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We investigate the volume comparison with respect to scalar curvature. In particular, we show the volume
comparison holds for small geodesic balls of metrics near a V -static metric. For closed manifolds, we
prove the volume comparison for metrics near a strictly stable Einstein metric. As applications, we give a
partial answer to a conjecture of Bray and recover a result of Besson, Courtois and Gallot, which partially
confirms a conjecture of Schoen about closed hyperbolic manifolds. Applying analogous techniques, we
obtain a different proof of a local rigidity result due to Dai, Wang and Wei, which shows it admits no
metric with positive scalar curvature near strictly stable Ricci-flat metrics.

1. Introduction

The volume comparison theorem is a fundamental result in Riemannian geometry. It is a powerful tool in
geometric analysis and frequently used in solving various problems.

The classic volume comparison theorem states that the volume of a complete manifold is upper bounded
by the round sphere if its Ricci curvature is lower bounded by a corresponding positive constant. A natural
question is whether we can replace the assumption on Ricci curvature by the one on scalar curvature.

In general, scalar curvature is not sufficient to control the volume. This is a straightforward consequence
of a result by Corvino, Eichmair and Miao [Corvino et al. 2013]. In order to state it, we need the following
fundamental concept, which was introduced in [Miao and Tam 2009].

Definition. Let (M", g) be an n-dimensional Riemannian manifold. We say g is a V-static metric if there
is a smooth function f s 0 and a constant ¥ € R that solve the V-static equation

vif=Vif —80sf — fRicg =«3, (I-D

where ygjk : C®(M) — S>(M) is the formal L?-adjoint of vz := DRj, the linearization of scalar curvature
at g. We also say a quadruple (M, g, f, k) is a V-static space.
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Remark 1.1. A fundamental property of a V-static metric is that its scalar curvature R; is a constant
for M connected; see Proposition 2.1 in [Corvino et al. 2013]. By taking the trace of (1-1), we can see
that f satisfies the linear elliptic equation

Rg
n —_—

Agf+

nK
n_

_f+ Mo, (1-2)

In particular, f is an eigenfunction for the Laplacian if x = 0.

Einstein metrics are in particular V-static, which can be easily seen by taking the function f to be a
constant. In this sense, we can view V-static metrics as a generalization of Einstein metrics. Another class
of special V-static metrics are vacuum static metrics when we take k = 0. They can be used to construct
an important category of solutions to Einstein field equations in general relativity [Qing and Yuan 2013].
The classification of V-static spaces is a crucial problem in understanding the interplay between scalar
curvature and volume. For more results, please refer to [Baltazar and Ribeiro 2017; Barros et al. 2015;
Corvino et al. 2013; Miao and Tam 2009; 2012].

Now we state a deformation result associated with the concept of V-static metrics.

Theorem 1.2 (Corvino, Eichmair and Miao [Corvino et al. 2013]). Let (M", g) be a Riemannian manifold
and 2 C M be a precompact domain with smooth boundary. Suppose (2, g) is not V-static, i.e., the
V-static equation (1-1) only admits the trivial solution: f =0 and k =0 in C®(2) x R. Then for any Q2
compactly contained in 2, there exists a constant 8y > 0 such that for any (p, V) € C*(M) x R with
supp(R; — p) C Qo and

IRz — pllci@.z +1Va(g) — VI < o,

there exists a metric g on M such that supp(g — g) C 2, R, = p and Vo(g) =V.

This result suggests that for a non-V-static domain, the information of scalar curvature is not sufficient
to give a volume comparison: we can take either V > Vq(g) or V < Vq(g), but with p > R; in Q. In
either case, we can find a metric g realizing (o, V) on 2 and it shows that no volume comparison holds
for non-V-static domains.

However, the volume comparison with respect to scalar curvature indeed holds for some special metrics.
For instance, Miao and Tam [2012] proved a rigidity result for the upper hemisphere with respect to
nondecreasing scalar curvature and volume. They also showed that a similar result holds for Euclidean
domains. Note that since all space forms are V-static, it is natural to ask whether all V-static spaces admit
such a volume comparison result.

Inspired by the rigidity of vacuum static metrics [Qing and Yuan 2016] and related work [Miao and
Tam 2012], we obtain a volume comparison theorem with respect to scalar curvature for sufficiently small
geodesic balls, if appropriate boundary conditions on induced metric g|75p,(p) and mean curvature H,
are posed.

Theorem A. Forn > 3, suppose (M", g, f, k) is a V-static space. For any p € M with f(p) > 0, there
exist positive constants ro and &y such that for any geodesic ball B,(p) C M with radius r € (0, rg) and
metric g on B, (p) satisfying
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Ry = Rg in B(p),
* Hy > Hz on 9B, (p),

glraB,(p) = &lToB,(p)>

g —&llc2a,(p).3) < €0s
the following volume comparison holds:

e if k <0, then

Va(g) < Va(g),
e if k >0, then

Va(g) = Va(g),

with equality holding in either case if and only if the metric g is isometric to g.

Remark 1.3. If f(p) < 0, we only need to replace (f,«) by (—f, —«), and the reversed volume
comparison follows.

Remark 1.4. If x =0, then V-static metrics are in particular vacuum static, and hence g is isometric to g
according to [Qing and Yuan 2016]. Thus Theorem A is an extension for the rigidity of vacuum static
metrics.

In general, the function f may change its sign on a closed V-static manifold. For example, we can
take f := 1+ 2x,, on the unit sphere ", where x,, is the height-function of §" <> R"*!. Hence the
volume comparison may not hold in this case. However, for some special V-static spaces, the volume
comparison with respect to scalar curvature might still hold for closed manifolds. Here and throughout
this article, we say a manifold is closed if it is compact without boundary.

Schoen [1989] proposed a well-known conjecture that the Yamabe invariant of a given closed hyperbolic
manifold is achieved by its canonical metric. This problem involves all possible metrics on a given
hyperbolic manifold and it is obviously very difficult to solve. However, it can be shown that this
conjecture is in fact equivalent to the following volume comparison problem.

Schoen’s conjecture. For n > 3, let (M", g) be a closed hyperbolic manifold. Then for any metric g
on M with
R, > R;,
the volume comparison
Vm(g) = Vu(g)
holds.

The equivalence of the aforementioned Schoen’s conjectures are known by experts. For the convenience
of readers, we include a proof in the appendix.

Schoen’s conjecture is known to hold for 3-manifolds due to works of Hamilton [1999] on nonsingular
Ricci flow and Perelman [2002; 2003] on geometrization of 3-manifolds (also see [Agol et al. 2007]
for a generalization). For higher dimensions, Besson, Courtois and Gallot [Besson et al. 1991] verified
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it for metrics C2-close to the canonical metric. They also proved that the volume comparison holds
without assuming g is close to g if one replaces the assumption on scalar curvature by Ricci curva-
ture [Besson et al. 1995], which can be viewed as evidence that Schoen’s conjecture holds for higher
dimensions.

For the case of positive curvature, Bray proposed the following conjecture.

Bray’s conjecture. For n > 3, there is a positive constant &, < 1 such that for any complete manifold
(M?", g) with scalar curvature
Ry >n(n—1)
and Ricci curvature
Ric, > ¢,(n —1)g,
the volume comparison
Vm(g) = Vsr(gen)

holds, where S" is the unit round sphere and g, is the canonical metric.

Remark 1.5. Unlike Schoen’s conjecture, there is an additional assumption on Ricci curvature in the
positive curvature case. In fact, this assumption is necessary; see [Bray 1997] for details.

For this conjecture, Bray [1997] verified it for three dimensional manifolds and gave an estimate for 3.
Later, Gursky and Viaclovsky [2004] showed that 3 < 1 and Brendle [2012] proved the rigidity of
volume comparison for &3 = % For higher dimensions, Zhang [2019] gave a partial answer.

Before stating our result, we first recall the following well-known concept associated with an Einstein
metric.

Definition 1.6 (stability of Einstein metrics). For n > 3, suppose (M", g) is a closed Einstein manifold.
The metric g is said to be stable if
fM (h, —A‘%h)g dvg,

minspec, (—A%) = inf > 0, (1-3)
P B2 ohes™™ fMlhlédvg

where A% := A; +2Rmyg is the Einstein operator and

S;,Tg(M) i=1{h e $(M):5;h =0, trg h =0}

is the space of transverse-traceless symmetric 2-tensors on (M, g). Moreover, g is called strictly stable if

the inequality in (1-3) is strict.

Stability is a crucial concept in the study of Einstein manifolds. There are several equivalent way to
define it, we adopt the one involving the Einstein operator for our convenience. For more information,
please refer to [Besse 1987; Dai et al. 2005; 2007; Kréncke 2013].

Our main result about volume comparison for Einstein manifolds is the following:

Theorem B. Suppose (M", g) is a closed strictly stable Einstein manifold with

Ric; = (n — 1)AZ,
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where L # 0 is a constant. There exists a constant gy > 0 such that for any metric g on M which satisfies

Ry >n(n—1)A
and
g —&llc2m,z) < €o,
the following volume comparison holds:
e if >0, then
Vm(g) < Vm(g),
e if A <O, then
Vi (g) = Vi (g).

Moreover, the equality holds in either case if and only if the metric g is isometric to g.

Remark 1.7. Suppose the reference metric g is Kéhler—Einstein with negative scalar curvature and all
infinitesimal complex deformations of its complex structure are integrable. Applying a delicate utilization
of the functional

K@= [ IR dv,
and the Yamabe functional Y
Y(g) = Ju Rg dvg ,
(Vam(g)n=2/n
Dai, Wang and Wei proved that the volume comparison with respect to scalar curvature holds for metrics
near g; see Theorem 1.5 in [Dai et al. 2007]. In fact, their result can be extended to strictly stable Einstein
metrics with negative scalar curvature.

Remark 1.8. The above volume comparison does not hold for Ricci-flat metrics: by taking g = ¢2g for a
constant ¢ > 0, we have the scalar curvature R, = Rz = 0, but the volume V), (g) can be either larger or
smaller than Vj;(g) depending on whether ¢ > 1 or ¢ < 1.

Remark 1.9. The stability assumption in the theorem is necessary. Macbeth constructed an example of an
Einstein manifold which shows the volume comparison fails if we lack stability (personal communication,
2019). See Proposition 5.9 for more details.

Remark 1.10. Our approach in fact works for other curvatures as well. Please see [Lin and Yuan 2022]
for a volume comparison theorem of Q-curvature for strictly stable positive Einstein manifolds.

It is well known that hyperbolic metrics are strictly stable as special Einstein metrics and hence
Theorem B provides a partial answer to Schoen’s conjectures, which recovers the following result.

Corollary A (Besson, Courtois and Gallot [Besson et al. 1991]). For n > 3, let (M", g) be a closed
hyperbolic manifold. There exists a constant gy > 0 such that for any metric g on M with scalar curvature
Rg > Rg

and

g —&llc2m,z) < €o,
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we have
Vi (g) = Vu(g),

where equality holds if and only if the metric g is isometric to g.

Similarly, the spherical metric is also strictly stable (Example 3.1.2 in [Kréncke 2013]), and we obtain
a partial answer to Bray’s conjecture.

Corollary B. Forn > 3, let (S", g.,) be the unit round sphere. There exists a constant &g > 0 such that
for any metric g on S" with scalar curvature

Ry >n(n—1)
and
g = 8<n lc2(sng,,) < &0
we have
Vsn(8) < Vsn(8an),

where equality holds if and only if the metric g is isometric to g, .

Remark 1.11. For metrics close to the canonical spherical metric, the assumption on Ricci curvature in
Bray’s conjecture holds automatically.

Remark 1.12. Corvino, Eichmair and Miao constructed a metric on the upper hemisphere which satisfies
the scalar comparison but has arbitrarily large volume; see Proposition 6.2 in [Corvino et al. 2013]. In
fact, by gluing a lower hemisphere, we can get a metric on the whole sphere with scalar curvature no less
than n(n — 1) but with larger volume.

In the research of scalar curvature, a fundamental question is whether a given manifold admits a metric
of positive scalar curvature. A well-known result due to Schoen and Yau [1979a; 1979b] and Gromov
and Lawson [1980; 1983] is the rigidity of tori, which states that there is no metric of positive scalar
curvature on tori. For an excellent survey, please refer to [Rosenberg 2007].

In [Dai et al. 2005], Dai, Wang and Wei studied the existence of metrics with positive scalar curvature
on a Riemannian manifold with nonzero parallel spinors. Through investigations of variational properties
for the first eigenvalue of the conformal Laplacian, they proved the local rigidity of scalar curvature near
the reference metric. Note that their proof can be applied to closed strictly stable Ricci-flat manifolds.

Applying techniques similar to the argument for Theorem B, we obtain the local rigidity of strictly
stable Ricci-flat manifolds, which generalizes a result of Fischer and Marsden [1975] about local rigidity
of tori with a different approach than in [Dai et al. 2005]:

Theorem C (Dai, Wang and Wei [Dai et al. 2005]). Suppose (M", g) is a strictly stable Ricci-flat manifold.
Then there exists a constant &g > 0 such that for any metric g on M satisfying

Ry, >0
and

g —&llc2m,z) < €o,
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we have g is homothetic to g. That is, we can find a constant ¢ > 0 such that g = c*g. In particular, there
is no metric with positive scalar curvature near g.

Remark 1.13. Note that flat tori are merely stable, since the kernel of the Einstein operator is nontrivial

and in fact

nn+1) 1

— L

It will be interesting to see whether there is an example of closed stable Ricci-flat manifold which admits
a metric of positive scalar curvature near the reference metric.

dim ker A‘% >

Remark 1.14. Similar to Theorem B, our approach can also be applied to other curvatures. Please see
[Lin and Yuan 2022] for an analogous result for Q-curvature.

The article is organized as follow: In Section 2, we collect notation and conventions used frequently
in this article. In Section 3, we calculate some geometric variational formulas involved in the next two
sections. In Section 4, we study the volume comparison for geodesic balls in V-static spaces. In Section 5,
we investigate the volume comparison for non-Ricci-flat strictly stable Einstein manifolds and the rigidity
phenomenon of strictly stable Ricci-flat manifolds. In the Appendix, we present a proof for equivalence
of two conjectures proposed by Schoen.

2. Notation and conventions

In this section, we collect notation frequently used and conventions adopted in this article for the
convenience of readers. Please note that all calculations are performed in the reference metric g.

Let (2", g) be an n-dimensional compact manifold possibly with C!-boundary ¥ := dQ:
(1) Indices of coordinates components:

e Greek indices run through 1, ..., n;
 Latin indices run through 1, ...,n — 1.

(2) Connections:

 connection on 2 with respect to g: Vj;
e connection on ¥ with respect to g|,.: V.

(3) Volume forms:

e volume form on 2 with respect to g: dvg;
o volume form on X with respect to g|,,: dog.

(4) Curvatures:

 Riemann curvature tensor Rmg: Rggys;

. . . . _ = 6 .
Ricci curvature tensor Ricz: Rg, = g%° Rypys;

scalar curvature Rz: Rz = 2P7Rpy;

second fundamental form Ag: Afj = %ng 8ijs
» mean curvature Hg: Hg = g"jAfj.
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(5) Spaces:

« space of all smooth Riemannian metrics on Q: Mg;

« space of all smooth diffeomorphisms of €2: Z(R2);

e alocal slice through the metric g: S;;

e symmetric 2-tensors on 2: S$»(2);

o TT-tensors on (£2, 2): S;Tg(Q) ={h e $H(RQ):8;h =0, tr; h =0}.
(6) Operators:

o Multiplication and inner product of symmetric 2-tensors:
(h X K)as 1= 8"  hapkys and (kg =h-k:=g*(h x K)as = 8°8" haphys.

In particular,
(h*)ap = §"°hayhsg  and  Ricg -h := Rg, hP”.

» Riemann curvature tensor as an operator on symmetric 2-tensors:
(Rmg -h)g, := Rap,sh® and (Rmg-h, h)z := Rypysh®hP.

e A combination involving curvature:

2R;
n—1

Az (h, h) := (Rmg -h, h)z + 2(Ricg -h)(trz h) — (trg h)%
o Formal L?-adjoint of covariant differentiation:

8g = —divg, (8gh)p = —Vghep.

« FEinstein operator: )
A%h = Agh+2Rmg -h.

 Linearization of scalar curvature:

ygh = —Ag(trg h) + 83h — Ricg -h.
o Formal L?-adjoint of Y-

vif =Vif—8Asf — fRicg.
3. Geometric variational formulas

In this section, we give variational formulas for geometric functionals involved later in the argument.
Throughout this section, € is assumed to be a compact manifold possibly with C!-boundary ¥ := 3. In
the case X # &, let

{e17 ---7en—1, en :‘)g}

be an orthonormal frame on X such that the {ei};’:_ll are tangent to X and v; is the outward normal vector
field of ¥ with respect to the metric g. We also denote the induced connection on ¥ by VZ.
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We begin with recalling well-known variational formulas of scalar curvature; for detailed calculations,
please refer to [Fischer and Marsden 1975; Yuan 2015].

Lemma 3.1. The first and second variations of scalar curvature are
DRg-h = —Ag(trg h) + 83h — Ricg -, (3-1)
and
D’Rg - (h, h) = =2y;3(h*) — Ag|hl} — 3| Vgh|} — 5 d (trg )|
+2(h, Vi(trg h))g — 2(8gh. d(trg ) + Vahg, VPR (3-2)
for any h € $>(Q2).

For the mean curvature, its variations for the fixed induced boundary metric are given as follow, which
was first shown in [Brendle and Marques 2011].

Lemma 3.2. The first and second variations of mean curvature are
DHg-h= 1h,,Hz —Vih,'+ 1V, (3-3)

and

DZHg'(h,h)z(—- +Zh )H + hn (Vik,' — 3Vah}') G-4)

for any h € $;(2) with h|ryqg = 0.
For the volume functional, we provide a proof mainly based on a technique from linear algebra, which

would be useful in calculating higher order variational formulas.

Lemma 3.3. The first and second variations of volume are

DV h=1 / (trg ) dvg (3-5)
2 Ja
and
Do z-(h k) =L [ [(trz 1) =2/ 2] dv; (3-6)
8 ’ 4 o 8 8 8
for any h € $>(Q2).

Proof. Let A be an n x n symmetric matrix. Its characteristic polynomial is given by

n

pa() = deti] —A) = (=D (A)n"*
k=0
n
=2 — (r A+ L(r A —w AHATE 4 Z(—l)kok(A)A”_k,
k=3
where o3 (A) is the k-th elementary symmetric polynomial associated to the matrix A.
We choosing normal coordinates with respect to g centered at an interior point x € €2, so that gug = dup
at x. From the linear algebra fact mentioned above, we have the expansion

det(g +h) = 1+ (trg h) + 5 ((trg h)* — |A[3) + O(|h]3}),
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and hence
Vdet(g +h) =1+ §(trg h) + g ((trg 1)> — 2|1 [3) + O(|h]}).

Immediately, this implies

DVQg,-h:l/(trg hydv;  and DZVQg~(h,h):l/((trg )2 — 2|h[2) dv;,
' 2 Ja ’ 4 Jo §
respectively. U

In the rest of this section, we calculate variational formulas for some particularly designed functionals
involving scalar curvature, mean curvature and volume.

Proposition 3.4. For any h € 5,(R2) and f € C®(R2),
/Q(DRg-h)fdvg:me,ygf>gdvg+/z[—(avg.(trg— h)+(8zh, vg)g) f +(trz h)d,, f —h(vg, Vz f)ldog.
Proof. 1t is straightforward to see that
L(DRg-h)f dv; = /Q(—Ag,(trg h)+8§h—Ric§ -h) f dvg
= /Q<h, vs [z dvg +/E[—(3ug (trg h)+(8zh,vz)g) f+(trg h)0y, f—h(vg, Vg f)ldog,

using Lemma 3.1 and integration by parts. O

Proposition 3.5. For any h € $:() and f € C®(%),
fQ(DZRg-(h,h))fdvg
= /;2[—%|V§h|§—,—%|d(trg, )3 +185h1* —2(85h. d(trg h))g+2(trg h)(83h)+Zg(h, h)| f dvg
+ /Q [20trg 1) ({1, v7 F)e—28eh, df g = (trg h)(trg (77 £)) =2k, Sgh@df)g— (v f. h)g ] dvg
+/z:[3vg|h|§+<5g(/’l2), vz)z+2h(vg, 8zh)+2h(vg, Vg trg h)+2(trg h) (8zh, vz)z ] f dog
+ [ 105, Vi )~ 30, £ =215 b (v5, Vi )] o,
where

2R;
n—1

Rz (h, h) := (Rmg -h, h) + 2(Ricg -h)(trz h) — (trg )2

Proof. By Lemma 3.1, we have
/Q(DzRg - (h, h)) f dvg = /Q[—zyg(hz) — Aglhl} +2(h, Vi (trg ))g + Vahp, VPR f dvg

+/ [—2(8gh. d(trg h))g — 3| Vghls — 5ld(trg h)|Z] f dvg.
Q
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Integrating by parts,
2 [ a1 dvg
Q
=-2 / (vef h*)gdvg —2 f [(trg(h*))dy, f — [0y, (trg(h®)) — h*(vg, V f) — (85(h?), vg)g f1dog
Q )

=-2 /Q (ve foh?)g dvg +2 /2 [@vg 113 + (85, vg) ) f + 1 (v, V ) — |hI30,, f1dog

and
—fQ(AgW)fdvg=—/Q(mmgf)dvg—/Z[favg-m@—|h|§av§f]dog.
Also,

2/Q<h,v§(trgh)>§fdvg,
:2/Q[<3gh,d(trg m) f — (h, d(tr; h)®df)g]dvg+2Lh(Ug,Vg(trg ) f dog
= 2/9(@ W[(83h) f —2(8zh. df)z + (h, V; f)gl dvg
+ 2/2[(h(Ug, Vg(trg h)) + (trg h){(8zh, vz)z) f — (trg h)h(vg, Vg f)ldog
=2 fQ (trg II(52h) £ —2(8gh, df )g + (h, 77 [)g + (trg h)Ag f + (Ricg -h) f1dvg

+ 2/2[(]1(1)5;, Vg(tl‘g h)) + (trg h) ((Sg,h, Ug,)g)f — (U’g h)h(Vg, Vg,f)] dO‘g

and
/[Vahlgyvﬁh“”]fdvg
Q
:_/ hyﬁ[VaV,gh‘Wf+V,3h°‘yVaf]dvg+f[hﬂVVgaVﬂhay]fng
Q x
:—/th’s[(vﬁvah"”’+Ra55"‘h8y+Raﬂayha5)f+vﬂh“’”vaf]dvg+/E[h,gyvé-,avﬂh“”]fda§
=— / [—Vh,PVah® f—2h PVah® Vg f —h, PR VgV, f + ((Ricg, h*)g — (Rmg -k, h)g) f1dvg
Q
+/E[(hﬂyv§avﬁhw — vz, Vah®) f = hb R vg Vo f1dog
:fg[wgmgf—2<h,agh®df>g+<v§f—fRng,h2>g+ (Rmg -h, h)z f1dvg
— 1R, v — 2005, 8580  + K20 5 ) o
X
:/Q[|8gh|§;f—2(h,8gh®df)g+<ygf+§Agf, h?)z + (Rmg -h, h)z f1dvg

— fz[((ag(hz), vz)z — 2h(vg, 8zh)) f +h*(vg, Vz f)ldog.
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Combining the calculations above, we obtain
/Q(DzRg-(h,h))fdvg,
= /Q[—%|V§h|§—%|d(tr§ h) |3 +185h|5—2(8gh. d(trg h)) g+ (Rmg -h, h)g+2(trg ) (Ricg h)] f dvg
- /Q [2(trg h)((83h) f +(h, v5 )z —2(8gh, df )+ (trg h) Az f)—2(h, 85h @df )z — (v f. h*)gl dvg
+ fz [@v, |13 +(8 (h*), vg)z+2h(vg, 8gh)) f — A |30y, f +h*(vg, Vg )l dog
+2f2[(h(l)g, Vz(trg h))+(trg h)(8gh, vz)g) f —(trg h)h(vg, Vi f)]do;
= A[—%|V§h|§—,—%|d(tr§ )3 +185h 13 —2(85h. d(trg h))g+2(trg h) (83h)+Z5(h, h)| f dvg
T /Q (20t ) (11, v7 g —28eh. df g = — (g ) (trg (7 1)) =2k, Sgh@df)g— (v f. b)) dvg
+ fz [y, 113+ (85 (h?). vg)g+2h (v, 83h)+2h(vg, Vi(trg h)+2(trg h)(8h, vg)g) f dog

+f [h%(vg. Vg £)— 1|28y, f —2(trg W)k (vg, Vz )l dog,
P

R
1

2R
R(h, h) = (Rmg -h, h)z +2(Ricg -h)(trg h) —
n [—

where we used the fact that

trg(yg )= —(n— 1><A-

and

g1 (trg h)> O
In particular, for V-static metrics we have the following identity.

Corollary 3.6. Suppose (X2, g, f, k) is a V-static space. Then for any h € ker 6z with h|rs =0,

1 2
/Q(DZRg.(h,h))fdvg=_§/Q[(|vgh|§+|d(trg h)|§;—2%g,(h,h))f+2/c(|h|§—,+nj(trg m?)] dvg
n—1
ij 2 2\ . i1 i _
_/2|:A§ hmhj,,—<hnn—3;hin)Hg—i—Mz,m(V,hn SVl )]fdag
n—1
/[(21# +Zh )a,,f+2h,,,,2h,-na,~f] dog.
i=1

Proof. Applying Proposition 3.5 with our assumptions,
1 2
/Q(DzRg (h, ) f dvg =~ fg[(wg,h@ +1d(trg b2 — 25 (h, b)) f + 2K(|h|§ + 2t h)z)] dv;

+f2[(avg|h|§,+<8g(h2),Vg>g+2h(Vg,Vg(tf§ W) f +h*(vg, Vg f)
— k130, f — 2(trg h)h(vg, Vg f)] dog.
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For the boundary integral, we will rewrite it in terms of the orthonormal frame chosen for the boundary.
Note that the identities
r=—Af, It =Ak Tl =H (3-7)
hold on X. Since
dgh=0 and h;;=0, i,j=1,...,n—1,
we have

(85(h*), vg)g = g (W) = =V (hgh,P) = —hg*Vuh, = —hunVahun — 1, Vilun = b, Vyhin,

n n
g |hlG = Valhl3 = 2hpn Vihun + 4k, Vhin
on X. Thus,

By, 1%+ (85 (hP), vg)g + 2k (vg, Vi(trg h))
= Nun Vhiun + 30, Vuhin — b, Vil + 2, Vi (ttg h) + 20, Vi (trz )
= 3hun Vihnn + 30, Vohin — b, Vil + 2, Vb, 420, VE Ry,

= 3 Vih, =30, Vih! — 1, Vil + 2k Vb 420, VE by,
where we used the fact that

Vihna = —(83h)o — Vih,' = —Vih,'.
Moreover, from

Vih! =0;h + Tl 0" —T%h,) = ASh,7 + Hzhi,
and
Vihun = 8ihun — 2T han = VE Ry, — 2451,
we obtain
dug |11} + (85 (h*), vg)g + 2h (vg, Vi(trg h)) 1
.

= — A hinhjy —3Hg Y b}, +h, YV hyy = 3hun Vi, + 2R Vah'.

n
i=1

On the other hand,
n—1 n—1
h*(vg, Vg f) = |h|30u, f — 2(trg h(vg, Vg f) = — <2hin +>° hfn) nf —han Y hindi f.
i=1 i=1

Integrating by parts,

/z[(a“g |13+ (85 (h*), vg)g +2h (vg, Va(trg M) f + 1> (vg, Vg f) — |hI30,, f —2(trg h)h(vg, Vg )] dog

n—1 n—1 n—1
—_ fz [(Aghinh,-n +3Hg2h%n>f+ (zhﬁn+2h$n)anf+2hm > hindh f] do
i=1 i=1

i=1

+ / (=hun VER, — 3, Vih, + 20, Vah') f dog.
)
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Note that
Vih,' —8h AT R —T%h !

i 'n m- o
=VZ>h,' + Hzhun,

and hence

fz [@u; 1113+ (85 (h), vg)g +2h (vg, Vg(trg ) f +h*(vg, Vg f) — k|30, f —2(trg h)h(vg, Vg f)]dog
n—1

-— /2 [A;!h,-nh.,-,, — <h,3n -3> hf,,) Hg +4h,, (Vih,' — %Vnhii)]fdag
= n—1
/ [(th + Zh >8nf + 20 Y hmaif} doz. O
i=1
In particular, for a special class of V-static spaces we have the following.
Corollary 3.7. Suppose (M", g) is a closed Einstein manifold with

Ric; = (n — 1)A3.

Then for any h € STT (M) @ (C®(M) - g) we have

1 g 2.2
/M(D2Rg (b)) dvg =~ fM (—(h, Af g+ 22 1d trg )} —2(n — 1)A|h|§> dv;.

Proof. According to the V-static equation (1-1), it is obvious that the Einstein manifold (M", g) is a
V-static space with f =1 on M and k = —(n — 1)A. By Corollary 3.6 we obtain

fM(DZRg.(h,h))dvg=/M[_%|vgh|§—%|d(tr§h)|§+|5gh|§+%g(h,h)+2/\(trgh)2+(n—1)x|h|§]dvg.
From our assumption,

1
5gh = —r—ld(tl‘g h),
and hence
(D*R; - (h, h)) dv; = [—l|v-h|%—ﬂ|d(tr- )2 + %z (h, h) +2A(tr h)2+(n—1),\|h|%] dvs
" 8 ’ 8§ " 21 V8% lg n2 8 g g\ 8 g 8
Since
2Rg 5
Rg(h, h) = (Rmg -h, h)g +2(Ricg -h)(trg h) = —~ (trg h)
= (Rmg -h, h)z — 2A(trg h)?,

we have

1 g 2_2
/M(DzRg.(h,h))dvg:—§/M<—<h,Agh)g+”7|d(trgh)|§—2(n—1)x|h|§,>du§. O
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4. Volume comparison for V-static spaces

In this section, we will investigate the volume comparison for geodesic balls in generic V-static spaces.
Let Q be an n-dimensional compact domain in a V-static space (M", g, f, k) with C'-boundary
% := 0€2. We define the functional

N

0.2lg] i= /Q R(g)f dvg +2 / H(g) f dog — 2 Va(g), (4-1)
)
where

geEMqoxiz={geMqa:glrs =g&lrs}

is a Riemannian metric on €2 that induces the same metric as g on the boundary X.
This functional is particularly designed for a given V-static space. The information of both volume and
curvature is encoded in this single functional. It has excellent variational properties.

Proposition 4.1. The V-static metric g is a critical point of the functional Fq zlgl. That is,

DZq ;- h=0 4-2)
for any h € $,(2) with h|ryqg = 0.

Proof. Applying Proposition 3.4 together with Lemmas 3.2 and 3.3,
ng,g -h= / (DRg . h)f dvg +2/ (DHg . h)f do'g - ZK(DVQ’S‘; -h)
Q a0

= /Q[(h, Vs g —(trg h)ldvg
+ /3 = @uirg )+ Gy + 25,0, = S’ = oo Hg) f = 0 1 do,
where we used that trz 4 = h,, on d€2. Since
Vih,' =8h,  + i h,* —T%h,' =VFh,' + Hzhu,

we have

(8zh)n = —Vh,* = —VFZh," — Vyhyy — Hzhyy.
Therefore
DZq; h= / (h.vi f— @)z dvg —/ [(VZh,)f+h,'d; fldo; = —/ VZ(h, f)dogz =0,
Q 02 a2
i.e., g is a critical point of .7q z[g]. U

The second variation that follows is a straightforward application of Lemmas 3.2 and 3.3 together with
Corollary 3.6.
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Proposition 4.2. For any h € ker §; with h|rs = 0, we have
1

D*Zq ;- (h, h) =—

ij.._lz__Z_ i1 i _
_ /E [(Ag hinh jn 2(h,m ZZhin>Hg—|—2h,m(V,hn LV, )) f] do
i=1
n—1
/ [(2113,1 + Zh )anf + 2R tha,.f] dog.
i=1

In general, geometric functionals are invariant under actions of diffeomorphisms and it would cause

n+3

/Q[(|vgh|§+|d(trg W2 —2%g(h, ) f + " (xg h) K]dvg

degenerations on their second variations. In order to get rid of these degenerations, we need to find a
metric modulo diffeomorphisms. This is usually referred to be gauge fixing and it can be obtained by
applying basic elliptic theory and the implicit function theorem. For manifolds with boundary, this can be
achieved if one poses appropriate boundary conditions.

Lemma 4.3 [Brendle and Marques 2011, Proposition 11]. Suppose (2", g) is a compact Riemannian
manifold with boundary. Fix a real number p > n. Then there exists a constant &1 > 0 such that for a
metric g on Q with

glrae = glraon
and

g —&llw2ra,z < &1,

there exists a diffeomorphism ¢ : Q — Q such that ¢|,, =id and h := ¢*g — g € ker §;. Moreover,

Ihllw2r .z < NIIg — 8llw2r .z
for some constant N > 0 that depends only on (2, g).
In particular, we take €2 to be a geodesic ball B, (p) at an interior point p € M with radius r > 0.

Proposition 4.4. Suppose (M", g, «, f) is a V-static space and p € M is an interior point. Then there is
a constant g1 > 0 such that for any metric g on B, (p) satisfying

* Ry > Rz in B, (p),
* He > H;z on 9B, (p),
* glras,(p) = &lToB,(p)>
* g =&l (p).z) <E1s
we can find a diffeomorphism ¢ € 2(B,(p)) such that ¢|yp,(p) = id and
h:=¢*g—g ekerd;
satisfies |h|z < % in B.(p), hlryp,(p) =0o0n dB,(p) and

I7llc2B, (p).5) < NIlg — 8llc2B,(p).2)
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for some constant N > 0 depending only on (B,(p), g). Additionally, we have
® Rq)*g = Rg in Br(p),
e Hy«g > Hz on 9B, (p).

Proof. The existence of a constant & and diffeomorphism ¢ is a straightforward application of Lemma 4.3.
Furthermore, we have

* Rysg =Rgo0¢ > R;in B,(p),
e Hyig=Hyo¢ =Hy > H; on 9B,(p),
because of the fact that the scalar curvature Rg is a constant on M (see Remark 1.1) and ¢|,, , =id. U

Let g, = g + h be a metric on B, (p), where h € S>(B,(p)) satisfies |h|; < % and h|75B,(p) = 0. From
Propositions 4.1 and 4.2, the remainder of the expansion for .7q ; up to second order can be written as

Povimilh] = FB,(»).518,] — Z5,p).5L8] = DFB,(p).g - h — 3 D* T, (p.g - (h. )
2/ (Rg, — Rg) fdvg —2k(Vi, () (8,) — VB,(p (&) + I,y [M] + Ly, (py [1],  (4-3)
B, (p)

1
Inpthl=1 [

B, (p)

where

[(I96h12 + lderg )2 = 25851, k) f + 22 (trg 1 | dvg

n—1
and

n—1
._ g Yy o 10 2\ . i1 i B
183,(,,)[;1]._faBr(p)[z(th He)+ 3 AL hinhi 4(h,m 2;hin)Hg+h,m(Vlhn zv,,h,.)]fdag

n—l n—1
1
+/BB ( )[(hﬁ,, +5 thn)anfmnn thaif] do;.
r(p i=1 il

The estimate for the remainder rp ;) z[1] plays a key role in our proof. It mainly relies on estimates for
lower bounds of integrals Ip () and I3, (p)-

The estimate for a lower bound of interior integral /g () is essentially due to the solution of the
variational problem

8
the$(R), h#0and hlrygo =0
fQ|h|§,dvg

A basic estimate was obtained by Qing and the author in [Qing and Yuan 2016, Lemma 3.7]:

|Vzh|2 dv;
W, 9 =inf{—f9 S :

Lemma 4.5. Suppose (M", g) is a Riemannian manifold with dimension n > 3 and B,(p) is a geodesic
ball of radius r centered at any interior point p € M. Then there are positive constants r and cq such that

(B (p).3) = 5 (4-4)
forall0 <r <.

From this, we are ready to obtain an estimate for a lower bound of /g ().
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Proposition 4.6. Suppose p € M is an interior point with f(p) > 0. Then there is a constant r1 > 0 such

that
fx)>0
forall x € B, (p) € M. Furthermore, for all r € (0, r) and any h € S,(B,(p)) with h|ryp,p) =0,
1 2
IB (p)[h] g( lnf f)”h”W]'z(Br(p),g)' (4_5)

Proof. By continuity, we can choose a constant r{ > 0 such that f(x) > 0 for all x € B, (p).
It is straightforward to see that

2R;
| %z (h, h)| = |{(Rmg -h, h); + 2(Ricg -h)(trz h) — gl
n —_—

(trg )?| < Agglhl}

on By (p), where Ay = A(n, g, [Rmgllcop, (p).z) 18 a positive constant independent of /. Thus for
any r <ry and h € S>(B,(p)) with k|73, (p) =0, we have

1
Ig, ()] = 1/ [(IVh13 —21%5(h, )]) f = 3nlic| k]3] dvg
B, (p)

V

_i/ [(inf f)IVghlz— (2A.(sup f)+3nlk|)|h]3] dvg
B.(p) Br(p) B.(p)

1. 2
= 5t D)IAags, 0+ 5

inf [|Vah|2 — ur|h|3] dvg,
B(pf)\/l;r(p)lglg lu/||g 8

where
41, (5D ) )+ ([nfi () £+ 6nli|_ HArf DG ) )+ 6nle
infg, (p) f B infg, p) f

Wr 1= =y

Applying Lemma 4.5, we can choose a positive constant 7| < r; sufficiently small such that

[ VbR avez g [ b2 av
B:(p) B (p)

|
I, (py[h] > g( inf f)”h”%vlﬂ(Br(p),g)

for any r € (0, ry). O

for all r € (0, ry). Therefore

For a lower bound estimate for the boundary integral /g, () we have the following.
Proposition 4.7. Suppose p € M is an interior point with f(p) > 0. Then there is a constant ro > 0 such
that
fx)>0
forall x € B,,(p) € M. Furthermore, for all r € (0, r2) and any metric g, := g + h in B,(p) satisfying
e h € S:(By(p)) with |h|g < § and h|rgp,(» =0,
« H; > H; on 3B, (p),
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we have

IaB,-(p)[h] = _CO( sup f)||h||C'(B,(p),§)”h”€vl,2(3r(p)’g)v (4'6)
B-(p)

where Cy > 0 is a constant depending only on (B,(p), g).

Proof. By continuity, we can choose a constant ré > 0 such that f(x) > 0 for all x € Bré (p).
As observed in [Brendle and Marques 2011], for all » € (0, r}) and any metric g, = g + h satisfying
h € $2(B,(p)) with |h|; < % and h|75p,(p) =0, we have

hun(Hy, — Hg) = 3hi, Hg — hn (Vih,' — 3Vah;") + Fg(h)
due to Lemma 3.2, where the tail term F3(h) satisfies
|Fg(h)|z < Ci1hI5(IVghlg + | Aglglhlg).

and C; > 0 is a constant depending only on the dimension n. From this,

n—1
1 ,ij 1
Iy, plh] = /BB ( )[(z — han) (Hg = Hg) + 5 A hinh jn + Z(hﬁn +2thn)H§]fdag
r\p i=1

n—1 n—1
1 ~
+/33( )[(hﬁ,ﬁ—i § hfn)a,,erhME :h,-naif} dog + Fz(h),
P i=1 i=1

where the tail term F, z(h) satisfies

|Fz(h)| < Ca(sup f)/ |h|2(1Vshlg + |Aglzlhlg) dvg
B.(p) 9B,(p)
for a constant C, > 0 depending only on the dimension 7.
For r > 0 sufficiently small, it is well known that the second fundamental form and mean curvature of
the geodesic sphere d B, (p) behave similarly to round spheres in Euclidean space (see Exercise 1.123 in
[Chow et al. 2006]):

n—1

Afj:%giﬁom and  Hy=""14o00

on 3B, (p). Thus we can choose 7} € (0, r5) such that
g 1
Al =5

for any geodesic sphere 8B, (p) with r <r}.

g,-.,- and Hg, >

For r € (0, r}), we have
1 ] n—1 n—1
log, (mlh] = 3 /a ( )[E<(n — k%, +2n thn)f - (3h,3n +n thn) |vg,f|g,] dog + Fz(h)
3B, (p i=1 i=l1

n—1 |V§f|g, 5 1 |V§f|g n—1 ) ] -
/aB,(,,)[3( 12r f >hnn+”<§— 7 );hm]fdag+Fg(h).

N =
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Since f is positively lower bounded and [Vz f|z is upper bonded on B,;(p), we can pick a constant
ry € (0, ry) such that

_Ivgflg < min _n—l i
f - 12r " 2r

holds in B, (p) for any r € (0, r;) and hence

= ~ 2
Iyg.(p) = Fz(h) = —C; (;lzp) f)||h||C1(3B,(p),§)”h”LZ(aBr(p)’g)
(p

for any r € (0, 1), where C3 > 0 is a constant depending only on n and r.
Recall the Sobolev trace inequality
2 2
228, py.y = 0 IR 1205, (). )0

where 6y > 0 is a constant depending only on (B, (p), g). Therefore the estimate

2
Iyg,(py = —Co(sup f)Illcr s, 1151205 (.0
B.(p)

holds for any r € (0, rp), where Cq := 006'3 > 0 is a constant depending only on (B, (p), ). O
Now we are ready to prove the main theorem in this section.
Proof of Theorem A. Let

ro ;= min{ry, r} > 0,

where r; and r; are given by Propositions 4.6 and 4.7.
For all r € (0, rg), applying Proposition 4.4, we can find a constant £; > 0 such that for any metric g
on B,.(p) C M satisfying

« Ry > Ry in B,(p),
* Hye > H; on 9B, (p),
* glras.(p) = &lTaB, (p)»
* g —8&llc2s,(p).5) <1
there is a diffeomorphism ¢ € 2(B,(p)) such that ¢|535,(,) =id and
h:=¢*g—g € kerd;
satisfies |h|; < 1 in B,(p), hlros,» =0 on dB,(p) and

Inllc2(B,p).a) = NIIg — 8llc2,(p).2)
for some constant N > 0 depending only on (B,(p), g). Additionally, we have
* Rgo*g = Rg in B,(p),
e Hy o > H; on 9B,(p).



VOLUME COMPARISON WITH RESPECT TO SCALAR CURVATURE 21

Fix an r € (0, rg) and assume the contrary of the claimed volume comparison:

k(VB, (&) — VB, (»(8) =0, 47
which implies
K (Ve () (@*8) — VB,(»(8) <0.
By Propositions 4.6 and 4.7, the lower bound estimate for the remainder is

Poe M) = Z5,9).519°8) = Z,(p).3181 = DFp,py.5 - — 5 D> T, () - (B, )
- / (Ryrg — Rg) f dvg — 2k (VB,(p)(®*8) — VB.() (&) + I, () [] + I3, (p)[1]
B.(p)
1( : 2
= (g(BI,Ig) f) - CO(;}:E) f) “h”Cl(B,(p),g)) ”h”Wl,Z(Br(p)’g,)-
On the other hand, if we write

T, = max{ sup f, sup |V§f|é}’
Br(p) Br(p)

then the upper bound of the remainder can be estimated using Taylor’s formula:

[ = £ D’ Zp,(p).g+en - (h, b, h)

sclrr/ |h|g<|vgh|§+|h|§)dvg+czrr/ |h1%(1Vshlg + |Aglzlhlg) dvg
B:(p) 9B, (p)

P (.2

2 2
< Cinllhllicos, ). 11125 o o T C3Trllillcrs, ). 11 2055, (.27
r).8 (Br(p),8) P8 (0B-(p).8)

where & € (0, 1) is a constant and Cy, C;, Cs are positive constants depending only on (B, (p), g). Recall
again the Sobolev trace inequality

2 2
||h||L2(aB,(p),g) = ”h”W”(Br(p),é)’

where 6y > 0 is a constant depending only on (B, (p), g). From this we obtain

Fi el = Cotrllhll e

2
i B2 1P wi2s,.p).2)

where C() = C| 4+ 6pCs is a positive constant depending only on (B, (p), g)-

Combining both lower and upper bound estimates of we obtain

Br(p).g?
(3(jnf f) (Co(glg?) F)+Com) Il s, ) 1 25 .2 <O (4-8)

Take
g0 = %min{sl, %(CO( sup f)+ C(’)t,)fl( inf f)}.
B (p) B-(p)
Then for the metric g satisfying
g —8&llc2,(p).5) < €0
we have

_ “1.
2l (). < NIg—&llc2s,(py.z) < Néo < é(co(glip) f)+Cir) (Bllg) f)-
- (p -
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According to inequality (4-8), we see & vanishes identically on B, (p) and hence ¢*g = g, which shows
that ¢ : B, (p) — B,(p) has to be an isometry. Therefore the reverse of inequality (4-7) holds:

k(VB.(p)(&) — VB,(p)(g)) = 0. (4-9)

That is, the following volume comparison holds:

e if k <0, then

VB0 (&) < VB.(»)(8):
e if ¥ > 0, then

Ve, (» (&) = Va.(p)(8);

with equality holding in either case if and only if the metric g is isometric to g. ([l

5. Volume comparison for closed Einstein manifolds

Suppose (M", g, f, k) is a closed V-static manifold. Then the functional .7 ; introduced in the previous
section can be simplified as

Iuglgl 2/ R(g) fdvg — 2k Vi (g). (5-1)
M

According to Proposition 4.1, the metric g is still a critical point of .%), ;. However, it is obvious
that this functional is not compatible with actions of dilations, which would cause subtle issues in its
second variation. Geometrically speaking, dilations introduce additional degeneracy besides actions of
diffeomorphisms, since they make no essential change to the geometry of the manifold. In order to obtain
volume comparison for closed manifolds, we need to construct a new functional instead, which is invariant
under dilations.

Definition 5.1. Suppose (M", g, f, k) is an n-dimensional closed V-static manifold. We define the
functional

Guslli= V(@ [ R dvg (5-2)
M
for any Riemannian metric g on M.

Obviously, this functional is dilation-invariant:

G alPe] = (Vg ()" f R(c%) f dvg = D 4lg]
M

for any constant ¢ # 0.
Now we focus on a special type of V-static metrics: Einstein metrics. According to the V-static
equation (1-1), we get
vzl =—Ric; =kg
by taking the function f to be constantly 1 on M. This means (M", g, 1, k) is a V-static space if and only
if the metric g is an Einstein metric with scalar curvature R; = —nk. Moreover, if we write
Rg

=D (5-3)
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then the Ricci curvature tensor is given by

Ric; = (n —1)Ag
and
k=—m—1A.

As a functional designed for V-static metrics, 9y, ; shares analogous variational properties with %y 5.
Proposition 5.2. Suppose (M", g) is a closed Einstein manifold with Ricci curvature tensor
Ric; = (n —1)Ag.
Then the metric g is a critical point of the functional 9y ;.

Proof. From Proposition 3.4 and Lemma 3.3,

DGy z-h = (Vi (@)*" f (DR; - 1) dvg + 2 (Vg @)~ (DVig g - 1) / Rz dvg
M n M
= (vM(g))z/"[ /M (vz1) dvg+ %Rg /M(trg h) dvg]

— V@) [ (Rieg (= 1ig. W dvg =0,
for any h € SH,(M). O
For the second variation, we have the following.
Proposition 5.3. Suppose (M", g) is an Einstein manifold with Ricci curvature tensor
Ric; = (n —1)Ag.
Then

D25 h. ) =3V @)

’ [t A ) g+ DU (g ) 2 - org h—trgh))] dvg

forany h =hy, + 1 (trg )g € ], & (CP(M) - ).
Proof. From Lemmas 3.1 and 3.3 and Corollary 3.7 we obtain
D*%yz - (h, h)

= 2 (V@) (D Vg - (h. 1)) fM Rg dvg + > (V@) (DVisg - h) /M (DRg - ) dvg
= 202D (V@)D Vi - h)? / Rg dvg + (Vi (3)*/" f (D*Rg - (h. ) dvg
M M
_ 2
— 2@ [ AER)s+ 2 W 0= DG ) dvg

— = D0ED; vy @) f (rg h)* dvg.
2n M
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Now the decomposition
h=hy + %(trg Y-
implies
(D*%g) - (h, )
1 _
=—1aw@?" [

. (42 __
[—(hTT, Ah )+ %(mmg W2 = na(trg h — g h)z)] dv;. O
M

As a key step of the proof for our volume comparison theorem, we need to give a characterization
of the second variation of the functional %) ; at g. This is closely related to spectrum problems of two
operators: one is about the Einstein operator and can be characterized by the stability of Einstein metrics,
the other is about the Laplace—Beltrami operator whose eigenvalue estimate is given by the well-known
Lichnerowicz—Obata theorem; see Theorem 5.1 in [Li 2012].

Lemma 5.4 (Lichnerowicz—Obata’s eigenvalue estimate). Suppose (M", g) is an n-dimensional closed
Riemannian manifold with Ricci curvature tensor

Ric; > (n —1)Ag,
where A > 0 is a constant. Then for any function u € C°°(M) that is not identically a constant, we have
/ du|* dvg > nx/ (u —it)* dvg, (5-4)
M M
where equality holds if and only if (M", §) is isometric to the round sphere S" (r) with radius r = 1/</A

and u is a first eigenfunction of the Laplace—Beltrami operator.

Applying this to Proposition 5.3, immediately we get the nonpositive definite property of the second
variation of ¥, ; at g.

Proposition 5.5. Suppose (M", g) is a closed stable Einstein manifold with Ricci curvature tensor
Ric; = (n —1)Ag.
Then
D*@y - (h,h) <0
forany h € S{fg (M) &® (C®(M) - g). Moreover, equality holds if and only if
e h € Rg ®ker A8 , when (M, g) is not isometric to the round sphere up to a rescaling of the metric,
e he(R® E,))g, when (M, g) is isometric to the round sphere S" (r) with radius r = l/ﬁ,
where
Ep :={u e C®(S"(r)) : Asn(ryu +niu = 0}
is the space of first eigenfunctions for the spherical metric.

Proof. Recall that the Einstein metric g is stable if and only if (—A‘%) is a nonnegative operator. Then the
conclusion follows by applying this fact and Lemma 5.4 to Proposition 5.3. ]
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Intuitively speaking, a slice is a subset of metrics in the space of all Riemannian metrics which is
transverse to the orbit of diffeomorphism actions. The following refined version of the slice theorem
reveals the local structure of Einstein metrics in the space of all metrics. To the best of the author’s
knowledge, it does not appear in the literature. We hope it can be useful in problems involving Einstein
metrics. The proof is standard; please refer to [Brendle and Marques 2011; Viaclovsky 2016].

Theorem 5.6 (Ebin—Palais slice theorem). Suppose (M", g) is a closed n-dimensional Einstein manifold
with Ricci curvature tensor
Ric; = (n — 1)Ag,

where L € R is a constant. Let M be the space of all Riemannian metrics on M. There exists a local
slice Sz though g in M. That is, for a fixed real number p > n, one can find a constant &1 > 0 such that,
for any metric g € M with ||g — gllw2rm,) < €1, there is a diffeomorphism ¢ € 2(M) with ¢*g € Sg.
Moreover, for a smooth local slice Sz, we have the decomposition
$2(M) = T3 S; ® (T3Sp)
where the tangent space of S; at g and its L?-orthogonal complement are given by
TeSg = ST (M) & (C*(M) - &)
and
(TgSg)L ={Lz(X) : (X, Vgu) 2.5 =0 forall u e C* (M)}
when (M", g) is not isometric to the round sphere S" (r) up to a scaling, and
T3Sz = S35 (M) @ (Ey; - 8)
and
(T3Se) " = {La(X) : (X, Vau) 2.5 = O forall u € E;
when (M", g) is isometric to the round sphere S" (r) with r = l/ﬁ. Here
Ep ={u e C®(S"(r)) : Asryu +niu =0}
is the space of first eigenfunctions for the spherical metric.

Now we restrict the functional ¢, ; on a local slice S; and denote it by
S . -
gM’g .— nggLS'

In order to investigate the local behavior of %‘3 g hear g, we need the following Morse lemma on Banach
manifolds.

Lemma 5.7 (Morse lemma [Fischer and Marsden 1975]). Let P be a Banach manifold and F : P — R
a C*-function. Suppose Q C P is a submanifold, F = 0 and dF = 0 on Q and that there is a smooth
normal bundle neighborhood of Q such that if &, is the normal complement to T, Q in T,'P then d*F (x)
is weakly negative definite on &, (i.e., d*F (x)(v, v) <0 with equality only if v=0). Let (-, - ), be a weak
Riemannian structure with a smooth connection and assume that F has a smooth (-, - )-gradient, Y (x).
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Assume DY (x) maps &, to &, and is an isomorphism for x € Q. Then there is a neighborhood U of Q
such that y € U and F(y) > 0 implies y € Q.

Applying it to our case, we obtain the following local rigidity result.

Proposition 5.8. Suppose (M", g) is a strictly stable Einstein manifold and Sg is a local slice through g.
Then there is a neighborhood U; of g in Sz such that for any metric g, € U; satisfying

g/fl,g[g’s] = g}f],g[g’],
there is a constant ¢ > 0 such that §; = c’g.

Proof. Let
Qg :={g, € S; : g, is Einstein}

be the subset of the local slice Sg consisting of Einstein metrics near the reference metric g. By [Koiso
1980, Corollary 3.4], strict stability implies that g is rigid. That is, we can find a neighborhood U : ©S;
of g such that

Q; = Qg,ﬂﬁg:{gs € Ug iy =c%z, ¢>0).
In particular, the tangent space of Q; at g is given by
T;Qz; =Rg

and its L?-orthogonal complement in T3Sz can be expressed as

£ = (Tz Q)" = ST, (M) ® (Wg(M) - 2)
due to Theorem 5.6, where

V(M) = {ue Enﬁ:/ u dUgIO}

if g is spherical and Y

V(M) = {u e C®(M): /Mudvg, = 0}

otherwise.
Consider a weak Riemannian structure on the local slice S,

(-, Ngg 1 To Sg xTg Sz — R forall g¢ € Sg,
which is defined to be

(. kg, :=/M[<vg3h,vgsk>gs+<h,k>gs]dvgs =/M((—Ags+1)h,k)gs dv,,

for any h, k € Tgs Sg. According to [Ebin 1970] it has a smooth connection. The ((-, -)) g -gradient
of %A‘i z 1s given by

Y(8) = Po (=B, + D7 [(Vir @)™ (v ey + 185 (Vaa (8D ™"+ "G 1,1
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where P, is the orthogonal projection on T, Sz and f,_ is a smooth function on M with dvg = f, duv,..
Obviously, Y (g,) is a smooth vector field on S;. For simplicity, we write

2(80) = Vi@ )" (v oy + -8, (Var(g) ™"/ Gy gl 1)

It is straightforward to see that Z(g) = 0 and the linearization of Z at g is given by

(n—1)(n+2)
n2

(DZz)-h= %(VM(g))Z/”(A‘%hTT - §(Ag +nr)(trg h — @)) =D*%yz-(h,-)

for any h = h,; + L(trz h)g € &. Thus
(DYg)-h = Pg(=Az + 1) (D* @y (h,-))
and DYj; is an isomorphism on £z due to the fact that DZ%A‘? g 1s strictly negative definite on & from
Proposition 5.5.
Since the functional %A‘g z is dilation-invariant, applying Lemma 5.7, we can find a neighborhood
U; C S; of g such that for any g, € Uj; satisfying
G281 > 95 23,
we have g, € Q. Thatis, g, = c?g for some constant ¢ > 0. O
Now we can prove the volume comparison of Einstein manifolds with respect to scalar curvature.
Proof of Theorem B. According to Theorem 5.6, we can find a local slice S; through the reference metric g.
Moreover, there exists a constant g9 > O such that for any metric g with
& — &llc2m,z) < o,
we can find a diffeomorphism vy € Z(M) with the property that *g € Uz C Sz, where the subset Uj is
given by Proposition 5.8.
For A # 0, suppose g is a metric on M with scalar curvature
Ry >n(n—1)A
and
g — gllc2m,z) < €o-

In addition, we assume the reverse inequality of the claimed volume comparison:

AM(Vm(g) = Vu(g)) = 0. (5-5)
This implies there is a diffeomorphism ¢ € 2(M) such that ¢*g € Uz € Sz and

Gy alogl = VM(¢*g)2/n/ (Rg o) dvg > VM@Z/nf R dvg =9, 412].
M M

due to our assumptions and the fact that R; = n(n — 1)X is a constant. According to Proposition 5.8,
there exists a constant ¢ > 0 such that ¢*g = ¢?3.
From our assumptions,
Ryrg =c Rz > Rz =n(n— A,
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and hence
A(l—c)>0.

However, inequality (5-5) suggests that

0=<A(VM(p™8) — Vm(8) = A(c" = DVu(8),

which implies that A(1 — ¢) < 0. Therefore, we conclude ¢ = 1 and hence ¢*g = g. That is, (M", g) is
isometric to (M", g), and this concludes the theorem. U

With analogous techniques, we can prove the local rigidity of Ricci-flat manifolds.
Proof of Theorem C. Similar to the proof of Theorem B, we can find a constant &y > 0 such that for any
metric g satisfying
g — 8llc2(m,z) < €0,
there exists a diffeomorphism ¢ € (M) such that ¢*g € U; C Sz, where Uj is given in Proposition 5.8.
Suppose g is a Riemannian metric with scalar curvature
Ry >0
and
g —&llc2m,z) < €o-

Then there is a diffeomorphism ¢ € (M) such that

gﬂig[‘ﬂ*g] = VM(fﬁ*g)z/"/ (Rgo0¢9)dvz > 0.
M
However,

Y1181 ="Vu (é)z/”/ Rz dvz =0,
M

and hence there is a constant ¢ > 0 such that ¢*g = ¢?Z due to g being strictly stable Ricci-flat and
Proposition 5.8. The conclusion follows. (I

According to Proposition 5.3, the second variation of ¢, ; at an unstable Einstein metric g is indefinite
and hence g is a saddle point instead of a local maximum. This suggests that the volume comparison
may fail for unstable Einstein manifolds and counterexamples can be constructed. It is well known that
a product of positive Einstein manifolds with identical Einstein constants is still Einstein but unstable;
see [Kroncke 2013]. Due to this reason and its simple structure, it can be our first choice.

The following example is constructed by Macbeth (personal communication, 2019), which shows the
stability assumption is necessary for our volume comparison theorem.

Proposition 5.9. There is a family of metrics {g;}:c[0,1) on S? x S? such that
e g0 is the canonical product metric on S* x S?,
e Ry = R’%QX§2 =4 forallt € [0, 1),
o V(g > VM(g§2X§2) Jorallt € (0,1).
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Proof. Let
g=0+n""gl +1-n7"g2

with 7 € [0, 1), where g; R is the canonical metric on the i-th S? factor, i = 1, 2. It is easy to see that their
scalar curvature is given by
Re, =2(14+1)+2(1—-1)=4

for all ¢ € [0, 1). However, its volume is
Varesr (g) = (1 = 12) " WVar2(8) > Ver,s2(8). O

It is straightforward to generalize this example to more general product cases. It would be interesting
to see whether we can find an explicit example of an unstable Einstein manifold which is not of this type
but where the volume comparison fails.

Appendix: Equivalence of Schoen’s conjectures

In this appendix, we show that two well-known conjectures proposed by Schoen [1989] on hyperbolic
manifolds actually are equivalent to each other. We believe the proof is known to experts. Unfortunately,
we could not find an appropriate reference. Thus we present a proof here for interested readers.

We start with a well-known concept in conformal geometry; see [Viaclovsky 2016].

Definition A.1. For n > 3, let (M", g) be a connected closed n-dimensional Riemannian manifold. The
Yamabe constant of the conformal class [g] is defined to be
R, dv
Y(M",[g]) := inf fM—gg
gelgl (Vi (g))n=2/n
Moreover, we can define a min-max invariant
Y(M"):=supY(M", [g])
[g]
called the Yamabe invariant or o -invariant.

It is well known that
Y(M") <Y (S")

for any closed smooth manifold M" and the canonical spherical metric achieves the Yamabe invariant
of S". For a given closed hyperbolic manifold with dimension at least three, its hyperbolic metric is
unique up to a dilation due to the well-known Mostow rigidity theorem; see Theorem C.0 in [Benedetti
and Petronio 1992]. Similar to the spherical case, Schoen [1989] conjectures that its Yamabe invariant is
achieved by the canonical hyperbolic metric.

Conjecture A (Schoen’s hyperbolic Yamabe invariant conjecture). For n > 3, suppose (M", g) is an
n-dimensional closed hyperbolic manifold. Then

Y(M*)=YM" (gD,

i.e., the Yamabe invariant is achieved by its canonical hyperbolic metric.
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Another conjecture about closed hyperbolic manifolds concerns volume comparison, which is also
referred to as Schoen’s conjecture.

Conjecture B (Schoen’s hyperbolic volume comparison conjecture). For n > 3, suppose (M", g) is an
n-dimensional closed hyperbolic manifold. Then for any metric g on M with scalar curvature

Rg > Rg,
its volume satisfies

Vu(g) = Vu(g).

Obviously, Conjecture A involves all metrics on the given hyperbolic manifold and in general it is
difficult to solve. Conjecture B only involves the comparison of a special metric with the reference metric,
which seems easier to solve than Conjecture A. However, Conjectures A and B are in fact equivalent
to each other and hence they are equally difficult in this sense. The bright side of this equivalence is
that we only need to solve Conjecture B, then Conjecture A will hold automatically. This seems to be a
promising approach to Conjecture A.

In the rest of the appendix, we will show the equivalence of Conjectures A and B.

We first show Conjecture A implies Conjecture B. In order to do this, we need the following lemma
adapted from an observation of Kobayashi [1987].

Lemma A.2. Let (M", g) be a closed manifold and Y (M", [g]) be the Yamabe constant of the conformal

class [g). Then
2/n 2/n
—( / |R;|"/2dvg) <Y(M",[g]) < ( / |R;|"/2dvg> :
M M

where Ry := max{R,, 0} and R, := max{— Ry, 0}.
Proof. By the conformal transformation law of scalar curvature,

[y @|Veul? + Reu?) dv
Y(M", [g]) = inf “H—"f S,
u>0 (-/M u2n/(n=2) dvg)
where a :=4(n —1)/(n — 2). Then we have

R uzdv R7u2 dv
Y [gh = inf — D R S Ry u? o .
420 (2 ) I (e ) O

since R, = Ry — R, . By Holder’s inequality,

2/n (n—2)/n
/ R;uz dvg < (f |R;|n/2 dvg) (/ u2n/n=2) dvg> ,
M M M

2/n
Y(M", [g])z—(/ |Rg|"/2dvg> :
M

fM Rgdv, < fM R;dvg
Vi (g)=2/m = (Vi (g))n=2/n

and hence

Similarly,

Y(M", [g]) < (
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By Holder’s inequality,

2/n
fM R;dvgs< /M |R;|"/2dvg) (Var ()= 2/n

and hence y
Y(M", [g])f( / |R;|"/2dvg) : O
M

Immediately, this implies the following conformal volume comparison.

Proposition A.3. Suppose (M", g) is a closed Riemannian manifold with strictly negative constant scalar
curvature Ry. Then for any metric g € [g] with scalar curvature

Rg > Ré,
we have
Vm(g) = Vm(8).
Proof. Since Rj is a strictly negative constant, then its Yamabe constant satisfies
Y(M", [g]) <O,

and hence g is a Yamabe metric in the conformal class [g] due to the uniqueness of the Yamabe metric of
negative Yamabe constant. Thus,

Y(M", [8]) = Rz (Vi (§)*'".
By Lemma A.2,

n/2
(min Re) (Vi (8))*/" — ( /M |R;|"/2dvg) < Y(M",[g]) = Rg(Vu ()"

Therefore,
Re(Via ()" < (min Re) (Vi ()" < Ry(Vir (2))*'",
and hence
Vin(g) = Vu(@). O
Proposition A 4. Conjecture A =  Conjecture B.

Proof. Let (M", g) be a closed hyperbolic manifold. Suppose g is a metric on M with scalar curvature

Rg > Rg.
We are going to show

Vm(g) = Vu(g),

assuming g achieves its Yamabe invariant Y (M").
From Conjecture A, the Yamabe constant of the conformal class [g] satisfies

Y(M", [gh) =YM") =Y(M", [g]) <O.
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Let g € [g] be the unique Yamabe metric in [g] which is normalized such that R ¢ = R;. By Proposition A.3,
we have

Vu(g) = Vi (g).
On the other hand,
ReVu(®*" =Y (M" [g]) <Y(M")=YM", [g]) = RgVu(3)*'",
which implies
Vu(8) = Vu(g).

Therefore

Vm(g) = Vu (@) = Vu(2),
and hence Conjecture B holds. O
Proposition A.5. Conjecture B = Conjecture A.

Proof. Let (M", g) be a closed hyperbolic manifold. We will show that its Yamabe invariant satisfies
Y(M")=YM" gD,

assuming the volume comparison holds.

We first recall a classic result of Gromov and Lawson [1983, Corollary A] which states that there is no
metric with nonnegative scalar curvature on a compact hyperbolic manifold. That means the Yamabe
invariant satisfies

Y(M") <0,

and there is no metric on M with identically vanishing scalar curvature. Thus for any metric g on M, the
Yamabe constant of the conformal class [g] is strictly negative:

Y(M", [g]) <O.
Let g be the Yamabe metric in the conformal class [g] with R; = R < 0. According to Conjecture B,
VM (@) = Vu(g)-
Therefore, the Yamabe constant of [g] satisfies

woow Ju Redvg
Y(M,[g])—W

Since g is arbitrary, we conclude

= R;(Vu(@)Y" < Re(Vu(@)¥" = Y(M", [g]).

Y(M") = S[U%) Y(M", [g) =Y(M", [g]),
8

and hence Conjecture A holds. (Il
In summary, we have the equivalence of Schoen’s Conjectures A and B.

Theorem A.6. Conjecture A <=  Conjecture B.



VOLUME COMPARISON WITH RESPECT TO SCALAR CURVATURE 33

Acknowledgements

The author would like to express his appreciation to Professor Miao Pengzi for suggesting this interesting
problem. The author would also like to thank Professors Chen Bing-Long, Lin Yueh-Ju, Heather Macbeth,
Qing Jie, Wei Guofang, Zhang Hui-Chun and Zhu Xi-Ping for their interest in this problem and inspiring
discussions. In particular, the author would like to express his appreciation to Professor Zhang Hui-Chun
for pointing out the work [Besson et al. 1991], Professor Zhu Xi-Ping for explaining the idea of the work
[Agol et al. 2007] and also many other valuable comments, Professor Heather Macbeth for sharing the
counterexample for unstable Einstein manifolds and suggestions for considering the stability of Einstein
metrics, and Professor Wei Guofang for valuable comments. The author would also like to thank the
referee for many valuable comments and suggestions on this article.

References

[Agol et al. 2007] 1. Agol, P. A. Storm, and W. P. Thurston, “Lower bounds on volumes of hyperbolic Haken 3-manifolds”,
J. Amer. Math. Soc. 20:4 (2007), 1053-1077. MR Zbl

[Baltazar and Ribeiro 2017] H. Baltazar and E. Ribeiro, Jr., “Critical metrics of the volume functional on manifolds with
boundary”, Proc. Amer. Math. Soc. 145:8 (2017), 3513-3523. MR Zbl

[Barros et al. 2015] A. Barros, R. Didgenes, and E. Ribeiro, Jr., “Bach-flat critical metrics of the volume functional on
4-dimensional manifolds with boundary”, J. Geom. Anal. 25:4 (2015), 2698-2715. MR Zbl

[Benedetti and Petronio 1992] R. Benedetti and C. Petronio, Lectures on hyperbolic geometry, Springer, 1992. MR Zbl
[Besse 1987] A. L. Besse, Einstein manifolds, Ergebnisse der Mathematik (3) 10, Springer, 1987. MR Zbl

[Besson et al. 1991] G. Besson, G. Courtois, and S. Gallot, “Volume et entropie minimale des espaces localement symétriques”,
Invent. Math. 103:2 (1991), 417-445. MR Zbl

[Besson et al. 1995] G. Besson, G. Courtois, and S. Gallot, “Entropies et rigidités des espaces localement symétriques de
courbure strictement négative”, Geom. Funct. Anal. 5:5 (1995), 731-799. MR Zbl

[Bray 1997] H. L. Bray, The Penrose inequality in general relativity and volume comparison theorems involving scalar curvature,
Ph.D. thesis, Stanford University, 1997, available at https://www.proquest.com/docview/304386501.

[Brendle 2012] S. Brendle, “Rigidity phenomena involving scalar curvature”, pp. 179-202 in Surveys in differential geometry,
XVII (Bethlehem, PA, 2010), edited by H.-D. Cao and S.-T. Yau, International, Boston, 2012. MR Zbl

[Brendle and Marques 2011] S. Brendle and F. C. Marques, “Scalar curvature rigidity of geodesic balls in $"”, J. Differential
Geom. 88:3 (2011), 379-394. MR Zbl

[Chow et al. 2006] B. Chow, P. Lu, and L. Ni, Hamilton’s Ricci flow, Grad. Stud. Math. 77, Amer. Math. Soc., Providence, RI,
2006. MR Zbl

[Corvino et al. 2013] J. Corvino, M. Eichmair, and P. Miao, “Deformation of scalar curvature and volume”, Math. Ann. 357:2
(2013), 551-584. MR Zbl

[Dai et al. 2005] X. Dai, X. Wang, and G. Wei, “On the stability of Riemannian manifold with parallel spinors”, Invent. Math.
161:1 (2005), 151-176. MR Zbl

[Dai et al. 2007] X. Dai, X. Wang, and G. Wei, “On the variational stability of Kéhler—Einstein metrics”, Comm. Anal. Geom.
15:4 (2007), 669-693. MR Zbl

[Ebin 1970] D. G. Ebin, “The manifold of Riemannian metrics”, pp. 11-40 in Global analysis (Berkeley, CA, 1968), edited by
S.-s. Chern and S. Smale, Proc. Symp. Pure Math. 15, Amer. Math. Soc., Providence, RI, 1970. MR Zbl

[Fischer and Marsden 1975] A. E. Fischer and J. E. Marsden, “Deformations of the scalar curvature”, Duke Math. J. 42:3 (1975),
519-547. MR Zbl

[Gromov and Lawson 1980] M. Gromov and H. B. Lawson, Jr., “Spin and scalar curvature in the presence of a fundamental
group, I, Ann. of Math. (2) 111:2 (1980), 209-230. MR Zbl


http://dx.doi.org/10.1090/S0894-0347-07-00564-4
http://msp.org/idx/mr/2328715
http://msp.org/idx/zbl/1155.58016
http://dx.doi.org/10.1090/proc/13619
http://dx.doi.org/10.1090/proc/13619
http://msp.org/idx/mr/3652803
http://msp.org/idx/zbl/1368.53035
http://dx.doi.org/10.1007/s12220-014-9532-z
http://dx.doi.org/10.1007/s12220-014-9532-z
http://msp.org/idx/mr/3427144
http://msp.org/idx/zbl/1335.53042
http://dx.doi.org/10.1007/978-3-642-58158-8
http://msp.org/idx/mr/1219310
http://msp.org/idx/zbl/0768.51018
http://dx.doi.org/10.1007/978-3-540-74311-8
http://msp.org/idx/mr/867684
http://msp.org/idx/zbl/0613.53001
http://dx.doi.org/10.1007/BF01239520
http://msp.org/idx/mr/1085114
http://msp.org/idx/zbl/0723.53029
http://dx.doi.org/10.1007/BF01897050
http://dx.doi.org/10.1007/BF01897050
http://msp.org/idx/mr/1354289
http://msp.org/idx/zbl/0851.53032
https://www.proquest.com/docview/304386501
http://dx.doi.org/10.4310/SDG.2012.v17.n1.a4
http://msp.org/idx/mr/3076061
http://msp.org/idx/zbl/1382.53012
http://projecteuclid.org/euclid.jdg/1321366355
http://msp.org/idx/mr/2844438
http://msp.org/idx/zbl/1237.53037
http://dx.doi.org/10.1090/gsm/077
http://msp.org/idx/mr/2274812
http://msp.org/idx/zbl/1118.53001
http://dx.doi.org/10.1007/s00208-013-0903-8
http://msp.org/idx/mr/3096517
http://msp.org/idx/zbl/1278.53041
http://dx.doi.org/10.1007/s00222-004-0424-x
http://msp.org/idx/mr/2178660
http://msp.org/idx/zbl/1075.53042
http://dx.doi.org/10.4310/CAG.2007.v15.n4.a1
http://msp.org/idx/mr/2395253
http://msp.org/idx/zbl/1149.53027
http://msp.org/idx/mr/0267604
http://msp.org/idx/zbl/0205.53702
http://projecteuclid.org/euclid.dmj/1077311199
http://msp.org/idx/mr/380907
http://msp.org/idx/zbl/0336.53032
http://dx.doi.org/10.2307/1971198
http://dx.doi.org/10.2307/1971198
http://msp.org/idx/mr/569070
http://msp.org/idx/zbl/0445.53025

34 WEI YUAN

[Gromov and Lawson 1983] M. Gromov and H. B. Lawson, Jr., “Positive scalar curvature and the Dirac operator on complete
Riemannian manifolds”, Inst. Hautes Etudes Sci. Publ. Math. 58 (1983), 83-196. MR Zbl

[Gursky and Viaclovsky 2004] M. J. Gursky and J. A. Viaclovsky, “Volume comparison and the o;-Yamabe problem”, Adv.
Math. 187:2 (2004), 447-487. MR Zbl

[Hamilton 1999] R. S. Hamilton, “Non-singular solutions of the Ricci flow on three-manifolds”, Comm. Anal. Geom. 7:4 (1999),
695-729. MR Zbl

[Kobayashi 1987] O. Kobayashi, “Scalar curvature of a metric with unit volume”, Math. Ann. 279:2 (1987), 253-265. MR Zbl

[Koiso 1980] N. Koiso, “Rigidity and stability of Einstein metrics: the case of compact symmetric spaces”, Osaka Math. J. 17:1
(1980), 51-73. MR Zbl

[Kroncke 2013] K. Kroncke, Stability of Einstein manifolds, Ph.D. thesis, University of Potsdam, 2013, available at http://
opus.kobv.de/ubp/volltexte/2014/6963.

[Li 2012] P. Li, Geometric analysis, Cambridge Stud. Adv. Math. 134, Cambridge Univ. Press, 2012. MR Zbl

[Lin and Yuan 2022] Y.-J. Lin and W. Yuan, “Deformations of Q-curvature, II”, Calc. Var. Partial Differential Equations 61:2
(2022), art.id 74, 28 pp. MR

[Miao and Tam 2009] P. Miao and L.-F. Tam, “On the volume functional of compact manifolds with boundary with constant
scalar curvature”, Calc. Var. Partial Differential Equations 36:2 (2009), 141-171. MR Zbl

[Miao and Tam 2012] P. Miao and L.-F. Tam, “Scalar curvature rigidity with a volume constraint”, Comm. Anal. Geom. 20:1
(2012), 1-30. MR Zbl

[Perelman 2002] G. Perelman, “The entropy formula for the Ricci flow and its geometric applications”, preprint, 2002. Zbl
arXiv math/0211159

[Perelman 2003] G. Perelman, “Ricci flow with surgery on three-manifolds”, preprint, 2003. Zbl arXiv math/0303109

[Qing and Yuan 2013] J. Qing and W. Yuan, “A note on static spaces and related problems”, J. Geom. Phys. 74 (2013), 18-27.
MR Zbl

[Qing and Yuan 2016] J. Qing and W. Yuan, “On scalar curvature rigidity of vacuum static spaces”, Math. Ann. 365:3-4 (2016),
1257-1277. MR Zbl

[Rosenberg 2007] J. Rosenberg, “Manifolds of positive scalar curvature: a progress report”, pp. 259-294 in Surveys in differential
geometry, XI: Metric and comparison theory, edited by J. Cheeger and K. Grove, International, 2007. MR Zbl

[Schoen 1989] R. M. Schoen, “Variational theory for the total scalar curvature functional for Riemannian metrics and related
topics”, pp. 120-154 in Topics in calculus of variations (Montecatini Terme, Italy, 1987), edited by M. Giaquinta, Lecture Notes
in Math. 1365, Springer, 1989. MR Zbl

[Schoen and Yau 1979a] R. Schoen and S. T. Yau, “Existence of incompressible minimal surfaces and the topology of three-
dimensional manifolds with non-negative scalar curvature”, Ann. of Math. (2) 110:1 (1979), 127-142. MR Zbl

[Schoen and Yau 1979b] R. Schoen and S. T. Yau, “On the structure of manifolds with positive scalar curvature”, Manuscripta
Math. 28:1-3 (1979), 159-183. MR Zbl

[Viaclovsky 2016] J. A. Viaclovsky, “Critical metrics for Riemannian curvature functionals”, pp. 197-274 in Geometric analysis
(Park City, UT, 2013), edited by H. L. Bray et al., IAS/Park City Math. Ser. 22, Amer. Math. Soc., Providence, RI, 2016. MR
Zbl

[Yuan 2015] W. Yuan, The geometry of vacuum static spaces and deformations of scalar curvature, Ph.D. thesis, University of
California, Santa Cruz, 2015, available at https://www.proquest.com/docview/1710736908.

[Zhang 2019] Y. Zhang, “Scalar curvature volume comparison theorems for almost rigid sphere”, preprint, 2019. arXiv
1909.00909

Received 3 Jun 2017. Revised 18 Feb 2021. Accepted 4 May 2021.

WEI YUAN: yuanw9@mail.sysu.edu.cn
Department of Mathematics, Sun Yat-sen University, Guangzhou, China

mathematical sciences publishers :'msp


http://dx.doi.org/10.1007/BF02953774
http://dx.doi.org/10.1007/BF02953774
http://msp.org/idx/mr/720933
http://msp.org/idx/zbl/0538.53047
http://dx.doi.org/10.1016/j.aim.2003.08.014
http://msp.org/idx/mr/2078344
http://msp.org/idx/zbl/1066.53081
http://dx.doi.org/10.4310/CAG.1999.v7.n4.a2
http://msp.org/idx/mr/1714939
http://msp.org/idx/zbl/0939.53024
http://dx.doi.org/10.1007/BF01461722
http://msp.org/idx/mr/919505
http://msp.org/idx/zbl/0611.53037
http://projecteuclid.org/euclid.ojm/1200772808
http://msp.org/idx/mr/558319
http://msp.org/idx/zbl/0426.53037
http://opus.kobv.de/ubp/volltexte/2014/6963
http://dx.doi.org/10.1017/CBO9781139105798
http://msp.org/idx/mr/2962229
http://msp.org/idx/zbl/1246.53002
http://dx.doi.org/10.1007/s00526-021-02181-5
http://msp.org/idx/mr/4380034
http://dx.doi.org/10.1007/s00526-008-0221-2
http://dx.doi.org/10.1007/s00526-008-0221-2
http://msp.org/idx/mr/2546025
http://msp.org/idx/zbl/1175.49043
http://dx.doi.org/10.4310/CAG.2012.v20.n1.a1
http://msp.org/idx/mr/2903099
http://msp.org/idx/zbl/1250.53041
http://msp.org/idx/zbl/1130.53001
http://msp.org/idx/arx/math/0211159
http://msp.org/idx/zbl/1130.53002
http://msp.org/idx/arx/math/0303109
http://dx.doi.org/10.1016/j.geomphys.2013.07.003
http://msp.org/idx/mr/3118569
http://msp.org/idx/zbl/1287.83016
http://dx.doi.org/10.1007/s00208-015-1302-0
http://msp.org/idx/mr/3521090
http://msp.org/idx/zbl/1353.53052
http://dx.doi.org/10.4310/SDG.2006.v11.n1.a9
http://msp.org/idx/mr/2408269
http://msp.org/idx/zbl/1171.53028
http://dx.doi.org/10.1007/BFb0089180
http://dx.doi.org/10.1007/BFb0089180
http://msp.org/idx/mr/994021
http://msp.org/idx/zbl/0702.49038
http://dx.doi.org/10.2307/1971247
http://dx.doi.org/10.2307/1971247
http://msp.org/idx/mr/541332
http://msp.org/idx/zbl/0431.53051
http://dx.doi.org/10.1007/BF01647970
http://msp.org/idx/mr/535700
http://msp.org/idx/zbl/0423.53032
http://dx.doi.org/10.1090/pcms/022/05
http://msp.org/idx/mr/3524218
http://msp.org/idx/zbl/1360.53005
https://www.proquest.com/docview/1710736908
http://msp.org/idx/arx/1909.00909
http://msp.org/idx/arx/1909.00909
mailto:yuanw9@mail.sysu.edu.cn
http://msp.org

Massimiliano Berti

Zbigniew Btocki

Charles Fefferman

Isabelle Gallagher

Colin Guillarmou

Ursula Hamenstaedt

Vadim Kaloshin

Izabella Laba

Anna L. Mazzucato

Richard B. Melrose

Frank Merle

William Minicozzi IT

Analysis & PDE
msp.org/apde

EDITORS-IN-CHIEF

Patrick Gérard

Université Paris Sud XI, France

patrick.gerard @universite-paris-saclay.fr

Clément Mouhot

Cambridge University, UK

c.mouhot@dpmms.cam.ac.uk

BOARD OF EDITORS

Scuola Intern. Sup. di Studi Avanzati, Italy
berti @sissa.it

Uniwersytet Jagielloniski, Poland
zbigniew.blocki@uj.edu.pl

Princeton University, USA
cf@math.princeton.edu

Université Paris-Diderot, IMJ-PRG, France
gallagher @math.ens.fr

Université Paris-Saclay, France
colin.guillarmou @universite-paris-saclay.fr
Universitdt Bonn, Germany
ursula@math.uni-bonn.de

University of Maryland, USA
vadim.kaloshin @gmail.com

University of British Columbia, Canada
ilaba@math.ubc.ca

Penn State University, USA

alm24 @psu.edu

Massachussets Inst. of Tech., USA
rbm@math.mit.edu

Université de Cergy-Pontoise, France
merle @ihes.fr

Johns Hopkins University, USA
minicozz@math.jhu.edu

Werner Miiller

Gilles Pisier

Igor Rodnianski

Yum-Tong Siu

Terence Tao

Michael E. Taylor

Gunther Uhlmann

Andris Vasy

Dan Virgil Voiculescu

Jim Wright

Maciej Zworski

PRODUCTION
production @msp.org

Silvio Levy, Scientific Editor

Universitidt Bonn, Germany

mueller @math.uni-bonn.de

Texas A&M University, and Paris 6
pisier@math.tamu.edu

Princeton University, USA

irod @math.princeton.edu

Harvard University, USA
siu@math.harvard.edu

University of California, Los Angeles, USA
tao@math.ucla.edu

Univ. of North Carolina, Chapel Hill, USA
met@math.unc.edu

University of Washington, USA
gunther @math.washington.edu
Stanford University, USA

andras @math.stanford.edu

University of California, Berkeley, USA
dvv@math.berkeley.edu

University of Edinburgh, UK
jr.wright@ed.ac.uk

University of California, Berkeley, USA
zworski@math.berkeley.edu

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2023 is US $405/year for the electronic version, and $630/year (+$65, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscriber address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Univer-
sity of California, Berkeley, CA 94720-3840, is published continuously online.

APDE peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY

:I mathematical sciences publishers

nonprofit scientific publishing

http://msp.org/
© 2023 Mathematical Sciences Publishers


http://msp.org/apde
mailto:patrick.gerard@universite-paris-saclay.fr
mailto:c.mouhot@dpmms.cam.ac.uk
mailto:berti@sissa.it
mailto:zbigniew.blocki@uj.edu.pl
mailto:cf@math.princeton.edu
mailto:gallagher@math.ens.fr
mailto:colin.guillarmou@universite-paris-saclay.fr
mailto:ursula@math.uni-bonn.de
mailto:vadim.kaloshin@gmail.com
mailto:ilaba@math.ubc.ca
mailto:alm24@psu.edu
mailto:rbm@math.mit.edu
mailto:merle@ihes.fr
mailto:minicozz@math.jhu.edu
mailto:mueller@math.uni-bonn.de
mailto:pisier@math.tamu.edu
mailto:irod@math.princeton.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:j.r.wright@ed.ac.uk
mailto:zworski@math.berkeley.edu
mailto:production@msp.org
http://msp.org/apde
http://msp.org/
http://msp.org/

ANALYSIS & PDE

Volume 16 No.1 2023

Volume comparison with respect to scalar curvature
WEI YUAN

Wandering domains arising from Lavaurs maps with siegel disks
MATTHIEU ASTORG, LUKA BOC THALER and HAN PETERS

Gaussian analytic functions of bounded mean oscillation
ALON NISHRY and ELLIOT PAQUETTE

Generic KAM Hamiltonians are not quantum ergodic
SEAN GOMES

Strichartz estimates for mixed homogeneous surfaces in three dimensions
LJUDEVIT PALLE

Holomorphic factorization of mappings into Sp,(C)
BJORN IVARSSON, FRANK KUTZSCHEBAUCH and ERIK Lgw

Transversal families of nonlinear projections and generalizations of Favard length
ROSEMARIE BONGERS and KRYSTAL TAYLOR

35

89

119

173

233

279



	1. Introduction
	2. Notation and conventions
	3. Geometric variational formulas
	4. Volume comparison for V-static spaces
	5. Volume comparison for closed Einstein manifolds
	Appendix: Equivalence of Schoen's conjectures
	Acknowledgements
	References
	
	

