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SHARP POINTWISE AND UNIFORM ESTIMATES FOR 9

ROBERT XIN DONG, SONG-YING L1 AND JOHN N. TREUER

We use weighted L2-methods to obtain sharp pointwise estimates for the canonical solution to the
equation du = f on smoothly bounded strictly convex domains and the Cartan classical domains when f
is bounded in the Bergman metric g. We provide examples to show our pointwise estimates are sharp.
In particular, we show that on the Cartan classical domains €2 of rank 2 the maximum blow-up order is
greater than — log 6 (z), which was obtained for the unit ball case by Berndtsson. For example, for €2
of type IV(n) with n > 3, the maximum blow-up order is 8(2)' /% because of the contribution of the
Bergman kernel. Additionally, we obtain uniform estimates for the canonical solutions on the polydiscs,
strictly pseudoconvex domains and the Cartan classical domains under stronger conditions on f.

1. Introduction

The existence and regularity of solutions to the Cauchy—Riemann equation du = f on a bounded
pseudoconvex domain €2 in C” is a fundamental topic in several complex variables. Since the kernel
of 9 is the set of holomorphic functions, a solution to the Cauchy—Riemann equation is not unique if
it exists. However, let A2(Q2) := L%(Q2) Nker(d) denote the Bergman space over 2. Then the solution
to du = f with u L A%(Q) is unique, and it is called the canonical solution or L2-minimal solution
because it has minimal L?-norm among all solutions. Héormander [1965] showed that if €2 is bounded
and pseudoconvex and f € L%O’l)(ﬂ) is 9-closed, then there exists a solution u that satisfies the estimate
lull;2 < C|fll.2 for some constant C depending only on the diameter of 2. In view of Hormander’s
result, a natural question arises: does there exist a constant C depending only on €2 such that for any
d-closed f € L‘(’&l)(Q) there exists a solution to du = f with |u]leoc < C|| flloo? If the answer is yes,
we say the d-equation can be solved with uniform estimates on 2. An important method for solving
the d-equation is the integral representation for solutions. In this method, one constructs a differential
form B(z, w) on 2 x § which is an (n, n—1) form in w such that solutions to du = f can be written as

M(Z)Z/ B(z, w) A f(w). (1-1)
Q

The method of integral representation of solutions was initiated by Cauchy, Leray, Fantappié, etc. On a
smoothly bounded strictly pseudoconvex domain €2 in C", Henkin [1970] and Grauert and Lieb [1970]
constructed integral kernels B(z, w) such that u given by (1-1) satisfies ||u]lco < C|| f|lco. Kerzman [1971]
improved the estimate by showing that ||”||ca(§) < Cy|lflloo forany 0 < @ < % Henkin and Romanov
[1971] obtained the sharp estimate [u|lc1/2G), < Cll flloo. For more results on strictly pseudoconvex
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domains, the reader may consult the papers [Krantz 1976; Range and Siu 1972; 1973] and the books
[Chen and Shaw 2001; Fornass and Stensgnes 1987; Range 1986].

When the class of domains under consideration is changed from strictly pseudoconvex to weakly
pseudoconvex, it is no longer possible to conclude in generality the existence of uniform estimates for 9.
Berndtsson [1993], Fornass [1986] and Sibony [1980] constructed examples of weakly pseudoconvex
domains in C? and C? where uniform estimates for d fail. More strikingly, Fornzss and Sibony [1993]
constructed a smoothly bounded pseudoconvex domain  C C? such that 9§ is strictly pseudoconvex
except at one point, but any solution to du = f for some given d-closed f € L?g’])(Q) does not belong
to L? () for any 2 < p < co. Range [1978] gave uniform estimates on bounded convex domains in C?
with real analytic boundaries, and in [Range 1990] gave Holder estimates on pseudoconvex domains of
finite type in C2 See [Laurent-Thiébaut and Leiterer 1993; Michel and Shaw 1999] for related results.
Of particular interest is the unit polydisc D" := D(0, 1)* C C", which is pseudoconvex with nonsmooth
boundary. When n = 2, Henkin [1971] showed that there exists a constant C such that ||#]|c0 < C|| flco
forany f € C (10’ 1)(@2). Landucci [1975] obtained the same uniform estimate for the canonical solution
on D% Chen and McNeal [2020] and Fassina and Pan [2019] generalized Henkin’s result to higher
dimensions when additional regularity assumptions on f are imposed. It remains open whether uniform
estimates hold on D" with n > 2 when f is only assumed to be bounded. See [Dong et al. 2020; Fornass
et al. 2011; Grundmeier et al. 2022] for related results.

A class of pseudoconvex domains in C" including D" and the unit ball B" are the so-called bounded
symmetric domains, which up to biholomorphism are Cartesian product(s) of the Cartan classical domains
of types I to IV and two domains of exceptional types. In [Henkin and Leiterer 1983, p. 200], the authors
asked whether there exists a uniform estimate for the d-equation on the Cartan classical domains of rank
at least 2. Additionally, [Sergeev 1994] conjectured that the d-equation cannot be solved with uniform
estimates on the Cartan classical domains of type IV of dimension n > 3.

Let g = (gj,;);?’kzl be the Bergman metric on a domain 2. For a (0, 1)-form f = 2;21 fjdzj, one
defines
n T —
1F113 o = e85 sup{ Y e @@ iR ze sz}
Jk=1
where (g/ ’;)’ = (gj,;)*l; see (3-1) for details. Berndtsson used weighted L? estimates of Donnelly—
Fefferman type to prove the following pointwise and uniform estimates.

Theorem 1.1 [Berndtsson 1997, 2001]. There is a numerical constant C such that for any d-closed
(0, 1)-form f on B", the canonical solution to du = f satisfies

2
[u(2)] < Cll fllg,00 log ek (1-2)

and for any € > 0,
C —e
lelloo = Z 11— 1217 f llg.c0- (1-3)

The estimate (1-2) is sharp. If f(z) := Y 7_; z(|z]*> — D' dZ, then f is d-closed, [ fllgoo =1
and the canonical solution to du = fis u =log(l — 1z|?) — C,,, which shows the sharpness of (1-2).
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Berndtsson [2001] also pointed out that his proof should generalize to other domains when enough
information about the Bergman kernel is known. This result [Berndtsson 1997, 2001] was improved in
[Schuster and Varolin 2014] via the “double twisting” method.

Motivated by Berndtsson’s results (1-2) and (1-3) and the problems raised by Henkin and Leiterer
[1983] and Sergeev [1994], we study sharp pointwise estimates for du = f for any d-closed (0, 1)-form f
with || fl¢,00 < o0 and uniform estimates under stronger conditions on f. We generalize Berndtsson’s
results from B” to smoothly bounded strictly pseudoconvex domains and the Cartan classical domains.
Our main theorem, Theorem 1.2 (see also Theorem 3.3), for pointwise estimates is stated as follows.

Theorem 1.2. Let Q be a smoothly bounded strictly convex domain, a Cartan classical domain or the
polydisc, whose Bergman kernel and metric are denoted by K and g, respectively. Then there is a
constant C such that for any d-closed (0, 1)-form f with || f|| g,00 < 00, the canonical solution to du=f
satisfies

lu(z)] < Cllfllg,oo/QIK(Z, w)|dvy, z€Q. (1-4)

Remarks. (i) When €2 is a smoothly bounded strictly pseudoconvex domain, by Fefferman’s asymptotic
expansion for the Bergman kernel,

1
3o (z)
In this case, the estimate (1-4) is sharp. Take for example 2 = B” and u(z) = log K (z, z) — ¢, where ¢

flK(z,w)lde%CIOg ~logK(z,z), z— 0%Q.
Q
is chosen so that P[u] = 0.

(i) We will show in Section 3, Theorem 3.4, that if 2 is a smoothly bounded strictly pseudoconvex
domain, then (1-4) holds for a solution # which may not be canonical.

(iii)) When € is the unit polydisc D", one has
n
2
Kz, w)|dv, ~ log———, z— 0Q.

(iv) When €2 is a Cartan classical domain of rank greater than or equal to 2, the blow-up order of
/; ol K (z, w)| dv,, depends on the direction in which z approaches €2 and it may be larger than — log dq(z).
For example, if z = tI, € Q := II(2), then fﬂlK(z, w)| dvy ~ 8q(z)"'/? as t — 17. Moreover, if
z=te; @tey € IV(n) with e; € Y and n > 3, then fQ|K(Z, w)| dvy ~ 8q(z)! ="/ ast — 1. Here U
denotes the characteristic boundary of €2.

(v) In Section 6B, we show the estimate (1-4) is sharp on the Cartan classical domains.

Our main theorem for uniform estimates is stated as follows, as a combination of Theorems 4.1 and 4.2.

Theorem 1.3. Let Q be either the unit polydisc or a smoothly bounded strictly convex domain, whose
Bergman kernel and metric are denoted by K and g, respectively. Then for any p € (1, 00), there is a
constant C such that for any d-closed (0, 1)-form f, the canonical solution to du = f satisfies

P
oo < CHf(-)(/QIK(- , w>|de)

&,00
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For Cartan classical domains, we give a uniform estimate under condition (5-2) in Theorem 5.4.

This paper is organized as follows: In Section 2, we recall and prove some properties of the Bergman
kernel and metric which will be used later. In Section 3, we use L?-methods to establish pointwise
estimates on strictly pseudoconvex domains and the Cartan classical domains. In Sections 4 and 5,
we obtain uniform estimates on the polydiscs, strictly pseudoconvex domains and the Cartan classical
domains under various conditions on f. In Section 6, we verify the sharpness of our pointwise estimates
on the Cartan classical domains; in particular, on IV (n) with n > 3 we show the estimate has maximum
blow-up order §!~/2) (7).

2. Bergman kernel and metric

The Bergman space A%($2) on a domain Q C C”" is the closed holomorphic subspace of L?(Q2). The
Bergman projection is the orthogonal projection Pq : L2(Q2) — A?(R2) given by

PQ[f](Z)Z/QK(Z, w) f(w) dv(w),

where K (z, w) is the Bergman kernel on Q and dv is the Lebesgue R*" measure. We will write K (z) to
denote the on-diagonal Bergman kernel K (z, z). When 2 is bounded, the complex Hessian of log K (z)
induces the Bergman metric Bg(z; X) defined by

_ 9 "
Bao(z; X) := ( E gj,;Xij> &k = 52,05 logK(z), forzeQ, XeC"
k=1 J

The Bergman distance between z, w € €2 is

1
Palz, w) :=inf{f0 Ba(y (0); V’(t))dt},

where the infimum is taken over all piecewise C _curves y [0, 11— Q such that y(0) =z and y (1) = w.
Throughout the paper,

B,(€) :={z€Q:Balz,a) <¢€} -1

will denote the hyperbolic ball in the Bergman metric centered at a € €2 of radius €. Additionally, K (z, w),
Pg and g will always denote the Bergman kernel, the Bergman projection on €2 and the Bergman metric,
respectively.

Consider a convex domain €2 that contains no complex lines and a € Q. Choose any a' € 9Q such
that 7{(a) := |a — a'| = dist(a, 3Q) and define V; = a + span(a! —a)t. Let Q; = QN V; and choose
any a’ € 9 such that 1(a) := ||la — a?| = dist(a, 9Q). Let V, = a + span(a' — a, a®> — a)* and
Q, = QN V,. Repeat this process to obtain a',...,a" and wy = (a* —a)/||a* —al|, 1 <k < n. Define

D(a;w,r)={zeC":[(z—a,wi)| <rx, | <k <n} (2-2)
and
D@, r)={zeC":|zx —ar| <ri, 1 <k <n}.
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By [Nikolov and Pflug 2003, Theorem 2], for convex domains that contain no complex lines, the Kobayashi
metric and the Bergman metric are comparable. It follows by [Nikolov and Trybuta 2015, Corollary 2]
that if €2 is a convex domain with no complex lines, then for every € > 0 there exists constants C; and C;
such that for any a,

D(a; w, Cit(a)) C B,(¢) C D(a; w, Cat(a)). (2-3)

By [Nikolov and Pflug 2003, Theorem 1],

2m)!
<K@ H i) < S0
j=1
which implies that
2n 2\ "
C C;
-] =K@v(By(e)) =Cm!| = ).
2 2
For any open subset A of €2, we define
192tllg.00,4 = 1181 (@) gl (a).-

In the proofs of this paper, C will denote a numerical constant which may be different at each appearance.
The Cauchy—Pompeiu formula gives the following useful proposition.

Proposition 2.1. Let Q be a bounded convex domain. For any € > 0 sufficiently small, there exists a
constant C such that for any complex-valued C' function u on Q

(@) < Cf (@) dv, + Cllul g.00.5,0)
B, (¢€)

Proof. After a complex rotation, without loss of generality, we may assume the standard basis for C”
is (wy);_,, using the notation of (2-2). Let r¢(a) = Citx(a), where C| is the same constant as in (2-3).

SR
MM&MZ(ZLMﬁJ, XecC"

k=1

Define the metric

It was proved in [McNeal 2001] (see also [McNeal 1994; Nikolov and Pflug 2003]) that
Ma(z; X) = Ba(z; X), XeC,

where ~ is independent of z and X. So we can choose holomorphic coordinates such that

1 1 1 1 1

1 n 1 n
where Dlay, ..., a,] is a diagonal matrix with diagonal entries ay, ..., a,. Therefore
1 _
EDUﬁ””n][&] <CD[tf,..., 7]

Additionally, by (2-3) and the definition of the hyperbolic ball (2-1),

Tw(a) < Ct(z), ze€ D(a;w,Cit(a)),
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and the constant C is independent of a. Therefore, for a = (ay, ..., a,) € €,

r@l3u(-,az ... a) =@y <C  sup Zrk(z)\aT@\

zeD(a;w r)
12
<C sup (Z 70| 35-) )
zeD(a;w,r)
< C||8M||g,OO,D(a;w,r) =< C”au”g,oo,Ba(e)-

By Stokes’ theorem, for 0 < s < ry,

u(a) = f u(w. @, ... dy) dw1+—1 _8_u I dwi A dwg.
2mi w1 —ay |=s, wi—aj 2700 )y —ay|<s, OW1 W1—al
By polar coordinates and (2-3),
1 21”1 a
lu(@)| < — uwi, @z, ... an)| dvzy + =101 (- az, - an) L@ .n))
Try Jizi—ail<n
1 -
S I |M(wlaa2’~",an)|del+C||8u”g,00,3a(€)‘

2
Try Jwi—ail<n

Using the same estimate on the disc |wy — ax| < s for 2 <k <n,
o)l = § e, ., w) dvy + Cll3ulg oo 5,00
D(a,Cit(a))
<C b uCwldv, + Clliul o 0
B, (¢)

We remark that Proposition 2.1 also holds for smoothly bounded strictly pseudoconvex domains.
For positive real-valued functions f and g on €2, we say f ~ g for z € B,(¢) if for every € > 0
sufficiently small, there exists a constant C = C (e, £2) such that

Cl'<fgk)'<C, zeBue)

for all a € Q. A similar definition holds for f ~ g for z € Q.
A domain €2 is homogeneous if it has a transitive (holomorphic) automorphism group. For convex
homogeneous domains, the following results are known; see [Ishi and Yamaji 2011].

Proposition 2.2. Let Q2 be a bounded homogeneous convex domain. Then

K@ al~ K@~ s, 2€Bue),

and for any € > 0, there is a C¢ such that for any a € Q2

K(z, w)‘
K(z,a)l —

weB (e)
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Let Q be a smoothly bounded strictly pseudoconvex domain in C" and let —r € C*°(2) be a strictly
plurisubharmonic defining function for 2. Define

n

" 2
X@wy=rw) + Y 80—y + 1 37 T gy — .
j=1 J ij=1

It was proved by Fefferman [1974] that there is a § > 0 such that
F(z, w)
X(z, w)n+1
for all (z,w) € Rs(R) = {(z, w) € 2 x Q:r(z) +r(w)+ |z — w|* < 8}, where F, G € C®(Q x Q)

and F(z,z) > 0on 02.
When € is a smoothly bounded strictly convex domain, the definition of X (z, w) can be simplified. In

K(z,w) = + G(z, w)log X (z, w)

fact, one can take

X@a)=h@=r@+Y 2@ —a).
j=t

We can take —r(z) to be strictly convex. Then by Taylor’s theorem, one can easily see that

Reh,(z) *Re X (z, w).

. . ~ 2, ~ 2 . .
Moreover, for any a, z € Q, we will write Z = (x;);Z, and a = (a;);L, if 2 = (x2j—1 +ix2;)}_, and

a=(azj_1+iay j);l:l' If we apply Taylor’s theorem on the line segment between a and Z, then there is
a6 € (0, 1) such that
2n

Reha () =r(@)— )

i j=1

Or@t+o(E=a)

T R 2
97,9, —a))(zj—a;)) =r(z)+z—al”

Therefore, for any a € €2,

n
|ha(z)|mw+|2_a|2+‘lmz ar(a)(zj_aj), L eQ.
= 0z

2

In particular, this implies 4,(z) # 0. Therefore, by Fefferman’s asymptotic expansion [1974] on strictly
pseudoconvex domains mentioned above, we know the following.

Lemma 2.3 [Fefferman 1974]. Let Q2 be a smoothly bounded strictly convex domain. Then,

1

—n—1 ~ ~
|ha(2)] ~ K(a)~ 2 (B.©)

< € Ba(e),
and there is a constant C such that
/ o ()" dv, ~ / K aldv ~log =5, aeq,
Q Q dq(a)

where §q () is the Euclidean distance function to 2. Moreover, for any € > 0, there is a constant Ce
such that for any a € <2

max |K(z, w)ha(2)"'| < Ce, z€Q.
weB,(€)
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Note. We provide some insight into the integration of | K (z, w)| as a Forelli-Rudin-type integral. Roughly,
one can view 02 as a space of homogeneous type with Borel measure d X and quasidistance | X (z, w)|.
Write

1K (z, w)| ~ (8(z) +1 4| X (r(2), w(w))) ",

where 7 (z) and 7 (w) are the projections of z and w on 9€2 along the outer normal direction and z, w € R;.
It follows that

f(8(z>+z+|X|>—"—1dXw(6+r)—1.
I
Consequently,

c
N -1 I~ L
/Q|K(z,w)|dv(w)~/o 6@+ dt ~log 5.

For more information, one can consult the paper of Beatrous and the second author [Beatrous and Li
1993] and the papers of Krantz and the second author [Krantz and Li 2001a; 2001b].

Lemma 2.4. Let Q2 be either a smoothly bounded strictly pseudoconvex domain or a Cartan classical
domain. Let ¢ (z) :=y log K (z) with y > 0. Then, for y sufficiently small,

/ e?@dv, <00 and ||E_)¢||l.285¢ < %
Q

Proof. When 2 is a smoothly bounded strictly pseudoconvex domain, from Fefferman’s asymptotic
expansion for the Bergman kernel, one has

1
1 1 \? _
)~ ylog — and /e"’(Z)dvz %f<—) dv%/t”dt<oo.
P~y 85 . (2) A¥e) ;
Notice that

Q 2 _ Y 2
1361125, = v 13 log K |12,

where g is the Bergman metric. From Fefferman’s asymptotic expansion formula (see also [Donnelly
19941]), one gets the boundedness of ||d log K ||§,. Choose y > 0 small enough so that ||5¢||§ < % For the
Cartan classical domains, the first inequality follows from explicit formulas of the Bergman kernel [Hua
1963], and we compute the precise value of [|0¢];53 é in Section 6A. O

3. Pointwise estimates

An upper semicontinuous function ¢ defined on a domain Q C C" with values in R U {—o0} is called
plurisubharmonic if its restriction to every complex line is subharmonic. Let L?(2, ¢) denote the
set of measurable functions / satisfying fglh(z)lze“’b@ dv, <o0. A C? function ¢ is called strongly
plurisubharmonic if idd¢ is strictly positive definite. Now, let Q be a bounded pseudoconvex domain
and ¢ be strongly plurisubharmonic on 2. Then, for any (0, 1)-form f = ZZ:I Jfx(z) dzx, define the
norm of f induced by i3d¢ as (see also [Btocki 2005])

125, = Y 6@ [ i), (3-1)

jik=1
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where (¢/ k )" equals the inverse of the complex Hessian matrix H (¢). Demailly’s reformulation [1982;
2012] of Hormander’s theorem [1965] says that for any 9-closed (0, 1)-form f, the L*(S2, ¢) minimal

solution to du = f satisfies
/Q|u|2e¢ dv < /Qlf|l.235¢e¢ dv. (3-2)

From this we see that when the (0, 1)-form f is bounded in the Bergman metric g, the canonical solution u
to du = f exists and the right-hand side of the estimate (3-2) is finite because it is dominated by a constant
times a positive power of the Euclidean volume.

Donnelly and Fefferman [1983] (see also [Berndtsson 1993; 1996; 1997; McNeal 1996; Siu 1996])
modified Hormander’s theorem further as follows.

Theorem 3.1 (Donnelly—Fefferman-type estimate). Let 2 be a bounded pseudoconvex domain in C",
and let  and ¢ be plurisubharmonic functions on @ such that i3d¢ > 0 and |8¢|i285 ¢ < % Then the
LZ(Q, v+ %gb) minimal solution ug to du = f satisfies

luol?e™V dv < 4f |fI12: eV dv. (3-3)
/Q o iddg
Next we prove the following lemma, using the estimates (3-2) and (3-3).

Lemma 3.2. Let Q be a bounded pseudoconvex domain and f be a d-closed (0, 1)-form on Q. Let
and ¢ be plurisubharmonic on Q and uy and u, be the L*>-minimal solutions to du = f in LZ(Q, v+ %d))
and L*(2, ¢), respectively. Suppose B is a compact subset of Q and h € L™ () with support in B.

() If i90¢ > 0 and ||8¢”i285¢ < 3 on Q, then

1/2 1/2
/|uo|dv§2(/|f|_285 e—'/fdv> </ ewdv> (3-4)
B o 1999 B

1/2 1/2
52v(3)||h||oo(/|f|§aé¢e—‘ﬁdv) < male(z,w)|2ew(z)dvz> . (3-5)
Q

Q weB

1/2 1/2
2 —¢ ¢
/19|u1|dv§2</9|f|i85¢e dv) </Be dv)

1/2 1/2
§2U(B)||h||oo(/|f|i235¢e_¢dv) ( male(z,w)Ize¢(Z)dvz) :
Q

Q weB

and

/ o PR dv
Q

(i1) Additionally,

and

/leTh)dU
Q

Proof. Let xp denote the characteristic function on B, and let 8 := xp(uo(z)/luo(z)|). By (3-3),

2 2
(f|u0|dv) - ‘/ uofB dv 5f|u0|2e—'/fdv/|,3|2e¢ dv§4/|f|.235 eV dv/ eV dv,
B Q Q B o 1090 B
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which proves (3-4). Notice that
2
< / luol?e™" dvf |P(h)|*e¥ dv
Q Q

<4 / | lhgse” " dv-v*(B)IIAIS, / max|K (z, w)|*e’ @ duv.,
Q Q WEB

/ uo PR dv
Q

which proves (3-5). Part (ii) can be proved similarly using Hormander’s estimate (3-2) in place of
Donnelly-Fefferman’s estimate (3-3). U

Theorem 3.3 (key estimate). Let Q be a Cartan classical domain or a smoothly bounded strictly convex
domain. Then there is a constant C such that for any d-closed (0, 1)-form f on Q with | fllg,00 < 00, the

canonical solution to du = f satisfies
@ = Clf oo [ IKGwldu, 22,
Q

Proof. From the discussion after (3-2) we see that the canonical solution to du = f exists. Suppose
first that €2 is a Cartan classical domain. For an arbitrary a € €2 and any sufficiently small € > 0,
let B := xp,)(u(z)/|u(z)]), where xp, () is the characteristic function of the hyperbolic ball B,(€).
Let ¢ := y log K (z) be a plurisubharmonic function on €2 for some chosen y that satisfies the condition
in Lemma 2.4. Define ¥ (z) =: ¥,(z) := —log|K (z, @)|. Then , is pluriharmonic and bounded on £2.
Also define the function

$0:=Va+ 39,
and let ug be the L?(S2, ¢p) minimal solution to the equation v = f. Then by Theorem 3.1,
[P av=ay= [ dv<ay i [ e v <
which implies that ug € L*(2). So u —ug € A%(RQ) and

/ |u|dv=/u/§dv=/u(ﬂ—P(ﬁ))dvzfuo(ﬂ-P(ﬂ))dvzfuode—/uolTﬂ)dv.
B (€) Q Q Q Q Q

By Lemma 2.4 and (3-4) in Lemma 3.2,

2
/uoﬁdu 54/|f|l.285¢e¢’” dv/ eVe dv
Q Q B (€)

sc||f||§,oo/9|1<(z,a>|dvzf ()|K(Z,a)|_1dvz
B, (e

< CllfI2 o fQ 1K (z, @)l dv, - v(By(€)K (@)™

sce||f||§,oov2<Ba(e>)/Q|K(z,a)|dvz,
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where the last two inequalities hold due to Proposition 2.2 and C; is a constant depending on €. On the
other hand, by (3-5) in Lemma 3.2 and Proposition 2.2 again,
2

/uoP(ﬁ)dv 5Cv2(Ba(e))/|f|§85¢e% dv [ max |K(z, w)|>e¥*@ dv,
Q Q

Q weB,(e)

ECE"Z(B“(GDf|f|z~zaa<,)(Z)IK(z,a)ldvz/IK(z,a)|2—1de
& Q

2
< ce||f||§,oov2(3a(e))( /Q K (z, @) dvz).

Combining the above estimates, one easily sees that

1
v(Ba(€)) Jp, (€)

Fix € > 0. By Proposition 2.1, there exists a constant C depending only on €2 such that

luldv < c€||f||g,oof |K (z, a)| dv,.
Q

lu(@)| < Cllfllg,oonIK(Z,a)ldvz~

If Q is instead a smoothly bounded strictly convex domain, then let 1, (z) = (n + 1) log|h,(z)|, repeat
the argument for the Cartan classical domains and use Lemma 2.3. U

In Section 6, Proposition 6.1, we show that the estimate in Theorem 3.3 is sharp for the Cartan classical
domains. When €2 is the unit ball B”, the key estimate reduces to Berndtsson’s result (1-2). Now we
generalize (1-2) and (1-4) to smoothly bounded strictly pseudoconvex domains.

Theorem 3.4. Let 2 be a smoothly bounded strictly pseudoconvex domain. Then there is a constant C
such that for any d-closed (0, D-form f on Q with || fl,00 < 00, there is a solution u to ou = f such that

()| < Cll fllg.00log(1 + K (2)), z €.

Proof. Let r(z) be a strongly plurisubharmonic defining function for  such that r(z) € C*°(2) and r > 0
in 2. Consider the polynomial

n n
or 1 02r
= S ) 4 3 (]t ),
(z, w) r(w)+2; ;| G5 =) 3 Z Ty b DG = w0
Jj=
Define the region R, = {(z, w) : z, w € Q, r(z) +r(w) + |z — w|* < €}. For (z, w) € Re, Fefferman
[1974] showed the Bergman kernel on €2 can be expressed as

F(z, w)

K(Z,U))IW

+ G(z, w)log X (z, w), (3-6)

where G, F € C®(Q x Q), F(z,2) > 0on (2 x Q) N R, and “log” denotes the principal branch of the
logarithm defined on C \ (—o0, 0]. The asymptotic expansion (3-6) implies

/|K(z,w)|de§C(1+10gK(z)), 7€ 8. 3-7)
Q
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Since the boundary 92 is compact, for any § > O there are finitely many bl €09, j=1,...,m,such
that 0Q2 C U;"ZIB(bj, 8). Choose smoothly bounded strictly pseudoconvex domains Q/, j =1,...,m,
such that

B(/,38)NQ C Q c QNB®, 48),

where § is chosen small enough such that for each j, after a polynomial change of variables, each Q/ is a
strictly convex domain. Let (Q/ }T:nf 41 be a finite open cover of 2\ U;?Ll (B, 8)NQ) consisting of balls
contained in 2. In the argument of Theorem 3.3 by letting ¢9 = y log Kq(z) (instead of y log Kq;(z))
and using (3-7), we can solve the equation du’/ = f on Q/ with minimal solution u/ satisfying
1/ (2)] < C|lf llg.00 log(1 + K (2)). (3-8)
Let {n J} be a partition of unity of Q subordinate to the cover {B(b/, 8)} . (Q/ }'"_Jrnf 41> and
let v(z) := Z] 1 n,(z)u’(z) Then dv = f + h, where h := Z"Hk u’anj isa d- closed (0, 1)-form on .
By the integral formula in [Grauert and Lieb 1970; Henkin 1970], there is a bounded solution vy to the
equation dvo =h. Let u = v — vy. Then du = f and by (3-8),

k
lu(z)] < an(z)cllfllg,oolog(l +K(2))+C = C|l fllg,00log(l+ K(2)). U
j=1

Remark. For a smoothly bounded strictly pseudoconvex domain €2, if the canonical solution is ug, then
for h € L*°(R2) with |||l <1,

|P[h(-)log K ()](z)] < C(1 +log K (2))*.

In fact, letting w, = {z € Q : §(z) > t}, by Fefferman’s expansion theorem on the Bergman kernel
[Fefferman 1974], we know that

|P[h<-)logK<-)1(z)|§/Q|h<w>|log1{(w>|1{(z, w)| dv(w) < ||h||oo/910g1<<w)|1<<z,w>|dv<w)
fwnhnoo// log K (w)|K (2, )| dor(w) d

< Clils [ (~ogn5 1 d

1 §(2) c
<Cl|h — —logtdt +/ —logt—— dt)
|| ||oo(3(z)fO (logran+ [ —tog o

. 2
C C
§C||h||oo(10g o) +/{;(Z) log(6(z)+t)8( T ) §C||h||oo<10g—8(z)).

Combining this with Theorem 3.4 one gets

luo(z)| < C(1+1log K (2))*
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4. Uniform estimates

In this section, we obtain uniform estimates for the equation du = f on the unit polydisc D" and strictly
pseudoconvex domains by imposing conditions on f stronger than || f||4 00 < 00.

Theorem 4.1. For any p € (1, 00), there is a constant C such that for any d-closed (0, 1)-form f on D",
the canonical solution u to du = f satisfies

||u||oosCHfl_[ (1oe(=1o7))’

Proof. Let Ag =2p +1logv(D"). Choose 0 < y < % such that ¢ (z) := y log K (z) satisfies Lemma 2.4.
Choose o > 1 such that o —y = 1. Let Kj(z) := 7~ '(1 — |z;|*) 72, and let

8,00

$0(z) :=¢(z) — Y _ plog(Ag+y log K;(2)) — a log|K (z, a).
j=1

Since on D", log |K (z, a)| is pluriharmonic and
Ao+ylogK; =2p+nlogm —ylogm — 2y log(l — |z;1*) > 2p,

we know that

100 05 p 8()/10ng)AE_)(ylong):| | e -
00 =2 |0 loe KD\ = 4o ek, ) T > 23" i0d(y log K;).
¢ ;[ (y log /)( Ao—l—ylong) (Ag+y log K;)? /; (v log K;)

[\

2 2 _
Thus | f 12, <21f12;, =21f2/y. Let

n p
Ap(f) = Hf(l_[(Ao —y logm —2y log(l — |zj|2>>)
j=1

8,00

As in Theorem 3.3, let u( be the L*(D", ¢) minimal solution to dug = fand 8 := ei‘g(Z)XB([(e), where
u(z) = |u(z)|e’®@. Then

1/2 1/2
/ |u|dvsCU<Ba<e>>(/ |f|§e—¢0dv) (/ |K(z,a>|2e¢°<z>dvz)
B, (e) D(0,1)" D(0,1)"

e~ d. o N2
<CA (f)v(Ba(E))(/ 7 ' / |K (z,a)|"e Odv)
g po.1y [j=1(Ao+y log K;(2)* Jp.1y )

1K;(z, @)|"K;(2)"7 dv, |K,-<z,a>|2—“1<j(z>ydvz)”2
=CA B,
= A (6))1_[(/0(0 n (Ao+ylogK;(z)? /D(O,l) (Ao +y log K;(2))?

< CA,(fHv(Ba(e€)).
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Fix € > 0 sufficiently small. By Proposition 2.1,

lu(@)| = CAp(f)+Cll fllg00

< ch [T@o+ p) —logd — 12,7
j=1

8,00
Notice that

2
2n+ p) ~log(l = |3 ") <5(n + p) log T —.
J

which completes the proof of the theorem. (|

In fact, the finiteness of the right-hand side of the estimate in Theorem 4.1 is a stronger condition
than f being L on D". Recently, in [Dong et al. 2020], the first author, Pan and Zhang obtained uniform
estimates for the canonical solution to du = f when f is continuous up to the boundary of D", and more
generally the Cartesian product of smoothly bounded planar domains.

However, the situation for strictly pseudoconvex domains is quite different. The finiteness of the
right-hand side of the estimate in either Theorem 4.2 or Theorem 4.3 is a much weaker condition than f
being L on each smooth domain considered. In fact, we allowed f to blow-up on 92 to order less
than %

Theorem 4.2. Let Q2 be a smoothly bounded strictly convex domain. For any p € (1, 0co) and sufficiently
small y > 0, there exists a constant C such that for any d-closed (0, 1)-form f, the canonical solution u
to du = f satisfies

lulloo < ClIl(1 +1logv($2) + ¥ log K (2))” fllg,c0-
Proof. Choose 0 < y < 1/(n+ 2) such that ¢ (z) := y log K (z) satisfies Lemma 2.4, and let ¢ = y + 1.
Let
Ao :=2p+ylogv(R),
and let
$0(2) = ¢(2) — (n + Da log|hy(2)| — plog(Ag +y log K (2)).
Notice that

- P\ .= i00¢
1006y > <1 — AO+¢)zaa¢ =z
and
yK(@) > yv(@)~"
Therefore
£, < §|f|§.
Define

Ap(f) == 1(Ao+ v log K(2))” fllg.c0-
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Using arguments similar to those in Theorems 3.3 and 4.1 and @ — y =1,

/ lu| dv
Bq(e)

12 12
<o ([ 178 a) ([ xearena)
Q Q

) 2 o 1/2
SCAp(f)v(Ba(é))( /Q Aot s Ka /Q K (z,a)e dvz)
K ()7 |hy a(n+1) K (z, 2K (7)Y h, —a(n+1) 1/2
:CAp(f)v(Ba(e))U ()7 ha(2)| o, [ IKGOPK ) () )
o (Ag+ylogK(2))P o (Ao +y log K (2))P
1K (z,a)| dv. / 1K (z, ) >“K (2)” )”2

A a Z — A a ’

<t ([, i [y iog ko ) = CA B

where the last inequality follows from Fefferman’s asymptotic expansion. In fact, since n/(n+1) <2 —«,
if Q; = {z:r(z) > t} where r(z) is a defining function satisfying the definition of /,(z), then

2—a € 2—a
/ |K (z,a)|""*K (2)” dv. < C<1 +/ / K (z,a)|""*K (2)” do,(z)dt)
o (Ap+ylog K(2))? o Joq, (Ao+ylogK(z))?P

€ t7(27a)(n+l)+nt7y(n+l)
< C(1+f dt)
o (Ao—y(m+1)logt)?
€ 1 !
<cC 1+[ ——_ar)<c(1-225)
o t(logt)P p—1

By Proposition 2.1, for a fixed € > 0 sufficiently small, |u(a)| < CA,(f) + I fllg,00 < CA,(f). O

Using an argument similar to the proof of Theorem 3.4 we get the following generalization of
Theorem 4.2 to smoothly bounded strictly pseudoconvex domains.

Theorem 4.3. Let Q2 be a smoothly bounded strictly pseudoconvex domain. Then, for any p € (1, 00),
there exists a constant C such that for any d-closed (0, 1)-form f, there is a solution u to du = f that
satisfies

lulloo < Cli(log K (- ) f()llg,00-

Remark. Let f € L?&l)(Q) be a d-closed form on a smoothly bounded strictly pseudoconvex domain £2.
Henkin and Romanov’s theorem [1971] states that there exists a solution u € C'/2(§2). Theorem 3.4
implies that one can find a bounded solution when (log(1/8(2)))”8(z)| f(z)|? is bounded. Moreover,
[Lieb and Range 1986, Theorem 2 (i)] shows that uniform estimates hold for the canonical solutions to
the d-equations on 2.

5. Additional estimates for Cartan classical domains

A domain €2 is symmetric if, for all a € 2, there is an involutive automorphism G such that a is isolated
in the set of fixed points of G. All bounded symmetric domains are convex and homogeneous. E. Cartan
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classical domain rank » multiplicity @  genus p  dimension N index k
Im,n), m <n m 2 m+n mn 1
I(n) n 1 n+1 sn(n+1) 1
MI(2n+e€), e =0or 1 n 4 22n+e—1) n(2n+2e—1) %
IV(n) 2 n—2 n n 1

Table 1. Characteristics of classical domains.

proved that all bounded symmetric domains in C" up to biholomorphism are the Cartesian product(s) of
the following four types of Cartan classical domains and two domains of exceptional types.

Definition 5.1. A Cartan classical domain is a domain of one of the following types:
(1) Im,n) :={z € M4 n(C): I, —zz* >0}, m <n.
(i) I(n) :=={z €l(n,n) : 2" =z}.
(iii) M(n) :={z € I(n, n) : 2" = —z}.
(iv) IV(n) :={z € C": 1 = 2|z)*> + |s(2)|*> > 0 and |s(2)| < 1}, where s(z) := > z} and n > 2.
Here z* := 7" is the conjugate transpose of z.

Let © be a Cartan classical domain. Denote the rank, characteristic multiplicity, genus, complex
dimension and kernel index of 2 by r, @, p, N and k, respectively. Their values are given in Table 1.
Hua [1963] obtained explicit formulas for the Bergman kernels on the Cartan classical domains. For a
domain 2 of type I, II or III,
K(z, w) = Coldet(I — zw*)] "%,

and for a domain of type IV,

n —n
K(z,w) = Cn[l —ZszzT)j ~|—s(z)s(_w)} :
j=1
For any z € Q,
Sa(z) < K (2)7V/0P.

Let A = pk. By [Faraut and Kordnyi 1990, Theorem 3.8], one can write the Bergman kernel on a Cartan
classical domain €2 as
K@z w) =h@Ezw)™ =Y MnKn(z w),
m=>0
where
m=(my,...,m;) and m>0 < m>my>--->m; >0,

and

_ To(A+m) T . a B
(o = =225, Fg(s)_cle:[lF(sJ (j 1)2), A=0n .. 0.
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Here, K, is the Bergman kernel for homogeneous polynomials in C" of degree |m|=m+ - --+m,. For
each Cartan domain €2, there is a subgroup IC(2) of the unitary group such that for each z € Q2 there
is k € K(S2) such that z = kZ where 7 € C" x ]_[;-V:Hl{()} and K,,(z,2) =: K;n(Z, 2).

The following Forelli—-Rudin-type integral was studied in [Faraut and Kordnyi 1990]:

Jp.c(2) :=f Kw)P K (w, )| dv,.
Q

By the proof of Theorem 4.1 in [Faraut and Kordnyi 1990], one has

(1) m | 1
Jpe(@)=) ————Kn(z,2), pn=skp(l+c—p).
pe mZ; (A =kB)p)m " 2
Using Stirling’s formula, one can show (see [Faraut and Koranyi 1990, (4.3)] or [Engli§ and Zhang 2004,
(2.9)]) that as m varies,
2 2
(GPEA =Bl GEP),,
((1 - kﬁ)p)m (p)m ’

which implies that
1
Jp,0(z) = Jo,0(2) :/|K(z, w)|dv(w), B <—. (5-1)
Q pk

Further computations were carried out by Faraut and Koranyi [1990].
Theorem 5.2 [Faraut and Koranyi 1990]. For any 8 < 1/(pk),
(1) Jg,c(2) is bounded for all z € Q if and only if ¢ < —(r — Da/(2p),
(1) Jp,c(2) = K(2)°if ¢ > (r — Da/(2p).

When |c| < (r — 1)a/(2p), it is difficult to compute Jg .(z); see [Kordnyi 1991; Yan 1992]. Theorem 1
of [Engli§ and Zhang 2004], whose parameters are chosen as %p(l +c—B), %p(l +c—pB) and p(1—B),
is stated as follows.

Theorem 5.3. Let Q2 be a Cartan classical domain of rank 2 with characteristic boundary U. Then for
anyz=te1+Teywith0<t <T < 1and ey, ey €U the following statements hold:

() If 2pc =a, then Jg (2) ~ (1 —1)~2(1 — T)~*/?[1 — log(1 — 1)].
(i) If 0 <2pc < a, then Jg . ~ (1 —1t)~/2(1 = T)~P<.
(i) If ¢ =0, then Jg (z) ~ (1 —t)~*2[1 +log[(1 — ) /(1 — T)1].
(iv) If —a <2pc <0, then Jg () ~ (1 —1)~P¢=4/2,
(v) If 2pc = —a, then Jg (z) ~ 1 —log(l —1).
As a consequence, when €2 is a Cartan classical domain of rank 2 and z =te; +tep with 0 <t < 1 and
e; €U, one has

/ |K (z, w)| dvy, ~ (1 — 1) ~ §g(2) /2.
Q
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On the Cartan classical domains, we impose a stronger assumption on f to get bounded solutions
to du = f. The following result provides a partial answer to the problems raised by Henkin and Leiterer
[1983] and Sergeev [1994].

Theorem 5.4. Let Q2 be a Cartan classical domain and o« > 1+ (r — 1)a/(2p). Then there exists a
constant C such that for any d-closed (0, 1)-form f, the canonical solution u to du = f satisfies

172
+Cll fllg.00- (5-2)

lulloo = C

[ 17R@IK G v,
Q

o0

Proof. As in the proof of Theorem 3.3, for any a € @, let 8 := xp,)u(z)/|u(z)|, ¢ :=ylog K(z) and
Yq(z) := —alog|K (z, a)|. Then

/ IuldvS/IMOBIdUJr/IMOP(ﬁ)Idv-
B,(e) Q Q

1/2 1/2
SC(/IfIﬁ(z)IK(z,a)I“dvz> (/ IK(z,a)I_"‘de>
Q Ba(€)

1/2
SC< /Q |f|§<z>|K<z,a>|“dvz) (v(By()K (@)~)'/?

By Lemma 2.4 and (3-4),

/Quo,B_ dv

172
5Cv(Ba(e))“*""/z(/Q|f|§(z)|1<(z,a)|“dvz> :

On the other hand, by (3-5),

1/2 1/2
/ uoP (B) dv §C< f |f|§<z>|K<z,a>|‘*dvz) v(Ba(e»( max|K(z,w>|2e‘”ﬂdvz)
Q Q

Q weB,(€)

1/2 172
SC< | |f|§<z>|K(z,a>|“dvz> v(&(e))( | |K<z,a>|2—“dvz)
Q Q

Ifo > 14 @ —Da/2p) > 1, then |K(z,a)|> % is integrable on 2 by Theorem 5.2. Therefore, for
any a € €2,

1

172
_ 5 .
v(B,(€)) Ba(e)|u|dvEC(,/ng(Z)IK(Z’a)' dl)z) ‘

Coupling this estimate with Proposition 2.1, we have proved u is bounded. 0

6. Sharpness of the pointwise estimates

For the Cartan classical domains, we show that the logarithm of the Bergman kernel has a bounded
gradient with respect to the Bergman metric and also verify that Theorem 3.3 is sharp.
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6A. Solutions with logarithmic growth.

Example 1. Let €2 be a Cartan classical domain and u(z) =log K (z). Then P[u](z) is a constant function
on 2 and there exists a constant ¢ such that |5u|§ =cTr(zz¥).

Proof. Notice that for all z € €2,

P[u](z):/ u(w)K(z, w) dvy,
Q
1 2 ) )
:/ E/ u(e®w)K (z, ¢w) do dv,
Q
1 0271 )
=/ E/ u(w)K (z, ¢w) do dv,
Q 0

1
=/Qu(w)K(Z,0)de=m/gu(w)de,

where the third equality follows by the transformation rule of the Bergman kernel, and the fourth equality
follows by the mean value property of (anti)holomorphic functions.

Now we show the second part of the example. For z € M, »)(C), define V (z) := I,, —zz* and let V,,,
denote the (u, v) entry of V. Then by [Hua 1963; Lu 1997] (see also [Chen and Li 2019, Proposition 2.1]),
for domains of type I, II and III,

VikBap — Y101 Z1aZip)s z €I(m, n),
Vop
Va5 2= 8p)”
Z Vit Vap(1 = 8j) (1 — 8kp),  z € lll(n).
For matrices Ejq := (8ju0av)u,vs A := (Quv)u,v € M(n,m)(C),
A% *

EjozA = (Sjuaow)u,v and 3 = —LjqZl .
Zja

gk (2) = zell(n).

Then for z € I(m, n),

8logdetV(z) ( e )E)V(z))

—Tr(V N (2)Ejuz*) = — TrH(Ej 2"V (2))
aZja Zja

== 8ulz"V o = —[2"V 'y
Since u(z) = log(det(V (z))) =" —log v(I(m, n)) is real-valued,

a2 _ ja,@ u 8u — N 1 Tox1/—11
Pulzr= ) ¢ B2 Tag = ™ +m)? Y Vil = 2" Zlaple VT (@lo [V
J.B.k,« J.B.k,«

= (m+n?Y [ lal(I = 27DV
o,k

= (m+n)? Y [kl Tak = (m +n)? Tr(zz").
ak
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For z € II(n), using the symmetry of z, we know

8V(Z) — _(1

0z ~1850) (Eja + Eqz* and  2*V7'(@) = @V ()"
Jjo

Hence,

0 log det V(Z) ( ( ) (Z)) ( %8101) Tr(Ej(xZ*V_l(Z) + Z* V_I(Z)Eaj)
0Zja
=—Q2—-8j0) TH(Ejaz*V (@) = -2 = 82"V ' (D)])a

Since u(z) = log(det(V(z)))_(”+1) —log v(Il(n)) and for z symmetric z*V (z)~! = V() 'z,

52, jakp OU_ 8u T
ulz@ = > g de B = O D2 Y VieVapl' V@) Tal2* V(@) i
J.B.k,a o, Bk, j
=(n+1?) [2plVE@V T @zljp = (n+ 1)? Tr(zz").
J:B
The proof for skew-symmetric z € IlI(n) is similar to the preceding proofs.
For a Cartan classical domain IV (n), let s(z) := ) ZJ2 and r(z) := 1 —2|z|* + |s(z)|? for z € C". By

[Hua 1963], the Bergman kernel K (z, z) equals cr(z)™". Also,

g7 (2) = 1) G — 22;2) +2(E; — 5()2)) ek — 5(2)%)-
Notice that

(log(r(2)™"))z; (log(r(z2)™"); = [2j5(2) — zj1[zks (2) — zk]

()2

and

(zj —s(2)zj)(zk — s(2)zx)

r(z)?

Bul) = 3 (@) 6 — 22770 + 2 — 512 ok — s@E0)
Jj.k=1

8n%(Zj — 5(2)7))*(zk — 5(2)%)?

= Z e )(8]k 2z;z0)lzj — s(z)z]][zk—s(z)zk + Z

2
Pyt r(z)
=: F(z)+G(z).
Thus,
r 2 2= 2.2=2
F@)g 5 EJQI—sz—zs+MH@|—2§;Mﬁmu-—ﬂ@l K —2jlzkl"s +Is17z5zy
Js
=z = 2Is* + Is1*z1* = 2(|z|* — 51215 — s]z|*5 + |s]%s5)
= —=2|z|* + 5|5z — 2Is|* + |z|* — 2Is]*
and

2
G(z) = SLZ
.

n 2

- 8n? —12
X:(zj—szj)2 =—2|s—2s|z|2—|—s2s| = 8n?|s|>
. 1 r
j:
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Therefore
|ém§::%ﬁ{—mm4+5mﬁuﬂ——msﬁ+wd —~2ps+ ms&nz«@
=#ﬁb@kﬁ+uﬂmﬁ+uﬂ
=4n?|z)? = 4n® Tr(z2%). O

Example 2 shows that the canonical solution to the equation u = f = 9 log K (z) (here || flg,00 < 00)
given by log K (z) — Cgq is unbounded with logarithmic growth near the boundary of the polydisc.

Example 2. Consider f(z) := —Z] 12 (1= |z]| )~ 1dzj defined on D". Then f is d-closed, Il fllg,00 %
and the canonical solution to du = f on D" is

n 1
u(z) ::Zlog(l—|zj|2)—n/ log(1 —r) dr. (6-1)
j=1 0

Proof. We compute directly that u given by (6-1) satisfies du = £, and that

noo L 2y2 2
F@P = }j%—{%%yqﬁ=§}.

To verify that u is canonical, notice that

2
mel[glog(l—lel )i|(z) nn/ ]_[ A (o 2 Zlog(l—lwkl )Ydvy, -+ dvy,
Z / 1Og(l—lwu ) J
= Uy
1
:sz 1og(1—r,§)rkdrk=nf log(1 —r) dr. O
k=1 0 0

6B. A sharp example. The maximum blow-up order for a solution to du = f with | || g.00 < 0018
fQ |K (-, w)|dv,. Here we provide an example to show that Theorem 3.3 is sharp on the Cartan classical
domains.

Proposition 6.1. Let Q2 be a Cartan classical domain. Then there is a constant ¢ such that for each 7 € €2,
there is a d-closed (0, 1)-form f, on Q with || f. || ¢,00 = 1 and the canonical solution to du = f. satisfies

lu(z)| = C/ |K (z, w)| dvy.
Q

Proof. For any point z € 2, consider the functions U,(-) := K (- Yy 'K (-,z) and

() :=3U,(-)=K(-,2d(K(-)™h.
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Then, by Example 1,
I fillgoo =K (-, 2)K()20(K(-Dllgoo = I1K(-,2)K(-)"'31log K (-)lg.00
<IK(-, 20K () Moolld(og K (-))llg.00 < C.

The Bergman projection of U, is

PLU.1(+) :/QUZ(w)K(-,w)de :/QK(w)_lK(w,z)K(-,w)de.
In particular, by (5-1) with g = —1,
PV = [ K™ K@ 9K Gowdv, = [ K IR R dv,~ [ K wldv,.
The canonical solution to du = f is u, := U, — P[U,] and

luz(2)|=1[1-J-10@)|= Cf |K (z, w)|dvy — 1
Q
for a uniform constant ¢ > 0, independent of z. O

6C. Blow-up order greater than log. With the previous example and Theorem 5.3 we will provide the
maximum blow-up order when €2 is a Cartan classical domain of rank 2. By Theorem 5.3, for z =te; +tes
where e, e, € U,

/lK(Z,w)|dUw%(1—I‘)“/2%89(@“/2 as t — 17
Q

When Q is IV(n) with n > 3,
/ |K (z, w)| dvy, = 8q(z) ">+,
When €2 is III(4) or ITI(5), "
/ 1K (2. )| dvy ~ 8(2) >
When Q is I(2, n) with n > 2, i
/|K(z, w)| dvy & 8a(z) .
When  is I1(2), "
L'K (2. w)| dv, ~ 8q(2) V%
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