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PROPAGATION OF CHAOS, WASSERSTEIN GRADIENT FLOWS
AND TORIC KAHLER-EINSTEIN METRICS

ROBERT J. BERMAN AND MAGNUS ONNHEIM

Motivated by a probabilistic approach to Kihler—Einstein metrics we consider a general nonequilibrium
statistical mechanics model in Euclidean space consisting of the stochastic gradient flow of a given
(possibly singular) quasiconvex N-particle interaction energy. We show that a deterministic “macroscopic”
evolution equation emerges in the large N-limit of many particles. This is a strengthening of previous
results which required a uniform two-sided bound on the Hessian of the interaction energy. The proof
uses the theory of weak gradient flows on the Wasserstein space. Applied to the setting of permanental
point processes at “negative temperature”, the corresponding limiting evolution equation yields a drift-
diffusion equation, coupled to the Monge—Ampere operator, whose static solutions correspond to toric
Kéhler—Einstein metrics. This drift-diffusion equation is the gradient flow on the Wasserstein space of
probability measures of the K-energy functional in Kihler geometry and it can be seen as a fully nonlinear
version of various extensively studied dissipative evolution equations and conservation laws, including
the Keller—Segel equation and Burger’s equation. In a companion paper, applications to singular pair
interactions in one dimension are given.
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1. Introduction

The present work is motivated by the probabilistic approach to the construction of canonical metrics, or
more precisely Kdhler—Einstein metrics, on complex algebraic varieties introduced in [Berman 2013a;
2017], formulated in terms of certain S-deformations of determinantal (fermionic) point processes. The
approach in those papers uses ideas from equilibrium statistical mechanics (Boltzmann—Gibbs measures)
and the main challenge concerns the existence problem for Kidhler—Einstein metrics on a complex
manifold X with positive Ricci curvature, which is closely related to the seminal Yau—Tian—Donaldson
conjecture in complex geometry. In this paper, which is one in a series, we will be concerned with a

MSC2010: 00AO05.
Keywords: statistical mechanics, Kiahler—Einstein metrics, propagation of chaos, Langvin equation.
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dynamic version of the probabilistic approach in [Berman 2013a; 2017]. In other words, we are in the
realm of nonequilibrium statistical mechanics, where the relaxation to equilibrium is studied. As the
general complex geometric setting appears to be extremely challenging, due to the severe singularities
and nonlinearity of the corresponding interaction energies, we will here focus on the real analog of the
complex setting introduced in [Berman 2013b], taking place in R" and which corresponds to the case when
X is a toric complex algebraic variety. As explained in that paper in this real setting the determinantal
(fermionic) processes are replaced by permanental (bosonic) processes and convexity plays the role of
positive Ricci curvature/plurisubharmonicity (see Section 5C for some geometric background).

Our main result (Theorem 1.1) shows that a deterministic evolution equation on the space of all
probability measures on R" emerges from the underlying stochastic dynamics, which as explained below,
can be seen as a new “propagation of chaos” result. The evolution equation in question is a drift-diffusion
equation coupled to the fully nonlinear real Monge—Ampéere operator. It turns out that in the case of the
real line (i.e., n = 1) this equation is closely related to various extensively studied evolution equations,
notably the Keller—Segel equation in chemotaxis [Keller and Segel 1970], Burger’s equation [Hopf 1950;
Frisch and Bec 2001] in the theory of nonlinear waves and scalar conservation laws and the deterministic
version of the Kardar—Parisi—Zhang (KPZ) equation describing surface growth [Kardar et al. 1986]. In
the higher-dimensional real case, the equation can be viewed as a dissipative viscous version of the
semigeostrophic equation appearing in dynamic meteorology; see [Loeper 2006; Ambrosio et al. 2014].
Moreover, closely related evolution equations appear in cosmology and in particular in Brenier’s approach
to the Zeldovich model used in the early universe reconstruction problem [Shandarin and Zel’dovich
1989; Frisch et al. 2002; Brenier 2011; 2016].

As we were not able to deduce the type of propagation of chaos result we needed from previous general
results and approaches, the main body of the paper establishes the appropriate propagation of chaos result,
which, to the best of our knowledge, is new and hopefully the result, as well as the method of proof,
is of independent interest. As will be clear below, our approach heavily relies on the theory of weak
gradient flows on the Wasserstein L?-space P,(R") of probability measure on R” developed in the seminal
work of Ambrosio, Gigli and Savaré [Ambrosio et al. 2005], which provides a rigorous framework for
the Otto calculus [2001]. In particular, just as in [Ambrosio et al. 2005], convexity (or more generally
A-convexity) plays a prominent role. Our limiting evolution equation will appear as the gradient flow on
P2(R") of a certain free-energy-type functional F. Interestingly, as observed in [Berman 2013c; Berman
and Berndtsson 2013] the functional F may be identified with Mabuchi’s K-energy functional on the
space of Kihler metrics, which plays a key role in Kédhler geometry. The gradient flows of F' with respect
to other metrics (the Mabuchi—Donaldson—Semmes metric and Calabi’s gradient metric) are the renowned
Calabi flow and K#hler—Ricci flow respectively [Chen and Zheng 2013]. The regularity and large-time
properties of the evolution equation appearing here will be studied elsewhere [Berman and Lu > 2018;
Berman > 2018].

In the remaining part of the introduction we will state our main results: first a general propagation of
chaos result, assuming a uniform Lipschitz and convexity assumption on the interaction energy, and then
the application to permanental point processes and toric Kihler—Einstein metrics. In the companion paper
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[Berman and Onnheim 2016] we give a more general formulation of the propagation of chaos result, by
relaxing some of the assumptions (in particular, this yields sharp convergence results for strongly singular
repulsive pair interactions when n = 1).

1A. Propagation of chaos and Wasserstein gradient flows. Consider a system of N identical particles
diffusing on the n-dimensional Euclidean space

X :=R"

and interacting by a symmetric energy function E N (x, x2, ..., xy), at a fixed inverse temperature f.
According to nonequilibrium statistical mechanics, the distribution of particles at time ¢ is described by
the following system of stochastic differential equations (SDEs), under suitable regularity assumptions
on EM):

9 2
dx;(t) = —WE(N)(xl X, .. xN)dt + \/%dBi(t), (1-1)

1

where B; denotes N independent Brownian motions on R"; the equation is called the (overdamped)
Langevin equation in the physics literature [Schwabl 2002, Section 8.1.2]. In other words, this is the
Itd diffusion on R” describing the (downward) gradient flow of the function E®Y) on the configuration
space X" perturbed by a noise term. A classical problem in mathematical physics going back to Boltzmann
and made precise by Kac [1956] is to show that, in the many-particle limit where N — oo, a deterministic
macroscopic evolution emerges from the stochastic microscopic dynamics described by (1-1). More
precisely, denoting by § the empirical measures

1
Sy = NZ&Q, (1-2)

the SDEs (1-1) define a curve §x(¢) of random measures on X. The problem is to show that, if at the
initial time ¢ = 0 the random variables x; are independent with identical distribution ¢, then the empirical
measure éy (¢) converges in law to a curve u, of measures on R",

lim én(7) = w, (1-3)
N—o0

at any time ¢ > 0. In the terminology of [Kac 1956], see also [Sznitman 1991], this means that propagation
of chaos holds. It should be stressed that the previous statement admits a pure PDE formulation, not involv-
ing any stochastic calculus (see Section 2C) and it is this analytic point of view that we will adopt here.'

Of course, if propagation of chaos is to hold then some consistency assumptions have to be made on
the sequence E™) of energy functions as N tends to infinity. The standard assumption in the literature
ensuring that propagation of chaos does hold is that E™)(x;, x5, ..., xy) can be as written as

E™M(x1,x2,...,x5) = NE(@y) (1-4)

for a fixed functional E on the space of P(X) of all probability measures on X, where E is assumed to
have appropriate regularity properties (to be detailed below). This is sometimes called a mean field model.

IFrom a differential geometric point of view the SDEs (1-1) correspond, under the transformation p — eE/2 , to the heat
flow on XV of the Witten Laplacian of the “Morse function” E, but we will not elaborate on this point here.
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By the results in [Braun and Hepp 1977; Sznitman 1991; Dawson and Gértner 1987; Mischler et al.
2015], it then follows that the limit wu,(= p, dx) with initial data uo(= pp dx) is uniquely determined
and satisfies an explicit nonlinear evolution equation on P(X) of the form

dp; 1

ar = EAPI—V‘(,Otb[,Ot])a (1-5)

where we have identified (= p dx) with its density p and b[u] is a function on P(X) taking values in
the space of vector fields on X:

blul=—-V(dE), (1-6)

where the differential dE|,, at u is identified with a function on X, by standard duality (the alternative
suggestive notation b[p] = —V(IE(p)/dp) is often used in the literature). In the kinetic theory literature
drift-diffusion equations of the form (1-6) are usually called McKean—Viasov equations [McKean 1966;
1967]. More generally, the results referred to above hold in the more general setting where the gradient vec-
tor field —(8/8x,-)E(N) (x1,x2,...,xy) on X appearing in (1-1) is replaced by b[§y] for a given function
b[u] on P(X), taking values in the space of vector fields and satisfying appropriate continuity properties.

One of the main aims of the present work is to introduce a new approach to the propagation of chaos
result (1-3) for the stochastic dynamics (1-1) which exploits the gradient structure of the equations in
question and which applies under weaker assumptions than the previous results, referred to above. As
indicated above, our main motivation for weakening the assumptions comes from the applications to toric
Kihler-FEinstein metrics described below. In that case EV) satisfies the following assumptions, which
will be referred to as the main assumptions: E®™Y) is uniformly Lipschitz continuous in each variable
separately, i.e., there is a constant C such that

(MA1) v, EV| < C, (1-7)
and there exists a (finite) functional E(u) on the Wasserstein space P(R") such that

1
(MA2) FENV (1 x, o xw) = EGN) +o(), (1-8)

where o(1) denotes a sequence of functionals on P(R") converging pointwise to zero on P(R") as N — oo.
Moreover, E®M) is A-convex on XV for some real number A, which means that the (distributional) Hessians
are uniformly bounded from below on R"V,

(MA3) (VZEM)Y >, (1-9)

where I denotes the identity matrix on R"Y. This implies, in particular, that there exists a unique solution
to the evolution equation (1-5) in the sense of weak gradient flows on the space P,(R") of all probability
measures with finite second moments equipped with the Wasserstein L?-metric [Ambrosio et al. 2005]:

i

=—-VF, ,
dr ﬁ(Mz)
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where Fjy is the free-energy-type functional corresponding to the macroscopic energy E () at inverse
temperature g3,

Fa(u) = E(u) + %H(M),

and where H (u) is the Boltzmann entropy of i (see Section 2A for notation).

Theorem 1.1. Let E™) be a sequence of symmetric functions on (R")N satisfying the main assumptions
(1-8), (1-7) and (1-9) and consider the corresponding system of SDEs (1-1). If the initial data x;(0)
consists of independent and identically distributed random vectors with law g € Pr(R"), then, at any
fixed positive time t, the corresponding empirical measures converge in law, as N — 00, to the measure
U € P2(R™), where the curve t — , is the gradient flow on the Wasserstein space P(R") of the free

energy functional Fg, emanating from pio.

In fact, the convergence of the laws will be shown to hold in the L2-Wasserstein topology. This leads
to a strong form of propagation of chaos in the present setting (implying that the correlations between the
random vectors x; () and x;(7) tend to zero as N — oo, if i # j; see Section 3B).

It should be stressed that the key point of our approach is that we do not need to assume that the
drift b[p](x) defined by (1-6) has any continuity properties with respect to u or x, in contrast to previous
work [Braun and Hepp 1977; Sznitman 1991; Dawson and Gartner 1987; Mischler et al. 2015]. This will
be crucial in the applications to toric Kihler—Einstein metrics, where the interaction energies EV) are
smooth and convex, but the norms of corresponding Hessians are not uniformly bounded in N (which is
reflected in the fact that the corresponding function x — b(u)(x) is not continuous for a general ).

We recall that if the drift is assumed to have suitable continuity properties, then the existence of a
solution to the drift-diffusion equation (1-5) can be established using fixed-point-type arguments [Sznitman
1991]. However, in our case we have, in general, to resort to the weak gradient flow solutions provided
by the general theory in [Ambrosio et al. 2005], where the solution p; can be characterized uniquely by a
differential inequality called the evolutionary variational inequality (EVI). As shown in that work, the
corresponding solution p, satisfies the drift-diffusion equation (1-5) in a suitable weak sense, as follows
formally from the Otto calculus [Otto 2001].

1A1. Idea of the proof of Theorem 1.1 and comparison with previous results. The starting point of the
proof is the basic fact that the SDEs (1-1) on X" admit a PDE formulation. Indeed, as recalled in
Section 2C, they correspond to a linear evolution 1y (¢) of probability measures (or densities) on X%,
given by the corresponding forward Kolmogorov equation (also called the Fokker—Planck equation).
Given this fact, our proof of Theorem 1.1 proceeds in a variational manner, building on [Jordan et al.
1998; Ambrosio et al. 2005] (and inspired by the approach introduced in [Messer and Spohn 1982] in the
static setting of Gibbs measure): the rough idea is to show that any weak limit curve I"(¢) of the laws

Ly() == On)«pn(@) € P2(Y), Y =Pr(R"),

is of the form I" () :=§,,,, where the curve u, in P> (R") is uniquely determined by a “dynamic minimizing
property”. To this end we first discretize time, by fixing a small time mesh 7 := ;1 —1;, and replace, for
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any fixed N, the curve I'y () with its discretized version '} (), defined by a variational Euler scheme (a
“minimizing movement” in De Giorgi’s terminology) as in [Jordan et al. 1998; Ambrosio et al. 2005].
We then establish a discretized version of Theorem 1.1 saying that if, at a given discrete time #;, the
convergence
A Ty =8,

holds in the L?-Wasserstein metric then the convergence also holds at the next time step ti+1 (using a
variational argument). In particular, since, by assumption, the convergence above holds at the initial
time 0 it “propagates” by induction to hold at any later discrete time. Finally, we prove Theorem 1.1 by
letting the mesh t tend to zero. This last step uses that the error estimates established in [Ambrosio et al.
2005], for discretization schemes as above, only depend on a uniform lower bound X on the convexity of
the interaction energies.

Our proof appears to be rather different from the probabilistic approaches in [Sznitman 1991; Dawson
and Giértner 1987], which are based on a study of nonlinear martingales, and the recent PDE approach in
[Mischler et al. 2015]. The latter approaches require a two-sided uniform bound on the Hessian of the
interaction energy EV), while we only require a uniform lower bound.

It may also be illuminating to think about the convergence of I'y () towards I"(¢) as a kind of stability
result for the sequence of weak gradient flows on P,(Y), associated to the corresponding mean free
energies, viewed as functionals on P,(Y). This situation is somewhat similar to the stability result for
gradient flows on P,(H) in [Ambrosio et al. 2005; 2009], where H is a Hilbert space, but the main
difference here is that the underlying space Y is not a Hilbert space, as opposed to the setting in those
works, which prevents one from directly applying the error estimates in [Ambrosio et al. 2005] on the
space P, (Y) itself; this analog is expanded on in the companion paper [Berman and Onnheim 2016].

1B. Applications to permanental point processes at negative temperature and toric Kihler—Einstein
metrics. Let P be a convex body in R” containing zero in its interior and denote by Pz the lattice points
in P, i.e., the intersection of the convex body P with the integer lattice Z". We fix an auxiliary ordering

P1, ..., py of the N elements of Pz. Given a configuration (x1, ..., xy) of N points on X, we denote
by Per(xy, ..., xy) the number defined as the permanent of the rank-N matrix with entries A;; := e 'Pi:
Per(xy, ..., xy) :=Per(e"'?i) = Z e*1 Po AN Po ) (1-10)
GGSN

where Sy denotes the symmetric group on N letters. This defines a symmetric function on R™Y which is
canonically attached to P (i.e., it is independent of the choice of ordering of P7).”> We will consider the
large-N limit which appears when P is replaced by the sequence kP of scaled convex bodies for any
positive integer k. In particular, N depends on k as

_ K"V (P)

Ny
n!

+ o(k™),

2In many body quantum mechanics Per(xy, ..., x)) appears as the N-particle wave function for a bosonic system of N
particles represented by the N wave functions e*'P/, i.e., N planar waves with imaginary momenta proportional to p;.
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where V (P) denotes the Euclidean volume of P. In this setting the interaction energy is defined by
1
ENO(xy, ..., xp) = 7 logPer(x1, ... x,). (1-11)

To simplify the notation we will often drop the explicit dependence of N on k.
By the results in [Berman 2013b], the assumptions in Theorem 1.1 hold with

E(un) :=—-C(n),
where C(u) is the Monge—Kantorovich optimal cost for transporting w to the uniform probability
measure vp on the convex body P, with respect to the standard symmetric quadratic cost function c(x, p) =
—x - p. Hence, the corresponding free-energy functional may be written as

Fp(n) = ~CQ0) + 5 H(w. (1-12)

Theorem 1.2. Assume that B > 0 and consider the system of SDEs (1-1), defined by the interaction energy
(1-11). If the initial data x;(0) consists of independent and identically distributed random vectors with
law g € Pr(R"), then at any fixed positive time t, the corresponding empirical measures converge in law,
as N — 00, to the measure ju; € Pr(R"), where the curve t — u, is the gradient flow on the Wasserstein
space P>(R") of the free energy functional Fg (1-12) emanating from . The corresponding densities p;
on R" satisfy the following evolution PDE in the distributional sense:

00 1
—— =—A V- (o; Vo), 1-13
ar B P+ (0 V) ( )
where ¢, (x) is the “convex potential” of py, i.e., the convex function on R" solving the Monge—Ampeére
equation
1 2
= 1-14
Vo @00 = o (1-14)
(in the weak sense of Alexandrov) normalized so that ¢ (0) = 0 and satisfying the growth condition
¢(x) <supp-x (1-15)
peP

(equivalently, the closure of the gradient image of ¢ is equal to P).

Let us briefly explain how Theorem 1.2 provides a stochastic dynamic approach for constructing
Kihler—Einstein metrics on toric varieties; details will appear in a separate publication [Berman > 2018].
We first recall that the Kéhler potential of such a metric can be identified with a convex function ¢
satisfying the Monge—Ampere equation on R”

det(d%¢) = e, (1-16)

subject to the growth condition (1-15), with P being the moment polytope of the toric variety; see [Wang
and Zhu 2004; Berman and Berndtsson 2013]. Now, a direct computation reveals that the corresponding
density p := det(3%¢) (which may be identified with the volume form of the Kihler—Einstein metric) is
a stationary solution of the evolution equation appearing in Theorem 1.2. This is consistent, as it must
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be, with the fact that the free-energy functional Fg (1-12) may be identified with Mabuchi’s K-energy
functional on the space of Kihler metrics (when 8 = 1), whose minimizers are precisely the Kédhler—
Einstein metrics [Berman 2013c; Berman and Berndtsson 2013]. As shown in [Berman > 2018], this fact
can be used to show that the solution p; of the evolution equation appearing in Theorem 1.2 converges,
when t — 00, to the volume form of a Kidhler-Einstein metric on X p, if such a metric exists, which, in
turn, is equivalent to the vanishing of the barycenter of the polytope P [Wang and Zhu 2004; Berman
and Berndtsson 2013]. As discussed in Section 5A this can be viewed as a generalization of well-known
stability properties for scalar conservation laws. The upshot of all this is that letting first N and then
t tend to infinity in the SDEs (1-1), corresponding to the interaction energy (1-11), produces a toric
Kihler-Einstein metric, when such a metric exists.

As we point out in Sections 4D, 5C1 our results also apply to the tropical analog of the permanental
setting above, which can be viewed as the tropicalization of the complex geometric setting on the
corresponding toric variety. In the corresponding deterministic setting (i.e., By = 00) the particles then
perform zigzag paths in R" generalizing the extensively studied sticky particle system on R [Weinan et al.
1996; Brenier and Grenier 1998; Natile and Savaré 2009]. This is closely related to the Zeldovich model
for the formation of large-scale structures in cosmology; see [Frisch et al. 2002; Brenier 2011; 2016]
(compare to the discussion in Section 5B).

There is also a static analog of Theorem 1.2 (formulated in terms of Gibbs measures), which yields a
probabilistic tropical analog of the Yau—Tian—Donaldson conjecture on toric Fano varieties linking the
existence problem for toric Kdhler—Einstein metrics to a notion of stability. This result first appeared
in a previous preprint version of the present paper on the arXiv, but it has been deferred to a separate
publication to shorten the present paper.

1C. Generalizations of Theorem 1.1. Let us conclude this introduction by pointing out that Theorem 1.1
admits various generalizations, obtained by weakening the assumptions, which are developed in the
companion paper [Berman and Onnheim 2016]:

« By rescaling EY) we may as well allow the “inverse temperature” 8 appearing in the SDEs (1-1) to
depend on N as long as

Bn — B €10, o<,

as N — oo. In particular, Theorem 1.1 also applies to 8 = co where the evolution equation (1-5) becomes
a pure transport equation (i.e., with no diffusion). However, the precise relation to weak solutions becomes
much more subtle and is closely related to the notions of entropy solutions and viscosity solutions studied
in the PDE literature [Lax 1973], as detailed in [Berman and Onnheim 2016]. In fact, one may even allow
that By = oo, where the corresponding convergence results yields a deterministic mean field particle
approximation.

e The assumptions (MA1) and (MA2), formulas (1-7), (1-8), may be replaced by a uniform coercivity
assumption on EM together with the assumption that the mean energies corresponding to E™) converge
as functionals on P> (P> (R)), in a suitable sense (which is closely related to the notion of I'-convergence).
This ensures that a weaker form of Proposition 3.6 holds.
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o The convexity assumption (MA3) on EY) may be replaced by a generalized convexity property of the
corresponding mean energy functional on P, (R™Y)5¥,

1D. Organization. In Section 2 we start by recalling the general setup that we will need from probability,
the theory of Wasserstein spaces and weak gradient flows and then turn to the proof of Theorem 1.1 in
Section 3B (starting with the discretized situation). In Section 4 we go on to apply the previous general
results to the permanental setting and its tropical analog. In the final section we provide on outlook on
some relations to conservation laws, sticky-particle-type systems and complex geometry. The Appendix
recalls the basics of the formal Otto calculus and is included to serve as a motivation for the material on
Wasserstein gradient flows. The rather lengthy setup and preparatory material in Section 2 are due to our
effort to make the paper readable to a rather general audience.

2. General setup and preliminaries

2A. Notation. Given a topological (Polish) space Y we will denote the integration pairing between
measures 1 on Y (always assumed to be Borel measures) and bounded continuous functions f by

(. 1) :=ffu

(we will avoid the use of the symbol du since d will usually refer to a distance function on Y). In the
case Y = R we will say that a measure . has a density, denoted by p, if 11 is absolutely continuous with
respect to Lebesgue measure dx and = p dx. We will denote by P(RP) the space of all probability
measures and by P,.(R?) the subspace containing those with a density. The Boltzmann entropy H (p)
and Fisher information I (p) (taking values in ]—o00, 0o]) are defined by

IVpl*
b P

Hip) = /R (ogp)pdx, 1(0)= /R dx 2-1)

(assuming that Vp € L'(dx) and p~'Vp € L?*(pdx)). More generally, given a reference measure (g
on Y the entropy of a measure p relative to g is defined by

Hppy (1) = / <log i)u 2-2)
XN Mo

if the probability measure pu on X is absolutely continuous with respect to g and otherwise H (i) := oo.
The relative Fisher information is defined similarly, by replacing p with the density 1/ in formula (2-1).

Given a lower semicontinuous (Isc, for short) function V on Y and 8 € ]0, oc] (the “inverse temperature”)
we will denote by F ,;/ the corresponding (Gibbs) free-energy functional with potential V :

FY G0 = [ Vit 0. (2-3)
X

which coincides with 1/8 times the entropy of u relative to e~ .
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2B. Wasserstein spaces and metrics. We start with the following very general setup. Let (X, d) be a
given metric space, which is Polish, i.e., separable and complete, and denote by P(X) the space of all
probability measures on X endowed with the weak topology, i.e., uj — n weakly in P(X) if and only if
f i f = f x mf for any bounded continuous function f on X (this is also called the narrow topology in
the probability literature). The metric d on X induces /”-type metrics on the N-fold product X" for any
given p € [1, oo[:

N 1/p
dp(X1, . XN Y1 oo v YN) 1= (Zd(xi»)’i)p> .
i=1

The permutation group Sy on N letters has a standard action on X%, defined by (o, (x1, ..., xn)) —
(Xo(1), - - - » Xo(vy) and we will denote by X¥) and 7 the corresponding quotient and quotient projection,
respectively:

XM= xN/sN g xN 5 xW™, (2-4)

The quotient X™ may be naturally identified with the space of all configurations of N points on X. We
will denote by d(,) the induced distance function on X ), suitably normalized:

N 1/p
) . 1 p
d(P)(xls---,XN,YI,---,)’N) ._o’lenﬁfN(ﬁ Eld(xi?yo‘(i)) > .
i=

The normalization factor 1/N'/P ensures that the standard embedding of XV into the space P(X) of all
probability measures on X,

) =1
XM s P(X),  (x1,...,xn5) > Sy ._NZ(S)C,. (2-5)

(where we will call §y the empirical measure), is an isometry when P(X) is equipped with the
L?-Wasserstein metric dwr induced by d (for simplicity we will also write dw, = d,,),

dh oyt [ dex)y. 2-6)

where y ranges over all couplings between p and v; i.e., y is a probability measure on X x X whose
first and second marginals are equal to p and v respectively (see Lemma 2.3 below). We will denote by
WP (X, d) the corresponding L?-Wasserstein space, i.e., the subspace of P(X) consisting of all & with
finite p-th moments: for some (and hence any) xg € X

/ d(x, x0)?u < oo.
X

We will also write W7 (X, d) = P,(X) when it is clear from the context which distance d on X is used.

Remark 2.1. In the terms of the Monge—Kantorovich theory of optimal transport [ Villani 2003], d é)Vp (m,v)
is the optimal cost for transporting p to v with respect to the cost functional c(x, p) := d(x, y)”.
Accordingly a coupling y as above is often called a transport plan between p and v and it is said to be
a transport map T if y = (I x T),u, where T, = v. In particular, if X =R", p =2 and p and v are
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absolutely continuous with respect to Lebesgue measure, then, by Brenier’s theorem [1991], the optimal
transport plan y is always defined by a transport map 7'(:= 7)) of the form 7] = V¢, where ¢ is a
convex function on R" (optimizing the dual Kantorovich functional).

We recall the following standard proposition:

Proposition 2.2. A sequence p; converges to i in the distance topology in WP (X, d) if and only if w;
converges to |1 weakly in P(X) and the p-th moments converge. As a consequence, if |1; converges to
w weakly in ‘P(X) and the p-th moments are uniformly bounded, i.e., for some xo € X there exists a
constant Cy such that

/ d(x, x0)’nj < Co,
X

then pj converges to i in the distance topology in WP (X, d) forany p' < p.

Proof. For the first statement see for example [Villani 2003, Theorem 7.12]. The second statement is
certainly also well known, but for completeness we include a simple proof. Fix xg € X and take the
decomposition

/d(x,xo)p W =/ d(x, x0)? Mj+/ d(x, x0)" ;.
X {d(x,x0)<R} {d(x,x0)>R}

Since d(x, xo)p/ <d(x,xp)?/ R®P=P) when d (x, x0) > R, the second integral above is bounded from
above by Co/R(P~7). Moreover, by the assumption of weak convergence, the first term above converges
to f{ d(x.x0)<R) d(x, x0)” i, as j — oo. Finally, letting R tend to infinity concludes the proof. U

Since ¥, := (W),(X), dw,) (:= Pp(X)) is also a Polish space we can iterate the previous construction
and consider the Wasserstein space W, (Y) C P(P (X)) that we will write as W, (P, (X)), which is thus
the space of all probability measures I' on P(X) such that, for some g € W,(X),

[t <ce.
P(X)

Lemma 2.3 (three isometries).

o The empirical measure Sy defines an isometric embedding (XM, dpy) = Pp(X).

o The corresponding push-forward map (8x )+ from P(X™N)) to P(P(X)) induces an isometric embed-
ding between the corresponding Wasserstein spaces W, (X )] dpy) and W, (P, (X)).

o The push-forward 1, of the quotient projection w : X¥ — XW) induces an isometry between the

subspace of symmetric measures in W, (XN, (1/N1/l’)dp) and the space W, (XM, dp)).

Proof. The first statement is a well-known consequence of the Birkhoff—Von Neumann theorem which
gives that for any symmetric function c(x, y) on X x X we have thatif u = % Z,N: 1 0y, and v = % Z,N: 1 Oy,
for given (xq,...,xn), (V1,...,YN) € XV, then

inf /c(x,y)dF: inf /c(x,y)dl"‘,
T'(u,v) Iy (,v)
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where 'y (u, v) C I'(u, v) consists of couplings of the form ', := % D 6y, @8 for o € Sy, where

Yo (i)
Sy is the symmetric group on N letters. The second statement then follows from the following general
fact: if f : (Y1,d)) — (Y2, d,) is an isometry between two metric spaces, then f, gives an isometry
between W, (Y1, d) and W, (Y2, d3). This follows immediately from the definitions once one observes
that one may assume that the coupling y, between f.u and f,v is of the form f,y; for some coupling y;
between p and v. The point is that y can be taken to be concentrated on f (Y1) x f(Y2) (since this set
contains the product of the supports of ; and v) and hence one can take y; := (f ™' ® f~1).¥», where
(' YU B), FO) := (v, ) is well-defined, since f induces a bijection between Y; and f(Y).
Finally, the last statement follows immediately from the following general claim applied to ¥ = X" with
d= (I/Nl/p)de’lp and G = Sy. Let G be a compact group acting by isometries on a metric space (Y, d)
and consider the natural projection 7 : Y — Y /G. We denote by dg the induced quotient metric on Y/ G.
The push-forward 7, gives a bijection between the space P(X)¢ or all G-invariant probability measures
on X and P(X/G). The claim is that 7, induces an isometry between the corresponding Wasserstein
spaces Py (X)¢ and Py(X/G);ie., dw,(u, v) =dw, (e pt, T4v) if w and v are G-invariant; see [Lott and
Villani 2009, Lemma 5.36]. O

Let us also recall the following classical result

Lemma 2.4. Let g be a probability measure on X. Then (SN)*M?N — 8y, in P(P(X)) weakly as
N — o0.

In fact, according to Sanov’s classical theorem the previous convergence result even holds in the
sense of large deviations at speed N with rate functional given by the relative entropy functional H ()
[Dembo and Zeitouni 1993, Theorem 6.2.10].

2B1. The present setting. We will apply the previous setup to X = R" endowed with the Euclidean
metric d. Moreover, we will mainly use the case p = 2. Then the corresponding metric d» on X* is
the Euclidean metric on XV = R™". Identifying a symmetric (i.e., Sy-invariant) probability measure 1y
on X" with a probability measures on the quotient X¥) (as in Lemma 2.3) the second and third points
in Lemma 2.3 may (with ¢ = 2) be summarized by the following chain of equalities that will be used
repeatedly below:

1
NN 1) = doy (s 1) = dwy ey (T, T, @7

where I'y and I');, denote the push-forwards under  of un and py respectively. To simplify the notation
we will often simply write

d = dw,p,®r))

for the metric on W, (P, (R")) (or sometimes d = dy).

2C. The forward Kolmogorov equation for the SDEs and the mean free energy Fy g. Fix a positive
integer N and 8 > 0 (which may depend on N when we will later on let N — o0). Let (X, g) be a
Riemannian manifold and denote by dV the volume form defined by g. In our case (X, g) will be the
Euclidean space R".
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Consider the SDEs (1-1) on X" with the initial condition that x; (0) are independent random variables
with identical distribution iy € P(R”). As is well known, under suitable regularity assumptions, this
defines, for any fixed 7, a probability measure 17 on the space of all continuous curves (“sample paths™)
in XV, i.e., the space of continuous maps [0, T] — X N [Stroock and Varadhan 1997, Chapter 5]. For ¢
fixed we can thus view x™(¢) as an X" -valued random variable on the latter probability space. Then its

law
ui = M@
gives a curve of probability measures on XV) of the form ,uEN) = p,(N)dV®N, where the density ,o,(N)
satisfies the corresponding forward Kolmogorov equation
(N)
0
B =g £V VED), 28)

which thus coincides with the linear Fokker—-Planck equation (A-6) on XV with potential V := E™), In
this formula the initial conditions for the SDEs translates to

Hirco = 1§ (2-9)
In particular, the law of the empirical measures 5y (¢) for the SDEs (1-1) can be written as the following
probability measure on P(X):

Ty (1) := Ol

where 8y is the empirical measure defined by (2-5).

Anyway, for our purposes we may as well forget about the SDEs (1-1) and take the forward Kolmogorov
equation (2-8) on X as our the starting point, together with the initial condition (2-9). We will exploit
the well-known fact, going back to [Jordan et al. 1998] (see Theorem 2.14 below) that the latter evolution
equation can be interpreted as the gradient flow on the Wasserstein space P>(X") of the functional

F G = [

1
EMpy+ - H(uy),
XV B

where H ( -) is the entropy relative to 1o :=d V®", formula (2-2); occasionally we will omit the subscript
in the notation F éN).
Following standard terminology in statistical mechanics we will call the scaled functional Fy g :=

F /§N) /N the mean free energy, which is thus a sum of the mean energy En(:= Fy ) and the mean

entropy Hy (1 ):

Fypg=En-+ %HN;

1.e.,

1 1 1
Fypun) =5 Fg (un) = f B+ g H (), (2-10)
X

Note that it follows immediately from the definition that the mean entropy is additive: for any u € P(X)

Hy(n®V) = H(n).
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In the case dV is a probability measure, it follows immediately from Jensen’s inequality that H (©) > 0.
In our Euclidean setting this is not the case but using that | e~ dx < oo for any given € > 0 one then
gets

1ﬂMz—f/uFu—Q. 2-11)

As a consequence we have the following:

Lemma 2.5. If the mean energy satisfies the uniform coercivity property

1 (N) L 2 _ _
N/}(NE (un) = 2T*d2(MNaF*) C (2-12)

for some fixed T, > 0 and Ty, € Wo(P(X)) and positive constant C, then so does FN) /N.

Remark 2.6. The linear forward Kolmogorov equation (2-8) can also be viewed as the gradient flow of
the mean free energy + F™) if one instead uses the scaled metric gy := +,¢®" on X". Moreover, in our
case, E™) will be symmetric, i.e., Sy-invariant, and hence the flow defined with respect to (X N gnN)
descends to the flow defined with respect to XV := XV /Sy equipped with the distance function dyw)
defined in Section 2B. Using the isometric embedding defined by the empirical measure (Lemma 2.3) we
can thus view the sequence of flows on the sequence of spaces P(X") as a sequence of flows on the same
(infinite-dimensional) space W»(P(X)) and this is the geometric motivation for the proof of Theorem 1.1.

2D. Propagation of chaos and the L>-Wasserstein topology. First recall [Sznitman 1991] that a se-
quence 1) of symmetric probability measures on X is said to be chaotic if there exists a probability

measure 1 on X such that, for any given finite number of functions fi, ..., fx in Cp(X),
tim [ Ao A = [ e [ 2-13)
N—o0 XN X X

(more precisely, then ™) is called p-chaotic).

Equivalently [Sznitman 1991, Proposition 2.2], this means that the empirical measure §y on the
probability space (X", u™) converges in law towards u, i.e., the following convergence holds with
respect to the weak topology in P(P(X)):

lim (8y)pu™) =36,,.
N—o0

Now consider the system of SDEs (1-1) and assume that the initial random variables x(0), ..., xx(0)
are independent with identical law pg. This means that the corresponding curve of probability measures
w™(t) on XV (evolving by the forward Kolmogorov equation corresponding to the SDEs) is given by
1SN when t = 0 (i.e., the initial condition (2-9) holds). In particular, 1tV (¢) is j-chaotic when ¢ =0 (by
Lemma 2.4). In the terminology introduced by Kac, propagation of chaos is said to hold if the sequence
w™ (1) remains chaotic for any positive time 7, i.e., if there exists a curve x(f) in P(X) emanating from
o such that the sequence N () is ju(¢)-chaotic for any ¢ > 0.

In the present setting of Theorem 1.1 we will establish propagation of chaos in a stronger sense.
Namely, we will show that if 1o € P>(R"), then (8x).u™ (1) converges to 8.ty iIn P2(P2(R")), with
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respect to the topology defined by the Wasserstein L>-metric. This is stronger than propagation of chaos
YN, ) tend to
zero as N — oo (by symmetry this equivalently means that the correlations between x; and x; tend to

since it also implies that the correlations between the random variables x; and x, on ((R"
zero, if i # j). This is made precise by the following lemma, where (x), denotes the «-th component of
a vector x € R":

Lemma 2.7. Let u'N) be a sequence of symmetric probability measures on (R™N such that (§y) ™ (1)
converges to 8, in P,(P»(R")), with respect to the topology defined by the Wasserstein L?-metric. Then

u™) is p-chaotic and moreover, for any given (ay, o) € {1, ..., n}>
Nli_r)noo([EN((xl)al (¥2)e) — EN (X1 JEN ((X2)o,)) =0,

where Ey denotes the expectation with respect to ™.

Proof. This follows readily from the definitions, but for completeness we provide a proof. By assumption
the probability measures Ty := (85)«uY) converge to 8, in P2(P2(R")) in the Wasserstein L2-metric.
Using Proposition 2.2 this convergence is equivalent to having

lim | Ty® = ®(w) (2-14)

N—o00

for any continuous function ® on P,(R") of subquadratic growth, i.e., ®(v) < Cod‘zyz(v, Vo) + Cy for a
fixed element vy € P> (R"). Taking vy = &, the latter growth condition means that

CI>(v)§C/|x|2v+C (2-15)

for some constant C. In particular, setting ®(v) := [ fjv--- [ fxv for given bounded continuous functions
f1, ..., fr and expanding reveals that (2-13) holds, showing that propagation of chaos holds. At this
point we have only used the convergence of I'y towards §,, in the weak topology, just as in the proof of
one direction of [Sznitman 1991, Proposition 2.2]. But taking ®(v) = [(x)q, v [(x)s,v (Which satisfies
(2-15), using Holder’s inequality) gives

/ Iy®=N"2>" / (i )oy ()t
i,j<N

=N(N*=N) / Doy (2)e, u ™ + N7 / N7 )y () ™.

i<N

Hence, letting N — oo and using the convergence in (2-14) gives

Jim_ / (D ()t +0 = / (X)ay 1t / (X)an -

Finally, applying the convergence in (2-14) to ®(v) = [(x)qv and using symmetry reveals that the
right-hand side above is equal to the limit of Ey ((x1)e,) times Ex((x2)q,) as N — oo. [l
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2E. Gradient flows on the L*-Wasserstein space and variational discretizations. In this section we
will recall the fundamental results from [Ambrosio et al. 2005] that we will rely on. Let G be a lower
semicontinuous function on a complete metric space (M, d). In this generality there are, as explained in
that work, various notions of weak gradient flows u, for G (or “steepest descents”) emanating from an
initial point u¢ in M, symbolically written as

dl/lt
dt

The strongest forms of weak gradient flows on metric spaces discussed in [Ambrosio et al. 2005]

=-VG(u,), tll_I)I(l) u(t) = uy. (2-16)

concern A-convex functionals G and are defined by the property that u, satisfies the evolution variational
inequalities (EVI)

1

E%dz(u” V) +Gu@) + %d2(:ut’ 1?2 <G) ae.t>0,

(2-17)
forallve M, G(v) < oo,

together with the initial condition lim,_,q u(¢) = ug in (M, d). Then u, is uniquely determined by u, as
shown in [Ambrosio et al. 2005, Corollary 4.3.3], and we shall say that u, is the EVI-gradient flow of G
emanating from ug. We recall that A-convexity on a metric space essentially means that the distributional
second derivatives are bounded from below by X along any geodesic segment in M (compare to below).
When M has nonpositive curvature, NPC, (in the sense of Alexandrov) the existence of a solution u;
satisfying the EVI was shown by Mayer [1998] for any lower-semicontinuous A-convex functional, by
mimicking the Crandall-Liggett technique in the Hilbert-space setting.

However, in our case (M, d) will be the L?-Wasserstein space P,(R?) for the space of all probability
measures 4 on R?, which does not have nonpositive curvature (when d > 1). Still, as shown in [Ambrosio
et al. 2005], the analog of Meyer’s result does hold under the stronger assumption that G be A-convex
along any generalized geodesic 1t; in P> (R?). For our purposes it will be enough to consider Isc A-convex
functionals G with the property that P, ,.(R?) is weakly dense in {G < 0o}. Then the A-convexity of G
means, compare to [Ambrosio et al. 2005, Proposition 9.210], that for any generalized geodesic pus = ps dx
in Pz,ac([Rd) the function G (p;,) is continuous on [0, 1] and the distributional second derivatives on ]0, 1]

satisfy
d*G(py)

— >
d*s
We recall that a generalized geodesic ji; connecting 1o and 11 in Py o (R?) is determined by specifying
a “base measure” v € Pz,ac(Rd ). Then p; is defined as the following family of push-forwards:

s = (1 =s5)To+sT1)4v,

where T; is the optimal transport map (defined with respect to the cost function |x — y|?>/2) pushing
forward v to p; (compare to Remark 2.1).

Remark 2.8. The bona fide Wasserstein geodesics in Pz,aC(Rd) are obtained by taking v = g (the
study of convexity along such geodesics was introduced by McCann [1997], who called it displacement
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convexity). But as shown in [Ambrosio et al. 2005], the point of working with general base measures v is
that they can be adapted to the discrete variational scheme for constructing EVI-gradient flows by taking
v =, at the j-th time step (compare to Section 2E1).

We will be relying on the following version of Theorems 4.0.4 and 11.2.1 in [Ambrosio et al. 2005]:

Theorem 2.9. Suppose that G is an Isc real-valued functional on P>(R?) which is A-convex along
generalized geodesics and satisfies the following coercivity property: there exist constants Ty, C > 0 and
Uy € Pz(Rd) such that

G(-)=> —Tidz(-,u*)z—c. (2-18)

Then there is a unique solution i, to the EVI-gradient flow of G, emanating from any given g € {G < oo}.
The flow has the following regularizing effect: u; € {|0G| < oo} C {G < oo}. Moreover, G(uu;) and
eM|dG|?(uy) are decreasing, where |dG| denotes the metric slope of G:

_ +
0G| (1) 1= lim sup (W =G
V=i d(u,v)

Remark 2.10. Many more properties of the EVI-gradient flow u, are established in [Ambrosio et al.
2005]. For example, u; defines an absolutely continuous curve R — P, (R") (in the sense of metric
spaces) which is locally Lipschitz continuous on ]0, oo[, which is a A-contracting semigroup. Moreover,
the flows are stable under suitable approximation of the initial data and the functional G.

Under suitably regularity assumptions it shown in [Ambrosio et al. 2005] that the EVI-gradient flow
U = p; dx furnished by the previous theorem satisfies Otto’s evolution equation (recalled in the Appendix)
in the weak sense:

Proposition 2.11. Suppose in addition to the assumptions in the previous theorem that (i, has a density
o1 for t > 0. Then p, satisfies the continuity equation (A-5) in the sense of distributions on R? x R with

v =—(3°G)(pr dx),
where 3°G denotes the minimal subdifferential of G.

We recall that under the assumptions in the previous theorem (and assuming {|dG|? < 00} C Py, 4c(R™))
the many-valued subdifferential 3G on the subspace P2 o (R") is a metric generalization of the (Fréchet)
subdifferential Hilbert space theory; by definition, it satisfies a “slope inequality along geodesics”:

BG) (1) == {6 € L2(1) : G) = G (1) + (£, T (x) — x) 12 + 32da (v, w)? for all v},

where 7)) denotes the optimal transport map between u and v, as in Remark 2.1. The minimal subdiffer-
ential 3°G on P2.ac(R™) at w is defined as the unique element in the subdifferential G at y minimizing
the L2-norm in L?(); in fact, its norm coincides with the metric slope of G at x. In [Ambrosio et al.
2005] there is also a more general notion of extended subdifferential which, however, will not be needed
for our purposes.
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Example 2.12. In the case when G = H is the Boltzmann entropy and p satisfies H (i) < oo, so that
has a density p, we have (3°H)(n) = p~'Vp € L*() and hence

0H > (1) = 1 (p)
is the Fisher information of p (2-1); see [Ambrosio et al. 2005, Theorem 10.4.17].

The following result goes back to [McCann 1997]; see also [Ambrosio et al. 2005] for various
elaborations:

Lemma 2.13. The following functionals are Isc and A-convex along any generalized geodesics in P2(R?):

o The “potential energy” functional V(i) := [ V u, defined by a given Isc A-convex and lsc function V
on R? (and the converse also holds).

e The functional p +— [ Vy u®V  defined by a given A-convex function Vy on RN,

o The Boltzmann entropy H (u) (relative to dx).

In particular, for any A-convex function V on R? the corresponding free energy functional F ﬁv (2-3), is
Isc and \-convex along generalized geodesics if B € 10, oo].

Combining the results above we arrive at the following

Theorem 2.14. Assume given B € 10, 0o] and 1 € Pa(RY). Let E(u) be a Isc functional on P> (RY)
which is A-convex along generalized geodesics and satisfies the coercivity condition (2-18). Denote by
Fg the corresponding free energy functional, Fg := E + H /B. Then the EVI-gradient flow ; on P2 (RY),
emanating from Lo, of the functional Fg exists. Moreover, if B < 00, then ju; = p; dx, where p; has finite
Boltzmann entropy. In particular:

o If V is an Isc finite A-convex function on RY, then the gradient flow of F 3/ exists, defining a weak
solution of the corresponding forward Kolmogorov equation/Fokker—Planck equation (2-8) with
initial condition (2-9).

o If moreover E () is Lipschitz continuous on P>»(R?) and B > 0 then p; has finite Boltzmann entropy
and Fisher information and the following continuity equation holds in the distributional sense on
R" x R:

oor 1

a—; = 580+ V(o). (2-19)

where v; = 3°E is the minimal subdifferential of E at u, = p; dx.

Proof. By the previous lemma, Fg is also Isc and A-convex and by Lemma 2.5 it also satisfies the
coercivity condition. Hence, the EVI-gradient flow exists according to Theorem 2.9. Moreover, by
the general results in [Ambrosio et al. 2005] Fg is decreasing along the flow and, in particular, locally
uniformly bounded from above on ]0, oo[. But, by the coercivity assumption E > —oo on P,(R?)
and hence it follows that H(u;) < 0o. The second statement then follows by the previous lemma and
the fact that the coercivity condition holds: by A-convexity f(x) :=v(x)+ Alx | is convex and hence
f(x) > —C|x| for some constant C, proving coercivity of v. To prove the last point first observe that
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E(w) > —A — Bd (i, j10)* < 0o on P (R") by the Lipschitz assumption. Since Fg(u;) < C it follows
that H(u;) < oo, which in particular implies that u, has a density p,. Moreover, by Theorem 2.9
|0 Fg ()| < oo for t > 0. But since E is assumed Lipschitz continuous we have |3 Fg ()| < o0 if and
only if |0 H (is)| < 0o, which means that I (i;) has finite Fisher information (see Example 2.12). Finally,
the distributional equation follows from Proposition 2.11. U

2E1. The variational discretization scheme (minimizing movements). Recall that the proof of Theorem 2.9
in [Ambrosio et al. 2005] uses a discrete approximation scheme introduced by De Giorgi, called the
minimizing movement scheme. It can be seen as a variational formulation of the (backward) Euler scheme.
Consider the fixed time interval [0, 7] and fix a (small) positive number t (the “time step”). In order
to define the “discrete flow” ujf corresponding to the sequence of discrete times #; := jt, where t; < T
with initial data u¢, one proceeds by iteration: given u; € M := P> (R?) the next step u j+1 1s obtained by
minimizing the functional

1
U Ed(u, uj)2 + G(u)

on M. The minimizer exists and is unique as long as T < 7y, where 7y only depends on A and the
constant 7, appearing in the inequality (2-18). Next, one defines u*(¢) for any ¢ € [0, T] by setting
ut(t) == uJ’. and demanding that u*(f) be constant on ]¢;, #; [ and right continuous; we are using a
slightly different notation than the one in [Ambrosio et al. 2005, Chapter 2].

The curve u, is then defined as the large-m limit of ut(m) in (M, d); as shown in [Ambrosio et al. 2005]
the limit indeed exists and satisfies the EVI (2-17) and is thus uniquely determined. More precisely, the
following quantitative convergence result holds; see Theorem 4.07, formula 4.024, and Theorem 4.09 of
that same work:

Theorem 2.15. Let G be a functional on P,(R") satisfying the assumptions in Theorem 2.9 with ). > 0.
Then
d* (™ (1), u(t)) < 31T 10G (o),

where |0G|(ug) denotes the metric slope of G at ug. If G is only assumed to be \-convex for some,
possibly negative, A then
d® (1), u(?)) < Clt|(G(up) — inf G)

for some constant C only depending on A and T .

Remark 2.16. By the last paragraph on page 79 in [Ambrosio et al. 2005] even if A < 0, one does not

1/2

need a lower bound on inf G if one replaces |t| with |t|'/4, as long as ug is assumed to satisfy G (ug) < oo.

3. Proof of Theorem 1.1

3A. The main assumptions on the interaction energy E™). Set X = R" and denote by d the Euclidean
distance function on X. Throughout the paper EY) will denote a symmetric, i.e., Sy-invariant, sequence
of functions on X" and we will make the following main assumptions:

(MA1) The functional EN) is Lipschitz continuous in each variable on (X, d), uniformly in N.
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(MAZ2) There exists a finite functional E (i) on P,(X) such that
NT'EM™M(xy,....xn) — EGn)| < en(Sn)

for a sequence of functionals €y on P>(X), converging pointwise to zero.

(MA3) The sequence E (N) is A-convex on (XV, d), uniformly in N.
Lemma 3.1. Assume that (MA1) holds. Then, under the embedding

Sy XM = Pr(X)

the sequence E (N) /N admits an extension which is uniformly Lipschitz continuous on (P1(X), dy) (and
hence on (Py(X), d»), by Holder’s inequality). If moreover, (MA2) holds then the extended functionals
converge pointwise on P(X) to the functional E, which thus defines a Lipschitz continuous functional on
(P1(X), dy) (and hence on (P2(X), d2)).

Proof. If E™) is Lipschitz continuous in each variable with Lipschitz constant L, then taking the
decomposition

E(N)(xl,---,xN)_E(N)(YI,---»)’N)
= (E(N)(.x1,.x2,...,XN) _E(N)(yl’-xZ’""-xN))+“'+(E(N)(yla'--ayN—l’-xN)_E(N)(yl""7yN))a

where the right-hand side consists of N terms, gives

N
N_1|E(N)(X1, .. ,XN) — E(N)(yl, e, yN)| < L[\’_1 Zd(xi, y,‘).
i=1

Since, E™) is assumed Sy-invariant we deduce that, for any given o € Sy,

N
NNEM Gy, oo xn) —EM Gy, yw)| < LNT! Zd(xi’ Yo (i))-
i=1
Hence, taking the infimum over all o € Sy shows that E®) /N is Lipschitz continuous on (X, d(;)). By
the isometry property in Lemma 2.3, this means that we can identify E®) /N with a Lipschitz continuous
function fu on a subset Fy of P;(X). The desired extension property now follows from the general
fact that any Lipschitz continuous function f defined on a subset of a metric space Y admits a Lipschitz
continuous extension to all of Y. For example, the extension (that we still denote by f) can be taken as
an infimal convolution [Hiriart-Urruty 1980].

To prove the last statement in the lemma we assume that (MA?2) holds. Taking 11 := &y, it follows that
Sn (o) = E(uo). By the Arzela—Ascoli theorem this implies that there exists a Lipschitz continuous
function f on (P;(X), d) such that, after perhaps passing to a subsequence, fy — f uniformly on
compacts of P(X). By the assumption (MA?2) we must have f = E and hence the whole sequence fy has
to convergence to E, which is thus Lipschitz continuous. As a consequence, the sequence €y := f — fn
is also uniformly Lipschitz continuous on P(X). Finally, fix € P;(X) and take some sequence x in
X" such that 8y (xy) — w in P;(X). Then, using the triangle inequality three times together with the
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uniform Lipschitz continuity of E™), ¢™) and E we have

|E() — NT"EM ()] < len ()] +3Ldi (8n (xn), 1),

which, by the assumption (MA2) converges to zero, as desired (we have used the same notation EV /N
for the extended functional fy). U

The next lemma verifies that the mean free energy functional (2-10) and the free energy functional
Fg(:= E + H/p), corresponding to the sequence E (M) satisfy the assumptions in Theorem 2.9:

Lemma 3.2. If the main assumptions hold, then the following hold for any given B € 10, oo]:

o The mean free energy functional N~'F, gN) is A-convex along generalized geodesics in Py (X™), doy)
and satisfies the following uniform coercivity property: there exist constants t,, C > 0

.....

_ 1
NTEY =~ doy (-, 80...0)" = C. (3-1)
*
o The free energy functional Fg is A-convex along generalized geodesics in P>(X) and satisfies
Fp>—Ldo(-, 50> = C. (3-2)
*

Proof. The A-convexity of F éN) follows directly from the assumption (MA3) combined with first and
third points in Lemma 2.13. Moreover, (MA1) together with (MA2) implies (using Lemma 3.1) that there
exists a constant C such that

N
NTEM(xy, ... xy) = —LN7' Y " |xi| = C.
i=1
Using Holder’s inequality and integrating over X" gives the uniform coercivity property (3-1) when
B = oo. The general case then follows from Lemma 2.5. Next, since E is Lipschitz continuous (by
the previous lemma) the inequality (3-2) also follows in a similar manner. All that remains is thus to
check that E(u) is A-convex along generalized geodesics in P,(X). To this end we note that E(u) is the
pointwise limit on P, (X) of the functionals

MH/N_lE(N)M®N,

as follows from Proposition 3.6 below (applied to uy = u®V). For any fixed N the functional above
is A-convex along generalized geodesics (by (MA3) combined with the second point in Lemma 2.13).
Letting N — oo thus reveals that E is indeed A-convex along generalized geodesics. As a consequence,
sois Fg for any B € ]0, oo] (by the third point in Lemma 2.13). O

3B. Propagation of chaos in the time-discretized setting. In this section we will formulate and prove
a discretized version of Theorem 1.1, assuming that the main assumptions hold. Let MBN) be a given
sequence of symmetric elements in P>(X") and po € P(X) be an element. Given a (small) “time step” ©
we denote by ,quN) the discretized minimizing movement of the mean free energy functional N~' F éN)

on P (XM, dy) (2-10) emanating from ,u(()N) and by (,, the discretized minimizing movement of the
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free energy functional Fg(:= E + H/B) on P,(X) emanating from o. We recall that this means (see
Section 2E1) that, given ;ng € P(XV), the next measure ut ] is defined as the minimizer of the
following functional on P(X" )

(N )

N j+1 ()= N
Similarly, given u; € P(X), the next measure p,,, is defined as the minimizer of the following functional
on P(X):

d(-, ud™?+ F(’W() (3-3)

11
Jin()= Z__d( sz) + — Fﬁ( )
and Wy are well-defined according to Lemma 3.2 and Theorem 2.9 (or rather its
(N)

The sequences /L( )

proof using minimizing movements, recalled in Section 2E1). We note that the sequence ;" may (by
the third isometry property in Lemma 2.3) be identified with the minimizing movement of the mean
free energy functional F™)/N on P,(X™), d(3)), which in turn embeds isometrically to give a discrete
flow I;™ in Wo(Py(X), da).
Theorem 3.3. Assume that at time t;

Jim @) =6,
in Wo(P2(X), dy). Then, at the next time step tj

hm (8N)*,uz]+1 = (Su,.
in Wy (P2(X), dy). As a consequence, if ,u ) s of the form ;,L(N)

converges to 8% in Wo(P2(X), d») for any tJ.

= SN when t; = 0, then (51\’)*“;/']\/)

The last statement follows directly from induction using the first statement and the following basic

observation:
po €Pr(X) = BN = 8y, in Wa(Pa(X), do). (3-4)

Indeed, by Lemma 2.4 the convergence holds in P(P(X)). Moreover, setting I'g := 5, gives

[ @roonms” = [ 1wPuo= [ s, ro6m8"
P(X) X

and hence (3-4) follows from Proposition 2.2. Thus it will be enough to prove the first statement in the
previous theorem.

3C. Proof of Theorem 3.3. We start with the following direct consequence of Proposition 2.2 combined
with Lemma 2.3:

Lemma 3.4. Let iy be a sequence of symmetric probability measures on XV and denote by Ty :=
(6n) <N the corresponding probability measures on ‘P(X). Assume that the dy-distance of Iy to a fixed
element in the Wasserstein space W,(P>(X)) is uniformly bounded from above. Then, after perhaps
passing to a subsequence, there is a probability measure T in W, (P>(X)) such that

lim (6n)spun =T
N—o0
in Wi (P(X).
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We next recall the following well-known result about the asymptotics of the mean entropy, proved in
[Robinson and Ruelle 1967]; see also Theorem 5.5 in [Hauray and Mischler 2014] for generalizations.
The proof is based on the subadditivity properties of the entropy.

Proposition 3.5. Let uy be a sequence of probability measures on XN such that (8y)sjun converges
weakly to I € P(P(X)). Then

liminf H™ (uy) > H(wT.
We will also use the following result, which generalizes a result in [Messer and Spohn 1982] concerning
the case when E is quadratic:

Proposition 3.6. Let 1'N) be a sequence of probability measures on XV such that Ty := (85)«Jtn con-
verges to T in Wi(P2(X)). If EW) satisfies the assumptions (MA1) and (MA?2) in the main assumptions
(Section 3A), then

. 1

lim — EM N = / E(wT.
N—oo N Jyn P(X)

Proof. Recall that the L'-Wasserstein distance dw, on W1(Y, d) admits the following dual representation

(the Kantorovich—Rubinstein theorem [Villani 2003, page 34]):

dw, (1, v) = sup / u(pe —v),
ueLip;

where u ranges over all Lipschitz continuous functions on Y with Lipschitz constant 1. In the present

setting we take (Y, d) as P>(X) endowed with the d,-distance. By assumption

dw,(Tn, ") — 0. (3-5)

Using the empirical measure 8y we can identify N ~' E(™) with a uniformly Lipschitz continuous sequence
of functions on (P2(X), d2), which by the main assumptions converges pointwise to the Lipschitz
continuous functional E (u) (using Lemma 3.1 applied to p = 2). Since N~'E®W) is uniformly Lipschitz
continuous we have
lim NTTEM@Ty-=I)=0
N—o00 PZ(X)
using the (3-5) combined with the dual representation of the L'-Wasserstein distance. Hence, all that
remains is to verify that
lim N—1E<N>F=f E(u)rT.
N=00 )P, (x) Pa(X)

But this follows from the dominated convergence theorem. Indeed, N~'E™ converges pointwise to E
on P>(X) and (by the uniform Lipschitz property) is uniformly dominated by the function A + Bd»,
which is in L!(I"), since T' € W (P2(X)). U

Next we turn to the asymptotics of the distances, establishing the following key property:
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Proposition 3.7. Assume that a sequence vy of symmetric probability measures on X" satisfies
lim (§y)«vy =46,
N—oo
in the distance topology in W(P(X)). Then any sequence [y such that (§n)«[Ln converges weakly to
I' e P(P(X)) satisfies

liminf - d(ux, vy)? = / d(, v)°T ()

and equality holds if and only if (5x)«un converges to I in the distance topology in W (P2 (X)).

Proof. Consider the isometry
1
oy + (XM dyw) = (P(X).dw), (1. xn) > 8y = 5 ) By,

defined in terms of the L2-distances. We equip the space P(P (X)) with the L2-Wasserstein (pre)metric d
induced from distance dy on P(X); i.e., we consider the subspace W,(P(X)). By Lemma 2.3

Ldun, vw ) =A@, GN)ev)’.

We now first assume that (8 ).y converges to I' in the d-distance topology in W5 (P»(X)). Then the
“triangle inequality” for d immediately gives

Jim d(Gw)uen. Gn)evn)® =d (T, 5,)°.

Next we will use the following simple general fact for the Wasserstein distance on P (Y, d):

A, 8,)) = / d(y, y0) 1y,

which follows from the fact that the only coupling between w and §y, is the product u ® 8,,. Applied to
Y ="P(X) this gives

d((N)shn. 8))* = f d(p, v)* (W)
P(X)
which concludes the proof using that d(8,, 8,) = d(u, v) by the general fact above. More generally, if
(8n)«pn 1s only assumed to converge to I' weakly in P(P (X)), then the lower semicontinuity of the
Wasserstein distance function with respect to the weak topology instead gives
fimint o )= [ dGuv? TG,
Finally, if equality holds above, then, by the previous arguments,
fim du P = [ duv? TG0
N=oo Juepx) P(X)

(i.e., the “second moments of (§y).uy converge to the second moments of I') and then it follows from
Proposition 2.2 that (65 ).y converges to I' in the distance topology in W, (P(X)). U
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3C1. Conclusion of the proof of Theorem 3.3. Without loss of generality we may set § = 1 and we will

thus drop the subindex 8 from the notations. We start by observing that for any fixed p in P(X) we have,
: (N)

by the defining property of u that

lji+1?

Lo,y o1, o8
where the right-hand side converges, by the propositions above, to J;j1 () as N — oo, where J; 1 (u) =
%d(u, Mj)2 + F(w). In particular, taking p = pj41 gives

1 .
ﬁJjH

(N)

lim sup (i) < T (g1, (3-6)

N—o0

where ;1 is the unique minimizer of J; ;.
(N)

i1, We have a uniform control on

Next we consider the lower bound. By the minimizing property of u

the d»-distance:
21
- N

Indeed, the minimizing property together with the previous bound gives

do(BN)attgs) (W)attg)” = da(ugly) g )* < C. (3-7)

li+1°

1 ) 1
?d2((5N)*M§j]X?, ((SN)*M;N)) <C- NF(N)(M;]R)‘

Hence, the inequality (3-7) follows from the uniform coercivity property of 1 F ™), formula (3-1).
Now, it follows from the induction assumption and the triangle inequality for d that ;L,(IAQ satisfies
the assumptions of Proposition 2.2. Accordingly, we may, after passing to a subsequence, assume that

UN = /L;ﬁ? converges as in Lemma 3.4, or more precisely that

N
Gn)epiy) =T

in Wi (P>(X)) for some I' € W,(P,(X)). It then follows from Propositions 3.5, 3.6 and 3.7 that
N |
timint 373D = [ UGG, (3-8)

Combining the previous lower bound with the upper bound (3-6) and using that w4 is the unique
minimizer of Jj4, then forces I' =4, , and

. 1
Jim IO ) = i (). (3-9)

But this means that

. (N) _
1\/11—I>noo(8N)*Mtf+1 - 8“’/‘4—1

weakly in P(X) and by the equality (3-9) that
: (N)
Jim d(On)nf)) 8 ) =, 8-

But then it follows from Proposition 3.7 (applied to v = 5/4,-) that (85 ). n converges to I' in the distance
topology in W,(P,(X)), as desired.
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3D. Convergence in the nondiscrete setting: proof of Theorem 1.1. We recall that in the previous
section we had fixed a time step 7. In this section we will emphasize the dependence on t by setting

TR () = BWag) ), TF@) =8y,
The assumptions in Theorem 1.1 imply, by the last statement in Theorem 3.3, that

Nlim d(l“]f,(t), r''@e)) =0 (3-10)
in W, (P(X)). Next, set
Ty () := Gn)e (), T(@t):=3,,

where pct(N) and u, denote the EVI-gradient flows of F éN) and Fjg, respectively (whose existence is a

consequence of Theorem 2.9 combined with Lemma 3.2). Consider now a fixed time interval [0, T']. For
any fixed ¢ € ]0, T'[ we then have, by the triangle inequality,

d(Tn(®), L) =d(Tn (@), Ty () +d T @), (1) +d Ty @), I (1)).

First assume, for simplicity, that the assumption (MA3) (Section 3A) holds with A > 0. By the con-
vexity properties in Lemma 3.2 and the isometry property in Lemma 2.3 we have, using Theorem 2.15,
that d(I'y(¢), 'y (t)) < Ct (uniformly in N) and d(I'(¢), I'*(t)) < tC. Hence, combining the pre-
vious two inequalities with the convergence (3-10) and letting first N — oo and then 7 — 0, gives
limy_ 00 d(T'n(¢), I'(¢)) = 0, which proves Theorem 1.1 when A > 0. Finally, in the case when A <0 the
previous argument still applies, with the error O (t) replaced by O(t!/?) according to Remark 2.16.

4. Permanental processes and toric Kihler—Einstein metrics

In this section we will deduce Theorem 1.2, stated in the Introduction, from Theorem 1.1, proved in the
previous section.

4A. Permanental processes: setup. Let P be a convex body in R” containing zero in its interior and
denote by vp the corresponding uniform probability measure on P; i.e.,

1pdr
Vp=——-—7,
V(P)
where dA denotes Lebesgue measure and V (P) is the Euclidean volume of P. Setting Py := P N (Z/k)",
we let Ny be the number of points in P, and fix an auxiliary ordering py, ..., py, of the Ni elements
of P. Given a configuration (xi, ..., xy,) of points on X := R" we set
ENO(xy, ..., xN) = %10g Z KE1Po XN Po) 4-1)
(IGSNk

which, as explained in Section 1B, can be written as the scaled logarithm of a permanent. To simplify
the notation we will often drop the subscript & and simply write Ny = N, since anyway N — oo if
and only if k — oco. We will denote by C(u, v) the Monge—Kantorovich optimal cost for transport
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between the probability measures p and v, with respect to the standard symmetric quadratic cost function
c(x,p)=—x-p:

C(u,v):= inf—/ X pvy, 4-2)
14 XxX

where the y ranges over all couplings (transport plans) between © and v (see Remark 2.1).

Proposition 4.1. The main assumptions are satisfied for EN) with » = 0 and E(n) = —C(u, vp).
Equivalently, formulated in terms of the Wasserstein L*-distance

1 1 1
E(un) = —Esz(M, VP)2 + z/x2 diu+cp, cp:= 2 / PZVP- (4-3)

In particular, —C( -, vp) is convex along generalized geodesics.

Proof. This follows essentially from the results in [Berman 2013b]. But for completeness we give a direct
proof here:

Step 1: (MA2) holds. First observe that

N
—1y (N) (N)
NTEY = Eyopl < C@, 4-4)
where Et(rl(\,g denotes the tropical analog of E (M) (see formula (4-8) below). Indeed, fixing (x1, ..., xn)

and denoting by oy the element in Sy maximizing o +> e*1PeOF+X1Po() we have
X1 Pa T TP (] 4 04+ 40) < EN(xy, ..., xy) < NP Pt b,

Hence, taking the log and dividing by k proves the inequality (4-4), using that k"' N~!log N! — oo (by
Stirling, since N ~ k™). Next observe that

VB0 = 3P Gx e on o)~ 4 [ P~ [ IPon. @)
R~ R

1 pWV)

Indeed, rewriting x - p = |x — p|?/2 — |p|>/2 — | p|?/2 reveals that 2N ~ trop

(x) is equal to the distance
between x and p in (XN, d(2)) minus two quadratic terms. Since 8% d = d»), this proves (4-5). All in

all this means that assumption (MA?2) is satisfied with

2en () = |d*(w, Sy (p)) —d*(w, vp)| + ‘fR Ip1*(vp —5N<p>)‘.

Step 2: (MA1) and (MA3) hold. First recall the basic fact that if ¢, is a family of smooth convex
functions on R” and y is a probability measure on the parameter space S then ¢ := k! log i ekdo dy (o)
is also convex, for any given positive number k, and V¢ is contained in the convex hull of {V¢,}. In the
present setting we take S := Sy endowed with the counting measure y and ¢, (x) := x - p,, which is
clearly convex and satisfies V,, ¢, € P. Since P is convex and uniformly bounded, this concludes the
proof of Step 2. The convexity of —C (-, vp) then follows from Lemma 2.13. Equivalently, this means
that —%sz (i, vp)? is —1-convex. In fact, as shown in [Ambrosio et al. 2005] using a different argument
—%sz(- , )% is —1-convex for any fixed v € P,(R"). U



1370 ROBERT J. BERMAN AND MAGNUS ONNHEIM

Next, we recall that the Monge—Ampere measure MA(¢) of a convex function ¢ on R" (4-4) is defined
by the property that, for a given Borel set E,

/ MA(¢) := / da,
E ) (E)

where dA denotes Lebesgue measure and d¢ denotes the subgradient of ¢ (which defines a multivalued
map from R” to R"). This is also called the Hessian measure; see [Villani 2003, Section 4.1.4]. In
particular, if ¢ € C2, then

MA(¢) = det(d%¢) dx,

where 32¢ denotes the Hessian matrix of ¢». We will denote by Cp the space of all convex functions ¢ on
R" whose subgradient d¢ satisfies

(09)(R") C P

and we will say that ¢ is normalized if ¢ (0) = 0. By the convexity of ¢ the gradient condition above
equivalently means that ¢ is bounded from above by the support function ¢p of P, where ¢p(x) :=
SUPpep P - X.
By Brenier’s theorem [1991], given u = p dx in P> (R") there exists a unique normalized ¢ € Cp such
that
MA(¢) = pdx, (4-6)

which equivalently means that the corresponding L°°-map V¢ from R” to P satisfies

(Vo)sp = vp.

Given the previous proposition we can use the differentiability result in [Ambrosio et al. 2005] for the
Wasserstein L2-distance to get the following result (see Proposition 2.11 and the subsequent discussion
for the definition of the minimal subdifferential):

Lemma 4.2. The minimal subdifferential of —C (-, vp) on the subspace P; ,(R") of all probability
measures in P, (R") which are absolutely continuous with respect to dx, may, at a given point p dx, be
represented by the L°°-vector field V¢, where ¢ is the unique normalized solution in Cp to (4-6).

Proof. Given formula (4-3) this follows immediately from Theorem 10.4.12 in [Ambrosio et al. 2005]
and the fact that if & € P, 4c(R"), then Brenier’s theorem gives that the optimal transport plan (coupling)
from R”" to P realizing the infimum defining dy, (, vp)? is given by the L>°-map V¢, where ¢ solves
(4-6). Since the barycentric projection appearing in Theorem 10.4.12 in [Ambrosio et al. 2005] for the
transport plan defined by a transport map gives back the transport map, see Theorem 12.4.4 of the same
work, this concludes the proof. O

4B. Existence of the gradient flow for Fg(p). Given g € 10, oo] we set Fg(u) :=—C(u, vp)+H(u)/p.

Proposition 4.3. The gradient flow w; of Fg on P>(R") emanating from a given g exists for any
B €10, oo]. Moreover, for f < 0o we have that u,; = p;(x) dx, where p; has finite Boltzmann entropy



PROPAGATION OF CHAOS, WASSERSTEIN GRADIENT FLOWS AND TORIC KAHLER-EINSTEIN METRICS 1371

and Fisher information and p(x, t) := p;(x) satisfies the following equation in the sense of distributions
on R" x 10, oo[:
dpr 1

i LR AL @-7)

where ¢; is the unique normalized solution in Cp to (4-6) and V¢, defines a vector field with coefficients

. o
in Lloc.

Proof. Given the previous lemma this follows immediately from Theorem 8.3.1 and Corollary 11.1.8 in
[Ambrosio et al. 2005] (the case = oo has previously been considered by Brenier [2010; 2011; 2016]
by lifting the problem to the space of L%-maps from R”" to R” where Hilbert space techniques can be
applied). O

4C. Conclusion of the proof of Theorem 1.2. By Proposition 4.1 the main assumptions are satisfied.
Hence, Theorem 1.1 implies that the corresponding empirical measures converge in law, as N — 00, to
the measure u; € Po(R"), where the curve 1 — p; is the gradient flow on the Wasserstein space P, (R™)
of the corresponding free energy functional Fg, emanating from t¢. Finally, Proposition 4.3 says that the
gradient flow in question satisfies the evolution equation appearing in Theorem 1.2.

4D. The tropical setting. The results above are also valid when the permanental interaction energy

EM™O(xy, ..., xp,) is replaced by its tropical analog, i.e., the convex piecewise affine convex function
N,
Efob (x1, ... xy,) = max > X pey+ XN Poiy- (4-8)
(TESNk

In other words this is a tropical permanent, i.e., the permanent of the rank-N matrix (x; - p;) in the
tropical semiring over R, i.e., the set RU {—oo} where the plus and multiplication operations are defined
by max{a, b} and a + b, respectively [Itenberg and Mikhalkin 2012]. Equivalently, in terms of discrete
transport theory this means that

E@i(x1, ..., xn) 1= —C(Bn (x), 8y (p)).

Passing to the tropical setting has, in particular, computational advantages. Indeed, while all known
methods for evaluating (general) permanents take exponential time, the tropical permanent above is, by its
very definition, the optimal value of a linear assignment problem and can be computed using an algorithm
of cubic-time complexity; see the discussion in [Brenier et al. 2003].

5. Outlook

In this final section we point out some relations between the limiting evolution equation appearing in
Theorem 1.2 (whose static solutions correspond to toric Kéhler—FEinstein metrics) and other well-known
evolution equations. We also indicate some relations to sticky particle systems appearing at the microscopic
level (i.e., for finite N) and the complex geometric picture. These relations will be elaborated on in a
sequel to the present paper [Berman > 2018].
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5A. Relation to other evolution equations and traveling waves. In the one-dimensional case when
P :=[—a_, —a4], integrating the evolution equation for p, in Theorem 1.2 once reveals that the bounded
decreasing function u(x, t) := —0d, ¢, (physically playing the role of a velocity field) satisfies Burger’s
equation [Hopf 1950] with positive viscosity k := B~

o = Kafu — U0 U

with the left and right space asymptotics lim,_, Lo #(x, t) = a+. We recall that Burger’s equation is the
prototype of a nonlinear wave equation and a scalar conservation law, which is used, among many other
things, as a toy model for turbulence in the Navier—Stokes equations [Frisch and Bec 2001]. Interestingly,
the barycenter bp of the polytope P coincides, in this one-dimensional situation, with the negative of the
speed s == (a4 +a—)/2 of the time-dependent solution « in the terminology of scalar conservation laws
[Lax 1973]. Hence, the vanishing condition bp = 0, which in general is tantamount to the existence of a
stationary solution p;, = p (as discussed in connection to Theorem 1.2) simply means, from the point of
view of nonlinear wave theory, that the speed s vanishes.

Similarly, the function ¢ (x, t) := ¢,(x), which in complex-geometric terms is a Kéhler potential, satis-
fies (after the appropriate normalization) the following viscous Hamilton—Jacobi equation, known as the de-
terministic KPZ equation in the literature on growth of random surfaces [Kardar et al. 1986; Hairer 2013]:

p =Kkdl+ 1(0:0)%. (5-1)

In the general higher-dimensional case, the evolution equation (1-13) (which is different than the higher-
dimensional version of Burger’s equation) can be seen as a dissipative viscous/diffusive version of the
semigeostrophic equation appearing in dynamic meteorology; see [Loeper 2006; Ambrosio et al. 2014;
Brenier 2011] for a similar situation in cosmology. Moreover, since

1 1
E(w) = —Edz(ﬂ, VP)+§ / x1*+C,

where d denotes the Wasserstein L2-distance, the evolution equation (1-13) can also be seen as a quadratic
perturbation (with diffusion) of the “geodesic flow” on the Wasserstein L2-space, compare to [Ambrosio
et al. 2005, Example 11.2.10], which in the one-dimensional case appears in connection to the sticky parti-
cle system [Natile and Savaré 2009]. As will be shown in [Berman > 2018], the large-time asymptotics of
the fully nonlinear evolution equation (1-13) for the probability density p; in R" are governed by traveling
wave solutions in R" whose speeds coincide with the negative of the barycenter bp of the convex body P:

pi(x) =p(x —bpt)+o(t), t— o0,

where the error terms o() tends to zero in L' (R") (and even in relative entropy) and where the limiting
profile p is uniquely determined from a variant of the Monge—Ampere equation (1-16) together with
the condition that its barycenter coincides with the barycenter of the initial data (thus breaking the
translation symmetry). In complex-geometric terms, o corresponds to a certain canonical Kidhler—Einstein
metric w on X with conical singularities “at infinity”, playing the role of Calabi’s extremal metrics in
this context. More generally, as will be elaborated on in [Berman > 2018], the results above apply in
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a more general setting where the measure vp is multiplied by a density g, which amounts to replacing
the Monge—Ampere equation MA(¢) with g(V¢) MA(¢) and which from the point of view of scalar
conservation laws corresponds to a general concave flux function f (when n =1).

5B. The microscopic picture: sticky particles in R". It can be shown that the attractive Newtonian
interaction energy in R is the one-dimensional version of the tropical permanental energy E&Q (X1, ...s XN)
appearing in Section 4D. In the general higher-dimensional setting it turns out that a very concrete interpre-
tation of the corresponding EVI gradient flow of Eﬁrﬁg (x1,...,xy) on R™ can be given; in particular the
particles perform zigzag paths with velocity vectors contained in the polytope — P generalizing the sticky
N-particle system on the real line.> Moreover, there is a static solution to the corresponding deterministic

N-particle system if and only if the “discrete” barycenter of P vanishes,

1
N(P1+"‘+PN)—Os

which is consistent with the fact that the discrete barycenter can be interpreted as the mean velocity of
the particles. In general, any initial configuration of points (xy, ..., xx)(0) is assembled, in a finite time,
into a single particle x,, namely the barycenter of {xy, ..., xy}, which moves at the mean velocity above.
The results in the present paper can also be used to study the large N-limit of this deterministic system
(which can be seen as a dissipative version of the Hamiltonian particle system introduced in [Cullen et al.
2007] as a discretization of the semigeostrophic equations). But the key point of our approach is that it
allows noise to be added to the particle system. Then the role of the large N-limit of x, is played by the
volume form ., of a Kéhler—FEinstein metric on the toric variety determined by the polytope P (compare
the discussion in Section 5A).

Interestingly, a similar particle system on R" appears in Brenier’s approach [2011; 2016] to the early
universe reconstruction problem in cosmology [Frisch and Bec 2001] (in connection to the so-called
Zeldovich approximation). In fact, our results can be used to validate the formal large N-limit of the
N -particle system with noise introduced in [Brenier 2016, Section 2.3]4

5C. The complex geometric picture. In this final section we provide some complex-geometric motivation
for the present paper; a more detailed account, including the relations to the Yau—Tian—Donaldson
conjecture and tropicalization, will appear elsewhere

Let X be an n-dimensional compact complex manifold. A metric g on X is said to be Kihler—Einstein if
g has constant Ricci curvature and g is Kéhler; i.e., in local holomorphic coordinates g can be represented
as the real part of the positive definite complex Hessian d¢(z)/(9z;0z;) of a local function ¢ (z) called
the Kihler potential of g. If such a metric g exists with positive Ricci curvature, then X is necessarily a
projective algebraic variety which is Fano; i.e., the holomorphic (anticanonical) line bundle L := det(T X)
over X is positive.

3When n = 1 the dynamics is determined by the property that total mass and momentum is conserved in collisions and that
the particles stick together when they collide; see [Brenier and Grenier 1998].

4As pointed out in [Brenier 2016, Section 2.3], the formal argument used there, which is based on the classical Freidlin—
Wentzel theory, as in [Dawson and Gértner 1987], would require a Lipschitz bound on the drift.
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As shown in [Berman 2013a], a Fano manifold comes with a sequence of canonical N-particle random
point processes. The number of particles N arises as the pluriantigenera of X:

N =N, :=dimH*(X,L®), k=1,2,3,...,

where H%(X, L®¥) denotes the complex vector space consisting of the global holomorphic sections of
the k-th tensor power of L. The Fano condition ensures that Ny — 0o as k — co. The local density of
the corresponding canonical symmetric probability measure 1 ™©) on XM is defined by

1 —2/k
p M (zy, ) = E‘det(zl, | deta, - zwy) = det(si(2)), (5-2)
k
where det(zy,...,zn,) € H O(xNe, L®) is the Vandermonde-type determinant formed from a given
base sy, ..., sy, in H 0(X, L®) and Z N, 1s the corresponding normalization constant ensuring that the

probability measure has unit mass (by homogeneity o™ is independent of the choice of base). However,
since the local density p¥¥)(zy, ..., zy,) has singularities (for example when two points on X merge),
the normalization constant Zy, may be infinite, which means that the random point processes are only
well-defined if Zy, < oco. Such a Fano manifold X was called Gibbs stable in [Berman 2013a], where it
was shown that the condition can be rephrased in purely algebrogeometric terms (see also [Fujita 2016]
for further developments). It was conjectured in [Berman 2013a] that this condition is equivalent to
X admitting a (unique) Kdhler—Einstein metric (which necessarily has positive Ricci curvature) whose
volume form may be recovered as the deterministic large N-limit of the empirical measures of the
corresponding random point processes.’

The motivation for the present paper comes from a dynamic approach to the latter conjecture where
one introduces the interaction energy
1
k

which is attractive, in the sense that it tends to —oo as two particles merge. Locally, this object is

EMO(zy, ..., zy) = log|det(zy, ..., zn)|%

represented by a plurisubharmonic function, but in order to get a globally well-defined function on Xk
one also has to fix a background Kihler metric g on X (representing the first Chern class of X) whose
volume form d 'V, then induces a metric ||-|| on L which is used to replace the absolute values above. The
point is that, if X is Gibbs stable, the canonical probability measure 1™ on X" can then be represented
globally as the corresponding Gibbs measure at inverse temperature § = 1 (which is independent of the
choice of metric g),

wo 1 7E(Nk)dV®Nk(= 1 idet 72/de®Nk)
2 ZNke p Zn, [[det| . )

i.e., as a determinantal point process on X at negative temperature. The different zero-temperature case
was studied in [Berman et al. 2011].

5The convergence of the processes in the opposite case when the dual det(7* X) of det(7T X) is positive was settled in [Berman
2013a] (the limit is then the volume form of the unique Kihler—Einstein metric on X with negative Ricci curvature, whose
existence was first established in the seminal works of Aubin and Yau).
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At any rate, even if X is not Gibbs stable one can still ook at the stochastic gradient flow of E™¥ on the
Np-fold product of the Riemannian manifold (X, g). From this dynamic perspective Gibbs stability simply
means that the corresponding stochastic process has an invariant measure, to wit, u¥). Accordingly, the
natural dynamic generalization of the conjecture referred to above is that a (unique) Kéhler—FEinstein
metric ggg exists precisely when the stochastic gradient flow of E®™® admits a stationary measure and
then its volume form d V.
precisely, conjecturally the large N-limit of the corresponding stochastic gradient flows is described by the

can be recovered from the joint large N- and large ¢-limit of the flow. More

complex version of the evolution equation (4-7), obtained by replacing the real Monge—Ampere operator
with its complex counterpart. The latter flow is, at least formally, the Wasserstein gradient flow of a
free-energy-type functional F () on P(X, g) and F can be identified with the K-energy functional on
the space of Kéhler metrics in ¢1(X) (using the Calabi—Yau isomorphism) [Berman 2013c]. Unfortunately,
the study of the latter flows is plagued by various analytical difficulties stemming from the singularities
of E™0) and the lack of convexity. For example, even in the simplest case when X is the Riemann
sphere, i.e., the one-point compactification of the complex plane C, so that E™) is simply the attractive
logarithmic pair interaction between N, equal charges on C, the convergence of the large N-limit, for a
fixed time, is a long-standing open problem (however, see [Fournier and Jourdain 2017] for very recent
partial results).

5C1. The toric setting and its tropicalization. The complex geometric setting which is relevant to the
present paper appears when X is a toric Fano manifold, i.e., X admits a holomorphic action of the real
n-torus T such that (X, T') can be realized as an equivariant compactification of the complex torus C*"
(with its standard T-action) [Donaldson 2008]. Such a compactification X is determined by a convex
polytope P, which has the property that under the dense embedding of C** into X, the complex vector
space H'(X, L®) may be identified with the space of all holomorphic Laurent polynomials f(z) on C*"
of the form
f@= Y an"
mek PNZ"

(using multi-index notation). In particular, introducing an ordering m, ..., my, on the integer points of
kPNZ" gives abasis sy, (2), ..., Smy, of multinomials in H O(X, L®), which can be used to represent

det(zy, ..., ZNk> — Z (_l)sign(o)ZTa(l) . 'ZT,G(N)- (5-3)

k
O'GSN

Now, the real vector space R" makes its appearance when introducing logarithmic coordinates on C*",
i.e., as the image of the Log map

Log:C" — R", zr> x:=(loglzi ..., log|za|%),

whose fibers are the orbits of the action of 7. Using this map, T -invariant metrics on L — X with positive
curvature may be identified with convex functions ¢ (x) on R" such that (d¢)(R") C P. In this picture
the permanental density Per(xy, ..., xy,) arises as the push-forward to R", under the Log map, of the
determinant density (5-3). In other words, the smooth convex permanental energy E[(,QQ (X1, .-y XN),
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formula (1-11), on R" is an averaged version of the singular plurisubharmonic interaction energy E M)
on C*":

E(Ie\;)(xl’ Co L XN) = 1 log ekE(Nk) do®Ne (5-4)

P k TNk
Similarly, its tropical version Et(r](\)]g (x1,...,xy) is the piecewise affine convex function on R"V obtained
as the tropicalization of the Laurent polynomial det(zj, . .., zy,) on C**N¢.% Accordingly, Theorem 1.2

should be seen in the light of the well-known philosophy of replacing an elusive complex-geometric
problem by a more tractable convex-geometric one, by the process of tropicalization; see, for example,
[Itenberg and Mikhalkin 2012].

Appendix: The Otto calculus

In this appendix we briefly recall Otto’s [2001] beautiful (formal) Riemannian interpretation of the
Wasserstein L2-metric d» on P,(R"). The material is included with the nonexpert in mind as a motivation
for the material on gradient flows on P2(R") recalled in Section 2E.

The Otto metric. For simplicity we will consider probability measures of the form p = p dx, where p is
smooth positive everywhere (in order to make the arguments below rigorous one should also specify the
rate of decay of p at oo in R"). The corresponding subspace of probability measures in P, (R") will be
denoted by P. First recall that the ordinary “affine tangent vector” of a curve p; in P at p := pg, when p;
is viewed as a curve in the affine space L'(R™)), is the function p on R” defined by

. o dp: (x)
IO(X) o dt |1‘=0‘

Next, let us show how to identify p with a vector field v; in L?(p dx, R"), which, by definition, is the
(nonaffine) “tangent vector” of p; at p;i.e., v; € T,P. First, since the total mass of p; is preserved, we
have [ p dx =0 and hence there is a vector field v on R" solving the continuity equation

p=—V-(pv). (A-1)

In geometric terms this means that
prdx = (F).(podx) +o(0), (A-2)

where F is the family of maps defined by the flow of V. Now, under suitable regularity assumptions, v,
may be defined as the “optimal” vector field v solving the previous equation, in the sense that it minimizes
the L%-norm in L?(p dx, R"). The Otto metric is then defined by

vy vp) =inf [ plodx= [ plosldx, (A3)
v

6Incidentally, tropicalization may be interpreted as a zero-temperature limit by writing the tropical sum max{a, b} as the limit
of 7! log(e<1/T)“ + e(l/T)b) as T — 0; compare to the discussion in [Itenberg and Mikhalkin 2012].
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which can be seen as the linearized version of the defining formula (2-6) for the Wasserstein L?-metric. By
Hodge theory, the optimal vector field v; may be written as v; = V¢ for a unique normalized function ¢
on R" (under suitable assumptions).

The microscopic point of view. Let us remark that a simple heuristic “microscopic” derivation of the
Otto metric can be given using the isometry defined by the empirical measure §y (Lemma 2.3). In-

deed, given a curve (x1(), ..., xy(t)) in the Riemannian product (X", 4 ¢®V) with tangent vector

(dxi(t)/dt,...,dx(t)/dt) at t =0 we can write its squared Riemannian norm at (x1(0), ..., xy(0)) as
da()  da®)|? / )

e, = n(0), A-4

H( it it [v|“on (0) (A-4)

where Sy (t) := % > 8y and v is any vector field on X = R" such that v(x;) = dx;(t)/dt ;. Note that
setting o, := Sy (t), the vector field v satisfies the push-forward relation (A-2) (with vanishing error term).
Moreover, since passing to the quotient XV /Sy does not effect the corresponding curve p;, minimizing
with respect to the action of the permutation group Sy in formula (A-4) corresponds to the infimum
defining the Otto metric in formula (A-3).

Relation to gradient flows and drift-diffusion equations. 1If G is a smooth functional on P then a direct
computations reveals that its (formal) gradient with respect to the Otto metric at p corresponds to the
vector field v(x) = V,(0G(p)/dp). In other words, the gradient flow of G(p) may be written as

D) G ou), ) = v, o8P
at ap

(A-5)

lo=p:
In particular, for the Boltzmann entropy H (p), formula (2-1), one gets, since dG(p)/dp = log p (using
that the mass is preserved), that the corresponding gradient flow is the heat (diffusion) equation and
the gradient flow structure then implies that H (p;) is decreasing along the heat equation. Moreover, a
direct calculation reveals that H is convex on P in sense that the Hessian of H is nonnegative and hence
it also follows from general principles that the squared Riemannian norm |V H|*(p,) is decreasing. In
fact, by definition |V H|?(p) coincides with the Fisher information functional I (p), formula (2-1). More
generally, the gradient flow of the Gibbs free energy F ﬂv is given by the diffusion equation with linear
drift V,\V,

0 LA+ Ve (W), (A-6)

ot B
often called the linear Fokker—Planck equation in the mathematical physics literature. The study of the
previous flow using a variational discretization scheme on P?(R") was introduced in [Jordan et al. 1998]
(compare to Section 5C1).
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THE INVERSE PROBLEM FOR THE DIRICHLET-TO-NEUMANN MAP
ON LORENTZIAN MANIFOLDS

PLAMEN STEFANOV AND YANG YANG

We consider the Dirichlet-to-Neumann map A on a cylinder-like Lorentzian manifold related to the wave
equation related to the metric g, the magnetic field A and the potential g. We show that we can recover
the jet of g, 4, g on the boundary from A up to a gauge transformation in a stable way. We also show
that A recovers the following three invariants in a stable way: the lens relation of g, and the light ray
transforms of A and g. Moreover, A is an FIO away from the diagonal with a canonical relation given by
the lens relation. We present applications for recovery of A and ¢ in a logarithmically stable way in the
Minkowski case, and uniqueness with partial data.

1. Introduction and main results

Let (M, g) be a Lorentzian manifold of dimension 1 4+ n, n > 2; i.e., g is a metric with signature
(—1,1,...,1). Suppose a part of M is timelike. An example of M is a cylinder-like domain representing
a moving and shape-changing compact manifold in the x-space (if we have fixed time and space variables)
with the requirement that the normal speed of the boundary is less than 1; see Section 5.

Denote the wave operator by [g; in local coordinates x = (xO, ..., x™) it takes the form

1 .
= maj(\ﬂdetﬂg]kak)-

Consider the following operator P = Pg 4 4, which is a first-order perturbation of [l :
1 . ; .
P =Py aq:=———=(0;—iA;)/|detg|g’* (9 —iAx) +q. 6]

V| detg|

Here i = ~/—1, A is a smooth 1-form on M, and ¢ is a smooth function on M.

U

The goal of this work is to study the inverse problem of recovery of g, A and ¢, up to a data-preserving
gauge transformation, from the outgoing Dirichlet-to-Neumann (DN) A map on a timelike boundary
associated with the wave equation

Pu=0 inM. 2)

We are motivated by applications in relativity but also in applications to classical wave-propagation
problems with media moving and/or changing at a speed not negligible compared to the wave speed. We

Stefanov was partly supported by NSF Grants DMS-1301646 and DMS-1600327. Yang was partly supported by NSF Grant
DMS-1715178, an AMS Simons travel grant, and startup fund from Michigan State University.
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are interested in possible stability results even though some steps in the recovery are inherently unstable.
This problem remains widely open. The results we prove are the following. First, we show that one
can recover the jet of g, A, g at the boundary (up to a gauge transform) in a Holder-stable way. Next,
we show that one can extract the natural geometric invariants of g, A, ¢ from A in a Holder-stable way.
More precisely, A recovers the lens relation £ related to g, in stable way. If we know g, the light ray
transform L1 A of A is recovered stably. If g and A are known, the light ray transform Log of ¢q is
recovered stably. The lens relation L is the canonical relation of the Fourier integral operator (FIO) A
away from the diagonal, and the light ray transforms L1 A and Loq are in fact encoded in the principal
and the subprincipal symbols of it. In fact, £ is directly measurable from A.

Since the results we prove are local or semilocal (near a fixed lightlike geodesic), and the proofs are
microlocal, we do not formulate a global mixed problem for the wave equation at the beginning but we do
consider one in Section 5. In fact, existence of solutions of such problems depends on global properties
of (M, g), one of which is global hyperbolicity, which are not needed for our weaker formulation and for
the proofs. Instead, we define the DN map up to smoothing operators only. In the case when one can
prove the existence of a global solution, the true DN map would coincide with ours up to a smoothing
error, see Section 5, and our results are not affected by adding smoothing operators.

This problem has a long history in the stationary Riemannian setting, i.e., when M = [0, T'] x My,
where (My, g) is a compact Riemannian manifold with boundary, and the metric is —d¢? + g; j (x)dx?dx/.
The boundary control method [Belishev 1987] and Tataru’s uniqueness continuation theorem [1995; 1999]
give uniqueness provided that T is greater than a certain sharp critical value T, as shown by Belishev
and Kurylev [1992]; see also the survey [Belishev 2007]. Stability however does not follow from such
arguments. Stability results for recovering of the metric and lower-order terms appeared in [Stefanov
and Uhlmann 1998; 2005b; Montalto 2014; Bellassoued and Dos Santos Ferreira 2011; Bao and Zhang
2014], with [Montalto 2014] covering the general case. A main assumption in those works is that the
metric is simple, i.e., that there are no conjugate points and the boundary is strictly convex (a not so
essential assumption) and the main technical tool for recovery of the metric is to reduce it to stability for
the boundary/lens rigidity problem; see, e.g., [Stefanov and Uhlmann 2005a]. For related results, we refer
to [Isakov and Sun 1992; Sun 1990]. Recently, the progress in treating the local rigidity problem allowed
results under the more general foliation condition [Stefanov et al. 2016], which allows conjugate points.
In any case, some condition is believed to be necessary for stability. It is worth noticing that all inverse
(hyperbolic) scattering problems for compactly supported perturbations are equivalent to inverse DN map
problems.

Recently, there has been increased interest in this problem or in related inverse scattering problems in
time-space. Recovery of lower-order time-dependent terms for the Minkowski metric has been studied
in [Stefanov 1989; Ramm and Sjostrand 1991; Ramm and Rakesh 1991; Waters 2014; Salazar 2013;
Ben Aicha 2015; Bellassoued and Ben Aicha 2017], and for —dz? + 8ij (x)dxidxj in [Kian et al. 2018].
Eskin [2017] proved that one can recover g, A, g up to a gauge transformation, assuming existence of
a global time variable ¢ and analyticity of all coefficients with respect to it. The proof is based on an
adaptation of the boundary control methods and the analyticity is needed so that one can still use the
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unique continuation results in [Tataru 1999]. Stability does not follow from such arguments. Other inverse
problems on Lorentzian manifolds are studied in [Kurylev et al. 2014a; 2014b; Lassas et al. 2016]. The
inverse scattering problem of recovering a moving boundary is studied in [Cooper and Strauss 1984;
Stefanov 1991; Eskin and Ralston 2010]. The first author showed in [Stefanov 1989] that in the case
where g is Minkowski and A = 0, the problem of recovery of g reduces to the inversion of the X-ray
transform in time-space over light rays, which was shown there to be injective for functions tempered in
time and uniformly compactly supported in space. In [Lassas et al. 2017], it was shown that the linearized
metric problem leads to the inversion of a light ray transform of tensor fields. Such light ray transforms are
inherently unstable however because they are smoothing on the timelike cone. They require specialized
tools for analyzing the singularities near the lightlike cone, not fully developed in the geodesic case; see
[Greenleaf and Uhlmann 1989; 1990a; 1990b]. The light ray transform has been also studied in [Boman
and Quinto 1993; Begmatov 2001; Stefanov 2017; Kian 2016].

We describe the main results below. Let xg € dM and assume that dM is timelike near xo. Then oM
with the induced metric is a Lorentzian manifold as well and we choose (locally) one of the two time
orientations, which we call future pointing.

Let f € £'(IM) be supported near xo with WF( f) close to a fixed timelike (xo,£%") € T*0M \ 0. We
define the local outgoing solution operator f + u, defined up to a smoothing operator, as the operator
mapping f to the outgoing solution u of

Pu e C® in M near xg, ulgpr = f mod C*°. 3)

The term “outgoing” here refers to the following. We chose that microlocal solution (parametrix) for

which the singularities of the solution are required to propagate along future-pointing bicharacteristics. We

refer to the subsection on page 1385 for more details. On the other hand, it is “local” because it solves (3)

near xo only and this keeps the singularities close enough to dM without allowing them to hit dM again.
Define the associated local outgoing Dirichlet-to-Neumann map as

AW oS = @vu—i (A, v)u)|an. )

where v denotes the unit outer normal vector field to dM, and the equality is modulo smoothing operators
applied to f. By definition, the Aléff w is defined near x¢ only, and in fact, in some conic neighborhood
of the timelike (xg, £%). Since the latter is arbitrary, A};’C Ag extends naturally to the whole timelike cone
on M but we keep it microlocalized near (xo, £%') to emphasize what we can recover given microlocal
data only.

As we show in Theorem 3.1, Ag’f Ay is actually a ¥DO (pseudodifferential operator) on the timelike
cone bundle near x¢. The main result about A?f Ag is Theorem 3.2: a stability estimate about the recovery
of the boundary jets of the coefficients.

Let f € £'(0M) have WF(f) as above. Let u, as in (3), be the parametrix in a neighborhood
of the future-pointing null bicharacteristic issued from the unique future-pointing lightlike covector
(x0.£%) € T*M \ 0 with orthogonal projection (xg, £%). Note that the direction of (x¢,£°) and that
of the bicharacteristic might be the same or opposite. Assume that this bicharacteristic hits dM again,
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transversely, at point yq in the codirection 7° and let n°’ be the corresponding orthogonal tangential
projection on Ty";) dM. Then (yo,n%) is timelike, as well. Let &/ and V be two small conic timelike
neighborhoods in T*dM \ 0 of (xg, %) and (yo, n°), respectively. If U/ is small enough, for every
timelike (x, £’) € U close to (xq, £%’), we can define (y, ') in the same way. This defines the lens relation

L:U—V, L(x,&)=0.7); (5

see Figure 1. By definition, £ is an even map in the second variable; i.e., £L(x, —§") = (y, —7). If (x, &)
is future-pointing (i.e., if the associated vector by the metric is such), then (x, —&’) is past-pointing but
we can interpret (y, —n’) as the end point of the null geodesic with initial point projecting to (y, —n’) but
moving “backward” with respect to the parameter over it. This property correlates well with Theorem 4.2
since the wave equation has two wave “speeds” of opposite signs.

The map L is positively homogeneous of order 1 in its second variable. Now, for f as above, let u be an
outgoing microlocal solution to (3) near (the projection on the base of) the bicharacteristic yg issued from
(x0, £9) all the way to its second contact with M at yg. In other words, u is a distribution defined near
yo and solving (3) there rather than just near x¢, having future-propagating singularities only. It is unique
up to a function smooth near yy; see Proposition 4.1. At this point, we assume that (xq, £%) is not a fixed
point for £, which means that the reflected bicharacteristic does not become a periodic one after the first
reflection. This solution is constructed as a solution with the boundary removed, in some neighborhood
of yo. Since f is smooth near (yg, %) that means there is no singularity of the solution u at (yo, n%’);
therefore, the singularity reflects at yg. We extend the solution microlocally over a small segment of the
reflected ray before reaching M again; see Proposition 4.1 for details. Then we define the global outgoing
DN map Aily Ag by (4) again but with the right-hand side localized to V, the projection of V to the base.
In fact, by propagation of singularities, Ai,l, Ag
outside some neighborhood of y¢. The map A?s Ag is actually just semiglobal because it is the DN map

f has a wave-front set in V only and we can cut smoothly

restricted to a solution near one geodesic segment connecting boundary points. Also, it is only defined up
to an operator smoothing near (xo, £%). If a global initial boundary value problem is well defined, Ail Ag

coincides with the associated DN operator up to a smoothing operator; see Section 5. In Theorem 4.2, we
gl gl

. g:A4.q T _ ] 84,4 )
L in a stable way, which is also a general property of FIOs associated to a local canonical diffeomorphism.

prove that A is an FIO associated with the graph of £. In Theorem 4.3, we show that A recovers

Another fundamental object is the light ray transform L which integrates functions, or more generally
tensor fields, along lightlike geodesics. We define L on functions by

Lof(y) = / F(r(s)) ds. ©)

and on covector fields of order 1 by
Lifo) = [ ) s ™)

where ( f(y(s)),y(s)) = fj(y(s))))j (s) in local coordinates and y runs over a given set of lightlike
geodesics, and we always assume that supp f* is such that the integral is taken over a finite interval. In
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our results below, y’s in Ly and L are the maximal geodesics through M connecting boundary points.
Unlike the Riemannian case, lightlike geodesics do not have a natural speed-1 parametrization and every
rescaling of the parameter along them (even if that rescaling changes from geodesic to geodesic) keeps
them being lightlike. The transform L is invariant under reparametrization of the geodesics and can
be considered as an integral of ( f, dy) over the geodesics. On the other hand, Ly is not. Despite that
freedom, the property Lo f = 0 does not change. One way to parametrize it is to define it locally near a
lightlike geodesic hitting a timelike surface at s = 0, in our case, dM. Then the orthogonal projection y’(0)
of each such y on TdM (the prime stands for projection) determines y(0), and therefore y, uniquely.
To normalize the projections on TdM, we can choose a timelike covector field Z on T dM locally and
require g(y, Z) = F1 for future-/past-pointing directions.

In Theorem 4.4, we show that given g, one can recover L A in a Holder-stable way; and if we are
given g, A, one can recover Log in a Holder-stable way. Notice that we do not require absence of
conjugate points and we do not use Gaussian beams. Instead, we use standard microlocal tools including
Egorov’s theorem. In Section 5, we consider some cases where L1 and Lg can be inverted to derive
uniqueness results. As we mentioned above, those transforms are unstable. The reason is that they are
microlocally smoothing in the spacelike cone; see, e.g., [Greenleaf and Uhlmann 1990b; Stefanov 2017;
Lassas et al. 2017]. Therefore, stable recovery of L1 A and Lyg does not imply Holder-stable recovery of
A1 (up to a gauge transform) and g but allows for weaker logarithmic estimates using the estimate for
recovery of ¢ from Logq in the Minkowski case proven in [Begmatov 2001], for example. We discuss
some of those possible corollaries in Section 5. Recovery of g from £ is an open problem, with some
results about the linearized problems obtained recently in [Lassas et al. 2017].

2. Preliminaries

Notation and terminology. In what follows, we denote by U and V the projections of &/ and V onto the
base M. We freely assume that I/ and V, and therefore, U and V' are small enough to satisfy the needed
requirements below.

If £ is a covector based at a point x on dM, we denote by &’ its orthogonal projection to 7 dM. We
routinely denote covectors on 77 dM by placing primes, like &', etc., even if a priori such a covector is
not a projection of a given one.

Timelike/spacelike/lightlike vectors v are the ones satisfying g(v, v) <0, or g(v,v) >0, or g(v,v) =0,
respectively. We identify vectors and covectors by the metric. We choose an orientation in U that we call
future pointing (FP). More precisely, we choose some smooth timelike vector Z in U (identified with an
open set in the tangent bundle) and we call future pointing those timelike vectors v for which g(v, Z) > 0.
If we have a time variable ¢, for example, such a choice could be Z = d/d¢. In semigeodesic coordinates
(x® =1, x) near a spacelike hypersurface, see (9) after Lemma 2.3, FP v = (v°, v’) means v° > 0. Notice
that for the associated covector (z, §) = gv, we have t < 0.

Given a timelike (x, ") € U, assume first that £’ is FP. Let £ be the lightlike covector pointing into M
with orthogonal projection &', identified with the vector v = g~ '£. The geodesic Yx,& (s) issued from
(x,v), for s > 0 will be called the FP geodesic issued from (x,&’). In Figure 1, left, v = vj, and
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Figure 1. A tangent timelike future-pointing (FP) vector v’ on the left, and a past-pointing
on the right; and the two lightlike vectors vy and vex; With the same projection, pointing
to M and outside M, respectively. The FP geodesic y = y, ¢ (s) in both cases propagates
to the future but on the right, it is determined by negative values of the parameter over
it. The corresponding covectors &', & and &qx, are plotted, as well. The lens relation is

L(x,E)=.1).

Yxg(8) = y. If (x,&’) is past pointing, then we choose v to be the lightlike vector projecting to v’
pointing to the exterior (vex in Figure 1, right) and take y, ¢/(s) for s < 0. By propagation of singularities,
a boundary singularity (x, ") as above would propagate either along the FP geodesics chosen above, or
along the past-pointing ones (or both) that we did not choose. The choice we made reflects the requirement
that singularities should propagate to the future only. We call such microlocal solutions outgoing. We
borrow that term from scattering theory. In the case of the classical formulation of the Riemannian version
of this problem, this is guaranteed by the condition ¥ = 0 for t < 0.

Gauge invariance. There exist some gauge transformations which leave the local and the global versions
of the Dirichlet-to-Neumann map A, 4 4 invariant; thus one can only expect to recover the corresponding
gauge-equivalence class. To simplify the formulations, we assume that the DN map A g 4,4 is well defined
globally on M. In our main theorems, we will apply this to the WDO part of Ay 4 4 first, and then ®
below needs to be the identity near a fixed point only. For the semiglobal one, we need ® to be identity
near both ends of the fixed lightlike geodesic only. Since the computations below are purely algebraic,
the lemmas remain true for the localized maps with obvious modifications.

We will consider two types of gauge transformations in this part. The first one is a diffeomorphism in
M which fixes M.

Lemma 2.1. Let (M, g) be a Lorentzian manifold with boundary as above, let A be a smooth 1-form and
q be a smooth function on M. If ® : M — M is a diffeomorphism with ®|yp = 1d, then

Ag,A,q = ANo*g,04,0%q-
Here 1d is the identity map, and ®* g, ®* A, ®*q are the pullbacks of g, A, q under ®, respectively.

Proof. Forany f € C°(dM), let u be the solution of Lg 4 4u =0o0n M with u|yps = f. Define v:= ®*u
as the pull-back of u; then a simple calculation in local coordinates shows that Lg+g ¢+ 4,6+4v = 0 and
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v|gym = f. If we write y = ®(x) as a local coordinate representation of @, then

Agaqf(y)=v’ (y) (y) —iv/ (») A (y)u(y)

M
8xl v axt . ayk

aij— 537" (57 ALV

—V’(X) (X)—lv](X)(<I> A)](x)v(x)

= v/ (x)

oM

= Ao+g, 0% 4,d%¢ [,

where v and ¥ are the unit normals in the y- and x-variables, respectlvely. The above calculation essentially
verifies that Ag 4 4 is defined invariantly. Therefore, Ag 4.4 = Ao+ g, 0% 4,d%¢- O

Another type of gauge invariance occurs when one makes a conformal change of the metric g. This
type of gauge invariance also occurs when g is a Riemannian metric and Ag 4 4 is the corresponding
Dirichlet-to-Neumann map for the magnetic Schrédinger equation; see [Dos Santos Ferreira et al. 2009,
Proposition 8.2].

Lemma 2.2. Let (M, g) be a Lorentzian manifold with boundary as above, let A be a smooth 1-form and
q be a smooth function on M. If ¢ and  are smooth functions such that

¢lom = hvelamr =0, ¥laym =0,
then we have
Ag.aq = Ae—z‘ﬂg,A—dxlf,ezw(q—qw)

n—2 2—n
where gy :=e 2 YOge 2 %.

Proof. A direct computation in local coordinates shows that

g, Aq(e 2 (pu) —ZWgAeN(q g%
legAq(elw“) Py a—ayqu-

For any f € C®°(0M), let u be the solution of Pg 4 ,u = 0 on M with u|yy = f. Setting v :=
"%~y we have

n—2 _:
Pe-20g, A-dy.e20(g—q,)V = Pe20g,4-ay.e20(g—q,) (€ 2 ")

n+42 n+2
=e 2 Py gy qle” ”/’u)—e 2 Yo~ 1/’PgAqu—O

Furthermore, notice that v,—2¢, = vg by the assumption on ¢; thus

dv Y
Ae—z‘ﬂg,A—dw,ew(q—fIw)f:vjﬁ_lvj (Aj ox J)vlaM

n—2 ;
(e 2 Pe V) Y
_ ez e T, _9v 1224 —iy
= 9% ( ox J) e u)|3M
. 9 9 0
:W(—i%u—i—é)—zvfzv/(A —a—wj)ubM
:vfa—u—lvjA julom = Ag,a,q/f. =

dx/
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Gauge equivalent modifications of g, A, q. It is convenient to work in semigeodesic normal coordi-
nates on a Lorentzian manifold. These coordinates are the Lorentzian counterparts of the well-known
Riemannian semigeodesic coordinates for Riemannian manifolds with boundary. We formulate the
existence of such coordinates in the following lemma.

Lemma 2.3. Let S be a timelike hypersurface in M. For every xg € S, there exist € >0, a neighborhood N
of xo in M, and a diffeomorphism ¥ : S NN x [0, T) — N such that

(i) ¥(x",0) =x"forallx’ € SN N,
(i) W(x', x™) =y (x™), where yy (x™) is the unit speed geodesic issued from x' normal to S.

Moreover, if (xO, ... ,x”_l) are local boundary coordinates on S, in the coordinate system (xo, x™),
the metric tensor g takes the form

g =gapdx* ®dxP +dx"®dx", a.p=<n-—1. ®)

Clearly, gop has a Lorentzian signature as well. If M has a boundary, then S can be dM and x" is
restricted to [0, €]. A proof of the lemma can be found in [Petrov 1969] and is based on the fact that the
lines x” = const. and x” = s are unit speed geodesics; therefore the Christoffel symbols F,in vanish for
all i. We will call such coordinates the semigeodesic normal coordinates. The lemma remains true if S is
spacelike with a negative sign in front of dx” ® dx" in (8) (we replace the index n by 0 below), and this
gives us a way to define a time function ¢ = x° locally, and put the metric in the block form

g=—dt> +g;(t,x)dx' ®dx’/, 1<i,j<n, )

with g;; Riemannian.

Now we use the gauge invariance of Ag 4 4 to alter g, A, ¢ without changing the DN map. Three
types of modifications are made in the following, labeled as (M1)—(M3) respectively.

Firstly, given two metrics g and g, one can choose diffeomorphisms as in Lemma 2.1 to obtain common
semigeodesic normal coordinates. In fact, let ¥ and U be diffeomorphisms like in Lemma 2.3 with respect
to g and g respectively; then Wo W is a diffeomorphism near M which fixes IM. Extend Uo W~ asin
[Palais 1960] to be a global diffeomorphism on M. The properties of ¥ and U ensure that the two metrics g
and (\If o W~1)*g have common semigeodesic normal coordinates near dM. Therefore, we may assume:

(M1) If (x’, x™) are the semigeodesic normal coordinates for g, they are also the semigeodesic normal
coordinates for g.

Secondly, we employ the conformal gauge invariance to replace g with a gauge-equivalent one to
obtain some identities which later will help simplify the calculations.

Lemma 2.4. Let S be either a timelike or a spacelike hyperplane near some point pg € S. Given smooth
functions ra,r3, ... on S near po, there exists a smooth function u near pg with t =0, dyu =0o0n S
so that if V is the diffeomorphism in Lemma 2.3 related to the metric g := et g, then

3 det(U*g) =r;, j=2.3,...,

on S near pg. Here 8, = 0/0x™ with (x°, ..., x™) the semigeodesic normal coordinates for g.
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Before giving the proof of the lemma, we remark that (x°,..., x™) may not be the semigeodesic
normal coordinates for g.

Proof. The statement of the theorem is invariant under replacing g by W* g for any local diffeomorphism ®
which preserves the boundary pointwise. Therefore, we may assume that g is replaced by W*g, i.e., that
x = (x/, x™) are semigeodesic coordinates for g.

Note first that the conformal factor does not change the property of a covector being normal to .S but
rescales the normal derivative and may change the higher-order ones because y,’ may change its curvature
with respect to the old metric. More precisely, for the vector e, = (0,...,0, 1) we have g(ey, en)
but g(e,, en) = Fet. Therefore, for the correspondlng normal derlvatlves we have 0, = e~ z 0y = 8
on x" =0. Let yx () be the normal geodesic at x’ € S with yx/ consistent with the orientation of §,
normalized by g(yx (s), yx 7(s)) = F1. Then for every smooth function f,

0" f()an=0 = 8] Ln=0.f (P (x")).
For j =0, 1, the results are not affected by the conformal factor and we get
U (@) ermo = f(X0), 80" (X)) |wr=0 = fu(x.0).
To compute the higher-order normal derivatives, we write
GV () = fiiPdl + five onx"=0. (10)
Under the conformal change of the metric, the Christoffel symbols are transformed by the law
f‘j’.‘k = Fl-kj + %8?‘3]-# + %Sfaiu —giiju.
In particular,
Ty =T+ 58K 0n i+ 385 0n it — gnn V¥ 0 = 85 0 — 5" 0110 (11)
Therefore, [X, =0 on x" = 0 and (10) reduces to
PZU* f(x') = fun onx" =0. (12)

In a similar way, we may compute 8{,@* f(x) on x™ = 0. The result is 3{; f plus normal derivatives
of f of order j — 1 and less, with coefficients depending on the normal derivatives of @ up to order j — 1.
For our purposes, the exact expression does not matter.

The metric ¢ has the form

- ~ oW 9/ G ave guB g g
(U 8)k1 = (&ij © )8xk Il = (8ap © 3xk 9x! + axk 9x!

where the Greek indices range from 0 to n — 1 (but not n). In particular,

det U* g = (detd¥)? det(g o ¥). (13)
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We need to understand the structure of 85 (det d@)| xn=0 now. For k = 0, we have d\TJ| =0 = Id.
Notice next that

AV = 9oV, ..., 001V, 0, D), (14)

where each partial derivative is a vector. Since by (11), 92 i = —f‘,’l , =0 forx" =0,
3n (det dW)|xn—g = 0.
To analyze k = 2, we notice first that
Op W = 0,1, = —0n (8,00t — 38" 011) = =8} ptnn + -+ .

where the dots represent a term involving lower-order d,-derivatives of w. Using this in (14), we get

0%(det dW)|xn=0 = —fnn|xn=o.
Reasoning as above, we see that

37 (det dW) | i = —0 jt|xnmo + - . (15)

where the dots represent terms involving normal derivatives of u (possibly differentiated tangentially) up
to order j — 1.
We will analyze the normal derivatives of det(g o \il) in (13) now. Since det & = ¢"* det g, we get

9, det(2 0 U) = 9, (D1 dot ¢ 0 T
=m+1)u,detg + 0, detg =0d,detg on IM. (16)
We used the fact that d¥ = Id on 9M and that 9,d¥ = 0 since du = 0 on dM. Therefore, B,J; detgo U=
97 detg onx® =0for j =0, 1. ' .
For the highest-order derivatives, notice that 8,’,@ involves 8,]1_1,11 as its highest-order normal u-
derivative, as the arguments leading to (15) show. Differentiating (16), we therefore get
37 det(s o B) = 3/ (MDY der g 0 )
=+ 1)@, pu)detg+--- ondM, (17)
where the dots have the same meaning as in (15).
Using (13) in combination with (15) and (17), we get
05 (det U* &) |xn=0 = (n — 1)(9j ) det g + -+~ . (18)

To complete the proof of the lemma, we determine the normal derivatives of u on x” =0 for j =2, ....
We get first 33, (det P* &)lxn=0 = (n — 1) nn|xn=0, which needs to be equal to r», and can be solved
for unn. Then we can determine the tangential derivatives of the latter. After that, we can solve (17) with
Jj =3 for pupnn, etc. To complete the proof, we use Borel’s lemma. O

Let g and g be two metrics satisfying (M1) with the two diffeomorphisms ¥ and 7 respectively, as in
Lemma 2.3. Applying Lemma 2.4 to S = dM and p = x¢, we can find a metric g := e*g with u =0,
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0y = 0 on M such that under the semigeodesic normal coordinates (x°, ..., x") for g we have
3/ det(W*g) = 8/ det(W*g), j=2.3....,

on M. Notice that (x°, ..., x™) are also semigeodesic normal coordinates for & by (M1).

Now consider the metrics (@ o \I’_l)* g and g. These metrics have common semigeodesic normal
coordinates (see the argument following Lemma 2.3), which are (x°, ..., x™). In these coordinates the
choice of g yields

97 det(I* o (W o U™ 1)*5) = 9/ det(U*g) = 3/ det(¥*g).
Thus we may replace g by (@ o \Tl_l)* ¢ and change A, ¢ accordingly, as in Lemma 2.1 and Lemma 2.2,
without affecting Ag 4.4. We therefore can assume that g and g satisfy not only (M1), but also:

(M2) In the common semigeodesic normal coordinates (x’, x™),
3/ det g(x,0) = 3/ detg(x,0), j =2,3,....

Here we have identified the metrics with their coordinate representations under 0.
Thirdly, we make modifications to the 1-form A. Again the modification does not change the gauge-
equivalence class of Ag 4, due to Lemma 2.2.

Lemma 2.5. Let (M, g) be a Lorentzian manifold with boundary as above, let A be a smooth 1-form
and q be a smooth function on M. There exists a smooth function W with V|yps = 0 such that in the
semigeodesic normal coordinates (x', x"), B := A — d satisfy

3 By(x',0)=0, j=0,1,2,.... (19)
Proof. We can find a smooth function ¥ with
v(x’,0) =0, 3Ty (x,0) = 8/ A, (x,0), j=0,1,2,....
Extend it in a suitable manner so that ¢ € C°°(M) with ¥|5py = 0. Then B = A — d satisfies (19). O

As a result we may further assume:

(M3) In the common semigeodesic normal coordinates (x/, x™) of g and g,

3 Ap(x',0) = 3] A, (x",0) =0, j=0,1,2,....

3. Boundary stability

We choose the semigeodesic coordinates (x’, x™) near x¢ so that xo = 0, dM locally is given by x”* =0,
and the interior of M is given by x” > 0. Let £ be a future-pointing timelike covector in T;‘O aM at xyg.
On Figure 1, the associated vector would look like v’ on the left, while the covector £%' would have the
opposite time direction, like the figure on the right. Let y(x’, ') be a smooth cutoff function with small
enough support in / that is equal to 1 in a smaller conic timelike neighborhood of (x¢, £%"). Assume also
that y is homogeneous in &’ of order 0.
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For o
fx) =My (g, (20)

and for every N > 0, we would like to construct a geometric optics approximation of the outgoing
solution u of (3) near x¢ in M of the form

N
. , 1
up (x) = e/ APE) N 7 £). 21)
Jj=0
The eikonal and the transport equations below are based on the identity
e APpeitt = 267K (3, 4) (k) +iATgp 4+ 2iAg %D ¢(3x —iAr) + P

In M near xg, the phase function ¢ (x,&’) solves the eikonal equation, which in the semigeodesic
coordinates takes the form

g 0ap 959 + (0n9)> =0.  Plxn=o =x"-§" (22)
With the extra condition d,,¢|gas < 0, (22) is locally uniquely solvable. Moreover, (22) implies

0np(x',0) =&,(x",€')>0 forany (x',§)ecll, (23)

where

En (X ) 1= V=g (X, 0)Eq Ep. (24)

Notice that the choice of the sign of &, makes & a lightlike future-pointing covector, pointing into M. In
Figure 1, the associated vector v = g~ £ looks like v, on the left.

We recall briefly the method of characteristics for solving the eikonal equation. We first determine
d¢ on x" = 0 to get (23) or the same equation with a negative square root. We choose one of them,
and in this case our choice is determined by the requirement that d¢ points into M; see Figure 1. Let
now (¢,£(s), px¢(s)) be the null bicharacteristic with g, ¢/(0) = x', py¢(0) = (¢, &,). We think of
(x’, s) as local coordinates and set ¢(x’, s) = x’ - €. More precisely, ¢ is uniquely determined locally by
the requirement to be constant along the null bicharacteristics g, ¢. Moreover,

p(s) = Vxp(q(s). &). (25)

Since by the Hamilton equations, ¢’ (s) = g/ p (), we get in particular that g9 i 0; is just the derivative
d/ds along the null bicharacteristic.

In M near x¢, the amplitudes ag and aj, j =1,2,..., solve the following transport equations:
Tag =0, aolx,=0 = X (26)
iTaj =—Paj_1, ajlxy,=0=0, j=>1 27

where the operator T is defined as

T :=2g%0;¢ (8 —iAy) + Og . (28)
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We prefer to express the bicharacteristics through the geodesics
[(s) := (gx,&/(5), P (5)) = (Vx,8(5), 8V (5)).
Then along the bicharacteristics, we have
T =205 —2i (A, p(s)) + Og¢p = 2udsu ", (29)

with the integrating factor u given by

N

pen =expl =3 [ Oetrme@ndo exoli [(atreen s @)ool o

The amplitudes a;, j = 0,1, ..., are supported in a neighborhood of the characteristics issued from
Xo € OM in the codirection £(xg). As a result, on some neighborhood of x¢, we have uy solves
Puy = 0™N), ula = f.

Theorem 3.1. A?CA g isan elliptic WDO of order 1 in U.

Proof. Given f € £'(U), not related to (20), with a wave-front set as in the theorem, we are looking for
an outgoing solution u of Pu = 0 near xg, u = f on U, of the form

u(x) = (27) " / FPEE (v £ £ (&) de. 31)

The phase ¢ solves the eikonal equation (22) and therefore coincides with ¢ there. We chose the solution
which guarantees a locally outgoing u, which corresponds to the positive square root in (24). We are
looking for an amplitude @ of the form a ~ Z;io aj(x,§’), where a; is homogeneous in the §’-variable of
degree —j. The standard geometric optics construction leads to the transport equations (26), (27). Using
the standard Borel lemma argument, we construct a convergent series for a. Then u is the microlocal
solution (up to a microlocally smoothing operator applied to f) that we used to define A Then

8,4.q°
A?CA g/ =0u/dvly. Since ¢ = x"-& on U, we get that A?CA 4 is @ WDO with symbol

_ign (x/, S/) - ana|x”=0-

In particular, for the principal symbol we get
0p(Agen ) (.§) = —itn = —i v =g*P ()gatp. (32)

We proceed in the same way if (x/,§’) is past pointing.
It remains to show that if we use another locally outgoing solution , the resulting K?C Ag would differ
by a smoothing operator. This follows by considering v := u — # which is a locally outgoing solution

with smooth boundary data, which therefore must be smooth. We omit the details. O

We prove a stable determination result on the boundary next. Let (g, 4, ¢) and (g, A, G) be two triples.
Define

§=|Ale, , — AL (33)

g,4,q 84,5 HHl(U)—>L2(U)’
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where, as above, A1°C “Ag and AlOC _ are the local DN maps associated with (g, A, g) and (g, A,4) respec-
tively microlocally restrlcted to a ﬁxed conic neighborhood ¢/ of a timelike future-pointing (xo, £%) € T*U
with xg € U C M. As above, we assume that £° is future pointing and timelike for both g and g,
and that ¢/ is small enough so that it is included in the future timelike cone on T*U for both metrics.
Therefore, in the theorem below, we need to know the DN map microlocally only near a fixed timelike
covector on T*0M.

Theorem 3.2. Let (g, A, q) and (g, A, q) be replaced by their gauge equivalent triples satisfying (M1)—
(M3). Then for any u < 1 and m > 0, and some open neighborhood Uy € U of xy,

~ M
(1) Supy ey yl<m 107 (g —8) = C827;

~ M
2) SUP 7.y <m [0V (A — A)| < CS2mFT;

- M
(3) SUDy gy, y|<m 197 (@ — @) < C572

are valid whenever g, g, A, /I,q,(j are bounded in a certain C* norm in the semigeodesic normal
coordinates near xo with a constant C > 0 depending on that bound with k = k(m, ).

Proof. We adapt the proofs in [Montalto 2014; Stefanov and Uhlmann 2005b] in the Riemannian setting.
Let Ty be a small conic neighborhood of £%”. We can assume that y = 1 on Uy x T'g. Let f be as in (20).
We restrict (x/, &) to Up x T'g below. In addition, we normalize &’ to have unit Euclidean length (in that
coordinate system). Since d,, = —dy, the formal Dirichlet-to-Neumann map in the boundary normal
coordinates (x’, x™) is given by

A, ) = e E (,)Lanqb(x 0.8)+ Z 77 On —idn)a; (x",0, S)) +o0 N, 34

The expression for A 744 S is similar, with ¢ and a; replaced by $ and @ 7, respectively.

The representation (34) could be derived from (21) but since u there is an approximate solution only,
and we defined Al 2Ag microlocally, we need to go back to its definition. To justify (34), notice that by
[Taylor 1981, Chapter VIII 7], on the set y = 1, we have e 1A*"¥’ Alo “Ag f is equal to the full symbol of
A?CA g With A = |€] and £ in (34) unit.

In the following, C denotes various constants depending only on M, y in (20), on the choice of k > 1
and on the a priori bounds of the coefficients of P in C*. Solving for d,¢ (resp. d,¢) in (34) and taking

the difference we obtain

N

U Aloc 1 1 ~ . N—

8n¢—8n¢=§(Alg",A’qf— il JE:)TJ (Onaj — nd;) —i(Ana; — Andj)]| + O
Jj=0

in L2(Up). Integrating in Uy yields

= C C
19n¢ = 3ndllL2woy = TN a1 we) + 7 (35)
A A
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The choice of f in (20) indicates that || f'|| 1(¢7,) < CA. Thus, taking the limit A — oo yields

1€n —EnllL2o) = 1909 — 3ndll 2wy < C8. (36)

From relation (24) we have
[(6* = 8*")eal || Loy = 157 = &0 lL2w0) = [ Pn9)” = @) | 2y < €S- 3D

We use the following argument here and in several places below: a quadratic form heBg g g is uniquely
determined for £’ in any fixed-in-advance open set I" on the unit sphere. In fact, one can choose n(n—1)/2
vectors &' in I and then the recovery is done by inverting an isomorphism on R~ 2, and is therefore
stable; see [Dairbekov et al. 2007, Lemma 3.3]. Therefore, (37) implies [|g — gllz2(,) < C§. By
interpolation estimates in Sobolev space and Sobolev embedding theorems, we have for any m > 0 and
u <1 that

g _gHCm(ﬁO) <Cs* (38)

provided k >> 1 is sufficiently large.
Second, we show that the first-order normal derivatives of g and the 1-form can be stably determined
on the boundary. From (34) we have

(On =i An)do — (On —iAn)ao = e * ¥ (Ngag f ~N; 525)

N
; = 1 .
+IMOnd —0nf) + Y 2 (Ot — 0niy) + O(y57)  in L2(Uo).
=1
Estimate as in (35) to obtain
. L~ 1
| @ —iAn)ao — @ —i An)iio| 2y, < € (5 Y A8+ I)’
which holds for all A > 0. In particular, we may choose A = §~7 to minimize the right-hand side; then
. L 1
| (@n —iAn)ao — (9 —i An)ao] 2y, < C82. (39)

In order to estimate the difference of first-order normal derivatives of the metrics, we consider the
transport equation in (26). Since y = 1 for x € Uy, it follows from the boundary condition in (26) that
dqtg = gy =0fora =0,...,n— 1. Moreover, g"/ = §™ in the semigeodesic coordinates; thus the
transport equation in (26) becomes

28, (0n —iAn)ag —2i A%y + dn(«/—detgong) + Q(g) =0, (40)

1
J/—detg
where, as before, Greek indices range from 0 to n — 1 (but not n). Here A% := g“ﬂ Ag,and Q(g)isa
linear combination of tangential derivatives of g, which is defined as follows:

0(g) = ————100(/—detgg®)¢g,

«/7
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where we have used that dg¢ = &g in Up, B =0,...,n—1. As a consequence of (38),

0(g) - 0(%) = 0(52). (1)
Therefore, combining (39), (40) and (41) we obtain

JTB (V=00 B) — ———— 0, (\/— et On ) — 2i (A% — A%)Ey = O(82).

Notice that

=il

§n

e 3y(J/—detging) = Tdes

1
n¢+82¢ = On detg—fangaﬂgas/f}
n

J/—detg
is an even function of &’. Here in the computation, d,¢ is substituted by &, due to (23) and 8,21¢ is

calculated by differentiating the eikonal equation (22). Separating the even and odd parts in £’ we
conclude

n

Sn _L off . g Lo ~ap )_ %
(Zdetgandetg 2, 18 faéﬂ) (zdt ndet = - L0,8 et ) = 06Y), @)

(4% = )y = 0(82). (43)
From the odd part (43), varying £’ locally, we get
~ 1
||A_A“L2(U0) < Cs2. (44)

To deal with the even part, notice (42) states that

En
2detg

1
0p detg — fangaﬂ%‘as;‘}
n

is stably determined of order 0(8%). As &, is stably determined on Uy, see (36), their product

2
1
“ gan detg — zangaﬂéaéﬁ =

1
aﬂéaéﬁ - zangaﬂgasﬂ

2 det
- - O (detg g% aly
2 d tg
is also stably determined. Since det g is known to be stable and away from zero, it follows that 3, hoP
is stable where h%f := (det g)g®f. Hence, the normal derivative of g = (det h)ﬁh is also stably
determined; that is,

~ 1
0ng — ang||L2(U0) <Céz. (45)

Using interpolation and Sobolev embedding theorems, we obtain from (45) and (44) that for any m > 0
and u < 1,

~ ~ 153
1ng — n&ll gy + 14— Allemgrgy < €83 (46)

provided k >> 1 is sufficiently large.
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Next we show that the second-order normal derivatives of g, the first-order normal derivatives of A4,
and the values of ¢ can be stably determined on the boundary. By (34) up to A~! we obtain

. L 1 _
| @n —iAn)ar = On =i An)ar || 12y < C(A284+ 182 +171).
Choose A = §~ to minimize the right-hand side. Then
. L~ 1
| @n —iAn)ar = O —i An)ar | 2,y < C8*. (47)
Consider the transport equation (27) for ;. In the semigeodesic coordinates this equation takes the form
2itn (0 —iAw)ar = —02a +q + 0(62). (48)

where O(6 %) represents the stably determined terms of order 0(8%). (In fact, a; = 0 in these expressions
by the boundary condition in (27), but it is left here for the convenience of tracking the corresponding
terms.) From the estimates (36), (45) and (48) it follows that

(—02a0 + 02d0) + (¢ —§) = O(8%). (49)

To obtain an expression of B%ao, we differentiate the transport equation in (26) and evaluate it on Up:

1 1 i i
2ag = — Pdetg— —3p+ —eg*9, 4 082
ndo 4detg nactg 2$n n¢ + Sng n O!Sﬂ + ( )
1 1 i s
=— 2 detg + ——02g%h ~ g%y A 0(82),

where the 0(8%) terms are estimated by (38) and (46) and we have used that 9, 4, (x”,0) = 0 in (M3).
Inserting this into (49) and separating the even and odd parts in &’ gives (notice that £, = /—g*P&,& B is
an even function of £):

1 1 1 1 1
2 detg — ———02detg — —02g% 925 —§)=0(8%), (50
(4detg nCeLE 4detg " etg 42 n8 50555"'45% 28 kg ) +(a—q) (64), (50)

i i g ~ '
g0, Agkp + — %0, Ayt = O(57). (51)
€n &n

To deal with (51), we multiply the two terms by &, and §n respectively. This is valid since &, is stably
determined in (36). By the argument following (37),

190 Aa = 0n Aall 20y < C52.
To deal with (50), recall the following matrix identity which is valid for any invertible matrix S:
dlog|det S| = tr(S~19S).
Taking S = g% and applying a{;‘l we see that

37 log(— det g*P) = 8£_1(ga58ng“ﬂ), j=12,....
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For j =2, it gives
2ap0ng® = 07 log(—det g*P) — 0 gap0ng™”
The right-hand side is stably determined by (M2) and (45); we thus get on Uy that
2up 028 — 2up 28 = 0(62). (52)

On the other hand, remember that the two metrics g and g have been modified to satisfy (M2); thus
by (37)

2 2 1
4d [g0ndets = 4d Tderg ndet& = (4detg 4detg

)ag detg = O(5).

This together with (50) gives

R 92 gop i
(~agthesats + 50 kts) - = 06 53)

Again we multiply the terms without the tilde by £2 and those with it by 5,3, using (24) we have
05°F +4q8" — 5,2 —433F)eatp = 0(6%).
By the argument following (37),
(@8% +4qg°®) — (978° +438°) = 0(5).

Multiplying those terms without the tilde by g,g, those with the tilde by g4, and then summing up in
a, B yields

(2ap 038" +4nq) = (Zapd32™ +4nd) = O(5%).
From (52) we come to the conclusion that
lg=qllz2we) < €8
Inserting this into (53) and using the argument following (37),
1028%F — 82| 120y < €87
Putting the estimates on g, A, g together, we have established
102 — 028 L2(wy) + 100 Aa — On Aallz2g) + 1g — dll L2 < Cs4.
As before, interpolation and the Sobolev embedding theorem lead to
||ang 9z g”Cm(UO) + (|07 Ag — O Aa”cm(UO) +llg — ‘I”cm(UO) = C84

for m > 0 and p < 1. Repeating this type of argument will establish the stability for higher-order
derivatives of g, A, g on Up. O
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Figure 2. The solution u.

4. Interior stability

The semiglobal microlocal solution. We construct the semiglobal microlocal solution u sketched in the
Introduction in the paragraph following (5) and used to define Ag g Ve recall the assumptions. We fix a
timelike (xq, £%”) € T*dM \ 0 and a small conic neighborhood ¢/ of 1t We choose a local orientation so that
(xo, £%) is future pointing. Then there is a unique lightlike (xo, £°) € T* M \ 0 which projects orthogonally
to (xg, £%). Let yo be the zero bicharacteristic issued from (xg, £%) extended until it hits 7*9M again,
transversally, by assumption, at some (yg, %) with projection (yo,n%) = L(xo,£%) € T*OM. Let
VY = L(U) and denote by U and V the projections (i), 7w (V) of U and V onto the base, i.e., their
“x-parts”. Denote by I' the union of all zero bicharacteristics issued “from U/, i.e., from all future-
pointing (x, £) with x € dM which have projections on the boundary in &{. Let I'g := 7 (I") C M be the
projection of " onto the base; see Figure 2. We assume below, for convenience, that (M, g) is embedded
in a slightly larger manifold.

Next proposition says that the microlocal solution u used in the Introduction to define A% 2. Ag is well
defined.

Proposition 4.1. If U is small enough, then for every [ € E'(IM) with WE(f) € U there exists a
distribution u defined in a neighborhood of Tg so that Pu € C*®(I'y), u|ly — f € C®(U) and u|y € C*°.
Moreover, u is unique up to a smooth function in I'g.

Proof. We are looking for a solution 1™ of the form (31) with f having a wave-front set in /. Past-
pointing codirections can be handled the same way. The solution is the same as in Theorem 3.1 but we
is supported
in a small neighborhood of the null bicharacteristic (projecting to a null geodesic on M) issued from

are now trying to extend it as far as possible away from dM. We know that microlocally, 1™
(x0, £9) with £° future pointing with a projection & " on the boundary; i.e., €0 = (¢ o ,En(x0, %)), where
&, is given by (24). See Figure 1. This follows from the general propagation of singularities theory but in
this particular case it can be derived from the fact that 7" in (28) has its principal part a vector field along
such null geodesics, and WF(1'"®) can be analyzed directly with the aid of (31).

Such a solution is guaranteed to exist only near some neighborhood of x¢ because the eikonal equation
may not be globally solvable. On the other hand, the solution is still a global FIO applied to the boundary
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data f. Indeed, it can also be viewed as a superposition of a finite number of local FIOs, each one
having a representation of the kind (31). We construct '™ first near dM; call it u;. Then we restrict
it to a timelike hypersurface S; intersecting the null geodesic 7 (yp) transversely and we chose S so
that the geometric optics construction is still valid along 7 (yp) until it hits S;, and a bit beyond it. We
take the boundary data at S1, and solve a new similar problem, by taking the outgoing solution (the
future-pointing cone on S is the one determined by WF(u1]s,)), etc. By compactness arguments, we can
cover the whole null geodesic (the projection of g to the base) until it hits dM again. This construction
provides solutions (modulo smooth terms) u1, . .., ug, each one defined in an open set 'y, where Tk
covers I'g. Without loss of generality we may assume that the only intersections of the I'y’s happen
among consecutive ones. Then on Sy, near the intersection with 7 (yp), we have two microlocal solutions:
uy and uy 1. They have the same traces on Sy modulo a smooth function.

Next, in their common domain of definition, u; and ug 41 coincide up to a smooth function. Indeed, the
difference v has smooth trace on Sy and it is outgoing. By the last paragraph of the proof of Theorem 3.1,
v is smooth near S.

We choose a partition of unity 1 = ), yx near T subordinate to that cover and set u"® = >k XkUk-
The latter is a microlocal solution (i.e., a solution up to smooth errors) in a neighborhood of T'g. Indeed,
this is not completely obvious only when supp y; and supp 41 intersect but then ux, = uy modulo
C and therefore, near such a point, u™™ = yuy + yx4+1Uk+1 = ux modulo C®, which is a microlocal
solution.

We use this argument several times below. This construction is similar to that in [Duistermaat 1996],
where it is shown that the Cauchy problem on a spacelike surface gives rise to a global FIO. As a result,
one gets a microlocal solution '™ in a neighborhood of T'¢ (not satisfying the needed boundary conditions
on V yet) as a composition of a finite number of FIOs.

We need to reflect u'™ at V' to satisfy the zero boundary condition. We write the solution u as the sum
u=u" +u
we start with boundary data —u'"|; on V' and singularities which propagate into M into the future (the

ref ref :

ref, . The construction of u

me is similar —

of the incident wave '™ and the reflected wave u

past-future orientation near V' is determined by declaring the singularities of ™™ on V coming from the

ref needs

past). We refer to (57) below and the construction following it for more details. The solution u
to be extended to a small neighborhood of the geodesics near yg reflected at V' until they leave I'g. By
choosing U/ small enough, we guarantee that the reflected geodesics do not hit M again.

Finally, we prove the uniqueness statement. If #; and u5 are two such solutions, then v :=u; —u; is
smooth on both U and V. A priori, v can be only singular along bicharacteristics close to yg or its reflection
from V. By the argument we used above, v must be smooth in I'g with the possible exception of some neigh-
borhood of V' in M, where u"! might be nontrivial. Near V, we know v has smooth Cauchy data. An (eas-
ier) adaptation of the same argument shows that v has to be smooth near V' as well. Indeed, otherwise, for v,
extended as zero outside M, we would get that P v has singularities conormal to V' only, and the microlocal

propagation of singularities theorem then would yield that v has no singularities near y or its reflection. [

Having constructed u, then we deﬁne Ag Ag S in (4) but with the so-constructed u. The uniqueness

part of the proposition shows that AY 1s defined up to a smoothing operator.

8.4.9
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Ai‘ A ,q Tecovers the lens relation L in a stable way.

9
gl

Theorem 4.2. Under the assumptions in the Introduction, A 2. A

is an elliptic FIO of order 1 associated
with the (canonical) graph of L.

Note that we excluded lightlike covectors in WF( f). This excludes bicharacteristics (geodesics) tangent
to dM carrying singularities of u. This is where the two Lagrangians (one of them being the diagonal)
intersect. We also restricted u to the first reflection shortly after that. Without that, the canonical relations
would contain powers of £. The theorem is a direct consequence of the geometric optics construction and
propagation of singularities results for the wave equation and can be considered as essentially known.

As a consequence of Theorem 4.2, for every s, we have AL?’CA’q maps H*(U) into H*~1(U) and
Ai'l,A,q
two operators are the H! — L2 ones. While both operators are bounded in those norms, their dependence

maps H*(U) into H~1(V). Fixing s = 1, one may conclude that the natural norms for those

loc
g:A4.q°
principal symbol (and the whole one, in fact) depends continuously on g; and in fact the whole operator

on the metric g is not necessarily continuous if we stay in those norms. For A we will see that the
does, as well. On the other hand, while the canonical relation of Ai,l Ag depends continuously on g, the
operator itself does not. This observation was used in [Bao and Zhang 2014]; see also [Stefanov et al.
2016] for a discussion.

Proof of Theorem 4.2. We will analyze first the map F : f +— u'"|g, where S is a timelike surface as in
the proof of Proposition 4.1, and (31) for u = uj, is valid all the way to it, and a bit beyond it.

Change the coordinates x so that S = {x” =1}. This can be done if S is close enough to dM. Then
(31) with x = (x/, 1) is a local representation of the FIO F and its canonical relation is given by (see,
e.g., [Taylor 1981, Chapter VIII])

(Ve lxn=1, E) > (X, Virglxn=1).

By (25), with the momentum p projected to T*{x" =1}, we get that this is the lens relation £; from
UCT*OM to T*S (instead of the image being on T*9dM again).

We can repeat this finitely many times by choosing S7, S», etc., to get a composition of finitely many
canonical relations, starting with £7; then £, maps data on 7*S; to T*S5, etc. That composition of, say
m of them, gives the lens relation from dM to Sy,. In the final step, we need to take the normal derivative.

This shows that the map f + 9,u™|y is an FIO of the claimed type.
gl

8,44’
the same kind with a different phase; see (57). Its normal derivative on V is the same however and the

To prove this for A we need to add d,u"™|. The latter has an oscillatory representation of

principal symbol is the same as that of 9,u"!|y/; see (58) below. O

To prove stable recovery of the lens relation £, we recall that the H! — L2 norm of the DN maps is

not suitable for measuring how close the canonical relations £ and L of the FIOs Ai,l’ Ag and A? i are.
Instead, we formulate stability based on measuring propagation of singularities. Given a properly supported
WDO R on dM near (yg, n°), with a principal symbol rg, we consider A*RA, where A = A?,A’q. By
the Egorov theorem, this is actually a WDO near (xg, &) with a principal symbol (rg o £)A¢, where Ag

is the principal symbol of AA* which depends on g. In this way, we do not recover £ directly; instead
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we recover functions of £ for various choices of rg, multiplied by Ao. Choosing a finite number of R’s
satisfying some nondegeneracy assumption, we can apply the implicit function theorem to recover £
locally. In fact, we choose below the differential operators

Ry ={1,y% ...y ™1 9/0y°, ... 8/8y" 1), (54)
Theorem 4.3. Let (y°, ..., y" 1) be local coordinates on dM near yg. Let
n—1 ) .
SN Y A= K*Y Mgy 2@y 8. 1IN A=A K| g2y 12wy <6
=0
’ (55)
n—1 9 _ 9 ~
> A*—.A—A*—.A‘ <38,
= ay/ W N3 w)—»L2w)
with A = A?A P A = A% _ . Assume that (g, A.q) and (8, A,§) are e-close to a fixed triple

. . 8,4,9 . . . .
(g0, Ao, qo) in a certain C k norm in the semigeodesic normal coordinates near xo and near yo. Then
there exist k > 0 and u € (0, 1) so that

(L—L)(x, )| < C8*/—g(§, &) forall (x,§) €U, (56)
if U and € > 0 are small enough.
A few remarks:

(a) The square-root term is just a homogeneity factor.

(b) The cotangent bundle T*0M is not a linear space; therefore the difference £ — £ makes sense in
fixed coordinates only.

(c) The norms in (55) are the natural one since the operators we subtract there are WDOs of orders 2
and 3, respectively.

(d) The norms in (55) are equivalent to studying the quadratic forms (A f, RjAf) — (K fiR jK ).

(e) One could reduce the number of the R;’s to 2n — 2; in fact, Rgp = 1 in (55) is not needed, as it
follows from Remark 4.8, since we can recover 1’ /n, and use the fact n = (1, n,) is a null covector.

We prove Theorem 4.3 at the end of this section.

Stable recovery of the light ray transforms of A and q. Let, as in the Introduction, £° € T, M \ 0 be
the future-pointing lightlike covector whose projection on 7*9M \ 0 is the timelike covector £% as in the
definition of the semiglobal DN map. Let yo := y,, g0, be the lightlike geodesic issued from (xo, £9)
which intersects dM at another point yg. Let V' be a neighborhood of yg containing all endpoints of
future-pointing geodesics issued from /. Choose and fix any parametrization of the lightlike geodesics
close to yo by normalizing &”. This defines a hypersurface Uy in U. The theorem below holds if I/ is a
small enough neighborhood of (xg, & 0o ), and therefore Uy is small enough, as well. Then L; and L are
well defined on .
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Theorem 4.4. Fix a Lorentzian metric g and (xq, £°) satisfying the assumptions above. Let (A, q) and
(4, q) be two pairs of magnetic and electric potentials. Define § := ||Ag Ayg Ai,l,g’q||H1(U)—>L2(V)-
Then:

(a) Forany pu <1 and m >0, the following estimates are valid for some integer N whenever g, A, A, q, g
are bounded in a certain C* norm:

IL1 (A= A) = 27N | em@zyy < C8*.

(b) Under the a priori condition ||A — A”C‘(M) < 51f0r some 81 > 0, forany 0 < u <y and m > 0,
the following estimate is valid whenever g, A, A, q,q are bounded in a certain C k norm:

[Lo(q —Dlcm@, < CE* +81).

If there are no conjugate points along Yy, the proof can be done using a geometric optics construction
of the kind (21) but with a different phase in (21) all the way along that geodesic and taking the normal
derivative in V. Since we do not want to assume there are no conjugate points along yg, we will proceed
in a somewhat different way.

The fact that we cannot rule out the case N 7% 0 based on those arguments can be considered as a
manifestation of the Aharonov—Bohm effect. If A and A are a priori close, then N = 0.

We start with a preparation for the proof of the theorem. Consider first the geometric optics parametrix of
the kind (31) of the outgoing solution u like in the previous section. We assume that the boundary condition
f has a wave-front set in the timelike cone on the boundary, and for simplicity, assume that it is in the future-
pointing one (7 < 0 in local coordinates for which d/0¢ is future pointing). Assume at this point that the con-
struction is valid in some neighborhood of the maximal y. We microlocalize all calculations below there.
Allinverses like D1, etc., below are microlocal parametrices and the equalities between operators are mod-
ulo smoothing operators in the corresponding conic microlocal neighborhoods depending on the context.

The construction is the same as that in the previous section, but this time the outgoing solution u is
constructed near the bicharacteristic issued from (xg, £%’) all the way to yo. Since the solution can reach the
other side of the boundary, we need to reflect it at the boundary to satisfy the zero boundary condition. We
write the solution u as the sum of the incident wave u™™® and the reflected wave u™': u = 1™ + ™ where

() = @) [ PO @l o R, F (€)
(57)
uref(x) — (271)_”/ eiq&‘ef(x,&")(af)ef + arlef+ Rref)(x’ i_./)f(%./) dé/.

Here the phase function ¢™f solves the same eikonal equation as ¢ does but satisfies the boundary condition
™|y = ¢. It differs from ¢ by the sign of its (exterior) normal derivative d¢p/dv = —d¢™ /dv >0 on V.
The amplitudes are of orders 0 and —1, respectively, and satisfy

Tmcaglc =0, 1nC|U =1
Trefaref =0, ref|V — _a1n<:|V’
lecamc _ Pamc 11’1C|U =0,

ref ref ref ref inc
iT" ay —Pay ly = —a, lyv,
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where T and 7" are the transport operators defined in (28), related to the corresponding phase function,
and the remainder terms are of order —2. Replace A and A with their gauge-equivalent field satisfying
(M3) on V. This does not change their light ray transforms. A direct computation, which can be justified
as (34), yields

AS 4 f =00 / e 8D (24(3, )ain® + 2i (3y)a + 3y (@i + afh) +a—y) f (&) dE',  (58)

where a_1 is of order —1 and ¢ and the amplitudes are restricted to x € V.

The expression (58) allows us to factorize Ai,l, Aq 38 Ai,l, Ag = 2No D modulo FIOs of order 0 associated
with the same canonical relation, where Df is the trace of u™ on V (a “Dirichlet-to-Dirichlet map”)
and Ny is the DN map A};’CO,O but localized in V. Note that replacing A and ¢ in Ny by zeros or not
contributes to lower-order error terms. Let Do be the operator D related to A =0, ¢ = 0. Let N 1
and D, ! be microlocal parametrices of those operators which are actually parametrices of the local
Neumann-to-Dirichlet map and the incoming Dirichlet-to-Dirichlet one from V' to U. Then

DglNo_lAgl

A =2Dy'D mod S~! (59)

is a WDO of order 0.
In the next lemma, we do not assume that the geometric optics construction is valid along the whole yy.

Lemma 4.5. The operator D, 1 Ny 1A§1 Ag is a WDO of order 0 in U with principal symbol

2expliL1A(yx )} (60)
where Yy ¢ is the future-pointing lightlike geodesic issued from x" in direction § with projection &'.
Proof. By (59), we need to find the principal symbol of D ID.

The transport equation for ag“: is

[2¢7%(3;¢) (0 — i) + Ogplaiic =0, ally =1.

As explained right after (25), g/* (0j¢)0k is the tangent vector field along the null geodesic yy/ .
Therefore, with T'(s) := (yx/,¢/(s), gVx,&/(5)), as before, on the set y =1 we get ag‘C = u; see (30). That s,

aglc(r‘(s)) = exp{ _%/0 (Ogp)T'(0)) da} exp%i /(; Ay o yx/,g/(a))'/f/’g,(a) do;. (61)
Take s = s(x,§) so that y,/ ¢/(s) € V to get

(@g©o £)(x".&) = exp{—3 L(Ogp)(x, §') +iL1 A(x', ')},

where we use the coordinates (x’, ') to parametrize the lightlike geodesics locally, and the definition of
L(Og¢) is clear from (61).

To construct a representation for Dy 1, note first that when A4 = 0, the term involving L A is missing
above. We look for a parametrix of the incoming solution of Ogu = 0 with boundary data y =/ on V
with WF(h) C V of the form

u(x) = (27)" / FPEEp(x &) () de, 62)
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where ¢ is the same phase as in the first equation in (57) and f, not related to (20), depends on / as
below. The amplitude b solves the transport equation along the same bicharacteristics (with different
coefficients since A = 0, ¢ = 0) with the initial condition

bly =a™|y,

where @™ is the full amplitude in the first equation in (57). Restricted to V, the map f — u|y is just Df.
Then to satisfy u =/ on V, we need to solve Df = h, i.e., to take f = D~ 'h microlocally.
To illustrate the argument below better, suppose that we are solving the ODE

Y +ay=0, y0)=1,
fromt =0tot =1, where a = a(t). Then we solve

yit+aiy1 =0, yi(1)=yQ),

where a; = a;(t). A direct calculation yields

t t
y(r)zexp{—/o a(s)ds}, yl(r>=exp{—f1 m(s)ds} ().

In particular,
1
7 =exp] - [ @ -atnasf.
0
We apply those argument to the transport equation to get

bl = expliLiA(yye)}.
Then
Dy'Df = Q2m) " / € expliLy Ayu )} f(€) dE.

This proves the lemma under the assumption that the geometric optics construction is valid in a neigh-
borhood of yy.

To prove the theorem in the general case, we use the partition argument we used in Proposition 4.1.
Let S1,...,S; be small timelike surfaces intersecting yg in increasing order from U to V so that the
geometric optics construction is valid in a neighborhood of each segment of yo cut by two consecutive
surfaces of the sequence {U, Sy, ..., Sk, V}. This determines Dirichlet-to-Dirichlet maps D; from U
to S1, then D,, from S to Sz, etc., until Dy 41 from Sg to V. Then D = Dy 41Dy -+ D1. Similarly,
Do = Do r+1Dox -+ Do,1. Then (59) is still valid and takes the form

Dy Ny TAE

g.A.q =2D(I}"'D0_,lch_1 Dy41Dg - D1 mod ™1

0,k+1

By the first part of the proof, D llc +1Dk+11isa WDO on V' with principal symbol exp{i L§k+1)A}, where

L(lkH) is the light ray transform L restricted to geodesics between Sy and V. Then we apply Egorov’s

theorem, see [Hormander 1985b, Theorem 25.2.5], to conclude that DO_IIC(D(;]I(JFIDkJrl)D;c is a YDO
-1 ’ i

with a principal symbol that of D | Dy 1, pulled back by Lk 1, the canonical relation between Sk
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and V, multiplied by the principal symbol of D lch - The result is then (60) without the factor of 2 with
the integration between Sy (through S 1) to V. Repeating this argument several times, we complete
the proof of the lemma. O

Stability of the light ray transform of the magnetic field.
Proof of Theorem 4.4(a). We have

| Do Ny 1(Ag Ag ™~ Ai,l,;f,q)HHl(U) =C HAg Agq Ai,l,g,,; |1 Wy 200y = C8- (63)

Set R:= Dy Ny 1 (AY

2. Ag A? ’ A~,tj)' By Lemma 4.5, R is a WDO in U of order 0 with principal symbol

ro(x,€") = 2expliL1 (A — A)(yy e}

and we have || R|| 1) < C3, by (63). We need to derive that ro is “small” in U, as well. We essentially
did that in the proof of Theorem 3.2. Choose f as in (20). By [Taylor 1981, Chapter VIIL.7], on the set
x = 1, we know e IAXE R f is equal to the full symbol of 1\1!:3’C w with A = |£| and £ in (34) bounded,
say, unit. Therefore,

ro(x.§) = e Y Rf + 0(1/) (64)

in C* for every k. Since || f||;2 = C and || f]| g1 ~ A, (63) yields
7o (- ENlgr1 )y < CAS+ C/A,

uniformly for £ in some neighborhood of £%’. With a little more effort one can remove A from C 1§ but
this is not needed. Take A = §~2 to get

lexpti L1 (A~ A) w1 gy < €52

Using interpolation estimates, we can replace the H ! norm by any other one at the expense of lowering
the exponent on the right from % to another positive one, if k in Theorem 4.4 is large enough. Since
le’? — 1| < & implies |z —2n N | < Ce for some integer N, this proves part (a) of the theorem. O

Stability of the light ray transform of the potential.

Proof of Theorem 4.4(b). First, we will reduce the problem to the case A= A. For A% i A? AG
we get a representation as in (58) with a principal symbol with seminorms 0(8” ), snfce \qve can use
interpolation estimates to estimate the higher derivatives of A—A. Apply a parametrix (Ai, A q) ! to that
difference to get a WDO Q of order 0 microlocally supported in ¢{. If the geometric optics construction

is valid all the way from U to V, we get as in the proof of (a) that Q f = 0(5‘“) + O(1/1) in H'. This

implies the same estimate for ” (Agl _ Ag A:) f ” 12+ In the general case, we can prove the same
estimate as in the proof of (a). We w1ll use this later and for now, we assume A= A.
Lemma 4.6. The operator D~ 1N 1(A —A® ) is a YDO of order —1 on U with principal

8,4,q 8.4,
symbol

2[Lo(g —q)] o yx s (65)

where Yy g is the future-pointing lightlike geodesic issued from x" in direction § with projection &'.
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Proof. Assume first that the geometric optics construction is valid in a neighborhood of the whole yg. In
the amplitude

—2i (8v¢)alnc —2i (8,,(,1))61lnc + 0y (alrlc + a{f’f) +a—q

in (58), the terms —2i (9, gi))alnc and 9, (alnc + af)ef) do not depend on g; see (61). The other two terms
depend on ¢ but they are of different orders. Therefore,

(NS —AS ) f =@ / 0D (221 (3,9) (@ —al™) + (a—1 —d—1)) f(£") dE'|y.  (66)

The order of the FIO above is zero. As in the previous proof, we can represent this as a composition of
2Ny with the operator D — D (the difference of two such Dirichlet-to-Dirichlet maps):

Ag _Af

8 ng— M4y =2No(D—D) (67)

modulo FIOs of order —2. That operator D — D is an FIO with a symbol, compare with (66),
o(D — D) = =2i (@™ —a'™) +a_,, (63)

with a_, of order —

C

To compute a‘“ recall the transport equation for a‘“c

[2gf 3¢k —iAg) +Ogal Me —iPalc, a|y =0, (69)

where

. inc . inc inc
iPay =1iPg g0ay +iqag .

The first term on the right is independent of g. By (29), (30), with I'(s) as in (61), we get

ln lalnc : 1 mn mn
Pe) =0 [ (Peaoa +gal o T(0) do
o (10)

labnc N 1
= > / [TCPngaglc+q]OF(0)dG
0 L4y

The potential ¢ depends on x only, so g o I'(s) = g o y(s). In (70), only the last term depends on ¢ and is
an integral of g over lightlike geodesics multiplied by an elliptic factor. Note that the integral, as well as
inc

a, are homogeneous of order —1 in &, as they should be.
We go back to (68) now. Using (70), the terms involving Pg 4,0 and P Ao cancel below and we get

o(D—=D)oL=iaLo(G—q)+a—s, (71)

where a_; is a symbol of order —2, different from the one above.
Similarly to (59), we have

_AY

DTN (AY S Ag) =2D7'(D—D) mod S72. (72)

8,44
Therefore, we need to compute the principal symbol of 2D ™! (5 — D). Let R be a ¥YDO in U with
principal symbol r_; given by (65). Then, in &, DR is an FIO of the type (62) with x € V with the
same phase function and a principal amplitude by solving Thyg = 0, bo|y = r—1. By (29), the solution
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restricted to x € V' is given by ur—; o £7!|y. Recall that u = aglc. By (71), this is 20 (D — D) modulo
symbols of order —2. Therefore, DR = 2(5 — D) modulo FIOs of order —2. This proves the lemma
under the assumption that the geometric optic construction is valid along the whole yg.

In the general case, we repeat the arguments of Lemma 4.5. We represent D and Dasa composition
D = Dy -+ Dy, and similarly for D. We will do the first step. Consider 2(D, D)~ ! (5251 —DyDy).
We have

2(D2D1)” (D2 D1~ D2D1) =2D7' D31 (D2~ D2) D1 + Do(D1 — D))
=D['RyDy+ Ry =D 'RyD1 + R,
modulo FIOs of order —2, where R; = 2Dj_1(5j —Dj), j = 1,2. We apply Egorov’s theorem to
Dl_1 R> D1 to conclude that it is a WDO on U with a principal symbol equal to the sum of two terms as in
(65) with L taken over the geodesic segments between U and S first, and S and S, second. The sum

is equal to (65) with L taken over the union of those segments. Repeating this argument to include D,
etc., completes the proof of the lemma. O

We finish the proof of part (b) as we did that for part (a). Set

A R - | gl
R=D""N, (Ag,A,c}_Ag,A,q)‘

It is a WDO of order —1 rather than of order O as in (a). The analog of (63) is still true. If, as above, r—;
is the principal symbol of R, then by Lemma 4.6,

(2L E) = =21[Lo(@ ~ D] o ywg = AT MRS+ 0(1/1)
with f as in (20); compare with (64). Then
lr—1 (- &Nl g @y < CA*8 + C/A.
Choose A =873 to get lr—1(-.ENlm @) < C§3. This completes the proof of the theorem. O

Proof of the stable recovery of the lens relation.

Proof of Theorem 4.3. We use the notation above. Recall the remark preceding Theorem 4.3 above. The
operator A* PA is a WDO with a principal symbol (pg o £)Ag. Take p = po = 1 as in (54) to recover Ag
first. Knowing the latter, we recover p; o £ for j =1,...,2n —1; see (54). That gives us (y, ) in (5) as
functions of (x, §’). Therefore, we reduce the stability problem to the following: show that the principal
symbol of a WDO A of order m is determined by A : H™ — L? in a stable way which is resolved by the
lemma below, see also (35), (36). Note that the lemma is a bit more general than what we need since
{P;} are simple multiplication and differentiation operators.

Lemma 4.7. Let Q be YDO in R" with kernel supported in K x K, where K C R" is compact. Let gy,
be its principal symbol homogeneous of order m. Then

lgm (- E)llL> < CIEM 1 Qllgm L2
for all £ # 0 with C > 0 depending on K only.
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Proof. Take f = e'**€ y(x), where y € Cg° equals 1 in a neighborhood K. Then for x in a neighborhood
of K, we have Q f(x) = e/ (gm(x.£) + r(x, £)) with r € S”1. We have

B < flian < clerm
cC — H™Mm =
for |&| > 1. Therefore, for such &,
ClIOf Iz _ ‘ (O Ca
(R 2 B PR
Take the limit |£| — oo along radial rays to complete the proof. O

We complete the proof of Theorem 4.3 with the aid of Lemma 4.7. We recover first the L2-norms with
respect to x of £(x, £) — L(x, £) uniformly in £ (in fixed coordinates); we can choose x = 1 then. Using
standard interpolation estimates, we can estimate the L% norm of £(x, §) — £(x, £) with u < 1 in (56),
using the a priori bounds on g and g in some C k k> 1, which imply similar bounds on £ and L. O

Remark 4.8. The symbol Ay can be computed. Since we do not use this formula, we will sketch the
proof only. Using Green’s formula, as in the proof of [Stefanov and Uhlmann 1998, Proposition 2.1], we
can show that 2Ny, =~ D* A, where = stands for equality modulo lower-order terms, and Ny, is N above
with the subscript V indicating that it acts microlocally in that set. The same proof implies that A* is the
DN map associated with the incoming solution, i.e., the one which starts from V microlocally and hits /.
Therefore, A* = 2N, D™}, where Ny; now acts in I. Those two identities and Egorov’s theorem imply
Lo = —4(&, 0 L)&y, where &, is the function defined in (32).

5. Applications and examples

We start with a partial but still general enough case. We follow [Hormander 1985a, §24.1]. Let M be
a Lorentzian manifolds with a timelike boundary dM. Assume that ¢ is a real-valued smooth function
on M so that the level surfaces ¢+ = const. are compact and spacelike. For every a < b, the (compact)
“cylinder” M,p = {a <t < b} (assuming [a, b] is in the range of ¢) has a boundary consisting of the
spacelike surfaces t ! (a), t ~1(b) and 9M N M, which intersect transversely. This is a generalization
of [0, T] x © in the Riemannian case. By [Hormander 1985a, Theorem 24.1.1], the following problem is
well posed:
Pu=0 inM, uli<a=0, ulpy=f

with f € H*(dM), s > 1, f =0 for ¢t < a, with a unique solution ¥ € H*(M) vanishing for ¢t < a.
Moreover, the map f + u is continuous. Then the Dirichlet-to-Neumann map Ag 4, defined as in (4),
is well defined.

Let xg € Up € U C dM be as in Theorem 3.2. Let y be a properly supported ¥DO cutoff of order 0
localizing near some timelike covector over xg € Up. Since there is a globally defined time function, there
are no periodic lightlike geodesics. Then yAg 4,4 x can be taken as A?f A and Theorem 3.2 applies. If
we know a priori that Ag 4.4 : H (10) (0M) — L?(0M) is continuous, where the subscript (0) indicates

loc

functions vanishing for # = 0, then we can replace A gAg

by Ag, 4,4 in (33) and therefore, in Theorem 3.2.
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Figure 3. The DN map, with g Minkowski, on the lateral boundary of the cylinder
determines a potential and a magnetic field up to d¢ inside the cylinder but outside the
two characteristic cones.

Similarly, with suitable WDO cutoffs y; and y;, we can take Ai,l Ag

assumptions of Theorem 4.4. And again, if we know that Ag 4.4 : H (10)(3M ) — L2(dM) is continuous,

= x1Ag, 4,4 X2, under the

we can remove the cutoffs. The results with the cutoffs are actually stronger.

Some special subcases are discussed below. They recover and extend the uniqueness results in [Stefanov
1989; Ramm and Sjostrand 1991; Ramm and Rakesh 1991; Waters 2014; Salazar 2013; Ben Aicha 2015;
Bellassoued and Ben Aicha 2017], and some of the stability results there. Using the results in this paper
with the support theorems about the light ray transform in [Stefanov 2017; RabieniaHaratbar 2017], we
can get new partial data results.

Example 5.1. Let ¢ be a unknown potential but assume that the metric and the magnetic fields are
known. Restrict the DN map to M, for some a < b. Then we can recover Log in a stable way as in
Theorem 4.4 over all timelike geodesics intersecting the lateral boundary transversely at their endpoints.
If g is real-analytic, then we can apply the results in [Stefanov 2017] to recover ¢ in the set covered by
those geodesics under an additional foliation condition. Note that in contrast, the results in [Eskin 2017]
require A and ¢ to be analytic in time.

Example 5.2. In the example above, assume that g is Minkowski, and M,; = [0, T] x Q for some
bounded smooth 2 C R". By Theorem 3.2, we can recover L1 A and Log over all lightlike geodesics
(lines) [; g ={(t,x) = (s,z+s0):s €R}, (z,0) e R" x S"~1, not intersecting the top and the bottom of
the cylinder. By [Stefanov 2017], we can recover ¢ in the set covered by those lines. By [RabieniaHaratbar
2017], we can recover A up to d¢, ¢ = 0 on [0, T] x Q2 in that set as well.

For example, if € is the ball B(0, 1) = {x : |x| < 1}, the DN map recovers uniquely g and A, up to a
gauge transform, in the cylinder [0, 7]x B (0, 1) with the upward characteristic cone with base {0} x B(0, 1)
and the downward with base {T'} x B(0, 1) removed; see Figure 3. If T < 2, those two cones intersect;
otherwise they do not but the result holds in both cases. This is the possibly reachable region from
[0, T'] x 02; thus the results are sharp since no information about the complement can be obtained by the
finite speed of propagation.
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This extends further the uniqueness part of the results in [Stefanov 1989; Ramm and Sj6strand 1991;
Ramm and Rakesh 1991; Waters 2014; Salazar 2013; Ben Aicha 2015; Bellassoued and Ben Aicha 2017].
Using the stability estimate in [Begmatov 2001] about L, and the logarithmic estimate for L in [Salazar
2014], we can use Theorem 4.4 to recover the results in [Salazar 2014]. One important improvement
however is that for uniqueness, we do not assume that A and ¢ are known outside [0, '], or that T = oo
because the uniqueness results in [Stefanov 2017; RabieniaHaratbar 2017] do not require the function or
the vector field to be compactly supported in time.

Example 5.3. A partial-data case of Example 5.2 is the following. Let ' C d<2 be relatively open, and
assume that 0<2 is strictly convex. Assume that we know the DN map for f supported in [0, T'] x T, and
we measure A f there, as well. Then we can recover ¢ (for all n > 2) and A for n > 3, up to a gauge
transform, in the set covered by the lightlike lines hitting [0, T'] x 2 in [0, T'] x I" at their both endpoints.
When n = 2, the recovery of A up to a potential d¢ requires that if we know L1 A for some lightlike /; g,
we also know it for / z,—0» see [RabieniaHaratbar 2017], and this is the reason we restricted n to n > 3.
Those local uniqueness results for the DN maps are new.

Example 5.4. In a recent work [Bellassoued and Ben Aicha 2017], an inverse problem for the wave

operator
P:=0%>+a(t,x)d; — A +b(t,x)

with real-valued a, b is studied. The coefficient b causes absorption. We do not restrict A and ¢ to be
real-valued, so we can take

A= (%a(z, x),0,... ,0), q= —%iata(l, xX)+b(t, x);

then P in (1) is the same as the one above. Then Theorem 4.4 proves unique recovery of A, g up to the
gauge transform A — A —dy with ¥ = 0 on [0, T'] x dR2. Since A is restricted to the class of covector
fields with spatial components zero, we must have ¥ = v (¢). However, then ¥ = 0 for x € dQ2 implies
¥ = 0. Therefore, the logarithmic and the double logarithmic stability estimates in [Bellassoued and
Ben Aicha 2017] for a and for b which are about the DN map can be obtained by Theorem 4.4 combined
with the stability estimates in [Begmatov 2001; Salazar 2014]. We can get new uniqueness results however
with partial data as in the previous examples. In the Riemannian case studied by Montalto [2014] we can
allow an absorption term as well to obtain, up to a gauge transform, stable recovery of a Riemannian
simple metric in a generic class, a magnetic field, a potential and an absorption term from the DN map.
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BLOW-UP CRITERIA FOR THE NAVIER-STOKES EQUATIONS
IN NON-ENDPOINT CRITICAL BESOV SPACES

DALLAS ALBRITTON

We obtain an improved blow-up criterion for solutions of the Navier—Stokes equations in critical Besov
spaces. If a mild solution # has maximal existence time 7T* < oo, then the non-endpoint critical Besov
norms must become infinite at the blow-up time:

B I Dy =05 3< <o

In particular, we introduce a priori estimates for the solution based on elementary splittings of initial
data in critical Besov spaces and energy methods. These estimates allow us to rescale around a potential
singularity and apply backward uniqueness arguments. The proof does not use profile decomposition.

1. Introduction

We are interested in blow-up criteria for solutions of the incompressible Navier—Stokes equations
diu—Au+u-Vu+Vp =0,
divu =0, (NSE)
u(-,0) =ug
in O := R? x (0, T) with divergence-free initial data u € Cge (R3). It has been known since [Leray
1934] that a unique smooth solution with sufficient decay at infinity exists locally in time. Furthermore,

Leray proved that there exists a constant ¢, > 0 with the property that if 7* < oo is the maximal time of
existence of a smooth solution, then

3
1 1=
”u('vt)”LP(R?') Zcp(ﬁ) (1-1)

for all 3 < p < oo. Such a characterization exists because the Lebesgue norms in this range are subcritical
with respect to the natural scaling symmetry of the Navier—Stokes equations,

u(x,t) = du(Ax, A%1),  p(x,t) = A2 p(ix, A%1). (1-2)

The behavior of the critical Z* norm near a potential blow-up was unknown until the work of Escauriaza,
Seregin, and Sverdk [Escauriaza et al. 2003], who discovered an endpoint local regularity criterion in
the spirit of the classical work [Serrin 1962]. In particular, they demonstrated that if « is a Leray—Hopf

MSC2010: 35Q30.
Keywords: Navier—Stokes equations, Besov spaces, blow-up criteria.

1415


http://msp.org/apde/
http://dx.doi.org/10.2140/apde.2018.11-6
http://dx.doi.org/10.2140/apde.2018.11.1415
http://msp.org

1416 DALLAS ALBRITTON

solution of the Navier—Stokes equations with maximal existence time 7* < oo, then
limsup [[u(-, 1)| L3R3) = oo- (1-3)
AT

Their proof uses the e-regularity criterion of Caffarelli, Kohn, and Nirenberg [Caffarelli et al. 1982] in
an essential way, and moreover it introduced powerful backward uniqueness arguments for studying
potential singularities of solutions to the Navier—Stokes equations. The proof is by contradiction: If a
solution forms a singularity but remains in the critical space L°L fc (Qrx), then one may zoom in on the
singularity using the scaling symmetry and obtain a weak limit. The limit solution will form a singularity
but also vanish identically at the blow-up time. By backwards uniqueness, the limit solution # must be
identically zero in spacetime, which contradicts that it forms a singularity. This method was adapted by
Phuc [2015] to cover blow-up criteria in Lorentz spaces. Interestingly, backwards uniqueness techniques
have also been employed in the context of harmonic map heat flow by Wang [2008]. For a different proof
of the criterion, see [Dong and Du 2009].

A few years ago, Seregin [2012a] improved the blow-up criterion of Escauriaza, Seregin and Sverdk
by demonstrating that the L3 norm must become infinite at a potential blow-up:

lim |u(-, 1 = 00. 1-4
tTlT*”u( )||L3([R3) S (1-4)

The main new difficulty in the proof is that one no longer controls the L% L3 norm when zooming in
on a potential singularity. Seregin addressed this difficulty by relying on certain properties of the local
energy solutions introduced by Lemarié-Rieusset [2002]; see also [Kikuchi and Seregin 2007]. However,
an analogous theory of local energy solutions was not known in the half-space Ri ={xeR3:x3>0.!
In order to overcome this obstacle, Barker and Seregin [2017] introduced new a priori estimates which
depend only on the norm of the initial data in the Lorentz spaces L3*9, 3 < ¢ < oo. This is accomplished

by splitting the solution as
tA

u=-e"ug+w, (1-5)
where w is a correction in the energy space. The new estimates allowed Barker and Seregin to obtain
an analogous blow-up criterion for Lorentz norms in the half-space. Later, Seregin and Sverak [2017]
abstracted this splitting argument into the notion of a global weak L3 solution. We direct the reader to
[Barker et al. 2013] for global weak solutions with initial data in L3>,

Recently, there has been interest in adapting the “concentration compactness + rigidity” road map of
[Kenig and Merle 2006] to blow-up criteria for the Navier—Stokes equations. This line of thought was
initiated by Kenig and G. Koch [2011] and advanced to its current state by Gallagher, Koch, and Planchon
in [Gallagher et al. 2013; 2016]. Gallagher et al. succeeded in extending a version of the blow-up criterion

to the negative regularity critical Besov spaces Bls,‘,’q (R?), 3 < p,q < co. Here, spi=—1+ % is the
critical exponent. Specifically, it is proved in [Gallagher et al. 2016] that if 7* < oo, then
hﬂl;gp € O g, (gsy = 00 (1-6)

11t appears that this theory has recently been developed in [Maekawa et al. 2017].
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This proof is also by contradiction. If there is a blow-up solution in the space L?O(B;,’fq) x» then one may
prove via profile decomposition that there is a blow-up solution in the same space and with minimal
norm, made possible by small-data-global-existence results [Kato 1984]. This solution is known as a
critical element. By essence of its minimality, the critical element vanishes identically at the blow-up
time, so one may apply the backward uniqueness arguments of Escauriaza, Seregin, and Sverak to obtain
a contradiction. The main difficulty lies in proving the existence of a profile decomposition in Besov
spaces, which requires some techniques from the theory of wavelets [Koch 2010; Bahouri et al. 2011b].
A secondary difficulty is obtaining the necessary estimates near the blow-up time in order to apply the
e-regularity criterion. We note that [Kenig and Koch 2011] appears to be the first application of Kenig
and Merle’s road map to a parabolic equation. The nonlinear profile decomposition for the Navier—Stokes
equations was first proved in [Gallagher 2001]. The paper [Bahouri et al. 2014] contains further interesting
applications of profile decomposition techniques to the Navier—Stokes equations.

In this paper, we obtain the following improved blow-up criterion for the Navier—Stokes equations in
critical spaces:

Theorem 1.1 (blow-up criterion). Let 3 < p,q < oo and ug € Bls,f’q (R3) be a divergence-free vector field.
Suppose u is the mild solution of the Navier—Stokes equations on R3 x [0, T*) with initial data uo and
maximal time of existence T*(ug). If T* < 0o, then

tlTi?wl*||u("t)||B;1fq(R3) = 0. (1-7)

The local well-posedness of mild solutions, including characterizations of the maximal time of existence,
are reviewed in Theorem A.2.

Let us discuss the novelty of Theorem 1.1. First, this theorem extends Seregin’s L? criterion (1-4) to the
scale of Besov spaces and replaces the lim sup condition in Gallagher, Koch and Planchon’s criterion (1-6).
Our proof does not rely on the profile decomposition techniques in [Gallagher et al. 2016] and may be
considered to be more elementary. Rather, our methods are based on the rescaling procedure in [Seregin
2012a]. Regarding optimality, it is not clear whether Theorem 1.1 is valid for the endpoint spaces B;,’foo
and BMO™! , which contain nontrivial —1-homogeneous functions, e.g., |x|_1. Indeed, if the blow-up
profile u(-, T™) is locally a scale-invariant function, then rescaling around the singularity no longer
provides useful information.? It is likely that this is an essential issue and not merely an artifact of the
techniques used here. For instance, one may speculate that if type-I blow-up occurs (in the sense that the
solution blows up in L at the self-similar rate), then the VMO™! norm does not blow-up at the first
singular time.

As in previous works on blow-up criteria for the Navier—Stokes equations, the main difficulty we
encounter is in obtaining a priori estimates for solutions up to the potential blow-up time. We also
require that the estimates depend only on the norm of the initial data in B;’:q. The low regularity of
this space creates a new difficulty because the splitting (1-5) does not appear to work in the space Bls,fq

2Since the submission of this paper, T. Barker has proven the blow-up criterion limp s [Ju(-, )|l B = 00 using Calderén-

type solutions, under the extra assumption that u( -, T*) vanishes in the rescaling limit [Barker 2017]. See also the forthcoming
work [Albritton and Barker 2018] of T. Barker and the author.
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when % + % < 1. One problem is that when obtaining energy estimates for the correction w in (1-5), the
operator

T
(U, ug) I—)/O /RS e"Pug-VU -U dx dt (1-8)

is not known to be bounded for U € L® L2 N L%H; and ug € B;‘:q. This is because e’ u¢ “just misses”
the critical Lebesgue space LY L% with % + % = 1. Therefore, to obtain the necessary a priori estimates,
we rely on a method essentially established by C. P. Calder6n [1990]. The idea is as follows. We split the
critical initial data ug € BIS,’: p into supercritical and subcritical parts:

up=Us+ Vo € L + BJL'®. (1-9)

When small, the data V}y in a subcritical Besov space gives rise to a mild solution V' on a prescribed time
interval (not necessarily a global mild solution). The supercritical data Uy € L? serves as initial data for a
correction U in the energy space. We will refer to solutions which split in this way as Calderén solutions,
see Definition 2.1, and we construct them in the sequel. Note that the unboundedness of (1-8) is similarly
problematic when proving weak-strong uniqueness in Besov spaces. In recent work on weak-strong
uniqueness, Barker [2018] has also dealt with this issue via the splitting (1-9). We remark that Calderén’s
original idea was to construct global weak solutions by splitting L? initial data for 2 < p < 3 into small
data in L*® and a correction in L2 This idea has also been used to prove the stability of global mild
solutions [Gallagher et al. 2002; Auscher et al. 2004].

Let us briefly contrast the solutions we construct via (1-9) to the global weak L3 solutions introduced
in [Seregin and Sverédk 2017], which are constructed via the splitting (1-5). The correction term w in (1-5)
has zero initial data, which allows one to prove that an appropriate limit of solutions also satisfies the
energy inequality up to the initial time. For this reason, the global weak L3 solutions are continuous with
respect to weak convergence of initial data in 3. Since the splitting (1-9) requires the correction to have
nonzero initial condition Uy, an analogous continuity result is not as obvious for Calderdn solutions. We
do not seek to prove such a result here as to avoid burdening the paper technically, but we expect that it
may be shown by adapting various ideas in [Seregin 2012b; Barker 2018]. Using similar ideas, we expect
that one could prove that all Calderdn solutions agree with the mild solution on a short time interval.

Here is the layout of the paper:

e In Section 2, we prove the existence of Calder6n solutions that agree with the mild solution until the
blow-up time. This is the content of Theorems 2.5 and 2.6. We also describe the properties of weak
limits of Calder6n solutions in Theorem 2.7. The splitting arguments for initial data in Besov spaces are
contained in Lemma 2.2.

¢ In Section 3, we prove Theorem 1.1 using the results of Section 2.

e We conclude with an extensive Appendix that summarizes the local well-posedness theory of mild
solutions in homogeneous Besov spaces and collects well-known theorems about e-regularity and backward
uniqueness. We include it for the reader’s convenience and to make the paper self-contained.
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Notation is reviewed in the Appendix. One important point is that we do not distinguish the notation of
scalar-valued and vector-valued functions.

After completion of the present work, we learned that T. Barker and G. Koch (personal communication,
2017) obtained a different proof of the blow-up criterion (1-7). Their proof treats mild solutions by
exploiting certain properties of the local energy solutions of Lemarié-Rieusset.

2. Calderon’s method

In this section, we present properties of the following notion of solution:

Definition 2.1 (Calderdn solution). Let 3 < p < oo and ug € BIS,’: » (R?) be a divergence-free vector field.
Suppose T > 0 is finite. We say that a distribution ¥ on Qr is a Calderon solution on Q1 with initial
data u if the following requirements are met:

ug=Ug+Vy, u=U+YV, (2-1)
where
Upe LARY). Voe By (R, 2-2)
UeL®LENL2HNQr), V ek (Qr), (2-3)
q>p, 0<e<-—sg, (2-4)

and V is the mild solution of the Navier—Stokes equations on Q7 with initial data Vj; see Theorem A.7.
In addition, U satisfies the perturbed Navier—Stokes system

0 U—-AU +divU QU +divU @V +divi U =—-VP, divU =0 (2-5)
in the sense of distributions on O, where
3
P e L7L3(Q7)+L*(Qr). (2-6)

We require that U( -, ¢) is weakly continuous as an L?(R?)-valued function on [0, 7'] and that U attains
its initial condition strongly in L?(R?):

ltiigHU(',l)—UoHLl(W) =0. (2-7)

Define
0:=(-A)"ldivdivVeV, p:=P+0. (2-8)

We require that (u, p) is suitable for the Navier—Stokes equations,
Orlul® +2|Vul* < Aful? —div((|ul® +2p)u), (2-9)
and that (U, P) is suitable for (2-5),

U +2|VU|? < AlU> —div((|U|* +2P)U) —div(|U |*V) —2U div(V Q@ U). (2-10)
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The inequalities (2-9) and (2-10) are interpreted in the sense of distributions evaluated on nonnegative
test functions 0 < ¢ € C§°(Qr). Lastly, we require that U satisfies the global energy inequality

151 151
/ |U(x,zl)|2dx+2/ / |VU(x,t)|* dx dt 5/ |U(x,to)|2dx+2/ / V®U:VU dxdt,
R3 to JR3 R3 to JR3
(2-11)
for almost every 0 <ty < T, including ¢y = 0, and for all #; € (to, T'].

Splitting arguments. The next lemma allows us to represent critical initial data as the sum of subcritical
and supercritical initial data while preserving the divergence free condition. See Proposition 2.8 in [Barker
2018] for a detailed proof.

Lemma 2.2 (splitting of critical data). Let 3 < p < g < oo and 0 € (0, 1) satisfy

1 6 1-6
=24+ (2-12)
P 2 q
Define s := sp/(1 —0). For all A > 0 and divergence-free vector fields u € B}S,fp (R3), there exist
divergence-free vector fields U, V such thatu =U + V,

z p
< 2 Al=2 2-1
10y < el gy 3 7%, 1)
P
. q -z
[ V”B;‘,',,,(R3) <c|u ”B;‘,’p(R3))\ T, (2-14)

where ¢ > 0 is an absolute constant.

The proof is by decomposing the Littlewood—Paley projections as
Aju:(Aju)l{lA]’u|>)\,j}+(Aju)1{|AjM|§)\.j}’ jeZz, (2-15)

with an appropriate choice of A; > 0, j € Z. The divergence-free condition is kept by applying the
Leray projector to the resulting vector fields. Recall that the Leray projector is a Fourier multiplier with
matrix-valued symbol homogeneous of degree zero and smooth away from the origin:

a.
(P)ij :=6ij + RiR;, R;:= ﬁ, 1<i,j<3. (2-16)

Note that B;’q (R3) is indeed a subcritical space of initial data, since

3 %

We will often define ¢ := s — 54 > 0.

Existence of energy solutions to NSE with lower-order terms. In this section, we will prove the existence
of weak solutions to the Navier—Stokes equations with coefficients in critical Lebesgue spaces. The
method of proof is well known and goes back to [Leray 1934].
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Proposition 2.3 (existence of energy solutions). Let Uy € L?(R?) be a divergence-free vector field,

and let

abeL L7 (0r), %+%=1, 3<r < oo, (2-18)

be vector fields for a given T > 0. Further assume that div b = 0. Then there exist a vector field U and

pressure P,

. 3
UeLPLINLIH{(Qr), PeLiLi(Qr)+L*(Qr), (2-19)
such that the perturbed Navier—Stokes system
0, U—-AU +divU QU +divU @ b+divaU =-VP, divU =0 (2-20)

is satisfied on Qr in the sense of distributions. In addition, U( - ,t) is weakly continuous as an L*(R?)-
valued function on [0, T, and

1ti¢rr(}||U(~ 1) = Uoll 2@ = 0. (2-21)

Finally, (U, P) is suitable for (2-20),
|U?+2|VU|? < AU —div((|U|? +2P)U) —div(|U |*b) —2U div(a @ U) (2-22)

as distributions evaluated on nonnegative test functions 0 < ¢ € C$°(Qr), and U satisfies the global
energy inequality

t

123 2
f|U(x,tz)|2dxdt+2// |VU(x,z)|2dxdt§/ |U(x,tl)|2dx+2// a®U :VU dx dt
R3 t1 JR3 R3 1 JR3

1

(2-23)
for almost every t; €0, T), including t; = 0, and for all t, € (1, T).
In the statement above, U div(a ® U) is the distribution
T
(Udivie® U), p) :=—// a®U :(U®Vep+¢oVU)dx dt (2-24)
0 JR3

for all ¢ € C3°(Qr).
Let us introduce some notation and basic estimates surrounding the energy space. For 0 <#y < 7 < oo,
we define Q.7 :=R3 x (1o, T). f U € L®L2 N L2H!(Qy,.1), we define the energy norm

T
|U|§Qt0T:= sup / |U(x,l)|2dx—i—2// VU (x,t)|? dx dt’. (2-25)
=10 R3 to JR3

to<t<T

For simplicity, take #o = 0. By interpolation between L L2(Q7) and L?LS(Q7), one obtains

ULy Lncory < clUl2,0r (2-26)

S| W
w

%Jr —3 2<m<oo, 2<n<e. (2-27)
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10

For instance, it is common to take m = n = 5. Hence, if a € LﬁLQ(QT) is a vector field as in

Proposition 2.3, we have

T
/ |U|2|a|2 dx dt <c|la|| (2-28)
0

2 2

rirron!Vlor
T 2 1 2

/0 U laldx dt = cT>all s 1y 01) U207 (2-29)

Let us now recall the tools used to estimate the time derivative d;U of a solution U that belongs to the
energy space. To start, we will need to estimate the pointwise product of u € L?(R?) and v € H' (R?):

||“U||H—1/2(R3) = cllullp2@s) ||U||Hl(R3)§ (2-30)
see Corollary 2.55 in [Bahouri et al. 2011a]. For instance, it follows that
. 2
||d1VU®U”L%H;3/2(QT) §CIU|2,QT' (2-31)

.3
The time derivative 9, U is typically only in L2 H, 2(Qr) unless the nonlinear term is mollified. Notice
also that 2 (R3) — H_%([R3). Suppose (U ™),cy is a sequence of vector fields on Q7 such that

sup |U(”)|2’QT + ||81U”L%H;3/2(QT) < 00. (2-32)

neN

According to the Aubin—Lions lemma, see Chapter 5, Proposition 1.1 in [Seregin 2015], there exists a
subsequence, still denoted by U ) such that

U™ U in L3 (B(R)x(0,T)), R>0. (2-33)

Since sup,,cp |U @™ lL10/3¢04) < 00, the subsequence actually converges strongly in L3(B(R) x (0, T)).
We will use this fact frequently in the sequel.

For the remainder of the paper, let us fix a nonnegative radially symmetric test function 0 < 6 € C¢*° (R?)
with [p3 6 dx = 1. For a locally integrable function f € LlloC (R3) we make the following definition:

Ll N
ep._p—e(;), (f)p:=f %0, p>0. (2-34)

The proof of the next lemma is well known, and we include it for completeness.

Lemma 2.4 (solution to mollified Navier—Stokes equation with lower-order terms). Let p > 0. Assume
the hypotheses of Proposition 2.3. Then there exists a unique U in the class

UeC(0. T L*®R*)NL*H Q7). 8,U e L2H;'(Q7). (2-35)
satisfying the mollified perturbed Navier—Stokes system in L%H . Lor)
0, U—-AU+PdiviU® (U),) +PdiviU®b+a®U) =0, divU =0, (2-36)

and such that U(-,0) = Up in L*(R?).
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Proof. Assume the hypotheses of the lemma and define 7 := T in the statement, in order to reuse the
variable 7. We will consider the bilinear operator

t
By(v,w)(-,1) ;:/ =2 P dive ® (w), ds, (2-37)
0
defined formally for all vector fields v, w on spacetime, as well as the linear operator
t
Lw)(-,1):= / IR divie @ w + w ® b) ds. (2-38)
0

For instance, by classical energy estimates for the Stokes equations, the operators are well defined
whenever v ® (w),, a ® w, w ® b are square integrable. Specifically, due to (2-28) and the energy
estimates, we have that B and L are bounded operators on the energy space, and

1B.w)l3,0, <clv® @l}ap,) =TIV g, w3 o, - (2-39)
ILw)0, =cla®wlizg,y = lalZ o050, (2-40)

for all T > 0. Notice that b does not enter the estimate, since divh = 0. In addition, the operators take
values in C([0, T']; L?(R?). Moreover, notice that ”a”LiL;(QT) « 1 when 0 < T « 1. Hence, one may
apply Lemma A.3 to solve the integral equation

U(-.1)=e"2Uy— B,(U,U)(-.1)— L(U)(-.1) (2-41)

up to time 0 < 7" < 1. The integral equation (2-41) is equivalent to the differential equation (2-36). The
solution may be continued in the energy space up to the time 7y by the same method as long as the energy
norm remains bounded. This will be the case, since a solution U on Q7 obeys the energy equality

123 15
/|U(x,t2)|2dx—|—2// |VU|2dxdt=/ |U(x,tl)|2dx+2// a®U :VU dx dt
R3 t R3 R3 t R3

2 2
ngSw(x,zm dx + AU g, (2-42)

forall0 <t <t, < T where A(t1,1,) := c||a||LzL, Q1) .1)" Then one simply takes 7, close enough to #;
such that A(f;, ;) < 4 to obtain a local-in-time a priori energy bound. By repeating the argument a finite
number of times, one obtains

|U|2,QT = C(||UO||L2([R3), ”a”L‘;LQ(QTn))' (2-43)
Hence, the solution may be continued to the time 7. Finally, uniqueness follows from the construction. [J

Proof of Proposition 2.3. We follow the standard procedure initiated by Leray [1934] of solving the
mollified problem and taking the limit as p | 0. The arguments we present here are essentially adapted
from [Seregin and Sverak 2017; Seregin 2015, Chapter 5], so we will merely summarize them.
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(1) Limits. For each p > 0, we denote by U” the unique solution from Lemma 2.4. From the proof of
Lemma 2.4, recall the energy equality

%) 15}
[|U"(x,t2)|2dx+2// |VUP|2dxdz=/ |Up(x,t1)|2dx+2// aQUP:VUP dx dt
R3 t JR3 R3 t JR3

(2-44)
forall 0 <t; <1, =T, as well as the a priori energy bound
1UP12,07 = CIUsllL2@3)- ”a”LiL,rx(QT))' (2-45)
_3
In order to estimate the time derivative 9, U € L%HX 2(Qr), we rewrite (2-36) as
0:U =AU —Pdiv(U” ® (U?),) —Pdiv(a U + U ® b). (2-46)

Then, due to the estimate (2-28), one obtains
|AU =P diva®UP + U @)l 12 51 07y < CUUo 2@y 14114 110 11t 1icory)s @4
and in light of (2-30), we also have
|||]3’ diV(Up ® (UP)P)”L,ZHX_3”(QT) = C”(Up ® (Up)p)”Ltsz_l/z(QT)
= CIUoll 23y ”a”LiL?(QT))' (2-48)
The resulting estimate on the time derivative is
||atUp||L%HX—3/2(QT) = C(||U0||L2(R3)» ”a”LﬁL;(QT)’ ||b||L§L5}(QT))' (2-49)

By the Banach-Alaoglu theorem and (2-45), there exist U € L L2 N L%H)} (Qr) and a sequence py | 0
such that
UPk: U in L°L2(Q7). VUPk ~VU in L*(QO7). (2-50)

In addition, by (2-49) and the discussion preceding Lemma 2.4, a subsequence may be chosen such that
UPk - U in L3(L} )x(07). (2-51)

Moreover, the estimate (2-49) allows us to prove that
[ v ewdr - [ UG -ptdx incqo. ) 2-52)
R3 R3

for all vector fields ¢ € L?(R?). In particular,
UP(-.) =~ U(-.0) in L2RY), 1€[0,T], (2-53)

and the limit U( -, ¢) is weakly continuous as an L?(R?)-valued function on [0, T']. Here is our argument
for (2-52), based on Chapter 5, p. 102 of [Seregin 2015]. For each vector field ¢ € C§° (R?), consider the
family

Fo = {/RS UP(x,-)-p(x)dx:p> 0} c C([0, T). (2-54)
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The family F, is uniformly bounded, since

'/ UP(x,t)-¢(x)dx

<|u® ”L?"L%(QT) lellz2@s3)
< C(WUsll2qesye Il £ o) 012203 (2-55)

for all 0 <t < T. It is also equicontinuous:

‘ / UP(x.12) - 9(x) — UP(x.11) - p(x) dx

1
<l|n—1nl2 ”atUp”L%HX—WZ(QT) ”(p“H3/2(R3)
1
= Itz =y BVl 2y Nl 11copye 102y om0 ooy (2-56)

for all 0 <#1,1, < T. Hence, we may extract a further subsequence, still denoted by p, such that (2-52).
By a diagonalization argument and the density of test functions in L?(R3), we can obtain (2-52) for all
vector fields ¢ € L?(R3). This completes the summary of the convergence properties of UPk as py |, 0.

Let us now analyze the behavior of U near the initial time. In the limit p | 0, the energy equality
(2-44) gives rise to an energy inequality:

t
/|U(x,t)|2dx+2// |VU|? dx dt’
R3 0 /w3
< [ 100 dx + Mol 2oy el ool g @57

for almost every ¢ € (0, T'). This is due to the lower semicontinuity of the energy norm with respect to
weak-star convergence. Since U(-,?) is weakly continuous as an L?(R?*)-valued function, the energy
inequality may be extended to all # € (0, T']. Finally, since U( -, 0) = Up and limsup, | o[|U(-, )|l 2®3) <
[Uoll 2wy (by taking ¢ | 0 in (2-57)), we obtain

1ti¢rg||U(~ 1) = Upll 23y = 0. (2-58)

We have proven the desired properties of U except for suitability and the global energy inequality.
Let us now take the limit of the pressures. The pressure P? associated to U” in (2-36) may be
calculated as PP := P} + P},
Pl = (—A) "' divdiv(U? ® (U?),), (2-59)
Py = (—A)""divdiv(U? ® b +a ® U”). (2-60)

By the Calderén—Zygmund estimates, we have the following bounds independent of the parameter p > 0:

<elU?® W ol 3 2oy

”Plp“L%L?/Z(QT)
< C||Up||L<;oL§(QT)||Up||L%L§(QT)

= C(”UO“LZ([R@)’ ”a”LﬂLQ(QT))’ (2-61)
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and similarly,
”P;”LZ(QT) = c||a® U”® + Up®b”L2(QT)

= C|Up|2,QT(||a||L§L§((QT) + ”b”LﬂLfc(QT))

< C(10oll 2@y Ml .00y 18121 700 (2-62)
In particular, we may pass to a further subsequence, still denoted by pg, such that

PPA—~ Py in L?L,%(QT), PP —~ P, in L*(Qr). (2-63)

PPk~ P:= P+ P, in Lf(LI%C)x(QT). (2-64)

Recall that UPk — U in L3 (L3 ). Utilizing this fact in (2-59) and (2-60), we observe that

loc

—AP; =divdivU U, —AP,=divdive®U +U ®b) (2-65)

in the sense of distributions on Q7. Finally, the Liouville theorem for entire harmonic functions in
Lebesgue spaces implies

P =(=AN)"'divdivU @ U, P, =(—A)"'divdive® U + U ®b). (2-66)
Due to the limit behavior discussed above, it is clear that (U, P) solves the system (2-20) in the sense of
distributions.

(2) Suitability. We will now prove that U is suitable for (2-20). Specifically, we will verify the local
energy inequality (2-22) following arguments in [Lemarié-Rieusset 2002] (see p. 318). We start from the
mollified local energy equality

3| UP>+2|VUP|? = A|UP > —div(JUP|*(UP) , +2PPUP) —div(|U?|*b) —2U" div(a® U?), (2-67)

which is satisfied in the sense of distributions by solutions of (2-36) on Q7. Let us analyze the convergence
of each term in (2-67) as pj | 0. Recall that

3
PPk —~ P inL: (Or). UPk - U in LEOC(QT). (2-68)
This readily implies
UP2(UP)p, = [UIPU in Ligo(Q1),  PPUP* — PU  in Lio(Qr), (2-69)
3
\UPk|2 - |U|* in L2 .(O7). (2-70)

Moreover, according to the estimates (2-28) and (2-29),

|UPk|?b — |U|b in L'(07), (2-71)
UPk divia @ UPK) — U divi@a® U) inS'(Qr). (2-72)

It remains to analyze the term |VU % |2. Upon passing to a subsequence, |VU Pk |? converges weakly-star

in M(Q7), the space consisting of finite Radon measures on Q7, but its limit may not be [VU |?. On
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the other hand, recall that VUP* — VU in L?(Q7). Hence, by lower semicontinuity of the L? norm
with respect to weak convergence,

liminf/ |IVUPK|> = VU |? dx >0 (2-73)
o0 JE

for all Borel measurable sets E contained in Q. Therefore, upon passing to a further subsequence,

W= pliIfO|VU'°k|2—|VU|2 (2-74)
Kk

is a nonnegative finite measure on Qr, and (2-67) becomes
U +2|VU|? = AlU? —=div((JU|* +2P)U) —div(|U|)*b) —2U divi@e @ U) —2u.  (2-75)

(3) Global energy inequality. Finally, let us pass from the local energy inequality (2-22) to the global
energy inequality (2-23) in the following standard way; see [Lemarié Rieusset 2002, p 319].

Let 0 < n € C5°(R) be an even function such that n = 1 for || < 4, n=0 for |t| > 2, and [pndt =1.
Define n¢(t) := ¢~ 'n(¢~1t). Given 0 < ty <t; < T, consider

t
Ve(r) := / Ne(t' —to) —ne(t' —t1)dt’, teR. (2-76)

—0o0
The functions ¥, are smooth approximations of the characteristic function 1, ;,). Now let 0 < ¢ €
CS’O(R3) such that ¢ = 1 on B(1) and ¢ = 0 outside B(2). Define

Oy g(x.1) 1= lﬁg(t)(p(%)z, (x,1) e R3+!. 2-77)

Using @, g in the local energy inequality (2-22) with 0 <& < I, we have

— [ L (R)wr+2 [ vee () V0P
s[waAgo NP+ % [ veo()vo(%)- o

4 [veo(Z)T0(5)Pu+ 2 [veo( %) T (%) 107

pr( )a®U U®(V(p)( ) /1//8¢< )a®U VU, (2-78)

3
where all the integrals are taken over Q7. Since U is in the energy space and P € L2L2(Qr)+ L*(Qr),
we may take the limit as R 1 oo to obtain

dyre

|U|2+2/ V| VU|? <2/ Yea® U : VU, (2-79)

Moreover, if 79, 71 are Lebesgue points of |U(-, )| 2(g3), then in the limit as ¢ | 0,

151 51
/|U(z1)|2+2// |VU|2§/ |U(t0)|2+2// a®U:VU. (2-80)
R3 to R3 R3 to R3
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The case when the initial time is zero is recovered from (2-80) by taking the limit as #y | 0, since
limg o |U(-, 1) — Uo|l L2r3y = 0 was already demonstrated in (2-58). d
Existence of Calderén solutions. We are now ready to prove the existence of Calderdn solutions.

Theorem 2.5 (existence of Calderén solutions). Let T > 0 and 3 < p < 0o. Suppose ug € BIS,’,’ » (R¥) isa
divergence-free vector field. Then there exists a Calderon solution u on QT with initial data u.

Proof. (1) Splitting arguments. Assume the hypotheses of the theorem, and let g € (p, 00). According to
Lemma 2.2, there exists 0 < & < —s, such that for all M > 0, we may decompose the initial data as

ug = Uy + Vo, (2-81)
where
Up € L*(RY), [[Ull2@) = Cllltcoll gir, sy M), (2-82)
58q+
Vo € Byly "R, Vol gra+e w& <M (2-83)
q.9

The decomposition depends on M > 0. By Theorem A.7, there exists a constant y := y(¢,¢,T) > 0
such that whenever

” V0||B;‘Iq+5(R3) = Y, (2'84)

there exists a unique mild solution V' € IC,SI“+8(QT) of the Navier—Stokes equations on Q7 with initial
data Vj, and the mild solution obeys

sq+e <c 5sq+e . -
IVl s+ gy = €@ &)1Vl e oy (2-85)
Let M = y when forming the decomposition (2-81). The corresponding mild solution V' with initial

data V exists on Q7 and satisfies (2-85). Hence,

VeLlLi(0r). % + (31 — 1. (2-86)

LetU € LL2 N L?H}(Q7) be a solution constructed in Proposition 2.3 to the perturbed Navier—Stokes
equation (2-20) with initial data Uy € L2(R?) and coefficients a = b = V. If u = U + V satisfies the
local energy inequality (2-9), then u is a Calder6n solution on Q7 with initial data u.

(2) Suitability of full solution. Let us return to the approximation procedure for U in Proposition 2.3.
Define
uP:=UP+V, pP:=P°+Q, Q:=(-A)"ldivdivI®V. (2-87)

We will prove that the solution u = U + V' with pressure p = P + Q satisfies
Aelul?> +2|Vul? = Alul? = div((Ju|® + 2p)u) —2u (2-88)

in the sense of distributions on Q7, where u is a finite nonnegative measure on Q7. Let us start from
the mollified local energy equality for u?,
A uP|? 4+ 2|VuP|* = AluP > —div(ju?|*(uP) , + 2 pPuP)

—u” div(up QV—-V))+VRU’- (Up)p)). (2-89)
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This is the same equality as if u” solved the mollified Navier—Stokes equations, see, e.g., [Lemarié-
Rieusset 2002, p. 318], except for the second line, which adjusts for the fact that V' solves the actual
Navier-Stokes equations instead of the mollified equations. The distribution on the second line converges
to zero as pg | 0, and all the other convergence arguments are as in Step 2 of Proposition 2.3. O

We now demonstrate that there exists a Calderén solution which agrees with the mild solution until its
maximal time of existence.

Theorem 2.6 (mild Calderén solutions). Under the assumptions of Theorem 2.5, there exists a Calderon
solution u on QT with initial data ug such that u agrees with the mild solution NS(uq) until the time

min(7, T*(ug)).
The mild solution NS(u¢) under consideration is constructed in Theorem A.2.

Proof. (1) Introducing the integral equation. Let Uy, Vy, V be as in Step 1 of Theorem 2.5. From now
on, we will define T := T in the statement of the theorem, so that the variable 7" can be reused.
The set-up is as follows. Recall that for all 0 < 7" < min(Ty, T'*),

NS(u0) € Kp(Q1) NKoo(O7). (2-90)
Ve kg T (0r) NKL Q7). (2-91)

Let us define U := NS(ug) — V. Then Ue I%q(QT) N IOCOO(QT) forall 0 < 7' < min(7y, T*) is a mild
solution of the integral equation

W(-.t)=e"2Uy— BIW,W)(-,t)— L(W)(-,1), (2-92)

where we formally define
B, w)(-,1):= /te(’—smp dive ® w ds, (2-93)
L(w)(-,1):= Bo(w, V)(-.0)+ B(V.w)(-.1) (2-94)

for all vector fields v, w on spacetime. The initial data Uy belongs to the class
Up € (B ,(RY) + B *(R)] N L2(R?). (2-95)

First, we will demonstrate that the mild solution of the integral equation (2-92) in ICOq(QT) is unique,
where 0 < 7' < min(7y, T*). Notice that in the decomposition u = U 4 V' of a Calderén solution, the
vector field U formally solves (2-92). We will show that in the proof of Theorem 2.5, it is possible
to construct U in the space IGC(QT). Therefore, U will satisfy U = U on O, and the proof will be
complete.

(2) Existence of mild solutions to integral equation. Let us summarize the local well-posedness of mild
solutions W € l%q(QT) to the integral equation (2-92). Our main goal is to establish estimates on the
operators B and L. Then the local existence of mild solutions in I%q(Q s) for some 0 < § K 1 will
follow from Lemma A.3.
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Let 0 <7 <min(7y, T*) and v, w € I%q(QT). First, observe that L :IGC(QT) — l%q(QT) is bounded

with operator norm satisfying || L|| < 1 when 0 < T « 1. Indeed, according to the Kato estimates

) Kq(O1)
in Lemma A.1,

1Ly = 1BQ. V) + BV.V)lk,0r) = T2l 0V ilisa+e g,y (2-96)

That L preserves the decay properties near the initial time follows from examining the limit 7" | 0 in the
estimates above. One may also show that B is bounded on K4 (Qr) with norm independent of 7'. Finally,
due to (2-95), we have the property

lim |’ AU, =0. 2-97
Tlir(l)He oll, 07 (2-97)

Hence, Lemma A.3 implies the existence of a mild solution W € X to the integral equation (2-92)
for a time 0 < S < 1. The solution W(-,¢) is also continuous in L4(R?) after the initial time. As for
uniqueness, note that each mild solution W € l%q(QT) of (2-92) obeys the property that W4V € I%q(QT)
is a mild solution of the Navier—Stokes equations, so W 4+ V = NS(ug) and W = U on or.

B3)Uisin IGC(Q s)for 0 < S <« 1. Let us return to the approximations U constructed in the proofs of
Theorem 2.5 and Proposition 2.3. Recall that U” solves the system

9;UP — AUP +divUP ® (U”), +divU? @ V +divV @ UP = —V PP,
divU? =0, (2-98)

with initial condition U”( -, 0) = Uy. By repeating the arguments in Step 2, there exists a time .S > 0
independent of the parameter p > 0 and a unique mild solution W* € K,(Q ) of the integral equation

WP(-. 1) =" Uy— Bp(W, W)(-.1) = LW)(-, 1), (2-99)

where the operator B, is defined by
t
Bﬁuuﬁa):i/ U2 P divy ® (w), ds. (2-100)
0

Since Uy € L?(R?), we may shorten the time S > 0 so that W* € L®L2(Q ). This assertion follows
from applying Lemma A.3 in the intersection space K4z(Qs) N L L2(Qy) with 0 < S < 1, once we
have the necessary estimates

”L(U)HL?OL,%(QT) <cT2 ||v||L?°L)2c(QT)”V||IC;‘I+€(QT)’ (2-101)
| B (v, w)”L?OL}C(QT) = C||U||L§>°L§(QT)||w||lcq(QT)- (2-102)

In fact, we obtain that W* € C([0, S]; L>(R3)N L?H; (Qs). This follows from viewing W as a solution
of the mollified Navier—Stokes equations (no lower-order terms) with initial data Uy € L*(R3) and forcing
term div F, where

F=-WPRV-VQWPeL?Qs). (2-103)

since V € Kl T¢(Qg) and WP € L¥®L2(Qg).
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Finally, we pass to the limit as p | 0. The only possible issue is that lGC(QS) is not closed under
weak-star limits, but this will not be a problem because Lemma A.3 actually gave the uniform bound

1U Nk o) <Kk(T), 0<T <Ty, (2-104)

where «(7') is a nonnegative continuous function on the interval [0, S] and «(0) = 0. Now by taking the
weak-star limit along a subsequence py | 0, we obtain

1Ullk,0p) =4(T), 0<T<S. (2-105)

Together with the convergence arguments in Proposition 2.3, this implies that U € I%q(Q s) is a mild
solution of the integral equation (2-92). By the uniqueness argument in Step 2, U = U on Qg.

(4) Agreement until T*(ug). So far, we have only shown that U = U on a short time interval [0, S]. After
the initial time, the mild solutions NS(u¢) and V' of the Navier—Stokes equations are in subcritical spaces:

NS(uo), V € C([to, min(Ty, T*)); L1(R?)) (2-106)

for all 0 <79 < min(Ty, T*). We will prove that U is in the energy space and then argue via weak-strong
uniqueness. To do so, one may develop the existence theory for mild solutions W € C([ty, T]; L4 (R?))
of the integral equation

t t
W(-, 1) = e AT (- 1) —/ AP div IV @ W ds —/ cTIAPAVIW QV + V @ W)ds,
to 11

’ (2-107)
where o € [Ty, min(7y, T*)). Note that whenever U (-,19) € L?(R?), the unique mild solution W will
also be in the energy space. The proof is similar to Steps 2-3. In this way, one obtains that

UeC(0.7): L*(R*) N L} H(Qr) (2-108)

for all 0 < T' < min(7y, T*) and satisfies the energy equality

_ 153 - - I ~ ~
/|U(x,z2)|2dx+2/ / |VU|2dxdt:/ |U(x,t1)|2dx+2/ / VU :VUdxdt (2-109)
R3 1 JR3 R3 f Jr3

forall 0 <t; <t, <min(Ty, T*). In fact, by the Gronwall-type argument in Lemma 2.4, one may actually
show that U € L%H; (Qmin(ry,7+))- In addition, we know that U obeys the global energy inequalitz/
(2-23) for almost every 0 <#; < T}, including 7; = 0, and for every 7, € (71, Ty]. Let us write D :=U —U.
Then D obeys the energy inequality

123 123 -
/ |D(x,t2)|2dx+2/ / |VD|2dxdt§2/ / (U+V)®D:VDdxdt, (2-110)
R3 t JR3 t1 JR3

where 1] := %To. To obtain the energy inequality for D, one must write |D|> = |U|2 +|U|>=2U - U,
IVD|?> = |VU|?> 4 |VU|?> =2VU : VU, and utilize the identity

t
/ U(x,t)-U(x,t)dx+2// VU:Vdedt’—/ U(x,0)-W(x,0)dx
R3 0 Jm3 R3

t
=// 0,U—AU)-U+U-(3,0—AT)dxdr'. (2-111)
0 JR3
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This argument is typical in weak-strong uniqueness proofs. The identity (2-111) is clear for smooth vector
fields with compact support, but it may be applied in more general situations by approximation. As in
Lemma 2.4, the energy inequality gives

2 2
|D|25Ql1.t2 E B(Zl’[2)|D|2,Q[1.t2’ (2‘112)

where we have defined
B(ty,12) == C(”ﬁ“LﬁLi(Q,lJZ) + ||V||L§L§(Qt1,t2))- (2-113)

One then takes 7, close to #; such that B(t1,) < % to obtain D =0 on Qy, +,. The equality U = U may
be propagated forward until min(7y, 7*) by repeating the argument (even if || U || LIL9(Q, 1) = 00). O
X 1-

Finally, here is a result that contains the limiting arguments we will use in Theorem 1.1. Namely,
we demonstrate that a weakly converging sequence of initial data has a corresponding subsequence of
Calder6n solutions that converges locally strongly to a solution of the Navier—Stokes equations.

As a reminder, we do not prove that the limit solution is a Calderén solution, though we expect such
a result to be true. The issue is that the limit solution does not evidently satisfy the energy inequality
starting from the initial time.

Theorem 2.7 (weak convergence of Calderén solutions). Let 3 < p < oo and T > 0. Suppose (u(()"))neN
is a sequence of divergence-free vector fields such that
ul ~ug in B, (R?), (2-114)

") and associated pres-

Then for each n € N, there exists a Calderon solution u™ on QO with initial data u
sure p(”) such that the solution u™ agrees with the mild solution NS(u(()n)) until time min(T, T*(u(()n))).
Furthermore, there exists a distributional solution (u, p) of the Navier—Stokes equations on Q with

the following properties:

uo=Up+ Ve, u=U+V, (2-115)
where

Upe LAR?), Vo e By *(RY), (2-116)

UeL®LANL2HNOr). V ek (0r), (2-117)

qg>p. 0<e<-—s, (2-118)

V' is a mild solution of the Navier-Stokes equations on Q1 with initial data Vy, and U solves the perturbed
Navier—Stokes system (2-5) in Q. The vector field U( - ,t) is weakly continuous as an L*(R3)-valued
function on [0, T| and satisfies U(-,0) = Uy € L>(R®). The solution (u, p) is suitable in Q in the sense
of (2-9), and U satisfies the local energy inequality (2-10) in Q1 and the global energy inequality (2-11)
for almost every 0 <ty < T and forall t, € (1, T).

Finally, there exists a subsequence, still denoted by n, such that the Calderon solutions u® converge
to u in the following senses:

3
u®™ s u in L3 (R3]0, 7)),  p™ —~p in L2 (R3x]0, T)),

u® >y inC(0, T]; S (RY)). (2-119)
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In particular,

u® (0B u(-1) inSRY), 0<t<T. (2-120)

Proof. (1) Splitting. Let us assume the hypotheses of the theorem. There exists a constant A > 0 such that
(n)

g™ g3r gy = A- (2-121)

We will follow the proof of Theorem 2.5. Let g € (p, co). The constants below are independent of n but
may depend on p, g, T. According to Lemma 2.2, there exists 0 < & < —s4 such that for all n € N,

W = g 4y
U+ v, (2-122)
where
U™ e LARY), U L2msy < C(4, M), (2-123)
55q+
Ve e B @), IVl grae ) < M. (2-124)

According to Theorem A.7, we may choose 0 < M <« 1 such that the mild solutions vV ® with initial
data VO(") exist on Qr and satisfy

|kt agky!y @ lesote gy < €GkaD) (2-125)

Q1) —
for all integers k,/ > 0.

(2) Convergence of V™. Due to the estimate (2-125) and the Ascoli-Arzela theorem, we may pass to a
subsequence, still denoted by 7, such that

VW E Y inkETQr),  KVIVO S 9kVY inC(k) (2-126)
for all K C R? x (0, T] compact and integers k, [ > 0. The Navier-Stokes equations imply
3, VW = —AV® _pdivy® gy ® (2-127)

in the sense of tempered distributions on Q7, and one may estimate the time derivative d; 14 by the
right-hand side of (2-127):

() ()
rszlelII\)J”AV ”L’ 240,y |Pdiv V' g VY ||L1/z —1a/2(g,) < (2-128)
where 2 + = = 1. Hence, there exists a subsequence such that
/ VO i(x,)-pdx — / V(x,-)-¢dx inC(0,T]), ¢eS(R>). (2-129)
R3 R3
By the Calder6n—Zygmund estimates and (2-125), the associated pressures satisfy
L g
0™ = (—=A)" divdiv V™ ® v®W ~ 0 inL2LZ(Q7). (2-130)

In particular, the convergence occurs weakly in Lloc(QT)‘ By similar arguments to those in Step 1 of
Proposition 2.3, the pressure satisfies QO = (—A)~! divdiv V ® V, and (V, Q) solves the Navier—Stokes
equations on Q7 in the sense of distributions. Therefore, since V € IC,SI"J“E(QT) and V(-,1) 2 Vy in
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tempered distributions as ¢ |, 0, we conclude that V' is the mild solution of the Navier—Stokes equations
on Q7 with initial data Vj as in Theorem A.7. See [Lemarié-Rieusset 2002, p. 122] for further remarks
on the equivalence between differential and integral forms of the Navier—Stokes equations.

(3) Convergence of U™. Foreachn eN, let U™ L®L2N L%H; (Q71), whose existence is guaranteed
by Theorem 2.6, so that the Calderén solution

u(n) — U(n) + V('l) (2-131)

agrees with the mild solution NS (u(()n)) up to min(7, T*(u(()n))). It remains to consider the limit of U ™.
The proof is very similar to the proofs of Proposition 2.3 and Theorem 2.5, so we will merely summarize
what must be done. Recall from Step 1 that || UO(”) 23y < C(A, M). We use the energy inequality and
a Gronwall-type argument to obtain

U™3 5, <C(A. M). (2-132)

Hence, we may take weak-star limits in the energy space upon passing to a subsequence. As before, we
may estimate the time derivative using the perturbed Navier—Stokes equations. The result is that

9,U <C(A4, M). (2-133)

)
”L%H;”z(QT) =

Consequently, we may extract a further subsequence such that U ™) U in L3(L3 )x(Qr), the limit

loc
U(-,t) is weakly continuous on [0, 7] as an L?(R3)-valued function, and

/ U(”)(x,-)-go(x)dx—>/ U(x,")-¢(x)dx inC(0,T]), ¢ L*R>). (2-134)
R3 R3

Now recall the associated pressures P ") .= Pl(n) + Pz("),

P = (—A) N divdivU P @ U™, (2-135)
P = (—A) N divdivUP @ v 4 v g U™), (2-136)
By the Calderén—Zygmund estimates, we pass to a subsequence to obtain
3
P~ P inL2L:(Qr)., P =P, inL}Qr), (2-137)
3
P™ ~pP:=P 4+ P, inL2(07). (2-138)

Since —AP; =divdivU QU and —AP, =divdiv(U @ V + V ® U) in the sense of distributions on O,
we obtain from the Liouville theorem that

Pi=(=A)"ldivdivU @U, P, =(—-A)"ldivdiviU®V +V ®U). (2-139)

Define p:= P+ Q. Itis clear from the limiting procedure that (u, p) satisfies the Navier—Stokes equations
on Q7 and (U, P) satisfies the perturbed Navier—Stokes equations on Q7. Each is satisfied in the sense
of distributions.
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As in the proofs of Step 2 in Proposition 2.3 and Step 2 in Theorem 2.5, respectively, we may show that
the limit (u, p) is a suitable weak solution of the Navier—Stokes equations on Q7 in the sense of (2-9) and
that (U, P) satisfies the local energy inequality (2-10) on Q7. Moreover, as in Step 3 of Proposition 2.3,
(2-10) implies the global energy inequality (2-11) for almost every 0 < #; < T and for all ¢, € (¢;, T]. O

3. Proof of main result

We are ready to prove Theorem 1.1. The proof follows the scheme set forth in [Seregin 2012a] except
that we use Calderdn solutions to take the limit of the rescaled solutions.

Proof of Theorem 1.1. Let us assume the hypotheses of the theorem. According to the chain of embeddings
(A-48), we have . '
ug € By (R3) — BSm (R®),  m :=max(p,q). (3-1)

,m

By the uniqueness results in Theorem A.2, the notion of mild solution and maximal time of existence are
unchanged by considering the larger homogeneous Besov space. Thus, without loss of generality, we will
assume p =¢g = m.

(1) Rescaling. Let u be the mild solution of the Navier—Stokes equations with divergence-free initial data

ug € BIS)’: » (R?) and T*(ug) < oo from the statement of the theorem. In Corollary A.6, we proved that u

must form a singularity at time 7 *(u¢). By the translation and scaling symmetries of the Navier—Stokes

equations, we may assume that the singularity occurs at the spatial origin and time 7*(u¢) = 1.
Suppose for contradiction that there exists a sequence f, 7 1 and constant M > 0 such that

(- t)ll o 3y = M- (3-2)

The solution u( -, ¢) is continuous on [0, 1] in the sense of tempered distributions (for instance, because u
agrees with a Calderén solution on Q7). We must have

- DIl gr sy = M- (3-3)
Let us zoom in around the singularity. For each n € N, we define
u® (x, 1) i= hquu(hnx, tg +120),  (x,1) € Q1, (3-4)

where A, := (1— tn)%. Then u®™ is the mild solution of the Navier—Stokes equations on Q; with
divergence-free initial data uf)") = Anu(Apx, ty), and

(n)
||Ll0 ”B;I,JIJ(R3) =M. (3-5)
Let us pass to a subsequence, still denoted by 7, such that
ul ~ vy in BY ,(RY). (3-6)

(2) Limiting procedure. We now apply Theorem 2.7 to the weakly converging sequence (uf)n) )nen. For
(n)

o such that u™ agrees with

each n € N, there exists a Calder6n solution ™ on Q1 with initial data u
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the mild solution NS(u (()") ) on Q1. Furthermore, by passing to a subsequence, still denoted by 7, we have
3
u® v in L} (01), p™—gq inL2(Q)), (3-7)

where (v, ¢) solves the Navier—Stokes equations in the sense of distributions on Q1 and satisfies the
many additional properties listed in Theorem 2.7. In particular, v € C([0, 1]; S’(R?)). According to
Proposition A.9 concerning persistence of the singularity, the solution v also has a singularity at the
spatial origin and time 7" = 1.
Next, we observe that the solution v vanishes identically at time 7" = 1:
v(-,1)=0. (3-8)
Indeed, Theorem 2.7 implies that

u®( )2, 1) inS' R, (3-9)
and by the scaling property of u(-,1) € BIS,’,’p (R3),
@ 1.0) = (. 1D.4520( /hn)) > 0. @ € SR?). (3-10)

The property (3-10) is a consequence of the density of Schwartz functions in BIS,’,’ p (R3). It is certainly
true with u(-, 1) replaced by a Schwartz function ¥ € S(R?), and therefore,

(-, 1), 25200 /) = 1220 /A + [ D) =¥ A5 20 (- /)]

<o) +elluC- D=Vl g wo)l6l o @y asn—>o00. (1D
D.D v’ .p’
where % + # =1, for all ¢ € S(R?).
(3) Backward uniqueness. Our goal is to demonstrate that
w:=curlv=0 on Q%I. (3-12)
Suppose temporarily that (3-12) is satisfied. From the well-known vector identity Av =V div v—curl curl v,
we obtain
Av=0 on Q%]' (3-13)
Now the Liouville theorem for entire harmonic functions and the decomposition
v=U+VeL*0)+LPLLQs,). 0<8<], (3-14)
from Theorem 2.7 imply that v =0 on Q L This contradicts that v is singular at time 7" = 1 and finishes
the proof.
We will now prove (3-12). Based on (3-14) and
3 q
q=P+Q€L2(01)+L°L:(0Qs,1), 0<é<1, (3-15)
we have
1
lim / / |v|3—|-|q|%dxdt=0. (3-16)
|x|—>o00 i B(x,1)

Recall from Theorem 2.7 that (v, g) obeys the local energy inequality (2-9), so it is a suitable weak
solution on Q. The e-regularity criterion in Theorem A.8 implies that there exist constants R,k > 0,
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K := (R*\ B(R)) x (1.1), such that
sup |v] + |Vv| + |V < k. (3-17)
K

Recall the equation satisfied by the vorticity: d;w — Aw = — curl(vVv). This implies
|0;0 — Aw| < c(|Vo| + |w]) in K (3-18)

for a constant ¢ > 0 depending on . Also, w(-,1) = 0 due to (3-8). Now, according to Theorem A.10
concerning backward uniqueness, ® = 0 in K.

It remains to demonstrate that @ = 0 in B(R) x (%, 1). We claim that there exists a dense open set
G C (0, 1) such that v is smooth on  := R3 x G. With the claim in hand, let zy = (x¢, #p) € 2 N K such
that |xo| = 2 R. Note that @ = 0 in a neighborhood of zy. In addition, by the smoothness of v, there exist
0 <& <« 1 and ¢ > 0 depending on zy such that

[0;0 — Aw| £ c(|[Vw|+ |w]) in Q := B(x¢,4R) X (tg—&,ty +¢) C Q2. (3-19)

Hence, the assumptions of Theorem A.11 concerning unique continuation are satisfied in Q, and v =0
in Q. This implies that w = 0 in R3 x (tg — &, 7y + €). Since zo € Q N K was arbitrary, we obtain that
w =0 in Q. Now the density of G and weak continuity v € C([0, 1]; S’(R?)) imply @ = 0 on Q%,l.
Finally, we prove the claim that there exists a dense open set G C (0, 1) such that v is smooth
on R? x G. Recall from Theorem 2.7 that v = U + V, where V is the smooth mild solution in Q;
from Theorem A.7 with initial data V{. To treat U, consider the set IT of times #; € (0, 1) such that
U(-,t;) € H'(R?) and U satisfies the global energy inequality (2-11) for all ¢, € (1, 1]. The latter
condition ensures that
U0 = UGl sy =0, (3-20)

The set IT has full measure in (0,1). For each #; € II, there exist ¢ := &(¢;) > 0, a vector field
U e C([t1,t; +¢]; H'(R?)), and pressure P € L®L3(Qy, +,+¢) such that

3,U—-AU +divU U +divV ®@U +divU ® V =-VP, divU =0, (3-21)

in the sense of distributions on Qy, s, +¢. Furthermore, U is smooth on O¢,,1,+¢- This may be proven by
developing the local well-posedness theory for the integral equation

t
U(-,t)=eMAU 1)) = | " D2PdiviUQU +V QU +UQ®V)ds (3-22)
151

with U(-,t;) € H'(R?). One must use that Blt‘VIV e C([8,1]; L®(R?)) for all 0 < § < 1 and integers
k,l > 0. By weak-strong uniqueness for (3-21), as in Step 4 in Theorem 2.6, we must have that U = U
on Q¢ 1, +¢. Hence, U is smooth on Oy, s, +-. We define the dense open set G C (0, 1) as follows:

G:= U (t1,t1 +e(ty)), G22I =][0,1], (3-23)
t1ell

This completes the proof of the claim and Theorem 1.1. O
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Appendix

This appendix has been written with two goals in mind.

The first goal is to unify two well-known approaches to mild solutions with initial data in the critical
homogeneous Besov spaces. Mild solutions in the time-space homogeneous Besov spaces were considered
in the blow-up criterion of Gallagher, Koch and Planchon [Gallagher et al. 2016], whereas mild solutions
in Kato spaces are better suited to our own needs. In Theorem A.2, we prove that the two notions
of solution coincide and have the same maximal time of existence. The third subsection contains the
proof, while the first two are devoted to background material on Littlewood—Paley theory and Besov
spaces. We also address the subcritical theory in Kato spaces in Theorem A.7. Our hope is that the
details provided herein will equip the reader to fill in any fixed-point arguments we have omitted in
Sections 2-3.

The second goal is to collect various results related to the theory of suitable weak solutions. While the
blow-up arguments we have presented are not overly complicated, they do rely on technical machinery
developed by a number of authors starting in the 1970s. We summarize the theory in the fourth subsection
and refer to [Escauriaza et al. 2003] for additional details.

Littlewood—-Paley theory and homogeneous Besov spaces. We now summarize the basics of Littlewood—
Paley theory and homogeneous Besov spaces. Our treatment is based on the presentation in [Bahouri
et al. 2011a, Chapter 2]. The situation is as follows. There exist smooth functions ¢ and x on R* with
the properties

supp(p) C {£ R : § <[¢] < 3}, Y e =1, EeR\{0}, (A-1)
jez

supp(x) C {§ € R* 1 |§] < 4}, X+ e =1, sk (A-2)
j=0

For all j € Z, we define the homogeneous dyadic block A j and the homogeneous low-frequency cutoff
S ; to be the following Fourier multipliers:

Aj =927/ D), S;:=x27/D). (A-3)

For tempered distributions #¢ on R?, the convergence of the sum ) <0 A juo typically occurs only in
the sense of tempered distributions modulo polynomials; see pp. 28-30 in [Lemarié-Rieusset 2002]. To
remove ambiguity, we will consider the following subspace of tempered distributions on R3:

Sy = {uo €8+ lim |0(A D)o Loogs) =0 forall § € D(R?)}. (A-4)
A—00

The subspace S;l is not closed in the standard topology on tempered distributions. We will often refer
to the condition defining (A-4) as the “realization condition.” Let us recall the family of homogeneous
Besov seminorms, defined for all tempered distributions ¢ on R3:

luoll gy sy = 12 1A uollLo@s) gz S €R. 1= pg <co. (A-5)
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These are norms when restricted to tempered distributions in the class u#g € S,;. We now introduce the
family of homogeneous Besov spaces,

B ,(R®) :={ugeSy: luoll gy sy <00} sER, 1= p.g=co. (A-6)
This is a family of normed vector spaces. As long as the condition
3 3
s<= or s==,qg=1 (A-7)
p P 1

is satisfied, B’IS,,q N Bls,i 41 (R?) is a Banach space for all s; € Rand 1 < p;,q; < oo, and there is no
ambiguity modulo polynomials.

Let us now recall a particularly useful characterization of homogeneous Besov spaces in terms of
Kato-type norms. Our reference is [Bahouri et al. 2011a, Theorem 2.34]. Let 0 < T" < co. The following

family of norms is defined for locally integrable functions u € LIIOC(QT):

lulics , (Q7) == 72 uC- . Dllo@s) | pa(o,ry,ac). SER. T=pg=oco.  (A§)
We now define the Kato spaces with the above norms:
Kp.q(O1) = {u € Lige(Q1)  |ullicy .01 < 00}- (A-9)
To simplify notation, we will define
K35(07) =K oo(01).  Kp(Or) =K (Or). (A-10)

The caloric characterization of homogeneous Besov spaces is as follows. For all s < 0, there exists a
constant ¢ := ¢(s) > 0 such that

¢ M uolliy 400y < luoll gs sy = clle®uolixs (0o (A-11)

for all tempered distributions #¢ on R>.

We now introduce the time-space homogeneous Besov spaces that appear naturally when solving
the Navier—Stokes equations with initial data in homogeneous Besov spaces. Our presentation follows
[Bahouri et al. 2011a, Section 2.6.3]. Let 0 < T' < co. We have the following family of seminorms on
tempered distributions u € S'(Q7):

lullzy gy, = 1271 8ju0ll s ooy leazy S E€R 1= pgr<oco. (A-12)
The time-space homogeneous Besov spaces on Q1 are defined below:
LrTBls,’q ={ues(Qr): ”u”Z‘rTBIS?.q < 00,
jiifqoo||sju||L}L§O(er'Tz) =0 forall0< Ty <T, <T},
seR, 1=<p,q,r<oo. (A-13)

The second condition in (A-13) is analogous to the realization condition (A-4). We have that Z} BIS, g N

Z? Bls,ll’ql is a Banach space for all s; e Rand 1 <rq, p1,¢1 < oo provided that (A-7) is satisfied. To
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simplify notation, we will omit the reference to 7" in the norm when 7" = co. We also sometimes employ
spaces L TB;’ ¢ on the spacetime domain Qs r that are defined in the same way.
We now review the Bony paraproduct decomposition as described in [Bahouri et al. 2011a, Section 2.6].

Consider the operators

Tuv::ZSj_luAjv, R(u,v) := Z AjuAj/v, (A-14)
jez li—j’l=<1

defined formally for all tempered distributions u, v on R3. These operators represent low-high and
high-high interactions in the formal product

uv:Tuv+Tvu+R(u,v). (A-15)

If the sums defining the paraproduct operators converge, one may use (A-15) to extend the notion of
product to a wider class. Consider

1< p.p1.p2.9.91,92 <00, 5,851,852 €R,
A-16)
1 1+1 1 1 1 (

=—4— —=—4—, s=51+95.
p P1 D2 q9 91 92

Then one has the estimates

T30l gy oy = <Gl gy, ollvl gz, sy (provided sy <0). (A-17)

IR gy sy < €@l gyr | @y l0llgsz, sy (provided s> 0). (A-18)

The additional condition (A-7) will imply that Ty, R(u, v) € S;l. The analogous estimates in time-space
homogeneous Besov norms are

”TMUHZ’TB,S,,q < c(s,s1)||u||erl Bl g, ||v||ZrTZB;§,q2 (provided s; < 0), (A-19)
; ~ .. < ~p o8 ~Fn oS 1 -
IR OIE, gy, Sc@lulzngn  [vlpage — (rovideds >0, (A20)
where
1<rri,rn<oo, l;i.,.i, 0<T <o0. (A-21)
r ri ry

The paraproduct decomposition will play a crucial role in proving estimates on the nonlinear term.

Heat estimates in homogeneous Besov spaces. In this subsection, we recall estimates for the heat equa-
tion in time-space homogeneous Besov spaces and Kato spaces.

Regarding heat estimates of frequency-localized data, the primary observation is the following; see
[Bahouri et al. 2011a, Section 2.1.2] as well as the appendix of [Gallagher et al. 2016]. Let C C R3 be
an annulus and A > 0. There exist constants C, ¢ > 0 depending only on the annulus C such that for all
tempered distributions u satisfying supp(éiy) C AC,

_ 2
le" 2 uoll o @sy < Ce™ M Nugl oy, 1< p <o, (A-22)
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Let 0 < T < oo and f be a tempered distribution on Q7 with spatial Fourier transform satisfying
supp f C AC x [0, T']. There exists a constant C > 0, depending only on the annulus C, such that

tA : < C)\_%)\3(l’171_p172) A-23
lleZuollpr2pr2g. ) = ol Lr1 (3)s (A-23)
! 11 11
‘ / 98 1. 5y ds < 032Gi=7,3G; p2)||f||L,~1Lm(QT), (A-24)
0 L2L(Qr) o Lx
l<pi<py<oo, 1=<r =<ry=<oo. (A-25)

The estimates follow from (A-22) by Bernstein’s inequality and Young’s convolution inequality. As an
application, we obtain

tA < s }
”e UOHZQB;I;Z#-ZZ/IZ = CH”O”BIII;%!“(RS)’ (A 26)
t
(t—=)AD 1:
e Pdiv F(-,s)ds S CNF|l =ri wsps+2/r1—1, (A-27)
‘ /o OV g = i
I1<p1<py<oo, 1=<gqi=<q2=<00, 1=r <r,=<o0. (A-28)

Here, we have employed that PP is a homogeneous Fourier multiplier of degree zero smooth away from
the origin; see Proposition 2.40 in [Bahouri et al. 2011a]. Let us now comment on continuity in time.
Regarding the estimates (A-26) and (A-27), the solutions belong to the class C([0, T']; B;';z,qz (R3)) as
long as r1, g1 < oo and the realization condition in (A-13) is met. For example, the realization condition
is met whenever (sp, +2/r2, p2, q2) satisfies (A-7). Because the mild solutions we seek exist in spaces
Z‘f B;‘,’q with 3 < p < oo, realization will often be automatic.

The second set of estimates we will discuss are the estimates in Kato spaces that arise naturally from
the caloric characterization (A-11) of homogeneous Besov spaces. We summarize them in a single lemma:

Lemma A.1 (estimates in Kato spaces). Let0 < T <ooand 1 < p; < pp < oo such that

3 3
Sp—— =145 ——. A-29
2= 1T ( )
In addition, assume the conditions
s> =2, i—i<1. (A-30)
Pt P2

(For instance, if p, = 00, then the latter condition is satisfied when py > 3. If p1 = 2, then the latter
condition is satisfied when p, < 6.) Then

for all distributions F € IC;,Il (Qrt), and the solution u to the corresponding heat equation belongs to
C((0, T); LP2(R3)). Let k, 1 > 0 be integers. If we further require that

t
/O eTIAPdiy F(- v) dt < CGsr.p1 PIF N1 () (A-31)

K2 (Q1)

181
1“2 9¥VPF e K31 (Or), (A-32)
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for all integers 0 < a < k and multi-indices B € (No)> with |B| < [, then we have

k [
181
< C(k,l,sl,pl,l?z)(z Dl F”KZ%(Qr))’

t
zk+éa’§V’f eC=DAPdiv F(-, 1) dt
K3 (01) @=05=0

0

(A-33)
and the spacetime derivatives a’;v’ u of the solution u belong to C((0, T]; LP2(R?)).
Proof. Recall the following estimates on the Oseen kernel [Lemarié-Rieusset 2002, Chapter 11]. Let
o > 0 be an integer and B € (Ng)* be a multi-index. Then
3

1(3 _ _|B|—
||3‘t"V’3€’A”3’diV”0||LPzaRaS)50(0"/3)“("2 W 2a)”u0|lLl’l(R3) (A-34)

forallz > 0and 1 < p; < pp < oo. In addition, the semigroup commutes with partial derivatives in the
space variables.

Let us consider the case when «, 8 are zero. Suppose that 51, 52, p1, p2, and F obey the hypotheses
of the lemma. Then

t
/ cUIAPdiv F(-, 1) dt
0

LP2(R?)

t
< / le""DAPdiv F(-. 7)|| Lo gy dT
0
(A-34) ! (33 )
e[ =0 BTN Ol s do
0

! (E-2-1)_ 3 _51
< c/ (t=7)2'r2 71 Vr2drx sup T 2 ||F(-,7)|Ler g3y
0

0<t<T
(A-30) 51 -1 3 3 —1 %(i_i_,_sﬁ_l)
= (3 +1) _2(Z_E+l) Jztreo <Nl o)
(A-29) S1 —1 3 3 =179 sp
< c[(?—i-l) _Z(E_EH) ]t2 X IF st op: (A-35)
This completes the proof of the first estimate. Now let us define
t
u(-,1):= / eUIP div F(s) ds (A-36)
0
for all 0 <t < T and observe the identity
t
u(-, 1) ="y (-, 1) +[ eDApdiv F(-,1)dt (A-37)
N

for all 0 < s < ¢. To prove that u € C((0, T']; L?2(R?3)), one merely estimates

t
1) =uCo ) oo @y < e 2u(-,5) = u(-.5) | Lo @3y + / le "D AP div F(-,7) || Lra g3y d T
S

! (323 _1) 51
— 2 2 s = -
<o(l)+ c/; (t—0)2'r2 1 Jr2drx ||F||Kp11(QT) o(1) (A-38)

as |t —s| — 0, according to the assumption (A-30) on the exponents.
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Let us now demonstrate how to prove the estimates on spatial derivatives. One estimates the integral in
two parts,

t
/ Viet=DApgdiv F(-,7)dt
0

LP2(R3)

5 L(3 -3 1) t (23 1)
SC(Z)/ (r—7)2"P2 7 [FC.Olm@ydt+e| (t—7)2 72 71 VIFC, D) e @sydT
0

r
2

3 _1-1)

5(:(1)/02(t—r)5(52‘m

51
T2 dtx ”F||Icf,11(QT)
3

! L(2-3 1) 1 !
_ a3} ) Lol B W
+C/§ (t—r7)2'r2 1 Vg2 dtx ||[t2V F( ’t)”’Cp]l(QT)

L(s2-1) } Lol me. Vs .

The proof of continuity in LP2(R?) is similar to (A-38) except with spatial derivatives in the identity
(A-37).

The proof of estimates on the temporal derivatives is slightly more cumbersome due to the weighted
spaces under consideration and that the temporal derivatives do not preserve the form of the equation. By
differentiating the identity (A-37) in time, one obtains

t
a,u(-,z)=a,e<’—S>Au(-,s)+e<f—S)Au3>divF(-,s)+/ cTOAPAIVI F(-,1)dT,  (A-40)

N

and more generally,

k t
u(-.0)=0Fe"DPu(- 1)+ Y ok I8Pdivo? T F(-.5) +/ AP divak F(- 1) d.

a=1 §

(A-41)
(In obtaining the identities, it is beneficial to compare with the differential form of the equation.) Now set

s = %z and denote the terms by 7, 11, and I11, respectively. We estimate

llze> < )™ u(-. 52)| 1o

_f+ 52
<tk p) ™ Tl o)

k432
< ctkst prp)t T T2 Flln o, (A-42)
according to our original estimate. Furthermore,
k
kal(3_3_
| lrs < ete) 3 4200 | @t By (40)]
a=1 X
—k+352 —

<ck.siprp) ™2 Y T L o, (A-43)

a=1
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and finally,

3

' 3G =31 9k
MLz =c | (t—7)2 72 70 I F (- 1)l Le ds
2

! (33 ) 51
< 2\ e —k+>5 k ok
_c/: (t—1)2 2 1 g ds x ||t 8,F||K;12(QT)
2

_f+ 52
<clkost prp)t TR Fll e o,

This completes the proof of the time-derivative estimates. The proof of continuity is similar to (A-38)

(A-44)

except that one must use the identity (A-41).
Regularity in spacetime may be obtained by applying the temporal estimates to the spatial derivatives,
since the spatial derivatives preserve the form of the equation. O

Mild solutions in homogeneous Besov spaces. The goal of this subsection is to review the well-posedness
theory of the Navier—Stokes equations with initial data in Besov spaces.

Let us recall the notion of a mild solution to the Navier—Stokes equations, i.e., a tempered distribution u
on spacetime that satisfies the integral equation

t
u(-,1) = e’AuO—/ IAPdivy ® u ds (A-45)

0
in a suitable function space. The operator /2P div is defined by convolution with the gradient of the

Oseen kernel; see Chapter 11 of [Lemarié-Rieusset 2002]. We will often simply write

u(-, 1) =e®ug— Bu,u)(-.1), (A-46)
t
B(v,w)(-,t)::/ AP divy @ w ds. (A-47)
0

Distributional solutions to the Navier—Stokes equations are mild under rather general hypotheses, as
discussed in Chapter 14 of [Lemarié-Rieusset 2002]. Small-data-global-existence in the spirit of the
seminal work [Kato 1984] is known for divergence-free initial data in the spaces

H3(R?) < L3(R3) < B, (R®) = B2, (R?) < BMO™! (R), (A-48)

where 3 < p; < pa < oo and 3 < ¢y < ¢, < co. The case BMO™! (R?) was treated in [Koch and Tataru
2001] and appears to be optimal. Ill-posedness has been demonstrated in [Bourgain and Pavlovi¢ 2008]
in the maximal critical space Bgol,oo (R3). Local-in-time existence is known for initial data in the spaces

H2(R%) < L3(R?) — BY,(R?) — VMO (R?) (A-49)
as long as 3 < p, g < 0o, where
VMO~ (R3) := S(R3)BMO ™' &), (A-50)

The existence theory for initial data in homogeneous Besov spaces is summarized in the following
theorem.
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Theorem A.2 (mild solutions in critical Besov spaces). Let 3 < p,q < oo and uy € B;,{’q (R3) be a
divergence-free vector field. Then there exists a time 0 < T*(ug) < oo and a mild solution u of the

Navier—Stokes equations such that

ueC(0.T): BY,(R)NLLBY N IPBY,, (A-51)
u e Rp(0r) NRoo(Qr) NC(O. T L N L¥ @) (A-52)

forall 0 < T < T*(ug). In addition, u is the unique mild solution satisfying (A-51) and the unique mild
solution satisfying (A-52). Lastly, if T*(ug) < 0o, then the following two conditions are satisfied:

(1) tlTiITT1*||U(',l)||LPo(R3) = 00. (A-53)
(ii) Forall pg € [p,>0), qo € [g,00),and 1 <ry < oo such that sp, +2/ro € (0,3/po),

li o o = O0. A-54
T’IT‘I}"I*”u”L;QB;Z(,JqT)Z/IO o0 ( )

In the statement, we have utilized the Banach space
K3(07) = {u e K(0r) 1173 u(-. )| Losy — 0 ast | O}, (A-55)

We will discuss the proof after reviewing two lemmas concerning quadratic equations in Banach spaces
based on Lemmas A.1 and A.2 in [Gallagher et al. 2002]. See also Lemma 5 in [Auscher et al. 2004].

Lemma A.3 (abstract Picard lemma). Let X be a Banach space, L : X — X a bounded linear operator
such that I — L : X — X is invertible, and B a continuous bilinear operator on X satisfying

IB(x, Mlx =vixlx Iylx (A-56)

for somey > 0andall x, y € X. Then for all a € X satisfying
1

I(7 = L) allx < —, (A-57)
Al -L)x vy
the Picard iterates Py (a), defined recursively by
Po(a):=a,  Pryi(@):=a+L(P)+ B(Px. Pr). k=0, (A-58)
converge in X to the unique solution x € X of the equation
x=a+ L(x)+ B(x, x) (A-59)
such that .
lIxllx < - : (A-60)
217 =L)~ x v
Regarding the hypothesis on L, the operator I — L : X — X is invertible with norm
1
7= L) x = —— (A-61)
I—|Lllx

whenever || L|y < 1. We use this fact in Lemma 2.4 and Theorem 2.6.
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Often one applies Lemma A.3 to an intersection of spaces. For instance, to solve the Navier—Stokes
equations with divergence-free initial data ug € L? N L3(R?), the space X may be chosen as X :=
L} NL¥®L2NL2HY(Qr). Similarly, one may choose X to include higher derivatives in order to
prove higher regularity. Technically, when one includes more derivatives in the space X, one may need
to shorten the time interval on which Lemma A.3 is applied and argue that the additional regularity is
propagated forward in time. This is cleverly avoided in [Germain et al. 2007].

Lemma A.4 (propagation of regularity). In the notation of Lemma A.3, let E — X be a Banach space.
Suppose that L is bounded on E such that I — L : E — E is invertible and B maps E x X — E and
X x E — E with

max (|| B(y.2)|e. |Bz. »)g) =nlyle lzllx (A-62)
forsomen >0andall y € E, z € X. Finally, suppose that
I =L)" en < 1= L)~ x . (A-63)
For all a € E satisfying (A-57), the solution x from Lemma A.3 belongs to E and satisfies
Ixlle <21 = L)~ "al g (A-64)
Lemma A.4 does not require the quantity ||a| g to be small, but one may have to increase y > 0 in
order to meet the condition (A-63).
Proof of Theorem A.2. Let us assume the hypotheses of Theorem A.2. Let r > 2 such that s, + % € (0, %)
(1) Constructing a local-in-time mild solution. To obtain local-in-time solutions, we will apply Lemma A.3
to the integral formulation (A-45) of the Navier—Stokes equations in the Banach space
Xr:=17 B”’*r NKy(O7). (A-65)

Note that the realization condition in (A-13) is satisfied, so the time-space homogeneous Besov space in
(A-65) is complete.

Let us prove that the bilinear operator B is bounded on X7. In fact, it is bounded separately on the
two spaces in the intersection. To prove that B is bounded on IC, (Q1), we use Holder’s inequality,

4 ® vl 25 o) = Wl @ Wl @) (A-66)

and conclude with the heat estimates in Lemma A.1. That the subspace I%p(QT) is stabilized follows

sp+2/r

from taking the limit 7 | 0. To prove boundedness on L Bp q , we use the Bony decomposition

(A-15). First, apply the low-high paraproduct estimate (A-19) and Sobolev embedding to obtain

||Tuv||Lr/zB—1+sp+4/r cllullz, 4 '—1+2/'||v|| gy =cllullg, sp+2/r||v|| s (A-67)

The analogous estimate is valid for Tyu. Now we combine the heat estimate (A-27), substituting
F := Tyv + Tyu, with the low-high paraproduct estimate:

t
/ AP div(T,v + Tyu) ds
0

r g T =cllullz, go2rllvliz, gosarr (A-68)
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To estimate the high-high contribution, we apply the property (A-20) to obtain

IR(u. )| 20p+2/) = C||u|| B ||U|| B (A-69)

LY* B,

Notice that 2(sp + %) € (0, %), so the realization condition in (A-13) is satisfied. We then apply the
heat estimate (A-27) with F := R(u, v) to obtain

This completes the proof of boundedness in Z’T BIS,’,’; 2,

The last step in applying Lemma A.3 is to obtain the smallness condition (A-57). Since uq € Bls,‘:q (R,
we have from (A-11) and (A-26) that

t
/ eUIAP div R(u, v) ds ||u||L, jonF2/1 ||v||L, yon2/7 (A-70)
0

]': Bs p+2/r
T

e"Pug € Xoo, le"2ugllx, — 0 as T | 0. (A-71)

Hence, (A-57) will be satisfied as long as 0 < 7" < 1 depending on u. This completes Step 1.

(2) Further properties of mild solutions. Our next goal is to prove that a given mild solution, # € X7
belongs to the full range of function spaces stated in the theorem. It is clear from (A-11) and (A-26) that
e'Auy is in the desired spaces, so we will focus on the mapping properties of the nonlinear term.

First, suppose u is a mild solution in I%p(QT). The integral equation (A-45) combined with the
estimates in Lemma A.1 allow one to bootstrap u into the space I%OO(QT). The same estimates in
Lemma A.1 also give u € C((0, T]; L? N L (R?)). We conclude that « belongs to (A-52).

Now suppose u is a mild solution in Z} BIS,’,’; 2T We may combine the paraproduct estimates (A-67)
and (A-69) in Step 1 with the heat estimates (A-27) to obtain the mapping property

sp+2/r sp+2/r

B: L% B, x L% By, — C([0,T]; By, (RH) N LL By, (A-72)

Demonstrating u € L} Bp” q requires a bootstrapping argument that we borrow from Remark A.2 of
[Gallagher et al. 2002]. Specifically, suppose that u € Lr‘) Bs” F2/ro for some r¢ > 1 such that s, 42 /ro > 0.
Let us define the exponents

1 l—-¢ 3 1 1 1 2
- = = - = S < p— -
e~ 2 3 1@ o +l(8)’ 0<e<sp+ o (A-73)
From interpolation, it is clear that u € Ll(e)Bs” +2/1€) Now consider the additional restrictions & > 0

and rq(e) > 1. One may verify that

2 2 2 2
+ o~ —e, s1(e) :=2sp + + 6] = Sp + P —e>0. (A-74)
According to the paraproduct laws (A-19) and (A-20), we have
' Fri(e) psy(e ' Frie) psy(e = Tl p—e Fro ps ro . -
ITuullzrie gue  FIR@ Wl e ge  =clullpio g lullzro gz (A-75)

We then apply the heat estimate (A-27) to obtain

B(u.u)e LB, ’1‘”, (A-76)
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provided that 0 < & < s, +2/r¢ and r1(¢) > 1. In fact, by repeating the arguments with a new value
1 < 7y < rgy, one may treat the case ¢ = 0. The final result is that

~ . sp+min (2,2) 1 s 1
B Lmax(l,rl)B p 1 2 S _ 1 A-
(u’ u) €Ly D.q s o D " (A-TT7)
Hence, one may improve 1/r¢ by the fixed amount —s, /2 at each iteration. This completes the boot-

strapping argument, so u belongs to the class (A-51).

(3) Uniqueness. Suppose that u,u, are two mild solutions on Q7 in the class (A-51) with the same
initial data u. For contradiction, assume there exists a time 0 < Ty < 7" such that u; = u, on Q7, but
uy and uy are not identical on Qr, 1,45 for all 0 <§ < T — T. Because the solutions are continuous
with values in B;,’,’q([R?), we must have itg :=u (-, To) = us(-, Ty). When 0 < § < 1, depending on
uy and us, the two solutions on Qr, 7,+s With the same initial data u¢ fall into the perturbative regime
of Lemma A.3 in the critical time-space homogeneous Besov spaces. Hence, the solutions coincide on
OT,.,Ty+8> Which is a contradiction.

Similarly, suppose that uy, u, are two mild solutions on Q7 in the class (A-52). For 0 < § < 1
depending on u; and u;, the solutions on Qg fall into the perturbative regime of Lemma A.3 in the Kato
space /%p(Qg). Hence, the solutions coincide on a small time interval. Uniqueness may be propagated
forward in time according to the subcritical theory in L? (R?3).

(4) Characterizing the maximal time of existence. We now return to the mild solution u that we constructed
in Step 1. The solution may be continued according to the subcritical theory in L (R?*) and the critical
theory in time-space homogeneous Besov spaces. The result is the following. There exists a time
0 < T*(up) < oo such that for all 0 < T < T*(ug), u is the unique mild solution in X7 with initial
data u¢, and for all T > T*(u¢), the solution u cannot be extended in X7. The time T *(u¢) is the maximal
time of existence of the mild solution « with initial data u¢. In the proof, we will denote it simply by 7

Suppose that T* < oco. Then limg47+||u|x,; = oo, since otherwise the solution can be continued
past T* A priori, we know that

(i tlTif]!l*||”('»l)||Lp(R3) =o0 or (i) Tlinyq*||U||~,%B;{zq+2/r = 00. (A-78)

Note that we may avoid writing lim sup,4 7 [[u( -, 1)|| L» g3y in (i") because the L?(R3) norm is subcritical.
It is immediate that (i) implies (i’) and (ii) implies (ii"). We will now demonstrate the implications in
the reverse direction.

Suppose that (i) does not hold. In other words, there exists p < po < oo such that u € ICp,(Q1+). By
the bootstrapping in Kato spaces mentioned in Step 2, we obtain that

U € Koo(Q1+) NC((0, T*]; L°(R?)). (A-79)

Then, we may apply Lemma A.4 concerning propagation of regularity in the spaces X = L*°(Qr)
and E = X N L®LY(Qr) with initial data u(-,%) € L? N L>®(R3) and initial time #y close to T*
The lemma prevents [|u(-, )| z»g3) from blowing up as 7 1 T*, so (i') does not hold. This is the same
argument as in the last step of Proposition A.S.
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Now suppose that (ii) does not hold. Then there exists p < pg < 00, ¢ < g¢ < 00, and ry > 2 such
2
that sp, +2/ro € (0,3/po) and u € L2, BIS,’(’)(’;(: /ro . By the arguments in Step 2, we must have that

u € C(O0, T Bylay) NV L By 0 L By, (A-80)

As in the previous paragraph, we may apply Lemma A.4 in the spaces X = Lro B;,’;(’;;z/ro E =

X N LE BT with initial data u(-, fo) € By, N By, (R®) and initial time 7o close to T* This
proves that the norm of « in L’ *BIS,"; 2r stays bounded, so (ii’) fails. Here it is crucial that u(-,¢)

is continuous on [0, 7*] with values in B Pg?qo (R?), so that the existence time of the solution with initial data
u( -, o) has a uniform lower bound. This was not an issue in the subcritical setting. Also, we do not record
here the bilinear estimates necessary to apply Lemma A.4. They are similar to the estimates in Step 1.

(5) More characterizing. It remains to prove that (i’) is equivalent to (ii’). To begin, we will show that
(ii) implies (i’) by arguing the contrapositive. Suppose
sup  [lu(-, 1) Lo w3y < oo. (A-81)
4 T*<t<T*
By the subcritical theory in L?(R?), it is not difficult to show that
sup  [|[Vu(-, 0)||Lrg3) < 00. (A-82)
Ir+<e<T*
One may interpolate between (A-81) and (A-82) to obtain for all 0 < s < 1,
. . s M -
sup Nu(-. Ol gy sy =) supuC O gyl Z)I @y <0 (A8
Lr+<e<T* Ir*<t<T*
see Proposition 2.22 in [Bahouri et al. 2011a]. Now, let m := max(q, r). By Minkowski’s and Holder’s

inequalities,

g, s < lul

T*/2.T

sp+2/r =<c (T ) sup ||M( i t)||BXP1+2/r(R3) <00,
D.

L (B, .
IT*<r<T*

Ix(Qr* /0, 7%) —

(A-84)
and one concludes that (ii) fails.

Now we will demonstrate that (i’) implies (ii’), again by arguing the contrapositive. Let us assume
that ||u || BT < 00, so that by the mapping properties of the nonlinear term in Step 2,

u € C([0, T*]; B,y (R?)). (A-85)
Our goal is to prove that the following quantity is bounded:
||”||Z‘;‘(’).T*B,§,/f(ﬂ%3) <00 (A-86)
for some 0 < Ty < T* Indeed, interpolating between (A-85) and (A-86), one may demonstrate that

sp+1 —Sp
su u(-,t su u(-,t "s u(-, 0 . < 00. A-87
T0<tET*” (- )”BO (R*) T Sth*” (.ol 57 ([R3)” (- )”B p+1 RY) ( )

In light of the embedding Bg’l (R?) < LP(R?), this will complete the proof that (i’) fails.
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To prove (A-86), we will need more estimates for the heat equation. Let C C R? be an annulus and
A>0.Let0<T <ooand f be atempered distribution on Q7 with spatial Fourier transform satisfying
supp f C AC x [0, T']. Then

t
A zéf DA £ 1) de
0

LP2L2(07)

2(L—-L1_q9),3(L—-L ) 1 (A'88)
< m T IRETR 1 1 g + M 101 0
1<p1<py=<oo, 1=r=<r;=<o0.

Recall the smoothing effect (A-22) of the heat flow. When p; = p,, one may write

t
(t—7)A .
)\“/0 e f(-,0)dr

LP1 (R3)

t t
2
<c [0 I8 £ D)o sy e+ / 1002 £ o) o sy d
2

L t
2
<C [ (t —1) 2R £ 1) oy sy dT + Ch [ e OS2 £ (D) | ey dT
0 5

1( 5
SCz‘Z/
0

and treat the subsequent integration in time by Young’s convolution inequality. The case p, > p; follows

—c(t— 2 . d —c(f— 2 1
e c(t—1)A ||f('vf)||Ll’1(R3) dS-i-)x[ e c(t—1)A ||-E2f(-’f)||Lp1(R3) d‘[) (A-89)
2

from Bernstein’s inequality. This leads us to a higher regularity estimate in Besov spaces analogous to
Lemma A.1:

t
zi/ AP div F(-,5)ds <c(IFlzr,
0

spy+2/m—1 + ||tl/2F||~r1 prtar), (A90)

~rZB3/17 B”l -] T p1-41

T Pprr.9p
when also 1 < ¢y < g, < o0.
Let us return to the proof. We will apply Lemma A.3 in the following Banach spaces to obtain (A-86):
3 +2
Yr —{veLr Bppq t2ve L] Blfq }, (A-91)
Ivllyy == max(flvllz, goparr. ”ﬁU”Z’TBS_/f“/’)' (A-92)

Let us show that B is a bounded operator on Y7 with norm « independent of the time 7" > 0. We need
only prove boundedness of the upper part of the norm. Now, according to the low-high paraproduct
estimate (A-19) and Sobolev embedding,

||[2Tvu)|| 3p+4/r <c|lv “L’ 2 ||t w”L’ B p2sr

LY B,

= C||v||~,TBls){,q+2/r ||t7w||ZrTBl_:,{qp+2/r =c|vllyy lwllyy, (A-93)
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and similarly for Tpv. According to the high-high estimate (A-20), we have

||Z%R(v, w>||z¥23;/12-i:;//é7+4/r < C||U||Z;B;?q+2/r ||t%w||ZrTBp3-/qp+2/r =c|vllyy lwllyy- (A-94)
Since v, w € X, there is no ambiguity modulo polynomials in forming the paraproduct operators. The
bilinear estimate is then completed by combining (A-90) with (A-67), (A-93) for the low-high terms and
(A-69), (A-94) for the high-high terms. By the same paraproduct estimates and applying (A-90) with
1, = 00, one may show that

B:Yr xYr — C((0,T]; B,,%,q(W)). (A-95)

This is the property we will use below.

We are ready to conclude. Recall that u € C([0, T*]; Bf,fq (R?)) by (A-85). By continuity, there exists
a time Ty > 0 such that ||e’®u(-, to)||YTl < (4k)~Vas ty 1 T* Now we may apply Lemma A.3 in the
space Y, with u(-, T* — T}) as initial data, and the result agrees with the mild solution u on the time
interval [T* — Ty, T*]. Therefore, we may take Tg := T* — %T 1 in (A-86) to complete the proof. (In
fact, by similar arguments of resolving the equation, one may show that (A-86) holds everywhere away
from the initial time.) g

Let us also provide the following characterization of the maximal time of existence.

Proposition A.5 (formation of singularity at blow-up time). Let 3 < p < oo and ug € L?(R?) be
a divergence-free vector field. Let T*(ug) > 0 be the maximal time of existence of the unique mild
solution u such that u( - ,t) is continuous in L? (R3). If T*(uq) < oo, then u must have a singular point
at time T*(ug).

Proof. This argument is based on similar arguments in [Rusin and Sverdk 2011; Jia and Sverak 2013]. Let
u be as in the hypothesis of the proposition and assume that 7* () < 0o. Following [Calderén 1990],
for all § > 0, there exist divergence-free vector fields Uy € L2(R*)N L?(R?) and Vy € L?(R3) such that

ug = Uy + 1y, || V()”Lp(RS) <$. (A-96)

Let V denote the unique mild solution associated to the initial data V{y such that V(-,¢) is continuous
in L?(R3). Furthermore, one may choose 0 < § < 1 such that T*(Vy) > 2T *(uy). We will abbreviate
T*(ug) as T* The remainder U solves the perturbed Navier—Stokes equations on Q7+,

0 U—-AU +divU QU +divU®V +divV U =-VP, divU =0, (A-97)

with the initial condition U( -, 0) = U,. By the well-posedness theory for (A-97) as well as the energy
inequality, one may prove that U is in the energy space up to the blow-up time:

UeL®LANL?H Q7). (A-98)
Based on the decomposition of u, we obtain
ue L} (Qr+) + LPLL(Q7+). (A-99)

peL3(0r) + L®L2(O7). (A-100)



1452 DALLAS ALBRITTON

where p := (—=A)~!divdivu ® u is the pressure associated to u. Recall now that u is in subcritical
spaces, so one may justify the local energy inequality for (u, p) up to the blow-up time 7 * Moreover,
(A-99) implies

T*
lim / f u|? + | p|2 dx dt = 0. (A-101)
0 JB(x,1)

|x]|—00
Therefore, by the e-regularity criterion in Theorem A.8, there exist constants R,k > 0 and the set

K := (R*\ B(R)) x (AT*, T*) such that

sup |u(x,t)| <«. (A-102)
K

Finally, suppose that u has no singular points at time 7* This assumption, paired with the estimate
(A-102), implies that u € L>(Q, ) for some ¢ € (7% T*). Consider the bilinear estimates

1
1B, w)lgeepr(opy = T2 Vlipse 2oy lWliLoo(@r):
L[ Lx(QT) L; LX(QT) (QT) (A-103)

1
1B, w)llpeor2(0r) = T 2Vl Loo(@rylwlipee L2
for all 7" > 0. Now one applies Lemma A.4 with the bilinear estimates (A-103) and the choice of spaces
X := LOO(QtO’T*), E:=XnN L?OL)I;(QIO,T*) (A-104)
for each & <19 < T™ This prevents |[u(-, )|z g3) from becoming unbounded as 7 1 7* and completes
the proof. O

Corollary A.6. Let u be the mild solution of Theorem A.2 with initial data ug. If T*(ug) < 0o, then u
has a singular point at time T *(ug).

Lastly, we record an existence theorem for mild solutions with initial data in subcritical Besov spaces.
Similar results concerning smoothness of solutions belonging to the critical space L3 (Q7) were proven
in [Dong and Du 2007].

Theorem A.7 (mild solutions in subcritical Besov spaces). Let3 < p,q <00, 0 <& < —sp, s :=5p +¢&,
and M > 0. There exists a positive constant k := k(s, p) such that for all divergence-free vector
fields ugy € BIS) q(IR3) with [luo]| gs ®3) = M, there exists a unique mild solution u € K, (Qr) of the
4 D.q .

Navier-Stokes equations on Q with initial data ug and T 2 := /M. Moreover, the solution satisfies

0V e C((0. TT: LP (R*) N C((0. TT: L™ (R?)), (A-105)
L L

15205V ey (o) + ||zk+za’;v’u||K;ol+g(QT) <c@s, p.k,DM (A-106)

for all integers k,l > 0. Hence, u is smooth in Q.

e-regularity and backward uniqueness. In this section, we record a number of important theorems
relevant for the blow-up procedure in Theorem 1.1. Our primary reference is the seminal paper of
Escauriaza, Seregin, and Sverdk [Escauriaza et al. 2003].
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We will now introduce the relevant notation and definitions. For R > 0 and z¢ = (x¢, %) € R*T!, we
define the Euclidean balls

B(xg,R):={yeR®:|xo—y| <R}, B(R):= B(0,R), (A-107)
and the parabolic balls
0(z0, R) := B(xo, R) x (to — R*,15), Q(R) := Q(0, R). (A-108)

Suppose that 1 : Q(zg, R) — R? is a measurable function. We will say that z¢ is a singular point of
u if for all 0 < r < R, we have u & L°°(Q(zp,r)). In this case, we will say that u is singular at z.
Otherwise, we will say that zq is a regular point of u.

We say that (v, q) is a suitable weak solution of the Navier—-Stokes equations in Q(zg, R) if the
following requirements are satisfied:

3
() ve LPL2N L2HY(Q(z0. R)) and g € L} ,(Q(z0. R)).

(ii) (v, q) solves the Navier-Stokes equations in the sense of distributions on Q(zg, R).

(iii) For all 0 < ¢ € CJ°(B(R) x (to — R2, 1)), the pair (v, ¢) satisfies the local energy inequality

t
/ @|Vv|? dx dt’
to—R2 JB(x¢,R)

t
5/ / (v]*(Ap + 3:9) + v-Vo([v]* +2¢)) dx dt’, (A-109)
to—R2 JB(x¢,R)

/ elv(x,)?dx +2
B(XOaR)

for every ¢ € (tg — R?, 1o].

We say that (v, ¢) is a suitable weak solution of the Navier—Stokes equations in an open set Q@ C R3*1 if
(v, g) is a suitable weak solution in each parabolic ball Q C Q.

Note that we permit the test functions ¢ in the local energy inequality to be supported near fg, but this
is not strictly necessary. Also, one may use the Navier—Stokes equations to demonstrate that a suitable
weak solution u( -, t) is weakly continuous on [fog — R?, fy] as a function with values in L2(B(x, R)).

Let us show that the distributional local energy inequality (2-9) in the definition of Calderén solution
implies the local energy inequality (A-109) in the definition of suitable weak solution. Let 0 <n € C5°(R)
such that n = 1 when |7| < 1, n =0 when |7| > 1, and Jgndt = 1. For all ¢ > 0, define n,(7) :=
e In(e717). Nowlet 0 < ¢ € CgP(B(R) X (tg — R?, ty]). Define

t/
D, (x,1") = p(x, t')(l —/ ne(t —1) dr), t€(to— R* 1), &>0. (A-110)

o0

Using ®; ¢ as a test function in (2-10) and passing to the limit ¢ | 0 proves (A-109) for almost every
t € (to — R?, tp). That the inequality is true for all ¢ € (fo — R?, ty] follows from the weak continuity of
u(-,t) € L*(B(x, R)).

We will now state the Caffarelli-Kohn—Nirenberg e-regularity criterion for suitable weak solutions;
see [Caffarelli et al. 1982; Lin 1998; Ladyzhenskaya and Seregin 1999; Escauriaza et al. 2003].
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Theorem A.8 (¢-regularity criterion [Escauriaza et al. 2003]). There exist absolute constants ey > 0 and
co.k > 0, k € N, with the following property. Assume (v, q) is a suitable weak solution on Q(1) satisfying

/ ol +1g13 dx di < eo. (A-111)
(1)

Then, for each k € N, we know Vk=1y is Holder continuous on Q(%) and satisfies
sup |Vk_1v(x,t)| < Cok- (A-112)
o(3)
The e-regularity criterion may be used to prove that singularities of suitable weak solutions persist
under locally strong limits.

Proposition A.9 (persistence of singularity [Rusin and Sverak 2011]). Let (vk,qx) be a sequence of
suitable weak solutions on Q(1) such that vy, — v in L3(Q(1)), g — q in L%(Q(l)) Assume vy is
singular at (xi, t) € Q(1) and (xy, ty) — 0. Then v is singular at the spacetime origin.

Finally, we recall two theorems concerning backward uniqueness and unique continuation of solutions
to differential inequalities.

Theorem A.10 (backward uniqueness [Escauriaza et al. 2003]). Let Q4+ = [R{i_ x (0,1). Suppose
u: Q1 — R3 satisfies the following conditions:

(1) |ur + Au| < c(|Vu| + |u|) a.e. in Q+ for some ¢ > 0.
(i) u(-,0)=0.
(iii) u(x, 1) <eM¥in 0.
(v) w,ug, V2u € L2(LE )x(0+4).
Thenu=0o0n Q4.

To make sense of condition (ii), one may use that u € C([0, 1]; D’ ([Ri)), due to condition (iv).
Theorem A.11 (unique continuation [Escauriaza et al. 2003]). Let R, T > 0 and Q(R,T) := B(R) x
(0,7) C R3FL. Suppose u : Q(R, T) — R3 satisfies the following conditions:

() u,u;,Vu e L>(Q(R,T)).

(i) |us + Au| <c(|Vul| + |u|) a.e. in Q(R, T) for some ¢ > 0.
(i) Ju(x,1)| < Ce(|x| + VO in O(R, T) for some Cy, > 0, all k > 0.
Then u(x,0) =0 forall x € B(R).
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DOLGOPYAT’S METHOD AND THE FRACTAL UNCERTAINTY PRINCIPLE

SEMYON DYATLOV AND LONG JIN

We show a fractal uncertainty principle with exponent % —8+¢, £ >0, for Ahlfors—David regular subsets
of R of dimension § € (0, 1). This is an improvement over the volume bound % — 4, and ¢ is estimated
explicitly in terms of the regularity constant of the set. The proof uses a version of techniques originating
in the works of Dolgopyat, Naud, and Stoyanov on spectral radii of transfer operators. Here the group
invariance of the set is replaced by its fractal structure. As an application, we quantify the result of
Naud on spectral gaps for convex cocompact hyperbolic surfaces and obtain a new spectral gap for open
quantum baker maps.

1. Introduction

A fractal uncertainty principle (FUP) states that no function can be localized close to a fractal set in both
position and frequency. Its most basic form is

1LamFalag lr2@y—r2@ = OHP) ash— 0, (1-1

where A (h) is the h-neighborhood of a bounded set A C R, § is called the exponent of the uncertainty
principle, and Fy, is the semiclassical Fourier transform:

Fpu(E) = Qrh)~2 /R e~ u(x) dx. (1-2)

We additionally assume that A is an Ahlfors—David regular set (see Definition 1.1) of dimension 6 € (0, 1)
with some regularity constant Cg > 1. Using the bounds ||Fp ;272 =1, |Frllpi—pe < h=2, the
Lebesgue volume bound sz (A(h)) < Ch =% and Holder’s inequality, it is easy to obtain (1-1) with
B = max(O, % —8).

Fractal uncertainty principles were applied by Dyatlov and Zahl [2016], Dyatlov and Jin [2017], and
Bourgain and Dyatlov [2016] to the problem of essential spectral gap in quantum chaos: which open
quantum chaotic systems have exponential decay of local energy at high frequency? A fractal uncertainty
principle can be used to show local energy decay O(e_ﬂ 1), as was done for convex cocompact hyperbolic
quotients in [Dyatlov and Zahl 2016] and for open quantum baker’s maps in [Dyatlov and Jin 2017]. Here
A is related to the set of all trapped classical trajectories of the system and (1-1) needs to be replaced by a
more general statement, in particular allowing for a different phase in (1-2). The volume bound 8 = % -8
corresponds to the Patterson—Sullivan gap or more generally, the pressure gap. See Sections 4—5 below
for a more detailed discussion.

MSC2010: 28A80, 35B34, 81Q50.
Keywords: resonances, fractal uncertainty principle.
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1
v T
improvement depend on § and Cg? Partial answers to this question have been obtained in the papers

A natural question is: can one obtain (1-1) with 8 > max(O 8), and if so, how does the size of the

mentioned above:

e Dyatlov and Zahl [2016] obtained FUP with 8 > 0 when !8 — %‘ is small depending on Cg, and
gave the bound B > exp(—K (1 +log!* CR)), where K is a global constant.

¢ Bourgain and Dyatlov [2016] proved FUP with 8 > 0 in the entire range § € (0, 1), with no explicit
bounds on the dependence of 8 on 6, Cg.

¢ Dyatlov and Jin [2017] showed that discrete Cantor sets satisfy FUP with 8 > max (O, % — 8) in the
entire range § € (0, 1) and obtained quantitative lower bounds on the size of the improvement —
see Section 5 below.

Our main result, Theorem 1, shows that FUP holds with g > % — & in the case § € (0, 1), and gives
bounds on 8 — % + & which are polynomial in Cg and thus stronger than the ones in [Dyatlov and Zahl
2016]. Applications include

 an essential spectral gap for convex cocompact hyperbolic surfaces of size f > % —§, recovering
and making quantitative the result of [Naud 2005], see Section 4;

 an essential spectral gap of size f > max(O, % - 8) for open quantum baker’s maps, extending the
result of [Dyatlov and Jin 2017] to matrices whose sizes are not powers of the base, see Section 5.
(For the case 6 > % we use the results of [Bourgain and Dyatlov 2016] rather than Theorem 1.)

1A. Statement of the result. We recall the following definition of Ahlfors—David regularity, which
requires that a set (or a measure) has the same dimension § at all points and on a range of scales:

Definition 1.1. Let X C R be compact, px be a finite measure supported on X, and § € [0, 1]. We say
that (X, uy) is 8-regular up to scale h € [0, 1) with regularity constant Cp > 1 if

e for each interval I of size |I| > h, we have ux(I) < Cg|I|’;
e if additionally |/| <1 and the center of / lies in X, then uy (/) > Clgl 17]°.

Our fractal uncertainty principle has a general form which allows for two different sets X, Y of different
dimensions in (1-1), replaces the Lebesgue measure by the fractal measures py, iy, and allows a general
nondegenerate phase and amplitude in (1-2):

Theorem 1. Assume that (X, uy) is 8-regular, and (Y, wy) is 8'-regular, up to scale h € (0, 1) with

constant Cgr, where 0 < 68,8’ < 1,and X C Iy, Y C Jo for some intervals Iy, Jy. Consider an operator
By : LY(Y, uy) — L®(X, ux) of the form

510 = [ exp( "2 )60 0 diar ), (13

where ®(x, y) € C%(Iy x Jo; R) satisfies 8)20,(1) #0and G(x,y) € C1(Iy x Jo: C).
Then there exist constants C, ¢ > 0 such that

1BRlL2 vy ) L2 ux) = CH (1-4)
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Here gq depends only on 8, §', Cg,
g0 = (SCR)_SO(ﬁ-Fm), 1-5)
and C additionally depends on Iy, Jo, ®, G.

Remarks. (1) Theorem 1 implies the Lebesgue-measure version of FUP, (1-1), with exponent f =
% — & 4 &¢. Indeed, assume that (A, @ p) is §-regular up to scale & with constant Cg. Put X := A(h)
and let uy be h¥=1 times the restriction of the Lebesgue measure to X. Then (X, py) is §-regular up to
scale h with constant 30C122; see Lemma 2.2. We apply Theorem 1 with (Y, uy) := (X, ux), G =1, and
®(x,y) = —xy; then

1-s

1_
1LamFrliamllLz@—r2@® = Nir IBRIlL2 (x> L2 (X py) < ChZTOTEC,

(2) Definition 1.1 is slightly stronger than [Bourgain and Dyatlov 2016, Definition 1.1] (where “up to
scale h” should be interpreted as “on scales % to 1”°) because it imposes an upper bound on @y, (1) when
|7| > 1. However, this difference is insignificant as long as X is compact. Indeed, if X C [—R, R] for
some integer R > 0, then using upper bounds on p7, on intervals of size 1 we get ur (1) < pur(X) <
2RCR <2RCRg|I|® for each interval I of size || > 1.

(3) The restriction 8,8 > 0 is essential. Indeed, if 8 =0, Y = {0}, uy is the delta measure, and f =1,
G =1, then

1Br S L2t x) = vV x (X))

The restriction §, 8" < 1 is technical; however, in the application to Lebesgue-measure FUP this restriction
is not important since f = % — 8 49 <0 when § is close to 1.

(4) The constants in (1-5) are far from sharp. However, the dependence of &9 on Cg cannot be removed
entirely. Indeed, [Dyatlov and Jin 2017] gives examples of Cantor sets for which the best exponent gg
in (1-4) decays polynomially as Cgr — o0; see Proposition 3.17 of that paper. See also Sections SB-5C.

1B. Ideas of the proof. The proof of Theorem 1 is inspired by the method originally developed by

Dolgopyat [1998] and its application to essential spectral gaps for convex cocompact hyperbolic surfaces

by Naud [2005]. In fact, Theorem 1 implies a quantitative version of Naud’s result; see Section 4. More

recently, Dolgopyat’s method has been applied to the spectral-gap problem by Petkov and Stoyanov

[2010], Stoyanov [2011; 2012], Oh and Winter [2016], and Magee, Oh and Winter [Magee et al. 2017].
We give a sketch of the proof, assuming for simplicity that G = 1. For f € L?(Y, uy), we have

1BnfllL2x,ux) < Virx XDy V) 1 f 2w,y ) (1-6)

applying Holder’s inequality and the bound [|By|p1(x, 1y )—Loo(v,uy) < 1. However, under a mild

7I’LX
assumption on the differences between the phases ®(x, y) for different x, y, the resulting estimate is not
sharp, as illustrated by the following example where X =Y = {1,2}, ux(j) =uy(j) = % for j =1,2,

and wjg 1= ®(j, L)/ h:
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Lemma 1.2. Assume that wjg € R, j, € = 1,2, satisfy

T.:=w11 +wWry — w12 —wo1 ¢27TZ. (1-7)

(Ml) 1 (CXP(iwll) eXP(iwlz)) (fl)
uy) 2 \exp(iwzr) expiwz) ) \ f2)°

Assume that ( f1, f2) # 0. Then

For fi1, f» € C, put

ur? + u2l? <1 fil* + | 2. (1-8)
Remark. Note that (1-8) cannot be replaced by either of the statements

lut| + [zl <|fil+1 /21, max(|uy|, [uz|) < max(] f1l],]/2]).

Indeed, the first statement fails when f; =0, f> = 1. The second one fails if w11 = w12 and f1 = fo =1.
This explains why we use L? norms in the iteration step, Lemma 3.2.

Proof. We have

2
3 (11 ? + Juz?) < max(lu |2 [uz?) < (3(A1+142D) < 5(A1P + 121 (1-9)
Assume that (1-8) does not hold. Then the inequalities in (1-9) have to be equalities, which implies that
[u1] = |uz2l, | fil=1f2] >0, and fora =1, 2,

exp(i (Wa1 — wg2)) f1 f2 > 0.
The latter statement contradicts (1-7). O
To get the improvement /%0 in (1-4), we use the nonsharpness of (1-6) on many scales:

o We fix a large integer L > 1 depending on §, Cg and discretize X and Y on scales 1, L™1, ..., L™K,
where i ~ L™K This results in two trees of intervals Vy, Vy, with vertices of height k corresponding to
intervals of length ~ L7k,

e For each interval J in the tree Vy, we consider the function

1 _iP(x. )
BO= o e"p( i

where yj is the center of J. The function Fy oscillates on scale 4 /|J|. Thus both F; and the rescaled

)Bhajf)(x),

derivative |J|~' F} are controlled in uniform norm by || /|| L1(Y.uy)- We express this fact using the
spaces Cg introduced in Section 2B.

o If J1,..., Jp € Vy are the children of J, then Iy can be written as a convex combinationof Fy,, ..., Fy,
multiplied by some phase factors e’ ¥%; see (3-12). We then employ an iterative procedure which estimates
a carefully chosen norm of Fy via the norms of Fy,,..., Fj,. Each step in this procedure gives a gain
1 — &1 < 1 in the norm, and after K steps we obtain a gain polynomial in /.

» To obtain a gain at each step, we consider two intervals I € Vx, J € Vy such that |I|-|J| ~ Lh, take
their children Iy,...,I4 and Jy,..., Jp, and argue similarly to Lemma 1.2 to show that the triangle
inequality for el 1 Ji, ..., e!¥B Jp cannot be sharp on all the intervals I, ..., I4.
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e To do the latter, we take two pairs of children I,, I, (with generic points in /,,, I} denoted by x4, X4’)
and J,,J é. Due to the control on the derivatives of Fy,, the differences |Fy, (xq) — Fy, (xq’)| and
|Fj,,(xa) — FJ,,(xq)| are bounded by (Lh)~™YJ|-|xq — xa’|. On the other hand, the phase shift t

from (1-7) equals
T =Wpy(xq) + Vpr(xar) — Wpr (xa) — W (xar) ~ h_l(xa —xa) (Vb — Yp)-

Choosing a, a’, b, b’ such that |x, —x4/| ~ L3 11, |yp—ypr| ~ L_%|J|, and recalling that |/ |-|J | ~ Lh,
we see that 7 ~ L™3 does not lie in 277 and it is larger than (Lh) ™| J |- |xq — Xa/| ~ L=3. This gives
the necessary improvement on each step. Keeping track of the parameters in the argument, we obtain the
bound (1-5) on &g.

This argument has many similarities with the method of Dolgopyat mentioned above. In particular, an
inductive argument using L2 norms appears for instance in [Naud 2005, Lemma 5.4], which also features
the spaces Cg. The choice of children 1,, I/, Jp, Jp/ in the last step above is similar to the nonlocal
integrability condition (NLIC); see for instance [Naud 2005, Sections 2 and 5.3]. However, our inductive
Lemma 3.2 avoids the use of Dolgopyat operators and dense subsets, see for instance [Naud 2005, p.138],
instead relying on strict convexity of balls in Hilbert spaces, see Lemma 2.7.

Moreover, the strategy of obtaining an essential spectral gap for hyperbolic surfaces in the present paper
is significantly different from that of [Naud 2005]. The latter uses zeta-function techniques to reduce
the spectral-gap question to a spectral radius bound of a Ruelle transfer operator of the Bowen—Series
map associated to the surface. The present paper instead relies on microlocal analysis of the scattering
resolvent in [Dyatlov and Zahl 2016] to reduce the gap problem to a fractal uncertainty principle, thus
decoupling the dynamical aspects of the problem from the combinatorial ones. The role of the group
invariance of the limit set, used in [Naud 2005], is played here by its §-regularity, proved by Sullivan
[1979], and words in the group are replaced by vertices in the discretizing tree.

1C. Structure of the paper.
¢ In Section 2, we establish basic properties of Ahlfors—David regular sets (Section 2A), introduce the
functional spaces used (Section 2B), and show several basic identities and inequalities (Section 2C).
¢ In Section 3, we prove Theorem 1.

¢ In Section 4, we apply Theorem 1 and the results of [Dyatlov and Zahl 2016] to establish an essential
spectral gap for convex cocompact hyperbolic surfaces.

e In Section 5, we apply Theorem 1 and the results of [Dyatlov and Jin 2017; Bourgain and Dyatlov
2016] to establish an essential spectral gap for open quantum baker’s maps.
2. Preliminaries

2A. Regular sets and discretization. An interval in R is a subset of the form I = [c, d], where ¢ < d.
Define the center of I by %(c +d) and the size of [ by |I| =d —c.
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Let 1 be a finite measure on R with compact support. Fix an integer L > 2. Following [Dyatlov and
Zahl 2016, Section 6.4], we describe the discretization of i with base L. For each k € Z, let V. be the
set of all intervals / = [c, d] which satisfy the following conditions:

s c,del™*7

e For each ¢ € L™%7 with ¢ < ¢ < d, we have u([g.q + L~*]) > 0.

e ux(fe—L7*.c])=p(d.d + L7*]) =0.

In other words, V}, is obtained by partitioning R into intervals of size L7k, throwing out intervals of
zero measure W, and merging consecutive intervals.
We define the set of vertices of the discretization as

V=[] .
kez

and define the height function by putting H(I) := k if I € Vj. (It is possible that V} intersect for
different k, so formally speaking, a vertex is a pair (k, /), where I € Vi.) We say that [ € V} is a parent
of I" € Viy1, and I’ is a child of I, if I’ C I. Tt is easy to check that the resulting structure has the
following properties:

e Any two distinct intervals I, I’ € Vj, are at least L% apart.

* R\ ey, 1) =0 forall k.
e Each I € Vj has exactly one parent.

e If/ € Viand Iy,...,1I, € Vi are the children of /, then
n
0<pu(D)=>Y_ nd). (2-1)
j=1

For regular sets, the discretization has the following additional properties:

Lemma 2.1. Let L > 2, K > 0 be integers and assume (X, puy) is 8-regular up to scale L~X with
regularity constant Cr, where 0 < § < 1. Then the discretization of jux with base L has the following
properties:

(1) Each I € V with0 < H(I) < K satisfies, for C}y := (3C2) 773,

L™HD <1 < CpL=#D), (2-2)
Cr' LD < iy (I) < Cr(CR)° LD, (2-3)
Q) If I'isachildof I €V and 0 < H(I) < K, then
px() L7 0-4)
ux(I) = Cg

(3) Assume that
6
L > (4Cg)350- (2-5)
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efemneae- | 1 1 1 1 posnneees i--

Figure 1. An illustration of the proof of the upper bound in (2-2). The ticks mark points
in L7, the solid interval is 7, the dots mark the points x, and the shaded intervals are
1. The intervals of length L% adjacent to I have zero measure [Ly.

Then for each I € V with0 < H(I) < K, there exist two children I', I"" of I such that
_2
%CRSL_H(I)_% <|x'—x"| < 2 ~HD-3 forallx' €l’, x" eI

Remark. Parts (1) and (2) of the lemma state that the tree of intervals discretizing py is approximately
regular. Part (3), which is used at the end of Section 3B, states that once the base of discretization L is
large enough, each interval / in the tree has two children which are ~ L= (-3 apart from each other.
A similar statement would hold if % were replaced by any number in (0, 1).

Proof. (1) Put k := H(I). The lower bound on |/| follows from the construction of the discretization. To
show the upper bound, assume that / = [¢,d] and d —c = ML~k Foreach ¢ € L=%Z with ¢ <¢ < d,
we have wy ([¢, ¢ + L™K]) > 0; thus there exists xg€lq.q+ L7%]NX. Let I, be the interval of size L~k
centered at x,4; see Figure 1. Then

1x (U Iq) <ux(c—L7%.d + L™) = px (I) < CR(ML™*)’.
q
On the other hand, each point is covered by at most three intervals /,; therefore

MCR'L™® <3 ux(1y) < 3ux (U Iq).
q q
Together these two inequalities imply M < Cy, giving (2-2).
The upper bound on uy (1) follows from (2-2). To show the lower bound, take x € I N X and let I’
be the interval of size L% centered at x. Then ux (I'\ I) = 0; therefore ux (1) > ux(I’) > C§1L_5k.

(2) This follows directly from (2-3) and the fact that CI% (C 1/1)8 <Cg.

(3) Putk := H(I). Take x € I N X and let J be the interval of size L_k_% centered at x. Let Iy,..., I,
be all the intervals in Vi ; which intersect J; they all have to be children of /. Let x1, ..., x, be the
centers of /1, ..., I,. Define
T .= Lk+3 mzzx |xj —xg|.
Js

By (2-2), we have || < CI/{L_k_1 and thus 7 < 1+CI’QL_%. On the other hand, the union of I1, ..., I,

) . ) . . 2 g
is contained in an interval of size TL k=3 +C I/QL k=1 Therefore

n
C L7043 < iy (1) < 37 px (1)) < CRITL™F3 4 CpL7 1)’
_2 J=1
S

This implies T > Cp® —CR L™ 3.

W=
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Now, put I” := I;, I"” = I, where j, £ are chosen so that 7 = Lk+%|xj~ — x¢|. Then for each x’ € I’
x" € 1", we have by (2-5)

SN

_2 _
1T <CRp? —2CRL73 < LFH3| — x| <14 2CHL 75 <2. 0

We finally have the following estimates on the Lebesgue measure of neighborhoods of a §-regular set,
which are used in Sections 4-5:

Lemma 2.2. Assume that (A, ) is §-regular up to scale h € (0, 1) with constant Cg. Let X := A(h) =
A + [—h, h] be the h-neighborhood of A and define the measure [ty by

px(A) ;= tup (X NA4), ACR, (2-6)

where 11, denotes the Lebesgue measure. Then (X, Ly ) is 8-regular up to scale h with constant C I/Q =
2

30C%.

Proof. We follow [Dyatlov and Zahl 2016, Lemma 7.4]. Let / C R be an interval with |/| > h. Let

X1,...,xy € AN I(h) be a maximal set of 2/-separated points. Denote by I, the interval of size h

centered at x,. Since [, are disjoint and their union is contained in /(24), which is an interval of size
|1|+4h <5|I|, we have

N
N-CR'h® <> ualy) < paI(2h) < 5Cr|11°. 2-7)

n=1

Next, let ,, be the interval of size 6/ centered at x,,. Then X N[ is contained in the union of [, and thus

N
uL(XNI) <> pur(ly) =6hN. (2-8)

n=1

Together (2-7) and (2-8) give the required upper bound
px (1) =h"pp (X N1) < 30Cx|11°.

Now, assume additionally that |/| <1 and [ is centered at a point in X. Let yq,...,ypy € ANI bea
maximal set of h-separated points. Denote by I, the interval of size 2/ centered at y,,. Then AN [ is
contained in the union of /,,; therefore

M
CRIN° <uaD) = pa(ANT) < Y pa(Im) <M -2CrA’. (2-9)
m=1

Next, let ,, be the interval of size & centered at yp,. Then I,, C X are nonoverlapping and each 7,, N ]

has size at least %h; therefore

M
(X N1y =" up, nI)=sMh. (2-10)
m=1

Combining (2-9) and (2-10) gives the required lower bound

1
px(D) =" pp(xn iy = |11, 0
4Cx
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2B. Functional spaces. For a constant § > 0 and an interval I, let Cg(/) be the space C () with the
norm

£ lleory == maX(SI;p |f1. 011 “sup 1£'1)-

The following lemma shows that multiplications by functions of the form exp(i 1) have norm 1 when
mapping Cg (/) into the corresponding space for a sufficiently small subinterval of I:

Lemma 2.3. Consider intervals
I'cr, |I''<hn). (2-11)

Assume that f € C*°(I;R) and 8 > 0 are such that

46|1'| -sup [y'] < 1. (2-12)
I/

Then for each f € Cy(I), we have | exp(iV¥) fllc,17y = I f lleg (1) and
0|1'] 'S}lpl(exp(ﬂ//)f)/l < 3£ llegn- (2-13)
Proof. The left-hand side of (2-13) is bounded from above by
01| (sup 1y 1+ sup | /).
From (2-12), (2-11) we get
9|1’|'S}1/P|Wf| < il f leor- 9|1/|'S}1/P|f/| < 411 lleonys
which finishes the proof of (2-13). The bound (2-13) implies || exp(i V') f llc, 17y =< II.f ey (1)- O

The following is a direct consequence of the mean value theorem:

Lemma 2.4. Let f € Cy(I). Then forall x,x" € I, we have
|x —x'|
o1

|f(x) = f(xD)] = NS lleo - (2-14)

2C. A few technical lemmas. The following is a two-dimensional analog of the mean value theorem:
Lemma 2.5. Let [ = [c1,d1] and J = [c2, d3] be two intervals and ® € C%(I x J; R). Then there exists
(x0, vo) € I x J such that

@(01,02) —+ cb(dl, dz) — @(Cl, dz) — qD(dl, 02) = |I| . |J| . a)zcqu(xO, y()).

Proof. Replacing ®(x, y) by ®(x, y)—P(cy, y)—D(x, c2)+P(c1, ¢2), we may assume that (cy, y) =0
and ®(x,c;) =0forall x € I, y € J. By the mean value theorem, we have ®(d1, d2) = |I|-9x P(x0, d2)
for some xo € I. Applying the mean value theorem again, we have dx®(xo, d2) = |J |- 8)26yd>(x0, yo) for
some yg € J, finishing the proof. O

Lemma 2.6. Assume that t € R and |t| < 7. Then |e'* —1| > %|r|
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Proof. We have

'™ — 1| = 2sin(3]7]).
2
2
interval. O

It remains to use that sinx > =x when 0 < x < % which follows from the concavity of sin x on that

The next lemma, used several times in Section 3B, is a quantitative version of the fact that balls in
Hilbert spaces are strictly convex:

Lemma 2.7. Assume that H is a Hilbert space, f1,..., fu €H, p1,....pn =0, and p1 +---+ pn = 1.

Then
n
> pif

Jj=1

2 n
=> pillfilz— D pirelfi— fel3 (2-15)

"o =1 1<j<{<n

If moreover for some ¢, R > 0

n
> pillfilz =R, = (1=)R.  pini=minp; =2/ (2-16)
ji=1

2
H

n
> pif
j=1
then for all j
VR <\ filn<2VR. (2-17)

Proof. The identity (2-15) follows by a direct computation. To show (2-17), note that by (2-15) and (2-16)
for each j, ¢

&R
1 — fell3, < 5— < iR

min
Put
Sinax = max I fillzs frmin := H},in Il £ 1l
Then
Smax = fmin < %\/E, Jmin < VR = frax,
which implies (2-17). O

Lemma 2.8. Assume thataj, p; >0, j =1,...,n, p1+---+ py =1, and for some e, R > 0
n
ijaj >(1—¢)R, maxa; <R, Pmin:=minp; > 2e.
, J J
Jj=1
Then for all j,
R.

NI—

o =
Proof. We have "
ij(R —aj) <¢eR.
=1

All the terms in the sum are nonnegative; therefore for all j

&R
Pmin

R—aj < R. m

1
=3
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3. Proof of Theorem 1

3A. The iterative argument. In this section, we prove the following statement which can be viewed
as a special case of Theorem 1. Its proof relies on an inductive bound, Lemma 3.2, which is proved
in Section 3B. In Section 3C, we deduce Theorem 1 from Proposition 3.1, in particular removing the
condition (3-1).

Proposition 3.1. Let §,8" € (0,1), Cg > 1, Iy, Jo C R be some intervals, G € C(Iy x Jo; C), and the
phase function ® € C2(1y x Jo; R) satisfy

3 <03, @(x.y)| <2 forall (x,y) € Iox Jo. (3-1)
Choose constants Cp > 0 and L € N such that
Clh = (2CR)TmE5, L > (CR(6CR)3 )5 (3-2)

Fix Ko € Ng and put h := L™K for some K € Ny, K > 2K,. Assume that (X, ux) is 8-regular, and
(Y, wy) is 8'-regular, up to scale LX0~K with regularity constant Cg, and X C Iy, Y C Jo. Put

R 4, — log(1 —¢1)
=107(C ¥ Cp) L™, =—— 3-3
&1 ( R R) 2log L (3-3)
Then for some C depending only on Ky, G, ux (X), uy (Y), and By, defined in (1-3),
1Bh f 2 ) < CHON S L2 uyy Sorall f e L2(Y, py). (3-4)

Remark. Proposition 3.1 has complicated hypotheses in order to make it useful for the proof of Theorem 1.
However, the argument is essentially the same in the following special case which could simplify the
reading of the proof below: § =6, G =1, ®(x,y) = xy, Ko = 0. Note that in this case By, is related
to the semiclassical Fourier transform (1-2).

To start the proof of Proposition 3.1, we extend ® to a function in C2(R?; R) such that (3-1) still holds,
and extend G to a function in C! (R?; C) such that G, 9, G are uniformly bounded. Following Section 2A,
consider the discretizations of wy, uy with base L, denoting by Vx, Vy the sets of vertices and by H
the height functions.

Fix f € L?(Y, uy). For each J € Vy, let y; denote the center of J and define the function of x € R

1 / exp (i(<P(x, y) = P(x,y5))
py (J) Js h
In terms of the operator By, from (1-3), we may write

( i®(x,yy)
e A

Fy(x) = )G(x,ymy) duy (). (3-5)

Fy(x)=

o ) . 66
Put .

0:= W (3-7)



1468 SEMYON DYATLOV AND LONG JIN

Figure 2. An illustration of (3-8) in the case K = 1. The vertical lines mark the endpoints
of intervals in Vx and the horizontal lines mark the endpoints of intervals in Vy. The
thick lines correspond to intervals of height O and the thin lines to intervals of height 1.
The shaded rectangles have the form I x J, I € Vx, J € Vy, where Ej is constant on /,
and the shaded rectangles on the left/right correspond to the left-/right-hand sides of (3-9)
for H(J) = 0.

and for J € Vy define the piecewise constant function E; € L°°(X, ux) using the space Cy (/) defined
in Section 2B:

Ej(x)= ||FJ||CG(1), where xel e Vx, HUI)+ H(J) =K. (3-8)

See Figure 2. Note that | Fy(x)| < Ej(x) for uy-almost every x.

The L? norms of the functions E satisfy the following key bound, proved in Section 3B, which
gives an improvement from one scale to the next. The use of the L? norm of E; as the monotone
quantity is convenient for several reasons. On one hand, the averaging provided by the L2 norm means it
is only necessary to show an improvement on F; in sufficiently many places; more precisely we will
show in (3-11) that such improvement happens on at least one child of each interval / € V(X) with
H(I)+ H(J) = K — 1. On the other hand, such improvement is obtained by a pointwise argument
which also uses that the F, are slowly varying on each interval / with H(I)+ H(J) = K — 1 (see
Lemma 3.7); this motivates the use of Cg(/) norms in the definition of E, .

Lemma 3.2. Let J € Vy with Ko < H(J) < K— Ky and J1,...,Jp € Vy be the children of J. Then,
with &1 defined in (3-3),

MY(Jb)
IE N2 x ey < (1= 1)2 iy () VE 20ty (3-9)

Iterating Lemma 3.2, we obtain:

Proof of Proposition 3.1. First of all, we show that for all J € Vy with H(J) = K — K¢, and some
constant Cy depending on G, px (X) and defined below, we have

11220 0

2
||EJ||L2(X,MX) =Co /,Ly(.]) (3-10)
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Indeed, take / € Vx such that H(/) = K¢. By (2-2) and (3-1), forall y € J

L sup [0x®(x. ) — 9xB(x. )| < 27| < 2CH LK
h xel
and thus by (2-2) and (3-7)

4911

sup [0y P(x, y) —0xP(x, ys)| < 1.

xel
Arguing similarly to Lemma 2.3, we obtain for all y € J

. (i(@(x,y)—‘b(x,w))
Xp h

< Cg := max(sup |G|, sup |0xG]|).
Co(1)

)G(x,y)

Using Holder’s inequality in (3-5), we obtain

Collf L2 uy)

vy (J)

Eslr = | Fslleyary < /J ) dpy () <

Ce
py (J)
and (3-10) follows by integration in x, where we put Cyp := CCZ; ux (X).

Now, arguing by induction on H(J) with (3-10) as the base case and (3-9) as the inductive step, we
obtain for all J € Vy with Ko < H(J) < K — K,

1A 12205100

< Co(1 —g)K—Ko=H{) =)

1EsNZ2 ) <

In particular, for all J € Vy with H(J) = Ky, we have by (3-6)

‘ Bi(Ls ) |?

ny (J) llL2cx,uy)
where Cy := Co(1 — 81)_2K0. Using the identity

Buf =puy(¥) Y.

JeVy
H(J)=Ko

1175
= 2¢0 _~ _L2(J.py)
||FJ||L2(X wy) — ”EJ”Lz(X wx) = <Cih 1wy (1) )

py(J) Bp(lyf)
uy(Y) uy(J)

and (2-15), we estimate
184 f 122x oy < Crity O] f 1220y
and (3-4) follows with C := Cg(1 —e1) X0 /ux (X)uuy (Y). O

3B. The inductive step. In this section we prove Lemma 3.2. Let J € Vy satisfy Ko < H(J) < K — Ky
and Jq, ..., Jp be the children of J. It suffices to show that for all / € Vx with H{I)+ H(J)=K —1

we have

MY(Jb)
ESN 27,00y < (1— 1)2 iy ) VE 22ty (3-11)

Indeed, summing (3-11) over I, we obtain (3-9).
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Fix I € Vx with H(I)+ H(J) = K—1and let Iy,..., I4 be the children of /. Define
_ bxUa) iy = wy (Jp)
px (1)’ py (J)
Note that ps,qp >0and p1+---+pa=q1+---+qgp = 1.
The functions F; and Fj, are related by the following formula:

Pa

(D(X,YJZ,)—‘D(X,)’J).

B
Fr=>Y apexp(i¥p)Fy,, Wp(x):= ;

b=1

(3-12)

That is, Fy is a convex combination of Fy,, ..., F;, multiplied by the phase factors exp(i V). At the
end of this subsection we exploit cancellation between these phase factors to show (3-11). However there
are several preparatory steps necessary. Before we proceed with the proof, we show the version of (3-11)
with no improvement:

Lemma 3.3. We have
B
IEs ”iz(l,l/«X) = Z qb”EJb H%Z(I,MX)' (3-13)
b=1
Proof. By (2-2), (3-1), and (3-7), we have for all a, b

80|1,]-|J
49|Ia|-sup|\112|5%51. (3-14)
1
Moreover, by (2-2) and (3-2) we have |I,| < %|I |. Applying Lemma 2.3, we obtain
lexp(i W) Fy,llcyra) = 1Fay llcocn-
By (3-12) and (2-15) we then have
B 2 B
IF7IZ, 1, < (Z ‘]bHFJb”Cg(I)) <Y @l FilE, o (3-15)
b=1 b=1
By (3-8), we have for all a, b
Ejlr, =1Fillconys  Ealt = 1F1,llcew)- (3-16)
Now, summing both sides of (3-15) over a with weights ux (/,), we obtain (3-13). O

The rest of this section is dedicated to the proof of (3-11), studying the situations in which the
bound (3-13) is almost sharp and ultimately reaching a contradiction. The argument is similar in spirit to
Lemma 1.2. In fact we can view Lemma 1.2 as the special degenerate case when A =B =2, p, =qp = %,
the intervals /, are replaced by points x4, Fj, = fj are constants, u, = Fj(x4), and wgp = Wp(x4).
The general case is more technically complicated. In particular we use Lemma 2.7 to deal with general
convex combinations. We also use §-regularity in many places, for instance to show that the coefficients
Pa, qp are bounded away from zero and to get the phase factor cancellations in (3-30) at the end of the
proof. The reading of the argument below may be simplified by making the illegal choice ¢; := 0.
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We henceforth assume that (3-11) does not hold. Put
B

R:=Y " aullFs, 12,0 (3-17)
b=1

By (3-16), the failure of (3-11) can be rewritten as

A
> PallFsll, g, > (1—£D)R. (3-18)

a=1
We note for future use that p,, qp are bounded below by (2-4):
L8 L=

—7  Gmin:=mingp > ——.
Cr b Cr

Pmin -= n}lin Da = (3-19)

We first deduce from (3-17) and the smallness of £1 an upper bound on each | Fy, [|¢,(7) in terms of

the averaged quantity R:

Lemma 3.4. We have for all b,
IFs,lleycry < 2VR. (3-20)

Proof. The first inequality in (3-15) together with (3-18) implies

B 2 A
(Z qanancgm) >3 pall Fr I,y > (1 —€0)R. (3-21)
b=1 a=1
By (3-3) and (3-19) we have gmin > 2/€1. Applying (2-17) to fp := || Fy, llce(,, With (3-17) and (3-21),
we obtain (3-20). O

We next obtain a version of (3-18) which gives a lower bound on the size of Fy, rather than on the
norm || Fyllcy(1,):

Lemma 3.5. There exist xga € 1,, a=1,..., A, such that
A

Y palFr(xa)l> > (1=281)R. (3-22)

a=1
Proof. By Lemma 2.3 and (3-14), we have
014] 'S;lp [(exp(iWp) Fy,) | < 31 Fsyllcor):

It follows by (3-12) and the triangle inequality that for all a,

B
1
1F sy < max(syp A gl ||c9(1>). (3-23)
a b=1
By (3-15) we have
sup |Fr|> < | FsllZ, ) < R- (3-24)

I,
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Therefore by (3-23) and the second inequality in (3-15)

||FJ”39(]a) = %(R+SUP|FJ|2).

a

Summing this inequality over a with weights p,, we see that (3-18) implies

A
Z pasup|Fy|?> > (1—2¢1)R,
a=1 la

which gives (3-22). O
Now, choose x, as in Lemma 3.5 and put

Fu = FJb(xa) eC, wyp:= \Ifb(xa) eR.
Note that by (3-12)

B
Fy (xa) = Z qb exp(ia)ab)Fab~
b=1

Using (2-15) for fp = exp(iwgp) Fup and (3-22), we obtain

. 2
> Paqp|Fapl* > (1 =26)R+ > paqpqp |exp(i(@ap — wap)) Fap — Fapr|"- (3-25)
a,b a,b,b’
b<b’
From the definition (3-17) of R, we have for all a
B
> ap|Fupl? < R. (3-26)
b=1

Therefore, the left-hand side of (3-25) is bounded above by R. Using (3-19), we then get for all a, b, b’
the following approximate equality featuring the phase terms wgp:

281R
< 2
Pminq nin
<2(CRPLSH /e R. (3-27)

Using the smallness of €1, we obtain from here a lower bound on | F|:

‘exp(i (Wap — @ap)) Fap — Fapr

Lemma 3.6. For all a,b we have
|Fap| > 1VR. (3-28)

Proof. By (3-3) and (3-19), we have pmin > 4e1. Applying Lemma 2.8 to ag = Y, ¢p| Fap|* and
using (3-25) and (3-26), we obtain for all a

B
> aplFasl> = 3R (3-29)
b=1
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We now argue similarly to the proof of (2-17). Fix a and let Fy min = ming | Fyp|, Fgmax = maxp |Fgpl.
By (3-29) we have F; max > 4/ R/2. On the other hand the difference Fj; max — Fy min is bounded above
by (3-27). By (3-3) we then have

Famin > \|3R=2(CR)* L+ /ey R > VR, O

We next estimate the discrepancy between the values Fyj for fixed b and different a, using the fact
that we control the norm || F, ||¢, (7) and thus the derivative of Fy, :

Lemma 3.7. Foralla,a’,b we have

2\/E|xa—xa/| < 2\/§LH(I)-|X
a

Fp,—F, ] <
| ab abl_ 9|]| =9

_Xa/|.

Proof. This follows immediately by combining Lemma 2.4, Lemma 3.4, and (2-2). O

Armed with the bounds obtained above, we are now ready to reach a contradiction and finish the proof
of Lemma 3.2, using the discrepancy of the phase shifts w,; and the lower bound on |8)26yCI>| from (3-1).
Using part (3) of Lemma 2.1 and (3-2), choose a, a’, b, b" such that
_2
LCR L3 < LHD |x,—xp| <2073,
_2/
YRt L3 = LDy —yy = 2075,

Recall that x, € I, is chosen in Lemma 3.5 and yj, := yy, is the center of J,. By Lemma 2.5, we have
for some (X, y) € I x J,

(xa —xa) (Vb — Ypr)
h

By (3-1) and (3-2) and since h = L™K, H(I)+ H(J) = K — 1, we have

: 2 @rw o
T 1= Wgp + Wg'h — Wg'p — Wgph/ = axy(D(x, y).

2
7

—_2_ 1 1
¢ ¥ LTI <|r|<8L73 <m.

Cr

00| —

Therefore, by Lemma 2.6 the phase factor '™ is bounded away from 1, which combined with (3-28)
gives a lower bound on the discrepancy:

_2_2
§ & 1

|Fap-1e'T —1| L73VR. (3-30)

ZlVR _ Cp
> >
- T T 8r
On the other hand we can estimate the same discrepancy from above by (3-27), Lemma 3.7, and the
triangle inequality:
| Fap|-|e'™ = 1] = |ef @ap=0ur) Fypy— ! @arn=0un) Fy |
= |ei(wub_wab/)Fab_Fab’| + |Fab’_Fa’b’| + |ei(wa/b_wa,b/)Fa’b_Fa’b’| + |Fab_Fa’b|

<4(CR2L* /e R+867' LT3 VR.
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Comparing this with (3-30) and dividing by +/R, we obtain

—2_
j

Cg
8

This gives a contradiction with the following consequences of (3-2) and (3-3):

SN

L5 <4(CR)ALP Y fer +8071L73.

_2_
CR8
167

_2_
8

g9-11-3 < Cr
- l6rx

2
AN

wl—
W=

L~ L~

. 4(CRALSTY ey <

3C. Proof of Theorem 1. We now show how to reduce Theorem 1 to Proposition 3.1. The idea is to split
G into pieces using a partition of unity. On each piece, by appropriate rescaling we keep the regularity
constant Cg and reduce to the case (3-1) and & = L™K for some fixed L satisfying (3-2) and some integer
K > 0.

To be more precise, let (X, ux), (Y, uy), 8, &', Io, Jo, ®, G satisfy the hypotheses of Theorem 1.
Using a partition of unity, we write G as a finite sum

G=>Y Gy GyeC'(loxJo:C), supp Gy C Iy x Jy. (3-31)
Y/

where I, C Iy, Jy C Jo are intervals such that for some m = m({) € Z,

2" <02, @ < 2™ on Iy x Jg.

It then suffices to show (1-4), where G is replaced by one of the functions G,. By changing ® outside of
the support of G (which does not change the operator Bj), we then reduce to the case when

2" <02, @ < 2™ onIpx Jo (3-32)

for some m € Z.
We next rescale Bj, to an operator B j satisfying the hypotheses of Proposition 3.1. Fix the smallest
L € Z satisfying (3-2). Choose K € Z and ¢ € [1, /L) such that
2 m h~ A -K
=2 7w h:=L"". (3-33)
Put for all intervals 7, J
X :=o0X Ccly:=0ly, ug(ol) = GSMX(I),
Y :=0Y C Jo:=0Jo, puy(olJ) = osluy(J).

Then (X, M ) is 8-regular, and (7, i) is &'-regular, up to scale o' with regularity constant Cg. Consider
the unitary operators

Ux : LX(X, jx) > L2(X ), Ux f(®) =072 f(0'%),
Uy : LAY, py) > LA ), Uy f5) = 0% f(o™'5).
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Then the operator E}; = UXZS’;,UIT1 (L2(Y, wy) —> L2(X, K ) has the form (1-3):

3 BEA .
B /() = /Y exp(%)mm $)/G) dug ().
where

(. §) =2"020(0 %, 07F), GE.F) =026 %07 1).
By (3-32) the function @ satisfies (3-1). Fix smallest Ky € Ng such that oh < LEKo=K that is,

1Ko > 22
~ o
Without loss of generality, we may assume that / is small enough depending on L, m so that K > 2Kj.

Then Proposition 3.1 applies to B j; and gives

||Bh||L2(Y,My)—>L2(X,MX) = ||gﬁ||L2(17,uy)—>L2(f,ug) = C};EO = C(Z_mL)eohso

for &g defined in (1-5) and some constant C depending only on §, ', Cr, Io, Jo, ®, G. This finishes the
proof of Theorem 1.

4. Application: spectral gap for hyperbolic surfaces

We now discuss applications of Theorem 1 to spectral gaps. We start with the case of hyperbolic surfaces,
referring the reader to [Borthwick 2016; Dyatlov and Zahl 2016] for the terminology used here.

Let M = I"'\H? be a convex cocompact hyperbolic surface, Ar C S! be its limit set, § € [0, 1) be the
dimension of Ar, and u be the Patterson—Sullivan measure, which is a probability measure supported
on Ar; see for instance [Borthwick 2016, Section 14.1]. Since Ar is closed and is not equal to the
entire S!, we may cut the circle S! to turn it into an interval and treat A as a compact subset of R.
Then (Ar, p) is §-regular up to scale 0 with some constant Cg; see for instance [Borthwick 2016,
Lemma 14.13]. The regularity constant Cg depends continuously on the surface, as explained in the case
of three-funnel surfaces in [Dyatlov and Zahl 2016, Proposition 7.7].

The main result of this section is the following essential spectral gap for M. We formulate it here in
terms of the scattering resolvent of the Laplacian. Another formulation is in terms of a zero-free region
for the Selberg zeta function past the first pole; see for instance [Dyatlov and Zahl 2016]. See below for a
discussion of previous work on spectral gaps.

Theorem 2. Consider the meromorphic scattering resolvent

—1 (L*(M) —> L*(M) ImA >0
RO = (—Ay —L-22)7": ’ ’
)= (2w =3 -4 L2,,,(M) > L2 (M), ImA <0,

loc

Assume that 0 < § < 1. Then M has an essential spectral gap of size

B=1-5+13CR) A (@-1)
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that is, R(A) has only finitely many poles in {Im A > —B} and it satisfies the cutoff estimates for each
Y € Cg°(M), & > 0 and some constant Cy depending on &

VR 1202 < C(W, &) |A| 71 2min@ImAFe 1 ) e [, 1], [ReA| > Co.

Proof. We use the strategy of [Dyatlov and Zahl 2016]. By Theorem 3 of that paper, it suffices to show
the following fractal uncertainty principle: for each p € (0, 1),

1 2\ — 160
Bo:=1 -5+ (150C) 5=,

and each cutoff function y € C*®(S! x S!) supported away from the diagonal, there exists a constant C
depending on M, y, p such that for all & € (0, 1)

11 b2y Byl ar oy L2 sty 2ty < ChPOT21P), (4-2)
where Ar(h?) C S! is the h” neighborhood of Ar and the operator B x.h 18 defined by (here |x — y| is
the Euclidean distance between x, y € S! C R?)

B f ) =@e ™t [ x=y¥ e 100 .

To show (4-2), we first note that by Lemma 2.2, (Y, uy) is §-regular up to scale / with constant 30C3,
where Y = Ar(h) and py is h®~! times the restriction of the Lebesgue measure to Y. We lift y(x, y) to
a compactly supported function on R? (splitting it into pieces using a partition of unity) and write

Bynlarm f(x) = Qr) 2h3 8B, f(x),

where By, has the form (1-3) with G(x, y) = y(x, y) and (with |x — y| still denoting the Euclidean
distance between x, y € S')
@(x,y) =2log|x—y|.

The function ® is smooth and satisfies the condition chycb # 0 on the open set S! x S\ {x =y} which
contains the support of G; see for instance [Bourgain and Dyatlov 2016, Section 4.3]. Applying Theorem 1
with (X, ux) := (¥, uy), we obtain

1Larm) Byilarmlliz@h—-rast < Ch™.
Similarly we have

LA ry+e By plar szt -2ty < ChPO, 15 e[-1.1],

where X + ¢ is the result of rotating X C S! by angle ¢. Covering A (h”) with at most 10427~ rotations
of the set Ar(h), see for instance the proof of [Bourgain and Dyatlov 2016, Proposition 4.2], and using
triangle inequality, we obtain (4-2), finishing the proof. O

We now briefly discuss previous results on spectral gaps for hyperbolic surfaces:

e The works [Patterson 1976; Sullivan 1979] imply that R(A) has no poles with ImA > § — % On
the other hand, the fact that R(A) is the L? resolvent of the Laplacian in {Im A > 0} shows that it has
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only has finitely many poles in this region. Together these two results give the essential spectral gap
B = max(O, % — 8). Thus Theorem 2 gives no new results when § is much larger than %

¢ Using the method developed by Dolgopyat [1998], Naud [2005] showed an essential spectral gap of
size B > % — & when § > 0. Oh and Winter [2016] showed that the size of the gap is uniformly controlled
for towers of congruence covers in the arithmetic case.

¢ Dyatlov and Zahl [2016] introduced the fractal-uncertainty-principle approach to spectral gaps and used
it together with tools from additive combinatorics to give an estimate of the size of the gap in terms of
CRr in the case when § is very close to %

¢ Bourgain and Dyatlov [2016] showed that each convex cocompact hyperbolic surface has an essential
spectral gap of some size 8 = (8, Cr) > 0. Their result is new in the case § > % and is thus complementary
to the results mentioned above, as well as to Theorem 2.

More generally, spectral gaps have been studied for noncompact manifolds with hyperbolic trapped sets.
(See for instance [Nonnenmacher 2011, Section 2.1] for a definition.) In this setting the Patterson—Sullivan
gap % — § generalizes to the pressure gap — P (%) which has been established by Ikawa [1988], Gaspard
and Rice [1989], and Nonnenmacher and Zworski [2009]. An improved gap f > — P (%) has been proved
in several cases; see in particular [Petkov and Stoyanov 2010; Stoyanov 2011; 2012]. We refer the reader
to [Nonnenmacher 2011] for an overview of results on spectral gaps for general hyperbolic trapped sets.

5. Application: spectral gap for open quantum maps

In this section, we discuss applications of the fractal uncertainty principle to the spectral properties of open
quantum maps. Following the notation in [Dyatlov and Jin 2017] we consider an open quantum baker’s
map By determined by a triple (M, A, ), where M € N is called the base, A C Zpy ={0,1,..., M —1}
is called the alphabet, and y € C5°((0,1);[0, 1]) is a cutoff function. The map By is a sequence of
operators By : Z%V — K%V, 6%\, = (2(Zy), defined for every positive N € M Z by

XN/M FN/M XN/ M
By =Fy Tam, (5-1)
XN/M FN/M XN/ M

where Fp is the unitary Fourier transform given by the N x N matrix (1/+/N )(e_zni\l;je )jts XN/M 18

the multiplication operator on Z%\, M discretizing y, and I 4 a7 is the diagonal matrix with £-th diagonal
entry equal to 1 if [£/(N/M)]| € A and 0 otherwise.

An important difference from [Dyatlov and Jin 2017] is that in the present paper we allow N to be any
multiple of M, while they required that N be a power of M. To measure the size of N, we let k be the
unique integer such that M*¥ < N < Mk+1 je., k = |log N/log M |. Denote by § the dimension of the
Cantor set corresponding to M and A, given by

5 — log | A
~ logM
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The main result of this section is the following spectral gap, which was previously established in [Dyatlov
and Jin 2017, Theorem 1] for the case when N is a power of M :

Theorem 3. Assume that 0 < § < 1; that is, 1 < |A| < M. Then there exists
B = B(M, A) > max(0, 1 —3) (5-2)
such that, with Sp(By) C {4 € C: |A| < 1} denoting the spectrum of By,

limsup max{[A|: A € Sp(Bn)} < MP. (5-3)
N—oo,NeM7

The main component of the proof is a fractal uncertainty principle. For the case N = M, the following
version of it was used in [Dyatlov and Jin 2017]:

lle Falecllg i <CN7P (5-4)
where Cj is the discrete Cantor set given by
k—1 .
Ck ;={ZajMJ :ao,...,ak_leA} CZy. (5-5)
j=0

For general N € MZ N[M*, M**1), we define a similar discrete Cantor set in Zy by

N
Ck(N):={bj(N):j €Ck} CZyn, bj(N):= {ﬁw (5-6)

In fact, in our argument we only need b; (N) to be some integer in [[N/M*, (j +1)N/M¥).

The uncertainty principle then takes the following form:

Theorem 4. Assume that 0 < § < 1. Then there exists
B = B(M, A) > max(0, 1 — ) (5-7)
such that for some constant C and all N,
e,y FNlecan 2, e, = CN~, (5-8)

In Section 5A below, we show that Theorem 4 implies Theorem 3. We prove Theorem 4 in Sections 5C
and 5D using Ahlfors—David regularity of the Cantor set, which is verified in Section 5B.

5A. Fractal uncertainty principle implies spectral gap. We first show that Theorem 4 implies Theorem 3.
The argument is essentially the same as in [Dyatlov and Jin 2017, Section 2.3], relying on the following
generalization of Proposition 2.5 from that paper:

Proposition 5.1 (localization of eigenstates). Fix v > 0, p € (0, 1), and assume that for some k € N,
N e MZN[MK, M*k+Y), X eC, u €, we have

Byu=2Au, |A|=M"
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Define
Xp=| J{Ge(N)+m:meZ |m| <M +2)N'"P} CZy.
Then
lullgz, < M |A| P 11x,ull 2, + ONT)lullg . (5-9)
lu—Fiix, Fnullz = ON ™) ullg2 . (5-10)

where the constants in O(N ~%°) depend only on v, p, y.
Proof. Following [Dyatlov and Jin 2017, (2.7)], let ® = ®j4, 4 be the expanding map defined by

1 a a+1
®: (a at ) 0,1), ®(x)=Mx—a, xe( ) (5-11)
a|€|4 M M

Put
= [pk] € {1.....k}. (5-12)

With d( -, -) denoting the distance function on the circle as in [Dyatlov and Jin 2017, Section 2.1], define
X, = {x €[0.1]: d(x, &% ([0, 1])) < N},

Then (5-9), (5-10) follow from the long time Egorov theorem [Dyatlov and Jin 2017, Proposition 2.4]
(whose proof never used that N is a power of M) similarly to Proposition 2.5 of the same paper, as long
as we show the following analog of [Dyatlov and Jin 2017, (2.30)]:

£e{0,...,N—1}, %exp = LeX,. (5-13)

To see (5-13), note that (with the intervals considered in R/Z)

- ; k—k k—k
_i j—M j+M
oo e U (D)
JE€Ck

Assume that £ € {0,..., N — 1} and /N € X,. Then there exists j € Cx such that

tJ - K _
dl . =~ | <N P+M " <(M+1)N*.
(N Mk)_ " =+

It follows that

J( L BitN)
N N
and thus £ € X, as required. a

) <(M+2)N~"

Now, we assume that Theorem 4 holds and prove Theorem 3. Using the triangle inequality as in the
proof of [Dyatlov and Jin 2017, Proposition 2.6], we obtain

11x, Py 1x, 2 e < @M +35>N2 TP Lo, i Py Lol -2,
< CN21=P=F, (5-14)

Here C denotes a constant independent of N.
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Assume that A € C is an eigenvalue of By such that |[A| > M~ and u € Z%V is a normalized
eigenfunction of By with eigenvalue A. By (5-9), (5-10), and (5-14)

L= lullg, < MPIATT Ly ullz + O(N™)
< MP 277K\ Ly, P Ly, Favulla, + O(N ™)
< C|A|PEN20=P=B L O(N~). (5-15)

It follows that |A|°K < CN~A+2(1=0) or equivalently

1p - 20=p)—B
Al <CP*"M  » .
This implies
. _p g 20=0=8
limsupmax{|A|: A € Sp(By)} <max{M~°, M » }.

N—o0

Letting p — 1, we conclude the proof of Theorem 3.

5B. Regularity of discrete Cantor sets. Theorem 4 will be deduced from Theorem 1 and the results of
[Bourgain and Dyatlov 2016]. To apply these, we establish Ahlfors—David regularity of the Cantor set
Cr(N)CZy ={0,...,N — 1} in the following discrete sense.

Definition 5.2. We say that X C Zy is §-regular with constant Cg if
e for each interval J of size |J| > 1, we have #(J N X) < Cg|J|®, and
e for each interval J with 1 <|J| < N which is centered at a point in X, we have #(J N X) > CEI |8,
Definition 5.2 is related to Definition 1.1 as follows:

Lemma 5.3. Let X C Zy. Define X := N~'X C [0, 1] which supports the measure
pg(A)=N".#XNn4), ACR. (5-16)
Then X is §-regular with constant Cg in the sense of Definition 5.2 if and only if (f s W) is 8-regular up
to scale N~ with constant Cg in the sense of Definition 1.1.
Proof. This follows directly from the two definitions. O
We first establish the regularity of the discrete Cantor set Cj defined in (5-5):

Lemma 5.4. The set Cy C Zpsk is §-regular with constant CR = 2M 28
Proof. We notice that for all integers k” € [0,k] and j' € Z

#Ceen[j'M¥ (' + HM¥)) = A = M J, € Ce—i (5-17)

0, J' & Cr—icr-

Let J be an interval in R, with 1 < |J| < N = MK. Choose an integer k’ € [0,k — 1] such that
M¥ <|J| < M¥'*1 Then there exists some j’ € Z such that

J C['M*FL (G 4 2)MF Y.
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Therefore by (5-17)
#(C N J) < 2M3EFTD <op8) 718 < CplJ )P

On the other hand, if |J| > N then
#CeNJ) <#(C) =N < |JI".

This gives the required upper bound on #(Cy N J).
Now, assume that 1 < |J| < N and J is centered at some j € C. Choose k' as before. If k¥’ = 0 then

#CeNJ)=1>M7JP5 =Rl

We henceforth assume that 1 <k’ <k —1. Let j’ € Cx_g/+1 be the unique element such that j'M*'~1 <
j<('+1)MK1 Since M > 2, we have |J| > M* > 2M*~1 and thus

'ME LG+ ME T [ - MF L+ MR
Therefore by (5-17)
#(Ce N J) = MOETD > =281 718 > et )8,
This gives the required lower bound on #(C; N J), finishing the proof. O
We now establish regularity of the dilated Cantor set Ci (N ):

Proposition 5.5. Assume that M* < N < Mt and let C (N) C Zy be given by (5-6). Then Cx(N) is
8-regular with constant Cp = 8M 36,

Proof. For any interval J, we have
k k
#C(N)NJ) =#(j €Ceibj(N) e Ty =#]j e Moy e Moy},
By our choice of bj(N), we have (Mk/N)bj (N) €[j,j +1). Therefore

Mk Mk
- —1 < < _—
#(ckm - J) 1_#(Ck(N)ﬂJ)_#(Ckﬂ ~ J)+1.
We apply Lemma 5.4 to see that for any interval J with |J| > 1
#Ce(N)NJT) <2M2 |78 +1<3M? |7 < Cgr|J |

Now, assume that J is an interval with 85 M3 < |J| < N centered at b; (N) for some j € Cx. Then
(M* /N)J contains the interval of size ﬁ |J | centered at j. Therefore, by Lemma 5.4

#(C(N)NJ) > L (171 8—1> 1717 >CplJ|
g =M \2M =gm® = R T

Finally, if J is an interval with 1 <|J| < 85 M3 centered at a point in C (N), then

#HC(N)NJ)>1>CRHJT)%. O
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5C. Fractal uncertainty principle for § < % The proof of Theorem 4 in the case § < % relies on the
following corollary of Theorem 1:

Proposition 5.6. Let X,Y C Zy be §-regular with constant Cr and 0 < § < 1. Then
—(1—
Ix a1y gz, g, < CN~G0%e0), (5-18)

where C only depends on §, Cr and
g0 = (5CR) 30D (5-19)

Proof Put h:= N—1, X = hX, Y = hY, and define the measures KU, kg by (5-16). By Lemma 5.3,
(X, M) and (7, py ) are §-regular up to scale & with constant Cg. Consider the operator

By: L'(Y. py) — LXK, pg)
defined by

50 = [[exo(~T52) 10 dg ()

and note that it has the form (1-3) with ®(x, y) = —27xxy, G = 1. By Theorem 1

| B, ”LZ()A;,M?)_,LZ(X',MX.) < Ch?®°,
Comparing the formula

(1) ool (). e

leY

with the definition of the discrete Fourier transform Fp, we see that

_ N6-3 ~ ~
”lX}—NlY”(%V_)(%V =N 2”Bh”LZ(Y,;Lg;)—)LZ(X,MX;)’
which finishes the proof. O
Combining Propositions 5.5 and 5.6, we get (5-8) for

1 35— 160
B=1—8+ 40M3>*)"5=5 (5-20)

which finishes the proof of Theorem 4 for § < %

5D. Fractal uncertainty principle for § > % For § > %, Theorem 1 does not in general give an improve-
ment over the trivial gap f = 0. Instead, we shall use the following reformulation of [Bourgain and

Dyatlov 2016, Theorem 41]:

Proposition 5.7. Ler 0 <8 <1, Cg > 1, N > 1 and assume that X,Y C [—1,1] and (X, W) and
(Y, Wy ) are 8-regular up to scale N1 with constant Cg in the sense of Definition 1.1, for some finite
measures L, Ly supported on XY

Then there exist Bg > 0, Co depending only on 8, Cg such that for all f € L*(R),

supphtf CN-¥ = | fl20z) < CoN 1 £l 2@m). (5-21)
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Here f denotes the Fourier transform of f:

hf©) =716 = [ P fa. (5-22)
R
Proposition 5.7 implies the following discrete fractal uncertainty principle:

Proposition 5.8. Let X,Y C Zy be §-regular with constant Cgr and 0 < 6 < 1. Then

IxFalylle e, < CN7P, (5-23)
where C, B > 0 only depend on §, Cg.
Proof. Put h:= N7,

X :=hX +[-h,h], Y:=hY +[=h,h],

and define the measures p ¢, Ly on XY by (2-6). By Lemmas 5.3 and 2.2, (f, K g) and (}7, Wy ) are
d-regular up to scale & with constant 30C 1%' Applying Proposition 5.7, we obtain for some constants
Bo > 0, Coy depending only on §, Cg and all f € L?(R)

supphtf CN-Y = |[fllp2g) < CoN Pl £l 2 (m)- (5-24)
To pass from (5-24) to (5-23), fix a cutoff function y such that for some constant ¢ > 0

1€C((=3:3)) lxlza =1, inf 1771yl =

This is possible since for any y € C§°(R) which is not identically 0, 7!y extends to an entire function
and thus has no zeros on {Im z = s} for all but countably many choices of s € R. Choosing such s we see
that F~! (e_s‘f)((f)) has no real zeros.

Now, take arbitrary u € E%v. Consider the function f € L?(R) defined by

FE =" u@xE-0.

ley

Then supp f C N -Y and I 2wy < ||u||4%v, so by (5-24)

1/ 121 < CoN Pl gz, (5-25)
On the other hand, for all j € Zy, we have forall j € X
1 J x , 1
—fl = | =Fyl (F = 5-26
=1 (%) = Ftru- o (% (5-26)

Consider the nonoverlapping collection of intervals

Ij:= s LT ek jex
N 2N'N 2N
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Using that (| f|2)’ = 2Re(f f”), we have

r 1 J
Fylru))l _CZN‘f(N)

2

where C denotes some constant depending only on §, Cg, . Summing over j € X and using the
Cauchy—Schwarz inequality, we obtain

C
1L FRLrully < CUA 2+ 3 1 a1 Nezey-
Since suppf C [-N, N], we have ”f/”LZ(R) <1ON|[fllir2@w < 10N||u||e§V and thus by (5-25)
|LxFylyulfy < CNTPfulf; .

which gives (5-23) with 8 = 1 Bo. O
Combining Propositions 5.5 and 5.8, we obtain (5-8) for % < 8 < 1, finishing the proof of Theorem 4.
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DINI AND SCHAUDER ESTIMATES FOR NONLOCAL FULLY NONLINEAR
PARABOLIC EQUATIONS WITH DRIFTS

HONGIJIE DONG, TIANLING JIN AND HONG ZHANG

We obtain Dini- and Schauder-type estimates for concave fully nonlinear nonlocal parabolic equations
of order ¢ € (0,2) with rough and nonsymmetric kernels and drift terms. We also study such linear
equations with only measurable coefficients in the time variable, and obtain Dini-type estimates in the
spacial variable. This is a continuation of work by the authors Dong and Zhang.

1. Introduction and main results

The paper is a continuation of [Dong and Zhang 2016a; 2016b] by the first and last authors, where
they obtained Schauder-type estimates for concave fully nonlinear nonlocal parabolic equations and
Dini-type estimates for concave fully nonlinear nonlocal elliptic equations. Here, we consider concave
fully nonlinear nonlocal parabolic equations with Dini continuous coefficients, drifts and nonhomogeneous
terms, and establish a C? estimate under these assumptions.

The study of second-order equations with Dini continuous coefficients and data dates back to at least
1970s, when Burch [1978] first considered divergence-type linear elliptic equations with Dini continuous
coefficients and data, and estimated the modulus of continuity of the derivatives of solutions. Later work
for second-order linear or concave fully nonlinear elliptic and parabolic equations with Dini data includes,
for example, [Sperner 1981; Lieberman 1987; Safonov 1988; Kovats 1997; Bao 2002; Duzaar and Gastel
2002; Wang 2006; Maz’ya and McOwen 2011; Li 2017], and many others.

The regularity theory for nonlocal elliptic and parabolic equations has been developed extensively in
recent years. For example, C% estimates, C % estimates, an Evans—Krylov-type theorem, and Schauder
estimates were established in the past decade. See, for instance, [Caffarelli and Silvestre 2009; 2011;
Dong and Kim 2012; 2013; Kim and Lee 2013; Lara and D4vila 2014; Mikulevicius and Pragarauskas
2014; Chang-Lara and Kriventsov 2017; Jin and Xiong 2015; 2016; Serra 2015; Mou 2016; Imbert et al.
2016]. In particular, Mou [2016] investigated a class of concave fully nonlinear nonlocal elliptic equations
with smooth symmetric kernels, and obtained the C? estimate under a slightly stronger assumption
than the usual Dini continuity on the coefficients and data. He implemented a recursive Evans—Krylov
theorem, which was first studied by Jin and Xiong [2016], as well as a perturbation-type argument.
By using a novel perturbation-type argument, the first and last authors proved the C¢ estimate for

H. Dong and H. Zhang were partially supported by the NSF under agreements DMS-1056737 and DMS-1600593. T. Jin was
partially supported by Hong Kong RGC grant ECS 26300716 and HKUST initiation grant IGN16SC04.

MSC2010: primary 35B45, 35K55, 35R09; secondary 35B65, 60J75.

Keywords: nonlocal fully nonlinear parabolic equations, Dini- and Schauder-type estimates, critical drift terms.
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concave fully nonlinear elliptic equations in [Dong and Zhang 2016a], which relaxed the regularity
assumption to simply Dini continuity and also removed the symmetry and smoothness assumptions on
the kernels.

In this paper, we extend the results in [Dong and Zhang 2016a] from elliptic equations to parabolic
equations with drifts; that is, we study fully nonlinear nonlocal parabolic equations in the form

d0;u = inf (Lgu + bgDu + , 1-1
t ﬂEA( B B /B) (1I-1)
where A is an index set and for each 8 € A,

L'Bu:/ 5u(l,x,y)Kﬂ(l,x,y)dy,
R4

u(t,x +y)—u(t, x) foro € (0, 1),
Su(t,x,y)=u(t,x+y)—u(t,x)—y-Du(t,x)xp, foro=1,
u(t,x+y)—u(t,x)—y-Du(t, x) foro € (1,2),

and

Kp(t.x.y) = ag(t.x. y)[y[~7°.
This type of nonlocal operator was first investigated by Komatsu [1984], Mikulevi¢ius and Pragarauskas
[1992; 2014], and later by Dong and Kim [2012; 2013], and Schwab and Silvestre [2016].

We assume
2—-0o)A=ag(-,-,)=(2—0)A forall B €A,

for some ellipticity constants 0 < A < A, and is merely measurable with respect to the y-variable. When
o = 1, we additionally assume

/ yKg(t, x,y)dsy =0 (1-2)
Sr

for any r > 0, where S, is the sphere of radius r centered at the origin.
We also assume bg = 0 when 0 < 1 and bg = b(t, x) is independent of B when o = 1.
We say that a function f is Dini continuous if its modulus of continuity wy is a Dini function, i.e.,

1
/ wf—(r)dr<oo.
0

r

We need the Dini continuity assumptions on the coefficients of (1-1):

sup / lag(t,x,y)—ag(t’,x', y)|dy < Arfwg(max{|x — x|, |t —t’|$}) for all r > 0,
,BG.A B2r\Br

) 1
sup || fgllLeo(@y) <005 sup | fp(t, x) — fp(t, X')| < of (max{|x —x'|, [t —'|7}),
BeA BeA (1-3)

1
sup [1bgllLoe(01) = No.  sup [bg(t, x) = bg(t', X')| < wp(max{|x —x'|, [t —'|7}),
BeA BeA

where No > 0, and wg, wp, wy are all Dini functions.
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In Theorem 1.1 below, w, denotes the modulus of continuity of # in (—1, 0) x R4 that is,

lu(t, x) —u(t’, x")| < wy(max{|x — x|, |t —t'|%}) for all (¢, x), (,x") € (—1,0) x R¥.

We also use the notation C 1"7+(Q1) to denote Ct{;0+8(Q1) for some arbitrarily small & > 0. This

condition is only needed for L gu to be well defined, and may be replaced by other weaker conditions.

Theorem 1.1. Let o €(0,2), 0 <A < A <00, and A be an index set. Assume for each € A, Kg satisfies
(1-2) when o = 1, and the Dini continuity assumption (1-3) holds for all (¢, x), (t’,x") € Q1. Suppose
ue C1’0+(Q1) is a solution of (1-1) in Q1 and is Dini continuous in (—1,0) x R%. Then we have d,u is
uniformly continuous and the a priori estimate

(o, ¢]
100l a1)2) + 1T, , < C D Q@ T0wu(2) + 0u(277) + wp(277)), (1-4)
Jj=0

where C > 0 is a constant depending only on d, o, ., A, Ny, wp, and wg. Moreover, when  # 1, we
have

sup [u]§§Qr(t0;X()) -0 asr—0
(t0,x0)€Q1/2

with a decay rate depending onlyon d, o, A, A, w,, wf, wy, No, and wp. When o =1, Du is uniformly

continuous in Q 1/, with a modulus of continuity controlled by the quantities before.

This theorem improves Theorem 1.1 in [Dong and Zhang 2016a] in the following two ways. First,
(1-1) is parabolic and has drift terms. Second, the right-hand side of the estimate (1-4) depends only on
the seminorms of u and f, in particular, not on supge 4 || /gl Lo (01)-

Remark 1.2. When o € (1,2) in Theorem 1.1, by interpolation inequalities we have

o0
[Du]f%Ql/z < C(10rull Loy +ul3:0,,,) SC D Q7 0u(2) + 0u(27) + 0y (27)),
j=0

The same proof of Theorem 1.1 can be used to prove Schauder estimates for concave fully nonlinear
nonlocal parabolic equations with drifts. To this end, we need the Holder continuity assumptions on the
coefficients of (1-1):

sup/ lag(t, x,y) —aﬂ(t/, X\ y)dy < Ar? max{|x —x|?, |t —t’|%} for all r > 0,
ﬂEA BZr\Br

v
sup || fgllLoo(or) <00, sup | fp(t,x) — fp(t'. x")| < Cp max{|x — x|V, |t — |7},
BeA BeA 1-5)

sup 168l Lc(0r) < No.  sup |bg(t.x) = bg(t'.x")| < Cpmax{|x —x'|". |t —t'|7},
BeA BeA

where Ny, Cr, Cp >0, and y € (0, 1).

Recall that we assume bg = 0 when o < 1, and bg = b(z, x) is independent of 8 when o = 1.
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Theorem 1.3. Let o € (0,2), 0 <A < A < 00, and A be an index set. There exists & depending only on
d, A, A and o (uniform as 0 — 27) such that the following holds. Let y € (0, &) such thato +y < 2
is not an integer. Assume for each 8 € A, Kpg satisfies (1-2) when o = 1, and the Holder continuity
assumptions (1-5) hold for all (¢, x), (t', x') € Q1. Suppose u € C1T&9+t7 (0 )N C &Y ((—1,0) x RY)
is a solution of (1-1) in Q1; then we have the a priori estimate

[l +2 64y:01, = Cllullz yi—1,00xre +CCr, (1-6)
where C > 0 is a constant depending only on d, o,y, A, A, Ny, and Cp.

The essential new part of Theorem 1.3 is for the case 0 = 1. For 0 < 1, Theorem 1.3 is just Theorem 1.1
in [Dong and Zhang 2016b]. Even though the Holder continuity assumption appeared slightly differently,
the proof in [Dong and Zhang 2016b] can be carried out with minimal modifications. For o > 1, the drift
is a lower-order perturbation and the conclusion can be proved without assuming o + y < 2 by using
Theorem 1.1 in [Dong and Zhang 2016b] and interpolation inequalities.

In the case of the linear equation

d;u=Lu+bDu+ f, (1-7)
the estimate (1-6) holds for all y € (0, 0). Again, we assume b = 0 when o < 1.

Theorem 1.4. Leto € (0,2), 0 <A <A <o00,and y € (0,0) such that ¢ + y is not an integer. Assume
K satisfies (1-2) when o = 1, and the Hélder continuity assumptions (1-5) hold for all (¢, x), (', x") € Q1.
Suppose u € CH'%""H’(QI) N C%’V((—l, 0) xR?) is a solution of (1-7) in Qy; then we have the a priori
estimate

[Uli+2.04y;01,2 = Cllullz yi-1,00xre) + CCrs (1-8)
where C > 0 is a constant depending only on d, o,y, A, A, Ny, and Cp.

It is natural to assume y < ¢ in Theorem 1.4, since (1-5) will imply that f is independent of 7 if
0 < o < y. In many applications, a will be independent of ¢ as well under the assumptions of (1-5) and
o < y. Then, we can always differentiate (1-7) in #, and obtain higher-order regularity in ¢ by applying
the result of Theorem 1.4 above.

We are also interested in the linear equation (1-7) when K, b, and f are Dini continuous in x but only
measurable in the time variable ¢, that is, they satisfy

/ la(t,x,y) —a(t.x", )| dy < Arwa(]x —x'|) forall r >0,

B2\ By
1l Loty <00, 1/ (t,%) = f(1.x)] < wp(Ix —x]), (1)
16l Looc@r) = No,  |b(z,x) —b(t, x| < wp(|x —x)),

where No > 0, and wg, wp, wy are all Dini functions.

In Theorem 1.5 below, w, denotes the modulus of continuity of # in x uniform for all #; that is,

lu(t,x) —u(t,x")| < wu(|x —x'|) forall (z,x),(t x") € (~1,0) x RY.
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Theorem 1.5. Let 0 € (0,2), 0 < A < A < oco. Assume K satisfies (1-2) when ¢ = 1, and the Dini
continuity assumption (1-9) holds for all (t, x), (t,x") € Q1. Suppose u € C1’°+(Q1) is a solution of
(1-7) in Q and is Dini continuous in x in (—1,0) x R%. Then we have the a priori estimate: for o € (0, 2),

o0
l0etllzcc01/2) + 50, < C D Q7 0u@) + 0u277) + wp27)). (1-10)
j=0
where C > 0 is a constant depending only on d, o, ., A, Ny, wp, and wg. Moreover, when o # 1, we
have
sup [u]);'Qr(tO xg) 0 asr—0
(t0,x0)€Q1/2 ’ ’
with a decay rate depending only ond, o, A, A, wq, wf, Wy, No, and wp. When o = 1, Du is uniformly
continuous in x in Q5 with a modulus of continuity controlled by the quantities before. Also, 0;u is
uniformly continuous in x in Q 1/, with a modulus of continuity controlled by d, o, A, A, wq, @f, wy,
NOv Wp, and ||u||Loo

If K, b, and f in (1-7) are Holder continuous in x locally but only measurable in the time variable ¢,
that is, they satisfy

/ la(t, x, y)—a(t,x, y)|dy < Ar¢|x —x'|Y forallr >0,
B,

1 fllLooc@r) <00, | f(t, %)= f(t.x")] < Crlx =x"", (1-11)
16l L0y < No,  |b(t, x) —b(t, x")| < Cplx — x|,

where Ny, Cg, Cp >0, and y € (0, 1),
then we have:

Theorem 1.6. Leto € (0,2), 0 <A <A <o0,and y € (0, 1) such that o + y is not an integer. Assume K
satisfies (1-2) when o = 1, and the Holder continuity assumptions (1-11) hold for all (¢, x), (¢, x") € Q1.
Suppose u € CH0HY (1) N CY((—1,0) x RY) is a solution of (1-7) in Qy; then we have the a priori
estimate

[atu];;Ql/z + [u]§+y,;Q1/2 = C”u”;;(—l,o)de) +CC, (1-12)

where C > 0 is a constant depending only on d, 0,y, A, A, Ny, and Cp.

Note that here we assume y € (0, 1) for all o € (0, 2), since all the estimates only involve x. This
theorem improves Theorem 1.1 in [Jin and Xiong 2015], which does not include drifts and requires the
Holder continuity of @ and f in the time variable ¢ as well. In the second-order case, similar results were
obtained a long time ago by Knerr [1980/81] and Lieberman [1992].

A few remarks are in order.

Remark 1.7. It is evident that Theorems 1.1, 1.3, 1.4, 1.5, and 1.6 hold for corresponding elliptic
equations as well.

Remark 1.8. Our proof does not tell whether the a priori estimates in Theorems 1.1 and 1.5 can be made
uniformly bounded as ¢ — 27, even if we replace A by (2— o)A in both (1-5) and (1-9).
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The ideas of our proofs are in the spirit of the approach first developed in [Campanato 1966], which
has been used in [Dong and Zhang 2016a] for nonlocal fully nonlinear elliptic equations. A similar idea
was also used in the literature to derive Cordes—Nirenberg-type estimates; see, e.g., [Nirenberg 1954].
Here, we adapt the methods in [Dong and Zhang 2016a] from elliptic settings to parabolic settings, with
extra efforts to deal with the drift term especially when o = 1 and some simplification of the proofs.

The key idea is that instead of estimating the C? seminorm of the solution, we construct and bound
certain seminorms of the solution; see Lemma 2.1. When o < 1, we define such a seminorm as a series
of lower-order Holder seminorms of u. In order for the nonlocal operator to be well defined, the solution
needs to be smoother than C°. This motivates us to divide the integral domain into annuli, and use a
lower-order seminorm to estimate the integral in each annulus. The proof of the case when o > 1 is
more involved mainly due to the fact that the series of lower-order Holder seminorms of the solution
itself is no longer sufficient to estimate the C° norm. Therefore, we need to subtract a polynomial from
the solution in the construction of the seminorm. In some sense, the polynomial should be chosen to
minimize the series. It turns out that when o > 1, we can make use of the first-order Taylor’s expansion
of the mollification of the solution.

The organization of this paper is as follows. In the next section, we introduce some notation and
preliminary results that are necessary in the proofs of our main theorems. In Section 3, we show the Dini
estimates for nonlocal nonlinear parabolic equations in Theorem 1.1. In Section 4, we prove the Schauder
estimates for equations with a drift in Theorems 1.3 and 1.4. The last section is devoted to linear parabolic
equations with measurable coefficients in the time variable ¢, where Theorems 1.5 and 1.6 are proved.

2. Preliminaries

We will use the following notation:

e For r > 0, we set Q,(to, x9) = (to — %, t9] x Br(xg) and Q, (to, x0) = (to — 1% 19 + %) X By (x9),
where B, (xg) C R¥ is the ball of radius r centered at xo. We write Q, = Q,(0, 0) for brevity.

e P; (or Py) is the set of first-order polynomials in # (or x), respectively.

e Py is the set of first-order polynomials in both ¢ and x.

e Fora, f >0,
e 100 Go.x0) = [l 0, 0,00
[418.0, (tox) = SUP_ [, )lcs (B, (x0))»
te(to—ro ty)
[u]ti;Qr(lo,xo) = sup [u(- ’x)]co‘((to—r”,fo))'
X€B;(x0)

If B (or @) is an integer, the above seminorms mean the Lipschitz norm of DIAI-1 (or Bltal_l ). If there is
no subscript about the region where the norm is taken, then it means the whole domain where the function
is defined (e.g., R or (=19, 0] x R¥ for some 7o > 0).

e Wesay u € Cl’”+(Q1) if u e C1°%¢(Q) for some small £ > 0.
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¢ We will also use the following Lipschitz—Zygmund seminorms. Let 2 C R4 be a domain, r > 0, and
0= (tgy—r,t9] x Q. For a, B € (0, 2), we define

[M]x _ sup [M(t )] 8 _ sup sup |u(t,x1)+u(t,X3)—2u(t, X2)|
B — [ - )
A (Q) te(ty—ro, t()] AT@) te(ty—ro, to] X1,X2,X3€EQ |X1 _x2|(¥

X17#X3, X1 +X3=2Xx2

[M]t _ sup[u( X)] = sup sup |u(t1,x)+u(l3,x)—2u(lz,x)|
o — “ Aa —r9, —
AT(©Q) XeN ((to=r®10)) XEQ  t1,t2,t3€(tg—r5 to] |Z1—Z2|“

n#L3, h+=2t

] s = sup lu(ty, x1) +u(ts, x3) —2u(tz, x2)|
A*P(Q) — .

(t1,x1),(t2,%x2),(13,X3)€Q |t; —12]% + [xy — x2 |8
(t1,x1)#(#3,x3), (21,x1)+(13,x3)=2(f2,X2)

’

We will frequently use the identities
27 (u(t,x +2771) —u(t, x)) — (u(t, x +1) —u(t, x))

J
=Y 2K u x+27* D —u( x+27* D —u(. x)). @21
k=1

2 (u(t =277, x)—u(t,x)) — (u(t—1,x) —u(t,x))

j
= Z 2k=1 (2u(l—2_k,x)—u(t—2_k+1,x)—u(l,x)), (2-2)
k=1

which hold for any unit vector / € R? and j € N.
Lemma 2.1. Let @ € (0, 0) be a constant. Let Q be a convex cylinder such that Q% cCQcCO;.

(1) When o € (0, 1), we have

o0
]y o+ 19l < C Y257 sup inf [u— Ple a0, 4 to,x0) T CllullLo(0,1/0) (2-3)
k=0 (to.x0)eQ PEP1

where C is a constant depending only on d, o, and o.. Moreover, the modulus of continuity of 0su is
bounded by the tail of the summation on the right-hand side of (2-3).

(i) When o € (1, 2), we have

[ul5.0 + 10:ullL0) + [Du]f%l;Q

o0
<C Y 27 sup inf [u—ple o, 4 Gox) T Clulliain, @4
k=0 (to.x0)eQ PP

where C is a constant depending on d, a, and o. The modulus of continuity of 0;u is bounded by the
tail of the summation above.
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(iii) When o = 1, we have

o0
1DullLoo(o) + 10etull Loy < C Y 2K sup  inf [u— plaa:o, s (r0.x0)
k=0 (to,x0)€Q PP

+C sup lu(t,x)—u(t,x")|, (2-5)
(t,X),(t/,x/)GQZ

max{|z—1'|,|x—x'|}=1

where C is a constant depending on d, o, and 0. The modulus of continuity of d;u and Du are
bounded by the tail of the summation above.

Proof. We first prove the estimate of d;u for o € (0, 2) by showing that

oo
”8tu”Loo(Q) <C Z 2k(O'—Ot) sup inf [u _p]t%§Q2—k (t0,%0) +2 sup |u(t0 -1, Xo) —M(t(), X0)|.

k=0 (to,x0)eQ PPt (t0,x0)€Q
(2-6)
Indeed, from (2-2),
2 u(t =277, x) —u(t, x)|
o0
<lu(t—1,x)—u(t, x)|+ Z k-1 [2u(t — 27k, x)—u(t— 2_k+1,x) —u(t, x)|
k=1
S 5k(1-2)
< — — k(=3 )11t -
<lu(t—1.x)—u(t,x)| +C];2 Wlyero o, ey 2-7)

where C only depends on o and k* = [(k — 1) /0], i.e., the largest integer which is smaller than (k —1) /0.
The right-hand side of the above inequality is less than

o0
3 _ (k*o+0)(1-2)p, 1t
lu(t —1,x) —u(t, x)| +C kX_:l 2 [”]A“/(’(Qz_k* (t.x))

o0
< _ _ k*(o—a) : oot
<lu(t—1,x)—u(,x)|+C ,; 2 plengt[u p]A“/”(Qz_k*(t,x))'
By using the definition of k£ *, it is easy to see the second term on the right-hand side of the above inequality
is bounded by

o0
C Z 2k@=a) qup  inf[u—

plh. .
= (tox0)cQ PEPr &30,—k (t0,%0)

Therefore, by sending j — oo in (2-7), we prove that [|d;u| (@) is bounded by the right-hand side of
(2-6). Since

. t .
plélvg, [u— p]%§Q2—k (t0,x0) = p‘é‘gt [t — p]%,oc;Qz,k (t0,x0)°

. t .
,,lé%g, [ — p]%;Qz—k (t0,x0) = plen;l [ — p]%aa;Qz—k (t0,x0)°

the right-hand side of (2-6) is bounded by that of (2-3)—(2-5). We obtain the bound of ||d;u||z ()
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Next, we bound the modulus of continuity of d;u in Q. Assume
It —1'|+ |x—x'|° e[27E*+D 27 for some i > 1.
From (2-2), forany j >i + 1,

2wt =277, x)—u(t,x)) = 2" (u(t — 275 x) —u(t, x))
J
= > 2 'Que-27F ) —u@ 27 x) —u(t. x)).
k=i+1

and the same identity holds with (¢, x’) in place of (¢, x). Then we have

18,u(t, x) — ,u(t’, x")| = lim |27 (u(t =277, x) —u(t,x)) =2/ (u(t’ =277, x") —u(t’, x"))|
j—oo

< 128u@t =275 x) —u(t, x)) = 2" (u(@ =27, x") —u(t', x'))|

+C sup  2K0=Dpl ,
k;—l (to,x0)€Q ATQ e (t0,%0))
where k* is defined above. By the triangle inequality, the first term on the right-hand side is bounded by
2u(t =270 x) +u(d, x") = 2u(@, %) + 2 |u(t’ — 27, x") = 2u(f, X) + u(t, x)|,

where f = (t +¢' —27%)/2 and X = (x + x’)/2. This is further bounded by

2i(1_%) sup [U] oo ’
Comoyeo AT Qo (t0,x0))
where i* = [(i — 1)/c]. Therefore,
o
|0,u(t, x)—d,u(t,x")| <C Z sup 2k(1_5)[u]Aa/g’“(Q2_,~*(to,xo))
k=i (fo,.x0)€Q
00 ( )
=¢ sup  2KU75) inf [ — ple 4.0 1 (rox0)-
k2=; (to,x0)€Q DPEP a’a’Qz i+ (t0,X0)

which, from the definition of i *, converges to 0 as i — oo.

In the rest of the proof, we consider the three cases separately.
Case 1: 0 € (0, 1). The estimates of [u]} are the same as [Dong and Zhang 2016a, Lemma 2.1] and we
only provide a sketch here. Let (¢, x), (¢, x") € O be two different points. Suppose 4 := |x —x’| € (0, 1).
Since

h=% lu(t, x") —u(t, x)| < sup h*"u(t, )e:By(x)»
x€Q

by taking the supremum with respect to ¢, x, and x’ for 4 < 1 on both sides, we get

o0
[0 = sup  sup h*T[ul, <CY 2K wup [,
70 (to,x0)€Q 0<h<1 ;@ (f0,%0) l;) (t0.x0)€0 a; 0,k (20,%0)
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Notice that

[u]z;QZ—k (to,x0) — piégt [t — p]§§Q2—k (0,x0) = piél;t [t — p]%’“?Qz—k (t0,x0)-

The proof of Case 1 is completed.

Case 2: ¢ € (1,2). Similar to the previous case, we only provide the sketch of the proof following that
of [Dong and Zhang 2016a, Lemma 2.1]. Let £ € R be a unit vector and ¢ € (0, %) be a small constant
to be specified later. For any two distinct points (¢, x), (z, x’) € Q such that 7 = |x — x'| < %, there
exist X, X’ € O such that |x —X| < eh, X +ehl € Q, and |x' — X'| < ¢h, X’ + ehl € Q. By the triangle
inequality,
W=\ Dou(t,x)— Dou(t,x")| < I + I, + I, (2-8)

where

I :=h'""9|Dyu(t, x) — (h) " (u(t, % + ehl) —u(t, X))|.

I :=h'""%|Dyu(t,x")— (eh) " (u(t, X' + ehl) —u(t, X)),

I3 :=h'7eh) Y (u(t, X + ehl) —u(t, %)) — (u(t, ¥’ + eht) —u(t, X'))|.

By the mean value theorem,
I+ 1, <2767 ulf. . (2-9)

Now we choose and fix an ¢ sufficiently small depending only on ¢ such that 27°~! < % Using the
triangle inequality, we have

I3 < Ch7™ (Ju(t, % + ehl) + u(t, X') = 2u(t, X)| + |u(t, 3" + eh€) + u(t, ) — 2u(t, X)|),
where X = (X + ¢hl + X’)/2. Thus,

I3 < Ch*u(t, )i« (2-10)

(Qn (%)
Combining (2-8), (2-9), and (2-10), we get

o0
x k(o—a) ; —_ pl¥
Hose =€ kz—;) i (to ilil))eQ plengx[u Pla;0, ko, x0)°

Because

L (1= Yoo, o) = I0E [ P2 as0, 1 o.x0)-

we bound [u]i,Q by the right-hand side of (2-4).
It follows from [Krylov 1996, Section 3.3] that [Du]",

o—1.

o

is bounded by [0;u| .. () + [u]’;;Q.
Therefore, (2-4) is proved.

Case 3: 0 = 1. We give the estimate of || Du||r . It follows from (2-1) that

J
Vlult,x + 2770 —u(.x)| =< Jul.x + 0 —ue. )+ 3 2T ) e g, vranoy
k=1
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Taking j — oo, we obtain that

o0
IDullz. <C Z 2k(=0) gup inf [u _p]ft;Qrk(to,xo) + sup lu(t, x) —u(t, x")|.

k=1 (to,x0)€Q PEPx (t.%),(t.x")€Q2
|lx—x'|=1
The estimate of the continuity of Du is the same as d,u, and thus omitted. O

Let 1 be a smooth nonnegative function in R with unit integral and vanishing outside (0, 1). For R > 0
and o € (0, 1), we define the mollification of u with respect to ¢ as

u(R)(l,x)=/u(t—R”s,x)n(s)ds.
R

For the case o €[1, 2), we define u® differently by mollifying the x-variable as well. Let { € Cso(B1)
be a radial nonnegative function with unit integral. For R > 0, we define

u® (i, x) 2/ u(t — R%s,x — Ry)n(s)¢(y) dy ds.
Rd-{—l

The following lemma is for the case o € (0, 1).

Lemma 2.2. Let o € (0,1), @ € (0,0), and R > 0 be constants. Let py = po(t) be the first-order Taylor
expansion ofu(R) at the origin int and i = u — pgo. Then for any integer j > 0, we have

[ﬁ]%,a;(—Ra, 0)xB,j p = Cpin}; [u— p]%,a;(—RU, 0)XB,j p° (2-11)

€P
where C is a constant only depending on d and «.

Proof. 1t is easily seen that # is invariant up to a constant if we replace u by u — p for any p € P;. Thus
to prove the lemma, we only need to bound the left-hand side of (2-11) by

Clule a;(—Ro, 0)x B, -
Since &t = u — p(t), it suffices to observe that

[Plee,_go,0) = R7*19:R(0,0)] = Clulle,p ..

The following lemma is useful in dealing with the case o € (1, 2).

Lemma 2.3. Leta € (0, 1) and o € (1, 2) be constant. Then for any u € C' and any cylinder Q, we have

o0

o0
2k@=) qup  [u— pol~. . <C 2k@=®) qup  inf [u— pI~. oy (2-12)
kgo (t0,x0)€Q % Qo (f0.%0) kgo (to,x0)eQ PEPx % Qo (f0.%0)
where pg is the first-order Taylor’s expansion of u in the x-variable at (ty, xo), and C > 0 is a constant
depending only on d, a, and o.

Proof. Define

._ Ak(oc—a) i —pl*
i :=2 (toil:)I))GQ Plengx[u p]"“Qz*k (to,x0)"
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Then for any (¢9, xo) € Q and each k =0, 1, ..., there exists p; € Py such that
X —k(o—a)
[u _pk]a;Qrk (t0,x0) =2by2 :
By the triangle inequality, for kK > 1 we have
[Pr—1 —pk]z;Qz_k (t0,%0) < 2bk2_k(a—a) + 2bk_12—(k—1)(0—ot). (2-13)

It is easily seen that
[Pr—1 = Pkla:0, s toxo) = V-1 = VP |2~ (k=D
which together with (2-13) implies
Vo1 = Vil = C275CD gy + by). (2-14)

Since ) 4 by < oo, from (2-14) we see that {Vpy } is a Cauchy sequence in Re. Let g = q(to. xo) € R?
be the limit, which clearly satisfies for each k£ > 0,

o0
lg—Vprl <C Y 277/ Dp;.
j=k
By the triangle inequality, we get

u—q- x]z;Qz—k (t0.x0) = [u— pk]z;Qz—k (to.x0) T lbx —a 'X]E;Qz—k (t0,x0)
e}
< C R N " gilemlp, < cpmkeme), (2-15)

j=k
which implies

lue(to, -) = uto, X0) = q - (X = X0) | Lo (B, (xo)) < C27*7.

and thus ¢ = Vu(ty, xo). It then follows from (2-15) that

o0 o0 o0
k(o— k(o—1 —j(o—1
2250 swp (= polig, ey <€ D24V D27,
k=0 (t(),X())GQ k=0 ]:k
0 ) J 00
—C Y 2Ny 3 koD <03 g
j=0 k=0 j=0
This completes the proof of (2-12). O

The last lemma in this section is for the case when o € [1, 2).

Lemma 2.4. Let ¢ € (0,1), 0 € [1,2), and R > 0 be constants. Let py = po(t, x) be the first-order
Taylor’s expansion of u® at the origin and it = u — Ppo- Then for any integer j > 0, we have

la(z, x) —u(t’, x")| )
sup , e =C inf [u_p]%,a;(—RU,O)szij (2-16)
(t,%),(t,x')E(—R%, 0)x B, , |Xx —X'|* + [t —1'|o PEP
t,x)#@'x"), 0<|x—x'|<2R

where C > 0 is a constant depending only on d, o, and o.
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Proof. 1t is easily seen that i is invariant up to a constant if we replace u by u — p for any p € P;. Thus
to show (2-16), we only bound the left-hand side of (2-16) by

C[u]%,a;(—RU, 0)XB,j p*
Since it = u — py, it suffices to observe that for any two distinct (z, x), (¢, x") € (—R?,0) x B,; g such
that 0 < |x — x| < 2R,
|Po(t.x) = po(t'.x")]| = |x = x| Du®(0,0)] + |t —'118,u®(0, 0)]

< Clx = ¥'| R ul g, + Cle =1 RTG Dl

<C(x =X+ |t = ') )2 a;0 - O
3. Dini estimates for nonlocal nonlinear parabolic equations

The following proposition is a further refinement of [Dong and Zhang 2016b, Corollary 4.6].
Proposition 3.1. Let o € (0,2) and 0 < A < A. Assume for any B € A that K g only depends on y. There
is a constant & depending on d, o, A, and A (uniformly as 6 — 27) so that the following holds. Let
a € (0,&) such that o + « is not an integer. Suppose u € C'ta2+2 (0 )N C7*((—1,0) x RY) is a
solution of
d;u = inf (Lgu + in Q.
t ﬁeA( pu+ fp) inQ
Then,
w .
(142 at0:01, SC Y 27M; +C Sl;p[fﬂ]%,a;le
ji=1

where
lu(t, x) —u(t’, x")|

M; = sup &
(t.%),(t',x")e(=1,0)x B, ; |x —x'|*+ |t —t'|o
(t,x)#({@',x"), 0<|x—x"]|<2
and C > 0 depends only on d, ), A, a and o, and is uniformly bounded as 0 — 2~.

Proof. This follows from the proof of [Dong and Zhang 2016b, Corollary 4.6] by observing that in the
estimate of [/ ﬂ]g,a; 0, the term [u]%’a;(_l’o)x B,; can be replaced by M;. Moreover, by replacing u by
u—u(0,0), we see that

”””%,a;(—l,O)sz = C[”]%,a;(—l,O)ng- O
In the rest of this section, we consider three cases separately.
The case o € (0, 1).

Proposition 3.2. Suppose (1-1) is satisfied in Q51/0. Then under the conditions of Theorem 1.1, we have

o0
W10, ,, + 10:UlL0ci01)2 < Cllulle o +C D~ w275, (3-1)
k=1

where C > 0 is a constant depending only on d, A, A, wg, and o.
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Proof. For k € N, let v be the solution of

{Btv = infge 4(Lg(0,0)v + f5(0,0)— 9, po) in Qp—rk,
v=u— po(t) in (=27%9,0)x BS_, ) U ({t=—2"%} x B,),

where L g(0, 0) is the operator with kernel Kg(0, 0, y), and po(¢) is the Taylor’s expansion of u@ in ¢
at the origin. Then by Proposition 3.1 with scaling, we have

o0
Pt eatoi0, o <C Y25 D7M; +C2*Nle 4o, (3-2)
Jj=1
where « € (0, @) satisfying 0 + o < 1,
Mo — sup (¢, x) — (¢, x')|
J — a
(t,x),(t’,x/)e(—2_k",0)xB2,’_k |x — x/la + |[ - [’| o
(t,x)#(',x"), 0<|x—x'| <2~k +1

and 4 = u — py.
Let ko > 1 be an integer to be specified and p; = p(¢) be the Taylor’s expansion of v in ¢ at the
origin. By the mean value formula,

) < 2—(k +ko)(o+a) [U]

lv—p1 ”Loo(QZ—k—kO 1+ &.0+050,k—ky

and the interpolation inequality

[U - pl]%,a;Qz_k_kO =C (2(k+k0)a || V—7D1 ||Loo(Q2—k—k0) + 2_(k+k0)0'[v - p1]1+%:a+0;Q2—k—k0 )’
we obtain
—(k+k
[U - pl]%,a;QZ_k_kO = C2 (et O)U[U]1+%;W+U;Q2—k—k0 :

From Lemma 2.2, we have
M;j = Cpien;, [u = ple g;(—2-k00)xB,; ) = Clule a;—2—ko 0)xrd- (3-3)
These and (3-2) give
[v— pl]%,a;Qz—k—ko
k .
< ¢~ ktko)o Z 2(k_])an + 2~ kFkoopy,, a;(—2—ko 0)xRd T Cz_koa[v]%,a;QZ—k

o

Jj=1

k
< o7 Hh0e A "o =Do g 4 com (RO e + C2TR e g - (3-4)
j=1
Next, w := u — po — v satisfies
w, —Mtw < Cy in Qy—«,
wr—M"w=—-Cg in Qyx, (3-5)
w=0 in ((—27%9,0) x BS_, ) U ({r=—27} x B, 1),
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where M™ and M~ are the Pucci extremal operators, see, e.g., [Dong and Zhang 2016b], and
Cr = ;’up /g — /p(0.0) + (Lg — Lg(0,0)uull Lo (0, 1)
€A

It is easily seen that
Cx> .
Cr <wp(27%) + Cwa(Z_k)( sup Y 21("‘“)[u]§;Q2_j (to.xo) T ”””Loo)'
(t0,x0)€Q5—k j—o
Then by the Holder estimate [Dong and Zhang 2016b, Lemma 2.5], we have

[wle a:0, , =<C27KC9C,

o0
< ko) [wf(z—")ma(z‘k)( sup D IR e T ”””Loo)]
(t0,x0)€Q5—k j—q 2
(3-6)

for some o > 0. This « can be the same as the one in (3-2) since « is always small. By the triangle
inequality and Lemma 2.2 with j =0
[U]%yo‘;szk = [w]%aa;szk + [u - pO]%aa;szk

=[wle a0, + Cpiggt[” —Ple w0, - G-7)

Combining (3-4), (3-6), (3-3), and (3-7) yields

26— o~ prls a0, 4,

= 2ktko)@=a) [y, 4 4 — P .a:0, 1k,

k
< ¢2~ (ko) Z 2&=o inf [y — Ple gy (—2ko 0)xB,; 4

1 DPEP:
Jj=
+ C2—(k+k0)a [u]%’a + Cz—koa-‘r-k(a—(x) pien,,gt [u _ p]%,a;Qz_k + Czko(a—a)wf (2—k)
o0
ko(o—a) —k Jjlo—a)p, 1x -
+C2 w4 (2 )( sup ) VO, ||u||Loo)- (3-8)
(t0,x0)€Q5—k j—0
Let £y > 1 be an integer such that
1 - 1 _ |
ot 2 5o =
I=Lp+1

Set Q€0=Q% and for/ =€y + 1,49 +2,..., we define

[ [
(1 | . | |

j=Lo+1 j=to+1
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The choice of £¢ will ensure that Q' C Q4 for all > £, and the definition of Q! will ensure that for
[ >4y, k>1+1, there holds

0! + 0,k (to, x0) C Q' forall (19, x0) € O'.

By translation of the coordinates, from (3-8) we have for any / > £y and k >/ + 1,

2k +hko) (o) sup [U—PO—PI]%,a;QZ,,‘,,,‘,O (t0,x0)
(t0,x0)€Q!
k .
< 2~ ktkoe gy Z 2(k=No inf [u—p]%,a;(,o_rka’lo)szj_k (XO)+C2_(k+k°)“[u]%,a
(to,x0)€Q" j—o PEP:

+C2ko(o—e) [wf 7%

o0

+wa(2_k)( sup 2707 inf [u—pla 4o (to,xo)+||u“Loo):|- (3-9)
(to,x0)€Q' 1 ;o PEPt

Then we take the sum (3-9)ink =/+ 1,/ + 2, ... to obtain

(o.¢]
Z o (k+ko)(o—) sup inf [u— p]%ya;QZ—k—kO (t0.%0)

k=Il+1 (t0,x0)e Q! PEP
(') k
—(k+ko)o k—j)o -
=C Z 2~ (kHho) Sup Z 202D 1€n7£ [ — p]%,d;(to—Z_k", t0)X B, j —k (x0)
k=I+1 (t0,x0)€Q" j—9 L

o0
+ 2Ry 4 €2 N (27F)
k=I+1

) )
+ C2kolo—a) Z wa(2_k)(z yj(o—a) sup lél; [u— p]%,a;Qz_J- (to.x0) T ||u||Loo)
k=I+1 =0 (to,xo)eQ!+1 PEF

By switching the order of summations and then replacing k by k + j, the first term on the right-hand
side is bounded by

o0 o0

C27hox Ny "m0 N "ok qup inf [u— P ai(tg—2-%0, t9)x B, ;s (x0)

j=0 k=j (t0,x0)eQ! Pt

o0 o0
< C2Fo Z 27 Z 2k Sup leng [~ p]%aa;(fo—l_k", o)X B,k (x0)
j=0 k=0 (to,x0)eQ! PE™1

o0
< c27koa N ok(o=0) gy inf [u— ple 4.0, (t0.x0)
12) (t0,x0)eQ! PPt o % &r—k l0,%0
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With the above inequality, we have

o0
k-+ko)(o— :
Z 2lktko)o—e) gy [ plenygt[u_p]%’sz—k—ko(’me)
k=I+1 (f0,x0)€Q

o0
< 2 ko Z 2/~ qup inf [u — p]

o . .
Jj=0 (to,x0)eQ! PET1 o :#:Q5-j (to,%0)

o0
+C2 IRy g 4 C2RTD N (27F)
k=I+1
o0 o0 .
+C2M0Om N, 27F) (Z 2/ sup inf = pleaig, (oo + I ||Loo)-
k=I+1 =0 (to.x0)eQ!+1 PEF
The bound above, together with the obvious inequality

I+ko

Z pjlo—a) sup inf [u _p]%,a;Qz_,- (to,x0) = C2(l+ko)(0—a)[u]%,a»
j=0 (to,%0)eQ! Pt

implies
o0
/=) gy inf [u— ple 4.0. .
ng (to,xo)P;Ql peP,[ p]g,a,Qz_j (ro-x0)

o0
< 27k N oile—a)  gyp inf [u— ple 4.0 (t0.x0)
j§0 (to,x0)eQ!+1 PEPt o @m0

o
+ C2HRO@ D)y 4 C2ROTD N " (27F)
k=I

) 00
+ Czko(o—a) Z wa(z—k)(z 2](0—06) sup 1€n7£ [u — p]%,oﬁQZ—j (t0,%0) + ||u||Loo)
k=1 j=0 (to,x0)eQ!+1 PEFT

By first choosing kg sufficiently large, and then £ sufficiently large (recalling that / > £,), we get

00
Z 2/~ sup inf [u — p]%,oﬁszk (t0,x0)
izo (t0.x0)€Q! PP

1 o0 ) o0
<> ojlem0) gy inf [u— ple 4. + C2UHk) =Dy lle  +C Y w275,
4;) e Jinf [ = plz a0, 10,0 [P ]; (275

Multiplying both sides by 4~ taking the sum in /, we have

o0 o0
4713 "2/ qup in [ = Pl a:0, s (toxo) < Cllulla g +C Y wr(27F). (3-10)
=0 (t0,x0)€Q! ! k=1

This, together with Lemma 2.1(i) and the fact that QZO =0 L gives (3-1) and the continuity of d,u. O
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The case when o € (1, 2).

Proposition 3.3. Suppose (1-1) is satisfied in Q. Then under the conditions of Theorem 1.1, we have

foro € (1,2)

o0
)., ,, + (Dl + 110 Ly (@1)2) < Cllulle o +C D 0p(275),

G—I.Q
“5301/2
7 k=1

where C > 0 is a constant depending only on d, A, A, wg, wp, Ny, and o.

Proof. For k € N, let vps be the solution of

d,upr = infge4(Lg(0,0)var + f3(0,0) + bg(0,0)Du(0,0) —; po) in Qp—k.
UM = gM in ((—27%9,0) x BS_, ) U ({r=—27k} x B, 1),

where M > 2||u — po| Loo(Qy—r) is a constant to be specified later,

gy = max(min(u — po, M), —M),

(3-11)

and po = po(¢, x) is the first-order Taylor’s expansion of u@™ at the origin. By Proposition 3.1, we

have

00
[UM]I—i-%,a—i-a;QZ_k_l =C Z Z(k_J)UMj + C2kU[UM]%,a;Q2_k ,
j=1

where @ € (0, min{&@, (c —1)/2,2—0}) and

lu(t, x) — po(t, x) —u(t’,x") + po(t’, x")]|
M; = sup

) ne ’
(t.%),(t/,x") e(=27K 0)x B, ; . [t —1"]o +[x — x|
(1, x)#(t,x"), 0=|x—x'| <27k +!

From Lemma 2.4 with o € (1, 2), it follows

. < 1 —
M; < Cplengl[u Ple g (—2-k0,0)xB,; -

In particular, for j > k, we have
Mj = Clule o (—2ko 0)xmd -
and thus,
w .
[UM]1+%,a+U;Q2_k_1 <C Z 2(k—])an + C2ka[vM]%,a;Q2_k

j=1
k

<C ) 28I M; 4 Clula giaro0yxnt + C2%loumle s, -

j=1

(3-12)

(3-13)
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From (3-13), and the mean value formula (recalling that « < 2 — o),

k

oar = P11l Loo(@, ki) < C27EHROEHD Y olkmnopy;
j=1

+ C2_(k+k°)("+a)[u]g

o’

2—k(x—k0(a+a)[

a;(—2—ko, 0)xRrd + C UM]%,a;QZ_k )

where p; is the first-order Taylor’s expansion of vjs at the origin. The above inequality, (3-13), and the
interpolation inequality imply
[UM - Pl]%,a;Qz_k_kO
k .
< o7 HkIo R "otk gy 4 o RO y]a oy ke gyxpa + C2TFurrle 00 (B-14)
j=1
Next wps := gpm — v satisfies
dwar < MTwpr+hpr +Cr in Oy,
drwpr = M- wpr +hpyr —Cr in Qy—k,

war =0 in (=27%9,0)x BS_, ) U ({t=—2"%} x B,),
where
hag := MY (u—po—gm).  ha =M (u—po—gum).
Here

Cr = Zup I f5— f3(0,0) + bgDu—bg(0,0)Du(0,0) + (Lg — Lg(0, 0))u||LOO(Q2_k).
€A

It follows easily that
Cr < 075 + 0 @) | Dul| Loy, 1) +5up 1bgll Lo 2 **[DUle 00,
+Cwa(2_k)( sup > 2O = pryxlnio, o) T 1P Lac(0,) + ||u||Loo),
(t0,x0)€Q5—k j—9

where psy.xo = Dig,xo(X) is the first-order Taylor’s expansion of u with respect to x at (g, Xo). From
Lemma 2.3, we obtain

Cr = 0r 27 +0p 7)1 Dul L0, 1) + sup g |27 [Dule 00,

o’

o0
+ Cwa(275) (Z Qi) g inf [u—plg.o0 (x0T 1PULec(0,—i) + ||u||Loo).
j=0 (thXO)EQZ_k PEPx 2

By the dominated convergence theorem, it is easy to see that
1M llLa0, 1) IhmllLo@, ) >0 as M —oo.
Thus similar to (3-6), choosing M sufficiently large so that

ML ec0,-0): MM llLaoco,-0) = 3Ck.
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we have
[wrmle a0,

<ok [wf(z—k> + (@27 + 0a QTN DUl Ly (0, 1) + 27 DUl a0,

o’

o0
+wa(2_k)( 2/ qup inf [u—pls., + Jlu| Loo)]. (3-15)
j;o (t(),XO)GQz—k per Ol,Q2 ](ZO’XO)

Clearly,

piergx[u - p]i;QZ_j (t9,x0) = pien'lgl [T/l - p]%,(x;QZ_]’ (20,x0)* (3'16)

From the triangle inequality and Lemma 2.4 with j = 0,
[orlg a0, =lWMlgai0, . + U= Polgaio, o =[WMI2 a0, +C inf U= pl2ao,

Forall/ =1,2,..., we define Ql = Q;_,—. Combining (3-14), (3-15) with (3-16), and (3-12), similar
to (3-9), we get that forall / > 1 and k >/ + 1,

k
< 2~ (ktko)e sup Z 2k=0)o inf [u—Dle 4:(p—2-k 19)x B
(t0,x0)€Q" j—9 PEF1 o ,

+ CZ_(k+k0)a[u]%’a + C2_ka+k°(a_a)[Du] 0!+

o
o

2f_/‘(x0)

1 2ko(o—a) |:C‘)f(2_k)+(a)b Q) +wa @FNIDull i+
o0

+wa(z—k)(22f("‘°‘) sup inf [u—p]g,a;gz,(to,xo>+||u||Lm)]. (3-17)
izo (t0,x0)€Q! 1 PEP]

Summing the above inequality in k =/ + 1,/ 42, ... as before, we obtain

o0
k+ko)(o— :
Z o (k+ko)(o—a) sup lplengl[u_p]%’“;gz—k—ko(’O’x")
k=I+1 (t0,x0)€Q

o0
< ¢ koo pile—0) oy inf [u—ple . .
Z (to,xo)ele-i-l P€7’1[ p]"’a’Qz_] (f0,x0)

j=0
oo
+C27 0D ulg o, +C2R™ KT 2 Dulg g
k=141

o0
+C200=® N (0 (27F) + (0p @7F) +0a TN | Dull L or+19)
k=1+1
o0

oo
4+ 2ko(o—a) Z wa(2_k)(z 2/ gup 16117£ [u—p]z;er (to,x0)+”u||Loo)’ (3-18)
k=I+1 =0 (to,xp)eQ!+1 PE1
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and

i) oy inf [u —
Z (t0, xo)P;Ql pEPl[ p]a’a Qzms lo30)

< Cz(k()-l-l)(a—a)[u] + 2 Hoa Z yjlo—a) sup inf [u — p]z @0, (t0,x0)
j=0 (t0,x0)€Q!+1 PEP

+C20O I Dyla o

o0
+C20OD N (0, 27F) + (0, 27F) + a7 | DullLor+1))

k=Il+1
+ C2kolo =) Z a (2"‘)(2 2707 sup - inf [u- P]§;Q2_j(ro,xo>+”””Loo)'
k=I+1 j=0 (t0,x0)€ Q!+ P

By choosing ko and / sufficiently large, and using (2-4) and interpolation inequalities (recalling that
a < (o0 —1)/2), we obtain

2/ s inf [u—ple 4.0,
Z (thxo)P;Ql pepl[ 7] o %:Q5—j (t0,%0)

00
1
ZZ yj(o—a) sup inf [u_p]o,a 0, ](to,x0)+C2(k0+l)(U a)”u”a +C wa(z k)

(t9,x0)€Q!+1 PEF1 k=1
Therefore,
o0
22“" @ sup o inf 4= ple g, (owo) = Clulga+C Y 0@, (19)
(to,x0)eQ! PEM k=1
which together with Lemma 2.1(ii) gives (3-11) and the continuity of d,u. O

The case when o = 1.
Proposition 3.4. Suppose (1-1) is satisfied in Q. Then under the conditions of Theorem 1.1,

o0
1DUlLo(@1)2) + 10Ul Log(01/2) < Clltllae +C Y wp(275), (3-20)
k=1

where C > 0 is a constant depending only on d, A, A, Ny, wq, and wy,.

Proof. Set by = b(0,0) and we define
i(t,x) = u(t,x —bot), fp(t,x) = fa(t,x —bot), and b(t,x) = b(t,x —bot).
It is easy to see that in Qg for some § > 0,

d:1(t,x) = dsu(t,x —bot) —boVu(t,x — bot),
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and for (¢,x) € Qy—«,
| /(. x) = f3(0.0)| < wp((1 4+ No)275),
|b— bo| < wp((1+ No)27F).
It follows immediately that
i =i%f(z,3ﬁ+f,g+(13—bo)Vﬁ), (3-21)

where L is the operator with kernel a(z, x — bot, y)|y|~4~°. Furthermore,
[1Dull Lo + 101l Lo = (1 + No)(| Ditll Lo, + 197kl Los)-

Therefore, it is sufficient to bound #. In the rest of the proof, we estimate the solution to (3-21) and abuse
the notation to use u instead of @ for simplicity. By scaling, translation and covering arguments, we also
assume u satisfies the equation in Q5.

The proof is similar to the case o € (1, 2) and we indeed proceed as in the previous case. Take pq to be
the first-order Taylor’s expansion of u@™ atthe origin. We also assume that the solution v to the equations

d;v = infge 4(Lg(0,0)v + fp(0,0) =9 po) in Qr—r,
vV=1u—po in (=27%9,0)x BS_, ) U ({t=—2"%} x B, )

exists without carrying out another approximation argument. By Proposition 3.1 and Lemma 2.4 witho =1,

o0
i+ai+a:0, 1 =C Y2 My + C2HF oo,
j=1

o0
k—j k
=C Z 2% p1€n7£1 [u = Ploas—2-k,00xB,; i T C2 Va:0,«
j=1

<C Z 2k J 1nf Ll —p]a oy (—2—F L0)XB,j i + C[u]a,a + C2k[v]a,a;Q2_k'

PEP
(3-22)
From (3-22) and the interpolation inequality, we obtain
[v— pl]a,d;QZ—k—ko
k
—(k+k k— —k —(k+k
S Zl 247 inf [Pl a2 0y +C2 a0, O g, (3-23)
j=

where pq is the first-order Taylor’s expansion of v at the origin. Next w := u — py — v satisfies (3-5),
where by the cancellation property,

Cre < o (1+ No)2™) + o (1 + No)2 )| Dul L 0, 1)
o0

—k j—a) X
+ Cwa((1+ No)2 )((to e Z}) 257 inf 4= plaig, ;o) ”””Loo)'
9 27 j:
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Clearly, for any » > 0,
we((1 + No)r) < (24 No)w.(r).
Therefore, similar to (3-6), we have

[Wla.a:0,

< Cco7k-o) [wf(Z_k) + wp (2_k)||Du”Loo(Q2—k)

o0
+ o, (2_k)( 2/ (1—a) sup inf [u—pl*., + ”u”Loo)]’ (3-24)
’ Z(:) (to,x0)€Q,k PEPx ;05— (t0,%0)

From (2-16) and the triangle inequality,

[U]a,a;Qrk = [w]a,a;QZ,k +[u— PO]a,a;QZ,k = [w]a,a;QZ,k + Cpiengl [u— p]a,oc;szk .
Forall/ =1,2,..., we define Ql = Q;_,—. Similar to (3-9), by combining (3-23) and (3-24), shifting
the coordinates, and using the above inequality, we obtain for all / > 1 and k >/ 41,

pletko) A=) gy inf [u — pla,a:0
(t0.x0)eQ! PET1 2

k

—k—kq (tg-x0)

< ¢ ktkoe gyp

k—j
2 I inf [U - p](x,a;(to—Z_k,to)Xsz_k (x0)
(IO’XO)EQI]'=0 PEP1

+ C2k0(1—a) |:a)f(2_k) + wp, (2_k)||Du”LOO(Q/+1)
oo
e (2"‘)( 2/0) sup inf [u—ply 5 + [lu ||Loo)]
jg(:) (to,x0)€Q!+1 PEPx a,Q,—j (t0.X0)
I (7 (3-25)

which by summingink =/+1,/42,... implies

o0
k+ky)(1— .
Z o (k+ko)(1—) sup lplengl[u_P]a,a;Qz_k_ko(to,xo)
k=I+1 (t0,x0)€Q

o0
< 2 Fo 2/(-e) su inf [u — . .
Z (to,xo)ele+1 P€7’1[ P]a,a,QZ,, (f0,x0)

j=0
o0
+ 2 kotDoqy), o 4 2P0~ N 4 (27F)
k=I1+1

o0
+ C2kol1=e) 37 [wb(z—")||Du||Lm<Ql+1>+wa(2"‘)

k=I+1 o

. yi(1-a) sup inf [u— p]*. . + ||u||Loo):|’
(j;o (to.x0)e Q! +1 PEPx o;Q,—j (to,x0)
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where for the first term on the right-hand side, we replaced j by k — j, switched the order of the
summation, and bounded it by

p- o 2 su inf [u — . .
Z 12(:) (%o, xo)epQH‘1 1’57’1[ p]a,a,Qz_j (to,x0)

oo

o0
_ 2—k00l Z 2J sup inf [U ]a,(x;QZ—j (t0,x0) Z 2_ka
j=0 (to.x0)eQ!+1 PEPI k=j

< 2 ko Z /(=) sup inf [u— P]a,a;QZ_,- (t0,%0)-

Jj=0 (to,x0)€Q!+1 PEP1
Therefore,
o0
2/0-0) gyp inf [4—plae:0,_; (t.x0)
jg() (t0,x0)€Q! DPEP 03, —j o,X0

< 2 ko 2/0=0)  gyp inf [u—ply.a-0.
/2(:) (to,x0)€Q!+1 PEPI 0,230, (t0%0)

o0
+C2(1+k°)(1_a)[u]a,a—l—CZkO(l_a) Z a)f(Z_k)
k=I+1

o0
+C2k=a) N @)1 Dull L gi+1y

k=l+1
o0 (&%) .

+Cakol—e) wa(z—k)(zy(‘—"‘) sup inf [u— p]a,a;Qz_j(to,x0)+”u”Loo)' (3-26)
k=l11 =0 (t0.x0)Q! 1 PET

Then we choose kg and / sufficiently large, and apply Lemma 2.1(iii) to obtain

yj(—a) inf [ — plya |
Z (o, xo)P;Ql pepl[ ]a’“’Qz—f (t0,x0)

00 1)
1 _ _
Z Z ](1 —a) sup inf [u _ p]a,a;QZ_j (to.xo) T C2(1+k0)(1 Ot)”u”%’a +C Z a)f(2 k),

(t0.x0)eQ!+1 PEPI k=1
and thus,
o0
Z P07 sup inf 4= Plaaio, - towe) = Cllullga +C Y 0p @), (3:27)
(t9,x0)eQ! PP k=1
from which (3-20) follows. The proposition is proved. O

Proof of Theorem 1.1. We use the localization argument to prove Theorem 1.1.
Without loss of generality, we assume the equation holds in 3. We divide the proof into three steps.
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Step 1: For k = 1,2, ..., define Ok := Qi_5—«. Letng € Cgo(QkH) be a sequence of nongeg.ative
smooth cutoff functions satisfying nz = 1 in QK*2, ;| < 1in QF13, 107 D' gl Lo, < C2KG+)) for
each i, j > 0. Set vy := ung € C°F and notice that in Q**1,

0rVk = N Oru + 0pnpu = ﬂifeli(nkLB“ + nibg Du + ny fg + d¢npu)
= ﬂini(Lﬂvk +bgDvg —bguDny + hig + ni fg + denu),
€
where

Ex(t,x, y)ap(t,x,y)
|y|d+a

hig = nkLpu— Lpvg = dy,

Rd
and
Ext,x,y)=ult,x +y) k€, x + ) = nx(t,x)) — y - Dng (¢, x)u(t, x)(Xo=1XB, + Xo>1)
=u(t,x + y)(e(t.x + y) = nie(t. X)) since Dy = 0in QF+1.,

We will apply Proposition 3.3 to the equation of vy in Qk *1 and obtain corresponding estimates for vy
in Q.

Obviously, in Ok+1 we have Nk fp = fg. bpuDng =0, and d;ngu = 0. Thus, we only need to
estimate the modulus of continuity of /g in Qk +1,

Step 2: For (z,x) € OK*1 and |y| <27%73, we have

Er(t,x,y) =0.
Also,
Ex (. x. p)| = [u(t, x + y) (i (2, x + y) = nie (2. X))
- {Zwu(lyl) +2[u(t, x)|  when [y| =1,
“\C2¥|u(t, x + y)||y]  when27k73 < |y| < 1.
For (¢, x), (", x") € Q¥*1, by the triangle inequality,

\hip(t, x) —hip(t', x")|

- / |Gr (1. x, ) =& (' X", y))ap(t, x, p)| N §x (¢, X" y)(ap(t, x, y) —ap(t',x' y))| dy
LT |y|d+e |p|d+e
=1+1L (3-28)
By the estimates of |& (¢, x, y)| above, we have
o0
Il < c(z"<°+”||u||Loo<Q2> + 2‘f"wu<2f))wa<max{|x —Xle=r7h. (3-29)

j=0

where C depends on d, o, and A. For I, by the fundamental theorem of calculus,

1
Er(t.x,y) =&t X"\ y)=y / (u(t,x + y)Dng(t, x +sy) —u(t’, x" 4+ p) Dni (", X" + sy)) ds.
0
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When 27%=3 < |y| < 2, similar to the estimate of £ (7, x, ), it follows that
|k (2, x, ) = E (£ X", )

< Clyl(2Fwumax{lx — x|, [t =117 1) + 22 lull . gay (1% — X' + [t —1']). (3-30)
When |y| > 2, we have

&t x, p) =& (. X )| = lu(t,.x + y) —u(’. x" + p)| < wu(max{|x — x|, |¢ _[/|$}),
which implies
1= C25O Doy (maxile — ). |t =[5 1) + C2C Dl g (e = ¥'| + [t =),
Therefore,
g (2, ) — higp (¢, X')] < op(maxt|x = x|, 1 = |7 }),
where

o0
on(r) = C (2Ol + - 2770 @) 0
j=0

+ C2KO D0, (1) + C2XO D L0 (r +17)  (3-31)
is a Dini function.

Step 3: In this last step, we only present the detailed proof for o € (1, 2). We omit the details for the proof
of the case o € (0, 1], since it is almost the same as and actually even simpler than the case o € (1, 2).
We apply Proposition 3.3, together with a scaling and covering argument, to v to obtain

100 vicll Lo @y + [0kl ok + [ka]’%l;Qk
o0
< C2fuel| Ly + C2XOTNuple 4 + C Y (0h Q7))+ 0p(277))
j=1
< C2k(o+2)”u”LOO(Q3) + C02k(0_a)[u]%,a;gk+3
o o0
+C Y 277%0,(20) + C Y (2w, 27) + wp(27)).
Jj=0 Jj=0

where C and Cy depend on d, A, A, o, Ny, wp, and wg,, but are independent of k. Since n; =1 in Qk, it
follows that

19041 )+l g HIDUlcs
<C2%CDNullr 09 +Co2X DUl 4. g3

o
o

o0 o0
+C Y 2770, +C Y 2OV e, 27 )+ 277)). (3-32)
j=0 j=0
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By the interpolation inequality, for any ¢ € (0, 1),

e gsgi+s < e(lBrull @ity + Y, prs) + Ce™7 ull L (0y)- (3-33)

Recall that o < (0 — 1)/2 and thus,

o o—1 1
< < —.
o—a o+1 2

Combining (3-32) and (3-33) with e = C; ' 273716, we obtain

9:ullL.cor) +[u]0 ok +[Du]a Lok
<2710l gres + 19eutll o @its) + [Du]Z%;QkH) +C2*ull Lo (0s)
o0 o0
+C Y 270,27+ C Y Ve, 27) + 0, 27)).
Jj=0 j=0
Then we multiply 275 1o both sides of the above inequality and get
F(orull L ory + T .ok T [Dulo_y —1;on)
= 27Tl ety + [u]’;;QkH + [Pl i)
o
+ C2Mlull L (05) + C27F Y @704 (2)) + 0 277) + wp (277)).
Jj=0
We sum up the both sides of the above inequality and obtain

22_ (191l L oo cry + [l ok +[Du]cr L. oK)
k=1

oo
1
zZ “0:u 2 (gr) + [T, o + DUl 1)

o0
+Cllullzaiy +C Y Q7 wu(@) + 0u27) + 0p (277)),
j=0
which further implies

oo
3 2 (el cgry + T i+ [Dulics )
k=1

o0
< CllullLo(oy + CD_ Q7 w0u(2) + 0u27) + wp (277)),
Jj=0

where C depends on d, A, A, 0, wp, Ny, and w,. By applying this estimate to u — u(0, 0), we obtain
[e.e]
0:ullr o) + [u]i;Q4 + [Du];%];Q4 =C Z(z—lawu )+ wu27) +wr(277)). (3-34)
j=0
This proves (1-4).
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Finally, since ||v1 || a o is bounded by the right-hand side of (3-34), from (3-19), we see that

o0

E 2/ qup inf [v1 — ple g0 <C
o % ¥r— 0,X0) —
j=0 (to,x0)€Q! DPEP 2—J

for some large /. This and (3-18) with u replaced by vy and /g replaced by /118411 fg+03:n1u—bguDn,y
give

o0
Z 2 +ko)(o—a) sup inf [v; — p]

&L ;O i (t0,x
j=ki+1 (to,x0)e Q1 PEP o 2% Q5—j—k (10:X0)
=K1 5

o0
< C27h0% 4 2% N " (0, (207) + 0a 27T + 0u(27) + w0 27T) +2779).
j=k1

Here we also used (3-31) with k = 1. Therefore, for any small ¢ > 0, we can find k¢ sufficiently large,
then k sufficiently large, depending only on C, o, Ny, &, wf, wa, @y, wp, and wy, such that

o0
Z 7 (i+ko)(o—a) sup pieng [vi — p]%s“?Qz—i—ko (to,x0) < &
j=ki+1 (to,x0)€ Q"1 !

which, together with the fact that v{ = u in O 1 and the proof of Lemma 2.1(ii), indicates that

sup  ([ulg, +[Dull_, . )—0 asr—0
(to,x0)€Q1/2 o3 Qr (f0,%0) =10, (t0,x0)

with a decay rate depending only on d, A, Ny, A, wg, wfr, wp, wy, and o. Hence, the proof of the case
when o € (1, 2) is completed. O
4. Schauder estimates for equations with drifts

We now are going to prove Theorems 1.3 and 1.4. Here, the main difference from the theorems in [Dong
and Zhang 2016b] is that our equation may have a drift, especially for o = 1.
We first prove a weaker version of Theorem 1.3.

Proposition 4.1. Suppose (1-1) is satisfied in Q,. Then under the conditions of Theorem 1.3, for any
y € (0, min{@, 2 — o'}) with & being the one in Proposition 3.1, and any a € (y, min{&, 2 —o'}), we have

[u]l—i-g,a—i-y;Ql/z = C(”“”%,a + Cy),
where C > 0 is a constant depending only on d, y,a, o, A, A, Ny, and Cp,.

Proof. The proof is very similar to that of Propositions 3.2, 3.3, and 3.4. We fix an « € (y, &).

Case 1: o € (0, 1). We start from (3-9). Let Q' and £ be as in the proof of Proposition 3.2. Multiplying
2(k+ko)¥ to both sides of (3-9) and making use of the Holder continuity of @ and £, we have for all / > £
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and k >/ + 1,

2(k+k())(0+)’_0‘) su inf [u — ple 4
(to,xo)I?EQl PGPt[ p]g’a’QZ_k_ko(to’xO)

k
< ¢ p\k+ko)(y—a) sup Z 2k=j)o inf [

U= Pl g (to—2-50 t0)x B, i i (
oAU s L0 j—k XO)
(to,x0)€Q" j—9 PEP 7 2

+ Cz(k-i-ko)(y—ﬂt)[u]Q o

o0

+ C2koloty=0) [Cf + sup Y 2O inf [u—plagio e + Il Loo}.
(t0,x0)€Q!*! i g PEP: ’

Taking the supremum in k > £y + 1 and using the fact that y < &, we have

k(o+y— i
sup  2K@TY=) g 1n7£ [u = ple.0;0, « (to.x0)
k>Lo+ko+1 (t0.x0)eQ! P

< C2kolr=a) gyp okloty—a)  gyp inf [u — p]
k=0 (t0.x0)eQ! PP

&0;0,—k (x0)
+ Cz(eo-Fko-i-1)(1/—06)[14]g o
m .
+ C2koloty—a) |:Cf + s Y ajlem Jinf 1= ple a0, ; (oxo) + IIMIILOO}-
(t0,x0)€Q' ! j—9

By taking kg large, / = £y, using (3-10), and noticing that

sup  2kOHY=@) g inf [u — p]%’a;QZ_k(to,xo) < Cz(ﬁ()-i-ko)(a-i-y—oc)[u]%’a’

0<k<lo+ko (to,x0)eQ! PEPr
we have
sup 2€CHY=0) sup inf [u— pla g;0, 40 = CLCr + lull 2 o]
k>0 (to,x0)€Q1/2 PEPt
Since
()i v 5y < Csup 2k@tr=o)  gyp inf [u— ple 4.0 (to.x0) T Clitle 4.
Z.0+y;01/2 k>0 (030012 P<P: 2,050,k (t0,x0) 2o
we obtain

[Uh+264y:0,,, = Cllulle o + Cr).

Case 2: o € (1,2). We start from (3-17). Let Q' be as in the proof of Proposition 3.3. Multiplying
2(k+ko)y 6 both sides of (3-17) and making use of the Holder continuity of a, b, and f, we have for all
I>landk>1+1,
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pletko)oty—a) gy inf [u—ple

(toxorco! PEP! &2 Q,—k—ko (f0,Xx0)

k
< Cok TG gy 3267 inf [y pla

,a;(tg—2— —ko, ,t0)X B, i i (x0)
pEP o 2J
(IO,X())EQIJ‘_O !

+ 2Ry 4 C2E RGO Dyl iy

+czk0(a+y—“>[cf+||Du||Lw(Q1+1)+ sup sz(ﬂ ) inf [u— p]a,a;Qz_j(,O,xo)+||u||Lw].
(to,x0)€Q'+! i PEPY

Note that this & can be chosen very small, at least strictly smaller than o — 1. Taking the supremum in
k > 2 and using the fact that ¥ < «, we have

sup 2kloty—a) sup inf [u— P]f o;Q,— (t0,X0)
k>ko+2 (t0,x0)eQ! PE1

< C2kor=0) gyp okloty—a)  gyp inf [u—pla

20305 (x0)
k>0 (t0,x0)eQ! PEP1 2

L Catko+2) - "‘)[u]a +C2C@+ko (= a)+koa[Du] ;01

o0

+czk0(a+y—“>[cf+||Du||Lw(Q1+1)+ sup Y 277 inf [u— p]a,a;Qz_j(,O,xo)+||u||Lw].
(to,x0)€Q'+! i PEPY

By taking kg large, / = 1, using (3-19) and (2-4), and noticing that

sup 2k(o+y—a) sup inf [u—p]o’a Ok o < C2(tko)(oty— “)[u]
0<k=<1+ko (to,x0)eQ! PEP 0-%0
we have
sup 2€CHY7) - qup inf [u— pla a0, 4 (.x0) = CICr + llull 2 o]
k=0 (to,x0)€Q1 /2 PEPI
Since

[u)y v . < Csup 2k@tr=a)  gyp inf [u — ple xo) T Clule 4.
+5,0+y;01/2 k>0 (tox0)e Q1 /2 PEP & 0305k (t0,%0) .

we obtain

[u]1+§,a+y;Q1/2 = C(”“”%,a + Cy).

Case 3: 0 = 1. We start from (3-25). Multiplying 2k+k0)v 1o both sides of (3-25) and making use of
the Holder continuity of @, b, f, we have forall/ > 1 and k >/ + 1,
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ketko)1+y—a) g inf [u—p]
(t0,x0)€Q! PEP1

k

k—j -
sup E 2 inf [1—ply a:(t0—2—F 10)x B,
(t(),x())tej=0 DPEP o035 (to 0)XB,j—k (x0)

00,050 ke —kegy (t0.%0)

< C2k+ko)(y—a)

o0
+C2k0(1+y—“)[Cf+||Dulle(Qz+1)+sz“‘“) sup ~inf [”_p]z,QZ—j(lo,xO)+”u”L°°:|
j=0 (to,x0)eQ!t1 PEFx

+C2(k+k0)()’—05)[u]

o,
Taking the supremum in k& > 2 and using the fact that y < o, we have

sup 2K0+r—o)  gyp inf [u—p]

o050,k
k>ky+2 (to,xo)GQl PEPL 2 o-x0)

< C2ko= D=0 gup 2k (+Y=0)  qup  inf [u—p]

050,k
k>0 (to,x0)eQ! PEP1 2 o-xo)

o0
+C2ko(+y—a) |:Cf+||Du||L°o(Qz+1)+22](1_“) sup 1€n7£ [”—P]Zi,gz_,» (,0,x0)+||u||Looi|
j=0 (to,x0)eQ!+1 PE7x

+C 2k =y, 4.

By taking kg large, / = 1, using (3-27), and noticing that

sup Hk(1+y—a) sup inf [u _p]""“;Qz—k(z .- C2k0(1+y_“)[u]a,a,
0<k=<ko+1 (to,x0)€Q! PEP1 0-X0
we have
sup 2k(1+y—a) sup inf [u — p]‘xﬂ“?Qz—k(, ) < C[Cr + |[u] aa)-
k=0 (to,x0)eQ! PEP1 0-%0
Since

[Dulyy.0,,, +10:uly.y:0,,, < C sup 2k(1+y—a) sup inf [u — plaa:0,_ + Clua,a-
v.v;Q1/2 y.¥:01/2 it (300201 PP @05 Q0K (1.x0) @a

we obtain

[D”]V,V;Ql/z + [at“]y,y;Ql/z = C[Cf + ”uHa,a]- g

Proof of Theorem 1.3. The proof is the same as that of Theorem 1.1 using localizations. We sketch the
proof here. We use the same notation as in the proof of Theorem 1.1. Without loss of generality, we
assume (1-1) holds in Q3.

Let n; € C(g’o(Qk *3) be a sequence of nonnegative smooth cutoff functions satisfying n = 1 in Qk +2
In| <1in QK3 ||3{Di77k||Loo < C2kG+)) for each i, j > 0. Set v := uny € C'*5:91 and notice
that in Q1,

drvg = ggg(Lﬂvk +bgDvg —bguDny + hyp + ni fp + engu),
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where

Ex(t,x, y)ag(t,x,y)
hip(t,x) = dy,
p i p|a+ g

and
Ec(t.x,y) i=u(t,.x + y) e (t,x + y) =ni (t,x)) —u(t, x)y - Dng (2, x) (Xo=1XB, + Xo>1)
=ult,x+ y)(r(t,x +y)—nr(t,x)) since Dnx =0 in Qk+1.

We will apply Proposition 4.1 to the equation of vy in Qk +1 and obtain corresponding estimates for vy
in Q.

Obviously, in Q%! we have ny Jg = /g, buDny =0, and 9;nxu = 0. Thus, we only need to estimate
the modulus of continuity of /xg in Qk *1, Since

Ex(t,x,y) :=u(t,x +y)(ne @, x +y) —ne (2, x)),

which is the same as in Theorem 1.1, we also have (3-31) here. Therefore,

o0
kgl ;01 =C (Zk(gﬂ)k lullzocion+) 2_10“’”(21)) +C2X O Dy |+ ullL 0y
j=0
The rest is almost the same as (actually much simpler than) the proof of Theorem 1.1, by using
Proposition 4.1 (recalling y < «), and we omit the details. O

In the following, we prove Theorem 1.4 using Theorem 1.3 and difference quotients.

Proof of Theorem 1.4. We only provide the proof for o + y > 2. We know from Theorem 1.3 that there
exists yo such that o + Y < 2 is not an integer, and the theorem holds for 0 < y < y,. Below we will
prove the theorem for all y € (yy, 0) using difference quotients.

We suppose (1-7) holds in Q4. We will consider the difference quotients in x first. For /s € (0, %),
ee€ Sd_l, let

u(t,x +he)—u(t, x) ft,x+he)— f(t,x)

h _ h _
wit,x) = hY—Yo - S x) = hY—Yo ’
and
i _a(t,x +he,y)—a(t,x,y) ph _ b(t.x +he)—b(t,x)
a*(t,x,y) = A= , (t,x) = = .

Then u” satisfies

du(t,x) = Lpu" +b(t,x + he)Du" + f" +b"Du+ g in 0,
where

Su(t,x, y)a(t,x + he, y) Su(t,x, y)a(t, x, y)
Lyu= dy, g= dy.
Rd [pldte Rd |pld+e

Applying the result for y = y gives
[uh]l+?,a+)’0;Q3/4 = C||uh ”%,VO T C[fh +b" Du + g]?,yo;Ql )
It follows from direct calculations that

<
[g]%o,)’o;Ql - C[u]1+%0,0+)/0;Q5/4 + C”u”%(),yo'
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. Yo . . o .
Applying the C1T 7o 0 F70 estimate as mentioned at the beginning of this proof, we have

[g]?’m;g1 = C“L‘HQ,VO + C[f]%oyl’o;Qz'
Similarly, we have

b Dula 0, = CllDulla o = Cllullva, +CLY T

v0;Q1 705027
Therefore,
[uh]l‘l‘yo ,0+v0,03/4 — C||u||y + C[f]%a)’;Qz'

Note that we assumed that 0 + y > 2 and thus, 0 > 1. Also 1 <o + y9 < 2. Then we have

[(Du)h]a+y0 1;03/4 = C||u||y + C[f]%,V;Qz’
that is,
|Du(t,x +2he) —2Du(t, x + he) + Du(t, x)|

hoty—1

< Clullz,, +Clf12,:0.

forall (¢,x) € Q1 1 and h < Making use of (2-1) and sending j — oo there, we have

20

1519

o0
| Du(t, x +he) = Du(t, x) —hD*u(t, x)-e| < Ch?+7=1 3 "2 KO D(uly . +[f1x ,.0,)

k=1
=C(llullz,, + [f]g,y;Qz)haer_l,
from which we have
[M]U"r‘y 012 _C”M“V +C[f]%,y;Q2'
Similarly, we can use the difference quotients in 7. For s € (0, ), let
u,x)—u(t—s, x)

Y=Y
s o

u’(t,x) =
By similar arguments, we have

[us]i+%Qm = Cllullz , +Cl1]2 5.0,
that is
[(ur)® ]VO ;01 <C||U||%,V+C[f]g’y;Q2.

The same arguments as the above (noticing o > y) will lead to
[u]i-i-%;Ql/z = C”u”%,)’ + C[f]%,)/;Qz'
This estimate, together with (4-1), implies

[”]1+%,0+V;Q1/2 - C”””%V T C[f]%’y?Qf

(4-1)

(4-2)

We remark that actually the proof of the other situation o + y € (0, 1) U (1, 2) is exactly the same as

above.

O
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5. Linear parabolic equations with measurable coefficient in ¢

We now consider the linear equation (1-7), where K, b, and f are Dini continuous in x but only measurable
in the time variable 7. We first need a proposition for the case that K does not depend on x, and b = 0.

Proposition 5.1. Let o € (0,2) and 0 <A < A. Assume K does not depend on x,and b =0. Let o € (0, 1)
such that o + « is not an integer. Suppose u € CZT¥(Q1) N C%’O‘((—2", 0) x R?) is a solution of (1-7)
in Q1. Then,

o0
[y t0:0,,, SC D277 M +Clf T,
j=1
where ,
u(t,x)—u(t,x
V= wp 00w
(#,%),(t,x")€(—1,0)x B, ; |x — x|
0<|x—x'|<2

and C > 0 is a constant depending only on d, o, A, A, and Ny, and is uniformly bounded as 0 — 2™,
Proof. We only prove the case that 0 4+« > 2 as before. Let 1 be a cut-off function such that n € C, C"’(Q )
and n = 1 in Q% Let w(t,x) = u(t,x) —u(¢,0), f(t x) = f(t,x)— f(¢,0) and v = nw. Then v
satisfies
v =Lo+h+nw+nf—ng@) in(=2°,0) xR’
where
h=nLw—L(w) = /R((n(t, X) =1t x + y)w(t,x +y) + " Dn(t, x)w(t, x)) K(¢, y) dy

and

g(t) = (Lu)(z,0).
By Theorem 4 in [Mikulevicius and Pragarauskas 2014], we have

W3 4q < Cllh+niw+nf —ng@]5.
From (3.18) and (3.23) in [Dong and Zhang 2016a], we have
112 < CUWIZE, oyt + VR0, 1) = CUUIE, L oyt + [Vl 01510
It is clear that
Ing @5 < CUID*tl|Log(@r/5) + 1 DU Lo(@rs) + 11l L ((=1,0) )
10713 < CUTS o, o

Therefore, we have

[u])ccr+0{;Q1/2 = C(||D2”||Loo(Q7/s) + ||Du||Loo(Q7/8) + [V”]z;le/m + ||”||§;(—1,0)de + [f]E;Qs/A)'

The same interpolation arguments of the proof of Theorem 1.1 in [Dong and Zhang 2016b] lead to

[u]a+a Q12 — C(“u”a 3(—=1,0)xR4 + [f]z;Q3/4)-
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Then as in the proof of Proposition 3.1, see also [Dong and Zhang 2016b, Corollary 4.6], applying this
estimate to the equation of v := f(u(¢, x) —u(¢,0)), where 77 € Cg’o(é%) satisfying 7 = 1 in Q%, we

. . X
have the desired estimates for [u]}, | 01" O

Proposition 5.2. Suppose (1-7) is satisfied in Q5. Then under the conditions of Theorem 1.5, we have
o0
Wly.0,, <Cluly +C Y wp2™), (5-1)
k=1
where C > 0 is a constant depending only on d, A, A, wg, wp, Ny and o.
Proof. We will consider three cases separately.
Case 1: 0 € (0,1). For k € N, let v be the solution of

{8,1} =L 0)v+ f(¢t,0) forx € B,—«,and almost every ¢ € (—=279% 0], (5-2)

v=u in ((—27%%,0) x BS_, ) U ({r=—27K} x B,1).

We sketch the proof of the existence of such v as follows. Let K¢(z, 0, y) and f*(¢, 0) be the mollifications
of K(¢,0, y) and f(¢,0) in ¢. Then there exists v® satisfying

{8;1}5 = LE(t, 0)v% + £5(1,0) in Qyek,

Ve =u in (=27%9,0)x BS_, ) U ({t=—27%} x By).

(5-3)

Since this equation is uniformly elliptic, we have the global uniform Holder estimate of v®, which is
independent of . Thus, there exists a subsequence converging locally uniformly to a global Holder
continuous function v. On the other hand, by Proposition 5.1, we can reselect a subsequence such that for
almost every time, they converge to v locally uniformly in CZ+%(B,«). Since we have from (5-3) that
for all 7 € (—27%9,0),

v (t,x) = u(=27% x) + [T o LE(x, 0008 (t, X) dT + [T )io [2(z,0)0dT  in Oy,
vE=u in (—27%2,0) x BS_, ) U ({r=—27%7} x Byx).

we can send ¢ — 0, using the dominated convergence theorem, to obtain

v(t,x) =u(=27% x) 4+ [* o L(z,0)v(z,x)dt + [* ) io f(z,0)dT in Oy,
v=u in (=27%9,0)x BS_, ) U ({t=—27%} x By—).

This proves (5-2). Moreover, we have from the estimates of v® in Proposition 5.1 by sending ¢ — 0, that

o0
Vatoi0, 0 =€ > 2k=Dong; + c2koply

> e (5-4)
J=
where o € (0, 1) satisfying 0 +« < 1 and
u(t,x)—u(t,x’'
My — - ut.3) —u(t. )|
(t,x),(t,x/)e(—2_k“, O)Xsz—k |x - |

0<|x—x'|<2~ k1
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Let ko > 1 be an integer to be specified. From (5-4), we have

k
[v]* < C27ktko N " pk=Do pp; 4 comkHkoop x4 comhRoo ]y, 0, (5-5)

50— k—kg k*

j=1
Let w := u — v which satisfies
{B,w =L, 0w+ C, in Qy—k,
w=0 in ((—=27%9,0)x BS_, ) U ({t=—27%} x B,—),
where
Cr(t,x)= f(t,x)— f(t,0)+ (L(t,x)— L(¢,0))u.
It is easily seen that

o0

—k —k jlo—a)r, 1x
1€k Loo(@,-1) = @r(27) + Cwa(2 )((m e 2 Y a0, syt IIulle)-
’ 2—k j=0

Then by the Holder estimate [Dong and Zhang 2016b, Lemma 2.5], we have

[wle a0, , <C27HTC

o0
<y ko—a) [wf(z"‘)+wa(2‘k)( sup Y 2Ot ”“”Loo)}'

(t0,x0)€Q5—k j—q

(5-6)
Combining (5-5) and (5-6) yields
k+k —
A P
k
—(k+ko) (k—j)
<C2 0)e Z 257l ke 0)xByj s
j=1
+ C2—(k+k())a[u]z + C2—k0a+k(0’—a)[u]x + Czko(a—(x)wf (Z_k) (5_7)

o;(=27%% 0)x B,k

2—J (ZO ,Xo)

o0
+ C2kolo=a),, (2_k)( sup Z 2J(o—) [u]a:0
(t0,x0)€Q,—k j=0

+ ||u||Loo)-

Let Ql, I =149,0g+1,...,be those in the proof of Proposition 3.2. By translation of the coordinates,
from (5-7) we have for [ > £o, k > 1 +1,

(k+k )(0'—&) X
i 0 (to,)sc:)l)pe 0! [u]a;Qz—k—kO (to,x0)
k
< 0 (ktko)e sup z(k—j)a[u
(thxo)tej=O

X —(k+ko)ay,,1x
]a;(to_z_kgst())Xszfk (X())+C2 0 [u]a

o0
+C2k0(0’—0!) |:wf(2_k)+a)a(2_k)( sup Zz](o'_a)[u]z;QZ_j (to,x0)+||u||Lw)]’ (5-8)
(t0,x0)€Q!*1 i
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Then we take the sum (5-8)ink =/+ 1,/ +2,... to obtain

o0
k+k —
Z o (k+ko)(o—a) sup [u]z;Qz—k—kO(to,Xo)

k=Il+1 (t0,x0)€Q!

oo k

—(k+ko)a (k—j)op, 1%
=C Z 2 ’ Sup 22 [u]ot;(to—Z_k”,to)Xsz—k(Xo)
k=I+1 (to,x0)€Q" j—9

o0
+C2—(l+k0)(¥[u]§+C2k0(0—a) Z a)f(2_k)
k=I+1
o0

yjlo—a) sup [ul. . +||u”Loo)'
=0 (tg,x0)€Q!+1 a;0,j (t0.x0)

As before, by switching the order of summations and then replacing k& by k + j, the first term on the
right-hand side is bounded by

o0
+ 2Rl R a)a(2_k)(

k=I+1 J

o0
—k k(o—
2" Z 2klo=e) sup [u]ﬁ;QZ—k (0, x0)"
k=0 (t0,x0)€Q!
With the above inequality, we have
o0
(k+ko)(o—a) X
Z 2 ’ Sup [u]a;QZ—k—kO (#0,x0)
k=I+1 (t0,x0)€Q!
o0 e e]
< (2 koa Z 2k@=a) qup [u]z;Qz_k (toxo) T C2~UHkoapx 4 Cokolo—e) Z a)f(2_k)
k=0 (t0,x0)€Q! k=I+1
o0 o0 .
4+ 2ko(o—a) Z wa(2_k)(z 2/@=)  qup [“]fz;Qz_j (toxo) T ||u||Loo).
k=I+1 =0 (t0,x0)€Q! 1
The bound above, together with the obvious inequality
1+ko
2.V sw (g gy < C2TOT G,
J:() (tOsx())te 2
implies
o0
200 qup W,
j;) (t0,x0)€Q! @0z (fo%0)
o0
—k i(o—
< C foo 22](0' a) sup 1[u]§;Q2_j (to,%0)
j=0 (t0,x0)€Q

oo
+ C2m Ry 4 ol TRy 1 cokolm) N7 (a7K)

k=I1+1
)

o0
+ C2ko(o—a) Z a)a(z_k) (Z j(o—a) sup [u]§§Q2—j (to.x0) T l|lu ”Loo)'
k=I+1 =0 (t0,x0)€Q! !
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By first choosing k¢ sufficiently large and then £ sufficiently large (recalling / > £;), we get
o0

Z 2](6—a) sup I[U]a 0,—j (to.x0)
j=0 (to,x0)€Q

o0
1 i(o— _ _
ZZZJ(U D s il gy + 2O+ C Y 0y @)

(t0,x0)€ Q! ! k=1
This implies
o0 . e
32D sup Wy o = ClulE+C Y wp@7F),
j=0 (tox0)eQ! 7 k=1

which together with Lemma 2.1(i) gives (5-1).
Case 2: 0 € (1,2). For k € N, let vas be the solution of
drvpr = L(2,0)var + f(2,0) +b(¢,0)Du(t,0) — 9, po  in Qyr—k,
UM = gMm in ((—27%9,0) x BS_, ) U ({r=—27} x B, 1),
where M > 2||u — pollL..(@,) 1s a constant to be specified later,

gm = max(min(u — po, M), —M),

and po = po(¢, x) is the first-order Taylor’s expansion of u@ ) in x at (¢,0), and 1™ is the mollification
of u in the x-variable only:

Bz, x) = / u(t.x — Ry)E(y) dy
Rd

with { € C3°(B1) being a radial nonnegative function with unit integral.
By Proposition 5.1, we have

[UM]()[+O’ Q,—k—1 _sz(k J)UM +C2ka[vM]
j=1

where o € (0, min{2 — g, (c —1)/2}) and

lu(t,x) — po(t, x) —u(t,x") + po(t, x")|
lx —x'|@ '

M; = sup
(1,),(t,x")e(—27%% 0)x B, j

0<|x—x’|<2~k+1
From Lemma 2.4 with o € (1, 2), it follows that for j > k, we have

Mj = Cluly, _y-ro gy

and thus,

[om]3 4o 0,k = CZZ(" Do M; + C2ko[up X, 0,
=1

k
=C Y 29DIMy 4 Cluly, o gy + C2MoM a0, - (59)
j=1



DINI AND SCHAUDER ESTIMATES FOR NONLOCAL FULLY NONLINEAR PARABOLIC EQUATIONS 1525

From (5-9), and the mean value formula (recalling that @ < 2 — o),

k
oar = P11l La(@, ki) < C27EHFOEHD Y o=y
j=1

+ 2~ (k+ko)(o+a) [ul®

w;(—2—k0, 0)xrd T C2kekolotalpy, 1%

a;Qz—k ’
where pq is the first-order Taylor’s expansion of vps in x at (¢, 0). The above inequality, (5-9), and the

interpolation inequality imply

[UM - pl]z;QZ_k_kO

k
S Cz—(k—f-ko)lf Z 2(k_])0'Mj _|_ C2_(k+k0)0' [u]zg(_sz(r’ O)XRd + C2_k00 [UM].;C[;QZ_k ) (5_10)
j=1
Next wps := gar — var, which equals u — po —vps in Q,—«, satisfies
drwpr = L(t,0)wpr +har + Cx - in Oy,
wpr =0 in (=27%9,0)x BS_, ) U ({t=—27%} x By),
where
hag := L(2,0)(u — po— gm)
and
Ck = f = f(t,0) +bDu —b(t,0)Du(z,0) + (L — L(,0))u.

It follows easily that

|Ckl < 0p27F) + 0p ) Dut]| L0, ) + b1 Log27**[Duel

(X;szk
o0

+ Cwq (2_k) sup Z 2/(e=) sup [u(e,-)— pt,xo]fz;B —j (x0)
(t0,%0)€Q,5—k g te(to—279%10) :

+ Cwa2) (1 DUl L0, ) + 14lLo0),

where ps x, = Pr,x,(x) is the first-order Taylor’s expansion of u with respect to x at (¢, xo). From
Lemma 2.3, we obtain

Gkl < 0p27F) + 0p ) | DullL 0, ) + 1Bl Lo 27 *[Dul

o‘;Qz—k
m .
+ Cuw, (2_k) sup 2/(0=) sup inf [u(t,-)—plY.5 .
(t0,:x0)€Q,—k Z(:) te(to—2-7919) PEPx %85 (o)

+ Coa @) (I DUl Logio, ) + Il Loo)-

By the dominated convergence theorem, it is easy to see that

”hM”Loo(Qz—k) —0 as M — oo.
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Thus, similar to (3-6), choosing M sufficiently large so that
I Looc@smi) = 3Ck
we have

[wamle a:0,

<y ko [wf(z—k>+<wb(2—k)+wa(2—")>||Du||LOO<Q2_,<)+2—"“[Du1§;Q2_k

o0

—k i(o— .
rou( s PO st )l g e )| 610

(to,x0)€Q5—k j—0 te(to—2=19,19) PSP~
From Lemma 2.4 (more precisely, its proof)

M; <C sup inf [u(z,-)— p] (5-12)

x
B ji—k
te(—2—ko o) PEPx X B5)—k

From the triangle inequality and Lemma 2.4 with j = 0,
[UM]z;Qz—k = [wM]g;Qz_k + [T/l - pO]z;QZ_k

< x i O —pl¥
B [WM]a;Qz_k " C;e(—szu—e«f 0) Plengx[u(t’ ) p]"“Bz—k'

For/=1,2,...,let Ql = Q_,—1. Combining (5-10), (5-11), and (5-12), similar to (5-8), we then get

pktko)(o—a) gy sup inf [u(z,-)— P]é;Bz_(kOJrk)(xo)

(to,x0)€Q! re(ty—2—Ko+K)a 1) PEPx

k+ko)(o—
< plktko)(o—a) sup  [u— po— Pl]i;Qr(koJrk)(;O,xo)

(t0,x0)€ Q!
k .
< 2~ ktko)e  gyp 1 2tk=ie sug' Pieng [u(z,-) —p]ft;sz_k(xo)
(t0,x0)€Q" j=1 te(to—27%%1) x
—(k+k —ko+ko(o—
+Com ")“[u]ﬁ + sup 27 ol a)[Du]z;Qz—k(to,xo)
(t0,x0)€Q!
+ €2k [wf(z—h + (@5275) + 0a @) Dull o141
o0
—k j(0—a) . X
o (L 2O0 sup g () = P+ Il )|
j;) (t0.x0)€Q! 1 te(to—2-7%10) PEP %855 (o)
Summing the above inequality in k =/ + 1,/ 42, ... as before, we obtain
o0
plktko)o—e) gy sup inf [u(t,-)— p]*
’ ’B (1
k=21;rl (t0,x0)€Q! te(tg—2~Ko+H)0 1) PEPx %8y G+ (o)
o0
—koa jlo—a) . N X
<(C2%o ZZ sup sup inf (u(t.) = pla:n,; (xo)

j=0 (to,x0)€ QI te(to—27015) PEPx
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ko+1 ki —k
+ C27 koD + cofolem Z 277 sup - [Duly.o L rg.x0)
k=l+1 (t0,x0)€Q!

(e.¢]

+C2k0(o_a)[ > (0@ + (@ 27F) + 0a @D Dull L gi+1))
k=Il+1

+ Z wa (2™ >(|u||L +sz<" “ sup sup inf [u(r,-) — plaBz,.m))],

k=I1+1 j=0 (t0.x0)€Q!+1 1€(t9—2719,19) PEPx
(5-13)
and

oo

jlo—a)
Zz sup sup plenf [u(t,-)— pl,. B, (x0)
j=0 (tox0)€Q! te(to—2-7%1y) PEPx

<C2~ k0“22/(" ) qup sup inf [u(t,-) = ply.p

j (x0)
j=0 (t0,x0)€ Q! T re(to—277%19) PEF¥ >

+ CPO Dy + 2RIy cokolaTapyp

o
+ 2% N (0, 27F) + (05, 27F) + 0a 7)1 Dull L or+1)
k=I+1

4+ Cc2kolo—a) Z wq (2_k)221(0 @) sup sup 1n7£ [u(t,-)— p]aB (o)
k=I+1 j=0 (t0,x0)€QI T te(tg—2791y) P€

By choosing k¢ and / sufficiently large, and using (2-4) and interpolation inequalities (recalling that
a < (0 —1)/2), we obtain

pjlo—a) sup sup 1nf [u(z ) — p]
Z (to,x0)EQ! te(ty—2—101y) PE B, (x0)
(e .¢]
2z yilo—a) ;
p sup inf [u(t)~ plp
4 ; (to,x0)€Q! 1 te(ty—2—7%1y) PEPx a; B, (x0) N
+ C2*o D@D X €Y wp27H).
k=1
Therefore,
—k
22](0 a) sup sup inf [u(z,-)— p]a B, (x) = C||u||x +C wa(z ). (5-14)

(t0,x0)€Q! 1€(t9—271019) PP k=1
which together with Lemma 2.1(ii) (actually the proof of it) gives (5-1).
Case3: 0 =1. Set

0
Bo (1) :/t b(s, 0) ds
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and we define

i(t,x) = u(t,x + Bo(t)), fp(t,x) = fa(t,x + Bo(t)), and b(t,x) =b(t,x + Bo(r)).
It is easy to see that in Qg for some § > 0,

3:01(t, x) = (3;u) (¢, x + Bo(t)) — b(t, 0)Vu(t, x + Bo(t))
= Lgit+ fg+ (b—b(t,0) Vi, (5-15)

where L is the operator with kernel a(z, x + Bo(t), y)|y|~¢~°. For (¢, x) € Or—k,

| f5(t, %) — fp(1,0)] < wp(275),
1b—b(t,0)| < wp((1+ No)275).
Furthermore,

[DullL + 10:ull Lo = (1 + No)(| Ditll Lo + 191 L)

Therefore, it is sufficient to bound #. In the rest of the proof, we estimate the solution to (5-15) and abuse
the notation to use u instead of @ for simplicity. By scaling, translation and covering arguments, we also
assume u satisfies the equation in Q5.

The proof is similar to the case o € (1, 2) and we indeed proceed as in the previous case. Take pg to
be the first-order Taylor’s expansion of u@™) in x at (z,0), where 1™ is the mollification of u in the
x-variable only, as in Case 2. We also assume that the solution v to the equations

fmziaﬂw+f@m—mm in Qy«,
v=1u—po in (=27%9,0)x BS_, ) U ({t=—27%} x By),

exists without carrying out another approximation argument. By Proposition 5.1 with 0 = 1 and Lemma 2.4
in [Dong and Zhang 2016a],

o0
[U])f+a;Q2 =C Z 2k M;j + c2* [V]oe: 0,k

—k—1 —
j=1
o0
<cY 2w inf [u(t,)—plX. 5 +C2F[I~.
; ze(—z—pka,o) per[ ®) p]“’BZJ—"’ [ ]“’Qz—"
k
k—j : ) nlX x kp _
<C 22 su_pko plengx[u(t, ) P]a;sz_,( +Clul, +C2 [v]a;Qz—k' (5-16)
j=1 te(—2 .0)
From (5-16) and the interpolation inequality, we obtain
[v— pl]Z;QZ—k—ko
k .
Scz—(k—i-ko)z 2k—j sup inf [u(r, .)_p]z;szik +C2_k°[v]§;grk +C2_(k+k°)[u]§, (5-17)

i1 te(-27ko) PEPx
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where pq is the first-order Taylor’s expansion of v in x at (¢,0). Next w := u — po — v satisfies

d;w=L(0)w+Ck inQyx,
w=0 in (=27%,0) x B ) U ({t=—27F} x By),

where by the cancellation property,

Cr = f = f(t,0)+ (b—b(t,0))Vu + (L — L(2,0)u,
so that
|Cel < 0 27)+wp (14+No)2 ) | Dull L (0, 1)

o0

+Cwa((1+N0)2_k)( sup 2/ (1) sup inf [u(t,-)—pl%.5 . +””||Loo)~
(to,Xo)Eszjgo te(to—2-79,19) PEPx @B, j (x0)

Clearly, for any r > 0,
wo((1 4 No)r) = (2+ No)w.(r).
Therefore, similar to (5-11), we have
[Wle,e;0, &
<27k [wf Q) +0p 7)1 DUl L0, 1)

o0

rou (s Y00 s g ) sl il ) 619

(t0=x0)eQ2—k j=0 te(to—2-79,1t9) DEPx
From the proof of (2-16) and the triangle inequality,

X < X _ X < ) . R, b4

o, =Wlao,  Hlu—polaio, , <[Wlaio, , + C,e(_sggc,m plengx[u(t, )= Plap, -
For/ =1,2,..., let Ql = (Q,_,—. Similar to (5-8), by combining (5-17) and (5-18), shifting the
coordinates, and using the above inequality, we obtain for / > 1 and k >/ 41,

2k tk) (=) g sup inf [u(t,")-ply.p _,_,
(t0,x0)€Q! re(tg—2— Ktk 14) DEPx 2 0(xq)
k
< C2—(k+k())(¥ 2k_] sup sup inf [u(t )_p]x
— ’ ;B =
jg(:) (to,x0)€Q! 1€(tg—2—k0,19) PEPx ko)

+C2ko(1=) [wf(Z_k)wwa Q) Dullp (o1

00
oy (2—k) (Z pJj(1—a) sup sup inf [u(z, -)—p]z,Bz_j (x0)+ [|ee ”Loo):|

o (t0,x0)€Q! 1 r€(tg—2719,19) PP
+C o kFko)ar,1x (5-19)
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which by summing in k =/+ 1,/ +2,... implies

o
Z 9 (k+ko)(1—a) sup sup inf [u(fw)—pli;B i (x0)
k=1+1 (t0:x0)€Q! 1€(tg—2~ Kk k0, 1) PEPx S
o
§C2_k0“ 2/ (1—a) sup sup inf [u(t,-)—p]x.B .
jg(:) (to,x0)€Q!+1 te(to—2—10,15) PEPx By (x0)

oo
+C2 RotDeppyy cokol=e) ™ ) (27F)

k=I+1
o0
+C2fotme %7 [wb@—k)nDuuLm(Qm)
k=Il+1
Cx> .
+wa(2_k)( /(1) sup sup inf [u(t,-)—pl>.5 . +||u||Loo)j|’
ng (to,x0)€Q!H1 te(ty—2—10,19) PEPx % By=i (o)

where for the first term on the right-hand side of (5-19), we replaced j by k — j and switched the order
of the summation as before. Therefore,

o0
2/(1—) sup sup inf [u(t,-)—pl>.5 .
ng (t0,x0)€Q! te(tg—2—19,19) PEPx *By-i (o)

o0
= Coory 2070 qup sup inf [u(t,-)—ply.5. .
jgo (to,x0)€Q!F1 te(tg—2—70,1y) PEPx @3B, (xo)

o0
42U HR A=) x | coko(1-e) Z wf (7%

k=1+1
o0
+C2k01= N o, 7Y | Dull iy
k=Il+1
o0 0 .
4+ 2ko(1~2) Z wa(Z_k)(Z 7i(1-a) sup sup ing [u(t’.)_p]z;Brf (XO)+||M||LOO)‘
k=I+1 j=0 (t0,x0)€Q!H1 1e(to—277%19) PP~

Then we choose k¢ and then / sufficiently large, and apply Lemma 2.1(iii) (actually the proof it) to get

oo
7Jj(1—a) sup sup inf [u(z,-) —P]X~B i
jgo (t0,%0)€Q! 1€(t9—277%19) PP Pt
| &
<1 7j(1—a) sup sup inf [u(z,-)— pl;
p— ’ ;B —J
4j§0 (t0,x0)€ QI+ te(to—2—1019) PEPx B ()

o
+ 2% DUy €N " wp(275).
k=1
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This implies

221(1 ) gup sup inf [u(t,-) = ply.p s (x0) = < Cllully +CZa)f(2 ky,
(t0,x0)€Q! 1€(to—2-7915) PEP~ k=1
from which (5-1) follows. O

Proof of Theorem 1.5. As before, Theorem 1.5 follows from Proposition 5.2 using the argument of
freezing the coefficients. We only present the detailed proof of Theorem 1.5 for o € (1, 2). We omit the
proof of the case o € (0, 1] since it is almost the same and actually is simpler.
Indeed, the proof here for o € (1, 2) is almost identical to that of Theorem 1.1, so we just sketch it.
Without loss of generality, we assume the equation holds in Q3.

Step 1: For k = 1,2, ..., define Q% := =Q; k. Letng € C°°(Qk+3) be a sequence of nonnegative
smooth cutoff functlons satlsfymg n=1in QX2 |y <1in QkJr3 and [|3/ Ding || < C2KG+D) for
eachi, j > 0. Set vy := ung € C'°% and notice that in Q%+1,

0tk = N 0ru + 0¢mgu = Ny Lu + ngbDu + g [+ d¢npu

= Lvg +bDvg —buDny + hy + ng f + deniu,
where
Ek(t,x, y)a(t, x, y)

hg =ngLu— Ly = dto ,

R4

and
Ex(t,x,y) =ut,x +y)(x(t,x +y) —ni(t,x)) — y - Dy (¢, X)u(t, x)

=u(t,x+ ) (t,x +y)—ni(t,x)) since Dni =0in Qk'H.

We will apply Proposition 5.2 to the equation of vy in Qk +1 and obtain corresponding estimates for vy
in Q.

As before, we have 1y f = f, 9:nu = 0, and buDny = 0 in Q¥+ Thus, we only need to estimate
the moduli of continuity of /j in Qk +1 with respect to x. The same proof of (3-31) shows that

oo
wp(r):=C (2“" lullLoion + Y 2—1%,,(21))%@) +C2K 0, (1) + C2XCF D | 1 05yr (5-20)
j=0
As in the proof of Theorem 1.1, by making use of Proposition 5.2 to v and interpolation inequalities,
an iteration procedure will lead to

[ul}.04 = CllullLooy + € 2(2 70y (27) + 0u277) + wp (277)). (5-21)
j=0
Applying this to the equation of u(¢, x) — u(¢, 0) gives to (1-10).
Finally, since ||vy ||} is bounded by the right-hand side of (5-21), from (5-14), we see that

oo

yjlo—a) sup sup inf [u(t,-)— pl*. 5 <C
Z(:) (to,x0)€Q! te(to—2—10 1) PEPx a;B,_j(x0) —

for some large /.
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This and (5-13) with u replaced by vq and f replaced by iy + 1y f + d;n1u —buDny give

o0
j+ko)(0— :
Z 2UFkO—0) gy sup inf [v1 —pl5. 5 ke (x0)
j=ki+1 (t0,x0)€ QK1 1€(tg—2U k07 1) PEPx 2o

(e .e]
< 7R 1 2070 N (0 (27) + 0a(27) F 0u2T) Fwp(277) +277%).
j=ki

Here we also used (5-20) with k = 1. Therefore, for any small ¢ > 0, we can find kg sufficiently large,
then k sufficiently large, depending only on C, o, Ny, &, wga, @y, wp, and wy, such that

o0
k) (o )
Z 2Utko)e—a) gy sup inf [v; —pl}.p ik (x0) S E
j=ki+1 (t0.x0)€Q¥1 1e(tg—2=U k07, 1) PEPx S

This, together with the fact that vy = u in Q 1 and the proof of Lemma 2.1(ii), indicates that

sup [u]’;.Qr (toxo) >0 asr—0
(f0,x0)€Q1/2 ’ ’
with a decay rate depending only on d, A, Ny, A, wa, oy, wp, wy, and o. Also, by evaluating (1-7)
on both sides and making use of the dominated convergence theorem, we have that d;u is uniformly
continuous in x in @ with a modulus of continuity controlled by d, o, A, A, wg, wf, wy, No, wp,
and [|u]|z-
Hence, the proof of the case when o € (1,2) is completed. O

Proof of Theorem 1.6. Given the proofs of Theorems 1.3 and 1.4, Theorem 1.6 can be similarly proved
(actually simpler), and we omit the details. O
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SQUARE FUNCTION ESTIMATES FOR THE BOCHNER-RIESZ MEANS

SANGHYUK LEE

We consider the square-function (known as Stein’s square function) estimate associated with the Bochner—
Riesz means. The previously known range of the sharp estimate is improved. Our results are based on
vector-valued extensions of Bennett, Carbery and Tao’s multilinear (adjoint) restriction estimate and an
adaptation of an induction argument due to Bourgain and Guth. Unlike the previous work by Bourgain
and Guth on L? boundedness of the Bochner-Riesz means in which oscillatory operators associated to
the kernel were studied, we take more direct approach by working on the Fourier transform side. This
enables us to obtain the correct order of smoothing, which is essential for obtaining the sharp estimates
for the square functions.

1. Introduction

We consider the Bochner—Riesz mean of order «, which is defined by

7€‘;‘7(5>=( '5'2) F©), >0 Rl d=2.

Let 1 < p < oco. The Bochner—Riesz conjecture is that the estimate

IR fllp = ClLfllp (1
holds (except for p = 2) if and only if
1 1 1
a>a(p)—max(d)§—5‘—§,0). 2)

The Bochner-Riesz mean, which is a kind of summability method, has been studied in order to understand
convergence properties of Fourier series and integrals. In fact, for 1 < p < oo, L? boundedness of
RY implies R f — f in L? as t — oo. The necessary condition (2) has been known for a long time
[Fefferman 1971; Stein 1993, p. 389].

When d = 2, the conjecture was verified by Carleson and Sj6lin [1972]; also see [Fefferman 1971]. In
higher dimensions d > 3, the problem is still open and partial results are known. The conjecture was shown
to be true for max(p, p’) > 2(d + 1)/(d — 1) by an argument due to Stein [Fefferman 1970], also see
[Stein 1993, Chapter 9], and the sharp L2 — L e restriction estimate (the Stein—Tomas theorem) for
the sphere [Tomas 1975; Stein 1986]. It was Bourgain [1991a; 1991b] who first made progress beyond this
result when d = 3. Since then, subsequent progress has been tied to that of the restriction problem. Bilinear
or multilinear generalizations under transversality assumptions have turned out to be the most effective and

MSC2010: primary 42B15; secondary 35B65.
Keywords: square function, Bochner-Riesz means.
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fruitful tools. These results have propelled progress in this area and there is a large body of literature on
restriction estimates and related problems. See [Tao et al. 1998; Tao and Vargas 2000a; Wolff 2001; Tao
2003; Lee and Vargas 2008; 2010; Lee 2004; 2006a; 2006b] for bilinear restriction estimates and related
results, [Bennett et al. 2006; 2015; Bourgain and Guth 2011; Lee and Vargas 2012; Bourgain 2013; Temur
2014; Bourgain and Demeter 2015; Bennett 2014; Bejenaru 2016; 2017; Ramos 2016] for multilinear
restriction estimates and their applications, and [Guth 2016a; 2016b; Shayya 2017; Du et al. 2017; Zhang
2015; Ou and Wang 2017] for the most recent developments related to the polynomial partitioning method.

Concerning improved L? boundedness of the Bochner—Riesz means in higher dimensions, the sharp
L? bounds for the Bochner—Riesz operator on the range max(p, p’) > 2(d + 2)/d were established by
the author [Lee 2004], making use of the sharp bilinear restriction estimate due to Tao [2003]. When
d > 5, further progress was recently made by Bourgain and Guth [2011]. They improved the range of
the sharp (linear) estimates for the oscillatory integral operators of Carleson—Sj6lin-type with phases
that additionally satisfy an elliptic condition (see [Stein 1986; Bourgain 1991c; Lee 2006a] for earlier
results) by using the multilinear estimates for oscillatory integral operators due to Bennett, Carbery and
Tao [Bennett et al. 2006] and a factorization theorem. Also see [Carleson and Sjolin 1972; Hormander
1973; Stein 1986; 1993, Chapter 11] for the relationship between the Bochner—Riesz problem and the
oscillatory integral operators of Carleson—Sjolin-type.

The following is currently the best known result for the sharp L? boundedness of the Bochner—Riesz
operator.

Theorem 1.1 [Carleson and Sjolin 1972; Lee 2004; Bourgain and Guth 2011]. Letd > 2, p €[1, o],
and po be defined by

12 L B

If max(p, p') > po, then (1) holds for a > a(p).T

Po=po(d) =2+

There are also results concerning the endpoint estimates at the critical exponent o = «(p); for example,
see [Christ 1987; 1988; Seeger 1996; Tao 1996]. It was shown by Tao [1998] that the sharp L# bounds
of RY for 1 < p < po <2d/(d —1) imply the weak-type bounds of R‘;(p ) for 1 < P < DPo. We refer
interested readers to [Lee et al. 2014] for variants and related problems.

Square function estimate. We now consider the square function G*f* which is defined by

2\
tdt) .

It was introduced by Stein [1958] to study the almost-everywhere summability of Fourier series. Due to

>l
or0 = ([ rs o

the derivative in 7, the square function behaves as if it is a multiplier of order « — 1 and the derivative d/0¢
makes an L? estimate possible by mitigating bad behavior near the origin. In this paper we are concerned

TFor the sharp bound for max(p, p’) > p«, we have the following relationships: bilinear, px = 2+ 4/d; multilinear,
px =3 +3/d + 0(d~2); conjecture, px =24 2/d + O(d~?).
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with the estimate
1G*Fllp < Cl flp- 4)

The L? estimate for the square function has various consequences and applications. First of all, it is
related to smoothing estimates for solutions to dispersive equations associated to radial symbols such as
wave and Schrodinger operators. See [Lee et al. 2012; 2013] for the details; see also Remark 3.3. The
sharp square-function estimate implies the sharp maximal bounds for Bochner—Riesz means, which will be
discussed below in connection to pointwise convergence. It also gives L? and maximal L? boundedness of
general radial Fourier multipliers, especially the sharp L? boundedness result of Hormander—Mikhlin-type;
see Corollary 1.3 below and [Carbery et al. 1984; Carbery 1985; Lee et al. 2012].

For 1 < p <2, the inequality (4) is well understood. In this range of p, we know G* is bounded on
L? if and only if & > d (% — %) + %; see [Sunouchi 1967; Lee et al. 2014]. Sufficiency can be shown by
using vector-valued Calder6n—Zygmund theory. In contrast with the case 1 < p <2,if p > 2,due to a
smoothing effect resulting from averaging in time, the problem has more interesting features and may
be considered as a vector-valued extension of the Bochner-Riesz conjecture in that its sharp L? bound
also implies that of the Bochner—Riesz operator. The condition o > max{ %, d (% - %)} is known to
be necessary for (4), see, for example [Lee et al. 2014], and it is natural to conjecture that this is also
sufficient for p > 2. This conjecture in two dimensions was proven by Carbery [1983], and in higher
dimensions d > 3, sharp estimates for p > 2(d 4+ 1)/(d — 1) were obtained by Christ [1985] and Seeger
[1986] and it was later improved to the range of p > 2(d + 2)/d by the author, Rogers, and Seeger
[Lee et al. 2012]. There are also endpoint estimates at the critical exponent « = d/2 —d/ p and weaker
LP2 — LP endpoint estimates were obtained in [Lee et al. 2014] for 2(d +1)/(d —1) < p < co.

There are two notable approaches for the study of the Bochner—Riesz problem. One, which may be
called the spatial-side approach, is to prove the sharp estimates for the oscillatory integral operators of
Carleson—Sjolin-type [Carleson and Sj6lin 1972; Hormander 1973; Stein 1986]. These operators are
natural variable coefficient generalizations of the adjoint restriction operators [Bourgain 1991c; Lee 2006a;
Wisewell 2005] for hypersurfaces with nonvanishing Gaussian curvature such as spheres, paraboloids, and
hyperboloids. The other, which we may call the frequency-side approach, is more related to the Fourier
transform side, based on a suitable decomposition in the frequency side and orthogonality between the
decomposed pieces [Fefferman 1973; Carbery 1983; Christ 1985; 1987; Seeger 1996; Tao 1998; Lee
2004]. As has been demonstrated in related works, the latter approach makes it possible to carry out finer
analysis and to obtain refined results such as the sharp maximal bounds, square-function estimates, and
various endpoint estimates.

The recently improved bound for the Bochner—Riesz operator in [Bourgain and Guth 2011] was
obtained from the sharp estimate for the oscillatory integral operators of Carleson—Sjolin-type with an
additional elliptic assumption. However, this approach doesn’t seem appropriate for the study of the
square function. In particular, there is an obvious difficulty when one tries to make use of the disjointness
of the singularity of the Fourier transform of RY f which occurs as ¢ varies; for example, see (76). This is
where the extra smoothing of order % for the square-function estimate comes in, which is most important
for the sharp estimates for G* f* [Carbery 1983; Christ 1985; Lee 2004; Lee et al. 2012]. This kind
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of smoothing can be seen clearly in the Fourier transforms of Bochner—Riesz means but is not easy to
exploit in the oscillatory kernel side. As is already known [Bourgain 1991c; Wisewell 2005; Lee 2006a;
Bourgain and Guth 2011], the behavior of the oscillatory integral operators of Carleson—Sjolin-type are
more subtle and generally considered to be difficult to analyze when compared to their constant-coefficient
counterparts, the adjoint restriction operators. So, we take the frequency-side approach, in which we
directly handle the associated multiplier by working in the frequency space rather than dealing with the
oscillatory integral operator given by the kernel of the Bochner—Riesz operator.
In this paper, we obtain the sharp square-function estimates which are new when d > 9.

Theorem 1.2. Let us define ps = ps(d) by

12
4d —6—k’
Then, if p > min(ps,2(d +2)/d) and a > d /2 —d/ p, the estimate (4) holds.

ps =2+ d=k (mod3), k=0,1,2. (5

The range here does not match that of Theorem 1.2. This results from an additional time average
which increases the number of decomposed frequency pieces. (See Section 3F.)

Maximal estimate and pointwise convergence. A straightforward consequence of the estimate (4) is the
maximal estimate

[sup 1R £1], < €I/l ©)

for @ > a(p), which follows from Sobolev imbedding and (4). Hence, Theorem 1.2 yields the sharp
maximal bounds for p > ps(d). When p > 2, it has been conjectured that (6) holds as long as (2) is
satisfied. The sharp L2 bound goes back to Stein [1958]. The conjecture in R? and the sharp bounds
for p > 2(d +1)/(d — 1), d = 3, were verified by square-function estimates [Christ 1985; Seeger
1986]. The bounds were later improved to the range p > 2(d + 2)/d by the author [Lee 2004] using
an L? — LP(L%) estimate. The inequality (6) has been studied in connection with almost-everywhere
convergence of Bochner-Riesz means. However, the problem of showing RY f — f a.e. for f € L?,
p > 2, o > a(p), was settled by Carbery, Rubio de Francia and Vega [Carbery et al. 1988]. Their
result relies on weighted L2 estimates. There are also results on pointwise convergence at the critical
a = a(p). See [Lee and Seeger 2015; Annoni 2017]. When 1 < p < 2, by Stein’s maximal theorem
almost-everywhere convergence of RY f — f for f € L? is equivalent to the L? — LP>*° estimate for
the maximal operator and it was shown by Tao [1998] that the stronger condition « > (2d —1)/(2p)—d /2
is necessary for (6). Except for d = 2 [Tao 2002], little is known beyond the classical result which follows
from interpolation between L2 (o > 0) and L' (a > (d — 1)/2) estimates.

Radial multiplier. Let m be a function defined on R4.. Combining the inequality due to Carbery, Gasper
and Trebels [Carbery et al. 1984] and Theorem 1.2, we obtain the following L? boundedness result of
Hormander—Mikhlin-type, which is sharp in that the regularity assumption cannot be improved. A similar
result for the maximal function f — sup,-o |F 1 (m(t]-]) f )| is also possible thanks to the inequality
due to Carbery [1985].
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Corollary 1.3. Let d > 2, and ¢ be a nontrivial smooth function with compact support contained in
(0, 00). If min(ps,2(d +2)/d) <max(p, p’) < oo and o > d!% —% , then

|77 im0 A1, < sup llom ()12 1. -

About the paper. In Section 2, by working in the frequency side we provide an alternative proof of
Theorem 1.1. Although, this doesn’t give an improvement over the current range, we include this because
it has some new consequences, clarifies several issues which were not clearly presented in [Bourgain and
Guth 2011], and provides preparation for Section 3, in which we work in a vector-valued setting. The
proof in that paper is sketchy and doesn’t look readily accessible. Also the heuristic that a function with
Fourier support in a ball of radius o behaves as if it is constant on balls of radius % is now widely accepted
and has important role in the induction argument but it doesn’t seem justified at high level of rigor. We
provide a rigorous argument by making use of Fourier series (see Lemmas 2.13 and 3.14). Another
problem of the induction argument is that the primary object (the associated surfaces or phase functions)
changes in the course of induction. However, these issues are not properly addressed in literature. We
handle this matter by introducing a stronger induction assumption (see Remark 2.4) and carefully handling
the stability of various estimates. We also use a different type of multilinear decomposition which is more
systematic, easier and more efficient for dealing with multiplier operators (see Section 2E, especially the
discussion at the beginning of Section 2E).

Section 3 is very much built on the frequency-side analysis in Section 2, as it may be regarded a
vector-valued extension of Section 2. Consequently, the structure of Section 3 is similar to that of Section 2
and some of the arguments commonly work in both sections. In such cases we try to minimize repetition
while keeping readability as much as possible. We first obtain vector-valued extensions of multilinear
estimates (Propositions 3.6 and 3.10) which serve as basic estimates for the sharp-square function estimate.
Then, to derive the linear estimate (Theorem 1.2) we adapt the frequency side approach in Section 2 to
the vector-valued setting and prove our main theorem.

Finally, the oscillatory integral approach has its own limits for proving Bochner—Riesz conjecture. As
is now well known [Bourgain 1991c; Wisewell 2005; Lee 2006a; Bourgain and Guth 2011], the sharp
LP-11 estimates for the oscillatory operators of Carleson-Sjolin-type fail for ¢ < go, go > 2d/(d — 1),
even under the elliptic condition on the phase [Wisewell 2005; Lee 2006a; Bourgain and Guth 2011].
The Fourier-transform-side approach may help further development in a different direction and thanks to
its flexibility may have applications to related problems.

Notation. The following is a list of notation we frequently use in the rest of the paper:

e C, ¢ are constants which depend only on d and may differ at each occurrence.
e For A, B> 0, we say A < B if there is a constant C such that A < CB.
o I =[-1,1]and 79 = [-1,1]¢ Cc RZ.

* 7, f(x) = f(x—h) and 7; / denotes 73, f for some £; eR4 i=1,....m.
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We denote by q(a, £) C R? the closed cube centered at a with side length 2¢, namely, a + £19. If
q = q(a, £), denote a, the center of q, by ¢(q).

e For r > 0 and a given cube or rectangle O, we denote by rQ the cube or rectangle which is the
r-times dilation of Q from the center of Q.

o Let p € S(R?) be a function with Fourier support in q(0, 1) and p > 1 on q(0, 1). And we also set
pB(z,r)(x) = P(( _Z)/r)'
« For a given set A C R, we define the set A 4+ O(8) by

A+ 0(8) := {x e R? : dist(x, A) < C8}.

* For a given dyadic cube g and function f, we define f; by f 0= Xq f .

e Besides " and , we also denote by F(-) and F~!(-) the Fourier transform and the inverse Fourier
transform, respectively.

e For a smooth function G on ¥, we set 1Gllcn 1y := maxjq <y max, ek [0%G(x)].

2. Estimates for multiplier operators

In this section we consider the multiplier operators of Bochner—Riesz-type which are associated with
elliptic-type surfaces. They are natural generalizations of the Bochner—Riesz operator R{. We prove
the sharp L? boundedness of these of operators and this provides an alternative proof of Theorem 1.1.
Basically we adapt the induction argument in [Bourgain and Guth 2011]. However, compared to the
(adjoint) restriction counterpart, the induction argument becomes less obvious when we consider it for
the Fourier multiplier operator. However, exploiting sharpness of bounds for the frequency-localized
operator Ty, see (9)—(10), we manage to carry out a similar argument. See Section 2F.
From now on we write

E=(t1)eRITIXR

Let ¥ be a smooth function defined on / 4 and Xo be a smooth function supported in a small neighborhood
of the origin. We consider the multiplier operator 7% = T () which is defined by

FTF)(E) = (r =¥ ()% 1o (€) £ (£).

By a finite decomposition, rotation and translation and by discarding the harmless smooth multiplier,
it is easy to see that the L? boundedness of RY is equivalent to that of 7%, which is given by () =
I-(1-|¢ |2)%. A natural generalization of the Bochner—Riesz problem is as follows: If det Hyr # 0 on
the support of yo (here, H is the Hessian matrix of 1), we may conjecture that, for 1 < p <oo, p # 2,

ITfllp < CILf Nl ©)

if and only if & > a(p). From explicit computation of the kernel of 7% it is easy to see that the condition
o > a(p) is necessary for (7). However, in this paper we only work with specific choices of .
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2A. Elliptic function. Let us set
¥o(§) = 51¢17.

For 0 < g, K % and an integer N > 100d we denote by &(e,, N) the collection of smooth functions
which is given by
(o, N) ={y¥ : [¥ = Vollcn (ga-1y = &0}

If y € (o, N) and a € %Id_l, then H(a) has eigenvalues Aq,...,A4z_1 close to 1 and we may
write Hy(a) = P~ ' DP for an orthogonal matrix P, while D is a diagonal matrix with diagonal entries
Als...,Ag—1. We denote by /Hy(a) the matrix P~!D’P, where D’ is the diagonal matrix with
diagonal entries /A1, ..., v/A4—1. So, (,/Htﬂ(a 2= Hy(a).

For ¢ € B(eo, N), a € 2I‘Jl lLand0 < ¢ < E,we define

Ve = S (W EVEV@I ' +a0) @ - Yy (@) VA @] 7). ®

Since ¥ € &(eo, N), by Taylor’s theorem it is easy to see that || 7~V || ¢ v (ya—1) < Ce for € &(eo, N).§
Hence we get the following.

Lemma 2.1. Let v € &(eo, N) and a € %Id_l. Then there is a constant k = k(&o, N), independent
of a, ¥, such that ¥} € &(eo, N) provided that 0 < € < k.

Remark 2.2. If ¥ is smooth and Hy (a) has d — 1 positive eigenvalues, after finite decomposition and
affine transformations we may assume ¥ € & (g, N) for arbitrarily small ¢, and large N. Indeed, for
given ¢ > 0, decomposing the multiplier (z — ¥ ({))% xo(§) to multipliers supported in balls of small
radius ¢/ C with some large C, one may assume that F f is supported in B((a, ¥ (a)), e/C). Then, the
change of variables (12) transforms ¥ — v/ and gives rise to a new multiplier operator 7%(y?) and,
as can be easily seen by a simple change of variables, the operator norm || 7%(¥})||p— p remains same.
(See the proof of Proposition 2.5.) By Lemma 2.1 we see ¥, € &(go, N) if ¢ is small enough.

2B. Multiplier operator with localized frequency. Let ¢ be a smooth function supported in 2/. For

8>0, ¥ €®(eo, N), and f with Fourier transform supported in %I 4 we define the (frequency-localized)

multiplier operator Ty = Ts(y) by
e =o( )i, ©)

As is well known, the L? bound for Ty largely depends on the curvature of the surface © = 1 ({). By
decomposing the multiplier dyadically away from the singularity t = ¥ ({), in order to prove (7) for
p>2d/(d—1)and @ > a(p), it is enough to show that, for any & > 0,

d_d=1_
15 fllp <C877 2 °l flp (10)

174 The following recovers the sharp L? bound up to the currently best

whenever f is supported in >
known range in [Bourgain and Guth 2011].

TIndeed, since |3% (V& — Yo)| < &1*1=2 for any multi-index &, we need only to show [0%(YE — Yo)| S e for |a| =0,1,2.
This follows by Taylor’s theorem since N > 100d.
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Proposition 2.3. Let ¢ > 0. If p > po(d) and &o is small enough, there is an N = N(e) such that (10)
holds uniformly provided that € &(go, N) and supp f C %I d

It is possible to remove the loss of § ¢ in (10) by the e-removal argument in [Tao 1998, Section 4].

Induction quantity. To control the L? norm of T, for 0 < §, we define A(5) = A, (5) by

A@) = sup{[I Ts(¥) f|Lr - ¥ € &0, N), | fll, <1, supp f € 319}

Remark 2.4. Though the induction argument in [Bourgain and Guth 2011] heavily relies on the stability
of the multilinear estimates, such issue doesn’t seem properly addressed. In particular, after (multiscale)
decomposition and rescaling, the associated phase functions (or surfaces) are no longer fixed-phase
functions (or surfaces).” This requires the induction quantity defined over a class of phase functions or
surfaces. This leads us to consider A(§).

From the estimate for the kernel of 75 (see Lemma 2.9), it is easy to see that A(§) < C uniformly in
Y €B(eo, N)if § > 1 and A(S) < Cs~ T if0<§ < 1, because the L !-norm of the kernel is uniformly
O(8§~ 2 ). To prove Proposition 2.3, we need to show A(§) < 5%_%_8 for any ¢ > 0. However, due
to the lack of monotonicity A(§) is not suitable for closing the induction. So, we need to modify A(§).
For B, § > 0, we define

ABS) = AP(S) = sup 5T 5P AL(s).
/4 p
§<s<1
Hence, Proposition 2.3 follows if we show AP (§) < C for any 8 > 0.

The following lemma makes precise the heuristic that the bound of Ts improves if it acts on functions
with Fourier transforms supported in a smaller set. However, this becomes less obvious for the multiplier
operator when it is compared to the restriction (adjoint) operator; see [Bourgain and Guth 2011]. This
type of improvement is basically due to the parabolic rescaling structure of the operator, and generally
appears in L? — [ estimates for p, g satisfying (d +1)/q < (d —1)(1—=1/p), p < g, which are not
invariant under the parabolic rescaling. The following is important for the induction argument to work.

Proposition 2.5. Let 0 < § < 1, ¥ € &(go, N), and (a, ) € R¥~1 x R. Suppose that supp f C
q((a, ), &) C %Id, O<e< % and 8 < (10)~2¢&2 Then, there is a k = k (g0, N) such that for 0 < & <k

ITs fllp < CAE2) f Il (11)
holds with C independent of { and .

Proof. Decomposing q(a, €) into as many as O(d?), we may assume f is supported in q((a, 1), e/(10d)).

Since ¥ € B(eo, N) and supp f Cq((a, pn),e/(10d)), by Taylor’s theorem we have ¢((f—1/f(§‘))/8)f(§),
which is supported in the set

2
¢ 1) ilt=v(@—-Vy@)(E—a)l < %

TItis only true for the paraboloid.
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Hence, we may write

¢(f—;ﬁ(§))};(g):¢(f—;ﬂ(§))i(f—W(a)—VW(a)-(é—a))fA(g)’

g2

where y is a smooth function supported in %I such that y =1 on %I . Letusset M = (y/Hy(a))"! and
make the change of variables in the frequency domain

(€. 1) > L& 1) = (Ml +a,e*t + Y (a) +eVy(a)- MO). (12)

Then it follows that T—YE()
F(Ts)f)(LE) = ¢ (W

Since L is an invertible affine transformation, it is easy to see

)i(r)f(Lé)-

171 @@, =9 VG D g,

for any g. We also note that supp()?(r)f(L-)) C %Id and by Lemma 2.1 there exists a k¥ > 0 such that
Yi e B(eo, N) if 0 < & < k whenever ¢ € &(go, N). So, by the definition of A(§) it follows that, for
0<e<k,

175 £, = @005 Hf‘l (¢(i‘m)z(f)ms>)

e2§

p
<003 4(e728) |77 (7(0) (L) lp < CAET20) £ -

For the last inequality we also use the trivial bound || F~1(7(z)&)|, < C|lgll, for any 1 < p < co. The
inequality is valid for any ¥ € &(g,, N). This gives the desired bound. O

We will need the following estimate which is easy to show by making use of Rubio de Francia’s
one-dimensional inequality [Rubio de Francia 1985].

Lemma 2.6. Let {q} be a collection of (distinct) dyadic cubes of the same side length 0. Let 2 < p < o0.
Then, there is a constant C, independent of the collection {q}, such that

1

(Z ||f—1<fxq)||;;)” <Clflp.
q

2C. Multilinear estimates. In this subsection we consider various multilinear estimates which are basi-
cally consequences of multilinear restriction and Kakeya estimates in [Bennett et al. 2006].
For ¢ € (o, N) let us set

F=TW) ={CyE):¢ez 197"
Let2 <k <d,andlet Uy, Us,..., U, be compact subsets of 191 Fori=1,...,k,and A > 0, set
Li ={@G v (@) : L€l Ti(A)=Ti+0Q).
For £ = (¢, ¥ (£)) € T' (), let N(§) be the upward unit normal vector at (&, ¥ ($)).
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For vy, ..., v € R, denote by Vol(vy, ..., vg) the k-dimensional volume of the parallelepiped given
by {s1v1 +---+srvr i €0, 1], 1 <i <k}. Transversality among the surfaces I'y, ..., [y is important
for the multilinear estimates. The degree of transversality is quantitatively stated as follows:

VoI(N(£1).N(§2). ..., N(§x)) = 0 (13)

for some o0 > 0 whenever & € I, i = 1,...,k. Since ¥ € B(g,, N), we know Vi is a diffeo-
morphism which is close to the identity map. The condition (13) may be replaced by a simpler one:
Vol(¢1, 82, ..., k|) 2 0 whenever §; € U;, i =1,...,k. The following is due to Bennett, Carbery and
Tao [Bennett et al. 2006].

Theorem 2.7. Let 0 <§ K 0 K 1 and ¥ € B(eo, N). Suppose that 'y, . .., Ty are given as in the above
and (13) is satisfied whenever & € I';, i = 1,...,k, and suppose that I?', cli@é),i=1,....k. Then,if
p =2k /(k—1) and ¢, is sufficiently small, for ¢ > 0 there are constants N = N(g) such that, for x € R4,
k
[T
i=1

holds with C, Cy, independent of .

k
<Co G5 [ 621 F
LP/k(B(x,6=1)) i=1

Besides the stability issue, this estimate is essentially the same as the multilinear restriction estimate in
[Bennett et al. 2006]; see Theorem 1.16 of that paper, as well as Lemma 2.2, for the case k = d and see
Section 5 for the case of lower linearity 2 < k < d. Though we are considering only the surfaces which
are the graphs of ¥ € &(go, N), the theorem remains true for surfaces even with vanishing curvature as
long as the transversality condition is satisfied. Uniformity of the estimate follows from the fact that the
multilinear Kakeya and restriction estimates are stable under perturbation of the associated surfaces. The
estimate is conjectured to be true without § ¢ loss (this is equivalent with the endpoint k-linear restriction
estimate) but it remains open when k > 3 even though the corresponding endpoint case for the multilinear
Kakeya estimate was obtained by Guth [2010].

Remark 2.8. The proof of Theorem 2.7 is based on the multilinear Kakeya estimate and an induction-
on-scale argument, which involves iteration of the induction assumption to reduce the exponent of §~1.
Such an improvement of exponent is possible at the expense of extra loss of bounds in terms of 6 ~¢. By
following the argument in [Bennett et al. 2006], one can easily see that one may take C; < C log é; see
the paragraph below (20). Hence, the bound becomes less efficient when o gets as small as §¢ for some
¢ > 0. In R3 the sharp bound depending on o was recently obtained by Ramos [2016]. However, the
argument of Bourgain and Guth avoids such problems by keeping the Fourier supports of functions largely
separated while being decomposed. In contrast with the conventional approach in which functions are
usually decomposed into finer frequency pieces, this was achieved by decomposing the input functions
into those of relatively large frequency supports.

Lemma 2.9. Let ¢ € C°(21) and n € CC°°(Id), where % <n<2 Let0<§ <Ko =<1. Set

R nE) T —v©)))\ .
Ks=F (@(T)X(é)),
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and Ryr(x) = (1 + 8|x|)™M. Suppose j is supported in a cube of side length Co and |8g)2| <o for
any «. Then, for any M, there is an N = N(M) such that

|Ks(x)| < C89 7 Rpr (x) (14)
with C depending only on ||V || cn (ya—1).
Proof. Changing variables t — 6t + ¥ (), we write

Ks(x) = (Zn)_d(?/ei‘s’xd /ei(x,'§+x"w(§))¢(§)dé'dr,

where

n,ét+yv(@)r
C

5(6) = w( )i(;, 51+ 9(0).

We note that |8‘Z¢3| <o ([¥]ciw + IInllciel). Then, if |x’|/100 > |x4|, by integration by parts it
follows that

‘[ei(x/'§+xd¢(§))q§(é)d§

Note that ¢(£) = 0 if |z| > 5C since % < n < 1. This gives the desired inequality (14) by taking
integration in T since § < 0. On the other hand, if |x’|/100 < |xg4|, we integrate in t first. Since

< Co IV llemra-ry + Il em gay) (A +o|x D™,

10L3] < (1w llci + lInllcr), by integration by parts again we have

‘ / e PGE) dr| = CIYllem gary +mllen gay) (1 + [Sxal) ™.

This and taking integration in ¢ yield (14). O

From Theorem 2.7 and Lemma 2.9 we can obtain the sharp multilinear L? estimate for 75 under the
transversality condition without localizing the multilinear operator on a ball of radius %. In fact, since
Ts f = Kg = f and the kernel K (from Lemma 2.9) is rapidly decaying outside of B(0, C/§), one may
handle f as if it were supported in a ball B of radius §~1~%. This type of localization and Holder’s
inequality make it possible to lift the L2 estimate to that of L?, p > 2, with sharp bound. Such an idea of
deducing L7 estimates from L? ones goes back to Stein [1993, pp. 442—443], see also [Fefferman 1970;
1973], and in [Lee 2004; Lee et al. 2012] a similar idea was used to make use of the L2 bilinear restriction
estimate. The same argument also works with the multilinear estimates with a little modification. We
make it precise in what follows.

Proposition 2.10. Let0<§ K0 K0 K landy € B(go, N),andlet Q1,..., Qi € %Id be dyadic cubes

of side length 6. Suppose that (13) is satisfied whenever & € ' N Q;, i =1,...,k, and supp fi C 0Qi,
i=1,....k. Then,if p>2k/(k—1)and &, is small enough, for e > 0 there isan N = N(g) such that
d_d

k k
[175 <Co G5 ]85 £l (15)

i=1 LP/k®RD) i=1

holds with C, Cg independent of .
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Proof. Set Q; = {£ : dist(£, Q;) < éo’}, and let j; be a smooth function supported in O; which satisfies
xi =1 on Q; and |8§_‘)Zl~| <ol Let us define K; by

Fikn© =o( ).

Since fi is supported in Q;, we have Ty f; = K; * f;.

Let {B} be the collection of boundedly overlapping balls of radius § ! which cover RZ. For ¢ > 0 we
denote by 3 the balls B(a,5~17¢) if B = B(a,5~'). By decomposing f; = XgJi + xg fi, we bound
the (p/ k)-th power of the left-hand side of (15) by

Z[ 1‘[|Tsfl<x)|kdx—2[ [Tik s ficolf dx < 1 +11,

i=1 i=1
where

I—Z/Hm*(ngl)(xn =y (Z [1‘[|Ks*gl(x>|kdx)

i=1 gi=xge fi i=1
forsomel

The second sum in I/ is summation over all possible choices of g; with g; = x5 fi or X5 ¢ fi, and
g = X5 c f; for some i. So, in ]_[,_1 K5 * g; (x) there is at least one g; which satisfies g; = XBcf,

Since F(K; * (xg/i)) C (8N Q, , taking a sufficiently small ¢ > 0, from continuity it is easy to
see that F'1 = K1 x (x5/1).-.., Fx = Kg * (x5.fk) satisfy the assumption of Theorem 2.7. So, by
Theorem 2.7 and Plancherel’s theorem we see

k
(5) Zl’[SanKz*(menz <o o (1) ST Ixasinf

i=1 B i=1

for Yy € &(g,, N) and &, small enough. Since p > 2, by applying Holder’s inequality twice we have

Isg_cs(g) 1—[ s2(G+d(i+e)(5- 2))(Z||Xzsf||”) <o € ( ) (1‘[5—||f,||p) :

i=1 i=1
For /1, we use Lemma 2.9. There is a constant C = C(||/|[¢~ (ya—1)) such that |K; * (yge fi)(x)] <
C(S(S’E(M_d_l)ﬁdﬂ x| fi|(x)if x € B, and |K; * g; (x)| < CdRg41 * | fi|(x). Thus, we get

1T < 87 ge—d— 1)P[n(ﬁd+1*lﬁl(x))kdx<502N8 o ]_[Ilﬁllp

i=1 i=1

for some c1, ¢ > 0 because ||Rg41* fp < cs 1 | for 1 < p < oo by Young’s convolution inequality.
Combining the two estimates for 7 and I/ with N large enough, we see that for ¢ > O there is an N such

that
’ l_[ Ts fi

for ¥ € (g0, N) and &, small enough. Therefore, choosing ¢ = ¢/c, we get the desired bound (15). O

<co % (5)” 1‘[8*—*||fl||p

Lo/k (g =1
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In what follows we show that if the normal vectors of the surfaces are confined in a C §-neighborhood
of a k-plane in Proposition 2.11, then the associated multilinear restriction estimate has an improved
bound. In particular, if one takes p = 2k /(k — 1), the bound in (17) is ~ §7%§ %, which is better than
the corresponding bound ~ §~°¢ §2 in Proposition 2.10. However, it seems difficult to make use of such
an improvement to get a better linear bound without using the square sum function (see Corollary 2.12
below).

Proposition 2.11. Let0< 6§ Ko K 1, ¥ € &(eo, N), and I1 be a k-plane containing the origin. Suppose
that I'(Y), T'1,..., g are given as in the above and (13) is satisfied whenever & € Iy, i = 1,... k.
Suppose that

supp F; c i) NN"Y(IT+ 0(8)). i=1,....k. (16)

Then, if 2 < p <2k /(k —1) and & is sufficiently small, for ¢ > 0 there is an N = N(¢g) such that

k
Fi
i=1
holds with C, Cg, independent of .

k
< Co-Ces o5t D T 1l 7
LP/k(B(x,6—1)) =t

If p/k > 1, the inequality could be shown by using Holder’s inequality and the k-linear multilin-
ear restriction estimate in [Bennett et al. 2006]. However, this is not true in general and we prove
Proposition 2.11 by making use of the induction-on-scale argument and the multilinear Kakeya estimate.
The following is a consequence of Proposition 2.11.

Corollary 2.12. Suppose that the same assumptions in Proposition 2.11 hold. Let {q}, q C %I 4 pe the
collection of dyadic cubes of side length £, 2728 < £ <2718, Then, if 2 < p <2k/(k —1), fore >0
there is an N = N(¢) such that, for x € R4,

k
1%
i=1

holds with C, Cg, independent of W € &(go, N).

k 1

2
<Co 5[] (E:IEqV) PB(x,5-1)
q

L2/k(B(x,6-1)) i1

(18)

p

This may be compared with a discrete formulation of the multilinear inequality in [Bourgain and Guth
2011, (1.1), p. 1250]. The inequality (18) can be easily deduced from Proposition 2.11 by the standard
argument using Plancherel’s theorem and orthogonality; see the proof of Corollary 3.11. So, we omit the
proof.

Proof of Proposition 2.11. For p = 2 the estimate (17) follows from Holder’s inequality and Plancherel’s
theorem. Hence, in view of interpolation, it is enough to show (17) for p = 2k /(k — 1).

We prove (17) by adapting the proof of the multilinear restriction estimate in [Bennett et al. 2006]. By
translation we may assume x = 0. We make the following assumption that, for 0 < § < ¢ and some « > 0,

k
[1s

i=1

k
<575 ] IF | (19)

i=1

L2/6=D(B0.5~1)
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holds uniformly for ¥ € &(s,, N) whenever (16) holds and (13) is satisfied for & € Iy, i = 1,...,k. It
is clearly true with a large o > 0, as can be seen by making use of Lemma 2.9. We show (19) implies
that, for ¢ > 0, there is an N such that

k
[1F
i=1

holds uniformly for ¥ € &(go, N). In what follows we set R = §~1.
Iteration of the implication from (19) to (20) allows us to suppress « as small as ~ ¢. In fact, since

k
<Ceo 575755 T IF |2 (20)
L2/6=D(B(0.5-1)) i1

the implication remains valid as long as ¢ € B(eo, N), by fixing an ¢ and iterating the implication (19)
to (20) / times, we have the bound

- —1 S S | _ -
CéO' KIRZ atce(1+2 7 e+-42 )SCEIU lclRZ Ol+208‘

Choosing  such that 2~ a ~ & gives the bound Cyo€k°¢ ¢ RC¢. Hence, taking ¢ = ¢/C, we get the
desired bound.

Let {g} be the collection of dyadic cubes (hence essentially disjoint) of side length £, £ < R™2 <2¢,
such that R? =|_J ¢. Since the Fourier transform of Pp(z.vE)¥i is supported in 1"(8%) NAN~1(IT+ 0(8%)),
by the assumption it follows that

k
[1rscvrF

i_

L2/ k=D (B(z,R1/2) L2/ k=D (B(z,R1/2))

i=1
4 k k
<6 W]‘[ gz, vy Filla S 87385 T

i=1

1
PB(z,/R) (Z |Fi¢I|2) “2
q

Here Fj4 is given by F(Fi4) = F; Xgq- Since the supports of F(p B(z.VR) F;4) are boundedly overlapping,
the last inequality follows from Plancherel’s theorem. By the rapid decay of p we have, for a large M > 0,

o d
8 284 l_[ XB(Z R1/2+8)(Z|Eq| ) H +8M1_[”Fl||2 (21)

i=1
For a given £ € N™!(I), let {vy, ..., vk_; } be an orthonormal basis for the tangent space T (N~L(11))

i=1 IL>&=D(B(z,¥/R))

at £, vy =N(&), and let vg 41, ..., vy form an orthonormal basis for (span{vy, ..., Vg_q, e DT (So,
the vectors v1,...,Vk_1, V41 ---» Vg depend on & € N~1(IT).) Then, we define p(£) and P (£) by

pE =E+{x:|x-v|<CiV8E, j=1,....k—1, and |x-v;| <C18, j =k +1,...,d},
PE) ={x:|x-v|<CV5 j=1,....0k—1,and |x-v;| <C, j =k +1,....d}.

Since N™!(IT) is smooth, N~!(IT) 4+ O(§) can be covered by a collection of boundedly overlapping
{p(Ey)}, Eo € NTI(IT) (here, we are seeing N~ 1 (IT) as a subset of R%), such that for any ¢ there exists
&, satisfying R

supp F; Nq C 5 p(6a) (22)

with a sufficiently large C1 > 0.
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For (i, q) satisfying supp Fin g # 9 let us denote by &; 4 the & which satisfies (22) (if there are
more than one, we simply choose one of them). We also denote by L (i, ¢) the bijective affine map from
%P(Si,q) to q(0, 1). Then we define ﬁiq by

F(Fig)(®) = Fiq(®).

1
p(L(i. q)§)
We also set P; g = P (& 4) and K; g = F 1 (p(L(i,q)-)). By RP; 4 we denote the rectangle which is
the R-times dilation of P; 4 from the center of P; 4. Also denote by P; 4 the set RTep; ,¢ Which is the
R'*¢_times dilation of P; 4 from its center. Since K; 4 * F,q = Fiq and |K; 4| < xrP;,/|RPigl, we
have, for y € B(x,2R27¢) and some ¢ > 0,

AP;,
| Fig)?(v) < R 1L % | Fig ) (x).

|Fiqg(0)I* = |Kiql* | Fig|? (y)< Bl
iq

|RPl,q|

The last inequality is trivial since |ﬁi,q| ~ R°®|RP; 4| for some ¢ > 0. Hence, for x, y € B(z, R%"'s)
we have

Xp
3 FigP(0) S RS 22 4 | By P (). (23)
q

q | ,q|

Integrating in y over B(z, R%"'S) for each 1 <i <k, we see that, for x € B(z, R%"‘S),

1 k ~ 1
2 dk XPi . 2
XB(z,R1/2+¢) (Z IFiqlz) SRR [] (Z ﬁ * |Fl-q|2) (x). (24)

i=1

k

[

i=1

. o 1 .
Now, integration in x over B(z, R27¢) yields

k 1

k ~ 1
2 d XP 2
] XB(z,R1/2+€)(Z|Fiq|2) ‘ SRR H(Z|P | |qu|2)
2 1,9

i=1 q i=1

. (29
L2/(k=1)(B(z,R1/2+¢))

Combining this with (21) we have, for any large M > 0,

i
io1 lL2re=nBi,VR)

k
+ M [T IF 2. 26)

L2/ k=D (B(z,R1/2+¢)) i-1

k X L
_a_ P;
S 1_[(Z|P,qql*|F”’|)

i=1

We now cover B(0, R) with boundedly overlapping balls B(z, +/R) and use the above inequality for
each of them. Then we get

k
[1s

i=1

k ~ 1
AP; ~ 2

[1(3 7 al)
|Pi,q|

i=1"4q

(04

<§T2TeE
L2/ =D (B(0,R))

k
+ M€ TT I 2.

L2/*=D(B(0,2R)) =1
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Here we have an increased ¢ because of the overlapping of the balls B(z, R%"'g) in the right-hand side.
Since ), ||ﬁ,-q 13 ~ || F; |3, for (20) it is sufficient to show

k
v ad ~
<o *54 “1‘[(} :||F,-q||%).
q

L1/®=1(B(0,2R)) Pl

ﬁ(Z Py |2)
|i5i,q| lq

i=1"4q

By rescaling this is equivalent to

ﬁ(Z Ik fia)

i=1"4q

L1/(k=1)(B(0,2))

k
So* R[] (Z ||ﬁ,q||1). 27)
q

i=1

LetZ; ={q : supp F; Ng # @}, 1; CZ; and T; 4 be a finite subset of R4. Allowing the loss of (log R)€
in bound, by a standard reduction with pigeon-holing it suffices to show

ﬁ(z > mw) Sa‘gR“’lE[(Z > le-,q+r|). (28)

i=1"gel; t1€T;i 4 LV/=D(B(0.2)) i=1 "qel; ©€Ti 4

We write x = (u, v) € IT x [T+ (= R?). Then the left-hand side is clearly bounded by
k

n(z )3 XP,.,M,v))

i=1 “gel; t1€T; 4

sup
vellt

LV/®*=1(B(0,2)

where B (0,p) C R¥ is the ball of radius p which is centered at the origin.
For v € TT+ let us set

(Pig+7)" ={u:(u,v)ePig+r}.

Then (P; 4 + 7)Y is contained in a tube of length ~ 1 and width CR_%, with axis parallel to N(§; 4).
This is because the longer sides of P; 4, except the one parallel to N(&; ), are transversal to IT. More
precisely, we can show that if &, is sufficiently small and N is large enough, there a constant ¢ > 0,

independent of ¥ € &(go, N), such that, for w € (Tg, ,(N~1(I1)) & span{N(E,-,q)})L,
Aw, T > ¢ > 0. (29)

Since (13) is satisfied whenever §; € T';, i = 1,...,k, we know N(§1,4). ..., N(§ 4) which are, respec-
tively, parallel to the axes of tubes (P1,4 +17)", ..., (Pk 4 + 7)Y, satisfy | VOI(N(§1,4), ..., Nk 4)) 2 0.
Also note that |Pl.’j gt 7| ~ | P; 4|. Hence, by the multilinear Kakeya estimate in R¥ (Theorem 3.7) it
follows that

<ot ﬁ(Z|Pi,q+f|)~

L1/ *=1(B(0,2)) i=1\q.z

ﬁ (Z APigte(-. v))

i=1 ¢,T

This gives the desired inequality (28).
Now it remains to show (29). By continuity, taking sufficiently small -, we only need to show (29)
when Y = ¥ since [ — Yol lcn a1y < €o. Though it is easy to show and intuitively obvious, we
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include a proof for clarity. By rotation we may assume I1 N {x; = —1} = {(y,a,—1): y € R¥~1} for
some a € R~k Since T contains the origin, IT can parametrized (except for IT N {x; = 0}) as follows:

s(y,a,—1), seR, yeRFL (30)

We may assume I'; (§) N (N"!(IT) + O(8)) # @ because otherwise F; = 0 and there is nothing to prove.
Since N(I') N IT = @ if |a| is large, we may assume that |a| < C for some C > 0 and note that §; , € I'().
Furthermore, it suffices to show that

nn (7, (N"'(ID) & span{N(§; )})" = {0}, (31)

which implies £(w, IT) >0if w € (Téi,q (N~1(I1)) @ span{N (Si,q)})l. Then, by continuity and compact-
ness (29) follows. We now verify (29) with ¥ = 1. By rotation we may assume a = (0,...,0,a) =:
(0,a) € R4*—1 x R. Using the above parametrization of IT, we see that

IT =span{ey,...,ex_1,(0,...,0,0,a,—1)}.

The normal vector at (x’, |x’|2/2) € R¥~! x R is parallel to (x’, —1). Hence, if (x', |x'|2/2) € N~1(II),
that is, (x’, —1) € 1, then x’ takes the form x” = (y, @) because of (30). Hence, it follows that N~!(IT) =
{(».0.a.5(1y[* +al®)}. Then, if & 4 = (y.0.a. 5(|y|* + a?)), we have T, , (N~!(IT)) is spanned
by y1 = (1,0,...,0,0,y1), y2=(0,1,...,0,0,0,¥2), ..., yx—1 = (0,0,...,1,0,0, yr_q). For (31)
it is sufficient to show that 3 := I1 N (span{(y,0,a,—1), y1,..., Vk—1})+ = {0}. Let w € B. Then,
since w € span{ey,...,e;r_1, (0,...,0,0,a,—1)}, we may write w = (c1,...,Cr—_1,0,cra, —cx). Also,
wyr=--=w-yr_1=w-(y,0,a,—1)=0givesc; =---=c; =0. So, v =0 and, hence, we get (31). [

2D. Scattered modulation sum of scale . When the Fourier transform of a given function f is supported
in a ball of radius o, then f behaves as though it were constant on balls of radius o~ !. This observation
has important role in Bourgain and Guth’s argument [2011] and is widely taken for granted without being
made rigorous. There seems to be several ways which make this heuristic rigorous; see [Tao and Vargas
2000b; Tao 1999]. For this purpose we make use of the Fourier series expansion.

Fix o0 > 0 and large positive constants M = M(d) > 100d and Cjps which are to be chosen to be large.
For [ € 0~ 179 we set

A= A1(0) =Cyu (1 + o)™, 5 fx) = fx-1). (32)
For o > 0, we define [F]q, |[F]|s (the scattered modulation sum of o-scale) by
[Flo)= Y AlluFOl (Flle@) =Y ApAplu 4, F)l. (33)
leg—174 I1,l,ec— 174

Lemma 2.13. Let &y, xo € R4. Suppose that F is a function with F supported in q(§o,0). Then, if
X € q(xo, é)
|[F(x)] = [Flo(x0) = |[F]lo(x).

It should be noted that the inequality holds regardless of &g, xo, and o.
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Proof. Let a be a smooth function supported in [—7, 7]¢ and a(x) = 1 if [x;| <1, i =1,...,d. Set

A(x.§) = a(x)aE)e’™*.
Since |8‘gA| < Cq for any multi-indices o, by expanding into Fourier series in £ we have
a(va@)e™ =" aj(x)e™ x. fe[-m ), (34)
lezd

while a; satisfies |a;(x)| < Car (1 +]I[)~™ for any large M > 0. On the other hand, from the inversion
formula we have

F(x) = @)~ / o1 G060 i (s—x0)-(E~£0) ix0% (£ 5.

Hence, since x € q(xo, (lr), inserting the harmless bump function a, we may write

§—£o

o

F(x) = 2m) 4! xo)o / A(a(x—xo), )e"xofﬁ(g)dg.

Using (34) we have

F) = @) 40050 3 ay(x =) [ e TR de.

lezd

Then it follows that

IF)I< Y. AllgF(xo)l < ) Ay Apltg+i) F()l. (35)

leo—174 l1,lbeo—174

The second inequality follows by applying the first one to each t; F' with the roles of x, x¢ interchanged. [

2E. Multiscale decomposition. We now attempt to bound part of T f with a sum of products which
satisfy the transversality assumption, while the remaining parts are given by a sum of functions which have
relatively small Fourier supports. The first is rather directly estimated by making use of the multilinear
estimates and the latter is to be handled by Proposition 2.5, the induction assumption and Lemma 2.6.
In what follows, we basically adapt the idea in [Bourgain and Guth 2011]. However, concerning the
decomposition in that paper, reappearance of many small-scale functions in large-scale decomposition
becomes problematic when one attempts to sum up resulting estimates. For the adjoint restriction estimates
this can be overcome by using L°°-functions, as was done in [Bourgain and Guth 2011]. But such an
argument doesn’t work for the multiplier operators and leads to a loss in its bound. To get over this, unlike
the decomposition in [Bourgain and Guth 2011] where one starts to decompose with d -linear products
and proceeds by reducing the degree multilinearity based on dichotomy, we decompose the multiplier
operator by increasing the degree of multilinearity in order to avoid small-scale functions appearing inside
of large-scale ones. This has a couple of advantages. First, this allows us to keep the function relatively
intact in the course of decomposition so that we can easily add up decomposed pieces to obtain the sharp
LP bound. Secondly, the decomposition makes it possible to obtain directly obtain the L? — L? estimate.
Hence we don’t need to rely on the factorization theorem to deduce L? — L? from L° — L?. (The same
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is also true for the adjoint restriction operators.) Hence, we can obtain the sharp L? bounds for multiplier
operators of Bochner—Riesz-type, which lack symmetry.

2E1. Spatial and frequency dyadic cubes. Let 0 < e, < 1, 1 K N, ¥ € &(g,, N), and T be given
by (9). Let k = (g0, N') be the number given in Proposition 2.5 so that (11) holds whenever 0 < ¢ < x and
Y € B(eo, N). Let m be an integer such that 2 <m <d —1, and 01, ..., 0, be dyadic numbers such that

Koy K-+ K o1 < min(k, 1). (36)

These numbers will be specified to terminate induction. We call o; the i-th scale.

Let us denote by {q’ } the collection of the dyadic cubes q’ of side length 20; which are contained in 1 d
(so, q' denotes the member of {q'} and the cubes q' are essentially disjoint). Rather than introducing a
new notation to denote each collection of ¢/, we take the convention that {g’} denotes the collection of all
dyadic cubes of side length 20; contained in /¢ if it is not specified otherwise. For each i-th scale there
is a unique collection so that there will be no ambiguity, and we also use ¢’ as indices which run over the

o =14 (37)

qi

set {q' }. Thus, we may write

For the rest of this section, we assume that
supp f C %I d
Since f = Zqi fqi, fori =1,...,m, we write

Tsf =) Tsfy (38)
qi
Clearly, we may assume that g’ is contained in a Co;-neighborhood of the surface I' (1) because Tz fqi =0
otherwise. So, in what follows, q', g/, ...,q;,; and q; denote the elements of {q'}.
For convenience we extend in a trivial way the map N defined on T'(y) to the cube /¢ by setting, for

f=oeld,

n(¢.7v) =N ¥ ().
This extension is not necessarily needed in what follows because we only consider a small neighborhood
of I'(y). However, this allows us to define a normal vector for any point in / 4 and makes exposition
simpler. This definition of n agrees with the one given in the next section.

Definition 2.14. Let k be an integer such that 1 <k <m and fix a constant ¢ > 0. Let q’f, e, qiﬂ e{d"}
(k-th scale cubes). We say q]f, q’zc, e, q,’iH are (01,072, ...,0x)-transversal if
Vol(n(§1),n(52), ..., n(€k+1)) = co102 -+ O, (39)
whenever &; € qf?, i =1,...,k+ 1. And we simply denote this by “q7, q’Z‘, ey q’,§+1 trans” and say q’f,
q]2‘, el q,’iH are transversal, omitting dependence on 01,02, ..., Ok.
Let us set 1
Ml = _.9 1= 17 ,m



1554

SANGHYUK LEE

We denote by {Q'} the collection of the dyadic cubes of side length 2M;, which covers R (so, again
denotes a member of the sets {Q'}). We write'

o' =r%
0

(40)
Since the Fourier support of Tj fq,- is contained ¢, it may be thought of as a constant on £’ by invoking

Lemma 2.13 with 0 = 0;. Since the scale o; is clear from the side length of the cube g, we simply set
[Tqul] = [T(gfqi]o’[v

[Ts foill := [[Ts foillo -

2E2. o01-scale decomposition. Bilinear decomposition is rather elementary. Fix x € R4. From (38),
|Ts £ <Y | Ts fn ().
q1

We denote by ql = ql(x) a cube q! € {q'} such that |T3fq>1k ()] = maxgp |T5fq,£ (x)|. (There may be
many such cubes but qL denotes just one of them.) Then we consider the following two cases separately:

Y 1Ts S (0] < 10091 Ts £,1 ()]

q
For the second case

D 1Ts £ (0)] > 1007 Ts £, (x))|

q1
Yo T fu )] <509 Ts £ ()] <274 | Ts fn ().
dist(q!,ql) <1001

ql
Hence there is q] € {q'} such that dist(q], q1) > 100y and

—(d- —d- 1
Y UTs fp ) S o7 CTONTs £ (0] < 07 VT £ ()T £ ()12
q1

From these two cases we get

_d
ZITsfql(X)l§rr;§1X|Tsfq1(X)|+C01 2
1

q

max

1
|5 £, (O Ts £, ()13 @1)
dist(q{,qi)Zal 1 2
Using the imbedding £ C £°°, Proposition 2.5 and Lemma 2.6 give
1 1
P 4
p —28\P p =2
I 73 ol < (L1771 ) < (S A9 1fl)” 5 A@TDI . 42
q! q!
Hence, combining this with (41), we have
1
175 fllp S A@T>OIfllp +07¢  max  Ts /1 Ts Sl (43)
di 1 q1 Lb) 2
ist(qy,95) 201
We now proceed to decompose the bilinear expression appearing in the left-hand side.
T Here we take the same convention for {Q} as we do for {q}.



SQUARE FUNCTION ESTIMATES FOR THE BOCHNER-RIESZ MEANS 1555

In the following section we explain how one can achieve trilinear decomposition out of (43) before we
inductively obtain the full k-linear decomposition which we need for the proof of Theorem 1.1. Once
one gets familiar with it, extension to a higher degree of multilinearity becomes more or less obvious.

2E3. 0,-scale decomposition. Suppose that we are given two cubes q% and q% of first scale such that
dist(qi, qé) Z o01. For i = 1,2, we denote by {ql.z} the collection of dyadic cubes in of side length o>
contained in ql-1 such that

et i=12 (44)
2
We also denote by {q?} the set {q2} U {q3}. Then it follows that
Tsfo=) Tsfp i=12. (45)
2
q;

We may also assume that q%, q% are contained in the Co,-neighborhood of I'(y) because Ty fq%, Ty fq%
are zero otherwise.

Decomposition from this stage is no longer as simple as in the o-scale case. We need to use spatial
localization in order to compare the values of the decomposed pieces. This makes it possible to bound
large parts of the operator with transversal products.

Let us fix a cube Q2 and x¢ be the center of Q2. Let q3, € {43}, 95, € {q5} be the cubes such that

[75 /2, 1(x0) = max([Ts f2](xo0),  [Ts.fp2 1(x0) = maX[Tsf 2] (xo)-
ql
Let us define A? C {g?}, i = 1,2, by
A? = a7 : [T5 f2)(x0) = 039 max([Ts £z 1(x0). [Ts £, 1 (x0))}-
Using (45), we split the summation to get
TsfTsfoy = Z TsfpTsf + Z TsfpTs Jo2- (46)

(43,03)EA 1 XA (03,93) €A1 x A2

2(d—

Since there are at most O(o, )) pairs (q2, q%), the second sum in the right-hand side is bounded by

> ITsfp 2 ()| T5 Sz (0| = of max([Tqu 2](x0))*. (47)
(ql,q2)¢A1XAz

For a cube q we denote by ¢(q) the center of q. Let [T = H(q%*, q%*) be the 2-plane which is spanned
by ny = n(c(q%*)), ny = n(c(q%*)), and define

N =NQ% qb. q3) = {4*> € A2 U A2 : dist(n(¢?), TT) < Coy}. (48)

Clearly, Vol(ni,n;) Z o1 and dist(n(qz),H) > o0y if a|2 g M. Since 01 > 0, if q2 g N, then
Vol(ny,na,n(£)) = 010, for £ € g Also, n(ql-z*) Cn; + O(02), i =1,2. So, it follows that

Vol(n(§1).n(§2), n(§3)) 2 0102 (49)
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if & € o2, £ € q2,. and & € q2 ¢ M. That is, q2,. q2,. q2 are transversal. Hence, we split
Z(q%,qﬁ)eAlez Téfq%Ta fq% into

>, Ts fp () Ts fa (x) + > Ts f2 () Ts f2 (%) (50)
(a7.03) €A 1% A2 (a7.03) €A1 X A2
q%,q%éfﬁ q% or q% n

Each term appearing in the second sum can be bounded by a product of three operators which satisfy the
transversality condition. Indeed, suppose that (q%, q%) € Ay xAjand q% Z . The case q% ¢ N can be
handled similarly by symmetry. Since [T f2](xo) > o24(T; f2.1(x0), we have

2
3

(75 £21(x0)[Ts fi2] (x0) = ([T f2, 1(x0)[Ts £,21 (x0)) ([Tsfqg](xO)[Tsfqgl(xO))%

< 02_% (ITs £21(x0)[T5 £z 1(x0)[Ts fqgl(x()))%-

Hence, from this and (49) it follows that
> Ts f2 () Ts f2 (x)

(42,93)€A1X A2
q% or q%éﬁ

3
<0, ¢ ) (H[Tsfqg](Xo))- (51)

q%,q%,q% trans {=1

We combine (46), (47), (50) and (51) to get, for x € 02,
|75 fq1 ()T fq1 (X)]

3 3
+o3 ¢ ) (H[Ts fqg](xo)) :

203,03 trams i =1

= 0f (max{T; /2] (v0)) "+

Y. Ts T () Ts f2(x)
(a7.93) €A1 XA
q7.43€N

Using Lemma 2.13 again, we have, for x € Q2,

2
ITs 133 ()5 Sy (0)| < 0 (max| [T /211 )
+ > Ts £ () Ts f2 (x)
(q%,q%)GAl xA>
q7,03€N

3
+o ¢ ). (HI[Tsfqg]l(X))- (52)

a7,05,03 trans (=1

Taking L% on both sides of the inequality over each 2, summing along 92, and using Proposition 2.5
and Lemma 2.6, we get
2 2
D
ITs fuTi fall g S (A3 28)21 /12 + (Z » )
22 a3 32,0} ad) L)

2
+05¢ sup  max ITs (11 f2) Ts (v2 f) Ts (3 Sl 5. (53)

71,72,T3 q%,q%,q% trans

> TsfpTs /2

2
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where [91(Q2, q1, q3) is a subset of 9U(Q?, q1, q1). Here, for simplicity we now denote 7, f by 7 f just
to indicate translation by a vector. The precise value of /; is not significant in the overall argument. To
show (53), for the first term in the right-hand side of (52) we may repeat the same argument as in (42). In
fact, by (33) and the rapid decay of A; combined with Holder’s inequality to summation along /,!’, and
using Proposition 2.5 and Lemma 2.6 we have

|max (73 11, % sup|max 173 e2 1, < 4T 28)1 1 -

For the third term of the right-hand side of (52), thanks to (33) and the rapid decay of Ay, it is enough to
note that there are as many as O(o, C) transversal q%, q%, q%.
We combine (53) with (43) to get

ITs fllp < A7) fllp + 07 A0 28I £,

|-

> Ts(fle)Ts(fsz)
Q% " apCap, 3Ca;
a3,a3 CIN(Q2,a1,93)
1

+07%05C sup max ||Ts(flfq%)Tg(fzfqg)Ts(fsfqg)ll%- (54)

71,72,T3 ql,q%,qg trans

+01_C Sup max (

71,172 q1 q2 trans

Here [91](Q2, q%, q%) also depends on 71, 72. We keep decomposing the trilinear transversal part in order
to achieve a higher level of multilinearity.

2E4. From k-transversal to (k+1)-transversal. Now we proceed inductively. Suppose that we are given

dyadic cubes q , q’zc L q’,i‘l of (k—1)-th scale which are transversal:

Vol(r(§1).n(82), . ... n(§k)) = 0102 -+ Oy (55)
whenever &; € qf‘ 1 i =1,... k. As before, we denote by {qf-‘} the collection of dyadic cubes of side
length 203 contained in f‘ such that

Udf=af"" i=1.... .k (56)
k

and we also denote by {g¥} the set Ul 1{ql }. Hence,

k
HTsqu—l—l_[(ZTsfk) Z l_[(Tsf ) 57)

i=1 i=1 kl—l

Fix a dyadic cube QF of side length 2M; and let x be the center of Q. Fori =1, ...k, let qf.‘* € {qf.c }
be such that
[T £ 1(x0) = max[Tj fyx](x0)

q;

TNote that the sequence is independent of 92
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and we set, fori =1,...,k,

AF = {af 75 £ (00) = 0" max [Ty fix J(xo)}-

.....

Then, it follows that
k

> [ 1175 f61(x0) < max(Ts fyx] (o). (58)

@t Ty AF 15T
Let ny, ..., n; denote the normal vectors n(c (q]f*)), ....n(c (qi ,)), respectively, and let
% =1 @* ok L as
be the k-plane spanned by ny, ..., n;. Now, for a sufficiently large constant C > 0, we define
N=nQ qf a5 g = {g"  dist(n(d"), T¥) < Coy}. (59)

By (55) it follows that if qf.‘ Z M, (39) holds whenever & € q]f*, o, & € qllg* and &4 € qf.‘. Hence,
q]f*, ey qllg*, qf.‘ are transversal.

We write
k k k
> I1 Ts fy = > ] Ts foe + > ] Ts fye-  (60)
(@ ,af)elTiz, AF =1 (@ naOelTiz, AF =T (@ naOelTiz, AF =1
af,..qkemn q¥ &9 for some i
Consider a k-tuple (q]f, cees q]]g) which appears in the second sum. There is a qf.‘ ¢ 9. By the same

manipulation as before, we get

k

ak2 K i x
H[Tsfq;c](m) <o, 7T l_[([Tafq;c*](XO))m([Tsqus](XO))m-
i=1

i=1

Since q’l‘*, cee, qi*, qf-‘ are transversal, by Lemma 2.13 we have, for x € Q¥
k k+1
> [17s /)| <0 € Z H ([Ts £](x0)) F5T. (61)
(q'f,--.,q’,i)el_[f-‘zl Af." i=1 ql ..... qk+l trans [=
qff &N for some i

Combining (58) and (61) with (57) and (60), and applying Lemma 2.13 yield, for x € 0k,

k
[17s /10

i=1 k+1 k
k —
< (max |[7s £ ]1(0)" + 03 © Z H 175 £ 1)) 7T > [17s /(0.
a qlf ..... qk+1 trans = q]f ..... q’,ée i=1

@K,k gk
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where [91](QF, q]f_l, cee, qllg_l) is a subset of M(QF, q]f_l, e, qi_l). After taking the (p/k)-th power
of both sides of the inequality, we integrate on R4, and use Proposition 2.5 and Lemma 2.6 along with
(33) to get

l
k+1 "

H Ts fop 1<x> SACCO flp oS sup max |\ [] T q;c)
i=1 Tlsees Tk+1 ql, ,qk_H transl ; Lp/(k+1)
1
P
‘(x| = el I
0k qlf ..... q,’ie i=1
L[ Co L O P
2E5. Multiscale decomposition. Fork =2,...,d —1, let us set
1
p
Smkf = sup max ( Ts(ti f « ) ) .
T1 e Tk q]l‘_l ..... qi_l trans ; k; | l_l_ll l ql Lr/k(Qk)
qlf ..... qke[‘ﬁ](ﬂk
k k—1 k—1 k k ky : :
Here [91](Q%) depends on 71, ..., 7, and g7 *,...,q; , but n(q"), q* € [M](Q¥), is contained in a
k-plan. Starting from (54) we iteratively apply (62) to the transversal products to get
ITs fllp < Z 0 GAQ Sl
m+1 1 T
+ Z ak—_lemkf —i—al sup l_[ Tsti fqr . (63)
k=2 Tl Tl 7 qm+1 trans i=1 Lp/m+1)

2F. Proof of Proposition 2.3. For given 8 > 0, we need to show that AP(s) < C for0 <s < 1if
P > po(d). Let & > 0 be small enough such that (100d)~'8 > &, and choose a small &, > 0 and
N = N(¢) large enough such that Proposition 2.10 and Corollary 2.12 hold uniformly for ¢ € &(eo, N).

Let0<s<§ <1,andletoy,...,o, be dyadic numbers satisfying (36). Since A(§) < C foré = 1
and 5 < 0,:28, we see

A(0728) < A(0728) X (0.10-21 (07 28) + C < (0728)" T +5 P 4P () + C. 64)

By Proposition 2.10 and Lemma 2.6 we have, for p > 2(m + 1)/m,

m+1

1_[ TS‘Elfql

which uniformly holds for ¥ € &(g,, N).
We have two types of estimates for MK f. Since qlf_l, cees q,lg_l are already transversal,

' > 1_[ Ts(zi f, > ‘ﬁ Ts (i f ok

quqf»‘_l i=1 qy seees q’,ﬁ trans (=1
a0 sensaf C[MN(QF)

AT —C.ogod_d=1
sup max S(o1-rom) 88T 2 [ fllp, (65)

m
TlseesTm+1 ql ..... Bn41 trans

Lp/(m+1)
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Here we slightly abuse the definition “trans” and “q’f, ey qi trans” means (55) holds if & € qf.‘, i =
.,k. Since there are as many as O(o; €Y k-tuples (qll‘, e, q,lg) and the above inequality holds

regardless of Q, we get

k
imkf < ok_c sup  max 1_[ Ts(z; ok
T1yeees Tk q7 seees [t trans i=1
Since q’f ey qi are transversal, by Proposition 2.10 (also see Remark 2.8) and Lemma 2.6, we get, for
p=2k/ (k -1,
5 ,_7_ Cs ;_
1‘[T3(rl <(01 co_1)Ce 87 81‘[||er Tt VA

i=1
Hence, for p > 2k /(k — 1), we have the uniform estimate for v € &(go, N)

i=1

M <o Cso™ T ¢ £ (66)

On the other hand, fixing 71, ..., 7%, 4] k—1 yeees( k_l trans, and Qk, we consider the integrals appearing

in the definition of MK f. Let us write Q% = q(z, 1/0%). Using Corollary 2.12, for 2 < p < 2k/(k — 1),
we have

k
> I1 Ts (i fo)

kg1 i=1
1
% ,....qk e[M(Q5)

Since [M)(QF) c NQF, q’f_l, s qi_l) it is clear that if q € [‘ﬁ](ﬂk) then qf-‘ c N7I(IT) +

SO 1‘7k l_[

Lr/k (k) Pl

( Y T ) —

qf €[M(Q%)

‘ (67)

O(oy) for a k-plane I1. Since q]f_l,...,qllg 1 are transversal and q C qk Ui=1,....k, we
know Zq’f ek 15 (11 fq/lc), s Dgkem(ak) Ty (tx qu) satisfy the assumptions of Corollary 2.12

(Proposition 2.11) with § = 0} and 6 = 07 - - - 6% _1. Hence, Corollary 2.12 gives (67).
Recalling that the qf.‘ are contained in a Coy-neighborhood of I'(¥), we see that #N(Qk )is < ali_k.
So, by Holder’s inequality we have

_c _—e—pk=-1)(3- 1)
H > 1‘[T5<nfql> <050, > Zm(nqun pB(Z o),
kgt =1 Lr/k(Qk) 1<l
q]l‘ ..... qﬁ cnQk)
Here we bound o1, ..., 01 with o;_1 using (36) and replace C, with a larger constant C, since ¢ is

fixed. By using the rapid decay of p we sum the estimates along QF to get
(k )( 1 1 ) 1
—e—(k—1)(1-1 P
o f <0 Goy TV sl (S msasor)| (©%)
h P p
q

By Proposition 2.5, Lemma 2.6, and (64) we get, for 2 < p <2k/(k —1),

ﬂ+2d —k—1_2d—k+1

_d=1d_ _
imkf<(crkclak S B ﬂAﬂ(S)‘i‘UkC)Hf”p-
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Here we also use (100d)™18 > ¢. So, if p >2Q2d —k +1)/2d —k —1),
Wk £ < (07 C 025 F 0P AP () + 0. C) 1 £ 1
for some o > 0. Combining this with (66), we have for some o > 0

_ _d—1_,d_ l —
gmkfg(gkc(ﬁ T+ —|—0k 10k8 +5 BAB(S)-FU )||f||p
provided that

_ o (2Qd—k+1) 2%
P=MM 0 k=1 "k=1/)

Since (100d)~!8 > ¢ and po > 2d/(d — 1), from (64) we note that A(Uk_28) < 0]‘:8_%+%_5A5 ().
Thus, by (63), the above inequality, (64), and (65) we obtain

m
_ _ _d—1_,d_ _ _d—1_,d_
ITs fllp < Y (0G0t AP () + 07 )6~ 2 To 7P| fllp+ 0,58 7 T2 7P 11, (69)

for some o > 0 provided that

L (20d—k+1) 2%
1
P= 2d—k—1 k-1

2>m + 1
), k=2.....mand p> 2D (70)
m

Since the estimates (65)—(68) hold uniformly for ¥ € &(g,, N), so does (69). Taking supremum along
Y and f, we have

A((S)s(ZCok_ o AP (s) + Cop, )5— +5B,

d—1_d d=1_d
By multiplying §Z ~ % to both sides, § 2 5 TP A(S) < Y7, CoC 0% AP (s) + Co,,C. This is
valid as long as s < 6 < 1. Hence, taking supremum for s < § < 1 yields

m
AB(s) < Z Cak_clcr,‘c"fl’3 (s) + Co,,€
k=1
if (70) is satisfied. Therefore, choosing 07 < -+ - K g, successively, we can make Z?:l C ak__cla
This gives the desired AP (s) < C Om C provided that (70) holds.
Finally, we only need to check that the minimum of

2m + 1) C(20Qd—k+1) 2%k
= max( 20 2 1
Plm) max( m ’k=n21?§,mmm( 2d—k—1 k—1)) 2=m=d

is po(d) as can be done by routine computation. O

Remark 2.15. The minimum of P is achieved when m is near 2d /3. So, it doesn’t seem that the argument
makes use of the full strength of the multilinear restriction estimates.
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3. Square function estimates

In this section we prove Theorem 1.2. We firstly obtain multi(sub)linear square-function estimates which
are vector-valued extensions of multilinear restriction estimates. Then, we modify the argument in
Section 2F to obtain the sharp square-function estimate from these multilinear estimates. Although the
basic strategy here is similar to the one in the previous section, due to the additional integration in t we
need to handle a family of surfaces. This argument in this section is very much in parallel with that of
the previous section.

3A. One-parameter family of elliptic functions. As before, for 0 < g, K % and an integer N > 100d,
we denote by & (g, N) the class of smooth functions defined on / d=1 5 I which satisfy

¥ = Vo —tllen (ga-1x1) < 0. (71)
This clearly implies that, for all (x,7) € [ d=1y | ,
0¥ (x,t) €1 —eo, 1+ &) (72)
For ¢ € (g0, N) and zg = (¢, 1) € %Id, define
V2, (1) =8_2( (Co+8H $ito + 8tw2(t 0)) —W(Zo)—SVﬂ/’(ZO)le/f)f),

where 7—[;/’0 =(VHW(-, 10))(£0)) ™. Then we have the following.

Lemma 3.1. Let zg € %Id and € B(eo, N). There is a k = k(go, N) > 0, independent of ¥, (. to,
such that 7 is contained in &(eo, N) if 0 <& < k.
Proof. 1t is sufficient to show that |80‘3ﬂ (Y7, 1) —¥o({) —1)| < Ce, with C independent of ¢ €
B (g0, N), if || + B < N and (¢, 1) € I

Let0<e < 1 If (2. 1) € 19 and || +28 > 2, trivially |8°‘8‘8(w20(§ t)—Vo(C,t)—1)| < Ce because
zo9 = (Co,t0) € 5 Id Thus, it is sufficient to consider the cases § =1, |¢| =0and 8 =0, 0 < |¢| < 2.
The first case is easy to handle. Indeed, from Taylor’s theorem and (72)
&2

t
tWOJ_&Wma_O@'

To handle the second case, we consider Taylor’s expansion of i in ¢ with integral remainder:

V(1) =¥ (L to) +0: ¥ (8, 10) (1 —10) + R1(E, 1),

&W%@O—%—QZQM@W_(M(%+ﬁ%§m+

where

1
RiG0 = =107 [ (1=9BU(E (= 0)s +10) ds.
0
The change of variables t — to + &2(0; ¥ (z0)) " 't, ¢ — Lo + 87—[?04’ gives

2
w(éo+eﬂ‘”§to+ ! )

d: ¥ (20)

v
=¢£ 1/f( tO)§O(§)+1/f(Zo)+8V§1ﬂ(ZO)H é‘+8 8t¢(§0+87—l20é‘,1‘0)

Gy T RED.
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where ¥ (-, 1,‘0)20 is defined by (8) and R(¢.1)=Ri(& +87—lgfoﬁ, to+&2(d; ¥ (z0))~'t). Hence, it follows
that "
&W@o+8%z§my—&W@w
e _ P . € — Y 0

Since ¥ (-.10) —fo € &(go, N) and (Y (-.10) —to)7, = W( 1 10)g,» we have [9F (¥ (- 10)g — Vo) = Ce
on I for || =0, 1,2 (similarly to the proof of Lemma 2.1). By (72) and the mean Value theorem
we also have (9, (z¢)) ™! ag(atw(go + 87‘lz0§, 10) — 0: ¥ (zo))t = O(e) in CN (197 1) for |o| =0, 1, 2.
Note that

t+e2R(¢, ).

e 2R(E,1) = )07 (o + eHY L. &2 (0¥ (20)) ™ ts + 1) dis.

(1—
(3z1ﬁ( 0))2 /

Thus, again by (72) it is easy to see that 8“ (672R) = 0(¢211?]) for any «. Therefore, combining the all
together we have |3“(w20( 1) — Yo —t)| <Ceon 197! for |a| =0,1,2. O

3B. Square function with localized frequency. Abusing the conventional notation we denote by m(D) f
the multiplier operator given by m &) =m(§) f (¢), and we also write D = (D', D) where D’,
D, correspond to the frequency variables ¢, t, respectively.

In order to show (4), by the Littlewood—Paley decomposition, scaling, and further finite decompositions,

1+3 2 1
H( 1—¢2 )

for some small ¢ > 0. And by decomposmg f which may now be assumed to be supported in .S d-14

it is sufficient to show

—R“f(X) =Cllfllp

p

O(£?), and rotation we may assume f is supported in B(—e , ce?) with some ¢ > 0. Hence, by discarding
the harmless smooth multiplier, the matter reduces to showing

[1(Da + V2 =ID")5 flza—ezazer ), < CIf llp-

By changing variables in the frequency domain, Dy — D441, (D', Dg) — (¢D’,e>Dy) and t — g2t +1,
this is equivalent to

[1(Da —=¥5r (D", NS 2e(D) fll2¢1y |, = CILf N (73)

where ¥y, (8,1) = e 2(1 — /1 + 2€2t 4 412 — £2|¢|2) and y, is a smooth function supported in a small
neighborhood of the origin. Clearly, v/, satisfies (71) with &, = C¢&? for some C > 0. Consequently, we
are led to consider general ¥ € &(go, N) rather than the specific ¥,

Let us define the class £(N) of smooth functions by setting

EN)={neC®Ux D) nlcvygaxn <1 3 <n=<1}.
Let € B(go, N) and € E(N). For 0 <8 and f with f supported in %Id, we define S5 = S5 (¥, n) by
U(D,t)(Dd—w(D/,t)))f

(74)

S3./(6) = H¢( .

L2(1)
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Compared to v, the role of 7 is less significant but this enables us to handle more general square functions
(in particular, see Remark 3.3). By dyadic decomposition away from the singularity, the matter of showing
(73) is reduced to obtaining the sharp bound

1S5/ 1lp < C85~ "2 fllp. e>0, (75)

when f is supported in a small neighborhood of the origin. This is currently verified for p > 2(d +2)/d
[Lee et al. 2012] by making use of the bilinear restriction estimate for the elliptic surfaces. The following
is our main result concerning the estimate (75).

Proposition 3.2. Let ps = ps(d) be given by (5) and supp f C %Id. If p > min(ps(d),2(d +2)/d) and
&0 is sufficiently small, for € > 0 there is an N = N (&) such that (75) holds uniformly for € &(go, N),
ne&(N).

Proof of Theorem 1.2. By choosing a small € > 0 in the above, we can make /3, be in &(g,, N) for
any g9 and N. Hence, Proposition 3.2 gives (75) for any ¢ > 0 if p > min(ps(d),2(d + 2)/d). Hence,
dyadic decomposition of the multiplier operator in (73) and using (75) followed by summation along
dyadic pieces gives (73) for « > d /2 —d/ p. This proves Theorem 1.2. O

Remark 3.3. As has been shown before, for the proof of Theorem 1.2 it suffices to consider an operator
which is defined without 7, but by allowing 7 in (74) we can handle the square-function estimates for the
operator f — ¢((1—|D|/t)/8) f, which is closely related to smoothing estimates for the solutions to
the Schrodinger and wave equations; for example, see [Lee et al. 2012]. In fact, Proposition 3.2 implies,

for e > 0,
(p(=2) o

if p > ps(d). Indeed, by finite decompositions, rotation and scaling, as before, it is sufficient to consider

<857575C| £ 1l (76)
p

the time average over the interval I, = (1 — &2, 1 4 ¢2) and we may assume that f is supported in
B(—eg, ce?). Writing

L= 81/t =172+ EDT @ = V2 = L) (@ + Vi = [¢?)

for £ € B(—ey, ce?), the same change of variables D; — Dy + 1, (D', Dg) — (¢D’,e>Dy) and
t — &2t + 1 transforms ¢ ((1 —|£|/t)/8) to

¢(77(§, (T — lPbr))
£728/2

with a smooth 7 which satisfies n € (1 —ce/2, 1+ ce/2). Hence, we now apply Proposition 3.2 with
sufficiently small ¢ to get (76).

As before, in order to control the L? norm of S5 we define B(§) = B,(§) by

B(8) = sup{lISs (¥, n) fllL» : ¥ € (60, N), n€ EWN), || fllp <1, supp f C 317}
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As before, using Lemma 2.9 it is easy to see that B(§) < C if § > 1, and B(§) < C5~¢ for some ¢ > 0
otherwise (for example, see the paragraph below Proposition 3.6). We also define for 8 > 0 and § € (0, 1),
BEG) =BE@) = sup 5T 5P B,(s).

§<s<1
Thus, Theorem 1.2 follows if we show B2 (6) < C for any B > 0. As observed in the previous section,

the bound for Ss /" improves if the Fourier transform of f is contained in a set of smaller diameter. The
following plays a crucial role in the induction argument (see Section 3F).

Proposition 3.4. Let 0 <8 < 1, ¥ € €(g0, N), and n € E(N). Suppose that f is supported in q(a, €),
108 <g< %, and a € %Id. Then, if € > 0 is small enough, there is a k = k (&0, N) such that

1.1 _
IS5 (. m) fllp < Ce? "2 Byp(e728)I1 f Il (77)
holds with C independent of , and e, whenever ¢ < k.

Proof. By breaking the support of f into a finite number of dyadic cubes, we may assume that f is
supported in q(a, ve) for a small constant v > 0 satisfying v2d? € [27>,27%). This only increases the
bound by a constant multiple. Since f is supported in q(a, ve) and a = (d,ag) € %I 4 from (72) and the
fact that % <n<1,itis clear that (,b(n(D, t)(Dg—vy (D', t))/8)f = 0 for ¢ contained in an interval [c, B]
of length < ve because qﬁ(n(é, (T —yv(, t))/8) is supported in an O(§)-neighborhood of T = ¥ (¢, ).

Leta =ty <t; <---<t;=pf,1<0("), be such that 75| — tx < v?e% Since § < 1072¢2, by
(71) and (72) it follows that if 7 € [tg, tx41], then ¢(n(§, 1) (t — ¥ (¢, 1))/8) f (€) is supported in the
parallelepiped

Pe={ 0 _max |6 —aj <ve. [r— (@i t) = Ve @) G —a)] <2477},

geeey

This follows from Taylor’s theorem since ¥ € B(go, N). By (72) it is easy to see that {Py }§<=1 are
overlapping boundedly. In fact, ¢ (n(§,)(z — ¥ (£, 1))/8) £ (§), t € [tk, tx+1], is supported in

Pr=1{6eqa.ce):|t—y( u)| <Ce*}, k=0,....1—1,

with C > 3d?v?? and the {73k} are boundedly overlapping because of (72), and by Taylor’s expansion
it is easy to see that Py C Py because the second remainder is uniformly O(g2) for ¥ € &(go, N).

Let ¢ be a smooth function supported in 27 4 and ¢ =1 on I4. Let Lp, be the affine map which
bijectively maps Py to 1<, and set ¢p, = @(Lp, ) so that ¢p, vanishes outside of 2P, and equals 1
on Py. Here 2P; denotes the parallelepiped which is given by dilating Py twice from the center of Py.
Then we have

s =3 [ ¢(”(D 1 Dd VD ”)))wpkw)f(x) d.
k k
Since p > 2, by Holder’s inequality it follows that
L D.1)(Dg -y (D', ?N\»
Saf(X)SCEP_Z(Z ¢(”( IPa =V t”)sopk(mf(x) ) |
X L (Ix)
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Hence it is sufficient to show that

‘ ¢(U(D, 1)(Dg—y(D'.1))

8

1
because (Zk lor, (D)f||g) ? < C| f|p for 2 < p < oco. This follows by interpolation between the
estimates for p = 2 and p = oo. The first is an easy consequence of Plancherel’s theorem because the

< CeBy(e?8)ll9p (D) flp (78)
p

)wpkw)f

L2(Ix)

{2P;} are boundedly overlapping and the latter is clear since F ! (Ppp,) € L' uniformly.
Now we make the change of variables

t =@y @ )+, &> LE) = (L), La(©)),
where
L) =My, +d. Lg@) =e*t+yd.n)+eVey (@ . i)Hy,, |
and

e2xq = x4, 8’H2/;,’,k)(xl + x4 Ve (a. 1)) — x'.

Then, (78) follows if we show
H H ) (n(L(D),r>(Dd - ;,tkwcz))) ;

e72§

< CBy(e )|/ lp
p

L7(0,2v2)

when the support f is contained in L™!(2Py). Clearly, n(L(£),t) € E(N) and L~1(2P) is contained
in the set {(¢,7) 1 |¢] < 4v, |t| < 8d%V?} C %Id. From Lemma 3.1 there exists « > 0 such that wg,tk €
B(e0, N) if 0 < & < k. Hence, using the definition of B,(§) we get the desired inequality for & <. O

3C. Multi(sub)linear square-function estimates. Let € B (., N) and set
I'=T'y):={¢vE0): ¢ e 51}, (79)
As before we denote by I'’ (§) the §-neighborhood I'! + O(§). Clearly, from (72) it follows that, for § > 0,
r'eNrs@) =0 if|t—s|>CS§ (80)
for some C > 0. We also denote by N’ the (upward) normal map from the surface I'? to sé-1,

Definition 3.5 (normal vector field n = n(v)). The map (¢, t) — (¢, ¥ (¢, t)) is clearly one-to-one and
we may assume that the image of this map contains / d by extending v (£, ¢) to a larger set / a1y 1,
while (71) is satisfied. Hence, for each £ = (¢, 7) € I'¢ there is a unique 7 such that & = (¢, (¢, 1)). Then
we define n(£) to be the normal vector to I'? at &, which forms a vector field on <.

A natural attempt for the multilinear generalization of Sg is to consider ]_[f-;l Ss fi under a transversality
condition between supp f;. But, the induction-on-scale argument does not work well with this naive gener-
alization and it doesn’t seem easy to obtain the sharp multilinear square-function estimates directly. We get
around this difficulty by considering a vector-valued extension in which we discard the exact structure of the
operator Sg. As is clearly seen in its proof, the estimate in Proposition 3.6 is not limited to the surfaces given
by ¥ € &(go, N) but it holds for a more general class of surfaces as long as the transversality is satisfied.
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Proposition 3.6. Let 2 < k < d be an integer and 0 < 0 < 1, and let T'? be given by ¥ € B (o, N), and
the functions G;, 1 <i <k, be defined on R¢ x I. Suppose that, for eacht € I, G1(-,1t),...,Gr(-,1)
satisfy that, for0 <§ < o,

suppGi (-, 1) C T (), rel, (81)
and suppose that

Vol(n(§1),n(82),....n(5)) X o, (82)

whenever &; € supp Gi (+,1)+ O(d) for somet € 1. Then, if p > 2k/(k —1) and g, > 0 is small enough,
for e > 0 thereis an N = N(¢) such that

k
[T1Gi 20y

i=1

holds with C, Cg independent of .

k

_ _ 1
<Co %5 [[(211Gil.2 ) (83)
Lr/k(B(x,671)) i=1 ®

Without being concerned about the optimal « for a while, we first observe that, for p > 2, there is an
o such that

H ||Gi ”L%(I) HLp(Rd) = CS_O‘HG,- ||L§_’[ (34)

holds uniformly if ¥ € &(eo, N) and N is large enough (N > 100d). (It is enough to keep IVl ray
uniformly bounded.) To see this, let ¢ be a smooth function supported in 2/ with ¢ = 1 on I, and we set
K§ = F Y o((r —¥/(£.1))/C8) 5(§)). Then, by Lemma 2.9 |K}(x)| < C8Rp(x) for a large M with
C depending only on ||y ||cn (ya). Since supp F(G;(-,1)) C T*(8), we have G;(-.,1) = K§ * G;(-,1).
So, |Gi(x,t)| < C88Rp *|Gi(-,t)|, t € I, and by Minkowski’s inequality we get

1Gi (oDl 27y < €88t # (G (-.0) | 217 (0)- (85)

Young’s convolution inequality gives (84), namely with « = d — 1, if taking sufficiently large M.
Proof of Proposition 3.6. Since

T—W(f’t)

FG ) =0

)z@f(Gi(-,z)),

by Schwarz’s inequality and Plancherel’s theorem, |G;(x, )| < §2 IGi(-,t)|l2. So, this gives (83) for
p = oo. Thus, by interpolation it is sufficient to show (83) with p =2k /(k —1).

Let us set R = §~! and we may set x = 0. Following the same argument as in the proof of
Proposition 2.11 we start with the assumption that, for 0 < § < o,

k
[T1Gi 20y

i=1

k
_k
SRRZ[]IGi,, (86)
L2/(=D(B(0,R)) i=1 -

holds uniformly for ¢ € Q_ﬁ(so, N) whenever (81) and (82) are satisfied. By (84) and Holder’s inequality,
this is true for a large o > 0. Hence, it is sufficient to show (86) implies that for € > 0 there is an N = N(¢)
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such that, for some « > 0,

k
[T1GiL2¢ry

i=1

k
< Co REFCRTITT G2 (87)
L2/%=D(B(0,R)) i=1 o

holds uniformly for ¥ € &(go, N). Then, iterating this implication from (86) to (87) gives the desired
inequality; see the paragraph below (20).

Since pB( VR is supported in a ball of radius ~ R™ 2, the Fourier transform of PB(z. J/R) Gi(-,1)
is contained in I'? + O(R_f) for each ¢ and (82) holds with § = R™ > since § <« 0. Hence, by the
assumption (86), it follows that

k k
a k
o GillL2(s <CR2R 4| [lp Gillp2 - (88)
11:[1 B(z,+/R) () L2/ k=D (B(z. V) 1:1_[1 B(z,+/R) Xt
We now decompose G; (-,t) into {G; 4(-, )}, which is defined by
F(Gig(-.1) = xgF(Gi(-,1)). (89)

Here {¢q} are the dyadic cubes of side length /, R~z <] < 2R_%, which we already used in the proof of
Proposition 2.11. We write

Gi(x.1) =Y Gig(x.0).
q

In what follows we assume G; 4 # 0. By (81) it follows that, for each ¢, the cubes {¢} appearing in the
sum are contained in I'! (R_%) because G; 4(-,t) =0, otherwise. We also note from (72) that there is an
interval I; 4 of length C R™2 such that Gigq(-,1)=0ift €1; 4. Hence we may multiply the characteristic
function of yj, 4 SO that

Gi,q = Gi,q('?t)XI,'.q(t)' (90)

Since the Fourier supports of {p B(z ﬁ)Gi,q( -, 1)} are boundedly overlapping, by Plancherel’s theorem
it follows that

l_[ ”pB(z f)Gz “L2 <C 1_[ 91

i=1 i=1

1
(ZU)B(Z VR Gidl )

2
LX,),‘

Combining this with (88) we have

k
<CRSR % I1
i=1

[Tlese.vrGill2a

_ 2
iy L2/ (k—1) L

x.t

1
2
(Z |PB(z,ﬁ)G""’|2)
q

Since p B(z.V/R) is rapidly decaying outside of B(z, +/R), we have for any large M > 0

k
[T1ese.vrGillezay

i=1

L2/Gk—1)

k
< RS H

i=1

-M
+R 1_[ ||Gl ”LZl. (92)

X, i=1

1
2
XB(z,R1/2+¢) (Z Gig |2)
q
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We now partition the interval /; 4 further into intervals Il =[t1.t;41), L =1,..., Lo, of length ~ R,
Then the Fourier support of G; 4(-,1), t € I =1, tl+1] s contained in an O(R™') neighborhood

of ', Let (¢g, 74) be the center of ¢ and we deﬁne a set rllq by

=€ DL =gl <C82. |t =Yg 1)~ Ve (Gq. 1) - (§ —Gg)| < C8) (93)

with a constant C > 0 large enough. It follows that the Fourier transform of G; 4(-,1), t € Ii, !
supported in r . This is easy to see from the second-order Taylor approximation because ¥ € (’5(80, N ).
Also deﬁne m by

I_ é° Cg T=V (g, t)) = Ve (Gq.t1)-(C—8g) o4)
RSV Cs
with a suitable C > 0 such that mf’ 7 is comparable to 1 on r . Now, we set
F(Gig(-.1) = (mf,,,)‘lﬂGi,q(-,z))x,;q(n. 95)

Denoting by nll. g the normal vector n({g, ¥ ($4.17)), we also set with a large C > 0
_ . l l I -1
= {x Hxeni | =C |x —(x-n; g)n; 4| < CR 2}.

Let us set Kilq = F_l(mll.q) so that G; 4(-.,1) = Gl.lq(-,t) * K;q ift € Il.lq. Since p is supported
in (0, 1),

i _d+1
|Kigl SR 2 XRT!,

By (90) it follows that
. 2 _ . 2 _ . 2
D NGialzoqy =2 1Gialza, = 2 1Giall iz
q q q.!
Thus, by (95) we have
Ty — I (.
> 1Gigl7ay =D G ()% K] alZaqr )
q q.!
SYNGE Dl KL ]
q.! i

_d+1
S NGOl ogr % (RT2 ppgs ). (96)
i.q L,

We denote by T; l the tube R'*¢T ll 7 which is an R!*¢-times dilation of T ! from its center. So,

from (96) we have, for X,y € B(z, R2+9),

AT
Z ||Gi,q(yv')||L2(1) < RCSZ ||G q( t)”Lz(]l (| |)( X)-
q
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Once we have this equality we can repeat the argument from (23) to (26) which is in the proof of
Proposition 2.11 and also using (92), we have

k
[T1Gi Iz

i=1

L2/(k=1(B(0,R))

< Rce+%+7d1k + &,

L2/(k=1(B(0,2R))

XF 3
(ZHG DN (| |))

where £ = R™M ]_[5;1 1Gill;2 ) for any large M > 0. Hence, for (87) it suffices to show that

H(ch T (fT|))

i=1

i=1

k
d+k
SoT*RERE TGl -
L2/(=D(B(0,2R)) =1 !

Since by (95) |G} olza )Hz ~|1Giq ||L2(Iz
supports of F(G; q( 1)), and by Plancherel’s theorem

ZH ||Gil,q||L%(11{q) H; ~ Z ”Gi’quitz(z) =G 2y H;
q

,» making use of the disjointness of Il.l 7 and the

Hence, the above inequality follows from

Hzf’l“ ( Tq|)

i=1gq,l

<Co *R*“R™ % H Y oIl

i=1gq,

L1/(k=1D(B(0,2R))

LetZ; ={(q.!): Gl-l 7 # 0}, I; CZ; and 77‘1 be a finite subset of R%. By scaling and pigeonholing,
losing (log R)€ in its bound, this reduces to

1Y Y .

i=1(g.)eT; ceT},

<Co™®RRT" ]_[ Yo T+l 97

= 1
i=1(g.)eT; ceT/,

Ll/(k—l)(B(O,Z))

Here we note that if G; 4 # 0, then ¢ € supp F(G;(-,t)) + O(+/$) for some 7. So, by (82) we have
Vol(ny,...,n;) = o whenever n; € {nll. ¢ Gl.lq #£0}, i =1,..., k. Therefore, the estimate follows from
the multilinear Kakeya estimate which is stated below in Theorem 3.7. O

Theorem 3.7 [Bennett et al. 2006; Guth 2010; Carbery and Valdimarsson 2013]. Let2 <k <d, 1 < R
and%;, i =1,2,...,k, be collections of tubes of width R™? (possibly with infinite length), with major
axes parallel to the vectors in ®; C S~1. Suppose Vol(61, 05, ..., 0k) > o holds whenever 6; € ©;,
i =1,...,k. Then there is a constant C such that, for any subset T; C%;, i =1,...,k,

k k
. CRF 67! ( T~).
H(Z XT') Ll/(k—l)(B(o,l))E e l:l_ll T;| l|

i=1 "T; €T;

This is a rescaled version of the estimate due to Guth [2010] (the case d = k) and Carbery and
Valdimarsson [2013]; also see [Bennett et al. 2006]. However, we don’t need the endpoint estimate for
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our purpose and the estimate in [Bennett et al. 2006] is actually enough because we allow a §~¢ loss in
our estimate.

Corollary 3.8. Let v € &(go,N), n € E(N), and 0 < § < 0. Suppose that (82) holds whenever
& esupp fi +0(5), i =1,2,...,k. Then, if p>2k/(k—1) and &, is small enough, for & > 0, there
is an N = N(g) such that the following estimate holds with C, Cg, independent of  and n:

k
<Co s TTGIfill2)-

LP/k(B(x,871) i=1

k
[1Ssw.nf

i=1

To show this we need only to replace G; with ¢ (r)(D, t)(Dg—y (D', t))/8) fi and apply Proposition 3.6.
The assumptions in Proposition 3.6 are satisfied with Gy, ..., Gi. Thus, the estimate is straightforward
because Hd)(n(D, 1)(Dg—y(D',1))/$) fi HL)% ) < 82 | /1|2, which follows by Plancherel’s theorem and
taking 7-integration first.

The following result is a consequence of Corollary 3.8 and localization argument in the proof of
Proposition 2.10.

Proposition 3.9. Let 0 <§ < 0 <& < 1 and Y € &(eo, N), n € E(N) and let Q1,..., Q C 319 be
dyadic cubes of side length 6. Suppose that (82) is satisfied whenever & € Q;, i = 1,...,k, and suppose
that supp f,' CQi,i=1,...,k. Then,if p>2k/(k—1)and e, is small enough, for e > 0 there is an
N = N(¢) such that

1_[ Ss (¥, U)ﬁ
i=1
holds with C, Cg, independent of ¥ and n.

<Co G570 1‘[(8“* vam! (98)

i=1

Proof. The proof is similar to that of Proposition 2.10. So, we shall be brief. Let ¢, Q;, 7i, {8}, and {B}
be the same as in the proof of Proposition 2.10. We set
Y)Y,
xi(§)).

—1 T](é, t)(‘f -
=
Then S5 (v, n) fi = || K] * f; ||L2(I)' The (p/ k)-th power of the left-hand side of (98) is bounded by

)
Z/]‘[an*ﬁan(,) x<ItIL

i=1

where
I—Z[]_[IIK’*(XBJ‘:)IILZ(,) v, =¥ ( ) /1‘[||K‘*gl||L2(,) )
i=1 gi=xge fi i=1
for some i

As before, the second sum is taken over all choices with g; = xg.fi or xzc fi, and g; = yge fi for some i.
By choosing ¢ > 0 small enough, we see that y1(D)(x5./1), -- .. Xk (D)(x5.fk) satisfy the assumption
of Corollary 3.8. Since K! * (x5/i)) = d)(n(D, t)y(Dg — w(D/,t))/S))Zi (D)(xgfi), by Corollary 3.8
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and Holder’s inequality

1o (1Y’ 21‘[8 Blaghllf <omc ()’ (Ha—nﬁnp)

i=1
To handle 11 we note from Lemma 2.9 that |K? (x)| < C8Rp (x) with C depending only on ||y lewn ra-1y,
[nllcw (ray- Thus,
1KY % (rge f))llp2 < C88* M= VRg 1y x| fil(x)

if x € B, and || K; % fl-(x)||L%(I) < C38Rg+1 *|fi|(x). The rest of proof is the same as before. We omit
the details. O

3D. Multilinear square-function estimate with confined direction sets. From the point of view of
Proposition 2.11 we may expect a better estimate thanks to the smallness of supports of the Fourier
transforms of the input functions when they are confined in a small neighborhood of a k-dimensional
submanifold. The following is a vector-valued generalization of Proposition 2.11.

Proposition 3.10. Letk,2 <k <d, be an integer, 0 <o <K 1 be fixed, and I1 C RY be a k-plane containing
the origin. Let Y € &(co, N) and T'? be defined by (19). For 0 < § < o, suppose that the functions
G1,...,Gy defined on R% x I satisfy (81) for t € I and (82) whenever &; € supp F(G;(-.,1)) + O(5),

i=1,2,....k, for somet € 1. Additionally we assume that, forallt € I,
n(supp G1(-.1).....n(supp G (-.1)) € SY™1 N (TT+ O(5)). (99)
Then, if 2 < p <2k /(k — 1) and ¢ is sufficiently small, for ¢ > 0 there is an N = N(¢) such that
1 1 k
iz < g Cegdk(3=5)—¢ [T1Gil.- (100)
i1 ek Bees—1) i=1 !

holds uniformly for Y € &(go, N).
The following is an easy consequence of (100).

Corollary 3.11. Let {q}, q C %I 4. be the collection of dyadic cubes of side length |, § <1 < 26.
Define G q by F(Giq(-,1)) = xqF(Gi(-.1)) and set R = % Suppose that the same assumptions as in
Proposition 3.10 are satisfied. Then, if 2 < p <2k /(k — 1) and &, is small enough, for ¢ > 0 there is an
N = N(g) such that

k
[T1Gi 2,

i=1

holds uniformly for ¥ € &(go, N).

k

<o €5~ ]

LP/%(B(x,R) Pl

(101)

1
2
2
(2 :uGi,qule(,)) P8R
q p

Proof. Observe that

Nz =

(o521

i=

) .
i=1 LP/k(B(x,R)) Li() || g p/k
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Then, the functions p((- —x)/R)G;, i = ., k, satisfy the assumption in Proposition 3.10 because
supp F(o((- —x)/R)Gi(-,1)) = supp G( t) + O(R™1). So, from Proposition 3.10 we get

k
l_[ ||Gi||L$(1) Hp(%)Gi‘B

i=1
Since G; = Zq G, q and the supports of {]—"(,o((- —Xx)/R)Gi (-, t))}q are boundedly overlapping, by

Plancherel’s theorem it follows that
24
=X
(7))
(Zle()ena],

()5
(o),

Combining this with the above inequality, we get
Now Holder’s inequality gives the desired estimate (101). O

Lr/k(B(x,R))

k
<G [ RGD)
i=1

L2

2 ~ :
LxliLza) L2(D)

<o Cege ]_[ rR4G3)
Ll)/k(B(x’R)) i=1

k
[T1Gi 2

i=1

As an application of Corollary 3.11 we obtain the following.

Corollary 3.12. Let y € (¢, N), € E(N), 0 <8 K& K 0, and S5 = S5, n) be defined by (74).
Let T1 be a k-plane which contains the origin. Suppose (82) holds whenever & € supp f; + O(a),
i=1,2,...,k,and

n(supp fi) CTL+ O@G), i=1,2,... k. (102)
Let {q}, q € %Id, be the collection of dyadic cubes of side length |, 6 < | < 26. Define f; 4 by

F(fi,)) = xqF(fi). Then, if 2k/(k —1) < p < 2 and s, is sufficiently small, for ¢ > 0 there is an
N = N(g) such that

<oeo ]

LP/K(B(x,1/5)) Pl

(Z | S5 fial ) PBG1/)|

i=1
holds uniformly for  and 1.

This follows from Corollary 3.11. Indeed, it suffices to check that

Gi =p(E(- —x)p((Dg —y(D'.1))/0) fi

satisfies the assumption of Corollary 3.11 with § = & as long as 0 <« &. This is clear because

Gt =74 (¢ () (550 ).

Proof of Proposition 3.10. The argument here is similar to the proof of Proposition 3.6. The estimate for

p = 2 follows from Holder’s inequality and Plancherel’s theorem. So, by interpolation it is sufficient to
show (100) for p =2k /(k —1).
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Letusset R = % > 1 and we may set x = 0. As usual we start with the assumption that, for 0 < § < o,

k
[T1Gi 2

i=1

holds uniformly for ¥ € (g0, N) whenever G1, ..., Gy satisfy (81), (82) and (99). By (84) and Holder’s
inequality, (103) is true for some large «. As before it is sufficient to show that (103) implies for any
£ > 0 there is an N = N(¢g) such that

k
< CROR™E []1Gi 2 (103)
L?/k(B(0,R)) io1 !

< Co*REFeER™S ]‘[ 1Gillz2,

|Gi ”L%(I)
L7/k(B(0,R)) i=1

i=1
holds uniformly for ¥ € &(go, N). Then iteration of this implication gives the desired estimate (100).
Fix z € R? and consider pB(z,ﬁ)Gl(' , t),l. .. ’pB(z,ﬁ)Gk(' ,1). Then it is clear from (81) and (99)
that supp F(pp(, /&) Gi(-.1) C I'' + O(R™2) and
1
n(supp F(pp(, yg)0i(-.1))) C I+ O(R™2).
Also, since § < o, (82) holds if &; € supp ]-"(pB(Z VR) G;(-,1)). Hence, by the assumption (103) we get

k
a _d
SRERTE [T lepe,yrGilliz,- (104)
i=1

1‘[ lop. v Gill 2y

i=1

L2/(k—1)

Now we proceed in the same way as in the proof of Proposition 3.6, and we keep using the same
notations. As before, let {g} be the collection of dyadic cubes (hence essentially disjoint) of side
length ~ R™2 such that /¢ = (U ¢. We decompose the function G; (-, ) into G; 4( -, t), which is defined
by (89), and get (91), which is clear. Then, combining (91) and (104), we have

k 1
o d >
Gill,» <CR2R % G 2)
l=1 9\/?) 1 ”L[(I) L2/(k—l) l=l_[l (; |pB(Z,\/§) l’ql Lit
Then this gives
d k 1
Gi <R%Z7% . G 2 ‘. 105
’ﬁ) l”L%(I) L2/G—1) 1_[ XB(Z,RI/Z-‘r )(Z | l,q| ) . + ( )

i=1 i=1 q

x.t

where £ = R™M ]_[l_l |G ||L2 for any large M.

We also denote by (N?)~! (deﬁned from N (7471) to 79~ 1) the inverse of N? : 'Y — S9~1 which is
well defined because i € &(go, N). Since 3;¢ € (1 —&o, 1 +&5), there is an interval I; ,q of length CR™2
such that G; 4(-,t) =01if t € I; ¢4; see (90). As in the proof of Proposition 3.6 we partition /; 4 into
intervals /; l =[t;.ti11], L = 1,...,lo, of side length ~ R~ Since the Fourier transform of G; (-, )
is supported in% +0(@8)ifr e I l = [t;, t74+1] and the normal vectors are confined in IT 4+ O(9), it
follows that

supp F(Gi g (-,1) C T (8) N (N) 1 () + 0()), 1 €[, 1141]
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Fix 77, and let us set

&l = (Gt € (ND)THI) N TY) N (supp F(Gig (- 1) + O(8)).

(As before, we may assume that this set is nonempty, otherwise the associated function Gl? 7 is equal
to 0. See below.) Let vy,..., vy_1 be an orthonormal basis for the tangent space TE;, ((N')~I(IT)) at
; q, and uy,...,u _g be a set of orthonormal vectors such that {N’ (él.t,’q), Vi oo VU U g}
forms an orthonormal basis for R¥. Let us set
el ={E &) NIE D <C8. |E—§ ) vl <CVE i=1.... k-1,
and |(§ — Elq) u,|<C8 i=1,. d—k},

Pl ={&:|&- NI )| <C. [E-v|<CVE i=1.....k—1 and [§-u;|<C. i =1,...,d—k}

with a sufficiently large C > 0. Then F(G; 4(-,t)), t € [t;,t;41] is supported in rl 7

The rest of proof is s1m11ar to that of Proposmon 3.6, so we shall be brief. Let m ig be a smooth
function naturally adapted to rl. 7 such that ml. "™ 1 on rlt ! 7 and F~ 1(mt’ ) is supported in RP; ’ . This
can be done by using p and composing it with an appropriate affine map; for example, see (94). As before
we define Gl{q(- ,1) by (95) and let K;fq = ]-'_l(m?,q) so that Gl.l,q(~ 1) = Gl.l’ (-, 1) % Kt’ ift e Il )

Hence,

I 1 1 -1
ZGi"I:ZGi,q("Z)*Kifq’ |Kiq| S IRP; | ArP)

Let us set P ’ = RH"SP” Hence, from the same lines of inequalities as in (96) and repeating an
argument s1m11ar to that in the proof of Proposmon 3.6 we have, for x € B(y, R2+8)

X pl
H(Z 1Gigl 2(1)()6)) 5RcsHZ”Gil,q("t)”iz(Ié)* (|P |)(J’)

i=1 i=1gq,i

Now, we use the lines of argument from (23) to (26), and combine this with (105) to get

k
1_[ ||Gi “L%(I)

i=1

L2/=D(B(0,R))

< Rest5 +E.

L2/(k=1(B(0,2R))

X”lz 1
H(Z ”G [)sz(lé)*( P ))
i=1 |P |

. ~ 2 . .
Since ), ; ” |Giq ||L2(11) H2 ~ 4 H |Giq ||L%(Iq) H2 ~ |G; ”Li,t’ the proof is completed if we show

H(Z Ja.* f;ft |) <CR“c™'R™* ﬁ(z ||fq,1||1).

i=1"gq, L2/%=D(B(0,2R)) i=1"gq,

Finally, to show the above inequality we may repeat the argument in the last part in the proof of
Proposition 2.11. In fact, we need only to show the associated Kakeya estimate; for example, see (28)
and (97). Using the coordinates (u, v) x IT x IT+ = R4 as before, it is sufficient to show that the longer
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sides of Pl.t ! g Are transverse to I1. More precisely, if &, is sufficiently small and N is large enough, there
exists a constant ¢ > 0, independent of ¥ € &(go, N), such that, for

w e (T (N™'(ID) @ span{N(E/,)}) ™ (106)

(29) holds. Since ¥ (¢, t) = %|§|2 +1 + R with [R| ¢~ (1axp) < €0, by the same perturbation argument
it is sufficient to consider ¥ (¢, 1) = %lf |2 4 ¢. For this case (29) clearly holds for w satisfying (106)
because translation by ¢ doesn’t have any effect. The same argument works without modification. [

3E. Multiscale decomposition for Sg f. In this section we obtain a multiscale decomposition for
the square function, which is to be combined with multilinear square-function estimates to prove
Proposition 3.2. This will be carried out in a way similar to how we obtained the decomposition
in Section 2, though we need to take care of the additional 7-average.

Let0<eo <1, | KN, ¢ € &(g0, N), n € E(N), and S be given by (74). Let N’, n be given by
Definition 3.5. Let ¥k = k(&,, N) be the number given in Proposition 3.4 so that (77) holds whenever
O<e<k, Ye 6_5(80, N), and n € E(N). As before, let 01,...,0m, and My, ..., M, be dyadic numbers

such that

. 1
K01 K- Ko <min(k, 1), M;= o (107)

1

We assume that f is Fourier supported in %I 4 We keep using the same notation as in Section 2E. In
particular, {q'}, {Q} are the collection of (closed) dyadic intervals of side length 20;, 2M;, respectively,
so that (37) and (40) holds.

3E1. Decomposition by normal vector sets. Let {#'} be a discrete subset of S¢~! whose elements are
separated by distance ~ o;. Let 0 be disjoint subsets of {q' } which satisfies, for some 67,

o' c {q’ : dist(n(q"),0") < Co;} (108)
and

o' =t} i=1....m. (109)
ol

Obviously, such a partitioning of {q’} is possible. Disjointness between ' will be useful later for
decomposing the square function. Then we also define an auxiliary operator by

1
2
S, f = (Z |szqz-|2) |
qi eai
As before, ', ka, 0; and Oj. , denote the elements in {0’} for the rest of this section.
Definition 3.13. We define n(d") to be a vector! 6 € {#?} such that dist(n(q’), #) < Co; whenever q' € d'.
Particularly, we may set n(d') = 6" if (108) holds.

TPossibly, there is more than one 6. In that case we simply choose one of them. Ambiguity of the definition does not cause
any problem in what follows.
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Since the map N is injective for each ¢, the elements of 9’ are contained in an O(o;) neighborhood
of the curve {£ : n(§) = 0’} with / = n(d"). From (72) we observe that for any interval J of length
0; there are as many as O(1) g’ €0’ such that ¢((Dg — ¥ (D'.1))/8) f,i # 0 if t € J. Hence, dividing
I intervals of length ~ o; and taking integration in ¢ we see that

Ss(z qu) < (Z |szqi|2)2 =6, f (110)

g €l g €vi

with the implicit constant independent of ’. Since Ss f < Zai Ss (Zqiea[ fq;), i=1,...,m, we also

have
1

szsZ(Z |szqf|2)2=260,:f (111)
ol

NER=Y,
3E2. o1-scale decomposition. Decomposition at this stage is similar to that of 75 in Section 2. So, we
shall be brief. Fix x € R? and let ol € {o'} such that
601 S(x) = max 601 S (x).
* ol

Considering the cases ) S, f(x) = 1004 601 f(x)and ) S, f(x)> 1004 601 f(x) separately,
we have i i

S/ S8, S 6, ) +ol ™ max (8, f(06, ()}
o! n@L)-n@")|z0:
SE /W40l max (8, /(06 [(x)2.

1 Dl ' 21
|”(Dl)_"(02)|201

. i —1 _ 2
Since #0' <oy " and Ga}fGaéf = (Zq%eb{,qéebé(sfsfq%S‘gfqé) )2,
1

szl (T issalr) vor€( X Gagsisf)

1 1451
qlevs 1 al,azl
n(@)—n(,)IZ0o1

D=

=

Taking the L? norm on both side of the inequality yields
1

1

1_1 7 2\ P

15715 5 o7 (U3l ) +or€( X Wsssysislf)”
ql

q} ,q% trans

Hence, using Proposition 3.4 and Lemma 2.6, we have

2 1
15 fllp < 07 Bp(@T29) f lp +07C max 1Sy fyySs fypl3- (112)

q1,9, trans

We proceed to decompose those terms appearing in the bilinear expression.
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3E3. oy-scale decomposition, k > 2. Fixing o, for [ € 0179, let A; and 7; be given by (32). The
following is a slight modification of Lemma 2.13.

. 1
Lemma 3.14. Let 0 be a subset of {q'}. Set &, f = (Zq[ea |Ss /o |2) 2, and set
1 1
Sof1= D, A;Sy@mf). &1= Y (A6, (wu+)f)-
leM;74 1,I'eM; 74
If x, xo € Q, the following inequality holds with the implicit constants independent of :
S, f(x) T[S, f1(x0) T[S, f1I(x). (113)

Proof. Note that g’ is a cube of side length 20;. Since x, xo € £/, using (35) and the Cauchy—Schwarz
inequality, we get

Dg—y(D', 2 D.1)(Dg—y (D', 2
oL | 5 X aife(ME PN
leM;74
Integrating in t we get
(S5 [ (X)* S Y A(Ss(z fi)(x0))*. (114)
leM;74

Summation in q’ € 0 gives

; 1 ;
(Zeie2) s X af(Tessasoon?) .
giev leM;74 gl €d
from which we get the first inequality of (113). By interchanging the roles of x and x¢ in (114) and
summation in g’ € 0, it follows that
D Ssfi) @) S D A Y (S5 (x4 f) (X)),
gl €d leM;74 giev
Putting this in the right-hand side of the above inequality and repeating the same argument, we get the
second inequality of (113). O

Now we have the bilinear decomposition (112) on which we build a higher degree of multilinear
decomposition.

3E4. From k-transversal to (k+1)-transversal, 2 <k <m. Let us be given cubes q’f_l, q’zc_l, e q],:_

of side length o} which satisfy (55). Though we use the same notation as in the multiplier-estimate
case, it should be noted that the normal vector field n is defined on 71971 x C1 (see Definition 3.5). As
before, we denote by {q{-‘} the collection of dyadic cubes of side length o} contained in qf-‘_l, see (56),

1

which are partitioned into the subsets of {Df.‘ } so that

U( U qf‘)=q§“% i=1.... .k

k k k
) 0 q; €0;
So, we can write
k

1_[58( > qu—l):ﬁ&?(z > qu—‘)

= e =L el
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and recall the definition 1
Gaka‘ 1= Z |S3Fq§<|2)i.

qf-" ED?
Fix 9QF and let x¢ be the center of QF. Let Dk € {Dk} be an angular partition such that

S« fir—1(xo) =max S  f x—1(xop).
0,7 i ok 0,7
Let us set i

AF = {of :[6, f—11(x0) > (o) max [& , fi—l(xo)}, 1<i<k. (115)
i i 1<j<k Jx

We split the sum to get

HSs(Zka)fﬁSs(Z S 2 Is(X ) oe

i=1 k gk ek i=1 KeRk gkeok % .. 05T, Ak =1 kX

Thus, if x € Qk, by (113) and (110) the second term in the right—hand side is bounded by

k
> Is(Z )es X H[@D/(fk (x0)

@, 00 g[Tio A 1=1 “qfedf OF,.. 00 gTi_, Ak =1

S (max S, fy-1]xo))*

5(1“1,-3"k[ ok, f1x0))" (maX”@akf”(x)) (117)

Here {0¥} = Ui<i<k {Dk } and the third inequality follows from the definition of 60/( f because ql C qf‘ 1

Since (117) holds for each QF, integrating over all Qk, using Lemma 3.14, Proposmon 3.4 and Lemma 2.6,
we get

Z HSS(Z fk)H <”max| akf|HpNSl,lpHmaX60k(‘Ehf)H

(la . k)¢l_[l lAk =1 keak 1

4
< sup(Z 1o <rhf>||;:)
1_1
SSEPU,E” 2)(2 ||Sarhfq;<||;;)

af
<07 By 291 f I (118)
The second-to-last inequality follows from the definition of G« f and Holder’s inequality since there are
as many as O(ak_l) gk c ok
We note that vectors n(D]f*), cee, n(Di*) are linearly independent because q]f_l, qg_l, e, qi_l are

N =

transversal. We also denote by Hﬁ = H’;(qll‘_l, cees qlg_l,ﬂk ) the k-plane spanned by the vectors
n(D’f*), e ,n(bi*) Let us set

N=NGE .. 95 = (F  dist(n(d5), TT¥) < Coy ).
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We split the sum and use the triangle inequality so that

Ms( X T a)=l1s(X T a)s X Ts(Xx) ow

i=1 W eAk gf edk i=1 ke Ak gf edk wkepr 1=l qk ek
Df.‘ en 0{‘ &"ﬁ for some i
For the k-tuples ok, ..., 0’,5) appearing in the second summation of the right-hand side, there is a Df? for

which n(bf.C ) is not contained in TTX + O (o). In particular, suppose that n(blf) ¢ TTX + O(oy). Then, by
(113) and (115) we have
k

l_[ SS( 2 fk)(x) s H[G e Jogillro) =0 ([60’1‘ fq’f”](x‘)))#l 1_[([60{-‘*fq{-‘—l](xo))kL+l

=1 af ek i=1 i=1

Recall that Vol(n(§1),n(&2),...,n(§;)) Z 01---0p—1 if & € qf.‘_l, i =1,...,k. From the definition
of 9 it follows that dist(n(q), H’,ﬁ) > oy if ¥ € 0% and n(d%) ¢ 9. Hence
Vol(r(£1), n(52), ..., n(5x), n(§x11)) 2 01+~ 0%

if§ e q and q € Dl*, i=1,...,k,and &4, € qll§+1 and qll§+1 € 011‘. So these cubes are transversal.

Since there are only O(o; € oy-scale cubes, by (113) and Holder’s inequality

i 55( ) fq;,c) ()

i=1 qkebk
1 1 k
k.
S0 (I8 £y I =T (I8 fyp—11(0) 75
i=1 e
k+1 k+1 AN
AR a4 X ([Tseampimpe) )
I lk+1,lk+1€MAZd i=1 ql, ,qk_Htrans i=1
Here Al ,Al/ are rapidly decaying sequences. The same is true for any ok, Dk satisfying Df‘ € /_\f?,

1<i<k, and Dk & M for some i and this holds regardless of QF. So, we have for any x,

> (X )

ek i=1 qf ek
Df—‘g?‘ﬁforsomei 1 k41 .
1 P
-C ~ ~
LD l_[AziAz;( > (H S5t +1) )(x)) ) . (120)
llalian'alk-‘rlal]/(_i,_] i=1 q]f,...,qf_i_ltrans i=1

Since A, I;» A 1y are rapidly decaying, taking the L% norm and a simple manipulation give

| = Is(z e,

ek =1 qf eof
Df &M for some i

k+1

l_[ Ss (Tt

i=1

§Gk_c sup max (121)

T]yeees Tk+1 ql, ,qllz_Htrans

t\
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We now combine the inequalities (116), (117), (119), (120) to get

ﬁSS(Z Z qu-‘)

i=1 ok gk ek
< (max 165 /116" + 1o 1‘[53( DS qu)
=1 KeAk Fedk
akem
k+1 k+1 &k
+03. ¢ > HAI,-AI;( > (l_[ S5 (Tq;+17) f )(X)) ) -
ll,li,'~-,lk+1,l;/(+1 i=1 qlf,...,qi_i_l trans =1
Here 9t depends on q]f_l, cees qi_l,ﬂk. By taking the ——th power, integrating on R? and using (118)
and (121) we get
2 k+1 -
H(]‘[ Ss( > qu)) <07 By 29 fllp +0; € sup max | [ Ss(ui £y
i=1 kC k 1 p TlseensTh+41 ql ..... A% +1 trans i=1 ;
k 1
p
H(Zs( X z ) am
ok i=1 DI»CG ! LD/k(Dk)
D(@F gk =105 gf qu‘ !
where [‘)_“(](qlf_l, cees qk ~1,0%) denotes a subset of ‘ﬁ(qk Lo qlz_l, QF) which depends on q’f_l, e,
—1 9k,
3ES5. Multiscale decomposition. Fork =2,...,m, let us set
k L 1
J— k p
TEf= sp omax (Z 1‘[58( ) > rl-fq,k) )
Tlyeenr Tk q/f—l,,..,qé—l trans ok li=1 P koo i Lp/k(Qk)
0; € q; €9;
D (aF g =105) o qu‘ !
Here [‘YK](qk_l, cee, qi_l QF) also depends on 71, ..., 7 but this doesn’t affect the overall bound.
Starting from (112) we successively apply (122) to k- scale transversal products (given by qk L qi 1
transversal). After decomposmon up to the m-th scale we get
1S5 1p < Zok 00 By )| Sl + Zo,:ﬂzmkf
k=2
m+1
+(7n_1c sup max l_[ SsTi fqm (123)
Tlseees Tm+1 q] 5. :qm+1 trans i=1 ‘ Lp/(m+1)

3F. Proof of Proposition 3.2. We may assume d > 9 since ps > 2(d +2)/d for d < 9 and the sharp
bound for p > 2(d + 2)/d is verified in [Lee et al. 2012]. So, we have ps(d) > 2(d —1)/(d —2). The
proof is similar to that of Proposition 2.3. Let 8 > 0 and we aim to show that B8 (s) < C for 0 <s <1 if
p > ps(d). We choose & > 0 such that (100d)~! 8 > ¢. Fix g0 > 0 and N = N(g) such that Corollaries 3.8,
3.11 and 3.12 hold uniformly for ¥ € &(go, N).
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Let s < § < 1. Obviously, (o, 28) 7 +ﬂB(O’ 28) < BP(s) + oy —C because 5 < (o —2§ and B(8) =
B, (8) < C for § Z 1. Hence, it follows that

2(———)+2ﬂ8_7+

B(ok 25) <o PP (BP(s) + 07 ©). (124)

We first consider the (m—+1)-product in (123). By Corollary 3.8 we have, for p > 2(m + 1)/m,

1
m—+1 T
sup max
Tlyeeos Tl ] seees q%+ltrans ;

_7 d_
< Cooy S5 T £ e (125)

SsTi for
=1

Lp/(m+1)

For MK, as before we have two types of estimates. The first one follows from Corollary 3.8, while the
second one is a consequence of the square-function estimates in Corollary 3.12. From the definition of 9K,
we note that q’f, qlzc, ey qllg are contained, respectively, in q1 , q’2‘ Lo qi_l, which are transversal.

Hence, we have

k k
s % > oafg)ws X [Issow.

=1 ok e[d(qh,. gk, 0K) gk ok a7 05 .. trans (=1
qf caf !
Here “q’f, qlzc, ce, qk trans” means Vol(n(&1),...,n(&;)) > 01 ---0;_1 provided §&; € qf.‘, i=1,...,k.

Since there are as many as O(0; ° 1) k-tuples (qk Lo qi_l) and the above holds regardless of QF, by
Corollary 3.12 we have, for p > 2k /(k — 1),

_ _ —Co_d=2,d_
M f Lo C sup Z HnSa(fz SO CETE T . (126)
Tlyeens Tk ql ,qz, ,qk wans i =1 p/

Estimates for MK via Corollary 3.11. By fixing 71, . .., %, and (qk L qi_l) satisfying q’f‘l, e qi_l
are transversal, we first handle the integral over Q¥ Wthh is in the definition of K. Fori =1,...,k, set
= X ()

e 1.0k~ 1ak) q, keok
a) qu‘ !
Since q]f_l, cee, qi_l are transversal, (82) holds with o = oy --- 0x_1 whenever &; € supp fi + O(oy),

i=1,2,...,k. Also note that n(blf), n(Dk) C Hk(qk 1..., qi_l,Qk). Hence, it follows that (102)
holds with 6 = oy. Let us set

QK gk Lok = (dF tn(d®) e Y@L L gL Q0

Let write Q% = q(z, 1/0%). Then, by Corollary 3.12 we have, for 2 < p < 2k/(k — 1),

(M) ||, socior T

i=1 LP(9k) i=1

1 2l

2
( Z |sziqu|2) PB(z, <)
Ko kZliLe
q; €9

k—1
aFeo(@1,..af 71,05
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The dyadic cubes of side length oy, in Q(qk L qllg_l, 0%) are contained in an O(oy,)-neighborhood

of n~1(ITX) which is a smooth k-dimensional surface. Thus,
#af Caj_yraf € Q@i L QM) < Co*

Now, by Holder’s inequality we get
_Cs —e—k(5-1
(M50 [, oo™ 11

i=1 Lp(Dk) i=1
Summation along 0k using the rapid decay of the Schwartz function p gives

1_1y K ks
H(Hng,) 50;_0180]:8—k(7 ”)l_[ (Z|Safz‘fq{f|p) H :
D

i=1 i=1
Hence, using Proposition 3.4, Lemma 2.6, and (124), for 2 < p <2k/(k — 1), we have

N =

p
k
(X issusylr) pos
i Lp

et

¢ —ekslpsbl
H(]‘[ ngl) <o Co B2 £,
i=1 2d—k—3__2d—k—1
<o s T TR T T (62 £ BRI £l

— _d—=2_,d__
Uk_CI(S 75 ’3( +0k3ﬂ(s))||f||p
with some « > 0 if p > 2(2d —k —1)/(2d — k — 3). Here we have used (100d)~! 8 > . We note that

the right—hand side of the above is independent of 1, ..., 7; and there are only O(Uk__cl) many k-tuples
(qll‘_l, ey qk 1) satisfying qk LI qi ! are transversal. Thus, recalling the definition of 9K £, we

have for 2 < p <2k/(k—1)
~r _d=2_.,d_
MEf <0756~ T 5P (0,C + 2B ) £,

with some o > 0 provided that p > 2(2d —k —1)/(2d —k — 3). Combining this and (126) we have, for
some o > 0,

M f < C5™ T+ (0,.C + o BE3)[ /- (127)
provided that p > min(2(2d —k —1)/(2d —k —3),2k/(k —1)).

Closing induction. Let us set

B _(2d—k—1) 2k \ 2(m+1)
P<m>—maX(1§a;mmln( 2d—k—3 ’k—l)’ m )

Since p > ps >2(d —1)/(d —2) and (100d)~!8 > &, we have
2 _
ol B(ok_28) < 0,?8_%"—%_5 (BP(s) + Gk_c)

for some o > 0. Using (123), we combine the estimates (124), (125), and (127) to get

m
— — _d—=2,d__ —C o—9=2_d __
1S5.flp < C D05 G + 0. Sof BE )8~ 2 0P| fllp+ Copy €5~ 2 57 1
k=1
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for some « > 0 as long as p > p(m). The rest of proof is similar to that in Section 2F, so we intet;d to be
— —2

brief. By using the stability of the estimates along ¥ € &(eo, N), n € E(N), multiplying by § T+ on

both sides and taking the supremum along ¥, n and f, and taking the supremum along §, s <& <1, we get

m m
BB(s) < C(Z U/:_CIU,‘:)Bﬂ(s) +C Z o ©
for some o > 0 provided that p > p(m). Choosing o1, ..., 0ym—1 such that C ( Z:ll Ok_—cl

B¢() <Co,, C for p > p(m). Therefore, to complete the proof we need only to check that the minimum

0]‘;‘) < % gives
of p(m), 2 <m <d —1,is ps. This can be done by a simple computation.
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Note in proof

The range of sharp L? bound for the Bochner—Riesz means in Theorem 1.1 was recently improved by
Guth, Hickman and Tliopoulou [Guth et al. 2017] for d > 4.
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