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The Peskin problem models the dynamics of a closed elastic filament immersed in an incompressible fluid.
We consider the case when the inner and outer viscosities are possibly different. This viscosity contrast adds
further nonlocal effects to the system through the implicit nonlocal relation between the net force and the free
interface. We prove the first global well-posedness result for the Peskin problem in this setting. The result ap-
plies for medium-size initial interfaces in critical spaces and shows instant analytic smoothing. We carefully
calculate the medium-size constraint on the initial data. These results are new even without viscosity contrast.
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1. Introduction

Fluid structure interaction (FSI) problems in which an elastic structure interacts with a surrounding fluid
are found in many areas of science and engineering. Many numerical algorithms have been developed
for such problems, and the scientific computing of FSI problems continues to be a very active area of
research [Li and Ito 2006; Peskin 2002; Tryggvason et al. 2001; Richter 2017]. The Peskin problem,
considered in this paper, is arguably one of the simplest FSI problems and has been used extensively in
physical modeling as well as in the development of numerical algorithms as a prototypical test problem.

1A. Formulation. Consider the following fluid problem in R%. A closed elastic string I' encloses a
simply connected bounded domain Q; C R? filled with a Stokes fluid with viscosity ;. The outside
region 2, = R?\(Q; UT) is filled with a Stokes fluid of viscosity y». The equations satisfied are

wiAu—Vp=0 inQ, (1-1)
wAu—Vp=0 in Q,, (1-2)
V-u=0 inR*\T. (1-3)

Here u is the velocity field and p is the pressure.
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We must specify the interface conditions at I'. Parametrize I" by the material or Lagrangian coordinate
0e€S=R/2n7Z), and let X (6, t) denote the coordinate position of I" at time ¢. The parametrization is
in the counterclockwise direction, so that the interior region €2; is on the left-hand side of the tangent
vector d X' /06. For any quantity w defined on €21 and €2, we set

[w]l=w|r, —w|r,,

where w|r, and w|r, are the trace values of w at I' evaluated from €2 (interior) and €2, (exterior) sides
of I'. Let n be the outward-pointing unit normal vector on I':

WX a2 xt_rex, m=[0 )
n—=— , = —, = s = ,
x| a0 o 1 0
where R is the 7-rotation matrix. The interface conditions are
d (X,1) (1-4)
—=u s s -
ot
[u] =0, (1-5)

i (Vu+ (V)" — pI - in Qi

(Va4 (V)" — pI - in o, (1-6)

[Sn]= FaldpX|™', T= {
where [ is the 2 x 2 identity matrix. The first condition is the no-slip boundary condition and the second is
the stress balance condition, where X is the fluid stress and Fg is the elastic force exerted by the string I.
We let

Fo =kodg X, ko> 0, (1-7)

where kg is the elasticity constant of the string I'.

In the far field, x — oo, we impose the condition that u — 0 and p — 0. This completes the specification
of the Peskin problem.

Let us rewrite the above problem using boundary integral equations. Given some function F defined
on I', we express the solution to our problem as the following single-layer potential on S = [—m, 7 ]:

u(x,t)=/SG(x—X(n))F(n)dn, (1-8)
G(x)= %(— log|x|I + ’%) x=(x1,x)" € R?, (1-9)

where G is the stokeslet, the fundamental solution of the two-dimensional Stokes problem. Additionally
for y = (y1, y2)T € R? we use the notation

xQy= |:x1y1 xl)’2:|
X2¥Y1 X2)2

We note that X and F (and other variables) depend on ¢, but we will often suppress this dependence to
avoid cluttered notation. We note that the single-layer potential does not have a velocity jump across the
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interface, and thus the boundary condition (1-5) is automatically satisfied. We then have

oxX
B (9)=/G(AX)F(n)dn, (1-10)
t s

where we use the notation

AX = X(©6)— X(1).

On the other hand, the stress interface condition (1-6) is not automatically satisfied, and this will lead
to an equation for F. Let us compute the stress associated with the single-layer expression (1-8). The
stress X in €2; is given by
2jj(x) = p2 / Tiji(x — X () Fie(n) dn,
S
with

1 XiX;jXk

Tk = (1-11)

T xt
where the subscripts denote the components of the respective tensors/vectors, such as F = (Fy, F»)T, and

the summation convention is in effect for repeated indices. We refer to Chapter 2 of [Pozrikidis 1992] for
further details on the derivation of the stokeslet and the stresslet tensors. In €21, the stress is given by

Xij(x, 1) =y /Sfjk(x — X () Fr(n)dn.

Thus, the trace values of the normal stresses are given by the equations

i (X O)n;O)]r; = m(—%maexw v [ TR A Fepn j<9>dn),

1 _
% (X(0)n;(@)Ir, =M1(§Fi|892\f| '+ pv ﬂjk(AX)Fk(n)nj(Q)dn)-
S
The stress jump condition (1-6) thus reduces to (fori =1, 2)

2
Fi(0) +2A /T AX)F(m)og X+ (0)dn = —=—F. ;(0),
) ug]k( )Fi(m)dp X5-(0) dn prE 1i(0)

where o — iy
w= m (1-12)
We define
Si(F, X)(6) = —0pX;~(6) /s Tiji(AX) Fi(n) dn.
We will frequently write it in vector notation as
F(G):2AMS(F,X)(0)+2Aeﬁel(9), (1-13)
where
S(F,x)(0) = —39X(9)L-/ T(X(©0)— X)) - F(n)dn, (1-14)
with :
Fu=LlF 4 il (1-15)

ko ot
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We point out that the above boundary integral equation has a unique solution F given F for sufficiently
smooth X.

The Peskin problem thus reduces to the integral equations (1-10) and (1-13) for X, where G, T, A,
S, A,, and ﬁel are given by (1-9), (1-11), (1-12), (1-14), and (1-15), with F,| given by (1-7). Note also
that, when A, =0, i.e., 1 = 2, equation (1-13) reduces to F =2A,F|, and we may just work with the
single equation (1-10).

Assuming that the stationary solutions are sufficiently smooth, it can be shown by an easy calculation
that the only stationary solutions are those in which X is a uniformly parametrized circle and the velocity
field is u = 0; see Section 5.1 of [Mori et al. 2019]. Thus, all of the equilibrium configurations of (1-10)
and (1-13) are spanned by

o R e O ) R S

1B. Critical regularity and related results. A general guideline for seeking the most natural and largest
class of initial data for a given problem is to identify its scaling and consider a function space that is critical
(invariant) with respect to this scaling. The Peskin problem given above by (1-10) and (1-13) is invariant
under dilation, and thus to make proper sense of scaling one must first fix a reference scale. Consider the
scaling parameter A > 0. The domain scales accordingly from the torus S=[—x, 7] to S/A=[—7 /X, T /A].
Then, we choose as the reference scale the length of uniformly parametrized circles, which we pick to be 2.
Given the additional rotation and translation invariance of the problem, let us consider the particular choice

X, 1(0) =271X.(00),

where X,(0) = e,(0). Then, the system (1-10), (1-13) is written in terms of the difference X (0, t) =
X(0,1t) — X.(0). One can check that the following dilation invariance holds: if X (0, ¢) is a solution,
then X, (0, 1) =A=' X (A0, Ar) is also a solution.

More generally, if the elastic force Fg is given by (1-7), then (1-10) has an additional scaling invariance
given by X, (6,1) =t X (A0, At) and X, ) (0) = 1 X (A0) for any A, T > 0. The stress jump condition
(1-13) then scales as F (0,¢t) = 221 F ()0, At). This more general scaling leaves the equation invariant
with 7 unrelated to A. We note however that the chord arc condition, defined below in (1-17), is only
invariant under the dilation rescaling where 7 = A~

The analytical study of the Peskin problem was initiated in [Lin and Tong 2019; Mori et al. 2019],
in which the case of equal viscosity p; = wy was studied. In [Lin and Tong 2019], well-posedness was
established in X € C([0, T1; H*(S)), T > 0, with initial data X in H>/%(S), whereas in [Mori et al.
2019], the solution resides in X € C([0, T]; C1%(S)), a > 0, T > 0, with initial data X in h1%(S),
o > 0 (this space is the completion of smooth functions in the C'* norm). These spaces are subcritical
with respect to the above scaling. Indeed, in the L? Sobolev scale, H>*(S) (or C([0, T1; H¥*(S))) is
the critical space, whereas in the scale of (Holder) continuous functions, C!(S) (or C ([0, T1; C'(S))) is
the critical scale. In this sense, the results in [Mori et al. 2019] are only barely subcritical. The semilinear
parabolic methods [Lunardi 1995] that are used in [Mori et al. 2019] rely crucially on subcriticality,
however, and do not seem to be readily extendible to the critical regularity exponent.
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In this paper, we consider the Peskin problem in which the viscosities ) and w, are not necessarily
equal. Furthermore, we establish a solution theory with initial data X in the Wiener space F"1(S), the
space of functions whose derivatives have a Fourier series that is absolutely summable (see Section 1C).
This space is critical with respect to the scaling of the Peskin problem identified above.

In contrast to [Lin and Tong 2019; Mori et al. 2019], our theory is restricted to initial data that is
sufficiently close to the stationary states, i.e., the uniformly parametrized circles. The papers [Lin and
Tong 2019; Mori et al. 2019] establish local-in-time well-posedness in their respective function spaces
subject to the following arc-chord condition on the initial data:

[X0(0) — Xo)| _

X =
¥l =, ol 16 — 1]

0. (1-17)

In this sense, our results might be better compared to the results on asymptotic stability of the uniformly
parametrized circle obtained in [Lin and Tong 2019; Mori et al. 2019]. The uniformly parametrized circle
is proved to be exponentially stable in the above L? Sobolev and Holder scales respectively, and in the
latter paper, it is proved that the solution is in C*°(S) for all positive time. In this paper, we improve
upon this result to prove that the solution is analytic for positive time.

Local-in-time well-posedness for initial data in 7! merely satisfying condition (1-17) is an open
question that we do not address in this paper. It is notable, however, that the arc-chord condition (1-17) is
invariant under the dilation scaling described above. In [Mori et al. 2019], it is shown that, if the solution
ceases to exist as ¢ approaches f, < 0o, then following must hold:

lim g, (X) =00, Eu(X)= M for any o > 0.

= kT
On the other hand, if g, (X) remains bounded for all time for some « > 0, then X must converge to a
uniformly parametrized circle. A similar criterion, in which the numerator of g, is replaced with a critical
norm such as the 7! norm, would be a major improvement that should lead to a better understanding of
the global-in-time dynamics of the Peskin problem.

Another extension of the Peskin problem is to consider the following elastic force in place of (1-7):

Fua=d( T(3X) %X (1-18)
el — 0 0 |39X| y -

where 7 (s) is a tension coefficient that must satisfy the structure condition 7 > 0 and d7 /ds > 0. Note
that the above expression is reduced to (1-7) if we take T (s) = kos, hence ko = T (1) =d7T /ds. In the
case of equal viscosity @, = uy, a local-in-time well-posedness theory for initial data satisfying (1-17)
under the more general force (1-18) is established in [Rodenberg 2018] in the Holder scale similarly to
[Mori et al. 2019], using nonlinear parabolic methods [Lunardi 1995]. It is expected that the results and
methods of this paper can be extended to this more general case.

Finally, we mention [Tong 2021] in which the author considers a regularization of the Peskin problem
inspired by the immersed boundary method, extending the techniques in [Lin and Tong 2019]. Such
studies may form the basis for numerical analysis of the Peskin problem.
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The surface tension problem, in which the interface is not elastic but only exerts a surface tension,
may be the most closely related class of problems for which there are extensive analytical studies. We
note that our problem is distinct from the surface tension problem; in contrast to an elastic interface
considered in the Peskin problem, an interface with surface tension only does not resist stretching. This
difference manifests itself in the different energy dissipation laws satisfied by the respective problems;
see Section 1.1 of [Mori et al. 2019]. We refer the reader to [Priiss and Simonett 2009; 2016; Shimizu
2009] for an extensive survey of the analytical study of the surface tension problem.

There is also an increasing number of analytical studies on fluid-structure interaction problems in
which an elastic structure interacts with a fluid, related to the Peskin problem considered here [Ambrose
and Siegel 2017; Cheng et al. 2007; Cheng and Shkoller 2010; Liu and Ambrose 2017; Muha and Canié
2013; Plotnikov and Toland 2011; 2012; Li 2021; Boulakia et al. 2012]. The equations dealt with in these
studies are typically more complicated than those of the Peskin problem; the sharp results obtained for
the simpler Peskin problem should serve as a guide to what is possibly true for the more complicated
model problems.

From an analytical perspective, the Muskat problem is perhaps the closest nonlinear PDE to our
problem for which there is a large body of analytical studies. However, it models a very different physical
setting: two immiscible and incompressible fluids in a porous media governed by Darcy’s law. On the
other hand, for a nearly flat interface in the presence of gravity both problems have the same symbol
at the linear level. The authors of [Constantin et al. 2013] introduced the use of the Wiener algebra
to obtain global well-posedness results for the Muskat problem at critical regularity. Moreover, the
size restriction on the initial data was given by an explicit constant that is independent of any physical
parameter. These techniques were extended in [Constantin et al. 2016; Gancedo et al. 2019a] to deal with
the three-dimensional setting and the case of viscosity jumps, respectively. Other results for the Muskat
problem that only require medium-size initial data in critical spaces (as opposed to the more standard
arbitrarily small data condition) [Cameron 2019; 2020] rely on the maximum principle; these methods
have thus far not been shown to be well-suited to deal with viscosity contrasts.

In this paper, we will use spaces related to the Wiener algebra that allow us to perform careful and
detailed estimates on the nonlinear terms to control explicitly the size constraint on the initial data (see
Figure 1). As opposed to the Muskat problem, here the problem is not only described by the shape of
the interface: the parametrization corresponds to the distribution of material points, and thus it matters.
As a consequence, we have to develop further techniques to deal with a system of equations (for both
components of the curve). Interestingly, a careful understanding of the linear system, together with an
appropriate change of framework, allows us to decouple the frequencies associated to the projection of
the interface onto the space of equilibria from the others. Indeed, we overcome a major difficulty of the
very recent result in [Gancedo et al. 2019b] that deals with the Muskat problem for closed interfaces (i.e.,
bubbles), and obtain the global existence and uniqueness result for the Peskin problem with viscosity
contrast at critical regularity.

1C. Notation and functional spaces. We summarize here the notation and functional spaces that will be
used throughout the paper.
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For a vector x = (x1, x2)T € C? we define

L def def [0 —1 | 01
x— = Rx, R—|:1 O]’ R —[_10.

We denote the Euclidean norm as

= Va i = VIx P + el
and for a matrix A = (a;;)1<;, j<2 wWe use the induced matrix norm
[All = omax(A), (1-19)

where omax(A) is the largest singular value of A. For a vector such as X, we will write X, ; to be the
Jj-th component of that vector.
We now define the periodic Hilbert transform of a function f with period 2P as

defl f(9—n) _ / JO—n—fO+n)
4P

_p tan (— tan (757 )

2P/
Unless stated otherwise, throughout the paper we will use the case P = . In this case, we also define

H(f)(O) =

dn. (1-20)

the Fourier transform of a periodic function f with domain S = [—m, ] as
def T .
FOOE fl) = 5 / F®e M do, kez.
-

Further F(H(f))(k) = —i sgn(k) f (k). Then we define the operator A using the Fourier transform as
FAL) () € k| £ (k). And we observe that H(3y £)(0) = Af.
We denote by f x g the standard convolution of f and g. We use the iterated convolution notation

K f= foeooxf (1-21)
‘,——/

k—1 convolutions of k copies of f

Thus for instance %> f = f * f.
We also use the following notation for the discrete delta function, é,(k), which is the function that is
equal to 1 when k = a and equal to 0 elsewhere. Throughout the paper we will further define

81,—1(k) =81 (k) + 61 (k). (1-22)
We further define the high-frequency cut-off operator 73; for M > 0 by
TnX (k) E 1g=m X (), (1-23)

where 14 is the standard indicator function of the set A, sothat 14(x) =1ifx € Aand 14(x) =0if x ¢ A.
For two vectors X (8), Y (0) € R? we define

(X,Y) =/ X(@©)-Y(0)do. (1-24)
S
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Generalizing the Wiener algebra of functions with absolutely convergent Fourier series as in [Gancedo
et al. 2019b], we further define the homogeneous j—"j 'l and nonhomogeneous F ‘I norms as

XN = Y "MK XK, seR, (1-25)
kez\{0}
Xl et = 1XO)+ > " OMkP|1X k)], 50, (1-26)
kez\{0}
with
1) = >0, 1-27
V) = v = (1-27)

and v, > 0 is chosen sufficiently small. Note that v(0) =0, v(¢) > 0 for all 7 > 0. Further v'(¢) < vy
and v(t) < v are bounded for all time. When v = 0, we write ]'-"3’1 =7%! and ]:g’l = F*51 These are
the main norms that we will use in this paper. Note that when s = 1, the F*! norm is critical for the
Peskin problem.

In this paper we write A < B if A < CB for some inessential constant C > 0. We also write A ~ B if
both A < B and B < A hold. Throughout the paper, we will define

Ci=Ci(lXllz1) =Ci(I X g115ve0) >0, i=1,2,..., (1-28)

as functions that are increasing in [ X|| z1.1 > 0 and might depend on the analyticity constant v, with
the properties that C,-(||X||j-TUl.|) ~ 1 for all v >0 and lim”X”f‘}_l_)m Ci(||X||erl-l§ 0) = 1. We will also
define

Di = Di (X[ 311) = Di(IX | 115 Ao voo) > 0, i=1,2,...,

as functions that are increasing in || X|| A= 0 and might depend on the physical parameter A, and the
analyticity constant v, with the properties that D; (|| X|| ]'_-Ul,l) ~1forall A, € (—1,1) and all v, > 0,
and lil’n”X”flvl_)()Jr D,(HXH}-VH ) 0, 0) =1.

1D. Main results. In this section we will state the main result of this paper: namely, that membranes
whose initial interface has critical regularity (in terms of the scaling of the problem), and that are not too
far from an equilibrium configuration, become instantaneously analytic and converge exponentially fast
to the equilibrium. Without loss of generality, we assume that the initial area enclosed by the membrane
is 7. We get the result under an explicit medium-size condition for the initial deviation and for general
viscosity contrast A, € (—1, 1).

Definition 1.1 (strong solution). Let

xXec(o,T; F*Hnclo, T1; 74H

and

X0,0)—X0,t
X.() = inf | X6, 1) (n )I>
0.1€S.0%n |0 —nl

0

for 0 <t < T. Then, X is a strong solution to the viscosity-contrast Peskin problem with initial value
X (0) = X, if it satisfies (1-10), (1-13) for 0 <z < T and X (t) = Xoin F'!'ast — 0.
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Theorem 1.2 (main result). Let A, € (—1,1) and X € FLL Let Xo.c be the projection of X onto the
vector space spanned by (1-16) and Xo = X — Xo ¢; thus X is mean zero and X 0(0) = X 0.c(0). Assume
that initially the deviation X satisfies the medium-size condition

[ Xoll 11 < k(AL), (1-29)

where k(A,) > 0 is defined in (4-9) (see also (4-10) and Figure 1), and that the area enclosed by X is 7.
Then, for any T > 0, there exists a constant Voo > 0 such that there exists a unique global strong solution
X (1) to the system (1-10) and (1-13), which lies in the space

xXec(o, T Frhnclo, 1, FAhHn Lo, T1; 21,

with v(t) given by (1-27). In particular, it becomes instantaneously analytic. Moreover, the following
energy inequality is satisfied for 0 <t <T:

A t
1 X1 1.0 (1) + fc/ 1 X z21(v) dT < | Xo|l 1.1, (1-30)
0
with C =C(|| Xoll £1.1, Ay, Voo) > 0 defined in (4-12). In addition,
1X 1| 511 (8) < (| Xoll rae™Ae/DE (1-31)

The zero frequency X ¢(0) remains uniformly bounded for all times as

1Xe(0)] < X000+ ClI X031,
with C = C (| Xoll 1.1, A,) > 0 given in (4-15), while
L= IX150 < 1XeP < 1+ 51X 1300 (1-32)

We remark that the decay to zero of the deviation X in (1-31) together with (1-32) shows the exponen-
tially fast convergence to a uniformly parametrized circle with the same area as the initial one.

Remark 1.3. The size of vy > 0 is limited by the size of the initial data. This can be seen in (4-7).
Because we are only interested in having any fixed but arbitrarily small vy, to ensure analyticity, we
stated the size condition as in (1-29).

Remark 1.4. In our results, we assume that both viscosities 141 and p, are positive and hence —1 <A, < 1.
We remark on the endpoint cases of A, = %1, which formally correspond to the cases when u; =0
or iy = 0. As can be seen from Figure 1, the allowed size of the deviation from X tends to O as
A, — %1, which may indicate potential difficulties in formulating a well-posed mathematical problem
for the endpoint cases. From a physical standpoint, it does not make sense to set the viscosity to 0 in
either € or €2;, and thus a proper treatment of these endpoint cases will require a rethinking of the
physical situation under consideration. The case A, = —1 or u> = 0 may be thought of as corresponding
to the problem in which a droplet of Stokesian fluid is floating in vacuum. One significant difference
between this and the Peskin problem is that in the former problem a droplet in linear translation or rigid
rotation experiences no external forces. The force balance and continuity equations will thus have to be
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supplemented by auxiliary conditions that assure uniqueness, after which this problem is likely to be
well-posed. In the case A, =1 or 1 =0, 1 might be considered to be vacuum. It is not clear if this
problem is well-posed. We will not pursue these issues further.

1E. Outline. The rest of the paper is structured as follows. In Section 2, we first decompose in Section 2A
the system (1-10), (1-13) into zero-order, linear, and nonlinear parts around the equilibrium configuration,
and then in Section 2B we perform the linearization of the problem and show its parabolic structure.
Section 2C shows how this structure leads to dissipation and in Section 2D we summarize the system of
equations in its final form. Section 3 contains the crucial nonlinear estimates needed to prove Theorem 1.2.
Finally, Section 4 is dedicated to the proof of Theorem 1.2 via a regularization argument and also shows
the uniqueness of the solutions.

2. Linearization around the steady state

We will linearize the system (1-9)-(1-15), with F,| given by (1-7), around a time-dependent uniformly
parametrized circle with center (c(¢), d(¢)) and radius R(¢):

Xc(0,1) =at)e (0)+b(t)e(0) +c()er +d(1)er,

2-1
R*(t) = a*(t) +b* (1), @D

where a(t), b(t), c(t) and d(¢) are arbitrary time-dependent functions and e, (0), e;(6), e|(6), e2(0) are
defined in (1-16). For notational convenience, we will suppress the time dependence of the coefficients.

2A. Nonlinear expansion. We will denote by X (6) the deviation from the circle X.(0) as X(0) =
X (0) — X.(0). We define further

def

AX =X(0)—Xm)
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and X(©0) - X(1n)
A X(0) &2 2
1X©) 2 sin (—9;”)

ApXc(0) = aet<9+7l> —b r(ei
+

')
)
2)

(2-2)

In particular, we have

[\

since

e
e

—sin (Gﬂ) 9
=] " |l

— Cos (%) 6+n
Ane,(Q) = |:_ sin (9%) = _er(T>a

where we have used the trigonometric identities

sin (A) — sin () = 2sin (9;77) cos (@)

cos (f) —cos (n) = —2sin (9%77) sin (8%)

Recalling (2-1) and using the identities
e, (0) = e, (0)" = e,(0),

dpe,(0) = e,(0)" = —e,(0),
one has
d X (0) = ae,(0) — be, (6),

X (0)F = —ae, (0) — be,(0).

The trigonometric identities cos(a + b) = cos(a) cos(b) — sin(a) sin(b) and sin(a + b) = sin(a) cos(b) —
cos(a) sin(b) further give

e @ -e (1) =sn (U710). @) e (PE1) = cos (57),

2 2
e,(@)-e,(%) = CosS <9%77>’ e,(@)-e,(e%) = —sin (9;'7).

These calculations imply the following computations for a circle that will be used frequently throughout
the paper:

36 Xc(0)* - A, Xo(0) = —R?sin (9;’7), (2-3)

36 Xc(0) - AyX.(0) = R?cos (9;”), (2-4)
a® [1—cos(0+n) —sin(6+n)
2 | —sin(@+n) 14cos(B+n)

b2 [14+cos(@+n) sin(6+n) sin(0+n) —cos(6+n)
2 sin(0+n) 1—cos(@+n) —cos(0+n) —sin(@+n)

Ay X (O)®A, X (0) =

i| . (2-5)

The matrices in the last line above have been simplified using the identities sin® (a) = (1 —cos(2a))/2,
cos?(a) = (1 +cos(2a))/2, and sin(2a) = 2 sin(a) cos(a).
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Next, we perform a Taylor expansion of the nonlinear terms around the a time-dependent uniformly
parametrized circle (2-1) under the assumption that |A, X (0)| < 1. First, we start with the magnitude of

the curve

IAX + AX,|? = 4R? sin? (9%’7) (1 n %Anxc(a) ALX(O)+ %mnxw)ﬂ).
Recalling the expression for G(AX) in (1-9), we expand each term as

log|AX + AX,| = log <2R‘sm (9 ”)D %log (1+ 2 AyX(0)- 2, X(0)+ 2|A,,X(9)|2>
1
— log <2R’sm ( ’7) D + 27 A0 Xc(6) - A, X(6) +R1(A, X)), (2-6)
where
n (_l)n—l B )
RIAXO) =3 3 (o) o CAsXO) - A, XO) I8, XOP". 2-T)
=

We expand the denominator in the second term of (1-9) as

1 1 2
1 — =
IAX + AX.?  4R?sin? (T")< R?

A X(O)- A, X)) + Ra(A,X(0)), (2-8)

4R?2 sin? (T")

with the notation

o n
ny (=D" n—m m
Ro(A,XO) =" Y (1) QA Xc0) - A,X(0)" 18, XO)". 2-9)
n=1 n—|”—l;g2
Therefore, we can write
(AX + AX,) ® (AX + AX,)
— Ao+ AL+ Ay, 210
AX T AKX 0ot+AL+ AN (2-10)
with
Ao= A X O)BA, X (6),
Ap=— IiA X.(0)- Ay X(O0)A X (O)®A, X, (9)+ SA X (0)®A, X(9)+ SA X (0)RA,X.(6),
and the nonlinear term is given by
| 2
Ay =28, X(0) A,]X(Q)<1 — A X(0)- 5,X(0) +R2(A,]X(9)))
+R1 AyXo(0)® A X(G)( 2 AyXe(®) - A, X (0) +Ra(A X(Q)))

2580 X(0) ® Ay X (0)(— 25 A, Xe(0) - A, X(0) +Ro(A, X 0)))
1
+ FAUXC(Q) ® Ay X (0)R2(A, X (0)).
Joining the expansions (2-6) and (2-10), we split G(AX) in (1-9) into zero-order, linear, and nonlinear
parts in terms of X as follows:

G(AX) =Go(AyXc(0)+ GL(Ay X (0), Ay X(0)) + G (A, X (0), Ay X(0)), (2-11)
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where

Go(A, X (6)) = %(— log (2R‘sin (95’7
L
47 R?

)D”%Anxc(@)@%xc(@)), (2-12)

GL(AyXo(0), A, X (0)) = (—Anxc(e)-AnX(e)l
A X(0)-0, X (0) A, X (O)OA, X (0)
+A,X OB X O)+A, X O)RA, X (0)), 2-13)

Gn(ApXc(0), Ay X(0)) = _%Rl (A, X(0))1

1
4T R?

2

+— A X(O)DA X(O)( R2AnXC(9)-A,7X(9)+R2(A,7X(9))>

t 1R2 (A, X (O)RA,X(O)+A, X (O)RA, X (6))
x(—%Anxc(e)-AUX(0)+R2(A,7X(9)))
s A X OBA X ORAA, X (). (2-14)

Consider the splitting of the solution F(6) to (1-13) into zero-order, linear, and nonlinear parts as
F©O)=Fy0)+ F.(0)+ Fn(9). (2-15)

(We will prove bounds for these terms in Section 3B.) Introducing the splittings (2-11) and (2-15) in
(1-10), we obtain

X:(0)=0(X)(O0)+ L(X., X)(0) + N (X, X)(0), (2-16)
where we recall that X' (6) = X () + X.(6) and we use the notation

O(Xc)(e)ZfSGo(Aan(Q))Fo(n) dn,
ll(Xc,X)(@)=/SGo(Aan(Q))FL(n)dn+/§GL(Aan(Q),AnX(G))Fo(n)dn,

N(Xc, X)(©0) = /(GL(A Xc(0), AyXO0)FrL(n) +Gn(AyXc(0), Ay X(0)) Fo(n)
+GN (A, X (0), Ay X (0)FL() + G(X(0) — X () Fy (1)) dn.
We have thus expanded the evolution equation (1-10) distinguishing the zero-order, linear, and nonlinear
in X contributions.

2B. Linearized system. We proceed to show that the linearized system gives rise to a diffusion operator
on X. Since the linear structure is the same for any uniformly parametrized circle (see [Mori et al. 2019]),
we will use now (2-1) witha =1, b =c=d =0 and R =1 to simplify the computations, and for clarity
of notation we will denote this circle by X,.

We will now linearize (1-10) and (1-13). We first determine Fy, the value of F at the steady state:

0=0(X,)©) =/§G0(AUX*(9))F0(77) dn, 2-17)

Fo(6) —2A,80(Fo, X,)(0) = 2A,Fe 0(6), (2-18)
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where
Fe0(0) = 07 X.(0)

and
Fo(n)

—d

25in (%5%)

Rewriting A, X, (0) A, X,.(0) - Fo(n) = A, X.(0) ® A, X.(0)Fy(n), and recalling the computations (2-3)
and (2-5), one finds that

So(Fo, X,)(0) = %/Sang-A,,X*(H)A,]X*(O)A,]X*(e)-

S0(Fy, X.)(6) = 5 /§ M., ) Foln) dn,

where from (2-5) we have

1[1—=cos(@+n) —sin(60+n)
M = A X* A X* == . ) 2_1
@,n) X+ (0) ® Ay X (0) 2 |: —sin (0+n) 1+ cos (0+n) 2-19)
and therefore Fj is defined by
A
Fo(0) + 7“ / M0, n)Fo(n) dn = 24,07 X, (6).
S
Since 97X, = —X, and noting that
1
—/ M@, mX.(n)dn=—X.(0),
T Js
it is easily seen that
24, 5
Fy(0) = A 95 X.(0). (2-20)

"
Now, recalling (2-12), it can be checked that (2-20) satisfies in fact (2-17):

1— A,
471( ) /S Go(A,X.(6)) Fo(n) dn

2A,
= —/ log (2
S

so integration by parts in the first term yields (2-17).

sin (9;’7) Dazx*(n) dn +/ M@, )32 X.(n) dn,
2 " IS 7

We now proceed to compute the linear term £(X,, X)(6) in (2-16). For convenience, we write it as

E(X*»X)(O)=/SGO(A;7X*)FL(77) dn-i—/g(VG(AX*)Fo(n))AXdU, (2-21)

where G and G are defined in (2-12) and (1-9), respectively. To simplify the second integral above, note

3G, 3G, 9G;»
T (AXDer (1) = —L(AX e 1 () + —= (AX,)er 2 (n)
3)61 axl 8)61
= aG“(AX ), X aGi2(AX ), X
— 8X1 *)On A2 8)61 *)OnAx 1
9Gi> 0G;2
=- (AX, )0y Xs2 — (AX,)0,X, 1 =0,Gi2(AX,).

0x7 0x1
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Here e ; is the j-th component of the vector e, etc. Further, in the third equality above, we used the fact
that the stokeslet is divergence-free:

Gy n 0Gi> _
dxy 0xp

0.

Likewise, we have

8Gi;
B_(AX*)er,j (n) = _8nGi1 (AX,).
X2

We thus have

24, _
/(VG(AX*)Fo(n))AXdﬂ = ——/(R 19,G (X.(6) — X.(m)AX dn
s 1-A,Js

2A, _
- / (R G(X.(0) — X.(n))3, X () dn

—a ).

2A,

T 1-A4,

/SG(X*(G)—X*(n))(R_lanX(n))dﬂ-

def

Since G(X.(0) — X.(n)) = Go(A,X,), equation (2-21) simplifies to

24, __
L(X,, X)) :/ GO(A,]X*)<FL(17)+ R 18,,X) dn. (2-22)
S 2

1—-A
This is our specification of the linearized operator.
We will now determine Fy, as in (2-15), that is, the linear part of F in (1-13). We find
A
FL0)+—= f M, n)FL(n) dn=2A,0;X —2A4,(Q+5), (2-23)
S

where
0; :_/ Tijk(AX,) Fox (MR, 9 X1(6) dn,
S

87;jk —1
S =— a_(AX*)AXmFO,k(n)Rﬂ 80X*,l(0) d77-
S 0Xm

Let us compute Q. We start with

2A, AX*,iAX*,jAX*,ker,k<n)_ 2A, AX*,iAX*,j

—Ti(AX) Fo = — = :
ijk( )Fok 1-A, T|AX,|* 1—A, 27|AX,|?

where we used
AX, -e(n) 1
_— = ——. 2-24
AXE 2 (224
Therefore, we have
_ A, 1 [ AX, ®AX,
C1-Aum ) |AXL2
A,

1 —1 A, -1
— = | M@©,ndnR %X ©®) = R™ 0, X(9),
1_Aﬂﬂfg(n)n b X (6) Y b X (0)

0 dnR 99X (0)
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where we used (2-19) in the second equality. We next compute S,
_ 9Tij

m

(AX)AX, Fo xR 09 X1 (6)

__l 2Ae AXiAX*,jAX*,ker,j(e)er,k(n)
Tl1—A, |IAX,|*
|24,/ (AX, i AXAX, ker, i (O)er k() 4 AXyiAX,y jAXyer j(0)er k(1)
1—A, |AX, |4 |AX,|*

8A./m (AX*,i AX*,j A X, ker, | (Q)er,k(n)AX*,mAxm>

1—A |AX, [0

2A 2A 8A
_ 1 24, 24w 84T
Tl—A, 1-A, 1-A,

We simplify each term as follows:
1

I'=—7AX;,
I = AX,.’,'AXjer,j(Q) + AX*,iAXker’k(T)) _ AX,,’,'AX*’jAXj
B 2|AX, 2 20X, 12 MK 2
AX,iAX, AX;
11l = — : : ,
4|AX,|?

where above we made repeated use of (2-24) and

AX, - R™19X,(0) _ AX,-e®) _ 1

IAX, ]2 TolAxE 2
Thus
37ijk -1 A /21 20X, iAX, AKX,
LI AX VA X Fo (MR 06 X, ) = = AXLI
o (AX)AXmFo (MR 99X 1—A, ! |AX,|2

Substituting this back into the expression for S in (2-23), we have
A / 2

/(1—2M(9 M AX dn

A /2n

A,/2
- / (= 2M @, )X (n)dy = 2e/27

1-A,

(—(er, X)e: + (e, X)ey),

where we used (2-19) in the first equality and we are using the notation (1-24) for the inner product.
Equation (2-23) thus reduces to

Fi (9>+— / M@, n)F,(n) dn
=2A 39X(9)— lA

R (R13,X(0) + 5 (~ler, X)ex(6) + (a1, X)e,(6)))
AM 0 27T T T ts t .

We must solve the above equation for Fy in terms of X. Suppose (e;, X) = (e;, X) = 0. Then, it is easily
checked that

Fr(0) =2A aQX(e)—lfieA’“‘R 3 X(0). (2-25)
"



THE PESKIN PROBLEM WITH VISCOSITY CONTRAST 801

We may further compute F; when X is either e; or e;. Noting that

M, ne(n) = 3(e:(n) —e:(0)),  M®©, ne(n) = 3(e(n) +e(0)),

we see by an easy calculation that

2A
If X =e.,;, then F; = — ‘e ;.
g 1—A,™
Note that
2A.A 2A
24,07, — . _EA: R per, = — = fiu e

This shows that the expression for Fy, in (2-25) is in fact valid without the restriction (e, X) = (e, X) =0.
Substituting (2-25) into (2-22) yields

L(X.. X)(0) =24, / Go(A,X)@2X () +R™'3,X () d. (2-26)
S

Finally, since

Go(A,X.) = —i(log ’2 sin (9_'7)‘)1 +M@©, )

4 2
and
L M, n) <8$X(77) +R‘13,7X(77)> dn = /S 0, M(©, ) —8,M©6, MR~ X (1) dn =0,
we have
LX., X)(0) = —g‘—;/glog [25in (0;77)‘(35)((17)+R‘18,,X(n))dn

AefanX(n)JrR_lX(n)d
n,
s

T 2tan (%52)

which is given by a Hilbert transform
LX,, X)O) = =2EHEX () + R X)), (2-27)
Therefore, the system (2-16) can be written as
X,(@):—%(AX(G)—}-’HR_IX(Q))—FN(XC,X)(Q). (2-28)

Notice that X, is a uniformly parametrized circle with time-dependent radius R(z), as opposed to the X,
used in this subsection to obtain the linearization. We will use the system (2-28) to study the global-in-time
dynamics of the Peskin problem in the rest of this paper.

2C. Evolution of the .ji,l’l norm of X. We first notice that, because X (0) is real-valued, it must hold
that X (k) = X (k). Therefore, the norm (1-25) can be written in terms of positive frequencies alone

IX [0 =2 Pk X ) =2 N R XL (k) + X2 X (). (2-29)
k>1 k>1
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The system (2-28) in Fourier variables reads for k£ > 0 as
2,0 =~ 2e LI XH) + FW (Xe, XK. (2-30)

Here we recall that X = X 4 X . Further the diffusion matrix is given by

_ k —i sgn(k) {00
L(k)_[isgn(k) k } k=1, L(O)_[O 0]'

The diagonalization of this matrix for k > 1 shows that

L(k) = P(k)Dk)P k)",

where for k > 1 we have

1 [—isgn(k) 1 1 5 _|[k+1 0
E[ I —isgn(k)]’ Pl =P, D(k)‘[o k—l]

And when k = 0 we define

Pk) =

P(0) = % [(1) (1)] PO)"'=2P(0), D) = [8 8]

This leads us to define the change of variables

def def

Y(k)Z P)'X k), Y(k)= Pk X (k), (2-31)

with Y £ Y + ¥,. The system (2-30) for k > 0 then becomes
<) Ae v —
Yi(k) = —TD(k)Y(k) + P(k) ' FN (Xe, X)) (K. (2-32)

The relationship between X and Y in space variables is given by the Hilbert transform (1-20), using also
Hz(Yj) = —Y;, as follows:

1

HY) (9)+Y2(9)} @ = [—HX1(9)+X2(9>} ' (2-33)

X0 =75 [n 0)+HY»(6) = /AL X10)-H1x20)

Because, for k # 0, P (k) is a unitary matrix, it holds that || P (k)| = | P(k)~'|| =1, and therefore
Yl =1X(K)], k#0,

and thus
[ XN 10 = 1Y [l £ (2-34)

We will use this norm equivalence several times in the following.
Notice that the first Fourier coefficient of a uniformly parametrized circle (2-1) is given by
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and in the Y-variable

—~ 1 0
Y. (1)=— . 2-
(D) ﬁ[a+bz} (2-35)
Note that H(cosf) = sinf and H(sinf) = —cosf. Then from the transformation (2-33) uniformly

parametrized circles (1-16) in the Y variable are spanned by

_ 0 _ 0 _ 1 fo] . _ 11
e,(e):«/i[cose], e,(@):ﬁ[_sine], elzﬁ[l], ezzﬁ[o}. (2-36)

Further the second component of i/\(l) becomes zero after the operation of D(1) is applied, which
corresponds to the fact that uniformly parametrized circles are steady states. Therefore, we will split the
curve Y(0) =Y. (6) + Y (), with

o=[g]. Bm-o
since those frequencies are contained in the time-dependent circle (2-1). In other words, Y is the projection
of Y onto the orthogonal complement of the vector space spanned by (2-36). In fact, the system of
equations (2-32) does not provide dissipation for the zero frequency of Y nor for the second component

of its first frequency (i.e., for uniformly parametrized circles). We thus can only expect decay for Y. It is
convenient then to write the equations of those frequencies in (2-32) separately:

Y,(0) = 3,Y,(0) = P(0) ' FIW (Xc. X))(0),
aYi(1) =8, Y1(1) = —A () + (P(D ' FW (Xe, X))(D),.,

- _ L (2-37)
a2 (1) = 8,Ye (1) = (P() ' FW (X, X))(1)),.,

Vi) =Y, (k) = —%D(kﬁ(k) + PR FN(Xe, X)) (), k=2

Therefore, we study the evolution in time of || Y || z1.1, as in (2-29), which is given by

d d y = = s =
Y N5 = E(ZZe k7, (k)Yl(k)+Y2(k)Y2(k))
k>1

=2 VKON ()| +2) ek
k=1 k=1

and introducing the time derivative (2-32), with N = N (X, X) = N (X), we have
d _ R 2Ok vk, K+ DIVIR) 2 + (k= D2 (k)
— 1Y || 511 =2 k Yk)| —2A, k =
a7 Y]l kgzl Vi(D)k e Y (k)| k;e 20
) Zev(t)kk(P(k) N (X)(k)) Y(;?i;;]:;rk) (P (k) N(X)(k))‘

Y ()Y (k) + ¥ (k)T 3, Y (k)
21Y (k)|

’

k>1
Noticing that for £ > 1 we have
IAGTK
Yk

~ ~ 1 -~
—Ack((k+ DIY1 () + (k — l)IYz(k)Iz)m = —Ack(k — DY (k)| —2A.k
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we can then see a diffusion term coming from the linear part:

||Y||f11 <-—A, Ze”(’)kk(k DY (k)] — 24, Z v(t)kk|yl(k)|

k=1 k>1 |Y(k)|
+2Zv/(t)k2€v(1)klly\(k)| +2Zev(t)kk|(P(k)71A//(';)(k))| (2_38)

k>1 k>1

The balance above does not include the control of i We will show in Section 4A that the evolution of
ﬁ(O), that is, of the center, can be controlled by all the other frequencies. Moreover, the incompressibility
condition (1-3) allows us to control 2,2(1) as follows:

Vo=m :% X(@)/\Bgé\f(@)d@z% (X109 Xy — Xr09 X1) dO
= i / ((HY1 + Y2 01 + AY2) — (V1 + HW)(AY1 + dgdn) db). (2-39)
Performing the products and taking into account the equalities
HyiijdQZ yiaeyjde, ’Hyja@yjdgz— yjijdQ,
we obtain " . " " "
w=1 | (02AY—¥iAW)d6 = (2A35(0) — FAIIO)
=7 Y (kY20 V2(—k) — [kIV1 () V1 (—k))
keZ
=7 Y KI(IYe2 (0P + Yoo () Va(—k) + V2 () Yoo (—K) + | V2(0)* — [V1 (K)]%).
keZ

where we have used that z,l (k) = 0 for k # 0. We can also eliminate the terms z,z(k)?g(—k) and
Y>(k)Y,2(—k), since Y>(1) = 0 and Y, (k) = O for k # 0, 1. Therefore,

1 a—l—b

2

+ Y k(20 = V1R,
k>1

And so the incompressibility condition translates to the constraint

a’+b> _ R?

Bl Y rinwr-m®p. (2-40)

—
P2 = FZ =2
k>1

Then, we can obtain an upper bound

~ 1 - - 1 -
Yer(DP < 5+ Y k(R®P + 0P =5 + 3 k'Y k)
k>1 ) k>1
1 12,5 1 1
S+ (kzlk / |Y(k>|) LN )
and analogously we find the lower bound
R? 1 1
> =[Ye2(D)]* = zZ5- ZIIYII;I/U- (2-41)
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Recalling the relationship between X and Y in (2-34), we finally obtain

Lo Loviz <7< tebixp?
5= 71X = PP = 5+ 71 X1,

and, since |Y.(1)|> = R?/2 = |X.(1)?/2,
1 v 1
L= ZIXI50 < 1Xe (P < 1+ 51X 500,

so using the notation R? = a” + b?, we have

1 1

1
I 3 X b m— (2-42)
VIH3IXIE, BT VI=31x1%,
The upper bound above motivates us to define
def 1
Cir=CilX | z0) = (2-43)

VI=3IX1%.,

We will later use (2-42) to control the size of R when || X || 1.1 () — 0 as # — oo.

2D. Complete system. We finally summarize the final form of the system of equations that describes our
problem. The system given by (1-10) and (1-13) for X was replaced by (2-37) on the Fourier coefficients
of the associated variable Y from (2-31). We recall that we decompose Y into a time-dependent circle Y,
plus the deviation from the circle given by Y. In other words, we decompose Y into its projection onto
the vector space spanned by (2-36) represented by Y. and its orthogonal complement represented by Y.
Therefore, recalling (2-35), we have

Y(0)=0, Yo(1)=0, Y.k)=0, k#0,1, Y. (1)=0. (2-44)
Now, for k = 1 and k > 2 separately, we have
Y1) = —AJ1 () + (P() "W (X, X)(D)1,
— Ao R (2-45)
0, Y (k) = —TED(k)Y(k) + P(k)" N (X, X)(k),

where X, and X are given in terms of Y, and Y in (2-31). In the following paragraphs, we will write one
or the other without distinction for simplicity of notation. The incompressibility condition (2-39) yielded

(2-40). Thus in particular
Vi = glIY 50 < YoMl <V 3+ 1Y 510 (2-46)
To close the system, notice that ﬁ(O) = P(k)_lfc(O) and, from (1-10), we have
9 X.0) = i/ / G(AX. + AX)F () dy do,
27 sJs

with F defined by (1-13). We can also write the equation for X <(0) using (2-16) or (2-30) and recalling
that the zero frequency of the linear part vanishes,

3,X.(0) =N (X,, X)(0). (2-47)
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We notice that the evolution of the zero frequency i/\C(O), corresponding to the center, is decoupled from
all the other equations (in terms of the ?C(O)—Variable), because X <(0) does not appear on the right-hand
side of (1-10) and (1-13) and therefore also (2-47). This can be seen from the fact that in (1-10) G only
depends on the difference AX = X (0) — X' (1) and in (1-13) the expression for S only depends on 9y X
and AX. In summary, the system to determine Y (equivalently determining X via (2-31)) consists of
(2-44), (2-45), (2-40), and (2-47). That is, all together we have

Y0)=0, Yy(1)=0, Y. (k)=0, k#0,1, Y.;(1)=0,
3,Y.(0) = P(0) "' N'(X., X)(0),

YD) = —A7, (D) + (PN X, X)),
9:Y1(1) (D + (P(D)™N( YD) (2-48)

3,Y (k) = —%D(k)l?(k) +PK) N (X, X)), k=2,
Fea(P =3 = Y k(HEP - Ti0P),

k>1
with F given in (1-13), and Y, X related by (2-31).

To prove Theorem 1.2 (see Section 4) we will use system (2-48) to obtain the energy balance (2-38)
to show the decay of Y. We will need to perform a priori estimates on the nonlinear terms, which in
particular requires us to prove bounds for F' due to the viscosity contrast. Those estimates are performed
in the next section. The decay for Y will allow us to control the evolution of the zero frequency, that is,
of the center.

3. A priori estimates

In this section we perform the a priori estimates on X and F that will be used in the proof of our main
result, Theorem 1.2. First, in Proposition 3.1, we estimate the nonlinear terms in (2-16) in terms of X
and F. Next, in Section 3B, we obtain the a priori estimates for F in (1-13) in terms of X. In order to get
the result with critical regularity, we have to get uniform bounds for some Fourier multipliers given by
principal values (see Lemma 3.2).

3A. A priori estimates on X.

Proposition 3.1. Assume Fo, Fr, Fy € F*' and X € F>!. Then, the nonlinear term N'=N (X, X)(6) =
N (X) in (2-16) satisfies the following estimate in ]'-",}’1:

Il 50 < TIV2DL X 5[ FL ot + 42 Dol Foll yoa [ X1l a1 X [ 20 + D5 Fyll jors (3-1)
where D; = D,-(||X||jrvl,1 ,Veo) & 1 are increasing functions of ||X||]'_-vl,1 and v, such that
lim D;(||X|#.,0)=1
XN 00t

and are defined in (3-54).
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In the proof, the following multiplier will come up frequently:

_ sin(kn/2) ,—ikn/2
ktan (n/2)

def
m(k,n) = 2sin (7/2) » k=1, (3-2)
and we define m (0, n) = 0.
Now let n > 1, k = ko, ki, ..., ko, be integers that further satisfy |k; — kj41| > 1 for all j =
0,1,...,2n — 1. We define the integral of type I, = I,,(k, k1, . .., k2,) by
2n—1

. T in((k; —k; 2) .
L[ mte= ki [T 2 (&) =K On/2) it ians2 gy (3:3)
x i (kj —kj+1)sin(n/2)
We further define 1, =0if k; =k forany j =0,1,...,2n — 1. We will also consider the integral,
I =1 (ky, ..., ka,), under the same conditions

e / sin (ki +ka,)n/2) 35 sin ((k; — kj41)n/2)

. . (3-4)
_n sin (/2) i (kj —kjy1)sin(n/2)
We again define I, =0 if k; = kj; forany j =1,...,2n — 1. In the proofs of the a priori estimates in
this section we will frequently use the following lemma.
Lemma 3.2. We recall (3-2), (3-3) and (3-4). Then, the following uniform bounds hold:
[ In(k, ki, ..., kop)| < 2m,
ki, - ko) | < 27,
This lemma will be proven at the end of this section.
Proof of Proposition 3.1. We first take a derivative of N'(X., X)(0) in (2-16) and let
N (X, X)(0) = N1(0) + N2(0) + N3(0) + Nu(0), (3-5)
where
N1(0) =/ ¥ (GL(A,Xc(0), A, X(0)))FL(n)dn,
S
N2(6) =/ I (Gn (A, Xc(0), A, X(0)))Fo(n)dn,
S
N3(9) :/ 9 (Gn (A, Xc(0), Ay X(6)))FL(n)dn,
S
Na(9) = / 3 (G (X (0) — X (1)) Fy () dn.
S
We will bound A; in FO! fori =1,2,3, 4.
N estimates: Taking a derivative in (2-13), we obtain
10
Ni(©) =) N1i©), (3-6)

i=0
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and we proceed to bound each of these terms in F!. We note that each term A7 ; corresponds to when
the derivative hits a different term inside (2-13). The terms N ; are written in (3-8), (3-15), (3-16), (3-19),
and (3-20) in the following.

The first term A7 1(6) is given by

1

-’Vl,l(@):—m

/S89Aan(9)~AnX(Q)FL(n)dn-

We first take the derivative of A, X.(6) in (2-2) to obtain

9 X (0) — (X (0)—X.(n)
‘ 2tan (0 —n)/2)

2sin ((0 —n)/2)

Further define the operator D%(X,) (and analogously D?(X)) to be 9y A, X () as above after taking the
change of variables n <— 6 — n as follows:

0 Ay X (0) =

DZ(X )(9 )dif aGXC(Q) B XL(?:Q:IJ((’;/(g)_n) (3_7)
A7) = 2sin (7/2) '

Then we make the change of variables n <— 8 — 1 to obtain

1

Ni11(0) = IR

fg D*(X:) (0, )" Ag—y X O)FL(0 — 1) dn, (3-8)

where we used transpose notation instead of a dot for future convenience in the notation. We will also
make extensive use of the identities

— 1—e 1 o in(kn/2) _jnn—s
R X = 2 Ry = IR kg g,
2sin (n/2) k sin (1/2) (3-9)
_ 1 —e—ikn in (kn/2) )
Ag_yXc(k) = .;Xc — Sm'(—n/)e—tkn/lagxc(k)'
2sin (n/2) k sin (n/2)
We remark that both terms above are equal to O when £ = 0. We further have
D> (X) (k) = m(k, )3 X (k), (3-10)
where m(k, n) is given by (3-2).
Regarding the Fourier coefficients of the derivative of the circle (2-1) we have
Bx.00 =" 0 |1 = = | (3-11)
6 A c = ) 1 1 2 -1 1l -

Taking Fourier transform in (3-8), we obtain

1
47 R?

Noal) = — /g D X)) % Ag_y X (k) % e By (k) dn

— 1 20 % Tx .y —ikon 3
=17 /§ kZZkZZD (X (k — kDT Mgy X (k1 — ka)e ™" Fy (k2) d,
1 2
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and plugging in (3-9) and (3-10) we have

1
47 R?

Niat) === 33 G Xtk — k)T 85X (ky — ko) Fr (k) 11 (k. K. ko),

kleZ kzeZ

with I; given by (3-3). By Lemma 3.2 we have |I|(k, k1, k2)| < 2m. Then we get

~ 1 —— —— ~
ML) < 53 D D 106Xtk — k)T 3o X (k1 — k)| [ FL (ko) (3-12)
ki€l kreZ

Then, it follows from (3-11) that

—_— R
|09 Xc(k —k1)| = —=

=

We will now also use the notation (1-22). In particular we have

31,1k —ky). (3-13)

—_— —_— ﬁ —
|00 X o (k — k1) 09 X (k1 — ka)| < TR((SI(k — ki) +38-1(k —k1))|8 X (k1 — k2)|.

Therefore, we can write

~ 2 _— ~
WL < % DY sk — kI3 X (ki — ko)l | Fi (ko).

kleZ szZ
We multiply by eV V% = gV k=k) v ki—k2) gv (k2 1 get

J2

~ 2 — ~
NI B = 52 Y0 D VT8 ik — ke PO X (= k)le" P P ko)),
k1€Zk2€Z

so Young’s inequality for convolutions and the estimate (2-42) yield the bound

€' /2|| X || 311
IVl 00 < || Fp || o (3-14)
2V 1= JIX1,,
This is our desired estimate for N7 ;.
We now proceed to estimate N » as
1
M20) =~ b [ 80, X D206, L@~y d, (-15)
S

with Fourier transform given by

1
47 R?

Ntk =— /§ SO S A Xtk — k) DXk — ke Fy (ko) dy.

k] ez kQEZ
Using again (3-9) and (3-10), we can write it as

1
47 R?

Niak) = ——= 33" G Xe(ki — k)T 05 X (k — k) FL (ko) Iy (k. k1., ko),

kl eZ kQEZ
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with /7 given by (3-3). Using Lemma 3.2, we find that
~ 1 _— —~— -~
N2()] < 55 D D 180Xtk = k)8 X (ki — k)| [ FL (k).
k] ez szZ
so following the steps after (3-12) we conclude that
"= V2| X|| 51

I FLl o
271 = 31X

M 21 o <

This completes our bound for N 5.
The term N/ 3 is given by

d
Ni3(0) = —% /§D2(Xc)(9, M Aoy X(0) Aoy Xc(0) ® Aoy Xo(0)FL(6 — n)%, (3-16)

and its Fourier transform by

1 — —
D G Xetk— k)" 05 X (ki — ko)

ﬁl’s(k):_z X (ky — k3) R
T @ Xo (ks — ko) Fr (k) ok ks - k),

with Ir(k, ky, ..., k4) given by (3-3). Since |I>(k, ..., k4)| <27 from Lemma 3.2, we have
V1 3(k)]

1 —_— — —_— —_— —~~
< 21 2 D NG Xelk— k)T 9 X (ki — ko)l 135 Ko (kz — ks) @ 8 X (ks — k) || FLka)l. - (3-17)
kleZ k4€Z

Expression (3-11) gives
3o X (ko—k3)®Bp X (k3—ks)

.b 2
= (CHZ ) 81(k2—k3)51(k3—k4)|:

_(a+ib)(a—ib)
4

All the matrices above have norm equal to 2, so that

-1 ii|+(a—ib)2 1

-1 —i
: al(kz—k»al(ks—k@[ : ‘}
i1 4 —1

51(k2—k3)5_1(k3—k4)[ ! ’]_M

. J 8_1(kp—k3)d1 (k3 —ks4) [—i _l]‘

1

_ _ R?
|09 X (ko — k3) ® 09 X (k3 — ka)|| < 781,71(/62 —k3)81,—1(k3 — k4). (3-18)

Introducing this bound, together with (3-13), back to (3-17), we find that
-~ \/z — ~
W) < == > 81 i (k= k)|3p X (ki — ko) |81, -1 (ka — k3)81, -1 (k3 — ka) | F (ka);
4R
k[EZ k4EZ
thus multiplication by the exponential ¢"™*, Young’s inequality and (2-42) yield that
2:/2¢3 X 51

| FLl 2o
i 2 Fi
vl—gllelﬁl,l !

I 3l g0 <

This completes our bound for N/ 3.
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The term A/ 4 is given by

1

T2 dn
N1,4(9)=—ﬁ/§A9—an(9) D (X)(Q»U)AG—an(Q)®A0—an(9)FL(9_U)E- (3-19)

We take the Fourier transform and write the result as

1

Niak) = T

o> B Xtk — k) 85 X (k — k)3 X (k — k3)
el el ®0p X (ks — ka) F(ka) Ly (k. k. ..., k),

with Ir(k, ki, ..., kq) given by (3-3). Since |I;| < 2w by Lemma 3.2, comparing now with (3-17), we
conclude that
2/2¢3 1X 51

Tt Pl
- E”X”]'_-Ul,l

I all sor <

This completes our estimate for A7 4.
The remaining terms from N7 (@) in (3-6) are

d
Nis506) = —% ) Ag—n X0 Mgy X(O)D*(X) (O, 10) @ Ag—y X (0)Fr (0 — n)%,

d
Ni6(0) = —% /5 Ag—nX(0) Aoy X (0)Ag—_y X(0) ® D*(X,) (O, 1) Fr(6 — n)ﬁ,

Nia @) = f DA(X.)(0, 1) ® Ay X (0)FL(O0 — ) dn,
TR s (3-20)

Nis(©) = 4%/ ANg_yXc(0) @D*(X)(®, n)FL(0 —n)dn,
7TR s

Nio(0) = #LDZ(X)(G, m & Ag—y X (O)FL(0 —n)dn,
Ni,10(0) = 4”% fg Ao X(0) @ D*(X) (0, MFLO —n)dn.

It is not hard to see that N s and N/ ¢ are bounded exactly as A 3 in (3-16), since the bound (3-18) is
also valid for D2(X,)(0, 1) ® Ag_, X (0) or Ag_, X(0) @ D*(X.) (O, ).
We proceed then with N} 7. Comparing with A 1 in (3-8), (3-12), we obtain

o~ 1 — —— ~
M)l < 55 D D 136 Xe(k = ki) ® 8 X (ki — ko) | FL (ko).
k]EZszZ

Using (3-11), we find that

—_— — R
106 X ¢ (k—k1)®3p X (k1—k2) || = 551(k—k1)
V2

2

+R8 (k—ky)
501 1

[_1] 30X (k1 k)

i

[:ll] 30X (ko)

=

RSy 1 (k—k1) |36 X (ki —k»)|, (3-21)
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where in the last inequality we have used that the matrix norm (1-19) is bounded by the Frobenius norm.

Therefore we conclude that
V26| X || 1

IFLl 5.
21 =31 X3

The bound for N/ g follows in the same way as that of N7 7:
V2e"* I1X 1

| Frl|| ~o.1.
1 2 Fo
21— EHX”]'_-I.I

Finally, the bounds for A} 9 and N7 1 are the same as for N7 7 and N g because

17000 <

”NLSHJ_-UOJ <

106 X (k — k1) ® 3g X o (ki — ko) |

R v . R v .
= 581kt — k)9 X (k —kp[—1 il + 50-1(k1 —k2) |19 X (k —kp)[—1 —i]]

< ?Ral,_l(kl — k)13 X (k — k1). (3-22)

Joining the bounds for NV} to N7, 10, we obtain the bound for A/j in (3-6) as
[N o < 1126, XN 210 1L £o.rs (3-23)

where C is defined in (2-43). This completes our estimates for the N term.

N3 estimates: Taking a derivative in (2-14), we split N3 as

11

N3©) =) N, (3-24)
i=1

where

N3,1(9)=—%/§39R1(AnX(9))FL(n) dn,

N52(0) = # /g % (8, XO)® 8,X(@)(1 - %AWXC(H)TAUX(H)) Fy(n) dn,

N3a@®) = =5 /S A,X(6) ® Ay X (0)3 (A, Xo(0)T A X (0))FL() d,

N3a@®) = /§ 35(A, X (6) ® Ay X (0))Ra(A, X (6))FL(n) d,

Nis@) = s L A, X(0)® A, X (0)3Ra(A, X (0))Fr(p) d,

Nio®) = =5 /S 35(A, Xo(0) ® Ay X () + A, X(0) ® Ay X (6)) Ay Xe(6)T A X (8)FL(n) di.
N @) = =5 fg (A X (8) ® AyX(0) + A, X (8) ® AyX(8))3 (A, Xc(8)T Ay X(0))FL(n) d,

Nis@) = s /S 9 (8, Xc(0) @ A, X (0) + A,X(0) ® A, Xc(0))Ra(A, X O) FL(n) .
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N39(0) = 4n1R2 /g(Aan(G)®Ar;X(Q)+AnX(G)®Aan(G))aeRz(AnXW))FL(n)dn,
N3,10(9)=#/g39(Aan(9)®Aan(G))Rz(AnX(Q))FL(n)d??,
N3,11(9)=ﬁ/SAUXC(Q)®Aan(Q)aeRz(AnX(Q))FL(n)dn,

where R and R, were defined in (2-7) and (2-9).
We proceed with A3 ; first. We take the derivative in (2-7) to obtain

N;3.1(0) = 01(6) + 02(6) + 05(6), (3-25)
where
n—1
B RV
01(6) = —5- /SZ > (1) T oa, X @) A X @)
nzl m=0 209 Ay X (0)T Ay X (0)|A, X (0)*" F(n) dn,
n—1 1
1 —
0:(6) = —5- fSZ > (1) T o6, X @) A X @)
nzl m=0 20, X (0)T 99 A, X (0)| A, X (0)*" Fy(n) dn,
n -1 n—1
03(0)=—ﬁfgzZ(:,l)(’J‘Tm(mnxc(e)mnxw))"—m
nzlm=1 AX @O PV ALXO) 89 A, X (0)FL(n) dn.

After performing the change of variables n <— 6 — ), we take Fourier transform of O(0) to obtain

n—1 n—
61(k)=—i/§2 3 <”>(_1) o —m) SN X (O0) Ny X ()

nRZn

T nmz2 £2DX(X)(0)" Ag_, X (k) #" Ag_, X(0)T Dg_y X (6) % Fy(k) di.

Using (3-9) and (3-10), we rewrite it as

n—1
= 1 (=" (n=m)
0‘(1‘):_%2: > (:1) nRZ”: -

n+n_1>2
n—m—2
D0 T 206 Xctajii—kajy2)" 9 X (kajra—kaji3)
1 kz"n_jl 205 X o (k—k1)" 09 X (kon—2m—1—kan—2m)
[1 %X tkaj—kajs1) 80X (kaji1—kaji2) Frlon) Ink. K. . ko), (3-26)
j=n—m
with |I,(k, ki, ..., ko,)| <27 given by (3-3) and using Lemma 3.2. Above we are using the convention
that ]_[J’Z: n f(j) = 1if jo < ji. Recalling estimate (3-13), distributing the exponential factor "V, and

applying Young’s inequality, we have

n—1

1 n (n—m) — — — n—

10150 51(2: > () oz @V T O R m||X||f.,T||X||;’§,l)||FL||fvo,1,
n>1 m=0

n+m>2



814 EDUARDO GARCIA-JUAREZ, YOICHIRO MORI AND ROBERT M. STRAIN

which can be summed first in m to get

X", I X 20 \*!
btk Ntk
0, ||f01 < = 1 2(2\/_)" nv(t) o (1 + Zﬁe”(’)R) ”FL”FJ"" (3-27)
n>2
and then summed in 7,
| X1l 510
262')"“(1 4 F ) ||X||2
1041501 < 2/2e"~R APyl o,
= X110 Xl \ R 7
1 —2/2ev> v (1 + —>
R 242V~ R
Using estimate (2-42) and the notation (2-43), we conclude that
1011201 < 262 CoCHIX W Il 5o, (3-28)
with
I+ =ze "= Cr| X 511
Cr= e i (3-29)

1—2«/_e”°°C1||X||f11(1+ 258 C1||X”f”)

where C; was defined in (2-43).
We proceed with O; in (3-25). We take Fourier transform and, recalling (3-9), we obtain

R n—1 _
oty =— L X 5 ()

n>1 m=0
n+m=>2
n—m-—
Z Z l_[ (k2]+1 k2j+2) 9 X (kajy2 — k2jt3)
b J=0 289 X (kan—2m—1 — kan—2m)" 06 X (k — k1)
n—1
1_[ X (kaj —kajs1) 30X (kajr1 — koj2) FLlko) Lk K, .. kan),  (3-30)
j=n—m

again with |I,(k, k1, ..., kop)| <27 from (3-3) and Lemma 3.2. Thus, comparing (3-30) with (3-26), we
find the estimate for O,,
10511 o1 < 262> CoCRIX 0 I FLl o1, (3-31)

with C; defined in (3-29) and C; in (2-43).
Repeating these steps for O3, we obtain
n
1 n\m2/2)"" _ _ 2
1030180 =5 200 () = omar—e" T R UK XIS I I FL o0,
n>1 m=1

which after summation in m the right side above becomes

1 1 _
103101 = 5 ) —n@V2e O RIX s + IX 150" X5 1L o0
n>1
1 2
1 X100 1X s\ XS
= (242”0 4 22 L[ Fp ) o, 3-32
22 R ( & =5 I FLll 0 (3-32)
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and after summation in n we have

10501 < % : LIEIrPY
3001 < = || ~o.1.
T 212V (1K /R e (X [ 10 /2V2R) - R? n
Introducing the bound for R in (2-42), we obtain
103l 701 = 3CCHIX W I 5o, (3-33)
and using C; in (3-29) and C; in (2-43) we have
C
Csy= — : (3-34)
1+ 573 Ve CrlI X g
Joining the bounds (3-28), (3-31), and (3-33), we find the estimate for A3 ; from (3-25) as
IV 1l 00 < SCaCHIX L, I FLl 5o, (3-35)
with
Cy=3(4e*">Cy+ 5C3). (3-36)

This completes our desired estimate for N3 .
We continue with the next term N3, from (3-24), which we split in two:

N32(0) = 04(0) + 05(6),

where
04(9)=4ﬂlR2/gBe(AnX(G)®AUX(9))FL(n)dn,
05(9):—ﬁ/SBQ(A,]X(G)®A,]X(G))A,]XC(G)TAnX(G)FL(n)dn.

The bounds for these terms follow in a similar way to that of A/ ; from (3-15) and N 4 from (3-19),
respectively. Taking into account that

106 X (k — k1) @ 9 X (k1 — ko) || < 106 X (k — k1) |39 X (k1 — ka), (3-37)
and Lemma 3.2, it is not hard to find that

~ ] —~— —— ~
104(0)] < 25 D D 130K (k= k)l 13X (ki — ko) | Fr. (o)1,
kleZkzeZ

and recalling (3-13), we have

V2

105 (k)| <=

DY 130 X (k— ki) 139X (ki — k2)181,—1 (ko — k3) 3 X (k3 — ka)| | FL (ks
kleZ k4EZ

Therefore,

||X||2~|,1 ||X||3-1,1
A v A

v v .

||04||}.vo,1 < R ”FL”]:VO‘I’ ||05||]-_-Ul,1 = 24/2e" 2 I FL”]:VO’I’
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thus 5
IX e\ XS
I3 21l go1 < (l +2v/2e" Rf“ ) Rf” I FL £,
so plugging in the estimate (2-42) yields that
V320 501 < CSCRIX I | FLll o0, (3-38)
with
Cs=142v2e"Cy[|X| 1.1. (3-39)

This completes our estimate for A3 5.
The Fourier transform of A3 3 in (3-24) can be bounded as

A 2 — — — o~
IN33(k)| < 2—\;_3 Z e Z |0g X (k — k1) |06 X (k1 — k2)|81,—1(ko — k3)|09 X (k3 — ka)| | Fp (k4)|,

kleZ k4€Z
and thus 5
X |
I3l o1 < V2™ — 0yl o,
which becomes
N33 2o < V2" C3 I X120 | FL 0. (3-40)
Ty =% Fy
Similarly, recalling (2-9), the estimate for N3 4 in (3-24) is
||2 (2\/_)71 m (n m)v(t)Rn m
[NV34ll zor < IIXII I|X||2’" | FLIl zo.,
v R2n v
n>1 m=0
n+m=>2
which can be rewritten as
A3, zo
IIXIIf.TM V2" ORI X[ 1.1)" X150\ 242" X || 11
< v v 1+ > - — I FLI| zo1
- R? R2n 24/2e"®R R F

n>1

2V2e" )X <Z<2\/§ev0>||x||ﬁ,l>n1<1 1X ] ),, 1) .
= - . + - - || L”].‘O*I

R3 = R 22" R
2V2e"ONX N (X 0
B R3 23/2e"®O R

X 511 22"V X | 5. X0z Y
1+ —=—— Z D1 =2 IFLIl o1
2/2¢"0R R 2v2e"®OR '

Performing the sum in n and using estimate (2-42), we conclude that

IN3.4l 501 < 9CCHIX IS0 I FLI zo1, (3-41)
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with

1 ZUOO 1 —Voo
C6:§(1+86 ( zﬁe C1||X||]':J~')C2>a (3-42)

where Cy, C, were defined in (2-43), (3-29). This completes our estimate for N/ 4.
To deal with the term N3 s in (3-24), we have to take a derivative in R, from (2-9). This gives the
splitting
N35(0) = 06(0) + 07(6) + 03(0), (3-43)

where

1
060) = 1 Z (1)L 5, x 0 @ 8, x0)

(ZA X (0)" A, X(0))" " 12098, X (0) A, X (0)| A, X (6) " FL(n) dn,

ﬂ‘l

= (28, X0) A X(©0))" 128, X(0) 89 A, X ()1 A, X (6) " Fr(n) dn,

07(6) = / Z PYEEZ (a x0) @ 8, X0)
Zl

03(0) =

2 R2 R

( 1)"m
ZZ 3 (8, X(0) ® A, X (6))
i (ZAWXC(G)TAWX(e))”—’"|AUX(G)F("““Anxw)TaeAnX(e)FL(n)dn.

Comparing O¢ and Og to O; and O3, respectively, in (3-25), and recalling the bounds (3-27), (3-32),
together with (3-37), we find that

1 X112, (2/2)1em® X[\
5 e n A
106l 0.1 < TR E IIXII’}TJ,.(H—) IFLI zo1,

e R" 24/2eVOR
||X||2~11 n”X”nTll 1 X \* ! ||X||2-11
F’ R F F
1051 = —3 — (2f2e”<” — ) L
n>1

which after summation in n the right side above becomes

X1 22 2V2e" | X|| 1. X1 1.
||06||ﬁo,ls4e2vm<1+_fv)(2_ A <1 L Xl ))

24/2e"~ R R 2/2ev R
4
1 X 511 1X N g0 N\ 2 IX 0
X (1 - 2\/_6‘)00 R v (1 —|— Zﬁev;R>) R4v ”FL”]_-UO,I,
4
||X||]~__1.1 ||X||]~__1,1 _2||X||]-_.1.1

It is now clear that, for the same reason that the bound for O, (3-30) was the same as that for O; (3-26),
the estimate for Q7 is the same as the one for O¢. Therefore, with (2-42), we conclude that

I35l 500 < 17CICIX (S0l FLll o, (3-44)
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with

2

16 1 c
=20 Cyle Xl ) + 12 (3-45)

17

1

22

where we note that C7 is indeed increasing in || X|| -1 as can be seen because the infinite sums in the
v

Cr= 152G (1= €5 ' V2™ X o (14

upper bounds of || Og|| z01 and || Os|| zo.1 above are indeed increasing. Further above we are also using
v v

Cs S V14 51X, (3-46)

and we are further using C, and C3 from (3-29) and (3-34).
Recalling the bounds (3-21) and (3-22), the remaining terms A3 ¢—N 3,11 can be estimated similarly,
using also Cy, Cg and C7 from (2-43), (3-42) and (3-45), to obtain

V3.6l 51 < 8> CRIX 500 I FLI zor,
V37l e < 82> CRIX 31l FLl 5o,
N3850 < 18v/2¢" CoCTIX IS0 | il po. 4
I3 ol z11 < 34826 CoC X I I Pl o '
IV 3,10 7.0 < 1862 CoCTI X 10, | FLl pou1.
I3, 11l por < 34€®= CoCRIIX IS0 I Pl gor-

Therefore, from the splitting (3-24) and adding all the bounds (3-35), (3-38), (3-40), (3-41), (3-44), and
(3-47), we conclude that

V3]l zo1 < 5L CoCRIX 1 [ Ll 5ou, (3-48)
where

Co = 12 (3Cs + Cs + 166> + 18¢2"% Cg + 34e¥~ C;
+ (V2+18V2Cs +34V2C7)e™ Cll|X || 1.+ (9C + 17CCEI X [5,).  (3-49)

with C1, Cy4, Cs, Cg, and C7 defined in (2-43), (3-36), (3-39), (3-42), and (3-45).

N> estimates: It is clear from (3-5) that the previous estimate for A3 in (3-48) is also valid for N>, with
1 Fzl Fo replaced by || Fo|| FO1- Therefore we have

N2l 01 < 5 CoCTIX 10, 1 Foll 2o (3-50)

with Cy defined above in (3-49).

N4 estimates: We split the term N4 in (3-5) following the splitting (2-11):

N4 () = N4 1 (0) + Nup(0) +Najs(0),
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where
N4,1(9)=f 99 (Go(Ay X (0))FNn(n)dn,
S

LRIC) =/§39(GL(A;7X¢(9), A, X (6)))Fn () dn,

Naj3(0) =f§39(GN(Aan(9), A, X(6)))Fy () dn.

We notice that the term N4 5 can be bounded exactly as N7 in (3-5), with || Fy || Fou replaced by || Fy || FO1s
that is, from (3-23) we have

INa2ll o1 < 11823 Cy | X || 21 [| Fy || 2o
with Cy from (2-43). Analogously using the similarity between Ny 3 and N3 in (3-48), we have
INa3l zo1 < 557 CoCRIX 501 Fw Il o,

where we recall Cg from (3-49).
Now taking a derivative in (2-12), the term N4 can be written as

__1 Fi () 1
Nu1(0) = b7 Js Zan (@ —n)/2) +47TR2/g39Aan(9)Gi‘0Aan(9)FN(n)dn
+m/SAan(G)®39Aan(0)FN(n)dn,

and therefore, recalling (3-18), we have
[Nl g0t < (4 +262) | Fy | oo
We add the previous bounds to obtain

IN 4] 201 < 3C10ll Fxl o1, (3-51)
with
Cio = 3(§ +2¢™> + 1172 C1 | X | 111 + B CoCTI X [514). (3-52)
with Cy, Cg defined in (2-43) and (3-49). Combining the estimates (3-23), (3-50), (3-48), and (3-51), we
conclude from (3-5) that
IV 510 < BCoCHIX | 5l Foll jor | X 1| 2 + 1IV2C 1 Cr I X || 510 [ FL o + 2Cioll Fyl o,
where
Cy = #ﬁ(nﬁe”w+%Cgcl||X||El.l), (3-53)
and C, Cy are defined in (2-43) and (3-49). Rename the constants
Dy =C1C;, Dy=CoCi, D3=Cy, (3-54)

to get the result (3-1), where C1, Cy, Cyg, and Cy; are given in (2-43), (3-49), (3-52), and (3-53). U
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3B. A priori estimates on F. In this section we will obtain bounds for Fy, F;, and Fy in ]—']?’1.

Proposition 3.3. Assume that X € ].-"}2'1 and that F solves (1-13). Then, the functions Fy in (3-58), F in
(2-25) and Fy = F — Fy — Fp, satisfy the estimate

2A,
| Foll sor < V2e"™Cy = ” (3-55)
where Cg is defined in (3-46). Further
|Apl
[ FLll por <2A.(1+ 1 Xl z2.1, (3-56)
) 1 _ All )
[ALl(1+1ALD
| Fn ”Fvo’l < 1000v24, A=A+ A, D4”X“fv“ X1 521, (3-57)
where Dy = D4(||X||J~Tv1.1; A, Vo) is an increasing function of ”X”va” as in (1-28) such that
lim Dy(|| X|| 51.1;0,0) =1
iy g D1(1X51:0.0)
and is defined in (3-78).
Proof. First, for a general circle the expression for Fy in (2-20) becomes
Fy(0) = 2Ae oy (3-58)
T —a,
Similar to (3-13) using (3-11) we have for (3-55) that
o 2Ae » 2A,
| Foll por < V2™ R—— - = Ve Cy ”
where Cg is given by (3-46) and we used (2-42).
Further Fy is given by (2-25) and so we have
2[AulA.
IFLl o1 < 24,01 X ]| 21 + 1X 31,
) v 1 _ All )

which gives (3-56).
We proceed with the expansion of the nonlinear terms in (1-13). First, using (2-8), we write

1 1 4 -
= 1——=A,X.0)AX A X (D)),
|AX + AXC|4 16 R4 Sin4 ((9 _ 77)/2) < R2 n ( ) n (0) +R3( n ( )))
where
R3(A,X(0)) = —%Aan(O)TAnX(Q)R2(AnX(9)) +2R2 (A, X(0))

+%(AUXCWAHX(@))%(Rzmnxw)))z, (3-59)

and R2(A,X(0)) is given in (2-9). Then, we use the above expansion to rewrite S(F, X')(6) from
(1-14) as
F©—n)

2sin(n/2) " (3-60)

S(F, X)(6) = /S K(X.. X)(0, n)
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where

K (Xe, X)0,1) = —r2 3 X O Aoy X (O) g, X (0) & Ay, X (0)
x (1 - %AUXC(Q)TAUX(Q) +R3(AnX(9))>,

and we recall the notation X () = X.(0) + X (@) and (2-2).
We will plug in the splitting for F in (2-15) into (1-13). We first introduce an analogous splitting for
K as

K(Xc, X)(0,n) = Ko(Xc) (O, ) + Kp(Xe, X)(0, n) + Ky (Xc, X)(0, n). (3-61)

After we remove the zero-order (2-18), and linear-order terms (2-23), then (1-13) for the nonlinear-order
terms becomes the following equation for Fy:

Fy(©—mn)
7si

2sin(1/2) dn=JX, Fy)(®), (3-62)

Fy(0) —2A, fg Ko(Xc)(0, n)
with
Fyn(© —n) J
2sin (n/2)
Fp (0 —mn)

424, /S (KXo, X6, 1)+ Ky (X, X) 0. ) TE =y (3-63)

J(X, Fy)(0) =24, /;(KL(XC, X)(©, )+ Ky (Xc, X)(0, 1))

dn
2sin(n/2)’
where the first term in J will be treated as a perturbation with Fy and F; given in (3-58) and (2-25)
respectively. Notice that Ky is given by

+24, /S Kn(Xe, X)(0, n)Fo(@ —n)

1
Ko(Xc)(0,n) = m(89Xc(9)L)TAe—an(G)Ae—an(G) ® Ag—nXc(0),
where by (2-3) and (2-5) we have

I\T — _pR2gin( 1
@ X O Mgy Xe©) =—R2sin (1),
I1—cos(20—n) —sin(20—n)
—sin(20—n) 1+cos (20—n)

b_2[1+cos(29—n) sin (20—n) ]+ab|: sin (20 —n) —cos(29—n)i|

2
LR SOLIVES AOESS [

2 sin(20—n) 1—cos(20—n) —cos(20—n) —sin(20—n)
Therefore,
FN(Q—ﬂ)d 1
2sin (n/2) 4 Jg
a®—b? —cos (20—n) —sin(260—n)
e Fy©@—n)d
47 R? /§|:—sin(29—77) cos(ze—n)] N©=mdn

B ab sin(20—n) —cos (20—n)
2w R? Jg | —cos (20—n) —sin (20—n)

/SKO(XC)(Q,n) Fy(© —n)dn

} Fy (0 —n)dn.
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Then taking the Fourier transform we find that

f(fKo(Xxe Ny fv®-m, )(k)
in (1/2)

(@+ib)?*[ 1
4R2

(a —ib)?

= — 3 Fn(0)80(h) + e

:’1] Fy(—1)81 (k) + [ 11 _ll] (181 (k).

—i

Equation (3-62) is then given on the Fourier side by the expressions

Fy(0) =

(3-64)
Fy(k)=J (X, Fy)(k), k=2,

while for k = 1 one has that

(a+ib)?

Fy()— A, — 5

[_; :’1] Fy(=1) = J(X, Fa) (1),

~ (@a—ib)>[ 1 il= —
FN(—l)—AMW ;[ FvD=J&X, Fy)(=),
which gives that
1-A%/2 —iAL/2 a4 =i o
[1A2/2 1— A2/2:|FN(1) A [—i _1:| J(X, Fy)(=1) + J(X, Fy)(1),
and thus
= Ay (a+ib)*[ 1 —i] 1 1-A%/2 iA2/2 | e
Fy(1) = -2 2R [_l Y J(X, Fy)(— 1)+1 Az [—iAfL/Z 1-A2)2 J(X, Fy)(1).

Since we have

—
Lo
[
—_
R

2 42
_). H[l—.Ag/z zAM2/2 ]H 1
—zAM/Z I—AM/Z
we obtain

Al | 7 Fy =) +
— A2 ’ 1

m
1+]A,l

S I=ANI+AY
which together with (3-64) implies that

|Fy(1)| < - Ai|ﬁ(’,F\N><1>|

\J(X, Fy)(1)],

1+1A,l
(I-A)A+A)

[ Fnll zor < IJ (X, Fy)l o1 (3-65)

This is our estimate for Fy.

J (X, Fy) estimate: Notice that J (X, Fy) corresponds to the nonlinear terms in S(F, X) except the
one in the left-hand side of (3-62). For simplicity in notation, we are going to estimate S(F, X’), and

later extract from there the corresponding bounds for J (X, Fy).
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Consider the following splitting for S(F, X)) from (1-14):

S(F,X)(®) =8i(F, X)(0) +S2(F, X)(0) + S3(F, X)(6), (3-66)
with
S1(F.X)(0) = —= / B0 X OV Bgoy X (O) Bgy X (O)DAg_y X (O) 0 m,
TR* Js 7 7 " 2sin(n/2)
Sz(F,X)(9)=—% /S (X () Ag—y X () Ag—y X () Fo—n)
®A9_nX(9)AnXC(9>TAnX(9)m n,

S3(F X)(Q)_L‘/(a X(Q)J‘)TA X(0)Ag_, X(O)QAg_p X (O)R3(A, X (0)) F6—n)
3, T R4 s 0 0—n 0—n 0—n 3 2sin(n/2) 1

We take Fourier transform of S;(F, X) to obtain
S 1 — — —
SIF. X)) =—27 D > @ Xk—k) D)9 Xk —k)d Xk —k)
hiez  kez Q® 0 X (k3 —ka) F (kg) Iy (ki, . .., ka),

where

ki, ... ka)| =

dn’

/ ﬁ sin ((k; — kj1)n/2) e~ kikon/2
sy ey —kj1)sin (n/2) 2sin (1/2)

_ /sin((k1+k4)n/2) & sin (k; —kjv0n/2) ‘
s sin (n/2) il (kj —kjr1)sin(n/2) |

The integral I} turns out to be the previously defined integral in (3-4). In Lemma 3.2 we show that
|| <2m. Using (3-11) and (3-13), we have

| X (k — k1)D)T 86 X (k1 — ko)
2
< B (510 = k)51t — k) + 61k — k)31 (ky — ko)

R — R
Egl,—l(k —k1)|0p X (k1 — ko)| + NG

while recalling (3-18), (3-21) and (3-22), we obtain

n 81._1(ki —k2)|36 X (k — k)| + 106 X (k — k)| |99 X (k1 — k2.

186X (kz — k3) ® Bp X (k3 — ka) |
< B 1k — k)b 1 (hs — k) + gml,_l(kz —k3) |8 X (ks — k)|
+ %maﬁ(kz —k3)181,-1 (ks —ka) + 135X (ka — k3) 196 X (k3 — ka)].
Therefore, Young’s inequality for convolutions yields that
2 2
|XI|!|;EJ’I+”XI!Z”H)(zeszJrz\/_e%o ”X”JTVI'IJr“X”#I)IIFIIFVO.I,

|
II51(F,X)||ﬁ9,1§2<62"°°+2x/_e”°° R RZV
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which by (2-42) and notation (2-43) can be rewritten as

IS1(F, 2)l| por < 2Q2¢™> + 6326 C1| X| g1 + 1ICCTIX 310N Fll or,  (3-67)
with
Cio = {1 (117> +4v/2¢"C1 || X|| 10 + CTI X 510, (3-68)

and C; is defined in (2-43).
Following the same steps, for ‘S'Iz(/F_\X ), one finds that

|S2(F, )]l zo1 < 82¢™ (2" + 6326 C1 | X 73 + 1LCCIX 1500 CHlIX | g | Fll o

We define
Ci3= %(2(34”oo + 626>y ”X”R"‘ + 11C12C12||X||§%1,1), (3-69)
so that
[S2(F, X)|| zo1 < 16«/5e”°°C13C1I|XI|f;-1 1F1l o1 (3-70)

This completes our m ) estimate.
Next, we proceed with m ) in (3-66). We split it accordingly to (3-59) as

S3(F, X)=83,(F, X)+83,(F, X)+833(F, X) + 83.4(F, X),
with

4
S31(F, %) =——c /g (B XO) )T Ay X (O)Ag_y X (0) ® Ag_, X (6)

F©O—n)
2sin(n/2) "
F©—n)
2sin (n/2)

Doy X (@) Aoy X O)R2(A, X (6))

’

2
S32(F, X) = W/S(an(G)L)TAe—nX(Q)Ae_nX(Q)®A9_UX(9)R2(AnX(9))

S33(F, X) = % ‘/S(aGX(G)L)TA@—UX(H)AQ—nX(Q) ® Ag—y X (0)
-(Ae_nxc(e)TAe_nX(é)))Z% .
F©—n)
2sin(n/2)
The procedure follows the steps used to bound N3 4(6) in (3-24) and (3-41), where the term R, from
(2-9) was also involved. After taking Fourier transform and using Lemma 3.2, Young’s inequality for

$14(F ) = ez [ QRO 30, X60)80-,X(0)® 80, X O Ra(8,XO))

convolutions and summation in m and n gives
1851 (F, )| o < 14432 CoCr3 CIIX 31 [ F | o,
1832(F. X)| o1 < 72CsCiaCTIX |51 l1F | o,
1833 (F, X)| o1 < 326 Ci3CIX 01 I Fl sou.
1834(F, ) o1 < 324C13C5CHI X151, [ F 1 g
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Joining the above bounds, we obtain

IS3(F, X)|l o1 < 104C13C14CIX 1 501 | Fll gour, (3-71)
with
Cra = 133 (72C6 + 326" + 144v/2">C6C1 || X || 31 + 324CECHIX50), (3-72)

where C| and Cg previously defined in (2-43) and (3-42), respectively. We combine the bounds (3-67),
(3-70), and (3-71), and order them as

IS(F, X))l o1 < 4e™™ | F g0 +28v2¢™> || X | 5 | F | gor +222C15CHIX 50 Fll ou,
with
Ci5 = 335 (104C13C14 + 82" (627" + 11C12C1[| X || £1.1) +22C12), (3-73)

and Cj in (2-43), Cq, in (3-68), C13 in (3-69) and Cy4 in (3-72).
We remark that instead of (3-66), analogously to the splitting for K in (3-61) we can split S(F, X)(0) as

S(F, X)(0) =So(F, X)(0) +SL(F, X)) +Sn(F, X)(0), (3-74)

where from (3-60) and (3-61) we have
So(F,X)(9)=/ Ko(Xc,X)(9,77)M
s 2sin (n/2)
Then Sy (F, X)(0) analogously contains K (X, X)(8, n) from (3-61) and Sy, is linear in X. Then

Sy (F, X)(0) similarly contains Ky (X, X)(8, n) from (3-61) and S is nonlinear in X. Then it is clear
from the above that we have the estimates

ISo(F, &)l o1 < 4e*'> || F| o1,
ISL(F, X))l zo1 < 28v2e™>Ci[IX | 511 | F | zour,
1SN (F, 2)] o1 < 222C1sCHIX I3 I P oo
This splits the estimates into zero-order, linear-order, and nonlinear-order which is useful because of (3-63).
Next, recalling the definition of J (X, Fy) from (3-63) and its relation with S(F, X) in (3-60) and
(3-74), it follows that
1T (X, Fy)ll o1 < 565/2| A Cr6C1lIX || £1.11| Fy | o0

+567/2|Au|C16C1IX || g1l FLl| por + 4441 A CisCTIX 311 Foll por, (3-75)

with
b

2842

Finally, bound (3-75) allows us to estimate Fy from (3-65),

Ci6 = (28v2¢%" +222C15C11|X || 511). (3-76)

1Pl £o.
_ 56v/2[Au(1+ AL
T A-ANI+A)

4441 AL (T +1ALD
1-A)d+AL

CrrCiCill X g1 [ FLI zor + C17C15C]2”X“2]'_-Ul,1 [ Foll zo.1,
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where

567/2| A, (14 [Aul)
Cir=(1-

-1
Ci6C1 11X || 1. , 3-77
A=A +a, ' X 21 1) (3-77)

and the bounds for Fy, Fy, are given in (3-55) and (3-56). Substituting these bounds we find

[A (T + AL DA — AL +1ALD
(1=A*(1+Ay)
1+ 888v24

IFyll o1 < 11224,

CrrCiCill X || g1 [ X 2.

|A (14 ALD
‘A=A +Ay)

2
¢"=CsCi7CisCHIX | 111X | 521

Defining
Dy = 1455C1C17(112(1 — A, + A, Ci6 + 888¢"C5C1 Cs), (3-78)

where Cy, Cg, Cy5, Ci6, and Cy7 are defined in (2-43), (3-46), (3-73), (3-76), and (3-77), we can write
the estimate for Fy as (3-57). O

Proof of Lemma 3.2. Recalling (3-3) and (3-2) and using the odd part of the integral we can rewrite / = I, as

. _sin((k=k)n/2) . .
i pv/ﬂ sin ((ky +k2,)1/2) (—ky)an (1/2) sin ((k + k2,)1/2) 2n—1 sin (k) — kj+1)1/2) .

—n 2sin (n/2) (kj —kjy1)sin(n/2)
=—5'=1"),

j=1

where

. 2n—1 .
s pV/ @ lann/2) T s ZRen/2) (3-79)
—TT

sin (1/2) i (kj —kj+1)sin(n/2)

/ def

JA= pvf” cos (n)2) sin ((k 4 k2,)n/2) -l ((kj —kj+1)n/2) J

. . (3-80)
- sin (17/2) j—o (ki —kjr1)sin(n/2)

Note that if k| +kp, =0 then I’ =0 and if k +k5,, =0 then I” =0. We henceforth assume that |k +k5,,| > 1
and |k + k»,| = 1. We will calculate (3-79) and then (3-80).

Notice that sin ((k; —k;11)n/2) =sgn(k; —kjy1)sin(|k; —kj11]n/2) and, since |k; —k; 1| > 1, we
rewrite the quotient in the product form as

sin (lk; —kjt11n/2) eiki=kiniin/2 _ o=ilkj—kjualn/2 pilkj=kjp1ln/2(] — g=ilkj—kji1lm)

sin (1/2) ein/2 _ g—in/2 - ein/2(1 — e~in)
kj—kjt1l—1 lkj—kj+1]=1
— oiUkj=kjp1l=Dn/2 Z e inm — Z ol (Z2mt1kj—kjsi|=1n/2
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‘We conclude that
2n—1 2n—1lkj—kj+11—1

l_[ sin(lkj —kj+1|77/2) l_[ Z i (=2m k=K1 1= Dn/2
sin (1/2) =
mj=

j=1

|k1 —ka2|—1 [kon—1—kan|—1
— Z Z o (ki =kal+-Alkap—1 =k | =2(m1++-4mau 1) =2m)n/2

m1=0 mp,—1=0
In particular following those calculations we can express the integrand of I’ in (3-79) as
. n—1 .
sin (k1 +k2n)1/2) T sin (kj —kj1)1/2)
sin (17/2) oy (kj —kjt1)sin(n/2)
/= lkj—kj1l=1 ky+hou|—1

2n—1
1
= (sgn(lq + koy) 1_[ m) Z Z e Bin/2,
j=1 J J

mo, =0
1<]<2n 1
where to be clear in the sum the m ; indicates a further summation over all j € {1, ...,2n —1}. Also we
define B; above as
2n—1 2n
Bi= ) Ikj—kjil + ki kol =2 ) mj—2n.
j=1 j=1

Notice that no matter what the sign of any of the terms inside the absolute values above is we always
have Z?Zl |kj —kji1|+ |k + kon| = 21 for some integer / so that B; is an even integer. This holds
because the sum contains two copies of every ki, ..., ka,.

We further integrate as ff - e!B11/2 gy = (4/By) sin(B;7/2), and we notice that since B is an even
integer, either (4/B)) sin(Bym/2) =01if By # 0 or (4/B;) sin(By7/2) = 2w when B; = 0. We can then
find the following expression for I”:

lkj—kjr1l=1 ki +hkoy|—1

2n—1
1
I/=27r(sgn(k1 + k2,) | | —|kj—kj+1|) E E 15,=0 (3-81)
j=1 %

mp, =0
l<]<2n 1

This is our calculation of the integral (3-79). We note, as a function of the single variable m,,, that B,

is decreasing and takes the value zero at most one time. Thus Zlﬁl‘;::ké"l_l 1p,=0 < 1. We conclude that

|I'] < 2m. Note that (3-4) is exactly (3-79). So this proves the second estimate for (3-4) in Lemma 3.2.
We now calculate the integral (3-80), which is rather similar. We obtain

2n—1 lkj—kji1]—1

I sin (|kj —Kj+11n/2) _ S eflhomhibtlhan ko =2tz <2012
A sin (n/2)
j=0 m ;=0

0<j<2n—1

Then we can express the integrand of /" as

sin ((k + kan)n/2) ' sin ((k; —k;+1)n/2)
sin (17/2) o (kj—kjt1)sin(n/2)
Jj= kj—kj1|=1 |tk | —1

2n—1
1
Z%(sgn@mn)n—k 3 ) P N
j—o 1Ki = kj+1l

mo, =0

cos (1/2)

0<]<2n 1
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We define
2n—1 2n
By= Y Ikj—kjpil+1k+ka| =2) m;—2n,
j=0 j=0
2n—1 2n
B3 = Z |kj —kjp1]+ |k + kopl —2ij —2n-12.
j=0 j=0
Similarly since Z?”: o lkj —kji1]+ 1k + ko, | contains two copies of every ko, k1, ..., ko, then it is always

an even integer. Therefore we conclude that B, and Bs both are even integers.
We can then similarly find the following expression for 7”:

2n—1 1 |kj—kjtil=1 |k+kon|—1
I"=n (sgn(k +k2y) 1_[ m) Z Z (1By,=0 + 1B5=0).
j=0 %R mi=0  myu=0
0<j<2n—1
Then using the same argument as our upper bound estimate for I’ we obtain that |I”| < 27. |

Remark 3.4. One can generally calculate the sum in (3-81) exactly. In particular the value of the sums in
(3-81) can be seen as the number of nonnegative integer solutions to the equation

2n—1

my+---+moy, = % Z |kj —kjr1l+ ki + kop| —n,

j=1
with the restrictions that 0 <m; < |k; —k;1|—1for j=1,...,2n—1and 0 <my, < |k +kp,| — 1.
This value can be calculated exactly using the inclusion-exclusion formula.

Alternatively, if n = 1 in (3-4) then one can calculate, on the region where /| # 0, that we have exactly

min{|k; — ka|, |k1 + ka|} sgn(ky + k2)
lk1 — k| '

And this formula is consistent with our estimate in Lemma 3.2.

I =2n

4. Proof of main theorem

This section is devoted to the proof of Theorem 1.2. In Section 4A we show the scheme of the proof
for existence of solutions via a regularization argument. The main part consists in obtaining the a priori
estimates, in particular the energy inequality from (1-30). Uniqueness is later proved in Section 4B.

4A. Existence. The proof follows a standard regularization argument. We will use a regularization of
(1-10) and (1-13), written in the form of (2-48), and the a priori estimates of the previous section to find a
weak solution in the sense of Definition 4.2 below. The regularity obtained for the solution will imply
that the solution found is indeed a strong solution, which we prove later is unique.

Definition 4.1. For fixed t € [0, T] and ¢ () € W>>°(S), we say that ¥ (1) € L>(S) is a weak solution of

V(0. 1)+ 24,0060, 1) fg T@O. 1) — b, 1) - ¥ (1. 1) dn = 24,326 1),
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with 7 given by (1-11), if for any ¢ € D(S) it holds that

/g V0.1 9©)do+24, /S 0i(0) /§ B0} 0, - Tije (@0, 1) — (0, 0)W(n, 1) dy d6
=24, [ 330000
S

Definition 4.2. We say that X € L ([0, T']; W12°(S))NL([0, T1; W>°°(S)) is a weak solution of (1-10)
if for almost every ¢ € [0, T'] the arc-chord condition (1-17) is satisfied, and if for any ¢ € D(S x [0, T'])
it holds that

/X(@,t)-(p(@,t)d@—/XO(G)-¢(0,O)d0—//X(G,‘L’)-&,q)(@,t)d@dt
S S 0JS

2//w(@,r)./G(X(Q,r)—X(n,t))F(n,t)dnd@dt,
0JS S

where G is defined in (1-9) and F € L' ([0, T]; L>(S)) is the solution in the sense of Definition 4.1
of (1-13).

We will write fjy = Jy f for general f suchas f =X, f =X, f =Y or f = F, with Jy the
high-frequency cut-off defined in (1-23). We start by considering a regularized version of system (1-10),
(1-13) (where (1-10) is written in (2-28) with the linear and nonlinear terms apart). For each positive
integer M, consider the regularized initial data X j»; and the corresponding solution X = X + X ¢ to
the regularized system

A _
0, Xy = _Te(AXM +HR ' X)) + TuN Xumer X ),
Fy =2A,TuS(Fy, Xu) +2A:0; X .

(4-1)

We define correspondingly Yo » and Yy = Yy + Yy .. We recall that (2-28) could be written in
Y-variables as (2-48). The corresponding regularized system in these variables reads as follows:

Yu(0) =0, Yy2()=0,  Yy.(k)=0, k#0,1,  Yiy.1(1)=0,
3:Y11.0(0) = P(0) "N (Xp1.c. X31)(0),

3V (1) = =AYy (D + (PN Xpre, Xan) (D)1,

(4-2)
3, Yy (k) = —%D(k%(k) + PO N Ky, X)) k), 2<k=<M,
Prre2WP =2 = 3 k(Tual = [Ty,

1<k<M

with Fys given by (4-1). Since Xy . is a circle with radius satisfying (2-42), the chord arc condition
(1-17) is clearly satisfied for || X p/]| Fi sufficiently small; we shall soon see that this in fact holds so long
as || X ull Fl1 < k(A,), which is defined in (4-9). Then, with the same size condition, F), is estimated in
terms of X as in Section 3B. Thus, with Fj; solved in terms of Y, using the transformation (2-31), we
obtain an ODE of the form

Y =InuGYu),  Yu(0) = Yo,
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for a certain nonlinear function G. Notice that the ODE for ?M,C(O) is decoupled from the rest because there
are no zero modes in m)(O). Therefore, Picard’s theorem on Banach spaces yields the local ex-
istence of regularized solutions Yy, € C'([0, Ty); Hyp), where Hy, ={f € H"(S): supp(f) cl[—M, M]}.
Since the a priori energy estimate (4-11) holds for the regularized system, we have uniform bounds for
Yy in the space L°(Ry; j:vl’l) NLY(R,; 57-'3*1). It is not hard to prove that Y, forms a Cauchy sequence
in L>([0, T]; F%1), so that we have a candidate for solution. One can then apply a version of the
Aubin-Lions lemma (see Corollary 6 of [Simon 1987]) to get the strong convergence, up to a subsequence,
of the approximate problems in LZ([O, TI; ]'-"1}’1). Next, since ?M (m,t) > ?(m, t) as M — oo, for all
m € Z and almost every ¢, Fatou’s lemma allows us to conclude that

A t
M(1) = IIYIIJTUM(I)JrfC/ 1Yl 21 (z) d7
0 | .
Slligilg(llYMllﬁu(t)JrfC/O ||YM||j:3-1(T)df> = Yol £1.1,

so we obtain that the limit function Y belongs to L*°([0, T']; Tvl’l) NLY (0, T1; .7-'”2’1). Now, we claim
that the strong convergence, up to a subsequence, of X3y — X in L*([0, T']; j-'l}’l) NLY[0,T]; j-'f’l)
holds. The proof of this claim follows in fact along the lines of the proof of uniqueness (see Section 4B).
This strong convergence immediately implies from (4-1), under the size constraint (1-29), the strong
convergence Fy; — F in L'([0, TT; Fvovl). In fact, it suffices to consider Fy, and Fyy,, write their

difference as
FM] - FMZ = 2A[,L(\.7M18(FM1s XM]) - jMZS(FMl’ XMl))

+2A/L<\7M28(FM17 XM]) - jMZS(FMza XM]))
+2A,(Im,S(Fpy, X)) — I, S(Futy, X )
+24,(05 X m, — 05X ur,),

and perform estimates similar to the ones in Section 3B to find that Fj; forms a Cauchy sequence in
LY([0, T7; .Fvo’l). Since Xz is given in terms of Xy, the above convergence holds for X'j;. The strong
convergence Xy — X in L*°([0, T']; ].-"Jvl) together with Fpy — F in LY([0, T7Y; ]—'VO’]) yields X as
a solution to (1-10) in the sense of Definition 4.2. (Moreover, it is easy to check in (4-1) the strong
convergence of the right-side terms in L' ([0, T]; F1:1).)

We refer to Section 5 of [Gancedo et al. 2020] for a similar approximation argument, including the
instant generation of analyticity and the continuity in time. We include it here for completeness. From the
strong convergence in L([0, TT; ]'_—‘)1,1) of the right-hand side of (1-10), we must have that 9, X j; — 0, X
in L' ([0, T]; £'"). Consider 0 < ¢ < #; < t,. Then,

]:vét)

5]
< 0; X <11 dT,
< [ 1@y dr

14

/ 2 0: X (r)dt

n

| X () — X(tl)”j:‘}&tl) = ‘

which from the fact that 8, X € L' ([0, T]; .7-',)1’1) yields that the solution is analytic for all positive times,
and X € C([e, T]; j-',}’l) for any ¢ > 0. Moreover, fix v,, € (0, Vo) and define V() according to (1-27);
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now given any #; > 0 choose 0 < ] < t, close enough to 7, that V(%) < v(¢;). Thus, it holds that

||X(l‘2) — X(tl)”j-H — 0 as Hh — 1,
B(t)

and therefore we have X’ € C ([0, T']; j:é’]). Since ¥y, € (0, vso) is an arbitrary number in an open interval,
we conclude that X € C([0, T']; ]'_-1)1,1). Finally, the analyticity in space for all positive times implies that
XeC(e T .7:5’1) for any s > 0, ¢ > 0, and 0 < ¥ < v. This regularity translates to F as well for
t > ¢. Therefore, one can consider 9, X (t;) — 9, X (¢) for arbitrary 1, f; > ¢ to find in particular that
X € C((0, T]; FO.

We have proven that X is a strong solution in the sense of Definition 1.1 as claimed in Theorem 1.2.
In Section 4B we prove that this solution is unique.

We now prove the global-in-time energy inequality in (1-30).

Proof of (1-30). Equations (2-45) show decay of the higher frequencies (2-38) if we are able to control
the nonlinear terms, for which we will need the constraint (2-40). Indeed, using (2-38) and the inequality
k(k—1)> k2/2 for k > 2 implies

d A
CN N5 = =58 =VO)I¥ 1+ IN Ko, Dl 20, (4-3)
where we have used that | P(k)~'|| = 1, and we can choose v'(¢) as small as we need. The goal is thus to
obtain a bound like
IV (Xe, Xl 510 < CAX N0 1Y [ 20, (4-4)

with C(|| X z1.1) & [| X ]| £1.1.
We proceed to complete the nonlinear estimate (4-4) to obtain the adequate sign in the balance (4-3).
We insert the a priori bounds on F given by (3-55), (3-56), and (3-57), into the estimate (3-1) to obtain
I1—-A,+ A,
1-A,

A,

DillX | a1 Xl 21 + 14772

INV ] 510 < 22v24, e Dy Cg | X || 11| X |

]'_-])2,1
|Aul(1+ AL
(1-AD*(1+Ay)

+2250+/24, D3D4l|X || 511 1 X [ 21,

which finally gives the desired estimate

IVl 531 = 169V2— o DsIX g X (4-5)
where
1 [A (14 1ALD
D 22(1—-A A, DD 147"~ D, C 2250 D3Dy ), 4-6
5 = 169( ( 1AL Dy 4 147¢" D,Cg + - A (1A, 3Dy (4-6)

and Cs, Dy, Dy, D3, Dy, are given by (3-46), (3-54), and (3-78). Recalling the equivalence (2-34) and
inserting the above bound into (4-3), we obtain

d IRA()
EHYH]':‘)JS—Ae(Z— A,

1, 1) 1Y || 2. (4-7)
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Since V' () = voo/(1 +1)% and vs, > 0 in (1-27) can be chosen arbitrarily small, if the condition

Ds (| X[ z1.1)
holds initially, where Ds is defined in (4-6), then the fact that D5 decreases as || X|| Fi decreases guarantees
that this condition is propagated in time. For the same reasons, this condition can be stated as a smallness

condition for || Xo|| 1.1 as
1 Xoll 10 < k(Ap), (4-9)

with k a function defined implicitly via (4-8) (see also Figure 1). Because Ds is increasing on || X || Flbs
we have the explicit upper bound

1—A
k(A,) < ——"—, (4-10)
676+/2D5(0)
where
1-A,
676+/2D5(0)

<588f+88f(1+ ALl )+9I|A |<1+|AM|><112<1+ Al >+ 888 ))1

1-A 1-A)I+AL 1-A,) 1-4A,
Then, for small enough || X|| Fhs the upper bound in (4-10) approximates the actual value of k(A,).

Therefore,
A, !
IIYIIJ-TI}-I(I)JrTC 1Yl z21(7) dT < [[Yoll 11, 4-11)
0
with
V(1) Ds(| Xoll £1.1)
C= C(”X()”]'_-Vl.l, Auv) =1—4 A — 676ﬁW||X0||ﬁ1.1. 4-12)

Moreover, since [|Y || z1.1 < [|[Y || 721, the inequality (4-7) gives

d A
TNY Iz < =ZECIY 0,
and thus
1Y 1l 510 < 1 ¥oll gae™ /D (4-13)
F F
This completes the decay estimate.
The control of the zero frequency follows from (2-47) with

t —_—
X0 < IXO,L-(O)IJr/0 IV (Xc, X)(0)| dr. (4-14)

Notice that the estimates of the nonlinear terms in F%! can be done as in Section 3A and yield the bound

~

_ D
IV (Xe, X)(0)] < IN(Xe, Xl por < Ae 1 _Z

XN 1.0 1 X 2.1,
n
where 55 is a constant that plays the role of Ds. Recalling (2-34) and the energy balance (4-11), we
introduce this bound back to (4-14) to conclude

1X:(0)] < 1X0.c(0)] +Cl Xol %1
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with _
Ds

C= m, (4-15)

and Ds, C given in (4-6) and (4-12) respectively.
Finally, the decay (4-13) applied to (2-46) yields
SR = Yo (D — 5 ast— +oo,
showing the exponentially fast convergence to a uniformly parametrized circle of area 7. U

4B. Uniqueness. Consider two solutions X = X+ X and X=X c+ X with initial data X o and X 0
in 711, Recalling the system in the Y-variables (2-32), we have

d ~ A 5 5

NP = Il = —(5E =V ONY =Tl + VAN K ) -NEe Dl @16)

and
17.(0) — ¥(0)] < |Fo.c(0) — Yo, (0)] + fo |PO)'N(X,. X)(0) — P(0)"'N(X... D)(0)| dr. (4-17)

Notice that, in comparison with (4-3), we are including in the left-hand side of (4-16) the terms corre-
sponding to (the first frequency of) the circle part,

2|Yer(1) = Yoo (D).

Although these terms are neutral with respect to the dissipative linear operator, whenever they appear on
the right-hand side, we will be able to absorb them by using Gronwall’s lemma and (4-11) (which both Y
and Y satisfy). Notice further that since the nonlinear terms do not contain the zero frequency of Y, i.e.,
Y.(0), equation (4-17) implies R
1Yc(0) = Y.(0)| =0, (4-18)
once we show from (4-16) that ||y — 5)|| Fl= 0. Thus we proceed to deal with (4-16).
The difference between the nonlinear terms in (4-16) is split in four, according to (3-5), so that we have

IV X, X)=N X, )l 10 < IN1 (X, X)=N1(Xe, X)l|poa +HIN2 (X e, X)=Na (X, X o

HIN3(Xe, X)=N3(Xe, Xl o1 HINa(X e, X)=Na(Xe, X) | o1 (4-19)

We start by explaining the estimate corresponding to the first subterm N/ ; in detail (see (3-6)), and later
we will explain the general procedure. We have

Nii(Xe, X)(0) = N1 (X, X)O) = Q1 + Q2+ Q3+ Qu, (4-20)

where

1 1 T
Q= <_477R2 + m) ./gaeAnxc(G) Ay XO)FL(n)dn,

1 ~ ~ o~
Q2=4n§2 /S(aeAan(G)—aeAan(Q))TAnX(G)FL(n)dn,
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05 L A, X ()T (2,X(0) — A, X (©))Fr(n)dn,

47 R2

Q4= 47 R?

fg oAy X o (0)" A, X (O)(FL(n) — FL(m)) dn.

For the first term, we need to estimate the difference between R and R. Recalling (2-40), where
|Ye2(D)]? = R?/2 with R? = a® + b2, we have

R R = ‘—221«@(1«»2 —IB0P +2 3 kITa0P =171 0P

k>1 k>1
<23 k([ IB200 ] = 1¥201 [ T®)] +17200D + [T 60 = ¥ 1 01| (0 + ¥ 1))
k>1

Further note for j =1, 2 that
1Y) — 1Y (0| < 1Y (k) — Y (K)I,

and on the S domain we have |?j(k)| < |IYjllLes) < 1Yl 70.1. We conclude
IR?— R < (1Y ll 701 + 1Y [l 700 1Y — ¥ || 1.
Therefore, using also (2-41), we obtain
‘L 1
R? R2

- 1Y [l o0 + 1Y || 0.
- I I

VI=SIY Iy, V1= 5IY Ly,
In particular, for a constant c(||Y || z1.1, “?”]':1,1) > 0, we can write

1
R R

1Y =¥l 1.

R? — R?
- ‘ R2R2

<c(¥ I, ¥ 1 0IY =¥l 0.

Then, the bound for @Q; follows as in the estimate for the term (3-8), we obtain
1Q1l00 < ¥ g0 I )N FLll o [V = ¥l 1,
and introducing the estimate for F; from (3-56) we have
1@ 11501 < AecUY I, ¥ 1510 Ay vo) X112 Y = ¥ 0,
which is trivially bounded by
Q11500 < AccIY [z, 1¥ 1510, A vo) 1Y [ 20 1Y = Pl 1.

It is now clear that (4-11) allows us to control this term by Gronwall’s lemma in (4-16).
We proceed to estimate Q5 in (4-20). Following the steps in (3-8), but maintaining the difference
between X ¢ and X, together, we find that

1921 01 < (Y 50 1Y 11510, A vo) ¥ (1520 Ve 2(1) = Ve (D)
< AccIY 1510 1Y 12100, Ay Vo) 1Y |20 1Y = Pl
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and it is thus controlled in the same way. The bound for Q3 follows exactly as in (3-8) and has the same
structure as the bound for Q>.
Finally, we are left with @4, for which we have

Q4 = c(IYll g0, 1Y | g1 FrL — Fr| zor.

We emphasize that the constant above is given exactly by the one for AV 1 in (3-14). The estimate for
F, — F; follows from (2-25) (compare to (3-56)); we have

~ ~ 1Al ~
I1FL = Full s <2405 = Xl + 2407250 1R = X, (4-21)

so, moving to the Y -variable, we obtain

Q4 < Acc(IY [ 210, 1Y 15 DIY = Yl 20+ Aec 1Y s ¥ 1200, Ay vo) 1Y = Yl 1,
and therefore trivially we have

Qs < Acc(IY 10, 1Y 15D Y = Yl z21 + Aec Y |0, 1¥ 501, Ay vo) | Y = Pl

Although in this section we are denoting by ¢ all constants (possibly depending on ||Y || Fhis ||f;|| Al
A, Vo), it is important to notice that the constant in front of the high-order term [|Y — Y| 2 is less than
or equal to the one appearing in the nonlinear estimates from Section 3A. This will allow us to absorb
these terms using the negative sign coming from the dissipative linear term without additional conditions
on the initial data other than the one needed for the earlier existence proof.

In summary, so far we have obtained

N1 (Xe, X) = N1 (X, D)l zor < Aec(Y |z, 1Y [0 1Y = Y| 2

+ AegUY W T g0 1Y 20 1¥ 120 Ay voo) 1P = Dl 5,
where g is a function whose L !-in-time norm is bounded independently of time in terms of the initial data
1Yol 701, || Yol 7o.1. Therefore the second term above can be controlled in (4-16) after using the Gronwall
inequality.

Following the same steps for all the terms corresponding to A/ from (3-6), it is clear that one obtains

IV (Xe, X) = N1 (X, ) zon < e(1Y |, 1Y 51 FL — Fr o

+ AU g T 500 1Y 200 1F 1 20, Ay vo) | D = Pl 5,
where we use the same letter g to denote another L'-in-time function as explained above and the constant

in front of ||ﬁ L — FL| zo:1 is exactly given by the one in (3-23). Since the coefficient of the higher-order
term in the bound (4-21) is smaller than the one in (3-56), we guarantee that

IV (Xe. X)=N1 (X, D) o1 < Aec (1Y |0 1F | ) [T =Y | 22
ALY [z ¥ 1Y (2, 1Y ] 520, Ay ve) | P=D 511 (4-22)
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Now, we realize that the same idea applies to the other nonlinear terms in (4-19). In A/, there are not
high-order terms to absorb, since the expression of Fy (3-58) only depends on the circle part, which has
to be controlled via Gronwall. The term A3 will provide an estimate like the one above for N, where
the constant in front of || Y - Y| 2 is smaller than (3-48) for the same reasons given before. Finally, the
same can be said for Ay, but with an analogous estimate to (4-21) for the difference Fy — F v. It follows
in the same way as the estimate (3-57), so we omit details to avoid repetition.

The final estimate for the difference of the nonlinear terms in (4-19) has then the form (4-22), with
a coefficient of the highest-order norm smaller than the coefficient of the norm with the highest-order
derivative in (4-5). Therefore, under condition (1-29), the highest-regularity terms in the nonlinear upper
bound can be absorbed by the dissipation in (4-16) and thus

d ~ ~ ~ ~
Y = Pz = AegUY Nz 1F g 1Y D2 1 20, A vo) I P = Pl 00,
which provides for all time via Gronwall that
1Y = Pl 10 < cl¥oll g, 1¥0ll 510, Ay A, vo) 1Yo — Vol £1.1-

We conclude that |y — 57|| A= 0. Together with (4-18), this completes the proof. O

Acknowledgements

Garcia-Judrez was partially supported by the grant MTM2017-89976-P (Spain), the AMS-Simons Travel
Grant, and by the ERC through the Starting Grant projects H2020-EU.1.1-639227 and ERC-StG-CAPA-
852741. Mori was partially supported by the NSF grants DMS-1907583 and DMS-2042144 (USA)
and the Math+X award from the Simons Foundation. Strain was partially supported by the NSF grants
DMS-1764177 and DMS-2055271 (USA).

References
[Ambrose and Siegel 2017] D. M. Ambrose and M. Siegel, “Well-posedness of two-dimensional hydroelastic waves”, Proc. Roy.
Soc. Edinburgh Sect. A 147:3 (2017), 529-570. MR Zbl

[Boulakia et al. 2012] M. Boulakia, E. L. Schwindt, and T. Takahashi, “Existence of strong solutions for the motion of an elastic
structure in an incompressible viscous fluid”, Interfaces Free Bound. 14:3 (2012), 273-306. MR Zbl

[Cameron 2019] S. Cameron, “Global well-posedness for the two-dimensional Muskat problem with slope less than 17, Anal.
PDE 12:4 (2019), 997-1022. MR Zbl

[Cameron 2020] S. Cameron, “Global wellposedness for the 3D Muskat problem with medium size slope”, preprint, 2020.
arXiv 2002.00508

[Cheng and Shkoller 2010] C. H. A. Cheng and S. Shkoller, “The interaction of the 3D Navier—Stokes equations with a moving
nonlinear Koiter elastic shell”, SIAM J. Math. Anal. 42:3 (2010), 1094-1155. MR Zbl

[Cheng et al. 2007] C. H. A. Cheng, D. Coutand, and S. Shkoller, “Navier—Stokes equations interacting with a nonlinear elastic
biofluid shell”, SIAM J. Math. Anal. 39:3 (2007), 742-800. MR Zbl

[Constantin et al. 2013] P. Constantin, D. Cérdoba, F. Gancedo, and R. M. Strain, “On the global existence for the Muskat
problem”, J. Eur. Math. Soc. 15:1 (2013), 201-227. MR Zbl

[Constantin et al. 2016] P. Constantin, D. Cérdoba, F. Gancedo, L. Rodriguez-Piazza, and R. M. Strain, “On the Muskat problem:
global in time results in 2D and 3D”, Amer. J. Math. 138:6 (2016), 1455-1494. MR Zbl


http://dx.doi.org/10.1017/S0308210516000238
http://msp.org/idx/mr/3656704
http://msp.org/idx/zbl/1373.76015
http://dx.doi.org/10.4171/IFB/282
http://dx.doi.org/10.4171/IFB/282
http://msp.org/idx/mr/2995408
http://msp.org/idx/zbl/1260.35258
http://dx.doi.org/10.2140/apde.2019.12.997
http://msp.org/idx/mr/3869383
http://msp.org/idx/zbl/1403.35127
http://msp.org/idx/arx/2002.00508
http://dx.doi.org/10.1137/080741628
http://dx.doi.org/10.1137/080741628
http://msp.org/idx/mr/2644917
http://msp.org/idx/zbl/1420.74004
http://dx.doi.org/10.1137/060656085
http://dx.doi.org/10.1137/060656085
http://msp.org/idx/mr/2349865
http://msp.org/idx/zbl/1138.74022
http://dx.doi.org/10.4171/JEMS/360
http://dx.doi.org/10.4171/JEMS/360
http://msp.org/idx/mr/2998834
http://msp.org/idx/zbl/1258.35002
http://dx.doi.org/10.1353/ajm.2016.0044
http://dx.doi.org/10.1353/ajm.2016.0044
http://msp.org/idx/mr/3595492
http://msp.org/idx/zbl/1369.35053

THE PESKIN PROBLEM WITH VISCOSITY CONTRAST 837

[Gancedo et al. 2019a] F. Gancedo, E. Garcia-Juarez, N. Patel, and R. Strain, “Global regularity for gravity unstable Muskat
bubbles”, 2019. To appear in Mem. Amer. Math. Soc. arXiv 1902.02318

[Gancedo et al. 2019b] F. Gancedo, E. Garcia-Judrez, N. Patel, and R. M. Strain, “On the Muskat problem with viscosity jump:
global in time results”, Adv. Math. 345 (2019), 552-597. MR Zbl

[Gancedo et al. 2020] F. Gancedo, R. Granero-Belinchén, and S. Scrobogna, “Surface tension stabilization of the Rayleigh—
Taylor instability for a fluid layer in a porous medium”, Ann. Inst. H. Poincaré C Anal. Non Linéaire 37:6 (2020), 1299-1343.
MR Zbl

[Li2021] H. Li, “Stability of the Stokes immersed boundary problem with bending and stretching energy”, J. Funct. Anal. 281:9
(2021), art. id. 109204. MR Zbl

[Li and Ito 2006] Z. Li and K. Ito, The immersed interface method: numerical solutions of PDEs involving interfaces and
irregular domains, Frontiers in Appl. Math. 33, Soc. Indust. Appl. Math., Philadelphia, PA, 2006. MR Zbl

[Lin and Tong 2019] F.-H. Lin and J. Tong, “Solvability of the Stokes immersed boundary problem in two dimensions”, Comm.
Pure Appl. Math. 72:1 (2019), 159-226. MR Zbl

[Liu and Ambrose 2017] S. Liu and D. M. Ambrose, “Well-posedness of two-dimensional hydroelastic waves with mass”,
J. Differential Equations 262:9 (2017), 4656-4699. MR Zbl

[Lunardi 1995] A. Lunardi, Analytic semigroups and optimal regularity in parabolic problems, Progr. Nonlinear Differential
Equations Appl. 16, Birkhduser, Basel, 1995. MR Zbl

[Mori et al. 2019] Y. Mori, A. Rodenberg, and D. Spirn, “Well-posedness and global behavior of the Peskin problem of an
immersed elastic filament in Stokes flow”, Comm. Pure Appl. Math. 72:5 (2019), 887-980. MR Zbl

[Muha and Canié¢ 2013] B. Muha and S. Cani¢, “Existence of a weak solution to a nonlinear fluid-structure interaction problem
modeling the flow of an incompressible, viscous fluid in a cylinder with deformable walls”, Arch. Ration. Mech. Anal. 207:3
(2013), 919-968. MR Zbl

[Peskin 2002] C. S. Peskin, “The immersed boundary method”, Acta Numer. 11 (2002), 479-517. MR Zbl

[Plotnikov and Toland 2011] P. I. Plotnikov and J. F. Toland, “Modelling nonlinear hydroelastic waves”, Philos. Trans. R. Soc.
Lond. Ser. A Math. Phys. Eng. Sci. 369:1947 (2011), 2942-2956. MR Zbl

[Plotnikov and Toland 2012] P. I. Plotnikov and J. F. Toland, ““Strain-gradient theory of hydroelastic travelling waves and Young
measures of their singular limits”, Calc. Var. Partial Differential Equations 44:1-2 (2012), 153-197. MR Zbl

[Pozrikidis 1992] C. Pozrikidis, Boundary integral and singularity methods for linearized viscous flow, Cambridge Univ. Press,
1992. MR Zbl

[Priiss and Simonett 2009] J. Priiss and G. Simonett, “Analysis of the boundary symbol for the two-phase Navier—Stokes
equations with surface tension”, pp. 265-285 in Nonlocal and abstract parabolic equations and their applications (Bgdlewo,
Poland, 2007), edited by P. B. Mucha et al., Banach Center Publ. 86, Polish Acad. Sci. Inst. Math., Warsaw, 2009. MR Zbl

[Priiss and Simonett 2016] J. Priiss and G. Simonett, Moving interfaces and quasilinear parabolic evolution equations, Monogr.
Math. 105, Birkhiuser, Cham, 2016. MR Zbl

[Richter 2017] T. Richter, Fluid-structure interactions: models, analysis and finite elements, Lect. Notes in Computational Sci.
Eng. 118, Springer, 2017. MR Zbl

[Rodenberg 2018] A. Rodenberg, 2D Peskin problems of an immersed elastic filament in Stokes flow, Ph.D. thesis, University of
Minnesota, 2018, available at https://www.proquest.com/docview/2082409498.

[Shimizu 2009] S. Shimizu, “Maximal regularity principle and its applications to free boundary problems for fluids”, Stigaku
61:4 (2009), 352-375. In Japanese; translated in Sugaku Expo. 25:1 (2012), 105-130. MR

[Simon 1987] J. Simon, “Compact sets in the space L” (0, T; B)”, Ann. Mat. Pura Appl. (4) 146 (1987), 65-96. MR Zbl

[Tong 2021] J. Tong, “Regularized Stokes immersed boundary problems in two dimensions: well-posedness, singular limit, and
error estimates”, Comm. Pure Appl. Math. 74:2 (2021), 366-449. MR Zbl

[Tryggvason et al. 2001] G. Tryggvason, B. Bunner, A. Esmaeeli, D. Juric, N. Al-Rawahi, W. Tauber, J. Han, S. Nas, and
Y.-J. Jan, “A front-tracking method for the computations of multiphase flow”, J. Comput. Phys. 169:2 (2001), 708-759. MR
Zbl


http://msp.org/idx/arx/1902.02318
http://dx.doi.org/10.1016/j.aim.2019.01.017
http://dx.doi.org/10.1016/j.aim.2019.01.017
http://msp.org/idx/mr/3899970
http://msp.org/idx/zbl/1410.35117
http://dx.doi.org/10.1016/j.anihpc.2020.04.005
http://dx.doi.org/10.1016/j.anihpc.2020.04.005
http://msp.org/idx/mr/4168918
http://msp.org/idx/zbl/1459.76053
http://dx.doi.org/10.1016/j.jfa.2021.109204
http://msp.org/idx/mr/4295976
http://msp.org/idx/zbl/07395049
http://dx.doi.org/10.1137/1.9780898717464
http://dx.doi.org/10.1137/1.9780898717464
http://msp.org/idx/mr/2242805
http://msp.org/idx/zbl/1122.65096
http://dx.doi.org/10.1002/cpa.21764
http://msp.org/idx/mr/3882225
http://msp.org/idx/zbl/1406.35289
http://dx.doi.org/10.1016/j.jde.2016.12.016
http://msp.org/idx/mr/3608168
http://msp.org/idx/zbl/1386.35345
http://dx.doi.org/10.1007/978-3-0348-9234-6
http://msp.org/idx/mr/1329547
http://msp.org/idx/zbl/0816.35001
http://dx.doi.org/10.1002/cpa.21802
http://dx.doi.org/10.1002/cpa.21802
http://msp.org/idx/mr/3935476
http://msp.org/idx/zbl/1423.35297
http://dx.doi.org/10.1007/s00205-012-0585-5
http://dx.doi.org/10.1007/s00205-012-0585-5
http://msp.org/idx/mr/3017292
http://msp.org/idx/zbl/1260.35148
http://dx.doi.org/10.1017/S0962492902000077
http://msp.org/idx/mr/2009378
http://msp.org/idx/zbl/1123.74309
http://dx.doi.org/10.1098/rsta.2011.0104
http://msp.org/idx/mr/2812947
http://msp.org/idx/zbl/1228.76027
http://dx.doi.org/10.1007/s00526-011-0430-y
http://dx.doi.org/10.1007/s00526-011-0430-y
http://msp.org/idx/mr/2898775
http://msp.org/idx/zbl/1243.35180
http://dx.doi.org/10.1017/CBO9780511624124
http://msp.org/idx/mr/1156495
http://msp.org/idx/zbl/0772.76005
http://dx.doi.org/10.4064/bc86-0-17
http://dx.doi.org/10.4064/bc86-0-17
http://msp.org/idx/mr/2571494
http://msp.org/idx/zbl/1167.35555
http://dx.doi.org/10.1007/978-3-319-27698-4
http://msp.org/idx/mr/3524106
http://msp.org/idx/zbl/1435.35004
http://dx.doi.org/10.1007/978-3-319-63970-3
http://msp.org/idx/mr/3709400
http://msp.org/idx/zbl/1374.76001
https://www.proquest.com/docview/2082409498
https://doi.org/10.11429/sugaku.0614352
http://msp.org/idx/mr/2656036
http://dx.doi.org/10.1007/BF01762360
http://msp.org/idx/mr/916688
http://msp.org/idx/zbl/0629.46031
http://dx.doi.org/10.1002/cpa.21968
http://dx.doi.org/10.1002/cpa.21968
http://msp.org/idx/mr/4194624
http://msp.org/idx/zbl/1471.35222
http://dx.doi.org/10.1006/jcph.2001.6726
http://msp.org/idx/mr/3363449
http://msp.org/idx/zbl/1047.76574

838 EDUARDO GARCIA-JUAREZ, YOICHIRO MORI AND ROBERT M. STRAIN

Received 16 Dec 2020. Revised 6 Jul 2021. Accepted 23 Aug 2021.

EDUARDO GARCIA-JUAREZ: egarcial2@us.es
Departament de Matematiques i Informatica, Universitat de Barcelona, Gran Via de les Corts Catalanes, Barcelona, Spain

YOICHIRO MORI: ylmori@sas.upenn.edu
Department of Mathematics, University of Pennsylvania, David Rittenhouse Lab, Philadelphia, PA, United States

ROBERT M. STRAIN: strain@math.upenn.edu
Department of Mathematics, University of Pennsylvania, David Rittenhouse Lab, Philadelphia, PA, United States

mathematical sciences publishers :'msp


mailto:egarcia12@us.es
mailto:y1mori@sas.upenn.edu
mailto:strain@math.upenn.edu
http://msp.org

Massimiliano Berti

Zbigniew Btocki

Charles Fefferman

Isabelle Gallagher

Colin Guillarmou

Ursula Hamenstaedt

Vadim Kaloshin

Izabella Laba

Anna L. Mazzucato

Richard B. Melrose

Frank Merle

William Minicozzi IT

Analysis & PDE
msp.org/apde

EDITORS-IN-CHIEF

Patrick Gérard

Université Paris Sud XI, France

patrick.gerard @universite-paris-saclay.fr

Clément Mouhot

Cambridge University, UK

c.mouhot@dpmms.cam.ac.uk

BOARD OF EDITORS

Scuola Intern. Sup. di Studi Avanzati, Italy
berti @sissa.it

Uniwersytet Jagielloniski, Poland
zbigniew.blocki@uj.edu.pl

Princeton University, USA
cf@math.princeton.edu

Université Paris-Diderot, IMJ-PRG, France
gallagher @math.ens.fr

Université Paris-Saclay, France
colin.guillarmou @universite-paris-saclay.fr
Universitdt Bonn, Germany
ursula@math.uni-bonn.de

University of Maryland, USA
vadim.kaloshin @gmail.com

University of British Columbia, Canada
ilaba@math.ubc.ca

Penn State University, USA

alm24 @psu.edu

Massachussets Inst. of Tech., USA
rbm@math.mit.edu

Université de Cergy-Pontoise, France
merle @ihes.fr

Johns Hopkins University, USA
minicozz@math.jhu.edu

Werner Miiller

Gilles Pisier

Igor Rodnianski

Yum-Tong Siu

Terence Tao

Michael E. Taylor

Gunther Uhlmann

Andris Vasy

Dan Virgil Voiculescu

Jim Wright

Maciej Zworski

PRODUCTION
production @msp.org

Silvio Levy, Scientific Editor

Universitidt Bonn, Germany

mueller @math.uni-bonn.de

Texas A&M University, and Paris 6
pisier@math.tamu.edu

Princeton University, USA

irod @math.princeton.edu

Harvard University, USA
siu@math.harvard.edu

University of California, Los Angeles, USA
tao@math.ucla.edu

Univ. of North Carolina, Chapel Hill, USA
met@math.unc.edu

University of Washington, USA
gunther @math.washington.edu
Stanford University, USA

andras @math.stanford.edu

University of California, Berkeley, USA
dvv@math.berkeley.edu

University of Edinburgh, UK
jr.wright@ed.ac.uk

University of California, Berkeley, USA
zworski@math.berkeley.edu

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2023 is US $405/year for the electronic version, and $630/year (+$65, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscriber address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Univer-
sity of California, Berkeley, CA 94720-3840, is published continuously online.

APDE peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY

:I mathematical sciences publishers

nonprofit scientific publishing

http://msp.org/
© 2023 Mathematical Sciences Publishers


http://msp.org/apde
mailto:patrick.gerard@universite-paris-saclay.fr
mailto:c.mouhot@dpmms.cam.ac.uk
mailto:berti@sissa.it
mailto:zbigniew.blocki@uj.edu.pl
mailto:cf@math.princeton.edu
mailto:gallagher@math.ens.fr
mailto:colin.guillarmou@universite-paris-saclay.fr
mailto:ursula@math.uni-bonn.de
mailto:vadim.kaloshin@gmail.com
mailto:ilaba@math.ubc.ca
mailto:alm24@psu.edu
mailto:rbm@math.mit.edu
mailto:merle@ihes.fr
mailto:minicozz@math.jhu.edu
mailto:mueller@math.uni-bonn.de
mailto:pisier@math.tamu.edu
mailto:irod@math.princeton.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:j.r.wright@ed.ac.uk
mailto:zworski@math.berkeley.edu
mailto:production@msp.org
http://msp.org/apde
http://msp.org/
http://msp.org/

ANALYSIS & PDE

Volume 16 No.3 2023

Global regularity for the nonlinear wave equation with slightly supercritical power
MARIA COLOMBO and SILJA HAFFTER

Subelliptic wave equations are never observable
CYRIL LETROUIT

Quantitative Alexandrov theorem and asymptotic behavior of the volume preserving mean
curvature flow
VESA JULIN and JOONAS NIINIKOSKI

A simple nuclear C*-algebra with an internal asymmetry

ILAN HIRSHBERG and N. CHRISTOPHER PHILLIPS
Partial regularity of Leray—Hopf weak solutions to the incompressible Navier—Stokes
equations with hyperdissipation

WOICIECH S. OZANSKI

The Peskin problem with viscosity contrast
EDUARDO GARCIA-JUAREZ, YOICHIRO MORI and ROBERT M. STRAIN

Solution of the qc Yamabe equation on a 3-Sasakian manifold and the quaternionic Heisenberg
group

STEFAN IVANOV, IVAN MINCHEV and DIMITER VASSILEV
Garland’s method with Banach coefficients

IZHAR OPPENHEIM

613

643

679

711

747

785

839

861



	1. Introduction
	1A. Formulation
	1B. Critical regularity and related results
	1C. Notation and functional spaces
	1D. Main results
	1E. Outline

	2. Linearization around the steady state
	2A. Nonlinear expansion
	2B. Linearized system
	2C. Evolution of the norm of X
	2D. Complete system

	3. A priori estimates
	3A. A priori estimates on X
	3B. A priori estimates on F

	4. Proof of main theorem
	4A. Existence
	4B. Uniqueness

	Acknowledgements
	References
	
	

