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GROUND STATE PROPERTIES IN THE QUASICLASSICAL REGIME

MICHELE CORREGGI, MARCO FALCONI AND MARCO OLIVIERI

We study the ground state energy and ground states of systems coupling nonrelativistic quantum particles
and force-carrying Bose fields, such as radiation, in the quasiclassical approximation. The latter is very
useful whenever the force-carrying field has a very large number of excitations and thus behaves in a
semiclassical way, while the nonrelativistic particles, on the other hand, retain their microscopic features.
We prove that the ground state energy of the fully microscopic model converges to that of a nonlinear
quasiclassical functional depending on both the particles’ wave function and the classical configuration of
the field. Equivalently, this energy can be interpreted as the lowest energy of a Pekar-like functional with
an effective nonlinear interaction for the particles only. If the particles are confined, the ground state of
the microscopic system converges as well, to a probability measure concentrated on the set of minimizers
of the quasiclassical energy.

1. Introduction and main results

The description and rigorous derivation of effective models for complex quantum systems is a flourishing
line of research in modern mathematical physics. Typically, in suitable regimes, the fundamental quantum
description can be approximated in terms of some simpler model retaining the salient physical features,
but also allowing a more manageable computational or numerical treatment. The questions addressed in
this work naturally belong to such a wide class of problems.

We consider indeed a quantum system composed of N nonrelativistic particles interacting with a
quantized bosonic field in the quasiclassical regime. We refer to [Carlone et al. 2021; Correggi and
Falconi 2018; Correggi et al. 2019; 2023] for a detailed discussion of such a regime: in extreme synthesis,
we plan to study field configurations with a suitable semiclassical behavior. We require indeed that there
is a large number of field excitations, although each one of the latter is carrying a very small amount of
energy, in such a way that the field’s degrees of freedom are almost classical. More precisely, we assume
that the average number of force carriers (N') is of order 1/¢, for some 0 < ¢ « 1, and thus much larger
than the commutator between a' and a, which is of order 1 (we use units in which i = 1). Concretely,
this can be realized by rescaling the canonical variables a” and a by /e, i.e., setting ag := /ea®, which
leads to

[ac(k), al (k)] =es(k— k'), &< 1. (1-1)
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On the other hand, the degrees of freedom associated with the particles are not affected by the scaling
limit ¢ — 0 and the particles remain quantum. Our goal is precisely to set up and rigorously derive an
effective quantum model for the lowest energy state of the system in the quasiclassical regime ¢ — 0,
when the field becomes classical.
Let us now describe in more detail the type of microscopic models we plan to address. The space of
states of the full system is'
Ay = L*R™) ® G (h), (1-2)

where d € {1, 2, 3}, the single one-excitation space of the field is f) and G, stands for the second quantization
map, so that G, (h) is the bosonic Fock space constructed over h with canonical commutation relations

la=(§). al ()] = (& |n)s,. (1-3)

for any &, n € h.
The energy of the microscopic system and thus its Hamiltonian is given by the nonrelativistic energy
of the particles, the field energy and the interaction between the particles and the field, in such a way that

« the particle and field energies are a priori of the same order O(1);
« the interaction is weak, i.e., a priori subleading with respect to the unperturbed energies.

This is concretely realized by considering Hamiltonians of the form

H.=Ko®1+1®dG.(w) + H;, (1-4)
where:

» Ky is the (e-independent) free particle Hamiltonian

N

Ko=) (=A)+W(x1,...,xy) (1-5)
j=1

which is assumed to be self-adjoint and bounded from below;

e dG.(w) is the free field energy and is the second quantization of the positive operator w on b,

admitting a possibly unbounded inverse w~';

« the interaction H; is the only nonfactorized term of the Hamiltonian, it depends on ¢ only through
the creation and annihilation operators af anditisa polynomial of such operators of order between
one and two.

Such requests meet the scaling conditions mentioned above. Indeed, assuming that the average number (\/)
of bare excitations of the field is O(¢~"), the field energy is of order (N} = O(1), due to the rescaling
of a] and a.. For the same reason and since the interaction is at least of order 1 in the creation and
annihilation operators, we have that H; is of order O(4/¢), i.e., a priori subleading with respect to the
rest of H,.

I'We do not take into account the spin degrees of freedom nor the symmetry constraints induced by the presence of identical
particles, but such features can be included in the discussion without any effort and the results trivially apply to the corresponding
models. In fact, we may even allow for a coupling term between the radiation field and the particle spins [Correggi et al. 2019],
as the one often included in the Pauli-Fierz model.
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The specific models we consider in the following are:

(a) the Nelson model [Nelson 1964]: the coupling in Hj is simply linear, i.e.,

N
Hy =) Ac(x)), (1-6)
j=1
where
Ac(x) :=al (A(x)) +a: (A (x)) (1-7)
is the field operator and
Lo 20 e L¥ (R h) (1-8)

(a typical choice is h = L2(RY), w a multiplication operator such that w (k) > 0 and also A(x; k) =
ro(k)e ¥ with A9, 01?1 € b);

(b) the Fréhlich polaron [Frohlich 1937]: a variant of the Nelson model where h = L>(R?), w = 1 and

—ik-x

e
M k) = VG (1-9)
for some o > 0;

(¢) the Pauli—Fierz model [Pauli and Fierz 1938]: the most elaborate model and we consider only its
three-dimensional realization, namely d = 3; the interaction is provided by the minimal coupling

N
1 .
He=) 5 —(=iVj+edq j(x)> + Wi, ... xy) +1®dG (o). (1-10)
j=1""
where w > 0, m; >0, j =1,..., N, and e are the particles’ masses and charge, respectively,
and the field operators A, ;, j =1, ..., N, have here the same formal expression as in (1-7) but

Aj = (A1, Aj2, Aj3), with
A :H/z)\, L>® R3' 11
j, 0> W i € (R7; b), ( )

is a vector function to account for the electromagnetic polarizations and the charge distributions of
the particles (the standard choice is, indeed, h = L?(R3; C?)) and we fix for convenience the gauge
to be Coulomb’s gauge, i.e., V; -1; =0.

The physical meaning of the three models above is quite different and we refer, e.g., to the monograph
[Spohn 2004] for a detailed discussion. The Nelson model is the simplest and can be applied to model
nucleons interacting with a meson field or, in first approximation, to model the interaction of particles
with radiation fields, although the case of the electromagnetic field is typically described through the
Pauli-Fierz model. The polaron, on the other hand, provides an effective description of quantum particles
in a phonon field, e.g., generated by the vibrational models of a crystal. Note also that the quasiclassical
limit ¢ — O itself can have different interpretations in each model. For instance, in the framework of the
polaron model, it can be reformulated as a strong coupling limit, which has recently attracted a lot of
attention; see, e.g., [Frank and Gang 2020; Griesemer 2017; Leopold et al. 2021; Lieb and Seiringer 2020;
Mitrouskas 2021].
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In the Nelson and Pauli—Fierz Hamiltonians, there is an ultraviolet regularization, made apparent in
the assumptions on A; we do not consider here the renormalization procedure to remove such ultraviolet
cut-off, even if for the Nelson model it is possible to perform it rigorously. We plan to address such
a problem in a future work. We also skip at this stage the discussion of the well-posedness of such
models (see Sections 4A—4C for further details), but we point out that, with the assumptions made, the
operator (1-4) is self-adjoint and bounded from below in each model.

The main problem we study concerns the behavior of the ground state of the microscopic Hamiltonian H,
in the quasiclassical limit ¢ — 0 and, more precisely, we investigate the convergence in the same limit of
the bottom of the spectrum

E.:=info(H,) = inf tr(H.T'y) (1-12)
Tee 1), T ll1=1

of H. as well as the limiting behavior of any corresponding approximate ground state or minimizing
sequence V. 5 € Z(H,) satisfying
(We,s| He|We,5) 1, < Eec+ 8, (1-13)
for some small § > 0.
We state our main results with all details in Section 1C. After a brief outlook on the existing literature
in Section 1A, we first introduce and discuss the quasiclassical variational problems in Section 1B. In the
rest of the paper, we present the proofs.

1A. State of the art. Our paper fits within the framework of infinite-dimensional semiclassical analysis,
which was introduced in the series of works [Ammari and Nier 2008; 2009; 2011; 2015] and further
discussed in [Falconi 2018a; 2018b]. Apart from the aforementioned works on quasiclassical analysis,
semiclassical techniques have already been used in the study of variational problems, both for systems
with creation and annihilation of particles [Ammari and Falconi 2014] and for systems with many bosons,
using a slightly different approach called quantum de Finetti theorem; see [Lewin et al. 2014; 2015;
2016]. We also point out that partially classical regimes have already been explored in [Amour and
Nourrigat 2015; Amour et al. 2017; 2019; Ginibre et al. 2006], although in other contexts and with
different purposes.

The question of the ground state energy convergence in the quasiclassical regime has partially been
addressed in [Correggi and Falconi 2018] and [Correggi et al. 2019] for the Nelson and polaron models and
the Pauli-Fierz model, respectively. In fact, Theorem 1.3 below completes and extends the corresponding
results proven in [Correggi and Falconi 2018, Theorem 2.4] and [Correggi et al. 2019, Theorem 1.9]. More
precisely, we develop a more general and self-contained proof strategy, based on the new mathematical
structure of quasiclassical Wigner measures first introduced in [Correggi et al. 2023], allowing us to relax
the assumptions on the microscopic models and taking into account more general settings.

On the other hand, the convergence of microscopic ground states and minimizing sequences in the
quasiclassical regime is studied here for the first time; see Theorems 1.7 and 1.15 below. Let us point
out that our results do not require the existence of a microscopic ground state (and imply the existence
of quasiclassical minimizers), although in the presence of the latter they become more transparent. In
fact, the problem of the ground state existence in quantum field theory is tricky and has been extensively



GROUND STATE PROPERTIES IN THE QUASICLASSICAL REGIME 1749

studied in the past. We refer to [Abdesselam and Hasler 2012; Arai 2001; Arai et al. 1999; Betz et al.
2002; Dereziniski 2003; Georgescu et al. 2004; Gérard 2000; Gérard et al. 2011; Griesemer et al. 2001;
Hirokawa 2006; Hiroshima 2001; Hiroshima and Matte 2022; Mgller 2005; Pizzo 2003] for a detailed
discussion of the problem.

1B. Quasiclassical variational problems. As discussed in detail in [Correggi and Falconi 2018; Correggi
et al. 2019; 2023], each of the microscopic models introduced so far admits a quasiclassical counterpart
in the limit ¢ — 0. More precisely, both their stationary [Correggi and Falconi 2018; Correggi et al.
2019] and dynamical [Correggi et al. 2023] properties can be approximated in such a regime in terms
of effective models, where the quantum particle system is driven by a classical field, which in turn is
the classical counterpart of the quantized field. In extreme synthesis, the quantum field operator gets
replaced by a classical field, which is just a function on R?, and the interaction term H; in H, gives rise to
a potential 1V, depending on the classical field configuration z € h. Concretely, the quasiclassical effective

Hamiltonian reads
N

He =Ko+ Y Valx)) + (zlol2)y, (1-14)
j=1

and it is self-adjoint on some dense 2 C L*(R?N) for any z € b; see [Correggi and Falconi 2018,
Theorems 2.1-2.3] and [Correggi et al. 2019, Theorem 1.1]. In each model the explicit expression of
such an effective potential can be identified explicitly:

(a) In the Nelson model, each particle feels a potential of the form
V. (x) =2Re(z|A(x))y € B(LERY)); (1-15)

(b) For the polaron, the formal expression of the potential V, is the same as in (1-15) above, although,
since (1-9) does not belong to L>(R?; h), the expression on the right-hand side must be interpreted
in the proper way (see Section 4B); in addition, the obtained potential is no longer bounded but it is
infinitesimally form-bounded with respect to —A;

(c) In the Pauli-Fierz model, the effective operator is obtained via the replacement of the field A, by its
classical counterpart a,(x) = 2Re(z|A(x))y, which is continuous and vanishing at oo (see [Correggi
et al. 2019, Remark 1.5]), and thus, in order to recover the expression (1-14), V, must be the operator

N
1

V.6 =2 —[—ieRe(zlA; (X)) - V) + € (Relz|A; (x))]. (1-16)
=1 M

Note that in case (c) the effective operator can in fact be simply rewritten as?

N
He=) 2r1n,- (=i Vj + ea; (x)))* + W(X) + (z|w|2)y. (1-17)
j=1

2We use the compact notation X := (xq, ..., xXy) € R4V,
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We can now define the effective quasiclassical ground state energy in terms of the energy functional

Eqel¥, 2] = (I H V) 2gavy, (. 2) € LPR™Y) @ b, (1-18)
as
E,:= inf E[y, 7], 1-19
qc VDT (¥, z] ( )
where
e ={(.2) e P R™M) @by, : [¥ ]2 =1, €[, 21| < +00}. (1-20)
Here, b, is the Hilbert completion of (), 2(w*) with respect to the scalar product (- | - ), = (- |®]-)p,
ie.,
bo = () 2(h)" ! oo, (1-21)
keN

We denote by (e, 2qc) € Zgc a corresponding minimizing configuration (if any), i.e., such that

ch = gqc[WqCa ch]- (1-22)

Concretely, the functional & plays the role of the quasiclassical energy of the system under consider-
ation. However, the reader should be careful and be aware that  is not the Hamiltonian energy of the
whole system: the complete environment-small system evolution is indeed not of Hamiltonian type. For
each fixed z € b, the Hamilton-Jacobi equations of [, z], with respect to the (complex) ¥ variable,
yield the dynamics of the small system; the environment on the other hand is stationary in the problems
under consideration in this paper; see [Correggi et al. 2023] for a detailed analysis of quasiclassical
dynamical systems.

The preliminary questions to address towards the derivation of the above quasiclassical effective models
are whether such models are stable and, if this is the case, whether a minimizing configuration does exist:
explicitly,

“Is Ey greater than —o0?” (stability), (VP1)
“Does there exist (Vqc, 2qc) € Zgc such that Eqc(Vqc, 2qc) = Eqc?” (existence of a ground state). (VP2)

Note that any critical point (¥, z) € Z of the functional £y [y, z] must satisfy the condition

S [Eael. 2l —€llw 3] =0,
which yields the Euler-Lagrange equations
H Y = e,

where the Lagrange multiplier € = (Y| H,|¥) € R takes into account the normalization constraint on . We
anticipate that a consequence of the convergence of the microscopic ground state, stated in Corollary 1.10,

(1-23)

is that, under suitable assumptions on X (for instance if W is trapping), the answer to both questions in
(VP1) and (VP2) is positive and, in particular, the set of minimizers is not empty.
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The variational problem above is strictly related to the more general issue of rigorous derivation of
effective theories, since, at least for the polaron model, it is known that the minimization of the microscopic
energy can be approximated in the limit ¢ — O in terms of a nonlinear problem on i alone. Indeed,
focusing on the particle system, one can naturally approach (1-19) in a different and a priori inequivalent
way, i.e., first one gets rid of the classical field by minimizing over z € b, and then investigates the
minimization of the remaining functional on v, which is obviously nonlinear, since the minimizing z
depends on  itself. As anticipated, this strategy has been already followed in the literature in the case
of the polaron in the strong coupling regime, leading to the Pekar functional and the corresponding
variational problem [Donsker and Varadhan 1983; Lieb and Thomas 1997; Pekar 1954]. Such a feature is
however not exclusive of the polaron and can be observed in all the models mentioned above: we present
below a formal derivation of a Pekar-like functional Epeyar[¥7] for both the Nelson and polaron model. The
Pauli—Fierz case is also discussed below; let us remark however that in this case such a procedure does
not yield an explicit nonlinear functional of ¥ (see (1-34) below), because it is in general not possible to
solve explicitly the variational equation expressing the minimizing z in terms of .

The formal procedure goes as follows: solving the critical point condition §,& = 0 with respect to the
variable z for fixed v, we find some z, that we can plug into £y, thus obtaining the Pekar energy

Epekar[V] := qu[Wa ZW]-

Such a scheme can be made to work rigorously for the polaron (case (b)) with some care, but the variable z
is not the right one to consider in cases (a) and (c). Under the assumptions we have made —recall in

particular (1-8) and (1-11) —it is indeed more natural to set, since z € b,
n =o'z, (1-24)

(note however that in case (b) 7 = z) and consider the functional Foc[v/, n] := Eqc[V, ~2n], which in
case (a) reads

Fael¥r, nl= <w Ko +2Re Z<n|w—1/2x<x,->>h‘w> + Il

j LZ(R”’N)
= (Y1Kol¥) 2 mav) + 2Re(n| (WA 1Y) 2any ) + 11l (1-25)
where A € L®(R?V; $) is given by
N
AX) =) (@ P)x)
j=1

(recall the assumption (1-8) on 1) and we have exploited the linearity of the scalar product. Taking the
functional derivative with respect to n, we get the Euler—Lagrange equation for the minimization of the
above energy with respect to n € b, i.e.,

N+ WIAC)Y) L2gevy =0, (1-26)
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yielding the minimizing npek,y Written as

N
Mpekarl Y] =— Y fR drxey @7 P @I G ) (1-27)
j=1

which can be easily seen to belong to h under the assumptions made. Plugging npekar back into (1-25),
we get

Epekar[ Y] := %Iégch[lﬁ’ nl = Fael¥. npekar[¥ 11 = (wVCO + Vbekar * Ilﬁ|2|lﬂ> (1-28)

Here we have denoted by « the action of the integral kernel Vpekar (X, Y) on |1ﬁ|2, ie.,

(Vpekar * [ 1) (X) := /R LAY Veegar (X, Y)ly (V)% (1-29)
and
N
Veekar (X, ¥) = —Re > (A(x)|o™ A (y))y € L¥R*N). (1-30)
i,j=1

Note that in the case of identical particles — either fermionic or bosonic — the above expressions may
be conveniently rewritten using the one-particle density py € L'(R?) associated with v, i.e.,

py(x):=N dxy -y |W(x, x2,..., x8) % (1-31)
RA(N-1)

Indeed, in this case, (1-27) reads

NMpekar[ W] = — (py [(@ ™20 () L2ma)s

and the Pekar energy becomes

Epekar V1 = (VIKol V) p2many + (oy Uy ) 12wey, (1-32)
where
U=U(x,y):= @] A0, (1-33)

which is its typical form in the literature. For instance, in the polaron case, one recovers the self-interacting
potential generated by the kernel U (x — y) = —a|x — y|~L.

The above derivation is easily seen to be correct under the assumptions made in case (a). In case (b),
however, one cannot apply such a derivation straightforwardly because A ¢ L (R?V; b), but a simple
well-known trick (see Section 4B) allows us to split it into two terms, which can be handled separately as
above. In case (c) on the other hand the Pekar functional takes the implicit form

MPekar + D ; mij(x/f lew™"/24; - (—iV}) 4 2620~/ 21 - Re(nperarl ™ /24, ) |¢)L2(R3N) =0,
Epekar[V] = (V| H, V) L2mow),

(1-34)

where H, is given by (1-17), and we set zy, := w~ anekar[W] for short. As before, all the terms in the
first equation belong to b, thanks to the assumptions on A; and the fact that any (v, z) € Z is such that
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veH '(R3N)). Furthermore, the last term can be thought of as the action on npek,, Of a linear operator T
on f) whose norm is bounded by

N
1, _
220l Pl
j=1"

which is smaller than one if e is small enough. In this case, 1 + T is invertible and there exists a unique
solution npekar[¥] € b of the first equation. More generally, existence and uniqueness of 9pexa[1¥7] for any
value of e follows from the strict convexity of the energy in #; see Remark 1.2 and Lemma 2.4. Note
however that unfortunately it is not possible to write explicitly Epexar as a functional of ¥ alone, since,
due to the presence of an operator — the gradient— one cannot exchange the scalar product in L*(R3*")
with the one in b, as was done in (1-25). In particular, even for identical particles, the second term in the
first equation in (1-34) depends on the reduced density matrix, while the last term is a function of the
density alone.
We now define
Epekar :=  inf  Epekar[Y] (1-35)
Y € Dpekar
with
Drekar =¥ € LXR™) 1 [y ll2 = 1, [Epekarl W] < +00)

as the ground state energy of the Pekar functionals (1-28) and (1-34), and denote by {pekar € Ppekar
any corresponding minimizer. It is then natural to wonder whether there is any connection between the
questions (VP1) and (VP2) and the analogous stability and ground state existence questions for Epekar, 1.€.,

“Is Epekar greater than —oo?” (VP'D)
“Does there exist Ypexar € L2(RN) such that Epekar(Vpekar) = Epekar?” (VP'2)

This is of particular interest for physical applications, since the minimization of the nonlinear func-
tional Epekyr May be easier to address also in numerical experiments. A priori however it is not at all
obvious that such a relation exists, but in Proposition 1.1 (see Section 2A for the proof) we are going to
state that the two variational problems are actually equivalent, which is particularly interesting in case (c)
since the explicit form of Epeky, 1S NOt available.

Proposition 1.1 (equivalence of variational problems). Under the assumptions made above,

Epexar = Eqc > —00. (1-36)
Furthermore, if (Ygc, 2qc) € Pyc is a minimizer of Eqc[V, 2], then

Epekar[Yqc] = Epekar- (1-37)

Conversely, if Wpekar is a minimizer of Epexar[V], then Npexar[Wpekar] € b (given by (1-26) and (1-34) with
Y = Ypekar, respectively) and

E[Ypekars Npekar] = ch- (1-38)
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Remark 1.2 (uniqueness of npekar). We prove in Lemma 2.4 that the quasiclassical functional Foc[v, 1]
(or, equivalently, Ec[V, z]) is strictly convex in n € b for given ¢ € L*(R4N). Hence, npexar[¥] is unique
(for fixed v). Note however that the functional Fy is not jointly convex in (v % n).

1C. Ground state in the quasiclassical regime. We can now state in detail our main results. We work
with a minimal set of assumptions on the microscopic models, which are the weakest ones guaranteeing
the self-adjointness and boundedness from below of the microscopic Hamiltonians.

Assumptions. The following conditions are satisfied:

(A1) The external potential W is such that?

We L)L (RN RY); (1-39)

(A2) the operator w is positive and admits a possibly unbounded inverse w~!;

(A3) the form factor A of the microscopic model must satisfy condition (1-8), (1-9) or (1-11) for the
Nelson, polaron or Pauli-Fierz models, respectively.

Observe in particular that the quantum potential ¥ may not be trapping, so that there might not be a
ground state for both the microscopic and the macroscopic problems. In some of the results stated below
however we are going to assume this explicitly by requiring an additional property of the unperturbed
particle operator:

(A4) The operator Ky has compact resolvent.

We now consider the microscopic ground state energy E, defined in (1-12) and its quasiclassical limit.
Recall the definition of the quasiclassical energy Eqc in (1-19).

Theorem 1.3 (ground state energy). Under assumptions (A1), (A2) and (A3), there exists C < 400 such
that E; > —C and

EE 8—)05 ch,

(1-40)
which in particular implies that (VP1) holds true.

The proof of the result above is given in Section 3A. Once the energy convergence has been stated,
it is natural to ask whether, in the presence of a microscopic approximate ground state W, s or ground
state W, 5, One can prove a suitable convergence to quasiclassical minimizing sequences or configurations
(Vqe» 2qc) € Pqc» respectively. Let us stress that the question of existence of a ground state of the
microscopic energy has been widely studied in the literature and there are more restrictive conditions on
the models guaranteeing that E, € o, (H) (see Sections 4A—4C); our results about approximate ground
states apply even if the microscopic ground state does not exist, and whenever it exists we are able to
provide its quasiclassical characterization.

3As anticipated above, it is sufficient to have an unperturbed particle operator which is self-adjoint and bounded from below.
For instance, one could extend the results to potentials with a negative part which is Kato-small with respect to the Laplacian. We
stick however to (A1) for the sake of concreteness.
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In order to properly formulate the convergence, we first need to introduce a key structure in quasiclassical
analysis: the quasiclassical Wigner measures and their relative topologies. We preliminarily recall the
definition of the space Z(h,; L2(RNY) of state-valued probability measures (see [Correggi et al. 2023,
Definition 2.1]), given by measures m on b, taking values in f}r (L?(R?N)) — the space of positive trace
class operators on L?(R4N) —such that m(@) = 0, the measure is unconditionally o-additive in the
trace class norm and ||m(h,)| ;2 = 1. Starting from such a notion, it is possible to construct a theory
of integration of functions with values in the space of bounded operators on L?(R?VN) with respect to
state-valued measures, so that, for any measurable B(z) € Z(L*(RN)),

/ dm(z2)B(z) € L (L*(RNY). (1-41)

[}

We refer to the Appendix, or to the existing literature (e.g., [Balazard-Konlein 1985; Fermanian-Kammerer
and Gérard 2002; Gérard 1991; Gérard et al. 1991; Teufel 2003]) for further details. In particular, we
point out that any such state-valued measure m admits a Radon—Nikodym decomposition, i.e., there exists
a scalar Borel measure uy, and a uy-integrable function yn(z) € .,Sf}r’] (L*(RN)) defined a.e. and with
values in normalized density matrices, such that

dm(z) = ym(2)dpum(2). (1-42)

Hence, (1-41) can be rewritten as
/b dm(z)B(z) = /b dpm(2) Y (2) B(2). (1-43)

Finally, let us denote by W, (z), z € b, the Weyl operator constructed over the creation and annihilation
operators ag , 1.e.,

We(z) := ¢/ (@ @Fa: @), (1-44)

Definition 1.4 (quasiclassical Wigner measures). For any family of normalized microscopic states
{We)ee(0,1) C 7%, the associated set of quasiclassical Wigner measures

W (W, e €(0,1) C P(hy; LLLAHRMY))

is the subset of all probability measures m such that there exists {&,}nen, €1 ——> 0, so that

L (1-45)

&n n—o0o

where the above convergence yields, for all n € & (w™1/?) and all compact operators K € £ (L*(RNY),

lim (W, K@ W, (D V,,) 2, = / At (2)€* R 115 pan [V (2) K]

n—oo
w

_ / dum(z)eZiRe(wﬂ/Znle/ZZ)b trp2 avy [V (K. (1-46)

[}

Remark 1.5 (measures on §j,, and test functions). A reader familiar with infinite dimensional semiclassical
analysis or quasiclassical analysis will find the definition of Wigner measures given here differs slightly
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from the usual definition [Ammari and Nier 2008; Correggi et al. 2023]. Typically, one considers
microscopic states that satisfy a number operator estimate, namely for which the expectation of dG.(1)¢
is e-uniformly bounded for some ¢ > 0. The corresponding Wigner measures are concentrated on b
[Ammari and Nier 2008], and it is natural to test the convergence with Weyl operators having argu-
ments n € fj. However, in studying variational problems the number operator estimate may not always be
available, in particular whenever the field is massless, such as in electromagnetism (Pauli-Fierz model).
In that case, only energy estimates, i.e., involving dG. (w), are available. The Wigner measures of states
satisfying such an energy estimate are concentrated in b, and it is natural to test convergence with Weyl
operators having arguments n € Z(w~'/?) belonging to a dense subset of the continuous dual space
[Falconi 2018a]. If both the number estimate and the free energy estimate are available, then the measure
is concentrated in h N b,; this happens for massive fields, where in addition h N §,, = b,,. Finally, let
us remark as well that in all concrete applications b, is in fact the natural domain of definition of the
quasiclassical energy &qc.

The above notion of quasiclassical convergence, defined in (1-46), is however not the only meaningful
topology one can consider for sequences of microscopic states. More precisely, the test in (1-46) may be
extended to bounded operators, which means that one is considering the weak* topology on Z(L?(R4N))’
instead of .2V (L2(R4N)) = £°°(L*(R4N)Y'. In this case, the cluster points belong to a larger space than
P L i(Lz([RdN ))), namely the space of generalized state-valued measures; see [Falconi 2018b] for a
detailed and more general discussion. We thus introduce the set of positive states ,,?IJF(LZ(R‘I NY) in the
closure with respect to the weak* topology of the space of trace class operators on L%(R?Y): we denote
the action of a functional F € .,?H(LZ(R"N )) on a bounded operator B € B(L*(RNY) by F[B] € C and
its norm by

I Fllz = sup |F[B]|. (1-47)
BeB(LA(RIN)),|1B]=1
Definition 1.6 (generalized quasiclassical Wigner measures). For any family of normalized microscopic
states {W;}eec0,1) C L*(RN),, the associated set of generalized quasiclassical Wigner measures

GW (Y, ¢ € (0,1)) C P(ho: L1 (LAHRN)))

is the subset of all probability measures n such that there exists {e,}nen, &n ——5> 0, so that

v, 2 g (1-48)

én n—oo0

where the above convergence means that, for all n € 2 (w~1/?) and all bounded operators B € B(L*(RINY),

lim (W, [BQ W,, (n)qjsn>%n :/ dn(z)[B]€2iRe<a}*1/2n|wl/22)h‘ (1-49)
n—>oo

We can now formulate the results about the convergence of microscopic minimizing sequences W s
and microscopic minimizers W, ¢ (for the proofs see Section 3B). We start by stating a stronger result
with some additional assumptions on the microscopic models. Without such assumptions we are still able
to prove a weaker convergence, but it requires the introduction of a generalized variational problem.
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Theorem 1.7 (convergence of approximate ground states (I)). Under assumptions (Al), (A2), (A3)
and (A4), for any § > 0 and for any family of approximate ground states V, s satisfying (1-13), we have

W (Ves,ee€(0,1) #0.

Moreover, any family of quasiclassical Wigner measures {ms}s~o, with ms € #' (W, 5, ¢ € (0, 1)) for
any 8, is such that, for all § > 0, we have that try>@avy ms(hy) = 1 and ms is an approximate ground
state of Egc[ Y, 2], Le.,

Eqwmlms] := / At (2) trp2qany (Yms (D) Hz) < Ege +6. (1-50)

Remark 1.8 (concentration in probability). The result stated in Theorem 1.7 does not imply that the
energy E(z) :=trp2qavy(Ym, (2)H;) is smaller than Eg + 8 for any z € b,,. Roughly speaking, there might
be a nonzero probability that ms is concentrated on pairs (v (z), z) with large & energy. However, E(z)
can be much larger than Ey. + § only with small j,,-probability. More precisely, for any k > 1,

Py (E(@) = Eqe+k8) < % (1-51)

Corollary 1.9 (convergence to ground states (1)). If (A4) holds, then any quasiclassical Wigner measure
me W (Ve o, 1), € € (0, 1)), corresponding to approximate ground states W, , (1) satisfying (1-13) with
§=o0¢(1), is such that try 2 gany m(h,,) =1 and m is concentrated on the set of ground states (Yqc, Zqc) € Dqc
of EqclV, z]. Consequently, Eqc[V, z] has at least one ground state and both (VP2) and (VP'2) hold true.

Corollary 1.10 (convergence of ground states (I)). If (A4) holds and H has a ground state W, o, then any
corresponding quasiclassical Wigner measure m € W (W, g5, € € (0, 1)) is such that trp>gavy m(hy) = 1
and wm is concentrated on the set of ground states (Vc, Zqc) € Pgc Of EqclV, 2.

Remark 1.11 (uniqueness and gauge invariance). Concerning uniqueness, we point out that both the
microscopic and the quasiclassical variational problems are gauge invariant, namely the multiplication by
a constant phase factor of W or i does not change the energy. Hence, even if one could prove uniqueness
of the quasiclassical minimizer (Vqc, Zqc) Up to gauge transformations, one could not conclude that the
set of limit points % (Ve o, (1), € € (0, 1)) or # (W, g, € € (0, 1)) are just given by a Dirac delta measure
centered at (Yqc, Zqc). Indeed, because of gauge invariance, the quasiclassical Wigner measures would be
supported over the unit one-dimensional sphere generated by the configurations (e’ ﬁwqc, Zqc) with ¢ € R.

Remark 1.12 (condition on Kp). The assumption that Ky has compact resolvent is reasonable, since that
is typically the case in which one can also prove the existence of a microscopic minimizer at least for
massive systems (see Remark 1.13 below), e.g., in the presence of a trapping potential. However, it is also
needed in a technical step in the proof to ensure that there is no loss of mass along the convergence (1-46),
Le., trp2qavy m(h,,) = 1. Similar assumptions are present also in [Correggi et al. 2023]; see in particular
the discussion in [Correggi et al. 2023, Remarks 1.9—1.10 and Section 1.6].

Remark 1.13 (existence of W, o). In all three cases (a)—(c), if the Bose field is massive, i.e., there exists
m > 0 such that w > m > 0 (which is always the case for the polaron), then it is known [Derezifiski and
Gérard 1999, Theorem 4.1] that the microscopic Hamiltonian H, admits a ground state W, s € J7, if Ko
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has compact resolvent. Hence, in the massive case, one can remove the assumption on the existence
of W, .. When the field is massless, on the other hand, it is also known that microscopic ground states
might not exist or belong to a non-Fock representation of the algebra of observables [Pizzo 2003]. This
second case is not covered by Corollary 1.10, but it may be treated with our techniques. We plan to come
back to such a question in a future work.

Remark 1.14 (existence of quasiclassical minimizers). Our analysis shows that the quasiclassical energy
functionals £y [, z] always have at least one minimizer, provided that Ky has compact resolvent, i.e.,
provided that the quantum subsystem is trapped. This gives additional evidence that the behavior
of the ground state in quantum field theories can differ quite dramatically (nonexistence or non-Fock-
representability, see Remark 1.13) from that of their classical and quantum finite-dimensional counterparts.

As anticipated, if we drop the assumption on the operator Ky there is still convergence, but the
variational problem (1-19) has to be generalized: we thus set, for any pure state p € 2!, (L*(R*")) and
any z € b,

5gqc[p, z] := p[H.]. (1-52)
We consider the corresponding variational problem: setting (recall the definition (1-47))
Dge =1{(p,2) € L1 (L*®RM) @b, : ol =1, |p[H]] < +00), (1-53)
we define
Eoqe:= inf  Egqclp, 2], (1-54)

(/OyZ)E-@gqc

and we denote by (ps, 25) € Zgqc @ minimizing sequence satisfying
Eaqelps, 28] < Egge +6

and by (0gqcs Zgge) € Pgqc any corresponding minimizing configuration.

Theorem 1.15 (convergence of approximate ground states (II)). Under assumptions (A1), (A2) and (A3),
for any § > 0 and for any family of approximate ground states WV, s satisfying (1-13), we have that
GW (Ves, € €(0,1)) # . Moreover, any family of generalized quasiclassical Wigner measures {ns}s-.o,
with ng € U5>0 GHW (Ve5,€ €(0,1)) foranyé, is such that, for all § > 0, we have that |ns(H)|lz = 1
and ns is an approximate ground state of Eyqclp, 2], i.e.,

/ dns(2)[H;] < Egqc + 6. (1-55)

Corollary 1.16 (convergence to ground states (I1)). Any generalized quasiclassical Wigner measure
NeGW (Ve o.(1), € € (0, 1)), corresponding to approximate ground states VY, ,, (1) satisfying (1-13) with
8 = 0¢(1), is such that |n(hy)|l = 1 and n is concentrated on the set of ground states (Qgqc, Zgqc) € Pege
of Esqclo, z]. Consequently, the functional Eqqclp, 2] admits at least one ground state in Dygc.

Corollary 1.17 (convergence of ground states (I)). If H, has a ground state W, o, then any generalized
Wigner measure n € GW (W g5, € € (0, 1)) is such that |n(by) || = 1 and n is concentrated on the set of
ground states (Pgqc, Zeqc) € Paqe Of Egqclp, 2]
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Remark 1.18 (quasiclassical energy and generalized quasiclassical energy). As proved in Section 2 (see
Proposition 2.8),
Eqe = Egqc,

which is in fact crucial to prove convergence of the ground state energy for systems without trapping on
the quantum particles.

2. Quasiclassical minimization problems

Here we consider minimization problems in the quasiclassical setting: we study the functionals introduced
in Section 1B and the relative minimizations, but also define and investigate more general problems.

2A. Quasiclassical functionals, states and related minimization problems. A quasiclassical system
behaves like an open system in which a classical environment (of infinite dimension) drives a quantum
small system, described by a Hilbert space L?(R¢"). The classical environment is described by a space
of configurations b, usually a complex Hilbert space identifiable with the complex phase space of
the environment’s degrees of freedom. A probability distribution u on b, tells how probable each
environment’s configuration is, while a state-valued function b, > z +— y(z) € fi (L*(R4M)) tells how
each environment’s configuration drives the small system’s quantum state. Analogously, both the value of
observables F(z) and the small system’s dynamics I, (z) are driven by the environment.

A quasiclassical minimization problem consists of finding the lowest energy and possibly the ground
states of a suitable functional £[y, 7] : L*R™MY @ b, — R depending on the configuration of both the
small system and the environment. The first energy functional to consider is [, z], defined in (1-18):

5qc[‘/f’ z] = <‘//|HZ|1//>L2(R‘1N)’ (Y, 2) € Daes

where H, and . are given in (1-14) and (1-20), respectively. We also recall that the ground state energy
and minimizer of & are denoted by Eqc and (¥qc, 7qc), respectively.

Although the above is the foremost functional coming to mind in this context, another minimization
problem emerges naturally in studying the quasiclassical limit. To this purpose, we recall the notion of a
state-valued measure [Correggi et al. 2023; Falconi 2018b], already mentioned in Section 1C: a state-
valued probability measure m € Z(h,,; .i{l(Lz(RdN ))) is a vector Borel Radon measure on b, taking
values in the density matrices .Z i(Lz([RidN )) of the small system, such that

[m(Be)ll 21 = 1. 2-1)

Thanks to the Radon—Nikodym property enjoyed by the separable dual space 2! (L?(R4N)), it is possible
to decompose m in a scalar Borel Radon probability measure un, € £(h,) such that u,(h) =1, and in
an a.e.-defined function (the Radon—Nikodym derivative)

bo 32> yn(2) € 2 (L2RM))
taking values in the normalized density matrices of the small system:

dm(z) = ym(2)dun(2).
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The quasiclassical energy Eqc, constrained to ||| 2gavy = 1, is the expectation of the quasiclassical
Hamiltonian H,. Therefore, its generalization to state-valued measures obviously reads

Esvm[m] :=/ dpm (2) trp2qany [V (2)H ] (2-2)
e
This leads to the following minimization problem: setting
Ty = {m € P (03 ZLLAR™M))) 2 trp2qavy m(ho) = 1, [Egwml[m]| < 400}, (2-3)
we ask (stability)
“Is Eqym := inf Egym[m] greater than —oo0?” (vpl)
MEZsym

and (existence of a ground state)
“Does there exist Mgym € Dsym such that Eqym[Meym] = Esym?” (vp2)

A variant of the above problem is obtained by assuming that yi(z) = |)(y| for some ¢ € L>(RV)
independent of z, in which case the functional depends only on a wave function ¥ and a probability
measure 4 over f,,. We thus set

Epml. 1] = / A (2) (W (e ) 2 g (2-4)

w

The variational problem (stability) reads

“Is Epm := inf  &n[v, n] greater than —o0?” (vp'l)
(%) @pm

where
Tom = (. 1) € LPRM) @ 2(ho) : 1Yl = 1, w(ho) = 1, [Emlvr, ull < +o0},  (2-5)
and (existence of a ground state)
“Does there exist (Ypm, Upm) € Zpm such that Epm[(Vpm, Upm)] = Epm?” (vp'2)

Note that the functional & and the corresponding variational problems (VP1) and (VP2) are recovered by
simply imposing in &y, above that w is a Dirac delta, i.e., there exists zg € b, such that u =§,,. Yet another
minimization problem can be formulated by substituting the minimization over Z(h,; Z1(L*(RV)))
and 2(b,,) in (2-2) and (2-4) with the one over atomic measures Pyom(he; 2L (L*(RIY))) and Pyom (b)),
respectively.

Finally, in the spirit of derivation of effective functionals of i or z alone, as the Pekar-like functionals
defined in (1-28) and (1-34), we can also define the effective energy

Ilz] := inf EqelY, z]. (2-6)
YEL2RIN) g lp=1

The rest of this section is devoted to proving equivalences between the minimization problems defined
above. In fact, the natural variational problem emerging in the quasiclassical limit is the one involving
state-valued measures (see (vpl) and (vp2)), however the most relevant from the physical and practical
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point of view is the one formulated in terms of wave functions and classical fields (see (VP1) and (VP2)).
Therefore, the fact that all the infima turn out to be equal (Propositions 2.1 and 2.8) and that the existence
of the various minimizers are related (Propositions 2.3 and 2.9) allow us to derive a more concrete physical
statement.

Proposition 2.1 (quasiclassical energies). Under assumptions (A1), (A2) and (A3),

Eq = Esym = inf Esym[m] = Epm
megsvmmp]atom(hwk{fi(LZ(RdN)))
= inf Epml¥, ] = Epekar = inf Z[z]. (2-7)
(Wa#)e-@pms HEZPatom (D) z€bhy,

Proof. We use the weak density of atomic scalar measures, supported on a finite number of points, in the
space of all finite measures, that holds for h,, separable [Parthasarathy 1967]. Thanks to that it is possible
to prove the following (see [Correggi and Falconi 2018, Lemma 3.20] for a detailed proof):

Eqgm= inf Egym[m]= inf Esym[m],
ME Zsym me-@svmmgzatom(hm;gi (LZ(RdN)))
Epm= inf  &Enm[y, ul= inf Epml V¥, 1l
pm ('(//,,M)E@pm pm ("//vﬂ)e-@pma ,U«E‘@amm(bw) pm

Now, let us prove that

inf Esym[Mm]

svm[m] = inf EpmlY, ul. (2-8)
ME DoymN Patom (Dew; LL(L2(RIV))) (¥, 1) € Zpms € Patom ()

Let § > 0, and let ms = Z,f:] Ak Y6z, — with Ax > O (recall that m; takes values in positive operators),
Z,le rMm=land yy € Z J: 1 (L?(RNY)) —Dbe an atomic state-valued measure such that

K
Eamlms] =D Ax trp2qamy [yiHz, ] < inf Eqmlm] +36.
= ME ZsvmN Patom (B3 L4 (L2 (RIN)))

For fixed k, since y; is a normalized density matrix,

inf (U H V) 12many < trp2many[VeHZ, ]
L2 @I [y e VIH V) L2 mav) L2RIN) LYk Tz
Therefore,
inf Eoml ¥, 1] = inf / du (| H V) 2 ey
T P ) PP (V1€ Zpms 1 Paom(B) Jp, V1M 2@y
K K
<) A inf (W Ho ) p2many < ) Aitrpzqany [y He, ]
,; yeL2@i) Jylo=t ) ; (R
< inf Esym[m] + 6. 2-9)
MEZsymN Patom (B3 L} (L2 (RIN)))
Since § > 0 is arbitrary, we conclude that
inf gpm[W» ul = inf Esym[m]. (2-10)
(V. W) €Zpm, LEPaiom (Do) ME Doy Patom (B3 L1 (L2(RIN)))

To prove the opposite inequality, we follow a similar reasoning. Let § > 0 and us = Z,f:l Ak be a
scalar atomic measure and Vs ;, € L*(RN) a family of normalized wave functions such that ps(h,) =1
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and
K

A {Ws 2 | Hz | Ws 20 ) 12mavy < inf Eoml¥, n]+0.
kXZI: w “ “ w &/ LERT) (W»M)Egpms HE Patom (D) P w

Now, m; := Zle A Ws.z, ) (W52, 182, 1s an atomic state-valued measure belonging to Zsyy. Therefore,
K

inf Esym[m] < Eym[ms] = Z M {Ws.z | Hoey |1//8,zk>L2([R{dN)
MEZomN Zatom (o1 L} (L2 (RIN))) 1

< inf &l ul+6. 511
(1) € Zpm, HE Patom (B) oml[ V¥, 1 ( )

which yields the desired inequality.
To complete the proof, we show that

inf & ) = inf Z[z] = E —FE. . 212
(W’IL)E-@PHH Meyatom(bn)) pm[w M] Zehw [ ] Pekar qc ( )

Let us prove the first equality beforehand. Let us = Zle Akdz, be the atomic minimizing family of
measures defined before and s ;, the corresponding minimizing vectors. Then

K K
> ke inf (UM W) 2y < D MelWs. o [ [Ws.2) 12 an

2(RAN —
= yel2®M) =1 Pt

< inf & , 1]+, 2-13
('/’»M)E@pm’ HE Puom (hw) pm[w M] ( )

Since the left-hand side is a convex combination and § is arbitrary, we immediately deduce that

inf Z[z] < inf &l il (2-14)
zeb, V1) EDpms 1€ Paom(B) T v

On the other hand, since a measure concentrated in a single point is atomic,

inf Eom ¥, u] < inf inf Eqcl¥r, z]1 = inf 1[z],
(¥, ) €Zpm, ILE Patom (hw) pm w " 2€0w YeL2(RIN), || [2=1 4 w z€by

which implies the first identity in (2-12).
Now, let us prove the second equality above, namely
inf Z[z] = Epekar- (2-15)
z€h,

Let again § > 0 and let z5 be a minimizing family of vectors for Z, i.e., such that Z[zs] < inf ¢y, Z[z] + 6.
For each zs, let ¥5 ., be a minimizing vector for E[ -, zs], i.e., such that

qu[w&Z(s’ Z(S] < I[ZS] + 8
Now,
Epekar < Epekar[ V5,251 < Eqel¥s.250 251,

therefore
Epekar < inf Z[z]. (2-16)

z€by
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On the other hand, let 15 be a minimizing family of states for Epeyar, and, after fixing s, let zs y, be a
minimizing family for [V, - |:

5qc[w8, Z(S,l/fg] < Epekar + 6. (2'17)
As above, we then get
inf Z[z] < inf & , <& , E 3,
ZIEI}]w [z] < wELZ(R‘}’I‘}),HMIz:l qc[‘// Zé,w,;] = qc[l/fzS Z(S,lﬁa] < Epekar +
which yields
inf 7[z] < Epekar. (2-18)
z€bo
Finally, we prove that
Epekar = ch- (2-19)

Now, let (Y5, zs,y;) be as above, i.e., such that (2-17) holds true. Hence,

ch = 5qc[‘ﬁ8a ZS,l//,s] < Epekar + 9,

and thus Eqc < Epekar- On the other hand, let (15, z5) be a minimizing family of configurations for £g:

gqc[1//8a z5] < ch +4.
Clearly, now one has
Epekar < Epekar[Vs] < gqc[WS’ z5] < ch +34,

yielding the opposite inequality, i.e., Epekar < Eqc. ]

Remark 2.2 (stability). In the above proof we have implicitly assumed that the energies under considera-
tions are bounded from below, but in fact it is easy to see that, if one of the functionals is unbounded from
below, then all the others must be unstable as well. We do not provide any detail of such an argument,
because our main result (Theorem 1.3) implies that (VP1) holds true, so that (VP'1), (vpl) and (vp'l)
immediately follow.

The other important result concerns equivalences for the existence of minimizers in the variational
problems above.

Proposition 2.3 (quasiclassical minimizers). Under assumptions (A1), (A2) and (A3),
(VP2) < (VP2) < (vp2) < (vp'2). (2-20)
Furthermore, any minimizer Wgym of (Vp2) is concentrated on the set of minimizers (Yqc, Zgc) of (VP2).

Proof. Some implications are easy to prove. Let us first prove that (VP2) = (vp'2). Let (Y, z4c) be a
minimizer of & in Y. Then, evaluating the energy &y, on the configuration (Yc, po), with o = (quc,

we get

gpm[wqc, Mol = / dMO(Z)ch[wqc, 7] = gqc[‘ﬂqc, ch] = ch-

o
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By Proposition 2.1, (4, (o) thus solves (vp'2). Analogously, let us prove (vp'2) => (vp2): let (Ypm, tpm)
be a minimizer for (vp'2); then, the state-valued measure mg, With fim, = ftpm and Ym,(2) = [¥pm) (Ypm|,
solves (VP2) by Proposition 2.1.

We prove now that (vp2) => (VP2). Given a minimizer Mgy, of Eym, for pm,,, -a.e. z € b, there exists
{M(2)}ken, with Ax(z) = 0 and ), Ak(2) =1, and {4 (2) }ken, With [ (2) [ L2(gevy = 1, such that

Eqm = Eym[Msym] = f dﬂmwm (2) Z )“k(Z)EqC[Wk(Z)» z].

@ keN
The above is due to the fact that yy . (z) is a density matrix on L2(RN) for iy, -a.e. z. The measure
Hman € 2 (D) 1s a probability measure, hence the right-hand side of the above equation is a (double)
convex combination of numerical values of the real-valued function &;.. However, a convex combination
of values of a function equals its infimum, if and only if the infimum is a minimum, and all variables
appearing in the convex combination are minimizers. Therefore, £ admits at least one minimizer.
Actually, the measure mgyy is concentrated on the set of minimizers (Vqc, Zqc), in the above sense.

Finally, we consider the Pekar-like variational problem (VP'2) and its equivalence with (VP2). Let us
first prove that (VP'2) => (VP2): given a Pekar minimizer ¥pear € L2(R?Y), we immediately deduce
that Ypexar € H' (RIN) by boundedness from above of the energy and regularity of the classical field a(x),
which is continuous and vanishing at infinity [Correggi et al. 2019, Remark 1.5]. Furthermore, Lemma 2.4
guarantees the existence (and uniqueness) of Npekar[Vpekar] € b minimizing Egc[V¥pekar, 2] With respect
to z. Therefore, the configuration (Y¥pekar, Npekar[Wpekar]) is admissible for £ and we deduce from
Proposition 2.1 that Eqe[V¥pekar, Npekar[¥pekar]]l = Eqc-

Conversely, given a minimizer (Yqc, Zqc) € Z of £, we know that the configuration must satisfy the
Euler—Lagrange equations (1-23) at least in the weak sense. However, the second equation in (1-23) is
easily seen to coincide with (1-27) or the first equation in (1-34), when the change of variable n = w'?z
has been performed. Furthermore, any weak solution 1 of such equations is in fact a strong solution,
i.e., n € b, under the assumptions made. Hence, by strict convexity of Foc[¥, n] in n proven in Lemma 2.4
and then uniqueness of 7pekar, We deduce that npekar[Ygc]l = ol 2zqc, and the equivalence (VP2) = (VP'2)
is readily proven via Proposition 2.1. (I

The next result about the quasiclassical functional defined in (1-18) or, more precisely, about its
variant Fg. introduced in (1-25) is important to explore the connection with the Pekar-like functionals
(1-28) and (1-34).

Lemma 2.4. For any fixed r, the functional Fyc[Yr, n] is strictly convex in n € b,

Proof. In cases (a) and (b) the proof is trivial, since F. contains only two terms depending on 1: one is
quadratic in n (the free field energy) and therefore strictly convex, while the other (the interaction) is
linear and thus convex.

So we have to investigate in detail only case (c), namely the Pauli—Fierz quasiclassical energy, and,
specifically, only the kinetic part of the energy involving the interaction, which reads

N
3 ﬁj(—ivj +2Re(nl(@ 2 (x)p)2
j=1
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Let us then set n = Bn + (1 — B)n, for some 1y, n2 € h and B € (0, 1). Expanding the square and setting
& ()= w~ zkj (x) for short, we get (for any nonzero )

(W] (=i V) +2Re(nl&; (x))p)* [ ) 2 gov,
< (V1= 8j1¥) 2wy — 2w |iBRe(118;(x))g - Vj +i(1 = BIRe(21€; (X)) - Vi[¥) o v,
+ Y| BRe(m11E;(x))y)” + (1 = BYRe(m21€;(x))p)* W) 2 govys (2-21)

again by the strict convexity of the square, i.e., the bound (Ba + (1 — B)b)? < Ba® + (1 — B)b?, valid
for any a,b € R and B € (0, 1). The result easily follows, since the remaining term in the functional
depending on 7 is the free field energy, which is quadratic in 1 and thus strictly convex as well. U

Remark 2.5 (minimizers for (vp'2)). The existence of a solution for (vp’2) obtained here is trivial, i.e., it
involves a measure concentrated in a single point z¢c € b, and a ¥, dependent on such a point. It would
be interesting, but outside the scope of this paper, to know whether there are nontrivial minimizers in
which pg is not concentrated at a single point. This is obviously related to the question of uniqueness of
the minimizing configuration (Vqc, zZqc). Note that this would not be in contradiction with Lemma 2.4,
since we prove there strict convexity of Fuc[v, n] only in n, while the full functional [V, z] is in
general not jointly convex in ¥ and z nor in |1/|? and z (see also Remark 1.2).

Proof of Proposition 1.1. Combining Proposition 2.1 with Proposition 2.3 one obtains the equivalence of
the variational problems. O

2B. Minimization problem for generalized state-valued measures. We discuss now the generalization
of the concepts introduced above needed to deal with the minimization (1-52), which is particularly
useful to treat small systems consisting of unconfined particles. Taking the double dual, it is well known
that 2! (L*(R?V)) can be continuously embedded in Z(L*(R?Y))’, the dual of bounded operators, in
a positivity preserving way. By an abuse of notation, we will write .Z WL2(RINY) ¢ B(L2(RIN)Y.
We recall that we denoted by ;?I(LZ(R‘”V )) the closure of Z!(L*(R4")) with respect to the weak*
topology o (B(L*(RIN)Y, B(L*(R4N))) on B(LA(RIN))Y'. Also, £'  (L2(RN)) and £ | 1 (L2(RINY)
stand for the subsets of positive and normalized positive elements, respectively. A generalized state-
valued measure is then a measure on b, with values in the space of generalized states ,?1+(L2(IR‘”V ).
Properties of generalized state-valued measures are discussed in the Appendix. Since the dual space
B(L*(RN)) is not separable, it does not have the Radon—Nikodym property, therefore integration of
functions F : b, — B(L*(R?M)) is restricted only to those with separable range.

Such integration can be extended to functions valued in unbounded operators in the following sense.

Definition 2.6 (domains of generalized Wigner measures). Let 7 be a strictly positive unbounded operator
on L>(R?N). A generalized state-valued measure n is in the domain of T if and only if there exists a
measure ny € 2 (b, L1 (L*(RN))) such that for all B € Z(L*(RYV)) and all Borel sets S C b,

nr ([T VBT Y2 = n(S)[B]. (2-22)
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Therefore, if n is in the domain of 7, with a little abuse of notation we may write
aHIT?- T =nr(S)[-] (2-23)

as a state-valued measure “absorbing a singularity” of order 7. Now, let F(z) be a function with values
in unbounded operators such that for all z € §,,,

. Tfl/Zf(Z)Tfl/Z c %(LZ(RdN)),
o the range of z > T~ 1/2F(z)T /2 is separable,
o T~12F(2)T~'/? is ny-absolutely integrable.

Then, it follows that we can define the integral of F with respect to n as

/ dn()[F(2)] = / dnr ()T V2 F)T V2. (2-24)

ha) b(l)
A simple but useful example of such F(z) is the following: let S be a self-adjoint operator, and let n be
in the domain of 7 = |S| 4 1; then the function F(z) = S satisfies all above hypotheses and thus it makes
sense to write, for all Borel set S C b,

/ dn(z)[S] = n(S)[S] :=nr(S)[T~ V28T 12 e R. (2-25)
S

The other cases useful for our analysis are discussed in Section 3.

We are now in a position to define another quasiclassical minimization problem. Recall the definition of
the domain Zgqc (1-53), the ground state energy Egqc given by (1-54) and any corresponding minimizing
configuration (0gqc, Zgqe) € Zgqcs then the analogues of (VP1) and (VP2) are (stability)

“Is Egqc greater than —o0?” (GVP1)
and (existence of a ground state)

“Does there exist (0gqc, Zgqe) € Zege sSuch that Egge (0gqe, Zege) = Egge?” (GVP2)

The functional £y, can indeed be seen as the generalized quasiclassical energy: let H, be the abstract
realization of 7{, as an operator affiliated to the abstract C*-algebra Z(L*(R?")). Then, given a nor-
malized pure state p € 9?1+(L2(RdN )), we define the corresponding irreducible GNS representation by
(Ap, mp, ¥p), Where %), is a suitable Hilbert space, 7, : B(LA(RNY)) — H(K,) is a C*-homomorphism
(that can be extended to operators affiliated to the algebra) and v, € % is the normalized cyclic vector
associated to p. Therefore, it follows that

Eaqel P, 2] = (Vo lmmp (Ho) [Yrp) 1, -

This expression is analogous to the one for £y (see (1-18)) and it reduces exactly to the latter whenever p
is a pure state belonging to .#! (L?(R?V)) (see Remark 2.7).

The generalization of the variational problems for state-valued measures (vpl) and (vp2) is obtained as
follows: setting

7 {n e L1 (LXRM™M)) : In(h,)lle = 1, ' fh dn(z)[#H,]

< +oo}, (2-26)
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we consider the questions (stability)

“Is Eggym := inf / dn(z)[H,] greater than —oc0?” (gvpl)
NEPgsym b
and (existence of a ground state)
“Does there exists Nggym € Zgsym such that / dngsym(2)[H:] = Egsym?” (gvp2)

[

Remark 2.7 (state-valued and generalized state-valued measures). We point out that, if a generalized
state-valued measure n € Zgeyny 18 actually a state-valued measure, i.e., such that, for all Borel sets S C b,

n(S) € £} (L*®RN)),
then n € Y5y and

/ dn(@)[H.] = Exemln].

[}

Proposition 2.8 (generalized quasiclassical ground state energy). Under assumptions (A1), (A2) and (A3),
ch = quc = Egsvm- (2-27)

Proof. Firstly, let us prove that
Egc = Egqe-

Since p belongs to the weak* closure of .Z i’l (L%(R4NY), there exists a filter base & C 2L (L2 @) such
that & — p in the weak* topology. Hence, for any fixed z € b,,,*

dim trp2 o) [S(H)] = p[He].

Now, on one hand, each |¥)(y|, ¥ € LZ(R4N), is also a pure generalized state and therefore

Eoqe < inf & , 2] = Eqe- 2-28
gqc_(lﬁ,z)é”/qc qc[w z] qc ( )

On the other hand, let (ps, zs) € Zgqc be a minimizing sequence:

5gqc[/08» 25l = ps[Hz] < quc +34,

for some § > 0 and let S5 C 2% LR pe the corresponding approximating filter base for ps. Then,
E,= inf &y, z]l= inf trpaavy [y Hz] < sup inf trp2gany [y Hy, ]
= g S, StV (e (L@ien, © O TS IR ek TR T
= liminftry>@av)[Ss(H)] = lim trp2gany [Ss(Hey )] = ps[Hz;] < Egqe + 6. (2-29)
Ss Ss5— ps

4The notation trLz(RdN)[G (H;)] stands for the filter base that is the image of G on R via the map y — trLz(RdN)[sz];
given any X € G, we have that {trLz(RdN)[yHZ], yeX}e trLz(RdN)[G(HZ)].
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Since the above chain of inequalities is valid for all § > 0, it follows that the opposite inequality of (2-28)
holds true, i.e.,
Eq < Egqc, (2-30)
which implies the claim.
The proof of the identity Egyym = Eqc 18 perfectly analogous, where we remind the reader that it is
possible to approximate any measure n € 2(h,,, £, (L2(RIN))) with a filter base T C 27 o Z4 (L2 @)
with respect to the product of weak* topologies

[ oBL*®™M)Y,BL*®R™M))),

Sch, Borel

which implies the convergence of integrals’

%im trLZ(RzIN)[f dT(z)HZ] :/ dn(z)[H.]. O

Finally, also for the generalized minimization problems, it is possible to prove equivalence of existence
of minimizers.

Proposition 2.9 (generalized quasiclassical minimizers). Under assumptions (A1), (A2) and (A3),
(GVP2) <= (gvp2). (2-31)
Furthermore, any minimizer Ngsym of (gvp2) is concentrated on the set of minimizers (Pgqc, Zgqc) 0f (GVP2).

Proof. The forward implication is trivial: let (0gqc, Zgqc) be @ minimizer for (GVP2). Then, evaluating the
energy of the generalized state-valued measure ng = 8, Ogqc, We get

f dno(2)[H ] = quc[Hzgqc] = quc- (2-32)

By Proposition 2.8, ng is thus a minimizer for (gvp2).

To prove the reverse implication, note that the integral with respect to a generalized state-valued
probability measure is a convex combination of expectations over possibly mixed generalized states. Since
the mixed states are themselves convex combinations of pure states, it follows that the measure nggym
must be concentrated on the set of minimizers for (gvp2), and thus the latter is not empty. U

3. Ground state energies and ground states in the quasiclassical regime

In this section we study the quasiclassical limit of ground state energies and ground states of the
microscopic models introduced in Section 1.

The microscopic interaction is described by a fully quantum system, in which both the small system
and the environment are quantum. The Hilbert space is thus (see (1-2)) given by 5% = L RIN) ® G, (h),
where G (h) = @, H®" is the symmetric Fock space over h and ¢ is the quasiclassical parameter
whose dependence is given by a semiclassical choice of canonical commutation relations (1-3), i.e.,

5 As before, the integral with respect to d¥ is just a short-hand notation to denote the integral over elements belonging to the
filter T.
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[as(2), a;'(w)] = g(z|w)y, with ag the annihilation and creation operators on the Fock space. A state of
the whole system is given by a density matrix

r. ezl (L*R™) ®3.(h)),

the positive trace-class operators with unit trace.

The dynamics of the system is described by a self-adjoint Hamiltonian operator H, whose general
form is given in (1-4). Such an operator is the partial Wick quantization of the quasiclassical Schrodinger
energy operator H, provided in (1-14). Wick quantization consists in substituting each z appearing
in H with a, and each z with ag , and of ordering all the ag to the left of all the a.. Such a quantization
procedure is well-defined for symbols F, that are polynomial in z and z*, as is the case in the concrete
models we are considering; see Section 4 for additional details and [Ammari and Nier 2008] for the
rigorous procedure. Hence, we write

H, = Op"*(11.), 3-1)

&

and, more precisely, H, can be split into three terms, at least in the sense of quadratic forms, i.e.,

N
He =Ko+ Y Valx) + (zlolz)y (3-2)
i=1

with Ky self-adjoint and bounded from below, yielding

N
Hy =Ko ® 1418 0p) *((zlwlz)y) + Y Op"*(V:(x:)) (3-3)
i=1
as a quadratic form. The first and second terms on the right-hand side are the free energies of the small
system and environment, respectively, and the third term is the small system-environment interaction.
The minimization problem for the quantum system described by H, is defined in (1-12): the microscopic
ground state energy is E. := info (H,), while W, 4 stands for any corresponding minimizer. Such a
minimization problem has been thoroughly studied for the concrete models under consideration in this
paper; see Section 1A. A crucial ingredient of our proof is the uniform boundedness from below of the
spectrum of H,. Note again that we do not need the existence of a microscopic ground state W, .

Proposition 3.1 (stability and existence of the ground state). Under assumptions (A1), (A2) and (A3),
there exist finite constants ¢, C > 0 independent of ¢ such that

—c<E,<C. (3-4)

The proof of the above result is model-dependent and therefore it is postponed to Section 4.

We now investigate the link between the microscopic ground state problem and the quasiclassical
minimization problems described in Section 2, starting from the proof of Theorem 1.3. The strategy of
proof can be outlined as follows:

« Derive an energy upper bound (Proposition 3.2) by means of a suitable trial state.

» Prove a matching lower bound (Proposition 3.3) by showing the convergence of the expectation of
each term in the energy over a suitable minimizing sequence.
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Although both cases could be treated at once, we provide a separate discussion of the main results for
trapped and nontrapped particle systems, whose difference is apparent in the statements of Corollary 1.10
and Corollary 1.17. The convergence of minimizing sequences and ground states (Theorem 1.7), if
present, is then obtained as a direct consequence of the above arguments.

3A. Proof of Theorem 1.3. The proof of Theorem 1.3 is obtained by putting together the energy upper
bound (Proposition 3.2) and lower bound (Proposition 3.3).
In the following, we denote by W, s € Z(H;), § > 0, a minimizing sequence for H:

(Wes|He|We 5) o, < Ec+0. (3-5)
Proposition 3.2 (energy upper bound). Under assumptions (A1), (A2) and (A3),

limsup E, < Eq. (3-6)

e—0

Proof. In order to prove the upper bound we use a coherent trial state: let us denote by 2, € G.(h) the
Fock vacuum and let

Ev, 2] = ¥ @ W, (é) Q 3-7)

be a coherent product state constructed over the particle state { and the classical configuration z € h. We
shall restrict to ¥ € 2(Ky), where 2(Ky) is the form domain of K, and z € h such that ®'/?z € h. As
discussed in Section 4, this is sufficient to make E.[v/, z] € 2(H,) and (¥, z) € Zy.. The energy of the
above trial state is

(el 2l He | Ee[Yr, 2]) o = Eqelr, 2140 (1). (3-8)

The proof of the above estimate depends on the microscopic model involved. The computation of the
expectation over the trial states (3-7) can be found in [Correggi and Falconi 2018, Proposition 3.11 and
Section 3.6] for the Nelson and polaron models, and in [Correggi et al. 2019, Proof of Theorem 1.9] for
the Pauli-Fierz model. Hence, we have that

E. < inf g ,Z]|He | B 2w = inf & L, 7]+ 0:(1) = Eqe + 0:(1). 3.9
e (W:Z)egqc( s[w ]| a| S[l/f ])77 (.2 €% qc[w ] (1) qc e (1) ( )

The result is then obtained by taking the lim sup,_, , on both sides. U
The symmetric result of Proposition 3.2 is stated in the following proposition.

Proposition 3.3 (energy lower bound). Under assumptions (A1), (A2) and (A3),

liminf £, > Eg. (3-10)

e—0

Although not necessary in principle, we find it convenient to present two different proofs of (3-10),
one valid only when Xy has compact resolvent, e.g., when the small system is trapped, and one valid
for nontrapped small systems as well. The main reason is that the former does not require the use of
generalized Wigner measures, since conventional state-valued measures are sufficient, resulting in a more
accessible proof.
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3A1l. Energy lower bound: trapped particle systems. If Ko has compact resolvent, the set of quasiclassical
Wigner measures (as in Definition 1.4) associated with minimizing sequences for H, is not empty. In
addition, the expectation of Op}f"iCk (V,) converges to the quasiclassical integral of V,. Let us formulate
some preliminary results about the convergence of the expectation values of the operators involved. Such
results rely on suitable a priori bounds on the family of states W, € 7%, as ¢ varies in (0, 1). Lemma 3.7
guarantees that there exists a minimizing sequence W, s in the sense of (3-5) satisfying such bounds.

Lemma 3.4. If (A4) holds and there exists C < +00 such that, uniformly with respect to € € (0, 1),

[(We| (Ko + dGe (@) + 1) We)

=<C, (3-11)

then W (Y, € € (0, 1)) # @. Furthermore, if WV, q—> m, then try2gany [Ym (2) Kol is um-a.e. finite and

n—0

Um-absolutely integrable, and

Jim (W, [KCo[ e, ).z, 2/ dptm (2) trp2 vy [V (2) Kol (3-12)

Proof. For w = 1 this proposition is proved in [Correggi et al. 2023, Propositions 2.3 and 2.6]. For a
generic w > 0, the proof (in the presence of semiclassical degrees of freedom only) can be found in
[Falconi 2018a, Theorem 3.3]; the extension to the quasiclassical setting is straightforward, testing with
compact observables of the small system, as in the aforementioned [Correggi et al. 2023, Propositions 2.3
and 2.6]. Let us stress that the fact that all Wigner measures are probability measures, i.e., there is no loss
of mass and m(h,,) = 1, is due to the fact that }Cp has compact resolvent. Otherwise, there may be a loss
of probability mass due to the interplay between the particle system and the environment; see [Correggi
et al. 2023, Corollary 1.7 and Remark 1.9] for additional details. (Il

In order to control the convergence of the free field energy, we first have to regularize it: we pick a
sequence of positive self-adjoint compact operators {1,},cn C Z(h) approximating the identity: for all
reN, 1, <1, and forall z € b,

lim (zloy|2)y = lim (z]1,12)y, = lzll5, = (zlwlz)s. (3-13)
r—00 r—00
where we have written , := w'/?1,»'/%. Recall also that Op;ViCk((zlw|z)h) = 1®dG, (w), where dG, (w)
stands for the second quantization of w as above.

Lemma 3.5. If (A4) holds and there exist C < +00 and § > 1 such that, uniformly with respect to
e € (0, 1),
[ (Wel (Ko +dGe (@) + DIWe) e | < C, (3-14)

then, if W me ¥ (Y., ¢ € (0, 1)), it follows that for any n <,

818

| dum@elala <c. (315)
bll)
and, forallr e N,

Jlim (%1840, @01, = [ @ (el = [ @ el (10
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Proof. The proof of up-integrability of (z|a)|z)g (and the relative bound) is a consequence of the
corresponding result for semiclassical (scalar) Wigner measures proved in [Ammari and Nier 2008;
Falconi 2018a]. Analogously, the convergence holds because (z|1,|z)p,, is a compact scalar symbol; see
[Falconi 2018a] for the convergence of compact symbols in b, and [Correggi et al. 2023, Propositions 2.3
and 2.6] for additional details on the generalization of results in semiclassical analysis to the quasiclassical
case. ]

Lemma 3.6. If (A4) holds and there exists C < +00 such that, uniformly with respect to € € (0, 1),

(W (Ko + dGe (@) + D|W,) | < C, (3-17)
then, if Ve, %) m, foranyi=1,..., N,
Tim (W, [0p ' (V; ()| We, ) e, = / dpm (2) L2 any [V (2) Ve (2] (3-18)

[0)

Lemma 3.7. Under assumptions (A1), (A2) and (A3), there exists a minimizing sequence {Ws s}¢ 5c(0,1)
such that, for all fixed § € (0, 1), (3-5) holds true and there exists Cs < +00 such that

[(We 51(KCo + dGe (@)* + 1) We ) 22

< Cs. (3-19)

The proofs of Lemma 3.6 and Lemma 3.7, like the form of the quasiclassical potential V., depend on
the model considered. We thus provide them in Section 4.

Remark 3.8. Observe that if Lemma 3.7 holds, then the assumptions of Lemmas 3.4-3.6 are verified for
the minimizing sequence W, s.

We are now in a position to prove the lower bound in the trapped case.

Proof of Proposition 3.3. Let W, s be the minimizing sequence for H, of Lemma 3.7. Since for any r € N,
w, < w, it follows that dG, (w,) < dG.(w). Hence,

<\pa,8

Now, let us recall that, by Lemmas 3.4-3.7,

(/C() + dgg (C!)r) + OPXViCk (Z Vz (xl)>) ‘\Ijg,8> =< (ws,S |He|\y€,8>ifg < Ee +34. (3'20)
i e

e forany § > 0, # (V. s, € € (0, 1)) # &;

« the expectation value of each term in the Hamiltonian converges as ¢ — 0 or, more precisely, there
exists m € #' (W, 5, € € (0, 1)) such that

/ dpm (2) tr2 v, [ym (/co + (zlorlz)y + Vs (x»)}
(/co +dG. () + Opy (Z v, (x»))

<lim inf<\llg,(g
e—0

npg,5> . (3-21)
H



GROUND STATE PROPERTIES IN THE QUASICLASSICAL REGIME 1773

Hence, we deduce that
/ dpm (2) trp2gan) |:ym (ICO + (z|lwr|z)y + E Vz(x,-)>:| < lim iélf E.+34. (3-22)
E—>
w i

Now, (z|lw,|z)y w=> (z|lwlz)y for any z € b, by construction, and any m € # (¥, ¢ € (0, 1)) is

concentrated on f,, by Lemma 3.4. Furthermore,

/ dum(2)(zlwr|z)y 5/ dum(2)(zlw|z)y < C < +o0.
bo Bo

Hence, by dominated convergence,

tim [ dn@lan 2y = [ diam(@) zlol2)s (3-23)

—
r ooha) 2]

Thus, one gets

inf d t liminf E, + 6, 3-24
ey (@ ec0.)) /h Hm (2) trp2am) [ymH:] < liminf £, + (3-24)

which, via Proposition 2.1, implies that

E, < inf d tr H.] <liminf E, + 6.
9 = meW (e, 5,6€(0,1)) /f;w (@) LZ(RdN)[Vm 2 e—0 et

Since § > 0 is arbitrary, the claim follows. U

3A2. Energy lower bound: nontrapped particle systems. In the nontrapped case, the strategy of proof is
very similar, however it is not ensured that the set of quasiclassical Wigner measures for the minimizing
sequence is not empty. It is then necessary to use generalized Wigner measures (recall Definition 1.6).

We first generalize the preparatory lemmas that we needed in the trapped case to the general situation.
Note that for Lemma 3.7 it is not necessary that o has compact resolvent and therefore we can use it
directly also in the nontrapped case. We also use the same notation as in the trapped case; in particular,
we make use of the same compact approximation w, of w we introduced in (3-13).

Lemma 3.9. [f there exists C < +00 such that, uniformly with respect to ¢ € (0, 1),

[(We | (Ko + dGe (@) + D) We) 2

=<C, (3-25)

then GW (Ve, € € (0, 1)) # &. Furthermore, if WV, LN n, then n is in the domain of Ko+ 1 in the

sense of Definition 2.6 and A
lim (W, Kol ), = [ dn@IKol (3-26)
In addition, it follows that ’
/ dn(z)[1](z]w|z)y < C, (3-27)

[0}

and, forallr € N,

Tim (W, |1 @G, (@)W, )r, = / dn()[11(zle [2)y: (3-28)

2}
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Proof. These lemmas extend to generalized Wigner measures Lemmas 3.4 and 3.5, respectively. The
proof is, mutatis mutandis, completely analogous to those of the latter. Contrary to Lemma 3.4, since
now Ky has a noncompact resolvent, the set of Wigner measures of W, may be empty and there might be
a loss of mass along the quasiclassical convergence. The set of generalized Wigner measures is, however,
always nonempty: no mass is lost due to the fact that

IWellZ, = (Wel 1 @ We(0)|We) r, = 1,

and the identity operator belongs to Z(L?(R%")) but is not compact. More precisely, the above quantity
can be immediately identified, in the limit ¢ — 0, with the total mass of all generalized Wigner measures
associated to W,, as defined in Definition 1.6, whereas it is a priori only bigger than or equal to the total
mass of measures defined by the convergence in Definition 1.4 (if all cluster points for the aforementioned
convergence have total mass strictly less than one, the set of Wigner measures associated to W,, which
are required by Definition 1.4 to have total mass 1, is thus empty). (]

Lemma 3.10. [f there exists C < +00 such that, uniformly with respect to ¢ € (0, 1),

(el (Ko + dGe (@) + DIWe) 4| < C, (3-29)
then, if W, Sng%(y n, foranyi=1,..., N,
lim (e, [Op (V2 (i) W, )z, = f dn()[V:(x)]. (3-30)

Like its analogue Lemma 3.6, the proof of Lemma 3.10 is model-dependent and thus given in Section 4.
The proof of the lower bound for the nontrapped case is now equivalent to the one in the trapped case,
using generalized Wigner measures.

Proof of Proposition 3.3. Let W, s be the minimizing sequence for H, of Lemma 3.7 satisfying (3-20).
By Lemmas 3.7-3.10,

 for any § > 0, we have that %7 (V. 5, ¢ € (0, 1)) # &;

 for Wigner measures, there exists n € 4% (W, s, ¢ € (0, 1)) such that

(/co +dG. () + Opy™* (Z Y, (x; ))) “1’5,5> :

i

/ dn(z) |:IC0 + (zlor|2)p + Z V,(x; ):| <lim inf<\116,5
B ; e—0

and therefore
/ dn(z) [/co + (zleorl2)y + Y vz(x,-)} < liminf E, + 6. (3-31)
e ; £—0

However, by dominated convergence, see Theorem A.18 in the Appendix,

lim /b dn([1)ler|2)y = / dn([1(zlwl)y.

w

Hence,

quc = dn(z)[H.] < ligrl)iéleg + 4,

inf /
negW (We5,6€(0,1) Jp

and the result follows from the arbitrarity of § > 0, via Proposition 2.8. ]
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3B. Convergence of minimizing sequences and minimizers. Once the energy convergence is proven,
we investigate the behavior of minimizing sequences and minimizers, if any.

Proof of Theorem 1.7. Let WV, 5 € 2(H,) be a minimizing sequence. Then by Lemmas 3.4-3.7, any
ms € #' (W, 5, ¢ € (0, 1)), corresponding to a sequence {W,, s}tnen, €, — O, satisfies

f de(s (2) trLz([RdN)[Vmg (D)H;]= nlig;o(qje,,,ﬂHsn |\I"€,,,6>=}f?sn < nli)nolo Es,, +6 = ch + 4,

w

as proven in Theorem 1.3. U

Proof of Corollary 1.9. If § = 0.(1), then considering mg € #' (W o, (1), ¢ € (0, 1)), corresponding to a
sequence {W;, slnen, €2 — 0, we have

/ ditmg (2) trp2any[Ving () Ho] < nlggo(Es” +0g,(1)) = Eqgc.

By Proposition 2.1 it follows that mg is a minimizer of (vp2) and, by Proposition 2.3, is concentrated on
the set (Ygc, Zqc) of minimizers of (VP2). O

Proof of Corollary 1.10. Let W, o5 be a ground state of H,. Then it is also an (exact) minimizing sequence
with § = 0, and thus as above my is a minimizer of (vp2) and is concentrated on the set (Vqc, Zgc) of
minimizers of (VP2). O

The proof of Theorem 1.15 is also completely analogous to the proof of Theorem 1.7 for trapped
systems.

Proof of Theorem 1.15. If Ky does not have compact resolvent, then by Lemmas 3.7, 3.9 and 3.10, any
ng €9 (Ve s, € € (0, 1)) satisfies

/ dns(2)[M:] < lim Ey, 46 = Eqe+8 = Egge +3. (3-32)
En—>

by Theorem 1.3 and Proposition 2.8. (I

Proof of Corollary 1.16. If § = 0.(1), it follows that ng € 4% (Y, o, (1), € € (0, 1)) satisfies
f dno(2)[H;]1= lim E. = Egqc.
» &,—0

Therefore ng solves (gvp2), and thus it is concentrated on minimizers solving (GVP2). (I

Proof of Corollary 1.17. This proof is completely analogous to that of Corollary 1.10.

4. Concrete models

In this section we discuss the concrete models introduced in Section 1, and in particular we provide the
proofs of results used in Section 3 that require a model-dependent treatment.
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4A. The Nelson model. The simplest model under consideration is the so-called Nelson model [1964]. It
consists of a small system of N nonrelativistic particles coupled with a scalar bosonic field, both moving
in d spatial dimensions.

We recall the explicit expression of the quasiclassical energy (1-14) in the Nelson model:

N

He=Y (=Aj+V:(x)}+W(x, ..., xn) + (zlol2)s,
j=1

acting on L2(RNY and dependent on z € b, where V, is the potential (1-15), i.e., V;(x) = 2Re(z|A(x))y,
W € L110C
w > 0 is a self-adjoint operator on b with an inverse that is possibly unbounded and A, w~/?1 € L®(R%, b).
Both W and V), are multiplication operators and #; is self-adjoint on 2(—A + V) and bounded from
below for all z € b,,. The associated quasiclassical energy of the system is the quadratic form &y, whose
form domain is thus contained in Z(—A+W) & 2(w), where we recall that 2(A) stands for the quadratic

form domain associated with the self-adjoint operator A.

(RN R,) is a field-independent potential,® e.g., a trap or an interaction between the particles,

The quasiclassical Wick quantization of H, yields the quantum field Hamiltonian

N
He =Y (=A;®1+a.(A(x))) +al hx)}+ W(x1. ... xx) ® 1 + 1 ®dG, (w)
j=1

acting on 7, = L*>(RN) ® G, (h), where we have explicitly highlighted the trivial action of some terms
of H, on either the particle’s or the field’s degrees of freedom. Whenever A € L (R¢; ), the operator H,
is self-adjoint, with domain of essential self-adjointness

Z(—A +W+dG. (0)) NGy~ (dGe (1)),

where the latter is the set of vectors with a finite number of field excitations [Falconi 2015], but it
may be unbounded from below if 0 € o (w). It is however well known that, if for a.e. x € R4 we have
A(x) € Z2(w~'/?), that we assume in (1-8), then H, is bounded from below by Kato—Rellich’s theorem.
Nonetheless, it may still not have a ground state if O € o (w) or if W is not regular enough. We simply
remark here that the ground state exists if 0 ¢ o (w) and —A + W has compact resolvent (trapped particle
system), or if 0 € o(w) and A and W satisfy suitable conditions, irrespective of compactness of the
resolvent of —A + W.

Proof of Proposition 3.1. The upper and lower bounds in (3-4) are well known; see, e.g., [Ammari and
Falconi 2014; Correggi and Falconi 2018; Ginibre et al. 2006]. The lower bound is a direct consequence
of Kato—Rellich’s inequality, while the upper bound is proved using coherent states for the field. We
provide some details for the sake of completeness.

60f course we may allow for a negative part of the potential W, provided it is bounded, but we choose a positive potential for
the sake of simplicity.
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Setting’
Hiree =Ko ® 14+ 1 ® dG, (w), -1

we get, for all @ > 0 and all ¥, € Z(Hfree),

N
D (@ 0xp) +af 0(x))) ¥,
j=1

< 2Nl 2 Al Lo ) 1dGe (@) 2 e [l + VENM oo .y I Well e
N2
< A (WeldGe (@) We o + | = 0™ 20 gy + VIR iy | el (42)
Therefore, choosing « = 1, we deduce that (recall that ¢ € (0, 1))
Ec = —N*lo™ 20 wgary) = I o @tsn)- (4-3)

The upper bound is trivial to show by exploiting (4-2) and evaluating the energy on any state such
that (W, |dG. (w)| W), < C < 400, e.g., a product state ¥, = ¢ ® Q,, with ¢ € 2(Ky) and 2, the
field vacuum. Note that the uniform boundedness of E. from above could as well be deduced by the
boundedness of Ey, which in turn follows from the evaluation of &y on, e.g., a configuration (v, 0),

with ¥ € 2(Kp). O

We now prove Lemmas 3.6 and 3.7 for the Nelson model. We have however to state first a technical
result, which generalizes the convergence of expectation values proven in [Correggi et al. 2023]: indeed,
in [Correggi et al. 2023, Proposition 2.6] it is shown that,® if

(W, (dGe (@) + 1)’ W) 12 amygr, < C,

C

for any 6 > %, and ¥, ni—oo> m, then, for all K € Z>°(L2(R4N)),

Tim (W, [Op, “ (V)KWe, ), = f it (2) tr2@am, [V (2) V2K, (4-4)

w

but our goal is to apply the above convergence to the identity, which is not compact. We have then to
approximate it with compact operators.

Lemma 4.1. If (A4) holds and there exist C < +00 and § > 1 such that, uniformly with respect to
ee(0,1),

(Wl (Ko +dGe (@)’ + D|W,) | < C (4-5)
and W,, —=—> w, then, for all B € Z(L*(R'N)) and any j =1,..., N,
lim (e, |0 (V2 () BYe, ), = / dptm (2) trp2gem, [V (2) V2 (X)) B). (4-6)
bm

TEven if not stated explicitly, we use the notation Hfee also in Sections 4B and 4C with the same meaning.
81n [Correggi et al. 2023, Proposition 2.6] the result is proved for @ = 1. The extension to a generic w is done straightforwardly
by combining the proof of Proposition 2.6 with the techniques introduced in [Falconi 2018a].
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Proof. Let us introduce compact approximate identities {1,,},en C -Z°° (L*(R4N)Y) as follows:

1m = 1[7m,m](ICO),

where 1[_, n] : R — {0, 1} is the characteristic function of the interval [—m, m], so that the right-hand
side of the above expression is the usual spectral projector of Xy constructed via spectral theory. For later
convenience, let us also define B, := B1,,. Therefore, we have

(W, IOpY € (V. (x)) BY,, ) 2,
= (W, |OpY (V. (x)) BuWe, ) 22, + (W, IOPY (V. (x) (B — By) e, ) s, . (4-7)

En En

The first term on the right-hand side converges when n — oo for any fixed m € N, since we have that
By € L°(L*(R™M)) (see (4-4)), i.e.,

Jim (e, [Op (Ve (x))) B W, ) s, = / dptm (@) trr2gem [Vn () Ve (X)) Bl

w

By dominated convergence, we can then take the limit m — oo, to obtain

m—00 n— o0

lim lim (W, |OpY (V. (x)) B Vs, )z, = / ditm (2) trp2 vy [V (D) V; (x) Bl (4-8)

w

It remains to prove that
lim sup [(We|OpY (V. (x)) (B — By)We) sz,

£
m=>0 ¢c(0,1)

—0. (4-9)

Forany 0 < s < % and for any co > |inf o ()|,
(e |OpY X (V, () (B — B)We) 2
< 2[[(B = Bu) (Ko + c0) ™| g2 @avyy 1(dGe (@) 7% + 1) 72 a, (M (x))) (dGe (@) 2 + 1) 2 0

X 1(dGe (@) + D2 (Ko + co)* 2 We |13,

< ClIBIl# (1 = 1) (Ko +co) ™2zl 2A Lo iy (Ye IKG +dGe (1) + 1]W,) 2

<C sup 1 77 < Cm—3/?

nel(—00, —m)U(m. +00)1Na (k) (M+€0)

for m large enough, e.g., larger than |inf o (Ky)|. Therefore, since the above quantity vanishes as m — 0o
uniformly with respect to ¢ € (0, 1), we conclude that (4-9) holds true and the result follows. O

Proof of Lemma 3.6. The result follows by taking B =1 in Lemma 4.1. Again, this makes crucial use of
the fact that o = —A + W has compact resolvent, and that W, is regular enough with respect to /Cy. [J

Proof of Lemma 3.7. The proof of Lemma 3.7 stems from a known result that allows us to compare
the expectation of the square of the free energy Héee with the expectation of the square of the full
Hamiltonian ng. This is a consequence of Kato—Rellich’s inequality: there exists C > 0 (independent
of ¢) such that

(We | Higoo [ We) e < C(We|HE +11W,) . (4-10)

The idea of the proof of this standard inequality goes as follows: From the triangular inequality we get

(W | HE o |We) s < 2(We | H2 W) 0+ 2(We | (He — Hiree) 2| We) -
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Now, using inequality (4-2), we get that for any o < 1/+/2,
(1 = 20°) (W | Hipoo | We) sy < 20We| HE W) s + Co W,

with C, independent of ¢. The result then easily follows.
It remains to prove that there exists a minimizing sequence {W; 5} sc0,1) C Z(H,) for H, such that

(W |H2|W,)  <max{EZ, (E:+68)*} <C, (4-11)

with the last inequality given by Proposition 3.1. Indeed, combining the above estimate with (4-10), we
immediately deduce that (3-17) holds true. Let us denote by 1(, ) (H;) the spectral projections of H,
and by (4.1 := 1(a,p)(H,) 7 the associated spectral subspaces. Let us now choose, for any § > 0,

Ves €{V € P —s5.E+9) Wl =1}
Each spectral subspace above is not empty by definition of E. = inf o (H,). Therefore, on one hand,

(Ve s|He|We 5) s < Eg + 6,
and, on the other,
| HeWe 5115, < max{EZ, (E; +8)%}. O

It remains only to prove Lemma 3.10, used in the nontrapped case.

Proof of Lemma 3.10. To prove the result, it is sufficient to show that, if W, is such that

[(W, 1 (dGe (@) + 1) [W,) 2

=C,

for some § > % and some finite constant C, and if ¥, % n, then (3-30) holds true, i.e., for all
B e B(L*(RY)),

Tim (e, [0p (V) BYe, ) r, = f dn[V.B].

Such a result is however a special case of [Correggi et al. 2023, Proposition 2.6], if in that statement
Wigner measures are substituted by generalized Wigner measures, the test with compact operators of the
small system is replaced with the test with bounded operators, and dG. (1) is replaced by dG.(w). The
proof given there is generalized to this setting straightforwardly, recalling the properties of generalized
Wigner measures outlined in the Appendix. There is only one thing we need to mention explicitly: the
integration of operator-valued functions with respect to generalized Wigner measures makes sense only if
Ran(z — V;) C B(L*(RN)) is separable in the norm topology of B(L*(RN)). Let us check explicitly
that Ran(z — V) is indeed separable: Since b, is separable, let us denote by ¢ C h, a countable dense

subset and denote by
Vei= (Ve (x) € BILPRM™)) : ¢ e 8)

the image of £ by means of z — V,. Now, for any z € b, ¢ € £, we have that
V: = Vellge@avy < 2l0™ M Lo @apllz = ¢l

which implies that V¢ is dense in Ran(z — V;) with respect to the B(L*(RN))-norm topology. [l
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4B. The polaron model. The polaron model, introduced in [Frohlich 1937], describes N electrons
(spinless for simplicity) subjected to the vibrational (phonon) field of a lattice. This model is similar to
Nelson’s, however the coupling is slightly more singular. The one-excitation space is h = LZ(R?), while
the form factor is given by (1-9): the quasiclassical energy has the same form as in the Nelson model, as
well as the effective potential V, (see (1-15)), although now

—ik-x

e
K(X;k)=ﬁm, w=1,

where o > 0 is a constant measuring the coupling’s strength. The assumptions on Ko = —A + W are the
same as in the Nelson model. Let us remark that in this case since w = 1, we have that b, = b.
The key difference with the aforementioned Nelson model is thus that there exists z € b such that

V,(+) ¢ L (R%),

due to the fact that A ¢ L>°(R?; h). However, it is possible to write V, as the sum of an L function and
the commutator between an L°° vector function and the momentum operator —i V,:

V(%) = Va Ve (X) +[=i Ve, V= (X)), (4-12)

where
Vo (x) =2ReZ '[A_zl(x), ro(k):=1Lp<,lk|”“ D/

V.. (x) =2ReZ '[A-z](x), As (k) = Ljgsplk|~“TV/2k,

where k:=k /|k| and . stands for the Fourier transform in R?. Note that, for any ¢ > 0, we have that A - €
and L. € h® C“. By the KLMN theorem, it then follows that 7, is self-adjoint and bounded from below
for all z € h, with z-independent form domain 2(H;) = 2(Ky). Let us remark that, choosing p suitably
large (independent of z) in the above decomposition, it is possible to make the operator H, bounded from
below uniformly with respect to z € b; see, e.g., [Correggi and Falconi 2018, Proposition 3.21].

The quasiclassical Wick quantization of #, formally yields the same expression as in the Nelson
model (with v = 1 and A as above). Such a formal operator gives rise to a closed and bounded from
below quadratic form, via the decomposition (4-12) (this can also be proved by the KLMN theorem,
choosing o sufficiently large; see, e.g., [Frank and Schlein 2014; Lieb and Thomas 1997]). We still denote
the corresponding self-adjoint operator by H, with a little abuse of notation. The polaron Hamiltonian H,
has a ground state, if —A + W has compact resolvent by an application of the HVZ theorem analogous
to the one for the Nelson model (see the aforementioned result in [Derezinski and Gérard 1999]). It is
known that ground states exist also for nonconfining but suitably regular external potentials W.

Proof of Proposition 3.1. These lower and upper bounds are well known; see, e.g., [Correggi and Falconi
2018; Lieb and Thomas 1997]. The lower bound is a direct consequence of the KLMN theorem, while
the upper bound is proved using coherent states for the field in a fashion that is completely analogous to
the one discussed for the Nelson model. Thus here we focus on the lower bound.
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Let us introduce the unperturbed operator Heee = Ko ® 1 + 1 ® dG. (1), as in the Nelson model. Then,
for any W, € 2(Hgee), for all o > 0 and for all § > 0, we can bound the interaction term in the polaron
quadratic form via

(W |OpY (Vo (%)) — i Vi - OpY M (V= (%)) +i0p) * (V= (%)) - Vi |We) e
< 2 Al (We | Ho 2 1We) s+ 4lIM [l (We | Hpree| e

ree

/3||?L RIS, + (B +4IA ll0) (Ve Hiree| We) . (4-13)

Obviously, the norms of A and A. depend on o. However, since the norm of A.. diverges as o — 0 and
vanishes as o — +00, we can always choose ¢ = ¢(8) such that

4Ax 1y = B. (4-14)

Hence, we can bound

|(We | Hy|We)

1
< VaN 2B (W, | Hieel W) + 5 12310 1 |

B
and therefore, taking 8 = (2,/aN )~!, we conclude that

E. > —2aN*|A<|, (4-15)
where the last norm is evaluated at o((2/aN )~ . O

Let us now prove Lemmas 3.6 and 3.7. The assumption in the former takes the following simplified
form for the polaron model: assuming that there exists a finite constant C such that

(W, | (Ko + dGe (1) + D)W, 2

=<C, (4-16)
the convergence (3-18) holds true for any limit point in # (W, € € (0, 1)).

Proof of Lemma 3.6. Using again the splitting (4-12), we see that the term involving the quantization
of V_ , converges by Lemma 4.1. Let us consider then the other term. Analogously to the proof of
Lemma 4.1, we define compact approximate identities {1,,},en C LO(L2(RIN)) as

1m = 1[—m,m] (’CO)

We can now rewrite explicitly the term involving the quantization of V-, ., by introducing & € L (R?; )
given by
E(ri k) = doe” (4-17)

W, (=9}, O™ (V= )W, ).,

uMz

N
=2a Y Re(~iV; W, [la] EG) +as, EEDIVe, ), . (4-18)

j=1
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In order to prove its convergence, we estimate
(=i VW, llaf (&(x)))+ae, Ex))IVe,) oz,
< =iV, llaf (6(x))) + ae, E) 11 Ye,)

+ (=i VW, lla] (&(x))) +ae, E))]IA = 1,)We,) oz,

. (4-19)

The first term on the right-hand side converges when n — oo and m € N is fixed, thanks to [Correggi
et al. 2023, Proposition 7.1]; then, a dominated convergence argument allows us to take the limit m — oo,
yielding the desired result. It remains therefore to prove that the second term on the right-hand side
converges to zero as m — 00, uniformly with respect to € € (0, 1). This is done as follows:

(=i VW, lla] (Ex))) + ae, (EG))I — 1)V, ),
< IV el lla)l (E(x) + ae, ECNI — L)Wl
<2(e + 1l Lo @) Vi Well g 1(dGe (1) + DY = 1) Well . (4-20)

Thus, for all 8 > 0, ¢ € (0, 1) and s > 0 and for any ¢y > |inf o (Kp)|,

(=i VW, lla] (&(x)) +ac, (EE)IA = L)W, ) 2,

<+ ||s||Loo>[ﬁ||iCé/2\va||§@

1 —S N
0= L) (Ko o)™y 2 gy 10dGe (1) + DY (Ko + o) ”%uifg}
1 —s s
52<1+||£||Loo)(ﬁ+g||(1 — 1) (Ko + o) ™21 ) (Wel Ko + K +dGe (D2 +11%e ). (4-21)

Hence, using (4-16), for any s < % we get

(=i VW, I[a] (&) +ae, EENIA = 1)We,) e, | < CBu, (4-22)
where we have chosen
1
B=PBum:= (1= 1,)(Ko+co) ™ ?lls= sup 0.

nel(—oo, —m)U(m,+00)1No (Kq) (n+ co)s/? M

Since the right-hand side of (4-22) is independent of ¢ and converges to zero as m — oo, the result is
proven. (I

Proof of Lemma 3.7. The proof is analogous to the one for the Nelson model. The expectation of the
number operator squared is bounded via the pull-through formula by means of the expectation of H2. As
discussed in [Correggi et al. 2023], the pull-through formula was originally proved for the renormalized
Nelson Hamiltonian with a bound that is e-dependent in [Ammari 2000]; the uniformity of such bound
with respect to € € (0, 1) has been proved in [Ammari and Falconi 2017]. Since the renormalized Nelson
model “contains” all type of terms appearing in the polaron model, the proof of the formula extends to
the polaron model immediately, see [Olivieri 2020] for additional details.



GROUND STATE PROPERTIES IN THE QUASICLASSICAL REGIME 1783

The pull-through formula reads as follows: there exists a finite constant C (independent of ¢) such that

(We|dGe (1) |We) e < C{W|(Hy + 1) W) - (4-23)

The expectation of Hyee is bounded by means of the expectation of H., using the KLMN inequality,
already discussed in the proof of Proposition 3.1, in the very same way we used the Kato—Rellich inequality
for the Nelson model. The fact that there exists a minimizing sequence such that the expectation of H? is
bounded uniformly with respect to € € (0, 1) is also discussed in the proof for the Nelson model and it
does not depend on the model at hand. We omit further details for the sake of brevity. ]

It remains only to prove Lemma 3.10 for nontrapping potentials.

Proof of Lemma 3.10. The proof uses the following fact: if W, is such that there exists § > 1 and a finite
constant C such that

[(We | (Ko +dGe (1)’ + D] W,) | < C, (4-24)

then, if n € 9% (¥,, e € (0, 1)) and W, —>—oo) n, one has that (3-30) holds true.

Such a result is proved by a combination of [Correggi et al. 2023, Propositions 2.6 and 7.1], if in these
propositions Wigner measures are substituted by generalized Wigner measures and the test with compact
operators of the small system is substituted by the test with the identity operator. The proof given there
is generalized to this setting straightforwardly, recalling the properties of generalized Wigner measures
outlined in the Appendix.

As in the proof for the Nelson model, let us check explicitly that Ran(z — V) is separable in the
norm operator topology.” By using the decomposition (4-12), we see that the term containing V. , has
separable range, since it is equivalent to the one appearing in the Nelson model. Let us focus then on the
remaining term containing the expectation of the operator [—iV,, V- .]. Such an operator is not bounded.
Nonetheless, it is ny-integrable with 7 = Ky + 1 by (4-24), provided that

N
hoz> Y T V=iV, Vo (x)IT 2 e UL RMN)) (4-25)
j=1

has separable range. Since § is separable, let us denote by £ C § a countable dense subset and denote by

7——1/2V 7-—1/2 {Z 7'—1/2 —l i v>’{(xj)]7'—1/2 c @(Lz(RdN)) . ; c E}

the image of ¢ through T-1/2 Zj[—iVj, V.. (xj)]T_l/z. Now, forany z €bh, ¢ etand j=1,..., N,
we have that (recall (4-17))
1T~ 2 =iV Vo cIT 2 = T2 =iV, Vo GDIT P gamanyy < 41E N1z = ¢ o,

which implies that 7!/ 29, 7~1/2 is dense in the image of the map (4-25) with respect to the norm
topology in Z(L*(RN)). O

9More precisely, we prove that Ran(z — (KCg + H~Y ZVZ (Ko + 1)~1/2) has separable range. This is sufficient to prove
that V .y is integrable with respect to n, since the latter is in the domain of ICp + 1.
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4C. The Pauli-Fierz model. The Pauli-Fierz model describes N spinless charges (with an extended
and sufficiently smooth charge distribution) interacting with the electromagnetic field in the Coulomb
gauge, in three dimensions. Generalizations to other gauges, to particles with spin or to two dimensions
are possible without much effort. The one-excitation Hilbert space is thus h = L2(R?; C?). Let the
charge density of each particle be given by A;(x), with A; € L®(R3; L*(R%), j=1,..., N, such that
—iV;Aj(x; k) = kA;(x; k) and let the polarization vectors be denoted e, € L®(R3; R, p=1,2, such
that for a.e. k € R3 and e p(k)-e,(k)=35,,, k-e,(k) =0 (Coulomb gauge). The quasiclassical energy

functional is then given by (1-17), i.e.,'”

N
1 .
Ho=) 3, Vi +a. j(x))” +W(X) + (zlwlz)s,
j=1

where the classical field is
2

a. j(x) =2Re(z[A;(x))y =2Re Y (z,l1;(x)ep) o) € C°
p=1

and, as usual, WV is an external positive potential acting on the particles. Note that the field free energy is

2

Zlolz)y =D (zplolzy) 2m).
p=1
The operator #, is self-adjoint for all z € b, with domain of self-adjointness Z(Ky), where we recall
that o = —A 4+ W, where in this case we adopt the notation
N
A .
—A = -

Z 2mj

Jj=1

The quasiclassical Wick quantization of #, yields the Pauli-Fierz Hamiltonian in (1-10):

N
1 .
H, = Z S —(=iV, + A (X)) +HW(x1, ..., xy) + 1 ®dG: (w),

j=t

where 5
A j(0) =al (i (0) +a: A (x) = Y (al ,(j(xX)ep) +ac (2 (xX)ep))
p=1

is the quantized magnetic potential. The Pauli—Fierz Hamiltonian is self-adjoint on Z(Ko 4 dG; (w)),
provided that for almost all x € R and forall j =1, ..., N, we have Aj(x) € 2w+ o) (see [Falconi
2015; Hasler and Herbst 2008; Hiroshima 2000; 2002; Matte 2017]), that we assumed in (1-11). The
Pauli-Fierz Hamiltonian has a ground state for suitable choices of the potential W, e.g., if it is the sum
of single particle and pair potentials with suitable properties (clustering, binding, etc.); see, e.g., [Arai
et al. 1999; Gérard 2000; Griesemer et al. 2001; Hiroshima 2001]. In particular, this holds true when the
field is massive [Gérard 2000], i.e., for w > 0. As for the other models, we refrain from giving a detailed

10Without loss of generality, we fix the charge e = 1 since it does not play any relevant role in these arguments.
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description of the conditions allowing them to have a ground state, since for our purposes it is sufficient
that a ground state does exist in some cases.

Proof of Proposition 3.1. The lower bound follows from the diamagnetic inequality [Matte 2017]:
(We| — AjIWe) s < (We|(—iVj + Ag j ()| We) ;. (4-26)

which in particular implies that H, is positive. The upper bound is proved using coherent states for the
field, analogously to the Nelson model and the polaron. U

Let us now prove Lemmas 3.6 and 3.7 for the Pauli-Fierz model. The former takes the following form.

Proof of Lemma 3.6. The “potential” (1-16) is composed of two parts:
1
V() =2 —[=iRe(zlA;(0)y - Vi + Re(z[; (0))p)*]
j=1"

as well as its Wick quantization. The convergence of the quantization of the second term is perfectly
analogous to the one given for the Nelson model in Lemma 4.1. The proof of convergence for the
quantization of the term involving the gradient is given in the proof of Lemma 3.6 for the polaron. [

Proof of Lemma 3.7. The proof follows from the next estimate, due to F. Hiroshima, and whose detailed
proof will be given in [Ammari et al. 2022]. There exists a finite constant C > 0 such that, for all
v, € @(Hfree),

||I{free"p£||ji”€ =< C”Hs\'ps”}ﬁ (4'27)

Let us remark that the expectation of
Ko==> (1/Qm))A; +W
J

could also be bounded by means of the expectation of H, using the diamagnetic inequality (4-26). Hence
if w > 0, (3-19) could be proved combining the diamagnetic inequality and the pull-through formula
(4-23).

Finally, the fact that there exists a minimizing sequence such that the expectation of H? is bounded
uniformly with respect to € € (0, 1) is also discussed in the proof of Lemma 3.7 for the Nelson model. [J

It remains only to prove Lemma 3.10 for nontrapped systems.

Proof of Lemma 3.10. The proof here is obtained combining the proofs given for the Nelson and polaron
models. In fact, the quadratic terms can be treated exactly as the linear terms in the Nelson model, and
the gradient terms are equivalent to those appearing in the polaron. U

Appendix: Algebraic state-valued measures

The quasiclassical Wigner measures are state-valued by construction [Correggi et al. 2023; Falconi 2018b].
In other words, quasiclassical measures are countably additive (in a sense to be clarified below) measures
on the measurable phase space of classical fields, taking values in quantum states, or, more generally, in
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the Banach cone 2/ of positive elements in the dual of a C*-algebra 2. In addition, the quasiclassical
symbols are measurable functions from the phase space to a W*-algebra B 2 2 of observables (operators),
where 2( is supposed to be an ideal of 8. It is therefore necessary to properly define integration of
operator-valued symbols with respect to a state-valued measure. In this appendix we collect some technical
properties of state-valued measures and integration, from a general algebraic standpoint that includes both
state-valued and generalized state-valued measures, as used throughout the paper. The ideas developed
here in great generality are particularly suited for what we called generalized state-valued measures,
and they are mostly taken from [Bartle 1956; Neeb 1998]. In fact, if state-valued measures have been
already studied in semiclassical analysis and adiabatic theories (see [Balazard-Konlein 1985; Fermanian-
Kammerer and Gérard 2002; Gérard 1991; Gérard et al. 1991; Teufel 2003]), the reader might not be so
familiar with generalized state-valued measures. Since for the latter there is no Radon—Nikodym property,
their description is more abstract, and there are some limitations, especially concerning integration of
operator-valued functions. This justifies the abstract approach followed in this appendix.

Al. Algebraic state-valued measures. Let 2l be a C*-algebra and denote by %A, the cone of positive
elements in the dual of (. In addition, let (X, ¥) be a measurable space. There are two equivalent ways
of defining an Qlﬁr—valued measure on (X, X).

Definition A.1 (state-valued measure [Neeb 1998]). A family of real-valued measures (144) gcq, defines
a weak* o-additive measure m : ¥ — 2/ as

(M)A — Ar +iA3 —iAg) = pa, (S) — 14, (S) +ipwa, (S) —ipa,(S),

for any S € ¥ and Ay, Ay, A3, A4 € 24, if and only if for any A, B € 2, and A € R, we have
UrA+B = At + LB.

/

Definition A.2 (algebraic state-valued measure [Bartle 1956]). An application m : ¥ — 2 is a measure
if and only if m(&) = 0, and for any family (S,),cny C £ of mutually disjoint measurable sets,

m(U Sn) =) m(S,

neN neN

where the right-hand side converges unconditionally in the norm of 2('.

It is clear that any m satisfying Definition A.2 satisfies also Definition A.1, since o-additivity in
norm implies weak™® o -additivity. The converse, i.e., that an m satisfying Definition A.1 also satisfies
Definition A.2 is nontrivial, and follows from properties of uniform boundedness in Banach spaces, as
proved in [Dunford 1938, Chapter II]. We use these two definitions interchangeably, depending on the con-
text. Let us remark that with the definitions above, any state-valued measure is automatically finite, since
m(X) €2/, . Actually, in the main body of the paper, we consider probability measures, i.e., [m(X)[lq = 1.

Remark A.3 (state-valued and generalized state-valued measures). The state-valued measures used in
the paper correspond to choosing 2 = .£*°(s7); generalized state-valued measures are in a subset of the
measures obtained by picking A = £ ().
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For algebraic state-valued (cylindrical) measures on vector spaces, Bochner’s theorem holds, and
the Fourier transforms are completely positive maps that are weak* continuous when restricted to any
finite-dimensional subspace; see [Falconi 2018b] for additional details. An algebraic state-valued measure
is also monotone:

Lemma A4. Forany S; C S € X,
m(S1) < m(S),
ie., m(Sy) —m(S)) € A,

Proof. The scalar measures 4, A € 2, are monotonic. Therefore, for all A € 2,
[m(82)1(A) := na(S2) = na(S1) =: [m(S1)](A). (A-1)

Hence, for all A € 2,
[m(S2) —m(S1)1(A) = 0. O

We can now introduce the scalar norm measure m, satisfying p (S) < ||A|lam(S), for any S € X, that
proves to be a very useful tool to compare vector integrals with scalar integrals.

Definition A.5 (norm measure). Let m be an algebraic state-valued measure. Then, its norm measure
m: ¥ — Ry is defined as
m(S) = [m(S)lla, (A-2)

for any measurable set S.

Using the cone properties of positive states in a C*-algebra, it is possible to prove that m is a finite
measure. Let us recall that the C*-algebra 2l may not be unital, so from now on we assume that there
exists a W*-algebra B D 2. If A = £°° (¢ ) — the compact operators on a separable Hilbert space .2 —
and B = AB(x), it is well known that the aforementioned property is satisfied: 2 is actually in this case
a two-sided ideal of 8. Let us denote by e € ®B the identity element.

Proposition A.6 (properties of the norm measure). Let m be an algebraic state-valued measure. Then its
norm measure m is a finite measure on (X, X) and m < m.

Proof. The proof that m(2) = 0 and m(X) < 400 follows immediately from the definition, while
o -additivity is proved as follows: Let (S,),cny C X be a family of mutually disjoint measurable sets. We
are going to prove that, for any N € N,

N N
m(U s,,) =Zm(Sn). (A-3)
n=1 n=1

Indeed, let (ey)qe; C 24 be an approximate identity of e € B. It is well known that for any w € 2/, we
have ||w|lgr = limye; @ (wy). Hence, by Definition A.1 and Definition A.5,

N

N N N N
m(U Sn) = }}g}m<U Sn) (ea) = lim pi, (U Sn) - gg;ueawn) - ;m(sn).

n=1 n=1 n=1
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Next, we show

N
lim m<U Sn> = m(Sy) =0, (A-4)
n=1

N—o00
neN

which directly implies o -additivity: Using again the approximate identity on the left-hand side, we obtain

N
ngnoo }xlgllm ( U Sn> — 2; He, (Sn)-
n=

neN

We know that every 1., , a € I, is o-additive, and therefore that limy oo Y0, fte, (Sn) = ie, (Unen Sn)
and limgyeg (e, (UneN Sn) = m(UneN Sn). Hence, it remains to show that the limits in N and « can be
exchanged. In order to do that, it suffices to show that the limit in « exists uniformly with respect to NV:

N N N N
lim sup m( S>— e, (Sp)| = lim sup m( S)—/,Lm( S,,)
a€l NyeN nL:JI " ; ¢ a€l NeN nL:JI " ¢ nL:Jl
N
=1li - S
i = (LU 5)
< lim(m — e, ) (X) =0, (A-5)
ael

where we have used finite additivity of m and m — ., and the fact that for any S € X, ., (S) <m(S).

It remains to prove that m is absolutely continuous with respect to m. For absolute continuity of
a vector measure with respect to a scalar measure, we adopt the definition of [Diestel and Uhl 1977,
Section 1.2, Definition 3]. Since both m and m are countably additive, it suffices to prove that, for any
S e X, m(S) =0 implies m(S) = 0. However, since m(S) = ||[m(S)|lov and || - ||v is a norm, then the
aforementioned implication follows directly by the properties of norms. U

A2. Integration of scalar functions. The theory of integration for algebraic state-valued measures could
be done in a unified way for scalar- and operator-valued functions. However, it is instructive to deal with
scalar functions first. Let us recall that a function g : X — R is simple if there exist a number N € N,

mutually disjoint measurable sets Sy, ..., Sy € ¥ and nonnegative numbers cy, ..., cy € RT, such that,
forall x € X,
N
g) =Y ¢ils (x), (A-6)

Jj=1
where 1g; is the characteristic function of the set S;. Integration of simple functions with respect to an

algebraic state-valued measure p is straightforwardly defined as

N
[de(x)g(x) = Z cym(S;) e A, (A-7)

j=1

The integral of a nonsimple function can be defined again in two equivalent ways.
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Definition A.7 (integrability I [Neeb 1998, Lemma 1.12]). We say that a measurable function f: X — R*
is m-integrable if and only if f is u4-integrable for any A € 21, . Furthermore, its integral belongs to 2,
and is uniquely defined by the integral with respect to 1 4, i.e.,

(/ dm(X)f(X)) (A1 —Ar+iA3—iAy)
S

- /S A, () f (x) — fs a0 £ () +i fs a0 F () — i fs a0 F (), (AB)

for any Al, Ay, A3, Ag € QL;,_.

Definition A.8 (integrability II [Bartle 1956, Definition 1]). We say that a measurable function f: X — R*
is m-integrable if and only if for any S € ¥ the sequence of simple integrals

{ / dm(x)fn(x)ls(x)} e
X neN

is Cauchy, where ( f;,), e 1S any approximation of f in terms of simple functions. The integral is then
defined as

f dm(x) f(x) = lim / dm(x) fo(¥) Ls (x), (A-9)
S n—oo X

and it is independent of the chosen approximation.

In both cases one says that a complex function f : X — C is u-integrable if and only if |f]| is
m-integrable and, in this case, its integral is given by the complex combination of the integrals of its real
positive, real negative, imaginary positive and imaginary negative parts.

Since the weak* and strong limits coincide if they both exist, it follows that the integrals of a function
that is m-integrable with respect to Definitions A.7 and A.8 coincide. In addition, if f is m-integrable in
the “strong” sense of Definition A.8, then it is also m-integrable in the weak* sense of Definition A.7. It
remains to show that if f is m-integrable in the sense of Definition A.7, then it is m-integrable in the
sense of Definition A.8, but this can be done by exploiting the norm measure .

Lemma A.9. If a measurable function f : X — R is m-integrable in the sense of Definition A.7, then it
is m-integrable as well.

Proof. If f is m-integrable, then for any S € Z, [, s dua(x) f(x) is finite and nonnegative for any A € 21,.
Applying [Neeb 1998, Lemma 1.5], we deduce that there exists a finite constant C, depending only
on S, m, and f, such that

deMA(X)f(x) = ClAlls. (A-10)

Now, let (f,),en be a simple pointwise nondecreasing approximation of f from below. Then, by the
monotone convergence theorem,

/dM(X)f(X)= lim / dm(x) fn(x)1s(x).
Ky n—oo X
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Hence, by Definition A.5 and p,, -integrability of f,

/X Am () f, (0 15(x) = lim /X e, (0 f()15(x) < lim /S e, (0 f () = Climllegla < €. (A-11)

and taking the limit n — oo, we get the result. ]

Proposition A.10 (equivalence of Definitions A.7 and A.8). If a measurable function f : X — R* is
m-integrable in the sense of Definition A.7, then it is m-integrable in the sense of Definition A.8. In
addition, for any S € X,

/dm(X)f(X) Sfdm(X)f(X)- (A-12)
S S

A

Proof. We prove that

{ / dm(X)fn(x)} =2
S neN

is a Cauchy sequence, where (f;),cn 15 @ nondecreasing simple approximation of f. Observe that for
anyn >m €N, f, — fi, is a simple positive function, which can be written as

N (n,m)
_ — (n,m) i
A DD e (A-13)
Jj=1
Hence,
N(n,m)
(n,m) (n,m)
< 2. g ﬂS>=/dm(x><fn—fm><x>—>o, (A-14)
' =1 S n,m—o0
]:

fs dmO) (£ (1) = ()

A

where in the last limit we have used the dominated convergence theorem, since f, — fi, <2f, and f is
m-integrable by Lemma A.9. This proves both m-integrability of f in the sense of Definition A.8, and
the bound (A-12). O

Therefore, the two definitions are indeed equivalent: Definition A.8 has the advantage of identifying
constructively the integral as the limit of the integrals of simple approximations of the integrand, while
Definition A.7 is useful to prove properties of the integral. The integral defined above is indeed linear in
the integrand and monotonic.

Lemma A.11. Let f, g : X — R be two m-integrable functions. If for m-a.e. x € X we have that
g(x) < f(x), then

/ dm () (f (x) —g(x)) € A (A-15)
X
Proof. The result follows from Definition A.7 and monotonicity of the usual integral. U

The dominated convergence theorem holds in a general form (see Theorems A.17 and A.18 below),
which in particular implies that it applies to scalar functions.
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A3. Integration of operator-valued functions. The integration of operator-valued functions is defined
similarly to Definition A.8. Let us discuss first the integration of simple operator-valued functions and the
approximation with simple functions in this context. An operator-valued function g : X — ‘B is simple if

there exist N € N, mutually disjoint measurable sets Si,..., Sy € £ and ¢y, ..., cy € B such that for
all x € X,
N
gr) =) ¢jls;(x). (A-16)
j=1

Let us recall that since 2 C B, for any w € 2l and B € B, we can define wo B € 2 as
(woB)(-):=w(-B) or (woB)(-):=w(B-), (A-17)

depending on which side 2 is an ideal of ‘B. If it is a two-sided ideal, both definitions are equivalent.
Keeping this definition in mind, we can define the integral of simple functions as

N
f dm(x)g(x) = > m(S;)oc; €. (A-18)
X

j=1
Next, we recall hypotheses under which an operator-valued function admits a simple approximation.

Proposition A.12 (simple approximation [Cohn 2013, Proposition E.2]). Let f : X — ‘B be a measurable
function. If f(X) is separable, then [ admits a simple approximation, i.e., there exists a sequence { f,,}neN
of simple functions such that for all x € X andn € N,

12Ol = I f ()l and  lim || f(x) = fu(x)]ls = O. (A-19)

Due to this result, in the following we only consider operator-valued functions with separable range,
even if not stated explicitly.

Definition A.13 (integrability III). A measurable function with separable range f : X — B is m-integrable
if and only if, for any S € X, the sequence of simple integrals

{/ dm(X)fn(X)ls(X)} e (A-20)
X

neN

is Cauchy, where { f, },en 1s any approximation of f in terms of simple functions. The integral is then
defined as

[ mer £ = tim [ aneofmseo, (A-21)
S n—oo X
and it is independent of the chosen approximation.

Definition A.14 (absolute integrability). A measurable function with separable range f : X — B is
m-absolutely integrable if and only if || f(-)|lss is m-integrable.

In fact, any m-absolutely integrable function is also m-integrable.
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Proposition A.15 (integrability and absolute integrability). Let f : X — B be an m-absolutely integrable
function. Then f is also m-integrable and, forall S € X,

Proof. The proof is completely analogous to that of Proposition A.10. We omit it for the sake of brevity. [J

fsdm(X)f(X) S/Sdm(X)llf(X)ll%- (A-22)

A

Corollary A.16 (integrability of bounded functions). Any function f : X — B with separable range such
that || f(-)|lss is m-a.e. uniformly bounded is m-integrable.

We are now in a position to state two versions of the dominated convergence theorem for operator-
valued functions. The second, that makes crucial use of absolute integrability, is the most convenient
in our concrete applications. Note that both results easily apply to the special case of scalar functions
discussed in the previous section.

Theorem A.17 (dominated convergence I [Bartle 1956, Theorem 6]). Let { f,}nen, fn: X — B forall
n € N, be a sequence of m-integrable operator-valued functions strongly converging m-a.e. to f : X — B.
If there exists an m-integrable operator-valued function g such that for alln e Nand S € X

/dm(X)fn(X) =< /dm(X)g(X) , (A-23)
S S
then f is m-integrable and for any S € ¥
/dm(x)f(x) = lim fdm(x)fn(x). (A-24)
S n—oo S

Theorem A.18 (dominated convergence II). Let { f,,}nen, fu: X — B foralln € N, be a sequence
of operator-valued functions strongly converging u-a.e. to f : X — *B. If there exists an m-integrable
function G : X — R™ such that m-a.e.

/(s < G(x), (A-25)
then, foranyn € N, f, and f are m-absolutely integrable, and
/dm(x)f(x) = lim / dm(x) f, (x). (A-26)
Ky n—oo S

Proof. By the dominated convergence theorem for scalar measures and functions applied to m and
{ () lIm}nen, respectively, we get that || f,,(- )|l and || f(-)|lss are both m-integrable and therefore,
by Proposition A.15, it follows that f, and f are also m-integrable. Now, for any S € X, again by

Therefore by the dominated convergence theorem for m applied to the sequence of scalar functions

Proposition A.15,

Lmumu—nxn

sAwMMMf—ﬂxmm.

A’

{I1Cf = fu)(X)|Is}nen, it follows that in the strong topology of U,

/dm(x)f(x): lim /dm(x)fn(x). ]
Ky n—oo S
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Ad. Integration of functions with values in unbounded operators. Let us restrict attention, for this
section, to the concrete case A = Z(L%(RN)). In the applications described above, it is sometimes
necessary to integrate functions from some measurable space X to the unbounded operators on L?(R4N)
(albeit with a rather explicit form). It is possible to define the integration of such functions with respect
to suitable generalized state-valued measures, as already outlined in Section 2B. Let us repeat here the
argument for the sake of completeness.

Let 7 > 0 be an operator on L*(R?V), possibly unbounded. A generalized state-valued measure is
in the domain of 7 if and only if there exists a generalized state-valued measure ns such that for all
B e Z(L*(R*)) and for any S € %,

([T V2BT V2] = n(S)[B].

Given a measure in the domain of 7, we can integrate functions singular “at most as 7. Let F be
a function from X to the (closed and densely defined) operators on L*(RN). Then F is n-absolutely
integrable, with n in the domain of 7, if and only if for n-a.e. x € X,

« T'PF@)T 2 e BULARN));

o T712F(x)T~1/? is ny-absolutely integrable.

Given an absolutely integrable function, we can define the integral as follows: for any S € X,

/ (P = / dng (O[T 2 F T2,
S

S

AS. Two-sided integration. If 2l is a two-sided ideal of ‘B, we can give a slight generalization of the
operator-valued integration, to accommodate integration of one function to the left and one function to
the right of the measure. We use the notations and definitions of Section A3. Let g, & : X — B be two

simple functions,
N

M
g)=> ¢ls(x). h(x)=) dilr(x).

j=1 j=1

In addition, for any B, C € B and for any w € 2, let us define Bowo C € 2’ by
(BowoC)(-):=w(B-C). (A-27)

Hence, it is possible to define two-sided simple integration as

N M

/X g)dm)h(x) =D > ¢jou(S;NTe) o dy. (A-28)

j=1 k=1

Moreover, if f1, f> : X — B have separable range, it is straightforward to extend Definition A.13 to
define the two-sided integral

‘/S fi()dm(x) f(x) € A'. (A-29)
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If the above integral exists, we say that the pair fi, f> is m-two-sided-integrable (the order is relevant).
This notion also preserves positivity: for all f such that f*, f is m-two-sided-integrable, then

fs [H0dmx) f(x) € A, (A-30)
A pair of functions with separable range fi, f» : X — ‘B are m-two-sided-absolutely integrable if and
only if || f1(-)lIs]l f2(- )|l is m-integrable. The analogue of Proposition A.15 is the following.

Proposition A.19 (integrability and absolute integrability). Let fi, f>: X — B be m-two-sided-absolutely
integrable. Then, f1, f> and f, f1 are both m-two-sided-integrable and, for all S € X,

‘/; Si(x)dm(x) f2(x)

=< /Sdm(X)llfl (Ol ll /200 198 (A-31)

Q[/
with analogous bound when f| and f> are exchanged on the left-hand side.

Finally, dominated convergence applies to two-sided integration too.

Theorem A.20 (dominated convergence III). Let { f;;}nen and {gn}nens fn, &n i X — B foralln e N, be
two sequences of operator-valued functions strongly converging m-a.e. to f, g : X — B, respectively. If
there exists an m-square-integrable function G : X — R™ such that m-a.e.

[fa) e < G(x),  llgn(D)lls = G(x), (A-32)

then, foranyn e N, f,, g, and f, g are m-two-sided-absolutely integrable, and

| s @imrge = fim [ fy0dmg o, (A-33)
| stoim £ = fim [ g dni f . (A-34)

A6. Radon-Nikodym property and push-forward. If an operator-valued function does not have a separa-
ble range, it may fail to have an approximation with simple functions. It is possible to give an alternative
definition of integration if 2’ is a separable space, as it is the case for the trace class operators on a
separable Hilbert space .2 (%), thanks to the following property.

Theorem A.21 (Radon-Nikodym property [Dunford and Pettis 1940, Theorem 2.1.0]). If 2 is separable,
then it has the Radon—Nikodym property: for every algebraic state-valued measure m, there exists a
function ¢ : X — U, which is m-Bochner-integrable and such that, for all S € X,

m(S)z/dm(x)Q(x). (A-35)
s

The function o is the Radon—Nikodym derivative of m with respect to m, denoted by o = dm/dm.

Therefore, it is natural to give the following alternative definition of integrability. Recall that for any
I' e A’ and B € B we define "o B)(-) =T'(B-) if A is a left ideal of B, and ("o B)(-)=T'(- B) if A
is a right ideal of ‘B. If 2 is a two-sided ideal, the notation I' B denotes indifferently either of the two. In
this case, for any B, C € ‘B, we can define (Bol'oC)(-)=T'(B-C).
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Definition A.22 (integrability IV). Suppose that 2’ is separable, and let f, g : X — B be measurable
functions (possibly with nonseparable range) and m be an algebraic state-valued measure with Radon—
Nikodym derivative 0 = dm/dm. Then f is m-integrable if and only if oo f € 2" is m-Bochner-integrable
and, forany S € X,

/S dm(x) f(x) := /S dm(x)o(x)o f(x) e . (A-36)

If in addition 2/ is a two-sided ideal of B, then f, g is m-two-sided-integrable if and only if fog € A is
m-Bochner-integrable and, for any § € X,

/Sf(X)dm(X)g(X)I=fsdm(X)f(X)O.Q(X)0g(X) e (A-37)

It is straightforward to see that Definition A.22 is equivalent to Definition A.13 and the analogous
one for the two-sided integral for any f, g with separable range, and therefore Definition A.22 extends
Definition A.13 to any separable 2. In addition, since m-Bochner-integrability is equivalent to m-absolute
integrability, it follows that, if 2" is separable, then m-integrability is equivalent to m-absolute-integrability.
Hence, all the results of Sections A2, A3 and A5 extend, if 2’ is separable, to functions with nonseparable
range.

Suppose now that X is a topological vector space and X is the corresponding Borel o-algebra. In
this context, Bochner’s theorem holds for algebraic state-valued measures [Falconi 2018b]: the Fourier
transform

mE) := / dm(x)e*$™ e ', with & € X/, (A-38)
X

identifies uniquely a measure. Therefore, the push-forward of an algebraic state-valued measure m by
means of a linear continuous map ® : X — Y, where Y is again a topological vector space with the
Borel o-algebra, is conveniently defined using the Fourier transform, and this definition suffices for the
purposes of this paper: more precisely, the push-forward measure ® f m is the measure on ¥ whose
Fourier transform is defined by

(@ gm)(y) = / dm(x)eX 1P e with ne Y (A-39)
X
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A CHARACTERIZATION OF THE RAZAK-JACELON ALGEBRA

NORIO NAWATA

Combining Elliott, Gong, Lin and Niu’s result and Castillejos and Evington’s result, we see that if A4 is
a simple separable nuclear monotracial C*-algebra, then A ® WV is isomorphic to W, where W is the
Razak-Jacelon algebra. In this paper, we give another proof of this. In particular, we show that if D
is a simple separable nuclear monotracial Mjco-stable C*-algebra which is KK -equivalent to {0}, then
D is isomorphic to YW without considering tracial approximations of C*-algebras with finite nuclear
dimension. Our proof is based on Matui and Sato’s technique, Schafthauser’s idea in his proof of the
Tikuisis—White—Winter theorem and properties of Kirchberg’s central sequence C*-algebra F (D) of D.
Note that some results for F (D) are based on Elliott, Gong, Lin and Niu’s stable uniqueness theorem.
Also, we characterize WV by using properties of F'(1V/). Indeed, we show that a simple separable nuclear
monotracial C*-algebra D is isomorphic to W if and only if D satisfies the following properties:
(i) For any 6 € [0, 1], there exists a projection p in F (D) such that 7p ., (p) = 0.
(ii) If p and g are projections in F (D) such that 0 < tp 4 (p) = Tp,»(q), then p is Murray—von Neumann
equivalent to g.
(iii) There exists an injective homomorphism from D to W.

1. Introduction

The Razak—Jacelon algebra )V is a certain simple separable nuclear monotracial C*-algebra which is
KK -equivalent to {0}. Note that such a C*-algebra must be stably projectionless; that is, W ® M}, (C) has
no nonzero projections for any n € N. In particular, every stably projectionless C*-algebra is nonunital.
Jacelon [2013] constructed W as an inductive limit C*-algebra of Razak’s building blocks [2002]. We
can regard WV as a stably finite analogue of the Cuntz algebra O,. In particular, W is expected to play
a central role in the classification theory of simple separable nuclear stably projectionless C*-algebras
as O, played in the classification theory of Kirchberg algebras; see, for example, [Rgrdam 2002; Gabe
2020]. We refer the reader to [Elliott et al. 2020a; 2020b; Gong and Lin 2020] for recent progress in the
classification of simple separable nuclear stably projectionless C*-algebras. Note that there exist many
interesting examples of simple stably projectionless C*-algebras. See, for example, [Connes 1982; Elliott
1996; Kishimoto 1999; Kishimoto and Kumyjian 1996; 1997; Robert 2012].

Combining Elliott, Gong, Lin and Niu’s result [Elliott et al. 2020a] and Castillejos and Evington’s
result [2020] (see also [Castillejos et al. 2021]), we see that if A is a simple separable nuclear monotracial
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C*-algebra, then A ® W is isomorphic to W. This can be considered as a Kirchberg—Phillips-type
absorption theorem [2000] for W. In this paper, we give another proof of this. In our proof, we do not
consider tracial approximations of C*-algebras with finite nuclear dimension. Also, we mainly consider
abstract settings and do not use any classification theorem based on inductive limit structures of WV other
than Razak’s classification theorem [2002]. (Actually, we need Razak’s classification theorem only for
W ® Mz =2 W.) We obtain a Kirchberg—Phillips-type absorption theorem for W as a corollary of the
following theorem.

Theorem 6.1. Let D be a simple separable nuclear monotracial Myeo-stable C*-algebra which is
KK -equivalent to {0}. Then D is isomorphic to W.

Our proof of the theorem above is based on Matui and Sato’s technique [2012; 2014a; 2014b],
Schafhauser’s idea [2020a] (see also [Schathauser 2020b]) in his proof of the Tikuisis—White—Winter
theorem [Tikuisis et al. 2017] and properties of Kirchberg’s central sequence C*-algebra F(D) of D.

Matui and Sato’s technique enables us to show that certain (relative) central sequence C*-algebras
have strict comparison. Note that a key concept in their technique is property (SI). This concept was
introduced in [Sato 2009; 2010].

Borrowing Schafthauser’s idea, we show that if D is a simple separable nuclear monotracial (Mpoo-stable)
C*-algebra which is KK-equivalent to {0}, then there exist “trace-preserving” homomorphisms from D
to ultrapowers B of certain C*-algebras B. Combining this and a uniqueness result for approximate
homomorphisms from D, we obtain an existence result, that is, existence of homomorphisms from D to
certain C*-algebras. Schafhauser’s arguments are based on extension theory (or KK-theory) and Elliott
and Kucerovsky’s result [2001] with a correction by Gabe [2016]. Hence Schafhauser’s arguments are
suitable for our purpose, that is, a study of C*-algebras which are KK -equivalent to {0}.

We studied properties of F(WW) in [Nawata 2019; 2021] by using the stable uniqueness theorem
in [Elliott et al. 2020a]. In particular, we showed that F (W) has many projections and satisfies a
certain comparison theory for projections. By these properties and Connes’ 2 x 2 matrix trick, we can
show that every trace-preserving endomorphism of W is approximately inner. (Note that Jacelon [2013,
Corollary 4.6] showed this result as an application of Razak’s results [2002].) This argument is a traditional
argument in the theory of operator algebras; see [Connes 1976]. In this paper, we remark that arguments
in [Nawata 2019; 2021] work for a simple separable nuclear monotracial M,co-stable C*-algebra D
which is KK-equivalent to {0}. Also, we characterize }V by using these properties of F(W). Indeed, we
show the following theorem.

Theorem 6.4. Let D be a simple separable nuclear monotracial C*-algebra. Then D is isomorphic to W
if and only if D satisfies the following properties:

(i) For any 0 € [0, 1], there exists a projection p in F(D) such that tp ,,(p) = 6.

(ii) If p and q are projections in F (D) such that 0 < tp o (p) = 1D, (q), then p is Murray—von Neumann
equivalent to q.

(iii) There exists an injective homomorphism from D to WW.
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This paper is organized as follows. In Section 2, we collect notation, definitions and some results. In
particular, we recall Matui and Sato’s technique. In Section 3, we introduce the property W, which is a key
property for uniqueness results. Also, we remark that arguments in [Nawata 2019; 2021] work for more
general settings. In Section 4, we show uniqueness results. First, we show that if D has property W, then
every trace-preserving endomorphism of D is approximately inner. Secondly, we consider a uniqueness
theorem for approximate homomorphisms from a simple separable nuclear monotracial Mjco-stable
C*-algebra D which is KK -equivalent to {0} for an existence result in Section 5. In Section 5, we show
an existence result by borrowing Schathauser’s idea. In Section 6, we show the main results in this paper.

2. Preliminaries

In this section we shall collect notation, definitions and some results. We refer the reader to [Blackadar
2006; Pedersen 1979] for basics of operator algebras.

For a C*-algebra A, we denote by A the sets of positive elements of A and by A™ the unitization
algebra of A. Note that if A4 is unital, then A = A™. Fora, b € A4, we say that a is Murray—von Neumann
equivalent to b, written a ~ b, if there exists an element z in A such that z*z = a and zz* = b. Note
that ~ is an equivalence relation by [Pedersen 1998, Theorem 3.5]. For a, b € A, we denote by [a, b]
the commutator ab — ba. For a subset F' of A and ¢ > 0, we say that a completely positive (c.p.) map
¢ : A— B is (F, e)-multiplicative if

lp(ab) —p(a)pb)| <&

for any a,b € F. Let Z and M»~ denote the Jiang—Su algebra and the CAR algebra, respectively. We
say a C*-algebra A is monotracial if A has a unique tracial state and no unbounded traces. In the case
where A is monotracial, we denote by t4 the unique tracial state on A unless otherwise specified.

2A. Razak—Jacelon algebra VW. The Razak—Jacelon algebra VV is a certain simple separable nuclear
monotracial C*-algebra which is KK-equivalent to {0}. In [Jacelon 2013], W is constructed as an
inductive limit C*-algebra of Razak’s building blocks. By Razak’s classification theorem [2002], W is
Mjoo-stable, and hence W is Z-stable. In this paper, we do not assume any classification theorem for W
other than Razak’s classification theorem.

2B. Kirchberg’s central sequence C*-algebras. We shall recall the definition of Kirchberg’s central
sequence C*-algebras [2006]. Fix a free ultrafilter w on N. For a C*-algebra B, put

Co(B) = {{xn}nen € LN B) | lim [lx, [ =0}, B?:=L*(N.B)/cw(B).
We denote by (x,,), a representative of an element in B®. Let A be a C*-subalgebra of B®. Set
Ann(A4, B®) :={(xy)n € B° N A" | (xn)na = 0 for any a € A}.

Then Ann(A, B?) is a closed ideal of B® N A’. Define a (relative) central sequence C*-algebra F(A, B)
of A C B® by
F(A,B):= B®N A’/ Ann(4, B®).
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We identify B with the C*-subalgebra of B® consisting of equivalence classes of constant sequences.
In the case A = B, we denote F (B, B) by F(B) and call it the central sequence C*-algebra of B. If
A is o-unital, then F (A, B) is unital by [Kirchberg 2006, Proposition 1.9]. Indeed, let s = (s,), be
a strictly positive element in A C B®. Since we have limy_, o, siksg =, taking a suitable sequence
{k(n)}nen CN, we obtain s' = (s,i/k(”))n € B® such that s’s = s. Then it is easy to see that s’ € B® N A’
and [s'] = 1 in F(A, B). Note that the inclusion B C B~ induces an isomorphism from F (A, B) onto
F (A, B™) because we have [xs'] = [x] in F(A,B™) for any x € (B™)® N A’.

Let tp be a tracial state on B. Define tp 4 : B® — C by 18,4 ((xn)n) = lim,—4 t8(x,) for any
(xn)n € B®. Since w is an ultrafilter, it is easy to see that tp 4, is a well-defined tracial state on B®. The

following proposition is a relative version of [Nawata 2019, Proposition 2.1].

Proposition 2.1. Let B be a C*-algebra with a faithful tracial state tg, and let A be a C*-subalgebra
of B®. Assume that T |4 is a state. Then tg ¢ ((Xn)n) =0 for any (x»), € Ann(A4, B®).

Proof. Let {h;})ea be an approximate unit for A. Since 75 4|4 is a state, we have lim tp o (1)) = 1.
The rest of proof is same as the proof of [Nawata 2019, Proposition 2.1]. O

By the proposition above, if T 4|4 is a state, then tp 4 induces a tracial state on F'(A, B). We denote
it by the same symbol tp ,, for simplicity.
2C. Invertible elements in unitization algebras. Let GL(A™) denote the set of invertible elements in A™.
The following proposition is trivial if 14~ = 1p~.
Proposition 2.2. Let A C B be an inclusion of C*-algebras. Then GL(A™) C GL(B™).

Proof. Let x € GL(A™). There exists g9 > 0 such that for any 0 < & < g9 we have x + elg~ € GL(A4™)
because GL(A™) is open. Since Spy(x) U {0} = Spp(x) U {0}, we have x + elp~ € GL(B™) for any
0 < & < gg. Therefore x € GL(B™). O

The following corollary is an immediate consequence of the proposition above.

Corollary 2.3. Let {An}nen be a sequence of C*-algebras with Ay C Ap+1, and let A =\J5> | An. If
Ay € GL(A4y) for any n € N, then A € GL(A™).

The following proposition is well known if B is unital. See, for example, the proof of [Schafhauser
2020a, Proposition 3.2].

Proposition 2.4. Let B be a C*-algebra with B C GL(B™). Then B® C GL((B®)™).

Proof. We shall show only the case where B is nonunital. Let (x,), € B®. Because of B C GL(B™),
there exists (z,), € (B™)® such that z, € GL(B™) for any n € N and (x,), = (25)» in (B™)®. For
any n € N, put uy, := z,(zz,)~"/2 Then uy, is a unitary element and z,, = u,(z;z,)"/2 Note that we
have (x,)n = (Un)n (x;xn),ll/z. For any n € N, there exist y, € B and A,, € C such that u,, = y, + A, 1p~
and |A,| = 1 because u, is a unitary element in B™. Since w is an ultrafilter, there exists 1o € C such

that lim,_, A, = A¢. Hence

(u,,)n = (yn)n + kol(Bw)~ € (Bw)N.
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Since
((yn)n + AOI(Bw)”)((x;xn)é/z + 8I(Bw)”) — (Xn)n

as ¢ — 0, we have (x,), € GL((B?)™). O

Note that if B has almost stable rank 1 (see [Robert 2016] for the definition), then B C GL(B™). Also,
if B is unital, then B ® K € GL((B ® IK)™), where K is the C*-algebra of compact operators on an
infinite-dimensional separable Hilbert space.

2D. Matui and Sato’s technique. We shall review Matui and Sato’s technique [2012; 2014a; 2014b].
Let B be a monotracial C*-algebra, and let A be a simple separable nuclear monotracial C*-subalgebra
of B®. Assume that tp is faithful and 7 4|4 is a state. Consider the Gelfand—Naimark—Segal (GNS)
representation w;, of B associated with 7g, and put

M = (N, 7, (B)")/ e | T3, (55 60)n) = lim g (x5xn) = 0},

where Tp is the unique normal extension of tp on 7., (B)”. Note that M is a von Neumann algebraic
ultrapower of 77, (B)” and 7p , is a faithful normal tracial state on M. Since B is monotracial, ¢, (B)"
is a finite factor, and hence M is also a finite factor. Define a homomorphism ¢ from B® to M by
0((xn)n) = (e (xn))n. Kaplansky’s density theorem implies that o is surjective. Moreover, [Matui
and Sato 2014a, Theorem 3.1] (see also [Kirchberg and Rgrdam 2014, Theorem 3.3]) implies that the
restriction o on B® N A’ is a surjective homomorphism onto M N g(A)’.

Proposition 2.5. With notation as above, M N o(A)' is a finite factor.

Proof. Note that 7p 4, is the unique tracial state on M since M is a finite factor. It is enough to show that
M N o(A)’ is monotracial. Let t be a tracial state on M N (A)". Since we assume that tp 4|4 is a state,
we see that if A is unital, then o(14) = 1,7. Hence g can be extended to a unital homomorphism o~ from
A~ to M, and M Np(A) = M N~ (A~). By [Bosa et al. 2019, Lemma 3.21], there exists a positive
element a in A™ such that 7 (0~ (@) = 1 and 7(x) = T, (0™ (a)x) for any x € M N o(A)". Since A
1s monotracial,

T(x) = TB,w(0™ (a)x) = TB,0 (07 (a))TB,w(x) = TB,0(X).

Indeed, let xo be a positive contraction in M N o(A)'. For any a € A, define t'(a) := T, (0(a)xo). Then
7’ is a tracial positive linear functional on A. Since A4 is monotracial and tp 4|4 is a tracial state on A,
there exists a positive number ¢ such that t’(a) =t tp ,(a) for any a € A. Note that if {h,}nen is an
approximate unit for A, then ¢ = limy, oo T’ (/1,). On the other hand, we have

18,0 (x0) — T ()| = 78,0 (1 — 0(11n))x0)| = |TB,0 (1 — 0(hn)) /2 x0(1 — 0(hn))'/?)]
< |%B,0(1 —0(hn))| = |1 — B .w(ha)| — O
as n — oo. Hence t = 7p 4, (x0), and 7p ,(0(a)x0) = TB,»(0(a))TB,w (xo) for any a € A. It is easy to

see that this implies 7, (0~ (@)X) = T, (0™ (a))TB,»(x) forany a € A~ and x € M N p(A)". Therefore
we have 7(x) = Tp ,(x) for any x € M N o(A)". Consequently, M N o(A)" is monotracial. O
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Fora,b € A4, we say that a is Cuntz smaller than b, written a 2 b, if there exists a sequence {x, }nen
of A such that ||x;bx, —a| — 0. A monotracial C*-algebra B is said to have strict comparison if, for any
keN, a,be My(B)4+ with deygmry (@) < dzetr, (D) implies a < b, where Try is the unnormalized trace
on My (C) and dp gt (@) =limy 00 T8 ® Trg (a 1/”). Using [Nawata 2013, Lemma 5.7], essentially the
same proofs as [Matui and Sato 2012, Theorem 1.1; 2014a, Lemma 3.2] show the following proposition.
See also the proof of [Nawata 2021, Lemma 3.6].

Proposition 2.6. Let B be a monotracial C*-algebra, and let A be a simple separable non-type-I
nuclear monotracial C*-subalgebra of B®. Assume that tp is faithful, Tp (|4 is a state and B has strict
comparison. Then B has property (SI) relative to A; that is, for any positive contractions a and b in
B® N A’ satisfying
B.w(@) =0 and inf 1p,(b™) >0,
meN

there exists an element s in B® N A’ such that s*s = a and bs = s.

By Proposition 2.1, ¢ induces a surjective homomorphism from F(A4, B) to M N o(A). We denote
it by the same symbol o for simplicity. Using Propositions 2.5 and 2.6, essentially the same proofs as
[Matui and Sato 2014a, Proposition 3.3; 2014b, Proposition 4.8] show the following proposition. See
also the proof of [Nawata 2021, Proposition 3.8].

Proposition 2.7. Let B be a monotracial C*-algebra, and let A be a simple separable non-type-I
nuclear monotracial C*-subalgebra of B®. Assume that tp is faithful, Tp 4|4 is a state and B has strict
comparison. Then F (A, B) is monotracial and has strict comparison. Furthermore, if a and b are positive
elements in F (A, B) satisfying d ,(a) < dy , (b), then there exists an element r in F(A, B) such that
r*br =a.

3. Property W

In this section we shall introduce the property W, which is a key property in Section 4.

Definition 3.1. Let D be a simple separable nuclear monotracial C*-algebra. We say that D has property W
if F(D) satisfies the following properties:

(i) For any 6 € [0, 1], there exists a projection p in F'(D) such that tp 4 (p) = 0.

(i) If p and g are projections in F'(D) such that 0 < tp ,(p) = 7p,»(q), then p is Murray—von Neumann
equivalent to g.

By arguments in [Nawata 2019; 2021], we see that if D is a simple separable nuclear monotracial
Moo-stable C*-algebra which is KK -equivalent to {0}, then D has property W. We shall give a sketch of
a proof for reader’s convenience and show a slight generalization (or a relative version).

In this section, we assume that D is a simple separable nuclear monotracial M>co-stable C*-algebra
which is KK -equivalent to {0} and B is a simple monotracial C*-algebra with strict comparison and
B € GL(B™). Let ® be a homomorphism from D to B® such that tp = 75,4 0o ®. By the Choi—
Effros lifting theorem, there exists a sequence {®, },en of contractive c.p. maps from D to B such that



A CHARACTERIZATION OF THE RAZAK-JACELON ALGEBRA 1805

®(x) = (Ppn(x))y for any x € D. Since we assume 7p = 78,4 © P, we have 7 ,|o(p) is a state. Hence
7B, 18 the unique tracial state on F'(®(D), B) by Proposition 2.7. The following proposition is analogous
to [Nawata 2019, Proposition 4.2; 2021, Proposition 2.6].

Proposition 3.2. (i) For any N € N, there exists a unital homomorphism from My~ (C) to F(®(D), B).
(ii) For any 0 € (0, 1], there exists a projection p in F(®(D), B) such that tg (p) = 0.

(iii) Let h be a positive element in F(®(D), B) such that dvj ,,(h) > 0. For any 0 € [0,d, , (h)), there
exists a nonzero projection p in hF(®(D), B)h such that tg ,,(p) = 6.

Proof. (i) Since D is isomorphic to D ® Mz =D ® X),,cny Mo~ (C), an argument similar to that in the
proof of Proposition 4.2 in [Nawata 2019], henceforth abbreviated [N19], shows that there exists a family
{(e; j,m),,,}iz[;./:1 of contractions in D® N D’ such that

2N
(Z €ee,mx) =x and  (€jjmeki,mX)m = (8jkeil,mX)m
=1 m
forany 1 <i, j,k,I <2V and x € D. Note that we have

2N
(Z D (eee,m)Pn(x) — Pp (x)) -0
=1 ;

lim [[([®n(eijym), Pu(x)Dnll =0,  lim ‘
m—w m—w

and
n}i_r)nw | ((Pr (eij,m)cbn (ekl,m) - Sjk ®, (eil,m))q>n (xX)nll=0

forany 1 <1i, j, k,l < 2N and x € D. Hence, for any finite subset /' C D and ¢ > 0, there exists a family
of {(®, (e,-j,(jur,g)))n}1.2/}/:1 of contractions in B® such that

2N
Tim [ (eijre) SaCOll <. lim |3 Blece,r.) @a(x)— Ou()| <
{=1

and
Jim [(Pn(eij,(F,e) Pnleki,(F,s) — 8k Pnleir,(F,e))) Pn(X)|| <&

forany 1 <1, j, k,l < 2N and x € F. Let {Fm}men be an increasing sequence of finite subsets in D
such that D = | J,,epy Fm- We can find a sequence { X, }men of elements in @ such that X, 11 C Xy,
(\men Xm = @, and, for any n € X,

2N

1
Z @n(eqe,(Frp,1/m)) Pn(x) — Pp(x)
(=1

1
1[DPr (€, (Fp,1/m))» Pu(X)]]l < ot

< —
m

and
1
[(@neij,(F,1/m)) Pkt (Fo,1/m)) — 8k Prleir,(Fp,1/m))) Pn(X)] < pm
forany 1 <i, j,k,l <2V and x € Fy,. Forany 1 <i, j <2V, put

i ._{0 ifn¢X1,
P ®pleij (Fymy) i1 € Xin \ Xmy1 (meN).
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Then we have (E;j ,)n € B® N ®(D),

2N

Y [(Ece)nl =1 and  [(Eijm)n)[(Exin)n] = 8k[(Eiz,n)n]
=1

in F(®(D),B) forany 1 <i, j,k,I <2N. Therefore there exists a unital homomorphism from M, (C)
to F(®(D), B).

(i) Since D is isomorphic to D ® Mz = D ® &),,cny M2co, an argument similar to that in the proof
of [N19, Proposition 4.2] shows that there exists a positive contraction (py, ), in D® N D such that
(P2 — pm)X)m = 0 for any x € D and tp o ((Pm)m) = 6. By an argument similar to that above, we
obtain a projection p in F(®(D), B) such that tp 4 (p) = 6.

(iii) Using Proposition 2.7 instead of [N19, Proposition 4.1], we obtain the conclusion by the same
argument as in the proof of [N19, Proposition 4.2]. O

The proposition above and the same arguments as in [N19, Section 4] show the following corollary.

Corollary 3.3 ((cf. [N19, Proposition 4.8])). Let p and q be projections in F(®(D),B) such that
B,0(p) < 1. Then p and q are Murray—von Neumann equivalent if and only if p and q are unitarily
equivalent.

Since we assume B € GL(B™), we obtain the following proposition by the same argument as in the
proof of [N19, Proposition 4.9].

Proposition 3.4. Let u be a unitary element in F(®(D), B). Then there exists a unitary element w in
(B™)® N ®(D) such that u = [w)].

There exists a homomorphism p from F(®(D), B) ® D to B® such that
p([(xn)n] ® @) = (xn Pn(@))n
for any [(x)n] € F(®(D), B) and a € D. For a projection p in F(P(D), B), put

By :=p(p®s5)B®p(p ®>5),

where s is a strictly positive element in D. Define a homomorphism o, from D to B by op(a) := p(p®a)
for any a € D. Since B has strict comparison, we see that if p is a projection in F(®(D), B) such that
7B, (p) >0, then 0, is (L, N )-full for some maps L and N by [N19, Lemma 3.5 and Proposition 3.7]. (We
refer the reader to [N19, Section 3] for details of the (L, N)-fullness.) Therefore [N19, Proposition 3.3]
implies the following theorem. We may regard this theorem as a variant of Elliott, Gong, Lin and
Niu’s stable uniqueness theorem [Elliott et al. 2020a, Corollary 3.15]; see also [Elliott and Niu 2016,
Corollary 8.16]. Note that [N19, Proposition 3.3] is also based on the results in [Elliott and Kucerovsky
2001; Gabe 2016; Dadarlat and Eilers 2001; 2002].

Theorem 3.5. Let Q2 be a compact metrizable space. For any finite subsets Fy C C(2), F» C D and
& > 0, there exist finite subsets G1 C C(2), Go C D, m € N and § > 0 such that the following holds. Let
p be a projection in F(®(D), B) such that tg (p) > 0. For any contractive (G1 © G2, §)-multiplicative
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maps Y1, Y2 : C(Q) ® D — By, there exist a unitary element u in My, 1 (By)~ and z1, 22, ..., Zm € 2

such that
m

u@1(f @b) o@D fE)p(p@b) & & EP f(zk)p(p ® b))u*
k=1 k=1

m

—(f b e fEp(pb) &P f(zk)p<p®b>“ <e
k=1 k=1

forany f € F1and b € F.

Using Proposition 2.7, Proposition 3.2 and Corollary 3.3 instead of Propositions 4.1, 4.2, and 4.8
of [N19], the same proof as [N19, Lemma 5.1] shows the following lemma.

Lemma 3.6. Let Q2 be a compact metrizable space, and let F be a finite subset of C(2) and & > 0. Suppose
that Y1 and V» are unital homomorphisms from C(S2) to F(®(D), B) such that tg 4, o Y1 = 1B, © V2.
Then there exist a projection p € F(®(D), B), (F, e)-multiplicative unital c.p. maps V| and \y} from
C(R2) to pF(®(D), B)p, a unital homomorphism o from C(2) to (1 — p)F(®(D), B)(1 — p) with
finite-dimensional range and a unitary element u € F(®(D), B) such that
0<tpo(p)<e [¥1(/)=Wi(f)+o(Nl<e lv2(f) —u@s(f)+o(fHu] <e

forany f € F.

The following lemma is essentially the same as [N19, Theorem 5.2] and [Nawata 2021, Theorem 5.2].

Lemma 3.7. Let Q be a compact metrizable space, and let Fy be a finite subset of C(2) and F, a
finite subset of D, and let € > 0. Then there exist mutually orthogonal positive elements hy, ha, ..., hy in
C(2) of norm 1 such that the following holds. If V1 and vy are unital homomorphisms from C(2) to
F(®(D), B) such that

Bo(Y1(h;) >0, 1<Vi<l, and 1BeuoY1=1800V2,
then there exists a unitary element u in (B®)™ such that

lup(P1(f) ®a)u™ —p(Y2(f) ®a)| <e

forany f € F1,a € F,.

Proof. Take positive elements /11, h2,...,h; in C(S2) in the same way as in the proof of [N19, Theorem 5.2].
Let 1 and v/ be unital homomorphisms from C(£2) to F(®(D), B) such that tp 4 (1 (h;)) > 0 for any
1 <i <! and 1B oY1 = 1B, o ¥2. Define homomorphisms ¥; and ¥, from C(2) ® D to B by

VUy:=po(y1 ®idp) and Wy := po (Y2 ®idp).

Note that there exists v > 0 such that tp ,(¥1(h;)) > v for any 1 <i < [. Using Proposition 3.4,
Theorem 3.5 and Lemma 3.6 instead of Corollaries 4.10, 3.8 and Lemma 5.1 in [N19], the same argument
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as in the proof of [N19, Theorem 5.2] shows that there exists a unitary element u in (B®)™ such that
¥ (f ®a)u™ —V2(f ®a)l <&
for any f € Fy, a € F,. Therefore we obtain the conclusion. O

The following theorem is a generalization of [N19, Theorem 5.3]. See also [N19, Theorem 5.3].

Theorem 3.8. Let Ny and Ny be normal elements in F(®(D), B) such that Sp(N1) = Sp(N2) and
B.0(f(N1)) > 0 for any f € C(Sp(N1))+ \{0}. Then there exists a unitary element u in F(®(D), B)
such that uNyu* = N3 if and only if 1B, (f(N1)) = 18,0 (f(N2)) for any f € C(Sp(N1)).

Proof. 1t is enough to show the “if”” part because the “only if” part is obvious. Let 2 := Sp(N1) = Sp(NV2),
and define unital homomorphisms ¥; and ¥, from C(2) to F(®(D),B) by ¥1(f) := f(N1) and
Ya(f) := f(Ny) for any f € C(2). By the Choi-Effros lifting theorem, there exist sequences of

unital c.p. maps {¥'1,nfnen and {Y2n}nen from C(2) to B~ such that Y1 (f) = [(¥1,n(f))n] and
Yo(f) = [(Y2,n(f))n] for any f € C(R2). Let F1 := {1,¢} C C(2), where ¢ is the identity function
on 2, that is, ((z) = z for any z € Q, and let { > » }men be an increasing sequence of finite subsets
in D such that D = J,,, e F2,m. For any m € N, applying Lemma 3.7 to Fy, F> ,, and 1/m, we obtain
mutually orthogonal positive elements /1, h2,m., ..., hiom),m in C(£2) of norm 1. Since we have

B,o(W1(him)) >0, 1=<Vi<Il(m), and TB,w oY1 =TBwO Y2

by the assumption, Lemma 3.7 implies that there exists a unitary element (4, ), in (B®)™ such that

|Gemmnp (W1 (f) ® @)ty )n = PV () B D] < -

for any f € Fi, a € F . By the definition of p, we have

T it 10 () B (@t = V2 (D Pa@]] < -

forany f € F1, a € F, . Therefore we inductively obtain a decreasing sequence { X, }men of elements
in w such that ﬂmeN Xm = 9, and, for any n € Xy,

1
um.n¥1,n (f)(Dn(a)u;;’n — Y22 () Pn(a)] < m
forany f € F1, a € Fp . Set

S 1 ifn ¢ Xy,
" Numn ifneXm\ Xmr1 (meN).
Then we have

lim [ju, ®, (a)u: —®,(a)]| =0, lim [[upyr1,n()Pn (a)’“‘;I< —Y20()Pr(a)] =0
n—-w n—w

for any a € D. Therefore, (uy), € (B™)Y N ®(D) and [(Un)n]N1[(Un)n]* = N, in F(®(D), B). Since
[(Un)n] is a unitary element in F(®P(D), B), we obtain the conclusion. O

The following corollary is an immediate consequence of the theorem above.
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Corollary 3.9 (cf. [Nawata 2021, Corollary 5.4]). Let p and q be projections in F(®(D), B) such that
0 < 1Bw(p) < 1. Then p and q are unitarily equivalent if and only if 1 o, (p) = TB,w(q).

The corollary above and the same argument as in the proof of [Nawata 2021, Corollary 5.5] show the
following theorem.

Theorem 3.10. Let p and q be projections in F(®(D), B) such that 0 < 1 ,,(p) < 1. Then p and q are
Murray—von Neumann equivalent if and only if 1B o (p) = B, (q).

By Proposition 3.2 and applying the theorem above to B = D and & = idp, we obtain the following
corollary.

Corollary 3.11. Let D be a simple separable nuclear monotracial Myes-stable C*-algebra which is
KK -equivalent to {0}. Then D has property W.

4. Uniqueness theorem

In this section we shall show that if D has property W, then every trace-preserving endomorphism
of D is approximately inner. Furthermore, we shall consider a uniqueness theorem for approximate
homomorphisms from a simple separable nuclear monotracial Mpco-stable C*-algebra D which is KK -
equivalent to {0} for an existence theorem in Section 5.

Let D be a simple separable nuclear monotracial C*-algebra, and let ¢ be a trace-preserving endomor-
phism of D. Define a homomorphism & from D to M,(D) by

_fa O
®(a) = (O (p(a))

for any a € D. Since g is trace-preserving, we see that 7y, (p),o|o(p) is a state. Hence 7z, (p),e i @
tracial state on F(®(D), M»(D)). (See Proposition 2.1.) Define homomorphisms ¢1; and ¢5 from F(D)
to F(®(D), M2(D)) by

e =[((5 ) ] e eatend=[((§ o)) ]

for any [(x,)n] in F(D). Itis easy to see that ¢1; and 55 are well-defined. Put p :=1¢11(1) and ¢ :=t22(1).
Note that p and g are projections in F(®(D), M»(D)) and if {hy }nen is an approximate unit for D, then

=[G = o[ )

It can be easily checked that ¢1; is an isomorphism from F (D) onto pF(®(D), M2(D))p.

Lemma 4.1. Let D be a simple separable nuclear monotracial C*-algebra with property W. Then D is
Moo -stable, and hence D is Z-stable.

Proof. Since D has property W, there exists a projection p in F(D) such that tp 4, (p) = % Moreover, p
is Murray—von Neumann equivalent to 1 — p. Hence there exists a unital homomorphism from M, (C)
to F(D). By Corollary 1.13 and Proposition 4.11 in [Kirchberg 2006] (see [Blackadar et al. 1992,
Proposition 2.12] for the pioneering work), D is M5cc-stable. O
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The lemma above implies that if D has property W, then D has strict comparison and D € GL(D ™) by
[Rgrdam 2004a; Robert 2016]. Furthermore, F(®(D), M (D)) is monotracial and has strict comparison
by Proposition 2.7. The following lemma is related to [Nawata 2021, Lemma 6.2].

Lemma 4.2. With notation as above, if D has property W, then p is Murray—von Neumann equivalent
to q in F(®(D), My(D)).
Proof. For any m € N, there exists a projection ¢, in F (D) such that tp ,,(¢,) = 1 —1/m because D
has property W. Proposition 2.7 implies that there exists a contraction ry, in F(®(D), M>(D)) such
that r,y prm = 122(gm). By a diagonal argument, we see that there exist a projection ¢’ in F(D) and a
contraction r in F(®(D), M»(D)) such that tp ,,(¢') =1 and r* pr =122(q’). Note that 125 (q’) is Murray—
von Neumann equivalent to prr* p. There exists a projection p’ in F(D) such that t1;(p’) = prr*p
and tp 4 (p’) = 1 because (13 is an isomorphism from F(D) onto pF(®(D), M2(D))p. Since D has
property W, there exist vy and v in F(D) such that vivy =1, viv] = p/, vyva =1 and V205 =4
Therefore we have

p=ui() ~ui(p) = prr*p~r*pr=12(q) ~w2(l) =q. O

The following theorem is one of the main theorems in this section.

Theorem 4.3. Ler D be a simple separable nuclear monotracial C*-algebra with property W, and let ¢
be a trace-preserving endomorphism of D. Then ¢ is approximately inner.

Proof. By Lemma 4.2, there exists a contraction V in F(®(D), M»(D)) such that

er=[(( o)) e v =[(6 )]

where {h, },en is an approximate unit for D. It can be easily checked that there exists an element (vy),

in D% such that 00
V= ,
|: ( (U" 0))n i|

(VnX)n = (@(X)vp)n, (vanX)n =x and (Unv;:(/)(x))n = ¢(x)

and we have

for any x € D. Since (v, X)n = (¢(x)Vn)n and (@(x)v,v;), = @(x), we have (V,xV;)), = @(x) for any
x € D. Because of D € GL(D™), we may assume that v, is an invertible element in D~ for any n € N.

(See the proof of Proposition 2.4.) For any n € N, let up, := v, (v¥v, —1/2 Then U, 1S a unitary element
p p y n y

1/2

in D™ Since (v;v,X), = X, we have (U X)n = (v, (V) Vr) ™ /?X), = (VpX), for any x € D. Therefore

p(x) = (Unxv;;)n = (unxv;:)n = (Un(Vnx™))n = (Un(Upx™)*)p = (unxu:;)n
for any x € D. Consequently, ¢ is approximately inner. O

Let D be a simple separable nuclear monotracial Mpeo-stable C*-algebra which is KK -equivalent to {0}.
In the rest of this section, we shall consider a uniqueness theorem for approximate homomorphisms
from D to certain C*-algebras. Let B be a simple monotracial C*-algebra with strict comparison,
B C GL(B~) and M»(B) € GL(M»(B)™), and let ¢ and ¥ be homomorphisms from D to B® such that
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Tp = TB,» © ¢ = 1B, © Y. By the Choi-Effros lifting theorem, there exist sequences of contractive c.p.
maps ¢, and ¥, from D to B such that ¢(a) = (¢, (a)), and ¥ (a) = (Yn(a)), for any a € D. Define a
homomorphism ® from D to M,(B)® by

[ [%n (a) 0
Pla):= (( 0 vfn(a>))n

for any a € D. Since tp = 1B 4 0 ¢ = 1B, © ¥, We know 71, (B),»|®(p) 18 a state. Hence 7z, (B), 18
a tracial state on F(®(D), M>(B)) as above. Since D is separable, there exist elements (s, ), and (¢,)n
in B® such that [(s),]=11in F(¢(D), B) and [(t,)»] = 1 in F(y (D), B) by arguments in Section 2B. Put

=[] = o[ )]

in F(®(D), M»(B)). It is easy to see that p and ¢ are projections in F(®P(D), Ma(B)) such that
™y (B),0(P) = TM»(B),w(q) = % Theorem 3.10 implies that p is Murray—von Neumann equivalent to g.
Therefore we obtain the following theorem by an argument similar to that in the proof of Theorem 4.3.

Theorem 4.4. Let D be a simple separable nuclear monotracial Mpoo-stable C*-algebra which is
KK -equivalent to {0} and B a simple monotracial C*-algebra with strict comparison, B C GL(B~) and
M>(B) CGL(M2(B)™). If ¢ and y are homomorphisms from D to B® such that tp = tg 0@ = TB oV,
then there exists a unitary element u in (B™)® such that ¢(a) = uy(a)u™ for any a € D.

The following corollary is an immediate consequence of the theorem above.

Corollary 4.5. Let D be a simple separable nuclear monotracial Mpo-stable C*-algebra which is
KK -equivalent to {0} and B a simple monotracial C*-algebra with strict comparison, B C GL(B™)
and M»(B) C GL(M»(B)™). If ¢ and  are trace-preserving homomorphisms from D to B, then ¢ is
approximately unitarily equivalent to .

Remark 4.6. If B is a simple separable exact monotracial Z-stable C*-algebra, then B has strict
comparison, B € GL(B™~) and M»(B) C GL(M3,(B)™) by [Rgrdam 2004a; Robert 2016].

The following corollary is also an immediate consequence of Theorem 4.4.

Corollary 4.7. Let D be a simple separable nuclear monotracial Mpo-stable C*-algebra which is
KK -equivalent to {0} and B a simple monotracial C*-algebra with strict comparison, B C GL(B~) and
M, (B) € GL(M»(B)™). For any finite subset F C D and € > 0, there exist a finite subset G C D and
8 > 0 such that the following holds. If ¢ and  are (G, §)-multiplicative maps from D to B such that

[t8(¢(@)) —tp(@)| <8 and |tg(Y(a)) —tp(a)] <6
for any a € G, then there exists a unitary element u in B~ such that

lp(a) —uy(a)u™| <e
foranya € F.
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5. Existence theorem

In this section, we assume that D is a simple separable nuclear monotracial M,oo-stable C*-algebra which
is KK-equivalent to {0} and B is a simple separable exact monotracial Z-stable C*-algebra. We shall
show that there exists a trace-preserving homomorphism from D to B. Many arguments in this section are
motivated by Schathauser’s proof [2020a] (see also [Schafthauser 2020b]) of the Tikuisis—White—Winter
theorem [Tikuisis et al. 2017].

The following lemma is related to [Kirchberg and Phillips 2000, Lemma 2.2].

Lemma 5.1. Let D be a simple separable nuclear monotracial Myoo-stable C*-algebra which is
KK -equivalent to {0} and B a simple separable exact monotracial Z-stable C*-algebra. If there
exists a homomorphism ¢ from D to B® such that tg , © ¢ = Tp, then there exists a trace-preserving
homomorphism from D to B.

Proof. By the Choi—Effros lifting theorem, there exists a sequence {¢;, }nen Of contractive c.p. maps
from D to B such that ¢(a) = (¢n(a)), for any a € D. Let { F;;, }men be an increasing sequence of finite
subsets in D such that D = J,,, cny Fm- For any m € N, applying Corollary 4.7 to F,, and 1/2™, we obtain
a finite subset G, of D and §,, > 0. We may assume that G, C Gy+1, 6m > Sm+1 for any m € N and
limy; — 00 6 = 0. Since we have

lim @ (ab) —gn(@)pn(P)| =0 and  lim [zg(pn(a)) —p(a)| =0
n—w n—w
for any a, b € D, there exists a subsequence {¢;, () fmen Of {¢n jnen such that

”(/)n(m)(ab) — Pn(m) (a)(/)n(m)(b)” <dn and 1B ((/)n(m) (a)) —tp(a)| < ém

for any a, b € G,. Corollary 4.7 implies that for any m € N, there exists a unitary element u,, in B~

such that

1
”(pn(m)(a) - “m‘/’n(m+1)(a)u:1 | < m

for any a € F3,. Therefore it can easily be checked that the limit

lim uqug - Upy— au’ . -udut
o 1U2 m lfpn(m)( ) m—1 241

exists for any a € D. Define ¥ (a) := liMpy 00 U1U2 ** Um—1@nm) (@), -+ usut for any a € D.

Then  is a trace-preserving homomorphism from D to B. O

By the lemma above, it is enough to show that there exists a homomorphism ¢ from D to B® such that
TB,» © ¢ = Tp. Borrowing Schafhauser’s idea [2020a], we shall show this. By arguments in Section 2D,
there exists the extension

n:0— J — B® 25 M — 0,
where M is a von Neumann algebraic ultrapower of 7., (B)” and

J =kero = {(xn)n € B”| %B,w((x;xn)n) = 0}.
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Note that J is known as the trace kernel ideal. Also, M is a II;-factor because B is infinite-dimensional
(which is implied by Z-stability) and monotracial. Since D is monotracial and nuclear, ¢, (D)” is
the injective II;-factor. Hence there exists a unital homomorphism from 7., (D)” to M (see, for ex-
ample, [Takesaki 2003, Chapter XIV, Proposition 2.15]). In particular, there exists a trace-preserving
homomorphism IT from D to M. Consider the pullback extension

Q

m*n: 0— J E D——0
| la n
n: 0 J—B° s M0

where E = {(a,x) e D® B® | I1(a) = o(x)}, 0((a,x)) =a and ﬁ((a,x)) =x forany (a,x) € E. If we
could show that IT*7 is a split extension with a cross section y, then Mo y is a homomorphism from D
to B such that tp 4 o o y = 7p. But we were unable to show this, immediately. Note that we need to
consider a separable extension in order to use KK-theory and some results in [Elliott and Kucerovsky
2001; Gabe 2016]. We shall construct a suitable separable extension 1 by Blackadar’s technique [2006,
Section I1.8.5].

We shall recall some definitions and some results in [Elliott and Kucerovsky 2001; Gabe 2016]. An
extension 0 — I — C — A — 0 is said to be purely large if, for any x € C \ I, xIx* contains a
stable C*-subalgebra which is full in /. Note that x/x* = xx*Ixx* = I N xCx*. By [Gabe 2016,
Theorem 2.1] (see also [Elliott and Kucerovsky 2001, Corollary 16]), if A is nonunital and / is stable,
then a separable extension 0 — I — C — A — 0 is nuclear-absorbing if and only if it is purely large.

Lemma 5.2. With notation as above, suppose that there exist separable C*-subalgebras Jo C J, By C B®
and Mo C M such that Jy is stable,

no:O—>Jo—>BO%>M0—>O

is a purely large extension and I1(D) C My. Then there exists a homomorphism ¢ from D to B® such
that tg ¢ © ¢ = Tp.

Proof. Consider the pullback extension

M*no: 0 — Jo — Eg —— D 0

| |, |n

no: 0 Jo — By -2 My —— 0

where Eg ={(a,x) e D® Bo | [1(a) = 0(x)}, 0((a, x)) = a and ﬁ((a, x)) = x for any (a, x) € Eg. Since
no is purely large, it can be easily checked that T1*ng is purely large. Hence I1*7q is nuclear-absorbing
by [Gabe 2016, Theorem 2.1]. Because D is KK -equivalent to {0} and nuclear, we have Ext(D, Jy) = {0},
and hence [[1*n9] = 0 in Ext(D, Jo). Therefore there exists a (nuclear) split extension 7’ such that
IT*no ® 1’ is a split extension. Since IT*nq is nuclear-absorbing, I1* g is strongly unitarily equivalent to
IT*no @ 7', and hence TT* 7 is a split extension. Let yq be a cross section of IT*7g, and define ¢ := flo 0.
Then ¢ is the desired homomorphism. O
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A key result in the proof of the pure largeness is the following characterization of stable C*-algebras.

Theorem 5.3 [Hjelmborg and Rgrdam 1998; Rgrdam 2004b, Theorem 2.2]. Let A be a o-unital
C*-algebra. Then A is stable if and only if, for any a € A+ and & > 0, there exist positive elements a’
and ¢ in A such that |a —a’|| <&, a’ ~c and |ac|| <.

Before we construct a separable extension 79, we shall consider properties of 7.
Proposition 5.4. With notation as above, let b be a positive element in B® \ J.
(1) For any positive element a in bJ b, there exists a positive element ¢ in bJ b such that a ~ ¢ and ac = 0.

(ii) For any positive element a in J and € > 0, there exist a positive element d in bJ b and an element
rin J such that |r*dr —a| < e.

(iii) For any element x in B® and & > 0, there exists an element y in GL((B®)™) such that ||x — y| < e.

For the proof of the proposition above, we need some lemmas. For a positive element a € A and ¢ > 0,
we denote by (a — &)+ the element f(a) in A, where f(¢) = max{0,7 —e}, ¢t € Sp(a). The same proof
as in [Rgrdam 1992, Proposition 2.4] shows the following lemma. See also [Pedersen 1987, Corollary 8].

Lemma 5.5. Let A be a C*-algebra with A C GL(A™), and let a and b be positive elements in A. Then

a is Cuntz smaller than b if and only if, for any e > 0, there exists a unitary element u in A~ such that
u(a —e)u* € bAb.

The following lemma can be regarded as an application of the construction of Z.

Lemma 5.6. Let A be a monotracial Z-stable C*-algebra. For any 0 € (0, %) there exist positive
elements d and d’ in A such thatdd' =0 and d.,((d —¢)+) =d,((d'—¢)+) = (1—¢)0 forany0<e<1.

Proof. Let u be the Lebesgue measure on [0, 1], and define a tracial state to on C([0, 1]) by 7o(f) :=
f[o 1 fdu for any f € C([0, 1]). By [Rgrdam 2004a, Theorem 2.1(i)], there exists a unital homomor-
phism ¥ from C([0, 1]) to Z such that 19 = tz o Y. Define f and g in C(][0, 1]) by

0 if £ €0, 6],

2 . 9
2y ift €[0, %]
7] 20 2 . 36
2t —2 fre(0,=|,
f@):=1-31+2 ifte(%,@], and g(t):=1°%, ! (392]
. —§f+4 1fte(7,29],
0 iff e (8, 1] :
0 ift € (20, 1].
Note that for any 0 < ¢ < 1, we have
: 9
g lfle[o,e%e],
Zt—¢ ifr e (5. 5]
—¢ 1) = 7] 2°20
(f =)+ () ~2t4+2-¢ ifte(%,@—o%],
0 ifre(0—5.1].
0 ifref0,0+%],
2t—2—¢ ifre(0+%, 3]
(g—e)+@)=17%, 4 ¢ 30 g _ 6
—gt+a—e ifre(F.20-5]
0 ifre(20-%,1]
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Hence d,((f —¢&)+) = dg,((g —€)+) = (1 —&)6. Let s be a strictly positive element in A, and put

d:=5sy(f) and d :=s®Y(g)
in A® Z == A. Then d and d’ are desired positive elements in A. d

Lemma 5.7. Let A be a simple separable exact monotracial Z-stable C*-algebra, and let b be a (nonzero)
positive element in A. For any 0 € (0,d,(b)/2), there exist positive elements e and e’ in bAb such that
ee’ =0and dr,(e) = d,(e') > 0.

Proof. By Lemma 5.6, there exist contractions d and d’ in A such that dd’ = 0 and 0 < d.,(d) =
d,(d") < dr,(b)/2. Furthermore, we may assume that there exists ¢ > 0 such that d;,((d —¢)4+) =
de,((d"—€)4) > 0. Since A has strict comparison and d,(d + d’) = d,(d) + d.,(d") < d,(b),
Lemma 5.5 implies that there exists a unitary element u in A™ such that u(d +d’ —¢)yu* € bAb. Note
that (d +d' — &)+ = (d — &)+ + (d’ — &)+ because of dd’ = 0. Put

e:=u(d—¢e)yu* and e :=u(d —s&)ru*.
Then e and ¢’ are desired positive elements. O

Proof of Proposition 5.4. (i) We may assume ||a|| =1 and ||b|| = 1. Since b ¢ J, we have tp 4 (b) > 0. Take
a representative (b, ), of b such that ||b, || = 1 for any n € N, and choose g¢ > 0 such that tg 4 (b) —&¢ > 0.
Since we have

lim dey (by) = lim 75(bn) = 8.0 (b),
there exists an element X; € w such that, for any n € X,

deg (bn) > 1B, (b) — 0.

By an argument similar to that in the proof of [Sato 2010, Lemma 3.2], we see that there exists a
representative (ay), of a such that a, € by Bb,, and lan|| =1 for any n € N and lim, ¢, dcz(an) =0
because of a € (by),J(by)n. Hence there exists an element X, € w such that for any n € X»,

TB,w (b ) — &0

—

Note that we have d;, (an) < d¢y(bn)/2 for any n € X1 N X,. Hence Lemma 5.7 implies that for any

dey(an) <

n € X1 N X5, there exist positive elements e, and e;, in bn Bb, such that epe, = 0 and dep(en) =
dry(ep) > dry(an). Since by Bb,, has strict comparison and by Bb,, C GL(MN) by [Rgrdam 2004a;
Robert 2016], Lemma 5.5 shows that for any n € X1 N X5, there exist unitary elements u, and v, in
mN such that

Un(an —1/n)4u’ €eyBe, and vy(ay —1/n)4v) € el Be),.

Note that (a, — 1/n)yujvy(a, —1/n)4 = 0 for any n € X1 N X,. Define z = (z,), and ¢ = (cu)n
in B® by
0 ifné¢ XN Xs,

Zp =
" qun(an—l/n)}'r/2 ifne X;NX,
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and
(|0 ifn ¢ XN Xa,
upvp(an —1/n)yvpu, ifne X;NX,.
It is easy to see that z, ¢ € bB®b, z*z =a, zz* = ¢ and ac = 0. Since bJ b is a closed ideal in bB®b
and a € bJ b, we know z and ¢ are elements in bJ b. Therefore we obtain the conclusion.

(ii) Note that B® has strict comparison; see, for example, [Bosa et al. 2019, Lemma 1.23]. Since a € J
and b ¢ J, we have dq;; , (a}/%) =0 and dep (D) > 0. Hence there exists a sequence {sy jnen in B¢

1/5

such that limy oo [|sybSN —a'3| = 0. Let dy := bsya syband ry := syal/s for any N € N,

Then we have dy € bJb, ry € J for any N € N and

rvdNTN = al/ss}'(]bsNal/ss;bsNal/s —>a

as N — oo. Therefore we obtain the conclusion.

(iii) Since B is a simple monotracial Z-stable C*-algebra, B C GL(B~) by [Rgrdam 2004a; Robert
2016]. Therefore we obtain the conclusion by Proposition 2.4. O

If B is unital, then the following lemma is a well-known consequence of Proposition 2.4 and Blackadar’s
technique [2006, Proposition 11.8.5.4].

Lemma 5.8. With notation as above, let S be a separable subset of B®. Then there exists a separable
C*-algebra A such that S € A C B® and A C GL(A™).

Proof. We shall show only the case where B is nonunital. Let A1 be the C*-subalgebra of B® gen-
erated by S. Since A is separable, there exists a countable dense subset {x; | kK € N} of A;. By
Proposition 5.4(iii), for any k,m € N, there exist yx , € B® and Ay, € C\ {0} such that

1
16 = ke, + Akem Lgey~) | < -
and Yg.m + Akml(Boy~ € GL((B®)™). Let A be the C*-subalgebra of B® generated by A; and

{Yk,m | k,m € N}. Then we have A1 € GL(A7). Indeed, we have yg u + Ak, mlay € GL(AY) for any
k,m € N because of Spy, (Vk,m) U0} = Sppe (Vk,m) U{0} and Ay ,, # 0. Since Ay = {x; [ k € N} and

Xk = OVkeom + Aiem Lan ) = Naz Xk — Lagz Gkem + Akem Loy~ |l
1
= 1k = Okeom + Aem L eyl < -

for any k,m € N, we have A1 € GL(A7). Repeating this process, we obtain a sequence {4y }nen
of separable C*-subalgebras of B® such that 4, C A,4+1 and A, C GL(A;JFI) for any n € N. Put

A:=J52 An. Since A, C GL(4,, ;) SGL(A™) for any n € N by Proposition 2.2, we have A C GL(A4™).
Therefore A is the desired separable C*-algebra. O

The following lemma is also based on Blackadar’s technique.

Lemma 5.9. With notation as above, let {by, | k € N} be a countable subset of B® \ J and S a separable
subset of B®. Then there exists a separable C*-algebra A such that {b;, |k e N}U S C A C B? and
br(ANJ)by is fullin AN J forany k € N.
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Proof. Let Ay be the C*-subalgebra of B® generated by {by | k € N} and S. Since A is separable, there
exists a countable dense subset {a; | [ € N} of (4; N J)4. By Proposition 5.4(ii), for any k,[/,m € N,
there exist di ; ;, € bxJbg+ and ry ; ,, € J such that

1
17 s miet.mTiedm = a1l <

Let A, be the C*-subalgebra of B® generated by Ay and {dg ;m.7k.1m | k,I,m € N}. Then we have
A1NJ C (AN J)bi (A2 N J)bi (A2 N J) for any k € N because A1 N J is generated by {a; | [ € N}.
Repeating this process, we obtain a sequence {4, },en of separable C*-subalgebras of B® such that
Ap C Apt1and ApnNJ S (Ap1 NI )b (Apt1 N J)bg(Aps1 N J) forany k,n eN. Put A:=J52 | An.
Since we have AN J = U,c;ozl (An N J), we see that A is the desired separable C*-algebra. O

By Lemmas 5.8 and 5.9, [Blackadar 2006, Proposition I1.8.5.3] implies the following lemma.

Lemma 5.10. With notation as above, let {b;, | k € N} be a countable subset of B® \ J and S a separable
subset of B®. Then there exists a separable C*-algebra A such that {b;, | k e NJUS C A C B?,
A C GL(A™) and b, (AN J)by is full in AN J for any k € N.

We shall construct the separable extension 79 of Lemma 5.2.

Since o is surjective and D is separable, there exists a separable subset Sy of B® such that 0(So) =
I1(D). Applying Lemma 5.8 to Sp, we obtain a separable C*-algebra B; such that Sy € B; C B® and
B1 € GL(B7"). Since B is separable, there exist a countable subset {1, | m € N} of (B1 N J)4 and a
countable subset {b; x | k € N} of B14 such that

{aim|meNy=(B1NJ)y and {byx |k eN}=Biy.

Put T :={(k,l) eNxN|(by y—1/I)+ ¢ J }. Applying Proposition 5.4(i) to (by g —1/1)+a1,m(by g —1/1)+
for any (k,l) € Ty and m € N, there exist a positive element ¢; 1 (x,7),» and an element z; 1 (x,7),, in
b1k —1/1)+J (b1 —1/1)+ such that

(brx =1/ Dyar,mbig—1/D+ci,1,,0),m =0,
2y ey mZLntelm = Ore =1/ Dyaimbr g —1/1D)+,
2L,k D)1 1 kdyom = CLL (D) m:

Let 83 := B1 U{cy,1,(k,1),m> Z1,1,(k,1),m | (k.1) € T1,m € N}. Applying Lemma 5.10 to {(by x —1/1)+ |
(k,1) € T1} and S;, we obtain a separable C*-algebra B, such that

By U{cr,1,,0).m> 21,1,k 0),m | (k. 1) € Ti,m e N} C By C B®,

By CGL(BY) and (by x —1/1)+(B2NJ)(byx —1/1)4 is full in B, N J for any (k,[) € Ty. In the
same way as above, there exist a countable subset {a2 », | m € N} of (B2 N J)4 and a countable subset
b2 k | k € N} of B> such that

{azm |meNy=(BaNJ)y+ and {byy |k €N} = Bay,
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and we put T := {(k,[) e NXN | (by x —1/1)+ ¢ J }. Applying Proposition 5.4(i) to (b; x —1/1)+azm
X (bjx—1/1)4 forany 1 <i <2, (k,l) € T; and m € N, there exist a positive element ¢; ; (k,1),» and
an element 25 ; (k,1),m in (b; x —1/1)+ J(b; x — 1/1)+ such that
ik =1/ Dyazmbig —1/D)+c2, k.1).m =0,
Z3 i eymZ2ielym = (big =1/ Dazm(bi g —1/ 1)+,

* — .
22,1,k 1)mZ2 i (k,D),m — €2,i,(k,]),m-

Let S3 := By U{c (k,0)),m>Z2,i,(k,)m | 1 <0 < 2,(k,l) € T;,m € N}. Applying Lemma 5.10 to
{(bix—1/1)+11=<i<2,(k,]) € T;} and S3, we obtain a separable C*-algebra B3 such that

B, U {Cz,i,(k,l),m’Zz,i,(k,l),m |[1<i<2,(k,l)eT;,meN}C B3 C B?,

B3 CGL(B3) and (b x —1/1)+ (B3N J)(b; x —1/1)+ isfullin B3NJ forany 1 <i <2and (k,l) € T;.
Repeating this process, for any n € N, we obtain

B, CB®, {anm|meN}C(BaNJ)y, {bpxlkeN}C By,
Tn CNxN, {cn,i,(k,l),m’Zn,i,(k,l),m | 1 <i=<n, (k7l) € Ti’m € N}

such that B, is separable,

By C€ Buy1, Bn SGL(B)), {anm|meN}=(B,NJ)4,
{bpi |k eN}=Bny, Ty={(k.) eNxN|(byp—1/D)y ¢ J}.
Cri (ke 0)m> Zniy(klym € Bige =1/ D)4 (Bpp1 N ) (b — 1/ 1)+,
(big —1/Dvanmbix —1/D+cnik.tym =0,

Zp ik dymZmiteym = Bik =1/ D yanmbix —1/1)+,

Znsi9(kal)smz;1k,i,(k,l),m = Cnyis(krl)sm

and (b; x —1/1)+(Bp+1 N J)(bjx —1/1)+ is fullin B, 1N J forany 1 <i <n and (k,/) € T;. Define

o0
BO;:UB,,, Jo:=BoNJ and My :=o(By).
n=1
Then
no: 0 —> Jo —> Bo > My —> 0

is a separable extension and I1(D) € My. Corollary 2.3 implies Bg € GL(B") since we have B, C
GL(B;") for any n € N. Furthermore, for any i € N and (k,[) € T;, (bj x — 1/ 1)+ Jo(b; x — 1/ 1)+ is full
in Joy by a similar argument as in the proof of Lemma 5.9. Note that, for any ng € N,

o0 o0
Jor = |J tanm |meN} and Boy = ) {bui |k €N}

n=ng n=ng

We shall show that Jy is stable and ng is purely large.



A CHARACTERIZATION OF THE RAZAK-JACELON ALGEBRA 1819

Proof of the stability of Jo. Let a € Jo+ \ {0} and & > 0. Set

= minf i 7
gi=min{ —, /=, &;.
2al " V2

Since By is separable, there exists an approximate unit {/, },en for Bg. Note that &, ¢ J for sufficiently
large n because of My # {0}. Hence there exists N € N such that Ay ¢ J and ||hyahy —al < &' /2.
Since Bot+ = Upe1{bn.k | k € N}, for any [ € N, there exist n(l) and k(/) in N such that

1
AN —Duay eyl < 7

Note that (b, (7),kz) —1/1)+ — hn as [ — oo because we have

2
AN — By key =1/ D+l S AN —bu@y k@l + 16n@) k@) — Bn@y ey — 1/ D+l < 7
Hence there exists /o € N such that (b, ),k1,) — 1/lo)+ & J, thatis, (k(lo), lo) € T, and

/
la = (bn(o), ko) — 1/ 10)+a(bn(y) ko) — 1/ 10)+ 1l < %

Since Jo+ = U,Zo:n(lo){an,m | m € N}, there exist ng > n(lop) and mg € N such that
/
2= no.moll < 21bnto) ko lI*
Put a’ := (bu(y),k (o) — 1/ 10)+ano.mo (bu(io) k(to) — 1/ 10)+- Then
la—d'|| <& <e.

By construction of Bg and Jy, there exist

Z = Zng,n(lo).(k(o).lo):mos € = Cno,n(lo),(k(lo).lo).mo € Jo
such thata’c =0, z*z =a’ and zz* = ¢. Hence a’ ~ ¢ and
lacll = llac —a’c|| < lla—dllllell = lla —a'[llla"| < &'(lall + &) <.
Therefore Jy is stable by Hjelmborg and Rgrdam’s characterization (Theorem 5.3). O

Proof of the pure largeness of ng. Let x € By \ Jo. Note that we have xx* ¢ J. Since Boy =
Une1{bnx | k € N}, for any I € N, there exist n(/) and k() in N such that

1
Ixx™ =bay k) I < 57

By an argument similar to that in the proof of stability of Jo, there exists lo € N such that (b, ) k(19) —
1/1lo)+ ¢ J, thatis, (k(lo), lo) € Ty(1,)- On the other hand, [Kirchberg and Rgrdam 2002, Lemma 2.2]
implies that (b, 1),k(1o) — 1/2lo)+ is Cuntz smaller than xx*. Since we have By € GL(By"), there exists
a unitary element u in B such that

U(bn(in). k(o) — 1/ 10)+u™ = u((bu(tg) k(o) — 1/2l0)+ — 1/2lo)+u™ € xx* Boxx* = xBox*
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by Lemma 5.5. Put

C = u(bn(p).kto) — 1/ 10)+Jo(bnao) ko) — 1/ lo)+u™ S xJox*.

Then C is full in Jo because (b 1),k o) — 1/ 10)+J0(bn(iy) k(o) — 1/ lo)+ is full in Jo. We shall show
that C is stable. Leta € C4 \ {0} and & > 0. Set

RRETREE
gi=ming ——, /=, &.
2ljall” V2

By the definition of C and Jo4 = U?:n(lo){an,m | m € N}, there exist ng > n(ly) and mg € N such that

la = u(bno) ko) = 1/ 10)+no.mo (o) ko) — 1/ lo)+u™|| <& <e.

Puta’ =u(bn(y) k(o) =1/ 10)+ang,mo (Pnie) ko) —1/ lo)+u™* € C, then |a—a’|| < ¢’ <e. By construction
of By and Jy, there exist elements

Zno,n(lo),(k(lo),lo).mo> €no,n(lo),(k(lo),lo).mo

in (bp (o) k o) = 1/ 10)+Jo(Pn(ig) k(1o) — 1/ lo)+ such that
W@ U n(10). (ko) domo = 05 Zay (o). (k(lo).o).mo Zno.n o). (k(lo).Jo).mo = U™ @u
and
Zno,n(lo),(k(lo),lo),moZ:O,n(lo),(k(lo),lo),mo = Cno,n(lo),(ko),l0),mo-

Put ¢ 1= UCyy n(lo), (ko). lo).mot ™ It is easy to see that ¢ € C, a’c =0 and

, * _/ o
€~ Cng,n(lo).(k(o).lo)mo ~ U @u~a in By.

Since C is a hereditary C*-subalgebra of By and a’,c € C, we see that a’ is Murray—von Neumann
equivalent to ¢ in C. Therefore, the same argument as in the proof of stability of Jo shows |lac|| < ¢, and
C is stable. Consequently, 71 is a purely large extension. O

Therefore we obtain the following lemma.

Lemma 5.11. With notation as above, there exist separable C*-subalgebras Jo C J, By C B® and
Mo C M such that Jy is stable,
ol

N0 :0 —> Jo —> By —2% My —> 0
is a purely large extension and I1(D) C M.
Consequently, we obtain the following theorem by Lemma 5.1, Lemma 5.2 and the lemma above.

Theorem 5.12. Let D be a simple separable nuclear monotracial Mpeo-stable C*-algebra which is
KK -equivalent to {0} and B a simple separable exact monotracial Z-stable C*-algebra. Then there exists
a trace-preserving homomorphism from D to B.
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Remark 5.13. Actually, we need not assume that D is Mpoo-stable in the theorem above. Indeed, define
a homomorphism ¢ from D to D ® M by ¢(a) =a ® 1. Then g is a trace-preserving homomorphism
from D to D ® M>-. By the theorem above, there exists a trace-preserving homomorphism ¥ from
D ® Moo to B. Then ¥ o ¢ is a trace-preserving homomorphism from D to B.

The following corollary is an immediate consequence of the theorem above.

Corollary 5.14. Let B a simple separable exact monotracial Z-stable C*-algebra. Then there exists a
trace-preserving homomorphism from W to B.

The injective II;-factor can embed unitally into every IIj-factor. Hence the following question is
natural and interesting.

Question 5.15. (1) Let B be a simple monotracial infinite-dimensional C*-algebra. Does there exist a
trace-preserving homomorphism from W to B?

(2) Let B be a simple non-type-I C*-algebra. Does there exist a (nonzero) homomorphism from W to B?

Note that Dadarlat, Hirshberg, Toms and Winter [Dadarlat et al. 2009] showed that there exists a unital
simple separable nuclear infinite-dimensional C*-algebra B such that Z does not embed unitally into B.

6. Characterization of YV

In this section we shall show that if D is a simple separable nuclear monotracial Meo-stable C*-algebra
which is KK-equivalent to {0}, then D is isomorphic to . Also, we shall characterize WV by using
properties of F(W).

Theorem 6.1. Let D be a simple separable nuclear monotracial Myoo-stable C*-algebra which is
KK -equivalent to {0}. Then D is isomorphic to W.

Proof. By Theorem 5.12 and Corollary 5.14, there exist trace-preserving homomorphisms ¢ and
from D to W and from W and D, respectively. Since D and W have property W by Corollary 3.11,
Theorem 4.3 implies that { o ¢ and ¢ o ¥ are approximately inner. Therefore D is isomorphic to W by
Elliott’s approximate intertwining argument [Elliott 1993]; see also [Rgrdam 2002, Corollary 2.3.4]. O

The following corollary is an immediate consequence of the theorem above.

Corollary 6.2. (i) If A is a simple separable nuclear monotracial C*-algebra, then A ® W is isomorphic
to W. In particular, YW ® W is isomorphic to V.

(ii) For any nonzero positive element h in VW, hWh is isomorphic to W.

Following the definition in [Lin and Ng 2023], we say that a C*-algebra A is W-embeddable if there
exists an injective homomorphism from 4 to W.

Lemma 6.3. Let A be a monotracial W-embeddable C*-algebra. Then there exists a trace-preserving
homomorphism from A to W.
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Proof. By the assumption, there exists an injective homomorphism ¢ from 4 to W. Let s be a strictly
positive element in A. (Note that A is separable because A is WW-embeddable.) Since ¢ is injective, ¢(s)
is a nonzero positive element. Corollary 6.2 implies that there exists an isomorphism ® from ¢ (s)We(s)
onto W. Note that ¢ can be regarded as a homomorphism from A4 to ¢(s)We(s). Define ¢ := ® o ¢.
Then  is a trace-preserving homomorphism from A to W. O

The following theorem is a characterization of W.

Theorem 6.4. Let D be a simple separable nuclear monotracial C*-algebra. Then D is isomorphic to W
if and only if D has property W and is W-embeddable, that is, D satisfies the following properties:

(i) For any 0 € [0, 1], there exists a projection p in F(D) such that tp ., (p) = 6.

(ii) If p and q are projections in F (D) such that 0 < tp ,,(p) = D, (q), then p is Murray—von Neumann
equivalent to q.

(iii) There exists an injective homomorphism from D to WW.

Proof. The “only if” part is obvious by Corollary 3.11. We shall show the “if” part. Since D is
W-embeddable, there exists a trace-preserving homomorphism ¢ from D to W by Lemma 6.3. Lemma 4.1
implies that D is Z-stable because D has property W. Hence there exists a trace-preserving homomorphism
¥ from W to D by Corollary 5.14. The rest of proof is same as the proof of Theorem 6.1. O

We think that every simple separable nuclear monotracial C*-algebra with property W ought to be
W-embeddable. Note that every simple separable nuclear monotracial C*-algebra with property W is stably
projectionless by [Kirchberg 2006, Remark 2.13] and an argument similar to that in the proof of [Nawata
2019, Corollary 5.9]. Hence an affirmative answer to the following question, which can be regarded as
an analogue of Kirchberg’s embedding theorem [Kirchberg and Phillips 2000], would imply this.

Question 6.5. Let A be a simple separable exact stably projectionless monotracial C*-algebra. Assume
that t4 is amenable. Is A YW-embeddable?

Note that we need to assume that 74 is amenable because 74, (V)" is the injective II;-factor.
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INVERSE PROBLEMS FOR NONLINEAR MAGNETIC
SCHRODINGER EQUATIONS ON CONFORMALLY TRANSVERSALLY
ANISOTROPIC MANIFOLDS

KATYA KRUPCHYK AND GUNTHER UHLMANN

We study the inverse boundary problem for a nonlinear magnetic Schrddinger operator on a conformally
transversally anisotropic Riemannian manifold of dimension » > 3. Under suitable assumptions on
the nonlinearity, we show that the knowledge of the Dirichlet-to-Neumann map on the boundary of the
manifold determines the nonlinear magnetic and electric potentials uniquely. No assumptions on the
transversal manifold are made in this result, whereas the corresponding inverse boundary problem for the
linear magnetic Schrodinger operator is still open in this generality.

1. Introduction and statement of results

Let (M, g) be a smooth compact oriented Riemannian manifold of dimension n > 3 with smooth boundary.
Let A e C®(M, T*M) be a 1-form with complex-valued C* coefficients, and let

da=d+iA:C®°M)— C®(M, T*M),
where d : C*° (M) — C*®°(M, T*M) is the de Rham differential. We define the formal L2—adjoint of dg,
dy:COM, T*M) — C*(M), as
(dau, V) 2oy = (W, dxv) 1200y, UE C8°(Mim), RS CSO(Mim, T*M™),

where M™ = M \ dM stands for the interior of M. Here and in what follows, when u, v € C®(M),
we write

(M,U)LZ(M):/ uﬁdVg
M

for the natural L2-scalar product, where d V, is the Riemannian volume element on M. Similarly, when
a, BeC®(M, T*M) are 1-forms, we define the L?-scalar product

(o, B) L2(m, 7 My :/M(Ols B)ngg(x),

where (-, - ), is the pointwise scalar product in the space of 1-forms induced by the Riemannian metric g.
In the local coordinates (x1, ..., X,), in which @ = 377 & dx;, p =37, B;dx;, and (g’%) is the
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Keywords: inverse boundary problem, nonlinear Schrédinger equation, conformally transversally anisotropic manifold, Gaussian
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matrix inverse of (gjx) with g = Z; k=1 &jk dx;j dxj, we have

n
(@ B)e= ) g ajpe.
jk=1
We also have

& =d* —i(A,-)g.

In local coordinates, we see that

n
dv=— > |gI""d,lg"*g" vo), (1-1)
jok=1

n

where |g| = det(g;x) and v =3} 7_,
In this paper we shall consider 1-forms and scalar functions depending holomorphically on a parameter
z € C. Specifically,let A: M x C— T*M and V : M x C+— C satisfy the following conditions:

Uj dx]'.

(A;) The map C > z+> A(-, z) is holomorphic with values in CY\(M, T*M), the space of 1-forms with
complex-valued C L1(M) coefficients.

(Vi) The map C > z+ V (-, z) is holomorphic with values in cll(m).
(Vii) V(x,0) =0, for all x € M.

Here C'' (M) is the space of C' functions on M with a Lipschitz gradient.
It follows from (A4;), (V;), and (V;;) that A and V can be expanded into the power series

00 k
Alx,z) = Z Ak(x)%, Ap(x) =3 Ax, 00 e (M, T* M), (1-2)
k=0 ’

converging in the C"! (M, T*M) topology, and

0 k
Vi)=Y Vk(x)%, Vi(x) := ¥V (x,0) e C1 (M), (1-3)
k=1 ’

converging in the C!! (M) topology.
Let us introduce the nonlinear magnetic Schrodinger operator defined by

Layu= djﬁ dac..pu+V(-,u)
=—Agu+d (A, wu) —i(AC-,u), du)g + (AC-,u), AC-,u))qu+V (-, u), (1-4)
for u € C*°(M). Notice that the first-order linearization of L 4y is the standard linear magnetic Schrodinger
operator df]odAo + V. Furthermore, we also assume that Ao € C®°(M, T*M), V; € C*°(M), and that
(i) 0is not a Dirichlet eigenvalue of the operator d}od 4o+ V1.
Consider the Dirichlet problem for the nonlinear magnetic Schrodinger operator
{LA,VM =0 in M™,

1-5
ulom = f. (1
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It is shown in Theorem B.1 that under the above assumptions, there exist § > 0 and C > 0 such that when
feBs(M):={f € C>* (M) : I fllczeamy < 8}, O <a <1, the problem (1-5) has a unique solution
u=uys e C**(M) satisfying |lul|c2«(y < C3. Here C>*(M) stands for the standard Holder space of
functions on M. Associated to the problem (1-5), we define the Dirichlet-to-Neumann map

Aayf=0urlom, (1-6)

where f € Bs(0M) and v is the unit outer normal to the boundary.

The inverse problem that we are interested in is whether the knowledge of the Dirichlet-to-Neumann
map A 4,y determines the nonlinear magnetic and electric potentials, A and V, respectively.

When A =0and V(x, z) = Vi(x)z, the inverse problem for the linear Schrodinger operator —Ag + V;
is related to the Calderdn problem, which has been the object of intense study but remains open in the
case of a general smooth Riemannian manifold (M, g) of dimension n > 3 with smooth boundary. Let us
mention that the unique determination of the potential V; from the knowledge of the Dirichlet-to-Neumann
map Aoy, was established in [Sylvester and Uhlmann 1987] in the Euclidean setting, in [Isozaki 2004]
for hyperbolic manifolds, and in [Kohn and Vogelius 1984; Lassas and Uhlmann 2001; Lee and Uhlmann
1989] in the analytic case. The uniqueness in the inverse boundary problem for the linear magnetic
Schrodinger operator d}od 4, + V1 up to a suitable gauge transformation was obtained in [Nakamura
et al. 1995] in the Euclidean setting; see also [Krupchyk and Uhlmann 2014]. Going beyond these
settings, the most general uniqueness results were obtained in the case when the manifold (M, g) is
conformally transversally anisotropic and the transversal manifold satisfies some additional assumptions.
Following [Dos Santos Ferreira et al. 2009; 2016], let us recall the definition of a conformally transversally
anisotropic manifold.

Definition 1.1. A compact smooth oriented Riemannian manifold (M, g) of dimension n > 3 with smooth
boundary is said to be conformally transversally anisotropic if there exists an (n—1)-dimensional smooth
compact Riemannian manifold (Mg, go) with smooth boundary such that M € R x My and g = c(e @ go),
where e is the Euclidean metric on R and c is a positive smooth function on M.

In the case when (M, g) is conformally transversally anisotropic, assuming that the transversal manifold
(Mo, go) is simple in the sense that the boundary 9 M) is strictly convex and, for any point p € My, the
exponential map exp,, with its maximal domain of definition in 7}, My is a diffeomorphism onto Mo, the
global uniqueness for the inverse boundary problem for the linear magnetic Schrédinger equation up
to a gauge was proven in [Dos Santos Ferreira et al. 2009]; see also [Krupchyk and Uhlmann 2018].
Note that the geodesic ray transform on functions and 1-forms is invertible on simple manifolds; see
[Anikonov 1978; Muhometov 1977].

These uniqueness results were strengthened in [Dos Santos Ferreira et al. 2016], where the global
uniqueness in the inverse boundary problem for the linear Schrddinger equation was established under the
assumption that the geodesic ray transform on the transversal manifold is injective. Similar results for the
inverse boundary problem for the linear magnetic Schrédinger equation were obtained in [Cekié 2017;
Krupchyk and Uhlmann 2018]. The injectivity of the geodesic ray transform is open in general, and
has only been established under certain geometric assumptions. In particular, the injectivity of the
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geodesic ray transform is proven in [Stefanov et al. 2018; Uhlmann and Vasy 2016] when M, has
strictly convex boundary and is foliated by strictly convex hypersurfaces, and in [Guillarmou 2017;
Guillarmou et al. 2021] when My has a hyperbolic trapped set and no conjugate points. As an example of
the latter, one can consider a negatively curved manifold M. We refer to [Dos Santos Ferreira et al. 2020]
where the linearized anisotropic Calder6n problem was studied on a transversally anisotropic manifold
under certain mild conditions on the transversal manifold related to the geometry of pairs of intersecting
geodesics.

Turning the attention to inverse problems for nonlinear PDEs, it was discovered in [Kurylev et al.
2018] that nonlinearity can be helpful in solving inverse problems for hyperbolic equations; see also
[Feizmohammadi et al. 2021; Lassas et al. 2018]. Similar phenomena for inverse problems for semilinear
elliptic PDEs have been revealed in [Feizmohammadi and Oksanen 2020; Lassas et al. 2021a]; see also
[Krupchyk and Uhlmann 2020a; 2020b; Lai and Zhou 2020; Lassas et al. 2021b]. A common feature of
all of the aforementioned works is that the presence of a nonlinearity allows one to solve inverse problems
for nonlinear equations in cases where the corresponding inverse problem in the linear setting is open.

In particular, the inverse boundary problem for the nonlinear Schrédinger equation

Loyu=—Aegu+V(-,u)=0

on a conformally transversally anisotropic manifold (M, g) of dimension n > 3 was studied in [Feizmo-
hammadi and Oksanen 2020; Lassas et al. 2021a], and the following result was obtained: if V satisfies
the assumptions (V;), (V;;), and

(Vi) 9.V (x,0) =02V (x,0) =0, forall x € M,

then the knowledge of the Dirichlet-to-Neumann map A y determines V in M x C uniquely. Notice
that remarkably there are no assumptions on the transversal manifold in this result while the inverse
problem for the linear Schrodinger equation is still open in this generality. The proof of this result relies

on higher-order linearizations of the Dirichlet-to-Neumann map, which allow one to reduce the inverse
problem to the following density result; see [Lassas et al. 2021a].

Proposition 1.2. Let (M, g) be a conformally transversally anisotropic manifold of dimension n > 3, and
letq e CHY(M). If

/ quiuuzusdVe =0, (1-7)
M

for all harmonic functions u; € C*°(M), j=1,2,3,4, then g =0.

The purpose of this paper is to extend the aforementioned result of [Feizmohammadi and Oksanen
2020; Lassas et al. 2021a] to the nonlinear magnetic Schrodinger equation L4 yu = 0 given by (1-4).
To state our result, similarly to the assumption (V;;;) on the potential V, we shall also suppose that the
nonlinear magnetic potential A satisfies

(Air) A(x,0)=d,A(x,0) =0, for all x € M.

Our main result is as follows.
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Theorem 1.3. Let (M, g) be a conformally transversally anisotropic manifold of dimension n > 3. Let
AD AD M xC—> T*M and VO, VP : M x C+— C satisfy the assumptions (A;), (A;;), and
Vi), (Vii), (Viij), respectively. If A yo) yo) = A @ yo then AD = A gnd v =v@ jn M x C.

Remark 1.4. Let us point out that there are no assumptions on the transversal manifold in Theorem 1.3,
whereas the corresponding inverse boundary problem for the linear magnetic Schrodinger operator is still
open in this generality.

Remark 1.5. Notice that as opposed to the inverse boundary problem for the linear magnetic Schrodinger
equation, where one can determine the magnetic potential up to a gauge transformation only, in our
nonlinear setting the unique determination of both potentials is possible, due to the assumptions (A;), (A;;),
and (V;), (Vi;), (Vii;), which imply that the first-order linearization of the nonlinear equation is given by
—Agu = 0, rather than by the linear magnetic Schrodinger equation.

Similarly to [Feizmohammadi and Oksanen 2020; Lassas et al. 2021a], the proof of Theorem 1.3 relies
on higher-order linearizations of the Dirichlet-to-Neumann map A 4 v, as well as a suitable consequence
of the following density result, which may be of some independent interest.

Proposition 1.6. Let (M, g) be a conformally transversally anisotropic manifold of dimension n > 3, and
let Ae CYY (M, T*M) be a 1-form. If

/ (A, d(uuzuz))eusdVy =0, (1-8)
M

or all harmonic functions u; € C*°(M), j=1,2,3,4, then A= 0.
j

The starting point in the proof of Proposition 1.6 consists of showing that the boundary traces of the
1-form A, as well as of its normal derivative, vanish, as a consequence of the integral identity (1-8). This
allows us to extend A by zero to R x Mo \ M, while preserving its regularity. The proof of Proposition 1.6
then follows the strategy of the proof of Proposition 1.2 established in [Lassas et al. 2021a]. Specifically,
we construct harmonic functions to be used in (1-8), based on suitable Gaussian beams quasimodes
associated to two nontangential intersecting geodesics on the transversal manifold Mj. Using the freedom
of working with four harmonic functions, we construct a pair of harmonic functions based on a Gaussian
beam quasimode v and its complex conjugate v, concentrated near one geodesic, and another pair of
harmonic functions based on a Gaussian beam quasimode w and its complex conjugate w, concentrated
near the other geodesic. The product d(vvw)w is supported near the finitely many points of intersections
of these geodesics, and the product does not have high oscillations. This makes it possible to conclude
that A = 0, using both nonstationary as well as stationary phase arguments (the Laplace method).

Remark 1.7. Our regularity assumption on A in Proposition 1.6 is motivated by the fact that the continuity
of the zero extension of A to R x Mo\ M is needed for a rough stationary phase argument and the Lipschitz
continuity of the gradient of the zero extension of A is needed for a nonstationary phase argument in the
proof of Proposition 1.6.

Returning to the proof of Theorem 1.3, let us mention that due to the assumptions (A;;) and (Vi;), (Viii),
only the linearizations of the Dirichlet-to-Neumann map of order > 3 become useful when recovering the
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nonlinear potentials A(x, z) and V (x, z). Considering the m-th order linearization, m > 3, leads to the
integral identity

/ ((m+1)i(A, duy - um))gmsr — (mid™(A) + Vuy - - tms1) dVg =0, 1-9)
M

where A = A,(nl)_1 — Aff)_l and V = V,,gl) — Vn(f), which is valid for any harmonic function u; € C2*(M)
with/=1,...,m+ 1. Setting u; =--- = u,,—3 = 1 in (1-9) gives the identity

(m—+1)i / (A, d(um—Zum—lum))gum-i-l dVg = / (mid*(A) + V)um—oUm—1UmUm+1) dVg- (1-10)
M M

To proceed, we first show that (1-10) implies that A|35, = 0 and 9, A |33 = 0, and then use a consequence
of Proposition 1.6 to obtain that A = 0; see Corollary 4.1 below. To recover V, we substitute A =0
in (1-10) and rely on Proposition 1.2.

Remark 1.8. The assumptions (A;), (A;;), (V;), (Vi;), and (V;;;) in Theorem 1.3 are made precisely so that
the higher-order linearizations of the Dirichlet-to-Neumann map A 4,y lead to the integral identities (1-9)
involving at least four harmonic functions, and the freedom of working with four harmonic functions
allows one to solve the inverse boundary problem without any assumption on the transversal manifold;
see also [Lassas et al. 2021a].

Let us point out that inverse boundary problems for the nonlinear magnetic Schrédinger equation in the
Euclidean space, both in the case of full and partial data, have been studied in [Lai and Zhou 2020]. The
density of certain products of gradients of harmonic functions in the Euclidean space has been recently
established in [Carstea and Feizmohammadi 2021], when solving an inverse boundary problem for certain
anisotropic quasilinear elliptic equations.

Finally, let us remark that inverse boundary problems for nonlinear elliptic PDEs have been studied
extensively in the literature. We refer to [Carstea and Feizmohammadi 2021; Carstea et al. 2019;
Feizmohammadi and Oksanen 2020; Hervas and Sun 2002; Isakov and Nachman 1995; Isakov and
Sylvester 1994; Kang and Nakamura 2002; Krupchyk and Uhlmann 2020a; 2020b; Lai and Zhou 2020;
Lassas et al. 2021a; 2021b; Sun 1996; 2004; 2010, Sun and Uhlmann 1997].

The paper is organized as follows. In Section 2 we recall the construction of harmonic functions on
a conformally transversally anisotropic manifold based on Gaussian beams quasimodes constructed on
R x My and localized near nontangential geodesics on the transversal manifold M. For the convenience
of the reader, in Section 3 we provide a proof of Proposition 1.6 in a simplified setting. Section 4
is devoted to the proof of Proposition 1.6 in the general case. The proof of Theorem 1.3 occupies
Section 5. Appendix A discusses a standard rough version of stationary phase needed in the proof of
Proposition 1.6. In Appendix B, we show the well-posedness of the Dirichlet problem for the nonlinear
magnetic Schrodinger equation, in the case of small boundary data. The determination of the first-order
boundary traces of a scalar function and a 1-form, via suitable orthogonality relations involving harmonic
functions on the manifold M, is presented in Appendix C. Finally, Appendix D discusses some basic
properties of geodesics which are used in the body of the paper.
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2. Gaussian beams quasimodes and construction of harmonic functions

Let (M, g) be a conformally transversally anisotropic manifold so that (M, g) € (R x My, c(e & go)).
Let us write x = (x1, x") for local coordinates in R x M. Note that ¢ (x) = *ax;, o > 0, is a limiting
Carleman weight for —h%A ¢> see [Dos Santos Ferreira et al. 2009].

Letting g = e @ go, we have

Do (A oI = Az 4g, (2-1)

where

g = —C(n+2)/4Ag(C_(n_2)/4);

see [Dos Santos Ferreira et al. 2016]. Here ¢ € C*(R x My; R). It follows from (2-1) that in order
to construct harmonic functions on (M, g) based on Gaussian beams quasimodes, we shall need to
have Gaussian beams quasimodes for the Schrodinger operator —Aj + ¢, conjugated by an exponential
weight corresponding to the limiting Carleman weight ¢. Our quasimodes will be constructed on the
manifold R x M and will be localized to nontangential geodesics on the transversal manifold Mj. A unit
speed geodesic y : [—S1, S2] = My, 0 < S, S2 < 00, is called nontangential if ¥ (—S}), y(S2) € I My,
y(—S1), y(S2) are nontangential vectors to d My, and y () € M(i)nt for all =S| <t < Sy; see [Dos
Santos Ferreira et al. 2016]. As in [Lassas et al. 2021a], it will be convenient to normalize our quasimodes
in L*(My), as later we shall have to deal with products of four such quasimodes. We shall need the
following essentially well-known result, see [Feizmohammadi and Oksanen 2020, Section 4.1]; see also
[Dos Santos Ferreira et al. 2016; Lassas et al. 2021a].

Proposition 2.1. Let « > 0, and let T =s +iA, s > 1, with A € R fixed. Then for any k e Nand R > 1,
there exist N € N and families of Gaussian beam quasimodes vi(-; s), v2(-; 5) € C*°(R x My) such that

le ™ (—=Az +q@)e* ™ v1 (-3 ) | k(1 xmgymy = O(s™ %), (2-2)
€1 (= Ag +@)e ™ v (-3 )|l k(1 xagyiny = OG5,

and
10 C5 D4y = O, 1105 )lpexmy = O(Ds" 2B j=1,2, (2-3)

as s — oo. Here I C R is an arbitrary bounded interval. The local structure of the quasimodes is as
follows: Let p € y([—S1, S2]) and let t; < --- < tp be the times in [—S1, S;] when y(t)) = p. Ina
sufficiently small neighborhood U of p, the quasimode v; is a finite sum

T ) R (P)
UJ|U—U]' + +U] .

Each v;l) has the form

U;l) _ S(n—Z)/SeiotrsD(”a(l),

vél) = s(”_z)/geiaf‘/’([)b(l), l=1,...,P,
where ¢ = ¢ € C®(U; C) satisfies, fort close to t;,

ey =t, Voy®)=y@®), Im(Vey®)) =0, Im(V@)|;,- >0,
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and a®,b® e C®(R x U) are of the form

N N
_ y - y
a(”(xl,t,y;S)=<§ T ’a,@)x<§), b(’)(xl,t,y;S)=<§ 4 ]b,@)x(y)
j=0 j=0

where a(()l) = b(()l) is independent of x| and the potential q,
ay (1, ) = ag) () + O(Iyl), ag) (1) #0,  forall 1,
ay’ (1,1, ) = aj)(x1, 0+ 0y, b (1,1, ) = b (x1, 1) + Oy,

Here aw)(xl 1) = efm(’)&%)(xl, t) and bilg(xl, 1) = ef(”(’)b(l)(xl, t), where f(l) is independent of the
potential q, and further we have that Ezflg and l;ilg satisfy the equations

1 1 _s0
(8, +i8)) ﬁ;_a(—ze f (Aga(()l))lyzo—i-c(()l)q(xl,t,O)),
N 1/1 _r0
@0 =005 == (3¢ (Aga My = CPq 31,1, 0),

where C,, ® # 0 is a constant, independent of the potential q. Here (t, y) are the Fermi coordinates f0r y
fort closetot;, x € CP(R"™ 2yissuchthat0< x <1, x =1for|y| <1 andX =0 for|y| > 1, and
8" > 0 is a fixed number that can be taken arbitrarily small.

Remark 2.2. In the special case when the conformal factor ¢ is equal to 1, we have ¢ =0, g = g, and
e o (= Ag) 0T = — A, F2ad,, — (1)
Thus, we can take the Gaussian beams quasimodes in (2-2) to be equal, v; = v, and independent of x;.

Next we shall construct harmonic functions on (M, g) based on the Gaussian beams quasimodes of
Proposition 2.1. To that end, we shall use the approach of [Dos Santos Ferreira et al. 2009], based on
Carleman estimates with limiting Carleman weights. The construction is standard, see [Dos Santos Ferreira
et al. 2016; Lassas et al. 2021a], and is presented here for the convenience of the reader only.

Assume, as we may, that (M, g) is embedded in a compact smooth manifold (N, g) without boundary
of the same dimension. Our starting point is the following Carleman estimates for the Schrodinger
operator, which is established in [Dos Santos Ferreira et al. 2009, Lemma 4.3].

Proposition 2.3. Let g € C*°(M). Then given any t € R, we have for all h > 0 small enough and all
u € CO(M™) that

hllull g vy < Cle? " (=R* A+ R g)e " ull g vy, € >0. (2-4)
Here H'(N), t € R, is the standard Sobolev space, equipped with the natural semiclassical norm
2 2
luall e vy = 1L = B2 D) ull L2y

Using a standard argument, see [Dos Santos Ferreira et al. 2009], we convert the Carleman estimate (2-4)
into the following solvability result.
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Proposition 2.4. Let t € R. If h > 0 is small enough, then for any v € H'(M™), there is a solution
u € H' (M™) of the equation
M~ A+ R* Qe M u=v in M™
which satisfies
C
lll e gy < WHUHH;C,(Mim)-
Here
H' (M™) = {V|ym:V e H(N)}, teR,

with the norm

vl g 0y = inf IV, v
Scl( ) VEH;C](N),UZV|Mint scl( )

Let o > 0, and let

T=s5+IiA withlfs:%l, reR, X fixed.

In view of (2-1), to construct suitable harmonic functions on (M, g), we shall find complex geometric
optics solution to the equation

(—Az+q)i=0 in M™ (2-5)
having the form

i =e*™(vy+r) and i =e " (vy+1r),

where v; and v, are the Gaussian beam quasimodes given in Proposition 2.1, and r; and r, are the
remainder terms. Thus, it is a solution of (2-5) provided that

e_ax‘/h(—thg, + hzq)eam/h(eiakmrl) — _ei(x)»X]e—OlIX] (—thg + hzq)ea‘wm V1. (2-6)

For any k € N and R > 1 arbitrarily large, Propositions 2.4 and 2.1 imply that there is r; € H*(M™) such
that

171l g aginy < O™ Dl ™1 (=h* Ag + h2q)e* ™ o1 i iy = ORF™H),
and therefore, for any K, there is R large enough so that
Pl gy < BNl gt aginey = O,

Similarly, one can construct r». This together with (2-1) gives the following result concerning the
construction of harmonic functions on (M, g) based on Gaussian beams quasimodes.

Proposition 2.5. Let o > 0, and let T = s +iA, s = 1/h, with . € R being fixed. For all k, K,and h > 0
small enough, there are uy, uy € H*(M™) solutions of —Aguj =0in M™ having the form

up =@ DA QL) and  up = e e A vy 4+ 1y),

where vi =v1(-;5), va=12(-;5) € C®(Rx M) are the Gaussian beam quasimodes from Proposition 2.1,
and ri,r, € H*(M™) are such that 175 1 £z (pginty = OhX) ash — 0.
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Remark 2.6. Taking k& > %n + 3 and using the Sobolev embedding H*(M™) c C3(M), we see that
uj € C3(M) with

71l e3any = OGRS,

ash—0, j=1,2.

3. Proof of Proposition 1.6 in a simplified setting

The proof of Proposition 1.6 will follow along the lines of the proof of [Lassas et al. 2021a, Proposition 5.1].
Before we prove Proposition 1.6 in the general case, let us explain the main ideas in a simplified setting.

Let us assume that each point p € Mé‘“ is the unique intersection point of two distinct nontangential
non-self-intersecting geodesics y and n. Assume furthermore that the conformal factor ¢ equals 1. As we
shall see below, in this simplified setting the continuity of A suffices, and therefore to extend A by O to
the continuous form on R x My \ M, we only need to show A|zy = 0. This follows by taking u, = u3 =1
in (1-8) and applying Proposition C.3.

In view of Proposition C.5, we see that (1-8) also holds for all harmonic functions u; € C 24 (M),
O<a<l, j=1,...,4.

Lets =1/h, and let A € R be fixed. Our choice of the harmonic functions below will be similar to
[Lassas et al. 2021a]. Specifically, using Proposition 2.5 and Remark 2.6, we see that there exist harmonic
functions u; € C3(M), j=1,...,4,on (M, g) of the form

up = e—(s-i-i)\)xl (U + rl), Uy = e(s+id)x (v + 1’2), (3 1)
uz=-e "(w+rz), ug = e (w+ry),

where
I7illeran = OG5, (3-2)

ass —> 00, K> 1l,andv=v(-;s), w=w(-;s)eC>®(My) are Gaussian beams quasimodes concentrating
near the geodesics n and y, respectively, constructed in Proposition 2.1; see also Remark 2.2. We have

V(x'y5) = sTDBLGHNOW g1/ 6y and  w(x'ys) = sV ), (3-3)
where
PO =t Ve@O) =i, Im(Te@®N =0, MRl >0,
Yy@) =1, V@) =y, Im(V¥(y (1)) >0, Im(vzllf)h;(r)L > 0,
and
N N
a(t,y;s) = (Z T_jaj)X<§>, b(t,z;5) = (Z f_jb/>x(§)’ (3-5)
Jj=0 j=0
where

ao(t,y) = alg ) +O(yl), ao(r) #0, forall t,
bo(t, 7) = ago(t) + O(z|), boo(r) £0, forall t.

(3-6)
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Here (t, y) and (7, z) are the Fermi coordinates for the geodesics n and y, x € CSO(R"_Z) is such that

1

O0<x<l1, x=1for |yl < 21; and x =0 for |y| > 5, and § > 0 is a fixed number that can be taken

arbitrarily small. We also have
Il L4 azy) = lwllL4ary) = Oy 0llo(mg) = Wl zoe(atg) = O(s 7278,
as s — oo. Similarly, we find that

||S(n_2)/8€i(s+ik)wva||L4(M0) = ||S(n_2)/8€iWVb||L4(M0) =0(),
VUl 24y = OCs), IVwll L4py) = OCs),

VUl = OG"H5), IVwll ey = OO,
as s — 00.
Now it follows from (3-1) that

(uruauz) (x) = e 21755 (o () Pw (x) + R(x)),
where

R = [v*r3 + (w +13) (vin + Dry +r172).
Using (3-2), (3-7), and (3-8), we see that
IRllcrpry = OGs™H),
where L is large depending on K. Hence, we have
Oy, (uiupuz) = e 21N [(2i —5)(Jv]*w + R) + 3y, R],
and therefore, using (3-9), (3-2), and (3-7), we get

Ay, (uruauz)ug = —se 22 |w|? 4+ Op1 4 (1),
as s — oo. We also get
Ay, (iuouz) = e 17 ([v*w) + 3y, (R))

for k =2, ..., n, and therefore, (3-9), (3-2), (3-7), and (3-8) yield
O, (wrtouz)ug = 213, ([*w)W + Opi1 (1),
as s — o0o. Writing A = (A, A’) and using (3-10) and (3-11), we conclude that
(A, d(uuuz)) guy = 2™ (s Ag v [w]® + (A", dv (JuPw) D) ) + Opiary (1),
as s — oo. It follows from (1-8) with the help of (3-12) that

/ e 2R (—s A v P |w]® + (A, do (Jv]w)i)g,) dVy = O(1),
M

as § — Q.

(3-7)

(3-8)

(3-9)

(3-10)

(3-11)

(3-12)

(3-13)



1836 KATYA KRUPCHYK AND GUNTHER UHLMANN

Extending A by zero to R x My \ M, and denoting the extension again by A, we now see that
A e CRx My, T*(R x My)) as Alyp = 0. Denoting the partial Fourier transform of A in the x; variable
by A(x, x'), we get from (3-13) that

(=412, PP w ]+ (A2, ), do(0Pw)B)g,) dVe, = O(1), (3-14)
My
as s — oo. Since v and w can be chosen to be supported in arbitrarily small but fixed neighborhoods

of n and y, respectively, and since n and y only intersect at p, the products [v|?|w|? and dy (Jv]*w)w
concentrate in a small neighborhood U of p. Using (3-3) and (3-5), we see that in U,
o w]? = s 07D 2em 2 AmeHmMY) o =2REG (1402 bo |2 + O e ) (1/5))
— S(n—Z)/Ze—Zs(lmgo-Hm Iﬁ)e—Z)\,Req)|aO|2|b0|2 + OLI(MO)(I/S)’ (3_15)

and
dx/(|U|2UJ)17) :s(n—2)/2€—2s(lm(0+lm10)e—QKRCw[(is(Zl'dlm(p+dw)(|a0|2|b0|2+oLOO(MO)(1/S))

—2M(dReg)|al’|b|*+dy (lal*b)b]
= 5 (172 2sUmeHImy) o =2ARe 5 2 d Im @ +d ) ag|* [bo|*+O L1 (4, (1), (3-16)

as s — 0o. Substituting (3-15) and (3-16) into (3-14) and dividing by s!/2, we obtain

s<"—1>/2/ (—A1 20, ) +i(A 2N, ), 2i dTmp+dir) g )e R ag | |boPe ™Y AV, = O(s 12,
v (3-17)
as s — 0o, where
Y =2(Ime+Imy).
It follows from (3-4) that
W(p)=0, d¥(p)=0, V*¥(p)>0,

where the later inequality is a consequence of the fact that the Hessians of Im ¢ and Im v at p are positive
definite in the directions orthogonal to 1 and y, respectively.

Let us now denote by z = (z1, ..., z,—1) the geodesic normal coordinates in (Mg, go) with the origin
at p. Then

g0(2) = 1+0(z]%), (3-18)

see [Petersen 2006, Chapter 2, Section 8, p. 56], and d Vg, = |go(2)| 172 dz. Passing to the limit as s — oo
in (3-17) and using the rough version of the stationary phase Lemma A.1, as well as (3-18), we obtain

(—A1Q2%, p)+iA' @2, p)(7 (t0))e R P lag(p)*boo (p)]* =0,
where p = y (ty), for all A € R. As ago(p) # 0, boo(p) # 0, and X is arbitrary, we see that
—A(x1, p) +iA(x1, p)(¥ (t9)) =0,

which is equivalent to
(iA1, A)(x1, p)(1, ¥ (1)) =0. (3-19)
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Here we may replace y (fy) by —y (fo). Thus, (3-19) gives that A;(x;, p) = 0, and since the point (x;, p)
is an arbitrary point in R x My, we get A; = 0. Hence, we only need to show that the 1-form A’(xy, -)
vanishes on My, knowing that

A'(x1, p)( (1)) = 0. (3-20)
To that end, we assume without loss of generality that v; = y (f) = (1,0, ...,0) € R""!, and consider
the small perturbations of v; given by
1 1
vy = ﬁ(l, 0,...,0), ..., v_1= m(l, 0,...,0,8), (3-21)
for & > 0 small. The unit vectors vy, ..., v,— are linearly independent, and thus, they span the tangent

space T, Mp. By Proposition D.2, for ¢ > 0 sufficiently small, the unit speed geodesic y), ,; through (p, v;),
j=2,...,n—1,is nontangential between boundary points, does not have self-intersections, and inter-
sects 1 at the point p only. Applying the discussion above with y =y, ,;, we obtain that A’(x1, p)(v;) =0,
Jj =2,...,n— 1. This together with (3-20) gives that A’(x;, p) = 0. The proof of Proposition 1.6 in the
simplified case is complete.

4. Proof of Proposition 1.6 in the general setting

In the case of a general transversal manifold My, the nontangential geodesics y and n might have self-
intersections and may intersect more than in one point, which complicates the proof. To proceed we
shall follow [Lassas et al. 2021a] and introduce additional parameters in the construction of harmonic
functions. Furthermore, we shall implement the presence of the conformal factor ¢ which is assumed to
be equal to 1 in [Lassas et al. 2021a].

Let us proceed to discuss the choice of two nontangential geodesics to be used when constructing
Gaussian beams quasimodes. When doing so let us first observe that arguing as in the proof of Theorem 1.2
of [Salo 2017], we may assume that (M, go) has a strictly convex boundary. An application of [Salo 2017,
Lemma 3.1] gives therefore that there exists a null set E in (Mp, go) such that all points in My \ E lie on
some nontangential geodesic joining boundary points. Fix a point yg € M(i)m\E andlet y : [—S7, S2]1 = Mo,
0 < 81, S < oo, be a unit speed nontangential geodesic such that ¢ (0) = yg. Then by Proposition D.1,
moving the point yg along y a little and reparametrizing the geodesic, if necessary, there exists a small
neighborhood W C S, M of wy = y(0) such that for every w € W, w # wy, the unit speed geodesic
n: =T, T,] = My, 0 < Ty, T, < o0, such that n(0) = yp and 1(0) = w is also nontangential, and y
and 7 do not intersect each other at the boundary of M. Notice that y and 5 are distinct and are not
reverses of each other. As we shall see below, the fact that y and 5 do not intersect each other at the
boundary of My allows us to avoid the use of stationary and nonstationary phase on the boundary of Mj.

By [Lassas et al. 2021a], we know that y and 5 can intersect only finitely many times. Let us denote by
Pl,---, PN € M(i)nt the distinct intersection points of y and n. Foreachr, r=1,..., N, let tl(r) < o< tgr)
be the times in [—7;, 7] when n(t;) = p,, and let tl(r) << ‘E(er) be the times in [—S7, S2] when
y(tj(r)) = p,. Let U, be a small neighborhood of p,, r=1,..., N.
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Choosing harmonic functions. First it follows from Proposition C.5 that (1-8) continues to hold for all
harmonic functions u; € C2*°‘(M), O<a<l, j=1,...,4.

Lets>1andlet L >0, A, u € R be fixed. By Proposition 2.5 and Remark 2.6, there are harmonic
functions u; € C 3(M) of the form

wy =IO R pry), uy = e CHON (DA 0y ), (4-1)
Uz = e—L(s+ik)Jc1C—(n—Z)/4(w1 +r3), ug= eL(s+iA)xlc—(n—2)/4(w2 +r4),
where
Irillcran = OG5, (4-2)

ass — 00, K> l,andv; € C*(R x Mp), j=1,2,and w; € C*(R x M), j =1, 2, are the Gaussian
beam quasimodes constructed in Proposition 2.1 and associated to the nontangential geodesics 1 and y,
respectively, such that

supp(vj(-;s)) C R x small neigh(n) and supp(w;(-;s)) C R x small neigh(y). 4-3)

Notice that here we follow [Lassas et al. 2021a], and the minor differences are as follows: in order to
incorporate the presence of the conformal factor our Gaussian beams quasimodes are constructed on all
of R x My rather than on My as in that work, and the parameters p and A are real.

Let us now recall a local description of the quasimodes v; and w; near the intersection points p, of y
and 7. In doing so, let us fix p to be one of the intersection points p, and let us set U = U,.. In the open
set U, the quasimodes v; are of the form

P
k .
vilp =Y v j=1.2, (4-4)
k=1

where #; < --- < tp are the times in [—T7, T] when n(#;) = p. Each vik) and vék) in (4-4) has the form

Uik) _ s(n—2)/86i(s+i/4)<p(k)a(k)’

e e L A IO S T 3 (4-5)
where ¢ = (p(k) € C®(U; C) satisfies, for ¢ close to f,
o) =t, Vem®)=n), Im(Vie®n())) >0, Im(Vzw)Ify(t)L >0, (4-6)

and each a®, p® e C®(R x U) is of the form

N N
a<">(x1,z,y;s>=(Zr—fa}k)>x(§), b<’<><x1,t,y;s)=(Zr—fbjk’>x(§), (4-7)
Jj=0 j=0

(()k) = b(()k) is independent of x; and

where a
a1, y) =al @O+ Oy, al) @) #£0, forall t. (4-8)

Here (¢, y) are the Fermi coordinates for n for ¢ close to #, x € Cgo (R"~2) is such that 0 < x<I1, x=1
for |y| < % and x =0 for |y| > %, and 8’ > 0 is a fixed number that can be taken arbitrarily small.
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Furthermore, in U, the quasimodes w; and w; are finite sums

o
wily =Y w, j=12 (4-9)
k=1

where 71 < --- < 7 are the times in [—S, $2] when y (1;) = p. Each wik) and wék) in (4-9) has the form

k) _ s(n—2)/SeLi(s+ik)1p(k)c(k)’

w| wi) = 5BV g =, (4-10)

where each ¥ = % e C®(U; C) satisfies, for  close to 1,
Yy@) =1, Vy@@)=y@), ImV*¥Yy)) =0, Im(V¥)|;me >0, (4-11)

and each ¢®, d® e C®(R x U) is of the form

N N
_i < _ Z
c(k’<x1,r,z;s>=(§ g ’c}’”)x(§), d<k><x1,r,z;s)=<§ g ’d}")>x(§), (4-12)
Jj=0 j=0

where c(()k) = d(()k) is independent of x; and

C(()k)(f, 7) = c(()lg)(r) + O(|z]), cgf))(r) #0, forall 7. (4-13)

Here (z, z) are the Fermi coordinates for ¢ for ¢ close to #.
We also have

vjll 24y = O(1), IVvjllzaary = OCs),
lwillgson = O), IVw; s = OCs),
(n=2)/8 (n+6)/8 (4-14)
lvjllLemy = OC(s ), IVvjllLen = OC(s ),
lwjll Loy = OG 275, [Vwjll Ly = O(s“TO7%),
ass —> oo, j=1,2.
Now it follows from (4-1) that
ulu2M3 — e(_LS_._ZiM_Li)\)XIC_3(n_2)/4(vl'l_)2wl + I’é), (4_15)
where
R = r3v102 + (w1 + r3) (U172 + Dary + r172).
Using (4-2) and (4-14), we get
IRllcrcary = OGs™5), (4-16)

where L is large. Hence, we have

Ay, (iupuz) = eTHFHUTLINGT (s 4 2y — Lin)e D4 (15w + R)
+ 3y, (¢TI 1 Bwy 4+ R) + PTG, (vivawy) + 8y, R,

and therefore, in view of (4-16), (4-2), and (4-14), we get

Ay, (Urusus)ug = X IV D[ Lgu i Dyws W + By, (V1 D2w1) W2l + Oy (1), 4-17)
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as s — 0o. We also have from (4-15) that
O (uytguz) = e HHRHTLN 0D (01 Tyw)) + B R) + O (¢ (01w + R)],
for k =2, ..., n, and therefore, in view of (4-16), (4-2), and (4-14), we get

O, (urupuz)ug = X W mOTDG (155w Wa + Opiary (1), (4-18)

as s — o0.
For future reference, we also note that

uytauzug = e HENN 7D (4 Ghw iy + Rwy + (vitaw + R)7) = Oprian(1), 4-19)

as s — 00.
Using (4-17) and (4-18), we obtain

(A, d(uiusus))gus = ¥ WDV (A (= Lsvi Dow; W3 + 3y, (v1 D2w1) W2)
+ (A, dy (V102w1)) gy W2) + Op1any (1), (4-20)

as s — o0.
It follows from (1-8) in view of (4-20) that

fM (A1 (—Lsvytpw; Wy +dy, (V1 D2w1)Wa) + (A, dy (V1 D2w1)) g Wa)eX WEN¥I I gV, = O(1), (4-21)

ass — 0.

Now taking up =u3 =1 in (1-8) and applying Proposition C.3, we obtain that A|y); =0 and d,A |5y =0.
Let us extend A by zero to (R x My) \ M and denote this extension by A again. Since A € C1(M, T*M)
and Alyy =0, 8,Alsm =0, we see that A € CLIH(R x Moy, T*(R x Mg)). Now (4-21) implies that

/ (A1 (—Lsvivpw Wy + 8y, (vivow)) W2) + (A, d (V1 D2w1)) gy W2)
RXMO

x e WIncl gy, = 0(1),  (4-22)
as s — 0. In view of (4-3), (4-22) gives

N
> / (A1 (=Lsv1 0w + Oy, (V1 D3w1)02) + (A', dr (Vi Baw1)) g 12)
RxU,

r=1

x =L gy — O(1),  (4-23)

as s — 0, where the U, are sufficiently small neighborhoods of the points p, of the intersections of y
and 7. Using (4-4), (4-5), (4-7), (4-10), and (4-12), we obtain that in U,,

V1w Wy = s/ Z Z eis\y”élmfe%mfa(()k)’ra(()l)’rc(()m)’rc(()j)’r +Op1xmy(1/5),  (4-24)
1<k, I<P, 1<m,j<Q,
where
Wiy = 97 =07 + Ly — Ly, (4-25)

i =~ — O — Lay ™ — Lay O, (4-26)
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and I C R is a bounded interval. Recall that all a(()k)’r and ¢ are independent of x;. This fact also
implies that
axl(Ul'l_)zuﬂ)'lT)z:OLI([XMO)(I/S). (4-27)

Using (4-4), (4-5), (4-7), (4-10), and (4-12), we also get that in U,,

dy (v Dw) Wy = s 7272 Z Z is(de®" —de®Or + L dy ™
1<k,I<P, 1<m,j<Q,

X eis\yilm/e klm/a(k) r él) rcém) o’ (j) r —I— OLI(IXM())(I)' (4'28)

Substituting (4-24), (4-27), and (4-28) into (4-23), using that dV, = % dx, dVy,, and dividing (4-23)

12

by s/, we obtain

s 1)/22 Z Z f Bklm] Witni dVg, = 0(5_1/2) (4-29)

r=11<k,I<P. 1<m,j<Q,
where

Bl =[—LA1" 22— L2), ) +i{A e Q(u—L1), ) dp®" —dp®r + Ldy ™) o ]

x e%hmi g gD M7 DT (4.30)

Notice that the occurrence of the factor s~/ is natural here, in view of a subsequent application of the
stationary phase method, in its rough version, to the integral in the left-hand side of (4-29).

Choosing L. The argument below follows [Lassas et al. 2021a] closely and is presented here for com-
pleteness and the convenience of the reader only. We claim that L > 0 can be chosen sufficiently large
but fixed so that d¥},, .(pr) = 0 for all points p,, 1 <r <N, if and only if k =/ and m = j. Indeed, it

follows from (4-25) that
V0 (pr) = (Ve® T — VO 4 Ly ™" — vy (r)(p,)
=) —n() + Ly (z,) — Ly (t)). (4-31)
If k=1[1and m = j, (4-31) implies that V\Pklm” (pr) =0forall 1 <r < N. Now since the geodesic y is
nontangential, and therefore not closed, we have y (t,,) — y(rj’ )#0, forallm # j,forallr, 1 <r <N.

Let

Then in view of the fact that # is a unit speed geodesic, it follows from (4-31) that forall r, 1 <r <N,
and for all m # j,
|v\yl€lmj(pr)| >La—22>1, (4-32)

provided that L > 3/«. Hence, if d¥;, .(p,) =0 then m = j, and therefore, (4-31) implies that

klmj
Vi (Pr) = 0(t) — n(t)). (4-33)

This completes the proof of the claim since 7(t;) — (/) #0 forallk #/ and all », 1 <r < N.
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In what follows we choose L > 3/«. Furthermore, it follows from (4-32) and (4-33) that for such L,
there exists 8 > 0 such that
VWi (Pr)l = B >0, (4-34)

for (k,l,m, j)ef{(k,l,m,j): 1<k, I<P,1<m,j< QO \{k,l,m,j):k=I],m=j}, 1 <r <N.
Returning to (4-29), we write the integral there as

N N
[=s"DP% 0 >0 )] /U By i d Ve, =3 (1] + 1), (4-35)
r r=1

r=11=<k,/<P. 1=m,j<Q;

= 55 [ et av,
U,

1<k<P, 1<m<Q,

I =502 Z Z /U BI:lmjeiNJ]:lmjdVgO'

1<k#I<P, 1<m#j<Q,

where

(4-36)

Rough stationary phase calculation. Here the analysis is concerned with the integrals /7. It follows
from (4-25) that
W = 20 Am @7 4 LIm y 7,

and therefore, d¥;,,, . (p;) =0, ¥;, . (p,) =0, and Im VleJ,kam (pr) > 0, where p, € M(i)nt is the point
of intersection of y and n. Note that U, C M(i)m, and hence, there will be no contributions from the
boundary.

Let us denote by z = (z1, ..., 2,—1) the geodesic normal coordinates in (My, go) with origin at p,.

Writing d V,, = |g0(z)|'/? dz, applying Lemma A.1, and using (4-30) and (4-26), we obtain that

§—>00

. (n—1)/2 r isW,
lim s U Bkkmme Klamm dVgO
f

§—>00

= lim s / Bl (D180 2" Vi @ dz = Cl o Blim (Pr)
neigh(0,R"—1)

= Clmml—LA1 ™22 — L1, py) +iLA'c"™22(u— L), p) ()]

r

_ r_ k), s
x e 2 2EA T g O () Ples (P, (4-37)

where
(27-[)("*1)/2

C; = 0
o = (et Im V2L, (py))1/2 =

Here we also used that
e®7(py =1 and Y (p,) =1,

Thus, we see from (4-36) and (4-37) that

im 77 = Y Y Chmml—LAic"™"?Q(u— L), p) +iLAc™2 Q2 — L1), p) (3 (z),)]

§—>00
1<k<P, lfmer

2t — T (k), ,
x e T g (pr) Plegy ™ (p) . (4-38)
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Nonstationary phase calculation. Here the analysis is concerned with /7 in (4-36). It follows from
(4-25) that
Wi = @;lmj +ilme® 4+ itme®" + Li my ™" 4 LiTm ¢ 97, (4-39)
where
07, =Rep®" —Re@" + LRey™" — LRey /)" € C® (4-40)

is real such that |V\IlklmJ (pr)| = |V\l/klmj (pr)| = B > 0 provided L > 3/« in view of (4-34).
Let us denote by z = (z1, ..., zs—1) the geodesic normal coordinates in (Mg, go) with origin at p.
Motivated by (4-30) and (4-39), we set

F@) =[-LA "™ Q@ — L1), 2) +i (A" ™22 — LA), 2)de®" —deO-r 4+ Ldy ™ "), ]
x e®imi | go(2)|V/? € Cy' (M),

and
&ék),r _ S(n—Z)/Se—sIm(p(k)"'a(()k),r’ é(()m),r _ S(n—2)/8€—sIml/f(m)"'c(()m),r. (4-41)

Thus,

12r,klmj ::S(n—l)/ZL Blzlmjeis\l/,flmj dvg :sl/Z/ o l)f( )A(k) r A(l) ré(()m) 7 A zs\IJk,m](Z) dz. (4-42)
r neig n-

Note that f is independent of s, and
g™ sy = O, 186" sy = OCD), (4-43)
as s — 0o. We next claim that
IVag"" sy = O, IVE™ sy = O, (4-44)

as s — 00; see [Lassas et al. 2021a]. Let us recall the argument briefly. It is enough to show the first
bound in (4-44). To that end, we have from (4-41) that

V&(()k),r — (=28 ,=s Im(p(k>”(_s(v Im(p(k),r)a(()k),r + Va(()k),r)' (4-45)

It suffices to control the first term in the right-hand side of (4-45), and to this end we note that in the
Fermi coordinates (t, y), associated with the geodesic 1, we have

IVIme® (@, y)| = O(lyl) (4-46)
and
Imo®" (1, y) > clyl?, (4-47)

for some ¢ > 0; see (4-6). Thus, using (4-46) and (4-47), we get

s =28 0™ (7 Tm ) gy = 0<s<”—2>/8s>(/
y

® 1/4
—4s Im |y|4 Iy) O(Sl/z).
lyl=1/2

This bound together with (4-45) shows the first bound in (4-44). Similarly to (4-44), we also have

18%a5"" Ly = OGVD), 190%™ Nl sqay = OG™/?),  forall a, (4-48)
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~(k),r A(k),r

as s — o0o. Furthermore, as §’ > 0 can be chosen as small as we wish, we see that @, "~ and ¢, " have
compact support in U,.
Letting
\A /I v/
I = klmij
i |V\I”klm11 |
we have L(e" Vinij) = ge'* Vimi  Integrating by parts in (4-42), we get
15 jims :s—1/2/ Wy () 1 (f@a%"a “(1) T gmer gl AT 7y dz.,
’ neigh(0,R" I)
where L' = —L — div L. Now in view of (4-40) and (4-43), we see that
o / ! O div L) (f @y ay " " e da| = O,
neigh(0,R"—1)
and in view of (4-44),
s—1/2 / elY‘-I/]f,m}(Z)f(Z)V(C/\l(()k),V&(()l),ré(()m),ré\(()j),r) dZ — O(l),
neigh(0,R"—1)
as s — 00. As f is independent of s, we see, after one integration by parts in (4-42), that I ;. = o).
Since V f is Lipschitz, we can integrate by parts a second time, and using (4-48), we get
I i = O™/, (4-49)

as s — oo. Notice that it is precisely here that we need the assumption that our 1-form A is an element of
Co (R x My, T*(R x My)).
We get, in view of (4-36) and (4-49),
I =07, (4-50)

as § — OQ.

Completion of the proof. Passing to the limit s — oo in (4-29) and using (4-35), (4-36), (4-38), and
(4-50), we obtain

N P O

DX Cotmml =LA Q@G = LA, pr) +iLAC "2 — L), p) (7 (1,))]
r=1 k=1 m=1

x e 2L g 0T (21 ()P =0, (4-51)

Next we would like to determine each term in the sum in (4-51) separately. To do this, we shall follow
[Lassas et al. 2021a]. First choosing u = (1 — L)X, we get

N P O

S Y LA TP - 2L), p) + LA - 2L), p) G (T)]

r=1 k=1 m=1
< Clrc‘kmme—Z)L[L(T,:,—l‘lz)"rl,:] |a(()]6) r(pr)l |C(m) r(pr)|2 — O (4_52)
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It is shown in [Lassas et al. 2021a] that for all L > 1 sufficiently large,
L(z,, =)+ # LTt —12) + 1 (4-53)

when (71, k1, m1) # (r2, ko, mp), and fixing L > 3/« large enough, we may assume in what follows
that (4-53) holds. We shall next need Lemma 5.2 from [Lassas et al. 2021a] which can be stated as

follows: let fi, ..., fy € £'(R) be such that for some distinct real numbers ay, ..., ay, one has
Z (M)e = reR,
then fi =--- = fy = 0. Applying this result, we get for all r, k, m, A,

(~Arc! P @A = 2L), pp) +i AP QA1 = 2L), p) (G () Chmlaty” (PPl (p)F =0
and as C,,  #0, a(k) "(pr) #0, and c(m) "(pr) # 0, we get, taking the inverse Fourier transform in x;,
—A1(x1, pr) +iA (x1, p) (¥ (7)) =0

for all x; € R, p,, and 7,,. Since yo was one of the points p,, and y (1,,) = yo, we know
(iAy, A)(x1, yo)(1, p(z,)) =0. (4-54)

Here we may replace y (7, ) by —y(z,), and thus, (4-54) implies that A (x1, yo) =0, for all x; € R and
almost all yg € My, and therefore, by continuity, A; = 0. Hence, we are left with proving that the 1-form
A’(x1, -) vanishes on My from the fact that

A'(x1, yo) (¥ (7)) =0. (4-55)
To proceed we assume without loss of generality that vy :=y () = (1,0,...,0) € R"~! and consider its
small perturbations v, . .., v,— given by (3-21). The unit vectors vy, ..., v, are linearly independent,

and therefore, they span the tangent space T, M. By Proposition D.1, for ¢ > 0 sufficiently small, the
unit speed geodesic yy, v, j =2, ...,n — 1, through (yo, vj) is nontangential between boundary points,
and y and yy, »; do not intersect each other at the boundary of M. Applying the discussion above with
n=y and y = yy,,,, we get

A'(x1, y0)(vj) =0, j=2,....,n—1 (4-56)

It follows from (4-55) and (4-56) that the 1-form A’(x1, yo) equals 0, and therefore, A’ =0. This completes
the proof of Proposition 1.6 in the general setting.
In the course of the proof of Proposition 1.6, we also proved the following result.

Corollary 4.1. Let (M, g) be a conformally transversally anisotropic manifold of dimension n > 3. Let
AeCVY (M, T*M) be a 1-form such that Alay = 0 and 3,A|ym = 0. If

/ (A, d(uyuzu3))gus dVy = O(1),
M

as s — 0o, for all harmonic functions u; € C3(M), l=1,...,4, of the form (4-1), then A = 0.
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5. Proof of Theorem 1.3

Lete =(ey,...,&n) € C", m > 3, and consider the Dirichlet problem (1-5) with

m
f=Y efe. fieC™®OM), k=1,....m.
k=1
Then for all |e]| sufficiently small, the problem (1-5) has a unique small solution u( -, ¢) € C 2.9 (M), which
depends holomorphically on ¢ € neigh(0, C"); see Theorem B.1.
We shall use an induction argument on m > 3 to show that all the coefficients A,, and V,, in (1-2)
and (1-3), see also (1-5), can be determined from the Dirichlet-to-Neumann map A 4,y given in (1-6).
First, let m = 3, and let us proceed to carry out a third-order linearization of the Dirichlet-to-Neumann
map. Let u; = u;(x, ) be the unique small solution of the Dirichlet problem

— Aty +id* (72, AL (o) @k kDuy) =i 32, AL (o b /e, )
+(300 A )@ /KD, 30 AP ()@ /KD) juy+ 3002, VP 0wk k) =0 in M, (5-1)
uj=¢e1fi+erfr+e3f3 on IM,

for j =1, 2. Differentiating (5-1) with respect to ¢/, [ =1, 2, 3, and using that u; (x, 0) = 0, we get

) _ :
[—Agvj =0 in M, (52)

v;l) = fi on oM,

where v;l) = 0, Uj|e=0. By the uniqueness and the elliptic regularity for the Dirichlet problem (5-2), we
have that v :=v{" = v’ € C>¢(M), I = 1,2, 3; see [Gilbarg and Trudinger 1983, Theorem 6.15].
Applying 9, 0¢, |e=0, k, I =1,2,3, to (5-1), we next get

(5-3)

w®D =0 on dM,

(k,0) :
{—Agwj =0 in M,
J

where w}k’l) = 0, 0, Uj|¢=0, and therefore, w}k’l) =0forall j =1,2and k,/ =1, 2, 3. Finally, applying

0g, 0g, 0g; | e=0 t0 (5-1), we obtain the third-order linearization

_Agw] + 3id*(Agj)v(1)v2v(3)) _ l<A;I)’ d(v(l)v(Z)vG)))g + V;j)v(l)v(Z)UG) =0 in M, (5-4)
w; =0 on dM,
where w; = 0;, 0g, 0¢;1j|c—0. Using that
d*(Av) = (d"A)v — (A, dv),, (5-5)
for any 1-form A and a function v, we can rewrite (5-4) as
—Aqw; —4i(AY dWDu@v®)) + GBid*(AY) + V)@@ =0 in M, 5:6)
w; =0 on oM.
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The fact that
Ao yo(erfitefratesfz) = Ao volefi+efa+e3f3)
for all small ¢ and all f; € C2* (M) implies that d,u |3y = 0yuz|snm. Therefore, an application of

e, ey Oy le=0 yields d,wi]ap = dywalyar. Multiplying (5-6) by v™® € C**(M) harmonic in (M, g) and
applying Green’s formula, we get

/ @i(A, dwPvPv)) 0@ — Bid*(A) + V)vVv@vPv®) av, =0, (5-7)
M

for all v € Cz""(M) harmonic in (M, g), [ =1,...,4. Here A = Agl) — Agz) and V = V3(1) — V3(2). An
application of Proposition C.4 implies that Al = 0 and 0, A3y = 0.

Choosing v =u; € C3(M), I =1, ..., 4, to be harmonic functions of the form (4-1), and using (4-19),
we first observe that (5-7) implies that

/ (A, d(uiuzu3z))gus dVy = O(1),
M

as s — o0o. By Corollary 4.1, we get A =0, and therefore, AS) = A(22)‘ Substituting A = 0 into (5-7), we
get

1, 2,03, 4
LVU()U()U()U()dngo,

for all harmonic functions v € C%¢ (M), I =1,...,4. Using Proposition 1.2, we obtain that V =0,
and thus, V(l) V(z)
Let m > 4 and assume that

A=A =4 fork=2,....m—=2, Vi=v"=v? fork=3,....m—1. (58

To show that A" | = A(z) , and V(l) V,flz), we shall perform the m-th order linearization of the

m—1 =
Dirichlet-to-Neumann map. To that end, let u; = u;(x, ¢) be the unique small solution of the Dirichlet
problem

—Aguj+id* (o2, AP )@k /kDug) — iS00, A (o) b/ k), duj),
+(300, A )@k /D, 3%, AL )@ /D)y + 302 Vi 0@k k) =0 in M, (5-9)
Mj=€1f1+"'+5mfm on M,

for j =1, 2. We would like to apply 0g,- - - 95,,|s=0 to (5-9). First we observe that

3, ( <ZA(“(x) uj)—l<ZA(])(x)k‘ duj> + Z Vk(J)(x)k'>

8  k=m+1
is a sum of terms, each of them containing positive powers of u; which vanish when ¢ = 0. The only
term in the expression for 9, - - - Bem(Vn(f )(x)u;” /m!) which does not contain a positive power of u;
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is V,f,j )(x)asl uj - - - O, uj. Furthermore, the only term in the expression for

. u™
Bey- - 0, id* A(J)_l+
m=1 (m — 1)!

which does not contain a positive power of u; is mi d*(A,(,{)_] Og Uj - - - Og, u;). The only terms in
. um!
) J
O0g -0, (A —— du;
€1 8m< m—1 (m _ 1)| ]>g

which do not contain a positive power of u; can be written as (A(j ) .d (Og uj - - - 0g,,uj))g. The expression

m—1°
m—2 o l/tk m—2 o ulg m—1 o M]F
TS J Joo) J _J . J _J
agl...asm(ld (Z Al (x)ﬁuj> l<Z Ay (x)k!,du]> +Y W (x)k!>
k=2 k=2 8 k=3
is independent of j =1, 2, in view of (5-8) and the fact that it contains only derivatives of u; of the form
8;‘11 ..... Elkujlgzo withk=1,...,m—2andg,, ..., ¢, €{e1,...,en}. Here we use the fact that
k k
agl ’’’’’’ glkul|€:0 = 8811 _____ glku2|€:0
fork=1,....m—1andg,,..., &, €{e1,...,en}. This follows by applying the operators aé‘llwmk le=0

to (5-9), using (5-8) and the unique solvability of the Dirichlet problem for the Laplacian.
The terms in the expression for

70 S N 7t
e, - - Og,, <<Z A}E])(x)k_]!’ ZA}({J)(x)k_J!> Mj)
k=2 k=2 8
which do not contain a positive power of u;, only contain AY Af,{)_3, and only derivatives of u; of
the form 8£‘II ..... - ujle—owithk=1,...,m—4and g, ..., ¢, €{e1,..., &y}, which are independent of
j=12.

Hence, the m-th order linearization has the form

—Agw; +mid*(AY v Doy —i(AY gDy 4 v D ™M = i M,
w; =0 on dM,

where w; = 0;,- - - 0, 4j|e=0 and H,, is known and independent of j = 1, 2. Using (5-5), the previous
system can be written as

—Agwj — (m+ Di(AY | d@®D - v™)), + (mid* (AL )+ Vy D 0™ = H, in M,
w; =0 on oM.

Proceeding as in the case m = 3, we see that

/M((m +1Di(A, d@V - 0™)) 0" — (mid*(A) + V)P . p™m D) gy, =0,

for any v e C>*(M) harmonic, [ =1, ...,m+1. Here A = A,(;)_l — Aff)_l and V = V,,(ll) — V,flz). Setting
v =... == =1 and arguing as in the case m = 3, we complete the proof of Theorem 1.3.
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Appendix A: A rough stationary phase argument

We need the following rough version of the stationary phase; see [Lassas et al. 2021a].

Lemma A.1. Let ¥ € C®°(R"; R) be such that
v(0)=0, W'(0)=0, and ¥"(0)>0. (A-1)
Let V C R" be a sufficiently small neighborhood of zero, and let a € C(V). Then

(2m)"/?

—(det 0))1 2 a(0). (A-2)

lim s”/2/ e V() dz =
14

§—> 00
Proof. Taylor expanding the phase function ¥ and using (A-1), we get
V() =390z -2+ 0(z]),

and therefore,
W(z) > clz|?, (A-3)

with some ¢ > 0, for all z € V, a sufficiently small neighborhood of zero. Making the change of variables

7+ s'/2z in the integral in (A-2) and using the dominated convergence theorem, we obtain that
. — . _ 172
lim s"/? f e*VY9q(z)dz = lim eV D a(z/s1?) dz
§—>00 v s—>00 [y

T Qm)"/?
_ w(0)z:z/2 - 7
- (/ e dz>a(0) = oy

Here we use the following consequence of (A-3),
erve Y Datz/s! P < 0e™ e LR,

where 1,2y is the characteristic function of the set s'/2V. Thus, (A-2) follows. ]

Appendix B: Well-posedness of the Dirichlet problem
for a nonlinear magnetic Schrodinger equation

The purpose of this appendix is to show the well-posedness of the Dirichlet problem for a nonlinear
magnetic Schrodinger equation with small boundary data. The argument is standard, see [Krupchyk and
Uhlmann 2020a; Lassas et al. 2021a], and is given here for completeness and the convenience of the
reader.

Let (M, g) be a smooth compact Riemannian manifold of dimension n > 2 with smooth boundary.
Let CK%(M) stand for the Holder space on M, where k € NU {0} and 0 < o < 1; see [Hérmander 1976,
Appendix A]. Let us note that CX*(M) is an algebra under pointwise multiplication, and

luvlicraqny < Cllullcranlvllzemn + lullzeanllvlcran),  u, v e CH*(M); (B-1)

see [Hormander 1976, Theorem A.7].
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Consider the Dirichlet problem for the nonlinear magnetic Schrédinger operator

{LA’Vuzo in M, (B-2)
u=f on oM,

where L 4 v is given in (1-4). Here the 1-form A mapping M x C to T*M and the function V mapping
M x C to C satisfy the following conditions:

(A) The map C> z+ A(-, z) is holomorphic with values in Cl*(M, T*M), the space of 1-forms with

complex-valued C%(M) coefficients.
(Vi) The map C > z+> V (-, z) is holomorphic with values in C*(M).
(Vii) V(x,0) =0, for all x € M.
The condition (V;;) guarantees that u = 0 is a solution to (B-2) when f = 0. It follows from (A), (V;),
and (V;;) that A and V can be expanded into the power series

* k
A(x,2) =) Ar(x) Ar(x) := ¥ A(x,0) e C*(M, T*M), (B-3)

k=0

b4
E?
converging in the C1%(M, T*M) topology, and
Vix,2)=)_ Vi) Vi) =0tV (x,0) € CU(M), (B-4)
k=1 ’

converging in the C*(M) topology. We also assume that A9 € C*°(M, T*M) and V| € C*°(M). Let us
assume furthermore that

(i) 0 1is not a Dirichlet eigenvalue of the operator d}od 40+ V1.
Under all of the assumptions above, we have the following result.

Theorem B.1. There exist § > 0 and C > 0 such that for any
f €Bs(@M):={f € C**OM) : || fllczaom) <8},
the problem (B-2) has a solutionu =uy € C%*(M) which satisfies

lullczepry < CIl f lc2eom -
The solution u is unique within the class {u C>*(M): |u | c2e(ary < C8} and it depends holomorphically
on f € Bs(0M). Furthermore, the map
Bs(dM) — C" (M),  f > duuslom
is holomorphic.

Proof. We shall follow [Lassas et al. 2021a], see also [Krupchyk and Uhlmann 2020a], and in order to
prove this result we shall rely on the implicit function theorem for holomorphic maps between complex
Banach spaces; see [Poschel and Trubowitz 1987, p. 144]. To that end, we let

By =C**(OM), Br,=C>%M), and B;=C%M)x C>*(OM),
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and introduce the map
F:BixBy— B3, F(f,u)=(Lavu,ulym— f). (B-5)

Let us verify that the map F indeed enjoys the mapping properties given in (B-5). To that end, let
u € C2*(M) and note first that —A,u € C*(M). Let us check that A(-, u(-)) € C1*(M, T*M). By
Cauchy’s estimates, the coefficients Ay in (B-3) satisfy
k!
IAkllcre o, 7eamy < RE SUP IAC, Dl cres, ), R >0, (B-6)

lzI=R
forallk=0,1,.... Using (B-1) and (B-6), we obtain
A
[
k!

Ck
< el $9P IAC, Dllcroan, oy, (B-7)
lzI=R

Clha(M,T*M)

forallk =0, 1,.... Choosing R =2C||u||c1.«(pr), it follows from (B-7) that the series Z/fio Ak(x)uk/k!
converges in C*(M, T*M), and thus, A(-, u(-)) € C"*(M, T*M). Similarly, V (-, u(-)) € C*(M);
see also [Krupchyk and Uhlmann 2020a]. Hence, using (1-4), we see that L4 yu € C*(M).

We next claim that the map F in (B-5) is holomorphic. To this end, we first note that F' is locally
bounded as F is continuous in ( f, #). Thus, it suffices to show that F is weakly holomorphic; see [Pdschel
and Trubowitz 1987, p. 133]. In doing so, let ( fo, up), (f1, 1) € By X By, and let us prove that the map

A= F((fo, uo) +A(f1,u1))

is holomorphic in C with values in Bs. It suffices to check that the map A — A(x, ug(x) + Auy(x)) is
holomorphic in C with values in Ch*(M, T*M), as the fact that the map A — V(x, ug(x) + rui(x)) is
holomorphic in C with values in C*(M) can be proved similarly; see [Krupchyk and Uhlmann 2020a].
The holomorphy of A — A(x, ug(x) + Au;(x)) follows from the fact that in view of (B-7), the series

o]

A

E —k(uo + dup)F
k!

k=0

converges in C'%(M, T*M), locally uniformly in A € C.
We have F (0, 0) =0, and the partial differential 9, F (0, 0) : B, — B3 is given by

0, F(0,0)v = (d}odon + Viv, vlam)-

By the assumption (i), we have that the map 9, F (0, 0) : B, — B3 is a linear isomorphism; see [Gilbarg
and Trudinger 1983, Theorem 6.15].

An application of the implicit function theorem, see [Poschel and Trubowitz 1987, p. 144], allows
us to conclude that there exists § > 0 and a unique holomorphic map S : Bs(dM) — C>*(M) such
that S(0) =0 and F(f, S(f)) =0 for all f € Bs(dM). Setting u = S(f) and noting that S is Lipschitz
continuous with S(0) = 0, we see that

lullcreny < Cll fllc2e@m- O
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Appendix C: First-order boundary determination of potentials

When proving Theorem 1.3 and Proposition 1.6, an important step consists in determining the boundary
values, as well as the normal derivatives, of a scalar function and a 1-form, via suitable orthogonality
relations involving harmonic functions on the manifold. The purpose of this section is to carry out this step.
In doing so, we shall rely on the methods developed in [Brown 2001; Brown and Salo 2006], with suitable
modifications in [Guillarmou and Tzou 2011, Appendix], where the boundary values of a scalar potential
and a vector field are recovered. The main contribution of this section is that we push the methods a
little further, in order to recover the first-order normal derivatives of the potential and the 1-form under
limited regularity assumptions; see also [Alessandrini et al. 2018]. We would like to mention the works
[Brown and Salo 2006; Garcia and Zhang 2016, Appendix], where the gradient of a C'-conductivity at
the boundary of a Euclidean domain is recovered; see also [Alessandrini 1990; Caro and Garcia 2017;
Caro and Meroiio 2020]. We refer to [Kohn and Vogelius 1984; Lee and Uhlmann 1989; Nakamura et al.
1995; Sylvester and Uhlmann 1988], where the entire Taylor series at the boundary of C*°-coefficients
are recovered.

To proceed, we shall need the following density result for the space of L?-harmonic functions; see also
[Choe et al. 2004, Corollary 2.14] for a different approach in the Euclidean setting.

Proposition C.1. Let (M, g) be a smooth compact Riemannian manifold of dimension n > 2 with smooth
boundary. The set of harmonic functions on M™ that are smooth up to the boundary is dense in the space
of L?-harmonic functions in the L* topology.

Proof. Let u € L>(M) be harmonic, i.e., —Agu=0in M intThen by the partial hypoellipticity of the
Laplacian, see [Eskin 2011, Theorem 26.1], we have f = u|yy € H~/>(dM). There exists therefore
a sequence f; € C*(0M), j=1,2,...,suchthat | f; — fllg-12(3m) = 0, as j — oo. The Dirichlet
problem _
{—Aguj =0 in M™
ujlom = fj,

has a unique solution u; € H (M), and by the boundary elliptic regularity, u ;€ C*(M). By [Eskin 2011,
Theorem 26.3], we get

luj —ullp2ony < CNSj — flla-120m) = 0,
as j — oo, establishing the proposition. ]

Our first boundary determination result follows. While this result is not used in this work, the construc-
tion of a family of harmonic functions given in the proof is needed for the proof of Proposition C.3 below.
Furthermore, we state this result and provide the proof for completeness and the convenience of the reader.

Proposition C.2. Let (M, g) be a conformally transversally anisotropic manifold of dimension n > 3,
and let V e CHU(M). If

f Vuluzdvg:O, (C—l)
M

Sfor all harmonic functions uy, uy € C*°(M), then V|3 =0 and 9,V |y = 0.
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Proof. By Proposition C.1, we see that (C-1) continues to hold for all harmonic functions u, us € L*(M).
To proceed, we shall follow [Brown 2001; Brown and Salo 2006], constructing a family of functions,
whose boundary values have a highly oscillatory behavior while becoming increasingly concentrated near
a given point on the boundary of M. To convert such functions to harmonic functions, we follow the idea
of [Guillarmou and Tzou 2011, Appendix] and rely on a Carleman estimate for the conjugated Laplacian
with a gain of two derivatives, established in [Salo and Tzou 2009, Lemma 2.1] in the Euclidean case
and in [Krupchyk and Uhlmann 2018, Proposition 2.2] in the conformally transversally anisotropic case.

Let xg € 9M and let (xy, ..., x,) be the boundary normal coordinates centered at xg so that in these
coordinates, xo = 0, the boundary 0 M is given by {x, = 0}, and MMt ig given by {x, > 0}. We have, see
[Lee and Uhlmann 1989],

n—1

g x) =Y gap(x) dxydxg+ (dx,)’, (C-2)
o,f=1
and we may also assume that the coordinates x" = (xy, ..., x,_1) are chosen so that
gl ,0) =8 +0(x'P), 1<a, Bp<n—1; (C-3)

see [Petersen 2006, Chapter 2, Section 8, p. 56]. Therefore,

P (X, xy) = P (X', 0) + O(x,) = 8% + O(x'*) + O(xy). (C-4)
In view of (C-3), we have
n—1
—Ag =D} + Y g (x)Dy, Dy, + f(x) Dy, + R(x, Dy), (C-5)
o, B=1

where f is a smooth function and R is a differential operator of order 1 in x” with smooth coefficients;
see [Lee and Uhlmann 1989]. Notice that in the local coordinates, T,,d M = R"~!, equipped with the
Euclidean metric. The unit tangent vector t is then given by 7 = (7/, 0), where t’ € R |7/ = 1.
Associated to the tangent vector t’ is the covector &, = 22;11 8ap(0)Tp =1, € T OM.

Let n € C5°(R"; R) be such that supp(#) is in a small neighborhood of 0, and

f n(x’, 002 dx' = 1. (C-6)
Rnfl
Let % <a< % Following [Brown and Salo 2006], in the boundary normal coordinates, we set

vo(x) =1 (;_a)eiw“""” 0<akl, (C-7)

so that vy € C°° (M), with supp(vg) in an O(L%) neighborhood of xo = 0. Here 7’ is viewed as a covector.
A direct computation

oo
10ll72ry = O e 2 dx dxy = 0" D) f e Frdr =005, (C-8)
0

[x|<cA®, x, >0
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as A — 0, shows that
lvoll L2ary = OA* = D/ZHL2), (C-9)

Following [Guillarmou and Tzou 2011, Appendix], we shall construct a harmonic function u € L>(M)
of the form

u=vy+r,
and therefore, we need to find r € L?(M) satisfying
Agr =—Agvy in M™. (C-10)

To that end, we shall rely on the following Carleman estimate for the conjugated Laplacian with a
gain of two derivatives established in [Salo and Tzou 2009, Lemma 2.1; Krupchyk and Uhlmann 2018,
Proposition 2.2]: for all 0 < h < 1 and all v € C®(M inty " we have

vl g2 (Mmt><—||e*”/ho< h*Ag) 0 e M|l 2 (C-11)

Here the limiting Carleman weight ¢(x) equals x;. Using a standard argument, one can convert the
Carleman estimate (C-11) into a solvability result. Applying this solvability result with 4 > 0 small but
fixed, we see that there exists a solution r € L>(M) of (C-10) such that

Il 2y = CllAgvoll g—2(pginey - (C-12)
Next we claim that
A gvoll g-2pgimy = OS2 - L <o < 3, (C-13)

as A — 0. In order to prove (C-13), we first compute the Euclidean Laplacian acting on vy:

Avo—e’(’,"/*’x")/’\[)n 2"‘(An)( >+2z,\ o l(vn)< )(T =22, i) (¢, l)n( )}

t(r x+tx,,)/)~|:)\‘—2a(An)( )+2l)\, o— l(vn)( ) (.[ )i|, (C_14)

where we have used that (', i) - (t/, i) = 0. The second term in the right-hand side of (C-14) has the
worst growth as « — 0 and we will analyze it. The first term in the right-hand side of (C-14) can be
treated in a similar fashion. To that end, we note that the second term in the right-hand side of (C-14) has

)xfafl X z(r’ x’+txn)/k
X )\a

where x € C*°(R") is supported in a small neighborhood of 0, and we can proceed similarly to [Guillarmou
and Tzou 2011, Appendix]. Setting

the form

V-V 1

=———V_-V, — ’
7, o) d=1-Xx+ix,
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we get Le! (7 ¥ Fxm/h = 3 =1l (FxFHix/% | etting ¢ € C°(M™) and integrating by parts twice using the
operator L, we obtain

= o1y / (L)z(x (f—a)w<x>|g<x>|1/2)e"<f’*’+"x">“ dx, (C-15)
M

since the transpose L’ equals —L. The term in the right-hand side of (C-15), where the bound cannot
be improved integrating by parts further, will occur when the operator (L)? falls on v, and in this case,
using the Cauchy—Schwarz inequality and a computation similar to (C-8), we get

)\‘—a-‘rl‘/‘ X()\((}[) i(t x+lx”)/)\4(L) (w(x))dv

X\ i@ X +ixg) /A
x (k_")e

Proceeding similarly, integrating by parts using the operator L, if needed, we can bound all the other
terms in (C 15) with the same bound as in (C-16). Therefore, it follows from (C-14) and (C-16) that for
O<a<

< pofl IVl g2 ging < QA ZE2Y 1|l o pgimy. (C-16)

L2(M)

2, we have

1AVl -2 agimey = O I/2H3/2) (C-17)

as . — 0. To get the bound (C-13) for the Laplace—Beltrami operator, we notice that in view of (C-3),
(C-5), and (C-17), we have to bound

n—1

3" (5% () — 8\ Dy, Dyyvo + £ (x) Dy, vo + R(x, Dy)vg (C-18)
a,B=1

in H=2(M™). Let us proceed to bound the first term. To that end, we compute

D Dxlg vy = el(f X ixn) /A [)"_Za(DanXﬁ n)( ) +)\—1 a(Dxan)( )

e a(Dxﬁn)( )ra+)» rarﬂng—a)}. (C-19)

The worst growth as A — 0 is in the fourth term in (C-19), and therefore, in view of (C-18), we proceed
to bound

)\—Z(golﬂ _ 8(¥ﬁ)X (;_a>e[(f"x’+ixn)/)\.’ X(X) — Tafﬁﬂ(x),

in H~2(M™"). The other terms in the first term in (C-18) can be bounded similarly. As before, integrating
by parts twice using the operator L, we get

—Qf (go{ﬁ 80!,3))(< ) it )C—Hxn)/)\.wdv

= / (L>2<(g“ﬁ—6“ﬁ>x (;—a)w|g<x>|l/z)e"“""’“x")“dx. (C-20)
M
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The term in the right-hand side of (C-20) where the bound cannot be improved occurs when the opera-
tor (L)? falls on v, and in this case, using the Cauchy—Schwarz inequality, (C-4), and a computation
similar to (C-8), we get

/ (gOl,B _ 80(,3))( (%)ei(r/IX/_Hxn)/)\(L)ZI// dVg
M

1/2
/ d —2X
< ( f (O(x |4>+0<x3>>x2(ﬁ>e 2"/Advg> 19 22y
M

00 1/2
< (O()\Za)\a(n—l)/Z-‘rl/Z) —|—O()\.a(n_l)/2) (/ xr%e—Zx,,/A dxn) )”'@lf“Hz(Mi“l)
0

— (O()\a(n+3)/2+1/2) + O()La(n—l)/2+3/2)) ” ,(// ” H2 (M) (C_21)
The growth in A in (C-21) is smaller than or equal to that in the desired bound (C-13) provided that o > %
Proceeding similarly integrating by parts, using the operator L if needed, we can bound all the other

terms in (C-20) by the bound which is the same or better than
OGP 1 | g2 agimy

Thus, using this and in view of (C-18)—(C-21), we conclude that

n—1

> (@ (x) = 8*°) Dy, Dyyvo
o, B=1

— O(ka(n—3)/2+3/2)’ (C-ZZ)
H—Z(Mint)

provided that % <a< % Finally, as R(x, D,/) is a differential operator of order 1 in x’, similarly, we get
1f () D, vo + R(x, Da)voll -2 qaaimy = O~ D202, (C-23)

which is better than the desired bound (C-13). Hence, combining (C-17), (C-22), and (C-23), we
get (C-13).
Now it follows from (C-12) and (C-13) that

17l 200y = OQE=IRH2) - L <a < 1 (C-24)

as A — 0. Notice that the bound for r in L? is better than the bound for vy in L?; see (C-9).
Letting
uy=vo+r, ux=vy+r, (C-25)

in (C-1) and multiplying (C-1) by A~¢"=D~1 e get
0= =Dl f V(vo+r)(bg+7)dVe =27V + L+ B). (C-26)
M
Here
I :/ Viwl*dV,, I :/ V(vor +vor)dV,, and I :/ Vir|*dV,.
M M M
Using (C-9) and (C-24), we obtain
27D L <o DD ol 2 Irll2ny = O, (C-27)



INVERSE PROBLEMS FOR NONLINEAR MAGNETIC SCHRODINGER EQUATIONS 1857

and

DT ] < 0T DT |, = OO, (C-28)

(M)

as A — 0. Using (C-7), (C-6), the fact that V is continuous, and making the change of variables y’ = x’/A*
and y, = x,/A, we get

o0
A1ing)r°‘<"—‘>—‘11= lim f | f VY ) (0 A Ty e 2 g (WY, aya) |2 dy dy,
e d Rr— 0

+o0
— VIO [ ey, =1y, (€29)

Passing to the limit A — 0 in (C-26) and using (C-27)—(C-29), we obtain V (0) =0, showing that V' |3,, = 0.
Notice that here we can consider any «, % <a< %

Next we would like to prove that 9,V |yy = 0. To that end, as before, we let xo € 9M and consider
boundary normal coordinates centered at xg. As V € C Ll and V(x/,0) = 0, using the fundamental

theorem of calculus and integrating by parts, we have for x near xo =0,

1 d 1 d2
V(x', x,) = /0 EV(X/’ tx,)d(t —1) =V (x',0)x, +f0 (1— I)WV(X/’ txn)

1
=V, (x',0)x, +/O A1-nv] (&, 1x,)x>dt = Ve (x',0)x, + O(x2). (C-30)
Now substituting u; and u> as given by (C-25) into (C-1), multiplying (C-1) by A~*®*~D=2 and then
using (C-30), we get
0= on=h=2 f V(vo+r) (g +7)dVe =27V + Lo+ b+ D). (C-31)
M

Here

11,1=f V! (&, 0)xaluolP d Vg, 11,2=/ OGD)luo 2V,
M M
12=/ V (voF + iior) dV, 13=/ Vir2dv,.

M M

Using (C-7) and (C-6), making the change of variables y" = x'/A% and y, = x,,/A, and using that V| is
continuous, we obtain

oo
im0 D2 = tim [ VG 0RO A e 0 )y dy,
Re=1J0

A—0 A—0
+00 1
=V, 015" / ywe ™ dy, = 2 Vy (0). (C-32)
0
Using (C-7), we get
AT ) < 007D x2e P dx dxy = O, (C-33)

[x|<cr®, x, >0
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Using (C-24), we see that
WD < OGTH D) (7 gy = OGN = 0(D), (C-34)

as A — 0, provided that o < %

In view of (C-7) and (C-30), we have
12
IV voll 2y = ( / O(x)e >/ dx/dxn) = 00D,
[x]<cA?,x, >0
and therefore, using (C-24), we obtain

270215 < 007 D) Il 2an |V voll 2gny = O ). (€-35)

Passing to the limit A — 0 in (C-31), and using (C-32), (C-33), (C-23), and (C-35), we get Vx/n 0)=0
provided that « is a fixed number satisfying % <ua< % This shows that 9,V |3y = 0. ]

In order to prove Proposition 1.6, we shall need the following boundary determination result.

Proposition C.3. Let (M, g) be a conformally transversally anisotropic manifold of dimension n > 3. Let
AeCY Y (M, T*M) be a 1-form. If

f (A, duy)guzdVy =0, (C-36)
M

for all harmonic functions uy, u, € C*°(M), then Alypy =0 and 9, Alyp = 0.

Proof. First by Proposition C.1, we see that (C-36) holds for all harmonic functions u, € L>(M). To prove
this result, we shall test the integral identity (C-36) with harmonic functions u, € L?(M), constructed in
Proposition C.2, of the form

Uy ="vo+r. (C-37)

Since for u; we need estimates in H'(M™), we shall construct u; following [Brown 2001; Brown and
Salo 2006]; see also [Krupchyk and Uhlmann 2018, Appendix A]. We let

up =vg+ri, (C-38)

where r € H} (M™) is a solution to the Dirichlet problem

{—AgI”l:AgU() in M, (C—39)
rilam = 0.
Note that by boundary elliptic regularity, r; € C°°(M), and therefore, u; € C*°(M).
Applying the Lax—Milgram lemma to (C-39), we get
||r1 ”HOI(Mim) < C”AgUOHH—I(Mi"‘)- (C'40)

Similarly to the bound (C-13), one can show that

—3)/2+1/2
||Agvo||H—1(Mim):0()»a(" D, %SO!S%;
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see also [Krupchyk and Uhlmann 2018, Appendix A]. This bound together with (C-40) implies that

N7l o giney = O/ % <ac< %, (C-41)

as A — 0.
We shall also need the bound

dvoll L2(ar) = OG22y (C-42)

as A — 0, which is in view of (C-7) implied by the estimate
1/2
ldvoll L2y < 0(1)( / Are dx/dxn> =002,
[x|<cA%, x, =0

Now substituting #; and u, given by (C-38) and (C-37), respectively, into (C-36) and multiplying
(C-36) by A7¢"=D we get

0=x"o0-D / (A, dvg+dry)g (Vo +7)dVy = 27"V + L+ 1), (C-43)
M
where

112/ (A,dv())gﬁodv, 122/ (A,a’rl)g(ﬁo—i—F)dV, and 132/ (A,dvo)ngVg.
M M M

First using (C-7), we write
L=5L,+Ip,

where

X
Il’l:i)\_lA<A’T/'dx/+idxn>gn2(k_a>e_2xn/kdvg,

- X X\ _
=i [ faan()) n(e)e s ave
8

Using (C-2), and making the change of variables y’ = x’/A% and y, = x,, /A, we get

+00
lim A==V | =i lim 18Oy Ay 202 (v Ay e B
A—0 ’ A—0 rr-1 J0

n—1

x ( D0 g0y A Aa(A Y Ayn)Th + An (A% )»yn)i) dy' dy,

o, B=1
S +o0
=i( Z gaﬁ(O)Aa(O)r}g +An(0)i)|g(0)|1/2/ 2 dy,
o,f=1 0
= %(A(O), (', i)). ca

Estimating similarly as in (C-8), we get

X
(dn) (A_"‘)

= o179, (C-45)
L2(M)

ATe=D o < 0T

(o)
onll \A*
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Using (C-9), (C-24), and (C-41), we see that
WD) < 00T D) drl 2o v + 71l 2y = O T). (C-46)
Finally, using (C-42) and (C-24), we obtain
274D < 0T D) dvoll 2 I 2y = O™, (C-47)

Passing to the limit A — 0 in (C-43) and using (C-44)—(C-47), we conclude that (A(0), (z/, i)) = 0. Now
changing 7’ to —1/, we see that A, (0) = 0, and therefore, (A’(0), /) =0, where A’ = (A4, ..., A,_1).
As 7/ € R""! is an arbitrary tangent vector to dM at xo = 0, we get A’(0) = 0. This shows that A|y = 0.
Next we shall show that 9, A|35 = 0. To that end, as before, we let xg € d M and consider the boundary
normal coordinates centered at xg. Applying computations similar to (C-30) to each component of A,

we get
A x) = (Al o A )& 0)x, + O(x) = By, A, 0)x, + O(x;). (C-48)

Substituting 1 and u, given by (C-38) and (C-37) into (C-36), and multiplying (C-36) by A~—*¢=D—1,
we have in view of (C-48),
0=t f (A, dvo+dri)g(o+7)dV, =2 " DN i+ Lo+ b+ B+ 1), (C-49)
M
where

Iy = / (8 AGE, O)ns dvo) B0 dVys 1o = f (OG2), dvo)giodV,,
M M

12=/ (A, dr)gvodVyg, I3=f (A, dry)erdVy, I4=/ (A, dvg)erdV,.
M M M
In view of (C-7) we write

I =i)"! / (8, A(x", 0)x,,, T’ - dx’ +idxn>gn2(;—a>e—2%“ dv,,
M

_ X x B
Liio=2% O‘/ﬁ/l<3x,,1‘\(x/,O)Xn,(61777)(%—0[» n()\—a)e 2l qv,.
g

Using (C-2), and making the change of variables y’ = x’/A% and y, = x, /A, we get

+00
lim )\—a(n—l)—IILU =i lim f f gAY, )‘Yn)|1/2yn772(yl’ )‘l_ayn)e_zyn
A—0 A—=0 Jre-1 Jo

n—1

X ( D POy Ay s, Aa Ay, 0)T) + By, An (MY, O)i) dy' dy,
o,f=1

= +00
:i( Z gaﬂ(O)ax,,Aa(O)rlg +3x,,An(0)i)|g(0)|1/2/ yue 2 dy,
Ot,ﬂ:l 0
%(aan(O), (', 1)). (C-50)
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X\ _
Xn1) (F)e 2Xp /A

Estimating similarly as in (C-8), we get

X
(dn) ()T“)

7D ) < 007 =007 (©5D

L2(M) L2(M)

Using (C-42) and estimating similarly as in (C-8), we obtain

A=D1 < 007 DY I dvoll 2 X voll L2y = O (V). (C-52)
Using (C-41) and (C-48), we get

AT DL < 007 DY dr | 2 X0 voll L2y = O, (C-53)
Using (C-41) and (C-24), we have

AT DB < 0D e | 2 Il L2 an) = O T2) = o(1), (C-54)
as A — 0, provided that o < %
Using (C-48), (C-24), and the fact that
Ix2dvoll L2(ay) = O D242,

we obtain

AT D= L < 0D I dvo ll 2o I L 2y = O, (C-55)

Let us fix % <a< % Passing to the limit A — 0 in (C-49) and using (C-50)—(C-55), we conclude that
(0x, A(0), (7', i)) =0, and therefore, d,, A(0) = 0. This shows that 3, A |y = 0. O

Finally, in order to prove Theorem 1.3 we shall need the following boundary determination result.

Proposition C.4. Let (M, g) be a conformally transversally anisotropic manifold of dimension n > 3. Let
AeCY Y (M, T*M) be a 1-formand V e CH1(M). If

/ (4i(A, duiuruz))gus — Bid*(A) + V)uiusuzus) dVy =0 (C-56)
M

for all harmonic functions u; € C>*(M), j=1,...4,then Alyyy =0and 3,A|ay = 0.

Proof. We also have

/M(4i(A, d(uausug))guy — (3id* (A) + V)ujusuzus) dVy = 0. (C-57)
Subtracting (C-57) from (C-56), we get
/M(A, d(uiusuz))eusdVy — fM(A, d(usuzug))euy dVy = 0. (C-58)
Letting u3z = u4 = 1, (C-58) gives
/M(A,dul)gudeg:O (C-59)

for all harmonic functions uy, up € C>*(M), and therefore for all harmonic functions u;, uy € C*(M).
The result follows by an application of Proposition C.3. ]
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When proving Proposition 1.6, we shall also need the following standard density result.

Proposition C.5. Let (M, g) be a smooth compact Riemannian manifold of dimension n > 2 with smooth
boundary. The set of harmonic functions in M™ that are smooth up to the boundary is dense in the space
of C*%(M)-harmonic functions, 0 <« < 1, in the C>P (M) topology, for0 < B < a.

Proof. The proof follows along the lines of the proof of Proposition C.1. Indeed, let u € C>*(M) be
harmonic in M™ and let f=ulsme C>*(dM). Let0 < 8 < a, and by density, there exists f; € C*°(dM)
such that || f; — fllc2#@m) — 0, as j — o0; see [Hormander 1976, Theorem A.10]. The Dirichlet problem
—Agu; =0 in M™
{M ilom = fj,
has a unique solution u; € C 29 (M), and by elliptic regularity, we have u ;i € C>°(M). Using the fact that

C?%(M) c C*# (M) and the following bound for the solution to the Dirichlet problem for the Laplacian,
see [Gilbarg and Trudinger 1983, Section 6.3, p. 109],

luj —ullczery < Cllfj — fllcze@om — 0,
we get the claim. O

Appendix D: Some facts about nontangential geodesics

When proving Proposition 1.6, in order to avoid the use of stationary and nonstationary phase arguments
on the boundary of the manifold, we shall need the following result concerning nontangential geodesics
which was kindly proven for us by Gabriel Paternain.

Proposition D.1. Let (My, go) be a smooth compact Riemannian manifold of dimension n > 2 with
smooth boundary, and let y be a unit speed nontangential geodesic on My between boundary points. Then
for each point yo = y (to) € MI™, except for finitely many, there exists a small neighborhood

of wo = y(ty) such that for every w € W, w # wy, the unit speed geodesic n on My passing through
(yo, w) is also nontangential between boundary points, and y and n do not intersect each other at the
boundary of M.

Proof. Let us first notice that the property of a geodesic being nontangential is stable under small
perturbations of the initial conditions, in view of the C*°-dependence of the geodesic flow on the initial
conditions. Let yo = y(#p) € M(i)m. Reparametrizing the geodesic y if necessary, we may assume that
y : [=S81, $2]1 = My, 0 < 1, S2 < 00, is such that y (0) = yg and y(0) = wy. Let us consider the map

Fyo : neigh(wo, SyoMO) - neigh(y(Sz), 8M0)7 Fyo(w) = n(‘pr(yo,w) (yO, w))7 (D'l)

where 7(yo, w) is the exit time of the geodesic yy, ., through (yo, w), ¢; : SMy — SMy, t € R, is the
geodesic flow, given by

@i (y, w) = (Vy,w(®), Yyw (@), (D-2)

and w : SMy — My, n(y, w) =y is the canonical projection.
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The exit time t(yg, w) depends smoothly on w, in view of the implicit function theorem and the fact
that the geodesic y is nontangential. The map F, is therefore smooth, and we have Fy (wp) = y ($2).

Let us now compute the differential of Fy, at wq acting on a vector n € Ty, S, Mo. To that end, consider
acurve w : (—a, a) = Sy,My such that w(0) = wo and w(0) = n, and by the chain rule, we get

T (P (yo,w(s)) (Yo, W(s)))

s=0

, d
Fy (wo)n = 7 75

d
Fy(w(s)) = —
0

§=

ot 17
@ (o, wo)ﬁ(yo, wo)ﬂ-’-M(yo, wo)ﬂ)- (D-3)

d
=d 7 (@ (y9,wp) (Y0, W0)) <—
t=1(y0,wo) dw

dt
To proceed, we recall some facts about the geometry of the tangent bundle following [Paternain 1999].

First, letting
V(y, w) =ker(dm(y, w)) C T(yu)SMy

be the vertical fiber of T 'SMj at (y, w), see [Paternain 1999, Section 1.3.1], we have the splitting
Ty,wySMo=H(y, w) ® V(y, w),

where H (y, w) is the horizontal fiber of T SMj at (y, w); see [Paternain 1999, Section 1.3, p. 13]. Both
V(y, w) and H(y, w) can be identified with S, My, and for & € T(, ,,),SM, we write § = (Eh, &V), where
éh, &Y € Sy M, are the corresponding horizontal and vertical parts of &. Let X : SMy — T SM, be the
geodesic vector field given by

d
X(p(y, w)) = P (v, w). (D-4)

It follows from [Paternain 1999, Section 1.3, p. 13] that we have
X(y, w) = (w,0). (D-5)
Now in view of the above splitting, we have (0, n) € V (yg, wp), and therefore, we get

8(pf(y0,w0)
ow

Using the fact that t(yg, wg) = 52, (D-2), and (D-4)—(D-6), we obtain from (D-3) that

(Y0, Wo)N = d Pz (y5,we) (Y0, W) (0, 17). (D-6)

0
Fj, (wo)n = dr(y(S2), 7 (52)) (X(V(Sz), J?(Sz))i(yo, wo) - N+ dPr(y,we) (Yo, wo) (0, 77))

0
= )?(Sz)ﬁ(yo, wo) - +dr(y(S2), ¥ ($2))(d@s, (Yo, wo) (0, n)). (D-7)

Now by [Paternain 1999, Lemma 1.40], see also [IImavirta 2020, Theorem 11.2], for the differential of
the geodesic flow we get that

des, (Y0, w0) (0, 1) = (J0.)(S2), J(0.0)(52)), (D-8)
where J(q, ) is the Jacobi field along the geodesic t — (¢, (Yo, wo)) = y (t) with the initial conditions

Jomn(© =0, Jop=n. (D-9)
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Using [IImavirta 2020, Exercise 5.9], (D-9), and the fact that n € T, S,, Mo, we have

(y(82), J0.)(52)) = (¥(0), J0.0)(0)) + S2(¥(0), J(0.) (0)) = Sz (wp, n) =0, (D-10)

showing that the Jacobi field J(g ;) is normal to y. It follows from (D-7) and (D-8) that

. at
Fy (wo)n = )/(Sz)ﬁ()’o, wo) - 1+ J0,)(S2). (D-11)

Using (D-11) and the orthogonally (D-10), we see that if F)’,O(wo) has a nontrivial kernel, then there
exists n # 0 such Jg ) (S52) = 0, and therefore, the points yy and y(S>) are conjugate points along y;
see [IImavirta 2020, Definition 7.3]. Thus, F} (wo) is bijective as long as yo is not a conjugate point
to y(S,) along y.

By the inverse function theorem, F), is a local diffeomorphism if yq is not a conjugate point to y (S>)
along y.

Hence, if y( is not a conjugate point to ¥ (S,) and y (—S) along y, there exists a small neighborhood
W C S,,My of wy such that for every w € W, w # wy, the unit speed geodesic n : [-T1, T>] — My,
0 < T, T, < o0, such that n(0) = yp and 7(0) = w is also nontangential between boundary points, and y
and 7 do not intersect each other at the boundary of My. Using the fact that y can only self-intersect
at yo finitely many times, see [Kenig and Salo 2013, Lemma 7.2], by choosing W sufficiently small so
that the corresponding finitely many tangent vectors of y and their negatives do not belong to W, we
achieve that the geodesics 1 and y are distinct and are not reverses of each other.

To conclude the proof, we recall from [do Carmo 1992, p. 248] that

{p e y(—S1, $2]) : p is conjugate to y(—S1) or y(S2)}
is discrete, and since M is compact, it is finite. This completes the proof of the claim. (I

When proving Proposition 1.6 in the simplified setting, we shall need some basic facts about non-
tangential geodesics. These facts are known, see [Dos Santos Ferreira et al. 2020, Section 3], and are
presented here for completeness and the convenience of the reader.

Proposition D.2. Let (My, go) be a smooth compact Riemannian manifold of dimension n > 2 with

smooth boundary.

(1) Let y be a unit speed non-self-intersecting nontangential geodesic on My, and let yo = y (ty) € Mé“t.
Then there exists a small neighborhood W of wo = y (to) in Sy,Mo such that for every w € W, the unit
speed geodesic Yy, passing through (yo, w) is nontangential between boundary points and does not
have self-intersections.

(i) Let y and n be unit speed non-self-intersecting nontangential geodesics on My with the only point
of intersection yg = y (ty) = n(sg) € Mé“t. Then there exists a small neighborhood W of wy = y (ty) in
SyoMo such that for every w € W, the unit speed geodesic yy, ., passing through (yo, w) is nontangential
between boundary points, does not have self-intersections, and intersects n at the point yg only.
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Proof. Here we follow [Dos Santos Ferreira et al. 2020, Section 3]. Let us prove (i). Reparametrizing the
geodesic y if necessary, we may assume that y : [—S1, S2] — My, 0 < S1, S» < 00, is such that y (0) = yo
and y (0) = wy. First the property of a geodesic being nontangential is stable under small perturbations of
the initial conditions, in view of C*°-dependence of the geodesic flow on the initial conditions. Assume
the contrary: there is a sequence wy — wy in Sy, Mo as k — oo such that there are times 7, < s; when the
corresponding geodesic yy, v, : [—S1(k), S2(k)] — Mo with yy 1, (0) = yo, Vyy,w, (0) = wy self-intersects:

Ak = Vyg,wi () = Vyo,wi (Sk). (D-12)
Note that the sequences —S; (k) and S, (k) approach —S; and $,, respectively, as k — oco. Therefore,
the sequences #; and s; are bounded, and passing to subsequences, we may assume that #, — #p and
sy — So. Letting k — oo in (D-12), we get y (fty) = y (so). Since y does not have self-intersections we
obtain fy = s¢.

As all geodesics yy, ., are nontangential, it follows from (D-12) that a; € M(i)m. As My is compact, it
has a positive injectivity radius Inj(Mp) > 0. Here we have extended My to a closed manifold to speak
about the injectivity radius and the boundary will not cause any problems as a; € M(i)m. Now (D-12)
implies that

sk > tx + 2 Inj(Mo),

and therefore, so — tp > 2 Inj(Mjp) > 0, which is a contradiction. Hence, (i) follows.

To prove (ii), first reparametrizing the geodesics y and 7 if necessary, we may assume that the map
Yy [=S81, $2]1 = My, 0 < 81, S < 00, is such that y(0) = yg and y (0) = wy, and n : [—T1, Tr] — My,
0 < Ty, T, < 00, is such that n(0) = yo. By (i), there exists a small neighborhood W of wy in §,, My
such that for every w € W, the unit speed geodesic yy, ,, such that yy ,,(0) = yo and yy, ,,(0) = w is
nontangential between boundary points and does not have self-intersections. We shall show that the
neighborhood W can be made smaller so that every y,, ,, intersects n at the point yy only. Let us assume
the opposite: there is a sequence wy — wq in Sy, My as k — oo such that there are times #; # 0, s #0
when the corresponding geodesic yy, ., intersects 7:

Yyo,wr () = n(sg). (D-13)
Note that here we used that yy, ., and n do not have self-intersections. We also have
Vyo.ue (0) = n(0) = yo. (D-14)

Passing to subsequences, we have that t; — #y and sy — so. Thus, it follows from (D-13) that y (f9) = n(so),
and therefore, as y and n do not self-intersect and yy is the only point of their intersection, we get fo =59 =0.
In view of (D-13) we have

int

Yyo.wr () = n(sk) — n(0) = yo € My,
and thus, for k sufficiently large, vy, w, (&) = n(sk) € M(i)m. This together with (D-14) gives
[tx| > Inj(Mp) >0 and |s¢| > Inj(Mp) >0

for k sufficiently large, otherwise the geodesics yy, », and n would intersect at a geodesic ball centered
at yg, which is a contradiction. Thus, (ii) follows. |
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DISCRETE VELOCITY BOLTZMANN EQUATIONS IN THE PLANE:
STATIONARY SOLUTIONS

LEIF ARKERYD AND ANNE NOURI

We prove the existence of stationary mild solutions for normal discrete velocity Boltzmann equations in
the plane with no pair of colinear interacting velocities and given ingoing boundary values. We remove
an important restriction from a previous paper that all velocities point into the same half-space. A key
property is L' compactness of integrated collision frequency for a sequence of approximations. This
is proven using the Kolmogorov—Riesz theorem, which here replaces the L' compactness of velocity
averages in the continuous velocity case, not available when the velocities are discrete.

1. Introduction

The Boltzmann equation is the fundamental mathematical model in the kinetic theory of gases. Replacing
its continuum of velocities with a discrete set of velocities is a simplification, preserving the essential
features of free flow and quadratic collision term. Besides this fundamental aspect, the discrete equations
can approximate the Boltzmann equation with any given accuracy [Palczewski et al. 1997; Fainsilber
et al. 2006; Mischler 1997], and are thereby useful for approximations and numerics. In the quantum
realm they can also be more directly connected to microscopic quasi/particle models. A discrete velocity
model of a kinetic gas is a system of partial differential equations having the form,

dfi :

E(I’ D) +vi- Ve filt,2) = Qi(f, Ht,2), 1>0,z€Q, 1 <i=<p,
where f;(t,z), 1 <i < p, are phase space densities at time ¢, position z and velocities v;. The spatial
domain is €2. The given discrete velocities are v;, 1 <i < p. For f = (f;)1<i<p, the collision operator
Q0 = (Qi)1<i<p with gain part O, loss part O, and collision frequency v, is given by

p
Qi(f. )= D TI(fifu—fif))=0F (f. )= Q7 (f. ).
J,l,m=1
p p
OF (. )= D Tlfifm. Q7 (£ H)=fvi(f). vwi(f)= D Tf i=1.....p.
Jbm=1 Jjulm=1

The collision coefficients satisfy
Im _ plm _ ij
rim=rim=ry >o. (1-1)
MSC2020: 60K35, 82C40, 82C99.
Keywords: stationary Boltzmann equation, discrete coplanar velocities, normal model.
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If a collision coefficient FZ" is nonzero, then the conservation laws for momentum and energy,
2 2 2 2
VitV =0+ v, [UilT T = ol 4 om], 1-2)

are satisfied. We call a pair of velocities (v;, vj) interacting if for some (/,m) € {1, ..., p}2 we have
Fl’;” > 0. The discrete velocity model (DVM) is called normal (see [Cercignani 1985]) if any solution of
the equations

W (i) +W(vj) =W() + (o),
where the indices (i, j; [, m) take all possible values satisfying Ff;” > 0, is given by
V) =a+b-v+clv]?

for some constants a, ¢ € R and b € R?. We consider
the generic case of normal coplanar velocity sets

with no pair of colinear interacting velocities (v;, v;). (1-3)

The case is generic. Indeed, consider a normal velocity set such that, for some interacting velocities (v;, v;),
v; and v; are colinear. Then there exists an arbitrary small vector vy such that the velocity set (v; +vo)1<i<p
is normal and with no colinear interacting velocities. The paper considers stationary solutions to normal
coplanar discrete velocity models satisfying (1-3), in a strictly convex bounded open subset Q C R?, with
C? boundary 92 and given boundary inflow. Denote by n(Z) the inward normal to Z € 3. Denote the
v;-ingoing (resp. v;-outgoing) part of the boundary by

89;r ={Z€dQ:v;-n(Z)>0} (resp.d2; ={Z €9dQ:v;-n(Z) <0}).
Let
sT(z)=inf{s > 0:z—sv; €9Q'}, 57 () =infls >0:z+sv; €3Q;}, z€Q.
Write
(@) =z—s@v; (resp. z; (z) =z+5; (2)v;) (1-4)

for the ingoing (resp. outgoing) point on €2 of the characteristics through z in direction v;.
The stationary boundary value problem

vi- Vi) =0i(f, ), €%, (1-5)
[i@) = fri(z), z€dQ, 1<i<p, (1-6)

is considered in L' in one of the following equivalent forms [DiPerna and Lions 1989]: the exponential
multiplier form,

.sf(z) ) + )
fi@) = fii G (@e fo DG @b ds

s57(2)

x;r(z)
+ OF (f, @) +sv)e I vDE@trwdr g g0 zeQ, 1<i<p, (1-7)
0
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the mild form,
st (2)

i@ = fui(z (@) + A Oi(f, )z @ +sv)ds, aazeQ, 1<i<p, (1-8)

the renormalized form,

Qi(f. f)
1+ fi

in the sense of distributions. Denote by LL(Q) the set of nonnegative integrable functions on €2. For a

vi - VIn(l+ fi)(2) = (2), z€%, i@ =foi(x), z€dQ}, 1<i<p, (19

distribution function f = (f;)1<i<p, define its entropy (resp. entropy dissipation) by

P p
;fgfilnfz’(Z)dz, (resp. Z Ff;n/;z(ﬁfm_fifj)ln };%J}T(Z)dz).

i,j.lm=1

The main result of the paper is:

Theorem 1.1. Consider a coplanar normal discrete velocity model and a nonnegative ingoing boundary
value fp, with mass and entropy inflows bounded,

f vi -n(z2) fpi(L+1n fpi)(z) do(z) < +o0, 1=<i<p.
et

For the boundary value problem (1-5)—(1-6) satisfying (1-3), there exists a stationary mild solution in
(L L(Q))p with finite mass and entropy-dissipation.

Giveni € {1, ..., p}, if Ff;" =0 for all j, / and m, then f; equals its ingoing boundary value, and
the rest of the system can be solved separately. Such i’s are not present in the following discussion.
Most mathematical results for stationary discrete velocity models of the Boltzmann equation have been
obtained in one space dimension. An overview is given in [Platkowski and Illner 1988]. Half-space
problems [Bernhoff 2012] and weak shock waves [Bernhoff and Bobylev 2007] for discrete velocity
models have also been studied. A discussion of normal discrete velocity models, i.e., conserving nothing
but mass, momentum and energy, can be found in [Bobylev et al. 2010]. In two dimensions, special
classes of solutions to the Broadwell model are given in [Bobylev and Toscani 1996; Bobylev 1996;
Ilyin 2014]. The Broadwell model, not included in the present results, is a four-velocity model, with
v] + v, = v3 + v4 = 0 and vy, v3 orthogonal. A detailed study of the stationary Broadwell equation
in a rectangle with comparison to a Carleman-like system is given in [Bobylev 1996], as well as a
discussion of (in-)compressibility aspects. A main result in [Cercignani et al. 1988] is the existence of
continuous solutions to the two-dimensional stationary Broadwell model with continuous boundary data
for a rectangle. The paper [Arkeryd and Nouri 2020b] solves that problem in an L'-setting. The proof
uses in an essential way the constancy of the sums f; + f> and f3 4 f4 along characteristics, which no
longer holds in the present paper. For every normal model, there is a priori control of entropy dissipation,
mass and entropy flows through the boundary. From there, the main difficulties are to prove that for a
sequence of approximations, weak L' compactness holds and the limit of the collision operator equals
the collision operator of the limit. In [Arkeryd and Nouri 2020a], weak L' compactness of a sequence of
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approximations was obtained with assumption (1-3) together with the assumption that all velocities v;
point out into the same half-plane. In this paper we keep assumption (1-3), remove the second assumption
and provide a new proof of weak L' compactness of approximations using (1-3). Assumption (1-3) is
also crucial for proving L' compactness of the integrated collision frequencies, which is important for the
convergence procedure. Our paper also differs from [Arkeryd and Nouri 2020a] in the limit procedure.
The frame of the limit procedure in that paper is the splitting into “good” and “bad” characteristics
following the approach in our earlier stationary continuous velocity papers [Arkeryd and Nouri 1995;
1999]. Here we have instead utilized sub- and supersolutions used in the classical evolutionary frame
for renormalized solutions to the Boltzmann equation [DiPerna and Lions 1989]. For the continuous
velocity evolutionary Boltzmann equation, the compactness properties of the collision frequency use in
an essential way the averaging lemma, which is not available for the discrete velocity Boltzmann model.
In the present paper, the compactness properties are proven by the Kolmogorov—Riesz theorem. Also
the argument used in the stationary paper [Arkeryd and Nouri 1995] in the continuous velocity case for
obtaining control of entropy, hence weak L' compactness of a sequence of approximations from the
control of entropy dissipation, does not work in a discrete velocity case because the number of velocities
is finite. The proof starts in Section 2 from bounded approximations. In Section 3, L' compactness
properties of the approximations are proven. Section 4 is devoted to the proof of Theorem 1.1.

2. Approximations

Denote by N* = N\ {0} and by a A b the minimum of two real numbers a and b. Let 1, be a smooth
mollifier in R? with support in the ball centered at the origin of radius «. Outside the boundary the
function to be convolved with 1, is continued in the normal direction by its boundary value. Let ji; be a
smooth mollifier on 92 in a ball of radius 1/k. Define

fh= (fbi(')/\g)*ﬂk, 1<i<p, keN*
The lemma introduces a primary approximated boundary value problem with damping and convolutions.

Lemma 2.1. For any o > 0 and k € N*, there is a solution F*k ¢ (LEF(Q))I’ to

r a,k k o,k o,k

F Foky F; Foxp

ozﬂa’k+v,-.VFi°"k= Z r%f."( ! - - Po _ — ! - - ) (2-1)
VHF ke 1+ g [k 1HF7 [k 14+ F 5o/ k

i
jlm=1

F* ) = fh(2), zedQf, 1<i<p. (2-2)

Proof of Lemma 2.1. For a proof of Lemma 2.1 we refer to the second section in [Arkeryd and Nouri
2020a]. Let k € N* be given. Each component of F** is bounded by a multiple of k*>. Therefore
(F“’k)o,e]o,l[ is weakly compact in (L'(Q))?. For a subsequence, the convergence is strong in (LY (Q))?
as stated in the following lemma. O

Lemma 2.2. There is a sequence (B(q))qeN tending to zero when g — +o0 and a function F ke L' such
that (Fﬂ(‘”’k)qu strongly converges in (L' (Q))? to F* when ¢ — +oo.
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Proof of Lemma 2.2. For a proof of Lemma 2.2 we refer to Lemma 3.1 in [Arkeryd and Nouri 2020a].
Define

k z l Ilk ! . k z l J'k

+ m m m

() = ) A s v, = Fi‘ , 2-3
i jlzmzl Y1+ Ff/k 1+ Fk/k jlzmzl T+ Fl o+ F b (29

0f = 0" — Fff

i Vi

1<i<p, (2-4)

and denote by Dy the entropy production term of the approximations,

a ( Ff Fk Fk F* ) FfFAQ+Ff /) (1+FF [ k)

5k= F{m — L / n .
l-,,%:l YNIHF kI EL kA Ff Sk Ff k) (4 Ff /)4 FL k) FEFY

(2-5)

All throughout the paper, ¢, denotes constants that may vary from line to line but is independent of
parameters tending to +00 or to zero. U

Lemma 2.3. F* is a nonnegative solution to

v - VFF = 0 — Flvf, (2-6)
Fl@) = ff@), z€dQf, 1<i<p. (2-7)

Solutions (F¥)gen= to (2-6)—(2-7) have mass and entropy dissipation bounded from above uniformly with
respect to k. Moreover their outgoing flows at the boundary are controlled as follows:

p
Z/ ) |v,--n(Z)IFiklnEk(Z)do(Z)+1n§/ k lvi -n(2)|F} do(Z) < ¢y (2-8)
iy Y9 Ff<k 3 FF>k

Proof of Lemma 2.3. Passing to the limit when ¢ — 400 in (2-1)—(2-2) written for F#@)X implies that
F* is a solution in (LL(Q))” to (2-6)—(2-7). For a proof of the rest of Lemma 2.3, we refer to Lemma 3.2
in [Arkeryd and Nouri 2020a]. ]

3. On compactness of sequences of approximations

This section is devoted to proving L! compactness properties of the approximations. In Proposition 3.1,
weak L' compactness of (F¥) o« is proven. Lemma 3.2 splits € into a set of i-characteristics with
arbitrary small measure and its complement, where both the approximations and their integrated collision
frequencies are bounded. In Lemma 3.3, the strong L' compactness of integrated collision frequency is
proven.

Proposition 3.1. The sequence (F*)yen+ solution to (2-6)—(2-7) is weakly compact in L.

Proof of Proposition 3.1. By Lemma 2.3, (F¥)pene is uniformly bounded in (L'(Q))?. Given (2-8) and
the bound

Fik(z) < Fik(z +5; (D) exp(F Zf

s; (@)
jEJi _S? @)

Fj(z—l—rvl-)dr>, zeQ, ie{l,...,p}, (3-1)
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on F* the weak L! compactness of (F ) rens will follow from the uniform boundedness in L (3 Qf) of

s; (2)
</ Fj(Z—i-rv,-)dr> , (3-2)
0 jeJikeN

where J; denotes the set {j € {1, ..., p} : (v;, vj) are interacting velocities}. By (1-3), there exists n > 0
such that, for all interacting velocities (v;, v;),

|sin(v;, 97| > . (3-3)

Letie{l,...,p}land Z € BQ;F. Multiply the equation satisfied by ij by (vl.L -vj)/|vi| and integrate
it on one of the half domains defined by the segment [Z, Z + 5, (Z)v;]. Summing over j € {1, ..., p}
implies that

4 s7(2)
Zsinz(m)/ FNZ+sv)ds <cp, Z €3 (3-4)
j=1 0
Together with (3-3), this leads to the control of (3-2). ]

Recall the exponential multiplier form for the approximations (F¥)ens,

— fiﬁ_ i vE(z+sv;) ds
Ff @ = fy@f@e 79

0
+ Q;rk(z-l—svl-)e_fs Vi (F) (@) dr ds, aa.zeQ, 1<i<p, (3-5)
—si" (@)
with vf and Q;rk defined in (2-3). An i-characteristics is a segment of points [Z — s;’ (Z)v;, Z], where
Z € 3Q;. Define I' = max; j 1, '/}

Lemma 3.2. Fori e {l,..., p}, k e N* and € > 0, there is a subset Qf’e of i-characteristics of 2 with
measure smaller than cpe such that for any z € Q\ Qf’e
1 r 5i (@) r
ﬁ@s;w%%),/ Vi +svds < 5 (3-6)
€ € 7S,~+(Z) €
Proof of Lemma 3.2. By the strict convexity of €2, there are for every i € {1, ..., p} two points of 92,

denoted by Z and Z;, such that
vi -n(Z;) =v;-n(Z;) =0.

Let [; (resp. I;) be the largest boundary arc included in 02 with one endpoint Z; (resp. Z;) such that
—e<v;-n(Z2)<0, ZelUl,. (3-7)
Let J; be the subset of {1, ..., p} such that,
for some (I, m) € {1,...,p}>, T{">0, jel. (3-8)
It follows from the exponential form of F ik that

F,.k(z) < Fik(z +5; (2)v;) exp(F Z/

s; (@)
jEJi _S;F(Z)

Fi(z +rv,-)dr), 7€ Q. (3-9)
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The boundedness of the mass flow of (Fl.k keN* across 9€2;” is
/ [v; -n(Z)|Fik(Z) do(Z) <cp, keN* (3-10)
Elok

It follows from (3-7)—(3-10) that the measure of the set
[zeoornicnic: Flz) > Eiz}

is smaller than c,e. The boundedness of the mass of (ij)keN* can be written

0
fF,-k(z)dz=/ |v,--n<Z>|(/ ITJ!((Z—FVvi)dr)dU(Z)SCb» jedi
Q .

aQ —s;(2)

i

Hence the measure of the set

{Z €3 NIFNIf: f
-5 (2)

0
1 .
ij(Z—i-rvi)dr>E—2}, jeJ,

is smaller than c,e. Consequently, the measure of the set of Z € 92, N fi" N l_l.” outside of which

0
FiZ)< 2 and f FAZ+ropdr <25, jel,

2
€ -5 (2)

is bounded by cpe. Together with (3-9), this implies that the measure of the complement of the set of
Z € 0%2; such that

1 r 5 (@) r
Fik(z) < —exp L and / vf(z—{—rvi)dr < L
€? €? -5 (2) €’

for z = Z +sv;, s € [—si+(Z), 0], is bounded by cpe. With it cpe is a bound for the measure of
the complement, denoted by Qfe of the set of i-characteristics in €2 such that for all points z on the
i-characteristics, (3-6) holds. O

Givenie{l,..., p}ande >0, let Xik’é denote the characteristic function of the complement of Qf“ The
following lemma proves the compactness in L'(2) of the k-sequence of integrated collision frequencies.

Lemma 3.3. The sequences

0
(/ vf(z+sv,->ds) . l<i<p,
=5 (2) keN*

are strongly compact in L' (Q).

Proof of Lemma 3.3. Take Ffj’” > 0. By (1-3), v; and v; span R2. Denote by (a, b) the corresponding
coordinate system, (a~, at) defined by

a” =min{a € R: (a, b) € Q for some b}, at =max{a eR: (a, b) € Q for some b},
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and by D the Jacobian of the change of variables z — (a, ). The uniform bound for the mass of
(F*)ens proven in Lemma 2.3, implies

0
(// vlk(z—i-svi)dsdz)
QJ—sf keN*

is bounded in L' uniformly with respect to k. Indeed, for some (b~ (a), b+ (a)), a € [a~, a™],

b*(a) pa
/ / Fk(z—i-sv,)dsdz— f f / I*“j"(bvj—i-svi)dsdbda
7s+(z) b~ (a) 7s.+(bvj

bt(a) ps; (bvj)
<D // Ff(bvj +sv) ds dbda
b~ (a) v+(bvj

c/ ij(z)dz, jeJ.
Q

By the Kolmogorov—Riesz theorem [Kolmogorov 1931; Riesz 1933], the compactness of

0
(/ V(2 4+ su1) ds)
—sit @) keN*

will follow from its translational equicontinuity in L'(€2). Equicontinuity in the direction v;, and in the
direction v; with the mild form (1-8) for F k_ come naturally. Here the assumption (1-3) becomes crucial.
The sequence

0
(/ ij(z+sv,~)ds) . jed, (3-11)

—si" (@) keN*

is translationally equicontinuous in the v;-direction. Indeed, s;r (z+hv) = s;r (z) + h so that, denoting by
1(0, h) the interval with endpoints 0 and 4 and using the uniform bound on the mass of (F jk)keN*,

/ dz=// F;‘(z—ksv,»)dsdz
Q Q Jsel(0,h)

<clhl.
Let us prove the translational equicontinuity of (3-11) in the v;-direction. By the weak L' compactness

0 0
/ ij(z—l—hv,-+sv,-)ds—/ F;‘(z—l—sv,-)ds
_S;F(Z'i‘hvj) —s.‘*’(z)

of (ij) ke, it is sufficient to prove the translational equicontinuity in the v;-direction of

0

(/ x5 Rk (2 —i—svi)ds) )
oA
S; (Z) keN*

Expressing ij (z+hvj +sv;) (resp. ij (z +sv;)) as integral along its vj-characteristics, it holds that

0 0
'f xf’éﬂ-k(z—khvj—l—sv,-)ds—/ XS FF (4 svi) ds| < |AS;(z. )| + B z. b)),
—s; (z+hv)) =5 (2)
where
0 k 0 k
A{Fj(Z, h):f Xj’éflfj(Zf(Z-i-hvj-i-Svi))ds—f Xj’ef}fj(z;_(z-i-svi))ds,
—s (z+hvj) —s7(2)
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and
0 0 )
Bf(z, h)=/ N / X; QN (z+ hvj + sv; +rvj) dr ds
—S; (z+hvj) —s}"(z-ﬁ-hvj—ksv,-) 0 0
_f / X;{’EQ;?(Z +sv; +rvj)drds,
—s(2) —sj*(z+sv,-)

with Qf.‘ defined in (2-3). Denote by (zj+ (z;r (), z;“ (z;r(z + hv;))) the boundary arc with endpoints
z;r (z;“(z)) and z;r (z;“(z + hv;)) and of length tending to zero with i. Performing the change of variables
s —> Z= z;r(z +hvj +sv;) (resp. s —> Z = z;.r(z + sv;)) in the first (resp. second) term of Af.‘j (z, h), and
using that the sequence ( f;ﬁ)keN* is bounded by f};, it holds that

hm/ 1A% 2, )| dz =0, (3-12)

uniformly with respect to k. Moreover, for some w;(z) C €2 of measure or order || uniformly with
respect to z € €2,

Bl(z, h):/ ()X;"GQ}‘(Z)dZ. (3-13)
wp(Z

The sequence (x ;"e Qj?)keN* is weakly compact in L'. Indeed,

kEQk < —Dk+FA(ZFk)(XJ )

iel;

1 ~ A
= LB, +—exp< )(ZF) AT, (3-14)

iel;

with (5;(),@\1* uniformly bounded in L' and (Ek)ke,\,* weakly compact in L'. Hence,

hm / |B (z,h)|dz =0, uniformly with respect to k. ]

4. The passage to the limit in the approximations

Let f be the weak L! limit of a subsequence of the solutions (F¥)iens to (2-6)—(2-7), still denoted
by (F Y en. For proving that f is a mild solution of (1-5)—(1-6), it is sufficient to prove that, for any
n>0andie{l,..., p}, thereisaset X 1'7 of i-characteristics with complementary set of measure smaller
than cn, such that

/(PXinfi(Z)dZZf ox! fri(zf (2))dz
Q Q

0
+f9/ +()(sox, Qi(f. )+ X fivi-Vo)(z+sv)dsdz, ¢eC'(Q), (4-1)

where Xl." denotes the characteristic function of X l" . Define the set X 7 as follows. For every € > 0, pass
to the limit when &k — +o00 in
s; (@)

R @) = 3 Fr G @) exp( /

+()vf(z+svi)ds>, a.a.z€Q, keN*, 4-2)
—st
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and use the weak L' compactness of (x l.k’e Fl.k Ykenr, the weak L! compactness and the uniform boundedness
in L of (Xl.](’eﬂk (z; (2)))kenr, and the strong L' compactness of

s; (2)
(/ vf(z—i—sv,-)ds) .
-5 (2) keN*

s; (2)

It implies

Ff(z) < F{(z; (2)) eXP(/

v,-(f)(z—l—sv,-)ds), aa.zeQ, €€]0, 1],
-5 ()

where F is the limit of a subsequence of (Xl.k’eFl.k)keN* and v; (f) = f’l’m 1 Flmf] By the monotonicity
in € of (F)eeo,11 (resp. (F€(z; (2)))eelo,11) and the uniform boundedness of their masses, it holds that

s (2)
£ < fizm @) exp( /

Vi (f)(z +svl-)ds), aa. z e Q.
-5 (2)

From here the proof follows the lines of the proof of Lemma 3.2, so that given n > 0, there is a set X :7 of
i-characteristics, with complementary set of measure smaller than cn, such that

s; (2) r
fi(z) < epl"/ﬂ and / N vi(f)(z+sv))ds < p?, aa.zeX,. 4-3)
—s; (2)

Denote by C}r (Q) the subspace of nonnegative functions of C'().

Lemma 4.1. The function f is a subsolution of (1-5)—(1-6), i.e.,
0
|oxit@rdz < [ ourendzs [ [ alguVoesudsd:
Q Q QJ s
0
+/ / . 0Qi(f, Hlz+sv)dsdz, 1=<i=<p, goeCJlr(Q). (4-4)
QJ—s5"(2)

Proof of Lemma 4.1. Leti € {1, ..., p}and ¢ € C! (SZ) be given. Write the mild form of (pX" k. GF" and
integrate it on 2. This yields

/ oxI X2y dz = / oxI X G (@) dz + / / AEFu Vet +sv) ds ds
—s; (2)
/ f ox (@ = Fivh @+ sv)dsdz. (4-5)
-5 @)
By the weak L' compactness of (Fik)keN* and the linearity with respect to Xl.k’eFik of the first line of

(4-5), its passage to the limit when k — 400 is straightforward. Let us pass to the limit when k& — 400
in any term of the loss term of (4-5), denoted by FZ” LK, where

Lk .= / 1y ke (2) ’ i i (z+sv))dsd ieJ, (4-6)
z z+sv;)dsdz, s -
Xi Xi _s+(z)“’1+Fk/k 1+F"/k ’ S
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and J; is defined in (3-8). By integration by parts, L; equals

/f a0 — R + (v - Vo) F (2 4 svi)
—5; T2

0 ‘ ij
€
i +rv;)dr | dsd
x(/; Xi (1—|—Fik/k)(1+F.k/k)(Z rv;) r) sdz
k bis Ff
+/Xinxi Co—2— (2] (2)) —L_(z+sv)dsdz. (4-7)
Q 1+ fX/k —5it(2) 1+F"/k

Denote by (a, b) the coordinate system in the (v;, v;) basis, (a™, at) e R? and (b~ (a), bt (a)) € R? for
every a € la~, a™[, such that

Q={av;+bvj:acla,a’[, belb (a), b ()]} (4-8)

The first term in L* can be written as faaj 1¥(a) da with I¥ defined as

b*(a)
(@) = / / A (0 = FEB) + i - Vo) FF) svi + boy)
b~ (a) —s; (bvj)

k.e j i . o
’ </‘ . (1+Fik/k)(1+ij/k)(rv +b”f)dr> dsdb. (4-9)

For each rational number a, the sequence of functions
(b, ) € [b7(@), b7 (@1 x [=s; (bv)). al = X" x " (@(QF* = Ffv) + (vi - Vo) Ff) (sv; + b))
is weakly compact in L', whereas
Fk

b,s) — ke / i+ bv)d
(b, s) /SX, (1+Fl-k/k)(1—|—ij/k)(rU v;)dr

is by Lemma 3.3 strongly compact in L', and by Lemma 3.2 uniformly bounded in L. The convergence
follows for any rational number a. With a diagonal process, there is a subsequence of (/¥), still denoted
by (I%), converging for any rational a. Moreover,

l}ir% (*a+h) —1%a)) =0, (4-10)

uniformly with respect to k and a, by the weak L' compactness of
(X% @O — FvB + (vi - Vo) FD) e and  (FP)gene.

Thus (%) is a uniform converging sequence on [a~, a™]. The second term in L¥ can be treated analogously,
( Xl.l‘*e f[ﬁ.) xeN+ being uniformly bounded in L*°. The convergence follows. In order to determine the limit
of L¥ when k — 400, note that

XA (@O — FFVO + (v - Vo) )Y = v - V(X xF o FY,
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which weakly converges in L' to v; - V( Xingo Ff) when k — +00. Hence

0 0
lim Lk:// vi.V(Xln(pFie)(z+sv,-)</ fj(z+rvi)dr>dsdz
k—+o00 QJ-s () s )
+/ Xin(pfbi(Zj_(Z))</ fj(Z+SUi)dS> dz
Q +

—s; (@)

By a backwards integration by parts,

0
lim Lk:/f+ ¢Xi”Fi€]‘j(z+svi)dsdz. 4-11)
—s5;(2)

k— 400

In order to prove (4-4), let us prove that each

n Z SV; saz, i 5
—S; (z) Xl Xl 1 + Fk/k 1 1 k/k ' J '

term from Q;“k in (4-5) converges when k — +o00 to a limit smaller than
Fl’"/ / Fl fm(z-l—svl)dsdz—i—oz(e) € €10, 1[, with hm a(e)=0. (4-13)
,s+(z)

Take Ff;" =1, j € J;, for simplicity. Let (i1/,)nen+ be the sequence of mollifiers defined at the beginning
of Section 2 for « = 1/n, and split (4-12) into

0 n ke _ ke Flk Fk
T €y n z+sv;)dsdz
/sz/_s;<z>(p(x’ PN X TRk gk T

k k

+//0 O ity (=B o L Fn otsodsdz
o R R L AR TL ‘

k k

F F
Ty k.€ ! n z+sv;)dsdz
ff_s (Z)<p(x, —(X; * 1)) X; 1+F,’</k1+F,£;/k( i)

Fl
z+sv;)dsdz
//_s+(z)<p(x, s 1+Fk/klw(/,c( )

c cA
et k (5] k
toat o </Q¢YE/F] (z)dz+/g<plx, (X; 1) | F; (z)dz>

JEJi

0 k k
</ / o x5 fi i (z+svi)dsdz
= Q) i /n)Kj 1—|—Flk/k1+F,If,/k l

b Do (e b bRl (el )by @8)-GeD),
InA InA’  In(k/2) ! ! InA

A>1, AN>1, A>1, €>0. (4-14)
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Denote by D the Jacobian of the change of variables z — (a, b). For some smooth function A, and any
integrable function g,

bt pat(b)
/ f g(z+sv)dsdz = / / / g(sv; +bvj)ds dadb
-5 (2) a=(b) J—s;" (bv))

bt pat(b)
_D/ / (a*(b)—max{a*(b),s})g(sv,-+bvj)dsdb
s (bv))

=/ Aa, y)g(avi+yvy)dady.
Q

Hence,
0 k k
tim ([ ot e s dsds
k—+oo J J_o+(p ! 1+Flk/k 1+Fnk1/k

0
=f/+ o(x % 1) FS fm(z+sv)dsdz, € €10,1[. (4-15)
—s:7(2)

For A large enough, pass to the limit when kK — +o00 and n — 400 in (4-14). Up to subsequences, the
weak L' limits F¢ and Ff of (Xl.k’eF.k)keN* and (Xl.k’f/Fl.")keN* when k — 400 satisfy

1

/ ox Ff (2)dz <f oX; fbl(Z+(Z))dZ+/ X, Ffvi-Vo(z+sv;)dsdz

—s7(2)

+/f (pXin(Q;r(Fél’f)_FiGVi(f))(Z-i-Svi)dst
QJ-s@)

+—+5 A prre (A’e’+

, (e,€) €e]0, 1[2, A>1, A >1. (4-16)
In A

In A’/

Choose A large enough, € small enough, A’ large enough, €’ small enough, in this order. The pas-
sage to the limit when € — 0 and €’ — 0 in (4-16) results from the monotone convergence theorem,
the family (F€)ccj0,1; being nondecreasing, with mass uniformly bounded, together with the mass of
X/ @ (F€, fereronr and (] Ff vi(f))ereio, - Consequently, (4-4) holds. O

Lemma 4.2. The function f is a solution to (1-5)—(1-6).

Proof of Lemma 4.2. For proving Lemma 4.2, it remains to prove that
[ exisi@az= [ ox fbl(z+<z>>dz+/ / XJ fivi - Vp(z -+ sup) ds dz
-5 (2)
+/ f N Qi(f, Da+su)dsdz, 1=i<p, 9 eCl@. @17)
QJ—s5"(2)

For B > 0, start from the equation for ¢ x; F written in renormalized form,

B lox In(1+BF) () —B 'ox In(1+Bf5) (= (2))

0 0 n +k k. .k
. T Fry!
+/ ﬂ_lxi"ln(l+,8Fik)v[-V¢(z+sv,-)ds=/ 0Xi Qi —FVD s 4-18)

e @ 1HBEf
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It holds
B 'In1+Bx)<x, Be€10,1[ and éirrhﬁ_lln(likﬂx):x, x> 0.

Hence in weak L' the sequence (87! In(1 + ,BFik))keN* converges modulo a subsequence to a function
F# < f when k — +00. The mass of the limit increases to the mass of f, when 8 — 0. This gives in
the final limit 8 — O for the left-hand side of (4-18)

0
ox! i@ = oxl a0 = [ )i Vet s ds. (4-19)

—s;"(2)
Using analogous arguments as for the limit of the loss term in Lemma 4.1, it holds that

7) ka
lim Flm// — L (74 sv)dsdz
k—+00 _S+(Z) 1+ I[—}F

Fk
—1“1’”/ / . <weakLl hm—)f](z-i-svl)dsdz, Jj € Ji.
—s5; (z) i

k—+o00 1—|—,3F

But
k

F]
weak L' lim —— < weak L' lim Fk

k— 400 14+ IBF,k k——+00

and

k— 400 k— 400

Fk
/ weak L! lim —’k(z) dz increases to / weak L' lim Fk () dz
Q 1+ BF; Q
when 8 — 0. Hence

F"F"

lim lim Flm// —z+sv dsdz_Flm// z4+sv))dsdz. (4-20
B—0k—>+00 —st@ 1+BF; k( i) _S+(Z)‘/’X,fzfj( i) ( )

For the gain term and any (I, m) € {1, ..., p}* such that I‘f}" > (0 for some j € {1, ..., p},

77 Fk Fk
/ / L (z+sv;)dsdz
—S+(Z)1+18Fk1+Fk/kl+ m/k

n . ke k k

F, F,

/f PXi Xlk lk (z+sv;)dsdz
*S+(Z) 1+ﬂF 1+F /k1+ m/k

k k
=/f ox x> d Eo (z+sv;)dsdz
oJ-st 1+ Ff/k 1+ Fk/k

/f YXi sze i i F (z+sv;)dsdz
st 1—|—,3Fk1—|—Fk/k1+Fk/k

F
z+sv;)dsdz
/f_s+(z)<px,xl 1—|—Fk/k1+ /k( i)

B(F, k)z o c
—cA 0 ke PED TS ; -, A>1 1. (421
c Z// ox; X, ————(z+sv)dsdz A >1, €€]0, 1[. ¢( )

jed; +(Z) 1+ﬁFk
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It holds

0 k k 0
lim // go)(l.")(lk’€ Flk F";c (Z—i—svi)dsdz:// QX Ff fX(z+svi)dsdz. (4-22)
k—+00 Jo —S,-JF(Z) 1+Fl /k 1+Fm/k Q —S;F(Z)

Choose A large enough and split the domain of integration of every j € J; term in (4-21) into
Ff Fy, }
14+ Ff/k 1+ Ft/k

(FF < AYU{FF> A and FFFF > A
i 1 t]

~ FF Fk ~
U{E.k>A/andFikF.k§A L i } A>1, A>1.
J 1+ FF/k1+F./k
It holds that
0 B(F*)2 Fk
n_k.e i J
ox:'x;  ————(z+sv;)dsdz
/;/;Sj’(z) l 1 1+,3Flk l

1 A ~
< c<ﬂ(A’)2 +—+ —2eﬂr/€2/ F(2) dz), Belo. 1, A'>0, A>1. (4-23)
In A € Fik>A/

The last term in (4-23) tends to zero when A — 400, A" — 400, B — 0 in this order, uniformly with
respect to k. Consequently,

0 n Fk Fk 0
lim lim // PXi T lk = (z+sv[)dsdz2// @x{ Ff fn(z+sv;) ds dz.
p—>0k—>+o0 Jo J sty L+ BFf 1+ F [k 1+ Fi/k QJ-st@

This holds for every € > 0. Hence

0 n Fk Fk 0
lim lim / / PXi L L (Z—I—svi)dsa’zz/ / Ox fi fm(z+svi)ds dz.
p0k—+o0 Jo [y 1+ BFf L+ Ff/k 1+ F/k olsto
And so, (4-17) holds. Together with (4-4), this proves (4-1). ]
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BOSONS IN A DOUBLE WELL:
TWO-MODE APPROXIMATION AND FLUCTUATIONS

ALESSANDRO OLGIATI, NICOLAS ROUGERIE AND DOMINIQUE SPEHNER

We study the ground state for many interacting bosons in a double-well potential, in a joint limit where
the particle number and the distance between the potential wells both go to infinity. Two single-particle
orbitals (one for each well) are macroscopically occupied, and we are concerned with deriving the
corresponding effective Bose—Hubbard Hamiltonian. We prove an energy expansion, including the
two-mode Bose—Hubbard energy and two independent Bogoliubov corrections (one for each potential
well), and a variance bound for the number of particles falling inside each potential well. The latter is a
signature of a correlated ground state in that it violates the central limit theorem.

1. Introduction 1885
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1. Introduction

The mathematical study of macroscopic limits of many-body quantum mechanics has made sizable
progress in recent years [Ammari 2013; Benedikter et al. 2016; Golse 2016; Lieb et al. 2005; Rougerie
2014; 2015; 2020; Schlein 2013; Spohn 1991]. The situation that is most understood is the mean-field
limit of many weak interparticle interactions. Following Boltzmann’s original picture of molecular chaos
[Golse 2016; Spohn 1980; 1991; Gallagher et al. 2013; Mischler 2011; Pulvirenti and Simonella 2016;
Jabin 2014], an independent particles picture emerges, wherein statistical properties of the system are
computed from a nonlinear PDE. This is based on interparticle correlations being negligible at leading
order, which, for bosonic systems, comes about through the macroscopic occupancy of a single one-body
state (orbital, mode).
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In this paper we consider a particular example where, by contrast, correlations play a leading role,
through the occupation of two one-body states. Namely, we consider the mean-field limit of a large
bosonic system in a symmetric double-well potential. In the joint limit N — oo, L — oo (large particle
number, large interwell separation) there is one macroscopically occupied one-body state (orbital) for each
well. In a previous work [Rougerie and Spehner 2018], two of us have shown that, when the tunneling
energy across the potential barrier is o(N~!), the ground state of the N-body Hamiltonian Hy exhibits
strong interparticle correlations, in the sense that the variance of the particle number in each well is much
smaller than /N (the central limit theorem does not hold).

Here we extend this result to cases where the tunneling energy goes like N~° with any § > 0. This
in particular includes the much more intricate case where 6 < 1 and the tunneling energy thus cannot
be neglected as in [Rougerie and Spehner 2018]. We also prove that the ground state energy of Hy is
close to the ground state energy of a simpler effective Bose—Hubbard Hamiltonian. Our energy estimates
include the contributions of order O (1) described by a generalized Bogoliubov Hamiltonian, which we
show to be given by the sum of the Bogoliubov energies associated to each well, up to errors o(1).

The main feature of the symmetric double well situation is the fact that the N-body state of particles
that macroscopically occupy the two main orbitals is in general nontrivial. This is to be compared with the
case of complete Bose—FEinstein condensation in a single orbital, in which the energy of the condensate
is a purely one-body quantity, obtained from the ground state of a suitable nonlinear Schrédinger (NLS)
equation. We note that our system, although two modes are occupied to the leading order, is physically very
different from a two-component Bose—Einstein condensate [Michelangeli and Olgiati 2017; Anapolitanos
et al. 2017; Michelangeli et al. 2019], in which two distinct bosonic species macroscopically occupy one
mode each. Rather, it is closer to the case of a single-species fragmented condensate [Dimonte et al. 2021].

The effective theory for our double-well system is obtained by projecting the full Hamiltonian on
the subspace spanned by the two appropriate modes (one for each well, identified via NLS theory).
Such a projection is known in the physics literature as the two-mode approximation. After some further
simplifications this leads to the two-mode Bose—Hubbard Hamiltonian

T T
Hgy = j(aIaZ +a;a1) + g(aIalalal —i—a;a;agaz), (1-1)

with a;, a;j the standard bosonic creation/annihilation operators associated with the two modes. The first
term describes hopping of particles through the double-well’s energy barrier, with 7 < O the tunneling
energy. The second term (with g > 0 an effective coupling constant) is the pair interaction energy of
particles in each well.

We aim at deriving the above from the full many-body Schrédinger Hamiltonian for N bosons in

mean-field scaling (N — oo, A fixed)
N

A
Hy := Z(—A‘/—FVDW(XJ-))-i—m Z w(x; — x;) (1-2)
j=1 1<i<j<N
acting on the Hilbert space (d = 1, 2, 3 is the spatial dimension)

N
oY = Q) L*(RY) ~ L2, (R™). (1-3)

sym
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Here Vpw and w are, respectively, the double-well external potential and the repulsive pair-interaction
potential (precise assumptions will be stated below). We study the ground-state problem: the lowest
eigenvalue and associated eigenfunction of Hy.

The main new feature that we tackle is that Vpw is chosen to depend on a large parameter L in the

manner

. L
Vow (x) = min(|x —x[*, [x +xi ), s >2, x| = 3. (1-4)

This is a simple model for a symmetric trap with two global minima at x = £x; . In the limit L — oo
both the distance between the minima and the height of the in-between energy barrier diverge. As a
consequence, the mean-field Hartree energy functional obtained in the standard way by testing with an
iid ansatz (pure Bose—Einstein condensate)

EMu) = - (™ | Hy|u®) (1-5)

has two orthogonal low-lying energy states, denoted by u, u_ (1 being the ground state). Their energies
are separated by a tunneling term

All other energy modes are separated from u, u_ by an energy gap independent of L. This picture is
mathematically vindicated by semiclassical methods [Dimassi and Sjostrand 1999; Helffer 1988]. For the
model at hand we refer to [Olgiati and Rougerie 2021], whose estimates we use as an input in the sequel.

One can show that
Uy +u— Uy —u_

uyp .= s Un =
1 \/E 2 «/i

are well-localized in one potential well each. These are the modes entering the Bose—Hubbard Hamil-

(1-6)

tonian (1-1). If we denote by P the orthogonal projection onto the subspace spanned by u, u_ (or
equivalently u1, u;), the Bose—Hubbard description basically amounts to restricting all available one-body
states to PL2(R%)

Hpn >~ (P)®Y Hy (P)®Y — Ey (1-7)

acting on ®i\;m(PL2([REd)). Here Ej is a mean-field energy reference, and the appropriate choice of g
in (1-1) is

I 2 ,
a1 /fRdeﬂul(x” wx = (y)|°dxdy.

The tunneling energy T is essentially the gap between the Hartree energies of u4 and u_, which goes
to 0 superexponentially fast when L — oo (see below).
A salient feature of the Bose—Hubbard ground state is that it satisfies'

1 (- )BH denotes expectation in the Bose—Hubbard ground state.
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in the limit N — 0o, L — 00, where a;aj is the operator counting the number of particles occupying the
mode j = 1, 2. This is number squeezing, a signature of strong correlations. Actually, the problem being

invariant under the exchange of the modes” we certainly have
@apm="2, j=12

Thus what (1-8) says is that the standard deviation from this mean does not satisfy the central limit
theorem. Hence the events “particle n lives in the j-th well”, n=1, ..., N, are measurably not independent.
Such an estimate is governed by energy estimates precise to order o(1) in the limit N — oo, L — o0.
In the usual mean-field limit with a single well (L fixed), an energy correction of order O (1) arises,
due to quantum fluctuations [Seiringer 2011; Grech and Seiringer 2013; Derezifiski and Napidrkowski
2014; Lewin et al. 2015; Nam and Seiringer 2015; Boccato et al. 2019; 2020]. This also occurs in our
setting, due to the (small) occupancy of modes orthogonal to u, uy. This is conveniently described
by a Bogoliubov Hamiltonian, which is quadratic in creation/annihilation operators. The latter has a
ground-state energy EB°2, which is of order O (1) in the joint limit (we will give more precise definitions
below). Denoting by

E(N):=info(Hy), Egy:=info(Hgp) (1-9)

the lowest eigenvalues of the full Hamiltonian and its two-mode approximation respectively, our main
energy estimate takes the form
|[E(N)— Eg — Egy — EB%®| > 0 (1-10)

in the limit N — oo, T — 0, provided 0 < A is small enough (independently of N and T'). This implies
number squeezing
T N\? .
<<ajaj — 7) >w <N, =12, (1-11)
o5

in the true ground state W of (1-2) ((- )Wy denotes expectation in this state). To avoid some technicalities
we assume that A is fixed and 7 = N % with some arbitrary § > 0. In essence the above results, however,
only require N — oo, T <« A. They are thus optimal in the sense that the opposite regime N — oo,
T 2 X (for fixed A this implies L < 1, see (2-13)) corresponds to the usual mean-field situation for a
fixed potential, where a central limit theorem holds [Rademacher and Schlein 2019]. This is called “Rabi
regime” in the physics literature; see [Rougerie and Spehner 2018, Section 1.3] for more details. The
ground state of the system is expected to be approximated by a Bose—Einstein condensate

N
ujp+up
Wgs%z@”%( lﬁ ) : (1-12)

with a variance of order N for the number of particles in the modes u; and u;. The aforementioned

techniques dealing with the single-well problem allow to prove the (appropriately rigorous version of the)
first approximation in (1-12), with u, the Hartree ground state. When 7', L are fixed however, there does
not seem to be a sharp mathematical way to define the privileged modes u1, u, and actually prove the
second approximation in (1-12) in a well-defined scaling regime.

2Equivalent to a reflection around the double-well’s peak.
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In [Rougerie and Spehner 2018], estimates (1-10)—(1-11) have been proved (essentially) in the restricted
regime 7 < N~!. When T > N, the tunneling contribution to the energy becomes relevant for the order
of precision we aim at, and we cannot just separate the contributions of each well as in [Rougerie and
Spehner 2018]. Instead we prove that the two wells are coupled only via the dynamics in the two-mode
subspace, which we isolate from quantum fluctuations. We need to monitor both the number of excited
particles and the variance of the occupation numbers of the low-lying modes. Roughly speaking the former
is controlled by the Bogoliubov Hamiltonian and the latter by the Bose—Hubbard one. The main difficulty
is however that these quantities are a priori coupled at the relevant order of the energy expansion because
of the nontrivial dynamics in the two-mode subspace. More specifically we have to control processes
where an exchange of particles between the modes u and u_ mediates the excitation of particles out of
the two-mode subspace.

In the next section we state our main results precisely and provide a more extended sketch of the proof,
before proceeding to the details in the rest of the paper. As a final comment before that, we hope that future
investigations will allow us to prove something about the low-lying excitation spectrum of the system
at hand. We expect two types of excited eigenvalues, yielding essentially independent contributions:
those coming from the excited states of the Bose—Hubbard Hamiltonian (1-1) and those coming from the
generalized Bogoliubov Hamiltonian defined in Section 3B. The latter actually commutes with a shift
operator, so that one might expect Hy to have some “almost continuous” spectrum in the sense of very
close eigenvalues in the limit N — oo (with spacing oy (1)).

2. Main statements

2A. The double-well Hamiltonian. We consider the action of the Hamiltonian
N

A
Hy = Z(_Aj + Vow(x))) + N_1 Z w(x; —Xx;),

j=1 1<i<j<N

already introduced in (1-2), on the space ¥ =L2 _(RN), d =1, 2, 3. The coupling constant proportional

sym
to (N —1)~!in (1-2) formally makes the contributions from the two sums in Hy of the same order in N.

We introduced a further fixed coupling constant A > 0. For simplicity we make liberal assumptions on the
data of the problem, which we do not claim to be optimal for the results we will prove.

Assumption 2.1 (the interaction potential). We assume that w is a radial bounded function with compact
support. We also suppose that it is positive and of positive type, that is, with w the Fourier transform,

w(x) >0 ae. and wk) >0 ae. 2-1)
Assumption 2.2 (the double-well potential). Let L > 0 and
x1i=(2.0,....0) R, —x=(=32,0,....,0) e R
2 2
represent the centers of the wells. We define

Vow (x) = min{V (x —xr), V(x +x1)}, (2-2)
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with
Vix)=1x|*, s=2. (2-3)

Note that, since w is radial, the choice of two wells with centers on the x;-axis is without loss of

generality. To model two deep and well-separated wells, we shall let the interwell distance diverge
L =2|x;| —— o0.

N—o0

Low-lying energy modes (see [Olgiati and Rougerie 2021] for more details). Given a one-body function
u € L*(RY), its Hartree energy (1-5) reads

A
Muti= [ vucotdxs [ VovmeoPdx+h [ we- pue PP drdy. @4
R4 R4 R4 x R4
We define u, to be the minimizer of £/ at unit mass, i.e.,
ENuy) = inf{EH[u] ) ue H' (R NLXRY, Vpw (x) dx), / lu)? = 1}. (2-5)
Rd

Its existence follows from standard arguments. By a convexity argument such a minimizer must be unique
up to a constant phase, which can be fixed so as to ensure u# > 0, which we henceforth do; see, e.g.,
[Lieb and Loss 1997, Theorem 11.8].

The mean-field Hamiltonian

hwmFp = —A+VDW+)Lw*|u+|2 (2-6)

is the functional derivative of £ at u_, seen as a self-adjoint operator on L?(R¢). Since Vpw grows at
infinity, ~yp has compact resolvent, and therefore a complete basis of eigenvectors. The Euler—Lagrange
equation for the energy minimization problem reads

hvpu 4 = pyug, (2-7)

with the chemical potential/Lagrange multiplier

=M1+ /fR WG =l P )P dx dy. (2-8)

By standard arguments, w4 is the lowest eigenvalue of Ay, corresponding to the nondegenerate eigen-
function u .
We next define u_ to be the first excited normalized eigenvector of Ay, i.€.,

hvpu_— = p_u_, (2-9)

where p_ > p4 satisfies

o = inf{(u, howit) ‘ u € D(hwp), / iy =0, / ul? = 1}. (2-10)
Rd Rd

It follows from the arguments of [Olgiati and Rougerie 2021] that u_ is nondegenerate.
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Since hpw is a double-well Hamiltonian, all its eigenvectors are mainly localized [Helffer 1988;
Dimassi and Sjostrand 1999] around the two centers £x; . As a consequence, the two linear combinations
Uy tu_ Uy —U_
“ET a0 T A

are mainly localized, respectively, in the left and right wells. These are the low-energy modes whose role

(2-11)

was anticipated above.

Tunneling parameter. The gap u_ — uy of hyr is closely related to the magnitude of the tunneling
effect between wells. Indeed,

U—— p = ((u— —uy), hvp(u— +uy)) =2(uz, hmpu),

and, as said, u; and u; are mainly localized, respectively, in the right and left wells. To quantify this
we define the semiclassical Agmon distance [Agmon 1982; Dimassi and Sjostrand 1999; Helffer 1988]
associated to the one-well potential V

[x] , |X | I+s/2
A(x) = Vr)dr = . 2-12
(x) ; VV)dr I+s/2 (2-12)
We then set
T :=e AL/, (2-13)
As we will recall in Theorem A.1 below, we essentially have
U —py =T. (2-14)
We will work in the regime
N — oo, Xfixed, T <1 or, equivalently, L > 1. (2-15)

2B. Second quantization and effective Hamiltonians. The many-body Hilbert space £ is the N-th
sector of the bosonic Fock space

o0
F =P LA (RS (2-16)
n=0
on which we define the usual algebra of bosonic creation and annihilation operators (see Section 3 for the
precise definition) whose commutation relations are

lau, all = (u, v)12,  lauw ] =laj, aj1=0, u,veL*R. (2-17)
Given a generic one-body orbital u € L?(R?) we introduce the particle number operator

N, = azau

whose action on $ is N
N =" lu)(ul;. (2-18)
=1

Here |u){u|; acts as the orthogonal projection |u)(u| on the j-th variable and as the identity on all other
variables.
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One can extend the Hamiltonian Hy to § as

Hy = Z hmna};an 2(N—1) Z Winnpg am napaq, (2-19)

m,n=1 m,n,p,q=1

whose restriction on the N-th sector coincides with (1-2). The notation above is
Rmn = (U, (—A 4+ VDw)u,),

Winnpg = (Um @ Uy, Wi, QUy)

(2-20)

for an orthonormal basis (u,,),en of L2(RY), with a; , a the associated creation and annihilation operators.

Two-mode energy in the low-energy subspace. Let P be the orthogonal projector onto the linear span of
(u4, u_) (or, equivalently, (uy, uz)). We define the two-mode Hamiltonian

Hy mode := PO Hy PEN (2-21)

and the associated ground state energy

E3 mode :—mf{wmmmdewm \IJNe@(PLz(Rf’)) / Wyl —1} (2-22)

sym

Later we will discuss the relationship between the above and
EBH = infO‘(HBH), (2-23)
the bottom of the spectrum of the Bose-Hubbard Hamiltonian

i

Hpy 1= (ajay +ajar) + wii(ajajarar +ajalayar) (2-24)

_
2(N—1)

on the space ®Sym(P L%(R%)). As discussed in Section 4, Hpy is obtained from Hy by retaining only
terms corresponding to the subspace spanned by u ., u_ (equivalently u;, u5) in (2-19) and making a few

further simplifications.

Bogoliubov energy of excitations. We will adopt the following notation for a spectral decomposition
of hMFZ
hvr = pg|ug) (up | + p—fu—) (u—| + Z P |t ) (it . (2-25)
m>=3
As stated in Theorem A.1(vi) (proved in [Olgiati and Rougerie 2021]) an appropriate choice of the u,,,
with m > 3, ensures that the modes (compare with (2-11))

Udg+1 + U2g+2 Udg41 — U242
Upg = ———— and upy:i=——F7—, (2-26)
r,o ,\/E o \/5
with o > 1, are (mostly) localized, respectively, in the right and left half-space. They pairwise generate
the spectral subspaces of Ay corresponding to (og+1 and poq42. We will always use either the basis of

L?*(R%) from (2-25) or that from (2-26) (with the addition of Uy, u_ oru,, ug). Since all these functions
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solve, or are linear combinations of functions that solve, an elliptic equation with real coefficients, we
can (and will) always assume that they are real-valued functions. We also define

Pri=Y luraural Pri=Y_ |uca)(ucal, (2-27)
a>1 a1
and
Tri(A) =) (. Au),  Tri, (A=) (o Arag), Tri(A) =) (ura. Aury). (2-28)
m=3 a>1 a>1

Then the Bogoliubov energy is given as

EP¢:= —1Tr, ,[D, + AP, K1\ P, — \/D,2 +2AD}*P.K1 P,D}/* ]

—1Tr) [Dy+2PKpn P —V D} +2.D)* P K P, D) ], (2-29)
where
Dy := P.(hvp — 1) Pr, D¢ = Pe(hmr — iy) Pe (2-30)

and K;; and K>, are the two operators on L*(R?) defined by
(v, Kjj) = 50 @ui, wuy @u), (v, Knu) =30 @uz, wur ®v).

The quantity EB2 is essentially the sum of the lowest eigenvalues of two independent bosonic quadratic
Hamiltonians acting on the left and right modes respectively (compare with the explicit formulas in [Grech
and Seiringer 2013] and see [Bach and Bru 2016; Bruneau and Derezifiski 2007; Derezifiski 2017] and
references therein for further literature). It will turn out to (asymptotically) coincide with the bottom of
the spectrum of the full Bogoliubov Hamiltonian (3-18), i.e., the part of Hy that contains exactly two cre-
ators/annihilators for excited modes u,, with m > 3. That the traces in (2-29) are finite is not a priori obvious,
and will be part of the proof. The two summands in the right-hand side of (2-29) coincide thanks to the sym-
metry of the system under reflections around the x| =0 axis. Each summand also coincides, as 7 — 0, with
the bottom of the spectrum of the Bogoliubov Hamiltonian for particles occupying one-well excited modes
above a one-well Hartree minimizer, centered either in x; or —x, used in [Rougerie and Spehner 2018].

2C. Main theorems.

Theorem 2.3 (variance and energy of the ground state). Assume that, as N — oo, T ~ N~ for some
fixed § > 0. Let Wy be the unique (up to a phase) ground state of Hy. There exists Lo > 0 such that, for
all0 < X < A,

.1
Jim (W) = ND) ), =0 (2-31)
and
lim |E(N)— Ez.mode — EB%8| = 0. (2-32)
N—oo

A few comments:

(1) We believe the result holds without the smallness condition on A. The precise condition we need is that
the left-hand side of (8-26) be bounded below by a constant, which we could so far prove only for small A.
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(2) As part of the proof we find
N+ M), = Nu, + Ny )w,, =N+ 0(1).

Since u; and u; are obtained one from the other by reflecting across {x;=0} and the full problem is
invariant under such a reflection, this implies

(M), = Wahu, = 5+ 0, (2-33)
so that we can reformulate (2-31) as
(N — (M), < N.

(3) Central limit theorems are known to hold for mean-field bosonic systems in one-well-like situations
[Buchholz et al. 2014; Rademacher and Schlein 2019]. For T 2 1 we recover such a situation: a single
Bose—FEinstein condensate in the state u with Bogoliubov corrections on top, captured by a quasifree
(gaussian) state. This would essentially lead to

N\? N
(5= 5 ) ) n = Wihugn = (N g0 -
+
The estimate (2-31) is a significant departure from this situation: correlations within the two-mode

subspace are strong enough to reduce the variance significantly.

We also have estimates clarifying the nature of the main terms captured by our energy asymptotics in
Theorem 2.3:

Proposition 2.4 (main terms in the two-mode energy). Assume that, as N — oo, T ~ N % for some fixed
8 > 0. Then we have that, for any fixed € > 0,

2

A
E>.mode — Nhi1 + m@wmz —wi212) — EBH

where Ej moge and Egy are defined respectively in (2-22) and (2-23). Moreover

< C. max(TV/2¢, N~1He8y, (2-34)

AN? AN N
Er— [ 2 M —u)— )l <c T2 NTITEY (235
‘ BH <4(N_1)w1111 2(N_l)me-(l/«Jr iz )2>‘ ¢ max( ). (2-35)

A few comments:
(1) We expect the remainders in the right-hand sides of (2-34) and (2-35) to be essentially sharp and
to be part of the expansion of the full many-body energy E(N). They lead to a variance bounded as
(essentially)
(V=AY en < Cmax (T2, N
N < )

in the Bose—Hubbard ground state. Deriving such estimates at the level of the full many-body ground
state would require that we improve our method of proof.

(2) The reference energy Nhj;, N times the minimal one-well energy with no interactions, is usually
subtracted from the Bose—Hubbard Hamiltonian as a basic energy reference and we follow this convention.
The other terms appearing in the left-hand side of (2-34), which produce an energy shift between E3_mode
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and Epy, are interaction energies due to particles tunneling through the double well’s peak (not included
in the Bose—Hubbard model). Depending on the parameter regime and possible improvements of some of
our bounds, they may or may not be smaller than the other relevant terms. Since we can isolate them
exactly in our energy expansions, we keep track of them as exact expressions, but they are not very
relevant to the main thrust of the argument.

(3) The three main terms we isolate in the Bose—Hubbard energy are more interesting. The first one,
AN? /(4(N —1))wiq1; is a one-well mean-field interaction energy. This is the leading order for any reason-
able two-mode state, independently of its details. The second term —AN/(2(N — 1))wy111, however, is a
reduction of the interaction energy due to the suppressed variance of the true ground state. We had captured
it before [Rougerie and Spehner 2018] in a reduced parameter regime. It is in any case larger than our
biggest error term, which we show is o(1). The last term (®+ —p@—) (N /2) is the tunneling contribution, not
captured in [Rougerie and Spehner 2018]. When § < 1,i.e., T > N, it is larger than our main error term.

2D. Sketch of proof. The general strategy is to group the various contributions to Hy in the second
quantized formulation (2-19), much as in the derivation of Bogoliubov’s theory in [Seiringer 2011; Grech
and Seiringer 2013; Lewin et al. 2015; Derezifiski and Napiérkowski 2014]. We use a basis of L*(R?) as
discussed around (2-25) and distinguish between:

» Terms that contain only creators/annihilators corresponding to the two-mode subspace span(u, u_).
After some simplifications they yield the two-mode energy E» mode, Which we prove controls the variance
(2-31); see Section 4.

o Linear terms that contain exactly one creator/annihilator corresponding to the excited subspace
span(u., u_)*. These should be negligible in the final estimate.

» Quadratic terms that contain exactly two creators/annihilators corresponding to the excited subspace.
In those we replace the creators/annihilators of the two-mode subspace by numbers, which leads to a
Bogoliubov-like Hamiltonian acting on 02(F1), where §+ is the bosonic Fock space generated by the
excited modes.

» Cubic and quartic terms that contain at least three creators/annihilators corresponding to the excited
subspace. These can be neglected due to the low occupancy of said subspace.

To bring these heuristics to fruition we need a priori bounds (see Section 6) on:
» The number of excited particles and their kinetic energy.
» A joint moment of the number and kinetic energy of the excited particles.
» The variance of particle numbers in the low-lying subspace.

The first bounds follow from Onsager’s lemma (see [Rougerie 2020, Section 2.1] and references
therein) supplemented by our estimates on the Hartree problem in [Olgiati and Rougerie 2021]. We also
obtain

N, )< Cmin(N, T™hH (2-36)
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at this stage, which we use later in the proof. For the second estimate, we start with the strategy of
[Seiringer 2011; Grech and Seiringer 2013], but in our case the variance in the low-lying subspace enters
the bound. Combining with a first rough energy estimate proves that the left side of (2-31) is bounded
independently of N and 7, which can then be used to close the second estimate.

With these estimates at hand we can deal efficiently with the quadratic, cubic and quartic terms
mentioned above. The Bogoliubov Hamiltonian acting only on the excited space is introduced via a partial
isometry Uy : HY — £2(F1) that we conjugate the difference Hy — Ha_mode With; see Section 3. This
generalizes the excitation map introduced in [Lewin et al. 2015]. That the Bogoliubov Hamiltonian acts
on £2(F1) and not just FL keeps track of the population imbalance in the two-mode subspace. Relying
on estimates from [Olgiati and Rougerie 2021] we can then split all the excited modes into a left and right
part as in (2-26) and neglect couplings between left and right modes. After some further manipulations,
this reduces the full Bogoliubov Hamiltonian to two independent ones acting on F(P,L*(RY)) and
F(P,L*(R%)), the bosonic Fock spaces generated by the left and right modes respectively; see (2-27).
Their ground energies yield the Eg,, energy entering the statement.

The part of the proof we find the most difficult is the treatment of linear terms. In the one-well
case they are negligible [Seiringer 2011; Grech and Seiringer 2013; Lewin et al. 2015; Derezinski and
Napiérkowski 2014] as a consequence of the optimality of the low-energy subspace.® Cancellations of
this form also occur in our setting (see (5-23) below), using that hypu+ = uru+ 1 u,, if m > 3 and that
Nug| —lu—|l T1'/2 as shown in [Olgiati and Rougerie 2021]. More complicated linear terms appear,
however, an example being proportional to (with a,, an annihilator on the excited subspace, m > 3)

A
2(N—-1)
Using our a priori bounds (think of a,, as being O (1)), the above would be o(1) if the result (2-31) was

al(ala_+alap)ay.

known a priori for
ala_ +alay =N = N>,

That terms of this type finally turn out to be negligible is a signature not of the optimal choice of the
low-lying two-mode subspace, which we used already, but of the particular Bose—Hubbard ground state
within it, witnessed by its small expectation of N ~!(N] — N>)2.

To eliminate these extra linear terms, we will “complete a square” by defining (see Section 7) shifted
creation and annihilation operators for the excited modes. In terms of those the combination of quadratic
and linear terms is a new quadratic Hamiltonian corrected by a remainder term oc A>N ' (NV; — N>)2,
depending on the variance operator. The latter we can absorb in Hj_y4e for small enough coupling constant
A. Another remainder comes from the fact that the shifted operators satisfy the canonical commutation
relations (CCR) only approximately, so that the diagonalization of the new quadratic Hamiltonian is more
involved. After we have decoupled the contributions of the two wells by estimating cross-terms in the
resulting expressions, we can rely on ideas from [Grech and Seiringer 2013] to handle that aspect, for we
have a precise control on the commutators of the shifted operators.

3They are the second quantization of the functional derivative of the Hartree energy at the minimizer.
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3. Mapping to the space of excitations

We will use the second quantization formalism, calling § the Fock space associated to L*(R?), and
a'( f), a(f) the creation and annihilation operators associated to f € L?(R?). We refer the reader to,
e.g., [Gustafson and Sigal 2011, Section 18] for precise definitions. We will adopt the notation

ai =a*(uy), a = at(u_), a,nn =a"(up),

f ft f ft
e ) 4 Apgt1 — Doy

NG N INRES an(ug,a) = 7

forge{-, T}, where uy, u_, uy, u,q, and u, , with m, o € N\ {0} are the modes introduced in Section 2.
We will denote by dI"(A) the second quantization of a k-body operator, and by N, = a; a, the number
operator for the m-th mode. We furthermore define the number operator for modes beyond u and u_ (or

al, =a"(uyy) =

ui and uz)

NL=) " N 3-1)

m=3

As anticipated in Section 2, the Hamiltonian (1-2) can be written as, in the notation we introduced,*

Hy =dI'(=A+ Vpw) + dI’(w)

A
(N—=1)
. A .
= Z homn @, an + m Z Winnpq a;a,'lapaq. (3-2)

m,n>1 m,n,p,q=>1
Two-mode Hamiltonian. The part of Hy in which summations are restricted to the first two indices will
play a major role.

Definition 3.1 (two-mode Hamiltonian). We define
* A
Hy mode 1= Z hun @y, an + 2N—D) Z Winnpg Gyl pdg (3-3)
m,ne{l,2} m,n,p,qe{l,2}
as an operator on the N-body space $H7.
There are a few differences between Hy.ode and the Bose—-Hubbard Hamiltonian Hgy from (2-24):

o Hgy is defined on the N-body space generated by the modes | and u5 only; that is, ®SA;m(P Lz(Rd ).
This is equivalent to identifying N7 + N> = N when working with Hy_ode-

 All quartic terms of (3-3) that contain both a? and ag are neglected in Hpy.

e Hj mode contains the one-well noninteracting terms proportional to 1) and /7. They will give the
energy Nhi; appearing in (2-34).

e The coefficient of aIag + azal in (3-3) will turn out to be a perturbation of the (4 — u—)/2 of Hgy.
The same for the coefficient of the quartic terms.

The difference between Hj 0de and Hpy is not a priori small. We will often work with Hj_j04e, and
discuss in Section 4 its relation with Hgy.

4We are considering w as the two-body observable corresponding to the multiplication by the function w(x — y).
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3A. Excitation space. The energy of the fraction of particles that occupy {u,, },»>3 needs to be separately
monitored. To this end, it will be useful to consider the second quantization of operators restricted to the
orthogonal complement of u; and u,. We define the projections

P o= lug) (ue] + [u2) (uc] = ) ur| + o) ol PHi=1=P = )l (3-4)

m>=3

For self-adjoint operators A on $) and B on $) ® §) we define

dl L (A) :=d0(PYAPY) = ) (um. Aun)a,ap, (3-5)
m,n=>3
dl' (B) :==d['(P* @ P*BP @ P )= Y (un®uy, Bup,@uy)a),ataya,. (3-6)
m,n,p,q=>3
In this notation,
N =dI'; (D).
Let us introduce the Hilbert space decomposition induced by P and P+
oo ®symN 0o ®symN
N = (Span{u+}®span{u_}69@ span{um}) = (span{ul}easpan{uz}@@ span{um}) . (3-7)
m>=3 m>=3
Accordingly, any ¥y € $" can be uniquely expanded in the form
N ..y N—s—2, N—s
Yn=). > w2 uS YT T @y @4 (3-8)

s=0 d=—N+s, —N+s+2, ...
for suitable

@y € ({uy, up)h)®ms,

The index s represents the number of excited particles, i.e., those living in the orthogonal of span(u1, u»).
The index d is the difference’ between the number of particles in «; and the number of particles in u5.
Notice that (3-8) defines @, 4 only for those pairs of integers (s, d) such that (N —s +d)/2 is an integer.

For each fixed d, the collection of functions {®; 4}o<s<n identifies a vector in the truncated Fock space

N
FIV =P, ua}H®m CcFLCF (3-9)

s=0
Replicating the construction for all d we naturally arrive at the following definition.

Definition 3.2 (excitation space). We define the full space of excitations as
G = P (. u}H® =PF.. (3-10)
seN,deZ deZ
A generic ® € 02(F ) is of the form
o= .y suchthat D54 ({ur,ua))®™ and Y [[D,4ll} < +o0.

seN,deZ s,d

STt will be clear from the context when d stands for this difference or the physical space dimension.
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We will adopt capital letters (as in @) to indicate excitation vectors in 02(F 1), while reserving small
letters (as in ¥y ) for N-body wave-functions in $%.

There is a natural operator mapping an N-body wave-function to its excitation content as in (3-8).
We define it by generalizing ideas from [Lewin et al. 2015] (see [Rougerie 2020, Definition 5.10] and
subsequent discussion for review):

Definition 3.3 (excitation map). Given any ¥y € ", consider its expansion (3-8). We define the

excitation map as the operator

Uy :HY —> £2FL). actingaslUyyy= P o (3-11)
0<s<N, |d|SN—s,
(N—s+d)/2eN

It is easy to check that Uy is a partial isometry from $HY into €2(F1); i.e., it acts unitarily if Uy is
restricted to Ran/y. In order to isolate the contributions to the energy that come from excited particles,
we will conjugate the Hamiltonian Hy (or rather Hy — Hj.mode) With the unitary Uy . This boils down to
having formulas describing the action of U/ on creation and annihilation operators. We keep the same
notation for the operators aj, with m > 3 after conjugation with Uy, that is,

Z/{Na;anb{;(, = a;an, m,n = 3.

We do the same for the operator representing the number of excitations, which, on £%(F ), acts according to

Nio= P sdsa. (3-12)

seN,deZ
The difference A'; — N3 on the other hand corresponds to the operator that has the indices d as eigenvalues:

Definition 3.4 (difference operator). The difference operator on 02(F)) is defined as

D :=Uy(N — U, with action D® = P dd, . (3-13)
seN,deZ

We will refer to ©2 (or (N —A3)? on $V) as the variance operator.
We also need the unitary operator that shifts the index d by one unit.
Definition 3.5 (shift operator). We define the unitary operator
O: 02(FL) — £2(FL), withaction (Od), 4= Dy y_i. (3-14)
As an immediate consequence of the above definitions we have, for any m > 3,
[0,0]=0,
[am, ©] =[a},, ©] =0, (3-15)
[D,a,]=[D,4q),]1 =0,
which will be useful in the sequel. It follows from the first commutation relation and the unitarity of ® that

O f(D)O = f(O*DO) = f(D+1) (3-16)
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for any smooth real function f (by functional calculus). We record the action of Uy on operators of the
type a'a, needed to conjugate the full Hamiltonian, in the following:

Lemma 3.6 (operators on the excited Fock space). For any m,n > 3 we have

T *
UnajaiUy =

N-N.+9 ) N—N|+D+1 |[N-N|—-D+1
Tl—i_, UNCZ}GQZ/[;,:@\/ L2+ + \/ lz + ®,

. N—-N| -9 N—-N|+9D+1
Z/INa;azl/{,f, = TL Z/{NalTamZ/l;'\‘, =0,/ %am, (3-17)

N-N|-9+1

L{Na;ramulf, =0! 5

Am, UN“&J a?zz Uy = a?n] ajrjl2
as identities on RanUy, with 1, € {-, T}.

Proof. The derivation of the first three identities is similar. We focus on the second one. We have, for
® € RanUy,

ala U, @
N wyN—s—2,N—
_ S ’ N—s+d+2 [N—s—d gnN—s+a+2)2 ®(N—s—d—2)/2
- Z 2 L QsymUy ®sym Ps.a
s=0 d=—N+s,—N+s+2,...
N vy N—§,N—5+42
X N—s+d |[N—s—d'+2 gN_sia))2 N—s—d))2
= Z Z 2 \/ 2 u?( ) ®symM£®( ’ / ®sym ch,d’—Z-
5=0 d'=—N+s+2, —N-+s+4, ...
Thus, acting with Uy we find
N—-s+d |[N—s—d+2
Una]ady ®)s.a = \/ > \/ > NN

N — _N, —
_ \/ NJ_+©\/N N ©+2®2q> .
2 2 s.d'

Using the unitarity of ®, the commutation of ® with N; and the identity (3-16), one finds

\/N—NJ_+©\/N—NJ__©+2@_@\/N—NJ_+©+1\/N—NJ__®+1
2 2 2 2
and the second identity in (3-17) follows.
The proofs of the last three identities are basically identical. We focus on the first one. We have

N vy N=s—=2,N—s
’ ’ [N=s+d+2 gn-_s+d+2)/2 Nos—d)/2
airamz/{]tlcl> = Z Z #u?( s+d+2)/ ®symu£®( =/ ®sym(am<b)s71,d

s=1 d=—N+s, —N+s+2, ...

N—-1 ey N=s—1,N—s+1
’ - IN=s'+d" on—y+da)2 B(N—s'—d)/2
= Z T”l( s ®sym”2( ’ )/ ®sym(amcD)s’,d’—l-

§'=0 d=—N+s+1, —=N+s+3, ...
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Acting with Uy we find

- N—s'+d IN-N_+9
(uNalamultfq))S’,d’ = T(am(b)s’,d’—l = < +®0m®)
s',d’'

and the result is again obtained by commuting ® all the way to the left using (3-15). (]

With the above we will be able to conjugate with Uy each summand in the Hamiltonian (3-2). For

; ; IN—-N +DN-N_ +9D—-1
Z/lNalTal'alamu;f, =Uya,anly Z/{NalTal Uy =0 ; LZ am

for any m > 3.

example

3B. Bogoliubov Hamiltonian. The Bogoliubov Hamiltonian is a quadratic operator on ¢%(F ) that
represents the main contribution to the energy inside Uy (Hy — Ha-mode) Uy, 1.€., after the contribution
from the modes ©; and u; has been subtracted. We first define operators K11, K22, K12 L*(RY) — L%(RY)
through their matrix elements

(v, Kj1u) = %(v@ul , Wi Qu),

(v, Knpu) = 3 (v @uz , wup @u),

(v, Kipu) = (v@u1, wuy @u).
Since u; and u; are real, we have K1; = K|, and K, = K7,. Since w is bounded and u1, u; € L*(R%),
Young’s inequality immediately shows that these are bounded operators.

Definition 3.7 (Bogoliubov Hamiltonian). We define the Bogoliubov Hamiltonian as the operator on
€*(F1) given by

H = Z (—A-I—pr-i-&w*|u1|2+&w*|l/t2|2+)LK11+)uK22—/,L+) a,;zan
2 2 mn

m,n>=3

A 2+ 4 A P _
+§ Z (K11)mn(® za,La,L +®2aman)+§ Z (K22)mn(®2aylna); +0 2aman)

m,n>3 m,n>3
A + A
+ E Z (K12)mna;;1a;: + 5 Z (Kikz)mnaman
m,n=3 m,n>=3

+ % D (Kip 4w (u112)mn ©a, a0 + % D (K 4w 1u2)mn© 2ahan.  (3-18)
m,n=3 m,n>3
The above is formally obtained from Hy by:
(1) Considering the parts of Hy in (3-2) that contain exactly two a,i with m > 3.
(2) Acting with (3-17) to pass to the space CF ).
(3) Replacing all fractions coming from the right-hand sides of (3-17) by (N —1)/2.

This procedure will be made rigorous in Proposition 5.1 below.
A crucial feature of H is that, if we could ignore the terms coupling modes (mostly) supported in
different wells (for example the last two lines of (3-18)), then H would coincide with the sum of two
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commuting quadratic Hamiltonians, each depending on one-well modes, as we now explain. We start
with the following definition (recall the definition of left and right modes in (2-26)):

Definition 3.8 (®-translated right and left creators/annihilators). For any m, o > 1 we define

by :=0ay, bro :=0a,q, bro=0ayq,

. . ) (3-19)
Cm = am, Cra =0 drg, Cro:=0 auq
together with their adjoints b,, bf ... b; . ¢}, ¢l . ¢} , (recall that ©* = ©~1).
It is straightforward to check the commutation relations
A =4 bra,b) 41 =[bea, b) 41 = fl= P1=3
[(bm, b,] = [cm, c,] mns  [Dras r,ﬂ] [De,as g”g] [cras Cr,ﬁ] [ceas Cg“g] afs (3-20)

(b, bn] = [cm, cn] =0, [bra: br.gl = b, be. gl = [Cra, Cr.p] = [Co,as cop] = 0.

The bf,a operators will be used to construct the excitation energy of the right well, while the cg « Will be
associated with the left well. No other combination contributes to the energy at the order of precision we
aim at. This leads to:

Definition 3.9 (right and left Bogoliubov Hamiltonians). The quadratic Hamiltonians for right and left
modes are

: A
Hiight = ) (rs Urap =4 +2. K10t p)b] o brp 5 ) (s Kuittr, ) (0] by g +-brabr). (3-21)

a1 a,f>1
) A P
Hiefi := Z (g ,q, (hMF—M++)»K22)Me,ﬂ)C},acz,ﬂ+§ Z (Mz,a,Kzzue,ﬁ)(C;,aczﬁ-i-cz,ace,ﬁ)- (3-22)
a,f>1 a,f>1

Since (u,,q, ug,g) =0 for all o, B, every creator or annihilator of a right mode bia commutes with every
creator or annihilator of a left mode cz o+ The two Hamiltonians above hence correspond (after conjugation
with Bogoliubov transformations) to independent harmonic oscillators. One should view Hyjgp (resp. Hief)
as obtained from H by retaining only those summands in which the L?(R¢) scalar products are between
U modes (resp. ug o modes). A further difference is the appearance of Ay in (3-21) and (3-22) instead
of the operator —A + Vpw + Aw * |u 12 /2 4 2w |u2)?/2 that appears in (3-18). This is due to the fact that
their difference, proportional to dI"; (w * (#u3)), will turn out to be negligible. The bTb—part of Hijgne is
the second quantization of the self-adjoint operator P,hyg P, (and a similar property for the cc¢ of Hief).

It follows from the above definitions and the discussion in [Grech and Seiringer 2013, Sections 4
and 5] that our previous definition (2-29) coincides with

EBog =inf U@Z(sL) ([H]right) + inf O'(Z(gL) ([H]]eft) s (3-23)

which we can obtain by acting on the vacuum with two commuting Bogoliubov transformations and
taking the expectation value of Hyigne + Hie; in the quasifree state thus obtained. More details will be
provided in Section 8A below.
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4. Bounds on the two-mode Hamiltonian

The aim of this section is to prove lower and upper bounds for the Hamiltonian Hj_j04e defined in (3-3).
We will also show a bound on the Bose—Hubbard energy and prove Proposition 2.4. We define the operator

7=t 2'u_ - N)L_lwmz/\&— N_lwuzz(/\ﬂ—l) 41
and the energy constants
Eo= Nhi +K—1\ﬂ(2w1122—w1212) (4-2)
4(N —-1)
and
Ey = N(L(wllll — 4wy +2wi212) — L(w1111 + w1122)>,
AN —1) 2N —1)
M'=h11+&w1111+L(w1212—2w1122)—mez (4-3)
' 2 2N =1 2N —1) 1
U:= i(wllll — w1212)-

The next lemma gives precise estimates on the magnitude of these quantities.

Lemma 4.1 (w-coefficients and chemical potential). There exist strictly positive constants ¢ and C
independent on N and, for any ¢ > 0, an N -independent constant C. > 0 such that

c<win <C, (4-4)
lwinal < T, (4-5)
0< win < C. T, (4-6)
0<wip < C T, 47
where T is given by (2-13). As a consequence, we have
l—ps < C. T, (4-8)

where u was defined in (4-3) and [1 4 is the ground state energy of hyr.

We postpone the proof of this lemma to Appendix B. As a consequence of Lemma 4.1, the reader
should keep in mind the rule-of-thumb estimates

e

T ~ on the states that will be of interest,

M= Rt

U:%>C>0.
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4A. Lower bound for Hy poge- We shall prove the following:

Proposition 4.2 (expression and lower bound for Hy mode). We have the exact expression

. AU
Hamote = Eo+ Ejy +T(ajay +aza1) — p No+ = (N1 = Ab)?

+ NZA 1 win N2+ 4(N)L—_1)(wuu — 2wy + wi)NT (4-9)
and the lower bound
Hamoae > Byt B = jiy Nu b NI S0V - A -GN @10)
To prove Proposition 4.2 we will use the trivial identities
al (N7 +Na)az +ai (N1 +Noar = (N +Na — D(alaz +ajay), (4-11)
N2+ N2 = M 7;/\/2)2 N M —2/\/2)2’ NN — M -ZNQ)Z WM —4N2)2’ 4-12)

as well as the following lemma.

Lemma 4.3 (an identity in the two-mode subspace).
(@) + (@ja)? + 2N1N2 = 2N + No)(afar + adar) — (N +N2)2 +4N2 — (N +AL). (4-13)
The proof, a simple computation based on the CCR, is in Appendix B.

Proof of Proposition 4.2. We start by proving (4-9), which is actually just another way of writing (3-3).
First, notice that, due to the fact that

u(=x1,x2, ..., xq) =uz(xy, X2, ..., Xq),

and since h = —A + Vpw involves a symmetric potential Vpw with respect to reflexion about the x;-axis
and since w(x, y) = w(|x — y|), we have the relations

hit=ha,  win=won, Wi = wni.
Moreover, since we work with a basis of real-valued functions and w(x — y) = w(y — x), we have
hia="ha1,  Wmnpg = Wmgpn = Wpnmg = Wamgp-
Using these relations in (3-3) and collecting all terms, we first rewrite (3-3) as
Hy mode = h11 (N1 +N2) + h12(afaz + Cl;al)

A
Z(N_l)wlm(/\fl +NZ = N1 —A2)

+

N 1w1112(a Nlaz +a2N1a1 +a2N2a1 +a Nzaz)

A
wiinl(@jar)? + (@jan)? + 2NiNa] + N1 w212N1N.

+2(N—1)
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Moreover, using the identities (4-11), (4-12), Lemma 4.3, and the definition of U from (4-3), we find

Hj mode = (hn - (wir11 + wllzz)) N1 +N2)

_
2N—1)

+ AN-D (wir11 — 2wi122 + wi212) (V] + N2)?
+ (hu-i— N 111)1112(N1 +AN2 = 1)+ N 111)1122(/\/1 +N2))(afa2+a§a1)
+ M- N2 (4-14)
(N—1 ! 2 N 2N

The identity A7 +N; = N — N} now yields

Hy.mode = Eo+ Ey — uN| + (w1111 — 2wi122 + wi212) N}

A
4(N —1)

A
+ (h12 +Awi2 +Awi — N1 wi2N — N1 w122V — 1)) (ajay +ajay)
22U
N1 —N>)? N2,
+(N—1)( 1 2) +N_1w1122 =

where Eq and E} are defined by (4-2) and (4-3), respectively. The constant term Ej + E}; comes from
the substitution A; + N3 ~ N in the first two lines of (4-14). The third term —uA/| is the contribution
coming from substituting A; + N> ~» —A| and (N} +AN3)? ~» —2NN| in the same lines. The proof of
(4-9) is completed by recognizing that the main part of the coefficient of aIaz + a;(al is

My —
hi+Awin+iwnn =(u, (—A+ VDW+%Aw*(u%—{—u%)—i—kw*(uluz))ug) = (uy, hmruz) = +T’
having used (2-11) to reconstruct w s |u |*. This shows that the operator multiplying (aIaz + a;al) is
the operator 7 defined in (4-1), thus proving (4-9).

Let us now prove the lower bound (4-10). We will do so by considering all terms in (4-9) and estimating

them from below. The main observation is that since uy — u— < 0, we can use the operator inequalities
—N <K afa2+a;ra1 <MA+N,=N-N; <N.

Thus the term T (alTaz + aga 1) satisfies

Kt — - AWpII2 AW1122 ¥
T(airaz +a;a1) = ££ — N — WNL—=1) (afaz +a,ay)
2 N-—1 N-—-1
N AN (4-15)
My — - w1122
2 —N - ’
5 N1 N_1|w1112+w1122|/\/l

where we used that if two operators A and B commute, z € C, and —N < A < N then zAB > —|z|NB.
The first absolute value in the right-hand side is smaller than (©_ —pu4)/2 because u— — 4 = ¢, T+ >0
by Theorem A.1, 0 < wy12 < C; T2-¢ by (4-5), and T « 1. Furthermore, due to (4-6) the second absolute
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value is bounded by C,T'~*. Thus
M4 — K-

T(@lay+alay) >N - C.T' Ny (4-16)
In order to bound the other terms in (4-9) from below, we first notice that, since wjj2 = 0,
2\
NZ>o. 4-17
N_1 wi122V - ( )
For the term —u/N| we use (4-8) to write
—pNL = =N —CeT' N L. (4-18)

The only term left is that proportional to /\/'f. Thanks to the positivity of wy11; and wiz12, using (4-6)
and A/ < N, we have

(w111 — 2w + wia)NT > — wipNT = —C.T* N, (4-19)

A
4(N —1) 2(N—-1)
Plugging (4-16), (4-17), (4-18), and (4-19) into (4-9) gives (4-10). [l

4B. Upper bound for Hj.mede- Let us define the trial function

N+d)/2 N—-d)/2
Vewss = 9 caup NP @ u N2, (4-20)

—al%, gdéaf,
N+d is even

where the symmetrized tensor products are normalized in the above and ¢4 are gaussian coefficients,

cai= 5= 1dI <o @4-21)

with oy a variance parameter to be fixed later, such that 1 <oy K N 172 "and Zy a normalization factor
ensuring ||V gauss[| = 1. We will prove:

Proposition 4.4 (upper bound for Hy mode). Assume that T ~ N ~% for some 8 > 0. Then, with the choice

S — N ifé <2,
ol = { Hompa N if 6 <2 (4-22)
C otherwise,
with C > 1 a fixed constant, the trial state Y gss defined in (4-20) satisfies
(Hy mode) yguss < Eo+ Efj + N2 E2 4 0o max(11/275, N=1H49), (4-23)

2

We start by computing expectation values with respect to the distribution |c4|%.

Lemma 4.5 (expectation values for the gaussian trial state). Let cg be defined by (4-21) if N +d is even
and cqg :=0if N +d is odd, where 1 < oy < CNY2and Zy is fixed so that ZWl@fv lca|> = 1. Then:

o Moments. For any n € N we have

Z d*|cq|> < Co?n, Z d*ey> =0. (4-24)

—J%,édéal%, —a,%,gdgal%,
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o Tunneling term. For any k € Z,

Z CdCd+xk — 1‘ <

—01%, <d<a§, —K

(4-25)

ZqN.| a

Proof. The equality in (4-24) is trivial because of the odd symmetry d — —d. To prove the inequality in
(4-24), we note that if f(x) is a differentiable function in L' ([0, oo[) having a single relative extremum
at xp,, which is a maximum, then

S @< /f(x)dx+f(Lme)+f(Lme+l)

0<d<o}

n —d2

where | x| denotes the integer part of x. Taking f(d) =d 2 / 203,’ which is maximum at x,, = +/2n oy,

we deduce that

0<d<0N

The desired result then follows from the even symmetry d — —d and from the following lower bound

on Zy:

= Y e N N s gy (4-27)

|d|<o? ld|<on
N+d is even N+d is even
Let us prove (4-25). We have
CaCdn = C o~ Qrd+K?) /40y,
Using the inequality 0 < — 14 x < Cx? valid for any x € [—1og(2C), log(2C)] and extending for
convenience the deﬁnition (4-21) of ¢4 for d = O'N +1,..., UN + Kk, we get
2 22
0< Zz (cdcd+K — cfl + %cﬁ) <C ZZ (2'6116——;:;)6*2 < %,
ld|<oy |d|<oy,

where the last step follows from the estimates in (4-24) proven above. Recalling that ZI di<o? c(% =1, this

gives
C
Z CdCaye — 1| < —
ONn

ld|<o}
from which we obtain
C 2 C
Z CdCd+k — 1' < Z CdCd+x — 1‘ + Z_ze—UN/2 < —
_gN<d<aN—K |d|<gl%l N On
This proves (4-25). O

Proof of Proposition 4.4. We take the trial state ¥gauss from (4-20) with 1 <oy <K N 172 to be suitably
optimized at the end. We will compute the expectation value of all terms in (4-9) on rgayss. First of all,
notice that

N 1 wgauss =0
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which allows us to neglect all A/} and N. 12 terms in (4-9). Hence,

My — - A ¥
<H2-m0de>'ﬂgauss = EO + E% + ( * 2 + N _ 1w1122> <a1a2 +a;al>¢gauss
AU 2\
—— (V] —N)?
+ N—1<( 1 2)7)

Veuss T W2V, 2 s (4-28)
Let us evaluate the three expectation values on the right-hand side. We have

N+d+2N-—-d

T il

(aja2+aya1)y,,, =2 Z CdCd+2\/ > 5
—Uﬁgdgaﬁ—Z

Since |d| < 01%, <« N, we can expand the square root around d = 0. We get

\/1+2 d>  2d |
N N2

s
(a,a2 + agal MWeass — N Z CdCd+2

—0}<d<oy—2

SN Z CdCd+2

—01%, <d<a§, -2

<N Z CdCd+2

701%,<d<01%]72
We distinguish between two cases:

N2

N N? NZ|

2 d* 2 '
(4-29)

o If 1 < 01%, < 24/N the second line of (4-29) is bounded by a constant. Indeed

‘2 d*>  2d 3

< forld <2VN

and

CiCara < ecf, for |d| < 01%,,
and we recall that Zldlga,%, cﬁ =1.

o If 01%, > 2\/N , we split the sum in the second line of (4-29) into a sum running from —2«/N to 2\/ﬁ and
a remaining sum. Taking advantage of the last two bounds, the expression in this second line is less than

C Y c+NC > o
d|<2v/N 2/N<ld|<o},

The first sum in the right-hand side is bounded by 1. The second sum can be bounded as follows. Setting
dy = |2+/N |, we have

2 d—dy)? dd d?
Z C‘%:ZZ exp{—( N) — N+ N}

202 o2 202
2/N<|d|<c? N 2N<d<o? N N N

N

2 N2
i exp _d_N Z exp —_ (d ) < 2€_N/J}%/
72 o2 202 | ’
N N Ogd’ga,%, N
Hence, in all cases one has

(ajar + agal)wgauss -N Z CdCd+2

—01%, gdéaﬁ,—Z

< C+CNeNew,

(4-30)
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Combining this result with (4-25), we get

CN
alaz +ajar)pp, — NI < C+ —5 + CNe NN, (4-31)
On

For the variance term in (4-28) we immediately have, using (4-24),

(N =MDy = Y d’leal® < Coy. (4-32)

|d\<aN
Finally, since N2 < NNV_ on $Y and N_ = (V] + N> — a]Taz — a;al)/Z, we have by (4-31)

N

N
N2 s < SN = (alar +ayar) yp,,) < CN (1 +5+ Ne—Nmﬁ). (4-33)

Y
Plugging (4-31), (4-32), and (4-33) into (4-28), and recalling the estimates (4-4), (4-6), and (4-7) for the
Wmnpg coefficients and our assumption 1 <oy K N 12 we find

2

— U_ (o2
(o mode) s < Eo+ Elj + NEZE= +Ne N /"ﬁ> +CN (434)

2—¢ N
5 +C(p-—put +CT7)| —

On
We now optimize the remainder terms by choosing 01%, as in (4-22). Since we assume T ~ N~ for some
8 > 0 we have from (A-4)

Ne N/ov < cN7

for any n > 0, showing that the exponential term in (4-34) is much smaller than N/ ol%,. Using again (4-22)
and (A-4), the two last terms in (4-34) are bounded by C,T'/>~¢if 0 <8 <2 and by C,T'*N+CN~' ~
C,N~@¢=D+ed L c N~ if § > 2. The claimed bounds then follow from

TV2=¢  if0 <8 <2,

T1/278’N71+£6 —
max( V=N ifs >0, O

4C. Bose-Hubbard energy and proof of Proposition 2.4. The next result of this section will allow us to
recover the Bose—Hubbard energy, which is the lowest energy of the Bose—Hubbard Hamiltonian (2-24),
in terms of quantities appearing in the bounds for Hy node.

Proposition 4.6 (Bose—Hubbard energy). Let Egy be the bottom of the spectrum of the Bose Hubbard
Hamiltonian Hgy defined in (2-24) on the N-body two-mode space ® (PL*(R?)). Then

sym

Eon— (2 i = N s — ™) | < cmaxrize vy @)
4(N — 1) 2(N — 1) AR Bt ’ '

Proof. Since Hgy is defined on ®
(2-24). This gives

(PL*(R%)) only, we can plug N; + N> = N (i.e., N = 0) into

sym

A N? Mg —H— 4 + AWi11
H _ —N _ N1 — N
BH = 2(N—1)( >w1111+ 5 (ala2+a2611)+4(N )( 5)%.
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We then repeat the proof of (4-10) and (4-23) on this simplified Hamiltonian. This gives

Egn < (Hpn) < A—]\/zwllll—Lw“u+(M —u )E-i—C max(Tl/Z—E N—1+88)
= Veauss 4(N—1) 2(N—1) + /7 & s
and
e MV AN o N
BH/4(N_1)UJ1111 Z(N—l)w“ll Uy — HU— >
which completes the proof. 0

Proof of Proposition 2.4. Recall Definition (2-22). We deduce from Proposition 4.4 that

R

Ermode < Eo+Ey+N + C, max(T'/?78, N711+%), (4-36)

Since the ground state of H» mode entirely lives in the two-mode subspace, for a matching lower bound
we may set M| =0 in (4-10). Thus, recalling that U > 0, we deduce from Proposition 4.2 that

Epmode > Eo+ EY + N%.
Let us set
Eo=E AN? 4 2 )= Nh AN? Q )
=FE)— —— (4w — 2w = ——QCwin—w .
0 0 4(N—1) 1122 1212 11 4(N—1) 1122 1212

It follows from the two preceding bounds, Proposition 4.6 and the definition (4-3) of E} that

|E2—mode - EO - EBHl

< Ez.mode—Eo—E;@—N%h —Epn+ NS+ E}y+ Eo— Eo
AN? AN N?

<Comax(TV> e N~y 4 - w4+ ————wnn+EY+ ——— (4w —2w

e ( ) AN=1) 1111 SN=D) nt+Ey 4(N—1)( 1122 1212)

AN

<C a T1/2—8’N—1+88 .

¢ max( )+—2(N—1)w”22

Proposition 2.4 follows by using Lemma 4.1 again. O

5. Derivation of the Bogoliubov Hamiltonian and reduction to right and left modes

The aim of this section is two-fold: we will prove that the Bogoliubov Hamiltonian H from (3-18) is
the leading contribution to Hy — Hj-mode, and we will show that H can be decomposed into the two
quadratic Hamiltonians Hijgne and Hiere from (3-21) and (3-22). The most delicate part of this program
is the fact that there are terms in Hy that contain exactly one aﬁ, with m > 3, but that are not a priori
negligible. We keep track of them in Proposition 5.1, and we will show that they are negligible at a
later stage.

Let us state the two main results.
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Proposition 5.1 (derivation of the Bogoliubov Hamiltonian). For any excitation vector ® € £2(F 1) of the
form ® = Uy for some € 9N, we have
‘(L{N(HN — Ho.mode) U)o — (H)o — 114 (M1 ) o

A A

- — Wilom @am®+h.c.> ——< Wi2—m ®_1am®+h.c.>
Jz(N—1><mZ>3 " o V2IN-T) ,,; ' o

< 2 D’ T'—* 34,4 r201/4
< N1/4 (NL+1><D+ W A +C£N1/4 <N_>Z/{;\‘/<I><NL><D . (5_1)

While proving the decomposition of H into right and left modes, we will need to project the problem
on the eigenmodes of iyr with index smaller than some M € N. To this end, we define the spectral
projections

Peyi= Y (usasMusaril+ luai2) a2 = Y (ura)lural +lucadlueal) — (5-2)

1<asM 1<aM
and

Poy = Z (lu2at1) (Uaa+11 + (U2 12) (g 12]) =1 — Py — Jug ) (g | — Ju—) (u—|.
a>M

Let us introduce the versions of the Bogoliubov Hamiltonians Hiighe and Hief, in the right and left wells
with an energy cutoff, obtained by restricting all sums in (3-21) and (3-22) to indices «, 8 smaller than M,

H{ = AT (Pepr)HiighdD (P<pr)

= Y (ura.(inp—ps+AK 1)y, p)b] b 42 > (e Kiitrp)(bf b y+brabrp). (5-3)
= Ur,a, (MMF— M+ 11)Ur,B)0y oOr,B > Ur,a, B11Ur,8) Dy o0, gT0r,a0r,8), -

Isep<M 1<a. <M
HM .= A (P< yy)HiendD (P p)

_ 2 .
= > (Mz,a,(hMF—MJr+?»K22)W,,3)C£,O,Ce,ﬂ+5 D (uraKaoue g)(c] 4} g+ceace ), (5-4)
1<a, B<M 1<a, B<M

where we recall that the operators K, Ky, and K, are defined as
(v, Kju) = 3(v@ui, wu; ®u), i=1,2, (v, Kjpu) = (0@ uy, wus @v).
Proposition 5.2 (reduction to right- and left-mode Hamiltonians). Consider ® € 0%(F 1) such that
(d (hwp — py) + N7 +dT (e — )N 1o < C (5-5)

for a constant C that does not depend on N. For every energy cutoff A, let My be the largest integer such
that poy,+2 < A, where { i} are the eigenvalues of hyr in increasing order. Then,

[(H — Hig) — Hig — dT L (Poy, (har — i) Poig))ol < Caon (D) + (5-6)

(Uamy+2 — )V /2

where the constant Cp does not depend on N.

The results of Propositions 5.1 and 5.2 will enable us to show in the next sections that the expectation
value of Hy — H>.mode in the ground state 1/, of the N-body Hamiltonian Hy is equal to (H-+ N i>“z*v Vs
up to error terms oy (1) and, furthermore, that the Bogoliubov Hamiltonian in the last expression can be
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decomposed as a sum of a “right” and “left” Bogoliubov Hamiltonian up to small errors. Indeed, let us
anticipate the following a priori estimates to be proven in Section 6:

(Nf)¢gs <C, (dT(hmr — pNL)y, <C, (No)y,, < Cemin{N, T4},

where the constants C and C, are independent of N. In particular, taking ® = Uy Vg, the second term in
the right-hand side of (5-1) is of order T2,

To prove Proposition 5.1 we will, in the next three subsections, group the terms in Hy — H2-mode
depending on the number of creation and annihilation operators a,n,, with m > 3 they contain.The proof of
Proposition 5.2 is provided in Section 5D.

We first collect a few properties that we will use throughout the section.
Lemma 5.3 (general estimates). (i) For any functions f, g, h € L>*(R?) we have
DU ®g wh@un)* < (g, [w* (FR)*g) < CIFIZ 1IR3 (5-7)
m>=3
(ii) For any two functions f, g € L*>(R?) we have
S Uf®g wunRun)* < (f®g. w'f®8) < CIfI3lgl3. (5-8)

m,n>=3

(iii) We have the bound

lw * (uiua)ll oo = sup |w* (ujuz)(x)| < C.T' 5. (5-9)
xeRd

(iv) The operators K1, and Ky, are positive and trace-class. Moreover
IK2llop < CeT/27°. (5-10)
Proof. Let us start by proving (5-7). We have
Y@ wh@un)* =Y (g, wx (fh)|wn) (unlw* (hf)g).
m>=3 m>=3
The first inequality in (5-7) then follows thanks to the operator bound
D lum) (] < 1.
m>=3

To pass to the second inequality of (5-7) one uses Young’s inequality, recalling that w € L°°. A similar
argument proves (5-8) as well, using instead the operator bound

Z [t @ ) (U @ up| < 1.
m,n>=3
To prove (5-9) we write, recalling that 2uuy = ui —u? andw >0,

sup
xeRd

/Rdw<x—y>u1(y)uz(y)dy <3 sup /Rdw(x—y>||u+(y>|2—|u<y)|2|dy

xeRd
< C 2_ 2 <C Tl—é‘
SClHugl” =lu—"llpr < Ce ;

where the second inequality follows from Young’s inequality, while the third one follows from (A-1).
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The operators K| and Ky are trace-class since they are integral operators with kernels K;; (x, y) =
%u,-(x)w(x — y)u; (y) and their trace is equal to

/ Kii(x,x)dx = l/ w(0) |u,-(x)|2dx = lw(O) <oo fori,je(l,?2}
Rd 2 d 2

They are positive because of our assumption that w is of positive type; see (2-1). To prove (5-10) we use
the Cauchy—Schwarz inequality to obtain

1Ki2llop = sup [{v, Kipu)| < sup [/ () w1 (Ywx — y)uz(X)|u(y)| dx dy
u,veL2(RY), ul=[lv[|=1 lull=lvll=1J JR
12 1/2
< (// ) Pwx = y)|uy)] dxdy) wili
IIMH ||v|| 1 R2d
and the result then follows from w € L and (4-7). [l
f

S5A. Linear terms. The part of the Hamiltonian containing only one aj, is, recalling the identities

Wmnpg = Wpnmqg = Wmgpn = Wnmgp>

= (—A+ Vow)ma an +he. (5-11)
m=3
+ ) (=A+ Vow)-ma' an +hec. (5-12)
m>=3
A i
v Z Wiy imalalaia, +he. (5-13)
m>3
+ —_— Z w++_ma1aia a,, +h.c. (5-14)
m>3
A
+ —_— Z Wq— eraia1 ata, +h.c. (5-15)
m>3
+ N— Z Wy m+a1a amay +h.c. (5-16)
m>=3
+ N— Z w+,,ma1aT a_a,; +h.c. (5-17)
m>3
—i——)L Zw ata’apa_+he (5-18)
N—1 +—m—-tu_Upt— L.
m23
+ N— Y w_ma'alaiay, +he (5-19)
m>=3
Z w___ga a a_a,+hec. (5-20)
m>3

The main result of this subsection is the following proposition.
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Proposition 5.4 (linear terms). Let ® € (%(F 1) be such that ® = Uy for some i € $HV. We have:

o Elimination of subleading terms.

A
‘<A1w> ——<<Z<w++ 4w YN - Nz)am+hc)>

m=3 1//‘

l—s
TN””“C SR W G2
o Conjugation with Uy.
‘(uNAlu* Yo — ;<Z Wil—m OapD +h.c.> - ;<Z Wirem O 'a,D +h.c.>
N V2N =D\~ o V2IN-D\Z ®
C D2 T 3/4 £y 14
< N1/4(<NL+1>¢+<N>¢>+C e~ N SWNDE . (5-22)

Some linear terms still appear explicitly in (5-22), of the form
%al(/\/l —Ng)am, m 2 3.

According to the standard prescriptions of Bogoliubov theory (ajjE ~ /N and am ~ 1 for m > 3), and
using the a priori estimate (6-6), for the variance, this term would not result to be negligible. We will
prove that it actually is at a later stage of the proof.

Proof. Let us start with (5-21). The terms (5-11), (5-13), and (5-18) will be considered together (and
analogous arguments will hold for (5-12) + (5-15) + (5-20)). Their sum gives

GID+ G +G-18= ) [<—A + Vow).ma | +

N -1
m>=3 N
TN 2[(w+—m— — Wy em)al Noay] +hec.
mz

— L+ Lo. (5-23)

Wiy yma (N +N—)am:| +h.c.

In order to estimate L; we write, using Ny + N_ =N —N| and w44, = (W * u%)m,

o A
L= Z |:(hMF)+ma+am TN 1w+++mal(/\/l — l)am] +h.c.

m>=3

But (AmE) +m = g (U, Uy) =0 if m > 3 and thus

A
L)y =——— > wipym{¥.a} WL — Dani) +he.
N —1

m=3
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Using the Cauchy—Schwarz inequality twice, inserting (5-7), recalling that Ny <N and 2N < N7 241,
we have

c 17? 12 2 £r1/2 2 2 21"
D lwigml D AN Zar 1PN am I + las v P llamy [1%)

L)yl < —
N m=3 m=3

C 2 _c
< 5| Ty NN+ N W] < (5-24)

m=3

ﬂ

The term L, in (5-23) can be rewritten as
A

Ly= <= 3 s ws (- = fus Puen)al N +hie.
- m>=3
Hence
C 12 1,2 1/2 12
(La)y N[Z' e, w (u? = Jug )| ] [Z IV 2y PNy amw||2]
m>=3 m>=3
C
< g fs e (P = e ) ) VANV P VL)
<C T'-¢ WYV2 2y L4 a2y 4
STEN2Y Y Ly =y
<. Ty
X £N1/4 —Iy NIRRT

In the first step we used the Cauchy—Schwarz inequality for the m-sum and for the scalar product. In the
second step we used (5-7). In the third one we used Young’s inequality, w € L* and the L?-bound (A-1),
as well as V; < N and the Cauchy—Schwarz inequality (N LN_)zv, < (Nf)w (N2)y. In the last step we
used N2 < NA_.

Having estimated both L and L,, we deduce

[, (511 + (5-13) + G-18P < —= (V2 + 1)y + Co V)Y WD)/, (5-25)

«/_ N4
Analogous arguments lead to a similar bound for [({, ((5-12) 4 (5-15) 4+ (5-20))¢r)|.

The remaining terms in A yield the linear terms in the left-hand side of (5-21). In fact, noticing that
Wit—m = W_j4m = W4_m+, and using the identity

ala_+ala; =Ny =N,
we find
A
(5-14) + (5-16) + (5-17) + (5-19) = N_1 Z(wJFJr_maj(F + w+__mai)(/\/'1 —MNya,, +h.c. (5-26)
m>=3

The estimate (5-21) is then deduced by merging (5-25) and (5-26).

We now turn to (5-22). Using the definition of u; and u; in terms of 4 and u_ (see (2-11)) we can
replace ai and aﬁ, with linear combinations of af and ag. The action of Uy on a;fnan is then obtained
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using (3-17). For example, recalling that [N, a,,] = [N2, a,] = 0 for m > 3, and recalling the definition
of ® from (3-13),
Uya] (N7 — No)anlyy = Una] anldy Uy (Ny — ND)Uy
N—-N, +9D+1
_ @\/ ¢2+ +

a,; 9.

The action of Uy on the term of (5-22) containing a; is computed analogously, and the same holds for the
adjoint operators. Thus, acting with Z/y on the linear terms in the right-hand side of (5-21) and recalling
the definition of u; and u; to re-express the matrix elements of w gives

Un Y (Wi wie @ )N = Na)anldyy +hec.
m>=3
A
=——— > [wi-mOVN-N +D+1+hc.+wir n® 'VN-N —D+1]Da,+he. (527)
The linear terms in (5-22) are obtained by replacing all square roots in the above right-hand side by

/N — 1. We now bound the remainders this operation produces. Consider for example the second line
of (5-27), and define

N-1

A
R := “m{®OWN-NL+D+1—-+N —1)Day, h.c.
YT VAN - 1),%:3*‘((\/ L+D+ 1= VN —1)Dan),, +he

Proceeding as when estimating (L1)y and (Lj)y above, recalling that [D, a,,] = 0, one obtains

212 } N. D ) - 2_1 1/2
|R1| < (leﬂ ml) NLD) g <(\/1 AR 1)@ .

m>=3 [}

We now use the inequality

K 2 K 2 K
(\/1+ZXJ—1> g(%ZXj) <Ck Y X} (5-28)
Jj=1 j=1 j=1

for a collection X1, ..., Xk of K mutually commuting self-adjoint operators. Inserting (5-7) and using
the Cauchy—Schwarz inequality to get (V| D?)2 < (V2D?) ¢ (D?) o, we find

o) (2 =)
<), (etenes(§),)

Since ® = Uy, we know that

NEDN) o =Y s%d*| Dy all> < N (N D)o

s,d

|Ri| <

Moreover, the commutation relation [D, ®] = ® implies

(DN o106 = ((ODO™H2) g = (D — 1)He <2(D* + 1o
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and we deduce

st (5, (yuene(5))
IRl < 17 T WVDg <N>¢ N<Nl+1)¢+ A

C D2
< NiA ((Nf + o+ <W>®)

The remainder for the term in the third line of (5-27) can be treated in the same way, completing the
proof of (5-22). U

5B. Cubic and quartic terms. The part of Hy containing three afn withm >3 is

A T
Az = Tl Z [w+mnpaia;anap +w_mppa_a anap] +h.c.,
m,n,p=3
while the one containing four is
A P
4= Wimnpq @y dpq -
2(N —1)
m,n,p,q=3

Proposition 5.5 (cubic and quartic terms). For any ® € £>(F 1) we have
C

|(UnAsUy) o] < ﬁ</\/f+l)q>, (5-29)
[(UnvAsUy)o| < (/\Q) (5-30)
Proof. To prove (5-30) notice that with the notation (3-6) we have
A
UnAs Uy = ————dIT ,
NAHN =N T L(w)

where w is the operator of multiplication by w(x — y) on LZ(R%)®2. Since w € L™, we have

C C C
UnAs UL < —dIM (1R 1) = — —DH<=N?
NAsUY < 1(1®1) NNL(NJ_ ) NNL

because second quantization preserves operator inequalities. Since A4 > 0, (5-30) follows.
Let us now prove (5-29). Taking the second quantization of the operator inequality (recall that w > 0)

PPt —ePHwPt® (Pt —eP)+ (Pt —eP) @ Prw(Pt —eP)QPL >0
for some ¢ > 0, we deduce

2 1 s
Z w+mnpa1a;anap +he <edllp (w*|lug [Ny + s Z wmnpqa,Lanapaq

m,n,p>3 m,n,p,q=3

1 ¥
<eCN N, + - E Winnpg @ @) apay .
m,n,p,q=3

In the last step we used the inequality dI"; (w * [u|?) < CN1, which holds by boundedness of w s [u |,
We can use the same arguments for the part of A3 that contains w_,,. Adding the two results and
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multiplying by /(N — 1) we thus obtain
eCA

A3z <
SSN

4
NI N +ND)+ EA4.

Using the fact that V. +N_ < N on $, and then conjugating by Uy, this implies
UnAs Uy < eCNL+e ' CUy AU

and plugging (5-30) in the last term gives
* -1 ¢ 2
Z/{NA3UN<8CNJ_+8 NNL

We optimize this bound by choosing ¢ = N~!/2, Repeating the same proof with ¢ replaced by —e and
with reversed inequalities, this yields
C C
VN VN
Using also 2N < J\ff + 1, this concludes the proof. U

WL+ ND) SUNA UG < —=NL +ND).

5C. Quadratic terms. The part A, of Hy that contains exactly two a,i with m > 3 is composed of

24 terms which can be combined together by using the equalities Wynpg = W pnmg = Wimgpn = Wpmgp and
the identities
> Wimin + Wimni)ahap =dU L (w * |u;|* +2K;p), i=1,2,
m.n=3
Z (Wim2n + Wimn2)@,,an = AU (w * (u1uz) + K12)
m.n>3

to obtain

— i Tt Tt Tt
Ay = Z (_A‘i‘VDW)mnaman"‘m Z (wllmnalal+2w12mnalaz+w22mna2a2)aman+h-c-

m,n>=3 m,n>=3

+ (a}'aldFL(w*wl |2+2K11)+a§a2dFL(w>r<|u2|2+2K22))

A
N-—1
A n
+ N—1 (ajazdl’y (w(uu2)+Ky2)+h.c.).

The action of Uy on quadratic terms of the type a'a was given in Lemma 3.6. To deduce the action of
Uy on terms of the type a’a’aa as the ones in A,, we can always reduce ourselves to terms of type a'a
by commuting operators, as in

Z/{Naira;amanu;:, = Z/{Na;ramL{;L{Na;anLlf\‘, form,n > 3.

This is allowed because for m, n > 3 the operators afnaﬁ commute with af and ag. The same argument

holds for terms of the type

L{Na;ra;azanbﬁ‘\} = UNaIaz Z/{;(,LINa;fnanM;‘,.



BOSONS IN A DOUBLE WELL: TWO-MODE APPROXIMATION AND FLUCTUATIONS 1919

Arguing in this way to commute operators, one easily deduces the expression

Uy AUy =Y (= A+Vow)mnd),an (5-31)
m,n>=3
A N-N+D+2 [N—N| +D+1
m,,®2\/ \/ ndn-+h.c. 5-32
+2(N—1) L;;wu > > apap—+h.c (5-32)
N—M+®\/N—M—®+1
2 mn man+h.c.+h.c. 5-33
+m§>:3w12 \/ 5 5 ama,~+h.c.4+h.c (5-33)
L, [N=N_ —D+2 [N=N|—-D+1

i © 2\/ \/ ndn+h.c. 5-34
+m§>:3w22 2 2 Gt € -39
+(N=N1+D)dl | (w|ui[*4+2K11) (5-35)
+(N=N1L—D)dT | (wx|uz|*+2K2) (5-36)

N— D2 [N-N,—D
+2@2\/ Nl;_ * \/ AQL dFL(w*(M1M2)+K12)+h-C;|- (5-37)

If we could replace all square roots by /(N —1)/2 and (N — N £9) by N — 1, then the expression on
the right-hand side would coincide with

A
2
+2 3 Kot ws () @aay +he.

m,n>=3

[H]+//L+NJ_ ::dFJ_<—A+VDW+ w*|u1|2+%w* |u2|2+AK11 +)»K22)

+2 3 (Kim® + (Ka)mn® > + (Kidanan +hie; (538)
m,n>=3
see (3-18). The w4 N, term is there to compensate for a term which we included in the definition of H but
that does not come from Uy A, Uy,. We will prove the following result, showing that such a replacement
can be done at the expense of negligible remainders.

Proposition 5.6 (quadratic terms). Let ® € 02(F 1) be such that ® = Uy for some yr € V. Then
c <Nf +D2+1 >
VN N o

[{UNA Uy) o — (H)o — g (N1) o < (5-39)

where H was defined in (3-18).
Proof. The result is proven if we show the following three general estimates:

o Controlling terms (5-32)—(5-34). Forevery i, k€ {1,2}, c1,c2€Z, je{-2,0,2},and g, &, € {—1, 1},

A ( [N“Ni+&D N—N_+&9 N-1
‘ <Zwikmn®] ( \/ | +e1 D+ \/ +e2D+er )aman> he
n=3 @

2(N-1)\ & 2 2 2
C  Lap/Nt D N2 D2 172
< — _—t 4 — 1 — -
\Nwﬁq, <N3+N3+ TR ) (5-40)



1920 ALESSANDRO OLGIATI, NICOLAS ROUGERIE AND DOMINIQUE SPEHNER

o Controlling terms (5-35)—(5-36). For every i € {1, 2},
A
(V= NL£D) — (N = D)L (w s >+ 2K,-l~)>
- @
o Controlling the last term (5-37). Finally,
e \/N—Nl+®+2\/1v—/\a—® N-1
N-1 2 2 2

C
<N<Nf+©2+1>¥2wf>¥2. (5-41)

>dFJ_(w*(u1u2)+K12)> +h.c.
[

(5-42)

NE D N2 D2 1)\
N NNN>‘

C
—<Nf>}b/2<—+ +E
Let us prove (5-40). We have

A N — N — N-—-1
Z Wikmn © \/ ANpte®+e \/ NiteDte — ana,) +h.c.
2(N -1 2 2 2 @

1/2

1/2
2(N— 1)( Z Iwzkmn|) ( Z IIamanq)||2>

m,n>3

‘ \/ \/ 1\ 12
e/ - — — - — — ——1 — |7/
><< ( +81 +82N+N +N> >q)

NEONE Dz D4 ;
CINLWV —1))1/2<®J(—+—+—+—+—)®—1> :
O N2 T N2 T N2 TN o

where in the first step we used the Cauchy—Schwarz inequality for the sum over m, n and for the £>(F )
scalar product, and in the second step we used (5-8), the inequality (5-28), the commutation of A/} and D,
and the bound Nf@z < N2D2. The proof of (5-40) is complete if we show how to get rid of ®. For the
terms containing N7 we simply use the fact that [©, V| ] = 0 and that ® is unitary. For the © terms we
use the identity

090 =21,
which implies ©0"@~! = (D — 1)" for each n € N, and therefore
0’0’02 =(® -2’ < CD*+C,
'O 1< (@ -2 < C@* +D% +1).

This completes the proof of (5-40).
Let us now prove (5-41). We have

(V= NLED) = (N =D)AL (w s s P+ Ki)),

m((—/\ﬁ £ D+ 1)dl L (w s Ju; | + Kid))e

C
< WD+ DD
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where we used the Cauchy—Schwarz inequality for the £?(F ) scalar product, the boundedness of w * |u; |

and Kj;;, and the fact that |dT"; (K)| < || K ||V for a bounded one-body operator K.

Finally, one may prove (5-42) in a similar way, using the boundedness of w % (ujus) and Kj»,

inequality (5-28), and commuting ® with N, and © as done above for (5-40).

O

Proposition 5.1 now follows by merging (5-22), (5-29), (5-30), and (5-39), with a rearrangement of the

remainder terms.

5D. Reduction to left and right modes: proof of Proposition 5.2.

Proof of Proposition 5.2. We have the decomposition

3
H— Hﬁ?ggg — erﬂfl{‘) —dl L (P p, (hvp — 1) Poygy) = Hip + Koy, + Z Ej,

Jj=1
where

Hi2i=2 3 s @) (-2+ 07 + 0 ala,

(K12)mn©®%a’ ay +% > (Ki)mn® %a)ay

m,n>=3 m,n=3

A A
+ E Z (K12)mna;rna,z+ z Z (Kikz)mnaman,

m,n>=3 m,n>=3

Ko py =2 Z (K11 + K22)mna;,an + A Z (K11 + KZZ)mn(a,Lan +h.c)

m,n>2Mx+2 3<m<2Mp+2
n>2Mp+2
A _
+5 ) [Ki)m®? + (Ka)mn©hayay +hc.]
m,n>2My+2
+A Y H(K1D)mn® 2+ (K)mn©¥)aj,a) +hec.]
3<m<2Mp+2
n>2Mp—+2
Eii= Y (tra. (hve — ppuepla) ,aep+hee.,
I<a, B<Mp
Eyi=4A (Urq, (K11 +K22)M8,ﬂ>aiaaz,ﬂ +h.c.
1<, B<Mp
+ A [{tra, K11tt0,8)O 72 + (U, Kzzbte,,s)@z]azaag,ﬁ +h.c.,
1<a. B<Ma
3:=AX [{ur,a, K22ur,/3>aiaar,,3 + (ueq, Kuue,ﬂ)azaae,ﬁ]
1<, BS<Mp
A 2 ¥
+5 [(ttr.ar Koty p)O%a) ya) g+ (0.0 Ki1ue )©%a; 4af 5 +hc]

(5-43)

(5-44)

(5-45)

(5-46)

(5-47)

(5-48)

(5-49)
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Let us briefly explain the rationale behind the above decomposition. First, in view of the definitions of
hmr and of the right and left modes u, , and u, ,, see (2-6) and (2-26), one has

A
2
= Y [tra. (e — w)urp)a) yarp + (e m, (hvp — ()Uen)ag ,aen
1<, B<M, —
@ PSM + B1 4+ dT (P py, (e — i) Pogy) — AT (w % (1)), (5-50)

dFJ_<—A+VDw+ w*|M1|2+%w* |u2|2—,u+)

where the sum in the first line contains the terms involving Ayp — (4 in Hﬁg}’l‘g and H-I]l(enfl{‘); see (5-3) and
(5-4). One can proceed similarly for the terms involving K;; and K5, in the Bogoliubov Hamiltonian
(5-38). Now, we gather in Hy, all those terms that involve the operators w * (1#1u;) and K (including
the last term in (5-50)). For Hy, we will prove a cutoff-independent quantitative bound. We then gathered
in dI'y (P> p, (hvr — 04) P- g, ) and K. py, those terms of H — Hy, for which one or two indices m
and n are larger than the cutoff M. We will show that the contribution of K. y;, is negligible, while
dI'y (P p, (hmr — p+) P~ 1, ), being nonnegative, can be dropped for a lower bound. For the part of
H — Hj, in which sums run over modes below the energy cutoff M, we want to control those terms that
contain matrix elements that couple “right” modes with “left” modes. They are of different types, and we
collected them in E;, E,, and E3. The remaining terms precisely give I]-I]ffg}’l‘t) + I]-I]I(e]g“ . We will show that
(expectations of) all terms in the right-hand side of (5-43) are controllable in the limit N — oo followed
by M — oc.

We first prove that
(Hi2)o| < CeT* SN+ 1)o. (5-51)

For the first two lines of Hi, we write

n=(3 0 [ () (=24 02+ 07 + (K12)mn©? + (K e ]) |

m,n>=3

= %Mdmw % (u112)) (=2 + 0%+ O72) + (dI' L (K12)®* +h.c.)) ol

A -
< SN2+ 62+ O P I L (w + (1u2)) @ || + 4| O @ [T L (K ) ]|

Recalling that the norms of w= (u 1) and K1, were estimated in (5-9) and (5-10), arguing as in Section 5C
we find

L<CT" (N
For the other terms of H;, we write

A t
L= ‘(5 > (Ki)mayya, +h.c.>¢' <Al

m,n>3

Z (K12)mn@ma, ® H .

m,n>3

Since we assumed that all elements of the basis {u,,},, are real-valued functions, we have

(U, Kiotp) = (U Qui, Wiy Quuy) = (U @y, WU @ Up)
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and this gives

2

Z (um» K12“n>amanq> = Z <”ma K12un><uq» KTZ“p)(“};a;amart)(D

m,n>=3 m,n,p,q>3
= Z (U @uy, wu2®ul><u2®ulawup®uq><a;a;aman>d>

mvnvpﬂq>3
= (dI' L (wluz @ u1)(uz @ uilw))e.
However,
lwluy @ ua)(ur Qualwllly = sup [, wur @uz)*(u1 @uz, w”uy @uo)

ueL2(R2?), ||lu|=1
2
< (f(w(x — ) [ur () * ua () * dx dy) <C. T8,

where the last step is due to (4-7). Since the second quantization preserves operator inequalities, we

conclude )
Z (umv K12un>aman(b < C8T1_8<Nf>d>a

m,n=>3

from which
L <C T (N D).

This completes the proof of (5-51), since the expectation in the right-hand side is uniformly bounded by
our assumption (5-5).
We now explain how to bound K. s, , focusing, as an example, on the term

1 —

KO = Y [(Ki)wm® %ala) +he.l.
3<m<2MpA+2
n>2Mp+2

‘We have

1/2 1/2
|<K934A>¢|<2(Z |<um,1<uun>|2> ( > ||anam<1>||2) lo~?a|

m,n>1 m>=3, n>2Mp+2
1/2
24172 i
<2Tr(K7)" ||<I>II<N¢ > a,;an>
n>2Ma+2 @

The first bound follows from the Cauchy—Schwarz inequality both for the sum over m, n and for the
0%(F 1 )-scalar product. The second one follows from the fact that K;; and thus K 121 are trace-class, as
proven in Lemma 5.3, and by commuting aa, with a,, and ignoring a negative term coming from the
commutator. For the last square root we write

1
(o 3 da) <t W0 G snrafan)

n>2Mp+2 @ Homy+2 = H+ n>2Mp+2 @
We now notice that the sum in the right-hand side satisfies

Z (1n — m4)a) an < AU L (v — s,
n>2Mp+2
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and since all the operators commute with \/; we can plug this into the expectation value above. We thus
find

1 1/2
(K)ol < C( (N1 | (g — u+>>¢) :
H2aMp+2 — K+
Since, by the assumptions (5-5) on &, the expectation value is bounded uniformly in &, we deduce
C
(K3 ol < .
M (omy+2 — 14)'/2

All the terms in the second and third lines of (5-47) can be estimated in this way. For the terms in the
first line the argument is slightly simpler since, arguing as above,

1/2
<C(Z<a,1am>¢ > <a2an>¢)

3<m n>2Mp+2

Z (K114 K22)mn (@), a0 +h.c.) o

3<m<2Mp+2
n>2Mp+2 (d]" (h ))
1/2 1UIMF — M )
(MoMu+2 — M)

This proves
C

(5-52)
(MomMy+2 — M)

(K)ol <

1/2°

We next turn to estimating the E terms in (5-43). Since all sums are finite, it is enough to show that the
L?(RY)-expectation values multiplying affaagzﬂ in the sums converge to zero as N — oo (notice that our
assumption (5-5) on @ ensures that all expectation values in 02(F 1) are well-defined). For 2, we notice

that
(Ur.q, (hvp — 1)1e,8) = 5 (Uoat1 — R2a4+2)8a,p, (5-53)

and therefore, by (A-7), forany o, B € {1, ..., Mp},
lim (uy o, (hvr — py)ueg) = 0.
N—o00
The fact that (E;)¢ and (E3)¢ converge to zero as N — oo is a consequence of the localization of u,
and uy g in the right and left wells, respectively. More precisely, for E, we notice that, by the definition

Of K]],
ity Kirtte,p)] = 5/ (ttre @ ui, wuy @ue g)| < Cllugpl, lur])

1/2 1/2
c(/ |ug,,3(x)|2dx) +c(/ |u1(x)|2dx) , (5-54)
x120 x1<0

and both terms in the right-hand side converge to zero as N — oo by (A-8) and (A-9). The expectations
of Ky, in E; coincide with those of K, by reflection symmetry, so the same argument applies. For E3

N

we argue similarly by noticing that

[utras Kooty g)| < Cllural, [u2l)(lurgl, luzl),

1/2 1/2
(ltr g, |u2]) <C(/ |ur,,.«x<x>|2dx) +C(/ |uz<x)|2dx)
x1<0 x120
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and the right-hand side of the second bound converges to zero as N — oo, once again by (A-8) and (A-9).
These arguments prove that, fori =1, 2, 3,

(i)l < Cmyon(1) as N — oo (5-55)

for some constant C, that does not depend on N. Comparing this, (5-51), and (5-52) with (5-43)
proves (5-6). U

5E. Reduction to right and left modes: linear terms. We now prove that the main contribution to the
linear terms surviving in the left-hand side of (5-22) actually comes from terms that couple u; with the
modes u, , and up with the modes ug . As previously we also show that we can neglect the contribution
of modes beyond the energy cutoff M, . First, we remark that using the definition of b*’s and ¢*’s from
(3-19) we can rewrite the linear terms of Proposition 5.1 as

A A
_— Wilombp® +hec) + ——— Wi m(cn® +h.c.).
«/2(N—1)”§3 * «/2(N—1)”§3 *

Proposition 5.7 (reduction of linear terms to right and left modes). Assume ® € £2(F.) satisfies

@2
</\/l + ~ +dl | (hyp — H+)> < C uniformlyin N. (5-56)
®

For every energy cutoff A large, let My be the largest integer such that pop, 42 < A, where {4, }m are
the eigenvalues of hyg. We have:

o Large cutoff limit.

C

<
(Momy+2 — M)

(5-57)

Y Wiiombu®)o +wirm(cnD)o +hec)
m>2My+2

12"

A
‘«/ 2(N—-1)
o Reduction to right and left modes.

A

m Z W+1_m<bm©+h-c->¢

st = > {ur wr () a) (bra® +hco| < Cagyon (1),
1S0{§MA
Z Wi2—m{cm® +hc)o

FSms2Mat — Y (g w uyu)uga)(ceo® +hc)o| < Cayon (D).
1<0{<MA

N (5-58)

V2N —1)

Proof. Let us discuss how to prove (5-57), by focusing on the first limit (the second one is treated
similarly). We have

A
B vay ey Z Wi1—m (bm© +h-C->¢>
V2N =1 m>2Mp+2

s 1/2 ||:D(b|| . 1/2
<c( 3 |w+1_m|> W( > <a”zam>¢) . (559)

m>2Muy+2 m>2Muy+2
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where we have used the Cauchy—Schwarz inequality both for the sum and for the ¢2(F 1) scalar product
and the identities b, = (® — 1)b,, and b;bm = a,Tnam. The first sum in the right-hand side is bounded
by a fixed constant thanks to (5-7). We now multiply and divide by popu, +2 — 4+ to get, arguing as in
the previous subsection,

1
D dpam < ——————dT' L (hyp — ).
m>2Mp +2 MoMp+2 — M+

Plugging this inside (5-59), and using the assumption (5-56), we get

) c
— Wii—m (D +h.c)o| < ,
‘./Z(N—l)m>§4;\+2 e (2my+2 — ) V2

which is the desired bound.
Let us now prove (5-58), again by focusing on the first bound only. By a change of basis we have

Z w (bmg +h.C.>cI) Z (u W (u u )u ) <br’a® + h.C.)q;.
Hl-m T a——— = 1 +U Uy ) F———
3<m<2My +2 VEIN =D S, V2N~ 1219 o tne)
l.a +h.c. )
+ ) N g)————. (5-60
1<0{§<MA(M1 Wk (U U )Ug,q) TS (5-60)

The second sum in the right-hand converges to zero in the limit N — oo because each summand does,
and the sum is finite. Indeed, for instance

[{wr, w* (uiu_Yug )| < C(lurl, lueql)

and the right-hand side tends to zero as N — oo by (5-54). The expectations on the state ® in the sum
are well-defined thanks to the assumption (5-56). We thus have

‘ Z (uy, w* (Uypu_)u >M
1<a<M, ) T 2(IN-D
SO MA

which proves (5-58). U

< Cuyon(1),

6. A priori estimates on the ground state of Hy

Based on the previous results we can now deduce nontrivial information on the ground state g5 of Hy,
in particular that ((N; —/\fz)z),’ygS < CN and (/\ff)wgs < C with C a constant independent of N.

Proposition 6.1 (number and energy of excitations).

M)y, <C, (6-1)
(dT L (hvp — )y, < C, (6-2)
(N_)y, < Cemin{N, T~'7¢}. (6-3)
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Proposition 6.2 (second moment of excitations).
W2y < S =AYy +C 6-4)
D S (N1 — 2) Ny + €, (6-
C

VLT L (e = 1)) g, < 5 (N7 = N2y, +C. (6-5)

Proposition 6.3 (variance in the two-mode subspace).
(M1 = N2)?)y, <CN. (6-6)

Inserting (6-6) in (6-4) and (6-5) yields

Ny <
NLAT L (hME — (4)) gy <

As a consequence of (6-3), (6-6), and (6-7), if one applies Proposition 5.1 to the vector ® = Uy s, the

Ca
(6-7)
C

error terms in the right-hand side of (5-1) are small, being bounded by

C T-%
Ni/A + C, NIz (6-8)
The rest of this section is devoted to the proofs of Propositions 6.1-6.3. The general strategy for
the first two results is similar to the single-well case (that is, the case of fixed L) and some arguments
are accordingly borrowed from [Grech and Seiringer 2013]. The two-mode nature of our low energy
space, however, calls for additional ingredients, in particular as regards the proof of Proposition 6.2.
Proposition 6.3 uses as input our results of Sections 4 and 5.

We will use several times Onsager’s inequality (see, e.g., [Rougerie 2020, Lemma 2.6]):

% Z w(x; — x;)

— N
i#j

>N [ [ we = Pl P ardy +2 3 [ wts = P dy - w o). ©9)
i=1

Proof of Proposition 6.1. Using (6-9) and then the definition of x4 from (2-8) we get (since the interaction
term in the N-body Hamiltonian (1-2) is nonnegative, we may replace the prefactor A/(N — 1) by A/N)

(HN)y, > (dT (M) gy, — % f/ w(x = )|t () Plug (p)? dx dy — C
> (AT (hvp — 1))y, + NEMu 1= C
> (A L (AME — 44)) yy +NEMu - C. (6-10)
The last step is due to the identity
dI'(hmr — p4) = (- — p) N= +dU L (hvr — 14) (6-11)

and to the fact that y_ > . On the other hand, the factorized trial function u%N yields the energy upper
bound
(HN)y, < NEMuyl, (6-12)
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and putting together (6-10) and (6-12) we find
(dI L (hmr — (1)) gy, < C, (6-13)

which is precisely (6-2). Recalling the spectral decomposition (2-25), and the fact that @, — uy > C for
m 2> 3 (by Theorem A.1), we deduce

(dT L (AME — 1))y = CINL )y

which, together with (6-2), proves (6-1).
To prove (6-3) we use (6-11) again and notice that, by the spectral properties of sy from Theorem A.1,

(AT (AME = 1)) gy = (e — ) N )y = TNy,
This, compared with (6-10) and (6-12), yields (6-3) after recalling that (J\/'_)wgS < N also trivially holds. [J
Proof of Proposition 6.2. We claim that
(NLAT Grsge = 1)) g < SNy + 52 (VG = A2 + (6-14)
for § > 0 arbitrary and for some constants C, Cs > 0. This implies the bound (6-4) because
dT (Amr — py) 2 cNy

on L2(RN) with ¢ > 0, and because hyp commutes with A/ .
To prove (6-14) we define the operators

N
A
S:=2 Z w o up ] (x)) — N1 Z w(x; —x;) + E(N) — Ny

j=1 i<j
and
Pj=uy)(uilj+lu-)(u_|;, PjJ_ =1-"p;,
with j =1, ..., N. The latter project a single particle in (or out) the two-mode subspace. We also denote by
hwmr, j the operator that acts as sy on the j-th variable and as the identity on all the others. We then have
N
(NLAT L (v = ) )y, = <M > (hyej - u+)> = (NLS)y, = N(P{S)y,.. (6-15)
j=1 Yes

where we have used Hy g = E(N)v,s in the second equality and the fact that v, is symmetric under
permutations of variables in the last one. We split the operator S into the part which commutes with PlL
and the part which does not, according to

S - Sa + Sbv
where

N
A
Sa =A E w*|u+|2(x])—m E W(Xi—Xj)+EN—N[,L+,
j=2 2<i<j<N

N
A
. 2
Sp = Aw *x [uy|“(x1) — N_1 2; w(x; — x;).
j:
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We will estimate separately the contributions of the terms containing S, and S inside (6-15). For the
contribution of the term containing S, we use (6-9) for N — 1 variables, that is,

A

m Z w(x,-—xj)>—k

N
7 Wit +2 Z w ok |ug [*(x;) — C.

2<i<j<N j=2

We also take advantage of the upper bound

(HN)yy < Ny — k%w++++,
which follows immediately from (6-12) if we recall the expression (2-8) of . The two last formulas yield
Sa < C.
Since S, commutes with PIL, we have, using also (6-1),
N(P{"S4)yy, < C(NL)y, <C. (6-16)
To estimate the contribution of S, we consider the decomposition
N(P{Sp)yy, = AN (P [w s Jug [P (x1) — w(xr — x2)1)y,,
= AN (P{"P; [w s luy [ (x1) — w(x; — x2)])y,
+ AN (P Po[w * [uy > (x1) — w(xy — x)]1P5") y,,
+ AN (P Polw s [uy P (x1) — w(x) — x2)1P2)y,,
=: Term; 4 Term; + Terms. (6-17)

We estimate the last three terms separately. For the first one we use the Cauchy—Schwarz inequality and
the fact that w and w * |u|* are bounded to get
1/2

N
1

1L ply1/2 s 1
[Term;| < CN{(P; P; )ngs _CN<P1 N1 /2_2 Pj >

1//gs
1/2
<CWDZ <8Ny, + G,

with § > 0 arbitrary, where the last bound follows from /x < 8x + 1/(48) for any x > 0. For the second
term in (6-17) we argue similarly to get
[Terma| < CN(Pi) 7 (Py')y” = C(N1)y, < C.

where the last bound follows from (6-1).
The third term in (6-17) is more delicate, since it contains only one PjL. We write

Termz = AN (P{-lu_)(u_low x (Jus* — [u_[*)(x1))

— AN (P () (o + ) g ) w * g ) (x1))
=: Terms ; + Terms >, (6-18)

where we have used several times the operator identity

lu) (]2 w(xy — x2) [v){vl2 = [u) (V]2 w* (Uv)(x1).
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Using the Cauchy—Schwarz and Young inequalities, the L!-estimate (A-1), and then the a priori estimate
(6-3), we find
13172 1/2
[Terms 1| < CN(Pj"), oAl ) {u—l2)y, II|M+I —Ju—?l

<Cr'” 8/2<N_>;/gf</\m},,{j
1/2

<C,T'™ S/me:N T (VL)

1/2

< C€T1/2—£<N > < C T1/2 é‘

Recalling that
N
Y )l + ) (ugl)) = ala_ +a ay =Ny — s,
one may write
N 1
—Term; » = N—_(P1 w sk (g u_) () (N] —N2))

1

N
- m(Ple e (uqu ) (en) (o) QL1+ =) (1) vy, -

The second summand is clearly bounded by a constant and thus we include it in the error. For the first
one we write, using the Cauchy—Schwarz inequality and the boundedness of w * (uju_),

g P (g ) )G = M2yl < CLP ) (VT = MY
We finally get

12
|Tenn3,2| < C<NJ->Wgs N > <CN~™ 1/2<(N ./\/) )1/2

where we have used (6-1) in the last bound. All in all we proved

|Term;s| < CN_1/2((N1 —Nz)z)l/gf +C
and therefore
C
N(P{“Sp)yy < SN Dy + (M — N2)?)y + Cs. (6-19)

The announced bound (6-14) then follows from (6-16) and (6-19). We deduce (6-4) by choosing § small
enough. Plugging (6-4) into (6-14) yields (6-5) as well. (Il

Proof of Proposition 6.3. We combine Proposition 5.1 with a computation similar to Proposition 4.4
to obtain an energy upper bound. For a corresponding lower bound we use Propositions 4.2 and 4.4
to control the two-mode energy, and argue that the excitation energy must be uniformly bounded with
respect to N.

Recall the trial state Ygauss from (4-20). We apply (5-1) with ® = Uy gauss. Since Ygauss has no
excitation in the subspace Pt LoV (ay, Voauss = 0 for any m > 3), we get

NJ_UN wgauss =Huy wgauss =0
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The expectations of the linear terms in a,, in the left-hand side of (5-1) also vanish for ¥ = ¥guss.
Furthermore, we will use

1

1 1 — _
N<©2>MN‘//gauss = N<(M NZ) >'// gauss \ NO—I%/' = M_ —/L+ g C5T1/2 8’

where the first bound was proven in (4-32). By the variational principle for the ground state problem

of Hy we find
C

E(N) g <HN>1[/gauss g <H2—mode>1//gauss + W

< Eg+EY+ N% +CT
<Eo+Ey+NHotesc (6-20)

applying successively (5-1) and (4-23).
For a lower bound we apply (5-1) with ® = &g =: Uy g, Obtaining

|E(N) — (Ha-mode + i+ N1 )y, — (H)o,, — (linear terms) g, | < error terms.
In this inequality:

(1) The error terms are bounded by using (6-3), the identity (Qz)q,gs = (N — Nz)z)Wgs’ and the inequality
(N_)y, < N, yielding

C 1—¢ ((Nl _N2)2>'(//g5
error terms < (N1/4 +C.T )(T + 1).

(ii) The expectation of Hy mode+/1+N 1 is bounded from below by using the lower bound of Proposition 4.2,

m
(Ha-mode + U4+ N 1)y, = Eo+ Ey + N

+ T M- Y 2 1—¢
— —-C.T .
R T (N1 =M2)% )y — Ce (NL) v
Thanks to (6-1), the term in the second line can be replaced by —C.

(iii) The expectation of H is bounded from below using the fact that H is bounded below independently
of N (this can easily be seen as in [Lewin et al. 2015, equation (A.6)], keeping in mind that Ay —
has a finite gap on the excited subspace).

(iv) The expectation of linear terms can be bounded by using the Cauchy—Schwarz inequality as follows:

A
‘\/ﬁ Z[w+1—m(®am® +h-0-)c1>gs + w+2—m(®’1am© "‘h-C-)cbgs]
m>=3

1/2 1/2
2(N (Z| Wi m|) (Znamcbgsnz) IDO ™ g
m=3 12 12
Z(N (Z| wyo m|) <Z ||amd>gs||2) IDODg|.

m=>=3
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The sums of |w4;_p, | are bounded by constants thanks to (5-7). The other sums equal (N L)y, for which
we use (6-1). Finally, thanks to the commutation relation (3-15) one has
IDOH Dy = (W1 = N2 £ 1))y, 2N — N2y, +2
and thus
(W1 = N2)?) gy + Cs

Z[e

[({linear terms) ¢, | <

for any & > O arbitrarily small.

Overall we find
Py — H c
Ey>Ey+Ey+N
N o+ Ey+ 2 + N1
for a suitable small enough positive constant c. Notice that we used the fact that the constant U in (4-3)
satisfies U > C > 0O independently of N thanks to the estimates of Lemma 4.1, Comparing this with

(6-20) gives the desired (6-6). ]

((Nl _N2)2)1//gs -C

7. Shifted Hamiltonians and lower bound

Shifted CCR. Let us introduce the notation

A
(M) . (M)
Hignt shife *= Hrighe + 2N=D E (y, w (uyu_)urg)(bro® +h.c),
1<asM
(7-1)
A
Hl(:/]ft,)shift = I]-i]l(:;lt) E (U, wx (Upu_upm)(ce.oa® +h.c.).

+—
V2(N —=1) ISaeM

The linear terms are those appearing in (5-1) up to a change of basis from {u,,},,>3 to the right and left
mode basis {u, q, Us.o}a>1), Where we have ignored the modes beyond the cutoff M and small error terms,
as justified in Proposition 5.7.

The estimates of Propositions 5.1, 5.2, and 5.7 yield the lower bound

M M .
Un(Hy — Hamode) Uy = [H]Eig}’l‘g shife T Hl(et~tf‘s)hift + u4 N — remainders. (7-2)

‘We will show in this section how to deal with the linear terms in I]-I]Egﬁgshift and I]-I]l(égfs)hiﬂ. ;11:/111? idea is
A

to define new shifted creation and annihilation operators 155,01 and 52 » in such a way that IH]right shift
[I-I]l(ej‘fltAS)hift are quadratic in terms of, respectively, bfva and 52 > Up to a constant term. We will do this for

and

each fixed M, not necessarily the M, from Proposition 5.2.
From now on we will use the notation {r, «} or {£, @} to indicate that the mode u, , or u o intervenes
in an expectation value. For example, for any operator A on L2(R?),

Aayie.p) = (Ura, Augg).
Similarly,
Wmnir,a)p{r.p} = <”m R up o, W Up ® ur,,B>a

and so on.
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Definition 7.1 (shifted creators and annihilators). For any o > 1 we define

Er,a = br,a + XD,

I (-3)
Cpo = CpytYa®,
where x4, Yo, ¢ =1, ..., M, are real numbers whose values will be given below.
A simple calculation using the commutation relations (3-15), (3-20) yields:
Lemma 7.2 (commutations relations for shifted operators). One has
[Br.a b 5] = 8up — Xpbr.o — Xab) 5, )

[br,ou br ,B] = _xﬂbr,oz +xabr,ﬂ-
Similar commutation relations, with straightforward adaptations, hold for the Eg’ o
We define the following quadratic Hamiltonians, obtained from (3-21) and (3-22) by replacing the
creation and annihilation operators 5% and c? by the shifted creators and annihilators (7-3),
1 e~ -~
HOD, = 5 2 (v =+ AK D rayin (B o ﬂ +brab) 4)

I1<a,B<M ..
+ = Z (K11 r,a)ir, ﬂ}(bm r,g +brabrg), (7-5)
l<a B<M

1
Hl(enf/lt) = Z (hmr — P4+ AK2) (0,a)(e,p) (Cg aCe g+ Cral) 8

l<a B<M ~t  ~t - o~
+ 5 D K)o (@) o8 g+ Catp). (1-6)
1<a,n<M
where we have ignored the modes beyond the cutoff M and symmetrized the terms involving one creator
and one annihilator.
Let us introduce the orthogonal projections

Prcy=PPayy =Py Pr=_ |ura){ral, (7-7)
1<asM

Py = PPy =Py Pe=Y |ugo)(ttral. (7-8)
1<asM

We will show the following result.
Proposition 7.3 (shifted Hamiltonians). For any ® € 02(F 1) we have

<H£g}3t,shift>¢ - <Hrlght>¢ +5 Tr(Pr <m(hmr — iy +AK11))
)\‘2 C CT1/278
— = (uy, KW, <yK Dol < — W = (D%, (79
+2(N—1)<u1 nWr < Kiiu)(9%) o \/ﬁ< Lo+ N (D%, (71-9)

where W, <y is defined by

Wrcmr = Pr.cpt(Pr.cpr (g — g + 20K 1) Prcar) ™ Prcu (7-10)
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and we picked

Xog = Wecywx(uyu_)up). (7-11)

A
m(ur,a,

A similar bound holds for I]-I]l(é‘f/lt)Shift upon replacing K11 by K.

__Thus the quadratic Hamiltonian I]-I]rl oht together with the linear terms coincides, up to remainders, with
I]-I]r(lggt minus a constant term given by the trace in (7-9) and minus a term proportional to Azi)z The latter
term will be absorbed using the variance term from Hj.mede Which is proportional to A, and I]-I]Hg}lt minus
the constant term will give the correct Bogoliubov energy in the lower bound. Note that the trace in the
constant term is finite because we are restricting ourselves to modes o < M.

Proof. Using the commutation relations (7-4) and [EW, D] =[0, Dla,y = —by, one finds that Hifgwgt <hift

is given in terms of the shifted creators and annihilators 5% by

(M)
rightshift
Z (hmr— M++)»K11){ra}rﬁ(b brﬁ—l-l;r,al;i,g)
l<aﬂ<M
+— Z (K1) r.a)irp) (B, Tlg+brabr/3) Tr(Pr<M(hMF H+F+AK11))
1<a,3<M

A ~ -
- Z ( Z (hMF_M++2)\K11){r,a}{r,ﬂ}xﬂ_mw+1—{r,a}>(br"a@"i‘@br,a)

I<a<M <M

2X
+ AME— 420K 1) () )X — — e W | — (1) | XD
Z ( Z (hmp—H+ 1D{ra}ir,B)Xp s ! {,a}) «

1<a<M NM<B<M

+1 Z ( Z (/’lMF M +2AK11){ H ﬁ}xﬂ —2)\ W41 { })(b —I-bT) (7 12)
= — M+ ro}{r, - +1-{r,« aTVq)- -

2 1<a<M “<BM V2(N-1)

The first and second lines in the right-hand side precisely coincide with I]-I]gggt defined in (7-5) minus the
constant term — Tr( P <p (hmr — i+ + A K11))/2. The condition for the vanishing of the linear terms in

the third line is

A
Z (hmE — pog + 20 K11 (ra)(r 81X = (7-13)

Y Wyl—{ra}
1<pem V2N —1)
which leads to (7-11), using the projection P, <j defined in (2-27) and (7-10). With this choice, the
expectation in ® of the last line in (7-12) becomes

A
Rp=————— Wel— bro+b, ).
[0 2(N — 1) 1<§<:M +1 {r,a}< r,o r,oﬂ)d)

This can be bounded with the help of the Cauchy—Schwarz inequality and the boundedness of w * (141 _)
as in the proofs of Section 5, that is,
172 C

1/2
Ro| < {le+1 (r.a } {anr,muZ} <ﬁ<m>l{2,

a>1 a>1
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with C independent of N and M. Plugging (7-13) into (7-12) we only have to compute the contribution
of the term proportional to D2 in the fifth line, which is given by
)\2
e (uy, w (Upu )Wy pw * (o Yup)D?

w ’ x’D =
«/2(N—1 1<§<:M el te 2N —1)

To bring this contribution to the form appearing in (7-9) we have to show that one can replace the
multiplication operator w * (#u_) by the integral operator K1, up to a small error. To this end we notice

that, using (1-6), for any f € L?(R?),
2
<u1, (w *(Upu_) — %)d

I 2 £\12
= zl{ur, wuz|” )|

2 2,2 2
S ARG, (w s uz|™)7ur) < Cll fllawiziz,

(7-14)

2
[y, (W (uiu) —Ki) ) =

where we have bounded one of the w * |u>|? in the square by a constant. Using (4-7) this implies

|1, (W (uyu—) = Kn) )l < C T2 £l

Noting that the operator W, < is bounded (recall that hyr — w4 has a finite gap by (A-5) and Ky = 0),
this yields

[(ur, ws (Uiu YW, cppw x (upu_)uy) — (uy, K1yWe <y Kiiur)|
SCTV2 (| Wycpr w s (uyu_) ug |3+ [Wrapr Kiyuy|l2)
<C€T1/2 8‘

This means that we can replace w * (u4u_) by K1 in (7-14), thus obtaining the term proportional to D?
in (7-9), at the expense of a remainder term of the form

C€T1/2—£®2
N -1

Lower bound on the shifted Hamiltonian. We now discuss how to minimize Hﬁf‘gﬁt + [I-[Il(eﬂglt)

Proposition 7.4 (lower bound for the full shifted Hamiltonian). Let EB°8 be defined in (2-29). Then

Hgggt + u—uf;‘g) > EBC + L Te[ P,y (hovp — 114 + 2K 11)] .
M
+ % Tr[ P, <pr(hmp — iy +AK20) ] — —=WN 1 +1).  (7-15)

VN

The lower bound (7-15) is one of the main points in which our proofs significantly deviate from the
standard techniques of derivation of Bogoliubov theory. Indeed, the Hamiltonian I]-/I];;t (with or without
cutoff) is defined in terms of operators which do not satisfy an exact CCR (see Lemma 7.2 above).
For this reason, the techniques that are normally used to diagonalize quadratic Hamiltonians (see, e.g.,
[Lewin et al. 2015, Appendix A]) are not directly applicable here, and we thus need slightly different
methods in order to recover the correct energy EB°2 in (7-15). We will adopt a method already used in
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[Grech and Seiringer 2013], whose main point is to perform a suitable linear symplectic transformation
mixing creators and annihilators (Bogoliubov transformation). After such a transformation the original
Hamiltonian is brought into a diagonal part in the new creation and annihilation operators df, « and a part
containing commutators of these operators. If the I;E,a satisfied the CCR, then the same would be true for
the df, « and after the transformation the Hamiltonian would have the form ), e, dI olra+E Bog Tn our
case, however, this is not true, and the commutators will be corrected by terms that need to be controlled.
Since we work here with a finite number of modes (due to the energy cutoff), we can simplify the analysis
by considering the symmetrized versions of the quadratic Hamiltonians defined in (7-5)—(7-6), instead of
the Hamiltonians obtained from (3-21) and (3-22) by replacing the creators and annihilators brﬂ,a and cg’ o
by Z;B,a and 55’0{.
The proof of Proposition 7.4 will occupy the rest of the present section. Define the operators

Dy, := P.(hvr — i) Prs  Dr<m := Pr<y(hvr — 1) Pr<y- (7-16)

The operators D, and Dy <) are defined similarly.
Recall from (2-29) that EB¢ = EP%% 4 E}°% with

EB®:= _ITr, ,[D, +1P,K\ P, —v D>+ 2).D*P, K\, P,D}?].
The quantity E?Og is the ground state energy

EP°¢ = inf spec(Hm) (7-17)

of the quadratic Hamiltonian

O A i
Hgg_hg- = Z (Ur,q, (Dy +)\PrK11Pr)Mr,,B>AJ;Aﬂ + b Z (ura, PrK11 Py ”r,ﬂ)(AaA;} +h.c.), (7-18)

a,f>1 a,p>1

where AE, are canonical creation and annihilation operators on a Fock space § , whose base space is the
span of the right modes u, o, & > 1; that is, the Ag are operators on § | , satisfying the CCR (the notation
©® = 1 is there to recall that this Hamiltonian can be formally obtained from Hiigp by setting © equal to
the identity inside the b*). Equation (7-17) can be deduced by replicating the arguments of [Grech and
Seiringer 2013, Section 4-5] or [Lewin et al. 2015, Appendix A]. The fact that the operator

D, + AP, Ky P, =\ D2 + 20D} P, k1, P, D}V?
is trace-class on the space P, L%(R?) is part of the proof; see [Grech and Seiringer 2013, equation (53) and
below]. The adaptation to our case is immediate because the method does not depend on the details of D,.

It follows from the variational principle that E ? “¢ is bounded from above by the ground state energy

EBog

<M of a quadratic Hamiltonian obtained from (7-18) by ignoring the modes u, 4, ¢ > M, i.e.,

M),0=1
Hiigtzt = Z <ur,ou (Dr,gM +)‘Pr,éMKIIPr,gM)”r,ﬂ>A2AIB

1<, B<M A
+5 D (tnas PrcwKin Prca urg) (AL AL +hec). (7-19)
I<a, <M
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The aforementioned arguments adapted to the finite-dimensional setting ensure that

B 172 172
E, ZgM = _%TrJ_,r[Dr,gM + AP <K Pr<m — \/D,2,<M + ZKD,,/gM P.<m K Pr,gMDr,/gM}
Notice that E 8 1s formally obtained from E® - < M by replacing P, <y by P, (i.e., M = 00). The ground
state energies E °¢ and E?(fM of the left Bogoliubov Hamiltonians without and with energy cutoff are
given by a similar expressions as in (7-18) and (7-19), with r replaced by £ and K| replaced by K»».

Lemma 7.5 (Bogoliubov energies with and without cutoff). One has

EPe CEPE . E < ELS,. (7-20)
Proof. As we already mentioned, EP °¢ and Ef fM are the ground state energies of the quadratic Hamil-
tonians (7-18) and (7-19). They are reached (see previous references again) by unique (up to a phase)

ground states. Let ®™)©=1 pe the ground state of I]-I]fiﬂggt’ ©=1 We have that

e=1 Bo

<|H]right ><1>(M>’®:1 = Er,ggM
because all terms with &, 8 > M vanish, since ®™)©=1 has no components in the sectors of the Fock
space corresponding to those modes. The claimed result thus immediately follows from the variational
principle. (]

o

We now prove that Hygp

can be bounded from below by E < M, up to

e a correcting term originating from the symmetrization in the creators and annihilators in the defini-
tions (7-5) and (7-6),

/—\_/

« a controllable error due to operators entering H) do not exactly satisfy the CCR.

rlght

Lemma 7.6 (lower bounds for the shifted Hamiltonians). We have

C
H > %Tr[Dr,gM + AP <uKil+E%, — \/—K(M +1), (7-21)
—
HIED > 3 THDe<u + APecm Kool + Ep oty — \/_(/\/L 1) (7-22)

The bound of Proposition 7.4 immediately follows from (7-21), (7-22), Lemma 7.5, and EBog —
EP°® + E}°% There thus only remains to provide the following proof.

Proof of Lemma 7.6. We discuss (7-21) only, since (7-22) can be obtained by completely analogous
arguments. Let us define the M x M real symmetric matrices
D= ((”ra; Dr <M ”rﬂ))(]yﬂ 1
Vi=2({urq, r<MK11Pr<Murﬂ>)aﬁ 1 (7-23)
E:=+/D2>+2D!2V D)2,




1938 ALESSANDRO OLGIATI, NICOLAS ROUGERIE AND DOMINIQUE SPEHNER

The notation is chosen to allow direct comparison with the arguments in [Grech and Seiringer 2013,
Sections 4-5]. In terms of these matrices, we have

/(.\M/)—l BTV Bt D+v Vv IE -
Hngm—z((b>,b)<v pev) (3): (7-24)

M

o=

where we have used the matrix notation b = (15,,0,)0"{’[: | and bt = (l;j’a) | for the creation and annihilation

operators and ¢ denotes the transpose.
Let us introduce new creators and annihilators d,n, « obtained by means of the Bogoliubov transformation

d\ 1(A;]'"+B;" Ay'-By"\ (b
=51 451 o1 421, pet ) g ) (7-25)
where Ay and By are the real M x M matrices defined by
Ao :=D'?E"'?Uy, By:= (A" = D7'PEV?U,,
with Uy the orthogonal M x M matrix diagonalizing E,

USEUy = A = diag(eq).

The inverse transformation is
I; d 1 (Ap+By Ap—By d
~ = S = = . 7-26
(bf) <dT) 2 (AO—BO Ao+Bo) \ d’ (7-26)
The matrix S is symplectic and diagonalizes the 2M x 2M symmetric matrix in (7-24),
gl D+V V §— A0
V. D+V 0 A
(this can be checked by an explicit calculation, noting that A6(D +2V)Ag = BéDBo = A). Thus

5| A0\ [(d) < 1+
HD, = S (@, d) (0 A) (dT> =Y ead) ydra+ 3 > ealdra. df,).
a=1 a=1

If the operators Eia satisfied the CCR, the same would be true for the d& « and the last sum would be
equal to

1/2 1/2
TH(E) = Tr\/DigM +20D) 2, P <y K11 Pr<u D)2,

which is precisely the sum of the two first terms in the right-hand side of (7-21).
In our case, the sum involving the commutators can be obtained from the following identity: if R is a
real M x M symmetric matrix, then

[d'. Rd":= ) Rupldra: diﬂ] =Tr(R) —x' BoRAL(b +b"), (7-27)
1<a, <M
where x = (xa)é‘t"':1 is given by (7-13). The identity (7-27) follows by noting that the commutation
relations of the l;ia given in Lemma 7.2 can be rewritten as

[b', Qbl=x"(Q—0Q"b, [, Qb'1=Tr(Q)—x"(Q" b+ Qb") (7-28)
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for any M x M matrix Q. One deduces from (7-25) and from A I = B|, By I = A{ that

[d', Rd"1=—1[b', (Ag+ Bo)R(Ao — Bo)' b] +h.c.
+ 1[B", (Ao+ Bo)R(Ao+ Bo)' b'1— 11", (A9 — Bo)R(Ag — Bo)' b1,

from which (7-27) is obtained by relying on (7-28).
Applying (7-27) with R = A yields

M

(M) 1 A 1/2 =1 1/2 t

Hi =Y ead, ydro + 5 TH(E) = —————w',; D'?E~'D'?(b+b"), (7-29)
— 2 2J/2(N =1)

)M

where w - stands for the vector (wy1—(r,q})y—

|- To deduce the above equation we used
(D+2V)'ByAAl, = DV2E"' D2,

which follows thanks to the identities BOAAf) = D '2ED'? and D"V?E?D~Y? = (D +2V). The
expectation of the last term in (7-29) on the vector ® € £2(F 1) can be bounded using the Cauchy—Schwarz
inequality, the boundedness of w * (uu_), and the fact that E~! < D~! by operator monotonicity of the
inverse and square root (recall that E 2=DY2(D+2V)DY? > D? since V > 0) to write

1 t 1/2 =1 1
——w', D'2E'D'2(b+b
22(N—1) - < o
C 1/2 2y1/2
< AT wawar] S|S0 0 b g0 |
N a>l1 a>1"g>1
C 12
<—=WNl)g
N A
The lower bound in the lemma then follows from the fact that the first term in (7-29) is nonnegative (since
E > 0 and thus ¢, > 0 for all o). ]

8. Proof of the main results

Recall that Proposition 2.4 follows from the considerations of Section 4.

8A. Energy upper bound. We obtain an upper bound on the ground state energy E(N) corresponding
to (2-32) by constructing a trial state iy as follows. Recall that by the decomposition (3-8), any
wave-function v is uniquely identified by the components ®; ; of Unyy. The d-dependence of the
components of Uy Yryia Will be encoded in the gaussian coefficients ¢; = e~ /4oy /Zy that we already
used in Section 4. The s-dependence, in turn, will be chosen so that the expectation of H on Uy Vs will
coincide (up to remainders) with EB°¢ defined in (2-29). To evaluate this part of the energy, we need a
well-known lemma. Its claims follow, e.g., from arguments6 in [Grech and Seiringer 2013].

6In particular, notice that the transformation in [Grech and Seiringer 2013, equation (26)] is implemented in Fock space
by eXa, where X, is defined before Lemma 3 in that work.
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Lemma 8.1 (minimization of quadratic Hamiltonians). Let V be a locally bounded external potential
such that limy|_. V(x) = 400, and define h :== —A + V. Let k be the integral operator on L*(R%)
whose kernel is u(x)w(x — y)u(y) for a real-valued u € LR and w as in Assumption 2.1. Given
an orthonormal basis {u,} of L*(R?) such that all u,, are real-valued, denote by hyn = (U, hu,) and
kmn = (Um, k u,) the matrix elements of h and k in this basis. Consider the quadratic Hamiltonian

1

Howaa = ) (h+K)mnAjyAn+ 5 D kinn (AL A} + A An).
m,n m,n

where AL and A, are creation and annihilation operators on the Fock space G with base L*(R?) satisfying

the canonical commutation relations. Then the unique (up to a phase) ground state of Hquaq is

U,

where Qg is the vacuum vector of G and U a Bogoliubov transformation, acting on creation/annihilation
operators as
[U*A,Tn[U = Z(CmnAj, + SmnAn) 8-1)
n

for suitable coefficients ¢y, and sy,. Moreover, the ground state energy of Hquaa is

inf o (Hguaa) = —3Tr(h +k — v/h2 +2112kn1/2). (8-2)

We refer to [Lewin et al. 2015; Grech and Seiringer 2013; Nam et al. 2016; Bach and Bru 2016;
Bruneau and Derezinski 2007; Dereziniski 2017] for more details. It follows from (8-1) that we have

(UQg | AfUQg) =0, (8-3)

i.e., particles appear only in pairs in the Bogoliubov ground state. Moreover, by using the fact that U Qg
is a quasifree state, one can show that all moments of the number operator N = AT A, in this state
are finite; i.e., (N f)tu Qg < oo for all positive integer k.

Recall the Bogoliubov Hamiltonian Hiigp: for right modes, defined in (3-21). Let us consider its version
in which the d-translation operator ® is formally set to the identity. This amounts to replacing the b*
with the a7, i.e.,

o— A .
gt = D (trars (e — oy + AK1ur paf yarp +5 Y tras Kntr ) (@] o) g +aradr p).

a,p>1 a,fz1
This operator acts on the right Fock space
L=F(PLALARY), PLyi=) e (tral. (8-4)
a>1

Similarly, we consider the Bogoliubov Hamiltonian I]-I]l(gff1 for the left modes and the left Fock space si,
defined by the same formulas with r replaced by ¢ and K;; by K»,. We extend both operators to the full
excited Fock space § by using the unitary equivalence

F1=3((PL, LR @ (P L*R))) = F, @ F!
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and having H9=! acting as the identity on the left Fock space (respectively I]-I]left acting as the identity

rlght
on the right Fock space). Applying Lemma 8.1, there exist unitary Bogoliubov transformations Us;gn; and

Ulese such that

H et Urignt 2 = E

Bog
right [U”ght Q,

right
=1
Hicre Ulert 2 = Elef[ Ulefc €2

with © the vacuum vector of §; and

B
ERE = —1Tr, [D, + AP K11 P, =V (D)? + 20D} P K11 P, DY),

gt = —Te i o[ Dy + AP K P =V (D)? + 20D, PoKay PD} ],

where D,, D, are defined in (7-16).
The latter quantities are those given by adapting (8-2) to our case. Their sum coincides with EB°2
defined in (2-29). By construction, HE=1 commutes with Ulett, because the latter is defined in terms of

right
left modes only. Similarly, IH]Sft 1 commutes with Usight. Thus
Bog Bog
(Hrlght left )[Uleft rlght - (Erlght left Wit “gth

= EP°Uje Usight 2. (8-5)

We denote by (Useft Urign €2)5 the component of Ulef; Urign €2 in the s-particle sector of § .
We are now ready to define our trial state. To control some terms arising from Bogoliubov excitations,
our choice of variance differs slightly from that of Section 4.

Definition 8.2 (trial state with fluctuations). We define

N
R(N—s+d)/2 Q(N—s—d)/2
VYirial := Z Z Cd,sUy (N=std)/ Qsym U, (N=s=d)/ Qsym Dirial, s » (8-6)

5=0 |d|<o}

where the coefficients ¢, ; are defined by

(1/Zy)e~ /%% if N —s+d is even and |d| < o2
s = . (8'7)
0 otherwise,
Zy being a normalization factor such that }_ <o cﬁ,’x =1 for all s and
5 JI— =N if § <1 in the assumption T ~ N9,
ON = w12 . (3-8)
NY otherwise.
Moreover, let
Uleft Uriont €2) s
thrial,s — ( left Uright )s (8-9)

~ .
VEN o 1 Ure Usigh Qs 112
The excitation content of iy iS

Un V/trial)s,d =Cd,s cbtrial,s

for0 <s < N and |d| < cr,%,, and zero otherwise. Note that the function of the s-variables @y, ¢ does
not depend on d, and that ¢, ; = ¢4,y for all d if s and s’ have the same parity. Note also that Yy is
normalized to 1. In the rest of this subsection we prove:
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Proposition 8.3 (energy upper bound). Pick a sequence T(N) ~ N~° with 0 < 8. Then, along this
sequence,
1im sup((H) g1 — E2-mode — E**%) < 0. (8-10)

N—o00

Proof. By using Proposition 5.1 with ® = Uy a1 to estimate (Hy)y,,» one obtains the upper bound

<HN>Wma1 < <H2-m0de>1/ftria1 + <H>UNW1ria1 + <NJ->UNWma1 + (linear terms >U1v1//tria1 —error terms.  (8-11)

We first determine the expectations in the trial state of the two-mode Hamiltonian H> pege (Step 1), then
that of the Bogoliubov Hamiltonian H (Steps 2 and 3), before showing that the expectation of the linear
terms and the error terms converge to zero as N — o0.

Step 1: two-mode energy of the trial state. The two-mode Hamiltonian (4-9) does not contain operators
that change the number of excitations (i.e., the index s). The only terms in Hj.poqe that involve the
variable s are those containing A or A'Z. For example, we compute

(V2L <N Uit U2
N D) v Z D leas s | Pusiars I Zs | Pesiars 1> = i

1 UlettUrignt 2
— 0|d|<0N —0 ” N1 <N UleftUright ”

The denominator in the last line tends to 1 when N — oo and it easily follows from the previous definitions
that

2 2 2
<NJ_ > UJleflUJrighIQ = (NJ_ ) Userc €2 + <NJ_ ) lUrigth *

Since both moments in the right-hand side are finite, it follows that
N2y <€ (8-12)

for a constant C > 0 independent of N. By the Cauchy—Schwarz inequality, this implies (N} )y, < JVC.
For all other terms of H) pode in (4-9), i.e., those that only contain a? and ag, we will use a general
formula of the type

<f(al’ az) Yirial — Z Z Z Cd,sCd’, s”q)trlal s”

5=0 |d|<o} |d'|<oy

Q(N—s+d")/2 Q(N—s—d")/2 Q(N—s+d)/2 R(N—s—d)/2
X<u1( s+ ®symu2( = ,f(a?,ag)ul( st/ ®symu2( s ).

To compute the expectations in the second line, we can repeat the calculations performed in the proof
of the upper bound (4-23) for the two-mode Hamiltonian, keeping track of the fact that the total number
of particles is now N — s for a generic 0 < s < N. Let

. Q(N—s+d)/2 Q(N—s—d)/2
Virial,s = Z Cd,sU Qsym Uy Qsym Dyrial, s

ld|<o?

be the component of i, With exactly s excitations. One finds

(N + M) prars = (N = 5)" | Piar s 11,
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. . N —s _(N_ 2
(N—>1//lrial,s = %<N1 +N2 - a}az - az}al>1//trial,x g C<1 + 0_2 + (N - s)e (N S)/O-N> ”d)trial,s ”27
N
(N1 = N2 s < Ce(N — )T V28| Dyiar |1

Using Z?’:O Yirial,s = Vil and splitting the sum into two parts for 0 < s < N/2 and for N/2 < s < N,
one has for example (C is a generic constant which may change from line to line)

N g <C ) ( (N —s)e V- “/"N)ncbma]sn +CN Y | Dusars I

0<s<N/2 N N/2<s<N

N c
< C(I + =+ NeN/ZU’%’) +=
Oy N

N
< c<1 + —2) < C(1+max(C,T~'27%, N'/2)), (8-13)
oNn

where in the second line we have used Z?]:o | Pirial, s > =1 and the bound

NZ
T 2 1Pl < Y0 SRl < Ny < C
N/2<s<N N/2<s<N
and in the third line we have used (A-4), the assumption 7 ~ N =4 and the fact that Ne— N/ 203 can be
bounded by a constant times N (o3 /N )87 (=97 Similarly, we find

(V14N g = (N = ND)" gy < CN",
0<(N—-NL —afaz —aganm = 2N )y < C(1 +max(Ce T~ 12— N1/2))
(M) = N2 gy < max(C:NT'/27 N2,
N pa < NNV ga < CN(1+max(C, T8 N2, (8-14)

According to the identity (4-9) of Proposition 4.2, one has

Py — P —
(Ha-mode) yin = Eo+ Ey + N . 2 + 2 : (N — aIaz - a;a1>1/flrial

AN
- m((wllu + w1122) (VL) yr — W1122)

A L

+ ﬁ(((wmz +wi2)NL —wi2)(N —a as — a,a1))
U

- M(NJ)lﬂtrial + m((-/\/’l _N2)2>Wtrial

2)
N—-1

A
w1122 N g + 4(N—_1)(w1111 —2w1122 + w1212) N -

+
Plugging (8-12) and (8-14) into this identity, bounding the expectation in the third line by

(lwiti2| + wi122) N(N — alTaz - a;c”)lp[rial’
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and recalling the estimates for the various w-coefficients and for  — . from Lemma 4.1, we deduce that

R
(Hmote s < Eo+ EN + N=—= = 104 N1y +on (1)
in both cases of (8-8). Arguing as in Section 4C, we conclude
<H2—mode>¢mal < E2—_mode — U+ (NJ_>1//mal +on(1). (8-15)

Step 2: Bogoliubov energy of the trial state. We want to compute (M), .., We consider the decom-
position analogously to (5-43):

3
H = Hiign + Hiere + Hiz + > &, (8-16)
j=1
with Hijgne, Hiee given by (3-21)—(3-22), Hy2 given by (5-44), and

E1= ) (ra: (hve — g pha yae g +hc.,
o,f>1

=2\ Z (Ura, (K11 + Kzz)ue,/s)al‘,aae,,s +h.c.

a,f>1 -
+A Z [ttrer K111te,8)O 7% + (U g, Kzzue,ﬁ>®2]“:,a“2ﬁ the,
Rt (8-17)
53 = Z <l/tr’a, Kzzur,ﬁ)azaar,a + Z I/t(,a, K]]ngﬁ)ag’aag,a
a,f>1 a,p>1
+ = Z ( Mrou K22“r/3>® araarﬂ + <“€ o> Ki1ug ,3>® a( Olae B +h.e).

a B>1
We will show below (see Step 3) that the main part of the energy in the trial state comes from the
expectation of Hijgne + Hierr. We now prove that the latter expectation is equal to E Bog up to errors of
order N~'T7-1/2-¢_Each term of Hrighe + Hiefe contains ® elevated to a certain power, either —2, 0, or
+2 (this power is zero for the b'b and cfc parts). We know that the excitation content of ¥, 1S

{UNYrial}s,a = Cd s Puial,s;

thus the operator ® acts on Uy Yia by simply translating the ¢y s-coefficient as ¢g  — c4—1.5. Taking
one term of Higne as an example, we have

Z (Kll)aﬂ(® Aar,ody, ﬁ UNYgial — Z (Kll)(xﬁ Z( Z (uNwtrial)s,m (ar,aar,ﬁuNWtrial)s,dﬂ)

o,B>1 o,f>1 |d)<
= > (K Z( > Cd,scd—z,s)(q’trial,s, ar,ar, g Purial s+2)
o,f>1 |d|<UN

where we have used that ¢4 ; only depends of the parity of s. For the sum over d, we know that, by (4-25),
for all « € 27,

C 1/(ceNTY?*8) if§ <1,
o < €< 8-18
Z d.sCdtx.s ' o2 = {1/N1/2 otherwise, 19
ld|<a}
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having used the lower bound (A-4) on the gap for the second inequality and recalled the choice (8-8).
This proves that

N
> (Ki)ap (O aratr pluiy = Y Ki1ap @ratr )iy | = | Y &) Pusiat.s: K Pusas42)| <o (1),
o,f>1 o,f>1 s=0

where

gls)=1-— ch,scd—Z,s and kv = Z(Kll)aﬂar,otar,ﬂ~
d a,p

We used the Cauchy—Schwarz inequality, (8-18) and the fact that, since K is trace-class, K is controlled
by N 2 whose expectation in @y is uniformly bounded. All terms in Hyigne and Hier, that contain e+2
can be treated similarly. This shows that, up to a remainder, Hyign + Hiee acts on Uy Yryia as if © were
set to the identity, and therefore

|<Hright + Hleft)uzvlﬁtrial - EBog| < |< rlght + lH]left >UN1Ptrial - EBog| +on(1).

On the other hand, recalling the definition of Uy ¥ia1, the normalization of ¢4, and (8-5), we see that

Zs 0<([Uleft rlgth)n((Hnght ]eft )([Uleft rlgth)) )
ZS:() || ([Uleft right Q)s ”2

<|H]r1ght + lHlleft >UNWtrial =

= EP%® +oy(1),
where the error is due to sum reaching only to N < co. Hence
|{Hright + Hiet)oty e — E"5 < 0w (1). (8-19)

Step 3: remainder terms in H. We now have to compute the contributions of Hj, and of the &; in (8-17).
For Hj, we have the a priori estimate (5-51), which implies

|(H12) ey | < CeT /275 (8-20)
The terms 1n51de &1 and &, each contaln exactly one operator arjj « and one az 2 Using (8-3) and the fact
that all the a « S commute with ag 8 and with Ujer, we obtain

<§1 )uNl//[rial — <§2>UN1//“1&1 =0. (8'21)

We now consider &3, focusing on its second line. As in Proposition 5.2, we introduce an energy cutoff A
and an integer M, which is the largest integer such that 2y, +2 < A, where {1, },, are the eigenvalues
of hyr. We have

Z (Urq, K22Mr,ﬁ) <®_zar,(¥ar,ﬁ>Z/{N¢trial
o,f>1

< Z (ur,aaK22ur,/3)<®_2ar,aar,ﬁ>1/{mﬁmal +2

l<a ﬁ<MA
— ‘§3<MA+2§>MA

-2
Z (Urqs K22Mr,ﬂ>(® ar,aar,ﬁ>uzv¢ftria1
az>l, B>My
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For each fixed a and B, the matrix element (u, o, K»u, g) tends to zero as N — oo by the argument

<M .
4" vanishes as N — oo

presented in the proof of Proposition 5.2; see Section 5D. Consequently, &
for each fixed My. For &; Mx we argue as in the estimate of IK. 5, in the proof of Proposition 5.2. By
repeated use of the Cauchy—Schwarz inequality, we have

172

12
53>MA < ( Z |(ur,ou K22ur,ﬂ>|2) ( Z ”ar,aar,ﬂquJtrialuz)

a>l, f>Mx az>l, B>My

12 12
< ( Z (ur,a, K22ur,ﬁ><ur,ﬁ, KZZ”r,a)) <NJ_ Z ailgar,ﬂ>

o, f>1 B>Mn UN Yuial

The square root that contains K, in the right-hand side is equal to TrK»;, recalling that K>, is trace-class
as proven in Lemma 5.3. For the other square root we notice that

i $
Zaiﬁarvﬁg Z(aiﬁar,ﬁ +ae,ﬁa€,ﬁ)= Z a,dn,

,3>MA ,3>MA n>2MA+2
having passed to the basis (2-25) in the second step. Since all operators commute with N|, we deduce
using the same arguments as in the proof of Proposition 5.2 that

S 1 .
<NJ_ Zarr’ﬂar,ﬁ < —<NJ_ Z (tn — /~L+)a;lan>

B>Mp >uN1//trial Hamy+2 — K+ n>2Mp+2 UN Ytrial

The operators a]; a, commute with A/}, and we can bound the sum in the right-hand side by dI"} (hyr— ).
Hence

>Mx <

3 X

12
C(— (N1 dl'y (hmr — M+))uwmal) .
MoMpA+2 — M+

The matrix element in the right-hand side is bounded by an N -independent constant. Indeed, since Uy Yiial
is a quasifree state, Wick’s theorem gives the expectation of a quartic operator such as N, dI" | (hyr — 1)
in terms of the expectations of N'| and dI" (Amg — i), which are uniformly bounded in N. This proves

C

g < : (8-22)
3 (MzMA+2 - M+)1/2
Plugging (8-19), (8-20), (8-21) and (8-22) into (8-16) gives the final bound
Bog C
vy i — E7°1 < + Cpon(1). (8-23)

(MzMA+2 - M+)1/2

Step 4: error and linear terms. Note that, with the choice (8-8),

(2) LY Y dd el
— == d cy s Puials I < C—- < on(1),
N UN Yirial N ' N

=0 |d|<oy

where the second bound follows from Lemma 4.5. In view also of (8-12), the first error term in (5-1)
when ® = Uy Yryiq is bounded by CN —1/4 The second error terms, in turn, can be bounded by an oy (1),
relying on (8-12) and (8-13). Let us now show that the expectations in i, of the linear terms in (5-1)
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are also negligible. Using the Cauchy—Schwarz inequality we find

A < A
S mem@+ha> +—————( zm2m%©+h#
‘ V2(N —1) mZ>3 Uy V2N —1) ,1;3 UN Yusial

3 172 172
<m[(2|w+l_m|2) +(Z|w+z_m|2> ](M)L,{fa,wl—N2>2>;{§a]

m=3 m=3
<on(1),

where the last inequality follows from (5-7) and (8-14). Hence we deduce from (8-11) that

(HN ) yia < (H2-mode) yria + (Huty i + M+(NJ->%&;11 +on (D).
Plugging (8-15) and (8-23) into this inequality gives precisely (8-10) by passing to the limit N — oo
and then A — oo. U
8B. Energy lower bound. We now prove the following:

Proposition 8.4 (energy lower bound). Assume T K 1. For every large enough energy cutoff A, let My
be the largest integer such that poy, +2 < A, where { i} are the eigenvalues of hyr in increasing order
(this implies that My — 00 as A — o0). Then there exists Ly > 0 such that, for all 0 < A < Ao,

o Bo cA
or M7, pBog
> TNl

(Hy)yy = Eo+ Ejy + N (N = N2y

—CAoN(n—CaT—I_Z—CgTW—e— € —
NV (Mamy+2 — )/

(8-24)
where c is a positive constant.

We first need to prove that the (negative) coefficients multiplying the variance (D2)¢ in (7-9), and its
analog for [I-I]l(eﬂgt?shift, can be absorbed by the variance term of the two-mode Hamiltonian. Recall that

W <y = Pr.<ay (Pr.<aty (hve — g + 20K 1) Pro<ary) ™" Pro<ty s
with a similar formula for Wy <y, (replacing K1 by K27).
Lemma 8.5 (variance coefficients). Let U be the coefficient from (4-3). We have
(ur, KnWecm, Kniur) < C, (uz, KnoWe <y, Kopuz) < C (8-25)
for some constant C that does not depend on ). and A. Consequently, if 0 < A < Ao with Ao small enough,

then
2 2

A A
AU — ?(ul, KuW,<m, Kiiur) — ?(ML Koo Wi <my Koouz) > ch (8-26)
for some ¢ > 0.

Proof. Using the positivity of K;; and the finite energy gap (A-5), one has

Py <y, (hvp — py + 20K11) Procaty = Procty (i — 0) Proca, > C 7 Prcy
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for some C > 0. Hence

Wr<my < CPr<my

because the inverse power is operator monotone [Bhatia 1997] and we are restricting everything to the
range of P, <y, . Since K1 is also bounded, the first inequality in (8-25) follows, and the second one is
proven in the same way. The estimate (8-26) is a consequence of (8-25). Actually, the right-hand side
in this estimate is bounded from below by A(U — CX) and U — CA > 0O for A smaller than some X that
depends on C, because U > 0 by (4-4). O

The rest of the subsection is devoted to the proof of Proposition 8.4. We use the a priori estimates of
Section 6 systematically, without further mention. We also use the fact that N’} < N2N2 when evaluated
on Vg, and similarly for D4

Proof of Proposition 8.4. We first use Proposition 5.1 with ® = Uy v,s. For such ®, the error terms are
bounded as in (6-8) and one gets

(HN )y = (Hamode) yrgs + M- N L)y + (H)tay g

A < c T—°
+ e D (Wit b D + W2 D +h.c.>> — <7~ Cevie (827)
— /4 1/2
V2IN =D\ . N N

Next we use Proposition 5.2 to separate the full excitation energy into the excitation energy of right and
left modes, at the expense of the appearance of the cutoff A. For a lower bound, we ignore the positive
dI'y (P>, (hmp — 4) P>, ). We also use Proposition 5.7 to reduce the linear terms to modes below the
cutoff without coupling between right and left modes. We thus obtain for any A > 0 large enough

(HN)yy = (Hamode) g + U (N L)y + (Higﬁt) +HE ) v,

A
+ —< Z (w+lf{r,a} br,a© + W42—(¢,a) CZ,aQ +hC)>
«/Z(N— 1) 1<a<My Z/{ngs
T-°¢ C
—Cproy(1) =C

NV2 (o e — )2

Let us now plug into the above estimate the lower bound on Hj.j04e from Proposition 4.2; see (4-10).
This produces, among other terms, a term — 44 (N1 )y, that cancels the one above. The expectation in the
ground state of the last term in (4-10) is bounded from below by —C,T'~¢ due to (6-1). We also recognize

that Hggﬁt} + I]-I]I(ég“ together with the linear terms coincide with Hffg/lﬁgshiﬁ + Hl(glﬁ[t’fs)hift from (7-1). Thus

ALY 2 (M) (M)
(HN)yy Z Eo+ Ey +N > + N_1 (N1 =N2) )y + (g shite + Hliesc shife) U ves
— Cpron(1)—=C I e <
& & .
N1/2 (U2my+2 — n4)1/2

We now use Proposition 7.3 to bound the term containing the shift Bogoliubov Hamiltonians, which enable
the absorption of the linear terms at the expense of passing to b* and ¢* operators and of the appearance
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of a negative variance term. According to the a priori bound (6-6) on (QZ)MN¢gS = (N — Nz)z)y,gs, the
error terms in Proposition 7.3 are bounded by C/+/N + C,T'/>7%. The new lower bound looks like

_,LL_ —_—~— —_—~—

M+
(HN)yy 2> Eo+ Ejy + N———+ (HS 4+ HE Y

1 1
3 Tr(Pr <pm, (hmp — g +AK11)) — 5 Tr( Py, <m, (hmp — 4 +AK22))

) 22 22
+ ﬁ((-/\/l —MN2) )y [)»U — 7(“1, KWy >m, Kijuy) — j(uz, K22We,>MAK22u2)]

T* . C
_ ol e
Cro(1) = Coyy = C. TV

12"

By relying on Proposition 7.4, we bound the difference of the expectation of Hﬁiﬁgﬁg + H{M») and the terms

in the second line by EB°2 up to remainders Coy(1). Finally, the terms in the square brackets can be
bounded from below by using the Lemma 8.5 above; see (8-26). This yields the desired result (8-24). [J

(Homy+2 — M)

8C. Proof of Theorem 2.3. Putting together Propositions 8.3 and 8.4, we can now conclude the proof of
Theorem 2.3. Taking the limit N — oo in (8-24) yields

.. My — - Bo . CA 2 C
liminf| (Hy)y,, —Eo—Ey—N—————E g)}hmsu (—((Nl—/\/z) Ve — )
N—o0 < Ve N 2 N—>oop N Ve (2my+2—p4)/?
On the other hand, combining (8-10) and the estimate (4-36) on E5_node, Which follows from Proposition 2.4,
we have
: w My — K- Bog
hmsup <HN)¢gg—E0—EN—N——E <0.
N—o0 . 2
This gives
ch C
lim sup — (N7 — N5)?)y.. < limsu .
N—>oop N Ve N—>oop (MZMA+2 - M+)1/2

As argued below Proposition 5.2, the limit of the eigenvalue ptop, +2 as N — oo is the M, -th eigenvalue
of a fixed one-well Hamiltonian with compact resolvent. Hence, letting A — oo,

A
lim sup %((Nl — Ny, =0, (8-28)
N—o00

thus proving (2-31). Inserting (8-28) in the energy upper and lower bounds (8-10) and (8-24), we find by
using (4-36) again

C
ON(l) - 1/2 + EZ-mode + EBOg < E(N) < EZ-mode + EBOg + ON(I)-
(M2mpy+2 — )

Thus we may let first N — oo and then A — oo to conclude the proof of (2-32).
Appendix A: The one-body Hartree problem

We recall here a number of results that were proved in our companion paper [Olgiati and Rougerie 2021],
i.e., properties of the eigenvectors and eigenfunctions of the one-body Hamiltonian /.
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In Section 1 we defined u and u_ as the first and second eigenfunctions of /yp, corresponding to the

eigenvalues 4 and u_, and the full spectral decomposition of Ay is

g = g )|+ i) |+ ) i) G-

m>=3

Moreover, we defined right and left modes as

L U2g41 T U2 . U241 — U2
Mr’a = and uﬁ,a = T

V2
for any o > 1.
We have the following result.

Theorem A.1 (one-body Hartree problem). (i) Lower eigenvectors convergence.
N =l Pl < CeT'°,
e = lu—ll 2 < C.T275,

M| = lu—lloe < CeTV275
(ii) Bounds on the fist spectral gap.
C€T1+8 S H—— Ut S CsTl_e-

(iii) Second gap.
Unm— M- =2C forallm =3
independently of L.

(A-1)
(A-2)
(A-3)

(A-4)

(A-5)

(iv) Properties of uy. The function uy is smooth, strictly positive (up to a phase), and even under

reflections across the {x; = 0} hyperplane.

(v) Properties of u_. The function u_ is smooth and odd under reflections across the {x|, = 0} hyperplane.

Moreover, up to a phase,

ui(x) >0 forx; =0.
(vi) Higher spectrum. For any a > 1 we have
lim (2¢42 — H20+1) =0,
T—0
and, for an appropriate phase choice of the u,,

lim lity.o|? dx = lim lug.q|*dx =0.
T—0 x1<0 T— =0

(A-6)

(A-7)

(A-8)

Items (i), (ii), and (iii) follow from [Olgiati and Rougerie 2021, Theorem 2.1]. The fact that u can be
chosen as positive is a standard fact already recalled in Section 2. Since the syr commutes with reflection

across {x; = 0}, we can choose its eigenvectors to be either odd or even under such a permutation. Since
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u4 is positive, it must be even. The fact that u_ is odd and its sign follow from [Olgiati and Rougerie
2021, Lemma 4.2]. Notice that, for u; defined in (2-11), as a consequence of (iv) and (v) we have

/x1< Jur ()] dX—f x1<0|u+(X)+u ) dX—f x1<0||u+(X)|—Iu—(X)IIZdX-

Hence, by (A-2),
/ luy (x)|* dx = f lup (x)|* dx < C.T'°, (A-9)
x1<0 x120

which is the analog of (A-8) for the low energy modes.

Appendix B: Estimates and identities in the two-mode space
We prove here some results that were stated in Section 4.

Proof of Lemma 4.1. The upper bound on w111 follows immediately from Young’s inequality (recall that
w € L*). To prove the lower bound, we use the pointwise lower bound on u (see [Olgiati and Rougerie
2021, Proposition 3.1])
uy(x) > Cse*(lJrS)ADw(x), (B-1)
where
{A(lx —xrl), x1 20,
Apw =
A(lx +xcl), x1 <0,

and A is the Agmon distance (2-12). Let us notice that, using the definition (2-11) of u#; and u5,
win > [[ e =P ePdxdy > g [ we -yl @PueoPddy,
120 y120

having used in the second inequality the fact that u, (x) > 0 and u_(x) > 0 for x; > 0, as granted by
Theorem A.1. Using the lower bound (B-1) we deduce

Wi > // W = y)e MM 200A 0D g gy
120
// _ e 24AMD =214 g g4y
es—r2 W
yiz=L/2
// Wl = y)e 2HOADE249AMD g gy —: ¢ > 0,
ybo

where all the steps are justified since the functions in the integral are manifestly positive and summable.
To prove (4-5) we use the definition of u; and u; in terms of u4 and u_ from (2-11), then Young’s
inequality and (A-1), to get

1 2 2 2 2 2 2 1-
|w1112|<§/dw*lull Mg ™ = Ju— 7] < llw s |ug "l oo g |” = u—|"llp0 < CeT 5.
R
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Similarly, for (4-6) we write

Wi < L—IL/R wok [Jup [ = Ju— | ug | = - < Clllug? = Ju— |7, < CeT>°.
On the other hand, the positivity of w122 is deduced by noticing that

Wi = f W (k) | (k) |* dk > 0, (B-2)

since w(k) > 0 by assumption.
To estimate w12 we use the fact that w has compact support and is bounded by a constant to write

wan<C [[ @ PlemPdrdy+c [ n@Plee)? dxdy.

yn<C y1> C

In the first integral we recognize that \/Eul(x) =ur(x)+u_(x)=|uyr(x)| — lu—(x)| for x; <0 (recall
that Theorem A.1 ensures that u_ is negative for negative x’s), and, using (A-2),

C/ ur () |ua ()P dx dy < Cllfuy| = |u—||72 uall. < CT'.
x1<0, y1<C

In the second integral we can ignore the region in which —C < y; < 0, since both u; and u;, are
exponentially small there, because u, and u_ are; see [Olgiati and Rougerie 2021, Proposition 3.1].
For the region in which y; > 0 we argue as in the integral above by recognizing that /2us(y) =

i (y) = u—(y) = lus (y)| = lu—(y)| for y; > 0. This proves (4-7).
To prove (4-8) we only have to notice that

A
_ - - — 1—-2N ,
M=t SN =1) (w1212 — wit12 + ( Jwi122)
and the result follows from the estimates above. O

Proof of Lemma 4.3. Since N_ = (N] + N> — aIaz - agal)/2 and [NV} + N>, aIag +a;ra1] =0, one has

= (M +M2)? =2V +Mo)(alar +ajar) + (@l az + alar)?
and thus
2N + N (alaz +ala)) — N+ N2 +4N2 — N1 — s
= (a, Tay)? +(a2a1) +a a2a2a1+a2a1a ap— N1 — N>

:(3102) +(azal) + 2NN,

where the last equality follows from the commutation relations of a, af, ap and a; . U
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A GENERAL NOTION OF UNIFORM ELLIPTICITY AND
THE REGULARITY OF THE STRESS FIELD
FOR ELLIPTIC EQUATIONS IN DIVERGENCE FORM

UMBERTO GUARNOTTA AND SUNRA MOSCONI

For solutions of Div(DF (Du)) = f we show that the quasiconformality of z — DF (z) is the key property
leading to the Sobolev regularity of the stress field DF (Du), in relation with the summability of f. This
class of nonlinearities encodes in a general way the notion of uniform ellipticity and encompasses all
known instances where the stress field is known to be Sobolev regular. We provide examples showing the
optimality of this assumption and present two applications: a nonlinear Cordes condition for equations in
divergence form and some partial results on the C v conjecture.

1. Introduction

In this work we are interested in Sobolev regularity results for the often-called “stress field” DF (Du)

corresponding to solutions of
div(DF (Du)) = f, (1-1)

seen as the Euler-Lagrange equation for the energy functional
J(w, Q) =/ F(Dw) + f wdx, (1-2)
Q

where Q C RN, N > 2, f e L™(Q) for some m > 1, and F € C'RV)is a strictly convex function
obeying a suitable local form of uniform ellipticity condition. Questions regarding regularity of the stress
field recently gained increasing interest as a basic tool to attack further regularity and locality properties
of solutions to divergence form equations; see, e.g., [Avelin et al. 2018; Balci et al. 2020; Breit et al. 2018;
2022; Ciraolo et al. 2020; Colombo and Figalli 2014; Kuusi and Mingione 2013]. Despite its usefulness,
however, most of the results are constrained to special kinds of nonlinearities of either p-Laplacian-type
or having Uhlenbeck structure. Simple nonlinearities, such as

F@)=lz—zl"+lz+zl”, 1<p<2 z0#0, (1-3)

do not fall within most of the currently available regularity theory. Since we focus on the stress field
instead of Du itself, we briefly justify this point of view, recalling the general situation for functionals of
the calculus of variations and their local minimizers.

Let u solve (1-1). If F € C*>(RN) is uniformly elliptic, i.e.,

MEP < (D?F(2) €, &) < AJE)? forall z, & e RY,

MSC2020: primary 30C65, 35B65, 35J62; secondary 49K?20.
Keywords: elliptic equations in divergence form, regularity, quasiconformal maps, Calder6n—Zygmund estimates, Cordes
condition.
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it is a classical result that f € LIZOC(SZ) if and only if u € WI%’CZ(Q), and in this case the regularity of Du

and V = DF(Du) coincide, since Du = DF~'(V) and DF is bi-Lipschitz. Regarding W™ -regularity
for m # 2, it is clear that if u € W." (Q2), then DF (Du) € W,."(2), and thus f € L' (). Conversely,
suppose f € LI" (£2); differentiating (1-1) gives

loc
div(D*F(Du)Dvi) = 0 f, vk =0u, k=1,...,N.

If e L (2) for m > N, then Du is Holder continuous by the De Giorgi-Nash theorem; so, freezing
the (now continuous) coefficients of the matrix D?F (Du), we can apply the Calderén-Zygmund theorem
to obtain that u € W (), i.e., DF(Du) € W, (%2).

Next, consider the p-Poisson equation

Apu:fv p>1’ (1_4)
corresponding to the integrand F(z) = |z|”/p. In this case F satisfies
MelP P IEP S (DPFR)6,6) < Azl g1,

and the Sobolev regularity of Du is much more involved. We are aware of only one result giving
second-order Sobolev regularity of # from an L™ assumption on f: in the nondegenerate case p € (1, 2],
that u € W2P(RN) if f € LP'(RN) (1/p+ 1/p’ = 1, as usual) was proved in [Simon 1978] for global
solutions and in [de Thélin 1982] for local ones.

Through difference quotients and Caccioppoli inequalities one can usually infer Sobolev regularity
of Du from Sobolev regularity of f. In this framework, [Cellina 2017; Mercuri et al. 2016] treat the case
when p > 2 is near uniform ellipticity, proving, respectively, u € Wlf)’f(Q) for2<p<3andue W]%)’C'"(Q)
for any m, as long as p — 2 is sufficiently small. The postulated regularity for f is f € WIL’Cz(Q) in
[Cellina 2017] and f € WIL’C’" (2) for m > N in [Mercuri et al. 2016].

For p > 2 and only assuming L™ regularity of f in (1-4), the best results available prove fractional
differentiability of Du; see [Mingione 2007; 2010; Miskiewicz 2018; Savaré 1998; Simon 1978]. The
main idea of [Kuusi and Mingione 2013; Mingione 2007; 2010], which goes back to [Uhlenbeck 1977],

is to study the regularity properties of the field
V = |Du|?22Du (1-5)

and deduce from the latter suitable regularity of Du. This approach is nowadays widespread, but still failed
to produce estimates in terms of the Lebesgue norm of f paralleling the second-order Calderén—Zygmund
theory depicted above in the nondegenerate case.

An alternative route is to consider the regularity of the stress field

V = |Du|’~? Du,

which arises as an interesting object per se in a variety of situations, e.g., in the framework of nonconvex
variational problems [Carstensen and Miiller 2002] and in the dual formulation of traffic congestion
problems; see [Brasco et al. 2010]. In particular, the applicability of DiPerna—Lions theory in the latter
is tied to the Sobolev regularity of the stress field of the dual problem, which was the main concern
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of [Brasco et al. 2010] for a very degenerate functional of the form (1-2). When f is Sobolev regular,
variants of Caccioppoli inequalities and difference quotient methods have been used in the cited works to
obtain Sobolev regularity of V; see also [Damascelli and Sciunzi 2004].

For less regular f the seminal paper is [Lou 2008], treating the case f € L™ with m > max{2, N/p}.
In more recent years, the regularity of the stress field has been the object of fruitful investigations, also
thanks to the fact that it seems to provide more natural estimates than (1-5). Starting from [Diening et al.
2012], a first-order nonlinear Calderén—Zygmund theory for the p-Laplacian problem with right-hand
side in divergence form

div(|Du|P~? Du) = div G
is nowadays well-developed, showing the principle that the divergence operator can be “canceled out” to
get estimates for | Du/|” =2 Du in terms of G in the same space. We refer to [Balci et al. 2020; Breit et al.
2018; 2022] for this line of research, but let us remark that the order of differentiability for V considered
in these works is always less than 1.

Indeed, regarding the second-order Calder6n—Zygmund theory (i.e., full Sobolev regularity for V),
much less is known. A natural conjecture for solutions of (1-4) via the same principle would be

el (Q) < VeW-™«), (1-6)

loc loc

which is actually false for p >~ 1. The case m =400, p > 2, corresponds to the well-known C v conjecture,
which will be discussed later, proved in the plane in [Aradjo et al. 2017]. The endpoint m = 1 of (1-6)
is considered by [Avelin et al. 2018], where, e.g., for f € LIIOC(Q), it is proved that V € W!'=&! for all
& > 0 (actually, f can be a general Radon measure in [Avelin et al. 2018]).

The only positive result of the type (1-6) (beyond the close one in [Lou 2008]) concerns the Hilbertian
case m = 2, which has been recently proved in [Cianchi and Mazya 2018] for equations having Uhlenbeck
structure, 1.e., of the form

div(a(|Dul|) Du) = f (or divG). 1-7)

The role of this structural assumption is in fact the main motivation of this work: indeed, (with the
exception of [Mingione 2007; Avelin et al. 2018]), the higher-order Calderén—Zygmund theorem exposed
so far is restricted to equations of the form (1-7) and in this case it can be actually extended to systems;
see [Breit et al. 2018; 2022; Cianchi and Mazya 2019; Balci et al. 2022]. As L?-theory seems to be the
basic step to deal with the general problem (1-6), it is worth investigating to what extent the Uhlenbeck
structure is necessary to develop such a theory and whether the general nonlinear problem (1-1) enjoys
the same Sobolev regularity for its stress field V = DF (Du).

It turns out that such regularity holds true when the map z — DF(z) is quasiconformal. A quasicon-
formal map G : RY — R" is a homeomorphism belonging to WIL’CN (RM) such that, for some finite K,

Amax (DG (@)Y < K |det DG (2)| (1-8)
almost everywhere, with Ay (DG) being the maximum singular value of DG; we refer to [Martin
2014] for a short modern survey on quasiconformal mappings. The main outcome of our results is that

quasiconformality of DF in (1-1) is a natural and robust notion of uniform ellipticity, flexible enough
to encompass anisotropic examples such as (1-3), still allowing a reasonable regularity theory.
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Quasiconformal maps which are gradients of convex functions (or being, more generally, monotone)
have been systematically studied in [Kovalev and Maldonado 2005; Kovalev 2007]; convex potentials of
quasiconformal mappings are called quasiuniformly convex functions.

Definition 1.1. A convex F € C!(RV) is called K -quasiuniformly convex for some K € [1, +-00) if it is
not affine, DF € WlL’Cl (RM), and

Amax (D> F(2)) < K Amin(D*F(2)) forae.zeRY, (1-9)

where Apin (M) and Ay (M) denote the minimum and maximum eigenvalues of M.

For the most part, this will be the main assumption on F for the study of (1-1), and we will use the
acronym “q.u.c.” for “quasiuniformly convex”. Clearly, (1-9) and (1-8) for G = D F are equivalent (but
(1-9) implies (1-8) with a constant K N=1y. in Proposition 2.3 we will show that any q.u.c. function is
strictly convex and of (p, g)-growth. In Section 3C we will discuss concrete examples but, in the meantime,
we note that z — |z|? is q.u.c. for any p > 1, and the sum of q.u.c. functions is q.u.c.; hence (1-3) is q.u.c.

1A. Main results. We now present our main results, referring to the appropriate theorems in the following
sections for more complete statements. The first one concerns local minimizers u € Wli’cp (2) for the
functional J in (1-2), i.e., those u obeying J(#) < +o0 and J(u, B) < J(u + w, B) for all B € 2 and
w e W, (B).

Theorem 1.2 (Theorem 3.3). Let Q@ € RN be open, F € C'(RY) be K-q.u.c., and f € LA(Q)NW~1-7 (Q)
for p =14 1/K. Then any local minimizer u € Wli)’cp (2) of J satisfies
IDF (D)2 < CA+ 1 280 + I FDWIE 5, )
for some C = C(K, N, R) and all B4g C Q.
Remark 1.3. Let us briefly discuss the main assumptions. Other comments may be found in Remark 3.4.

(1) Assumptions on F. The Sobolev regularity assumption DF € WIL’:(RN ) is necessary, as shown in
Example 3.5, where a strictly convex, radial F € C!(R") obeying (1-9) is constructed in such a way that
the stress field of a suitable solution to (1-1) with f = 0 is not absolutely continuous.

The g.u. convexity condition fails in simple examples such as the orthotropic p-Laplacian related to

N
F)=) lul”.
i=1

We remark that Giaquinta’s example [1987] in R is a local minimizer of an analytic functional whose

,8

integrand is not q.u.c. and such that the stress field is in WILC (RN) only for s < %. Playing around with

the integrand

examples of similar structure suggests intricate interplays between the maximal Sobolev regularity of
the stress field and the possibly nonstandard structure of D F'; hence, it is not clear what to expect from
functionals with non-quasiconformal gradient mapping.

In Example 3.6 we discuss integrands of the form F(z) = F'(|z|), while Examples 3.7 and 3.8 investigate
more general anisotropic functionals.
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o Assumptions on f. The hypothesis f € W~1-?'(€2) has been made for expository reasons and the relation
between p and K will be derived in Proposition 2.3. On one hand, our results are mostly local in nature
and therefore it suffices to require f € LIZOC(Q) N ngc] 7 (£2), meaning with the latter the intersection of the
spaces W—17'(€,,) on an exhausting sequence of open relatively compact €2, 1 €. For p > 2N /(N +2),
the condition f € ngcl P ,(Q) automatically follows from Sobolev embedding and f € L%OC(Q); for
p<2N/(N +2), L?(2) is not embedded in W‘l*l’/(Q), destroying the variational framework we chose
to be in. One should then resort to the notion of approximable solutions (briefly described in the last
section), in order to deal with those cases. We refer to [Alberico et al. 2019] for a comprehensive theory of
approximable solutions in the anisotropic framework. Anyway, in terms of summability, f € W17 ()

is implied by f € L(P*)/(Q), which is a weaker summability than the one in [Lou 2008].

o The exponent p. As will be clear from the proof, the exponent p =14 1/K is not the only possible
choice. Any p satisfying

2l <C(F(2)+1), zeRY,
will serve the purpose of proving Theorem 1.2, and the previous estimate holds true for p =14+ 1/K
and F' K-q.u.c., thanks to Proposition 2.3 below. In Example 3.6 we will see that higher choices of p
are sometimes feasible. Clearly, the variational condition f € WP (Q) is weaker for higher p’s.

We will give two applications of Theorem 1.2. The first one deals with nonlinear Cordes conditions for
variational problems. Cordes conditions usually refer to L™ -theory for elliptic equations in nondivergence
form with measurable coefficients, namely, to solutions of

N
> a;jDiju = f. (1-10)
ij=1

with measurable coefficients a;; : Q2 C RY — R satisfying

N
MEP <) a0 & & < AP
ij=1
for all £ € RY and a.e. x € Q. Under these measurability assumptions alone, there is no hope in general
for the Calderén—Zygmund inequality

”M”Wz,m(Q) < Cm”f”Lm(Q) for all m > 1. (1—11)

Some regularity has to be assumed on g;; in order to obtain (1-11) for all m > 1 (VMO regularity suffices;
see [Chiarenza et al. 1991]). Roughly stated, a Cordes condition for (1-10) with discontinuous a;; says
that (1-11) holds if either m is sufficiently near 2, or A/X is sufficiently near 1. A similar situation takes
place for nonlinear equations in divergence form.

Theorem 1.4 (Theorem 4.3). Let F obey the assumptions of Theorem 1.2 and f € L™ (2) N WP (Q)
for some m > 1. Then any local minimizer u € WHP(Q) for J in (1-2) is such that DF (Du) € Wl’m(Q)

loc
and

IDF (Du)llyrmpgy < CULflLm(Brg) + 1 DF (Du) || Lm (Byg))
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for C =C(K, N,m, R) and all B4r C 2, in either of the following cases:
(1) K < Ko, with Koy = Ko(N, m) > 1.
(i) |m —2| < 8¢ for dop =5o(K, N) > 0.

As a second application we will derive some partial results pertaining the C 4 conjecture, which states
that any solution of the p-Poisson equation with bounded right-hand side is C?" regular if p > 2 (hereafter
we use the notation C” = CI7}7=I¥1 where [y] is the integer part of y).

Theorem 1.5 (Corollary 4.5, Theorem 4.7, and Corollary 4.8). Let u : 2 — R be an approximable solution

of (1-4).
(1) If f € L°°(), then for all sufficiently small |p—2| it holds u € C* % (Q), where ap=c(N)|p—=2[>0.
(ii) For any m, p > 1, if u and Q have cylindrical symmetry, then |Du|P~% Du e WIL’Cm(Q) whenever
f €L (Q). In particular, any cylindrical approximable solution of (1-4) belongs to C™™r' 21— (Q)

loc
forany ¢ > 0.

Remark 1.6. « Item (i) confirms the validity of the C v conjecture near uniform ellipticity, and is inspired
by [Mercuri et al. 2016]. Here, however, we obtain an explicit rate of the Holder exponent and, more
substantially, we do not require Sobolev regularity on f. When f € L°°(£2), the usual notion of weak
solution suffices.

« Point (ii) gives a weak form of the C?" conjecture (namely, u € C”' ) in the class of cylindrical solutions
for any p > 2, with a different approach than the one of [Aradjo et al. 2018]. We need the notion of
approximable solutions as in general f may fail to belong to W~"7'(Q) for small m > 1, destroying the
variational setting. For details on such a notion we refer to Section 4B.

By a cylindrical solution we mean a function of the form u(x) = v(|x’]), x = (x', x”) € R x RN,
k < N. It is worth noticing that the domain €2 may not contain the origin, in which case the approach of
[Aratjo et al. 2018] cannot be easily applied.

1B. Outline of the proofs. Consider, as a first step, a smooth compactly supported solution # of
div DF(Du) = f inRY,
with F and f smooth. Our starting point is the well-known identity
IDV 172y = 1AV V[ 2guy + 31l curl V7o gn,  forall Ve CE®RY;RY), (1-12)

where curl V.= DV — DV'. Applying (1-12) to the stress field V = DF (Du), we are reduced to estimate
curl V.
The main observation is that, in the smooth setting, DV is of special type, namely

DV = D*F(Du) Du,

where D?F(Du) is a symmetric positive definite matrix and D?u is symmetric. An elementary lemma
shows that any matrix of the form

X =PS§, P symmetric positive definite, S symmetric,
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satisfies

j- 2
X - X'[3 <2(1 — A“““) X1, (1-13)

max
where Amin and Anax are, respectively, the minimum and maximum eigenvalues of P. Thus the curl term
in (1-12) can be reabsorbed to the left if Amax < K Amin holds a.e. for the matrix D?F, giving

1DV vy < K2 1172,

for V. = DF (Du) in the smooth, global setting.

In order to prove Theorem 1.2 we have to localize the estimate and to suitably build smooth approxi-
mating problems. We regularize the integrand, the source, and the boundary data through convolution but,
in order to have strongly elliptic problems, we would like to add a small multiple of a strongly elliptic
functional. Since we do not want to alter the g.u. convexity constant, the only viable choice is to add small
multiples of |z|? to the regularized integrands. This is a quite unnatural choice if F is not of standard qua-
dratic growth, and it forces some interplay between the regularization parameters. Here, the explicit a priori
Lipschitz estimate for the corresponding solutions taken from [Bousquet and Brasco 2016] plays a key role.

The main step of the proof of Theorem 1.4 is to represent the solutions of

divV = f,
curlV =G

in RV through Riesz transforms and generalize (1-12) to the L™-setting as
1DV pn@yy < Clm, N)(|| div Vi @yy + |l curl Viiem®yy)-

Thus, inequality (1-13) does the trick in case (i) of Theorem 1.4, allowing reabsorption of the curl term
for K sufficiently near 1. A standard Riesz interpolation argument, together with a careful choice of the
norms involved, allows proving case (ii).

Finally, point (i) of Theorem 1.5 is an immediate consequence of point (i) of Theorem 1.4, while
point (ii) stems from this observation: if u exhibits cylindrical symmetry, then the stress field a(|Du|) Du
is irrotational; by the Helmoltz decomposition, it can be locally represented as the gradient of a solution
of Av = f € L™ so the standard Calder6n—Zygmund theorem applies.

1C. Structure of the paper. In Section 2 we recall some functional inequalities and properties about
quasiuniform convexity. In Section 3A we develop our basic estimate in the smooth setting; Section 3B
is devoted to the proof of Theorem 1.2, where the main approximation procedure, used also later, is
described; Section 3C contains the relevant examples depicted above. In Section 4 we focus on the
applications: first we treat the Cordes conditions, and finally we collect the partial results pertaining the
C”' conjecture.

Notations.  The euclidean norm of a vector v € R" is denoted by |v| and (v, w) denotes the scalar
product. By  we denote a bounded open subset of RY, while B, denotes a ball of radius r not necessarily
centered at the origin. Similarly, B denotes a ball with unspecified center and radius; if B = B, (xp), then
we set AB = B, (xg).
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« For a N x N matrix A = (a;;), its transpose is denoted by A’; on such matrices we consider the
Frobenius norm

N 1/2
Al = ( > |a,-,-|2> :
i,j=1

arising from the scalar product (A, B), = Tr(A B"). For v, w € RY, v ® w is the matrix with entries
(v; w;), while vAw =v®w —w @v; I denotes the identity matrix, while Id the identity function of RN
Oy is the orthogonal group of N x N matrices such that A A’ = A" A = I; if A is symmetric, Apin(A),
Amax (A) are its minimum and its maximum eigenvalues.

o If a domain of integration is missing, it means that we are integrating on R". We also set for brevity
Il £l = Il f | Lm @wny- Finally, we sometimes will use the L™ “norm” also for m € (0, 1), when it is only
positively 1-homogeneous.

« As is customary, we indicate with W~"7'(Q) the dual space of WO1 P(Q).

2. Preliminaries

2A. Functional inequalities. For 0 <0 < m, m > 1, starting from the inequality

m/0
/ |v|mdx</ |Dv|mdx+C(N,m,9)(/ |v|9dx) 2-1)
B By B

(obtained by a standard compactness argument), and replicating, with the obvious modifications, the proof
of [Cianchi and Mazya 2018, equation (5.4)], we get the following functional inequality.

Lemma 2.1. Letm > 1, 0 <0 <m,and R <r <s < 2R. There exists C = C(N, m, 0) such that for
any v € wlm (B \ B,) and any § € (0, 1) it holds

0
f [v|™ dx gamR'"/ |Dv|™ dx + ¢ / vl dx " ,
B,\B, B,\B, (8N (s —r) RN=1)m=0)/6 \ Jp \

The following lemma is a straightforward generalization of the well-known identity

/|DV|§dx:%/|cur1V|§dx+/(divV)2dx, (2-2)

valid for V € CH(RN; RN),
Lemma 2.2. If V € C*(RN,RV), then for any ¢ € CE(RN) it holds

/¢2|DV|§dx:%/¢2|cur1\/|§dx+/<p2 (div V)2 dx

+ / [2(Dg?, V) divV + (D*¢*, VQ V),ldx. (2-3)
Proof. Write, through parallelogram identity,

|IDV|5={|DV —DV'|3+ 1DV +DV'}3,
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then multiply by ¢? and integrate to obtain

2 2 ¢’ 2 ¢’ ' j

/go IDV|5dx = / T |curl V|5 dx +/ T Zij(Dle +D; V)2 dx
¢’ ¢’ ¢’ S

The last term is computed integrating by parts twice: forany i, j =1,..., N
/ ¢* D;V/D;V'dx

=_ / Dip* VID;Vidx — / @*VID;;Vidx

- / Dij¢* VIVidx +/ Dig* VID;V/ dx +/ Dj9* VID;Vidx +/<p2 D;V/D;V'dx,
so that summing over i, j gives

/ ©* Y DiV/D;Vidx = /[goz(div V)2 +2(Dg?, V)divV + (D%¢*, V® V),ldx.

Inserting this formula into (2-4) yields (2-3). [l

2B. Quasiuniform convexity. In this section we show that the q.u. convexity condition provides, in a
unified way, many of the properties that the usual integrands of the calculus of variations satisfy.

Let us begin by observing that the gradient of a convex F is defined a.e. and belongs to B Vj,.(RV);
see [Alberti and Ambrosio 1999]. Accordingly, the second derivative of F' can be decomposed into an
absolutely continuous part, a jump part, and a Cantor part. If F € C!(R") the jump part vanishes; hence
by requiring that F € C'(RV) N WI?)’CI (RV) we are actually excluding that D?F has a Cantor part.

Now we discuss in detail some consequences of the g.u. convexity condition; although condition (iv)
of Proposition 2.3 will be not used in the sequel, we prove it for the sake of completeness.

Proposition 2.3 (properties of K -quasiuniformly convex functions). Let F be a K -quasiuniformly convex
function. Then:
(i) DF is KN™! -quasiconformal; hence CY/K(®RN).

(i) F is strictly convex and of (p, q)-growth, i.e., there exists C=C(N, K, F)>0and 1 < p <g <400
such that

Clz|P

—C<F@)<C(zl7+ 1), (2-5)
ClziIpt=cC

IDF(2)| < C(|z|97" + 1) (2-6)

NN

for all z € RN. More precisely, one can take p =1+ 1/K and g =1 + K.
(i) If ¢ € CSO(RN; [0, +00)), then F % ¢ is K-q.u.c.
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@iv) Its Moreau—Yoshida regularization

_ L, 2} i}
Fs5(2) —yler[%fN{F(yH 25|y z| (2-7)
is K-q.u.c.

Proof. (i) By the Alexandrov theorem DF is differentiable a.e., and [Viisdld 1971, Theorem 32.3]
ensures that DF € WIIO’CN (RN). Since (1-8) and (1-9) are equivalent up to changing the constants, u is
quasiuniformly convex in the sense of [Kovalev and Maldonado 2005]. In particular Theorem 3.1 of that
work shows that DF is K¥~!-quasiconformal. The regularity statement holds for any quasiconformal
mapping; see [Martin 2014, Theorem 2.14].

(i1) The strict convexity of F follows from [Kovalev and Maldonado 2005, Lemma 3.2]. If zg is the
unique minimum point for F we can consider F(zg9 + -) — F(z0), so there is no loss in generality
assuming DF (0) =0, F(0) =0. Let G = DF, which then is K" ~!-quasiconformal. By [Martin 2014,
Theorem 2.14]

|G(z)| < C(N, K) sup |G| z|'V*, zeB.
YEB)

Since G~ is still KV~! quasiconformal, it obeys a similar estimate, proving the lower bound
IG()|>C(N. K, G)zl*, zeBi

Finally, the inversion

iy GG/
T

1s again ~* quasiconformal on Bj, so that the previous estimates are transferred to the outside of B; as
gain KVN~1 q formal on By, so that the p timat transferred to the outside of B
CVE<IG@I<ClRIF, Izl =1, (2-8)

where C = C(N, K, G). For G=DF, p=1+1/K, g =1+ K, we thus obtained (2-6). Moreover, by
[Kovalev 2007, Lemma 18], D F is §-convex for some § = §(N, K) > 0, meaning that

(DF(z) — DF(y),z—y) 2 38|DF(z) — DF(y)||z—y| forallz,ye€ RN, (2-9)

Using (2-9) and (2-6), we get

! !
) )
F(Z)Z/ (DF(IZ),Z)dt>3/ |IDF (t2)||z|dt > — |z|" = C |z| > —1z|” = C,
0 0 pC pC

by sufficiently increasing C in the last inequality. This produces the lower bound in (2-5), while the upper
bound follows from (2-6) alone through a similar calculation.

(iii) Let Amin(z) = Amin(D?*F(z)), where z is a second-order differentiability point for F. From the
representation

Amin(2) := inf{(D*F (2) &, £) : £ € D},
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where D is a fixed countable dense subset of SV~!, we infer that Ap;, is measurable and in LIIOC(RN ).
Then, for any z € RV and & € D,

(D’F +p(2) £,&) = / 9(z—y) (D*F(y)£,&)dy

> f 0z — ) hin () [E2 dx = Fomin(2) |E P
while

/ @(z—y) (D*F(y)£,&)dy < f @@ =) K Anin(y) 1E1* dy = K Amin(2) |€]%,

implying the claim.

(iv) Recall that the minimum in (2-7) is attained at a unique point Ps(z) satisfying
Ps(z) +8 DF(Ps(z)) =z, DFs(z) = DF(Ps(z)), (2-10)

and the so-defined function Ps = (Id + 8 DF)~! is 1-Lipschitz and a homeomorphism of R”, since
F € C'(RN). Let E be the set of points where DF fails to be differentiable. The map Id + 8 DF is the
gradient of a K-quasiuniformly convex function, and hence by point (i) is quasiconformal and satisfies
the Lusin (N) property, i.e., it sends null-measure sets to null-measure sets; see [Viisdld 1971]. Thus,
Pa_l (E) has zero measure. Moreover, since Ps is Lipschitz continuous, Rademacher’s theorem ensures
that the set M where P; is not differentiable has zero measure. We will prove (1-9) at any point

¢ MU P Y(E),

the latter set having zero measure. Indeed, at any such point z we have that D F' is differentiable at Ps(z)
and P; is differentiable at z. The chain rule applied to (2-10) then gives

(I +8D*F(P5(2))) DPs(z) =1, D*Fs(z) = D*F(Ps(z)) DPs(2),
which yields
D?Fs(z) = D*>F(Ps(2))(I +8 D*>F(Ps(2))) "\ (2-11)

Let the eigenvalues of D?>F(Ps(z)) be Amin = A1 < ... < Ay = Amax. The matrices D?F (Ps(z)) and
(I+8 D*F(Ps(z)))~" have the same basis of eigenvectors, with eigenvalues A; and (14§ Ai)"! respectively.
Hence (2-11) implies that D?F;(z) has eigenvalues A; /(1 4+ 8 X;). Ast +— t/(1+§¢) is increasing, its
minimum and maximum eigenvalues are

P Amin L Amax
§,min - —1 +8)Lmin’ §,max - —1 +8)\max s
which obey A5 max < KAs min as long as Apax < K Amin. |

Due to the previous proposition, we will denote henceforth by p and g the powers of the lower and
upper bounds, respectively, for a given K-q.u.c. function F.
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2C. Extensions. We conclude with a couple of tools which will be occasionally used in the following.
Lemma 2.4. Let F € C'(BR) be a nonnegative, strictly convex function, and o € (0, 1).

(i) There exists a strictly convex FecC! (RN such that F |B,, = F and, for some C, o depending on F,
R, N, o, it holds

P <a(F@+1., C'z2l—=C<IDF@)I<C(z]+1). (2-12)
(i) If F is K-q.u.c. in Bg as per Definition 1.1, and for some ¢ > 0 it holds Anin(z) = € in Bg \ Bsg, in
addition to (2-12) F can be chosen to be E-q.u.c., with K = I?(F, R,N,o0,¢).

Proof. To prove (i), let T = (14 0)/2, choose a radial cut-off function n € C2°(Bg; [0, 1]) such that n =1
in B;g, and define

|z|?
2

where C > 0 is a constant to be chosen. Clearly FeC! (R") and obeys (2-12), so it remains to show

F()=n(2) F(2)+ (1 —n(2) -+ C (2| — o R},

that F is strictly convex for a suitable C. To this aim, set

oR z z oR
A@ =Dz —or? =T g Ly (1 - —>1,
2 lz| z] Izl Iz|

whose eigenvalues are 1 and 1 — o R/|z|. In particular, A is nonnegative definite in Bg \ B, g, and its
eigenvalues are uniformly bounded below in R \ B, by a positive constant; since F agrees with F
in B, g, it follows that F is strictly convex in B;g and in RN\ Bg. A straightforward computation yields

D*F=nD*F+M+2CA,
2
M:=(1-nI+Dn®DF+DF®Dn—2Dn®z+ (F—%)Dzn
a.e. outside B, g, and we can choose C so that
o
(1 - —)C =max |M(2)l2,
T Z€BR
ensuring

~ o .
Amin(D*F) = 0 Amin(D*F) + <1 — ;)c in Bg \ B:g.

Summing up, Fis globally strictly convex by an elementary argument.
To prove (ii), let Xmin (z) and Amax(z) denote the minimum and maximum eigenvalues of D*F (z), and
Amins Amax those for D2 F. Tt holds

>

& < Amin < ):min < Amax <3 C + Amax

in B;g \ Bsr, so that from (1-9) we get

i 3 3
max < max g C + K g _C + K
Amin £

> >

~X
min )len
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In RN \ B it holds

(1—0/7) C+nAnin < Amin < Amax < 3C 41 Amax,

so that 3
):max < 3C+Kn)\-m1n < 3‘[ _.I_K
Amin (l_a/t)c+77)‘mln T—0
Since F = F on B, g and (1-9) holds for F there, the claim is proved. U

3. Divergence form, quasiconformal equations
3A. The smooth setting. The core of our approach lies in the following elementary observation.

Lemma 3.1. Let X = PS, where P and S are symmetric N x N matrices and P is positive definite with
minimum and maximum eigenvalues Ayin and Ayax. Then

(1 InlIl/)\'Inc‘.X)2
1 + ()\mln/)\max)z

Proof. Inequality (3-1) is invariant under rotations; thus, without loss of generality, we can suppose
Pij = A;i8;j withO < Ay <...<Ay. Then from X = P § we get

X —X'|3 < X3 (3-1)

Xij =i Sij,
so that
X — X’|2—Z|X,, Xijl? =2 X — Xig P =2 |2 Sji — hi Sijs
i<j i<j
and from the symmetry of S we conclude
X —X'3=2) 85— (3-2)
i<j
Similarly, we have
X322 X5+ X)) =) SHOT+ ). (3-3)
i<j i<j
Let
(1-1)?
1) = ——5-,
@(1) e

which is decreasing in [0, 1], and observe that for j > i we have A;/A; € [0, 1]. Therefore
( j 1) 2 2 (M) 2 2 ()‘mln) 2 2
M=)t = (W A Z)AF+A) <o AT+ A
(Aj — i) A}—i-k, ( ) = Y (A5 + A7) - ( )
Inserting this estimate in (3-3) and recalling (3-2) we get

)\. .
|X—xf|§<2¢< m‘“)ZSZ(/\2+A)_ (Am‘“>|X|§. O

maX max
i<j
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Theorem 3.2. Let u € C2(Bsg) solve

div(DF (Du)) = f in Bg
fora K-q.u.c. F € C*(R"), and let
V(x) = DF (Du(x)).
Then for any 0 € (0, 2] there exist C = C(N, K,0) and Cr = C(N, K, 0, R) such that

IVIiwi2se) < C NS 22Bp) + CrR IV L6(Byg)- (3-4)

Proof. For any ¢ > 0 let

2
F.(z) = F(z)+8%, fe=f+¢eAu,

so that D?F, is symmetric and positive definite. It holds
hnin(D*Fe(2)) = Amin(D>F(2) + 6, hmax(D*Fe(2)) = hmax (D*F (2)) + &,

so that if (1-9) holds for F, it does so for D>F, as well, with the same constant K.
Clearly u solves
div(DFs(Du)) = fe
in Bog. Letting
Ve = DF¢(Du),
it holds
DV, = D*F,(Du) D?u,

where the first matrix is symmetric positive definite and the second one is symmetric. We thus apply
Lemma 3.1 to the matrix
P =D?F.(Du), S=D%, X=DV,=PS.

Recall that D?F.(Du) satisfies (1-9) with constant K, whence
2
(Amax (D Fe (D) = hmin (D> Fe (D)™ _ (K —1)*
22 (D?Fo(Du)) + 22, (D2 Fo(Du)) — K2+1°

min

From (3-1) we get

(K—1)?
K?2+1

For any r, s with R <r < s <2R, fix ¢ € C°(Bq, [0, 1]) such that

|curl V|5 < 2 |DV,|3. (3-5)

C 2
ol =1, |Dp|<——, |D7¢|<

s—r m. (3'6)

This will allow us to consider ¢ V, as defined on the whole RY, so that (2-3) holds true. The stipulated
properties of ¢ ensure that

C
[206.v0 f+ 03 Voo Vonax < s [ Wt [ g,
(s =r)* JB\B, Bog
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where we used the Schwartz inequality on the first term and s < 2R. Using also (3-5) to control the curl
term of Lemma 2.2 yields

1) C
2 2 2 2 2 2
<p|DV|dx<(1——) f¢|DV|dx+—/ V|2 dx + C 2 dx.
/ £ K 2 (s —r)? B\B; ’ Bor ’

We let ¢ — 0 and bring the first term on the right to the left-hand side; recalling that ¢ =1 on B,, we

C
/ IDV3dx < —= 2/ |V|2+CK/ f2dx (3-7)
B, (s —r)* Jp\B, Bax

forany R <r <s <2R. We next proceed as in [Cianchi and Mazya 2018]: by Lemma 2.1 with m =2 and

obtain

S —r

~2JCk R

Cx ) 1 ) Cx R-0)/0 O\
(s —r)? /BS\B, VITdx < 4 B\B, DV dx+ (s —r)2H@O/BWNFD fp 5 Vidx)

which inserted into (3-7) gives, for all R <r <s < 2R,

IDV|2dx < 1 IDV|3dx + Ckg frdx + CxREP V1% dx .
5, 2 X7 5, 2 o (s — r)2+Q=0)/0(N+D) B\B, :

A standard iteration lemma (see [Giaquinta 1983, Lemma 3.1, Chapter 5]) improves the latter to

c 2/6

2 2 K 0

/ |DV|2dX<CK f dX+RZ+(2——9)ﬁ0N(/ V] dx) ,
Bpr Bor

Bar

8

we get

2
L*(Bg)’
form of (2-1) which, in conjunction with the previous estimate, completes the proof of (3-4). ]

which is the desired estimate on the derivative of V. In order to control || V|| we invoke the rescaled

3B. Local minimizers. For a bounded Q C RY we let
J(w, Q) :/ F(Dw)dx—l—/ fwdx
Q Q

whenever the two integrands are in L!(2), sometimes omitting the dependence on  when this causes no
confusion. We will consider J under p-coercivity assumptions on F and for f € W17 (), so that it is
well-defined on W7 (Q).

Recall that u € Wli’cp () is a local minimizer for J in W7 () if, for any B € €,

J(u, B) =inf{J (w, B) : w € u+ W, "’ (B)}. (3-8)

Theorem 3.3. Let F € C'(RY) be a q.u.c. function and q > p > 1 be given in Proposition 2.3(ii). For
f e LX(Q)N WP (Q), let u be a local minimizer u of J in Q. Then, for any ball B such that 4B C Q
it holds DF (Du) € W'-2(B),

IDF (D)l 25y < C(L+ 1 fll 22y + I1F (D150 ") (3-9)
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for C=C(K, N, B) > 0, and for any 6 € (0, 2]

| DF (Du)|lwi2gy < CU fllz2p) + |1 DF (Du)ll 1o28)) (3-10)

for C=C(K, N, B, 0) > 0. Moreover, u satisfies the Euler—Lagrange equation

/(DF(Du),D(p)dx:/ fodx forall p € CZ(R). (3-11)
Q Q

Proof. Let Argmin(F) = {z¢9}. By considering F(z) = F(z+z0) — F(zo) and u(x) = u(x) — (29, x) and

noting that f(-) (zo,-) € LIIOC(Q), it is readily checked that & turns out to be a local minimizer of

f(w,sz)=/ F(Dw) + fwdx.
Q

Hence, hereafter we suppose F(z) > F(0) = 0. Finally, recalling Proposition 2.3(ii), we know that F' is
strictly convex and

C'zlP —C<F@)<C(z17+1), |DF(@)|<C(z|77 4+ 1), (3-12)

so that u is the unique minimizer locally, with respect to its own boundary values. We split the proof into
several steps.

Step 1: approximating problems. Fix ¢ € CX°(Bj, [0, +00)) such that ||¢|l; = 1 and let ¢.(x) =
e No(x/e). ForBeQandneN,let f, = f % @1/, and, for &,, i, — 0T to be chosen,

Jo(w) = / F %@, (Dw) + %|Dw|2 + £, wdx.
Set ’
Lip, (B) = {w € Lip(B) : w =¥ on 3B},
According to [Stampacchia 1963, Theorem 9.2], there is a solution v, € Lip,,,, /n (B) of
Jo(vy) =1inf{J,(w) 1w € Lipu*(p]/n(B)},

since u * @1/, is smooth on 9B (thus satisfying the bounded slope condition) and also f, is smooth.
Moreover, for any fixed n there is no Lavrentiev gap for J,; see [Bousquet et al. 2014, p. 5923]. Hence
v, also solves

Ju () = inf{J,(w) s w € us @170 + Wy P (B)}.
Step 2: determining the parameters. For any choice of ¢,, i, the integrand
I
Fu(@) = F ¥, () + - |2l

is u,-uniformly convex; hence [Bousquet and Brasco 2016, Theorem 4.1] ensures the existence of
constants A, (depending only on B and || f, ||, as well as on the regularity of u * ¢/, but not on &,, ),
such that

. Ap
Lip(v,) < — =: L,,. (3-13)

n
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Without loss of generality, we can assume L, > 1. We first choose u,, | 0 so that
lim pe, / |Du* @1/ |* dx =0, lim puP1A2=P =,
B
and observe that L, is independent of ¢,. Then we choose ¢,: define the numbers

M, = 1+sup |Dux*¢;,|+ L.
B

Since g, * F — F in C} (RV) as ¢ | 0, we can pick (¢,) € (0, 1), &, | 0, so that

loc

1
I F % @s, — Fllci(py,) < e
Clearly, it still holds
F,— F in CL.(R).

1971

(3-14)

(3-15)

(3-16)

Step 3: the limsup inequality. Testing the minimality of v, against the admissible function u * ¢;,, gives

Jn(vy) < Jp(u* Qol/n)-

Owing to u * @1/, — u in WP (B) and (3-14), one has

m]n(u*gol/n):f fudx—i—ﬁf F % @g,(Du*@y/,)dx.
n B nJB

To estimate the last integral, we use (3-15) to get

B
/F*(psn(Du*gol/n)dx<|’1—|+/F(Du*(pl/n)dx.
B B

The vector-valued Jensen inequality then leads to

E/F*gogn(Du*(pl/n)dxgm/ F(Du * ¢1/,) dx
n JB nJB

<En/ <p1/n*F(Du)dx=/ F(Du)dx.
" J(1+1/n)B B

Inserting the latter into (3-17) we conclude

lim J, (v,) < J ().

(3-17)

(3-18)

Step 4: convergence of (v,) to u. From (3-18) we have that (J,(v,)) is bounded. By Jensen’s inequality

F < F % @, so that, through (3-12), for some constant C = C(N, F, B) > 0 we have

Jn(”n)?/ F(Dvn)dx+f JSanvndx
B B

S ||Dvn||ip(3) .

C — 1 fully sy | Do — 5 1)l o) + / fo 5 @1 dx
B

- C
1DVl 5
> 2 = C = a1y 1DV llLowy + 1 Du kil oesy) + / foutx @1y dx.
B
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Since f, — f in W*LP'(B) and u * @1/, — u in WP (B), by (3-18) we deduce that (Dv,) is bounded
in L?(B). Moreover, by Poincaré’s inequality,

lvnlle sy < llvw —ux@1/ullLr) + llu* @1/nllLrB)
S CUIDWy —u*x@i/)lleea) + llu*x@iallLrs))
S CU[DvllLe) + lu* @1/nllwirsy),

so that (v,) is bounded in L? (B) as well. Therefore the sequence (v,) is bounded in WP(B), and hence
possesses a (not relabeled) subsequence weakly convergent to some v € WLP(B); actually, it is readily
checked that v € u + Wol’p (B). We claim that

limun/ |Dv,|>dx = 0.
n B

Indeed, this is obvious by Holder’s inequality when p > 2, while if p < 2 we use (3-13) and (3-14) to
infer

[ / |Dv,|* dx < L,%—P/ |Dv,|” dx < ™! A,%‘P/ |Dv,|” dx — 0,
B B B
where we used the boundedness of (Dv,) in L?(B). Thus
lim/ B Do ? + £, vndx:/ fudx. (3-19)
n Jp 2 B

The functional
w > / F(Dw)dx
B

is weakly lower semicontinuous in W7 (B), whence (again by the Jensen inequality)
J(v) gh_m[/ F(Dv,,)dx—i—/ fvndx]
n B B

<h_m|:/ F*@sn(DUn)dx+%/ |Dvn|2+fn Undxj| = lim J, (vy). (3-20)
B B n

n
Coupling the latter with (3-18) we get J(v) < J(u), implying v = u by the strict convexity of J. In
particular we obtain, up to subsequences,

Dv, — Du in L?(B), (3-21)
and from (3-20), (3-18) we infer J,(v,) — J(u). Subtracting (3-19) we get
/ Fxq@., (Dvy)dx — / F(Du)dx,
B B
which, thanks to (3-15), implies

/ F(Dv,)dx — / F(Du)dx. (3-22)
B B

Step 5: uniform Sobolev bound on DF (Dv,). By Proposition 2.3(iii), and the beginning of the proof
of Theorem 3.2, F, satisfies (1-9) with the same constant K ; since F, € C3(R"), (1-9) actually holds
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everywhere. Moreover, standard regularity theory ensures that v, € C?(B), so we can apply Theorem 3.2,
and in particular (3-4), to obtain, for any 6 € (0, 2] and r = % 1,

I DE,(Dva)llwizigoy < C (L full2gpy + 1D Fa(Dvn)ll 1o py)- (3-23)

The first term on the right is clearly bounded by a multiple of || f[|;2(p). For the second one, we let p, g
be given in (3-12) and choose 6 = min{p/(g — 1), 1}. By (3-12) we get

IDF(D)? <C (2] 4V +1) < C (z]? + D 4=D/P < C(F(z) + 1) @=V/p, (3-24)

Using (3-15) and (3-24) we obtain
/ |DF,(Dv,)| dx
B
< [ 1DF @) axn7? 1B+ [ 1D, ax
B B

<C/(F(Dvn)+1)é<q‘1)/”dx+n‘5|3|+u§ 1DV %, )| B/
B

B 0(q-1)/p _ B} i} B
< C|B|'T0@mbp ( / (F(Dvy) + 1)dx) +n7" B+ uy |1 Dvall o 5| BI'P. (3-25)
B

The first integral is bounded by (3-22) and the remaining terms vanish when n — oo, so

o (g=D/p
lilgn ||DFn(Dv,,)||Lg(B) < C</ (F(Du)+1) dx) . (3-26)
B
Thanks to (3-23) for r = 1, (3-26) implies the Sobolev bound

lim | Dy (D) llw12z2 < C- (3-27)

Step 6: passage to the limit. Let B’ = %B and
Vi = DF,(Dv,).
Thanks to (3-27), (V,,) is bounded in W'2(B’); hence we can pick a subsequence satisfying
V, = V  weakly in W"2(B’), strongly in L*>(B’), and pointwise a.e. in B’, (3-28)

for a suitable V € W2(B').

Each F, is strictly convex and superlinear by construction; hence D F, is a homeomorphism of R,
Moreover, by (3-16) we know that DF,, — DF locally uniformly. According to a theorem by Arens
(see [Dijkstra 2005] for a modern exposition), this implies that DFn_1 — DF~! locally uniformly. Since
V., — V pointwise a.e., we infer that

Dv, = DF; ' (V,) > DF~'(V) pointwise a.e.,

which, coupled with (3-21), allows the identification Du = DF —1(V). Therefore, V, — DF(Du) in B’
in all the senses prescribed in (3-28).
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By considering 4 B instead of B, estimate (3-9) follows from (3-23) and (3-26), as long as 4B C 2. Let
B’ = iB. By Lebesgue’s dominated convergence theorem ||V, |65y — IV [l ¢(5/); hence, exploiting
also the lower semicontinuity of the W'2(B") norm, we can pass to the limit in (3-23) with r = % Again
considering 4B instead of B yields (3-10). Finally, the validity of (3-11) can be checked only on balls B
such that 4B C 2, by a standard partition of unity argument. If B is such a ball, we can pass to the limit
in the Euler Lagrange equations for the approximating problems constructed as before in 4B, and since
DF,(Dv,) — DF(Du), f, — f strongly in L?(B), we get (3-11). O

Remark 3.4. The previous theorem has an immediate consequence. The class of g.u.c. functionals is
a (proper) subclass of the so-called functionals with (p, q)-growth, i.e., those obeying (2-5), (2-6). For
example, the integrand

F@) =z’ +lz2l9, z=(z1,2200€R% p,g>1,

is of (p, g)-growth but not q.u.c., even if p = g. Given a local minimizer of a convex functional of

general (p, q)-growth, the a priori regularity on Du is just Du € Lf(’)c(Q), and the first step towards
q

loc (§2). For 2 < p < N, this is to be expected only when
q < p (N +2)/N; see [Giaquinta 1987; Esposito et al. 1999]. For the subclass of q.u.c. integrands, from
DF(Du) e Wli)’cz(Q), we infer by Sobolev’s embedding that DF (Du) € L (). Since |DF(2)| = |z|P~ 1,

loc

it holds Du € Lf;c(p_l)(Q); hence for such class of integrands we obtain the condition ¢ < 2* (p — 1),

which gives a larger range if p > 2. This range may not be optimal in the g.u.c. class, but on one hand it
shows the advantages of considering the stress field instead of (1-5), while on the other hand it holds
for any f € leoc(Q) N W= (Q). It is quite possible, in light of the results of [Beck and Mingione
2020], that, for f having a sufficiently high degree of summability, minimizers for g.u.c. integrands are

higher regularity is showing that actually Du € L

automatically Lipschitz continuous, regardless of the largeness of the ratio g/ p, a fact that, if true, would
bypass completely the higher integrability issue for the gradient in the g.u.c. class. This is actually the
case for functionals with Uhlenbeck structure; see [Cianchi and Mazya 2011].

3C. Examples.

Example 3.5 (on the assumption F € W>!). In this example we show that, in order to obtain Sobolev
regularity of DF (Du), it is not sufficient to require that condition (1-9) holds at almost every point, but
that Sobolev regularity of DF is a necessary assumption.

Let N =2. For any ball B € {(x, y) € R2 : x > 0}, consider the smooth function

u(x,y) = arctan(y/x).
We claim that, for any (not necessarily convex) C? function F : R — R, u solves
div DF(Du) =0 1in B, (3-29)

where here and in what follows we make the identification F(z) = F(|z]). Letting z = (x, ), z- =(—V, x),

it holds N .
Z 2 1 2xy  y*—x )
Du(z) =—, Du@=-—7 )

=1 @ =1 (yz—x2 —2xy
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while

, w ) ” w w F'(Jw)) w w
DF(w) =F(lw))—, D F(w)=F (Jw)— & — + I——®—|.
|w] lw| — |w] |w] lw| — |w]

An elementary computation then yields

RS (xy(F”(1/|z|)+F/(1/|z|)Izl) F"(1/1zhy*~F'(1/)z)]zlx? )
z[* \F'(1/1zDlzly*~F"(1/1zhx*  —xy(F"(1/1zD+F'(1/1zDlzD) )’

which has zero trace, proving the claim.

D?F(Du) D*u(z) =

Now, let & : [0, 1] — [0, 1] denote the Cantor function. By abuse of notation, we still denote by # its
extension to the whole R defined as

h(t)=k+h(t—k) itk<t<k+1, keZ,
and we also denote by C the periodic extension of the Cantor set to the whole R. Consider

|w|?

F(wl):=—=+H(wl),  H() :=/0 h(t)dr,

which is a strictly convex C! function with quadratic growth. Clearly, F can be approximated in C' by a
sequence {F,} of smooth radial functions, so that we can pass to the limit into the corresponding weak
formulations of (3-29) to obtain that u solves

div(DF (Du)) =0 weakly in B.

However,
1 1

DF(Du(@)) = ~— +h(jz| ™) =
|z] |z]

is not even absolutely continuous in B, since its distributional derivative has a Cantor part concentrated
on {z: 1/|z| € C}, which has zero measure.
Since A'(r) = 0 in the classical sense for a.e. ¢ € R, it is readily verified that F obeys (1-9) with K =1
at every point of
RY\Cra,  Cra={z e R": [zl €C),

thus almost everywhere. Notice that D F is of bounded variation but does not belong to Wlf)’cl (RM), since

its derivative has a Cantor part concentrated on Cyg.
Example 3.6 (Uhlenbeck structure). For divergence form equations having the Uhlenbeck structure
div(a(|Dul|) Du) = f (3-30)

we recover the local regularity result of [Cianchi and Mazya 2018, Theorem 2.1], under the additional
assumption f € W17 (Q) (see the second point in Remark 1.3 in this respect). Here, the exponent p is
related to the function a as follows. Define F by

|z
F(2) =/ ta(t)dt
0
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to get DF(z) =a(|z])z. Ifa € C'(0, 4+00), it holds

, Z Z
D*F(z) =a(z)) I +1zld'(Iz]) A

possessing the eigenvector z/|z| with eigenvalue a(|z|) + |z| a’(|]z]), while its orthogonal eigenspace
is relative to the unique eigenvalue a(|z|). The equation is elliptic if and only if both eigenvalues are
nonnegative, and in order to bound the ratio between them we look at

{ a(t) a(t)+ta'(t)
a(t)+ta'(t)’ a(t) }

K = supmax
t>0

It is readily checked that if

.. td (D) ta'(t)
i, = inf ,  Sqg=Ssup———,
>0 a(r) >0 a(t)

then

1
K=max{1+, ,1+Sa},

la

so that the g.u. convexity condition (1-9) is equivalent to the common requirement
—1 <iy, <54 <00, (3-31)

which is the one used, e.g., in [Cianchi and Mazya 2018]. In our framework, the exponent p is given by
Proposition 2.3 and turns out to be

1 2
p:l-i—?:min{Z—i-ia, Sa }

s+ 1
In the model case a(z) = |z|”~2, which corresponds to the p-Poisson equation, we directly have i, =

sq = p — 2, so that the previous exponent is actually p. In the general case i, < iy, the exponent p can be
improved, since it holds (see [Cianchi and Mazya 2011, Proposition 2.15])

|Z|2+ia

2+,
so that one can take p =2+1i, > 1 by (3-31) (see the third point in Remark 1.3). Indeed, for p =2+1i, and
feW=bP(Q), J is also coercive on W7 (£2) when supplemented with reasonable boundary conditions.

F(z) 2 a(l)

, lzl =1,

The variational treatment of (3-30) in standard Sobolev spaces is thus justified if one is not looking for
optimal rearrangement invariant estimates.

Example 3.7 (anisotropic examples). In [Ciraolo et al. 2020; Antonini et al. 2022; Cozzi et al. 2014;
2016] anisotropic equations whose principal part arises as the Euler—Lagrange equation of

/ G(H(Du))dx
Q

are considered, where H € C>(R" \ {0}, R,) is a convex, positively 1-homogeneous function and
G € C*(R, Ry) is an increasing, strictly convex function of p-growth. Clearly, H is fully determined
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by the unit “ball”
BH={ZERN:H(z)< 1} 30,

and any open, bounded, convex B with 0 € B will uniquely determine such an H through its Minkowski
functional. Notice that in general H may not even be a norm, due to the possible lack of symmetry of By.

The more general ellipticity assumption in the cited works reads as follows: H is said to be uniformly
convex if the principal curvatures of d By are bounded from below by a positive constant. From [Cozzi
et al. 2014, Appendix A], the uniform ellipticity of H amounts to

(H(z) D*H(z)n,n) = 8|n|* forall ze RV \ {0}, ne DH(z)*,

for some § > 0 (which is actually equivalent to the same type of inequality for € z*). Under this
assumption various results can be proved, and in particular the Sobolev regularity of the associated
stress field is treated in [Ciraolo et al. 2020; Antonini et al. 2022] as a stepping-stone to more general
results. Here we show that anisotropic functionals of this kind fall within our general framework of q.u.c.
functionals.

To this end, set F(z) = G(H(z)) so that

G'(H(2))

2
o) H(z) D*H(z)

D’F(z) =G"(H(z)) DH(z) ® DH(2) +

for z # 0, and notice that both
DH(z)® DH(z) and H(z) D*H(2)

are 0-homogeneous. Inspecting the proof of [Cozzi et al. 2014, Appendix A], we see that for any
7, & € RN\ {0} it either holds
(DH(2)® DH(2)§.,§) > M £

or
(H(z) D*H(2)£,&) > a |EI

(with A; = A;(H) > 0), while altogether
(H(z) D*H(2)£,&) < AIE]*, (DH()® DH(2)£,&) < A &)

for some A = A(H). It follows that the minimum eigenvalue of D?F (z) is bounded from below by

G'(H(2)) }

min{kl G"(H(2)), A HO

while its maximum eigenvalue is bounded from above by

" G'(H(2))
A H — ).
(6 an+ ST
Therefore F is K-q.u.c. for
= ; sup max{l + SAQ) , 1 SHOL }
min{Ai, A2} reRr, G"(t)t G'(1)
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The finiteness of the latter is compatible with the standard Uhlenbeck example: for a(t) = G'(¢)/t, a
straightforward calculation shows that

{ G'(t) G' ()t

sup maxy ——, ———
G't)yt G'(t)

}<+oo — —1<i,<s;<+400.
t€R+

Example 3.8 (nonstandard anisotropic growth). Itis straightforward to check that if F; and F; are q.u.c. C'!
functions satisfying (1-9) with constants K| and K, respectively, then Fj + F, is max{K, K»}-q.u.c. This
observation allows to consider anisotropic Euler—Lagrange equations arising from integrands of the form

M
F@) =Y 14ic—z)I", zeRY, A;>1 pi>1 fori=1,....M.
i=1

As a more common example of anisotropic functionals, consider the weak solution of the Dirichlet problem

Apu+ Di(|Diul?"> Dyu) = f in B,
u=>0 on 0B

foraball B, f € L°°(B) and g > p > 2. This corresponds to the unique minimizer u € W(}’p (B) of
s = [ Lipuir+ Lipuwp+ fwas
B P q
which is globally Lipschitz continuous, since
F(2) = Lz)7 + Lz,
p q
is uniformly p-convex outside B; (see [Bousquet and Brasco 2016)), i.e.,

(D*F(2)£,&) = c,(1+1zHP 222, |zl > 1.

Moreover,

D*F(z) = |z|"~2 (1 +(p —Z)é—| ® é—|) +(@-Dlz1l"2e; e,

so that the minimum and maximum eigenvalues of D?F (z) satisfy
hmin(@) 2 121772 (@) < (p =D 121772+ (g = D 2|72

Notice that the integrand F is not q.u.c. globally on R¥, but on the range of Du we have |z|772 < C |z|P~2
for C depending on Lip u, leading to

)\maX(Z)/)‘min(Z) < pP— 1+C (q - 1)

Hence Theorem 3.3 applies thanks to the local nature of (1-9) described in Lemma 2.4. Notice the role of
the assumption f € L°°(B) (which could be weakened, but not down to L?(B), see [Beck and Mingione
2020]) and of the smooth boundary condition u € Wol’p (B): they provide the Lipschitz regularity of u,
which in turn allows to employ Lemma 2.4 and to consider # as a minimizer of a functional with q.u.c.
integrand on the whole R".
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4. Applications

4A. Cordes-type conditions. We start with a generalization of (2-2). In this section, given a matrix field
M:Q— RYN®RY, its L™-norm will be computed with respect to the Frobenius norm of M = (m;;), i.e.,

1/m N
1M = (/ |M (x)]5 dx) C M@= im0

i,j=1
The proofs of this section make use of some tools from harmonic analysis; for an introductory exposition
on this topic, the reader can consult [Duoandikoetxea 2001].

Lemma4.1. Let V € Ccl (RY; RN and, for m > 1, set m = max{m, m/(m — 1)} > 2. Then
IDV |l < N>Rt = 1)([[div V[l + | curl V|| n). (4-1)

Proof. Let R; be the Riesz transform, defined as the Fourier multiplier with symbol —i §;/[§[; see
[Duoandikoetxea 2001, p. 76]. Then it holds
N
DpVi=—Ry Ry divV — Z Ry R; curly; V, (4-2)
j=1

which follows, taking the Fourier transform (denoted by g — g), from the identity

S EEiNn . o B o -
ishvkzﬁZisjVﬁZﬁ(isjvk—isﬂn.
j=1 j=1

The second-order Riesz transform has L™ — L™ norm m — 1 on diagonal terms and (1 — 1)/2 on

off-diagonal terms, i.e.,

A

—1
IRy Regllw < "5 lglm, b #k,
IR} gllm < GR = D18l
see [Banuelos and Méndez-Herndndez 2003, Theorem 2.4]. Thus from (4-2) we get

N
1Dh Viellm < (it — 1)(II div Vlm+ Y |l curl; V”m)-

j=1
We sum over k =1, ..., N and use the Holder inequality to get
N N 1/m
D llcurly; Vil < N>V (/ > Jeurly; V|’"> .
k,j=1 k,j=1
Since
N N m/2
> leurly; V™ < Nz_'”( > lcurly; V|2> ,
k,j=1 k,j=1
we obtain
N

D lleurl Vil < N [[curl V.
k,j=1
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Summing also over h =1, ..., N we finally get
N
1DVl < D 1D Vil < G = D) N*(1diV V ln + | curl V). O
h,k=1

Remark 4.2. Estimate (4-1) is very rough in its dependence on N. It is a common feature of L™-bounds
on Riesz transform that they do not depend on the dimension of the euclidean space. Up to our knowledge,
optimal L™ estimates for the operator D curl~! (let alone for the resolvent operator of the div-curl system)
are not known. It is also not optimal as m — 2; compare it with (2-2) in the case m = 2.

Theorem 4.3. Let F obey the assumptions of Theorem 3.3, in particular (1-9) with a constant K > 1
and p, q given in Proposition 2.3. Let furthermore m > 1 and f € L™ (2) N WL (Q). Then any local
minimizer u € Wli)’cp () for J given in (3-8) is such that DF (Du) € WIL’C’" () and satisfies the estimates

—1
| DF(Dw)llzncsy < CA+ [ fllnes + IF (DI 07, (4-3)
IDF(Dw)llyinggy < CAI f Iy + I DF(Du) | 1n 2) (4-4)

in each of the following cases:
(1) K < Ko, with Ky > 1 depending on N and m, with C = C(N, m, B).
(2) |m —2| < g for g > 0 depending on N and K, with C = C(N, K, B).
Proof. Given B such that 4B € €2, we follow the first four steps of the proof of Theorem 3.3 to find
u, € C¥(B), f, € C*(B), F, € C*(RN) and v, € C*(B) such that
(i) up — uin WHP(B), f, — fin L™(B)N W=7 (B),
(i) F,is K-q.u.c.,

(iii) v, — u in WP (B), v, — u in L?(B), and v, solves

v) | Fu(Dva)ll gy = 1 F (D) p1(p)-

We then proceed as in Theorem 3.2, in order to find a uniform bound for DF,(Dv,) in W' (B’),
B = %B. To simplify the notation, we omit for the moment the dependence of v, F, and f on n.
Let V = DF(Dv) and observe that the assumptions of Lemma 3.1 hold true for the matrix X = DV =
D?F(Dv) D*v; hence, pointwise,
1

lcurl V], < v2e(K) [DV]y, e(K)=1— = (4-5)

Suppose B = By and, forany R <r <s < 2R, fix ¢ € CX°(By; [0, 1]) as in (3-6).
We split the proof in two cases, according to the situations under consideration in the two statements.
For the first assertion, we apply (4-1) to the field W := ¢ V to get
lo DVim < IDWlim+ 1D & Vim

X . C
< N? (= 1)(|div Wl + curl Wil,) + el L4 VZGAVR)
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for any m > 1. From

divW =¢f +(V,Dg), curlW=¢curlV+V A Dy

we thus infer
lg DV |l < N> (it = D(ll@ curl V[l + Il fllm) + S%IIVIIL'"(BS\B,). (4-6)
We then let Ko = Ko(N, m) > 1 satisfying
V2N2 (i — 1) e(Ko) < 1 (4-7)
so that, if K < K, the curl term in (4-6) can be reabsorbed on the left. Thanks to the properties (3-6)
of ¢ we deduce

C
IDVtn,y < C Il fllemsg + E”V”L’”(BS\B,)» R<r<s<2R, (4-8)

for a constant C = C(N, m).
Regarding the second assertion, we consider the linear operator 7 (f, G) = DV, where V solves

divV = f,
curl V = ﬁG,

which, as already noted, is represented in terms of Riesz transforms as

feC®RY), GeCPRY;RYARY),

N
T(f, Ghn=—Ru R f —~2)_ RuR; Gy;.
j=1
Estimate (4-1) implies that 7" has an extension 7T : X,, — Y,,, where

X :=L"®RY) x L"(RY; RV ARY), Y, :=L"RY; RV @ RY),

1/m 1/m
1 Gl = </|f|’"+|G|’§dx) , ||M||m=(/|M|’;dx>

on X,, and Y,,, respectively. For the complex interpolation spaces it holds

X Xmalo = Xme ~ =101 9 gepo 1,
m mi ny

with the norms

with equality of norms, and the same holds for the Y,,. On the other hand, Lemma 2.2 ensures that, with
respect to these norms,

TNl zcxs,v5) = 1.

Fix m’ < 2 < m. The Riesz—Thorin interpolation theorem [Duoandikoetxea 2001, Theorem 1.19] yields

0 1 1-6 6
T\l 2ex,, v, < ”T”L(X,,—,,y,ﬁy = + =,
for an