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RESONANCES FOR SCHRODINGER OPERATORS
ON INFINITE CYLINDERS AND OTHER PRODUCTS

T. J. CHRISTIANSEN

We study the resonances of Schrodinger operators on the infinite product X = R? x S!, where d is odd,
S! is the unit circle, and the potential V lies in L°(X). This paper shows that at high energy, resonances
of the Schrodinger operator —A 4+ V on X = R? x S' which are near the continuous spectrum are
approximated by the resonances of —A 4 Vj on X, where the potential Vj is given by averaging V over
the unit circle. These resonances are, in turn, given in terms of the resonances of a Schrodinger operator
on R? which lie in a bounded set. If the potential is smooth, we obtain improved localization of the
resonances, particularly in the case of simple, rank 1 poles of the corresponding scattering resolvent on R?.
In that case, we obtain the leading order correction for the location of the corresponding high-energy
resonances. In addition to direct results about the location of resonances, we show that at high energies
away from the resonances, the resolvent of the model operator —A 4 V; on X approximates that of
—A+V on X. If d =1, in certain cases this implies the existence of an asymptotic expansion of solutions
of the wave equation. Again for the special case of d = 1, we obtain a resonant rigidity type result for the
zero potential among all real-valued smooth potentials.

1. Introduction

We study the Schrodinger operator — A+ V on the manifold X = R? x S! with the product metric, where d
is odd, S! is the unit circle, and V € L2°(X). In the special case d = 1, X is the infinite cylinder R x st
We show that in the large energy limit, resonances near the continuous spectrum are well approximated
by those of —A 4 Vjy, where Vj is the average of V over st Vo(x) = # 02” V(x,0)d6. By a separation
of variables argument, these, in turn, are determined by the low energy resonances of the Schrodinger
operator — Z;i:l 82/ ijz + Vo on RY. In the case of smooth potentials V, for simple rank 1 poles of the
(scattering) resolvent of — 27:0 32/ ijz + Vo, we find the leading-order corrections to the location of the
corresponding poles of the resolvent of —A +V on X. Among other things, this allows us to prove that no
other smooth real-valued potential on R x S! has the same resonances as the zero potential. For potentials
with Vy = 0, we show the existence of large resonance-free regions. Whend =1 and V € C°(X; R),
under certain hypotheses on the potential Vy we are able to give an asymptotic expansion of solutions
of the wave equation. For the case of d = 1 we study a simple example of a nontrivial potential V
with Vy = 0 and locate some of the corresponding resonances. Some of these results are reminiscent of
Drouot’s results [2018] for rapidly oscillating potentials on R
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Let A < 0 denote the Laplacian on X = RY x S! with the product metric. For V e L°(X) the
Schrodinger operator —A + V' has continuous spectrum [0, 0o), with multiplicity which increases at
each threshold jz, for j e Ng. ForIm¢ > 0,set Ry () =(—A+V — ;‘2)_1. This (scattering) resolvent
has a meromorphic continuation to 7 , the minimal Riemann surface for which 7;(¢) def (¢?2—=1»)"%isa
single-valued analytic function for each / € Ny. The resonances are poles of the resolvent Ry ({). We
refer to the portion of 7 for which Im 7;(¢) > 0 for all [ € Ny as the physical space. In this set Ry is a
bounded operator on L?(X), away from a discrete set of points which correspond to (square roots of)
eigenvalues. For [ € Ny and p > 0, denote by B;(p) the connected component of {{ € Z: |71(¢)] < p}
which nontrivially intersects both the physical space and the set {¢ € Z:Re 79(¢) > 0}. Using as the
coordinate 7;(¢), B;(p) is identified with the disk of radius p in the complex plane, centered at the origin,
and this identification is compatible with the complex structure of Z Bipy If 0 < V2[ —1. The point
77(¢) = 0 in Bj(p) corresponds to the /-th threshold. We study the resonances of —A + V in B;(p),
or Bj(xlogl), as | — oco. Results of Section 6 show that these are the high-energy resonances “near” the
continuous spectrum which have Re tp > 0.

For a function V € L°(X) and m € Z define

1 27 )
Vi (x) = Z/ Vi(x,0)e ™ dg,
0

so that V(x, 0) = Z;’f:_oo V,u (x)e™?. The minimal assumption on a potential V in most of this paper
will be that
VeLX(X) and |[[Vylre= 0(|m|_5) for some § with 0 < 4§ < % (1-1)

Note that this imposes an assumption on é as well, which we shall include when we invoke hypothesis (1-1).
We use the notation Ag = Z;-i: | 8%/ 8xj2 for the Laplacian on R?,

Ry,o0) = (—Ag+Vo—2H7!, if ImA >0 (1-2)

with the same notation for its meromorphic continuation to the complex plane — see Section 3A. The poles
of Ry, in C are the resonances of —Ag 4+ Vp. The multiplicity my, o(Xo) of a resonance of —Ag+ Vp
at A is given by the dimension of the range of the singular part of the resolvent at Ag; this is discussed
further in Section 4.

Theorem 1.1. Let X = R? x S, d odd, and let V € LX(X) satisfy Vil = O(Im|~?) for some §
with 0 < § < % Suppose Lo € C, Lo # 0, is a resonance of —Ag + Vo on R, of multiplicity my,.0(Ao).
Let p € R, p > |Ao|. Then there are Co > 0, L > 0 so that forl > L, | € N there are exactly 2my, o(1o)

resonances, when counted with multiplicity, of —A + 'V in the set
{¢ € Bi(p) : [T(§) — Aol < Col ™/ mvo0toly,

Here, and elsewhere in the paper, the apparent “doubling” of the number of poles (when counted with
multiplicity) on X as compared with those on R? is due to the fact that for / € N, /2 is an eigenvalue
of —d?/d6? on S' of multiplicity two. This can be seen immediately in the simplest case, V = Vp, by
separating variables.
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Figure 1. A schematic showing resonances of —A + V in B;(p), pictured in the
7;-coordinate. Each red x indicates a single resonance of even multiplicity or a cluster of
resonances. The hatched region indicates the portion of B;(p) which lies in the physical
space. By comparing Figure 2, Section 3B one can see how this fits in the larger picture.

In this paper we refer to any pole of the resolvent as a resonance, including those which correspond to
eigenvalues. The second part of Theorem 1.2, for which V is assumed to be smooth, implies an improved
localization of the resonances for smooth potentials.

The next theorem shows that, other than possible poles near the threshold, the poles as described above
are all the poles in B;(p) for sufficiently large /.

Theorem 1.2. Let X = R? x S!, d odd, and suppose V satisfies the hypothesis (1-1). Choose p > 0 so
that if Aj is a pole of Ry, 0()), then |A;| # p. Set

A, ={xj € C:|Aj| < pand A;j is a pole of Ry, o(1)}.

Let €' > 0 be so that € < min{|A;| : X; € Ay, Xj # 0}. Then there are C, L>0s0 that forl > L, 1 € N,
there are no resonances of —A+V in

{£ € Bi(p) : |u(0)| > € and |1 (¢) —Aj| > CI7/™00%) forall A; e A,).
Moreover, if V is smooth for perhaps larger L and C, for |l > L there are no resonances in
{¢ €Bi(p) |t > € and |1 (¢) — Aj| > C172/mvg.005)) forall )j € Ap}.

In addition, if Ry, 0(A) is analytic in a neighborhood of the origin, then there are no poles in B (¢') forl
sufficiently large.

We comment that smoothness of the potential V is more than is needed for the second part of
Theorem 1.2. It would suffice to have V € C¥(X), for some k sufficiently large. In order to simplify the
proofs, we have not tracked the value of k£ which is needed.

To help visualize these theorems, we include Figure 1, which is a schematic showing the resonances of
—A+V in Bj(p) for large [, using the t;-coordinate. This schematic is familiar from odd-dimensional
scattering theory; that this should be so is a consequence of Theorems 1.1-1.3. One difference is that
in this diagram, the only portion of B;(p) which lies in the physical space is the portion which is in the
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first quadrant, indicated by hatching. Another is that each x indicates either a single resonance of even
multiplicity, or a cluster of resonances. See Figure 2 to see how By fits in a larger context.

For Schrodinger operators on R?, the behavior of the singularities of the resolvent at the origin is
delicate. For example, notions of multiplicity of a resonance which agree at points away from the origin
may differ at the origin; see [Dyatlov and Zworski 2019, Theorem 2.8]. These same sorts of issues arise
at thresholds in the case under study here, and accounts for the fact that this next theorem, which concerns
resonances very near the thresholds, is weaker than the previous ones.

Theorem 1.3. Let V satisfy (1-1) and suppose the resolvent of —Ag + Vo on R? has a pole at 0 of
order r > 0, and multiplicity my, o(0) Then there are C, L > 0 so that —A +V on X has at least
2my,.0(0) resonances, when counted with multiplicity, in B;(Cl =8/"y when | > L, 1 € N. Moreover, there
is an € > 0 so that —A + V has no poles in B;(€)\ B;(CI7%/"y whenl > L. If V € C2°(X), then this
can be improved to show that there is a C; > 0 so that —A + V has no poles in B;(¢€) \ B;(Cyl —2/ry
when | > L. Moreover, under the hypothesis (1-1), if r =1 there are exactly 2my, ¢(0) resonances of
—A+V in B/(CI™®) forl > L.

Suppose for the moment that Vj) is real-valued. In this case, it is well known that if d = 1 the order
of the pole of the resolvent of —dz/dx2 + Vo at O cannot exceed 1, and if it is 1, then my, ¢(0) =1
[Dyatlov and Zworski 2019, Theorem 2.7]. If d > 3 is odd, then the order of the pole of the resolvent
of —Ag+ Vy at 0 cannot exceed 2 [Dyatlov and Zworski 2019, Lemma 3.16]. For general V and r, the
order of the pole at 0 can be bounded from above in terms of my; ((0), and in the case d = 1, my, ¢(0)
can be bounded above by r.

It is of particular interest to understand poles of the resolvent Ry near the physical region. In Section 6
we show that there are large regions near the physical region that contain no resonances. A consequence
of those results is that large energy resonances near the continuous spectrum and having Re 79(¢) > 0 are
contained in regions of the form B;(p), where p depends on how near the continuous spectrum we wish
to look. In Section 6 we further justify our focus on the resonances in sets B;(p).

Theorems 1.1-1.3 combined with results of Section 6 yield the following corollary. Here d7 is a
distance on Z, defined in Section 6. The boundary of the physical region corresponds to the continuous
spectrum. In the corollary, we use {g“jb} to denote a sequence of points in Z, to distinguish them from {l
which is used elsewhere to denote a particular mapping from an open subset of the complex plane into Z.

Corollary 1.4. Let V € L°(X; R) satisfy (1-1). Then Ry (¢) has a sequence {{f}j’il of poles satisfying
both Iro(g“jb)l — 00 as j — oo and dz(¢?, physical region) — 0 as J — oo ifand only if Ry, o(A) has at
least one pole in i[0, 00).

In particular, if d = 1, by [Reed and Simon 1978, Theorem XIII.110] if f xV = 0 then Ry (¢) has
such a sequence of poles approaching the physical space. In contrast, if Vy(x) > 0 for all x and Vy
is nontrivial, Ry (¢) does not have such a sequence of poles. Note that for any fixed k9 € N, we have
|ro(g'jb)| — o0 as j — oo if and only if |rk0(§jb)| — 00 as j — oco. We remark that we could prove an
analog of Corollary 1.4 for complex-valued potentials as well.
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If we enlarge the region centered at the threshold [ with increasing [, we have less fine localization of
the resonances, see Theorem 7.1. However, when Vj, the average of the potential, is identically zero, we
can get a larger resonance-free region. The difference in the next result for d = 1 and d > 3 is due to the
fact that the resolvent of —d?/dx? on R has a pole at the origin, but that of —A( on R for d > 3 odd
does not.

Theorem 1.5. Let V € L°(X) satisfy (1-1), and suppose Vo = 0. If d = 1 there are o, co > 0 so that for
I € N sufficiently large there are no resonances of —A + V in the set {¢ € By(alogl) : |1(¢)| > co/1°).
If d > 3 is odd, there is an o > 0 so that for | sufficiently large there are no resonances of —A + 'V in the
set Bi(«logl).

There is a sense in which this theorem is sharp; see Proposition 12.6 for a computation for the case d =1
with the potential V (x, 6) = 2x,,(x) cos 6, where xj, is the characteristic function of the interval [—1, 1].

We can find the leading correction term for high-energy resonances of —A + V which correspond to
simple resonances of —Ag + Vp. In the next theorem, Vj is the gradient on R4, so that

a d 0
Vof=\—f—f....—f).
Of (3)61 f 8)(2f 8xd f)

Theorem 1.6. Let X =R¢ xS!, d odd, V € C2°(X), and suppose Ao € C is a simple pole of the scattering

resolvent Ry, o of —Ao+ Vo on R?, and that the residue of Ry,.0 at Ay has rank 1. Suppose for any
x € CX(RY),

X(Rvo,o()») - u ®u)x (1-3)

i
A — Ao
is analytic near A = Ao. Let p > |Ag|. Then there are €, L > 0 so that for | > L there are exactly two
poles of Ry (¢), when counted with multiplicity, in {¢ € B;(|hol + 1) : |11(¢) — Ao| < €}, and each pole

of Ry (L) in this set satisfies

n@) =ro— 152 % /R (Vi Viw® + (Vo Vi - Vo Viu?) (x) dx + 01 7).
k#£0

We note that the normalization of the singularity in (1-3) is chosen so that if V is real-valued and
Ao € 1[0, 00), then u is real-valued. There is some further discussion of u at the beginning of Section 10.
Proposition 12.3 shows that the leading correction may be rather different for a nonsmooth potential by
considering the special case of the potential on R x S! given by V (x, 6) = 2 cos 6 x;,(x), where x, is
the characteristic function of the interval [—1, 1]. As for Theorem 1.2, the proof of Theorem 1.6 only
needs V to be C¥ for some k sufficiently large. Since Theorem 1.8 requires smoothness of the potential
only for an application of Theorem 1.6, the same is true for it. Again, we have chosen not to track this
value in the interest of simplifying proofs.

If Vo e LY (R?; R) and the operator —Ag + Vp on L*(R%) has a simple negative eigenvalue — B2, then
this negative eigenvalue corresponds to a simple pole of Ry, ¢ on the positive imaginary axis at i|f],
and the residue has rank 1. By Theorem 1.1 (or Corollary 1.4), in this case Ry has a sequence of poles
approaching the physical space. If V € C2°(X; R), the poles approach the physical space very rapidly.
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Theorem 1.7. Suppose V € C°(X; R) and L € C is a simple pole of Ry, (1) with Re Ay =0, with residue
of Ry, at Ao having rank 1. Then there is an € > 0 so that if {Clb}fiL CcZisa sequence of poles of Ry
with £ € Bi(|rol + 1) and |t (¢)) — hol < €, then Re 7 (¢)) = O(™N) for any N. In particular, this
implies that if Im Ay > 0, then d; (;lb, physical region) = O (V).

Proposition 12.3 demonstrates the necessity of assuming some regularity of the potential, at least
for d = 1, by studying the resonances very near the /-th threshold for a certain real-valued potential with
a jump singularity. These resonances in B;(1) arise from the pole of Ry ¢(A) at Ao = 0. They have

lu(g)l=01""?)
and, for a subsequence of /’s tending to infinity,
Im(w (g > 15l >

This paper was initially motivated by the case d = 1, as R x S! provides a particularly simple example
of a manifold with infinite cylindrical ends and as such provides a testing ground for studying resonances
for Schrodinger operators on such manifolds. Most of the proofs of the preceding theorems are essentially
identical for any odd dimension of the factor R<, so we have included the more general results. However,
Theorems 1.8 and 1.9 are particular to the d =1 case.

As a corollary of Theorems 1.1, 1.3, and 1.6, we get in the case d = 1 a uniqueness-type result for the
zero potential among smooth real-valued potentials.

Theorem 1.8. Let V € C2°(R x S'; R). Suppose for each p > 0 there is a sequence
1122 = ()32, N

with [; — 00 when j — 00 so that in By;(p) the resonances of —A+V and —A on X =R x S! are the
same. Then V = 0.

This result is false if we omit the hypothesis that V' is real-valued. For example, for V| € C2°(R) set
V(x,0) =V (x)e'’. Then the operators —A 4 V and —A have the same resonances; see [Autin 2011] or
[Christiansen 2004, Section 4]. This example can be easily generalized.

As part of our study of the distribution of resonances, we prove that, in a suitable sense, near the
physical region of Z, Ry is well approximated by Ry, away from the poles of Ry,; see Proposition 5.4
and Lemma 5.5. In the case d = 1, this and results of [Christiansen and Datchev 2022] give a wave
expansion; see Theorem 1.9.

Let X=RxS! Ve C2°(X; R), and suppose —A + V has finitely many eigenvalues 1, po, ..., iy,
repeated with multiplicity, with associated orthonormal eigenfunctions {n;}, so that (—A + V)n; = u;n;.
Let u satisfy

52

mu—Au—}—Vu:O, (1-4)

(u, u)i—o = (f1, f2) € CZ(X) x CZ(X).
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Theorem 1.9. Let X =R xS' and V, fi, f» € C°(X), with V real-valued, and suppose —d*/dx*+V,
on R has no negative eigenvalues and no resonance at 0. Let u be the solution of (1-4) on [0, o00) x X.
Then for each ko € N we can write u(t) = ue(t) + tihr ko (1) + Uy 1, (t), where

sin((p))"/?1)
ue(t,x,0)= Y nlx, 9)<cos<(uj)”2r><f1, m) o )
€0y (=A+V) i
wj#0
+ Y @O fin) + i) (15)
nj€o,(—=A+V)
=0
and
ko—1 's)
ik (8, %, 0) = bo,o+ (6, 0) + Y 172K Y (&b 1 (x,0) + € b _(x,0))
k=0 j=1

for some bj i 1 € (x)1/2+2k+€L2(X). For any x € C2°(X) there is a constant C so that

o
D lxbjxxlizg <€ k=0,1,2,... ko —1
j=1

and
X tr ko (Dl L20x) < Ct™ ™  for t sufficiently large.

The assumption that —d?/dx? + V, on R has no negative eigenvalues and no resonance at 0 means,
by Theorem 1.2, that Ry has at most finitely many poles on the boundary of the physical space. In
particular, this means at most finitely many eigenvalues of —A + V/, so that the sum in u, is finite. Further,
there are at most finitely many poles at thresholds, and this implies via results of [Christiansen and
Datchev 2022] that at most finitely many of the b; o + are nonzero.

If —d?/d x>+ V, on R has one or more negative eigenvalues, it seems plausible that there is an asymptotic
expansion of solutions of the wave equation on compact sets. Since in this case by Theorem 1.7 the
resolvent Ry may have a sequence of poles rapidly approaching, but not lying in, the continuous spectrum,
such an expansion would need to take these into account and is more complicated — see for example
[Tang and Zworski 2000] for an expansion in a Euclidean scattering setting with resonances approaching
the continuous spectrum. In our setting proving the existence of such an expansion may use techniques
similar to those of [Christiansen and Datchev 2022] but does not follow directly from the results of that
work. Proving this is outside the scope of this paper.

In this paper we have, for simplicity, limited ourselves to the case of Schrodinger operators on R? x S.
However, many of our results for L potentials hold as well for Schrodinger operators with Dirichlet or
Neumann boundary conditions on R4~ % (0, 00) x S or on R? x (0, 7).

1A. Relation to previous work. This paper was inspired in part by two different sets of papers. The
first are papers which study eigenvalues and resonances of Schrodinger operators on RY with rapidly
oscillating potentials, and includes [Borisov 2006; Borisov and Gadylshin 2006; Duchéne and Weinstein
2011; Duchéne et al. 2014; 2015; Dimassi 2016; Drouot 2018]. Of these the most closely related to this
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paper is that of Drouot [2018], which studies the distribution of resonances of Schrodinger operators
—Ao+ V. on R with d odd. Here

V.(x) = Vo(x) + Z Vi(x)e* ¥ x e RY.
kezd k#0

Drouot shows in quantitative ways that in the limit € | 0, resonances of —Ag + V. near the continuous
spectrum are well approximated by those of —Ag + V. In addition, he proves some refinements related,
for example, to the leading order correction of the positions of the resonances. Theorems 1.1, 1.2, 1.3, 1.5,
and 1.6, as well as some computations in Section 12, are inspired by results in [Drouot 2018]. However,
the proofs are quite different. In part, this is because the different setting requires different techniques.
Additionally, Drouot’s results come mainly from studying regularized determinants. While this has the
potential of producing in some instances more refined results than we obtain here, it requires a substantial
amount of technical work. We have chosen instead to mostly avoid determinants, or to work only with
determinants of operators of the type I 4+ F, where F is finite rank. Instead, we use an operator Rouché
theorem of Gohberg and Sigal [1971]. In some places this may allow for sharper results than could be
obtained by using a regularized determinant. We note in addition that in the setting of [Drouot 2018], the
resonances lie on the complex plane, while for us, the resonances lie on a Riemann surface which is a
countable but infinite cover of the complex plane, with infinitely many branch points. This means that
some of the techniques used in [Drouot 2018] cannot be applied here.

A less direct source of inspiration is work done on the distribution of eigenvalues of the Schrodinger
operator —As» + W on the sphere S" (and certain other compact manifolds), n > 2; see for example
[Weinstein 1977; Widom 1979]. In this setting, eigenvalues of the Schrodinger operator occur in bands.
Roughly speaking, these authors show that a suitable average of the potential W can be used to obtain
information about the distribution of high-energy eigenvalues of the Schrodinger operator within these
bands. This average is over closed geodesics, rather than over all of S". Of course, our function Vy(x) is
the average of the potential V over the cross section of S', the unique closed geodesic on S'.

This paper was originally motivated by the d = 1 case, which gives X = R x S, a manifold with an
infinite cylindrical end. The spectral and scattering theory of manifolds with infinite cylindrical ends
has been studied in, for example, [Goldstein 1974; Guillopé 1989; Melrose 1993]. There is a large
literature studying the existence of eigenvalues and, in certain settings, the locations of resonances for
such manifolds and the related problems of waveguides which have a “one-dimensional infinity” as our
d =1 case does; see, e.g., [Levitin and Marletta 2008] or the monograph [Exner and Kovaiik 2015]. This
monograph also includes some results for manifolds with “higher-dimensional infinity”. Many of these
results focus on low-energy eigenvalues or resonances. We mention the papers [Christiansen 2002; 2004;
Christiansen and Datchev 2021; Christiansen and Zworski 1995; Parnovski 1995; Edward 2002] which
are more directly connected with high-energy behavior.

1B. Comments regarding other product manifolds. This paper studies only Schrodinger operators on
R? x S!, where d is odd. Here we comment on why we require that d be odd and on the choice of S for
the second factor.
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For Euclidean scattering, e.g., for the Schrodinger operator —Aga + Vgs on RY with Vigs € L (RY),
the space to which the resolvent continues is determined by the dimension: for odd d the meromorphic
continuation is to the complex plane, and for even d the meromorphic continuation is to A, the logarithmic
cover of C\ {0}. This means that certain questions related to the distribution of resonances are more
difficult in even dimensional Euclidean scattering than in odd dimensional Euclidean scattering. For
the problem we consider here, the Riemann surface on which the resonances live is a bit involved to
describe when d is odd; see Section 3B. The Riemann surface when d is even is much more complicated,
requiring as its building block A rather than C. It is, however, clear that some of our results, appropriately
interpreted, hold if d is even as long as we stay away from thresholds. In the interest of clarity we do not
pursue this here.

Next we turn to the choice of the factor S!. There are three things that make this an especially nice
choice:

(1) The spacing between the distinct eigenvalues grows as the eigenvalues grow.
(2) Upon averaging in S', we get a model operator that we understand fairly well.

(3) There is a choice of eigenfunctions of the Laplacian on S! so that a product of two eigenfunctions is

again an eigenfunction: ¢'/%¢/*0 = £1(/+k)0

Not all of our results require this last property. In view of [Weinstein 1977; Widom 1979], it would be
natural to think of replacing S' with $™. Of course, the spacing of distinct eigenvalues of the Laplacian
on S™ is similar to that for S'. However, when using a factor " with m > 1, obtaining a model operator
is much more complicated, and it seems any results for general potentials would likely be substantially
weaker.

1C. Ideas from the proofs. Our starting point for the study of resonances of —A + V is an identification
of the resonances with the points ¢ for which the operator I + (V — Vp)Ry,(¢)x has nontrivial null
space. Here Rw(¢) is the meromorphic continuation of the resolvent of —A 4+ W, and x € L2°(X)
satisfies x V = V and is, for convenience, chosen independent of 8. By separating variables, we can
understand Ry, in terms of the resolvent of —Z;i: 182/ 3xj2 + Vp(x) on R4.

We use two well-known and related properties of the resolvent of —27:182/ BxJ.Z + Vo(x) on R?. One
is the estimate y 1

H;z (— > 0% ox;+Vo— (L + i0)2> X H =o(A™)
j=1
as A —ooforleRand x € LY (R?). The second is the existence of a logarithmic resonance-free
neighborhood of the real axis.

An immediate consequence of this second fact and the fact that the distance between thresholds of our
operator —A + V on X increases at high energy is that if V = Vj, at high energy near the thresholds the
resonances of —A + Vp on X are determined by low-energy resonances of — Zjl: | 92/ 8xj2 + Vo on RY.
Moreover, using these facts and an operator Rouché theorem of Gohberg and Sigal [1971], we are able
to show that at high energy near the thresholds the zeros of I 4 (V — Vp) Ry, x are approximated by the
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poles of x Ry, x. These ideas underlie the proofs of the L results of Theorems 1.1-1.3 and 1.5. They
are also central to the proofs of the smooth versions of these results and of Theorem 1.6, although these
proofs require some additional study of the resolvent of —A + V) when Vj) is smooth.

1D. Organization. In Section 3 we recall some results from Euclidean scattering and show that the
resolvent of —A + V on X has a meromorphic continuation to Z. (We note that this latter is known;
see Section 3 for references.) We define the multiplicity of a pole of the resolvent, and give several
useful identities involving it in Section 4. In addition, this section introduces some notation and results
related to the operator Rouché theorem of Gohberg and Sigal [1971]. With these preliminaries we prove
Theorems 1.1 and 1.2 in the case of an L* potential V, using results from [Gohberg and Sigal 1971].
Section 6 contains more discussion of the Riemann surface Z and shows the existence of resonance-free
regions which are, at high energy, near the physical region and away from thresholds. This provides the
missing pieces of the proof of Corollary 1.4. Combining these with the resolvent estimates of Section 5
and results of [Christiansen and Datchev 2022] proves Theorem 1.9.

Section 8 contains preliminary computations which are needed to refine our results for smooth potentials.
The smooth case of Theorem 1.2 is proved with techniques similar to that of the L result, but using in
addition results of Section 8.

In Section 10 we prove Theorems 1.6 and 1.7. We do this using Fredholm determinants, but determinants
of the form det(/ + F), where F is a finite-rank operator. Theorem 1.8 follows rather directly from the
earlier results. Finally, in Section 12, in the case d = 1 we give approximations of some of the high-energy
resonances for a particularly simple potential which has Vp = 0 and which is not smooth.

2. Notation and conventions

On X = R4 x S' we use the coordinates (x, 6) or (x, 8), with x, x’ € R? and 6, 6’ € [0, 27).
Throughout the paper, V € L2 (X) and [ € Ny, and the dimension d of R? is odd. We use C to stand
for a positive constant, the value of which may change without comment.
Suppose A and B are linear operators on domains in L?(R?) and L*(S'), respectively, and are given

by
2w
(Af)(x)=AdA(x,x’)f(x’)dx’ and (Bg)(@):/O B(6,0")g(0") do.

Then A and B give rise to linear operators on domains in L?(X), which we again denote by A and B,
and which are given by

(Ah)(x,0) = / A(x, xYh(x',0)dx" and (Bh)(x,0) = f B(©,0)h(x,0)do .
R4 R4
For f, g € L*(R%), the operator f ® g : L2(R?) — L%(RY) is defined via
(f ®gh)(x)= f(X)fR!g(x/)h(x/) dx’.

If f, g € L>(X), the operator f ® g on L*>(X) is defined analogously.
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We list some repeatedly used notation for the convenience of the reader:

o The Laplacians on R? and X are given, respectively, by

2 d 52 52
AOZZ@ and A= F-’-W
j=l1 J =1 J

o« Vo(x) = 5 [T V(x,0)e™ ™ d for m € Z.
e VE=V#x,0)=V(x,0) — Vo(x).

Bi(p) and D;(Ag, p) are open sets in 7 , defined in Sections 1 and 5, respectively.

Ry is the (scattering) resolvent of —A 4+ V on X; see Section 3B.

Ry, o is the (scattering) resolvent of —Ag+ Vj on R?; see Section 3.

e my (o) is the multiplicity of ¢y € Zasa pole of Ry; see (4-1).

e my, 0(Ao) is the multiplicity of Ag € C as a pole of Ry, o; see (4-2).
G:{zeC:lzl <2l—1}— Bi(V2[—1) C Z is the (local) inverse of

B(W2l—1)3¢t—>1@)ef{zeC: |zl <V2-1} CC.

3. Odd-dimensional Euclidean scattering and continuation of the resolvent

We begin by fixing notation and recalling some well-known facts from Euclidean scattering theory. We
then use these to give a self-contained proof that the resolvent of —A + V on X has a meromorphic
continuation to Z.

3A. The Euclidean resolvent. Let Vi € L?"([Rd), d odd, and set
Ry 0() = (=Ag+Vo— 1)~ LPRY) — L2(RY)

when Im A > 0. The 0 in the second place in the subscript is to help us think of this as a model operator,
as we shall see. We shall later use the explicit expression for the resolvent as an integral when d = 1,
fe L*(R), and Im A > 0:

(RooG1 ) = o [ A1 gy ax for d=1. 3-1)

From this we can see immediately that if x € L2°(R), then x Ro o(1)x has a meromorphic continuation
to C\ {0}. The same is true when d > 3 is odd: if x € LSO(Rd), then x Ro,0(A)x has an analytic
continuation to the complex plane, see [Dyatlov and Zworski 2019, Theorem 3.3]. In higher dimensions,
the Schwartz kernel is given in terms of a Hankel function. It is well known, see [Dyatlov and Zworski 2019,
Theorem 3.8], that if V, x € Lé’o([Rd ), then x Ry, 0(A) x has a meromorphic continuation to the complex
plane. Alternatively, restricting the domain and enlarging the range, Ry, o() : L2(RY) — HI%C(IR‘{) has a
meromorphic continuation to C.
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The following lemma is well known, but we include it for completeness, as it is crucial for our
arguments.

Lemma 3.1. Let Vpy, x € LSO([R‘Z). Then there are constants Co, C1 > 0 so that x Ry, 0(A) x is analytic in
{,eC:|ReA|> Cp, ImA > —Clog(l+|Rer|)}. Moreover, in this region || x Ry, o(A) x| = O(IAI™h.

Proof. Without loss of generality, we may assume y Vo = Vj. Then

X R0 x = xRo.o(W)x (I + VoRoo(M)x) ™"

Since from (3-1) when d = 1 or [Dyatlov and Zworski 2019, Theorem 3.1] when d > 3, thereisa C > 0
so that

IV Ro.o() x|l < CeCImP-/1a,
where (ImA)_ = max(0, — Im 1); the lemma follows immediately. Il

3B. The resolvent of —A + V on X and the Riemann surface Z. Recall that whend = 1, X is a
manifold with infinite cylindrical ends. For a manifold with infinite cylindrical ends, the space to which
the resolvent of a Schrodinger operator continues is determined by the distinct eigenvalues of the Laplacian
on the cross-section of the end(s). Here that means {2} jeNg» since this is the set of (distinct) eigenvalues
of —d?/d6* on S'. As we show below, the resolvent for —A + V on R? x S! has a meromorphic
continuation to the same space as that of the resolvent of —A 4+ V on R x S!, provided d is odd.

For jeNpand ¢ € C, Im¢ > 0, set

1,(0) & (2= B2

with Im7;(¢) > 0. Set 7_;(¢) =7;(¢) if j € N.

The Riemann surface Z is defined to be the minimal Riemann surface on which, for each j € Ny, 7; is a
single-valued analytic function on Z. We briefly describe its construction and some of its properties. Note
that 79(¢) = ¢ for ¢ in the upper half-plane, and this has, of course, an analytic continuation to C. Now
71(¢) = 7—1(¢) is an analytic function of ¢ € C\ ((—o0, 1]U[1, 00)), and there is a minimal Riemann
surface Z 1 so that t; extends analytically to 7 1. This is a double cover of C, ramified at the points +1.
This process can be repeated for each j € N, resulting in a minimal Riemann surface Z on which T;
is analytic for each j € Ny. We define a projection p: Z — C as follows. For ¢ in the physical space,
identified with the upper half-plane, p(¢) = ¢, and p is in general the analytic continuation of this function.
Then Z has infinitely many ramification points which project under p to j € Z\ {0}. We call the set
{¢e Z:Im 7;(¢) > 0 for all j € Ny} the physical space, or physical region. For further discussion of this
Riemann surface; see [Melrose 1993, Section 6.6].

We shall say that a point ¢y € Z corresponds to a threshold if t9({y) € Z. Note that with this definition,
all the ramification points of Z correspond to thresholds. In addition, the set of points corresponding to
thresholds includes those points projecting to 0. These might naturally also be considered ramification
points of Z, as in some sense by choosing ¢? to originally be our spectral parameter we have already
made the cuts corresponding to the zero threshold.
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In order to separate variables below, we introduce the orthogonal projections Py : L2(X) — L*(X)
defined for k € Z by

1 2 ) , ) ,
(Pef)(x,0) = o— f(x, 0" 4 o=kO6=00y go’ if ke N,
T Jo
2T

1
(Pof)(x,0)= o f(x,0)do'.
T Jo

We shall use these throughout the paper.

Let Ve L°(X). For ¢ e CwithIm¢ > 0,set Ry(§) = (—A+V — ¢%)~!. Consider first the special
case where V € L2°(X) is independent of 6. Then V = Vj, and we can think of V{ as an element
of L2°(X) or of L;’Q(Rd ). In this special case we can separate variables to obtain

x
Ryy(2) = Ryy0(tk ()P (3-2)
k=0
The explicit expression (3-2) for Ry, using separation of variables shows that if x € L2°(X), then x Ry, x
and Ry, : LZ(X ) —> HI%) -(X) have meromorphic continuations to Z.In fact, the same is true for x Ry x
and Ry for general V € L2°(X). This is well known, at least when d = 1, see [Goldstein 1974; Guillopé
1989; Melrose 1993], though we sketch a proof below, valid for all odd 4.
If¢ eC, Im¢ > 0, then
(=A+V =E)Ro(§) =T+ VRo(?).

Multiplying by a function x € L2°(X) with xV =V,

(—A+V —HRy(x = x4+ VRo()x),

implying that
XRo(@)x = xRv(©)x(I+VRo(©)x) (3-3)
or
XRy (@) x = xRo(@)xIT +VRo()x)™". (3-4)
Using I — VRo(O)x (I + VRo()x)™ = (I + VRo(¢)x)~" and (3-4) yields
(I+VRy()x) ' =1-VRv(©)x; (3-5)

compare [Dyatlov and Zworski 2019, (2.2.15)—(2.2.16)]. Likewise, writing
viy vy, (3-6)
we find, making the additional hypothesis that x V¥ = V#,
XRv () x = xRy (@O x U+ V' Ry ()x) and (I +V* Ry =1-V*Ry(©)x. (-7

Each of these is helpful. Since V Ro(¢)x : L2(X) — L*(X) is compact and has a meromorphic extension
to Z,and I + V Ro(¢) x is invertible for ¢ in the physical space with Im ¢ sufficiently large, meromorphic
Fredholm theory ensures that (1 4+V Ry(¢) x) ™! is a meromorphic operator-valued function on Z, and each
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Figure 2. On the left, B;(p) in the 1;-coordinate; on the right, a portion of B;(p) in the
w = (70(¢))?-coordinate for larger context. In the w diagram, (—A+V —w)~! is bounded
in the upper half-plane and the red dots on the horizontal axis indicate thresholds. The
hatching denotes the portion of B;(p) in the physical region; the shaded region indicates
the rest which is visible in the w plane diagram.

of (3-3)—(3-5) and (3-7) holds on all of Z. Moreover, writing I +V Ry = + VRo(I — x))({ + VRox)
and noting that (I + VRo(I — x))~' =1 — VRo(I — x), this shows that

Ry (£) = Ro(O)(I + VRo(£) )™ = VRo()I = X)) : LX(X) — HZ.(X)

has a meromorphic continuation to Z.

We note from (3-2) that Ry, is bounded on L?(X) when ¢ is in the physical space and is away from a
discrete set of poles (corresponding to eigenvalues). The same is true of Ry.

Throughout this paper we shall mainly work with subsets of B; W2=1)C 7 , forl eN. We recall B;(p)
is defined to be the connected component of {¢ € Z: |T1(¢)| < p} which has nonempty intersection with
both the physical space and the portion of Z with Re 7o(¢) > 0. The choice of /2] — 1 in B;(v/2] — 1) is
made because then (for / > 1) B;(+/2] — 1) contains only a single point of 7 corresponding to a threshold,
the one associated with the eigenvalue /%> of —d?/d6% on S'. If € > 0, then z = 7;(¢) gives the complex
structure of Z [ BI(VAI=T—¢)’ and Bj(v/2] — 1 —¢€) is naturally identified with a disk Be(W2l—1—¢€) of
radius /2] — 1 — € in C, centered at the origin. In this coordinate z, we have that z = 0 corresponds to
the threshold /% and the intersection of B¢ (+/2] — 1 — €) with the first quadrant corresponds to a region
in physical space, and so has Im t; > 0 for all £ € Ny. If 7 lies in the intersection of Be(W2l—1—¢€)
with the fourth quadrant, then Im 74 (¢£(z)) < 0 for 0 <k </ and Im 74 (¢(z)) > O for k > [. On the other
hand, if z lies in the intersection of Bg(+/2] — 1 — €) with the second quadrant, then Im 74 (¢(z)) < O
for 0 <k <[l—1and Im7(¢(z)) > O for k > [. Figure 2 shows a schematic of B;(p) and, for context,
the portion of B;(p) which is visible in the w = (10(2))? plane. We note that while we have used the
spectral parameter ¢ 2 in the definition of Ry (¢) to be consistent with the usual odd-dimensional Euclidean
scattering resolvent, the diagram on the right in Figure 2 uses as spectral parameter w = (19(¢))? to make
a more easily digested diagram. To put the diagram in context, think of (—A + V — w)~! as having
meromorphic continuation from the upper half-plane to {w eC\ (U]?’io (j2+i(—o0, 0]))} (which can,
of course, be identified with a subset of Z).
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On the open set B;(+/2] — 1 —¢€), z = 11(¢) is a coordinate compatible with the complex structure
of Z. Thus it is natural to use 7; as a local coordinate. We write

gil{zeCilz]l <V2—1—€}—» B(V2A—-1—e)CZ

as the function satisfying

G((¢)=¢ forall ¢ € Bi(v/2l—1—¢).

We note that if ¢ € Bj(v/2l —1—¢€),thenRe7;(¢) >0if 0 < j </, and Im7;(¢) > 0if j > [.
The next lemma follows easily from (3-2) and Lemma 3.1, but is fundamental to many of the results
of this paper.

Lemma 3.2. Let Vy € L°(R), a > 0, and x € L°(X). Then for | sufficiently large, uniformly for
¢ € Bi(alogl), we have || x (I = P)Ry, (O x|l = 01~

Proof. Set 1 = z and |z| < alog /. Then using the identity
=1+ 17—k

for [ sufficiently large, |7x(&(2))| > V1 for k € Ny, k # [. Moreover, Im 7;(¢;(z)) > 0 if k > [, and
Im 74 (£;(z))| = O(1) if k < [. Then the lemma follows from Lemma 3.1 and the representation of Ry, o
given by (3-2). U

4. Multiplicities of poles and results of [Gohberg and Sigal 1971]

For an operator A depending meromorphically on ¢ e Cor ¢ € Z,let E(A, &) denote the principal part
of the Laurent expansion of A at {p. For V € L2°(X) and ¢ € 7 , define

my (20) & rank E(Ry ., £o)(LA(X)). (4-1)

Suppose x € L2°(X) satisfies x V =V (and, if V =0, y is nontrivial). Then it follows from an expansion
of Ry atits singularities as in [Dyatlov and Zworski 2019, Theorems 2.5, 2.7, 3.9, 3.17] and a unique
continuation result, e.g., [Jerison and Kenig 1985, Remark 6.7], that my ({y) = rank E(x Ry X, o). Note
that if Ry is analytic at ¢p, then my ({p) = 0.

If Vo e LSO([Rd) and Ao € C we define

def —
myy.0(ro) = rank E(Ry,.0, »0) (LA(RY)). (4-2)

Again, the second 0 in the subscript is meant to help us think of this as corresponding to a model. As for my,
if x € LY°(R) satisfies x V =V (and x is nontrivial if V = 0), then my; o(Ao) =rank E(x Ry,.0X, Ao)-
We recall some definitions and results of [Gohberg and Sigal 1971], adapted to our setting.
Let A be a bounded linear operator on a complex Hilbert space #, depending meromorphically on

7€ Q C C, where  is a domain. Near a point zo € €2, we have A(z) =) 50

j=—n (z—20)! A;. If the operators

A_yq, ..., A_, are finite rank, then we say A is finitely meromorphic at zg. If A is finitely meromorphic
at each zg € , then A is finitely meromorphic on Q2. Suppose that A is a compact operator on H, A is
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finitely meromorphic on €2, and I + A(zy) is invertible for some z; € 2. Then by the meromorphic
Fredholm theorem, (I + A(z))~" is finitely meromorphic on €.
Suppose A is a finitely meromorphic operator on a domain €, with (I + A)~! also finitely meromorphic
on 2. Below we denote the derivative of A with respect to z by A. Then for zg € 2, define
MU+ A, z)% L tr/ AU + A(z) " dz,
2mi -,

20
where y,, is a positively oriented circle, centered at zo with radius €. Here we choose € small enough that
{lz— z0| < €} € Q and neither A nor (I + A)~! has poles in the set {z: 0 < |z — zo| < €}.

Our definition of finitely meromorphic is local, so it makes sense on domains in Z as well, using a
local coordinate compatible with the complex structure of Z. Likewise, we can define M (I + A, ¢y) for
such operators. (This requires the choice of a circle small enough that it has in its interior at most one
ramification point of Z.)

We will say the linear operator A on the Hilbert space # satisfies hypotheses (H1) on a domain Q C C
if A is a finitely meromorphic, compact operator defined on €2, and 7 + A is invertible for at least one
point in €2 and hence has a finitely meromorphic inverse in 2.

The following lemma is a direct consequence of [Gohberg and Sigal 1971, Proposition 5].

Lemma 4.1 [Gohberg and Sigal 1971, Proposition 5]. Suppose A, B : H — H satisfy hypotheses (H1),
and suppose B and (I + B)™" are analytic on Q. Then for 7o € Q,

M(I+ A, zo) = M((I + A)(I + B), 20)-

Let T : L?(X) — L*(X) be a bounded linear operator. We shall repeatedly make use of the straightfor-
ward identities

I+TP=(I+PTP)I+U—-P)TP) and (I+U—-P)TP) '=1—-I—-P)TP. (4-3)
Lemma 4.2. Let A : L>(X) — L*(X) satisfy hypotheses (H1) on a domain Q2. Then for zy € S,
M+ APy, z0) = M1 + P APy, 20)-

Proof. Using (4-3) implies that

M(I+APy, 20) = 5 / AQPU+A@P)  dz= 5t f AQPIU+PARP) dz, (4-4)
Yzo &)

where y;, is a small circle centered at zg as in the definition of M (I 4+ A, zo).
Because P; is a projection, using the cyclicity of the trace, tr(BP;) = tr(P;BP;) for a trace class
operator B : L>(X) — L*(X). Using this in (4-4) gives

M+ APy, z0) = 2%_” tr/ PIAR)PI+PAQRQ)P) L dz = M(I +P1AP,, z0). |
1%

20
The following proposition is a variant of a well-known result in the study of resonances of Schrédinger
operators on R?; compare, e.g., [Dyatlov and Zworski 2019, Theorem 3.15].
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Proposition 4.3. Suppose V € L (X) is nontrivial, and let x € L°(X) satisfy xV = V. Then the
operator Ry (¢) has a pole at ¢y € Z if and only if the operator I + V Ro(¢) x has nontrivial null space
at &o. Moreover, if ¢y does not correspond to a threshold, then

my (§o) = M + VRox., o).
Proof. A proof follows by essentially the same method as [Dyatlov and Zworski 2019, Theorem 3.15]. [J
We recall the notation V# = V — Vj. Another useful identity is the following.

Lemma 4.4. Let x € LX°(X) satisfy xV =V and xVoy = Vo. Then for ¢y € 7 so that Lo does not
correspond to a threshold, we have

my (§0) = M(I + V* Ry, x, ¢0) +my, (¢o)-
Proof. We first note that
I+VRox =+ V*Rox(I +VoRox)™ I+ VoRox) = (I + V¥ Ry, ) + VoRox).  (4-5)
Thus using Proposition 4.3 and [Gohberg and Sigal 1971, Theorem 5.2] gives
my (o) = M(I +V Rox, o) = M +V*Ry,x, o) + M + VoRox, ¢o)
= M(I +V*Ry,x. £o) +my, (%) O
Lemma 4.5. Suppose V, x € L°(X), with xV =V, and x is independent of 6. Let o > 0. Then there is
an L > 0 so that for| > L
M(I+V Rox, §0) = M +Pi(I+VRo(I = P1)x)~"' VRoPix, L)
for any ¢y € Bij(alogl).
Proof. We begin by writing
I+ VRox =T+ VRy(I=P)x)I+I+VRo(I—-P)x) "VRyPix)

and noting that since by Lemma 3.2 ||V Ro(I — P x|l = o~ '?) uniformly on B;(« log!) there is an
L >0sothatfor! > L, (I+VRo(I—7P;)x)""is analytic on B;(clog!). Thus for these / by Lemma 4.1
M+ VRox,l0)=MU+{UT+VRy(I —PDx)"'VRyPix, o) for any &g € Bj(a logl). An application
of Lemma 4.2 completes the proof. (|

Lemma 4.6. Let V, x € LX°(X), with V satisfying (1-1), xV =V, and x independent of 6. Set
Ay =U+VRo(I — P)x)~" and B;y = VRoPx. Let K C C be a compact set such that Ry, is
analytic on K, and suppose 0 € K if d = 1. Choose p > 0 so that K C {A € C: |A| < p}, and set
K; ={¢ € Bi(p) : 71(¢) € K}. Then for sufficiently large [,

IPi(Arv By — A v, Biyv,) | = O(1™%) (4-6)
and
(I +P1A; vy Bi.vy) "' Pi(ALvBry — ArvyBivy) | = O(17%) (4-7)

uniformly for ¢ € K;.
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Proof. We write
Pi(A;vBiv —AivyBiv,) =Pi(Arv — A vy) Biv +PiArv,(Biv — Bry,). (4-8)

By Lemma 3.2, [|[A;y — I|| = O(~"/?) and || A}y, — I|| = O(~'/?) uniformly on B;(p), so that the first
term on the left-hand side is O (I~!/?). Moreover,

P1A;v,(Bi.v — Brv,) = A1 v, Pi(Bv — Brvy) = A1y, PIV* Ro Py,

and || P, V#P;|| = O(1~%) by our assumption on V. Hence the norm of the second term on the right-hand
side of (4-8) is O (I~%). This proves (4-6).
On K|,
I+ P AL Bry, =1 +PiBy,+01"*) =1+PVoRox + 001", (4-9)
But
(I +PVoRox)™ =1 =P+ U —VoRy,o(@))Pr=1—-Pi+ TP,

where T is givenby T = (I + V()R(),O(rl))()_1 =1—VoRy, 0(11) x. By our choice of K, we have that T is
uniformly bounded for 7; € K or for ¢ € K, and hence (I + P; Vo Ry x)~ ! is bounded on K;. Using (4-9),
this shows (I 4+ P;A;y, Bl,vo)_l is bounded on K;, and thus, by (4-6), we get (4-7). O

5. A resolvent estimate and localizing the resonances in the L case:
Proofs of Theorems 1.1, 1.2, and 1.3

In this section we prove Theorems 1.1-1.3 in the case of an L* potential V, providing a high-energy
localization of the resonances in sets B;(p). We also prove Proposition 5.4 and Lemma 5.5, which show
that the resolvent for the potential Vj is, at high energies, a good approximation of the resolvent for the
potential V away from poles.

We shall use notation for a disk in the 7;-coordinate in B;(p). For Ag € C and ry > 0, set p = |Ag| +ro+1,
and define, for 21 > p? + 1, D;(ko, ro) C Bi(p) C 7 by

Dy, 10) £ {2 € Bi(p) 1 | (2) — Aol < ro}-

A preliminary step in the proof of Theorem 1.1 is the following proposition, which provides an initial
localization of the resonances.

Proposition 5.1. Let V € L°(X) satisfy (1-1). Suppose Lo € C, Ao # 0 is a resonance of —Ao+ Vp
on R, of multiplicity my, 0(Ao). Then there are L, € > 0 so that

> my(@) =2my,0(0)

¢eDy(ho,€)
my(£)>0

whenl > L.

Proof. Choose € > 0 so that Ry, o(A) is analytic on 0 < |A —A¢| < € and € < |A¢|. By our expression (3-2)
for Ry,, using separation of variables and Lemmas 3.1 and 3.2, my, ({;(1o)) = 2my,.0(1o) for [ sufficiently
large. The factor of 2 on the right comes from the fact that the range of 7, (as an operator on L>(S')) has
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rank 2 for [ > 0. Choose x € L2°(X) independent of 6 so that x V = V. From Proposition 4.3 and our
choice of €, for [ sufficiently large,

my,(G1(ho)) = MU+ VoRox, aGo)) = > MU+ VoRox, ).

¢ €D (Ao,€)
MI+VoRox,$)#0

Lemma 4.5 implies that if W = Vyor W =V,
M(I+WRox, ) =MUI+Pi(I+WRo(I —P)x)"'WRePix,¢") for ¢’ € Di(ro,€)  (5-1)

if [ is sufficiently large.
By Lemma 4.6 and an operator Rouché theorem [Gohberg and Sigal 1971, Theorem 2.2], for /
sufficiently large,

> M +Pi(I+VRo(I =P)x)~"'VRoPix, §)
¢eDy(ho,€)
MI+Pi(I+V Ro(I=P)x) "'V RoPrx,£)#0
= > M (I +Pi(I+ VoRo(I = P)x)~ ' VoRoPix. ©).  (5-2)
¢eDy(ro,€)

MI+Pi(I+VoRo(I=P)x) "' VoRoPrx,£)#0

Combining (5-1) (with W = V and with W = V), (5-2), and another application of Proposition 4.3, this
time with V, proves the proposition. O

SA. Proofs of Theorems 1.1 and 1.2 for V € L(X). Theorem 1.1 follows from combining the result
of Theorem 1.2 for L potentials and Proposition 5.1. In this section we prove Theorem 1.2 for L*
potentials V.

Recall by the definition of E(Ry, 0, Xo), if Ao € C is a pole of Ry, o, then Ry, o(X) — E(Ry,.0(1), Xo)

is analytic at Ag. Define

RYE(E: 20, 1) E Ryp () — E(Ryy. (ko). (5-3)

For [ sufficiently large, by (3-2) and Lemma 3.2
Ry (£5 20, 1) = Ry, (£) = E(Rvy 00, 20) li=u(e) P+ (5-4)
Note that if Ry, is analytic at &;(1¢), then Ri/zg({; Ao, 1) = Ry, ().

Lemma 5.2. Suppose V, x € LY (X) and V satisfies (1-1). Let Ao € C and Ri,ig = Ri,eog({; Ao, 1) be the
operator defined in (5-3). If Ry, 0(}) is analytic for 0 < |L — Ag| < €, then for | sufficiently large,

VERVE(@) x = VFRVE(Z; o, DX

is analytic on D;(ho, €), and as | — oo the estimate ||XR§,€;g(§)V#R$)g(§’)X | = O~%) holds uniformly
for ¢ € Dy(ho, €.
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Proof. Without loss of generality we can assume x is independent of 6 and xV = V. By (3-2) and
Lemma 3.2, for [ sufficiently large, R;Zg (¢) is analytic and bounded in Dj;(ro, €). We write
XRVEOVIRE@) x

= XRyEXT —POVIREx + x RyEXPIVIRGEX (I = P) + X RyEXPIVIREX P (5-5)
Now for ¢ € Dy(ho, €) and I sufficiently large, ||x Ry>x (I — Pl = O(~"/) uniformly in D; (%o, €).
Since || V|| = O(jm|~%) we have ||P,V#P,|| = O(~?), and so

IPVERGEX P = IPVFPIRYEX P = OU°). O
A related lemma which we also need is the following.

Lemma 5.3. Let V, x € L(X) with V satisfying (1-1). Let K C C be a compact set on which Ry, g is
analytic and suppose K C {A € C:|A| < p}. Set K & {ceBi(p):11(¢) e K} C Z. Then for [ sufficiently
large, || x Ry, V#RVOX | = O(~°%) uniformly on K.

Proof. This lemma can be proved by mimicking the proof of Lemma 5.2. Alternatively, it can be proved
by covering K; with a finite number of neighborhoods on which Lemma 5.2 holds. 0

Proof of Theorem 1.2 for V e L°(X). We shall use the identities (3-7). Thus poles of Ry in B;(p) are
the values of ¢ € B;(p) such that I + V#RVO (¢)x is not invertible. Here x € C°(X) satisfies xV =V
and is independent of 6.

(1) Foreach A; € A,, A; #0, let €; > 0 be as guaranteed by Proposition 5.1, so that there are exactly
2my;,0(Ao) resonances (counted with multiplicity) of —A + V in D;(4;, €;) for [ sufficiently large. Set

K={reC:€ <|rA|<pand |L—Aj| >¢ forall ; €A},

Kz={§EBz(/O-H)ITJ(C)EK}=§1(/0)\(D1(0,6/) U D,(/\,,e,-)>.

)L_/'EAIO

By an application of Lemma 5.3, for [ sufficiently large, I + V¥# Ry, (¢)x is invertible by its Neumann
series on K;. Thus by (3-7) Ry has no poles on K; for / sufficiently large.

(2) Now we work on D;(A;, €;) and set R%g(g) = R?,zg({; [, X;), so that
RYE(E) = Ry, (0) — E(Ry, 00, A a=a(e)Pi

for [ sufficiently large. By our choice of ¢; this is analytic on D;(A j» €j) for large enough /. Then by
Lemma 5.2 I + V#Riz)g(;)x is invertible in D;(A;, €;), with

I+ V*RE@O )™ =T=V*REQO X + Or2x) 12001
for ¢ € El(kj, €;). Thus on ﬁl(kj, €),

I+ V*Ry,x =+ V*RGEQO U + U+ V*RE@) )T VFERY.0(0), 20) a=ne)Prix)-  (5-6)
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By (5-6) and (4-3), I + V#RVOX is invertible at a point ¢ € D;(A;, €;) if and only if
I+P I+ V*RZEQ) 0™ VFERY 00, 20) lr=r0)Pix

is invertible at ¢. There is a C; so that || x E(Ry,.0, 4;) x| < CjlA— ;| 7™00%) on {L € C: |A—1;| <€}
see [Dyatlov and Zworski 2019, Theorems 2.5 and 3.9]. Thus on D;(%;, €;), using Lemma 5.2,

IP(T + VERGE@) %)™ VFE (R 01, 20)) lh=re)Pix I

o0
= Y P(=V*RGE@) VFE Ry 0(hs 20)) lrzrye) PrX H
Jj=0

< 1P = VFRGEE)IVFE Ry, 00k, 2D iz Pix Il + CHI0 11 (@) — ) 700,

Now we use Lemma 3.2, ||V, ||z = O(|m|~%), and the fact that 7P, commutes with Ry, o so that
12T = VERGEC)V*PI| = 0(~°)
on Dj(A;j, €). Thus there is a (new) Cj so that
1P+ VERGEE) VB Ry 0k, Mo limr)Pix | < CH2 i(g) — 2y 00

on Dy (A}, €;). Therefore
I+PiI+ RyEE) T E(Rvy 0k, 20) r=re) P X

is invertible in this region if |7;(¢) —A;| > le_‘s/mVO-O(W, where we can take C; = (ZCJ’.)l/’”VO’O(’\f). Taking
C= max; e, C; finishes the proof of Theorem 1.2 away from 7; = 0.

(3) If Ry, 0(A) does not have a pole at the origin, then there is a 6 > 0 so that for / sufficiently large, Ry, ()
is analytic in B;(8). Thus by Lemma 5.3, for [ sufficiently large, Ry (¢) is analytic in B;(8). O

SB. Approximating the resolvent Ry. In asense made precise below in Proposition 5.4 and Lemma 5.5, at
high energies Ry, approximates Ry well away from resonances. The first result is useful for neighborhoods
of thresholds.

Proposition 5.4. Let V, x € L°(X), with V satisfying (1-1). Let K C C be a compact set on which Ry,
is analytic and suppose K C {} € C: |A| < p}. Define K; def {¢ € Bi(p) :u(t) e K} C 7. Then for |
sufficiently large, Ry is analytic on K;. Moreover, if x € L°(X), then || x (Ry () — Ry, ($) x|l = ol™?%
uniformly for ¢ € K.

Proof. Without loss of generality we may assume x is independent of 6 and satisfies x V = V. Then
xRv,x = xRy x (I + V*Ry,x). Since by Lemma 5.3 ||(V#Rvox)2|| < % on K; for [ sufficiently large,
I + V#Ry,x is invertible as (I + V¥Ry,x)~! = Z;io(—v#RVoX)j, and thus Ry is analytic on K;.
Moreover,

oo
X(Rv () = Ry ()X =X Y Ry (@) (=V*Ry, () ).
j=1
By applying Lemma 5.3 twice, this becomes

X(Ry(£) — Ry, ()X = —x Ry, (O VR, (O x + Opoy 12(7°) = 02, 12(170). O
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A similar result with a similar proof is the following lemma. The points ¢ € Z considered in this
lemma lie on the boundary of the physical space, but are away from the thresholds.

Lemma 5.5. Let V, x € L2°(X), with V satisfying (1-1). Then there are constants M, L > 0 so that

. : 7(¢) M

if l>L, teBW2-1), yk)eil0,00), and M < — < \/21—1—5,
i

then |x(Rv(¢) = Ry, ()xll=00%). (5-7)

Likewise, there are constants M, L, > 0 so that

if |>Ly, ¢eB(2—1), 5()el0,00), and M; < 1(¢) <2l —1— %

then || x(Ry(Z) — Ry,(O) x| =0™%). (5-8)
Proof. This proof is very similar to the proof of Proposition 5.4. We outline the proof of the first statement

only, as the proof of the second is analogous.
Without loss of generality, we may assume yx is independent of 6 and satisfies y V = V.

We next note that if ¢ € B;(+/2] — 1), then for [ > 3 either |7;(¢)| > %m or |[5—1(¢)| > %m
or both are true. In either case, if 7;(¢) € [0, 00), then there is a ¢o > 0 so that |7;(¢)| > col'/? for
J #1,1— 1. Moreover, again with 7;(¢) € i[0, 00), Im7;(¢) > 0if j >/ and Im7;({) =0if 0 < j < /.

Suppose ¢ € Bi(\/21 1), 71(¢) €i[0, 00), and |7;(¢)| > }‘m Then using Lemma 3.1 and (3-2)
we see that

Ix Ry (D) x (I =Pl = 01~'7).
By Lemma 3.1 there is a C > 0 so thatif A € R, |A| > C, then

IVl oo ll X RvpoW) x| < 5.

Choose M > C + 1; then if 7;(¢) € i[0, co) with
M
n® _ oM
i Vi
for [ sufficiently large |7;—1(¢)| > C. Now we restrict ourselves to 7;(¢) € i[0, oo) with
M
}1\/21—1 S19) e -
i

Since ||P;—1 V#P,_i|| = O(~?) by our assumption on || V,, || 1.,

Ix Ry (D) Pr- VI Ry, () Pii x| = O™,
and we can follow the proof of Lemma 5.2 to show that ||x Ry, (¢)V*Ry, (&) x|l = O 7). Then
I (Rv (&) — Ry, ) x|l = X Ry () x (I + V* Ry, (00" = D
= xR, O V* Ry, (D) x|+ 00™°) = 0017,

proving the lemma when 7;(¢) € i[0, oo) with %«/21 —1< :T'L'l(é') <2l — 1—M/\/7. A similar argument,
singling out P; rather than P;_, handles the case when 7;(¢) € i[0, 0co) with % 20 -1 < |_1(¢)]. O
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5C. Proof of Theorem 1.3. Theorem 1.3 concerns poles of Ry arising as perturbations of threshold
poles of Ry, (¢). Using separation of variables as in (3-2), these threshold poles, in turn, correspond to a
pole of Ry, o(1) at A =0.

We begin with a lemma about poles of Ry, (A) at the origin. This result is well known if Vj is
real-valued.

Lemma 5.6. Suppose Vy € L2° (R?), and near » =0

ko

1
Rvyoh) =) Ac+AG), (5-9)
k=1

where A is analytic in a neighborhood of the origin. Then my, 0(0) = maxo<,;<; rank(A| +tA»).

Since A, Aj; are finite-rank, the rank of A +¢A; is equal to its maximum for all but a finite number
of values of ¢ in [0, 1].

Proof. Using the expansion (5-9) and the identity (—Ag+ Vp — )»Z)RVO,O()L) = I shows that for k > 0,
(—Ao+ Vo) Ax = Ak, where we use the convention Ay =01if k+2 > kg. Just as in [Dyatlov and Zworski
2019, Theorem 2.5], one can use this and the fact that —Ay4-Vp commutes with Ry, ¢ to show that for j e N,
Ran(A;;) C Ran(A>) and Ran(Az;;1) C Ran(A;). Here Ran(Ay) denotes the range of the operator A;
on L2(R%). Since my, o(0) = dim ({2, Ran(Ay)), this shows my, o(0) = dim(Ran A; URan A,). But

dim(Ran A; URan A;) = max dimRan(A| 4+7A;) = max rank(A| +1Aj),
t€[0,1] t€[0,1]

proving the lemma. 0

Lemma 5.7. Let V € L°(X) satisfy (1-1). Let € > 0 be chosen so that Ry, o(A) has no poles in
{(LeC:0< |\ <2¢},and let y; C B;(2¢) C Z be the curve {|t/| = €} with positive orientation. Then
fort €10, 1] and [ sufficiently large,

rank (1+lfz(§))Rv(§)de(§)Zrank/(1+tfz(§))Rv0(§)dfz(§)-

vi v

Proof. We assume V* is nontrivial, since otherwise there is nothing to prove.
We first point out that if Ry, (1) = Zi": | A *Ar+ AL, with AV analytic near A = 0, then for /
sufficiently large

f (14170 Ry (O) di() = / (14 171(0)) Ry 0 (51 (O))Pr di(§) = 2w (A + 1 A2) P,
V44 i

Let x € L2°(X) satisfy xV =V, with x independent of 6. Using Proposition 5.4, for [ sufficiently

/ (I +tu @) xRv(Q)x du(¢) —2mix (A1 +1A2)Pix H =0(™),
Vi

large,

(A +17(8)x (Ry(§) — Ry (£) x de(Z)H =0(™).

Vi
Thus
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and this implies that for / sufficiently large,

rank [ (1+77(8)x Rv (&) x du(§) = 2rank(x (A1 +1A2) x). (5-10)
v
But since (—Ag + Vp)ko A ; =0for j =1,2, a unique continuation theorem, e.g., [Jerison and Kenig
1985], ensures that rank(A| +¢A,) =rank(x (A| +1A>)x), and similarly

rank [ (14+17(5)x Ry (§)x du(§) =rank [ (1+171(8)Rv(£) dn(f). O
v 17

Lemma 5.8. Let Vy, x € Lfo(Rd), with x Vo = V. Suppose Ry, (L) has a pole of order 1 at the origin.
Then for [ sufficiently large, 2(my, 0(0) —mo,0(0)) = M (I + VoRox, £(0)).

Proof. We note here that the requirement that / is sufficiently large is to ensure that, using (3-2), any poles
of Ry, at ;(0) arise from poles of Ry, at the origin. Then via separation of variables it suffices to show
that

my, 0(0) —moo(0) = MU + VoRoo(A) x, 0).

Ford =1, then my, ¢(0) = 1 and if V} is real-valued, this follows immediately from [Dyatlov and Zworski
2019, (2.2.31)]. For complex-valued Vp, the proof is similar, if one uses the assumption that Ry, has a
simple pole at the origin. When d > 3 is odd, the lemma follows as in the proof of [Dyatlov and Zworski
2019, Theorem 3.15]. In each case, the assumption that the pole is of order 1 is important. O

Lemma 5.9. Let V € LX°(X) satisfy (1-1). Let € > 0 be chosen so that Ry, o(A) has no poles in
{A e C:0 < |A| <2€}. Suppose Ry, (L) has a pole of order 1 at the origin, with residue of rank my;, (0).
Then for [ sufficiently large,

D my(©) < 2my, 0(0).

LeDy(e)
my (§)#0

Proof. Let x € L2 (X) be independent of 6 and satisfy x V = V. We first claim that for any ¢y € Z,

my ($o) <M+ V Rox, &) +mo(&o). (5-11)

If ¢g does not correspond to a threshold, then my(&p) =0 and this follows from the stronger Proposition 4.3.
If ¢y does correspond to a threshold, this follows from a simplified adaptation of the proof of [Dyatlov
and Zworski 2019, Theorem 3.15].

Arguing as in the proof of Proposition 5.1, using Lemmas 4.5 and 4.6 and an operator Rouché theorem
[Gohberg and Sigal 1971, Theorem 2.2], for [ sufficiently large,

Z M+ VRox, )= Z M+ VoRox,t) =M+ VoRox, 5(0). (5-12)
CeB(e) LEB(€)
MI+V Ryx.¢)#0 MI+VoRox,5)#0

But by our assumptions and Lemma 5.8, M ({ 4+ VoRo x, £1(0)) = 2(my,,0(0) — m,0(0)) for / sufficiently
large. Using this, (5-12), and applying (5-11) completes the proof. O
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Proof of Theorem 1.3 under the assumption ||V, ||z~ = O(Jm|™%). Let € > 0 be as in the statement of
Lemma 5.7. By applying Lemmas 5.6 and 5.7, we see that for / sufficiently large,

DO omv@) = Y my(§) =2my,0(0).

ceB(e) CE€B(e)
my (§)#0 my, (£)#0

Thus for [ sufficiently large Ry has at least 2my, 0(0) poles in B;(€). If Ry, o(1) has a simple pole at the
origin, then applying in addition Lemma 5.9 we see that Ry has at exactly 2my; 0(0) poles in B;(¢).

To finish the proof of the theorem for the L°° case we need to refine the estimate on the location of
the resonances in B;(€). We do this by showing that there is a C > 0 so that there are no resonances in
B;(e) \ B;(CI~%/") for I sufficiently large. This follows almost exactly the proof of Theorem 1.2, point 2,
with A; replaced by 0. The difference here is that the bound on the singular part of x Ry, x at the origin
is given by || x E(Ry,, 0)x || < C|A|™"; that is, my, o(%;) is replaced by r rather than my, ¢(0). Having
made this minor adaptation, the remainder of the proof follows without change. O

6. Resonance-free regions, poles of Ry and Ry, and the proofs of Corollary 1.4 and Theorem 1.9

Thus far we have focused on resonances in the sets B;(p), for [/ large. In this section we justify this
by showing that the high-energy resonances near the physical space which also have Re 79(¢) > 0 lie
in Bj(p), for p sufficiently large. We do this by showing the existence of large resonance-free regions
in B;(+/21 — 1). We discuss Z further, focusing on the region near the physical space. We describe the
relationship between the resolvents Ry and Ry;, where V is the complex conjugate of V; see Lemma 6.2.
This lemma shows that we can understand the poles of Ry which are near the physical space and have
Re 79(¢) < 0 by understanding the poles of Ry; which are near the physical space and have Re 79(¢) > 0.

Lemma 6.1. Let V € L (X). Then for any 0 <y < 1 there are M., c; > 0 so that the region

4 def

U S1{¢ e B(V2I=1): My <Re(1(¢)) < y+/2I, Im7,(8) > —c logRe(7(£))}

contains no poles of Ry for [l sufficiently large. Likewise, for any @ > 0 and 0 < y < 1, there is a constant
M_ > 0 so that

U € e B(V2I—1): M_ <Im((2)) < y+/2I, Ret;(¢) > —a)
contains no poles of Ry for [ sufficiently large.

The region U, 1+ is reminiscent of the logarithmic resonance-free regions familiar from potential scattering
on R?. We note that there is substantial overlap between U, 1+ and U ,.

Proof. Let x € L°(X) be independent of 6 and satisfy x V =V and 0 < x < 1. To prove the lemma, we
use xRy () x = xRo(C)(I + VRo(¢)x)~! and the representation (3-2) via separation of variables.
From (3-2) and the estimate || x Ro.o(A) x || < Ce©1™M-/|1|, there are constants Cy, C, so that

C1eC2m5(©)-
IVRo(Oxll < sup\ ————— |-
jeNo 17i (5]
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First consider Ul+. Set ¢, = 1/Cy — 84, where 8. > 0, 8. < 1/C», and take M, > (2C;)"/@+C2),

Then if ¢ € U,
CeC2ma(@)-

1T (%)

If j<land ¢ € U[+, then |7;(¢)| = |7 (¢)| and a computation shows

1
<§.

eC2(m i (0) - eC2(Im 7 (8))-
<
17 (0 17(0)]
On the other hand, for j > [, if ¢ € U;", then
Re(7j(¢))* < Re(m4+1(2))* = (Re 1(¢))* — 20 — (Im 7 (¢))* — 1 < =211 — y?).

Since Im 7;(¢) > O for j > [ and ¢ € B;(+~/2[ — 1), this is enough to show that

Clecz(lmfj(é“))f
|17 (O]
for ¢ € Ul+ and [ sufficiently large. Then ||V Ro(¢) x|l < %, and I + V Ry(¢)yx is invertible.

For U;”, choose M_ >0 sothat 16| VL~ < M?. Then using (3-2) and || Rp,o (V) || < 1/(dist(A2, [0, 00)))
forImA > 0, for ¢ € U;,

=

<

1 81V |70
< V]I~ su < BV

L
o (distTh [0,00) © M2 2

=

HVRO(C)X ZPJ

j=l
Next we show that

1
=3

H VR (¢) Z Pix

0<j<l

in U;” for sufficiently large /. Using the orthogonality of the projections ijl Pjand o j<i Pj this
will complete our proof that I + V Ry is invertible. Note that

12, =21 — (Im1)’ 4+ Re1)> — 1 +2i Re(r;) Im(1y).

Thus |77_1] > /(1 — y2)2l 4+ O0(1) and —Im(7;_;) <2a/+/1 —y2+ O(1~'/?), so for [ sufficiently large,
Clecz(lmﬂ—l(é“))—

|T1-1(8)]
for eU; . Butif0<j<l—1and¢ €U,

=

<

C1eC2mT @)= €| Callmroi ()~

<
17 (O] lT1—1(¢)]

This ensures that

1
<2

HVRO@) > Pix

0<j<l

so that I + V Ro(¢) x is invertible on U;~ for [ sufficiently large. O
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We remark that we have not made an effort to optimize the results of Lemma 6.1, as in this paper we
are concentrating instead on regions near the thresholds, where, as we have seen, resonances can occur.

Before proving Corollary 1.4, we discuss Z and the boundary of the physical space a bit more. To
motivate the discussion, consider the simpler case of the Schrodinger operator —Aq + Vo on R?, where
we use A” as the spectral parameter in defining the (scattering) resolvent. Thus, given a value E > 0,
there are two points, ++/E corresponding to the spectral parameter E on the boundary of the physical
space, with Ry, o(EVE) = (—Ag + Vo — (WE £i0))~".

There is a similar phenomena in the case of —A + V on RY x S!, but it is notationally harder to
describe. Given E > 0, let vE £i0 € 7 be the points on 7 with RV(«/Ej: i0)=(—A+V—EFi0)~L
Equivalently, we could define vE =+ i0 to be the point in Z with T; (WE +i0)=+E — j2if j2<E,
and 7;(VE £i0) = i\/j2 — E if j> > E. By our definition of Bj(p), if [z = |[v/E| and I > 0, then
VE+i0e By, (W2[g — 1), but VE —i0 & By, (v/2lg —1). Thus there is some sense in which we have
been studying only “half” of the boundary of the physical space. However, we shall see in Lemma 6.2
that this suffices for understanding the behavior of the resolvent, if we consider both the resolvent of
—A+V and that of —A + V.

Thus, to fully cover points on the boundary of the physical space, we need to define another type of
open set in Z, analogous to B;(p). For [ € N and p > 0, denote by Bi(p) the connected component
of {¢ € Z: |71(¢)| < p} which intersects the physical space and includes a region with &= Re 7y(¢) > O.
With the + sign, we get the set B;(p) defined in the introduction: BlJr (p) =Bi(p). If lg = L«/EJ and
VE — g < p, then the point ~/E — i0 corresponding to E on the boundary of the physical space as
defined above has vE —i0 € B, _(p). Hence any point on the boundary of the physical space lies in

o o
B (HU (U B (V2I - 1)) U (U B (W2l — 1)).
=1 =1

As before, we make the choice of /2] — 1 for p as that is the largest value of p for which BljE (p) contains
only a single point corresponding to a threshold. For certain combinations of / and p it can happen that
B/ (p) = B[ (p).

Consider a Schrodinger operator on d-dimensional Euclidean space with potential Vj € L(?O(Rd) and
scattering resolvent Ry, o(1). When Im A > 0, that is A is in the physical space,

Ry 00 = (—Ao+ Vo —A) 7' = (Ag+ Vo — 277" = (Ryo(—A)".

Here V,, and A denote the usual complex conjugates. For odd d the identity Ry, o(A) = (RVOO(_)_‘))* then
holds by meromorphic continuation for all A € C. In particular, this implies A is a pole of Ry, o() if
and only if —Ag is a pole of Ry, ((2). For real-valued V, this is the well-known symmetry of resonances
for symmetric Schrodinger operators in odd dimensions.

We turn to the analog of this result for Ry, which is shown in a similar way. Suppose ¢ is in the
physical space, here identified with the upper half-plane, so that Ry (¢) = (A +V — ¢?)~!. Thus
(RV(—E))* = Ry (¢). For general ¢ € Z, we define —¢T € Z to be the point in Z which satisfies
rj(—g“T) = —7;(¢) for all j. This is an antiholomorphic mapping, and if ¢ is in the physical space,
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identified with the upper half-plane, the mapping ¢ — —¢ ' agrees with the mapping ¢ — —¢. Then the
identity
(Ry(=t")*=Ry((), where 7j(=¢") = —T(¢), forall j €Ny (6-1)

holds for all ¢ € Z by meromorphic continuation. In particular, this means that ¢y € Zisa pole of Ry (¢)
if and only if —{J is a pole of Ry (¢). Note thatif ¢ € Bz+(:0) = B;(p), then —{T € B; (p). Thus to study
the poles of Ry (¢) in B; (p) it suffices to study the poles of Ry;(¢) in Bl+(,o) = B;(p). Likewise, an
estimate on Ry in B;' (/2] — 1) implies an estimate on Ry in B, (v/2[ — 1).

We summarize these results in the following lemma.

Lemma 6.2. If V) € Lgo([R{d), then Ao is a pole of Ry, o(A) if and only if —Xo is a pole of Ry, o(A).
Let V e L°(X). Then & € Z is a pole of Ry (¢) if and only if —gg is a pole of Ry (¢). Here Xo, V,
and Vy are the complex conjugates of Lo, V, and Vy, respectively, and —¢" is as defined in (6-1).

We define a distance on Z as follows: for ., e Z,
N 7y def /
dz(¢, &) = sup|z;(¢) — 7 (5] (6-2)
j
That this is well defined and a metric is shown in [Christiansen and Datchev 2021, Section 5.1]. Note that
if ¢, ¢’ € Z satisfy 7;(¢) # —7;(¢’), then since 7;(£)? — 7;(¢")? = 5 (£)> — u(¢')%

7(¢) + ()
7;($) + (&)

I7;(0) — ;¢ = u () — u(@)

In particular, this implies that for any p > 0 there is an L = L(p) so thatif [ > L and ¢, ¢’ € B;(p) then

dz(¢,¢) = u@) —u@)Hl.

Proof of Corollary 1.4. Recall our hypotheses include that V is real-valued, ensuring that Vj is real-valued
as well.

The operator-valued function Ry (¢) has a sequence {g“jb} of poles satisfying |79(¢ jb)| —o00as j —> oo
and d (fjb, physical space) — 0 only if Ry (¢) has infinitely many poles in | ;2 B;(+/21 — 1) or infinitely
many poles in U[’Zl Bf(ﬁ) (or both). If Ry (¢) has infinitely many poles in Ufil B/ (WV2[=1),
then by Lemma 6.2, Ry (¢) = Ry(¢) has infinitely many poles in | ;2 B;(+/2] — 1). Thus it suffices to
study sequences of poles in | ;o Bi(~/2] —1).

Note that while B;(+/2] — 1) contains only a single threshold, B;(+~/2] — 1) and B;1(~/2] + 1) are
not disjoint and in fact have substantial overlap which contains an interval of the continuous spectrum.
Moreover, for [ sufficiently large the sets U, 1+ and U, of Lemma 6.1 have nontrivial intersection. Applying
Lemma 6.1 we see that in order to have a sequence of resonances contained in Ufil Bi(/2l —1) and
approaching the continuous spectrum (and with 79| — 00), the resonances must lie in [ J;2, B;(M) for
some M. But then the corollary follows from an application of Theorems 1.1-1.3. 0

We now have the ingredients we need to prove Theorem 1.9.
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Proof of Theorem 1.9. The hypotheses on —d?/dx? + Vj and the expression (3-2) mean that the resol-
vent Ry, (¢) has no poles on the boundary of the physical space. Moreover, since for any x € C°(R)
there is a constant C so that || x Ry, 0(A) x|l < C for all A € RU[0, 00), for any x € C°(X) there is a
C1 > 0 so that || x Ry, (¢) x|l < C; for all ¢ in the boundary of the physical space.

Corollary 1.4 shows that there are no poles of the resolvent Ry in the continuous spectrum at high
energy. Proposition 5.4 and Lemma 5.5 show that when ¢ is in the boundary of the physical space and
¢ € Bj(v/21 — 1), the cut-off resolvent of —A + V satisfies || x Ry ({)x — x Rv,(O)x || = O(~"/?). Thus
| x Rv, (&) x |l is uniformly bounded on the boundary of the physical space when |to(¢)| is sufficiently
large. Hence by [Christiansen and Datchev 2021, Theorem 5.6] the hypotheses of [Christiansen and
Datchev 2022, Theorem 4.1] hold. Theorem 1.9 then follows directly. O

7. Larger neighborhoods of the threshold /2

In this section we consider poles of Ry (¢) in neighborhoods B;(« log!) and B;(a(log! )1=€) of the /-th
threshold. We prove Theorem 1.5 for potentials with V) = 0 and the related, but weaker, Theorem 7.1
which holds for a general potential V € L2°(X).

The proof of Theorem 1.5 is similar to that of the proof of Theorem 1.2 for L* potentials.

Proof of Theorem 1.5. Choose x € L2°(X), xV =V, and x independent of 6. We write
XRoV Rox
= XRoPV RoPix + x Ro(1 =P1)V RoPrx + xPiRoV Ro(1 —=Pr) x + x Ro(1 =P)VRo(1 =Pp)x. (7-1)
Let o >A0, and let ¢ € B;(’|logl|), where [ is large enough that B;(«’| log!|) contains only a single
point of Z which corresponds to a threshold. Let ¢ € B;(«’ logl) satisfy |t;(¢)| > 1. Then by Lemma 3.2,
IXRo(§)(1 =Pl = 0",
and by (3-1) and [Dyatlov and Zworski 2019, Theorem 3.1],
eCamz(£)-

1 (5)] )

for some C > 0. Using this estimate and P, VP, = O({ ~%) in (7-1) shows

IxRo(O)Prx|l = 0(

X Ro(C)V Ro(O) x|l = O (22 Imu@N—y,

Thus from (7-1) there is a C; > 0 so that I +V Ry(¢) x is invertible if / is sufficiently large, ¢ € B;(«logl),
|T1(¢)] > 1, and e2€ImuE)- < €13, This last item may be ensured by requiring |7;| < & log [, for suitably
chosen « > 0, o < ¢/, and taking [ sufficiently large. Recall that —A + V has no resonances in regions
where I + V Ry is invertible, see Proposition 4.3.

Applying Theorems 1.2 and 1.3 shows that if d = 1 there is a ¢cp > 0 so that when [ is sufficiently
large the region {¢ € Bj(xlogl) : 1 > |1;(¢)| > col —8) contains no resonances, and if d > 1 there are no
resonances in B;(1) for [ sufficiently large. O

A similar proof gives the next theorem.
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Theorem 7.1. Let V € L°(X) satisfy (1-1), and let € > 0. Then there is a co = co(e, V) > 0 so that for |
sufficiently large, the region

(¢ € Bi(colog DV ) [u(0) =¥ = A+ V)7 for every 3 € € :my,0()) > 0}
contains no poles of Ry (¢).

Proof. We assume V# =V — V) # 0, since otherwise there is nothing to prove.

Choose x € L2°(X) so that xV =V and x is independent of 6. We may think of x as an element
of L°(RY) as well.

Set

AcE D eC: =)= 4+ NP2 forevery A € C:my, (M) > O}
We shall use, from the proof of [Dyatlov and Zworski 2019, Theorem 3.54], that there is a C > 0 so that
(I 4+ VoRo,o(W) 1| < Cexp(CIA|%+€) if A € A, (7-2)
Choose o’ > 0. If ¢ € B;(«’ logl),

XRv, (§)Prx = X Rvy,0(ti(§)Pix
= x Ro,0(m () x (I + VoRoo(m () x) P
Thus, if ¢ € Bj(a’logl) with 7; € A¢ and |7;(¢)| > 1, then

Ix Rvo (©)Prx |l < C exp(CAm7(£)-)) exp(Clz(£)]+)

(7-3)
< Cexp(Clu(¢)]*F).

Here and below we allow the constant C to change from line to line, and note that it depends on V, €,
and x, but not /.

Let ¢ € Bi(e'logl) with 7; € A and |7;(¢)| > 1. Writing x Ry, x as in (7-1) and applying Lemma 3.2
and (7-3), we find that for these ¢, if [ is sufficiently large,

X Rvy (O VF Ry, () x|l < C1l ™ exp(Ci [ (§)|F) (7-4)
for some C;. Now we can choose cg > 0 sufficiently small and L > 0 sufficiently large so that
if |7(0)] < collog)/“* and I > L then Cyl~°exp(Cy|n()|4F) <}

ensuring that I + V#Ry, (¢)x is invertible.
Recalling that with V# nontrivial if 7 4+ V#RVO (¢) x is invertible then ¢ is not a resonance of —A + V
proves the theorem. U

8. Expansion of P;(I + V#Rif;g x)~1V#P; for smooth V

This section contains preliminary computations which allow us to refine some of our results when V is
smooth. We begin with a straightforward lemma about Schrodinger operators on RY.
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Lemma 8.1. Let Vy, x € CZ.’O(R‘{) and J € N. Then as an operator from H*(R%) to H~%/ (R?),

J

XRv oM x ==

1 . 1
X(=8o0+ Vo) ™H x4 57 X Ruy 0 () (= Ao+ Vo) . (8-1)
j=1

22
Proof. First assume A is in the physical region, that is, ImA > 0. Then the J = 1 case follows from
rearranging the equality

(=80 + Vo = 2% Ryy,0(h) = Ryp o) (= Do+ Vo — 2% =1
to get

1
Ry, 0(A) = ﬁ(—l + Ry, 0(A) (—Ao + Vo).

The general case follows by induction.
Since both sides of (8-1) have meromorphic continuations to the complex plane, the equality holds for
all A. |

We shall use the following Hilbert spaces: for n € Ny,

2
def G : . *
Hon(X) = {u e L*(X): Sl € L*(X) if |a| < n} with ullf,, = > 3| oy
lor|<n L™
Here we use the usual multi-index notation for & = («y, ..., ®g). This allows us to indicate mapping

properties of operators which act differently in the x and 6 variables.
One of the main results of this section is the following proposition. Recall that R;f)g(g) = R%g(f? 2o, 1)
is defined in (5-3).

Proposition 8.2. Let V, x € CX°(X) satisfy xV = V. In addition, suppose x is independent of 6. Let
Ao € C, and suppose Ry, o(X) is analytic on 0 < |A — Ao| < €. Then, for Ri,eog(g) = R{Z}g(;; Ao, 1) and
¢ € Di(ho, €),

where the error is uniform on Dj(Lg, €) for [ sufficiently large.

‘L’lz—k2 V_k

VoVi—— =0(7),
a2 TR g2 ¢

Ho,8)(X)—L*(X)

(=Ao+Wo) Vk) P

~ 1
P+ VERGEC) 1) 1v#7>l+l—22(
keZ

k£0

To prove this proposition we use Lemmas 8.3-8.6. In each of these, V, Aq, R;Zg(g“ ), and € are as in

:I:ikeezl:ile — e:l:i(k+l)9

Proposition 8.2. Some of these computations rely on the identity e and hence use

the structure of the eigenfunctions of the Laplacian on S' in an essential way.
Forl e N, let Pi4 : L*(X) — L*(X) denote orthogonal projection onto Lz(Ri)ei”g, so that

1 2 ) ,
Pref)(x,0) = — / Fr, 0100 g7
2.7'[ 0

for!/ >0and P, =P +P—.
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Lemma 8.3. Under the hypotheses of Proposition 8.2,

# oreg # 1 le_kz Vi
PVIRGEOVIP - = VoV = 5 (= Do+ Vo) Ve | Py

4k? 4k?

=0(7)

Ho.n+6)=> Ho,n)

uniformly for ¢ € D;( g, €) when [ is sufficiently large.

Proof. Since V € C°(X), we have ||V, |z~ = O(lm|™") for any N, so |P,V¥P|| = 0(~V). Thus,
choosing / sufficiently large so that (5-4) holds, it suffices to consider

PIVIRVEO) U —P)VFP =PIV Ry, (5)I = P)V*P.
Then

PIVIREI —PYVHP, = Z Z Vi Ry 0(T14) Vi Prt

+ kez
O<lk|, k#—1

=3 3 VaRyo(@an) VarPris + Opo, 2(7Y).

+ keZ
0<|k|<I'/?

Here we use the rapid decay of ||V,,|| to bound the error obtained when we restrict the values of k in the
sum. Using Lemma 8.1 with J = 3 gives

-1 1
PVIRGEI —POVRP =) Y Vg (2— — ——(—Ao+ Vo)) VP + 017, (8-2)
+  kez Tk Tk
O<|k|<I/?

where the error is as an operator from H(g ,+6)(X) to H ) (X) and is uniform in D;(Ao, €). Since we
have restricted |k| to be relatively small compared with [, we can expand 7;4+; asymptotically in /. Thus,
with each sum over k € Z with 0 < |k| < {!/?, using Tzzik = rlz F2lk —k? gives

S Lvau=l % (L+L)V Vi= Y Ty
S VaVie=5 2 T V= (2 k22 —a22 kK
O<|k| <12 I+k O<|k|<l/2 I+ =k O<lk|<il/2 N1
—1 Tt —k? _
=5 > <’k2 >V_ka+0(l . (8-3)
0<lk| <172

Here and below the error is uniform in D;(Ag, €) when [ is sufficiently large.
For the second term in (8-2), we write

Z %ka(_AO‘f‘VO)Vik: Z .

Vo (= Ao + Vo) Vax

2 _ _ k2)2
0<lk|<1/2 T+k om0 =20k = k)
1 1
~ 42 Z k_QV:Fk(_A0+VO)V:|:k+O(l_3).
0<|k| <112
Note that
1 1
Z pv¢k(—A0 + Vo) Vix = Z k—2V,k(—A0 + Vo) Vi, (8-4)

0<|k|<I'/2 0<|k|<I1/2
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since the sum is over k € Z, with 0 < |k| < I'/2. The rapid decay in m of || V,,||c» means we can replace
the sums in (8-3) and (8-4) over 0 < |k| < ['/? by sums over all nonzero k € Z, with an error which
is O(I™V). O

The next lemma is an algebraic identity.

Lemma 8.4. Forany V € C°(X)

1
Y VY Vo =0.
miez  JUTM
m, j#0, m#—j

We give two different proofs.

Proof. For this proof, we show that for each jy # 0, mq # 0 the coefficient of Vj,V,,,V_ ), in the sum
is zero. This proof is purely algebraic in nature.

If mo # £ jo, then there are six possibilities for the pair (j, m) which will give a term containing
VinoVieVemo—jo: (Jo, mo), (mo, jo), (—mo— jo, mo), (mo, —jo—mo), (jo, —mo—jo), (—mo— jo, jo). Thus
the sum of the coefficients of V,,,V; V_n,—j, is

1 1 1 1 1 1

— + . + - + - =0
JoGo+mo) — mo(jo+mo)  jo(jo+mo) jomo jomo  mo(jo+mo)
A similar argument when jy = mg shows the coefficient of Vjﬁ V_2j, is zero as well. 4

Alternate proof of Lemma 8.4. For this proof, we use that V; is the j-th Fourier coefficient of V. Though
in our applications V; depends on x, that dependence is not important here so we will suppress it.
Set
wWe)=>_ Lyjeiie
70/
and note d/dOW () = V(0) — Vy. Then
2

i (V(0) — Vo) (W(6))* db = %(W(e»ﬂé” =0 (8-5)

by the fundamental theorem of calculus. But

1 —1
I AL D A

m,jez m,jeZ Jm
m, j#0 m, j#0
m#—j m#—j
2
=— (V(0) — Vo) (W(6))* do, (8-6)
0

where the last equality uses ¢'/%¢? = ¢!+ and the fact that the integral of a function over a circle is

its zeroth Fourier coefficient. Combining (8-5) and (8-6) proves the lemma. O
Lemma 8.5. Under the hypotheses of Proposition 8.2, if | is sufficiently large
1P (VFRYE VEPl a0 — Homan = OU ) uniformly for ¢ € Dy(ho, €).
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Proof. Again we use that || P V#P|l = 0(™N) for any N. This implies

PIVERYE? VAP = PU(VIRGEU =P VP + Opa, 12 (17V).
Note that for ¢ € D;(Ag, €) and [ sufficiently large, Ri,ig(f)(l —P1) = Ry, (¢)(I —Py). Then
Pu(V* Ry, (I = P)*V*P,

=P Z et HkEme Z Vet j Rviy,0 (Titk+m) Ve Rvig, 0 (T144) Vet Prs
n

k,m,jeZ
k,m k20, —21
m, j#0
= § E Ver ety RV.0 Tkt ) Ve Ry 0 (T1) Vi Pre + O 07N, (8-7)
£ kmtk£0,—21
m#0, k,meZ

By Lemma 8.1, for k, m + k # 0, —2I,

H X R0 (Titiem) Ve R0 (Tpi) Varke — 55— X Vaeom Vi

Tdktm Ytk HH6(RY)— H (RY)

= O Vit | o0 || Ve || )

This implies (with sums still over Z), using ||V, |lc»r = O (Jm|~Y), that
1

Pi(VE Ry, (I = P)*V*Pr = Z Z ———5 Vett+m Vam Ve P + ol
£ ko ktmz0,—20 Hkm Ttk
1
- Z Z 2 —Vertetm) Viem Vi Pre + 0 (1)
£ 0<|k|, [k-+m| <172, m#£0 Uispk+m Uitk
1
=2 > Ak kb | Flerm) Vaem Vi Prae o+ 0™
+ 0<|k|, [k+m|<IV/2, m#£0
1 —
=20 X G Ve Ven VakPla+ 00, (8-8)
+ 0#k,k+m,m

Here errors are as operators from H(g ,+6)(X) to H,) (X), and are uniform in D;(Ag, €) when [ is
sufficiently large. But the final sum in (8-8) is zero by Lemma 8.4. U

Lemma 8.6. Under the hypotheses of Proposition 8.2 for j >3, j € N, and [ sufficiently large,
IOVERVEE) VP g 00— 12000 = O )

uniformly for ¢ € Di(Ag, €).

Proof. By Lemma 8.5,
1P CVFRYE > VEPU Hrey— Homw = OUT).

This gives

(VIRYVE VPP = VIRGEUI — PO(VIRYE? VAP + VIRVEP (VR VP,

=V*RYEI - PV RE VP + 0(7) (8-9)
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as an operator from H (g ,46)(X) to H »)(X). Using that 7, commutes with Ry, and ||, VP l=01™N)
for any N gives

(VERYE> VP = (V¥ Ry, (I = P VP + VEREPVF Ry, (I = PO VFP 4 Opa, 12 (7).
Using this in (8-9) yields
(VERY)VFP = (VFRy, (1 = P))’ VP,
+ V*Ry, (I = POV*RYEPV* Ry, (I = POV*Pr + Ong 59— Hio ). (8-10)
For large [, Lemma 8.1 applied with J = 1 shows that
IV Ry, (I = PDY VPl 11, ) 1200) = OU).

Choose x € C°(X) independent of 6 so that V x = V. We write the second term on the right in (8-10)
as the composition of three operators, with the grouping indicated below by the brackets:

V*Ry, (I = POV*RYEPVF Ry, (I — P VP
= [V* Ry, = POV*|[x RVEPX|[PIVF Ry, (I = POVF*P].  (8-11)
By Lemma 8.1,
IV*Ryy (1 =PV ¥t 0y Hgy = OU ).

The second operator, xRiZgPZ X, 1s bounded. By Lemma 8.3, the third is O(7?) as an operator from
Ho,n+6) to H, ). Thus we have proved the lemma when j = 3.
The case of j > 3 follows from the j = 3 case. O

We now can prove Proposition 8.2.
Proof of Proposition 8.2. For [ sufficiently large, on D;(Xrg, €),
o0
P+ VIRGEO) ) VP =P Y (—V*RVEQO ) VP
j=0

The proposition then follows from an application of Lemmas 8.3, 8.5, and 8.6, and recalling that
IPV*Pil = 01™). O

The proof of Theorem 1.6 uses the next lemma, which computes an expression related to the leading
term of

PiI + VIREG () VP

Lemma 8.7. Suppose V € C°(X) and u H?(R?) satisfies (— Ao+ Vo — )%)u =0. Then

—/ u((zZ—kZ)V_kau—V_k(—Ao+Vo)(Vku))dx:/ (R +23—= 2>V Vi +u? VoV - Vo Vi) dx.
Rd Rd
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Proof. We first compute fRu V_i(—Ao + Vo) (Viu) dx. Expanding and then integrating by parts yields
/ uV_i (—Ao+ Vo) (Viu) dx
Rd

= — / (M2V_kA0Vk +2V_uVo Vi - Vou) dx +/ uV_i Vi(— Ao+ Vo)u dx
R4

:—/ uzv_kAodex—i-/ ZZ (V_k—Vk) dx+k2/ uzv_kadx
R? i R?

:/ uzvov_k.vovkderAg/ u?V_y Vi dx. (8-12)
Rd R4

Using this, we find

(22 =KV Vi —uV_i (= Ao+ Vo) (Veu)) dx = — f (P2 =V Vit Vo Vi -VoVi)u?) dx,
R4 Rd

completing the proof. O

The proof of the next lemma uses some of the same ideas as that of Proposition 8.2. This result will be
used in the proof of Theorem 1.7.

Lemma 8.8. Suppose V € C°(X; R). Let Ay € iR be a simple pole of Ry, o(A) with residue of rank 1.
Let M > |Ao| and N € N, and suppose Ry, o(L) — E(Ry, 0(r), o) is analytic for |» — Lo| < €. Then
if x € C(X;R) is independent of 0 and satisfies Vx =V, there exists an s = s(N) € N and an
Ay =An(1, 1) : Hp5(X) = L*(X) so that for [ sufficiently large,

IP(T+ VFRYE () )™ VP — AN (1), Dl 001200 = OU™Y) (8-13)

uniformly for ¢ € D;(rg, €). Moreover, Ay(z,1) depends analytically on z in the set {z € C: |z — Ao| < €}
and if z € iR, then Ay (z, 1) is symmetric on C°(X) C L?(X). Furthermore,

1P AN Pzl gy 00— 2200 = OUY)
for any N.

Proof. By Lemma 5.2, if j > 2N, then on D;(hg, €) we have

I(V*RYED) ) 200> 1200 = OU™Y).
Thus

=0ou™M). (8-14)
L2(X)—L%(X)

H(l+v# @0 Z( VERGE@) 1)

j=0

Now we write, for [ sufficiently large,

RYE = RyEPr+ Ry, (I — P)). (8-15)
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From our assumptions on Vp and the pole of Ry, ¢ at A, thereisau € C *(R?; R) so that for |L —Ag| <e,
Ry, 0(A) —i/(A — Xo)u @ u is analytic. Then for / sufficiently large

i
RyE(QQPr = RyE(&: 2o, DPr = Ry, 0(m()Pr — ———— @ @u)Pr.
7($) —Xo

Ifry=7()eiRand ¢ € Di (X, €), the operator XRi,eOg(C)sz is symmetric on C2°(X). On the other
hand, for k # [, writing t; for 74 (¢) and using Lemma 8.1 yields

X RvyPix = x Rvy,0(ti) P x

1 .
=— (Ao + Vo) 'P
X;(rf-i—lz—kz)l( 0o+ Vo) ™ Prx

1
— Ry, () (=Ag+ Vo)V Pix. (8-16
X(rlz+l2—k2)N vo(Ti) (—Ao+ Vo) " Prx.  (8-16)
If ‘L'ZZER, then
1

—————(—Ao+ V) '
X(rlz—i—lz—kz)f( o+ Vo) Prx

is symmetric on C2°(X). Set

Ty =Tn(u, ) = RyE, (@) P — ZZ 12 Ty A P (8-17)
k£l j=1 (tl + )

Note that Ty is an analytic operator-valued function of 7; for ¢ € Di(ho, €), where |1 — Ag| < €.
Using (8-16),

1 (RyE = T) X | Hoans (%)= Hioy ) = O ™),

if |7 — Aol <€, and xTn (1, 1) x is symmetric on C°(X) if 7; € iR. Moreover, by (8-14),

2N
H I+ VIR @@~ =Y (V¥ Tw(@. D) x =0a™")
j=0 Hsovy—L?
if s(N) > 4N?. Thus if we define
2N ‘
Ay =An(, D) =P Yy (=VTy)/V*P (8-18)
j=0

then Ay satisfies (8-13), Ay is an analytic function of 7; if |7, — Ag| < €, and An(77,[) is symmetric
on CX(X) if ; € iR.
To show that | Pre AnPixll )12 = O(~V), consider a term P, (V#Ty)/ V#P,_. We write

PH_(V#TN)j V#Pl_ — Z leeim19TN szeim29 TN L. ijeiij TN ij+leimj+197pl_'

my+mo+--+mj =21
my#0



1534 T. J. CHRISTIANSEN

Thus we see that at least one m,, must have absolute value at least 2[/(j + 1). Since ||Viu|lcr = O (|m|~P)
for any fixed r, any p, we obtain

1P (VTN VPl 12 = OU™N)

for some sufficiently large s. Thus the result for P, Ay P;— follows from our expression (8-18) for Ay.
The result for P;_ AnP;4 follows similarly. O

9. Proofs of the smooth case of Theorem 1.2 and Theorem 1.3

The first application of our results in the previous section is to improve the localization of the resonances
when V € C2°(X).

Proof of Theorem 1.2 for V. € CX°(X). Let A; € A, and choose € > 0 so that there are no poles of
Ryy0(A) in 0 < [A — A;| < €. We will show that there is a C; > 0 so that there are no poles of Ry (¢)
in¢ € Di(Aj, €) with |5(¢) — 4] > le_2/(’"V0~°(Af')) when [ is sufficiently large.

Choose x € C2°(X) so that x V =V and y is independent of 6. As previously, if / is sufficiently large,

RyF(©) = Ry (&5 2, 1) = Ryy(§) — E(Rvp.0, A la=u() Pt

and note that Riz)g(g; Aj, 1) is analytic on 51(Aj, €). By (3-7), any poles of Ry (¢) in D;(A;, €) are points
at which I +P;(I + V*E*Ri,eo‘g(g)x)_1 V#E(RVO,O, Aj) x P, has nontrivial null space.
Using the smoothness of V, for any fixed s € N there is a constant C > 0 (depending on s, Vy, A;)
with
C
[7(©) = 3"

IV*E (Rvy,00 A) e ) X P 22000 Hoy(x) = -1

[Dyatlov and Zworski 2019, Theorems 2.5, 2.7, 3.9, and 3.17]. Thus on D;(1;, €), for [ sufficiently large
by Proposition 8.2,

C
Plr(g) =m0

12T + VERGED) )™ VFE (Rve.0. M) ha=n0) X Pill 12000 12x) <

for some C. Thus there is a C; > 0 so that if { € D;(A, €) and |;($) — Aj| > C,-l_z/m‘/0~°()‘f), then
1+P I+ V#Rz,ig(())()_l V#E(RVO’O, Aj)Py is invertible, and ¢ is not a resonance.

Since A; € A, is arbitrary, A, contains only finitely many elements and we have already proved the
theorem for the case of an L* potential V, this suffices to prove the smooth version of the theorem. [

The proof of the smooth case of Theorem 1.3 is almost identical, given our earlier results.

Proof of Theorem 1.3 for V e C2°(X). Recall that we have already proved the L* case of this theorem.
Thus, the proof follows just as in the proof of the smooth case of Theorem 1.2, except that estimate (9-1)

is replaced by

Cc
VF¥E (R, 0, 0)s=ey) X P, = ' i
IVZERY.0. Obimaio) X Prll 200~ Ho 0 = [0
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10. Proofs of Theorems 1.6 and 1.7

We prove Theorems 1.6 and 1.7 in this section, using results of Section 8.
Before turning to the proofs of the theorems, we say something more about the function u of (1-3).
The mapping properties of the resolvent mean that for any € > 0 away from its poles, we have the map

RV() 0()\') . e—(e+max(0,—ImA))lleZ(Rd) N e(€+max(0,—ImA))lleZ(Rd)‘
With Ry, 0(%)" denoting the transpose, we have the symmetry Ry, 0(1)" = Ry, 0(}), checked first for
Im A > 0 and then holding by analytic continuation for all A. This implies that if Ry, o(1) has a simple pole
of rank 1 at g, then there is a u € e(€+mX(O.—ImM)IxI1 2(Rd) g0 that (1-3) holds, where the operator u ® u

is understood as an operator between weighted L? spaces.
Now we turn more directly to the proofs, beginning with a preliminary lemma.

Lemma 10.1. Let Lo be a pole of Ry, o and set R;i)g(g) = Ri,eog(g; ro,1). Let x € C°(X) be independent
of 0 and satisfy x V =V, with x nontrivial. Suppose Ry, o(A) is analytic for 0 < |. — Ao| < €. Then there
isan L > 0 so that for | > L, if ¢y € D;(Ao, €), then

M+ V*Ry,(0)x. §0) = MU + I + V*RGE) )™ VFE Ry, 000, 20) ey Pl 20)-

Proof. By Lemma 5.2, there is an L > 0 so that [ + V#Ri,eog(;)x is invertible on D;(1g, €) for [ > L.
Then if [ > L and ¢y € D;(), €),

M(I+V*Ry,x, ¢0) = M((I+V*RZEQ) )T+ T+ VIRGED) )T VFERy,.0(0), 20) ey P £0)
=MI+I+V*RGEQO )T VFERY,0M), 20) lha() Pi $0)
where the second equality uses Lemma 4.1. 0

Given f € CX(R?), define hay € C°(X) by hay(x, 0) = f(x)e*?/\/27r. For z9 € C and an operator
A Hpg(X) — L*(X) set

i
Da(z) =det(l+:(Ahl@)h—z-i-z‘\h—z@hl))- (10-1)
—20

Here “det” is the Fredholm determinant. In this special case it is easily calculated to be

: 2{(z—z()+i / h_,<Ahl>) (z—zO+z‘ / hz(Ah_l))+ [ nercany [ hz(Ahl)}- (10-2)
(z—20) X X X X

Proposition 10.2. Let 7o € C, € > 0, and set U = {z € C : |z — 20| < €}. Suppose there are L1, my > %
and s € N so that forl > L, | € N and 7z € U, there are linear operators S; = S;(z) and Ty = T;(2)

Dp(z) =

mapping H s (X) to L?(X) which are operator-valued functions analytic on U, satisfying:
o sup_cy, PSP — Ti(2) Pill gy ) 22x) = OUT™0),
 Ti@Pr = Piy Ti(2)Prs + Pi-Ti(2)Pi— and sup, ey 1 Ti() |l g, (x)- 22060 = OU2).

Then given f € C(?O([Rd), for | sufficiently large the functions (z — Zo)ng, (2) and (z — Zo)zDT, (2) have
exactly two zeros, counted with multiplicity, in U, and they lie in U¢ 5. Moreover, there is a labeling of
these two sets of zeros as zs,+ and 27+, so that |25+ — z7,+| = O (7).
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Proof. By translating if necessary, we may assume zg = 0.

Our assumptions on 7; imply that Fi(z) = F1(z; 1) défz + i fx h+1(T;(z)h+;) is analytic on U and
satisfies Fi(z) = z 4+ O(I~'/?) uniformly on U,. Applying Rouché’s theorem to the pair F(z) and the
function z, we see that F. has, for [ sufficiently large, exactly one zero in the set Uc/4 and no zeros
in Ue \ Uc/4. We label this zero as z7,+. Since fX h+i(Tyhyy) = 0, we have that z>Dr, (z) = Fi(2) F_(z)
and 77,4 are the zeros of z2Dr,.

We write

Fe(z; ) =z+i / h+1(Ti(D)h+) = (2 — 219+ (2; D), (10-3)
X

with ¢4 analytic on U, for [ sufficiently large. An application of the maximum principle shows that there
is a C > 0 independent of / so that for / sufficiently large,

% <lps(z; DI < C forall z € Usea. (10-4)
Next consider the intermediary

Gi(d)=Ga(z:]) d=efz+i/

RECICONEESS / hot (TH@ha) + O™,

X

Our estimate G — Fr = O([7™), (10-3), and (10-4) allow an application of Rouché’s theorem to the
pair Fx, G+ on a disk with center z7;+ and radius co/ ™" for an appropriate choice of ¢o > 0 and for /
sufficiently large. This shows that for [ sufficiently large, G+ has exactly one zero (counting multiplicity)
in Uc/3. We label this zero z;; + (the “I” here stands for intermediate, as this is an intermediate step).
We have shown |z + — z7,,+| = O(™™°). As before, by the maximum principle we may write

Gizil)= Gz -z D012 D),  with % <lpre(z D <C, forall z € Usea (10-5)

for some constant C independent of /, and for / sufficiently large.
Now consider ZZDS, (z). By our assumptions on S; and 77,

D5 (2) = G4 ()G-(2) + O™ = (2 — 210.) (2 — 211,214+ (D)P1 - (2) + OU>").

Thus we can apply Rouché’s theorem again, this time to the pair zzDSI (z) and G4 (z;1)G_(z;1) at a
distance proportional to /7" of z;; 1, proving the proposition. U

We apply this proposition in the proof of Theorem 1.6.

Proof of Theorem 1.6. We assume that V# £ 0, since otherwise there is nothing to prove. Choose
x € CX(X) with x V =V, and x independent of 6.
Let Ri,eog(;‘) = Ri,zg({; Mo, 1), and let €, L > 0 be as in Lemma 10.1. For [/ > L the function

def - -
Fi(2) = (&) — 2o)* det( + (I + VFRYED) ) ™ VI E (Ry.0, 20) [r=n0)P1)
is analytic on D;(Xg, €). Moreover, the order of vanishing of F; at £y € D;(Xo, €) is given by

M + I+ V*RYE) )™ VFE (R0, 20) lh=r(e) P C0) + my, (L0).
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see [Gohberg and Sigal 1971, Theorem 5.1]. Note that for {y € D;(Ag, €) and [ sufficiently large,
my, (¢o) # 0 if and only if 7;(¢o) = Xo. For A9 # 0, combining this with Lemmas 10.1 and 4.4, we see
that the poles of Ry in D;(Xg, €) are, for [ > L, given by the zeros of F;, and the multiplicities agree.
If A9 = 0, the same is true, but as in the proof of Theorem 1.3 we use Lemmas 5.6, 5.7, and 5.9.
To prove the theorem, we will apply Proposition 10.2 with the following choices: z = 7;(¢), zo = Ao,
f) = x()u(x) so that ha(x, 0) = x ()u(x)e*1//2x,
Si=S1z) = U+ VIR () 'V,
—1 22—k 1
=Ti(2) = 2 (— VoV — T —5 V(Ao + Vo)Vk)Pz,
k#0
and s = 8. By Proposition 8.2 we have, in the notation of Proposition 10.2, my = 3. Note that using the
coordinate z = 7;(¢), we have F;(¢(z)) = (z — XO)ZDS, (z), where Dy, is as defined via (10-1).
The function (z — AO)ZDT, (z) has a single zero of multiplicity 2 in U,, and by Lemma 8.7 this is the

k2 + )»2 u2VQV_k - Vo Vi
z— Ao+ lZZ/( uV_ka—f—T)
k0

near z = Ag. This zero is given by

u-VoV_r - Vo Vi
2+ x0—412 Z/(u V_ka+k—2)+0(l ).

zero of

k#0
By Proposition 10.2, the zeros of (z — A0)>Ds,(z) in U, are within O(I~™°) = O (I~3) of the zero
(of multiplicity 2) of (z — AO)ZDT, (z) in Ug, thus completing the proof. O

The proof of Theorem 1.7 is similar.

Proof of Theorem 1.7. We prove the theorem by showing that for any N € N there is an € > 0 so that
for I € N sufficiently large if £’ € D;(Ao, €) and ¢ is a pole of Ry (¢), then Re 7;(¢)) = O(I™N).

Choose x € C2°(X; R) sothat x V =V and x is independent of #. Choose €, L > 0, as in Lemma 10.1.
Let u € C*®°(R?) be such that Ry, 0(A) —i/(A — Ao)u ® u is analytic for A near Ag. Our assumptions
on V and Ao imply that u is real-valued. We apply Proposition 10.2 in a way very similar to the proof of
Theorem 1.6. We make the following choices: z = 7;(¢), zo = Ao, h4i(x, 0) = x (X)u(x)e*?//27, and
S=8S)=U+ V#Rrveg(g‘l (2)x)~'V#P;, where Ri,eg(g‘) = Rrveg({; Ao, 1). For [ sufficiently large, S is
analytic on U.. Let Ay = An(z, 1) be the operator from Lemma 8.8, and set

=Ti(z; N) =P+ ANPry + Pi-ANPi-.
By Lemma 8.8, there is an s € N so that
IP1Si()Pr = Ti(@) | gy x) > L20x) = O U™ M

uniformly for z € U,. Thus for our application of Proposition 10.2 we have my = N.
Following the proof of Theorem 1.6, the poles of Ry in D;(Ag, €) are determined by the zeros of
(z — AO)ZDS, (z) in Ue, using U, 3 z = 1;(¢). By Proposition 10.2, these zeros are approximated by those
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of (z — AO)QDTI (z) in U,, with an error which is O(I="). We compete the proof by showing that for [
sufficiently large the zeros of Dz, (z) in Ue lie on the imaginary axis.

Set ay(z; 1) def fX hi(T)(2)hy) = fX h11(Ti(z)h+;). From Lemma 8.8 and the definition of T}, if
z € UcNiR, then T;(iz) is symmetric on C°(X) C L*(X). In particular, this implies that if z € iR N U,
then a1 (z; I) € R. Since a4 (z; () is analytic for z € U, and is real-valued for z € iR N U, we must have

a+(z;l)=a+(—z;1) for z € Ue. (10-6)

We remark that since A € iR, we have z € U, if and only if —Z € U..

From the proof of Proposition 10.2, the zeros of (z — )»0)2DT1 (z) in U are given by the zeros of
z—Xto+ias(z, 1) in Ug, and there is, for [ sufficiently large, exactly one such zero for each choice of +.
We denote these zeros by z7,+ and focus on the zero for the “4” sign, z7,4. Using A9 € iR,

2+ — Ao tiay(zn+; D) =0=z54 —do+iay(zg+; 1) = —(=25+ — Ao +ia(zp+: 1)
= —(—z+ — Mo +iar (=274 D),
where the last equality uses (10-6). Hence —Zz7; is also a zero of z — Ao +ia4(z; [) in Ue, and since

there is exactly one such zero, it must be that —z7,; = z7,4, and thus z7,4 € iR. The same argument
shows z7,— € iR. O

11. Proof of Theorem 1.8, the resonant uniqueness of V =0 whend =1

Theorem 1.8, a result on the resonant rigidity of the zero potential on R x S', follows rather directly from
Theorems 1.1, 1.3, and 1.6.

Proof of Theorem 1.8. Suppose X =R x S! and V is as in Theorem 1.8. Then by Theorems 1.1 and 1.3,
the one-dimensional operator —d?/dx? + Vo on R must have a resonance at the origin and nowhere
else, and this resonance must have multiplicity 1. But since Vp € L2°(R), by well-known results for
one-dimensional Schrodinger operators, Vy = 0; see for example [Zworski 1987].

The operator Ry o(A) —i/(2A)1 ® 1 is analytic at the origin. Using this in Theorem 1.6 along with the
fact that Ry has poles at a sequence of thresholds tending to infinity, we find

1
Z o) / (K*ViV_y + V[V ) (x)dx =0.
k0 R

But since V_g(x) = Vi (x) for a real-valued potential V, this implies V; =0 for all k, and hence V =0. O

12. The potential V (x, 0) =2x,(x) cosf on R x st

In this section we investigate the resonances near the /-th threshold of the Schrodinger operator with
potential V (x, 8) =2xj,(x)cos6 on X =R x S!. Here x 1,(x) is the characteristic function of the interval
Io=[—1,1], 50 x5,(x) =1if x| <1 and x;,(x) =0if |x| > 1. This potential has Vj = 0 so that vi=V.
Proposition 12.3 shows that the resonances nearest the threshold, which correspond to perturbations of the
pole at the origin for Ry ¢(A), are, for this potential, localized in a different way than for smooth potentials;
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compare Theorem 1.6. By Proposition 12.6, there is a sense in which Theorem 1.5 is sharp. We remark
that some of the computations of this section are reminiscent of those found in [Drouot 2018, Section 2].
In all of this section,
V(x,0) =2y, (x)cos® and X =RxS'

We will use this preliminary lemma.
Lemma 12.1. For A, A’ € C, A # £/,
X1oR0.0(A) x1,Ro.0(M") x14

3 x1,(Ro,0(X") — Ro,0(M) X1,

1 ; /
== O (g @+ P @b_y),  (12-1)

+ 4AN (A +))
where

Pas (x) = €M g (x).

Moreover, if T € C, T # A, applying the operator xj,Ro,0(t) to the function x, (x)e™* vyields

1 e—ikeif(]'i‘x)_i_;ei}‘eif(l_x) . (12-2)
2t(h—1) 2t(t+2)

Proof. The first can be seen, for example, by using (3-1), the explicit expression for the Schwartz kernel

. 1
(X1, R0.0(T) X 1p™*) (%) = %1 (%) (AZ _ Tze’“—l—

of Ro o, and evaluating
/1 eiklx—x”\—i—ik’lx”—x/l dx"
-1
for |x|, |x| < 1. Likewise, (12-2) follows from an explicit computation using (3-1). O
12A. Resonances near the threshold t; = 0 for V(x,0) = 2x;,(x) cosf. Since in this section we

concentrate on the resonance near the threshold, we work on B;(1). A preliminary step is the following.

Lemma 12.2. Let R(r)eg €)= R(r)eg({; 0, 0). Then for [ sufficiently large, uniformly on B;(1),
1P+ VRGEO x) ™V + VROV + (VRFEO V)P = 0072

Proof. Using the Neumann series,

[e.e]
I+ VRGO x1) ™'V =D (=VRGE@) V.
j=0
By Lemma 5.2, [|[(—V Ry®(¢))/|| = O(™2) on By(1) if j > 4 and [ is sufficiently large. This ensures the
Neumann series for (I + VR(r)eg () )(10)_1 converges, and

3
H(l +VREEO )™V = Y (—VREEE)Y VH =007
j=0
on B;(1).
Now we note that our explicit expression for V means that 7;VP; = 0. Likewise, it implies that
Pi(VRy®(¢))*VP, =0, completing the proof. O
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Proposition 12.3. For [ sufficiently large, the poles of Ry (¢) in B;(1) satisfy

1 .
=——(—1—i+2V) o).
Q)= =1 =i+ 1007

Proof. We give a proof similar to that of Theorem 1.6 using Proposition 10.2.
Let Rgeg be as in Lemma 12.2, and restrict ¢ to ¢ € B;(1). Note

i
RooM)——1®1
0,0(2) 5 1®
is regular at A = 0. Set z = 7;(¢),

Si(z) = I+ VR (@) x,) VP, and  hyy(x,6) = ilf

= tue
We use Dy, as is defined by (10-1) and U, as in Proposition 10.2. Then just as in the proof of Theorem 1.6,
the poles of Ry in B;(1) are identified via z = 1;(¢) with the zeros of zzDSl (z) in U;. Set zg = 0 and
Ty =P (—VRy*()V — (VR;*(¢))*V)P;. Then by Lemma 12.2, in our application of Proposition 10.2
we can take s = 0 and my = 2. We claim that uniformly for z € U,

2
*Dr(2) = (z (1— eV 4y + 0(12)) . (12-3)

1
+ 2(21)3/2
Assuming for the moment that (12-3) holds, this shows that the two zeros (when counted with multiplicity)

of ZZDTI (z) in U, satisty
—1— i+

2(21)3/2

An application of Proposition 10.2 and Lemma 12.2 then proves the proposition.

7= +017?).

We now turn to showing (12-3). We use

RyE@Q@)IVPi= Y (" Roo(ris1) + e Roo(ti-1)) X1, Pres (12-4)
+

where 741 = 7/+1(¢;(2)), so that

PV RE(G (@) VP = x1,(Ro,0(ti—1) + Ro,0(tis1)) X1, P (12-5)

Then using (12-2) gives

_ X 1
hoyV R™E Vhy=— (1-Vy4 1 0aq2 12:6
uniformly on U;. Now note
/ het (VR Vg = / (VRYEVha) (X1 (R V) hy). (12-7)
X X

By (12_2)9
IVReEVhzDIl = 00" and [ (Ry*V)?hall = O™,

Using the expression for Dy, as in (10-2) and equations (12-5)-(12-7) completes the proof of (12-3). [
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12B. Existence of poles of Ry within ~ logl of the l-th threshold, for V(x,0) =2x;,(x)cosf. Asa
point of comparison with Theorem 1.5, for the special case V (x,0) =2xy,(x) cos6 on X =R x S! we
consider the existence of poles of Ry (¢) in D;(« log!) with |7;(¢)] > 1.

Again, we use the coordinate z = 1;(¢) on B;(« log!), and the functions ¢, are as defined in Lemma 12.1.

Lemma 12.4. Let @ > 0 be fixed, and set z = 1;(¢). Forl sufficiently large, uniformly on B;(a logl)\ B;(1)
we have

where

1
Pi+V Ry x1,(I —P)) ' VRO(O x1,Pr+ (f+ @+ f- @b )P — ﬁXIORO,O(Z)XIOPI

1
— o(mezﬂmﬂ—) +0U73%, (12-8)

ieiZ ei‘L’[+1 ei‘[171
fr() = fr(x, 2, D) = 4_X10(x)<—¢:|:r1+1 + —d):tr]l)'

Z 7412+ T141) T_1(z+1-1)

For notational simplicity, we have written 7,11 for 7;,11(&(2)).

Proof. We use

(I + VRo(Q) x5, (T =PD)"" =D (=VRo(@) sy (I = P1))
j=0

since ||V Ro(&) x1,(I =PIl = O —1/2) This estimate, along with others in this proof, are uniform for
¢ € Bi(alogl)\ B;(1). By Lemma 12.1, (3-1), and the explicit expression for V, we see that

X1 Ro(C) I — PV Ry () x1,Pill = O (2M™-/(1|z]))  for ¢ € By(arlogl)

for [ sufficiently large. Moreover, this same lemma implies that if |j — /| <2, then

11 (V Ro () = P))? x5, Pyl = O ?)
uniformly on B;(« log!l). This ensures that
2
H ((1 +VRo(&) xi, (I —P)) ™" = Z(—VRO(C)XIO(I - 731))") VRo(&) x1 P
j=0
_ L oimo
Since, as in the proof of Proposition 12.3, 7, VP, =0 and P;(V Ro(I — P;))>V P, = 0, it suffices to use

—PiVRo(&) x1,(I —P1)V Ro(¢)P; to approximate P;(I + V Ro(¢) x1,(1 — P! V Ro(¢)x1,Pr with the
desired accuracy.
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Using Lemma 12.1 and its notation,

PiV Ro(51(2)) —Pr)V Ro(&1(2) x1,P1
= X1, (Ro,0(T14+1) X1, R0,0(2) + Ro,0(T1—1) X1, R0,0(2)) X1, P

1 jel @ T
= ——x1(Ro.o(Ti+1) — Roo@) X1, Pl + Db+ @b )P
TZZH_ZZXIO( 0,0(T14+1) = Ro,0(2) x1, P 4ZT1+1(Z+TI+])(¢Q+1 G+ D0, QPP
1 jei T
+———x1(Roo(ti—1) — Ro.0(2) x1, P + Qb by, ®_)P.
le_l—ZZXIO( 0,0(Ti—1) — Ro,0(2)) x1,Pi 4ZT1_1(Z+T1_1)(¢I,] b+ P QPP
Note that
- —3/2
p > X1 Ro.0(uxD) xp | = OU™7)
Tx1 —%
and

— 0(l_4|Z|_1€2(ImZ)_).

1 1 1
+ X1 R0,0(2) X1o — =5 X10R0,0(2) X1
H <t12+1 -2 - ZZ) ’ vt ’

This gives

Pir(VRo(&5 () —P1)V Ro,0(51(2)) x1,Pi
el @tTsn) jet@tu-1)
T —T — P
(¢ 1+1®¢Z+¢ [+1®¢ Z) l+4ZTl—1(Z+Tl—1)

1
_ 2—12R0,0(Z)P1 + 012,12 (15/2|Z|

and completes the proof. U

= 0 QP +_q  QP_)P
4ZT[+1(Z+TZ+]) (¢[ 1 ¢Z ¢ 1—1 ¢ Z) 1

emmz)) + 02,2737, (12-10)

Note that the functions f1 and ¢+ in Lemma 12.4 depend holomorphically on z in the set
{zeC:1<z<alogl}.

The function g; of the next lemma appears in the proof of Proposition 12.6, as its zeros approximate
the locations of the poles of Ry (¢) away from the threshold in B;(« log!), if o < 1. A discussion of the
Lambert W function can be found, for example, in [Corless et al. 1996]. This next lemma is very similar
to [Drouot 2018, Lemma 2.4].

Lemma 12.5. The zeros of

2
def 1 2i(v/214z) 1
@)= (1 — e -
&l 8121 812721

are given by zf = zf(l) = %Wv((—ieZiﬁ F i+ 1)/(412])), where W, is the v-th branch of the
Lambert W function. In particular, we have zfr ~ —% log!l. Moreover, for | sufficiently large there is

2
(ieZiz +62i2))

an rg > 0 independent of | so that if w € C and |w| < rg, then

lgi(zf () +w)| = 5wl (12-11)
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Proof. The zeros of g; are solutions of
Q2 W2+ _ 1 (ie%7 4 &%)

T 81V21 817721

and so satisfy

. 1 .
—2iz 2i+/21 .
ze =——>e +1+10).
8I/21

Solutions of this equation are given by

From [Corless et al. 1996, (4.20)], we have zl ~—= logl as | — oo.
To finish the proof, we set y = 1/(8/~+/2/) and wrlte

g(z2) = (1 + geZiZ(—eZi‘@ —1- i)) (1 + gez"z(—ez"‘/27 +1+ i)).
Now we evaluate at z = z; + w, with w € C, |w| small, to find

ZiF 2iw y 5 ZT 2iw y 5

+ iv2l i/21

Z; +w)y=[1+ e e + 14
ail ! ) ( + +w 2 e_ZIZJr (- )) ( Z] +w 2 e_ZIZT (- ))

Zil— 2iw Z?-ele _e2i@+1+i
4w w2V 44

where for the second equality we have used sze_ZiZT = J/(eZ"‘/27 + 1 +1i). This gives, then, recalling

IZ1 | > oo as ! — oo,
@it +w) = (<2iw+ O(wl/If )+ O(lw| >>(M T 0<|w|>>
2V ] 4
for |w| small. Then there is a ryp > O independent of / so that for / sufficiently large and |w| < ro,
g1 +w)| > 3wl O
Proposition 12.6. For V(x,0) = 2x;,(x) cos8 and [ sufficiently large, Ry (¢) has a pole at a point
§l+ € Bl(% logl) with §l+ satisfying

j 1
‘L’l((ﬁ) = %Wl (4[@(1621«F i+ 1)) + O(Z 1/2+e)

forany € > 0.

Proof. We continue to use z = 7;(¢) and work in a region with 1 < |z]| < %logl.
Using Lemma 12.4,

1
Pr(I+ VR (&) x1,(I —P)) ' VR x1,Pr = FP + 53 X1oRo.0@xu,Pi + A,

where, with notation from Lemma 12.4,

F=FGZ,D)=-f1Q¢,— f-Q_,
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and [|A]| = O(7/2e®™9-) + 0(1~*?) on B;(§logl) \ Bi(l). We recall that the poles of Ry in
B;(logl)\ By(l) are the zeros of I +P;(I +V Ro({)x1,(I —P)) "'V Ro() x1,Pr in By(§logl)\ Bi(1).
We write

I+Pi(I+ VR x1,(I —P)) " VR x1, P
1 1 -1
= (I + ﬁXIoRO,O(Z)XIoPI> (I + (I + 2—12X10Ro,0(Z)X10771) (FP+ A)) (12-12)
since

1
I+ WXIORO,O(Z)XIOPI

is invertible here. For notational convenience, set

1 -1
S=8 = (I + ﬁXIORO,O(Z)XIO,PI) ,
and note that

1 p—
— 5 X1 Ro0@ X1 P+ 02120l 440m2) )

We first consider the poles of I + SFP;. These poles are given by the zeros of the function

Di(z) & det(1 + SFPy) = (1 - fR (Sf+>¢z) (1 - /R (Sf_>¢_z) - ( /R (Sf_>¢>z) ( fR (Sf+)¢>_z>

with twice the multiplicity. A computation and use of the approximations 7,4 = i~/2l + O(I~'/?) and
7_1 = /21 + O(~/?) show that

S=1

Di(2) = g1(2)+ O + 0 2 logle* ™),

where g; is the function of Lemma 12.5. We note that both g; and 51 are analyticin z if 1 < |z| < % log!.
We use zT(l ) as in Lemma 12.5. Recalling that Im z;’ ~ —% log/, the estimate (12-11) combined with
Rouché’s theorem shows that D;(z) has a zero within O (I~/?+€), for any € > 0, of z; (/). This, in turn,
means that

1

—1 —
(I —|—SF771)_1 = (I + (I + WXIORO,O(Z)XIO) FPI)

has a single pole of multiplicity two at a point satisfying z = ZT () + O(I~'/>*€). Moreover, we can find
a co = co(€) so that

— 0(11-‘,—6)

1 —1
()

when the distance from z to the pole is given by col ~1/2F€,

Now using our estimate on ||A|| we can apply the operator Rouché theorem to the pair I/ + SF7P; and
I+ SFP;+ SA, to find that I + SFP; 4+ SA has two poles (when counted with multiplicity) which are,
using the z-coordinate, within O (I —1/2+€) of zT(l). O
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