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ESTIMATES FOR EIGENVALUES OF AHARONOV-BOHM OPERATORS
WITH VARYING POLES AND NON-HALF-INTEGER CIRCULATION

LAURA ABATANGELO, VERONICA FELLI, BENEDETTA NORIS AND MANON NYS

We study the behavior of eigenvalues of a magnetic Aharonov—Bohm operator with non-half-integer
circulation and Dirichlet boundary conditions in a planar domain. As the pole is moving in the interior of
the domain, we estimate the rate of the eigenvalue variation in terms of the vanishing order of the limit
eigenfunction at the limit pole. We also provide an accurate blow-up analysis for scaled eigenfunctions
and prove a sharp estimate for their rate of convergence.

1. Introduction and statement of the main results

An infinitely long, thin solenoid perpendicular to the plane (x;,x,) at the point ¢ = (a;,a,) € R?
produces a point-like magnetic field as the radius of the solenoid goes to zero and the magnetic flux
remains constantly equal to « € R\ Z. This magnetic field is a 2w a-multiple of the Dirac delta at a
orthogonal to the plane (x1, x») and is generated by the Aharonov—Bohm vector potential

X2 —dj X1 —dq
(x1 —a1)? + (x3 —a2)?” (x1 —a1)? + (x2 —ay)?
see, e.g., [Adami and Teta 1998; Aharonov and Bohm 1959; Melgaard et al. 2004]. We are interested in
the spectral properties of Schrodinger operators with Aharonov—Bohm vector potentials, i.e., of operators

Aa(x)=oe(— ) x = (x1,x) € R*\ {a};

(V4 A,)% =—A+2id,-V+ |44

Since curl 4, = 0 in R? \ {a}, the magnetic field is concentrated at the pole a. If the circulation « is an
integer number, then the potential 4, can be gauged away by a phase transformation so that the operator
(iV + Ag)? becomes spectrally equivalent to the standard Laplacian. On the other hand, if & ¢ Z, the
vector potential 4, cannot be eliminated by gauge transformations and the spectrum of the operator
is modified by the presence of the magnetic field: this produces the so-called Aharonov—Bohm effect;
i.e., the magnetic potential affects charged quantum particles moving in the region Q2 \ {a}, even if the
magnetic field B, = curl A, is zero there.

The dependence on the pole a of the spectrum of the Schrédinger operator (i V 4+ A,4)? in a bounded
domain €2 was investigated in [Abatangelo and Felli 2015; 2016; Abatangelo et al. 2017; Bonnaillie-Noél
et al. 2014; Noris et al. 2015; Noris and Terracini 2010] under homogeneous Dirichlet boundary conditions.
In particular, in [Abatangelo and Felli 2015; 2016] sharp asymptotic estimates for eigenvalues were
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given in the case of half-integer circulation o € Z + % as the pole a moves towards a fixed point a € Q;
analogous sharp estimates were derived in [Abatangelo et al. 2017] in the case a € 2. We mention that
the continuous dependence of the eigenvalue function on the position of the pole and improved regularity
results under simplicity assumptions were established in [Bonnaillie-Noél et al. 2014; Léna 2015] for
any value of « (in particular also for non-half-integer circulation); on the other hand, to the best of our
knowledge, sharp estimates of the gap of eigenvalues have been investigated only in the case @ € Z+ %; see
[Abatangelo and Felli 2015; 2016; Abatangelo et al. 2017; Bonnaillie-Noél et al. 2014; Noris et al. 2015].

The case v € Z+ % studied in the aforementioned papers presents several peculiarities which allow one
to approach the problem with a perspective and a technique that are not completely adaptable to a general

circulation @ € R\ Z. Indeed, if o € Z + %, the problem can be reduced by a gauge transformation to
1
2

phase, with the antisymmetric eigenfunctions of the Laplace—Beltrami operator on the twofold covering
%, the
magnetic eigenfunctions have an odd number of nodal lines ending at the pole a. It has been proved

the case @ = 5 and, in this case, the eigenfunctions of (iV + A4,)? can be identified, up to a complex

manifold of 2; see [Helffer et al. 1999; Noris and Terracini 2010]. As a consequence, if o =

in [Helffer and Hoffmann-Ostenhof 2013] that the corresponding nodal domains are related to optimal
partition problems. We refer to [Bonnaillie-Noél et al. 2009] for related numerical simulations.

The special features characterizing Aharonov—Bohm operators with circulation % played a crucial role
in [Abatangelo and Felli 2015; 2016; Abatangelo et al. 2017; Bonnaillie-Noél et al. 2014; Noris et al. 2015;
Noris and Terracini 2010]. In particular, in [Noris et al. 2015] local energy estimates for eigenfunctions
near the limit pole are performed by studying an Almgren-type quotient, see [Almgren 1983], which is
estimated using a representation formula by Green’s functions for solutions to the corresponding Laplace
problem on the twofold covering. Moreover, in [Abatangelo and Felli 2015; 2016; Abatangelo et al. 2017]
a limit profile vanishing on the special directions determined by the nodal lines of limit eigenfunctions is
constructed: this allows one to establish a sharp relation between the asymptotics of the eigenvalue function
and the number of nodal lines, which is strongly related to the order of vanishing of the limit eigenfunction.

In this paper we will focus on the case of noninteger and non-half-integer circulation; i.e., we will
assume o € R\ (Z/2). A reduction to the Laplacian on the twofold covering manifold is no longer
available in this case; moreover, magnetic eigenfunctions vanish at the pole a but they do not have nodal
lines ending at a (see Proposition 2.1). The lack of the special features of Aharonov—Bohm operators with
half-integer circulation described above requires alternative methods and produces a less precise estimate.
In particular, in order to estimate the Almgren frequency function, we will give a detailed description of
the behavior of eigenfunctions at the pole and we will study the dependence of the coefficients of their
asymptotic expansion with respect to the moving pole a, see Lemma 2.2.

By gauge invariance, if « € R\ (Z/2) it is not restrictive to assume that

ae(0,1)\{3}. (1-1)

Let @ C R? be a bounded, open and simply connected domain. For every a € Q, we introduce the
functional space H!*4($2, C) as the completion of

{ue H'(Q,C)NC>®(Q, C) : u vanishes in a neighborhood of a}
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with respect to the norm

2 1/2
_ 2 2 u
”u”HL“(Q,C) - (”VMHLZ(Q,(EZ) + ”u”Lz(g,@) + m L@ C)) . (1-2)
The norm (1-2) is equivalent, under condition (1-1), to the norm
. 1/2
(1GY + Aa)ull2 2 c2) + 1112 20 0)

in view of the Hardy-type inequality proved in [Laptev and Weidl 1999], see also [Alziary et al. 2003]
and [Felli et al. 2011, Lemma 3.1 and Remark 3.2],

2
|u(x)| dx. (1-3)
r(a) |X—Cl|2

|16V Anul? dx = (min)j - al)” [
D, (a) J€Z D

which holds for all > 0, @ € R? and u € H'4(D, (a), C). Here we denote by D, (a) the disk of center a
and radius r; we will denote by D, := D, (0) the disk with radius r centered at the origin.

It is also worth mentioning the following formulation of the magnetic Hardy inequality proved in
[Alziary et al. 2003, Lemma 4.1]: for all r; > r, > 0, a € R?, and u € H"%(D,, (a) \ Dy,(a),C),

2
I (1-4)

|(iV+Aa)u|2dxz(minlj—al)zf 2 &
jer Dy, (@\Dry(a) |X —a|

/Drl (a)\DI‘Z (a)

We also consider the space Ho1 (R, C) as the completion of C2°(£2\ {a}, C) with respect to the norm
Il - ||Hul(Q’C), so that

Hé’“(SZ,C):{ueHOI(Q,C): eLZ(SZ,C)}.

|x —al
From classical spectral theory, for every a € €2, the eigenvalue problem

(iV+A)*u=>iu inQ,
E
{uzO on 0€2 (Ea)

admits a diverging sequence of real eigenvalues {A{ }x> with finite multiplicity; in the enumeration
a a a
)‘1 5)\25...5%, <.

we repeat each eigenvalue as many times as its multiplicity. We are interested in the behavior of the
function a — k;’ in a neighborhood of a fixed point a € 2. Up to a translation and a dilation, it is not
restrictive to assume thata = 0 €  and D, C 2.

Let us assume that there exists 779 > 1 such that

Ay, is simple, (1-5)
and define
Ao = )‘20 and A = Ay,
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for any a € Q. In [Léna 2015, Theorem 1.3] it is proved that
if A? is simple, the function @ k;-’ is analytic in a neighborhood of 0. (1-6)

In particular the function a — A, is continuous and, if ¢ — 0, then A, — A¢; see also [Bonnaillie-Noél
et al. 2014]. Let g € Hol’o(Q,C) \ {0} be an L?(Q, C)-normalized eigenfunction of problem (E)
associated to the eigenvalue Ao = A9 o> 1-€., satisfying

(iV+ A0) 0o = Aopo in 2,

©o=20 on 092, (1-7)

Ja lpo()?dx = 1.

From [Felli et al. 2011, Theorem 1.3] (see also Proposition 2.1) it is known that
@o vanishes at 0 with a vanishing order equal to |« — k| for some k € Z, (1-8)

in the sense that there exist k € Z and B € C\ {0} such that
le—k| ekt 1,z
r*T r(cost,sint)) — in C>*([0,2x],C (1-9)
@o(r( )—> B Ners ([0, 27], C)

asr — 0% for any 7 € (0, 1).

Our first result provides an estimate of the rate of convergence of Lo — A4 in terms of the order of
vanishing of ¢( at 0; in particular we have that higher vanishing orders imply faster convergence of
eigenvalues.

Theorem 1.1. Leta € (0,1)\ {%} and Q C R? be a bounded, open and simply connected domain such
that 0 € Q. Let ng € N be such that the ny-th eigenvalue )\20 = Ao of problem (E\) is simple and let
@Yo € HO1 ’O(Q , C) be an associated eigenfunction satisfying (1-7). Let k € 7 be such that |o — k| is the
order of vanishing of ¢o at 0 as in (1-9). For a € 2, let AZO = Aq be the ng-th eigenvalue of problem (Eg).
Then

|ha = ol = O(lal' 2™l a5 ja] — 0,
where | - | denotes the floor function |t| :=max{k € Z : k <t}.

To prove Theorem 1.1, we will study the quotient

Ao —Ag

—|a|2|a—k| (1-10)

as a approaches the origin along a straight line {¢p : ¢ > 0} for any direction
peShi={xeR?:|x|=1}.

We will prove that, for every p € S, the quotient (1-10) is bounded as @ = |a|p — 0. Then (1-6) and the
fact that 2|o — k| is noninteger imply that the Taylor polynomials of the function Ao — A, with center 0
and degree less than or equal to |2|a — k|| vanish, thus yielding the conclusion of Theorem 1.1.
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In the case of half-integer circulation o = % the special nodal structure of the limit problem allows us
to prove instead that the limit

)L() - )»a . )¥0 - )\a

im ————= lm —

a=|a|p—0 |a|2|°‘_k| a=|a|p—0 |Cl|‘1_2k|
is different from 0 along some special directions p corresponding to tangents to the nodal lines of the limit
eigenfunction. As a consequence, the leading term of the Taylor expansion of the eigenvalue variation

Ao — Ag has order exactly |1 — 2k|. That is,
ho—ha = P(a)+o(lal""2*) as|a| — 0T

for some homogeneous polynomial P = 0 of degree |1—2k|; see [Abatangelo and Felli 2015, Theorem 1.2].
In [Abatangelo and Felli 2016, Theorem 2] the exact values of all coefficients of the polynomial P are
determined, proving that P(|a|(cos?,sint)) = Cola|'=2*! cos(|1 — 2k |(t — to)) for some 7o and Cy > 0.
In particular the leading polynomial P is harmonic.

In this paper we will also describe the behavior of the eigenfunctions as @ — 0, proving a blow-up
result for scaled eigenfunctions and giving a sharp rate of the convergence to the limit eigenfunction ¢y.
In order to state these results more precisely, we need to introduce some notation.

For every b = (by,b;) = |b|(cos ¥, sin ) € R?\ {0} with ¥ € [0,27), we define the polar angle
centered at b, 6 : R?\ {b} — [, + 27) as

Op(b 4+ r(cost,sint)) =t forallr >0andz €[V, + 2n), (1-11)
and the function 0(1)’ ‘R2\ {0} — [, 9 + 27) as
Qg(r(cosl,sint)) =¢ forallr > 0and¢ €[, 0+ 2n). (1-12)

We remark that 6y, is discontinuous on the half-line starting at » with slope ¥ = Arg(b), whereas 9(1)’ is
discontinuous on the half-line starting from 0 with the same slope; in particular, the range of 9(1)’ depends
on ¥ = Arg(b). Hence, the difference function 9([)’ — 0, is regular except for the segment

[p:={th:te]0,1]}. (1-13)
Forallae Q,letg, € H(} “4(, C)\{0} be an eigenfunction of problem (E,) associated to the eigenvalue A4,
i.e., solving

{(iV+Aa)2§0a = Aapq in €2, (1-14)

0a =0 on 092,

such that the following normalization conditions hold:
/ lga(x)|*dx =1 and / em(og_e“)(x)(pa (x)@o(x) dx is a positive real number. (1-15)
Q Q

Using (1-5), (1-7), (1-14), (1-15), and standard elliptic estimates, see, e.g., [Gilbarg and Trudinger 1983,
Theorem 8.10], it is easy to prove that

@a — @0 in H'(Q,C) and in C2.(Q\ {0},0), (1-16)
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and
(iV + Agd)pa — iV + Ag)go in L*(R,C). (1-17)

To give a precise description of the behavior of the eigenfunction ¢, for a close to 0, we consider a
homogeneous scaling of order |a|/* %! of ¢, along a fixed direction p € S!. Theorem 1.2 below gives
the convergence of scaled eigenfunctions to a nontrivial limit profile ¥, € Hli’cp (R?, C), which can be
characterized as the unique solution to the problem

(iV+ A,)*W, =0 in R? in a weak H'*?-sense, (1-18)
satisfying
/ 1V + Ap) (W, — /@O0y )12 dx < +o0, (1-19)
R2\D;
where /4 : R?> — C is defined as
eikt
Yy (r(cost,sint)) = rle kI —— (1-20)

Vam

The existence and uniqueness of a limit profile satisfying (1-18) and (1-19) will be proved in Lemma 5.3.
We notice that the function ¥ in (1-20) is the unique (up to a multiplicative constant) Hlééo (R%,0)-
solution to (i V + Ag)*y = 0 in R? which is homogeneous of degree |o — k|.

Theorem 1.2. Under the same assumptions as in Theorem 1.1, for p € S' and a = |a|p € Q, let
©Yq € Ho1 (R, C) be an eigenfunction of problem (E,) associated to the eigenvalue g and satisfying

(1-15). Let moreover,

o) = Pellel)
Palt) =g fle=kT
Then

@a— BY, aslal—0

in H“P(Dg, C) for every R > 1, almost everywhere in R? and in C* (R?\ {p},C), with B # 0 and

loc
k € Z being as in (1-9) and V), being as in (1-18)—(1-19).

Finally, we describe the sharp rate of convergence (1-17), which also turns out to depend strongly on
the order of vanishing of ¢ at 0, as stated in the following theorem.

Theorem 1.3. Under the same assumptions as in Theorems 1.1 and 1.2, for every p € S! there exists
£p > 0 such that

a2 GV + Aaga =@ + oo}, c) — S, asa=lalp 0.

We observe that Theorem 1.3 extends to the case of non-half-integer circulation an analogous result
obtained in [Abatangelo and Felli 2017] for half-integer circulation.

The main tools in the proof of the above-described results are energy estimates on eigenfunctions
obtained by an Almgren-type monotonicity argument and blow-up analysis for scaled eigenfunctions;
such a strategy was first developed in [Abatangelo and Felli 2015; Noris et al. 2015] in the half-integer
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case and is essentially based on the description of the behavior of limit eigenfunctions at the pole through
the limit of the Almgren quotient, which is possible in both the cases of half-integer and non-half-integer
circulation. On the other hand, in the implementation of this procedure for the non-half-integer case,
two main points present deep differences from that of the half-integer case. First of all a reduction to
the Laplacian on the twofold covering manifold is no longer available and hence a new strategy has to
be developed to prove monotonicity-type formulas: this is the main goal of Section 2, where we derive
precise estimates for eigenfunctions on small circles which are needed to prove Lemma 3.1 (whose
analogue in the half-integer case can be directly proved using the reduction to the Laplacian on the
twofold covering manifold). The second crucial difference arises in the blow-up analysis, more precisely
in the construction of the limit profile, which cannot be as explicit as in the half-integer case. This exploits
vanishing on the special directions of nodal lines of limit eigenfunctions. In the non-half-integer case, a
nontrivial limit profile still exists (see Lemma 5.3) but its description is quite implicit: this is also the
reason why the estimate we obtain here in the non-half-integer case is less precise than the estimates of
[Abatangelo and Felli 2015; 2016] for half-integer «.

The paper is organized as follows. In Section 2 we perform a detailed description of the behavior of the
eigenfunction ¢, near the pole a, which is crucial in Section 3 to prove an Almgren-type monotonicity
formula and to derive local energy estimates for eigenfunctions uniformly with respect to the moving
pole. In Section 4 we obtain some upper and lower bounds for the difference Ao — A, by exploiting the
Courant-Fischer minimax characterization of eigenvalues and testing the Rayleigh quotient with suitable
competitor functions. Section 5 contains a blow-up analysis for scaled eigenfunctions, which allows us to
prove Theorems 1.1 and 1.2. Finally, in Section 6 we prove Theorem 1.3.

Notation. We list below some notation used throughout the paper:

e For all 7 > 0 and a € R?, we denote by D, (a) = {x € R? : |[x —a| < r} the disk of center a and
radius r.

e Forall r >0, we let D, = D,(0) and S! = dD;.
e ds denotes the arc length on 0D, (a).
¢ For every complex number z € C, we denote by Z its complex conjugate.

¢ For z € C, we denote its real part by fRe z and its imaginary part by Jm z.

2. Local asymptotics of eigenfunctions

The aim of this section is to describe the local asymptotics of eigenfunctions, showing how the coefficients
of expansions depend on the pole. This goal is achieved by expanding the angular part of eigenfunctions
in Fourier series with respect to the orthonormal basis of L2((0, 27), C) given by {e’/!//27} jez, see
(2-11), and then by estimating the Fourier coefficients (2-13) by means of Gronwall-type lemmas. These
estimates will be crucial to developing the monotonicity argument of Section 3, in particular to proving
Lemma 3.1 (whose analogue in the half-integer case is obtained in [Noris et al. 2015, Lemma 5.8] with
techniques which are not adaptable to the non-half-integer case).
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We recall from [Felli et al. 2011] the description of the asymptotics at the singularity of solutions
to elliptic equations with Aharonov—Bohm potentials. In the case of Aharonov—Bohm potentials with
circulation @ € (0, 1) \ {%}, such asymptotics is described in terms of eigenvalues and eigenfunctions of
the following operator H acting on 27 -periodic functions

HY =—y" + 2y’ + .

It is easy to verify that the eigenvalues of H are {(a — j)? : j € Z}; each eigenvalue (a« — j)? has
multiplicity 1 and the eigenspace associated is generated by the function e’/? /+/27r. Let us enumerate
the eigenvalues (o — j)? as {(« — j)?:j € Z} ={uj:j =1,2,...} with uy <ty < 3 <---, so that

f1 = min{a?, (1 — )} (2-1)
and p1, = max{o?, (1 —a)?}.

Proposition 2.1 [Felli et al. 2011, Theorem 1.3]. Let Q@ C R? be a bounded open set containing b, A € R,
and u € HO1 b (2, C) be a nontrivial weak solution to the problem

(V+Ap)?u=ru in<Q;
ie.,

f(iV+Ab)u-(iV+Ab)vdx=k/ uv dx forallveH&’b(Q,C).
Q Q

Then there exists j € Z such that

r fD,A(b)(Kiv + Ap)u(x)|? —k|u(x)|2) dx

lim =la—jl. (2-2)
Furthermore, there exists B(b,u, A) # 0 such that
ja—j] et 1
r 19 y(b 4+ r(cost,sint)) — B(b,u, A in C"7(]0,2x],C (2-3)
(b+r( ) = B( )m (10, 27], C)

asr — 0% forany t € (0, 1).

LetusfixneN, n>1. Foralla € Q, let p7 € HO1 “4(Q,C) \ {0} be an eigenfunction of problem (E,)
associated to the eigenvalue A%, i.e., solving

{(iaV +4a) %0 = Moy in Q. o)
Yl =0 on €2,
such that
/ e (> dx = 1. (2-5)
Q

Since @ € Q +> A% admits a continuous extension on Q as proved in [Bonnaillie-Nogl et al. 2014,
Theorem 1.1], we have

Ay = sup A4 € (0, +00). (2-6)
aeQ
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Moreover, from (2-4), (2-5), and (1-3) it follows that
{0} 4eq is bounded in H'(Q, C), 2-7)

which, by (2-4) and classical elliptic regularity theory, implies that, for each v € Q \ {0}, there exists
Pw > 0 such that

{05 }la|<p,, is bounded in C?(w, C) for every o € (0, 1). (2-8)

The following lemma provides a detailed description of the behavior of the Fourier coefficients of the
function ¢ > @ (a + r(cost,sint)) as a is close to 0.

Lemma 2.2. Forn > 1 fixed and a varying in Q, let @5 € Hol’a (2, C) \ {0} satisfy (2-4) and (2-5). For
all j e Zand a € 2, let

vi(r) = ¢%(a+r(cost,sint))e ! dt. (2-9)

1 2r
V2 /0
Then there exists py > 0 such that, for all a with |a| < pyg, the following properties hold.:

(1) Forall j € Z, we have vj‘.l (r) = 0(r'*= Iy as r — 0%, In particular, forall j € Z and for all R > 0
such that {x € R? : |x —a| < R} C Q, the value

v4(R) A4 R o gltle—jl
a_ J 1 Icle—jl 2 )34 -
,BJ Rla—J] + a7 Jo (S R2la=T] )vj (s)ds (2-10)
is well-defined and independent of R.

(ii) Forall j € Z, we have |ﬂ;‘| < B for some B > 0 independent of j and a.
(ii1) Forall j €7,
of (1) = r B+ Rpa(r) and (o) (r) = ot — 1B r* ™71 (1 + Ry a (1)),
where |Rj 4(r)| + |§j .a(r)| < const 72 for some const > 0 independent of j and a.
(iv) @5 can be expanded as
1 ; .
@p(a+r(cost,sint)) = — Z r|°‘_1|,8;’(1 + Rj 4(r))e”!
T ez
with Rj 4(r) as in (iii), where the convergence of the above series is uniform on disks Dg(a) for
each R € (0,1).

(v) Ifwe let v(t) = (cost,sint) and t(t) = (—sint,cost), then (iV + Aq)@q can be expanded as

(iV+ Ag)pi(a+r(cost,sint))

B J;z_nZﬁ?r'“_j"‘(ila—jl(l + Rja(r)v(0) + (@ = j)(1 + Rj a(r)T (1))’
jez

with Rj 4(r), Ej,a (r) as in (iii), where the above series converges absolutely in L?(Dg(a), C) and
pointwise in Dg(a) for each R € (0, 1).
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Proof. The functions {e*/? /</27} jez form an orthonormal basis of L2((0, 2rr), C). Hence, recalling that
we are assuming D, C , if |a| is sufficiently small, <pg can be expanded as

¢n(a+r(cost,sint)) = Z v“(r) in L2((0, 27), C) for all r € (0, 1], (2-11)

jez

\/_

where vJ‘.’ is defined in (2-9). Equation (1-14) implies that, for every j € Z,

(J)

—) ) = LY () + 0l () = At () forall 7 € (0,1], (2-12)

or equivalently

—rlo‘_ﬂ_l(r1_2|°‘_j|(r|°‘_j|v;‘)’) = A “(r) for all r € (0, 1].

Integrating twice between r and 1, we obtain, for some c{ i ,c§ € C,
a la—jl [ .a a ls—Ioz—jI—I—l a la—jl [ .a a Ia ji+i
v(r)y=r'%" (c A / —v7(s) ds)—i—r_ - (c F—=A / ——v?(s) ds) (2-13)
J Linrn o la—j| Y ) 2a— g

for all r € (0, 1].
The convergence (2-3) in Proposition 2.1 implies that, for all a,

lp%(a + r(cost,sint))| = O(rVF1)

as r — 0T, with p; as in (2-1) (not necessarily uniformly with respect to ). Hence, for every a in a
sufficiently small neighborhood of 0, there exists a constant C(a) > 0 such that, for all j € Z,

[v¥(r)| < C(a)yrY™ forall r €0, 1]. (2-14)
We deduce that each function v}l is bounded near 0; hence (2-13) necessarily yields
2. = —v%(s) ds. (2-15)
2 o 2la— | g

‘We can therefore rewrite

vﬂn=ﬂwﬂG?

1 sTlami 8 ) ds) R P /’ sle=i 1138 5) ds.

r 2|Ot —J | 0 /

(2-16)
If /ity +2 = | — j|, using (2-14) to estimate the right-hand side of (2-16) we obtain the improved
estimate |v;‘ (r)] < C(j,a)r'*=il. Otherwise, if VT 42 < |a— j|, we can use (2-14) to estimate the
right-hand side of (2-16) to obtain the improved estimate |v;.‘ (r)] < C(j,a)rY#1+2 for some constant
C(j,a) > 0 depending on a and j. By iterating the process m + 1 times, with m the largest natural
number such that /ity + 2m < | — j|, we obtain |vJ‘.’(r)| < C(j,a)r'*=71, possibly for a different
constant C(j,a). We deduce that the quantity ,B]" introduced in (2-10) is well-defined. The fact that ﬁ]“ is
independent of R is a direct consequence of (2-12) and (2-16). This proves statement (i).

n
J T S]]

Using the independence of /3]“ with respect to R, we choose R =1 in (2-10) and r =1 in (2-16) and

obtain L4 |
A=ty O @1
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so that (2-16) can be rewritten as
| | r S—|oc—j|+1 | | r -
v¢(r) =r“7/ (ﬁq - )»”/ —0%(s) ds) a1 / ——v¥(s) ds. (2-18)
/ e 2la—jl 8 o 2le—jl
From (2-18) it follows that, for all r € (0, 1],
)\a

o A4 roo T
ple J||v;?(r)|§|ﬂ;’|+2|a—ij|/o gl J||U}1(S)|ds+2|a—ij|r 20 /I/O g2lo—jl—lo J||v;1(s)|ds

)\‘a r .
§|ﬂ;?|+—”_f sl (5)| ds.
la—jl| Jo
Hence the Gronwall lemma applied to the function r > 1%/l |v;? ()| yields that
rmle=ilye ()| < |Bgletnr /=il < C|BY| forall r € (0,1]and j € Z, (2-19)
where C = e/ VI g independent of j, @, and r, with ;7 and A, defined in (2-1) and (2-6) respectively.
From (2-13), (2-9), and (2-8) it follows that

2w
|cf j+ 3 1= iD= —= /0 @%(a + (cost,sint))e” " dt| < const

V2

for some const > 0 independent of j and a; moreover, from (2-15) and (2-5) we deduce that

g )=t /1s|v;'(s)|dsf
’ 2l —jl Jo

for some const > 0 independent of j and a. Hence

a

n
2|a—]|\/2n’ Di(a)

lps | dx < const

ef ;1= C (2-20)
for some C > 0 independent of j and a.
Let K h th
et K > 0 be such that AC 1
< —
2K 2

with C being as in (2-19) and A, being as in (2-6). Hence, from (2-6), (2-17), (2-19) and (2-20) it follows
that, if |@ — j| > K, then

AyC ~
g1 = (1o JIBs1 <1t 1 < @21
Let us choose R € (0, 1) such that
AnCR; 1
<-.
2,/#1 2

From (2-10) and (2-19) it follows that, if |& — j| < K,

—K | a —la—jly. a a )‘Z Ro 1—|a—j| S1+|a_j| a
Ry ®1of (Ro)l = R (Ro)| = | = 57— | (s ~ o2l Ui () ds
0

A, C|B4 Ro
z|ﬁf|—% 25 ds
M1 0
A, CR?
= |BY|— =—=2|B%] = 11BYI.

2/
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Since, in view of (2-8), v]‘.‘ (Ry) is bounded uniformly with respect to a and j, we conclude that, for all j
such that |0 — j| < K, | ,Bj‘.’l is bounded uniformly with respect to @ and j. This, together with (2-21),
yields (ii).

From (2-18) and (2-19) it follows that

vi(r) =r® 711 + R; 4(r)). (2-22)

where |Rj 4(r)| < const r2 for some const > 0 independent of j and a, thus proving the first estimate in
(iii). Differentiating (2-18) and using the above estimate (2-22), we easily obtain

W9 (r) = la — j1B4r"* 71 (1 + Ry (1),

where |E j,a(r)] < const r2 for some const > 0 independent of j and a. Hence the proof of (iii) is
complete.
From (2-11) and (iii) we have that the series
1 ; .
—= 2B 4 Ryar))e”
r r))e
J J.a
n ez
converges in L2((0,2r), C) to @a(a+r(cost,sint)) for all r € (0, 1]. In view of the estimates obtained
in (ii)—(iii), the Weierstrass M-test ensures that the series is uniformly convergent in Dg(a) for every
R €(0, 1), thus proving (iv).
Let fj” (a +r(cost,sint)) = v]‘.‘ (r)e’/t /\/2m. Since

oiit
«/271’

the above estimates also imply that, for every R € (0, 1), the series of functions ) iV + Aq) fj“ is

@V + Aa)fj“(a + r(cost,sint)) = (i (vj‘?)/(r)v(t) +(@—j) vjr(r) r(t))

convergent absolutely in L?(Dg(a), C) and pointwise in Dg(a) to (iV + Ag)e? for every R € (0, 1).
Hence (v) follows from (iii). O

Corollary 2.3. Under the same assumptions and with the same notation as in Lemma 2.2, let R € (0, 1).
Then, forall v € (0, R) and t € [0, 27],

1

@n(a+r(cost,sint)) = m(r“ﬁg + rl_"‘ﬂ‘l’e”) + Ra(r,t), (2-23)
(iV+ Ag)¢%(a+r(cost,sint)) = le_nr“_lﬁga(iv(t) +1(1))

+ «/Lz_nr‘“m’ (I=a)(iv(r) =T (1)e" +Ra(r.1). (2:24)

where |Ra(r, )| < const r 'tV and |Ry(r, )| < const rvH1 for some const > 0 independent of a, r, 1.

Proof. From part (iv) of Lemma 2.2 we have

1 )
p2(a+r(cost,sint)) = ——(Bar® + por'~%e'") + Ra(r,t), re(0,1), t €[0,27],
V2m
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where
1 . 1 . .
Ra(r.t) = —=(Bar* Roo(r) + Bir' "Ry 4(r)e’) + — Z ﬁ,"r'“_"(HRj,a(r))e’”-
N2 27 ez
le—j|>1

Let us fix R € (0, 1). Estimates (ii)—(iii) of Lemma 2.2 imply that, for some const > 0 independent of
a, r,t (possibly varying from line to line),

|Ra(r 1) < const(r"”r2 434 Z rla—jl) < const r 1 TVAT

jez
la—jl=1+/u1
for all r € (0, R), thus proving (2-23).
From part (v) of Lemma 2.2 we have
1— .
(iV+Aa)py, (a+r(cost,sint)) = \/%ﬂgr“‘l (iv(t)-l—r(t))-l—F:,Bfr_“ (iv(t)—T(t))e'" +Ra(r. 1),

where

Ra(r.1) = %ﬁﬁr"“l (i Ro.a(r)v(t) + Roa(r)T(1)) + I_T:ﬁi’r‘“ (i Rya(r)v(t) = Ry o(r)T (1))’

vers V2r

1 a. . la—jl—1(; . =~ . i
t ; BIrleI T (ia — (1 + Rja(r)v (@) + (@ — /) (1 + Rj o (r)T (1))
joe=j1>1

From Lemma 2.2(ii)—(iii) we have that, for all € (0, R),

|Ra(r,1)] < const(r“"H +r7% Y —j|r|°‘_j|_1) < const rVET
jez
la—jl=1+ /1
for some const > 0 independent of a, r, ¢ (possibly varying from line to line), thus proving (2-24). O

We now describe some consequences of Lemma 2.2 and Corollary 2.3, which will be needed in
Section 3 to prove a monotonicity-type formula.

Lemma 2.4. Under the same assumptions and with the same notation as in Lemma 2.2, we have

/ (iV—i—Aa)(p,‘,’-v(iV—i—Aa)(pg-xds}
0D¢(a)

< 2a(1—a)lal|Bgl1A1.

+

lim {‘1/ |1V + Ag)g?*x - v ds
e—0+ | |2 3D, (a)

Proof. Let R € (0, 1) be fixed. From (2-24) we have that, for all » € (0, R),

+7%a(’”, t)a

o? 1 —a)?
‘(iV + Ag)py(a+r(cost,r sint))|2 = rz(a_l)lﬁglz? + r_2“|/3f|2( - )

where |Rq4(r, 1)| < const r2v#1~1 for some const > 0 independent of a, r, ¢. It follows that

lim |V + Ag)e?|*x -vds = 0.
e—>01 JaD,(a)
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Moreover, from (2-24) we have

(iV+ Ag)py(a+ e(cost,sint)) -v(t)([iV + Aa)(p,‘} (a + e(cost,sint)) - (a +ev(t))
¢ 01)2

= 2 D) = (v(r)+zr(z)) a+ e By
®)

wt)—it(t))-a

28_19{2(/985‘1’6’_”0[( (w()—iz(t)) -a) + 0(82\/'171_1)

as ¢ — 07, and hence, taking into account that fOZ” a-v()dt = fozn a-t(t)dt =0, we obtain
lim (iV + Ag)pa-v(iV + Ag)@q - x ds = 2a(1 —a)Re(BEB%(ay —ias)),
e—=>01 JoD,(a)
from which the conclusion follows. O
Lemma 2.5. For n > 1 fixed and a varying in 2, let ¢5 € H(:’a (2, C) \ {0} satisfy (2-4) and (2-5). Let
us assume that 2 — ¢ in L2(Q, C) as a — 0 (or respectively along a sequence ag — 0). Let k € Z be
such that | — k| is the order of vanishing of 92 at 0. For all j € Z and a € Q, let v;‘ be as in (2-9) and
,8;.’ be as in (2-10). Then there exists py > 0 such that, for all a with |a| < po (respectively for a = ay
with £ sufficiently large), the following properties hold.:
(i) Forall j € Z, we have /3;‘ — ,Bjo as a — 0 (respectively along the sequence ay — 0).

(i1) It holds that

2w
| |¢:(a+r<cosz,smz>>|2dz=( ) rz'“—f'wﬂz|1+Rj,a<r>|2)+r2'“—k'|ﬂz|2(1+Ra<r)>,
0 jez

le—jl<la—k|

where |ﬁa (r)| < h(r) for some function h(r) independent of a such that h(r) — 0 as r — 07T, and

1 ; . 1 ,
@n(a+r(cost,sint)) = E( Z r'“‘”ﬂf(l +Rj,a(l’))el]t) +Erla—kl’3z(etkt 1 Ry(r, 1)),
jez

loe—j|<lee—k|

where |R;j 4(r)| < const 12 for some const > 0 independent of j and a, and |Rq(r,t)| < f(r) for
some function f(r) independent of a and t such that f(r) — 0asr — 0%,

(iii) Let v(t) = (cost,sint) and t(t) = (—sint, cost). It holds that
2m )
/ {(iV + Aa)¢q(a + r(cost, sin l))} dt
0
— ( o IR g — (114 R o ()P + 1+ ﬁj,a(r)|2))

J€EZ ~
joe—j|<loe—k| + 2 KI=2 18012 o — Kk |2(1 + Ra(r)),
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where |§a ()| < p(r) for some function p(r) independent of a such that p(r) — 0 as r — 07, and

(iV+Ag)py(a+r(cost,sint)) = \/% Z r|°‘_j|_1,3]‘~’(i|a—j|v(l)+(a—j)t(t)+Rj,a(r))eijt
T jez

lo—jl|<loa—k|

=B (e — ko0 + = 0T @)™ + Ralr.0).

where |R; 4(r,t)| < const 12 for some positive constant const > 0 independent of j and a and
[R,(r,t)| < g(r) for some function g(r) independent of a and t such that g(r) — 0asr — 0.

_l’_

Proof. In order to prove statement (i), we notice that (2-10) evaluated at R = 1 provides

A4 1 . .
2|a n J| / (Sl—la—]| _S1+|a—]|)vjél(s) ds. (2—25)
- 0

Bi =vi (1) +
From Lemma 2.2(ii)—(iii) it follows that, for |a| < po with pg > 0 sufficiently small,
v¢(r)| < C'rl*=7 forall r € (0.1]and j € Z (2-26)

for some constant C’ > 0 independent of j, a, and r. Moreover, (2-4), (2-5), the convergence s — <p2 in
L?(2, C), and standard elliptic estimates, see, e.g., [Gilbarg and Trudinger 1983, Theorem 8.10], imply

oy — (p,? in H'(2,C) and CI%,C(Q \{0},C) asa— 0 (or along the sequence ag — 0).  (2-27)

From (2-25)—(2-27), and the dominated convergence theorem we obtain that, for all j € Z,

0 1
lim g7 = v (1) + %/0 (s'leI T — g Hle=ihy0(s) ds = BY,
thus proving (i).

If k € Z is such that |@ — k| is the order of vanishing of ¢? at 0, from Lemma 2.2(iii) it follows that
,32 # 0 and ,8]0 = 0 for all j € Z such that |@ — j| < |a — k|; in particular, in view of (i), we have
lim,—,o B} # 0 and hence infj,|<,, |B7| > 0 for po sufficiently small. Then, from Lemma 2.2(iv) and the
Parseval identity we deduce that

2w
/O lpg(a+r(cost,sint)|>dt = " r2*=IBE2 |14 R; 4(r)|?

jez
=( 2 rz'“‘f'lﬁf‘lzI1+Rj,a(r)|2)+r2'“""|ﬁz|2<1+ﬁa<r>),
jez
lo—jl<|la—k|
with
5 B2 i
Ra(r) = |Ria(n)* + 2Re(Re o)+ Y Wrm JIm2ekl 1 4 Rj ()]
jez k

lo—jl>la—k]|
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so that the first estimate in (ii) follows from Lemma 2.2(ii)—(iii). From Lemma 2.2(iii) we also deduce

that

1 _ iy
= 2 B+ R =
jez

lo—j|=la—k|

1

V2

rle=klga el t 4 Ry(r,1)),

where |Ry4(r,t)| < f(r) for some function f(r) independent of @ and ¢ such that f(r) — 0 as r — 0.
Then the second estimate in (ii) follows from Lemma 2.2(iv).
From Lemma 2.2 (v) and the Parseval identity we deduce that

2w
. . 2 — = . ~
/0 | V+Aa)f (a+r(cost,sint)|"di =" r2* /172|842 jg— j12(|14+ R} o (1) | +]1+ R} a (1))
jez

so that the first estimate in (iii) follows from Lemma 2.2(ii)—(iii) arguing as above. In a similar way, the
second estimate in (iii) follows from statements (iii) and (v) of Lemma 2.2. O

Remark 2.6. In the particular case n = ny with ng such that (1-5) holds, the above lemma applies to the
family of eigenfunctions ¢, = gozo satisfying (1-14) and (1-15). Indeed, in this case (1-16) holds; i.e., the
eigenfunctions ¢, converge as @ — 07 so that the assumptions of Lemma 2.5 are fulfilled. In particular
we deduce that, if ¢( satisfies (1-7)—(1-9) and if ¢, is as in (1-14)—(1-15), then, for a sufficiently close
to 0, the vanishing order of ¢, is less than or equal to the vanishing order of ¢y.

Lemma 2.7. For n > 1 fixed and a varying in Q \ {0}, let ¢ € HO1 4(Q,C) \ {0} satisfy (2-4) and (2-5).
Then there exist 0 > 0 and C > 0 such that, for all R > 1 and a € Q such that 0 < |a| < o/R,

1
— lpg|>dx < C g |* ds,
al JDg11)1a1@\D Riai (@) dDR|a) ()

[V + Aa)gy)* dx <

< lp9|? ds.
R2|a| JoDgig(@)

/D(R+1)|a|(a)\DR|a|(a)

Proof. Let us prove the first estimate arguing by contradiction: assume that there exist sequences Ry > 1
and ay € Q such that Ry|ay| < 1/€ and

1
o2 |2 dx > € lpae|? ds. (2-28)

|| DRy+1)lag1(@e)\DRylayi(ar) ODRlay1(@c)

14

It is easy to verify that, up to extracting a subsequence, g;¢ — ¢2 in L2(Q,C) as £ — oo for some

@) € HOI’O(Q, C) \ {0} satisfying
(iV+A9)?p2 =200 inQ,
@ =0 on 0€2, (2-29)
Joleg ()P dx = 1.
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Let k € Z be such that |o — k| is the order of vanishing of ¢? at 0. Then, from Lemma 2.5 (first estimate
in (ii)) it follows that, for £ sufficiently large,
1 1 (Re+1)lag|
" g Pdx = —
|| DRy+1)1agl(@)\DRylay)(ar) lag| JRylay)
2 [(Re+Dlagl

< — r( > r2|“—f|ﬁjf|2)dr

lael JRelagl I
lo—jl<la—k|

<comst Y (Rlag))'+?le/l|pgep?
jez
le—j|<|a—k|

2r
r (/ [ (ag—i-r(cost,sinl))lzdt) dr
0

for some positive constant const > 0 independent of £, while

27
[ 2 ds = Rylay| / |08 (ag + Relag)(cos . sin1))[ di
aDRe\ael(aZ) 0

Rylay]| _i
== ) (Rela)?* P, (2-30)
jez
la—j|<le—k|

thus contradicting (2-28) as £ — oco.
To prove the second estimate, let us assume by contradiction that there exist sequences Ry > 1 and
ay € Q such that Rylay| < 1/£ and

iV + Aa)pt | dx > @t |? ds. (2-31)

2
/D(Re—l-l)lagl(aﬁ)\DRgIagl(aﬁ) Ry |agl DR ja,(ar)

As above we have that, up to extracting a subsequence, ¢y¢ — <p3 in L2(2,C) as £ — oo for some

@ € HO1 ’O(Q , )\ {0} satisfying (2-29). Then, from Lemma 2.5 (first estimate in (iii)) it follows that, for
¢ sufficiently large and for some positive constant const > 0 independent of £,

/ GV + Ag )l dx
D(ry+nlagi(@e)\DRylay(ac)

(Re+1)ac| 27
-/ ( |16V + Aaeit e +r(cosz,sinz>>|2dr) dr
0

Rylael

(Re+1)]ag| .
-/ ( ) r”—f'—2|ﬂ;”|2|a—j|2<2+o<1))) dr
Relag] jez
le—j|<|a—k|

2 2|le—jl—2 2 2|le—j 2
< 3la—k| (X ) ar <SS Raa P
R€|aé| jEZ Z X=VA
le—j|<|la—k| le—j|<|la—k|

which, in view of (2-30), contradicts (2-31) as £ — oo. O
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Remark 2.8. Arguing as in Lemma 2.7, we can also prove the following similar estimate (possibly taking
a smaller o and a larger C if necessary): for all R > 1 and a € Q such that 0 < |¢| <o/R

1

|a] /D1 1)1a1@\DRial @)

iV + Ag)g?|? dx <

wiPax=c [ 6812 ds.
0D(R+1)|al(@)

o | ds.

/I)(R+1)a|(a)\DR|a|(a) R?|al 0D(R+1)|al(@)

Lemma 2.9. Forn > 1 fixed, let ¢/ be a solution to (2-4)—(2-5). Let o > 0 and C > 0 be as in Lemma 2.7
and Remark 2.8. Then, for all R > 2 and a € Q such that 0 < |a| < o/R,

[ eras= [ jenpas
0D R4 (0) 0D Ra|(a)

Proof. We note that

/ |<pf;|2ds—f |<o::|2ds=[
0D R4 (0) 0D R|q|(a) aced

1+6C/ |(pa|2ds.
R-2 0D Ral(a) "

=

iR pds— [ iR s @)

1.R L3R
where
£§ & = Drial(0)\ Dria(@),  £5 g = DRia|(@) \ DRia)(0),
and
S(x) = {x/|X| on D g4((0), 5(x) = {x/|x| on 3D g|4(0),
—(x—a)/|x—al ondDgy(a), (x—a)/|x —a|l on dDg(a).

We note that v is the outer unit normal vector on 8[2‘1’ g and —v is the outer unit normal vector on 8£§ R
By setting v (x) = x/|x|, we can rewrite the right-hand side of (2-32) as

[ tera—vpdse [ giPuesds+ [ leiPG-vads= [ lgtPueids

‘Cl.R a‘CI,R a‘(:Z,R a['Z,R

= [ teipwpds— [ jeiuyds

L1.Rr 9L5 R

+f |¢,‘;|2(ﬁ—u1)-ads+/ lp2|2(D—vy)-Dds. (2-33)
0D R|41(0) 0D R|q((a)

‘We observe that

0 on 3D g|4((0),

(G0 = v (x)) - D(x) = {—1 +x-(x—a)/(|x||x —al) on dDg(a).

Moreover, since v; is smooth in Z‘I‘ rY Z‘z‘ g» We can apply the divergence theorem to the first two terms
in the right-hand side of (2-33), thus rewriting the right-hand side of (2-32) as

_/ |¢Z|2(1_M)ds+f
0D gja) (@) |x||x —al c

avllggPrdx= [ divlgiPrdr. @34

a
1.R EZ,R
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Estimate of the first term in (2-34). Parametrizing dDg|q|(a) as x = a + Rla|(cost,sint) and writing
a = |a|(cos 6,4, sin 8,) for some angle 6, € [0, 277), we get

_ R + cos(t —6,)

B (R2 4+2Rcos(t —6,) + 1)1/2

x-(x—a)

-

|x||x —al “R-1

on 0D g|q((a). Therefore,

x-(x—a) 1 5
- 74 |2( —) ds‘ < — ||~ ds. (2-35)
‘ ‘/‘;DRIa(a) " |X| |X _a| R-1 0D R|q|(a) "

Estimate of the second term in (2-34). The second term in (2-34) splits into two parts:

2

/ div(|g?|*vy) dx =/ i dx+[ 2Re(igg (iV + Ag)pd -vy) dx.
Li r LY r x| L{ r

Since DRiq|(0) C D(r+1)|a|(@), we have E‘ll,R C D(r+1)la|(@) \ DRjg|(a). Let 0 > 0 and C > 0 be as

in Lemma 2.7 and Remark 2.8. Hence by Lemma 2.7 we have that, for all R > 1 and a € Q such that

0<lal <o/R,

a|2 a|2
£f r |x| DR+ 1)jal(@\DRjal(@) | x|
1
< iPax s [ s
(R—1al D(r+1)lal(@)\DR|a| (@) " R—-1 dD Ra(@) "

and

/ 2Re(igy (iV + Ag)ed -vq) dx
c

iR
1/2 1/2
= irax) ([ (9 -+ A0 dx)
D(r+1)jal(@\DRal(@) D(r+1)jal(@\DRa)(a)

2C
E -
R J3Dgai(a)

o | ds.

Therefore,
3C

R-1 0D R|q|(a)

[, aivdegny x| < 6812 ds (2-36)
Ly r

forall R > 1 and a € Q such that 0 < |a| < o/R.

Estimate of the third term in (2-34). The estimate of the third term can be derived in a similar way,

observing that, since Dg4(0) D D(r—1)q/(@), we have L] p € Dpgjq(@) \ D(r—1)|a|(@), and using
Remark 2.8 to obtain
3C

@ |? ds (2-37)
R=2 Jipgm@ "

‘ / div(lgg[?vy) dx| <

for all R > 2 and a € Q such that 0 < |a| < o/ R (by possibly changing C and o).
Therefore combining (2-35)—(2-37) we complete the proof. O
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3. Monotonicity formula

The aim of this section is to introduce an Almgren-type frequency function and to use it to obtain local
estimates of the eigenfunctions in a neighborhood of order || of the singularity. In particular, we shall
prove that a suitable family of blow-up of the eigenfunctions ¢, is bounded in the magnetic Sobolev
space (see Remark 3.8 ahead).

3A. Almgren-type frequency function. Arguing as in [Abatangelo and Felli 2015, Lemma 3.1], one can
easily prove the Poincaré-type inequality

%/ |u|2dxsl/ |u|2ds+[ GV + Ag)u|? dx, 3-1)
r< Jp, r Jabp, D,
which holds for every r >0, a € Dy, and u € H la (Dy, C). Furthermore, defining, for every b € Dy,

Jp, |GV + 4p)v|* dx

vEH;';(ODl,C) faDl|v|2ds ,

mpg =

we have that the infimum m1,, is attained and m;, > 0. Arguing as in [Abatangelo and Felli 2015], we can
prove that b = my, is continuous in Dj and that mo = /i1, with 1 as in (2-1). Therefore a standard
dilation argument yields that, for any § € (0, /1), there exists some sufficiently large Ys > 1 such that,
for every r > 0 and a € D, such that |a|/r <1/,

N/

/ |u|2ds§/ |(iV + Ag)u|*dx forallu € H“*(D,,C). (3-2)
r oD, D,

ForAeR, beR2, ue H"*(D,,C) and r > |b|, we define the Almgren-type frequency function as
E(u,r, A, Ap)

Nu,rh, Ap) = Hory

where
E(u,r,k,Ab)zf [|(iV+Ab)u|2—k|u|2]dx and H(u,r):%/ lu|? ds.
D, D,

Forall 1 <n <nganda e Q,let ¢ € H(} “4(22,C) \ {0} be an eigenfunction of problem (E,) associated
to the eigenvalue A%, i.e., solving (2-4), such that

f lp2(x)|*dx =1 and / PR (x)pf(x)dx =0 ifn+#L. (3-3)
Q Q

For n = ng, we choose
90,70 = %a;
with ¢, as in (1-14)—(1-15). Let
A= sup A%e(0,+00).

acQ
1=<n=<ng

We recall that A is finite in view of the continuity result of the eigenvalue function a — A% in Q proved
in [Bonnaillie-Noél et al. 2014, Theorem 1.1].
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Arguing as in [Abatangelo and Felli 2015, Lemma 5.2], we can prove that there exists
0<Ro<(A(1+2/ i)~ /?
such that Dg, C @ and, if |a| < Ry,
H(pga,r)>0 forallr e (|a], Rg) and 1 <n < ny. (3-4)
Furthermore, for every r € (0, Ro] there exist C, > 0 and &, € (0, 7) such that
H(pj,r) > C, forall a with |a| <o, and 1 <n < ny. (3-5)

Thanks to (3-4), the function r — N (g5, r, A%, A,) is well-defined in (|a|, Ro). By direct calculations,
see [Noris et al. 2015] for details, we can prove that

d 2
EH(fp,‘,‘,r) = ;E(so,?, Ay, Aa). (3-6)
d
B A =2 [ 16V 4 angolas=2 (i [ wra) e
r aD, r D,
where
M? = lim (Re((V + Aa)? vV + Aa)p? - x) — 2|V + Al |*x -v)ds.  (3-8)

e=>0%" J9D,(a)
Lemma 2.9, together with Lemmas 2.2 and 2.4, allow us to give an estimate of the quantity M, defined
in (3-8). We notice that the techniques used in [Abatangelo and Felli 2015; Noris et al. 2015] to estimate
the term M} for o = % were based on the possibility of rewriting the problem as a Laplace equation on
the twofold covering; hence it is not possible here to extend such proofs to the case @ ¢ Z/2 and a new
strategy of proof is needed.

Lemma 3.1. Forn € {l,...,no} and a € Q, let p7 be a solution of (2-4) satisfying (3-3). There exist
oo > 0 and co > 2 such that, for every 1 <n < ng, R > co and a € Q such that |a| < o9/ R, the
quantity M? defined in (3-8) satisfies
| M2 - 20(1 — )
H(gp, Rlal) = R—co
Proof. Letus fixn € {1,2,...,nq} and define, for |a| small and r € (0, 1],

~ 1
fgn=y [ ks
r(a

From the Parseval identity and Lemma 2.2(iv) it follows that there exists o, > 0 such that, for every
R > 2 and a € Q2 such that |a| < 0, /R,

2
~ . 2 _i 2
H(go;:,R|a|)=[0 |@g @+ Rlal(cost.sin0)|* dt = "(R|a])** /1|41 |1+ R; 4(R]al)]
jez

2 _ 2
> (Rla))*|B&I1* |1+ Roq(Rlal)|” + (Rla])* =842 |1 + Ry 4(Rlal)]

> 1(1B812(Rla))® + |BY|2(R]a)>(179), (3-9)
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where the ﬂ;"s are the coefficients defined in (2-10) for the eigenfunction ¢; (with n fixed). From the
elementary inequality ab < l(a2 + b?), it follows that

1
Bol1BT Il = & Iﬂol(RI a)®|BS| (Rla])' —R(Iﬂol (Rla)®® + 181 (Rla)*' ™). (3-10)
Combining (3-9) and (3-10) we obtain
a a
1
PsllPillal _ 1. (3-11)
H(pg, Rla]) — R
Moreover, Lemma 2.4 implies
| M| < 2a(1—a)|B5l1BTlal. (3-12)

Lemma 2.9 provides some constant ¢, (independent of @ and R) such that, for a possibly smaller o, and
for all R > 2 and a € Q such that 0 < |a| < 0,/R,

| H (2. Rlal) — H (¢, 2 Rlal). (3-13)

Therefore, by combining (3-11)—(3-13), we obtain

a _ a _~ a —1 _ —
| M7 <205(1 a)(1+H(g0n,R|a|) H((pn,R|a|)) <20{(1 a) 1 - 20(1 — )

H(pj, Rlal) — R H (¢, Rlal) R 1—45 "~ R—(2+cp)
for all R > ¢, +2 and a €  such that 0 < |a| < 0,/ R.
The conclusion then follows by repeating the argument for all n € {1,2,...,n¢} and choosing
op=min{o, :1 <n=<ng} and co=max{2+cy:1=<n=<ngy}. O

Lemma 3.2. For § € (0, ./it1/2), let X5 be such that (3-2) holds. Let Ry be as above, ro < Ry and
ne{l,....no}. If Ysla| <ry <ry <roand ¢y is a solution to (2-4) satisfying (3-3), then
2 -8
H(pd, 1)) . o~ ACH D (7_2) (Wit )‘
H(pg. 1) r

Proof. Combining (3-1) with (3-2) we obtain that, for every Ys|a| < r < rg,

1 a2 1 / . 2
— dx <14+ —— V4+4 a1z
rsz,“”"' x_(+m_3) [ 167+ daygif? s
2
< iV + Ag)0?|? dx.
( m)/Dr'( ot

From above, (3-6) and (3-2), we have that, for every Ysla| <r < rg,

d 2 2
—H(pg.r) = =(1=Ar* 1+ — IV + Aa)ep P d
Swgn =2 (1=ar 1+ 22 )) [ 169+ Aol as

(I—Ar (1+ﬁ)) I =8 H (gl 1),

=

SN
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so that, in view of (3-4),

d 2
7 log Hgy,r) 2 2(Vi =8) =2Ar 2 + i)
Integrating between r; and r, we obtain the desired inequality. O

Lemma 3.3. Forn € {1,...,no} and a € Q, let 97 be a solution of (2-4) satisfying (3-3). Let R¢ be
as above, o and co > 0 be as in Lemma 3.1 and let ro < min{Rg, 0¢}. For § € (0, \/it1/2), let Y5 > 1
be such that (3-2) holds. Then, there exists c,, s > 0 such that for all R > max{Ys,co}, |a| <ro/R,
Rla| <r <rgandn €{l,..., no},

C
ATIONDW (gl 1,15, Aa) + 1) = MUND W pf ro, 0 A) + 1)+ 20

Proof. By direct calculations, using the expressions for the derivatives of the functions H(¢j,r) and
E(pg,r, A%, Ag) written in (3-6) and (3-7) and the Cauchy—Schwarz inequality, we obtain

SRz~ [ i 3-14)
By Lemmas 3.2 and 3.1 the first term can be estimated as
Mg 2Mg| H(gg. Rla)
rH(gg.r)  rH(gg. Rlal) H(gg.r)
= ‘—40;;1__(:0&_)6“”*@’3 (RJa])> WA= —2(/ET=5)-1 (3-15)
for all R > max{Ys,co}, |a| <ro/R, Rla| <r <rgandn € {l,...,ng}.

For the second term, the Poincaré inequality (3-1) leads to

1—1\)’5 a2 a a a
V2 D |(pn| deE((pn’r’)‘n’Aa)-i_H(gon’r)

for r < ry, which implies
2raé
r2H(gft.r) Jp,
for r < ry. Using (3-15) and (3-16) we can estimate the right-hand side of (3-14) thus obtaining

2Ar

A2
o

2| dx > — N @2, 1, A% Ag) + 1) (3-16)

d 2
E(eArZ/(l—Aro)(N(gog, rA9, Ag) 4+ 1))

2 _40;(1 —05)eArg/(1—Ar§)eA(2+mr§(Rlal)z(m—a)r—z(m—S)—l
for all Rla| < r < ro with R > max{Yg,co}. Integrating between r and ry and using the fact that
R|a| < r < rg, we obtain the statement with

20(1 =) AQ+ arg+Arg/(1-Ard) 0

NI

C}"(),(S =
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Lemma 3.4. Let ¢, be a solution of (1-14)—(1-15) and let k be as in (1-8). For every 6 € (0, /i11/2),
there exist rs € (0, Rg) and Kg > Y such that if R > Kg, |a| <rs/R and Rla| <r <rg, then

N(‘pthr»)\a,Aa) S |a_k| +5
Proof. From (1-16)—(1-17) it follows that, for every r < Ry,
lim N (@q, 1, Aa, Aq) = N(@o, 7, Ag, Ag).
a—0
Moreover, from [Felli et al. 2011, Theorem 1.3] we know that, under assumption (1-9),
r—0+

Then, the proof is a direct consequence of Lemma 3.3; see [Noris et al. 2015, Lemma 7.2; Abatangelo
and Felli 2015, Lemma 5.7; Abatangelo et al. 2017, Lemma 5.7] for details. O

3B. Local energy estimates.

Corollary 3.5. For § € (0, \/it1/2) let rs, K§ be as in Lemma 3.4 and o,z be as in (3-5). Then there
exists Cs > 0 such that

R 2(la—k|+6) rs
H(gq, Rla|) < H(¢a. K,;lal)(?s) forall R> Ky and|a| < —. (3-17)
H(ga. Kslal) = Cylal?(*=FI+9) forall |a| < min{;—‘s,ar,;}, (3-18)
)
H(ga, Ksla|) = O(|a|* V=9 asa — 0. (3-19)

Proof. From (3-6), the definition of N, and Lemma 3.4 we have
1 d 2
————— H(pa, 1) = —-N(¢a, 1, Ag, A
H(ga,r) dr (@a 1) ; (@a: 1 ha, Aa)
2
<Z(la—k|+8) forall Ksla| <r < rs with |a| < -
r K
so that estimate (3-17) follows by integration over [K|a|, R|a|] and estimate (3-18) from integration over
[Ksl|al, rs] and (3-5). Finally (3-19) is a direct consequence of Lemma 3.2. O

Lemma 3.6. Forn € {l,...,no} and a € Q, let p? be a solution to (2-4) satisfying (3-3). Let Ry > 0 be
as in (3-4). For every 6 € (0, \/1t1/2), there exist Ks > 1 and Cg > 0 such that, for all R > Kg, a € Q
with Rla| < Ry, andn € {1,...,no},

/ GV + Aa)g?)? dx < Cy(Rlal)>VET—D), (3-20)
DRja|
/au p2|? ds < Cs(R|a])>WHI=DF1, (3-21)
Rla|

f 922 dx < Cs(R|a|)>VHI=9+2, (3-22)
DRia|
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Proof. By Lemma 3.2 (choosing ¥ = R|a| and r, = Ry) and the definition of H it follows that
Rl )Z(M —8)

Ro (3-23)

/ 109|? ds = Rla|H(gf. Rla]) < Rla| H(gf, Ro)eM2+~Hi Rg(
DR|a|

Moreover, from (2-7) and continuous trace embeddings we have H (g3, Ro) = (1/Ryo) [, Dr, |pd|2 ds is
bounded uniformly with respect to a. Hence estimate (3-23) implies (3-21).

From Lemma 3.3 it follows that the frequency N is bounded in » = R|a| provided R is sufficiently
large; hence E (g5, R|a|, A%, Ag) is uniformly estimated by H (g5, R|a|), so that (3-21) and (3-1)—(3-2)
yield (3-20). Estimate (3-22) can be proved combining (3-20)—(3-21) with the Poincaré inequality (3-1).
We refer to [Abatangelo and Felli 2015, Lemma 5.8] for more details in a related problem. O

Lemma 3.7. Fora€ let ¢, € H(}’a(Q, C) be a solution of (1-14)—(1-15). For some fixed 6 € (0, /1t1/2),
let K§ > Yg be as in Lemma 3.4. Then, for every R > Kg,

/ GV + Ad)gal2 dx = O(H(ga, Ksla))  as |a] — 07, (3:24)
DRq
[ \al? ds = O(a| H(ga. Kslal)) as |a] — 0%, (3-25)
3DR\‘,|
/D \gal? dx = O(lal H(ga. Kslal)) as |a] = 0% (3:26)
Rlal

Proof. The proof follows from the boundedness of the frequency N (¢q, Rla|, Aq, Ag) established in
Lemma 3.4 and by its scaling properties. For é € (0, ./u1/2) fixed, let K5 > Tg and rg be as in Lemma 3.4;
hence
fDR\al iV + Aa)¢a|2 dx —Ag fDle |(Pa|2 dx

H(¢a, Rlal)

<la—k|+48 forall R> Kgand |a] <%S.

N((pa, R|a|7)\’av Aa) =

Then, by (3-1) and (3-2) it follows that

2
(1_Ar82(1+ \/—))/ |(iv+Aa)‘Pa|2dx§/ |(iV+Aa)(Pa|2dx_)\a |‘Pa|2dx
M1 DRja DRia| DRya

< H(ga, Rla|)(|a — k| + ).

Then (3-24) follows from (3-17). Estimates (3-25) and (3-26) follow from (3-24) and the Poincaré-type
inequalities (3-1) and (3-2). O

Remark 3.8. Let us consider the blow-up family

Galx) = ¢a(lalx)

a L )
\Y H(Qﬂa, K(Slal)

with K5 > T as in Lemma 3.4 for some fixed § € (0, ./i1/2). By Lemma 3.7 it follows that, for every

p € S! fixed, rs > 0 as in Lemma 3.4, and R > K, the blow-up family {@, : a = |a|p, R|a| < rs} is

bounded in H-?(Dg, C).

(3-27)
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4. Estimateon Ao —1,

The aim of this section is to obtain a bound (both from above and from below) of the eigenvalue variation
Aq — Ao. These bounds are obtained by considering suitable competitor functions and by plugging them
into the Courant-Fischer characterization of A, and Ag:
iV4+Ag)u|*dx
Aazmin{ Ja|(V+A4a)u]

max . F is a linear subspace of H*“ Q,C),dimF =ng,, (4-1
ue F\{0} Jo lu|?dx P o (2.0) 0} -1

iV+Ag)u|*dx
Ao = min{ max fQ I o)ul : F is a linear subspace of H(}’O(Q,(E), dim F = no}. 4-2)

ueF\{0} Jo lul?dx

In Section 4A we construct the competitor function for A,. This function is obtained by modifying ¢?
in a small neighborhood of a. Since the asymptotics of ¢? is exactly known, this allows us to obtain,
in Section 4B, a sharp bound from below of Aoy — A,. The competitor function for A¢ is constructed in
Section 4C, by modifying locally ¢5. The energy estimates obtained in Section 3 allow us to obtain a
preliminary estimate from above of Ao — A, in terms of the quantity H(¢,, Kgl|a|).

Before proceeding, we find it useful to recall the following technical result, which is proved in
[Abatangelo and Felli 2015, Lemma 6.1] and concerns the maximum of quadratic forms depending on
the pole a — 0.

Lemma 4.1. For every a € €2, let us consider a quadratic form

no
0q:C" >R, Qulz1.22.....2py) = Z M; n(a)zjzy,
Jj.n=1

with M ,(a) € C such that M y(a) = My, j(a). Let us assume that there exist y € (0, +00), ar>o(a) €R
with o (a) > 0 and o (a) = O(|a|?*?) as |a| — 07, and a > j1(a) € R with j(a) = O(1) as |a| — 07T, such
that the coefficients M ,(a) satisfy the following conditions:

(1) Mno,no (a) = U(a)ﬂ(a)-

(ii) Forall j < ng, we have M; j(a) — M; as |a| — 0% for some M; € R, M;j <O0.
(iii) Forall j < ng, we have Mj y,(a) = My, j(a) = O(|a|¥ \/o(a)) as |a| — 0.
(iv) Forall j,n < ng with j # n, we have Mj n(a) = O(|a|?”) as |a] — 0.

(v) There exists M € N such that |a|?TMY = o(o(a)) as |a| — 0.

Then

max Qq(2) = 0(a)(u(a) +o(1)) asla| — 07,
lzll=1

1/2
where ||z|| = [|(z1, 22, ... zng) | = (272, 12i1%)
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4A. Construction of the test functions using (02. Recall that go,? € H(:’O(Q, C) \ {0} is a solution of
(2-4), also satisfying (2-5), with @ = 0. Let Ry be as in (3-4). For every R > 1, a € Q with |a| < Ry/R
and 1 <n < ng we define

W'a i DRial,
WnRa= A\ ex 4-3)
W R 1nQ\DR|a|,
where
ext _ Jda(0,—0%) 0 -
Wy Ra=¢ @ 70%p, 1n Q \ DRIaI»
and w;mR o 18 the unique solution to the minimization problem

min{f IV + Ag)u|*dx :u € H"(Dgjq), C), u = 000 on 8DR|a|}.
DRja|

We notice that w®™!, and w™, respectively solve

n,R,a n,R,a
. 2 0 . . 2 1 .
iV + A4p) w;’,“R’a = )\nw;”“R’a in @\ Dgjg|- o iV + Am) wzﬂ’tR’a =0 in Dgig|s
ext — pia(0,—6§) 0 QN D int — pia(8,—6§) 0 oD
wn,R,a =e Pn on ( \ RIaI) wn,R,a =e ¢, on Rlal-

As a consequence of Proposition 2.1 we have ¢ (x) = O(|x|'*=71) as x — 0 for some j € Z, which
implies
oo(x) = O(|x|V*1) asx —0, 4-4)

since |o — j| > /i for all j € Z. Furthermore (2-2) implies

. a—j|+o(1)
/ |<zv+Ao)¢,‘,’|2dx=Ao/ |¢3|2dx+L[ 1002 ds
D, D, r D,
=0@r*V*) asr—07T. (4-5)

From (4-4) and (4-5) we deduce that, for every R > 1, a € Q such that R|a| < Ry, and 1 <n < ny,

f |V + Ao)gy | dx = O(la>VH1), / lpn|? ds = O(la]>VFrHh),
o o (4-6)
and [ (B2 dx = Ol asa) - 0.
DRial

Using the above estimates (4-6) and the Dirichlet principle (see the proof of [Abatangelo and Felli
2015, Lemma 6.2] for details in the case of half-integer circulation), we obtain that, for every R > 2
and 1 <n < ny,

/ |GV + Ag)w™, |>dx = 0(|a|2\/W)’ / w2 ds = 0(|a|2m+1)’
DRial Rlal

n,R.,a n,R,a

(4-7)

n,R,a

and / lw™, 12dx = O(ja|*V*1+2)  as|a| > 07,
DRial
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The above estimates can be made more precise in the case n = ng in view of (1-9): for every R > 2 and
a € Q2 with Rla| < Ry,

/ |V + Ag)po|? dx = O(Jal?@7X), / lpol? ds = O(lal@=*IT ),
DRiq|

DRia
PR (4-8)
and / loo|2 dx = O(la]?*7*1+2) as |a| - 07,
DRja
and consequently, in view of the Dirichlet principle,
|16V duit g dx = 0P, [t 2 ds = OGPk,
D a bl bl a bl 9
Rlal Rlal (4-9)
and / [ R JPdx = O(la?*=k1+2) a5 |a| - 07,
Dle EEAE)
with k as in (1-8). Furthermore, defining
_ po(lalx)
Wa(x) := TalokT (4-10)
for all R > 2 and a € Q such that R|a| < Ry, (1-9) implies
W, — By in H'"°(Dg,C), as |a| — 0, (4-11)

where v, is defined in (1-20).

4B. Estimate of the Rayleigh quotient for A ,.
Lemma 4.2. There exists ¢ € R such that

Ao —ra > clal?* K foralla e Q,
where k is as in (1-8).

Proof. The proof follows along the lines of [Abatangelo and Felli 2015, Lemma 6.7; Abatangelo et al.
2017, Lemma 7.2]. Let wy g 4 be defined in (4-3). Let us fix R > 2. By proceeding with a Gram—-Schmidt
process we define

~ li)n,a
Whna = T~ 1 <n =<ny,
||wn,a||L2(Q,q:)
where
Whngy,a = Wpo,R,a>
no
N a A
Wn,a = Wn,R.a — E CpnWeas I<n=<nyg—1,
{=n+1
and

a fQ wnyR’aweaa dx
c@,n =

— , 1=n=<ng—1, n+1=<4L=<ny.
||w€,a||L2(Q,C)
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From (4-6), (4-7) and an induction argument it follows that, for all £, 7 such that 1 <n <ny—1 and
n+1=<¥{<ny,

1Bnall} 2.0 =1+ Oal>Y#1F2) and  ¢f, = O(la]>VF1+?) (4-12)

as |a| — 0. Moreover, from (4-8) and (4-9) we have

|Bng.all} 2. c) = 1Wno.Rallf2ig.cp = 1 + OUal* ™ +2) as |a] -0, (4-13)

and
Cron = O(|a|l®*I+VEI+2) a5 |a| — 0, for 1 <n <ng— 1. (4-14)
Since dim(span{wi,g 4, - - ., Wny,R,a}) = Mo, We have that also dim(span{w; 4, ..., Wny,a}) = N9, and

hence from (4-1) we deduce that

2
Ag < max iV+A ot i,
¢ (a1,...,ocno)e@"o/ ( a)(; n na)
Z:():l |an|2=1
which leads to
no

Ag — Ao < max i ’ »

‘ O_(Otl,...,a,,o)e@no Z n Jpnj ( )

=1
n
Zno=1 |°¢n|2=1

where p7 i= fQ(iV-l—Aa)u?n,a-(iV + Ag)Wj q dx —Aobpj, with 6,; =1 if n = j and 6,; = 0 otherwise.
Using the estimates above we can now estimate p,‘: i First, using (4-8), (4-9), and (4-13)

a
Pny, ( /|wn Ra| dx)
;Mo = fQ |wn0,R al?dx o

iV + Ag)w™ |2dx—/ |(iV+A0)<p0|2dx)
fQ |wn0,R,a| dx (/;)Ral 47 o, Roa Rlal

= O(|a]**7¥*2) + O(la*~*1)

= a|?* ¥ O(1) as|a|—>07.

Next (4-6), (4-7) and (4-12) provide for n < ng

Po = —ho+ %(}»2 [V Al Pdx— [ 16T+ oyl dx)
||wn,a||L2(Q’C) DRjal Rlal
1 ho 2
+ # / (ZV + Aa)( Z C?’nw(’a) dx
1on.allz> g c) /9 t=n+1
2

Re Z {cen/(zV—}—Aa)wnRa (zV—I—Aa)wgadx}

”w”ﬂ”iz(Q,C) L=n+1
= (Ap— o) +o(D),
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as |a| — 0. Using (4-6), (4-7), (4-8), (4-9), (4-12) and (4-14), we have that, for all n < ny,
Phng = B = O(alV" 7K as ja] -0,
while the same estimates imply that, for all n # £ < ng,
Pig = Bp=00al™) aslal - 0.
Therefore, the quadratic form in (4-15) satisfies the hypothesis of Lemma 4.1 with o (a) = |a|2|°‘_k X
Y =i, M; =A?—k0 <0 for j <ngand M € N such that (2+ M) /ity > 2|a — k|, so that

no
max Undj Py j = lal?**lo(1) as |a| — 0. O
(g, Qfno)e(EnO .
ngo 2 n,j=1
Dot lanl=1

We notice that Lemma 4.2 does not give any information about the sign of the constant c.

4C. Construction of the test functions using ¢@,. Let @5 € HO1 (R, C)\ {0} satisfy (2-4) and (2-5). Let
Ry beasin (3-4), R> 1 and |a| < Ry/R. For every 1 <n <ng we define

int :
_ Un,R,a n DRW’
Un,R,a =

v,elXtR a in \ DR|a|7
where
UR.a = Ol inQ\ Dpjg.
and v’ilmR o 18 the unique solution to the minimization problem
min{/ |iV + Ag)u|*dx :u € Hl’O(DR|a|, C), u= ei“(eg_aa)go,’f on 8DR|a|}. (4-16)
DRial
We notice that v&% _ and v"p respectively solve
(ivV+ Ao)zvf,f},a = kﬁv;”“R’a in Q\ Dgig|s
Ve = ¢ Gy on (2 \ DRja)).
and )
(iV+ 407", , =0 in DRy, @17
Uppa = Ol on dDgyq).
The energy estimates in Lemmas 3.6 and 3.7 imply the following estimates for the functions vilmR a

Lemma 4.3. For§ € (0, ./it1/2) fixed, let 125 be as in Lemma 3.6 and R be as in (3-4). Let
R > max{2, 125}
and 1 < n < ng be fixed. For every a € Q with |a| < Ry/R, let vi™, be defined as in (4-16). Then

n,R,a
/ GV + Ao)viM ,I? dx = O(ja*VH1=9)
Drial 4-18)

f oty 412 dx = O(la*VF=9F2) - apg / vty 4|7 ds = O(laPVAI=DH
DRja dDR|al

as |a| — 0%,
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Proof. The proof follows by combining the Dirichlet principle, a suitable cutting-off procedure, and
Lemma 3.6 (see the proof of [Abatangelo and Felli 2015, Lemma 6.2] for details in the case of half-integer
circulation). O

Lemma 4.4. For R > max{2, Ky} fixed, with Kg as in Lemma 3.4, let v‘m R . be defined as in (4-16).
Then

/D iV + Ag)vyt ¢ o> dx = O(H (¢a, Kslal)), (4-19)
Rlal

/ VI o 12 dx = O(lal* H(pa, Kslal)), / VI o 12 ds = O(lal H(ga, Kslal)), (4-20)
DRl DRa|

as |a| - 0t.

Proof. The proof follows from the estimates of Lemma 3.7, a suitable cutting-off procedure, and the

Dirichlet principle; see (4-16). O
Remark 4.5. For all R > 2 and a € Q with |a| < Ry/R we consider the blow-up family
vt g a(lalx)
ZR(x) i= —n0Raa (4-21)

\Y, H(¢a, K5|a|

with K as in Lemma 3.4 for some fixed é§ € (0, ./it1/2). From Lemma 4.4 it follows that, for every
p €S! fixed, rs > 0 as in Lemma 3.4, and R > max{Kj, 2}, the family of functions

{ZR:a=lalpeQ, |a| <rs/R}
is bounded in H':%(Dg, C).

4D. Estimate of the Rayleigh quotient for ). An estimate from above for the limit eigenvalue A in
terms of the approximating eigenvalue A, can be obtained by choosing as test functions in (4-2) an
orthonormal family constructed starting from the functions {v, g 4}n=1,...,n,> as done in the following.

Lemma 4.6. For § € (0, \/111/2) fixed, let rs, Ks be as in Lemma 3.4 and oy be as in (3-5). Then there
exists 05 > 0 such that
Ao —ha =05 H(¢a. Kslal)

forall a € Q such that |a| < min{rs/Kg, oty }.

Proof. In view of (3-18) it is enough to prove that Ag — Ay < O(H (¢4, Ksla|)) as |a| — 0.

Recall the definition of v, g , given at the beginning of Section 4C. Let us fix R > max{2, K, Eg},
with K as in Lemma 3.6. As in the proof of Lemma 4.2, we use a Gram—Schmidt process; that is, we
define

~ i}n,a
Unag=-——> L=n=no,
[0n,allL2(@,c)
where R
VUng,a = Vny,R,a»
no

ﬁn,a = Un,R,a — Z dﬁnﬁe,a, l<n<noy—1,
{=n+1
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and _
a _ fgz Un,R,aV¢,q dX
T g al? ’
L,a L2(2,0)

l1<n=<ng—1, n+1=L€=<ny.

From (3-22), (4-18) and an induction argument it follows that, for every 1 <n <ng—1andn+1 <¥{ <n,,

”ﬁn’a”iz(g,ﬂ:) =1 + O(lalz(«/lTl_(s)‘f‘z) and dzl,n = O(|a|2(x/lT1_5)+2) (4_22)

as |a| — 0. Moreover, from (3-26) and (4-20), we have

19np.all72(q.c) = 1+ Ollal* H(ga. Kslal)) ~ as Ja] — 0, (4-23)

and, for 1 <n <ny—1,
dg = 0(la|V* =52 [H (4. Kslal)) as |a| — 0. (4-24)
Since dim(span{vi,g 4, .-, Ung,R,a}) = Mo, We have that also dim(span{v; 4, ..., Uny,a}) = no, and

hence from (4-2) we deduce that

2
Ao < max iV4+ A o, dx,
0 (ala""ano)ecno / ( 0) (’; e a)
22():1 |05n|2=1
which leads to

Ao —Ag < o0 , 4-25

0 a = (@1.. ,ano)eC 0 Z n anj ( )
Zn 1|01n|2 1

where q,‘fj = [o(V + A0)lna - (iV + Ag)Vjadx — La8yj. Using the results above we can now
estimate q,‘; i First, using (4-19), (3-24), and (4-23)

Aa
a = 1- v 2 dx)
nong fgz |Un0,R,a|2 dx( /sz| no.R.al

1 ([ . i 2 . 2
iV + Ag)v!™ 5 | dx—[ |(iV + Ag)pq|” dx
fQ |Ung,R.al? dx DRjal o-R.a DRjal e

= H(ga. Ksla]) O(1),

as |a| — 0. Next (4-18), (3-20), (4-22), and the fact that A9 — kg as |a| — 0, provide, for n < ng,

1 .
e, = —ha+ #(Ag +/D |(iV+A0)v;2tR’a|2dx—/ |(iv+Aa)go;;|2dx)
Rlal Rlal

||Un,a||L2(Q’@)
no 2
@9+ o 3 d i)

1 /
2
Q {=n+1

” ﬁn,a ”LZ(Q,C)
2

dx

no

Re Z {C?Z’n]s;(iv‘FAO)vn,R,a'(iV+A0)ﬁ€,adx}

~ 2
IPnallzz ey e ni
= A0 — Ao +o(1),
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as |a| — 0. Now, using (3-20), (3-24), (4-18), (4-19), (4-22), (4-23), and (4-24), we prove that, for all
n <ny,
Ghtno = Ghign = OlalV*17° H g, Kslal))  as la| - 07,

while the same estimates imply that, for all n # £ < ng,
¢, =Gf, = 0(al*VEI=9)  asa] > 0%,

Therefore, the quadratic form in (4—25) satisfies the hypothesis of Lemma 4.1 with y = ,/uy — 6,
o(a) = H(pa, Kslal) = O(|a|*”) (by (3-19)), Mj = )\;) — Ao <0 and M any natural number such that
M >2(Ja—k|— /i1 +28)/( /i1 —8) by Corollary 3.5. Therefore the right-hand side in (4-25) satisfies

max Z an@jq, ; = H(ga, Ksla))O(1),
=1
=0 fanP=1 "

as |a| — 0. Then the conclusion follows from (4-25). O

4E. Energy estimates.
Corollary 4.7. For § € (0, \/jt1/2) fixed, let Kg be as in Lemma 3.4. Then
() [Ao —Aal = O(1) max{H (¢a. Kslal). la*~*I} as a — 0;
(ii) [ho —Aal = O((H(ga, Ksla))l*=KI/le=kI+8)) g5 4 — 0.
Proof. Estimate (i) is a direct consequence of Lemmas 4.2 and 4.6. Corollary 3.5 implies
a7 = O((H (pa, Ks|a])l* =V (a=k1+0)

as a — 0, so that (ii) follows from (i). O

5. Blow-up analysis

In order to obtain a more precise estimate of the order of vanishing of the eigenvalue variation |Ag — A4|
than Corollary 4.7, we have now to compare the order of H (¢, Ks|a|) with |a|21®~*. We observe that
the estimates obtained so far (in particular Corollary 3.5) are not enough to decide what is the dominant
term among H (¢q, Ks|a|) and |a|2!*~*|. To this aim, our next step is a blow-up analysis for scaled
eigenfunctions (3-27) along a fixed direction p € S. In order to identify the limit profile of the blow-up
family (3-27), the following energy estimate of the difference between approximating and limit scaled
eigenfunctions plays a crucial role.
Let D(l)’z([Riz, C) be the completion of C2°(R? \ {0}, C) with respect to the magnetic Dirichlet norm

1/2
lull s 22,0y = (AZ|(iv+Ao)u(x)\2dx) .

Theorem 5.1 (energy estimates for eigenfunction variation). Let p € S! be fixed. For some fixed
5 € (0, /i1/2), let Kg > Yg be as in Lemma 3.4. For every R > max{2, Kg} and a = |a|p € Q such
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that |a| < Ro/R, let vy, R q be as in Section 4C. Then

“Uno,R,a _gDOHHOl’O(Q,C) = C(h(p’a’ R) + g(p’ a, R)) \% H(‘Pa’ K5|a|)v
where C > 0 is independent of a, R, p,

h(p.a,R) = sup / (€@ =) iV + Ap)ga— IV + A0)ZR) v g do|,
(DGD(I).Z(RZ,@) 3DR
||¢||D(1).2(R2.C):1
and, for p and R fixed,

h(p,a, R) = 0() and g(p,a, R)=o0(1)
as |a| - 0t.

Proof. The proof exploits the invertibility of the differential of the function F' defined below, in the spirit
of [Abatangelo et al. 2017, Theorem 8.2; Abatangelo and Felli 2015, Theorem 7.2]. Let

F:Cx Hy*(Q.C) > RxRx (Hy(Q.0)*,
@)= (915100 ¢~ *0- Im(fg 60 d). (Y + 40)*¢ — 1p).

In the above definition, (HO1 ’ﬂg (2,0))* is the real dual space of Ho1 ’ﬂg (2,0) = HOI’O(Q ,C), which is
here meant as a vector space over R endowed with the norm

1/2
. 2
llggocy = [ 167+ Aol ax)
and (iV + Ag)?¢ —Ap € (H(}’Dg(Q,C))* acts as
(H0(@.0)* (V4 A¢)*¢ — Lo, u) H@.0) = %e(/g(iv 4+ Ag)p-(iV + Ag)udx —A /Q Qi dx)

for all ¢ € H(} ’O(Q, C). It is easy to prove that the function F' is Fréchet-differentiable at (A, ¢g), with

differential dF (Lo, go) € L(Cx Hy*(2,C), Rx Rx (Hy (82, C))*) given by

dF(Ao,¢o>(x,¢>=(zme( /Q (iV+Ao)¢o~(iV+Ao)<pdx),Jm( /Q wodx),(N+Ao)2¢—xo<p—x<po)

for every (A, ¢) € Cx HO1 ’O(Q , C). From the simplicity assumption (1-5) it follows that d F(L¢, ) is
invertible; see [Abatangelo and Felli 2015, Lemma 7.1] for details.
From the definition of vy, g 4, (1-17), (3-19), (3-24), (4-8), and (4-19) it follows that

/Q G + A0) (v, R0 — 00)| dix = /Q 16780 (1 4 Ag)pa— IV + Ao)gol” dx

. / |eia(05’—9a)(iv + Ag)pa — (iV + Ao)fpo}2 dx
DRja|

. ini 2
+/D ‘(IV—I-AO)(vn(LR’a—(pO)‘ dx =o0(1)
Rlal|
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as |a| — 0, so that v, g4 — @o in HO1 (22, C) as |a| — 0. Then, from the invertibility of dF(A¢, o)
we have

Ma - )"Ol + ”UnO,R,a - (pOHHOl’O(Q,C) = ”(dF()‘Ov 900))_1 ”/J(RXRX(HOI.’"-?(Q,C))*,CXHOI’O(Q,C))
X “F(Aa, v”O’R’“)”RXRX(HOI'Dg(Q,C))*(1 +0(1)) (5'1)
as |a| — 0T. We define

F(Aq, Uno,R,a) = (aq, ,Ba, Wq),

where

Og = “vno,R,a||12L101,0(Q 0 —ho €R,

Ba = Jm(/Q Ung,R,a%0 dx) eR,

wa = (iV + A0)*Vng,R.a — kaVno,R.a € (Hy (2. C))*.
In view of (4-19), (3-24), and Corollary 4.7 we have

aa=(/l) |GV + Ao)vy gl dx — / |<iV+Aa>¢a|2dx)+(ka—)~o)
Rlal Rial

= O(H(¢a, Kslal)) + O((H (ga, Ksla|))l* 1/ 02—k — o(\/H(¢q, Kslal)) (5-2)

as |a| — 0. The normalization condition for the phase in (1-15), together with (4-20), (4-8), and (3-26),
yields

Ba = jm(/ viln(:,R,aq_)O dx _/ eia(ég—ea)q)a(po dx + L eia(eg—ea)¢a¢0 dx)
DRial

Jm vi,"‘ R.aP0 dx — ei“(eg_ea)waéo dx
0,4\,
DRq DRia

= O(la|* M/ H (¢4, K5la])) = o(v/H(ga, Kslal)) (5-3)

as |a| — 0.
For every a € €2, the map

Ta: Dy (R%.C) - Dy 2 (R, 0).  Tag(x) = ¢(lalx),

is an isometry of D(l)’z([Riz, C).
Since HOI’O(Q, C) is continuously embedded into D(l)’Z(IRz, C) by trivial extension outside 2 and

1,0
||u||D(1),2(R2’C) = ”u”HOl’O(Q,C) for every u € H," (2, C), we have

”wa”(HOl’GQ(Q,C))* = sup 9‘{3(/ (iV+A0)vn0’R’a.(iV+A0)(pdx—ka/ vnO,R,aédx)
’ peH(Q,0) & &

||(P||H(;.0(Q£)=1

< sup 9%([ (iV—i—Ao)v,,O,R,a'(iV%-Ao)(pdx—ka/ vnO,R,agZde) .
9eDy 2 (R2,0) f &

191,122 ¢, =! (5.4)
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1,2
For every ¢ € D’ (R2,C) we have

/Q iV + A0 ng R0 - TV F Ag)p dx — g /Q Vo R.a@

_ / OO iV + Ag)pa- IV + Ag)p dx =g =00 pug dx
2\ Dria E\DRia

—i—/l; (V4 Ao)vng,Ra- IV + Ag)pdx —Ag Vno,R,a® dx. (5-5)
R|a|

DRja
From scaling and integration by parts we have that, letting ¢, be defined in (3-27),

/ 050D iV + Ag)pq - (iV + Ag)p dx — ha !0 =0 . & dx
Q\DRjq| Q\DRa|

=i /H(¢a, Ks|a)) [ Tap 0= (iV 1 4,)G, v da, (5-6)
0D g

where v = x/|x| is the outer unit normal vector. In a similar way we have that, defining Z f as in (4-21)
and using (4-17),

/ @V +A0)Un0,R,a'(iv+A0)‘P dx—)m/ Vno,R.aP dx
DRia| D

Rlal

— JH G, K5|a|)(—i / (Y + A0 ZE v Top do — halal? /
0D R

Dg

ZRT0 dx). (5-7)
Combining (5-4)—(5-7) and recalling that 7, is an isometry of D(l)’z([Rz, C), we obtain

ZRgdx|,  (5-8)

_1
(H(¢a, Kslal)) 2||wa||(H01=Dg(Q,@))* Sh(P,a,R)+)\a|a|2 1Slzlp ‘
‘ peny?®@2,0) VPR
1

||‘p”1>$’2(n2,m:
where
Mpay= s || (@G A~ (Y + A0 ZE) v pdo].
peny?(®?,0) 1VODR
||<P||D(1),2(R2’C)=1

From Remarks 3.8 and 4.5 it follows that, for R > max{2, K5} and p € S fixed,

{(eia(%’—‘%)(iv + Ap)Ga— iV + Ao)ZaR) v} is bounded in H~/2(dDg)

la|<rs/R

so that, for p and R fixed, h(p,a, R) = O(1) as a — 0. Moreover, Remark 4.5 implies that, for
R > max{2, K5} and p € S! fixed,

ZRg dx
Dp

sup

9€Dy? (R2,0)

lell 1.2
Do

=0(l) as|a|—0.

=1
(R2.0)

Hence the conclusion follows from (5-1), (5-2), (5-3), and (5-8). O
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The previous theorem allows us to estimate the energy variation of scaled eigenfunctions and improve
the results of Corollary 3.5 as follows.
Corollary 5.2. Let p € S! be fixed. Then
(1) |a]**~* = O(H(¢a. Ksla])) as a = |a| p — 0;
(ii) letting §q and W, be as in (3-27) and (4-10), for every R > max{2, K} it holds that

—k
/ (iv+Ap)(¢a—e"“<9n—96’)W s )
(2/1a)\Dr

* VH(ga, Kslal)

Proof. Estimate (5-9) follows from scaling and Theorem 5.1. From (5-9) it follows that

2
dx=0(1) asa=lalp—0. (5-9)

ja!* ] . 2 \?
o ‘(zV—I—Ao)Wa} dx
vV H(¢a, Ksla|) \JD,r\Dg
loe—F| . 1/2
S ( / |GV + Ap) (O W) |2 dx)
vV H(@a, Ksla|) \VD,r\Dr
2 1/2
<o)+ ([ iV + Ap)Pa(x) dx)
D>r\Dpg

as a = |a|p — 0. From Remark 3.8 and (4-11), the above estimate implies (i). d

In the following lemma we prove the existence and uniqueness of the function W, satisfying (1-18)
and (1-19), which will turn out to be the limit of the blow-up family (3-27) as @ — 0 along the fixed
direction p € S'.

Lemma 5.3. Let p € S'. There exists a unique v, € Hl’p(IRz, C) satisfying (1-18) and (1-19).

loc

Proof. Let 1 be a smooth cut-off function such that 7 = 0 in Dy and n = 1 in R?\ Dg for some R > 1.
Recalling the definition of ¥; (1-20), we have

F =iV + 4p)* (e =0y
= —Ane!*Cr =8y 120V iV + Ap) Oy £ 0V + Ap) By
= —Ane'™* @0y 420V 1V + Ap) (@0 yy) € (D AR, C)*.

Here D},’z(RZ, C) is the completion of CX°(R? \ {0}, C) with respect to
1/2
Wlogency = ( [, 16+ apunax)
By the Lax—Milgram theorem, there exists a unique g € D;’Z(RZ, C) which solves
(iV+A4,)%¢g=—F in(Dy*(R* C)*.

Then, ¥, = g + neia(eﬁ_eé’)wk satisfies (1-18) and (1-19), and the existence is proved.
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The uniqueness follows from the fact that, if wl \IJI% € Hl’p([Rz, C) satisty (1-18) and (1-19), then

loc
(iV+4,)°(V,—¥)) =0 in(D,*(R* C))* (5-10)
and
fRZ iV + Ap) (W, —W))|* dx < +o0,

which, in view of the Hardy inequality (1-3), implies
\pl _ LDZ 2
/ M dx < 400,
R2 [x—pl
and hence that \Illl, — 11;12) € D},’z(RZ, C). Therefore we can test (5-10) with \I’ll, — \Iflz, thus concluding that

: 1 2912 gy
A;{z |GV + Ap) (Y, —¥,)|"dx =0,
which implies \1111) = lllg. g
We are now in a position to prove that the scaled eigenfunctions (3-27) converge to a multiple of ¥,
asa=|a|lp— 0.

Lemma 54. Let p € S! and § € (0, /j11/2) be fixed and let Ks > Y5 be as in Lemma 3.4. For
a=la|lp € Q let §, be as in (3-27). Then

,B KS 1/2
o - - /] = | —)0
§0a |ﬁ|(faDK6 |\I]p|2 ds) D as d | |p

in HYP(Dg, C) for every R > 1 and in CI%JC(IR2 \{p},C), where V), is the function defined in Lemma 5.3.
Moreover,

|a|le—*] 1 K 1/2
lim @ ———— = —(—2) .
a=lalp>0 /H(ga. Kslal) ~ 1BI\ fop,, [¥p|* ds
Proof. From Remark 3.8 and Corollary 5.2 it follows that, for every sequence a, = |a,|p with |a,| — 0,
there exist a subsequence a,,, ¢ € [0, +00) and ® € Hl(lj’cp (R?, C) such that

(5-11)

|an£ ||a—k|

Pan, = ) weakly in H"?(Dg,C) as { — +oc0 and  lim —c
t=+00 /H(¢a,, . Kslan, )

for every R > 1. Passing to the limit in the equation satisfied by @q, i.€., (i V + A,)?@q = Aglal?@, in
(1/]a])$2, we obtain that ® satisfies

(iV+A4,)’P=0 inR2 (5-12)

Moreover, by compact trace embeddings,

1 ~
—f D)2 ds =1, (5-13)
Ks Jopg,

so that @ is not identically zero. Testing the equation for ¢, with ¢, itself, integrating by parts and

exploiting the C2_-convergence of @, in R\ { p} (which follows from classic elliptic estimates) we obtain

loc
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Jpe |GV + Ap)@a,, |2 dx —>~fDR |(iV 4+ Ap)®|? dx as £ — oo for every R > 1. Hence we conclude
that, for all R > 1, ¢q,, — ® strongly in HVP(Dg,C) as { — +oo0.
By the strong Hli’cp (R?, C)-convergence and recalling (4-11), we can pass to the limit along ay, . 1in
(5-9) to obtain
/ GV + 4,)(D = cBe™ @~y dx < +o0.
R2\Dg

This implies ¢ # 0 (and hence ¢ > 0), otherwise we would have fRZ\ Dx |iV+4 p)5>|2 dx < +o00, which,
together with (5-12), implies ® = 0, thus contradicting (5-13).
Then Lemma 5.3 and (5-13) provide

_ | Ky 1/2
®=cB¥, and c= —(—) .
B\ Jopg, 1%l
Since these limits depend neither on the sequence, nor on the subsequence, the proof is complete. [
Proof of Theorem 1.1. Let p € S'. From Corollary 4.7(i) and (5-11) we conclude that
ko —ka = O(jal**7)

as a = |a| p — 0. Since the function a + A, is analytic in a neighborhood of 0, due to the simplicity of Ag,
see [Léna 2015, Theorem 1.3], and since 2|o — k| is noninteger, we have that the Taylor polynomials of
the function Ao — A, with center 0 and degree less than or equal to |2|o — k|| vanish, thus yielding the
conclusion. d

Proof of Theorem 1.2. 1t is a direct consequence of Lemma 5.4. O

6. Rate of convergence for eigenfunctions
Taking inspiration from [Abatangelo and Felli 2017], we now estimate the rate of convergence of the
eigenfunctions. We then take into account the quantity
” (iV+ A4a)¢a — eia(eu_eo)(iv + Ao)go HLZ(Q,C)’

where ¢ = @p satisfies (1-14), (1-15) and g = <p2 , satisfies (1-7). We split the argument in two different
steps, the first considering the energy variation inside small disks of radius R|«|, the second considering
the energy variation outside these disks.

Lemma 6.1. Under the same assumptions as in Theorems 1.1 and 1.2, we have that, for every p € S
and R > 1,

lim [ |0V + Aa)pa — OO GV + Ag)go|” dx = |B Fp(R),  (6-1)
a=la|p—0 a|2®=* Jp,,,

where

Fp(R) = / [V + Ap)Wp = @0 (Y + Ao)yie|” v,
Dpr

W, is defined in Lemma 5.3 and . is as in (1-20). Moreover,
£p:= lim Fp(R) € (0,400).
R—+o00
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Proof. We notice that, in view of (1-19), £, < +oc. The proof of (6-1) relies on a change of variables
and on the convergences stated in (4-11) and in Theorem 1.2. We have

lim Fp(R) = / |GV + Ap) W, — @O0 iV 4 Ag)y|? dx
R—+oc0 R2

— / ‘(ZV + Ap)(lpp _eia(ep_eg)wk)|2 dx > 0’
R2\T,

where I'y, is defined in (1-13). Indeed, suppose by contradiction that the above limit is zero. Since, for
every r; > ry > 1 we have W), — ei“(ep_gg)t/fk € H“?(D,,(p)\ Dy, (p), C), the Hardy inequality (1-4)
implies W, —ei“(el’_eg)wk =0in R?\ D;(p). Moreover, since (i V+ A,)* (¥, —eia(eﬁ_eg)wk) = 0in
R2\ I'p, a classical unique continuation principle, see, e.g., [Wolff 1992], implies W, — el (Op=6¢ )Wk =0
in R?\ I'p necessarily. But this is impossible since, by (1-18) and classical elliptic estimates away from p,

i“(el’_eéy)wk is discontinuous on I', \ {0} since it is the product of

ia(6p

W), is smooth in R2\ {p}, whereas e
the continuous nonzero function v and of the discontinuous function e —05 ); see the definitions
(1-11), (1-12) and (1-13). d

Before addressing the energy variation outside the disk, it is worthwhile introducing a preliminary

result. For all R > 2 and p € S, let Zp, R be the unique solution to

iV + Ag)? =0 in Dg,
{(l + Ao) zp,R in Dg 6-2)

; p
Zp,R = eta(® _91’)\1/1, on dDg.

From Lemma 5.4 it follows that the family of functions Z f introduced in (4-21) converges in H!-°(Dg, C)
to some multiple of z, g.

Lemma 6.2. Let p € S' and R > 2. Fora = |a|p € Q, let Zf be as in (4-21). Then
p ( Ks )1/2
ZR ., = (——— Zp R
BN\ fypy, WP ds) P
in H"°(Dg,C) as |a| — 0.

Proof. Define
o E(L)” i
P2 1BIN Jopy, 1 2 ds

By (4-17) and (6-2) we have that Zf — Yp,6Zp,R SOlves

iV + ‘40)2(che —Vp.8Zp,R) =0 in Dg,
VAR Vp.6Zp,R = eia(e‘?_e”)(@a —¥p,s¥p) on dDg.

For R > 2, let ng : R? — R be a smooth cut-off function such that

ng =0 in Dg/y, ng=1 inR?\ Dg, 0<nr <Ll (6-3)
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Then, by the Dirichlet principle and Lemma 5.4,

/ GV + AN (ZF — yps2p.0)* dx
Dpr
< /D GV + Ao) (1R G0 — 1y 50| dx
R

= RI"|@a — P8 *p rIG D Pa — p.6*p =
<2 |Vng*|@a—vps¥pl* dx +2 NRIGV + Ap)(@a— vp.s¥p)I* dx = o(1)
Dr Dr\Dgr,>

as a = |a| p — 0. Finally, the Hardy-type inequality (1-3) allows us to conclude. O

Lemma 6.3. Let ¢g € HOI’O (2, C) be a solution to (1-7) satisfying (1-5). Let p € S'. Fora = |a|p € Q,
let o4 € Hol’a(Q,C) satisfy (1-14)—(1-15). Then, for all R > max{2, Ks},

i (09—0,) . 2 -
Heza(oo 9a)(z V+ Ag)pa — iV + Ag)eo ”Lz(Q\DR\m,C) < |a|2‘°‘ le(p, a, R),
where lim,—|4| p—0 G(p.a, R) = G(p, R) for some G(p, R) such that
lim G(p, R) =0. (6-4)
R—+o0
Proof. Let R > max{2, Ks}. From Theorem 5.1 and (5-11) we have
@0V + Aa)pa = (1Y + A0)eollL2(@\Dgi10) = 100 Raa = ¥l 10 )

< C(h(p.a. R)+ g(p.a, R))a* 7,
where g(p,a, R) = o(1) as |a|] — 07 and

h(p,a,R)= sup
peDy*(R2,0)
||¢||D(1),2

f (iV+Ag) (@) G, ZR)., G do
0D R

®@2.0 !

< const]| (i V4+A) ("€ =0 G, — Z R).v—y, 51V +A0) (@O0, —2, g)-v]| 1)2 Dr)
+Vp.s sup

9€Dy? (R2,C)
lell 1.2
Po

/a . (iV+A) (0w, 2, p)v@do|,
R

®2.0" ]

where

,3 K8 1/2
Yps = W(/ I |2ds)
Dk, | P

and the constant const > 0 is independent of ¢. From Lemmas 5.4 and 6.2 we have
iV + Ag) (€@ G, — ZR) v =y, sV + Ag) (/O W, — 2, p)-v

in H=Y2(dDg) as a = |a|p — 0. Therefore h(p,a, R) < f(p,a, R) with

lim e R =yps s | [ GV A,z v do).
a=la|p—0 pep,2®2,c) /DR

||<P||D(1),2

®2.0" 1
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To complete the proof is then enough to show that

Pl sup / IV + Ag) (e C =)W, —z, g)-v g do| =0. (6-5)
e (peD(l)’z(Rz,C) dDR
II(PIID(l).z(Rz.O=1

Using an integration by parts we can rewrite

/aD IV + Ag) (e~ W, — 2, p)-v G do
R

/3D eia(%'—@p)(iv + Ap) (Y, — eioc(@p—%)wk) vgdo + /30 iV +Ao) (Y —zp,R) - v@ do
R R

—i / (iV+ Ap) (Y, — eia(Gp—‘g(?)wk) GV + AO)(peia(e(f_ep) dx
R2\Dpg

—H//;) (V4 Ag) Yk —zp,r) - (iV + Ag)p dx

’

which implies

sup

9eDy?(R%,0)

el 1.2
Do

/Z;D (iV+ AO)(em(G(l’j_e")"I’p —Zp,R)- V@ do
R

®@2.0 !

. » 1/2 1/2
< (/ |GV + A4p)(¥, —el®(6p=b wk)\z dx) + (/ |1V + Ao) (Y —zl,,R)\2 dx) . (6-6)
R2\Dgr Dgr

The first term in the right-hand side of (6-6) goes to zero as R — +o0 because of (1-19). To estimate the
second term, we consider a test function 7 g satisfying (6-3) and the additional property |Vng| <4/R in
Dg\ DR/>. Recalling that y —z), g satisfies (i V + Ao)> (Vg —zp,R) = 0 in Dg with the boundary condi-

tion Yx —zp R =Yk — (65 —0n) » on dDg, the Dirichlet principle and the Hardy inequality (1-4) provide

/D (Y + A0) (Vg — 2 )| dx

< f GV + Ao) (1R (Vi — ¥ ~00 )| dx
Dgr

52/ |VnR|2|¢k—ef“<96’—9ﬁ>xy,,|2dx+2/ iV + Ag) (Vg — @ =0 @ )12 dx
Dg RZ2\DR />
32 . .
< ﬁ I“I'IP _el(x(ep—eg)wk|2 dx + 2/ |(1V + Ap)(lpp _ela(ep—e(f)wk)|2 dx
DR\Dg/> R2\DpR/>

_RR+1’ / |y — =00y |2
B R? Dr+1(P)\D(r-2)/2(P) lx — p|?

+2/ 1V + A,) (W, — /@O =00) )2 dx
R2\Dg /2

dx
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32(R +1)? .

< 2D [ GV + Ap) (U — 00Dy )2 dx

Ry DRr+1(P\D(R—2)/2(P)

+2 |GV + 4,) (8, — =00y dx,

R2\Dg /2

which goes to zero again thanks to (1-19). Therefore we have obtained (6-5) and the proof is complete. [
Proof of Theorem 1.3. Let p € S! and & > 0. From Lemma 6.1 and (6-4) there exists some R >max{2, K}
sufficiently large such that

|Fp(Ro) —£p|l <e and |G(p, Ro)| <e.
Moreover, again from Lemmas 6.3 and 6.1 there exists p > 0 (depending on p, ¢, and Ry) such that, if
a = |a|p and |a| < p, then
|G(p.a, Ro) = G(p, Ro)| <¢
and

1

. j —4 . 2
PR /D |0V + Aa)ga(x) — @O GV 4 Ag)po (x)|” dx — B Fp(Ro) | <e.
Rylal

Therefore, taking into account Lemma 6.3, we have that, for all a = |a|p with |a| < p,

|a| 2okl / [V + Ag)gq — e Ca=0D iV + Ag)po|” dx —|B12Lp
Q

=

_ _ . i —_pay ,. 2
la] 2] /D (Y + Aa)pu — e Ca8D iV 1 Ag)go|” dx — |81 Fy(Ro)
Rolal

+ |a| 2ok / GV + Ag)pa — e *Ca=0D iV + Ag)go|? dx + B2 1Ly — Fp(Ro)|
Rylal

<e+G(p,a, Ry) + |,3|28
<e+|G(p.a. Ro)—G(p, Ro)| +|G(p. Ro)| + B> e = 3 + | B|*)e. O
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