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DIMENSION-FREE HARNACK INEQUALITIES
FOR CONJUGATE HEAT EQUATIONS AND
THEIR APPLICATIONS TO GEOMETRIC FLOWS

L1-JUAN CHENG AND ANTON THALMAIER

Let M be a differentiable manifold endowed with a family of complete Riemannian metrics g(¢) evolving
under a geometric flow over the time interval [0, T[. We give a probabilistic representation for the
derivative of the corresponding conjugate semigroup on M which is generated by a Schrodinger-type
operator. With the help of this derivative formula, we derive fundamental Harnack-type inequalities
in the setting of evolving Riemannian manifolds. In particular, we establish a dimension-free Harnack
inequality and show how it can be used to achieve heat kernel upper bounds in the setting of moving
metrics. Moreover, by means of the supercontractivity of the conjugate semigroup, we obtain a family of
canonical log-Sobolev inequalities. We discuss and apply these results both in the case of the so-called
modified Ricci flow and in the case of general geometric flows.

1. Introduction

Let M be a differentiable manifold endowed with a C! family of complete Riemannian metrics g(¢)
indexed by the real interval [0, T[, where T € ]0, oo]. The family g(¢) describes the evolution of the
manifold M under a geometric flow where T is the first time where possibly a blow-up of the curvature
occurs. This type of singularity is not excluded in our setting.

More specifically, we consider geometric flows of the type

0;g(t) =—=2Sc(t) on M x [0, TJ,

where Sc(r) = (S§;;) is a general time-dependent symmetric (0, 2)-tensor. For fixed 7, with respect to the
metric g(), let S = g/ §; ; be the metric trace of the tensor S(7) and A, the Laplace—Beltrami operator
acting on functions on M. In practice, the geometric flow deforms the geometry of M and smooths out
irregularities in the metric to give it a nicer and more symmetric form, which provides geometric and
topological information on the manifold.

Consider operators of the form L, = A, — V'¢,, where ¢, is a time-dependent function on M. We also
use the notation g, = g(¢), S, = S(¢, - ) and Sc; = Sc(¢). In this paper we study the (minimal) fundamental
solution to heat equations of the type

(Ly —0)u(t,x) =0, resp. (L, +9; —o)u(t, x) =0,
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where o, = d;¢; + S;. The first equation is the classical heat equation, the second one appears naturally
as conjugate heat equation. More precisely, we have the following relationship.

Remark 1.1. Set du; = e %d vol,, where vol, denotes the Riemannian volume to the metric g(¢). Let
[0 = L, — 9; be the standard heat operator and [1* its formal adjoint with respect to the measure u; ® dt.

Thus,
T T
//VDUdutdtzf/UD*Vdu,dt
0o Jm 0o Jm

for functions U, V € C Cz’l (M x [0, T[). From this relation it is immediate that [(I* = L, + 9; — o;.

Example 1.2. A typical situation covered by this setting is solving a geometric flow equation (e.g., Ricci
flow) forward in time and the associated conjugate heat equation backward in time. In the case of the
Ricci flow 9;g(#) = —2 Ric; and L; = A, the conjugate heat equation reads as [1*u = (A;+9; — R)u =0,
where R = tr Ric denotes the (time-dependent) scalar curvature.

It should be mentioned that an important ingredient in the proof of the Poincaré conjecture by Perelman
[2002] is a differential Harnack inequality which is related to a gradient estimate for solutions to the
conjugate heat equation under forward Ricci flow on a compact manifold. This relation has been one of
our motivations to investigate solutions to conjugate heat equations and their associated semigroups also
by methods of stochastic analysis.

Let X, be the diffusion process generated by L, = A, — V'¢, (called L,-diffusion process) which we
assume to be nonexplosive up to time 7. We consider the two-parameter semigroup associated to L;,

Po f () = =E[f(X) | Xs=x], s=t,

which satisfies the heat equation
ad
aps,tf = _Ls PS,tfv
limg, Ps, f = f.

In previous work, we already studied properties of heat equations under geometric flows, like properties
of the semigroup P;; generated by L,, by adapting probabilistic methods. In [Cheng 2017], for instance,
the first author gave functional inequalities equivalent to a lower bound of Ric; 4+ Sc,;. In [Cheng and
Thalmaier 2018a; 2018c] we established characterizations of upper and lower bounds for Ric; + Sc; in
terms of functional inequalities on the path space over M.

On a more probabilistic side, in [Cheng and Thalmaier 2018b] the authors studied existence and unique-
ness of so-called evolution systems of measures related to the semigroup P; ;. Using such systems as ref-
erence measures, contractivity of the semigroup, as well as log-Sobolev inequality, have been investigated.

Although the evolution system of measures is helpful to shed light on properties of solutions to the
heat equation, it is still difficult to obtain a full picture of this measure system, like its relation to the
system of volume measures. It has been observed that if one uses volume measures as reference measures,
many questions will be related to the conjugate heat equation and not the usual heat equation; see e.g.,
[Abolarinwa 2015; Cao et al. 2015; Kuang and Zhang 2008].
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Recall that 11 (dx) =e~?® d vol,, where vol, is the volume measure with respect to the metric g(¢). Let

Psé,)tf(-x) = [E|:3XP <_/ o(r, X;) dr)f(Xt) X =x:|a

where o(¢, x) = o,(x) is given by o, := 9;¢; + S; and

2 pus(dx) = —o(t, x) i (d).

According to the Feynman—Kac formula, Pf . f represents the solution to the equation

d
aﬁos =—(Ly—05)ps, @r= f’

on [0, t] x M where t < T. We note that this equation is conjugate to the heat equation

iu(s, x) = Lsu(s, -)(x).
as

In this paper, we first give probabilistic formulas and estimates for de, f from which we then derive a
dimension-free Harnack inequality. It is interesting to note that by combining the dimension-free Harnack
inequalities for P;; and Pft, one can obtain new on-diagonal and Gaussian upper bounds for the heat
kernel to L, with respect to u,; see Sections 5 and 6. We apply these results then to the following modified
geometric flow for g, combined with the conjugate heat equation for ¢, (see, e.g., Corollary 5.3 below), i.e.,

{@gﬂ=—2@C+H%M¢Dn
0 = —(Agp = S)(1, x).

As is well known, for Sc = Ric, this flow represents the gradient flow to Perelman’s famous entropy

(1-1)

functional, also known as Perelman’s F-functional [2002].

Before we give other applications of these Harnack inequalities, let us first compare our results on heat
kernel estimates with the known results in this direction. In [Coulibaly-Pasquier 2019], the author used a
horizontal coupling of curves to obtain a dimension-free Harnack inequality for P;, generated by A,,
and applied it then to on-diagonal heat kernel estimates by following Grigoryan’s argument [1997]. The
first difference to our approach is that we use the dimension-free Harnack inequality for the conjugate
heat semigroup instead of comparing P ; to PS‘?, by controlling the absolute value of the potential |o]|.
The second difference is that in [Coulibaly-Pasquier 2019], the author used the midpoint (¢ 4 s5)/2 as
reference time, so that lower bounds for both Ric; 4+ Sc; and Ric, — Sc; for ¢ € [0, T] are required. Here,
in our approach, we adopt the method of [Grigoryan 1997] as well, but the reference time r has greater
flexibility. For instance, the reference time r can be chosen close to s so that if one knows that there
exist constants k¥ and K such that |[dos| < k and Ricg 4 Scy + Hessg(¢s) > K at the initial time s, then
by choosing r close to s, an on-diagonal heat kernel estimate can still be derived under the assumption
that Ric, — Sc, + Hess, (¢;) > K, (¢) for ¢t € [0, T]. For instance, if the geometric flow is a Ricci flow and
¢ =0, then K| = 0 and solely information from the initial manifold is basically enough to derive upper
heat kernel bounds. With respect to this point of view, the necessary conditions in our results could be
weakened significantly.



1592 LI-JUAN CHENG AND ANTON THALMAIER

Recently, Buzano and Yudowitz [2020] established Gaussian-type heat kernel estimates under a general
geometric flow by adapting the methods from [Davies 1987]. In their paper, in the case of a general
geometric flow, they assume for vector fields X on M the tensorial inequality

0 < D(Sc, X) := %s — AS=2IS;; P +4(ViSiDX; —2(V;S)X; + 2R X, X; — 28, X X, (1-2)

It should be remarked that apart from some classical geometric flows where condition (1-2) is easily
checked, this condition in general is difficult to verify. Generally speaking, it is an advantage for
applications to rely on information about Ric and Sc directly. From this point of view, our conditions are
convenient to apply.

Next, we observe that

ps(Po ) = me(f), s <t, (1-3)

which means that the family of measures u; plays a role for the semigroup Pfl similar to that of the
invariant measure in the static Riemannian case for the one-parameter semigroup P;. Log-Sobolev
inequalities with respect to the invariant measure are well-established under certain curvature conditions
on Riemannian manifolds. They have many applications and are related to other functional inequalities
for P;; see for instance [Bakry 1997; Gross 1975; Wang 2001; 2009]. This leads to the natural question
of whether it is possible to prove log-Sobolev inequalities with respect to i, in a similar way through
functional inequalities for Pﬁ [

In Section 7 we discuss the relation between contraction properties of the semigroup and log-Sobolev
inequalities with respect to .. Using the dimension-free Harnack inequality for Pﬁ,, we give a sufficient
condition for supercontractivity of Pf, which we then use to prove existence of the (defective) log-Sobolev
inequality for . It is well known that the log-Sobolev inequality and Sobolev inequality are important
tools to establish upper bounds for the heat kernel; see [Abolarinwa 2016; Bailesteanu 2012; Zhang 2006;
Buzano and Yudowitz 2020]. Note that in [Buzano and Yudowitz 2020] the condition for the log-Sobolev
inequality is D(Sc, X) > 0, which implies in particular (d; — A;)S; > 0. Here besides the curvature
condition for the gradient estimate, we add the condition (d; — L;)o; > 0 to derive a super log-Sobolev
inequality. The results are then applied to the system (1-1). More specifically, denote by p; = p, (0, -)
the distance function to a given base point o in M with respect to the metric g;, and suppose that the
geometric flow g, and the function ¢, satisfy (1-1). Assuming that Ric, + Hess; (¢;) + Sc; > K (¢) and

u,(exp()»,otz)) < oo forall A > 0and ¢ € [0, T[, there exists a function 8 such that

ws(f2log f2) < rus(IVS fEE+ 105 %) + Bs(r), 7 >0,

for f € C3°([0, T[ x M) and pu,(f?) = 1.

The paper is organized as follows. In Section 3 a probabilistic formula for the derivative of the
conjugate heat semigroup is given and used to establish a gradient estimate for Pft under suitable
curvature conditions. In Section 4 we derive two versions of dimension-free Harnack inequalities from
the mentioned gradient inequality for PSQ’,, which are then applied in Section 5 to on-diagonal heat
kernel estimates and in Section 6 to Gaussian-type heat kernel estimates via Grigoryan’s argument.
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These Harnack inequalities are further used in Section 7 to gain sufficient and necessary conditions for
supercontractivity of Pﬁ,. In Section 7 we also clarify the relation between supercontractivity of Pf,
and the log-Sobolev inequality with respect to w,. These results are then applied to system (1-1) of the
modified geometric flow under conjugate heat equation.

2. Brownian motion with respect to evolving manifolds

Let (M, g;):e; be an evolving manifold indexed by I = [0, T'[. Let V' be the Levi-Civita connection with
respect to g;. Denote by M := M x [ space-time and consider the bundle

TM =5 M,

where 7 is the projection. As observed by Hamilton [1993] there exists a natural space-time connection V
on T M considered as bundle over space-time M such that
{VUX =VIX,
Vo, X =8, X + 33,8 (X, )™

for all v € (Ty M, g;) and all time-dependent vector fields X on M. This connection is compatible with
the metric, i.e.,

d
J71X g = 20X, Vi X),.

Remark 2.1. Let G =O(n), where n = dim M and consider the G-principal bundle ¥ = M of orthonormal
frames with fibers

T ={u:R"— (T:M, g) | u isometry}.

As usual, a € G acts on F from the right via composition. The connection V gives rise to a G-invariant
splitting of the sequence

d
00— kerdmn —> TF LN a*TM —— 0,

which induces a decomposition of TF as TF =V @ H :=kerdn ®h(w*TM). For u € F, the space H, is
the horizontal space at u and V,, ={v € T,F: (dm)v =0} the vertical space at u. The bundle isomorphism

h:no*TM > H—TF, h,: Ty(¢zyM=>=> H,, ue3, 2-1)
is the horizontal lift of the G-connection.

Corollary 2.2. To each X + b0, € T(x,,,M and each frame u € F 1), there exists a unique “horizontal lift”
X*4+bD; € H, of X + bd; such that

In explicit terms, X* is the horizontal lift of X with respect to the metric g;, and D; = (d /ds)|s—ouy, where
Uy is the horizontal lift based at u of the curve s — (x,t +s).



1594 LI-JUAN CHENG AND ANTON THALMAIER

We consider curves in M of the form
y[=(xl’£l)a te[O,T[y

where £, is a monotone differentiable transformation on [0, T'[. The horizontal lift of such a curve y; in
M is a curve u; in F such that wu; = y; and Vy (u,e) = 0 for each e € R". Then

W =uguy " (ToM, g, ) — (T M., g,), 0<r<s<T,
gives parallel transport along y;. In the following we consider the special case ¢, =t.

Remark 2.3. Vector fields and differential forms on M can be seen as time-dependent vector fields and
differential forms on M. It is convenient to write objects on M as G-equivariant functions on J. In
particular, then

(1) functions f € C°°(M) read as fe C*>(F) via f:: form,
(2) time-dependent vector fields Y on M read as Y:F>R'viaY (u) = u‘lYﬂ(u),
(3) time-dependent differential forms o on M read as & : ¥ — (R")* via a(u) = otz () (ut - ).

The following formulas hold:
Xf=X"f, 8f=Df, Wr=X'Y, V,Y=DY, Vya=X*a, Vya=Da. (2-2)

The proofs are straightforward. For instance, to check the last equality, let u#; be a horizontal curve such
that Tu; = y; = (x, t), where x € M is fixed. Then

(Dsa)(uy) = oln(u,)(ut -)

~ d
Y= Gy

i
dt t=s
= d_‘ e s4r) ([ s,srtss =) = (Vg o) x5y (s - ) = (65;&)(%)-
rlr=0
Remark 2.4. The vector fields
H; eT(TT), Hiw)= ue)* =hy(ue), i=1,....n,

where (eq, ..., e,) denotes the standard basis of R”, are the standard-horizontal vector fields on . The
operator

Ahor == Z H ,'2
i=1
is called Bochner’s horizontal Laplacian on J. Note that
Af =Aborf and  Argugh® = Apord, (2-3)
where Arough = tr(V")? is the rough Laplacian on differential one-forms. Recall that, for fixed 7 € I,

dA; f =t(V)2df —Ric,(df, -) (2-4)
by the Weitzenbock formula.
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Let 7 : ¥ — M denote the canonical projection. For ¢ € C'?>(M), we define a vector field on F by
H? eT(TF), HYw) =h(V'¢@t,-)), ww)=(x,1).

Consider the following Stratonovich SDE on J

{dU =D,(U)dt+Y ! | Hi(U)odB' — H?(U) dt,

(2-5)
Us=u;, n(uy)=1(x,s), sel[0,T].

Here B denotes standard Brownian motion on R” (sped up by the factor 2, i.e., d B' d B/ = 26; ; dt) with
generator Ar». Equation (2-5) has a unique solution up to its lifetime ¢ := limg_, » £, where

Go:=inf{t € [s, T[: ps(w(Us), r(Uy)) >k}, n=>1, infg:=T, (2-6)

and where p; stands for the Riemannian distance induced by the metric g(¢). We note that if U solves
(2-5) then

7(Uy) = (X, 1),
where X is a diffusion process on M generated by L, = A, — V'¢,. In case of ¢ =0 we call X a

(g:)-Brownian motion on M.
More precisely, we have the following result.

Proposition 2.5. Let U be a solution to the SDE (2-5). Then
(1) for any C?-function F : F — R,
d(F(U)) = (D, F)(U)dt + Y (HiF)(U)dB' + (A F)(U) dt — (H? F)(U) dt,
i=1
(2) for any C?-function f : M — R, we have
d(f (X)) =@ )(X)dt + Z(Ueif) dB' + (L, f)(X) dt.

i=1

Let U be a solution to the SDE (2-5) and 7 (U,) = (X;, t). Furthermore let
[ =007 (T M, g,) > (TyM,g,), s<r<t<T,

be the induced parallel transport along X, (which by construction consists of isometries). We use the
notation
Xl =Xt(S’X)’ t st

if X; = x. Note that X, = X t(s’x) solves the equation

dX =Ujo dB, — V' (X" )dt, X =x.
For any f € Cg(M),

t
N

FOXE) = fx) - / L, f(X$9)dr = / VT (XS, Uy dB,)s, tels, TI,

is a martingale up to the lifetime ¢. In the case s = 0, we write again X} instead of X EO,x)'
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3. Derivative formula

Let L, = A, — V'¢,;, where ¢ is C1?([0, T[ x M). Throughout this section, we assume the diffusion (X;)
generated by L, is nonexplosive up to time 7. Recall that y,(dx) = e %™ d vol, and

%Mz(dX) = —(0:¢ + S, x) ui(dx) = —o(t, x) p, (dx),
with
Q(t’ x) = Qt(x) = al‘¢(t’x) +S(t7x)

For each ¢, we assume that o, is bounded from below by a constant depending on ¢.
For f € C,(M) let

t
Pﬁzf(x)=[E[eXP<—/ Q(rer)dr)f(Xt) Xs=X]- (3-1)

Then
d
S Pl =—Ls—e) P f. Pi=F. (3-2)

That u(s, x) := Pfl f (x) represents the solution to (3-2) is easily seen from the fact that

’
Cxp<_./ Q(a, Xa) da) Pr?tf(Xr('s’X))a rels, 1],
s

is a martingale under given assumptions.

Our first step is to establish a derivative formula for Pff,. When the metric is static, the derivative
formula for P; f is known as the Bismut formula [Bismut 1984; Elworthy and Li 1994]. The more general
versions in [Thalmaier 1997] have been adapted to Feynman—Kac semigroups in [Thompson 2019].

We fix s € [0, T'[ and consider the random family Q;; € Aut(Tx, M), 0 <s <t < T, given as a solution
to the ordinary differential equation

d0Qs,
dt

= —(Ric+Sc+Hess(¢)), Os.r»  Oss =id, (3-3)
where
(Ric+ Sc+ Hess(qb))//” = //‘;t1 o (Ric; + Sc; + Hess; (¢:))(X;) o //; ;-

Theorem 3.1. Let L, = A, — V', as above. For each t, assume that both o, and
(Ric + Hess(¢) + Sc)(t, -)

are bounded below and that |do;| is bounded. Then, forve TyM and f € C g (M),

(AP ) () =E [eXp<— / or(X,) dr) <df(//s,,Qs,zv)(Xz)—f(Xz) / dor (/s Qs.rv) dr)]. (3-4)
Proof. By the definition of Q as the solution to (3-3), we have

d(U; ' Qy.) = —U; ' (Ric +Hess(¢)) ,, Q.- (3-5)
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Set
N,() =dP% f ([, Qssv), s<r<t.
Write N, (v) = F(U,, q,(v)), where
F(u,w):=dPS f)c(uw), mwu)=(x,r)andw eR",
qr(v) :=U; "' Q0.
By means of Proposition 2.5, we have
d(F Uy, w)) 2 (D, F)(Uy, ) dr + (Apor F)(Uy, w) dr — (H? F)(U,, w) dr, (3-6)

where
(D, F)(u, w) = 8,(dP%, f)x(uw) + 3(3,8) ((d PZ, ), uw),

and where = stands for equality modulo the differential of a local martingale. Using the Weitzenbdck
formula we observe that

ar(dPré,)tf) =—d(L, — Qr)Pr&,)tf
=—d(A, — Vr¢r - Qr)Pr?tf
= —tw(V)2dPS, f +d P f((Hess ¢,)*) +d PS, f (Ric;*) +d (o, P f)x,-
Taking (2-2) and (2-3) into account, we have
(Anor F) Uy, w) = te(V)*d P, f (U w)

and
(H® F)(Uy, w) = Hess(¢,) (d PE, )%, Uyw) = d PE, f (Hess($,)) " ) (U, w).

Thus (3-6) can be rewritten as
d(F(Uy, w)) 2 dPS, f Rici ) Upw +d(er P4 f)x, Urw + 20,8 (@PE f)Fr Uyw).  (3-7)
Combining (3-7) and (3-5) we thus obtain
dN,(v) =d(F Uy, -))(qr)) + F (U, 3-q,(v)) dr
= d(or P f)x, /sy Qsrvdr

= (er(X) dPE f (s, Qs.rv) + PE f (X)) dOy (/] Qs,r0)) dr,
Hence we get

d(eXP<—/r 0u(Xy) du) Nr(v)) = — exp<_/r ou(Xy) du) Pré,)tf(Xr) dQF(//s,r Qs,rv) dr.

Integrating this equality from s to ¢ and taking the expectation gives (3-4). O

Corollary 3.2. Suppose that o, is bounded below for each t, and assume that there are functions k, K €
C ([0, T]) such that |do;| < k(t), respectively

Ric; 4+ Sc; + Hess; (¢;) > K (1).



1598 LI-JUAN CHENG AND ANTON THALMAIER

Then, for f € C;°(M) and f >0,

t t r
|VSP‘£tf|s < exp(—f K(r) dr)Pft|fo|, + Pf,f/ k() exp(—f K(u) du) dr.

Proof. The condition Ric; 4+ Sc; + Hess; (¢;) > K () implies

1050 < eXp(—f K(r) dr>.

The inequality then follows from the bound |dg;| < k (z). O
In particular, if ¢ = 0, Corollary 3.2 then becomes:

Corollary 3.3. Suppose that S; is bounded below for each t and assume that there are functions S, K €
C ([0, T]) such that |dS;| < k(t), respectively

Ric, + Sc; > K (1).
Then, for f € C3°(M) and f >0,

t t r
|VSR£tf|ssexp<—/ K(r)dr)thlvff|t+P§f,f/ x(r)exp(—/ K(u)du)dr.

4. Dimension-free Harnack inequalities

We first derive two Harnack-type inequalities for P?,. Such dimension-free Harnack inequalities were
studied first by Wang; see, e.g., [Wang 2014] for more results in this direction. When it comes to the
evolving metric case, in [Cheng 2017] the author gave the following Harnack inequality for the 2-parameter
semigroup P, as follows. We denote by B, (M) the space of bounded measurable functions on M.

Theorem 4.1. Suppose that
Ric; + Sc; + Hess; (¢;) > K (1).

Then, for any nonnegative function f € Bp(M) and0 <s <t < T,

I
4(p — Das, 1)

a(s, 1) ::f exp (2/r K (u) du) dr.

We first extend such kind of dimension-free Harnack inequality to that for the conjugate semigroup.

(Ps,tf)p(x)fPs,tfp(y)exp( pz(x’ )/)>,

where

Theorem 4.2. Suppose that o is bounded below, |do;| < k (1), and
Ric; + Sc; + Hess, (¢;) > K (7).

The following two Harnack-type inequalities hold for any p > 1:
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(i) For 0 <s <t < T and any nonnegative function f € By,(M),

t 2
o o\ o ¢p _ - pps (X, y) pn(s,t)ps(x,y)> )
(P, /)P (x) = (Ps, fP)(y)exp ((P 1)/‘Y sup o, dr + 4(p— Dals. 1) 2. 1) , (4D
where l
o(s, 1): :/ exp(Z/ K (u) du) dr,
nis,t): = / /Ux(r) exp(Z/v K (u)du _/’ K (u) du) drdv.
(ii) For 0 <s <t < T and any nonnegative function f € B,(M),
t 2
0 0 e pp;(x,y) 2pn(s, 1)
(Ps,tf)p(x) = (Ps,tfp)(y) E” [exp( (p 1)/S Qr(Xr)dr)] exp(4(p —Da(s. 1) a(s. 1) ps (x, y))

Proof. To facilitate the notion we restrict ourselves to the case s = 0. By approximation and the monotone
class theorem, we may assume that f € C?>(M) has compact support and infy; f > 0. Given x # y
and ¢ > 0, let y : [0, ] — M be the constant-speed go-geodesics from x to y of length pg(x, y). Let
vy =dys/ds. Thus we have |vg|o = po(x, y)/t. Let

_ fos exp(ZfOr Ku) du) dr
B fot exp(2f0r K (u) du) dr’
Then 7(0) =0 and h(t) =t. Let y; = yj(s) and

K p
o(s) = IOg £ (eXp (_/ or(X;) dl”) Psg,zf(xv))
0
=log Py (P )P (ys), s €l0,1].
To determine ¢’ (s), we first note that

d(PE, f(X))? =dM+(Ls+3,) (P, )P (X,)ds
=dM+p(p—1)(PE, /)P H(X) |V PE, fI2(Xs) ds+pos (X)) (PE, )P (X5)ds, s <&,

h(s)

where M; is the local martingale part of (Pft )P (Xy). This implies

SNk 4
r [(exp(— fo 0r(X,) dr) me,,f<xmk>) ] — (L)

SACk u
=p(p— DE* [ / exp (—p / or(X,) dr)<P5,tf>1’—2<xu>|vuPf’,tfﬁ(Xu) du].
0 0

Since infy; f > 0, by letting k — oo, we deduce that

Ky V4
[Ex[<exp(— /O Qr(Xr)d’”) Pf,,f(xs)) } — (RS, )" (x)

—p(p—1) / E [exp (—p / "o (X, dr)<P£,f>P—2|V“Pitf|ﬁ<Xu>] du. (42)
0 0
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Hence, for each x € M,

s p
D px <exp (— f 0r (X)) dr) P8, f (X, ))
os 0 '

A
= p(p— DE' [exp (—p / or(X,) dr)(Pﬁf)P—zws Pﬂfﬁ(xs)].
0
Moreover, by adapting Corollary 3.2 for Pf ?ie.,

\)

: s r
IVOPLC flo < exp(—f K(r) dr) PY2 VS fls + pPo”ff/ Kk (r) exp(—f K(u)du) dr,
’ 0 ’ ’ 0 0
we thus obtain, for s € [0, 7],
do(s)

ds (P(ff(Ps‘?tf)p

{p(p — DPPIPS P IV log PLf12) + R (s)(VOPJS (P )P vs>o}><m
- (Po(+f){(p — DPPEPE PRIV P 1)
o) exp(— [ & du)ms)Po’ff (PP 19" P2 £

_ —'00();’ y)h/(s) Py (PSP /OS Kk(r) exp<—/or K (u) du) dr}>(y.v)

4 po 0 s 0 2
>———pfeLp p —D|Vilog P
- (P()I??(Psé;)tf)p 0,s {( S,tf) ((p )l g S,If|s

_ Mh’(s) exp(—/s K (u) dM)IVS log P, f s
0

3 /00();, y)h/(s) /s - exp(_/’ K du) dr) }>(ys)
0 0

b ()2 s s "
> PR exp<—2 | K(u)du>po<x,y>2—£h’<s> | K<r)exp<— | K(u)du)drm(x,y),
4(p—1)t2 0 t 0 0

where the last inequality follows from the simple fact that

b2
aA*>+bA >—— a>0.
4a
Since |
W) = tt exp(2fr0 K (u) du) ’
Jo exp(2fy K (u) du)dr
we thus arrive at
do(s p exp "2K (u) du
@(s) S : (/o : )  po(x, )’
ds 4(p — D([fy exp(2/y K (u) du)dr)

B pexp(2fy K (u)du) fy «(r) exp(— [y K (u)du)dr
Joexp(2fy K (u)du)dr

po(x,y), se€[0,1]
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Integrating over s from O and 7, we get

t p
(Py )P (x) = [Ey[<exp(— /0 @r(Xr)dr>f(X,)) ]

Xp< ppo(x, y)?
4(p—1) [y exp(2fy K () du)dr

plafS (ryexp(2fS K (w)du—[) K () du) dr ds o ))
JEexp(2f K (u) du) dr pOLE Y
! t
<P [exp(—/ or(Xr) dr)f(Xt)p:| exp((p - l)f supo, dr)
0 0
Xp< ppo(x, y)?
4(p—1) [y exp(2fy K (u)du)dr

pfofo k) exp(2fy K w)du — [, K (u)du)drds
Jo exp(2fy K (u)du)dr
This proves part (i) of the theorem. In addition, by adopting in (4-3) the estimate

t P .
EJ’[(exp(— fo Qr(Xr)dl”>f(Xt))j|S(P(f,fp)(y)[Ey[exp(—(p—l) /O Q,(Xr)drﬂ,

part (ii) of the theorem follows as well. Il

Po(x, y))- (4-3)

5. On-diagonal heat kernel estimates

Let p be the fundamental solution of L, = A; — V'¢, in the sense that
{8zp(t, x;8, ) =(A = Vg)p(t, s, y)(x),
lim, s p(t, x;5,y) = 8y(x),
where ¢ > 5. Let p* be the conjugate heat kernel of p; it is the density of Pf ;(x, dy) with respect to
ui(dy), i.e.,

Psg,tf(x)zfp*(s,x;t,y)f(y) Mz(dy)=/p*(s,x;t, ) f (e Y vol, (dy),

where vol, denotes the volume measure with respect to g,. In [Cheng 2017] the following Harnack
inequality for the 2-parameter semigroup P; ; was derived; it can be seen as a special case of Theorem 4.1.

It is interesting to observe that Theorem 4.1 for P;;, along with the Harnack inequality (4-1) for Rf",,
will allow us to attain on-diagonal upper bounds for the heat kernel p:

c
pt,x;s,x) <

T Vi (Bi(x, T —5)) 15 (B (x,/T —5))

forO<s<t<Tandx e M.

Theorem 5.1. Suppose that sup o,; < oo foru € [0, T]. Let 0 <s <t < T and there exists ro € (s, 1)
such that, foru € [rg, t],
Ric, — Sc, +Hess, (¢,) > K1(u),
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and, foru € [s, rol,
Ric, + Sc, + Hess, (¢,) > K2(u) and |do,| < k(u) < oo.
Then the following heat kernel upper bound holds:

t—s +t—s+2n2(s,r0)«/t—s)

4oy (ro, 1) 4ar(s, o)

p(t,x;s,x) <exp (%/ supo, du +
« 1
Vit (B (x, /T —5)) s (B (x, VT —5))

o (ro, t):=/ exp<2/ Kl(u)du> dv, (5-1)

ar(s, rg): = /ro exp(Z/v Ky (u) du) dv, (5-2)

(s, rg): = m/UK(t) exp(2/v Kyr(u)du —/ K> (u) du) dt dv. (5-3)

Proof. We first observe that

where

p(t,x;s,x)zf pt,x;r,2) p(r,z; 5, x) ) (dz)
M

1/2 1/2
s(f p(r,x;r,z)zur<dz)) (/ P(F,Z;s,x)zﬂr(dz)) :
M M

Hence we are left with the task to estimate the two terms
I = / Pt xir P urdz), b= / p(r. 25030 (d2).
M M

In order to estimate I; we proceed with Theorem 4.1. Let p(s, x;u,y) := p(t —s,x;t —u, y) for
0<s <u<t. Then

Osp(-,x;u,y)(s) =—Li—sp(s,-;u, y)(x).
Write Py, f = [ p(s, x; u, y) f() fe—s(dy) for all f € By(M). As
Ricu - SCu +H€SSL,(¢M) > K](M), uec [rOa t]7

for some K € C([rg, t]), we obtain that, for t > r > ry,

P t—r 2 1(Bi (x, N B T )
(Po.s—r )2 () 1t (By (x, /1= 5)) eXp( 2} exp(2f; K1) du)dv

p7(x, y)
Zfrt exp(ZfUt K1) du)dv

S/M(Fo,z—rf)Z(X)eXp<— >uz(dy)

< / (Poser £ e(dy)
M

< exp( f supo~ (u, ->du) /M FO)? 1 (dy).
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Taking
fO)i=®kAp(t,x;r,2), ze€M, keN,

we obtain

. 2 ! _ ‘ t—s 1
fM(k/\p(t,x,r,z)) ur(dy)SeXp(/r supo (u, )du+2a1(r’t))m(3t(x’ =)’

o (r,t) = /Iexp(Z/t Ki(u) du) dv.

_ N2 ! . t—s 1
11—/Mp(t,x,r,z) /Lr(dz)feXp</r supo - (u, )du+Zal(r,z)>ut(B,(x,M))'

where

Letting k — oo, we arrive at

To estimate the second term I, we write

/p(r,z;s,x)zur(dz)=f (s, x5 7, 2)% ur(dz),
M M

where p* denotes the adjoint heat kernel to p. Recall that

{ o p (s, x;5r,2) =—Lsp*(s, 51, 2)(x) + 0s(X) p*(s, y; 1, 2),
lims_,, p*(s, x; 1, 2) = 6x(2).

1603

Let { P{, }o<s<r<: be the semigroup generated by the operator L; — ¢;. By (4-1), this time relying on the

assumption
Ric, + Sc, +Hess, (¢u) = Ka(u),  u € [s, rol,

we have that, for s < r <ry,

p2(x,y)  2ma(s, r)ps(x, )’))
205(s, 1) as(s,r) ’

(P&, )*(x) < (P& f5)(y) exp ( / sup o™ (u, - ) du+

ar(s,r) = /r exp(Z/U K> (u) du) dv,
n(s,r)= /r/vx(u) exp(Z/v Ky (1) dt —/u K> (1) dt> dudv.

By means of this formula, we can proceed as above to obtain

where

(Pﬁrf)z(xmsws(x,\/r—s»exp(—/rsupg(u,->du— = —Z”Z(S’r)”_s)

20(s, 1) (s, r)

ps(x,y)  2ma(s, r)ps(x, y)
205(s, 1) ar(s,r)

5/ (P&, f)*(x) exp (—/rSUPQ_(u, )du —
M s

5/ (P&, f)(y) Ms(d)’):/ SO wr(dy).
M M

) ws(dy)
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Thus taking f(z) := p*(s, x; r, z) Ak and letting k — oo, we obtain

t—s+2n2(s,r)«/t—s) (
20[2(5,}") /’LS(BS(X’VZ’_S))'

/P*(S,X;V,Z)Zur(dz)ieXp</ supo~ (u,-)du+ 5.4)
M S

Finally, combining (5-4) we obtain

p(t,x;s,x) <11

t
<exp (%f supo™ (u,-)du+
N

t—s + t—s+2n(s,r)/t —s
4o (r, 1) Aoy (s, 1)

X 5
Vits (B (x, T —9)) i (B (x, /T —5))

where the functions o, ay, 1, are defined by (5-1). O

Remark 5.2. (1) In [Coulibaly-Pasquier 2019], the author used a horizontal coupling of curves to derive
a dimension-free Harnack inequality for the two-parameter semigroup Ps, generated by A;, a method
first used by Wang [2011; 2014], and applied it then to establish an upper bound for the heat kernel. A
major difference to our approach when ¢ = 0 is that we use the Harnack inequality again to deal with
the term />, while in [Coulibaly-Pasquier 2019] a comparison result for P ; and Pﬁt is used so that the
conditions there include both upper and lower bounds on g¢. On the other hand, in [Coulibaly-Pasquier
2019], the middle time (z + s)/2 is used as reference time, so that the conditions require o to be bounded
and Ric; + Sc; to have a lower bound on the whole time interval. However the reference time r can be
chosen close to s so that if the manifold M is compact, and if |dos| < x and Ric; 4+ Scy + Hess; (¢5) > K>
at the initial time s, then for small € > 0 there exists § > O such that, for u € [s, s + J],

Ric, + Sc, + Hess, (¢,) > K —€ and |do,| <k +e€.

Therefore, the coefficients of the upper bound depend on g(s), the lower bound of Ric,, — Sc,, + Hess, (¢,,),
u €ls,t]and suppg, < oo, u € [s,t].
(2) Gaussian upper bounds for the heat kernel on evolving manifolds have recently also been obtained by

Buzano and Yudowitz [2020]. In their paper, they assume that for each vector field X on M the following
tensor inequality holds true:

0 < D(SC, X) = %S —AS— 2|S,’j|2 +4(ViSij)Xj —2(VJ'S)XJ' +2Rin,'Xj - 2S,’jX,'Xj.

Our approach via dimension-free Harnack inequalities enables us to relax such type of conditions.

We now exemplify our estimates in some specific situations. First we consider the modified geometric
flow for g, combined with the conjugate heat equation for ¢, i.e.,

{Btg(x, t) = —2(Sc + Hess(¢)) (x, 1),
0 (x) = —Ary(x) — S(x, 1).

The following result holds for system (5-5).

(5-5)
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Corollary 5.3. Suppose that (g;, ¢;) evolve by (5-5) and that, for 0 <s <t < T, there existsr € [s, t]

such that

Ric, —Sc, > K (u), u €][r, t], Ric, + Sc, +2Hess, (¢,) = Ko(u), u€ls,r].
Then

p(t,x;s,x)gexp( 1= + 1= ) ! ,
e Aar(r, ) daa(s,r) ) /g (By(x, VT — ) (B (x, /T —5))

o (r, t):=/ exp(Z/ Kl(u)du> dv,
ay(s,r). = /r exp<2/v K> (u) du) dv.

Proof. It is immediate from the definition of o that
01 = 0;¢; + trg, (Sc, +Hess, (¢;)) = 0,¢; + Ay + S, = 0.
The proof is hence completed by applying Theorem 5.1. U

In particular, we may consider the standard geometric flow for the evolution of the metric g, i.e.,
{8tg(t) = —28c(1),
¢(x) =0.

For this geometric flow, we have o = S and thus obtain the following result.

(5-6)

Corollary 5.4. Suppose that g; evolves by (5-6) and sup S;” < oo foreacht € [0, T[. ForO<s <t < T,
there exists r € (s, t) such that

RiCM_SCuZKl(u)7 ue[ra t]7
|dS,| <x(u) <oo, Ric,+Sc, > Kr(u), uecls,r].

Then
p(t, x;s,x)
! r— t—5+2m(s, r)/t — 1
<exp (1/ sup S, du + ul + $+2m(s.r) s) ,
2Js Aoy (r, 1) Aoy (s, 1) Vs (By(x, /T= ) e (Bi (x, /T—5))
where
1 v
oy (r, t)::/ exp(Z/ Kl(u)du) dv,
rr rv
ozz(s,r):=/ exp(Z/ Kz(u)du> dv,
SI’ v * v t
nz(s,r):sz K(t)exp<2/ Ko(u)du —/ Kz(u)du> dt dv.
S S N N
Proof. The result follows from Theorem 5.1 by taking Hess(¢) =0 and o = S. O

In particular, if we consider the heat kernel estimate under the compact Ricci flow, i.e., g, evolving by
(5-6) with Sc = Ric, then
Ki(t) =0, supR;(-)<supR;(-)<oo0.
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Hence if we further know that Ricy > K and |d R;| < « at time s, then there exists a constant C depending
on K, k, sup R~ and s, ¢ such that

C(K,k,supR™,s,t)
(By(x,N/T—35)) i (Bi(x,/T—5))

6. Gaussian-type heat kernel estimates

p(t,x;s,x) <
Vit

In this section, we apply the dimension-free Harnack inequality to heat kernel estimates. To this end, we
need the following lemma, which has been extended from [Grigoryan 1997]. Compared with the results
of Section 5 above, the additional condition “Sc > 0 is required.

Lemma 6.1. Forx e M, To >0, p>1, g=p/Q2(p—1)), let

ps(x, ¥)? Ty
V) =——, M, 0 < —
nes,y) To— 240 —5) yE€ <5< <2q
If Sc; = 0, then, forany f € BZF(M),
_ 32 T
[ B D@ i@y < [ o e iy, s<i<st 6
M M

Proof. Let
16)= [ (PP 70 expins, y) ).
We first take the derivative of the function n with respect to s,

205, M5y ) | ps(x, ¥)?

WO = =y T T -2 —)?
:2ps(x,y)fo"(x’y) Scs (Vus Yu) du 2 ps(x, y)? -~ 2y ps(x, y)?
Ty—2q0 ) To— 24— = 1Ty — 24—

where y : [0, ps(x, y)] = M is a gs-geodesic connecting x and y. Then we have
_ 4
I'(s) = f p(PE” P () (—Ls +;S>Rff”f(y) exp (1(s, ) du
M

+ /M (PEIP F)P(y) exp (n(s, ¥))s(s, y) dus fM (P2IP F)P(y) exp (n(s, ¥)) 05 () d s
= /M p(PE? FYPVL PP (v) f exp (n(s, ) dias + /M (P2 £YP(y) exp (n(s, ¥)) dsn(s, y) djus

. _/ PQ/Pf)P 'L, P“fl/pfexp (n(s,y))dus
M

N /Os(X,y)z
+2q [ (B DG exp (s, ) TR T
Vst/pfl os(x,y) 2
= —1 P@{p p n(s«)(' R o) )d s 2 0.
/p(p )(Ps f)fe P (P —DTo—2q—s)) =

By integrating the function I’ from s to 7, we prove inequality (6-1). O
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Theorem 6.2. Let p(t, x; s, y) be the minimal fundamental solution of

{atp(t, x;8,y)=Lipt,-;s,y)(x),
lim; ¢ p(2, x; 5, y) =8(y).

Assume that Sc; > 0 and sup o, < oo fort € [0, T]. If there exists r € (s, t) such that

Ric, — Sc, +Hess, (¢,) > K1(u), u€lr, 1],
Ric, +Sc, +Hess; > Kx(u) and |doy| <«x(u), uc€ls,r],

for some functions K| € C([r, t]) and k, K, € C([s, r]), then, foranyd >2ands <r <t <T,

Pt x5, y) < ¢ exp(—_ps(x’yy)
" Vi (By (xS T= )V 1 (B (y,/T—9)) 26(t —5)
where
_ l ! — . p(t—s) 1 1 (s, r)
C‘“"!z[ supe - (u, )d”+4(2—p) (al(r, 0w, r)>+a2(s,r) 206 —29)

forpe (1+1/(6—1),2)and oy, an, n as in (5-1).
Proof. Since Sc; > 0, we have p; < p, for r > 5. We observe that

p(t, x; 5, y)els ) /@1

< p(t,x;s, y)epr(x,)’)z/(4T0)

2 2
< [ pttexinpn s )@ NI )
M

|

1607

1/2 1/2
< </ pr, x; r, 7)ePr@*/To Mr(dz)) </ p(t, z; s, y)2ePr @0 To u,(dz)) . (6-2)
M M

where Tp = 8(t — s5). Hence we are left with the task to estimate the two terms
2
L= / p(t, x;r, 2)%e Ty, (d2),
M

12 = / p(r’ z; 8, y)2e,0r(Z,Y)2/TO Mr(dZ)
M
In order to estimate /; we proceed with Theorem 5.1. Recall that by definition

pGs,x;u,y)=pt—s,x;t—u,y) forO<s<u<t<T,

and write

Fs,uf=/ﬁ(s,x;u,y)f(y)uz—s(dy) for f € Byp(M).

Ric, — Sc, + Hess, (¢,) = K1(u), ue€lrt],
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for some K| € C([r, t]) and for p € (1, 2) such that g := p/[2(p — 1)] < §/2, we have
pt—s) 1
t t §—2q
22— p) [ exp|2f, Ki(u)du)dv

(Po.i—r [)?(x) 1 (By (x, N1 = 5)) eXP(—

2 2
< f (f_’o,z—rf)z(x)exp(— 20; (4, 9) o o) )Mt(dy)
M

22— p)frt exp(zfv’ Ki(u) a’u) dv To—2q(t —s)

pr(x, y)?
To—2q(—s)

t
< exp( / supo™ (u, -)du) / F2e @ T ) (dy),
r M

where the second inequality comes from the dimension-free Harnack inequality (see Theorem 4.1); the

< /M (Po,,_rfz”’y’(y)exp(— )Mz(dy)

third inequality is a consequence of Lemma 6.1. Taking
FO) = (kA p(t, x;r, y)e®ror @Dy ey keN,

we obtain

/ (e A p(t, x; 7, ) eFA T 1, (dy)
M

- (/’ (0. ) du + p(t—s) 1 ) 1
ex su u,-)du ,
=P\, e 2C—pai(n D) 8-2q ) 1, (B (e T —s5)
where . .
oy (r, t)=/ exp(Z/ Kl(u)du> dv.
r v
Letting k — oo, we arrive at
= f p(t.x: 1, 2)ePr OO dz)
M
t
_ pt—s) 1 1
< ) d . 6-3
—CXPUr e )t S () 5—2q>ut(3t<x,¢_r—s>> ©

To estimate the second term I, we write

/ p(r.z: s, ¥)* ur(dz) =/ pr(s. yir. 2wy (dz),
M M
where p* denotes the adjoint heat kernel to p. Recall that

{asp*(s, yir,z) =—Lsp*(s,-:r,2)(¥) + o5 () p*(s, yi 1, 2),
limgy, p*(s, y; 1, 2) = 8,(x).
Let {PSQ,,}OSSS,S, be the semigroup generated by the operator L, — o;. By Theorem 4.1, using the
assumption

Ric; + Sc; +Hess; (¢,) > K2(t) and |do;| <« (1)
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for ¢t € (s, ry), we have

(PP £)*(x)

r _ 2
< (PPIP PP (y) exp / 2-p) sup o (. ) du + —P w.y) L Zms, r)ps(x,y))’
s P 22 = p)aa(s, r) (s, r)

where s <r < rp and

ar(s, r) = /r exp(Z/U K> (u) du) dv,
m(s,r) = frka(u) exp<2fv Ky(t)dt _/u K> (1) dt) dudv.

By means of this formula, we can proceed as above to obtain

(Ps%pf)z(x)u_v(BS(x,Jt—s))exp(—frsupg_(u,-)du— pu=s) _ 2mlsnvims )

. 20-pasr) | msr)  8-2g
o/p £2/pyp _M)
< fM (PeIP f2/ry (x)exp( ey @)
2
< / f(y)zeXP(—M) s (dy), (6-4)
M 0

where Ty = §(t — s). Thus taking f(z) := p*(s, y; r, z) Ak and letting k — oo, we obtain

72 f—
12=/ P (s, y; 1, 22 VOO (dz)
M

p(t—s) +2n2(s,r)m 1 ) 1
2(2 = paa(s. r) (s, r) 8 —2q ) us(Bs(y, /1 —5))

-
< exp(/ supo™ (u,-)du+
N
Finally, combining (6-3) and (6-4) we obtain
pt,x;s,y) <v I

t
fexp(%/ supo~ (u,-)du+
S

p(t—s)( 1 4 1 )+n2(s,r)«/t—s+ 1 )

42-p) \ai(r, 1)  aa(s,r) aa(s,r) 2(6—2q)
1 { ps(x, Y)z }
X expy——— ¢,
Va5 (By (x, V1=3)) 1t (Bi (v, V/1=5)) 8(1—s)
where the functions o, ay, 1, are defined by (6-2). ]

Let M be a compact manifold. Since Ric + Sc + Hess(¢) and |do| are continuous in time and space,
we may choose r in Theorem 6.2 close to s such that if Ric + Sc 4+ Hess(¢) has a lower bound and |dp|
an upper bound at time s, then these terms will also have a lower, resp. upper, bound close to s. We state
a consequence of this observation in the following corollary.

Corollary 6.3. Let M be a compact manifold. Assume Sc, > 0 and sup o,; < oo foru € [0, T], as well as
Ric, — Sc, + Hess, (¢,) = K (u) for some continuous function K| € C([0, T]). Fors € [0, T, if there
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exist constants K, and k such that
Rics + Scy + Hesss (¢5) > K2 and  |dos| <k,

then, forany § > 2 and s <t < T, there exists a constant C such that

Ps (x, y>2} 1
28(t =) | /s (B T =)V 1t (B(y, /T —9))

where C depends on K1, K3, k, SUP[o.71x M @ and s, t.

p(t,x;s,y) <C eXp{—

Proof. As there exist constants K; and « such that
Ricy + Scy + Hessg (¢p5) > K> and  |dos| <k,
we conclude that, for any € > 0, there exists ry > s such that for u € [s, rg] we still have
Ric, + Sc, +Hess, (¢,) > K —€ and |do,| <k +e€.

Then by means of Theorem 6.2 we can then complete the proof. O

Remark 6.4. (1) Suppose that the geometric flow g; is evolving as a compact Ricci flow, i.e., the
manifold is compact, Sc; = Ric, and Ric, > 0 for ¢t € [0, T[. We consider the estimate for the heat kernel
p(t, x; s, y) generated by A;. Hence if Ricy > K and |d Rs| > k at the initial time s, then, for 7 > ¢ > s,
there exists a constant C depending on K, «, sup R(s, - ) and s, ¢ such that

Ps (x, y>2} 1
25(t =) ) /g (B (x, T — )V 110 (Bi (3, /T —5))

(2) Theorem 6.2 and Corollary 6.3 can be applied to the modified geometric flow (5-5) and the standard
geometric flow (5-6) as well.

pt,x;s,y) < Cexp:—

7. Super log-Sobolev inequalities and conjugate semigroup properties
The semigroup Pft is called supercontractive if it maps L? (M, ;) into L9 (M, us), i.e.,

||Ps£;)z||(p,t)—>(q,S) <00

forany 1 < p <g <400 and 0 <s <t < T. In the following section, we investigate the relation between
supercontractivity of Pf , and a log-Sobolev inequality with respect to u,, which is viewed as another
important application of the derivative formula of the conjugate semigroup.

We state first the main results of this section. Thanks to the gradient estimate for Py, and the fact that
the family of measures {1} takes over the role of the invariant measure, the results can be proved much
as in [Wang 2005, Chapter 5] and [Rockner and Wang 2003]. We include proofs in the Appendix for the
reader’s convenience.

Theorem 7.1. Assume that o, is bounded and (0, — L;)o; > 0,

Ric, + Hess, (¢;) +Sc; > K(t), |do,| <« (t) fortel0,TI.
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If

||P£,||(,,,,)_>(q7s) <00 forl<p<gand 0<s<t<T,

then, forevery f € H' (M, ;) such that || f ||2., =1, t €[0, T, the following super log-Sobolev inequalities
hold:

/f2 log £ du, sr/(|fo|?+iQtf2) dp+Bi(r), >0, (7-1)

where B,(r) = B, (v, (), 1) and

t t u 2
Bi(s, t) = qp_qp 10g(||PsQ’t||(p,,)_)(q,S)> +2/ (/ k(1) exp(—/ K(v) dv) du) dr,

y(s,t):wf exp(—2/ K(u)du)dr,
q—p s r

Y, (r) =inf{s € [0, 1] : y (s, 1) <r}.

Remark 7.2. (i) The log-Sobolev inequality (7-1) has been shown to be equivalent to the Sobolev inequal-
ity and can hence be used to obtain an upper bound for the heat kernel; see, e.g., [Zhang 2006] for the situ-
ation under Ricci flow, and [Buzano and Yudowitz 2020] for a general geometric flow. Moreover, the log-
Sobolev inequality can be used to characterize supercontractivity of the conjugate semigroup with respect
to the volume measure. Note that in [Buzano and Yudowitz 2020], the authors start with the condition that
D(Sc, X) > 0, which implies (d; — A;)S; > 0 and has been used in the proof of the log-Sobolev inequality.
We follow a different approach but include the condition (d; —L;)o; > 0 to obtain the log-Sobolev inequality.

(i) In Theorem 7.1 information about Ric 4+ Hess(¢) + Sc and |dg| on the time interval [s, ] is used
to obtain the log-Sobolev inequality (7-1) with respect to the measure p;. By a time reversal as in the
proof of Theorem 5.1, the lower bound on Ric 4+ Hess(¢) — Sc and the bound on |dg| allow us to get the
log-Sobolev inequality with a modified S;.

In addition, we observe that the inequality above has a close relationship with supercontractivity of the
conjugate semigroup as follows.

Theorem 7.3. Suppose that there exists a function B; : RT™ — R™ such that

e (f*log f3) <ru (IV' fI7 + %0 f?) + Bi(r) forallt [0, T[and || fl2, = 1. (7-2)
Then
||P£,||(p,,)_>(q7s) <00 forl<p<qgandO<s<t<T.

Proof. The main idea of proof is from [Rockner and Wang 2003]; we include it in the Appendix for the
reader’s convenience. 0

As an application, we specify the general results above in the case of the modified geometric flow
(M’ 8t ¢l) eVOlVing by

{&g(x, -)(t) = =2(Sc + Hess(¢)) (x, 1), (7-3)

0y = —Avpr — St
For this system, we have ¢ = 0. Thus, by Theorem 7.1 with o = 0, we obtain the following result.
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Corollary 7.4. Assume that (g;, ¢;) follows the evolving equation (7-3) and

Ric; + Hess;(¢;) +Sc; > K(t) forallt €0, T|.
Suppose that

| Ps.ell(py—sigs) <00 forl<p<gand0<s=<t<T.

Then the super log-Sobolev inequalities
[ Proesan <r [ 9 7R du+ gy, r-o (7-4)

hold for every f € H' (M, u;) such that | fllo, =1, t €[0, T[, where B,(r) := B(y,_l(r), t) and

=~ pq
B(s, 1) = q—p log (I Pyl (p.t)— (g.5))
4pg—1) [ ’
y(s, 1) = 4rg =1 exp<—2/ K (u) du) dr,
q—p s r

vy ) =inf{s = 0:y(s, 1) <r}.

Finally, we are in position to give a necessary and sufficient condition for supercontractivity of PSQJ
By the dimension-free Harnack inequality and by using the method from [Rockner and Wang 2003] (see
the proof in the Appendix), we have the following result.

Theorem 7.5. Suppose that o; is bounded from below and

Ric, + Hess, (¢;) +Sc; > K(t), |do,| <« (t) fortel0,TI.

Then the condition
||P£,||(p,,)_>(q,s) <00 foralll<p<qg<ooandO0<s<t<T

holds if and only if
p,,(exp()uptz)) <oo forallh>0andt € |0, T].

Applied to the modified geometric flow (o0 = 0), we have the following corollary from Theorem 7.5.

Corollary 7.6. Assume that (g;, ;) evolves according to (7-3) and that
Ric, + Hess;(¢;) +Sc; > K(t), te€]|0,T],
for some function K € C([0, T[). Then

||P£,||(p,,)_>(q,s) <o forl<p<g<ooand0<s<t<T
if and only if
ut(exp(kptz)) <oo for A>0andt €0, T].
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Appendix
To prove Theorem 7.1, we first establish a log-Sobolev inequality with respect to the semigroup Pfft.

Proposition A.1. Assume that
Ric; +Hess;(¢;) +Sc; > K(t), suplot| <oo and |do/| <«k(t) fortel0,T].

Then, forO<s <t <T and f € C;°(M),

t t
Pg(f*log f?) < 4( / exp(—z / K (u) du) dr) PV fI2+ P, f*log PE, f?
S r

t t u 2 t
+2f (/ K(u)CXp(—/ K(v)dv)du) drPﬁ,f2+/ Py,r(QrPr,th)dr.

Proof. Without loss of generality, we assume that f > § for some § > 0. Otherwise, we may take
fs = (f>+8)"/? and pass to the limit § | 0 to obtain the conclusion.
Now consider the process

r = (Pri f)10g(Pr f2) (X rag),
where as above

w=inf{t € [s, T[: pi(0, X;) =k}, k=1 (A-1)
By means of Itd’s formula, we have

d(P% ) log(PS fH (X))

=dM, + (L, +8,)(Pf, f* log P{, f)(X,) dr (A2)

=dM, + ( V" PE f212 4+ 0,(1 +log Pf,fz)Pf,fz) (X,)dr, r<tAt,

Py f?

where M, is a local martingale. On the other hand, by Corollary 3.2, we have the estimate
t t u
V" P2 [ < exp (— / K (u) du) PLIV f2i+ P f? / e (1) exp(— f K (v) dv) du
r r r
t t u
< 2exp<— f K@) du) P&(FIV! F1) + P& f / k(1) exp <— f K@) dv) du
r r r

t t u
szexp(— / K(u)du)JPfixf%Pftuvffﬁ)+Pfi,fz / K<u>exp(— / K(v)dv)du,

which gives

VP17 , t ) ,
§4eXP(—2 f K(u)du)(Pftﬁ)Pf,(W’fﬁ)+2<P£tf2>2< / K<u)exp<— / K(v)dv) du).
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Substituting back into (A-2), we obtain
d (exp (— / ' ou(X) du) (PAf?) log(Pf,fzxxr))
<dM,+4exp (—2ft K (u)du —/r Qu(Xu)du> PV fI7(X,)dr
+2 (/t K (1) exp <—/ K(v)dv) du)2 exp (-/ 0u(X.) du> P2 fA(X,)dr

,
+or(X,)exp (_/ Qu(Xu)du) Pr?tfz(Xr)d}’, 0<s=<r=munt.
s

Integrating both sides from s to ¢ A 7y, taking the expectation, and letting k 1 400, we obtain by dominated
convergence

P(f*log f2) — P2, f*log(PS, )

t t
54/ exp(—Z/ K(u)du)drPﬁ,wffﬁ

t t u 2 t
+/ {2(/ K(u)f:Xp(—/ K(v)dv) du) }dr Pﬁ,f2+/ P2 (o, P% f*) dr,

t t
P (f*log f?) 54( / exp(—z / K(u)du) dr) PV fIF+PS, flog P, f2

t t u 2 t
+ / {2( / K(u)CXp(— / K(v)dv)du) }derf, i+ / P2 (o, P% f)dr, (A-3)

completing the proof. g

or in other words,

Proof of Theorem 7.1. Since

t
logt (P, f*) < P& 2 < exp( f sup o;, du) £ 112,
S

we can integrate both sides of the log-Sobolev inequality (A-3) with respect to us. Taking (1-3) into
account, we get

uz(fZIng2)§4< / exp(—z / K(u)du)dr)u,<|V’f|?>+us<R£,leogPf,,f2>

t t u 2 t
-1—[ {2(/ K(M)CXP(—/ K(v)dv)du) }dr,u;(fz)—kf ,ur(QrPff,fz)dr. (A-4)

For the last term above, we have

0y (1r (QrPré,JtJﬂ)) = /'Lr(_QEPré;tfz) + Mr((arQr)Préjtfz) — ur(or(Ly — Qr)Pr?tfz)
= wr((3r0r — Lror) PE f) = 0.
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It then follows that

1 (0r P f2) < e (or ).
Moreover,

t t
m(leogf2>s4(f exp(—zf K(u)du)Vldr)uz(lvlfl,%r%@rf)+Ms( P{ frlog P )

' ' u 2
T )] o

We deal first with the term ;J,S(P‘f”,f2 log Pftfz). Letl < p<gq.Forany h€]0,1—1/p[ let
ph

€10, 1.

rp, =

By the Riesz—Thorin interpolation theorem, we have

P fllgns < ,Il(p (g5 1P ,IIL f;;(m I fllppes  f€LP(M, py), (A-5)

where | | . |

— = _rh—i-— and — = _rh—i-r—h.

Dh 1 p qn 1 q
Thus 1

1 -\
ph=-—— and qh=<1—Mh>
1—nh g(p—1)

Since || P11, (1,5) < 1, we get from (A-5) that

2(1—h
[ PATRII dyag <UPEN g 112

Then, for f € C;°(M) satisfying || fl2,; = 1, we have
L[ peppa-mya gp, — ([ poispa i P, FI2A-) gy —
n 5,1 s 5.t s (P, f1 )" d g

Taking the limit as & — 0 in (A—6) as

i_z
1 Yhqh
< (PG )= D- (A-6)

) p
lim - <||P 1 RS o1 102 | Pl (.= (g.)-

we obtain by dominated convergence

rig—1
Y [ P s 10g Pl g2 i = [ PP og i < =L 108 1P i
or equivalently,
q(p—
s (B 2 10g Py f) < 20— )ut(fz 0gf)+q Jog Pl (AT

Substituting (A-7) back into (A-4), we arrive at

me(fAlog f3) <y (s, ) e (IV' fIF + 300 f2) + B(s, 1) (A-8)
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for every f € Cg°(M) satisfying || f|l2,; = 1, where

y(s,t)=4pq(q_—_p1)/ [exp(—Z/ K(u)du)\/l] dr,

pq plg=1 ([ u ?
log(||PSQ,t||(p,,)_>(q,s))+2—/ Kk (u)exp| — K()dv)du) dr.
q—p q—p K r r

We complete the proof by letting

B(s,t) =

Bi(r) =By (). ). 0
Proof of Theorem 7.3. Let 0 <s <t < T and f € C3°(M) such that f > & > 0. To calculate the derivative
of s (P, £)4) with respect to s, we start with some preparatory calculations:
(Ls + ) (P )T
= Ly (PN +q () (P HIOTN @ P )+ ()P )T log P, f
=q($)(q(s) = DL NIO2IVPL F1 44" (P )T Tog P f +q(9)es(PE )T, (A9)

By Corollary 3.2, there exist positive constants ¢ (s, t) and ¢, (s, t) such that
VP 2l < c1(s O I 12+ c2(s, ) IV flel5.
Moreover, [| P, flloo < (P 1) [| flloo and
(PE )1 Togt (P f) < (P& H)IOF! < (P 1TOF || £+,
Combining these estimates, we obtain
I(Ls +05) (P )T, < 0.

Now, by Theorem 4.1, we see that

ius((P;if)qm) = — 15 (05 (PE )1 + s (35 (PE, £)19))

ds
= — 15 (05 (PE )1 + s ((Ly + 35) (PE, £)19)

=q()(q(s) = D) s IV P FI2(PE 197 + ¢/ (5) s (PEL 1)) log PE, f)
— (1 —q(s)) us(0s(PE, £)19).

. 1—- _
For “Ps,tf”q(s),s» simce ”Pﬁtf”q(g,(j) = (MS((Psé?tf)q(s)))l/q(s) l, we thus find

d o 7

TP Fllgrs = @) = DIPLf 1l s (VPR HTOT)
q'(s) _

P LIy s (CPEL S Tog PE, )

q'(s)

_ 7() ||Psg,tf||q(s),s log ”Pséftf”q(s),s

q(s)—1

q(s)

+

1_ 9
1P FIE Y s (05 (P 1)),
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On the other hand, passing from f to f?/2/|| fP/?||,., in the log-Sobolev inequality (7-2), we obtain

2
P L™ ep—2ygs g2 rf /212
/f (”fp/z”zs)d'us =r 4 ff A% f|sdﬂv+4/f osds + Bs (M f ||2,s'

In this inequality, replacing f and p by P¢, 2 f and ¢(s) respectively, we obtain

ws((PE )7 10g(PE ) — 1 P FILS)  10g [1PE Fllgs).s

ﬂ Q q(s)—2 sp o q(s)
<2 /(Ps,tf) VP SR dps+ s [ ecdi + B

B0,y p 2SI (A-10)

Now let
— 4"71([—5‘) _ 1 1 —
q(s)=e (p—D+1L, q@®)=p

Note that ¢ is a decreasing function and ¢’ (s)r/4 + (¢(s) — 1) = 0. Thus, combining (A-10) with (A-10),
we arrive at

Bs(r)q’'(s)
_” tf”q(s)s_ q(s)2 | P tf”q(s)s» O0<s=<t<T.
It follows that
1P Fllgcsrs < exp< / P “(r()q)z(”) u) 1 s (A-11)

If we impose that g(s) = g, then

g—1\"
r—4(t—s)<log 1) .

Substituting the value of r into (A-11) yields
t —1 /
Bu(4(t —s)(ogg = D/(p =) ) g’ (w)
PE fllgs < exp(— / - 5 du ) 1 f 1l p.s- O
s qu)
Proof of Theorem 7.5. By means of the Harnack inequality (4-1), the theorem can be proved along the
lines of [Wang 2005, Theorem 5.7.3] or [Cheng and Thalmaier 2018b]. For the reader’s convenience, we

include a proof here. We first prove that if 1 (exp()»,os )) < oo for all A > 0, then Py is supercontractive,
ie, forany 1 < p < g < oo, we have

1P (p.1y— (q.5) < 00
Let p>1and f € C,(M). For 0 <s <t < T it follows from the Harnack inequality (4-1) that

pp2(x, ) +n(s,r>ps<x,y))
4(p — Dafs, t) al(s,t) ’

[(PE PO < (P FIP) () exp ((P— 1)/ supo, dr +

Thus, if u,(| f|?) = 1, then

oy (x, y) _n(s,t)ps(x,y)) @)
4(p—1Da(s, 1) als, 1) ’
p(ps(x)+R)? (s, 1)(ps(x)+R)
4(p—Da(s,t) o(s,t)

1>|P J(x)V’/exp((l p)/ supo;” dr—

> | PS, f(0)|P s (Bs (0, R)) exp ((1—p)/ supo, dr— ) (A-12)
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where Bs(o, R) = {y € M : ps(y) < R} denotes the geodesic ball (with respect to the metric g(s)) of
radius R about 0 € M and where p;(-) = p; (0, - ). Since ,u,(exp(kp,z)) < 00, the system of measures ((y)
is compact, i.e., there exists R = R(s) > 0, possibly depending on s, such that

2
1 (Bo(0, R(5)) = 5 (bx : s () < R(s)p = 1 = P25) S oo
R(s)

(after normalizing u, to a probability measure). Combining the last estimate with (A-12), we arrive at

n(s, (s +R)  plps(x) + R)? )
a(s,t) 4(p — Da(s, 1) ’

t
1> |PY, f(x)[P 277 exp ((1 —p)/ supo, dr —
N
which further implies

(s, (s +R) | (ps(x) +R)?
pa(s, 1) 4(p — Da(s, 1)

—1 t
IPﬁtf(x)I§2eXp(—pp /SUPQr_dr-i‘ ) s<t. (A-13)
N

Therefore, we achieve
1
1P, Fllgs < (s (exp(q et +c202))))

for some positive constants ¢y, c; depending on s and ¢. Hence, if 115 (exp(hp?)) < oo for any A > 0 and
s € [0, T[, then Py, is supercontractive.

Conversely, if the semigroup Pf, is supercontractive, by Theorem 7.1 the super log-Sobolev inequalities
(7-2) holds. We first prove that 1, (e*”) < oo for s € [0, T[ and A > 0. To this end, let Ps.k = ps Ak and
hs k(X)) = pg(exp (Aps k). Taking exp(Aps x/2) in the super log-Sobolev inequality (7-1), we obtain

)Lh;’k()h) - hs,k()t) 10g hs,k()\) =< hs,k()")k2 (2 + ﬂ;,(zr) ) .

This implies

1 P AR (W) = he ) loghs k(M) 1 Bo(r)
Lloghy 1 (A ) = <L A0 A-14
(5 toghox (1) ) T (A-14)
Integrating both sides of (A-14) from A to 2A, we obtain
Bk @) = 12, exp (532 + Bo(r). (A-15)

From this inequality, along with the fact that there exists a constant M, such that

1
s (s = M) = g exp(= 537 = B, (1),
we get
hs,k()‘) = f exp()‘ps,k) d g +/ eXP()L,Os,k) dis
{}\pszMs} {)L,US<Mr}
< s (s = MGDH'? g (@) V2 1 eMs yy ((hps < M)

< (% exp(—%kz — By (r)))]/2 eXp(%)\z + %,Bs (r))hs,k()u) + eM‘YlLs({)LPs < M;})

1
< Shs k() +eM s (s < My,
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which implies A, (1) < 2eMs s ({Aps < M) for s € [0, T[. As M is independent of k, letting k tend to
infinity, we arrive at
ws () < oo forallse[0, TI.

To prove that moreover fi (e:“)s2 ) < oo fors e [0, T[ and A > 0, we can follow the argument in [Cheng
and Thalmaier 2018b, pp. 22-23]. O
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