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LARGE SETS AVOIDING PATTERNS

ROBERT FRASER AND MALABIKA PRAMANIK

We construct subsets of Euclidean space of large Hausdorff dimension and full Minkowski dimension
that do not contain nontrivial patterns described by the zero sets of functions. The results are of two types.
Given a countable collection of v-variate vector-valued functions f;, : (R")” — R™ satisfying a mild
regularity condition, we obtain a subset of R" of Hausdorff dimension m /(v — 1) that avoids the zeros
of f, for every g. We also find a set that simultaneously avoids the zero sets of a family of uncountably
many functions sharing the same linearization. In contrast with previous work, our construction allows for
nonpolynomial functions, as well as uncountably many patterns. In addition, it highlights the dimensional
dependence of the avoiding set on v, the number of input variables.

1. Introduction

Identification of geometric and algebraic patterns in large sets has been a focal point of interest in modern
analysis, geometric measure theory and additive combinatorics. A fundamental and representative result
in the discrete setting that has been foundational in the development of a rich theory is Szemerédi’s
theorem [1975], which states that every subset of the integers with positive asymptotic density contains
an arbitrarily long arithmetic progression. There is now an abundance of similar results in the continuum
setting, all of which guarantee existence of configurations under appropriate assumptions on size, often
stated in terms of Lebesgue measure, Hausdorff dimension or Banach density. While this body of work
has contributed significantly to our understanding of such phenomena, a complete picture concerning
existence or avoidance of patterns in sets is yet to emerge. In this paper, we will be concerned with
the “avoidance” aspect of the problem. Namely, given a function f : R" — R™ satisfying certain
conditions, how large a set £ C R" can one construct that carries no nontrivial solution of the equation
f(x1,...,xy) =07 In other words, we aim to find as large a set E as possible such that f(xi,..., x,) is
nonzero for any choice of distinct points xi, ..., x, € E.

In the discrete regime, results of this type can be traced back to Salem and Spencer [1942] and Behrend
[1946], who identified large subsets of the integers avoiding progressions. The Euclidean formulation of
this problem appears to be of relatively recent vintage. Keleti [1999] constructed a subset E of the real
numbers of full Hausdorff dimension avoiding all nontrivial “one-dimensional rectangles”. More precisely,
this means that there exist no solutions of the equation x, — x; — x4 + x3 = 0 with x| < xp < x3 < x4,
x;j € E, 1 <i <4. In particular, such a set contains no nontrivial arithmetic progression, as can be seen
by setting x; = x3. A counterpoint to [Keleti 1999] is a result of L.aba and the second author [Laba and

MSC2010: 28A78,28A80, 26B10, 05B30.
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Pramanik 2009], who established existence of three-term progressions in special “random-like” subsets
of R that support measures satisfying an appropriate ball condition and a Fourier decay estimate. Higher-
dimensional variants of this theme may be found in [Chan et al. 2016; Henriot et al. 2016]. On the other
hand, large Hausdorff dimensionality, while failing to ensure specific patterns, is sometimes sufficient
to ensure existence or even abundance of certain configuration classes; see for instance [Greenleaf and
Tosevich 2012; Greenleaf et al. 2015; 2017; Bennett et al. 2016]. Harangi, Keleti, Kiss, Maga, Mathé,
Mattila, and Strenner [Harangi et al. 2013] showed that sets of sufficiently large Hausdorff dimension
contain points that generate specific angles.

Nonexistence of patterns such as the one proved by Keleti [1999] is the primary focus of this article. A
main contribution of [Keleti 1999]is best described as a Cantor-type construction with memory, where selec-
tion of basic intervals at each stage is contingent on certain selections made at a much earlier step of the con-
struction, so as to prevent certain algebraic relations from taking place. This idea has been instrumental in a
large body of subsequent work involving nonexistence of configurations. For example, Keleti [2008] used
this to show that for any countable set A, it is possible to construct a full-dimensional subset E of R such that

x2—x1+a(x3—x) =0

has no solutions for any a € A, where x1, x, and x3 are distinct points in £. Maga [2010] exploited this idea
to demonstrate a full-dimensional subset £ C R" not containing the vertices of any parallelogram. He also
constructed a full-dimensional planar set that misses all similar copies of a given triangle. Other results in
this direction of considerable generality, extending their predecessors in [Keleti 1999; 2008; Maga 2010],
are due to Mathé [2012]. Given any countable collection of polynomials p; : R"" — R of degree at most d
with rational coefficients, the main result of [Mathé 2012] ensures the existence of a subset E C R" of Haus-
dorff dimension n /d such that p; (xy, ..., xmj) is nonzero for any choice of distinct points xy, .. ., Xm; € E.
The same conclusion continues to hold if the polynomials p; are replaced by p; (®; 1(x1), ..., Pjm; (Xm;)),
where ®; ; are C!-diffeomorphisms of R". Interestingly, the Hausdorff dimension bound in [Mathé 2012],
while depending on the ambient dimension n and the maximum degree d of the polynomials, is independent
of the number of input vectors m; in p;, which may continue to grow without bound.

This paper uses similar ideas to present two results in a somewhat different direction. The first
complements Mathé’s result mentioned above. It applies to a countable family of functions f : R** — R™
with a fixed v that are not necessarily polynomials with rational coefficients. Further, in contrast with
[Mathé 2012], the Hausdorff dimension of the obtained set depends on the number of vector variables v.
The second result is of a perturbative flavour, and gives a set of positive Hausdorff dimension that
simultaneously avoids zeros of all functions with a common linearization and bounded higher-order terms.
To the best of our knowledge, such uniform avoidance results are new. Some points of tenuous similarity
may be found in [Harangi et al. 2013], where the authors construct sets that avoid angles within a specific
range, but the ideas, methods and goals are very different.

1A. Main results. Our first result is most general in dimension one, where we need very mild restrictions
on the functions whose zeros we want to avoid. The higher-dimensional, vector-valued version of this
result applies with some additional restrictions. We state these two separately.
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Theorem 1.1. For any n > 0 and integer v > 3, let f, : R" — R be a countable family of functions in v
variables with the following properties:

(a) There exists ry < 00 such that fy € C"([0, n]").

(b) For each q, some partial derivative of f, of order r, > 1 does not vanish at any point of [0, n]".

Then there exists a set E C [0, ] of Hausdorff dimension at least 1 /(v — 1) and Minkowski dimension 1
such that f,(x1, ..., xy) is not equal to zero for any v-tuple of distinct points xi, ..., x, € E and any
function f,.

Theorem 1.2. Fix n > 0 and positive integers m, n, v such that v >3, and m <n(v—1). Let f, :R"" — R"
be a countable family of C? functions with the following property: for every q on [0, n]"?, the derivative
Df,(x1, ..., xy) has full rank at every point (x1, ..., Xy) in the zero set of f, such that x, # x for
allr #s.

Then there exists a set E C [0, n]"* of Hausdorff dimension at least m /(v—1) and Minkowski dimension n
such that f,(xi, ..., xy) is not equal to zero for any v-tuple of distinct points xi, ..., x, € E" and any
Junction fy.

Remarks. (a) If one seeks to avoid zeros of a single function f, then Theorem 1.1 is nontrivial only
when the components of V f(x) sum to zero at every point x in the zero set of f. If this is not the case,
then there is necessarily some interval / such that f(xi, ..., x,) is nonzero for points x; in the interval I.

(b) The points xi, ..., x, € E that ensure f(xy,...,xy) # 0 in Theorems 1.1 and 1.2 are taken to
be distinct. This assumption, while needed for the proof, is often nonrestrictive for the purpose of
applications. In fact, one can typically augment the family { f,} by {g,}, where the function g, equals f,
with certain input variables coincident, and apply the theorems above to the augmented family provided
the nonvanishing derivative assumptions are met. For instance, Keleti’s function f(x, x2, x3, x4) =
(xp — x1) — (x4 — x3) = —x1 + x2 + x3 — x4 identifies “one-dimensional rectangles” in general, and
three-term arithmetic progressions only if x, = x3. In order to obtain a set that avoids both using
our setup, we would need to apply our Theorem 1.1 to the collection { f, g}, where g(xy, x2, x3, x4) =
f(x1,x2, X2, X4) = —x1 +2x3 — X4.

(c) Theorem 1.2 is sharp in certain instances, for example when m = n(v — 1). On the other hand,
Theorem 1.1 need not be sharp for specific choices of f,, as Keleti’s example shows. Our result would
only ensure a set of Hausdorff dimension % for this example. Given the similarity in our respective
methods of proof, the contrast in the results requires a word of explanation. In [Keleti 1999], one had
explicit knowledge of the function f (which was linear), and hence of the structure of its zero set. This
arithmetic structure was exploited heavily in the construction. Our assumptions on { f,} are too weak to
offer explicit information concerning algebraic dependencies in the zero set, and hence our proof is based
on a “worst-case analysis”, which is true generically, but results in worse bounds. However, our method
of proof is robust enough to accommodate special structures in zero sets, and yields better dimensional
bounds in those settings. We substantiate this comment with more precise details at the appropriate
juncture of the proof; see the remark on page 1092.
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(d) Our conjecture is that the dimensional lower bound of 1/(v — 1) in Theorem 1.1 is sharp for certain
generic functions, but we are currently unaware of any result in the literature that addresses the optimality
of this bound in the setup that we describe. Partial evidence in support of this conjecture in provided in
[K6rner 2009], where the author constructs a set of Fourier dimension 1/(v — 1) avoiding all v-variate
rational linear relations. We hope to return to this issue in the future.

(e) Even though our results do not recover those of [Keleti 2008; Maga 2010; Mathé 2012] in all instances
where these results are applicable, the Hausdorff dimension provided in Theorems 1.1 and 1.2 offers
new bounds in settings where previously none were available, for instance where the functions are
nonpolynomials with mild regularity. It also improves the bound given in [Mathé 2012] for polynomials
with rational coefficients in the regime where the degree d is much larger than the number of variables v.
On the other hand, for polynomials of low degree the result in [Mathé 2012] improves ours, obtaining the
best bound when d = 1.
(f) Finding the optimal dimension of a zero-avoiding set for a specific and explicitly stated function
remains an interesting open question. For the quadratic polynomial f(x1, x2, x3) = (x3 —x1) — (x2 — X} )2,
the zero-avoiding set is guaranteed to be of Hausdorff dimension at least %, both according to [Méthé
2012] and Theorem 1.1. It is not known whether this bound is optimal.

Our second result is about a set on which no function f with a given linearization and controlled

higher-order term is zero.

Theorem 1.3. Given any constant K > 0 and a vector a € R such that

a-u#0 foreveryuc{0, 1}’ withu #0, u #(1,1,...,1), (1-1)

and such that ;
> =0, (1-2)

j=1

there exists a positive constant c(«) and a set E = E(K, o) C [0, 1] of Hausdorff dimension c(a) > 0
with the following property.
The set E does not contain any nontrivial solution of the equation

fx1,...,xy) =0, (x1,...,xy) not all identical,
for any C? function f of the form
v
fOnnx) =)+ Gx, ..., x), (1-3)
j=1
where ;
G <KDY (xj—x)% (1-4)
j=2

Remarks. (a) The condition (1-1) implies that o does not lie in any coordinate hyperplane.

(b) The proof of Theorem 1.3 can be used to obtain a corresponding result with finitely many linearizations.
There is a loss in the Hausdorff dimension as more linear functions are added to the family, so the proof
fails for families of functions with countably many linearizations.
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(c) It is interesting to note that the dimensional constant c(«) does not depend on K. Of course the set E
does, and is uniform for all functions f obeying (1-3) and (1-4) with a fixed value of K.

1B. Layout. Section 2 is devoted to geometric applications of Theorems 1.1, 1.2 and 1.3. Optimality
of these results (or lack thereof) in various settings is discussed, and comparison with earlier work is
presented. Section 3 is a collection of geometric algorithms needed for the proofs of Theorems 1.1 and 1.2.
The proofs themselves are executed in Sections 4 and 5.

2. Examples

2A. Subsets of curves avoiding isosceles triangles. This subsection is given over to the following ques-
tion: suppose we are given a small segment of a simple C2 curve I' C R” with nonvanishing curvature
bounded above by K, parameterized by a C? function y : [0, n] — R" with nonvanishing derivative. How
large can the Hausdorff dimension of a subset E C [0, n] be if there do not exist three points x1, xp, x3 € E
such that {y (x1), y (x2), y(x3)} C I" are the vertices of an isosceles triangle?

The existence of an isosceles triangle with vertices on I will be determined using one of the functions

filti, o, 3) = ly(t) —y )* — ly () —y 13) 2, (2-1)
At b, ) =d(y (1), ¥y (1) —d(y (1), ¥ (13)). (2-2)

Here d is the “signed distance” along the curve I" defined by

ly () —y()| iffr =0,
Mym%ymn_{—wao—y@n if 1 <. @
For reasons to be explained shortly, we will want to avoid the zero set of fj or f,. In order to apply
Theorem 1.1, we need to verify that these functions are differentiable. This is evident for fi. In Lemma A.1
of the Appendix, we have shown that the signed distance d is differentiable, which provides the same
conclusion for f.

Let f be either the function f] or f, givenin (2-1) or (2-2). In either case, we have that if f (¢, t,, 13) =0,
then y (¢1), vy (t2), y (3) form the vertices of an isosceles triangle or points in an arithmetic progression.
Conversely, let x, y, z be distinct points of I" that form an isosceles triangle, with |x — y| = |y — z|. Then
there exist #; < t, < 3 such that some permutation of y(¢;), v (¢2), y (¢3) will be the points x, y, z. It is
not difficult to see that if 5 is sufficiently small depending on |y’(0)| and the curvature K, then y can be
neither y (1) nor y (t3). We include a proof of this in Lemma A.2 in the Appendix. Therefore y = y (2),
in which case f (¢, t, t3) = 0.

2A1. A set avoiding isosceles triangles along a single curve. We will first discuss the problem of avoiding
isosceles triangles along a single curve I'. For this variant of the problem, y may be any parameterization
of I satisfying the conditions laid out above.

Let us first consider the case where I is parameterized by a polynomial function y of degree d with
rational coefficients; i.e., y (t) = (p1(¢), pa(t), ..., pn(t)). Let us observe that the result in [Mdathé 2012]
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does not apply to the nonpolynomial function f>(#1, 2, #3), but does apply to

fit1, 12, 13) =[(p1(t) = p1(82) 2+ -+ (P () = Pu(0))*]=[(P1(12) = p1 (1)) >+ - -+ (P (82)— pu (t3))?],

which is a polynomial of degree at most 2d. Applying [Mathé 2012] then gives a subset of I" of Hausdorff
dimension 1/(2d) that does not contain the vertices of any isosceles triangle.

If ' is a general (not necessarily polynomial) C 2 curve with parameterization y (t), and f (¢, fz, 13) is
either f| or f, described above, then Theorem 1.1 demonstrates the existence of a subset E of [0, 1] of
Hausdorff dimension % such that f(#1, t2, t3) # 0 for any choice of t;, t,, 13 € E. Under y, this lifts to a
subset of I of Hausdorft dimension % that does not contain the vertices of an isosceles triangle. Even
for the case of functions with a rational polynomial parameterization, this set has a larger Hausdorff
dimension than the one provided by [Mathé 2012].

Incidentally, it is instructive to compare the above with the case where the curve y is a line, even though
the curvature for the latter is zero. Here we will view three-term arithmetic progressions as degenerate
isosceles triangles. Set y (t) =at+b for some a, b € R", a #0. Then the function f (1, 1z, 13) =t +t3 -2t
is equal to zero precisely when y (¢1), y (f2) and y (#3) lie in arithmetic progression. Keleti’s result [1999],
as well as [Mathé 2012], applied to this f show that there is a subset of I" of Hausdorff dimension 1
that does not contain any arithmetic progressions. Theorem 1.1 on the other hand provides a set with
Hausdorff dimension %, which is suboptimal.

2A2. A set avoiding isosceles triangles along all curves with bounded curvature. We will also ask a
question related to the one above, this time considering only C2 curves given by arclength parameterization.
How large a set E C [0, 1] can we construct such that y (E) does not contain any isosceles triangle for
any y : [0, 1] — R" with |y’(t)| = 1 and with curvature at most K?

For any such curve y, the function f> defined in (2-2) will be differentiable everywhere, with df,/0t; =
df2/0t3 =1 and df,/0t, = —2, as we have verified in Lemma A.1(b). Thus the function f, will satisfy
the conditions of Theorem 1.3. One therefore obtains a subset £ C [0, 1] of positive Hausdorff dimension
such that f>(t1, 12, t3) # 0 whenever t1, 1, t3 € E are distinct, no matter which ¥ we choose in this class.
Thus the points parameterized by E manage to avoid isosceles triangles on all curves I" with a fixed
bounded curvature.

How large a Hausdorff dimension can we get? A careful scrutiny of Lemma 5.1, Proposition 5.2 and
Theorem 1.3 shows that one can ensure sets of Hausdorff dimension at least log 2/log 3. For more details,
we refer the reader to the proofs of these results in Section 5A and the remarks following them.

2A3. Discussion on optimality. Clearly Theorem 1.2 is optimal when m = n(v — 1). On the other hand,
we can use Theorem 1.3 together with the example above to give a polynomial with rational coefficients
for which neither [M4thé 2012] nor Theorem 1.1 gives the optimal bounds. Consider a polynomial of the
form

plt,th,3) =11 —20+t3+q(t1, 1, 13),

where ¢ (1, 12, t3) is a nontrivial homogeneous quadratic polynomial in (t, —#;) and (¢3 — #) with rational
coefficients. We are of course interested in finding a set E (as large as possible) such that p(t;, f>, 13) # 0
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for any choice of distinct points #1, f,, 3 € E. Both [Mathé 2012] and Theorem 1.1 provide such a set E,
with dimension at least % in both cases. Theorem 1.3 provides such a set E as well. Note that p has the
same linearization as the functions f described in the previous section above. Hence, as described at the
end of Section 2A2, the set E obtained via Theorem 1.3 is a set of dimension at least log2/log3 > %,
proving the claimed suboptimality statement.

In fact, we can use this framework to construct other examples. Notice that it is possible to ask
for sets E that avoid triangles that are not necessarily isosceles, for instance triangles where the side-
length ratio is a prescribed constant «. The results in [Keleti 1999; Mathé 2012] and Theorem 1.1 all
apply to give a set with the same Hausdorff dimension % as above not containing t;, t, f3 such that
|y (t2) — y(t1)] = x|y (t3) — v (t1)|. However, the Hausdorff dimension bound in Theorem 1.3 becomes
worse as k moves farther away from 1. Still, for « close to 1, Theorem 1.3 outperforms Theorem 1.1,
giving rise to a family of polynomials whose zeros can be avoided by a set of unusually large Hausdorff

dimension.

2B. A subset of a curve not containing certain kinds of trapezoids. The following is a geometric ex-
ample of Theorem 1.2. Call a trapezoid ABC D with AD parallel to BC “special” if the side lengths
obey the restriction |[BC|> = |AB||CD|. Given a curve I' C R? parameterized by a smooth function
y 1[0, 7] — R? we aim to find a subset E of [0, ] with the following property: for any choice of
H <ty <tz <t4in E, the trapezoid ABC D with

A=y(t), B=y(), C=y{), D=y

is not special. For simplicity and ease of exposition, we may assume that the components of y’ are strictly
positive on [0, 1] and that the curvature is also of constant sign, say I is strictly convex.

Notice that the special trapezoid assumption places two essentially independent conditions on y (#1),
y(t2), y(t3), and y (#4). One is that two sides need to be parallel, and the other is the condition on the
side lengths. Accordingly, we define two functions f; and f, as follows:

filt, 1,13, 1) = det[ (¥ (1) — y (1)), (v (13) — y ()], (2-4)
frt, b, 13, 14) =d(y (), ¥ (13) d(y (1), y (1)) = d (y (13), ¥ (12))°. (2-5)

Here in (2-4), a’ and b’ represent the transpose of the planar row vectors a = (ay, a;) and b = (by, by)
respectively, while
aq b]

b ] = albz —(12b1

det[a’, b'] = det [
ay by

denotes the (signed) length of the cross-product a x b. Alternatively, det[a’, b'] may be interpreted as the
signed area of the parallelogram whose sides are the vectors a and b. The determinant vanishes if either
a or b is zero, or if the two vectors are parallel.

Returning to (2-4) and (2-5), fi is zero if and only if AD is parallel to BC, while f, is zero if and
only if |BC |> =|AB||CD|. We therefore seek to avoid the zeros of the smooth vector-valued function
f = (f1, f2). We verify in Lemma A.3 of the Appendix that the derivative Df is of full rank on the zero
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set of f. Applying Theorem 1.2 withn =1, m =2, v =4, we obtain a set E of Hausdorff dimension %
such that the points on I" indexed by E avoids special trapezoids as explained above. Thus, there is a

subset of I' of Hausdorff dimension % that does not contain any special trapezoids.

3. Avoidance of zeros on a single scale

The proofs of Theorems 1.1 and 1.2 are based on an iterative construction whose primary building block
relies on an algorithm: given a set 7 € R"” contained in the domain of a suitably nonsingular function
f :R"™ — R™, one identifies a subset S C T that stays away from the zero set of f. This zero-avoiding
subset S, which is a union of cubes in R"" (and as such of positive Lebesgue measure and full Hausdorff
dimension), does not immediately yield the set we seek because it is typically not the v-fold Cartesian
product of a set in R" with itself, and hence does not meet the specifications of the theorems. However,
the algorithm can be used iteratively on many different scales and for many functions in the construction
of the set E whose existence has been asserted in the theorems. Our objective in this section is to describe
this algorithm. The versions that we need for Theorems 1.1 and 1.2 are very similar in principle, although
the exact statements differ somewhat. These appear in Propositions 3.1 and 3.4 below respectively.

3A. Building block in dimension one. Let f be a real-valued C' function of v variables and nonvanish-
ing gradient defined in a neighbourhood of the origin containing [0, 1]". Suppose that we are given an
index ip € {1, 2, ..., v}, aninteger M > 1, a small constant ¢y > 0 and compact subsets 71, ..., T, € [0, 1]
with the following properties:

Each 7; is a union of closed intervals of length M ~! with disjoint interiors.

Let us denote by 7y, (T;) this collection of intervals. G-1)
int(T;)) Nint(Ty) = @ if i #i’. (3-2)
af -1
5 (x)|>coand |[Vf(x)| <c, forallx € Ty x ---xT,. (3-3)
x,-O

Proposition 3.1. Given f, M, iy, co and T = (T}, ..., T,) obeying (3-1) and (3-3) above, there exist a
small rational constant c; > 0 and an integer Ny (depending on all these quantities), for which the
following conclusions hold.

There is a sequence of arbitrarily large integers N > No with N/M, c;N € N such that for each N in
this sequence, one can find compact subsets S; C T; for all 1 <i < v such that:

(a) There are no solutions of f(x) =0withx € §; x --- X S,.

(b) For each J € Jy(T;), let us decompose J into closed intervals of length N~" with disjoint interiors
and call the resulting collection of intervals Iy (J,i). Then for eachi # iy and each I € Iy (J, 1),
the set S; N I is an interval of length cyN' 7.

(c) Forevery J € Ju(Ti,), there exists Ty (J, io) € In(J, ig) with

#Ty (o) = (1= 3 J# @y (], io) (3-4)
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such that for each I € I, (J, i),
1
|Sip N 1| 25 (3-5)
Unlike part (b), S;, N I need not be an interval; however, it can be written as a union of intervals of
length ¢\ N~ with disjoint interiors.
Proof. Without loss of generality, we may set iy = v. For i # v, we define
S; = J{lai.ai + 1 N1 ¢ [, bi] =1 € Iy(J. i) for some J € Ty (T})},

where the small positive constant ¢; and the integer N will be specified shortly. In other words, S;
consists of the leftmost ¢; N!~V-subintervals of all the 1 /N -intervals that constitute 7;. It is clear that the
conclusion (b) holds for this choice of ;.

We now proceed to define the subcollection 7y, (J, v) and the set S, that obey the requirements in (c).
Consider the collection

v—1
Ay :=[[{ai : lai. bil =1 € Iy (J. i) for some J € Ty (T))}
i=1
consisting of (v—1)-tuples of the form a’ = (a1, ..., ay,_1), where each q; is a left endpoint of an interval
in Zy(J, i) for some J € Jy(T;). For each i, the number of possible choices for 1/N-intervals I C [0, 1]
and hence for qg; is at most N. Thus

#(Ay) < NV, (3-6)

We will prove in Lemma 3.2 below that for every fixed a’ € Ay,
#xy: f(d,x,) =0} <M. (3-7)
Assuming this for the moment, define
B := {x, : 3a’ € Ay such that f(d’, x,) = 0}.

In light of (3-6) and (3-7), we find that

#(B) < MN''. (3-8)

The subcollection 7}, (J, v) € Zy(J, v) specified in part (c) is chosen as follows: we declare
[eTy(J,v) if #(BNI)< M>N""2.

In view of (3-8) and the pigeonhole principle, it follows that

/ MN"' N
#(IN(J, U) \IN(‘]’ U)) < W = W'
The fact that #(Zy (J, v)) = N/M then implies (3-4).

We now decompose each I € Z), (J, v) into consecutive subintervals of length Coc/N v=1 with disjoint

(3-9)

interiors, and denote the successive intervals by I, o(I):

1=Je:1=t<N"72/(Coen)}.
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Here Cy is a constant integer depending on f, M and Ti, ... T,, as has been specified in Lemma 3.3
below. The integer N is chosen large enough so that N'=2/(Cycy) is an integer. All intervals Ii(I)
that intersect B, together with their adjacent neighbours, are then discarded. This still leaves open the
possibility that the subintervals ig (I) at the edges of I, namely { =1and £ =N v=2 /(Cocy), are proximate
to a part of B lying in an adjacent interval I’, so we remove these edge subintervals as well. The remaining
subset of T, is defined to be S,. More specifically,

S IeIy(J,v), JeIu(Ty),
SU_U{IZ(I).I;((I)HB_Q for k—€ <1, 1<€<N"2/(Coe)) [

Clearly S, can be viewed a union of intervals of length ¢;/N"~!. The definition of T (J, v) implies that
the total length of the discarded subintervals in each I € Z},(J, v) is at most 3C0c1M3N“_2/N“_1 =
3M3C001/N. The claim (3-5) now follows by choosing ¢; > 0 small enough so as to satisfy 3M3Cyc; <
(I —cp).

Finally, Lemma 3.3 below shows that given x’ = (x1, ..., xy_1) € §1 X §2 X - - - x §,_1, any x, obeying
f(x', x,) = 0 should necessarily lie within a Coc;/N?~! neighbourhood of B. Since the set S, < T, was
created so as to avoid these neighbourhoods, conclusion (b) follows. O

Remark. We take this opportunity to point out the distinction of our selection algorithm as compared
to, say, [Keleti 1999; Mathé 2012]. The length ¢; N 1=V of the intervals S; N I (for i # ip) is the main
contributing factor to the dimensional lower bound of Theorem 1.1. These intervals can be chosen slightly
differently and also possibly longer if additional information is available about the zero set of f, as
indicated in part (c) of the remark on page 1085.

For example, suppose that f : R” — R is a linear function, say

O x) =) ax; (3-10)
i=1

with nonzero integer coefficients as in [Keleti 1999], and that iy = v. Without loss of generality suppose also
that in the notation of Proposition 3.1 each T; is a finite union of intervals J of the form Z/M + [0, 1/ M].
Then for i < v, a possible choice of S; could be as follows: for each I = [k/N, (k+1)/N]eZn(J,i)
with k any integer, we set

k k
S,ﬂl::[ +C‘]

N N
for some small positive constant c¢; to be chosen shortly. If x; € S; for i < v, then any x, with
f(x1, x2, ..., xy) =0 has to be of the form

v—1

1 . Z 1 1

Xy = _Ol_v . o;x;, so that d1st<xv, Iale) < Ao N’ where ¢ El lo;| < 1
1=

i=1

Let us then choose S, as follows: for any I = |at,|'[k/N, (k+1)/N] S T,

1 1— 1
s.n1 |:k c k +01]

NT v N TN

' |y |
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This implies
1

Z
dist(Svﬂl, ) > ,
|y | N 4oy |N

provided ¢y > 0 is chosen small enough. Thus the construction above ensures that S| x S --- x S,

contains no zeros of f. Further, the size of this Cartesian product is significantly larger than the one
obtained in Proposition 3.1. Tracking these new choices of S; through the rest of the proof yields a set E
of full Hausdorff dimension that avoids all zeros of (3-10), which is the result of [Keleti 1999].

Lemma 3.2. For f and Ay as in Proposition 3.1, the inequality (3-7) holds for every fixed a’ € Ay.

Proof. Given a’ € Ay, we claim that for every J € Jy(T,), there exists at most one x, € J such that
f(a’, x,) =0. Since the number of J € Jy(T,) is at most M, the desired conclusion would follow once
the claim is established.

To prove the claim, let us assume if possible that there exist x,, y, € J, x, # yy, such that f(d/, x,) =
f(d’, y,) =0. By Rolle’s theorem, this ensures the existence of some point z, € J where df/dx,(a’, x,) =0.
But this contradicts the hypothesis (3-3) that the partial derivative af/dx, is nonzero on 71 x - - - x T;,. U

Lemma 3.3. Let f, M and T}, . .., T, be as in Proposition 3.1. Then there exists a constant Cy depending
on these quantities, and in particular on cy, such that for the choice of S1, S2, ..., Sy—1 as specified in
the proof of the proposition,
dist(x,, B) < Cocy
’ - Nv-I
for any x,, obeying f(x) =0, withx = (x1,...,Xy_1) € S} X -+ X Sy_1.

Proof. Let J = J; x - - - x Jy =0 x Jy € [[7_; Iu(T;) be a v-dimensional cube of side length 1/M such
that the zero set of f intersects J. The nonvanishing derivative condition (3-3) then implies, in view
of the implicit function theorem, that there exists a (v—1)-variate C ! function gy defined on J' and a

constant Cy > 0 depending on cg, M, Ty, ..., T, such that
f(x)=0, xed, implies x,=gy(x), x' €, (3-11)
C
Vgl < 7% on ', (3-12)

Given x = (x/, x,) € Sy x - -+ x §, such that f(x) =0, let J, denote the v-dimensional 1/M-cube J
in which x lies, and let I, = Iy x - -- x I,y =[] [a:, bi] € [1'Z} Zw(J;, i) be the (v—1)-dimensional
subcube of J’. of side length 1/N containing x". Then

xpo=g0(x"), d=(y,...,a,_1) €Ay, gyd)eB, and |x' —d|< j\lfﬁ
Further, (3-12) implies
Co Clﬁ . Cocy

dist(x,. B) <183(@)) = o) = Vgl I = 'l = 75 X {055 = 5

which is the conclusion of the lemma. |
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3B. Building block in higher dimensions. Given positive integers m,n>1and v >3 withm <n(v—1),
let f:R" — R™ be a C? function whose zero set has nontrivial intersection with [0, 1]**. Suppose that
M > M, is a large integer, cg > 0 is a small constant and 71, ..., T, € [0, 1]" are sets with the following
properties:

Each T; is expressible as a union of closed axis-parallel cubes of side length M !
with disjoint interiors, the collection of which will be called 7, (7;). (3-13)
As before, int(T;) Nint(Ty) = @ if i #i'.

On{xeT; x---xT,: f(x) =0} the matrix Df is of full rank, with

the singular values of Df bounded above and below by ¢, Vand ¢ respectively. (3-14)

On [0, 1], the matrix norm of the Hessian D? f is bounded above by ¢, I (3-15)

Proposition 3.4. Given f, M and cy as above, there exists a rational constant ¢; > 0 and an integer Ny
depending on these quantities for which the following conclusions hold. For N > Ny, set £ = ¢ N"1=V)/™.
If N is such that N/M,1/({N) € Z, then one can find compact subsets S;  T; for all 1 <i <v such that:

(a) There are no solutions to f(x) =0withx € S X --- X ).

(b) Foreach 1 <i<vandJ e Jy(T}), let us decompose J into closed axis-parallel cubes of length N~!
with disjoint interiors and call the resulting collection of cubes Iy (J,i). There exists II’V(J, i) C
In(J, Q) such that

S | JU T e Tu(T), 1eTy(J, i)

More precisely, for each I € T)/(J,i), the set S; NI is a single axis-parallel cube of side length
0 = ¢ NMI-v)/m, provided i #v. Fori =vand I € II’\,(J, v), the set S, N I is not necessarily a
single cube of side length €, but a union of such cubes, with the property that

1y 1
1S,N1|> (“M)W' (3-16)
(¢) The subcollections I;\, (J, 0) of cubes are large subsets of the ambient collection Iy (J, i), in the sense

that forall1 <i <v, J € Jyu(T;),

#Iy (i = (1- 2

Remarks. (a) The proof will show that the constant ¢; in Proposition 3.4 may be chosen as a small
constant multiple of MR where R = [(n + 1)v + 1]/m. For the purposes of application, M is negligible
compared to N, and hence the specific power of M that appears in the expression for £ is not critical to

J@v (. i), (3-17)

the proof. The power of N, which is —(n/m)(v — 1), is of utmost importance and the principal reason
that the Hausdorff dimension of the set E C R" in Theorem 1.2 is equal to m /(v — 1).

(b) The restriction m < n(v — 1) justifies on one hand the dimensional constraint on the set £ which lies
in R™. On a technical note, it is also necessary for the assumption £ < N~! that permeates the proof. If
m < n(v — 1), the chosen value of £ = egM~RN="@=D/m wi]] be less than 1/N if N is sufficiently large.
If m =n(v — 1), the chosen value of £ will be less than 1/N provided that M is sufficiently large.
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(c) The special treatment of the variable x, in the proposition is for convenience only. The result holds
for x, replaced by x;, for any 1 <ip <wv.

Proof. Let Zy={x=(x1,...,x,) €([0, 1]")": f (x) =0} be the zero set of the function f, which we wish
to avoid. The assumptions (3-14) and (3-15) ensure that Zy N (T x - - - x T,) is an (nv—m)-dimensional
submanifold of [0, 1]*?; see for example [Sharpe 1997, Theorem 2.13]. Further, the coarea formula gives
that Zy is coverable by at most Ce™~"" many cubes of side length €, for all sufficiently small €. Here
C is a large constant depending only on ¢ and independent of €. The proof consists of projecting Zy
successively onto the coordinates x1, x2, ... and selecting the sets S; so as to avoid the projected zero
sets. The main ingredient of this argument is described in Lemma 3.5. We ask the reader to view the
statement of the lemma first. Assuming the lemma, the remainder of the proof proceeds as follows.

Fix a parameter £ < 1/N soon to be specified. Recalling that Z,-1(J, i) denotes the collection of
axis-parallel subcubes of side length o that constitute a partition of J € Jy/(7;), let us define the collection
of “bad boxes” B; as

B, = {Q € HZAH(J,-, i): QNZy # < for some J; € JM(T,-)}. (3-18)

i=1
In other words, a box of side length £ in 77 x - - - x T, is considered bad if it contains a point in the zero
set of the function f. The discussion in the preceding paragraph shows that

#(B1) < CL", (3-19)

where C is a constant that depends only on the function f and the value cg.
The construction of Si, ..., S, now proceeds as follows. At the first step, we project the boxes in B,
onto their (x», ..., x,)-coordinates (each n-dimensional), and use Lemma 3.5 below with r = v, T =Tj,

T'=T,x---xT, and B = B to arrive at a set S; C T} and a family of n(v—1)-dimensional boxes
B’ = B, obeying the conclusions of that lemma. Clearly the set S; obeys the requirements of part (b) of
the proposition. Lemma 3.5 also ensures that

#(By) < M"TIN"O#(By) < CMTHINT 0D,

and that f(x) # 0 for any x = (x, x") such that x; € S} and any x’ € T, - - - x T, that is not contained in
the cubes constituting B,.

We now inductively follow a procedure similar to the above. At the end of step j, we will have
selected sets §1 C T, ..., S; € T; and will be left with a family B;, of n(v— j)-dimensional cubes of
side length ¢, such that

#(Bj41) < CMUTDINTmgn=n=)) (3-20)
and
fx", x")#£0 for j v
x'=x,..,x) € 1_[ Si, x' e l_[ T;, x' not contained in any of the cubes in B; 1. (3-21)
i=1 i=j+1

We can then apply Lemma 3.5 with
T:T‘j+1’ T/:]}+2X"'XTIM B:Bj+1’
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to arrive at a set ;41 C Tj;1 meeting the requirement of part (b) of the proposition. The lemma also
gives a family B’ = B, of n(v—j—1)-dimensional cubes of side length £, whose cardinality obeys the
inequality (3-20) with j replaced by j + 1, allowing us to carry the induction forward.

We continue this construction for v — 1 steps, obtaining sets Si, ..., Sy—1 and a collection B, consisting
of at most C M D=0 ynw=1pm=n cypeg of side length ¢ and dimension n contained in 7,. The set S,
is then defined according to the prescription of Lemma 3.6, the conclusion of which verifies part (a) of
the proposition for Sy, ..., S,. O

3B1. Projections of bad boxes. It remains to justify the projection mechanism used repeatedly in
Proposition 3.4. We set this up below.

Fix 2 < r < v, and consider sets T C [0, 11" and 7’ C [0, 1]*¢—D expressible as unions of closed
axis-parallel cubes of side length M ~land disjoint interiors. As before, we denote by 7y, (T) and Ty (T")
the respective collections of these cubes. Given any J € Jy(T), we decompose J into axis-parallel
subcubes of side length N~!; the corresponding collection is termed Zy (J). We will also need to fix a
subset B C T x T’, which we view as a union of a collection B of cubes of side length £. Here M, N and
£ are as specified in Proposition 3.4. Since £/N is taken to be an integer, we may assume that each cube
in B is contained in exactly one cube in Zy (J).

Lemma 3.5. Given T, T', B as above, there exist sets S C T, B’ C T’ and a collection of boxes B’ C T’
with the following properties:

(a) The set S is a union of closed axis-parallel cubes with side length £ and disjoint interiors. More
precisely, for every J € Jy(T), there exists I;\,(J) C In(J) such that

#(Ty(J) = (1= M~ H#Iy (),

and S N1 is a single L-cube for each I € T, (J). For I € Iy(J)\ Iy (J), the interior of the set SN 1
is empty.
(b) The set B’ is the union of the £-cubes in B’
(c) #(B') < M"TIN"¢"#(B).
d (SxTHNBCSxB.
Proof. Fix J € Jy(T). For I € Zy(J), define a “slab”
Wyll]:= U{Q =IxI'CT xT :Qisacube of side length N~'}.

Thus a slab is the union of all of the axis-parallel boxes in T x T of side length 1/N whose projection
onto the x|-coordinate is the cube /. Similarly, given an n-dimensional cube I of side length ¢, we define
a “wafer” W,-i[I] to be the union of all cubes of side length £ that project onto / in the x;-space. Let us
observe that a slab is an essentially disjoint union of exactly N ~"*¢~" wafers, and that the total number of
wafers supported by J is M ~"£7". A wafer in turn is a union of £-cubes.

Let us agree to call a wafer W,-1[I] “good” if it contains at most M"1¢"#(B) boxes of B. The
pigeonhole principle dictates that the proportion of bad wafers is < 1/M. We will call a slab Wy[I]
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“good” if it contains at least one good wafer. Again pigeonholing implies that no more than a 1/ M -fraction
of the slabs can be bad. Let us define Z},(J) as the collection all cubes I € Zy(J) such that Wy[[] is
good. For each cube [ € IjV(J), we select one cube Iy = Ip(/) C I of side length £ such that W,-1[l] is
a good wafer. The set S is now defined to be the union of all selected ¢-cubes Io(I), with I € I;\,(J ) and
J € Ju(T). Clearly, S satisfies part (a) of the lemma.

Let B’ be the union of the collection B’ of all £-cubes Q" C T’ such that QO x Q' € B for some £-cube
Q C S. Then (b) and (d) hold by definition. The selection algorithm for S gives that for a given cube
Q C S, the number of Q’ such that Q x Q' € B is < M"+1¢"#(B). On the other hand, each Q C S comes
from a distinct slab. Hence the total number of possible choices for O € S is no more than the total
number of slabs, which is bounded above by N”. Combining all of this we get (c) as desired. (I

A version of the lemma above is needed for the extreme case » = 1. We needed this in the final step of
the iterative process described in Proposition 3.4, specifically in the construction of S,,.

Lemma 3.6. Fix parameters £ < N~' < M. Let T C [0, 11" be a union of closed axis-parallel cubes
with side length M~ and disjoint interiors. Let B C T be a union of similar cubes with side length {.
Decompose T into similar axis-parallel cubes of side length N~', denoting the corresponding collection
by T. The collection of £-cubes composing B is termed B. Suppose that
#(B) < CM(n—}-l)(v—l)Nn(v—l)Em—n’
with
¢ < ¢~ Vmpg=A/m)((n+Do+1) yy—n(o—1)/m_

Then there exist S C T and T* C T such that
(a) SNB=g,
(b) #(T*) = (1 —1/M)#(T),

(c) S is a union of a large number of £-cubes coming from T*. More precisely, |SNI| > (1 —M~)N™"
foreach I € T*

Proof. Decomposing each cube I € T into subcubes of side length ¢, we declare I to be good if it contains
< M"TIN~"#(B) subcubes that are in B. As in the proof of Lemma 3.5, the pigeonhole principle ensures
that the fraction of bad cubes in T is at most M~!. Define T* to be the collection of good cubes in T,
and S to be the union of all subcubes of side length £ that are contained in the cubes of T* but which are
disjoint from B. The relation between £, M and N implies that for every I € T

|I ) Bl < Mn+1N_n#(B)€n < CM(H-‘FI)UNI’L(U—Z)EW! < M_IN_n,

which justifies the size conclusion for S. (I

4. Proof of Theorems 1.1 and 1.2

We present the construction of the set E in Theorem 1.1 in complete detail. The construction for
Theorem 1.2 is similar. The small variations needed for this have been discussed in Section 4C.
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4A. A sequence of differential operators. We will need to define a sequence of privileged derivatives in
order to prove Theorem 1.1. For n and r, as in the statement of Theorem 1.1, let &, be a v-dimensional
multi-index with |o,| = r, such that 3% f, /dx® is nonvanishing everywhere on [0, n]. Here 9f /9x?
denotes, following standard convention, the differential operator gbittp / axf L. 8x{? " of order |B| =
Bi1+---= By, if B=(B1,...,By). We now define for each ¢ a finite sequence of privileged differential
operators of diminishing order
0%k
Dk =

q a xaq k ’

0<k<r,. (4-1)

Here o, ,, = @4, and oy k-1 1s obtained by reducing the largest entry of oz by 1 and leaving the others
unchanged. If there are multiple entries of c,; with the largest value, we pick any one. Clearly |ogx| = k.

4B. Construction of E. The construction is of Cantor type with a certain memory-retaining feature
inspired by the constructions of Keleti [1999; 2008]. This distinctive feature is the existence of an
accompanying queue that is, on one hand, generated by the construction and on the other, contributes to
it. More precisely, the j-th iteration of the construction is predicated on the j-th member of the queue;
at the same time the j-th step also adds a large number of new members to the queue, which become
significant at a later stage.

Step 0: At the initializing step, we set fork =1, ..., v,
n kn
mmz%—n?v} &= {010, ..., L,[0]}, ng

Letting 3¢ denote the collection of injective mappings from {1, ..., v — 1} into {1, ..., v}, we define an
ordered queue

Qo={(1,m,1,[0]):0<m <r;—1,0 € X},
where
I5[0] = (Is(y[O], ..., Is -1y [O]).

The ordering in Q is as follows: Viewing ¥ as a collection of (v—1)-tuples with values from {1, ..., v},
we first endow Xy with the lexicographic ordering, writing ¥ = {01 < 02 < ---}. Then (1, m, l,,[0])
precedes (1, m/, I, [0]) in the list Qp if one of the following scenarios holds: (a) r < r’, no matter what
m, m’ might be, or (b) r =" and m > m’.

Step I: Consider the first member of Qp, which is (1, r; — 1, I [0]). Recalling the definition (4-1), we
proceed to verify the hypotheses of Proposition 3.1, with

fF=D A, (Tii#v)=1,[01, M= M,

Here ip = ip(1) is the unique index in {1, 2, ..., v} such that df/dx;, = Dql f1, which is nonzero on
[0, n]. The set 7, will be the complement in [0, n] of | J,{7; : i # v}. The conclusion of Proposition 3.1
therefore holds for some small constant dy = c;(Mp, T) > 0 and for arbitrarily large integers N obeying

the divisibility criteria of the proposition. We choose such an integer Ny large enough so that Ny > eMo/d,
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Proposition 3.1 then ensures the existence of subsets S; C T for 1 < j < v, each of which is a union of
intervals of length ¢; = dy/N{ ~1 with

DI fi(x) £0 forx=(x1,....x,) €S8 x - x5,

These constitute the basic intervals for the first stage.

Let & = {[1[1], Ix[1], ..., Ir,[1]} be an enumeration of the first-stage basic intervals, and ¥ the
collection of injective mappings from {1,...,v—1}to {1,..., L;}. We view an element of X as an
ordered (v—1)-tuple of distinct indices from {1, ..., L;}. As before, X is arranged lexicographically. Set

Q={q.kl[1D:1<¢=<2,0<k=<r,—1, 0 €%},

with I, [1] = (Io(y[1], . .., Lo w—1y[1]). The list Q] is assigned the following ordering. An element of
the form (g, k, I, [1]) will precede (¢, k', I,/[1]) if one of the following conditions holds:

(a) o < o’ (irrespective of the relative values of g, ¢/, k, k'), or

(b) 0 =0, q < ¢’ (irrespective of the relative values of k, k), or

(¢c)o=0,g=q" and k > k.
The list Q] is appended to Qy to arrive at the updated queue Q; at the end of the first step.

The general step: In general, at the end of step j, we have the following quantities:

e The j-th iterate of the construction E;, which is the union of the j-th level basic intervals of length
ti=di_/N j”_l. Here d; is a sequence of small constants obtained as ¢ from repeated applications of
Proposition 3.1 and depending on the collection of functions { f; : ¢ < j}. In particular, d; only depends
on parameters involved in the first j steps of the construction. The sequence N; is chosen to be rapidly
increasing. For instance, choosing

J Ny R
Njy1 > exp[H(—) :| forall j > 1 (4-2)
di
k=1
and some fixed large constant R would suffice.

* The collection of the j-th level basic intervals that constitute E;, which we denote by
& ={hljl Lljl, ..., 1, [j1}
« The updated queue Q; = Q;_ U Q}, with
Q}:{(q,k,[lg[j]): 1<g=<j+1,0<k=<r,—1, 0 €.

Here ¥; is the collection of all injective maps from {1, ...,v—1} to {1, ..., L;}, which is viewed as
the collection of all (v—1)-dimensional vectors with distinct entries taking values in {1, ..., L;} and
endowed with the lexicographical order. The new list Q} is ordered in the same way as described in
Step 1 and appended to Q;_;. Notice that the number of members in the list Q; is much larger than ;.
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We also know that D’q‘ f4(x) is nonzero for certain choices of k, g, and x with k < r, — 1. Specifically,
given any tuple of the form (q, k, [) that appears among the first j members of the list Q;, the construction
yields that

|D§fq(x)| >0 ifx; e E;NI; for i #v, x, € E;\ (L1 U---Ul,_y). 4-3)

Here the (v—1)-tuple of intervals [ has been labelled as | = (f; : i # v). We will continue to use this
notation for the remainder of this subsection.

At step j + 1, we refer to the (j+1)-th entry of the queue Q;, which we denote by (qo, ko, ). Set ig to
be the distinguished index such that

0k ko+1
dxi, [Dgofasl = Dygg Jao-

Two cases can occur, depending on whether k¢ is maximal for the given gg or not. If it is, that means
ko =ry, — 1 for some 1 < go < j + 1. We want to apply Proposition 3.1 with M~ = £;, the index ip as

described in the paragraph above, and
Ej NI if i 75 v,
Ej\Ui;svTi ifi =v.

In this case, the nonvanishing derivative condition required for the application of Proposition 3.1 is

a0 —1

ensured by the hypothesis of Theorem 1.1.

The other possibility is when ko < ry, — 1. Given the specified ordering on Q;, we conclude that
(9o, ko + 1, I) must be the j-th member of Q;, and hence, by the induction hypothesis, (4-3) holds with
q = qo and k = ko + 1. We can now apply Proposition 3.1 with f = ng a0 M 1=y i, and the same
choices of iy and T, ..., T, as in (4-4) above.

In either case, we obtain a collection & of (j+1)-th level basic cubes of length £; | =d;/N ;:11,
the union of which is E; 1, and for which (4-3) holds with ¢ = g, k = ko and j replaced by j + 1. This
completes the induction.

The set E is now defined as E = ﬂ;’i | E;. We will establish shortly that E' meets the requirements of

Theorem 1.1.

4C. Modifications to the construction of E for Theorem 1.2. The main distinction for Theorem 1.2 is
that we only need to consider the first derivative Df, of f,, so there is no need for the higher-order
differential operators DX, and hence no need for distinguished indices ig. What this means is that the
elements of the queue Q} are of the form (q, l,[j]), where g ranges from 1 to j and [, is a tuple of
cubes instead of intervals, and one needs to appeal to Proposition 3.4 instead of Proposition 3.1. The
number of subcubes of [0, n]"" at the initializing step needs to be chosen large enough, so that their side
lengths do not exceed M, !, as specified in the hypotheses of Proposition 3.4. This is simply to ensure
that Proposition 3.4 is applicable. The small parameters d; and large parameters N; are still assumed to
obey a relation of the form (4-2), with the constant R possibly depending on v, n, m. The side length ¢;
of a j-th level basic cube is now

Ej = djlej_n(U_l)/m. 4-5)



LARGE SETS AVOIDING PATTERNS 1101

From this point onward, no distinction will be made between Theorem 1.1 and the m =1, n =1 case
of Theorem 1.2. The computation of the Hausdorff and Minkowski dimensions of the set E in these two
cases proceeds in exactly the same manner.

4D. Nonexistence of solutions. Fix any g > 1, and a tuple x = (xy, ..., x,) of distinct points in E. Since
¢; — 0, the minimum separation between the points xi, ..., x, exceeds ¢; for some j. In other words,
there exists a step j > g in the construction of E where these points lie in distinct basic intervals (in the
case of Theorem 1.1) or cubes (in the case of Theorem 1.2) of that step. Suppose that I* = (I}, ..., I )
is the tuple of j-th stage basic intervals such that x; € I for 1 <i <v—1land x, € E;\ (I U---UI; ).
Then the tuple (g, 0, I*) (or (g, I*) in the case of Theorem 1.2) belongs to the list Q;. Suppose that it is
the jo-th member of Q;, jo > j. This tuple then plays a decisive role at the jo-th step of the construction,
at the end of which we obtain (either from Proposition 3.1 or 3.4) that f, does not vanishon [}_, Ej;NI ol
Since x lies in this set, we are done.

4E. Hausdorff dimension of E. Frostman’s lemma dictates that the Hausdorff dimension of a Borel
set E is the supremum value of o > 0 for which one can find a probability measure supported on E with
sup, , n(B(x;r))/r* < 0o, where B(x; r) denotes a ball centred at x of radius r. Keeping in mind that
any ball is coverable by a fixed number of cubes, we aim to construct a probability measure p on E with
the property that for every € > 0, there exists C¢ > 0 such that

w(I) < CA(I)™@=D=¢  for all cubes I. (4-6)

Here [(I) denotes the side length of 1.

Let us recall that & denotes the collection of all basic cubes with side length £; at step j of the
construction. Decomposing each cube in &; into equal subcubes of length 1/N; |, we denote by Fj | the
resulting collection of subcubes that contain a cube from ;. Let F;,; be the union of the cubes in Fj ;.
We define a sequence of measures vj;1 and u; supported respectively on Fj | and E; as follows. The
measure /i is the uniform measure on [0, n]". Given u;, the measure v; 4 will be supported on Fj; and
will be defined by evenly splitting the measure ; of each cube in £; among its children in ;. Given v,
the measure p; will be supported on E; and will be defined by evenly splitting the measure v; of each
cube in F; among its children in &;. It follows from the mass distribution principle that the measures p;
have a weak limit ©. We claim that u obeys the desired requirement (4-6).

The proof of the claim rests on the following proposition, which describes the mass distribution on the
basic cubes of the construction.

Proposition 4.1. Let K € &;, J € Fj1 with J C K. Then:
(@) wK)/IK| = u(N/IJ]=2u(K)/IK].
() 1(J) < M;|J|, where Mj = T/_, 2(&xNy) ™"

Proof. We first prove part (a). Each K € & decomposes into (¢£; N;11)" subcubes of side length 1/N; ;.
Propositions 3.1 and 3.4 assert that at least a (1—1/M)-fraction of these subcubes contain a cube from
&j+1 and hence lie in F; . The number of descendants J € Fj; of a given cube K € &; is therefore
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at most (¢;N;1)" = |K|/|J]| and at least %(EijH)” = |K|/(2|J|). Since u(K) is evenly distributed

among such J, part (a) follows.
We prove part (b) by applying part (a) iteratively. Suppose that J is the cube in Fj that contains K.
Then ~ ~ ~ ~
nih) _ 2M(K) - 2M(J) 2 pl) 2 p(J)

= = = — = —. (I
/] K] Kl KL g @GNt

We are now ready to apply Proposition 4.1 to prove (4-6). Suppose that [ is a cube with side length
between £;,1 and £;. There are two possibilities: either 1/N;1 <I(I) <¥{; or £;11 <I(I) <1/Nj4;.

In the first case I can be covered by at most C|I|N ]VH cubes of side length 1/N; 4, all of which could
be in F; ;. If J is a generic member of |, we obtain from Proposition 4.1 that

u(I) < C\IIN}', \u(J) < CIINT M;|T| < CM;||
2M;_ —m/(o— - ) ne
< Ol = M P DT ) < eV T < caam D
(fj Nj)" J J J
Here the penultimate inequality follows from the relation (4-5) and the rapid growth condition (4-2) .
Let us turn to the complementary case, when £, 1 <I(I) <N erll. If (1) > 0, the cube I intersects at
least one cube J in F;; in which case it is contained in the union of at most 3" — 1 cubes of the same
dimension adjacent to it. Proposition 4.1 then yields

w(D) < Con(J) < CuMj|J | = CuMy Ny = Cutdyd, ™ DD < g [0 < caay™ D,

applying (4-2) as before at the penultimate stage. This establishes the claim (4-6).

4F. Minkowski dimension of E. In order to establish the full Minkowski dimension of E, we show that
for any € > 0, there exists ¢ > 0 such that

Ne(E) > c 7" forany 0 < £ < 1. 4-7)

Here Ny (A) denotes the £-covering number of a Borel set A, i.e., the smallest number of closed cubes of
side length £ required to cover A. Given 0 < £ < 1, we first fix the index j such that £; | < £ < {;. As
before, we study two cases.

4F1. Case 1. If £ € [€; 41, 1/N;11), we select I € &; of side length £; to be one of the “special cubes”
for step j +1; i.e.,
I C Ty  for Theorem 1.1,

. (4-8)
I C Ty[j+1] for Theorem 1.2.

Here ig(j +1) € {1, ..., v} denotes the preferred index at step j + 1 of the construction, based on which
Proposition 3.1 is applied. On the other hand, T,[j 4 1] denotes the choice of T, at the (j+1)-th step for
the purpose of applying Proposition 3.4. In either case, I € £; can be partitioned into (¢; N;41)" subcubes
of side length 1/N; . It follows from (3-4) and (3-17) in Propositions 3.1 and 3.4 that at least half of
these subcubes lie in F; . Further, the conclusions (3-5) and (3-16) of the propositions say that for
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each J € Fji, J CI,

diN; f +11 for Theorem 1.1,
[JNEjt1| > LNt for Th
aNi or Theorem 1.2,
so that combining the two
[JNEj] Zdij:L"I for any n. 4-9)

Let Qg be a collection of cubes of side length £ that cover I N E, with #(Q,) = N¢(I N E). Given any
0 € Qy, let O* denote the axis-parallel cube with the same centre as Q, but side length 4¢.,/n. Our main
claim is that

INEj=|JUNE:JClJeFn) (4-10)

cUter:ge Q. 1D
so that
|10 Eji1] < #(Q0) 4y/mb)". (4-12)

Assuming the claim for now, the proof of (4-7) proceeds as follows,

INE; JNE;
/\/zz(E)Z/\/IZ(IQE)Z#E(Q(z)zcn'E—nﬂr1| Z%Z{MIJEI, JGFjH}

En
J
Cp (EN 1) _ djﬁ’?
Zﬁx4%%— diN = cnpt = cent ™"

Let us pause for a moment to explain the steps above. The second inequality in the sequence follows
from (4-12) with ¢, = (44/n)™". The third inequality uses (4-10) and the disjointness of the cubes J; the
fourth follows from (4-9) and the counting argument for #(Fj1) preceding it. The final inequality is a
consequence of the rapid growth condition (4-2) and the assumption £ < 1/N; . Together they imply

that for any € > 0, there is a constant ¢, > 0 such that djﬂ;‘ > e NS > cets.

Jj+1
Proof of the claim. It remains to verify (4-10)—(4-12). The equality in (4-10) is part of the definitions
of & and Fj . The estimate (4-12) is an easy consequence of (4-11). To establish (4-11), pick any
x € INEj. Since Ej; is by definition a union of the cubes in £, there must exist a basic interval
I’ € &4 containing x. The set I’ N E is nonempty by construction, so we pick an element y in this set.
Then |x — y| < diam(I’) = \/n¢;41. Since y € I N E, there must be a cube Q, € Q, containing y; let
c(Qy) denote the centre of Q. The assumption £ > ¢; | gives that

X —c(Qy)| < [x =yl + 1y = (@] < Vnlj1 + 304/n < 20/n.
This means that x € Q%, as desired. O

4F2. Case 2. In the second case, where £ € [1/N; 1, {;), the analysis is similar, with minor variations in
numerology. Since £ is larger, we need to start from a coarser scale. Pick a cube I € &;_ that is “special”
for the j-th step, in the sense that (4-8) holds with j replaced by j — 1. As before, we decompose [ into
cubes J € F;; the number of such cubes J is at least %(ﬁj, 1N;)". Let Q, again denote a covering of
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I N E by £-cubes, with #(Q,) = N,(I N E). Set F; to be the union of the intervals in F;. This time, we
will need the following analogues of (4-10)—(4-12), to be proven shortly:

INFa=JUnFu:icl JeRc|Jlor: Qe (4-13)

so that
11N Fjy1] < #(Qu)(@/nd)". (4-14)

Further,
|J N Fjp] z%dj_le*" foreach J € Fj, J C I. (4-15)

Assuming these, an argument analogous to the previous case leads to
Ne(E) > Ne(ENT) =#(Q¢) > ¢, "IN Fjyq]
=" ) (INFl:J S T eF)
dj_lﬁ;l_]
4¢n
The second inequality in the sequence above uses (4-14), and the fourth uses (4-15). The last step uses

—n1 1 - —n+
> b ni((ij_]]\/t/')n X Edj_le n =cCy > Ce’ne nre,

the assumption £ < ¢;, which implies in view of (4-2) that
€<t < cé_ldj,lﬂ;’fl for every € > 0.

Proof of the claim. Returning to the claims surrounding I N Fj, we briefly comment on (4-13) and
(4-15), whose proofs constitute the only points of departure from the previous case. Let us start with
(4-13). For any x € I N Fj,{, we focus on a cube J' € Fj4 such that x € J". Choosing y € J'N E and
Q, € Q; containing y, we see that |x — y| < diam(J) = \/n/N; ;. Keeping in mind that £ > 1/N; i,
one obtains

Ix —c(@)I=x=yl+ly—c(@)] = Vn +€/n < 204/n,

Jj+1

where ¢(Qy) denotes the centre of Q,, as before. This in turn implies (4-13).

To prove (4-15), let us fix J € F;, J C I, and observe that J N E; is a union of basic £;-cubes. The
special choice of I € &£;_; dictates that (4-9) holds with j replaced by j —1;ie., [JNE;| >d;_ 1Nj*".
Thus, the number of basic £;-cubes in J N E; at the j-th level is at least d;_| N j_" / E;‘. At step j + 1, each
Jj-th level basic cube contributes at least %(E iN;11)" subcubes of side length 1/N;; to Fj1, according
to Propositions 3.1 and 3.4. Combining all of this yields,

—n

dj*lN]' 1 n —-n 1 —-n
|JﬂF}+1|2£—nX§(€1N]+1) XNj—i-l:idj_le s
J

as claimed. O

5. Zero sets of functions with a common linearization

We now turn our attention to the proof of Theorem 1.3. Not surprisingly in view of the other results in
this paper, it is also predicated on an iterative algorithm, which has been encapsulated in Proposition 5.2
below. The following lemma provides a preparatory step.
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Let « € RY be as in the statement of Theorem 1.3, and let € be a nonempty proper subset of the
index set {1,2,...,v}. Let § > 0. Consider disjoint intervals [a, b;] and [a2, by] of length A, with
a; < by < ay < by. We define two quantities €e; and €igh depending on &, ay, by, az, by and § as follows:

v .
. ] zj € lay, a1 +e€A] forall j ¢ C,
Cleft == SUP{G ’ Z ] ajzj| = % for zj €laz,ap+€r] forall jed |’ (5-1)
]:
v .
o ] zj € lar, a1 +€A] forall j ¢ C,
Eright == SUP{E‘ 2 gz z8h for C oy bl forall je |- (5-2)

Lemma 5.1. Given any a € R as in Theorem 1.3, there exists 8y > 0 depending only on o such that for any
A > 0 and any choice of intervals 3| = a1, b1] and Ty = [ay, b>2] of equal length A with a; < by <ap < by,
the following property holds. For any § < &, there exists €y = €y(<€, §) (not depending on ay, ay, by, ba,
or X) such that max(€jef, €right) > €0.

In particular, there exist subintervals 31 C T and /3\2 C 7, with |§1| = |/'J\2| =€) and dist(/j\l , /3\2) >
(1 — €9)A such that

X; 6/3\1 forj &C,

la-x| =381 forall x € RY such that i ~ ]
xj€Jy forjel.

Proof. Set g(y) = Zj a;y;, and consider g(z*), where z* = (], . .., z) is defined to be the v-dimensional
vector with z;‘ =a, if j ¢ € and z;‘ =ay if j € €. Setting C* = Zj ot |, we note that

|g(z) —g(z")| = C*eA  whenever |z; — 2| <€, 1 < j <v. (5-3)

If |g(z*)| > (8§ + €9C*)A, then (5-3) implies that |g(z)| > SA for any z as in (5-1). Therefore €jef > €,
and the conclusion of the lemma holds with :"71 = [a1, a1 + €pA], 752 = [az, ar + €y)r]. Otherwise,
let Z = (Z1,...,Zy) be the v-dimensional vector with Z; = a; if j ¢ € and Z; = b, if j € €. Then
gD =g@)+a-Z—z")=g*) £ (by—ar)Co=g(z*) £ 1Cy, where Cy = |Zj€C aj| > 0. Thus, for
z as in (5-2), we obtain the estimate

18| = [g(D)] = la - (z—2)| = |Cor £ g(z%)| — C*eoh
> Cor— (6 + C*GO))\, — C*¢ph > Coh — 6+ ZEOC*)k,
which is greater than or equal to A provided that § < %Co =:3p and ¢y < (Cop — 28)/(2C*). One

has €gne > €o for this choice of €y, with the conclusion of the lemma verified for ’T}l = [ay, a1 + €A,
32 = [b2 - 60)\,, bz]. |

Remarks. (a) Let us consider the example o = (1, —2, 1), which corresponds to a linear function g
that picks out three-term arithmetic progressions. Choose € to be {3}. For x, xo € [a;,a; + €A] and
X3 € [az, ar + €A], it is easy to see that

x1—2x2+x3>a;+ay—2(a; +€r) =a; —a; —2er > (1 —2¢)A.
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We can thus take € = %(1 — ). On the other hand, if x1, x» € [a1, a1 +€A] and x3 € [by — €A, by], then
xX1—2x2+x3>a,+by—erl—2(a; +€r) =by —a; —3el > (2—3¢)A.

Thus €gn = %(2 — 4). The point is that, in the above lemma, it is possible in certain instances for both
€lefe and €jgpe to be bounded from below. The lemma guarantees that at least one of them will be.

(b) It is important to be aware that the above proof does not necessarily give the best possible € for
a given § because the signs of the components of « are not taken into account. When dealing with a
specific «, it is often possible to improve the bound on € given above.

Proposition 5.2. Given any o € R" obeying the hypotheses of Theorem 1.3, there exist fixed small
constants 0 < € < % and 6(€) > 0 depending on o with the following property.

Let I be any interval say of length £, and let I\ and I, denote the two halves of 1. Then one can find
subintervals 1] and 1 of I\ and I, of length €€ such that

lo - x| > 8¢  for every sufficiently small § < §(€),

and for any choice of X1, x2, ..., x, € I{ U I}, not all of which are in I for a single i = 1,2. The
subintervals 1] and 1} are separated by at least %E.

Proof. Let {€1, &,, ..., Cg} be an enumeration of all nonempty, proper subsets of {1, 2, ..., v}. Given
any x = (x1, ..., Xy) such that x; € I for all j but not all the x; lie in a single I; or I, there exists
I <m < R such that j € ¢, if and only if x; € I,. Set

D

J€Cn

Cp = and 8y =4 min(Cy,..., Cg),

so that Lemma 5.1 can be applied for any § < §g and any € =&, 1 <m < R.

Starting with I} and I, we apply Lemma 5.1 with € =¢, J, =1}, Jp =1 and A = %Z. For a small
but fixed §; > 0 with 28; < §y, this gives a constant €; = €y(€, 25;) > 0 and two subintervals 11(1) ch
and 12(1) C I, of length %G]Z obeying the conclusions of the lemma. Without loss of generality, we can
assume that € < l, so that

dist(71{"”, i) > (1 —ep e > Le. (5-4)

For 2 < k < R, we continue to apply Lemma 5.1 recursively, with the same value §;, and
C=¢C, 7 =Il(k_1), 32=12(k_1), A= %61 ce€p_1l.

At the end of the k-th step, this yields a constant €, = €3(&, 25) and subintervals Il(k) clI l(k_l) cI,
Iz(k) C Iz(k_l) C I, each of length %61 - - - €€ such that for any m <k,
(k) .
xjel for Cs
| - x| > §1€1 - - - €x,—1£ for all x such that { / ](k) ] # S
xjel, for j € €,,.
The conclusion of the proposition then holds for

R
n=1® 1=r", e:%l_[ek and 8(€) =31€;---€g_1.
k=1
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The separation condition is an easy consequence of the one in Lemma 5.1. Specifically, since I/ C Ii(l)
for i =1, 2, the relation (5-4) yields

dist(I], 13) > dist(1;”, ;") > Le. O

Remarks. (a) Tracking the parameters from Lemma 5.1, we find that the constant € claimed in
Proposition 5.2 obeys the estimate

R
> % 1‘[ M, (5-5)

where recall )
C*=2 Iyl
j=1

and C,, and §; are as in the proof of the proposition.

(b) In view of the remarks made at the end of Lemma 5.1, it is not surprising that the bound on € in
the preceding inequality is not always optimal. Returning to the example o = (1, —2, 1), we leave the
reader to verify that given any small § > 0 and I = [a, a + £], the choice I{ = [a, a+ %(1 — 8)6] and
L= [a + %(2 +6)¢,a+ Z] meets the requirements of the proposition. Thus for this «, the best choice of
€ is at least %(1 — 8), which is much better than the one provided by the proof.

5A. Proof of Theorem 1.3. Take € and § = §(¢) to be the positive a-dependent constants given by
Proposition 5.2. Recall that g(xq, ..., xy) = Z}’Zl ajx;.

Start with Eg = [0, ] where 0 < 1 <1 is chosen sufficiently small so as to ensure 2K v < §. Applying
Proposition 5.2 with I = E, we arrive at subintervals /] = J; C [0, %n] and I} = J, C [%r) 17] of
length £1 = €n that obey its conclusions. Let Ey = J; U J, with |J1| = [J2| = £;. In general, if E; is a
disjoint union of 2/ basic intervals of length £ = €/, then at step j + 1, we apply Proposition 5.2 to
each such interval to find two subintervals of length £; | = €f; = €/*15 and separated by a length of at
least K—ILZ i» which form the basic intervals of E; .

Defining E = ﬂf; E;, we now show that f(xy, ..., x,) #0if xy, ..., x, are not all identical and f is
of the form (1-3). For any such choice of x1, ..., x,, there exists a largest index j such that x{, x5, ..., x,
all lie in a basic interval I at step j. This means that if /| and I] are the two subintervals of / generated
by Proposition 5.2, then xi, ..., x, lie in 7] U I}, but not all of them lie in a single /. If I is of length ¢;,
it follows from Proposition 5.2 that |g(x)| > §¢;. But | f(x) — g(x)| < Kvﬁjz according to (1-4), so this
implies | £ (x)| > 18¢; for £; < n.

We recall that the (j+1)-th step of the construction generates exactly two children from each parent,
and these are separated by at least %E ;. It now follows from standard results, see for instance [Falconer
2003, Example 4.6, page 64], that the Hausdorff dimension of E is bounded from below by

log(2/) , log(2/) log 2
im ——————— = lim - = .
j—oo —log(2¢;/4) j—oo —log(e/n/2) —loge

This establishes the existence of the set claimed by the theorem, with c(a) =1log2/log(1/¢), where € is
at least as large as the bound given in (5-5). ]
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Remark. We return to the example o = (1, —2, 1) that we have been following across this section to
show that the avoiding set in this instance can be chosen to have Hausdorff dimension log2/log 3. We
have referred to this fact in certain examples occurring in Sections 2A2 and 2A3.

Choose a slowly decreasing sequence §; = 1/(j + C) for some fixed large constant C. We have seen,
in part (b) of the remark on page 1107, that €(§;) = €; can be chosen as %(l —&;). Let us now use the
same Cantor construction as in the proof given above, but using the parameter §; at step j instead of a
fixed 8. The following consequences are immediate:

Cn3~/
bi=¢€1--€; sothat {; < ———,
j=€1€jn I="fc
lg(x)|=8;¢; and |f(x)—g(x)|<Kv€? sothat|f(x)|>(8;—Kvej)el;> ! KUHCTj £;>0
X il x)—gx ~ X i— Wiz ——=— i >0,
§WX)1Z0jj W)= R VL Z\9; PE=\Grc j+c J
where x = (x, ..., xy) is as in the second paragraph of Section 5A. This proves the nonexistence of

nontrivial zeros of f. Further, the Hausdorff dimension is bounded from below by
log(2/) ) log(2/) log2
lim ——————— = lim . - = .
j=oo —1og(2¢;/4)  j=oe —log(3=in[Ti_,(1—&)/2) log3

establishing the claim.

Appendix

We collect here the proofs of a few technical facts mentioned in Section 2.

Lemma A.1. Given a C? parameterization y : [0, n] — R" of a curve T, let us recall the definition of the
signed distance function d from (2-3). Set F (t1,t;) =d(y (t1), y(t2)). Then:

(a) F is differentiable on [0, n>.

(b) If y is the arclength parameterization, i.e., |y’ (t)| = 1, then
oF oF
— =1, —— =—1.
on (t,1) =1, atz(t,l)

Proof. Since differentiability is obvious for #; # 1o, it suffices to verify it when #; =, = ¢t. We consider
two cases. If & > k, then

F(t+ht+k)y=dyt+h),yt+k)=|yt+h)—ye+k)]
=1y Ollh—kl+ 0"+ k%)
=1y’ (O)|(h —k) + O(h* +k?).
On the other hand if & < k, we have
dly@+h),y@+k)=—ly@+h) —y@t+k)|
=—|y'Ollh—k|+ O(h*> + k%)
=1y (t)|(h — k) + O(h* + k).
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This establishes the first part of the lemma, with
oF / oF /
— =Y 0, —tt=—y @)l
S D=1 OL G0 =—1y0)l

The second part is now obvious. (I

Lemma A.2. Let y : [0, n] — R" be an injective parameterization of a C* curve with

y'(0)#0 and sup{ly”"(®l:t€[0,n]} < K.

If n is sufficiently small depending on |y'(0)| and K, then there are no isosceles triangles y (1), y (t2),
y(t3) with 0 < t; < tp < t3 < n whose sides of equal length meet at y (t|) or at y (13).
Proof. Since d has already been shown to be differentiable in the previous lemma, we compute

13 13 .
d(y(t3),y(t1))—d()/(t2),)/(ll))Zf %d(y(t)a)’([l))zf V(1) - y(@®) —y(n)

_. A-1
%) %) |V(t)_)/(t])| ( )

For ¢, t; € [0, n] with t > t;, we obtain
vy —y@) _ Iy )—1n)+ 0K —1)*)]
ly(@ =yl |ly' ) —1n)+ 0K —1)?H)]|
_ Y@ +0Kn _ y'O+0Kn)
ly'(t1) + O(Km)|  |y'(0)+ O(Kn)|
IO T o K]
1y’ (0)] ly'(0)]

Using this, the integrand in (A-1) may be estimated as follows:

y(6) —y () , V/(0)|: < Kn >] L
L T = [y(0) + O (K] 110 L) 20,
o=y O OED e )| =2 O

provided K7 is small relative to |y’(0)|. This shows that

d(y (13), y (1) —d(y (12), y (1)) = 51y"(O)|(13 — 12) # 0,

proving that y (¢;) cannot be the vertex at the intersection of two equal sides in an isosceles triangle. A

Y (1)

similar argument works for y (t3). ]

Lemma A.3. Given a curve I' as described in Section 2B, let us recall the function f = (f1, f>) given
by (2-4) and (2-5). Then Df (t) is of full rank at every point t = (t1, t2, t3, t4) with distinct entries and
f(@®) =0.
Proof. To prove that Df has rank 2 on the zero set of f, it suffices to show that the 2 x 2 submatrix with
entries df;/dt; withi = 1,2 and j = 1, 4 is nonsingular. We will do this by proving that df,/0¢; are
nonzero and of the same sign for j = 1, 4, whereas for 9f,/0d1; the signs are reversed.

We begin by computing df;/9¢; on the zero set of fi, where

Y2(13) — 2 (t2) _ v2(t3) — y2(t)
@) —yi)  yilta) —rit)

(A-2)
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Feeding this into the formula for the derivatives, we find that

a

a_J;l = _yl/(tl)(VZ(tl’») — () + )/2/(1‘1)()/1 (1) —y1(1) = y{([l)(yl (t3) — y1(0)) Fy,
a

8_2 =¥t (12(13) — 2(12)) — y5 (1) (Y1 (13) — ¥1(12)) = ¥ (1) (1 (3) — y1(82)) F,

where
_ n-pnt) yne) L 1) =) v

4 .
yi(ta) —yi(t) v () Yita) —vi(t) v (ts)
Since y| is assumed to be of fixed positive sign on [0, 1], we have

. (3fi 3f .
— | = F1Fy).
mgn(atl 8t4> sign(F1 Fy)

But yz’(tj) / yl’ (#j) 1s the slope of the tangent to the curve I' at the point #;, whereas (y2(14) — y2(t1))/
(y1(t4) — y1(21)) is the slope of the chord joining #; and #;. Since we have assumed that I" is strictly
convex, this yields that F; and Fy are of the same sign, which is the desired conclusion.

We turn to df>/dt; for j =1, 4. Let us observe that f> is nonzero if #4 — #3 and f, — t; have opposite
signs. In what follows, we will therefore restrict to the case where (f4 — 13)(f — t;) > 0. We find that

y () —y(13)

a /
94 , = V7R RYE
a0 (). v (1) =y - o

SO
of y(1a) —y(13)
o=y W) ————————d(y (1), y(11)).
oty ly (t4) — v (t3)]
Similarly
af2 / y () —y )
==y () ——————d(y(ts), y(13)).
ot ly (£2) — v (1)
In the regime where (¢4 — 3)(#2 — #1) > 0, these two quantities are of opposite signs, completing the
proof. ]
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ON MINIMIZERS OF AN ISOPERIMETRIC PROBLEM WITH
LONG-RANGE INTERACTIONS UNDER A CONVEXITY CONSTRAINT

MICHAEL GOLDMAN, MATTEO NOVAGA AND BERARDO RUFFINI

We study a variational problem modeling the behavior at equilibrium of charged liquid drops under
a convexity constraint. After proving the well-posedness of the model, we show C!:!-regularity of
minimizers for the Coulombic interaction in dimension two. As a by-product we obtain that balls are the
unique minimizers for small charge. Eventually, we study the asymptotic behavior of minimizers, as the
charge goes to infinity.

1. Introduction
We are interested in the existence and regularity of minimizers of the problem
min{Fg «(E) : E C RY convex body, |E| =V}, (1-1)
where, for E C RN, V, 0 >0and « € [0, N), we have set
Foa(E) = P(E)+ Q*To(E). (1-2)

Here P(E) := HN~1(JE) stands for the perimeter of E and, letting P(E) be the set of probability
measures supported on the closure of E, we set for o € (0, N),

Io(E):= inf / M, (1-3)
ueP(E) JExg  [x—y[¢
and for @ = 0,
. 1
Zo(E) := inf / log( )d,u(x) du(y). (1-4)
neP(E) JExE lx =yl

Notice that, up to rescaling, we can assume, as we shall do for the rest of the paper, that V' = 1.
Starting from the seminal work [Strutt (Lord Rayleigh) 1882] (in the Coulombic case N = 3, o = 1),
the functional (1-2) has been extensively studied in the physical literature to model the shape of charged
liquid drops; see [Goldman et al. 2015]. In particular, it is known that the ball is a linearly stable critical
point for (1-1) if the charge Q is not too large; see for instance [Fontelos and Friedman 2004]. However,
quite surprisingly, the authors showed in [Goldman et al. 2015] that, without the convexity constraint,
(1-2) never admits minimizers under a volume constraint for any Q > 0 and « < N — 1. In particular, this
implies that in this model a charged drop is always nonlinearly unstable. This result is in sharp contrast
with experiments, see for instance [Zeleny 1917; Taylor 1964], where there is evidence of stability of the

MSC2010: 49330, 49745, 49S05.
Keywords: nonlocal isoperimetric problem, convexity constraint.
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ball for small charges. This suggests that the energy F¢ o(E) does not include all the physically relevant
contributions.

As shown in [Goldman et al. 2015], a possible way to gain well-posedness of the problem is requiring
some extra regularity of the admissible sets. In this paper, we consider an alternative type of constraint,
namely the convexity of admissible sets. This assumption seems reasonable as long as the minimizers
remain strictly convex, that is, for small enough charges. Let us point out that in [Muratov and Novaga
2016], still another regularizing mechanism is proposed. There, well-posedness is obtained by adding an
entropic term which prevents charges from concentrating too much on the boundary of £. We point out
that it has been recently shown in [Muratov et al. 2016] that in the borderline case « = 1, N =2 such a
regularization is not needed for the model to be well-posed. For a more exhaustive discussion about the
physical motivations and the literature on related problems we refer to the papers [Muratov and Novaga
2016; Goldman et al. 2015].

Using the compactness properties of convex sets, our first result is the existence of minimizers for
every charge Q > 0.

Theorem 1.1. For every a € [0, N) and every Q, (1-1) admits a minimizer.

We then study the regularity of minimizers. As often in variational problems with convexity constraints,
regularity (or singularity) of minimizers is hard to deal with in dimensions larger than two; see [Lamboley
et al. 2012, 2016]. We thus restrict ourselves to N = 2. Since our analysis strongly uses the regularity of
equilibrium measures, i.e., the minimizer of (1-3), we are further reduced to studying the case « = N —2
(that is, « = 0 in this case). The second main result of the paper is then:

Theorem 1.2. Let N = 2 and o = 0. Then for every Q > 0, the minimizers of (1-1) are of class C -1,

Since we are able to prove uniform C 1! estimates as Q goes to zero, building upon our previous
stability results established in [Goldman et al. 2015], we get:

Corollary 1.3. If N =2 and o = 0, for Q small enough, the only minimizers of (1-1) are balls.

The proof of Theorem 1.2 is based on the natural idea of comparing the minimizers with a competitor
made by “cutting out the angles”. However, the nonlocal nature of the problem makes the estimates
nontrivial. As already mentioned, a crucial point is an estimate on the integrability of the equilibrium
measures. This is obtained by drawing a connection with harmonic measures (see Section 3). Let us point
out! that, up to proving the regularity of the shape functional Zy and computing its shape derivative, one
could have obtained a proof of Theorem 1.2 by applying the abstract regularity result of [Lamboley et al.
2012]. Nevertheless, since our proof has a nice geometrical flavor and since regularity of Zyp is not known
in dimension two (see for instance [Jerison 1996; Crasta et al. 2005; Novaga and Ruffini 2015] for the
proof in higher dimensions), we decided to keep it.

We remark that, differently from the two-dimensional case, when N = 3 we expect the onset of
singularities at a critical value Q. > 0, with the shape of a spherical cone with a prescribed angle. Such
singularities are also observed in experiments and are usually called Taylor cones; see [Taylor 1964;

I'This was suggested to us by J. Lamboley.
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Zeleny 1917]. At the moment we are not able to show the presence of such singularities in our model,
and this will be the subject of future research.

Eventually, in Section 6, we study the behavior of the optimal sets when the charge goes to infinity.
Even though this regime is less significant from the point of view of the applications, we believe that it is
still mathematically interesting. Building on I'-convergence results, we prove:

Theorem 1.4. Leta € [0, 1) and N > 2. Then, every minimizer E g of (1-1) satisfies (up to a rigid motion)

2N(N—1

)
QT TFN=DE Eg — [0, Ly,a] x {0}V,

where the convergence is in the Hausdorff topology and where

WN—=1)
N —1)Zy ([0, 1]) \THe¥=D N —1)N-1

Lyg:= (a( ) a([] ])) fora €(0,1) and Lno:= #
NV Ty

-1

wp being the volume of the unit ball in RN. Fora =1and N = 2,3, we have

_2(N—1) _ 1 _
Q7" F (logQ) "TNEg — [0, Lyl x {0}V,
where
N/\71
4(N —1)
LN,l = <—N2 T ) .
NI ol

An obvious consequence of this result is that the ball cannot be a minimizer for Q large enough. For a
careful analysis of the loss of linear stability of the ball we refer to [Fontelos and Friedman 2004].

2. Existence of minimizers

We now show that the minimum in (1-1) is achieved. We begin with a simple lemma linking estimates on
the energy with estimates on the size of the convex body.
Lemma2.1. Let N >2,and Ay..... Ay >0. Letting E :=[[™_,[0, \;], V:=|E| and ®:=V~~=1 P(E),
it holds that®
1
maxA; S ®V1 and minA; ~ VE-TOTL (2-1)
1 1

Imax —

where the involved constants depend only on the dimension. Moreover, letting imax be such that A
max; A;, it holds for a > 0 that

Miw 2Ta(E)5  and A STu(E)d OV 2VET  fori # i, (22)
and for o =0,
Mg ZeXp(-To(E)  and A Sexp@o(ENON 2V VT fori #ipe,  (23)
where the constants implicitly appearing in (2-2) and (2-3) depend only on N and «.

2Here and in the rest of the paper, we write f < g if there exists C > 0 such that f < Cg. If f < gand g < f, we will
simply write f ~ g.
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Proof. Without loss of generality, we can assume that L1 > A, >---> A . Then, since V = ]_[1N=1 A; and
P(E) < ]_[lN:_l1 Ai, taking the ratio of these two quantities, we obtain Ay = VP(E)~! = Vvl
Now, since the A; are decreasing (in particular A; > Ay for all i), this implies

N—1 N-1
oz VN [ A=V A [0z v A4 v o (-2,
i=1 =2

yielding (2-1).
Assume now that « > 0. Then, from diam(E) ~ A1, we get Zo(E) 2 A7% If N =2, together with
A1A =V, this implies (2-2). If N > 3, we infer as above that

N-1
o2V VI MM [[ 4 2V N Lo(BE) aaaV ¥ 0~V =3 2 v w1 o~ W31, (E) e ks
i=3
This gives (2-2). The case o = 0 follows analogously, using the fact that Zo(E£) > C —log ;. d

The next result follows directly from John’s lemma [1948].

Lemma 2.2. There exists a dimensional constant Cn > 0 such that for every convex body E C RY, up to
a rotation and a translation, there exists R := ]_[1N=1 [0, A;] such that

RCECCNR.

As a consequence diam(E) ~ diam(R), |E| ~ |R|, P(E) ~ P(R) and Toy(E) ~ Zy(R) for a > 0 (and
exp(—Zo(E)) ~ exp(—Zo(R))).

With these two preliminary results at hand, we can prove existence of minimizers for (1-1).
Theorem 2.3. For every Q > 0and o € [0, N), (1-1) has a minimizer.

Proof. Let E, be a minimizing sequence and let us prove that diam(E,) is uniformly bounded. Let
Rn be the parallelepipeds given by Lemma 2.2. Since diam(E,) ~ diam(Rj), it is enough to estimate
diam(R,) from above. Let us begin with the case o > 0. In this case, since Z,(R;) > 0, by (2-1), applied
with V' =1, we get

diam(Ry) £ P(R)N ™' S Fo o (En)V 1.

In the case ¢ = 0, from (2-1) and (2-3) applied to V = 1, we get

Zo(Rn)

P(R,) > _O\nJ

( n)NeXp( N—1
so that

}—Q,O(Rn) zZ exp(—%) + QZIO(Rn)-

From this we obtain that |Zo(R)| is bounded and thus also P(R;) is bounded, whence, arguing as above,
we obtain a uniform bound on diam(R;,).

Since the E, are convex sets, up to a translation, we can extract a subsequence which converges in the
Hausdorff (and L) topology to some convex body E of volume 1. Since the perimeter functional is lower
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semicontinuous with respect to the L! convergence, and the Riesz potential Z is lower semicontinuous
with respect to the Hausdorff convergence, see [Landkof 1972; Saff and Totik 1997; Goldman et al. 2015,
Proposition 2.2], we get that E is a minimizer of (1-1). O

3. Regularity of the planar charge distribution for the logarithmic potential

We now focus on the case N =2 and o = 0. Relying on classical results on harmonic measures, we show
that for every convex set E, the corresponding optimal measure u for Zo(E) is absolutely continuous with
respect to H'L_0E with L? estimates. Upon making that connection between y and harmonic measures,
this fact is fairly classical. However, since we could not find a proper reference, we recall (and slightly
adapt) a few useful results. Let us point out that most definitions and results of this section extend to the
case N >3 and « = N — 2, and to more general classes of sets. In particular, for bounded Lipschitz sets,
the fact that harmonic measures are absolutely continuous with respect to the surface measure with L?
densities for p > 2 was established in [Dahlberg 1977], and extended later to more general domains; see
for instance [Kenig and Toro 1997; 1999; Jerison and Kenig 1982]. The interest for harmonic measures
stems from the fact that they bear a lot of geometric information; see in particular [Alt and Caffarelli
1981; Kenig and Toro 1999]. The main result of this section is the following.

Theorem 3.1. Let E, be a sequence of compact convex bodies converging to a convex body E and let
Wn be the associated equilibrium measures. Then, i, = [, H'L_OE, and there exists p > 2 and M > 0
(depending only on E) such that f, € LP(0E,) with

| fnllLr@E,) =M.
Moreover, if E is smooth, then p can be taken arbitrarily large.

Remark 3.2. By applying the previous result with £, = E, we get that the equilibrium measure of a
convex set is always in some L?(dF) with p > 2. We stress also that the exponent p and the bound on
the L? norm of its equilibrium measure depend indeed on the set: for instance, a sequence of convex
sets with smooth boundaries converging to a square cannot have equilibrium measures with densities
uniformly bounded in L? for p > 4.

We will define here Q2 := E°€. Let us recall the definition of harmonic measures; see [Garnett and
Marshall 2005; Kenig and Toro 1999].

Definition 3.3. Let 2 be a Lipschitz open set (bounded or unbounded) such that R?\ 32 has two connected
components, and let X € Q. We denote by Gé the Green function of 2 with pole at X, i.e., the unique
distributional solution of

—AGé =68y InQ and Gé =0 ond<,

and by a)g the harmonic measure of Q with pole at X, that is, the unique (positive) measure such that for
every f € C%(3R2), the solution u of

—Au=0 inQ and u=f ondQ
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satisfies

u(X) = /a S0 doF ).

If Q is unbounded with 9 bounded and 0 € Q€, we call wg’ the harmonic measure of Q2 with pole at
infinity, that is, the unique probability measure on d<2 satisfying

o Ppdw® = /Q ulA¢ forall ¢ € CZ°(R?),

where u is the solution of

—Au=0 1in Q,
u>0 in S

’ 3-1

u=0 ondL, -

lim| 7| 100 {4 (2) — 5= log |z|} exists and is finite.

X

When it is clear from the context, we omit the dependence of GX, X or ™ on the domain .

Remark 3.4. For smooth domains, it is not hard to check that ®X = 9, GXH!L 3, and that 0> =
9, uH 0K, where v is the inward unit normal to Q. Moreover, for € unbounded, if 2% is the harmonic
function in Q with h1*°(z) = —% log |z| on 0€2, then the function u from (3-1) can also be defined by
u(z) = % log |z| + h®°(2).

We may now make the connection between harmonic measures and equilibrium measures. For E a
Lipschitz bounded open set containing 0, let i be the optimal measure for Zy(E) and let

v(x) = /a _—log(lx = y1) dia(»).

Since
—Av =2mpu inR? v<Zo(E) in E€ and v=2Z9(E) ondE,

if we let u 1= (27) "1 (Zo(E) — v), we see that it satisfies (3-1) for Q = E°. Therefore, y = wge (recall
that w(dE) = 1). For Lipschitz sets €2, it is well known that @ is absolutely continuous with respect
to #'L0Q with density in L?(9R2) for some p > 1; see [Garnett and Marshall 2005, Theorem 4.2].
However, we will need a stronger result, namely that it is in L?(d<2) for some p > 2, with estimates on
the L? norm depending only on the geometry of 2.

Given a convex body E and a point x € JE, we call the angle of dE at x the angle spanned by the
tangent cone | J; . o A(E —x).

We now state a crucial lemma which relates in a quantitative way the regularity of E with the
integrability properties of the corresponding harmonic measure. This result is a slight adaptation of
[Warschawski and Schober 1966, Theorem 2].

Lemma 3.5. Let E be a convex body containing the origin in its interior, let E € (0, ] be the minimal
angle of O0E, and let p. :==n/(m — )+ 1if { <mw and p. ‘= +o0 if { = . Let also Ey, be a sequence
of convex bodies converging to E in the Hausdorff topology. Then, for every 1 < p < p, there exists
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C(p, 0E) such that for n large enough (depending on p), every conformal map Y, : E5 — By with
Yn(00) = 0 satisfies

/ [y, |7 < C(p.,dE), (3-2)
oE,

where we indicate by |yr},| the absolute value of the derivative of V, (seen as a complex function). In
particular, for n large enough, , € LP(0Ey,) for some p > 2.

Proof. The scheme of the proof follows that of [Warschawski and Schober 1966, Theorem 2, Equation (9)];
thus we limit ourselves to pointing out the main differences. We begin by noticing that although Theorem 2
of that paper is written for bounded sets, up to composing with the map z — z 1, this does not create any
difficulties.

We first introduce some notation from [Warschawski and Schober 1966]. Given a convex body E we
let 0E = {y(s) : s € [0, L]} be an arc-length parametrization of dE. Notice that, for every s, the left and
right derivatives y’, (s) exist and the angle v(s) between y’(s) and a fixed direction, say ey, is a function of
bounded variation. Up to changing the orientation of dF, we can assume that v is increasing. We then let

M= msth[v(S+) —v(s)] =0,

where v(s*) are the left and right limits at s of v. Notice that ¢ = 7 — 7 is the minimal angle of JE.
Letting ¢y, := v, |, we want to prove that there exists C(p, dE) such that

/ 6L < C(p, 9E)
0B}

for n large enough and for p < /7. By a change of variables, this yields (3-2). Let p < p’ < /7, and
let as in [Warschawski and Schober 1966],

N G N S
h.—2n(pr]—|—n) and h.—2n(pn—|—n),

so that
zh _ wh’

>—>1.
p v
Let now v (respectively v) be the angle functions corresponding to the sets E, (respectively E). As
in [Warschawski and Schober 1966], there exists § > 0 such that for s —s’ <8,
/

< T
v(s)—v(s) < r

By the convexity of E, and by the convergence of E, to E, for n large enough and for s —s’ < § we get that
V" (s) —v"(s7) < ”—h
p
Let L, := H'(0E,) and let us extend v" to R by letting for s > 0,

rormn(tal ) (ol )
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and similarly for s < 0, so that v” is an increasing function with (v")’ periodic of period L. Let now
n

n:=[Ln/8] €N and §, := L/ky. By the convergence of E, to E, we have k, and §,, are uniformly
jt. :=1+ jéy. Since

kn -
bounded from above and below. For ¢ € [0,8,], and 0 < j <k, let s
”(s)—v"(s k™ l/sn/b’n V(s 14 j8) =Vt 4 jba)
S
S

snkn Uoast
/ / S—S

Sn kn—1 O
:/ 1 Z / V(s 4+t 4 jop)—v"(t + jon)dt ds
0 0

s 4
Jj=0

:/()8n %(/Ljﬁs v”(t)dt—/os v”(t)dt) ds

26, sup V"] < 8nllvloo,
[0,2L,]

A

we can find 7 € (0, §,,) such that
kn—1 n 2
< G v (s) — " (s )
ds < [|v]loo-

by

For notational simplicity, let us simply define s; :
kn—1 Sj+4+1 qh n
Tl v (sj11) —v" (s

Sji+1—S

f
5
j’ Arguing as above, we can further assume that

Jj=0
The proof then follows almost exactly as in [Warschawski and Schober 1966, Theorem 2], by replacing
the pointwise quantity
n Y .
G7:= sup Vi) v s)

S§j<8<S;41 S—Sj

wh

by the integral ones. There is just one additional change in the proof: letting
OSA =v"(sj4+1) —v"(sj) < X

we see that in the estimates of [Warschawski and Schober 1966, Theorem 2], the quantity max A1#0 /A"
appears and could be unbounded in n. Let y,(s) be the arc-length parametrization of dE, and let 6, (s)
@n (€)Y For0<r <1and j €0k, —1], if A;? # 0, we have

1[5+ On (55 +1) dt 1
,'\_n/ dv”(s) TR RRPTITRS :
7 On(s;) |ettn(s) — pett| 1—h

Using this estimate, the proof concludes exactly as in [Warschawski and Schober 1966, Theorem 2]

be such that y,(s) =

We can now prove Theorem 3.1.
Proof of Theorem 3.1. Without loss of generality we can assume that the sets £, and E contain the origin
. Let ¥, be a conformal mapping from Ef

in their interior. As observed above, we then have w, = wz:
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to B1 with ¥, (c0) = 0. We have

_ 1 HWOBy |y
1 0 1 1
pn = 0pe = Uy Jpop, =Wy g —F — = 27’; HILOE,.

Then, Lemma 3.5 gives the desired estimate. O

We will also need a similar estimate for C 18 sets.

Lemma 3.6. Let E be a convex set with boundary of class C LB Then, the optimal charge distribution |

is of class C%P and in particular it is in L (dE). Moreover, |itllco.s depends only on the C LB norm
of JOE.

Proof. Up to translation we can assume that 0 € E with dist(0, dE) > ¢ (with ¢ depending only on the
C 1P character of IE). By [Pommerenke 1992, Theorem 3.6], there exists a conformal mapping v of
class C*# which maps E€ into By with ¥ (c0) = 0 and [Vl c1.8(gc) controlled by the C LB character
of dF. Since, as before, u = (w_l)ﬂwgl , the claim follows by Lemma 3.5. O

4. C1:1.regularity of minimizers for N =2 and « = 0

We now show that any minimizer of (1-1) has boundary of class C >, We begin by showing that we
can drop the volume constraint by adding a volume penalization to the functional. This penalization is
commonly used in isoperimetric-type problems; see for instance [Esposito and Fusco 2011; Goldman and
Novaga 2012]. Let A be a positive number and define the functional

GA(E) := P(E) + Q°To(E) + A||E| - 1].
Lemma 4.1. For every Qg > 0, there exists A > 0 such that, if A > A and Q < Qy, the minimizers of

min GA(E) 4-1)

E CR2 E convex

are also minimizers of (1-1) and vice versa. Furthermore, the diameter of the minimizers of (4-1) is
uniformly bounded by a constant depending only on Q.

Proof. Let us fix Qg > 0 and let Q < Q. Let B be a ball with |B| = 1. Then for any E C R? such that
GA(E) < GA(B) we have

diam(E) — Q2 log(diam(E)) < GA(E) < GA(B) = Fo.0(B) S 1,

where the constant involved depends only on Qg. For such sets, diam(E) is bounded by a constant R
depending only on Qo, and thus Io(E) > Io(Bg). This implies that every minimizing sequence is
uniformly bounded so that, up to passing to a subsequence, it converges in Hausdorff distance to a
minimizer of Gy whose diameter is bounded by R. Moreover, for

A > A := P(B)+ Q%(Zo(B) + |Zo(BR)|)

we have that |E| > 0. Indeed, for | E| = 0 the inequality Go (E) < G (B) implies A < A.
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Notice that the minimum in (4-1) is always less than or equal to the minimum in (1-1). We are thus
left to prove the opposite inequality. Assume that £ is not a minimizer for Fg o. In this case we get

o:=||E|—-1]>0.

From the uniform bound on the diameter of £ we deduce that Ao is itself also bounded by a constant
(again depending only on Q). From now on we assume that |E| < 1, or equivalently, |E| = 1 — o, since
the other case is analogous. Let us define

. 1
(1-0)
so that | F| = 1. Then, by the minimality of E, the homogeneity of the perimeter and recalling that

F: E,

Zo(AE) =Zo(E) —log(R),
a Taylor expansion gives
Ao = GA(E) = F,0(E) = GA(F)— Fg,0(E)
1

= P(E)(1-0)"2 + Q*To(E) + 3 log(1 —0) — Fg,0(E)

< P(E)(1-0)"2 = 1) <} P(E)o,
so that A < %P(E ) < 1. Therefore, if A is large enough, we must have o = 0 or equivalently that E is
also a minimizer of Fg o. O

Let now E be a minimizer of (4-1). In order to prove the regularity of £, we shall construct a competitor
in the following way: Since E is a convex body, there exists ¢ such that for & < g¢, and every x¢ € JF,
we have dE N 0B (xp) = {x{, x5} (in particular [xo —x7| = &). Let us fix xo. For & < &, let x{, x5 be
given as above and let L, be the line joining x{ to x5. Denote by H ." the half-space with boundary L,
containing xo (and H, be its complementary). We then define our competitor as

e =ENH_.
Let us fix some further notation (see Figure 1):

e We denote by IT: dE N H" — L, the projection of the cap of dE inside H., on L. We shall extend
IT to the whole OF as the identity, outside dE N H,.

o If fH'L3E is the optimal measure for Zo(E), we let f; := ITy f (which is defined on JE¢) so that
Ue i= ngl L JE, is a competitor for Zo(E).

e For x,y € 0E, we denote by y,(x, y) the acute angle between the line Ly, joining x to y and L (if
Ly, is parallel to Lg, we set yg(x, y) = 0).

e If y = xg, then we define y.(x) := ye(x, x9).

o Welet y, 1= ye(x]) = pe(x5).

e We let 0B3.(x9) NJE = {xf’s, x%g}. As before, we define H;g as the half-space bounded by Lx?s X3¢
containing xo and H 5, as its complement. Let then X, :=dEN Hj, Y3 :=0dEN H;; and Iy :=0ENH3,.
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ve(x,y)

Figure 1

e Welet AV :=|E|—|E¢|, AP := P(E)— P(E;) and AZy :=To(E;) —To(E).
We point out some simple remarks:
¢ Thanks to Theorem 3.1 we have that the optimal measure f satisfies f € L?(dE) for some p = p(E) > 2.
o If £ is a convex body then y, is bounded away from 7 and |xi°’8 —x{|~ |x§’8 —x5| ~e.
¢ The quantities AV, AP and AZy are nonnegative by definition.

¢ All the constants involved up to now depend only on the Lipschitz character of dE. In particular, if E,
is a sequence of convex bodies converging to a convex body E, then these constants depend only on the
geometry of E.

Before stating the main result of this section, we prove two regularity lemmas.

Lemma 4.2. Let 0 < 8 < 1 and C, g9 > 0 be given. Then, every convex body E such that for every
xo € OF and every ¢ < gy,
AV < Ce*tP, (4-2)

is C1P with CYP-norm depending only on the Lipschitz character of 0E, g9 and C.

Proof. Let xo € dE be fixed. Since E is convex, there exist R > 0 and a convex function u : I — R
such that dE N Br(xg) = {(z,u(t)) : t € I} for some interval I C R. Furthermore, |Ju'||L~ < 1. Let
X € dE N Br(xg). Without loss of generality, we can assume that x = 0 = (0, u(0)). By the convexity
of u, up to adding a linear function, we can further assume that ¥ > 0 in /. Thanks to the Lipschitz bound
on u, for x = (¢,u(t)) € 0E N Br(xp), we have

x| = (62 + [u()?)? ~1. (4-3)

Let now ¢ > 0. For § > 0, let —1 < tf <0< té <« 1 such that xl‘.S = (tf, u(tf)) fori = 1,2 (see the
notation above). By (4-3), there exists A > 0, depending only on the Lipschitz character of u, such that
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2e(u(e) + u(—e))
2

!

u(—e) AV

4 5

Seu
Figure 2

|th | > &. Without loss of generality, we can now assume that u(—¢) < u(e). In particular, considering
the AV associated to Ae, we have that (see Figure 2)

AV >2eu(e) — 2s(u(e)2—u(—s)) — /8 u(t) dt

&

=e(u(e) +u(—e)) — u(t)de.

—&

Since u is decreasing in [—¢, 0] and increasing in [0, €], this means that both

£ 0
cu(e) —/ u<e?P and  eu(—e) — u <P (4-4)
0 —€
hold. Let us prove that this implies that for |¢| small enough
u(e) < |+ (4-5)

We can assume without loss of generality that ¢ > 0. By (4-4) and the monotonicity of u,
L t
2
tu(t) < Cr*+P +/ U +/ u<Ce?P 4 Le(u(de) +u@)),
o Ui

from which we obtain
u(t) —u(e) <! +E.
Applying this for k > 0to #; = 27%¢ and summing over k we obtain
o0
u(t) s Y @7 F)HP <P,

k=0
that is, (4-5).
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In other words, we have proven that u is differentiable in zero with u’(0) = 0 and that for |¢| small
enough,
u(t) = u(0) —u'(O)t] < Je |+

Since the point zero was arbitrarily chosen, this yields that u is differentiable everywhere and that for
t,s € I with |t —s| small enough,

() —u(s) —u' ()t = )| St =sP*,
which is equivalent to the C LB regularity of dE .3 O

Lemma 4.3. Suppose that the minimizer E for (4-1) has boundary of class C LB for some 0 < < 1.
Then, there exists R > 0 (depending only on the C LB character of 0E) such that for every x¢ € 0F,
x € Xgandy € Br(xp),

ye(x,y) S ef +|x—ylf. (4-6)

Proof. Without loss of generality, we can assume that xo = 0. As in the proof of Lemma 4.2, since
E is convex and of class C!# in the ball Bg(0) for a small enough R, we know that dF is a graph
over its tangent of a C LB function u. Up to a rotation, we can further assume that this tangent is
horizontal so that for some interval / C R, we have dE N Br(0) = {(t,u(t)) : ¢t € I}. In particular, if
x = (t,u(1)) € 9E N BR(O), [u(0)| S [¢|"# and [/ (1)| < |¢|P.

For x = (¢,u(t)) € ¢ and y = (s,u(s)) € Bgr(0), let y¢(x, y) be the angle between Ly , and the
horizontal line; i.e., tan(Ps(x, y)) = |[u(t)—u(s)|/|t — s|. Let us begin by estimating .. First, if [x—y| e
(which thanks to (4-3) amounts to |t —s| < € and thus |t]| 4 |s| < ¢ since x € ),

M < sup W' (r)| < P

j;é‘(x’ Y) ~
|[_S| rels,t]

Otherwise, if |x — y| > ¢, since |x| < &, we have |x — y| ~ |y| ~ |s| and thus

u(@)| + |u(s)| _ e"+P 15" P

Fe(x.¥) S 5 <hslP <l -ylP.
|t =] 5]
Putting these estimates together, we find
Fe(x.y) Sef +x—ylP. @7

Let & be the angle between L, and the horizontal line (see Figure 3). Since y.(x, y) = ye £ &, (4-6)
holds provided that we can show

£ < eP. (4-8)

Let t{,15 ~ ¢ be such that x{ = (=7, u(—t7)) and x5 = (t5,u(t5)). We see that & is maximal if
u(—t7) =0, and then ¢{ = ¢. In that case, tan&; = u(t5) /(s +t5).

3Indeed, for |s—t| < &1, we have |1/ (1) —u/(s)| < |t —s| L (Ju(t)—u(s)—u'(s)(t =)+ |u(s) —u () —u' (1) (s—1)|) < |t —s|P.
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u
y L.
X3 ¢ x§
X
€ ~
t
tan(7e (x, y)) = D=4l
Figure 3
Since u(t£) < &' *8, and 12 < &, we obtain
gl+8
£. ~tan &, < =P,
e
proving (4-8). This concludes the proof of (4-6). O

We pass now to the main result of this section.

Theorem 4.4. Every minimizer of (4-1) is C 1. Moreover, for every Q¢ and every Q < Qyq, the C -1
character of OE depends only on Q, the Lipschitz character of dE and || f || » 3E)-

Proof. Let E be a minimizer of (4-1), xo € dE be fixed and let ¢ < gg. With the above notation in force,
we begin by observing that using E as a competitor, by the minimality of E for (4-1), we have

Q2ATy > AP — AAV. (4-9)

We are thus going to estimate AZy, AP and AV in terms of ¢ and y.. This will give us a quantitative
decay estimate for y,. This in turn, in light of (4-10) below and Lemma 4.2, will provide the desired
regularity of E.

Step 1 (volume estimate): In this first step, we prove that
AV ~ e2y,. (4-10)

By construction, we have
AV = |E|—|E¢| = |[ENH]).

By convexity, we first have that the triangle with vertices xo, x{, x5 is contained inside £ N H . By
convexity again, letting x{ be the point of dB¢(x¢) diametrically opposed to x{ (and similarly for x5),
we get that E N H.T is contained in the union of the triangles of vertices x¢, x5, ¥¢ and x£, x5, X5 (see
Figure 4).
Therefore, we obtain
AV ~ &2 cos yg sinyg ~ £2y.
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Figure 4. AV is contained in the union of the triangles of vertices x{, x5, X{ and x{, x5, X5.

Step 2 (perimeter estimate): Since the triangle with vertices xo, x‘f , x§ is contained inside £ N H, 8"', it
holds that

AP = P(E)— P(E¢) > 2e(1 —cos ye)  ey2. (4-11)

Step 3 (nonlocal energy estimate): We now estimate A Zy. Since [, is a competitor for Zo(E;), recalling
that IT is the identity outside X, we have

ATy =Zo(Ee) —Zo(E)

- / fa(x)fa(ynog( : )— f f(x)f(y)IOg( : )
IE.xIE, lx — | IEXIE [x —y]
1 1
= /aExaE f(x)f(y“"g(|n(x)—n<y>|) _/aExaE f(x)f(y“og(u—yl)

[x -l )
= log| —————— ).
R e ey
Since for x, y € ¢, we have |IT(x) —II(y)| = |x — y|, we get

- |x —y] |x —y]
Ao < /zz S 1Og(m(x) = H(y)|) * Z/E/F S log(IH(x) —y|)
=11 +21,.

We first estimate /;:

B x = ¥ = [I1() =TT
= [zz F=I0) IOg(l MR TR I Tes)] )

13— y| = [TI(x) =TI
< /2): SO R — o))

Since for any x, y € X3, we have (with equality if x, y € X;),

cos(ye(x, y))|x — y| < [TI(x) — TI(y)l.
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Figure 5. The angle Zﬁ(-x\)x equals y.(x, y).

we get

1 2
D2 [ PO gy =) fop, IS

Using then Holder’s inequality (recall that f € L?(dE) for some p > 2) to get

1
p—1

P 1 =1 p—1
f= fP) H' (Z3:) 7 Se 7,
X3 X3

and y.(x, y) < 1, we obtain

p—1
11582 P,

We can now estimate [5:

) lx — y| = |TI(x) — y|
12_/28/1“8 f(x)f(y)log(1+( ITI(x) — y| ))

|x — y[—TI(x) = y|
= /z/r f(x)f(y)( TG — | )

(4-12)

(4-13)

(4-14)

Denote by z the projection of IT(x) on the line containing x and y. Then, since the projection is a

1-Lipschitz function, it holds that |z — y| < |I1(x) — y|. Thus,

x=yl=ly=T@)[ =[x =z[+]z=y| =y =) = |x —z].

Arguing as in Step 1, we get |x — I1(x)| < |x§ — x5| < ey,. Furthermore, the angle zﬁ(-x\)x equals

ye(x, y) (see Figure 5), so that

X =yl =1y —TI(X)[ = |x =z = [x = TL(x)[ sin(ye (x, y)) < eyeye(x, y).
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On the other hand, since |y — x| > 2¢ (indeed |x — xo| < € and |y — x| > 3¢), we have

ly =) > |y —x|—|x—x)| 2|y —x|—eX |y —x|.

Therefore,

S ) f()ye(x,y)
1258)/5/8 . v —x] . (4-15)

There exists M > 0 which depends only on the Lipschitz character of dF such that for x € X, and

—x|> mi —x£.
|y —x| =z min |y —x;]|
Let ng :=TI'¢ N Bar(xp) and Ff :=T'¢ N Bj,(xo). We then have

I < m( / ZACORACD)ZCIP )N / f(x)f(y)ys(x,y))
TexI > .xIF

: &
min; |y — x; y

= IN +1If.

We begin by estimating [ ZF . Since y¢(x, y) < 1, using Holder’s inequality we find

#zon(f 1))

_1 _1
<eyel fllrH Te) "7 (| fllLrH (Ze)' 77 (4-16)
58)/87'[1(28)1_%

_1
< e Ve

We can now estimate 12N . Recall that

Yo [ LSO w1

min; |y — x;|

As before, we use yg(x, y) < 1 together with Holder’s inequality applied twice to get

r—1
/ SX)f()yelx, y) < -5 (/ 1 ) >
Sexrd ming [y —xf| rY min; |y _xﬂ%

Since E is convex, its boundary can be locally parametrized by Lipschitz functions so that, if M is small

enough (depending only on the Lipschitz regularity of dE), then for y € FEN , we have
min£(y, X{) ~ min |y — X7
1 1

(where £(x, y) denotes the geodesic distance on dE). From this we get

1 _ 1
7 <€ L.
N : &
I min; |y —x7|7-1
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From this we conclude that
1Y < yes® 7. (4-18)

Step 4 (C 1.8 regularity): We now prove that E has boundary of class C LB To this aim, we can assume
that AV < AP. Indeed, if AV > AP, thanks to (4-10) and (4-11), we would get y, < ¢ and thus AV < &3,
which by Lemma 4.2 would already ensure the C 1! regularity of dE. Using (4-9), (4-11), (4-14), (4-16)
and (4-18), we get

1

_2 _1 _2
Q> 7 +ye(e' T+ 7)) 2V, (4-19)
Now since 81_% < 81_%, this reduces further to
_2 _2
o G R P 7 (4-20)

Coe . 2 2(4-1) 5 (1-1) 5 1-2 5
We can now distinguish two cases. Either Q“¢“*2" »/ > yZ and then y, < Qe'2 7/ or Q%yee 7 2y
2
and then y; < Q281_5. Thus in both cases, since p > 2, we find y, < Qsﬂ for some B > 0 and we can
conclude, by means of (4-10) and Lemma 4.2, that 0F is C LB,

Step 5 (C1! regularity): Thanks to Lemma 3.6, we get that f € L with || f ||z depending only on the
Lipschitz character of dE and on || f||». Using this new information, we can improve (4-14), (4-16) and
(4-18) to

L <& IF <yee?, and I < yee?llogel. (4-21)
Arguing as in Step 4, we find e < Qs% and thus 9E is of class C>2. In order to get higher regularity,

we need to get a better estimate on y.(x, y).
Going back to (4-12) and using (4-6) with § = %, we find the improved estimate

I <& (4-22)

A

If we also use (4-6) in (4-17), we obtain
1 1
IZN 55)/8/ w
SexrN min; [y — x|
5%/ 2+ min; {|x — 5|2 + |y — 5|}
TexTN min; |y — X7 |

1 . <erl
- /‘ £2 + min; |y—xl.|2
= €Y : =
*Jeoxry  min; |y — £

1
2 g2 1
SeTYe : — +
) 3 ) oL
ry min; |y —X7| - mip; ly —x7[2
2 1 2
Seye(e2|loge| +1) < e%ve.

As in the beginning of Step 4, we can assume that AV < AP, so that by (4-9) and (4-11) we have
0%ATy = AP > sysz. By the previous estimate for 12N , (4-22) and the second inequality in (4-21) we
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eventually get
2.2 203, .2 2
Q%e%ye ~ Q7(e” +67ye) X eV;

which leads to y, < Q2¢. By using again Lemma 4.2, the proof is concluded. O

5. Minimality of the ball for N = 2 and Q small

We now use the regularity result obtained in Section 4 to prove that for small charges, the only minimizers
of Fg,0 in dimension two are balls.

Theorem 5.1. Let N =2 and a = 0. There exists Qo > 0 such that for Q < Qo, up to translations, the
only minimizer of (1-1) is the ball.

Proof. Let Eg be a minimizer of Fg o and let B be a ball of measure 1. By the minimality of Eg, we
have

P(Eg)— P(B) < Q*(Zo(B) —To(Eg)) < Q*(Zo(B) + |Zo(Eg))). (5-1)

By Lemma 4.1 the diameter of E¢ is uniformly bounded and so is |Zo(E£¢)|. Using the quantitative
isoperimetric inequality, see [Fusco et al. 2008], we infer

|EQAB|* < P(Eg)— P(B) < Q*(Zo(B) + [Zo(Eg))).

This implies that E¢p converges to B in L' as Q — 0. From the convexity of E 0, this implies the
convergence also in the Hausdorff metric. Since the sets E ¢ are all uniformly bounded and of fixed
volume, they are uniformly Lipschitz. Theorem 4.4 then implies that dEp are C L1 regular sets with
C ! norm uniformly bounded. Therefore, thanks to the Arzela—Ascoli theorem, we can write

0Eg ={(1 +¢g(x))x: x € dB},

with ||@g||c1.6 converging to 0 as Q — 0 for every B < 1. From Lemma 3.6 we infer that the optimal
measures (o for Eg are uniformly C 0 and in particular are uniformly bounded. Using now [Goldman
et al. 2015, Proposition 6.3], we get that for small enough Q,

litol7e(P(E@) — P(B)) % To(B) — To(Eg).
Putting this into (5-1), we then obtain
P(Eg)— P(B) S Q*(P(Eg)— P(B)),

from which we deduce that for Q small enough, P(Eg) = P(B). Since, up to translations, the ball is
the unique solution of the isoperimetric problem, this implies Eg = B. O

6. Asymptotic behavior as Q — +o0

We now characterize the limit shape of (suitably rescaled) minimizers of Fg 4, with o € [0, 1], as the
charge Q tends to +oo. For this, we fix a sequence Q, — +o0.



1132 MICHAEL GOLDMAN, MATTEO NOVAGA AND BERARDO RUFFINI
_ 2N(N—1)
The case o € [0,1). Forn e N, welet V, := Q,, '"T"V~P* (so that V;, = 0 as n — +00) and
Ap o :=1{E C RY convex body, |E| = V,}.
~ _N=2
Fna(E):=Vy Y"VP(E)+Zy(E) for E € Ay .

It is straightforward to check that if £ is a minimizer of (1-1), then the rescaled set

~ 2(N—=1)

E = Q;1+(N*l)oz E

is a minimizer of F, n,a in the class A, 4.
We begin with a compactness result for a sequence of sets of equibounded energy.

Proposition 6.1. Let o € [0, 1) and let E,, € A, o be such that

sup ]-A'n,a(En) < 4o00.
n

Then, up to extracting a subsequence and up to rigid motions, the sets E;, converge in the Hausdorff
topology to the segment [0, L] x {0}~ for some L € (0, +00).

Proof. The bound on Zy (E,) directly implies with (2-2) (or (2-3) in the case o = 0) that the diameter of
E,, is uniformly bounded from below.

Let us show that the diameter of E}, is also uniformly bounded from above. Arguing as in Theorem 2.3,
let R, = ]_[lN=1 [0, A7] be the parallelepipeds given by Lemma 2.2, and assume without loss of generality
that A7 > A% > .- > )L’]V. In the case o > 0, (2-1) directly gives the bound, while for @ = 0, we get
using (2-1) and (2-3), that |Zo(R )| is uniformly bounded, from which the bound on the diameter follows,
using once again (2-1). Moreover, from (2-2) and (2-3), we obtain that A? ~ VN~ (where the constants
depend on F na(Ep))fori =2,..., N. The convex bodies E, are therefore compact in the Hausdorff
topology and any limit set is a nontrivial segment of length L € (0, +00). O

In the proof of the I'-convergence result we will use the following result.

Lemma 6.2. LetO <y < B withf > 1,V >0and L > 0, then

L L %
min{/o fy:/0 fB=V,fconcaveandf20$=('BV+T11)6L1_

=R
=R

vV (6-1)

Proof. For L,V >0, let

L L
M(L,V)::min{/ f”:/ fB=v, fconcaveandeO}.
0 0

Let us now prove (6-1). By scaling, we can assume that L = V' = 1. Thanks to the concavity and positivity
constraints, existence of a minimizer for (6-1) follows. Let f be such a minimizer. Let us prove that we
can assume that f is nonincreasing. Notice first that by definition, it holds that

1
M1, 1) :[O 1.
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. . . 1 . . .
Up to a rearrangement, we can assume that f is symmetric around the point %, so that f is nonincreasing
in [% 1] and

1
[ fr=imMan=m3.3).

Finally letting £ (x) := f (1 (x + 1)) for x € [0, 1], we have that £ is nonincreasing, admissible for (6-1)

and
/ fy—2/ fr=MQ@,1),

so that f is also a minimizer for (6-1).
Assume now that f is not affine in (0, 1). Then there is X > 0 such that for all 0 < x < X

fx)> f(0)=(f(0) = f(1)x.
Let f :=A—(A— f(1))x with A > f(0) chosen so that

/01 [P f= /01 re (6-2)

Now, let g := f— f.Since f +g= f is concave, for every 0 <t < 1, we have f +tg is a concave
function. For § € R, let f; 5 := f +1(g + J(1 —x)). Let finally §; be such that

o= o

Thanks to (6-2) and since 8 > 1, we have |§;| = O(t). Since f; s, is concave, by the minimality of /" we get

1 1
/ fty5 _/ fyZO
o 0

Dividing by ¢ and taking the limit as # goes to zero, we obtain

1
/ frlg>
0

Let z € (0, 1) be the unique point such that f(z) = f(z) (so that f(x) > f(x) for x < z and f(x) < f(x)
for x > z). We then have

fﬂy

/fﬂlfﬂy/fﬂlfﬂy
< ([0 [ G- )

ZW/O BN - ),

which contradicts (6-2).
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We are left to study the case when f is linear. Assume that (1) > 0 and let
1 8-

§ = fO fﬂ '

Jo </

so that in particular, fol f P=1(1-6x)=0. Up to adjusting the volume as in the previous case, for r > 0
small enough, f + ¢(1 —8x) is admissible. From this, arguing as above, we find that

>1,

1
/ Y1 -68x)=0.
0

By splitting the integral around the point Z = §~! € (0, 1) and proceeding as above, we get again a
1

contradiction. As a consequence, we obtain that f(x) = A(1 —x), with A = (8 + 1) # so that the volume

constraint is satisfied. This concludes the proof of (6-1). O

We now prove the following I'-convergence result.

Theorem 6.3. For o € [0, 1), the functionals F n,a I'—converge in the Hausdorff topology, as n — +o0,
to the functional
Cy LT +T4([0,1])/L*  if E~[0,.L]x{0}¥~! and o« > 0,
Fo(E):={Cny L¥T +Zo([0, 1)) —log L if E ~[0, L] x {0}¥ ! and o = 0,
+00 otherwise,

1 N
where E ~ F means that E = F up to a rigid motion, and Cy := wy~| N

=1 with wy the volume of
the ball of radius 1 in RN (so that for N = 2 we have C, = 2).

Proof. By Proposition 6.1 we know that the I"-limit is 400 on the sets which are not segments.
Let us first prove the I'-limsup inequality. Given L € (0, +00), we are going to construct £, symmetric
with respect to the hyperplane {0} x RV~ For t € [0, %] we let

NV, \F=T1/ 2
r(t):=(a)N_1L) (1_3)

En NRT xRV = {@. BNy - €[0. 5]},

and then

where Brf‘{t;l is the ball of radius () in RN =1, With this definition, | E,| = Vj,, so that E,, € Ay o. We
then compute

P(E,) =2 /02 HY 2SNV 2 ()N 2V 1+ P P

N—2 1

NV. \N=T [5 21\ 2 en [V, NeT\ 2
=2(N - 1) wy_ " / 1-= 1+ ==
on_1L o L 2\ L

N—2

N=2
= CN VN T LV=T +o(VNT).
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Letting 1y be the optimal measure for Z ([—%, %]), we then have

Fnw(En) < CyLTT + T, (0. L]) + o(1),

which gives the I'-limsup inequality.
We now turn to the I'-liminf inequality. Let E, € A,  be such that E,, — [0, L] x {0V~ in the
Hausdorff topology. Since Z, is continuous under Hausdorff convergence, it is enough to prove that

_N=2
liminf V,, N=' P(E,) > Cy L¥-T. (6-3)
n—+oo

Let L, := diam(E},). By Hausdorff convergence, we have that L, — L. Moreover, up to a rotation and
a translation, we can assume that [0, L,] x {O}N_1 C Ey. For N = 2, we directly obtain P(E,) > 2L,,
which gives (6-3). We thus assume from now on that N > 3. Let En be the set obtained from E,, after a
Schwarz symmetrization around the axis R x {0}¥~1. By Brunn’s principle [1887], E, is still a convex
set with P(E,) > P(E,) and |E,| = | E,|. We thus have

E,= |J xBY
tel[0,L,]

for an appropriate function r(¢), and, by Fubini’s theorem,

LN V
/ r)N 1= ",
0 WN -1

By the coarea formula [Ambrosio et al. 2000, Theorem 2.93], we then get

L, Ly
P(En) > HN_Z(SN_Z)/ }"(Z)N_z /1 + |}’,(Z)|2 > HN_Z(SN_Z)/ V(Z)N_z.
0 0
Applying then Lemma 6.2 with y = N —2 and § = N — 1, we obtain (6-3). O

Remark 6.4. For o € [0,1) and N > 2, it is easy to optimize Fy in L and obtain the values L N,a given
in Theorem 1.4.

From Proposition 6.1, Theorem 6.3 and the uniqueness of the minimizers for Fy, we directly obtain
the following asymptotic result for minimizers of (1-1).

Corollary 6.5. Let o € [0, 1) and N > 2. Then, up to rescalings and rigid motions, every sequence E, of
minimizers of (1-1) converges in the Hausdorff topology to [0, L n o] X {OyVN-1,
The case N =2,3and a = 1. In the case o > 1, the energy Z, is infinite on segments and thus a I"-limit
of the same type as the one obtained in Theorem 6.3 cannot be expected. Nevertheless in the Coulombic
case N =3, a = 1 we can use a dual formulation of the nonlocal part of the energy to obtain the I'-limit.
As a by-product, we can also treat the case N =2, o = 1.

For N =2,3and n € N, we let

An.1:={E C R® convex body, |E| = Q;z(N_l)(log Qn)_(N_l)},
7, (E)

Fa1(E):= 02V "2 (log 0,)N 2 P(E) +
log On

for E €A, 1.
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As before, if £ is a minimizer of (1-1), then the rescaled set

_2(V—1) w

~ & _(N—D
E:= 0, (logQn)~ N E

is a minimizer of ]?n,l in Ay 1.
Let Ce :=[0,1] x Bs C R3 be a narrow cylinder of radius ¢ > 0 (where B, denotes a two-dimensional
ball of radius ). We begin by proving the following estimate on Z; (Cg):
Proposition 6.6. It holds that
T1(Ce) 5

= 6-4
sl—>0 |log ¢| ©-4)

As a consequence, for every L > 0,

7:(]0, L] x B 2
lim 71 ([0. L] x Bs) I (6-5)
£—0 |log ¢| L

Proof. The equality in (6-4) is well known; see for instance [Maxwell 1877]. We include here a proof for
the reader’s convenience.
To show that
lim [log e| 717, (Ce) < 2,
e—0

we use we := (1/(we?)) xc, as a test measure in the definition of Z; (Cg). Then, noting that for every

y GC&',
/ dz /’ dz
T S T
Cety 12l 7 J[=1,1]xB, |Z]

T 202

1 dxdy 1 dz
T1(Co) < —— lar \a
HCe) = 2 fcc x— ] o E(/Cﬁy |z|) 4
_ 1 /5/ | B 4/%/8 r
T et S4B (24 ()2 €2 o Jo (2423
1
_ 4 2 2 2
_82/0 W/ZI+8 Z1
4 (1 1 &2 1 1
= (V1442 — =+ —log[ — + 1+ —
82(8 L Og(28+ +4,92))

= 2|loge| + o(|log g|).

we obtain

In order to show the opposite inequality, we recall the following definition of capacity of a set E:

Cap(E)i=minf [ (VP 1 <. ¢ € 138,

Then, if E is compact, we have [Landkof 1972; Goldman et al. 2015]
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Thus (6-4) will be proved once we show that
Cap(Ce)l|loge| <2m 4+ o(1). (6-6)

For this, let A > 0 and © > 0 to be fixed later and let

1 for |x'| <e,
fo(x") =31 —1og(|x|/e)/log(A/e) fore < |x'| <A,
0 for |x'| > A
and
0 for z < —pu,
(z+mw/n for —p <z =<0,
pu(z) =11 for0<z <1,
I—(z—-1)/pu forl<z=<1+u,
0 forz>14 pu.

We finally let ¢ (x", z) := f3(x")pu(z). Since py, f3 < 1and |p),| < w1, by the definition of Cap(Cy),

we have N
1 27 1 n A2
Cap(C T iy 4
p( 8)5/0 log@/e)Z/e t (log(x/s>+ u)

2 A2
<~ __4cC (L + —).
log(4/¢) log(A/e)  p
We now choose A := |loge|™! > ¢ and u := |logA|~! = (log|loge|)~! so that log(1/g) = |loge| +
log|loge|, u — 0 and u > A; thus

M A2 -1
——— 4+ — =o(|loge|™")
log(A/e)  n floge]

and we find (6-6).
The equality in (6-5) then follows by scaling. O

As a simple corollary we get the two-dimensional result

Zi([0. 11 x[0.€) _ (6-7)

Corollary 6.7. lim
£—0 [log &|

Proof. The upper bound is obtained as above by testing with pg 1= & X[0,1]x[0,s]- BY identifying
[0, 1] x [0, g] with [0, 1] x [0, €] x {0} C C¢ we get that Z; ([0, 1] x [0, €]) > Z;(C,). This gives, together
with (6-4), the corresponding lower bound. O

We can now prove a compactness result analogous to Proposition 6.1.

Proposition 6.8. Let £, € A, 1 be such that sup,, F n.1(En) <4o00. Then, up to extracting a subsequence
and up to rigid motions, the sets E, converge in the Hausdorff topology to a segment [0, L] x {0}V for
some L € (0, +00).
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Proof. We argue as in the proof of Proposition 6.1. Since the case N = 2 is easier, we focus on N = 3.
LetR, = ]_[?:1 [0, A; »] be given by Lemma 2.2 and let us assume without loss of generality that i — A; ,
is decreasing. Then (2-1) applied with V = Q;*(log Q) 2, directly yields an upper bound on A1, (and
thus on diam(Ey)).

We now show that the diameter of E,, is also uniformly bounded from below. Unfortunately, (2-2)
does not give the right bound and we need to refine it using (6-4). As in Proposition 6.1, the energy bound
T1(En) S<log Oy, directly implies that

1
A’1,}1 Z )
log On
from which, using (2-1) and Hi3=1 Ain~ Q,*(log Qn) 2, we get
Ao <057
In particular, it follows that
)LZ,n < 1Og Qn
Al,n ~ Q% .

By Proposition 6.6, letting &, := 0,2 log O, we get
/\1,n log On 2 )Ll,nzl (Ep) ~ Al,nII (Rn)

o))

1,n

3

=11(1_[

i=1

~ |loge,| ~1log Oy,
which implies

A’1,]1 2 17

~

and gives a lower bound on the diameter of E,,.
Arguing as in the proof of (2-2), we then get

Az <A2n < 0,%(log On) L. (6-8)

It follows that the sets E, are compact in the Hausdorff topology, and any limit set is a segment of
length L € (0, 4+00). O

Arguing as in Theorem 6.3, we obtain the following result.
Theorem 6.9. The functionals F n.1 I'-converge in the Hausdorff topology to the functional

£(E)= OV LvT4+4 if E~[0,L]x {0}V,
! ’ otherwise,

where Cy is defined as in Theorem 6.3.

Proof. Since the case N = 2 is easier, we focus on N = 3. The compactness and lower bound for the
perimeter are obtained exactly as in Theorem 6.3. For the upper bound, for L > 0 and n € N, we define
E,, as in the proof of Theorem 6.3 by first letting V}, := Q;4 (log Q)2 (recall that N = 3) and then
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fort € [0, 12‘],
1
3V 2 2t
r(t) = 2 1——

L L

and
E,NRT xR := | {t}x B,
tef0.%]

where B? . is the ball of radius r(¢) in R

r(t)
As in the proof of Theorem 6.3, we have

lim Q2log O P(En) =CsL2.
n—-+oo

Let u, be the optimal measure for Z; (E,), and let

3V,\2
Ep = .
" alL

For L > § > 0, we have [—L— L—] n so that by (6-5),
—§ L—8 2 ) llog Vx|
< _ =
Recalling that |log V;,| = 4|log Q| + o(|log On|), we then get

n>too 10g(On) — L—6

Letting § — 0T, we obtain the upper bound.

We are left to prove the lower bound for the nonlocal part of the energy. Let E;, be a sequence of
convex sets such that £, — [0, L] x {0}? and such that | E,| = Q,*(log 0») 2 We can assume that
sup,, F n,1(En) < 400, since otherwise there is nothing to prove. Let § > 0. Up to a rotation and a
translation, we can assume that [0, L — §] x {0} C E, C [0, L + 8] x R? for n large enough. Let now

= (x%,x%, x%) be such that

(x5, x3)| = max [(x2,x3)].
x€eF

n

Up to a rotation of axis R x {0}2, we can assume that x! = (a, £?, 0) for some {1 > 0. Let finally x2 be
such that

|x2-e3] = max |x-es]
x€E

n

so that x2 = (b, ¢, £2) with £2 < {". Since by definition E, C [0, L + 8] x [—€%, €] x [—£3, £%], we have
0, 4(log Qn) ™2 =|En| S L2(L + §). On the other hand, by convexity, the tetrahedron 7 with vertices
0, x1, x2 and (L — 6,0, 0) is contained in E,. We thus have |E,| > |T|. Since

IT| = gldet(x', 5%, (L —8,0,00) = §(L - 8)¢1¢5,
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we also have 0 *(log Q)72 2 £%£2(L — §). Arguing as in the proof of (2-2), we get from the energy
bound, (L —8)¢" < 0;,,%(log 0,)~ 1, and thus
1
sz .
12T (L= 805 (log On)?
From this we get (% ~ {2 ~ Q;?(log Q)" !, where the constants involved might depend on L. We
therefore have E, C [0, L 4 8] x Bco=2(10g 0,)! for C large enough. From this we infer that

T\(E T1([0. L+ 8] x Begy 200 0.1
lim inf M > liminf ( CQjy~(log @n) 1)
n—>+o0 log Oy ~ n—>+oo log O

T (10. L + 8] % Beg;2(og 0,01)

> 2 liminf > 4(L+8)7"
= T Tog(CO 2 (og O )~ T
where the last inequality follows from (6-5). Letting § — 0, we conclude the proof. g

Remark 6.10. As before, optimizing F1 with respect to L, one easily obtains the values of Ly ; given
in Theorem 1.4.

Remark 6.11. By analogy with results obtained in the setting of minimal Riesz energy point configurations

[Hardin and Saff 2005; Martinez-Finkelshtein et al. 2004], we believe that for every N > 2, « > 1 and
L > 0, (6-5) can be generalized to

. Ze([0, L] x[0,e]V71)  Cy

lim = =%

e—0 gl—«o L

for some constant C, depending only on «. This result would permit one to extend Theorem 6.9 beyond

o = 1. Let us point out that showing that the right-hand side of (6-9) is bigger than the left-hand side can

(6-9)

be easily obtained by plugging in the uniform measure as a test measure. However, we are not able to
prove the reverse inequality.
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NONAUTONOMOUS MAXIMAL L?-REGULARITY UNDER
FRACTIONAL SOBOLEV REGULARITY IN TIME

STEPHAN FACKLER

We prove nonautonomous maximal L?-regularity results on UMD spaces, replacing the common Hoélder
assumption by a weaker fractional Sobolev regularity in time. This generalizes recent Hilbert space results
by Dier and Zacher. In particular, on L?(2) we obtain maximal L?-regularity for p > 2 and elliptic
operators in divergence form with uniform VMO-modulus in space and W?-regularity for o > % in
time.

1. Introduction

In this work we improve some known results on maximal L?-regularity of nonautonomous abstract
Cauchy problems with time-dependent domains of the form

u(r) + A@u@) = 1),

NN (NACP)

In particular, we obtain new stronger results if the operators A () are elliptic operators in divergence form.
Let us right away start with the definition.

Definition 1.1. For a family (A(7));e[o,7] of closed linear operators on some Banach space X the
problem (NACP) has maximal L?-regularity if for all f € L? ([0, T]; X) and all initial values u in the
real interpolation space (D(A(0)), X)1,,,, there exists a unique solution u € L? ([0, T']; X) satisfying
u(t) € D(A(t)) for almost all ¢ € [0, T'] as well as u, A(-)u(-) € L?([0, T]; X) and if there exists C > 0
such that one has the maximal regularity a priori estimate

lullw 1.2 o, r3:x) T 1A u()Lrqo,1:x) = CULS NLeqo,11:x) + Mol (D(40)),X)1/p.,)-

Observe that W12 ([0, T]; X) < C([0, T]; X) and therefore the initial condition makes sense. Maximal
regularity results have profound applications to nonlinear parabolic problems, as we will exemplify in
Section 8.

We now give a summary of the previously known results on maximal L7 -regularity. The autonomous
case A(t) = A is well understood. Here, maximal L?-regularity holds for one p € (1, co) if and only if
it holds for all p € (1, 0o). Further, maximal L?-regularity for uo = 0 implies maximal L?-regularity for

This work was supported by the DFG grant AR 134/4-1 “Regularitit evolutionédrer Probleme mittels Harmonischer Analyse
und Operatortheorie”. The author thanks the anonymous referee for his extremely helpful and careful review that significantly
improved the presentation of the article.
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allug € D(A, X)1/p,p- On Hilbert spaces an operator A has maximal L?-regularity if and only if —A4
generates an analytic semigroup. In non-Hilbert spaces, not every generator of an analytic semigroup has
maximal regularity; see [Kalton and Lancien 2000; Fackler 2014]. Here, an additional R-boundedness
assumption is needed. We refer to Section 3, [Denk et al. 2003] and [Kunstmann and Weis 2004] for details.
Let us come to the nonautonomous case. Here the best understood setting is that of nonautonomous
forms on Hilbert spaces. For this let V, H be two complex Hilbert spaces with a dense embedding
V < H. Amapping a : [0, T] x V x V — C is called a coercive, bounded sesquilinear form if a(t, -,-)
is sesquilinear for all ¢ € [0, T'] and if there exist o, M > 0 such that for all u,v € V
Rea(t,u,u)ia”u”%,, (-1
ja(t.u.v)| < Mlullyvlly.
This induces operators A(z) : V — V'. We denote their parts in H by A(¢). It has been shown in [Haak
and Ouhabaz 2015] that the operators (A(?));e[o,1] satisfy maximal L?-regularity for all p € (1, c0) if
t — A(t) is a-Holder continuous for some o > % For o > % and maximal L2-regularity this has been
improved to the fractional Sobolev regularity A € W2 ([0, T]; B(V, V')) [Dier and Zacher 2017]. If one
considers elliptic divergence form operators

L(t) = —div(A(1)V +)

for coefficients A(t) = (a;;(t)) realized by the form method (see Section 7), this translates into the
regularity of the mappings ¢ — a;;(t,-) € L™, i.e., a;; € W*2([0, T]; L°°) for some o > % The less
regularity one needs here, the more applicable the results are to nonlinear problems in the form of a
priori estimates. In the special case of elliptic operators in divergence form, some more refined results
are available; see [Auscher and Egert 2016; Fackler 2017b]. However, all results have in common
that one needs some differentiability in time of order at least % This is no coincidence. Recent
counterexamples to Lions’ problem by the author [Fackler 2017a] show that maximal L?-regularity can
fail if A € C1/2([0, T]; B(V, V’)). For more details see the recent survey on maximal L2-regularity of
nonautonomous forms [Arendt et al. 2017]. Dealing with nonlinear problems, one needs some form of
Sobolev embedding to carry out the usual iteration procedure. In higher dimensional cases maximal
regularity on X = L?(R) is too weak for the embeddings to hold. Therefore one is interested in maximal
regularity on X = L9(2) for g big enough.

Nonautonomous maximal L?-regularity on Banach spaces is far more involved. The classical works
for time-dependent domains are [Hieber and Monniaux 2000a; 2000b]. Although the general method used
there is applicable on Banach spaces, maximal L?-regularity was first only obtained on Hilbert spaces in
a nonform setting [Hieber and Monniaux 2000a] and in [Hieber and Monniaux 2000b] extrapolated to
X = L9(Q) for smooth bounded domains €2 and elliptic operators assuming a;; € C*([0, T]; C'! (Q))
for some o > % A true generalization of this approach to Banach spaces was obtained in [Portal and
Strkalj 2006] using the emerging concept of R-boundedness. Already the results in [Hieber and Monniaux
2000b] indicate a fundamental new issue in the non-Hilbert space setting. Whereas on L? the coefficients
only need to be measurable in space, on L4 all known results require some regularity in space. Recently,
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the author lowered the needed regularity in space and showed maximal LP?-regularity on L9(2) for
elliptic operators in divergence form if the coefficients have a uniform VMO-modulus [Fackler 2015].

The aim of this work is to generalize the results in both [Dier and Zacher 2017] and [Fackler 2015].
We show maximal L?-regularity on UMD Banach spaces assuming fractional Sobolev regularity as in
[Dier and Zacher 2017]. To give a flavor of the proved results let us formulate a particular consequence
of our general result for elliptic operators in divergence form.

Theorem 1.2. Let Q C R” be a bounded C'-domain, T > 0 and ajj € L®°([0, T]xQ) fori,j=1,...,n.
Assume further that there exists § > 0 such that for almost all (t,x) € [0,T] X Q2 and all £ € C" the
ellipticity estimate "
Re Y a(t. x)EE > 58]
ij=1
holds and that for t € [0, T'] the functions x — a;;(t, x) lie in VMO(2) with uniform VMO-modulus. Then

for all q € (1, 00) the nonautonomous problem (NACP) associated to the operators (—div AV-);c(0,1]
has maximal L? -regularity

(a) for p e (1,2] if a;; € WY/2+82((0, T]; L%(Q)) for some & > 0,
(b) for p € [2,00) if a;; € WV/2+82((0, T]; L®(Q)) for some & > 0.

Here, the divergence form operators on L4 () are compatible with the operator on L?(2) obtained
via the form method (for a precise definition see Section 7). Note that in comparison to [Hieber and
Monniaux 2000b], the regularity in space is lowered from C!(22) to VMO(L2) and the time regularity
C1/2+¢ jg replaced by W1/2F&P in the case p > 2. This is the lower time regularity we aim for and
leads to more refined results in nonlinear PDE, as we illustrate in Section 8. The general result makes use
of some more technical definitions and we postpone its formulation to Section 3.

The obtained results are even new in the Hilbert space case as [Dier and Zacher 2017] fully relies on
Hilbert space methods and therefore only deals with the case p = 2. Our result is the first improvement
of the time regularity on non-Hilbert spaces since the classical work [Acquistapace and Terreni 1987].
Since we establish maximal L?-regularity for elliptic operators on L9 (2) for ¢ > 2, we obtain existence
results for strong solutions of quasilinear parabolic equations in divergence form. Such results cannot be
obtained with maximal regularity results on Hilbert spaces. We further show that our results are optimal
in the sense that in general we cannot relax the regularity to some o < %

Note that, in contrast, elliptic operators in nondivergence form have time-independent domains and
one can therefore obtain maximal L?-regularity only assuming the time dependence to be measurable;
see for example [Gallarati and Veraar 2017b; Dong and Kim 2016] for recent results. However, note that
in correspondence with our results, one still needs a variant of VMO-regularity in space.

This work is structured as follows. The first sections introduce the necessary mathematical background.
The main result and the strategy of proof is then presented in Section 3. The proof of the main result is
given in Section 6. As a consequence, we obtain in Theorem 7.4 the stated result for elliptic operators.
Section 8 uses this result to establish strong solutions of quasilinear elliptic equations. We discuss the
optimality of our results in Section 9.
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2. Extrapolation spaces and the fundamental identity

Using ideas established in [Acquistapace and Terreni 1987] and their previous works, we show that maximal
LP-regularity solutions of (NACP) satisfy a certain integral equation. It turns out that this equation is better
approachable with analytic tools. We recall some basic definitions first and introduce the fundamental
concept of extrapolation spaces. For ¢ € (0, ) we denote by ¥, :={z € C\ {0} : |arg z| < ¢} the sector of
angle ¢. If A does not lie in the spectrum o (A4) C C of A, we write R(A, A) = (A — A)~! for its resolvent.

Definition 2.1. A linear operator A : D(A) — X on a Banach space X is sectorial of angle ¢ if the
spectrum o (A) of A is contained in fl(p for some ¢ € (0, %) and if

sup (|A|+ DIIR(A, A)|| < oo.

AEE,
A family of linear operators A; : D(A;) — X for i € [ is uniformly sectorial if 0 (A;) C fl(p for some
¢ €(0,%) and all i € [ and if there exists C > 0 with

sup (JA|+ D||R(A, A))|| <C foralli e l.
A€Zy

Recall that a closed operator A is sectorial if and only if —A generates an exponentially stable analytic
semigroup [Engel and Nagel 2000, Chapter II, Section 4 and Chapter V, Section I]. In particular, 4 is
invertible.

In the following we need interpolation and extrapolation spaces associated to a sectorial operator A on
some Banach space X, a fully developed theory carefully presented in [Amann 1995]. We only discuss
spaces associated to the complex interpolation method [ -, - |g [Bergh and Lofstrom 1976, Chapter 4]. The
results to be obtained hold for several other, but not all, scales of interpolation and extrapolation spaces.
As a unified treatment would lead to a more abstract presentation, we focus on this important setting.

We define X; 4 = D(A) endowed with the norm x — ||Ax| and X_; 4 as the completion of X
with respect to the norm x — ||A~!x]|. For 6 € (0, 1) we further let Xo4=1[X,X1,4lgand X_g 4 =
[X,X_1,4]9. The operator A : X1 4 — X and its extension A_; : X — X_; 4 are isometries. By
interpolation, for 6 € (0, 1) the part A_g of A1 in X_g 4 is an isometry A_g: X;1_9 4 — X_g 4. The
operator A_p is sectorial on X_; 4 with p(A—1) = p(A) and satisfies the same sectorial estimates as
A. By interpolation, the same holds for the operators A_g on X_g 4. Considering duality, if X is
reflexive, one has (Xg_4)" >~ X’_g,f1 and (Ag)" = A", with respect to the pairing induced by (-, )x x’.
Extrapolation spaces allow us to define a weaker notion of solution for (NACP).

Proposition 2.2. Let (A(t))se[o,7] for T > 0 be uniformly sectorial operators on some Banach space
X. If u is a maximal L?-regularity solution of (NACP) for the initial value ug = 0 in the sense of
Definition 1.1, then for every fixed t € [0, T| one has in X_1_4(r)

u(t) = /0 t e~ =D (A (1) — A(s))u(s) ds + fo =940 f(s)ds

t t
::/0 KI(Z,S)M(S)dS"‘/O Ka(t,5) f(s) ds =: (S1u)(t) + (S2./)(1). 2-1)
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Proof. Fix t € (0, T). Consider v : [0, 7] — X given by v(s) = e~¢=)4®y(s). Then v is differentiable
in X almost everywhere and for almost every s € (0, ) we have

3(s) = A(t)eE040y (5) 4 e~ C=D AWy (5)
= e T OUL (0 = AS)u(s) + e TIO f(s),

Notice that (A—1(t) — A(s))u(s) € X_q 4() for almost every s € (0, 7). The fundamental theorem of

calculus gives
t

v(t) =v(0) +/(; v(s)ds.

Inserting the explicit terms for v and v and using u(0) = 0 yields (2-1). d

3. Formulation of the main result and strategy of proof

The crucial assumption we make is that on a certain extrapolation space the operators get independent of 7.
For concrete differential operators endowed with some boundary condition this is often satisfied. For this
we refer to [Triebel 1978, Section 4.3] for operators with smooth coefficients and to the results originating
from the positive solution of the Kato square root problem in [Auscher et al. 2002] for operators with
rough coefficients (see also Section 7).

Definition 3.1. For 0 € [0, 1] a family (A(2));e[o,1] of sectorial operators on some Banach space X is
called 0-stable if there exists a Banach space Xy 4 and K > 0 such that for all ¢ € [0, T'] the spaces
Xo,4(r) and Xy 4 agree as vector spaces and

K Y xllo.a <lIxll6.a¢) < Kl xllg.a forall x € Xg 4 (3-1)

and if the same also holds for some space Xg_1 4 and all spaces Xg_1 4(r)-

Note that (A(7));efo,7] is 1-stable if and only if the domains D(A(z)) agree for all 7 € [0, T'] and
their norms are uniformly equivalent. Further, as already mentioned in the Introduction, even for the
autonomous case A(f) = A, maximal L?-regularity may fail on non-Hilbert spaces. This has to do with
particular features of harmonic analysis on Banach spaces. In particular, it is by now well-understood that
the classical multiplier results only hold in the vector-valued setting if one makes additional assumptions
both on the Banach space and the multiplier. We now introduce the necessary background.

Definition 3.2. A Banach space X is called a UMD space if for one, or by Hérmander’s condition all
p € (1, 00), the vector-valued Hilbert transform
—1
fa-n
|t]=e t

(Hf)(x) = lim

initially defined on C2°(R"; X)) extends to a bounded operator L? (R; X) — L?(R; X).

In different words, on UMD spaces one of the most basic Fourier multipliers m(§) = 1gr_,(§) is
bounded. Only on those spaces a reasonable multiplier theory can be developed. For our purposes it is
sufficient to know that Hilbert and L”-spaces for p € (1, co) are UMD spaces and that all UMD spaces
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are reflexive. For detailed information on UMD spaces we refer to [Rubio de Francia 1986; Burkholder
2001], whereas more on R-boundedness, to be defined now, can be found in [Denk et al. 2003; Kunstmann
and Weis 2004].

Definition 3.3. Let X and Y be Banach spaces. A subset 7 C B(X, Y) is called R-bounded if there exists

aconstant C >0 such that foralln eN, T1,...,T, €T, x1,...,Xxn, € X and all independent identically
distributed random variables €1, ..., &, on some probability space (2, X, P) with P(g;, = £1) = % one
has
n n
E ZEkaxk <CE ngxk .
— Y _ X

The smallest constant C > 0 for which this holds is denoted by R(7). Further, we define Rad X as the
closure in L1(Q2, =, P; X) of finite sums of the form > ke EkXk-

Note that the definition of R-boundedness depends only on the distribution of the random variables
and is therefore independent of the probability space. The same holds for the definition of Rad X up to
canonical isomorphisms. We write RX =Y to indicate between which spaces the mapping is considered if
it is not clear from the context. Every R-bounded set is bounded in B(X, Y). If both X = Y are Hilbert
spaces, then the converse holds as well. Further, Kahane’s contraction principle sates that {z1d: |z| < 1}
has R-bound at most 2 on every Banach space. By a celebrated theorem of Weis [2001], on a UMD space
the autonomous problem A(z) = A has maximal LP?-regularity for one and then for all p € (1, co) if and
only if A is R-sectorial, the R-boundedness analogue of sectorial operators, up to shifts.

Definition 3.4. A linear operator A : D(A) — X on a Banach space X is called R-sectorial of angle ¢ if
o (A) of A is contained in f:(,, for some ¢ € (O, %) and if

R{(A|+ DR, A) : A € Ty} < 00.

A family of linear operators A; : D(A;) — X for i € [ is uniformly R-sectorial if 6(A;) C iw for some
XS (O ) and all i € [ and if there exists C > 0 with

R{A|+ DR, 4;): A g Xy} <C foralliel.

The main point in our maximal L?-regularity result is that it only assumes the operators to lie in a
fractional Sobolev space.

Definition 3.5. Let X be a Banach space, p € (1,00) and « € (0, 1). A Bochner-measurable function
£ 1[0, T] — X lies in the homogeneous fractional Sobolev space WP ([0, T]; X) provided

TIfO-SOIE \
1 Wy o,y = (// L= Lok o d) <oo.

The inhomogeneous Sobolev space W*P ([0, T]; X) is the space of all f € LP([0,T]; X) such that
“f”WOt-P([O,T];X) < 00.
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We remark that there exist equivalent definitions of fractional Sobolev spaces based on Littlewood—
Paley decompositions [Amann 2000, Section 3, (3.5)]. The usual embedding results for Sobolev spaces
into Holder spaces hold: for o € (0,1) and p € (1,00) with @ > % one has W*2([0,T]; X) —
C*~1/P([0,T]; X) [Simon 1990, Corollary 26]. We are now ready to present our general maximal
LP-regularity result that in particular implies Theorem 1.2 presented in the Introduction.

Theorem 3.6. For T > 0 and 6 € (0, 1] let (A(t));e[o,1] be a 0-stable family of uniformly R-sectorial
operators on some UMD space X with fractional regularity A_y € W4([0, T]; B(Xg,4,Xo—1,4))- Then
the nonautonomous problem (NACP) has maximal L?-regularity

@ forpe(l.145). = g anda > 1-0,
(b) for p € [{15.00), ¢ = pand & > 1—86.
Let us compare the above conditions with the Acquistapace—Terreni condition [1987] used in [Hieber
and Monniaux 2000b; Portal and Strkalj 2006]. Apart from some uniform R-boundedness assumptions

they require that there exist constants 0 <y < 8 < 1 such that for all 7,5 € [0, T] and all A ¢ ¥, for some
¢ € (0, %) one has the estimate

|t —s

[4ORGAAO™ =40 D |sex) S 7

In principle, no regularity assumptions on the domain like 6-stability are made. However, in concrete
examples some stability is usually necessary and one chooses y = 1 — 6 to verify the estimate; see for
example [Fackler 2015]. Then one requires § > 1 — 6 and one arrives at the usual Holder regularity
assumptions. However, for example for elliptic operators with irregular coefficients substantial effort is
needed to verify the above inequality from the assumed Holder regularity on the coefficients. Exactly this
is done in [Fackler 2015], where as intermediate steps reformulations of the problem that are close to—
but more general than — our setting are used.

The improvement of C*- to Wep -regularity has direct consequences to applications of maximal
regularity to nonlinear PDE. As one can see in Theorem 8.1 and Remark 8.2 our result gives existence
results under more relaxed regularity assumptions.

Strategy of proof. In Section 4, we first show existence and uniqueness of less regular integrated solutions
than is needed for maximal L?-regularity. This can be done only assuming some continuity on the operators
A(t) on the extrapolation spaces. Afterwards in Section 5, we show that we can bootstrap the regularity
of these solutions if the operators are o-Holder continuous for some arbitrarily small exponent @ > 0.
With respect to this we note that our assumptions on the fractional Sobolev space are in a such way that
the fractional Sobolev space embeds into the space of o-Holder continuous functions for some o > 0.
After that we show in Section 6 that this higher regularity of the solutions implies maximal L?-regularity.

4. Existence and uniqueness of integrated solutions

In this section we show that under certain assumptions a unique solution of (2-1) exists. We next show by
interpolation that, given an R-sectorial operator, one obtains corresponding R-boundedness estimates on
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the induced extrapolation spaces. The following result is not new [Haak et al. 2006, Lemma 6.9]; we give
a proof for the sake of completeness. For its proof we use the fact that for an interpolation couple (X, Y)
of UMD spaces we have by [Kaip and Saal 2012, Proposition 3.14]

[Rad(X), Rad(¥)] = Rad([X, ¥]p). @-1)
Here one uses the facts that [L1(Q, =, P; X), LY(Q, X, P;Y)]g = LY (R, =, P;[X,Y]g) and that the
Rad(X)-spaces are complemented in the vector-valued L1 (2, =, P; X)-spaces if X is UMD.

Lemma 4.1. Let A: D(A) — X be an R-sectorial operator on a UMD space X. Then for all 6,, 6, €
[—1, 1] with 6, > 01 and 6, — 01 < 1 one has with ¢ as in Definition 3.4 and with constants independent
of A

R¥LAP X a1 4 AN O7 RN, A) A g S, SRETXL(A + DR, A) i A €,

Proof. The assertion holds for 6; = 6, € {—1, 1}. By complex interpolation and (4-1) this extends to
0y =6, € [—1,1]. Since AR(A, A) = AR(A, A) —1d, one has for all 8; € [—1, 0]

RXQI,A—>X91+1,A{R()L, A): A€ E,} <00

For the case of general 6, with 8,—60; <1 consider for givenn €N, A1,..., A, gz/—f)(p andxy,...,xp€X
the mapping S = {z € C:Rez € [0, 1]} — Rad(Xg, 4) +Rad(Xg, +1,4) given by

n n
Tz Z EpXf > Z (1 4+ A ) R(Ag, —A)xp.
k=1 k=1
The mapping z — 7 is continuous on S and analytic in the interior of S and it follows from Kahane’s
contraction principle that the norms of 7;; and 71+, as operators in B(Rad(Xg, 4),Rad(Xg,+1,4)) and
B(Rad(Xg, 4),Rad(Xp, 4)) are bounded by el!1® up to a uniform constant. Hence, it follows from the
generalized Stein interpolation theorem [Voigt 1992] and (4-1) that for « € (0, 1)

7:1 : Rad(Xel,A) - Rad(X01 +G!,A)7
which gives the statement by unwinding the definitions of R-boundedness. O

Remark 4.2. Curiously, the above result fails for the negative Laplacian and the real interpolation
method [Haak et al. 2006, Example 6.13]. Hence, this is one step where one cannot work with arbitrary
extrapolation spaces.

We establish the existence of a unique solution of (2-1) assuming Holder regularity of arbitrarily low
order.

Definition 4.3. A function f : [0, T] — X with values in some Banach space X is a-Hdlder continuous
fora € (0, 1]if | f(t)— f(s)|| < C |t —s|% for some C >0 and all ¢, s € [0, T]. We denote by C*([0, T']; X)
the space of all such functions.

We are now ready to prove the existence of integrated solutions.
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Proposition 4.4. For T > 0and 0 € (0, 1] let (A(t));e[o0,1] be a 0-stable family of uniformly R-sectorial
operators on some UMD space X . Suppose there exista € (0, 1] with A—1 € C¥([0, T]; B(Xg,4, X9—1.4))-
Then forall p € (1,00) and f € LP([0, T]; X) there exists a unique solution u of the integral equation
(2-1)in LP([0,T]; Xg,4). Further, one has u € WP ([0, T); Xo—1,4) NLP([0,T]; Xg,4),

u(r) + Ag—1(u) = (1),

w(0) = 0, (WNACP)

and |[ulL»(0,11;Xx,_4) Only depends on || fLr(0,11:x5_1 4)> T> @ 0, K in (3-1) and the constants in the
Hoélder and R-sectorial estimates.

Proof. First note that by the uniform sectorial estimates and the properties of extrapolation spaces we
have the uniform estimate

—(t—s)A_

t -1
le YO sxgyaxo SlE—s7

Using this together with the assumed Holder regularity on A—;(-) we get

1K1 ()| 5(xp %0 0) S 16 =8| (4-2)

By Young’s inequality for convolutions we then have the norm estimate

T
IS1ullzr (o,71:x0 4) < /0 sV ds|ullLrqo,m1:x0 0 = T NullLeo,77:X0 4)-

Let us show the uniqueness of solutions of (2-1) in L? ([0, T']; X4 4). Since the equation is linear, it
suffices to consider a solution with u = Sju. Now, for sufficiently small Ty we have ||.S1|| < 1. Hence,
Id -8} is invertible and consequently u[g,7;,] = 0. Using this information we see that (2-1) for 1 > Tj
reduces to .
u(t) = [ IO (@)= Ay 6t ds.

To
By the same argument as before we see that the operator defined by the right-hand side is bounded and
invertible on L?([Ty,2To]; Xg,4). Hence, u |, 21,] = 0. Iterating this argument finitely many times
gives u = 0.

Since 1 + Ag_1 € B(Xg,4, Xg—1,4) is a fortiori continuous, it follows from perturbation arguments
and Lemma 4.1 that (WNACP) has nonautonomous maximal L2 -regularity for all p € (1, 0c0); see [Priiss
and Schnaubelt 2001, Theorem 2.5; Arendt et al. 2007, Theorem 2.7]. This means there exists a unique
w e WLP([0,T]; Xo—1,4) N LP([0,T]; Xg_4) satisfying (WNACP) and the corresponding maximal
LP?-regularity estimate. Using the same argument as in Proposition 2.2, we see that w satisfies (2-1). By
the uniqueness shown in the first part, we have w = u. O

5. Bootstrapping regularity

Again, assuming Holder regularity of arbitrarily small order, we improve the regularity of the obtained
integrated solutions with the help of the following bootstrapping result.
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Proposition 5.1. For T > 0 and 6 € (0, 1] let (A());e[0,T] be a 0-stable family of uniformly sectorial
operators on some Banach space X satisfying Ay € C*([0,T]; B(Xg,4, X9—1,4)) for some o € (0, 1].
If either

(a) pe (ﬁ, oo) and q € (1, 00], or
(b) p= ﬁ and q € (1, 00), or
() pe(l, ﬁ) and q € (1, %],
then there exists Cpq > 0 depending only on T, K in (3-1) and the constants of the sectorial and
Holder estimates such that for all solutions uw € LP([0,T]; X9 4) of (2-1) for some right-hand side
feLP(0,T]; X) one has
lullaqo,71:x0. 1) = CpqUlullLrqo,71:x6 0 + 1/ L2 (0, 77:x))-

Proof. By Young’s inequality for convolutions and the kernel estimate (4-2) we have for ¢, p,r € (1, 00)
with % + % =1+ % the estimate

T ‘ 1/q T t vt q 1/q
([ rsong, ar) "= ([ ([ o= e, as) ar)

. T 1/p
Sl s o ( [t ds)
i |

The weak L" norm is finite for r € (1, ﬁ] Hence, S is a bounded operator L?([0,T]; X9 4) —

L4([0,T]: Xg,4) forall pe (1,1) and g € [1, 5al P> 1 then

¢ , 1/p’ t 1/p
iS00k = ([ 1K@ as) ([ o, ,as)

t a1 1/p’
5( /0 |r—s|l’<°‘—>ds) lllLr qo.71%e -

Hence, S1 : LP([0,T]; Xg,4) — L*°([0, T]; Xg,4) is bounded for p > é.
Interpolating the analytic estimate

le= =4O 50x, peagey < I =517
with the boundedness of the semigroups ||e~¢=)4®)| B(x) S 1, one sees that the kernel of S, satisfies
IK2(t ) 50x, X0 40y = €™ 4O sx x, a0 S 1t —s17°. (5-1)

Using Young’s inequality together with the kernel estimate (5-1) and 6-stability, we obtain for p,q,r €
(1, 00) with % + % =1+ % the estimate

T 1/q T t q 1/q
(f ||(Szf><z)||§9Adr) s( / ( [ e=91r6x ds) dt)
0 : 0 0

o T 1/p
<l ||Lr.oo( /0 ||f(s>||§;ds) .
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This time the L">°°-norm is finite for r € (1,6~!]. Hence, S, : L?([0,T]; X) — L4([0, T]; Xp,4) is
bounded for all p < ﬁ and g € [1, %]. Further, one has S5 : L? ([0, T']; X) — L°°([0, T]; Xg,4)
for p > ﬁ. For the stated result, we iterate the obtained regularity improvement finitely often to
bootstrap the regularity of u. O

6. Maximal regularity results under fractional Sobolev regularity

In this section we come to the heart of the proof. To the solution obtained in Proposition 4.4 we apply
A_1(t) to both sides of (2-1). This gives A—1(t)u(t) = A_1(t)(S1u)() + A—1(t)(S2 f)(t). We show
that both summands lie in L? ([0, T]; X). The second summand requires some preliminary work. We
rely on the following Holder continuity of the R-boundedness constant.

Lemma 6.1. For 6 € (0, 1] let (A(2)):er be a 8-stable family of uniformly R-sectorial operators on some
UMD space X. Suppose there exists a € (0, 1] with A—y € C*([0, T]; B(Xg,4, Xo—1,4)). Then for all
k € Ny there exists a constant Cy, > 0 depending only on K in (3-1) and the constants in the Holder and
R-sectorial estimate of Definition 3.4 such that for all t,h € R

a k
RX*X{ 1+ |5|)"(%) [iE(RGE. A+ ) — RGE AN)]: € € R] < Celhl®

Proof. We first establish the case k = 0. For all ¢, 7 € R the resolvent identity gives
R(i§ At +h))—R(>i§, A1) = R(E, A1 (1 + h)[A-1(1) — A1t + h)]R(i§, A(1)).
By the assumed Holder regularity on A_; and Lemma 4.1 we get for all 7,7 € R

RXTXLE(RGE A+ h) — R(E, A()))}
SRXO-1AZXLL - ENRGE AL (t + I)HA—1(t + 1) — A (Dl B(Xo 0,01 0)
x RXZX0A{(1 415D O RE AW}

S

For the case k > 1 notice that the map S : z — R(z, A(t + h)) — R(z, A(t)) € B(X) is analytic on
the complement of some shifted sector X, + ¢ and that the above estimate holds there by the same

argument. It follows from the Cauchy integral representation of derivatives [Kunstmann and Weis 2004,
Example 2.16] that for S(z) = z(R(z, A(t + h)) — R(z, A(2)))

R{(l + |z|)k(%)k5(z) 2 d zq,} < R{S(ié + g) e R} <|hl% 0

Proposition 6.2. For T > 0and 0 € (0, 1] let (A(t)):er be a 0-stable family of uniformly R-sectorial op-
erators on some UMD space X. Suppose there exists o € (0, 1] with A1 € C*([0, T]; B(Xg,4, Xg—1.4))-
Then A(-)S, : L?([0,T]; X) — L? ([0, T]; X) is bounded for all p € (1, 00) and its norm only depends
on p, K in (3-1) and the constants in the Holder and R-sectorial estimates.
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Proof. It is shown in [Hieber and Monniaux 2000b, p. 1053; Fackler 2015, Section 2.4.1] that the
boundedness of A(-)S> follows from the boundedness of the pseudodifferential operator

o0

S F)) = / a(t.8) f (©)e2m1E d

for the operator-valued symbol a : R x R — B(X) given by

iER(iE, A(0)), <0,
a(t,§) = {iERGE A(t)), t€]0,T],
iER(GE, A(T)), t>T.

Such operators are well-studied and understood. Applying [Hytonen and Portal 2008, Theorem 17] and
[Hytonen and Portal 2008, Remark 20] (the dependence on the constants is not explicitly stated) in the
one-dimensional and one-parameter case, we see that S : L? ([0, T]; X) — L? ([0, T]; X) is bounded for
all p € (1, oo) provided

9 k
R{<1+|5|)k(%) [a(t +h.8)—a(t. )] £ e B < )

holds for some « € (0, 1] and all k = 0, 1,2. This is the R-analogue of the condition considered by
Yamazaki [1986] and therefore called an R-Yamazaki symbol. The fact that a is indeed an R-Yamazaki
symbol has been verified in Lemma 6.1. O

The next proposition shows that in many cases it is sufficient to show maximal L?-regularity for initial
value zero. This is well known in the autonomous case. The arguments have been used before; see for
example [Dier and Zacher 2017, Theorem 6.2].

Proposition 6.3. Let X be a Banach space, p € (1,00), T > 0 and (A(t)):e[o,1] a family of uniformly
sectorial operators:

(a) Suppose that the nonautonomous operator (B(t))se[o,7+1]

[ A©0) fort €10, 1],

B = A(t—1) forte[1,T +1],

has maximal LP-regularity for ug = 0. Then (A(t));e[o,7] has maximal LP-regularity for all initial
values ug € (D(A(0)), X)1/p,p- Further, the maximal regularity estimate only additionally depends on a
constant controlled by the sectorial estimate for A(0).

(b) Suppose additionally that for all to € (0, T'] the nonautonomous problem associated to (Ct, (1)) <[0,19+2]>
where

A(0) fort €]0,1],
Ci(t)=qA@—1) forte[l,1+10],
A(tg) fort €[l 41,2+ 10],

has maximal L?-regularity for ug = 0. Then the unique solution of (NACP) for (A(t));e[o,1] satisfies
u(t) € (D(A@)), X)1/p,p forallt €[0,T] and ug € (D(A(0)), X)1/p,p-
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Proof. We start with the first part. By the characterization of real interpolation spaces via the trace
method [Lunardi 1995, Proposition 1.2.10] and a cut-off argument, there is some C > 0 such that for all
ug € (D(A(0)), X)1/p,p there exists v € wLp(o,1]; X)NLP? ([0, 1]; D(A(0))) with v(0) =0, v(1) =uy
and

[A©)vllLrqo,13;x) + I0lL2 (0,11:x) < Clluoll(pa©).x)1,/p.,-
For given f € LP([0,T]; X) we define g € LP([0, T + 1]; X) as

_(9()+ A©O)v(r) forz €0, 1),

g(t) = f@E—=1 fort e[1,T +1].

By assumption (B(?));e[o,7+1] has maximal L?-regularity for ug = 0. We denote by w the unique
solution of (NACP) for (B());e[o,7+1] With right-hand side g. By the uniqueness of mild solutions in the
autonomous case we have w = v on [0, 1]. In particular, we have w(1) = v(1) = ug. As a consequence
we see that u(z) = w(t + 1) solves (NACP) for u(0) = w(1) = ug. Further,

lullw .o qo.17:x) + 1ACHUC) 2 0,11;%) S N€llLrqo,7+11:)
S llrqo,mix) + ol (pa©)), )1/, -

For the uniqueness observe that a second solution # of (NACP) with right-hand side f and u(0) = ug
yields a solution z = (0 + A(0)v) 1[g,1) + @(- — 1) 11 s+1) of (NACP) for (B())se[o,7+1] that agrees
with u(- — 1) on [1, T + 1] by the uniqueness of solutions.

For the second part and fixed 79 € (0, T'] let z be the solution of (NACP) for (Cy,(t));e[0,1,+2] and
the right-hand side g = g 1[o+,+1]- Then z agrees with the solution w of the first part on [0,79 + 1]
and solves the autonomous problem z(s) + A(tg)z(s) = 0 on [ty + 1,29 + 2]. Since functions in
WULP(([tg+ 1,19 +2]; X) N LP([to + 1,19 + 2]; D(A(to))) take values in the corresponding trace spaces
[Amann 1995, Theorem I11.4.10.2], we have u(to) € (D(A(t0)), X)1/p,p- O

We are now ready to prove our general maximal regularity result.

Theorem 6.4. For T > 0 and 0 € (0, 1] let (A(t));e[o,1] be a 0-stable family of uniformly R-sectorial
operators on some UMD space X with fractional regularity A_y € W*4([0, T]; B(Xg.4,X9—1,4))- Then
the nonautonomous problem (NACP) has maximal LP-regularity

@ forpe(l.45). = g anda>1-0,
(b)forpe[ﬁ,oo), g=panda>1-0.

In this case the unique maximal LP-regularity solution u of (NACP) satisfies u(t) € (D(A(1)), X)1/p,p
forallt € [0, T] and there exists a constant Cp, > 0 with

lullw.rqo,11:x) + 1ACHuC) e qo,11:x) < CULS L2 (o, 71:x) + Iuoll(D(a©).x)1 .,

which only depends on T, a, 0, K in (3-1), ||A—1 ||Wa.q([0 T1:B(Xp 4.Xo—1 4)) and the constants in the
R-sectorial estimates. ’ ’
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Proof. First note that under the made regularity assumptions, we have A1 € C” ([0, T']; B(Xg,4. X9—1,4))
for some y > 0. Further, let u € W12 ([0, T]; Xo—1,4)NLP([0, T]; Xg,4) be the unique solution of (2-1)
given by Proposition 4.4. We show that u has the higher regularity A_; (£)u(¢) € L? ([0, T]; X). For this
we use the decomposition of A_j(¢)u(z) given by (2-1).

Let us start with the integrability of A_(¢)(S1u)(¢). We will omit subindices in the following estimates.
For g € L?' ([0, T]; X’) we have, where A’(¢) is the adjoint,

T pt
/0 /0 (g(0), A@)e™ IO U@) — A@)uls))y, y ds di

[ / (A (e~ IV Og(r), (A(t) — A(s)uls))y/ dsdt. (6-1)

QA/(I)’XG 1,A@)

We now distinguish between the cases p € (ﬁ, oo), p= ﬁ and p € (1, ﬁ) In the first case we
know from Proposition 5.1 that u € L°°([0, T']; Xg_4). Hence, up to constants (6-1) is dominated by

T T |(A@O-AGHuG)E, 1/p
(/0 /0 |t—s|I+pa det)

T pt
/ —(t—s5)A' () )4 _
([ 1o clIZ_, . li-s

T pt , 1/p
s||A||Wa.p||u||Looqo,T];Xe,A)(/0 /0 (I—S)p(1/p+a+0_2)dS||g(f)||§/dt) .

/

1/p
|P’(1/p+a) ds dt)

The inner integral is finite because of the assumption & > 1 — 6. Since g € L? ([0, T]; X’) is arbitrary,
we get A_l(-)Slu € L?([0,T]; X). The case p = ﬁ follows similarly, using u € L9 ([0, T]; Xo.4)
for some big ¢’ and the fact that the condition @ > 1 — @ leaves a little room. Let us come to the case
pe(l, = 9) Here Proposition 5.1 shows that u € L?/1=P1=0) ([0, T]; Xp,4). Hence, using Holder’s
inequality, for 8 > 0 the expression in (6-1) is dominated by

T A — AG) gy, X 1-6 1/p'
(// S|1+a§190/; 19 lA)d dl) (//(t 5)P "(a+B— l)dS”g(t)HX/dt)

(18 1/p—(1-0)
(// ([ ) Bp/(1—p(1— 0))dt||u(s)||p/( —p( ))ds) ]

The last integral is finite for § < 6 — %. Since @« > 1 — 6, we can find 8 € (0, 60— i,) for which the
second integral is finite as well.

Further, A_1(-)(S2 f)(+) liesin L? ([0, T]; X) by Proposition 6.2. This shows that the solution satisfies
u(t) € D(A(t)) for almost all £ € [0, T] and A(-)u(-) € L?([0,T]; X). Since u solves (WNACP), it
follows that i € L?([0, T]; X). This shows maximal L?-regularity in the case ug = 0. It remains to

verify the maximal regularity estimate. By the estimates obtained in the first part of the proof we have for
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some case-dependent ¢’ € (p, 00]

[AC)uC) e qo,11:x) = IA=1()u()llLr (0, 17:x)
< [[A=1 () S1) () lLeqo,11:x) + 1A=1 ) (S2. /) lrqo,17:%)
S MAllyiraa 1l Lo’ o, 71:x4 4y + 1/ ILr o, 11:)
< Cog | Allypraa (el Lo o, 115x0 00 + I1f L2 (0,17:)) + 11 f L2 (0, 71:%)
< Cog | Allypaa | f lLe qo,71:) + 1L L7 (0, 71;) -

Here we have used the estimates obtained in the first part of the proof, Proposition 5.1 and Proposition 4.4
in the third, fourth and fifth lines respectively. Since u solves (NACP) and the operators (A());c[o,7] are
uniformly sectorial, this implies the maximal regularity estimate for ug = 0.

The case of general initial values ug € (D(A(0)), X);/p,, follows from Proposition 6.3. Here we use
the fact that for ¢ > «~! functions in W*4 can be extended with the same regularity by their values at
the endpoints [Dier and Zacher 2017, Proposition 7.8]. O

Remark 6.5. Compared to the result in [Portal and Strkalj 2006] we need a weaker R-boundedness result.
Further, the time regularity is lowered to some fractional Sobolev space at the cost of more regularity on
the domain spaces. In order to obtain maximal L?-regularity for all p € [(1—6)"!, 00) our result requires
A_q € ﬂpe[(l_g)—l,oo) Ue=0 wi=b+er([o, T]; B(Xg,4. Xg—1,4))- This is slightly less restrictive than
the «-Holder continuity for some o > 1 — 6 assumed usually.

For nonautonomous problems given by sesquilinear forms on Hilbert spaces one obtains by the same
line of thought the following improvement of [Dier and Zacher 2017], where only the case p = 2 was
treated. Let us shortly recall how the form setting is related to the general setting considered by us.
Given, as in (1-1), a coercive, bounded nonautonomous sesquilinear form on some Hilbert space V'
one gets operators A(7) : V — V'’ with A(¢t)u = a(t,u,-). Given a second Hilbert space with dense
embedding V < H and the associated triple V < H <> V' one considers their restrictions A(¢) on H,
ie, D(A(t)) ={u € V : A(t)u € H}. One then obtains an associated problem (NACP) for (A(?));e[0,7]
on H. The spaces V and V' can be seen as replacements of X/, 4 and X_;/5 4. Hence, (A(?)) is
%-stable in some sense.

Corollary 6.6. Let V, H be Hilbert spaces with dense embedding V — H andleta [0, T|xV xV —C
be a coercive, bounded nonautonomous sesquilinear form as in (1-1). Then the associated problem (NACP)

on H has maximal LP-regularity
(a) for p € (1,2] provided A € WY/2+2([0, T1: B(V, V")) for some & > 0,
(b) for p € [2,00) provided A € WY/2+&P ([0, T]; B(V, V")) for some & > 0.

The constants in the maximal LP-regularity estimate only depend on T, &, the constants o, M in (1-1)

and the fractional Sobolev norm of A.

Proof. Repeat the previous proof for X = H and replace X/, 4 and X_; /5 4 with V and V", O
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Note that V' and V' only agree with the complex interpolation spaces X1/2 4(;) and X_1/2 4(s) if the
operators A(t) satisfy the so-called Kato square root property; see [Auscher 2002] for a short introduction
to this topic. However, this is not necessary to carry out the argument. In the UMD setting the case 6 = %
is also of particular interest. We obtain the following corollary relevant for concrete applications (which

holds for other values of 6 as well).

Corollary 6.7. Let T > 0 and (A(t))¢e[o,1] be uniformly sectorial on a UMD space X such that for some
w € (0, %) and M > 0 the imaginary powers satisfy

1A(@)™S|| < Me®ls!

uniformly for all t € [0,T] and s € R. Further, suppose that there exist Banach spaces X1/, and X_j
for which for all t € [0, T] the spaces D(A(t)Y/?) and D(A(1)~Y/2) agree with X1/2 and X_q/, as
vector spaces and the respective norms are uniformly equivalent for some constant K > 0. Then the
nonautonomous Cauchy problem (NACP) for (A(t));e[0,1] has maximal LP-regularity

@) for p € (1,2] if A=y € WV2H52([0, T); B(X1/2, X—1/2)) for some & >0,
(b) for p € [2,00) if Ay € WY2+&P([0, T); B(X1 /2, X_1/2)) for some & > 0.

The constants in the maximal L?-regularity estimates only depend on p, T, ¢, K in (3-1), M, w, the
fractional Sobolev norm of A_1 and the constants in the sectorial estimates.

Proof. Since the operators A(¢) have uniformly bounded imaginary powers, it follows from [Denk et al.
2003, Theorem 4.5] that for ¢ € (w, 7)

sup R{AR(A,A(t)): A & f(o} < 0.
t€[0,T]
Since uniformly bounded analytic families are uniformly R-bounded on compact subsets of a common
domain [Weis 2001, Proposition 2.6], the operators (A());e[o,7] are uniformly R-sectorial. Further,
the fractional domains spaces D(A(¢)'/2) and D(A(r)~1/2) are uniformly equivalent to X; /2,A@) and
X_1/2,4(r) [Fackler 2015, Proposition 2.5]. As a consequence of the assumptions, the family (A())se[o,7]
is %—stable. This means that we can apply Theorem 6.4. O

Remark 6.8. Corollary 6.7 holds under the slightly weaker assumption that the operators (A(?));e[0,7]
are uniformly R-sectorial. For this one uses the scale Xy 4 = D(AY) for |0] € (0, 1) and repeats the proof
of Theorem 6.4. The main difference is that one has to use [Haak et al. 2006, Lemma 6.9(1)] instead
of Lemma 4.1.

7. Nonautonomous maximal regularity for elliptic operators

We now illustrate the consequences of our results for nonautonomous problems governed by elliptic
operators in divergence form. We concentrate on pure second-order operators with VMO-coefficients
subject to Dirichlet boundary conditions, as the used results are already involved and spread over the
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literature in this special case. On a bounded domain 2 C R” we consider bounded measurable coefficients
A = (ajj): Q — C"™" and the bounded sesquilinear form

a: Wy 2(Q)x Wy () - C, (u,v)l—>/ AVuVv.
Q

Further, we assume that (a;;) satisfies for some § > 0 and all £ € C" the estimate

n
Re Y aij(x)& = 8¢
i,j=1
Then the operator L, on L?(2) associated to a is sectorial. Further, one has for u € D(Lj) C Wol’2 ()
the identity Lou = —div(4AVu) in the sense of distributions. One can show that if Q has C!-boundary
and if the coefficients lie in VMO, then L, induces for all g € (1, c0) compatible sectorial operators L
on L9(2) (see the proof of Theorem 7.2). These operators are realizations of —div(AV -) on L9(R2).
For further details on the form method we refer to [Ouhabaz 2005].

Definition 7.1. Let Q C R” be a bounded domain. A bounded measurable function f : Q — C is of
vanishing mean oscillation if one has infy~¢ 17 (r) = 0 for the modulus

1 1/2
N p— ( G — /s mzdx) ,
4 B:dB)<r \|BN| Jpna n

where fonp denotes the mean of f over BN and the supremum is taken over all balls B C R” centered
in © whose diameter d(B) does not exceed r.

We need the following variant of the Kato square root property on L4(2).

Theorem 7.2. Let n € N, Q@ C R” be a bounded C'-domain, q € (1,00) and A = (ajj)1<i,j<n €
L°(Q; C"™") be complex-valued coefficients with

n
Re Y a;j(x)&& = 8|E)* forall§ e C",
ij=1
for some § > 0 and almost every x € Q. Let Ly be the realization of —div(AV -) on L4(Q2) subject to
Dirichlet boundary conditions. If a;j € VMO(R) foralli, j = 1,...,n, then there exists Ao > 0 such
that the following holds:

(@) Lgq + A is a sectorial operator on L91(2) for all A > A¢ and
13
1A llg + 1V Fllg = I(Lg + 02 fllg forall fe Wy (Q).
(b) The operator Ly extends to an isomorphism Wol’q (Q) = W=H4(Q).

The constant Ao only depends on 2, q, Na;;, 6 and || Al|o. With an additional dependence on A, the same
holds for the constant in the equivalence in (a), the isomorphism in (b) and the sectorial estimates of the
operators Lg + A.

Proof. Under the made assumptions, the operator L, satisfies local Gaussian estimates [Auscher and
Tchamitchian 2001a, Theorem 7]. Although not explicitly stated, the coefficients in the estimate only
depend on the claimed constants. This has several consequences. First, for A sufficiently large the operator
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Lo + A satisfies global Gaussian estimates [Auscher and Tchamitchian 1998, Section 1.4.5, Theorem 18]
and extends to a sectorial operator Ly + A on L4(2). Secondly, it essentially follows from [Auscher
and Tchamitchian 2001b, Theorem 4] that || (L4 + A)l/zllq S| fllg + IV flg. Here are two additional
points to consider. First, the theorem is only stated in the case A = 0. The case A # 0 can be obtained by
including terms of lower order in the argument or by arguing as in [Auscher and Tchamitchian 1998,
p. 135]. The second point is the not explicitly stated dependence on the constants. However, taking a
close look at the proof in [Auscher and Tchamitchian 2001b] one sees that most auxiliary results give the
explicit dependence on the constants (in [Auscher and Tchamitchian 2001b, p. 162] such a dependence is
explicitly stated in a special case). One crucial point needed here is the dependence in the case p = 2,
which is well known. This can be found in [Axelsson et al. 2006, Theorem 1] for a broad class of Lipschitz
domains and a combination of [Egert et al. 2014, Theorem 4.2; 2016, Theorems 3.1 and 3.3 and Section 6]
yields the dependence for general bounded Lipschitz domains and therefore a fortiori for C !-domains.

Now, as in [Auscher and Tchamitchian 1998, p. 135], the converse inequality follows if (L, + 1)~
extends to a bounded operator from W~14(Q) = (Wol’q/(Q))’ into Wol’q7 (£2). Notice that

n
ol ypr—1.0(0) =inf{ lgllg + D I Fillq: g Fx € LY(Q) withu = g +div F ;.
k=1

It is shown in [Dong and Kim 2010, Theorem 4] that for A > 0 there exists C > 0 such that for all
Fi, g € L4(Q2) there is a unique u € Wol’q (R) with —div(AVu) + Au = g +div F and

n
el o) = C(Ilgllq +) IIFkIIq)-

k=1
Here, our required dependence on the constants can be found in the lemmata in [Dong and Kim 2010,
Section 7]. Note that the above estimate is exactly the boundedness of (A —i—Lq)_l Wh(Q) - Wol’q (),
which is a uniform isomorphism by the uniqueness of u € Wol’q (R2). ([

Remark 7.3. The estimate |LY/2 f], < [V fl4 is known under more general assumptions on the
coefficients and the domain [Auscher and Tchamitchian 2001b, Theorem 4]. The same holds for the
boundedness of (Lg +A)~1: W~14(Q) — Wol’q (R2) for which originating from [Krylov 2007] many
results have been obtained in the last years. For a complete list of references we refer to the introduction
of [Dong and Kim 2016] and for a proof of similar results within the framework of maximal regularity to
[Gallarati and Veraar 2017a; 2017b].

Theorem 7.4. Let Q@ C R” be a bounded C'-domain, T >0 and a;j € L>°([0, T]x Q) fori, j =1,...,n.
Assume further that the following properties are satisfied:

(1) There exists § > 0 such that for almost all (¢t,x) € [0, T] x Q and all £ € C"
n
Re Y aj(t, x)&& = 8|
ij=1
(2) The functions x +— a;;(t, x) lie in VMO(2) and there is 1 : [0, 1] — [0, oo] with lim, o n(r) = 0 and
Naj; ) <nforallt €[0,Tlandi,j =1,...,n.
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For q € (1,00) let Ly(t) = —div(A(t)V -) be realizations on L1(2). Then for all q € (1,00) the
nonautonomous problem (NACP) associated to (L4(t));e[o,1] has maximal L?-regularity

(@) for p e (1,2] if a;j € Wl/2+e2([0, T]; L(Q)) for some ¢ > 0,
(b) for p €[2,00) if a;; € WY/2+8P((0, T]; L®(Q)) for some & > 0.

The maximal LP -regularity estimate depends only on p,q,T,S2, 8,1, ¢, ||a;j|lco and the homogeneous
Sobolev norm in (a) or (b).

Proof. Thanks to the Gaussian estimates discussed in the proof of Theorem 7.2, for sufficiently large A the
operators L (¢) + A have uniformly bounded imaginary powers with ||(Lg(¢) +1)'5|| < M eS| for some
M >0and w € (0, %) This follows from the general result [Duong and Robinson 1996, Theorem 4.3]
(which even gives a bounded H °°-calculus), which does not state the dependence on the constants
explicitly. Further, it follows from Theorem 7.2 that D((L4(?) + N/2) ~ Wol’q(SZ) holds uniformly in
t € [0, T]. Moreover, the operator L () + A extends to an isomorphism W, "¢ (Q) — W~14(Q) which
is uniform in ¢ € [0, T']. Consequently, for u € L2(2) one has

Il DL, )+1)-172) = I(Lg (1) + N7Vl o)
= [(Lg(t) + D)2 (Lg(t) + 1) ullpaqe) = I(Lq(r) + l)_IMIIWOLq(Q)
>~ |lullw-1.4()-

Therefore X/, = W4 (Q) and X_ 1= W~14(Q) in Corollary 6.7.
It remains to check the time regularity. For u € WOI’2 ()N Wol’q (R)and v € WOI’Z(Q) N Wo1 1(Q)
one has

[(Lq(u—Lg(s)u,v)| = '/Q(A(t)—A(S))WVv = [14@) = A) ool Vullg [ VoVl

By density this extends to all u € Wol’q (R)and all v € WO1 ’ql(Q). Hence, it follows that L,(-) + A €
wer ([0, T1; B(Wol’q (Q), W=14(Q))) with « and r as in the assumptions. Now, Corollary 6.7 applies
and yields maximal L?-regularity for (L4(¢) 4+ A);¢[0,7] and A big enough. By a rescaling argument this
is equivalent to the maximal L?-regularity of (Lg4(?))se[o,7]- O

8. Applications to quasilinear parabolic problems

We now use Theorem 7.4 to solve quasilinear parabolic equations. It may be a little bit confusing that in
the result below Holder assumptions on the coefficients are made. The point for concrete applications is
not that we can replace Holder regularity by fractional Sobolev regularity, but that the fractional Sobolev
regularity in Theorem 7.4 allows us to loosen the assumed Holder regularity. We will comment on this
point later.

Theorem 8.1. Let Q C R" be a bounded C'-domain and T > 0. For coefficients A = (a;;) : C — C"*",
p €[2,00), g € (1,00), an inhomogeneous part f € LP ([0, T]; L1(Q)) and an initial value uy € L9(2)
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satisfying the condition ugy € (D(div A(ug)V-), L9 (Q))l/p » consider the problem

St %)~ dv(A@(E, )V, ) = £0,3),
u(t, x) =0 on [0, T] x 32, (QLP)
u(0,x) =uo(x) onS.

Suppose that the following assumptions are satisfied:

(1) The coefficients a;; are B-Holder continuous for some 8 > %
(2) For all M > 0 there exist 5(M) > 0 such that for all |lu| < M
n
Re Y a;j(w&& = 8(M)|E* forall & € C".
ij=1

If g>nandp > then there exists C > 0 such that for

2(q n)’
I/ L2 qo,71:29 @) + uoll(D(aiv A@o)v).La @)1, < C
the quasilinear problem (QLP) has a solution
ue Wbh2([0,T]; L1(Q)) NBUC([0, T] x Q)
with u(t) € D(div A(u(t,-))V ) for almost every t € [0, T] and div A(u)Vu € LP([0,T]; L1(R2)). A
fortiori,u € C*~YVP([0, T]; C1*"/4(Q)) fora € (% 1— g)

Proof. Choose o € (ﬁ 1— g) which is possible by our assumptions. Now, choose § > 0 with o« — 6§ > ﬁ

anda+8<1— g. Further, let
= {v e WP ([0, T): Wy ~*7(R)) : v(0) = uo}
and Mpg for R > 0 be the ball B(0, R) in Mpg. For v € My consider the problem
%u(t, x)—div(A(v(t, x))Vu(t, x)) = f(t,x),

u(t,x)=0 on [0, T] x 9%2, (LP)
u(0,x) =up(x) on Q.

Since o + 6 < 1—% anda—§ > ﬁ > % > %, we have v € W82 ([0, T]; BUC(R)) and M is compactly
embedded in BUC(]0, T] x ). By the Arzela—Ascoli theorem, the functions in Mg are uniformly
equicontinuous on [0, T] x 2. As a consequence (2) of Theorem 7.4 is satisfied and one can find uniform
ellipticity constants for A o v with v € Mpg. For e > 0 withr := (¢ —§ —¢)8 > % we have

T llaij (. ) —aij (0(s. ))&
”al] UHW; -2([0,T];L>°(R)) / / Z—S|1+pr dsdt

T Ju(e.-) —v(s, )15
// |t_s|1+pr dsdt = ”v”WrB 1/31,([07,] Loo(Q))

=1 ”Wa §=e.8r([0,T1;L>°(RQ)) ™ Sl ”fo 8.2([0,TT;L°°(R))

8-1)
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This means that the coefficients A o v satisfy the assumptions of Theorem 7.4. Hence, (LP) has a unique
solution u and there is Cg > 0 independent of v € M g with
lullwr.rqo,71;L9()) + 1div AW)VullLr (o, 11;L9(2)) < CRUIS IL2 (0, 17;L9(2)) + [uolD),

where the norm of ug is taken in (D(div A(u)V -), L9(2))1/p,p- Further, by the real interpolation
formula for vector-valued Besov spaces [Amann 2000, Corollary 4.3] one has for 6 € (%, 1— é) and
sufficiently small ¢ > 0, uniformly in v € Mg, the embeddings

w e WP (0. T): L) N LP(0. T): Wy () = (LP([0. T): W * (). W7 (0. T): L()))
= WOZSP (0, T): (Wy (), L (), p)
— wo=eP([0, T1; Béj’q(ﬂ))
o WIEP (0. T]: Wol—e—e,q (Q)). (8-2)

0,p

All estimates hold uniformly for v € Mg. The embedding (8-2) implies that for sufficiently small

I f L2 qo, 1104 2)) + ol (D(iv Awo) V), L@ 1 /5.

we obtain a well-defined map
SR : Mpr —> Mg, vi>u, where u is the solution of (LP).

It follows from (8-2) and the compact embedding results for vector-valued Sobolev spaces [Amann 2000,
Theorem 5.1] that SR MR is a precompact subset of M g. We next show that Sg is continuous. For this
let v, — v in Mg and let u, = Sgv,. After passing to a subsequence we may assume that v, — v in
BUC([0, T] x Q) and that u,, converges weakly to some u in

WP ([0, T]; L9(2)) N LP ([0, T]; W,y 4 (Q)).

Now, let g € L? ([0, T]; Wol’q/(Q)). Note that A7 (v,)Vg — AT (v)Vg in L7 () by the dominated
convergence theorem. Since u; solves (LP) we have

T

T T
f (). 5(0)) di = [ (i (0). (1)) di + [ (A(on (1)) Vit (1), Vg () dt
0 0 0

T T
- [0 (i (0). (1)) di + /0 (Vi (1), AT (0 (1)) Vg (1)) di.

Taking limits on both sides of the equation, we get

T

T T
/ (F(0). (1)) di = / (o). g(1)) di + [ (A@O)Vu(). Vg () dr.
0 0 0

Since g is arbitrary and ug = u,(0) — u(0), this implies that u solves (LP) on W~14(Q), i.e., is the
unique integrated solution of (LP) given by Proposition 4.4. Hence, Sgv = u. Since the same argument
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works for arbitrary subsequences, we have shown that Sg is continuous. Now, by Schauder’s fixed point
theorem there is some u € Mg with Sgu = u. Using Theorem 7.4 for v = u we see that

[l wl.r([0,T];L4(Q)) T [[div A(u)Vu ||L1’([0,T];L‘1 ()

< C([[ fllLeqo, ;4 2)) + 1uoll(p@iv Awo)v-),.L2@)1,,.,) B

Remark 8.2. We illustrate the benefits of Theorem 7.4 for quasilinear equations with the help of
Theorem 8.1. First, maximal regularity results for nonautonomous problems governed by elliptic operators
before [Fackler 2015] assumed C !-regularity in space. In particular, such results cannot deal with Holder
continuous coefficients a;; as in Theorem 8.1 because the composition a;; o v in (8-1) would fail to have
the necessary C '-smoothness.

Further, in (8-1) one needs from a conceptual point of view that the composition operator v > a;; o v
maps into the Sobolev space WP ([0, T]; L°(R)) for some o > % in order to apply Theorem 7.4.
Although v lies in some fractional Sobolev space and one only requires the image to lie in a different
fractional Sobolev space, the only useful sufficient condition the author is aware of is to assume that the
coefficients a;; are Holder continuous. Nevertheless, the less restrictive fractional Sobolev assumption in
Theorem 7.4 is useful as it allows us to relax the assumed regularity. To illustrate this point explicitly, let
us calculate the necessary regularity if one needs to check that a;; o v is in C¥([0, T']; L>°(2)) for some
o> % Using the same notation as before one has

laij (v(t,-)) —aij (s, ) lloo < l0(t,) — (s, )L,

Now, ignoring the technical aspect of having an additional § > O of room, for functions v € W*? ([0, T'];
W1=%4(Q)) we have for « € (%, 1— 'q—’) the embedding

WP ([0, T]; W'™%4(Q)) — C*~ /P ([0, T]; BUC(Q)).
Consequently, we have
laij (u(z,-)) —aij (s, )lloo S |t —s[P@1/P),

Sincea < 1— %, for maximal regularity with Holder assumptions one needs

n 1 1 q
g <1 q p) R e
In particular, this is a stronger condition than 8 > ﬁ, as used in Theorem 8.1. This improvement
comes from the fact that the p-integrability is for free in the fractional Sobolev result, whereas in the
Holder case one has to sacrifice some differentiation order for the Sobolev embeddings.

Remark 8.3. We can only deduce the existence of solutions for small data in Theorem 7.4 because the
constant in the maximal regularity estimate depends on the VMO-modulus of the coefficients and their
fractional Sobolev norm. If one has estimates on solutions of (QLP) independent of these regularity data,
the Leray—Schauder principle would yield solutions for arbitrary f and ug.
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Further note that the reasoning of Theorem 8.1 works for a far more general class of problems. For
example, the coefficients A(u#) may depend in a nonlocal way on u, e.g., on the history of the solution as
in [Amann 2005; 2006].

9. Optimality of the results

In this section we show that the maximal regularity results obtained in Theorem 6.4 are optimal or close
to optimal. In fact, even in the form setting considered in Corollary 6.6, maximal regularity may fail
if one relaxes the assumed regularity, i.e., for maximal L?-regularity A € W%P ([0, T]; B(V, V")) for
some o > % It was shown in [Fackler 2017a, Theorem 5.1] that there is a symmetric nonautonomous
form with A € CY/2([0, T]: B(V,V')) and f € L°°([0, T]; V) for which the unique solution given by
Proposition 4.4 satisfies 1(¢) &€ H for almost all ¢ € [0, T], although u € L°°([0, T']; V) holds as one aims
for in the bootstrapping result given in Proposition 5.1. As a consequence, maximal L?-regularity fails
for all p € [1, 00]. Note that C1/2([0, T]; B(V, V")) < W*4([0, T]: B(V, V")) for all & € (0, 1) and all
1

g € [1, oc]. Hence, Theorem 6.4 fails for & < 5 in all possible variants.

This leaves open the critical case @ = % Note that for g € (1, 2) the space W1/2:4([0, T]; B(V, V"))
contains piecewise constant forms. Hence, as observed by Dier [2014, Section 5.2], the failure of
the Kato square root property for general forms implies that maximal L2-regularity may not hold for
g < 2. Example 7.2 in [Fackler 2017b] shows that for p > 2 maximal L?-regularity on L?(2) for
Ae WY24([0,T]; £(V,V')) with ¢ € (1,2) does not even hold for elliptic operators. Note that for
p € (1, 2) these arguments based on the incompatibility of trace spaces break down.

Refining the arguments in [Fackler 2017a], we show that for symmetric forms maximal L?-regularity

may fail for all p € [1, oo] under the regularity A € W1/2:4([0, T]; B(V, V")) for some ¢ > 2.

Example 9.1. We take H = Lz([O, %]) and V = Lz([O, %], w) with w(x) = (x|log x|)~3/2 Further,
we consider u(¢, x) = c(x)(sin(tp(x)) + d) for p(x) = w(x), c(x) = x - |log x| and some sufficiently
large d > 0. Note that for all ¢ € [0, T]
1/2 1/2 1
O = [ lewpePdr= [ a7

Hence, u(t) ¢ H for all t € [0, T']. Following the ideas and arguments in [Fackler 2017a] we now show

dx = oo.
llog x|

that v is indeed an integrated solution of a nonautonomous problem associated to some coercive, bounded
symmetric sesquilinear form a : [0, T] x V x V — C and inhomogeneous part f(¢) =u(¢) € L°°([0, T]; V).
For this one defines the form a(z, -, -) on the set (u(¢)) x V as

a(t.c-u(t),v) =c[(fO)v)a = (i), v)y ] (9-1)

and then extends the form to V' x V' by the same procedure as in [Fackler 2017a, Section 4]. Following
Section 5 of that paper, one checks the regularity of the extended forms. By the explicit formula for
the extension, one sees that it suffices to control the regularity of (duality) products of the functions
u:[0,T] =V, wu:[0,T]— V and 1 : [0, T] — V' Since W%P 0 L is an algebra under pointwise
multiplication, the regularity question boils down to the regularity of these individual functions. Further,
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one sees that for our concrete choice of u, the relevant fractional norms are dominated by that of
u : [0, T] — V. Hence, one only has to check the regularity of u : [0, T] — V, which we do now.
We show explicitly that u € W1/2:4([0, T]; V) for all ¢ € (2, 00). Note that on the one hand

[sin(r¢(x)) —sin(se(x))|> < [t — 59> (x) = |t —s]>x|log x| > 9-2)

On the other hand the left-hand side can clearly be estimated by 4. Now, let ¥ (x) = 2x3/2|log x|3/2.
Then (9-2) gives the sharper estimate if and only if |t — s| < ¥ (x) or equivalently x > ¥~ (|t — s]).
Splitting the fractional norm, we obtain

T ey —u(s)|14 1q
(// Il d)
T=t |lu(t) —u(t +r)|| 1a
(// S Vdrdt)

T pT—t v(r)) q/2 1/q
5(// (/ x1/2|logx|1/2dx) Ldr)
0 J—t 0 |r|1+a/2
T (T—t 1/2 a2 gy 1/q
+(/f (/ x_5/2|10gx|_5/2dx) —dt) . (9-3)
oJ- \Jy=104r) r|1-a/2

1/2

Now, for the innermost integral of the first term we have for F(x) = x3/2|log x|

v X (13)]
/ M2 log x |12 dx < / F/(xydx = F(IrD)
0

0
- — -1 — -1 —
Sy (r)flogy = (rD| T =Irlflogy N (rD| T S Irlflogr| .
Analogously, for the second term we have for F(x) = —x3/ 2|log x|_5/ 2
1/2 1/2
[ o avs [ Fydx <—F 7 (D)
v=1(rD v=1(rD

1 — -1 — —
ww(w_lﬂrl))}ogw (|r|)‘ <™ [logr|

Hence, (9-3) is dominated up to a constant by the finite expression

d 1/q
(/ [logr|™ /2 r)
0 7]

Hence, for maximal L2-regularity of forms the only case left open is that of W1/2:2([0, T]; B(V, V"))
regularity, which we are not able to answer at the moment. Note that there is also a positive result
assuming some half differentiability. Namely, it was shown by Auscher and Egert [2016] that for elliptic
operators one has maximal L?-regularity if the coefficients a;; ;j satisfy 3 /2q;; ;7 € BMO. This in particular

for g > 2.

implies a;; € H /24 for all g € (1, 00), which in turn implies aij € W1/2:4 for all ¢ > 2, which in general
is not sufficient for maximal L?-regularity by the above example. In the other direction, the inclusion
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W1/2:4 <5 [1/244 does only hold for g € (1,2]. Hence, for g € (1,2) the space H /24 contains step
functions. Note that in the critical case one has H!/2:2 = w1/ 2.2. j e., the Besov and the Bessel scale
give rise to the same problem.
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TRANSFERENCE OF BILINEAR RESTRICTION ESTIMATES TO
QUADRATIC VARIATION NORMS AND THE DIRAC-KLEIN-GORDON SYSTEM

TiIMOTHY CANDY AND SEBASTIAN HERR

Firstly, bilinear Fourier restriction estimates — which are well known for free waves — are extended
to adapted spaces of functions of bounded quadratic variation, under quantitative assumptions on the
phase functions. This has applications to nonlinear dispersive equations, in particular in the presence
of resonances. Secondly, critical global well-posedness and scattering results for massive Dirac—Klein—
Gordon systems in dimension three are obtained, in resonant as well as in nonresonant regimes. The results
apply to small initial data in scale-invariant Sobolev spaces exhibiting a small amount of angular regularity.
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1. Introduction

The Fourier restriction conjecture was shaped in the 1970s by work of Stein, among others, and has
generated significant advances in the field of harmonic analysis and dispersive partial differential equations
since then; see, e.g., [Stein 1993; Tao 2004] for a survey and references.

As an example, let n =2 and C be a compact subset of the cone, say C = {(|&|.£): 1 <|§| <2} C R,
and g be a Schwartz function on R”+1. Equivalently to the Fourier restriction operator R : g — £|c,
consider its adjoint, the Fourier extension operator

€ f(t.x) = A DL £(e) ag

for smooth f with supp( f) contained in the unit annulus. The function € f can be viewed as the inverse
Fourier transform of a surface-measure supported on the cone C, and defines a function on R”*1 which
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resonance, global well-posedness, scattering.
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solves the wave equation. The Fourier restriction conjecture for the cone is equivalent to establishing the
corresponding Fourier extension estimate

IES e @ty S IS lLa@n

within the optimal range of p, g. In the special case ¢ = 2 this holds if and only if p > (2n +2)/(n —1),
and in the literature on dispersive equations this is stated as

—it|V
le™ Y Fllpp @y S0 £ 122

and called a Strichartz estimate [1977] for the wave equation; see also [Keel and Tao 1998].

In the course of proving Fourier extension estimates for the cone, it became apparent that a key role
was played by bilinear estimates. Indeed, a major breakthrough was achieved by Wolff [2001], when he
proved that for every p > (n +3)/(n + 1), n = 2, we have

—it|V| ¢, —it|V
lem M re ™ Wg 1 @nsry S 111218022

provided the supports of f and g are angularly separated and contained in the unit annulus. As a result
Wolff was able to prove the linear restriction conjecture for C in dimension n = 3. It is important to note
that, in the presence of angular separation, a larger set of p can be covered in the bilinear estimate than
would follow from a simple application of Holder’s inequality together with the linear estimates.

In parallel to these developments, bilinear estimates proved useful in the context of nonlinear dispersive
equations; see, e.g., [Klainerman and Machedon 1993; Bourgain 1998; Foschi and Klainerman 2000].
The perturbative approach to dispersive equations is based on constructing adapted function spaces in
which nonlinear terms can be effectively estimated. Bilinear estimates for solutions to the homogeneous
equation, which go beyond simple almost orthogonality considerations, give precise control over dynamic
interactions of products of linear solutions. However, to apply these homogeneous estimates to the
nonlinear problem necessitates the transfer of such genuinely bilinear estimates to adapted function spaces.

Such a transference principle was implemented first in X* b spaces; see [Ginibre et al. 1997, Lemma 2.3]
and [Klainerman and Selberg 2002, Proposition 3.7]. Let us briefly illustrate it by looking at the following
example. Suppose that u,v € L L2 are superpositions of modulated solutions of the homogeneous
equation, i.e.,

u(t):/eimenwadk’ U(t):/emvemwGde
R R

which is true for u,v € X%? if b > % Suppose in addition, that the spatial Fourier supports of u, v are
angularly separated. Then, for any p > (n 4+ 3)/(n + 1), Wolff’s estimate transfers to

ool oy = [ 1€ B Gl oy di a5 ([ 172z a3 )( [ 1621z a).

which is equivalent to the bilinear estimate holding for functions in X%%. Another strategy involves
certain atomic function spaces introduced in [Koch and Tataru 2005]. Suppose that

u(t) = Z lj(l)eil|vlfj, v(t) = Z 11,(t)eit|V|gJ/

JeT J'eT’
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for finite partitions Z,Z’ of R and fy, gy € LJZC. Then, under the above angular separation assumption,
Wolff’s bound implies

itV] ¢ itV
vl ity < (Z Z 1€Y1 il |gJ/||ifx(Rn+l))

Jez J'eT

N =
N =

1
() (X neriz;)”
JeT J'eT
As a consequence, we deduce that Wolff’s bilinear estimate holds for angularly separated functions in
the atomic space U ?; see Definition 3.4 below. This is one instance of the transference principle in U2,
which has been formalised in [Hadac et al. 2009, Proposition 2.19].

For many applications, the above superposition requirements are too strong, partly due to the duality
theory for the spaces X 0.5 for b > % and UP for p < 2. Nevertheless, variations of the above strategies
have been successfully employed in numerous applications to nonlinear global-in-time problems in the
case p > 2. In the case p < 2, the only result we are aware of is [Sterbenz and Tataru 2010, Lemma 5.7
and its proof], where this approach is used in conjunction with an interpolation argument to give a partial
result only; see Remark 6.2 for further details.

It turned out that one of the most powerful function spaces in the context of adapted function spaces
is the space of functions of bounded quadratic variation V2, which is slightly bigger than U2. Our first
main result of this paper is the corresponding transference principle in V2 for a quite general class of
surfaces in Theorem 1.1 below.

We start with some definitions. Define Z = {(¢;);ez : t; € Rand t; <t; 11} to be the set of increasing
sequences of real numbers and 1 < p < co. Given a function p : R — L2, we define the p-variation of p

to be
1

plvr = sup (1) = ptt-0l7; )

(tj)EZ j eZ
The Banach space V'? is then defined to be all right continuous functions p : R — L)zc such that

lollve =lpllpeer2 +lolve < oo.

Given a phase @ : R” — R we let qu denote the space of all functions u such that e/ ®V)y ¢ P
equipped with the obvious norm ||“||qu = e ®IV)y ||y ». In other words, the space Vq‘;’ contains all
functions u € LS° L2 such that the pull-back along the linear flow has bounded p-variation; in particular
we have

it ®(—iV
1Y) Fllye =1/ 2

Before stating Theorem 1.1, we need to introduce the assumptions that we impose on our phases, which
are motivated by [Lee and Vargas 2010; Bejenaru 2017]. Examples will be discussed in Section 2. Let
®; :R" — R and A; be a convex subset of {{= < || < 16}. Given h = (a,h) € R'™" and {j. k} = {1,2}
we define the hypersurfaces

i) =t e AjN(Ax+h): ;) = P (§—h) +aj.

With this notation, we are ready to state the main assumption; cf. [Bejenaru 2017; Lee and Vargas 2010].
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Assumption 1 (transversality/curvature/regularity). There exist D1, D> > 0 and N € N such that for
®q, Dy : R® — R the following hold true:

(i) Forevery {j, k}=1{1,2}, he RI*" £ & € 3;(h), and n € Ay we have the estimate

(VD (§) = VO, (§) A (VO;(§) = Vi ()| = D15 - €.
(ii) We have ®; € C N(A ;) with the derivative bound

sup  [[0“D;|[Loo(a;) < Do
1<|k|<N
The condition (i) in Assumption 1 is somewhat difficult to interpret, but one immediate consequence is
the bound .
D, [§-¢|

Vo, () —Vd; () = ’ -
[V, (&) i (§D)] [V®q|lpoe + [|VP2] Lo o

which holds for every £, £’ € X (). To some extent, this is a curvature condition, as it shows that the
normal direction varies on X; (). Another consequence of (i) is that for every £ € A1, n € A, we have
the transversality bound

D,
min{[|[V2®1||Lc0, [[V2Pa |0}

VO 1(§) —VPa2(n)| = (1-2)
This follows by simply observing that for every £ € A there is h € R'*” such that £ € X (h). Our first
main result can now be stated as follows.

Theorem 1.1. Letn =2, p > (n+3)/(n + 1), and D1, D, Ry > 0. For j = 1,2, let Aj,A;‘ C
{% <lE < 16} with A convex and A;’f +1/Ro C Aj. There exists N € N and a constant C > 0 such
that, for any phases ®1 and ©; satisfying Assumption 1, and any u € Vzl, vE chz with supp u(t) C AT,
supp 0(t) C A3, we have

uvllzp ey < Clullyz I0llyz -

Note that the constants N and C depend on the parameters p > (n + 3)/(n + 1), n = 2, and
D1, D5, Ry > 0, but are otherwise independent of the phase ®;, the sets A, A;’.‘, and the functions u
and v. Moreover, as the conditions in Assumption 1 are invariant under translations, the condition that
Aj C {% << 16} can be replaced with the condition that the sets A ; are simply contained in balls of
radius 16. In other words, the location of the sets A; plays no role. We refer the reader to Corollary 6.1
for a generalisation of Theorem 1.1 to mixed norms. Further, we refer to Corollary 6.4 for a generalisation
to more general frequency scales in the case of hyperboloids, which is also shown to be sharp.

Let us summarise the developments for solutions to the homogeneous equation, i.e.,

U = eit¢1(—iV)J(; v = eit‘I’z(—iV)g.
First estimates of this type for nontrivial p < 2 are due to Bourgain [1991; 1995] in the case of the

cone, i.e., ®1(§) = D, (&) = |€]. Subsequently, these have been improved by Tao, Vargas and Vega [Tao
et al. 1998], Moyua, Vargas and Vega [Moyua et al. 1999], Tao and Vargas [2000a], before finally Tao
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[2001] proved the endpoint case p = (n + 3)/(n + 1); see also Remark 5.1. Actually, we observe that the
vector-valued inequality in [Tao 2001] is strong enough to deduce the estimate in U? in the case of the
wave equation; see Remark 5.2. Related estimates for null-forms have been proved by Tao and Vargas
[2000b], Klainerman, Rodnianski and Tao [Klainerman et al. 2002], Lee and Vargas [2008], and Lee,
Rogers and Vargas [Lee et al. 2008]. In the case of the paraboloid, i.e., ®1(£) = ®,(§) = |£|? the result
for homogeneous solutions is due to Tao [2003], with generalisations by Lee [2006a; 2006b], Lee and
Vargas [2010], and Bejenaru [2017] under more general curvature and transversality conditions, as well
as by Buschenhenke, Miiller and Vargas [2017] for surfaces of finite type. For our approach, the most
important references are [Tao 2003] concerning notation and general line of proof and [Lee and Vargas
2010; Bejenaru 2017], concerning the assumptions on the phases and its consequences. Throughout the
paper, we shall point out similarities and differences in more detail.

We would like to highlight the fact that we explicitly track the dependence of the constants on the
phases in Theorem 1.1 based on the global, quantitative Assumption 1; in particular we avoid abstract
localisation arguments. This is helpful for applications to dispersive equations, as we will see below. The
main novelty of this result, however, lies in the fact that it holds for Véj -functions in the range p < 2.

Now, we turn to the application of Theorem 1.1 to nonlinear dispersive equations with a quadratic
nonlinearity which exhibit resonances. Roughly speaking, by a resonance we mean the scenario that
a product of two solutions to the homogeneous equation creates another solution of the homogeneous
equation; see Section 8 for details. This leads to the lack of oscillations in the Duhamel integral and hence
to strong nonlinear effects. In many instances, one finds that the Fourier supports intersect transversally
in the resonant sets. As an example, we mention the local well-posedness theory for the Zakharov
system [Bejenaru et al. 2009; Bejenaru and Herr 2011], where this is exploited in terms of a nonlinear
Loomis—Whitney inequality [Bennett et al. 2005; Bejenaru et al. 2010; Bennett and Bez 2010; Koch
and Steinerberger 2015]. This is a special case of the multilinear restriction theory [Bennett et al. 2006;
Bennett and Bez 2010]. Here, we will exploit transversality in resonant sets via Theorem 1.1 and prove
global-in-time estimates which go beyond the range of linear Strichartz estimates.

With this approach, we address the Dirac—Klein—Gordon system

—iVMaMW + My =¢y,
06 +m*¢ =y Ty%y.

Here, ¥ : R1*3 — C* is a spinor field, ¥ = ¥*, ¢ : R1*3 — Ris a scalar field, 0 := 82 — A is the
d’ Alembertian operator, and M, m = 0. We use the summation convention with respectto u =0, ..., 4,

(1-3)

and the Dirac matrices y* € C**# are given by

. 0 of
0 .
= diag(1,1,—-1, -1 J = ;
% iag(1,1,-1,-1), vy (—01 O)’

with the Pauli matrices
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We are interested in the system (1-3) with the initial condition
V(O =yo:R>—>C* and ($(0).9:¢(0) = (bo.¢1) : R* - RxR. (1-4)
In the massless case, (1-3) can be rescaled and the scale-invariant Sobolev space for (Yo, g, ¢1) is
L2(R3:C*) x H2(R3R) x H™2(R3: R).

Let ()7 =(1— Agz)% denote o angular derivatives; see Section 7B for precise definitions. Our second
main result is the following.

Theorem 1.2. Suppose that either 2M = m > 0 and o0 > 0, or that m >2M > 0 and ¢ > %. Then, for
initial data satisfying

I{2) Yol L2 @3y + () Pollg1/2@3) + 1(R2)° D1l g-1/2@3) < 1.
the system (1-3)—(1-4) is globally well-posed and solutions (¥, ¢) scatter to free solutions as t — F00.

As the proof relies on contraction arguments in adapted function spaces, the notion of global well-
posedness in Theorem 1.2 includes persistence of regularity and the local Lipschitz continuity of the flow
map and it provides a certain uniqueness class. Note that the angular regularity does not affect the scaling
of the spaces. In summary, Theorem 1.2 establishes global well-posedness and scattering in the critical
Sobolev space for small initial data with a bit of angular regularity.

In the case 2M > m > 0, which we call nonresonant regime due to Lemma 8.7, this theorem improves
Wang’s result [2015] by both relaxing the angular regularity hypothesis and replacing Besov spaces
by Sobolev spaces. We also mention the previous subcritical result [Bejenaru and Herr 2017] without
additional angular regularity, where the possibility of a Besov endpoint result with an € > 0 of angular
regularity was discussed in Remark 4.2. In the case m > 2M > 0, which we call the resonant regime due
to Lemma 8.7, this appears to be the first global well-posedness and scattering result in critical spaces for
(1-3). A similar comment applies to the case 2M = m > 0, which we call the weakly resonant regime. It is
the resonant regime where we employ Theorem 1.1; see also Remark 7.6. Concerning further comments
on the number of angular derivatives required in the resonant case, we refer to Remark 8.4.

We shall only mention a few selected results on this well-studied system (1-3). We refer the reader
to [D’Ancona et al. 2007] for previous local results and to [Chadam and Glassey 1974; Bachelot 1988;
Bejenaru and Herr 2017; Wang 2015] for previous global results on this system. Concerning its relevance
in physics we refer the reader to [Bjorken and Drell 1964].

The organisation of the paper is as follows: In Section 2, we discuss a sufficient condition on the phases,
verify Assumption 1 in the case of the Schrodinger, the wave, and the Klein—-Gordon equations, and derive
important consequences, in particular the dispersive inequality, and a bilinear estimate for homogeneous
solutions in L%, .- In Section 3, we study wave packets, atomic spaces and tubes. In Section 4, we state
and prove a crucial localised version of Theorem 1.1. The proof proceeds by performing an induction-on-
scales argument, and reducing the problem to obtaining a crucial L2-bound which in turn follows from a
combinatorial estimate. Section 5 is devoted to the globalisation lemma, which removes the localisation
assumption used in Section 4, and hence concludes the proof of Theorem 1.1. In Section 6, we generalise
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Theorem 1.1 to mixed norms and, in the case of hyperboloids, give an extension to general scales and
discuss counterexamples. In Section 7 we prepare the analysis of the Dirac—Klein—Gordon system and
prove Theorem 1.2 under the hypothesis that certain bilinear estimates hold true. In Section 8 we discuss
some auxiliary estimates and finally provide proofs of the bilinear estimates used in Section 7.

2. On Assumption 1: examples and consequences

We now discuss examples, and consider in detail a number of key consequences of Assumption 1. All of
this is known to experts, at least in the specific cases we are interested in. The main objective is to verify
that Assumption 1 allows for a unified treatment which allows us to track the dependence of constants on
the phases.

2A. A sufficient condition. Let diam(A ;) = supg g/¢ A |¢ —&'|. The condition (i) in Assumption 1 is
somewhat difficult to check (essentially since we insist on a global condition rather than just a local condi-
tion using the Hessian of ®;). In practise it is easier to check the following marginally stronger conditions.

Lemma 2.1. Assume that the following three conditions hold:
(1) ForallE e Ay andne A,
[VO1(§) = VD2 (n)| = 4. -1

(i) For j =1,2,and everyh € R and £, &' € ¥;(h)

(VO (E) Vo) - é g 7| dals g, 22)
(iii) The sets A1 and A, satisfy
diam(A 1) + diam(A,) < 414, (2-3)

2(|V2®1 || Lo (ay) + V2 D2 Loo(az)?
Then, condition (1) in Assumption 1 holds with D1 = %AlAz.

Proof. The first step is to observe that for vectors x, y € R”, and w € S"~! we have

xAy|=|yllx-o|—|x|]y- ol (2-4)
Indeed, this follows from
2
Xy
X Ay?=IxP|yP = (x-p)> =y x-TEY|
which implies
xX-y |x]
XAy = |y|‘ |2y‘ ‘W”"Z'y'(' ol= e |)

In particular, if we let x = V®;(§) —V®;(£'), y = V®;(§) — VP (n), and w = (§ —&')/|E — &|, then
since |x| < || V2D, || Lo(A;)|E — &' (using the convexity of A;), the lower bound (i) in Assumption 1
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would follow from (2-2), (2-4), and the transversality condition (2-1), provided that
§—¢ | _ A14,

§ =&l " 2IV2®)llLoo(a))

The proof of (2-5) requires the condition £, £’ € X; () together with the assumption (2-3) on the size of
the sets A ;. Let

(V®;(§) = Vi ()

(2-5)

0j(x,2) =Pj(x) —Pj(z2) = VP;(2)- (x —2).
A computation gives
V®;(2)-(x—y) = (9 (x)=0; (x,2) =@ (2) =V ®; (2)-2) = (®; (y) —0; (y, 2) =P, (2) = VP (2) )
=®;(x)—®;(y)+0;(y,2)—0j(x,2),

and hence, using the assumption £, £’ € X (), we see that

(VO; (§) = V() - (6 &)
=0;(5)— (&) +0; (. &) — (®;(E—h) — Ok (' — ) + ox (E' —h,n) —op (§ — 1, 1))
=0; (&, &) +ox(E—h,n)— o (E' —h,n).

If we now observe that

1
Gj(x,Z)—Oj(y»Z)=/0 [VO;(y+1(x—y) =V (2)]-(x—y) dt < |V>®; | poo(a,) diam(A ;)| x — y|

we then deduce the bound

st
(V0,6) = V) £~ | < dam(A ) [V [ owqay) + diam(A2) V@2l e
Consequently (2-5) follows from (2-3). O

2B. The Schrodinger, the wave and the Klein—-Gordon equations. We now consider some examples of
phases satisfying Assumption 1. It is enough to check the conditions in Lemma 2.1. In particular, by
making the sets A; slightly smaller if necessary, it suffices to ensure that the transversality condition
(2-1) and curvature condition (2-2) hold.

Firstly, consider the Schrodinger case

®;(§) = 51¢1~
Then the condition (2-1) in Lemma 2.1 becomes

[VO1(§) = VDo ()| = [E —nl;
thus we simply require that the sets A; have some separation. Assuming that the diameters of the sets A ;
are sufficiently small, we just need to ensure that (2-2) holds. However (2-2) is just
§-¢
|§ —¢&'|

(VO;(§) = VP;(E)- =§-¢

and so (2-2) clearly holds (with constant A, = 1).
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Secondly, consider the case
1
@) (£) = (E)m; = (m] +|E7)2,

where the mass satisfies m; > 0. To simplify notation, we assume that for § € A; there is a constant
A > 0 such that

1
Z S <§ )m j <A
To check the transversality condition (2-1) we note that
§ U

(é)ml <77>m2
C(EL Il L 2l (_E-n)
‘(@)ml <n>mz)+<s>ml<n>mz1 Tl
_ (szEI+m1|nl)(mz|§|—mllnl))2 21el ) (_s_n) _
(<s>m1<n>m2(|s|<n>m2+|n|<s>ml> ETITTIN G B

(in particular, we always have transversality if |£| ~ |n| ~ 1 and m1 < m»).
On the other hand, to check the condition (2-2), we use the following elementary bound.

[V, (§) — Vo, (n)|° = ‘

Lemma 2.2. Let £ =2 and (a,h) e R If x, y € {z € RY : |z| = |z — h| + a} we have the inequality

4 lx —h?
16 x| |y [|x — A2 +4(jx —h| + [x[)2[y[>

X x—h
lx|  |x—nhl

2
X Y
S k- yP?
x Dyl

Proof. The condition x € {z € R : |z| = |z — h| 4+ a} implies |x — h|?> = (|x| —a)? and hence

X |h|?> —a?
—h=——+a.
|x] 2|x|
Therefore 5
* ) >ML_L - x—hl|x x—h x| =1yl
x| |yl 20a) Ilxl Ayl 20Afylx] |x = Al ’

where we used the identities 7 = x — (x —h) and a = |x| —|x — &|. The lemma now follows by noting that

2

=yl O

x = y[? = |x]]y] =Dl
vl

We now show that (2-2) holds. A computation gives
2 712 / /
006V N80 = 15+ = 5T
E-E+mr £ +m?
(§)m, (§")m, ‘

2

= |{EVm; + (E)m;

(E)m; + (€")m,
2

X y

RYNRY

’
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where we let x = (m;,§) and y = (m;, £"). If we now note that the surface ®; (§) = O (§ —h) +a can
be written as |x| = |y — /| + a with i’ = (my —m;, h), then an application of Lemma 2.2 gives
A} 2
[(VO;(§) =V, () - (-8 = 5l —&~
324
Therefore, by Lemma 2.1, we see that (i) in Assumption 1 holds with D{ = Af /(64A4%). Note that the
above argument also applies in the case of the wave equation m; = m, = 0.

2C. The dispersive inequality. To simplify the statements to follow, we fix constants Ro =1, D1, D> >0
and N > n + 1, and assume that we have phases ®1, ®, satisfying Assumption 1 and sets A, A;'-‘ with
Aj convex and AT +1/Ro CA;j C {% < |§] < 16},

As a consequence of the curvature-type bound (1-1) relative to the (n—1)-dimensional surface ¥; (h),
we expect that we should have the dispersive inequality

. =iV _n—1
e fllpee ST f iy @7

for f e L' with supp f C A;. To prove this decay in practise, the standard approach would involve a
stationary phase argument. However, as we only have curvature information on the surfaces X (h), and
these surfaces are somewhat involved to work with, the standard approach via stationary phase arguments,
keeping track of the constants, seems difficult to implement. Consequently, we instead present a different
argument, using an approach via wave packets. Roughly speaking, fixing some large time ¢ &~ R, the idea
is to cover A; with balls of size R~ and decompose ¢’ ®/ V) f as

eit<I>j(—iV)f _ Z Kg, * f
g0€R—1/27" Nsupp f

for some smooth kernels K¢ (7, x) with || Kg (1) o0 < R™3. Then since ¥ i (h) is a hypersurface, by
restricting to points close to X (h) we should have

> Kg, (1, X)

g0€R~1/27" Nsupp f

1
<1 f1l R? sup

it®d;(—iV
e V) fll oo < I f 11

o0
X

> Kg, (t, )

EoeR~1/22"N(Z; (h)+R71/2)

oo
X

The condition (i) in Assumption 1 then shows that, for times ¢ ~ R, the spatial supports of the kernels
K¢, (2, x) are essentially disjoint, and hence

‘ Z Kgo(l‘,x)

E0€R™1/22"'N(Z; (h)+R~1/2)
which would then give the desired dispersive estimate (2-7).

NS

n
~ sup 1Kyl < R4~ 1k,
LS §0eR™1/22'N(Z; (H+R™1/2)

In the remainder of this subsection, we fill in the details of the argument sketched above. We first
require a technical lemma involving the surfaces X; (h).
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Lemma2.3. Let {j, k}=1{1,2}, h=(a,h)eR'"™", andr =2(D,/D1)Ry. Assume EOE(A;‘-‘+1/(2R0))H
(Ap+h+1/(2Ry)) and

) (60) — D o~ ) —a| < 1.
Then |Eo — X (h)| < D2/(Dqr).

Proof. Define F(§) = ®1(§) — ®»(§ —h) —a; by replacing F with — F if necessary, we may assume that
F (&) = 0. We need to show there exists |&€ —&g| < D, /(Dqr) such that F (&) = 0. To this end, let £(s)
be the solution to

| VFE®)
VEEG)

Note that, for times s € [0, D5 /(r D1)], we have |£(s) —&p| < s. On the other hand, since |F(§p)| < 1/r
by assumption, the transversality property (1-2) implies

95§ (s) = §(0) = &o.

F@@D=F@®—AIVF@MDM§s%_J%i

Consequently F'(£(s)) must be zero for some s € [0, D, /(r D1)] and hence the result follows. O
We now come to the proof of the dispersive inequality.

Lemma 2.4 (dispersion). Let j = 1,2. Forany f € L. with suppf C A;'.‘ +1/(2Rop) and any t = 1
we have

n—1

20 £ gy

where the implied constant depends only Ry, D1, D5, and n > 2.

e ®/ T fllpge < 1™

Proof. Tt is enough to consider the case j = 1 and R <t < 2R with R > (10R()? Since A5 +1/(2Ro)
contains a ball of size (2Rg)~!, we can find a finite set H C R” such that #H < R{ and Ay =
Uner A1 N (A3 +1/(2Rp)h). In particular, by decomposing supp f into O(Ry) sets, it is enough to
consider the case supp f C (AT +1/2Ro)) N (A5 +1/(2Ro) + h). Let p € C§°(|€] < 1) such that

D -k =1

kezn

The support assumption on f , together with the fact that R > (10R)?, implies

1Y) £)(x) = > Kgy (1) * f(x),

EOGR_l/ZZ”ﬂ(supp f—l—ﬁ)

where Kg,(f,x) = [gn ,o(R%(S —£9))elt®1®)eixE ge Since R <t < 2R, our goal is to show that

“ > |K&0Jm‘

g()ER_l/ZZnﬂ(Supp f‘f‘ﬁ)

n—1

R 2.

<
LY
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We would like to write this sum in a way which involves the hypersurfaces ¥1(h). Fix 0 <46 K
D,/(D; —|— D) and let §* = (D1/D3)$. Given & € R™ 37N (suppf + 1/(10Ry)), we can find
a € 8*R™27 with |a| < 2D, such that

|1 (Eo) — B2 (Eo—h) —a| <6*R™2

Therefore, an application of Lemma 2.3 with r = R2 /8% implies & € X1(a, h) + 8R_%; hence we have

> Kt 0)| < > > |Kg, (2, )]

EoeR=1/22"N(supp f + 1o75) aﬁZsz_l;/;Z g0ER™1/27nN(Z (a,h)+8R~1/2)
1
< R2sup Z | Kg, (2, x)].

" t0eR-1/2210 () (h)+6R-1/2)

We now exploit the localisation of the kernel, together with the partial curvature condition (1-1). Write

Ke (1,x)=R™2 f p(£)e!@1(RT!2E4£0)=RT1/2V @1 (§0) €] (iR™2(x41V @1 (06 ¢
Rn

Integrating by parts n + 1 times gives
|Key(t.x)] S R2(1 +R—%\x+rv¢1($o)} - (2-8)

Let & € R_§Z” N(XZi(a, h)+ R 2) denote the minimum of |x + ¢tV ®;(&p)|. We claim that for every
§o€R™ 27" N (Zq1(a,h)+ R_i) we have

Ix +1V®1(50)| = DRI — ). (2-9)

Assuming this holds for the moment, we would then obtain

1
> | Kgy (1. %) S R? sup > | Keo(t.%)]
§0€R=1/227(\(supp /+ 5l ) " goeR172210 () () +R-1/2)
SR (4R e-g) T SR
EgeR—1/27n

as required. Thus it only remains to verify (2-9). This is immediate if RD1|§p —&y| < 2|x +1V®, (50)|.
Thus we may assume that RD |y —£)| = 2|x + VP (&))]. Note that this 1mphes |E—&)| =R 2. By
construction, there exists &, &’ € 31(h) such that |§ —&p| <SR~ 2 |E' —E)| <OR™ 3, Therefore, applying
the lower bound (1-1), we deduce that

X +1V®1(E0)| = t|VO(E)—VD(E)|—|x+1VP1(5)|—t|VP1(50)—VP1(§)| 1|V D1 (§9)— VD1 (§)]
> RD|E—&'|—|x+1V®, ()| —4D28R?
> LRD1|§0—5)|—4(D1+D2)SR? = LRD1|50—5|.

provided that we choose § < D1/(D1 4+ D»). Hence we obtain (2-9) and thus result follows. O
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Remark 2.5. By the standard 7 T *-argument, this implies the linear Strichartz-type estimates for wave
admissible pairs. We omit the details and refer to [Keel and Tao 1998].

2D. Classical bilinear estimate in Ltz’ ++ The main use of the transversality property (1-2) contained
in Assumption 1 is to deduce the following well-known bilinear estimate, which dates back at least to
[Bourgain 1998, Lemma 111] in the case of the Schrédinger equation and n = 2.

Lemma 2.6. LetO<r <land f,g € L)ZC. Assume that the supports of f and g are contained in balls of
radius r intersected with A1 and A, respectively, and for all £ € Ay and n € A,

[V®1(§) = VP2 ()| = Co. (2-10)
Then,
i1®(—iV) 4,it B2 (—iV) (7Y
e fe sliz, i < (g ) 1/ 1zlelzz:
Proof. Form =1,...,n let

Co
Qm = {(E, N €A XAy |0m®P1(§) —0mPa(n)| = %}
Condition (2-10) and the support assumptions on f and g imply that we have the decomposition

e — n
(P felt P2 M g) ) = 3 / fE=ma(mla, —n.ne! @ EMTLRN ay
m=1’R"

Consider the m = 1 term and write 7 = (171, ') € R x R"~1. The change of variables (71, 1') — (t, 1),
where T = ®1(§ —n) + P2(n), gives

[ FE=mimia - e @ Enrem

_ (& =nm)30r) e
_/;Q/Rn—l al(bl(g_n*)_alqu(n*)lﬂl(g n.,n )d?’} e dr,

where n* = (n1[7, &, 1], 7’). Thus an application of Plancherel, followed by Hélder in 1/, shows that

H »/I.Q” f(g - n)é(n)lﬂm (é -, n) eit(él(g_n)-f‘q)z(n)) dT]

2
L7

1o, (E—n*.n")dn

/ FE=n"e0")
rr—1 01P1(§ —n*) — 01 D2 (n*)

L2,
; 1
SE—n")En") 2r)"—1\2

|01 P1(E —n*) —01P2(n*)[2 L2, , 0

where the last equality follows by undoing the change of variables. Since the terms with 1 <m < n are

n—1 2
< (zr)Tl_"l
Cy

identical, the lemma follows. O
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2E. Geometric consequences. The last step in the proof of Theorem 1.1 requires a combinatorial Kakeya-
type bound. This bound relies on the fact that certain tubes intersect transversally, and is the main reason
for introducing the condition (i) in Assumption 1. The following is motivated by [Lee and Vargas 2010;
Bejenaru 2017]; see also Section 9 of [Tao 2003].

Let h € R'*" and define the conic hypersurface

Ci(h) ={(r,—rV®;(§)):r eR, §€X;(h)}.
A computation shows that the tangent plane to C; (f) is spanned by the vectors
(1,=V®;(§)) and H®;)v forveTgX;(h),

where H®; (&) denotes the Hessian of ®; at £. On the other hand, as we will see in the proof Lemma 2.7
below, the condition (i) in Assumption 1 implies

[(1,=V®; () A (1 =VO(m) A0, VO; (§) = V&; (§))| 2 € — §']

for every §,&" € X (h). Hence, letting §’ — & in X (h), we can interpret (i) in Assumption 1 as saying
that, for every v € T¢ X (h), we have

[(1,=V®; () A (1, =VOr () A (0, HD; (§)v)| 2 [v].

In particular, the vector (1, —V®g (1)) must be transversal to the surface C;(h) for every n € Ax. A
more quantitative version of this statement— and the one we make use of in practice —is given by the
following.

Lemma 2.7. Leth € R and {j, k} = {1,2}. Foreveryn e A;j and p,q € Cr(h) we have

D|p—q|
(A + Vx|l Loo(a DIV Px [l oo ()

(p—) A (1, =V D;(n)| =

Proof. Let w, w’, w” € R™. The identity

, [vAz|
X AyAz|= inf
vespan{x,y} |V|

[x Ayl
implies
|1 w" )AL w) A0, w—w)] = |1, w) A0, w—w") A0, w-—w)|

A 1’ i
= inf M!(O,w—w”) /\(O,w—w/)‘
veWw [v]

= |(w—w") A (w—w),
where W = span{(0, w — w"), (0, w — w’)}. Consequently, applying the wedge product identity once
more, we deduce that for every v € span{(1, w), (0, w —w’)}
[(w—w") A (w—w')|

AL w")| = . 2-11
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Fix n € Aj and p,q € Cr(h). By definition, this implies that we have £,& € X;(h) and r,r’ > 0
such that p = (r, =rV®,(€)) and g = (r’, —r' V& (§')). Clearly, due to the convexity of Ay we have
VO (E) = VO, (E)] < V2P lLoo(a,)|E —&] If we now let w = VP (), w' = —V (&), and
w” =—-V®;(n) in (2-11), then we deduce from (i) in Assumption 1 that

D |v|
(L+ IV, [l Loo(ar) I V2Pl oo (a)
for every v € span{(1, —V®(§)), (0, VO, (§) — VO, (£'))}. Taking v = p — ¢ and observing that we
can write

[vA (1L, =Vo; ()| =

(p—q) = (r =) (1, =V&r() +7'(0, Vi (§) — VO, (§)).

the required bound now follows. O

3. Wave packets, atomic spaces, and tubes

We now discuss the wave packet decomposition. To some extent, we follow the arguments in [Tao
2003], but use a slightly different notation by using projections labelled by phase-space points as in [Lee
and Vargas 2010]. Again, this helps us to carefully track constants. In addition, we consider certain
atomic decompositions. Concerning the phases ®;, it turns out that the only property we require in the
construction of wave packets below, is (ii) in Assumption 1. Consequently, throughout this section, we
fix constants Rg = 1, D> >0 and N > n + 1, and assume that for j = 1,2 we have sets A, A;‘ with A
convex and A;‘ +1/Ro CAj C {11—6 <|El < 16}, and phases ®; : A; — R such that

sup ||3K<Dj||Loo(Aj) < D,.
1<|k|<N

3A. Wave packets. Let R = 1 and define the cylinder
Or={(t.x)eR"™: 1R <t <R, |x| <R},
and X = R27" x R-27". Define

X ={(x0.60) € X :£o € A¥ +3R 72}

to be the set of phase points which are within 3R™Z of A}k. Note that provided R = (3Rg)?% if y =
(x0,&0) € &j, then & € A;. Given a point y = (x¢,&p) € X in phase-space, we let x(y) = x¢ and
£(y) = &o denote the projections onto the first and second components respectively. Fix n, p € S(R")
such that supp ) C {|€| < 1}, suppp C {|§| < 1}, and for all x, & € R”

donx—k)y =Y pE—k) =1
kez" kez"
Given y € X and f € L2(R"), define the phase-space localisation operator

(Lyf)x) = n(x _’i(”) [p(_iv j?(”)f]m.
R2 R 2
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Note that by definition we have

— _1
f=Y Lyf suppL,fClEecR":[E—E(y)| <2R 2},
YEX
Moreover, letting

_ N-1+241
) = (14 E200) ,

R2

for any I' C & we have the orthogonality bounds
>Siof| 5
L%

yel
To simplify notation, we define the slightly larger phase-space localisation operators Lf‘, =wy(x)L,. It

> oy L @I ) 11 G-1)

yel

is worth noting that L?, f no longer has compact Fourier support; this does not pose any problems in the
arguments to follow, as the only properties that we require are the trivial bound ||L,, f || 2 < ||Lf, £l L2

and the orthogonality bound in (3-1).
To define wave packets, we conjugate the phase-space localisation operator L, with the flow et ®j (=iV)

Definition 3.1 (wave packets). Let j = 1,2, R > (3R¢)? and u € L°L2(R'™™). Given a point y; € A},
we define
(Py,u)(t) = eitfbj(—iV)Lyj (@11 1)),
Similarly, we define
(Pﬁju)(t) _ eiICDj(—iV)Lﬁj (e 1% V) (1))
We also require the associated tubes 7).

Definition 3.2 (tubes). Let j = 1,2 and y; € X;. Then we define the tube Ty, C RI*" as
Ty, = {(t,x) R LR <t < R, |x —x(y) +1VD;(E(r))| < R?).

The most important properties of the wave packets Py, u are summarised in the following.

Proposition 3.3 (properties of wave packets). Let j = 1,2. For any R = (3Ry)? [ € L2 with
supp f C A*, and u = €'*® V) £ e have u = >y ex; Prjtts supp Py, u C {[§ —£(y)| < 2R3},
and given any I'; C Xj we have the orthogonality bound

%
> Pyu s( 3 ||L§,.f||i§) <INz (3-2)

v, €L v €l

LPLY

. 1
Moreover, the wave packets Py, u are concentrated on the tubes Ty, in the sense that for every r = R2,

and any ball B C R'"*"  we have the bound
;NN !
< (—) ( S Lk f||§§) | (3-3)

IR
)/jEFj Lt,x(BmQR) R2 )/jEFj

dist(Tyj ,B)>r

Here, the implied constants depend only on Ry, D>, N and n = 2.
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Proof. This result is somewhat standard; see for instance [Tao 2003, Lemma 4.1] and [Lee 20064,
Lemma 2.2] for related estimates. We only prove the localisation property (3-3), as the remaining
properties follow directly from the definition of P, together with the analogous properties of the phase-
space localisation operator L. Let y; = (xo, o) and write

- /R Key(t,x = )Ly, () dy,

where, as in the proof of Lemma 2.4, the kernel is given by K¢, (7, x) = [ p(R% (E—£p))e't P E)pixE g
Note that, as in (2-8), integrating by parts N — 1 times, and using the fact that || < R, R > 1, we deduce

that
n [V(D 1-N
KSO(I,X)SR_2(1+—|X+ 1’@0)') :
R2

Plugging this bound into the identity for Py, u(z, x), we deduce that
(| lx—xo+ V&) TN |y —xol \V !
Py u(t. )| < R z(1+ YO, 1+ 2= Ly, F()] dy
R2 R7 R2
|x —x0 +1V®; (E0)| '
— ILE [z

SR—3(1+

Since there are O(R%) choices of &y, and
|[x —x0 +1V®; (§0)| = |(t, x) = (1, X0 =1 VD; (o))
Z dlSt((Z, x)v T)/j )’
an application of Holder’s inequality gives for any (¢, x) € B

D IPyu,x)l

vj€l;
dis(Ty ; , B)=r

e !

1
V) EX; R> y; €L
dist(Ty/. ,B)=r

n+3_N 1

= _ . —n—1y3 2
5(L) sup( Z (1+|x X0+ZV<I>/(5O)|) ) (Z ”L?f./f”i)%)

T
o xo€R1/27n R> vy, €l

; n-;l%_N %
() ()
2

;€L
as required. O
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3B. Atomic spaces and wave packets. Closely related to the V7 spaces, are the slightly smaller U?
spaces; see [Koch and Tataru 2005; Hadac et al. 2009; Koch et al. 2014].

Definition 3.4. Let 1 < p <o0. A function p: R — L)zc is called a U? atom if there exists a decomposition
p =Y jer 17(t) f7 subordinate to a finite partition

I ={(—00,11).[t2.13), ..., [tn.00)}

of R such that

1

D
Irlgez = (2 ||fJ||{%) <1

JeT

The atomic Banach space U7 is then defined as

j
with the induced norm
Ipllur = _inf Z|"k|-

P=2_k Ck Pk X
¢xa UP atom

The space U} is the set of all u : R — L2 such that e~1®(=IV)y ¢ UP with the obvious norm.

Letu=) ;1; (1)t =iV) £ bea Uq%j atom. Since 17 () commutes with spatial Fourier multipliers,
we have

Pru=y 1,0 ® VL, f;,
Phu=Y 150" VLE £y
J

Proposition 3.3 gives the following.

Corollary 3.5 (wave packets for Uq% atoms). Let j = 1,2. For any R = (3R¢)? and qu) atom u =

> 1(0)e!* @i V) f£5 with supp i C A7, wehaveu —Zy ex; Pyjus suppPyju c{|&— S(y)| <2R_§},
and given any I'; C Xj we have the orthogonallty bound

Z PVJ

. 1
Moreover, the wave packets Py, u are concentrated on the tubes Ty, in the sense that for every r = R2,
and any ball B C R we have the bound

5

y;€l;
d]St(Ty ,B)>r

(Z 1% mmz) <ol 2 (3-4)

OO
L¥L% y;€l’;

nt3_ N
r 2 ﬂ 5 2
(X i) (3-5)

LS. (BNOR) (Rz yier;

Here, the implied constants depend only on Ry, D>, N and n = 2.
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3C. Sets and relations of tubes. We repeat the definitions and notation used by Tao [2003], but as above
we adopt the point of view that the basic objects are the phase-space elements y € A, rather than the
associated tubes Ty, .

For § > 0, let B be a collection of (space-time) balls of radius R'~% which form a finitely overlapping
cover of O g. Similarly let ¢ denote a collection of finitely overlapping cubes g of radius R2 which cover
the cylinder Q. Let R%g denote a cube of radius RS+ with the same centre as q. Given a collection
I'; C &, and a cube g € ¢, we define

Li(q) ={y; €T;: Ty, N R%q # &},

so I'j (¢) is the subcollection of our phase-space decomposition such that the associated tube 77,; intersects
a slight enlargement of the cube ¢ € ¢. In the remainder of this subsection, the implied constants may
depend on n = 2 only. Given 1 < 1, o < R199% define

q(pu1.p2) =1{q €q :pj <#j(q) <2p;. j =1.2}
Thus, roughly, g (141, n2) restricts to those elements of ¢ which are intersected by p; tubes Ty, y; € [';.
Given y; € I'j, we let

Myjopasp2) =#q € q(pa.p2) 1 Ty, N RO # @)

and for every 1 < A; < R!190" we define

Li[Aj o paspma]l =y € Tj 1 A; S Ay), s p2) < 2454

So I'j[Aj, 1, u2] essentially restricts to y; € I'j such that the associated tubes Ty,; intersect A; cubes in
q(p1, p2). Clearly
U L&), pr, p2) =Ty
1<Aj, i, no SR1007

The following relation ~ between balls in B and y; € I'; plays a key role in the arguments to follow.

Definition 3.6. Given y; € I';[A;, w1, u2], we let B(y;,A;, u1, n2) € B denote a ball which maximises

#lgequi.pu2): Ty, NROq # 3, g0 B(y;, Aj, 1, j12) # D).

If B € B, and y; € T'j[Aj, u1, u2], we then define y; ~,; 4y, u, B if B C 10B(y), Aj, 1, h2). To
extend this definition to general points y; € I';, we simply say that y; ~ B if there exists some
1< Aj, w1, 2 < RO guch that y; ~Ap e B

Remark 3.7. This definition has the following important consequences:

(i) Let y; € I'; and consider the set {B € B : y; ~ B}. Since there are at most O(R¢) dyadic
1< Aj, w1, o < RY%% such that y; € I'j[A;, 41, 2], and only O(1) balls B such that y; ~Ag e Bs
we have

#HBeB:y ~B} < > #BEB:yj ~3, uus B} S > 1 < RS
1<Aj, w1, Ho<R1007 1<A;, 1, 2 <R100M
v €L (A m1,12]
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(ii) Fix 1 <A1, 1, 2 < R1%% and let y; € Tj[A}, i1, p2]. By definition, we have
Aj S#{gequi.p2): Ty, N Rq # o}

<> #geq(ui.p2): Ty, NRq# @, qN B # o}
BeB

<#B#{geq(ui.u2) : Ty, "R q # @, q N\ B(yj. A1 1. 112) # D),

where we used the maximal property of the ball B(y;,A;, i1, 12). Therefore, as #58 < R+ e
deduce the lower bound

#lgequipa): Ty, NROq #@. qN B(yj. Aj. i1, 12) # @) 2 RO

4. A local bilinear restriction estimate

The main step in the proof of Theorem 1.1 is proving the following spatially localised version in Ué.

Theorem4.1. Letn=>2anda>0. Let Ro=1and Dy, D2 >0. For j =1,2,let A, A;'.‘ C {1—16 <lE< 16}
with A; convex and A;‘ +1/Ro C Aj. There exists N € N and a constant C > 0 such that, for any
phases ®1 and , satisfying Assumption 1, any u € U21, vE qu>2 with supp (1) C A%, supp v(t) C A%,
and any R = 1, we have

< 2a
”“U”fo”)/(”H)(QR) < CR ||”||U§)1 ”U”Ug> :

In the remainder of this section we give the proof of Theorem 4.1. The proof is broken up into three
key steps. The first step is to use an induction-on-scales argument to reduce to proving an L% . bound.
We then use the localisation properties of the wave packet decomposition to show that the L%, . bound
follows from a combinatorial Kakeya-type bound. The final step is prove the combinatorial estimate
using a “bush” argument.

4A. Induction on scales. Let o > 0 and fix Rg > 1, Dy, D, > 0. Fix N = ((o + 1)/a)(100n)2. For
j =12, 1let A],A* C {16 < g < 16} with A; convex and A* +1/Ro C A;. It is enough to show
that there exists a constant C > 0 such that, for any phases @1 and @, satisfying Assumption 1, any

(3R0)2 and any U% atoms u = Y ; 1, (0)e "1V 70 0 =3 4, 15(1)el "2 V) g, with
suppf C AT, suppgy C A2, we have

||MU||L%+3>/(n+1)(QR) < CR*. 4-1)

To simplify the notation to follow, we now work under the assumption that any implicit constants may
now depend on «, n = 2, and the constants R, D1, D>, but will be independent of R and the particular
choice of phases ®; satisfying Assumption 1.

The proof of (4-1) proceeds along the same lines as Tao’s argument for the paraboloid [2003]. Namely,
we use an induction-on-scales argument to deduce the estimate at scale R by applying a weaker estimate
at a smaller scale R'~%. We start by observing that it suffices to show that, for every I'; C X; such that
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#I'; < R0 and any 8 > «, we have

1
S RPET#T2)2 sup 1LY, fillz 215,800l 2, 120 (4-2)

E P, uP, v
Y1 Y2
LITFD D (0 ) v, €L

vi€l;

To deduce (4-1) from (4-2), we let
Xi(v1) = {y1 € Xy v <||ILE, fillz 2 <2v1, Ty, N20R # @}

and X, (v2) similarly, where v; € 27, An application of Corollary 3.5 gives the decomposition u =
>y, ex; Py;u, as well as the bounds

H > Puu < R"
V1€X] LYS.(QR)
TyIQZQR=Q
and
5 5
2 2
(Z ||Pylu||L?oL§) s( ) ||L51f1||@@) <.
Vi €Xj Vi €X)

The analogous bounds hold for v. Moreover #{y; € X; : T;,, N2Qr # T} < R"*1 Collecting these
properties together, we deduce that X (v1) = @ for v; > 1 and

U— Z Z Py u < R0,
R—100n<y <1 yreX; (v1) L7 (QR)
A similar argument shows that
v— Y > Py SR
R=100n<1, 51 y2€X2(v2) L7 (@)

Therefore, applying the bound (4-2) with I'; = X (v;) and B = o, we obtain

”MU ||L;f1x+3)/(n+1)(QR)

uv— Z Z Py uPy,v

R™100n<y; <1 y;€X5(vy)

<

L§7x+3)/(n+l)(QR)
PO I ML AT
R™100n<y; 517y, € (v))

1
< 1+log(R) R sup((#X1 (v)#%2(v2))2  sup [|L], frllz 12115, 87112, 12) < R,

Vi ¥ €X; (v))

143 1
Lg‘nx—’_ )/ (n+ )(QR)

where the last line follows from the orthogonality properties of the phase-space localisation operators
(3-1). Hence (4-1) follows.

The proof of (4-2) proceeds via an induction-on-scales argument. The first step is to note that we
already have (4-2) provided we take 8 > 0 sufficiently large. Indeed, a crude argument by Holder and



1192 TIMOTHY CANDY AND SEBASTIAN HERR

Bernstein inequalities implies the bound with 8 = (n 4+ 1)/(n + 3) (which could be improved by using
linear Strichartz estimates as indicated in Remark 2.5). Suppose we could show that, if (4-2) holds for
some B > «, then for every € > 0 we have

Z Py uPy,v
vj€l;

3 1
qux-‘r )/ (n+ )(QR)

< R2€(RU-DB | RDS) (4T #T,) 2 sup 1LY, il 2 L8020 (4-3)
v; €Ly
where § = o/(D + «) and D = 0 is some constant which depends only on the dimension 7. Then, since
D§ < a, by taking € > 0 sufficiently small, we deduce that we must have (4-2) for some B’ < . Iterating
this argument then gives (4-2) for 8 = «. Consequently, our aim is to prove (4-3), under the assumption
that we already have (4-2) for some 8 > «.

We now fix I'; C &) such that #I'; < R 107 and B > a. Let B denote a collection of balls B
of radius R'~% which form a finitely overlapping cover of Qg. Let ~ denote the relation between
points y; € I'; and balls B € B given by Definition 3.6. It is important to note that the relation ~ depends
only on the fixed sets I';, and not on u and v. We have the decomposition

Z Py, uPy,v
Y1 Y2
]/J'GF_]' L;,rlx+3)/(n+1)(QR)
<Z Z Py, uPy,v +Z Z Py uPyyv .
= nieer2 L+ 4D gy yienr2 LO+3/04D gy
BeB "y;€l’; L.x BeB y; €l L.x
vj~B Y1#£B ory2# B

For the first term, which contains the tubes which are concentrated on B, we apply the induction assumption
at scale R'~% to deduce that

Z Z Py uPy,v

L§f1x+3)/(n+l)(B)

BeB )/_]'GFJ'

yj~B

1
SRUTDEN " (#y1 €Ty~ Bylya € Taiya ~ BY)? sup L), full 2 1LE 8002 12
BeB vj €L, !
— 1
< RERODBHT #T,)2 sup 1L}, il 12 1L800 12, 12
Vi€l

where the last line follows from (i) in Remark 3.7. For the second term, as we can now safely lose
factors of R%; we may ignore the sum over the balls B (as there are only O(R¥®+1) balls). Thus, after
replacing D with D —n — 1, we need to prove the bound

H Z Py, uPy,v

Yj eFJ-
Y1#Bory2#4B

L(tf‘ir+3)/(n+l)(3)

1
SREPIHT AT sup 1LY, fill2 12 l|L8 0l 12 (44)

vi€ly
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To this end, an application of Holder together with the orthogonality property of the tube decomposition
gives
1

1
2 2
<R LE 2 [T
o (}j || muw) (Z 1L,801% 12

y1€l y2€lr

H Z Py uPy,v

ijFj
Y1#4B or y2#B

1
S R@T1#T2)? sup 13, 1l 12 1L,800 12, 12
Vi€l

In particular, the convexity of the L? norms implies (4-4) follows from the L%, , bound

+D§—17t 1
“ Z Py uPy,v L2 (n < R® T (#I1#12)2 SUIE ||L?/1fJ”e%L}C”L?/ng/”e%,L}C- (4-5)
y;jel’; t,x( ) Vi€l
Yi£Bory2#B

n+3
Thus we have reduced the problem of obtaining the L,’f;] estimate (4-3) to proving the L?’  bound (4-5).

Remark 4.2. The fact that the above reduction can be done in qu,, is the key reason why we can extend
the homogeneous bilinear Fourier restriction estimates to Uq%.

Our goal in the following two subsections is to prove the bound (4-5), and thus complete the proof of
Theorem 4.1. As in the previous subsections, we essentially follow the argument of Tao [2003], but apply
the results of Section 2 in place of analogous results for the paraboloid. The general strategy is to first
use the transversality via Lemma 2.6 to reduce to counting intersections of tubes. The number of tubes
is then controlled by using (i) in Assumption 1 via Lemma 2.7 together with a “bush” argument. The
notation for various cubes and tubes introduced in Section 3C is used heavily in what follows.

4B. The L? bound: initial reductions and transversality. Recall that the ball B € B is now fixed. Write

Z Py uPy,v = Z Py, uPy,v + Z Py uPy,v.
v €Ly vj €Ly v €L}
Yi£Bory2#B v1#B y1~B and y2#B
We only prove the bound for the first term, as an identical argument can handle the second term (just
replace I'y with {y; € I'1 : y1 ~ B} and reverse the roles of u and v). The first step is to make a number
of reductions exploiting the spatial localisation properties of the wave packets, together with a dyadic
pigeon-hole argument to fix various quantities. To this end, decompose into cubes g € ¢:

2\
EAT B B2 D IRATR I
)/_]'GF_,' LI.X(B) q€q ]/_]'EF_/' Ll.x(q)
y17B q9C2B LB

Note that the concentration property of the wave packet decomposition implies

_s(N_nt3 1
< RPBWV="3) @) sup ||L‘f,lfJ||e3L§-
L3S (@) vieh
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A similar bound holds for v. By our choice of N, we have 8(N —(n+3)/ 2) = 100n. Therefore, as
#I'; < R0 and #¢ < R?", it suffices to prove

2 \3
(Z] = e, )
qeq Y EFj(q) t.x q
qC2B y14B "
‘ SREPIT G (02)7 sup LY, fill 12 LS80 2 120 (4-6)
vj €Ly )

Let FZLB () ={y1 €T1(q) : y1 # B} and decompose into

N
(2] X pwrwr] )
€ - . ,xq
RE ,

2 ) 1
L? (@)

Clearly, as we can freely lose R, (4-6) follows from proving the estimate for fixed A1, p1, W2,

< > ( > H > Py uPyyv

ISA on S2U.12) y €T B ()T A1 1a2)
K1 n2<R i v2€2(9)

2 3
( 3 H 3 PyuPy| )
cal ) . L7 (@)
q qﬂlbﬂa 1€l T (@NT 1 [Ar,u1,u2]
qC2 y2€l(q)
_n—1 1 1
SREPITI @) @2 swp 1LY, fill g2 l|L8 0l 12 (4T)
vji€l;

To make the notation slightly less cumbersome, we introduce the shorthand
¥ (g) = T7 % (@) N T, 1. pal.
Given g € ¢ and h € R'*", we define the set
I7*(@.h) = T{* s w1 w2l b) = (1 € TF (@) £(r1) € Tu(B) + O(R™2)}:

Thus I'[* (g, b) consists of all y; € I'{(¢) such that £(y) lies within CR™2 of the surface 21(H). If we
expand the square of the L% . 1n (4-7) we get

2
> PpuPyu .S > > > [{Py Py, v, PyuPyv) 2 |.
y1€T7 (@) Lix@  yeri@g) v|eTi(q) v2€T2(q)
y2€T2(q) y5€l2(q)

We now exploit the Fourier localisation properties of the wave packets to deduce that the inner product
vanishes unless

E(n) +E(y2) = E0}) +E(rs) + O(R™2),

) (4-8)
P1(E(y1)) + 226 (r2)) = 1 (vp) + P2(E(r2) + O(R™2).
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In particular, if we take b, V= (<I>1 EyD))—P2(E(V5)). E(y1)—& ()/é)), then an application of Lemma 2.3
implies

Z Py uPy,v

y1€TF (@) (@
72€F2(11)
D> D PPy Py |
neli@ yieli @b, 1) y2€I'2(q)
J/zel"z(q) E)=E(Y)+E)—E(D+ORT/?)

On the other hand, an application of Lemma 2.6 easily gives the Uq% bound
IPyuPyvllyz S RTTILY, frlle 2 1LY 8002, 12
If we now note that, for fixed y,, v, and y{ and any ¢ € ¢, we have
#ly2 € T2 Ty, NRG £ 0, £(r2) = E()) +E(rD) —E(y1) + O(R™2)} < R™
then an application of Cauchy—Schwarz gives

Z Py uPy,v

y1€l{(q)
yzer(q)

L? . (q)

_n—1
< RPITT 40} (g)#Ta(g) Sl;p#l“ *(q.b) sup |L% lelesz IILyng/II,%,L;-

y; €Ly

Consequently the bound (4-7) follows from the combinatorial estimate

Y #TT(@#T2(g) sup #T7*(q.h) S RPO#D 4D, 4-9)
heRl—i—n
qEq(1,142)
qC2B

We now simplify this bound slightly by exploiting the dyadic localisations we performed earlier. More
precisely, by definition, for every g € q(u1, t2), we have #I'5(g) < 2u,. On the other hand, by
exchanging the order of summation, recalling the shorthand I'f(¢) = I'ZL B (@) N T'1[A1, p1, p2], and
using the definition of the set I'1[A1, i1, w2], we deduce that

Yo #f@s< ) #(Ti@NTRippa)

qEq(1,42) qeq(1,142)
qC2B

= Y #{geq(ui.pa): Ty NRq # 0} < 20,#Ty
71€l[A1,p1,12]
Therefore, we have reduced the bound (4-9) to proving the combinatorial Kakeya-type estimate
#F2
sup  TP*[Ar, pa. pal(q. b) < RPO = (4-10)

her! +7 Arpe
qg€q(u1,u42),9C2B

The proof of this bound is the focus of the next subsection.
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4C. The L? bound: the combinatorial estimate. We have reduced the proof of Theorem 4.1 to obtaining
the combinatorial bound (4-10), which is essentially well known to experts as it does not see the difference
between homogeneous solutions and V2 -functions. For completeness, we include the proof here. We
follow the “bush” argument used in [Tao 2003], making some minor adjustments only to relate it to
Assumption 1. Recall that we have fixed a ball B € B. Fix any h € R!*" and qo € q (11, 12) with

go C 2B. Our goal is to prove
s #I2

#T7" (G0 0) S RV 52

The first step is to exploit the fact that y; is not concentrated on B. Recall from Section 3C that for
y1 € I'1 we have defined the ball B(y1, A1, i1, 2) € B to be (a) maximiser for the quantity

#lgeq(ui.2) : Ty, N R q # @, g B(y;. Aj. 1. p2) # 2.

Let y1 € I'T*(qo0, ). By construction this implies y; € FZL B (g0), and hence by the definition of the
relation ~, we have B ¢ 10B(y1, A1, jt1. it2). Since go C 2B and the balls in B have radius R'~, we
must have dist(go, B(y1, A1, 1, 2)) = R'7%. In particular, by (ii) in Remark 3.7, we have for every

Y1 € I'T*(q0. b)

#{g € q(u1.p2) : Ty, N Rq # @, dist(q.q0) = R' ™}
>#lgeq(ui.p2): Ty, NROq # 3, N B(y1, A 1. p2) # 2} 2 R™P%4,.

On the other hand, since for ¢ € g (w1, j12) we have #I'5(q) = w2, we deduce that
# Ty: Ty, NRS Ty, N R} di > R'73) > R7P3),
{(@.72) €q(u1,12) x T2 : Ty, NR°q # @, Ty, NR°q # 2, dist(q, qo0) 2 1z 112

Summing up over y1 € I'7*(go, b) and then changing the order of summation gives

A p2#T1* (g0, h)
SRPS N #{(q.y2) €q(ur.12)x T2 Ty, MR g # @, Ty,NRY g # 2. dist(q.q0) 2 R' ™)

y1€T*(q0,h)
=RP% " #{(g.71) € q(11.112)xT*(q0.h) : Ty, "R q # @, T,,NR® g # 2. dist(g.q0) 2 R'*}.
y2€ln

Therefore the required bound (4-10) follows from the lemma below; see [Tao 2003, Lemma 8.1].
Lemma4.3. Letgo € q, h € R1", and y, € T'5. Then
#{(a.71) € ¢(u1, 12) XT1*(q0.0) : Ty, N RPq # @, Ty, NR°q # @, dist(q.q0) 2 R} < RP?.

Proof. Define the bush (or “fan”) at g¢ by

Bush(gg) = U Ty,.
y1€*(q0,b)
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Thus Bush(go) C R!*" is the union of all tubes Ty, (associated to phase-space elements y1 € I'{* (g0, b))
passing through a neighbourhood of the cube gg. Our goal is then to bound the sum

> #ly1 € T1*(qo,h) : Ty, N R%q # ). (4-11)
qa<€q(i1,142)
qCBush(qo)NTy, +O(R!/219)
dist(¢,q0)Z R4

We first count the number of possible cubes in the outer summation. The idea is to first show that
1+Ds
Bush(go) C (70, x0) + C1(h) + O(R2777), (4-12)
where (9, xo) denotes the centre of the cube gg, and the conic hypersurface C;(h) is given by

Ci(h) ={(r.—rV®1(§)) :r € R, § € X1 (h)}.

If we had (4-12), an application of Lemma 2.7 would then show that Bush(go) N 7}, is contained in a
ball of radius R2*+P 8 and hence the outer summation in (4-11) only contains O(RP 8) terms. To show
the inclusion (4-12), suppose that (¢, x) € Bush(go). Then (¢, x) € T}, for some y; € I'{*(go0.h). By
construction, we have £ (y) = £* —i—O(R_%) for some £* € X1 (h). On the other hand, since 75, N R3q¢ #0,
we have

x =0+ (t — 1) V1 (E(y1)) = [x = x(») +1VOLEWD)] — [xo — x () + 10V D1 (§ (1))] = O(R2 D).

Therefore, since |t —to| < R, we can write

(¢, x)—(to, Xo)
= (1—to. —(1—10) VO (™)) + (0, x—x0+ (t —10) V1 (§(y1))) + (0. (t —10) [VP1 (§*) =V @1 (¥ (£))])
= (1—to. ~(t—10) V1 (£")) + O(R*?)

and hence we have (4-12). Consequently, the outer sum in (4-11) is only over O(RC‘S) cubes.
Fix g € (11, 12) with dist(g, go) = R'~%. As the outer sum in (4-11) only adds O(RP?), the required
bound now follows from

_1
#ly1 €Ty E(y1) € 21(h) + O(R™2), Ty, N ROq # @, Ty, N R%qo # ) < R (4-13)

The point is that since the cubes g and gg are at a distance RS apart, the condition that 7, must
intersect both cubes, essentially fixes the tube T),,. Since £(y1) € X1(h) + (’)(R_%), the bound (1-1)
implies that fixing the tube T}, also more or less fixes the phase-space element y; (note that without the
bound (1-1), the set in (4-13) could potentially contain far more than O(R‘S) points). In more detail, let

_1
yi.vi € {r1 €T1:£(n) € Ti(H) + O(R™7), Ty, NRPq # @, Ty, N R0 # 2}
In light of (1-1), the estimate (4-13) would follow from the bounds

1 _1
() —x(YDI S RZT, () —v(y) S R72H, (4-14)
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where for ease of notation we define the velocity as v(y1) = ®1(£(y1)). We now exploit the condition
that the tubes 7),, and TV{ intersect the cubes g and go. Let (¢4, x4) denote the centre of the cube g and
(20, x0) the centre of gg. Since |v(y1)| < D, and

X0 —xg + (to —1g)v(y1) = (xo —x(y1) +tov(y1)) — (xg —x(y1) +1qv(y1)) = O(R3+D8),

the separation of the cubes ¢ and g implies RI7C8 < |fo —t4] < R. A computation shows that

(to — 1) ((y1) —v(y)) = O(RZTPY), x(y1) —x (1)) = o0 (¥}) —v(y1)) + O(RZ+P?),

and hence the bound on |tg — 14| gives (4-14). O

5. The globalisation lemma

We now complete the proof of Theorem 1.1 by showing that it follows from the localised bound in
Theorem 4.1. The proof of Theorem 1.1 proceeds by using a strategy sketched in Section 8 of [Klainerman
et al. 2002], together with an interpolation argument to replace Uq%j with Vq%j.

Proof of Theorem 1.1. The first step is to show that by exploiting the (approximate) finite speed of
propagation of frequency-localised waves, the bilinear estimate on Q g implies the same estimate holds
on g x R" with Ip = [0, R]. The second step is to remove the remaining temporal localisation and
R*-factor by using duality, together with the dispersive decay in Lemma 2.4. Finally we use a simple
interpolation argument to replace Uq%j with the larger Vq%j space.

Step 1: from Qg to IgxR™ Let R= (10Ry)?, u e Uq%j and v € U<12>,~ , with supp it C AT and supp & C AJ.
Assuming Theorem 4.1, our goal is to prove that for every @ > 0 we have

““U||L§fj3)/(”+‘)(IRan) < R“||u||U%j ||U||U§>j' (5-1)
It is enough to consider the case where u and v are atoms; thus we have the decomposition
U = Z 1, (l)eitq)l (_iv)fj, v = Z 1J/(t)€it<1>2(—iV)gJ/’
) J J’
with

SIS+ g2, < 1.
J J’

and we may assume that supp f 7 C AT and supp g5 C AJ (using sharp Fourier cutoffs). By translation
invariance, the bound (5-1) then follows from

hevll portara40 g 1 |

’ _ _ 2 2 _ _ 5 2

§R°‘(ZH(1+R x| (”“)fJHL%) (ZH(HR Hx~trt gy, L%) (5-2)
J J’

since we can then sum up over the centres of balls (or cubes) of radius R which cover R”. The inequality

(5-2) is a reflection of the fact that, as u and v are localised to frequencies of size &~ 1, we expect that the
waves ¢/ ®/(=1V) £ should travel with velocity 1. In particular, ¥ and v on Q g should only depend on
the data in {|x| < R}. It turns out that this is true, modulo a rapidly decreasing tail.
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Let p € S with supp p C {|€| < 1} and p = 1 on |x| < 1. To prove (5-2), we start by noting that since the
left-hand integral is only over Q g, we may replace uv with p(R™1x)u(z, x)p(R™'x)v(y). We can write

X\, itd; (—iV) _ n oA _ it®;(n) ¢ i§x
p(R) O = [ R pRE=m) OO fy et ag
= [ [ R ARG =) F P RG= . dy e g, (53)

where F(1,£.n) = x(6.n)e"(® (Gtm)=2i M) and 5 € C§o({]&] < 2} x (A% +1/Ro)) with x = 1 on
{IE] <2} x A}k. The oscillating component of F' is essentially constant for || < R. To exploit this, we
expand F' using a Fourier series to get

Ft.em= Y c@®e*En @)= / F(t.& e &M dt dy,
R2n

kez?n
and by (ii) in Assumption 1, the coefficients satisfy |cx (£)] SRo.p, (14 k1)) 72# D1 + |ky ) 7201+
with k = (k1, k). Applying this expansion to p(R~1x)u and p(R~!x)v we obtain the decompositions

p(R 1 x)u = Z Z cx(D)1y ()1 V) Jre,J
J k

o (5-4)
PRI =" (10" T Vg g,
J Kk

where the coefficients cy, c,/c are independent of J and J’, and the functions f ; and gi ;- are given by
X X
Fie @) = p(5 +h1) fr (et ka). g ) = p(% + 1) g (x + ),

with k = (k1, k2). Note that supp fk’J C AT+ 1/(2Ryp) since R = (10Ry)?, thus the Jk, satisfy the
support conditions in Theorem 4.1 (with AJ".‘ replaced with A}k + 1/Ryp, and Ry replaced with 2Ry). A
similar comment applies to the g y. Therefore, plugging the decomposition (5-4) into the left-hand side
of (5-2), we deduce via an application of Theorem 4.1 that

vl o430 (g )

< Z (l+|k|)—2(n+1)(1+|k/|)—2(n+1)

k,k’ ez x7"
€7"x % Z 1J(t)€itq>l(_iv)fk ; 11/(z)eitq’2(_iv)gk/ 7
T ’ ’ L§f7x+3)/("+”(QR)
sROl Z(1+|k|)—2(n+l)(l+|k/|)—2(n+1)
k,k’

1
2 2
L%)

1
X(Z | (1R x—ky + Rk )~ £ Hi%)z (Z | (14 R |x =k} + R )~ g o
J J/

1 1
<R“ (X:H(IJFR_1 1)~ +D £, Hi§)2 (Z |14+ R |x)~C+Dg, 1243()2
J J/

Thus we obtain (5-2) and hence (5-1).
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Step 2: from Ig x R” to R, Letu e U‘12>1 and v € U%z, with supp 2 C AT and supp v C A5. Our goal
is to show that for every p > (n +3)/(n + 1)

< -
hevlp, < lullgg Ivllyz - (5-5)
In fact the argument below gives the marginally stronger (though essentially equivalent) bound
luvllpr pot3/m+0x S ||M||U<%>l ||U||U%2- (5-6)

To deduce (5-5) from (5-6), note that the dispersive estimate in Lemma 2.4, together with the abstract
Strichartz estimates of [Keel and Tao 1998, Theorem 1.2], implies there exists 1 <a < b < oo such that
laev]| L4Lh S < 1. On the other hand, the Fourier support assumptions imply that we have the trivial bound
luv]| LPLERI+n) S < 1 for every p = 1. Thus interpolation gives (5-5) from (5-6).

We now turn to the proof of (5-6). As in Step 1, we may assume that ¥ and v are atoms with the
decomposition

u=7y LV v=3 1,0 Vg
J J’

with supp f7 C A%, supp g, C A%, and
ST+ lgrl2. <1
J J!

By real interpolation it is enough to show that for every ¢ > (n 4 3)/(n 4 1) we have
oo n n < N
||”U||L;1, Lo/t 1

where L?* is the Lorentz norm. Applying duality, this follows from the estimate

1
[ Vvl de 5 102 (5-7)
for every measurable 2 C R. Define the Fourier localised solution operator

Ui ()[h) = " TV Py,
where we let

Pash(€) = paz ()h(E)

with p € Cg° (/\;'.< 4+ 1/(10Rp)) and p =1 on A;'.‘. If we interpolate Lemma 2.4 with the trivial LS°L2
bound and apply duality, we deduce that for every 1 <a <2

ﬁmg (U OIGO). U (G2 dr di’

[t—t'|ZR

(5-8)

where U * denotes the L2 adjoint of ;. The dispersive bound (5-8) together with the bilinear estimate
(5-1) are the key inequalities required in the proof of (5-7).

We now begin the proof of (5-7). If |Q2| < 1, then (5-7) follows by putting uv € L°°L
the Sobolev embedding. Thus we may assume that Q| > 1. Let us set J, := QN J'. An application

i and using



TRANSFERENCE OF BILINEAR RESTRICTION ESTIMATES AND THE DKG-SYSTEM 1201

of duality gives

/;2||UU||L§Cn+3)/(n+1) dt < sup /;Z(F,uv)L)zC dt

"F”LOO (n+3)/2 <1

= sup
| F IILQOL(n+3)/z <1

e (T
F 3)/2<1
I ”L?OLSC'H_ )/ J’

If we expand the square of the L)ZC norm, we have via (5-8)

2

> [J (Foulla(0)lgs ) 2 di

1
L%

/ Uy (1)[Fu)dt
Ta

/ Gan dt
J

L3 Z/tt A Uz O[Fa). U;(Z/)[Fﬁ])L)ZC dedt’

J/
_ Z/m/% (U3 (VFal. U3 ([ Fal),, dr di
[t—t'|ZR
+> > / f (Uz O[Fa), uz ([ Fal),» di di’
J' |I-I'|<R /ﬂl g/zﬂl’
2
Uy (t)[Fu)dt
JGnI 2
2
< IQPR™F ||FIIZOOL(nH)/zIIuIIiooLz+Z/ Uy OFa)de|
x 7Y JoNI 2
where
1 2 1
a4 n+3 2

Here we always take I (and I”) to be a decomposition of R into intervals of size R. We now essentially
repeat the previous argument, but expand u instead of v to obtain

2 2
> / Us[Fi)de| < sup Z// (F.itla(1)g 1) 2 dt
717 /en LY Syrles2y<ilyg et
2
S s (S L ) d
NN ||gJ/.1||i%$1 J,1 772Nl
2
< sup / Ui (t)[Forlde||
Z JonI ! 2

2T "gJ’,I”i2 <1 g 1
X

where we take

v =Y 1y h()gr
J/
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Again expanding out the LJZC norm, and applying (5-8), we have

; ZI:/JWUI ()[For]dt

2
L%
2 B L OO v

PP / /ng/(“ik(t)[Fﬁz], UF () For), . di di’

J |I-1'|<R’ 72N
2 _2(n=1) 2 2 2
SIQIFRT 1T FI] ooy tar/2SUP 0117002 + Z Ur()[Forldr
b 1 ooy Hlgenr 2
Collecting the above chain of estimates together, and using the fact that
2 2
101117 e p2 < D lgunally; <1
1,J7
together with another application of duality, we see that
2 \3
_n—1 _
[l arsi@ir e s (S worrana) )
X 2
£ ||F||L?OLSCn+3)/2<1 J,1 1/ Jenl L3

Y lgr g ||i2 <1
X

_n—1
< |Q|R 73 + sup Z lurvrll, m+3/m+2 dt,
2 QNI Lx
X0 ||g1.J'||L2 I
X

Sualfr ”iz <1
X

where we define u; = ZI,J 17()Ui(2)[ f1,7]. Observe that
> lerllg < Yol <1,
1 1,J

and that u satisfies the support properties in Theorem 4.1 (with A;‘ replaced by A;’f +1/(10Ryp), and R re-
placed by 2Ry). A similar comment applies to vy. Consequently, an application of (5-1) gives for any & > 0

2
;/;ml ||UIUI||L§(n+3)/<n+1) dt <|Q|n+3 XI: ||uIUI||L§f1x+3)/<n+1)(1an)
1

1
2 2 2 2
< Q| ke (Z ||f1,J||,%§) (Z ||g1,J/||,%§) < Q|75 Re
1,J

1,J’
and therefore

_n—=1 2
/ [uvll; w+3/m+n dt $|QIR™ 73 + |Q]#43 R%
Q X

n— 1
To complete the proof, we choose R = |Q2|€ with C > 0 sufficiently large so that |Q|R_ﬁ < Q.
On the other hand, since ¢ > (n 4+ 3)/(n + 1), we can take

oo L(rE1_1
2C\n+3 q)
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which implies
22 pa —2-+aC L
Q|75 R = || € < Q.

Therefore we obtain (5-7) as required.

Step 3: from U% to Vq%. Letp>(n+3)/(n+1), ue Vq%l andv € V‘%z, with supp it C AT and supp 0 C AJ.
An application of [Koch and Tataru 2005, Lemma 6.4]; see also [Hadac et al. 2009, Propositions 2.5
and 2.20], gives a decomposition u = ) ; oy Ug and v = ) ; y Uk such that uy, vy retain the correct
Fourier support properties (we can just use sharp Fourier cutoffs here) and for any r = 2 we have the bounds

k(2-1 k(2-1
g, <2CDlullyz + el S 25D ol .

Let(m+3)/(n+1) <g < p, and take 8 = g/ p < 1. Then an application of (5-5) (with p = g), together
with the convexity of L? norms, gives

6 1-6
luvllpy, < D lukvelly, < luevelga Nl
ki ki ' ’

0
< k/Zk(lluchUg)1 ||vk/||Ug>2) (luelloge 1veluge )

—k(1—-0)»—k’'(1-06)
< <
~ ”u”V<12>1 ||v||de)2 § 2 2 ~ ”“”le>l ||v||V<12>2’

1-0

k.k’
where we used the Sobolev embedding and the fact that the Fourier support of u, v is contain in the unit
ball to control the LS norm. Thus Theorem 1.1 follows. O

Remark 5.1. The argument in Step 3 above, using (5-6), also implies the slightly stronger estimate
levllp pgtarotn grany < Cllullyz vllyz -

This is well known in the case of homogeneous solutions; see, e.g., [Tao 2003]. However, the estimate in
the endpoint p = g = (n + 3)/(n + 1) remains open. For homogeneous solutions it is known only in the
case of the cone [Tao 2001].

Remark 5.2. In fact, since Tao’s endpoint result [2001, Theorem 1.1] holds for Hilbert-space-valued
waves, we observe that one can deduce the U2-estimate for the cone directly. This follows by noting that,
given U2-atoms u =Y ;o7 Lyuy andv =3 ;. 1yvy, we have

e (DW)%Z |vJ|2)é o

VASIA JeJg

with £2-valued waves U and V.

6. Mixed norms and generalisations to small scales

We now give some consequences of the bilinear estimate in Theorem 1.1. Namely, we state an extension
to mixed L? L spaces, and, in the case of the hyperboloid, we give a small-scale version of Theorem 1.1.
The small-scale estimate will play a key role in our application to the Dirac—Klein—Gordon system.
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6A. Mixed norms. Let ®; and ®, be phases satisfying Assumption 1. A standard 7' T* argument, see
for instance [Keel and Tao 1998], together with Lemma 2.4 implies that, provided

1 n—1_n-—1
_ - < =
q+ 2r 4

and g > 2, we have the Strichartz-type bound
le" P D £l g prieny S 1SNz (6-1)

As in Step 3 of the proof of the globalisation lemma, by decomposing V2 into U¢ atoms, see [Koch and
Tataru 2005, Lemma 6.4] or [Hadac et al. 2009, Propositions 2.5 and 2.20], we see that

<
vl g S Nz 0]z,

for any

a' 2b 2
Interpolating with Theorem 1.1 then gives the following mixed norm version.

Corollary 6.1. Let n = 2 and assume that a > 1,

1 n+1 n+1
a+ 2b < 2’
and
1 on—1 |2 n=3,
AT @ S)1.5 .o, (©-2)
2 T 12b° =<

Let ®1, ©3, and u, v be as in the statement of Theorem 1.1. Then

vl g S Nz 0]z -
Remark 6.2. Let p > (n +3)/(n + 1). It is possible to deduce a weaker version of Theorem 1.1 and
Corollary 6.1 directly from the homogeneous estimate

e 1Y) 192V guiny 1S 21802 ©-3)

where the phases satisfy the conditions in Assumption 1, and f,g € L? have the required support
conditions. We sketch the argument as follows. By interpolating (6-3) with the trivial L°L2 bound, we

deduce that for every a > 2 we have
it®(—iV it Py (—iV
||e” 1 (=i )felt 2(—i )g“LtaLgCnH)/n < ”f”L)% ||g||L)2€

By decomposing V2 functions into U¢ atoms [Koch and Tataru 2005; Hadac et al. 2009; Koch et al.
2014] and using the convexity of the L? spaces, we see that for a > 2

<
””v”L‘;L&"“)/" < ”u”V<12>1 ||v||V<12)2'
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Consequently, as in the proof of Corollary 6.1, by interpolating with the standard Strichartz estimates, we
obtain

<
ol gz < Iellyz Bolly,

provided that a > 1,

1 n+1 n+1
a2 ST
and
-1 +1 1
1_ is(E—"%) +2 n=3 (6-4)
a % n=2.

In particular, the homogeneous bounds contained in [Lee and Vargas 2010; Bejenaru 2017] imply a weaker
version of our main result, with (6-2) in Corollary 6.1 replaced with (6-4). Note that condition (6-4) is
much more restrictive than (6-2). This is most apparent in the low-dimensional cases; for instance if n = 2
then Corollary 6.4 allows a < 2, while (6-4) only allows the somewhat trivial (from a V2 perspective)
a > 2. To summarise, our main result, Theorem 1.1 not only clarifies the dependence of the constant on
the global properties of the phases ®; and ®;, but also presents a significant strengthening of the allowed
exponents for the V2 estimate.

We observe that the above argument, namely deducing a V2 bound directly from the homogeneous
estimate, has been used in [Sterbenz and Tataru 2010, Lemma 5.7 and its proof] in the case of the cone.

Remark 6.3. In the special case of the hyperboloid, ®; = (&), or the paraboloid, ®; = ]2, the
Strichartz bound (6-1) holds in the larger region

1 n n
— < =
q + 2r 4
This can be used to improve the range of exponents in Corollary 6.1; in particular (6-2) can be replaced
with . .
n n+
a3 <73

However, it is important to note that, in the case of the hyperboloid, some care has to be taken as the

constant will now depend on the masses m; .

6B. Small scale bilinear restriction estimates. In the case of hyperboloids we now generalise Theorem 1.1,
similarly to [Lee and Vargas 2008] in the case of the cone. Given 0 < o < 1, we define C, to be a
collection of finitely overlapping caps of radius o on the sphere S" L. If k € Cy, we define w(k) to be
the centre of the cap «.

We consider the case ®;(§) = — £; (§) and define the corresponding Vim space as Vim = Vq%]_;
thus

+it(V

a2 = e Pmu)ye. (6-5)

We define the corresponding Ui m Space similarly. Rescaling Theorem 1.1 then gives the following
optimal result.
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Corollary 64. Let p>(n+3)/(n+1), 0<mq,mp < 1:

(i) Forany A Z my +ma, (my +ma)/A Sa <1, k,k’ € Cy with 0(+1k, £2k') ~ a, and

suppﬁc{lﬂ'«ek,iek}, suppﬁC{|§|'~,/\,ieK' ,
€] €]
we have the bilinear estimate
—q_ntl -, _ntl
luvllp, ST AT ullyz ol

(il) Forany A Z my+may, 0 <a K (my +ma)/A, k, k' € Cy, c1 ~ ¢y ~ A with

O(£1k, £26) S, |mici —maca| ~ ad?,

and

suppu C }|§-a)(/c)|—cl}<<a)t2, é—|e/c}, suppf)C{‘|§-a)(/c')|—cz|<<a)kz, é—|ex' ,

we have the bilinear estimate

n+2
7o lullyz vllye2
Vil!ml Vizsmz

_n+2 _
Juvllpp, Sa"= "0 A"

Proof. Fix £1 = + and £, = =+, the remaining cases follow from a reflection. We start with (i). If @ ~ 1,
then the estimate follows from rescaling in x together with an application of Theorem 1.1. Thus we may
assume that 0 < @ < 1, and after a rotation, that « is centred at e and «’ is centred at (1 —az)%el +aes.
Similarly to [Lee and Vargas 2008], we define the rescaled functions

t.%) t xl+ t X t.x) t xl+ t X
u X)=ul ——, —+——,— |, v )=o) —, —+ —, =
A @22’ A aZA A @22’ A aZA
(where we write x = (x1, x’) € R x R*~!) and the phases
—1 1 F1 1
®1(§) = ——(n] + 2267 +@®A%E'7)2 —Af1),  @2(§) = o ((m3 + A%E] +o*A2[E')2 F Ady),
with associated sets

AM=E~1 E<L), A=E~t]lL Lal g <1}

where we write £ = (§1, &2, £”) € Rx Rx R"72). A computation gives supp iy,o CApand

~it®(~iV) I R x1 ¥
ok = [ () (355

Similarly we can check that supp v, o C A5 and

. . i L (V) t x; X'
ol = [ e () (355
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Therefore, after rescaling together with an application of Theorem 1.1, it is enough to check that the
phases ®; satisfy Assumption 1 on the sets A ;. To this end, we start by noting that we can write

Yoy (6) = ! ( —(m/(@h)? — ¢ é,)
(A=2m} + €7 +a2(8'12)2 \(A72m} + 6 +2E'P)2 + &
which shows that (ii) in Assumption 1 holds with D, depending only on N and n. A similar argument

shows that @, satisfies (ii) in Assumption 1. On the other hand, to check condition (i) in Assumption 1,
we invoke Lemma 2.1. First, we observe that for any £ € A1, n € A,, we have

[VO1(§) = VO2(1)| = [0281(5) — 922 ()|

&2 T 2
1 1
(A2} + 6] +2l5'R)2  (A72m3 4 i + ey 2)

> 1,

~

and hence we can take A1 & 1. It remains to check (2-2) in Lemma 2.1. We make use of the following
elementary inequality; if (7*,a*) e R"*! xR! and x,y € {z e R"*! : |z| = |z — h*| +a*}, then

2 2 % %2
. 1 (lX/\Y| L |(x =h*) A (y =h")] )
Alx[ [y |xl]y] |x —h*||y —h*|

X Y
x| 1yl

(6-6)

To prove (6-6), we start by observing that since x, y € {|z| = |z —h™*| +a™}, we have

2
x oy 1 2
= (o= = 0=k = [l =t =Ly =71 )
=y =kt x =ty
Xl = Ty = a7

The inequality (6-6) now follows from the identity |& —w*|? > %|a) Aw*|? for w, w* € S*T1. We now
return to checking (2-2) in Lemma 2.1; we only check the case j = 1 as the remaining case is identical.
Let £, € Z1(a, h) for some (a, h) € R1T" such that £ —h, n—h € A,. A computation gives

[(VO;(§) = V() (E—n)|
(61,0%)) (1. %) B
(E—mn)

= a_z

|(ATmy, 61,028 |y, &p, af)]
:a_zla—lml,sl,aw+|(A—1m1,m,an/>|‘ O"'migag)  ATtmm. )
2 [(A=tmy, &1, 08 [(A7Imy, &1, af))|

2

X2 6-7)

x| Iyl

-2

~

where we take x = (A" 'm, &1, @€’) and y = (A" 'my, 1, an’). Note that the condition £ € 21 (a, h)
becomes |x| = |x —h*| 4+ a* with h* = (A" my — A" my, by, ah’) and a* = «?a. In particular, since
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|x| ~ |y| ~ |x —h*| ~ |y —h*| ~ 1, an application of (6-6) gives

2

= 2 AP =R A=) (6-8)

x| Iyl
The required bound (2-2) with A, &~ 1 now follows in the region |§; — 11| < |€/ — 1’| by noting that

x Ayl zaléin —mE'| = a(|E =n'[1E] =18 [1E —ml) ~ alf — 1| ~ @l =]
and applying the inequalities (6-7) and (6-8). On the other hand, if |&; — 11| > |§ — 7’|, then as
§—h,n—h e A,, we have
|(x =1*) A (y =h")| = | (51 = h1) (12 —h2) — (1 — k1) (62 — ha)|
= a(lé1 —mllnz —ha| = &2 —n2llm — hi1l) ~ alér — mi| ~ al§ —nl,

which again gives (2-2) with A, ~ 1. Thus the phases ®; satisfy Assumption 1 with D1 ~ D, ~ I and
therefore part (i) follows.

We now turn to the proof of part (ii). The argument is similar to (i), but we need a further rescaling to
exploit the radial separation condition. As before, after rotating, we may assume that w(x1) = e;. Define
the rescaled functions

X tcq x’ roxp teq x’
# #
u I, x)=u ) + Perell FRR Y I, x)=v s + y T
3a(lX) (azx ar? ' a2A(c1)m, ax) ha(l: ) (au ar? " a2A(ci)m, oz)k)

(where, as previously, we write x = (x1, x’) € R x R?~!) and the phases

— 1 2
@16 = Sy (0 + @20 a2 - 2 ),

1 22
®2(6) = %((mﬁ + @A) + AP F 2"61);11 é1)

with associated sets

1
E1F —5c2

1
§1——5a Wiz

a2

<1, €] <<1}, AZ:{

<1 |s'|51§.

As previously, a computation shows that supp 12*/{ o C A1, supp ﬁj « C A2 and we have the identities

[e—it<1>1(—iV)u# (H](x) = et Vmyy, o X x_/
Aa a2\ ar?’ a) )’

[e—it<1>2(—iV)U# (t)](x): e:l:il(v)mzv L L X_/ .
A aZ) a2’ ad

Thus, as in the proof of (i), after rescaling and an application of Theorem 1.1, it is enough to check that
the phases ®; satisfy Assumption 1 on the sets A ;. To this end, note that we can write
9,0, = mi/ (@A) (@A?61)* —c}) = (c1/A) e |E')?

faAér, af’)
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for some smooth function f with f ~ 1 on Ay. Since 8?’][[((1}251)2 —c?] < A3 forall M = 0 and
&1 € A, we see that ®; satisfies (ii) in Assumption 1 with constant depending only on n and N. A similar

argument, using the fact that

A C1 (6]
— — ~ 1,
a|{ct)m;  (C2)m,

shows that ®, also satisfies (ii) in Assumption 1. On the other hand, to check (i) in Assumption 1, we

use Lemma 2.1. Concerning the transversality condition (2-1), we observe that for § € A1, n € Ay, we
have |&1] =~ |n1| ~ 1/(aA) and
mi+msy

_ymy+mp
AT 2
al

PP EP[SAT <A

|E2m3 —nim?| ~
Therefore
(A%£1.€)) - A%n1.7')
(A™2m? + 22262 + a2|§’|2)% (A™2m3 + a2A2n? + a2|n’|2)%

VO (€)= VP2(n)| =

2 W20l §(72m3 + 22207 + o210 1D) — 2 + 02267 + 026 )|
R my+my Z 17

so that (2-1) holds with A1 &~ 1. We now check the curvature condition (2-2) for j = 1. Let &, ne X1 (a, h).
Repeating the computation (6-7) we deduce that

2
2 a2 (Jx Ay A (e =) Ay =19)1?),

(VO (8) = V1 () - (E— 1| ma 2| = —
T

where x = (A" \my, edér, af’), y = A7 \my, adni, an’), h* = (A" may — A" my, adhy, ah’), and we
used the fact that x, y, x —h*, y —h* all have length 1. It thus remains to show that

X A Y[+ =R Ay —h™)| 2 alg —§|

since then (2-2) holds with A, &~ 1. If [§; — 11| < |€' — 1’| we simply observe as previously that
Ix Ayl = aladréin’ —admE'| = a(|§ —n'|ad [&1] —|E | ad [E1 —m) ~ al§ — 7| ~ als -7
On the other hand, if |§; —n{| = |’ — 1’|, then as § —h,n—h € A,, we have
X AY[+1(x =R*) A (y =) = am1|€r —mi| +amz|(§1 — h1) — (1 —h2)| 2 el§ —n].

An identical argument shows that ® also satisfies the curvature condition. Thus the phases ®; satisfy
Assumption 1 with D; &~ D5 & 1 and therefore part (ii) follows. O

The o and A dependence in Corollary 6.4 is sharp. At least for (ii), this can be seen with the following
example. Let
Q; = {61 —cj| K ar?, |E'] € adl,

with |e1 — 2| S@A?, 1 ~ cp ~ A, and @ < A~ L. Define f(E) =1q,(8), g(§) =1g,(§) and

w=e' Vg =tV
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Then

1
= = Q1|2
HMHV<2V) ”f”L)ZC [21]

and similarly ||v|| V3, = |225] 2. On the other hand we have

(uv)(t, .XT) — [ [ ﬁ(l, é)ﬁ(t, r’)eiX'(E"Fﬂ) ds d?’] — / / eit((€)+(ﬂ))eix'(€+ﬂ) dg dT]
R7? JR? Q1 /20>

The idea is to try and find a set A C R'*” such that the phase is essentially constant for (¢, x) € A. We
start by noting that for £ € Q1 we have

_ 14+c1&

) ~ AT+ EP)Y A+ D) — (1 +c1E)?| =272 E —c)® + A+ DIEP| = a?2,

(€)

and hence

<a?).

-1 C1
‘(5)—(61) _EEI

Similarly, since
1 2

{c1)  {c2)

we deduce that for n € Q,
<[ ten = | 2 - 2

-1 [ €2 a A
'“7) te2) (<c2> <cl>)c2 e (c2) (1) (ca)

In particular, for |¢] < (@?1)71, |x1 +(c1/{c1))t| < (@A?)7], and |x'| < (A)~), the phase is essentially
constant and hence

//eit((&)—m>—1—<§})sl)eit(w)—(cz)-l—((i;—<§}>)cz—g;)m)
Q1 Q>

« o I ED @M —ei—e2)tx € ) dn‘

- _ o
~ A2 er(ca) —ealer)| A A3 e — e & T

C2 C1 2

N1 —ca| Sa?A.

|(uv) (. x)| =

2 [€1]1822],

which then implies

_1
levll e 2 @277 x [Q21]]Q].

Therefore, if the estimate

<
vy, < C@Mlullyz vllya

holds, then we must have
_nt2 1 1
(ad)” 7 [Q21]]R22] £ C[21]2[22]2.

. . . —_nt2 _nt2 .
Since |Q1]| &~ |Q2| ~ a”A*T1, after rearranging, this becomes C > o~ » A" 17757 which matches

the bound obtained in Corollary 6.4.
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7. The Dirac—Klein—-Gordon system

We now set up notation and reduce the DKG system to the first-order system (7-3). We then give the
proof of Theorem 1.2, up to the crucial nonlinear estimates, which are postponed to Section 8. In the
remainder of this article, as we now only consider the DKG system, the dimension is fixed to n = 3.

7A. Notation and setup. Fix a smooth function p € C5°(R) such that supp p C {% <t< 2} and
> o(5) -

IO A, -
re2?
and let p; =), <, p(t/A) with p;(0) = 1. Similarly, we let O, be a finitely overlapping collection of
cubes of diameter /1000 covering R3, and fix (Pg)qe0,, to be a corresponding subordinate partition of
unity. We now define the standard dyadic Fourier cutoffs, for A € 2N, A > 1, g€ 0, d €2*

—i0; £ (—iV)m
7 .

|~ iV . .
Pa=o(F) A==V, P = pall=iV G =

+,m

>, are defined analogously.

We also let C;}m = 4<aC jf’m, and any related multipliers such as C
To simplify notation somewhat, we make the convention that

Cd = C;_’l, C(:it = HiC;:’M,

where M will denote the mass of the spinor in (1-3) and IT4+ is as defined below. Given o < 1, we let
(P )cec, be a smooth partition of unity subordinate to the conic sectors {§ # 0, £/|€| € k}, and define
the angular Fourier localisation multipliers as

R = pie(—iV).

We use the well-known fact that for any 1 < p, ¢ < oo the modulation cutoff multipliers are uniformly
disposable in LY L”. for certain scales; namely we have the bounds

:l:, :l:a
IC7"™ PaReullpgpr + 1C2y™ PaReullpapr < I PaReullpspr, (7-1)
provided that k € Cy and d = o?A and o > A~ 1; see, e.g., [Bejenaru and Herr 2015, Lemma 4.1]. Similarly,

by writing

. —id .
CEM —  Fit(Vm Loy +it(V)m
d e P 7 e

and using the fact that convolution with L} (R) functions is bounded on V2, we deduce that for every
de?2?
+.m
ICZ vz S lullyz (7-2)

To deal with solutions to the Dirac equation, we follow the, by now, standard approach used in
[D’Ancona et al. 2007; Bejenaru and Herr 2017] and define the projections

1
(§)m

M(§) = %(1 oy + My"))



1212 TIMOTHY CANDY AND SEBASTIAN HERR

and the associated Fourier multiplier (H/;?)(E )=T1,(§) f (). A computation shows that T TT_ =
IT_TI4 =0 and 12 = I14. Moreover, given any spinor ¥ we have

Y=Ty+T vy, (=iy"d, +M)sy =y (—id; £ (—iV)a)y.

As in [Bejenaru and Herr 2017], we can now reduce the original system (1-3) to a first-order system as
follows. Suppose we have a solution (¥, ¢+ ) to

(=id: £ (V)a) ¥z = D ($4)y°V)
(=10 + (VImps = (V)i @ Tv W)
v+(0) = fx,
$+(0) = g+,
where ¥ =TT ¥4+ + IT_y_ and the data ( fi, g+) satisfies [T f1 = fi. If we let ¢ = N(p+), then
since ¥ TyOy is real-valued, we deduce that
2p+i(V)y 8:9) = b1 +i (V) 04 + (b4 —i (V)1 0:04)
=204 — (V)20 + (V)2 (0T O) =24

Consequently, if we take g+ = ¢(0) + i (V),,'9:¢(0), a simple computation shows that (¥, ¢) is a
solution to the original DKG system (1-3). Note that, after rescaling, it suffices to consider the case

(7-3)

m = 1. Therefore, to prove Theorem 1.2, it is enough to construct global solutions to the reduced system
(7-3) withm = 1.

7B. Analysis on the sphere. We require some basic facts on analysis on the sphere S2, which can be
found in, for instance, [Stein and Weiss 1971; Strichartz 1972; Sterbenz 2005]. Let Y, denote the set of
homogeneous harmonic polynomials of degree £, and let yy ,, n =0, ..., 2£, be an orthonormal basis for
Y, with respect to the inner product

Ot Yotz = [ Den@]'yen @) dS@).

Given f € L?(R?), we have the orthogonal (in L?(R?)) decomposition

24
£ = 3 S x10), yen@)) 12 @2, Ve (|§—|)

L n=0

For N > 1, we define the spherical Littlewood—Paley projections

| =

)

24
Hi ) =33 pet O (X1, Yewd 122 Ven (i)

LeNn=0 |x|

24 I
Hy =3 p(ﬁ)mm ), ye,n>Lz<gz)ye,n(

LeNn=0

=
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Fractional powers of the angular derivatives (Q2) are then defined as

(Q)°f=> N°Hyf (7-4)
Ne2N
If we let ;; = x;0; — x;0; denote the standard infinitesimal generators of the rotations on R3, then a
computation gives

||QinNf”L)2C(R3) ~ N”HNf||L§C(R3)‘

In addition, if Ag2 denotes the Laplacian on the sphere of radius |x|, then Ag> =) i<k QIZJ These facts
are not explicitly required in the following, and we shall only make use of the spectral definition (7-4).
More important for our purposes, are the basic properties of the multipliers Hp .

Lemma 7.1. Let N > 1. Then Hy is uniformly (in N) bounded on L? (R3), and Hy commutes with all
radial Fourier multipliers. Moreover, if N’ = 1, then either N ~ N’ or

HyIlLHy =0.

Proof. The first claim follows from [Strichartz 1972]. To prove the second claim, let 7" be a radial Fourier
multiplier with 7/“]\”(5) = 0(|§|)f(§). It is enough to show that, if f(x) = a(|x|)ye(x/|x|) for some
ye € Yy, then Tf = b(|x|)ye(x/|x|) for some b(|x|) depending on a and ¢. But this follows directly
from [Stein and Weiss 1971, page 158]. To prove the final claim, suppose that N 3> N’ or N <« N'. Our
goal is to show that H I14+ Hp- = 0. Since H commutes with radial Fourier multipliers, it is enough to
show that Hy (d; f) = 0 in the case f(x) = a(|x|)yy(x/|x|) with yy € Yy and %N’ <{' <2N'. Since
3j = (x;/1x1)3r + > (xk/|x|*)k, where 3, = (x/|x[) -V, and 9, (y¢ (x/|x])) = 0, we can reduce
further to just showing that Hy (x €2k y¢/) = 0, which corresponds to checking that

(e, Xk Qijye)12(s2) =0 (7-5)
for every %N < € <2N. Since x; Qg yy is a polynomial of order £’ 4- 1, by the orthogonality of the
polynomials yg, (7-5) clearly holds if £ > ¢’ 4+ 1. On the other hand, after an application of integration by
parts, we obtain

(e Xk Qi ye) 12(s2) = (Qrj (ko) yer) 12(s2)
since Q; (X y¢) is a polynomial of order £ + 1; we see that again (7-5) holds if £’ > £ + 1. O

An application of Lemma 7.1 shows that Hy commutes with the P, and C; multipliers since we may
write C;E’m = TtV p(—id; /d)e*(VIm On the other hand, it is important to note that Hy does not
commute with the cube and cap localisation operators R, and Py.

7C. Norms and the energy inequality. Fix 0 <o < 1,
1 1 1 o
254 <27 1000’
and b = 3/a — 1, and define

1_p bLtm
Ul|lot.m =Aa" 7 sup d°||C7;7" Py Hyu 2
Il 2. sup dP|C Py Hyulg
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and
u =||PyHyu u .
[ ”F;';;" | PrHy IIVi,meII ”Yf[{,”
We also let
25 A72
Ilrgs, = (3 2 ANl
| A=1N=1

and define the Banach space

Fy5, ={ueCR(Q)°H"): ”””Fi.‘in < o0},

For the remainder of this section, let opy = o if M = l and oy = lo +o0if0< M < % Thus
op corresponds to amount of angular regularity in the statement of Theorem 1.2. We will construct a
solution (Y4, ¢p+) € F £ M 0.001 F{ 2’ M 10 the reduced system (7-3). Thus we work in a frequency-localised
V2 space, with the additional component Y AN " needed to control the solution in the high modulation
region; for the latter see [Bejenaru and Herr 2015 Section 4].

There are three basic properties of Viz,m which we exploit in the following. The first is a simple bound

in the high-modulation region; see [Hadac et al. 2009, Corollary 2.18] for a proof.
Lemma 7.2. Letm > 0 and 2 < q < oo. For any d € 2% we have
£, -1
ICF ™l S 4V ulyz -
The second key property is a standard energy inequality, which reduces the problem of estimating a
Duhamel integral in F ’ to controlling a trilinear integral.

Lemma 7.3. Let F € L‘t>o L2, and suppose that

sup < 00.

IPAHyvl,2 <1
+.m

/R(PAHNU(I),F(I))Li dt

If u € C(R, L2) satisfies —i d;u £ (V)pu = F, then Py Hyu € Vi . and we have the bound

[PrHNully2 < PAHNu(0)|l2 + sup /(PAHNU(tLF(f))L}cdt- (7-6)
xm “PAHNv”Vi <1JR

Proof. See [Koch and Steinerberger 2015] or [Hadac et al. 2009, Proposition 2.10] for details on the
duality. It is also possible to prove this directly as follows. Clearly it is enough to consider the case
u(0) =0, thus u(t) = f(; eTit=)V)m F(s) ds. Let K >0 and (f;) € Z. A computation gives the identity

P . 2 2
( > Hei”“WPAHNu(zk)—ei”k1<V>MPAHNu<zk_1>HL§) = [ (PAHNV(s), F(5)) 12 ds
lk|<K R
with
U(S):A_l Z l[tk_l,tk)(s)(e:Fl(S_tk)W)mu(lk)—€$l(s_tk71)(v)'"u(fk—1))
|k|<K
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and .

. . 2
A = ( Z ”e:l:ltk(V)m Py Hyu(ty) — eFitk—1{Vim PAHNM(Zk—l)“i)zC) )
lk|<K

It is easy to check that

IP2Hyvlly2 <1
Thus, by taking the sup over the above inequality, and then letting K — oo we deduce the bound (7-6).
Since u is also continuous, we obtain u € Vj:2 m as required. O

Note that the norm on v can in fact be taken to be the stronger U}E ,» norm, but we do not require this
improvement here.
The final result we require on the V:ﬁ m Spaces, concerns the question of scattering.

Lemma 7.4. Let u € Vj:2 m- Then there exists f € L2 such that ||u(t) —e:Fit(V>f||L)zc —0ast — oo.

Clearly, this result can be extended to elements of the space Fi":nM . In other words, if we construct a

solution in Fi"an , then we immediately deduce the solution must scatter to a linear solution as t — Fo0.

7D. Proof of Theorem 1.2. We now come to the proof of Theorem 1.2. In light of Lemma 7.4, it is
enough to construct a solution (Y4, ¢4 ) € Fi’%‘f X F_E,’la M to the reduced system (7-3). Note that we
may always assume that ¥+ = 114, provided that this is satisfied at # = 0. Define the Duhamel
integral

t
TE[F] = / e THE=Vm F () ds.
0
Note that I,ﬁ,:[F ] solves the equation
(—ide £ (V)m)ZE[F]=F

with vanishing data at + = 0. Moreover, we can check that for every 1 < p < co we have

:l:, - :l:a
ICT " Ty [FlllLpr2 Sd M CT " Fllpp sz (7-7)
If we had the bounds
+
|, 25 197 T, 0] | poons < 101 172000 0] poons

+.M +.1 M. £, (7—8)

9 L (M, ) YO Ty 0] | /2000 S IV poorns 101 po.ons

+.1 M.:|:| M.:|:2

1
then a standard fixed-point argument in Fi"]"fy X Fjla M would give the required solution to (7-3),
provided of course that the data ( f1, g+) satisfied

()™ fullpe + 1{2)™ g+ lg1 /2 K 1.
Let
$uN = PuHNG, Y, Ny = P HN,, @a,,N, = Pr, Hy, 0.

We have the following frequency-localised estimates.
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Theorem 7.5. Fix M > 0. Then there exists € > 0 such that

H g, IA{;] [d)M,NVOH:Ez(PAz,Nz] H F;tl M

1-NV1

min{M,M,)\z})

< L . O'M
< 12 (min{N, N2}) max{ie, A1, A} ”¢||F+1 lel praM (7-9)

2N2

and

(= [(HilWAI,NI)TVOHﬂ:Z‘PAQ,Nz]HFI-}{,

< mingo Ny (B T2y

7-10

Fy )N,
Remark 7.6. The proof of Theorem 7.5 in the resonant regime 0 < M < 5 relies on the small-scale
V2 estimates in Corollary 6.4. However, it is possible to prove a weaker version of Theorem 7.5, with oy
replaced with some larger o, provided only that a robust version of the homogeneous bilinear restriction
estimate (6-3) holds. More precisely, by following the proof of Corollary 6.4, and then interpolating with
the Klein—Gordon Strichartz estimates as in Remarks 6.2 and 6.3, it is possible to show that (6-3) implies

the V2 bound

1
uv|;a;p <A +a=s ully2 Vily2
[ ||L LY(R1+3) ~ [ ||V:|:1~m1 I ||V:t2,m2
in the range ) 1 6 7
—+2<2, =4—<-=
ath< aTw <3

where u and v have Fourier support in 1-separated angular wedges of size 1 x 1 x A at distance A from the
origin. The case a =2— and b = %—l— can be used together with the L%"'Li_ angular Strichartz bound
from [Cho and Lee 2013, Theorem 1.1] instead of the argument used in the high-high case in the proof of
Theorem 8.8 below. However, the estimate obtained is weaker than the one in Theorem 7.5. Moreover,
it still requires a robust version of the homogeneous bilinear estimate (6-3) for which we can track the
dependence of the constant on the phases ®; due to the lack of homogeneity of the Klein—-Gordon phase.
Irrespective of fact the Theorem 1.1 applies to V2-functions, a key advantage of our formulation of
Theorem 1.1, in comparison to [Bejenaru 2017; Lee and Vargas 2010], is that it allows us to read off the
above-mentioned dependence.

The standard Littlewood—Paley trichotomy implies that the left-hand sides of (7-9) and (7-10) are zero
unless
max{p, A1, A2} &~ med{u, A1, A2} = min{u, A1, A2} (7-11)
and
max{N, N1, No} ~ med{N, N1, N2} Z min{N, N1, N>}

It is now easy to check that the bilinear estimates (7-8), follow from Theorem 7.5. Consequently, we have
reduced the proof of Theorem 1.2 to proving the frequency-localised bilinear estimates in Theorem 7.5.
As the proof of Theorem 7.5 requires a number of preliminary results, we postpone the proof until
Section 8D.
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8. Linear and multilinear estimates

In this section our goal is give the proof of Theorem 7.5. To this end, we first provide some linear estimates
and adapt them to our functional setup, prove an auxiliary trilinear estimate in V2, and eventually give
the proof of the crucial Theorem 7.5 in Section 8D.

8A. Auxiliary estimates. As is well known, see for example [D’Ancona et al. 2007], the system (7-3)
exhibits null structure. To exploit the null structure of the product ¥ Ty%yr, we start by noting that for any
x,y € R3, we have the identity

My, f17y°M4, g
=[(M4, —Ma, () f1Ty° T, g + [, 0) £ (M, — T, O)g + T e, ()Y T, () g

This is then exploited by using the null-form-type bound

|1 ]x] +2 [ y]|

I, (0)y°Ta, ()] < O(F1x, £2y) + ,
(x)(»)

(8-1)

which follows from (2-6) by observing that
Mg, (0)y° Ty (v) = M, (0) (M, (2)y° = yO T, () M, ()

_ izﬁj_ilfj) j (:l:lM ﬂ:zM))
H*'(x)((m)M @)’ o T ) O

together with the following lemma; see [Bejenaru 2017, Lemma 3.3] for a similar statement to part (i).

Lemma 8.1. Let 1 <r < oo:

Q) IfA=1, a =171 k €Cy, then

[(Ma, = T, Aeo(6)) Re P f |

Lr SolRePrullpy.

() IFA=1,0<a <A™, k €Cy, q € Q24 with centre £, then

H (Hil —1Ilg, (50))RKPqPAf‘

L < a”RKPqPA”“L;}-

Proof. Concerning part (i), see [Bejenaru 2017, Proof of Lemma 3.3]. Concerning part (ii), we may
assume |&o| ~ A and, due to boundedness, we may replace the symbol of R, P, P, by a smooth cutoff y g
to the parallelepiped E with centre & of side lengths au? x aiu x e with long side pointing in the
direction &y. After rotating &y to £y = |&o|(1, 0, 0), the operator has the symbol

m6) = (25 (o) =4 (e~ o)) 2

for certain B!, BZ, B3 € C**4 It suffices to prove the kernel bound

[(Ftm) ()| S a*2* (1 +ar? (x| +ad|X' )74 x = (x1,x), (8-2)
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as it implies || F Um|| 1 ®3) < @. In the support of y g we obtain, from (2-6) and a simple computation,

m(E)| < 273 1§] = 160l | + 0(E. €0) + 2 72[1€] — €0l | S .

From the localisation of y g, where |8§1 &i/Em)| < A~¢=1 and the Leibniz rule, we conclude for £ > 0

9, mE) Sa@) ™+ Y AT @) faer?)
0<{1<t
Integration by parts now implies (8-2) if aA?|x1| > aA|x’|. For k = 2,3, we have |8§k & /(E)m)| < At
within the support of y g; hence we conclude for £ > 0

ogm@E| se@)™ + Y AT e e
o<l 1<t

Integration by parts now implies (8-2) in the region where aA?|xq| < oA |xg]. O

The proof of Theorem 7.5 requires a number of standard linear estimates for homogeneous solutions to
the Klein—Gordon equation. We start by recalling the Strichartz estimates for the wave and Klein—-Gordon
equations.

Lemma 8.2 (wave Strichartz). Letm = 0and2 <g <oo. If O<u <A, N=1l,and 1/r=1/2—1/q
then for every q € Q,, we have
; 1_1,1_1
e Vm Py Py fllpapy S w27 TATTT [Py Py f || 2
Moreover, by spending additional angular regularity we have

; 3_1
le¥ N m Py Hy fllapa SATTINIPLHN f 2.

Proof. The proof of the first estimate can be found in [Bejenaru and Herr 2017, Lemma 3.1]. The second
follows by simple modification of the argument in the appendix to [Sterbenz 2005]. More precisely, after
interpolating with the L°L2 estimate, we need to show that

1

. 1_1)_1
||€:Flt(v)mHNPlf”L%L§ < N/\3(2 r) 2||HN/\f||L§'

After rescaling, and following the argument on [Sterbenz 2005, pp. 226-227], it is enough to prove that
for every € > 0 we have the space-time Morawetz-type bound

11+ IXI)_%_GVMIILgX < 1@:u(0), Vu(0))l 2 (8-3)

for functions u with Ou 4 mu = 0, and the constant in (8-3) is independent of m. However the proof of
(8-3) follows the same argument as the wave case in [Sterbenz 2005]; the only change is to replace the
wave-energy-momentum tensor with the Klein—Gordon version

Qup = 3(dapOpd + 0pd0ud — 8ap (37 $0yp +m?|p|%).

‘We omit the details. O
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The amount of angular regularity required for the L?JFL?C Strichartz estimate to hold, is much less than
that stated in Lemma 8.2. In fact, in [Sterbenz 2005], it is shown that the same estimate holds with N %+.
However, as the sharp number of angular derivatives is not required in the arguments we use in the present
paper, we have elected to simply state the result with a whole angular derivative. On the other hand, the
number of angular derivatives required in the following Klein—Gordon regime, plays a crucial role.

Lemma 8.3 (Klein-Gordon Strichartz). Let m > 0 and 35 < 1/r < 2. Then for every € > 0 we have

5

1Ty Hy fllzy <22 P NTG=10) e P Hy £ 5.
Proof. This is a special case of [Cho and Lee 2013, Theorem 1.1]. O

Remark 8.4. Without angular regularity, the optimal L}, Strichartz estimate for the Klein-Gordon
equation is r = %; see for instance [Machihara et al. 2003]. However, in the resonant region, we are
forced to take r slightly below 3; thus the additional angular regularity is essential to obtain the additional
integrability in time. In other words, the angular regularity is used not just to obtain the scale-invariant
endpoint, but also plays a crucial role in controlling the resonant interaction. Note that the number of
angular derivatives required in Lemma 8.3 is not expected to be optimal, and any improvement in this

direction has an impact on Theorem 1.2.

We have seen that the addition of angular regularity improves the range of available Strichartz estimates.
An alternative way to exploit additional angular regularity is given by the following angular-concentration-
type bound.

Lemma 8.5 [Sterbenz 2005, Lemma 5.2]. Let2 < p <00, and 0<s <2/p. If A,N =1, a = A~ 1, and
Kk € Cq we have

IR PAHN fLp@s) SN IPAHN f Lz @)

Finally, we need to estimate various square sums of norms. As we work in V2, this causes a slight loss
in certain estimates. However, as we have some angular derivatives to work with, this loss can always be
absorbed elsewhere.

Lemma 8.6. Let (Pj)jey and (M;);e s be a collection of spatial Fourier multipliers. Suppose that the
symbols of P; have finite overlap, and

IM; i f iz SS1B; £l
for some § > 0.
(i) Letq > 2, r = 2. Suppose that there exists A > 0 such that for every j we have the bound
leF VP fllgapr < ANP; fllpa.

Then for every € > 0 we have

1

2
(S 1mpoiys, ) sswaraily;,
jeg '
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(ii) Fix po > 1. Suppose that there exists A > 0 such that || P; f'|p 2 < A||f||L2 Moreover, suppose
that for every p > pg there exists B, > 0, and for any j € J there exists K; C J with #IC; < 1 such
that for every k € K;

[PjuPrvllr < BpllPjullyz  |Prvlly2
L.x :I:l.ml :|:2,m2
Then for every q > po and po/q < 0 < 1 we have

> IPjuMePevle <SS TPATOBY Jully,2 vl
: t.x q +1.mq +5.mp
jGj,kGK_,’

Proof. We start with the proof of (i). Let 2 < p < ¢ and suppose that ¢ = ) ;.7 17 (t)eTit{Vim S is
a UP atom; thus ) ; || f1 ||i2 < 1. The assumed linear estimate, together with the finite overlap of the
Fourier multipliers P; impliés

. P. D :F.t(v)m . Pp. 4
(S 1msps01y, ) s(ZZne M Py il )

JET €T jeg
A(ZZIIMijﬁII{%) saA(Z(Z ||ij1||i§)
’ IeT Njeg

JjeJI€T

N =
N =

S
(NS

1
) <54,

Consequently the atomic definition of U i’ , then implies that for any 2 < p < ¢

(Z M P, u||LqL,) < ASlullyy | (8-4)
JE€T
Letv e ij:’m. There exists a decomposition v = ),y V¢ such that for every p > 2 we have

0(2-1) .
<2
ey 52 G Voly;

see, e.g., [Koch and Tataru 2005, Lemma 6.4] or [Hadac et al. 2009, Propositions 2.5 and 2.20]. An
application of Holder’s inequality, together with (8-4) gives forany 2 < p < ¢

1
2 1_1
(Z 1M Pol2g ) <6 Y (T im Pjvellf?%)

JET LeN NjeJg

N =

1_1
<8A#D) TP Y lvellyr
LeN ’

S8ARD> 7ol 32t G

LeN
1_1
S84 7 vlly2

Thus (i) follows by taking p sufficiently close to 2.
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We now turn to the proof of (ii). As in the proof of (i), we have the decompositions u = ), Uy
and v =),y Vg With ”W”Ui],ml < 2¢(2=1) and ||v(g||Uer2’m2 < 2¢G=1) for every r = 2. Let g > po
and pg/q < 6 < 1. Then the convexity of the L? norms together with Holder’s inequality, our assumed
bilinear estimate, and the U2 summation argument used in (i) implies

> I PjuMy Prvllpe

jej,kEICj 0 0
1-6 1-
s@n'? Y ( > ||PjuMkka||Llegc) (sup || PjugMy PeoeliLes,)
LUEN NjeT kek; JkeT
< 1-0 41-0 po 0 1-6
S8@T)' 0A0Bg, Y (luellyz | Avellyz | uellogs |, Tvellog )
£,0/eN
1-0 41-0 po —£(1—0)—t/(1-6)
S8 TIAT By lullyy Al ) 272
£,0/eN
1-0 41-0 po
SEHT) A ngllullyﬂzqml IIUIIijcz_m2
Therefore (ii) follows. O

Clearly the previous lemma allows us to extend Corollary 6.4, and the linear estimates discussed above,
to frequency-localised functions in Vi - Forinstance, forany l S u S A, a 2 Al and e >0, ¢ > 2,
we have by Lemma 8.2

) -
o 1
(2 Zireranniz, ) sas(5) iz, 5-5)
q€Qy KE€Cy ' '
1

2 3_1
2 < —€y3-1 ]
(X IRann ) o dd 5N e, 5-6)

KE€Cy

where we use the shorthand u y = P, Pyu. Similarly, an application of Corollary 6.4, Lemma 8.1, and
(i1) in Lemma 8.6 gives for every g > % and € >0

2
LZ S R Pt Re Pty Ty i)
eKTEC, 1 7.4"€Q, :
lg—q” |~ or |k—k" |~

Sulunllvz W llyz - 8

where w(«x) denotes the centre of the cap « € C,,—1. This bilinear bound plays a key role in controlling
the solution to the DKG system in the resonant region.

8B. General resonance identity. After an application of Lemma 7.3, proving the bilinear estimates in
Theorem 7.5 for the V2 component of the norm, reduces to estimating trilinear expressions of the form

/ oy Tylpdxdt. (8-8)
R1+3
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Suppose ¢, ¥, and ¢ have small modulation; thus supp ¢ C {|z + (£)| < d}, supp ¥ C {|t %1 (E)p| < d},
and supp @ C {|t £2 (§)pr| < d} for some d € 27, If £ € supp 1} and 7 € supp ¢, then it is easy to check
that the integral (8-8) vanishes unless

(&= F1(&)m £2 (Mm| < d.

To exploit this, we define the modulation function

M, 4,0 = [(E—n) F1 (E)m +2 (M)m)-

Clearly we have the symmetry properties M 1 (§,n) = M_ _(n, &) and My £(&.n) = M4 £(. §).
The proof of our global existence results requires a careful analysis of the zero sets of 94+, 4,; the key
tool is the following.

Lemma 8.7. Let M > 0:

(1) (Nonresonant interactions). We have

M_ 4 (E.1) 2 (€) + (). Mot (1) 2 — (('E'""')z+|s||n|02(s,n)+1),
+E M2 =ED2 T\ T B m)
1€ —nll&] » 1€ —=nlnl »
M__(E,n) 2 ——2-6 —n,=£), M ,n) > ———-0 —n,n).
~Enz GERT) E—n.-%) ++Em 2 GERT) E—n.n)
(i) (Resonant interactions). We have
N . (El—l)? o am-
m*"(s’”)”@)ﬂn)‘M Ear (Mt €l + g2 T I+ & ===,
O g M-’ o 2M—1‘
im*"(s’”)z<n>‘<5>M<s—n>+|s||s—n|+M+'§”é =5 E=m+ |

Proof. We begin by noting that, if we let m 1, mo, m3s = 0, then for any x, y € R” we have the identity
|(x - Y>r2n3 —((X)m, £ ()’)mz)z‘
= [F20)m, ()my =2y + (m3 —mF —m3)|

= [2((X)my (¥hma = (x| Y|+ mim2)) +2(x| [y £ x - y) £ ((m1 £ m2)? —m3))|

2 2 2
m —ma|X m m —m
(XYmy (Vymy + |x[[y] +mima 2

(8-9)

We now turn to (i). The bound for 9i_ 4 is clear. On the other hand, by taking x = £, y = n,
mi=mp =M, mz=11n (8-9), we have

M50 = [(§—n) = [(E)m — (nul| ~ (Eln) (€= = (E)m — (mm)?|

L] ((IE|—|n|)2
E-m\ @

T EInI62E ) + 1).
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Similarly, taking x = &€ —n and y = &, gives
()3 — (& =) + (§)m)?|

M__(E. ) =
) = T E—m + E

E—nllel o
)

Using the symmetry 9_ _ (&, n) = M4 4 (n, §) gives the remaining bound in (i). To prove (ii), we note
that another application of (8-9) gives

1
My-E )~ MHE — )%= (E)y + (n)m)?|

R N s o amro
~ e M B + ez T EIAE T

from which the first inequality in (ii) follows. The second inequality in (ii) follows from a similar

application of (8-9). O

8C. The trilinear estimates. Suppose we would like to bound an expression of the form Py H NI,%,: [F]
in Vi - An application of the energy inequality, Lemma 7.3, implies we have

| PAHNT[Flly2 < sup

" ”P’\HNu"Vi <1
.m

/ (P, Hyu) F dx dt|.
R1+3

Thus to bound the V2 component of ||IjE [l FEm itis enough to control [5143(Py Hy u)YF dx dt. Con-
2 A,

sequently, to estimate the V'~ component of the norms in Theorem 7.5, the key step is to prove the following

trilinear estimate. To simplify notation somewhat, we define B = (min{w, A1, A2 }/max{u, A1, A2})€ if

M;%,andif0<M<%welet

(min{u, A1, Az}/max{p, A1, 42})¢, @ < max{Ai, A2} or u > min{Ay, A2},

BG = _l_j’_a . Z
14+ pu~ 679 (min{N, N1, N2})30, U A& A,

Theorem 8.8. Let M > 0. For every /100 < § < 1 we have

'A3+1 ¢U«3N(Hﬁ:1 wkl,N,)TJ/OHiz(pALAb dx dt

1 . § _
S u2mingN, N23)° B s o lldll gt 1Va,,m ”Vil, el FE2M (8-10)

A2.Np
and

/R3+1 Gun (T, Vi, N) YO T, 00, h, dix dt

1 .
S wmin{Ne. No3)* By g 3190l 101t el ey 81D

1 A22



1224 TIMOTHY CANDY AND SEBASTIAN HERR

In the region A, > A1 we have the slightly stronger bound

'A3+1 ¢I‘L’N(Hil WAI,NI)TVOHj:Z(pAZ,NZ dxdt

S
L s A1)®
< - _
< w2 (min{N, N»}) ()Lz) ||<15M,N||VJ2H||Wl,1v1 ”Vil,M ||‘PA2,N2||Vj2E2!M- (8-12)

Similarly, when u < A1, we have

‘/RH] Gun (T, Vi, a) YO T, 01, a4, dx dt‘

8
1 . s M 8
S dinge, N0 (45 ) 1 vz I mlvz, | Woasmalyz o G19

Proof. We begin by decomposing the modulation (or distance to the relevant characteristic surface) as

¢M,N(H:|:1 wll,Nl)TyOH:tz(pkz,Nz
_ C C:|:1 i OC:i:z C C:l:1 t OC:tz
- Z d‘pu,N( <d W/M,Nl) 14 Sd(p)tz,Nz + <d¢M,N( d WAl,Nl) )4 5d¢l2,N2

de2’ + +
+ C<d¢M,N (C<dl WAI,NI)TVOC[; z(plz,Nz

= Z Ao+ A1 + As.
de2?

Keeping in mind (7-11), we now divide the proof into cases depending on the relative sizes of the
frequency and the modulation. Namely, we consider separately the low-modulation cases
AMa~dry>puandd S, p>min{d;, Az} andd Smin{ii, A2}, A1 ~A~pandd S pu,
and the high-modulation cases
AM~AyZpandd > p, p>»> min{A1, Az} and d > min{A, Ao},

Clearly, this covers all possible frequency combinations. The first case in the low-modulation regime,
where the two spinors are high-frequency, is the easiest, as this case interacts very favourably with the
null structure. The second case, when p >> min{A1, A»}, is more difficult, and is the main obstruction to
the scale-invariant Sobolev result. The final case, when p &~ A1 & A,, is the only resonant interaction, and
this is where the bilinear estimates in Corollary 6.4 play a crucial role. In the remaining high-modulation
cases d > min{u, A1, A»}, the null structure of the system no longer plays any role, and we need to
exploit the Yf}\’," norms to gain the off-diagonal decay term.

High-low, I: © < A1 &~ A5 and d < . Our goal is to show that

Z/ Ao dx dt / Ay dxdt f Ap dx dt
R1+3 R1+3 R1+3

d<<A )
1.5 12
St (£) Wtz Womlhz, lomlyz o 614

where we let Npin = min{N, N1, N»}. Clearly this gives the bounds (8-10), (8-11), and (8-13).

+ +
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We now prove the bound (8-14). An application of Lemma 8.7 implies that we must have 1 = £
and moreover, that the sum over the modulation is restricted to the region ! < d < p (in particular this
case is nonresonant). To estimate the first term, Ao, we note that after another application of Lemma 8.7,
we have the almost orthogonal decomposition

+ +
Ado= Y Y CadunCIiRPYa, N)YOCSI R Py, i,

kk'€Cq q,9'€Qp
lk—K'|Sa |g—q'|Sn

where « = (d,u)%kl_l. Then, using the null-structure by writing
CELRcPy, = CIpM (Mg, — My, (M10)Re Py, + C2pM Iy, (o) Re Py,

(here w, denotes the centre of the cap k) and applying Lemma 8.1, together with the uniform disposability
of Cid' M from (7-1), we obtain for every € > 0
‘ / Aodxdt|< Y D allCadunllpz IRePqvaynllps IRe Poroinn, s,

k,k'€Coq  q,q4'€Qu
lk—«'|<Se |g—q'|Sp

Y AR AN
<12 [N _
< uta (M) Bz Wamlvz | lenmalie 8.15)

where we used Lemma 7.2 to control the L%’ , horm of the high-modulation term, and the bound (8-5).
On the other hand, we have the decomposition

+ +
Ado= ) CqRedunCIiRYa, N YOCTIRep, N,

k' K" €Cp

lie—kc’], 1" 226" | S B

where 8 = d 2 ,u_%, again by almost orthogonality and Lemma 8.7. As above, we obtain for every € > 0

‘[ Aogdx dt| < Z ,BHCd RK”¢M,N ”L%.x ||RKWM,N1 ”L?,x ||RK/‘P)L2,N2||L;tx
K.k’ k" €Cp
le—K’|,|k" £26’ | S B
1—e j—1 1
BT EBNm) g llvz, Warm vz | lonmlvz o (8-16)

where we used the angular concentration Lemma 8.5 on the lowest angular-frequency term. Combining
(8-15) and (8-16), by taking € > 0 sufficiently small, we obtain for every 0 < § < 1

Z /Aodxdt

uwlsdsu

8 1
d\* s (1\* 1
s > (;) Nmm(x) IL2||PMHN¢||VJ2M||WA1,N1||Vj2E1qM||§0)Lz,N2||Vj2E2.M
pnolsdsp

1

s (H\* 1
sMa(5) i iunliz Wbz Tomalvz
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which gives (8-14) for the Ap term. Next, we deal with the A; term. The argument is similar to the
above, but the initial decomposition is slightly different as we no longer require the cube decomposition.
Instead, we need to decompose the ¢ term into caps to ensure that the C_; multiplier is disposable. In
more detail, the resonance bound in Lemma 8.7 gives

+ 0,%
A= Z Z C<dRK”¢M,N(Cd IRKWM,NI)TV CﬁéRK’wlz,Nz»
K,k €Cy k" eCp
lk—K'|Sa |k +26'|<B

where o = (du/ k%)% and 8 = (d/ ,LL)%. By exploiting the null structure as previously, we then obtain
for every € > 0

‘/A]dxdl

+
< ), Yo alRedunlps 165" Rewagn ez IRea, s,
K,k €Cy k" eCp
lk—'|Se |k £k |<B

l—e L 1.1
S WA W vz Wam v | Ioramlve (8-17)

where we used Lemma 7.2 to control the L%, , horm of the high-modulation term, and again used (8-5). To
gain a power of d, we again exploit the angular concentration estimate by exploiting a similar argument
to (8-16) to deduce that

'/Aldxdt

+
S Y BlIRedunlLs 16T RV, w2 I Rewas s

k'K €Cp

lke—k'|,|k" 226" | SB

_ 1.1 1 1
<A I BN g vz Wi m vz Ionsllyz o 618

Combining (8-17) and (8-18) as in the Ag case, and summing up over u~! < d < u with € sufficiently
small, we obtain (8-14). The remaining term A, can be handled in an identical manner to the A;. Thus
the bound (8-14) follows.

High-low, IT: ;& > min{A1, A2} and d < min{Aq, A2}, Let {j, k} ={1,2} and A; = A. Our goal is to
prove that

Z / Ao dx dt
R1+3

d=<Ag

+

[ A/' dx dt
RI+3

1 § )kk 8
< p2N° | Z£ . (8-19
~ K mm( ) ||¢M,N||V42_V1”‘/f)c1,N1 ”Vil.M ||¢A2,N2||Vi2’ ( )

On the other hand, for the A; term, we have the weaker bounds

> / Ap dx dt
R1+3

d=<Ak

1

8
L A\8, . s
sict (Z) uint N I bz Wz, ol (520
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and
1 1
1 Ak 2a- 4 ”w”Fil»Mllgokz,NZHVZ , k=1,
Z /1+3 Akd.xd[ 5#2(—) N]§”¢H”N||V_"2_1 { A1.Nq :tz.M
45 g S Ulamllyz el s k=2,
:|:1,1 Ar.No (8—21)
where
1 1 1 o
252 =27 1000

is as in the definition of the Yf’:]’\'," norm. Clearly (8-19), (8-20), and (8-21) give the estimates claimed
in Theorem 8.8. Note that we have a weaker bound when the low-frequency term has modulation away
from the hyperboloid, and for this interaction, we are forced to exploit the Yf’l’\'ln norms.

We begin the proof of (8-19), (8-20), and (8-21) by observing that since the estimate is essentially
symmetric in ¥ and ¢, it is enough to consider the case ; &~ A1 > A5; in other words, we only consider
the case j = 1 and kK = 2. As in the previous case, Lemma 8.7 implies that we only have a nonzero
contribution if &1 = + and k;l < d < Az. To control the Ag term, we decompose into caps of radius

B=(d/ kz)% and cubes of diameter A,. Lemma 8.7 implies that we have the almost orthogonality identity

+ 0p ot

o= ) Y PyCadun(PgReC v v) VO ReCG 02,8,
ki'€Cs  q,94'€Qx,
lkeFak'ISB |g—q'ISA2

Thus exploiting the null structure as previously, disposing of the C;’m multipliers using (7-1), and

applying the L‘tt + Strichartz estimate, we obtain for every € > 0

[ Avdxdis X X pIPyCabunliz I1PaRVa iy IRetinmles,

k.k'€C  q,4'€Qx,
[kF2k'1SB |g—q'|SA>

1
e 1A\
< B2l = -
SBu ( m ) ||¢>M,N||VJ2n1 YA, 5, ”ViM ||‘PA2,N2||Vj2E2’M- (8-22)
On the other hand, by decomposing into

+
Ao = Y ReCabun(RCE 2, 8D YO RAC 0,

K,k €Cg

[k F2u’|, Ik £2k|<B

and using the angular concentration bound Lemma 8.5 on the smallest angular-frequency term, a similar
argument gives

/ Agdx dt
R1+3

s Z ﬂ”CdRK”@L,N”L%X||Rlcw)n,N1 ”L‘,‘,XHRK’@Xz,NzuL;"x

K.k k" €Cp

[k F2k’], " 2| SB

L]
S /‘L2,84 Nmin”¢u"N ”V_‘z_’] ”W/'L],Nl ||V—|2-M ”(pAZ’NZHViQ,M' (8-23)
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As in the previous case, combining (8-22) and (8-23) with € sufficiently small gives (8-19) for the A term.
The A; term can be estimated by an identical argument (since the high-modulation term is again at
frequency ). To control the A component, we start by again applying Lemma 8.7 and decomposing into

+
A2 = Z Z Pq/C<d¢MsN(PqRKC;dWAl,N])T')/ORK,Cd 2¢A2’N2’

k.k'€Cp  q.9'€02,
[k F26'|SB |g—q'|SA2

where as usual 8= (d/A1;) 3. Applying the, by now, standard null-form bound, (7-1), and the L‘tt . Strichartz
estimate, we conclude that for every € > 0

+
/R IHAzdxdr‘s Yo Y BlPedunlps 1PaRe, N s IReCT>0an N2

kk'€C  q,9'€Q1,
lkF2k'|SB |g—q'|SA2

€
Lo M
S (2) Wtz Wnlvz, Iommalvz, (524

Note that we get no high frequency gain here (in fact we have a slight loss due to the sum over cubes). On
the other hand, by decomposing all three terms into caps of size f, using null structure, the L7 Li Strichartz
estimate in Lemma 8.2, and Bernstein’s inequality followed by Lemma 7.2 for ¢, , »,, we obtain for any
2<q<2+%

/ Asr dx dt
R1+3

< Z p ||RK”¢M,N ||L‘1/(q—2)tL2q/(4—q)x ||Rlcw}u N1 ||Lth;‘C ||RK”C;:2§0)L2,N2 ||L;1L‘;4/<5f1—8>
k'K €Cp
[kFak’|, k" £2k"|SB
1_1_, 5_9
<3 (Y (22) Mz 1aw vz el (8-25)
~ Aa w HANTVEL NP ALNUAVE 3y TPA2NAVE ) o

(schematically, we are putting the product into L%~ L2 x L,2+Li x L%Jr L%7). Switching the roles of
¢u,N and ¥, n,, and combining (8-24) and (8-25) with g close to 2, and € > 0 sufficiently small, we
obtain (8-20).

It remains to prove (8-21); thus we need to consider the case where ¢ also has the smallest angular
frequency. We begin by again using Lemma 8.7 to get the decomposition

+
Ay = > Y RerPyrCegun (RePCL v, n)TYORCT 00, 8,

1

K.k’ k" €Cp q,q//Gsz
lkFok'] k" 226’ |SB |g—q" | <A

where § = (d/ )tz)%. An application of Bernstein’s inequality, Lemma 7.2, and the angular concentration
lemma for ¢, together with the null-form bound, and Lemma 8.2, implies that for any € > O sufficiently
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small
/ Ardx dt
R1+3
s >, BIR -
~ :3” K" Pq”¢u,N ”L%‘l/(“ ')L,ZC“
K.k’ k" €Cg g.9"€02x, N
[k F2u’|,|c" £2'|SB |g— q//|<)k2 X ”RKPqWM,Nl ”L%”/(“_I)L,zca ”R’C/Cd Z(PAz,Nz ”L‘}Lﬁ/(”_l)

<pi- ( )(/M P EDEE GNP HN Ol IWawillv: | ICE e gy

(3-5+1)

D=

< s NS A2 WA d
SHEN2 n lbwnllvz WVaimlvz | el vz
which gives (8-21) since
1_1_1 o | o )
—<—-<z4+-—— d b—=-==—-1<_——=<_.
2%a 271000 ™ P74 <505
High-high: u© ~ A; ~ A, and d < . Our goal is to prove that if M > %, then for any § > 0 we have

the bound

Z / Ao dxdt‘ +
R1+3

d<p

/ Aldxdt‘—i- / Azdxdt‘
R1+3 R1+3

5 /’Lz mm”(pM ]\7”V2 ”lﬂlel ”V2 ||§0/12,N2 ||V:|2:2 v (8'26)

while if 0 < M < 5 1 , for every 5,6 > 0, we have

/ ZA0+A1+A2dxdt
R1+3 i<
J’_
SUINS (14 s SNH?S])”¢M,N”V42_J VA, N, ”Vil,M ||<P/12,N2||Vﬂ2:2’M- (8-27)

The key difference from the previous cases, is that if 0 < M < % we no longer have the nonresonant
bound d > 1+~ !, and thus we also have to estimate the resonant interactions d < u_l This is particularly
challenging in light of the fact that in the strongly resonant regime, 0 < M < 3, there is no gain from
-1
, and

consequently, we can apply the key bilinear restriction estimate in Corollary 6.4. On the other hand, in

the null structure when d < u~". However, we do have transversality in the region d < i

the weakly resonant regime, M = 1, somewhat surprisingly and in stark contrast to the cases M # 3 39
the null structure gives cancellatlon for all modulation scales.

We start by considering the nonresonant region 1 ~! < d < . By decomposing into caps of radius
B=(d/ ,u)%, an application of Lemma 8.7 gives the identity

+ 0 +
Ag = > RerCatpp N (ReCZy W3, N) 7O ReCE302, 4,
k' k" €Cg
|£16Fok'] K" 2k | SB
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Thus by applying the L‘tt » Strichartz bound, exploiting the null structure as previously (here we need
the assumption d 2 pc_l), and using the angular concentration bound in Lemma 8.5 on Np,, we obtain
for every € > 0

/ Ao dx dt
R1+3

< > BlIRe CadpNll 2 1RV Ny llLs [ Re@asnsllps

Kk.k'k"€Cp

|£1kFok'], " £2k"|<B

< Rpl—e —% Y
SB T BN w2 WVaimllyz | l9rmlvz -

Taking § > 0 and € > 0 sufficiently small, and summing up over the modulation ;1 ~! < d < u then gives
(8-26) and (8-27) for Ay in the region u‘l < d < . A similar argument bounds the A; and A, terms
in (8-26) and (8-27), provided the sum over modulation is restricted to ! <d < pu.

We now consider the case d < /L_l. Note that if M > %, then using Lemma 8.7, we see that Ag = A1 =
Az = 0 and thus (8-26) is immediate. On the other hand, if we are in the weakly resonant regime M = %,
then another application of Lemma 8.7 implies that 1 = 4 and £, = —, and we have the decomposition

do= Y Y ReCadun(RePaCL v, n) YO Re PyrCy iy s

I

kk'Kk"€Cg q.q'€Q 24
/ ”_
k4], k" —Kk|SB lg+q’|<u2B

where § = (d/ u)%. Therefore, using the null-form-type bound (8-1), together with (ii) in Lemma 8.1

to exploit the null structure, the orthogonality estimate in Lemma 8.6, and an application of Lemma 8.2
gives for every € > 0

/ Aodxdt
R1+3

< Z Z IBHRK”Cd‘Pu,N”L%x ||RKPqW)L],N1||L‘;_x ||RK/Pq"PAz,N2||L§_x

Yarnis

KKk'Kk"eCg q,q'€Q g
. 1”_
|K K |:|K K‘sﬂ |q+q/|sM2ﬂ

_1 _ _
< Bxd ™A BB X (BNuin) I vz 1w vz o2

where we used the angular concentration bound in Lemma 8.5 on the term with smallest angular frequency.
Choosing € > 0 sufficiently small, and summing up over 0 < d < ! then gives (8-26) for the Aq term.
An identical argument bounds the A; and A, terms.

It remains to prove (8-27) when 0 < d < u~!. Another application of Lemma 8.7, implies that we
must have &1 = + and £, = —, as well as the key orthogonality identity

Z Ao+A1+A>
d<<pu~!

= C<</L71 ¢M,N (Ci;[l,_l W)L] LN )T)/OC%M—I PAr>,N>

- Z Z Rier PlI”C<<M—1¢M,N(RKP‘ICI<u—1 wll,Nl)TVORK'C%M—I(pM,Nz-

/A

K,k Kk"€C, 1 7,9"€Qu

lieti/|<pu—t la—q" |~ or [k—k" |~ !
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Note that the summation is restricted to terms for which Re» PgrC ) —1¢, N and Ry chzzu_l VAN,
have either angular orthogonality or radial orthogonality. In either case, we may apply Corollary 6.4,
via the bound (8-7), the null structure bound in Lemma 8.1, and the Klein—Gordon angular Strichartz
estimate in Lemma 8.3, to deduce that for every % <q< 19—4 and € > 0 we have

/W Z Ao+ A1+ Apdx dt
R 3

d<p!
-1
S " Z Z ” RK// Pq//C<<M—1 ¢LL,N(RK chi;u,*l w)tl ,N1 )T ”L(t].x ”(p)Lz,Nz ”L?/x
IC,IC//GCM_] 4.9'€Qu -
lg—q” |~ or lk—k" | p ™!
5 31 7(G—5)+e
SNy e vz Wi vz | 0w, mslly2 s

where for ease of reading we suppressed the IT4 (w,) matrices used to extract the null-form gain of =L

Choosing ¢ sufficiently close to %, and € > 0 sufficiently small, then gives (8-27) in the case Ny = Np;p.
To deal with remaining cases, we just reverse the roles of ¢, ¥, and ¢, again apply Lemma 8.7 to deduce
the required transversality, and always use the angular Strichartz estimate from Lemma 8.3 on the term
with smallest angular frequency. This completes the proof of (8-27).

High modulation, I: i <A1 ~ A2 and d > . In this region, our goal is to prove that

Z/ Ay dxdt f Ardx dt
R1+3 R1+3

a>n
and for every § > 0, the weaker bounds

1

1 w38
<uz|l —
" st (45) etz Wamlz, ooy,

(8-28)

1

1_1

1( M \4 2
e ’ 8-30
~ M (Al) ||¢||Y:’13]||1/IAI,N1 ”ij:]-M ||¢A2,N2||Vi2’M ( )

where a is as in the definition of the Yf]’\;" norm. We start with proving the estimates (8-29) and (8-30),

under the additional restriction of the sums to the range d = 1.
To bound the A component, decomposing ¥ and ¢ into cubes of size w, together with an application
of the L‘tt . Strichartz estimate gives for all € > 0

[ Avdxdi| s X ICatunliz 1Pavam e I Pyvrsnaly,

q,9'€0Q,
lg—q’ 1<

< (A (M 3
S uz? AV ||¢M,N||V42_.1||W)L1,N1||Vj2E1’M||(PA2,N2||Vi2‘M- (8-31)
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As in the proof of (8-25), if we instead apply the L?Li bound, together with Bernstein’s inequality for
¢, we obtain forany 2 < g <2+ %

/ Ao dx dt
R1+3

S1Cadu.N ”L;IL;‘CCI/(SLI—S) IWai vl alloas,n, ”L?/("_Z’Li"/(“—‘”

1 6_11
s (B (£) My Wamlz, | Tonnl 532)
= d A wNllyz 1Y A1,N VilsM $A2,N2 Vi}M
(schematically, we are putting the product into L2 L4~ x L2T L4 x L9~ L2*+). Switching the roles of
Ya,,N, and ¢, n,, and combining (8-31) and (8-32) with ¢ sufficiently close to 2 and € > 0 sufficiently
small, followed by summing up over d = A1, we obtain (8-29). On the other hand, to obtain (8-30), we
again use Lemma 8.2 to deduce that

/ Ao dx dt
R1+3

< Z 1Cabu, Nl papara@nlPa¥as il 2aran p2all Pg@ian,ns Nl 2as@1 20

7.9'€Qu
lg—q" <

b b+1l-1—¢
1A my o«

<u2l — s

s (F)(5) 7 Wy amliz, lonmlvz,

which then gives (8-30) if we choose € sufficiently small as

and b+%—1=4<%—1)

= 2

Q=
ST

(here a, b are as in the definition of the Y Ai’m norm).

We now turn to the estimates for A; and A,. By symmetry, it is enough to consider the A; term. After

decomposing into cubes of size p and applying the L‘t‘,  Strichartz estimate, we obtain

=1
[ Avdiax|s S Unlis 165 Povamiliz 1Py onsvalis,

q,9'€Qu
lg—q’|<i

1 1
1\ A2
s (£)(F) 1umtva Wamlhz, otz

Summing up over d Z A; and choosing € sufficiently small then gives (8-28).

Next, we consider the parts of the sums where © < d < A1. Since M4, +, $d K Ay, we must have
+1 = £2; hence My, +, S .

For Ay this implies the decomposition

+ +
/W Ao dx dt :/W Capu.N CZyVa, ) VOCTS0n0 N, dx di

[ Cotun €t n) Y s dxdr. (5:33)
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Concerning the first term, using null-structure,

+ +
‘/RH-% Cabu.n (C%;IWM,M)J(VOCS;(DALNz dx dt

2 + +
= k_ Z ||Cd¢u,N ||L§L§O ”chzcl,yWM,Nl ”L%,x ||Pq’C§021(PAz,N2 ”L?"L%
q,9'€Qp
lg—q'I<n
d —1 M 1—e ]
<[Z L 2
(%) (£) #hindiz amlz | lonmlyz

which can be summed up with respect to u < d < A1. The second term in (8-33) can be treated along
the same lines.
Similarly, for A; we have the decomposition

+ +
/ws Aydx dt = /Rw CxaPu,n (Cy ‘w],Nl)*y"Cﬁémz,Nz dx dt

+ +
* /Rura Caca b NC Yo N)TVOCT2 00, N, dx dt. (8-34)

The first term can be estimated the same way as the first contribution to Ag. For the second term, we
use the decomposition

+ +
/Rl+3 Caca b N (€ Vo, N TV0C 200, v, dx dt

j24 + +
S N lLse 1 PaCq Yay n 2 1 ParClgensns iz
' ga'eq,
lg—q'ISu
d -1 /»L 1—€ ]
<| — — 2
$(5) (5) mHinlvs Wamlz, oty

which, as above, can be summed up with respect to u <K d <K A1.
A similar argument treats the A, term.

High modulation, II: ;2 > min{A;, A2} and d > min{A{, A2}. Our goal is to prove the bound

Z f Ao dx dt / Ay dx dt / Ardx dt
R1+3 R1+3 R1+3

d>min{A|,A2} X
1(min{A1, A2} \*
sud (P gz Wz, Iomallvz o 639

+ +

~

As the estimate is essentially symmetric in A1 and A5, we may assume that A1 = A,.

First, we consider the contribution to the sum where d = p. The bound for Ag follows by decomposing

4

into cubes of size A, and applying the standard Ly, Strichartz estimate to obtain
/ Ao dt dx
R3+1

< Y NCaPyrdunlipz N1Pgwaymlps Ioasm s,

q.9"€0ax,
lg—q"|<A2

3 1
A2\ T ()2
(C2) () Wnntoz 1onimaliz Ionaalyz,

D=

S u
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which easily gives (8-35) in the range d 2 u for the A term, provided we choose € sufficiently small.
The proof for the A; term is identical (as we do not exploit any null structure here). On the other hand,
to estimate the A, term, we again decompose into cubes of size A, and apply the L‘tt . Strichartz estimate
to deduce that

+>
[ Adidx| s 1Pyl 1P s G0l
4.9"€02x,
lg—q"|<A2

1 1
1{ > 27€ w2
st (2)(5) etz onmlvz | losaalvz,

Therefore (8-35) follows in the range d = u.
Second, we consider the contribution to the sum where A1, < d < . Concerning Ag, as in the first
high modulation case, we have the decomposition (8-33). To bound the first term in (8-33), we have

+ +
‘/RH-% Cabu.n (C%;lwh,M)TVOCS;(DAz,Nz dx dt

+ +
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_ 1
(4 "2\ 1
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To bound the second term in (8-33), we have

+ +
‘/Ru-z Cadp.n (C<<IdW/\1,N1)TVOC%‘21§0)LZ,N2 dxdt

+ +
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_ 1
- d 1 A2\2 1
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Concerning A1, as in the first high-modulation case, we have the decomposition (8-34), and we can
repeat the argument above for the A¢ terms.
Concerning A,, we have the decomposition

+ +
[ Adxde= [ Coatn CEpa, )y e d

+ +
+ /RI-H C«dbu.N (Czcll VaiLN, )Tyocd z(P)Lz,NZ dxdt.

The first term can be treated in the same manner as the second contribution to Ag. For the second term
we have

+ +
'/%1—&-3 C<<d¢“’N(Cmclin,N1)TVOCd >a,.N, dx dt

+ +
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8D. Proof of Theorem 7.5. We begin with the proof of (7-9). An application of the energy inequality in
Lemma 7.3 gives

H Py, Hn, Hilzjsl (@, N Voniz(plz,Nz] H Vi o
1-

i+ ¢M,N(Hi1 WAl,Nl)TVOHizwlﬁNZ dxdt|.

S sup
¥, .~ ll,2 =1
Ml

Therefore an application of (8-10) in Theorem 8.8 implies

H Py, Hy, Hilfj‘j}l [P, N Vonzl:z(/)/lz,Nz] H Vi o
1-

1 . a
S p> (min{N, Noj) 4 B, ovo L_%}”(p”plj‘;lb ||90||F;;% M, (8-36)

32°2a No

which gives the required bound (7-9) for the F ﬁ 1N1\14 component of the norm. To complete the proof of
(7-9), it remains show that there exists € > 0 such that

+ 1 . g
Tt Zag' 9w Y Tta @ ol y s e < 02 (min{N. N2 D)2 Bellgl oy ol poona- (8-37)
1-N1 ; 2.

N2
To this end, we consider separately the cases A1 < A, and A1 = A,. In the former region, note that an
application of (8-12) in Theorem 8.8 together with the energy inequality Lemma 7.3, and the L%’ . bound
in Lemma 7.2, gives

H PA] PIN1 C;IIAZSI [¢M,N VOHiz(plz,Nﬁ] HL%X
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1
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On the other hand, since we are localised away from the hyperboloid we have by (7-7) together with
Lemma 8.2

R P -
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Sd7 23 Nallgu vy lons.w, IIVing- (8-39)
12
Repeating this argument but instead putting ¢ € L, L;‘C and ¢ € L;‘, . we deduce that, since A1 < A2 ~ u,
377 Py, Hy, CH T o
P HN G T [N Y T, 025 ”L?”L%

1
1. A2\3
< odmingN, N3 (2 ) I vz, Ionalyz - 640

Note that this bound is far too weak to be useful on its own, as we have A1 < A,. On the other hand, if
we combine (8-38) and (8-40), and use the convexity of the Lf spaces, we deduce that if we let 0 < 6 < 1
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be given by

1 20  1-0
a~3 2o
then, as this forces b = %(1 + 0), we deduce that

a—b -+
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Since

I 1 1 o
2542 <27 1000’

it is easy enough to check that 0(1 —6)— 19 > 0, and hence (8-37) holds when A1 < A,. We now
consider the case A1 = A,. The proof is 51m11ar to the previous case; the main difference is that we need
a more refined version of the bound (8-40). To this end, by decomposing ¢ into cubes of size min{u, A»},
we deduce that by Lemma 8.2 and Lemma 8.6, for every ¢/ > 0

+ %
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Since (min{u, )Lz})% € < ;L6)t4 ot (for ¢’ sufficiently small) and A, < A1, by using the bound (8-39),
-3 +1t
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1
< 12 mi -
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Note that, unlike the bound (8-41), we have no high-frequency loss here. As in the case A1 < A2, we now
combine the bound (8-36) with (8-41), and deduce by the convexity of the ¥ norm and Lemma 7.2 that

b b 41+ 0
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Since 0 <  « o, we obtain (8-37). Therefore, the bound (7-9) follows.
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We now turn to the proof of the second inequality (7-10). The argument is similar to the proof of
(7-9) so we will be brief. An application of the energy inequality in Lemma 7.3 together with (8-11) in
Theorem 8.8 implies

H P/J,HNIT[(Hzl:lv//ll,Nl)TyOHﬂ:zgolz Nz]HVZ

< p3 (min{ Ny, NZ})“Bmm{G,L vl g0 ]

11 Ny
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Therefore it only remains to prove that there exists € > 0 such that

I1Z3H (T v, ) Ty T, 0, ] ly+) < w2 (min{N, N })8 Be ||| i]ann pia (8-43)

Ny /’\2

Similar to the proof of (8-37), we consider separately the cases 4 << A1 and i = A1. In the former case,
as in (8-41), since we are localised away from the hyperboloid we have by (7-7) together withLemma 8.2

+
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141
Since A1 &~ A,, we can replace the max and min in (8-44) with /\13+ 2. If we now combine (8-44) with
the energy inequality in Lemma 7.3, the bound (8-13) in Theorem 8.8, and Lemma 7.2, we deduce that
by the convexity of the L? spaces that
1_
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where as previously, we have

1-0
2 b

1 20
=3t
which implies b = %(1 + 0). Since

1

11
3 <2 <3 o
it is easy enough to check that 0(1 0)— %9 > 0, and hence (8-43) holds when u < A1. We now
consider the case © = A1. Slnce we now have

—_

W=
D=

(min{A1, A2}) 7 (max{d1. A2})2 < pu3+2,



1238 TIMOTHY CANDY AND SEBASTIAN HERR

an application of (8-44), together with (8-42), Lemma 7.2 gives
1_
1
S (dﬂ 3 H PMC;I?_[(Hilwll,Nl)TyOHizgokz,Nz]HL?/2L)26)
1 1-6
X (d2 ” PMC;Ii‘_[(Hil WM,M)TVOHiz‘pAz,Nz]”LﬁX)

Lo . 0+5(1—6) p1-6
< u2(min{Ni, N 4 B
< u (min{N1, N2}) PRI [ 7 [ 7

0

Since 0 < 6 < 0 and 1/a > 1/2, we obtain (8-43). Therefore, the bound (7-9) follows. This completes
the proof of Theorem 7.5.
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WELL-POSEDNESS AND SMOOTHING EFFECT FOR
GENERALIZED NONLINEAR SCHRODINGER EQUATIONS

PIERRE-Y VES BIENAIME AND ABDESSLAM BOULKHEMAIR

We improve the result obtained by one of the authors, Bienaimé (2014), and establish the well-posedness
of the Cauchy problem for some nonlinear equations of Schrodinger type in the usual Sobolev space
H?(R") for s > 5 + 2 instead of s > 5 + 3. We also improve the smoothing effect of the solution and
obtain the optimal exponent.

1. Introduction

Consider the nonlinear Cauchy problem

dru=iZLu+ F(u,Vyu,u,Vyu), teR, x e R",
u(x,0) =ugp(x) € H(R"),

where the function F is sufficiently regular in C x C" x C x C", the operator . has the form

-5/”:233@—23@’

J=<Jo J>Jo

ey

with a fixed jo € {1, 2,...,n},and H*(R"), s € R, is the usual Sobolev space on R". Thus, .# generalizes
the Laplace operator but is not elliptic unless jo = n. Hence, such equations are generalizations of the
nonlinear Schrodinger (NLS) equations.

In this paper, we continue the work undertaken in [Bienaimé 2014] and study the local existence and the
smoothing effect of the solutions of the Cauchy problem (1) with essentially the following goal: to obtain
the optimal index s of regularity for which (1) is well-posed. In fact, since the partial differential equation
is of second order and is semilinear, the optimal condition on s should be s > % + 1. Unfortunately, up to
now and due to issues that occur when estimating the remainder obtained after the linearization of the
nonlinear equation, we have not been able to prove the desired result under such a condition. In any case,
we shall return to this question in a future work. In this paper, we establish the following:

Theorem 1.1. Assume that F vanishes to the third order at 0; that is, F and its partial derivatives up to
the second order vanish at 0. Then, for every s > 5 + 2 and every initial data uy € H*(R"), there exists
a real number T > 0 such that the Cauchy problem (1) has a unique solution u which is defined on the
interval [0, T'| and satisfies

u e C(0, T; H* (R™))
MSC2010: 47G20, 47G30.

Keywords: Cauchy problem, well-posedness, smoothing effect, nonlinear equation, Schrodinger, paradifferential,
pseudodifferential, operator, paralinearization.
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and

T 2
1Aty & sup ([7f v hun v <o
uezr \Jo JRrr
where J = (1 — A)%, A= Zii’f 8)2% and oy > % is fixed. Moreover, given a bounded subset B of
H?(R"), there exists a real number T > 0 such that, for every ug € B, the associated solution u of (1)
exists on the interval [0, T'| and the map which associates u to u is Lipschitz continuous from B into the
space
tw e C(I0. TL: H* ®M) : |7°F 2wl < oo},

In [Bienaimé 2014], this theorem is proved under the assumption s > % + 3. We also improve the
result with respect to the smoothing effect of the solution since oy = 2 there. Note that the assumption
oo > % in the above theorem seems to be sharp; we refer for example to the survey article [Robbiano
2013] on the subject of Kato’s smoothing effect. Recall that at the origin of [Bienaimé 2014] was the
significant work of C. E. Kenig, G. Ponce and L. Vega [Kenig et al. 1998], who first studied (1) with such
a nonelliptic . and established the local existence and the smoothing effect of the solutions assuming
that F is a polynomial and s > s¢, the index s¢ being sufficiently large. Note that these authors did not
give an idea about the value of s¢, but by going back to the details of their proof, one can see that s is of
the order of 5 + 107 + 1. These authors also studied the case where F (is a polynomial and) vanishes to
the second order at 0. However, it seems that in that case we need to work in weighted Sobolev spaces.

The Cauchy problem (1) was extensively studied in the 90s mainly when . = A, that is, in the case of
the Schrodinger equation. See the introduction of [Kenig et al. 1998]. The case . # A is less well-known.
Nevertheless, it is motivated by several equations coming from the applications such as Ishimori-type
equations or Davey—Stewartson-type systems. For more details, we refer the reader to the instructive
introduction of [Kenig et al. 1998]. Let us now quote some papers which are more or less related to this
subject. In [Kenig et al. 2004], the authors extended their results of 1998 to the quasilinear case assuming
essentially that the corresponding dispersive operator .Z is elliptic and nontrapping. The nonelliptic case
is treated in [Kenig et al. 2006; 2005]. In [Bejenaru and Tataru 2008], the authors solved the Cauchy
problem (1) for s > 5 4 1 in modified Sobolev spaces and assuming F(u, Vxu, ii, Vyii) bilinear. More
recently, in [Marzuola et al. 2012; 2014], the authors considered the quasilinear Schrédinger equation

id;u+ Zgj’k(u, Vxu)djogu = F(u, Vyu)
j.k
and obtained the local well-posedness of the associated Cauchy problem for s > % + 3 in the quadratic
case (with modified Sobolev spaces) and for s > 5 + % in the nonquadratic case. However, they assume
the smallness of the data and they do not seem to obtain the smoothing effect of the solutions.

The proof of Theorem 1.1 follows the same ideas as that of [Kenig et al. 1998; Bienaimé 2014]. Of
course, the general plan is unoriginal: linearization of the nonlinear equation, then, establishing energy
estimates for solutions of the linear equation, and finally, solving the nonlinear equation by means of an
appropriate fixed-point theorem. Like [Bienaimé 2014], we start by applying a paralinearization, that is, a
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linearization in the sense of [Bony 1981] instead of the classical linearization. This leads us to the use
of the paradifferential calculus whose main interest lies in the fact that it eliminates the usual losses of
regularity due to commutators. One obtains a paralinear equation and most of the proof of the theorem is
concerned with the study of such an equation, that is, the well-posedness in the Sobolev spaces of the
associated Cauchy problem by means of energy and smoothing effect estimates. As did Kenig, Ponce and
Vega, we establish the smoothing effect estimate by using Doi’s argument [1994] via Garding’s inequality,
and we prove the energy estimates by following an idea of [Takeuchi 1992], that is, by constructing a
nonclassical invertible pseudodifterential operator C which allows estimates for Cu if u is a solution of
the paralinear equation. Finally, we solve the nonlinear Cauchy problem (1) by applying these estimates
to an integrodifferential equation which is equivalent to (1) and obtain the solution as the fixed point of
an appropriate contraction in an appropriate complete metric space.

Now, in order to give a more precise idea about our proof, let us indicate the differences with that
given in [Bienaimé 2014]. In fact, there are three main differences:
* We simplify certain arguments of that paper; for example, we no longer need to use the general Hor-

mander symbol spaces S ;’f ; we only use S 11,10 and S(’)”’O. Also, we only use the original paradifferential

operators (see Section 2) and not the variant introduced in [Bienaimé 2014].

e The linear theorem, that is, Theorem 3.1 (see Section 3), is proved for general paradifferential operators
Ty, and T}, of order O instead of paramultiplication operators. Note also that we allow the operators
C; and C; to be abstract bounded operators.

e The third difference lies in the nonlinear part (see Section 4) and is crucial for our improvement of
the result of [Bienaimé 2014]: we use anisotropic Sobolev spaces and an interpolation inequality (see
Proposition A.5) to estimate the remainder of the paralinearized equation.

2. Notations and preliminary results

Some notation used in the paper:

o J¥=(1—A)2 = (D) is the operator whose symbol is (£)* = (1 4 £2)2.
e Dy, = —idy,, Dx =—i0x.

o o] = Z]J:? o) if o e N”.

e Av=(Avy,...,Avy) and Vv = (Vuy,..., Vo) if v = (vq,...,vy).

o . (R") denotes the Schwartz space of rapidly decreasing functions in R”.
* 7(R") denotes the space of smooth functions with compact support in R”.
* Z'(R") denotes the space of distributions in R”.

e .7/(R") denotes the space of tempered distributions in R”.

e i1 or .Z(u) denotes the Fourier transform of u.

o HS(R") ={uc.&'(R"): (£)*i € L*(R")} is the usual Sobolev space of regularity s.



1244 PIERRE-YVES BIENAIME AND ABDESSLAM BOULKHEMAIR

1
o llulls = (fpn (§)*51(&)|* d€)* denotes the norm of u in H*(R").
e ||u|| g denotes the norm of u in the space E.
e Hormander’s classes of symbols: if m € R and y, § € [0, 1],
= {a € CO(R" x R") : [0200a(x. £)| < Aq,p(E)" P for all o, p € N"}.

 If o > 0 is an integer, C?(R") denotes the set of functions in R” which are bounded, of class C™ and
their derivatives up to m are bounded. If o > 0 is not an integer, C?(R") denotes the Holder class, that
is, the set of u in Cl@l(R") such that

AC eR, V(x,y) e R" xR",  [0%(x) — d%u(y)| < C|x — y|o7lel.
e Op S denotes the set of pseudodifferential operators whose symbols belong to S.

The following statement summarizes the pseudodifferential calculus associated to Hérmander’s classes
m .
of symbols Sy’ 5

Theorem 2.1. IfaeS)’/"&, beS™ mm eR,and0<8§<y<10r0<8<y <1, then:

V.8’
(i) a(x, D)b(x, D) = c(x, D) withc € SJ'/";’"/ Moreover,
) dyd
c§) = [ Mate.g 4 b+
(2m)"

1 1 1
= | ;N Ea‘ga(x,é)D;b(x,g) + | lX_:N J/0 (1— Q)N_lrv,g(x,é) do.

where
dy dn

@m)"

o6 = [ TP BaCe, -+ 0 DIbGx + 1.6

and the S ;n ;—m’—N(y—S) seminorms of 1, g are bounded by products of seminorms of a and b uniformly
ind<][0,1].
(ii) a(x, D)* = a*(x, D) witha* € S)’,"g. Moreover,
; dyd
@6 = [ Pat+ e+ T
1 } 1! N—1
=||Z EagD;a(x,§)+||2: ﬁ/(; (1-90) r:’e(x,é) do,

v|<N v|=N

where

dy dn
Q)

and the S;nS_N(y_é) seminorms of r:‘ g are bounded by seminorms of a uniformly in 6 € [0, 1].

rialn§) = [P IEDLC+ 3.6 + 0

See [Taylor 1991], for instance, for the proof. We shall also often need the following version of the
Calderén—Vaillancourt theorem:
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Theorem 2.2. Let a : R” x R" — C be a bounded function. Assume that, for all o, 8 € N"* such that
loe| + |B] < n + 1, there exists a constant Co g > 0 such that |8‘j‘c8§a(x, £) = Cop € R2" Then, the
pseudodifferential operator a(x, D) is bounded in L*(R") and its operator norm is estimated by
sup |50 al| .
lee|+|B|<n+1

See [Coifman and Meyer 1978] for the proof.

The following technical lemma, which is a consequence of Theorem 2.1, will be very useful in many
of our proofs:

Lemma 2.3. Leta € SJ',

m,o € Rand u € R™. Then:

(i) We have (x —u)a(x, D)(x —u)~% = ay(x, D), where ay, € S(To and the seminorms of a,, are
bounded by seminorms of a uniformly in u.

(i) If 0 = 0 and if, in addition, a(x, &) is rapidly decreasing with respect to x — |, then we have
(x =)%a(x, D)(x —u)° = by(x, D), where by, € Sy, by, is also rapidly decreasing in x — ju and
the seminorms of by, are estimated uniformly in (1 by expressions of the form

sup [|{x — 12) 2 ()02 Df a| oo
la|+1Bl=N
Here, the fact that the symbol a(x, £) is rapidly decreasing with respect to x — i means that, for every

integer N and all multi-indices «, B, the function (x — p)™V (&)™ 8‘;D’3 a is bounded in R” x R”, and we
shall often meet such symbols in this paper.

Proof. (i) When o > 0, we can use Theorem 2.1(i) and integrations by parts to obtain

.6 = (v = )7 @)™ [ a4+ + = )7 dy

= (x— M)"(2n)_”/ e INmMNax, £ + )] ()N IN[(x + y — )N dy dn,
where N is a large and even integer. Hence, by taking derivatives and bounding, and next by applying
Peetre’s inequality,

lap(x, )] < CI(E) ™allen (x — u)”[(n)‘N@ +0)"(») N {x+y—p) " dydny

<25l alon ()" f "N )N dy dn = C(E)™ 1) Mall o

where C and C’ are constants which are independent of w, and N is taken for example such that

N > |m|+ o0 +n + 1. Of course, the derivatives of @, are treated in the same manner.
The case o < 0 follows from the preceding case by considering the adjoint

au(x. D)* = (x = ) alx, D) (x — u)°
and by applying Theorem 2.1(ii).

(i) By using the formula in Theorem 2.1(ii) once more, it is easy to see that, if a is rapidly decreasing
with respect to x — u, then the symbol a™* is also rapidly decreasing with respect to x — u and that, for all
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N €N, «a, B €N there exist M € N and a nonnegative constant Cy o g which does not depend on u
such that

I — )N (E) "0 D Lo < Cvap sup (v — @)V (€)% Df all o
H &
lo’|+|B' =M

Now, by following the same argument as that used in the first part, one can check that the same claim
holds exactly when we replace a* by a,, in the above assertion; in particular, we have the estimate

I =)V ()9 DEayllo < Crvap sup [l — )V ()"0 D all 1.
l/|+|B =M

and since we can write obviously by, (x, &) = (x — u)??a, (x, ), this achieves the proof of the lemma. O

When studying the nonlinear equation, the following result is important in order to explain the
assumption made on the nonlinearity F'.

Lemma 2.4. For all s > 0 and all 6 > %, there exists a constant C > 0 such that, for all v € H*(R"),
the sequence 1 — ||{(x — ) ~%v|s is in £2(Z") and

D lx = w2 < Clvli2.
n

n
2
lx(x — wyuv|s is in £1(Z") and

In particular, if s > %, u,v € H(R") and x is a smooth and rapidly decreasing function, then, | +—>

> " lixCx = wyuvlly < Cllullslvlls.
n

~20 is a bounded function.

Proof. The case s = 0 is obvious and follows from the fact that ) | M(x —u)
The case where s is a positive integer reduces to the case s = 0 by taking derivatives via Leibniz formula.
The general case is obtained by interpolation. Indeed, since the map v — (x — i)~ v is linear and
bounded from H* into £%(Z", H®) for integral indices s = 1, 57, it will be also bounded from H " into

¢2(z", H*) for any real s’ between s and s;. This follows from the fact that
(22", H*"), (2", H*?)]p = 32", [H*', H]p)

for 0 < 8 < 1. See for example [Bergh and Lofstrom 1976, Theorem 5.1.2, page 107].
The second part is a consequence of the first one and the fact that //°(R") is an algebra if s > 7. O

Let us now recall some results on paradifferential operators.

Definition 2.5. We define the class 7' where m € R and ¢ = 0 to be the class of symbols a(x, &) defined
on R” x R" which are C* in £ and C? in x, in the sense that

for all « € N”, |8?a(x,§)|(§)_m+|“| e COR" xR"),
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C? being replaced by L°° when o = 0. If a € £, then m is the order of a and o is its regularity.
Following J.-M. Bony, we associate to a symbol a in EZ’ the paradifferential operator 7, , defined by
the expression

Tat® = )" |26 = 1. 7@€ = n i) d,

where x is what one calls a paratruncature, that is, a C° function in R"” x R" satisfying the following
properties:

(1) There exists e > 0 such thate < 1 and x(&,n) =0if |&] > ¢|n|, &, n e R™
(ii) There exist &’ > 0, ¢’ > 0 such that ¢’ < ¢ and x(&,n) = 1if |€| < &'|n| and |n| > £".
(iii) For all & € N2, there exists Ag > 0 such that for all ¢ € R2”, we have (¢)|%|8% x(¢)| < Aq.

The first important result on paradifferential operators is that, even if one can show that 7,, , = a(x, D)

with some a € ST",,

they are bounded in the Sobolev spaces in the usual manner. In fact, we have:

Theorem 2.6. Assume that x satisfies only the first and third properties among the above ones. Then,
for every real s, the operator Tq y is bounded from H*(R") into H*~™(R") and its operator norm is
estimated by a seminorm of a in X3'. In particular, if a = a(x) € L*°(R"), then, for every real s, the

operator Ty 5 is bounded in H* (R") with an operator norm bounded by a constant times ||a|| ..
Proof. See [Bony 1981; Meyer 1981; Taylor 1991]. O
Concerning the dependence with respect to the paratruncature x, one can say the following:

Theorem 2.7. If 0 > 0 and x1, x2 are paratruncatures, then the operator Ty y, — Tq,y, is bounded from
H*(R™) into HS™™TC(R™) and its operator norm is estimated by a seminorm of a in 7

Proof. See [Bony 1981; Meyer 1981; Taylor 1991]. O

This result shows that the dependence of T,  on y is less important than that on a. It also explains
why the remainders in the paradifferential theory are only p-regularizing. From now on, we shall write
T, instead of T, , unless it is needed.

Note also that a possible choice of the paratruncature that we shall often use in the sequel is given by

x&.m) = x1¢E/InD(1—¥1(n),

where V1, x1 € C®(R"), ¥; = 1 in a neighbourhood of 0, ¥ = 0 out of B(0,&”), and x; = 1 on
B(0,¢’), supp(x) C B(0,¢), with ¢ and ¢’ satisfying 0 < ¢’ < & < 1. In this case, T,y = a(x, D) with
the following expression of a:

a(x, &) = (1=, (E))Iél”/Rn FH €N = y)a(y, §) dy. 2
The following lemma gives some properties of @ which will be needed in the sequel and often used
implicitly.
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Lemma 2.8. Let 0 > 0 and a € X7 Then, a is smooth and

0£0%a(x. §)| < Ag,p(€)" P! if lo| <, 3)
920%a(x. £)] < Ag,p(E)"PITI2I70if o] > o, )

where Ay g are nonnegative constants; more precisely, the Ay g can be estimated by seminorms of a
in X7'. In particular, a € S{',’l.

Moreover, if 0 is a smooth function with support in some compact subset of R" and 0, (x) = 0(x —p),
W € 2", then, for all N € N, we have

(x — )N 1050% ua(x. £)] < A p v (E)™ 1P if le| <o, (5)
(x — )N 1050% Bua(x. £)] < Ag p v (E)" T if jo] > o, (©)

where the Ay g N do not depend on (i and are estimated by seminorms of a in Eg’.

Proof. For the first part we refer to [Meyer 1981; Taylor 1991]. The second part follows from the first
one by using, for example, for even N the decomposition

(e = 30 T gy

together with the expression (2). O
When dealing with nonlinear terms, we shall frequently use the following classical result:

Proposition 2.9. If F is a C* (or sufficiently regular) function in C", F(0) = 0 and uy,...,un are
functions in H*(R"), s > %, then, F(uy, ..., um) € H*(R") and we have precisely

”F(ulv"'vum)lls S C(“(ul,...,lem)”LOO)H(M],...,Um)”s,

where & — C(&) is a nonnegative and nondecreasing function.

An important property of the paradifferential operators consists in the fact that they are necessary to
write down Bony’s linearization formula, a formula that we recall here.

Theorem 2.10 (Bony’s linearization formula). For all real functions uy, ..., um € H zte (R™), 0 >0,
and every function F of m real variables which is C®° (or sufficiently regular) and vanishes in 0, we have

i=m
F(uy.....oum) =Y Ty, pui+r withr € H220(R").

i=1
Proof. See [Bony 1981; Meyer 1981; Meyer 1982]. O

The remainder r in the above formula depends of course on (uy,...,u;). The following result
essentially shows that r is a locally Lipschitz function of (uq, ..., u,;). More precisely:
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Theorem 2.11. If u = (uy....,upm) € H*(R",R™), s =540, 0> 0, let us denote by r (u) the remainder
in Bony’s formula. For all u,v € H*(R", R™), we have then

I @) = r ) lls+o = Olulls, vl lu—vlls,
where O(||u||s, ||v|ls) is bounded if u and v vary in a bounded subset of H®(R", R™).
Proof. See [Bienaimé 2014]. O

Remark. In the case of our equation, that is (1), even if u has complex values, we shall be able to apply
Bony’s formula to the nonlinear expression F(u, Vu, i, Vit) where u € H 3tlte (R™). Indeed, we can
write

F(u,Vu,u,Vi) = G(Re(u), VRe(u), Im(u), VIm(u))

where G(x1, X2, y1, V2) = F(x1 +iy1,X2 +iy2, X1 —iy1, X2 — iy,) which is a function from R?"*2
into C. We apply then Bony’s formula to G and obtain that

F(u,Vu,u,Vi) = Tale Re(u) + Tangv Re(u) + TaylG Im(u) + Tayva Im(u) + r(u).

At last, by using the fact that Re(u) = ”JZ”_’, Im(u) = ”2—_1‘2 d; = %(8x —idy) and 0; = %(8x +idy), and

then the linearity of 7p with respect to b, we obtain the formula used in this paper:
F(u,u,Vu,Vu) = Ty, pu + Ty, piu + Ty, FVu + Ty, FVu +r(u)
with r(u) € H2T2(R") if u € H2 1T (RM).
We shall also often need the following result similar to Lemma 2.3:

Lemma 2.12. Leta € Zg(R”), 0 € 2(R"), Ou(x) =0(x—pn), u € R" and s € R, and consider the
paradifferential operator Ty, o = Ty, q,x (Where the paratruncature x does not necessarily satisfy the
second property of Definition 2.5). Then, for all o > 0, the operator (x — )° Ty, o(x — 1)° is bounded
in H5(R™) and there exist N € N and a nonnegative constant C such that, for every u € R",

1x = 1) Tg,alx — 1) Ml ccarsy < € sup [[(€)*0gal oo
le|=N

Proof. First, one can assume that o is an integer and even an even integer. Let us denote by a, the
symbol 0,,a and consider first the operator 7j,, (x — 1)?. Recall that T,;,, = d, (x, D) with

ap(x,§) =(1-v, (é))lél”/Rn FHOENx = y)ap(y, &) dy. @)

where Y1, x1 € C*®(R"), ¥ = 1 in a neighbourhood of 0, ¥; = 0 out of B(0,¢”), and x; = 1 on
B(0,¢"), supp(x) C B(0, ¢), with ¢ and & satisfying 0 < ¢’ < ¢ < 1. Hence, we can write for arbitrary
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u e (R,

T, (x = 1)) = )" [ €%, (x.8) 7 ((x — )7 u)(©) dE
= 1) 7" | ey (x, ) (D + ) A(E) dé
= ()" [ (D= )16, 1aE) d
=y Y D= ) [ 6 ag (r. 06

o

where we have applied integrations by parts and the Leibniz formula. So, we have proved that

Tay e =) = 32 DSl — 1) )08 a) (v, D)

o
where the sum is of course finite. Now, let us consider the operator (82‘& w)(x, D) and let us remark that,
for example,

Igau(x,§) = (1= (S))I%‘I”/ FH ) ENx = ) g, au(y,§) dy

Rn

-y @) f F7 (1~ a6 dy
-y £]
v @)L / Z G EN = 7)an(r. &) dy.

Rn
where x»(n) = Z;-l:l 1;9; x1(n). This shows that

3
(0g, dp)(x. D) =Y Ty 4t 4.
=1

where the o are symbols in 20_1 and the Xl are paratruncatures which satisfy the first and third properties
of Definition 2.5. By induction, (3‘5&“)()(, D) is then a finite sum of operators of the same form as
Ty, = Ty, x (of order < —|a|), and note also that the seminorms of the associated symbols are bounded
uniformly in x by a seminorm of a. Hence, T, (x — )7 is a finite sum of operators of the form
P(x — )Ty, , where P is a polynomial (of degree < o), and consequently the problem is reduced to the
study of the operator (x — u)? Ty, only. Now, the symbol of the latter can be written as

1
(x—)%ap(x.8) =) it %(S))ISI”/U_‘M(X = *F €N = )y — ) lan (. §) dy

la|<o

= 3 =@ [ 5 Ol - )80 = (0. 6) .
lal<L R
where x¢ and 6 are similar to x; and 6 respectively, and a® € EO_M with seminorms bounded by
those of a. Hence, (x — u)° Ty, is a finite sum of operators of the same form as 7,, whose symbols
have seminorms bounded uniformly in p by a seminorm of a. Eventually, the lemma follows from
Theorem 2.6. O
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Let us also recall the Garding inequality which will be used crucially to prove the smoothing effect
estimate.

Theorem 2.13 (sharp Garding inequality for systems). Let a(x, &) be a k x k matrix whose elements are

inS TO and which satisfies
((a(x, &) +a*(x,£)8,¢) =0

forall ¢ € CK and all (x, &) such that |€| > Ag, where a* denotes the adjoint matrix of a and (- ,-) is the
usual hermitian scalar product of CK. Then, there exist a nonnegative constant A and an integer N such
that, for all u € #(R", CK), we have

Re(a(x. Dyu.u) = —A  sup  [(&)"0%08al oo flu]3,-, .
l|+[BI=N 2

where A depends only on n, k and Ay.

Proof. See [Taylor 1991; Tataru 2002] for example. O

3. The paralinear equation

In this section, we solve the Cauchy problem for the paralinear equation, that is, the linear equation
obtained from (1) by applying Bony’s linearization formula (Theorem 2.10).

Recall that Q, is the cube p + [0, 1], o € Z" and that Qj, is a larger cube with side length 2, for
example, 11+ [—1, 31"

Theorem 3.1. Given s € R, consider the following linear Cauchy problem:

{atu =iLu~+ Ty, .Vxu~+ Tp, Vxii + Ciu+ Crii + f(x,1), ®

u(x,0) =ug € H(R").

We assume that Cy and C, are bounded operators in H*(R") and in HSt%(R"), that by, b, € g 0>0,
and more precisely that

be(x &) = Y P38, Y el < Ag k=1,2,

ne " ©)
SPP(X > G E) € O sup. HEV P gn lice < 1.
=No

and || Cy |l c(asys |1Cre l pars+2) = Ags k = 1,2, No being a large and fixed integer. We further assume
that by (x, £) is even in € and that f € L1 (R, HS(R™)). Then, problem (8) has a unique solution u which

loc

is in C(R, H5(R™)) and satisfies, for all T > 0,

sup  Nu(@)|IZ < A(uoll} + IT(J £, J¥u)), (10)

—T=t<T

1 .
I *2ullF < Aluoll§ + I (J°f, TP u)), (11)
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where the constant A depends only onn, s, 0, T, Ay, and A,, and the expression IT (v, w) is a finite sum
of terms of the form
T
sup / (Guv, w)|dt
wezn J-T
with G, € Op Sg o and the seminorms of its symbol (up to Ny) are uniformly bounded by a constant that
depends only on s, n, o, A1 and A,.

Recall that [[lul[|3. = sup, f_TT Jin (x = ) 7290 |u(x, 1) |? dt dxx, where o > § is fixed.

Proof. Let us start by noting that the uniqueness is an obvious matter. Indeed, if ©; and u, are solutions
of (8), then, u1 — u» is a solution of (8) with ug = 0 and f = 0, and the conclusion follows from (10).

As for the existence, as is customary with linear differential equations, it will follow from the a priori
estimates (10) and (11) by using more or less standard arguments of functional analysis, and the proof of
Theorem 3.1 will consist essentially in establishing them.

Another useful remark is that it will be sufficient to prove the theorem in C (R4, H*(R")) instead of
C(R, H*(R")) and the estimates (10) and (11) on [0, 7] instead of [—7, T']. In fact, if the theorem is
proved on Ry, one can apply it to v(¢) = u(—t), which satisfies a Cauchy problem of the same type
as (8). The result is then that v(—¢) will extend u to R_ and satisfy (8) on R_, in addition to the fact that
the estimates (10) and (11) are also extended to [T, 0].

So, let us assume that u € C([0, T']; H*(R")) is a solution of the Cauchy problem (8).

In what follows, it will be quite convenient to use the notation

ww(@ = sup  sup ()P0
1<j<N |a|+|BI<N
and note that such a quantity is not a norm in general but it is well-defined for ¢ € S ?’0. Note also that, if
M > 1,vn (@)™ < vy (@), aremark that will be often used implicitly.
In fact, the inequalities (10) and (11) will be deduced from the following ones:

Proposition 3.2. Assume that the functions ¢y ,, defining the by are C*°; that is, i, € S ? 0 k=12

Then, there exist a positive real number A and an integer N such that, for all R > 1, there exists a
pseudodifferential operator C € Op S(())0 such that, for all T > 0, any solution u € C([0, T]; H*(R")) of
the Cauchy problem (8) satisfies

sup [|Cu(®)]?
0<t<T

T
1 L
< I Cugl2 +2 /0 HCTf.Cwl di+Aswp vy (e (RT sup (@)l + 2lI7*2ull ).
N7 0=<t=<

Moreover, regarding the operator C, we have the following precise bounds for v e HS(R") :

[Cvlls = Asupvn(o1,u)lvls,
nw

A
[olls < Asup v (1) [Cls + T supvn (@10 o]l
14 n
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Proposition 3.3. Under the same assumptions as above and with the same elements A, R, C and N,
there exist also pseudodifferential operators j (x, D) € Op SO 1.0° j =1,2,3,4, such that, forall T > 0,
any solution u € C([0, T]; H5(R")) of the Cauchy problem (8) satisfies

T
1 .
I°F2uli7 < 4 (1+T+TSUPVN((Pku)) sup luell§ + A E sup / (W (x =, D)J°f. JPu)| dt,
w.k MG n

T
1752 Cull} < A+ T+T supvy (@) Sup IICu||s+Azsup [(¥j (x—p. DYCJ*f, C JPu)| dt

+Asuva<<pk,M)(RT sup ()2 + 17+ Hull3).
k,u 0=<t=<T

Admitting these propositions (see Sections 5 and 6 for their proofs), let us go on and finish the proof of
Theorem 3.1. In order to apply the above inequalities we have to regularize the by, kK = 1,2, by setting

Che (X&) =m" /R X = )@ (p. ) dy and b =Y e uPgim-
w
where x is a nonnegative C*° function with support in the unit ball and whose integral is equal to 1. Note
that ¢g_,, m has its support (with respect to x) in a compact set which is slightly larger that Q:L but this
has no effect on the proofs. Since we can write
diu =i %u+ Ty, ,,-Vxu + Tp, ,, .Vxu + Cru + Cou + Jm,
where

fm=f+ Tbl_bl,m‘vu + sz—bz‘m-Vﬁ»

we can apply Proposition 3.2 to obtain

T
sup [t = |Cottol? +2 [ (Con on Cn I ubl s
[0,T] 0 1 1
+ A Sup N @) (RT sup ]2 + 17 Full).
k,,u [O’T]

where the operator C is denoted here by Cj, to indicate its dependence on m. Now, clearly, we have

2 i 2
vN @hm) < AmN" sup sup ()P0 gy 1] o < Am™,
1<j=<N |B|I=N

Hence,

T T
[SUP] 1|3 < ||Cmuo||?+2/ CmJ°f. Cszu)ldl+2/ (CmJ* Ty —b, ,, Vi, CuJ u)| dt
0,7 0 0

T
+2/ {Con* Tty Vit Cu*w] di -+ Am™* (RT sup ]2 + 117 Full.).
0 ’ [0,T]
and the problem now is to estimate the third and fourth terms in the right-hand side of this inequality.
This is done in the following lemma.
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Lemma 3.4. Let i stand for u or it, and o = inf{g, 1}. Then, there exists a constant A such that, for all
ke{l,2}, m>1, R>1andm' > m,

T
/\(CmJSTbk_bk Vi, CpJu)| dt
. ,

(Am2N2 Am/3N2)
<

s+31 12 /13N?2 2 A s+1 2
o TR 12" 2ulll7 + Am Tsup]||u||s+ﬁlllJ 2Cnul|7-

[o,T

See the Appendix for the proof of this lemma. Applying this lemma yields

T
A 1
sup [|Crmte|§ < [|Cmto I +2/ (CnJ* [, Cn I u)| dt + %IIIJHZCmulHZT
[0,71] 0

Am2N2 Am’3N2
+ ( m/O' R

# A Yl An N RT sup
[0,7]
an inequality that we can improve, thanks to Proposition 3.3, as follows:
T
sup [|Cotel|§ < |Cmitolly +2| (CmJ*f. Crud *u)| dt
[0,T] 0

4 T N
A A1+ Tm")
+ = > sup| (Y (x = . DYC J* . CnJ*u)| dt + ———— sup || Cput
me 1 wJo m [0,T]
A 2N2 A /13N?
+( m,a il )|||Js+iu|||§+Am/3N2RTsup )2
m R [O,T]
T
<Cmutoll} +2| (CmJ*f.CmJ*u)|dt
0
4 T N
A A(l+Tm
+——> sup| |(Yj(x — p. D)C J*f. Cn T*u)| di + ¥ sup [|Crte|
me oD wJo m [0,7]

Am2N?  qm3N?N A T
(e + A ) s My = D) S
o omdo

m'e R

(1+Tm") sup [u))2 + Am"*N*RT sup [lu?.
[0.T] [0.T]

_.l_

Am2N2 Am/3N2
( m/a R )

Next, by taking m such that, for example, m® > 44 and T such that Tm®™ <1, we get

T 4 T
sup |G|} <2[|Cttol;+4 |(Cszf,Cszu)|dt+ZSUP (yj (x—p, DYCJ* [, Cry J*u) | dt
[0,T] 0 . nJo

j=1
2Am2N2 2Am/3N2 4 T
N N
+( TR );sﬂp 1 - D)) de

+Am’3N2RT) sup [|u2,

[0,T1]

Am2N2 Am/3N2
( m/a + R
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and by using the second part of Proposition 3.2, we obtain

sup lu]|?
[0,T7]

T 4 T
< A (o 4 [ (G-t 3 st [ 100, 2)C 1. G0 )
0 j 0

Am*N? AN\ A 5

,D)YJ*f, J*u)|dt+C(m,m', R, T ,

(e )Zsup 43 DV T i Clomm R.T) sup Ll
where 5 " "
Am4N Am/SN 5 Am4N

/ _ ISN

Cm,m,R, T)= o + R + Am RT + 2

Finally, since m is fixed (and depends only on A), we take m’ such that Am*N? /m'? < < 1 , then we take

R such that Am’5N? /R <3 and Am*N? /R2 < l and last we take T such that Am’5N? RT < 1 . With

these choices, we have of course C(m,m’, R, T ) 3> which allows to bound supyg 7 ]| and to get

(10) (and also (11), thanks to Proposition 3.3) with

T 4
IT(v,u))=/0 |(C*Cv,w)|dt+ZSIIJLp/ {C*yj(x —p, D)Cv, w)| dt
= +Sup[ (7 (x — . DYv, w)] dt.

In fact, we have proved (10) and (11) only for T" = T and T}, is sufficiently small. Let us show, if Ty < T,
that they hold true in the whole interval [0, T'] where the solution u is defined. Indeed, note first that the
Ty as determined above depends only on the constant 4 (so, only on n, s, 0, A1 and A,) but not on the
given function (or distribution) f. Next, take a T < T such that Ty = T /n, with some integer n; > 2.
Then, if we consider the function v(x,?) = u(x,t 4+ T;), we note that v is a solution (defined at least in
[0, T — Tq]) of (8) with v(0) = u(T7) and g(x,t) = f(x,t + Ty) instead of f(x,¢). It follows from the
above arguments that v satisfies (10) and (11) for 7 = Ty and hence for 7' = T7. Since

sup [lully = sup vll} < A(|lu(TI; + I, (J*g. J*v)) < A(lu(TDI; + Lo, (J5f. J*u))
[T1,2T4] [0,74] 5 s s s s
< A(Alluolly + AIr (J°f. T*u) + L, (J°f, J*u))
= (A2 + D (lluollf + Loz, (J°1. T w)),
we obtain that u satisfies (10) and (11) for 7 = 27 and with the constant A% + A4 instead of A. Repeating
this argument we obtain that u satisfies (10) and (11) on [0,7n;7}] = [0, T] and with the constant

Z"‘ ~ AT/Tt instead of A.
As for the existence, let us consider the approximating Cauchy problem

{8,u =iZ2u+ Ty, Vh(eD)u + Ty, Vh(eD)it + Ciu + Crii + f(x, 1),
u(x,0)=ug € H*(R"),

where /1 is a nonnegative C*° function on R” which is equal to 1 near 0 and has a compact support. It is

(12)

easy to see, if fOT || flls dt < +o0, that the above problem has a unique solution, denoted by u,, which is
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in C([0, T'); H*(R™)). Indeed, the Cauchy problem (12) is clearly equivalent to the integral equation
t
u=e"uy+ / e =2 (T Vi(eD)u + T, Vh(eD)ii + Cru + Coii + f(x,1')) dt’
0

and one can easily show that the map defined by the right-hand side of this equation is a contraction
in C([0, T,]; H*(R")) with some T, > 0 sufficiently small, which allows one to apply the fixed-point
theorem and to get a solution u,. Now, since T does not depend on the data uy and f, one can extend
g to a solution of (12) on the whole interval [0, T'].

The idea now is to let € tend to 0. This is possible because u satisfies the estimates (10) and (11) and
even uniformly with respect to ¢. Indeed, it is sufficient to remark that the Cauchy problem (12) is of the
same type as (8) because we can write

T, Vh(eD) = Ty, .V,

where by o(x,&) = by (x,&)h(e§) and by . satisfies the assumptions of Theorem 3.1 uniformly in &.
Hence, we have in particular

sup [lugll? < AlluollZ + AIr (J*f. T up),
[0,T]

and it follows from the Calderon—Vaillancourt theorem that

T 2
AL i) < A4 sup el / 11 = sup el + (AA/)Z(/ IIfIIsdt),
0
so that,

T
sup [uells < Alluolls +A/ I/ 1ls de. (13)
[0,T] 0

Next, to check the convergence of u,, let us consider v = u, — u,. It is clear that v is the solution of (12)
with #o = 0 and

S =Ty, V(h(eD) —h(¢'D))ug + Tp,V(h(eD) — h(¢' D))ty .

Therefore, it follows from (13) that

T
sup [[vfls <4 / |y, V(h(eD) — h(¢' D))ug + Tp,V (h(eD) — h(e' D))ite || dt (14)
[0,T] 0
and from the boundedness of the T}, in the Sobolev spaces that
T
sup [[vfls < Ale —¢’| / luellsq2dt < Ale—&'|T sup |lug sz, (15)
[0,T] 0 [0,T]

that is, thanks to (13),

T
sup [lue —uells < A|5_8/|(||”0||s+2 +/ I/ Nls+2 dl), (16)
[0,T] 0
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which proves that (1) is a Cauchy sequence in C([0, T']; H*(R")) if one assumes that uo € HST2(R")
and /€ L'([0, T]; HSF2(R")). In this case, u; — u in C([0, T']; H*(R")) when ¢ — 0, and by passing
to the limit in (12), we obtain that u is a solution of (8). Moreover, by passing to the limit in (13), we get

T
sup ||u||ssA(||uo||s+ f ||f||sdt). am
[0,T] 0

Now, if we have only uy € H*(R") and f € L'([0, T]; H*(R")), by density of the smooth functions,
we can take sequences (ué) in HS12(R™) and (f7) in L1([0, T]; H12(R")) such that ||u(]; —uolls = 0
and fOT | 7 — flls dt — 0, and we can consider the solution u’ of (8) associated to the data u{) and f/.
Then, u/ — u¥ is the solution of (8) associated to the data u(J) — ulg and fj — fk. Hence, thanks to (17),

. T .
sup [lu? — u¥ s < A(nué T / T —fkllsdt),
[0,T7] 0

which shows that (1/) is a Cauchy sequence in C([0, T']; H*(R")) which is then convergent to some
u € C([0, T]; H*(R")). Of course, u is a solution of (8) and satisfies the estimates (10), (11) and also
(17). This achieves the proof of Theorem 3.1. O

4. The nonlinear equation
Consider the nonlinear Cauchy problem

{8,u=i$u+F(u,qu,ﬁ,Vxﬁ), teR, x e R, (18)

u(x,0) =ug(x) € H5(R"),

where the function F(u, v, u, v) is sufficiently regular in C x C" x C x C" and vanishes to the third order

‘Z:Zaﬁzﬁ_zaiﬁ

j<k j>k

at 0, the operator .£ has the form

with a fixed k € {1,2,...,n}, H*(R") is the usual Sobolev space on R”, and s = 5 +2+ 0, 0 > 0.
Using Bony’s linearization formula, (18) is equivalent to

{8tu =iLu~+ Ty Vxu+ Tp,Vxit + T u + Tayit + R(u, Viu, it, Vxit), (19)

u(x,0) =ug(x) € H(R"),
where R(u, Vyu,ii, Vyu) is Bony’s remainder and
by =0y F(u,Vyu,u,Vyu), by =05F(u,Vxu,u, Vi),
a1 =0, F(u,Vyu,u,Vyit), a, =03 F(u,Vyu,it, Vyur).

Recall that R(u, Vyu,ii, Vyit) € H*6~D=2(R") if u € H*(R"), s > % + 1. Note also that it follows
from Proposition 2.9 that the bj and aj, j = 1 or 2, are in HS~1(R") if u € H*(R"), 5 > % +1, and that

16jlls—1 = ClllullLoe. [VullLoo)lulls,  llajlls—1 = ClullLee, IVullLeo)ulls,  j =1.2.
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Moreover, by introducing the notation
b(l) = 3vF(u0, quo, I/_lo, vxl/_t()), bg = 85F(u0, qu(), I/_lo, be_to),
a(l) = BuF(uo, quo, L_l(), Vxl_l()), ag = 8ﬁF(U(), qu(), L_l(), Vx]/_l()),
the above Cauchy problem is in fact equivalent to
{8tu =iZu+ Tb?vxu + Tb(z)vxﬁ + Ta(l)u + Tag[l + R(u, Vyu,u, Vyir), (20)
u(x,0) =ug(x) € H5(R"),

where

R(u, Vxu. i1, Vxit) = Ty, _go Vi + Ty, o Vil + T, ot + Ty, _goil + R(u, Vut, i, Vxil).  (21)

ay—a ar—a

Clearly, the last Cauchy problem is of the same type as (8), which is studied in Theorem 3.1, and in
fact we are going to apply that theorem to

{8tu:z'.i”u+Tb?qu+Tbngﬁ+Ta?u+Ta(2)L_t+f, 22)

u(x,0) =ug(x) € H5(R").

This is possible because b? and bg satisfy the assumptions of Theorem 3.1. Indeed, it follows from the
Taylor formula and the assumptions on F' that one can write for example

b) = 3y F(z9) = ugG1(z0) + VxttoG2(z0) + iigG3(20) + VxitoGa(Zo), (23)

where zg = (ug, Vxuo, g, Vxilg) and G, G, G3 and G4 are sufficiently regular and vanish at 0. Since
s —1> %, we know that the G;(zo) are in H~1(R") and it follows from (23) and Lemma 2.4 that b?
satisfies the assumption (9) of Theorem 3.1; that is, one can write

0
by = Z“L/«L‘Pl,/w
w

where a1, = lqub0ll gs—1, @14 = qub)/e1 4, and > qu = 1 is a smooth partition of unity with
qu(x) = q(x — ) and supp(q) C Q. Note that we have precisely the bound

> gubllprs—1 < C(luollgrs—11G1(z0) | grs—1 + I Vcteo |l rs—1 G2 (z0) [ grs—1
" _ _
+ [l | grs—11G3(z0) | grs—1 + | Vctto | grs—11Ga(z0) | grs—1).

with some positive constant C. Of course, the same is true for bg . Moreover, since a(l) and ag are bounded
(they are in H*~!(R")), the paramultiplication operators Ta(f and T a) are bounded in H*(R").

Now, by application of Theorem 3.1 to (22), let us consider the unique solution of (22) with f =0
and denote it by U(¢)uy.

Next, for T > 0, let us define the norms A (w), Ay (w), A3(w) and A(w) by

1
M) = sup wls. Aa(w) = 172wz, As(w) = sup [drwlly—2.  Aw) = max A;(w),
T T 1<i<3

s 07
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the space Z by
Z ={we C([0, T]; H*(R")) : w(x,0) = uo(x) and A(w) < K},

where the positive constant K is to be determined later, and, for w € C([0, T']; H*(R")), the operator Y

by
Yw(t) = U(t)ug + /Ot U(t —t")R(w(t'), Vew(r"), w(t'), Vew(r")) dt’.
Let us first remark that Y w satisfies
{B,Tw = 12T w+ Tpo Ve Tw + TpoVa Yw + To Yw + Tpo Tw + R(w, Vxw, b, Vi), o8
Tw(0) = uyp,

and that a fixed point of T will be a solution of (20), hence, a solution of (18). So, in what follows, we
are going to study A(Yw) in order to prove that Y has a fixed point in the complete metric space (Z, ).
Let us also note that since the life time 7" will be small, we can assume from now on that 7 < 1.

We start by applying Theorem 3.1 to (24). It follows from (10) and (11) that

max{A; (Yw)?, ka(Yw)?} < A(|uoll} + Ir(J* R, J* Tw)), (25)

where, for simplicity, R=R (w, Vxw, w, Vyw) and I7(u, v) is a finite sum of terms of the form

T
sup/ (Guu,v)|dt,
wezn Jo

where G, € Op S(()),o and the seminorms of its symbol are uniformly bounded with respect to . Recall
that the constant A depends only on 7, s and #( and we remark right now a fact that will be useful later:
if we let ug vary in a bounded subset of H*(R"), it follows from the linear theory that we can take the
constant A4 in the above inequality that depends only on that bounded set. The same remark holds for
sup,, |Gl z(r2) or the seminorms of the operators G, uniformly in p.

Thus, we have to estimate uniformly in p the sum

T T
0 0
T T
+/0 |(GMJSTa1_a?w,JSTw)|dz+/O (Gud T, i, JSTw)| dt
T
+/ (G uJ* R(w, Vaw, 0, Vo), JYw)| dt. (26)
0

First, let us consider the third term. It follows from the preceding remark, the Cauchy—Schwarz inequality,
the Calderén—Vaillancourt theorem and Theorem 2.6 that

T T
[0|(G,LJSTa1_a?w,JSTw)|dZ§A||a1—a(1)||Loo/(; lwils| Yw||s dt,
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and from Proposition 2.9 that
lay —af e < Clwlis)lwlls + C(lluols)lluolls < CK)K + Clluolls)lluolls < 2C(K) K.

Hence,
T
/ |(G,LJSTal_a(l)w, J*Yw)|dt < ATC(K)A(w)A{(Yw) < ATC(K)A(w)A(Yw), 227)
0

with a modified constant C(K).

The fourth term of (26) is treated in the same manner.

Now, let us estimate the first term of (26). Using a smooth partition of unity 1 = )" .,n xv, With
Xv(x) = x(x —v) and x having a compact support, we can write

<GH’JSTb1—bOwa’ JSTU))

_Z J_ZGM xv (b1 bo)wa J?* 2Tw>
—Z Gruw (X = V)T, o (x = 1) Hyy(x —v) "0+ 3w, (x =)0/ F 2T w),

where
Guv=(x —v)”OJ_%GuJS(x—v)_UO, H, = (x —v)_UOJ_S_%V(x —v)%

Next, it follows from the, pseudodlfferentlal composition formula and from Lemma 2.3 that G, is in
OpSOO , Hy is in OpS1 0 >
Going back to the first term of (26), these considerations in addition to Lemma 2.12 allow us to estimate

and that their seminorms are uniformly bounded with respect to i and v.

it as follows:

T
/ |(G’quTb _bovxw, JSTU})ld[
0

Js"‘zw Js+%Tw
<Z/ G (x = V)T, 5 —p0) (X = V)7 ol 2(22) {(x =) [l {(x —v)o0 odt
JS"‘zu) JS+%Tw
[of
<AZ/ e =) T =00y (X =) ot (x =)ol (x—w)oo il
JStiy JSFiTw
Z[ T P A et |

1 1
<4 Z sup v (by = bD)lzoe 175 2wlliz 1752 Yw |7
0,7

Now, it follows from the Taylor formula that we can write
by —b) = 3, F(z) — 3, F(z0)
= (w—u0)G1(20.2) + Vx(w —u0)G2(20, 2) + (W — 1) G3(20, 2) + Vx (W — it0) G4 (20, 2),
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where, for simplicity, zg = (ug, VxUg, Ug, Vxlg) and z = (w, Vyw, w, Vxw), and the Gy, are functions
of the form

1
/ Fi(zo + t(z —z0)) dr,
0

where F is a second-order partial derivative of F. Next, it follows from the assumption on F that
G (0,0) = 0 for all k, from which one deduces easily that

lxv (b1 — b)) Lo < C (20, 2) Lo l1xv(Z0. 2) | oo I Kv (Z0. 2) | Loe,
where ), is similar to x,, and, by using the Sobolev injection, that is, Proposition A.5(i), that
[l xv (b1 —b?)”LOO < C(|[(zo, 2)llLo=) ||Xv(20vZ)||Ho([o,T];Hs’) ||)~(v(20,Z)“Ho([o,T];Hs/)
= C(K) [ xv(uo, w)HHU([o,T];Hs’H) | Xv (o, w)||HU([0,T];Hs’+1),

where o > % and s’ > 7. Thus, to obtain the summability in v of || x, (b1 — b?)”Loo, it is sufficient to
prove that ||y, (¢, w)|| Ho ([0,T]: ' +1) 1S square summable in v. To this end and to get an explicit bound
for the sum, let us apply the interpolation inequality of Proposition A.5. This yields, by taking % <o <1,
Il xv (2o, w)”Hcr([o,T];Hs’Jrl)

= A ”XV(MOv w) ”i;(&O,T];HK/""Z) ”XU(“O’ w) “UHI([O’T];HS”)

< Ao 0. W) 2o, 737+ + 160 (10 012550 1y gy | KD 20 7705

where s” is such that (1 —0)(s' +2) +0s” =" + 1, thatis, s”" = 5" +2 — }7 One can choose s" and o
such that s” = s — 2, that is, such that s’ = s —4 + % In fact, if 0 = % +¢, then s’ = 5 4+ 0—4¢e/(1 +2¢),
which is larger than 7 if & is small enough. With such a choice, we also have 5”42 <s, so, the expressions
I3y (uo, w) ||L2([0,T];H~V’+2) and || xy0,w ||L2([0,T];Hs”) are both square summable in v, which shows that
lxv (o, W) gro (jo, 7 pr+'+1y 18 itself square summable in v and that, by applying Holder’s inequality,

D P IR )] -
v

1—0o
SA ||Xv(u0’w)”22 0.T:H* +4 ”XU(U(),W)”iz 0.T1:HS ||Xval‘w”i2 0.T|: Hs—2
([0, T];H*) ([0, T H*) ([0,T1; )
v v v

< A(Thi (W) +(Th1(w)*) =2 (Ths(w)?)7) < ATA(w)?,

(o2

where, of course, the constant 4 changes from one inequality to the other. Consequently,

> by = b)) oo < AC(K)T A(w)?,
v
which allows us finally to bound the first term of (26) as follows:

T
/ \(G,LJSTbl_b?wa, JSTw)|dt < AC(K)TA(w)*ha(w)hra(Yw)
’ < AC(K)K*TA(w)A(Tw). (28)
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The second term of (26) is treated in the same manner.

Let us now consider the last term of (26). As above, let z stand for (w, Vyw, w, Vixw). As z €
HS~Y(R") = H2t1Te(R"), it follows from Bony’s formula, that is, Theorem 2.10, that R(z) €
H26=D=3(R") = 5T (R") and that

1RG5t < CA) 25—t < CK) [w]]s.
Hence,
T T T
/0 (G J* R(2). J*Yw)| di < A /O IR T wlls di < AC(K) /0 Jwllsl| Twlls dr
< AC(K)T Ay (w)hi(Yw) < AC(K)TA(w)A(Tw). (29)

Thus, we have bounded all the terms of (26), which leads to the estimate

max{A1 (Yw), A2 (Tw)} < Alluolls + vVACK)TA(w)A(Tw), (30)

where the constants 4 and C(K) have changed of course.
It remains to estimate A3 (Y w). Recall that Yw satisfies the Cauchy problem (24). Hence, applying
Theorem 2.6 yields

19: Ywlls—2 < ITwls + AU lLoo + 1153l Loe) [T wlls—1
+A(lallLee + a3 o) IYwlls—2 + A(lb1 =57 [l Loe + 162 = b3l oo) [[wlls—1
+ A(llar —afllLoe + llaz — a3l o) [wlls—2 + | R(2)ls—2
< AlYwlls + A(Ibr = b7 | oo + 152 = b3 || Lo
+llay —afllLoo + llaz — a3l Loo) |wlls + | R(2)[s—2- B1)

Now, as before, it follows from Proposition A.5 that

0 0 01— 0
16 =bjlles = Allbj = bjll goqo,1y:m57y = AlNbj = bjll 2o 1y pror+1) 185 =B 1 o 1.7y

where j = 1,2, 0 > 1, s/ > % and s” is such that (1 —0)(s" 4+ 1) + 05" = s". In fact, we can take
s" = s —3, which corresponds to s’ =5 + é —4=%+4+0+ é —2;50, 5" <s—2and if o is close enough
to %, then, s’ > Z. Therefore, with such a choice, we have
0 0 01—
167 =2l zow < Allby = b0 2qto, 151y + Albs = BO1530 a1y 10657 12 g0, 15—
Next, applying Proposition 2.9 yields

T
I =890 reemny = [ Wy =B i

T
S/O (CUlzlzoo) Iz lls—1 + Cllzollo) 1Z0lls—1)* dt < C(K) Ty (w)?,
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and
T T
”atbj ||§.2([0,T];H‘Y—3) :/0 ||(avF)/(Z)atZ||§_3 dt < A/O ”(avF),(Z)”§_2||atZ||§_3 dt

T
< [N QIR ol di = ATCR) ()’
which imply that
16; — B0l oo < AC(K)NT Ay (w) + AC(K)NTh1(w)' ™7 A3(w)? < AC(K)VTA(w).

Of course, the same inequality holds for |la; — a;.) |lLeo, j =1,2. Note that we have applied the following
classical lemma:

Lemma 4.1. If s > % and |r| < s, then H" (R").H*(R") C H" (R") with continuous injection.
Finally, it follows from Theorem 2.10 and Theorem 2.11 that

IR ls—2 = IRz 44 = [R(2) = R(z0) 240 + [R(z0) | 2+

= Cillzllaze. 20l nte)llz = Zollnta + Callizoll

< Ci(lwllago . lollugo ) Iw—uollazo, + Callitllago y ol uso

<C(K)|w—u Allu ,
=CK)| ollnxo g +Allto]nte
and, using once again Proposition A.5, we obtain

sup ”w _MOHS’ = A”w_uO”HU([O T, HY) = AHU} u0|L2([0 T, HS +1) ”w uOllHl([O T, H")

0,7
- = Allw —uoll 2o, 1 s +1) + Allw — u0||Lz([0 T Hv’+l)”al‘w”LZ([O,T];Hs”)
= Allw —uollz2qo,r1;m5) + Allw — uOHILZ([O,T];HS) 10: w72 10,77 152
< ANTA (W) + AVT A () "7 h3(w)° < AVTA(w),
where s’ =€ 41 <5, 0> 1 s/ =130 +2—Lands” <s—2if o is close to 5. Hence,

sup IR@)ls—2 = Alluolluge .y + ACK)VTA(w).
0,7

Thus, we have bounded all the terms of (31) and the result is that

A3 (Tw) < Ary (Yw) + AC(K)VTA(w)A i (w) + Aljuo| wto, +AC(K) VT h(w)

< Aluolls + VACK)TA(w)A(Yw) + AC(K)VT A(w), (32)

where, of course, we have used (30). Therefore,

AMYw) < Aluglls + vVAC(K)TA(w)A(Yw) + AC(K)~TA(w)
< Alluolls + LACK)TA(w) + 1A(Tw) + AC(K)VT A(w),
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which leads to
M(Yw) < 2A|uolls + AC(K)TA(w) + 2AC(K)VT A(w),

that is, an estimate which is, by changing the constants and taking 7" < 1, of the form
A(Tw) < Alluolls + AC(K)VTA(w). (33)

This is the main nonlinear estimate. In fact, when u # 0, by taking K = 2A4|ju¢||s for example, and

then, 7' > 0 such that
re(Alwols N (1Y
~\4AC(K)K 24C(K)

it follows from (33) that A(Yw) < K when A(w) < K, thatis, Y(Z) C Z. When uy = 0, it suffices to
take K > 0and T < 1/A4?C(K)? to obtain the same result.

Let us now show that Y : Z — Z is a contraction mapping. In fact, the arguments are similar to the
above ones and we shall be brief. If wy, w, € Z, then W = Yw; — Yw, satisfies the Cauchy problem

{a,W =iLW + TV W + Tb(z)VxW + T oW + TagW + R(z1) — R(z2), a4
W) =0,
where, as before, z; = (wj, Vxwj, w;, Vxw;), j =1,2. Applying Theorem 3.1 to (34) gives
max{%1(W)*, k2 (W)*} < AIT(J5(R(z1) = R(22)), W), (35)
and, consequently, we have to estimate uniformly in w the integral
T ~ ~
| G Rz = Rz, 2w .
0
It follows from (21) that
R(z1) = R(z2) = Ty, ;130 VW1 = w2) + T, 21—y (z) V02
+ Ty )0 V(01 = 02) + Ty (1) by (22) V02
10 2y -a (W1 = W2) + Ty z1)—ay (z) W2
+ Ty 1) -0 (W1 = W2) + Tay(z1)—az(z2) W2
+ R(z1) — R(22), (36)

and we have to estimate the integral corresponding to each term of the above sum. Let us first consider
the terms of the third line in (36). By the same argument as that used to obtain (27), we have

T
/0 (G * (T 1y —a (W1 = W2) + Ty 21)-ay ey W2), I W)| dt < ATC(K)A(wy = wa)A(W),

where we also applied Proposition 2.9 for the second term. Of course, we have the same estimate for the
integral corresponding to the terms of the fourth line in (36).
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As for the terms of the first line in (36), applying an argument similar to that yielding (28), one obtains

T
/0 ‘(GMJS(Tbl(zl)—b‘l)V(wl —w2) + Thy(z1)—bi (z2) VW2)- JSW)' dr
< A, C(K)T (A(w1)*A2 (w1 —w3) + A(wy — w2) (A(wy) + A(w2))Az(w3)) Ao (W)
< AC(K)T (Mw1)? + Mwi)A(wz) + A(w2)*)A(wy — w) (W)
< AC(K)K*TA(w; — wa)A(W),

and the same estimate holds for the terms of the second line in (36).
Last, for the terms of the fifth line in (36), applying Theorem 2.11 and estimating as in (29), we obtain

/ (G (R~ R(). W) di = 4 / er—zalle WLy di < AC(K) / o —wall W 1
<AC(K)T A1 (wi—wz)A (W)
< AC(K)T M(wi—w)A(W).
Summing up and going back to (35), we can conclude that
max{A;(W)2, Ao(W)?} < AC(K)T Mw; — wa)A(W).

It remains to estimate A3 (). Using the fact that W satisfies the Cauchy problem (34) and an argument
similar to that yielding (32), we obtain

A3 (W) < Ak (W) +ACK)NT ((w1) 1 (w1 —w2) +A(wi—w2) A1 (w2))+AC(K)VT AM(w —w)
< AL (W) +AC(K)NT (Mw1)+Mw2))A(w—w2)+ AC(K)VT A(wi—wy)
< VAC(K)T M(wi—w)A(W)+AC(K)VT A(wi—w>).

Summing up, we have obtained

A(W) < VAC(K)TA(wy —wa)A(W) + AC(K)VTA(wy —wy).
Hence,
AW) < LACK)Th(wy — wy) + IA(W) + AC(K)VT A(w; — wy);
that is,
AW) = A(Tw; — Ywy) < AC(K)VTA(w; — ws),

with modified constants. This clearly implies, if 7" is taken small enough, that T : Z — Z is a contraction
mapping and, thus, it has a unique fixed point # in Z which is a solution of (18). In fact, this is the
solution of (18) in C([0, T'], H*(R")) because the above method gives the local uniqueness and we obtain
eventually the full uniqueness by applying a classical bootstrap argument. This proves the first part of
Theorem 1.1.

The second part of Theorem 1.1 concerns the continuity of the solution operator uy + u and we
start its proof by remarking that this operator maps bounded subsets of H*(R") into bounded subsets
of C([0, T'], H*(R")). In fact, if B is a bounded subset of H*(R"), as remarked at the beginning of this
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section, the constant 4 and the bounds of the seminorms of the operators G, can be taken to depend only
on B; that is, if uy € B, the estimates proven above and satisfied by T can be rewritten as

MYw) = A(B)uolls + AB)YC(K)VTh(w). (37)

AMYw; — Twy) < AB)C(K)VTMw —wy), (38)
where A(B) depends only on n, s and B, which implies that the constants K and T can be chosen
depending only on B. Hence, for all ug € B, the associated solutions u are all defined on the same
interval [0, 7] and are all in the ball of radius K. As for the continuity, let B be a bounded subset of
H5(R"), ug, u; € B, u,u™ the respective associated solutions and w = u — u* Then, w satisfies the
Cauchy problem
dw=i%w+ Du— D*u* + R— R* =i 2w+ Dw + (D — D*)u* + R — R*,
. (39)

w(x’ O) = UO(X) - UO(X),
where
R = R(u,Vu,i, Vi) R* = R(u*, Vu*,a*, Vi*).

0

Of course, the bj(.), a;.) correspond to uy whereas the bj(.)’*, a; * correspond to ug. Applying Theorem 3.1

gives us the inequality
max{A; ()2, ha(w)?} < A(B)|luo — ul||? + AB) I (J*(D — D*)u* + R— R*), JSw).  (40)
As it can be seen easily by going back to (21), we can write
R—R* =Ty, (—p0 V0 + Tp, ()b, ) Vid* + Tyo._yoVu®
+ sz(u)_bgVu') + Ty (u)—byu) Vil + Tbg,*_bgVﬁ*

+ oy w-a0® + Tar@-ar )™ + Tp00_ou”

a

—+ Ta gu_) + Taz(u)—az(u*)[‘* + Tag,*_ OM*

2(u)—a a,

+ R(u,Vu,u,Vi)— Ru*,Vu*,u*, Vi), 41

and we also have

®\ ok * — % * — %
(D—D )u = b(l)_b(l),*Vu +Tbg_b(2)*Vu +Ta(1)_a(l>.*u +Tag_ag,*u .

Using the same arguments as before to estimate the integrals corresponding to each of the above terms
yields

max{A1(w)?, ko (w)?} = A(B)|uo —uglly + A1 (BYCL(K)T (A(w)lluo — uglls + A(w)?),  (42)
which becomes, after a change of the constants and assuming 7" < 1,

max{A; (w), A2 (w)} < A(B)|lug —ulls + A(BYC(K)VT r(w). (43)
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Next, using (39) and similar arguments, one can easily get
A3(w) = A(B)C(K)(lluo — uglls + A1 (w)),
which becomes, after use of (43) and a possible change of the constants,

h3(w) < AB)YC(K)(lluo —uglls + VT h(w)).
Hence,
Aw) < A(B)YC(K) o —ugls + AB)C(K)VTA(w). (44)
which, by taking 7' < (1/2A4(B)C(K))? (for example), leads to the Lipschitz estimate
Aw) = Mu —u*) <2A(B)C(K)uo — uglls, (45)

and this achieves the proof of Theorem 1.1.

5. Proof of Proposition 3.2

We shall only give the main steps for the convenience of the reader and refer to [Bienaimé 2014] for the
full details.
Let us start by remarking that it is sufficient to treat the case s = 0. Indeed, if v = J¥u and vg = J¥uy,
it is easy to see that u is a solution of (8) if and only if v satisfies
{Btv =i LV + Ty, Vv + Tp, .Vio + Cro+ Cot + f(x,1),

v(x,0) = vy € L2(R"), (46)

where f = J%f and Cr = JSCrJ ™5 + [J°, Ty, -Vx]J°, k =1 or 2, and, thanks to the paradifferential
calculus, the ék are bounded operators in L2(R").
The idea of proof is that of [Kenig et al. 1998], inspired by [Takeuchi 1992], and consists in constructing
a pseudodifferential operator C which is bounded and invertible in L2 (R") and estimating supo, 77 1Cullo
instead of estimating directly suppo 77 [[u|lo. Since %(Cu, Cu) =(Cosu,Cu)+ (Cu,C0dsu) and u is
a solution of (8), we obtain that
d
E||Cu||% = (iC%u,Cu) + (CTp, Vu,Cu) + (CTp,Vii, Cu)
+(CCiu,Cu) +{(CCyu,Cu) + (C f,Cu)
+(Cu,iCZLu)+(Cu,CTy, Vu)+ (Cu,CTp,Vu)
+(Cu,CCiu) + (Cu,CCyu) + (Cu,C f), 47)
and since
(i¢Cu,Cu)+ (Cu,i¥Cu) =0,

we have finally

d
E||Cu||(2) = 2Re((i[C, Z] + CTp,V)u, Cu) + 2Re(C T, Vii, Cu)
+2Re(Cu,C f) +2Re((C Ciu, Cu) + (C Cyu, Cu)).
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The idea of [Kenig et al. 1998] is precisely to choose C so that the operator i[C, Z]+ C Ty, V will be
small in some sense. Here, we will make a refinement by writing by = b} + ib} with real b/, b, and by
considering the operator i[C, Z]+iC Tbi’v instead. This has been already used by [Bienaimé 2014]
and essentially allows one to construct a real operator C, that is, with the property C u = C i, which will
be convenient in certain arguments. Now, clearly,

2Re((C Cru, Cu) +(C Crit, Cu))| < 2(A1 + A C 5,1 Il

and integrating on [0, T7], T’/ < T, yields

T T
ICu(TH|3 < | Cuoll3 +2 Re/ (([C. ZL1+iCTpN)u, Cu)dt| +2 Re/ (CTy Vu,Cu)dt
0 0

T/
+2 Re/ (C Ty, Vii, Cu) dt‘ +2
0

T/

2+ ADIC I g TG @)

T/
Re/ (Cu,C f) dz'
0

and our task will be to estimate appropriately each of the terms in the right-hand side of this inequality.
The most difficult one is

T
/((i[C,$]+iCTbi/V)u,Cu)dt
0

and C will be constructed so that this term will be small with respect to some parameters to be defined
later. To this end, let us denote by ¢ the symbol of C and define

p(x, &) = —2£% Ve (x, ) —e(x, £)b](x, £) £, (49)

where &% = (£1,.... &y, —&jo+15 - - -» —En) and 5/1’ is such that T = 5/1/()6, D); see (2). The problem
lies essentially in the fact that p(x, &) is not the true principal symbol of the pseudodifferential (or
paradifferential) operator i[C, £]+iC bel/V since C will be merely in the class OpSg’O. Nevertheless,
the constructed C will allow us to obtain good estimates.

Set ¢(x,&) =exp(y(x,&)) and y(x,§) = Zuezn o, yu(x,§), where the oy, are the coefficients of
by in its decomposition with respect to the ¢ ;, see (9), and the y,, (x, &) are defined a little later. Note
here that one can assume the o, real (and even nonnegative) without loss of generality. We can then
write

PO E) = () Y e (~268 Vayu(x. 8) — 61 u(x, ) ),
w
and this suggests considering the function
1 o0
mu,9 =3 [ Im@0 00+ 56 6. s

One can show that such a function is smooth and satisfies, for all multi-indices «, 8,

9%, (x, E)] < Aap sup, 1€) B 1020 @1 Lo (x — ) 1) 1A, (50)
'=<
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and, moreover,
—26% Vaurpu(x, §) —Im(@1,) (x, £).6 = 0. (51)

See [Kenig et al. 1998; Bienaimé 2014] for the proof. To get an even function, we replace 7, by

;M(X,E) = %(nu(x’é) + Uu(x» _S))v

which satisfies the same properties as 7, and then set
&1 R(x —p)
i) =0( 5 o (s e
g R (€) g

where 6 and ¥ are smooth (real) functions on R such that 8(¢) = 1ift >2, 0(t) =0ift <1, ¥ (x) =1
if |7] <1, ¥ = 0 outside some compact set and R is a large parameter that will be fixed later. One can
easily check that y, € S(()),o and that its seminorms are uniformly bounded with respect to © and R. The
following lemma gives the main properties of the operator C and its symbol

¢(x.5) = exp(y (x. £)) = exp(Zal,uy;L(x, s)).
"

Lemma 5.1. (i) The symbol c¢(x, &) is real and even in &.

(ii) The symbol ¢(x, &) is in the class S(()),O’ More precisely, forall o, B € N,

A Y ;
o s s sup )P 0l < S viat 16101

B ,
|0%05c(x, )] <
e R Cjclal 118l 1 a/<a:pr<p

(ili) There exist N € N and A > 0 such that, for all R > 1 and all v € L*(R"),

[Cvllo = Asupvn(e1,u)lvlo,
“w

A
[vllo = Asupvy(p1,w)lIC s + R Sup v (@1, % lv]ls-
w w

(iv) The symbol
plx.€) = =268 Vie(x, &) — e(x. £)b] (x. £).£
isin S(()),o and its seminorms (of order < M) are estimated by AR sup,, vpr+1(91,u)-

Even if here the function ¢, is more general, the proof follows the same lines as that of [Bienaimé
2014, Lemmas 3.5 and 3.6] and we refer to it. These properties are sufficient to allow us to get the
following estimates:

Lemma 5.2. Let b(x, &) be a symbol satisfying
0
b(x.6)= ) aupu(x.6). ¢u€Sio Y laul < Ao, 52)

nezn u
X = @u(x,§) is rapidly decreasing in x — .,
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and let i stand for u or ii. Then, there exist N € N and A > 0 such that, forall T >0, T' €[0,T], R>1

and every H = h(x, D) in Op S0 ., the following estimates hold true:

0,0’

) r ~ - A 1
@) /0 [{((CTpV — (eb)(x, D)V)ii, Hu)|dt < EllhllcN sup v (@1,1) sup o llen Il T 2 ulll -
n w

L . 1,1
(i) [ GIC.21+iC Ty yu. Hu| de = Allen supv (o1, (RT sup lull + g 117 bull).
0 H [0,7]

1
Il 2l
(iii) / ‘ (C, J*TyJ Vi, Hu) }dl<A||h||CN suva(golgu)sup ||§0M||CN(T sup |lu ||0 TT .
0 [0,T1]

Remark. The case s # 0 in (iii) is needed in the Appendix.

Proof. Using the pseudodifferential calculus, we can write the symbol e(x, &) of the operator £ =
CTpV —(chb)(x,D)V ase = Zu ayey, where ey is given by

ep(x, &) = Z/o /e_’ynagjc(x,é+ IN)0x; @u(x +y,6).6dydndt, (53)

@y &

and we first remark that e;, € Op Sé,o and that using the fast decrease of ¢, (x, £) in x — u and integrations
by parts yields the fact that e, (x, §) is itself rapidly decreasing in x — u. Next, setting £, = e, (x, D),
we can write

(Ed, Hu) Zau wit, Hu) ZaM(H*E,Lﬁ,u)

uw
= Zau X = )7 H{x = )7 (x = j) % Ep{x = j) e, up),
w

where = J-2 H* J2 E, = J_EE J~2 and uy = (x — ,LL)_UOJ%L{ Now, it follows from the
pseudodlfferentlal calculus (Theorem 2.1) that H and E u are in OpS 0 0.0 and that we can estimate the
seminorms of H and E w by those of H and E, respectively. Moreover, it is easy to see that the symbol
of £ w inherits the fast decrease in x — p which implies, by virtue of Lemma 2.3, that the operator
(x —p)oo0 E w{x — @) is also in OpSg’O and that its seminorms are estimated by those of £, uniformly
in . The same property holds for the operator {(x — )0 H (x — 1) ~°°, as it follows also from Lemma 2.3.
This allows us to apply the Calderén—Vaillancourt theorem to obtain

fo |<Eu Hu) |dz<Z|au| / (x— )70 H (x—12) = | 2y [(x—12)7 Ep (x =) || 1.2y e |3 it

< A|h|cn, sup Z ||<x—u)2”°3°‘8ﬂeullmo|||J2u|||T
Bl +181=M

:r;

= lhaliem Suvaz(fm,u)sup Il en: 172 ull (54)

w

which proves (i).
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To prove (ii), note first that the symbol of i[C, ] is given by
~26%. Ve (x.§) + (L) (x.§)

and that of i C Tb;’v can be written as

1
@m)"

n 1
ic(x,£)b](x,£).i€ + //e_iynagjc(x,é+tn)8xj5’1’(x+y,$).i$dy dn dt.
—1v0

Thus, the symbol of the operator i[C, ]+ iC T, prV is given by

(Zxe)(x.8) + p(x.§) +ie(x.§),

where p(x,&) is given by (49), e = ZM ayey and ey (x,§) is given by (53) with ay, = a;,, and
¢ = Im(¢y,,). Hence, applying Lemma 5.1 and the Calderén—Vaillancourt theorem yields the estimate

T/
/0 (((Zxe)(x, D) + p(x, D))u, Hu)| dt = ART ||h|cw, sup vy, (¢1,)° Sup lull3
n 0,

and applying part (i) gives the estimate

T/
. A 1
/0 ({GeCx, Dyu, Hu)|dt < Z|lhl| o, sup VN, (01,7 1 2wl
uw

which proves (ii).
To prove (iii), we first treat the case s = 0 and note that the symbol of [C, Tp V] = C T,V —T, VC can
be written simply as e(x, §) —eg(x, £), where e(x, £) is the symbol of the operator E studied in (i) and

1
2"

nooa
eo(x, &) = Z / / e Mg (b(x. &+ 11).(§ +10)dx; ¢ (x + y. &) dy dn dt.
. 0
Jj=1
Since d¢; (l;(x, £).£) is of order 0, the symbol eqy(x, ) is in fact in S(()) o and the seminorms of ¢q are
estimated by a product of seminorms of b and ¢. Hence, by using the decomposition of b as above, we get

T/
/0 [{eo(x, D)it, Hu)| dt = AT ||hl|cny sup [@pllcns sup v, (91,) sup I3
Iz W

s

which, together with (54), yields (iii) in the case s = 0. If s # 0, it follows from the pseudodifferential
and paradifferential calculi that J* T J ~ = T+, where b* =Y u 9u Y and ¥y, is given by

V(. §) = / I(E 4 ) g (x + 1. ENEY d di.

@2m)"
which implies that v, is also rapidly decreasing in x — p and that it is in S? o With seminorms estimated
by those of ¢,. This shows that the case s # 0 follows from the case s = 0 and achieves the proof of
Lemma 5.2. O
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Lemma 5.3. Let b be as in the preceding lemma. Then, there exist N € N and A > 0 such that, for all
T >0, T €[0,T]and R > 1, the following estimates hold true:

(1) If b(x, &) is even in &, then
7 . 1 N
| e TV Cujldr = Aswpun (o suploulen (T sup ulf+ 73 ullr)
0 21 ©w 0=<t=T

(ii) If b is real, then

T/
1 1
Re [ (CTyVu, Cupdr| = Asupvwtor,)swplvlon (T sup ully + g1 3ulr).
0 I 2 0=<t=<T

Proof. Since C is real, we can write
(CTpVii,Cu) = (TyVCii, Cu) + ([C, TpV]ii, Cu) = (TyVCu, Cu) + ([C, Ty V]ii, Cu).

Now, the integral corresponding to ([C, T V]u, C u) is treated by Lemma 5.2(iii). As for the other term, we
note that it is of the form (73, Vv, v), so it suffices to study such a term. Since b(x, £) is even in &, we have

(TpVo,v) = (v. T, V) = (0, T;Vv) = ((T;V) 0. v),
and it follows from the pseudodifferential (or paradifferential) calculus that
(TzV)" =-TpV + Ey, (55)
where E is of type S ?,0 and its seminorms (up to some finite order) are estimated by those of ». Hence,
(Tp Vv, v) = —(Tp Vv, v) + (E10, V),

and (T, Vv, v) = %(Elt_), v), that is, (Tp VCu, Cu) = %(ElC_u, Cu), and (i) follows just by applying
the Calderén—Vaillancourt theorem and Lemma 5.1.
To prove (ii), we write as before

(CTpVu,Cu) = (TpVCu,Cu) + ([C, TpV]u, Cu),

and then apply Lemma 5.2(iii) to reduce the problem to the study of Re(7,VCu, Cu). Now, it follows
from (55) and the fact that b is real that we have

2Re(TpVCu,Cu) = (TpVCu,Cu) + (Cu, T,VCu) = ((TpV + (TpV)*)Cu,Cu) = (E;Cu, Cu)
and the proof ends like that of (i). The lemma is thus proved. ([

It is clear now that applying Lemmas 5.1, 5.2 and 5.3 to the inequality (48) yields Proposition 3.2.

6. Proof of Proposition 3.3

By the same argument as that used in the beginning of the proof of Proposition 3.2, it is sufficient to
establish the first estimate in the case s = 0.
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The proof follows the same ideas as that of [Kenig et al. 1998; Bienaimé 2014]. The difference is that
here the Ty, , k =1, 2, are general paradifferential operators of order 0 instead of merely multiplication
or paramultiplication operators.

Since

dru=iZLu+ Ty NVu+Tp, Vu+ Ciu+ Cou+ f,
dsit = —i L+ Ty Vi + Ty Vu+Cii + Cou + 1,

where the operators C are defined by Cju = Cyit, one starts by remarking that the vector unknown

w = () satisfies the system

dyw=iHw+ Bw+Cw+ F, (56)

2 T,V Tp V) (C1 Cz) (f)
H = ’ B = ! 2 ) C = -~ -~ ) F = o )
(o —z) (T,;ZV T3V C, C» 7

and the idea then is to estimate the expression (Ww, w) by means of Garding’s inequality for systems via

Ty, 0
V=
(% %)

and W is an appropriate pseudodifferential operator in OpS ? o to be chosen a little later. By using (56),

where

Doi’s argument. Here,

one gets easily
0 (Yw, w) = (Yo, w, w) + (Yw, d;w)
=((i[W. H]+ B*U + ¥B + C*V + VC)w, w) + (VF, w) + (Vw, F), (57)

and, as one can check also easily, the principal symbol of the first-order operator

iV, H|+ B*V + VB + C*¥ + W(C

is given by

Mx.E) = <2<§ﬁ.Vx1/f0(x,S)j2§.lm(l;1)(x,é)wo(x,é) 268 by (x.E)Wo (1. £) )

—2iE.by(x,E)Po(x,&) 264 Vo (. £)—26. Im(by ) (x, £) Yo (x. £)

where ¥ denotes the symbol of Wy. Now, for ¥y, we shall make the following choice which follows the
idea of [Doi 1994]. Define

t

p(x,§) = ('§>_1 Zé}ih(xj) with A(t) :/(; (S)—Zao ds.
j=1

Pl &) = p(x = E) + Ao Y (sl + oz ) p(x — 1. €),
wezn

Yo(x,8) = Yu(x.§) = exp(—pu(x.§)).

Here, the ay,/ and a5, are the coefficients of by and b, in their decompositions with respect to the
@1, and @, s respectively, see (9), Ao is a large constant that will be determined later and p € Z"
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is fixed for the moment. However, from now on, we shall write W, and ¥, instead of W, and v/ to
emphasize the dependance on . First, note that p, and v, are in S? o and that their seminorms are
uniformly bounded with respect to . Next, with these notations, the symbol M (x, £) can be rewritten as

—£%.Vx pu(x, §) —£.TIm(by) (x, ) iEha(x.8) )
—i§.b2(x,§) —EF Vipu(x,§) — . Im(by)(x,§) )
Consider now the matrix Z(x,&) = —M(x,&) — V(x, &), where

29, (x, §)[E)? (1 0)
(E)(x — )70 \0 1)

Z(x, &) is a matrix of symbols in S 1.0 and, in order to apply Garding’s inequality, we are going to show
that, for large £, it is a nonnegative matrix, that is, (Z(x, £)v, v) > 0 for all v € C% In fact, Z(x, £) is of

the form
2.0 (5 1),

2 7 ~
ﬁ + & Im(by)(x,&) and B =—i&by(x,§),

and it is sufficient to show that the two eigenvalues o + || of (% 5) are nonnegative, or, equivalently,
that o > ||, that is,

M(x.§) =21ﬂu(x,5)(

V(x.§) =

where

a=E"Vypu(x,£)—

2 7 ~
W + & Im(by)(x, &) = | —i&.by(x,§)|. (58)

Now, the main reason for the choice of the symbol p,, is that it allows to get the following inequality:

E Vi pu(x,£) -

E Ve pu(x.8) =E Vap(x — . &)+ Ao Y (o |+ e wDE Vi p(x — . §)

wezn
n %-2 2
—Z By T > (|a1,u|+|a2u|)2 GBI
uezn /L]
|s|2 i
SRR | S — 59
2 @ T 2 Bl Ve >
that is,

E e pp B Ay S (el e P )

GIEEE 2D ey — oo

Besides, we have

Ek(xvé) = Z “k,w@k,w(x’é), k= 1,2,

wern
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and it follows from Lemma 2.8 that

(x = )2 Gpe s (x, )| < Am),

with a constant A (n) which depends only on the dimension. Hence,

2
g =AW Y el k=12

€D B = AG) Y ol =T CICTIR

wezn

if |&] > 1, which, together with (60), implies (58) by taking A¢ > ~/2A(n). Thus, the matrix symbol
Z(x, &) is nonnegative, and since it is also hermitian, Z(x, &) + Z(x, £)* is also nonnegative and we can
apply Garding’s inequality for systems:

Re(Z(x, Dyw.w) = —A(1+ sup sup [(E)P19%00 gy llLoe) w13, (61)
le|+IBI=N k.

where the constant 4 depends only on A, A, and the dimension 7 and the integer N depends only on
the dimension n. Now, going back to (57), we can rewrite it as

I (Yw, w) = ((=Z(x, D)= V(x, D) + E)w, w) + (VF,w) + (Vw, F),
where E is a bounded operator in L2(R"), and integrating it on [0, T'] yields
T
/ (V(x, D)w,w)dt = (Yw(0), w(0)) — (Yw(T), w(T))
0 T T T T
—/ (Z(x, D)w, w) dt —I—/ (Ew, w) dt —I—/ (WF, w)dt —I—/ (Pw, F)dt.
0 0 0 0
Taking the real part, using (61) and estimating, we obtain
T
Re/ (V(x, D)yw,w) dt
0

<A sup |[w]|Z+AT(1 + sup VN @k, 1)) sup wll2 + ‘/ (WF, w)dt|+
ko

s

/ (Yw, F)dt|,

and since ¥, (x, &) > exp(—A4) and, for |£] > 1,

a4 & (1o
vzt (o1):

a second application of Garding’s inequality gives us

T
Re[ (J% (x — ,u)_z"".]%w, w)dt
0

T
< Asup [[wl|g(1+ T + T sup vy (k) + ‘/ (WF, w)dt
[O’T] k,lL, 0

T
+ / (Ww, F)dt|,
0

with a modified constant 4. Since we can write

(WF,w) = (Y fiu) - (‘T’/Lf»”)
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and a similar expression for (Yw, F'), by going back to u, we get eventually

T
_ 1
/ Ny T 3ulZ di < A sup [ul3(1+T+T sup vy (0 p))
0 [OaT] k,,lL/

T T T T
+/0 |<%f,u>|dz+[0 |<%f,u>|dr+/0 |<\v;:f,u>|dr+/0 (@ £ d.

which yields the first part of Proposition 3.3 by taking the supremum over all u € Z”.
As for the second estimate of Proposition 3.3, we first remark that, since C is real, C u satisfies

0,Cu=i%Cu+ Ty VCu+Ty, VCu+C;Cu+CyCu+ 7,
where k = 1,2, by = b} +ib] withreal b7, b, and
f = GIC. L)+ CTyy¥)u +[C. Ty Vu +[C. Tp,. V)i +[C. CiJu +[C. Calit + C f.
Hence, we can apply the first estimate of Proposition 3.3 to Cu obtaining
|||Js+2Cu|||T <A1+ T+ Tsupvn(gr.p)) sup ICul? + Zsup/ (W), lLJsf JCu)|dt, (62)
k., j=

where W; , = ¥ (x — , D). Thus, we are led to estimate essentially the terms
T
/ ‘(Js(i[C, L1+ CTipVu, \I"-" JsCu)‘ dt
0
/ (J°IC, Ty, . VDu, W}, J*Cu)| di +/ (J*[C. Ty, . V]a, ¥, J*Cu)| dt.

Indeed, since the operators W; , J*[C, C;]J ™% and W; , J*[C, C;]J ¥ are bounded in L? (and so is
J5C J75), the corresponding terms are easily estimated by

AT sup N (1) sup [lu(@)]3.

0<t<T
We need now for the other terms the following simple lemma:

Lemma 6.1. If a € S, then, for any real s,

0,0’
J%a(x,D)J* =a(x, D)+ e(x, D),

where e € S U and the seminorms of e are bounded by those of a.

Proof. 1t suffices to apply the pseudodifferential calculus and to remark that

e(x,§) =

n 1 ) B
(2n)n§/(; /e lynaéj (<§+”7> )ax]a(x‘i'y,%')(%') dyd?’}dt D
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We apply the lemma successively with
a(x,D)=i[C, L)+ CTibi’v’
a(x, D) =[C, Ty . V],
a(x, D) =[C,Tp,.V].
Since here m = 1, we obtain that at each time the operator e(x, D) is bounded in L? and that its operator
norm is estimated by the seminorms of a. Next, it follows from the pseudodifferential calculus that
\Ilj* u € OpS? o and their seminorms are uniformly bounded with respect to 1, and, consequently, also

that \IJJ* “J SCJ 5 e OpSg o and their seminorms are uniformly estimated by those of C'. Hence, the
integrals corresponding to the operators e(x, D) are easily estimated by

ART supvn(¢r ) sup [lu(®)|?.
k,u 0=<t=<T

Thus, it remains to estimate the sum

T
/‘((i[C,,Z]+CT,-bqu)Jsu,\lf;‘,MJsCu)‘dt
0

T T
+/ [C. Tba.V]Jsu,\Il;‘,uJSCquz—k/\([C, Ty, V1J*u, ¥}, J*Cu)| dt,
0 0

to which we apply Lemma 5.2 with S = ‘Ifj* u’ $C J 5. We obtain eventually

4 T
Zsup/ (U S f, TS Cu)|dt
j=1 m Jo
4 T

1 1
<> sup | [ C £ I Culldi + Asupvn(pe) (RT sup llull2 + 2173 ull}),
j=1 /o ko [0,T]

which, together with (62), implies the second estimate of Proposition 3.3.

Appendix

Proof of Lemma 3.4. We need the following general estimate:

Lemma A.1. Let b satisfy
b(x.&) = ) augu(x.&), D laul = Ao,
"

pez” (63)

supp(x - ¢, (x,)) € QF, sup sup [[(E)F192g, Lo < oo,
K |BI=No
where Ny is a sufficiently large integer, and let ui stand for u or u. Then, there exist N € Nand A > 0

such that, for all T > 0 and every S1 = s1(x, D), Sy = s2(x, D) in Op S(())o’ we have

T
— ~ 1
/0 (S1J°TpJ Vi, Spu)| dt < Alisyllenlls2llen Sup sup 1€V P10L g Lo 1T 2 ull3-
uo|B|<



1278 PIERRE-YVES BIENAIME AND ABDESSLAM BOULKHEMAIR
Proof. One can write
(S1J5TyJ ~5Vii, Syu)

=Y au{S1J5 T, J Vi, Squ) =Y 0, (S3S1J5 Ty, J* Vit u)

n D

= Zaﬂ((x - ,LL)UOJ_%S;S] JSTWJ_SVJ_% (x — @) (x —/,L)_UOJ%L?, (x— /,L>_00J%u>
“w

= ZO‘M(SM(X — )70 Tp,, (x = )0 Tty 1ty
“w

where

Su= (x—u)“"J_%Sz*Sl JHx—p)7%,  J,= (x—u)_""J_SVJ_% (x—=p)%,  uy,= (x—,u)_"(’J%u.
Now, it follows from the pseudodlfferentlal calculus (Theorem 2.1) and from Lemma 2.3 that S, and
Jy are in Op SO 02 and Op S 0.0 - respectively, and that we can estimate their seminorms unlformly in /.
Next, it follows from Lemma 2. 12 that the operator norm of (x — )7 T, (x — u)°° acting in H*~ P (R™)

is estimated by sup|g< [|(§) 1B19# £Pu || Lo uniformly in w. Hence, the application of the Cauchy—Schwarz
inequality and the Calderén—Vaillancourt theorem allows us to obtain

/ [(S1J°TyJ*Vii, Spu)| dt

<Z|051L|||S/L||$(Hé 1/2 L2)||(X )7 Ty, (x — M)”‘)Ilg(m 1/2)||JM||$(L2 Hs— 1/2)/ ||”u||0dt

w
< Alsillenlszlle sup sup [16)108 gyl Lol 2 a3,
K |BI=N
which proves the lemma. O
Now, let us write Tp, —p, .. = Tb,—b; v + Tby ,—by..,, a0d apply Lemma A.1 first to b = bg — by

with S;1 = S5 = C;;,. We obtain

T
/ |<CszTbk_bk m/vﬁ,CmJSqul
0 .

T
:/ |<CmJSTbk_bkm,J_svﬁ,Cmv)|dt
0 .

1
< Asup vy (@1 um)?sup sup [(E)'0L (i — ot )l Low 11720113
1 1 |BI=N
m2N? ' m2N?
< A—— sup su 1Bl8 o|lJZ2T5ul|2 < A
e Sup sup 6 Mol 7 < A=

1
> 2
|||J2+su|||T’

where v = J%u and 0 = inf{p, 1}. As for the study of the other term, we write
(CmJSTbk‘ Vi, CpJ u)
=(CpnJ* Ty, r—brc.m J VD, Cpu)
— (J°Tp, TV Con, Cv) + ([Com T Ty by T V1T, Cnv),  (64)

m’_bk.m

m'—bk.m
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and then apply Lemma 5.2(iii) to the second term in (64) to obtain
T
| M€ ST by, T VI Corth
0 : .

1 1
< Asup VN((/)I,/L,m)2 sup “‘Pk,u,m’ _(/)k,u,m”CN (T sup ”v”(z) + E“'Jz v”@")

1
< AN ' 4 ™)(T sup ul2 + 17+ ull)
[0,7]

= Am NN (T sup ull2 + 21175 Bul3).
[0.7] R

Finally, recalling that C,it = C,,u and applying Lemma A.1 to the first term in (64) with 1 = S, =1d,
we get

T
/|(JsTbkm,_bkmJ_SVCmﬂ,Cmdet
A b

1
< Asup sup [(6)10 (@i — ko) L0 1172 Conv 13
n|BI=N

1
< A(sup sup [EVAOL (ko m—ek ) oo Fsup sup 1) (@1 =k ) o0 ) 1172 Corv I
K |BI=N K |BI=N

A A
s( )sup sup 1(6)10 01 ullco 17 Crvll3
m'e K |BI=N

( A
<
- m/U

It remams to compare |||J2C v||| = |||J2C Jsu|||2 with |||JS+2 mu|||2 Of course, one can wrlte
J2CmJSu = JSti - SCu J¥u and it follows from Lemma 6.1 that J ~ SCmJS Cy = Eyisin OpS
and the seminorms of E,, are bounded by those of C,,. Hence, since J* +3 E,,J 7% isin Op So 0>

A 1 A 1
2 M Cutlly = 2 Gl

1754 Bl = sup | / [ — )0 T By dx di

//|Js+2E u|? dx dt

< Asuva((pl,u m)? / /|Jsu|2dxdt < ATm*N* sup ||u|?
[0,7]

and
1 1 2
172 CmllF <2075+ 2 Crulllf +24Tm*N [Sup] 13,
0,T

which implies that

T
/O T Toye s —biend " VCm, Cpv)| dit < —IIIJHZC ull3 + ATm*N’ [Su% lull3
0
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where, of course, the constant 4 has changed. Summing up, we have proven that

T
/ (Con T Ty —py, ,,, Vil, Cy T u)| dt

AmZN

1 A 1
7% £l + Am 2NN (7 sup a2 + 17+ Full) + — Iz Culliz; - (65)

that is, we have proven Lemma 3.4.

Anisotropic Sobolev spaces. There are several notions of anisotropic Sobolev space in the literature.
However, we have not been able to find a reference with the results we need in this paper. Therefore, we
are going to define our spaces and next prove the results we need.

We denote by (x, y) the variable in R” x R” and by (&, 1) its Fourier dual variable.

Definition A.2. If 5,5’ € R, we denote by H* (R" x R"") the space of tempered distributions # in
R” x R"" such that the integral

/Rn iy (€)% ()2 |a(g, m)|* dE dn o
is finite.

We call this space an anisotropic Sobolev space. Note that this is different, for example, from the
classical space H" of [Lions and Magenes 1968]. Clearly, H** (R” x R"') is a Hilbert space when it is
provided with the obvious scalar product. We also denote by ||u||s,s» the norm of u in this space and, of
course, it is equal to the square root of (66).

Additionally, note that the space H** (R" x R"') in the above definition coincides with the space
HS(R", H¥ (R")) and, by symmetry, with H* (R", H*(R")).

In this paper, we need the following two results on anisotropic Sobolev spaces. The first one is the
Sobolev injection:

Proposition A.3. If s > 5 and s’ > %, then H* SR x R™) € L®(R" x R") with continuous injection.
Proof. If u € H** then
Q. = (€))7 (&) () aE. )

hence, it € L?.L? C L' and ||u||p < C||it||;1 < C'|luls,s'» where C and C' are constants which are
independent of u. O

The other result is an interpolation inequality:

Proposition Ad. If s = (1 —0)s; + 053 and s" = (1 —0)s| + 05}, where 0 € [0, 1], s1.52.5].55 € R,
then, for any u € H1 51 (R" x R")N H525 (R" x R™), we have

1-6 0
s < el 28 el
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Proof. Indeed, we have

”u”s g = /I;R ) ,<S)2(1_9)S1+29S2(77)2(1_0)SI+29S2|£‘(E7 n)|2 d?:: d’l
nX n

= /I;HXW/ ((;;_)sl (77>S/1 (€, n)|)2(1—9)((5>sz(ms’zlﬁ(s’ 77)|)20 dE dn

, 1—6 , [}
s(/' @V“<m”4ﬁ@nnﬁdam) (/' @V”On”ua@JanémJ
R R” x

n g’ R
2(1-9
= ull3 5 ull2Y .
where we have applied Holder’s inequality. O

Actually, we need the above results for anisotropic Sobolev spaces on domains 2 in R” x R, and
since the theory of such spaces is less simple, we shall restrict ourselves to the case that arises in this
paper, that is, the case 2 = I x R" where I is a bounded interval in R, and only to the case s > 0. First,
let us set, by definition,

H*'(Q) = H*(I1, H* (R")),
in the sense that u(x, ) is in H** () if and only if

0%JS ue L3(Q) for || <s

and

/ |8°‘JS u(x,y)— B“JS u(x/,y)l2
I xIxR"

|x—x/|1+20 dxdx'dy <oo if0<o=s—[s]<]l.

Of course, the norm in this space is defined by

lulfg o= D 18575 ullf2q) ifseN.

la|<s
and
|8"‘JS u(x,y)— B“Js u(x’,y)|2
o 7S 2 / .
”“”ss Q= E 0% J u||L2(Q)+</IXI><[R" |x—x’|1+2" dx dx"dy otherwise.

lor| <[s]
Now, we can prove for H**'(Q) the results analogous to the above ones.
Proposition A.5. (i) If s > 5 Land s’ > %, then H® S'(Q) € L*(2) with continuous injection.
(i) If s = (1 —0)sy +0s, and s’ = (1 — 0)51 + 9s2, where 6 €[0,1], s1 >0, 5, >0, sl,s2 e R, then
there exists a constant C such that, for any u € HS151 ()N H52:52 (R2), we have
fullew.g < Cllulll7% gllul?, o

Proof. Since we cannot use directly the Fourier transformation, the idea is to construct a bounded linear
extension operator

Pq: HY' (Q) - H™ (RxR"), (67)
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that is, it satisfies Pqu|qg = u, forall u € Hs’s/(Q). Indeed, assume that such a Pq exists. Then, for
u € H%'(Q) with s > % and s’ > Z,

lull Loo() = [ PoullLe(@) < || Poull Lo @mxrn) < C || Paulls,s < C'|lulls,s -

where we have applied Proposition A.3 and the boundedness of Pg, and this proves (i).
Furthermore, under the assumptions of (ii), we have

”””s,s’,Q = ”PQ””s,s’,Q = ”PQU”s,s’,RXR"»

and it is a classical fact that there exists a constant C such that, for all v € H*(R%),

9% — 9@ N 2
> 1 lagny + [, ST deav < cpol

d+2o
RIxRd |X —X’
| <[s] | |

now, applying this inequality to v(x) = J)f/ Pqu(x, y), with d = 1, and integrating with respect to y
gives

2

2
[ Poull§ ¢ pxen = Cll Poullss -

Finally, applying Proposition A.4 and the boundedness of Pg yields

lulls,sne = VCll Pouls.s = VCllPaull 3 I Paully, ;< C'lullj; 7}

0
52,85 — sl,s/l,Q“u”sz,s/z,Q’

which establishes (ii).
It remains to construct Pg as in (67). In fact, the classical theory of Sobolev spaces already provides a
bounded linear extension operator

P H(I)— H*(R) (68)
such that Pru|; =u forallu € HS(I). If u € H%'(Q), let us set
Pou(x, y) = (Pr)xu(x, y).

Clearly, this defines a linear operator such that Pou|qg = u. Let us show the boundedness of Pg :
H'(Q) — HSS' (R x R"). It follows from the definition that x > Jys/u(x, y) is in the Sobolev space
H*(I) for almost all y € R". Hence, x — (Pr)x Jys/u(x, y) is in H*(R) for almost all y € R” and there
exists a constant C which depends neither on # nor on y such that

(P IS u(x, ) sy < CIJS u(x, y) sy for ae. y € R™

Since (Py) nys/u = J;/PQ u, this inequality can be written more explicitly as

/R|J;J;/Pgu(x,y)|2dx§C2 Z /I|8§J;/u(x,y)|2dx

ler|=[s]

dx dx' forae.yeR"

o 025 u(x, y) — 0% TS u(x’, y)|?
+ IxI |x_x/|1+20



WELL-POSEDNESS AND SMOOTHING EFFECT FOR GENERALIZED NONLINEAR SCHRODINGER 1283

Integrating over R” with respect to y gives

2 210,112
I Poullyy = Colullf g q-

which proves the boundedness of Pg and achieves the proof of the proposition. O
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THE SHAPE OF LOW ENERGY CONFIGURATIONS OF
A THIN ELASTIC SHEET WITH A SINGLE DISCLINATION

HEINER OLBERMANN

We consider a geometrically fully nonlinear variational model for thin elastic sheets that contain a
single disclination. The free elastic energy contains the thickness 4 as a small parameter. We give an
improvement of a recently proved energy scaling law, removing the next-to-leading-order terms in the
lower bound. Then we prove the convergence of (almost-)minimizers of the free elastic energy towards
the shape of a radially symmetric cone, up to Euclidean motions, weakly in the spaces W>2(B \ B,; R?)
for every 0 < p < 1, as the thickness # is sent to O.

1. Introduction

1.1. Setup and previous work. The present article continues a program [Miiller and Olbermann 2014a;
Olbermann 2016; 2017] to explore thin elastic sheets with a single disclination from the variational point
of view. The free energy that we consider consists of two parts: (1) the nonconvex membrane energy,
which penalizes the difference between the metric that is induced by the deformation and the reference
metric, which is the metric of the (singular) cone; (2) the bending energy, which penalizes curvature. The
bending energy contains a factor 42, where the small parameter / is to be thought of as the thickness of
the sheet (see (1) below for the definition). Choosing the cone as configuration, one gets infinite energy:
While the membrane term vanishes, the bending energy is infinite for this choice. Energetically, there is a
competition of the membrane and the bending terms; neither will vanish for configurations of low energy.

Intuitively, it seems quite clear how configurations of low energy should look: they should be identical
to the cone far away from the disclination, and near the disclination, there should be some smoothing of
the cone, at a scale & (the only length scale in the problem). For such configurations, one gets an energy
of C*h?log(1/h) plus terms of order 4%, where C* is an explicitly known constant; see Lemma 4 below.
It is natural to conjecture that such a scaling behavior should indeed hold true for minimizers. However, a
proof of an ansatz-free lower bound with the same scaling is much more difficult than the straightforward
construction for the upper bound. In the literature, lower bounds for this setting have been ansatz based
[Lidmar et al. 2003; Seung and Nelson 1988; Yavari and Goriely 2013], or have assumed radial symmetry
[Miiller and Olbermann 2014a].

The idea underlying the recent proofs of ansatz-free lower bounds [Olbermann 2016; 2017] is to control
the Gauss curvature (or a linearization thereof) by interpolation between the membrane and the bending
term energy. The control over the Gauss curvature allows for a certain control over the Gauss map (or

MSC2010: 49Q10, 74K20.
Keywords: nonlinear elasticity, thin elastic sheets, d-cones, Hessian determinant.
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the deformation gradient). This information in turn yields lower bounds for the bending energy, using
an inequality of Sobolev/isoperimetric type. For the corresponding result from [Olbermann 2017], see
(2) below. This lower bound does not quite achieve the conjectured scaling behavior, in that there exist
next-to-leading-order terms O (h?loglog(1/h)) which are not present in the upper bound.

Here, we are going to improve the results from [Olbermann 2017] in two ways: First, we give an
improved lower bound for the elastic energy, which proves the conjecture that the minimum of the
energy is given by C*h?log(1/h) + O(h?). The observation that allows for this improvement is that
it is unnecessary to use interpolation to control the Gauss curvature and the Gauss map (or rather, the
linearized Gauss curvature and the deformation gradient). It is enough to use the membrane energy alone
to obtain the necessary control, and make more efficient use of the Sobolev/isoperimetric inequality.

Second, we use this improved lower bound to show a statement about the shape of configurations that
satisfy the energy bounds. We prove that (almost-)minimizers converge to the conical deformation, up to
Euclidean motions. It is remarkable that that much information about deformations of small energy can
be obtained, considering that we are dealing with a highly nonconvex variational problem. Hitherto, such
results had only been achieved for situations in which the energy scales were O (h?) or less [Friesecke
et al. 2002; Pakzad 2004; Hornung 2011a]. The results of these papers will also play an important role in
our proof.

1.2. Statement of results. Let B := {x € R?: |x| < 1} be the sheet in the reference configuration. The
singular cone may be described by the mapping y2 : B; — R?,

yA2(x) =1 — A2x + Alx|es.

Here, 0 < A < 1 is the height of the singular cone, and is determined by the deficit of the disclination at
the origin. The reference metric on B; is given by

ga(x) = Dy*(x)" Dy* (x)
=1 = A)dyr + A2X® %

=Idyxr — A%t ® £,
where £ = x/|x| and £ = (—x2, x1)/|x|. The induced metric of a deformation y € W>2(B;; R?) is
gy = Dy" Dy.

The free elastic energy Ij, o : W>2(By; R?) — R is defined by
Ia(y) = / (Igy — gal>+h?ID?y?) dL?, (1)
B

where d£? denotes two-dimensional Lebesgue measure. In [Olbermann 2017], we proved the existence
of a constant C = C(A) > 0 such that

27TA2h2<10g 1_ 2loglog 1_ C) < min Ina(y) < 27 A%h? (log 1 + C). 2)
h h yEW22(B):RY) h
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Our first aim in the present article is to improve the lower bound for the free elastic energy. The
improvement consists in getting rid of the loglog(1/ /) terms on the left-hand side:

Theorem 1. There exist positive constants C1, Cp, Cs that only depend on A with the following properties.
First,

2nA2h2(1og 1_ c1> < min  Ia(y) <27 A2h2<10g 1y CQ) 3)
h yeEW22(B:R3) h

forallh (0, %) Furthermore, if y satisfies

Ina®) = 278202 (log 1 +C;). @
then
f |D2y|2d5252nA210gl+c3 forall R € (3h, 1), ®)
Bi\Bg R
gy — gal*dL? < C3h? (©6)

By
As a consequence of Theorem 1, we will be able to prove convergence of (almost)-minimizers of the
functional (1) towards the singular cone as 7 — 0:

Theorem 2. Let y* € W>2(By; R?) be a sequence with
Ia(y") <27 AZhZ(log % + Cz).
Then there exists a subsequence "% and a Euclidean motion T such that for every 0 < p < 1,
VO~ TyA in WHA(By \ By; ). (7)

1.3. Scientific context. In the proof of Theorem 1 we show a certain focusing of the elastic energy near
the disclination. Phenomena with such elastic energy focusing are also observed in many other settings.
In particular, crumpled elastic sheets display networks of vertices and ridges. The investigation of these
“sharp” structures in the physics community started in the mid-1990s. For a historical account and an
exhaustive list of references, see the very recommendable overview article [Witten 2007]. There has
been quite some activity in the analysis of ridge-like structures in particular; see [Lobkovsky 1996;
DiDonna and Witten 2001; Lobkovsky and Witten 1997; Kramer and Witten 1997; Lobkovsky et al.
1995; Venkataramani 2004]. Energy focusing in conical shapes has been investigated in [Ben Amar and
Pomeau 1997; Cerda et al. 1999; Cerda and Mahadevan 1998; 2005]. Disclinations in thin elastic sheets
are particularly interesting as a modeling device for icosahedral elastic structures. This is a popular model
for virus capsids [Seung and Nelson 1988; Lidmar et al. 2003] or carbon nanocones [Romanov 2003],
the structure one obtains when inserting a single five-valent vertex into a graphene sheet (of otherwise
six-valent vertices). The disclinations are located at the vertices of the elastic icosahedra.

In the mathematical literature on thin elastic sheets, there have been two strands of investigation: On
the one hand, there are the rigorous derivations of elastic plate models from three-dimensional finite
elasticity by means of I'-convergence; see [Friesecke et al. 2002; 2006; Lewicka et al. 2010]. On the
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other hand, there has been quite some effort to investigate the qualitative properties of low-energy states
in the variational formulation of elasticity, obtained through an analysis of the scaling of the free elastic
energy with respect to the relevant parameters in the model; see, e.g., [Bella and Kohn 2014a; 2014b;
Ben Belgacem et al. 2002; Kohn and Nguyen 2013]. The present paper belongs of course to the latter
group. In more detail, rigorous scaling laws similar to the ones we prove here have been derived for a
single fold [Conti and Maggi 2008] and for the so-called d-cone [Miiller and Olbermann 2014b; Brandman
et al. 2013]. The variational problems considered in these references however are of a very special kind:
the constraints on the shape of the elastic sheet are quite restrictive, and the lower bounds use these
constraints in an essential way; see [Olbermann 2017] for a detailed discussion. This is not the case for
our setting, whence our method of proof, which we developed in [Olbermann 2016; 2017] and which we
refine here, is completely different.

1.4. Connection to convex integration and rigidity results. The Nash—Kuiper theorem [Nash 1954,
Kuiper 1955a; 1955b] states that given a two-dimensional Riemannian manifold (M, g), a short' immer-
sion yo: M — R3, and € > 0, there exists an isometric immersion y] € Cl(M; R3) such that ly1—yollco <e&.
This is relevant in our context, since the leading-order term in the energy (1) measures the distance of the
deformation y from an isometric immersion with respect to the target metric ga. By the Nash—Kuiper
theorem, there exists a vast amount of deformations y that have arbitrarily small membrane energy. A
priori, these are all good candidates for energy minimization. One needs a principle that shows that all of
these deformations are associated with large bending energy. The energy scaling law from Theorem 1
shows that none of these maps can beat the upper bound construction energetically. Theorem 2 shows
the “stronger” statement that maps with low energy cannot look anything like the approximations of
C! isometric immersions that appear in the proof of the Nash—Kuiper theorem.

The Nash—Kuiper result is an instance of convex integration, a concept that has been developed
systematically by Gromov [1986]. In particular, the theorem states that solutions to isometric immersion
problems are highly nonunique if one requires only C'-regularity. In stark contrast, there is the uniqueness
in the Weyl problem: given a sufficiently smooth metric g on S? with positive Gauss curvature, there
exists a unigue isometric immersion y : §> — R? of C?-regularity. Such uniqueness is often called
rigidity. The dichotomy of convex integration versus rigidity also appears in other contexts, such as the
Monge—-Ampere equation [Lewicka and Pakzad 2017] and the incompressible Euler equation [Constantin
et al. 1994; Isett 2016].

Concerning the uniqueness of solutions in the Weyl problem, the proof is due to Pogorelov [1973]. In
fact, he proved that solutions are unique up to Euclidean motions in the class of immersions of bounded
extrinsic curvature. The latter is the class of immersions for which the pull-back of the volume form
on S? under the Gauss map is a well-defined signed Radon measure. For smooth maps, this is just the
measure K dA, where K is the Gauss curvature and dA is the volume element. We see that control over
the Gauss curvature excludes constructions in the style of Nash—Kuiper. This is also the basic concept

L An immersion y : M — R3 is short with respect to the metric g on M if for every curve y : [0, 1] — M, the length of yo y
is shorter (measured with the Euclidean metric on IRS) than y (measured with g).
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underlying our proof (with the modification that we consider a linearized version of Gauss curvature).
We believe that this hints at a link between questions about rigidity of surfaces and variational problems
in the theory of thin elastic sheets.

Notation. For a closed line segment {a +¢(b—a) : t € [0, 1]} C R?, we write [a, b]. For a semiclosed
line segment {a +t(b—a) :t € (0, 1]} C R2, we write (a, b]. Throughout the text, we will assume the
deficit of the disclination 0 < A < 1 to be fixed. A statement such as “f < Cg” is shorthand for “there
exists a constant C > 0 that only depends on A such that f < Cg”. The value of C may change within
the same line.

For r > 0, we let B, = {x € R?: |x| < r}. The two-sphere {x € R3 : |x| = 1} is denoted by S2,

The one-dimensional Hausdorff measure is denoted by #.

The pairing between a Radon measure p and a continuous function f will be denoted by (u, f).

2. Proof of Theorem 1

As in [Olbermann 2017], the proof of the energy scaling law rests on two observations. First, by the weak
formulation of the Hessian determinant,

3
> det D2y = (y.1-y2). 12— 2yl — 32 fory e CH(Bi: RY), ®)
i=1

we get that the quantity Z?: | det D?y; is close to Z?: | det D? yiA = 71 A5 (the latter equation holding
in the sense of distributions), where &y denotes the Radon measure defined by (§p, f) = f(0). The
expression 21'3:1 det D?y; is best thought of as the “linearized Gauss curvature”: for a metric of the form
gy = Idyx2 + €G, the Gauss curvature is

3
K=c¢ Zdet D2y,~ + 0(82).
i=1

Second, the following Sobolev/isoperimetric inequality translates estimates for integrals of the Hessian
determinant into lower bounds for boundary integrals of the tangential part of the second derivative.
Lemma 3. Forv e C2(§1) and 0 <r <1,

1/2
f |D2v|dle<4n ) . ©
JdB,

This inequality has been used in the literature in a number of places; see, e.g., [Miiller 1990]. The

/ det D%v dx
B,

proof of the statement above (including the sharp constant) can be found in [Olbermann 2017].

The main observation that allows for an improvement of the lower bound from [Olbermann 2017] is
that we may get a lower bound for the quantity on the left-hand side in (9) from the smallness of the
membrane energy directly by integrating a suitable test function against the membrane term g, — ga. In
our previous paper we obtained such an estimate by interpolation instead, which also uses the control
over the bending energy. This is unnecessary, and gives slightly worse estimates.
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The following calculation indicates how to use the smallness of the membrane term to obtain estimates
on integrals of the linearized curvature. Let ® € L!(B;) be such that D?*® is a vector-valued Radon
measure with support in Bj. In this case, we have ® € CY%(B)), see [Demengel 1984, Theorem 3.3], and
forall y € C?(B; R?) we have

3
/ (Z det D?y; (x)) @ (x)dL? — T A%(S), D)
B

i=1
=/ (- y2=1 9P 12— 2yl = i — Syl = Iy P 1) dL?
B

__1 PR 2 42
=-3 Bl(gy ga) :cof D°d AL, (10)

Here,

Dy —d 12>
cof D’® = ’ ’
(—q>,21 D

denotes the cofactor matrix of D?®. Note that cof is linear on 2 x 2 matrices, and hence cof D*® is a
well-defined Radon measure under our assumptions. After these preliminary remarks, we construct the
upper bound in the statement of Theorem 1. It is obtained by a simple mollification of y* on a ball of
size h centered at the origin.

Lemma 4. We have

inf  La(y) < 27rA2h2<10g

Ltc),
yeW22(B;R?)

h
where C = C(A) does not depend on h.

Proof. This is the same upper bound construction as in [Olbermann 2017] (see Lemma 2 in that reference),
and we will be brief. We choose 1 € C*°([0, 00)) with n =0 on [0, 1], n=1on [1, 00), and || < C,

In”| < C. We set
yh(X)—n(|h|) 2.

gy, —8al <C and |D*y,| <Ch™! on By,

One easily shows

gy, —8&a=0 and |D?y,(x)]=-—  on B\ B.

A
|x|
This implies

/|gyh—gA|2dczs/ CdL? < Ch?,
B By

|D2yh|2d£2§f A 4y —d62_2 AZ/ drc—onalogl tc.
B, BI\B %2 B, I W T h

This implies the claim of the lemma. U
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Proof of Theorem 1. The upper bound is proved by Lemma 4; hence we may choose C; to be the constant
from that lemma. Now it suffices to show the following: there exist Cy, C3 such that if y € W22(By; R?)
satisfies (4), then also the lower bound in (3) and (5), (6) hold true.

Lety e W22(B;; R) satisfy (4). By density of C? in W?2, we may assume y € C%(B;; R?) for a
proof of the remaining statements. Let O < r < 1. Using Lemma 3, we have fori =1, 2,3

)1/2
Applying Jensen’s inequality, we get

2
1 2.2 441 1 2 1
— D7y |“dH > — D~y;|d .
27r aB,| yil” dH _(27”/83,.| il H)

Combining these two estimates, we obtain

f D2y 2 dH! > 2
3B, r

1

1
2 D%y LI
2w aB,| vildH _(71

[ det D*y; d?
By

f det D?y; d?
B,

By the triangle inequality,

/ D2y dH! > 2 . (11)
3B, r

f > " det D?y; dL?
B

Now choose hg = ho(y) € [h, 2h] such that

f o —galdr! <h ' [ 1o, —gaPdc?. (12)
3Bh0 B,

Choosing R € (hg + h, 1) and integrating (11) over the range r € [hg, R], we get

R
/ |D2y|2d£222/ 1(/ ZdetDzy,-dCz)dr
Br\Bu, ho T \JB,
R
:2/ </ XB’—(X)ZdetDzyi(x)dﬁz(x))dr
ho Bi r :
=2f c1>( detDzy,-)dEZ
n o

where we have used Fubini’s theorem to change the order of integration, and have defined the test function

log(R/ho) if |x] < ho,

R
1
CI>(x):=/ ;XBr(x)drz log(R/|x|) ifho <|x| <R,
ho

: (13)

0 else.

We add and subtract the term 277 A?(8, ®), use the triangle inequality and obtain

7 A2(5, c1>>—/ ¢(ZdetD2y,-) dc?
1 i

B

/ D2y dc? > 27 A2 log K —2 . (14)
BR\B, ho
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Now we set

A(R) :=/ @(ZdetDzyl) dL? — A% (8o, cp):—% (gy —ga) icof D*® AL, (15)
B i B

where we have used (10) in the second line. An explicit computation yields

X
DP(x) =— WXBR\B;,O (x),

D*®(x) =(—Idax2 + 28 ® £) x| > xgp\8y, (¥) + x| 'R @X(H'LIBR —H'L3By,).
Inserting these computations in (15), we have

|gy_gA| 2 1 1 1
IA(R)IS/ = 8alymay Lo e dn A [ e —galdH.  (16)
Be\By,  1XI 2R Joge 2ho Jog,,

By Cauchy—Schwarz,

I8y — gal 12 12
f e [ 5(/ 18y —gA|2d£2) (/ e~ ch>
Br\By, Xl Br\By, Br\By,

172
5(/ |gy—gA|2d£2> V2mhy!,
BR\BhO
12 (17)
/ |gy—gA|dH‘5c~/E</ |gy—gA|2dH‘),
dBR dBR

1/2
/ |gy—gA|dH‘sc\/ho</ |gy—gA|2dH1).
BBhQ thO

Now choose Ry € [R — h, R] such that

/ lgy —galPdH' <h™' | |g, —gal?dL%
BBRO B

Together with (12) and (17), inequality (16) becomes

E 12
A(Ro)| < cEm)
ho

where Ep,(y) is the membrane energy,
En():= | lgy—gal*dL”.
B

The lower bound for the bending energy (13) becomes

R E 1/2
/ D22 dC? > 2w Al log R0 — ¢ EmW) T (18)
By \Bn ho ho
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We use (18) with R 1 1 to estimate the membrane energy by

E. ()2
En(y) < 271A2h2<10g % + Cz) — 2 A%h2 log hio + Ch2+0) < CE+hEn()').  (19)

Using Young’s inequality ab < %((ea)2 + (b/s)z), with e = C~!, we have
ChEn(»)'? < $En(y) + Ch?,

and inserting this in (19), we get
En(y) < Ch?,

which proves (6). Furthermore, inserting this in (18), we have
R
/ ID2y2dL? > 2 A?log —2 — C.
Bry\Bi h
Sending R — 1, this proves the lower bound in (3). Furthermore,

Ry
/ ID?y|>dL? < h™2(In A (¥) — Em(¥)) — / |D*y|*dC?
Bi\Bgr ho

R
< 271A2<log % + CZ) — 2 A% log 70
< 271A210g%+C,

which proves (5). This completes the proof of the theorem. U

3. Proof of Theorem 2

3.1. Isometric immersions of a singular cone. The plan of the proof is as follows: The crucial inequality
(5) shows that on a fixed annulus B \ Bg, the W>?2 norm of a sequence of deformations yj, satisfying
InaQyn) <2m Azhz(log 1/h + C) is bounded as 7 — 0. One gets weak convergence of a subsequence
in W22 to a limit deformation that is an isometric immersion with respect to g (since the membrane
energy of the limit function vanishes by Ep,(ys) < Ch* — 0). We may apply the results on W22 isometric
immersions from [Hornung 2011a; Pakzad 2004] to the limit, which means that the limit deformation is
developable. Using our energy estimates, we can show that in fact, it must be identical to the singular
cone y* up to a Euclidean motion.

The fact that flat surfaces are locally developable is a classical result from the differential geometry of
surfaces. For functions in W22 this statement has been proved in [Pakzad 2004; Hornung 2011a; 2011b]:

Theorem 5 [Hornung 2011a, Theorem 2]. Let 2 C R? with Lipschitz boundary. Let y € W>?(2; R?)
with DyT Dy = Idsy» almost everywhere. Then y € C' () and there exists a set L of mutually disjoint
closed line segments in Q with endpoints on 32 with the following property. For every x € Q, exactly one
of the following alternatives hold: either D*y = 0 in a neighborhood of x, or there exists L € L, with
x € L and Dy is constant on L.
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B \R_

Figure 1. The domain B s and the map ¢ : Bj o — B; \ R_.

Lemma 6. Let y be as in Theorem 5, and QC Q. Let y be the restriction of y to Q. Then for every
L € Lj there exists exactly one L € Ly such that L C L. In particular, Ly is unique.

Proof. From the properties of L, it is clear that there can be at most one L with the stated property.
Suppose there is Le L; such that there does not exist L € L, with L C L. Choose xg € L \ 32, and
choose r > 0 such that B(xg, 2r) C Q. For every x € LN B(xg, r) the following holds true:

There does not exist a neighborhood of x on which D?y vanishes. Hence there exists a line segment
L, € L, that intersects L only in x such that Dy is constant on L,. Hence Dy(z) = Dy(x) = Dy(x¢)
forall z € L,.

Since the line segments {L, : x € LN B(xo, r)} are mutually disjoint and their endpoints are outside
B(xg, r), we have that there exists a neighborhood U of xg that is covered by the union of these line

segments,
ve |J L.
xeLNB(xo,r)
This implies that Dy is constant on U, a contradiction. ]

We will need a variant of Theorem 5 for functions whose domain is a singular cone.
To be able to use Theorem 5, we are going to consider the cone in a flat reference configuration. Let
arccos : [—1, 1] — [0, 7r] denote the inverse of cos : [0, ] — [—1, 1]. Define

Bia = {x:(xl,xz) € By \ {0} : 0 < arccos |x_1| <+v1- Azn}.
X
Let R_ := {(x1,0) : x; <0}, and let ¢ : R>\ R_ — R be the angular coordinate satisfying x =

|x|(cos @(x), sin p(x)) with values in (—m, 7). We define the map ¢ = (4 : R? \R_ — B; by

@(x) . ex) )

1(x)= (|x|cos—, |x| sin ——
V11— A2 V11— A2

For a sketch of By A and ¢4, see Figure 1.
On «(B1,A) = B1 \ R_, the map ¢ has a well-defined inverse, which we denote by

jZBl\R, — BI,A-
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Figure 2. The subsets BI, d, of the boundary and adjoint line segments L, L,

Furthermore, let ¢ := (1 —+/1 — A2)27 and let the rotation Sy € SO (2) be defined by
(cos ¢ —sin qﬁA)
Sa = .

singpp  coSPa
Finally, let

da :==9B1,a \ (3B U{0}).

Note that 95 has two connected components, one contained in the upper half-plane and one in the lower
half-plane. We will denote them by BX and 9, respectively; see Figure 2. The rotation matrix Sa has
been chosen such that Sa E)"A'r =0,.
We define
2,2 . 22,5 . m3
Wi (Bi.a) == {Y € W;Z (B1.a \ {0}; R)
: gy =1daxa, Y(Sax) =Y (x) and DY (Sax) = DY (x)Sx for every x € 95} (20)

This definition is chosen such that if y € W22(B1 \ {0}; R?) with Dy’ Dy = g4, then y ot € W2 (By ).

ToY e Wizsf(Bl, A), we may apply Theorem 5 with 2 = By A \ B, to obtain a set Lg,p ) of line segments
with the properties stated there. For p < p’ we have by the uniqueness of the line segments stated in
Lemma 6 that every line segment in Lg,p ) is contained in exactly one line segment of Lg,p )

Hence, by sending p — 0, we get a set of (relatively) closed mutually disjoint line segments in
Bi.a \ {0}, denoted by Ly.

If a line segment in Ly has only one endpoint in B1 4 \ {0}, then we say by slight abuse of terminology

that one of its endpoints is the origin.

Remark 7. We note in passing that with obvious modifications of the previous construction, one may
extend Theorem 5 to maps with conical singularities, i.e., to maps y € Wli’cz(S_Z \ {x0}; R?) with x € Q
and Dy’ Dy = 1d,» almost everywhere.

Next, we are going to define an “adjoint” line segment L3¢ to any L € Ly with an endpoint x € d,.

Note that for such L, there exists v € d By and g > 0 such that
L={x+tv:tel0,ql}

First let us assume x € 82 By the definition of Wiif(Bl,A) in (20), we have that x" := Sax € 9,, and

DY (x') = DY (x)Sa. Moreover, there has to exist L2 € L, with x’" € L and

LY =(x'+1Spv:t €eR}N B 4.
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L L
Figure 3. In the left panel, we have the segments that belong to Ly, and L € Ly is a bad
line segment. We can flatten the deformation Y on the side of L whose closure does not

contain the origin, and obtain a deformation F; (Y), such that L, (y) consists of those
line segments in Ly that are on the same side of L as the origin; see the right panel.

This defines L for x € BZ; for x € 9, , we define it analogously, replacing Sa by S;l. For a sketch of
the construction, see Figure 2.

From now on, the line segments in Ly for which one of the endpoints is O will be called “good”, and
line segments in the complement of the set of good line segments will be called “bad”. The sets of good
and bad line segments will be denoted by L, Lg/b) respectively. For any bad line segment, we can lower
the elastic energy by “flattening” the deformation Y on one side of the line segment. This is the idea
behind the following lemma. For a sketch of this operation, see Figure 3.

Lemma 8. ForeveryY € WZ’Z(BLA), there exists Yo € Wz’z(Bl,A) with the following properties:

iso iso
O LY =@ and LYY =L

(i) For0 < p < 1, we have

/ |D2YOO:((DL)_1®(DL)_1)|2d£2§/ D> :(Dy~' @Dy HPd, @)
Bi,A\B, Bi,A\Bp

with equality for all 0 < p < 1 if and only if Y = Y.

Proof. For any L € LY we may define a modified map Fp(Y) € Wéf(Bl, A) as follows. On L, we
have Y = A x + by for some A; € R3*? and b, € R>. We note that B; A \ L has exactly two connected
components. Let E; denote the connected component whose closure does not contain the origin. First let
us assume that none of the endpoints of L is in da. Then we define Fp(Y) € WZ’Z(BLA) by

iso

A b if E;,
FL<Y>(x)={Y§j)+ Ll (22)

If one of the endpoints of L is in da, then we set

Arx + by, ifxeEp,
FL(Y)(X): ALadx+bLad if.erLad,
Y (x) else.
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Note that this definition indeed satisfies F7 (Y) € Wizsf(Bl‘ A). Obviously, we have D*(F(Y))=0on
E; (and on E;.¢) and hence, for all 0 < p < 1, we have

f |D*FL(Y)(D)™'|*dC? 5/ |D*Y (Do)~ dL2. (23)
Bi.A\B, Bi,a\B)

We must distinguish two cases in (23): If Lr, vy C Ly, then F; (Y) #Y and we must have |D?Y| > 0 on
a subset of positive measure of E;. Hence, inequality must hold in (23) for some p, since we have

V1= A2Idayr < (D)~! <Tdpyn (24)

in the sense of positive definite matrices. Equality in (23) only holds in the case Fy(Y) =Y.

On Lg’), we may define an order relation by L < L’ if E; C E;/. Since bad line segments are
mutually disjoint, we have that either L < L', L > L' or E; N E;» = &. Hence, there exists an at most
countable sequence Li, Ly, ... of maximal bad line segments. If for two maximal line segments L, L’
we have L’ = L% then we exclude exactly one of them from that sequence. Now we define a sequence
Yi € Wik (B1.a) by

Yk=FLkO---OFL1(Y). (25)

By (23) and (24), D?Y; is bounded in L2 Thus the sequence converges weakly in W2%(B 1,a\ Bp; R3)
for every 0 < p < 1 to alimit Y, € Wii’oz(Bly A) such that Ly_ does not contain any bad line segments,

and Lgf’;i = L;f). The claim (21) follows from (23) and the comment after that equation. O

Remark 9. Letting Y, Y, as in Lemma 8, we have that DY, is constant on every line segment (0, x)
for x € 3B A N By, and

Yoooj € WRZ(BIN{OL R,  grooj = ga.

Furthermore,

/ |D?>(Yoo 0 j)|7dL% < / |D>(Y o j)|?dL? forevery 0 <p < 1.
Bi\B, Bi\B,

Proof. The first statement in the remark follows from the fact that for every x” € B a, we have that either
there exists x € dB; o N B such that x" € (0, x] € L(}f’z or there exists a sector containing x’ that has
empty intersection with every L € Ly_, and hence DY, vanishes in the whole sector.

2,2

The second and third statements follow immediately from Yo, € Wi (B1,a). It remains to prove the

inequality. Let v =Y | AY,/|Y.| A Y| be the unit normal. By DY” DY =1d;,,, we have D?Y L DY.

Hence
|D*(Y o j)|* =|D*Y : (Dj ® Dj)+ DY D?j|?

=|D*Y : (Dj ® Dj)I* +|DY D*j|?

=|D’Y : (Dj ® D))I*> +|D%jI, (26)
where we used DY € O(2, 3) in the last equality. Now the inequality follows from (21) and a change of
variables in the integrals. U
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3.2. Proof of Theorem 2. Given 0 < R < 1, we may assume that 7 < R. Choose Ry(h) € [R — h, R]
such that

f 18y, — gal* d#! shlf |8y, — gal® AL,
dBRy(h) B
By Theorem 1, we have

/ D2y, dC? < f D2y, dL2 <27 A2 log + + C, 27)
Bi\Bx Bi\Bg, R

where C depends neither on /4 nor on R. This proves the boundedness of y; in W22(B, \ Bg; R3) and
implies that there exists Y € W22(B; \ Bg:; R?) such that (for a subsequence)

Yo = g in W22(B;\ Bg; R%).

After taking a suitable diagonal sequence for R = 1/j, j = 2,3,..., we may assume that yp €
W2’2(Bl \ {0}; R3) is independent of R. We denote this function by y* By Theorem 1, we have

loc
gy —galdL? =0;
B
i.e., y* is an isometry with respect to ga.

By (27), we have

|D?y*12dL? < 2w A%h? log 1ic (28)
B)\Bg R

Let Y : Bj o — R be defined by
Y :=y*or.

Recalling the definitions from Section 3.1, we have Y € Wiif(Bl, A). By an application of Lemma 8 and
Remark 9, we obtain Y, € Wiif(B], a) such that DY, is constant on every line segment (0, x) with
x € 9B; AN JdB;. Now we set y*° := Y o j, and obtain that Dy is constant on every line segment
(0, x] with x € dB;. Hence there exists a curve y : dB; — S satisfying |y’| = +/1 — AZ such that

X0 =y (i) (29)
x|
Using this expression, explicit computation yields
/ D2y di! = l/ D2y di. (30)
aB 0 Jas,

13

By Remark 9 and (28), we have that for every 0 < p < 1,
f ID2y®2de? <27 A2 log - +C. 31)
Bi\B, P

Combining (30) and (31), we see that for every 0 < p < 1, we have
2w A?

f |D2y00|2 dHl S
3B,

and the constant C in (31) is in fact 0.
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By gy~ = ga, we have

3
Z det D>y = A%5
i=1
distributionally. We may now estimate using Lemma 3, forany 0 < p < 1,

3
nAzzf E det D*y>® dL? < E
B :
l

Pi=1

2
1 2,00 Al 1
l A

= GZznp(/azapmzy?o(x)'xledHl(x))

< —/ |ID?y>®(x) - 2112 dH (x) < T A% (32)
B

P

/ det D*y>® dc?
BKJ

Here, to obtain the third from the second line, we used Jensen’s inequality. By this chain of estimates, all
the inequalities must have been equalities, and we have

2
Z(/ |DZy;>°(x).)el|dH1(x)> :Zznp</ |D2y;’°(x).)2L|2dHl(x))
; B,

; 9B,
and thus
|D*y>®(x) - £*> = constant for x € 3B,, i €{1,2,3}. (33)
Additionally, (32) implies
AZ
|D?y®(x) - £1> = y for x € B,,. (34)

By (29), we have D?y®(x) = |x|~'(y + y”) ® £+ ® £ . Combining this with (33), we get
(y +v") - e; = constant on 9B,
fori =1,2,3. We write ¢; = (y + ") - &, and have D?y™(x) = (¢;/|x|)x+ ® £+, which implies
vl ) =cilx|+a;i-x+b; fori=1,2,3,
for some a; € R%, b; € R. By (33) we obtain

Z-c.z A2
D2 00 X 2:#:_’
IDY*@P =S5t =10
and thus )_; ¢ = A% By gy~ = ga, we have
Idysy — A’ @3 = ®@F+a) (c®@x+a) =]’ @F+(c-a) X+ X ® (c-a)+a’a.

This yields
(1=A)dyso=(c-a) @i +i®(c-a)+a’a,
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which can only hold true for all X € 3By if ¢-a =0 and a’a = (1 — A®)Idsy,. This implies

“Yeoi
Z)E 3)

a
R:= —,
(\/I—AZ

is an orthogonal matrix, and we have
y¥(x) = R(Mx + Ae3|x|) +b.
It remains to show that y*° = y* To see this, note that y°° ot = Y, satisfies
[(0.x]:x€8B1aN3B} =LY =L},

where the second equality holds by Lemma 8. This implies that for every x € B; a there exists an L € Lg,g )
with x € L. This in turn implies that Lg’) = & (since the line segments in Ly are pairwise disjoint). By
Lemma 8, the latter yields ¥ = Y. Composing with j on both sides of this last equation, we obtain
y* = y*°. This completes the proof of the theorem. O
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THE THIN-FILM EQUATION CLOSE TO SELF-SIMILARITY

CHRISTIAN SEIS

We study well-posedness and regularity of the multidimensional thin-film equation with linear mobility in
a neighborhood of the self-similar Smyth—Hill solutions. To be more specific, we perform a von Mises
change of dependent and independent variables that transforms the thin-film free boundary problem into
a parabolic equation on the unit ball. We show that the transformed equation is well-posed and that
solutions are smooth and even analytic in time and angular direction. The latter gives the analyticity of
level sets of the original equation, and thus, in particular, of the free boundary.

1. Introduction and main results

1.1. The background. We are concerned with a thin-film equation in arbitrary space dimensions. Our
interest is in the simplest case of linear mobility; that is, we consider the partial differential equation

diu+V-(uVAu) =0 (1)

in RY. In this model, u describes the thickness of a viscous thin liquid film on a flat substrate. We will
focus on what is usually referred to as the complete wetting regime, in which the liquid-solid contact
angle at the film boundary is presumed to be zero. Notice that in the three-dimensional physical space,
the dimension N of the substrate is 2.

Equation (1) belongs to the following family of thin-film equations:

diu+V-(mu)VAu) =0, 2)

where the mobility factor is given by m(u) = u3 + " 3u” with B being the slippage length. The
nonlinearity exponent n > 0 depends on the slip condition at the solid-liquid interface: n = 3 models
no-slip conditions and #n = 2 models Navier-slip conditions. The case n = 1 is a further relaxation and
the linear mobility considered here is obtained to leader order in the limit u — 0.

The evolution described in (2) was originally derived as a long-wave approximation from the free-
surface problem related to the Navier—Stokes equations and suitable model reductions; see, e.g., [Oron et al.
1997]. At the same time, it can be obtained as the Wasserstein gradient flow of the surface-tension energy
[Otto 1998; Giacomelli and Otto 2001; Matthes et al. 2009] and serves thus as the natural dissipative
model for surface-tension-driven transport of viscous liquids over solid substrates.

The analytical treatment of the equation is challenging and the mathematical understanding is far
from being satisfactory. As a fourth-order problem, the thin-film equation lacks a maximum principle.

MSC2010: primary 35K30; secondary 76A20.
Keywords: thin-film equation, fourth-order equation, self-similar solution, well-posedness.
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Moreover, the parabolicity degenerates where u vanishes and, as a consequence, for compactly supported
initial data (“droplets”), the solution remains compactly supported [Bernis 1996; Bertsch et al. 1998]. The
thin-film equation features thus a free boundary given by d{u > 0}, which in physical terms is the contact
line connecting the phases liquid, solid and vapor. Nonetheless, by using estimates for the surface energy
and compactness arguments Bernis and Friedman [1990] established the existence of weak nonnegative
solutions over a quarter of a century ago. The regularity of these solutions could be slightly improved with
the help of certain entropy-type estimates [Beretta et al. 1995; Bertozzi and Pugh 1996; Dal Passo et al.
1998], but this regularity is not sufficient for proving general uniqueness results. To gain an understanding
of the thin-film equation and its qualitative features, it is thus natural to find and study special solutions
first. In the past ten years, most of the attention has been focused on the one-dimensional setting, for
instance, near stationary solutions [Giacomelli et al. 2008; Giacomelli and Kniipfer 2010], traveling
waves [Giacomelli et al. 2014; Gnann 2016], and self-similar solutions [Gnann 2015; Belgacem et al.
2016]. The only regularity and well-posedness result in higher dimensions available so far is due to John
[2015], who analyzed the equation around stationary solutions. For completeness, we remark the thin-film
equation is also studied with nonzero contact angles; see, e.g., [Otto 1998; Giacomelli and Otto 2001;
2003; Kniipfer 2011; 2015; Kniipfer and Masmoudi 2015; Belgacem et al. 2016; Degtyarev 2017]. The
latter of these works is particularly interesting as it deals with the multidimensional situation.

In the present paper, we will conduct a study similar to John’s and investigate the qualitative behavior
of solutions close to self-similarity. A family of self-similar solutions to (1) is given by

_oan X2\
U (t,x) = NN+ \M T 2]+ h
where ay = 1/(8(N +4)(N +2)) and oy is a positive number that is determined by the mass constraint

/u*dsz,

and the subscript plus sign denotes the positive part of a quantity; i.e., (- )4+ = max{0, - }. These solutions
were first found by Smyth and Hill [1988] in the one-dimensional case and then rediscovered in [Ferreira
and Bernis 1997]. As in related parabolic settings, the Smyth—Hill solutions play a distinguished role in
the theory of the thin-film equation as they are believed to describe the leading-order large-time asymptotic
behavior of any solution — a fact that is currently known only for strong [Carrillo and Toscani 2002]
and minimizing movement [Matthes et al. 2009] solutions. Besides that, these particular solutions are
considered to feature the same regularity properties as any “typical” solution, at least for large times.
Thus, under suitable assumptions on the initial data, we expect the solutions of (1) to be smooth up to
the boundary of their support. (Notice that this behavior is exclusive for the linear-mobility thin-film
equation; see [Giacomelli et al. 2013].)

In the present work we consider solutions that are in some suitable sense close to the self-similar
Smyth-Hill solution. Instead of working with (1) directly, we will perform a certain von Mises change of
dependent and independent variables, which has the advantage that it freezes the free boundary d{u > 0}
to the unit ball. We will mainly address the following four questions:
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(1) Is there some uniqueness principle available for the transformed equation?
(2) Are solutions smooth?

(3) Can we deduce some regularity for the moving interface d{u > 0}?

(4) Do solutions depend smoothly on the initial data?

We will provide positive answers to all of these questions. In fact, applying a perturbation procedure we
will show that the transformed equation is well-posed in a sufficiently small neighborhood of u,. We
will furthermore show that the unique solution is smooth in time and space. In fact, our results show that
solutions to the transformed equation are analytic in time and in direction tangential to the free boundary.
The latter in particular implies that all level sets and thus also the free boundary line corresponding to the
original solutions are analytic. We finally prove analytic dependence on the initial data.

The fact that solutions depend differentiably (or even better) on the initial data will be of great relevance
in a companion study on fine large-time asymptotic expansions. Indeed, in [Seis > 2018], we investigate
the rates at which solutions converge to the self-similarity at any order. Optimal rates of convergence were
already found by Carrillo and Toscani [2002] and Matthes, McCann and Savaré [Matthes et al. 2009],
and these rates are saturated by spatial translations of the Smyth—Hill solutions. Jointly with McCann
[McCann and Seis 2015] we diagonalized the differential operator obtained after formal linearization
around the self-similar solution. The goal of [Seis > 2018] is to translate the spectral information obtained
in [McCann and Seis 2015] into large-time asymptotic expansions for the nonlinear problem. For this,
it is necessary to rigorously linearize the equation, the framework for which is obtained in the current
paper. This strategy was recently successfully applied to the porous-medium equation near the self-similar
Barenblatt solutions [Seis 2014; 2015]. The present work parallels in parts [Seis 2015] as well as the
pioneering work by Koch [1999] and the further developments by Kienzler [2016] and John [2015].

1.2. Global transformation onto fixed domain. In this subsection it is our goal to transform the thin-film
equation (1) into a partial differential equation that is posed on a fixed domain and that appears to be
more suitable for a regularity theory than the original equation. The first step is a customary change of
variables that translates the self-similarly spreading Smyth—Hill solution into a stationary solution. This
is, for instance, achieved by setting

.1 x A . N4 Nv+a
X—\/T_Mm, I—N+410gl, M—Wf u,
with the effect that the Smyth—Hill solution becomes
yi @2 =303y v = V20V +2), (3)

and the thin-film equation (1) turns into the confined thin-film equation
9t + V- (aVAR) -V - (%0) = 0. )
It is easily checked that #i4 is indeed a stationary solution to (4) and mass is no longer spreading over all

of RY. Instead, the confinement term pushes all mass towards the stationary 74 at the origin. To simplify
the notation in the following, we will drop the hats immediately!
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w(z)

V2u

z X 1
Figure 1. The definition of the (z, w)-coordinates.

Now that the Smyth—Hill solution has become stationary, we will perform a change of dependent
and independent variables that parametrizes the solution as a graph over u,. This type of a change of
variables is sometimes referred to as a von Mises transformation. It is convenient to temporarily introduce
the variable v = yul/ 250 that +/2v, maps the unit ball onto the upper half-sphere. The new variables
are obtained by projecting the point (x, v/2v(x)) orthogonally onto the graph of +/2v,: noting that
Vv 2v(x) + |x|? is the hypotenuse of the triangle with the edges (0, 0), (0, |x]) and (|x|, /2v(x)), the
projection point has the coordinates (z, 1/2v«(z)) with

X

V2o(x) + |x[2
We define the new dependent variable w as the distance of the point (x, /2v(x)) from the sphere; that is,

14+w=+v2v+ x| )

which gives that x = (1 4+ w)z. This change of variables is illustrated in Figure 1.

The transformation of the thin-film equation (4) under this change of variables leads to straightforward
but tedious computations that we conveniently defer to the Appendix. The new variable w obeys the
equation

dw + L2w+ NLw = f[w] (6)

on B1(0), where
Lw=—p V. (p®Vw) = —pAw +2z-Vw

is precisely the linear operator that is obtained by linearizing the porous-medium equation d,u — Audl2 =0
about the Barenblatt solution; see, e.g., [Seis 2014; 2015]. Before specifying the particular form of the
nonlinearity f [w], let us notice that the linear operator £? 4+ N £ corresponding to the thin-film dynamics
was previously found by McCann and the author [McCann and Seis 2015] by a formal computation. Its
relation to the porous-medium linear operator £ is not surprising but reflects the deep relation between
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both equations. Indeed, as first exploited by Carrillo and Toscani [2002], the dissipation rate of the
porous-medium entropy is just the surface energy that drives the thin-film dynamics. On a more abstract
level, this observation can be expressed by the so-called energy-information relation, first formulated
by Matthes, McCann and Savaré [Matthes et al. 2009], which connects the Wasserstein gradient flow
structures of both equations [Otto 1998; 2001; Giacomelli and Otto 2001].

Let us finally discuss the right-hand side of (6). We can split f[w] according to f[w] = f[w] +
F2w] + f3[w], where

fHwl = p* Ri[w] » (Vw)* + Vw » V2w),
F2wl = px Rifw] » p((Vw)** + Vw » Viw),

F3w] = p* Ra[w] pz((Vzw)3* + Vi * V20 + V3w + (Vw)?* V4w),
and
(Vw)k*

- (1+w+z-Vw)kti

for some k£ € Ny. We will see in Section 3 below that the particular form of the nonlinearity is irrelevant

Ri[w]

for the perturbation argument. We have thus introduced a slightly condensed notation to simplify the
terms in the nonlinearity: we write f % g to denote any arbitrary linear combination of the tensors
(vectors, matrices) f and g. For instance, V11 x V210 is an arbitrary linear combination of products
of derivatives of orders m; and m. The iterated application of the  is abbreviated as f/* = f *---* f
if the latter product has j factors. The conventions f1* =1 f and f°* = 1 apply. We furthermore use
p as an arbitrary representative of a (tensor-valued) polynomial in z. We have only kept track of those
p prefactors, which will be of importance later on.

1.3. The intrinsic geometry and function spaces. In our analysis of the linear equation associated to (6),
ie.,
hw+L2w+NLw=f @)

for some general f, we will make use of the framework developed earlier in [Koch 1999; Seis 2015] for
the second-order equation
drw + Lw = f. ®)

The underlying point of view in there is the fact that the previous equation can be interpreted as a heat
flow on a weighted manifold, i.e., a Riemannian manifold to which a new volume element (typically a
positive multiple of the one induced by the metric tensor) is assigned. The theories for heat flows on a
weighted manifold parallel those on Riemannian manifolds in many respects; see [Grigor’yan 2006]. For
instance, a Calderén—Zygmund theory is available for (8). The crucial idea in [Koch 1999; Seis 2015] is
to trade the Euclidean distance on Bj(0) for the geodesic distance induced by the heat flow interpretation.
In this way, we equip the unit ball with a non-Euclidean Carnot—Carathéodory metric, see, e.g., [Bellaiche
and Risler 1996], which has the advantage that the parabolicity of the linear equation can be restored.
The same strategy has been applied in similar settings in [Daskalopoulos and Hamilton 1998; Koch 1999;
Kienzler 2016; John 2015; Denzler et al. 2015; Seis 2015].
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‘We define
|z — 2’|

Vo) + Vo) + Iz = 2]

forany z, z’ € B1(0). Notice that d is not a metric as it lacks a proper triangle inequality. This semidistance

d(z,z') =

is in fact equivalent to the geodesic distance induced on the (weighted) Riemannian manifold associated
with the heat flow (8); see [Seis 2015, Proposition 4.2]. We define open balls with respect to the metric d
by

Bl(z2)={z' € B1(0):d(z.2)) < r},

and set Q;l(z) = (%r“, r4) X B;’ (z) and also Q(T') = (T, T + 1) x B1(0). Properties of intrinsic balls
and volumes will be cited in Section 2.1 below.
With these preparations, we are in the position to introduce the (semi)norms
pak+1B1-1
lwlxgy = 3 sw o 107 @7 6 0w g oy

L,k,|B)ee ZOE<€'I<(?) €
) + Y sup Tlptof ol wllLecoery.
.k, |Bhee T=1

73

I fllypy = sup
e @ 207)

0<r<1

108 @I 1 riopen + 330 T ooy

for p > 1, where
£=14{(0,1,0),(0,0,2),(1,0,3),(2,0,4)}.

These norms (or Whitney measures) induce the function spaces X(p) and Y(p), respectively, in the
obvious way.

1.4. Statement of the results. In view of the particular form of the nonlinearity it is apparent that any
well-posedness theory for the transformed equation (6) requires an appropriate control of w and Vw
to prevent the denominators in R;[w] from degenerating. This is achieved when the Lipschitz norm
|lwllwico = |lw|lLee + [Vw||Loo is sufficiently small. A suitable function space for existence and
uniqueness is provided by X(p) N L (W 1->°) under minimal assumptions on the initial data. Here we
have used the convention that LZ(X) = L2((0, T); X) for some (possibly infinite) 7 > 0. Our first main
result is:

Theorem 1 (existence and uniqueness). Let p > N + 4 be given. There exists €, g9 > 0 such that for
every g € WH with

lgllw1.co < €0

there exists a solution w to the nonlinear equation (6) with initial datum g and w is unique among all
solutions with ||| .cow1.00y + Wl x(p) < & Moreover, this solution satisfies the estimate

[wll oo w1.00y + [Wllx(p)y < Igllw1.c0-
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Theorem 1 contains the first (conditional) uniqueness result for the multidimensional thin-film equation
in a neighborhood of self-similar solutions. Since any solution to the thin-film equation is expected to
converge towards the self-similar Smyth—Hill solution, our result can be considered as a uniqueness result
for large times. Notice that the smallness of the Lipschitz norm of w can be translated back into the
closeness of u to the stationary ux. Indeed, |w|/y1.00 < 1 can be equivalently expressed as

U — x| Loopy) + VU + X||Loo(p)) K 1

if P(u) = {u > 0} is the positivity set of u. Recall that Vu, = —x inside B;(0).
Our second result addresses the regularity of the unique solution found above.

Theorem 2. Let w be the solution from Theorem 1. Then w is smooth and analytic in time and angular
direction.

It is clear that the smoothness of w immediately translates into the smoothness of u up to the boundary
of its support. Moreover, the analyticity result particularly implies the analyticity of the level sets of u.
Indeed, the level set of u at height A > 0 is given by

(t,x):w(t,r,p) = \/r2+¥—1}

if r and ¢ are the radial and angular coordinates, respectively. As a consequence, the temporal and
tangential analyticity of w translates into the analyticity of the level sets of u. Notice that the zero-level
set is nothing but the free boundary d{u = 0}, and thus, Theorem 2 proves the analyticity of the free
boundary of solutions near self-similarity.

In the forthcoming paper [Seis > 2018], we will use the gained regularity in time for a construction of
invariant manifolds that characterize the large-time asymptotic behavior at any order.

The proof of existence and uniqueness in Theorem 1 follows from a fixed-point argument and a
maximal regularity theory for the linear equation. Analyticity and regularity are essentially consequences
of an argument first introduced by Angenent [1990] and later improved by Koch and Lamm [2012].

1.5. Notation. One word about constants. In the major part of the subsequent analysis, we will not keep
track of constants in inequalities but prefer to use the sloppy notation a < b if a < Cb for some universal

constant C. Sometimes, however, we have to include constants like eECt

when dealing with exponential
growth or decay rates. In such cases, C will always be a positive constant which is generic in the sense
that it will not depend on ¢ or z, for instance. This constant might change from line to line, which allows

2Ct < €Ct

us to write things like e even for large 7.

2. The linear problem

Our goal in this section is the study of the initial value problem for the linear equation (7). In fact, our
analysis also applies to the slightly more general equation

dw+ L2w+ Low = f in (0,00) x B1(0),

w(0,-)=g in B1(0), ©)
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where L, corresponds to the linearized porous-medium equation considered in [Seis 2014; 2015], defined
by
Low=—p °V-(p°T'Vw)=—pAw+ (6 +1)z-Vw

for any smooth function w € C*(B), and n > 0 is arbitrary. The constant o is originally chosen greater
than —1, but we will restrict our attention to the case o > 0 for convenience.
Our notion of a weak solution is the following:

Definition 3 (weak solution). Let 0 < T < oo and f € L?((0,T); L2), g € L2. We call w a weak
solution to (9) if w € L2((0, T); L2) with Lw € L2((0, T); L2)) solves

//8 {wdugdt—i—/ /ngﬁgwd,ugdt—l—n/ /V{ Vwdig41 dt

f/éfduadﬂrfé(() Yedus (10)

for all & € C®°([0, 00) x B1(0)) with spt¢ C [0, T') x B;(0).

Here we have used the notation L(Z7 for Lebesgue space L?(jiy) if /1o is the absolute continuous
measure defined by

diug = p° dx.

The Hilbert-space theory for (9) is relatively easy and will be developed in Section 2.3 below. In order
to perform a perturbation argument on the nonlinear equation, however, we need to control the solution w
in the Lipschitz norm. The function spaces X(p) and Y (p) introduced earlier are suitable for such an
argument. In fact, our objective in this section is the following result for the linear equation (9).

Theorem 4. Let p > N + 4 be given. Assume that g € W1, Then there exists a unique weak solution w
to (9), and this solution satisfies the a priori estimate

lwllw oo + lwlxpy S 1S lvep) + IEgllwico.

As mentioned earlier, a change from the Euclidean distance to a Carnot—Carathéodory distance suitable
for the second-order operator £, will be crucial for our subsequent analysis. In the following subsection
we will recall some basic properties of the corresponding intrinsic volumes and balls, which were derived
earlier in [Seis 2015]. Section 2.2 intends to provide some tools that allow us to switch from the spherical
setting to the Cartesian one. Energy estimates are established in Section 2.3. In Section 2.4 we treat the
homogeneous problem and derive Gaussian estimates. A bit of Calderén—Zygmund theory is provided in
Section 2.5. Finally, Section 2.6 contains the theory for the inhomogeneous equation.

2.1. Intrinsic balls and volumes. In the following, we will collect some definitions and properties that
are related to our choice of geometry and that will become relevant in the subsequent analysis of the
linearized equation. Details and derivations can be found in [Seis 2015, Chapter 4].
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It can be shown that the intrinsic balls B;i (z) are equivalent to Euclidean balls in the sense that there
exists a constant C < oo such that

BC_er(r,z)(Z) - B;I(Z) - BCrO(r,z)(Z) (11)
for any z € B;(0). Here 6 is defined by
O(r,z) =r Vv +/p(2).

For the local estimates, it will be crucial to notice that

Ve Sr = p(z)<r forall z € B;l (zo), (12)
p(zo) >r = p(z) ~p(zp) forallze Brd (zo). (13)

In particular, it holds that 8(r,-) ~ 6(r, zg) in B;l (zo). Moreover, if \/p(z¢) <7, and zg # 0, then (11)
implies

Be- lrz(lj |)mBl(0)cB (ZO)CBC,z( l)ﬂBl(O) (14)
0

EA)

We will sometimes write |A|, = o (A) for measurable sets A. The volume of an intrinsic ball can be
calculated as follows:

g ~r1 "z .
B;d N@ N+20 (15)
In particular, it holds that

d N\2N+20
|Bf (2)lo < (1+d(z,z)) . (16)

|BE ()]s~ r

2.2. Preliminary results. By the symmetry of £, and the Cauchy—Schwarz inequality in L(Z,, we have
the interpolation

IVElIo1 = /éﬁafdua = ll¢llo 1£58 1o (17)

For further reference, we also quote the maximal regularity estimate
IVwle +1V2wlot2 S 1Cowllo: (18)

see [Seis 2015, Lemma 4.6].
Close to the boundary, the operator £, can be approximated with the linear operator studied in [Kienzler
2016],

Low = -z’ V- (z""HVw) =—zyAw— (o + 1)dyw.

This operator is considered on the half-space [R{N {z e RN : z > 0}. Defining jiy = z¢ S dz for any
o > —1 and using the notation || - ||, for the norm on L?(fis) (slightly abusing notatlon), we have,
analogously to (18), that

IVwlls + IV wllot2 S 1 £ow]lo- (19)
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Our first lemma shows how the second-order elliptic equation can be transformed onto a problem on
the half-space.
Lemma S. Suppose that

for some w such that spt(w) C B1(0) N Be(en) for some ¢ > 0. Let ®(z) = /1—|z'|?en — z for
z € B1(0). If ¢ is sufficiently small, then ® is a diffeomorphism on B1(0) N Bs(en). Moreover, W defined
by W(®(z)) = w(z) solves the equation

Lot =,
where A = A(Z) e RVN and b = b(Z) € RN are smooth functions with
E=E0d '+ A: V20 +b-Vi
with |AG)| < |2% [b()| < |2].

Proof. 1t is clear that ® is a diffeomorphism from a small ball around z = e into a small neighborhood
around the origin in [RR?_’ . Moreover, a direct calculation and Taylor expansion show that

22 o Ed N—1 2 5
+ ———— Vg + ——= %0 — + )8 w
,—1_|2/|2 N 1—|Z/|2 N ( /—1_|2/|2 (1_|§/|2)3/2 N

AW+ A1(2) : V20 + by (3)- Vb,

Z-Vw:—v1—|Z’|28N1D+2'-V'lf)+ (ZN—\/1|Z—|T)8NUN)
— |z’

>
IS

Aw =

= —IND+ ba(3)- Vb,
p(z) = V1—|Z P2y — 125 =Zn +c(3),
where |41 (2)| < |Z|, |b1(B)| S 1, |b2(B)| S |Z|, |c(2)] < |Z)% We easily infer the statement. O

A helpful tool in the derivation of the L%, maximal regularity estimates for our parabolic problem (9)
will be the following estimate for the Cartesian problem.

Lemma 6. Suppose W is a smooth solution of the equation

Lo =§
for some smooth £. Then
V20l + V3B llog2 + V¥ B lota S [VElo + | VZE 042

Proof. We start w1th the derivation of hlgher—order tangentlal regularity. Since L, commutes with 9; for
any i € {1,. — 1}, differentiation yields Lo 0i0 = d; fg‘ and thus via (19),

IV3; 0] + V200|042 < | VElo-
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We take second-order derivatives in tangential direction and rewrite the resulting equation as EU+ 0jjw =
US 23,1Nw, where 7, j € {1,..., N —1}. From the above estimate and (19) we obtain
~ cox . ~~ ~ oz
IV0;j0llg+2 + [IV=0ijDllo+4a S [VEllo + IVElo+2.

Transversal derivatives do not commute with ZU. Instead, it holds that 9 N Zg = Zcr—i-l 9 N — A’. A double
differentiation in transversal direction yields thus Zo-+28%vw = 8%,5 +2A’dn . We invoke (19) and
obtain with the help of the previous estimate

IV} @llor2 + V203 Bllota < 1VEllo + VElor2-
Finally, the control of B%Vw follows by using the transversally differentiated equation in the sense of

(o0 + 2)8Nw = —dyE—ZNyAdnw — A’ and the previous bounds. O

2.3. Energy estimates. In this subsection, we derive the basic well-posedness result, maximal regularity
estimates and local estimates in the Hilbert-space setting. We start with existence and uniqueness.

Lemma7. Let0 < T <ooand f € L2((0,T); L), g € L2. Then there exists a unique weak solution
to (9). Moreover, it holds that

sup ul} + / Vw2 di + / IV2w]2 5 dr < / 112 di + g2
0,7

Proof. Existence of weak solutions can be proved, for instance, by using an implicit Euler scheme. Indeed,
thanks to (18), it is easily seen that for any 4 > 0 and f € L2 the elliptic problem

%w + (E%, +nls)w=f

has a unique solution w satisfying Low € Lg; see [Seis 2014, Appendix] for the analogous second-order
problem. This solution satisfies the a priori estimate

1
—=lwlle +l1£owlle <./ llo-

Vh

With these insights, it is an exercise to construct time-discrete solutions to (9), and standard compactness
arguments allow for passing to the limit, both in the equation and in the estimate. In view of the linearity
of the equation, uniqueness follows immediately. O

Our next result is a maximal regularity estimate for the homogeneous problem.

Lemma 8. Let w be a solution to the initial value problem (9) with g = 0 and f € L?((0,T); L2)) for

some 0 < T < o0. Then the mappings t — ||\w(t)||¢ and t — ||Vw(t)|o+1 are continuous on [0, T| and
V2w, V3w, pV*w € L2((0, T); L2)) with

”atw”LZ(Lg) + ||V2w||L2(L[2,) + ||V3w||L2(L§+2) + ||V4w||L2(chr+4) < ||f||L2(L(2,)

In the statement of the lemma, we have written L2(L ) for L2((0, T); L2 o)
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Proof. We perform a quite formal argument that can be made rigorous by using the customary approxima-
tion procedures. Choosing § = x4, +,]0: W as a test function in (10), we have the identity

i
/ 19wl di + M Low(t)? + 2n | Vw(i2)lost
t

1

15
=/ /fatwdug dt + L Low () o + 2n [ Tw(tn) 1.
151

Combining this bound with the estimate from Lemma 7, we deduce that the mappings ¢ — ||w(¢)||s and
t = ||Vw(t)||g+1 are continuous. Moreover,

T T
fo ||atw||%.dzs/0 1 £ 112 dr

because g = 0. A similar estimate holds for £, w by virtue of Lemma 7, and the statement thus follows
upon proving

V2wl + 1V wllg42 + IViwlo+a < IElo + IVEllo + V€ llo+2 (20)

for any solution of the elliptic problem L, w = &, because the right-hand side is bounded by || f'||s thanks
to (18) and Lemma 7. It is not difficult to obtain estimates in the interior of B1(0). For instance, since

Lot20iw=0;§—ziAw +2z-Vojw— (6 + 1)d;w
is bounded in L(ZT 4, and because L[zI C L(27 2 an application of (18) yields
IV2wllot2 + 1V3wlo+a < 1836l + IVwle + IV2wllot2 < 1Elle + IVE o 1)

Since p ~ 1 in the interior of Bj(0), this estimate gives the desired control of the second- and third-order
derivatives in the interior of Bj(0). Fourth-order derivatives can be estimated similarly.

To derive estimates at the boundary of B1(0), it is convenient to locally flatten the boundary. For this
purpose, we localize the equation with the help of a smooth cut-off function 7 that is supported in a small
ball centered at a given boundary point, say ey,

Lo(mw) =néE—-2pVn-Vw —pAnw + (0 + 1)z-Vnw =: é
A short computation shows that

1Ello + IVEllo + IV2Ello42 S [Ello + IVElo + V€642,

where we have used (18) and (21) and the Hardy—Poincaré inequality ||w|l¢ < ||VWw| o+1 from [Seis 2014,
Lemma 3]. (For this, notice that we can assume that w has zero average because solutions to Ly w = £ are
unique up to constants.) Establishing (20) for this localized equation is now a straightforward calculation
based on the transformation from Lemma 5 and the a priori estimate from Lemma 6. A covering argument
concludes the proof. O

A crucial step in the derivation of the Gaussian estimates is the following local estimate.
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Lemma9. Let0<é<e<land0<8 <8 <1be given. Let w be a solution to the inhomogeneous
equation (9). Then the following holds for any zo € B1(0), t>0and 0 <r < 1:

0 4
/[ (8,w)2duodt+(r’—i())// V2w[? dug dt
© ' © 0(r, 20)* 3,02 4, 12
A2 ] Wl dpgszdr+ [ V40l dgads
[0 0

1
< [ 77 amoars G [[ wr e 0z 9u P o dr.
Q 0

where Q = (t +er?, v +r?) x Bgr (zo) and Q =(t+éer2t+r?)x Bgr (zo).
Proof. Because (9) is invariant under time shifts, we may set ¢ = 0. We start by recalling that
Lo(mw) =nLow —2pVn-Vw + (Lonw
for any two functions 1 and w, and thus, via iteration,
L5 (qw) = nLyw —2pVn-VLow + LonLow — 2L (pVN- Vw) + Lo (Lon)w).

In the sequel, we will choose 1 as a smooth cut-off function that is supported in the intrinsic space-time
cylinder Q , and is constantly 1 in the smaller cylinder Q. For such cut-off functions, it holds that
|8’t€ 82’3 nl < r=2k=1Blg(r, zo)_m |. (Here and in the following, the dependency on ¢, £, § and § is neglected
in the inequalities.) Then nw solves the equation
3 (nw) + L2 (nw) +nLe(qw) = 1f +dnw —4Ls (0Vn- Vw) —4pV (pV1) : Vw
—2pz-VnAw—=2(c +1+n)pVn-Vw +2Ls(pVn) - Vw
+ Lo (Lonw) + LonLow +n(Lon)w.

For simplicity, we denote the right-hand side by f . Testing against nw and using the symmetry and
nonnegativity properties of L, and the fact that nw = 0 initially, we obtain the estimate

[ otmon? auo ar < [[ o dio .

A tedious but straightforward computation then yields

‘/ nw f ds

1 90 1 00
< (P20 o+ V2ol + 3wl + 2 1xTwle ) (S3llawlo + 2 vule). - @

where y = yqp(y) and 6o = 6(r, zo), which in turn implies

/[ |Vw|2d,uadt+// IV2w|? dpg 4o dt
(9 (9

1
§r4//A de,L(,dz+r—4/[A w? +7r202|\Vw? dug dt - (23)
0 0
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via (18) and Young’s inequality. We will show the argument for (22) for the leading-order terms only. For
instance, from the symmetry of L, and the fact that |pV 7| < 6g/r, we deduce that

6o
< — 1Le(mw)llo [xVwllo-

l/ nwLle(pVn-Vw)dues .

Similarly, by integration by parts we calculate

05 1
< [Vl Vuldug + - [ nlul[Vul duo.

‘/ nwpV (pVn) : V2w djug

and conclude observing that |V (nw)| < 6y 'r~!|w| + [Vw|. The remaining terms of # can be estimated
similarly.

To gain control over the third-order derivatives of nw, we test the equation with L4 (nw). With the
help of the symmetry and nonnegativity properties of L, we obtain the estimate

// IV Lo () 2 dptos1 di < // Co(nw) f dpto dt.

We have to find suitable estimates for the inhomogeneity term. Because we have to make use of the
previous bound (23), we have to shrink the cylinders Q and Q such that the new function 7 is supported
in the set where the old 1 was constantly 1. We claim that

1
// IVLow|? dptg 1 dt er//A 2dus dt+r—6//A w? + 1203 |Vw| due dt. (24)
0 0 0

Again, we will provide the argument for the leading-order terms only. We use the symmetry of L, the
bounds on derivatives of n and the scaling of p, see (12) and (13), to estimate

‘ [ om0 (p¥n- Vi) s

_ ‘ [ VLo (nw) - V(pVn- Vo) djto 41

o 1
S 19 Lo o1 (31wl + 1 1T wllos2),
Similarly,

1
[ atnT o9 V0 dia | < 2 ol 1Tl

The estimates of the remaining terms have a similar flavor. We deduce (24) with the help of Young’s
inequality and (23).

The estimate (24) is beneficial as it allows us to estimate f in L2. This time, it is enough to study the
term that involves the third-order derivatives of w. We rewrite

Lo (pdindiw) = pdinLediw —2pV(pdin) - Voiw + L (pdin)diw,
Lodiw = 0;Low —z; Aw — (0 + 1)0; w,
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and estimate

1 1 6
1£(00:n0iw) |6 S— | xLodiwllo+2 + = | XV W lo+2 + — |l x VW]l
r6o r2 r3

1 1 Bo
S Slx0iLowlors + =5 1V2wlo+2 + 51X Velo.

Upon redefining O and Q as in the derivation of (24), an application of (23) and (24) then yields

2

r 1
/ ||£(p8ir)8iw)||(2,dt§// fzd,ugdt—i——S// w? +r203|Vw|? dug dt.
€ 0 = JJo

r

The remaining terms of f can be estimated in a similar way. Applying the energy estimate from Lemma 8
to the evolution equation for nw, we thus deduce

// (8,w)2duadt+// |V2w|2dugdt+// |V3w|2d,ua+2dt+// IV4*w|? djigya dt
o Q Y o
1
s// fzd,uodl"F—s// w? +r202|\Vw|? dug dt.  (25)
0 Mg

Notice that the above bound on the second-order derivatives and (23) together imply

04 1
—3// IV2w|? duy dt s//A f*dus dt+—8//A w? +r203|Vw|? du dt.
R, 0 4o

Similarly, we can produce the factor 93 /72 in front of the integral containing the third-order derivatives.
Indeed, because VLyw = Lo+1Vw + zAw — V2wz + (0 + 1)Vw, the bound (24) yields

/[ |Lo1Vw|*dppo 1 dt
(0

1
SrZ//A fzd’u“"dt_'_r_(s//Aw2+r29(%|vw|2dﬂﬂdt+//A|V2w|2dug+1 dl+//A \Vw[? djig 41 dt.
Q 0 ) 5

The second-order term on the right-hand side is controlled with the help of the Cauchy—Schwarz inequality,
(23) and (25). The first-order term is of higher order as a consequence of (23). It remains to invoke (18)
to the effect that

1
f/ |V3w|2dug+3dt§r2//A fzdr“‘fd[‘i'r_ﬁ//A w2+r29§|Vw|2d/L0dt.
Q 0 0

Combining the latter with (25) yields the statement of the lemma. O

2.4. Estimates for the homogeneous equation. In this subsection, we study the initial value problem
for the homogeneous equation

drw + L%w +nLsw =0 in(0,00)x B1(0),
w(0,-) =g in B1(0).

Our first goal is a pointwise higher-order regularity estimate.

(26)



1318 CHRISTIAN SEIS

Lemma 10. Let 0 <& < 1and 0 < § < 1 be given. Let w be a solution to the homogeneous equation (26).
If &,8 € (0, 1) and § is sufficiently small, then the following holds for any zg € B1(0), Tt >0and 0 <r < 1:
—8k=21B19(r, z5)~2IAl

,
1%0Pw(r, 2))? <
rE r#Bé (20)lo

T+r?
/ f w? + r20(r, 20)*|Vw|? dus dt
T B (z0)

forany (t,z) € (t +er*, v +r4] x Bgdr(ZO).

Proof. The lemma is a consequence of the local higher-order regularity estimate
/f (0P w)? duy dr < r=8k21Blg(r, zo)~2IA] f/A w2 +r20(r, z0)?|\Vw |2 duo dt,  (27)
0 Q

where Q and Q are defined as in Lemma 9, and a Morrey estimate in the weighted space L2 (i1 ); see,
e.g., [Seis 2015, Lemma 4.9]. Notice that (27) is trivial for (k, |8]) € {(0, 1), (0, 2)}. In the following, we
write 8g = 0(r, zg).

To prove (27) for general choices of k and S, it is convenient to consider separately the two cases
v p(zo) Srand /p(zo) > r. The second case is relatively simple: Since p ~ p(zg) by (13) in both Q
and Q , we deduce (27) in the cases (k, |8]) € {(1,0), (0, 2), (0, 3), (0, 4)} directly from Lemma 9 (with
f =0). To gain control on higher-order derivatives, we differentiate with respect to z;,

3,0;w + L23;w +nLyd;w
=—ziALew— (0 + 1)0; Low — Lo (zi Aw) — (0 + 1) Lo djw —nz; Aw —n(o + 1)0; w.

Denoting by f the right-hand side of this identity, applying Lemma 9 yields the estimate

~ 1
// |V48iw|2dug+4dt§//A frdus dt+r—s//A(aiw)2+r293|vaiw|2dug dt.
0 0 0

We invoke the previously derived bound and the fact that p ~ p(z¢) to conclude the statement in the case
(k,|B]) = (0, 5). Higher-order derivatives are controlled similarly via iteration.

The proof in the case p(zg) < r is lengthy and tedious. As similar results have been recently obtained
in [John 2015; Kienzler 2016; Seis 2015] and most the involved tools have been already applied earlier in
this paper, we will only outline the argument in the following. Thanks to (14), it is enough to study the
situation where z¢ € dB1(0), and upon shrinking §, we may assume that ® constructed in Lemma 5 is a
diffeomorphism from Bgzr (zo) onto a subset of the half-space. Under ®, the homogeneous equation (26)
transforms into

9, + Zﬁu”) +nlew = f,
where f is of higher-order at the boundary. Because Ly commutes with tangential derivatives d; for
i €{l,...,N —1}, control on higher-order tangential derivatives is deduced from Lemma 9. To obtain
control on vertical derivatives, we recall that 9 N Z(, = Za+1 9 N — A Arguing as in the proof of Lemma 6
gives the desired estimates. Again, bounds on higher-order derivatives and mixed derivatives are obtained
by iteration. O
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For the proof of the Gaussian estimates and the Whitney-measure estimates for the homogeneous
problem, it is convenient to introduce a family of auxiliary functions y, 5 : B1(0) x B1(0) — R, given by

aa’A(Z,zo)2
Xa,b(ZaZO) = = ,
Vb? +d(z,z0)?

where a, b € R are given parameters, and

|z —zo]?

V()2 + p(z0)2 + |z — zo|?

d(z,z0)* = ~d(z,z0)%

It can be verified by a short computation that p|VZc? 212 < d and p|VZZc§ 2| < 1, with the consequence that

VPOV 1z 20)] < lal, 28)
(D)2 Ka(z. 20)| < % 29)

uniformly in z, zg € B1(0). Because g is conformally flat with g ~ p~'(dz)? the gradient Vg on (M, g)
obeys the scaling V; ~ pV, and thus (28) can be rewritten as /g(Vgx, Vgx) < |a| (where we have
dropped the indices and zg). The latter implies that y = y, (-, zo) is Lipschitz with respect to the
intrinsic topology; that is,

| Xa,b(z.20) = Xa,p (2", 20)| < lal d(z. 2"). (30)
We derive some new weighted energy estimates.

Lemma 11. Let w be the solution to the homogeneous equation (26). Let a,b € R and zo € B1(0) be
given. Define y = y4.p(-,20). Then there exists a constant C > 0 such that for any T > 0 it holds that

T
sup /ezxw2 dite ~|—/ /(22X|Vw|2 + (Lo (e*w))? dug dt < C@?/b?+a"T / e g2 dug.
[0,T] 0
Proof. The quantity eXw evolves according to
3 (e*w) 4 L (eXw) + nLy(eXw)

= -2pVeX -VLow + LoeX Low —2Ls(pVeX - Vw) + L ((LoeX)w) —2npVeX -Vw + n(LyeX)w.
Denoting the right-hand side by f and testing with eXw yields

41 / (*w) duo + f (Lo (X)) duo +n / V(W) o1 = f e'wfdus. ()

where we have used once more the symmetry of £,. We claim that the term on the right can be estimated
as follows:

~ a2
[ exwf duo 5 el @l + 1V E o) + (14 55 +atJlerwl2, G2
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where ¢ is some small constant that allows us to absorb the first two terms in the left-hand side of the
energy estimate above. Indeed, multiple integrations by parts and the bounds (28) and (29) yield that the
left-hand side of (31) is bounded by

all Lo ¢llo IVElo+1 +a*[VElIg 4y + (Ial ot la| )IIWIIaHIIZIIa

+ 1%l 1€lo- + (] )2l et + (14 25 +a*) 1012

2
(|b| +lal )ucno_l 1ello + al 1o llo [1Elo—r +a2lEI2 .

where we have set { = eXw. We next claim that

IZllo—1 S IElle + 1V Ello+1- (33)

Indeed, recall the Hardy—Poincaré inequality

Hz— feanan| <192l

-1
see [Seis 2014, Lemma 3], which holds true for any ¢ > o, because o > 0. In particular, ||{|o—1 <
IVCllg+1 + {f Cdiug—1 } Notice that for any « € (0, 6), it holds that

1/2
' [ canay =‘ |E = ( / zzpdua_l_a) <ot sa

by Jensen’s inequality because pz_14¢ 1S a finite measure. Applying the previous two estimates itera-

tively yields (33). Hence, combining (33) and the interpolation inequality (17) with the bound on the
inhomogeneity and using Young’s inequality yields (32).
Now (31) and (32) imply for ¢ sufficiently small that

%/(e)fw)zdua+/(ca<e><w))2ua,s( +—+a )/(e ) dits.

In view of the bound (18) we have the estimate |V(eXw)|ls < ||Lo(eXw)]|o. Therefore, invoking the
product rule of differentiation

leX*Vwllo < [[V(e*w)llo + le*wV xllo S Lo (e*w)llo + lallle*wlg—1.
Observe that (33) and (17) imply
lallle*wllo—1 < (la] +a®)|le*wllo + | Lo (e*w)|o-
Combining the previous estimates with a Gronwall argument yields the statement of the lemma. O

The following estimate is a major step towards Gaussian estimates.
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Lemma 12. Let w be the solution to the homogeneous equation (26). Let a, b € R be given. Then there
exists a constant C > 0 such that forall z,zo € B1(0), 0<r <1, t € (%r“, r4), keNgandp € Név it
holds that

—4k—|B| —IB]
|3’t<azl3w(t’z)| < d 9(}’,1/22) eC(az/b2+a4)t_Xa,b(zaZO)”eXa,h(',ZO)g”o'
|BE(2)lo
Proof. For simplicity, we write y = x4 5(-,zo) and 6 = 6(r,z). From Lemma 10 (with zo = z and
7 = 0) we deduce the estimate

—8k—2 -2
0% 0Bw(t.2)2 < Mo

r4
—2x 2x.,,,2 292 2x 2
sup e / / e“fw” +re0°eX|\Vw|“ dus dt (34)
r4|BE(2)lo B4 (z2) 0 JBI(2) ’

for all t € (%r“, r4). We first observe that the Lipschitz estimate (30) implies

_ _ 4.4
sup e X < emX(@)tatr
B (2)

To estimate the integral expression in (34), we distinguish the cases y/p(z) <r and /p(z) > r. In the
first case, we apply Lemma 11 and obtain

r4

r4( sup /ezxw2 ding +[ /er|Vw|2 dig dl) < rteC@/b?+atyrt / g% duy
[0.r4] 0

for some C > 0. In the second case, we only focus on second term, i.e., the gradient term. The argument

for the first term remains unchanged. Because p ~ p(z) in the domain of integration, see (13), it holds

that

r4 r4 r4
/ / r20%2e2X|\Vw|? duy dt SrzaZ/ /ez’fw2 dis dl+r2/ /|V(exw)|2d,ug+1 dt,
0 JB(2) 0 0

where we have used (28). By using (17) and Young’s inequality, we further estimate

P2 f V(e ) dg i1 < / (Lo(eXw)) duo + / (*w)? duo,

which in turn yields
o4
/ /d r202e?X|\Vw|? due dt <r*(1 + r2a2)ec(“2/b2+“4)r4/ e g? dug
0 JBi(2)

via Lemma 11. Notice that we can eliminate the factor 7242 in the previous expression upon enlarging
the constant C. Substituting the previous bounds into (34) yields the statement of the lemma. O

For large times, we have exponential decay as established in the lemma that follows.

Lemma 13. Let w be the solution of the initial value problem (9) with f = 0. Then for any k € Ny,
B € Nf)v, t> % and z € B1(0) it holds that

oy 0% (w(t, z) —][ gua)

<e M| Vgllos1.




1322 CHRISTIAN SEIS

Proof. The proof is an easy Consequence of Lemma 10 and a spectral gap estimate for £,. Indeed,

1

applying Lemma 10 with r = 7 + 1 =g r=landt> % to w —c, where ¢ = f w duq is a constant

of the evolution, we obtain the estimate
. t+3/4
%08 (w(t.2)—0o)| < / / (w—c)?+|Vw|? due dt.
t—1/4

Thanks to the Hardy—Poincaré inequality [Seis 2014, Lemma 3] and because ts+1 < o, We can drop
the term (w — c)? in the integrand. To prove the statement of the lemma, we thus have to establish the
estimate

1+3/4 )
/ L Vol di e 1’/|Vg|2dua+1. 35)
t_

For this purpose, we test the homogeneous equation with w and invoke the symmetry and nonnegativity
properties of £, and obtain the energy estimate

dﬂ/Ile Al + [(cgw) dio <0.

On the one hand, integration in time over [Z — Z’ t+ Z] and the a priori estimate (18) yield
t+3/4 )
/ / \Vw|? dpg dt < /!Vw(t—%)! ditg+1. (36)
t—1/4

On the other hand, the smallest nonzero eigenvalue A1 of Ly yields the spectral gap estimate

/(ﬁaw)zdﬂa :/Vw'v£ow dio+1 Zkl/|vw|2dﬂa+l,

which we combine with the energy estimate from above to get

/‘Vw(l_%)‘zdﬂoﬂ §€_2AII/|Vg|2dMo+1-

Plugging this estimate into (36) yields (35) as desired. O

We are now in the position to prove the desired maximal regularity estimate for the homogeneous
problem. Let us start with the latter.

Proposition 14. Let w be the solution to the homogeneous equation (26). Then

lwllzee < llgllzee.
lwlixpy + IVwlizee S IVE|Loe.
Proof. Thanks to the exponential decay estimates from Lemma 13, it is enough to focus on the norms
for small times, T < 1. We fix z¢ € Bl(O) foramoment andletr <1 andt € (1 4 4) be arbitrarily
given. As before, we set 8y = 6(r, z9). Because w — g(zg) is a solution to the homogeneous equation
with initial value g — g(zo), an application of Lemma 12 with a = —% and b = r yields the estimate

p=4k—181g 18!

908 2=z (w(t.2) — g (z0))] < T )|1/2 ex=1/rr420) (¢ — g(z0)) o 37)
A
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Notice that the function y drops out in the exponential prefactor because y(zg, zg) = 0. We claim that

leX=1/rr(:20) (¢ — g(20))||¢ < min{||g|lLoc, 70l| Vel Lo} B (z0)] /2. (38)

The proof of this estimate has been already displayed earlier; see, e.g., the proof of Proposition 4.2
in [Seis 2014]. For the convenience of the reader, we recall the simple argument. Notice first that
18(2) — g(z0)| < min{|[g]|Loe, |z — zo[[Vg|[Loo}. On every annulus

Aj = BE(20)\ BE_ ), (20)

it holds that y_y,,,(z,z0) <—(j — 1)/ V/2 as can be verified by an elementary computation, and thus,
for s € {0, 1}, we have

[ Gl =2 o ) 5 550G 20 4l
A;

as a consequence of (11). Clearly, 0(jr, zo) < jfo. We notice that A; = & for each j > % On the other
hand, thanks to the volume formula (15), it holds that

14jl6 < 72N B (20) o

It remains to notice that the annuli {4, };en cover By (0) and deduce that

) 1/2
om0z 5 w60y B ol 2 (V)

jeN
for some xk = k(s) > 0. Because the series is convergent, we have thus proved the bound in (38).
‘We now combine (37) and (38) to the effect of

FARHIBLGIBN 0k 08 |, o (w2, 2) — g(20))| < llg oo,

- -1
PRI 308 sy (w2, 2) — g (20))| S IV 0w
We obtain the uniform bounds on w and Vw in the time interval [0, 1] by setting (k, |8]) = (0, 0) in the
first and (k, |B|) = (0, 1) in the second estimate. (Recall that we use Lemma 13 to extend the estimates

to times ¢ > 1.) To control in X(p), we choose (k, |B]) € {(1,0), (0,2), (0, 3), (0, 4)}, raise the second of
the above estimates to the power p and average over Q,(z). For instance, if (k, |8]) = (0, 2), this leads to

ol :
0(r. 20)? |V2w(1. 20)|? dzo dt 5 ||Vg||P .
104(2)] M gazy L

If view of (12) and (13), it holds that 8(r, zg) ~ 8(r, z) uniformly in B;i (z), and thus, from maximizing

in r and z we obtain

sup ro(r, Z)|Q;L?(Z)|_1/p ||V2w||L,,(Q;1(Z)) < IVgllLee.
zeB1(0)
0<r=<i

Higher-order derivatives are bounded analogously. O

Gaussian estimates are contained in the following statement.
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Proposition 15. There exists a unique function G : (0,00) x B1(0) x B1(0) — R with the following
properties:

(1) If w is the solution to the homogeneous equation (26), then for any k € Ny, B € N(I)V and (t,z) €
(0, 00) x B1(0)

FoPw(r,z) = / *0BG(r.2.2)g(2)) dus.
(2) The function G is symmetric in the last two variables; that is,
G(t,z,Z))=G(t,Z,2)
forall (t,z,z') € (0, 00) x B1(0) x B1(0).
(3) Forany z' € B1(0), G’ = G(-,-,z') solves the homogeneous equation
3G'+L2G' + L,G' =0.
Moreover,

110 . T
0°G' —= 8,/ in the sense of distributions.

(4) It holds that

—4k—|B -
ot Bloc iz, 2)~ 18l o—C .2/ Y03

1B, ()lo* 1BY (=)o

10508 G(1,2,2")| <

forall (t,z,2") € (0,1] x B1(0) x B;(0) and any k € Ny and p € N
(5) It holds that
9592 (G(t.2,2) = [BL(O)[h)] S e
forall (t,z,z) € [1,00) x B1(0) x B1(0) and any k € Ng and B € N
The estimates in the fourth statement are usually referred to as “Gaussian estimates”.

Remark 16. In the fourth statement we may freely interchange the balls centered at z by balls centered
at z’ and vice versa. Likewise, we can substitute ( &/, z) by (/1 z’). This is a consequence of (16).

The proof of this proposition is (almost) exactly the one of [Seis 2014, Proposition 4.3]. We display
the argument for completeness and the convenience of the reader.

Proof. We first notice that the linear mapping L2 > g 8’; 85 w(t, z) € R is bounded for every fixed
(t,z) € (0,00) x B1(0) and (k, B) € Ng x N{)V . Indeed, for small times, boundedness is a consequence of
Lemma 12 (with a = 0), and for large times, boundedness follows from successively applying Lemmas 13
and 12 (with a = 0), namely |8’t‘82’3w(t,z)| < Hw(%) HU + HVw(%)”GJrl
theorem thus provides us with the existence of a unique function G g(¢,z,-) € L% such that

< |lgllo- Riesz’ representation

#olwit.2) = [ Grp(t.2. )¢ dua ).
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Setting G = Gy,0, uniqueness implies G g = 8’; Bzﬂ G. Notice that G inherits the symmetry in z and z’

fr0r2n the symmetry of the linear operator E%, + L via the symmetry of the associated semigroup operator
(Ls+Lo)t
e\ro .

We now turn to the proof of the Gaussian estimates. We shall write y = x4 5(-, Zo) for some fixed
zo € B1(0) and set & = 6(r, z). We first notice that by Lemma 12, for r ~ /7, we have

2752 4
B ()12 X |w(}t.2)| < eC@PFO g,
and thus, the mapping A defined by

(Ah)(z) = | Bf (2)]y/? X® / G(5t.2,2)e ™ h() duo ()

for z € B1(0), is a bounded linear mapping from L2 to L* with

2/K2 4
”A”L%—>L°O 5 eC(a /b*+a )t'

By the symmetry of the Green’s function, it holds that
[ Ang diso = [[ 1B @186 (31,2 2)e R da () dito )
= / e_Xwg(%t)h die

if wg denotes the solution to the homogeneous equation with initial value g¢ = |B;i (- )|(1,/ Zex &, and if
£ € L} is such that gt € L2. In particular, the action of the dual A* : (L>°)* — L2 on such functions &
is given by A*§ = e™Xwg(41). Because IANl L2 oo = I 4*[[(00)+— 1.2 » We then have the estimate

lewe (40)], S C@PH g

An application of Lemma 12 with a replaced by —a then yields that
r—4k—1Blg—IBI

C(@@?/b%2+aMt+x(z)
BIQIY? el

‘/ai‘afG(z,z,-)|B:‘(-)|3/2exsdua <

By approximation, it is clear that this estimate holds for any £ € L!. Thanks to the duality L> = (L1)*,
we thus have

r—4k—1B1g—1BI

eC(az /b2 +a*)t+x(2)—x(z")
B4 ()% BY ()] '

10508 G(1,2,2")| <

The term — y(z’) drops out of the exponent upon choosing z’ = zg. To conclude the argument for the
Gaussian estimates, we distinguish two cases: First, if ¥/f > d(z, zg), then

1 < e Clz0)/ ¥D)*?
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and thus the statement follows with ¢ = 0. Otherwise, if ¥/ <d (z,zg), we choose a = —£ for some
£>0and b ~d =d(z, zg) so that the exponent becomes

0? 4

(55 + ) —ta

modulo constant prefactors. We optimize the last two terms in £ by choosing £ ~ (d/t)'/3. It is easily
checked that the exponent is bounded by an expression of the form 1 — (d/ ¥/1)*/3, which yields the
desired result.

The remaining properties are immediate consequences of the preceding analysis. O

2.5. Calderon-Zygmund estimates. We will see at the beginning of the next subsection that the kernel
representation of solutions of the homogeneous problem carries over to the ones of the inhomogeneous
problem. This observation is commonly referred to as Duhamel’s principle. To study regularity in the
inhomogeneous problem, the detailed knowledge of the Gaussian kernel provided by Proposition 15 is
very helpful. A major step in the analysis of Whitney measures is the translation of the energy estimates
from weighted L? to standard L? spaces. We are thus led to the study of singular integrals in the spirit
of Calder6n and Zygmund and the theory of Muckenhoupt weights.

Out of the Euclidean setting, a good framework for these studies is provided by spaces of homogeneous
type, see [Coifman and Weiss 1971], which are metric measure spaces, i.e., metric spaces endowed with a
doubling Borel measure.! The theory of singular integrals in spaces of homogeneous type was elaborated
by Koch [1999; 2004; 2008]. For the Euclidean theory, we refer to [Stein 1970; 1993].

Let us recall some pieces of the abstract theory. Let (X, D) be a metric space endowed with a doubling
Borel measure p. A linear operator T on L9(X, i) with g € (1, 00) is called a Calderon—Zygmund
operator if T can be written as

Tfx) = /X K. y) f () dp(y)

for all x € (spt f)€ and f € L*°(X,u) N LY(X, ), where K : X x X — R is a measurable kernel such
that
Y= K(x.3) € Lige(X \ {x}. ).

x> K(x,y) € L (X \ {y}. ).

satisfying the following boundedness and Calderén—Zygmund cancellation conditions:

sup V(x, y)|K(x,y)| <1 (39)
X£y

and

sup sup V(x,y) AV(x', y)K(x,y) = K(x',y)| <
X#y x'#y’

(D(x,x/) + D(y,y@)‘g “0)

D(x,y)+ D(x',y’)

n fact, Coifman and Weiss introduced the notion of spaces of homogeneous type with quasimetrics instead of metrics.
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for some § € (0, 1]. Here we have used the notation

)

It is worth noting that the doubling property of p implies that we could equivalently have chosen to center
the above balls at x or y.
Finally, we call w a p-Muckenhoupt weight if

o R Ry )’H
SEP(M(B)/B‘”‘Z“)(M(BJB‘“ dn) - <oo

The class of p-Muckenhoupt weights is denoted by A, (X, D, ).
The theory of singular integrals asserts that any Calderén—Zygmund operator 7' extends to a bounded
operator on any L? (X, u) with p € (1, 00); i.e.,

ITf Ly S I NLew-

Moreover, if w € A, is a Muckenhoupt weight, then 7 is also bounded on L? (i L w), where d(u L o) =
wd.

In order to establish L? maximal regularity estimates for our problem at hand, we have to study
singular integrals of the form

o0
To 2 = [ [ Kerp (2. (120 012 duo ()
0
where Ky ;. g((t,2), (1", 2") = X(O,,)(z/)p(z)ealfafG(t —t',z,z'). In fact, we will see that Ty x g is a
Calderén—Zygmund operator on the product space (0, o0) x B1(0) provided that £, k, and § are such that
4, k,|B]) € £E=1{(0,1,0),(0,0,2),(1,0,3),(2,0,4)}. 41)

We will accordingly refer to any tuple (£, k, B) in the above class as a Calderén—Zygmund exponent.
The product space X = (0, co) x B1(0) will be endowed with the metric

D((t,z2),(t, ) = ‘\‘/|t —t'|+d(z, z)*,

which reflects the parabolic scaling of the linear differential operator, and the product measure i = A'® s,
with A1 denoting the one-dimensional Lebesgue. Because d is doubling, so is D, and thus the metric
measure space (X, D, i) is of homogeneous type in the sense of [Coifman and Weiss 1971] and is thus
suitable for Calderén—Zygmund theory. Notice also that the volume tensor V((z, z), (¢, z")) simplifies to

z4+7
V20, 002 ~ DU 2 62D B oy (B2

2 “2)

.
Without proof, we state the following lemma:

Lemma 17. If (£, k, B) is such that (41) holds, then Ty i g is a Calderon—Zygmund operator.

The proof is almost identical to the one in the porous-medium setting; see Lemmas 4.20 and 4.21 in [Seis
2015]. We will thus refrain from repeating the argument and refer the interested reader to the quoted paper.
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2.6. The inhomogeneous problem. In this subsection, we consider the inhomogeneous problem with
zero initial datum,

2 _ .
{8,w+£0w+n£gw = f in (0, 00) x B1(0), 43)

w(0,-) =0 in B1(0).
Our first observation is that the kernel representation from Proposition 15 carries over to the inhomo-
geneous setting.

Lemma 18 (Duhamel’s principle). If f € L?(L2) and w is the solution to the initial value problem (43),
then

t
w(t,z)=/0[G(l—t’,z,Z/)f(t’,zl)dug(z/)dt/

forall (t,z) € (0,00) x B1(0).
Proof. The statement follows from the fact that G is a fundamental solution, see Proposition 15(3). O

Proposition 19. Let w be the solution to the initial value problem (43). Then, for any p € (1, 00) it holds
that

19:wlizr + IVwlzr + IV2wlle +lpV3wlLe + 102 ViwllLe <1 fllLe. (44)

Proof. The purpose of this lemma is to carry the energy estimates from Lemma 8 over to the standard
LP setting. This is achieved by applying the abstract theory recalled in the previous subsection. In fact,
as a consequence of Lemma 18, any function ,oZ 8’; 82’3 w has the kernel representation

Tosp f(t.2) = /O / Kexp((t.2). (02 £ 2 dpio () d,
where

Kerp((t,2),(t,2") = xon@)p() 38 Gt -1z, 7).

If (¢, k, B) are Calderén—Zygmund exponents (41), by Lemma 17, the energy estimates from Lemma 8
carry over to any L?(L?(ug)) space with p € (1,00). Moreover, if v is a Muckenhoupt weight in
Ap(B1.d, g ), then the operators T g are bounded on L?(L? (s L v)). Notice that this is the case
for weights of the form v = pY precisely if —(0 + 1) <y < (p —1)(0 + 1). In particular, choosing
y = —0o, we see that Ty x g is bounded on L? = LP(L?) for any p € (1, c0) because o > 0. This is the
statement of the proposition apart from the term || Vw/||z». The control of this term can be deduced, for
instance, from the analogous estimates for the porous-medium equation, see Proposition 4.23 in [Seis
2015], applied to 9, w +nLow = f — L2w. O

In the following, we consider the larger cylinders
0%(z0) 1= (3r*,r*) x B4, (z0) and Q(T) = (L7, T) x B1(0).

Lemma 20. (1) Suppose that spt [ C Q;l (zo) for some zp € B1(0) and O <r < 1. Then for any (£, k, B)
satisfying (41) and any p € (1, 00), it holds that

r* 108 o) TV 110 5 B Wl Lo ot 20y S 1S I (p)-
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(2) Suppose that spt f C Q(T)for some T > 1. Then it holds for any p € (1, 0o0) that

o Tl B wlLeory S If llyep-
,k,|B)ee

Proof. We will only prove the first statement. The argument for the second one is very similar. The
desired estimate is an immediate consequence of Proposition 19. Indeed, the latter implies
{ak
Il 9 agw”Lp(Qrd(ZO)) N ||f||Lp(Q;l(ZO))~

If now {Qfl (zi)}ier is a finite cover of Qrd (zo) with radii r; ~ r and such that ) _; |Qfl () = |Qf (zo)l,
then

1 A
1 0eo@g oy = 2 1 oo oy S 72107 GOl 1LS Ty -

iel
Notice that |QA$I (zo)| S0 f (z0)|, because i1y ® Al is doubling, which concludes the proof. O

In view of the definition of the X(p) norm, the estimates on the second- and third-order spatial
derivative derived in the previous lemma are not strong enough for balls B;i (zo) that are relatively far
away from the boundary in the sense that v/ p(z¢) >> r. Estimates in such balls, as well as uniform bounds
on w and Vw, are derived in the lemma that follows.

Lemma 21. (1) Suppose that spt f C QAf(zo)for some zo € B1(0)and 0 <r <1l andlet p > N + 4.
Then it holds for any 0 < t < r* that

[w(t. z0)| + [Vw(t. 20)] £ | /1y (p)-

If moreover \/m > r, then it holds that
r0(r.20) 102 Co)l ™2 V201l g ooy + 72020 10L GOl ™2 193wl v 0 oy S 1 v o)
(2) Suppose that spt f C Q(T)for some T > 1. Then it holds for any p > 1 + %N that

lwllzeooy) + IVwliLeoy) S I f lvp)-

Proof. (1) As a consequence of Lemma 18 and Holder’s inequality, we have

4

r 1/q
o< ([ 1086wl de) I, @s)

where ¢ is such that % + % =1land g € N(])V . The statements thus follow from suitable estimates for the
kernel functions. From Proposition 15 we recall that

08G(x,2,2) 5 Y7 Plo( Yz, 2B B ()5l emC @@ VT (46)

Let {Bj,d%(z)}jej be a finite cover of B;. Then

_ ) 4/71\4/3 — i—1)4/3
/e 9@ YO gy (2 < 3 e1€U-D B4 (@lgo-
jeJ
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Notice that by the virtue of (15),

2N|B

1By (Dlgo < 72N 1BL 2 (Dlgo ~ 12N 1B () BL()IE.

which in turn implies

_ Ny 4/=y4/3 —g(i—1)4/3 . -
[ e 4C@E VO 6 () < (Z edU~D ﬁN) |BY ()] B (212
jeJ
The sum is converging and can thus be absorbed in the (suppressed) constant. We now integrate (46) over

time and space and obtain

4

r 7'4
/0 102Gz, )118, dr s /0 Y Py, B (o) dr 47)

for any z € Bj.
First, if \/p(z) < r, then by (12), estimate (47) turns into

4

’ " —alBl~a-DN
[ 108Gzl ars [P gr g peapizaw,
0 40 0

provided that N +2 < (2—|B|) p, which is consistent with the assumptions in the lemma only if | 8| € {0, 1}.

It remains to notice that
4-2(q—1)N < 4q| nd (o 1—

by virtue of (15). From this and (45), we easily derive the first estimate in the first part of the lemma in

the case where /p(z) <r.
Second, if /p(z) > r, then (47) becomes

4

r _ —(—1IN 7‘4 B B ~
J A A e e Rl M PR
0 q0 0

— —(g—1)N
5 /_,O(Z) |Blg—(g—1) r4_“3|q_(q_1)N,

provided that N 4+ 4 < (4 —|B|) p, which is consistent with the assumptions only if |8| € {0, 1,2, 3}. Now
we notice that

/—p(z)—IﬂIq—(q—l)Nr4—|ﬂ|q—(q—1)N < r(4—|,3|)q9_|,3|q|Qi[(z”l_q’

using (15) again. It is not difficult to see that the latter estimates in combination with (45) imply remaining
estimates in the first part of the lemma.

(2) By Duhamel’s principle in Lemma 18 and the fact that f is concentrated on Q(T), we have for any
(t,z) € Q(T) and B € N} that

t—1
|3§w(t,2)|§// 028G (12, )| £ (¢, 2 dpo () di’
T/4

t
4 [ / 0BG —1, 2. f (=) dpo ()1
t—1
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with the convention that the first integral is zero if %T >t — 1. If it is nonzero, we use Proposition 15(5)
and estimate the latter by

t—1
/T S Ve dd ST gy < T oy
Similarly, applying the same strategy as in part (1) above, we bound the second term by

18GC 2 Moozt 1 I pogery <1 lirioy:
The statement thus follows by choosing || € {0, 1}. d
We need some estimates for the off-diagonal parts.
Lemma 22. (1) Suppose that spt f C [0,r%) x B1(0) \ QA;i (zo) for some zg € B1(0) and 0 < r < 1.
Then it holds for any p € (1, 00) that

4k+Bl

{ak
[0l oo (og o + IVP oo o+ D 0. zgy20181 1P O wlLrgf o S 1S vy
wheiphee V"

(2) Suppose that spt f C [%, %T] x B1(0) for some T > 2. Then it holds for any p € (1, 00) that

lwlizeoery + IVwlzeay + Y. TletoFdbwliromy S I1f Ive-
L.k, |BNeE

Proof. (1) We begin our proof with a helpful elementary estimate: if 6 and C are given positive constants,
then there exists a new constant C such that

Yi—p e CaG V=) < -0, ~C (.2 (48)

for all (1,z) € 0%(z0) and (¢, 2') € [0,r*) x B1 \ 0% (z0). The argument for (48) runs as follows: To
simplify the notation slightly, we write t =t —¢t" and d = d(z,z'). If z' € Bgr (zo), then necessarily
- (%r“, r4), and therefore © > r*. It follows that

Y7 0= CUEI VDY _ 4 < 1 =0,-C@/r>

because d(z,z') < d(z, zo) + d(z0, z') < 3r. Otherwise, if z’ & B (z), it holds that 2r < d(z’, zg) <

. -9 _ 4/=04/3 . :
d(z,z') +r, and thus ¥/t < r < d. Using the fact that T — ¥/T b p=Ca/ Y0 i increasing for
0 <t <d* we then estimate

Y7 0= CW@/ YD < =6,~Cd/n*>,

This completes the proof of (48).
In the following, C will be a uniform constant whose value may change from line to line.



1332 CHRISTIAN SEIS

Because f = 0 in Q;j (zo0), Duhamel’s principle (Lemma 18) and the Gaussian estimates from
Proposition 15 imply
|07 08 w(z, 2)|
< / ’ / Y Wlg iy, )8l
1BY()lo
)IBI+N+20

e CAGC VDY) £t _ 1 N duy (2 d

<1 (—/_ YT HTPIENTR = CUEDI YO 1~ 1, 2 dpto () d
0 JT+ V()
As a consequence of (48), Remark 16 and the monotonicity of the function s + s/(s + ¢) for any fixed
¢ > 0, we may substitute any /7 by r and find
F4k+1Bl-1 -
- B
9(r,Z)2£—|B|+l|p(Z) al,‘ 8ZU)([,Z)|

< e~ Cl(z, z)/r)*/3 Y rz 1 t. d 2dt'.
le(z)lcf/ ) /02 diaa )

We consider now a finite family of balls {B,d (zo)}ier covering B1(0). Since d(z,z;) <d(z,z’) + r for
any z’ € B¢ (z;) and
Ze—C(d(z,Zi)/r)4/3 < 00
iel
uniformly in r and z, we further estimate the right-hand side of the last inequality by
swp e [ / 00 ) U o () . @9)
e, |BE (Z)|cr Bd(z)

We claim that this term is controlled by || f||y(p). To see this, we fix Z € B1(0) and let r; = (\/g)jr.

Applying a non-Euclidean version of Vitali’s covering lemma, see Lemma 2.2.2 in [Koch 1999], we find
a finite family of balls { Bﬁlj (zij)}ier,; covering Brd () and such that

Y IBEGiplo S IBE (Bl (50)
i€l

uniformly in j, r, and Z. Then (0, r%) x Brd (2) is contained in the countable union UjeNo Uielj Qf/, (zij).
Invoking Holder’s inequality we thus find

/ / 00 Y £ ) e () i
Bd(z)

] —1 1
= 3 YD 60 g, 08 o 1 Vuniod, oy

JENpiel;
where, as usual, % + é = 1. Notice that j14¢ is a finite measure for any ¢ € (1, 00). From (12) and (13)

we deduce that 6(r;, z;;) ~ 0(r;,z') < 0(r,z’) forany z’ € Bd(zij), and thus, as a consequence of (15),

||9(”")_1”Lq(,(Qr (z,,))w ]9(’"/’21/) 1|Q (le)l 1/p|B (le)|0
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Combining the previous two estimates, using (50) and the convergence of the geometric series finally
yields that the term in (49) is bounded by || f ||y (). We have thus proved that

Fak+1B1-1

. 22T P 0 0Bw(t.2)| S I f lvep-

We easily deduce the statement of the lemma.

(2) To prove the second statement, we use Lemma 18 and Proposition 15(5) to estimate
T/4 ,
bl s [ e M [ 15 dua () dr
1/2

for any (¢,z) € Q(T) and any k € Ny and 8 € Nf)\' with kK + || > 1. Let M € Z be such that
M < %T < 2M+1 We then split and compute

M .om ) T/4 )
oty [N [ifldugdir [ e M [ dug dr
mep 2! T/8

M
ST flln@@my + e TV fllLooay

m=0
<e T Fllye.

We easily infer all estimates but the uniform bound on w. To gain control on ||w||zec, we argue similarly

and get
M+1 .pm M+1
wealz Y [ [ifldudr s ( > o m)ufnnp)-
m=0 2=t m=0 ( )
The desired estimate follows from the convergence of the geometric series. O

A combination of the results in this subsection yields the maximal regularity estimate for the inhomo-
geneous problem (43).

Proposition 23. Suppose that p > N + 4. Let w be a solution to the homogeneous problem (43). Then

lwllLeow1.00) + I0llx(p) < 1/ ¥ (p)-

Proof. The statement follows immediately from Lemmas 20, 21 and 22 and the superposition principle for
linear equations: For small times, we split f into nf + (1 —n) f with 5 being a smooth cut-off function
such that n =1 on Qf (zo) and 1 = 0 outside QA;i (zo) for some arbitrarily fixed r < 1 and zg € B (0).
For large times, we make a hard temporal cut-off by splitting f into yf 4+ (1 — y) f, where y is the
characteristic function on Q(T). Notice that to estimate the large times, it is enough to study such f’s
that are zero in the initial time interval (O, %) For details, we refer to [Seis 2015]. O
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3. The nonlinear problem
Our goal is this section is the derivation of Theorems 1 and 2. The existence of a unique solution to the
nonlinear problem is a consequence of a fixed-point argument. We need the following lemma:
Lemma 24. Let wi and wy be two functions satisfying
lwillpeowi.coy + Wi llxpy <& i=1,2, (51)
for some small ¢ > 0. Then
If w1l — flw2llly(p) S e(llwi — wall oo ooy + w1 — wallx(p))-

Proof. For notational convenience, we write fij = f/[w;] forany i € {1,2} and j € {1,2,3}. We will
also just write w instead of w; or w, if the index doesn’t matter. We remark that by the virtue of (51), it

holds that
| R [w1] = Ri[wa]| < [w1 — w2l poo(wi.c0),

|Rk[w]| <1
for any value of k.
The estimates of the differences of the fl.j is very similar. We focus on the leading-order terms, i.e.,
f13 - f23. Using (51) and the previous bounds on the Ry, we first notice that

|/ = 51 5 p2llwi = wall Lo 1oy (IVZw ] + V20| VPw] + V|| VHw])
+ P2 V21 — V2w | (|V2w [ + [Vaw|[V3w])
+ p2|V3wq — V3w ||V |VZw| + p?|VAw; — VAw, | Vw2
The control of the individual terms is derived very similarly. There are a few obvious cases; for instance
the last term, which is simply controlled by using (51):
|02 1VH w1 — Vs | [Vw]? | Y(p) = ”w”ioo(Wl,oo)”wl —w2|x(p) < ellwr —w2llx(p)-
For most of the remaining terms, we have to make use of the following interpolation inequality
VST, < IEIZ= IVl .
provided that mp = ir for some integers i < m, which has been proved in Appendix A of [Seis 2015].

For instance, setting { = nVw for some smooth cut-off function 7 satisfying n = 1 in B;l (zo)and n =0
outside Bgr (zo), we have

21v72,,,13 _ 2 3 3
[p*1Vw ”LP(B;’(zo)) =1V w”Lgf,(B;f(zo)) = ”W”L;Ip"

Applying the above interpolation inequality and using the fact that 1 varies on the scale r6(r, zo) and
p < 0(r,z9)? in Bgr (z0), see (12) and (13), we then get

0
||P2|V2w|3||Lp(B;1(ZO)) < Vw ||%,oo (”pzv4”L”(B§,(Zo))+7 V3w ”L”(Bgr(Zo))

6% 2 0
+r_2 IV-w ||L”(B§lr(zo))+r_3 IVw ”L”(Bgr(Zo)))’
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where 6 = 0(r, zp). Integrating in time over (%r“, r4), multiplying by r3/6 and using (51) then yields

3
i hd —1/p|| 212,13
fglg 9 |07 (zo)| H/O IV-w| ”LP(Q;I(ZO)) SSHWHX(p)-

This type of estimate can be used, for instance, to bound the first term in the above estimate for f13 — f23
for small times. The remaining terms and the large-time parts of the Y (p) norm can be controlled in a
similar way. O

We are now in the position to prove Theorems 1 and 2.

Proof of Theorems 1 and 2. To simplify the notation in the following, we denote by X (p) the intersection
X(p) N L® (W) and set || - I2(py = I lx(p) + |l -l Loow1.00)- Let € and g be two positive constants.
We denote by M, the set of all functions w in X (p) such that ||wl| X(p) < € and by N, the set of all
functions g such that || g ||y 1.00 < &o. We divide the proof into several steps.

Step 1: existence and uniqueness. For w € M, and g € N, given, we denote by w := I(w, g) the unique
solution to the linear problem (43) with inhomogeneity f = f[w]. By Theorem 4, we have the estimate
10l %y < I/ wlllyp) + Igllwr.c. Applying Lemma 24 with wy = w and w, = 0 and using the
assumptions on w and g, we find that || || X =C (62 + &9) for some positive constant C. We choose &
and &¢ small enough so that Ce? < %8 and Cgg < %e, with the consequence that i € M. This reasoning
implies that for any fixed g € Ng,, the function w( -, g) maps the set M, into itself. Moreover, given w

and wy in M, we find by linearity and Lemma 24 that

11 (wi,8) = w2, g (py S I fTwr] = fTwalllvep) S ellwn —wallgy):

Thus, choosing ¢ even smaller, if necessary, the previous estimate shows that (-, g) is a contraction
on M,. By Banach’s fixed-point argument, there exists thus a unique w* € M, such that w* = I(w*, g).
In particular, w* solves the nonlinear equation. From the previous choice of &, we moreover deduce that

0™l 2 < gl oo

Step 2: analytic dependence on initial data. In order to show that w* depends analytically on g, we
will apply the analytic implicit function theorem; see [Deimling 1985, Theorem 15.3]. Because the
nonlinearity f = f[w] is a rational function of w and Vw, and thus analytic away from its poles, the
contraction map [ is an analytic function on Mg x Ng,. We consider the map J : M X Ny, — M, defined
by J(w, g) = w — I(w, g). Because [ is analytic, so is J. It holds that 7(0,0) = 0 and D, /(0,0) = id.
From the analytic implicit function theorem we deduce the existence of two constants & < ¢ and £g < &g
and of an analytic map A : Nz, — Mjz with A(0) = 0 and such that J(w, g) = 0 if and only if A(g) = w.
From the uniqueness of the fixed point and the definition of J we then conclude that the map g > w™ is
analytic from Nz, to M;.

Step 3: analytic dependence on time and tangential coordinates. Let us now change from Euclidean
to spherical coordinates. For z = (z1,...,zx)T € B1(0), we find radius s € [0, 1] and an angle vector
¢p=(¢1.....0n-1)T € Axy_1:=1[0, 7]V =2 %[0, 2] such that z,, :s(]_[;';ll sin ¢; ) cos ¢, forn <N —1
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and zy = s ]_[lN;ll sin¢;. By a slight abuse of notation, we write w(¢,z) = w(z, s, ¢). For A € R and
¥ € Ay—1 we define

Wiy =W 0By, Eaylts.¢)i= s, ¢+1y).

A short computation reveals that w, y solves the equation

ath’w +/Haw;¢ = f/l,?,b[w;t,w]:
where
frplwl :=Af[w]+ (1 =D How + V- Vow, He=LE+nLs.

Clearly, f1,0 = f. Similarly as above, we denote by I ., (w, g) the solution to the linear equation with
inhomogeneity f3 y[w] and initial datum g. We furthermore set Jj  (w, g) := w — I} y(w, g). Itis
obvious that J1 ¢(0,0) = 0 and D, J1,0(0,0) = id. Applying the analytic implicit function theorem once
more, we find positive constants §, & < &, & < £o and an analytic function 4, ,(g) = A(A, ¥, g) from
B(gR(l) X B(;,RN_I (0) x Ng, to My such that J; 4 (A, 4(g). g) = 0. In particular, the above uniqueness
result gives that Ay ., (g) = A(g) o E 4. We conclude that w, 4 € X (p) depends analytically on A and
¥ in a neighborhood of (1,0) € R x R¥~1 In particular, there exists a constant A dependent only on N
such that for any k € Ng and B’ € NJ'~L, it holds that

k a8’ —k—|B’
[950% 16.vr=.0) waw | gy S AP IR B gl 1o
It remains to notice that
0505 |Gy =c1.0) Wiy (2. 2) = F T8 e 1 )
to deduce
BNk Vw (e, r ) < AT TRLB gl oo (52)

Step 4: regularity in transversal direction. The derivation of the transversal regularity relies on the
analyticity bounds established above together with the Morrey estimate

0l Loogoe 2y S 108 D)5 P I0l 208 (=)
+r0108 ISP IVl 20 oy + QL2100 200 2y 53)

which holds for any p > N uniformly in r and z. The proof of this estimate proceeds analogously to the
Euclidean case; see, e.g., [Evans and Gariepy 1992, Chapter 4.5]. We omit the argument.

In the following discussion, we keep r and z fixed and we set 8 = 6(r, z). For b € {2, 3}, we choose
o = (b—1)p and apply (53) to the effect that

4—bab d -1 b—14—b b
||V1/; asw”LOO(Q;l(Z)) <10y (Z)|(b_/f)p o qu 8sw”Lp(Q;l(Z))

—1 _ _
+ 10108 @)D, 10° 7 VP00Vl L oo o)

-1 _ _
+ 4108 I D  10°7 V2020w Lo 0d (o))
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We recall from (15) that |Qﬁl (2)|g ~ 0% Qf(z)| and that \/p(Z) < 0 forany Z € B;l (z) by virtue of (13).
Therefore,

19572080 oo gt ) = 042 1QF @172 0PV 8wl g
+ 6322108 ()72 PV PRV W b 0d )
+ 40422102 ()| TP 0PV 000wl Lo g (o)

With the help of the analyticity estimates (52), we easily deduce that

”9”t2v12pa?w”Loo(Qrd(z)) + (r9)2||ti3§’wllLoo(Qg(Z)) S lgliwr.co. (54)
An analogous argument yields the corresponding control of the time derivatives, namely
3
?”atw”lloo(le(z)) < llgllwi.co. (55)

In order to deduce control over the fourth-order vertical derivatives, we rewrite the nonlinear equation (6)
as

002 (pd%w) = f[w] —d;w + Lo.t.

The terms on the right-hand side are all uniformly controlled thanks to (52), (54) and (55). Similarly, we
may write
_P_l ar (pzar v)=h

for some & such that 1“1 € L™ for some k > 0, and where v = —p~ 19, (0?9, w). This identity can be
integrated so that

1
0yv = p_2/ phdrF.
r

The expression on the right is differentiable with
1
8%1} = 2p_3r/ ohdFi—p~th.
r

We deduce that pt*32v € L™ and thus p?t* 33w € L.
This argument can be iterated and yields the smoothness of w. O

Appendix: Derivation of the transformed equation

Let us write z = ®;(x). We will first verify that ® defines a diffeomorphism. For this purpose, we
compute the derivatives of @ in terms of x and v,
j_ 51']' _ xj(0;v+x;)
Qv+ [xHV2 - 2u+|x[2)3/2
Recalling the elementary formula det(/ —a ® b) = [ —a - b for any two vectors a and b, we compute that
2v—x-Vv
(2v + |x|2)N/2+1'

i

detVo(x) =
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If v is close to the Smyth—Hill solution in the sense that

[v=vsllLoo(p)) + VU + X[[Loop)) < &

for some small ¢, we find that 2v —x-Vv >1—3¢ and 2v + |x|2 > 1—2¢, which implies that the Jacobi
determinant is finite if ¢ is sufficiently small.
Let us express the derivative of ® in terms of the new variables z and w. Differentiating (5) yields

-V
3iv+xi=(1+w)Vw-3i<D=8iw—Z w(8,~v+xl~),
14+ w
and thus .
+w
d; =—9J;w.
iV l+w+z-Vw i

Plugging this and (5) into the expression for the derivatives of ®, we find
dij Zj0;jw
I+w (A+w)(l4+w+z-Vw)

0; o/ =
Under the assumption that w is such that
[wlzee + [[Vw|re <&

for some small e, we see by a calculation similar as the one above that ® is a diffeomorphism.
We will now compute how the change of variables acts on the confined thin-film equation (3). For
notational convenience, we set

p(z) = 5(1—1z]?),

and w = 1 + w, with the effect that
pw? =v=yu'/? (56)

For an arbitrary function f = f(z), it thus holds that

hif (z-V[)oiw
9; (f(D)) = — . 57
@)= = o 57
Now, differentiating (56) with respect to x; yields
1 d;w
2 2 =4 L 2 ~4
dju = —0; - z-V
y“oiu = —09i(p” W) Ptz Vi) (p"w")
~3 ~
s pW?0; W
= 2o i+ 22—
Pz w+z-Vw
Differentiating with respect to x; again, we obtain that
y? 2 2\.~2 0 1 2
L Pu=—(p—z2)0?+ —— 57 19.(0%0: W
) iU (o—z)w +1I)+Z-Vu~)p t(P~21w) I o
W i W W= (0; w
_fl)z'v % +(/O+|Z|2)..(—l)~2
w+z-Vw w+z-Vw (Ww+z-Vw)
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Hence, summing over i and rearranging terms yields

2 = =12 =12
y w+z-Vw V| V|
—Aux——=(1—-(N+2 -V L l—p)—————— V| ————= ).
T AU T = (L= (N 4 20p) (42 Vi) = L+ (1= p) o —pz -V e
With the help of the x-notation, the (nonlinear) term in the second line of the above identity can be
rewritten as

\V/ (k—1)x
Z(( :2 SoE (V0 B)2* + pVii x V2i0).

In what follows, it should become clear why this way of writing drastically simplifies the notation.
With the help of (57), we compute

w? D 3,0 f
ai(( +z- thf)( )) +z-vw(a Sz V(w+z Vw))

for any function f = f(z), and thus

—2(3 Au— x,)xw — N0 —0; LD
(Vw)z*—i—Vw*Vzw+p(V2w)2*+pr*V3
wW+z-Vw
(Vw)3*+(Vw)2**Vzw-i—pr*(Vzw)z*-l—p(Vw)z* 30
(W+z-Vw)?
(Vw)4*+(VU))3**v2w+,0(VU))2**(V2 V2 p(V)3*x V30
(w+z-Vw)3
(Vw)5*+p(Vw)4**V2w+p(Vw)3**(V2w)2*
(+z-Vi)*

+

+

We notice that the nonlinearity belongs to the class

Z (Vw)(k 1)

Ttz ViR * (V)** + Vi * V2 + p(VZ0)>* + pVb * V>0).

Similarly to the above, we compute for an arbitrary function f = f(z) that

> ot oW f ;W f
a"((uvﬂ.vwf)(q)))_uv+z.v~(af+3 +z- Vw_z'v(wﬂ—.vu;))’

and thus

y? z.V
Y V.V Au— ux)xw—i_—w (N+L)Li
oW

2
+ p* R_q[0]* (VD) + Vi * VD)
+px R_1 [0]*p((VZD)** + Vi« Vi)
+ p* R_a[0]%p? ((V20)* +Vix Vi x V3 i+ (VD) * « V4b),
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where R;[W] = r;j (V, W + z - Vb)) for some rational functions r; that are homogeneous of degree i, i.e.,
ri(sa,sb) =s'ri(a,b).
We finally turn to the computation of the time derivative. For this notice first that

2

y© oz
d; P =—"———0su,
and thus, a short computation shows that
2 5 pu~)4 .
—dsu = w
2 W+z-Vi !

After a rescaling of time # — y?¢, and recalling that @ = 1 + w, we find the transformed equation (6).
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