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WANDERING DOMAINS ARISING FROM LAVAURS MAPS WITH SIEGEL DISKS

MATTHIEU ASTORG, LUKA BOC THALER AND HAN PETERS

The first example of polynomial maps with wandering domains was constructed in 2016 by the first and
last authors, together with Buff, Dujardin and Raissy. In this paper, we construct a second example with
different dynamics, using a Lavaurs map with a Siegel disk instead of an attracting fixed point. We prove
a general necessary and sufficient condition for the existence of a trapping domain for nonautonomous
compositions of maps converging parabolically towards a Siegel-type limit map. Constructing a skew-
product satisfying this condition requires precise estimates on the convergence to the Lavaurs map, which
we obtain by a new approach. We also give a self-contained construction of parabolic curves, which are
integral to this new method.

1. Introduction

Rational functions do not have wandering domains, a classical result due to [Sullivan 1985]. Recently
in [Astorg et al. 2016] it was shown that there do exist polynomial maps in two complex variables with
wandering Fatou components. The maps constructed in [Astorg et al. 2016] are polynomial skew products
of the form

(z,w) = (fw(2).g(w)).

where g(w) and f,(z) = f(z,w) are polynomials in respectively one and two variables. While the
construction holds for families of maps with arbitrarily many parameters, the constructed examples are
essentially unique: they all arise from similar behavior and cannot easily be distinguished in terms of the
geometry of the components or qualitative behavior of the orbits in the components. The goal in this
paper is to modify the construction in [Astorg et al. 2016] to obtain quite different examples of wandering
Fatou components. Our construction requires much more precise convergence estimates, forcing us to
revisit and clarify the original proof, obtaining a better understanding of the methodology.
The maps considered in [Astorg et al. 2016] are of the specific form

P:(z,w) > (f(2)+ Zw, g(w)), (1)

where f(z) =z 4 z% + O(z3) and g(w) = w — w? 4+ O(w?). Recall that the constant ”72 is essential to
guarantee the following key result in [Astorg et al. 2016]:
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Proposition A. As n — 400, the sequence of maps
(z.w) > PO (2, g (w))
converges locally uniformly in By x Bg to the map

(z,w) = (Ly(2),0).

Throughout this paper By and B, refer to the parabolic basins of, respectively, f and g, and Ly refers
to the Lavaurs map of f with phase 0; see for example [Lavaurs 1989; Shishikura 2000]. By carefully
choosing the higher-order terms of f, one can select Lavaurs maps with desired dynamical behavior.

In Proposition B of [Astorg et al. 2016] it was shown that £y can have an attracting fixed point. The
fact that P has a wandering Fatou component is then a quick corollary of Proposition A. It seems very
likely that one can similarly construct wandering domains when Ly has a parabolic fixed point, using the
refinement of Proposition A presented here.

We will construct wandering domains arising when L has a Siegel fixed point: an irrationally indifferent
fixed point with Diophantine rotation number. Compositions of small perturbations of Ly behave so
subtly that it is far from clear that Lavaurs maps with Siegel disks can produce wandering domains.

In order to control the behavior of successive perturbations, we prove a refinement of Proposition A
with precise convergence estimates, showing that the convergence towards the Lavaurs map is “parabolic”.
Moreover, we study the behavior of nonautonomous systems given by maps converging parabolically to a
limit map with a Siegel fixed point. We introduce an easily computable index characterizing the behavior
of the nonautonomous systems.

In the next section we give more precise statements of our results, and prove how the combination of
these results provides a new construction of wandering domains.

2. Background and overview of results

2A. Polynomial skew products and Fatou components. There is more than one possible interpretation
of Fatou and Julia sets for polynomial skew products; see for example [Jonsson 1999] for a thorough
discussion. When we discuss Fatou components of skew products here, we consider open connected sets
in C? whose orbits are uniformly bounded, which of course implies equicontinuity. Since the degrees
of f and g in (1) are at least 2, the complement of a sufficiently large bidisk is contained in the escape
locus, which is connected; all other Fatou components are therefore bounded and have bounded orbits.

Given a Fatou component U of P, normality implies that its projection onto the second coordinate
1w (U) is contained in a Fatou component of g, which must therefore be periodic or preperiodic. Without
loss of generality we may assume that this component of g is invariant, and thus either an attracting basin,
a parabolic basin or a Siegel disk.

The behavior of P inside a Siegel disk of g may be very complicated and has received little attention
in the literature, but see [Peters and Raissy 2019] for the treatment of a special case.

There have been a number of results proving the nonexistence of wandering domains inside attracting
basins of g. The nonexistence of wandering domains in the superattracting case was proved in [Lilov
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2004], but it was shown in [Peters and Vivas 2016] that the arguments from Lilov cannot hold in the
geometrically attracting case. The nonexistence of wandering domains under progressively weaker
conditions was proved in [Peters and Smit 2018; Ji 2020].

Here, as in [Astorg et al. 2016], we will consider components U for which my, (U) is contained in a
parabolic basin of g. We assume that the fixed point of g lies at the origin, and that g is of the form
g(w) = w —w? 4+ h.o.t., so that orbits approach 0 tangent to the positive real axis. We will in fact make
the stronger assumption g(w) = w —w? 4+ w? + h.o.t.

2B. Fatou coordinates and Lavaurs’ theorem. Consider a polynomial f(z) = z —z% +az3 + h.o.t. For
r > 0 small enough we define incoming and outgoing petals

Pe={lz+r|<r} and PP ={z—r|<r}

The incoming petal Pf‘ is forward invariant, and all orbits in Pf‘ converge to 0. Moreover, any orbit which
converges to 0 but never lands at 0 must eventually be contained in Pf‘. Therefore we can define the
parabolic basin as

By = U f PfL .
The outgoing petal Pf" is backwards invariant, with backwards orbits converging to 0.

On Pf‘ and Pfo one can define incoming and outgoing Fatou coordinates ¢} : Pf‘ — C and ¢}) : Pf” —C
solving the functional equations

hof()=¢b()+1 and §Yo f(2)=d(2)+ 1.

where ¢J‘,(Pf‘) contains a right half-plane and ¢J‘,’(Pf") contains a left half-plane. By the first functional
equation the incoming Fatou coordinates can be uniquely extended to the attracting basin By. On the
other hand, the inverse of ¢]2, denoted by w]?, can be extended to the entire complex plane, still satisfying
the functional equation

fowd(Z) = Y2 +1).

The fact that the exceptional set of f is empty implies that W}) : C — C is surjective. We note that
both incoming and outgoing Fatou coordinates are (on the corresponding petals) of the form Z =
—1/z 4+ blog(z) + o(1), where the coefficient b vanishes when a = 1. This is one reason for working
with maps f of the form f(z) =z + 22+ z3 +ho.t.

Let us now consider small perturbations of the map f. For € € C we write f.(z) = f(z) + €2, and
consider the behavior as € — 0. The most interesting behavior occurs when € approaches 0 tangent to the
positive real axis.

Lavaurs’ theorem [1989]. Lete¢; — 0, nj € N and o € C satisfy

nj—g—ﬂx as j — oo.
J
Then
fe’;.l — Lr(a) = w]?ofaoqb},
where ©4(Z) = Z + «.
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The map Lr(«) is called the Lavaurs map, and « is called the phase. In this paper we will only
consider phase o = 0, and write Ly instead of Lz (0).

2C. Propositions A and B. The construction of wandering domains in [Astorg et al. 2016] follows
quickly from two key propositions, the aforementioned Propositions A and B. In this paper we will prove
a variation to Proposition B, and a refinement to Proposition A, which we will both state here.

Our main technical result is the following refinement of Proposition A. As before we write P(z, w) =
(f2)+ ”72w, g(w)), with f(z) =z+ 2%+ 2>+ bz* +hot, and g(w) = w—w? + w? + hot.

Proposition A’. There exists a holomorphic function h : By x Bg — C such that

P2z g" () = (L (2).0) + (h(zl; w),o) + o(log”),

n2

uniformly on compact subsets of By x Bg. The function h(z, w) is given by

L}‘(Z) L L
h(z,w) = W (C + 9y (2) — ¢y (w)),

where the constant C € C depends on b.

Proposition A’ will be proved in Section 5; see Theorem 5.33.

Proposition B in [Astorg et al. 2016] states that the Lavaurs map L of a polynomial f(z) =
z 4+ 22 +az? 4+ O(z*) has an attracting fixed point for suitable choices of the constant a € C. We
recall very briefly the main idea in the proof of Proposition B: For @ = 1 the “horn map” has a parabolic
fixed point at infinity. By perturbing a ~ 1, the parabolic fixed point bifurcates, and for appropriate
perturbations this guarantees the existence of an attracting fixed point for the horn map, and thus also for
the Lavaurs map.

In this paper we will consider a more restrictive family of polynomials of the form f(z) =z + z2 +
z3 4 0(z*), which means that we cannot use the above bifurcation argument. Using a different line
of reasoning, using small perturbations of a suitably chosen degree-7 real polynomial, we will prove a
variation to Proposition B, namely Proposition B’ below. The proof of Proposition B’ will be given in
Section 6.

Before stating the proposition we recall that a fixed point zo = L7 (zo) is said to be of Siegel type if
A= E} (z0) = 2™¢, where ¢ € R\Q is Diophantine, i.., if there exist ¢, r > 0 such that |A” —1| > cn™"
for all integers n > 0. Recall that neutral fixed points with Diophantine rotation numbers are always
locally linearizable:

Theorem 2.1 [Siegel 1942]. Let p(z) = e2™%z 4+ O(z2) be a holomorphic germ. If ¢ is Diophantine
then there exist a neighborhood of the origin Q) and a biholomorphic map ¢ : 2, — D, (0) of the form
@(z) = z + a2z% + O(23) satisfying

2mwil

p(p(z)) = e 9(2).
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Proposition B’. There exist polynomials of the form f(z) = z + z? + z3 4+ O(z*) for which the Lavaurs
map Ly has a Siegel fixed point zq, with A = L} (zo). Moreover we can guarantee that
L (z0)(97) (20)
A(1=2)

Condition (2) is necessary to guarantee the existence of wandering domains; see the discussion of the

— (%) (z0) #0. )

index « later in this section, and the discussion in Section 5C.

A more precise description of the derivatives A for which p is locally linearizable was given in [Bruno
1971; 1972; Yoccoz 1995]. As we are only concerned with constructing examples of maps with wandering
Fatou components, we find it convenient to work with the stronger Diophantine condition. Proposition B’
will be proved in Section 6.

2D. Perturbations of Siegel disks. A key element in our study is the following question:

Let f1, f2,... be a sequence of holomorphic germs, converging locally uniformly to a holomorphic
function f having a Siegel fixed point at 0. Under which conditions does there exist a trapping region?

By a trapping region we mean the existence of arbitrarily small neighborhoods U, V' of 0 and ng € N
such that

Jmo--o fu(z) €V

for all z € U and m > n > ng. In other words, any orbit (z,),>0 that intersects U for sufficiently large n
will afterwards be contained in a small neighborhood of the origin. Note that this in particular guarantees
normality of the sequence of compositions f;; o--- o fp in a neighborhood of zg, which is the reason for
our interest in trapping regions.

We are particularly interested in the case where the differences f;, — f are not absolutely summable,
i.e., when

Yo lfa—flu=00

nzno
for any np and U. In this situation one generally does not expect a trapping region. However, motivated
by Proposition A’, we will assume that f,, — f is roughly of size 1/n, and converges to zero along some
real direction. More precisely, we assume that

h
)= 161 ="+ 0 7). ®

where 4 is a holomorphic germ, defined in a neighborhood of the origin.

Theorem 2.2. There exists an index k., a rational expression in the coefficients of f and h, such that the
following hold:

(1) If Re(k) = 0, then there is a trapping region, and all limit maps have rank 1.
(2) If Re(k) < 0, then there is a trapping region, and all orbits converge uniformly to the origin.

(3) If Re(k) > 0, then there is no trapping region. In fact, there can be at most one orbit that remains in
a sufficiently small neighborhood of the origin.
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Theorem 2.2 holds under more general assumptions regarding the convergence towards the limit map,
but the above statement is sufficient for our purposes. An example of a more general statement is given
in Remark 3.15. An explicit formula for the index « is given in Section 3, which contains the proof of
Theorem 2.2.

Remark 2.3. The nonautonomous dynamics of the functions f,, satisfying (3) is closely related to the
autonomous dynamics of the quasiparabolic map

F(z,w) = (f(2) + wh(z) + O(w?), w —w? + O(w?)).

The case Re(x) < 0 in Theorem 2.2 corresponds to F' being dynamically separating and parabolically
attracting, using the terminology of [Bracci and Zaitsev 2013]; by Corollary 6.3 of that work the map F
has a connected basin of attraction at the origin. In particular this implies the existence of a trapping
region for the sequence ( fy,).

2E. Parabolic curves. An important idea in the proof of Lavaurs’ theorem is that in a sufficiently small
neighborhood of the origin, the function f, = f 4 €2 can be interpreted as a near-translation in the
“almost Fatou coordinates”: functions that converge to the ingoing and outgoing Fatou coordinates as
€ — oo. This idea is especially apparent in the treatment given in [Bedford et al. 2017]. The almost Fatou
coordinates are defined using the pair of fixed points ¢ (¢) “splitting” from the parabolic fixed point.

When iterating two-dimensional skew products P(z, w) = (fy(2), g(w)) it does not make sense to
base the almost Fatou coordinates on the pair of fixed points of the maps f,(z) = f(z) + ”Tzw, as the
parameter w changes after every iteration of P. Instead, the natural idea would be to base these coordinates
on a pair of invariant curves {z = {1 (w)}, so-called parabolic curves, defined over a forward-invariant
parabolic petal in the w-plane. The invariance of these parabolic curves is equivalent to the functional
equations

{+(g(w)) = fu(Cx(w)).

In [Astorg et al. 2016], it is asked whether such parabolic curves exists. Instead, in that work it was
shown that there exist almost parabolic curves, approximate solutions to the above functional equation
with explicit error estimates. The proof of Proposition A relies to a great extent on these almost parabolic
curves, and the fact that these are not exact solutions causes significant extra work.

In [L6pez-Hernanz and Rosas 2020] it is shown that the parabolic curves indeed exist, in fact, the
authors prove the existence of parabolic curves for any characteristic direction for diffeomorphisms in
two complex dimensions. However, to be used in the proof of Proposition A, it is necessary to also obtain
control over the domain of definition of the two parabolic curves. The result from [Lopez-Hernanz and
Rosas 2020] does not give the needed control.

In Section 4, Proposition 4.1, we give an alternative proof of the existence of parabolic curves, with
control over the domains of definition. The availability of these parabolic curves forms an important
ingredient in the proof of Proposition A’. The method of proof is a variation to the well-known graph
transform method, and can likely be used to prove the existence of parabolic curves in greater generality.
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2F. Wandering domains. Let us conclude this section by proving how Propositions A’ and B’ together
imply the existence of wandering Fatou components. As before we let

PGz w) = (f(2) + Ew, g(w)),

where g(w) = w —w? 4+ w3 + h.o.t. and the function f(z) = z + z% + z3 4+ h.o.t. is chosen such that
Ly has a neutral fixed point zo with Diophantine rotation number. The existence of such f is given by
Proposition B'.

Proposition A’ states that

P2z " (w)) = (L (2).0) + (h(zl; w),o) + o(kl’i”),

uniformly on compact subsets of By x Bg.

Recall from Proposition A’ that the function &(z, w) is given by

h(z,w) = ﬁ-(c +¢7(2) — g (w)
A TE FRET O
from which it follows directly that the index « depends affinely on ¢fg (w), although it is conceivable that
the multiplicative constant in this dependence vanishes.
As will be explained in detail in Section 5C, the index « is independent from w if and only if, denoting
the fixed point of L7 again by zo, we have

£1(20) (@) (z0)
A(1—2)

- (¢})H(ZO) =0, (4)

in which case « is constantly equal to +1. The second statement in Proposition B’ therefore implies
that f can be chosen in order to obtain an inequality in (4), which implies that the affine dependence of «
on ¢, (w) is nonconstant.

It follows that there exists an open subset of Bz where the w-values are such that Re(x) is strictly
negative. Let D, C B, be a small disk contained in this open subset, so that Re(k) is negative for all
w e Ds.

Let Dy be a small disk centered at zo, the Siegel-type fixed point of L. We claim that, for n € N large
enough, the open set Dy X g”2 (D>) is contained in a wandering Fatou component.

Indeed, it follows from Proposition A’ that the nonautonomous one-dimensional system given by
compositions of the maps z > m, o P2"+1(z, g"2 (w)) satisfies case (2) of Theorem 2.2, where 7, is the
projection onto the z-coordinate. Thus Theorem 2.2 implies that

sz_nz(z, w) — (29, 0)

uniformly for all (z, w) € D X g"z(Dz). The remainder of the proof follows the argument from [Astorg
et al. 2016]. Since the complement of the escape locus of P is bounded, it follows that the entire
orbits P™(z, w) must remain uniformly bounded, which implies normality of (P"") on D; x g”z(Dz),
which is therefore contained in a Fatou component, say U. The fact that on an open subset of U the
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subsequence pm>-n’ converges to the constant (zg, 0) implies convergence of this subsequence to (zg, 0)
on all of U, since limit maps of convergent subsequences are holomorphic. But if U was periodic or
preperiodic, the limit set would have been periodic. The point (zg, 0) is however not periodic: its orbit
converges to (0,0). Thus U is wandering, which completes the proof.

Remark 2.4. From the above discussion we can conclude that all possible limit maps of the convergent
subsequence P"/ |y are points. In fact these points form (the closure of) a bi-infinite orbit of (z¢, 0),
converging to (0, 0) both under backward and forward iteration.

We note however that there are fibers {w = wq}, with wo € Bg, for which Re(k) = 0. Let D; again
be a sufficiently small disk centered at zo, the Siegel-type fixed point of L. Proposition A’ together with
case (1) of Theorem 2.2 implies that for sufficiently large n the disk Dj x { g"2 (wo)} is a Fatou disk for P,
i.e., the restriction of the iterates P to the disk form a normal family. For this Fatou disk the sequence of
iterates P>~ converges to a rank-1 limit map, whose image is a holomorphic disk containing (z¢, 0).
All the limit sets together form (the closure of) a bi-infinite sequence of disks, converging under backward
and forward iteration to the point (0, 0).

3. Perturbations of Siegel disks

3A. Notation. The following conventions will be used throughout this section:
(i) Given a holomorphic function f, we will write f for the nonlinear part of f.

(ii) For a sequence of constants A, € C we will write

n n
dnm= [] A and A() =Ano=[]N.
Jj=m+1 J=1

and similarly for a sequence of functions ( f5,)

fn,m = fno"'ofm-{—l-

(iii) Given two sequences of holomorphic functions ( f;,) and (g5) defined on some uniform neighborhood
of the origin, we will write f, =< g, if the norms of the sequence of differences ( f,, — g») is summable
on some uniform neighborhood of the origin.

3B. Preparation. In this section we introduce nonautonomous analogies of attracting, repelling, and
locally linearizable indifferent fixed points and make a few initial observations. In the next subsection we
introduce the index « and show that the local behavior of the nonautonomous systems we consider can be
deduced from the real part of the index.

Definition 3.1. Two sequences of functions ( f,) and (g;) are said to be nonautonomously conjugate if
there exist a uniformly bounded sequence of local coordinate changes (V¥ )n>n,. all defined in a uniform
neighborhood of the origin, satisfying

fn oYn =Yn+1°&n

for all n > ny.
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Definition 3.2. A sequence of functions ( f) is said to be nonautonomously linearizable if there exists a
sequence (Ay)n>n, in C\ {0} and a sequence of coordinate changes (V¥ )n>n,, defined and uniformly
bounded in a uniform neighborhood of the origin, and with derivative ¥, (0) uniformly bounded away
from zero, so that

Jno¥n(2) = VYnt1(An-2)

for all n > ng. If the sequence |A(n)| is bounded, both from above and away from 0, then we say that
(fn) is rotationally linearizable.

Definition 3.3. A sequence of functions ( fy) is said to be collapsing if there is a neighborhood of the
origin U and an ng € N such that f, ,, — 0 on U as n — oo for any m > ny.

An example of a collapsing sequence is given by a sequence of functions f, converging to a function f
with an attracting fixed point at the origin.

Definition 3.4. We say that sequence ( fy,) is expulsive if there exists » > 0 such that for every m > 0
there exists at most one exceptional point Z such that for every z € D,(0) \ {Z} there exist n > m for
which f, (z) ¢ D,(0). Here D, (0) denotes the disk of radius r centered at the origin.

An example of an expulsive sequence can be obtained by considering a sequence of maps ( f5)
converging locally uniformly to a map with a repelling fixed point. Since f maps a small disk around
the origin to a strictly larger holomorphic disk, the same holds for sufficiently small perturbations. A
nested sequence argument shows that, starting at a sufficiently large time n¢, there is a unique orbit which
remains in the small disk.

Lemma 3.5. Consider a sequence ( fy,) of univalent holomorphic functions, defined in a uniform neigh-
borhood of the origin. Suppose the compositions fy o are all defined in a possibly smaller neighborhood
of the origin, and form a normal family. Then the sequence ( f) is either rotationally linearizable, or
there exist subsequences (n;) for which fy o converges to a constant.

Proof. By normality the orbit f, o(0) stays bounded. By nonautonomously conjugating with a sequence
of translations we may therefore assume that f;,(0) = O for all n. Note that normality is preserved under
nonautonomous conjugation by bounded translations.

Write A, = f,/(0). Normality implies that |A(n)| is bounded from above. The functions

Ynt1(2) = fn,O(A(n)_1 “Z)

are tangent to the identity, and they satisfy the functional equation

Sovn(z) =Yn+1(A-2).

If the sequence |A(n)| is bounded away from the origin then the maps v, are uniformly bounded, and the
sequence ( f(n)) is rotationally linearizable. Suppose that the sequence A(n) is not bounded from below,
in which case there is a subsequence A(n;) converging to 0. By the Hurwitz theorem the sequence of
maps f,, 0 converges to a constant. d
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Lemma 3.6. If the sequence (fy) is rotationally linearizable, and () is a sequence of absolutely
summable holomorphic functions, i.e.,

> Neallp, ) < 00

for some r > 0, then the sequence ([, + Cn) is also rotationally linearizable.

Proof. Write g, = fn + . We consider the errors due to the perturbations in linearization coordinates, i.e.,

Vb1 08n 0 Vn(2) = Vnit1 0 fao¥n(z) =Yt 08n 0 Yn(2) — An - 2.

By the definition of the nonautonomous linearization, it follows that after restricting to a smaller neighbor-
hood of the origin the derivatives of the maps v, and their inverses are uniformly bounded. It follows that
the above errors are also absolutely summable, which guarantees normality of the sequence ¥, il 0gn,0in
a small neighborhood of the origin, and hence normality of the sequence g5 0. It follows from Lemma 3.5
that (f, + {n) is either rotationally linearizable or has subsequences converging to the origin. It follows
from the summability of the errors that the latter is impossible. O

3C. Introduction of the index. Let f(z) = Az +byz%+ O(z3) be a holomorphic function with A = ¢27#¢
and ¢ € R\Q Diophantine. Let h(z) = co + c1z + O(z?) be a holomorphic function defined in a
neighborhood of the origin. Let ({,(z)) be a sequence of holomorphic functions that is defined and
absolutely summable on some uniform neighborhood of the origin. We consider the nonautonomous
dynamical system given by compositions of the maps

fale) = @)+ h(z) + G (2).

We introduce the index «, depending rationally on the two-jet of f at the origin and the one-jet of 4 at

the origin, by

L 2b2€0 C1
T a-n T

We claim that the index « is invariant under local autonomous changes of coordinates, i.e., when all the

)

maps f, are conjugated by a single analytic transformation. One easily observes that the index is invariant
under affine changes of coordinates and is unaffected by terms of order 3 and higher. It is therefore
sufficient to only consider local changes of the form z > z + az2. It is clear that A and cg are unaffected
by such a coordinate change, while computation shows that b, is replaced by b, + A —aA? and ¢y is
replaced by ¢1 —aAcy. Indeed, « is invariant under these changes.

Since ¢ is Diophantine, the function f is linearizable. Let us write ¢(z) = z +h.o.t. for the linearization

map of f,ie., fop(z) =¢(Az2).

We define .
co
) = — .
n(2) zZ+ n1—1
Lemma 3.7. With the above definitions we can write
1 o0
fri=¢ lob o fuobhop =22+ - > dz* + £ (2), (6)

k=2
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where (&) is a sequence of holomorphic functions that are defined and whose norms are summable on a
uniform neighborhood of the origin.

Proof. First observe that

1 1 1 1
Q,Tilofnoenxf(z—k— € )—l—;h(z—l— € ) 0

1— 2 nl—1) n+l11-21
1 1 Co
n+11-1"
Using the power series expansions of f” and & we can therefore write
_ 1 ACO 1 1 Co 2b2€0
9n+1°fn°9n/\f(2)+( 1—A+Eco_n+11—k)+n(1 2+ Z:Bkz

xf(z)%—lci)/\(%— j_l)—l— —Akz + — Zﬁkz

1 1
= —A — k.
Fe+ a1 5 gy

k=2

It follows that

£, < ¢>‘1(f(¢(Z)))+(¢‘1)’(f(¢(2)))(%AK¢(2)+% ) :ﬂm(z)")
00 k=2
K 1
=A (1+;)Z+;k5=2dk2k

1 o0
=AMz 4= " dy 2k
T 2 ez
k=2
For the last equality we used that

1
n n
Corollary 3.8. If Re(k) < 0 the sequence f,, is collapsing.

Proof. Observe that f/(z) < Ae“/™ + O(z/n) and note that there is a small disk D, (0) such that for n
sufficiently large

”fr/z Ip, 0 < eRe(’C)/(Zn)’
and thus

£, (2) — £ (w)| < R/ |z _yy|. @)

Since Re(k) < 0 it follows that [],,-; eR¢®)/C@n) =0
Let us write

on(z) = Aoekin.g fn(z),

i.e., we drop the term &, from f,. By decreasing the radius r if necessary we can choose mg such that

> & D, < 57

J=mo
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By increasing my if necessary we can also guarantee that ¢, ,(z) € D;/2(0) for all z € D, /4(0) and
m > my. Using (7) it follows by induction on n that whenever z € D,./4(0) and m > mo we have
n

n
() = G ()] < Z( I eRe(K)/<2’<>)||sj||D,(o>.
j=m “k=j+1

Indeed, the inequality is trivially satisfied for n = m, and assuming the inequality holds for some n > m

implies
Ifn+1,m(2) = Pn+1,m )| = fn+1 0 fn,m(2) — fnt1 0 @nm(2) + En+1(Pnm(2)) |l
n+1 n+1
< Z( I1 eRe(K)/(Zk))||5j||D,(o)-
j=m “k=j+1
Note that

n

n
S TT e9/%)ig o, 0

j=m “k=j+1
as n — 00; hence the fact that the sequence (¢;,) collapses implies the sequence (f;) collapses as well. [J

Since the sequence (fj) collapses, it follows immediately that the sequence ( f,,) collapses as well,
concluding the case Re(x) < 0.

Corollary 3.9. If Re(k) > 0, the sequence f,, is expulsive.

Proof. Note that there are r, ng > 0 such that for every z, w € D, (0) and every n > ny we have
60(2) — Ea ()] =z = w] [/ + L0z, w)| > XMz ).
Expulsion of all but one orbit follows immediately. O

Again it follows that ( f;) is expulsive, completing the case Re(k) > 0.

3D. Rotationally linearizable case (Re(x) = 0). Let us define

Lu(z) = e¥oem .z,
‘We obtain
8n = L;_}_l ofyoLy
1 o0
=Az+ e—Klog(n-{-l)E Z dzelcﬂlognzf + L;—}—l Oén o Ln
=2

00
1 {—1)logn _{

= A —i——E dye*( Enz".
z "L e z

Since Re(x) = 0, the maps L, are rotations; hence it is sufficient to prove that the sequence (g;) is
rotationally linearizable.
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By Lemma 3.6 we may ignore the absolutely summable part of g, ; hence with slight abuse of notation
we may assume that

[e.e]
gn=Az + % Z dpeDlogn .
=2
Recall that A = 27! where ¢ is Diophantine.

Lemma 3.10. There exist constants C,r > 0 such that for every integer £ > 1 and for every 0 <m < N

we have
N

>3

j=m

<C/t.

Proof. Since ¢ is assumed to be Diophantine, there exist ¢, ¥ > 0 such that [A" — 1| > cn™" for all n. This
gives the bound

N N Aé(j-i—l) k(}

Zkej — Z o - Z(Aﬁ(j+l) AKJ)

j=m Jj=m j=m

<C{". O

Lemma 3.11. There exist C,r > 0 such that for all integers n, £ > 0 we have

edlogkkke - 'C’gr—H
k n
k=n
Proof. Summation by parts gives
Llogk LlogN N N-1  kllog(k+1 Llogk
eelogle L, eftios ZAH Z ekt log( )_ ektlog ZAJZ
k N k+1

N N-1 k
_extioeN Sy mogk(l""d/k"‘o(l/kz) l) St

k=n k=n k+1 k j=n

Observe that

1+xl/k+001/k? 1 _ 0( 1 )

k+1 Tk k2

is absolutely summable; hence using Lemma 3.10 we obtain

N kllogk 5 k
e kOg ke| Zkke Z 1—|—/<€/lkc+10(l/k ) 1 ZM-K
k=n k=n + j=n
N-1

cer ! -1 1
cr Y| o~
SN k; Kkt (k3)‘

'C‘«'£r+1
P

<




48 MATTHIEU ASTORG, LUKA BOC THALER AND HAN PETERS

Let us introduce one more change of coordinates

00 ©  k(t=1)logk
Sn+1(Z) =z _A—l ZA(I’H-I)(I—C)dZZZ Z Tkk(ﬁ—l)‘
(=2 k=n+1
Lemma 3.12. Writing S, (z) =z + S, (z) we obtain
Sut1(Az) = A8, (2) + &n(2).
Proof. Computing §n+1()tz) — gn(2) gives
o o eK(Z—l)logk 1 0
)1 Z A(”“)(l_e)dg)teze Z Ak(@—l) - Z elc(e—l)logndéze
(=2 k=n+1 k n {=2
00 () 1— k 00 {—
= Z An=0g,-¢ Z —eK( Dles k=1 _ Z —eK( mogn)ul(é—l))ui(l—li)dezZ
(=2 k—n+1 k (=2 "
K(€ 1)logk R
ZA”(I O,zt Z MDD =38 (2).

Lemma 3.13. The maps Sy, satisfy S, = z + O(1/n), with uniform bounds.

Proof.
ek (L—1)logk

R c&
S — Al’l(l E)d L A’k(e—l) = d V4 €_1r+1'
1Sn(2)] = Z zZ <= ldeztle=1)

=2
Let us define
hn = Sn__'l_l ogn OSn.

Lemma 3.14. The maps hy, are of the form
hy = Az 4+ O ™2).
Proof. The definition of 4, immediately gives that s, (z) = Az + O(1/n),

8n © Sp = Sn+1 ohy,
and thus
AZ +A80(2) + &n(z + Su) = Az + hin(2) + Sp1(Az + hp),
which gives
184(2) + &n(2) + 84 (2)Sn(2) + O(S2) = hn(2) + Spt1(A2) + S A2 + OG2).

Hence by Lemma 3.12 we obtain

8,(2)Su(2) + O(82) = hp(2)(1 + S, 11 (A2)) + O(h2).
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Since &, = O(1/n) and S, = O(1/n), we get
1
hp(2)(1+ S na1(Az)) + O(h )= (n_z)

Since hn(z) = Az 4+ O(1/n), it follows that /i, (z) = O(1/n2). O

Lemma 3.6 implies that the sequence (/) is rotationally linearizable; hence the same holds for (gy),
(f,) and finally ( f,), which completes the proof of Theorem 2.2.

Remark 3.15. The proof of Theorem 2.2 also works for more general perturbations, for example

logn

In(2) < f(2) + h1(2)+

where /1 and /5 are holomorphic around the origin. In this case we have two indexes «;, j € {1,2}, that

ha(z),

can be computed using (5), where constants ¢g and c¢; are the coefficients of the linear part of the Taylor
series of 4 at the origin. The following is a general version of Theorem 2.2:

(1) If Re(kx2) > 0 then the sequence ( f) is expulsive.
(2) If Re(x2) < 0 then the sequence ( fy,) is collapsing.
(3) If Re(k2) = 0 and:

(a) Re(x1) > 0, then the sequence ( fy,) is expulsive.
(b) Re(k1) < 0, then the sequence ( f) is collapsing.

(c) Re(k1) =0, then the sequence ( f) is rotationally linearizable; hence all limit maps have rank 1.

4. Existence of parabolic curves

The purpose of this section is to prove the following proposition.

Proposition 4.1. Let P(z, w) := (f(z) + ”Tzw, g(w)), with f(z) =z + 224+ bz3 4+ 0(z*) and g(w) =
w—w?+ O(w3). Then P has at least three parabolic curves: one is contained in the invariant fiber w =0
and is an attracting petal for f; the other two are graphs over the same petal P in the parabolic basin Bg.
Moreover they are of the form

é‘i(w) =+ VW + cow +czw? + 0 w?),
where ¢y = 5i and ¢y = %zb— %.

Proposition 4.1 gives a positive answer to a question posed in [Astorg et al. 2016]. We note that the
result does not follow from the results [Hakim 1998], as the two characteristic directions we consider are
degenerate, in the language used by Hakim. The existence of three parabolic curves can be derived from
[Lépez-Hernanz and Rosas 2020]. However, their proof gives no guarantee that the parabolic curves ¢+
are graphs over the same petal in Bg, which is crucial for our purpose.

Let us start by observing that P is semiconjugate to a map Q, holomorphic near the origin, given by

0(z,€) = (f(z)—i——e e— 13+ 0())
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(with €2 = w). The map Q has three characteristic directions: € =0, z = Zieand z = —Zie. Itis clear
that there is a parabolic curve tangent to the characteristic direction € = 0, namely the attracting petal
for f in the invariant fiber {€ = 0}. We call this parabolic curve the trivial curve. For the existence of the
two other parabolic curves we will use a graph transform argument.

Let us write Q(z,¢) = (fe(2), g(€)), so that fe(z) = f(2) + ”7262 and € := g(e) = /g(€?) =
€— %63 + O(€”). We are looking for parabolic curves of the form € — (£ (¢), €), hence satisfying the
equation

Q(L(e). €) = (£(€), €). (®)

Equivalently we are looking for a function ¢, defined for € in a parabolic petal of g, satisfying the
functional equation

£(g(€)) = fe((e)).

We will prove that Q has two parabolic curves ¢, corresponding to the characteristic directions
z = £7ie, which are graphs over the same attracting petal of g in the right half-plane. This will complete
the proof of Proposition 4.1, since these two parabolic curves can be lifted to parabolic curves of P
satisfying the desired properties.

The key idea in proving the existence of {(¢) is to start with sufficiently high-order jets {;(¢€) of the
formal solution to (8), and then apply a graph transform argument, starting with {;. By starting with
higher-order jets, we obtain higher-order error estimates, but the constants in those estimates are likely to
deteriorate. However, these estimates can be controlled by dropping the order of the error estimates by 1,
and working with |e| < §, with § depending on the order of the jets. It turns out that starting with jets
of order 20 is sufficient to obtain convergence of the graph transforms. We do not claim that 20 is the

minimal order for which convergence can be obtained, only that the order suffices for our purposes.

Lemma 4.2. For every integer n > 0 there exists {1(€) = c1€ 4+ cp€? 4+ c3€2 + -+« + cp€™ and § > 0 such
that |$1(€) — fe(§1(€))| < |€]” for all |e] < 8. Moreover we have ¢y = £%5i and ¢y = %zb — %.

Proof. Recall from [Astorg et al. 2016] that by choosing {;(€) = c1€ + cr€?, with ¢ = :I:%i and
Ccy = %Zb - %, we obtain
181(6) = fe(G1(e))] < O(le]*).
Now suppose that ¢y, ..., c, are found such that for {(¢) = c1€ +--- + c,€” we have
181(6) — fe(C1(€))] < O(le|"2).
Let En(€) := fe(¢1(€)) = £1(E). For ¢t € C, let

Ent1(€) := fe(C1() + cng1€" ™) = £1(8) — cpy1 &1

we shall prove that there exists some ¢, 41 such that E, 1 = O(e"3). Indeed,

Je@1(€) + cns1€") = fe(C1(€) + £/ (Cn(€))ene T + 02" F2)
= fe(C1()) + (1 +2c1€)cn 16" + O(" ).
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On the other hand, we have ¢, 1" ! = ¢, 116" T 4+ 0(€"13); s0
En+1(€) = En(€) +2¢10n11€" T2 4+ 0(" ).
Since E,(€) = O(e"12?) (and ¢1 # 0), we may therefore find some value of ¢, 11 for which E, () =
0(€n+3)‘
We conclude that if § is small enough then |1 (€) — fc({1(€))| < |€]|” for all |e] < 4. O

Remark 4.3. The choice of parabolic curve is determined by the choice of ¢;. From now on we will
assume that ¢ = %i; for the case ¢; = —%i the proofs are essentially the same.

For R € C we write Hg = {Z € C:arg(Z — R) € (-5 —€0. 5 +€0)} for some €g > 0, and
Ps = {e € C: e > € Hg—> and Re(e) > 0}.

For § > 0 sufficiently small the petal Ps is forward-invariant under g, i.e., g(Ps) C Ps. Recall the
existence of Fatou coordinates on Pg: the function g is conjugate to the translation 71 : Z +— Z 4+ 1 viaa
conjugation of the form

1
Z = ) + alog(e) +0(1),

where the constant « depends on g. All forward orbits in Pg converge to 0 tangent to the positive real
axis, and the conjugation gives the estimates
- C Kk C
Re(g*(e)) < —= and [Im(g*(e)| < - ©)
vk k

for a uniform C > 0 depending on . We note that by choosing § sufficiently small, the constant C can
be chosen arbitrarily small as well.

Lemma 4.4. Let n > 0 and {1 (€) be as in Lemma 4.2. There exist §, A > 0 such that for every |e| < § we
have

|/ Ca(€) +3€h) = La ()] < Alel*.

Proof. The Taylor series expansion of f gives
o0

|FH @) +3eh) — L) < )
i=1
and the desired estimate follows immediately. O

Lemma 4.5. Letn > 0 and {1 (€) be as in Lemma 4.2, A > 0 and § > 0 sufficiently small. Let ({i (€)) be
any sequence of holomorphic functions defined on Pg and satisfying
Sk (€) = Ci(e)| < Alel*.

Then there exists C1 > 0, depending on {1, such that

3l|€4|l,

(fTHPSC1e)
i

1

k _
[[// @@ @) <Ci-k+1-0)
s={

forall € € Pg and every 0 < £ <k.
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Proof. Let us write x; = Re(g%(¢€)) > 0 and y; = Im(g* (¢)). Estimates (9) imply

o0
Z|§k(e)|3<K<oo for all € € Pg. (10)
k=0

Since by assumption |{s(€) — ¢1(€)| < Ale|* for every s > 1, it follows that s(€) = c1€ + co€? + O(€3)
and

|/ @&s(€) = £/ (C1(e))] < B,

where B > 0 depends only on {; and A.
Observe that f/(z) =142z +3bz2 + 0(z3) = ezz+(3b_2)22+0(z3); hence we obtain

F(&s(e)) = emiet (372 (1-b)=3)e2+0(e?).

where the bound O(e?) is uniform with respect to s.
Therefore we can find C; > 0 such that

k
[T /@@ 15 )| > [eXi=eRe(rid 1 @+ (G (1-b1=5)E* 1= (@) +0(E @)

s={
> 1 ‘ez‘?:f —yk41—s (32 (1-Re(®) =) x7 4 ‘
1

- L’e— St
C1

1
TCk+1-0)

In the first inequality we used the fact that |e?| = eR®(?). The second inequality follows from estimates
(9) and (10). The third inequality depends on the constant C from (9) being sufficiently small, which can
be guaranteed by taking sufficiently small §. O

Remark 4.6. Note that the estimates in Lemmas 4.2, 4.4 and 4.5 hold regardless of the choice of # in the
definition of 1. If n is increased, then all estimates hold, with the same constants, for § sufficiently small.
It turns out that it will be sufficient for us to work with n = 20, and we will work with this choice from

now on.

Lemma 4.7. There exists sufficiently small § > 0 such that for every k > 2 and every € € Ps we have

IOk —0)  18(e)P  4le|'?
C—1)° k—1)% = k2

k—1
2Ok + 17O k- + Y
=2

Proof: We will prove that each of the four terms in the left-hand summation is bounded by |¢|'2/k2. It
follows from (9) that for every 0 < £ < 19 we have

c19% c1 e |€ k
|k 4 1/€2|19/2 < k(19—€)/2'

185 ()| Pk <
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If we choose £ = 13 and assume that § is small enough, then we get

k<7

for € € Ps. The desired bound for a second term follows immediately from the inequality
g5k —1) <185 k.
Next observe that for every k > 2 we have

G S N
(k=D* = —122 " *

where the last inequality holds for sufficiently small §. Finally, for the third term in the summation we

use (9) to obtain

k— ~ _ k—
VIO —0) " CeBk—0)

k—1
10 |E|12
e '6'42 (k=0*(C=D*

(=2
In order to obtain the desired bound it suffices to prove that
k—1

1 44
Z; k—0*(C—1)* " k2

First observe that
1 4

I O
C—Dk—0) — k

forevery k >3 and 2 <{ <k — 1. To see this let us set s = £ — 1 and r = k — 1. The above inequality

now translates to
1 4

<

s(t—s) " t+1

fort >2and 1 <s <t —1, and hence to
pi(s) =452 —4ts+1+1<0.

Observe that p;(1) < 0 and that roots of p;(s) lie outside the closed interval [1,¢ — 1]. Therefore we
obtain
ki 1 3 Kl 4
_ N4/ —1)4 74 > 127
= (k—=D*—-1) = k k

and hence for § sufficiently small

k=1 sk+1-£ )23 (f — ¢ 12
T ORGE=0 | 5
(=2

(—1)4 k2

Proof of Proposition 4.1. As we remarked at the beginning of this section, it is enough to prove that Q
s

L€, both curves

has two parabolic curves * corresponding to the characteristic directions z =
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graph over the same attracting petal of g in the right half-plane. By Lemma 4.2 there exist § > 0 and
C1(€) = c1€ + ca€? + -+ + ¢20€20 such that |£1(€) — f2(C1(€))| < |€]|?° for |e] < 8. Let A > 0 be as in
Lemma 4.4, and let C; > 0 be the constant defined in Lemma 4.5.

We will show that the sequence of functions defined inductively by

Cr1(6) := [ (G (8)
is convergent and that the limit satisfies the functional equation (8). Let us define
Ex(€) := §p(€) — fe(Ck (€))
and observe that

Ger1(6) = £ (G (@) = T (fe(Cr(€) + Ex(€))

and hence

k
JeCir1(€) = feC1(€) + Y Eq(e).
=1

Note that we can replace fc by f on both sides, giving

k
G = /7! (f@l @+ Ee<e)),
=
and hence 1

15\() k i
@ =t + 3 OO (5 p ).
=1

i=1

We will prove that |E (¢)| < |€|*/|k — 1| for every k > 2 on some small petal Ps. This will imply
that the sequence ;4 converges to a parabolic curve ¢ on Py for sufficiently small §.
We claim there exists § > 0 such that for every € € Ps and every k > 1 the following two statements hold:

Le(1): |8k (€) = &i(e)| < Ale|*, and
I (2): |Ex(e)| <4lel?/|k — 11> <e|*/[k — 1],
We will prove these two statements simultaneously by induction on k.
Step 1: First we prove /5(1). By definition
i (fHO i)
il

i=1

$2 =2C1(e) + (E1(e))';

hence by Lemma 4.4 we obtain the desired inequality.
Next we prove that /5(2). Observe that for sufficiently small § we get

B0l <| 7 (;(j))) L GIEI@P < ClIEO + Calel [3(6)]*

< Cilel|2@)]"° + Calel1g(e)*” < 4le|*2.

Here C; is the constant introduced in Lemma 4.5.
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Step 2: Now let us assume that /;(1) and 7;(2) hold for every 2 < £ < k. Observe that

1Ck+1

Since |Eg(€)| < |€]*/|€ —1|? for £ > 2 and |E1(€)| < |e|* we get

k
> Eu(e)

{=1

<3le|*;

hence by Lemma 4.4 inequality /(1) holds.
Observe that

Ek+1(6) = Cx11(€) = fe(C41(€)) = Gey1(€) — Lk (€)
= [ 1 (fe (G (@) + Ex (€)= & (&)
= /TN @Gk (@) + Ex () — & (@)
= (/7 (f (& (@)) - Ex (€) + O(Ex(8)),

where the constant in the order can be chosen independently from k. It follows that there exists C, > 0
independent of k such that

E(é)
S8k ()
Using the inequality (11) successively we obtain

Ex(3(0)) o
Pl Gloy | T C2IEEE)

3 Ex-1(8%(€) 1 0, /B @ )P
PG @@ [ G@on | 1 @)
R L1 O)] 5> B )P
§ VA O)) el | MR VA OV

Combining (12) and Lemma 4.5 gives

|Ek+1(e)] < +Ca|Ex (8)*. (1D

|Exy1(e)| <

+Ca|Ex (8(e))1?

+GE (@), (12)

|Ex+1(€)]
k+1—£ .\ |24 5(c)|24
~k/ (20 40 |g ()" (k—0) 1g(e)]
<C118%(€) PPk +C1 C2| g5 (e)[*0 (k— 1)+1601C22 ((—1)4 +16Cy (k—1)4
G- ()23 (k—¢ g(€)]?3
<Crlel| @)k +Cr Calel [ () (k- 1)+16C1C2|€|Z| e =72

{=2
If § is sufficiently small this last inequality together with Lemma 4.7 implies
4le le

|12
K2 k2

|4

|[Ex41(e)| <
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completing the proof of /i 1(2) and thus the induction argument. We emphasize that throughout the
proof § can be chosen dependently of k.
To summarize, the equation

k
() = 1" (f(;l @D+ Ee(é))

=1

implies that for sufficiently small § the sequence {; converges on Ps to a parabolic curve ¢ satisfying

(€) = fe(£(€)). Recall that we have only proven the existence of a parabolic curve for ¢; = Zi. For

c1 =—7%I we can use same arguments as above, but we might get a different value for §. Since the parabolic

petals are nested and forward invariant, both parabolic curves are graphs over the petal with minimal §. O

From the proof it follows that

tE(e) = tere + cre? £ 363 + 0(eh),

. 2
where ¢1 = 7i and ¢ = %&b —

=

5. Estimates on convergence towards Lavaurs map

5A. Preliminaries. The goal of this section is to obtain explicit estimates for one of the main objects to
appear in our arguments: the functions A (e, z) and Agy(z), which measure how much the dynamics differ
from a translation after a certain change of coordinates. The key difference between this section and the
corresponding computations in [Astorg et al. 2016] is that we now know that we have two exactly invariant
parabolic curves ¢, instead of invariant jets. This is used crucially in the proof of Proposition 5.5.

Definition 5.1. Let f,(z) := f(z) + ”Tzw, where f(z) =z +z% 4234+ O(z*) is a degree-d polynomial.
Let g(w) = w —w? 4+ O(w?) be a degree-d polynomial.

In what follows, we set € := /w, working throughout with the branch that takes positive values on the
positive real axis. We note that this branch is well-defined on the parabolic basin of the polynomial g.
Abusing notation, we write fc(z) := f(z) + ”7262 and ¥ (e) = +iZe+ c2€2 + O(€?), where ¢ are
the parabolic curves constructed in the preceding section. Let g(¢) := /g(€2) = € — %63 + 0(€)
(g is analytic near € = 0).

Let us first record here the following lemma for later use:

Lemma 5.2. Let wg € Bg and let € := g”2+f (wo). For 1 < j <n, we have
1 J Pg (wo) 1
n 2n3 2n3 3

. 2 P
Proof. Let us write w,2 ; := g" 7 (wg). We have

Do (w2 ;) = Bl (wo) + 0% + ] = —— +o(1)

n2+j
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(note that we assume here g(w) = w — w? + w3 + O(w*)). Therefore

1
U T 02 1 4 ¢ (wo) + (1)

L+ wo) 1\ /2
€ = m=;(1+n—§+o(n—2))

and

1 1J + ¢g(wo) 1
= ;(1‘5n—2+0(n—2))- =
Definition 5.3. Let
I tt(e)—z
WG(Z) = E log[m] + 1,
o/, 1 tt(e)—z
v o g |

where log is the principal branch of the logarithm.

Note with that choice of branch, v is defined on C\ L., where L, is the real line through ¢ (¢)
and ¢~ (€) minus the segment [~ (€), {1 (€)]. In particular, ¢ and ¥¢ are both defined in a disk centered
at z = 0 whose radius is of order €.

It will also be useful to note that

+ _,tinZ s—
W/ (2) = ] (6)1 _eeiin; Q. _ge COt(i%) 0. (19

Definition 5.4. Let
(1) A(e.2) =yl 0 fe(2) () —e,
(2) Ap(z) :=—1/f(z)+1/z—1.

Note that the formula for A(e, z) does not depend on whether the ingoing or outgoing coordinate ¢ is
used, and is therefore well-defined.

Proposition 5.5. We have

(1) Ay is analytic near zero,

(2) there exists r > 0 such that for all € # 0 in a neighborhood of zero, A(e, ) is analytic on D(0, r).

Proof. (1) A quick computation shows that

f@)—z-zf(z) _ 0(z?

Ao(@) =77 T 1400

from which the conclusion easily follows.
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For (2), note that

A(e, z) = lo (g—i_(g(f)) Je(2) §+(€)—z)_

f@D) = (3) - (o)
L . (fe(§+(€))—fe(2) , fe(Z)—fs(C‘(e))) -
iz S\ te-z = z-C (o)

From the above expression we see that the singularities at z = ¥ (¢) are in fact removable, unless one of

the points coincides with a critical point of f. The fact that these critical points are bounded away from
zero completes the proof. O

Lemma 5.6. Let K be a compact subset of C*. There exists C = Cg > 0 such that, forall z € K,

L"'(e)_(l_i_ne_n_zez)

3
z—C(e) z 272 =Ce

Proof. For z € K, we have

(fe)—z _ {T(e z

z=8(e) z-¢ () z-¢7 (o)

_z+(e)( 1 )_ 1
2 Ut @/z) Tt

n _
=§Z(€)(1+§Z(6)+0(€2))_( +§ (é‘ ()) +0(€3))

2
2_ ¢ 2 2 2.2

C1€ + cre” — ?le

—C1€ + Cp€

C €
—1- -+ 0()
4 z z

2c c?
:—1+—1€ —21€2+0(€3)

z z

: 2
1+ Tt 2L 0(d). O

z 272

Lemma 5.7. Let K be a compact subset of C*. Then
fe(2) = fe(CF () L ?

=1- - 241 0(.
fo—fet @) @ 2t T
As in the previous lemma the constant in the O depends on K.
Proof. The invariance of the parabolic curves gives
Je(@) = fe§F(€)) _ fe(2)=ET(g(e) _ . w2 2 3
p—l 0
O A MR AP L R TAE L G
; 2
—1-r €+ " €2+ 0(e3).

[ 2f(2)?
The last equality uses the fact that g(¢) = € + O(e?). O
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Proposition 5.8. There exists a constant Cy € C (depending only on f and g) such that
A(e,z) = €do(2) +€3Co + O(*, €32),
where the constants in the O are uniform for (z, €) € C? near (0,0) (with Re(€) > 0).

Proof. Let K be a compact of C*. Then by the two previous lemmas, we have

Og( —§7(€) Je(2)— fe(§+(6))) _
2={HE) [ = fE ()

1 ' 2 1 ; 2
=i log( - %TE - ;—26 + 0(63)) + — log(l - ;(Z)e - an(z)zez + 0(63)) -
€

=<- m —e+ 0(e%) = edg(2) + O(3).

Here the constant in the O still depends on K C C* Let ¢c(z) := (A(e,z) — €Ag(2))/€>.

Proposition 5.5, ¢, is holomorphic on D(0,r). We have proved that for all compact K C C*, for
all z € K, and for all small € # 0 with Re(¢) > 0, we have |¢p¢(z)| < Cg. By taking K = {|Z| = %r}
we therefore obtain the same estimate |¢¢(z)| < Ck for all |z| < %r because of the maximum modulus

A(e, z) =

principle. This gives the desired uniformity. O
Lemma 5.9. If {¥(e) = £Zie + cpe? +cfe3 + O(e*) and f(z) =z + 22 + 23 + bz* + O(2°), then
—3bm3 4273 + 12¢om + 12i(c3 —c;r)

127 )
Proof. By repeating the computations from Lemmas 5.6 and 5.7 with one additional order of significance,

Co =

one obtains
. -+
wzl—ze—n72262+(c3 ZC3 —lzgz—l-l;z)e +0(e?).
f@)—fCte) . in w2, ( in® g —ci  ime in3
ro—fc©@ o 220 ot o e Tiee

Plugging these two equations into the formula for A(e, z), and using the power series expansions of

)63+ 0(e*).

1/f(z)/ for j =1,...,3, one notices again that all terms involving negative powers of z cancel, either
by the argument used in the proof of the previous proposition, or by lengthy computations using

=T
TR
Summing the terms that do not depend on z gives the desired result. O
Lemma 5.10. We have
o= (LS bt
e R A S T T S TR

We will omit the proof, which is a long but direct computation, starting from the functional equation
fe0tE(€) = ¢* 0 3(€) and identifying coefficients in powers of €.
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In particular, it follows that

_ bn? 1, T? bn? 1 572 3
Co=—" g+ 5+ (5 T35 )

—br? 1372 3 1

=% T 82w

5B. Convergence result. For the rest of Section 5 we fix a compact subset K x K’ C By x Bg and a
point (zg, wo) € K x K'. Moreover we assume that n is sufficiently large so that g”z(K ") is contained in
a petal P from Proposition 4.1. Unless otherwise stated, all the constants appearing in estimates depend
only on the compact K x K’, but not on the point (zq, wo) nor the integer n.

Let fj(z):= f(z) + ”Tzwanrj, where w2 ; = g”2+j (wo). Let z; := fjo fj—10---0 f1(20). Let
Fm,p:= fmo---o fpr1,and lete; := VW25,

The strategy of the proof of Theorem 5.33 is as follows: we will use approximate Fatou coordinates ¢ﬁ/ °
and prove that on some appropriate domains d)ﬁ,/ ¢ converges locally uniformly to ¢>}/ ¢ (with a known error
term of order 1/n). Moreover, we will compute ¢;,(z9) and ¢9(z2,+1), again at a precision of order 1/n.
This will allow us to compare accurately 22,41 and L¢(z9) = (¢>}‘Z)_1 o d)} (zo). This approach differs
from [Astorg et al. 2016] in that approximate Fatou coordinates in that work were only used at small
scale near 0, while here they are defined on a whole petal: this simplifies the comparison with the actual
Fatou coordinates d)} °. The approach used here is strongly inspired by [Bedford et al. 2017].

Definition 5.11. Let

. 1 §’+(€~) .
Zilo = ytlozy = —1 I 4,
A R )
Observe that by definition of A(e, z),
Al 2) = Zjp = Zj =€ (14)

Proposition 5.12. We have
t/o _ S 1
w0 =-L 1 o(5).

Proof. This follows from computations similar to those appearing in the proof of Proposition 5.5 (recall
as well that €; = O(1/n)). O

We now introduce approximate incoming Fatou coordinates:

Definition 5.13. Let

Let D, be the disk of radius %|§+(e) — ¢~ (¢)| centered at %(§+(€) 4+ ¢~ (€)). Let S(e, r) be the union
of the two disks of radius r that both contain the points ¢+ (€), ™ (¢) on their boundary. Here r will be
a sufficiently small number, to be fixed in the paragraph before Lemma 5.14. The definition of S(e, r) of
course only makes sense when the distance between ¢ (€) and £~ (¢) is less than 2r, which once r is fixed
will be satisfied for € sufficiently small. We note that the choice of r will depend on the map f, but not on €.
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¢ <z log(w)
G ~1 Wt ~ 1
— —

Figure 1. The sets D C S(e,r) and their images under .

D

The line L. through {*(€) and {™(€) cuts the complex plane into the left half-plane H! and the
right half-plane H?. We define SYo(e, r) :=S(e, r) N Hé/o. The map v/ maps the disk D¢ to the strip
[%, %] x iR. The image of S(e, r) is bounded by two vertical lines, intersecting the real line in a point of
the form 0 + O(¢) and in the point 1; see Figure 1. In particular we can find 0 < o < 8 such that

[Be, 1] x iR C yYi(S'(e, r)) Clae, 1] xiR

for all €. We define S4(0, r) := D(—r, r).

Recall that A(e, -) is analytic on a small disk D(0, R) centered at the origin. Moreover there exists
R > 0 such that |A(e, z)| < %|e| for all z € D(0, R) and € in the petal Pg defined in Section 4. By taking
smaller R if necessary we my assume that f is 1-Lipschitz on D(—R, R).

Now let us assume that r < R is sufficiently small so that S(e, ) C D(0, R) for all € > 0, and note
that for every compact set K C By there exist n’, ¢’ > 0 so that f"(K) C S'(e,r) ND(—R, R) for all
n >n’ and all € > €. We now fix this r.

Lemma 5.14. Let K x K' C By x By be a compact set. There exist ng,mqo > 0 such that for all
(zo,wo) € K x K" and all n > ng we have

(1) zj € S'(ej, 1)U D, forallmo < j <n—1,

(2) zj €D, forall3n < j <n—1,

(3) If z € S(eg, 1) forallmg <k < j, then |Im(1ﬁé}_Jrl (zj+1))] <1,
where €j == JW,2; =1/n+ o(j/n).

Proof. There exists mg > 0 so that f™°(K) C S'(0,r). Let ng be sufficiently large so that for all
(zo,wop) € K x K’ we have:

(1) Blemol < Re(lﬂémo (zmg)) < é
(i) Iy, (Zmo))l < 3-
(iii) |ej| <2Re(ej) < Rfor0<j <2n+1.

Indeed, (i) and (ii) follow from the equality ¥‘(z) = —€/z + O(€>) and (iii) follows from the fact that
€ =1/n+0(j/ n3). Note that the constants in O depend only on the compact K x K’ and not on 7 or j.
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Recall that by our assumption S'(¢j,r) C D(0, R) for all j and that |A(ej, z)| < %|ej| for all
z € D(0, R). By (i) we have z,,, € S'(€m,.r) and observe that for z; € S'(¢;, r) we have

5 7

¢ Re(e)) <Re(V,  (zj4+1) =V, (2))) < ¢ Re(€)).
It follows that

5 & 17—
Blemo| + = kZ Re(ex) <Re(Yr; () < o+ ¢ kZ Re(er), (15)
=myg =mo

and since Re(ex) = 1/n + O(k/n?) we have

Blemal <Re(wt, (z)) <3

forall mg < j <n—1 as long as n is sufficiently large. This proves (1).
For (2) observe that

1 5
—5 < -1+ EI;JRe(ek)

for all %n < j <n—1 as long as n is sufficiently large.
Finally for (3) observe that (15) implies that zx € S(eg,r) for all 0 < k < j can only hold for some
Jj < 3n. By (ii) and (iii) we have

Im(e;) — £ Re(e)) < Im(¥, ., (zj+1) = ¥, (7)) <Im(ej) + £ Re(e))
for z; € S'(¢;,r); hence
j—1 j—1
_% + Y Im(e) - é Re(ex) < Im(Yr, (7)) < % + 3 Im(e) + éRe(ek).
k=mg k=mg
Since Im(ex) = O(k/n3) we can conclude that (3) holds as long as 7 is sufficiently large. O

Lemma 5.15. For 0 < j <n—1 we have
. J — J
zj—f'(z0) =0 2

Proof. Let mg be as in Lemma 5.14. Since mg is independent from r it is easy to see that for all

- 72 i 1 j

k=0

Let Ve :={z € S'(e,r) : [Im(¥{(2))| < 1} and observe that Ve\ D C D(—R, R) for all sufficiently
small €. Since by our assumption f is 1-Lipschitz on D(—R, R), it follows by (1) in Lemma 5.14 that

0 < j <mg we have
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forallmo < j < %n we have

2

- - T
|zj = £/ o)l < |zj—1 = f7 7 (z0)| + —62_1
2 J— 2 j—1 .
2 T 1 1 . j
<lemo = 1" G0 + > ek—TZ(n—ﬁO(ﬁ))‘O(n—z)'
k=mo k=0

Finally for %n <j <n—1,byitem (2) of Lemma 5.14, we have z; € D, and in particular z; = O(1/n).

It follows that L1 .
—f(z0)=0 ( )—0(%)
n’'j n

where the last equality follows from the fact that %n <j<n-1. O

Lemma 5.16. We have

% e~ A°(f’(z°))—(b—1>22 -1 or+ o 5).

j=0
Proof. Recall that f(z) =z 4+ z2 + 23+ bz* + 0(25) and Ag(z) =—1/f(z) + 1/z — 1. An elementary
computation gives Ag(0) = A;(0) =0 and Ag(0) =2(b—1).
To simplify the notation, let y; := f 7(zg). We have
Ao(z)) = Ao(y)j) = Ao (zj — ¥j) + 340z = )% + Oz — y))?)
= (v Ag(0) + Oz — yj) + 3 (Ag(0) + O(y))(zj — y))* + O((zj — ¥))*).

By Lemma 5.15 we have z; —y; = O(j/n?); hence
% % LjJ
Ao(zj) — Ao(yj) = yj Ap(0)(z; — YJ)"‘ 5A40(0)(z; — )’j) +0(J_ pre _6)
L JjJ
=(b-DQyj(zj—yj)+(z; — y/)2)+0(Jn2 4,,16)

LR
_ 2 2
—(b-1)(2—y2)+ o(—jnz,n—4,—).

n6
It follows that

ZAO(ZJ) Ao(y])—(b—l)zz _y]+0(logn) -

Jj=0 Jj=0

Lemma 5.17. For0<j <n—1, let

vj —J+ZAo(fk(zO» and  x; —Zek+A<ek,Zk>. (16)
k=0

. .2 . 1
sz)/_]+0 I =L+0 -]
n n3 n n

Then
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In particular, there exists k € N independent from n such that forallk < j <n—k
™
aj :=cot| —x;
J 2 J

Proof. According to Lemma 5.15, for 0 < j <n — 1 we have that z; — £/ (z9) = O(j/n?). In particular,
zj = O(1). By Proposition 5.8, we have for every 0 <k <n—1

is well-defined and strictly positive.

1
Aleg, zg) = e Ao(zx) + O(€}, zxe}) = ex Ao(zx) + O(n—3) (17)

(indeed, by Lemma 5.15, z; = fk(zo) + O(k/n?), so in particular zz = O(1)). By Lemma 5.2,
€x = 1/n+ O(k/n3); hence

i1 S k
Xj = Z ex + Aleg, zr) = Z . + ;AO(Zk) + 0(,?)
k=0 k=0
_i+l§Ak ol X 4 sk sk
=+ 0o(/"(20) + O 5. Ao (/" (20)) (2 — /" (20))
k=0
KN_v oL
‘n_z)‘ 2 +0(n3).

ﬁ=i+00)
n n n

Finally, the last assertion follows from the preceding equality and the fact that, for x € (0, %) cot(x)>0. O

x| =

—i+1§A(fk<z))+0(5
_I’l nk=0 0 0 nzv

Since y; = j + O(1), we also have

Lemma 5.18. Let

2 b4 x2 —u(x)? 2n
u(x) = ;tan(ax), d(x) = T(x)z and Bj = n_aj'

We have

2B 1 1
£ J=ﬁ¢@»+0( ).

viB? jn?
Proof. We have
2B w2 (v2/n?) —u(x))?

vIB?  n* u(x)2(r7/n?)

Now recall that by Lemma 5.17, y; /n = x; + O(j2/n?), so that )/jz/n2 = xJZ +0(j3/n*). So

B2 n? u(x)(Z +0(3 /%) nPu(x)(x? + 0(j3/n))

VP -B 12— 0N 1 3 -u(y)? ( j3 )

2
xju(xj)zn6
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1 1 4
mo()-o(%)
xju(xj) x5 J

b1 o) vo( L)
262 n2u(xd) 2+ 033 /%) \J

and note that

Therefore

1 X2 —u(x))? of !
— n2u(xD)a2(1+ 0(j3/(n*x2))) (jnZ)

o) ol

n

_ P(x)) 1
=5 vo(5)

Note that in the last line, we used the fact that ® has only removable singularities at x = 0 and x = 1, so
that ®(x;) = O(1). O

Proposition 5.19. There exists a universal constant C1 € R such that

n—1
> Ao(zj) — Ao(f7 (2) = CI(I;— 1) +0(logn)_

: n?
Jj=0

More precisely, C1 1= fol d(x)dx = %(4— 2).

Proof. We have, for0 < j <n—1,
_ b4 /4 1
Zj = wejl(Zj‘-) = _Z COt(EZj[-) + 0(’1—2)
j—1

ZJL- =Zy+ Z € + Aleg, zx).
k=0

and

Recalling the notation x; := Z,’c;}) €r + A(eg. zx) and o := cot((7/2)x;) from Lemma 5.17, and using
the trigonometric formula
cotacoth —1
cot(a+b) = ———,
cota +cotb

we therefore obtain

B _lCOt((T[/z)Z(L))Olj -1 N 0( 1 )

= 2n a; +cot((w/2)Zy) n2 (18)

n2

Let k be as in Lemma 5.17, so that ; > 0 for k < j <n —k. We have

b4 2n 1
t| =Z5 ) =—— ol -,
co (2 0) - Zo + (n)
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so that

. m cot((w/2)Zy)a; 1y Zoo; i
A o) +cot((w/2)Z) + O( ) o —zo(2n/m) + O(nz)' (19

Finally, with B; :=2n/(ma;), we get

1 1
5= imyrg o) o

On the other hand, from the definition of A it follows that Zé;}) Ao(f*(zo)) =1/z0—1/f 7 (z0)— J,
which we may rewrite as

: 1
f7(z0) = ity 1)
Therefore
; Bi—vi 1
Y _ _
I = i bz T O(nZ)' -

Now note that j = O(f;); indeed,

b oS OU) o2) o)

1 1
(=1/z0 +y))(=1/z0+B;) ~ (vj + O()(B; + O(1))

Therefore

1 1 1
_ _ o (_)
viBi +0@B;)  viB; viB;
Thus, setting y; := f7(z0),

22 —yi =z =y +¥)

_(Bi—vi (ﬁJ ))(_ﬂjﬂ/j (ﬂj +VJ))
(:BJ'VJ' - ,3/ ﬁj)’j * ,3/
_v=F O(ﬂ?—w)

g7 O\

1 1
== d(xj)+ 0(—2) by Lemma 5.18.
n jn

Therefore by Lemma 5.16,

Z AO(Z]) AO(J’]) = (

b

<I>(x)dx+0( ”)

0
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In the last equality, we recognize a Riemann sum with subdivision (x;)o<;<n—1. Finally, we have

1CID()c)dx—z %cotzt—Ldt— n[(eott—l)—i—t]ﬂ—l—n—z O
0 2 Jo 272 4

5B1. Incoming part. The following error estimate is one of the two crucial estimates that we will obtain
in this section: it measures accurately how close ¢, is to the incoming Fatou coordinate ¢}. This estimate
differs from those obtained in [Astorg et al. 2016] in that we compare ¢;, with qb]‘, on a definite region
of By (independent from n), instead of comparing the two at small scale near the origin, compare with
[Astorg et al. 2016, Property 1, p. 10]. Moreover, the point of Proposition 5.20 is to push the precision of
the estimate further and obtain the first error term E*(z¢)/n, which cannot be easily obtained from the
computations in [Astorg et al. 2016].

Proposition 5.20. We have

9z0) = b (z0) + 20 O(IOg”),
n

n2
where E*(z) := Co + (C1 — 1)(b — 1) + 2¢*(z0).
Proof. Recall that by definition,

5 (2) = —n= lim —— + Z Ao(f7 (2)).

Similarly, we have

n—1
ZA(EJ,Z])—Z 1 j 6j=Z,‘l—Z(‘)—Zej,
=0

and thus
$n(20) = ———ZGJ ——I— ZA(E],ZJ)
Therefore
$n(20) — ¢y (20) = E1 + E2 + E3, (23)
where
zZy o1
Eyi=—+—,
€n Z()
Eyi=— Z Alej.zj) - Z Ao(f7 (20)),
Jj=0
- Z Ao(f7 (20)).
j=n

We will now estimate each of the error terms E; separately. For j € N, we set y; := f I (zo).

Lemma 5.21. We have { 1
Ei=-— ol —=].
! 2nzg + (nz)
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Proof of lemma. We have

4 1 3
== —Veo(20) = — €0 + 0 (6—0) (by Proposition 5.12)
€n n €nZo €n
1 2 o 1
_ nAnt+ O (1
Zo n2+0(1) 2

Lemma 5.22. We have

Ey = 1(; + ¢f(Zo)+C0+C1(b_1))_i_O(logn).

Proof of lemma. Recall that we have

A(e, z) = €Ao(2) + Coe® + O(z€>, %),

so that
1 n—1 n—1
= — Y A,z =) Ao(y))
en . .
j=0 Jj=0
1 n—1
=—Z€JA0(ZJ)+C0€ +0( )_enAO(yj)-
j =0
Therefore
n—1€_ n—1 E‘?’ -
E, = <L Ao(zj) — ; L =L
) (Zen o(z) Ao(y/))-i'(zcoen-i-O(nz))
j=0 j=0
and
noloe g C logn
Yoo +0(3)=co X o) = 2+ o ()
Jj=0 =
On the other hand, we have
n—1€_ n—1 € n—1
> 6—]Ao(Zj) —Ao(y)) = Z(e_] - 1)A0(Zj) + ) Ao(z) — Ao(y)). 24)
j=0"" j=0" j=0

Now note that

n—1 ) n—1 ] n—1 )
Z(E—J— I)Ao(zj) - Z(j—’ - 1)A0(yj) T Z(:—f— 1)(Ao(z,-)—Ao(yj)),

j=0 j=0

and that
n—1 ¢ € n—1 1
Z(f )(Ao(zj) Aoy )| = max 1——’-Z|Ao<2j)—Ao(yj)|=0(—2),
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by Lemma 5.2 and Proposition 5.19. Another consequence of Lemma 5.2 is that

& _ =i(1—i+0(1)). (25)
€n 2n n n

Therefore, by (24), (25) and Proposition 5.19,

e Ci(b logn

ZG—AO(Z,-)—A()(yj):T —ZAO(J’/)-FO
j=0""
Ci(b—1 1/Zo+¢ (zo) 1
_ Gl )+( 4 )+O(Og2”).
n 2n n
Therefore, as announced, we have
1 1 0
E, =— ( + ¢f(zo)+C0+C1(b—l))+0( gn)' O

220 n?2

Lemma 5.23. We have

1-b 1
n n

Proof. By explicit computations, Ag(z) = (b —1)z2 + O(z3), so that Ag(y;) = (b—1)j 2+ O0(j ~3).
Therefore

Ez=(1-b)) j2+0(7)
j=n

and o
*©d 1
x=o([ )=o)
= n X n
Similarly,
> Y ®dx 1
2T~
j=n
so that E3 = (1 —b)/n 4+ O(1/n?). O

Finally, putting together the three preceding lemmas, the proof of Proposition 5.20 is finished. O

5B2. Outgoing part. We will now work to obtain estimates for the outgoing part of the orbit, that is, for
n < j <2n+ 1. The method is largely similar to the incoming case. Recall that the estimates we obtain
only depend on the chosen compact set K C By.

We will first need a rough preliminary estimate on the boundedness of z5,41. Of course, by [Astorg
et al. 2016], we know that z,, 41 converges to £(zg), and we could deduce this preliminary estimate
from there. However, we prefer to present here a direct argument, so that the proof of Theorem 5.33
remains self-contained.

Proposition 5.24. There exists k € N (independent from n) such that z, 1 belongs to a repelling
petal D(r,r) for f. In particular, z2,+1 = O(1).
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Proof. Recall that by Proposition 5.20, we have that

L n—1
¢, (2) = G—" - ei Z €j =¢'(z0) +o(1) = 0(1).

n—1 1
= (Zej) + 0(ey) =1+ 0(—)
j=0 "
and therefore Z? = —1+ O(1/n).

Let R, denote the rectangle defined by the conditions —1—C /n <Re(Z) <—-3/nand —1 <Im(Z) <1,
where C > 0 is a constant chosen large enough that Z9 € R,,. Let

In particular,

Jni=max{k <2n+1:Z}] € Ry}. (26)
Recall that for j < 2n, we have ZJ? = Z;’ + A(ej, zj), and that by Proposition 5.8, we have
Aler, zi) = e Ao(zx) + O(€} €izk) = O(exz). (27)
Moreover, for n < j < j,, we have

T 1
Zf:—%cot(z J)+O( )

and therefore there exists a constant C > 0 such that, for all n < j < j,,

c’ n 2 c
|A(ej,zj)| < —= cot(zZ]) =< W, (28)
and thus
Zy=23-) —32 P 29
k=n k=n

From (29), we can prove inductively on j that, forn < j < j,,

j—1

Z0-Z5- ) e|=

k=n

and hence j, =2n + O(1).
Let r > 0 be small enough such that D(r, r) is a repelling petal for f. By the argument above and the
definition of R,, we have that Z]?n = 0(1/n), so that

T T, 1 1
Zant1-k = =5 O 32—k | T O\ 05 ) = o)

Therefore, we can find some k£ bounded independently from 7 such that z,,, 1 € D(r, r). O

We now introduce approximate outgoing Fatou coordinates:
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Definition 5.25. Forn <m <2n +1, let

70 1 m—1
. n
¢S(Zm) = g + ;JE_ €.

Lemma 5.26. We have

¢n (Zm) -

2 Zj)-

Proof. We have

m—1
ZA(@’Z/)—Z 1+1 j €j=ngz—Zg—Z€j
j=n

so that

o

—+—Ze, ¢n(zm)————ZA(eJ,ZJ) O

Proposition 5.27. Let k € N be the integer from Proposition 5.24. Let Yo, 4+1—k ‘= Zop+1—k and
Vant1 = [*(yant1-k). Forn < j <2n we define

yji= fTEIED (3, 40),

where Vs the local inverse of f fixing 0: f~1(z) =z —z% +z3—bz* + O(z°). We have

2n
S Ao(zy) — Aoy = LD O(IOg”).

, n n2
j=n

Proof. The proof mirrors the incoming case, so we will only sketch it and leave the details to the reader.
Recall that y5,41 = O(1) by Proposition 5.24 and that z,,_ belongs to a repelling petal for f for
some k € N independent from 7, so that the (y;)n<j<2n+1 are well-defined.

By a straightforward adaptation of Lemma 5.15,

41—
ymo(2H)

forn < j <2n+1. More precisely, this applies for n < j <2n+ 1 —k; but it is clear from the definition of
the y; thatfor2n +1—-k <j <2n+1wehavez; —y; = O(1/n?). Therefore the proof of Lemma 5.16
can be repeated to yield that

ZA()(Z]) Ao(y])—(b—l)Zz —y; +0(10gn) (30)

Jj=n j=n
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Next, we have, forn < j < 2n,

2n
zj=@W2) N Z) =)™ (an+1 —Y e+ A(ek,Zk))

k=j
2n J

b4 b4 /4 1
=j

Through computations similar to those appearing in the proof of Proposition 5.19, we deduce that

1 1
z'=——+0(—), (31)
! —1/z2n41—PB; n?
with
2n T 2n
Bj = ;tan(axj) = Ftan( Z € + A(eg, Zk))
On the other hand,

L T

Yj Yan+1

from which it follows that
1

yj=————,
/ —1/yons1—Yyj

with y; 1= Zi": j Ao(y;). Then, again, similar computations show that

1 1
2 _y2=—o(x)+0l —-——).
TN T () + n22n+1-j)
and x; = (2n—j + O(1))/n for n < j < 2n. Therefore, we finally obtain
logn Ci(b—1 logn
5 oo - ao =" [Towarso(5) = =D o(g1) g

n n2

] =n

In what follows, a slight technical complication comes from the fact that the expected endpoint of
the orbit, z3, 41, needs not lie in a small enough repelling petal in which (]5; is well-defined. In order to
overcome this issue, we stop a few iterations short and work instead with z5, 1.

We now come to the main proposition of this subsection:

Proposition 5.28. We have

E°(z —k) logn
On(Zant1-k) = Bf (Zon1-4) + ZZ-H +0 :

n2

where E°(z) = —%q); (2)—Co—(C1—1)(b—1).
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Proof. We proceed similarly to the proof of Proposition 5.20. We have, for z in a small enough repelling
petal,

P2 ==Y Ao/ (), (32)

Jj=1
where 1 is the inverse branch of f fixing 0. With the same notation as in Proposition 5.27, we set

yj = fj_(2n+1_k)(22n+1—k)-

We have
Zg ek 1 2n—k 1 n—1
O (Zant1-k)—F (Zon+1-k) = — + + Y ——Alej.z)+ Ao+ Y Ao(y))
€n 2n4+1-k i €n .
J=n J=—00
= E1+Ex+E3, (33)
where
VA 1
El — 2n+1—k + ’
€n Z2n+1-k
2n—k 1
E; = Z —aA(fj,Zj)"i‘Ao(yj), (34)
j=n

n—1
Ez= Y Ao(y)).

j=—00

Lemma 5.29. We have

1 1 1
Er=-——+0()
n2Zpt1-k n

Proof of the lemma. By Proposition 5.12, we have

€2n+1—k 1

o —

2n+1-k — + 0(_
Z2n+1-k

E = I eppik 1 n O(L)
Z2n+1-k €n Z22n+1-k

1 2 1 1
_ (l_\/n2+n+0())+0( 2)
Zont1-k n2+2n+ 0(1) n

1 1 1
S of2) .
n2amir—k | \n

so that

Lemma 5.30. We have

1 1 1 logn
Ep= (- 40 ) —Co—Cilb-1)) +0 .
2 ( T 597 (@2n+1-k) — Co— Cu( ))+ ( 02 )
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Proof of the lemma. We have

2n—k 1
E; = Z Ao(yj)—e—A(Ej,Zj)
j=n "
2n—k 2n—k
— ( Z AO(y_])__AO(ZJ)) ( Z Cgej3 + O(Zje;’)).
j=n j=n
As before, we have
1 2n—k 1
_ Z C()€ + O(ZJ ]3) = O(n—z)
j n
On the other hand, we have
2n—k 2n—k 2n—k
> Ao - Lotz = 3 ( ——)AO(ZJ)+ S Ao() — Ao()).
Jj=n j=n j=n
Now note that
2n—k : 2n—k € 2n—k :
)3 (1 ——J)Ao(zj) -y (1 ——’)Ao<y,->+ ) (1 ——])(AO(ZJ)—AO(J’J')),
X €n : €n ‘ €n
j=n j=n j=n
and that
2n—k i : 2n—k 1
1— L )(Ao(zj) — Ao(y; - L. Ao(zj))—Ao(yj)| =0 —
E( %) tote) — Aoty < s 1 3 o= ()

by Proposition 5.27. Therefore, as in the proof of Proposition 5.20,

2n—k

2n—k
> Aotr)— Loz --afD, 1 Z Ao(y,>+0(1°g”)

j=n
1
+ ¢f(22n+1 k))+0( c;gn)

from which the lemma follows. O

b—1 1
n n

Proof of the lemma. The proof is the same as in the incoming case: it follows from the fact that
Ao(») = (b—1)y*+ O0(y*) and

1 1
=——(C1(b—1)+—
n 2Zon+1-k

Lemma 5.31. We have

1 1
= o ——— ). O
=55+ (@)
This completes the proof of Proposition 5.28. O
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SB3. Conclusion.
Proposition 5.32. We have

() Hos)of)

ze, 5 1

=S —o V% + j + ¢L (wo) +o(1)
. ] ¢g(w0) 1
—j;;(l‘m‘ TE (—))
] ¢, 1
- +;_ (nz)
B l_ o s _L 2n+1)
_2+n (2) 2n3

¢L(wo) 1 1
)

Proof. We have

On the other hand
> 1 1 1 1

—=vn"+n+0)=n(l+—+0|=|)|=n+-+0|—-|.

€n 2n n2 2 n
and therefore 5

1 (& Pg(wo) 1 1 1 1

— =21 =|- - — -+ 0| -

()2 = (- g +o()) (2 +0(5)

1/1 1
- —;(5 +¢;<wo)) + O(n_z)' 0

We are now finally ready to prove the following theorem:

Theorem 5.33 (Lavaurs’ theorem with an error estimate). Let K C By X Bg be a compact set. For all
(zo, wo) € K and all sufficiently large n we have

h(zg, w logn
Zzn+1=ﬁf(20)+¥+0( ng2 )

where

_ 50
A6

is holomorphic on By x Bg and the constant in O((logn)/ n?) is independent of the point (z¢, wo) and

h(z, w) 2Co +2(C1 = 1)(b—1) = 5 + ¢7(2) — pg (w))

the integer n.

Proof. We have, by definition
2n—k 2n—k 2n—k

b (Zonti1-k) = —Zo-l-— Z €j _e___ — Z € _¢n(zo)——+_ Z 37
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and therefore

E°(zont1-k) EL(ZO) ¢§(w0) +% j— logn
B Con 1)+ 2R () L X avo(RF)
j=2n—

by Propositions 5.20, 5.28 and 5.32.
On the other hand, we have

1 1 k 2n 1
o Z € = [n—1/@n) 1 0/ (;—kﬁ—i- O(n_3)) (by Lemma 5.2)

j=2n—k
1 1 k 1
=|(1+—+0(|— ——+ 0| =
(o) +o(7))
k 1
=k——+4+0
2n + (n )
Therefore
E°(z k) — 3k E'(z ¢ (wo) + + logn
03 a1 k4 TR g o) ZC0BEERTR (LR,
n n n

Recall that the outgoing Fatou coordinate ¢j‘i has a well-defined inverse ¥y : C — C satisfying the
functional equation V¢ (Z + 1) = f o yr(Z). Observe that since k = O(1), we have

1 1
Y @2 Cant1k) + ) = [ Ganr1op) + o(n—z) - O(n—z)

Therefore, composing on both sides by ¥ and setting E°(z24+1) := E°(Zapy1-k) — %k, we get

E'(z0) — E°(z2n+1) — __¢g(w0) 0(logn))

n n2

Zont1 = (99)7! (¢}(20) +

n n2

’ E! — E%(z5, _ 1
= ﬁf(ZO) + ((¢;)—1) (¢}(ZO))( (z0) (z2n+1) 2 d)g(wO)) " 0(logn)

L (20) (E‘(Zo) E°(zan+1) — ¢g(w0)) O(logn)
(¢4)'(z0) '

In particular, we have proved that z3,41 = Lf(29) + O(1/n). From there, we deduce that

=Ef(20)+ " 2

1
07 Zan 1) +k = $2(z0) + 0(;).
Plugging this into the expression for £°(z2,+1), we finally obtain

£} (z0)
Zan+1 =Ly (20) + 1(¢t)i S@C0+2AC1 =D == 3+ ) (z0) - ¢g(w0))+o(log”), 0
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5C. Choice of index. Assume that zg is a Siegel fixed point for the Lavaurs map Ly, and let A be its
multiplier. Denote by «;, the index from Theorem 2.2: it is given by the formula

_ 2b2€0 C1
T a-n A
with 20, = ﬁ},(ZO)’ co = h(zo), c1 = h'(z0), and
5}(2) ) L [
G 20O DO D=5+ 95() =y (o)) 35)

The function £ is the error term computed in the previous section.

h(z):=

A straightforward computation gives us that

o —14 C + ¢ (20) — ¢ (wo) (5}(20)@})/(20) @b )) 36)
© () o) Mi-n
for some universal constant C € R.
Observe that Re(k,) is independent from wy if and only if
Ly (zo)@p) (z0) 0 .
oy @ e =0 G7)

If condition (37) is satisfied, then «,, = 1, and accordingly, Theorem 2.2 implies that there are no
wandering domains for P converging to the bi-infinite orbit of (zg, 0), since we are then in the expulsion
scenario of the trichotomy.

On the other hand, if the equality (37) is not satisfied, then wq > k,(wo) is a nonconstant holomorphic
function (defined on the parabolic basin By ) of the form wo > a¢, (wo) + b, with a, b € C (independent
from wo) and a # 0. Therefore, the condition for Re(kz,(wo)) to be negative is equivalent to ¢, (wo)
belonging to some half-plane, but ¢, (B¢) contains a domain of the form

U:={WeC:Re(W)>R—k|Im(W)|}

for some R > 0 and k € (0, 1); see, e.g., [Shishikura 2000, Proposition 2.2.1, p. 330]. Since U intersects
any open half-plane, if condition (37) is not satisfied, then there exists some open subset Uy C U for
which Re(kz,(wo)) < 0, and so by Theorem 2.2 there is a wandering domain accumulating on (zo, 0).

6. A Lavaurs map with a Siegel disk

The goal of this section is to construct a polynomial f of the form f(z) = z 4+ z% + z3 + O(z*), whose
Lavaurs map has a Siegel fixed point with Diophantine multiplier A, which does not satisfy equality (37).
The outline of the argument is as follows:

e We start by finding a degree-7 real polynomial whose Lavaurs map has a superattracting fixed point,
and for which a suitable reformulation of (37) does not hold.
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e We perturb that polynomial to get an attracting but not superattracting fixed point, in a way that
equality (37) still does not hold.

¢ We apply quasiconformal surgery to get a multiplier arbitrarily close to 1.

e We show that in the limit, we get a polynomial whose Lavaurs map has a parabolic fixed point that
does not exit the parabolic basin.

e We perturb that last polynomial to get a Siegel fixed point, leaving the family of real polynomials;
we prove that condition (37) does not hold for that last polynomial.

Recall that in [Astorg et al. 2016], there are two constructions of a Lavaurs map with an attracting
fixed point. One is based on a residue computation near infinity in the Ecalle cylinder and makes use of
the fact that in the family f;(z) := z 4+ z% + az3, the multiplier of the horn map e, of f, at the ends of
the Ecalle cylinder is a nonconstant holomorphic function of a. This method cannot be used in a family
of polynomials of the form f(z) = z + z2 4 z3 + O(z*), where those fixed points for the horn map are
persistently parabolic. This is why we adapt the second strategy for the first two steps described above.

Remark. From now on we will be using slightly different notation than in previous sections. Namely
we will drop the subscript f from the Fatou coordinates and the Lavaurs map in order to have space for
other indexes in the subscript. It will be clear from the context to which function the Fatou coordinates or
Lavaurs maps correspond.

Let ¢* be the incoming Fatou coordinate, and ¥ the outgoing Fatou parametrization. Recall that
the Lavaurs map is given by £ = ¢° o ¢' : By — C, the lifted horn map is £ = ¢* o y? : V — C, with
V' C C containing {Z : [Im(Z)| > R} for R large enough. We have Eo¢' =¢'o L, and E(Z + 1) =
E(Z) + 1, s0 & descends to a self-map of C/Z. Conjugating by the isomorphism Z > ¢2/7Z, we obtain
amap e : U —{0,00} — C*, where U is an open set containing 0 and co. The map extends to U, and
fixes 0 and co. Since we consider polynomials with f(z) = z + z2 + z3 4+ O(z*), both of those fixed

points have multiplier 1.

6A. Construction a polynomial. Let f(z) =z +z% 4 O(z3) be a polynomial and ¢ = £() a fixed point
of its Lavaurs map, with multiplier A.

Definition 6.1. If A ¢ {0, 1} we say that the pair ( f, {) is degenerate if and only if

L'O@WY Q)
W—@) () =0. (38)
Lemma 6.2. We have
LG ey A [(w")”(cb‘(z))(w(o ] "
a—n PTOTIS Teeer T9O) @)

Proof. Since £ = {° o ¢* we obtain

L'(z) =¥ (9"(2)¢' (),
L£"(z) = )" (2)¢'(2)* + ¥) (¢'(2))(¢")" 2).
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Recalling that £'(¢) = A it follows that
9'(6) _ 1

A WY@

L"©)' ) _ W)@ (06" (©)?
A (¥°) (¢(2))

and so

@Y.
It follows that
OGO g [(W)"(qs‘(z))(qsl)'(;f
a-n O35 woyeo)
WY EGY O o A
= T A-nhwyeo) 19O
_ 2 [(w“)”(¢‘(§))(¢‘)’(§)
il @02

+ (¢‘)”(§)] — Y@

+ (¢‘)"(§)}. O
For the rest of the paper we shall set

W) (@ (D)) (9" () L
F s = ’ 40
()= o H@© (40)
where ¥ and ¢* are the Fatou parametrization and coordinates associated to f. Note that for A ¢ {0, 1}
the pair (f, ¢) is degenerate if and only if F(f, ) = 0.

We record here for later use the following lemma:

Lemma 6.3. Let f(z) =z + 22 +az3 4+ O(z*) and let ¢* denote its incoming Fatou coordinate. Let ¢ be
a critical point in the parabolic basin of f. Then we have (¢')” (c¢) = 0 if and only if either ¢ is multiple
critical point of f, or if the orbit of ¢ meets another critical point of f.

Proof. The sequence of functions

$n(z) = — —n—(1—a)logn

1
1)
converges locally uniformly on the parabolic basin to

¢'(2) := lim_¢u(2).

Therefore (¢')”(c) equals limy—0 @2/ (c). Moreover, ¢/, (z) = (f")'(z)/[f"(z)]? and
nes_ d (f"'(2)

W= e 0P

_ UM @L P = 2[(f™) (P f" (c)
[f™(0)]*
[Te=i /' (f5 @)
[frP

UMY,
= rop =9
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For the third and fourth equalities we used the fact that f’(c) = 0. Since c is in the parabolic basin
of f, we have [f"(c)]*> ~ 1/n2. Moreover, for k > ko with k¢ large enough, f'(f¥(c)) # 0 and

risten=1- 2+ 0555 ) =ew(— + o(5Y)).

k k2 k k2
Therefore
n nl log k exp(0(1))
1_[ fl(fk(z)) = l_[ exp(—z —+ O( k2 )) = n—z
k=ko k=ko
In particular,

ik, £/ (f5(c))

li 0,
S T
50 (¢4)(c) = 0 if and only if f”(c) =0 or (f¥)(c) = 0, which concludes the proof. O

For t € R, a real polynomial P(z) =z +z2 +z3 4+ O(z*) and n > deg P odd, let

P'(1)
[l’l 1

fi(z) = P(z) -

Note that f;/(¢) = 0; the choice of this family ensures that we have a marked critical point in R. By £;
we denote the Lavaurs map of phase 0 for the polynomial f;.

Proposition 6.4. Assume that there exists P,n and tso < 0 as above such that:

(1) fr(too) =0.
(2) (d/dt)|i=to, [ (1) <O.
(3) fto has negative leading coefficient.

(4) There exists x > 0 in the repelling petal of f;., that escapes to infinity.
Then there is a sequence t, — too such that Ly, (tn) = t,.
Proof. We will rely on the following two claims:
Claim 1. Fort € (txo, too + €) with € > 0 small enough, the critical point t is in the parabolic basin of f;.

Proof of the claim. It is enough to show that there is 7 > 0 such that (—r, 0) is in the parabolic basin of f;
for all 7 close enough to 7~. Indeed, by (1) and (2), we have that for all r > O there exists € > 0 such that
ft(t) € (—=r,0) for all ¢ € (too,too + €). Let

ry:=sup{r >0:forall y € (—r,0), 0 < f;(y)/y < 1}.

For all y € (—r¢,0), we have t < f;(y) < 0; hence y is in the parabolic basin of f;. Finally, t > r; is
continuous and ;. > 0. O

Claim 2. There exists a sequence by, — too (With Ty, > too) such that L; (tn) = ftJ’ (x).
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Proof of the claim. We adapt here the argument from [Astorg et al. 2016]. The desired equality £; (fn) =
f;" (x) is equivalent to
Y2 0 gL (i) = Vg (2 (x) +n).
In particular, it is enough to find 7,, such that ¢; (tn) = 7 (x) + n. We look for f under the form
In =t a ith !
n = loo — , withe = ————.
n+u Elemy S
By the preceding claim, it is in the parabolic basin for n large enough.
We have qﬁtf’ (x) +n=n+¢7_(x)+o(1) since the map ¢ — ¢7 is continuous. Additionally,

OL (i) = L (fr, (i) — 1

1
= f A —1+4o0(1) (according to the asymptotic expansion of ¢")
7, Un
=n+u—1+o0().

Therefore, we have reduced the problem to solving the equation u — 1 + o(1) = ¢7 _(x) for u € R,
where the o(1) term is a continuous function of u. By the intermediate value theorem there is a solution
u=up € (g7 _(x),p7_(x)+2). We can take In =too—0/(n +uy), and since (4 )nen is bounded from
below, the sequence (#,) is well-defined for n large enough and converges to fc. O

We now come back to the proof of Proposition 6.4. For n large enough, G; (x) > 0 (by continuity
of the Green’s function G). Therefore £; (tn) = f " (x) tends to oo, and more premsely, ~+00 or —oo
depending on the parity of n, thanks to COIldlthIl (3). Therefore the continuous function F @):=Ls(1)—t
alternates sign between two consecutive 7, so by the intermediate value theorem must have a zero f,
between them. 0
Proposition 6.5. Let P(z):=z+z>+z3+% 23 441 17 23, lettoo :=—1 and letn :=7. Then P, n and tso
satisfy conditions (1)—(4) in Proposition 6.4.

Proof. Observe that f;__(tso) = 0 and P’(fo) = 1. That second property implies that f;__ has negative
leading coefficient. Therefore, conditions (1) and (3) are satisfied.

Let us check that condition (2) is also satisfied. We have

d d t n—1 t

Finally, condition (4) is satisfied for x := 1. Indeed, recall here that if f(z) =) r_, ayzF is a complex

polynomial and
1+ ao| + -+ |an—1]

an|

then for all |z| > R we have | f(z)| > |z|*/R; hence if an orbit at any point leaves the disk of radius R,

R = max!1,

then it must converge to infinity. Observe that for our polynomial f;  we have R = 68 and that a
straightforward computation yields f;._ (1) = and | fz ()| > 68.
This proves rigorously that x := 1 has unbounded orbit under f;__. O
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Lemma 6.6. For €y > 0 small enough, there exists t > —1 such that the following properties hold for fy:
(1) L¢ has a fixed point x¢ with multiplier €g # O.
(2) F(ft.xe) #0.

(3) ft has four real critical points, ordered from left to right, c1, c2, ¢3, C4, with t = ¢, and two nonreal
complex conjugate critical points ¢’ and C'.

(4) The critical points c1 and cq4 lie in the basin of infinity; the critical points c; and c3 are in the
parabolic basin.

(5) There is a unique repelling fixed point £ € (c1, ¢2), and the intersection of R and the immediate basin
of attraction of 0 is (£, 0).

(6) There is a unique y € (€, c2) such that f;(y) = c».

Proof. We will find ¢ by taking a perturbation of one of the 7, constructed above, with n¢ large enough.
First, note that properties (3)—(6) hold for

.
f::f,oo:Z|—>z+22+z3+2—7324+1—7725—z7;

we leave the details to the reader; see Figure 2. Therefore, for ng large enough, properties (3)—(6) still
hold for fy, ., as these properties are clearly open (in R) near 7 = foo. To lighten the notation, we let
J = S, and ¢z 1= 1.

We now claim that F is well-defined at ( £, c2), and that F( £, c2) # 0. According to Lemma 6.3, since
f satisfies conditions (3)—(6), we have (¢')”(c) # 0. Indeed, c; is a simple critical point of f, and we
claim that the forward orbit of ¢, does not meet any other critical point of f. To see this, note that the
critical point ¢; is simple for f, and real. Since ¢’ and ¢’ are not real, the orbit of ¢, cannot land on
either of them. Since the critical points ¢; and ¢4 do not belong to the parabolic basin, the orbit of c;
cannot land on them either. Finally, since f(c2) > c¢3, and since f(c2) belongs to a small attracting petal
in which the sequence of iterates ( /" (c2))nen is increasing, the orbit of ¢, cannot land on cj either.

Now that we have proved that (¢*)”(c2) # 0, it is sufficient to prove that

W) (@ (2D (@) (c2) _
(¥°) (¢(c2))?
In fact, since (¢')'(c2) = 0, it is suffices to prove that (¥°)'(¢'(c2)) # 0. Recall that for any Z € C,
(¥°2)(Z) = 0 if and only if there exists n > 1 such that (°)’(Z — n) is a critical point for f; here,
Z = ¢'(cz) and ¥° o ¢p'(c2) = c2, so we must prove that for all n > 1 and any critical point ¢; of f,

f™(ci) # ca. Since ¢ and ¢4 escape, neither of their orbits can land on ¢5, and since ¢3 is not periodic
under f, its own orbit cannot land on itself either. Since c3 is in the immediate parabolic basin, the orbit
(f"™(c3))nen is increasing, and so does not contain ¢, since ¢3 > ¢3.

Finally, it remains to argue that the orbits of the two nonreal critical points ¢’ and ¢’ do not eventually
land on ¢;. To see that it cannot be the case, note that since the horn map e of f has two parabolic
fixed points at 0 and oo corresponding to the ends of the Ecalle cylinder, each of those fixed points must
attract singular values of e distinct from themselves; see [Astorg et al. 2016]. The singular values of e are
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Figure 2. The graph of f := f;_ (blue), with the line y = x in red. We have c; ~ —2.8,
¢y =—1,c3 2~ —0.4, and c4 & 4. The critical values f(c1) and f(c4) are out of the picture.

the fixed points at 0 and oo, as well as the 7 (c;), where ¢; are the critical points of f in the parabolic
basin and 77(z) = 27 (@) If f"(¢’) = ¢, for some n > 1, then by real symmetry we would also have
f"(¢") = ¢z, and so (c’) = w(¢") = 7 (cz); but then 7 (c3) would be the only nonfixed singular value
of e, which is impossible.

Therefore f has no critical relation, and so (¥?)’(¢*(c2)) # 0, and F( f, ¢2) # 0 as announced.

To summarize, we have proved that for n¢ large enough, the polynomial f,no satisfies properties (2)—(6).
Since 1y, is a superattracting fixed point of Ly, = but persistently fixed, for €9 > 0 small enough, there exists ¢
close to t,, such that f; satisfies (1), and by openness, if €q is small enough, f; still satisfies (2)—(6). O

The next step is to use quasiconformal deformations to construct an immersed disk D in parameter
space passing through f;, made of polynomials p,,, whose Lavaurs map has an attracting fixed point of
multiplier 2/ ™%

for f, the polynomials p, do not a priori belong to the family ( f;)ser*.

, u € H. We purposely use the notation p,, instead of f; to emphasize the fact that except

Proposition 6.7. Let p := f; and €9 > 0 be as in Lemma 6.6. There exists a holomorphic map ® : H— P5
such that:

(1) ®(ug) = p for some ug € H with €240 = ¢,

(2) For all u € H, the Lavaurs map of ®(u) =: py, has a fixed point z,, of multiplier e*'™* € D*, and
U > zy is holomorphic.

(3) All the maps py are quasiconformally conjugated to p, the conjugacy being holomorphic outside of
the grand orbit under p of the attracting basin of zy, := X;.

(4) If e%'™¥ € (0, 1), then the conjugacy preserves the real line.
(5) The set ®(H) is relatively compact in P7.

Proof. Let e : U — P! be the horn map of g; since £ has an attracting fixed point z,, := x;, so does e
(since they are semiconjugated). Denote this attracting fixed point by x.
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Let u € H and u be a Beltrami form invariant by e (i.e., e*u = ) such that the corresponding
quasiconformal homeomorphism /,, conjugates e to some holomorphic map e,, with an attracting fixed
point of multiplier e*™*: h;, oe = e, o hy and e, (hy(x)) = e* ™. We recall here briefly how to
construct such a Beltrami form, and refer the reader to [Branner and Fagella 2014] for more details. If ¢
is a linearizing coordinate for the horn map e near x, i.e., a holomorphic map defined near p satisfying
the functional equation 7 oe = €p7, we set

U—ugzdz
=u(u):=1* ——, 41
p=p(u) (u+u02dz) (41)
where 1o € H is any point such that e2/7#0 = ¢,. Notice that u > (1) is holomorphic. In the rest of
the proof, we fix u € H and just use the notation p instead of p(u).
We choose the normalization of %, so that it fixes 0, 1 and co. Let E(z) := e?™Z and Ty (z) ==z + 1.

We define
(1) vi=E*usothatv =Tv,and v = £*v,
(2) o :=¢*vsothato = g*o and 0 = L*0,
(3) the quasiconformal homeomorphisms 4, and &, associated to v, o respectively.

Since v = T*v, the map hy, o Ty o h;l : C — C is holomorphic; since it is conjugated to 77, it is also a
translation (distinct from the identity), and we choose the normalization of /,, so that 4,07} oh;1 =T; and
hy(0) = 0. Similarly, since 0 = g*o, the map py, := hy o pohy! is holomorphic, and hence a polynomial
(since it has the same topological degree as f'); it also has a parabolic fixed point with one attracting
petal at the origin. We choose the unique normalization of &, such that py,(z) = z 4+ z% + O(z3). We
set ®(u) := py; the holomorphic dependence u +—> (1) and the parametric version of the Ahlfors—Bers
theorem imply that ® is holomorphic on H.
We now define

(1) ¢ :=hyopohyl:hs(B)— C, where B is the parabolic basin of f,
() Yy:=hgoyoh,!:C—C.

Lemma 6.8. The map ¢ is an incoming Fatou coordinate for py, and the map V, is an outgoing Fatou
parametrization for py.

Proof of the lemma. We start with ¢, . First, note that since 0 = ¢*v, the map ¢, is holomorphic on
By := hg(B), which is exactly the parabolic basin of p,,. Then, note that

$o 0 pu=hyodohg'opy=hyopogohy!
=h,oT) O¢Oh;1 =Ti10h,y od)oh;l =Ti0¢s.
So ¢s conjugates p,, on the whole parabolic basin to a translation, which means it is a Fatou coordinate.

The proof is completely analogous for y,: first, to prove that v, is holomorphic, note that v = ¥ *o.
Indeed, v = E*v = Yy *¢p*v = Y *o. To conclude, one can check directly that ¥, o Ty = pyoy,. O
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As a consequence of the lemma, &, :=h,0€ 0 h;l is a lifted horn map of py, and Ly :=hgs0Lo h;l
is a Lavaurs map of p,, and they have the same phase. The phase could a priori be a nonzero, but we
will prove that it is not the case. In order to do that, first we will prove that Eo &, = ¢, 0 E, i.e., that e,
is a horn map that lifts to &,,.

Since v = E*p, the map E,, :=hy 0 E oh;/! : C — C* is holomorphic. Moreover, since E : C — C*
is a universal cover, so is E,. So E,, is of the form E, (z) = Ae®Z, and with our choices of normalizations
we find E,(z) = 2" = E(z). So Eoh, = hyoE.

From this, we deduce

E°5v=E0hu050h;1 =hMoEoé‘oh;1
ZhMOé’OEOh;l:hMonhﬁloE:euoE,

Finally, it remains to observe that since ¢, is topologically conjugated to e, it also has two parabolic fixed
points at 0 and oo respectively, each of multiplier 1. Recall that the horn map of phase 0 of a parabolic
polynomial f(z) =z + z? 4+ az> 4+ O(z*) has multipliers at 0 and oo both equal to 7 2(1-) and that
the horn map of phase ¢ € C/Z is obtained from the horn map e of phase 0 by multiplication by ¢2"%. In
particular, its multipliers at 0 and oo are respectively ¢27 (1= +2im¢ ang (272 (1-0)=2i7¢ Ty this case,
since both multipliers are equal to 1, we must have a = 1 and ¢ = 0. Therefore, L is the Lavaurs map
of phase 0 of py, and p,(z) =z 4+ z% + 23 + 0(z%).

Finally, if 75 (2) 1= ¢2i795(2) then g 0Ly = ey 0Ty, and 1y is locally invertible near zy, := hy(2y,),
and 75 (2y,) = hy,(x). Therefore, z, as a fixed point of £, has the same multiplier e2/™* as h,,(x). This
proves claims (1)—(3) of the proposition.

To prove claim (4), note that if e2™* e (0, 1) then the Beltrami form

U—Uy z dz

u+ug E %
has real symmetry (since then (u — ug)/(u + ug) € R). We claim that this implies that o has real
symmetry. Indeed, since g(R) = R, its Lavaurs map £ maps a small interval / C R centered at x; into
itself. Moreover, the map 7 o & semiconjugates £ to the multiplication by €9 > 0; so 7 o maps [ into R,
which means that the holomorphic map t o is real: T o7w(Z) = 7 o w(z) for all z in the parabolic basin
of g. Therefore

o=(ron)*(u_u0 z df)

uU—+uo E %
has real symmetry; hence h, restricts to a real homeomorphism.

Finally, ® : H — P is bounded in the space of polynomials of degree 7. Indeed, by [Bassanelli and
Berteloot 2011, Proposition 4.4] the set of polynomials of given degree with given values of the Green’s
function at the critical points is bounded, and since the conjugacy between the p, and p is analytic
outside of the parabolic basin, their Green’s functions have the same values at critical points. O

Proposition 6.9. With the same notation as before, there exists pq in the closure of ®(H) such that the
Lavaurs map of po has a parabolic fixed point of multiplier 1.
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Proof. Applying Proposition 6.7 with u,, = i/n, we get a sequence of polynomials p,, such that
Pu, (2) =z 4224234 O(z*), and the Lavaurs map £, of p,,, has a fixed point x,, of multiplier e ~27/",
Each of the p,, are quasiconformally conjugate to the real polynomial f; from Lemma 6.6 by a
homeomorphism whose restriction to the real line is real and increasing, so the p,, still satisfy the
properties (3)—(6) from Lemma 6.6.
By item (5) in Proposition 6.7, the sequence (py,, )nen is bounded in the space of degree-7 polynomials.

So up to extracting, we may assume that:

(1) pu, converges to a degree 7 polynomial pg.

(2) The critical points c; , of p,, converge to critical points ¢; of pog.

(3) The repelling fixed point &, converges to a nonattracting fixed point £ of po.

(4) x, converges to x € R and y, to y € R.

We denote by £ the Lavaurs map of pg. If we can prove that x lies in the parabolic basin of pg, then we
will get that £(x) = x and £'(x) = 1. To do that, it is enough to prove that x € (&, 0). But for all n, we have
En <¥n <Xp <c2n <0;

hence £ < y < x < ¢ <0. The inequality £ < y is strict because as a limit of repelling fixed points, we
have | f/(£)| > 1, so we cannot have y = £, for otherwise we would have £ = f(§) = f(y) = ¢2 and so
f'(§) =0, a contradiction. Similarly, we cannot have c2 = 0 since p;(0) =17#0. So x € (£,0) and &
is in the parabolic basin of f, and so £'(x) = 1 and £(x) = x. Therefore pg has the desired property. [J

Proposition 6.10. There exists a polynomial g(z) = z 4+ z% + z3 + O(z*) of degree 7 such that

(1) L has a Siegel fixed point ¢ with Diophantine multiplier, and

(2) the pair (g, {) is nondegenerate.
Proof. Recall that 7 denotes the space of degree-7 polynomials of the form f(z) =z + 2% 423+ 0(z%),
and let V = {(f.{) € P xC:{ € Br}. V may be identified with an open set in C°. Finally, we consider

F:={(f.¢) € V:L() = ¢}, which is an analytic hypersurface of V.
We consider the functions A : F — C and F : F — C defined as A(f,¢) = £/(¢) and

)" (@ () (9" ()
(¥°) (¢(5))?
where ¢' and /¢ are the Fatou coordinate and parametrization of f. The function A is analytic on F, and

F is meromorphic on F and analytic on A~1(C*), since (°)'(¢'(z)) = 0 implies that £'(z) = 0.
Let ® : H — P57 be the map defined in Proposition 6.7, and let & :H — F be the map given by

F(LO= + (@) (%),

®(u) = (pu.zu), where z,, is the fixed point of the Lavaurs map of p, with multiplier e>/*¥. Then
D= 5(|]-|]) is contained in one irreducible component Fy of F.

Let pg be the polynomial given by Proposition 6.9 such that its Lavaurs map has a parabolic fixed
point zg. By Proposition 6.9, (po, zo) is in the closure of D in V; therefore (po, zo) € Fo.

Assume for a contradiction that all pairs ( f,¢) € Fy for which £/(¢) has modulus 1 and Diophantine
argument are degenerate. Then by the density of Diophantine numbers on the real line, we must have
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F(f.0) =0o0n A71(S1) N Fy. Since for all u € H, we have A o 5(u) = ¢217¥ the analytic map A is
nonconstant on Fy. In particular, A1 (S1) is a real-analytic subset of Fy of real codimension 1, nonempty
since A(po,zo) = 1. By Proposition 6.7, D contains ( f¢, x¢), where fy is the polynomial given by
Lemma 6.6, and such that F( f,z¢) # 0. So the analytic map F is not identically zero on Fyp, and
therefore it cannot vanish identically on A~1(S1) N Fy, a contradiction. U
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