“ o AW Ul

Ll f
) - ] A .
ARG

L ]

msp



Analysis & PDE
msp.org/apde

EDITOR-IN-CHIEF

Clément Mouhot ~Cambridge University, UK

c.mouhot@dpmms.cam.ac.uk

BOARD OF EDITORS

Massimiliano Berti

Zbigniew Btocki

Charles Fefferman

David Gérard-Varet

Colin Guillarmou

Ursula Hamenstaedt

Peter Hintz

Vadim Kaloshin

Izabella Laba

Anna L. Mazzucato

Richard B. Melrose

Frank Merle

Scuola Intern. Sup. di Studi Avanzati, Italy
berti @sissa.it

Uniwersytet Jagielloniski, Poland
zbigniew.blocki@uj.edu.pl

Princeton University, USA
cf@math.princeton.edu

Université de Paris, France
david.gerard-varet@imj-prg.fr

Université Paris-Saclay, France
colin.guillarmou @universite-paris-saclay.fr
Universitit Bonn, Germany
ursula@math.uni-bonn.de

ETH Zurich, Switzerland
peter.hintz@math.ethz.ch

Institute of Science and Technology, Austria
vadim.kaloshin@gmail.com

University of British Columbia, Canada
ilaba@math.ubc.ca

Penn State University, USA

alm24 @psu.edu

Massachussets Inst. of Tech., USA

rbm @math.mit.edu

Université de Cergy-Pontoise, France
merle @ihes.fr

William Minicozzi IT

Werner Miiller

Igor Rodnianski

Yum-Tong Siu

Terence Tao

Michael E. Taylor

Gunther Uhlmann

Andrds Vasy

Dan Virgil Voiculescu

Jim Wright

Maciej Zworski

PRODUCTION
production@msp.org

Silvio Levy, Scientific Editor

Johns Hopkins University, USA
minicozz@math.jhu.edu

Universitit Bonn, Germany
mueller@math.uni-bonn.de

Princeton University, USA

irod @math.princeton.edu

Harvard University, USA
siu@math.harvard.edu

University of California, Los Angeles, USA
tao@math.ucla.edu

Univ. of North Carolina, Chapel Hill, USA
met@math.unc.edu

University of Washington, USA
gunther @math.washington.edu
Stanford University, USA

andras @math.stanford.edu

University of California, Berkeley, USA
dvv@math.berkeley.edu

University of Edinburgh, UK
j-r.wright@ed.ac.uk

University of California, Berkeley, USA
zworski @math.berkeley.edu

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2023 is US $405/year for the electronic version, and $630/year (+$65, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscriber address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Univer-
sity of California, Berkeley, CA 94720-3840, is published continuously online.

APDE peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY

:- mathematical sciences publishers

nonprofit scientific publishing

http://msp.org/
© 2023 Mathematical Sciences Publishers


http://msp.org/apde
mailto:c.mouhot@dpmms.cam.ac.uk
mailto:berti@sissa.it
mailto:zbigniew.blocki@uj.edu.pl
mailto:cf@math.princeton.edu
mailto:david.gerard-varet@imj-prg.fr
mailto:colin.guillarmou@universite-paris-saclay.fr
mailto:ursula@math.uni-bonn.de
mailto:peter.hintz@math.ethz.ch
mailto:vadim.kaloshin@gmail.com
mailto:ilaba@math.ubc.ca
mailto:alm24@psu.edu
mailto:rbm@math.mit.edu
mailto:merle@ihes.fr
mailto:minicozz@math.jhu.edu
mailto:mueller@math.uni-bonn.de
mailto:irod@math.princeton.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:j.r.wright@ed.ac.uk
mailto:zworski@math.berkeley.edu
mailto:production@msp.org
http://msp.org/apde
http://msp.org/
http://msp.org/

ANALYSIS AND PDE
Vol. 16 (2023), No. 10, pp. 2241-2265

DOI: 10.2140/apde.2023.16.2241

HIGHER RANK QUANTUM-CLASSICAL CORRESPONDENCE

JOACHIM HILGERT, TOBIAS WEICH AND LASSE L. WOLF

For a compact Riemannian locally symmetric space I'\G/K of arbitrary rank we determine the location
of certain Ruelle-Taylor resonances for the Weyl chamber action. We provide a Weyl-lower bound on
an appropriate counting function for the Ruelle-Taylor resonances and establish a spectral gap which
is uniform in I if G/K is irreducible of higher rank. This is achieved by proving a quantum-classical
correspondence, i.e., a one-to-one correspondence between horocyclically invariant Ruelle—Taylor
resonant states and joint eigenfunctions of the algebra of invariant differential operators on G/K.

1. Introduction

Ruelle resonances for an Anosov flow provide a fundamental spectral invariant that reflects not only
many important dynamical properties of the flow but also geometric and topological properties of the
underlying manifold. Very recently the concept of resonances was extended to higher rank R"-Anosov
actions and led to the notion of Ruelle—Taylor resonances' which were shown to be a discrete subset
orr C C" [Bonthonneau et al. 2020]. It was furthermore shown in that same paper that the leading
resonances (i.e., those with vanishing real part) are related to mixing properties of the considered Anosov
action. In particular, it was shown that if the action is weakly mixing in an arbitrary direction of the
abelian group R", then O € C" is the only leading resonance. Furthermore, the resonant states at zero give
rise to equilibrium measures that share properties of Sinai—Ruelle-Bowen (SRB) measures of Anosov
flows.

Apart from the leading resonances the spectrum of Ruelle-Taylor resonances has so far not been
studied if n > 2. In particular, when n > 2, it was not known whether there are other resonances than the
resonance at zero. Neither was it known whether there is a spectral gap, i.e., whether the real parts of
the resonances are bounded away from zero. In this article we shed some light on these questions by
examining the Ruelle-Taylor resonances for the class of Weyl chamber flows via harmonic analysis.

Let us briefly introduce the setting: Let G be a real connected noncompact semisimple Lie group with
finite center and Iwasawa decomposition G = KAN. Let a be the Lie algebra of A and M the centralizer
of Ain K. Then A is isomorphic to R", where 7 is the real rank of G, and acts on G/M from the right.
Hence A also acts on the compact manifold M :=I'\G/M, where I' < G is a cocompact torsion-free lattice.
It can be easily seen that this action is an Anosov action with hyperbolic splitting TM = Eqy @ E; ® E,
which can be described explicitly in terms of associated vector bundles (see Section 2A for a general

MSC2020: primary 22E46, 37C85, 37D20, 43A90, 58J50; secondary 58J40.
Keywords: compact locally symmetric space, Poisson transform, spectral correspondence, Weyl chamber flow.

1They were named Ruelle-Taylor resonances because the notion of the Taylor spectrum for commuting operators is a crucial
ingredient of their definition.
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definition of Anosov actions and Proposition 3.1 for the description of the hyperbolic splitting for Weyl
chamber flows). Furthermore, if ¥ C a* is the set of restricted roots with simple system IT and positive
system X7 then the positive Weyl chamber is given by ay = {H € a | «(H) > 0 Va € IT}.

The Ruelle—Taylor resonances of this Anosov action are defined as follows: For H € a let Xy be the
vector field on M defined by the right A-action. Then

orr:={A €ag | Ju eD';(/\/l)\{O} st. Xg+A(H)u=0VH € a},

where Dy, (M) is the set of distributions with wavefront set contained in the annihilator E;f € T*M of
Ey®E,. lifhe distributions u € D’..(M) satisfying (X + A(H))u = 0 for all H € a are called resonant
states of A and the dimension of the space of all such distributions is called the multiplicity m(A) of
the resonance A. It has been shown in [Bonthonneau et al. 2020] that og C a(’f‘: is discrete and that all
resonances have finite multiplicity. It also follows from that work that the real part of the resonances are
located in a certain cone _a* C a* which is the negative dual cone of the positive Weyl chamber a, (see
Section 2B for a precise definition).

In this article we will prove that there is a bijection between a certain subset of the Ruelle-Taylor
resonant states and certain joint eigenfunctions of the invariant differential operators on the locally
symmetric space I'\G/K . Before explaining this correspondence in more detail we state two results on
the spectrum of Ruelle-Taylor resonances that we can conclude from the correspondence.

The first result says that, for any Weyl chamber flow, there exist infinitely many Ruelle-Taylor
resonances by providing a Weyl-lower bound on an appropriate counting function.

Theorem 1.1. Let p be the half-sum of the positive restricted roots, let W be the Weyl group (see Section 2B
for a precise definition) and, fort > 0, let

N(t) = > m(2).
Ae€ogr, Re(M)=—p, [Im()| <t
Then, ford :=dim(G/K),

—d 1 d d—1
N(1) > |W|Vol(T'\G/K)(2/7) TaasD +0@d .

More generally, let Q C a* be open and bounded such that 02 has finite (n—1)-dimensional Hausdorff
measure. Then

Z m(\) > |W| Vol(T'\G/K)(27) "¢ Vol(Ad(K))t¢ + Ot?~ ).
A€orT, Re(A)=—p, Im(1)erQ

The second result guarantees a uniform spectral gap.

Theorem 1.2. Let G be a real semisimple Lie group with finite center. Then, for any cocompact torsion-
free discrete subgroup T' C G, there is a neighborhood G C a* of 0 such that

orr N (G x ia*) = {0}.

If G furthermore has Kazhdan’s property (T) (e.g., if G is simple of higher rank), then the spectral gap G
can be taken uniformly in T' and only depends on the group G.
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Let us now explain in some detail the spectral correspondence that is the key to the above results.
We define the space of first band resonant states as those resonant states that are in addition horocycli-
cally invariant:

Resg)((k) ={ueD), ;(/\/l) | (Xg+A2(H)u=0and Xu =0VH caand X € C*°WM, E,)},

and we call a Ruelle-Taylor resonance a first band resonance if and only if Resg)( () # 0. By working
with horocycle operators and vector-valued Ruelle-Taylor resonances we will be able to show that all
resonances with real part in a certain neighborhood of zero in a* are always first band resonances (see
Proposition 3.7). As the Weyl chamber flow is generated by mutually commuting Hamilton flows, we
consider the set of Ruelle—Taylor resonances as a classical spectrum.

Let us briefly describe the quantum side: In the rank 1 case the quantization of the geodesic flow is
given by the Laplacian on G/K. In the higher rank case we have to consider the algebra of G-invariant
differential operators on G/K which we denote by D(G/K). As an abstract algebra this is a polynomial
algebra with n algebraically independent operators, among them the Laplace operator. These operators
descend to '\G/K and we can define the joint eigenspace

"E; ={f € C¥(T'\G/K) | Df = x»(D)f VD € D(G/K)},

where x;, is a character of D(G/K) parametrized by A € ag/W with the Weyl group W. Here x, is the
trivial character (see Section 2D). Let o denote the corresponding quantum spectrum {) € ag. | TE;, #{0}}).

We have the following correspondence between the classical first band resonant states and the joint
quantum eigenspace:

Theorem 1.3. Let A € ag. be outside the exceptional set

2(h+p, a)
(o, @)

Then there is a bijection between the finite-dimensional vector spaces

A= {Aeai"; E—N>of0rsomeoz62+}.

Ty Resg)((k) — FE,,\,,,,
where 1, is the push-forward of distributions along the canonical projection & : '\G/M — I'\G/K.

Using this one-to-one correspondence we can then use results about the quantum spectrum to obtain
obstructions and existence results on the Ruelle-Taylor resonances. Notably we use results of Duistermaat,
Kolk and Varadarajan [Duistermaat et al. 1979] on the spectrum o, but we also deduce refined information
on the quantum spectrum. Here we use L”-bounds for spherical functions obtained from asymptotic
expansions [van den Ban and Schlichtkrull 1987] and L”-bounds for matrix coefficients based on work
by Cowling [1979] and Oh [2002]. Theorems 1.1 and 1.2 as stated above give only a rough version of the
information on the Ruelle-Taylor resonances that we can actually obtain. As the full results require some
further notation we refrain from stating them in the introduction and refer to Theorem 5.1. We also refer
to Figure 6 for a visualization of the structure of first band resonances for the case G = SL(3, R).
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Methods and related results. The key ingredient to the quantum-classical correspondence is that we can
in a first step relate the horocyclically invariant first band resonant states with distributional vectors in some
principal series representations. Then we can apply the Poisson transform of [Kashiwara et al. 1978]
to get a bijection onto the quantum eigenspace "E_;_ p- The prototype of such a quantum-classical
correspondence was first established by Dyatlov, Faure and Guillarmou [Dyatlov et al. 2015] in the
case of manifolds of constant curvature or in other words for the rank 1 group G = SO(n, 1). Certain
central ideas have, however, already been present for G = SO(2, 1) in the work of Cosentino [2005]
and Flaminio and Forni [2003]. In the rank 1 setting there exist several generalizations of the quantum
classical correspondence of [Dyatlov et al. 2015], for example, to convex cocompact manifolds of constant
curvature [Guillarmou et al. 2018; Hadfield 2020], general compact locally symmetric spaces of rank 1
[Guillarmou et al. 2021] and vector bundles [Kiister and Weich 2020; 2021].

Besides the correspondence between the classical Ruelle resonant states and the quantum Laplace
eigenvalues there are several other approaches in the literature establishing exact relations between the
Laplace spectrum and the geodesic flow. One approach is to relate the Laplace spectrum to divisors of
zeta functions. Such relations have been obtained for rank 1 locally symmetric spaces on various levels of
generality by Bunke, Olbrich, Patterson and Perry: G = SO(n, 1) and I" convex cocompact [Bunke and
Olbrich 1997; 1999; Patterson and Perry 2001]; G real rank 1 and I cocompact [Bunke and Olbrich 1995].

A third approach to an exact quantum-classical correspondence is to relate the Laplace spectrum to
a transfer operator which represents a time discretized dynamics of the geodesic flow. This type of
correspondence was notably studied for hyperbolic surfaces with cusps; see [Bruggeman and Pohl 2023;
Bruggeman et al. 2015; Lewis and Zagier 2001] for results for G = SL(2, R) and I" discrete subgroups
of increasing generality. We refer in particular to the expository article [Pohl and Zagier 2020] and the
introduction of [Bruggeman and Pohl 2023] for a current state of the art of these techniques. A very first
step towards generalizations of this approach to higher rank has been recently achieved in [Pohl 2020] for
the Weyl chamber flow on products of Schottky surfaces by the construction of symbolic dynamics and
transfer operators.

Note that in [Dyatlov et al. 2015] not only was the first band of Ruelle resonances related to the Laplace
spectrum, but a complete band structure has been established and the higher bands can be related to
the Laplace spectrum on divergence-free symmetric tensors. In the present article we do not study the
higher bands. This will presumably be a very hard question for general semisimple groups G (note that in
[Dyatlov et al. 2015] it was crucial at several points that N = R"~! is abelian for G = SO(n, 1)). However,
it might be tractable for some concrete groups with simple enough root spaces such as G = SL(3, R).
For geodesic flows the phenomenon of such a band structure is quite universal and known in the case of
compact locally symmetric spaces of rank 1 [Kiister and Weich 2021] and also for geodesic flows on
manifolds of pinched negative curvature [Ceki¢ and Guillarmou 2021; Faure and Tsujii 2013; 2021].

As mentioned above an important application of Ruelle resonances for Anosov flows are mixing results.
More precisely, the existence of a spectral gap in addition with resolvent estimates imply mixing of the
flow. For Weyl chamber flows this relation of gaps and mixing rates is not yet established but conjectured
to be true. From this perspective, Theorem 1.2 is related to the work of Katok and Spatzier [1994] who
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showed exponential mixing for the Weyl chamber action in every direction of the closure of the positive
Weyl chamber if G has property (T). However it is not known whether their result remains true if the
property (T) assumption is dropped. Our result above (Theorem 1.2) ensures a I'-dependent gap in any
case but as mentioned above the precise relation to mixing rates is not yet established.

Finally, Weyl laws for Ruelle resonances of geodesic flows can also be established in variable curvature
(or more generally contact Anosov flows) in various settings [Datchev et al. 2014; Faure and Sjostrand
2011; Faure and Tsujii 2023]. In particular, in the very recent article by Faure and Tsujii [2021] the Weyl
law also follows because a “first band” of resonances can be related to a quantum operator. The methods
in their work are, however, completely different and are based on microlocal analysis rather then global
harmonic analysis.

2. Preliminaries

2A. Ruelle-Taylor resonances for higher rank Anosov actions. In this section we recall the main
properties of Ruelle—Taylor resonances for higher rank Anosov actions from [Bonthonneau et al. 2020].
Let M be a compact Riemannian manifold, let A >~ R" be an abelian group and let 7 : A — Diffeo(M)
be a smooth locally free group action. If a := Lie(A) we define the generating map

X:a—> C®°WM, TM), Hr Xpy:= % I_Or(exp(tH)).

Note that [Xg,, Xg,] =0 for H; € a. For H € a we denote by (p,XH the flow of the vector field X . The
action is called Anosov if there exists H € a and a continuous <p,X #-invariant splitting
T M =EO®EM®ES’
where Eg :=span{Xpy : H € a} is of dimension n because the action is locally free and there exist C > 0
and v > 0 such that, for each x € M,
forall w € E;(x), 1>0, [dg}" (x)wll < Ce " [wll,
forall w € E,(x), t <0, |dg" @)w| < Ce " w,

where the norm on 7M is given by the Riemannian metric on M. Such an H € a is called transversally
hyperbolic. We call the set

W :={H' € a| H'is transversally hyperbolic with the same splitting as H}

the positive Weyl chamber containing H.

Let E — M be the complexification of a Euclidean bundle over M, and denote by Diff! (M, E) the
set of first-order differential operators with smooth coefficients acting on sections of E. Then a linear
map X :a— Diff! (M, E) such that X g, Xy, = X g, X, for all H; € ais called an admissible lift of the
generic map X if

Xu(fs)=Xuf)s+ fXus (D

fors €e C*°(M, E), f € C*°(M) and H € a.
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For a fixed positive Weyl chamber W, the set of Ruelle—Taylor resonances can be defined as
orr(X) :={r €af |Ju e D, (M, E)\ {0} s.t. (Xg +A(H))u=0VH €al,

where D/..(M, E) is the set of distributional sections of the bundle E with wavefront set contained in E;,.
Here E} is defined as the annihilator of Eg @ E, in T*M. The vector space of Ruelle~Taylor resonant
states for a resonance A € or(X) is defined by

Resx (%) := {u € D, (M., E) | (X + A(H))u=0VH € a}.

Remark 2.1. The original definition of Ruelle-Taylor resonances and resonant states is stated via Koszul
complexes; see [Bonthonneau et al. 2020, Section 3]. More precisely, A is a resonance if and only if the
corresponding Koszul complex is not exact and the resonant states are the cohomologies of this complex.
The space of resonant states that we are considering is just the zeroth cohomology. However, it turns out
that the Koszul complex is not exact if and only if the zeroth cohomology is nonvanishing, i.e., the two
notions coincide; see [Bonthonneau et al. 2020, Theorem 4].

It is known that the resonances have the following properties.

Proposition 2.2 (see [Bonthonneau et al. 2020, Theorems 1 and 4]). The set orT(X) of Ruelle-Taylor
resonances is a discrete subset of af. contained in

{r € ai |Re(AM(H)) < C[2(H) YH e W}

with C;2(H) =inf{C > 0| |le™"X# || ;2_, ;2 < €' Vt > 0}, where e7'X# : L2 (M, E) — L*>(M, E) is the
semigroup with generator —X . Moreover, for each ) € orr(X), the space Resx (1) of resonant states is
finite-dimensional.

2B. Semisimple Lie groups. In this section we fix the notation for the present article. Let G be a real
semisimple connected noncompact Lie group with finite center and Iwasawa decomposition G = KAN.
Furthermore, let M := Zk (A) be the centralizer of A in K and G = KAN_ be the opposite Iwasawa
decomposition. We denote by g, a, n, n_, £ and m the corresponding Lie algebras. For g € G, let H(g)
be the logarithm of the A-component in the Iwasawa decomposition. We have a K -invariant inner product
on g that is induced by the Killing form and the Cartan involution. We have the orthogonal Bruhat
decomposition g = a @ m @ @, .5 g« into root spaces g, with respect to the a-action via the adjoint
action ad. Here ¥ C a* is the set of restricted roots. Denote by W the Weyl group of the root system
of restricted roots. Let n be the real rank of G and IT = {«y, ..., a,} (resp. 1) the simple (resp.
positive) system in X determined by the choice of the Iwasawa decomposition. Let m, := dimg g, and
0= %Eaeymaa. Denote by wy the longest Weyl group element, i.e., the unique element in W mapping
[Tto —TI1. Letay :={H € a|a(H) > 0 Va € IT} be the positive Weyl chamber and a* the corresponding
cone in a* via the identification a <> a* through the Killing form (-, - ) restricted to a. We denote by  a*
the dual cone {A € a* | A\(H) >0 VH €a; \{0}} and by ; a* its closure {A € a* | A\(H) >0VH €a,}=R>oIl.
Hence if w; is the dual basis of «; then Lo = {1 ea*| (A, wj) >0Vj=1,...,n}. Furthermore, we
write _a* := —,a*. If A+ :=exp(a3), then we have the Cartan decomposition G = K A*K.
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a
ol * aptoy=p

o

Figure 1. The root system for the special case G = SL3(R): There are three positive
roots 1 = {oy, ap, o) +as}. As all root spaces are one-dimensional the special element
p= %Eaewmaa equals o1 + .

Example 2.3. If G = SL,,(R), then we choose K = SO(n), A as the set of diagonal matrices of positive
entries with determinant 1, and N as the set of upper triangular matrices with 1’s on the diagonal. Then a
is the abelian Lie algebra of diagonal matrices and the set of restricted roots is ¥ = {g; —¢; | i # j}, where
€i(A) is the i-th diagonal entry of A. The positive system corresponding to the Iwasawa decomposition is
>t =g — gj | i < j} with simple system IT = {&; = &; — &;41}. The positive Weyl chamber is

ay = {diag(Ar, ..., Ap) [ A1 > - > Ay}
and the dual cone is
ya={diag(A1, ..., Ay) €al i +---+ A >0 Vk}.

See Figure 1 for a visualization in the special case G = SL3(R). The Weyl group is the symmetric
group S, acting by permutation of the diagonal entries.

2C. Principal series representations. The concept of a principal series representation is an important
tool in representation theory of semisimple Lie groups. It can be described using different pictures. We
start with the induced picture: Pick A € af. and (t, V;) an irreducible unitary representation of M. We
define

VP :={f:G — V; cont. | f(gman) = e *tPlar ()~ f(g), g€ G, me M, ac A, ne N}

endowed with the norm || f||?> = f x I1f (k) > dk where dk is the normalized Haar measure on K. Recall
that p is the half-sum of positive roots. The group G acts on V™* by the left regular representation.
The completion H®* of V** with respect to the norm is called the induced picture of the (nonunitary)
principal series representation with respect to (z, A). We also write 7, for this representation. If 7 is the
trivial representation then we write H* and 7, and call it the spherical principal series with respect to A.
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Note that for equivalent irreducible unitary representations t; and 7, of M the corresponding principal
series representations are equivalent as representations as well. In particular, the Weyl group W acts
on the unitary dual of M by wt(m) = t(w~'mw), where w € W is given by a representative in the
normalizer of A in K, and therefore H**7 is well defined up to equivalence.

A different way to view the principal series representation is the so-called compact picture. Although
we don’t need this description here, we want to introduce it in order to give a larger overview of these
representations. It is given by restricting the function f : G — V; to K, i.e., a dense subspace is given by

(f:K — V, cont. | f(km)=1t(m)"' f(k), ke K, m e M)
with the same norm as above. In this picture the G-action is given by
70 (@) f () = e CFPHETO v (g7 R), g€ Gl keK,

where kxan is the K-component in the Iwasawa decomposition G = KAN. Furthermore, recall from
Section 2B that H(g) € a was defined as the logarithm of the Iwasawa A component.

For the example G = PSL,(R), the compact picture allows us to describe this representation explicitly
without using the Iwasawa decomposition: since K =PSO(2) ~ S! C R?, the representation H** = H**
with A € C is given by L?(S') with the action 1, (g) f (@) = ||g || 7* " f (g7 w/llg " wl)).

2D. Invariant differential operators. Let D(G/K) be the algebra of G-invariant differential operators
on G/K,i.e., differential operators commuting with the left translation by elements g € G. Then we have an
algebra isomorphism HC : D(G/K) — Poly(a*)" from D(G/K) to the W-invariant complex polynomials
on a* which is called the Harish-Chandra homomorphism; see [Helgason 1984, Chapter II Theorem 5.18].
For A € af, let x, be the character of D(G/K) defined by x;(D) := HC(D)(%). Obviously, x; = xwx
for w € W. Furthermore, the x; exhaust all characters of D(G/K); see [Helgason 1984, Chapter III
Lemma 3.11]. We define the space of joint eigenfunctions

Ey:={fe€C™(G/K)|Df = xs(D)f VD e D(G/K)}.
We will only work with the subspace of functions of moderate growth
Ef:={fekE, |3ceR:|f(kaK)| < CeM¢dl vk e K, a € A).
Note that E; and E} are G-invariant.

2E. Poisson transform. The representation of G on E} can be described via the Poisson transform:
If (H®*)~ denotes the distributional vectors in the principal series, then the Poisson transform P;
maps (H ")~ into E} G-equivariantly. It is given by P, f (xK) = fK f(k)e_(x+p)H("71k) dkif fisa
sufficiently regular function in the compact picture of the principal series. If f is given in the induced
picture, then P, f(xK) is simply [ x J(xk)dk. Since K/M can be seen as the boundary of G/K at
infinity, the Poisson transform produces a joint eigenfunction for a given boundary value; see [van den
Ban and Schlichtkrull 1987] for more details.
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It is important to know for which values of A € ag the Poisson transform is a bijection. By [van den
Ban and Schlichtkrull 1987, Theorem 12.2] we have that P, : (H %)™ — E7 is a bijection if

2(\, a)

ZN.o forall e X™. (2)
(a, @)

In particular, P, is a bijection if Re A € ﬁ.

2F. L?-bounds for elementary spherical functions. One can show that in each joint eigenspace E, there
is a unique left K-invariant function which has the value 1 at the identity; see [Helgason 1984, Chapter IV
Corollary 2.3]. We denote the corresponding bi- K -invariant function on G by ¢; and call it the elementary
spherical function. Therefore, ¢, = ¢,, if and only if A = wu for some w € W. It is given by the Poisson
transform of the constant function with value 1 in the compact picture, i.e., ¢ (g) = f % e~ +PHETR g

The aim of this section is to establish the following proposition (see Figure 2 for a visualization) that
will be needed to obtain a spectral gap in Theorem 4.10.

Proposition 2.4. Let p € [2, oo[. Then the elementary spherical function ¢y is in LPT¢(G) (where the
LP-space is defined via a Haar measure on G) for every € > 0 if and only if Re > € (1—2p~1) conv(Wp),
where conv(Wp) is the convex hull of the finite set Wp.

Proof. First of all note that we only have to consider Re A € ﬁ since ¢, = ¢, if and only if A = wu for
some w € W. In this case Re A € (1 —2p~") conv(Wp) is equivalent to Re A € (1 — 2p Hp+ Za*; see
[Helgason 1984, Chapter IV Lemma 8.3].

With this remark, one implication of the proposition is a straightforward consequence of standard
estimates for elementary spherical functions: Suppose that Re A € a_i‘; and ReA € (1 —2p~1p + _a*.
Then we have the following bound on ¢, (see [Knapp 1986, Chapter VII Property 7.15]):

|p(a)] < Ce®ReP=PULD (1 4 p(loga))!, aeAT,

where C and d are constants > 0. By the integral formula for G = K A*K (see [Helgason 1984, Chapter I
Theorem 5.8]) and the bi-K -invariance of ¢,, we have

[ 1si7t g = [ ouexp e T sinbtac)™ dn
G &+ aext

E/ (Ce(Re)L_p)H(l+p(H))d)p+862p(H) dH
a4

for a suitable Lebesgue measure on a. Because Re A € (1 —2p~")p + _a*, we have

(p+e)Rer—p)(H) < —2+2ep~Hp(H).
Hence
f |6.(9)"7* dg < CP / (14 p(H)) o2 0t g,
G a4

and we see that the latter is indeed finite by coordinizing ay by x; <> «;(H) with x; > 0. Then dH is a
multiple of dx and p(H) = Y_ x;p; with p; > 0. Therefore, ¢, € LV (G).
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s
ay

o]

conv(W,r)

(2%

Zar+(1—=2pHp

Figure 2. Visualization of the regions appearing in Proposition 2.4 for the special case
G = SL3(R): The green dashed region is the boundary of (1 — 2p~Hconv(Wp). Its
intersection with the positive Weyl chamber ﬁ (blue cone) equals (1 —2 p Hp+ _a
intersected with a%.

The opposite implication will be proved by combining the proof of [Knapp 1986, Theorem 8.48] with
[van den Ban and Schlichtkrull 1987]: according to [van den Ban and Schlichtkrull 1987, Corollary 16.2],
the elementary spherical function ¢, has a converging expansion

$y(exp H) = Z pen, )t Heay, (3)
EEX()
where
X)) ={wri—p—pnlweW, ueNll}

and the pg (A, -) are polynomials of degree < |W/|. The series converges absolutely on a and uniformly
on each subchamber {H € a; | ;(H) > ¢; > 0}. The main ingredient of the proof of Proposition 2.4 is
the fact that (see [van den Ban and Schlichtkrull 1987, Theorem 10.1])

Pi—p(k, ) #0. 4)
Now, if ¢, € LPT¢(G), the proof of [Knapp 1986, Theorem 8.48] shows that
Re(A — (1 =2(p+€) Hp, »;) <0.

Hence ReA — (1 —2p~Hp e _a*. O
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2G. Positive definite functions and unitary representations. In this section we recall the correspondence
between positive semidefinite elementary spherical functions and irreducible unitary spherical represen-
tations. Recall first that a continuous function f : G — C is called positive semidefinite if the matrix
(f(x; Ty i))i,j forall xy, ..., xx € G is positive semidefinite. If f is positive semidefinite, then f is bounded
by f(1) and one has f(x~') = f(x). Moreover, we can define a unitary representation 7 7 associated to f
in the following way: if R denotes the right regular representation of G, then 7 is the completion of the
space spanned by R(x) f with respect to the inner product defined by (R(x) f, R(Y) f):=f (y_lx), which
is positive definite. G acts unitarily on this space by the right regular representation. If f(g) = (m(g)v, v)
is a matrix coefficient of a unitary representation 7, then f is positive semidefinite and 7 is contained
inm.

Secondly, recall that a unitary representation is called spherical if it contains a nonzero K -invariant
vector. Denote by Gsph the subset of the unitary dual consisting of spherical representations. We then
have a one-to-one correspondence between positive semidefinite elementary spherical functions and c?sph
given by ¢; > 7y, ; see [Helgason 1984, Chapter IV Theorem 3.7]. The preimage of an irreducible
unitary spherical representation 7 with normalized K -invariant vector vk is given by g — (w(g)vk, vk).
If the set Gsph is endowed with the Fell topology (see [Bekka et al. 2008, Appendix F.2]) and we use the
topology of convergence on compact sets on the set of elementary spherical functions, then the above
correspondence is a homeomorphism as is easily seen from the definitions.

2H. Associated vector bundles. In order to define the Weyl chamber flow not only on the base manifold
but also on vector bundles we recall the definition of the associated vector bundle V; over a homogeneous
space G/M for a unitary finite-dimensional representation (z, V;) of M. Its total space is given by
Ve =G x: Vy = (G x V;)/~, where (gm,v) ~ (g, t(m)v) with g € G, m € M and v € V;. The
equivalence classes are denoted by [g, v] and the projection to G/M is [g, v] — gM. A section s of
this bundle can be identified with a function s : G — V; satisfying s(gm) = t(m)~ 5 (g). We will use
this identification throughout this article. We also have a G-action on V; defined by g[g’, v] :=[gg’, v].
Therefore, we also have the left regular action on smooth sections of V;:

(89)(g'M) :=g(s(g"'g M), s€C®(G/M,V,).

Identifying s with §, this actions reads gs(g’) =5(g~'g").
A special case of an associated vector bundle is the tangent bundle 7(G/M) = G X aq|,, (a®ndn_).
Hence vector fields X can be identified with smooth functions X : G — a @ n @ n_ satisfying

X(gm) = Ad(m)~'X(g).
Therefore, we have a canonical connection V on V; given by
— d _ —
Vas(g) = | _ 5(gexp(tX(g)),

where s is a smooth section identified with a 5 : G — V; and X is a vector field of G/M identified with X
as above. This connection will be used to lift the Weyl chamber flow to V;.
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3. Ruelle-Taylor resonances for the Weyl chamber action

We keep the notation from Section 2B. Let I" be a discrete, torsion-free, cocompact subgroup of G. Then
the biquotient M =I"\G/M is a smooth compact Riemannian manifold where the Riemannian structure
is induced by the inner product on g. More precisely, the tangent bundle 7M of M is given by the
quotient I'\(G X aq|,, (a@n®n_)), and the norm of some I'[g, Y] withge Gand Y ca®ndn_ is
given by the norm of Y € g. We have a well-defined right A-action on M:

('gM)a :=TgaM, acA, gegG.
Therefore, we have an a-action by smooth vector fields:

0 d
rX:a—> C¥M, TM),  rXuf(TgM)=—|  [Tge'™ M),

which we call the Weyl chamber action.
For later use we denote by X : a — Diff! (G/M) the corresponding action on G/M.

Proposition 3.1. The A-action on M is Anosov. More precisely, each H € a,. is transversally hyperbolic
with the splitting Eg = I'\(G xad|, @), Eg =T'\(G Xaq), W) and E, =T'\(G Xaq),, n1-)). Moreover,
for fixed Hy € a., the dynamically defined positive Weyl chamber

W ={H € a| H is transversally hyperbolic with the same splitting as Hy}

equals a. Hence the two notions of positive Weyl chambers agree.

Proof. Pick I'lg, Xq] € T\(G xp a®ndn_) and assume that X, is in the root space g,. Then we

calculate J
df ™" (TgM)Tg. Xol = 5-| _ o ™" (Tge™ e M)
_4d CetXee!H Mg
ds s=0
_d tH s Ad(e 'H)X,
T ds s:OFge ¢ M

=T[ge'™, Ad(e ") X,]
— F[getH, e_ta(H)Xa].

Hence we have exponential decay if « € ¥ and exponential growth if @ € —X*. The general statement
is obtained from the observation that g, L gg L a for o # B in X. O

3A. Lifted Weyl chamber action. In order to define horocycle operators we generalize the Weyl chamber
action to associated vector bundles. Let (7, V;) be a finite-dimensional unitary representation of M,
that is, a complexification of an orthogonal representation. Then we have defined the associated vector
bundle V; = G x; V; over G/M; see Section 2H.

The quotient bundle I"\V; is the complexification of a Euclidean vector bundle over M, where the
Euclidean structure is induced by the inner product on V;. We identify smooth sections s of this bundle
with smooth functions 5 : G — V; with §(ygm) =t(m~")5(g) forally €T, g€ G and m € M.
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The canonical connection V descends to a connection rV : C*°(M, I'\V;) = C®(WM, I'\V; ® T* M)
and we have

VS (@) = Ve () = 4| 5(gexp(E(@)), 5)

where s is a smooth section identified as above and X is a vector field of M identified with a smooth
function X : G — a @ n @ n_ which is left -invariant and right M-equivariant.

Definition 3.2. The lifted Weyl chamber action is defined as follows:
rX":a— Diff' (M, T\Vy), rX} :i=rVx,,
where Xy is the vector field identified with the constant mapping G > aCa®ndn_, and g — H.

The fact that -V is a covariant derivative implies that - X7 is an admissible lift of the Weyl chamber
action in the sense of (1).

For later use we denote by X7 : a — Diff' (G/M, V;) the corresponding action on G /M.

We can find a nontrivial tube domain in ag which is independent of T and contains all Ruelle-Taylor
resonances for the lifted Weyl chamber action.

Proposition 3.3. The set of Ruelle—Taylor resonances ogr(r X V) is contained in _a* +ia*.

Proof. By Proposition 2.2 we have
orr(rX®) S {A € ag [Re(M(H)) < C[,(H) VH € ay}.

Hence it remains to show that C},(H) := inf{C > 0 | e Xk || ;2 ;2 < €€ Vi >0} =0 forall H € ay.

We show the stronger statement that e ~r X

is unitary.

Since M commutes with A, we have a well-defined action of A on I"\V; given by (I'[g, v])a =T"[ga, v].
This action gives rise to an A-action on sections of the bundle I'\V; defined via (af)(x) = f(xa)a™!
with f € C®(M, T'\V;), x € M and a € A. If we identify f with a equivariant function f : G — V,,
then (af)(g) = f(ga). Let dT'g be the normalized right G-invariant Radon measure on I'\G. Then the
L*-norm of f is given by || f]|3, = fr\G ||f(g)||%,f dT'g, and it follows that the A-action continued to
L*(M, T\V;) is unitary. By definition, e "TX¥ f = exp(—tH) f for f € L>(M, T'\V;), and therefore

_ T . .
e~ 't Xk is unitary. O

3B. First band resonances and horocycle operators. In analogy to the rank 1 setting we make the follow-
ing definition; see [Kiister and Weich 2021, Definition 2.11] and [Guillarmou et al. 2021, Definition 3.1]
in the scalar case.

Definition 3.4. We call A € orr(r X7) a first band resonance and write A € o}gT(p X7) if the vector space
Resy: (1) = {u € Res, x=(A) | rVxu =0 VX € C®(M, E,)}

of first band resonant states is nontrivial.
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The goal of this section is to prove that, in a certain neighborhood of 0 in af, each Ruelle-Taylor
resonance is a first band resonance and Res? x:(A) = Res.xr(A). This will be done by introducing
so-called horocycle operators as follows.

Recall that TM = I'\(G Xaq),, @ ® n @ n_) and the bundle I'\(G xaq|,, ) can be written as
D, s+ N'\(G Xad|y 9a), and similarly for n_. Therefore, the cotangent bundle 7*M is the Whitney
sum I'\(G Xag*|,, @) @ Dyex T\(G Xag*|, 95). Let us denote the coadjoint action of M on the
complexification of g}, by 7,. Note that 7, is unitary with respect to the inner product induced by the
Killing form and the Cartan involution. We can now define

pry i (T*"M)ec — T\Vy,
by fiber-wise restriction to the subbundle I'\(G X q,, 8«). This induces a map
Py : C¥(M, T\V: @ (T*M)¢) = CP(M, TM'\Vige,)-

Definition 3.5. If -VC : C®°(M, T'\V;) - C®(M, I'\V; ® (T*M)c) denotes the complexification of
the canonical connection 1V, then the horocycle operator U, for a € ¥ is defined as the composition

Uy =Pt orVE: C®(M, T\V;) = C¥(M, T\ Vegr,).
Note that we have the explicit formula
— d _
Uas(8)(Y) = 77| _ s(gexp(t))). s € CPM,T\Vy), Y € g, (6)

if we again use the identification of sections of some associated vector bundle with left I"-invariant and
right M-equivariant functions indicated by ~ and the identification V; ® g;, >~ Hom(ge, V7).
We should point out that the space of first band resonant states can be rewritten with the horocycle
operators as
Res’y.(A) = {u € Res x+(A) | U_qu =0 Va € TF}. (7)

Note that in the case of constant curvature manifolds (i.e., the real hyperbolic case G = PSO(n, 1) of
rank 1) there is only one positive root and our definition reduces to the original one due to Dyatlov and
Zworski; see [Dyatlov et al. 2015, p. 931]. Furthermore, our definition extends the definition of the
horocycle operators for arbitrary G of rank 1; see [Kiister and Weich 2021].

The horocycle operators fulfill the following important commutation relation.

Lemma 3.6. Forall H € a,
P X7 Uy — Uar Xy = @ (H)Uy.

Proof. Using the formulas (5) and (6) we obtain

4
t1=0 dtz

d
P X2 Uy — Uyr X5 (8)(Y) = i

OE(g exp(t1 H) exp(12Y)) — 5(g exp(t1Y) exp(t2 H)),

=
and the latter equals

| SgexpUlH, YD),
Since [H, Y] =a(H)Y for Y € g4, the claim follows. O
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o2

At

Figure 3. For G = SL3(R) the green region depicts the real part of the region where
every resonance is a first band resonance; see Proposition 3.7.

We can now prove the main result of this section.

Proposition 3.7. The horocycle operators can be extended continuously as linear operators to distribu-

tional sections, i.e.,

Uy : D' (M, T\V;) > D'(M, T'\Vsgr,)-
Moreover, for ) € orr(r X7©), the horocycle operator U_, maps
RCSFXr (A) into RCSI,XT®LO, A+ ).

In particular, each ) € orr(rX") with ReA € (e _a*\ (_a* — @) is a first band resonance and
Res.x:(A) = Res(r) x (A) holds.

See Figure 3 for a visualization for G = SL3(R).

Proof. Since the horocycle operators are differential operators, we obtain a continuation to distributional
sections and Lemma 3.6 still holds. Let u € Res.x+(4), i.e., u € D'(M, I'\V;) with WF(u) € E; and
r X u=—A(H)u. Since differential operators do not increase the wavefront set, we have WF(U_,u) C E};.
Furthermore,

PX U = —a(H)U-qu +U_qr X 5yu = — O+ o) (H)U_qu

by Lemma 3.6. Hence U_,u € Res_ yrero (A + o).
For the “in particular” part recall that Res_y (1) = 0 for each unitary representation =’ of M and
Re()) € _a* (see Proposition 3.3), and Res(r)xf (A) ={u €Res.xr (1) |U_qu =0V € TT}. O
Note that (e —0*\ (Ca*—a) = _a*N(+a*—Ag), where ko=, g @. Indeed, let A=), cox €a*.
Then A € _a* if and only if ¢, <0 for all & € 1, A € _a* —« if and only if ¢, < —1 and cg <0 for
all B € IT\ {«}, and A € ;a* if and only if ¢, > 0 for all « € I1. Combining these statements implies
the claim.
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3C. First band resonant states and principal series representation. In this section we identify first band
resonant states with certain I'-invariant vectors in a corresponding principal series representation. The
proof follows the line of arguments given in [Kiister and Weich 2021, Section 2] in the rank 1 case. This
will allow us to apply the Poisson transform and obtain a quantum-classical correspondence.

By analogy to [Kiister and Weich 2021, Definition 2.1], we define

R :={s €D (G/M,V:) | (X}, +1(H))s =0, Vx s =0VX_ € C*(G/M, G xpq|, n-), H € a}.

The following lemma allows us to first study the representation of G in R(A) and take I'-invariants
afterwards.

Lemma 3.8. The space Res(r) x:(A) is isomorphic to the space of T'-invariants of R(X), where the
isomorphism is defined by considering I"-invariant sections as sections of the bundle I'\V;.

Proof. The only part to observe is that each s € R(A) automatically has WF(s) € G xaq},, n*. This
holds because G x ag|,, n* is the joint characteristic set of X7, and X_; see [Kiister and Weich 2021,
Lemma 2.5] for details. g

We will now show that the smooth sections in R(A) correspond to smooth vectors in the principal
series representation for the opposite Iwasawa decomposition.

Lemma 3.9. The smooth sections R(A) NC®(G/M, V;) in R(\) can be identified G-equivariantly with
W ={5:G — V, smooth | 5(gman_) = e %% (m)"'5(g), me M, a e A, n_ e N_}.
The identification is obtained by considering sections s € R()) as right M -equivariant functions s : G — V.

Proof. The M-equivariance is clear so it remains to show the transformation properties under A and N_.
The property (X7, +A(H))s =0 amounts to (d/dt)|;—05(ge') = —A(H)5(g) forevery g € G and H € a.
Hence the function ¢ (1) = 5(ge') satisfies

d

Ji | pee ey = —a(HD3(ge™™) = —A(H)@(r).

¢'(r) =
Therefore, 5(ge') = ¢(t) = e "*H)5(g). This proves the right A-equivariance.
For the N_-invariance, let ¥ € n_ and consider ¢(¢) = 5(ge'’). Forr € R, let g, = g¢’Y € G. Since
[gr, Y] € G xaqy, n- is in the fiber over g, M € G/M, there is a smooth section

X, € COO(G/M, G X Ad |y n_)

such that X, (g, M) = [g,, Y]. In particular, the corresponding right M-equivariant function X, : G — n_
satisfies X, (gr) =Y. It follows that

tir(gr)) — i

= rY tYy\ _ 7
Tl _ e e =o',

- d _
0= Vx,s(g) = 7 IZOS(gre

Hence ¢ is constant. This completes the proof. O
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Note that the space W from Lemma 3.9 is already very close to the definition of the induced picture
of the principal series representation (see Section 2C). The only difference is that in W we have a right
invariance with respect to N_ instead of N. This can be easily fixed using a conjugation with the longest
Weyl group element and leads to the main result of this section:

Proposition 3.10. With the longest Weyl group element wg (see Section 2B), we have an isomorphism
RGS(F)XT (1) — F(Hwor,wo()&p))foo’

where T(HW0Tw00G+0))=% donotes the T -invariant distributional vectors in the principal series represen-

1ation Tyt we(A+p)-

Proof. Pick ko € K normalizing a such that the action of Ad(kp) on a is the longest Weyl group element wy.
We consider the map /5(g) := 5(gko). Then I commutes with the left action by G and one calculates that

I5(gman) = e~ @M%y (m) "' 15(g), g€G, meM, ac A, neN.

Hence we have an intertwiner between W and smooth vectors in HYo%%0*+0) which extends to distribu-
tional sections. By Lemma 3.9 we conclude that R(A) >~ (H woT,wo(A+p)) =00 aq G-representations. Taking
["-invariants and using Lemma 3.8 completes the proof. (|

3D. Quantum-classical correspondence. In the previous section we identified the first band resonant
states Res(r) y«(X) with I'-invariant distributional vectors in the principal series (HWor-wo*+r))=c0 If
we restrict ourselves to the scalar case © = 1, then the Poisson transform P_,+,) defines a map
from T(HW0*+P))=% t0 TE_,, 4 p)» 88 P—wy(itp) Provides a G-equivariant map from (Hwo®+r))=o°
to E_y,+p) (see Section 2E). Hence we can identify eigendistributions of the classical motion with
quantum states and we call this identification quantum-classical correspondence. More precisely, we
have the following result, which immediately gives Theorem 1.3.

Proposition 3.11. If A € af. satisfies 2(A+p, a)/{a, a) € —N.¢ foralla € =%, then we have a bijection
Res)y (V) = "E_uyp) = E—gtp)-

In particular, ) € GROT(F X) if and only if FE,(,H,)) # 0. Furthermore, the isomorphism is given by the
push-forward m, of distributions along the canonical projection rm : '\G/M — I'\G/K.

Proof. In view of Section 2E, the Poisson transform is a bijection from (H*° (tp)y=oo 5 px —p Restricted
to I'-invariant distributional vectors it is still injective with image "E_,_ p since I' is cocompact, and
therefore FE,,\,p = FEiA_p.

It remains to show that the isomorphism is the push-forward along the canonical projection. To this
end let s € R(A) be smooth and let 7 : G/M — G/K be the canonical projection. Then the isomorphism
R(L) — (HW0*+P))=%® carries s to § : G — C with §(g) = s(gko), where ko € K is as in the proof of
Proposition 3.10. It follows that

Psieni@K) = [ ey dk= [ stgkkordk= [ s(ghax
K K K
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since K is unimodular. On the other hand, for f € C2°(G/K), we have

(res)(f) = 5(f o) = /

s(gkM) dkM) f(gK)dgK
G/M

s(gM) f(gK)dgM = </
G/K \JK

/M
if we normalize the Haar measure on M and choose compatible invariant measures on G/K and K /M.
Hence 7.5 = P_yy(+p)8 for s € R(A) N C*(G/M). Using the density of smooth compactly supported
functions in R(}) [Kiister and Weich 2021, Corollary 2.9] we obtain the equality for the whole space R ().
As before we now restrict to I"'-invariant distributions identified with distributions on I'\NG/M and '\G/K
to complete the proof. g

4. Quantum spectrum

In this section we analyze the quantum spectrum of the locally symmetric space I'\G/K. Recall the
definition of the joint eigenspace

E,={f€C™(G/K)|Df = xs(D)f YD € D(G/K)}

for A € ag. For the definition of x; see Section 2B. Since D € D(G/K) is G-invariant, it descends to a
differential operator D on the locally symmetric space I'\G /K. Therefore, the left I"-invariant functions
of E; (denoted by T'E,) can be identified with joint eigenfunctions on I'\G/K for each r D:

"Ey={f € C*("\G/K) | rDf = xa(D) f YD € D(G/K)}.
This leads to the following definition.
Definition 4.1. The guantum spectrum of I'\G/K is defined as
09 :=0o(\G/K) :={real |"E; #0}.
We now use the quantum-classical correspondence and the Weyl law from [Duistermaat et al. 1979].

Proof of Theorem 1.1. From [Duistermaat et al. 1979, Theorem 8.9] we have, for each set 2 C a* as in
Theorem 1.1,

Z dim("E)|WA|~! = Vol(I'\G/K) 27) " Vol(Ad(K)) 1! + 0?1,

A€ogNia* ImAerQ

where Vol(I'\G/K) is the volume of the compact Riemannian manifold I'\G/K with Riemannian
structure induced by the Killing form and Vol(Ad(K)<2) is the volume of the set Ad(K)Q2 € Ad(K)a
with respect to the Killing form restricted to Ad(K)a. Replacing by 2\ |, cx+ at we deduce that

Z dim("E;) = 0@4™h
reognia®, ImaerQNJat

since Vol(Ad(K)at) = 0. Therefore,

Z dim("E;) = |W| Vol(T\G/K)(27) "¢ Vol(Ad(K) )¢ + O(t?~")

A€ogNia*, ImAer2
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since W acts freely on the Weyl chambers. To complete the proof we observe that orr(rX) 2 O’lgT([‘ X)
and m(1) > dim(Res’y (1)) = dim("E_,_,) for A € ia*. O

As x) = xwx for w € W it is obvious that o is W-invariant. The following properties of op were
derived by Duistermaat, Kolk and Varadarajan [Duistermaat et al. 1979]. We include the proof for the
convenience of the reader.

Proposition 4.2 (see [Duistermaat et al. 1979, Propositions 2.4 and 3.4, Corollary 3.5]). If A € 0, then
the corresponding spherical function ¢, is positive semidefinite. Moreover, there is some w € W such that
wh = —A and Re A € conv(Wp). In particular, (Re A, ImA) =0 and |Re Al < | p]l.

Proof. Pick u € VE,, regarded as a right K-invariant element of L?(I'\G), normalized such that
(u, u)r2(r\gy = 1. With the right regular representation R on L*(I'\G), define ®(g) := (R(g)u, u).
Being a matrix coefficient the function @ is positive semidefinite. We will show that & is the elementary
spherical function ¢,. By right K-invariance of u and unitarity of R we get that ® is K-biinvariant.
@ (1) =1 is obvious. Smoothness follows from the fact that u is smooth. Furthermore,

D®(g) = (R(g)Du, u) = x,(D)P(g)

by left invariance of D. We conclude that @ is the elementary spherical function for yx;, i.e., ® = ¢;.

Since ¢, is positive semidefinite we have ¢, (g) = ¢, (g~!) by definition of positive definiteness, and
(g~ 1) = ¢_;5(g) by the integral representation (see Section 2G). Therefore, ¢, = ¢_;, implying that
wh = —A for some w € W. It easily follows that

(ReA,ImA) =(wReA, wlmA) =(—ReA,ImA) =0.

Moreover, ¢, is bounded which holds if and only if Re A € conv(Wp); see [Helgason 1984, Chapter IV
Theorem 8.1]. Since {u € a* | |||l < |lpll} is convex and contains Wp, the last assertion follows. U

Remark 4.3. In the rank 1 case Proposition 4.2 implies, for A € o¢, that A € a* with ||[A]| < | p]| or
that A € ia*. In this particular case, this can be obtained not only from Proposition 4.2 but also from
the positivity of the Laplacian on I'\G/K. In the higher rank setting the algebra D(G/K) contains
more operators; more precisely it is a polynomial algebra in n variables. Using the properties of the
Harish-Chandra isomorphism HC one can obtain that —A € WA from the self/skew-adjointness of the
operators in D(G/K).

Remark 4.4. Proposition 4.2 implies the following obstructions for A € ag to be in 0.
(1) If Re A = 0, then we get no obstructions on Im A since wA = —2 is satisfied with w = 1.

(2) If Re A # 0, then Im A is singular, i.e., Im A € o for some o € X, since Im A nonsingular implies
w =1 as W acts simply transitively on open Weyl chambers.

(3) If Re A is regular, i.e., (Re A, «) # 0 for all « € X, we denote by wg the unique Weyl group element
mapping the Weyl chamber containing Re A to its negative. Then A € Eig_, (o) +i Eig, | (o) C ag.,
where Eig ; denotes the eigenspace for £1. If —1 is contained in W, then Im A = 0. In particular, this is
true in the rank 1 case but need not hold in general as is seen below.
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a p Rea Im A

\ conv (W)

/ O

Figure 4. The situation for SL3(R) as obtained from Remark 4.4: if A € o then Re A
is either equal to zero (blue dot in the left picture) or lies on one of the pink, orange or
brown lines depicted on the left. Furthermore, Im A has to lie in the respective region
depicted on the right, i.e., if Re A =0, then Im A can take any value (blue shaded plane);
if Re A lies on the orange line, then Im A has to lie on the orange line; and so on.

Let us calculate dimEig | (wo) = dim Eig, (o) in order to control the amount of freedom for Im A.
Let dy :=dimEig, ;(wg). Then n = d; +d_ and Tr(wo) = d+ — d_—. Choosing the basis IT we observe
Tr(wo) = —#{e € IT | woa = —a} < 0. Thus, dy = 3(n £ Tr(wo)), so that d < In. We obtain the
following traces and dimensions for the irreducible root systems from the classification:
type ‘ A,,neven A,,nodd B, C, D,,neven D,,nodd E¢ E; Eg F; G
—Tr(wo) 0 1 n n n n—2 2 7 8 4 2
dy in im—=1) 0 0 0 1 2 0 0 0 0

Example 4.5. For G = SL,(R), an element A € a* ~~ a is regular if and only if the diagonal entries are
pairwise distinct. An element A = diag(Ay,...,A,) €og withRe A € ﬁ satisfies Re Ay = —Re A, 41—«
and ImAy =ImA, 1 forall k =1, ..., n since the longest Weyl group element is the permutation
lenRen—1)---.

More specifically, for G = SL3(R), the only Weyl group elements with eigenvalue equal to —1 are
the reflections at hyperplanes perpendicular to the roots. Hence A € op implies ReA € [—1, 1]a and
Im A € o for some & € £ or A € ia*. The obstructions for A to be in oy described by Remark 4.4 are
less concrete and are visualized in Figure 4.

Let us formulate the condition that ¢, is positive semidefinite in a different way.

Proposition 4.6. The elementary spherical function ¢, is positive semidefinite if and only if the subrepre-
sentation generated by the K -invariant vector in the principal series representation H"* is unitarizable
and irreducible for some w € W. Equivalently, H="* has a unitarizable irreducible spherical quotient.

Proof. By Casselman’s embedding theorem, 7y, is a subrepresentation of H®" for some 7 € M and
v € ag; see, e.g., [Knapp 1986, Theorem 8.37]. More precisely, the (g, K)-module of K-finite vectors are
equivalent. Since the only principal series representations containing K -invariant vectors are the spherical
ones, we obtain T = 1. Since infinitesimally equivalent admissible representations of G have the same set
of K -finite matrix coefficients (see [Knapp 1986, Corollary 8.8]), we conclude ¢, = ¢,, i.e., wi = v.
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ia

—r P = %ma + Moy -p %ma +1 P

Figure 5. Spherical dual in the rank 1 case. The picture on the left describes the real and
complex hyperbolic case my, < 1. The picture on the right describes the quaternionic
case myq > 2. In the latter case note that there is a spectral gap separating p.

Conversely assume that the subrepresentation generated by the K-invariant vector in the principal
series representation H™* is unitarizable and irreducible. Again by the aforementioned result the matrix
coefficient ¢, = ¢; of H"* is a matrix coefficient of the unitary representation obtained by the unitary
structure as well. Hence ¢, is positive semidefinite. Transition to the dual representation implies the
second equivalence. O

Remark 4.7. Although the unitary dual is classified for many groups, it is difficult to deduce which
elementary spherical functions are positive semidefinite. This is due to the fact that most classifications
are not obtained in terms of quotients of the spherical principal series but use different descriptions of
admissible representations. However, for rank 1 groups everything is classified (see [Helgason 1984,
p. 484]): if a denotes the unique reduced root in £, then ¢; is positive semidefinite if and only if A € ia*
orlea*and [(X, a)| <{p,a) for 2a € ¥ (i.e., in the real hyperbolic case) and |{A, a}| < (%ma—i-l)(oz, o)
for 2o € ¥ or A = £p. See Figure 5 for a visualization.

4A. Property (T). In this section we review some facts about Kazhdan’s property (T) which will lead to
a more precise description of the location of 0. Recall that a locally compact group has property (T)
if and only if the trivial representation is an isolated point in the unitary dual of the group with respect
to the Fell topology; see [Bekka et al. 2008] for a general reference. It is well known that each real
simple Lie group of real rank > 2 has property (T); see [Bekka et al. 2008, Theorem 1.6.1]. Since the
mapping A — ¢, is continuous and the correspondence between positive semidefinite elementary spherical
functions and irreducible unitary spherical representations is a homeomorphism (see Section 2G), we
obtain that in some neighborhood of p no elementary spherical function is positive semidefinite. We
will use a more quantitative description introduced by Oh [2002, Section 7.1]. Therefore, we denote
by px (G) the smallest real number such that the K-finite matrix coefficients of 7 are in L?(G) for any
q > pk (G) and nontrivial w € G.
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Remark 4.8. (1) Since each matrix coefficient of 7 € G is bounded, it is contained in L? for each g > p
if it is in L”. Hence

pk (G) = inf{p | all K -finite matrix coefficients of 7 are in L?(G) Vrr € 6\ {1}}.

(2) pr(G) =2.
(3) By [Cowling 1979] together with [Oh 2002] we have px (G) < oo if and only if G has property (T).

In many examples one knows the number pg (G) explicitly or at least its upper bounds.
Example 4.9 (see [Oh 2002, Section 7]). (1) px(SL,(k)) =2(n—1) forn >3 and k =R, C.
(2) pr(Span(R)) =2n forn = 2.

(3) pk(G) is bounded above by an explicit value for split classical groups of higher rank.

We can now prove the following theorems.

Theorem 4.10. Let G be a noncompact real semisimple Lie group with finite center and I' < G be a
discrete, cocompact, torsion-free subgroup. Then

Reao(T\G/K) C (1 —2px(G)~") conv(Wp) U Wp.

Proof. Let A € 0o (I'\G/K). By Proposition 4.2, ¢, is positive semidefinite so that the irreducible unitary
representation 774, is defined (see Section 2G), and ¢;, is a matrix coefficient of this representation. By
the definition of px (G) we have ¢, € LPx(©)+¢(G) for all € > 0 or g, 18 the trivial representation. By
Proposition 2.4 we get ReA € (1 —2p x (G)™ 1) conv(Wp) in the first case. The latter case occurs if and
only if ¢, =1, 1i.e., A € Wp. O

Theorem 4.11. Let G be a noncompact real semisimple Lie group with finite center and I' < G be a
discrete, cocompact, torsion-free subgroup. Then there is a neighborhood G of p in a* such that

5o(T\G/K)N (G x ia*) = {p}.

Proof. Without loss of generality we assume that G has trivial center, otherwise replace G by G/Z(G).
Then G is a product of simple Lie groups G, ..., G; such that Gy, ..., G, k <[, are of rank 1. With
the obvious notation let A = (A1, ..., A;) € (a1)g @ --- @ (a))¢ be in 0. By Proposition 4.2 we have
wA = —A for some w € W. Since the Weyl group W is the product of the Weyl groups, A; € af are
real for i < k if Re A; # 0. The elementary spherical function ¢, is the product of elementary spherical
functions ¢,€ " for the factors G;. Again by Proposition 4.2 we know that ¢, is positive semidefinite and
therefore each ¢/\G’_ " is positive semidefinite. The same line of arguments as in the proof of Theorem 4.10
implies that Re A; € (1 —2pK(G,-)_1) conv(W; p;)UW, p; fori > k. Since the G;, i > k, have property (T),
we conclude that there is a neighborhood U of p in a* such that

opNU xia®) Caj x---xag X {px1} X -+ x{pr}.

Discreteness of o implies the theorem. O
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5. Main Theorem
In this section we present the main theorem of the article and deduce Theorem 1.2 from it. See Figure 6
for a visualization for G = SL3(R).

Theorem 5.1. Let G be a noncompact real semisimple Lie group with finite center and I' < G be a
discrete, cocompact, torsion-free subgroup. Define

.| 2 +p,a)
A= {)\.EGC W

B:={xrecal | wk=—A for somew e W},

F={rea*|A+a &_a* foralla eIl}.

€ —N. ¢ for some o € E+},

Then we have the inclusions
orr(rX) N (F x ia*)  ogr(rX)
and
opr(rX) N (@ \ A) € —oo(T\G/K) — p S BN (1 —2px (G)~") conv(Wp) U Wp) +ia*) — p.
Proof. This is immediate from Propositions 3.7, 3.11 and 4.2, and Theorem 4.10. O

Proof of Theorem 1.2. It follows from Theorem 5.1 that (a% — p) NF N (=G — p) can be chosen as the
neighborhood, where G is obtained by Theorem 4.11. If G has property (T), then pk (G) is finite and G
can be replaced by the complement of the I'-independent set (1 —2pg (G)™ 1 conv(Wp). Il

Figure 6. Visualization of the real part of ag for G = SL3(R): The pink region is where
Ruelle-Taylor resonances can a priori be located in view of the results of [Bonthonneau
et al. 2020]. The red points and lines depict the region where first band resonances can
occur: (B N % conv(Wp) U W,o) — p. The purple shaded region illustrates the real parts
in which only first band resonances can occur. Further first band resonances might occur
inside the exceptional set A depicted by the black lines.
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This work concerns L? norms of high energy Laplace eigenfunctions: (—A, — A2, =0, [l =1
Sogge (1988) gave optimal estimates on the growth of ||, || .» for a general compact Riemannian manifold.
Here we give general dynamical conditions guaranteeing quantitative improvements in L? estimates
for p > p., where p,. is the critical exponent. We also apply results of an earlier paper (Canzani and
Galkowski 2018) to obtain quantitative improvements in concrete geometric settings including all product
manifolds. These are the first results giving quantitative improvements for estimates on the L? growth of
eigenfunctions that only require dynamical assumptions. In contrast with previous improvements, our
assumptions are local in the sense that they depend only on the geodesics passing through a shrinking
neighborhood of a given set in M. Moreover, we give a structure theorem for eigenfunctions which saturate
the quantitatively improved L? bound. Modulo an error, the theorem describes these eigenfunctions as
finite sums of quasimodes which, roughly, approximate zonal harmonics on the sphere scaled by 1/,/log A.

1. Introduction

Let (M, g) be a smooth, compact, Riemannian manifold of dimension n and consider normalized Laplace
eigenfunctions, i.e., solutions to

(=8 =1 =0, gallr2m = 1.

This article studies the growth of L? norms of the eigenfunctions ¢, as A — oco. Since the work of
Sogge [1988], it has been known that there is a change of behavior in the growth of L? norms for
eigenfunctions at the critical exponent p. :=2(n+1)/(n — 1). In particular,

n=1_n <
e < CAP . 8(p) = o Pe=h (1-1)
Iallogn < CRP, spyi={ Z 7 P

T % 2=P=pe

For p > p,, (1-1) is saturated by the zonal harmonics on the round sphere S”. On the other hand, for p < p,,
these bounds are saturated by the highest weight spherical harmonics on $”, also known as Gaussian
beams. In a very strong sense, the authors showed in [Canzani and Galkowski 2021, page 4] that any
eigenfunction saturating (1-1) for p > p. behaves like a zonal harmonic, while Blair and Sogge [2015b;
2017] showed that for p < p. such eigenfunctions behave like Gaussian beams. In the case p < p., Blair
and Sogge [2015a; 2018; 2019] have made substantial progress on improved L? estimates on manifolds
with nonpositive curvature.
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This article concerns the behavior of L? norms for high p; that is, for p > p.. While there has been a
great deal of work on L? norms of eigenfunctions [Hezari and Riviere 2016; Koch et al. 2007; Sogge
et al. 2011; Sogge and Zelditch 2002; 2016; Tacy 2018; 2019; Toth and Zelditch 2002; 2003], this article
departs from the now standard approaches. We both adapt the geodesic beam methods developed by
the authors in [Canzani and Galkowski 2023; 2019; 2021; Canzani et al. 2018; Galkowski 2018; 2019;
Galkowski and Toth 2018; 2020] and develop a new second microlocal calculus used to understand the
number of points at which |u, | can be large (see Section 1A for details on the new ideas here). By doing
this, we give general dynamical conditions guaranteeing quantitative improvements over (1-1) for p > p..
In order to work in compact subsets of phase space, we semiclassically rescale our problem. Let & =A™,
and, abusing notation slightly, write ¢, = ¢y, so that

(=h*Dg =D =0, lignll 20 = 1.
We also work with the semiclassical Sobolev spaces H; (M), with s € R, defined by the norm

el 3y = (=B Ag + 1), w)

L2’
We start by stating a consequence of our main theorem. Let E denote the collection of maximal unit
speed geodesics for (M, g). For m a positive integer, r > 0, t € R, and x € M, define

=m,r,t .

g7 :={y € &: y(0) = x and there exists at least m conjugate points to x in y (t —r, t +7r)},

where we count conjugate points with multiplicity. Next, for a set V C M, write
It . mm.r,
cyrt=Jv@ y e3P
xeV

Note that if r, — 0 as |t| — oo, then saying y € C;’_l””’ for ¢ large indicates that y behaves like a
point that is maximally conjugate to x. This is the case for every point x on the sphere when y is either
equal to x or its antipodal point. The following result applies under the assumption that points are not
maximally conjugate and obtains quantitative improvements.

Theorem 1.1. Let p > p. and U C M, and assume there exist ty > 0 and a > 0 such that

inf d(xy,Cl MY =r for t > 1,
x1,x€U

with ry = %e‘“’. Then, there exist C > 0 and hy > 0 such that, for 0 < h < hy and u € D' (M),

el 5, N Vlog h—1
Vlogh~1 h

The assumption in Theorem 1.1 rules out maximal conjugacy of any two points x, y € U uniformly up

lullr @) < Ch—‘”")( I(—h*Ag — 1>u||H,5n3)/zn/p(M)).

to time 0o, and we expect it to hold for a dense set of metrics on any smooth manifold M with U = M.
Since Theorem 1.1 includes the case of manifolds without conjugate points, it generalizes the work of
Hassell and Tacy [2015], where it was shown that logarithmic improvements in L” norms for p > p,
are possible on manifolds with nonpositive curvature. One family of examples where the assumptions
of Theorem 1.1 hold is that of product manifolds [Canzani and Galkowski 2021, Lemma 1.1], i.e.,
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(M, x M3, g1 @ g2), where the (M;, g;) are nontrivial compact Riemannian manifolds. Note that this
family of examples includes manifolds with large numbers of conjugate points, e.g., S* x M for any
nontrivial M.

The proof of Theorem 1.1 gives a great deal of information about eigenfunctions which saturate L?
bounds (p > p.). Indeed, its proof yields Theorem 3.8 (see Section 3G), which describes the profile
of these functions modulo an error in L”. It shows that, under the assumptions of Theorem 1.1, an
eigenfunction can saturate the logarithmically improved L® norm near at most boundedly many points (it
actually shows the same for the L?” norm when p > p.). That is, for ¢ > 0, there is N, > 0 such that

eh1="M/2 /1y
W”MHHW),

where {x4}qez(n) 15 @ maximal R(h) := hl/2=8 separated collection of points with § > 0.

#{01 €Z(h) : lullLo(B(xye,R(h)) = B(xq, R(h)NU # Q} <N, (1-2)

Moreover, modulo an error small in L?, near each of these points the eigenfunction # can be decom-
posed as a sum of quasimodes which are similar to the highest weight spherical harmonics scaled by
h®=D/4/./log h—! whose number is nearly proportional to 2! ~/2 Indeed, Theorem 3.8 (see Section 3G)
shows that there is a collection of geodesic tubes {7 }jere,u) C S*™M of radius R(h) (see Definition 1.3)
with indices in the set L(g, u) = UiC:1 J i and with pairwise disjoint tubes T, N7y, = & for k, £ € J; with
k # £, such that

u=1u,+

v/ 10 gh~ j GEX(S:M)
Here, u, should be understood as an error term satisfying, for all p < g < oo,
luelizo < eh™ @ dogh™) ™1 |lull 2.
Each v; is microsupported in the geodesic tube 7; and is a quasimode with
I(=h*Ag = Dvjll2 < Ce™ hRMW V2l and Jvjll2 < Ce™ RVl 2. (1-3)

While similar to highest weight spherical harmonics (also known as Gaussian beams), they are not as
tightly localized to a geodesic segment and do not have Gaussian profiles. We refer to these quasimodes
as geodesic beams (see Remark 3.2 and Figure 1 for an illustration).

Furthermore, in Theorem 3.8 we prove that near each point x, on which u nearly saturates the L?
bound, i.e., for « that belongs to the set displayed in (1-2), we have

ce’R(W)' ™" < |L(g,u,a)| < CR(h)' ™", (1-4)

where L(e,u,a) :={j € L(e,u) : my(T;) N B(xy,3R(h)) # D} and 7y : S*M — M is the natural
projection. Since dim Sy M = n — 1, this means that at points x, at which u nearly saturates its L” norm
there must be a full measure set of directions on which u is microsupported. In addition, we also prove
that the collection of geodesic beams v; on which u has its microsupport carries a positive portion of the

2 2.2 2
> il = PP ul;..

jeLl(eu,a)

total L2 mass:
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10eh1 /2

Viogn1 Y

Figure 1. The figure illustrates a function u that saturates the L bound at three points
Xay» Xay» Xay Viewed as a superposition of geodesic beams v;. Each ridge corresponds to
a beam v; and is microsupported on a tube 7; of radius R(h).

Note that, together with (1-3) and (1-4), this implies that most of the geodesic beams carry mass exactly
proportional to R(h)"~1/2||u]| >, and hence that the mass is nearly uniform over all possible directions.
For the precise statement of these estimates, see Section 3G.

Remark 1.2. Note that we do not use the bound (1-2) to prove our main theorem. Instead, this decompo-
sition is a consequence of the proof of Theorem 1.1, which, in principle describes much more about the
profile of eigenfunctions (see the outline of the proof in Section 1A for more details).

The proofs of Theorems 1.1 and 3.8 hinge on a much more general theorem, Theorem 1.4, which does
not require global geometric assumptions on (M, g). As far as the authors are aware, Theorem 1.4 is the
first result giving quantitative estimates for the L? growth of eigenfunctions that only requires dynamical
assumptions. We emphasize that, in contrast with previous improvements on Sogge’s L? estimates, the
assumptions in Theorem 1.4 are purely dynamical and, moreover, are local in the sense that they depend
only on the geodesics passing through a shrinking neighborhood of a given set in M. Moreover, the
techniques do not require long-time wave parametrices.

Theorem 1.4 controls ||u||z») using an assumption on the maximal volume of long geodesics joining
any two given points in U. For our proof, it is necessary to control the number of points in U where
the L* norm of u can be large (see Step 4 in Section 1A). This is a very delicate and technical part
of the argument, as the points in question may be approaching one another at rates ~ h® as h — 0%
with 0 < § < % To state our theorem, we need to introduce a few geometric objects. First, consider the
Hamiltonian function p € C*°(T*M\{0}),

px. &) =8¢ —1,

and let ¢, : T*M \ 0 — T*M \ O denote the Hamiltonian flow for p at time ¢, which coincides with
the geodesic flow in this case. We also define the maximal expansion rate and the Ehrenfest time at
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frequency Al respectively, as

. 1 logh™!
Amax = limsup — logsup [[de;(x, §)|| and T, (h) := ; (1-5)
[t]—o00 | S*M 2Amax
where || - || denotes the norm in any metric on 7 (7T*M). Note that A ¢ € [0, 00), and if Apax = 0 we

may replace it by an arbitrarily small positive constant. We next describe a cover of S*M by geodesic
tubes.

For each pg € S*M, the cosphere bundle to M, let H,, C M be a hypersurface such that po € SN*H,,,
the unit conormal bundle to H,,. Then, let

Hp, C TI";pOM ={(x,&)eT*M :x € H,}

be a hypersurface containing SN*H,,. Next, for ¢ € H,, and > 0, we define the tube through g of
radius R(h) > 0 and “length” T + R(h) as

AR = 0B, (q. R())),
lt|<t+R(h) (1-6)

By, (q, R(h)) :={p € Hp, :d(p,q) = R(h)},

where d is the distance induced by the Sasaki metric on T*M (see e.g., [Blair 2010, Chapter 9] for a
description of the Sasaki metric). Note that the tube runs along the geodesic through g € H,,. Similarly,
for A C §*M, we define A’ (R(h)) in the same way, replacing ¢ with A in (1-6).
Definition 1.3. Let A C S*M, r > 0, and {p; (r)}j.vél C A for some N, > 0. We say the collection of tubes
{A;j (r)}Jl.V:’] is a (t,r) cover of a set A C S*M provided

N,

MG cUT T=anm.
j=1

Given a (7, r) cover {7j}jes for S*M, for each x € M we define
Iy ={j €T :n(TH)NBx,r) # I}

We are now ready to state Theorem 1.4, where we give explicit dynamical conditions guaranteeing
quantitative improvements in L?” norms.

Theorem 1.4. There exists Ty > 0 such that for all p > p. and g > 0 the following holds. Let U C M
and 0 < 8; <8, < 3, and let h®> < R(h) < h® forallh > 0. Let 1 < T (h) < (1—28,)T,(h) and let tg > 0
be h-independent. Let {T;};cy be a (t, R(h)) cover for S*M for some 0 < T < Ty.

Suppose that, for any pair of points x1, xy € U, the tubes over x| can be partitioned into a disjoint
union

T 1 = Brjxy UGx; 30
where
U e)nShurmM=2. 1 €lio. TM)].

J€G, )
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Then, there are hg > 0 and C > 0 such that, for allu € D'(M) and 0 < h < hy,

_ Io —176+e0) " (1=p,
||u||LP(U) < Ch 8(p) (% +[ sup |Bx1’x2|R(h)n l]( +&0)” (1—p, /P)>
Xl,XQEU

T(h
X <||u||L2 + #”(—}ﬂAg — 1)u||H/(n3)/2n/p). 1-7)

In order to interpret (1-7), note that we think of the tubes Gy, », and By, x, as good (or nonlooping) and
bad (or looping), respectively. Then, observe that

1By, o |[R(B)" ™" ~ vol ( U TN S:M)

JEB| x,
and that | J j€Be ny 7T; is the set of directions over x| which may loop through x; in time 7 (). Therefore,
if the volume of points in Sy, M looping through x; is bounded by T (h)~G+eo=pe/ n (1-7) provides
T (h)~'/? improvements over the standard L” bounds. We expect these nonlooping-type assumptions to
be valid for a dense set of metrics on any smooth manifold M.

Theorem 1.4 can be used to obtain improved L? resolvent bounds [Cuenin 2020, Theorem 2.21] which,
as shown there, are stable by certain rough perturbations. These estimates in turn can be used to construct
complex geometric optics solutions and solve certain inverse problems [Dos Santos Ferreira et al. 2013].

One can check using a similar argument to that in [Canzani and Galkowski 2021, Lemma 5.1 (see also
Theorem 5, Section 1.5.3)] that in certain integrable situations

n—1)(6+20) "' (1=pc/p) ¢
(50D, 1Bl ROY™) = UThy
with T (k) > log h~! and U a nontrivial open subset of M, thus producing o((log #~")~!/2) improvements
on the L? norms over U after an application of Theorem 1.4. One example of such an integrable system
is the spherical pendulum where U can be taken to be any set that lies at a positive distance from the
poles.

For other examples, where one can understand these types of good and bad tubes, we refer the reader
to [Canzani and Galkowski 2023], where they are used to understand averages and L norms under various
assumptions on M, including that it has Anosov geodesic flow or nonpositive curvature. Since our results
do not require parametrices for the wave group, we expect that the arguments leading to Theorem 1.4
will provide polynomial improvements over Sogge’s estimates on manifolds where Egorov-type theorems
hold for longer than logarithmic times.

Note that Theorem 1.4 addresses L?” norms with p. < p < oo, while the authors’ previous work
in [Canzani and Galkowski 2021] considers p = oo alone. Moreover, for p = oo, the estimate in
Theorem 1.4 is actually weaker than those in that previous work in that it requires an assumption about
geodesics passing near two distinct points, while those in that previous work require only a nonrecurrent
assumption on geodesics passing through a small neighborhood of a single point. This is because
describing the L?” norm for p < oo requires understanding the behavior at many points simultaneously,
while the L* norm cares only about a single point with maximal growth.
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Remark 1.5. The proofs below could be adapted to the case of quasimodes for real principal type
semiclassical pseudodifferential operators of Laplace type. That is, to operators with principal symbol p
satisfying both that d¢ p # 0 on {p = 0} and that {p = 0} N T.M has positive definite second fundamental
form. This is the case, for example, for Schrédinger operators away from the forbidden region. However,
for concreteness and simplicity of exposition, we have chosen to consider only the Laplace operator.

1A. Outline of the proof of Theorem 1.4. Our method for proving Theorem 1.4 differs from the standard
approaches for treating L” norms in two major ways: it hinges on adapting the geodesic beam techniques
constructed by the authors [Canzani and Galkowski 2021] and on the development of a new second
microlocal calculus. We now give a detailed sketch of the argument used in this proof.

To simplify the presentation in this outline, we suppose u is a Laplace eigenfunction and U = M, and
sketch the proof of Theorem 1.4.

Step 1: We first write u = ) _ i XT U where the 7; are as in Definition 1.3 and x7; is a microlocal cutoff
to 7; which approximately commutes with P = —h’A ¢ — 1; see Section 3A. We also cover M by balls
{B (x4, R)}aez such that Z consists of a union of boundedly many collections of disjoint balls. We next
organize the tubes 7; by the L? mass of XT;u, Writing

A= 727D 2 < Mxzpull 2 < 27 a2
see Section 3B. For each k, we then organize the balls B(xy, R) by the L® norm of ) jeA, XT;u, Writing

D am

T = {a €Z: 2" Nul| 2 < A"~ DRUZMS
JEAK

< 2’"k||u||Lz}; (1-8)
L>®(B(xq,R))

see Section 3C. The reason for this choice comes from the geodesic beam estimate (see [Canzani and
Galkowski 2021])

> xm < CRUTMEROTE BT a2, (-
jeA L>®(B(xq,R)) JeAK(a)

where Ay («) denotes those tubes 7; such that j € A; and 7; passes over the ball B(x,, R). Because of
the definition of 4, we have that 2" is a lower bound for the number of tubes in Ay («) for o € Zy j;
see (3-20).

With this bookkeeping completed, we record the estimate on the L” norm:

P
D xmu

1/p
luelzr < CZ(Z ) , (1-10)
k mTjeArm Lp(UaeIkm B(x‘,,R))
where Ay, = UaeIk . Ak(a), i.e., those tubes in A which pass over a ball in Zy .

Step 2: We control each L” norm in (1-10) by using interpolation between the L°° estimate analogous
to (1-9) and the standard L?¢ estimate:

D xmu

jeAk,m

< Ch_l/Pc
Lpc

< Ch VPR Ap 12 Nt 12

> xru
LZ

JE€Akm
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In Section 3D, we start by handling the “easy” piece where the L> norm is smaller than T'(h)~Vh~("—D/2
for some very large N. This piece can be neglected since the standard interpolation estimate shows that it
has L? norm < h=°P) /. /T (W) |u]| ;2.

Next, in Section 3E, we write A, = Gk.m U B, where |
that

7€Gim 7; is non-self-looping in the sense

U U, Ujeq, T =2
1€lto, T (h)]
Using non-self-looping estimates from [Canzani and Galkowski 2021] (see also Lemma 3.6) and summing
carefully, we are able to show that

cX(X] 2w,

)1/1’ L8P
<
m J€Gkm Lp(UaeIk‘m B(xoth)) \% T(h)

llaell 2

This is done in Section 3E2.
Our final task is to estimate the sum over the bad tubes. For this, we again use the geodesic beam

estimate to control the L* norm of ) x7;u by the maximal number, |B;¥|, of “bad” tubes passing

jeBk,m
over a ball B(xy, R) with o € Z; ,,,. In addition, we control the L? norm of this sum by | Bk m| 1/22=k The

numbers of “bad” tubes are estimated in the next step.

Step 3: We first estimate |B;"¥| using the dynamical hypothesis. In particular, we check that
|B]r<1?ir| =< |Ik,m| |Bx1,x2|-

This estimate comes from imagining the worst case scenario that every tube connecting some ball B(x,, R)
with o € 7 ,,, to another ball B(xg, R) with 8 € Z; ,, lies in A and that no such tube connects B(xy, R)
to B(xg, R) and B(xg, R) for g # B’; see (3-46). Using a similar argument, we can see that

2 .
|Bk,m| = |Ik,m| sup |Bx1 ,x2|a
X1,X2

see (3-39). Thus, it remains only to estimate |7y ,,|.

Step 4: To estimate the size of Z ,,, we need to estimate the number of balls on which the combination
Jednm XTU with L? mass 27% has L* norm 2’""‘R(”_1)/2h(1_")/2||u||Lz.

To do this, we aim to understand both the minimal amount of L? mass needed for an eigenfunction

of beams wy ,,; 1= Y

to have a certain (large) L°° norm and where that mass must be located in phase space. The standard
Hormander-type L bound (as presented in [Koch et al. 2007]) answers the first question: for x € M,

R D2 w)| < Cllwllze + b~ 1 Pwl o). (1-11)

To answer the second question, we need to understand to what extent this inequality can be microlocalized.
Because of the invariance of eigenfunctions under the geodesic flow we localize to the coisotropic
submanifolds

Iy = J e(T;M). (1-12)

lr]=1
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We want three properties for Xr , our localizers to I'y; see (3-25) for the precise requirements and
Theorem 6.3 for their construction. First, they should localize tightly (h” with p ~ 1) to I",.. Second, they
must nearly maintain the value of a function at x:

w(x) = (Xr,w)(x) + O(h™). (1-13)
Third, they must preserve quasimodes for P so that, using the inequality (1-11), we have
h D2 (X, wim) (0] < ClIXr, wimll 2. (1-14)
Thus, from (1-13) and (1-14) it follows that, for « € Z ,,, there is X, € B(xy, R) with
RO=D/20m=k 115 < h("_l)/ZHXF;a Wi |l L2 (Bra, R < 1 Xy, Wi Il 22 (1-15)

Note that we use I', as defined above, as opposed to the flowout of S;M, precisely so that (1-13) is
possible.
Finally, we will bound |Z ,,| by summing (1-15) over all balls in Z ,, to obtain

RO < > Xy, Wi 72 (1-16)

OlEIk_,-,,

We produce an upper bound on (1-16) of the form

D Xy weamllz2 < w7 (1-17)

A€y m

This follows from Proposition 6.6 (see the analysis leading to (3-31)) and controls the minimal L? mass
necessary for wy , to have a large value at all the points in Z; ,,. We view this estimate as an uncertainty
principle type of result in which we prove that, for x, # Xg, localization to I'z, and I';, are incompatible
in the sense that

1 Xre, Xrs, 22 <1 (1-18)

with uniform estimates in d (X, Xg). Combining (1-16) with (1-17) yields the bound needed on |Z ,, | to
finish the analysis in the proof of Theorem 1.4. This is done in Section 3E1.

Remark 1.6 (uncertainty principle). Note that, if the function wy , could be localized simultaneously on
all the manifolds I'z_, then we would have

2 2 2
0 IXr, weml7a = cATiemlllwemll2 > lwimll?2.
O{El-k,m

This contradicts (1-17). Hence, if one more carefully quantifies this argument by assigning weights to the
localized masses || X wk mllr2, we can understand how much of the L? mass of wy_, can be localized
to many I'z . This is a type of uncertainty principle. Since (1-15) shows that Iz, must carry mass in order
for wy_ . (%,) to be large, this can be thought of as an estimate on how much a “single unit” of L2 mass
can be used to produce a large L° norm at multiple points.
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Remark 1.7 (zonal harmonics). Another way to think of the estimate (1-18) is on the round sphere S 2,
where the natural enemy is a zonal harmonic Z, at a point x € S2. Recall that the zonal harmonic Z, is
localized & close to Iy, in the sense that in a fixed size neighborhood of x,

Xr. Zy = Zy + O(h®™).

The estimate (1-18), or more precisely Corollary 6.5, can be used to give lower bounds on

2 Zn

Xq €L

2
=D N Zel72+ Y AXE X, Ze, Zog)ios
L? xq €L Xo FXp

where d(x4, xg) > R for a # B. Equation (1-18) shows that, for o # B,
IXF,, Xr, I <1

and hence quantifies the amount of cancellation in such a sum. This cancellation is easy to see with
d(xq, xg) > ¢ > 0, but becomes much more subtle when this distance is small.

Remark 1.8 (second microlocal calculus). In order to build the localizers Xt satisfying (1-13) and (1-14),
we develop a new second microlocal calculus associated to a Lagrangian foliation L over a coisotropic
submanifold I' C T*M. In the case of the I, defined in (1-12), the leaves of L will be given by ¢, (T M)
for a fixed time ¢. The calculus allows for simultaneous /” localization (with p close to 1) along a leaf
of L and along I". Because of this and the fact that 7,"M is one such leaf, we can find localizers with the
property (1-13). We note that other works on L? norms, especially [Blair and Sogge 2015b; 2017], use

172

localizers to &'/~ neighborhoods of geodesic segments. However, when two cutoffs X and X, localizing

at scale '/ have overlapping support, we always have
I X1X2llp2p2 ~ 1,

and hence (1-18) does not hold. Therefore, in our framework it is necessary to localize in some directions

at scales below h1/2

and hence to develop a special calculus associated to the pairs (L, I'). The calculus,
which is developed in Section 5, can be seen as an interpolation between those in [Dyatlov and Zahl

2016; Sjostrand and Zworski 1999].

Outline of the paper. In Section 2, we construct the covers of S*M and T*M consisting of tubes and balls,
respectively, which are necessary in the rest of the article. Section 3 contains the proof of Theorems 1.4
and 3.8. This proof uses the anisotropic calculus developed in Section 5 and the almost-orthogonality
results from Section 6. Section 4 contains the necessary dynamical arguments to prove Theorem 1.1 using
Theorem 1.4.

2. Tube lemmas

The next few lemmas are aimed at constructing (z, r)-good covers and partitions of various subsets
of T*M; see also [Canzani and Galkowski 2021, Section 3.2]. Before we proceed, we recall the symbol
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classes S§' (T*M); see also, e.g., [Zworski 2012, Chapters 4, 9]. We say that a € C*°(T*M) is in S§' (T*M)
if, for all o, B € N9, there is Cog > 0 such that, for 0 < i < 1,

1959 alx, &)1 < Caph™ N EY™ AL (£) = (14182,

We sometimes write Ss(7T*M) = S((S)(T*M), and we write a € S§'(T*M; A) if a € C*(T*M; A) is also
in S§"(T*M).

Definition 2.1 (good covers and partitions). Let A C T*M, r > 0, and {p; (r)} 21 C Abea collectlon of
points for some N, > 0. Let © be a positive integer. We say that the collectlon of tubes {Ar (r)} i isa

(®, t,r)-good cover of A C T*M provided it is a (t, r) cover of A and there exists a partltlon (T2 71
of {1,..., N,} such that for every £ € {1, ..., D},

ALGHNALGr =2, i, jed i#]

In addition, for 0 <4 < 5 Land R(h) > 8h%, we say that a collection {X]} ”1 C Ss(T*M; [0, 1)) is a §-good
partition for A associated to a (9, T, R(h))-good cover if { Xj} ’11 is bounded in S5 and

Np
supp x; C AL (R(h) and Y x; =1 on AY(3R()).
j=1

Remark 2.2. We show below that for any compact Riemannian manifold M, there are ©y;, Ry, 79 > 0,
depending only on (M, g), such that, for 0 < t < 79 and 0 < r < Ry, there exists a (D, 7, r)-good cover
for S*M.

We start by constructing a useful cover of any Riemannian manifold with bounded curvature.

Lemma 2.3. Let M be a compact Riemannian manifold. There exist ®, > 0, depending only on n, and
Ry > 0, depending only on n and a lower bound for the sectional curvature of M, so that the following
holds: for 0 <r < Ry, there exists a finite collection of points {xy}qez C M, IZ=1{1,...,N,},and a
partition {I,-}?:”1 of T such that

M C U B(xq,r), B(xy,,3r)NB(xy,,3r)=9 for aj, oz €1;, o) #an,

ael

{xo}aez 1s @ maximal %r—separated set in M.

Proof. Let {xy}ycz be a maximal %r—separated setin M. Fix ap €T and suppose B(xy,, 3r)NB(xy, 3r) #Q
for all o € K, C Z. Then, for all o € Ky, we have B(xa, %r) C B(xy,, 8r). In particular,

Z Vol(B(xa, %r)) < vol(B(xq,, 8r)).

aelCao

Now, there exist Ry > 0, depending on n and a lower bound on the sectional curvature of M , and
®, > 0, depending only on n, such that, for all 0 < r < Ry,

vol(B(xq,, 87)) < vol(B(xy, 14r)) <D, vol(B(xa, 37)). (2-1)
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Hence, it follows from (2-1) that

3" Vol(B (xa 1)) < vol(B(pu,. 87) < ;3”' > vol(B(xa. 37))-

aEIC,IO aelC,lO

In particular, |Ky, | <D,,.

At this point we have proved that each of the balls B(x,, 3r) intersects at most ©,, — 1 other balls. We
now construct the sets 7, ..., Zp, using a greedy algorithm. We will say that the index o intersects the
index o if

B(xy,,3r) N B(xy,,3r) # Q.

We place the index 1 € Z;. Then suppose we have placed the indices {1, ...,a}in 7y, ..., Zp, so each
of the Z; consists of disjoint indices. Then, since « + 1 intersects at most ®,, — 1 indices, it is disjoint
from Z; for some i. We add the index « to Z;. By induction we obtain the partition Zy, ..., ZIp,.

Now, suppose that there exists x € M such that x ¢ Uad B(xy,r). Then, mingerd(x,xy) > 1, a
contradiction of the %r maximality of x,. O

In order to construct our microlocal partition, we first fix a smooth hypersurface H C M, and choose
Fermi normal coordinates x = (x, x’) in a neighborhood of H = {x; = 0}. We write (1, &’) € T;"M for
the dual coordinates. Let

Ty = {(, &) € SpM | [51] = 3} (2-2)
We then consider
My ={(x.§) € THM | 1611 = 5, 5 < I€lgw) < 3}- (2-3)
Then Hy,, is transverse to the geodesic flow and there is 0 < Tjyjz < 1 such that the map

v [_TinjH, TinjH] X HEH - T*Ma \I’I(tv p) = (pt(p)’ (2_4)

is injective. Our next lemma shows that there is ©, > 0 depending only on »n such that one can construct
a (®,, t,r)-good cover of Xy.

Lemma 2.4. There exist ®, > 0 depending only on n and Ry = Ro(n, H) > 0 such that, for 0 < r; < Ry,
O<rp=< %rl, there exist points {,oj}j:”1 C Xy and a partition {Ji}?:”l of {1,..., Ny} such that, for all
0<t< %‘L’injH,

Ny,
AL (rg) C AT (rp),
zy () ]L:Jl () for j.Ledi, j#L.

A;/_ GBrpN A;{ (Br) =g,

Proof. We first apply Lemma 2.3 to M = Sy to obtain Ry > 0 depending only on n and the sectional
curvature of H and that of M near H such that, for 0 < r| < Ry, there exist {p; };v:’ll C Xy and a partition
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()2 of {1,..., N} such that
Ny,

=u CJ Boj,r)), B, 3r)NBlpy,3r) =2 for j,L e, j#¢,
j=1

Ny, . . .
{0j} j:ll 1s a maximal %rl—separated setin Xy.
Now, suppose that j, £ € J; and
A;l(3r1) ﬂA/’)j (Br) # 2.
Then, there exist

ge € B(pe, 3r)) NHs,, qj € B(pj,3r)NHg,,

and #;, t; € [—7, 7] such that ®1,—1,(qe) = q;. Here, Hy is the hypersurface defined in (2-3). In particular,

fort < %‘L’inj[-[, this implies that g, = g;, t, =t;, and hence B(p¢, 3r1) N B(pj, 3r1) # <, a contradiction.

Now, suppose rg < r; and that there exists p € AEH (ro) so that p ¢ Uj=1,.‘..Nr1 A;j (r1). Then, there
are |t| < T +rp and g € Hyx,, such that

p=w(q), d(q,Xg)<ro, minN d(q, pj) = r1.
In particular, there exists p € Xy with d(g, p) <rp such that forall j =1,..., N,
d(p, pj) = d(q, pj) —d(q, p) > ri —ro.
This contradicts the maximality of {p;}}"" if ro < 1. 0

We proceed to build a §-good partition of unity associated to the cover we constructed in Lemma 2.4.
The key feature in this partition is that it is invariant under the geodesic flow. Indeed, the partition is built
so that its quantization commutes with the operator P = —h>A — I in a neighborhood of Xy .

Proposition 2.5. There exist T = 1| (Tinjy) > 0 and &1 = &1(11) > 0, and given 0 < § < % and 0 < e <¢g
there exists hy > 0 such that, for any 0 <t <t and R(h) > 248, the following holds.
There exist C1 > 0 such that for all 0 < h < h| and every (t, R(h)) cover of Xy there exists a partition
of unity
Xj € SsNCX(T*M; [—Ci1h' ™2, 14+ C1h' %))

on A%H(%R(h)) for which
supp x; C A;/*S(R(h)), MS;, ([P, Op, (x)]) N AT, (¢) = @, Z xi=1 on A%, (3R()),
J
{xj}; is bounded in Ss, and [—thg, Op,,(xj)] is bounded in Vs.

Proof. The proof is identical to that of [Canzani and Galkowski 2021, Proposition 3.4]. Although the
claim that ) jxj=lonAg, (%R(h)) does not appear in its statement, it is included in its proof. [
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3. Proof of Theorem 1.4

For each g € S*M, choose a hypersurface H, C M with ¢ € SN*H,; and Ty H, > %inj (M), where Tiyj H,
is defined in (2-4) and inj(M) is the injectivity radius of M. We next use Lemma 2.4 to generate a cover
of ¥p,. Lemma 2.4 yields the existence of ©, > 0 depending only on n and Ry = Ro(n, H;) > 0 such
that the following holds: Since by assumption R (k) < A%, there is ko > 0 such that 1% < R(h) < R, for
all 0 < h < hy. Also, set r; := R(h) and rg := %R(h). Then, by Lemma 2.4 there exist

NR(h) = NR(h)(q, R(h)) > 0, {pj}jejq C Equithjq ={1,..., NR(h)}’

and a partition {jq,i}?:”l of J4, such that, forall 0 < 7 < %‘L’mj H

o
AL, GRM) C | AL R™), (3-1)
Jj€Ty
Dy
Uai=7, (3-2)
i=1
AL GRM)NAL BR(h) =2 for ji, o€ Tyis ji # Jo- (3-3)

By (3-1) there is an h-independent open neighborhood of g, V,, C $*M, covered by tubes as in Lemma 2.4.
Since $*M is compact, we may choose {cM}eL:1 with L independent of & such that S*M C Ule Vye- In
particular, if 0 < 7 <minj<¢<y, TH,, and foreach £ € {1, ..., L} we let

Ta = AL (R(R)),
then there is ®,; > 0 such that

L
U biean,
=1
isa (D, T, R(h))-good cover for S*M. Let {wqe}f:l C CX(T*M) satisfy

supp ¥g, C {(x,é“) € T*M\ {0}

(x,i> EVW} forall £=1,...,L,
1&g

L

Z V4, = | in an h-independent neighborhood of S*M.
=1

We split the analysis of u in two parts: near and away from the characteristic variety {p = 0} = S*M. In
what follows we use C to denote a positive constant that may change from line to line.

3A. It suffices to study u near the characteristic variety. In this section we reduce the study of |[u||z» )
to an h-dependent neighborhood of the characteristic variety {p = 0} = S*M. We will use repeatedly the
following result.

Lemma 3.1. Forall e > 0 and all p > 2, there exists C > 0 such that

lullze < CH"YP=V2 ull ety (3-4)
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Proof. By [Galkowski 2019, Lemma 6.1] (or more precisely its proof), for any € > 0, there exists C, > 1
50 that [[Id]| /2 < C:h™"/2. By complex interpolation of Id : L? — L? and 1d : H}/**¢ — L*°
h

—L>® —

with 6 =2/p, we obtain [|1d| g, w2+00-0) 1 < CJ70h™"1=9/2 and this yields (3-4). O
Observe that

L L
="y Op,(g)u+ (1 -3 Oph(l/fql))u.
=1 =1

Since 1 — Zle ¥4,=0 in an h-independent neighborhood of $*M = {p = 0}, by the standard elliptic
parametrix construction (e.g., [Dyatlov and Zworski 2019, Appendix E]) there is E € W—2(M) with

L
1= " 0p,(¥g,) = EP+ O(h™)y—~. (3-5)
=1

Next, combining (3-5) with Lemma 3.1 and using that #"(1/P=1/2) = p=8()+1/2=1 e have

L
H (1 - Z Op, (qu))”
=1

< Ch"YPUDNEPu| oasriime + O (™) |Jull 2
Lr I

< Ch=* P2 Pull wa-ype2 + O (™) ul| 2. (3-6)
h
It remains to understand the terms Opj, (4, )u. Since there are finitely many such terms,
L L
> 0p, (g u| <Y 110p, (Yg)ullLr, (3-7)
=1 Lr g

and we consider each term [|Op, (¥4, )u| z» individually.
By Proposition 2.5, foreach £ =1, ..., L, there exist 71(q¢) > 0 and ¢ (g¢) > 0 and a family of cutoffs
(%7, Yieg,, with %7. . supported in A}, "’ (R(h)) such that, for all 0 < 7 < 71(qe),

> kn,, =1 on AL, (FR(). (3-8)
J€Jq,
Let 19(g¢) be as in [Canzani and Galkowski 2021, Theorem 10]. Then, set

. : | I 1. .
™ = lrfr?nL{Zan(M)’ T0(qe), T1(qe), zfln]qu}~

<
From now on we work with tubes 7, ; = A;j (R(h)) for some 0 < T < t)7. Next, we localize u near and
away from A5 (h%):
qu

Op;, (Vg )u = Y Op, (7, ;) Op;, (Yg )t + (1— > Oph(m,j)) Opy, (Yg .
J€T g, J€T g,

Remark 3.2. We refer to functions of the form Op,,(x7,,,;)u as geodesic beams. One can check using
Proposition 2.5 that if 4 solves Pu = O (h)2, then the geodesic beams solve

PO, (f7;, )t = O (h) s

for any k and are localized to an R(h) neighborhood of a length ~ 1 segment of a geodesic.
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In particular, by (3-8), lR(h) > %haz, and [Canzani and Galkowski 2021, Lemma 3.6], there is
Eeh™® WP so that

(1 -3 Oph<>zf,,(,j>> Opy (V) = EP + Oy (h). (3-9)
J€T g,

Since A"(1/P=1/2=02 — p=6(P+1/2=82=1 " combining (3-9) with Lemma 3.1 yields

H (l - Z Oph (27714/)) Oph(qug)l/t

J€T g,

< Ch=P=12=2 Pyl wapmse + O (™) [ull 2. (3-10)
Lr h

Combining (3-6), (3-7), and (3-10), we have proved that for U C M,

L
lull oy <Y

=1

> Op,(37;,.,) Oy (W, )u
J€T g,

Lr(U)

+ Ch= P22 =1 Pyl wapeype2 + O (W) ull 2. (3-11)
h
3B. Filtering tubes by L* mass. By (3-11) it only remains to control terms of the form

’

LP

> 0, (%7,,.,) Oy (g, u

J€T 4

where u is localized to V,, within the characteristic variety S*M and, more importantly, to the tubes 7, ;.
We fix £ and, abusing notation slightly, write

Vo=V T=Jg T=Taj in=7ir, vi=y 0pGpOpMu.  (3-12)
jed

Let T =T(h) > 1. For each j € J let
X7, € C(T*M; [0, 1]) N S; (3-13)

be a smooth cut-off function with supp x7; C 7; and x7; =1 on supp x7;, and such that {x;}; is bounded
in S5. We shall work with the modified norm

T
lullp,7 = lull 2 + ol Pull 2.

1/2

Note that this norm is the natural norm for obtaining 7~"/< improved estimates in L? bounds since the

fact that u is an o(7 ~'h) quasimode implies, roughly, that u is an accurate solution to (hD; + P)u =0
for times ¢+ < T. For each integer k > —1, we consider the set

) 1 _ 1
A = {] €T elluller = 10p, Ge7)ullz2 +h ™ 10, (x7) Pull 2 < FHUHP,T}- (3-14)

It follows that Ay consists of those tubes 7; with L? mass comparable to 27K,



GROWTH OF HIGH L?” NORMS FOR EIGENFUNCTIONS: AN APPLICATION OF GEODESIC BEAMS 2283

Remark 3.3. Note that if A € W5 and MS;,(A) C { X7, = 1}, then the elliptic estimate implies
[Avliz2 < ClIOp, (x7)vliL2 + O (™) [[vll 2.
In particular, if j € A and MSy,(A) C {x7; = 1}, then
lAull 2 + B~ APul| 2 < C27 ullp.r + O W) ullp.1-

Observe that since |x7;| < 1, for & small enough depending on finitely many seminorms of yx;,
10p;, (x7:) |12 12 < 2. In particular, this together with 7" > 1 implies that

J=J 4 (3-15)

k>—1

Lemma 3.4. There exists C, > 0 so that for all k > —1
A < C.2%. (3-16)
Proof. According to (3-2), the collection {7;};c 7 can be partitioned into ©,, sets of disjoint tubes. Thus,

we have ) jeg X7 | <®, and there is C,, > 0 depending only on n such that

=< Cy.
L2112

> 0p, (x7)* Opy, (x7,)
jeJg

In particular,

> 110p, (x7)ull2 < Callull o,

JjeJ

> " 10p, (x7) Pull}2 < Cull Pull?..

jeg

Therefore,
A2 lullp < 2( > 10p, (xr)ull, +h 72 ||0ph(X7;>Pu||iz> < Callullp 7- O
JEAK
Next, let

wi =Y _ Op,(X7,)0p, (¥)u. (3-17)

JEeA
Then, by (3-12) and (3-15) we have

v= Y . (3-18)
The goal is therefore to control ||wi||z» ) for each k since the triangle inequality yields

oo
Wiew) < Y llwellLow).
k=—1
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3C. Filtering tubes by L°° weight on shrinking balls. By Lemma 2.3, there are points {x,}yer C M
such that there exists a partition {Ii}f‘l’l of Z such that

M c | B(xa. R(h)),

ael

B(xq,, 3R(h)) N B(xy,,3R(h)) =@ for a1, a2 €Z;, o) #as.

Then, for m € Z, define

Tjm 1= {a € Ty - 2" < p=D2 R () (1=m)/20k ”w"”L”m(”B("“’R(“” < 2’”}, (3-19)
ullp,r

where Zy :={a € Z: B(xyq, R(h)) NU # }. For each k € Z and « € Z, consider the sets
Ai(er) :={j € Ak : Ty (T;) N B(xa, 2R(h)) # &},

where my; : T*M — M is the standard projection. The indices in .4; are those that correspond to tubes
with mass comparable to zlk llu]l p,7, while indices in A (o) correspond to tubes of mass 2% lu|| p,7 that
run over the ball B(xy, 2R(h)). In particular, we claim that Lemma 3.4 and [Canzani and Galkowski
2021, Lemma 3.7] yield the existence of C,, ¢y > 0 such that

2™ < |Ar(@)| < C2%% for a € Iy . (3-20)

The upper bound follows directly from Lemma 3.4, while, to obtain the lower bound, we first observe
that for o € Zy ,,
2" R RM VP2 ullpr < lwill sy, R (3-21)

In addition, (3-14) and [Canzani and Galkowski 2021, Lemma 3.7] imply that there exist cy; > 0, 737 > 0,

and C, > 0, depending on M and n respectively, such that for all N > 0 there exists C > 0 with

lwill L (Bxa, R(1Y))
CyR(h)"~ 1/

Ty 10p, (%73) Oy (¥)uell 2 + 1 110py, (77;) P Opy (¥)ull 2 + Cvh™ el p
Ty hY'T

jeAi(a)
< ¢yt DR R D22 R p g | Ar(@)| + CyhN ullp 7,

which, combined with (3-21), proves the lower bound in (3-20). To obtain the second bound we used
Remark 3.3. To simplify notation, let

A= Akl@. (3-22)

€Ly m

Note that for each @ € Z ,, there is X, € B(x,, R(h)) such that
Wi (Fo)| = 2" R R D227  u p 1 (3-23)
We finish this section with a result that controls the size of Zj ,, in terms of that of Ay ,,. Let

1G+ D) <p<l, (3-24)
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0<e<d, x €CX((—1, 1)), and define the operator
oz 00) = 7 (3h7d e, 50) [0py (7 (Ll = D) ] .

In Lemma 6.2 we prove that x; 3, € \111?;:? Li,.p° where

Q, ={E€TEM |1 —[Elgeyl <8} T = |J @@
1<% inj(M)

and \IJF_;? Liy.p is a class of smoothing pseudodifferential operators that allows for localization to 4”
neighborhoods of I';, and is compatible with localization to 2” neighborhoods of the foliation Lz, of I's,
generated by Qg .

In Theorem 6.3 for ¢ > 0 we explain how to build a cut-off operator X5, € \IJI:;Z? Ls,.p Such that

X X5, = X5y + O(W) gy,

(3-25)
WF,/([P, Xz, )N {(x,€) : x € B(Zy, 3inj M), £ € Q,} =2,

where inj M denotes the injectivity radius of M. Moreover, X3, acts microlocally in the sense that if
a, b e S(T*M) with suppa Nsupp b = &, then

Opy (@) Xz, Op;,(b) = O (h™)y—=. (3-26)

Lemma 3.5. Let %(82 + 1) < p < 1. There exists C > 0 such that for every k > —1 and m € Z the
following holds: if
|-Ak m| <C 22mR(h)n—1(h,o—1/2R(h)—l/Z)—Zn(n—l)/(3n+l)’
then
| Zim| < ClALmI272" R ™. (3-27)

Proof. We claim that by (3-17), for « € Zj ,

X5 Wk = X5 Wkom + O™ Nlull2)  and  wy = Z Opy, (X7,)0p;, (Y)u. (3-28)
jEAk,m

Indeed, it suffices to show that x; z, Op, (X7,)Op, (¥)u = O (h*|lu|12) for & € i », and j ¢ Ay . Note
that for such indices my (7;) N B(Xy, 2R(h)) = &, while

supp ¥ (éh_pd(x, ;za)) C B(iq, Ceh”) C B(xq, 3R(h))

for some C > 0 and all /# small enough.
Our next goal is to produce a lower bound for | A ,, | in terms of |Zy ,,| by using the lower bound (3-23)
on || xn.z, Wk.m|l L~ for indices o € Z ,,. By (3-25), we have

Xh5y Whom = Xh. 5y X5, We,m + O (W) oo

for a € Iy 1.
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Next, note that since MS;,(x7;) C {|l§]; — 1| < ¢}, using (3-26) we have
Op, (% (L 1€l = 1)i) X, wim
= 0p (7 (201, = 1)) X, Op, (7 (52181 = ) )wim + 00 ullp )~
= Xz, Wim + O ullp,r)ree.
In particular, using this with (3-23) and (3-28),
2" R R VP2 Nl p o < Mz, will
< o (% (5 g1 = ) Xz wem |, _+OG=)Nullpr
= | Xz, wimll Lo +O ) lull p.7- (3-29)

Therefore, applying the standard L* bound for quasimodes of the Laplacian (see, e.g., [Zworski 2012,
Theorem 7.12]) and using, by (3-25), that X; nearly commutes with P on B()Za, %inj M ), we have

2" IRV Kul p e < CUI X5, wiemll 2 + AP Xs, wiemll L208)) + O™ lullp.7).
< CUIXz, wemll2 +h Xz, Pwimll2) + O™ ||ullp.7). (3-30)

Note that we have canceled the factor 4! =/2 which appears both in (3-29) and the standard L> bounds
for quasimodes. Using that K>~ R(h)~! = o(1), Proposition 6.6 proves that, for all 7Zc Tk.m and
veL*(M),

D X, vl7, < CA+ap|Z13 VD) )3,

aeZ

where aj, = (h*~V2R(h)~V*)"~1 Asa consequence, (3-30) gives

IZIR()" 27222 D3, < C(Z IXe, wiemlF2+872 Y 11Xz, Pwicm ||iQ>
aef aef

< C(1+a|Z| 3V (lwge 122 + B2 Pwiem|125)
< C(1+ap|Z|Cm D@y 272K Ayl -

The last inequality follows from the definition of wy ,, together with the definition of A4 in (3-14).
In particular, we have proved that there is C > 0 such that for all Zc Ti.ms

IZIR(h)"~12%" < C max(1, ay |Z|C"D/Cmy| 4, ). (3-31)

Now, suppose that a;|Z; | " TD/@" > 1. Then, there exists 7cC Ti.m such that aj, |Z|GntD/C) = 1 In
particular, |Z|R(h)"~'22" < C|Ag . This implies that if

\Apm] < éah—(zn)/@”-H)R(h)n7122m’
then a;| Ty | " +D/CM < 1, and so by (3-31),

Tk | R(R)"™12%™ < C| Ay . 0
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Note that for wy_,, defined as in (3-28),

o0 o0
Wil oy <Dn Y MWkl oy =P Y, Nweml o)+ OB lullp.), (3-32)
m=—0oQ m=—0oo
where
U= |J B, R(W). (3-33)
‘Xezk,m

Finally, we split the study of ||wi||z»(v) into two regimes: tubes with low or high L® mass. Fix N > 0
large, to be determined later. (Indeed, we will see that it suffices to take N > %(1 —pe/ p)_l.) Then, we
claim that, for each k > —1,

mik ma k
1wl ooy <D0 D Mwkmll oy 20 D Mwkmlllog, ,+O0GFlullpr),  (3-34)
m=—00 m=mj ;+1

where m ; and mj i are defined by

2kR h (1—n)/2
MLk — min<(T+, cn2%, cOR(h)l—"),

2"M2k = min(c, 2%, coR(h)'™™),

where ¢y and ¢, are described in what follows. Indeed, note that the bound (3-20) yields that 2™ is
bounded by | A ()| for all « € Z ,,, and the latter is controlled by coR (h)"~! for some ¢( > 0, depending
only on (M, g). Also, note that by (3-20) the wy ,, are only defined for m satisfying 2" < ¢,,2?*. These
observations justify that the second sum in (3-34) runs only up to my .

3D. Control of the low L™ mass term, m < mj . We first estimate the small m term in (3-34). The
estimates here essentially amount to interpolation between L”< and L*. From the definition of Zj ,,
in (3-19), together with %(1 —n)(p— p.) —1=—p§(p) and using Sogge’s LP¢ estimate

—1/pe -1
Wl Lre gy < CHTYP (lwim 2 + B I Pwiomll 12)

<Ch™ P \lullpr,

we obtain
mi mi.k
Z lwim 7 r ) <€ Z Wi m 125G 10k 1 e 0,y
m=—0oQ m=—00
mi k
< Ch™=P W) R(i) =D P=pI 20 =kp=pe) ™ gmlp=pod b
m=—od

< Ch—P(S(p)R(h)(’l—l)(p—ﬂc)/22(m1,k—k)(l9—pc)”u”A;’) -
It follows that

mi g

1/p
Z ( Z ”wk»mHZI’(Uk’m)) < Chfs(p)R(h)(nfl)(lfpc-/P)/Z”u”P’T Z 2 m1k=k)(1=pe/p) (3-35)

k>—1 “m=—00 k>—1
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Finally, define k; and k, such that

R(h)(l—n)/2

2k
c, TN

and 2% = coR(h)I"M2TN. (3-36)

If k < ky, then 21+ = ¢,2%K, so there exists Cn,p > 0 such that

k1
Z 2 (m1 k=k)(A1=pc/p) < Cn,p
k=—1

R(h)(l‘")(l‘l’c/”)/z

TNO=p:/p)

If ky <k < ks, then 214 = 2kR(h)(1="/2 /TN Therefore, since |k —k;| < cN log T for some ¢ > 0,
there exists C > 0 such that

ky 1=n)(1=pc/p)/2
R(h)' pe/p
(my x—k)(1—=pc/p)
kzkz <CNlogT———— >
=K1

Last, if k > ky, then 2”14 = coR(h)' ", so there exists C » > 0 such that

i 2(m1,k—k)(1—pc/p) <C R(h)(l—ﬂ)(l—pc/p)/Q
k=k =P TNU-pc/p)
=k

Putting these three bounds together with (3-35), we obtain

- 1/p NlogT
p —8(p) g B
kZ]( Z ”wk,m”LP(Uk,m)) <Ch TN(—p/p) ”””P,T- (3 37)
2— m=—0oQ

3E. Control of the high L mass term, m < my,. In this section we estimate the large m term in (3-34).
To do this we write

Ak,m - gk,m U Bk,m’

where the set of “good” tubes | J
is small. To do this, let

By (e, B) = {jEUAk(a):
k

j€Gim T; is [to, T ] non-self-looping and the number of “bad” tubes |By |

T
U @i (T N SZ(xﬁ,ZR(h))M #* @}- (3-38)

1=ty

Then, we define

Bem= | Bule p)nA(e).

a’IBEIk,m
Let Gk m := Ak.m \ Br.m- Then, by construction, | J i€Gim 7; is [to, T'] non-self-looping and we have
|Bim| < €| Zim|*|Bul (3-39)
for some ¢ > 0, where
|By| :=sup{|By (e, B)| : o, B € I}. (3-40)

That is, |By| is the maximum number of loops of length in [#g, T'] joining any two points in U.
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Then, define

wy, = Y Op,(7) Op,(¥)u and wf,, := > Op,(%7;) Op,(¥)u. (3-41)
jegk,m jeBk,m
Next, consider

M2k 1/p M2k 1/p M2k 1/p
B
( > ||wk,m||i,,wk’m)) s( > Ilw;?,mlliwk,m)) +( > ||wk,m||i,,wk’m)) . (42

m=mj i m=mj i m=mj i

3E1. Bound on the looping piece. We start by estimating the “bad” piece

my i

B P e
S (2 ebatlien,)

k>—1 “m=mjj

Observe that if 2"+ = min(coR(h)' ", ¢,2%), then m1 x = my and we need not consider this part of

the sum. Therefore, the high L*> mass term has

2kR(h)(lfn)/2
TN

and k; <k <ky. Hence, for m| y <m <my, Lemma 3.4 gives that there is C, > 0 with

oMk —

(3-43)

| Ag.m| < Cu2% < C,R(h)" 122" T2V,

Furthermore, since R(h) > h® with §, < %, (3-24) yields that there is ¢ = ¢(n, N) > 0 such that
hP~'2R(h)~1/? < h¥, and hence, since T = O (logh™"),

|Ak m |: O(R(h)n—122m (hp—I/ZR(h)—l/Z)—Zl’l(n—])/(3l1+1)).
In particular, a consequence of Lemma 3.5 is the existence of 49 > 0 and C > 0 such that
| Zon] < CR(A)' 272" | Agm| (3-44)
< CR(h)'—m%—2m (3-45)

for all 0 < & < hg, where we have used again Lemma 3.4 to bound | Ay |-
Next, note that for each point in Z; ,, there are at most ¢|Zy ,, | |By| tubes in By ;, touching it. Therefore,
we may apply [Canzani and Galkowski 2021, Lemma 3.7] to obtain C > 0 such that

lwg |y < CHYP2RMY 2T | 1By 27  ull p.1 (3-46)
Using (3-46) and interpolating between L° and L?¢ we obtain
1WE w17 n 1y < ChTPP PR D2 T 1Bu 127 Nl o) PPN w15 - (3-47)

In addition, since combining (3-14) with (3-39) yields

B 1/2~7—k —k 1/2
lwg 2wy < ClBem! 227 ullp.r < C27¥Zim | 1Byl llull p.1,



2290 YAIZA CANZANI AND JEFFREY GALKOWSKI

the bounds in (3-47) and (3-45) together with the definition of m x in (3-43) yield

Mok my k
—pé —1)(p—pe)/2 —pe/2y—k
D gl o,y < CHTPPRU)DETPIR T P By P2l
m=mj M=,k
ma k
5Ch_p‘s(”)R(h)(”_l)(_”_p”)/22k”|BU|”_”"/2|Iu|I$T Z il
m=mj

< Ch= PP R(p)=Dp=p /2|, |P=Pe/22NP z—kP”u”I}’)’T'

Then, with k| and k; defined as in (3-36), we have

k2 ma k l/p kz
Z < Z ”w/?m”ip(w,m)> < Ch=8P R(p)=DU=pe/ D)2 3, | 1=Pe/ COYT2N |1y | p Z 9~k

k=ky “m=myk k=k
< Ch°P(R(h)" "By D' =P/ TN || p 1.
Finally, since we only need to consider k; < k < k»,
M2k 1/p
> ( > ||w,§m||{pwkym)> < Ch? P (R By P/ TN ufp . (3-48)

k>—1 “m=my
3E2. Bound on the non-self-looping piece. In this section we aim to control the “good” piece,

ma k

1/p
S (X batlien) (349)

k>—1 “m=m

So far all L? bounds appearing have been < h'=")/2/{/T . The reason for this is that the bounds were
obtained by interpolation with an L> estimate which is substantially stronger than 21=/2//T .

We now estimate the number of non-self-looping tubes 7; with j € Ay. That is, tubes on which the
L? mass of u is comparable to 2% lullp.T.

Lemma 3.6. Letk € Z, k > —1, and ty > 1. Suppose that G C Ay, is such that

U T; is [to, T] non-self-looping.
jeg

Then, there exists a constant C, > 0, depending only on n, such that |G| < (Cpty/ T)2%,

Proof. Using that G C A, we have

el _
1915ty =2 (10D, (xrullg: + 1210, () Pull7). (3-50)
Jj€g
Since {7;}jeg is (D,, T, R(h))-good, there are {g,-}?:"l C G, such that, foreachi =1, ...,9,,

TNTk=92, jkeG, j#k.
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By [Canzani and Galkowski 2021, Lemma 4.1] with t, =ty and T, = T for all ¢,

D
- 0,4t
210D, (xmulize = 3 D 10, Gemullye = ==l - (3-51)
j€g i=1 jeg
On the other hand, since Zjeg,- 10p,, (x7) |> < 2 for each i,
> 110p, () Pull}2 <20, Pull].. (3-52)
j€g
Combining (3-50), (3-51), and (3-52) yields
llull? 8Dt 4D 89,10+ 49,/ T
915wy < 7 Mullbr + -5 I Pullf, < === lull} . O

We may now proceed to estimate the L? norm of the nonlooping piece (3-49). The first step is to
notice that we only need to sum up to m < m3 x, where m3 y is defined by

Ctg2%
Mk min< n0 ,coR(h)l—”>,
cyT

M

cy > 01s as defined in (3-20), and C, > 0 is the constant in Lemma 3.6. To see this, first observe that,
using (3-19), (3-44), and (3-46), for each « € Zy p,,
||w;g,m||L°°(B(xa,R(h))) < lwi,ml L (B(xe, R(W)) T+ ||w1l2m | Lo°(B(xa, R(h)))
< CQ" +|Tim! 1By D2 R T2 RV ul p 1
<CU+RM)'"27" Akm! 1BuD2" R PRI P ullpr.  (3-53)

Furthermore, since |Gg | > [Ak.m| — |Zk.m 1>|By| and Gk.m 1s [to, T] non-self-looping, Lemma 3.6 yields
the existence of C,, > 0 such that

Ty
| Ak | — [ Tem|*1By| < cn722’<.

Next, since m < m < mj, we may apply Lemma 3.5 to bound |Zj ,,| as in (3-44) to obtain that for
some C > 0,
[ Al (1 = CR(> 274 | Ay || By ) < cn%“z”‘. (3-54)
In addition, provided
1Byl R(h)"~" < T~°N, (3-55)

we have that, for m > m; , and k; <k <k,
R(m)* =274 Ay | 1By | < R(h)?=m274m 42K 5| < 272074V 1By | < R(W)" TV |By| <« 1, (3-56)

where we used that, by (3-20), | Az | is controlled by 2% to get the first inequality, that m > m ; to
get the second, and that k > k; to get the third. Combining (3-54) and the bound in (3-56) we obtain
| Ak.m| < Cuto2?*/T, and so, by (3-20), 2" < C,102%*/(cyT). As claimed, this shows that to deal
with (3-49) we only need to sum up to m < m3 x.
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The next step is to use interpolation to control the first sum in (3-49) by

ma k m3.k
G .p _ G .p
Z ”wk,m”L"(Uk.m) - Z ”wk,m”LP(Uk.,,,)' (3-57)
m=mi m=mj,i
We claim that (3-53) yields
”wlg,m”Loo(B(xa,R(h))) < C2" R R (YD | p g (3-58)

Indeed, using the bound (3-55) on |By|, that | Ay ;| is controlled by 2%k that m > mi x as in (3-43), and
that k1 < k < k,, we have
R(h)l_n2_3m|./4k,m| |BU| << R(h)Z(l—n)2—3m+2kT—6N S T_ZN.
Note that
lwg  lre e < CR™YP (w2 +h~ I PwE N 2)
> 1P, Oph(iz)]w,‘im

jegk‘m 2)
< Ch= P27 K1G 1Y lull .7+ O (W™ |lull p.7),

where the last line follows from the definition of Ay, the fact that [P, Op, (x7;)] € hWs with its micro-

Y- Opy () Pu

.] € gk m

<Ch~ 1/1’f<||w I 2+h"1

support contained in supp x7;, and Remark 3.3. Finally, by Lemma 3.6, |Gk m| < (Cpto/ T)2%, and hence
o, _
N llre i < Cyf ™ lullpr + O G ullp. 7).
Using this together with interpolation and (3-58) we obtain
10 N0y = N0 U005 10 1 e 0,0
Pc/2
< Ch—PS(P)(R(h)(n—l)/22m—k)p—17c o 7 ” ”P P.T + O(hoolllxl” T). (3_59)
Using this, we estimate (3-57):
mo Pc/2
b /2 —k -
Z ”kal”Ll’(Uk )< Ch=P3P) (R () n=D/2pms4=k)yp=p ||u||P T Tp Fil + 0(h°°||u||P ). (3-60)

m=mj i
Then, summing in k, and again using that only k; < k < k, contribute,

] ma k

I/p
Z( > ”wg,m”gwm))

k=—1 “m=my i

pe/Cp) ks

< Ch3P ||| p, TW Z(R(h)(nfl)/zz(ms,k—k))1pr-/p +O0h™®|ullp.r)
k=k
1/2 1

< Ch=W) 01 3l p.r+0 B lull p.1). (3-61)

Note that the sum over k in (3-61) is controlled by the value of k for which C,, 152k [(cuT)=coR(h) 1=n
since the sum is geometrically increasing before such k and geometrically decreasing afterward.
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3FK. Wrapping up the proof of Theorem 1.4. Combining (3-37), (3-48), and (3-61) with (3-42) and (3-34),
and taking N> 1(1 — p./p)~! provided R(h)"~!|By| < CT %" for some C > 0, we obtain

12
lvllrw) < Z lwillLowy < Ch™ 5<P)(T1/2+(R<h>" "Byl (2P)T3N>||M||PT
k=—1

as requested in (3-55). Since this estimate holds only when IBy|R(W)" < CT OV, we replace T by
To :=min{ L (R(h)" !By )~/6N, T}, so that
t1/2
lvllrwy < Ch™ ‘“”)(
Ty'/?

1/2

s+ (R By P <2P>T3N)||u||pr

1/2

<Ch™ 8([))( +t0 (R(h)n1|BU|)1/(12N)+(R(h)nllBUD(lpC/p)/z)HM”P,T

T1/2
1/2

l
3(p)
<Ch™° (TI/Z

+ (R(h)" 1|BU|)1/(12N)> lullp.r, (3-62)

where the constant C is adjusted from line to line.
Next, combining (3-62) with (3-11) and the definition of v in (3-12), we obtain
1/2

t
lull Loy < Ch™ W(

T1/2 + (R(h)"™ 1|BU|)1/(12N)) lullp,7 + Ch= 3P +1/2=5 =1 ||Pu||Hn(1/271/p)+s—2.
h

Putting ¢ = % and setting N = %(1 + %80)(1 — pc/p)_l, estimate (1-7) will follow once we relate | By |
for a given (z, R(h)) cover to |By| for the (D, t, R(h)) cover used in our proof.

Finally, to finish the proof of Theorem 1.4, we need to show that for any (z, R(h)) cover {7;}; of S*M,
up to a constant depending only on M, |By| can be bounded by |By| where By is defined as in (3-40)
using a (’5, 7, R(h))-good cover {77(}/( of S*M.

Lemma 3.7. There exists Cp > 0 depending only on M such that if {T;};cs and {’7‘7(}/{6;@ are a (t, R(h))
cover of S*M and a (5‘5, T, R(h))-good cover of S*M, respectively, and |By| and IEU| are defined as
in (3-40) for the covers {T;}je s and {ﬁ}ke;g, respectively, then

1By < Cu®|By.

Proof. Fix a, B such that x,, xg € U. Suppose that j € By («, B), where By (a, B) is as in (3-38). Then,
there is k € gy(a, B) such that Te N7T; # <. Now, fix j € J and let

={kek:T,NT; #2).

We claim that there is ¢ > O such that for each k € C;,

Te C A" (cuR(h)). (3-63)
Assuming (3-63) for now, there exists Cy; > 0 such that
Vol(ACMT(cMR(h)) ~
ICil <D <DCuy

infyexc vol(7x)
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Thus, for each j € By («, B), there are at most CM5 elements in E’U (o, B), and hence

1By (., )|

|By (a, B)| = i

as claimed.
We now prove (3-63). Let g € Ty. Then, there are Pre> p]/., q' € S*M and t, tj, s € [t — R(h), T+ R(h)]
such that ) ) )
ou (o) = @,;(0)),  @s(@) =q.
In particular, d(q’, p;) < 2R(h), so there is c¢j > 0 such that d (¢, (p;), ¢, —s(q)) < cuR(h). Apply-
ing ¢, and adjusting ¢y in a way depending only on M, we have d(,o]’., Pr—t;—s (@) <cyR(). In
particular, adjusting ¢y again, d(p;, ¢4—,—s(q)) < cy R(h) and the claim follows. Il

3G. Profiles of near-saturating functions. As explained in the introduction, our next theorem describes
the profiles of functions which extremize the improved bounds from Theorem 1.4.

Theorem 3.8. Let p > p., T(h) — o0, and § > 0. Let 0 < §; < & < 5, h®> < R(h) < h?, and
{Xa}aezny C M be a maximal R(h)-separated set. Let By be as in (3-40), and suppose that

|Bu |R(R)" ™' T (h)*P/ PP+ = (1)
and u € D' (M) with
h
1 Pull s = o lull2). (3-64)

For ¢ > 0, set

gh(l—n)/Z\/%

Sy(h,e,u) = {0! €Z(h) : llullL(B(xy. Rh)) = W”M”LZ(M)’ B(xq, R(h))NU # 9}-
Then, there are ¢, C > 0 such that, for all ¢ > 0, there are N, > 0 and hg > 0 such that |Sy (h, €, u)| < N,
forall 0 < h < hy.

Moreover, there is a collection of geodesic tubes {7T;}jcr(s,u) of radius R(h) (see Definition 1.3) with

indices satisfying L(e, u) = UI.C:l Jiand Ty N Ty =D fork, e J; withk # £, such that

1
et Ty 2

jeLie.un)
where v; is microsupported in T;, |L(g, u)| < CS*ZR(h)I*”, and, forall p < g < o0,
luelle < eh™> (T (h) ™ |lull 2,
lvjllz < CeT' RV ull 2, [[Pvsllz < Ce™ Rl 2.
Finally, with L(&, u, a) :={j € L(e,u) : w(T;) N B(xq, 3R(h)) # S}, for every a € Sy (h, €, u),

ce®R(W)' ™ <|L(e,u, )| SCRM)'™ and Y |jll72 = P& ull]..
jeLl(eu,a)

The proof of Theorem 3.8 is completed in the following three subsections.
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3G1. Proof of the bound on |Sy (h, €, u)|. We claim that there is ¢ > 0 such that, for « € Sy (h, ¢, u),

ceN/ty

1
RPN ull pr < 1l Lr (Bxy.2R())- (3-65)
ﬁ , (B(xq,2R(h)))

To see (3-65), first let xo, x1 € C2°(—2,2) with xo =1 on [—%, %] and x; = 1 on supp xo and note
that, by Lemma 3.1, the elliptic parametrix construction for P, and (3-64),
—8(p)+1/2
11 = xo(=h>Ap)ullLr < CR P72 Puf yomae = "(T) el 2. (3-66)
Therefore, for o € Syy(h, €, u), we have
ep(-m)/2
I x0(—h* Ag)ull L (Bxy. RONYY) = T iz (3-67)

for i small enough. Next, set x4, (x) := xo(R(h)~'d(x, x4)) and note

X1 (=R A xan Xo(—h* A = Xanxo(—h* Agu + O (™ ||ul| 12)co.

Then, by (3-67) and [Zworski 2012, Theorem 7.15],
eh(1-m)/2
7||u”L2(M) < lIxo(—=h* Ag)ull L (Bx,. RN
= | Xeh X0(—h* Ag)utl| Loo(B (s, RCHY))
= 1x1(=h> Ag) Xasn Xo(—h* Dt LBy, ROV + OB Jull 2
< Ch™P (0 (=R* Al pe, 2ray + OB lull12). (3-68)

Combining (3-68) and (3-66) yields the claim in (3-65). It then follows from Theorem 1.4 that, if
{ai}, C Sy(h, &, u) with B(xq,, 2R(h)) N B(xy,, 2R(h)) = @ for i # j, we have
y/p eVt
JT

_ _ _1/p V10
RPNl pr < llulle < CR™YP)ull 2 < CR™YP 3= ullp 7
5 ﬁ 3

Then, N'/? < Ce~!. Since at most ®,, balls B(xy, 2R (h)) intersect, | Sy (h, &, u)| < CD,e~P.

3G2. Preliminaries for the decomposition of u. Let g € R such that p < g < oco. Below, all implicit
constants are uniform for p < g < co. As above, it suffices to prove the statement for v as in (3-12)
instead of u. Then, we write v = Z,fi_l wy as in (3-18). For V C U, by the same analysis that led
to (3-34),

ma i

lwilfoy <Dn D Mwemllfeny,,, + OBl e,

m=—00
where wy ,, 18 as in (3-28). Then, by (3-37) with N = %q/(q —pe)+ é&,

my,k

Va log T
(X q ~5(q) g
( ||wk,m||Lq(Ukm)> E Ch T1/2+5(q_])¢)/(6q) ||u||P,T (3_69)

k>—1 “m=—00
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for 4 small enough. Then, splitting wy , = w,fm + w,gm, as in (3-41), we have by (3-48) that

mak

1/q
> ( > Wi m)) < Ch™ @D (R(h)" By |)!~Pe/COTI/ Ca=PDT2 |1y o (3-70)
k>—1 “m=myy
Define k{ and k3, respectively, by
22K _ C2D,2*R(h)! ey T nd 22 _ C*D2¢2R(h)' ey T
4C,to 4Cu 1o ’

where C is as in (3-61). Then, define K(¢e) := {k : k{ < k < k3} and note that, since 2k —kp) — CZCD,%E_Z,
IK(e)] <logy(4C?*D2e72) =: K. Using (3-59) and summing over k ¢ K(g), it follows that

(3-71)

3k 1/q —8(q)
e h V1o
> ( > ||wkm||m<uk,,l)) “m, 7 e (3-72)

k¢lC(e) “m=my i
Next, for k € K(¢g), let

log,(s712C®,),

Mk, &) :=={m:m5; <m <m3i}, m§; =map——

and note |[M(k, )| < (g/(g — p¢)) 10g2(8_12C33,,) := M,. Using (3-59) and summing over k € K(¢)
and m ¢ M(k, ¢), it follows that

;g l/q
Z( Z ||wk,m||m(Uk,m)>

kekK(e) “‘m¢Mi(k,e)
pe/(2q)

t .
s fo (n=1)/2m’ —k\1=pe/ o0
< Ch7D D 3 RNV L |y + OBl 1)
kek(e)
e h%@y 1/2
< 0, —T1/2 lullp,7- (3-73)
Let
e RO-M2 /R
Nim@©) =10 €T m: WY L > ) 3-74
,m (&) {Ol feom = Wy, e (Bl RN Z 5y JT ”””P,T} (3-74)
We claim
suewc | U Newo. (3-75)

keK(e) meM(k,e)
To prove (3-75), suppose « ¢ Uke,c(s) UmeM(k’s) Ni.m(€). Then, using (3-69) with ¢ = oo and N = %4— %,

ma g

1 Ch(1=M/210g T
o1Vl rom = 7 — e uller + D D lwemllow,- (3-76)

k>—1m=my

Next, for the second term in the right-hand side of (3-76), we write the decomposition

ma k m3 ma k

Y Iwelecwen+ Y. D0 Wil + Y Y lwi i@, (377

k>—1m=m k¢K(g) m=m k kek(e) m=mj i
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Note that in the term with the sum over k& ¢ K(¢) we only sum over m < mj3 for the same reason as
in (3-57). We bound the three terms in (3-77) using (3-70), (3-72), (3-73), and (3-74) with ¢ = co and
N = % + %. Combining with (3-76) this yields
1 —m /2 logT _ aasn . 38 N
o, IV laes. ray) < CH ||M||P,T<m +R()"™ By | T2 + o, 7 TOU™).
Thus, if & ¢ Ueice) Umentir.e) Ve (€), then 0] Lo (B e, R(hy) < sh(l_”w% ||| .7 for h small enough.
In particular, @ ¢ Sy (h, €, u). This proves the claim (3-75).

3G3. Decomposition of u. We next decompose u as described in the theorem. First, put

my,k ma k m3k
. B
weri = DL Wemt D, D wiat D Do wiat ) D wi
k>—1m=—00 k>—1m=m k¢K(g) m=m k kekK(e) m¢ M(k,e)

. g
Upig := Z Z W >

ke (e) meMi(k,e)

and u, » 1= u — upig — 1. Note that

¥
It tllz0 < 3R 8<q)f||u||pr,

ltueallLa < Ch™ d@t1/2= 52h_1||Pu||H;n73)/2,

where we use (3-70), (3-72), (3-73), (3-76), and (3-77) to obtain the first estimate, and (3-11) to obtain
the second. These two estimates prove the claim on ||u.||zs after combining them with (3-64). Next,
observe that

wig= Y uj. u;:=0p,(3r)Op(W)u, and L&) := ] |J Gim.

JjeL(e) keK(e) meM(k,e)
We claim that the statement of the theorem holds with v; = \/T u;j. Note that the v; are manifestly
microsupported inside 7;.
Let a € Sy (h, €, u). Then by definition,
lusig o (as, R = e (3-78)
Note that for all j € L£(¢), the estimate
10p,, (%7) Op, (¥)ull 2 + A~ 10p;, (77;) Opy (W) Pull 2 < 27K p. 1 (3-79)

follows from the definition of A in (3-14) and the fact that x7; = 1 on supp )ng. To see that u; is a
quasimode, we use the definition of .A; again, together with Proposition 2.5, and obtain

I Pujllz2 < I[—h*Ag, Op, (Z7)lujll 2 + 10p, (R7) Pull 2 < C27 X hjull p 7. (3-80)

The definition of k] together with (3-79) and (3-80) give the required bounds on v; and Puv;.
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Next, define
L, u,a):={je€L:ay(T;)NB(xy, 3R(h)) # T},

and note that by [Canzani and Galkowski 2021, Lemma 3.7],

| il Loo (B(xy. R()))

<ChO=PR(I)DZ N |0, (77;) Opy, (W)ull 2+h ™ [Opy, (7;) Opy, (¥) Pl 24O (™) [[u | .2
jeL(e,u,a)

<Ch"PRm) VP28 L (e, u o) ull pr+O ™) lull p.1- (3-81)

(Note that in [Canzani and Galkowski 2021, Lemma 3.7], the number t|H,ry(p,)| appears in the
prefactor. In our circumstance, one can check that |[H,rg(p, )| =2 and T > 0 is a number uniformly
bounded below by cinj(M) for some ¢ > 0.) Therefore, combining (3-78) with (3-81) yields

1 e
eﬂ < CRMW) " D227k |28, a, u)| + O(h™).
T

Moreover, Ujeﬁ(g,u) T; is [t9, T] non-self-looping and so by Lemma 3.6, |L(e, u)| < (Cuto/ T)2%2. Using
the definition of k{ and k5 in (3-71), we have, for # small enough,

N

1 . C,t .
ce2R(M)'" = e X2 R(W) 20K < |Le, u, )] < |L(e, u)] < —2222% < Ce2R()' ",
ST T

which yields the upper bound on |£(¢, u)| and the lower bound on |L(¢, u, «)|. Note that the upper bound
on |L(¢g, u, a)| follows from the fact that the total number of tubes over B(xy, 3R(h)) is bounded by
CR(h)'™". Next, we note that the fact that at most ©,, tubes 7; overlap implies

> 10p,(%7) Op, (W) Pull3, < ClPull3, + O (h™||ul|2).
jeL(eu,a)

Therefore, using the first inequality in (3-81) again, applying Cauchy—Schwarz, and using that there is
C > 0 such that |£(e, u, @)| < CR(h)'™, we have

1/2
lo - -
ifnuup,rscR(h)(" “/2|£<s,u,a>|“2< > ||u,-||iz) +Ch M Pull 2 + OB lull 2
T jeL(eu,x)
1/2
§C< > ||u,-||§2) +o(T ™ ull2). (3-82)
jeLl(eu,a)

Here, the o(T " ||u]| 12) term comes from using (3-64). In particular, for 42 small enough,

Vi ( 2\
c—llullp,r = flu; ] .
ﬁ Z J

jeLl(e,u,a)

This completes the proof of Theorem 3.8. O
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4. Proof of Theorem 1.1

In order to finish the proof of Theorem 1.1, we need to verify that the hypotheses of Theorem 1.4 hold with
T(h)=blog h~! for some b > 0, such that, for all x;, x, € U, there is some splitting J x;, = Gy, .x, Y By, x
of the set of tubes over x; € M with a set of “bad” tubes By, ,, satisfying

(1B, xz|R(h)n_])(]_Pr/P)/(6+€o) < T(h)—l/z
and gy > 0. Fix x1, x, € U and let Fy, F> : T*M — R"*! be smooth functions such that, fori = 1, 2,

SiM=FN0), g, M) < |Filg)] < 2d(g. S,M), max(13 Fi(g)]) <2,
= 4-1)
dFi(q) has aright inverse Rf,(g) with ||RF,(q)|l < 2.

Define also ¥; : R x T*M — R"T! by ¥;(¢, p) = F; o ¢ (p).

To find By, x,, we apply the arguments from [Canzani and Galkowski 2023, Sections 2, 4]. In particular,
fixa>O0andletr; :=a e A > Apax, and Apax be as in (1-5). Suppose that d (x; , CZ:IJ[O’IO) > 1y
Then for pgy € S;‘IM with d (S;‘ZM , ¥1,(00)) < 1y, we have by [Canzani and Galkowski 2023, Lemma 4.1]

that there exists w € T}, Sy, M such that

AW (10,p0) R X Rw = Ty 10,000 R

has a left inverse L, o) satisfying

IL (19 p) I| < Cpg max(aeCn @Ml 1y

Next, let {A;j (r1)} be a (®y, 7, r1)-good cover for S*M. We apply [Canzani and Galkowski 2023,
Proposition 2.2] to construct By, x, and Gy, ,.

Remark 4.1. We must point out that we are applying the proof of that proposition rather than the
proposition as stated. The only difference here is that the loops we are interested in go from a point x; to
a point x,, where x; and x; are not necessarily equal. This does not affect the proof.

We use [Canzani and Galkowski 2023, Proposition 2.2] to see that there exist oy = (M) > 0,
ar =a(M, a), and Co = Co(M, a) such that the following holds. Let rg, r1, r» > O satisfy

ro<ry, ri<airy, r<min{Ro, 1,ae T}, ry< %e‘ATrg, (4-2)

where y = 5A 4+ 2a and A > Apax where Ay is as in (1-5). Then, for all balls B C S;‘IM of radius
Ry > 0, there is a family of points {p;};je5, C Sy, M such that

n—1

R

Bp| < CoDpry—— T AT,
r
1

and for j € Gp:={j € Ty, : B(pj,2r1) N B # &} \ Bg},

U e@,e0nas yon=2.

telto, T



2300 YAIZA CANZANI AND JEFFREY GALKOWSKI

We proceed to apply [Canzani and Galkowski 2023, Proposition 2.2]. There is cpr'™ > N, > 0 such
that, for all x; € M, we can cover S; M by N, balls. Let 0 < Ry < 1 and {Bi}l{v:Rf be such a cover. Fix

0<e<e <‘l‘andset
ro:=h®, ri:=h" = 2 pe,
(231
Let T (h) = blogh~! with

1 1—2¢
0<b< < !

max 2Amax

to be chosen later. Then, the assumptions in (4-2) hold provided

hf < min{%alaze_ﬂ, %oqRo} and h®'7°% < %e‘AT.
1
In particular, if we set oz = %ozl o and oy = %al_l, the assumptions in (4-2) hold provided & < (%Ot] R(h)) /e

and
T(h) < min{£ logh™! + log;og’ a-e logh™!' +
Y Y A
Fix b > 0 and hg > O such that b < f—zmin(e, e1—¢e)/Q2A+a) andN(4—3) is satisfied for all & < hg. Note
that this implies that b=b(M, a) and ho =ho(M, a). Let By, «, := U,:R? Bp,. For j €Gy, x, :=Tx, \Bx,.x25

we then have

log(cs)
—A } (4-3)

U e@femnag, yon=2.
te[ty,T]

Moreover, shrinking /¢ in a way depending only on (M, a, €), we have, for 0 < h < hy,
r{l_l |Bx1,x2| = CMCOQnr2Te4(2A+a)T = hel3.,

Therefore, putting R(h) =r; = h® and T = T'(h) = blogh~" in Theorem 1.4 proves Theorem 1.1.

5. Anisotropic pseudodifferential calculus

In this section, we develop the second microlocal calculi necessary to understand “effective sharing” of
L? mass between two nearby points. That is, to answer the question: how much L? mass is necessary
to produce high L* growth at two nearby points? To that end, we develop a calculus associated to the
coisotropic
Fe= (U @0, Qui=(EeTIM |1 - gl <38).
lt|< 3 inj(M)

which allows for localization to the Lagrangian leaves ¢, (€2, ). In Section 6B we will see, using a type of
uncertainty principle, that the calculi associated to two distinct points, x,, Xg € M, are incompatible in
the sense that, despite the fact that I',, and I',, intersect in a dimension 2 submanifold, for operators X,
and Xy, localizing to Iy, and I',,, respectively,

1 Xy Xpllr2or2 K N Xu 25 21 Xag 1 L2 2
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Let I' C T*M be a coisotropic submanifold and L = {L,},er be a family of Lagrangian subspaces
L, C T,TI that is integrable in the sense that if U is a neighborhood of I', and V and W are smooth
vector fields on T*M such that V,, W, € L, for all ¢ € T, then [V, W], € L, for all g € T". The aim of
this section is to introduce a calculus of pseudodifferential operators associated to (L, I') that allows
for localization to 4” neighborhoods of I' with 0 < p < 1 and is compatible with localization to h”
neighborhoods of the foliation of I' generated by L. This calculus is close in spirit to those developed
in [Dyatlov and Zahl 2016; Sjostrand and Zworski 1999]. To see the relationships between these calculi,
note that the calculus in [Dyatlov and Zahl 2016] allows for localization to any leaf of a Lagrangian
foliation defined over an open subset of 7*M, while that in [Sjostrand and Zworski 1999] allows for
localization to a single hypersurface. The calculus developed in this paper is designed to allow localization
along leaves of a Lagrangian foliation defined only over a coisotropic submanifold of 7*M. In the case
that the coisotropic is a whole open set, this calculus is the same as the one developed in [Dyatlov and
Zahl 2016]. Similarly, in the case that the coisotropic is a hypersurface and no Lagrangian foliation is
prescribed, the calculus becomes that developed in [Sjostrand and Zworski 1999].

Definition 5.1. Let I" be a coisotropic submanifold and L a Lagrangian foliation on I'. Fix 0 < p < 1 and
let k be a positive integer. We say that a € S{E’ L.p if a € C®°(T*M), a is supported in an h-independent
compact set, and

Viee Ve Wi Wea =002 (k= d(T, )", (5-1)
where Wi, ..., W,, are any vector fields on T*M, Vi, ..., V,, are vector fields on T*M with

(Vl)qa s (Vfl)q € Lq
forg € I', and g +— d(T, ¢) is the distance from ¢ to I" induced by the Sasaki metric on T*M.
We also define symbol classes associated to only to the coisotropic submanifold I.

Definition 5.2. Let I" be a coisotropic submanifold. We say that a € S{E’ piface C>®(T*M), a is supported
in an A-independent compact set, and

Viee Ve Wi Wea = O™ (™ d(T., ) ~*2)
where Vi, ..., V,, are tangent vector fields to I" and Wy, ..., Wy, are any vector fields.

k
To.Lo.p* where I'g

and Lg are a model pair of coisotropic and Lagrangian foliation defined below. The model coisotropic
submanifold of dimension 2n —r is

SA. Model case. The goal of this section is to define the quantization of symbols in §

Iy := {(X/, X”, ;;_/’ S”) ER xR" 7T xR xR"™ - x' = 0}
with Lagrangian foliation

Lo:={Log}qery. Log=span{og,i=1,...,n} CT,T.
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Note that in this model case the distance from a point (x, £) to Iy is controlled by |x’|. Therefore,
ac SIIEO’ L.p 1f and only if a is supported in an /-independent compact set and, for all (¢, ) € N" x N",
there exists Cy g > 0 such that

09 al < Cagh™™\(h=0)x/|)* 1o,
In the model case, it will be convenient to define a € C*°(R” x [Rg’ x R?) such that
a(x,&)=a(x, &, h~"x),

and, for all (&', a”, B, y) € N" x N"7" x N" x N, there exists Cy g, > 0 such that

//l

0% 0% 0L a(x, &, )| < Caypph ™" )kl I7l (5-2)

Similarly, if a € SX

I'o.p» then, for (o, a", B,y) e N" x N"" x N" x N, there exists Cq,p,, > 0 such that

102 0% 92 8] a(x, £, 1| < Capy (W)Y, (5-3)

Definition 5.3. The symbols associated with this submanifold are as follows: We say a € 5{20 Lo.p I
a e C®(RY x [Rg’ x R}) satisfies (5-2) and a is supported in an h-independent compact set in (x, ). If
we have the improved estimates (5-3) then we say that a € §in 0

Remark 5.4. While there is no p in the definition of Sk

T'y.p» We keep it in the notation for consistency.

Leta e §{EO Lo.p* We then define

(Gp, (@) (x) := / SO g g P u(y) dy dE.

Qmh)r

Since a € gllio Ly.p is compactly supported in x, there exists C > 0 such that on the support of the integrand
|A| < Ch~", and hence h < Ch'~*(x)~!. This will be important when computing certain asymptotic
expansions.

Lemma5.5. Letk e Randa € S ; . Then,

10p;, (@)l 12 12 < C sup |a(x, &, h=Px)| + O (h~P™x&0+(=0)/2y
RZn

Proof. Define Tj : L2(R") — L*(R") by
Tsu(x) := h"u(h’x). (5-4)
Then T is unitary and, for a € E{EO Lo.p’
Op,, (@)u = Tt py2 OP1 @) Tagpy it an(x, &) := a(hH9Px, pU=P2g p(1=02y7),
Then, for all o, B € N", there exists Cq g such that

19208y ] < Co ph =P HHIBD/2 ((01=p) 21k ~led]
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Now, since ay, € S(1—p),2, by [Zworski 2012, Theorem 4.23] there is a universal constant M > 0 with
10p; (@) llz2r2 <C Y sup[d®ay| < Csupla| + Coh™ " PkOFA=0)/2
le|<Mn R2"
(To see that [Zworski 2012, Theorem 4.23] applies equally well to the left quantization, we apply the

change of quantization formula [Zworski 2012, Theorem 4.13] and the boundedness of ¢/(¢P-P)/2 ¢
symbol classes [Zworski 2012, Theorem 4.17].) D

Lemma 5.6. Suppose that a € SI- Lypandbe :S’JII%’LM). Then

Op;,(a)Op, (b) = Opj,(c) + O (h®) 12, 12,

where ¢ € SI-1 +L2 , satisfies
c=ab+ O(h' ") i1 (5-5)
T‘O,Lo,p
In particular, .
"] " ’
e~ 33 S(hD) (Do + 0P D) b) DS, (5-6)

Jolal=j
If instead a € Ellf:) and b € Sr2 p» then the remainder in (5-5) lies in hl=r Ek'Jrkz_].
Proof. With Ty as in (5-4), we have Op,(a)Op, (b) = T, 3 Op,,(a) Op;, (1) T, 2, where
an = a(h®x, "2, h="2x"y and by, = b(h"*x, h="?&, h="/%x).
Now, for all o, B € N", there exists Cq g such that
19908 apl < Copgh =P VBV /23yt and (5200 by| < C ph 1B/ (p/2 g olel,
In particular, using that a and b are compactly supported, we have that a; € h*max(pkl’O)Sp/z and

by, € h~max(pk2,0) Sp/2, and hence [Zworski 2012, Theorems 4.14, 4.17] apply. In particular, if we let
M >0and k := max(ky, 0) + max(k2, 0), we obtain Op;,(a;) Op;, (by,) = Op,,(cp,), where, for any N > 0,

N-1 h] . j -
(. E) =YY" T’!wg’ah(x, £)(DSby(x, £)) + O(h~PFFNI=)yg |

J=0 lal=j
h(= ,O)Jl]

YT ¥

Jj=0 |a|=j o'+a" =«

(DS a)h[(h/’D //)a (hpD ’+Dk)a b]h + 0(/’1 pk+N(1— p))

Sp/a+

Choosing

k+M
N=max(k1+k2, pr ),
—p

the remainder is O (hM)g L+ Moreover, since a and b were compactly supported, we may assume,
introducing an 4% error, that the remainder is supported in {(x, £) : |(x, £)| < Ch~/?}. Putting

N—1 y
i/ p . v
c= Z Z Z ﬁ(Dga)[(th”)a (hDy +h'="D,)¥b],

Jj=0 la|=j o’ +0o" =«

we thus have Tp_/é Op,(c)Ty)2 = 6f)h (©) + O(WM)pr_, = as claimed. Il
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Lemma 5.7. Suppose that a € g?()] Lop and b € 51'1102 Lo.p Then,

[Opy,(a), Op, (b)] = —ih'*Op, (c) + O (h®) 12, 12,

~

-2
where ¢ € ST

To.Lo.p Satisfies

n

.
c=h" (9gadyb—d5bdga)+ Y (dgad,b— d;,adb)+ O(h' ™) gmm2.

N X Fp.Lg.p
i=1 i=1

~

Ifinstead a € Sy, , and b € Si.” |, then the remainder lies in hl=r Spy —;mz—Z. Moreover, if a € S (R>")

is independent of A and dza = e(x, £)x’ with e(x, £) : R" — R" for all (x, &), then
[Op; (). Op,, (b)] = —ihOp;,(c) + O (h™)y-=

withce = H,b+Y i_,(eA);i0,,b+ O(hl_p)g;’gzwz(‘).p. Similarly, the same conclusion holds if b € S?Uz,p with

the error term in c being O(hl_p)gmz—l.
To.p

Proof. In each case, we need only apply formula (5-6). (|

5B. Reduction to normal form. In order to define the quantization of symbols in Sr 7., for general (I', L),
we first explain how to reduce the problem to the model case (I'g, Lg).

Lemma 5.8. Let L be a Lagrangian foliation over a coisotropic submanifold ' C R** of dimension 2n —r.
Then, there is a neighborhood Uy of (xo, &) and a symplectomorphism k : Uy — Vo C T*R" for each
(x0, &) € T such that

k(I'NUy)=TogNVy and (ke)gLg = Lo,y for g € T NUy.
Proof. We first put I' in normal form. That is, we build symplectic coordinates (y, 1) such that
F={G.m:y=-=y=0 (5-7)

First, assume r = 1 and let f; € C°°(T*M) define I"'. By Darboux’s theorem (see e.g., [Zworski 2012,
Theorem 12.1]) there are symplectic coordinates such that y; = f|, and the proof of (5-7) is complete
forr =1.

Next, assume that we can put any coisotropic of codimension r — 1 in normal form. Let f1, ..., f. €
C®(T*M) define I'. Then, for X e TT andi=1,...,r,

O’(X, Hfi) = df,(X) =0.
In addition, since I" is coisotropic, (TT)+ C TT, and so H €Tl foralli=1,...,r. In particular,
{fi. fiy=Hsfi=dfj(H;)=0 onT.

Now, using Darboux’ theorem, choose symplectic coordinates (y, n) =(yi1, ¥/, n1, ") such that y; = fj
and (xo, &) + (0,0). Then, 9,, fj ={fj,y1i} =0onT for j =2,...,r. Next, we will observe that
F'={y,n):yi=fp=---=f =0} and dy; and {dfj};.:2 are independent. Thus, since 9,, f; =0 on T,

FC={(y,n:y1=0, f;(0,y,0,9)=0, j=2,...,r}.
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Now, {y; = n; =0} NT is a coisotropic submanifold of codimension » — 1 in 7*{y; = 0}. Hence, by
induction, there are symplectic coordinates (ya, ..., Yu, 02, .. ., Nz) on T*{y; = 0} such that

Fyi=m=0={y=m=0 yn=-=y=0}
In particular,
{(y/»n/)3fj(0,y/»0’77/)=0, j=2»---a”}={)72="'=)’r=0}-

Thus, extending (y2, ..., Yu, 12, - - ., ) to be independent of (y1, 1) puts I' in the form (5-7).

Next, we adjust the coordinates to be adapted to L along I'. First, define y; :=y; fori =1,...,r.
Then, since L C TT, forevery i = 1,...,r, we have that dy;(X)|r is well defined for X € L and
dy;(X)|r = 0. Next, since L is integrable, the Frobenius theorem [Lee 2013, Theorem 19.21] shows that
there are coordinates (y,41, - .., Yn, f;:l, e, 5,,) on I', defined in a neighborhood of (0, 0), such that L is
the annihilator of dy. Since we know that for every X € L,

o(X, Hy,) = d5:(X) =0
and L is Lagrangian, we conclude that Hy;, € L. In particular, since L is the annihilator of dy,
{i, yi} = Hy,y; = dy;(Hj,) = 0.

Now, extend (Y41, -, Vn, 51, R é-‘n) outside I" to be independent of (y1, ..., y,). Then, {y;, y;} =0
in a neighborhood of (x¢, &), and hence, by Darboux’s theorem, there are functions {7; };’:1 such that
{¥i, nj} = &;; and {n;, n;} = 0. In particular, in the (y, n) coordinates, I' = {(y, ) : y1 = --- = y, = 0}
and dy(L)|r = 0. In particular, L = span{d7;} as claimed. O

In order to create a well-defined global calculus of pseudodifferential operators associated to (I, L),
we will need to show invariance under conjugation by Fourier integral operators (FIOs) preserving the
pair (Lo, I'p).

Proposition 5.9. Suppose that Uy and Vy are neighborhoods of (0, 0) in T*R" and k : Uy — Vy is a
symplectomorphism such that

©(0,0) = (0,0), k(ToNUp) =ToN Vo, kulryLo= Lolr,- (5-8)
Next, let T be a semiclassically elliptic FIO microlocally defined in a neighborhood of
((0,0), (0,0)) € T*R" x T*R"
quantizing k. Then, for a € §1110’L0,p, there are b € §1120,L0’p and c € g{i;io’p such that
T-'0p,(@)T =0p,(b) and b=aoK,+h'"c,
where K, : T*R" x R" — T*R" x R" is defined by

|l
KK(y’ n, /’L) = (K(y9 7’]), T[x/(K(ya 77))|y_/| )
and 7w, : T*R" — R” is the projection onto the first r-spatial coordinates. In addition, if a € §{EO o then

k-1 Sk
ce SFO,p and b € Sro,p-
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To prove Proposition 5.9, we follow [Sjostrand and Zworski 1999]. First, observe that the proposition
holds with « = Id since then T is a standard pseudodifferential operator. In addition, the proposition also
holds whenever, for a given j € {1, ..., n}, we work with

K(y’ n) :: (ylv ey yjflv _yja y]+l’ ey yn7 T’l, LR ] njflv _n]9 n]+17 LR ] nn)-
Indeed, this follows from the fact that in this case an FIO quantizing « is
Tu(x) = M(XI, ceey xj*l’ _-xjs -xj+17 R xn),

and so the conclusion of the proposition follows from a direct computation together with the identity case.
Thus, we may assume that

k(y,m)=x,&) = x>0, i=1,...,n. (5-9)

Lemma 5.10. Let « be a symplectomorphism satisfying (5-8) and (5-9). Then, there is a piecewise smooth
family of symplectomorphisms [0, 1] > t — k; such that k, satisfies (5-8), (5-9), ko =1d, and k| = k.

Proof. In what follows we assume that « (y, ) = (x, £) but reorder the coordinates: (y’, y”, ', n”") € T*R"
is written as (y, 7, ¥, n”") € R* x R?"="), Let & and "= (x"(y', n), £”(y', n)) with

ke 2 (0,0, y", 0" (0,8 (", m), " (v, m).

Now, since (k4)|r,Lo = Lo, we have, fori =1,...,n,
o, = Dig L %in oo (5-10)
Ky0p, = —= 0y, + — 0, , -
*YN;i anl Xj 3771 SJ 0
and hence
9, x|r, =0. (5-11)
Next, since « preserves I'g, {«*x;}/_, defines I'g, and span{d«k*x;|r,};_, = span{dy;|r,};_,, we have

span{HK*xi |F0};=1 = span{Hyi |ro}?=l'
By Jacobi’s theorem, «, H,«,i = H,,. Therefore,
(K |F0)*(Span{Hy,- }:"=1 Iro) = Span{Hxi };=1 |l_'()a
and we conclude from (5-10) that £”|r, is independent of 7/, and hence that «” is independent of 7. In
particular, «” is a symplectomorphism on 7*R"~". This also implies that, for each fixed (y”, "), the
map n' — &'(y”, ', n") is a diffeomorphism. Writing
K//(y// n//) — (x//(y// n//) E//(y// n//))
we have by (5-11) that 9,»x” = 0, and hence x” = x"(y"). Now, since k" is symplectic,
(an//s//dn//_"_ ay//s//dy//) A 3y//.x”dy// — dn// /\dy//,
and so we conclude that
@y x") 0g" =1d,  (3yx")'9yr€" is diagonal. (5-12)
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The first equality in (5-12) gives that 9,»&” is a function of y” only, and hence there exists a function
F = F(y") such that

50" ") =1Bx" "N 0" = FO").
Therefore, calculating on n” = F(y”), the second statement in (5-12) implies that —d,» F (y") dy” Ady” =0.

In particular, d(F(y”) - dy”) = 0. It follows from the Poincaré lemma that, shrinking the neighborhood of
(0, 0) to be simply connected if necessary, F(y")- dy” = dy(y”) for some function ¥ = ¥ (y”). Hence,

"0 = &GN [dx" N " = 0y (y))). (5-13)
Now, every symplectomorphism of the form (5-13) preserves L. Hence, we can deform «” to the identity
by putting v/, =ty and deforming x” to the identity. Since the assumption in (5-9) implies d,»x” > 0, this
can be done simply by taking x;" = (1 — ) Id +¢x". Putting k" = (x;', &), there is ;" such that x; = Id
and «{ = k”. Now, composing x with
A S D (R ORI G0
we reduce to the case that " = Id. In particular, we need only consider the case in which

k(o0 Yy ")y = O.my E G, ) +ho(y, )y 0" +hi (v, )y, (5-14)

where f(y,n) € GL,, ho(y, n) is an r X r matrix, and 2;(y, 1) is an 2(n —r) x r matrix. Next, we claim
that the projection map from graph(x) to R?" defined as (x, &; y, n) — (x, 1) is a local diffeomorphism.
To see this, note that, for |y’| small, the map (x”, n”) — (y”, &”) is a diffeomorphism, that, for each
fixed (y”, "), the map " — &' is a diffeomorphism, and that det d,,x’|r, 7 0. Thus, « has a generating
function ¢:

Kk (Opp(x,m), n) — (x, dp(x, 1))
such that
detd2,¢(0,0) #£0 and 8,6 (0,x",7) =0.
Now, writing ¥ = (k’, ”"), we have " = Id at x’ = 0. Therefore,
dy#(0,x",m) =x" and ¢ (0,x", ) =1n",
and we have ¢ (0, x”, n) = (x”, n”") + C for some C € R. We may choose C = 0 to obtain

¢ (x,n) =", n")+gx, Mx’ (5-15)

for some g : R — My, . Finally, since « (0, 0) = (0, 0) and 8fn¢ is nondegenerate, we have that
09 (0, 0) = g(0,0) =0 and 9,y g is nondegenerate. In fact (5-9) implies that, as a quadratic form,

0y g > 0. (5-16)

Observe next that every ¢ satisfying (5-15) for some g satisfying (5-16) and g(0, 0) = O generates a
canonical transformation satisfying (5-14) and (5-9). In particular, the symplectomorphism satisfies (5-8).
Thus, we can deform from the identity by putting g, = (1 — 1)’ + g. (|

Finally, we proceed with the proof of Proposition 5.9.
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Proof of Proposition 5.9. Let k; be as in Lemma 5.10. That is, a piecewise smooth deformation from
ko = Id to k1 = k such that «; preserves I'g and (x;)«|r, preserves Lo. Let T; be a piecewise smooth
family of elliptic FIOs defined microlocally near (0, 0), quantizing «;, and satisfying

WD, T, +T,0; =0 and Ty=1Id. (5-17)

Here, Q, is a smooth family of pseudodifferential operators with symbol g, satisfying d;«; = (k) H,
(Such an FIO exists, for example, by [Zworski 2012, Chapter 10], and g, exists by [Zworski 2012,
Thoerems 11.3, 11.4].) Next, define

A, :=T,'0p,(a)T;.

Note that 7~ lOp(a)T T— 1T1 lOp(a)Tl T, T+ O (h*°)y-«. Hence, since the proposition follows
by direct calculation when x = Id, we may assume that 7 = 7.

In that case, our goal is to find a symbol b such that A} = Op,,(b). First, observe that (5-17) implies
that thTfl — Q,T[l =0 and so

hD;A; =[Q:. A and Ag=Op,(a).
We will construct b, € EI@O Lo.p such that B, := 6f)h (b;) satisfies
hD;B, =[Q:, B+ O(h®)y-~ and By=Op,(a). (5-18)

This would yield that B; — A, = O (h*°)2_, ;2 and the argument would then be finished by setting b = b;.
Indeed, that B, — A; = O (h*™);2_, ;2> would follow from the fact that, by (5-18),

hD(T,B, T, ") = O(h™®)y—=,

and hence, since Ty = Id and By = Oph (a), we have T; B, T, — Oph (a) = O(h®™)y-~. Combining this
with the fact that both 7; and T, are bounded on H, }lf completes the proof.

To find b; as in (5-18), note that since «; preserves I'g and Lo, d;k; = H,, and H,, is tangent to L
on I'g. Therefore, 9,yq; = 0 on y’ = 0, and so there exists r,(y, n) such that 9,yq,(y, n) = r,(y, n)y".
Hence, by Lemma 5.7, for any b € SF Lo.p’

[0, Opy(b)] = —ihOp, () + Oh™)y and  f = Hyb+ D (12 @:b); + O(h' )2

j=1 oo
Then, letting b0 :=a o K,, € Sro Lo.p and BY = Op, (b°) yields
hD;BY = —ihOp,, (Hy, b2 + (reja) - 9,,6°) = [Q;, BY]+h*>~*Op, (e?),
where ¢” € §1’i;2LO ,- This follows from the fact that if we set u(y) = y’h™", then

3 (B (v, n, k() = Hy, b2 (v, 0, k() + 8,62y, 1, () Hy, (1))

and Hg, u(y) = ri(y, mu(y).
Iterating this procedure and solving away successive errors finishes the proof of Proposition 5.9.

Ifa e S

To.p° then we need only use that d¢/q; = r,x" and we obtain the remaining results. O
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Our next lemma follows [Sjostrand and Zworski 1999, Lemma 4.1] and gives a characterization of
our second microlocal calculus in terms of the action of an operator. In what follows, given operators A
and B, we define the operator ad4 by ad4 B = [A, B].

Lemma 5.11 (Beal’s criteria). Let Ay, : S(R") — S'(R") and k € Z. Then, A, = (i)h(a) for some
ac gl’io,Lo,p if and only if, for any a, B € R”", there exists C > 0 with

lad?’_, . ad};, Aptelljpi-minge.0) < Ch =P CHED )0y,
where ||ull, := |lu|l 2+ 1A~ |x"|"ul| 2 for r > 0. Similarly, A, =Op,,(a) for some a € :S;IIEW if and only if
lad}-, . ad%y adZDx/ adfpx,/ Apttlljpr|—ming,0) < CRU=PUCTHEDFHTHB 010y
Proof. The fact that A, = 6i)h (a) for some a € E{io Lo.p Implies the estimates above follow directly from
the model calculus. Let Uy, be the unitary (on L% operator, Upu(x) = h"?u(hx), and note that

—1 1—
10, ully = llull 2 + 1R 1wl 2.

Then, consider Aj, := U, Ay, U, ! For fixed &, we can use Beal’s criteria (see e.g., [Zworski 2012,
Theorem 8.3]) to see that there is a;, such that Ah =ay(x, D). Define a such that a(hx, &; h) = ay(x, &),
and hence A, = Op;,(a). Note that, for ¢, ¥ € S(R"),

1
(2m)"

where 1}(5) =(Fy¥)() = fe_i(yf)lﬁ(y) dy. Next, define
By = Upad?_, (ad,, (Ap)U, "

(An, ¢) = f / ) gy (x, E)P ()P0 dx dE, (5-19)

Since D, Uy, = Uyh D, and U, ' D, = hD, U, "', we have

By =ads,_, adj, Ay = (=) HFp0-PkIp, (D),
where by, (x,&) = (—8:5)"‘3)’53 ap(x,&). Our goal is then to understand the behavior of b, (x, &) in terms
of h and (h'=Px’). Let t,, and T, be the physical and frequency shift operators

Tou(x) =u(x —xp) and Tgu(x)= e 800y (x)

with Ftz, = ¢, F and Fty, = T_y,. In addition, write ||u||(—) := |[(h'=?x")~"u|| > for the dual norm to
el = 10, ull,-
Assume that k£ > 0. Then, the definition of Bj, combined with the assumptions yields
[(BTay Ty Vs Ty Ty ®)| < R PV 2 2oyl 23 Tao D1l 51 (5-20)

In addition, note that, for fixed ¥, ¢ € S,
e Bey Wl oy ~ (' P (x0))* and |7y, Eng ¥ ll <1y ~ (B (30)) 1P
Therefore, (5-20) leads to
[(BTuy T ¥, Tyy Tno®)| < CRU =P UHED (10 () Ve (R (39) ) 1P, (5-21)
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On the other hand, we have by (5-19) that

(1-p)lal . > / : b
h(znp)n f / &by (x, )Y (€ — Eo)e ! ETSITINTTIG (o — yg) dx d§

= h=PN F((ryy.600)bn) (0 — €0, X0 — yo) . (5-22)
where x (x, £) = e 509/ (£)¢(x). Combining (5-22) with (5-21) we then have
| F((Ty0.6 )08 3P an) (no — €0, xo — yo)| < CRU=PIPLRY =P ()Y (R =P () ) 1P,

Next, note that x can be replaced by any fixed function in C2° by taking v and ¢ with 1&(";‘ )p(x) #0
on supp x. Putting ¢ = no — & and z = x¢ — yo, we obtain that, for every &, B eN",

|<th0f$0¢’ fyofno‘p” =

| F (%97 (13,6088 08 an) (. )| < CRO=PIPI I~ (o) Y¥ (1= (g — 2)') 1P,
Hence, i
1208 F((ty,6 008808 an) (¢, )| < CROPIPIRI=P () Y* (h' = (xg — 2)') 1AL,
In particular, for every N > 0,
| F(Ty0.80X)08 00 an) (¢, 2)| < CRUTPIPURI=P (o) Yo 1Pl (g ) =N (2) =W,
and, as a consequence, we obtain
0 9l ap(x, &) = 09 (a(hx, &)) = O (W' =PI (n! =P x/y IR,

This gives the first claim of the lemma for k > 0. For k < 0, we consider (h—*x’ )_kA and use the
composition formulae. A nearly identical argument yields the second claim. O

5C. Definition of the second microlocal class. With Proposition 5.9 in place, we are now in a position
to define the class of operators with symbols in S{{ L.p

Definition 5.12. Let I' C U C T*M be a coisotropic submanifold, U an open set, and L a Lagrangian
foliation on I'. A chart for (I', L) is a symplectomorphism

k:Uy—V, UycCcU, VCT*R",

such that « (UyNT) C VNTgand k4 gLy = (Lo)kq) forge ' NU.
We now define the pseudodifferential operators associated to (I, L).

Definition 5.13. Let M be a smooth, compact manifold and U C T*M open, I' C U a coisotropic
submanifold, L a Lagrangian foliation on I', and p € [0, 1). We say that A : D'(M) — C°(M) is a
semiclassical pseudodifferential operator with symbol class Slli’ L p(U ) (and write A € \IJIIE’ L. p(U )) if there
are charts {K[}?]:] for (I', L) and symbols {ag}é\’:1 C §1’27L,p(U) such that A can be written in the form

N
A=Y "T/Op,(a) Ty + O(h™®)p_c. (5-23)
=1

where Ty and 7, are FIOs quantizing «, and K[l fore=1,...,N.
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We say that A is a semiclassical pseudodifferential operator with symbol class S{i’ U ) (and write
A€ \If{i’ ,(U)) if there are symbols {ag}é\’:1 - §l’i () such that A can be written in the form (5-23).

Lemma 5.14. Suppose that k : U — T*R" is a chart for (T, L), T quantizes «, and T' quantizes k', If
A€ \Ifl’i’L’p(U), then there is a € §1]5’L,p(U) with suppa(-, -, A) C x(U) such that
TAT' =Op,(a)+ O (h™)pr_ .

Moreover, if A is given by (5-23), then

N
aoKc=0o(T'T) ) o(T{Ty) (ago K) + Oh' )z .
sL,p
=1
Proof. Note that we can write
N
TAT' =Y " TT/Op,(a)TeT'+ O(h™®)pc=.
=1

Next, note that 77, quantizes k ok, !and that T, T’ quantizes k¢ ok ~!. Letting F; be a microlocally unitary

!, we have that Fy satisfies the hypotheses of Proposition 5.9 and we can write

FIO quantizing x; ok~
T,T'=CLF, and TT,=F;'Cg
with Cr, Cr € W(M) satisfying o (CrCr) = (o(T;Te) ok, ) (o (T'T) ok, ). Therefore,
TT/Op,(a) T, T' = F[ICRGP}, (a)CLFy = Opy,(be) + (W) pr— oo,
be = (0 (CrCL) oke ok~ )(ar o Kypoet) + O P)gicn . O
Lemma 5.15. Let ' C U C T*M be a coisotropic submanifold, U be an open set, and L be a Lagrangian
foliation on T. There is a principal symbol map
or.L W, (U) = St ,(U)/ 0 PSE ,(U)
such that, for A € Wi, (U)and B € WZ, (U),
or,.(AB) =or (A)or (B) and or ([A, B]) = —ih{or (A),or L(B)}. (5-24)
Furthermore, the sequence
0— h'"" P (U) — Wi, (U) 5 St (U)/R'PSE (U) >0
is exact. The same holds with or, Yr ,, and Slli, o

Proof. For A as in (5-23), we define
N

or.L(A) = o (TT))(@ o k),
(=1

where dy(x, &) :=ae(x, &, h~"x’). The fact that o is well defined then follows from Lemma 5.14, and
the formulae (5-24) follow from Lemma 5.6.
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To see that the sequence is exact, we only need to check that if A € \IJ{E’ L., and or,.(A) = 0, then
Ae hlfp\lf{ill’p. To do this, we may assume that WF,’(A) C U such that there is a chart («, U) for (T, L).
Let T be a microlocally unitary FIO quantizing « and suppose that otz (A) € h'=? Sl]iy_Ll’ o Then, by
the first part of Lemma 5.14, we know TAT ! = 6%),1 (a) + O (h™) for some a € §1'i’L’p. Then, by the
second part of Lemma 5.14, since or 1 (A) € hl=r Slli’_Ll’ 0> We have that a € h1=° §112_Ll o and, in particular,
Aeh'=ru! m

Note that if A € W™P(M), then A € W,  and o (A) = or(A). Furthermore, if A € W{ , then
AeVf,  andor(A) =or L(A).

Lemma 5.16. Let ' C U C T*M be a coisotropic submanifold, U be an open set, and L be a Lagrangian
foliation on T'. There is a noncanonical quantization procedure
op, "8k, ,(U) > wf, (U)
such that, forall A € \IJIIE’L”O(U), thereis a € SIIE’L,p(U) such that Op,l;’L(a) =A+4+ O0h*®)p_c~ and
or,LoOp, "t Sk, (U) > Sk, ,U)/h' P SE ()
is the natural projection map.

Proof. Let {(xy, Ug)}fz\’:1 be charts for (I', L) such that {Ug}fz\’:1 is a locally finite cover for U, Ty and T,
quantize x, and K[l, respectively, and o (T;T;) € C2°(Uy) is a partition of unity on U. Leta € Slli’L’p(U).
Then, define a, € §1120’L0’p such that a;(x, &, h="x') := (yea) ok~ (x, &), where x;, =1 on suppo (T;Ty).
We then define the quantization map

N
Opy, " (a) =Y T/Op,(an)Ts.
=1
The fact that or 1 o Op}:’L is the natural projection follows immediately. Now, fix A € \IJ{E’ L.,(U). Put
ap=or,(A). Then, A= Opg’L(ao) +h'=PA,, where A| € lIJ{ilevp. We define a; = or, 1 (Ay) inductively
for k > 1 by

k
h(k+1)(1_p)Ak+l —A— th(l—p) Opg’L(ak).
k=0
Then, lettinga ~ ), =P g, we have A = Opg’L(a) 4+ O (h®®)p > as claimed. O

Remark 5.17. Note that £ := Z?’:] T,T/ is an elliptic pseudodifferential operator with symbol 1.
Therefore, there is E’ € WO with o (E’) = 1 such that E’'E E’ = Id. Replacing T; by E'T; and T, by T/E/,
we may (and will) ask for ZQJZI T, T/ =1d, and so Op,l:’L(l) =1Id.
Lemma 5.18. Let I' C U C T*M be a coisotropic submanifold. If A € \IJl’ﬁ’p(U) and P € V"(U) with
symbol p such that, for every q € I', we have H,(q) € T,I". Then,
L
h
where a(x, &; h) =or(A)(x, &, h—"x).

[P, Al = Opj, (Hpa) + O(h' ") -1,
P
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Proof. Suppose that WF;,'(A) C U, for U, C U open, and suppose that ¥ : U, — T*R" is a chart
for (T, L). Note that we may assume that WF;,(A)’ C U, and then use a partition of unity to cover U
with a family {U,},. Therefore, there exist a Fourier integral operator T that is microlocally elliptic on U,
and quantizes k and a € :S:l’iyp such that A = T_lévph (@)T 4+ O(h*)p _ c~. Then, on WF;,’(A),

T[P, AIT~' = [TPT", Op,(@)]+ O(h®)p_co.
Now, TPT~! =O0p,(pox~")+ O(h)yn-1. Hence, a direct computation using Lemma 5.7 gives

[T PT", Opj(@)] = —ihOp,(c) + O (h* ")
0P
with c(x, &, h™Px) = Hpo-1 (a(x, £, h=x")) € S{_! (Uy). In particular,
[P, Al = —ihT~'Op,(c)T + O(hz—/’)w{fz.
0

Therefore, [P, A] € h¥{ ' with symbol or(ih~'[P, A]) = H,(a(x, & h="x")). O

6. An uncertainty principle for coisotropic localizers

The first goal of this section is to build a family of cut-off operators X, with y € M that act as the identity
on the shrinking ball B(y, h”) and such that they commute with P in a fixed-size neighborhood of y.
This is the content of Section 6A. The second goal is to control || X, X, [|;2_, ;2 in terms of the distance
d(y1, y2) as this distance shrinks to 0. We do this in Section 6B. Finally, in Section 6C, we study the
consequences of these estimates for the almost-orthogonality of X ,.

In order to localize to the ball B(y, 4”) in a way compatible with microlocalization we need to make
sense of

X0 =7 ($hrd, ), 7 eCE(=1,1),

as an operator in some anisotropic pseudodifferential calculus. As a function, x, is in the symbol
class SIT\?OLV, where I'y and L, are the coisotropic submanifold and Lagrangian foliation defined as
follows: fix § > 0, to be chosen small later, and, for each x € M, let

Ty = U @ (Qy), Q={EeTIM:|1—|E|g| <8} (6-1)
|t|<% inj(M)

In this section, we construct localizers to I'y, adapted to the Laplacian and study the incompatibility
between localization to I'y, and Iy, as a function of the distance between y;, y» € M. Let y € M. In what
follows we work with the Lagrangian foliation L, of I'y given by

Ly = {Ly,(}}(]el"y, Ly,(] = ((Pt)*(Tq T;M)a
where ¢ = ¢,(qg) for some |f| < %inj(M) and g € Q,.

Remark 6.1. In fact, it will be enough for us to show that x,(x)x O (IhDlg —1)) € ¥r, ., since we
will be working near the characteristic variety for the Laplacian.
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6A. Coisotropic cutoffs adapted to the Laplacian.

Lemma6.2. Letyc M, 0 <e <48, 0<p <1, x € CX((—1, 1)), and define the operator x;, y by

() i= 7 (3h0dx, ) [Opy (7 (S el = 1) Ju] o0 (6-2)
Then, xp,y € \DE‘T%)"p.

Proof. We will use Lemma 5.11 to prove the claim. First, observe that we may work in a single chart for
(T"y, L) by using a partition of unity. Therefore, suppose that B € W0 and k : Uy — T*R" is a chart for
Ty, Ly), Vo @ Uy, and T is an FIO quantizing « that is microlocally unitary on V. Furthermore, since
kL, = Lo, we may assume that « (Up N Ty*M ) C T R". Denote the microlocal inverse of 7' by T’. Then,
observe that, for A and B with wavefront set in V),

adA(TBT/) =T adeAT(B)T/ + O (h*®°)p .

By a partition of unity, we will work as though x , were microsupported in Uy. We then consider, for
all N >0and a, B € N,

h=2Ne 2N ade_, adf) ), (T xn,T')

=h N7 1x PN adfypr oy (adg’thT Xy NT"+ O (h™®)p .

In order to prove the requisite estimates, we will first view x;, , as an element of the model microlocal
class. In particular, we work with x € M written in geodesic normal coordinates centered at y, so that

i) = 7 (31 71x1)[0py (7 (Sl = D) ] .

Then,
Xy = Omi(£700) oy (7 (S 161 - 1))

is an element of CI}FOO‘;O 0 with r = n, and so we can apply Lemma 5.7 to compute ad4(x,y) for

A e V=°(M). In particular,
adra,7(Xn.y) = Opy(c) + O (h™), (6-3)
where ¢ € hl_pgﬁo‘?‘zo’p is supported on {(x, &, A) : |x] < eh”, |A| < &}. Now, suppose ¢ € §F_O°f20’p is

supported on {(x, &, 1) : |x| < eh”, |A| < ¢} and B € V== with 6(B)(0, ) = 0. Then, again using
Lemma 5.7 and the fact that 9¢/0 (B)|,—0 =0,

adg(Op, () = Op,,(c") + O (h™), (6-4)

where ¢’ € hglfooio’p is supported on {(x, &, A) : |x]| < eh”, |A]| <e&}.
Now, note that since K(T;M ) C TO*R”, then, for alli =1, ..., n, we have that B = T'x; T has symbol

o(B) =[b(x, &)x]; for some b € C>*(T*M; M, ,,). Therefore, (6-3) and (6-4) yield

ads_, - (adhy 1 Ony)) = K2 WFEDOp, () + 0 (h™),
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where ¢’ € §1?0?<20’p is supported on {(x, &, 1) : |x| < eh”, |A| < &}. Finally, using again that 7’x; T has
symbol [b(x, £)x];, we have that (6-4) gives

||h—2N,0|x/|2N adz—/’T/xT(ad/TS“’hDXT(Xh’y))”L2—>L2 < Ch(l—ﬂ)(\a|+\ﬁ|). O
We next construct a pseudodifferential cutoff, X, € \P;Vf‘;), which is microlocally the identity near STM
and which essentially commutes with P = —h%A ¢ — 1 near y. In particular, we will have

Xh,yXy = Xn,y+ O(hoo)\l—'*”-

When considering the value of a quasimode u that is 2” close to the point y, this will allow us to effectively
work with X ,u instead.

Theorem 6.3. Let y € M, 0 <& <&, and 0 < p < 1. Then, there exists X € \III?;?% C \IJI?SOL)HP satisfying
(1) If xn,y is defined as in (6-2), then
Xh,yXy = Xh,y + O(hoo)\l’_"c- (6'5)

(2) WE/ ([P, X,D N {(x.§) :x € B(y, 3 inj(M)). § € 2} = 2.

Proof. First, we note that we will actually prove that X, € v OC/’) and so the result will follow since
1111?:?‘; C IIJF_) O‘Z) - Let L C T*M be transverse to the Hamiltonian flow H » such that 2, C H. Next, let
x € C°((—2,2)) with x =1 on [—1, 1], and define xo € C°(H) by

_ 2
0o =x(h™d (e, )% (3 =181,

where § is as in the definition of Q. Let ¢ € C2°(T*M) with

Yy =1 on B(y, 3inj(M)) N{|&], <2}, supp ¢ C B(y, 3 inj(M)).

Then, let xo be defined locally by H, xo = 0 and xo|3 = 0 such that xo € Sli)fi). That is, xo(¢:(q)) =
Y (p:(q)) xo(q) for |t| <inj(M) and g € H. Next, observe that by Lemma 5.7 there is eg € Slf\f’j) such that

~ 5 [P.Op} (x0)] = h' =" Opj;* (o). suppeo N B(y. 3injM)) € () @} 0 supp dno).
lrl<3 inj (M)

(Here and below 0 denotes the gradient of xy.) Suppose that there exist yx—1, ex—1 € Slf)ff) such that

— 5 [P Op} (-1 = h* 77 Opy (ex1). - supperi NB(y, 3injM)) € ) @i (N suppdino).
It <3 inj(M)

Then, define y; € Slfﬁj) by solving locally H, xx = ex—1 and x|y = 0. Note that then

supp %« N B(y, 3 inj(M)) C U @; (H N supp dxp)
lt]<3 inj(M)
and

h—k(l—p)o.( [P, OP;]:‘ (Xk—l _{_hk(l—/)))?k)]) — Hp;(k —Cp—1 = 0.

S~
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In particular, with xx := xc—1 + h*!=) %, we obtain —L[P, Op;” (xx)] = h**DU=P) Op, (e;) with
ex € Sy, and

supp ex N B(y, % inj(M)) C U @ (H N supp dxp).
lt|<3 inj(M)
Setting

Xy =0pj”(Xeo) and oo ~ (Xo +> O — Xk)),
k
we have that X, satisfies the second claim and, moreover, x» =1 on

U enideey) <h?yn{lglg — 1] < 18}).

lr]<3 inj(M)

To see the first claim, observe that, for ¢ > 0 small enough,
B(y.eh”)N{llEl,— 11 <8} |  e(HNid@x,y) <h?yn{lEl, — 1] < 18}).
lt] < inj(M)

and hence, by Lemma 5.6,
Xy Xy = Xy Op “ (1) + O (W) = 1y + O ™)y O

6B. An uncertainty principle for coisotropic localizers. Let I'(t) C T*R", t € (—e&y, &), be a smooth
family of coisotropic submanifolds of dimension n 4 1 with

T0)={(0,x,, &, &) :x, R, & eR"! &, eR).

Assume that for each ¢, we define I'(¢) by the functions {g; (f)}’:11 C C®(R*") with qi(0) = x; (note that

1
qi (t) should be thought of as a function in C®(R?) parametrized by ¢). Moreover, assume that there are

¢,C>0suchthatfori=1,...,n—1,
Hgi(®), xi}| = clt] on I'(O)NT(), |7 >0, (6-6)
and, foralli, j=1,...,n—1andall t € (—&o, &),
{gi®), ;Y =0, {qi(®),&}=0, Wgi@®), x5} <Cr> on TO)NT@), i#j.  (67)
The main goal of this section is to prove the following proposition.

Proposition 6.4. Let 0 < p <1 and {I'(t) : t € (—&g, €9)} be as above. Suppose that X (t) € \lllf(ﬁp for
all t € (—eg, g9) and that there is € > 0 such that h*~¢ < |t| < &. Then,

IXO)X ()]l 2o 2 = ChUTDEOTDRAZI,

Proof. We begin by finding a convenient chart for I"(¢). By Darboux’s theorem (see, e.g., [Zworski
2012, Theorem 12.1]), there is a smooth family of symplectomorphisms «; : V| — V; such that, for
j=1,...,n—1,

k(i) =y; and K& =, (6-8)
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where V| and V, are simply connected neighborhoods of 0. Note that «,(I"(0)) = ' (r) with this setup,
SO K; Uis a chart for I'(¢). By [Zworski 2012, Theorem 11.4], the symplectomorphism ; can be extended
to a family of symplectomorphisms on 7*R" that is the identity outside a compact set, and such that there
is a smooth family of symbols p, € C°°(T*R") satisfying d;k; = (k) H),.

Now, let U(t) : L?> — L? solve

(hD; +Op, (p:)U () =0, U0)=1d.
Then, U (¢) is microlocally unitary from V; to V; in the sense that if a € C2°(V}) and b € C2°(V>) then
[U]*U(¢) Op,(a) =Opp(a) + O(h™)y-~ and U@)[U(t)]* Op,(b) = Op,,(b) + O(h™) gy,

and U () quantizes x;. Moreover,

U)

-5 h)”/ P GET =D/ By 3 p By din,
J n

where b(z, -) € S©O"P(T*R") and the phase function ¢ (¢, -) € C®°(T*R"; R) satisfies
0P+ pi(x,0:¢) =0, @0, x,n)=(x,n)
for all € (—e&y, &9). Since U (¢) is microlocally unitary, it is enough to estimate the operator
A) =XO)X@U ().

First, note that since X (¢t) € lI!;(‘;’ , and U (¢) quantizes k;, there exists a(t) € §;0ff) with t € (—&p, 0)

such that X (¢) = U(t)C’i)h(a(t))[U(t)]* 4+ O(h®) 2,12, and so
A(t) = Op, (a(0)U (1)Op, (a (1)) + O (h™) 12, 2.

~

Fix N>n—1landlet y =x(}) € EITO{VP be such that | x (1)| > c(1)™". Now, since a(¢) € SF(SZ’ by the

elliptic parametrix construction there are ey (), eg(t) € 311:007) such that

Op;, (e (1)Opj,(x) = Op, (@) + O(h™) 212, Op;,(x)Opy,(er(1)) = Opy (a(t)) + O (h™) 2, ;>

for all ¢ € (—&o, 9). Note that we are implicitly using the fact that a(¢) is compactly supported in (x, &)
to handle the fact that x is not compactly supported in (x, &). Thus,

A(1) = Op;,(e1.0)0p; GOU (1)Op;, (X)Opy (er (1)) + O (h™) 12, 2.
Since 6th (er (1)) and (F)Bh (er(?)) are L? bounded uniformly in t € (—e&op, &), we estimate
A1) := Op, GOU ()0p;, ().
In fact, we estimate B(t) := A(t)(A(t))* by considering its kernel:

B(t;x,y) = f U @) (x, w)U @) (w, ) x (hPx")x (WY ) x (hPw')* dw

1
 Quh)?n

/eiQD(t,x,w,y,n,é)/hb(t’ X, T])l;(l’, y, S)X(h_px’)x(h_py’)x(h_pw/)z dw dn d%'
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with &, x, w,y,n,&) = ¢, x,n) — ¢, y,&) + (w,&E — n). First, performing stationary phase in
(wp, n,) yields

B(t: x, y) = / Fit,x,w', £ 3, w0, B dw' déy,

(27Th)2”_1
Flt.x,w &) = f PR S =W D My ¢ o ) x (0P ) x (P w! ) df

for some by € S°™MP(T*R"). Next, note that since ¢ (0, x, n) = (x, n),

o (t, x,m) — (x,n) =tp(t, x, )

with ¢ such that, for every multi-index «, there exists Co > 0 with 97, ¢| < Cq.

Next, we claim that there exists C > 0 such that
1@2pt. x.n) ' <C if (x,n) €T(0), dyd(t,x,n)=0. (6-9)

We postpone the proof of (6-9) and proceed to finish the proof of the lemma.

To continue the proof, note that, modulo an O (h"¢) error, we may assume that the integrand of
B(t; x, y) is supported in {(x, y, w’) : |x'| < h?7¢, |y/| < h?7¢, |w'| < h?~¢} and h?~¢ < |t|. Therefore,
the bound in (6-9) continues to hold on the support of the integrand. By (6-9) and

02 (1, x. 1) — 1(t, x, 1) =0, (6-10)

there is a unique critical point 7.(t, x, w’, §,) for the map ' — ¢(t, x, 7, §,) — (w’, 1’), in an O(1)
neighborhood of 7. Indeed, since |9,.¢| < Ct,

Oyp =t (Db (t, x, L ENN' = 1), 0" =) + O(n— ).

In particular, 7., is the unique solution to 9,¢ (¢, x, 1., &,) —w' = 0.
Next, again using (6-10), by applying the method of stationary phase in 1" to F with small parameter /1 /¢,
we obtain

B(t, X, y) — /eiq)l(l‘,x,w/’y’gn)/hBl(t; X, y, w/’ T]:{, S) dw/dén,

@rhyr T
Ot x, w',y, &) =W, x, w, &) —W(t, y, w, &),
W(t,x, w', &) =@t x, m(t, x, w', &), &) — (W', ni(t, x, w', &),
Bi(t; x, y, w0, £) == ba(t, x, 0/, E)b(t, y, &, &) x (W x ) x (WP y ) x (h~Pw')?
for some b, € SMP(T*R"). Next, observe that
O, 05, W (1, x, W', &) = By, 0, (X" — W', nL.) + x,& + O () e
= (x'—w', 8,0, ) + 1+ 0()
=14+00)+0MR")=140(),

where in the last line we use the fact that |¢| > 2°~¢, and therefore, there exist ¢ > 0 and a function
g=g(’, y,w', &) such that |3z, ®1| > c|x, —g|. In particular, integration by parts in &, (with the operator
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L=0h*+ 8gnd>1hD§n)/(h2 + |85nd>1|2)) shows that for any N > 0 there is Cy > 0 such that

BN+ |, — gV
(2 + Ty — g

Applying Schur’s lemma together with the fact that there exists C > 0 such that, for all ¢,

|B(t; x, y)| < Cyh ™"t WP Dy (k=P y Y x (h P x")

SUP/ IB(t;x,y)Idy+SuP/ |B(t; x, y)| dx < ChR@P=D=Dyl=n
x y

yields that || B(#) |22 < Ch@P=D=Dyl=n for all t € (—éo, €0), and hence
IX(O)X ()] 12y 12 < CRODEP=D2(A=0/2
as claimed.

Proof of the bound in (6-9). Let ¢;(x, n) := ¢ (¢, x,n) and ¢;(x, y, n) := ¢:(x, n)—(y, n). Then we have
Cy, ={(x, y,m) : 9y¢:(x,n) = y}, and so

Ag, = {(x, dxr(x, m), gy (x,m), =} C T*R" x T*R™.
In particular, since A, is the twisted graph of k;, we have that «; is characterized by

K1 (O (x, 1), ) = (x, 0x ¢y (x, M)).

Furthermore, since «,(I"(0)) = I'(¢), we have

L@ ={(x.8) 1k (y,m) = (x,8), y =0y (x,n), § =0xh:(x,m), (y,m) € T(0)}.

Then, using «;§, = 1y,

F(t) = {(x,S):S/z 8x/¢t(xv 77), 87]/¢t(xs 77) :O’ En =Nn, 7N € Rn}

Next, let p := (x, ) € I'(0) be such that 9,¢; (x, n) = 0. Without loss of generality, in what follows
we assume that x, = 0. Letting I'o(t) := I"(¢)|(x,=0; we have that

Lo(t) ={(x,&) : & = 0udps (x, 1), Iy (x,m) =0, x, =0, & =1,, n €R"}.
In particular, letting § = 0y (P), 1) and pg := (X, é), we have pg € I'g(£) NT'(0) and

T5,To(t) = {(8x, 8¢) : 8 = 0x 0 (P)Sx + 3,054 (D)8,
x Oy P (P)Sx + 0y0y dr (P)Sy =0, 8y, =0, 85, =3,,, 8, € R"}.

Next, we note that d,, € Tj5,I'(¢) and Hy, ;) € T5,I'(¢) foralli =1, ..., n—1. Therefore, since 9,,4q; () =0,
we also know that Hé,—(z) = (0grqi (1), 0, —=0yq; (1), 0) € T, I'o(¢) foralli =1, ..., n— 1. We claim that
there exists C > 0 such that, for all v = (8, 0, 8¢/, 0) € span{H (;[ (t)}?:_ll C T3, I'(¢), we have

1811 = Crllde . (6-11)
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Figure 2. A pictorial representation of the coisotropics involved in Corollary 6.5,
where Vi is the geodesic from x; to x;. Localization to both I',, and L'y implies
localization in the nonsymplectically orthogonal directions x” and &’. The uncertainty
principle then rules this behavior out.

Suppose that the claim in (6-11) holds. Then, note that for each such v, since §,, = 0 and §;, =0, we
have that there is 8,y € R"~! such that

8er = 02y (P)Sy + 07 (P)Syy, 07,1 (P)Sy + 07,01 (P)Sy = 0.
Using that 8f/n/¢t(p~) =Id+0(t) and 8)%/¢,(p~) = O(¢), we conclude that
3$/¢z(15) [0, /¢>t(l?)]_155/ = (8 ¢ (p)[d nx (P 32 ¢ (p) — /¢t(p~))6x’,
and so
8$,¢>,(13)(Id +0(1))dg = (= 1d+0(2))d. (6-12)

Let H’ G = (8(’) 0, (Sé’,), 0). Since pg € ['(r) NT(0), assumptions (6-6) and (6-7) yield that the vectors

{5)(;,)}1.: are linearly independent. Indeed, setting e; := (§; J)] 1 e R,

88 = 81 (t)ei + O().  [85,q:(1)] = Ct (6-13)
for ¢ small enough. Furthermore, (6-12) then yields that the {8;’;)};1:_11 are linearly independent. Then,
combining (6-12) with (6-11) yields (6-9) as claimed. Il

To finish it only remains to prove (6-11). Let v = ((Sx ,0,8:,0) € span{H ! (t)} . Then, there
is a € R*! such that 8, = Y7~ @;8%) and 8 = Y1, a,8(l). Next, note that by (6 13) we have
18x1l = lla]l(Ct + O(t?)). Since I8¢/ 1| < Collall for some Cp > O the claim in (6-11) follows. O

For each x € M, let Iy be as in (6-1). (See Figure 2 for a schematic representation of these two

coisotropic submanifolds.) Then we have the following result.

Corollary 6.5. Let0 < p <1, 0 <e < p,and y(t) : (—eg, €0) — M be a unit speed geodesic. Then,

for X(t) € lI!F P and h such that h*~% < |t| < &y,

IX )X (t)ll 2o, 2 < CRDEP=D/2A=m/2
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Proof. To do this, we study the geometry of the flow-out coisotropics I') ;). Namely, we prove that I,
is defined by some functions {g;(¢)}}_, with ¢;(0) = x; that satisfy (6-6) and (6-7). We then apply
Proposition 6.4 to I'(¢) = k! (') +)) for a suitable symplectomorphism «.

Fix coordinates (x’, x,) € R"™! x R on M such that y () = (0, ¢) and

2
aé,|g|g(x)|x=0’§=(o,1) =1d.

For each t € (—e&, &), let H; be the submanifold transverse to the Hamiltonian vector field H, defined by
He={(x', 1, &, &) 125, > [Elg, |X'| < b0},

where 8y > 0 is chosen such that I'), ) VH,; = {(0, 1, &', &,) : 2&, > |&|q, |1E]g — 1] < 8}.

In particular, as a subset of {||§], — 1| < 8}, we define I', ;) N H; by the coordinate functions {xi}:’;ll.
For each t € (—¢g, g9) let g;(¢) : H; — R be given by g;(t) = x; fori = 1,...,n — 1. Then, define
{gi(}[Z] on T*M by

Hypqi(t) =0,  qi(D)|y, = qi(1).

For all ¢, we note that H,(Hy,)q;(t)) = 0 and

{qi (1), qj (1)}, = 0¢,qi (1) 0y, q; (t) — 0g,q; (t)0x,qi (1) + H, «0q; (1),

where H is the Hamiltonian vector field in T*{x, = t}. In particular, since 0,q;(t) = 0 and PNIqi @)
is tangent to H,;, we have {g;(t), g;(t)}|3, = 0. Hence, {q;(t),q;(1)} =0, {g;(t), p} =0, ¢;(0) = x;,
and {g; (t)}?:_l1 define I'), ;). Next, observe that there exists s € R such that, foreachi =1,...,n—1,
qi (0)(x, &) = x;(ps(x, §)) with ¢ (x, §) € Hop. Since g, p # 0 on Ho, for E near O there exist ag and eg
such that

px,§) —E=ep(x,£)(E —ap(x, &) (6-14)

with eg > ¢ for some constant ¢ > 0. In particular, ¢, = €° Hp is a reparametrization of ¢, := et Hen—ar) on

{p = E}, and we have that, for (x,&) e {p=FE}andalli=1,...,n—1,
i (0)(x, &) = x; (v, (x, §)) = X; + x4 05,ap (x, &) + O (x7) .

In particular, on H; N {p = E}, using this together with the fact that since Hy, () is tangent to {p = E}
and x, =1, 0g,q;(t) = 0¢,q;(t) =0, we have

{q;(®), qi O)},nip=E) = 05,9 (£)0x,qi(0) — x,q; (1) g, q: (0) + ﬁqj(r)cb 0)
= 5,3 (1),,qi (0) — 3y, q; (1) O (1) + ﬁqj(z)ql' )
= 0(t%) + 0, (135,a) (0, &).
Now, since a§p|T{,,:E} >0and, foralli, j=1,...,n,
Oz, p = O, 0g,ep(§n — ap) + 0g,ep(8nj — 0g;ap) + g, ep(Opi — Og;ap) — epdg, 0z ag, (6-15)

we have, as quadratic forms, 8§p|T{p:E} = —eEaszaElT{p:E}. Indeed, if V = Zj Vfagj e T{p = E}, then

0=V(p—E)lp-g=eeVér—ar)+Vep)( — E)lp—g =eeV (6, —ar),



2322 YAIZA CANZANI AND JEFFREY GALKOWSKI

and therefore, since eg # 0, we have V (§, —ag)|,—g = 0. Next, observe that, on {p = E},

dger Y (8 — dgap) VI = dgep(V (&, —ar)) =0.
J
In particular, the first three terms in (6-15) vanish on T{p = E}.
Hence, since 852/ Plx=0,e=0,1) = Id, we have that Bg,a £(0, &) < 01is a multiple of the identity at x =0,
&' =0, and p = E. Next, observe that

Fy(o) N Fy(;) c{@©,s,0,¢&,):5s R, .f/ = 0}.
Therefore, there are ¢, C > 0 with
cSijt + O (t%) < |{gi (1), q; (O} a,n(p=E)r, 00T, 0 | < C8ijt + O

on I'y ) Ny ). Then, ¢8;jt + O(t?) < |{qi(1), ¢;(O)}|{p=r}| < C8;jt + O(t?) by invariance under H,.
Since E small is arbitrary, this holds on I'), o) N I'y, ().

Now, by Darboux’s theorem, there is a symplectomorphism « such that, for alli =1,...,n—1,
k*q;i(0) =x; and k*p = &,. In particular, K*I(Fy(o)) cT0)={(, x,, &, &) :x, €R, £ e R ! xR} and,
abusing notation slightly by relabeling g; (f) = «*g; (t), we have that (6-6) and (6-7) hold. In particular,
Proposition 6.4 applies to I'(¢) = k! Ty ).

Now, let U be a microlocally unitary quantization of ¥ and X (1) € ¥~ . Then, U~ !X (1)U € W~

Cywysp° NN
and hence the corollary is proved. 0

6C. Almost orthogonality for coisotropic cutoffs. In this section, we finally prove an estimate which
shows that coisotropic cutoffs associated with I'y, for many x; are almost orthogonal. This, together with
the fact that these cutoffs respect pointwise values near x;, is what allows us to control the number of
points at which a quasimode may be large.

Proposition 6.6. Let {B(x;, R)}f.vz({') be a (D, R)-good cover for M, and X; € \Ilr_ff’p, i=1,...,N(h),
with uniform symbol estimates. Then, there are C > 0 and hy > 0 such that, for all 0 < h < hy,

Jc{l,...,N(h)}andu € L>*(M), we have
D IXjulj. < CA4 BT RTH D2 7| CriD/@n (g 4 (p2P I RTH DI 7, (6-16)
jeg

Proof. To prove this bound we will decompose the sum in (6-16) as

2
DXl =D Xu <Z X;."Xiu,u>. (6-17)

e ieg L* \ier
i#]j

First, we note that by Corollary 6.5, (once with X (0) = XJ’.“ and X (1) = X;, and once with X (0) = X;
and X (1) = X}) there exists C > 0 such that, for i # j,

XX 41X X < ChR" DO~ VDa(x;, xj) =72,
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Therefore, by the Cotlar—Stein lemma,

2.

jeJ

1/2
ssup(||Xj||+ D OIXIXA2 41X X7 /)
jeJd ieT\lj})

<24 Ch=DO=1/272 gyp Z d(x;, x;) 1=/,
1T ieg\(j)
To estimate the sum, observe that there exists C > 0 such that, for any j € J and any positive integer k,

kn
2? <#{i 32kR <d(x;, xj) < 2k+1R} < C2(k+l)n.

In particular, there is C > 0 such that, for any j € 7,

%]ng |\7|
Z d(x,-, xj)(lfn)/4 S C Z 2kn(2kR)(lfn)/4 5 C|j|(3n+l)/(4n)R(lfn)/4‘ (6-18)
ieJ\{j} k=0

Therefore, we shall bound the first term in (6-17) using

2%

jed

< C 4 CRO=D=1/2/2 gU=n) /4| 7|Gnt 1)/ Gn), (6-19)

We next proceed to control the second term in (6-17). Let X j €Y o0 o such that
Xj El

ngj =X; + O(hOO)L2_>L2.
By the Cotlar—Stein Lemma,

> X;-‘Xi‘ < sup Y IXEX X XT XX |2+ XX X XP XX 24+ 0T P, (6-20)
A kLeT .
iy L

By Corollary 6.5 there exists C > 0 such that, for k # ¢, i # j,

IX;XeXo X7 X7 X < CR® D@D min(1, A= DCP=D24 (x;, )~ "D (o, xe)d () 7

Using that

sup d (xx, Xe)(l_nw < RU—M/A,
kteJ
k#¢

adding in (6-20), and combining with the bound in (6-18), we get

Z X;Xi ” < Ch(”—l)(Zp—l)/Z(l +h(n—l)(Zp—l)/4|j|(3n+1)/(4n)R(l—n)/4)|j|(3n+1)/(4n)R(l—n)/Z_ (6-21)
i,jJeT
i#]

In particular, combining (6-19) and (6-21) into (6-17) we obtain

ieJ
S C(l +h(n—l)(p—1/2)R(l—n)/2(1 + (th_lR_l)(n_l)/4)|j|(3n+l)/(2n))||M”i2 |:|
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We employ functional analysis techniques in order to deduce some versions of classical and recent
interpolation results in Fourier analysis with perturbed nodes. As an application of our techniques, we
obtain generalizations of Kadec’s A—ll—theorem for interpolation formulae in the Paley—Wiener space both
in the real and complex cases, as well as versions of the recent interpolation result of Radchenko and
Viazovska (Publ. Math. Inst. Hautes Etudes Sci. 129 (2019), 51-81) and the result of Cohn, Kumar,
Miller, Radchenko and Viazovska (Ann. Math (2) 196:3 (2022), 983-1082) for Fourier interpolation with
derivatives in dimensions 8 and 24 with suitable perturbations of the interpolation nodes. We also provide
several applications of the main results and techniques, relating to recent contributions in interpolation
formulae and uniqueness sets for the Fourier transform.
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1. Introduction

A fundamental question in analysis is that of how to recover a function f from some subset { f (x)}xca of
its values, together with some information on its Fourier transform f : R — C, which we define to be

fe = /R f(x)e 2T gy, (1-1)

Perhaps the most classical result in that regard is the Shannon—Whittaker interpolation formula: if f is
supported on an interval [—§/2, §/2], then

fay= 3" fk/8)sinc(sx —k), (1-2)

k=—00
where convergence holds both in L*(R) and uniformly in compact sets of C, where we let sinc(x) =

sin(zrx)/(wx). A major recent breakthrough in regard to the problem of determining which conditions
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on the sets A, B C R imply that a function f € S(R) is uniquely determined by its values at A and the
values of its Fourier transform at B was made in [Radchenko and Viazovska 2019], where the authors
proved that, if f : R — R is even and Schwartz, then

oo o0
f@) =" fOa )+ fVRa). (1-3)
k=0 k=0
Radchenko and Viazovska’s result and its techniques were somewhat inspired by Viazovska’s recent
solution [2017] to the sphere-packing problem in dimension 8, and her subsequent work with Cohn,
Kumar, Miller and Radchenko [Cohn et al. 2017] to solve the same problem in dimension 24. Indeed, the
proof of (1-3) uses such tools from the theory of modular forms heavily for constructing and bounding
the basis functions {a,},>0.
Subsequent to the Radchenko—Viazovska result, other recent works have successfully used a similar
approach in order to tackle what are now known as Fourier interpolation and Fourier uniqueness problems.
Among those, we mention the following:

(1) Cohn and Gongalves [2019] used a modular form construction in order to obtain that there are ¢; > 0,
j €N, so that, for each f € Srad(R'?) real,

fO =Y i f(V2)==FO) +) i f (/2. (1-4)
izl jz1
Such a formula enables the authors to prove a sharp version of a root uncertainty principle first raised by
Bourgain, Clozel and Kahane [Bourgain et al. 2010] in dimension 12; see, e.g., [Gongalves et al. 2017;
2021; 2023] for more information on this topic.

(2) On the other hand, Cohn, Kumar, Miller, Radchenko and Viazovska [Cohn et al. 2022] built upon the
basic ideas of [Radchenko and Viazovska 2019] to be able to prove universal optimality results about the
Eg and Leech lattices in dimensions 8 and 24, respectively. In order to do so, they prove interpolation
formulae in such dimensions that involve the values of f (+v/2n), f '(V2n), f (v/2n), f '(v/2n), where f
is a radial, Schwartz function, and n > ng, with no =1 if d =8, and ng = 2 in case d = 24.

(3) Talebizadeh Sardari [2021] studied the problem of constructing interpolation formulae involving the
values f(/7), /(7). f(JF), f/(J/F), where f is a radial, Schwartz function, in R2, and r is any point

in the set
{(%)1/4\/n2+nm+m2 tn,meZ},

which would correspond to a Fourier interpolation formula with derivatives over the hexagonal lattice.
Such a formula was conjecture not to exist in [Cohn et al. 2022, Conjecture 7.5], and indeed that is the
case: there are infinitely many linearly independent Schwartz functions that cannot be recovered by these
values. This is perhaps surprising, since the hexagonal lattice is conjectured to be universally optimal
in the language of [Cohn et al. 2022], which suggests this problem is not amenable to the exact same
techniques in that work in dimensions 8 and 24.

(4) Finally, more recently, other developments in the theory of interpolation formulae given values
on both Fourier and spatial sides have been made by Stoller [2021], who considered the problem of
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recovering any function in R from its restrictions and the restrictions of its Fourier transforms to spheres
of radii /n, where n > 0, is an integer, and for any d > 0. Moreover, we mention also the more recent
work of Bondarenko, Radchenko and Seip [Bondarenko et al. 2023], which generalizes Radchenko and
Viazovska’s construction of the interpolating functions to prove interpolation formulae for some classes
of functions f that take into account the values of f at logn/(4m), and the values of f at a sequence
(,0 — %) /i, where p ranges over nontrivial zeros of some L-function with positive imaginary part.

One fundamental point to stress is that, in a suitable way, all the previously mentioned results relate some
sort of summation formula, the most basic instance of such being the classical Poisson summation formula

Yo fmy=> fm,

meZ neZ
which is obtained in [Radchenko and Viazovska 2019] as a particular case of (1-3) by setting x = 0, with
some modular form construction. In this direction, the formula (1-4) is also a manifestation of such a
principle that implies rigidity between certain values of f and other values of f
The aforementioned connection between summation formulae and modular forms is classical, with the
modularity of the Jacobi theta series 6 being a primal example of how one relates to the other. On the
other hand, this connection may be deepened through the following argument: Suppose that a summation
formula of the kind
Y caf@=> caf(@ (1-5)
acA acA
holds for all f € S(R) a radial function. This is seen to be equivalent, by a density argument (see, for
instance, [Radchenko and Viazovska 2019, Section 6]), to (1-5) holding for f(x) = ei*" where z € C
is fixed so that Im(z) > 0. This, on the other hand, is equivalent to the function M(z) =) . inzlal®
satisfying the modular relationship (—iz)~4/>?M(—1/z) = M(z) in the upper half-space. In particular,
if A C \/Z, then M satisfies additionally some periodicity condition, and thus a search for M can be
further narrowed to a certain space of modular forms.

A€

From a similar yet not identical point of view, however, the topics described above can also be inserted
into the framework of crystalline measures. Indeed, if we adopt the classical definition of a crystalline
measure to be a distribution with locally finite support, such that its Fourier transform possesses the
same support property, we will see that the Poisson summation formula implies, for instance, that the
measure &z is not only a crystalline measure, but also self-dual, in the sense that §7 = Sz holds in S’ (R).

Outside the scope of interpolation formulae per se, we mention the works [Lev and Olevskii 2013; 2015;
Meyer 2017], where the authors explore on a deeper lever structural questions on crystalline measures. In
particular, Meyer [2017] exhibits examples of crystalline measures with self-duality properties, and uses
modular forms to construct explicitly examples of nonzero self-dual crystalline measures @ supported on
(£Vk+a:ke Z.} for a € {9, 24, 72}. We also mention [Kurasov and Sarnak 2020], where the authors,
as a by-product of investigations of the additive structure of the spectrum of metric graphs, prove that
there are exotic examples of positive crystalline measures other than generalized Dirac combs.

Our investigation in this paper focuses on both classical and modern results in the theory of such
interpolation formulae and crystalline measures. In generic terms, we are interested in determining when,
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given an interpolation formula such as (1-2) or (1-3), we can perturb it suitably. That is, given a sequence
of real numbers {&;}xcz, under which conditions can we recover f from the values

{(F(nten)s fGn+en))lnez, (1-6)

given that we can recover f from {(f (sp), f S )} nez?

In this manuscript, the main idea is to study such perturbations of interpolation formulae for band-
limited and Schwartz functions through functional analysis. Indeed, most of our considerations are based
on the idea that, whenever an operator T : B — B, where B is a Banach space, satisfies

IT =I5 <1,

then T is, in fact, a bijection with continuous inverse T-!: B — B. In fact, in all our considerations on
interpolation formulae below, some form of this principle will be employed, and other proofs and results
in the paper, such as Theorem 1.6, which gives new bounds related to the Radchenko—Viazovska formula,
arise naturally when trying to employ this principle in different contexts.

1A. Perturbations and interpolation formulae in the band-limited case. The question of when we are

able to recover the values of a function such that its Fourier transform is supported in [— %, %] from its

values at n + ¢, is well known, having been asked in [Paley and Wiener 1934], where the authors proved

that recovery — and also an associated interpolation formula—is possible as long as sup,, |&,| < 7 2.

Many results relate to the original problem of Paley and Wiener, but the most celebrated of them all is the

so-called Kadec—é—ll theorem, which states that, as long as sup,, |e,| < 4—1‘, one can recover any f € L*(R)
1
-1
proof and [Avantaggiati et al. 2016] for a generalization.

which has Fourier support on [ %] from its values at n + ¢,, n € Z; see [Kadec 1964] for the original
Our first results provide one with a simpler proof of a particular range of Kadec’s result. We recall,
for that matter, that the Paley—Wiener space PW (R) is defined as the aforementioned space of all
square-integrable functions on the real line such that f has support in the interval [—%, %]
Theorem 1.1. Let {ex}rez be a sequence of real numbers and assume L = supy |ex| < Lo, where
Lo =0.239... is defined to be the smallest positive solution to the equation
sin(7r L) o Losinm L
7Ly 3 1—1Lg

~+ sin(7r Lo).

Then any function f € PW, is completely determined by its values {f (n + &,)}nez, and there is
C =C(L) > 0 such that

EY e < IfB=CY IfitenP

neZ neZ

forall f € PW,.
Moreover, there are functions g, € PW(R) such that for every f € PW_, the following identity holds:
F) =) f(n+en)gnx),
neZ
where the right-hand side converges absolutely in compact sets of C.
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The condition in Theorem 1.1 is satisfied for L < 0.239, which possesses only a 0.011 difference from
Kadec’s result. The main difference, however, is that while Kadec’s proof relies on a clever expansion of
the underlying functions in a different orthonormal basis, we make a less direct use of orthogonality in
our considerations.

We also remark that, in the proof of Theorem 1.1, one can use complex numbers for perturbations.
The difference is that we have to take into account the sine of complex numbers, and the resulting bound
would be L < 0.2125 instead of L < 0.239. This only falls very mildly short of the results in [Avantaggiati
et al. 2016, Theorem 3], where L < 0.218 is achieved in the complex setting, and our methods of proof
are relatively simpler in comparison to those of that work, where the authors must enter the realm of
Lamb-Oseen functions and constants.

As another application of the idea of inverting an operator, we present a couple of results related to
Vaaler’s interpolation formula. J. Vaaler [1985] proved, as means to study extremal problems in Fourier
analysis, the following counterpart to the Shannon-Whittaker interpolation formula: Let f € L*(R), and
suppose that f is supported on [—1, 1]. Then

_ sin’(x) f&) | fk)
fO =5 Z{(x—k)z x—k}'

(1-7)
kez
This can be seen as a natural tradeoff: (1-2) demands that we have information at %Z in order to recover
the functions f as stated above. On the other hand, Vaaler’s result only demands information at Z, but
one must pay the price of replacing the rest of the information by values of the derivative at Z.
The first result concerning (1-7) is a direct deduction of its validity from the Shannon—Whittaker
formula (1-2). We state it in the following form.

Theorem 1.2 [Vaaler 1985]. Fix a sequence {ai}rez € 0%(Z). Consider the function f € PW, given by
fx) =" aysinc(x —n)

neZ
for each x € R. Then the interpolation formula
4sin® (l

fx) = nsz)Z{ 24 bz"} (1-8)

_ 2 _
ot (x —2k) x —2k

holds, where the right-hand side converges uniformly on compact sets, and we let
a; ,
by = L (—Dk.
K }:k_j( )
J#k

It is a consequence of (1-8) that f’(2k) = by, in Theorem 1.2 above. Moreover, we note that one

readily obtains Vaaler’s formula from (1-8) above: indeed, in order to obtain (1-7) for a square-integrable
function g € L?(R) with supp(g) C [—1, 1], consider f(x) = g(4x). It follows that f satisfies the
hypotheses of Theorem 1.2, and substituting back allows one to conclude (1-7) from (1-8).

A main difference between our proof of Theorem 1.2 and the original proof in [Vaaler 1985] is the
absence of any significant use of the Fourier transform. Differently, however, from the de Branges spaces



2332 JOAO P. G. RAMOS AND MATEUS SOUSA

approach in [Gongalves 2017], we do not delve deeply into any theory of function spaces, but rather we
make use of classical operators in £2(Z) such as discrete Hilbert transforms and its properties. We believe
our approach might lead to derivations of other interesting interpolation formulae.

Our final contribution in the realm of interpolation formulae for band-limited function is a generalized
version of Vaaler’s formula (1-7) with perturbed nodes. We mention that, to the best of our knowledge,
this result in its present form is new, as Vaaler’s ideas are rigid to specific properties of integers and
Fourier transforms of special functions such as sinc(x)2.

Theorem 1.3. Let {ex}rez be a sequence of real numbers and consider L = supy, |ex|. Suppose that
L < 0.111. Then any function f € PWy, is completely determined by its values { f (n + &,,) }nez and those
of its derivative { f'(n + £,) }nez, and there is C = C(L) > 0 such that

%Z(If(n te)P 1 4P S NFI3CY IAf e +1f n+e)l®)  (1-9)

nez neZ
forall f € PWy,.
Moreover, there are functions g, h, € PWy, so that, for all f € PWy,, we have

FO =) (fn+en)gn®) + £+ en)hn(x)),

nez

where convergence holds absolutely.

This result and its method of proof resemble the ideas from Theorem 1.1 and its proof, with an increase
in technical difficulties, such as considering higher-order analogues of the perturbed discrete Hilbert
transforms we use for the proof of Theorem 1.1. We note also that some further technical changes, together
with [Littmann 2006], allow one to extend the perturbation results for arbitrarily many derivatives; see
Theorem 6.1 for a discussion on that.

We point the reader, for instance, to the remark following Corollary 2 in [Gongalves 2017] together with
[Lyubarskii and Seip 2002; Ortega-Cerda and Seip 2002] for related discussion on sampling sequences
with derivatives for PW; see also [Gongalves and Littmann 2018] for discussions involving higher-order
derivatives.

1B. Perturbations of symmetric interpolation formulae. Moving on from band-limited functions to
Schwartz functions instead, we notice that the Radchenko—Viazovska result (1-3), although being a major
breakthrough, is rigid in its statement: the interpolating functions are carefully tailored to interpolate at
the {</n},>0 nodes. The same sort of phenomenon happens to the result of [Cohn et al. 2022], as the
construction takes into account a specific property of {~/2n }n=n, in dimensions 8 and 24.

A natural and yet unexplored question is that of determining whether formula (1-3) is rigid for its
interpolation nodes or not. In other words, a natural question concerns conditions when we can replace
a single interpolation node +/k by a suitable perturbation of it, say /k + ¢, where & € (—1, 1). To the
best of our knowledge, even this simple case remained open prior to this manuscript.

Such a question inspired the following result. Perhaps surprisingly, the idea of inverting an operator T’
when it is reasonably close to the identity still works in this context. The next result may thus be regarded
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as the main result and novelty of this paper, establishing criteria when we are allowed, not only to perturb
one node in the interpolation formula, but all of them simultaneously.

Theorem 1.4. There is 6 > 0 so that, for each sequence of real numbers {ey }x>0 such that g € (—%, %),
g0 =0, sup;>q lex|(1+ k)>/4 10g3(1 +k) < 8, there are sequences of functions {0;} j>0, {n;} >0, with

16; )] + Inj (O + 16, ()| + 18; ()] S (A4 HOP A+ [x~
and
FO) =) (Fi+ens0)+ F(/i+em))
j=0

for all f € Seven(R) real-valued functions.

In other words, we can perturb each interpolation node from +/k to ~ +/k 4+ k=5/% and still obtain a
valid interpolation formula converging for all Schwartz functions. In fact, one does not strictly need that
f € S(R), but only that f, f decay at least as fast as (1 + |x|)~™ for some sufficiently large M > 1.

Theorem 1.4 is related to [Cohn and Triantafillou 2021, §6]. Indeed, in that paper, they construct
summation formulae of the form

0 7 \d/2 > A
an f(x/n) = (—> b, f(2y/n/N),

where N is a suitable positive integer, where they aim to make the coefficients {a,},>0, {b,}s>0 non-
negative, in order to obtain better estimates for the linear programming bounds for the sphere-packing
problem. In §7 in [Cohn and Triantafillou 2021], the authors mention that a “modular” method as carried
out by them cannot achieve perturbed nodes in such an interpolation formula, which would be desirable
for numerical purposes.

Theorem 1.4, on the one hand, does prove that we can make this rigid property somewhat looser
when it comes to the Radchenko—Viazovska interpolation formula, but on the other hand, positivity of
coefficients can by no means be guaranteed in our present case. It would be, however, interesting if one
could explore further the connections between our methods and those in [Cohn and Triantafillou 2021] to
obtain better bounds, but we have not pursued such a path in this work.

As an immediate corollary of Theorem 1.4, we obtain the following:

Corollary 1.5. Let {;} j>0 satisfy the hypotheses of Theorem 1.4. Define a continuous family of measures

8y + 0y 0; (x)
= 2 _Z 2 8:!:Jj+s,-‘

j=0

Ihx

Then these measures possess Fourier transforms given by
. n;(x)
=D =58 frar
jz0

In particular, these measures are nontrivial examples of crystalline measures supported on both space
and frequency on any set of the form {£x} U {£/k + &1 : |ex| < log™> (1 4+k) - (1 +k)~/4}.
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This result, in particular, aligns well with the recent examples from [Bondarenko et al. 2023; Kurasov
and Sarnak 2020], which indicate that crystalline measures are, if not impossible, very hard to classify.
Its proof follows from the fact that w, is even and real-valued, so that its distributional Fourier transform
will also be an even and real-valued distribution. Therefore, it suffices to test against even, real-valued
functions f, and thus Theorem 1.4 gives us the asserted equality.

In order to prove Theorem 1.4, we need to find a suitable space to use the idea of inverting operators
close to the identity. It turns out that, in analogy to Sobolev spaces, the weighted spaces £2(N) of
sequences square summable against n® are natural candidates to work with, as they are well-suited to
accommodate the sequence

(fWhk+en), fk+e0) o

whenever f, f decay sufficiently fast. In order to prove some perturbation result—that is, a weaker
version of Theorem 1.4 — using the spaces ZE(N) together with the polynomial growth bounds on {a, },>0
from (1-3) is already enough.

On the other hand, the fact that we may push the perturbations up until the k=>/4 threshold needs a
suitable refinement to [Radchenko and Viazovska 2019] or even to the bound of [Bondarenko et al. 2023].
The next result, thus, represents an improvement over those in [Bondarenko et al. 2023; Radchenko and
Viazovska 2019], as besides obtaining uniform bounds, we are able to introduce exponential decay factors
to the interpolating functions.

Theorem 1.6. Let bf = a, +ay, where {a, },>¢ are the basis functions in (1-3). Then there is an absolute
constant ¢ > 0 such that

by ()] S '/ log(1 +n)e KV
B2 (0] S n¥* log? (1 4+ nye VA

for all positive integers n € N.

The proof of such a result employs a mixture of the main ideas for the uniform bounds in [Radchenko
and Viazovska 2019; Bondarenko et al. 2023], with the addition of an explicit computation of the best
uniform constant bounding |x |k |b;l—L (x)+ (bff)/(x)| in terms of k£ and 7. In order to obtain such a constant,
we employ ideas from characterizations of Gelfand—Shilov spaces, as in [Chung et al. 1996].

We remark that, with a modification of the growth lemma for Fourier coefficients of 2-periodic functions,
we are able to obtain a slight improvement over the growth stated in Theorem 1.6. As, however, this
modification does not yield any improvement on the perturbation range stated in Theorem 1.4, we postpone
a more detailed discussion about it to Corollary 4.6 below.

1C. Applications. As a by-product of our method of proof for Theorem 1.4, we are able to deduce some

interesting consequences in regard to some other interpolation formulae and uniqueness results.
Indeed, it is a not-so-difficult task to adapt the ideas employed before to the contexts of interpolation

formulae for odd functions. As remarked by Radchenko and Viazovska, the following interpolation
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formula is available whenever f : R — R is odd and belongs to the Schwartz class:
/ 0 Y 0 r
F0)+if( )+Z Cn(x)f(ﬁ) —én(x)f(ﬁ) ’
2 Jn NG

where the interpolating sequence {c;};>0 possesses analogous properties to those of {a;};>0, and the
function

fx)=dj (x)

n>1

d(;r(x) _ s'in(rtxz)
sinh( x)
is odd and real and so it vanishes together with its Fourier transform at +./n, n > 0.

With our techniques, we are able to prove an analogous result to Theorems 1.6 and 1.4 for the odd
interpolation formula. Also, with our techniques, we are able to prove a version of Cohn—Kumar-Miller—
Radchenko—Viazovska interpolation results with derivatives in dimensions 8 and 24 with perturbed nodes
in a suitable range, as polynomial growth bounds for such interpolating functions are available in [Cohn
et al. 2022]; see Theorems 5.11 and 5.13 for more details.

Another interesting application of our techniques delves a little deeper into functional analysis tech-

niques. Indeed, in order to prove that the operator that takes the set of values { f («/E)}kzo, { f (\/E)}kzo

to the sequences
(fk+ehzo, {fk+e0k=o

is bounded and close to the identity on a suitable Ef(N) X ZE(N) space, we explore two main options,
which are Schur’s test and the Hilbert—Schmidt test. Although there is no direct relation between them,
Schur’s test seems to hold, in generic terms, for more operators than the Hilbert—Schmidt test, and for that
reason we employ the former in our proof of Theorem 1.4. On the other hand, the Hilbert—Schmidt test
has the advantage that, whenever an operator is bounded in the Hilbert—Schmidt norm, it is automatically
a compact operator. This allows us to use many more tools derived from the theory of Fredholm operators,
and, in particular, deduce a sort of interpolation/uniqueness result in the case gy # 0, which is excluded
by Theorem 1.4 above; see Theorem 5.3 below for such an application.

The final interesting application of Theorem 1.4 and its techniques the we present is to the problem of
Fourier uniqueness for powers of integers. In [Ramos and Sousa 2022], we have proven a preliminary
result on conditions on («, 8), 0 < «, B, a + B < 1, so that the only f € S(R) such that

fEn®) = f(&Enf)=0

is f =0. In particular, we prove that, if « = 8, then we can take o < 1 — 4

By an approximation argument, a careful analysis involving Laplace transforms and the perturbation
techniques and results above, we are able to reprove such a result for ¢ = g in the a < % range in the
case f is real and even by a completely different method than that in [Ramos and Sousa 2022]. Although
the current method does not yield any improvement over [Ramos and Sousa 2022, Theorem 1], we obtain
additionally some strong annihilation properties of such pairs, in the form of Corollary 5.10, which are
novel in that context.

Still on the subject of annihilation, we obtain two other interesting results.
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Theorem 1.7. For each s > 1 sufficiently large, there are y > s and @ > 0 such that both inequalities

(Z(l +n)* [ f (V) + If(ﬁ)IZ]) SN2y + W 2qatixpyy» (1-10)

n>0

R R 12
I L2y + 1 L2 S (Z(l +n)lf W)+ |f(«/5)|2]> (1-11)

n>0
hold for each f € Seven(R) real.
Corollary 1.8. Let {¢;};en satisfy the hypotheses of Theorem 1.4. Then for s >> 1 sufficiently large, both

inequalities
(Z(H—n)"ﬂf(v n+8n)|2+|f(vn+8n)|2]) S AN 2y HIF N2y
n>0 1/2
1A 2 caspepy A T e2qagens) S (Z(l-i-n)“’[lf(vn+8n)I2+|f(v n+€n)|2]>

n>0
hold for each f € Seven(R) real, where w, y are as in Theorem 1.7.

We refer the reader to discussion in Section 5C for more precise definitions about annihilating pairs

We should remark that it has been recently communicated to us by Kulikov, Nazarov and Sodin (personal
communication) that they have been able to significantly strengthen the results in [Ramos and Sousa 2022].
As a particular application of their results, they are able to obtain the whole range « + 8 < 1, conjectured
in [loc. cit.]. In fact, they can say quite a bit more even in the “critical” case o + 8 = 1, constructing also
suitable counterexamples to these uniqueness questions. It has also been communicated to us that they have
obtained strong annihilating properties in such a range as well. In spite of that, we have decided to maintain
this application of our work, as it contains interesting ideas that could be applied to other uniqueness
problems of similar flavor. In particular, Theorem 1.7 and Corollary 1.8 are a novelty of this present
work, and seem not to be included as a consequence of the results from Kulikov, Nazarov and Sodin.

1D. Organization. We comment briefly on the overall display of our results throughout the text. In
Section 2 below, we discuss generalities on background results needed for the proofs of the main theorems,
going over results in the theory of band-limited functions, modular forms and functional analysis. Next,
in Section 3, we prove, in this order, Theorems 1.1, 1.2 and 1.3 about band-limited perturbed interpolation
formulae. We then prove, in Section 4, Theorem 1.4, by first discussing the proof of Theorem 1.6 in
Section 4A. We then discuss the applications of our main results and techniques in Section 5, and finish
the manuscript with Section 6, talking about some possible refinements and open problems that arise
from our discussion throughout the paper.

2. Preliminaries

2A. Band-limited functions. We start by recalling some basic facts about band-limited functions. Given a
function f € L*>(R), we say that it is band-limited if its Fourier transform satisfies that supp( f YC[—M, M]
for some M > 0. In this case, we say that f is band-limited to [—M , M.
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It is a classical result due to Paley and Wiener that a function f € L?(R) is band-limited to [—o, o] if
and only if it is the restriction of an entire function F : C — C to the real axis, and the function F is of
exponential type 27 o, i.e., for each ¢ > 0, there is C, such that

|F(2)] < Cee?T7 0N

for all z € C. From now on we will abuse notation and let ' = f whenever there is no danger of confusion,
and we may also write f € PW,,, (Paley—Wiener space) to denote the space of functions with such
properties.

Besides this fact, we will make use of some interpolation formulae for those functions. Namely:

(1) Shannon—Whittaker interpolation formula. For each f € L?(R) band-limited to [—% %] the following
formula holds:

f) =" f(n)sinc(x —n),

nez

where sinc(x) = sin(rx)/(7x) and the sum above converges both in L?(R) and uniformly on compact
sets of C.

(2) Vaaler interpolation formula. For each f € L*(R) band-limited to [—1, 1], the following formula

holds: )
_ (sinmx f(n) f(n)
o= () ol 2],

where the right-hand side converges both in L?(R) and uniformly on compact sets of C.

For more details on these classical results, see, for instance, [Vaaler 1985; Littmann 2006; Paley and
Wiener 1934; Shannon 1949; Whittaker 1915].

2B. Modular forms. In order to prove the improved estimates on the interpolation basis for the Radchenko—
Viazovska interpolation result, we will need to make careful computations involving certain modular
forms defining the interpolating functions. For that purpose, we gather some of the facts we will need in
this subsection. For more information on the functions A, J and the automorphy factors we just defined,
we refer the reader to [Chandrasekharan 1985; Radchenko and Viazovska 2019, Section 2; Berndt and
Knopp 2008; Zagier 2008].

We denote by H = {z € C : Im(z) > 0} the upper half-plane in C. The special feature of this space is
that the group SL,(R) of matrices with real coefficients and determinant 1 acts naturally on it through
Mobius transformations:

az+b

e H.
cz+d

b
y:(ccl d)eSLz(IR), zeH = vyz=

Indeed, it suffices to look at the action of the quotient PSL;(Z) = SL,(Z)/{%1}, since clearly the action
by both matrices y and —y induces the same Mdbius transformation. Some elements of this group will



2338 JOAO P. G. RAMOS AND MATEUS SOUSA

be of special interest to us. Namely, we let

0 6D )

This already allows us to define the most valuable subgroup of SL;(Z) for us: the group Iy is defined
then as the subgroup of SL,(Z) generated by S and T2 This group has 1 and oo as cusps, and its standard
fundamental domain is given by

D={zeH:|z|] > 1,Re(z) € (-1, 1}.

With these at hand, we define modular forms for I'y. For that purpose, we will use the following notation
for the Jacobi theta series:
V(z,T) = Zexp(ninzt +2mwinz).

nez

We are interested in some of its Nullwerte, the so-called Jacobi theta series. These are defined in H by
@ () =exp(Zit)? (37, 1),
03(7) =90, )(=:0(1)),
Ou(r) = (3. 7).

These functions satisfy the identity @‘3‘ = ®‘2‘ + ®j. Moreover, under the action of the elements S and T

of SL,(Z), they transform as
(i) 2O2(~1/2) = 04(), Oa2(z+1) =exp(5i)O2(2),
(=i2)7203(=1/2) =O3(2), ©3(z+1) = O4(2), 2-1)
(=i2)"204(=1/2) = ©2(2), B4z +1) = O3(2).

These functions allow us to construct the classical lambda modular invariant given by

©,(2)*
AMz) = m-

Using g := q(z) = €™'%, the lambda invariant can be alternatively rewritten as

rz) =16 wﬂg— — 1284 4q° 2-2
7) = qxl_[ T3 g2 =16g —128q~ + 704" + - - - . (2-2)
k=1

The function X is also invariant under the action of elements of the subgroup I'(2) C SL,(Z) of all matrices
(¢ Z) sothata=b=1mod2, c =d =0 mod 2, and A(z) never assumes the values 0 or 1 for z € H.
Besides this invariance, (2-1) gives us immediately that

A(Z+1)=LZ) k(—l) =1-x(2). (2-3)
rz)—1" Z

We then define the following modular function for Iy (which is a Hauptmodul for I'y)

J(2) = e 1 (2)(1 = A(2)).
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From (2-3), we obtain immediately that J is invariant under the action of elements of I}y; i.e.,

J(z+2)=J(2), J(—%) =J(2).

Other properties of the functions A and J that we may eventually need will be proved throughout the text.
Finally, we mention that, for the proof in Section 4, we will need to use the so-called 8-automorphy
factor defined, for z € H and y € I'y, as

0(z)
0(yz)
We can then define a slash operator of weight k/2 to be

Jo(z,y) =

-+ b
(Fleen) @ = jo(z, y)ka;j: d>,

where y = (‘C’ 2) These slash operators induce other sign slash operators given by

(fle2¥) = x ) (flr2v),

where we let x. be the homomorphism of I’y so that x.(S) =&, ¥e(T?) = 1.

2C. Functional analysis. We also recall some classical facts in functional analysis that will be useful
throughout our proof.

As our main goal and strategy throughout this manuscript is to prove that a small perturbation of
the identity is invertible, we must find ways to prove that the operators arising in our computations are
bounded. To this end, we use two major criteria to prove boundedness — and therefore to prove smallness
of the bounding constant. These are:

(1) Hilbert—Schmidt test [Brezis 2011, Chapter 6]. Let H be a (real or complex) Hilbert space, and let
there be given a linear operator 7 : H — H. If T satisfies additionally that

Y UTej. e)* < 400
i,J
for some orthonormal basis {e;};cz of H, then the operator T is bounded. Moreover,
TG <D (Tej e = T I5s.
i,J
(2) Schur test [Hedenmalm et al. 2000, Theorem 1.8]. Let (a;;);, j>0 denote a (possibly infinite) matrix of
complex numbers. Suppose that there are two sequences {v;};>o and {w;};>o of positive real numbers so

that
Zldijlwiﬁ)»vj, Z|aij|vj§MQi
i>0 j=0

for some positive constants i, A > 0. Then the operator 7 : 22(N) — £2(N) givenby a;; = (Te;, e;) (where
{ei}i>0 denotes the standard orthonormal basis of £%(N)) extends to a bounded linear operator. Moreover,

IT a2 < vk



2340 JOAO P. G. RAMOS AND MATEUS SOUSA

Both tests will play a major role in the deduction of the validity of perturbed interpolation versions
of the Radchenko—Viazovska result. The main difference is that, while Schur’s test generally gives one
boundedness for more operators, the Hilbert—Schmidt test imposes stronger conditions on the operator. In
fact, let us denote by T € HS(H) the space of operators such that || 7| ys < +00. A classical consequence
of this fact is that T is compact. This compactness will be used when proving that a suitable version of our
interpolation results holds for small perturbations of the origin. See, for instance, [Brezis 2011, Chapter 6]

2D. Notation. We will use Vinogradov’s modified notation throughout the text; that is, we write A < B
in the case there is an absolute constant C > 0 so that A < C - B. If the constant C depends on some set
of parameters A, we shall write A <, B.

On the other hand, we shall also use the big-O notation f = O(g) if there is an absolute constant C such
that | f| < C - g, although the usage of this will be restricted mostly to sequences. We may occasionally
use as well the standard Vinogradov notation a < b to denote that there is a (relatively) large constant
C > 1suchthata <C-b.

We shall also denote the spaces of sequences of complex numbers decaying polynomially by

E@) =@ e @) laoP + 3 lanPn® < +ool, (2-4)

neN
22(N) = . 2,25
s( )— {an}nEN~ Z |an n= <400y,
neN
where N = {1, 2, ...} denotes the set of natural numbers and Z denotes the nonnegative integers. We
remind the reader that we always normalize the Fourier transform as in (1-1), i.e,

FE& =FfeE) = /R e a

3. Perturbed interpolation formulae for band-limited functions

3A. Perturbed forms of the Shannon—Whittaker formula and Kadec’s result. Fix a sequence € = {&y }iez
of real numbers such that sup, |ex| < 1. We wish to obtain a criterion based solely on the value of
L = sup, |e,| such that the sequence {n + ¢,},ez is completely interpolating in PW, i.e, for every
sequence a = {a,} € £>(Z) there is a unique f € L*(R) of exponential type 7(f) < 7 that satisfies

f(n+en) =ap.

Our goal here is to obtain a simple proof of such a criterion going through new and simple ideas. We will
fall short of the % proven by Kadec by approximately 0.11, but it illustrates the power of our perturbation
scheme and does not go through the theory of exponential bases.

In this particular case, we need to invert in £?(Z) the operator given by

Ac(@)(m) =) agsinc(n + &, — k),
keZ
where
. sin 77 (x)
sinc(x) = .
TX
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The fact A, is invertible will follow from proving that it is a close perturbation of the identity whenever L
is sufficiently small.

3A1. Auxiliary perturbations of the Hilbert transforms. Given a sequence a = {ay }xcz, we define the
following operators, which are akin to the discrete Hilbert transform:

(—1)"*ay (=1)"*a
He(a)(n) = Z m7 Hola)(n) = Z Tk
k#n k#n
We start by comparing these two objects:
1 1
Ho(a)(n) — He(a)(n) = Z(—l)"—kak(n Sy k)
k#n
1
=&,y (—=1)""a
= “—lnte,—k)’
This identity then gives us
1 |n — k|
— <
[Ho(a)(n) —He (@) ()] < |, Z O e T

Isn
=T le,l Z' ok k|2

This means that, in norm, one can compare these two operators. Indeed, it is a classical result that the
operator norm of Hg is 7, and by Plancherel the operator norm of the transformation

1
S@=) i —s
k#n n

is 72/3. This in turn implies

(Aol <+ TSP lenl
o= 3 1—sup, lea|

(3-1
3A2. Norm estimates of the perturbation. It is worth noticing the estimate (3-1) is very crude, as it is
meant to depend only on L = sup, |&,|. For instance, if {¢,},cz is a constant sequence, then the norm
I+ |l is equal to r. We also note that the fact that we obtain invertibility by means of perturbations of
small norm of an invertible operator does not take into account other factors, such as cancellation.

In order to apply our perturbation scheme to the operator A., we need to bound the following family
of operators:

Pe(a)(n) = ) ax(sinc(n +en —k) = 8,.4)-
kez
We may rewrite them as

P.(a)(n) =(sinc(e,) — Da, + Z ay(sinc(n +¢, —k))
k#n

—(sinc(g,) — Da, + Z a
k#n

(=D *sinre,
a(n+e,—k)
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This implies, on the other hand,

sinme,

Pe(a)(n) = (sinc(e,) — Day + ( )’Hs(a)(n),

which in turn implies that

sinwe,

17l

[ P || < sup|sinc(e,) — 1] + sup
n n

. . 7T Su sin e, | sup, |&
< sup | sinc(e,) — 1| +sup | sinme, |+ = Pu | | SUPy [€n|
n n 3 1 — sup,, |&,]

Since A, = P, +1d, whenever

| — sinc(L) + | si LH_aninnL !
— sinc sin 7 <1,
3 1-L

we will have that A, is invertible. In particular, a routine numerical evaluation implies that L < 0.239
satisfies the inequality above. Let then A ! : €2(Z) — €2(Z) be the inverse of A,, which is continuous by
the considerations above. We know, by the Shannon—Whittaker interpolation formula (1-2) that A, takes
{f(k)}kez, for f € PWy, to {f(k + er)}kez. This is enough to prove the assertion about recovery, and as
such implies that

Y If(+en))?

neZ
is an equivalent norm to the usual L%-norm on PW,,, by [Young 1980, Theorem 1.13].

Moreover, by writing
AN DYK) =) by i,
neZ

we have immediately

Y Ftenpen = k), (3-2)

nez

and sup,, (Zkez |,0k,n|2) <I.If (A;l)* : 02(Z) — €*(Z) denotes the adjoint of the inverse of A,, then we
see that for any compact set K C C there is a constant C = Ck such that

I(A; Y (sine, ()l 22y < 1A; 2 2| (sinc, () [l 2 2
< CIA s e,

and C does not depend on z € K and we let sinc, (k) := sinc(x — k). Therefore, by letting g,(z) =
Y ez Pi.n sinc(z — k), we have

1/2
sup(z |gn(z>|2) St
2eR nezZ

and thus, by the previous considerations, the sum ), _, f(n+¢,)gn(z) converges absolutely by Cauchy—
Schwarz. As ((A;l)*(sincZ (k)), f(n+e,)) = (sinc,(k), A;l(f(n—l-en))) = f(z) by Shannon—Whittaker,
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this implies
f@ =) f(n+e2)g(x),
neZ
where the convergence happens uniformly in compact sets, as desired.
This finishes the proof of Theorem 1.1.

3B. From Shannon to Vaaler: the proof of Theorem 1.2. We now concentrate on proving that the usual
Shannon—Whittaker interpolation formula implies Vaaler’s celebrated interpolation result [1985] with
derivatives.

Indeed, as proving that the interpolation formula of Theorem 1.2 converges uniformly on compact sets
of C is a routine computation, given that {a;}rez, {bi}rez € 0%(Z), we shall omit this part and focus on
proving that the asserted equality holds.

Given a sequence a = {ay }rcz, we define the operators

H@w =1 3 2L 3 4

otjer kjez k—j
1
H1<a><k>=—2 ——Z—.
Tz +2 jez ]+2

It is known that both 7 and #; are bounded operators in £2(Z), with 7, being also unitary with #{, its

S R et

1
jez x> i

inverse being given by

Given a function f € PW, as a consequence of the Shannon—Whittaker interpolation formula we
obtain, for every k € Z, that

(k) Zf(])( l)k ]

J#k
We consider three sequences

alky=fQk—1), bk)=f2k), ck)=f"(2k).
We have, thus,

2 2j—1
(k) = f'(2k) = Z f(])( 127 = Zf( J)__Zf(] )

7 g 25 k—i+3
b
=%§:k81 223 aU) ——wam——ﬂumm)
j#k

This means that, for every k € Z,
2
Hi(a)(k) =H (D) (k) — ;C(k)-
Since H; is the inverse of #, this can be rewritten as

ak) = (2 0 W) B () = ZHa() (1),
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We know, by the Shannon—Whittaker interpolation formula, that

f(x) = Z f(k)w

Py w(x —k)
This implies, on the other hand,

2 i —2k+1
fo=y f(zms“”(f(x—k) 3 (201 B)®) — ZH2(0) )] Slz’(’x(x_ e )
keZ
_ sin T x . sint(x —2k+1) 2 sint(x —2k+1)
_éb(k)n(x—zm +%(H2 H©)E) m(x—2k+1) 7w éHZ(C)(k) w(x —2k+1)
=AXx)+Bx)+C(x).

We shall investigate each term A, B and C thoroughly in order to obtain our final result.

3B1. Determining C. By considering the family of functions h; € PW, — which satisfy the important
property h;j(k) =0 if k € 2Z — given by
i (32)
hj (@) = —5 2",
n2(z—2))

we obtain

f (2]) sinw(x —2k+1)
= _ZZZ +1) w2kt 1)

keZ JEZ .
_%Mz L
—4 ]223 jgen) kXZj hj 2k —1) Slf(rx(x__(sz—_1>l>))

— 4; e éhj (k)%'

Notice that one can use Fubini’s theorem to justify all the changes of order of summation by the fact that
hj € PWy. By applying the Shannon—Whittaker interpolation to /;, we have
sin” (3x)

Cx)=4) f'@2j >ﬁ

jez
3B2. Determining B. For the second term, we expand
sint(x —2k+1)

B(x) = Z Hy o H(b) (k)

= m(x —2k+1)
1 sinm(x—2k+1) H(b)())
=72 w(x —2k+1) ZJ_H%

_ L sinrr(x—2k+1)l b(l)
_nzé T(x —2k+1) ZZ DG=n
€ J
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By Fubini’s theorem, this implies

- sinw(x —2k+1)
B(x) = =) Zb(l)z Z k+ m(x —2k+1)

le7 e lig -
sint(x —2k+1)
Ly b <>Z Z
2162 vl 2]—2k—|—1 m(x—2k+1)
sin® ) sin®
0 b()
zgz: 21 IXZ: ;, J+l—- )

But it is a well-known fact that the summation formula
U+ z

holds, where ¥ (z) = % log I'(z) is the digamma function. This implies

n2(T 1.y — 1
B(x):2s1nn£2x)zb(l)w(l+l zx) w(l l—|—2x)'

= 2l —x
3B3. Determining A+ B. Using that sin(2x) = 2 sin x cos x, we obtain
2sin® b4 cot( )
Ax) = ———= b(l) ———=—=.
(x) — Z h—;

— X
leZ

The digamma function satisfies the functional equations

V(l—z)=v(z)+mcotnz,
V(l+2)=v(@) +1/z.

Using these relations with z = %x — [ in the equations above, we obtain readily

A(xX)+ B(x) = Z O o 21)2

3B4. A+ B+ C. Summing the analysis undertaken for the terms above, we have

4sin2(%x)z{ £ (2k) +f’(zk)}

fO)=AD+BO)+C@) = w2 (x—2k)? x—2k|

This finishes the proof of Theorem 1.2.

3C. Perturbed interpolation formulae with derivatives. By the arguments in the previous section, the
formula we just derived for PW»,, i.e.,

_sin®(x) fky k)
Joo = 72 Z{(x—k)2+x—k}’
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converges in compact sets of C. We fix, for shortness, the notation

sinz(nx)’ hx) = sinz(nx)

k]

g(x)=

m2x2 2x

which means we can read Vaaler’s interpolation as
f&) =) (f kg —k) + f(k)h(x —k)).
kez
Because of uniform convergence, we can differentiate term by term in the above formula. This implies
F1@) =) {fkg' @ =k + fn x — k).
kez

We record, for completeness, the formulae for the derivatives of g and 4. For x ¢ Z we have

_ 2sin(x)(;wx cos(mwx) — sin(mwx))

§'(x) 33 :
, sin(rx) (2 x cos(mwx) — sin(rx))
W (x) = S ,

and, forn € Z,
gn)=h'(n)=0, g'(n)=hn)=2s.

Our goal now is to invert the operator A = A, defined in £2(Z) x £>(Z) by

Ai(@. by =) ac-gn+e,—k)+ Y _ bi-h(n+e,—k),
kez kez

Ap(@. D)y =) ac-gn+en—k)+Y b h(nte,—k),
keZ keZ
where A(a, b) = (A;(a, b), As(a, b)) for (a, b) € £>(Z) x £*(Z). Furthermore, we wish to establish a
criterion that depends only on L = sup |g,|. For that purpose, we estimate when the operator norm of
A, —Id from ¢%(Z) x £*(Z) to itself is small, in terms of L.

(3-3)

3C1. Auxiliary perturbations for the derivative case. Given a sequence a = {ay}rcz, we define the

ag
HE @)y =) —————.
(e — kP

operators

and denote by ’Hg the operator associated to the sequence ¢, = 0 for all n € Z. In an analogous manner
to the proof of Theorem 1.1, we compare

1 1
p _yp = -
HO (a)n HE (a)” - ;ak((n —k)p (n+8n _k)P)

p—1
_ P —j ai
_Z<J'>8’f ]Z(n+8n—k)”(n—k)l"j'
j=0 k#n
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Therefore,
p-1 In —k|?
P (@) — HP (@) | < ()npj
5 (a) H,;(a)l—; “ Zm K207 (I — kI = leal)?
R
= e )l 8 @
where

A
St(a =Yy
oy n — k|4

and a* = (|ay,]). Since St (a*), < 8%(a*),, we have

SPHla%), " p (U +]eD? -1
p n —-j _ n +1, %
IHE @ — Hp(a>n|_(1_|n|)p Z( )lenl? f—( Tl )sp (@)

This means that we have the following estimate on the norm of the perturbed operator:

IHE < vp(L), (3-4)

where we let
1+L)P -1
QD71 ooy

Ly=|H |+ ————
Yp(L) = [Hy Il + (1—L)r
Now, in order to estimate the value of y, (L), we resort to [Littmann 2006, Corollary 2], which gives us

2m)" b

Py —
Holl=—"~—:

where b,, is the maximum of |B,,(x)| when x € [0, 1], and B,, denotes the m-th Bernoulli polynomial.1
Therefore,

2 3
Hi=m 1HE =D, H = T
1Holl IHg |l 3 IHpll e

On the other hand, by Plancherel’s theorem it is easy to see that
ISPI=2¢(p).

Joining all these data into (3-4), we obtain

) < ()
/1 —
1— 3

72 L2+2L

||7LLZ||_?+2((1 L)z)c@), (3-5)
73 L3+3L%+3L\ 7%

1H2] < + =
93 (1-L)3 )45

Ut is worth mentioning that in [Carneiro et al. 2013, Corollary 22] the authors also obtain the same bounds.
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3C2. Norm estimates of the perturbations in the derivative case. In order to invert the operator 4., we
estimate the norm of P, = A, — Id = (Py, P;), where

Pi(a,b)y =Y ar-(gn+e,—k) =8,)+ Y bi-h(n+e,—k),
kezZ keZ

(3-6)
Paa.byy =Y ar-gn+ea—k)+ Y bi-(h'(n+e5—k) —8,).
keZ keZ
By a straightforward calculation,
. 2 : 2
Pr(@, b = (8(en) — Dan + 2 220, + h(en)b + sm(%”)%; B,
Pa(a, b = g (en)ay + T En) (T C‘:ﬁ”g”) —SnE) 3 3a) (3-7)
 (e) — Dby + sin(re,)(2we, co;inen) —sin(wey)) Hg(b).
Thus,
, , sin(r L)?
IPell < vV2max{|g(L) — 1], ['(L) — 1, |g (L)1, |h(L)|}+T”gs”’
where G; = (G}, G?) and
Ge (a, b)n =H (@) +Hy (D),
gf(a, b, =2(718,, cos(me,) — sin(rey,)) ’Hg @+ (2me, cos(me,) —sin(wey,)) Hg(b). (3-8)

sin(mwe) sin(e)

By taking L < }L and using the Cauchy—Schwarz inequality, we have

IGe |12
2

< max{||H} ], IIHZ]1}?

N maxi (Z(JTL cos(.nL) —sin(r L)) )2”7_[3 2, ((ZJTL COS(.JTL) —sin(r L)) )2”7_[3”2}
sin(r L) sin(r L)

< max{y; (L)%, y2(L)*}

N max{ <2(7TL COS(.T[L) —sin(r L)) )2)/3(L)2, ((27TL COS(.JTL) —sin( L)) )2)/2(L)2}.
sin(w L) sin(rr L)

We note that we have abused the notation |G| to denote the operator norm of G, when defined on
0%(Z) x £2(Z). One can further check that, for 0 < L < }‘,

lg(L) =1 < W' (L) = 1|, D) <Ig' D), yi(L) <L),

2(mLcos(rL) —sin(wL)\* ., (@uLcos(rL)—sin(xL))\*
( sin(zr L) ) y3(L)” < ( sin(zr L) ) v2(L)%,

which means, in turn,

: 2
1Ge || < Vz(L)\/Z(l n ((27TL COS(.JTL) —sm(nL))) )
sin(rr L)
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and directly implies the estimate

sin(mL)2mw L cos(wL) —sin(wL)) 2sin(wL)(sin(wL) —mwLcos(mwlL))
B T2L? + 723

sin(mL)? [ 72 L2+ 2L 7 L cos(r L) —sin(r L))\
T (?*2(@_”2)“3))\/2(”( sin(rL) ) )

By evaluating the last expression on the right-hand side above numerically, we obtain that we can go up to

IPell < 1

L < 0.111 and maintain |P.|| < 1. By invoking again [Young 1980, Theorem 1.13], we see immediately
that
D Ufn+e)+1f +en))
nez
yields an equivalent norm for PW»,, as long as sup, |¢,| < 0.111.
Moreover, as A ! : €2(Z) x £*(Z) — £*(Z) x €*(Z) is bounded, the same argument as in the proof of
Theorem 1.1 shows that there are ok ,, Uk n» Q,’m, 15‘,2’” such that

)= fn+e)oin+ f'(n+e) 0,

nez

f R =Y fteop,+ f(n+e)d,,

nez

(3-9)

and
sup(Z{mk,nF + 10k l? + lof 1> + w;,nlz}) S
" kez
By using the adjoint (A;')* : €2(Z) x £>(Z) — €*(Z) x £*(Z) in an analogous manner to that of the
proof of Theorem 1.1 together with (3-9) and (1-7), we obtain the asserted existence of the functions
&n, hy, € PWo, so that

)= fr+82)8n(x) + [0+ E)hn (),

neZ

where the right-hand side converges absolutely, as desired. This proves the desired version of Vaaler’s
interpolation formula with perturbed nodes, given in Theorem 1.3.

4. Perturbed Fourier interpolation on the real line

4A. Improved estimates on the interpolation basis. As our goal is to obtain versions of the formula

F) =YL (Wman(x) + f(Vm)an (x)]
n>0
with perturbed nodes +/k + & deviating from ~/k as much as possible, and in order to run our argument of
estimating the operator norm of a perturbation of the identity, we will need better decay estimates for the
interpolating functions a, than the ones readily available in the literature. In [Radchenko and Viazovska
2019, Section 5], the authors prove that a,, / n? is uniformly bounded in n > 0, x € R. In order to be able
to make the perturbations larger, we need to improve that result substantially, as even the refined bound
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lan,| = On'/* log3 (14 n)) from [Bondarenko et al. 2023] does not seem to be enough for our purposes.
This first subsection is, therefore, devoted to the proof of Theorem 1.6.

A tool of major importance in our proof is the Fourier characterization of Gelfand—Shilov spaces.
These are spaces where, in a nutshell, both the function and Fourier transform decay as fast as the negative
exponential of a certain monomial. Several results connect these spaces with specific decay for both the
function and its Fourier transform. See, e.g., [Chung et al. 1996, Theorem 2.3] for more details.

In what follows, we will use the idea behind the characterization described in [Chung et al. 1996]:
from bounds for certain L?-norms of derivatives of f and f, we run an optimization procedure to obtain
decay bounds in both space and frequency. This will be achieved through careful estimates involving the
reproducing functions of the interpolation basis {a,},>0, which joins elements of classical analysis and
estimates for modular forms.

Indeed, let ¢ € {£} be a sign. In [Radchenko and Viazovska 2019], the authors consider the generating
functions

D gh(2)e™ =1 Ko (1, 2), 4-1)
n=0

where g° are weakly holomorphic modular forms of weight % with growth and coefficient properties so
that the functions

1
by (x) = %/ g5 (x)e ™ dz
—1
are eigenvectors of the Fourier transform associated to the eigenvalues ¢ satisfying that b* = a, & a, for
{an}n>0 defined as in (1-3).
These functions satisfy (see [Radchenko and Viazovska 2019, Proposition 1])
bfn(ﬁ) = Sn,m ifn>1,m=>0,
bt (0)=38y,0 ifm=>0,
by =0, bi(v/n)=268,0 ifn=>0,
b,0)=-2 ifm= k> for some k € Z>1,
b,,(0) =0 otherwise. (4-2)
Moreover, we mention for completeness the following result regarding K.. We refer the reader to
[Radchenko and Viazovska 2019] for its proof.

Proposition 4.1 [Radchenko and Viazovska 2019, Theorem 3]. For any fixed z € H, there is yy > 0
so that for all T € H with Im(t) > yy, the series on the left-hand side of (4-1) converges. Under these
assumptions, we have the following equalities for the kernels:

_ - 2)(1))0(2)3J (2)

K+(T’ Z) J(Z) - J(t) ’ (4_3)
K (5= 6(1)J (1)0(2)*(1 — 21 (2))
IR J(2) = J(7) ’

where 0, J and A are as previously defined. In particular, K. (t, ) are meromorphic functions with poles
att € Iyz.
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The authors then define the natural candidate for the generating function for the {b{},~¢ to be

1
F.(z, x):% f K.(1.2)e ™% dz, (4-4)
—1

where the contour is the semicircle in the upper half-plane that passes through —1 and 1, which is defined,
a priori, for each fixed x e Rand r e {z e H: forall k € Z, |z — 2k| > 1} D D+ 27, where D is the
standard fundamental domain for I'y. By Proposition 4.1, there holds that, whenever Im(t) > 1,

Fe(r,x) =) bi(x)e™. (4-5)
n=0

As F(t, x) admits an analytic continuation to H (see [Radchenko and Viazovska 2019, Proposition 2]),
they are able to extend (4-5) to the entire upper half-space H. Moreover, the following functional equations
hold:
Fo(t,x)— F,(t+2,x)=0,
Fo(t,x)+&(—it)"'*F, (—% x) = T g (—iT) 2102,

The proof of Theorem 1.6 follows the same essential philosophy as the proof of [Radchenko and Viazovska
2019, Theorem 4]: in order to bound each of the terms b;—L, we bound, uniformly on x € R, the analytic
function F4(t, x). Relating the two bounds is achieved by employing the idea behind the proof of
the following lemma, originally attributed to Hecke (see for instance [Radchenko and Viazovska 2019,
Lemma 1] and [Berndt and Knopp 2008, Lemma 2.2(ii)] for a proof).

Lemma 4.2. Let f : H — C be a 2-periodic analytic function admitting an absolutely convergent Fourier
expansion

fo)= Z cpe™.

n>0

Suppose, additionally, that for some o > 0 it satisfies that | f ()| < C Im(t)™* for Im(t) < co. Then there
isC >0, depending only on C and a, such that for alln > 1/cg

len| < Cn®.

Moreover, there is C' > 0, depending only on C and o, such that if n > a/(7wcy), the improved estimate
o
em
lenl < C/(_) n®
o

Before proving Theorem 1.6, we need one more crucial tool in our analysis. Indeed, we consider the

holds.

functions
Fz,x) :=x"F. (2, x).

By Lemma 4.2, if we prove that, for some A > 0,

|FX(z, x)| < C*(k!) Tm(z)~*/24 (4-6)
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for all k£ > 1, then we will have

sup |x¥bE(x)| < Ckn®n*/2 (k).
xeR

As b; = eb,, the strategy of relating norms of derivatives with Fourier decay will then imply that each of
the functions b;, satisfies
b, ()] S eI,

which is the content of Theorem 1.6. Therefore, we focus on proving a suitable version of (4-6). By
the functional equation for F, we see that be‘ is a 2-periodic function on H that satisfies the functional
equation

Frr, x) +e(—it) PFN (=11, x) = x4 (7™ + e(—it) 2"V, 4-7)

The strategy, in analogy to that in [Radchenko and Viazovska 2019], is of splitting into cases: if T € D,
then estimates for ng are available directly by analytic methods. Otherwise, we need to use (4-7) to
obtain the bound (4-6) for all T € H.

More explicitly, we have the following:

Proposition 4.3. There is a positive constant C > 0 such that, for each k > 1, the inequality
|Ff(z, 0] < C* kD1 +Im(0)™?)
holds, whenever t € D.

This proposition can be directly compared to [Radchenko and Viazovska 2019, Lemma 4]. In fact, it is
nothing but a carefully quantified version of it.

Proof of Proposition 4.3. As the proof follows thoroughly the main ideas in Lemma 4 in [Radchenko and
Viazovska 2019], we will mainly focus on the points where we have to sharpen bounds.

We see directly from the definition of F¥ that we are allowed to consider only values of T € D; =
DN{r e H:Re(r) € (—1, 0)}. By subsequent considerations from that reduction, we see that the bound

Wk Fe(z, )] < 10 f Ko (x, D (e 7 MO 47| 71/2e 7 M9 g (4-8)
¢
holds, where ¢ is the path joining i to 1 on the upper half-space, defined to be
¢={weD:Re(J(w)) = &, Im(J(w)) > 0}. (4-9)

An explicit computation gives us that the maximal value of

2
xke wx=Im(z)

is attained at x = (k/(2m Im(z)))'/2. Therefore, as any z € £ has norm bounded from above and below by
absolute constants, we find that there is C > 0 so that

k k/2 ~
|F£‘(r,x>|sc’</2~(%) / K. (T, 2)| Im(z) /2 |dz]. (4-10)
V4

We have then three regimes to consider:
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Case 1: |t —i| < 5. Notice that if we prove that the proposition holds for any T € H so that |t —i| = 10,
we can use the maximum modulus principle on F¥ on that circle to conclude that the proposition
holds inside as well. Moreover by the functional equation (4-7), we see that the proposition holds for
A= {r eH:|t—il= 10, 7] < 1} in the case it holds for the image of the circle arc A under the action
of S. But a simple computatlon shows that SA is just another circle arc contained (up to endpoints) in
{‘E eDy:7>|t—i|> 5 } This shows that in order to prove the proposition for this case, it suffices to
show it for the other cases.

10, Im(7) > . For this case, we use the fact that | K, (7, 2)| <10 (2)|® <Im(z) " 2e~ "/ m®)
for z € £, Im(7) > 2, with constants independent of t. Using this bound in (4-8) yields

Case 2: |[t—i|> -5

k42 \k+2
=)

|FA(z, 0)] < (14 [x e < Ck<

for some C > 0. Applications of Stirling’s formula imply that this bound is controlled by C {‘ (k!), with
C; > 0 an absolute constant. This shows the result in this case.

Case 3: [t —i| > Im(7) < 5. Again, we resort to the estimates in the proof of Lemma 4 in [Radchenko

10’
and Viazovska 2019]: there, the authors prove that

12 @OPP@PP Imz)

|K (7, 2)| SIm(7)”

[J(z) — J(7)] ’
< _1/2IJ(T)|7/8|J(Z)|1/8Im(Z)_3/2
|K_(7,2)] SIm(7) 7@ T @]

Due to the not-so-symmetric nature of these bounds, we focus on the one for K, and the analysis for K_,
as well as the bounds, will be almost identical, and thus the details will be omitted.

Taking advantage of the explicit structure of the curve we are integrating over (4-9), and the fact that there
is an absolute constant C > 0 so that Im(z) ! < Clog(1+|J(z)]) and that z € £ <= J (z) = 6—14 +it, t € R,

0 | J(1)13/8:-3/8 100 k= D/2(1 4 1
/|K+(t,x)|1m(z)_k/2 dz| §Ck/21m(t)_1/2/ /(@) o8 A+ 4
¢ 0 VE2+1J(0))?
00 1~3/8100k—1/2(]
:C"/zlm(r)_l/zf L oe A+107@D

1412 R
0

Now, the last integral in (4-11) can be estimated as follows: if kK — 1 is even, by using that log(1 + ab) <
log(1 + a) +log(1 + b) whenever a, b > 0, the integral

/oo t=3/810g® D21 41|17 (1)]) d
o 1412
is bounded by

(k—1)/2

. . 00 —3/81 (k—1)/2—i 1
3 ((k i])/z)log’(1+|J(r)|)/ . _ d+0 4 (4-12)
i—0 0 I+1
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Each summand above can be easily estimated. Indeed, ((k_l.l)/ 2) < 2K/2 trivially, log' (1 + |J(7)]) <
C' Im(7) 7", and the integrals can be explicitly bounded in terms of gamma functions. In fact, we first
split the integrals in question as

<f f )t 3/810g(k 1)/2— l(l—i—[)
dr.
VIi+12

For the first part, we simply bound the integrand by r—>/3 log(2)*—1D/2=/ and this yields a bound uniform
in k. For the second, we change variables log(1 + ¢) — s in (4-12) above. A simple computation shows
that it is bounded by

00 o0 k—1
10/ o3 /8gk=1)/2—1 q¢ < Ck/ e rk=D/2=i g — C"F(— —i+ 1)_
~ 2
0 0

Thus, (4-12) is bounded by

ck Im(r)(lk)/zl“(kz;l)

Putting together the estimates in (4-11) and (4-10) and using Stirling’s formula for the approximation
of I', we conclude that

|Ff(z, x)| < C* (k) Im() /2,

which was the content of the proposition when & is odd. In the case where & is an even number, the
fact that F/ (r, x)2 = F/ ™' (¢, x)F/ 7' (z, x) allows one to use the bounds of the case where  is odd to
conclude the proof. O

We are now finally able to finish the proof of Theorem 1.6.

Proof of Theorem 1.6. We first notice that Fsk is 2-periodic, so we lose no generality in assuming that
tef{zeH:Re(z) € [—1, 1]} = S;. If Re(r) € [—1, 1], then we have two cases:

Case 1: If t € D, we can use Proposition 4.3 directly, and the decay obtained by the assertion of the
proposition remains unchanged.

Case 2: If T € S1\D, the strategy is to use (4-7) to reduce it to the previous case. In fact, we define the
['p-cocycle {gbff\} AeT, by
Ph(r,x)=0
¢§(r, x) = xk(einxzr + 8(_”)—1/265“2(—1/:))’
together with the cocycle relation

Php =l +041B. (4-13)

For a fixed 7 € S; \ D, we associate 7’ € D through the following process: Let

:VO -0 (4-14)
vi =—=1/(vi-1) —2ny,
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where n; = L%((—l/y,-,l) + I)J. We define m = m(t) to be the smallest positive integer so that y,, € D.
In this case, we let y,,,(ry =: 7. In other words, we have that the sequence

7
{ = (4-15)
Tiy1 = —1/7 +2n;
satisfies the hypotheses of Lemma 3 in [Radchenko and Viazovska 2019]. We therefore have that |7;| > 1,
Im(7;) is nonincreasing and Im(z;) < 1/(2j —1). An inductive procedure shows us that
1

m—i — — -
Y T

In particular, the sequence {7;};>0 is in fact finite, with at most m(7) terms. This implies that

m+1<4m—2<2Im(z)"". (4-16)

We will use (4-16) in the following computation with the cocycle condition. We write t" = At, where
A € Iy is of the form
A=ST*nST?n-1§... TS,

As {¢’/§} Aer, satisfies the cocycle condition (4-13), the proof of Lemma 3 in [Radchenko and Viazovska
2019] gives us that

Im(z)' gl ()] < Y Im(xy) ' |g(x))].

j=1
By the definition of ¢1§, we see that
k k+1 —k/2 —-1/2 —k/2
lps(zj, x)| <CT — (Im(zj) ™" + 7|~ /7 Im(=1/7;) /7). 4-17)
As Yp—i = =1/t =141 — 2n;, |7j| > 1, and the sequence Im(7;) is nonincreasing, the right-hand side

of (4-17) is bounded from above by C - I'((k + 1)/2) Im(t)~*/2. From (4-16), it follows that

|4 (T Im() ! < cr('%l) Im(7) /2 (Z Im(r,->‘/“>.

j=1
If we use the aforementioned facts about Im(z;), we will see that, in fact,

9% (/)| Im(z))!/* < cr(%) Im(z) ™ ?m(r)¥*. (4-18)

Now, using the functional equation for F 8" implies

FF—(F5A = ¢,

which then gives us
|FE @0 m@)Y* < Mm@ A FEE 01+ 104 (@, 0l V.
Defining Im(t’) =: I () and using Proposition 4.3 and (4-18) to estimate this expression, it follows that

|Ff(r, )| < Im() 2= V4(C* k) - 1) V* + T ((k+ 1) /2)m(0) ). (4-19)
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In order to estimate (4-19), we must resort not only to the general idea of obtaining bounds for Fourier
coefficients based on decay at infinity, as in Lemma 4.2, but also to the following estimate of the average
values of m(7) and I (t), recently available by the work of Bondarenko, Radchenko and Seip. We refer
the reader to Propositions 6.6 and 6.7 in [Bondarenko et al. 2023] for a proof.

Lemma 4.4. Whenever y € (O, %), we have

1 1
/ Ix+in/*<1 and / m(x +iy)¥* <log>(1 +y~h).
—1 —1

An application of Lemma 4.4 together with the bound (4-19) to the proof of the first bound in Lemma 4.2
implies
sup [x*bE(x)| < Crnl/*n*? 1og? (1 4 n) (k!) (4-20)
xeR
forn > 1/co, k > 1. Also, in the case n > k/(;rcp), the sharper bound
sup [x*bE ()| < (€ n*n* 2 10g® (1 + n) (k!)!/? (4-21)
xeR
holds instead. We now proceed to optimize in k > 0, completing the outline devised in the beginning of
this section.
Indeed, let us start by optimizing (4-20). We postpone the discussion on the improved bound (4-21) to
a later remark.
Notice that we may assume |x| > C’\/n, as for if |x| < C'+/n, the bound (4-20) with k = 0 gives us
already the result, as 1 <. e~PI/V"_If we then set k = |x|/C’+/n, where C’ > 0 will be a fixed positive
constant, whose exact value shall be determined later, we have that

IbE(x)| <n'*log (1 +n) - exp(klog(Cn'/?) + klog(k) — k log |x|).

The exponential term above is

C
exp( flo g(cn'’?) 4 1 f<1og<|x|> log(C'v/n ))—|—Jﬁlog|x|):exp(%log(a)).

We only need to set C’ > 2C above, and this quantity will grow like exp(—c|x|/+/n). This finishes the

first assertion in Theorem 1.6.

For the second one, we notice that the proof above adapts in many instances. Indeed, if we shift our
attention to the function 9, Fek(‘L', x) instead, we will see that, in an almost identical fashion to that of the
proof of Proposition 4.3, we are able to prove that, for all T € D,

19, FX (1, x)| < C* (k1) Im ()~ *+D/2,

On the other hand, the partial derivative 9, of the cocycle {q}g} AeT, 18 itself a cocycle with respect to the
same slash operator. Moreover, for A = §, the following formula holds:

0 0(1, x) = Qi)x T (xe™ T is(—it) 2T D),
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In that case, using the notation from above for the elements 7/, t; € H associated to T € HN{|z| < 1}, we see
m
Im(r") "0, (t)] < Im(z)H0,p§ ()| + Y Im(z) el (1)1
j=1
For j € {0, 1,2, ..., m}, the definition of our new cocycle implies

k+3 - _ -
0.5z 01 S T (52 ) (1 1m(g) =2 4 172 Im(gy )~ D/2)

<r <—k—53> Im(7)~*+D/2,
This follows as before from the fact that Im(t;11) = Im(z;)/|7; | > Im(7) and that |rj| > 1. Analyzing
the functional equations for 9, FX(z, x) in the same way as before readily gives that
|0, FL (. 1) < C Im(n)~ DTRG0 (1 (0 +m()).
Lemma 4.4 and the considerations employed for F, 8" apply almost verbatim here, and thus we conclude
|6 ()] S 0 log’ (14 nye BN,
as wished. U

As a consequence of Theorem 1.6, we are able to establish the following bound for the interpolation
basis taking into account both decay and zeros.

Corollary 4.5. Let {a,} be the interpolation sequence of functions from (1-3). Then there is ¢ > 0 so that
la, ()] < n**1og? (1 4 n) dist(|jx|, v/N)ye KI/v"
for all positive integers n € N.

Proof. We simply use the fundamental theorem of calculus on the a,: Without loss of generality, we
suppose x > 0. We then have

i (0)] =l (¥) — i (V70) + S| < / @ ()] dx + nm

m

<n3*log? (1 4 n) dist(x, m)e—clxl/ﬁ + 8.
< n**1og®(1 + n) dist(x, \/N)e*d”/ﬁ,
as the §8,, , factor is only one if |x| € [/, v/n + 1), where 1 < e—cll/vn, O

Remark. Although the exponential bound n'/*log®(1 + n)e =<1/ v suffices for our purposes, below we
sketch how to deduce a slightly improved decay for the interpolation basis {a,},>0-

We again wish to optimize (4-21). If we set k = |x|?/C’n, where C’ > 0 will be chosen soon, we have
1bE(x)| <n'*log (1 +n) - exp(klog(Cn'/?) + klog(k'/?) — k log |x]).

This bound holds as long as wn > k > 1. If instead k < 1, that means, |x| < +/C’\/n, we use the bound
in either (4-20) or (4-21) for k = 0, which yields |bZ(x)| < n'/*log?(14+n) < n'/*log?(1 +n)ec1/n,
for ¢ > 0.
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On the other hand, in the case k > 1, the first exponential term above becomes

)=o)

We only need to set C’ > (2C)? above, and this quantity will grow like exp(—c|x|?/n).

C/

exp('c—'l ¢(Cn l/2>+' il ~(og(lx

For the remaining |x| > +/C’n case, we need to refine the analysis of the proof of Lemma 4.2 and
Theorem 1.6. Indeed, it is easy to see that if n € (2 /a, 2! /@), j > 1, then evaluating the Fourier
coefficients of a 2-periodic function f : H — C such that |f(7)| < Im(t) "I (0)/* + m(1)*/*) for

Im(r) <1 as
1+ia/(2/n) _
2¢cy, :f f(oe ™t dr
—1+ia/(2/7n)

implies
leal S (%)n log* (1 +n).
Using this new bound in (4-19), we obtain that, when n € Q7 k,277k),
IbE ()] S n'*log® (14n) -exp(k(j/2 +log(Cy/n) +log(k'/?) —log |x)).
This suggests that we take k = |x|?/C’2/n, which is admissible to the condition n € (277/~'k, 27/ k) if
|x| ~ +/C"2/n. A similar computation to the ones above implies that

2
Ibi(x)| <n1/410g (14+n) exp(—c|2]|n) <n1/410g (1+n)exp(—c’|x|),

whenever C’ 3> C. The next corollary then follows as a natural consequence.

Corollary 4.6. Let a, : R — R be the interpolating functions in the Radchenko—Viazovska interpolation
formula. Then there are c, C > 0 so that

lan (X)) < 14 1o (14 1) (e g cn + e o cn)
foreachn > 1.

Indeed, the application of Lemma 4.2 requires that we take n > C for C > 0 some absolute constant. In
order to prove such a result for n < 1, we may simply use the definition of b= as a Laplace transform of a
the weakly holomorphic modular form g,f. Indeed, in order to extend Corollary 4.6 to n = 0, we write

1
ap(x) =ap(x) = i/ 0(z)° i dz.
-1

In order to prove that ay decays exponentially, we employ a similar technique to that of [Radchenko and
Viazovska 2019, Proposition 1]. Indeed, we have

10(z)]° <Im(z) 2™/ M@  for 7 — =1,
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and moreover that |0(z)| < 1 whenever z € H, |z| = 1. We also suppose without loss of generality that
x > 0. This implies that, for § > 0,

8 ,—1/20) s .
lao ()| 5/ 3 df e < /@) 4 pmmas,
0

We then choose, for x > 1, § = 1/(+/2x). This implies that |ag(x)| < e~ V7/2* which is the desired
bound. For other bounded values of n such a proof can be easily adapted.

4B. Proof of the main result. For this part, we shall use the definitions of Zf(ZZo) and ZE(N), as in (2-4)
from Section 2. Let then I : €2(Z) x €2(Z1) — €>(Z) x £3(Z,) denote the identity operator. Recall
the Radchenko—Viazovska interpolation result: for f € Seven (R) a real-valued function,
) =) (f(Wman(x) + f(/n)an(x)), (4-22)
n>0
where a, : R — R is a sequence of interpolating functions independent of the Schwartz function f. In
particular,

fV =Y (f(Wma,(VE) + f(Vn)an (V).

n>0

In fact, for any pair of sequences ({x;};, {y;};) decaying sufficiently fast and satisfying

Y xe=) e (4-23)

. nez nez
the function

B(1) =G, (1) = Y (¥utn(t) + Ynln (1)) (4-24)

n>0

is well-defined and satisfies & (v/k) = xi, &(v/k) = yi. In fact, let ({x;};, {y;}i) € €2(N) x £2(N) for s > 0
sufficiently large. The operator

T:02(Zy) x 2(Zy) — (Zy) x £2(Zy)
given by T = (T, T?), where
T' (i}, Dk = D (nan (VE) + yun (VE)),

n>0
T2 (), (i =T (i (D
has an explicit form as a consequence of (4-2). Indeed, for k > 1, we have

T () ik =x, T2{x), (i) = i,
whereas for k = 0, we have

TV o= 020 - e+ 3 g,

: n>1 n>1 (4 25)
X0+ -
() Do = =22 = Y v+ Y e

n>1 n>1
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In particular, it is then easy to see that T = I whenever ({x;};, {y;};) satisfy the relation (4-23). This
relation is always satisfied by sequences of the type x; = f(+/k) and y = f (v/k) because of the Poisson
summation formula. Inspired by this fact, we define the perturbed operator associated to a sequence
e >0, keZy,tobe

T defined on ¢2(Z 1) x £3(Z,),
where T = (Tl, fz)’ with

T'({xi), 0Dk = D Cnan Ve + 26) + yudin k + £1)),

n>0
T2 (i), i = T (i), (b

for k > 1, and Tl({x,-}, {yviDo = xo0, Tz({x,-}, {yi}o = yo. At first, such an operator might not be defined
in the entire space £2(Z) x £>(Z) because of summability issues, but a way to avoid this trouble is to
initially define the operator in the dense subspace of pairs of sequences with finitely many nonzero entries.
A posteriori, we will prove the fundamental fact that this operator is bounded from Zf (Z4) x E?(Z+) —
Z? (Z4) x Ef (Z4), which will allow to extend it to the entirety of the space Zf (Z4) x E? (Z+). One way to
see this will be provided in the proof of our main theorem, by showing that the operator norm satisfies
11 =Tz, )xez)—e@)xea,) < +oo. This is, incidentally, our main device to prove our result: if
11 = Tllez,)xez,)—ea)xez,) <1,
then T is an invertible operator defined on £2(Z) x £2(Z). Therefore, its inverse

T 02(Z) x C(Zy) — C(Zy) x E(Zy)

is well-defined and bounded. In particular, for f € Seven(R) real, given the lists of values

FO), f/T+en, f(/2+¢), ...,
fO), f/1+e), 246, ...,

there is a unique pair ({x;};, {v;i};) € E?(Z+) X Ef(Z+) so that

T({xi), i) = Af Wk +e0be {f Wk + o).

But we also know that

TUSWD AW =TAF VDY AF VDY) = 1 Sk + e (F Vk+ 0.

This implies x; = f(V/)), y; = f(ﬁ). By writing the k-th entry of the inverse of T as
T (wid {zihe = Y (vjaw; + Piaz))
j=0
for two sequences {j } k>0, {7jk}j k=0 so that |y; | + |7« < (j/k)*, we must have

TV =Y i ST+eD+Pixf i +e))- (4-26)

Jj=0
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This implies, by (1-3), that we can recover f from its values and those of its Fourier transform at /k + &.
Moreover, as the adjoint of T-! is also bounded from EE(ZJF) X Zf (Z4) to itself, we conclude that, for
s > 1 sufficiently large and f, f both being O((1 + |x[)~19%), we can use Fubini’s theorem in (1-3)
together with (4-26). This proves the existence of two sequences of functions {6;};>0, {1;} ;>0 so that

16; )|+ 175 ()| =+ 16; )|+ 17, )1 < (1 + ) (14 |x]) 1O

and

F@ = (Fi+e)0;) + f(/j+e)m).

j=0
Thus, we focus on the proof of the invertibility of T fors >0 suitably chosen.
Proof of invertibility of T. VVAe use, for this part, the Schur test. For that, define the auxiliary infinite
matrices A = {A;;}; j>0 and A = {A;;}; j-o0 by
Aij = (a;(\Ji+e) = 8;j) x (i /))",
Aij=a;(i+en /i)'
For a given vector (x, y) € £2(N) x £2(N), we write then

B(x,y)=(A-x+A-y,A-y+A-x),

AA
B_(AA).

Furthermore, define the operator By : C?—> ZZ(ZZ()) X ZZ(ZZO) by
Bo(r, s) = ((r cao(Vk+ex) +5 - do(k+ ek, (s - ao(Vk +ex) +r - do(v/k + 8k))kS>k>0.

Notice that the operator norm of T—1 acting on €2(Z) x €2(Z,) is, by virtue of our definitions,
bounded by the operator norm of B acting on £2(N) x ¢>(N) plus the norm of By acting on C?, since

(T — D(x, y)x = Bo(xo, yo)u + B(x', Y, k> 1,
(T — D)(x, y)o = (0,0),

or, in matrix notation,

where

()C/, y/)n = (X, Yn), n>0.

First of all, bounds for the operator By are simple to obtain. In fact, by the Cauchy—Schwarz inequality

1Bo(x0, Y0 32 2y < 2(%0 +y§)<z{|a0(\/k +enl’ + |ao<\/k+ek)|2}k2~‘).

k>0

Since ag(vk) = ag(vk) =0 for k > 1, and ag € S(R), for any fixed M > 0 there is C = Cj; > 0 such

that
A £
max{|ao(v/ k + e, lao(v k + e} SCM%- (4-27)
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This implies the norm of By is sufficiently small, assuming that we make sup; €| sufficiently small,
depending on s.

We now turn to bounding the operator norm of B. By Schur’s test, it suffices to find «, 8 > 0, such
that «/aB < 1, and positive sequences {p; }i>0, {gi}i>0 so that the following inequalities hold:

D /i) xlla (Vi + &) = 8ij1pj + 18, Vi +€0)lgj] < api,

j>0

> G/ xlaj (i + &) = 8ijlg; +18; (i + €)1 pj] < g,

- (4-28)
> G/ xllaj (i + &) = 8l pi +18; (Vi + €)gi] < Bpj,

i>0

D /) xlaj (i + &) = 8ijlqi + 1a;(v/i + &) pil < Ba;.

i>0

Now, we make the ansatz that, foralli >0, p; =¢q; =i ? for some real number 6 € R. By making use of
Theorem 1.6, we know that

/I e = by + 1y (i + 01 S T og (1 4+ e T

Therefore, (4-28) reduces to verifying

3G/ % 0 x S 10g (1 + e VT < aif, (4-29)
j>0 \/—
SO/ x i x L log (1 + e < g (4-30)
i>0 \/—

Estimate of (4-29). For this term, we rewrite it as

l'S—1/2 X 8[ (Z j3/4—S 10g3(1 _"_])e—C\/W]G)
j>0

In order to estimate this last sum, we break it into j < i!/3 173

Zj3/4—s log*(1 +j)e‘”mj9

j>0 . —
§i1/3imax(3/4—s+9,0) 10g3(1+i1/3)e—011/3+ Z j3/4—S 10g3(1+j)6’_cm]'9. (4_31)

j>il/3

and j > i'/° contributions. Therefore,

Because of the presence of the exponential, the first term is always bounded by an absolute constant
% so we treat it as negligible. For the second term, notice that the summand is bounded by a
constant times fjj oy 3/4—s+0 log3(1 + x)e“‘m dx. Indeed, the inverse of the ratio between both is
bounded from below by

A log*(1 3/d—s+6
f (x/j)3/4_s+ew T~V 4y >mm{<1+ 1) ’1} Sl w2
; log®(1+ j)

times i
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Thus, we obtain that the second term on the right-hand side of (4-31) is bounded by

00 . i~ 3/4—s+40 ,
/1/% x3A=sH10g3(1 +x)e_cm dx = /0 <1 + %) 10g3(1 + %)y‘ze_cﬂ dy
i1/ |
<,6 / y—11/4+s—9 10g3(1 + 5) e—cﬁdy
0

;203

_ i7/4—s+0/ y /4450 10g3<1 4 l}) e=VT dy
0
Sso i o (140),
as long as —% +s—0>—1, thatis, 6 <s — %. Thus, (4-29) is bounded under such a condition by

Cyoleili* V2 log® (1 +i)i 410 = 5/4 9 1083 (1 4 1) g4

0

In order for this last quantity to be less than «i”, we must have |&;| Sg0 ai 4 log_3(1 +1i). We will

assume that we have this bound while estimating the second term.

Estimate of (4-30). For this term, the strategy is similar, only now the estimates become somewhat simpler
by the arithmetic of the bounds given by Theorem 1.6. Indeed, (4-30) is bounded by

Cs,6j3/4_s (Z iS+9—7/4 log—3(1 + l) e—cm) .
i>0
Much as before, each summand above is bounded by fiiH x3T0=T41og 73 (1 + x)e~¢VA/7 dx. Thus, the
expression within the parenthesis above is bounded by

o o0
/ xs+9—7/4 log—3(1 +X) e—cmdx §s,9 js+9—3/4f xs+9—7/4 log—3(1 +])C) e—cﬁ dx
1 0

oo
<s 0 jS+9—3/4/ xS+9—7/4 log—3(1 +X) e—C\/;dx‘
0

~oS,

This last integral converges given that s +6 — % >—1l4<=s+0> %. In the end, we obtain that (4-30) is
bounded by c¢; g j % if these conditions on s, 6 hold.

Finally, we gather these two estimates to get that, if s —6 > ZT’ s+60 > 43'1 and if &; < yi™>/4 log_3(1 +1)
for y > 0 sufficiently small, then (4-29) and (4-30) are bounded by small constants times i’ and j®.
Notice that picking s = 10 and 6 > 0 sufficiently small yields that both conditions above hold true, and
thus the result follows from Schur’s test, as previously indicated. O

As mentioned in the beginning of this manuscript, the usage of Schur’s test here was instrumental in
order to expand the range of our perturbations. In fact, in Section 5A, we employ the Hilbert—Schmidt
test successfully to our operator T and obtain that, as long as there is § > 0 such that &; <i7>/47%, then
T is bounded on E?(N) X E?(N) for s sufficiently large, but we seem to be unable to include 45'1’ even with
a log-loss, in our considerations with the Hilbert—Schmidt method.

On the other hand, we will see in that subsection that the Hilbert—Schmidt method provides us with a
way to suitably perturb the origin, a feature we could not obtain with Schur’s test.
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5. Applications of the main results and techniques

5A. Interpolation formulae perturbing the origin. In the main results of this manuscript, the only
interpolation node that remains unchanged in every scenario is 0. One of the reasons for that is aesthetic:
we are concerned mainly with even functions here, so the origin keeps a sense of symmetry. The other
main reason is technical: we recall that the operator

T:02(Zy) x 2(Zy) — (Zy) x 2(Zy)
defined in Section 4B is the identity only when restricted to the set of pairs of sequences satisfying
Y e =Y e
nez nez
For general sequences, the first entries of this operator possess a correction factor due to the lack of
Poisson summation. Indeed, the kernel of T is the set of all (x, y) € ZE(ZJF) X E? (Z+) such that
X, =y, =0 foralln>1,
X0 = —)o.
Furthermore, the cokernel of T is the set where

xo—yo+22x5—22y320.

neN neN
This means dim(ker(7)) = dim(coker(7")) = 1. Therefore we can no longer prove invertibility. Nonethe-
less, since the kernel and cokernel of T are finite-dimensional, T is a Fredholm operator; see the comments
on [Brezis 2011, p. 168] for more details.
We denote by e, € £2(Z) the vector consisting of max{1, n}~* on the n-th entry, and zero otherwise.
With this definition, the set
{(€r,0):neZ }U{(0,e,):neZ)

forms an orthonormal basis of £2(Z..) x £2(Z.). Thus, for a general operator,

AN sw2@yxzze = 2 U1ACH OIF )+ 1AO e ),

n>0

where we denote by || - ||(s,5) the norm of E? (Z4) x EE(Z+). Next we estimate the Hilbert—Schmidt norm
in the case where A =1 — T.

Claim 5.1. |1 — T”HS(ZE(L)M%(L)) < 400 holds whenever there is § > 0 so that |ex| < k=>4 for all
k>1.

Proof of Claim 5.1. As mentioned before, we can write the identity on E% (Z4) x E%(ZJF) as
I({xi}, (i) = ((x0, B(1), B(2), ..), (30, B(1), BW2), ...)),

where we define the function & as in (4-24). With this notation, the operator T becomes

T({xih (i) = (0, 8/ T+eD), B2 +e2), ...), 00, B(/T+e1), B(/2+e2),...)).
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Therefore, evaluating at the basis vectors gives us that (1 — T) (en, 0) equals

(0, max{1, n}~*(a,(1) — an(v/1+£1)), max(l, n) " (an(V2) — an (/2 + £2)), .. ),
(0, max{1, n} ™ (@, (1) — G, (/1 +&1)), max{1, n} ™ ([@,(v2) — Gx (/24 £2)), . ..)).

We readily see then that

1= Tlseaoxeay <2 Z(Z(l 02 (L m) 7 lan (VB = an(VE + 8k)|2>

n>0 “k>1
+22Y+1Z(Z(l_,’_k)ZS(l+n)_2Y|&n(\/z)—&n(\/]T€k)|2) (5_1)
n>0 “k>1

To bound the terms involving ag and ag, we simply appeal to the fact these functions are of Schwartz
class to use an estimate like (4-27) and obtain

D (U +k)> (lao(k +&x) —ao(VI) > + o (Vk + 1) — do(VE) ) X
2 1+ k)%
= =S+ (jaok+ el +laork+el?) <€ Y| k|2(kzs+§ .

k>1 k>1

From Theorem 1.6, we know that when n > 1 there is a ¢ > 0 such that

la, (V) — an (VE +eg)| <

for every k > 1. Analogously, for n > 1,

Ian(f)—an(,/k+sk)|< f n3* log® (1 4 n) e~ VE/™,

/=N
f la/ (t)|dt < (j/% n3* log* (1 +n) e~ VE/" (5-2)

These estimates plus the condition |e;| < ak~>/#~% for some a > 0 imply that (5-1) may be bounded from
above by a constant that depends on s times

) Z(Z K25 —5/2-28 ‘k—le—ZcW)nS/Z—Zs 1ogS (1 + 1) +a® Zk—w/z—za' (5-3)

n>1 “k>1 k>1

The second term in the sum above is convergent, so it is not a problem. Now, in order to prove convergence
of the first term, we first investigate the inner sum. A Riemann sum approach together with a change of
variables shows that the first term in (5-3) is bounded by a constant times

o0
(1 +n)23—5/2—2810g6(1 +I’l)</ t2Sl,—5/2—25 . t—le—cﬁ df) = (1 +n)2S—5/2—2510g6(1 +7’l)[s’5.
0

Clearly, the inner integral converges given that s > % + &. Putting these estimates together with (5-1), we
obtain that
=T 5@ we@.) S @ L (2(1 +n) "1 Blogb(1 +n)> < 400,
n>0

as desired. O
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As a direct corollary, we see that, for each § > 0, there is a > 0 so that, if |g;| < ai —3/4=3 for every
i > 0, then

I = Tlaswez,)xeazy <1

In particular, we shall make use of the fact that 7" is a Fredholm operator by means of such an inequality,
with the aid of the following result.

Lemma 5.2 [Schechter 1967, Theorems 2.8 and 2.10]. Let ®(X, Y) denote the set of bounded Fredholm
operators between Banach spaces X and Y. If A € ®(X,Y) and K € K(X, Y) is a compact operator,
then A+ K € ®(X,Y) andi(A) =i(A+ K), where we define the index i : ®(X,Y) — N by

i(A) =dim(ker(A)) — dim(coker(A)) =: a(A) — B(A).
Furthermore, if | K ||op is small enough, then it also holds that a(A + K) < a(A).

Let us then define a new perturbed operator S, defined on Ef(Z+) X Zf (Z+), such that

S' (i ik =D nan (Vk + 1) + yndn (Vk + £0)),

n>0
S2 (i, iDe = ST Ayi), b

for all kK > 0. Notice that we may write S — T = T—1+ Ko, where K has finite rank and is bounded, and
thus also compact. Therefore, S=T +(S—T7)=T + (f — I) 4+ K¢ can be written as sum of a Fredholm
operator T and a compact operator T — I + K. This already implies that, modulo a finite-dimensional
subspace, the sequences ({ f(vE +€0)}, {f (VK + &x)}) determine the sequences ({ f (vK)}, {f (VK)}).
That is, we can determine the function f € Seyen(R) from its (Fourier) values at the set {/k + ¢ Jxez .
modulo subtracting functions belonging to a finite-dimensional space.

If, however, we make |&| < ek—>/48

, and |eg| < €, with € small enough, it is now a routine calculation
to conclude that the operator norms of both / — 7 = A and K can be made bounded by a sum of an
arbitrarily small factor plus something that will depend on a convergent series multiplied by the value

of |eg|, which can made arbitrarily small by choosing € properly. Thus,

() =iT+ES-T)=i(T)=0 <+ «a(S)=8(),
and, moreover,
a(S) <a(T),

as the Hilbert—Schmidt norm of the difference is small. Thus, either

a(S) =B(S) =0,
in which case we can perfectly invert the operator S, or
a(S)=p(S) =1,

which implies that there is essentially at most one function fy € Seven (R) that vanishes at /k 4 g. As
{f(WVk+er)l, {f(«/k + &x)}) € Im(S) for every real f € Seven(R), we have proved the following result.
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Theorem 5.3. Let T, S, {¢;}i>0 be as above. Then one of the following holds:

(1) either S is an isomorphism from EE(ZJF) X Z?(ZJF) onto itself, and thus the values

AfTHeph (FGT+eph)

determine any real-valued function f € Seven(R),

(2) orker(S) has dimension 1, and therefore S is an isomorphism from ker(S)* onto Im(S).
In particular, any real-valued function f € Seven(R) is uniquely determined by

AfGTHep (FGT+eDD),

together with the value of
({fTFENASGTHeND, Qaud 1B s.s)
I} ABDIZ, ’
where ({a;}, {B;}) € ker(S) is a generator for the kernel of S.

Notice that the first option in Theorem 5.3 yields immediately an interpolation formula, in the spirit of
(4-26). For the second one, the operator is now only invertible if restricted to ker(S)*, and the process
of recovering f € Seven (R : R) has to take into account the inner product with the kernel vector and the
structure of the range.

5B. Uniqueness for small powers of integers. Let o € (O, %) Bearing in mind the overall framework of
uniqueness formulae in which Theorem 1.4 situates itself, we address the question of determining when
the only function f € Seven(R) that vanishes together with its Fourier transform at +n“ is the identically
zero function.

Indeed, we would like to study the natural operator that sends the sequence of values at the roots
of integers ({f(«/z)}k, {fA(«/E)}k}) to the sequence ({ f (n*)},, {f(n"‘)}n). Our goal is to show that this
operator is injective. In order to do that, we will first study simpler operators.

In fact, let Ko € N be a fixed positive integer. Fix a set of 2K positive real numbers 1} <, < - < fg,
such that #; > /K and none of the #; can be written as a square root of a positive integer. We fix s > 0
sufficiently large and define the operator

Tk, - 2(N) x £2(N) = 2(N) x £2(N),
({xi}ia {yl}l) |_>((-x07 QS(t])v ®(t2)’ cees ®(t2K())a -xK()-i-lv xK0+2a . e )v
()70, 6(tl)s 6(t2)’ s 6(tZK())’ yK0+19 )’K0+2, e ))

Here, we denoted by & the function defined as in (4-24). Recall that & depends itself on {x;};, {y;};, and
thus, for fixed ¢, &(¢) and &(¢) are both linear functionals on Zf (Z>0) x EE(ZEO).

Lemma 5.4. For any Ko > 1 and {t;}j-1,... 2k, as above, the operator Tk, is bounded and injective.

Proof. We begin with the boundedness assertion. As Tk, differs only in at most the first 2Ky + 1
coordinates from an iteration of the shift operator

s(({xi}i, i) = (0, x0, x1,...), (0, Yo, y1,...)),
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boundedness follows from boundedness of the operator that maps a pair of sequences ({x;};, {yi}i) €
22(N) x £2(N) to

((x0, B(11), B(12), . ..., B(12k,), 0, ...), (Yo, B(11), B(12), . ..., Bl12k,), 0, . ..)).

As &, ®e L (R) for any pair of sequences {x;}, {y;}, with bounds depending only on the E?(N)-norms
of the sequences, it follows that this new finite-rank operator is bounded.

The injectivity part is subtler. Indeed, fix a pair of sequences ({x;}, {yi}) € EE(N) X E?(N), and
suppose that Tk, ({x;}, {yi}) = 0. It follows that the special function &(¢) is a linear combination of
ai,...,ag,, dai, ..., dg,. In order to analyze such functions, we will need to investigate further the
intrinsic form of the interpolating functions a,, and thus those of b¥. As the reader will see in the analysis
below, we will show that the functions & + & have at most K, o+1 zeros on (+/Kg, +00) from the assertions
above. This is, indeed, the reason why we need to use 2K different values in order to prove injectivity.

Indeed, it follows from the Fourier expansion of g= near infinity and the formula

1
bff(x):% / g (e dz (5-4)
-1

that, whenever |x| > /7, it can also be represented as
oo
bE(x) = sin(zrx?) / gr(1+ine ™ dt, (5-5)
0

To see this, one shifts contours in (5-4) over the rectangular path passing through —1, —14i7T,1+iT

and 1. The condition |x| > /7 comes into play in order to guarantee that one may safely send T to oo,
nnR

and the results in [Radchenko and Viazovska 2019] show that g’ (s +iR) grows as e at infinity for
fixed s € R. With (5-5) in mind and the facts that a, = (b7 +b;)/2 and a, = (b)" — b,)/2, we see that
the Fourier invariant part of & may be written as

o s Ko
(6 +8)(x) = sin(mx?) f (Z ;g (1+ it))e‘”xzf dr
0 =

for some sequence «; of real numbers, and an analogous identity holds for & — 65, with g~ instead. We
recall that the weakly holomorphic modular forms g,jf satisfy that

i) =0)°PF(1/J(2),
g (=00 =21() P, (1/J(2)),

where the monic polynomials P, , P,;" are of degree n. Therefore, there are polynomials Q, R of
degree < Ky such that

~ o0 1 2
— qj 2 1+i0)3 Y mxtr
B+ & =sin(mrx )/O 0(1+it) Q(J(l—i—it))e dr,

_ B = 2 > 301 — : ; —x’t
& QS—sm(nx)/o (1 +it)’(1 2k(1+lt))R(J(1+l_t))e dr.

Before moving forward, we need the following result:
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Lemma 5.5. The factors 0(1 +it)? and (1 — 2x(1 + it)) do not change sign for t € (0, 00), and the
Sfunction 1/J (1 +it) is real-valued and monotonic for t € (0, 00).

Proof. By using (2-1), we get that

(1 +it) = Z(_l)"e—ﬂnzt _ Z o4t _ Z T

neZ nez nez

We now consider the function f;(x) =e™”" (20’ Then the sum above equals

Y A=Y filn+3).

nez nez

By the Poisson summation formula, the difference above equals

1 NG win n(n/(zﬁ»z) 1 NG
—_— e — e = — e > 0.
77 (Z ) 7 >

neZ neZ n odd
This proves the first assertion.

For the second, we simply see from (2-2) that A(1 + z) has only nonpositive coefficients in its g-series
expansion. This implies that A(1 4 i¢) is nonpositive for ¢ € (0, co), which implies that 1 — 2A(1 +i?) is
always nonnegative.

Finally, for the third assertion, we notice that, as J(1 +z) = 1—1()A(1 +2)(1 — A(1 +z)), and thus, from
the analysis above, the g-series expansion of J (1 + z) contains only nonpositive coefficients. Therefore,
the function 1/J (1 4 it) is nonpositive for ¢ € (0, 0o), and it is monotonically decreasing there. O

By Lemma 5.5, we get that the part of the integrand in the expressions above multiplying the e™” X%
factor changes sign at most Ko + 1 times. Notice that we can embed both integrals in (5-6) into the

framework of Laplace transforms: defining
Q) =01 +i)*QU/J(A+it)), RE) =0(+it)*>(1—=2x(14it))R(1/J(1+i1)),

we are interested in studying the positive zeros of L[ Q] (rx2), LIR](7rx?), where

LIg)s) = /0 (e di

denotes the Laplace transform of ¢ evaluated at the point s. We may reduce even further our task to
studying the positive zeros of L[Q], L[R]. The following result, a version of the Descartes rule for the
Laplace transform, is the tool we need to bound the number of positive zeros of such expressions as a
function of the number of sign changes of the function being transformed.

Proposition 5.6 (Descartes rule for the Laplace transform). Let ¢ : R — R be a smooth function such
that its Laplace transform L[¢] converges on some open half-plane Re(s) > so. Then the number of zeros
of L[¢] on the interval (sg, +00) is at most the number of sign changes of ¢.

Proof. The proof follows by induction on the number of sign changes of the function ¢. Indeed, if ¢ > 0,
it follows easily that the Laplace transform satisfies L[¢] > 0, with equality if and only if ¢ = 0.
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Suppose now that ¢ changes sign n 4 1 times on (0, co). Number its zeros on the positive half-line as
ap < a; < ---<ay. Then L[¢] has as many zeros as e L[¢p](s) = F(s). The derivative of F is then
given by

F'(s)=— / (t —ag)p(1)e™ =% dr = € L[(t — ap)$ (5)1(s).
0

Notice that the new smooth function (r — ag)¢ (¢) still satisfies the same properties as ¢, but now has
exactly n sign changes. By inductive hypothesis, F’ has at most n zeros, which, by the mean value
theorem, implies that F has at most n + 1 zeros. g

Using this claim for Q, R, we see that their respective Laplace transforms possess at most K¢ zeros
on the interval (v/Ky, +00). With this information, we can already finish: From (5-6), the functions
® + ® can only vanish at at most K points on the interval (1/K(, c0) which are not roots of positive
integers, in the case & # 0. But, according to our assumption that ({x;}, {y;}) € ker(Tk,), we have
&) = @(Ij) =0, j=1,...,2Ky. By the properties we chose for the sequence #;, & = 0, and thus the
map Tk, is injective. U

We need one more result in order to infer results about uniqueness for small powers of integers. In
contrast to the full perturbation case of our main theorem, we must prove that the injective operators Tk,
are also somewhat stable with respect to injectivity under perturbations. In order to do this, the following
result is essential.

Lemma 5.7. The range of Tk, is closed.

Proof. Suppose the sequence in £2(N) x £2(N) given by {TKO({xij ho yij D} j=o0 is a Cauchy sequence. This
implies that the sequence {{xij }i=0.Ko+1....5 {yij }i=0,Ko+1,...} j=0 is a Cauchy sequence, and therefore it
converges to a certain limiting sequence

{xi}iz0.Kot1...» Witizo.ko+1...} € L2(N) x £2(N).

Define, thus, the 4Ky x 2K matrix Ak, given by taking

(ai(ty), ax(tj), ..., ak,(t;), ai(t)), ax(tj), ..., ak,(t}))
and
(&1 (tj)a &Z(IJ)’ D) &Ko(tj)’ ai (tj)v aQ(’j)» ceey al(()(tj))
to be its lines for j =1, ..., 2K(y. We first claim that this matrix is injective. Indeed,
Ko
&) =) (xiai () + yidi (1)
i=1
vanishes, together with its Fourier transform, at#;, j =1, ..., 2K, where ({x,'}l.K:O], {y,'}l.Kzol) belongs to

ker(Ag,). By the proof of Lemma 5.4, this implies x; =y; =0, i =1, ..., Ko.
As Ag,is injective, there is a constant cg, > 0 so that

1Ak, vllak, = ckollvli2k,, (5-6)
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where we denote by || - || the usual euclidean norm on a d-dimensional space. Translating to our original
problem, as {Tk,({x/}, {y/})} ;>0 is a Cauchy sequence in £2(N) x ¢2(N),

{{x] }izo ko1, 1] Yizo,Ko+1,..} j=0

is a convergent sequence, and thus we get that the sequences

Ko
Z(xzkai([j) +yka ), j=1,...,2Ko,
i=1
are also Cauchy in k > 0. By (5-6), ({xf}iK:Ul, {yi}fz"l)kzo is Cauchy. This implies that there is a limiting

sequence ({x;}, {yi}) € £2(N) x £2(N) so that

Tio (1]}, (7)) = Ty (xi}, {3i)) - as j — oo O
We are finally able to prove the following uniqueness result:

Corollary 5.8. Let o € (O, %) There exists ¢, > 0 such that the following holds. For each c € (0, cy),
if f € Seven(R) is a real-valued function that vanishes together with its Fourier transform at %c - n®,
then f =0.

Moreover, for each ng > 1, the same assertion as before holds under the weaker assumption that f
vanishes together with f at +c-m*%, where m € {0}U (my (ng), +00) and my (ng) = min{n € N : cn® > ng}.

Notice that the second assertion above, albeit technical, merely means we may start the sequences of
nonzero roots of f, f as far away from the origin as we wish, as long as one keeps it under a certain
threshold in terms of denseness.

Proof. Fix a € (O, %) and let ¢ > 0 be a constant, to be precisely chosen later, which is allowed to depend
only on o. We start by noticing that, for each o € (O, %) there is ng(a) > 1 such that whenever n € N
is greater than ng(«), then there is m € N so that for all n > ng(«), there exists m € N so that we can
write ¢ - m* = \/n + ¢&,, where {e,}, satisfies the conditions of Theorem 1.4. Indeed, start by noticing
that simply letting m = [(n/c?)!/?¥7 implies |/n — cm®| < c!/*p@=D/Cx),

Indeed,
[(n/c?)!/C1
|/ —cm®| = ca / 12~V dr < Men@D/Co, (5-7)
(n/CZ)l/(Za)

In particular, if (¢ —1)/QRx) < —% — % —Sa< %, the assertion follows. Let us single out the sequence

of numbers selected above, which we index as {c - m(n)*},>u,«). We then consider the operator T}, (q)
associated to some sequence of 2ng(a) positive real numbers #;, j = 1,...,2no(a), satisfying the
hypotheses of Lemma 5.4.

We claim that the perturbed operator

Ty : €2(N) x £2(N) — £2(N) x £2(N) that takes a pair ({x;}, {y;}) to

((x0, B(11), B(12), ..., B(l2my), B(c-m(ng+ D), &(c-m(ng+2)%),...),
(o, B(11), B(12), ..., &(t2ny), B(c -m(ng+ 1Y), &(c-m(ng+2)%),...)) (5-8)
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is injective for some s > 0 that depends on «. Indeed, from Lemma 5.7 there must exist a constant C,,
so that

I Tnov”(s,s) = Cno lv ||(s,s)

holds for all v € Ef(N) X Z%(N). But, by the same calculation as in the previous subsection, we have that

~ Cro
I Tno@) = Do) 1S (20N) X 22(0v)) < >

holds, as long as we take o < % and ¢ = c(«) sufficiently small, because (5-7) implies we satisfy the

conditions of Theorem 5.3. This implies, in particular, that

1o

2

for each v € ZE(N) X Ef(N), and thus the operator Tno is, indeed, injective, as desired.

”Tnov”(s,s) >

” v ”(s,s)

In order to conclude, we notice that the operator
Trote  L2(N) x £2(N) — £2(N) x £2(N) that takes a pair ({x;}, {y;}) to
((x0, B(ck]), B(ckS), ..., B(ckS,,), B(c-m(ng+ 1Y), &(c-m(ng+2)*),...),
(30, &(cky), B(cky), ..., B(cks, ), &(c-m(ng+1)%), B(c-m(ng+2)%),... )), (5-9)

for some sequence k;, j =1, ..., 2ng, of integers not belonging to the sequence m(n) we selected above,
is still injective. In fact, it only differs from the operator 7}, in at most 2n¢ entries. But, on the other
hand, for k; = [(t;/c)'/*], j=1,...,2n0, and ¢ > O sufficiently small, we see by Theorem 1.6 that

6(ck?) — SN <Y (Ixillai(t;) — ai (k)| + |yilla () — ai (ck§)])
i=0 00

< sup m—ckf‘i(Z(1+i)5/2(|x,-|+|yf|>>
i=0

1<I<2ny

S elldxit, {yiD .-
Here, note that € depends on ¢ > 0 and «, and tends to 0 as ¢ — 0. For € > 0 sufficiently small, we see
from the previous argument that 7, still has closed range and is injective. Thus, by taking ¢, > 0
sufficiently small we have that the sequence ({ f (£n%)}, { f (£n%)}) determines uniquely the sequence
{f (Y} {f(/m)}). This finishes the proof of the first assertion.
The assertion about being able to restrict the first node c,m® to be as large as we want follows in the
exact same way, and we thus omit it. O

One can inquire about the importance of such a result; as in [Ramos and Sousa 2022] we have shown
that the uniqueness result stated in Corollary 5.8 holds for € (0, 1-— 4), which is significantly larger
than the range stated here. Nonetheless, Corollary 5.8 gives us automatic results. Indeed, if one manages

to prove that for all § > O there is € > 0 so that, if |e;| < € for all k € N, then

I =Tllop <6,

it implies automatically that we can extend the results in Corollary 5.8 to the full diagonal range « € (0, %)
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We also note that Corollary 5.8 is not all we can say about the problem of determining the best
exponents (o, 8) so that

fEn) = f@Enf) =0, feSeaam® = f=0.

2
’9
exponents, we notice that we can still pick ng € N so that for each n > ny = ng(«, 8), there exists a pair
(m1(n), ma(n)) € N? so that

Indeed, we can easily go further than the diagonal case detailed above: if a, 8 € (O ) are arbitrary

lemi(n)* — /n| + |cm2(n)5 —n| < clegpe=—D/C) —|—Cl/ﬂ,3n(’3_l)/(2ﬂ),
and the right-hand side can be made <« n /4% for some § > 0. This induces us to consider the operator

Troe.py - €2(N) x £2(N) — €2(N) x £2(N) taking pairs ({x;}, {y;}) to
((xo, B(CkY), B(ckS), ..., B(ckS, ), B(mi(ng+ 1)*), S(mi(ng+2)), ...),
(0. B(cl}), B(clh), ..., &(cls, ), Bma(no + 1)F), B(ma(no+2)F),...))  (5-10)

for two sequences of integers (k;,[;), j=1,...,2no, so that |t; — ck}”l + 1t — clf| is sufficiently small
for all j € [0, 2n¢], where we select ¢;, j =1, ..., 2no, satisfying the hypotheses of Lemma 5.4.

By the same strategy outlined in the proof of Corollary 5.8, the Hilbert—Schmidt norm as operators
acting on £2(N) x ¢2(N) of the difference Ty@.p) — Tnoe.p) iS arbitrarily small, as long as we make
the value of ¢ = c(«, B) smaller. As a consequence, 7y, is also injective and its range is closed. These
considerations prove, therefore, the following:

Corollary 5.9. Leta, B € (0, 3). Then there is cq,p > 0 so that the following holds. For all ¢ € (0, cq,p), if
f € Seven(R) is a real-valued function that vanishes at =cn® and its Fourier transform vanishes at +cnf,
then f =0.

Moreover, for each ng > 1, the same assertion above holds under the weaker assumption that f vanishes
for £c-m® and f vanishes for tc - kP, where m € {0} U (mg,p(ng), +00), k € {0} U (kq,g(no), +00), and
mgy g(no), ng,g(no) are the least positive integers such that ¢ - m® > ng and c - kP > ng, respectively.

Remark. In the end, we do not quite attain the primary goal of this section of proving Fourier uniqueness
results for the sequences ({£n%}, {&n?}), but only a slightly weaker version of it, with a small constant
c(a, B) in front. The main reason for that in the proofs above is the location of the positive reals ¢;:
although their exact values do not matter in the end, it is crucial, in order to use Proposition 5.6, that they
lie after the node ng. We must therefore either force ny not to be too large in order not to make the norm
of the matrix Ak, too small, or fix them from the beginning and make the perturbations of Tk, fall closer
to it. In any case, this implies nontrivial use of the constant ¢ multiplying the sequences ({£n%}, {£nf}).

We believe that further studying operators resembling Tk, above and their injectivity properties could
yield better results in this regard. In order not to make this exposition even longer, we will not pursue this
matter any further.
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5C. Annihilating pairs. As an application of the results above, we will prove some strong annihilating
properties of the sets {+c,n*},eN, {j:c,gnﬁ}nez.

Indeed, let A, B C R be two discrete sets. Inspired by the results and definitions of [Benedicks 1985;
Amrein and Berthier 1977] (see also [Nazarov 1993]), we say that (R\ A, R\ B) is a weakly annihilating
pair for a class C ¢ L*(R) if whenever f(A) = f(B) = {0}, f €C, then f =0.

This definition implies directly that (R \ {£+/n},>0, R\ {Z=4/n},4>0) is a weakly annihilating pair for
Seven(R; R) due to (1-3). On the other hand, under the hypotheses of Theorem 1.4, it follows directly that
R\ {1+ entn=0, R\ {£/n + €, }n>0) is also weakly annihilating for Seyen (R; R).

As a natural counterpart, we define a pair (R\ A, R\ B) to be w-strongly annihilating for a class
C C L*(R), w € R, if there is a real number y € R such that the inequality

. . 1/2
1N 2 capenyy F 1 2y S (Z IF@PA+1al)”+ > I FBPA+ |b|)‘”)

acA beB
holds for all f €C.
Our first contribution is Theorem 1.7; i.e., the pair (R \ {£4/n}y>0, R\ {£+/n},>0) is w-strongly
annihilating for some @ > 0.

Proof of Theorem 1.7. We start with (1-10). Indeed, consider a sequence {¢,},>0 of real numbers. We
begin by observing that, for all integers n > 1, we have, by (1-3) together with Theorem 1.6,

|€ | —c/n/m ;
|f () = F(Wm| S ﬁ > A +my g m + e VM| f (Vm)| + 1 f (Vm)]l,
m>0
whenever x € [/n, v/n+¢&,). Suppose then |¢,| < §(1 + |n|)~? holds for all n > 1, for some 6 > 0 and
8 > 0. If one uses the bound above together with the triangle inequality, an integration over the interval
[«/n, /n+¢,) and the Cauchy—Schwarz inequality, one obtains

NSt
(1+n)slf(ﬁ)|2§(f |f(y)|2(1+|y|)2(9+2”“dy)
+8 Y (F WM +1F (m)P)A +m)*? logs (1+ m)e V™ (1 4 ) 72071,
m>0

If20+1—-s>1<«= 6 > s/2, we may sum the right-hand side above in n > 1 and get a uniform constant
in m > 0. This yields

Y A +n) I f ()P S /R |F O+ [y)2E20+ gy
. +8 > U FWmP + 1 mP) (A +m)**logt (1 +m).

m=>0

An entirely analogous calculation implies the same on the level of Fourier transforms; that is,

Z(l +n)S|f(ﬁ)|2 < /R |f(y)|2(1 1 |yHOF2+ gy
- +8) (WM + 1 m)P (A +m)*logs (1 +m).

m>0
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Summing these two bounds, if s > % and 6 « 1 is sufficiently small, we obtain

A+l f WP+ 1P CUL sy + 1 2crp)- (5-11)

n>1
which was the desired inequality, except for the n = 0 term. In that regard, we notice that a Sobolev
embedding argument allows us to include it in the left-hand side of (5-11), which proves (1-10). Notice
that we may take, for this part, any y > 5s + 1.
For (1-11), we will use once more Theorem 1.6. Indeed, it follows from that and Cauchy—Schwarz that

F@I+ @1 UL+ IF A +m) 4 logd (1 + e~/ VI

n>0
12
S <Z [1£ (/P + 1 f m)P1(1+n)>* logb(1 +n)e—2c|x|/m) .
n>0

Thus, we readily obtain that

. . ‘ 1/2
I 2y + I N2 catrens) S (an(ﬁnz + 1/ M1 +n) 5T 1ogb (1 +n>>

n>0
for any s > 0. This proves the Theorem for any w > s/2 + 4. O

Furthermore, as a corollary we can also obtain that the pair (R\ {£+/n + €, }n>0, R\ {£/7 + 1 }n>0)
is w-strongly annihilating for some w > 0, which was the content of Corollary 1.8.

Proof of Corollary 1.8. Notice that the operator T : £2(N)) x £2(N) — £2(N) x £2(N) given in Section 4B is,
under our given hypotheses, bounded and invertible for r > 1 sufficiently large. Moreover, it takes, for each

f € Seven(R), the pair ({ £ (/1) }nens {F (V) }nen) to the pair ({f (/7 F &n)nens {f (V7T 8n) Inen)-

Therefore, if @ > s > r, then the comparison of
IS W) hnens (F (V) baen) ez xe2n
with
IAf W+ e hnens (F T enlnen) lzapxeo

holds with comparing constants independent of f € Seven(R). The same assertion holds with E?O(N) X Ei(N)
norms instead of EE(N) X E?(N). This is enough to conclude the asserted statement. Il

Finally, we conclude that, whenever ¢, cg are sufficiently small, then (R\ {£con®}, R\ {j:cﬂn’g}) is
w-strongly annihilating for o sufficiently large.

Corollary 5.10. Foroa, g < % and cy, cg sufficiently small and for any y > 0 sufficiently large, we have

X R 12
I N2y + 1 N2y S (Z(l + 1)l f (can®) > + If(C,snﬁ)Iz]) ,

n>0

whenever w > (5+ y)/4 and [ € Seven(R) is a real-valued function.
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Proof. Under the hypotheses above, we know that the operator 7, (4, g) from (5-10) is still injective and
has closed range on ZE(N) X Ef(N) for s > 1. For that reason, the norm

I W) hnen. {f W) lne) Lz x ez

can be controlled by a constant independent of f times

1 Taote.y (L IV S WD 2y 20 -

However, the sequences constituting 7, ) ({ f W}, { f (/n)}) are subsequences of each entry of
({cqn®}, {cﬁnﬂ}), respectively. As the weight n — (1 +n)® is monotonic on N, adding more terms only
increases the weighted norm, and thus the conclusion follows. U

5D. The Cohn—Kumar-Miller-Radchenko-Viazovska result and perturbed interpolation formulae with
derivatives. As another illustration of our main technique, we prove that the interpolation formulae with
derivatives in dimension 8 and 24 from [Cohn et al. 2022] can be suitably perturbed.

Indeed, we first recall one of the main results of [Cohn et al. 2022]: let (d, ng) be either (8, 1) or
(24,2). Then every f € Spa(R?) can be uniquely recovered by the sets of values

{f(V2n), f'(V2n), f(V2n), f'(V2n)},  n=>no,

through the interpolation formula

fO) =" fFVman)+ Y 1 V2mby(x) + Y fFV2man(x)+ Y f(V2m)by(x).  (5-12)

nzng nzngo n>ng n>no

We also have uniform estimates on the functions a,, a,, b,, 5n: indeed, there is T > 0 so that

sup sup (1+ |x))'P(la” )| +1a ()1 + b )|+ 15 () S n” (5-13)
1€{0,1,2} xeRd
for all n € N. Here and throughout this section, we shall denote by g’(x) the derivative of the (radial)
function g regarded as a one-dimensional function.
By [Cohn et al. 2022, Theorem 1.9], we know that the matrices

an(x) ay(x) an(x) a,(x)
bu(x) by(x) by(x) bl,(x)
an(x) a,(x) an(x) a,(x)
bu(x) B,(x) by(x) bly(x)

M,(x) = (5-14)

satisfy that M, (v 2m) = 8y, L4x4 for m, n > ny. As we know that the map that takes a vector of sufficiently
rapidly decaying sequences
(fta}, {Ba}, (@), (BaDnzng

onto the function

FG) = (n@n(x) + Bubn () + @ndin () + Bubu(x))

n=no
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is, in fact, injective (and moreover an isomorphism if we consider the set of all arbitrarily rapidly decaying
sequences), we shall make use of this function in our estimates. Indeed, we have that the map that takes
the quadruple of sequences

({an}, (Bu}, (@}, {Bu})
onto

(F(v/2n), f (V/2n), F(v/2n), § (+/21)) g

is, in fact, the identity. Another way to represent this map is as the series

> (s Bus @ns Br) - My (V20).

n=ngo

We define, therefore, the operator that takes the same quadruple onto

(f(\/zl’l +é&n), f/(\/zn +&n), %(\/Zn +é&n), f’(\/Zn + 8"))n2n0'

In the alternative notation, this operator, which we shall denote by %, is given by
Z (@ Bus ,gn) “M,(/2n+¢,).
n=no

As before, we seek to prove that T is invertible when defined over some space
E2(N) x £2(N) x £2(N) x £2(N) =: (£2(\))*,

where we may take s > 1 sufficiently large. As our aim here is not to establish the sharpest possible results,
but only to prove that we may prove versions of the above interpolation formula with some perturbed nodes;
we shall make use of the Hilbert—Schmidt test, as in Section 5SA above. Indeed, the same remark about
the definition of the perturbed operators in the proof of Theorem 1.4 holds here as well: we first define
T over quadruples of sequences with finitely many nonzero terms, and then we use a priori boundedness
of I —T over this space to define T in the whole space (¢2(N))* by density. Thus, we wish to prove that

11 = Zl syt < 1.

A simple computation with the Hilbert—-Schmidt norm using (5-14) shows that this quantity is bounded by

Dm0 (jan (V2m) =y (v 2mA-£0) P+1an (V2m) —an (v 2m+e)
TN @l (W2m)—al (v 2mAten) PHal (V2m) —a) (v 2men) P4 b (V2m) —b, (v 2mt-e) |2
by (V2m) —by (v 2m4-£) P 41b, (v 2m) —b], (v 2mA-e,) P +1B), (v 2m) —b), (v 2m+-e) 7).

Notice that we have used, as in the proof of Theorems 1.4 and 5.3, the standard orthonormal basis for
the space ZE(N), which induces the additional (m/ n)? factor in the summand above. By (5-13) and the
mean value theorem, the sum above is bounded by (an absolute constant times)

§ : m2sn—2s Xm—100n218r2n‘

m,n>0
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The sum above is representable as a product of a sum in m and one in n. The one in n is convergent if
s > v+ 1. We then fix such a value of s. For such values, the second sum is

§ : 2s—100 .2
m 8m’
m=>0

which converges in the case ¢, < m*~*. For all such sequences, the difference I — ¥ is a Hilbert-Schmidt

~

operator. Moreover, if &, < dm*~ for § > 0 sufficiently small, we will have |1 — T| seenyh < L.
Summarizing, we have shown the following result:

Theorem 5.11. There are Cy > 0 and § > 0 so that the following holds: for each sequence &; so that
lex| < 8k~C0, any function f € Sraa(RY) is uniquely determined by the values

(f(V2n+e0), V2 +e0), fV2n+e0), '/ 2n+60),.,0 (5-15)
where we let (d, ng) = (8, 1) or (24, 2).

In the same spirit of Section 4B, one can obtain an interpolation formula with the values (5-15) from
Theorem 5.11.

We remark that, in the same way that we undertook our analysis for the Radchenko—Viazovska
interpolating functions, we expect the functions a,,, b, in [Cohn et al. 2022, Theorem 1.9] should also
satisfy some exponential-like decay. This fact, although possible, should be sensibly more technically
involved than Theorem 1.6, due to the more complicated nature of the construction of the interpolating
functions with derivatives in dimensions 8 and 24.

SE. Perturbed interpolation formulae for odd functions. Finally, in the same spirit of the results in
Section 4, we briefly comment on interpolation formulae for odd functions. Recall the following results
from [Radchenko and Viazovska 2019, Section 7]:

Theorem 5.12 [Radchenko and Viazovska 2019, Theorem 7]. There exist sequences of odd functions
dnjf :R— R, m >0, belonging to the Schwartz class so that

dp = (F)dE, dE(n) =8um/n, n>1.

Moreover, limy_,o d;} (x)/x = 8om. These functions satisfy the uniform bound

|dE )| <n®? forallx e R, n >0,
and, finally, for each odd and real Schwartz function f : R — R,

£ +if'(0) fWn) . f(n)
f+2(cn<x> e e )

where ¢, = (d;f +d;)/2, and the right-hand side of the sum above converges absolutely.

f)=df x) (5-16)

n>1

As a direct consequence, we see that any real, odd, Schwartz function on the real line is determined
uniquely by the union of its values at ,/n and the values of its Fourier transform at ./n with f’(0)
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and f ’(0). By employing the results in Section 4, we will show that we can actually recover any such
function from { £ (/i F &) }lu=1 U {f (Vi F &) luz1 U {f'(0)} U {f'(0)} instead.

Indeed, first of all, we start by noticing that the same techniques employed to refine the uniform
estimates from [Radchenko and Viazovska 2019] can be applied to the functions d=, as they are defined
in a completely analogous way to the b from Section 4. By carrying out the same kind of estimates, we
are able to obtain

dE ()| S n¥*log (1 +n)e MV forallx eR, n> 1, (5-17)

for some absolute constant ¢’ > 0. By the same analysis of the d,-partial derivative of the generating
function used in Section 4A, this readily implies that the derivatives of the df satisfy essentially the same
decay; in fact, |(a’ni)’(x)| <n’*log*(1 + n)e <"V for all x € R, n > 1, with ¢” > 0 another absolute
constant.

We consider now the operator that takes a pair of sequences ({«,}, {B,}) € ZE(N) X E?(N), s > 0to be
chosen, into

PICHALAVZET] .
c (x):< cn(x)//n én(x)/ﬁ>
! —Cn(x)//n cn(x) /)

Let us denote this operator by V. From (5-16) and the fact that the function d(;r (x) = sin(x?) /sinh(7x)
vanishes together with its Fourier transform at £4/n, n € N, we know that the identity operator on
K?(N) X Kf(N) may be written as

where we abbreviate

[ ¥ @ oca/m)]

n>0 m=
Therefore, the techniques from Sections 4B, 5D and 5A, together with our previous considerations in this
subsection, allow us to deduce the following result:

Theorem 5.13. There is § > 0 so that, in the case |e,| < 8n~"/*, for each f € Soaa(R) real, the values

(FW1+en), f§2+6),..) and (f(/1+e), f(2+e),..)
allow us to recover uniquely the values (f(1), f(ﬁ), f(\/g), ...)and (f(l), f(\/i), f(\/g), ... In

particular, given the values

[ F el ULF (Wt e)tas1 UL (O} U{f(0),

we can uniquely recover any real-valued function f € Soqq(R).

As previously mentioned, we do not carry out the details here, for their similarities with the proof of
Theorems 1.6 and 1.4.

6. Comments and remarks

In this section, we gather some remarks about the problems and techniques discussed and state some
results we expect to be true.
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6A. Asymmetric perturbations. In the statement of Theorem 1.4, we have assumed that the perturbations
made to the Radchenko—Viazovska interpolation formula were the same on the function and Fourier
sides for fixed j. We remark that, by the exact same proof as given above, one may obtain results with
different perturbations: in that regard, Theorem 1.4 can be immediately reinterpreted as stating that one
may recover f from the values of f(/n +¢,), f (V1 +38,), n >0, where one assumes gy = 8y = 0, and
sup, (1 +n)3*log(1 +n)3- (le,| +18,]) is sufficiently small.

Similarly, one can safely introduce four different perturbation parameters in Theorem 5.11 — one for f,
one for f’, one for f and a last one for f ' —as long as they still satisfy the conditions predicted in that
result. The same holds for Theorem 1.3, where one may select two different perturbation parameters, one
for the function and another for its derivative. As these generalizations are immediate from our proofs,
we chose to keep all results with one perturbation parameter, in order to simplify the exposition.

6B. Maximal perturbed interpolation formulae for band-limited functions. In Section 3, we have seen
how our basic functional analysis techniques can be employed in order to deduce new interpolation
formulae for band-limited functions. Although Kadec’s proof also uses the basic fact that, whenever a
perturbation of the identity is sufficiently small, we can basically “invert” an operator, he then proceeds to
find that the set of exponentials {exp(27i(n + €,)x)}n>0 is a Riesz basis for Lz(—%, %) if sup,, |ex| < le
by means of orthogonality considerations. Indeed, one key strategy in his estimates is to expand in the

different complete orthogonal system
{1, cos2rnt), sin(2n — D)t)},>1

and use the properties of this expansion. Our results, as much as they do not come so close to Kadec’s thresh-
old, follow a slightly different path: instead of using the orthogonality of a different system, we choose to
work directly with discrete analogues of the Hilbert transform and estimate over those. Although we do
not reach—by a 0.011 margin — the sharp Alf—perturbation result, one advantage of our approach is that it
yields bounds for perturbing any kind of interpolation formulae with derivatives. Indeed, following the line
of thought of Vaaler, many authors have investigated the property of recovering the values of a function
fe L?*(R) band-limited to [—k /2, k/2] from the values of its (k—1)-first derivatives (see, e.g., [Littmann
2006; Gongalves and Littmann 2018]). Our approach in Section 3 in order to prove Theorem 1.3 generalizes
easily to the case of several derivatives by an easy modification. It can be summarized as follows:

Theorem 6.1. There is L(k) > 0 so that if maxo<;<k SUp,cz |8,(ll)| < L(k), then any function f € L*(R)
band-limited to [—k/2, k/2] is uniquely determined by the values of

fOn+e?), nez, 1=0,1,....k—1.

A natural question that connects our results to Kadec’s results is about the best value of L (k) so that
Theorem 6.1 holds. We do not have evidence to back any concrete conjecture, but we find possible that
the threshold L (k) = i is kept for higher values of k € N. We speculate that, in order to prove such a
result, one would need to find an appropriate hybrid of our techniques and Kadec’s techniques (see for
instance Section 10 in [Young 1980, Chapter 1]), taking into account properties of the discrete Hilbert
transforms as well as orthogonality results.
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6C. Theorem 1.6, optimal decay rates for interpolating functions and maximal perturbations. In
Theorem 1.6, we have improved the uniform bound obtained in [Radchenko and Viazovska 2019] and,
more recently, the sharper uniform bound of [Bondarenko et al. 2023] on the interpolating functions a;, to
one that decays with x; namely, we have that

Ay |2 .~
|an(x)| 5 n]/4 10g3(1 +n)(e—clx\ /n1|x|<Cn +e L‘x‘1|x|>Cn)

holds for all n € N, where C, ¢ > 0 are two fixed positive constants. Although this improves the decay
rates from before, the power n'/4 found here and in [Bondarenko et al. 2023] in the growth seems likely
not to be optimal; to that regard, we pose the following:

Question 1. What is the best decay rate for a, as in Theorem 1.6? Can one prove that sup, g |a,(x)| =
O((log n)€) in n for some absolute constant C > 0?

This conjectured growth seems to be the best possible, due to the recent findings of [Bondarenko et al.
2023], which show that, for each N > 1, the average

1 2
Nl E |ay (x)]
k<N

grows slower than some power of log N.

Notice that, by a simple modification of the computations made in Section 4B, an affirmative answer
to Question 1 yields an immediate improvement in the range of ¢; that we allow for the theorems in
Section 4B. Indeed, we get automatically that |;| < i~! is allowed in such results. On the other hand,
this seems to be the best possible result one can achieve with our current methods, as the mean value
theorem implies that sup, g |a), (x)| 2 /7.

In particular, everything indicates that one needs a new idea in order to prove the following conjecture:

Conjecture 6.2 (maximal perturbations). Let f € Seven(R) be a real-valued function. Then there is 6 > 0
so that, if |e;| + |6;| <6 foralli € N, then f can be uniquely recovered from its values

fQO), fV1+e), f(V2+e), ...,

together with the values of its Fourier transform

£, F/T+8), F(/2+8), ...

It might not be an easy task to prove Conjecture 6.2 even with a new idea starting from our techniques,
but we believe that the following version stands a chance of being more tractable with the current methods:

Conjecture 6.3 (maximal perturbations, weak form). Let [ € Seven(R) be a real-valued function. Then,
foreach a > 0, there is § > 0 so that, if |e;|+|6;| < 8k™¢, then f can be uniquely recovered from its values

fQO), f(V1+e), f(V2+e), ...,

together with the values of its Fourier transform

£, F/T+8D, F(/2+8), ...

In this framework, the results in Section 4B may be regarded as partial progress towards this conjecture.



2382 JOAO P. G. RAMOS AND MATEUS SOUSA

Acknowledgements

We would like to thank Danylo Radchenko for several comments and suggestions in both early and later
stages of development of this manuscript. We would also like to thank Felipe Gongalves for helpful
discussions that led to the development of Section SA. Furthermore, we are indebted to the anonymous
referees for all the valuable comments and suggestions.

Ramos acknowledges financial support from CNPq, Brazil and by the European Research Coun-
cil under the grant agreement no. 721675 “Regularity and Stability in Partial Differential Equations
(RSPDE)”. Sousa is supported by the grant Juan de la Cierva incorporacién [JC2019-039753-1, the Basque
Government through the BERC 2018-2021 program, by the Spanish State Research Agency project
PID2020-113156GB-100/AEI/10.13039/501100011033 and through BCAM Severo Ochoa excellence
accreditation SEV-2017-0718.

References

[Amrein and Berthier 1977] W. O. Amrein and A. M. Berthier, “On support properties of L?”-functions and their Fourier
transforms”, J. Funct. Anal. 24:3 (1977), 258-267. MR Zbl

[Avantaggiati et al. 2016] A. Avantaggiati, P. Loreti, and P. Vellucci, “Kadec-1/4 theorem for sinc bases”, preprint, 2016.
arXiv 1603.08762

[Benedicks 1985] M. Benedicks, “On Fourier transforms of functions supported on sets of finite Lebesgue measure”, J. Math.
Anal. Appl. 106:1 (1985), 180-183. MR Zbl

[Berndt and Knopp 2008] B. C. Berndt and M. 1. Knopp, Hecke’s theory of modular forms and Dirichlet series, Monogr. Number
Theory §, World Sci., Hackensack, NJ, 2008. MR Zbl

[Bondarenko et al. 2023] A. Bondarenko, D. Radchenko, and K. Seip, “Fourier interpolation with zeros of zeta and L-functions”,
Constr. Approx. 57:2 (2023), 405-461. MR Zbl

[Bourgain et al. 2010] J. Bourgain, L. Clozel, and J.-P. Kahane, “Principe d’Heisenberg et fonctions positives”, Ann. Inst. Fourier
(Grenoble) 60:4 (2010), 1215-1232. MR Zbl

[Brezis 2011] H. Brezis, Functional analysis, Sobolev spaces and partial differential equations, Springer, 2011. MR Zbl

[Carneiro et al. 2013] E. Carneiro, F. Littmann, and J. D. Vaaler, “Gaussian subordination for the Beurling—Selberg extremal
problem”, Trans. Amer. Math. Soc. 365:7 (2013), 3493-3534. MR Zbl

[Chandrasekharan 1985] K. Chandrasekharan, Elliptic functions, Grundlehren der Math. Wissenschaften 281, Springer, 1985.
MR Zbl

[Chung et al. 1996] J. Chung, S.-Y. Chung, and D. Kim, “Characterizations of the Gelfand-Shilov spaces via Fourier transforms”,
Proc. Amer. Math. Soc. 124:7 (1996), 2101-2108. MR Zbl

[Cohn and Gongalves 2019] H. Cohn and F. Gongalves, “An optimal uncertainty principle in twelve dimensions via modular
forms”, Invent. Math. 217:3 (2019), 799-831. MR Zbl

[Cohn and Triantafillou 2021] H. Cohn and N. Triantafillou, “Dual linear programming bounds for sphere packing via modular
forms”, Math. Comp. 91:333 (2021), 491-508. MR Zbl

[Cohn et al. 2017] H. Cohn, A. Kumar, S. D. Miller, D. Radchenko, and M. Viazovska, “The sphere packing problem in
dimension 24”, Ann. of Math. (2) 185:3 (2017), 1017-1033. MR Zbl

[Cohn et al. 2022] H. Cohn, A. Kumar, S. Miller, D. Radchenko, and M. Viazovska, “Universal optimality of the Eg and Leech
lattices and interpolation formulas”, Ann. of Math. (2) 196:3 (2022), 983-1082. MR Zbl

[Gongalves 2017] F. Gongalves, “Interpolation formulas with derivatives in de Branges spaces”, Trans. Amer. Math. Soc. 369:2
(2017), 805-832. MR Zbl

[Gongalves and Littmann 2018] F. Gongalves and F. Littmann, “Interpolation formulas with derivatives in de Branges spaces,
117, J. Math. Anal. Appl. 458:2 (2018), 1091-1114. MR Zbl


http://dx.doi.org/10.1016/0022-1236(77)90056-8
http://dx.doi.org/10.1016/0022-1236(77)90056-8
http://msp.org/idx/mr/0461025
http://msp.org/idx/zbl/0355.42015
http://msp.org/idx/arx/1603.08762
http://dx.doi.org/10.1016/0022-247X(85)90140-4
http://msp.org/idx/mr/780328
http://msp.org/idx/zbl/0576.42016
http://msp.org/idx/mr/2387477
http://msp.org/idx/zbl/1202.11030
http://dx.doi.org/10.1007/s00365-022-09599-w
http://msp.org/idx/mr/4577389
http://msp.org/idx/zbl/07680066
http://dx.doi.org/10.5802/aif.2552
http://msp.org/idx/mr/2722239
http://msp.org/idx/zbl/1298.11105
http://dx.doi.org/10.1007/978-0-387-70914-7
http://msp.org/idx/mr/2759829
http://msp.org/idx/zbl/1220.46002
http://dx.doi.org/10.1090/S0002-9947-2013-05716-9
http://dx.doi.org/10.1090/S0002-9947-2013-05716-9
http://msp.org/idx/mr/3042593
http://msp.org/idx/zbl/1276.41018
http://dx.doi.org/10.1007/978-3-642-52244-4
http://msp.org/idx/mr/808396
http://msp.org/idx/zbl/0575.33001
http://dx.doi.org/10.1090/S0002-9939-96-03291-1
http://msp.org/idx/mr/1322917
http://msp.org/idx/zbl/0871.46018
http://dx.doi.org/10.1007/s00222-019-00875-4
http://dx.doi.org/10.1007/s00222-019-00875-4
http://msp.org/idx/mr/3989254
http://msp.org/idx/zbl/1422.42010
http://dx.doi.org/10.1090/mcom/3662
http://dx.doi.org/10.1090/mcom/3662
http://msp.org/idx/mr/4350546
http://msp.org/idx/zbl/07446423
http://dx.doi.org/10.4007/annals.2017.185.3.8
http://dx.doi.org/10.4007/annals.2017.185.3.8
http://msp.org/idx/mr/3664817
http://msp.org/idx/zbl/1370.52037
http://dx.doi.org/10.4007/annals.2022.196.3.3
http://dx.doi.org/10.4007/annals.2022.196.3.3
http://msp.org/idx/mr/4502595
http://msp.org/idx/zbl/07611904
http://dx.doi.org/10.1090/tran6672
http://msp.org/idx/mr/3572255
http://msp.org/idx/zbl/1367.46025
http://dx.doi.org/10.1016/j.jmaa.2017.10.014
http://dx.doi.org/10.1016/j.jmaa.2017.10.014
http://msp.org/idx/mr/3724718
http://msp.org/idx/zbl/1380.30029

PERTURBED INTERPOLATION FORMULAE AND APPLICATIONS 2383

[Gongalves et al. 2017] F. Gongalves, D. Oliveira e Silva, and S. Steinerberger, “Hermite polynomials, linear flows on the torus,
and an uncertainty principle for roots”, J. Math. Anal. Appl. 451:2 (2017), 678-711. MR Zbl

[Gongalves et al. 2021] F. Gongalves, D. Oliveira e Silva, and J. P. G. Ramos, “On regularity and mass concentration phenomena
for the sign uncertainty principle”, J. Geom. Anal. 31:6 (2021), 6080-6101. MR Zbl

[Gongalves et al. 2023] F. Gongalves, D. Oliveira e Silva, and J. P. G. Ramos, “New sign uncertainty principles”, Discrete Anal.
(2023), art.id.9. MR

[Hedenmalm et al. 2000] H. Hedenmalm, B. Korenblum, and K. Zhu, Theory of Bergman spaces, Grad. Texts in Math. 199,
Springer, 2000. MR Zbl

[Kadec 1964] M. I. Kadec, “The exact value of the Paley—Wiener constant”, Dokl. Akad. Nauk SSSR 155:6 (1964), 1253-1254.
In Russian; translated in Soviet Math. Dokl. 5 (1964), 559-561. MR Zbl

[Kurasov and Sarnak 2020] P. Kurasov and P. Sarnak, “Stable polynomials and crystalline measures”, J. Math. Phys. 61:8 (2020),
art.id. 083501. MR Zbl

[Lev and Olevskii 2013] N. Lev and A. Olevskii, “Measures with uniformly discrete support and spectrum”, C. R. Math. Acad.
Sci. Paris 351:15-16 (2013), 599-603. MR Zbl

[Lev and Olevskii 2015] N. Lev and A. Olevskii, “Quasicrystals and Poisson’s summation formula”, Invent. Math. 200:2 (2015),
585-606. MR Zbl

[Littmann 2006] F. Littmann, “Entire majorants via Euler—Maclaurin summation”, Trans. Amer. Math. Soc. 358:7 (2006),
2821-2836. MR Zbl

[Lyubarskii and Seip 2002] Y. I. Lyubarskii and K. Seip, “Weighted Paley—Wiener spaces”, J. Amer. Math. Soc. 15:4 (2002),
979-1006. MR Zbl

[Meyer 2017] Y. Meyer, “Measures with locally finite support and spectrum”, Rev. Mat. Iberoam. 33:3 (2017), 1025-1036. MR
Zbl

[Nazarov 1993] F. L. Nazarov, “Local estimates for exponential polynomials and their applications to inequalities of the
uncertainty principle type”, Algebra i Analiz 5:4 (1993), 3—-66. In Russian; translated in St. Petersburg Math. J. 5:4 (1994),
663-717. MR Zbl

[Ortega-Cerda and Seip 2002] J. Ortega-Cerda and K. Seip, “Fourier frames”, Ann. of Math. (2) 155:3 (2002), 789-806. MR
Zbl

[Paley and Wiener 1934] R. E. A. C. Paley and N. Wiener, Fourier transforms in the complex domain, Amer. Math. Soc. Colloq.
Publ. 19, Amer. Math. Soc., Providence, RI, 1934. Zbl

[Radchenko and Viazovska 2019] D. Radchenko and M. Viazovska, “Fourier interpolation on the real line”, Publ. Math. Inst.
Hautes Etudes Sci. 129 (2019), 51-81. MR Zbl

[Ramos and Sousa 2022] J. P. G. Ramos and M. Sousa, “Fourier uniqueness pairs of powers of integers”, J. Eur. Math. Soc.
24:12 (2022), 4327-4351. MR Zbl

[Sardari 2021] N. T. Sardari, “Higher Fourier interpolation on the plane”, preprint, 2021. arXiv 2102.08753

[Schechter 1967] M. Schechter, “Basic theory of Fredholm operators”, Ann. Scuola Norm. Sup. Pisa CL. Sci. (3) 21:2 (1967),
261-280. MR Zbl

[Shannon 1949] C. E. Shannon, “Communication in the presence of noise”, Proc. I.R.E. 37:1 (1949), 10-21. MR

[Stoller 2021] M. Stoller, “Fourier interpolation from spheres”, Trans. Amer. Math. Soc. 374:11 (2021), 8045-8079. MR Zbl

[Vaaler 1985] J. D. Vaaler, “Some extremal functions in Fourier analysis”, Bull. Amer. Math. Soc. (N.S.) 12:2 (1985), 183-216.
MR Zbl

[Viazovska 2017] M. S. Viazovska, “The sphere packing problem in dimension 8”, Ann. of Math. (2) 185:3 (2017), 991-1015.
MR Zbl

[Whittaker 1915] E. T. Whittaker, “On the functions which are represented by the expansions of the interpolation-theory”, Proc.
Roy. Soc. Edinburgh 35 (1915), 181-194. Zbl

[Young 1980] R. M. Young, An introduction to nonharmonic Fourier series, Pure Appl. Math. 93, Academic Press, New York,
1980. MR Zbl

[Zagier 2008] D. Zagier, “Elliptic modular forms and their applications”, pp. 1-103 in The 1-2-3 of modular forms (Nordfjordeid,
Norway, 2004), edited by K. Ranestad, Springer, 2008. MR Zbl


http://dx.doi.org/10.1016/j.jmaa.2017.02.030
http://dx.doi.org/10.1016/j.jmaa.2017.02.030
http://msp.org/idx/mr/3624763
http://msp.org/idx/zbl/1373.33018
http://dx.doi.org/10.1007/s12220-020-00519-7
http://dx.doi.org/10.1007/s12220-020-00519-7
http://msp.org/idx/mr/4267638
http://msp.org/idx/zbl/1469.42015
http://dx.doi.org/10.19086/da.84266
http://msp.org/idx/mr/4620308
http://dx.doi.org/10.1007/978-1-4612-0497-8
http://msp.org/idx/mr/1758653
http://msp.org/idx/zbl/0955.32003
https://www.mathnet.ru/eng/dan29485
http://msp.org/idx/mr/0162088
http://msp.org/idx/zbl/0196.42602
http://dx.doi.org/10.1063/5.0012286
http://msp.org/idx/mr/4129870
http://msp.org/idx/zbl/1459.05177
http://dx.doi.org/10.1016/j.crma.2013.09.007
http://msp.org/idx/mr/3119884
http://msp.org/idx/zbl/1293.28001
http://dx.doi.org/10.1007/s00222-014-0542-z
http://msp.org/idx/mr/3338010
http://msp.org/idx/zbl/1402.28002
http://dx.doi.org/10.1090/S0002-9947-06-04121-3
http://msp.org/idx/mr/2216247
http://msp.org/idx/zbl/1091.42002
http://dx.doi.org/10.1090/S0894-0347-02-00397-1
http://msp.org/idx/mr/1915824
http://msp.org/idx/zbl/1017.46018
http://dx.doi.org/10.4171/RMI/962
http://msp.org/idx/mr/3713038
http://msp.org/idx/zbl/1384.42009
https://www.mathnet.ru/eng/aa397
https://www.mathnet.ru/eng/aa397
http://msp.org/idx/mr/1246419
http://msp.org/idx/zbl/0822.42001
http://dx.doi.org/10.2307/3062132
http://msp.org/idx/mr/1923965
http://msp.org/idx/zbl/1015.42023
http://dx.doi.org/10.1090/coll/019
http://msp.org/idx/zbl/0011.01601
http://dx.doi.org/10.1007/s10240-018-0101-z
http://msp.org/idx/mr/3949027
http://msp.org/idx/zbl/1455.11075
http://dx.doi.org/10.4171/jems/1194
http://msp.org/idx/mr/4493626
http://msp.org/idx/zbl/07619419
http://msp.org/idx/arx/2102.08753
http://www.numdam.org/item/ASNSP_1967_3_21_2_261_0
http://msp.org/idx/mr/223930
http://msp.org/idx/zbl/0145.39105
http://dx.doi.org/10.1109/JRPROC.1949.232969
http://msp.org/idx/mr/28549
http://dx.doi.org/10.1090/tran/8440
http://msp.org/idx/mr/4328691
http://msp.org/idx/zbl/1475.42004
http://dx.doi.org/10.1090/S0273-0979-1985-15349-2
http://msp.org/idx/mr/776471
http://msp.org/idx/zbl/0575.42003
http://dx.doi.org/10.4007/annals.2017.185.3.7
http://msp.org/idx/mr/3664816
http://msp.org/idx/zbl/1373.52025
http://dx.doi.org/10.1017/S0370164600017806
http://msp.org/idx/zbl/45.1275.02
https://www.sciencedirect.com/bookseries/pure-and-applied-mathematics/vol/93/suppl/C
http://msp.org/idx/mr/591684
http://msp.org/idx/zbl/0493.42001
http://dx.doi.org/10.1007/978-3-540-74119-0_1
http://msp.org/idx/mr/2409678
http://msp.org/idx/zbl/1259.11042

2384 JOAO P. G. RAMOS AND MATEUS SOUSA

Received 23 Jun 2021. Revised 14 Apr 2022. Accepted 28 May 2022.

JoAO P. G. RAMOS: joao.ramos@math.ethz.ch
Department of Mathematics, ETH Ziirich, Ziirich, Switzerland

MATEUS SOUSA: mcosta@bcamath.org
Basque Center for Applied Mathematics, Bilbao, Spain

:'msp

mathematical sciences publishers


mailto:joao.ramos@math.ethz.ch
mailto:mcosta@bcamath.org
http://msp.org

ANALYSIS AND PDE
Vol. 16 (2023), No. 10, pp. 2385-2399

DOI: 10.2140/apde.2023.16.2385

NONEXISTENCE OF THE BOX DIMENSION
FOR DYNAMICALLY INVARIANT SETS

NATALIA JURGA

One of the key challenges in the dimension theory of smooth dynamical systems lies in establishing
whether or not the Hausdorff, lower and upper box dimensions coincide for invariant sets. For sets invariant
under conformal dynamics, these three dimensions always coincide. On the other hand, considerable
attention has been given to examples of sets invariant under nonconformal dynamics whose Hausdorff
and box dimensions do not coincide. These constructions exploit the fact that the Hausdorff and box
dimensions quantify size in fundamentally different ways, the former in terms of covers by sets of varying
diameters and the latter in terms of covers by sets of fixed diameters. In this article we construct the first
example of a dynamically invariant set with distinct lower and upper box dimensions. Heuristically, this
says that if size is quantified in terms of covers by sets of equal diameters, a dynamically invariant set can
appear bigger when viewed at certain resolutions than at others.

1. Introduction

The dimension theory of dynamical systems is the study of the complexity of sets and measures which
remain invariant under dynamics, from a dimension theoretic point of view. This branch of dynamical
systems has its foundations in the seminal work [Bowen 1979] on the dimension of quasicircles and
[Ruelle 1982] on the dimension of conformal repellers, and has since developed into an independent field
of research which continues to receive noteworthy attention in the literature [Bardny et al. 2019; Cao et al.
2019; Das and Simmons 2017]. For an overview of this extensive field, see the monographs [Barreira
2008; Pesin 1997] and the surveys [Barreira and Gelfert 2011; Chen and Pesin 2010; Schmeling 2001].

The most common ways of measuring the dimension of invariant sets are through the Hausdorff
dimension and the lower and upper box dimensions, which quantify the complexity of the set in related
but subtly distinct ways. Roughly speaking, the Hausdorff dimension measures how efficiently the set
can be covered by sets of arbitrarily small size, whereas the lower and upper box dimensions measure
this in terms of covers by sets of uniform size, along the scales for which this can be done in the most
and least efficient way, respectively. Given a subset E of a separable metric space X, the lower and upper
box dimensions are defined by

log Ns(E S— log Ns(E
Og—S() and dlmB E — llm Sup Og—S()
—logéd s>0 —logéd

9

dimp £ = liminf
§—0
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respectively, where Ns(E) denotes the smallest number of sets of diameter § > 0 required to cover E.
If the lower and upper box dimensions coincide we call the common value the box dimension, written
dimg, otherwise we say that the box dimension does not exist.
For any subset E C X,
dimy E < dimg E < dimg E, (D

where dimyg denotes the Hausdorff dimension. A priori each inequality may or may not be strict. However,
when E is invariant under a smooth mapping f, the additional structure imposed by the dynamical
invariance of £ means that certain properties of f can either force some degree of homogeneity or, on
the contrary, inhomogeneity across the set, forcing equalities or strict inequalities in (1), respectively.
Characterising which properties of f imply or preclude equalities in (1) is one of the key challenges in
dimension theory.

A common feature in the dimension theory of smooth conformal dynamics is the coincidence of the
Hausdorff and lower and upper box dimensions for invariant sets. For example, in the setting of smooth
expanding maps, the following result pertains to a more general result which was obtained independently
by Gatzouras and Peres [1997] and Barreira [1996], generalising previous results of Falconer [1989].

Theorem 1.1 [Barreira 1996; Gatzouras and Peres 1997]. Suppose f : M — M is a C' map of a
Riemannian manifold M and that A = f(A) is a compact set such that f~'(A)NU C A for some open
neighbourhood U of A. Additionally, assume that

o f is conformal: for each x € M, the derivative d, f is a scalar multiple of an isometry,

o f is expanding on A: there exist constants C > 0 and A > 1 such that, for all x € A and u in the
tangent space Ty M,
dy fhull = CA*[lull.

Then, for any compact set F = f(F) C A,
@BF=ﬁBF=dimHF.

Similar results hold in the setting of smooth diffeomorphisms. For example, if f: M — M is a
topologically transitive C! diffeomorphism with a basic set A and f is conformal on A, then we have
dimg A = dimg A = dimg A [Barreira 1996; Pesin 1997], and an analogous statement holds for the
dimensions of the intersections of A with its local stable and unstable manifolds [Palis and Viana 1988;
Takens 1988].

In contrast, in the realm of smooth nonconformal dynamical systems, coincidence of the Hausdorff
and box dimensions is no longer a universal trait of invariant sets. Indeed, examples of invariant sets with
distinct Hausdorff and box dimensions have attracted enormous attention [Bedford 1984; Kenyon and
Peres 1996; Lalley and Gatzouras 1992; McMullen 1984; Neunhéuserer 2002; Pollicott and Weiss 1994]
and discussion in surveys [Barreira and Gelfert 2011; Chen and Pesin 2010; Fraser 2021]. This type of
dimension gap result exploits the fact that the Hausdorff dimension quantifies the size of the set in terms
of covers by sets of varying diameters rather than fixed diameters which are used by the box dimension.
Indeed invariant sets of certain nonconformal dynamics will contain long, thin and well-aligned copies of
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itself, meaning that covering by sets of varying diameter is often more efficient, inducing this type of
dimension gap. However, surprisingly there seems to be no mention in the literature of the possibility of
a dynamically invariant set with distinct lower and upper box dimensions. Our main result demonstrates
the existence of such sets.

Theorem 1.2. There exist integers n > m > 2 and a compact subset of the torus F C T? such that F is
invariant, F = T (F) under the expanding toral endomorphism

T(x,y)=(mx mod 1, ny mod 1)
and

dimB F < dll’IlB F.
In particular, the box dimension of F does not exist.

Since n > m, we have that T is a nonconformal map. Well-known examples from the literature,
such as Bedford—-McMullen carpets [Fraser 2021], demonstrate that equality of the Hausdorff and box
dimensions is not guaranteed in Theorem 1.1 if the assumption of conformality is dropped. Furthermore,
Theorem 1.2 indicates that the lower and upper box dimensions need not coincide either in Theorem 1.1 if
the assumption of conformality is dropped. This is arguably a more striking type of dimension gap since,
while it is easy to see that sets invariant under nonconformal dynamics may cease to be homogeneous in
space, which is captured by the possibility of distinct Hausdorff and box dimensions, one would expect
the dynamical invariance to at least force homogeneity in scale, but our result demonstrates that this too
can fail. In particular Theorem 1.2 describes that, when measuring size in terms of covers by sets of equal
diameter, a dynamically invariant set can sometimes appear bigger and at other times appear smaller
depending on the “resolution” we are viewing it at. We highlight that our construction is also significantly
more involved than standard examples of invariant sets with distinct Hausdorff and box dimensions, such
as Bedford—McMullen carpets.

The dynamics of T on the invariant set F, which will be constructed in Section 2, has two key features
which in conjunction induce distinct box dimensions. Firstly, the nonconformality of 7" causes the box
dimensions of F to be sensitive to the length of time it takes for an orbit of 7 to move from a subset A C F
which is “entropy maximising” for the dynamics of T to a subset B which is “entropy maximising” for the
dynamics of the projection x — mx mod 1 of T. Secondly, the dynamics on F, which can be modelled
by a topologically mixing coded subshift [Blanchard and Hansel 1986] on an appropriate symbolic space,
has the property that the length of time it takes an orbit of 7' to move from A to B is highly dependent on
how long the orbit has spent in A. In particular, the dynamics fails to satisfy most forms of specification
[Kwietniak et al. 2016]. The resolution at which F is viewed determines how long the orbits of points
of interest (for the dimension estimates at that particular resolution) spend in A, and combined with the
properties mentioned above this forces distinct box dimensions.

Finally, we discuss some connections between Theorem 1.2 and the literature on self-affine and sub-
self-affine sets. Let {S; : RY — [Rd}f\’: | be a collection of affine contractions, i.e., §;(-) = A;(-) +¢; for
each 1 <i < N, where A; € GL(d, R) with Euclidean norm || A;|| < 1 and ; € RY. We call {S;} | an
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affine iterated function system. A sub-self-affine set [Kdenmiki and Vilppolainen 2010] is a nonempty,
compact set E C R such that

N
Ec|JSiE). 2)
i=1

If (2) is an equality then E is called a self-affine set, in particular every self-affine set is an example of a
sub-self-affine set. Every affine iterated function system admits a unique self-affine set. However, there
are infinitely many sub-self-affine sets which are not self-affine. Indeed, the unique self-affine set is
the image of the full shift {1, ..., N}" under an appropriate projection induced from the family { Si}lN: 1
whereas sub-self-affine sets are in one-to-one correspondence with the projections of subshifts of the full
shift. Under suitable “separation conditions” on {Si}fV: |» any sub-self-affine set E satisfies f(E) C E for
an appropriate piecewise expanding map f given by the inverses of the contractions. The set F' which
will be constructed in Section 2 to prove Theorem 1.2 is a sub-self-affine set (which is not self-affine) for
the affine iterated function system induced from the inverse branches of 7.

The dimension theory of self-affine sets has been an active topic of research since the 1980s and
substantial progress has been made in recent years. Sub-self-affine sets were introduced by Kaenmiki
and Vilppolainen [2010] as natural analogues of sub-self-similar sets which were studied earlier by
Falconer [1995]. It is known by the results of Falconer [1988] and Kéenméki and Vilppolainen [2010]
that the box dimension of a generic sub-self-affine sets exists, moreover this has been verified for large
explicit families of planar self-affine sets [Barany et al. 2019]. However, the following question was open
until now.

Question 1.3. Does the box dimension of every (sub-)self-affine set exist?

The version of the above question for self-affine sets is a folklore open question within the fractal
geometry community, to which the answer is widely conjectured to be affirmative. In contrast, a corollary
of our main result is that the answer to Question 1.3 for general sub-self-affine sets is negative.

Corollary 1.4. There exist sub-self-affine sets whose box dimension does not exist.

Organisation of paper. In Section 2 we construct the set F' and its underlying subshift X and offer some
heuristic reasoning behind Theorem 1.2. Section 3 contains entropy estimates. In Section 4 we introduce
the scales for the lower and upper box dimension computations and prove Theorem 1.2. Section 5 contains
some questions for further investigation.

2. Construction of a (xm, xn)-invariant set
Fix m =2 and n = 12. Let

A={(a,b):1<a<2,1<b<12,a,beN}.
For any (a, b) € A, define the contraction S, ) : [0, 11> — [0, 1]% as

S (6, y) = (3x+3@—1)., Hy+ b -1D).
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1. 12)
(1,1) .10
(1,10)
(1,9
(1, 8)
.7
- __ 1,6

(w e QF, z=13") §1’5§
(1,4)
(1,3)
2, D (1,2)
(1, 1) 2,1

Figure 1. Left: The presentation G of ¥. The dashed loop indicates that, for each
N eNand w € Q8" there is a path of length 2 - 13" which begins and ends at v such
that its sequence of labels reads w(l, 2)13N. Right: Images of [0, 1]? under Sta.p) for
each (a, b) that labels some edge in G. The darker of the shaded rectangles correspond
to S(a.) ([0, 11%) for (a, b) € L.

These are the partial inverses of T. If i, j € AN with i # j, we let i A j denote the longest common
prefix to i and j and denote its length by |i A j|. We equip AN with the metric
172137304 1 £ 5,
di g =177 T
0 if i =j.
The set F that satisfies Theorem 1.2 will be the projection of a set ¥ € AN under the continuous and
surjective (but not injective) coding map IT: AN — [0, 1]? given by

(a1, by)(az, bo) - --) == nlgglo Star,br)-(an,by) (0),

where S, b)-(a,,b,) denotes the composition S, 5,) 0+ 0 S(4,.5,)-

Let Q={(1,i )}l.li3. For each N € N, let Q" denote words of length N with symbols in €, and QN
the set of infinite sequences with symbols in 2. Given any (a, b) € A, we denote by (a, b)" the word
(a,b)(a, b)---(a,b) of length n. Define C to be the collection of words

c={1n.emul] U wa2™
N=1 i3V

and

B :={uujurus---:u; €Cforalli e N, u is a suffix of some word in C}. 3)

Then we define the sequence space ¥ = B.! Equivalently B can be understood as the set of all infinite
sequences which label a one-sided infinite path on the directed graph G in Figure 1. G is called the
presentation of X.

IThe set of accumulation points X \ B will turn out to be unimportant for our analysis, but for the reader’s convenience we
provide a description of this set in (4).
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It is easy to check that o (X) = X, where 0 : ¥ — X denotes the left shift map. In particular, ¥ is an
example of a coded subshift, meaning a subshift which can be expressed as the closure of the space of all
infinite paths on a path-connected (possibly infinite) graph, which were first introduced by Blanchard and
Hansel [1986]. Note that whenever this graph is finite, its coded subshift is necessarily sofic, and that
any (xm, xn)-invariant set which can be modelled by a sofic shift has a well-defined box dimension
which can be explicitly computed [Fraser and Jurga 2020; Kenyon and Peres 1996]. Finally, we set
F =TI(X), noting that F =T (F') since 0(¥) = X and [Too =T o Il. From this it is easy to see that F’
is a sub-self-affine set for the iterated function system {S« 5 : (a, b) € A}.

While of course it will be necessary to cover the entirety of F and obtain bounds on the size of this
cover at different scales, the proof of Theorem 1.2 will essentially boil down to the asymptotic difference
that emerges between

(a) the size of the cover — by squares of side 12-13" _of the intersection of F with the collection of
rectangles {S; ([0, 11%) : i € 13"}, and

(b) the size of the cover — by squares of side 1 213" __of the intersection of F with the collection of
rectangles {S; ([0, 1]%) : i € QI3N71/2}.

Roughly speaking, F occupies a large proportion of the width of each rectangle S; ([0, 1]%) in case (a).
Such a rectangle has width 213" and height 12-13% (which equals the sidelength of squares in the cover).
For any i € Q3" and j € {(1, 1), (2, 1)}13" (0g12/10g2-2) "\ve have that i(1,2)!3"j constitutes a legal
word in ¥ and each S;(1,2)13"; ([0, 11?) has width roughly 12-13" (which equals the sidelength of squares
in the cover), therefore S; ([0, 1]%) requires roughly 213" (log 12/10g2-2) squares to cover it. Importantly,
this is a positive power of 1213", which indicates “growth” in dimension.

In case (b), F occupies a very thin proportion of the width of each rectangle S; ([0, 11%). Each such
rectangle has width 213" and height 12— (which is equal to the sidelength of squares in this
cover). Any i € ¥ which begins with a word in Q13" can be written as i = i jjforie Q3"
j = (1,by)---(1, by3v) and some infinite word j € X. In particular, any point in F N S; ([0, 1]%) belongs
to S;; ([0, 11%) which has width less than 12713 In particular, only one square of sidelength 1o 13V
is required to cover S; ([0, 1]*), meaning no further “growth” in dimension at this scale.

Notation. For any N € N, we let Xy denote the subwords of sequences in ¥ of length N. Finite words
in (Jy-; =y will be denoted in bold using notation such as i or j, whereas infinite words in £ will be
denoted using typewriter notation such as i and j. For infinite sequences i = (ay, b1)(az, b2) - - - and
integers n > 1, we write i |n for the truncation of i to its first n symbols: i|n = (ay, b1) - - - (an, by). The
same notation is used for the truncation of a finite word i = (a1, b1) - - - (awm, byy) to its first n symbols:
i|ln=(ay, by)---(ay, b,) when m > n. For any finite word i = (ay, by) - - - (a,, b,), its length is denoted
by |i| = n. Given any (a, b) € A, we write (a, b)*>° for the infinite word (a, b)(a, b) - - - . For any finite
word i, we denote the cylinder set by [i]:={i € X :i|n =1i}. We let @ denote the empty word.

To avoid a profusion of constants, we write A < B if A < ¢B for some universal constant ¢ > 0. We
write A <, B if A <c¢,B for all ¢ > 0, where the constant ¢, depends on &. We write A 2 B if B < A
and write A &~ B if both A < B and B < A, and we define the notation A 2, B and A ~, B analogously.
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3. Entropy estimates

In this section we obtain estimates on the entropy of important subsets of X. Let Gy be the words in Xy
which label a path that starts and ends at the vertex v of the graph G in Figure 1. Define
h(G) := lim sup 1 log#Gy,
N—oo N
where #Gx denotes the cardinality of Gy .

Lemma 3.1. h(G) <log4.

Proof. Fix N € N. Given a word in Gy, let ¢ denote the number of symbols belonging to €2 and a denote
the number of symbols belonging to {(1, 1), (2, 1)}, noting that

(@) 2c4+a =N and
(b) ¢ = Z{:l 13" for some integers np, ..., n;.

Fix 0 <a < N and let S, be the set of possible ways that ¢ = %(N —a) can be written as an ordered sum
c= {:1 13". By ordered sum, we mean that if (n’l, R n’j) is a permutation of (n1, ..., n;) such that
(n, ..., n/j) #(ni,...,n; ), then Z{:] 13" is considered a distinct way of writing ¢ as a sum of powers
of 13. Observe that j < 1—13c (for example, consider writing ¢ = 13 - 1—13c when c is a multiple of 13).

We begin by bounding #S, < 2¢/!13~!. Recall that any n € N can be expressed in 2"~! ways as an
ordered sum of one or more positive integers. Moreover, #S, is clearly bounded above by the number of
ways that %c can be decomposed into an ordered sum Zle p; for some positive integers py, ..., pe.
Hence #S,. < 2¢/13-1,

Now let us return to considering a word in Gy . Following each substring of symbols from €2, there is a
tail of the same length consisting of (1, 2)’s. The a symbols from {(1, 1), (2, 1)} can either be placed
directly after any of these tails or at the beginning of the word. Therefore assuming that the string
contains ¢ = %(N — a) symbols from €2 in blocks of lengths 13", ..., 13" —so that ¢ = Z{:l 13" —

it follows that there are (“Jj.rj ) ways in which the a symbols from {(1, 1), (2, 1)} can be distributed.
2K

Bounding this above by the central binomial term and using the bounds ( p

(“J.”') < 2a+t(N=a)/(213) Hence
i) =

) < 4K and j < %c we obtain

N N
BGy < Z#S(N_a)/22a+(N—a)/(2'13)10(N—a)/22a < Z 12a+(N—a)(2/13+log, 10)/2

a=0 a=0
92(N+1) _ 9(2/13+log, 10)(N+1)/2
— < 4N
72 _ 7(2/13+log, 10)/2 ~
since %(% +log, 10) < 2, completing the proof of the lemma. U

Let Zy be the words in Xy which label a path that ends at v in the graph G in Figure 1. Clearly
Gn € Iy. Writing 7% = J3_; Zy and Q* = J5y_, @, observe that

T\B={uv:uecZ*Ug, we QV}U{w(l,2)*:w e Q*UZ). “4)
Define
h(Z) =limsup%log#IN.

N—o00
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Lemma 3.2. h(Z) <log4.

Proof. Fix N € N. Note that any word in Zy \ Gy is either of the form

(a) (1,2)*g for g €e Gy, or

(b) w(l,2)%g for z = 13* for some k € N and w € Q¥, where 0 < w <z and g € ON—z—w-

Fix any € > 0. The number of words of the form (a) is

N
S #Gy e Se VO Z (4t

z=1
The number of words of the form (b) is

min{z—1,N—z min{z—1,N—z}

}
Z Z 10Y#GN —;—w Se Z Z 10 (4 )N—7—w

7=13k<N w=1 7=13k<N w=1
S S G
7=13k<N
Since
Z (14_0)m1n{Z—I,N—Z}(4ea)N—z — Z 10z—14N—21+le£(N—z) Se (462£)N
2=13k<N/2 2=13k<N /2
and
Z (%)mln{Z*l,N*Z}(él_es)N—z — Z (1068)N—z SS (10628)]\//2 < 4N
N/2<z=13k<N N/2<z=13k<N

for sufficiently small e, we have that
#Iy <. (4e*)V

Since ¢ > 0 was arbitrary, the proof is complete. g

4. Dimension estimates

In this section, we introduce the sequences of scales which will be used for the lower and upper box
dimension estimates and prove Theorem 1.2. We also show how the proof of Theorem 1.2 can be used to
construct an infinitely generated self-affine set whose box dimension does not exist.

Let § > 0. We let k() denote the unique positive integer satisfying 127%@® < § < 1217k and [(5)
denote the unique positive integer satisfying 27/® < § < 217/®) noting that k(8) < [(8) for sufficiently
small §. By definition /(§) = [— log §/log 2] and k(§) = [—log d/log 12].

Define the projection 7 : AN — (1, 2}N by m((ay, b1)(az, b3)---) = (ajaz---). Fori € ¥; and [ > k,
define

M@E, D) =#r(j € X : jlk=1). (5)

Our general covering strategy at each scale § can now be described as follows. For eachi € 3 s), observe
that S; ([0, 11%) is a rectangle of height 1/12¥®) ~ §. In particular, N5(TI(Z)) ~ Y N5 (T1([i])). For

iezk(g)
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each j € ¥y, we note that S;([0, 11?) has width 1/2/® ~ §. Therefore, for each i € Z(s), we cover
each projected cylinder I1([i]) independently by considering how many level /(§) columns contain part
of the set [1(X) inside IT1([i]). Since by definition the number of such columns is given by M (i, [(§)),
we obtain

Ns(I(E) ~ Y Np(IM[E) ~ Y M. 1(6)).

ieZk(a) ieZk((;)

Define the null sequence {8y}yen by Sy = 1/1213", noting that /(8y) = [13" log 12/log2] and
k(8n) = 13". Also define the null sequence {8y }yen by 8}y = 1/1213N71/2, noting that k(8},) = [13V=1/2
and [(8}) = [13V~1/21og 12/10g 2].

In this section we will prove that

log N5, (TI(Z log Ny, (TT(X))
lim sup log Noy (I1(%)) > liminf gSN—/ (6)
N— 00 —IOg SN N—o00 —log(SN
Theorem 1.2 will follow from (6) since it implies that dimg I[1(2) > dimg I[1(X).
Lemma 4.1 (scales with large dimension).

logNgN(l'I(E))>10g10 o ( 1 _ 2 )
log2 logl2)

lim sup =
N—so00 —logédy log12

Proof. For all w € QKON and u € {(1, 1), (2, 1)}1(5N)—2k((SN)’ we have that w(l, 2)1((81\;)” € Sy, In
particular, for any w € QKO~),

Mw,l(8y)) = 2l (BN)—2k(BN) o, (log 12/10g2—2)13N’ (7)

noting that log 12/log 2 > 2. Hence

NaN(H(Z))ZNaN( U H([w]))w D Nay (T([wl))

weQkON) weQFON)
~ Z M (w I(SN))%1013N2(10g12/10g2—2)13N‘

weQkeN)

Hence for some uniform constant ¢ > 0,

log 12
log Ny, (T(2)) _ 13V log10 13" s —2)log2 log ¢
—logdy  ~ 13Nlogl2 13N 1og 12 —13N log 12
log 10 1 2 logc
~ log 12 +10g2(10g2 " log 12) T T3 g 12
The result follows by letting N — oo. UJ

Lemma 4.2 (scales with small dimension).

log Ny (M(X)) _ 5 log 10+ (1 — =) log 4 2( | 1+ﬁ>

log2 log12

lim inf - <
N—00 —logéN 10g 12
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Proof. Let & > 0. Recall that for all N € N, we have —log 8y, = 13¥"1/21og 12, k(8},) = [13V~1/2] and
1(8y) = [13V=1/2]og 12/log 2]. Recall that ¥ = B, where B is the set of all infinite sequences which
label a one-sided infinite path on the graph G given in Figure 1, and where the set of points B \ B are
characterised in (4). Therefore, any word i € Xy s, ) has one of the following forms:

(@) i =u foru € Iis,).
(b) i =uw foru € Z, and w € Q%, where u +w = k(8}).
c)i=wforwe QKO
(d) i =w(l,2)* for w e QY, where w + z = k(8}).
(e) i =uw(l,2)* foru €7, and w € Q, where u +w +z =k(8),) and z < w.
LetY, C Ek(g}v) be the set of words which are of the form (a), and let X, C X be the subset
Xo:={i€X:ilk(8y) € Ya}.
Define X, X, X4, X, and Y3, Y., Y4, Y, analogously. We note that these sets are not all mutually
exclusive, for example Y, NY, # &, but this will not affect our bounds.
Upper bound on N(;}V (IT(Xy)). For any j € {(1, 1), (2, 1)}1(‘55\')_1‘(55\’) andu € Ik((yN), we have uj € UGV
Therefore, for each u € Zy s ),
M(u, 1(8;\,)) — Dl —k@y) o 213N_]/2(10g12/log2—1)_ (8)
Hence

NS}V(H(X())) ~ Z Né}v(n([u])) ~ Z M(u, 1(8;\[)) S&‘ (468)13N71/2213N71/2(]0g 12/log2—1)

ucy, ueIk(S;v)

by Lemma 3.2 and (8). Since ¢ > 0 was chosen arbitrarily and —log 8}, = 13¥=1/210g 12, we deduce
that

lim inf

N—>o0 —log &)y, ~ logl12

log Ny, (I1(X4)) _ log4 +lo 2( 1 1 ) ©)

log2 B log 12
Upper bound on Ny, (TI(X,)). Suppose i € X, so that 1 [k(8)y) = w € Q0N By definition of ¥, either
i € @V or i begins with u(1, 2)? for some u € Q*, where |u| > k(8),) = [13¥~1/2] and z > 13". For N
sufficiently large,

log 12
24 u| = 13N 4 13N-1/2 5 131723812 Hg—zlsN—l/ﬂ =1(8)y).
og

In particular, for any w € QKCv),
M(w,1(8y)) =1. (10)
By (10),
Ny, (IM(X) ~ > Ny (M(wl) ~ Y M(w, 1(8))) = 10500 ~ e

weY, wer(‘S;\’)
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Therefore, since —log 8y, = 13V=1/210g 12,

.. JogNg, (II(Xc))  log 10
lim inf - < )
N—oo —log &, log 12

(1)

Upper bound on Ng/N(H(Xd)). For x > 0 we let 7 (x) denote the smallest power of 13 which is greater
than or equal to x. Suppose i € Xy, so that i |k(8),) = w(l, 2)* for w € Q%, where w+z = k(8),). Either
i=w(l,2)* or i begins with w(l, 2)Z/j for some j € ¥\ {(1,2)} and

Z = T(max{w, z}) = T (max{w, k(§y) — w}) = 137,
where the final equality is because, for sufficiently large N,
max{w, k(8y) — w} > 1k(8)) = 2113V 7127 > 1381,

Moreover, for sufficiently large N,

log 12
"> 13V > | 13VTI2 222 | = (5.
w—+z > > ’7 log 2 (6y)

In particular, for any w(1, 2)* € Yy,
M(w(1,2)%, 1(8))) = 1. (12)
By (12),
Ng ((Xy)) ~ Y Ny (T1([i]))
ieYy

k(8))—1

~ )Y M2 )

w=1 weQ¥

Se (10640 & (1069137,

Since & > 0 was arbitrary and — log 8}, = 13V =12 1log 12,

log Ny (IT(X log 10
lim inf g Ny, (TT( d))< og

- < . (13)
N—o0 —lOgSN IOg 12

Upper bound on NyN(H(X;,)). Suppose i € Xy, so that i|k(8)) = uw for u € Z, and w € Q%, where
u~+ w = k(8y). Either i =uj, where j € QN or i begins with uv(1, 2)%, where v € Q¢ and we have
z=|v| =T (v|) > T (w). In particular, for any uw € Y,
M@uw, [(8))) < 2l —lul—[v|—z
— () —lu|-2z
— Al (Bh)—k(B))+w—2z

< 2l k@) +w=2T W), (14)
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By (14) and Lemma 3.2,

Ny, (TT(X5))
k@p)—1

YNy (MDY~ Y DY M@w, 1(8))

icy, w=1 ueIk(é;V)—ur weW

k() —1
<$ Z low(4e£)k(65\,)7w2l(8§\,)7k(8§v)+w727'(w)

w=1
13N-1 w k(&y)—1 w
10-2 exk(8,)AL(8/)—k(8) 10-2 exk(8')AL(8)—k(8)

52(@)(“6)”2” v 4 RV (4e°)FOn QG —KGY) - (15)

w=I w=13V-141

where in the last line of (15) we have used the trivial lower bound 7 (x) > x in the first sum and, in the
second sum, that, for all 13V~ +1 <x <k(8)) —1=T13V"121—1,

V13x < V131312 _ 1) < 13V = T(x). (16)

For sufficiently small ¢ > 0, the first sum of the last line of (15) can be bounded above by

]3N—]

10-2\" / / / - / - y y _
Z <4 - 22) (4ea)k(5N)21(8N)—k(8N) <, 1013N l(4e2a)k(8N)—l3N lzl(sN)—k(aN)—mN '.
e .

w=1

For sufficiently small ¢ > 0,
10-2 5

dor VB geavs

hence the second sum of the last line of (15) can be bounded above by

KW 102\
< 'zm) (4e£)k(6}v)2l(8}v)—k(8}v) <, 1013N—1(4eza)k(sgv)—13’v—'Zl(agv)—k(agv)+13N—‘—2-13N—1/2

4et -2
w=13N-141
<1013 (4626)k(8}v)—13"’"21(83,)—k(8jv)—13’v‘1'

In particular,

Na;V(H(Xb)) <, 1013”*1(4ezs)k(agv)713N*121(5;V)7k(5;v)713N*1

~ 1013”’*1 (4625)13N*1/2—13N*12(1og 12/log2—1)13N=1/2_13N -1

Since & > 0 was chosen arbitrarily and — log 8}, = 13V=1/210g 12,

1 1 1

log Ny (T1(Xp)) —=logl0+(1——~=)log4 1+—=
liminf —2 x2S U~ 7n) +1log2 -8B ar

N— o0 —logdy log 12 log2  log12

Upper bound on Ny, (T1(X,)). If uw(l, 2)* € Y, with |[w| = w and |u| = u, then since u + w < k(8y) =
[13V=1/21 we have

log 12
1) — 2w —u > 1(8)y) — 2113V 1727 > (8)y) — “g—ZBN—l/ﬂ —0.
og
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In particular,

Muw(1,2)%, 1(8))) = 2/ ~2wu, (18)
By (18) and Lemma 3.2,
k(@) —w—1
Ny, (X))~ Y Ny (MDY~ ) YD M@w(1, 200 (s)))
icY, w=13"<13N-1 u=1 uel" weQv
k() —w—1
SJF,‘ Z Z (4e8)u10w21(6;\,)—2w—u
w=13"<13N-1 u=1
w 26\ k(%)
< Y 10-2 4N
~ 4e2¢ .22 2
w=13"<13N-1

N—1 / N-1 ! ! N-1
<, 10137 (g3 )KGRI=13" 1)~k (313

~ 1013N*1 (4e3e)l3N’1/2—13N’12(log12/10g2—1)13N’1/2—13N’1

Since & > 0 was chosen arbitrarily and —log 8y, = 13¥~1/21og 12,

1 1 1
log Ny (TI(X,)) —=logl0+ (1——=)log4 1 1+ ——
liminf —o v _ V13 Uk Flog2( —— ——YB) (19
N—00 —log 8y log 12 log2 log12
Since the upper bounds in (17) and (19) are strictly greater than the upper bounds in (9), (11) and (13)
the proof is complete. (|
Proof of Theorem 1.2. T1(X) is invariant under the smooth expanding map
T(x,y) = (mx mod 1, ny mod 1).
Note that to four decimal places
log 10 1 2
log2| —— — ~ 1.3687
logi2 T ¢ <log2 log 12)
and | ( | ) |
——=1log 10+ (1 — —=)log4 1 1+ ——=
V13 V13 tlog2( —— — — Y13 ~ 13038,
log 12 log2 logl2
By Lemmas 4.1 and 4.2,
— log N5, (TI(Z log Ng, (IT(X))
dimg IT(X) > lim sup log Ns, (I1(X)) > limmfgs”’—/ > dimg I[1(X).
N—00 —logSN N—oo —logSN
In particular, the box dimension of IT(X) does not exist. Il

Remark 4.3. Lemmas 4.1 and 4.2 can also be used to demonstrate the existence of infinitely generated
self-affine sets whose box dimensions are distinct. Consider the countable family of affine contractions

o
(SantuiSatu ) U 1Suuam!

N=1 yeq3V
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which generates the infinitely generated self-affine set £ = (%), where
¥ ={ujuy---:u; €Cforalli e N}.

Since E C F, we have that dimg £ < dimg F. On the other hand, for all N e N, w € QKGN and
ue{(l,),, 1)}1(8N)—2k(8N)’ B hand
[w(l, 2)13Nu] NX #£09.

Therefore by bounding N5, (E) in the same way as in Lemma 4.1 we deduce that dimg E < dimg E.

5. Further questions

Here we suggest possible directions for future work.

Question 5.1. Does there exist an expanding repeller whose box dimension does not exist? Namely,
does there exist a smooth expanding map f : M — M of a Riemannian manifold M and compact set
A= f(A)suchthat A={xeU: f*(x) e U, Vn € N} for some open neighbourhood U of A?

Question 5.2. Given a smooth diffeomorphism f : M — M, does the box dimension of its basic set (or
intersections of the basic set with local stable and unstable manifolds) always exist?
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1. Introduction

We study decoupling theory for functions f : R — C with Fourier support near certain convex sequences.
As a model case of decoupling, consider the truncated parabola P! = {(¢,#2): |t| <1}. Let R>1bea
large parameter and write N'g—1 (P!) as a disjoint union of caps & = Ng—1(P!) N (I x R), where I is an
R~ Y2.interval. The decoupling inequality of [Bourgain and Demeter 2015] says that if 2 < p < 6, then
for any & > 0O there exists C, such that

1
2
Shl = (E )
0 6

whenever fp : R? — C are Schwartz functions satisfying supp ng cé.

This paper explores analogues between decoupling for P! and short Dirichlet sequences {log n}i\’jjf,v _:12

L?”(R2)

as well as sequences with similar convexity properties described in the following definition.
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Definition 1.1. Let N > 2. We call {a, },]1\/:1 a generalized Dirichlet sequence (with parameter N) if it
satisfies the property

1 4 1 4
az—ai € [mﬁ] (@iv2—ai+1) —(aiv1—ai) € [WW} (1
We will call {a, }’11\;1/12 satisfying (1) an N 12_ short generalized Dirichlet sequence.

1/2

For simplicity, we say short (generalized) Dirichlet sequence to mean N */“-short (generalized) Dirichlet

sequence, unless otherwise specified. Note that the reflected short Dirichlet sequence,

{—log(N + N~ —n+ DAY,
satisfies (1).

Now we describe our decoupling set-up. From now on C, ¢ > 0 will denote absolute constants that
may vary from line to line. For convenience of reading, we may regard C,c as 1. For 1 < L < ¢N1/?
andeach j =1,..., N1/2/L, define

JL
L= |J  Brywse)
i=(j—1)L+1
where Bj2/y2(ai) means the L?/N? interval centered at a;. Let  be the L2/N 2-neighborhood of
{an },11\]:1/12. We consider the partition

a=||1. @)
J

We choose the L2/ N 2-neighborhood of {a;, }flvzl/l2 because every /; is essentially an L2/ N 2-neighborhood
of an arithmetic progression, which we call a fat AP. To see this we calculate, for 1 <n < N 12 _ L,
L L
apyr —an— L(ap+1—an) = Z (@n+m —an+m—1—(@ny1—an)) ~ Z
m=1 m=1
So indeed /; liesina C L?/N?-neighborhood of an L-term AP with common difference aG—1)L+1—

m—1 L2
N2 NZ?

a(j—1yL and starting point a(;_1)z,. Also, note that the common differences for distinct /; are cL/N 2.
separated.

We denote the partition {/; }J].v:l/lz/ L by Z. The first main result of this paper is the following decoupling
theorem for Q@ =|_|;¢7 1.

Theorem 1.2. Let Q2 and T be defined as in the last paragraphs. Then for 2 < p < 6 and every ¢ > 0

e N*® (Z ”fl ||i.l7([R)) (3)

L7 (R) IeT

> o fi

IeT

for functions fi with supp f[ C I

The range of p is sharp in the sense that (3) cannot hold for p > 6, which can be seen by taking fI to be
a smooth bump with height 1 adapted to I for every /. Indeed for this choice of f7, we have }Z I fl{ ~
(L2/N?)N'2 on B.y112(0), and || f1 || r@) ~ | /11l Lo gy ~ (L(L2/N?)V/P where 1/p+1/p' = 1.
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L2 1 11 2 N% > L3 1_%
>_N2(N2)p, (Z ”fIH%p(R)) N(T) (F) '

~ 2
@ N Ter

So

D o fi

IeT

Then (3) would imply

and hence p < 6. We shall compare Theorem 1.2 with the £2L? decoupling inequality of the parabola
in [Bourgain and Demeter 2015], which has the same critical exponent 6. Indeed we will see many
similarities between short generalized Dirichlet sequences and P! from a Fourier analytic point of view.

The notion of strict convexity of a sequence {a,} in R will parallel the role of curvature of the parabola
in decoupling. Some key geometric aspects in the proof of decoupling for P! are identifying caps 6 as
approximate R~Y2 x R~ rectangles, which give rise to dual tubes 8* of dimension RY/2 x R, and noting
that 6 are separated in angle and so are 6*. The | fy| are roughly constant on translates of 6*.

In the {an},ll\':l/l2 setting, corresponding to fy we have f7, which are functions f7, : R — C satisfy-
ing supp f}  C Ij. We may identify the (L?/N?)-neighborhood of I as approximately an (L2/N?)-
neighborhood of an arithmetic progression (called a fat AP), giving rise to dual /* defined in Definition 2.1,
which are also fat APs, and note that distinct / are separated in step-size of the corresponding arithmetic
progressions (and the same for 7*). The | f7| are also roughly constant on translates of /* [Bourgain
1991; 1993].

Bourgain [1991; 1993] made use of this locally constant property to connect a conjecture of Montgomery
with the Kakeya conjecture. To prove a decoupling inequality we need to identify another geometric
analogy, the “ball”, which is roughly the smallest set restricting to which in the physical space essentially
preserves the frequency support.

For the R™!-neighborhood of the parabola, the “ball” is a ball By of radius of R. We will define the
“ball” P(L) in the short generalized Dirichlet sequence setting in Section 3B. P(L) will be a fat AP
which sometimes degenerates to a Euclidean ball. With these notions of caps, tubes, and balls in the short
generalized Dirichlet sequence setting, we are able to exploit the wave packet structure of a function with
frequency support on / € Z, and prove a bilinear Kakeya-type estimate (Proposition 3.3) and a bilinear
restriction-type estimate (Proposition 3.5) that look almost identical to those in the parabola setting. The
choice of N1/2 plays an important role in making this resemblance possible, which we will discuss at the
end of Section 7.

The proof of Theorem 1.2 is based on the high-low decomposition method in [Guth et al. 2022]. We
do not intend to get a logarithmic decoupling constant as in that work, but we want to prove a refined
decoupling inequality as in [Guth et al. 2020], which creates some technical differences.

The partition 2 = |_| 7e7 I 1s maximal in the sense that if 2 = |_| I’, where I’ is the union of more
than C L many adjacent intervals, then I’ is no longer essentially a fat AP. Because of this, we will call
Q =| ;7 I the canonical partition and refer to Theorem 1.2 as decoupling for the canonical partition,
or simply decoupling. In the spirit of small cap decoupling as in [Demeter et al. 2020], we may also
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consider the “small cap” decoupling for short generalized Dirichlet sequences. Now we let L € [1, L] be
an integer, and we partition €2 into L consecutive intervals J;:

NYV2/L, NY2/1, JL1
Q= |_| Jj= |_| ( U BL2/N2(ai))- (4)
Jj=1 Jj=1 ‘i=(-1)L;+1
Nl/2/L1

We let J denote the partition {J;}

=1 . The next decoupling result in this paper is small-cap-type

decoupling inequalities.

Theorem 1.3. Ler 1 < L; <L < N2 and {J} ¢ 7 be defined as in the paragraph above. Suppose
p > 4. Then, for every & > 0,

> fi

JeJg

1 1
<, Ne(f‘“_

L ik !
S () ) (S 1w) )

2
L, " Jeg

SIS
=

LP(R)

for a function fj : R — C with supp fj cJ.

Inequality (5) is sharp up to C.N? for every fixed p, L, L satisfying the condition in Theorem 1.3.
The first factor in front of (Z ses L7l ﬁ ,,(R))l/ P is sharp because of the example f:; equals a smooth
bump adapted to J with height 1 for every J € J. The calculation is similar to the one in the paragraph
below Theorem 1.2. The second factor is sharp because of the example fj equals a random sign times
a smooth bump adapted to a ball of radius L2/N? inside J with height 1 for every J € 7, where the
random signs are chosen so that fR‘Z 717 !p ~ Ig (s 1S |2)p /2 by Khintchine’s inequality.

The structure of the proof of Theorem 1.3 is similar to that of Theorem 3.1 in [Demeter et al. 2020],
consisting of three ingredients: refined decoupling for the canonical partition, refined flat decoupling, and
an incidence estimate. Refined decoupling for the canonical partition is a refined version of Theorem 1.2,
which we will prove in Sections 4, 5, and 6 in order to derive Theorem 1.2. We show the other two

counterparts in Section 8.

1A. LP estimates for short generalized Dirichlet polynomials. A straight corollary of Theorem 1.3 is

. . . . . . 172 i
essentially sharp L? estimates for short generalized Dirichlet polynomials Z,]l\;l bye'tan,

Corollary 1.4. Let {a, },12’;/12 be a short generalized Dirichlet sequence. Suppose p >4 and N <T < N2
We have for every ¢ > 0
N1/2

§ bneil‘an
n=1

for every Bt and every {b, },]1\721/12 cC.

If welet L €[1, N /2] be the integer such that N2/L2 =T, then Corollary 1.4 follows from Theorem 1.3
with that L, and L = 1, applied to functions f7(t) = bpe'*@ ¢ (¢) for every J, where ¢ is a Schwartz
function adapted to By with Fourier support inside By—1(0).

<e NS(N2 4+ T2 N4725) byl|o ©6)
L?(BT)

The inequality (6) is sharp up to C¢ N®. This is from discrete versions of the examples described below
Theorem 1.3, taken with L = 1: b, = 1 for every n, and b, equal to random signs.
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We will in fact prove a more general version of Theorem 1.3 which allows us to get essentially sharp
(€4, LP) estimates for Ziv:l/lz bpe't@n in the range p > 4, % + % < 1. See Theorem 8.5 and Corollary 8.2.

After this work was done we learned from James Maynard a general transference method, which can
in particular transfer the L? estimate on a short generalized Dirichlet polynomial to a 2-dimensional
L? estimate on an exponential sum with frequency support near a convex curve in R2. This allows us to
derive Corollary 1.4 directly from the small cap decoupling inequalities for the parabola in [Demeter et al.
2020]. We provide that particular argument in detail in the Appendix.

The starting point of this paper was to see whether decoupling methods could be used to make progress
on Montgomery’s conjecture on Dirichlet polynomials [1971; 1994]. Our investigation led us in a different
direction, proving decoupling inequalities for short generalized Dirichlet sequences.

Conjecture 1.5 (Montgomery’s conjecture). For every p > 2 and every € > 0 we have

2N
> b

n=N+1
for every ball Bt of radius T and every {b, }%ZN_H cC.

< CTNZ(NZ +T)7||byl|eo (7)
L?(BT)

Conjecture 1.5 is widely open. In fact it has significant implications which are also hard conjectures.
It is shown in [Montgomery 1971] that Conjecture 1.5 implies the density conjecture for the Riemann
zeta function. Bourgain [1991; 1993] observed that a stronger version of Conjecture 1.5 on large value
estimate of Dirichlet polynomials implies the Kakeya maximal operator conjecture in all dimensions.
Conjecture 1.5 itself also implies a weaker statement that a Kakeya set has full Minkowski dimension;
see [Green 2002].

Our Corollary 1.4 proves some L% estimates for “short” Dirichlet polynomials which do not directly
connect to Montgomery’s conjecture. In fact we believe to make progress on Montgomery’s conjecture
significant new ideas are needed.

On the other hand, combining Theorem 1.2 with flat decoupling we obtain £2 L? decoupling inequalities
for generalized Dirichlet sequences (with N many terms instead of N 1/2) "and the decoupling inequalities
we get are essentially sharp for the class of generalized Dirichlet sequences. As a corollary we have
essentially sharp (£2, L?) estimates on generalized Dirichlet polynomials, but the Dirichlet polynomial

,211;] N1 bnei tlogn hag more structure and admits better estimates. This has to do with examples of

1/2_term AP with common difference CN ~V 2 which

generalized Dirichlet sequences containing a ¢ N
{logn}ii’ N1 cannot contain by a number theory argument. We discuss these in detail in Section 7.
The paper is structured as follows. In Section 2 we will illustrate the wave packet structure of functions
with frequency support in a fat AP. In Section 3 we prove a bilinear Kakeya-type estimate and a bilinear
restriction-type estimate for functions with frequency support in a neighborhood of a short generalized
Dirichlet sequence {a, },11\’:”12 Sections 4, 5, and 6 are dedicated to proving Theorem 1.2. Section 4
introduces a refined decoupling inequality for the canonical partition (Theorem 4.4), which implies
Theorem 1.2, and which we will actually prove. Section 5 sets up a high-low frequency decomposition
for square functions at different scales, and in Section 6 we finish the proof of Theorem 4.4. Section 7

discusses the decoupling problem for (N-term) generalized Dirichlet sequences. In Section 8 we prove
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Theorem 1.3. The Appendix is about the transference method for one-dimensional exponential sum
estimates like (6).

Notation. C will denote a positive absolute constant that may vary from line to line, and it may be either
small or large. A < B means A < CB, and A ~ B means A < B and B < A. We will also use O(A4)
to denote a quantity that is less than or equal to CA. A <, B will mean A < Cy B for some constant
depending on ¢. Similarly O, (A) denotes a quantity that is less than or equal to C4A. There will be a
parameter N and A $ B denotes A <, N¢B for every ¢ > 0.

2. Locally constant property

We set up some notation and describe the locally constant property related to fat APs in this section.

Definition 2.1. We let P{f (a) denote the §-neighborhood of the arithmetic progression on R which
contains a and has common difference v. We call P{f (x0) N Br(xp), or simply P{]S N Bpg, a fat AP with
thickness §, common difference v, and diameter R. We will call P vR:l N Bg—1 a fat AP dual to Pl‘f N Bg.

To exploit the locally constant property of a function with frequency support in a fat AP, we first
construct a family of functions ¥ : R — C adapted to a fat AP (in the frequency space).
Lemma 2.2. Forevery xo € R, § <v/2, M > 1, and k > 1 there exists a function ¥y, : R — C with the
property
Pk(E) =1 on PJ(x0) N Buy(xo),  supp Pk C P (x0) N Byk gy, (xo). ®)

and . decays at order k outside of the dual fat AP Plff[lv)_l (0) N Bg—1(0):

d(x, v—IZ))—k (1 L A, By (0)))—". o)

(MO p a1 (Mv)~! 51

< <
OB, (o) Sk Ve S M8(1 N

We say such a v is adapted to the fat AP Pljs (x0) N Bpgy(xp) in the frequency space with order of
decay k.

Proof. Since translation in frequency space corresponds to modulation in the physical space, we may
assume xg = 0.
We start with the Dirichlet kernel

DM(X) — Z eZJ‘L'ijx —
lil=M
We define Dy (x) = Dpr(x). Then we define ﬁk (x) inductively by

D (x) = di7 " Di—1 (x) Dgr—17/5 (%),

where dj, = ||58k—1M/2||L1(R) is the total measure of 58k—1M/2. Equivalently we can define Dy

sin(2M + 1)z x)
sin(7 x) ’

explicitly as
Dy =dDy l_[ Dgspy2
B 1<s<k—2
for some suitable constant d > 0.
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Since D; = Djs has the property
Di(§) = 8ot —j)

lil=M
by induction we can show that

D=3 soE—+ Y budot—J)

ljl<M M<|j|<8kM/4
for some 0 < b; x < 1. From the explicit expression of the Dirichlet kernel we see that Dy decays at
order 1 outside of PIM - (0):

Do) = | Dar ()] < M

1+d(x,2)/ M1

By induction on k we obtain Dy decays at order k outside of PIM - (0):

d(x,Z))_k
M1 ) -

|Di ()] <k M(l + (10)

Now let ¢(x) be a Schwartz function such that $ is a smooth bump adapted to B;(0):

$(E)=1 on Bi(0), suppp C B»(0).

Let ¢ps—1 (x) be the function ¢ (6x). Note that ¢ps—1 decays rapidly outside of Bs—1(0). Let ¥ be given by

U ;:$8_1*5k(u—lg)/v: D dsE—juy+ Y bixgs1(E—jv).

ljl=M M<|j|<8k L

From this definition we immediately see property (8) holds. Writing % as

Y (x) = -1 (x) Dy (vx)

we observe from (10) and the rapid decay of ¢s—1 outside Bg—1(0) that (9) holds. O
For every fat AP P = Plfﬁllv)_l(xo) N Bg—1(xo) with § < v, and every k > 100, let Wp . be the weight

function

d(x.x0 +v7'2) )‘k (1 LA By (Xo)))_k.

Wp i (x) = (1 + (Mv) 51

We will use the notation

/ Fx)dx = / FCOWp i (x) dox.,
Wp k R

feydei=— /R FCOWp i (x) dx.

Wp.i IWe il L1 ()

1 ler i = (][W 17 () dx)".
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For measurable sets £ C R we use similar notation for average integrals and L# norms:

1
][Ef(x)dx.:E/Ef(x)dx,

1

1 lere) = (]fE 17 () dx)p.

For a fat AP P, consider another fat AP P’ C P. Let P’ C P denote an indexing set of translates of P’
which form an O(1)-overlapping tiling of P. Then we have the pointwise inequality

1p(X) Sk Y, Werae(x) Sk Wp i (x). (11)
P'CP
If we look at translated copies P” of P, we have
Z WP//,k(x)WP,k(P” <k WP,k(x)~ (12)
P/CR
Here ) p/r means summing over a tiling (with O(1) overlap) of R by P”, and Wp x (P") is defined to
be Wp i (sup P”), which is comparable to Wp x (x) for any x € P”.

Proposition 2.3 (locally 1constant property). Suppose f satisfies supp f C P,f N Bpgy. Then for every
dual fat AP P = pMV)

-1 N Bg—1 and every 1 < g < p < 0o we have

. qk
1A er e Spak 1 leaow, gy ¥ ) > 100,

P
I Iz Py Sk 1 et (wp 4)-

Proof. We first prove the second inequality. Fix k > 100. From (8) we have
10 = v = [ OG-y,

where ¥ is the function in Lemma 2.2 adapted to P{f N Bpy in the frequency space with order of
decay k. Therefore for x € P we have

If(X)IS/RIf(y)lll/fk(x—y)ldy
< [ [/ sup [Yr(x—y)ldy
R xXeP

Sk SM/RIf(y)IWP,k(y)dy ~k][ [ f(Wldy.

Wp i

For the third inequality we used (9). Now we prove the first inequality in the proposition. We claim that
from (12) (applied with k replaced by gk / p) and the assumption ¢ < p we only need to show

I/ ler Py Sp.gk IS leawp 1) (13)
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Indeed if (13) holds, then

/WP,k'f'p < Z/ 1P W (P

P/CR D

_pP q
<pai |PIIE Y Wp,kuﬂ)( / Iflq)
Wpr qk/p

P/CR »

|P|l—(/ @IS Wer(PHW, ,q;<x>dx)q

P/CR

Spad IPIE ([ 1A S Wi (PO s () )

P/CR
P

"y a
Spas IPIE([ 119, ) oy 20,

which is exactly the first inequality in the proposition. To show (13) we observe that the second inequality
in the proposition together with Holder’s inequality implies that

1flercpy < I lLeocpy Spagk I lzaw, g
P
which is (13). O

3. Bilinear Kakeya-type and restriction-type estimates

Kakeya and restriction-type estimates are closely related to decoupling, and we will use the bilinear
version of them in the proof of Theorem 1.2, but first we need to introduce a more general decoupling
set-up for the purpose of induction.

3A. General set-up. To prove Theorem 1.2 we will do a broad-narrow argument which involves rescaling
of a segment of {a, },11\';/12. To properly set up our induction hypothesis we consider the following more
general class of generalized Dirichlet sequences.

Definition 3.1 (generalized Dirichlet sequence). Let 6 € (0, 1] and N > 2. We call {a, },Il\'=1 a generalized
Dirichlet sequence (with parameters N, 0) if it satisfies the property

0 49]

az—aj € [4N N] (@i+2—ai+1) —(@i+1—ai) € [Wﬁ : (14)

We will call {aj },11\'21/12 satisfying (1) an N 12_ghort generalized Dirichlet sequence (with parameters N, 6).

As before we write “short” for “N 1/2

-short” for simplicity. Comparing with Definition 1.1 we see an
extra parameter 6 which measures the convexity of the sequence. From now on we use Definition 3.1 for
the definition of generalized Dirichlet sequence.

We shall also incorporate 8 in our decoupling set-up. Let {an} 1/2 be a short generalized Dirichlet
sequence with parameter 0 € (0, 1]. From the spacing property (14) of {an }n 1/1 we see that, for every
1<j<NY/L {an}jZ (—1L+1

progression. Indeed, if we define v; = a(j_1)L+2 —a(j—1)L+1, then {an}n G=1)L+1 is contained in

is essentially contained in an L26/N? nelghborhood of an arithmetic
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the CL26/ N2-neighborhood of the arithmetic progression containing a ;1 with common difference v;,
that is,
iL 2 2
{an)Z ;i 1yp41 C P,SL 6/N"(ajL) N Beryn(ajL).

Now we let Q be the #L?/N?-neighborhood of {an}Nm. For 1 < L < ¢NY? and each j =

n=1
1,...,NV2/L, define
JL
L= |J  Borzyn2(an.
i=(j—1)L+1

We denote the collection of /; by Z, and consider the partition

Q=]

Iez
This will be our new decoupling set-up for the canonical partition, and from now on the notation here
supersedes that in the Introduction. For small-cap-type decoupling we postpone the description of the
corresponding general set-up to Section 8.

3B. Analogies between {a,,}ﬁl\:/l2 and Pl. For [ =1 i €1, we let

~ 2 2
Ij:= PSL 9/N"(a;L) N Beryn(ajn),
with C large enough so that
I=Lcl;=1.

Here v; = aj—1yL+2 —a(j—-1)L+1 and v; ~N~L ~
For each I € Z, we denote by Py(x) the fat AP dual to / and centered at x, that is,

Pr(x) = P?Y/L(x) N Benzyr2e)(X) (15)
J

if I = I;, and we simply write Py if stressing the center x is unnecessary. For I = [;, we also write vy
to denote v;. We let P(L, y) denote a larger fat AP
CN3/2/L?
P(L,y):= Pvl—l " yn Benz 26y (), (16)
and we simply write P (L) if stressing the center y is unnecessary. If L < N1/4 we have N3/2/L2 > N
and in that case P(L) is a ball B¢ y2/(z2¢). Comparing (15) and (16), we see P (L) has a larger thickness
size CN3/2 /L?. We will see shortly (Lemma 3.2 and the paragraph following it) that CN 3/2 /L? is the
smallest thickness that allows us to fit a Py in any fixed P(L) for every I € 7.

. . . . . 1/2
The starting point of this paper is to make use of an analogy between the extension operator on {a, }V

n=1
N1/2
N172 ita
{bn}n=1 = Z bue'*dn
n=1

and the extension operator on the truncated parabola P!

fro / £(E) S OEHED g,
[—1,1]
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o\ T P(L)

B
R P
NV2/L

TR1/2

Figure 1. The ball Bg C R? contains the union of tubes 7} having the same center, each
of which is dual to 6;, where | |; §; partitions N p—1 (P1). On the right, we see analogous
dual fat APs, one Py, per I; which partition €2 into L consecutive intervals. We see that
P (L) contains the union of the Pj;, which have the same starting point.

We list the correspondence between objects in this paper and in the parabola setting. For simplicity we
assume 6 = 1 in the following list:

(1) The parameter L € [1, N'/2] is the length of the “cap” that we are looking at, and that determines a
canonical neighborhood € with width L2/ N?2. The corresponding parameter in the parabola setting
is R, which determines the length (R™Y2) of the cap and a canonical neighborhood with width R™!.

(2) The I, P; defined above is analogous to the cap and tube in the context of parabola decoupling. Let
© be a partition of N'g—1(P!), the R™!-neighborhood of the truncated parabola P! (over [—1, 1]),
into R~2 x R~ caps 6. The dual object of 6 is a tube T of dimension RY2 x R.

(3) P(L) is defined to be the smallest fat AP with the property that, for a function F' with frequency
support on €2, “restricting” F' in the physical space to P (L) will essentially preserve its frequency
support. The corresponding object for the parabola is Bg, a ball of radius R.

See Figure 1 which illustrates the analogous properties of tubes 7" with the ball Bg and fat APs Py
with P(L). Bourgain [1991; 1993] made use of the first two analogies. The new ingredient we need is
the third analogy, which gives an appropriate notion of ball in the short generalized Dirichlet sequence
setting. It is very important that we define P (L) to be the smallest fat AP with such a property. If we
naively use By2,;2 as the ball P(L), the whole argument that follows will break down.

To make the third point precise, we prove the following lemma. We introduce one more notation. For
a general fat AP P = Pl‘f (x0) N Bpry(x0) and s > 0, s P will denote the fat AP Plf‘g (x0) N Bsprv(x0).

Lemma 3.2. Fixa P(L). Forevery I € T and every Py with P; N P(L) # @, Py is contained in 2P (L).

Proof. In fact for every j, the difference of differences hypothesis in (14) implies that |v; —v{| < N —3/2¢,
It follows that |vj_1 -l g N12¢_ Therefore P; N P(L) # & implies

d(Py. P(L)) < (NM@ -

which implies Py C 2P (L) if C is large enough in the definition of P(L). O

a7)
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To put it in another way, the proof above shows that, for every x € R,

U Pr(x)C P(L,x) (18)

Iez
if C is large enough in the definition of P(L). Since the inequality (17) is sharp up to a constant, the
choice of CN3/2/L2 as the thickness in the definition of P(L) makes (18) and Lemma 3.2 barely hold.
We note that the above lemma holds if we replace I, Z, Py, P(L) by 0, ®, T, Bg respectively.

3C. Transversality and bilinear Kakeya-type estimate. We say I, J € 7 are transversal if |U1_1 — v;1| =
N120, or equivalently, if d(I, J) = N2 on R. We now prove a bilinear Kakeya-type estimate for two
transversal families of Py.

Proposition 3.3 (bilinear Kakeya-type estimate). Suppose g1 =) ;arlp, and go =) ;bylp,, where
ay, by are positive real numbers, I, J € T and Py are transversal to Pjy. Then

][ 8182 S][ gl][ g2. (19)
P(L) 2P(L) 2P(L)

For comparison we state the bilinear Kakeya-type estimates for RY2 x R tubes in R2.

Proposition 3.4. Suppose g1 =) ;a;l1;, and g» =) j bjlr,, where ai, b; are positive real numbers,
T;,T; are RY2 x R tubes and every T is transversal to every T; (in the sense that the angle between

T;,Tjis 2 1). Then
][ 8182 5][ gl][ 82.
Br 2BRr 2BRr

Proof of Proposition 3.3. For simplicity of notation we assume C = 1 in (15), (16). For general C the
argument works the same way. Since

][ 8182 = > arby|P(L)|"'|Pr N Py
P(L) 1,J: PyOP(L)#3, PyNP(L)£%

it suffices to show that for 7, J transversal we have
| Pr|?
|P(L)|

|Pr NPyl < (20)
We consider two cases L > C;N'/* and L < C;N/4 separately, where C is a sufficiently large constant
that will be chosen.

Case 1: L > C;N'/*. Without loss of generality we assume Py, Py both start at the origin (meaning that
the first term of the underlying AP is 0). Let Py i denote the k-th interval in Py. If V7, V; are the common
difference of Py, Py respectively, then from the transversality assumption we have |V; — Vj| ~ N 129,
So for some integer

N/L N2

K~—t—_ ="
N1/29 L6

we have
d(Pric. Pri) < 1<k <K
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and

1
2

N2 9 0
Since L > C;N/* we know that if C; is sufficiently large then NY2/0N = N3/2/0 is larger than
N?2/(L?6), which is the diameter of P;. Therefore we have

NZN N3  |P?
LOL L2 [P

Case 2: L < C1N1/4. From the first case we know that

d(Pri, Pri) € [%N] if K <k<

|PrN Pyl < —

< N3
|P] N PJ ﬂBCN3/2/9| ~ m
Therefore by the triangle inequality we have

N3 N2/(L29) _ N* _ |PP?
L?0 N39 L% |P(D)]

|Pr N Py| <

Here we recall that P (L) degenerates to the Euclidean ball By2 /129y if L <N 1/4 S0 we have shown
(20) and hence (19). O

3D. Bilinear restriction-type estimate. To prove a bilinear restriction estimate, we will use the above
bilinear Kakeya estimate and induction on L. First we identify where the (square of the) square function
> ;<7 | f1]? is locally constant on. Note that supp |f1|2 cl-1IcC PCL 6/N* (0) " Bcr/n(0). Since
lor —v1| S N~3/20 for every I € T, we have

3/2
-0 cPSEN" 0By,
Iez
Therefore Y, | f7]? is locally constant on dual fat AP of the form P, —1/ N Bensrzyrgy- Observe that
if we define Ly = (N Y2L)"2, then

cN CN32/L%
P /L mBCN3/2/(L9) =P 1_1 BCNZ/(L%Q) =CP(Ly).

vl

Now suppose I’, I” are unions of I in Z, and I, I" are transversal in the sense that d(I’, I"") 2 N2
on R. Then we have the following bilinear restriction estimate. The proof closely resembles the multilinear
Kakeya implies multilinear restriction proof in [Bennett et al. 2006].

Proposition 3.5 (bilinear restriction-type estimate). Suppose supp Fi C I’ and supp F» C I". Then we

have
][ |F1]?|F2|* <e N8|P(L)|‘2f |F1|2/ | Fy)2. 1)
P(L) R R

Before proving the proposition, we remark that under the conditions of Proposition 3.5, the seemingly
stronger inequality

][ P12 Fa2 <o N¥|P(L)[ / F1 P Wat100 / |2l Wpw.100 22)
P(L) R R
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holds. This is essentially by applying Proposition 3.5 to the functions F1vy, F>yr, where ¥ is from
Lemma 2.2 and is adapted to the fat AP dual to P (L), with order of decay 100.

Proof of Proposition 3.5. We define BR(L) to be the smallest constant such that
f. BPIEP <BRWIP@ [ AP [ AP
P(L) R R

holds for all Fy, F» with supp F; C I’ and supp F» C I”. We let BK(L) be the smallest constant such that

][ glngBK(L)|P(L)|_2/g1/g2
P(L) R R

holds for all gy = ) aylp, and g2 =) bylp,, where ay, by are positive real numbers and 7, J € 7
with I C I, J C I"”. Equivalently, we have

|P1|_2][ (Z g1,1 % 1P,(o))( > g lp,(o))
P@) N\jcrr Jcr”
<skIP@( [ Yen)([Leas) o
1 7

for all finite measures g1,7, g2,7 which are linear combinations of Dirac measures with nonnegative
coefficients. By a density argument (linear combinations of Dirac measures are dense in the weak*
topology on Co(R)*), (23) also holds for all finite measures g;,7, g2.s. In particular, (23) holds for all
nonnegative L1 functions 81,1, 82,J-
We have shown in Proposition 3.3 that
BK(L) £ 1.

Now we want to show BR(L) <, Né First we prove
BR(L) <BR(L;)BK(L). (24)

From the definition of BR and local L? orthogonality (Lemma 3.6 below) we have
FRPLf AR dx
]{,(L) P(L) £2(P(L1,x))
2 2
SBR(L1) ]i(L) IF1 ||£2(WP(L1.x).200)||F2”£2(WP(L1,x),200)

2 2
SBRUD L, (X 1Ay ) ( 1729 B, )
We claim that

Icl’ JcI1”
ﬁ D FL 2 wpr 2001 F20 22wns o 200 SBKII P2 FL T2y | F2l7 2y (25)

D77
which together with previous arguments will imply (24). Since ) PLycR WPL,x),200(P(L1)) S 1, it
suffices to show that

f;’(L) Z ”FI,I Hiz(P(L],x))”szJ ||2£2(P(L1,x)) Sk BK(L)|P(L)|_2||F1 ||22(R)”F2||22(R)-
1,J
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We choose /7 200 adapted to Py (0) in the frequency space with order of decay 200 as in Lemma 2.2. Let
o1 = ¢1,200/|PI |. If we define G1,; = (F1,1/<;A51)V, then due to the support property of 131,1 we have
pointwise

Gy 1|~ |Fygl. (26)

Also by definition we have F; 1 = G171 * ¢7. We define G, j = (ﬁ2,J/$J)V for F5, j in the same way.
Now for y € R such that x + y € P(Ly, x), we have

|Fi1(x+ )12 = (Grr x¢n)(x + 0P S UG L1 %11 Dx +y) S1G1 11> * 1cp, /| P1l,

where we used Jensen’s inequality for the first inequality. Therefore we have

”FLI”?:z(P(L],x)) 5 |G1,I|2 * 1CP1/|PI|'
and similarly
”F2=J”2£2(P(L1,x)) < |G2,J|2 * 1CPJ/|PI|-

Hence using (23) we obtain
Fo I o Pt Boagpa oy S 1P f, (G1a 5 1ep) (G2 P ep)
P 7y 1,7 JP@L)

-2 2 2
<BK(L)|P(L)| (/R §I:|G1,1|)(/R §J;|G2,J|)
-2 2 2
< BK(L)|P(L)| (/R §I:|F1,1|)([R §J:|Fz,f|)

sBK<L)|P(L)|—2(A|F1|2) (/R'FZ'Z)’

where the second-to-last inequality is due to (26). So we have proved (25) and therefore (24). Now we
prove BR(L) <. Né. Define L,, = (Lm_lNl/z)l/z. Fix an ¢ > 0. We define M to be the smallest integer
such that Lys > NY27¢ So M <, 1. Plugging in BK(L,,) < 1 and applying (24) repeatedly we get

BR(L) < CM BR(Ly).

Since BR(Lj3s) <, NC¢ for some universal constant C (because of the locally constant property
Proposition 2.3) we conclude BR(L) <, N €%, which is what we want. O

The L* bilinear restriction inequality for the parabola in R? has a more straightforward proof exploiting
the fact that #{(63, 64) : d(03,604) = 1, Ng-1/2(03 + 04) N Ng-1/2(61 + 62)} < 1 for every fixed 61, 65,
with d(61,0,) = 1, where 6; are R™12 x R1 caps that cover the compact parabola [Cordoba 1977,
Fefferman 1973]. However, it is not obvious whether a similar property would hold for Z in our setting,
so we took the approach in [Bennett et al. 2006] instead.

Now we give a proof of the local L? orthogonality used in the proof above. We denote (LN 1/2y1/2
by L. So P(L') = P(Ly) = Pvclle/L N Bens2 o).
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Lemma 3.6 (local L2 orthogonality). For every f; with supp f; C I we have

2
Do Sk )i 2wy 0 27)

1ez "L2PWpwni)  Jez
Proof. Due to (12) it suffices to prove

oS

2

< 2
Sk ) Wl oy
L2(P(L")) ; L Wewn.o

Iez
n% ._ pCLO/N3?2 : -
We choose ¥ adapted to P(L')* := Py (0) N Bcryn(0) in the frequency space with or-

der of decay k as in Lemma 2.2. Here P(L’)* is dual to P(L’). Since supp ¥x C 8K P(L’)*, and
{I 4+ 8K P(L")*}er is Ok (1)-overlapping, we conclude

2 2
Y s Sk [PUNNY frv
1er  L2(P(L") Iez L2(R)
e \PADY Ik 2y Sk Do 1102w - O
Iez Iez

4. Decoupling for the canonical partition

We focus on proving Theorem 1.2 in Sections 4, 5, and 6, and in these three sections decoupling will
refer to decoupling for the canonical partition.
Recall that {aj },1:’;/12 satisfies
1 0
ai+1—=ai ~ 5 (@iv2—aiv1) = (@iv1—ai) ~ 35, (28)

where, here, ~ means within a factor of 4. The parameter 0 is in (0, 1], Q is the L26/ N 2-neighborhood

of {a,,}Nl/2 and
Q=] |1

n=1>
Iez
where each [ is an L26/N ?-neighborhood of L consecutive terms in {a, },11\’:1/12.
We restate Theorem 1.2 but for all short generalized Dirichlet sequences with 6 € (0, 1].

Theorem 4.1. Let Q and T be defined as in the last paragraphs. Then for 2 < p < 6 and every ¢ > 0 we

have 1

< N 100 4 ) (i o) 29)

L7 (R) IeT

Y oS

IeT

for functions fr with supp f} C I

Comparing (29) with (3) we see an extra factor logc (9~! 4 1). This factor appears as a consequence
of dyadic pigeonholing in our proof.

4A. Local decoupling and refined decoupling inequalities. We first formulate a local decoupling in-
equality which implies (in fact is equivalent to) the global decoupling inequality (29).
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Proposition 4.2. Let p > 2. Suppose that, for some k > 100,

o Ji

IeT

1
2
Se Nelog€ (67" + 1)(2 Ifi ||ip(W,,(U,k)) (30)

L7(P(L)) Iez

holds for every fr with supp f} C I. Then (29) is true.

Proof. Suppose (30) holds for some k£ > 100. Since ZP(L)CIR Wp(L),k <k 1 and p > 2, by Minkowski’s
inequality, we have

p

2
/P(L) |17 <¢ Nslogc(e—l—i—l) Z (Z I f1 ”%p(WP(L),k))
I

P(L)

L”(R) P(L)CR
4
2

C/n—1 2
V108 @0 (1 B sy o)
1

P

< N¥logC (9—1+1>(Z I ||zp(R))2 ,
which is (29). ' O
The following local decoupling inequality will imply Theorem 4.1 by Proposition 4.2.
Theorem 4.3 (local decoupling). Suppose 2 < p < 6. Then

M=

o Ji

IeT

for fr with supp f} cl

<, N°¢ logc (9_1 + 1)(2 ||f1||%,1’(WP(L).100)) 3D

L7(P(L)) Iez

Theorem 4.3 is a consequence of the following refined decoupling theorem, which we focus on proving
in the next two sections. The analogous result for the parabola can be found in [Guth et al. 2020; Demeter
et al. 2020]. We will show how Theorem 4.4 implies Theorem 4.3 in Section 6E.

Theorem 4.4 (refined decoupling). Suppose 2 < p < 6. For every P(L) and every X C P(L), we have

L_

1 1
27 p P
Cp—1 2 2
<N 10740 s9p S g, ) (;||f1||L2(WP(MO)) (32

xeX I

> of

1

for f1 with supp f[ C L

LP(X)

We remark that Theorem 4.4 implies that for every X C P, where P is a fat AP larger than P(L) in
the sense that P(L) C P for at least one P(L), and, for 2 < p <6,

l_, 1

D
< N10eCO7 + 0 (500 1 By, ) (ananz(Wp,oo)) (33

xeX
for f; with supp f] C I. Indeed, (33) follows from taking (32) to the p-th power and summing over
X N P(L) with P(L) C P.

LI’(X)
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4B. Induction scheme for proving Theorem 4.4. We fix p, L and let Dec(N, ) = Dec, (N, L, ) denote

the smallest constant such that
1_1 1

27 p D
< Dee(V.) (550 Y 1 Bz ) (Z 0ty 00) G

xeX I

LP(X)
holds for every sequence {a, }n 12 satisfying (14), every P(L), every X C P(L), and every f7 with
supp f 1 C 1. For a specific choice of the short generalized Dirichlet sequence {a, };, 1/1 satisfying (14)
we will call the smallest constant the refined decoupling constant of {ay }, =1/12 such that (34) holds for
every X C P(L), and every f7 with supp fl C 1. Note that Dec, (N, L, ) is the supremum of all refined
decoupling constants of sequences {a },11\,:1/12 satisfying (14).

We will deduce Theorem 4.4, which now is equivalent to Dec(N, 0) <, N¢log® (9! + 1), from the
following main proposition.

Proposition 4.5. For every ¢ > 0 and every 1 < K < N®/2 satisfying NV2/K > L,
N ¥ D pre D
Dec(N,0) <¢ sup Dec| —,— |+ K~ Nlog O +1). (35)
0/€[6/4,0] K< K
Here D is an absolute constant.
We postpone the proof of Proposition 4.5 to Section 6. Here we show how it implies Theorem 4.4.

Proof of Theorem 4.4 assuming Proposition 4.5. For some sufficiently large Sp we have Dec(N, ) <
CsNS < CgN510gP (6~ + 1) for s > Sy. Now suppose Dec(N, 8) < CsN* log? (6~ + 1) for some
s < 8o. Then from (35) we have, for every € > 0 and K with N1/2/K > L,

N S
Dec(N, 0) < cg( sup cs(—z) log? (K20 '+ 1)+ KPN®1ogP (07 + 1)).
0'elo/4,0) \K

N N
<c€(ccs( )1ogD(K29 +1)+ KPNelogP (6~ 1+1))

N — 2 D pre -
<Ce|CCy (Clog @71 +1)+ClogP (k%) + KPNelogP (67! +1)).

If we choose ¢ to be s/2 and let NS/KZS = KPNe = KPNS/2 thatis, K = N$/C@s+D)) then for
some constant C depending only on s,

Dec(N, 0) < CS/NS(I_ZSJer)(logD(Q_1 + 1) +log? N)

if NY2N—s/Q2@2s+D)) > [ 1f NV2N—5/2@2s+D)) < [ then |Z]| < N5/(2@25+D)) and by the triangle
inequality and Cauchy—Schwarz inequality we have

Dec(N, 8) < N2@5iD),

We can assume that D is large enough such that max{2, S} < D. Then 1/(2s+ D) ~ D! and K < N¢/2,
so for some absolute constant ¢ > 0,

Dec(N, 0) <s N* 1= 10g? (671 +1).
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Therefore we conclude
Dec(N, 0) <, N¥logP (07" +1)

for every ¢ > 0, since So(1 —¢)™ is arbitrarily small for large enough m. O

4C. Two applications. Before ending this section, we record two applications of Theorem 4.1. Technically
these are corollaries of the {2 L% decoupling inequality for the parabola in [Bourgain and Demeter 2015],
by deriving the corresponding (£2, L°) estimate on short generalized Dirichlet polynomials using the
method described in the Appendix.

First we may estimate approximate solutions to the equation ay, + an, + an; = an, + ans + an, for
a short generalized Dirichlet sequence {a, },11\’;/12. The number of exact solutions of such equations for

general convex sequences was studied in [losevich et al. 2006].
Corollary 4.6. Let {a, },Ilvzl/f be a short generalized Dirichlet sequence with parameter 6 € (0, 1]. Then
#(anys . lng) 11 <0 < N3, |(ny +dny + any) = (@ng + ang +ang)| < 0/N?)

< log€ @ L+ NITE (36)
This estimate is sharp up to CcN¢ logc O~ 4+1)dueto N 3/2 many diagonal solutions.

In particular if we take a, = log(n + N + 1) in the above corollary, then 6 ~ 1 and (36) reads
#{(ny,....,ng):N+1<n; <N —I—N%, |[ninons —ngnsneg| S N} <S¢ N%+8. (37)

We note that the triple products ninyn3 with N +1 < nj,np,n3s < N+ N 12 lies in the interval
[N3, N3+ CN>/2]. So (37) implies that the triple products {n1nan3: N +1 <ny,ns,n3 <N + N2}
are roughly evenly distributed in [N3, N3 +CN 5/ 2] with ¢ N separation. Indeed if we split the interval
[N3,N>+CN 5/ 2] into intervals of length ¢ N and let E; denote the number of ¢ N -intervals which
contain at least A many triple products n17n,n3, then (37) says that

A2E; < C.N3+e.

Consequently if we choose A > 10C:N¢, then we have AE) < %N 3/2 and AE; is the number of triple
products n1n,n3 that lie in a ¢ N -interval which contains at least A many triple products. The total number
of triple products is N 3/2 50 we can conclude most of the triple products lie in ¢ N -intervals, each of
which contains few triple products.

Proof of Corollary 4.6. We let ¢ be a Schwartz function whose Fourier transform is given by a smooth
bump function adapted to By, n2(0):

ég =1 on Bg/n2(0), suppq; C Byg/n2(0), 0= q; <1, éﬁ\ is even.
Applying Theorem 4.1 with p = 6, L = 1 we obtain

Nl/2
/R

Z eiQHX¢(x)
n=1

Nl/2

6 3
SR Do I
n=1

< N¢logf (0! + )N265N~10. (38)
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We expand the left hand side of (38) as

/ Zelanx (x) dx— Z / i(an,+an,+tany—an,—ans a"6)x|¢|6dx

ni,...,ne
= Z |¢| (anl +an, +any; —an, —ans _an6)-
Ni,..., ne

Since ¢A> is even we know that ¢ is real-valued and hence |¢|® = qAS Kook qAS is nonnegative and |¢|® >
9°N~1%0on B,y / Nz(O) for some small absolute constant ¢ > 0. Therefore

Nl/2
’“%(x)
z OSN I8 (an, ... ang): 1 <ni < N2, |(@n, +dny + dns) — (@ny + ans + ang)| < 0/ N2
Combining the above estimate and (38) we obtain (36). O

Another application of Theorem 4.1 is estimating the size of the intersection of an AP with a generalized
Dirichlet sequence.

Corollary 4.7. Let {an}g]:l be a generalized Dirichlet sequence with parameter 6 € (0, 1] and let
a=N"%witha €10,2]. Then

- N¢ if « €[0, 3],

|{an}Z;NmaZ| < e C/n—1 3 f [1 2]

CoNelogt (07 +D)N3TS  ifae[3.2]

When 6 = 1, Corollary 4.7 is sharp for « € [ ] (see Lemma 7.3), but we do not know if it is sharp
foroa € [% ] Corollary 4.7 has a slight connection to a conjecture of Rudin which states in an N-term
AP we can find at most O(N 1/2) many squares (numbers of the form n? for some n € Z). The best
result so far seems to be in [Bombieri and Zannier 2002], which proves at most O(N3/° logo(l) N) many
squares can be found in an N -term AP. We note that {n%/N 2} — N 41 1s a generalized Dirichlet sequence.
However we shall not expect to solve Rudin’s conjecture exploiting only the convexity of the sequence
{n? :n € N}, as shown by the example given in Lemma 7.3.

Proof of Corollary 4.7. The case a € [O ] is trivial as {an} — 1s contained in a ball of radius < 1 and
aZ has at most < a~! = N* many terms in such a ball. Now we suppose o € [ 2]. It suffices to show

" /12, H:=|{n:1<n<NY2 a, cal} satisfies

that, for a short generalized Dirichlet sequence {a, }*.
H <. Celog€ (07 + )N S6+e,

We consider the function

f(x) — Z eZm’tan'

n:1<n<NV2 a,caZ
Case 1: o € [1,2]. We apply Theorem 4.3 with p =6, L =1 and P(L) = P(L,0). Since | f| > H/10
on NV, y12(a~1Z) with ¢ 2 1, we obtain

N26~1 1\¢ _ 1 11
H( Va N2) <e N¥1og€ (071 + 1)H2(N?67 V)5,
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where we used that P (L) is approximately an N26~! interval. Simplifying the above displayed math,
H <; Celog€ (07 + )N Ss+e,

Case 2: o € [% 1]. We apply Theorem 4.3 with p = 6, L = N'™® and P(L) = P(L,0). Since
| f|> H/10 on Nch/z(a_IZ) with ¢ 2 1, we obtain
N2a20—1 I3
H(TN%) <. N1log€ (0~ + 1)H2(N?*26 15,
that is, 1
H <o Colog€ (07 + )N 53762, O

5. High-low frequency decomposition for the square function

The proof of Proposition 4.5 is based on the method in [Guth et al. 2022], which uses a high-low frequency
decomposition for the square function. Such a decomposition is also used in [Guth et al. 2019] to study inci-
dence estimates for tubes. We set up the preliminaries in this section and prove Proposition 4.5 in Section 6.
We begin in Section SA with an overview of the argument, at a symbolic and heuristic level, and refer
readers to Section 2 of [Guth et al. 2022] for a more detailed description of the intuition behind this method.

S5A. Overview of the argument. Let 2 < p < 6. We will present a heuristic overview of the high-low
proof of Theorem 4.4 (which is our goal to prove via Proposition 4.5). By a pigeonholing argument, we
may assume that there is a parameter o > 0 so that

/XXI:fI

where Uy = {x eX: !Z 1 J1 (x)‘ ~ a}. A “broad/narrow” argument (written in our context in Section 6A)
roughly allows us to reduce to the case that, on most of Uy, !Z 1 11 ‘ is bounded by a bilinear expression
‘th[, e f12|1/2 where ', 1" are transverse, meaning d(I’,1”) > N~Y2 The high-low
frequency proof of decoupling involves upgrading the bilinear restriction theorem (Proposition 3.5) to the

p
NO[‘D|U0[|,

refined decoupling theorem (Theorem 4.4).

We split Uy, into < &~! many sets on which we know certain square functions are high- or low-frequency
dominated. Consider scales | <L < L;4+1 <Ly <N Y 2 where L,, /Lm+1 < Nt Define the (square
of the) square functions gm = Y7 | /7,,1% gm+1 = DIy ) |2, where I, I,,41 are unions of
L, Lm+1 many consecutive intervals in €2, respectively. Also write g =", | f7|. Suppose that on most
of Uy, gm+1(x) < g(x). Observe the pointwise inequality that, for x € Uy satisfying g +1(x) < g(x),

a~ D [ (0|3 > | f ()| > i (%)
Imt1 Intr:l fr,, 4 ()] >N £ Lnt1:| f, 4 ()| <Ne £
o
S Nee ) > | fap1 ()P > ey
Lt 1] 1,4 (0)|> N £ Lt 1] 1,4 ()| <N EX
o
S Negon S+ > S ()]

Im+l:|f1m+1 (X)lSNS%
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This type of reasoning means that on most of U, we may perform a wave packet decomposition of f at
scale I+ and replace f with a version which only preserves the “small” wave packets, ensuring the
property that || f7,,,, lLec®) = 1gllLoo(x)/ex-

Case 1: high-dominance. Suppose that on most of Uy, gm(X) < |8m *N>1,,,,/N(X)|, Where n>r, . /N
is a smooth bump function with supportin L,,+1/N < |w| <2, on most of U,. A combination of a broad-
narrow argument, Proposition 3.5, the locally constant property, and the assumption of high-frequency
dominance of g, leads to the inequality

4 ~ 2
o |Ua|s/|gm*nsz+l/N| .

Next, by Plancherel’s theorem, we analyze the integral on the right-hand side. A geometric argument
shows that the supports of the | f7,, |2 from g, are sparsely overlapping on the support of N>Lypt1/N-
This allows us to bound the right-hand side of the previous displayed inequality by

C{;‘NE Z/ |flm|4a
I

which is bounded by C; N 106 3" Lt [ 1 /5, 41 |* using Cauchy—Schwarz. Finally, use the good L bound
for each f7,, ., from the pruning of the wave packets to get

o gl ,
2o VP —5 2 |

Im+1 ]m+1
A pigeonholing argument may be used to show that without loss of generality, we may assume that
lgllzoox) S «?. By L? orthogonality, the integral on the right-hand side of the previous displayed line
equals Y_; /| f1]*. The conclusion of the argument in this case is then

18Ry N P . .
Vol § — 5 2 MilEa s — 7 2 | /il
1 1

which is a version of the statement of Theorem 4.4.

Case 2: low-dominance. The remaining case is if gm(x) < |gm * i<, ./~ (x)| on most of Uy. A
local L?-orthogonality argument shows that | g, * 7] Ling1/N(X)| is bounded by gm+1* <L, /N [(X),
which by the locally constant heuristic, is roughly the same as g,,+1(x). We conclude in this case that,
on most of Uy, gm(x) < gm+1(x) < g(x). This is the same type of assumption we made before consider
the cases, except at the scale L, instead of L,,+1. This allows us to reinitiate the argument beginning
with the assumption that g,,(x) < g(x) in place of gm+1(x) < g(x).

In the case that we are “low”-dominated for ¢!

|Ua| ~ [{x € Uy : g1(x) < g(X)}].

many scales, then

where g1 is a square function corresponding to partitions of € into /1, which are N® many adjacent
intervals. Since | ) ; f7(x)| < N°g1(x) by Cauchy—Schwarz, the statement of Theorem 4.4 becomes
trivial. In the next sections, we set up the argument in full technical detail.
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5B. Wave-packet decomposition. We start with a few definitions. Write f =) ;. f7, where f7 will
always denote a function with frequency support in /.

Fix2<p<6ande>0. FormeN,let L, = NV2N—¢m Without loss of generality we assume
Ly =L forsome M €N. So M <. 1. Forevery 1 <m < M we let Z,, be the partition of €2 into N1/2/Lm
many /,,, each of which is the union of L,,-consecutive intervals in 2. L,, can be thought of as scales.

Note that

CL2,0/N?
ImCPvm ' mBCLm/N,

where v, ~ % We denote the right-hand side as I, m-

=~ CL209/N?
Tmo= PN 0 Bey .
Let Py, be atiling of R by Py,,. For each I,,,, we will now construct a partition of unity {¢y,, } Py, €P1,,
which will be used to perform the wave packet decomposition

Sim =Y Py, Fm-

Py,
We regard each summand ¢p, f1, asa wave packet. Specifically, we let ¥z, be adapted to I — I,
which is of the form PUC(;L%Q/ NZ (0) N B¢y, /n(0), in the frequency space as in Lemma 2.2, with order
of decay 200 outside of the dual fat AP Py, . For each Pj, € Py, , define

br1 = WE N2k [ 10, =P dy. (39)
Im

Proposition 5.1 (wave-packet decomposition). {¢p, }p, ep,,, forms a partition of unity, that is,
> ¢p,, =1,¢p, >0.Each¢p, isa translated copy of the others, and

supppp,, C8*°°(Im—1In). lp, Sop, <Wp,, 200- (40)

Proof. By definition we see that ¢p, ~forms a partition of unity, and each ¢p, is a translated copy of
the others. Also it follows from the definition that

lle < |¢P1m |

Note that ¢p(z,,,) equals || WIZ,,, ||Z11 ® V7,12 % 1 p;,, - Therefore v/, decays at order 200 outside Pp,,(0)

implies that ¢p(7,,) decays at order 400 outside Py, , and in particular

m?
P, | < Wp,,, 200

The support property supp qAﬁ Py, C 8400(7 m— 1, m) follows from the fact that

- 2 =1 o 27
¢P1m = ||1ﬂ1m ||L1(R)|w1m| 1P1m

and from Lemma 2.2. O

5C. A pruning process and modified square functions. Now we define “square functions” (squared) at
scales L;,, which differ from the usual square functions by a pruning process of wave packets and taking
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spatial averages. The pruning process will depend on two parameters ¢ and r, which can be thought
of as the values of | f| and } ; | /1, |2 =", | f1|*> which dominate the L? norm of f. We define
A= A(a,r) by

A= GSN%, (41)

where Cg is a sufficiently large constant depending on ¢ which will be chosen later in the proof of
Lemma 5.4.

We first do the pruning process (with parameters «, r), which inductively removes wave packets at
each scale whose height exceeds A. As we shall see (Lemma 5.4), those wave packets do not play a
dominant role in the L# norm of f. This process produces a family of functions fy 1,,, fm,1,,—+ fm
that depend on «, r, which is implicit in the notation. We will write fp, 1,,.0.r» fi,Ly—1.,r» Jm,a,r tO
emphasize such dependence when necessary.

Let Pry, .4 = {P1y € PLys 2 1P, f1nllLoo@®) < A}, and define

S = Y bp, S Su=) Sy
Prys €Prpsoa Im
Welet fu.1y =2 1,,c1pyy JM.1p - Now we define fi, and fi, 1, inductively form=1,..., M —1by
Sdw =D Py St S = fnid: (42)
Pl €Prpya I,

where fnt1,1, =21, clp Jm+1.0,10 and Pr, 2 ={Pr,, € Pr, 1 9P, fm+1,1,,lLoe®) < A}. For
notational convenience we also define fas+1 = f and fyr41,1,, = f1, = f1-
We note that

W) fm=2_1, Jm.Lw =2 1, | Jm.In_1>
(i) supp ﬁn,lm C Cfm,
(i) SUpp fon, 10—y C CIm—1,
V) | fm, 1| = | fm+1,1,,| pointwise.
Item (i) follows from the definitions, and (iv) holds because {¢p,m } Py, 1s a partition of unity. To see (ii)

and (iii) we may induct on m and note that

U C i m C Zf m—1
ImClhn—1
when N is sufficiently large depending on €.
To define the “square function” g, at scale L,, we introduce py,,, which is an L-normalized nonneg-
ative function adapted to Py, (0) with decay order 100

Wp,, (0),100(X)
IWe, (),100llL1@®)

1P, " P, 0 (%) S P,y (X) S (43)

and supp py,, C C (I — In). Such a function can be constructed by taking | |2/]|v2| 11 for ¥ adapted
to I, with decay order 100 as in Lemma 2.2.
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Finally we define the “square function” by

. 2
gm =Y _ | fumt1.1, > * o1,
Iﬂ’l

for1 <m <M —1 and for m = M we define
gm =) | fin 1> % o1y
Iy

We note here that g, for 1 <m < M —1 implicitly depends on «, r, and we will write g, . to emphasize
such dependence when necessary; gps does not depend on «, r.

5D. High-low decomposition. To set up a high-low frequency decomposition for g;,, we let 1, (§) be
an even smooth bump function that equals to 1 on By, .,/ (0) and vanishes outside By, . ,/n(0) for
every 1 <m < M — 1. We also assume that 1,, are rescalings of each other.
Define, for 1 <m < M —1,
g;€1 = gm *7jm and gr}}l'[ = 8m _gﬁp
which are low- and high-frequency parts of g,,. Both gfn and gfn satisfy some proprieties. We discuss

them in the following two lemmas.

Lemma 5.2 (low lemma). For 1 <m < M — 1, we have the pointwise inequality

185 < gmt1-
Proof. By definition

gl = (Z |fm+1,1m|2) o1y Tim = (Z |fm+1,1m|2) T+ Pl
I

Im
Using Plancherel’s theorem,

ottt % i () = / 1.1y O) Pt — ) dy

= [ Gt * Fovs1.1,) O 76
= Y Gt * P O PP @ ds @)

Im+1 ’Ir/n-l-l Clm

N : . . =g ~/ =4 .
W%an%t/eNtzhat fm+1,1m+1 * fm+1,1r/”+l is supported in Cly 41 — CIerl and [+ is of the form
Pv[m+1
Ln+1 there are only O(1) many 7, 41 such that the integral in (44) is nonzero, and for those I, 41

N BcL,,;,/N- Since iy is supported on B,y ., /n(0) we conclude that for every fixed

we write I,;IH ~ Im+1. We let Y, | be adapted to C(7m+1 — fm+1) as in Lemma 2.2 with order of
decay 200. Then, using Cauchy—Schwarz in the first two inequalities, we have

2~ a ~
[P S S S TS W AR SR A

Im+1C1m I,;1+1~Im+l

2,15 N 2 1% 3
< > Y Uty P*1mD2 (g, P * 1)

Im+1CIm I,;1+1N m—+1
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2 ~
S Z |fm+1,Im+1| * | 1m|

Ly+1CIn

2 e ~
S Y Uttt P g # i

Ly+1CIn

2 Y ~
< > 2 P * Wt | % il
Iy+1CIn
where the last inequality is because of | fy+1,1,, | < | fm+2,1,,4, | pointwise. Now to finish the proof, it
suffices to observe that

|ﬁm| * |W1m+1 | * le 5 le_H,
since |7, | decays rapidly outside By, 1., ,, (0), |1Z Iny1 | decays at order 200 outside Pp,, ,, (0), py,, decays
at order 100 outside Py,,(0), and By, ., /n(0) + Py, (0) C CPy, ., (0). |

Recall that

CN 2/L2

P(Lm) = "N Ben22,0)

(which degenerates to BCNZ/(L%,G) if L, < CN1/4) as defined in (16). Let ¢p(r,,) be a function such
that

CL2,6/N?
ONBc2 n32 (O C(YT=D),  where 1p(1,) S|P (Lar)| SWP(Lar).200-

IeT

SUPP¢P(LM)CPu1

To construct such a function we can take a ¥ in Lemma 2.2 adapted to certain fat AP and apply a
translation in the physical space to it.

Lemma 5.3 (high lemma). For 1 <m < M — 1 we have
/ lgn P Wp(Ly).100 S N® /Z | font 1,10 | * WP (L pg), 100-

Proof. Because of (12), it suffices to show for every P (L)

/ FIARES NS/Z | fnt 1.1 | We(Lag),100-
P(Lpm)

I
Calculate
2
/|gfln|2WP(LM),100§/|gfln¢P(LM)|2:/ 1)1, (1= ) * P p(Lap)
1
Note that

supp((| fn+1,1,, |2)I/O\Im (1 —nm) * M)) C C(fm - INm) \ BLm_H/(ZN) (0).

Indeed, the high-frequency cutoff (1 —7,,) removes the ball By, ., ,n(0). The support of m) is
contained in a ball of radius < 1 L2 u/N 3/2 (if the C in the definition of P(L) as in (16) is large enough),
so convolution with m ) shrlnks the high-frequency cutoff by an amount smaller than L,,4+1/(2N).
The structure of I, — Iy, is unchanged by convolution by m ) because the thickness of I is ~ L /N



DECOUPLING INEQUALITIES FOR SHORT GENERALIZED DIRICHLET SEQUENCES 2427

and %Lﬁ,l/Ny2 < Lmu+1/2N)<N7¢L,,/N. We claim that at every point on R, the collection of sets
(C(Iyy — Ip) \ BL,,+1/2N)(0)}1,, has at most O(N¥) overlap. Assuming this claim, by the Cauchy-
Schwarz inequality we obtain

. .,
/|gfn|2WP(LM),IOO5NS/Z}(|fm+l,lm|2)lolm(1_nm)*‘ﬁP(LM)‘ :
I
So we have
/lgm| WP(LM) 100

<N£Z/||fm+11m| * PI,,, *(1—77m)} 6P (L)
~ 2
SN°Y. (/||fm+1,lm|2*pzm\ |¢P(LM)|2+/||fm+1,1m|2*p1m | im | |¢P(LM)|2)
I

sNeX:(/ |fm+1,1m|4(|¢P(LM)|2*le)+[ | fnt 1,00 | (PP La) |2 * PI,y * Iﬁml)),
I,

where we used Cauchy—Schwarz and that py,, and 7,, have L' norms ~ 1 to justify

Noting that [¢p(z,) 1 * p1,, S Wp(Lar),100 and [¢p(Ly) 1 * p1,, * [Tm| S Wp(Lyy),100- We conclude
/ |88 P Wh(Lp)100 S N° Z/ | fnt 1.1 | We(Las),100-

Now we prove the claim. Recall that I, is a fat AP of the form PCL *o/N? N Bcr,,/n»Where vy, ~ N~

Suppose x € C(I, —Im)\BLm+]/(2N)(0) and x € C(T/, —Im)\BLm+]/N(0) for distinct I, and I/,. We
denote the common difference of I,,, and I, I by v and v’ respectively. Recalling that vy, are COL,, /N 2
separated, and the maximal separation is C(N Y2/ L,,)(0Lm/N?%) = C0/N3/2, we have

OLm/N2<|v—v/|<O/N3.

Suppose x € B2 g/ y2(kv) andx € By O/Nz(k v') for some k, k" €N. Thensince x ¢ By, ., /2n)(0),
Lmi1 Sk.k' < Ly,. By definition Ly, = N¢L,, 11 < NY27¢ 50 we have

OLm _ 0L, 6 6 1
Lmt17g AN bme o = e = i

It follows that |k —k’| < 1 and

L
either |v—v|SN®O—2= or |v—1|2 .
N2 —&

The second case cannot happen if N is sufficiently large (depending on &). Since common differences v are
O(BL /N ?)-separated, we conclude that there are at most O(N¢) many I, such that x € C(I', —I")\
Br,,11/n)(0). O
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SE. The sets Ry q,r and Uy, r. The last part of our high-low decomposition set-up is to partition P (Lpy)
into Q2 «.r, for a fixed pair (o, r). For 1 <m < M —1 we define Q, o - to be

Qmar = {x € P(Lag) : gm(x) < 2|gm ()], gm1(x) <2181 (O, gar—1(x) < 2|gh_ (01}

Here gx = gk,a,r- Also define ¢4, to be

Qoar = {x € P(Lay): g1(x) <2[gi ()], g2(x) <2g5)|. ..., gm—1(x) <2lgsr_ (X)}.

Clearly

P(LM) = U Qm,oe,r
o<m<M-1

for every «, r. For notational convenience we let Qp o = P(Lpy).
We define Uy ,» by

Uy ={xeP(Ly): )2 <gm(x)<2r, o /2 < |f(x)] <2} (45)

Recall that gpr = > Ing | Tns | % pr,, is defined without the pruning process so in particular it does not
depend on the pruning parameters «, r.

We prove the following lemma, which shows that, on Uy, N Qm.a.r. | fimm — fm.e,r| is very small
so that | fiu| ~ | fm,a,r|- We define fo = f1 for notational convenience. Also recall we have defined

Sm+1=fand fyy1,0, = f1 = 11

Lemma 5.4. [f the constant Cs in the definition of A is large enough depending on &, then for every o, r,
every | <m < M — 1, and any subset S of the partition T, = {Ip,}, we have

Z flm - Z fm,(x,r,lm

I,€S I,€S

o
<
— 100

on Uy r N Qm.a,r, and also on Uy r N Qo o,r if m = 1. In particular if58 in the definition of A is large
enough depending on ¢, then for every a,r, every0 <m <M —1,

o
| fmarl €[5 4a].
onUyr NQuma.r
Proof. Fix o, r. In the following proof gx means g 4., and kak, fk,Ik—l’ fr mean fk,Ik,a,r’ fk,Ik_, s

Jk.o,r respectively. First suppose 1 <m < M — 1. By the definition of Q, o  and Lemma 5.2 we know
that on Uy r N QL a,r»

gm+1 S8&m+2 S SEM ST
We also have by the Cauchy—Schwarz inequality g, <¢ N°gm+1. Recall that M <. 1 so we have, for
m=<k=<M,

8k Se Nfr on Us,r N ma,r
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Let m’ be an integer between m and M and let I,y € Z,,. By the definition of f,, 1,y and fury1,1,, wWe
have for x € Uy,r N Qo r

Y. ¢p, () s, (x)

|fm’,1m/ (x)_fm’—i-l,lm/ ()=

le/ ¢ler,l
1 1
S ) 183, ) S, (0N, (x)
' m
le/ ¢,P1m/”l
1 1
-1 2 2
S Z A ||¢P1m/ fm’-‘rl,Imr ||L°°(R)||¢I2’, /fm/-}-l,lm/”LOO(R)(P}z)] /(X)
m m
le/ ¢le/.A
1 1
-1 3 2 2
SATH D0 19, Swrig, e 9, (4)
m
le/¢le/,A

1
AT Y Wey, e e, ) 85, (0

le/ ¢ler,A j;[m/

1
-1 ~ 2 2
<A E } ||¢P1m/ ||Loo(P]m/)||fm/-|-1,Im, ||£1(Wﬁ1m,)¢le/(x)’
le’ le/

where we used ¢p, =< Y2 We also used the locally constant property Proposition 2.3 for the last in-
T Pr,

equality. If we use ¢y, (P]mn;) to denote ¢y, (sup ﬁlm,), which is comparable to ¢y, , () forany y € ﬁ]m, ,
then we have

~ 1
|fm,’1m, (x) — fm’-i—l,lm/ (x)l < A_llPIm/|_1 Z Z (/ W§1m,¢le/ (PIm/)lfm/+1,Im/|2)¢}2>Im/ (X)

le’ le/

1
a7 ([ ey L)), (2100
P’I m

m’

1
SANPY I [ U POY Y Wa, (006}, (P () dy
Py "

1
SANPY I [ Ui, OIS, )

Noting that | Pr,,, 7' ¢ 3> o (9) S pr,, (x — ), we get

| font B ) = Swr41,1, () S AT fowr 1,1, > % o1, (%),

Summing the above over 1, C | J I,,€8 I,,, we conclude

<27 Y g, P * o1, (%)

Im’ (S

Yoo bty @ = Y g, ()

Im/CU[mGS I Im’CU[mES Im

= )L_lgm’(x) e NS%-
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Therefore if we choose the constant Cs in the definition of A = CgN ¢ to be large enough depending
on ¢, then we have, for x € Uy » N Qm ars

> Yoo Swde = D fwrng, (| <

m=m’'<M 'L, CUy,, es Im Ly CUppes Im

=100

Since by definition Zlm’CUImes 1, Jm' L, = Zlmu]CUImes 1,, Jm'.1,,_,» W€ have by the triangle

inequality that
DT S A L

~ 100"
In€es I,€8

The case m = 0 follows from the above argument for m = 1 as by definition fy = f]. |

From now on we will assume that C, is chosen large enough such that the conclusion of Lemma 5.4
holds.

6. Proof of Proposition 4.5

We prove Proposition 4.5 in this section, and consequently Theorem 4.4. We also give the proof of
Theorem 4.3 assuming Theorem 4.4 in the last subsection. Still fix 2 < p <6, ¢ >0, and P(Lys) CR.
Suppose 1 < K < N®/2and NV2/K > L. Let T’ be a partition of Ny —1 g—1 ({an },11V=1/12) into K many ',
which is a union of N /2/ K consecutive intervals in Ay —1 g—1 ({an },]1\721/12). We call I, I € 7’ nonadjacent
if there exist at least two other /" € 7/ between I’ and I” on the real line. Alternatively, we can list
I' €T as ij so that IJfH is on the right side of ij on the real line for every j. Then we define I/, ij, to
be nonadjacent if | j — j’| > 3. In displayed math we write “nonad;j.” as the shorthand for nonadjacent.
For f with supp f C Q, we let f7/ denote the projection of f to I’ in the frequency space. So

frr =21y cr Jin-

6A. Broad-narrow decomposition. The following lemma is a broad-narrow analysis on f with some
complication. For parameters o, 7 > 0 and m, 0 <m < M — 1, define

fm,a,r,I’ = Z fm,a,r,[m,

InCl’

where we recall that fy, o 1, is defined in (42).

Lemma 6.1. For every X C P(Lyy), there exist some a, r with o > rY2 and some m such that 0 <m<

M —1 and
p D (o KC 2 2
| 1f] ey | 1fil? + (tog N log(8™" + 1) max | fmar,17P| fonr, 17
=, TP XUy 0
I'ez nonad]

21
2
2
+ (s S Uy, w) (T 1y 00): @O
1

First we prove a technical lemma which is a pointwise broad-narrow analysis.
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By taking all parameters to have dyadic values, we may assume that for each 7,,, 0 <m < M, and
any I', either I, C I’ or I, N 1" = @.

Lemma 6.2. Foreveryo,r >0and0<m <M —1,

|fm,a,r(x)|2 < H}?}X |f1/(x)|2 + K€ }I}f})f, | frnsoe,r, 1 CO frm e ,r, 17 (X))
nor;adj.

foreveryx € X N Uy N Qi a,r-

Proof. Let x € X NUq,r N Q2 a7 If there exist I, I” € T’ nonadjacent such that | fr o .17, | frn.a.r17| =
067 | fm.a,r (X)], then we have

|fm,a,r(x)|2 < K? ?}E})f/ |fm,a,r,1’(x)| |fm,oe,r,1”(x)|- 47)
nor;adj.

Now we assume there do not exist I/, I” € 7’ nonadjacent with | £ .0 .11, | frn.c0r. 171> ﬁ | frn,r (X)].
Note that fi o (X) =D ;/ fim,a,r1’(x) and the number of I’ is bounded by K. So if we choose I € T’
with | fin,e,r,17(X)| = maxyrer | fm,a,r,1(x)|, then

| fm,er, 17 (X)] = %|fm,a,r(x)|- (48)
By Lemma 5.4 we have | fin,q.r(x)| € [¢/4,4a], and | fin,a,r,177(x) — f77(x)| < 155- Therefore by
the triangle inequality and (48) we obtain
| /17 ()| Z & ~ | fm,ar ()]
This combined with (47) proves the lemma. O

Proof of Lemma 6.1. Since P(Lys) = | | Uq,r» we have

o,r: dyadic
[ > [ e
X a,r: dyadic ¥ X NUe.r

Without loss of generality we assume

1 1

1
27 p P
2 2 _
(50 Z 1A By on) (S Vi oty ) =1 9)
1 1

Then X N Uy, = @ if max{a, 7} > CNCH~C for some sufficiently large constant C. Also

1

D
(f 717)" 51
XN Usinte.ry=<c—1 n—C o€ Ua.r)

if C is sufficiently large. So now we write

P P4, 50
/lel fngmlefl (50)

where the number of pairs (a, r) in the summation is O(log N log(#~! + 1))?2, since the number of dyadic
numbers between C !N~ 0C€ and CN€0C is O(log N +1log(8~" + 1)) = O(log N log(6~! + 1)).
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We also observe that by Holder’s inequality and Fubini’s theorem we have

D 2_1
2 2
s [ (?mz*m) S| St (S 1wy )

LX) \ g

/XﬂUas,.l/z Ua.r

Since

Loo(X) x€X

H; GiPpr| s Y U0 S 5 S By
1 1

we obtain
-1

2
p < 2 2 _ 1.
/X Uy atar 1 (EEE ; ||f1||£2(WP,(X),mO)) (; ||f1||L2(WP(L),wO))

So in summary

/lel”s 3 /X 17+ 1. 51)

a,ra>rl/2 (Ue.r

Next we further decompose X N Uy, into | J,,(X NUq,r N Qi ,a,r):

M—1
/ 1EDS
XU o

By Lemma 5.4 we have, for0 <m <M —1,

f |f|”~/ o |-
XNUq,rNQpm,a,r XNUq,r N .a.r

It then follows from Lemmas 6.2 and 5.4 that

/lell’

|f17.

/XnUa,ran,a,r

M-1 K€
S N (oo o 2 o o mans Plina )
a.roa>rl/2m=0 “l'ex’ XU rNQm.cv.r o nIor;a{dj XNUq,rNQm,a,r
KC 2 2
S Y [ e 33 s | e Pt
e ’X a,ra>rl/2 m nlor;a{dj. XNUq,rNQ2m,a.r

where we used M <. 1 in the last inequality. Recall that the number of pairs (c, ) in the summation is
O(log N log(6~1 4 1))2 (see (50)); by the pigeonhole principle we have

KC 2 2
> Yy max [ et P ]
a,ra>ri/z m nonadj. XNUa.r N1
< -1 2 K€ 2 2
<e (log Nlog(6~" +1)) —p max |fm,a,r,1’| |fm,a,r,l”|
o 1" JXNUy rNQu.ov.r
nonadj.

for some «, r with @ > r¥/2, 0 <m < M — 1, which completes the proof. O
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Now fix X C P(Ljps). We have identified a pair (o, r) from Lemma 6.1, and we fix that pair of «, r
and suppress the dependence on «, r from now on in the notation. In particular write g, = gm a.r
Qm=Qmar, fm.l' = fmar.r’ a0d fu 1, = fm.a.r.1, Where a,r are those chosen in Lemma 6.1.

We estimate the broad and narrow parts separately, which together with Lemma 6.1 will imply
Proposition 4.5.

6B. Narrow part.

Proposition 6.3. For every I’ € T/ we have

/X 1P

A% 51
(s vee(5z) ) (50 1) (1, ) 52

6/e[6/4,6] xeX [T oy

Proof. In this proof, the notation ¢ A with ¢ € [R{ A C R will denote the set {ca :a € A}.
We first prove (52) for I’ = Nng/Nz({an} _1 ) Note that K2]' = = Nk2120/N2({K an})Nm/K,
and if we let @ = K2a,, N= N/K? and § = /K2, then
. . [K? 4k? 1 4 . . . [K?0 4K?6 6 40
a—ac = =, @—a)—-a-a)e|—, — | =|—=—,. = |,
[4N N } [4N N] [4N2 N2 ] [4N2 ]
and K21' = N5, 2@} ).
We define ﬁ(L), ﬁKzI by (16), (15) respectively with N, L, 6, v; replaced by N,L.6, K?v;. Then for
any xo we have Pg2;(K2xo) = K~2P7(xo), and P(L, K~2x¢) C K=2P(L, xo). Now by the change
of variable formula,

[ | 1 (x)|? dx:K2/ | frr(K2x)|? dx.
X 72

We have supp f7/(K2-)CK?1'= NLZO/N2({a}n 1 ) Let f(x) denote the function f7-(K?x). Therefore
by the definition of the refined decoupling constant for NV, , 5 /N2 ({a}n 1 ) and (33) (as P(L, K~2xg) C
K~2P(L,xp)), we have

21
p p
[ T as=oee@ir (s S0 e, o) (D By )

x€X e Icl’

By the change of variable formula,
||f||£2(WFK21(K_2x).100) S rlle2we, o100

||f||L2(WK—2P(L),IOO) <K ||fI“Lz(WP(L).mo)'

So we conclude

N 6V 21
[ <o Gz ) (590 1B, o) (5 1w, )

XX rop Icl’
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Now we consider a general I’ € Z’. Suppose a; is the first term in 7/ N {an}n 1 ,and let v; = a;41 —ay.
Because of (14) we have v; € [v1, 2v1]. So we may choose K; € [K/~/2, K] such that

1 4
KZU]€|: ~,:].
4N N

OK? 40KP _[ 6 46,
4N2° N2 4N2" N2

Then

Klz((an+1 —an) —(an —an-1)) € |:

for some 6; € [§/4 é] Let ; = K20, which lies in [6/4,40]. So by a change of variable argument
again we have

N 21
P <D
o zese(i i) (1 5 Vit

Therefore we have shown (52) for every I’ € T'. O

Z /1 ||L2(WP(L) 100))

1cl’

The proof of Proposition 6.3 actually shows that (52) holds for every f with frequency support in 2
(not only alternately spaced f) and every X C P(L).

6C. Broad part.

Proposition 6.4. For 1 <m <M — 1 and I’, 1" € T’ nonadjacent we have

2
r
/XﬂUa G |fm,1/|2|fm,]u|2 <, NC¢k€ (a) (Z “fI”%‘Z(WP(L),lOO))' (53)

Iez
Proof. Fix a P(L},)) such that P(L,) N X N Uy, N Qm # D. Recall that L) = (L, NY?)V2 as
defined in Section 3. Suppose the distance between I’ and I"” is 1/K’. Since I’, I"" are nonadjacent,
we have 1/K <1/K’ < 1. Let f (x) denote the function f, 1/ ((K’ )2x), and f (x) denote the function
fin.17((K")2x). Then supp f; C (K')21’, supp f> C (K')21”, and d((K")21’,(K")21") = 1. By (22)
and a change of variable argument similar to that in the proof of Proposition 6.3, we have

/(K,)_ZP(L, VPP Se NEKDEIP (L)Y / TP Wikn=2p(ey.200 / TP Wikn=pes).200

By the local L? orthogonality Lemma 3.6, we further obtain

/ FRLAP
K’)_2P(L/
< NS(KC|P(L,)| ™! / S &2, P Wekr-2 s 200 f S U2, W2y 200

I,Cl’ I,CI1”

Here the notation cA with ¢ € R, A C R denotes the set {ca : a € A}. Applying the change of variable
x — (K’)™2x to both sides of the above inequality, and using K’ < K, we get

/ o VPl PN KE P | X U PWoiznof 3 1ot PWectiano

I,Cl’ I,Cl1”
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By Holder’s inequality,

[P(L/ ) | fon 0| fn, 11 Se NSKC/(Z | fn, 1| ) Wp(r;,),200

and due to | fn,1,,| < |fm+1,1,,| we further have

[ o Pl 5 ke (Z|fm+1lm )WP(L J200-

Now applying Proposition 2.3 we obtain
2
/;)(L/)lfm,l/|2|fm,1//|2 NSKC|P(L )l_ (/(Zlfm-}—l,lm )WP(L )100)
Im

S N°KC / Em-
P (L)

Note that from the definition of €2, and the definition of g, 1= Y I | fm+1,1,, |2 % pr,, we have x € Q,
implies |gm (xX)| ~ supyep(rr, (x)) |8m (V)] < |g,},‘1 (x)|. Therefore we have (by Proposition 2.3)

/ 2 <|P(L, >||gm<x)|2</|gm| Wacws ) 100
P(Ly,)

where x € P(L},) N Q. Summing over disjoint P(L,,) that intersect X N Uy, N 2, We obtain

/X 0 e |fm,1/|2|fm,1~|2§sN8KC/Igml We (L), 100<N2€KC/Z|fm+1,lm|4WP(LM),100a
NUq,r N2 I

where the last inequality is due to Lemma 5.3. By Holder’s inequality and the definition of fi+1,1,4,
we have

/Z | fnt 1.1 | Wh (g, 100 S NCS/ D 1t 1 *We (L. 100
1m+1

r
< Nce(&)/ Y ot tdd PWeLan, 100-

Im+l

By the pointwise inequality | fyu+1,7,,1 | < | fm+2,1,,4, | and local L? orthogonality (Lemma 3.6),

2 2
/Z | 41,141 ] WP(LM),100§/Z | 42,841 1" WP (Lar), 100
I+ Im+42

2
S/Z | 42,5421 WP (Lar), 100
Im+2

Continuing this process we obtain

/Z | frnt 101 P WP(Lar), 100 ~e/2|fMIM| WP (Lr),100- (54)

Im+1
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Recalling that | far,1,,| < | f1,,| = | f1| we conclude

2
,
Lo Pl 5 NKE (L) [ P00 =
1

NUa.rNQ2m

Proposition 6.5. For I’, 1" € T’ nonadjacent we have

7_1
’ 2 ” 2 € 2
/XnUa,rnQO [fo.0'| 21 fo,17]2 <e N (;lelp Z ||f1”£2(WP1(x) 100)) (; ”fI”Lz(WP(L),loo))'

Proof. By the Cauchy—Schwarz inequality we have

y4 y2
[ | fo,/1% | fo,1]> SNS/ (Zlfl I )
XUy N0 XUy NQ0
21
N sup (Z|f1 I ) /Z|f1 LI We (L. 100-

X€EXNo

(NS

We have shown in the proof of Proposition 6.4 (inequality (54)) that

/Z|fl LI We(Las,100 Ns/2|f1| Wp(L),100-
l
So it suffices to show

sup (Z | f1,1,] ) Se j:?{ Z ||f1||iz(WP1m']00). (55)
I

x€XNo

From the locally constant property (Proposition 2.3) we have
Zm JAREIBS Zm Ll pr(x) 3 Z|f2 L% pr (x) = g1(x)
I I

(recall that py, is an L! normalized nonnegative function adapted to Py, (0) satisfying (43)), and by
Lemma 5.2 we have, for x € X N Qg, g1(x) <¢ gm (x). So we conclude

sup | P() Se sup  gm(x) < sup /2117 : 0
XGXHQO; ! gxe XNQo Z LZ(WP](X).IOO)

6D. Proof of Proposition 4.5. Let X C P(L). We choose «, r as in Lemma 6.1. Note that

r<?2

f1l?

Lo (X)

since otherwise X N Uy, = &. So

I <— 2 < Sup § ||ﬁ||£2 W,
[ (X) X , ( Py(x), 100)
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Also « > /2 implies that r3~?/2 /¢®~P <1 as p < 6. Therefore combining Propositions 6.3, 6.4, and 6.5

and Lemma 6.1 we obtain

N 0\
WAL ( sup Dec(—,—) +1ogc(0—1+1)NC€KC)
/)'( ¢ 6’€[6/4,46] K2 K2

£-1
2
2 2
X (sug)( E ”fl ||132(WP1(X),100)) (§ ”fl ”LZ(WP(L),IOO))' (56)
I I

xe

6E. Proof of Theorem 4.3. Finally, in this section we show how Theorem 4.4 implies Theorem 4.3. Let
f =>"; f1. Taking X = P(L) in (32) we see that

—_

1

1
27 p 2
I lerceaen Se N0 @4 0( w0 1B o0) (2 M5 0rp00y )
1

XEP(L) I

To prove Theorem 4.1 we will do dyadic pigeonholing on the L?-norm of wave packets of f, using
Proposition 5.1. More precisely we write

F=Y"5=> > ¢pfi= > > ¢p, 1.

I Py A dyadic IsP1:||¢P1 fl ”LZ(WP],IOO)G[A/z’A)

Without loss of generality we assume (Z[ Il f1 ”il’(WP(L) 100))1/2 = 1. Then

Z ¢P1 fI

LPr:lop, f1 ||L2(WP[ Lo EIN € OC NCo=C] LP(P(L))

<1

~

for sufficiently large C. Therefore there exists a A such that

Z ¢P1fl

LPr:\op, f1 ”LZ(WPI,IOO)G[A/Z’A) L?(P(L))

I fllLrcpy < CeNelog€ (071 + 1) + L.

By a further dyadic pigeonholing argument on /, we may assume, for every I, either

# PN op, fTllL2owp ry100) € [A/2.4)) =0
or
#Pr:op ST1lL2(Wpry100) € [A/2.4)} €[4/2, A)  for some constant A.

We denote by #I the number of I such that #{ Py : ||¢p, f1 ||L2(WP(L),100) €[A/2,1)} € [A/2, A). For
simplicity of notation we will also drop writing the condition ([¢p; 7 llz2(w, (y.100) € [A/2,A) in the
summation. Now apply Theorem 4.4 to get

2 b
> ¢p, fi Se logc(9‘1+1)N8( sup Y I e, f1 )
1,P; LP(P(L)) xeP(L)" T I'p, £2(Wp; (x).100) ]
2 4
2
x(Z > op, fi ) .67
I "p L2(Wp(1).100)
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To estimate the first factor on the right-hand side of (57) we note that, for every x € P(L),

f1

S 2D 188 il o wy, o S F#DAZ P

£2(Wp, (x).100) I P

because of (ZP, bp, (y)) < supp, ¢, (y) < ZPI ¢, (v) and (12). Therefore

w YIS 0n ]

XEP(L) I
To estimate the second factor on the right-hand side of (57) we calculate

S #DA?| P
£2(Wp, (x).100)

fI YD e S oy, o) S BDAZA.

L2(Wp(L).100) I P;

To summarize, (57) irnplies that

> op fi

1,P;

Crn-1 ey L1 11
<elogC€ (0 + 1)N8| PP 2(#])2 AV A,
L?(P(L))

Now by Holder’s inequality we have

2 1

1 7 \2
2 P
(Z ”fIl'L”(WP(L),loo)) (Z(Z ”¢12’1 fI”L”(WP(L).loo)) )
I Py 2.1
p -2\ Y
Z(PZ 192, a0 P11 %))
7

/‘\

1
Pr|P Z(#I)2 AT A

ZV

Hence we have (31).

7. A decoupling inequality for generalized Dirichlet sequences

In this section we focus only on generalized Dirichlet sequences with parameter 8 = 1. That is, we say
{an} —, is a generalized Dirichlet sequence if it satisfies (14) with § = 1. We will present a decoupling
inequality for generalized Dirichlet sequences, by combining Theorem 4.1 and the flat decoupling
(Proposition 7.2 below). Then we show that for certain choices of the generalized Dirichlet sequences
{an} _, the decoupling inequality that we obtain in this way is sharp (up to CcN°®).

More precisely, for 1 < L < N¥2, we let Q' denote the L2/NZ-neighborhood of {a, }n 1
let {J} e be a partition of Q’ into Q/ N Bpy—-1/2, where Bpy—1/2 runs over a tiling of R by balls of
radius N ~2. So there are about N /2 many J and each J contains O(N Y 2) many consecutive intervals
in Q'. For each J we let Z; be the partition of J into I, which is a union of L many consecutive intervals
in Q.

We have the following decoupling inequality for the partition Q" =| [;c ;| l;ez, 1

and
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Theorem 7.1. For2 < p <6, we have

1
1/ Ny Se N A3+ (Z ) ||f1||ip(R)) (58)

Jeglely

for every f : R — C with supp fC Q. There exists a choice of {an}fL1 (satisfying (14) with 8 = 1) such
that the above estimate is sharp up to an N°¢ factor.

7A. Proof of (58). From Theorem 4.1 we have, forevery J € J and 2 < p <6,

%
1o % 8 2 Uil o) - (59)

€Ty
Next we decouple f into f7 using the flat decoupling:

Proposition 7.2. Let U denote the partition
M—1
[0.M)=| | [m.m+1).
m=0

Then for p > 2 we have

1

1_1 2
Il <p M2 7 (Z ||fU||iP(R))

Ueu
forevery f : R — C with supp fC [0, M).

Flat decoupling inequality is well known (see for example Proposition 2.4 in [Demeter et al. 2020])
but we include a proof here for the sake of completeness.

Proof. Fix p > 2. It suffices to prove that
1

2
”f”LP(Bl) _(Z ”fU”LP(WB 100))

Ueu
for f with supp f C [0, M'). We calculate

11208y < 1122501 122a,

p—2
< (Z I fu ||L°°(Bl)) (Z I /v ”%2(WB|,100))
U U
p—2
2
< (Z | fu ||L”(W31,100)) (Z ”fUHLp(WBl.lOO))
U U

p—2

22 2 2 2
M (1o ) (18 rws,00)
U , U
=2 2 2
<P (L 10y, ) -
U

Here we used the locally constant property similar to Proposition 2.3 and local L? orthogonality similar
to Lemma 3.6. O
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Now we prove the decoupling inequality in Theorem 7.1.

Proof of (58) in Theorem 7.1. Combining (59) with Proposition 7.2 we obtain

1

1
2 11 2
1/l Se Ns(Z IIfJIIip(R)) < N 217*8(2 3 ||f,||g,,(R))

Jeg Jeglely
for f with supp f C Q". O

7B. An example and sharpness of (58). To prove the sharpness part, we construct a sequence {a },11\]:1
satisfying (14) (with 8 = 1) and for which (58) is sharp. We will use the function

x4 (N3 — VN —4x)?
N 4N

g(x)

let

to define the sequence. Forn =0, ..., %,

an = g(n).
Distinguish the subsequence a,, where ny = kN 2 _ g2,

Lemma 7.3. There is an absolute constant Ny > 0 such that for every N > Ny, the sequence {an }ivﬁ
constructed above satisfies property (14) (with 6 = 1). Furthermore, there is an absolute constant ¢ > 0
so that

J . 1
— ] :1,...,|_CN2J
N/8 N2
is a subsequence of {an}, L.

Proof. First we verify the presence of the subsequence: Let ng and a,, be as above. Calculate directly that

dng + (N2 — /N —dng)?

any = g(”k) = AN
4N —k2)+ (N3 — VN —4(kN 3 —k?))2
- 4N
4(kN?2 —k2)+ (N2 — (N 2 — 2k))?
- AN
AKN? —4k2 + 4k &k
- 4N Y

This calculation holds as long as k < N 172 /2. Also note that ny = kN 2 _ k2 s increasing as a function
of k as long as k < NY2/2, so the ny, define a subsequence Ang, .. .,Aang Where K = [N 12/2].
To verify property (14), it suffices to check that for N large enough

1 2
ar-ave |5y ] (60)
and that | A
(an+1—an) — (an —an—1) € [W’ m] (61)

whenever 1 <n < % — 1, since (60) together with (61) will imply a» —a; € [ﬁ %] for N large enough.
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First we check (60). Note that ag = 0 and

44+ (N2 — /N —4)?2

ay=g()= N

Then

1 ( 16 ) [ 1 2 :|
ay—ap=—\4+— €|l=—0,—
4N (NZ 4+ /N —4)2 2N N
if N is large enough.
Next we check (61). First calculate

44+ (N2 — /N —dx—4)2— (N> — /N —4x)?

gx+1)—g(x)=

4N
442N (/N —dx—/N—dx—4)—4
B 4N
_ VN—dx—J/N—dx—4 _ 2
IN3 N2(JN—dx++/N—dx—4)

Use this formula to calculate the difference

(an—i-l —an) - (an _an—l)

2 ( 1 1 )

N3\VN—4n++/N—4n—4 N —dn+4++/N—4n
VN—4n+4—+N—-4n—4

2
N2 (WN—4n+ N —an—4)(v/N—4n+4+ /N —4n)

16
CONS(WN —dn+ N —dn—4) (VN —dn+4d+ VN —dn) (VN —dn+4+ VN —dn—4)
Aslongasn < N and N is sufficiently large, this lies in [ﬁ %] and we are done. O

Now we can finish the sharpness part of Theorem 7.1.

Proof of the sharpness part of Theorem 7.1. For N > Ny, we take {ay, }ivﬁ to be the sequence constructed
in Lemma 7.3, extended arbitrarily to {a, },Il\'=1 so that (14) is satisfied with 6 = 1. We take f =) ; f7

to be the function
leN1/2]

Pn2y2(x) D e,

n=1

where ¢ is the constant in Lemma 7.3, and ¢ 2/72(x) is an L°°-normalized Schwartz function whose
Fourier transform is a smooth bump adapted to B;2,y2(0). Then we have

3. 1

(&)

D=

I fllLr@m 2 N
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since | f(x)| ~ NY2 on P§I/2(0) N Benz2/12(0). Since | f1| = ¢p2/12, we have

(Z ) ||f1||Lp(R))~N4(ILV§) |

Jeglezy

Therefore (58) is sharp up to N¢. O

7C. Some discussions. If we take L = 1 and p = 4 in Theorem 7.1, we get

ianx

e N2HEE||b, |42 (62)
L4(BN2)

On the other hand, for the Dirichlet polynomial we have, by unique factorization in Z and local L?
orthogonality, that

2N
b eixlogn
§ n

n=N+1

2N 2N
Z Bombn elxlog(nm)
m=N+1n=N+1

L4(BN2)

<e N3P |bullo. (63)
L2(BN2)

Comparing (62) with (63) we see that while we can construct a generalized Dirichlet sequence that

contains an AP with about N /2 many terms and common difference N ~1/2 g6 that (62) is sharp for that

sequence, the Dirichlet sequence {log n}2Y¥ does not contain such an (N ~2-approximate) AP and

n=N+1
therefore allows a better estimate (63).

CN 172 lx j/N1/2
j=
Montgomery’s conjecture may hold for generalized D1r1chlet polynomials. By Montgomery’s conjecture

However we notice that the example Dg(x) = does not exclude the possibility that

for generalized Dirichlet polynomials we mean, for every ¢ > 0,
N

Z bn eixan

n=1

for every generalized Dirichlet sequence {a, },Ilv=1 with & = 1. Indeed we know |Do(x)| = N
Pjg 1,2(0), so

Se T NZ(NZ 4+ T)7||by]| oo (64)
L?(BT)

1/2 on

111
I DollLrBry 2 TP N2"27.

On the right-hand side of (7) we have C, TN V2(NP/24T)1/P > NV2T1/P S0 there is no contradiction
to (64). Note that if we apply Holder’s inequality ||b,| ;2 < N 2| 1b,, |l goo to (63) then we obtain

2N
Z b eix logn
n

n=N+1

Se N )bngoe.
L4(BN2)

which is exactly (7) with p = 4, T = N2. However although we know (62) is sharp (up to Cz N ) for our

1/2

example Do (x), the Holder step [|bnlly2 < N 2|yl oo is not sharp because Dg(x) has only N /2 many

nonzero coefficients.
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On the other hand we may construct a periodic generalized Dirichlet polynomial
PO

N
N
n=1

which contradicts (64) for p > 4, T > N27¢0 with any & > 0. We notice that | | = N on N¢ (N2Z). So

1

TV
I fllLrr) 2 N vz ) =N

S

T

NN

Under the condition p > 4 we have
1-2 .1 PR R §
N " rTrP Zey N'N2T»
for some &; > 0 depending on p. Under the condition 7 > N 21 we have
1-2 51 &
N “»2Tr>N®2N

for some &5 > 0 depending on p. Therefore when p > 4 and T > N27¢0 with any gg > 0, (64) fails for
the generalized Dirichlet polynomial f.

At the end of this section we discuss briefly what makes N /2

special. Suppose we consider the
sequence {an} | for some o € (1 , 1], and {a, },]1\’:1 is a generalized Dirichlet sequence with 6 = 1. For
simplicity we w111 omit constants C in the following discussion. Still we look at (L2 /N ?)-neighborhood
of {a, V", with L > 1. For L > N2, the (L?/N?)-neighborhood is essentially the same as the (1/N)-
neighborhood (as long as L < N), which is an interval of length about 1. So the induction scheme in this
paper fails to work for L > N 172,

Another difficulty is about the “bush” structure of _J; (I — I') in the frequency space. To illustrate this,
we let L < NY2 and define I, Py as before that is, I is the (L?/N?)-neighborhood of an L-segment
{an}n G-1)L+1 of the sequence {a, }n 1> and Py denotes a fat AP of the form P N/ N Bey2/p2s
where v; = a(j—1yL+2 —a(j—1)L+1 (see (15)). So now there are N*/L many I, vI ~ 1/N are L/N?
separated, and the maximal separation of vy is 1/N27%. For « > %, we no longer have an essentially
linear decaying pattern of the bush | J;(/ — 1) if L> N 1=a which is exploited in the proof of Lemma 5.3.
To be precise, we consider the function ) ; 17_7(¢), which counts the number of overlap of the sets

I—-Tatt. Ifaa<s; then we can verify that

1
/ when — < |x| <

L (65)
e N~ N’

See Figure 2 for a rough graph of the function ) ; 1;_7(¢). However if o > % then we no longer have

1/2 the k-th intervals in all

(65). This is because % is the largest value for o such that for every L < N
I — I are within about N 1 distance from each other for every 1 <k < L. For comparison, we note that

for R™Y/2 x R=1 caps 6 that tile the R~!-neighborhood of the truncated parabola, the bush {# — 6} has a
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y

— Y= Zi l7—1(x)

L/N %

Figure 2. The overlap number of the / — [ has a linear decay pattern provided
L/N?® < N~L This condition is guaranteed as long as o < % Controlling the
overlap number of the I — I outside of a certain neighborhood of the origin is a central
step in Lemma 5.3.

similar linear decay pattern:

> lg_g(x)
9

On the physical side, how Py interact also becomes more complicated when o > 2. One important

R 2 -1 1
Sl—l when R™" < |x| S R 2.
X

property we used in the o = % case is that the maximal separation of vl_1 (which is about N 1/2) is less
than the thickness of Py (which is about N/L) forevery | <L <N 12 However for a > %, the maximal
separation is about N !~% which is greater than the thickness N/ L for L > N 7% In particular this makes
the pattern of the intersection Py N P; more complicated and the notion of transversal less clear.

8. Small-cap-type decoupling

In this section we prove Theorem 1.3, which is about small-cap-type decoupling inequalities in the spirit
of [Demeter et al. 2020].

First we restate Theorem 1.3 but with the more general definition of generalized Dirichlet sequence. Let
{an },11\];/12 be a short generalized Dirichlet sequence with parameter 6 € (0, 1] as defined in Definition 3.1.
Let L, Ly be two integers such that 1 < Ly <L <N 12 Denote by 2 the 0L? /N 2—neighborhood of
{an },11\]:1/12 We let {J}jer = {Jx }]LCZ;/Z/ L1l be the partition of € into unions of L many consecutive

intervals, that is,
L,

Jr = U Bor2 n2(akL, +i)-
i=1
Let {I};e7 be the partition of 2 into unions of L many consecutive intervals, which we called the
canonical partition.
A more general version of Theorem 1.3 is the following, which we prove in the rest of this section.
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Theorem 8.1. Let {J}jc s be defined as in the above paragraph. Suppose p > 4, é + % < 1. If either of
the two conditions

(a) L1 =1,
b)) p=gq.,

is satisfied, then, for every ¢ > 0,

> fr

Jeg

1

N 1) 0

Jeg

D=
Q=

i t\z,

N2~ 26" 3 L7 (Né)
_1_
Ll 4 q

e Nologt (07" + 1)(
L7 (R)
for all functions fy : R — C with supp ];:\] cJ.
As a corollary we have a more general version of Corollary 1.4.

Corollary 8.2. Let {a, },11\’;/12 be a short generalized Dirichlet sequence with parameter 6 € (0, 1]. Suppose
p =>4, é + % <l,and NO™! < T < N20~1. We have, for every e > 0,

N1/2

§ bneilan
n=1
/2

for every Bt and every {by, }’11\1=11 cC,

<. NelogC (0~ + )N 3O+ 5= 005 + TE N %) |bullee  (67)
L?(BT)

To prove results of the form (66), we may use the small cap decoupling method for P! developed
in [Demeter et al. 2020], which is based on refined decoupling for the canonical partition, refined flat
decoupling and an incidence estimate for tubes with spacing conditions. We have three analogous results
in the short generalized Dirichlet sequence setting. Theorem 4.4 is the analogy of the refined canonical
cap decoupling for P1. Now we state and prove the other two.

8A. An incidence estimate for fat APs. We start with the incidence estimate. First we introduce some
notation. Suppose P, P’ are fat APs such that P = P;(y) and P’ = Py/(y’) for some 1,1’ € T. We
say P, P’ are parallel if I = I'. For a collection P = { P} of fat APs, we say x € R is an r-rich point if
r many P contain it.

Proposition 8.3. Ler 1 < L; < L < NY2 and let {J}res, {I}1ex be defined as in the beginning of
Section 8. Suppose we have a collection of fat AP P = { P} inside a fixed P(L), where each P = Py for
some I € 1. Assume for every J € J and every Py C P(L), Py contains either M or O parallel P € P.
Denote by Q, the set of r-rich points of P. Suppose Qr # . Then one of the two cases below happens:

(1) There exists a dyadic s € [1,min{L, NY2/LY] and M € N such that

M
10| § —5 #P)|P|, (68)
sr2
M N2
< 69
'R T2 (69)

L
MSSSMmaX{l,sTl}. (70)
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(2) We have
|10-I < |P(L)], (71)

L

r < (#P)|P(L)|'

(72)
Here #P denotes the cardinality of P.

Proof. For each dyadic 1 <s <min{L, N¥2/L}, we let ns denote a smooth bump with height 1 adapted
to the angulug || ~ (L /s)v in the frequency space, and let 7y denote a smooth bump with height 1 adapted
to Pvc;eL /N (0) N Ber2/n3/2(0) (which degenerates to Begr2/n2(0) when L < N/4) such that

Mo + Z ns=1 on U(I—I).
I

1<s<min{L,N'/2/L},
s: dyadic

For each P € P we let vp (x) be a positive smooth function (with height 1) adapted to P in the physical
space with frequency support in C(I — 1), where P = Py. If we define g = ) p vp, then we can write

g=gx*io+ > g * Tls.

1<s<min{L,N1/2/L}
. . 1/2 . . .- COsL?/N?

Fix s € [I, min{L, N /*/L}]. There exists a collection of fat APs Z; consisting of Is = Py, o)n
Bc 1./~ (0) with the properties that vy, ~ N ~1and vy, are ~ s0L/N? separated such that for every I €Z,
I — I is contained in one and only one /s € Z;. In fact we may let v;, = vy for any I with (I — 1) C I;.
The cardinality of Zy is NY/2/(sL). For I; € Z; we let Pr, be the tiling of R by fat APs of the form
PUG_CISN/L N BCNZ/(LZO)‘ For every P = Py € P there exists a unique /5 € Z; and P € Py, such that
1 —]SI C Iy and P C Py. For every 1 < M < 52, we define Ps,m be the subcollection of P consisting

of P such that Ps contains ~ M many P’ € P. For 1 <s < min{L, NI/Z/L} let
8s,.M = Z vp *;l/s-
PePs pm
By the pigeonhole principle, for every x € Q, there either exist an s and My such that g(x) < |gs,am, (X)]
or g(x) < |go(x)|. Again by the pigeonhole principle either we can find s, My such that, for x in a
subset E of Q, with measure g |Q,/,
g(x) X 18s,m, (¥)]
or, for x in a subset E of Q, with measure g, |Q,],
g(x) X l1go(x)].

We consider these two cases separately.
Case 1: Suppose g(x) S |gs.m, (x)| for x in a subset E of Q, with measure g, |Q|. We write

gM=2.0, D vl =i) ) en

Is Py PCPpg, PEPs Mg I Py

Here the sum over Py, is over Py, € Py, such that g Py 1S nonzero.
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We note that > Py, &P, with I varying are almost orthogonal (meaning that the Fourler support of
them has O(1)-overlap). This is because supp gp,; C (Uycy, (I — 1)) N{E: [E] ~ Lvy and for every
distinct Iy, I € Iy, and every I, I’ € T with I C I, I’ C I], the distance dj 1/ between the ;—th terms
in I and I’ satisfies 1

OL> _sOLL _N20L _ 1
= Sdrr < <
N2~ N2

N2 s °N
Therefore supp Z/P[Sg\Pls are O(1)-overlapping.

2 2 2
10,1 é/ g §f|gs,Ms| <
E R 1

We note that for P C Py,

k2

Hence

- 1
lvp * 75| < EWPIS,IOO,

2 2
N/(Z > %WPISJOO) SZ]:IZS

Prg, PCPrg, PEPs Mg Py

SO

Hence
M\
2 < P -
LD ILACE
Iy Ppg
Since | Pr,|/s ~|P|and } 5 > p, Ms < (#P), we obtain

M
r21Qr| § #P)IPI==,
which is (68).
Now we show (69). We choose x € E. Then

Mg N M
r<sgx) Slgs,m, (X)) < ZZ lgp, (X)| < |Is|— < N2 Ms

P sL s
Finally we prove (70). When s < L /L1, every Py, is contained in a single P; and therefore can contain
< M parallel P € P. For every Py, there are < s many / € Z such that there could exist P; such that
Py C Pyp, so we conclude Py, contain < sM many P € P. When s > L /Ly, every Py, is contained in
at most sL1/L many Py and therefore can contain < sMsLi/L many P € P. Hence we obtain (70).

Case 2: Suppose g(x) S |go(x)| for x in a subset of Q, with measure 3, |Q|. Inequality (71) is trivial
since Q, C P(L). To show (72) we choose x € E. Then
| P|

r 5800 80 (0] £GP

where the last inequality is because

(#P) P

180 (xX)| = [g * o) < lIgllLtTollLee < #P)|P] P |P(L)|
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8B. Refined flat decoupling for fat APs. Next we have the following refined flat decoupling inequality
for fat APs.

Proposition 8.4. Suppose 2 <q < p,and let {J}je7, {1 }1e1 be defined as in the beginning of Section 8.
Fix I € Z. Write f; = ZPI ep, J1.p, for the wave packet decomposition of f1. Suppose that PrcPr
is a collection of Py for which fr p, are nonzero, | f1,p; |l ) are roughly constant, and for every
J C I, and every Py (in a tiling of R), Py contains either ~ M or 0 wave packets f1 p, (in the sense
that Py C Py). Then

1 1

1
L1 L\ 7 a
SM7v (L—l) (Z ||fJ||§p(R)) : (73)

Jcli

L7 (R)

Z fI,P[
Py GﬁI

Proof. Fix a Pj that contains ~ M many wave packets f7 p,. We first show

1 1 1
L1 L\ 74 q
S fin < M3 (LT) (Z||f.z||§,,(w,,1m)). (74)

PPy Jcr

L?(Py)

Assume || f7,p, |oow) ~ H for every nonzero f7 p,, Py € P;. By assumption we have

” > fip

PreP;

S HM|P;|)7.
LP(Py)

On the other hand by local L? orthogonality we have

1
2
S i, )SIIfzIILz(p,)s(E:IIfJIIiZ(WPJJOO))

P]€731 Jcl

H(M|P[))? 5

L2(Py

(where we used that !Z p,ep, JI.P; ‘ <|f1), and by Holder’s inequality the right-hand side is bounded by

. 1
L \2~ 1_1 g
1_1 q
(_Ll) |PJ|2 p( E ”fJ”LP(WpJ,loo)) '

Jci
Noting that | P7|/|Py| = L1/L, we conclude

' > fip

Py 6731

Q=

N =
D=

1
SHM|Pr|)2(M|Pr)
L2(Py) 11

1

L L\"ra 2 : /
11 q

S M7r 2(L—1) ( ”fJ“Lp(WPJ,IOO)) )

JcliI

So (74) holds. Since g < p, (73) follows from (74) by raising (74) to the p-th power, summing over Py
in a tiling of R, and applying Minkowski’s inequality (see Proposition 4.2). O

8C. Proof of Theorem 8.1. Now we are ready to prove Theorem 8.1. We first show a bilinear version
of Theorem 8.1 and then conclude Theorem 8.1 by a broad-narrow argument. Still let {J}jc s be
defined as in the beginning of Section 8. We say two subcollections of 7, J; and J», are transversal if
d(Jy,J2) Z N~V2 for every J1 € J1,J2 € Ja.
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Theorem 8.5. Suppose 4 <gq <p <6, é + % < 1. If either of the two conditions
(a) Li/Z—l/q < [1-3/p=1/q,

(b) p=gq,

is satisfied, then, for every ¢ > 0,

[T ]2 7

i€{1,2}' J€T;

1
2

L7 (R)

1 1 _3 2 1 1 1

) I1 (Z ||fJ||§p(R))2q (75)

1 i€{1,2} "JEeT;

A
™
=
o}
S
0Q
a
—
<
+
—
=
~ | "
y
|
N
N
~
x|
+
—
‘ =
[N}
~
[
Q=

for all transversal subcollections 71, J2 of J, and all functions fj : R — C with supp fJ cJ.

Proof. By a local-to-global argument similar to Proposition 4.2, to show (75), it suffices to show, for a
sufficiently large k and for every ball By2/g12),

[11> 7

1
2

i€{1,2}' J€T; LP(BNZ/(GLZ))
N X BT e 5
a 2p [, p 2 q 4q
Se Nlog (07 + D —————+ (7 IT (> 11w ) a6
1=2-4 Ly . Bn2or2)*
L, i€{1,2} “JEJT;
We will assume that f; has been replaced by f wBNZ/(QLZ)’ where WBNz/(eLz) is a Schwartz func-

tion sitisfying |1/fBN2/(0L2)| ~ 1l on By2/gr2) WBNZ/(9L2) decays rapidly away from By2 /g2y, and
supp WBNz/((-)L2) C (—OL?/N?,0L%?/N?). Then f; WBNZ/((-)Lz) has Fourier support which is contained
in a (0L?/N?)-neighborhood of J. The arguments which follow apply equally well to the §L2/N?
neighborhoods of J (which are contained in 2.J) as they do to J. Note also that || f; VB, Jo12) lzr®) Sk

I f7llLrws , . i)»s0 abusing notation by letting fy mean fjV¥p,,,,, , from here on in the proof,
. IN2/0L2)
the inequality

[T ]2 7

i€e{1,2}' J€T;

1
2

Lp(BNZ/(gLZ))

<e N”‘logc(e_1 + 1)(

N
|—

1 1 3 1 1 1
N2 2¢ 2p]p N2\2 4« 2q
NE LY (L—) ) I ( S0y ||g,,(R)) )
1 ie{1,2} “JeJ;
implies (76). Now we fix a BNz/ng and prove (77). Write F; = ZJGJI frand Fp = Zjejz fy. For
ie{l,2} wewrite F; =) p ep; Fi,p for the wave packet decomposition with respect to {/}7ez. So

F,=) Fir=)_Y Fup =Y Fip.

IeT IeT Py Pep;
WriteZy ={l €Z:1 CUyeyJyand Iy ={l €Z:1 CUjepJ}. Let F = F| + F,. By a dyadic
pigeonholing argument and rescaling which we detail in Proposition 8.6 directly following this proof, we
may assume that, for every nonzero F; p, ||Fi p|lLo ~ 1. We assume P; contains only nonzero F; p.
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By a further dyadic pigeonholing argument we may assume that for every Py (in a tiling of R), P,
either contains M; or 0 many wave packets F; y p,, where J C I, for i € {1,2}. Lastly, by one more
dyadic pigeonholing argument we may assume that, for each i € {1,2}, || Fy||»(®) are comparable for
nonzero F7 with [ € Z;. Fordyadic 1 <ry,r, <N 1/2 /L welet Q, r, denote the collection of P(L’) (in
the tiling of P (L)) that intersect ~ r1 many P € Py, and ~ r, many P € P,. Recall that L' = (N Y2 L)V/2,
From the refined decoupling inequality (Theorem 4.4) we have

1

1 1 1 1 12

I P2 laot0, =1 Fill o, oIl SeN TS @ et TT (X [162P)
i€{1,2} I€Z;

On the other hand from bilinear restriction (Proposition 3.5) we have for every P(L’) C Qy, r,

1 11
I(F1F2)2 || Lacprry) Se Ner{ry |[P(L Ik
and thus O
1 1 1
I(F1F2)2 NILaco,, ) Se N3 1Or ] *.
Therefore by the interpolation inequality we obtain
1 e - 3.1 S
I(F1 F2)l|Lr(g,, ) Se N¥1og€ (6~ L |05 [T (2 0Fz.) - @8
ie{1,2} ‘I€1;
We assumed each nonzero wave packet F; p satisfies || F; p Lo ~ 1, so
D NFLlF ~ #P)IP[~ Y | FflI .
I€z; 1€1;
where #P; denotes the total number of nonzero wave packets in Fj, that is, |P;|. Hence we may rewrite
(78) as
1
I(F1F2)2 L2 (0, 1y) 1 1
e1 Crn_l 3_1 2 ¢ V¥ 1.3 1_1)\2
Se Nolog« (07 + DI Q272 [T (77| Do IF1IIE, ) (#POIPD2"2 )P 77 |
ie{1,2} I€z;
where #/; denotes the total number of / € Z; such that F7 is nonzero. By Proposition 8.4 we have (note

that in (73) the left-hand side involves pigeonholed wave packets while the right-hand side includes all
wave packets)

TP )__I(Zjnfjum) 19)

1€T; JeJ;

Therefore we conclude
1
ICF F2)2 \Lrco,, ,y)
Se N¥1og® (07! + DI Qr, | | 1

< T (r/’((#P,-)|P|)5‘3(#Ii)z‘7‘f‘zM,-"‘Z( ) " (Z”fJ”Lp)q)- (80)

ie{1,2} Jegi

_1
2

X |w
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So (75) follows if we may show for i € {1, 2},
3.1 2 1_3 11 L1/ ~p74 _ NI L N3\z"4
0nn i Af @rptpnt Rty () T S S ()

l i S ——17 . (81)

P 4q
Ll

We show (81) using Proposition 8.3. Fix i € {1, 2}. We split the proof into two cases depending on which
case happens in Proposition 8.3 when applied to {P } pep; With r =1r;.

Case 1: (1) in Proposition 8.3 happens. Let s, My be the s, M given in case (1) of Proposition 8.3. By
(68) we have

1 1
-4 1 3 3.1 1 1/ \"TeTg
LHS of (81) 57, P To MP 2 (#I;) 7 J,Ml.p 2(L_) '
1
Case 1.1: s < L /L. Then (70) reads M < sM;. Note that we have
(#I) 2 ri

since we have assumed | F; p||zoc ~ 1. Therefore by (69) and (70) we have

NP7 3.1 1.1 1-3-3
LHSof(Sl)g(MsNz) SRS 3 Yy Vo 2(L) "

S2L ! L]
1. 1—-3_1 1—1_1
1_1 2 p q( L "¢ 3,3, 1_1
2 —5+5+5 2
=My |\ — — s 2'p qu.p
L Ly
Nl 1—3_1 I 1—1_1 11
1_1 2 P q P 4 3,3,2 1_1
<(sMj)27a | — — sT2tetapmr 2
L L !

Since p > ¢, % + % <1, and s, M; > 1, we conclude

1-3-1

LHS of (81) < NIN“?=7/L\"r 7 NI L7
rens () () TR

Case 1.2: s > L /L. This is the case where we see the two conditions in Theorem 8.5. Now (70) reads
My <s?>M;L{/L. By (#1) = r; and (69) we have
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Plugging in (70) we obtain

1_1 1
Ly 4 (N3
LHS of 81) < (s2M; 1) q( )

7)) T . :
L1 s NIN\TPTa LT
:M;_g _§+; - -~
oY L ) (Ll)

Since M; > 1 and g < p, we conclude

1 1 1
S (NENTPTE LN
LHSof(Sl)gs‘5+Z(—) ! q(—) "

If we use s < L, then

if and only if

On the other hand if we use s < N 1/2 /L, then

3 1.1-3_1 1_1 1. .11 1_1
r (N2 r af [ \2 »r N2\2 af L \2 »
)@ -0 @)
1 1_1 _1
N2\X2 /L \2 »
() (@)

if p = ¢g. In conclusion we have shown (81) holds in this case if either condition (a) or (b) is satisfied.

1. 14
N2\ 2
LHS of (81) é (T)

The last line equals

Case 2: (2) in Proposition 8.3 happens. By (71), (72) we have

1L ((#P;)|P G 11 L1/ L 1=57g 1_3
H(Trar ) e (L) T enn e

N |w
Q=

LHS of (81) < |P(L)]

Note that we have

. g PO TP(D)] Ly
(#P;) < (#1;)M; 1PJ] (#1;) M; Pl L

since the right-hand side is the maximal number of P one can fit into a P (L) under the assumption that
each Py can contain < M; many P € P;. Substituting the above for M; in (82) and simplifying the
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algebra we obtain
_1
1_1( L \2 ¢
LHS of (81) § (#I;)2 | — .

Since #I; < NY2/L and ¢ > 2, we conclude

1 1
N2\2" 4
LHS of (81) S (—) .
Hence (81) holds in this case.

In conclusion we have shown (81) and therefore (77) and (75). O

The following proposition shows that it was justified in the proof of Theorem 8.5 to treat functions
fi =) Pep; F; p whose wave packets with respect to {I };¢7 satisfied certain extra assumptions. Here,
each wave packet F; p equals ¢p, f; for some / € 7 and some Py, as in the definition of wave packet
decomposition from Section 5B, except we assume the extra condition that ¢p, decays at a rate of 10372
away from Py.

Write Z; = {I el:IC UJej,- J}. For each I € I;, write

fi=Y fur,
PrepPy
where fr p, = ¢p, f1 and Py denotes the collection of translates of Py which tile R, from the definition
of wave packet decomposition. Fix collections Py of translates of P; which tile R and with the property
that Py N Py is either P; or & whenever J C I. Note that the set Py does not vary for J C I.

Proposition 8.6 (pigeonholing of the wave packets). Assume the hypotheses of Theorem 8.5. There exist
subsets I; C I; and Py C Py as well as integers M;, H; with the following properties:

~ 1
[ 172

<log(#~'+1)(log N)? +N7%RHS of (17)),

ie{1,2} LP(Bn2;12)) ie{1,2} LP(By2,g12))
where E = Z[ij ZP] ePy fI:PI’
#{PrePr:PrCPsji~M; or =0 forall PyePy, JcClIel;, (83)
#P; ~#Pp forallI,1' €T, (84)
I f1.p, Loy ~ Hi  forall I € I; and Py € Py. (85)

It follows that, for Fr = ZP1€751 Jf1.p, with I € 7;, ||ﬁ1||11jp(qu) is within a factor of C¢N¥¢ of
H,'p#{PI € Pi}| Prl+ N300 maxjesr; /s ||§p(R)-

The collection P; from the proof of Theorem 8.5 is the union of the 751, where I € Z-.

Proof. First we will show that ||| Fy F2|Y2||» 5

711/2 .
F N2 012y S || Fy Fa|Y ||Lp(BN2/(9L2)) plus the remainder
term. The argument showing ||| Fi F2|1/2||Lp(3

y Sl |Fy lel/zlle(B plus the remainder

N2/6L2) N2/<9L2))
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term is analogous, so we omit it. Split F; into
F, = Z Z Jf1.p; + Z Z Jf1.p;»
I1€1; PrepPy Ie€T> P; eplf
where the close set is
Pf :={Pr €Pr: PPN By 12 # 2}
and the far set is

PIf ={PrePr:PrnN NIOBNz/(GLz) = g}

Using Holder’s inequality, Cauchy—Schwarz, and Minkowski’s inequality with ¢ < p, we have

H Y Y fir ’

(86)

IGIZP GPf LP(BNZ/(QLZ))
<(+ ) DI z ¢P,f,2
J1€EN Ie1, JhCI Pre Lp(BN2/(eL2))
N\~ é 3 2
(&) )|z |’ >y z A
1 JI1ETN LP(BN2/(0L2) I€1, JoClI Pre Lp(BN2/(9L2))
1
N 1= 2q 2q
() (Z1albay...) (2 X > on 2
Ji1ed 1€, J>Cl 'p, ¢ N2/(8L2)

(N )1 é( 2 2
<|— Dol o s ) max Z ¢p ( P A )
- 2 2y) 1 2LP(By2 2y)

Ly Tien N2/6L2) Ie1, L®(B 2612\ Tyeds N2/6L2)

1
2q
NlOO l_[ ( Z ”le ”LP(BNZ/(@LZ))) :

i€{1,2} “J;€J;
This takes care of the far portion of F5.
For each I € 75, the close set has cardinality #PIC < N Let

H> = max max .
2 = max prax /1, P; | Loo @)

By Proposition 2.3 and Hélder’s inequality,

[

> 1n )

H> < max I f1llLoom) < N(
JoeD

Split the close part of F5 into

Z Z fI,P1=Z Z Z fI,P1+Z Z Jr.ps

Ie1; Prepy I€; gn—103 <3 <1 PrEP] I€T; Prepy

(87)

(88)

(89)
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where A is a dyadic number in the range [ON~10° 1],
AH
Pia = {PI e Pt I f1,p lLoow) € (TZ,)&Hz]},
and
0. _103
Pfoi= {P1 € P Ifnpy e < SN0 ).
Handle the small term from (89) by

FLY Y fir ’

1€, PrePy

<(L1L)

1

. 1
N2 \272 3 K
< (Ll_L) ( £, ”LP(BN2/<eL2)))

|

LP(BN2/(9L2))

DIl

J1eTN €1

€1
q|24

> fre

Prepy

LP(BNZ/(QLZ))

Jieqn )
2
(#I max #Pf P 1 /1.2, Lo Bya 20| BN2 1012 7)
! 1
2q N\< N\2
11 —103
( Z ”f]l ||Lp(BN2/(9L2))) ((Z) ON H2|BN2/(9L2)|p)
Jieqn 1 |
2 2q
—150 q —100 g
<N ( Z ”le ||L1’(BN2/(0L2))) 22 <N 1_[ ( Z ”fJ”Lp(R))
Tien ie{1,2} "Jeg;

Decompose the remaining term from (89) using the fact that for J C I € 7, Py € Py, the number
#{Pr € Py, PrC Ps}isin{0,...,L/L1} (and does not depend on the specific J C I), which allows
us to write

oD Y A= ). > > S (90)
ON—103 <) <1 I€T2 PreP], ON—103 <) <1 1<2K<L/L\ €T P1 P}, ,

where, for J C I,
Pl ={P;ePs:#{P P}, : P CPs}~2,

Pfak = U {Pr €P§,: P C Py}
PJGP];

Finally, note that the number of P; € P; which intersect N 0B /(oL2) 1s bounded by N 107, <N,
Further decompose the right-hand side from (90) as

> >, > Y Y s 1)

ON—103 <) <1 1=<2K<L/L\ 1=2/ <N jezk-J P1€P] ; 4

k,j . i
where, for J C I, Iz’/{ ={lel .#PIJc ~ 27},
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Because 2%, 2/, and A are dyadic numbers, by the pigeonhole principle, there is a choice of (k, j, 1)
so that

ny = S % v

ON—103<) <1 1=<2K<L/Ly 1<2/ <Nl 1€ ; P/EP], ,

Lp(BNZ/(6L2))

Y Y e

1ez5] PrEP] 5 &

<log(6~! +1)(log N)?

Lp(BNZ/(gLZ))

Let 7, = Ik / and for each I € Ty, let Py = Pf Ak It follows from Proposition 2.3 and properties of

weight functlons ¢p, and Wp, = Wp, o that, for each I € Iz,

N e = D | 2 fir|

P[/EPI P]GP

=Y |3 e

Lr(Pyp)

||f1||Lw(P)< > 1P Jmax b, (PP 111 o

PjeP; Py PreP; PePr
I\ND p / p
< > 1pl Z b, (PDP N fillfooippy S D Z |Prllbps fr11 oo (py)
P;ePr Prepy PjeP; P;eP;
> X [wnnrwe~ 3 [ienfilr
P;eP; PjePy PreP;

The assumption that ¢p, decays at order 10352 allows us to write, for each I € fz and Py € 731,

‘/|¢P,f1|p—/N€PI \pp, 117

= CeN_mOO”fI ”fp(u;g)
—500 p
<CN I}lél)]( “fJ ||L17(R)

and

[ wen i <CoNelpiBE 5 e [ v 1.
NEePy
which proves the final property about || f7, p, |z »(r) from the proposition. |

Proof of Theorem 8.1 using Theorem 8.5. The proof resembles Section 5.1 in [Demeter et al. 2020]. First
we fix (p, g) with 4 < p <6, and either % + % =1 or p = q. Note that under such assumption we always
have p > ¢ and ¢ > 2. Recall that Q is the (L% /N ?)-neighborhood of {ay, }fl\':l/lz, which is a union of
N1/2 many intervals of length CAL?/N?. We let t denote the union of / many consecutive intervals
in ©, and write £(7) =/, so in this notation Z(I) Land £(J)=Ly.Let F =} ;. fs,and denote
by F; the Fourier projection of F to 7, that is, (1 F) Fix K > 1. We have the inequality

1

IF)l< Y |Fx|=C max |F(x)|+KC max |Fe, Foo 2.
=N (=22 (o) =L(r) =Y

- K

1
d(t1,12)2 KNI/2
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Iterating this (for the first term) we obtain

1
IFND @y SC™ D IFellfp+C™KE D > Y IFa Fo)2 17
{(r)=L _N1/2 :l(7)=I 71,712CT
I="ka foract (r)=t(r)=K""1 (92)
KL=i=N d(t1,:2)2 K1

Here m satisfies NY2/K™ = L.
By Proposition 7.2 and Holder’s inequality we have

2 _1 p p— 1_,
L \2 2 L
> e ¥ (£) (Zimike) = X (£) (ZHFJHLP(R)).
(o)=L

1

L(r)=L JCrt L(z)=L JCrt
Since 1 7 + Z <landL <N1/2 we have
1_1_ 3 1—1_1
N2 2¢72pp L a7
1—1_1 - 1—L1_1°
Ll P 4 Ll V2
Therefore,
L p= 1_7 g N%_ﬁ_szp g
S el < ( ) (Z ||FJ||LP(R)) 5(1—) (Z ||FJ||L,,(R)) L ©93)
t(=L Jeg L, Jeg

Now we estimate the second term on the right-hand side of (92). Let s = N 12/1. Then using the change

2

of variable x > s“x as in the proof of Proposition 6.3, and by Theorem 8.5 we have

11 ~1 11 1
1 N2 2¢ 2], »p N2\2 ¢ q
“(FTI th)z ”LP([R) e N°¢ log (0 ! + 1)(# + (Z_) )(Z ”fJH;I,p(R)) ,
Ll P 1 JCt
where N = N/s2, 6= 0/s2, L1 = L, L = L. Plugging in the expressions for N, 6,L;,L we obtain
1
||(Fr1 th)zllLP(R)

1 1

1 1
~ SN2 L i1 (NI\ET@ /
<. N°1og€ (8 1+1)( R 2+"(L_1) )(Z”ﬁ“z"“@) O

Ll prod JCrt

We let K = N¢ for some ¢’ > 0 which will be chosen depending on ¢. Then from (93) and (94) we
conclude

2
’ _1414.3\N27207 25 L%
IFllLr @) Seer NSTE 10gC (071 + 1)(( E s 1+3,+2)—

s=K¢9 foraeZ Ll rod
N
1<s<"gr
NI\I—7 ;
1.1
_7+7
S(x o)D) )N )
s=K¢?% forlaEZ 1 JeJg
1<S<NK£

\»—
[

1 _ S = 1 1 1
, _ N2 2¢ 22, p N2\2 «a
s N0 @ (I (T ) (S 1)
L p

1 Jeg
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Therefore we have shown Theorem 8.1 under condition (a) and the extra condition % + % =1,p<6,or
under condition (b) with the extra condition p < 6.

First assume (a) and we want to remove the condition % + % =1, p < 6. First we note that it suffices
to show (66) for every (p, q) with p > 4, é + % = 1. This is because for a general (p, q) with p > 4,
cl] + % < 1 we may consider (66) with (p, g) replaced by (p, o), where q% + % = 1. Then (66) with
(p, q) follows from Holder’s inequality applied in the index J to the right-hand side of (66) with (p, qo),
since |.7| S NY2/L. Second we note that it suffices to show (66) for every (p,q) with 4 < p < 6,
% + % = 1. This is because when p > 6, we always have

and (66) reduces to

> S

Jeg

1_1_3 2 1
B N2 2¢72p [ p q
<¢N°?¢ logc O 1+1) N 1 (Z ||fJ||qu(R)) .

_1_
L7 (R) Ll P 4q Jeg

So (66) with g > 6, é + % = 1 follows from interpolating (66) with (p,q) = (6, 2), and with (p,q) =
(00, 1). (For the interpolation of decoupling inequalities, see Exercise 9.21 of [Demeter 2020].) When
p = 00,9 = 1, (66) becomes the triangle inequality which holds trivially. Hence we have shown
Theorem 8.1 under condition (a).

Now assume (b) and we want to remove the condition p < 6. As in the previous paragraph, when

p > 6 we always have
N2"25 35 [ N2\2~
- O o> — ,
1 L

_1_1
PP
Ll

SIS
NI~
ST

and therefore (66) with ¢ > 6, p = g follows from interpolating (see Exercise 9.21 of [Demeter 2020]) (66)
with (p, g) = (6, 6), and with (p, g) = (00, 00). So Theorem 8.1 holds under condition (b) as well. [

Appendix

Corollary 1.4 can be derived from small-cap decoupling inequalities for the parabola in [Demeter et al.
2020]. This is through a transference method which we learned from James Maynard. We record a
detailed proof here. The same argument would also imply Corollary 8.2 if the corresponding £9 L? small
cap decoupling inequalities for the parabola are known.

We first recall the small-cap decoupling inequalities in [Demeter et al. 2020].

Theorem A.1 [Demeter et al. 2020]. Suppose o € [% 1], and let T' = {y} be the partition of Ng—1(P!)
into R® many R= x R~ rectangles y. Assume p =2 + %. Then for every & > 0 we have

1
1_1 P
> H <e R*G p)“(Z ||fy||,’jp(R2)) (95)
Y

yel

Lr(R2)

for every f, : R% — C with supp f, C .



DECOUPLING INEQUALITIES FOR SHORT GENERALIZED DIRICHLET SEQUENCES 2459

Theorem A.1 continues to hold, by essentially the same proof, with P! replaced by a C? curve of
the form {(x, g(x)) : x € [0, 1]}, with g’(0) = 0, g”(x) ~ 1 for x € [0, 1]. See for example Section 7 of
[Bourgain and Demeter 2015] (whose argument we think actually requires a bit more regularity of the
curve than C?2), or the appendix of [Guth et al. 2022]. Additionally we may interpolate (see Exercise 9.21
of [Demeter 2020]) between (95) and the elementary inequalities

I (; 150

yel L2(R?
Z Sy < R*(sup || fy | Loor2))
yer L (R2) 14

to obtain the following version of Theorem A.1.

Theorem A.2 [Demeter et al. 2020]. Suppose G is a C? convex curve of the form {(x, g(x)) : x € [0, 1]},
where g'(0) = 0, g"’(x) ~ 1 for x € [0,1]. Suppose a € [%, 1], and let T = {y} be the partition of
Ng-1(G) into R* many R~ x R™! rectangles y. Assume p > 2. Then for every & > 0 we have

D f

yel

1

1_1 _1y_ 1 »
<e RS(Rot(z ») 4+ R*(1-%) (1+a)p)(z ”f)’”II:P(W)) (96)
y

L7 (R2)

for every f, :R% — C with supp f, C y.

For the rest of this section we work under the assumption of Corollary 1.4. In particular 6 = 1. For
simplicity we assume a; = 0, and v :=a; —a; = Nl Letl<L< N2 1t suffices to show 67)
for 4 < p < 6 and we assume that (since the p > 6 case follows from interpolating between p = 6 and
p = 00).

By (14) we may write a, = (n —1)/N + e,, where e, = a, —(n —1)/N ~ (n — 1)2/N?. For every
t € R we may write it as #; + tp, where t; € 2r NZ and t, € [0, 2w N). Without loss of generality we
assume 27 N divides T, so (27)"'N~IT € Z. Now we may write

T\N'? p 27N | N2 p
S buelten| dr = ) / S el @R ren | gy,
0 Th=1 €22 NZN[0,T—27N] " ° n=1
2N (N2 - p
_ 3 / S bpeitrentiatvnen | gy,
ne2xNzn[0,T—27N]’° n=1

We write e(n) = e, and let e : [1, N/2] — R be the piecewise linear function such that, for every
neZN[l, NY2 1], e(x) is linear on [n,n + 1] and e(n) = e,,. Since e,+1 —en ~n/N2, we have
le’(x)| S 1/N3/2 for x € [1, NV2]\ Z.
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By Abel’s summation formula we have

N1/2 N2, lu]
Z b el(tlen+t2 3 +t26n) Z b et(tlen+t2)‘ / Zb el(tlen+t2 N L) |l‘2€ (u)|du
1 n=1

N1/2 LuJ

Zb el(tlen-i-tz 1)

n i(llen-l—tz%)

du. (97)

1 N1/2
+—1/
N2 J1

The last inequality uses 1, < N.
We first estimate

A= Z /0an

t1€2aNZN[0,T—27 N]

Nl/

p
Z b el(flen“z”w“)‘ dts.

. 1/2 . . .
Since e, < N forevery 1 <n < N2, Zﬁ:l bpeltient2(n=1)/N) jq locally constant on intervals of
length N in fq, that is, for every y € R,

N1/2 N1/2 P 1
i(t1en+12 15551 i(t1en+1 1551t ’
bye (tren+12 25 el (nenti’s )' Wiy y+27N].100(t1) dtl) ‘

= (/)2

We note that the above is also a special case of Proposition 2.3, applied to a fat AP that is just a single
interval. Since Y,y nzn[0,7—22N] Wiy,y+22N1,100(11) S Wio,71,100(11), we have

ol

We consider two cases, T > N3/2and T < N3/2,

sup
t€ly,y+2nN]

n=1

N1/2 T
Z b e’(“e"+’2N)' dtaWio,r1,100(t1) dty. (8)

Case 1: T > N3/2. We observe that Z,]lv:z bpeitientz(n=1)/N) jq 27 N -periodic in ,, so we have

1 N3 TN N ( )
A< __/ Z bpe'(tien 25 ' dt2Wio,11,100(11) d1y
N T rRJO n=1

By a change of variable ¢ > N1t1, 1o — N Y215, we obtain

3 N
Ag}\fé&//
T JrJrlf

Now we let g(x) be a C2 strictly convex function defined on [0, 1] such that |g((n —1)/NY2) —e,N| <
N~1/4forn=1,...,NY2. (See Lemma A.3 below.) Since N~! < T~ N, we have for every n, the
ball of radius 7' N/4 centered at ((n — 1)/ N2, e, N) fits in exactly one of the y in the partition of the
T~!N neighborhood of G = {(x, g(x)) : x € [0, 1]} by N™Y/2x T~ N rectangles. Under our assumption
that T € [N3/2, N?] we have log(N ~1/2)/log(T~'N) € [, 1]. Therefore we may apply Theorem A.2

D
i(t1en N+t 27L)
ne N1/2

Wa, . —1(0),100(71.12) di2 dt;.
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with R = TN_I, RY = N'V/2 to the curve G, which yields for every T € [N3/2, N2],

l(tlenN-f-tle/z)

Wg_ . —1(0),100(11.12) di2 dty
e NE(TPNZT7 + ToNE"35)P|b, |2, (99)

Hence
1 1 1
AZe NS(N2 +T7NT20)P by |2,

Case2: T <N 3/2 From (98) and a change of variable we have

/ /anl/Z

Since T < N3/2, we may bound the right-hand side trivially by

v

50 by (99) with T = N3/2 we have

N1/2

Z b, z(tlenN+t2N,/2)

D=

l(tlenN+t2N1/2) WBNl/Z(O) 100(Z1 tz)dtzdtl,

'c\w

A<, N°N3(NZ# N2~ +N%%N%_%)p”bn”gp~

Since p > 4 we may verify

D=
ASTN)
N
NN
=
Bl
|
S

N3PN2"5 =N

Hence
A Ze NE(N 2P [ba|2,.

In conclusion we have shown
1 1 1
A< NS (N2 +T7N25)P ||y 5, (100)

Next we estimate the second term in (97). We define

. Z /0an

t1€2rNZN[O,N2/L2—2n N]

Lu]

| (N P
_1/ anei(t‘e”ﬂznx’])‘du
Nz J1 n=1

[u]

1 Nl/z( Z /ZnN
<
n=1

1
» L
. n—1 p
Y buel (rentrty! )‘ dtz) du.
N? te2xNzZn[0,T—27xN] " ° =

dts.

By Minkowski’s inequality we have

h\—

B

Then applying (100) to the expression in the brackets we obtain

L
22) b ll¢r du

=

(N> +T7N
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Combining the estimates for 4 and B we conclude

Nl/2
ita,

Se NS(NZ +T2NA725) | byllo.
L»(BT)

We used the following lemma in the proof above.

Lemma A.3. Suppose {an },11\7:]/12 is a short generalized Dirichlet sequence with 0 =1, ay —a; = N71,
ay =0. Lete, =an, —(n—1)/N. Then, for every c > 0, there exists a C? curve g : [0, 1] = R with
g"(x) ~ 1 for x €0, 1] such that |g((n —1)/NY2)—e, N| <cN~ foreveryn=1,...,NV2,

Proof. We first define go : [0, 1] = R to be a C'! piecewise quadratic polynomial with 8¢(0) = 0 such that
go restricted to [n/N Y2, (n +1)/N'?] is a quadratic polynomial for every n =0,..., N2 —1, and

n—1
go( : )zenN.
N2

N(ent1—2en +en—1)
N1

Since

/\./1’

we have gg ~ 1 on [0, 1]\ N~ 1727 and consequently llgollzeo(0,17) < 1 because g;(0) = 0. Now we
let g = go * ¢ be the ¢/ N ~! mollification of go. Here ¢ is an L!-normalized smooth bump adapted to
B, ny-1(0) and ¢’ > 0 is sufficiently small depending on ¢. Then we have, for every x € [0, 1],

¢"(x) = [R SlNSCe—y)dy ~ 1,

and
n—1 n—1 Frr—1 , 1
go(y) —go — ||® ——y])dy <c' N~ sup |gg| <cN
N2 N2

n—1
()
N2 R yelo,1]

if ¢’ =c/(lgollzoeqo,1p) + 1) -

We can use the same approach to transfer an L? estimate for a longer generalized Dirichlet polynomial
to an L” estimate on an exponential sum with frequency support near a C2 convex curve.

Suppose {an} —, is a generalized Dirichlet sequence with § =1, a2 —a; = 1/N, a; =0, and let
a € (3. 1]. Asbefore we write e, = (n—1)/N ~ ((n—1)?)/N?. The same calculation as above shows that

/ Zb eltan dl‘< Z /ZnN
07117 0

t1€2aNZN[0,T -2 N]
One difficulty that appears is that we cannot treat ¢//2¢7 as an error term as before. This is because

Zb el(tlen+t2 N +t26n)

n=1

dty.

when we apply the partial summation formula we get

N«

. 1
§ :bnel(tlen § :b el(tlen-i-tz)‘_i_Nl_a/l.
n=1

[u]
b <>\d
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However now N !'7% > N% and we cannot estimate the second term on the right-hand side as before using
the estimate for the first term and Minkowski’s inequality. We could still find a C? convex curve such
that ((n — 1)/ N + ey, e,) lies in an N ~!-neighborhood of it, but the extra e, doesn’t allow us to use the
27 N -periodicity in the #,-variable.

Another difficulty we find is the integrand is locally constant on intervals of length N272% in the
f1-variable, and since N < N272% that prevents us from transferring the discrete summation into
> \e2xNZN[0,T—27N] INtO f[o,T]' We may though transfer the discrete sum into an integral over a fat

AP sz’ﬁv_z,a”B[o.T] , . ,
for estimating longer generalized Dirichlet polynomials.

, and that might suggest some new decoupling problems in R? that might be helpful

Finally we remark that for the Dirichlet sequence {log n}ii’ N 1- We may implement this transference
method to higher-order approximations of logn. For examples we can write

N+N“ N N© )
Z bneitlogn — Z bn+Neitlog(1+%) — Z bn+Neit(%—2'j'v—2+e,’1) ’
n=N+1 =1 =1
where
n2 n3

n n
€;=10g(1+ﬁ)—ﬁ+2]\]—2'\'m

If we write t = t] + tp + t3 with t; € 2nN?Z, t, € 2nNZ, t3 € [0,27N), then we could transfer
L? estimates on Zflv :AI,V jl bpe't1°2™ to 3-dimensional L? estimates on exponential sums with frequency
supported on a nondegenerate curve in R3. More generally one can exploit more terms in the Taylor
expansion and get higher-dimensional estimates. We do not know how much this would help with

estimates on Dirichlet polynomials using decoupling techniques.
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GLOBAL WELL-POSEDNESS OF VLASOV-POISSON-TYPE SYSTEMS
IN BOUNDED DOMAINS

Lupovic CESBRON AND MIKAELA IACOBELLI

In this paper we prove global existence of classical solutions to the Vlasov—Poisson and ionic Vlasov—
Poisson models in bounded domains. On the boundary, we consider the specular reflection boundary
condition for the Vlasov equation and either homogeneous Dirichlet or Neumann conditions for the
Poisson equations.

1. Introduction

Here, we investigate the well-posedness of Vlasov—Poisson models in bounded domains. These models
describe the evolution of particles in a plasma, which is an ionised gas mostly constituted of two species
of charged particles: ions and electrons. Due to the significant difference in size between those two
species, the former being much larger and slower than the latter, it is classical to decouple their dynamics.
On the one hand, when investigating the behaviour of electrons it is reasonable to assume that the ions
are stationary. Assuming the plasma has low density and that the velocity of the particles is significantly
lower than the speed of light —i.e., neglecting electron-electron collisions and magnetic forces — one
can model the evolution of the distribution function of the electrons f = f (¢, x, v), which represents at
time ¢ the probability of finding an electron at position x with velocity v, by the Vlasov—Poisson system

W f4+v-Vif+E-Vof=0 in (0, +00) x Q x R?,
(VP):=3E=-VU, AU=—p in (0, +00) x L, (1)
fli=o=fo in Qx R4,

where p = fRd f dv is the macroscopic density. In this model, the Vlasov equation describes the transport
of the electrons under the influence of the electric field E, while the Poisson equation models how the
electric potential U is generated by the distribution of the electrons. We shall always assume that the
initial distribution fj is nonnegative and normalized:

fo=0, // fodxdv=1. (2)
QxR4

On the other hand, when investigating the behaviour of the ions in the plasma, it is common in physics
literature to assume that the electrons are close to thermal equilibrium. Indeed, although electron-electron
collisions are neglected in the model above because of their rarity, they become relevant in the ion’s
timescale and it is reasonable to assume that the distribution of the electrons is the thermal equilibrium of
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a collisional kinetic model. The Vlasov—Poisson model for massless electrons (VPME) — sometimes
called ionic Vlasov—Poisson — which is a celebrated model for the evolution of ions, can then be derived
asymptotically as the ratio of mass between electrons and ions grows small. For more details on the
massless limit we refer to [Bardos et al. 2018], and for a more thorough introduction of this model we
refer, e.g., to [Griffin-Pickering and Iacobelli 2021c]. The VPME system consists of a Vlasov equation
coupled with a nonlinear Poisson equation, which models how the electric potential is generated by the
distribution of the ions and the Maxwell-Boltzmann distribution of the electrons. It reads

b f+v-Vof+E-V,f=0 in (0, +00) x Q x R?,
E=-VU, AU=¢e¢V—p—1 in (0,+0c0)x Q, 3)
Sfle=0o= fo in xR,

with the same assumptions on fy given in (2).

We consider a bounded C*! domain 2 = {x e R?: £(x) < 0} in R? where £ : RY — Ris a C*>! function,
and its boundary 02 = {x € R? : £(x) = 0}. We assume that € is uniformly convex, which means that for
some Cgq > 0 we have

v-VZE(x)-v> Colv> forall (x,v) e QxR 4)

where V2£ denotes the Hessian matrix of & : v - V2&(x) - v = Zi’j
normal vectors are well defined on the boundary, i.e., V&(x) # O for any x such that |£(x)| < 1. The

v;v;0;;&(x). We also assume that the

outward unit normal vector is then defined, for x € 92, as n(x) = VE(x)/|VE(x)].

On the boundary of 2 we need to prescribe the behaviour of the particles in the Vlasov equation as
well as the behaviour of the electric potential U in the Poisson equation. For the Vlasov part, the boundary
condition takes the form of a balance between the incoming and outgoing traces of f in the phase-space.
Namely, if we introduce the sets

v+ ={(x,v) 1 x €9Q, v -n(x) >0}
and write y f for the restriction of the trace of f to y., then the boundary condition takes the form

Y-S, x,v) =Bly+ f1t, x,v) on (0, +00) x y—.

In this paper, we will focus on the specular reflection boundary condition:

y-f(t, x,v) =y f(t,x, Ryv) on (0, +00) X y_ ()
with
Ryv=v—2(- -nx))n(x).

This means that we assume the boundary is a surface with no asperities and the particles bounce on this
surface in a billiard-like fashion.

For the Poisson equation on the electric potential U, we will consider either the homogeneous Dirichlet
condition

U@, x)=0 on (0,400) x 02 (6)
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or the Neumann boundary condition
0,U({t,x)=h on (0,400) x 022, (7

where 0,U =n(x) - VU is the normal derivative of U at x € 0€2. Note that we will require 4 to satisfy a
compatibility condition in order for the system to be well-posed. The Dirichlet boundary condition arises
when one assumes that the boundary is a perfect conductor and that it is grounded for the homogeneous
case that we consider. On the other hand, the Neumann boundary condition comes down to specifying
the value of the electric field E everywhere on the surface. We refer, e.g., to [Jackson 1999, Chapter 1.9]
for a more detailed physical interpretation of these conditions.

In the case 2 = R3, the Cauchy theory for the Vlasov—Poisson system (1) is well developed. In
particular, existence and uniqueness of global-in-time classical C! solutions were established in the 90s
[Horst 1993; Lions and Perthame 1991; Pfaffelmoser 1992; Schaeffer 1991], and there is also an extended
literature on weaker notions of solutions; see, e.g., [Ambrosio et al. 2017; Arsenev 1975; DiPerna and
Lions 1988; Horst and Hunze 1984]. The bounded domain case is more challenging due to the fact that
singularities may form at the boundary and propagate inside the domain even in one dimension [Guo
1995]. In the case of the half-space, the existence of global classical solutions was proved for the specular
reflection condition (5) and both Neumann and Dirichlet conditions on the electric potential [Guo 1994;
Hwang and Velazquez 2009]. Note that while Y. Guo proved well-posedness [Guo 1994] by adapting
the velocity moments method of P.L. Lions and B. Perthame [Lions and Perthame 1991], H.J. Hwang
and J.J.L. Veldzquez [Hwang and Veldzquez 2009] took a different approach by adapting the ideas of
Pfaffelmoser [1992] to the half-space case. In both approaches, the key difficulty is the analysis of the
trajectories of the particles, governed by the Vlasov equation, near the singular set yy, see (8), where
these transport dynamics are degenerate. Hwang and Veldzquez [2010] also refined their approach in
order to consider uniformly convex domains of class C> by means of local changes of coordinates near
the singular set y; that allow them to efficiently estimate the effect of the curvature of the boundary on
the transport dynamics. In our paper we develop a more global analysis of the trajectories of the particles,
without local coordinates, in order to lower the regularity of the boundary to C%!, which is optimal for
our notion of classical solutions. Note that weaker notions of solutions have also been investigated in
bounded domains; see, for instance, [Abdallah 1994; Alexandre 1993; Fernandez-Real 2018; Mischler
2000; Weckler 1995].

For the VPME system, the Cauchy theory is much less developed due to the difficulties arising from the
additional nonlinearity of the Poisson equation. In the case = R?, global-in-time weak solutions were
first constructed by F. Bouchut [Bouchut 1991] and, in one dimension, D. Han-Kwan and M. Iacobelli
constructed global weak solutions for measure data with bounded first moment [Han-Kwan and Iacobelli
2017]. More recently, M. Griffin-Pickering and M. Iacobelli proved the global well-posedness of VPME
in the torus in dimensions 2 and 3 [Griffin-Pickering and Iacobelli 2021b], and in the whole space in
dimension 3 [Griffin-Pickering and Iacobelli 2021a]. They proved existence of strong solutions for
measure initial data with bounded moments — strong in the sense that if the initial data is C! then the
solution they construct is a classical C' solution — and uniqueness of solution with bounded density in
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the spirit of Loeper’s uniqueness result for Vlasov—Poisson [2006]. In this paper we present the first result
of well-posedness for VPME in bounded domains.

2. Main results

Let us first consider the Vlasov—Poisson system (1). We will prove existence and uniqueness of classical
solutions in a bounded domain €2 in dimension 3 with the boundary conditions mentioned above. One of
the key difficulties is to control the behaviour of the solution f near the grazing set

Yo :={(x,v):x €9, v-n(x) =0} (8)

where the Vlasov equation with specular reflections is degenerate. In order to avoid having singularities
at the initial time we shall assume flatness of the initial distribution near the grazing set. Furthermore, we
will also assume compactness of support in velocity and regularity of fy. Namely, we consider initial
distributions fj satisfying (2) and

foe CM @ xR, e, ©)
supp fo € Q x R, (10)
fo(x, v) =constant  for all (x, v) such that «(0, x, v) < o, (11)

where «/(0, x, v) is the kinetic distance defined in Definition 3.1 and Lemma 3.3, which measures a
distance to the grazing set yp, and by A € B we mean that A is a compact subset of B. Before stating
our existence result for the Vlasov—Poisson system we also need a compatibility condition on 4 in the
Neumann boundary condition case (7) in order to ensure well-posedness. This condition can be derived
by integrating the boundary condition over d€2 and using Green’s formula and the Poisson equation:

/h(x)dx:—f/ folx, v)dxdv = —1. (12)
Q2 QxR3

Finally, we introduce the following notation: for 4 C Q2 or Q2 x R3 and T > 0, we write
C/C([0, T] x A) := C'([0, T1; CO(A) N L®((0, T); C"F(A)).
We now state our main result for the Vlasov—Poisson system.

Theorem 2.1. Let Q C R3 be a C*! uniformly convex domain, let fy satisfy (2) and (9)—(11), and consider
the Vilasov—Poisson system (1) with the specular reflection condition (5) for the Vlasov equation, and
either the Dirichlet boundary condition (6) or the Neumann boundary condition (7) with h satisfying (12)
for the Poisson equation. Then there exists a unique classical solution f € C IIC L0, 00) x Q x R?) and
E € C!Ch((0, 00) x Q)3. Moreover, the solution f has a compact support in velocity for all t > 0.

Apart from our analysis of the trajectories of transport, our strategy of proof is somewhat classical. We
begin in any dimension d with an approximation of the Vlasov—Poisson system by a sequence of linear
equations (27). We show, using our analysis of the trajectories of transport, that given a fixed electric
field E the Vlasov equation has a solution in the appropriate functional space. Conversely, by classical
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elliptic regularity, we know that given a regular enough density p the Poisson equation in €2 will have
a regular solution. This yields sequences of solutions (f”*) and (E£") to the linear Vlasov and Poisson
equations. We then assume boundedness of the velocity uniformly in time, namely that, for all ¢ € [0, T'],
the quantity

Q" (t) =sup{|v| : (x,v) € supp f"(s), 0 <s <t}

is bounded by some K (7)) > 0. Under this assumption we show convergence of the sequences (")
and (E"™) to a solution of the Vlasov—Poisson system. Then, we restrict ourself to the case d = 3 and
remove the assumption of uniformly bounded velocities by proving that if the velocities are initially
bounded (10), then Q(¢) = lim,_,» Q"(¢) is bounded for all ¢ € [0, T'] via a Pfaffelmoser-type argument.
Finally, we conclude the proof of Theorem 2.1 with the global-in-time existence by showing that the
bound on Q(¢) holds as T — oo and prove uniqueness of solution adapting the idea of P.L. Lions
and B. Perthame [Lions and Perthame 1991] albeit in an L' framework.

This strategy of construction of a solution via an iterative sequence also applies to the VPME case.
However, the nonlinearity of the Poisson equation in (3) will remain in the iterative sequence, and therefore
classical elliptic regularity will not provide the desired regularity estimates on the force field E. In order
to derive such estimates we adopt a calculus of variation approach, identifying the solution of the Poisson
equation with the minimiser of an energy functional which will take into account the boundary conditions.
Furthermore, we introduce a splitting of the electric potential into a singular part U — solution to a
linear Poisson equation — and a regular part U — solution to a nonlinear elliptic PDE —in the spirit of
[Griffin-Pickering and Iacobelli 2021b; Han-Kwan and Iacobelli 2017]. The purpose of this splitting
is to isolate the difficulties due to the nonlinearity from those that we can handle via classical elliptic
regularity theory. The estimates we derive, which are stated in Proposition 5.1 for the Dirichlet case
and Proposition 5.2 for the Neumann case, are crucial for our analysis and can be useful in the study of
singular limits for VPME, as done in [Griffin-Pickering and Iacobelli 2020]. In the Neumann boundary
condition case this will naturally lead to a compatibility condition on %, which reads as follows:

h <0, / |h|do(x) < 1+|L]. (13)
a0

We can now state our main result in the VPME case:

Theorem 2.2. Let Q@ C R3 be a C*! uniformly convex domain, let fo satisfy (2) and (9)-(11), and
consider the Vlasov—Poisson model for massless electrons (3) with the specular reflection condition (5)
for the Viasov equation, and either the Dirichlet boundary condition (6) or the Neumann boundary
condition (7) with h satisfying (13) for the Poisson equation. Then there exists a unique classical solution
fe C}C“‘((O, 00) X QxR and E € C,ICI’“((O, 00) x Q)3. Moreover, the solution f has a compact
support in velocity for all t > 0.

For the sake of clarity, we have decided to devote the core of our paper to the Vlasov—Poisson system
and treat the VPME case independently in the last section. Since the general method is the same, we will
only highlight in that section the differences between the two cases and the modifications required for the
VPME case.
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The paper is thus organised as follows. In Section 3 we develop our global analysis of the trajectories
of particles governed by the Vlasov equation in any dimension d, which culminates in the Velocity
Lemma (Lemma 3.3). In Section 4 we focus on the Vlasov—Poisson case and show well-posedness via
an approximating sequence of linear problems as explained above and a Pfaffelmoser-like argument in
dimension 3 to show boundedness of the velocities. Finally, in Section 5 we derive elliptic regularity
estimates for the nonlinear Poisson equation of (3) in any dimension d and outline the proof of well-
posedness for the VPME system.

3. Velocity lemma

Consider a uniformly convex C 2.1 domain € and a field E € C%! ([0, T]x )¢ satisfying E(t, x)-n(x) >0

for all # € [0, T] and x € 0€2. Note that the latter condition on E holds for any strong solution to the

Poisson equation thanks to the Hopf lemma in the Dirichlet case, and by assumption in the Neumann case.
The characteristic curves associated to the Vlasov equation with specular reflections

(XS7 VS) = (X(Sa taxa U), V(S, t7x’ U))

are governed by the following ODE system:

05Xy =V, X, t,x,0) =x, (14)
o, Vs = E(s, Xy), V(i t,x,v) =0, (15)
Ve = Vi- —2(n(Xy) - Vio)n(X,) forall s s.t. X, € 9. (16)

These trajectories evolve in the phase-space © x R. The purpose of this section is to characterise their
distance to the grazing set yy, and to deduce some control on the number of bounces on 92 that such
trajectories undergo in a finite time interval. To that end we begin by defining a notion of kinetic distance.

Definition 3.1. Consider § > 0 and define the neighbourhood of the boundary
I == {x € Q: dist(x, IQ) < §}.
We say that o : [0, T] x Q x R — Ry is a 8-kinetic distance if « is in C°([0, T] x € x R?) and satisfies,
forall (¢,x,v)€[0,T]x 302 x R?, [a(,x,v)=0] <= [(x,v) € wl. (17)
We then have the following lemma of isolation of the grazing set.

Lemma 3.2. Consider E € C*'([0, T]x Q)¢ and the flow of transport (X (s; t, x,v), V(s;t, x, v)) given
by (14)—(16). If there exists a é-kinetic distance o such that, for all (t, x,v) € [0, T] x 025 X R4 and
sel0,T],

Coa(t,x,v) <a(s, X(s;t,x,v), V(s;t,x,v)) < C;roz(t, X, V) (18)

with CE = CE(t —s, x, v) > 0, then the grazing set y; is isolated in the sense that a trajectory

s = (X(s;t,x,v), V(s;t,x,0))

can only reach yy if it starts in yy.
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Proof. If § is large enough that 35 = , then the isolation of the grazing set is a direct consequence of (17)
and (18) since the former states that o only cancels on yy, while the latter states that « cannot cancel along
a trajectory (X, Vs) unless it is initially null. When 025 C Q, then there may exist (x, v) € 025 X RY > Y0
such that «(0, x, v) = 0. In order to prove Lemma 3.2 it is enough to show that a trajectory (X, V)
starting in € x R? cannot reach yy without going through (325 x R?) \ . This follows immediately
from the continuity of s — X (s; ¢, x, v) given by (14)—(16) with E € C%1([0, T] x Q)% O

We now turn to the main result of this section: the Velocity Lemma which states the existence of a
kinetic distance.

Lemma 3.3 (Velocity Lemma). We consider a C*>! uniformly convex domain Q and a field E in
C%1([0, T1 x Q)¢ such that E(t, x) - VE(x) > Co > 0 forallt € [0, T] and x € 3. We define

a(s, x,v) = 2(v- VE@))? + (v- VEE(x) - v+ E(s, x) - VE@))[E(x)]. (19)
Then there exists 6 > 0 such that « is a §-kinetic distance satisfying (18) with
CE = exp(£Col(|v] + Dls — |+ | Ell (s — )*])

and Co = Co([|&][c21, [ Ellco1).

Proof. Since E is continuous and E(¢, x) - VE(x) > Cy > 0 for all t € [0, T] and x € 92, there exists
8 > 0 such that E(¢, x) - VE(x) > 0 for all x € Q2. In that neighbourhood we have, using (4) and the
continuity of V2¢, that, forall v e R? and 7 € [0, T,

v-V2E(x) v+ E(t, x) - VE(x) > 0,

and therefore « only cancels if both v- V&(x) =0 and £(x) =0, i.e., if (x, v) € yp; hence « is a §-kinetic
distance.

We will prove that « satisfies (18) by a Gronwall argument, differentiating « along a trajectory. To that
end, note that if we write b =£(X), then d;b = V-V, &(X;) and 32, b= V,-V2E(X;)-Vi+E (s, X;)-VE(Xy),
so we have

als, Xy, Vi) = 5(35b)* = bd};b,
and we easily compute d%oz = —bd> b
d
20 X Vo) = EXDIN (Ve (Ve VIEX) - Vo) +3E(s. Xo) - V2E(Xs) - Vs
=+ (asE(Sa Xs) + VS : VXE(Sa Xs)) : VE(XA))

Our regularity assumptions on E and & yield on the one hand

d
aa(sv Xsa VS)

< CIEXDNVsPIVEl Lo + IV El ot E e + 105 Ell o | VE [ 120
< CIEXDIAVsP +Vs| + 1),
and on the other hand, since €2 is uniformly convex by (4),

als, Xy, Vi) = CIE(X)(Cal Vs> + 1) (20)
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with Cq > 0. Hence
L5, X, V)| = CAVS I+ Darts, X, Vo),
and Gronwall’s lemma concludes the proof with (15). O

Remark 3.4. Note that if we only assume that €2 is convex but not uniformly convex, i.e., Cq > 0 in (4),
then o given by (19) is still a §-kinetic distance. However, for s < ¢, the constant C in (18) given by the
Gronwall argument is controlled by

t
CsiSeXp(iC[(Ivl-i-l)ls—tl-i-IIEIILoo(S—t)2+/ IVrIde
(Wl +NElz=(s =) Jul* D
4[1E| L 4E| L

We will see in Section 4C that this bound is not enough to close our proof of existence of classical
solutions to the Vlasov—Poisson systems. We believe that the nonuniformly convex domain case actually

< exp(iC[am +D)Is —t|+ | Ellz(s —1)* +

requires a much finer characterisation of the isolation of the grazing set.

The Velocity Lemma is an essential part of this proof because it is directly related to the number of
reflections on the boundary that a trajectory s — (X (s; t, x, v), V(s; t, x, v)) undergoes within a given
time interval, and consequently with the fact that said trajectory is uniquely defined. Morally, the closer
you are to the grazing set the more reflections can happen. We characterise this relation in the following
lemma in which we establish an upper bound on the number of reflections along a trajectory within a
given time interval in terms of the distance of that trajectory to the grazing set.

Lemma 3.5. Under the assumptions of Lemma 3.3, for any (t, x,v) € [0, T] x Q x RY, the trajectory
s — (X(s;t,x,v), V(s; t,x,v)) is uniquely defined and the number of reflections k that it undergoes
within an interval of time s € (t — A, t) is bounded above:

(|U| + A”E”LC’C)2 + ”E”U>c eCO[(|U|+1)A+HEHLOOA2]
Ja(t, x,v)
with C1 = C1(2) > 0 and Cq given by Lemma 3.3.

k< AC;

Proof. The fact that the trajectory is uniquely defined follows directly from the upper bound on the number
of reflections. Indeed, for any (z, x, v) € [0, T] x (2 x Rd)\yo, if the trajectory (X (s; t, x, v), V(s; t, x, v))
undergoes a finite number of reflections in a finite time, then we can construct the trajectory by the com-
position of a finite number of transports given by the ODE system (14)—(15) and specular reflections (16).
The velocity component s — V (s; £, x, v) will be piecewise continuous since E is in C%! ([0, T'] x Q)¢
with discontinuities at the times of the reflections, and since specular reflections do not affect the norm of
the velocity, we see that s — |V (s; ¢, x, v)| will be continuous. Furthermore, the position component
s — X(s;t, x, v) will be continuous and piecewise C.

Let us now fix (¢, x, v) € [0, T] x (Q x RY) \ Yo and prove the upper bound on the number of reflections.
Since E € L*°([0, T] x 2), the norm of the velocity V (s; ¢, x, v) is uniformly bounded on (¢ — A, ) as

[V(s;t,x,v)| <M = [v|+ Al E| L.
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Let us consider two consecutive reflection times t — A < ;41 <s; <7 such that X;, = X (s;; ¢, x, v) € 0L,
X, = X(siy15t, x,v) € 0, and, for all s € (s;11, s;), we have X ¢ 0. Since the velocity is bounded

and by continuity of the transport flow on (s; 1, s;), we have immediately
|XSi -X

siv | <M. 1)
Si — Si+1

Si+1

Furthermore, integrating (14) and (15) over (s;+1, 5;) we get

Si T Si T
XS,' = XS,'_H +f (‘/SH_I +/ E(uv XM) du) dr = XS,'_H + (si _si+1)Vvi+1 +f f E(“y Xu) du df,
Sit1 Si+1 Y Si+1

Si+1

which yields, multiplying by V&(Xj,_ ),

XSi — XSi+1
Vs - VEX g ) = | ——— - VEX,)

Si — Si41

+ IE |2 (si — si41)- (22)

We know that the norm of (Xj,
that end, we write the Taylor expansion of & € C>!:

S(XS,‘) = S(XSH]) + (XS,' - XS,'Jrl) : VS(XS,'JA)

— Xs,;)/(si41 — ;) is bounded; we are now interested in its direction. To

1
1
+ E /0 (XS,' - XS,'+1) . VZ&(XS,'JA + I(Xs‘i - XS,'+1)) : (XS,' - XSiJrl) dt' (23)

Since & cancels both at X, and X, € 02, we get

Si+1
Xy, — X5 - VEX ) < 31X, — Xy PIVE | 1o
Together with (22) and (21) this yields
Vi - VEX 5, )] < IVZE N Lo M (5 — si41) + SIE |2 (5 — 5i41)-

Furthermore, by definition of o from (19), a(si+1, Xy, Vs, ) = Vi, - VE (Xs,~+1)|2§ hence we get

Si+1
o(sier, Xg. . Vs
Isi —siv1l > C\/ ( ,;1 i1 Vi)
M=+ |[E|lL=
with C = C(2). The result then follows from the Velocity Lemma (Lemma 3.3) since k <sup; A /(s; —Si+1)
by construction. U

4. The Vlasov—Poisson system

We will construct a solution to the Vlasov—Poisson equation as a limit of an iterative sequence defined as
follows:
For any n > 0, we consider an initial data f satisfying

fg e CMH@xRY,  fi =0, (24)
supp f € Q@ x R, (25)
fo (x,v) =constant  for all (x, v) such that «, (0, x, v) < 8o, (26)
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where §p > 0 is fixed, i € (0, 1), and «,, is the §-kinetic distance defined in (19) using the field E" defined
below, initiated with the stationary field E®(x) = —VU° and AU? = — J fodv with Dirichlet (6) or
Neumann (7)-(12) boundary conditions. Note that the fields £” are indeed regular enough for this kinetic
distance to exist; see Corollary 4.2.

We then define the sequences f” and E” forn > 1 as

O fr4v-Vif"+E".V, f"=0 in (0, T] x  x R,
E™t,x)=—-VU", AU"=— [, f"dv in (0,T]x <, (27)
£"0,x,0) = 57 (x, v) in QxR

with the specular reflection boundary condition (5) for every f, and either the Dirichlet (6) or the Neumann
boundary condition (7) for every U,, with h € C LiaQ) satisfying (12) in the latter case.

4A. Well-posedness of the linear problem. We prove well-posedness of (27) in two steps. First we
consider the Vlasov equation with a fixed electric field E € C? CLH([0, T x )4 and prove existence and
uniqueness of a solution f € C!Ch#([0, T] x  x R?) in Theorem 4.1. Secondly, classical elliptic PDE
theory yields the converse, namely the existence and uniqueness of a solution E € CIICI’“([O, T]x Q)¢
to the Poisson equation for a fixed p € C}CO"‘([O, T] x 2). Combining these two results, we finally state
in Corollary 4.2 the well-posedness of (27).
Theorem 4.1. Consider a C*' domain Q and a fixed electric field E € C,OCI’“([O, T1x Q)% ne(,1),
satisfying E(t,x)-VE(x) > Co > 0 forallt € [0, T] and x € Q2. For all fy satisfying (24)—(26) with the
kinetic distance associated with the field E, there is a unique solution f € C}C Lu(o, T1 x © x R?) ro
the linear Vlasov equation

W f+v-Vof+E-V,f=0 in (t,x,v) € (0, T] x 2 x RY,

y_ft, x,v)=yy f(t,x,Ryv) on (t,x,v) € (0,T] x y_, (28)

Sfli=0o= fo in xR,
Proof. By assumption on E and Lemmas 3.5 and 3.2 we know that « defined in (19) is a §-kinetic distance,
that the grazing set is isolated, and that the flow of transport (X (s; 7, x, v), V(s; t, x, v)) is uniquely
defined. Therefore, there is a unique solution f to our system, which is given by the push-forward of the
initial distribution along the flow of transport as expressed by the representation formula

f@, x,v) = fo(X(O0;¢,x,v), V(05 ¢, x,v)). (29)

The key subject of this proof is then the regularity of f. Combining the representation formula with the
flatness assumption (26) we see that f (¢, x, v) is constant if

(0, X(0; 7, x,v), V(05 7, x, v)) < do,
and the Velocity Lemma (Lemma 3.3) then means that f (¢, x, v) is constant if

alt,x,v) < SOeCo[(|v|+1)l+||E||L°°l2] < 80(T)
with
So(T) := 8eClCTDTHIEN=T?] ) — qup{|u], v € supp(fo)}. (30)
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As a consequence, it is enough to study the regularity of f away from a neighbourhood of yy where it is
constant, i.e., on the set

O={(t,x,v) €0, TIx QxR :a(r, x, v) > 8o(T)}. 31

For any (¢, x, v) € O, we know from Lemma 3.2 that the number of reflections & that the trajectory

s — (X(s;t,x,v), V(s; t, x,v)) undergoes in the interval of time [0, 7] is bounded by

(Q+TIE| =)+ IEll L~ LCOLQ+DIHIE| oor?]
V80(T')

As a consequence the trajectory can be expressed as at most ks(7") compositions of transports inside

k<ks(T)=TC, (32)

the domain, governed by the ODEs (14)-(15), and specular reflections on the boundary. By classical
ODE theory we know that, since E € C tO Ch1([0, T x )4, the flow of transport inside the domain will
be C,ICW([O, T] x Q x R%)). Moreover, at the boundary, by assumption we have n(x) € coaQ)
so the specular reflection operator R,v = v — 2(v - n(x))n(x) is CI'I(F+). Thus, the entire flow
(X (s;t,x,0), V(s t, x,v)) is CLCHH([0, T] x @ x RY) for all (¢, x, v) € O. O

We conclude this section with the well-posedness of the sequences f" and E".

Corollary 4.2. Consider a C*' domain Q and an initial datum fy satisfying (24)—(26) with v € (0, 1).
Then the sequences f" and E™ given by (27) are globally defined on (0, T) x Q x R? and, moreover, we
have, for any T > 0,

, d , d
frectctrqo, TIx @ xRY,  E"ec!chr(o, T x Q)9
I " I e @xrey = Il foll Loxmays N " ILt@xrey = I foll Lt @xra)-

Proof. We recall that by standard Elliptic regularity theory, see e.g., [Gilbarg and Trudinger 1998,
Chapter 6; Nardi 20141, if f* € C!C"*([0, T] x  x R?) and 9Q is C>! then the field E" given by (27)
is in C!CLH([0, T] x Q)¢. The well-posedness and the regularity of f" and E" follow directly by
induction using Theorem 4.1 and this classical elliptic regularity result. The conservation of the L°°
norm follows from the representation formula (29) and the conservation of the L' norm follows from
integrating the Vlasov equation in (27) over  x R, |

4B. Compactness and convergence with bounded velocity. In this section we will prove compactness of
the sequences f” and E" under the assumption of bounded velocity support. To that end, we introduce

Q" (t) = sup{|v| : (x, v) € supp f"(s), 0 <s <1}, (33)
and we shall assume in this section that, for all t € [0, T'], we have Q"(¢) < K = K(T) uniformly in n.

Proposition 4.3. Consider a C>' domain Q and an initial datum fy satisfying (24)—(26) with u € (0, 1).
Assume that, for all n € N, we have Q" (t) < K. Then, for some ny > 0, the sequences f" and E" given

by (27) satisfy, for all n > ny,
IE"gyetn < C(T) and | f"lgyerp < C(T),

where C(T) depends only on T, K, and || fo| ..
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Proof. From the uniform bound on Q" (¢) and the conservation of the L° norm in Corollary 4.2, we have
1p™ (1)l o (2) = sup f f@x v dv < I FOlle@urn " OF < KO foll = @xre)-
Q JR

Hence, by classical elliptic regularity, E” is log-Lipschitz uniformly in n. This allows for uniform estimates
on p"*!in C%7(Q) for some y < 1. Indeed, we can consider v, w € R¢, x, y € Q, and s"*! € [0, ¢] such
that, for all s € (s"*!, t), trajectories X" (s; ¢, x, v) and X"*!(s; ¢, y, v) do not undergo any reflections
on the boundary. Then, introducing

Y () = | X sy, x, 0) — X s e, y, w) |+ |V s 8, x, 0) — VP (s 1y, w)|
we have, using the characteristic equations,

1Y () < [V 51,0, v) = VI (s 8, 3, w)+IE™ (s, X (551, %, 0) — E™(s5 X (53 1, y, w))]
< Y”+1(s)—C|X”+1(s; tx, v)—X”H(s; t,y, w)]| 10g(|X”+1(s; tx, v)—X"H(s; t,y, w)|)
< CY"(s)[log Y"(s)|,

and hence

Y (s) < YO < ()Y < — y[Y 4 v — w]”
for all y < e~C=s") We have proved that the flow (X" (s: 1, x,v), ViT(s: 1, x, v)) is uniformly
bounded in some C*? (Q x R?) for s € (s:f“, t).

Analogously to the proof of Theorem 4.1, we introduce the set
Op={(t,x,0) €[0, T x 2 x R : at, (x, v) > 8(T)} (34)

with 8(T') given by (30), and we know that f"*! is constant on (Q x R?)\ O, so it is enough to study its
regularity on O,,.

Note that §(7") does not depend on 7 thanks to the uniform bounds on Q"(¢) and || E" | L. Similarly,
for any (¢, x, v) € O,, we can also bound the number of reflections within the interval (0, ¢) uniformly
in n with ks(T) given by (32). Hence the flow (X"*!(s; 1, x, v), V**1(s; £, x, v)) can be expressed as at
most ks(T) compositions of transports in C 0.7(Q x RY) and specular reflections, and hence the flow is in
COY(Q x RY) with y’ < y*(T) < ¢=k(MCT  Combined with the representation formula (29) this yields
a uniform bound of f"*!, and in turn p"*!, in C%7'(Q x RY) and C*?'(R), respectively.

Consequently, E" ! will be in C17' () by classical elliptic regularity, which means the system (27) at
rank n+-2 satisfies the assumptions of Theorem 4.1, and our proposition then follows by iteration. Indeed,
at rank n+2 we have p"*2 ¢ CI’V/(Q) which yields E"? e C1#(Q)? —note that the limiting factor for
the regularity of E"*? is the regularity of the domain 2 — and finally we get p"*3 € C1#(Q). O

Remark 4.4. Note that the limiting factor for the regularity is, in fine, the specular reflection operator
which stops the flow of transport from reaching any regularity above C .

Using the uniform bounds derived previously, we now state the following convergence result.
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Proposition 4.5. Consider a C>' domain Q and an initial datum fy satisfying (24)—(26) with u € (0, 1).
Assume that, for all n € N, we have Q" (t) < K. Then, as n — o0,

(f", E")— (fLE) in C'C"* ([0, T]1x Q x RY) x C’C " ([0, T] x Q)¢

with0 <v < 1and 0 < i/ < u. Moreover the limits f and E are in CIICI’“([O, T] x Q x RY) and
C}C Lro, T1 x Q)4 respectively, and (f, E) is a solution to the Vlasov—Poisson system (1)—(5) with
either the Dirichlet (6) or the Neumann (7)—(12) boundary condition.

Unlike the previous results of this section, this proof does not rely on any geometrical considerations
but rather on some standard functional analysis using Proposition 4.3; we refer to [Hwang and Veldzquez
2010, Proposition 3] for details.

4C. Global bound on Q(t) in dimension 3. We now restrict ourselves to the 3-dimensional case. The
purpose of this section is to remove the assumption of bounded velocity support by proving that if fj is
compactly supported in velocity (10), i.e., Q(0) < K, then

Q(7) = sup{|v| : (x,v) € supp f(s), 0 <s <1} (35)
is uniformly bounded on [0, T].
Proposition 4.6. Consider a C*>' domain 2, an initial datum fy satisfying (24)—(26) with u € (0, 1),

and the solution (f, E) € CZICI’“([O, T]x Q2 x R3) x CIICI’“([O, T]x Q)3 of the Vlasov—Poisson system
given by Proposition 4.5. Then there exists K (T) < oo depending only on T and fy such that

Q@) <K(T) forallte[0,T]. (36)

Proof. We prove this proposition via an estimation of the acceleration of the velocity along a characteristic
trajectory. To that end let us fix a trajectory ()A( (1), V(t)). We wish to control, for some A > 0,

t t
/ IE(S,X(S))IdSS/ // f(s’—Ay’w)dydwds-l—CAHhHLoo
1—A t—n J Jaxrs |y — X (s)|?

' f(t, x,v)
< = dxdvds + CA|hl|p>, (37)
—aJJaxm | X (s;t, x,v) — X(s)|?

where we have used the fact that the evolution of the characteristic trajectories is Hamiltonian, and hence
dydw = dX(t;s,y, w)dV(¢; s, y, w) = dx dv.

Following the approach of Pfaffelmoser [1992], we will split this integral into three parts. We introduce
three parameters 71, 8, ¥ > 0 to be determined later, and define P = Q"‘, R = 0P, and A =coQ 77, with
co > 0 fixed. We then split the domain of integration as follows:

G:{(s,x,v)e[t—A,t]xQx[R3:|v|<P0r|v—‘7(t)| < P}, (38)
B={(s,x,v)e((t—A,t] xQ2x [R{3)\G X (st x,v) —)A((s)l < eo(v)}, 39)
U={(G,x,v)e(t—A,t] x 2x R3)\G X (558, x,v) —)A((s)l > go(v)}, (40)
with
R R
eo(v)zmax{—g,—A}. 41
P> v=v@)]?
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We shall now handle each part of the integration individually. Throughout this section, we are mostly
interested in bounding each part of the integral with respect to powers of Q, and since the constants in
these bounds will not play a role, we introduce the notation a < b to denote a < Cb for some constant C
independent of Q. Note that we will also commonly use the notation G, B, or U to mean subsets of
Q x R? when the time parameter s is fixed, and also write G as a subset of R? for fixed (s, x).

Remark 4.7. Note that our definition of g differs from that of Hwang and Veldzquez [2010] which
morally includes the term R/|v — \7+(t)|3 in the maximum (41), where \7+(t) is the specular reflection
of V(t) at the last time of reflection sg € [t — A, £].

This difference is directly related to the fact that we develop in the paper a global analysis of the
trajectories, whereas Hwang and Veldzquez developed a localised analysis. In the global framework, the
main argument to control the evolution of the velocity is the balance between the number of reflections
and the impact of these reflections on the direction of the velocity. Heuristically, the more reflections
happen within the interval (+ — A, t), the closer the trajectory is to the grazing, i.e., the more tangential
the trajectory is at the points of reflections, and hence the lesser the impact of the specular reflection on
the direction of the velocity. In this context, it is enough to compare v with V(t) so we do not need to
add a comparison with ‘7+ () in the definition of &g.

4C1. The good set. For the integral over the good set G, the key argument is the following pointwise
control of E: for any (s, x) € (0, T) x Q and A > 0,

’ d d 2/5
Een < [ 292 4y <o) A PR Y
Q 2 )C|2 |y

|x - y| lx—y|<i |y - —x|>Xx |y —X|5

S o)k o) | Lsr™4.

Choosing A such that || p(s)||zor = || p(s)|s3A~%> yields

4/9 5/9
IEs. )] S o~ oI55

Moreover, the norm || o (s)|| .5/ is related to the kinetic energy of the system: for any A > 0,
po0 = [ pava [ o fallesr 07 [ o do,
[v]<A [v|>A
and we know that the kinetic energy is bounded:
f v f(r)dvdx ;== K(t) < K < o0

by conservation of the total energy of the system; see e.g., [Glassey 1996, Chapter 4]. Hence choosing
A =K'/ yields || p(s)| ;55 < K3/3. Therefore we can bound E pointwise as

4/9 4/9
1EGs, ) S ol S ( / f(s,x,v) dv) < (IlfollLoc / dv) < 03, (42)
R3 lv|<Q

We use this bound on E to derive a bound on w = V (s; ¢, x, v) when |v| < P:

lw| = |v|+/t |E(u, X(w))|du < P+ 0t —s).
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Choosing s € (t — A, t) and y > % —n >0 we get |{w| < P. This yields a control on the restriction of p
to the good set G:

PG (s, y) == Gy, wydw Sl follp P

weG

Let us now use these estimates to control the integral over the good set in (37) with an approach similar
to that of the pointwise bound of E above. Since the integral with respect to s will not play a role in this
bound we first control the rest: for any A > 0,

f(s,y, w) pc(s,y)
dydw 3 | ——F——dy
G ly—X()P Qly—X(@s)?
Shoool= [
ly—X()|<r |y — X (5)]
S e ) er+ 1ol psna™4?
4/9 5/9
S e )7 /

< oGl s
where we chose A such that

1
dy+||/0G||L5/3/ R ————dy
y=Xs)I>r [y — X(s)|?

loG(s)lLeA = |lpG ||L5/3k_4/5.

Note that pG (s, y) < p(s, y) by positivity of f, and hence we have immediately || oG ;55 < llpollsn < K,
the kinetic energy. Finally, we get

// JE2 W) 4 ds < AP,
G ly—X(s)?

4C2. The bad set. The control of the integral over the bad set B in (37) follows rather immediately from
our choice of ¢g:

/// e, x, v)A dx dvds SJ/ / Il £l L=eo(v) dv ds
B|X(s;t,x,v) — X(s)|? 1—A JugG

R R R
,SAf max{—3, _ , _ }dv
VG WP jo=V@PR [v=V*t@)]

21
§AR/ -drgARlng
» P

r

4C3. The ugly set. For the ugly set U, the time-integration of (37) is essential. Let us fix some (7, x, v)
and define W(s) as

W(s)=V(s;t,x,v)—v.
We easily deduce from our transport dynamics (14)—(16) the following system of ODEs for the evolution
of W(s):
W(s) = E(s, X(sit,x,0),  W(1) =0, (43)
W(t) =Rx:txnV(t;t,x,v) —v  forall T such that X(z; ¢, x,v) € 9Q. 44)
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Note that the reflection condition (44) does not preserve the norm of WW(t), as such it is not comparable
to specular reflections and the norm |W(s)| will not be a continuous function of s. Nevertheless, we can
bound the jump of W (s)| at a reflection time 7 using the Velocity Lemma (Lemma 3.3). Indeed, recall that,
forany 7 € (t — A, t), if (x, v) belongs to 9€2;5 as defined in Lemma 3.2, then the Velocity Lemma yields

\V(t;t,x,v)-n(X(t; 1, x,0)| < cov/a(r, X(t; 1, x,v), V(T; 1, X, v))

2
< colalt, x, v)eC(lle)(t*f)HlEllLoc(t*f) )1/2

473 A2
< colalt, x, v)eC[(Q+1)A+Q A ])1/2

with cq = || V& || L~ (5q), and hence
WEH=VE s t,x,v) —v=2(V(t7;t,x,0) - n(X(t; 1, x,0))n(X(t; 1, x, v))|
< IW(T )]+ 2cq(alt, x, v)eCl@TDATOT AT 1/2 (45)

Moreover, from the uniform bound on E given in (42) we know that WV is Lipschitz between reflection
times so that, assuming there are k reflections within the interval (¢ — A, ¢), we have

IW(s)| < QY3 A+ 2k (a(t, x, v)eCl@TDATCV A% 172 (46)

If x ¢ 0€2;, then the coefficient before |£(x)]| in (19) could take negative values and « (¢, x, v) could cancel
even though (x, v) ¢ yp. However, if 71 € (t — A, t) is the first reflection time of the backwards trajectory
(X(s;t,x,v), V(s;t,x,v)), then, by continuity of X (s), the trajectory will reach 025 at some time
s=1t— Sl € (11, t) before it reflects on the boundary. In the interval [ — S 1, t] there are no reflections, so
the evolution of |[W(s)| is bounded by the uniform estimate of the electric field (42). As a consequence, the
inequality (45) still holds with a(# —S, X(t— S; t,x,v), V(t— S; t, x,v)) instead of (¢, x, v). Moreover,
the same argument holds at any reflection time 7; € (r — A, 1), namely there exists a §; > 0 such that,
if s € (1; — Si, 7;) then X (s; ¢, x, v) € 025 and the isolation of the grazing set ensures that

alt — 6, X (1 — 83 1, x,v), V(5; — 83 1, x, v))
<ot =8, X(—8:1,3,v), V(i =5 1, x, 0))eClQDE—Hm 5+ 0" 5145
<a(t— S, X(t— S; t,x,v), V(t— S; t, X, v))ec[(Q+1)A+Q4/3A2].
Since (45) is established at a reflection time t, this control of the kinetic distance holds and (46) follows.
Therefore, we define an extension of the kinetic distance as
a(t, x,v) for all x € 092;,
a(t—8,X(@t—38;t,x,v),V(t—6;t,x,v)) forall x ¢ 9,

and (46) holds without the need to distinguish the cases x € 925 and x ¢ 02;.
Now, we know from Lemma 3.5 that «(z, x, v) yields an upper bound on the number of reflections k.
More precisely, with [v|+ A||E|| L~ ~ Q (see the proof of Lemma 3.5) and using (42) we have, assuming

o(t,x,v):= {

without loss of generality that Q > 1,

2
<28 clotnatotiaz

~ Vot x,v)
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from which we deduce the following bound on |W(s)|:
W) < Q4/3A + QZAeC[(Q‘H)A""QMAZ].

In order for the exponential term to be uniformly bounded in Q, we want A Q to decay when Q grows
large. Therefore, we choose y > 1 and get the estimate

W) S 0> SopPQ* VT <ip (47)

if we choose 1 <y <2—n withn < % and the appropriate choice of ¢y > 0 in the definition of A =¢coQ7”.

Now that we’ve established this bound on |W(s)|, the control of the integral over the ugly set in (37)
follows rather classically. As a consequence, we shall skip the details which can be found, e.g., in
[Schaeffer 1991; Glassey 1996, Section 4.4] and only outline the following steps of the proof. First, note
that one can define W(s) = V(s) — V(z) and derive the same estimate so that we have

Visit,x,0) = V()| = [v= VO = V(s t,.x,0) —v| = [V () = V(5)]
>v—V®|— 3P >v—V@)l,
where the last bound follows from the fact that (s, x, v) € U. We now define Z(s) as
Z(s)=X(s; 1, x,v) — X(s)

and have immediately |Z(s)| =|V(s;t,x,v)— V(s)| > %|v — V(t)l. Moreover, one can compare Z(s)
with the linear approximation Z(s) = Z(s0) + Z (s0)(s — so) with sg € [t — A, ] minimizing |Z(s)|, and
using the uniform bound on Z(s) which follows from (42) one gets

1Z(s)] = |s — sol v — V()]

Furthermore, considering (s, x, v) € U for which gy(v) = #, the substitution s — 7 = |s — sg||v — V(t)|
yields

L ds ! ds 1 O too ] lv]?
) < = < ~ —2d‘L'+ —2dT 5 _—.
i—a |Z(5)] —A s —solPlv=V®|1*?  |Jv=V@®)| \Jo &) e T Rlv—V ()|

.. _ R
Similarly, for (s, x, v) € U such that gg(v) = SOP

/t s _ lv— V(@)
a1 ZOP ™ Ru—V ()|

one gets

so that, for any (s, x, v) € U,

! ds 1 _ A P
N 5 ’ _V 35_.
/I_A ZGE ~ Rpp— v vk = VOIS T

Using the boundedness of the kinetic energy, we finally derive the estimate

/// f¢.xv) dxdvdsgi// WP F(t . v)drdy < -
U lX(s;t,x,v)— X(s)|? R JJy R




2482 LUDOVIC CESBRON AND MIKAELA TACOBELLI

4C4. Conclusion of the Pfaffelmoser argument. Collecting the estimates above, we have

1 [ A 1
X / |E(s, X(s))|ds < PY34+ RIn % N QY3 4+ P In Q'+ Qv P,
—A
0 optimize the order o on the right-hand side we can take R = n- and choose n = >,
To optimize the order of Q on the right-hand sid ke R = 0fIn"!2 Q and ch b
B = 18—1, and y = %, which yields
L[ & 8/117.1/2
< |E(s, X(s))]ds S Q7" In'/~ Q.
A Ji—a
We see in particular that the right-hand side is sublinear in Q so we have proved that
Q) — 0@ —A)
A <oV ' o), (48)

and the boundedness of Q follows from a classical iteration procedure; see [Glassey 1996, Section 4.5]. [

4D. Proof of Theorem 2.1. In the previous sections, we have constructed solutions to the Vlasov—Poisson
system in the sense of Theorem 2.1 on a time interval [0, 7] in dimension 3. Note, indeed, that due to
the Hopf lemma the electric field in the Dirichlet case satisfies E(¢, x) -n(x) <O for all r € [0, T] and
x € 0S2; therefore the Velocity Lemma (Lemma 3.3) applies. To conclude the proof of the theorem we
only need to show uniqueness and that this construction holds as 7" — oo.

Global solutions: First of all, recall that thanks to the flatness assumption (11) and the isolation of the
grazing set given by Lemma 3.3 we can restrict our analysis to the set O defined in (31), i.e., away from
the grazing set, where the number of reflections that any trajectory undergoes within a finite interval of
time is uniformly bounded as a consequence of Lemma 3.5. By convergence of E” — E, the characteristic
flow (X"(s;t,x,v), V"(s;t, x,v)) converges uniformly to (X(s; ¢, x, v), V(s; t, x, v)), and therefore
Q"(t) — Q(t) uniformly on [0, T']; see, e.g., [Hwang and Velazquez 2009, Proposition 5] for details.
Therefore, there exists ng > 0 such that, for all n > ng, the assumption Q" (¢) < K in Proposition 4.3 can
be removed as it follows from Proposition 4.6 and our choice of initial data. Hence in order to prove that
our construction holds as T — oo it is enough to show that K (T") given by Proposition 4.6 is finite for
any T > 0, which follows classically from our bound (48) on the discrete derivative of Q.

Uniqueness: Let us consider (f 1 E" and ( f 2 E?), two solutions of the Vlasov—Poisson system in
the sense of Theorem 2.1 with the same initial condition fy. We easily see that the difference f' — f2
satisfies

W(f = +v-Volf = O+E -V (f = ) =(E' —E} -V, 2

We then consider the characteristic flow (X'(s; 7, x, v), V(s; 1, x, v)) associated with the force field E',
which is indeed characteristic for the transport operator on the left-hand side of the equation above, and
integrate along this flow to write

(fl—f2)(t,x,v)=/ (E'—E»(s, X' (s; 1, x,0)) - Vo f2(s, X' (s: 2, x, v), V(s; 1, x, v)) ds,
0
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since (f! — f2)(0,x,v) =0 by assumption. Using classical estimates on the Poisson kernel in a
C%1 domain Q we have, for all (s, x),

2
(E' — E)(s. )|</ lp! (s, y) yp|2(s,y)|dy’ 49)

and hence, with Fubini and the fact that the characteristic flow is Hamiltonian,
! 2
|Vy f=(s, x, )]
I = OO @xme) < f f 10" (s, y) = p*(s. )| [f ————dxdvdyds.
0 Ja oxrr X =Yyl

On the one hand, we have

v, 2 v, (@, v, f2(t,
// | f(sxzv)ldxdvff | vf(z)f)ldy+/' | vf(2y)|dy
oxrr  |lx—yl ly—xl<1 X =Yl y—x=1 X =Y

SIVu POl i@y + Vo F2AON L @xrs)s

where both norms of V, £2 are uniformly bounded on [0, 7'] by assumption. On the other hand, we have

/Q 1p' (s, ¥) — p2(s, Iy < I1(f1 = FHO L1 @xrs
and hence

t
I = FHO L @xr < C(T) /0 I = £ L1 @xrey ds,

and uniqueness follows from Gronwall’s lemma, which concludes the proof of Theorem 2.1. g

5. The ionic Vlasov—Poisson system

We now turn to the VPME system (3). The general strategy of proof for Theorem 2.2 is the same as for
Theorem 2.1 in the Vlasov—Poisson system case, with the exception of the elliptic regularity estimate
of Corollary 4.2 which does not apply to the nonlinear Poisson equation of (3). Therefore, we will
prove analogous elliptic estimates in the next two sections as stated in Proposition 5.1 for the Dirichlet
case and Proposition 5.2 for the Neumann case, and in Section 5C we will rather briefly present the
proof of Theorem 2.2, focusing on the differences between the VP and the VPME case in order to avoid
unnecessary repetitions.

5A. The Dirichlet case.

Proposition 5.1. For any p > 0 in C%*(Q), the nonlinear Poisson equation with Dirichlet boundary
condition

AU =eV —p—1 Q
{ e/ —p—1, xeQ, (50)

Ux)=0, x €082,

has a unique solution U € HO1 (). Furthermore, this solution is in C*>%(2) and satisfies 0,U (x) <0 for
all x € 092
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Proof. In the spirit of [Griffin-Pickering and Iacobelli 2021b, Proposition 3.5], we prove existence of a
solution in HO1 (€2) via a calculus of variation approach, by finding a minimiser for the energy functional

e [ (L\vp2 o — o —
¢—>5D[¢]-—/Q<2|V¢I +e? —¢ p¢)dx

in Ho1 (€2), and proving that this minimiser solves the Euler—Lagrange equation associated with £p, which
is (50). Uniqueness then follows from the strict convexity of Ep.
First of all, for any ¢ € HO1 (€2) let us write ¢4 (x) = max (0, ¢ (x)). Since p >0, we have —p¢ > —pd

0

and e? — ¢ > e?+ — ¢, because, for all x <0, we have ¥ — x > ¢ — 0 = 1. As a consequence,

ol = [ (21V0s P43V @0 Prer—g—ps) dr= [ (LY. +e" —py—pps) dr=ep(@o)
Q Q

Hence if ¢ minimises £p on HO1 (R2) then ¢ = ¢. Moreover, by the strong maximum principle, if p #£ 0
then ¢ > 0 in Q and cancels at the boundary, which implies d,¢ < 0 on 9€2.

Secondly, we show existence of a minimiser. Let us consider a minimising sequence (¢¥), i.e., a
sequence in H& (€2) such that

Epld*1— inf Eplg]l=:m.
peHH(Q)

Note that since Ep[¢1] < Epl[¢p] we can assume without loss of generality that ¢k > 0. We want to show
that the sequence ¢ is uniformly bounded in HO1 (€2). To that end, we first notice that £p(0) = |2], and
hence, for k large enough,

Enlg*l < Q.

Furthermore, since ¢* > 0 we have that e — ¢* > (¢%)2, and since p € L>®°(Q) we can fix C > 0 such
that %(gbk)2 > ppk — C. As a result, we have

1 1 1
90> €001 = [ (31984F + 207 =€) dx = Loy 0, — Cl,

and hence the sequence (¢¥) is equibounded in HO1 (£2). The rest of the proof of existence of a solution
to (50) follows exactly the proof of [Griffin-Pickering and Iacobelli 2021b, Proposition 3.5], which is
a similar result in the torus. For the sake of completeness we outline the main arguments here. The
boundedness of (¢*) in H(} (€2) implies that, up to a subsequence, ¢* — U a.e. with U a minimiser of £p.
Finally, one can show that U solves the Euler—Lagrange equation associated with £p, namely (50), by

investigating the limit as n — 0 of (Ep[U + ne] — EplU])/n for any ¢ € C(?O(S_Z).
We now turn to the regularity of U. We split U into a regular part Uanda singular part U, solutions to
{AﬁzeU+’7—1, {AU:—p,

" — (51)
U|3§2:0, U|3Q=0.

By classical elliptic PDE theory on a C*>! domain € (see, e.g., [Evans 1998, Chapter 6]), we know that,
for p € C*%(Q), there is a unique solution U e Cf"’(ﬁ) C H(} (€2), and consequently we also have a
unique U=U-Uce H(} (€2). We are now interested in the regularity of U.
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First of all, we know that U is the unique minimiser in H(} (R2) of
A 1 7T
6= Epigli= [ (vor+el* —g)ar,
Q

where the Dirichlet Poisson potential U is uniformly bounded, i.e., there exists M; > O such that
—M, < U(x) < M, for all x € Q. By minimality, this means on the one hand

EplU]1 < &pl0] = / eV dx = M|Q| < o0.

On the other hand, using the Poincaré inequality,
Epl0] > % / (VU + "0y dx — C|VO | 20 = f U0 4y — c*

Q Q

for some C* > 0. Combining the two estimates we get a bound of eV in L! (£2):
/ eV dx < MM Q|+ C).
Q

Furthermore, by construction, for any test function ¢ € HO1 (2), we know that U satisfies

/(VU-V¢+(eU+U — 1)¢) dx = 0.
Q

Un

In particular, for any n € N, writing U, := U An we can take ¢, = eV — 1 which is indeed in

Hy () N L>(£), and hence

/ (VU1 _, +eVel+0n —eU+U _o0n 4 1y dx =0,
o <
Since |VU 2V +1 > 0, this yields
/ eUeOH}” dx < / (e[]H7 + eU") dx. (52)
Q Q

Moreover, by construction e is increasing and converges to ¢V, and hence the monotone convergence

theorem yields

eV 12, = / U dx < 1+—6M'f eV dx == Colle 1.
L2(Q) o = M Q L)
We may iterate this argument: for any k € N, we take ¢ = XU — 1, write Co = (1 +e)eM1, and get
) ) -0 k—1y 0
le ) =f etV dx < Co/ e Wdx < < eV I
Q Q

Thus, for any k € N, we have AU = U+ _ 1 e LK) with [0+ — Ul 2+ < Ce>™1, so0 by standard
elliptic regularity U € W2K(Q); see e.g., [Gilbarg and Trudinger 1998, Section 6.3]. We can take k large
enough for Sobolev embeddings to yield U e C(Q) with

IVU || oy < CM, (53)
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which in turns implies eV — p — 1 € C%*(Q) since U € Cf"”‘ (). Standard elliptic regularity for (50)
then yields U € CZ’“(S_Z) and concludes the proof since we already have 0,U < 0 on 92 from the fact
that U minimises &p. O

5B. The Neumann case.

Proposition 5.2. For any p > 0 in C%%(Q) with fQ p dx =1, consider the nonlinear Poisson equation

with Neumann boundary condition

AU =eY —p—1, Q,
{ e’ —p X € (54)

0, U(x) =h, x €092,

with h < 0 in CV1(0Q) satisfying (13). Then there is a unique solution U € H'(Q) to this problem.
Furthermore, this solution is in C>% ().

Note that one could remove the assumption [, p dx =1 as long as p remains integrable on 2. The
condition that £ satisfies (13) would then be

h <0, / |h|do(x)</pdx+|£2|.
0 Q

Proof. Analogously to the Dirichlet case, we will prove existence of a solution to (54) in H'(Q) by
finding the minimiser in H 1(Q) of

EnlUT ::/(l|VU|2+eU—U—pU)dx—/ Uh do (x),
Q\2 a0

and uniqueness will follow from the strict convexity of Ey.

Let us consider a minimising sequence (¢X) in H'() and prove that it is equibounded. An upper
bound is immediate since Ey[0] = |€2|, and hence for k large enough &y [¢¥] < |S2|. Note however that,
unlike the Dirichlet case, we cannot easily compare £y[max(¢, 0)] with Ex[¢]. Instead, we will show
equiboundedness of the positive and negative parts of ¢* which we denote ¢pX = + max(0, £¢*) and that
will yield the equiboundedness of ¢X since

Enld 1 =Enloh1+Enlg"] and (9151 = 05 11 @ + 195 151 q)-
On the one hand, we have

- [ hokdow =0,
I

and, with the same arguments as in the Dirichlet case, we have e — gbi — ,oqbljr > %((bi)Z — C for some
C > 0, and hence

1 1
192 = Enleh] = /Q(5|V¢i|2+ @5 =€) dx = L¢h o) — Cl2,

which is the equiboundedness of ¢i.
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On the other hand, we write ¢* = Cy + ¥, with Cx = [, ¢* dx <0 and ¥ = ¢* — Cr € H'(Q) with
o ¥k dx = 0, which yields

evg 1= [ (BIVon et = (ot i) ar - [ hwkda<x>—ck<1+|sz|+f hda(x))
Q Q2 aQ

Assumption (13) immediately yields, for some ¢y > 0,

—Ck(l+|§2|+/ hdo(x)) > co| Ck|. (55)
a0

Further, using the Poincaré inequality and the Sobolev trace theorem we have
[ Grvmp+eomv i) ax— [ o)
Q\2 00
1
=1 [ vntar—c [ mix-c [ ldo
Q Q e
1
=1 [V dr - IVl
Q

=1 [ vnbar-c
2 Ja
for some C* > 0. Together with (55) and the upper bound Ey (¢r) < |2| we have
IVEIIZ g + ol Chl < C* + 12|
Finally, using the Poincaré inequality again we get boundedness of ¢* in H'(S) since
191 22() < 198 — Cillz2e) + IChl Q] < IVE Il 2 + C,

and the equiboundedness of ¢y in H'(2) follows. This implies, up to a subsequence, convergence a.e.
of ¢* towards U, the unique minimiser of &y in H'(S2). Let us now check that the Euler-Lagrange
equation associated with Ey is indeed (54). For any n > 0 and ¢ € C®°(R), since U is the minimiser
of &y we have Ex[U + nep] = Ex[U] and

0 < lim l(51\/[U-|-77¢>] —EnlUD
n—0n

A e G R ]
< lim / VU -V¢+ —n|Ve|“+e —¢—p¢p|dx — ¢hdo(x)
Q 2 n 00

n—0
5/[VU-V¢+(€“—1—p)¢]dx—/ ¢hdo(x).
Q F]9)

This holds for any ¢ € C>®(R), so it is true in particular for 45 = —¢, and hence, for all ¢ € C®(Q),
U satisfies

/[VU-V¢+(@U— 1—p)pldx — [ ¢hdo(x)=0,
Q 02

which means that U is indeed the unique weak solution in H 1(Q) of (54).
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For the regularity of U, we follow the strategy of the Dirichlet case. We split U into a regular part U
and a singular part U, solutions to

T — U+0 _ : A
{AU e 1 in £, {a (56)

anU:hl on 0%2
with
hy <0, [,qhado(x)=—1,
{h1 <0, [yghido(x)=[,ohdo(x)+1,

and naturally &; + hp = h on 092. By standard elliptic regularity theory, see e.g., [Nardi 2014], there
exists a unique (up to an additive constant) solution U € C>*(Q) for all « € (0, 1), which in turns yields
existence and uniqueness (for a fixed U) of UecH! () which satisfies, for all ¢ € H'(Q),

/(VU-V¢+(eﬁ+U—l)¢)dx—/ hi¢do(x) = 0.
Q Q2

Next, we write 0n =U An for any n € N and take ¢ = eﬁ" € H' ()N L>®(Q) as a test function. Since
h1 <0 we get a similar estimate as (52) in the Dirichlet case:

/ (eUeU+0n _ oUnydy = _f VO 2eV1,_, dx —/ 7)€Y do (x) <0,

Q Q - El}

and hence, for M| > 0 such that — M, < U (x) < M, for all x € Q, we have by monotone convergence
e 11720y < "l L1 -

We can iterate this estimate, choosing ¢ = ekUn as a test function for any k € N, and derive

k—1 k=DM, U
<...<e® DMy, (FARSE

Uk My, U
eV I g < €™l 15 g, <

Furthermore, we can take ¢ = 1 € H' () as a test function as well which yields

/ eV dx < M / @tV —1)dx <M 21l og)-
Q Q

As a consequence, e € L¥(Q) for all k € N which yields e/ +0 —1 € L*(Q) with [|e?+0 — 1| 14 g, < Ce3M,
Similarly to the Dirichlet case, standard elliptic regularity yields U € W2¥(Q) and we can take k large
enough for Sobolev embeddings to yield U e C'*(Q) with

IVU || oy < CeM, (57)

and since U € C>% () this means ¢V —1 — p € C*%(Q) and Proposition 5.2 follows by standard elliptic
regularity theory. 0
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5C. Proof of Theorem 2.2. Using the elliptic regularity estimates established above for both the Dirichlet
and the Neumann case, we can now prove well-posedness of the VPME system in the sense of Theorem 2.2
following the same arguments as in the Vlasov—Poisson case.

More precisely, we notice that the electric field E = —VU with U a solution to (50) or (54) is in
C?C“‘([O, T] x Q)¢ and satisfies E - n(x) = —9,U > 0 for all x € 9<2, so the results of Section 3
apply, namely there exists a §-kinetic distance o and we have a Velocity Lemma. Moreover, if we define
an iterative sequence (27) with the nonlinear Poisson equation (50) or (54), then Theorem 4.1 holds
and the elliptic regularity estimates proved above ensure that both Corollary 4.2 and Proposition 4.3
hold. Therefore, we have constructed a classical solution of the VPME system under the assumption of
uniformly bounded velocities Q(t) < K(T) for all t € [0, T'] with Q(¢) given by (35). In order to remove
this assumption we decompose the electric field as E = E + E with the regular part given by E=-VU
and the singular part given by E = —VU, where U and U are defined either by (51) or (56).

On the one hand, since |2| < oo and by classical elliptic regularity, see e.g., [Gilbarg and Trudinger
1998, Chapter 6; Nardi 2014],

1U Nl < C(L+ lIpllcoa(ey),

where C depends on ||i||¢ctepq). Using (53) or (57) this yields a uniform control of E in L°(Q) as

IE(t, )@ < Cexp((1+ o]l coxg)-

Therefore, in order to bound the maximum velocity Q(t), one only needs to consider E for which the
analysis developed in Section 4C applies, so we have an equivalent of Proposition 4.6 for VPME. Finally,
we conclude the proof of Theorem 2.2 by the same argument as in Section 4D in order to show global
existence and uniqueness, with the following estimate instead of (49):

I(E' = E®)(s,x)| < [(E' = E®)(s, x)| + [(E" = E*)(5, )]
/ Ip' (s, ) — (s )

lx—y

dy + 1 ENe, ) — EX (1, ) |l 1) O

Appendix: Numerical simulations

In this appendix, we present some numerical simulations of the trajectories of particles in the linear
Vlasov equation (28) in order to illustrate the results of Section 3.

We consider 2 to be the unit disk in dimension 2 and introduce an electric field E. In order to stay
close to a Vlasov—Poisson framework, we will consider a field given by a Poisson equation with a nice
density p. More precisely, we consider a Gaussian bell function centred at xo = (0.5, 0),

p(x) = CCXP(—m>1u—xO|<1/2,
and the stationary electric field E given by E = —VU and AU = —p with Dirichlet boundary conditions
Ulsq = 0. This field can be explicitly written as a convolution with the Green function of the ball; see,
e.g., [Evans 1998, Section 2.2.4]. We illustrate p and E in Figure 1 and note that E is indeed outgoing
on 0€2 in the sense that E - n(x) > 0 for all x € Q2 as assumed in Section 3.
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Figure 1. Choice of density p and associated field E.

Given this fixed field E, we can compute the trajectory of a particle by solving the system of ODEs
(14)—(16). For instance, if we consider a particle starting at x = (—0.9, 0) with velocity direction (—0.2, 1),
then its trajectory in the domain €2 will be given by Figure 2.

On that figure, we also plot the norm of the velocity s — |V (s; 0, x, v)|, which decreases when the
particle moves against the direction of the field and increases when it follows the field. In particular,
we see that when the trajectory moves towards the right of the disk, where the field is strongest, it may
change direction if the norm of the velocity is too small, as is the case in Figure 2. This can be interpreted
as the particle slowing down to the point where the electric field becomes stronger than the natural inertia
of the particle, and hence the change of direction. We also notice on this plot that the norm of the velocity
is a continuous function of s that is piecewise smooth (for the regular field £ we consider in this example)
with singularities at the points of reflection, as expected.

Y

Figure 2. Trajectory in the disk from x = (—0.9, 0), v « (—0.2, 1), and evolution of speed.
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a(s)

Figure 3. Kinetic distance along a trajectory.

We would like to illustrate the Velocity Lemma (Lemma 3.3), which states that if a trajectory starts
close to the grazing set yp then it remains close to yp through time, although the size of the neighbourhood
increases exponentially fast; see (18). However, since any neighbourhood of yy is a subset of the four-
dimensional phase-space, we cannot really illustrate this result on the plot of the trajectory (even though
if a trajectory is close to y then necessarily X is close to €2 by construction, but that is not a sufficient
condition). Instead, let us look at the kinetic distance o given by (19). In our example, we characterise
the unit disk via the function &(x) = %(|x |2 — 1) for which the kinetic distance « can be written as

a(x,v) = %(v )24 (1= |x(Jv|* + E(x) - x).

Note that since the electric field is stationary, the kinetic distance does not depend directly on #. Introducing
a(s) = a(X(s;0,x,v), V(s: 0, x,v)) for a fixed (x,v) € Q x R?, we plot in Figure 3 the evolution of
the kinetic distance along the trajectory illustrated in Figure 2.

The Velocity Lemma (Lemma 3.3) gives a uniform exponential bound on «: for all (x, v) € Q x R?
and s € (0, 1),

. -2 . 2
al(x, v)e—CO[(|U|+1)3+HE”LOOA ] <a(X(s;0,x,0), V(s; 0, x,v)) <alx, v)eCO[(|U|+1)3+“E”L°“ ]

for some Cy = Cy(&, E) > 0. Since the constant Cy is not given explicitly by our Velocity Lemma we
will not illustrate this exponential bound.

To conclude this appendix we now consider other examples of trajectories and their associated kinetic
distances in order to illustrate the behaviours that these trajectories can exhibit and the associated variations
of their kinetic distances. In Figure 4 we represent 6 trajectories, all starting with the same vertical
direction of velocity (0, 1) (with a greater initial norm than the one of Figure 2, which is why there is no
change of direction in plots 4 to 6 when the trajectory travels through the right side of the domain) and
initial position on the x-axis with coordinate —0.2, —0.4, —0.6, —0.8, —0.9, and —0.95, respectively. As
in Figure 2, we represent with a blue star the position at s = 0 and with a blue circle the position at the
end time, with colours matching that of Figure 5. These trajectories illustrate in particular the isolation of
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e

O
OO

Figure 4. Examples of trajectories on the disk; (top) examples 1-3, (bottom) examples 4—6.

grazing. We see indeed that the trajectories 4 to 6, which start relatively close to the grazing set, remain in
a neighbourhood of 0€2, a neighbourhood which grows smaller as (x, v) grows closer to the grazing set yy.

We also plot the evolution of the kinetic distance along these trajectories in Figure 5. Note that since
they all start with the same velocity (and initial position on the same axis) it is easy to identify which
curve corresponds to which trajectory by the initial value of the kinetic distance which decreases as the
initial position grows near the boundary.

One may observe many phenomena in this last illustration. For instance, we see that the kinetic
distances of the last two trajectories, which start rather close to grazing, vary little through time. Note
that this also applies to the trajectory of Figure 2, which morally would fit between the fourth and fifth

iy

Figure 5. Kinetic distances as functions of s.

o (s)

N
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trajectories of Figure 4. On the other hand, the kinetic distance of the trajectories that start with a position
far from 02 show significant variations, and we see in particular that, at their lowest, their value is close
to that of the last two trajectories. This illustrates the fact that if x is close to 02 and |v| < 1, then
a(x, v) will be small even if v is not tangential. The exponential bounds given by the Velocity Lemma
(Lemma 3.3) naturally allow for such behaviour since the exponential coefficients are uniform in x € Q
and only depend on the norm of v.

Finally, let us emphasize that for these illustrations we have chosen a very smooth electric field E and
a smooth domain €2 with constant curvature. Naturally, if the field E is less regular, and if one consider a
more general uniformly convex domain €2, then one may observe a much wider variety of behaviours for
the trajectories of the linear Vlasov equation (28). On the importance of curvature, let us recall that we
are not yet able to prove a strong enough isolation of the grazing set when the domain is not uniformly
convex —i.e., when the curvature may cancel pointwise or on portions of the boundary —in order to
conclude the Pfaffelmoser argument of Section 4C since the exponential controls of our Velocity Lemma
are significantly worse in the nonuniformly convex case, as explained in Remark 3.4.
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