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We investigate the volume comparison with respect to scalar curvature. In particular, we show the volume
comparison holds for small geodesic balls of metrics near a V -static metric. For closed manifolds, we
prove the volume comparison for metrics near a strictly stable Einstein metric. As applications, we give a
partial answer to a conjecture of Bray and recover a result of Besson, Courtois and Gallot, which partially
confirms a conjecture of Schoen about closed hyperbolic manifolds. Applying analogous techniques, we
obtain a different proof of a local rigidity result due to Dai, Wang and Wei, which shows it admits no
metric with positive scalar curvature near strictly stable Ricci-flat metrics.

1. Introduction

The volume comparison theorem is a fundamental result in Riemannian geometry. It is a powerful tool in
geometric analysis and frequently used in solving various problems.

The classic volume comparison theorem states that the volume of a complete manifold is upper bounded
by the round sphere if its Ricci curvature is lower bounded by a corresponding positive constant. A natural
question is whether we can replace the assumption on Ricci curvature by the one on scalar curvature.

In general, scalar curvature is not sufficient to control the volume. This is a straightforward consequence
of a result by Corvino, Eichmair and Miao [Corvino et al. 2013]. In order to state it, we need the following
fundamental concept, which was introduced in [Miao and Tam 2009].

Definition. Let (M", g) be an n-dimensional Riemannian manifold. We say g is a V-static metric if there
is a smooth function f s 0 and a constant ¥ € R that solve the V-static equation

vif=Vif—gAsf — fRic; =g, (1-1)

where yg‘ :C®°(M) — S(M) is the formal Lz—adjoint of yz := DRg, the linearization of scalar curvature
at g. We also say a quadruple (M, g, f, k) is a V-static space.
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2 WEI YUAN

Remark 1.1. A fundamental property of a V-static metric is that its scalar curvature R; is a constant
for M connected; see Proposition 2.1 in [Corvino et al. 2013]. By taking the trace of (1-1), we can see
that f satisfies the linear elliptic equation

] Rg
Agf—i_n—lf—i_

nK
n_

=0, (1-2)

In particular, f is an eigenfunction for the Laplacian if « = 0.

Einstein metrics are in particular V-static, which can be easily seen by taking the function f to be a
constant. In this sense, we can view V-static metrics as a generalization of Einstein metrics. Another class
of special V-static metrics are vacuum static metrics when we take x = 0. They can be used to construct
an important category of solutions to Einstein field equations in general relativity [Qing and Yuan 2013].
The classification of V-static spaces is a crucial problem in understanding the interplay between scalar
curvature and volume. For more results, please refer to [Baltazar and Ribeiro 2017; Barros et al. 2015;
Corvino et al. 2013; Miao and Tam 2009; 2012].

Now we state a deformation result associated with the concept of V-static metrics.

Theorem 1.2 (Corvino, Eichmair and Miao [Corvino et al. 2013]). Let (M", g) be a Riemannian manifold
and Q@ C M be a precompact domain with smooth boundary. Suppose (L2, g) is not V-static, i.e., the
V-static equation (1-1) only admits the trivial solution: f =0 and k =0 in C*°(R2) x R. Then for any Q9
compactly contained in 2, there exists a constant §y > 0 such that for any (p, V) € C*(M) x R with
supp(R; — p) C Qo and

IRs — plicias + 1Va@ — VI < b,

there exists a metric g on M such that supp(g —g) C 2, Ry = p and Vo(g) =V.

This result suggests that for a non-V-static domain, the information of scalar curvature is not sufficient
to give a volume comparison: we can take either V > Vq(g) or V < Vq(g), but with p > Rz in Q. In
either case, we can find a metric g realizing (o, V) on 2 and it shows that no volume comparison holds
for non-V-static domains.

However, the volume comparison with respect to scalar curvature indeed holds for some special metrics.
For instance, Miao and Tam [2012] proved a rigidity result for the upper hemisphere with respect to
nondecreasing scalar curvature and volume. They also showed that a similar result holds for Euclidean
domains. Note that since all space forms are V-static, it is natural to ask whether all V-static spaces admit
such a volume comparison result.

Inspired by the rigidity of vacuum static metrics [Qing and Yuan 2016] and related work [Miao and
Tam 2012], we obtain a volume comparison theorem with respect to scalar curvature for sufficiently small
geodesic balls, if appropriate boundary conditions on induced metric g|7jp, (p) and mean curvature H,
are posed.

Theorem A. For n > 3, suppose (M", g, f, k) is a V-static space. For any p € M with f(p) > 0, there
exist positive constants ro and gy such that for any geodesic ball B,(p) C M with radius r € (0, ry) and
metric g on B, (p) satisfying
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* Ry > R; in By (p),
* Hy > H; on 9B, (p),
* glras.(p) = 8lT9B,(p)>
e g —&llc2s,(p),5) < €0s
the following volume comparison holds:

e if Kk <0, then

Va(g) < Va(g),
e if Kk >0, then

Va(g) > Va(g),

with equality holding in either case if and only if the metric g is isometric to g.

Remark 1.3. If f(p) < 0, we only need to replace (f,«) by (—f, —«), and the reversed volume
comparison follows.

Remark 1.4. If « =0, then V-static metrics are in particular vacuum static, and hence g is isometric to g
according to [Qing and Yuan 2016]. Thus Theorem A is an extension for the rigidity of vacuum static
metrics.

In general, the function f may change its sign on a closed V-static manifold. For example, we can
take f := 1+ 2x,4 on the unit sphere S”", where x,,; is the height-function of §" — R"t1 Hence the
volume comparison may not hold in this case. However, for some special V-static spaces, the volume
comparison with respect to scalar curvature might still hold for closed manifolds. Here and throughout
this article, we say a manifold is closed if it is compact without boundary.

Schoen [1989] proposed a well-known conjecture that the Yamabe invariant of a given closed hyperbolic
manifold is achieved by its canonical metric. This problem involves all possible metrics on a given
hyperbolic manifold and it is obviously very difficult to solve. However, it can be shown that this
conjecture is in fact equivalent to the following volume comparison problem.

Schoen’s conjecture. For n > 3, let (M", g) be a closed hyperbolic manifold. Then for any metric g
on M with
R, > Rg,
the volume comparison
Vu(g) = Vu(g)
holds.

The equivalence of the aforementioned Schoen’s conjectures are known by experts. For the convenience
of readers, we include a proof in the appendix.

Schoen’s conjecture is known to hold for 3-manifolds due to works of Hamilton [1999] on nonsingular
Ricci flow and Perelman [2002; 2003] on geometrization of 3-manifolds (also see [Agol et al. 2007]
for a generalization). For higher dimensions, Besson, Courtois and Gallot [Besson et al. 1991] verified
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it for metrics C2-close to the canonical metric. They also proved that the volume comparison holds
without assuming g is close to g if one replaces the assumption on scalar curvature by Ricci curva-
ture [Besson et al. 1995], which can be viewed as evidence that Schoen’s conjecture holds for higher
dimensions.

For the case of positive curvature, Bray proposed the following conjecture.

Bray’s conjecture. For n > 3, there is a positive constant &, < 1 such that for any complete manifold
(M™", g) with scalar curvature
Ry >n(n—1)
and Ricci curvature
Ric, > ¢,(n —1)g,
the volume comparison
Vu(g) = Vsr(gen)

holds, where S™ is the unit round sphere and g, is the canonical metric.

Remark 1.5. Unlike Schoen’s conjecture, there is an additional assumption on Ricci curvature in the
positive curvature case. In fact, this assumption is necessary; see [Bray 1997] for details.

For this conjecture, Bray [1997] verified it for three dimensional manifolds and gave an estimate for 3.
Later, Gursky and Viaclovsky [2004] showed that 3 < 1, and Brendle [2012] proved the rigidity of
volume comparison for &3 = % For higher dimensions, Zhang [2019] gave a partial answer.

Before stating our result, we first recall the following well-known concept associated with an Einstein
metric.

Definition 1.6 (stability of Einstein metrics). For n > 3, suppose (M", g) is a closed Einstein manifold.
The metric g is said to be stable if

St =AYz dvg

min specTT(—A%) = >0, (1-3)

in 5
oghesIT oy [y, |h1Z dvg
where A% := A; +2Rmyg is the Einstein operator and

S35(M) := {h € $1(M) : §3h =0, trg h =0}

is the space of transverse-traceless symmetric 2-tensors on (M, g). Moreover, g is called strictly stable if

the inequality in (1-3) is strict.

Stability is a crucial concept in the study of Einstein manifolds. There are several equivalent way to
define it, we adopt the one involving the Einstein operator for our convenience. For more information,
please refer to [Besse 1987; Dai et al. 2005; 2007; Kroncke 2013].

Our main result about volume comparison for Einstein manifolds is the following:

Theorem B. Suppose (M", g) is a closed strictly stable Einstein manifold with

Ric; = (n — 1)Ag,
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where ) # 0 is a constant. There exists a constant gy > 0 such that for any metric g on M which satisfies

Rg>n(n—1)A
and
lg —&llc2mz) < €o,
the following volume comparison holds:
e if A >0, then
Vm(g) < Vm(8),
e if A <O, then
Vm(g) = Vu(8).

Moreover, the equality holds in either case if and only if the metric g is isometric to g.

Remark 1.7. Suppose the reference metric g is Kdhler—Einstein with negative scalar curvature and all
infinitesimal complex deformations of its complex structure are integrable. Applying a delicate utilization
of the functional

K@= [ IR dv,
and the Yamabe functional Y

Y(g) = Ju R dvg ’

(Vi (g)n=2/n

Dai, Wang and Wei proved that the volume comparison with respect to scalar curvature holds for metrics
near g; see Theorem 1.5 in [Dai et al. 2007]. In fact, their result can be extended to strictly stable Einstein
metrics with negative scalar curvature.

Remark 1.8. The above volume comparison does not hold for Ricci-flat metrics: by taking g = ¢?g for a
constant ¢ > 0, we have the scalar curvature R, = Rz =0, but the volume V),(g) can be either larger or
smaller than Vj,(g) depending on whether ¢ > 1 or ¢ < 1.

Remark 1.9. The stability assumption in the theorem is necessary. Macbeth constructed an example of an
Einstein manifold which shows the volume comparison fails if we lack stability (personal communication,
2019). See Proposition 5.9 for more details.

Remark 1.10. Our approach in fact works for other curvatures as well. Please see [Lin and Yuan 2022]
for a volume comparison theorem of Q-curvature for strictly stable positive Einstein manifolds.

It is well known that hyperbolic metrics are strictly stable as special Einstein metrics and hence
Theorem B provides a partial answer to Schoen’s conjectures, which recovers the following result.

Corollary A (Besson, Courtois and Gallot [Besson et al. 1991]). For n > 3, let (M", g) be a closed
hyperbolic manifold. There exists a constant gy > 0 such that for any metric g on M with scalar curvature
Ry > R

and

g —&llc2mz) < o,
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we have
Vu(g) = Vu(g),

where equality holds if and only if the metric g is isometric to g.

Similarly, the spherical metric is also strictly stable (Example 3.1.2 in [Kroncke 2013]), and we obtain
a partial answer to Bray’s conjecture.

Corollary B. Forn > 3, let (S", g.,) be the unit round sphere. There exists a constant &y > 0 such that
for any metric g on S" with scalar curvature

Ry >n(n—1)
and
g — 8o llc2(smg,,) < €0

we have
VS” (g) = V§" (ggn )’

where equality holds if and only if the metric g is isometric to g, .

Remark 1.11. For metrics close to the canonical spherical metric, the assumption on Ricci curvature in
Bray’s conjecture holds automatically.

Remark 1.12. Corvino, Eichmair and Miao constructed a metric on the upper hemisphere which satisfies
the scalar comparison but has arbitrarily large volume; see Proposition 6.2 in [Corvino et al. 2013]. In
fact, by gluing a lower hemisphere, we can get a metric on the whole sphere with scalar curvature no less
than n(n — 1) but with larger volume.

In the research of scalar curvature, a fundamental question is whether a given manifold admits a metric
of positive scalar curvature. A well-known result due to Schoen and Yau [1979a; 1979b] and Gromov
and Lawson [1980; 1983] is the rigidity of tori, which states that there is no metric of positive scalar
curvature on tori. For an excellent survey, please refer to [Rosenberg 2007].

In [Dai et al. 2005], Dai, Wang and Wei studied the existence of metrics with positive scalar curvature
on a Riemannian manifold with nonzero parallel spinors. Through investigations of variational properties
for the first eigenvalue of the conformal Laplacian, they proved the local rigidity of scalar curvature near
the reference metric. Note that their proof can be applied to closed strictly stable Ricci-flat manifolds.

Applying techniques similar to the argument for Theorem B, we obtain the local rigidity of strictly
stable Ricci-flat manifolds, which generalizes a result of Fischer and Marsden [1975] about local rigidity
of tori with a different approach than in [Dai et al. 2005]:

Theorem C (Dai, Wang and Wei [Dai et al. 2005]). Suppose (M", g) is a strictly stable Ricci-flat manifold.
Then there exists a constant gy > 0 such that for any metric g on M satisfying

R, >0
and

lg —&llc2mz) < €o,
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we have g is homothetic to g. That is, we can find a constant ¢ > 0 such that g = c*g. In particular, there
is no metric with positive scalar curvature near g.

Remark 1.13. Note that flat tori are merely stable, since the kernel of the Einstein operator is nontrivial

and in fact

nnt+1)
2

It will be interesting to see whether there is an example of closed stable Ricci-flat manifold which admits

a metric of positive scalar curvature near the reference metric.

dimker A%, > 1.

Remark 1.14. Similar to Theorem B, our approach can also be applied to other curvatures. Please see
[Lin and Yuan 2022] for an analogous result for Q-curvature.

The article is organized as follow: In Section 2, we collect notation and conventions used frequently
in this article. In Section 3, we calculate some geometric variational formulas involved in the next two
sections. In Section 4, we study the volume comparison for geodesic balls in V-static spaces. In Section 5,
we investigate the volume comparison for non-Ricci-flat strictly stable Einstein manifolds and the rigidity
phenomenon of strictly stable Ricci-flat manifolds. In the Appendix, we present a proof for equivalence
of two conjectures proposed by Schoen.

2. Notation and conventions

In this section, we collect notation frequently used and conventions adopted in this article for the
convenience of readers. Please note that all calculations are performed in the reference metric g.
Let (2", §) be an n-dimensional compact manifold possibly with C!-boundary ¥ := 9<Q:

(1) Indices of coordinates components:

e Greek indices run through 1, ..., n;
e Latin indices run through 1, ..., n —1.

(2) Connections:

e connection on £2 with respect to g: Vg;
« connection on ¥ with respect to g|,.: VZ.

(3) Volume forms:
e volume form on 2 with respect to g: dvg;
e volume form on ¥ with respect to g|,..: dog.
(4) Curvatures:
 Riemann curvature tensor Rmg: Reg,5;
o Ricci curvature tensor Ricz: Rg, = §% Rypys;
o scalar curvature Rg: R; = gﬂ”Rﬂy;
A8 _1q 5o
¢ second fundamental form Af?_ ' 45 ;= §8Ug 8ij
« mean curvature Hy: H; = _’fAfj.
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(5) Spaces:

« space of all smooth Riemannian metrics on Q: Mg;

« space of all smooth diffeomorphisms of Q2: Z(Q2);

e alocal slice through the metric g: S;;

o symmetric 2-tensors on 2: S(2);

e TT-tensors on (£2, 2): S;Tg(Q) ={h e $H(RQ):8;h =0, tr; h =0}.
(6) Operators:

o Multiplication and inner product of symmetric 2-tensors:
(h X K)as =g  hagky,s and  (h k) =h -k :=g* (h x k)os = 8*° 8" haskys.

In particular,
(h*)ap = 8"%hayhsg and  Ricg -h:= Rg, hP”.

» Riemann curvature tensor as an operator on symmetric 2-tensors:
(Rmg -h)p, := Rap,sh® and (Rmg-h, h)g := Rygysh®hP.

e A combination involving curvature:

2R
n_

Hz(h, h) := (Rmg -h, h)z +2(Ricz -h)(trg h) — gl (trz h)>.
o Formal L?-adjoint of covariant differentiation:

5§ = — dng,, (Sgh)/g = —Vgha/g.

« Einstein operator:
A%h = Agh +2ng h.

e Linearization of scalar curvature:

ygh = —Ag(trg h) + 83h — Ricg -h.
« Formal L?-adjoint of yg:

vif =Vif—2Asf — fRicz.
3. Geometric variational formulas

In this section, we give variational formulas for geometric functionals involved later in the argument.
Throughout this section, €2 is assumed to be a compact manifold possibly with C!-boundary ¥ := 8. In
the case X # &, let

{elv "'7611—17 el’l = Vg}

be an orthonormal frame on X such that the {e; }?:_11 are tangent to X and vg is the outward normal vector
field of ¥ with respect to the metric g. We also denote the induced connection on ¥ by V=,
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We begin with recalling well-known variational formulas of scalar curvature; for detailed calculations,
please refer to [Fischer and Marsden 1975; Yuan 2015].

Lemma 3.1. The first and second variations of scalar curvature are
DR;-h = —Ag(trg h) +85h — Ricg -, (3-1)
and
*Rg - (h, h) = =2y3(h*) — Aglhl} — 5| Vgh|} — ld(trg b))
+ 2(h, Vég,(trg h))z —2(8zh, d(trz h)); + Vahﬂyvﬂh‘“’ (3-2)
forany h € 5;(X2).

For the mean curvature, its variations for the fixed induced boundary metric are given as follow, which
was first shown in [Brendle and Marques 2011].

Lemma 3.2. The first and second variations of mean curvature are

DHg-h= Yh,,Hz —Vih,' +1V,h/ (3-3)

and

DzHg,.(h,h)=< +Zh )H + hun(Vih,' — 3Vah') (3-4)

for any h € S$;(Q2) with h|1yq = 0.

For the volume functional, we provide a proof mainly based on a technique from linear algebra, which
would be useful in calculating higher order variational formulas.

Lemma 3.3. The first and second variations of volume are

DVog h=1 / (trz h) dvg (3-5)
2 Jo
and
1
DZVQ,g.(h,h)=Z/Q[(trg h)* —2|h|3] dvg (3-6)
forany h € $>(2).

Proof. Let A be an n x n symmetric matrix. Its characteristic polynomial is given by

n
pa() = deti] —A) = (=Dor(A)2"*
k=0
n
=" — (r AT+ L (A —r AT+ Z(—l)kak(A),\"—k,
k=3
where o0} (A) is the k-th elementary symmetric polynomial associated to the matrix A.
We choosing normal coordinates with respect to g centered at an interior point x € €2, so that gog = dup
at x. From the linear algebra fact mentioned above, we have the expansion

det(g +h) = 1+ (trg h) + 3 ((trg 1)* — |h[2) + O(|h]3}),
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and hence
det(g +h) = 1+ 5(trg h) + g ((trg ) — 2|h[3) + O(|[3).
Immediately, this implies
DVag-h= %f (rgh)dv;  and  D*Vag-(hh) = }J ((trg h)> = 2Ih12) dvg,
Q Q
respectively. U

In the rest of this section, we calculate variational formulas for some particularly designed functionals
involving scalar curvature, mean curvature and volume.

Proposition 3.4. Forany h € $3(Q2) and f € C*(Q),
/Q(DRg,-h)f dvg :/Q(h, v fz dvg—l-fz[—(avg(trg, h)+(8zh, vg)z) [+ (trg h)dy, f—h(vg, Vg f)ldog.
Proof. 1t is straightforward to see that
/Q(DRg-h)f dv; = /Q(—Ag(trg h)+5§,h—Ric§ -h) f dvg
= fg(h,ygf)g dvg —I—/):[—(ng(trg h)+(8zh,vg)g) f+ (trg h)dy, f—h(vg, Vg f)ldog,

using Lemma 3.1 and integration by parts. 0

Proposition 3.5. For any h € $,(Q2) and f € C®(R),
/Q(Dzzeg-(h,h))fdvg
=/Q[—%|Vg,h|i;—%|d(tr§ )3 +185h1* —2(85h. d(trg h))g+2(trg h)(83h)+Zg(h, h)| f dvg
+ /Q (2000 1) (1, v7 £ g —208eh, dfYg— 1 (trg h)(trg (7 ) =2k, Sgh@df)g— (v f. 1) dvg
+/E[avg|h|§+<5g(h2), vz)z+2h(vg, 8zh)+2h(vg, Vg trg h)+2(trz k) (8zh, vz)z] f dog
+ /E [h*(vg, Vg £)— 1|28y, f —2(trg hYh(vg, Vg )] do,
where

2R;

(. h) = (Rmg -h. h)g +2(Ricg -h) (1rg h) — ——
n —

(trg h)>

Proof. By Lemma 3.1, we have
/Q(DzRg -(h, h)) f dvz = /Q[—2yg(h2) — Aglhl} +2(h, Vi (trg )z + Vahg, VPR f dvg

—I-/Q[—Z((Sgh,d(trg h))g — 5|Vgh|s — 31d(trg ) [2] f dvg.
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Integrating by parts,
-2 /Q (vg(h*)) f dvg
=-2 /Q (vaf. h*)gdvg —2 /E [(trg (B*))Dy, f — [0y, (trg(h*)) — h*(vg, V f) — (85(h?), vg)z f1doyg

_ /Q (v £, h)z dug +2 fz (@, 112 + (85 h%), v)) £+ 12 (v, V) — 1120, f1do

and
- /Q (AgIhP) f dvg = — /Q (hPag f) dvg — fz [f 80, 1hI2 — h28,, f1dog.
Also,

2/9(h,V§,(trg h)z f dvg
zzfguagh,d(trg m) f — (h, d(tr; h)®df)g]dvg+2fzh(v§,Vg(trg h)) f dog
=2/Q(trg, h)[(83h) f —2(8gh. df )z + (h, V3 f)gl dvg
+2L[(h(Vg,Vg(trg ) + (trg h)(85h, vz)z) f — (trg B)h(vg, Vs f)]dog
=2/Q(tr§ W[(83h) f —2(8gh. df )z + (h, v g + (trg D) Ag f + (Ricg -h) f1dvg

+2/2[(h(1)g, Vg(trg, h)) + (tI‘g h)(Sgh, l)g)g)f — (tl‘g h)h(\)g, ng)] dO’g

and
/;Z[Vahlgyvﬂhw]fdvg
:_/thﬂ[vavﬁhwﬁvﬁhwvaf] dvg—i-/z[hﬁ,,vg,avﬂh“y]fdag
=_/thﬂ[(vﬂvahw+Raﬂ5“héy+Raﬂayhaﬁ)ﬂvﬂhwvaf]dué+f2[hﬂyvg-avﬂhay]fda§
=— /Q[—V,ghyﬂvah"‘yf —2h,PVah® Vg f —h, PR VgV, f + ((Ricg. h*)g — (Rmg -h, h)g) f1dvg
+ fz[(hﬁyvgavﬂhw — hbvg g Vah®?) f = hEhY vg ¥, f1dog
=/Q[|5g,h|§f—2(h,8g,h®df)g+(V§f—fRic§,h2)g+(ng b, h)g fldvg
— /E[«ag(hz), vz)z — 2h(vg, 83h)) f +h*(vg, Vs f)ldog
=/Q[|8gh|§f—2(h,5gh®df)g+(ygf—FgAg,f, h?*)z + (Rmg -h, h)z f1dvg

— /Z[wg(hz), vz)z — 2h(vg, 83h)) f +h*(vg, Vi f)ldog.
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Combining the calculations above, we obtain
/Q(DzRg-(h,h))fdvg
= /Q[—%Wghlé—%ld(trg h)2+185h|2—2(8zh, d(trg h))z+(Rmg -h, h)z+2(trg h)(Ricg -h)] f dvg
+ /Q [2(trg 1) (83h) f+(h. v] f)g—2(8gh. df )g+(trg h) Ag f)—2(h, Ssh@df)g— (v f. h*)gl dvg
+/E[(avg|h|§+<ag(h2), vg)g+2h(vg, 8gh)) f —|h|30,, f+h*(vg, Vg )l dog
+2 /E [(h(vg, V3(trg b))+ (trg h)(8zh, vg)g) f — (trg B)h(vz, Vi f)] dog
=/Q[—%|V§h|§—%|d(tr§ )3 +185h|5 —2(8gh. d(trg h))g+2(trg h)(83h)+ 25 (h, )] f dvg
+ fQ (26t ) ({1, v7 £)g—2086h, df Yo ——(trg ) (trg (77 1) =20k Sgh@df)g = (v f. b)) dvg
+/E[avg |RI2+ (85 (h?). vg)g+2h(vg, 8gh)+2h(vg, Vi(trg h)+2(trg h)(85h, vg)gl f do

+/ [hz(vg,, ng)—|h|§—,av§f—2(tl‘g h)h(Vg, ng)] dO’g,
z

where we used the fact that

« Rg
g (i f) = —(n — 1)(Agf — )

and

2R;
%g‘ (h,h) = (ng -h, h)g + 2(RiC§ -h)(tl‘g h) — g] (tI‘g h)z. Il
n —
In particular, for V-static metrics we have the following identity.

Corollary 3.6. Suppose (2, g, f, k) is a V-static space. Then for any h € ker 8; with h|rs =0,

f(DZRg.(h,h))fdvgz—lf[(|V§h|§+|d(tr§h)| —2%;(h, h))f+2;<(|h| + 2 (trgh) )] dv;
Q 2 Jq

ij 2 — 2\ i1 i _
_/;:|:A§ hi,,hjn—(hnn—32hm)Hg+4hnn(V,hn — 3V, )]fdog
- n—1
/[(M +Zh >8nf+2hnn2h,~n8if] dog.
i=1

Proof. Applying Proposition 3.5 with our assumptions,
i 2
/Q(DzRg— () f dvg =~ / [(|vgh|§ +1d(trg B2 — 225 (h, ) f + 2K<|h|§ + (g h)z)] dv;

/[(auglhl + (85(h?), vg)g +2h(vg, Vz(tg ) f +h*(vg, Ve f)
— |h130y, f — 2(trg h)h(vg, Vg f)] dog.
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For the boundary integral, we will rewrite it in terms of the orthonormal frame chosen for the boundary.
Note that the identities

n_ A8
I =—Af,

=A% T, =H (3-7)
hold on X. Since

8gh=0 and h;;=0, i,j=1,...,n—1,
we have

(85(h*). vg)g = Bg(hM)) = —Va(hgh,P) = —hg*Voh, = —hunVahun = 1, Vilgn = b, Vyhin,

n n
Oy 113 = Viulh|3 = 2hun Vahiun + 41, Vhin
on X. Thus,

0ug |12 + (83 (h%), vg)g +2h(vg, Vg (trg h))
= hun Vhiun + 31, Vahin — b, Vily + 2h, Vi, (teg h) + 2k, Vi (trg h)
= 3hun Vhun + 30, Vahin — b, Vilpy + 2R, Vah 420,V hy,

= =3 Vih, =30,V ik — b, Vihu 4 20 Vb 420, VE Ry,
where we used the fact that
Vihng = —(8zh) — Vih,' = —Vih,'.

o o
Moreover, from
Vih! =8k + T h* —T%h, = A%h,7 + Hghiy

Ja'ti ji'ta ij''n
and
Vilun = 8ihun — 205 han = Vi hpn —2A5h,7,

we obtain

By 12+ (85(h2), v3)z + 2 (vg, Vg (trz h))
n—1

= —A hinhjy —3Hg Y B3+ h, V= 3hun Vi, + 2k, Vh'.

in
i=1
On the other hand,

n—1 n—1
h*(vg, Vg ) — |h130u, f —2(trg Wh(vg, Vg f) = —(2h,%,, + Zh%n>anf —hun Y hind; f.
i=1 i=1

Integrating by parts,

L[(avg |13 + (85 (h*), vg)g +2h (vg, Vg(trg b)) f +h*(vg, Vg f) = |hI30,, f — 2(trg h)h(vg, Vg )] dog
n—1

n—1 n—1
- / [(A;!hmhjn +3H; Y h?n)f + (2115,, +> h,.zn) On f +2hun Y hind; f} do
z i=1 i=1 i=1

+ f (=hun VER =3y Vih, 4+ 2k, Vb f dog.
z
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Note that
Vih,' _8h AT R —T%h

' 'n m - o
=Vi hn —I-th,m,

and hence
/2 [@y |13 + (85 (h*), vg)g +2h(vg, Vi(trg W))) f +h*(vg, Vg f) — K30y, f —2(trg h)h(vg, Vg )] dog
n—1
=— /): [Aghinhjn — (hin -3 Zhlzn) H; +4h,, (Vl-hni _ %Vnhii)]fdag
=l n—1
/ [(2;12 n Zh )a,,f + 2R Zh,-,,aif] dog. O
i=1
In particular, for a special class of V-static spaces we have the following.
Corollary 3.7. Suppose (M", g) is a closed Einstein manifold with
Ric; = (n — 1)Ag.
Then for any h € S{Tg (M) ® (C®°(M) - g) we have
1 g 22
/M(DzRg, - (h, 1)) dvg = = fM(—m, Afh)g+ "2 |d (g b3 —2(n — m|h|§) dv;.

Proof. According to the V-static equation (1-1), it is obvious that the Einstein manifold (M", g) is a
V-static space with f =1 on M and k = —(n — 1)A. By Corollary 3.6 we obtain

/(DzRg.(h,h))dvng [—31Vghlz—51d(trg B)[3+185h|5+%5 (h, h)+2A(trg h)*+(n—D)A|h|Z] dvg.
M M

From our assumption,

8:h = —Ld(trg h),
n

and hence
2
/M(DzRg-(h,h))dvg,:/M[—%Wgh@—nz - —h)|§+%g<h,h)+2,\(trgh)2+(n—1)x|h|§] dvg.
Since
, 2R; 5
Rg(h, ) = (Rmg -h, h)g +2(Ricg -h) (trg h) — ——= (g )
n_
= (Rmg -h, h)z — 2A(trg h)%,

we have

1 g 22
fM(DzRg.(h,h))dvg:_EfM(_<h, A§h>g+”7|d(trgh)|§—2(n—1)x|h|§)dUg. O
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4. Volume comparison for V-static spaces

In this section, we will investigate the volume comparison for geodesic balls in generic V-static spaces.
Let Q be an n-dimensional compact domain in a V-static space (M", g, f, x) with C'-boundary
¥ := 0$2. We define the functional

Fa.glgl = /Q R(g) f dvg +2/ H(g) f dog — 2k Va(g), 4-1)
b
where

gEMa iz ={geMgq:glrs =8lrs}

is a Riemannian metric on 2 that induces the same metric as g on the boundary X.
This functional is particularly designed for a given V-static space. The information of both volume and
curvature is encoded in this single functional. It has excellent variational properties.

Proposition 4.1. The V-static metric g is a critical point of the functional Fq gl gl. That is,

DFqz h=0 (4-2)
for any h € §;(2) with h|1yq = 0.

Proof. Applying Proposition 3.4 together with Lemmas 3.2 and 3.3,
DFq ;- -h= / (DR -h) f dvg +2f (DHg-h)fdog—2k(DVq ;-h)
Q 90

- /Q [, v ) — kg b dug
+ /m[—(i% (trg h) + (8zh)y +2Vih,' — Vuh,' — hyyHz) f —h,'3; f1dog,
where we used that trg 4 = h,, on d€2. Since
Vih, =dh, +Tih,* —T&h, = VEh, + Hzhyy,

we have

(8zh)n = —Vah,* = —VFh," — Vyhyy — Hzhyp.
Therefore
DFq;-h= f (h,y; f — @)z dvg —f [(VZh,)f +h,'d fldo; = —/ VE(h, f)do; =0,
Q Q2 Q2
i.e., g is a critical point of .Zq z[g]. Il

The second variation that follows is a straightforward application of Lemmas 3.2 and 3.3 together with
Corollary 3.6.
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Proposition 4.2. For any h € ker 6z with h|rs =0, we have
1

D*Zq ;- (h,h) = —3

ij 1(,2 — 5 3 g0 1 i }
_/)S[(Ag hmh,»,,—E(hnn—zzhm>Hg+2hm(v,hn — 5 Vah; ))f} dog
i=1
n—1
/thz +Zh >8nf+2hnn2hmaif} dog.
i=1

In general, geometric functionals are invariant under actions of diffeomorphisms and it would cause

f[(|vgh|§+|d(trgh)| —29;(h, h))f—l—n+3(trgh)2 ]dvg
Q

degenerations on their second variations. In order to get rid of these degenerations, we need to find a
metric modulo diffeomorphisms. This is usually referred to be gauge fixing and it can be obtained by
applying basic elliptic theory and the implicit function theorem. For manifolds with boundary, this can be
achieved if one poses appropriate boundary conditions.

Lemma 4.3 [Brendle and Marques 2011, Proposition 11]. Suppose (2", g) is a compact Riemannian
manifold with boundary. Fix a real number p > n. Then there exists a constant €1 > 0 such that for a
metric g on Q with

glroe = glron

and

g —&llw2rq,z) < e,

there exists a diffeomorphism ¢ : Q — Q such that ¢|,, =id and h := ¢*g — g € ker §;. Moreover,

1hllw2r.5) < NI — &llwara,z)
for some constant N > 0 that depends only on (2, g).
In particular, we take €2 to be a geodesic ball B,(p) at an interior point p € M with radius r > 0.

Proposition 4.4. Suppose (M", g, x, f) is a V-static space and p € M is an interior point. Then there is
a constant g1 > 0 such that for any metric g on B,(p) satisfying

* Ry > Rz in B, (p),
e H, > H; on 0B, (p),
* glras,(p) = &lToB,(p)>
* llg—gllcxs, (p).z) < €15
we can find a diffeomorphism ¢ € 2(B,(p)) such that ¢|yp, (p) = id and
h:=¢*g—g ekerd;
satisfies |h|z < % in B.(p), hlrap,(p) =0 on dB,(p) and

1l c2B,(p).0 =< NNI& = &llc2B,(p).2)
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for some constant N > 0 depending only on (B,(p), g). Additionally, we have
® R(p*g = Rg in B, (p),
e Hyg > Hz on 9B, (p).

Proof. The existence of a constant &1 and diffeomorphism ¢ is a straightforward application of Lemma 4.3.
Furthermore, we have

e Ryrg =R;,0¢ > Rz in B,.(p),
e Hyoy = Hyop =H, > H; on 0B,(p),
because of the fact that the scalar curvature R; is a constant on M (see Remark 1.1) and ¢|,, , =id. U

Let g, = g + h be a metric on B, (p), where h € S>(B,(p)) satisfies |h|; < % and h|7yp,(p) = 0. From
Propositions 4.1 and 4.2, the remainder of the expansion for .%q ; up to second order can be written as

. A e 1 n2
o alP = TB.(p),5(8,1 — ZB,p)5[8] — DFB,(p),g - h — 3D Fp,(p),3 - (h. h)

=f (Rg, — Rg) f dvg —26(VB,(p)(8,) = VB.(p)(8)) + I, (p)[h] + LB, (py[h].  (4-3)
B, (p)

where

[(|V§h|§ +ld(trg ) — 2% (h, ) f + "3 (e, h)zx] dv;

n—1

1
I, (py[h] = Z/
B,

- (P)
and

n—1
1 i 1 o P
Iyg, (p|h]:= /83( )[Z(Hﬁ,,—Hé)+§A§hinhjn—Z(hﬁn—zzh%n)Hﬁh""(V"hﬂl_Ev”hil)}fd%
r(D i:l

n—l n—1
1
r(p iz P

The estimate for the remainder r, () z[1] plays a key role in our proof. It mainly relies on estimates for
lower bounds of integrals I, () and Iy, (p).

The estimate for a lower bound of interior integral /g () is essentially due to the solution of the
variational problem

|Vsh|2 dvg
(R, g) = inf ng—zgg theSHQ), h£0and hlrase =0},
fQ|h|g' dvg
A basic estimate was obtained by Qing and the author in [Qing and Yuan 2016, Lemma 3.7]:

Lemma 4.5. Suppose (M", g) is a Riemannian manifold with dimension n > 3 and B,(p) is a geodesic
ball of radius r centered at any interior point p € M. Then there are positive constants r and co such that

(B, (p), §) > j—;’ (4-4)
forallO <r <.

From this, we are ready to obtain an estimate for a lower bound of /g ().
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Proposition 4.6. Suppose p € M is an interior point with f(p) > 0. Then there is a constant r; > 0 such
that
f(x)>0

forall x € B, (p) € M. Furthermore, forall r € (0,r1) and any h € S,(B,(p)) with h|1y,p) =0,

1. 5
I, (pylh] = g(Blr?[f)) f)”h”WIvZ(B,(p),g)- (4-5)

Proof. By continuity, we can choose a constant r; > 0 such that f(x) > 0 for all x € B, (p).
It is straightforward to see that

2R
|@g(h,h)|:‘<ng h, h)z +2(Ricz -h)(trg h) — (trgh) < Aplhf

on By (p), where A,y = A(n, g, ||Rm§||co(3r, (p).z)) 18 a positive constant independent of 4. Thus for
any r <rj and h € S»(B,(p)) with hlryp, () = 0, we have

1
Ig,plh] = Z/ [(IV3h 12 —21%; (h, W))) f — 3nli||h]2] dvg
B (p)

21/ [(inf f)|Vghlz — (A, (sup f)+3nlk])|h]3] dvg
4 JB,(p) B () B,(p)

_ 2 112 2 _
= 1t s+ 2t 1) [ NG el v

where
40, (Supp, () f)+ (infp, ) ) +6nlk| @A+ 1UPg, () )+ 6nlk]
<
infg, ) f B infg, (p) f

Ky = = /j’ri

Applying Lemma 4.5, we can choose a positive constant r; < r| sufficiently small such that
[ VbR dvez i [ v
B.(p) B, (p)

1. 2
I,z g (it F) 11,0

for any r € (0, ry). O

for all r € (0, r1). Therefore

For a lower bound estimate for the boundary integral /3 () we have the following.

Proposition 4.7. Suppose p € M is an interior point with f(p) > 0. Then there is a constant r, > 0 such
that
f(x)>0
forall x € B,,(p) € M. Furthermore, for all r € (0, ry) and any metric g, := g + h in B,(p) satisfying
« h € Sy(By(p)) with |h|g < § and hlryp,(») =0,
* Hy > Hg on 9B,(p),
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we have

Lyg.h] = =Co(sup f)lIkllcr(s,¢y.0) 1B 11205 (.2 (4-6)
B (p)

where Coy > 0 is a constant depending only on (B,(p), g).

Proof. By continuity, we can choose a constant 7, > 0 such that f(x) > 0 for all x € B, (p).
As observed in [Brendle and Marques 2011], for all » € (0, 5) and any metric g, = g + h satisfying
h € S>(B,(p)) with |h|z < % and h|74p,(») =0, we have

hun(Hg, — Hg) = Ihy Hz — huu(Vih,| — 3V,h) + Fz(h)
due to Lemma 3.2, where the tail term Fj3(h) satisfies
|Fg(h)|g < C1lhI3(IVghlz + | Aglglhlg).

and C; > 0 is a constant depending only on the dimension n. From this,

n—1
1 ,ij 1
Iy, (plh] = ./33 ( )|:(2 — hun)(Hy — Hg) + EA;;]hinhjn ty (hﬁn +2 thn> Hg]fdag
rip i=1

n—1

n—1
1 ~
+ /BB ( )[(hﬁn +35 Zh?n>anf + B tha,-f] dog + F3(h),
rip i=1 i=1

where the tail term F z(h) satisfies

|Fz(h)| < Co(sup f)/ |h3(IVghlz +1Aglglhlg) dvg
B, (p) 9B, (p)
for a constant C, > 0 depending only on the dimension .
For r > 0 sufficiently small, it is well known that the second fundamental form and mean curvature of
the geodesic sphere d B, (p) behave similarly to round spheres in Euclidean space (see Exercise 1.123 in
[Chow et al. 2006]):

A =lgivor)  ad  H;=""Llio
r r
on dB,(p). Thus we can choose 5 € (0, r5) such that
g 1
Af = 5

for any geodesic sphere 3B, (p) with r <rJ.

gij and Hg, >

For r € (0, r}), we have

n—1 n—1
1 1 2 2 2 2 2
Iog,plh] = 5 /aB,(p) |:E<(n — Dhy, +2n z;hm>f - <3h,m +n X;hi”> |vgf|g] dog + Fg(h)
1= 1=

_ 1 n—1 |Vaflg\,» 1 |Veflz =, s
- 5/33,(,;)[3( 12r f )h””+n<2r f >§hin]fd5g+Fg(h).
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Since f is positively lower bounded and [V f|z is upper bonded on B,/(p), we can pick a constant
r2 € (0, r)) such that

V- fl- _
—| i/l < min " l,i
f - 12r  2r

holds in B, (p) for any r € (0, ro) and hence

> ~ 2
Iyg,(p) = Fz(h) = —C3( SIEP) f)||h||C1(3B,(p),§)”h”LZ(gBr(p)’g)
B, (p

for any r € (0, ), where C3 > 0 is a constant depending only on n and r.
Recall the Sobolev trace inequality
2 2
112208, (.2 = 00 1125, ) 2y

where 6y > 0 is a constant depending only on (B, (p), g). Therefore the estimate

2
Iyg,(p) = —Co( sup f)”h”Cl(Br(p),g)”h”Wl,Z(Br(p)’g)
B, (p)

holds for any r € (0, r;), where Cq := 9063 > 0 is a constant depending only on (B, (p), g)- O
Now we are ready to prove the main theorem in this section.
Proof of Theorem A. Let

ro := min{ry, rp} > 0,

where r; and r; are given by Propositions 4.6 and 4.7.
For all r € (0, ry), applying Proposition 4.4, we can find a constant &; > 0 such that for any metric g
on B,(p) C M satisfying

* R; > R; in B,(p),
* Hy > H;z on 0B, (p),
* 8lTaB,(p) = 81798, (p)>
e g —2&llc2s.(p),5) <E1-
there is a diffeomorphism ¢ € Z(B,(p)) such that ¢|3p, () = id and
h:=¢*g—g ckerd;
satisfies |h|z < % in B.(p), hlrsp,(p) =0 on dB,(p) and

Illc28,(p).5) < NI — &llc2B,(p).2)
for some constant N > 0 depending only on (B,(p), g). Additionally, we have
* R(p*g = Rg in B,(p),
* Hy«g > Hz on 0B, (p).
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Fix an r € (0, ryp) and assume the contrary of the claimed volume comparison:

(VB (&) — Vb.(»(8) =0, (4-7)
which implies
k (Ve (»(@*8) — VB, (»(8)) <0.

By Propositions 4.6 and 4.7, the lower bound estimate for the remainder is
Pl = T, 0).510* 81 = F,p),3181 = D-Fp, ()5 - h = 3 D> Tz - (o 1)

= / (Ryrg — R3) f dvg — 2k (V, () (0" 8) — VB, () (8)) + I, (p)[N] + Iy, (py [ 1]
B:(p)
1/ : 2
= (é(Blrf}[f,) f)- CO(;EE) Pkllcrs, i) Mh325, 0.0
On the other hand, if we write

T, = max{ sup f, sup |V§f|§}’
B,(p) B;(P)

then the upper bound of the remainder can be estimated using Taylor’s formula:
Tl = %DS«J@Br(p),th ~(h, h, h)

sclr,/ |h|g(|vgh|§+|h|§>dvg+czrr/ h13(IVghlg + | Aglglhlg) dug
B (p) 9 )

B.(p
< C1 1Bl cos, (.0 Well3y120, )5 + C30 IRl B, 112208, (.2
where & € (0, 1) is a constant and Cy, C;, C3 are positive constants depending only on (B, (p), g). Recall
again the Sobolev trace inequality
2 2
”h ||L2(3B,~(p),§) =< 90 ”h ” W12(B,(p).3)’

where 6y > 0 is a constant depending only on (B, (p), g). From this we obtain

2
rBr(p)ygy [h] = C(/)Tr||h||CI(Br(p),§)||h||W1<2(Br(p)’g)a

where = (1 +6pC3 15 a positive constant depending only on r , 8)-
here C;y = C +6,C3 is a positi depending only on (B(p), &)

Combining both lower and upper bound estimates of r, , ., we obtain
(g 1) = (Co(sup 1) +Com) e ) V1205, 0.0) <O @8

Take
g0 i= % min{sl, %(Co( sup f) —+ C(’)r,)fl( inf f)}
B.(p) B, (p)
Then for the metric g satisfying
g = &llc2(s,(p).2) < €0
we have

— -1/ .
hllcr s, .2 < NIg = &llcxs, (.5 < Neo < 5(Co( S‘EP) f)+Corr) (Blf(llf) f)-
B (p .
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According to inequality (4-8), we see & vanishes identically on B, (p) and hence ¢*g = g, which shows
that ¢ : B, (p) — B,(p) has to be an isometry. Therefore the reverse of inequality (4-7) holds:

K (VB,(p)(8) — VB,()(8) = 0. (4-9)

That is, the following volume comparison holds:

e if « <0, then

V(&) = Vb, (»(8);
o if ¥ > 0, then

VB.(p»(&) = VB, (»(8);

with equality holding in either case if and only if the metric g is isometric to g. 0

5. Volume comparison for closed Einstein manifolds

Suppose (M", g, f, k) is a closed V-static manifold. Then the functional .7 3 introduced in the previous
section can be simplified as

Fuzlgl = f R(9) f dvg — 2 Vi (g). 5.1)
M

According to Proposition 4.1, the metric g is still a critical point of .7, ;. However, it is obvious
that this functional is not compatible with actions of dilations, which would cause subtle issues in its
second variation. Geometrically speaking, dilations introduce additional degeneracy besides actions of
diffeomorphisms, since they make no essential change to the geometry of the manifold. In order to obtain
volume comparison for closed manifolds, we need to construct a new functional instead, which is invariant
under dilations.

Definition 5.1. Suppose (M", g, f, k) is an n-dimensional closed V-static manifold. We define the
functional

Gy zlgl = (Vi ()" /M R(g) f dvg (5-2)

for any Riemannian metric g on M.

Obviously, this functional is dilation-invariant:

GalPg] = (Vi ()" /M R(c2) f dvg = Fnqle]

for any constant ¢ # 0.
Now we focus on a special type of V-static metrics: Einstein metrics. According to the V-static
equation (1-1), we get
vz 1 =—Ric; =«g
by taking the function f to be constantly 1 on M. This means (M", g, 1, ) is a V-static space if and only
if the metric g is an Einstein metric with scalar curvature Rz = —nk. Moreover, if we write
Rg

grTrE o
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then the Ricci curvature tensor is given by

Ric; = (n—1)Ag
and
k=—(m—1A.

As a functional designed for V-static metrics, ¢,z shares analogous variational properties with .7y 5.
Proposition 5.2. Suppose (M", g) is a closed Einstein manifold with Ricci curvature tensor
Ric; = (n —1)Ag.
Then the metric g is a critical point of the functional Gy ;.

Proof. From Proposition 3.4 and Lemma 3.3,

DGyg-h= (V@)™ /M (DRg-h)dvg+%(vM(g»@/")—‘(DvM,g-h) /M R dvg
=(vM(§>>2/"[ /M il dvg—i-%Rg fM (trgrh)dvg]

= — (Vi ()" f (Ricg —(n — DAg, h)g dvz =0,
M
for any h € SH(M). O
For the second variation, we have the following.
Proposition 5.3. Suppose (M", g) is an Einstein manifold with Ricci curvature tensor

Ric; = (n — 1)Ag.
Then

D2 5-h ) =3V @)

[—(hw, Aghw)ﬁ("—ll)l#qd(trg h)[2—n(trg h—@)z)] dvg
M

for any h = hoy + 1 (trz g € S37 & (CP(M) - 2).
Proof. From Lemmas 3.1 and 3.3 and Corollary 3.7 we obtain
D*%yz - (h, h)

= (V@) D Vg (b ) / Ry dvg + (Vi (@)~ (D Vi - ) / (DR; - h)dv;
n " n '
- —2(”,;2)<VM<g>><2/”>—2(DvM,g -h)? /M Rg dvg + (Vi ()" /M (D*Ry - (h, b)) duvg
- 2_

— = D0ED; vy @) / (irg ) dvg.
2n M
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Now the decomposition

h=h + %(trg g
implies
(D*Gyg) - (h, h)

:_%(VM(g))z/n/M[_MTT’A%hTT>§+qu(ngm@—n,\(trgh—@)z)]dvg. O

As a key step of the proof for our volume comparison theorem, we need to give a characterization
of the second variation of the functional ¢, ; at g. This is closely related to spectrum problems of two
operators: one is about the Einstein operator and can be characterized by the stability of Einstein metrics,
the other is about the Laplace—Beltrami operator whose eigenvalue estimate is given by the well-known
Lichnerowicz—Obata theorem;, see Theorem 5.1 in [Li 2012].

Lemma 5.4 (Lichnerowicz—Obata’s eigenvalue estimate). Suppose (M", g) is an n-dimensional closed
Riemannian manifold with Ricci curvature tensor

Ric; > (n — 1)Ag,
where A > 0 is a constant. Then for any function u € C°°(M) that is not identically a constant, we have
/ \du|* dvg > n/\/ (u —it)* dvg, (5-4)
M M
where equality holds if and only if (M", ) is isometric to the round sphere S" (r) with radius r = 1//A

and u is a first eigenfunction of the Laplace—Beltrami operator.

Applying this to Proposition 5.3, immediately we get the nonpositive definite property of the second
variation of ¥y ; at g.

Proposition 5.5. Suppose (M", g) is a closed stable Einstein manifold with Ricci curvature tensor
Ric; = (n —1)Ag.
Then
D*%yz-(h,h) <0
forany h € S;Tg (M) & (C®°(M) - g). Moreover, equality holds if and only if
e h € Rg & ker A8 , when (M, g) is not isometric to the round sphere up to a rescaling of the metric,
e he (R E,)g, when (M, g) is isometric to the round sphere S" (r) with radius r = l/ﬁ,
where
Ep :={u e C®(S"(r)) : Asn(ryu +niu =0}
is the space of first eigenfunctions for the spherical metric.

Proof. Recall that the Einstein metric g is stable if and only if (—A%) is a nonnegative operator. Then the
conclusion follows by applying this fact and Lemma 5.4 to Proposition 5.3. O
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Intuitively speaking, a slice is a subset of metrics in the space of all Riemannian metrics which is
transverse to the orbit of diffeomorphism actions. The following refined version of the slice theorem
reveals the local structure of Einstein metrics in the space of all metrics. To the best of the author’s
knowledge, it does not appear in the literature. We hope it can be useful in problems involving Einstein
metrics. The proof is standard; please refer to [Brendle and Marques 2011; Viaclovsky 2016].

Theorem 5.6 (Ebin—Palais slice theorem). Suppose (M", g) is a closed n-dimensional Einstein manifold
with Ricci curvature tensor
Ric; = (n —1)Ag,

where ) € R is a constant. Let M be the space of all Riemannian metrics on M. There exists a local
slice Sz though g in M. That is, for a fixed real number p > n, one can find a constant 1 > 0 such that,
for any metric g € M with ||g — gllw2rm,3) < €1, there is a diffeomorphism ¢ € 2(M) with ¢*g € Sz.
Moreover, for a smooth local slice Sz, we have the decomposition

So(M) = T;:S; @ (T;3:S3) ™,
where the tangent space of S; at g and its L?-orthogonal complement are given by

TgSg = ST (M) @ (C(M) - 2)

and
(Tg,Sg,)L ={Lz(X) (X, Veu)r2m,5 =0 forall u e C® (M)}

when (M", g) is not isometric to the round sphere S™ (r) up to a scaling, and
T3Sz = S35 (M) @ (Ey; - )
and
(TeSe) ™ = {La(X) 1 (X, Vau) 25 =0 forall u € E; }
when (M", ) is isometric to the round sphere S"(r) with r = 1/+/. Here
Ep ={u e C™®(S"(r)) : Asnyu +niu = 0}
is the space of first eigenfunctions for the spherical metric.

Now we restrict the functional ¢,z on a local slice S; and denote it by
S
gM’g -— gM,g|s'

In order to investigate the local behavior of %,fl g hear g, we need the following Morse lemma on Banach

manifolds.

Lemma 5.7 (Morse lemma [Fischer and Marsden 1975]). Let P be a Banach manifold and F : P — R
a C*-function. Suppose Q C P is a submanifold, F =0 and dF = 0 on Q and that there is a smooth
normal bundle neighborhood of Q such that if & is the normal complement to T, Q in TP then d*F (x)
is weakly negative definite on & (i.e., d* F (x)(v, v) < 0 with equality only if v=0). Let (-, - ), be a weak
Riemannian structure with a smooth connection and assume that F has a smooth (-, - ),-gradient, Y (x).
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Assume DY (x) maps &, to &, and is an isomorphism for x € Q. Then there is a neighborhood U of Q
such that y € U and F(y) > 0 implies y € Q.

Applying it to our case, we obtain the following local rigidity result.

Proposition 5.8. Suppose (M", g) is a strictly stable Einstein manifold and S; is a local slice through g.
Then there is a neighborhood U; of g in Sz such that for any metric g, € U; satisfying

G 51851 = 9y, 5121,
there is a constant ¢ > 0 such that g, = c*g.
Proof. Let
Qg = {g, € Sz : g; 1s Einstein}

be the subset of the local slice S; consisting of Einstein metrics near the reference metric g. By [Koiso
1980, Corollary 3.4], strict stability implies that g is rigid. That is, we can find a neighborhood U : € S;
of g such that

Qz:=0;NU; =g, € Uz : g, = c*g, ¢ > 0}.
In particular, the tangent space of Qz at g is given by
T;Qz =Rg
and its L%-orthogonal complement in T3S; can be expressed as
£ = (T3 Q)" = ST, (M) & (Wz (M) - 2)

due to Theorem 5.6, where
\Ilg(M)z{ueEnLk:/ u dvg,zo}
if g is spherical and )
V(M) = :u € C®(M): /M udvg :O}

otherwise.
Consider a weak Riemannian structure on the local slice Sg,

() Ngg 1 To Sg x Ty Sz — R forall g¢ € g,
which is defined to be

(. kg, :=fM[<vgsh, Vo k)g, + (k) g Tdvg, =/M<(—Ags + Dh, kg, dvg,

for any h, k € Tgs Sg. According to [Ebin 1970] it has a smooth connection. The (-, -)) g -gradient
of %A‘z z is given by

Y(8) = Poy (=B, + D7 [ (Vir (g™ (v foy + -8 (Vi (8:) ™"+ "G l,1)
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where P, is the orthogonal projection on T, Sz and f,_ is a smooth function on M with dvg = f, duv,..
Obviously, Y (g,) is a smooth vector field on Sz. For simplicity, we write

Z(gs) == (Va(g)?" (y;; foo + %gs(vmgs))—("“)/" gM,g[gS]).

It is straightforward to see that Z(g) = 0 and the linearization of Z at g is given by

(n+2)
2

(DZ3) - h = %(VM@)Z/" (A%hw 4 = ) Z(Ag+na)(trg h —@)) = D%z (h, )

forany h =h, + %(trg h)g € &. Thus
(DYg)-h = Pg(=Dg+ 1)~ (D* Gy 5 - (h,-))
and DYj is an isomorphism on &; due to the fact that DZ%‘?L z is strictly negative definite on £ from
Proposition 5.5.
Since the functional %A‘fl z is dilation-invariant, applying Lemma 5.7, we can find a neighborhood
U; C S; of g such that for any g, € U; satisfying
G 2181 = 95 .3,
we have g, € Q;. That is, g, = ¢*g for some constant ¢ > 0. O
Now we can prove the volume comparison of Einstein manifolds with respect to scalar curvature.
Proof of Theorem B. According to Theorem 5.6, we can find a local slice Sz through the reference metric g.
Moreover, there exists a constant &g > 0 such that for any metric g¢ with
& — &llc2m,z) < o,

we can find a diffeomorphism ¥ € 2(M) with the property that ¥/*g € Uz C Sz, where the subset U is
given by Proposition 5.8.
For A # 0, suppose g is a metric on M with scalar curvature

Re>n(n—1)A
and

lg — §||CZ(M,g‘) < &9.

In addition, we assume the reverse inequality of the claimed volume comparison:

A(Vu(g) —Vmu(g)) = 0. (5-5)
This implies there is a diffeomorphism ¢ € Z(M) such that ¢*g € Uz C Sz and

Gir.ale 8l = Vi (p*g)*" / (Rg 0 ) dvg > VM@Z/H/ Ry dvg = %y 5181,
M M

due to our assumptions and the fact that Rz = n(n — 1)A is a constant. According to Proposition 5.8,
there exists a constant ¢ > 0 such that ¢*g = 3.
From our assumptions,
Ryeg =c 2Rz > Rz =n(n—1)x,



28 WEI YUAN

and hence
Al —c)>0.

However, inequality (5-5) suggests that

0 <A(Vm(p*g) — Vu(8) =A(c" = DVu(g),
which implies that L(1 — ¢) < 0. Therefore, we conclude ¢ = 1 and hence ¢*g = g. That is, (M", g) is
isometric to (M", g), and this concludes the theorem. Il

With analogous techniques, we can prove the local rigidity of Ricci-flat manifolds.

Proof of Theorem C. Similar to the proof of Theorem B, we can find a constant &y > 0 such that for any
metric g satisfying

& — &llc2m,z) < €05
there exists a diffeomorphism ¢ € (M) such that ¢*g € U; C Sz, where Uy is given in Proposition 5.8.

Suppose g is a Riemannian metric with scalar curvature
R, >0

and

g —8llc2m,z) < €o-

Then there is a diffeomorphism ¢ € 2 (M) such that

95 J[0*g] = Vir(g" )" / (Rg o) dug > 0.
M
However,
G alg] = Vi ()" /M Rg dvg =0,

and hence there is a constant ¢ > 0 such that ¢*g = ¢%Z due to g being strictly stable Ricci-flat and
Proposition 5.8. The conclusion follows. O

According to Proposition 5.3, the second variation of ¥, ; at an unstable Einstein metric g is indefinite
and hence g is a saddle point instead of a local maximum. This suggests that the volume comparison
may fail for unstable Einstein manifolds and counterexamples can be constructed. It is well known that
a product of positive Einstein manifolds with identical Einstein constants is still Einstein but unstable;
see [Kroncke 2013]. Due to this reason and its simple structure, it can be our first choice.

The following example is constructed by Macbeth (personal communication, 2019), which shows the
stability assumption is necessary for our volume comparison theorem.

Proposition 5.9. There is a family of metrics {g;}ic[0,1) on S? x S? such that
e go is the canonical product metric on S? x S2,
e R, = Rg§2x§2 =4 forallt €0, 1),
* Vir(e) > V(g .) forall 1 € (0, 1),
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Proof. Let
g=01+n""gl +1-n7"g?

with ¢ € [0, 1), where 8;2 is the canonical metric on the i-th S? factor, i = 1, 2. It is easy to see that their
scalar curvature is given by
Re, =2(1+1)+2(1—-1)=4

for all r € [0, 1). However, its volume is
Voresa(g) = (1= 17) " Ver,62(8) > Ver,2(2). O

It is straightforward to generalize this example to more general product cases. It would be interesting
to see whether we can find an explicit example of an unstable Einstein manifold which is not of this type
but where the volume comparison fails.

Appendix: Equivalence of Schoen’s conjectures

In this appendix, we show that two well-known conjectures proposed by Schoen [1989] on hyperbolic
manifolds actually are equivalent to each other. We believe the proof is known to experts. Unfortunately,
we could not find an appropriate reference. Thus we present a proof here for interested readers.

We start with a well-known concept in conformal geometry; see [Viaclovsky 2016].

Definition A.1. For n > 3, let (M", g) be a connected closed n-dimensional Riemannian manifold. The
Yamabe constant of the conformal class [g] is defined to be
R, dv
Y(M",[g]) := inf fM—gi
gelel (Vi (g))n=2/n

Moreover, we can define a min-max invariant

Y(M") :=supY(M", [g])

[¢]

called the Yamabe invariant or o -invariant.

It is well known that
Y(M") <Y (S")

for any closed smooth manifold M" and the canonical spherical metric achieves the Yamabe invariant
of S". For a given closed hyperbolic manifold with dimension at least three, its hyperbolic metric is
unique up to a dilation due to the well-known Mostow rigidity theorem; see Theorem C.0 in [Benedetti
and Petronio 1992]. Similar to the spherical case, Schoen [1989] conjectures that its Yamabe invariant is
achieved by the canonical hyperbolic metric.

Conjecture A (Schoen’s hyperbolic Yamabe invariant conjecture). For n > 3, suppose (M", g) is an
n-dimensional closed hyperbolic manifold. Then

Y(M")=YM", 8],

i.e., the Yamabe invariant is achieved by its canonical hyperbolic metric.
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Another conjecture about closed hyperbolic manifolds concerns volume comparison, which is also
referred to as Schoen’s conjecture.

Conjecture B (Schoen’s hyperbolic volume comparison conjecture). For n > 3, suppose (M", g) is an
n-dimensional closed hyperbolic manifold. Then for any metric g on M with scalar curvature

Rg > Rg,,
its volume satisfies

Vm(g) = Vu(g).

Obviously, Conjecture A involves all metrics on the given hyperbolic manifold and in general it is
difficult to solve. Conjecture B only involves the comparison of a special metric with the reference metric,
which seems easier to solve than Conjecture A. However, Conjectures A and B are in fact equivalent
to each other and hence they are equally difficult in this sense. The bright side of this equivalence is
that we only need to solve Conjecture B, then Conjecture A will hold automatically. This seems to be a
promising approach to Conjecture A.

In the rest of the appendix, we will show the equivalence of Conjectures A and B.

We first show Conjecture A implies Conjecture B. In order to do this, we need the following lemma
adapted from an observation of Kobayashi [1987].

Lemma A.2. Let (M", g) be a closed manifold and Y (M", [g]) be the Yamabe constant of the conformal

class [g). Then
2/n 2/n
—(/ |R;|”/2dvg) <Y(M",[g)) < (f |R;|"/2dug) ,
M M

where RY 1= max{Ry, 0} and R, := max{—Ryg, 0}.
Proof. By the conformal transformation law of scalar curvature,
o [y@Veul? + Reu?) du,
Y(M", [g]) = inf SH———
0 (fyg w2 dg)
where a :=4(n — 1)/(n — 2). Then we have
' R,u?dv ) Ju Ry u? dvg

Y(Mn’ [g]) = ll’lg sz g2 g(n72)/n = 11’10 2M g2 (n—2)/n’

u> (IM uln/(n— )dvg) u> (fM wuln/n— )dvg)

since Ry = R; — R, . By Holder’s inequality,

2/n (n=2)/n
/ R u? dvg < </ IR, 2 dvg> (/ uzn/<n2)dvg> ’
M M M
2/n
Y(M", [g]) = —( /M |Rg|"/2dvg) :

Jur Redug - Ju R/ dv,
Vi (8)=2/m = (Vyy(g))n=2/n

and hence

Similarly,

Y(M*" [g]) < (
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By Holder’s inequality,

2/n
/M R;dvgs( /M |R;|"/2dvg) (Vi ()20,

and hence
2/n
Y(M", [g])s( / |R;|”/2dvg) : O
M

Immediately, this implies the following conformal volume comparison.

Proposition A.3. Suppose (M", g) is a closed Riemannian manifold with strictly negative constant scalar
curvature Ry. Then for any metric g € [g] with scalar curvature

R; > R;,
we have
Vi (g) = Vu(8)-
Proof. Since R; is a strictly negative constant, then its Yamabe constant satisfies
Y(M* [g]) <O,

and hence g is a Yamabe metric in the conformal class [g] due to the uniqueness of the Yamabe metric of
negative Yamabe constant. Thus,

Y(M", [8]) = Rz (Vi (§)*".
By Lemma A.2,

n/2
(min Re) (Vi ()" — ( / |Rg|"/2dvg) <Y(M",[8]) = Rg(Vi (@)™
M

Therefore,
Re (Vi ()" < (min Re) (Vi ()" < Ry (Vi (2))*'",
and hence
Vm(g) = Vi (2). 0
Proposition A .4. Conjecture A =  Conjecture B.

Proof. Let (M", g) be a closed hyperbolic manifold. Suppose g is a metric on M with scalar curvature

Rg > Rg.
We are going to show

Vu(g) = Vu(g),

assuming g achieves its Yamabe invariant Y (M").
From Conjecture A, the Yamabe constant of the conformal class [g] satisfies

Y(M", [g) =YM") =Y(M", [g]) <O.
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Let g € [g] be the unique Yamabe metric in [g] which is normalized such that R; = Rz. By Proposition A.3,
we have

Vi (g) = Vu ().
On the other hand,
RV ()" =Y (M", [g]) < Y(M") =Y (M", [§]) = R:Vu (D",
which implies
Vi (8) = Vm(g).

Therefore

Vm(g) = Vu (@) = Vu(2),
and hence Conjecture B holds. U
Proposition A.S5. Conjecture B = Conjecture A.

Proof. Let (M", g) be a closed hyperbolic manifold. We will show that its Yamabe invariant satisfies
Y(M") =Y M" [g)),

assuming the volume comparison holds.

We first recall a classic result of Gromov and Lawson [1983, Corollary A] which states that there is no
metric with nonnegative scalar curvature on a compact hyperbolic manifold. That means the Yamabe
invariant satisfies

Y(M") <0,

and there is no metric on M with identically vanishing scalar curvature. Thus for any metric g on M, the
Yamabe constant of the conformal class [g] is strictly negative:

Y(M", [g]) <O.
Let ¢ be the Yamabe metric in the conformal class [g] with R; = Rz < 0. According to Conjecture B,
V(@) = Vu(g)-

Therefore, the Yamabe constant of [g] satisfies

Ju Redvy
(Vu(8) =272

Since g is arbitrary, we conclude

Y(M", [g]) = Ry (Vi (@)Y < Rg(Vi ()" = Y(M", [§)).

Y(M") = S[u? Y(M", [g) =YM", gD,
8

and hence Conjecture A holds. O
In summary, we have the equivalence of Schoen’s Conjectures A and B.

Theorem A.6. Conjecture A <=  Conjecture B.
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