB)= σ(A)σ (B) ∈ Sa+b(T∗Xcs\0;End E)/Sa+b−1(T∗Xcs\0;End E)

remains scalar. However now, as lower-order terms are not required to be diagonal, the commutator has
principal symbol

σ([A, B]) ∈ Sa+b−1(T∗Xcs\0;End E)/Sa+b−2(T∗Xcs\0;End E),

which, in general, is not scalar. In the case that A ∈9a(Xcs)⊂9
a
scal(Xcs;End E) we get

σ
( 1

2i
[A, B]

)
=

1
2

Hσ(B)(σ (A)),

where Hσ(B) is the Hamiltonian vector field associated with σ(B). Exactly as in the case that E is
the trivial bundle, associated with the operator A are the notions of the wave front set WF(A) and the
characteristic variety Char(A).

There are two radial estimates used in the analysis of P (the family of operators introduced in Section 6)
in order to prove Proposition 7.3. The analysis is performed in [Vasy 2013a, Section 2.4] for functions
with an alternative description given in [Dyatlov and Zworski 2017, Section E.5.2]. We will follow the
second approach and translate the results into a (nonsemiclassical) setting adapted to vector bundles. For
this, and to follow closely the referenced works, we introduce [Dyatlov and Zworski 2017, Section E.1.2]
the radially compactified cotangent bundle T∗Xcs and projection map κ : T∗Xcs\0→ ∂T∗Xcs . Consider
P ∈9 p

scal(Xcs;End E) with real principal symbol σ(P) and Hamiltonian vector field Hσ(P). Write P as

P = Re P + i Im P

for

Re P =
P + P∗

2
∈9

p
scal(Xcs;End E), Im P =

P − P∗

2i
∈9 p−1(Xcs;End E).

In the sense of [Dyatlov and Zworski 2017, Definition E.52], let 0+ and 0− be a source and a sink of
σ(P) respectively. Suppose that 〈ζ 〉1−p Hσ(P) vanishes on 0±.

Lemma 4.7. Let s satisfy the following threshold condition on 0+:

〈ζ 〉1−p
(
σ(Im P)+

(
s+ 1− p

2

)
Hσ(P) log〈ζ 〉

)
is negative definite.

Then for all B1 ∈9
0(Xcs) with WF(I − B1)∩0+ =∅, there exists A ∈90(Xcs) with Char(A)∩0+ =∅

such that for any u ∈ C∞c (Xcs; E) (and any N large enough)

‖Au‖H s ≤ C(‖B1 Pu‖H s−p+1 +‖u‖H−N ).

Lemma 4.8. Let s satisfy the following threshold condition on 0−:

〈ζ 〉1−p
(
σ(Im P)+

(
s+ 1− p

2

)
Hσ(P) log〈ζ 〉

)
is negative definite.
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Then for all B1∈9
0(Xcs) with WF(I−B1)∩0−=∅, there exists A, B ∈90(Xcs) with Char(A)∩0−=∅

and WF(B)∩0− =∅ such that for any u ∈ C∞c (Xcs; E) (and any N large enough)

‖Au‖H s ≤ C(‖Bu‖H s +‖B1 Pu‖H s−p+1 +‖u‖H−N ).

Remark 4.9. There are two trivial but important points to make. First, a source for P is a sink for −P
(and similarly a sink for P is a source for −P). Second, we have assumed P has real principal symbol;
therefore, when considering its adjoint P∗, we have Hσ(P∗) = Hσ(P). Less trivially, by approximation
[Dyatlov and Zworski 2017, Lemma E.47], these results do not need to assume u ∈ C∞c (Xcs; E). In
Lemma 4.7, if s > s̃ with s̃ satisfying the threshold condition and u ∈ H s̃(Xcs; E) then the inequality
holds (on the condition that the right-hand side is finite). Similarly in Lemma 4.8, if u is a distribution
such that the right-hand side of the inequality is well defined, then so too is the left-hand side, and the
inequality holds.

5. The Laplacian, the d’Alembertian and the operator Q

This section shows the relationship between the Laplacian on (X, g) and the d’Alembertian on (M, η).
We first introduce several differential operators on X using the Levi-Civita connection ∇ of g extended to
all associated vector bundles associated with the principal orthonormal frame bundle. Let {ei }

n
i=0 be a

local orthonormal frame for TX and {ei
}

n
i=0 be the corresponding dual frame for T∗X. We define two

first-order differential operators. Let the symmetrisation of the covariant derivative, called the symmetric
differential, be denoted by d:

d : C∞(X; E (k))→ C∞(X; E (k+1)),

u 7→
∑n

i=0 ei
· ∇ei u.

Denote by δ its formal adjoint called the divergence:

δ : C∞(X; E (k))→ C∞(X; E (k−1)),

u 7→ −
∑n

i=0 ei y∇ei u.

The two first-order operators behave nicely with L and 3, giving the following commutation relations
[Heil et al. 2016, Equation (8)]:

[3, δ] = 0= [L, d], [3, d] = −2δ, [L, δ] = 2d. (8)

The rough Laplacian on this space will be denoted by ∇∗∇:

∇
∗
∇ : C∞(X; E (k))→ C∞(X; E (k)),

u 7→ ∇∗∇u,

where ∇∗ is the formal adjoint of ∇ : C∞(X; E (k))→ C∞(X;T∗X ⊗ E (k)). Equivalently

∇
∗
∇ u = (− tr ◦∇ ◦∇)(u), u ∈ C∞(X; E (k)),
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where tr : T∗X ⊗T∗X→ R is the trace operator obtained from g and is extended to

tr : T∗X ⊗T∗X ⊗ E (k)→ E (k).

For the Lichnerowicz Laplacian, we introduce the Riemann curvature tensor, which will be denoted by R:

Ru,vw = [∇u,∇v]w−∇[u,v]w, u, v, w ∈ C∞(X; T X).

It is extended to all tensor bundles as a derivation. On symmetric k-cotensors we introduce the curvature
endomorphism which will be denoted by q(R):

q(R) u =
n∑

i, j=0

e j
· ei yRei ,ej u, u ∈ E (k).

The Lichnerowicz Laplacian, hereafter simply referred to as the Laplacian, will be denoted by 1:

1 : C∞(X; E (k))→ C∞(X; E (k)),

u 7→ (∇∗∇ + q(R))u.

We decompose symmetric k-cotensors using the symmetrised basis elements:

u =
∑

K∈A k

uK eK , u ∈ C∞(X; E (k)), uK ∈ C∞(X).

Useful formulae for the preceding operators thus far introduced are given in the following lemma. Recall
the notation for finite sequences A k introduced in the final paragraph of Section 3A.

Lemma 5.1. Let u ∈ C∞(X; E (k)). At a point in X about which {ei } are normal coordinates, the trace is

3u =
∑

K∈A k

∑
kr∈K

∑
kp∈{kr→}K

gkr kp uK e{kp→, kr→}K,

the symmetric differential is

du =
∑

K∈A k

n∑
i=0

(ei uK )e{→i}K,

the divergence is

δu =−
∑

K∈A k

∑
kr∈K

n∑
i=0

gikr (ei uK )e{kr→}K,

and the rough Laplacian is

∇
∗
∇ u =

∑
K∈A k

n∑
i, j=0

(
−gi j (ei ej uK )eK

+

∑
kr∈K

n∑
`=0

gi`uK (e`0
kr
i j )e
{kr→ j}K

)
,

where the connection coefficients are given locally by ∇ei e
k
=−

∑n
j=0 0

k
i j e

j . Finally, (at a point using
normal coordinates), the Riemann curvature takes the form

Rei ,ej e
`
=−

n∑
k=0

Ri j
`
kek, Ri j

`
k = ei0

`
jk − ej0

`
ik .
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In a similar vein to (8) we have the following two useful results, the second of which originates from
[Lichnerowicz 1961, Section 10].

Lemma 5.2. Let u ∈ C∞(X, E (k)). The Laplacian commutes with the Lefschetz-type trace operator

[3,1]u = 0

and commutes with the divergence under the following conditions:

[δ,1]u = 0 if


k = 0, 1,
k = 2 and X is Ricci parallel,
k ≥ 3 and X is locally isomorphic to Hn+1.

Proof. The first result is very standard. As the metric is parallel, the Riemann curvature tensor (acting as
a derivation on E (k)) commutes with L; hence

[L, q(R)]u =
n∑

i, j=0

(Le j y ei y−e j y ei yL)Rei ,ej u

and developing the second term with the aid of the commutation formula [eiy,L] = 2ei
· provides

[L, q(R)]u =
n∑

i, j=0

−2(e j
· ei y+e j y ei

· )Rei ,ej u =
n∑

i, j=0

−2(e j
· ei y+δi j

+ ei
· e jy)Rei ,ej u,

which vanishes due to the skew-symmetry of the Riemann curvature tensor. By duality, [3, q(R)] = 0.
Now using the commutation relations (8) and the characterisation of the Laplacian [Heil et al. 2016,
Proposition 6.2]

1= δd− dδ+ 2q(R)

provides the commutation of 3 with 1.
The second result is more involved as a demonstration via a direct calculation (however, as these

statements are well known, we only sketch said calculations). For k = 0, 1 the Laplacian and divergence
agree with Hodge Laplacian and the adjoint of the exterior derivative. We will thus assume X is Ricci
parallel (and k ≥ 2). We break the calculation into two parts studying [δ,∇∗∇] and [δ, q(R)]. As usual,
we use a frame {ei }

n
i=0 for TX with dual frame {ei

}
n
i=0 and calculate at a point about which the connection

coefficients vanish. We act on u = uK eK
∈ C∞(X; E (k)). That the Ricci tensor is parallel implies, by

the (second) Bianchi identity,
∑

` ∇e`Ri j
`
k = 0. This observation is repeatedly used. Also, the Ricci

endomorphism may be written as
∑

i, j Ric j
i ei
⊗ ej with Ric j

i =
∑

k,` gk`(∇ei0
j
k`−∇ek0

j
`i ).

Consider [δ,∇∗∇]. Calculating simply δ∇∗∇ gives

δ∇∗∇ =−
∑

k

ek y∇ek

(
− tr

∑
i, j

ei
⊗∇ei (e

j
⊗∇ej )

)
=

∑
i, j,k

gi j ek y∇ek∇ei∇ej −

∑
i, j,k,`

gi`(∇ek0
j
i`) ek y∇ej ,
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with a similar calculation for ∇∗∇δ. Combining these results and commuting ∇ek with ∇ei∇ej gives

[δ,∇∗∇] =
∑
i, j,k

gi j ek y [∇ek ,∇ei∇ej ] −

∑
i

(Ric ei ) y∇ei

=−

∑
i, j,k

gi j ek y {∇ei ,Rej ,ek }−

∑
i

(Ric ei ) y∇ei ,

where { · , · } is the anticommutator. After a tedious calculation, we obtain

[δ,∇∗∇]u =
∑

i

(Ric ei ) y∇ei u+ 2(R,∇, u), (9)

where (R,∇, u) is shorthand for the unwieldy term

(R,∇, u)=
∑
i, j

∑
kr∈K

∑
kp∈{kr→}K

Rikr kp
j (∇ei uK )e{kp→ j, kr→}K.

For completeness we outline this calculation:

−

∑
i, j,`

gi j e` y {∇ei ,Rej ,e`}u =−
∑
i, j,`

∑
kr∈K

({∇ei ,R`ikr
j }uK )e` y e{kr→ j}K

=−2
∑
i, j,`

∑
kr∈K

R`ikr
j (∇ei uK )e` y e{kr→ j}K,

where the anticommutator has been removed using
∑

` ∇e`Ri j
`
k = 0. Developing the final term in the

preceding display gives

e` y e{kr→ j}K
= g j`e{kr→}K +

∑
kp∈{kr→}K

gkp`e{kp→ j, kr→}K,

which after a little rearrangement of dummy indices and using the algebraic symmetries of the Riemann
curvature tensor gives

−

∑
i, j,`

gi j e` y {∇ei ,Rej ,e`}u = 2
∑

i

(Ric ei ) y∇ei u+ 2(R,∇, u).

Upon subtraction of
∑

i (Ric ei ) y∇ei u, this provides (9).
Consider [δ, q(R)]. Similar to the previous calculations we obtain

[δ, q(R)] =
∑
i, j,k

−ek y e j
· ei y∇ek Rei ,ej + e j

· ei yRei ,ej (e
k y∇ek )

=

∑
i, j,k

e j
· ei y ek y [Rei ,ej ,∇ek ] − g jkei y∇ek Rei ,ej + e j

· ei y (Rei ,ej e
k) y∇ek .

After an even more tedious calculation treating each of the three terms in the previous display, we obtain

[δ, q(R)]u =−[δ,∇∗∇]u− (∇,R, u), (10)
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where (∇,R, u) represents the even more unwieldy term

(∇,R, u)=
∑
i, j,`

∑
kr∈K

kp∈{kr→}K
ks∈{kp→, kr→}K

g`ks (∇e`Ri
kr kp

j )uK e{ks→i, kp→ j, kr→}K.

Again, we sketch the calculation. One of the three terms is easy to calculate directly, giving∑
i, j,k

e j
· ei y (Rei ,ej e

k) y∇ek u =−(R,∇, u).

Another term is also relatively easy, again using the trick that
∑

` ∇e`Ri j
`
k = 0:

−

∑
i, j,k

g jkei y∇ek Rei ,ej u =−
∑

i

(Ric ei ) y∇ei u− (R,∇, u).

The involved step is treating
∑

i, j,k e j
· ei y ek y [Rei ,ej ,∇ek ]. We first obtain∑

i, j,`

e j
· ei y e` y [Rei ,ej ,∇e`]u =

∑
i,k,`,m

∑
kr∈K

([R j i
kr

m,∇e`]uK ) e j
· ei y e` y e{kr→m}K,

and it is important to realise that whenever the index ` contracts with m (or i or j), the resulting sum
vanishes

(
as
∑

` ∇e`Ri j
`
k = 0

)
. Similarly, if i and m are contracted then, as Ricci is parallel, the resulting

sum vanishes. Expanding the final part of the previous display (and letting terms(g`m, gim) denote any
terms involving g`m or gim) gives

e j
· ei y e` y e{kr→m}K

=

∑
kp∈{kr→}K

g`kp e j
· ei y e{kp→m, kr→}K + terms(g`m)

=

∑
kp∈{kr→}K

ks∈{kp→, kr→}K

g`kp giks e{ks→ j, kp→m, kr→}K + terms(g`m, gim)

and after a little rearrangement of dummy indices, this gives∑
i, j,`

e j
· ei y e` y [Rei ,ej ,∇e`]u =−(∇,R, u),

whence (10) is obtained.
Combining (9) with (10) gives [δ,1]u = −(∇,R, u). For symmetric tensors of rank 2, such a

summation (over kr , kp, ks) does not arrive, so such a term instantly vanishes and the result follows. For
tensors of higher rank, one needs the Riemann curvature to be parallel. This is assured in the constant
curvature setting of Hn+1. �

The objects thus far introduced in this section all have natural analogues in the Lorentzian setting on
(M, η). We denote by M

∇ the Levi-Civita connection of η extended to all associated vector bundles
and MR the Riemann curvature tensor of η. We let dη and δη denote the symmetric differential and
the divergence with respect to η. Finally we let M

∇
∗M
∇ denote the rough d’Alembertian and � the

(Lichnerowicz) d’Alembertian, both constructed with respect to the metric η.
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5A. Minkowski scale and the operator Q. We define the first of our two main operators.

Definition 5.3. The second-order differential operator Q ∈Diff2(M;EndF ) is the following conjugation
of the d’Alembertian:

Q : C∞(M;F )→ C∞(M;F ),

u 7→ sn/2−m+2�s−n/2+m u.

Lemma 5.4. The differential operator Q is formally self-adjoint with respect to the inner product

(u, v)s−2η =

∫
M
〈u, v〉s−2η

ds
s

dvolg, u, v ∈ C∞c (M;F ).

Proof. The d’Alembertian is self-adjoint with respect to the inner product

(u, v)η =
∫

M
〈u, v〉η dvolη, u, v ∈ C∞c (M;F ).

The two inner products on F are related via (4). Tracking the effects of the conjugations by powers of s
on�, as well as the multiplication by s2, in order to obtain Q implies self-adjointness when using the inner
product 〈 · , · 〉s−2η with the measure s−(n+2) dvolη, which gives the result as dvolη= sn+2(ds/s) dvolg. �

Lemma 5.5. The operator Q commutes with the Lefschetz-type trace operator s−23s−2η:

[s−23s−2η, Q]u = 0, u ∈ C∞(M;F ).

Proof. The Lorentzian analogue of Lemma 5.2 is that the d’Alembertian commutes with 3η:

[3η,�] = 0.

This operator is related to our standard Lefschetz-type operator 3s−2η via (3). The result is now a direct
calculation. For clarity we denote differential operators with a superscript (m) to indicate that they act on
symmetric cotensors of rank m. In particular, on C∞(M;F ) we have

s−23s−2η Q(m)
= s23ηsn/2−m+2�(m)s−n/2+m

= s2sn/2−m+2�(m−2)s−n/2+m3η

= sn/2−(m−2)+2�(m−2)s−n/2+(m−2)s23η = Q(m−2)s−23s−2η. �

The rest of this subsection is dedicated to proving:

Proposition 5.6. For u ∈ C∞(M;F ) decomposed relative to the Minkowski scale (2), the conjugated
d’Alembertian Q is given by

Qak

(ds
s

)m−k
· u(k) = ak+2

(ds
s

)m−k−2
· (−bkbk+1L)u(k)

+ ak+1

(ds
s

)m−k−1
· (2bkd)u(k)

+ ak

(ds
s

)m−k
· (1+ (s ∂s)

2
− ck −L3)u(k)

+ ak−1

(ds
s

)m−k+1
· (−2bk−1δ)u(k)

+ ak−2

(ds
s

)m−k+2
· (−bk−2bk−13)u(k)
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with constants
ak = ((m− k)!)−1/2,

bk =
√

m− k,

ck =
1
4 n2
+m(n+ 2k+ 1)− k(2n+ 3k− 1).

Consequently, relative to this scale, there exist D ∈ Diff1(M;EndF ) and G ∈ C∞(M;EndF ) indepen-
dent of s such that

Q =∇∗∇ + (s ∂s)
2
+ D+ G.

Proof. The result will follow from Lemmas 5.8 and 5.9. The conjugation by s−n/2+m is chosen so that
the term

(
s ∂s +

n
2 −m

)2 in Lemma 5.8 becomes simply (s ∂s)
2. �

Proposition 5.6 is a direct calculation which we present in the rest of this subsection. To begin we
state the following lemma whose proof need not be detailed.

Lemma 5.7. In the Minkowski scale, with {ei }
n
i=0 a local holonomic frame on (X, g) with dual frame

{ei
}

n
i=0 such that g =

∑
i, j gi j ei

⊗ e j , the connection M
∇ acts in the following manner:

M
∇s ∂s

ds
s
=−

ds
s
, M
∇ei

ds
s
=−

n∑
j=0

gi j e j,

M
∇s ∂s e

i
=−ei, M

∇ei e
j
= δ

j
i

ds
s
+∇ei e

j.

This lemma provides the following two important formulae for the symmetrised basis:

M
∇s ∂s

(ds
s

)m−k
· eK
=−m

(ds
s

)m−k
· eK (11)

and
M
∇ei

(ds
s

)m−k
· eK
=

(ds
s

)m−k−1
·
(
−(m− k)gi j e{→ j}K )

+

(ds
s

)m−k
·

(
−

∑
kr∈K

0
kr
i j e{kr→ j}K

)

+

(ds
s

)m−k+1
·

(∑
kr∈K

δ
kr
i e{kr→}K

)
, (12)

where the second result is a consequence of

M
∇ei e

K
=

∑
kr∈K

δ
kr
i

ds
s
· e{kr→}K +∇ej e

K

and we recall that the connection coefficients were introduced in Lemma 5.1. We split the calculation of
the d’Alembertian into two calculations, treating the rough d’Alembertian separately from the curvature
endomorphism.
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Lemma 5.8. For u∈C∞(M;F ) decomposed relative to the Minkowski scale (2), the rough d’Alembertian
is given by

s2 M
∇
∗M
∇ ak

(ds
s

)m−k
· u(k) = ak+2

(ds
s

)m−k−2
· (−bkbk+1L)u(k)

+ ak+1

(ds
s

)m−k−1
· (2bkd)u(k)

+ ak

(ds
s

)m−k
·
(
∇
∗
∇ +

(
s ∂s +

1
2 n−m

)2
− c̃k

)
u(k)

+ ak−1

(ds
s

)m−k+1
· (−2bk−1δ)u(k)

+ ak−2

(ds
s

)m−k+2
· (−bk−2bk−13)u(k)

with modified constants

c̃k =
1
4 n2
+m(n+ 2k+ 1)− k(n+ 2k).

Proof. It suffices to consider a single term uK (ds/s)m−k
· eK and we will ignore the normalising

constants ak until the final step. Upon a first application of M
∇ we obtain a section of T∗M ⊗F :

M
∇uK

(ds
s

)m−k
· eK
= s ∂suK

ds
s
⊗

(ds
s

)m−k
· eK
+ uK

ds
s
⊗

M
∇s ∂s

((ds
s

)m−k
· eK

)
+

∑
i

ei uK ei
⊗

(ds
s

)m−k
· eK
+

∑
i

uK ei
⊗

M
∇ei

((ds
s

)m−k
· eK

)
.

Using (11) and (12) to develop the terms involving M
∇s ∂s and M

∇ei we group the result in terms of
symmetric powers of ds/s. In order to handle the equations we write

M
∇uK

(ds
s

)m−k
· eK
= 1 + 2 + 3 + 4 , (13)

where

1 =−(m− k)
∑
i, j

uK gi j ei
⊗

(ds
s

)m−k−1
· e{→ j}K,

2 = (s ∂s −m)uK
ds
s
⊗

(ds
s

)m−k
· eK,

3 =
∑

i

ei uK ei
⊗

(ds
s

)m−k
· eK
−

∑
i, j

uK ei
⊗

(ds
s

)m−k
·

∑
kr∈K

0
kr
i j e{kr→ j}K,

4 =−
∑

i

uK ei
⊗

(ds
s

)m−k+1
·

∑
kr∈K

δ
kr
i e{kr→}K.

Taking the second derivative, we calculate at a point about which {ei } are normal coordinates. Of course,
we only need to keep track of terms which are not subsequently killed upon applying the trace trη (which,
as the notation suggests, is the trace map from T∗M ⊗T∗M→ R built using the metric η).
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1 Considering the first term in (13), applying M
∇s ∂s provides only terms in the kernel of trη and applying

M
∇ei gives∑

`

e`⊗ M
∇e` 1 =−(m− k)

∑
i, j,`

e`uK gi j e`⊗ ei
⊗

(ds
s

)m−k−1
· e{→ j}K

− (m− k)
∑
i, j,`

uK gi j e`⊗ ei
⊗

M
∇e`

((ds
s

)m−k−1
· e{→ j}K

)
+ ker trη

and we immediately apply trη to get

−s2(trη ◦M
∇) 1 = (m−k)

(ds
s

)m−k−1
·

(∑
i

ei uK e{→i}K
)
+ (m−k)uK

∑
j

M
∇ej

((ds
s

)m−k−1
·e{→ j}K

)
.

The first term of the preceding display reduces to the symmetric differential (m−k)(ds/s)m−k−1
·d(uK eK )

by Lemma 5.1. The second term of the preceding display is calculated with the aid of (12) and remembering
that the connection coefficients cancel at the point of interest. Specifically

M
∇ej

((ds
s

)m−k−1
· e{→ j}K

)
=

(ds
s

)m−k−2
·

(
−

∑
i

(m− k− 1)gi j e{→i,→ j}K
)

+

(ds
s

)m−k
·

(
δ

j
j eK
+

∑
kr∈K

δ
kr
j e{→ j, kr→}K

)
.

Observe that
∑

j
∑

kr∈K δ
kr
j e{→ j, kr→}K = keK. Using Lemma 5.1 again this time to recover L, the result is

−s2(trη ◦M
∇) 1 =

(ds
s

)m−k−2
·
(
−(m− k)(m− k− 1)L

)
uK eK

+

(ds
s

)m−k−1
· ((m− k)d)uK eK

+

(ds
s

)m−k
·
(
−(m− k)(n+ 1+ k)

)
uK eK.

2 Considering the second term in (13) is much simpler. A second application of M
∇ provides

M
∇ 2 = (s ∂s −m− 1)(s ∂s −m)uK

ds
s
⊗

ds
s
⊗

(ds
s

)m−k
· eK

− (s ∂s −m)uK

∑
i, j

gi j ei
⊗ e j
⊗

(ds
s

)m−k
· eK
+ ker trη

and the desired result is

−s2(trη ◦M
∇) 2 =

(ds
s

)m−k
·
(
(s ∂s −m+ n)(s ∂s −m)

)
uK eK.

3 Considering the third term in (13) is somewhat similar to the first term in that M
∇s ∂s provides only

terms in the kernel of trη. Remembering that at the point of interest, the connection coefficients vanish,
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applying M
∇ej gives∑
j

e j
⊗

M
∇ej 3 =

∑
i, j

ej ei uK e j
⊗ ei
⊗

(ds
s

)m−k
· eK

+

∑
i, j

ei uK e j
⊗ ei
⊗

M
∇ej

((ds
s

)m−k
· eK

)
−

∑
i, j,`

uK e`⊗ ei
⊗

(ds
s

)m−k
·

∑
kr∈K

(∇e`0
kr
i j )e
{kr→ j}K

+ ker trη,

and we immediately apply trη to recover the rough Laplacian from the first and third terms in the previous
display

−s2(trη ◦M
∇) 3 =

(ds
s

)m−k
· ∇
∗
∇(uK eK )−

∑
i, j

gi j ei uK
M
∇ej

((ds
s

)m−k
· eK

)
,

while the second term in the previous display is first treated using (12) and then Lemma 5.1 to recover
the symmetric differential and the divergence:

−

∑
i, j

gi j ei uK
M
∇ej

((ds
s

)m−k
· eK

)
=

∑
i, j,`

gi j ei uK (m− k)
(ds

s

)m−k−1
· g`j e{→`}K +

∑
i, j,`

gi j ei uK

(ds
s

)m−k+1
·

∑
kr∈K

δ
kr
j e{kr→}K

= (m− k)
(ds

s

)m−k−1
· d(uK eK ) −

(ds
s

)m−k+1
· δ(uK eK ).

The result is

−s2(trη ◦M
∇) 3 =

(ds
s

)m−k−1
· ((m− k)d)uK eK

+

(ds
s

)m−k
· (∇∗∇)uK eK

+

(ds
s

)m−k+1
· (−δ)uK eK.

4 Considering finally the fourth term in (13) we immediately remove the sum over i using the Kronecker
delta. Again M

∇s ∂s provides only terms in the kernel of trη and applying M
∇ei gives∑

i

ei
⊗

M
∇ei 4 =−

∑
i

∑
kr∈K

ei uK ei
⊗ ekr ⊗

(ds
s

)m−k+1
· e{kr→}K

−

∑
i

∑
kr∈K

uK ei
⊗ ekr ⊗

M
∇ei

((ds
s

)m−k+1
· e{kr→}K

)
+ ker trη

and we immediately apply trη to get

−s2(trη ◦M
∇) 4 =

(ds
s

)m−k+1
·

(∑
i

∑
kr∈K

gikr ei uK e{kr→}K
)
+

∑
i

∑
kr∈K

gikr uK
M
∇ei

((ds
s

)m−k+1
·e{kr→}K

)
.
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The first term provides the divergence −(ds/s)m−k+1
· δ(uK eK ), while the second term is treated using

(12) and then Lemma 5.1 to recover a multiple of uK eK and a term involving 3:∑
i

∑
kr∈K

gikr uK
M
∇ei

((ds
s

)m−k+1
· e{kr→}K

)
=−(m− k+ 1)

(ds
s

)m−k
·

∑
i, j

∑
kr∈K

gikr gi j e{→ j, kr→}K −

(ds
s

)m−k+2
·

∑
kr∈K

∑
kp∈{kr→}K

gkr kp e{kp→, kr→}K

=−k(m− k+ 1)
(ds

s

)m−k
· uK eK

−

(ds
s

)m−k+2
·3(uK eK ).

The result is

−s2(trη ◦M
∇) 4 =

(ds
s

)m−k
· (−k(m− k+ 1))uK eK

+

(ds
s

)m−k+1
· (−δ)uK eK

+

(ds
s

)m−k+2
· (−3)uK eK.

Upon summation of these four terms coming from (13) we obtain

s2 M
∇
∗M
∇

(ds
s

)m−k
· u(k) =

(ds
s

)m−k−2
· (−(m− k)(m− k− 1)L)u(k)

+

(ds
s

)m−k−1
· (2(m− k)d)u(k)

+

(ds
s

)m−k
·
(
∇
∗
∇ +

(
s ∂s +

1
2 n−m

)2
− c̃k

)
u(k)

+

(ds
s

)m−k+1
· (−2kδ)u(k)

+

(ds
s

)m−k+2
· (−k(k− 1)3)u(k)

with constant c̃k as given in the proposition. The final step is to reintroduce the normalisation constants
ak . Treating, for example, the term containing (ds/s)m−k−1 amounts to observing

a−1
k+1(m− k)ak =

√
(m− k) �

Lemma 5.9. For u ∈ C∞(M;F ) decomposed relative to the Minkowski scale (2), the curvature endo-
morphism acts diagonally with respect to the Minkowski scale and is given by

s2q(M R)u(k) = (q(R)+ k(n+ k− 1)−L3)u(k).

Proof. We need only concern ourselves with the effect of q(MR) on (ds/s)m−k
· eK. It is easy

to see from Lemma 5.7 that M Rs ∂s ,ei is the zero endomorphism, that M Rei ,ej (ds/s) = 0, and that
η(M Rei ,ej e

∗

k , ds/s) = 0. Therefore we need only calculate the effect of q(MR) on eK. The nontrivial
information of M R is encoded in the equation

M Ri j
k
` = g j`δ

k
i − gi`δ

k
j +R`ikr

j .
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We extend M Rei ,ej to E (k), giving

M Rei ,ej e
K
= Rei ,ej e

K
+

∑
kr∈K

(δ
kr
j gi`− δ

kr
i g j`)e{kr→`}K.

Calculating the interior product requires the metric; in particular,

s2ei yη
M Rei ,ej = ei y M Rei ,ej ,

where yη uses the metric η to identify TM with T∗M. Consequently calculating∑
i

(s2ei yη
M Rei ,ej e

K
− ei yRei ,ej e

K )

gives ∑
i

∑
kr∈K

(δ
kr
j gi`− δ

kr
i g j`)

(
gi`e{kr→}K +

∑
kp∈{kr→}K

gikp e{kp→, kr→`}K
)
.

Applying
∑

j e j
· to the preceding display provides s2q(M R)− q(R). Splitting the calculation into four

terms, the results are ∑
i, j

∑
kr∈K

e j
· δ

kr
j gi`gi`e{kr→}K = k(n+ 1)eK,

−

∑
i, j

∑
kr∈K

e j
· δ

kr
i g j`gi`e{kr→}K =−keK,

∑
i, j

∑
kr∈K

∑
kp∈{kr→}K

e j
· δ

kr
j gi`gikp e{kp→, kr→`}K = k(k− 1)eK,

−

∑
i, j

∑
kr∈K

∑
kp∈{kr→}K

e j
· δ

kr
i g j`gikp e{kp→, kr→`}K =−L3eK.

Upon summation of these four terms, the proof is complete. �

Proposition 5.10. Suppose u ∈C∞(M;F ), decomposed relative to the Minkowski scale (2), is trace-free
with respect to the trace operator 3s−2η. Then the conjugated d’Alembertian Q is given by

Qak

(ds
s

)m−k
· u(k) = ak+1

(ds
s

)m−k−1
· (2bkd)u(k)

+ak

(ds
s

)m−k
· (1+ (s ∂s)

2
− c′k )u

(k)

+ak−1

(ds
s

)m−k+1
· (−2bk−1δ)u(k)

with constants ak , bk given in Proposition 5.6 and the modified constants

c′k = ck − (m− k)(m− k− 1).

Proof. This follows directly from the structure of Q given in Proposition 5.6 and the condition that
3u(k) =−bk−2bk−1u(k−2), coming from Lemma 3.1. �
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5B. The indicial family of Q.

Definition 5.11. Denote by Q the indicial family of the operator Q ∈ Diff2
b(M;F ) relative to the

Minkowski scale s:

Q= Is(Q; λ) ∈ Diff2(X; E).

The previous section introduced Q as a differential operator on F above M ; however, from the
structure of Q given as in Proposition 5.6, it is clear that the operator extends to M. Moreover by the
same proposition we immediately get the structure of Q.

Proposition 5.12. For u =
∑m

k=0 u(k) ∈ C∞(X; E), the operator Q is given by

Qλu(k) = (−bkbk+1L)u(k)+ (2bkd)u(k)+ (1+λ2
− ck−L3)u(k)+ (−2bk−1δ)u(k)+ (−bk−2bk−13)u(k)

with constants
bk =
√

m− k,

ck =
1
4 n2
+m(n+ 2k+ 1)− k(2n+ 3k− 1).

Consequently, there exist D ∈ Diff1(X;End E) and G ∈ C∞(X;End E) independent of λ such that

Qλ =∇
∗
∇ + λ2

+D+G.

Proposition 5.13. The family of differential operators Q is, upon restriction to λ∈ iR, a family of formally
self-adjoint operators with respect to the inner product

(u, v)s =
∫

X

m∑
k=0

(−1)m−k
〈u(k), v(k)〉 dvolg,

where u=
∑m

k=0 u(k), v=
∑m

k=0 v
(k) for u(k), v(k)∈C∞c (X; E (k)). Moreover, for all λ, we have Q∗λ=Q

−λ̄.

Proof. This follows from Lemmas 4.4 and 5.4. �

The operator Q preserves the subbundle F ∩ ker3s−2η by Lemma 5.5. As π∗s is algebraic, we may
consider it as a map from E over X to F over M. We thus obtain the subbundle E∩ker(3s−2η◦π

∗
s ) over X ,

that is, symmetric tensors above X which are trace-free with respect to the ambient trace operator 3s−2η.
It thus follows that Q may also be considered a family of differential operators on this subbundle and we
obtain:

Proposition 5.14. For u =
∑m

k=0 u(k) ∈ C∞(X; E)∩ ker(3s−2η ◦π
∗
s ), the operator Q is given by

(2bkd)u(k)+Qλu(k) = (1+ λ2
− c′k)u

(k)
+ (−2bk−1δ)u(k).

6. The operator P and its indicial family

This section introduces the operator P on Me and its indicial family P on Xe and similar results to those
presented for Q and Q are given. The relationship between these two constructions is also detailed.
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6A. Euclidean scale. The manifold Me=R+t ×Xe has been equipped with the Lorentzian metric η which
agrees with the Lorentzian cone metric put on M. Recalling the smooth chart U = (0, 1)µ×Y ⊂ X ⊂ Xe,
the metric on R+t ×U takes the form of (1) and we may assume that this is the form of η on the larger
chart R+t ×U 2, where U 2

= (−1, 1)µ× Y. For later use we record the behaviour of Me∇.

Lemma 6.1. On the chart R+t × (−1, 1)µ×Y with {ei }
n
i=1 a local holonomic frame on Y with dual frame

{ei
}

n
i=1 such that h =

∑
i, j hi j ei

⊗ e j, the connection Me∇ acts in the following manner:

Me∇t ∂t
dt
t
= 0, Me∇∂µ

dt
t
=0,

Me∇t ∂t dµ=−dµ, Me∇∂µdµ=− dt
t
,

Me∇t ∂t e
i
=−ei, Me∇∂µei

=−
1
2 hi j (∂µh jk)ek,

and
Me∇ei

dt
t
=−(∂µhi j )e j,

Me∇ei dµ=−2((1−µ∂µ)hi j )e j,

Me∇ei e
j
=−δ

j
i

dt
t
−

1
2 h jk(∂µhik)dµ+ Y

∇ei e
j.

Motivated by the structure of Q from the previous section we define the second of a our two main
operators.

Definition 6.2. The second-order differential operator P ∈ Diff2(Me;F ) is the following conjugation of
the d’Alembertian:

P : C∞(M;F )→ C∞(Me;F ),

u 7→ tn/2−m+2�t−n/2+m u.

Note that on M ⊂ Me there is a trivial correspondence between P and Q,

P = ρ−n/2+m−2 Qρn/2−m,

and that, since ρ = 1 on X\U, we have equality P = Q on M\(R+×U ).

Lemma 6.3. The operator P ∈ Diff2(Me;F ) naturally extends to an operator P ∈ Diff2
b(Me;

bF ) and
is b-trivial.

Proof. The important point is to verify that at µ = 0, P fits into the b-calculus framework. This is
reasonably clear from Lemma 6.1. Indeed, the Lie algebra of b-vector fields is generated by {t ∂t , ∂µ, ei },
where {ei }

n
i=1 is a local holonomic frame on Y, while the b-cotangent bundle has basis {dt/t, dµ, ei

} with
{ei
}

n
i=1 the dual frame on T∗Y. Lemma 6.1 thus shows that Me∇ is a b-connection. Taking the trace using

η and then multiplying by t2 is equivalent to taking the trace with t−2η, whose structure (1) indicates
it is a b-metric. Therefore t2 Me∇

∗Me∇ is a b-differential operator. That t2 Me∇
∗Me∇ is b-trivial is also

immediate from Lemma 6.1 and the structure of t−2η. A similar line of reasoning for q(Me R) (which
uses one application of the inverse of the metric η) shows that t2� is also a b-differential operator. The
final conjugation by powers of t preserves the b-structure (and its b-triviality) as it merely conjugates
appearances of t ∂t . This implies the result. �
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Lemma 6.4. The differential operator P is formally self-adjoint with respect to the inner product

(u, v)t−2η =

∫
Me

〈u, v〉t−2η
dt
t

dx, u, v ∈ C∞c (Me;F ).

Proof. By the correspondence between P and Q on M\(R+×U ) and Lemma 5.4, it suffices to verify
this claim when u, v are supported on R+t ×U 2. The d’Alembertian is self-adjoint with respect to the
inner product

(u, v)η =
∫

Me

〈u, v〉η dvolη, u, v ∈ C∞c (R
+

t ×U 2
;F ).

The two inner products on the fibres of F are related via the Euclidean scale analogue of (4). Tracking
the effects of the conjugations by powers of t on �, as well as the multiplication by t2, in order to obtain
P implies self-adjointness when using the inner product 〈 · , · 〉t−2η with the measure t−n−2dvolη. As
det η =− 1

4 t2n+2 det h, we have

t−n−2dvolη =
1
2

dt
t

dµ dvolh . �

6B. The indicial family of P.

Definition 6.5. Denote by P the indicial family of the operator P ∈ Diff2
b(Me;

bF ) relative to the
Euclidean scale t :

Pλ = It(P; λ) ∈ Diff2(Xe; E).

Lemma 4.6 gives the following proposition (whose final statement follows as ρ is constant on X\U ).

Proposition 6.6. On X ⊂ Xe the indicial family operators P and Q are related by

Pλ = ρ−λ−n/2+m−2 JQλ J−1ρλ+n/2−m

with J presented in Lemma 3.2. Moreover, on X\U , we have P =Q.

Proposition 6.7. The family of differential operators P is, upon restriction to λ ∈ iR, a family of formally
self-adjoint operators with respect to the inner product

(u, v)t =
∫

Xe

〈u, v〉t dx, u, v ∈ C∞c (Xe; E).

Moreover, for all λ, we have P∗λ = P
−λ̄.

7. Microlocal analysis

This section constructs an inverse to the family P introduced in the preceding section. This is done by
first showing that the family is a family of Fredholm operators and then by considering a Cauchy problem
which provides an inverse for Re λ� 1. In [Vasy 2013b; Zworski 2016], the procedure is described for
functions, rather than symmetric tensors. We are required to alter only minor details in order to apply the
technique to symmetric tensors.
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7A. Function spaces. From Section 3B, we have the space of L2 sections L2
t (Xe; E). This defines

H s
loc(Xe; E), the space of (locally) H s sections for s ∈ R. For all notions of Sobolev regularity, we will

only use the Euclidean scale; we thus need not decorate these spaces with a subscript t .
As is standard, we denote by Ċ∞(Xcs; E) the set of smooth sections which are extensible to smooth

sections over Xe and whose support is contained in X cs , and by C∞(X cs; E) all smooth sections which
are smoothly extensible to Xe.

Following [Hörmander 1994, Appendix B.2] we obtain, for s ∈ R, the Sobolev spaces

Ḣ s(X cs; E) and H s(Xcs; E),

which are, respectively, the set of elements in H s
loc(Xe; E) supported by X cs and the space of restrictions

to Xcs of H s
loc(Xe; E). Then Ḣ s(X cs; E) gets its norm directly from that of H s

loc(Xe; E), while the norm
of an element in H s(Xcs; E) is that obtained by taking the infimum of the norms of all permissible
extensions of the element which have compact support in Xe. (Such norms will be denoted, for simplicity,
by ‖ · ‖Ḣ s and ‖ · ‖H s . Furthermore, if an object is supported away from S, these norms correspond and
we may simply write ‖ · ‖H s .)

The inner product 〈 · , · 〉t gives the L2 pairing

( · , · )t : Ċ∞(Xcs; E)×C∞(X cs; E)→ C,

which extends by density [Hörmander 1994, Theorem B.2.1] to a pairing between the spaces Ḣ−s(X cs; E)
and H s(Xcs; E), providing the identification of dual spaces

(H s(Xcs; E))∗ ' Ḣ−s(X cs; E), s ∈ R. (14)

Definition 7.1. For s ∈ R, let X s and Y s be the spaces

Y s
= H s(Xcs; E),

X s
= {u : u ∈ Y s,Pu ∈ Y s−1

}.

These spaces come with the standard norms, in particular,

‖u‖X s = ‖u‖Y s +‖Pu‖Y s−1, u ∈ X s.

Remark 7.2. It will be seen that λ does not appear in the principal symbol of P; it is thus unimportant to
state with respect to what value of λ the preceding norm is taken, as all such norms are equivalent.

When restricting to U 2
⊂ Xe, we will let {ei }

n
i=1 denote an orthonormal frame for (Y, h), which depends

on µ ∈ (−1, 1), and by {ei
}

n
i=1 its dual frame. The frames are completed to frames for T U 2 and T∗U 2 by

including ∂µ and dµ respectively. A dual vector will be denoted by

ξdµ+
n∑

i=0

ηi ei
∈ T∗U 2. (15)

The next subsection proves the following two propositions.
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Proposition 7.3. For fixed s, the family of operators

P : X s
→ Y s−1

is Fredholm for Re λ > 1
2 − s.

Proof. See Lemmas 7.6 and 7.7. �

Proposition 7.4. For fixed s, the Fredholm operator Pλ : X s
→ Y s−1 is Fredholm of index 0 for

Re λ > m+ 1
2 − s and it has a meromorphic inverse

P−1
: Y s−1

→ X s

with poles of finite rank.

Proof. See Lemmas 7.8 and 7.9. �

7B. Proofs of Propositions 7.3 and 7.4. On R+t ×U 2, the inverse of the metric η takes the form

t2η−1
=−2t ∂t · ∂µ+ 2µ∂µ · ∂µ+ h−1,

which implies to highest order for t2 Me∇
∗Me∇ that

t2 Me∇
∗Me∇ =−4µ∂2

µ+ 4t ∂t∂µ+1h +Diff1(R+t ×U 2
;EndF ),

where 1h may be considered the rough Laplacian on (Y, h). Considering P , conjugation by t−n/2+m

replaces t ∂t by
(
t ∂t −

1
2 n + m

)
and we can absorb the newly created term 4

(
−

1
2 n + m

)
∂µ into

Diff1(R+t ×U 2
;EndF ). Also, the curvature term is of order zero so

P =−4µ∂2
µ+ 4t ∂t∂µ+1h + A

for some A∈Diff1(R+t ×U 2
;EndF ). This structure of P immediately gives the structure of P to highest

order. Keeping track of the term 4t ∂t∂µ for the moment, we write

Pλ =−4µ∂2
µ− 4λ∂µ+1h +Aλ, (16)

where Aλ ∈ Diff1(U 2
;End E) is the indicial family of A. The most obvious conclusion we draw from

such a presentation of P is that P is a family of elliptic operators on U 2
∩{µ> 0} and a family of strictly

hyperbolic operators for {µ < 0} (with respect to the level sets {µ= constant}). Of course the ellipticity
extends to all of X. The principal symbol on U 2 is also immediately recognisable as

σ(P)= 4µξ 2
+ |η|2

using the notation from (15) and |η|2 =
∑n

i=1 η
2
i . And on U 2, the Hamiltonian vector field associated

with σ(P) is
Hσ(P) = 8µξ∂µ− 4ξ 2∂ξ + H|η|2 .

The strategy to obtain a Fredholm problem is to combine standard results for elliptic and hyperbolic
operators with some analysis performed at the junction Y = {µ= 0}. The analysis was first presented
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in [Vasy 2013a, Section 4.4]. It turns out the dynamics of interest are those of radial sources and
sinks [Dyatlov and Zworski 2017, Definition E.52]. The original radial estimates of Melrose [1994] on
asymptotically Euclidean spaces have been adapted to functions on asymptotically hyperbolic spaces by
Vasy [2013a]. Indeed, to see that such dynamics are relevant for P , consider σ(P) and Hσ(P) given in
the preceding displays. Define the characteristic variety 6 ⊂ T∗Xcs\0 which is contained in T∗U. As
(µ, y, 0, η) 6∈6, we may split 6 as 6 =6+ t6−, given by 6± =6 ∩ {±ξ > 0}. At Y remark that

6 ∩T∗Y U = {(0, y, ξ, 0) : ξ 6= 0} ⊂ N ∗Y

and, recalling the projection κ : T∗U\0→ ∂T∗U , define

0+ = κ(6+ ∩ Y ), 0− = κ(6− ∩ Y ).

In [Vasy 2013b, Section 3.2], it is shown that 0± are respectively a source and a sink for σ(P). In order to
apply Lemmas 4.7 and 4.8, we introduce the principal symbol of the imaginary part of P . By Remark 4.9,
Hσ(P) = Hσ(P∗) and by Proposition 6.7, P∗λ = P

−λ̄, hence σ(ImP) = −σ(ImP∗). Also, by a direct
calculation using the structure of Hσ(P),

〈ξ + η〉−1 Hσ(P) log〈ξ + η〉 = ∓4 on 0±. (17)

In fact Proposition 6.7 along with (16) gives more precisely

ImPλ =
Pλ−P∗λ

2i
= 4i(Re λ)∂µ+

Aλ−A
−λ̄

2i
.

However, as A is of first order, Aλ may be written as the sum of a first-order operator independent of λ
and a zeroth-order operator (which may depend on λ). Therefore

σ(ImPλ)=−4 Re λ ξ. (18)

Bringing this all together in preparation for the proof of Proposition 7.3 we have:

Lemma 7.5. For P , we have 0+ is a source, while 0− is a source for−P . In both situations, the threshold
condition, when working on H s(Xcs; E), is satisfied if

s >−Re λ+ 1
2 .

For P∗, we have 0− is a sink, while 0+ is a sink for −P∗. In both situations, the threshold condition, when
working on H s̃(Xcs; E), is satisfied if

s̃ < Re λ+ 1
2 .

Proof. We explain the first result, all others are similar after taking into account Remark 4.9. On 0+, by
(17) and (18),

〈ξ + η〉−1(σ(ImP)+
(
s− 1

2

)
Hσ(P) log〈ξ + η〉

)
=−4

(
Re λ+ s− 1

2

)
.

For this to be negative definite requires precisely that s >−Re λ+ 1
2 . �

Lemma 7.6. Restricting to s>−Re λ+ 1
2 , the operators Pλ :X s

→Y s−1 have finite-dimensional kernels.
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Proof. It suffices to obtain an estimate, for u ∈ X s, of the form

‖u‖H s ≤ C(‖Pλu‖H s−1 +‖ψu‖H−N )

for some ψ supported on
{
µ >−1

2

}
and such that ψ = 1 near

{
µ >− 1

2 + ε
}
. This is done by writing

u = (ψ−+ψ0+ψ+)u with the supports of ψ−, ψ0, ψ+ respectively contained in {µ <−ε}, {|µ|< 2ε},
{µ > ε}. The estimate for ψ+u is due to ellipticity of P . The estimate for ψ−u is due to hyperbolicity,
which allows us to reduce to the estimate for ψ0u:

‖ψ−u‖H s ≤ C(‖Pλu‖H s−1 +‖ψ0u‖H s ).

The estimate for ψ0u is obtained by microlocalising. Away from 6, ellipticity gives the result, while
near 6, propagation of singularities implies that the norms can be controlled by 0±. The high regularity
results for 0+ and 0− from Lemma 4.7 are applicable as these are sources for P and −P respectively.
Lemma 7.5 ensures that the threshold conditions are satisfied (by hypothesis of this proposition). The
desired estimate is obtained. �

Lemma 7.7. Restricting to s > −Re λ + 1
2 , the operators Pλ : X s

→ Y s−1 have finite-dimensional
cokernels.

Proof. To show that the range is of finite codimension we study the adjoint operator P∗. By (14) the dual
space of H s−1(Xcs; E) is Ḣ 1−s(X cs; E) and the dimension of the kernel of P∗ equals the dimension of
the cokernel of P . It suffices to obtain an estimate of the form

v ∈ Ḣ 1−s(X cs; E)∩ kerP∗ =⇒ ‖v‖Ḣ1−s ≤ C‖ψv‖H−N

with ψ as defined in the previous proof. Again, we use the partition v = (ψ− + ψ0 + ψ+)v. Again,
the estimate for ψ+v is due to ellipticity of P∗. This time, the estimates for ψ−v are immediate due
to hyperbolicity and the requirement at S that v vanish to all orders, which implies that v = 0 on
{µ < 0}. The estimate for ψ0v is obtained by microlocalising. (Away from Char(P), the result is
obtained by ellipticity.) The low regularity results for 0− and 0+ from Lemma 4.8 are applicable as
these are sinks for P∗ and −P∗ respectively. Lemma 7.5 ensures that the threshold conditions are
satisfied. Therefore there exist A, B ∈90(Xcs) with Char(A)∩0± =∅ and WF(B)∩0± =∅ such that
‖Aψ0v‖H1−s ≤ C(‖Bψ0v‖H1−s +‖ψv‖H−N ). As v = 0 on {µ< 0} and v is smooth (by ellipticity of P∗)
on {µ > 0}, we have WF(Bψ0v)∩Char(P∗)=∅ so microellipticity gives ‖Bψ0v‖H1−s ≤ C‖ψv‖H−N .
The desired estimate is obtained. �

Lemma 7.8. For Pλ with λ ∈ R acting on H s(Xcs; E), the kernel of Pλ is trivial for λ� 1.

Proof. Consider u ∈ kerPλ. By the estimate obtained in Lemma 7.6, u ∈ C∞(X cs; E). Restricting our
attention to {µ > 0}, Proposition 6.6 gives

ρ−λ−n/2+m−2 JQλ J−1ρλ+n/2−mu = 0,

so defining ũ = J−1ρλ+n/2−mu, we get Qλũ = 0, or by Proposition 5.12,

(∇∗∇ + λ2
+D+G)ũ = 0.
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Now D may be bounded (up to a constant) by ∇ (and G by a constant as the curvature is bounded on X )
so we can find C independent of λ such that

|(Qλũ, ũ)s | ≥ C−1
‖∇ũ‖2s + (λ

2
−C)‖ũ‖2s ,

and taking λ�
√

C shows ũ = 0 on {ρ > 0}. By smoothness, u vanishes on {µ≥ 0} (and so too do all
its derivatives on Y ). Standard hyperbolic estimates give the desired result u = 0 if we can show a type of
unique continuation result that u = 0 on {µ >−ε}.

To this end we work on U 2 and consider P written in the form

Pλ =−µ∂2
µ+1h +Bλ

for Bλ =−4λ∂µ+Aλ ∈Diff1(U 2
;End E). Let 〈 · , · 〉h,t on T∗Y ⊗E denote the coupling of the metrics h

on T∗Y with 〈 · , · 〉t on E . For ease of presentation, we will assume throughout this proof that all objects
are real-valued. Consider u, v ∈ C∞c (U

2, E) (and we may assume supp u ⊂ (−1, 0]× Y ). Then we have
the formula

〈
Y
∇u, Y

∇v〉h,t = 〈1hu, v〉t + div,

where div denotes any term which is of divergence nature on Y, and hence vanishes upon integrating
over Y (using dvolh). Indeed such an equation is obtained by considering f ∈ C∞(Y ) and calculating, at
some value µ,∫

Y
〈

Y
∇u, Y

∇v〉h,t f dvolh =
∫

Y
〈

Y
∇u, Y

∇( f v)〉h,t −〈Y∇u, Y
∇ f ⊗ v〉h,t dvolh

=

∫
Y
(〈1hu, v〉t + div) f dvolh,

where the second term was dealt with in the following way:∫
Y
〈

Y
∇u, Y

∇ f ⊗ v〉h,t dvolh =
∫

Y

∑
i

〈
Y
∇ei u, v〉t trh(ei

⊗
Y
∇ f ) dvolh

=

∫
Y

Y
∇
∗

(∑
i

〈
Y
∇ei u, v〉t e

i
)

f dvolh .

With this formula established we define, for given u,

H(µ)= |µ|〈∂µu, ∂µu〉t +〈Y∇u, Y
∇u〉h,t +〈u, u〉t

and on {µ < 0} (using v = ∂µu in the previously established formula)

−∂µH=−2〈Pu, ∂µu〉t +〈(2Bλ− ∂µ)u, ∂µu〉t + div− H̃,

where H̃ has the same structure as H but with appearances of h (used to construct the various inner
products) replaced by its Lie derivative, L∂µh. Recall that supp u ⊂ (−1, 0] × Y and u is smooth, and
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hence ∂N
µ u = 0 at {µ= 0} for all N. Continuing to work on {µ < 0},

−∂µ(|µ|
−NH)+ |µ|−N div

=−N |µ|−N−1H− 2|µ|−N Re〈Pλu, ∂µu〉t + |µ|−N
〈(2Bλ− ∂λ)u, ∂µu〉t − |µ|−N H̃.

Now suppose that u ∈ kerPλ. Fix δ > 0 small and let 0< ε < δ. We take the previous display and insert
it into the operator

∫
−ε

−δ

∫
Y · · · dµ dvolh . The first term on the left-hand side of the previous display is

treated with the fundamental theorem of calculus, and the second term vanishes due to the appearance of∫
Y div dvolh . We claim the right-hand side is negative for large N. Indeed the second term vanishes as u

is assumed in the kernel of Pλ. Considering the third term, 〈(2Bλ− ∂λ)u, ∂µu〉t is quadratic in u, Y
∇u,

and ∂µu; hence for N large enough, it may be bounded by N |µ|−1H. Thus the third term’s potential
positivity may be absorbed by the negativity of the first term. The fourth term may be treated in a similar
manner upon consideration of the Taylor expansion of h at Y. We obtain

δ−N
∫

Y
H(−δ) dvolh ≤ ε−N

∫
Y
H(−ε) dvolh .

As u is smooth and vanishes to all orders at µ= 0, we may bound
∫

Y H(−ε) dvolh by C |µ|K on [−ε, 0]
for arbitrarily large K . We can obtain a similar bound for

∫
Y H(−ε) dvolh , in particular, for K > N. This

produces

δ−N
∫

Y
H(−δ) dvolh ≤ Cε−N+K

and letting ε→ 0+ shows
∫

Y H(−δ) dvolh = 0; hence H(−δ) = 0. Doing this for all δ less than the
original δ gives H= 0 near 0. Hence ∂µu and ∇Y u vanish and u = 0 near 0. This suffices to conclude
the proof. �

Lemma 7.9. For P∗λ with λ ∈ R acting on Ḣ 1−s(X cs; E), the kernel of P∗λ is trivial for λ� 1.

Proof. Take λ satisfying the threshold condition and consider v ∈ kerP∗λ. Hyperbolicity, as used in
Lemma 7.7, implies v = 0 on {µ≤ 0}, and that v is smooth on X due to ellipticity. The strategy given in
Lemma 7.7 implies v ∈ Ḣ s̃(X cs; E) for all s̃ < λ+ 1

2 , which with λ� n implies v is continuous. By the
same logic, again by taking λ sufficiently large, we may assume v is regular enough to conclude ∂N

µ v|Y = 0

for N ≤ 1
2λ. Equivalently, v|X ∈ ρ2N C∞even(X; E). Meanwhile, direct calculations on C∞(X; E) give

ρN
∇
∗
∇ρ−N

=∇
∗
∇ − N 2

− N (1 log ρ)+ 2N∇ρ ∂ρ ,

ρN dρ−N
= d − N dρ

ρ
· ,

ρN δρ−N
= δ+ N dρ

ρ
y ,

where 1 log ρ = n−
( 1

2

∑
i j hi jρ ∂ρhi j

)
∈ n− ρ2C∞even(X; E). Also for ũ ∈ C∞c (X; E) we have

|(2N∇ρ ∂ρ ũ, ũ)s | =
∣∣∣∣N ∫

X
‖u‖2s∂ρ

(
dρ dvolh
ρn

)∣∣∣∣≤ C N‖u‖2s .
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So consider the difference operator (Qλ − N 2
+ 2N∇ρ ∂ρ )− ρ

NQλρ
−N acting on ũ ∈ C∞c (X; E). All

terms are of order N and of differential order 0. Similar to the previous proof (and using the preceding
remark in order to treat the term involving N∇ρ ∂ρ ) we may obtain

|(ρNQλρ
−N ũ, ũ)s | ≥ C−1

‖∇ũ‖2s + (λ
2
− N 2

−C N )‖ũ‖2s ,

and provided N � C , the final term in the preceding display may be written with coefficient λ2
− 2N 2.

Set N =
⌊ 1

2λ
⌋

with λ� 2C so that

|(ρNQλρ
−N ũ, ũ)s | ≥ C−1

‖∇ũ‖2s +
1
2λ

2
‖ũ‖2s .

Considering the Hilbert space {w ∈ L2
s (X; E) : B(w,w) <∞} with B(w,w) = ‖ρNQλρ

−Nw‖2s <∞,
the previous inequality shows that w 7→ (w, f̃ )s is a linear functional for f̃ ∈ L2

s (X; E) so by the Riesz
representation theorem, there exists ũ ∈ L2

s (X; E) with (ρNQλρ
−Nw, ũ)s = (w, f̃ )s for all w. To show

v vanishes on X , it suffices to show ( f, v)t = 0 for all f ∈ C∞c (X; E). Let f ∈ C∞c (X; E) and

f̃ = ρλ+n/2−m+2 J−1ρ−N f ∈ C∞c (X; E).

Then the preceding argument gives ũ ∈ L2
s (X; E) such that ρ−NQλρ

N ũ = f̃ ; hence Pλu = f , where

u = Jρ−λ−n/2+mρN ũ ∈ ρ−(1/2)λ+1L2
t (X; E)

(the inclusion is a consequence of Lemma 3.2). This gives u enough regularity to perform the following
pairing which provides the desired result:

( f, v)t = (Pλu, v)t = (u,P∗λv)t = (u, 0)t = 0. �

8. Proofs of theorems

8A. Proof of Theorem 1.1. Proposition 6.6 gives

Qλ = J−1ρλ+n/2−m+2Pλρ−λ−n/2+m J

By Propositions 7.3 and 7.4, there is a meromorphic family P−1 on C mapping Ċ∞(X; E) to C∞(Xcs; E).
Hence an extension of Q−1 from Re λ� 1 to all of C as a meromorphic family is given by

Q−1
λ = J−1ρλ+n/2−mrXP−1

λ ρ−λ−n/2+m−2 J,

where rX is the restriction of sections above Xcs to sections above X. The previous display implies

Q−1
λ : Ċ

∞(X; E)→ ρλ+n/2−m J−1C∞even(X; E)

and for f ∈ Ċ∞(X; E), we may write near ∂X

Q−1
λ f

|U = µ
λ/2+n/4−m/2 J−1

m∑
k=0

k∑
`=0

(dµ)k−` · ũ(`), ũ(`) ∈ C∞even([0, 1)× Y ;Sym` T∗Y ).
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The proof of Lemma 3.2 shows that the part of J (or J−1) which sends E (k) to E (k+p) for 0≤ p ≤ m− k
is, up to a constant, (dµ/µ)p. Therefore,

Q−1
λ f

|U ∈ µ
λ/2+n/4−m/2

m⊕
k=0

m−k⊕
p=0

(dµ
µ

)p
·

k⊕
`=0

(dµ)k−` ·C∞even([0, 1)× Y ;Sym` T∗Y ).

Hence on X ,

Q−1
λ f ∈ ρλ+n/2−m

m⊕
k=0

m−k⊕
p=0

ρ−2pC∞even(X; E
(k+p)),

which is contained in ρλ+n/2−m ⊕m
k=0 ρ

−2kC∞even(X; E (k)).

Remark 8.1. Suppose that, for f ∈ Ċ∞(X; E), it were possible to write in the preceding proof that
near ∂X

Q−1
λ f

|U = ρ
λ+n/2−m J−1ũ(m), ũ(m) ∈ C∞even(U ; E

(m)).

Then as J−1 acts as the identity upon restriction to E (m), we would obtain

Q−1
λ f ∈ ρλ+n/2−mC∞even(X; E

(m)).

This will be useful for the asymptotics given in Theorems 1.3 and 1.4.

8B. Proof of Theorem 1.2. The meromorphic inverse of Qλ is precisely that given in the preceding
proof:

Q−1
λ = J−1ρλ+n/2−mrXP−1

λ ρ−λ−n/2+m−2 J.

All we must check is that, given f ∈ Ċ∞(X; E)∩ ker(3s−2η ◦ π
∗
s ), the resulting section u = Q−1

λ f is
indeed trace-free with respect to the ambient trace operator. To this end, we first lift the equation Qλu = f
to an equation on M involving Q, giving

sλ Qs−λ(π∗s u)= π∗s f.

We apply 3s−2η to obtain an equation on F (m−2). Using the hypothesis 3s−2ηπ
∗
s f = 0 and Lemma 5.5 to

commute s−23s−2η with Q gives

s2sλ Qs−λs−23s−2η(π
∗

s u)= 0.

Freezing this differential equation at s = 0 with πs=0 to obtain the indicial family of Q provides the
equation

Is(Q, λ+ 2)πs=03s−2η(π
∗

s u)= 0.

Section 7 ensures that, for Re λ� 1, this operator has trivial kernel; hence

πs=03s−2η(π
∗

s u)= 0

and u ∈ ker(3s−2η ◦π
∗
s ) as required.
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8C. Proof of Theorems 1.3 and 1.4. We are finally in a position to consider the original problem of
proving Theorems 1.3 and 1.4. Let

f ∈ Ċ∞(X; E (m))∩ ker3∩ ker δ

and define, using Theorem 1.1,

u =
m∑

k=0

u(k) =Q−1
λ f, u(k) ∈ ρλ+n/2−m−2kC∞even(X; E

(k)).

Note that the growth near ∂X of u(k) and δu(k) may be controlled by the size of Re λ; hence for Re λ� 1
we may assume that they are sections of L2

s (X; E (k)) and L2
s (X; E (k−1)) respectively. We claim, for

Re λ� 1 and | Im λ| � 1, that

u = u(m) ∈ ρλ+n/2−mC∞even(X; E
(k))∩ ker3∩ ker δ,

at which point the equation Qλu = f decouples giving

(1+ λ2
− cm)u = f,

and by uniqueness of the L2 inverse of the Laplacian, we have the formula, for Re λ� 1 and | Im λ| � 1,

(1+ λ2
− cm)

−1
= J−1ρλ+n/2−mrXP−1

λ ρ−λ−n/2+m−2 J,

with the right-hand side giving the meromorphic extension of the resolvent stated in the theorems.
To this end take Re λ� 1 and | Im λ| � 1. By Theorem 1.2, we deduce u is trace-free with respect to

the ambient trace operator; thus Qλ takes the form detailed in Proposition 5.14. We begin by remarking
that while working on L2

s (X; E (k)), if R(k)
λ is any operator of the form (1+ λ2

+ O(1))−1 (which has
order O(|λ|−2), then the operator dR(k)

λ δ has norm of order O(1). We define R(0)
λ = (1+λ

2
− c′0)

−1 and
for 0< k < m,

R(k)
λ =

(
1+ λ2

− c′k + 4(m− k+ 1)dR(k−1)
λ δ

)−1
.

The component of Qλu = f in E (0) is

(1+ λ2
− c′0)u

(0)
= 2
√

mδu(1);

hence u(0) = 2
√

mR(0)
λ δu

(1). The component of Qλu = f in E (1) now reads as

(1+ λ2
− c′1+ 4mdR(0)

λ δ)u
(1)
= 2
√

m− 1δu(2);

hence u(1) = 2
√

m− 1R(1)
λ δu

(2). Continuing, we obtain on E (m),

(1+ λ2
− cm + 4dR(m−1)

λ δ)u(m) = f.

Applying the divergence, we recall Lemma 5.2. For this, we must assume that if m = 2 then X has parallel
Ricci curvature, and if m ≥ 3 then X is locally isomorphic to Hn+1. We obtain

(1+ λ2
− cm + 4δdR(m−1)

λ )δu(m) = 0.
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Again, δdR(m−1)
λ has norm of order O(1) so we may invert this equation and deduce that δu(m) = 0. This

implies, for all k < m,

u(k) = 2
√

m− kR(k)
λ δu

k+1
= 0.

Therefore u = u(m). By Remark 8.1, u ∈ ρλ+n/2−mC∞even(X; E (m)). By Theorem 1.2, u ∈ ker3, and as
previously mentioned u ∈ ker δ. This completes the proof.

9. Symmetric cotensors of rank 2

This section details the results stated in Sections 5 and 8 for rank-2 symmetric cotensors. In this low rank,
writing the action of the d’Alembertian, or its conjugation Q, on F = Sym2 T∗M is tractable.

9A. The operator Q for 2-cotensors. Using the decomposition given by the Minkowski scale, we write

u =
[

1 ds
s
·

1
√

2

(ds
s

)2
]u(2)

u(1)

u(0)

, u ∈ C∞(M;F ), u(k) ∈ C∞(M; E (k)).

The change of basis matrix J takes the form

J =


1 dρ
ρ
·

1
√

2

(dρ
ρ

)2

0 1
√

2 dρ
ρ
·

0 0 1

.
Propositions 5.6 and 5.10 become:

Proposition 9.1. For u ∈ C∞(M;F ) decomposed relative to the Minkowski scale (2), the conjugated
d’Alembertian Q is given by

Qu =
[

1 ds
s
·

1
√

2

(ds
s

)2
]1+ (s ∂s)

2
− c2−L3 2d −

√
2L

−2δ 1+ (s ∂s)
2
− c1 2

√
2d

−
√

23 −2
√

2δ 1+ (s ∂s)
2
− c0

u(2)

u(1)

u(0)


with constants

c2 =
1
4 n(n− 8), c1 =

1
4(n

2
+ 16), c0 =

1
4(n

2
+ 8n+ 8).

If , furthermore, u is trace-free with respect to the trace operator 3s−2η, then 3u(2) =−
√

2u(0), and

Qu =
[

1 ds
s
·

1
√

2

(ds
s

)2
]1+ (s ∂s)

2
− c′2 2d 0

−2δ 1+ (s ∂s)
2
− c′1 2

√
2d

0 −2
√

2δ 1+ (s ∂s)
2
− c′0

u(2)

u(1)

u(0)


with modified constants

c′2 = c2, c′1 = c1, c′0 =
1
4(n

2
+ 8n).
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9B. The indicial family of Q for 2-cotensors. Propositions 5.12 and 5.14 become:

Proposition 9.2. For u =
∑2

k=0 u(k) ∈ C∞(X; E) the operator Q is given by

Qλu =

1+ λ2
− c2−L3 2d −

√
2L

−2δ 1+ λ2
− c1 2

√
2d

−
√

23 −2
√

2δ 1+ λ2
− c0

u(2)

u(1)

u(0)


and if , furthermore, u ∈ ker(3s−2η ◦π

∗
s ) then

Qλu =

1+ λ2
− c′2 2d 0

−2δ 1+ λ2
− c′1 2

√
2d

0 −2
√

2δ 1+ λ2
− c′0

u(2)

u(1)

u(0)


with previously given constants.

9C. Illustration of proof for 2-cotensors. Let f ∈ Ċ∞(X; E (2))∩ ker3∩ ker δ and defineu(2)

u(1)

u(0)

= J−1ρλ+n/2−2rXP−1ρ−λ−n/2 J

 f
0
0

.
Take Re λ� 1 and | Im λ| � 1. By Theorem 1.1,

u(k) ∈ ρλ+n/2−2−2kC∞even(X; E
(k)),

and by Proposition 6.6, Qλu = f . Theorem 1.2 forces

3s−2η

(
u(2)+ ds

s
· u(1)+ 1

√
2

(ds
s

)2
· u(0)

)
= 0;

hence 3u(2) =−
√

2u(0), and Qλu = f reads explicitly as1+ λ2
− c2 2d 0

−2δ 1+ λ2
− c1 2

√
2d

0 −2
√

2δ 1+ λ2
− c′0

u(2)

u(1)

u(0)

=
 f

0
0

.
Introducing the resolvents R(0)

λ and R(1)
λ provides1+ λ2

− c2+ 4dR(1)
λ δ 0 0

−2δ 1+ λ2
− c1+ 8dR(0)

λ δ 0

0 −2
√

2δ 1+ λ2
− c′0


u(2)

u(1)

u(0)

=
 f

0
0


and applying δ, assuming that X is Einstein, provides the homogeneous equation1+ λ2

− c2+ 4δdR(1)
λ 0 0

−2δ 1+ λ2
− c1+ 8δdR(0)

λ 0

0 −2
√

2δ 1+ λ2
− c′0


δu(2)δu(1)

δu(0)

=
0

0
0

.
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The lower triangular nature of this system implies δu(k)= 0 for all k. Hence the system Qλu= f collapses.
So u(0) and u(1) vanish and by Remark 8.1,

u = u(2) ∈ ρλ+n/2−2C∞even(X; E
(k)),

giving (1+ λ2
− c2)u = f .

10. High energy estimates via semiclassical analysis

This article shows the meromorphic continuation of the resolvent of the Laplacian on symmetric tensors
using microlocal techniques. This direction means one does not talk about introducing complex absorbers
but rather studies the problem on a manifold with boundary. If one were to follow more closely the track
established by Vasy, one obtains semiclassical estimates. We state these estimates.

On X , whose smooth structure at infinity is the even structure given by µ rather than ρ, we have the
semiclassical spaces H s

|λ|−1(X; E).

Theorem 10.1. Suppose that X is an even asymptotically hyperbolic manifold which is nontrapping.
Then the meromorphic continuation, written as Q−1

λ , of the inverse of Qλ initially acting on L2
s (X; E) has

nontrapping estimates holding in every strip |Re λ|< C , |Im λ| � 0: for s > 1
2 +C ,

‖ρ−λ−n/2+mQ−1
λ f ‖H s

|λ|−1 (X;E) ≤ C |λ|−1
‖ρ−λ−n/2+m−2 f ‖H s−1

|λ|−1 (X;E)
.

If X is furthermore Einstein, then restricting to symmetric 2-cotensors, the meromorphic continuation Rλ

of the inverse of
1− 1

4 n(n− 8)+ λ2

initially acting on L2(X; E (2))∩ker3∩ker δ has nontrapping estimates holding in every strip |Re λ|<C ,
|Im λ| � 0: for s > 1

2 +C ,

‖ρ−λ−n/2+2Rλ f ‖H s
|λ|−1 (X;E(2)) ≤ C |λ|−1

‖ρ−λ−n/2 f ‖H s−1
|λ|−1 (X;E(2))

.

Acknowledgements

I would like to thank Colin Guillarmou for his guidance and for the many discussions placing this work
in a wider context, and also Andrei Moroianu for his continued support and several useful comments on
Section 5. Finally, I thank Rod Gover for originally sparking my interest in all things conformal.

References

[Aubry and Guillarmou 2011] E. Aubry and C. Guillarmou, “Conformal harmonic forms, Branson–Gover operators and Dirichlet
problem at infinity”, J. Eur. Math. Soc. (JEMS) 13:4 (2011), 911–957. MR Zbl

[Bailey et al. 1994] T. N. Bailey, M. G. Eastwood, and A. R. Gover, “Thomas’s structure bundle for conformal, projective and
related structures”, Rocky Mountain J. Math. 24:4 (1994), 1191–1217. MR Zbl

[Baskin et al. 2015] D. Baskin, A. Vasy, and J. Wunsch, “Asymptotics of radiation fields in asymptotically Minkowski space”,
Amer. J. Math. 137:5 (2015), 1293–1364. MR Zbl

http://dx.doi.org/10.4171/JEMS/271
http://dx.doi.org/10.4171/JEMS/271
http://msp.org/idx/mr/2800480
http://msp.org/idx/zbl/1225.53033
http://dx.doi.org/10.1216/rmjm/1181072333
http://dx.doi.org/10.1216/rmjm/1181072333
http://msp.org/idx/mr/1322223
http://msp.org/idx/zbl/0828.53012
http://dx.doi.org/10.1353/ajm.2015.0033
http://msp.org/idx/mr/3405869
http://msp.org/idx/zbl/1332.58009


RESONANCES FOR SYMMETRIC TENSORS ON ASYMPTOTICALLY HYPERBOLIC SPACES 1921

[Biquard 2000] O. Biquard, Métriques d’Einstein asymptotiquement symétriques, Astérisque 265, Société Mathématique de
France, Paris, 2000. MR Zbl

[Branson and Gover 2005] T. Branson and A. R. Gover, “Conformally invariant operators, differential forms, cohomology and a
generalisation of Q-curvature”, Comm. Partial Differential Equations 30:10-12 (2005), 1611–1669. MR Zbl

[Delay 1999] E. Delay, “Étude locale d’opérateurs de courbure sur l’espace hyperbolique”, J. Math. Pures Appl. (9) 78:4 (1999),
389–430. MR Zbl

[Delay 2002] E. Delay, “Essential spectrum of the Lichnerowicz Laplacian on two tensors on asymptotically hyperbolic
manifolds”, J. Geom. Phys. 43:1 (2002), 33–44. MR Zbl

[Delay 2007] E. Delay, “TT-eigentensors for the Lichnerowicz Laplacian on some asymptotically hyperbolic manifolds with
warped products metrics”, Manuscripta Math. 123:2 (2007), 147–165. MR Zbl

[Djadli et al. 2008] Z. Djadli, C. Guillarmou, and M. Herzlich, Opérateurs géométriques, invariants conformes et variétés
asymptotiquement hyperboliques, Panoramas et Synthèses 26, Société Mathématique de France, Paris, 2008. MR Zbl

[Dyatlov and Guillarmou 2016] S. Dyatlov and C. Guillarmou, “Pollicott–Ruelle resonances for open systems”, Ann. Henri
Poincaré 17:11 (2016), 3089–3146. MR Zbl

[Dyatlov and Zworski 2017] S. Dyatlov and M. Zworski, “Mathematical theory of scattering resonances”, book in progress,
2017, available at http://math.mit.edu/~dyatlov/res/res_20170323.pdf. Version 0.1 (March 23, 2017).

[Dyatlov et al. 2015] S. Dyatlov, F. Faure, and C. Guillarmou, “Power spectrum of the geodesic flow on hyperbolic manifolds”,
Anal. PDE 8:4 (2015), 923–1000. MR Zbl

[Faure and Tsujii 2013] F. Faure and M. Tsujii, “Band structure of the Ruelle spectrum of contact Anosov flows”, C. R. Math.
Acad. Sci. Paris 351:9-10 (2013), 385–391. MR Zbl

[Fefferman and Graham 1985] C. Fefferman and C. R. Graham, “Conformal invariants”, pp. 95–116 in The mathematical
heritage of Élie Cartan (Lyon, 1984), Astérisque (numéro hors série), Société Mathématique de France, Paris, 1985. MR Zbl

[Fefferman and Graham 2012] C. Fefferman and C. R. Graham, The ambient metric, Annals of Mathematics Studies 178,
Princeton University Press, 2012. MR Zbl

[Graham and Lee 1991] C. R. Graham and J. M. Lee, “Einstein metrics with prescribed conformal infinity on the ball”, Adv.
Math. 87:2 (1991), 186–225. MR Zbl

[Graham and Zworski 2003] C. R. Graham and M. Zworski, “Scattering matrix in conformal geometry”, Invent. Math. 152:1
(2003), 89–118. MR Zbl

[Guillarmou 2005] C. Guillarmou, “Meromorphic properties of the resolvent on asymptotically hyperbolic manifolds”, Duke
Math. J. 129:1 (2005), 1–37. MR Zbl

[Guillarmou et al. 2016] C. Guillarmou, J. Hilgert, and T. Weich, “Classical and quantum resonances for hyperbolic surfaces”,
preprint, 2016. To appear in Math. Ann. arXiv

[Guillopé and Zworski 1995] L. Guillopé and M. Zworski, “Polynomial bounds on the number of resonances for some complete
spaces of constant negative curvature near infinity”, Asymptotic Anal. 11:1 (1995), 1–22. MR Zbl

[Hadfield 2017] C. Hadfield, “Ruelle and quantum resonances for open hyperbolic manifolds”, preprint, 2017. arXiv

[Heil et al. 2016] K. Heil, A. Moroianu, and U. Semmelmann, “Killing and conformal Killing tensors”, J. Geom. Phys. 106
(2016), 383–400. MR Zbl

[Hörmander 1994] L. Hörmander, The analysis of linear partial differential operators, III: Pseudo-differential operators, vol.
274, Grundlehren der Mathematischen Wissenschaften, Springer, 1994. MR

[Lichnerowicz 1961] A. Lichnerowicz, “Propagateurs et commutateurs en relativité générale”, Inst. Hautes Études Sci. Publ.
Math. 10 (1961), 56. MR Zbl

[Mazzeo 1988] R. Mazzeo, “The Hodge cohomology of a conformally compact metric”, J. Differential Geom. 28:2 (1988),
309–339. MR Zbl

[Mazzeo and Melrose 1987] R. R. Mazzeo and R. B. Melrose, “Meromorphic extension of the resolvent on complete spaces
with asymptotically constant negative curvature”, J. Funct. Anal. 75:2 (1987), 260–310. MR Zbl

[Melrose 1993] R. B. Melrose, The Atiyah–Patodi–Singer index theorem, Research Notes in Mathematics 4, A K Peters,
Wellesley, MA, 1993. MR Zbl

http://msp.org/idx/mr/1760319
http://msp.org/idx/zbl/0967.53030
http://dx.doi.org/10.1080/03605300500299943
http://dx.doi.org/10.1080/03605300500299943
http://msp.org/idx/mr/2182307
http://msp.org/idx/zbl/1226.58011
http://dx.doi.org/10.1016/S0021-7824(99)00014-8
http://msp.org/idx/mr/1696358
http://msp.org/idx/zbl/0970.53014
http://dx.doi.org/10.1016/S0393-0440(02)00007-4
http://dx.doi.org/10.1016/S0393-0440(02)00007-4
http://msp.org/idx/mr/1911712
http://msp.org/idx/zbl/1146.58301
http://dx.doi.org/10.1007/s00229-007-0089-z
http://dx.doi.org/10.1007/s00229-007-0089-z
http://msp.org/idx/mr/2306630
http://msp.org/idx/zbl/1123.58019
http://msp.org/idx/mr/2650244
http://msp.org/idx/zbl/1196.53002
http://dx.doi.org/10.1007/s00023-016-0491-8
http://msp.org/idx/mr/3556517
http://msp.org/idx/zbl/06656148
http://math.mit.edu/~dyatlov/res/res_20170323.pdf
http://dx.doi.org/10.2140/apde.2015.8.923
http://msp.org/idx/mr/3366007
http://msp.org/idx/zbl/06458702
http://dx.doi.org/10.1016/j.crma.2013.04.022
http://msp.org/idx/mr/3072166
http://msp.org/idx/zbl/1346.37030
http://msp.org/idx/mr/837196
http://msp.org/idx/zbl/0602.53007
http://msp.org/idx/mr/2858236
http://msp.org/idx/zbl/1243.53004
http://dx.doi.org/10.1016/0001-8708(91)90071-E
http://msp.org/idx/mr/1112625
http://msp.org/idx/zbl/0765.53034
http://dx.doi.org/10.1007/s00222-002-0268-1
http://msp.org/idx/mr/1965361
http://msp.org/idx/zbl/1030.58022
http://dx.doi.org/10.1215/S0012-7094-04-12911-2
http://msp.org/idx/mr/2153454
http://msp.org/idx/zbl/1099.58011
http://msp.org/idx/arx/1605.08801
http://dx.doi.org/10.3233/ASY-1995-11101
http://dx.doi.org/10.3233/ASY-1995-11101
http://msp.org/idx/mr/1344252
http://msp.org/idx/zbl/0859.58028
http://msp.org/idx/arx/1708.01200
http://dx.doi.org/10.1016/j.geomphys.2016.04.014
http://msp.org/idx/mr/3508929
http://msp.org/idx/zbl/1342.53066
http://msp.org/idx/mr/1313500
http://msp.org/idx/mr/0157736
http://msp.org/idx/zbl/0098.42607
http://dx.doi.org/10.4310/jdg/1214442281
http://msp.org/idx/mr/961517
http://msp.org/idx/zbl/0656.53042
http://dx.doi.org/10.1016/0022-1236(87)90097-8
http://dx.doi.org/10.1016/0022-1236(87)90097-8
http://msp.org/idx/mr/916753
http://msp.org/idx/zbl/0636.58034
http://msp.org/idx/mr/1348401
http://msp.org/idx/zbl/0796.58050


1922 CHARLES HADFIELD

[Melrose 1994] R. B. Melrose, “Spectral and scattering theory for the Laplacian on asymptotically Euclidian spaces”, pp. 85–130
in Spectral and scattering theory (Sanda, 1992), edited by M. Ikawa, Lecture Notes in Pure and Appl. Math. 161, Dekker, New
York, 1994. MR Zbl

[Vasy 2013a] A. Vasy, “Microlocal analysis of asymptotically hyperbolic and Kerr–de Sitter spaces”, Invent. Math. 194:2 (2013),
381–513. MR Zbl

[Vasy 2013b] A. Vasy, “Microlocal analysis of asymptotically hyperbolic spaces and high-energy resolvent estimates”, pp.
487–528 in Inverse problems and applications: inside out, II, edited by G. Uhlmann, Math. Sci. Res. Inst. Publ. 60, Cambridge
University Press, 2013. MR Zbl

[Vasy 2017] A. Vasy, “Analytic continuation and high energy estimates for the resolvent of the Laplacian on forms on
asymptotically hyperbolic spaces”, Adv. Math. 306 (2017), 1019–1045. MR Zbl

[Wang 2009] F. Wang, “Dirichlet-to-Neumann map for Poincaré–Einstein metrics in even dimensions”, preprint, 2009. arXiv

[Zworski 2016] M. Zworski, “Resonances for asymptotically hyperbolic manifolds: Vasy’s method revisited”, J. Spectr. Theory
6:4 (2016), 1087–1114. MR Zbl

Received 24 Oct 2016. Accepted 12 Jul 2017.

CHARLES HADFIELD: charles.hadfield@ens.fr
DMA, École Normale Supérieure, Paris, France

mathematical sciences publishers msp

http://msp.org/idx/mr/1291640
http://msp.org/idx/zbl/0837.35107
http://dx.doi.org/10.1007/s00222-012-0446-8
http://msp.org/idx/mr/3117526
http://msp.org/idx/zbl/1315.35015
http://msp.org/idx/mr/3135765
http://msp.org/idx/zbl/1316.58016
http://dx.doi.org/10.1016/j.aim.2016.10.041
http://dx.doi.org/10.1016/j.aim.2016.10.041
http://msp.org/idx/mr/3581325
http://msp.org/idx/zbl/1357.58032
http://msp.org/idx/arx/0905.2457
http://dx.doi.org/10.4171/JST/153
http://msp.org/idx/mr/3584195
http://msp.org/idx/zbl/1365.58012
mailto:charles.hadfield@ens.fr
http://msp.org


Analysis & PDE
msp.org/apde

EDITORS

EDITOR-IN-CHIEF

Patrick Gérard
patrick.gerard@math.u-psud.fr

Université Paris Sud XI
Orsay, France

BOARD OF EDITORS

Nicolas Burq Université Paris-Sud 11, France
nicolas.burq@math.u-psud.fr

Massimiliano Berti Scuola Intern. Sup. di Studi Avanzati, Italy
berti@sissa.it

Sun-Yung Alice Chang Princeton University, USA
chang@math.princeton.edu

Michael Christ University of California, Berkeley, USA
mchrist@math.berkeley.edu

Charles Fefferman Princeton University, USA
cf@math.princeton.edu

Ursula Hamenstaedt Universität Bonn, Germany
ursula@math.uni-bonn.de

Vaughan Jones U.C. Berkeley & Vanderbilt University
vaughan.f.jones@vanderbilt.edu

Vadim Kaloshin University of Maryland, USA
vadim.kaloshin@gmail.com

Herbert Koch Universität Bonn, Germany
koch@math.uni-bonn.de

Izabella Laba University of British Columbia, Canada
ilaba@math.ubc.ca

Gilles Lebeau Université de Nice Sophia Antipolis, France
lebeau@unice.fr

Richard B. Melrose Massachussets Inst. of Tech., USA
rbm@math.mit.edu

Frank Merle Université de Cergy-Pontoise, France
Frank.Merle@u-cergy.fr

William Minicozzi II Johns Hopkins University, USA
minicozz@math.jhu.edu

Clément Mouhot Cambridge University, UK
c.mouhot@dpmms.cam.ac.uk

Werner Müller Universität Bonn, Germany
mueller@math.uni-bonn.de

Gilles Pisier Texas A&M University, and Paris 6
pisier@math.tamu.edu

Tristan Rivière ETH, Switzerland
riviere@math.ethz.ch

Igor Rodnianski Princeton University, USA
irod@math.princeton.edu

Wilhelm Schlag University of Chicago, USA
schlag@math.uchicago.edu

Sylvia Serfaty New York University, USA
serfaty@cims.nyu.edu

Yum-Tong Siu Harvard University, USA
siu@math.harvard.edu

Terence Tao University of California, Los Angeles, USA
tao@math.ucla.edu

Michael E. Taylor Univ. of North Carolina, Chapel Hill, USA
met@math.unc.edu

Gunther Uhlmann University of Washington, USA
gunther@math.washington.edu

András Vasy Stanford University, USA
andras@math.stanford.edu

Dan Virgil Voiculescu University of California, Berkeley, USA
dvv@math.berkeley.edu

Steven Zelditch Northwestern University, USA
zelditch@math.northwestern.edu

Maciej Zworski University of California, Berkeley, USA
zworski@math.berkeley.edu

PRODUCTION
production@msp.org

Silvio Levy, Scientific Editor

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2017 is US $265/year for the electronic version, and $470/year (+$55, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscriber address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Uni-
versity of California, Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and
additional mailing offices.

APDE peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2017 Mathematical Sciences Publishers

http://msp.org/apde
mailto:patrick.gerard@math.u-psud.fr
mailto:nicolas.burq@math.u-psud.fr
mailto:berti@sissa.it
mailto:chang@math.princeton.edu
mailto:mchrist@math.berkeley.edu
mailto:cf@math.princeton.edu
mailto:ursula@math.uni-bonn.de
mailto:vaughan.f.jones@vanderbilt.edu
mailto:vadim.kaloshin@gmail.com
mailto:koch@math.uni-bonn.de
mailto:ilaba@math.ubc.ca
mailto:lebeau@unice.fr
mailto:rbm@math.mit.edu
mailto:Frank.Merle@u-cergy.fr
mailto:minicozz@math.jhu.edu
mailto:c.mouhot@dpmms.cam.ac.uk
mailto:mueller@math.uni-bonn.de
mailto:pisier@math.tamu.edu
mailto:riviere@math.ethz.ch
mailto:irod@math.princeton.edu
mailto:schlag@math.uchicago.edu
mailto:serfaty@cims.nyu.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:zelditch@math.northwestern.edu
mailto:zworski@math.berkeley.edu
mailto:production@msp.org
http://msp.org/apde
http://msp.org/
http://msp.org/


ANALYSIS & PDE
Volume 10 No. 8 2017

1793Koszul complexes, Birkhoff normal form and the magnetic Dirac operator
NIKHIL SAVALE

1845Incompressible immiscible multiphase flows in porous media: a variational approach
CLÉMENT CANCÈS, THOMAS O. GALLOUËT and LÉONARD MONSAINGEON

1877Resonances for symmetric tensors on asymptotically hyperbolic spaces
CHARLES HADFIELD

1923Construction of two-bubble solutions for the energy-critical NLS
JACEK JENDREJ

1961Bilinear restriction estimates for surfaces of codimension bigger than 1
JONG-GUK BAK, JUNGJIN LEE and SANGHYUK LEE

1987Complete embedded complex curves in the ball of C2 can have any topology
ANTONIO ALARCÓN and JOSIP GLOBEVNIK

2001Finite-time degeneration of hyperbolicity without blowup for quasilinear wave equations
JARED SPECK

2031Dimension of the minimum set for the real and complex Monge–Ampère equations in critical
Sobolev spaces

TRISTAN C. COLLINS and CONNOR MOONEY

2157-5045(2017)10:8;1-Q

A
N

A
LY

SIS
&

PD
E

Vol.10,
N

o.8
2017


	1. Introduction
	2. Geometry
	2A. Model geometry
	2B. General setting

	3. Symmetric tensors
	3A. A single fibre
	3B. Vector bundles

	4. b-calculus and microlocal analysis
	4A. b-calculus
	4B. Microlocal analysis

	5. The Laplacian, the d'Alembertian and the operator Q
	5A. Minkowski scale and the operator Q
	5B. The indicial family of Q

	6. The operator P and its indicial family
	6A. Euclidean scale
	6B. The indicial family of P

	7. Microlocal analysis
	7A. Function spaces
	7B. Proofs of Propositions 7.3 and 7.4

	8. Proofs of theorems
	8A. Proof of Theorem 1.1
	8B. Proof of Theorem 1.2
	8C. Proof of Theorems 1.3 and 1.4

	9. Symmetric cotensors of rank 2
	9A. The operator Q for 2-cotensors
	9B. The indicial family of Q for 2-cotensors
	9C. Illustration of proof for 2-cotensors

	10. High energy estimates via semiclassical analysis
	Acknowledgements
	References
	
	

