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IDA AND HANKEL OPERATORS ON FOCK SPACES

ZHANGIJIAN HU AND JANI A. VIRTANEN

We introduce a new space IDA of locally integrable functions whose integral distance to holomorphic
functions is finite, and use it to completely characterize boundedness and compactness of Hankel operators
on weighted Fock spaces. As an application, for bounded symbols, we show that the Hankel operator H
is compact if and only if H is compact, which complements the classical compactness result of Berger
and Coburn. Motivated by recent work of Bauer, Coburn, and Hagger, we also apply our results to the
Berezin—Toeplitz quantization.

1. Introduction

Denote by L? the Hilbert space of all Gaussian square-integrable functions f on C”, that is,
[ 1F@Pe  du(z) < oo,

where v is the standard Lebesgue measure on C". The Fock space F? (aka Segal-Bargmann space)
consists of all holomorphic functions in L?. The orthogonal projection of L? onto F? is denoted by P
and called the Bergman projection. For a suitable function f : C" — C, the Hankel operator Hy and the
Toeplitz operator T are defined on F 2 by

Hy=(—P)M; and T;=PM;.

The function f is referred to as the symbol of Hy and Ty. Since P is a bounded operator, it follows that
both Hy and Ty are well-defined and bounded on F 2 if f is a bounded function. For unbounded symbols,
despite considerable efforts, see, e.g., [Bauer 2005; Berger and Coburn 1994; Coburn et al. 2021; Hu and
Wang 2018], characterization of boundedness or compactness of these operators has remained an open
problem for more than 20 years.

In this paper, as a natural evolution from BMO (see [John and Nirenberg 1961; Zhu 2012]), we
introduce a notion of integral distance to holomorphic (aka analytic) functions IDA and use it to completely
characterize boundedness and compactness of Hankel operators on Fock spaces. Recently, in [Hu and
Virtanen 2022], which continues our present work, we used IDA in the Hilbert space setting to characterize
the Schatten class properties of Hankel operators. Indeed, the space IDA is broad in scope, and should have
more applications, which we hope to demonstrate in future work in connection with Toeplitz operators.

All our results are proved for weighted Fock spaces F”(¢) consisting of holomorphic functions
for which

[LIF@1Pe " du(e) < oo,
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where 0 < p < oo and ¢ is a suitable weight function (see Section 2 for further details). Obviously, with
p =2 and ¢(z) = («/2)|z|?, we obtain the weighted Fock space F(f. The study of L?-type Fock spaces
was initiated in [Janson et al. 1987] and has since grown considerably, as seen in [Zhu 2012].

We also revisit and complement a surprising result due to [Berger and Coburn 1987], which states that
for bounded symbols

Hy: F 2 > L? is compact if and only if H 7 1s compact.

In particular, we give a new proof and show that this phenomenon remains true for Hankel operators from
FP(p) to L9(¢p) for general weights. What also makes this result striking is that it is not true for Hankel
operators acting on other important function spaces, such as Hardy or Bergman spaces.

As an application, we will apply our results to the Berezin—Toeplitz quantization, which complements
the results in [Bauer et al. 2018].

1A. Main results. We introduce the following new function spaces to characterize bounded and compact

Hankel operators. Let 0 < s < oo and 0 < g < co. For f € quoc, set

1
in —_
heH(B(.r) |B(z, )| Jpi.r

(Ggr(N)! = |f—h|*dv, zeC,

where H (B(z, r)) stands for the set of holomorphic functions in the ball B(z, r). We say that f € Lfoc is
in IDA%4 if

I fllpass = 1Gg,1(f)lLs < o0.

We further write BDA? for IDA®? and say that f € VDAY if
lim G, 1(f)(z) =0.
Z—>00

The properties of these spaces will be studied in Section 3.

We denote by S the set of all measurable functions f that satisfy the condition in (2-7), which ensures
that the Hankel operator H is densely defined on F”(¢) provided that 0 < p < oo and ¢ is a suitable
weight. Notice that the symbol class S contains all bounded functions. Further, we write Hessg ¢ for the
Hessian of ¢ and E for the 2n x 2n identity matrix — these concepts will be discussed in more detail in
Section 2. It is important to notice that the condition Hessg ¢ ~ E in the following theorems is satisfied
by the classical Fock space F?, the Fock spaces F‘f generated by standard weights ¢(z) = (a/2)|z|?,
o > 0, Fock—Sobolev spaces, and a large class of nonradial weights.

Theorem 1.1. Let f € S and suppose that Hessg ¢ >~ E as in (2-1).

(@) ForO < p<g <ooandq > 1, Hy : FP(¢p) — L9(p) is bounded if and only if f € BDAY, and Hy
is compact if and only if f € VDAY For the operator norm of Hy, we have the estimate

IHyll = |1 flIBDA? - (1-1)
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(b) For1 <q < p <oo, Hy: FP(¢) — Li(p) is bounded if and only if it is compact, which is equivalent
to f € IDA>Y, where s = pq/(p —q), and

I Hpll 2 Il fllipase. (1-2)
(c) ForO<p<g=<land f € L*, Hy : FP(¢p) — L%(p) is bounded with
IHpll < Cllf L (1-3)

and compact if and only if f € VDAY

We first note that Theorem 1.1 is new even for Hankel operators acting from F? to L. Previously
only characterizations for Hy and H; to be simultaneously bounded (or simultaneously compact) were
known. These were given in terms of the bounded (or vanishing) mean oscillation of f in [Bauer 2005]
for F? and in [Hu and Wang 2018] for Hankel operators from FZ to L. In Theorem 7.1 of Section 7,
we obtain these results as a simple consequence of Theorem 1.1. We also mention our recent work [Hu
and Virtanen 2022], which gives a complete characterization of Schatten class Hankel operators.

Theorem 1.1 should also be compared with the results for Hankel operators on Bergman spaces A”.
Indeed, characterizations for boundedness and compactness can be found in [Axler 1986] for antianalytic
symbols, in [Hagger and Virtanen 2021] for bounded symbols, and in [Hu and Lu 2019; Li 1994; Luecking
1992; Pau et al. 2016] for unbounded symbols. These two cases are different to study because of properties
such as F? C F4 for p <q (as opposed to A? C A?) and certain nice geometry on the boundary of these
bounded domains, which in turn helps with the treatment of the d-problem.

What is very different about the results on Hankel operators acting on these two types of spaces
is that our next result is only true in Fock spaces (see [Hagger and Virtanen 2021] for an interesting
counterexample for the Bergman space).

Theorem 1.2. Let f € L™ and suppose that Hessgr ¢ ~E asin (2-1). If 0< p<qg<ooorl <g < p < o0,
then Hy : F¥(¢) — L9(¢) is compact if and only if H is compact.

For Hankel operators on the Fock space F?, Theorem 1.2 was proved in [Berger and Coburn 1987]
using C*-algebra and Hilbert space techniques and in [Stroethoff 1992] using elementary methods. More
recently in [Hagger and Virtanen 2021], limit operator techniques were used to treat the reflexive Fock
spaces FJ. However, our result is new even in the Hilbert space case because of the more general weights
that we consider. As a natural continuation of our present work, in [Hu and Virtanen 2022], we prove
that, for f* € L*, the Hankel operator Hy is in the Schatten class S, if and only if H is in the Schatten
class S, provided that 1 < p < oo.

As an application and further generalization of our results, in Section 6, we provide a complete
characterization of those f € L for which

: O _ 7@y _ -
lim 17777 = Tyl =0 (1-4)

for all g € L™, where T;t) = P(I)Mf : F2(¢) — F*(¢) and P is the orthogonal projection of L?(¢p)
onto th((p). Here Lt2 = L*(C", du,;) and

1
dui(@) = exp{—zgz)(%) } dv(2).
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The importance of the semiclassical limit in (1-4) stems from the fact that it is one of the essential
ingredients of the deformation quantization of [Rieffel 1989; 1990] in mathematical physics. Our
conclusion related to (1-4) extends and complements the main result in [Bauer et al. 2018].

1B. Approach. A careful inspection shows that the methods and techniques used in [Berger and Coburn
1986; 1987; Hagger and Virtanen 2021; Perild et al. 2014; Stroethoff 1992] depend heavily upon the
following three aspects. First, the explicit representation of the Bergman kernel K (z, w) for standard
weights ¢(z) = («/ 2)|z|? has the property that

K (z, wye~ @@/l _ j@/lz-vl (1-5)

However, for the class of weights we consider, this quadratic decay is known not to hold (even in
dimension n = 1) and is expected to be very rare [Christ 1991]. The second aspect involves the Weyl
unitary operator W, defined as

Waf = fotika,

where 7, is the translation by a and k, is the normalized reproducing kernel. As a unitary operator
on FJ (oron L%), W, plays a very important role in the theory of the Fock spaces F (see [Zhu 2012]).
Unfortunately, no analogue of Weyl operators is currently available for F”(¢) when ¢ # («/2)|w|?. The
third aspect we mention is Banach (or Hilbert) space techniques, such as the adjoint (for example, H ]’f)
and the duality. However, when 0 < p < 1, F”(gp) is only an F-space (in the sense of [Rudin 1973]) and
the usual Banach space techniques can no longer be applied.

To overcome the three difficulties mentioned above, we introduce function spaces IDA, BDA and
VDA, and develop their theory, which we use to characterize those symbols f such that Hy are bounded
(or compact) from F?(¢) to L9(¢). Our characterization of the boundedness of Hy extends the main
results of [Bauer 2005; Hu and Wang 2018; Perild et al. 2014]. It is also worth noting that as a natural
generalization of BMO, the space IDA will have its own interest and will likely be useful to study other
(related) operators (such as Toeplitz operators).

In our analysis, we appeal to the d-techniques several times. As the canonical solution to du = gdf,
Hyg is naturally connected with the d-theory. Hormander’s theory provides us with the L2-estimate, but
less is known about L”-estimates on C" when p # 2. With the help of a certain auxiliary integral operator,
we obtain LP-estimates of the Berndtsson—Anderson solution [1982] to the 3-equation. Our approach
to handling weights whose curvature is uniformly comparable to the Euclidean metric form is similar
to the treatment in [Schuster and Varolin 2012] which was initiated in [Berndtsson and Ortega Cerda
1995], and a number of the techniques we use here were inspired by this approach. Although the work in
[Berndtsson and Ortega Cerda 1995] is restricted to n = 1, some of the results were extended to higher
dimensions in [Lindholm 2001], and the others are easy to modify.

The outline of the paper is as follows. In Section 2 we study preliminary results on the Bergman kernel
which are needed throughout the paper, and we also establish estimates for the d-solution developed
in [Berndtsson and Andersson 1982]. In Section 3, a notion of function spaces IDA*“ is introduced.
We obtain a useful decomposition for functions in IDA*9 (compare with the decompositions of BMO
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and VMO). Using this decomposition, we obtain the completeness of IDA*9/H (C") in || - |lipas<. In
Sections 4 and 5 we prove Theorems 1.1 and 1.2, respectively. For the latter theorem, we also appeal
to the Calder6n—Zygmund theory of singular integrals, and in particular employ the Ahlfors—Beurling
operator to obtain certain estimates on d- and d-derivatives. In Section 6, we present an application of
our results to quantization. In the last section, we give further remarks together with two conjectures.

Throughout the paper, C stands for positive constants which may change from line to line, but does not
depend on functions being considered. Two quantities A and B are called equivalent, denoted by A >~ B,
if there exists some C such that C~'A < B < CA.

2. Preliminaries

Let C" = R?" be the n-dimensional complex Euclidean space and denote by v the Lebesgue measure on C”.
Forz=(z1,...,2,) and w = (wy, ..., w,) in C", we write z-W = z; W1 +- - -+ 2, Wy and |z| = /7 - 7. Let
H (C") be the family of all holomorphic functions on C". Given a domain €2 in C" and a positive Borel mea-
sure i on €2, we denote by L? (€2, du) the space of all Lebesgue measurable functions f on €2 for which

1/p
| fllLr@.dp) = {/Qlflpdu} <00 for0<p<oo

and || f || Lo (,av) = €88 8Up,cq | f(2)| < 00 for p = oo. For ease of notation, we simply write L? for the
space L?(C", dv).

2A. Weighted Fock spaces. For a real-valued weight ¢ € C>(C") and 0 < p < 00, denote by L”(¢) the
space L?(C", e"??dv) withnorm || - || ., = || - lLr(C,e-r¢av)- Then the Fock space F”(¢) is defined as

FP(p)=LP(p)Nn H(C"),
FX(p)={f € HC") : | flloo,p = SUp,ccn | f (2)]e ¥ < 00}.

For 1 < p < oo, FP(¢) is a Banach space in the norm || - |, , and F?(p) is a Hilbert space. For0 < p < 1,
FP(p) is an F-space with metric given by d(f, g) = Il f — gll}.¢-

Other related and widely studied holomorphic function spaces include the Bergman spaces A% (B")
of the unit ball B" consisting of all holomorphic functions f in L?(B", dvy), where 0 < p < oo,
dvy(z) = (1 —|z])* dv(z) and o > —1.

In this paper we are interested in Fock spaces F?(¢) with certain uniformly convex weights ¢. More
precisely, suppose ¢ = @(x1, X2, . .., X2,) € C>(R?") is real-valued, and there are positive constants m
and M such that Hessg ¢, the real Hessian, satisfies

< ME, (2-1)
Jk=1

azw(x))z"

mE < Hessg ¢(x) = (8x~8xk
J

where E is the 2n x 2n identity matrix; above, for symmetric matrices A and B, we used the convention
that A < B if B — A is positive semidefinite. When (2-1) is satisfied, we write Hessg ¢ >~ E. A typical
model of such weights is given by ¢(z) = (o/2)|z)?* for z = (z1, 22, - - . , Zn) With Zj = Xx2j—1+1x2;, which
induces the weighted Fock space F studied by many authors (see, e.g., [Zhu 2012]). Another popular
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example is ¢(z) = |z|> — 1 log(1 + |z|?), which gives the so-called Fock-Sobolev spaces studied for
example in [Cho and Zhu 2012]. Notice that the weights ¢ satisfying (2-1) are not only radial functions,
as the example ¢(z) = |z|? +sin[(z; + Z1)/2] clearly shows.

For x = (x1,x2, ..., x0,), t =(t1, 12, ..., 1) € RZn’ write Zj = X2j-1 +iij, Sj =11 +il‘2j and
& =(&1,&,...,&,). An elementary calculation similar to that on page 125 of [Krantz 1992] shows

n

82<p " 82(,0 _ 1 2n 82<p 1 )
ejEk_l 92,008 (z)é‘,é‘kJrjEk_l 92,0% (2)&j6k 2,-%—1 T o (X)tjte > 2m|g|

Replacing & with i§ in the above inequality gives

g 9% 1
—Re Y _ Q&+ Y ()& = FmlE|*.
o, 9202 ymd 2

—~ 07,02k
Thus, ; 5
0 = 1
> — (2)&;& > ~mlE|*.
_ 0z;02x 2
J.k=1

Similarly, we have an upper bound for the complex Hessian of ¢. Therefore, mwy < dd“¢p < Mwy, where
wo = dd€|z|?* is the Euclidean Kihler form on C* and d¢ = }‘\/—_1 (8 — ). This implies that the theory in
[Schuster and Varolin 2012; Hu and Lv 2014] is applicable in the present setting.

ForzeC"andr > 0, let B(z,r) = {w € C" : |[w — z| < r} be the ball with center at z with radius r.
For the proof of the following weighted Bergman inequality, we refer to Proposition 2.3 of [Schuster and
Varolin 2012].

Lemma 2.1. Suppose 0 < p < oco. For each r > 0 there is some C > 0 such that if f € FP(¢) then
F@e*@P=cf 1f©e O dve),
B(z,r)
It follows from the preceding lemma that || ||, < C|l f |,y and
FP(p) C Fi(p) for0 < p<gq<oo. (2-2)
This inclusion is completely different from that of the Bergman spaces.
Lemma 2.2. There exist positive constants 0 and C1, depending only on n, m and M, such that
1K (z, w)| < Cre?@FeWe=blz=wl for gl 7, w e C", (2-3)
and there exist positive constants Cy and rq such that
K (z, w)| = Coe? o) (2-4)
for z € C" and w € B(z, rp).
The estimate (2-3) appeared in [Christ 1991] for n = 1 and in [Delin 1998] for n > 2, while the

inequality (2-4) can be found in [Schuster and Varolin 2012].

For z € C", write
K(-,2)

k()= — %2
2(+) Ko
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for the normalized Bergman kernel. Then Lemma 2.2 implies
%eW) <|IK(-,2)llpp < Ce?@ and % <|lk;llp., <C forzeC", (2-5)
and limy;|—,  k;(§) = 0 uniformly in £ on compact subsets of C".

2B. The Bergman projection. For Fock spaces, we denote by P the orthogonal projection of L?(¢)
onto F?(p), and refer to it as the Bergman projection. It is well known that P can be represented as an
integral operator

Pf(z) = /@ K (@ow) f(w)e ™ dv(w) (2-6)

for z € C", where K (-, -) is the Bergman (reproducing) kernel of F 2((p).

As a consequence of Lemma 2.2, it follows that the Bergman projection P is bounded on L?(¢) for
1 < p=<o0,and P|pr(y =Ifor 0 < p < oo; for further details, see Proposition 3.4 and Corollary 3.7 of
[Schuster and Varolin 2012].

2C. Hankel operators. To define Hankel operators with unbounded symbols, consider
Fz{zyzlajK(-,zj):NeN, aj€C, z;eC forl < j <N},
and the symbol class
S = {f measurable on C" : fg € L'(¢) for g e T'}. 2-7)

Given f € S, the Hankel operator Hy = (I — P)M with symbol f is well-defined on I'. According to
Proposition 2.5 of [Hu and Virtanen 2020], for 0 < p < oo, the set I' is dense in F”(¢), and hence the
Hankel operator Hy is densely defined on F7(¢).

2D. Lattices in C". Given r > 0, a sequence {ay};2, in C" is called an r-lattice if the balls {B(ax, r)}}2,
cover C" and {B(ax, r/(24/n))}32, are pairwise disjoint. A typical model of an r-lattice is the sequence

{%(ml F kil mo + ko, .. my 4 ki) €C imy K € Z, j = 1,2,...,n}. 2-8)
n

Notice that there exists an integer N depending only on the dimension of C" such that, for any
r-lattice {ax}p2 .

o0
1<) XBa@an@ <N (2:9)
k=1

for z € C", where yg is the characteristic function of £ C C". These well-known facts are explained in
[Zhu 2012] when n = 1 and they can be easily generalized to any n € N.

2E. Fock Carleson measures. In the theory of Bergman spaces, Carleson measures provide an essential
tool for treating various problems, especially in connection with bounded operators, functions of bounded
mean oscillation, and their applications; see, e.g., [Zhu 2005]. In Fock spaces, Carleson measures play a
similar role; see [Zhu 2012] for the Fock spaces F{ . Carleson measures for Fock—Sobolev spaces were
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described in [Cho and Zhu 2012]. In [Schuster and Varolin 2012], Carleson measures for generalized
Fock spaces (which include the weights considered in the present work) were used to study bounded and
compact Toeplitz operators. Finally, their generalization to (p, g)-Fock Carleson measures was carried
out in [Hu and Lv 2014], which is indispensable to the study of operators between distinct Banach spaces
and will be applied to analyze Hankel operators acting from F?(¢) to L?(¢) in our work.

We recall the basic theory of these measures. Let 0 < p, g < 0o and let i« > 0 be a positive Borel measure
on C". We call i a (p, g)-Fock Carleson measure if the embedding 1 : F?(p) — L1(C", e™1%dp) is
bounded. Further, the measure u is referred to as a vanishing (p, ¢)-Fock Carleson measure if in addition

lim [ |fj(2)e *@17du(z) =0

j—)OO (4

whenever { fj}]?i] is bounded in F'”(¢) and converges to 0 uniformly on any compact subset of C" as

Jj — oo. Fock Carleson measures were completely characterized in [Hu and Lv 2014] and we only add
the following simple result, which is trivial for Banach spaces and can be easily proved in the other cases.

Proposition 2.3. Let 0 < p, g < 00 and  be a positive Borel measure on C". Then [ is a vanishing
(p, q)-Fock Carleson measure if and only if the inclusion map 1 is compact from F?(p) — L1(C", du).

Proof. 1t is not difficult to show that the image of the unit ball of F'”(¢) under the inclusion is relatively
compact in L2(C", ¢?? du). We leave out the details. O

2F. Differential forms and an auxiliary integral operator. As in [Krantz 1992], given two nonnegative
integers s, t < n, we write

o= Y  wupd®ndZ’ (2-10)

la|=s.18]=t

for a differential form of type (s, ). We denote by L ; the family of all (s, #)-forms w as in (2-10) with
coefficients w,, g measurable on C" and set

wl=" Y loasl and [olpo=llolllp.,. (2-11)

lae|=s,|B|=t

Given a weight function ¢ satisfying (2-1), we define an integral operator A, as

058 3 ) p NE I N QIIGEN A @0l — Py

JUIE — 222 (12

Ap(@)(2) = /

C

j<n

for w € Ly,;, where
n

(), z—&) =)

j=1

dp

%, &)z — &)

as denoted on page 92 in [Berndtsson and Andersson 1982].
For an (s, #1)-form w4 and an (s», ,)-form wp with s; 4+ 50 <n, t; + 1 <n, it is easy to verify that
|wa Awp| < |wa||wp|. Therefore, for the (n, n)-form inside the integral of the right-hand side of (2-12),
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we obtain

91& — 2I” A 2539 A (B31€ — 2Py~ 0 @)
w@n U — <P = zpra

because 199 ¢(£) ~ 199 |£]>.
Recall that

r={> 4K, :NeN qeC z;eC for1 <j<N}|
is dense in F?(p) forall 0 < p < oo.
Lemma 2.4. Suppose 1 < p < 0.
(I) There is a constant C such that ||Ay(®)|lp,e < Cllwllp,e for w € Lo1.
(1) For g € T and f € C*(C") satisfying | f| € LP, it holds that 3A,(gd ) = g f.
Proof. Let z € C". By (2-1), using Taylor expansion of ¢ at £, we get

Bw(é)(
38;

9(x) —p(E) = 2Re Y j— &) +mlz—&.

Then (2-12) gives
1A, (0)(z)e ?@| < C/ |a)(5)|e—¢(§){ 1 " 1
T Jo E_z| ' |E—z>]

For [ < 2n fixed, define another integral operator .4, as

o—mlE—zI?
Ajih— h(";‘) E—2f dv(§).

It is easy to verify, by interpolation, that .4, is bounded on L? for 1 < p < co. Therefore,
lAg(@)lp,e < CI(AL + Azp—1)(J@le™ ) || Lr
< C(lAillLr—rr +AsntllLrsro)ll@ll e,

which completes the proof of part (A).

}e—mé—zl2 dv(&).

2049

(2-13)

Notice that the convexity assumption in (2-1) yields dd“¢ =~ wq, which in turn means that |85(p(§ )| ~ 1.
We use p’ to denote the conjugate of p, 1/p+1/p’ = 1. Now, for f € C>(C") satisfying |3 f| € L?, and

z, 2o € C", we have

e 9190 J
/ 190G zo>af(s>|2 'Pnﬂ(,@l dv(®)

sC{ sup |K(&,20)df(E)e @]+ /@ . ])|K(s,zo>5f(s>|e‘*’@)dv(s)}

£eB(z,1)

<Ce?C sup [3fE+HIfr K-, z0)ll e} <00
£e€B(z,1)
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Hence, for g € I and z € C", it holds that
e ¢<f>|aa<p<s>|f
[ sire § j IO ) <ox,

From Proposition 10 of [Berndtsson and Andersson 1982], we get (B) (pay attention to the mistake in the
last line of that result where f is left out on the right-hand side). O

Corollary 2.5. Suppose f € SNC'(C") and |3 f| € L* with some 1 <s < oo. For g € T, it holds that
Hy(8) = Ap(80 f) — P(Ay(89.1)). (2-14)
Proof. Given f € SNC'(C") with |3 f| € L* and g € I, we have ||g8f||1¢ < gl ¢,||8f||Lv < 00,

where s is the conjugate of s. Lemma 2.4 implies that u = A¢(g8f) € L'(p) and du = gd f. Then

fg—ue L' (p). Notice that (fg —u) =gd f —du =0, and so fg—u € F'(p). Since P|py =1, we have
fg—u=P(fg—u)=P(fg) = Pu).

This shows that Hy(g) =u — P (u). O

3. The space IDA

We now introduce a new space to characterize boundedness and compactness of Hankel operators. The
space IDA is related to the space of bounded mean oscillation BMO (see, e.g., [John and Nirenberg 1961;
Zhu 2012]), which has played an important role in many branches of analysis and their applications for
decades. We find that IDA is also broad in scope and should have more applications in operator theory
and related areas.

3A. Definitions and preliminary lemmas. Let 0 < g < oo and r > 0. For f € L (the collection of

loc

q-th locally Lebesgue integrable functions on C"), following [Luecking 1992], we define G, . (f) as

1/q
Gyr(f)2)= inf{ <; |f—h|? dv) :h e H(B(z, r))} 3-1)
|B(z, )| JBz.r)
for z € C".

Definition 3.1. Suppose 0 < s < oo and 0 < g < 0o. The space IDA*? (integral distance to holomorphic
such that

[ fllpase = 1G g1 (s < o0.
The space IDA°>? is also denoted by BDAY. The space VDAY consists of all f € BDA? such that
lim G4,1(f)(z) =0
=0

We will see in Section 6 that IDA®-? is an extension of the space IMO®*¢ introduced in [Hu and Wang
2018].
Notice that the space BDA? was first introduced in the context of the Bergman spaces of the unit

functions) consists of all f € Ll o

disk in [Luecking 1992], where it is called the space of functions with bounded distance to analytic
functions (BDA).
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Remark 3.2. As is the case with the classical BMO? and VMO spaces, we have
BDA? ¢ BDAY" and VDA% c VDAY

properly for 0 < g1 < g» < o0.

Let0 <g <o0. Forz € C", f e L1(B(z,r),dv) and r > 0, we define the g-th mean of | /| over
B(z, r) by setting

1 . 1/q
Mq,r<f><z>=<—|3(z’r)| [ dv> .

For w € Lo,1, we set My ,(w)(z) = M, ,(|o|)(2).

Lemma 3.3. Suppose 0 < g < oo. Then for f € Lfoc, z€C"andr > 0, there is some h € H(B(z, 1))
such that

My (f—h)()=Gy,(f)) (3-2)
and
sup  |[h(w)| < Cll fllLaBez,r).dv), (3-3)
weB(z,r/2)

where the constant C is independent of f and r.

Proof. Let f € L] , 7€ C" and r > 0. Taking & = 0 in the integrand of (3-1), we get

loc?
Gyr(f)@) =My, (f)(z) <oo.

Then for j =1, 2, ..., we can pick h; € H(B(z, r)) such that

Mg (f —hj) (@) = Gg,r(f)(2) (3-4)
as j — oo. Hence, for j sufficiently large,
Mg r(hj)(2) = C{My ,(f —hj)(@) + My, () (@)} = CMy, (/) (2). (3-5)

This shows that {h; }f.i | is a normal family. Thus, we can find a subsequence {A;,}72, and a function
h € H(B(z,r)) so that limy_, hj, (w) — h(w) for w € B(z, r). By (3-4), applying Fatou’s lemma, we
have

Gq.r(f)(@) = My, (f = h) (@) =liminf My, (f = hj)(2) = Gg.r (f)(2),

which proves (3-2). It remains to note that, with the plurisubharmonicity of |i|?, for w € B(z,r/2), we
have
lh(w)| = My rp2(h)(w) < CMg,,(h)(2) < CMy (f)(2),

which completes the proof. O

q

Corollary 3.4. For 0 <s <, there is a constant C > 0 such that for f € L, .

holds that

and w € B(z,r —s), it

Ggs(f)w) <My s(f —h)(w) = CGy r(f)(2), (3-6)

where h is as in Lemma 3.3.
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Proof. For0 <s <r and w € B(z,r —s), we have B(w, s) C B(z, r). Then, the first estimate in (3-6)
comes from the definition of G, ;(f), while (3-2) yields

My s(f —h)(w) = CMy ,(f —h)(2) = CGq,r(f)(2),
which completes the proof. O
Forze C" and r > 0, let
AY(B(z,r),dv) = LY(B(z,r),dv)N H(B(z,r))

be the ¢g-th Bergman space over B(z, r). Denote by P, , the corresponding Bergman projection induced
by the Bergman kernel for A%(B(z,r),dv). It is well known that P, . (f) is well-defined for f €
LY(B(z,r), dv).

Lemma 3.5. Suppose 1 <q < oo and 0 < s < r. There is a constant C > 0 such that, for f € L?OC and
w e Bz, r—s/(2)),
Gy s (W) <My s(f = Py ()W) <CGy,(f)(2) forzeC" (3-7)

Proof. We only need to prove the second inequality. Suppose 1 < g < co. Notice that Py ; is the standard
Bergman projection on the unit ball of C". Theorem 2.11 of [Zhu 2005] implies that

| Po, 11l 29(B(0,1),dv)— A9 (B(0,1),dv) < OO.

Now for » > 0 fixed and f € LY((B(0, r), dv), set f.(w) = f(rw). Then

)
I lLeBO.1y.dv) = 729N £l La(B0.1).dv)-

Furthermore, it is easy to verify that the operator f — Py 1(f;)(-/r) is self-adjoint and idempotent, and
it maps L?((B(0, r), dv) onto A%((B(0, r), dv). Therefore,

Py, (f)(2) = PO,I(fr)(§> for f € L9(B(0, r), dv),
and hence

| Po,r Il La(B©O,r),dv)— A2(B(©0,r),dv) = [P0, 11l L(B(0,1),dv)— A9(B(0,1),dv)-

Now for z € C" and r > 0, using a suitable dilation, it follows that

| Pl La(B(z,r),dv)— A9 (B(z,r),dv) = 1 P01l La(B(0,1),dv)— A2(B(0,1),dv) < OC. (3-8)

Unfortunately, P, , is not bounded on L! (B(z, 1), dv), but with the same approach as above, by Fubini’s
theorem and Theorem 1.12 of [Zhu 2005], we have

| Pl L1 (Bry.dv)— AV (BGr). (2= - —z2)dv) < C (3-9)
forzeC"and r > 0.
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Choose h as in Lemma 3.3. Then h € A9(B(z, r), dv) because f € L?OC. Thus, P, ,(h) = h. Now for
we B(z,(r—s)/2)and 1 < g < o0,

() 1= pacpran)

q 1/q
f |f = P ()1 dv)
B(z,(r+s)/2)

1/
sclf 1r®-P(D@IC - g -Prdve]
B(z,r)

sc{[f,_r=mra] L [f R —-m@ne - —ave)] )

1/q
<C / |f—h|qdv} . (3-10)
B(z,r)
From this and Lemma 3.3, (3-7) follows. O

Given t > 0, let {q; }]?’il be a (t/2)-lattice, set J; = {j : z € B(aj, t)} and denote by |J;| the cardinal
number of J,. By (2-9), |/J;| = 27021 XB(a;.1)(2) < N. Choose a partition of unity {1 ]Qip Y e C(C),
subordinate to {B(aj, t/2)} such that

supp ¥ C B(aj, 1/2), ¥;x) =0, Y (@) =1,
j=l1

) 0o (3-11)
By () <Ct™', Y () =0,
j=1
Given f € Lfoc, for j=1,2,...,pick hj € H(B(aj, t)) as in Lemma 3.3 so that
My (f —hj)(a;) =Gq.(f)(a)).
Define
o0
fi=) hiy; and fo=f— fi. (3-12)

j=1
Notice that fi(z) is a finite sum for every z € C" and hence well-defined because we have supp ¢; C
B(Clj, t/2) C B(a.,-, l).
Inspired by a similar treatment on pages 254-255 of [Luecking 1992], using the partition of unity, we
can prove the following estimate.

q
loc

Lemma 3.6. Suppose 0 < g <oo. For f € L
have f, € C*(C") and

and t > 0, decomposing f = f1 + f» as in (3-12), we

10 f1(2) |+ Mg.1120 1) (2) + Mg 2(f2)(2) < CG g2 (f)(2) (3-13)
for z € C", where the constant C is independent of f.

Proof. Observe first that f; € C*(C") follows directly from the properties of the functions h; and ;. For
z € C", we may assume z € B(ay, t/2) without loss of generality. Then for those j that satisfy 51//j (z) #0,
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|hj — h1]? is plurisubharmonic on B(z, t/2) C B(aj, t). Hence, by Corollary 3.4,

19 f1(2)| =

D (hj(2) = @)Y ()] < Y 1hj(@) — ()] 1395 (2)]
j=1 j=1

<C Y Myl —h)(@)
{j:laj—zl<t/2}

<C ) [IMyya(f —hp) @)+ My ija(f —hp)(w)]
{J:laj—zl<t/2}

<C ) GuH@).

{j:laj—zl<t/2}

Thus, using Corollary 3.4 again, we get

10 f1(2)] < CGy32(f)(z) forzeC,

and so,

My p(@f)(2)7<C Gy 3i2(f)(w) dw < CGy o (f)(2)1.

|B(z,1/2)| JBz1/2)
Similarly, we have | f2(§)|1 < C Z;’il [f(E) —h;(&)I9¥;(§)4, and so

1

. _ . q q ‘ q
BG D] Sy TV 0SC D GaulDi@)

(it laj—zl<t/2)

Myip(f)@)7<CY
j=1

Therefore,
My i2(f2)(2) < CGy3i2(f)(2).

Combining this and the other two estimates above gives (3-13). O
Given {y;} as in (3-11), we have another decomposition f = § + §2, where

F1=) Pyu(H)Y; and Fo=f-Fi. (3-14)

j=1

When g = 2, the two decompositions coincide.

Corollary 3.7. Suppose 1 < g < oo. For f € L?OC andt > 0, we have §| € C*(C") and

1031(2) + My.12(0F1)(2) + M1 2(§2)(2) < CG g (f)(2) (3-15)
for z € C", where the constant C is independent of f.

Proof. The proof can be carried out as that of Lemma 3.6 using (3-7) instead of (3-6). We omit the
details. O

3B. The decomposition. In our analysis, we will appeal to d-techniques several times. Let  C C" be
strongly pseudoconvex with C* boundary, and let S be a 3-closed (0, 1) form on Q with L” coefficients,
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1 < p <oo. As in [Krantz 1992], we denote by Hq(S) the Henkin solution of 5—equation du = S on Q.
We observe that Theorem 10.3.9 of that work implies that, for 1 < g < oo,

Ho (S za@,av) < ClISlLa(@,dv) (3-16)

where the constant C is independent of S and of “small” perturbations of the boundary. (We note that the
second item in Theorem 10.3.9 of [Krantz 1992] is stated incorrectly and should read [|u|[z« < C,ll fll,
instead.) Indeed, to deduce (3-16), we consider three cases. First, for 1 <g < (2rn+2)/2n+1),

IHo (O Le(@.av) < CISIL1(@.av) < CISILa(,dv)-

Forg =2n+2)/2n+1),take 1l < p=¢qg <2n+2and q; = 2n+2)/(2n) > q. Then 1/q; =
1/p—1/(2n +2), and by the second item in Theorem 10.3.9 of [Krantz 1992], we have

IHo(S) | La(@,qv) < ClIHQ(S)|L91(Q,4v) < CIISILr(Q,dv)-

Finally, for ¢ > 2n+2)/(2n + 1), choose p sothat 1/g =1/p —1/(2n+2). Then 1 < p <2n+2 and
p < g. Now Theorem 10.3.9 of [Krantz 1992] implies

IHo () |La(,dv) < ClISILr(@,dv) < ClISILa(@,dv)-

Theorem 3.8. Suppose 1 <q <00, 0 <s <o0,and f € L] .. Then f € IDA™ if and only if f admits a
decomposition f = f| + f> such that

freCHCY, My, @fi)+ My, (f2) €L’ (3-17)
for some (or any) r > 0. Furthermore, for fixed t,r > 0, it holds that

I fllibase = 1Gq e ()l 2 inf{| My fO)llLs + 1My - (F)ll s} (3-18)

where the infimum is taken over all possible decompositions f = fi + f that satisfy (3-17) with a fixed r.

Proof. First, given 0 <r < R < 0o, we have some ay, ay, ..., a, € C" so that B(0, R) C U’J’-’:] B(aj,r).
Then, for g € L1

loc? "
My r(9)@)° <CY M, (8)(z+a)', zeC
j=1
and

A My k()@ dv@) <C Y /@ My ()Gt a) du) < C A M@ @ (19
j=1

This implies that (3-17) holds for some r if and only if it holds for any r.
Suppose that f € L with 1G4, (f)llLs < oo for some T > 0 and decompose f = f| + f2 as in

loc

Lemma 3.6 with t = t/2. Then f; € C*(C") and

18 1|+ My /a3 [1) (@) + My 1/a(2)(2) < CGy o (f)(2).
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Now for any r > 0, we have

1My @ flls + 1My (f)Nls < CllGg e (f)lLs-

This implies that, f = f; + f satisfies (3-17).

(3-20)

Conversely, suppose f = fi + f» with f; € C*(C") and Mq,,((‘_if]) + M, (f2) € L* for some r > 0 as

in Theorem 3.8. Then, for any 7 > 0,

1Gq.« (Sl = CliMg - (f)lls = CliMg.r (s

(3-21)

So f> € IDA%?. To consider f|, we write u = HB(z,Zt)(é f1) for the Henkin solution of the equation

ou = 5f1 on B(z,2t). From (3-16) and (3-17), u satisfies
My 20 (u)(z) < CMy 2:(3 f1)(z) forzeC",
which implies that u € LY(B(z, 21), dv). Similarly to (3-10),

Mq,T(PZ,Zt ) (z) < CMq,Zt (u)(2).

Thus,
Mg (=P o (u))(2) < My, (u)(2) + Mg, (P2 (u))(2)
< CMy 2 (u)(2).
Since
fi—ueLi(B(z,21),dv) and d(f; —u)=0,
we have

f1—ue A4(B(z,21), dv).
Notice that Pz,Zr |A‘1(B(z,2t),dv) = I, and so

J1(E) =P o (f1)(E) =u(§) — P 2 (u)(§) for§ € B(z, 21).
Combining (3-22), (3-23) and (3-24), we get

Mq,r(fl - Pz,ZI(fl))(Z) = Mq,r(u - Pz,2t (M))(Z)
< My (u)(2) < CMy 22 (3 f1)(2).
Therefore, by (3-19),
1Gg.-(FOllLs < 1My (f1 —Proc (SOl s

< ClIMy2:@ f)llLs < ClIMy.,r (3 f1)]lLs-
This and (3-21) yield
1Gy (s < CUIMy@f) s + 1My - (F2)ll1s -

Thus, f = fi + f> € IDA®,

It remains to note that the norm equivalence (3-18) follows from (3-20) and (3-25).

With a similar proof we have the following corollary.

(3-22)

(3-23)

(3-24)

(3-25)
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Corollary 3.9. Suppose 1 <q < oo, and f € L . Then f € BDAY (or VDAY) ifand only if f = fi + f,

loc*
where

fieCHC, dfieLy, (or lim |3fi|=0) (3-26)
’ 7—> 00
and
Mqr(f2) € L™ (or lim My, (f2) =0) (3-27)

for some (or any) r > 0. Furthermore,

£ IBDAs == inf(11d f1llgs, + 1My - (f2) L),

where the infimum is taken over all possible decompositions f = fi + f», with f1 and f, satisfying the
conditions in (3-26) and (3-27).

Corollary 3.10. Suppose 1 < q < oo. Different values of r give equivalent seminorms |G, ,(-)||Ls on
IDA*? when 0 < s < o0 and on both BDA? and VDA? when s = oo.

Remark 3.11. Recall that each f in BMO? can be decomposed as f = f; + f2, where fj is of bounded
oscillation BO and f, has a bounded average BA? (see [Zhu 2012] for the one-dimensional case and [Lv
2019] for the general case). Furthermore, we may choose f; to be a Lipschitz function in C 2(C™) (see
Corollary 3.37 of [Zhu 2012]); that is, f € BMO? if and only if f = f; + f> with all 9f;/9dx; € L for
j=1,2,...,2n and f, € BAY, or in the language of complex analysis both 8 f; and 9 f; are bounded.
Therefore, f € BMOY if and only if f, f € BDAY. For a similar relationship between IMOY and the IDA
spaces, see Lemma 6.1 of [Hu and Virtanen 2022] and Theorem 7.1 below.

3C. IDA as a Banach space. We next prove that IDA*>?/H (C") with 1 <s, ¢ < o0 is a Banach space
when equipped with the induced norm

If +HEC)Il = | fllpasa (3-28)

for f € IDA%1.
Theorem 3.12. For 1 <s, g < 00, the quotient space IDA*?/H(C") is a Banach space with the norm
induced by || - ||ipas9.
Proof. Obviously H(C") CIDA*?. Now given f €IDA®% and h € H(C"), wehave G, () =G, (f+h).
This means that the norm in (3-28) is well-defined on IDA*9/H (C"). If || f |ipas« =0, then G, - (f)(z) =0
in C". By Lemma 3.3, f € H(B(z,r)) and hence f € H(C").

Let f1, f> € IDA*? and z € C". According to Lemma 3.3, there are functions /; holomorphic in
B(z, r) such that

Mq,r(fj —hj)(Z) = Gq,r(fj)(z) for j=1,2.

Then, since

Mq,r((fl + f2) = (h1 +h2))(2) < Mq,r(fl —h)(2) + Mq,r(fZ —h2)(2),
we have
Gq,r(fl + 2)(@) < Gq,r(fl)(z) + Gq,r(fZ)(Z) forz € C".
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Hence, || fi+ f2llipass < |l fillipase +1 f2llipase. In addition, || f[lipas« >0 and [laf lipas« = |a|l| f lipas«
for a € C. Therefore, || - ||ipas« induces a norm on IDA*?/H (C").
o0

It remains to prove that the norm is complete. Suppose that { f,,};°_, is a Cauchy sequence in

Il lpase = 1G4, 1 () llLs-

o_, is a Cauchy sequence in |Gy (- )|l with

r > 0 fixed. We now embark on proving that, for some f € IDA™, lim, 00 |Gy, r/2(fin — f)llLs =0,
which implies { f;,},_, converges to some f € IDA™ in the || - [|pas<-topology. For this purpose, let

{aj }j?‘il be some t = (r/4)-lattice. We decompose each f;,, similarly to (3-14) as

According to Corollary 3.10, we may assume that { f;,

x
fm,l =ZPaj,r(fm)1/fj and fm,2:fm_fm,17
j=1
where {1/fj}j°i1 is the partition of unity subordinate to {B(a;, r/4)}j’i1 as in (3-11). It follows from
Corollary 3.7 that

My 8(fin2— fi,2) (@) = My .8 ((fm - fi) — Z Po; i (fmn — fkﬁﬁj) (2)°
j=1
= CGq,r/Z(fm - fk)(z)s

<cC / Gy (fn — FOE) dv(E).
B(z,r/2)

This implies that { fm,z}j?’i1 converges to some function f, in the Lf’oc-topology. In addition, by Lemma 3.5,
we have

My p2(fn2— fe2=Por(fn2— fi2))(@ < CGyr(fm2 — fi2)(2).
Letting k — oo and applying Fatou’s lemma, we get
Gyr2(fm2— )@ <My, 20(fn2— for—=Por(fno— )Q@)°
<C 1ikrgg;f Gyr(fm2— fi2) (@) .

Integrate both sides over C" and apply Fatou’s lemma again to obtain the estimate

[ Gurrathna = £ dv = Climint 1 2= ol

Therefore,
Jlim | fin2 = follipase = 0. (3-29)
Next we consider { f;,1};,_,- Applying the estimate (3-15) to f,, — fi,
18(fm1 = fi) @] = CGqrpp(fn = f) (@) (3-30)

Hence, {5fm,1};’f:1 isa Cauclzy sequence in Lf)’l (see (2_—11)). We may assume E_)fm,l — S= Z}:l S; dz;
under the_Lf)’l—norm. Since 92 =0, 9 fm.1 1s trivially d-closed, and so, as the Lal limit of {0 fi,1}5_ ;>
S is also d-closed weakly. Let ¢ (z) = %|z|2 and g =1 €T, and define

fi(@) =Ay(S) and [ =Ag(d fin1).
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Then, by Lemma 2.4,
fio fm1 €L%(®) C Liye,  9fin 1 =0fm1,

and {f, |},_; converges to fi in L°(¢). Therefore, for ¢y € C°(C") (the family of all C* functions
with compact support) and j = 1,2, ..., n, it holds that

8 *
—<f1,—a‘/’> =—1im<f,;‘;,1,—a‘/’> zlim<f’:”1,w> =1im<8§’1“,w> = (5, Yo
L2 LZ L2 L2

azj azj m—>00 8Zj m—>00 Zj

Hence, 9 f1 =8 weakly. Then for H B(”)(E_) fm.1—8), the Henkin solution to the equation du=2a fma1—S
on B(z,r), (3-16) gives

IH () (0 fin.t = S ILaBry.dv) < CNO fint — SllLoBzr).dv)- (3-31)
In addition, according to (3-24), it holds that
(fnd = F1) =P (fn1 — 1) =Hpen (0 fin1 — ) =Py (Hp.ry (3 fin1 — 5))
on B(z, r). Therefore, by (3-8), (3-9), and (3-31) we have
I fomt = 1) = Per(font = O La(Ber/2). av)
= IHp(.r) @ fin.1 = S) = Por (Hp(e. @ fin.t = D a(8e.r/2). vy
< ClIHBeH @ frnt = N i (80, dvy
< ClB w1 = SN a(Bry.dv) (3-32)
Since S = limy_, o 3 fi.1 in L} ,, by Fatou’s lemma,
10 font = S Loy < CHmInf U fm 1 = fe DN Lo (pe.r).avy
<C likrgiongq,Zr(fm,l = fi) (@)1, (3-33)
where the last inequality follows from (3-30). We combine (3-32) and (3-33) to get
I(fn = f1) =P (fnt = [ LaBizr/2).av) = Climinf G (fm.1 — Je (@)

Integrating both sides over C" with respect to dv and applying Fatou’s lemma once more gives the
estimates

I fn,1 = fillipasa < C/@ It = 1) = Por (fnt — O L0 Bzr /2y AV
<C / liminf Gy (fy1 — fi)* dv
n k—>00
< Clikn_l)iof.}f I fm.1 — fi1lipasa- (3-34)
Therefore, lim;,, . || fin.1 — fillipase =0. Set f = f1+ fr € Lfoc. From (3-29) and (3-34) it follows that
lim || fn — fllipase < lim (|| fin,1 — fillipase + || f2 — f2llipase) =0,
m—0o0 m—0oQ0

which completes the proof of the completeness and of the theorem. O
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Corollary 3.13. Let 1 < g < oco. With the norm induced by || - ||gpa¢, the quotient space BDAY /H(C") is
a Banach space and VDAY is a closed subspace of BDAY.

Proof. The proof of Theorem 3.12 works for s = oo, so BDA?/H (C") is a Banach space in || - || gpa¢-
That VDAY is a closed subspace of BDA? can be proved in a standard way. O

4. Proof of Theorem 1.1

Given two F-spaces X and Y, we write B(X) for the unit ball of X. A linear operator T from X to Y is
bounded (or compact) if T(B(X)) is bounded (or relatively compact) in Y. The collection of all bounded
(and compact) operators from X to Y is denoted by B(X, Y) (and by (X, Y) respectively). We use
I T||x—y to denote the corresponding operator norm. In particular, we recall that when 0 < p < 1, the
Fock space F?(¢) with the metric given by d(f, g) = | f — glliﬂw is an F-space.

To deal with the boundedness and compactness of Hankel operators, we need an additional result
involving positive measures and their averages. More precisely, given a positive Borel measure 1 on C*
and r > 0, we write 1,(z) = u(B(z, r)). Notice, in particular, (i, is a constant multiple of the averaging
function induced by the measure .

Lemma 4.1. Suppose 0 < p <1 andr > 0. There is a constant C such that, for | a positive Borel
measure on C", Q a domain in C", and g € H(C"), it holds that

P
([ 1e@erane) <c [ w@erraer e
Q Q;
where QF = cq) B(z, 7).
Proof. Let {a; }f.i , be an (r/4)-lattice. Notice that
Ar )<C inf Ar
Hrjalaj) < weBl(Ialj,r/Z)M (w)

for all j e Nand (a +b)? <a? +b? fora, b > 0. Then

p o p
( / Ig(é)e_“’@)ldu(é)> 52( / |g<s>e—¢@>|du<s))
Q izl B(aj,r/HNQ

=c ) sup  1(®)e PP A, 4(a)”

{j: Blaj.r/nQz-z) §€B@,r/HNQ

<C ) p@)’ 2E)e O du @)
B(aj,r/2)

{j: B(aj,r/[HNQL#ES}

¢ Y [ @ P @ due)
{j: Blaj.r/HnQo) ¥ B@-r/2)

¢ [ 8@ Or L E) due)

which completes the proof. U
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Remark 4.2. To prove compactness of Hankel operators on spaces that are not necessarily Banach spaces,
we use the following result. For 0 < p, g < oo, Hy : FP(¢) — L9(p) is compact if and only if

mh—>moo ||Hf(gm)||q,<p =0
for any sequences {g,}>°_, in B(F?(p)) satisfying

lim sup |g,(w)[ =0
m—>00

wekE
for compact subsets E in C".

Necessity is trivial. To prove sufficiency, we notice that B(F?(¢)) is a normal family, so for any
sequence {gn},_; C B(F”(¢)), there exist a holomorphic function gop on C" and a subsequence {g; }]?’il
such that

lim sup |gm; (w) — go(w)| =0.

J 7P weE
This and Fatou’s lemma imply that go € B(F?(¢)), and hence by the hypothesis, we get
lim ||Hy(gm;) — Hy(go)llg,p = lim [[Hy(gm; — g0)llg.p = 0.
J—>00 J—>00

Thus, Hy (B(F?(¢))) is sequentially compact in LY (¢), that is, the Hankel operator Hy : F'?(¢) — L9(¢p)
is compact.

4A. Thecase 0 < p <q <ooand g > 1.
Proof of Theorem 1.1(a). By (2-3)—(2-5),

lkllpp<C,  sup |k (&)|e™®® >C and lim sup |k (w)| =0 (4-1)
£eB(z,r9) TP yeE

for any compact subset £ C C". As in the proof of Theorem 4.2 of [Hu and Lu 2019], there is an ry such
that, for all z € C", we have

IHy kN, 2/ |fk; — P(fk,)|?e™ 9% dv
B(z,ro)

1 q
>C—rr—rr f——P(fky)| dv>CG?, (f)(z). 4-2)
[B(z,70)| JB(zr0) k. ) @10
If Hy € B(FP(p), L1(¢)),
| fliBpa? < ClIlHfll Frip)—La(p) < 00; (4-3)
if Hy € K(FP(¢), L(p)), then f € VDA because
lim G, (f)(2) = C lim [ Hp(k)llq.e =0. (4-4)

Next we prove sufficiency. Suppose that f € BDA? and decompose f = f| + f> as in (3-12). Write
diu=|f2|%dv and dv = |5f1 |7dv. According to Theorem 2.6 of [Hu and Lv 2014] and Corollary 3.9,
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both du and dv are (p, ¢q)-Fock Carleson measures. We claim that both f, f> € S. Indeed, since ¢ > 1,
we can use Lemma 4.1 with Q = C" and the measure | f>|dv to get

[m | AE)K (E, 2)le ) dvE) < C/@n My (F)(OIK (&, 2)]e @ du(g)

<c /C My, (F)OIK €, 2)le ) du(@). (4-5)
Since f € BDAY, Lemma 3.6 implies

/C | LEVK(E, 2)le P dvE) < Cll fllppas /(E IK (€, 2)le ) dv(€) < oo

for z € C". Hence, f> € S, and so also f; = f — f» € S because f € S by the hypothesis. Since the
Bergman projection P is bounded on L4(¢) when ¢ > 1, we have, for g € T,
IHp (@) g9 = (L4 1P llLs o) Far) | 2840
< ClIMgr(fDNIL=lgllg.e = CliMg(f2)Iz=lgllp.g

where the second inequality follows from Lemma 4.1. For Hy, (g) with g € I, Corollary 2.5 shows that
Hp (g) = Ay(g0 f1) — P(Ay(gd f1)). Lemma 2.4 implies

1Hs (@llg.p < Cllg10 filllg.p < ClII fillxligllg.e < ClIA fill < lgl .o (4-6)

From the above estimates and the fact that I" is dense in F'”(¢), it follows that, for 0 < p < g < oo, we
have

IHf Nl Fr)—rat) < CLID fillz + 1My, (f2) |} < CIl £ |1BDAS (4-7)

where the latter inequality follows from Lemma 3.6.

For compactness, suppose f € VDAY so that f = f] + f» is as (3-12). Notice that both d = | f>]9 dv
and dv = |9 1|9 dv are vanishing (p, ¢)-Fock Carleson measures. Let {g,,} be a bounded sequence in
F?(p) converging to zero uniformly on compact subsets of C". Then

1/q
||Hf2(gm)”L‘1(<p) =< ||gmf2”q,<p + ||P(gmf2)||q,<p = C([ |gme—<p|q dﬂ) -0
C

as m — oo. To prove lim,, . o || H, (&)l L4 (o) =0, for each m we pick some g, €I so that |[g,, —g, [ p.o <
1/m. Clearly, {g;,}>°_, is bounded in F?(¢), and lim,_, », sup,,c ¢ |g, (w)| = 0 for any compact subset E.
Again by Corollary 2.5,

IHy, (85 10ty < Cllghd fill Ly < Cllgllla@ravy — 0 asm — oo.

Thus, since Lemma 3.6 guarantees Hy, € B(F? (@), L9(p)), it follows that lim,,, . o || Hf, (gm) I La(p) = 0,
and so

Hy = Hy + Hy, € K(FP(p), LY(p)).

Finally, it remains to notice that the norm equivalence (1-1) follows from (4-3) and (4-7). O
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4B. The case 1 < q < p < 0co. We can now prove the case ¢ < p under the assumption that g > 1.

Proof of Theorem 1.1(b). Suppose that Hy € B(F?(¢), L9(¢)). Because the proof of sufficiency is similar
to the implication (A) = (C) of Theorem 4.4 in [Hu and Lu 2019], we only give the sketch here.
Indeed, take r¢ as in (4-1), and set t =r( /4. Let {a; }]?’i | be a (z/2)-lattice. By Lemma 2.4 of [Hu and Lv
20141, |Z?’;1 Ajka, ||p’(p < Cll{2j} e for all {3;}52 € 17, where the constant C is independent of {2;}%,.
Let {¢; }j’il be the sequence of Rademacher functions on the interval [0, 1]. Using the boundedness of Hy,

we get
o0
H Hy (Z hj by (sVka, (- )) < CllHy ooy oo 11219310 (4-8)
j=1 q.¢
for s € [0, 1]. On the other hand,
/ |Hp(k)(E)e @19 dv(€) = CGy (f) (). (4-9)
B(a;j.1)

This and Khintchine’s inequality yield
1 o q o0
/ Hy <Z ACINE )) dt = C Y M 17G g (f) (@)
0 .
j=1

Combining this with (4-8) gives

o0
D 119G (@) = CUHf NSy Lo 11121 oo
j=1

for all {|)»j|q}j°il € [P/4. By duality with the exponentials p/q and its conjugate,

o
- (r—q)
Y Goa ()@ "0 < CllHp | pH 5, .

j=1
Therefore, by (3-7),
(o¢]
/ G (@P P D dv(z) <Y f Gy ()P P~V du(z)
cr j=1 B(aj,t/Z)
/(p—q)
< ClH/ 55 a0 (4-10)

which means that f € IDA*? with the estimate || f [lipas« < C||Hy|.

It should be pointed out that the right-hand side of the estimate (4.24) (the analogue of (4-10) above)
in [Hu and Lu 2019] should read C||H ||§%/LPL‘ZJ‘”, and not C||Hyll4»_, ;¢ as stated there.

Conversely, suppose f € IDA*Y. As before, decompose f = fi + f> as in (3-12). From Lemma 3.6 we
know that || M, (f2) |l pg/(p—q) = CIl f llipas2. Applying Holder’s inequality to the right-hand side integral
in (4-5) with exponent pg/(p — q) and its conjugate exponent ¢, since we have |K (-, 2)[;, < 00, it

follows that
/@ | 2E)VK (E)]e™?® dv(€) < ClIMy,r ()l pg/p—a) - 1Kzl < 00.

This implies f, € S, and so also f] € S.
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Now for dv = |3 f1|9dv, applying Holder’s inequality again with p/(p —¢) and its conjugate exponent
p/q, we get

_ p/(p=q)
g =c [ { / |8f1(§)|qdv(§)} dv(®)
" LS B(E,r)
<C / dv(&) 10 f1(0) P4/ P=D du(t)
cn B(,r)

~C / 1310179/ P du () < oo, @-11)
Cn

Theorem 2.8 of [Hu and Lv 2014] shows that v is a vanishing (p, g¢)-Fock Carleson measure; that is,
the multiplier My, : g — glé f1l| is compact from F?(¢) to L9(¢) (see Proposition 2.3). Therefore, by
Lemma 2.4(A), Ay (- éf]) is compact from F?(p) to L9(¢). Moreover, I" is dense in F”(¢) and, by
Corollary 2.5, Hy, (g) = Ay (g dfi)— P 0Ay(g d f1) for g € I". Hence, Hy, : FP(p) — L9(p) is compact
and we obtain the norm estimate

|Hp llFrpy—>rap) <C sup A4 (g9 f)llg.o < ClID fill pg/(p—g)- (4-12)
{geFP(p): lgllpe=1}

Similarly to (4-11), using Lemma 3.6, for du = | f>|?7dv, we get

o) r/(p—q)
12,7279 = ¢ /C { /B . )Ifz(§)|"dv(§)} dv(e)

= CIMyr (PNPED < Il f Iippca < 00
Hence, du = | f2]7 dv is a vanishing (p, q)-Fock Carleson measure. It follows from Proposition 2.3 that
the identity operator

I: FP(p) - LI(C",e 1% du)

is compact. Using the inequality

I1Hp, (@)lg.o = Cllf28llg.0 = CIIKG) I L4 (C, e-9¢ap0) (4-13)

we see that Hy, is compact from F7(¢) to L9(¢).
It remains to notice that the norm equivalence in (1-2) follows from combining the estimates in (4-10),
(4-12), and (4-13). O

Remark 4.3. In [Stroethoff 1992], it was proved that for bounded symbols f, the Hankel operator
Hy : F? — L? is compact if and only if

(I = P)(fod)l|l =0 (4-14)

as |A| — oo, where ¢, (z) = z + A. This characterization was recently generalized to F, with 1 < p < 0o
in [Hagger and Virtanen 2021]. Here we note that, using a generalization of Lemma 8.2 of [Zhu 2012] to
the setting of C”, one can prove that Stroethoff’s result remains true for Hankel operators acting from Fg’
to L¢ whenever 1 < p, ¢ < oo even for unbounded symbols.
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4C. The case 0 < p < q <1 with bounded symbols. We start with the following preliminary lemma
whose proof can be completed with a standard ¢ argument.

Lemma 4.4. Suppose that 0 < p < 0o, h € L*® and lim,_,», h(z) = 0. Then for any bounded se-
quence {gj} 2, in LY satisfying lim; 00 & (2) = 0 uniformly on compact subsets of C", it holds that
hm]—>oo ”gjh”p,go =0.

Proof. If R is sufficiently large, there is a C > 0 such that

lghlL., = ( [ oo+ )|g,-(§)h(s>e—¢@>|P dv(®)
B(0,R) "\ B(0,R)

< a1}~ sup |g;(€)e " S1” +Cligjllb , — 0
|EI=R
as j — oo. O
Proof of Theorem 1.1(c). Suppose that f € S. Then f € L loc for 0 < g <1, and we may decompose
f = f1+ f2asin (3-12) with t = r/2. We claim that, for g € T,

IHs (DI, < / 12E)e™ 100 fill o 56.ry.av) AV E) (4-15)

IHp @I, < / 1gE)e @M, (f2)(E)T dv(&). (4-16)
To estimate || Hy, (g)ll4,4» We use the representation
Hy,(8) = Ap(gd fi) — P(Ay(gd f1))
(see (2-14)), which suggests that we define a measure d ., as
1 N 1
& —z| [§—z

Then there is a constant C such that, for w € C”,

_ 1 1 2
E <s>|{ + }em'“' dv(§) < C/ dp,(&).
/mw,r) NN e Bawr
Also, it is easy to verify that

dp (&) = |5f1(§)l{ e }e""'“' dv(§).

(), (w) < C sup |3 fi(m)le”™w=,
neB(w,r)

where the constant C is independent of z, w € C". Recall that

dl& — 2> A 339 (£)) A (301§ — 22"~
JVIE — 7|22 .

A3 @) = [ B0 S g )d i) A

j<n

Therefore, using (2-13) and Lemma 4.1, we get
_ q
|44(89 fi)@)e | < c( 8(§)e™*] duz@))

<€ [ 18O NI AN ey e 0O 1D
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Fubini’s theorem yields

1A, (g3 IS, <C fc dv(z) /@ 8@ ONNB Al e py.anye ™ dv(E)
=C/, 12E)e™ 1110 fill ] oo g e ry.aw) AVE)- (4-18)

To deal with P(A, (gE_) /1)), we use Lemma 2.2 to obtain positive constants € and C so that, for z € C”,
we have

/ |K (w, 2)|e ™=@ gy(z) §Ce‘p(w)/ e MEz gm0 =2l 1y (7)

n

— Cetw) (/ +/ )e—m|w—z|e—es—z| dv(2)
{zilz—&1=]z—w(} {z:lz—§I<lz—wl}

< Ce¥ W —rli—ul,

where T = min{@, m}. Therefore, (4-17) and Fubini’s theorem yield
P (Ag(gd fi))(w)] = C /@ 8@ e D fill L8 r/2.a0) AV (E) A 1K @, )l e du ()
< Ce?™) /C" 18E)e O3 fill L Be.r/2).ame” " dv(&).
Lemma 4.1 again gives

I1P(Ap(gd fi))w)lld , < C /@ 12E)e™ 1110 fill o pe.ry.av) AV E)-

Combining this and (4-18), we get (4-15).
For (4-16), notice first that

I f2gl8, <C A 8@ 1 Mg ()(E) dv@), (4-19)
and, by Lemma 4.1 with the measure M, ,2(f2) dv, we have
P(LO@I = c( [C g®K @, s>e—2“’<f>|M1,r/z(fz><s>dv(é-))q
<C| 18®KG, £)e 2O My, (f)(E) dv(&). (4-20)
Integrating both sides of (4-20) against e~9¢ dv over C" and using (2-5), we get

1P, <C /C 8@ 1M (L)E)T do®). (4-21)

This and (4-19) imply (4-16).
Now we suppose that f € L*° and 0 < p <g < 1. For g € H(C"), similarly to the proof of (4-16), we have

1/q
IHf(©)llg.o < c( fc ) 1g(&)e S M, . (f) (&) dv@)) <Clfli=liglpe-

This implies boundedness of Hy with the norm estimate (1-3).
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For the second assertion, suppose first that lim;| . o G, (f)(z) =0 for some r > 0 and write f = f1+ f>
as above. Since the unit ball B(F?(¢)) of F?(¢) is a normal family, to show that H; is compact from
F?(p) to L9(¢p), it suffices to prove that, for k =1, 2,

lim ||Hp (g)llq.o = lim | frgj — P(figi)llq.p =0
j—o00 j—o00
for any bounded sequence {g;} 2 in F?(¢) with the property that

lim sup |g;j(w)| =0

J7 O weE

for E compact in C". From the assumption that lim,_, o, M, ,(f2)(z) =0, it follows that du = | f2| dv
is a vanishing (p, g)-Fock Carleson measure (see Theorem 2.7 of [Hu and Lv 2014] and Proposition 2.3).
Therefore, we get

1 /28jllq.0 = IgjlILaccr,| fr19av) = O as j — o0.
Notice also that ||g|ly,o < Cllgllp,, for g € F9(p) and p < gq. Further, by (4-16), we obtain
1—
My (f2)(€) < | fall j My.r (f2) ()Y,
and applying Lemma 4.4 to h = M,N(fz)qz, we get

IHpg g, = C [l @e Ot () due)

_ _ 2
< C| fll 5P / 12;(E)e 1M, (f2)(E) dv(E) — 0
Cl‘l
as j — 00. So Hy, € K(FP(¢), LY(¢p)). As for Hy,, it follows from Lemma 3.6 that

19 fill oo B ry.dvy < CGqr(f)(E) — 0 when & — oo.
Therefore, by (4-15),

1 Hy, (gp)IIE , < Cf@,, 18/ E)e 100 F111 o pe.ry.av) AV E) = O

as j — 00, and hence we have Hy, € K(FP(¢), LY(¢p)).
Conversely, suppose that Hy is compact from F?(¢) to LY(¢). Then, as in (4-4), we have

lim G, (f)() = C lim |[Hy(k:)llg.p =0 (4-22)

for r € (0, ro] fixed. We claim that (4-22) is valid for any » > 0. To see this, we consider the Hankel
operator Hy on the Fock space FY. From (4-22), using the sufficiency part, it follows that H '+ is compact
from FY to LI(C", e~ q%/2)Iz *aq v). Notice that the equality (1-5) yields

inf )|K(w,z)| >C=>0

weB(z,r
for any r > 0 fixed, where the constant C is independent of z € C". As in (4-2), we have
1lim Gy, (1)) < C Hm I Hy Rl e -urit gy = O
Thus, f € VDAY, O
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The following Corollary 4.5 is a direct consequence of the proof of Theorem 1.1(c) which we use to
complement and extend the classical result of Berger and Coburn in the next section.

Corollary 4.5. Suppose that0 <q <1 and f € L*. Then the limit lim,_, oo G ,(f)(z) =0 is independent
of r > 0.

5. Proof of Theorem 1.2

Proof of the case 0 < p < q < oco. For R > 0, let {a;}72 | be the (R/2)-lattice
R . . . .
{m(ml +kii,my+koi, ..., m, +kyi)eC"imj kjeZ, j=1,2,..., n}
Choose p € C°°(C") such that

0<p=<1, plpoip=1suppp<B(0,3).
Then |[Vp| L~ < 0o and
o0
0<) p(c—a)/R)=C
k=1
for z € C". Define v; p € C*°(C") by
p((z—aj)/R)
Y s p((z—ar)/R)
o0

Then {Wj,R};il is a partition of unity subordinate to {B(a;, R)} 2

RIVYjr()ll~ = C, (5-1)

Y r(2) =

and

where the constant C is independent of j and R.
Now we suppose that f € L> and Hy € K(F?(¢), LY(¢)). Theorem 1.1 and Corollary 4.5 imply that

lim Gy 2r(f)(2) =0 (5-2)

for R > 0 fixed. As in (3-2), pick h; g € H(B(a;,2R)) so that
1

— o |f —hjrlTdv=Gyar(f)(a))!. (5-3)
|B(aj, 2R)| Jp(;.2R) ! 1 !
By (3-3),
sup  |hj r(2D)| = Cll fliLe-.
z€B(a;,R)
Set

x
SiLr= Z Virhjr and frr=f— fir.
j=1
From estimates (2-9) and (3-3), it follows that there is a positive constant C such that

| f1,rllze + I f2,rllLe < Cll fllLoe (5-4)
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for R > 0. Lemma 3.6 and (5-2) imply that

lim M, r(f2.r)(z) = lim My g(f2.r)(z) =0,
—> 00 —>00
and so

Hp, € K(F?(9), LY(9)). (5-5)

Recall that P, p is the standard Bergman projection from L?(B(z, R), dv) to A%2(B(z, R), dv). Since
hj g is bounded on B(a;, R), we have hj p = Paj,R(hj,R), that is,

1 R%h; g(§) dv(§)
h; = — . — , B(a;, R).
i, R(2) - /B(a 0 R G —ap) - G—a )y z € B(aj, R)

Hence,
172 Rl L (B(z,R).dv)

oh; <C
[0hj r(2)| < R

for z € B(aj, 3R/4). (5-6)

Notice that supp ¥ g hj g € B(aj, 3R/4), and the estimates (5-1) and (5-6) imply that

|8 fl Rl < Zl(awj R)h] R|+ij R|8(h] R < C”f”L

Jj=1 Jj=1

Therefore, using (4-6) (when g > 1) and (4-15) (when ¢ < 1), we have

1S Nl
”HflR”Fp((/J)—)L‘I((/)) C”afl Rlle =C R
The constants C above are all independent of f and R. Therefore,
_ ) _ ILf Nl
||Hf — Hf“ | Fr(p)—La(p) = ||Hf1,R | Frip)—rip) < C 2 0

as R — oo. Finally, using (5-5) and the fact that JC(F? (), L9(¢p)) is closed under the operator norm, we
see that H i€ IC(FP(¢), L1(p)), which completes the proof. Il

To deal with the case 1 <g < p < oo, we use the Ahlfors—Beurling operator, which is a very well-known
Calderén—Zygmund operator on L?(C), 1 < p < 00, defined as

TN =pv.— = @f © _ que),

where p.v. means the Cauchy principal value. The Ahlfors—Beurling operator connects harmonic analysis
and complex analysis, and it is of fundamental importance in several areas of mathematics including PDE
and quasiconformal mappings. See [Ahlfors 2006; Astala et al. 2009] for further details and examples.

Lemma 5.1. Suppose 1 < s < 0o. Then there is some constant C, depending only on s, such that, for
feC*CHNL®and j=1,2,...,n

2

0z

af

o
LV

5-7
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Proof. We consider the case n = 1 first. Let f € C>(C) N L. If |af/dZ||s =0, then f € H(C)NL>,
which implies that the function f is constant and the estimate (5-7) follows. Next we suppose that
10f/0z]ls > 0. Take ¥ (r) € C*(R) to be decreasing such that ¥(x) = 1 for x <0, ¥(x) = 0 for
x>1,and 0 < —y/(x) <2 for x € R. For R > 0 fixed, we set ¥g(x) = ¥ (x — R) for x € R and define
fr(z) = f(@¥r(|z]) for z € C. Since f € C*(C) N L, it is obvious that fr(z) € C>(C), the set of
C? functions on R? with compact support. From Theorem 2.1.1 of [Chen and Shaw 2001], it follows that

1 dfr/0z .
o) = 5 [ de nd.
Notice that dfg/0Z = Y r(0f/0z) + f(d¥g/0Z). By Lemma 2 on page 52 of [Ahlfors 2006], we get
a a
ﬁ( =7 (fR>< )== (wR—f)(z)w(fﬂ)() (5-8)
Now for r > 0 and |z| < r, when R is sufficiently large, it holds that
BWR)‘ I llzes 3RIIfIILoo
T dv —
( @ = k-r? (R —1)? Jr<ig|<rt1 ® = (R—r)?
and hence
ST -
L5(DO.r).dv) Il 92

where D(0,r) = {z € C: |z| < r}. In addition, by the boundedness of T on L* (see, for example, the
estimate (11) on page 53 in [Ahlfors 2006]), we get

) B 0
H (w—f) iCHI/fR—Jj 5CH—J_C (5-10)
Is 0z ||,
For R sufficiently large, from (5-8), (5-9) and (5-10) it follows that
o P = L 1
92 | s (D(0,r).dv) Ly(DO,r).dv) 9z
Therefore,
H ‘ (5-11)
0z
Now forn>2and f € LN CZ(C”), by (5-11), we have
f S
/ > dv(g) =/ dv(&1)
Cn 1 n—1
<C/ dv (5)/‘—(51, dv(&1).
cr-!
This implies (5-7) for j = 1. Similarly, (5-7) holds for j =2, ..., n, and the proof is complete. O

Proof of the case 1 < q < p < oo. Notice first that if Hy € K(F(¢), LY(¢), then by Theorem 1.1, we
have f € IDA®? with s = pq/(p —q) > 1. We use a decomposition f = f; + f> as in (3-17) with r = 1.
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Furthermore, by (5-4), we may assume that || fi||z~ < C|| f|lL~. Then, from Lemma 5.1 it follows that

n
0
=CY_ S <
— 119z,

j=1
We also observe that ||M,N(f2)||Ls =My, (f2)|lLs < oo. Now Theorem 3.8 implies that f=fi+the
IDA*4, and hence, by Theorem 1.1, we get Hj e K(F?P(p), L1(p)). O

19 filles <CZ

2 <Cldfillps.
L.Y

8z,

Remark 5.2. Notice that it follows from the preceding proof that
1HfllFr(p)>Latp) < CIH I Frip)>19(p)-

6. Application to Berezin-Toeplitz quantization

As an application and further generalization of our results, we consider deformation quantization in the
sense of [Rieffel 1989; 1990] and focus on one of its essential ingredients in the noncompact setting
of C" that involves the limit condition

. () (1) (0
hm 7777 = Tyl o) F2o) = 0-
Recently this and related questions were studied in [Bauer and Coburn 2016; Bauer et al. 2018; Fulsche

2020], which also provide further physical background and references for this type of quantization.
Recall that ¢ € C*(C") is real-valued and Hessg ¢ ~ E, where E is the 21 x 2n-unit matrix. For 7 > 0,

we set |
du(z) = — exp{ 2¢ (%) } dv(z)

and denote by Ltz(go) the space of all Lebesgue measurable functions f in C" such that

12
= [ 1reano]

Further, we let th((p) = L,Z((p) N H(C™). Then clearly Flz(qo) = F?(p) and L%(go) = L?*(¢p) in terms of the
spaces that were considered in the previous sections. Given f € L™, we use the orthogonal projection P
from L%(go) onto th (¢) to define the Toeplitz operator TJE’) and the Hankel operator H j(f), respectively, by

7 =POM; and H\=(1-P)M,.
Let U, be the dilation acting on measurable functions in C" as
U f= f( V).
It is easy to verify that U, is a unitary operator from L?(¢) to L?(¢) (as well as a unitary operator from
F,Z(go) to F%(¢)). Further, we have U, P® Ut_] = PM, which implies that
O ypr—1 _ Oyr—1 _

UTy U =Ty ypy UHp U7 = Hy gpy (6-1)

Therefore,

0 B
1T 20y F20) = 1T ¢yl P20 > F2(0) (6-2)
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and
0
IH 1 r2 o) 260 = 1 (. yp L2 (0)— L260)- (6-3)

Given f € L2 ,for z € C" and r > 0 set

loc?

1/2
MOy, (f)(z) = \f — fBen | dv}

{ 1
|B(z, )| JB@.r

where fs = (1/]S]) fs fdv for S € C" measurable.
The following definitions of BMO and VMO are analogous to the classical definition introduced in [John
and Nirenberg 1961], but they differ from those widely used in the study of Bergman and Fock spaces.

Definition 6.1. We denote by BMO the set of all f € L2 _such that

loc

[flls=sup MO, (f)(z) <00

zeC*, r>0

and by VMO the set of all f € BMO such that

liII(l) sup MOy, (f)(z) =

r—=VzeCr

Definition 6.2. We define BDA, to be the family of all f € L2 _ such that

loc

I fllBDA, = sup G2, (f)(z) <00

zeC",r>0

and VDA, to be the subspace of all f € BDA, such that

hrr(l) sup G2, (f)(z) =

zeCn
Given a family X of functions on C*, we set X = {f : f € X}.

Proposition 6.3. It holds that
BMO = BDA,NBDA, and VMO = VDA, NVDA,.

Furthermore, we have
I fllBmo, = || f lBDA, + Il f1IBDA, (6-4)
for f € LloC

Proof. From a careful inspection of the proof of Proposition 2.5 in [Hu and Wang 2018], it follows that

there is a constant C > 0 such that, for f € L? _and z € C*, r > 0, there is a constant ¢(z) for which

loc
1 1/2 _
{— If—C(z)Izdv} < C{G2,- (/@) + G2, ()2}
|B(z, )| JB(z.r)
It is easy to verify that

12
MO, (f)(z) < { If—c(z)lzdv} :

|B(z, )| JB(z.r)
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and hence

MOy, (f)(@) < C{G2,(f)(2) + G2, (f)@)}.

On the other hand, by definition, we have

Go, (f)(2) = MO, (f)(2).
Thus, we have C| and C;, independent of f, r and z, such that

Ci{G2, (@) + Gor (/@) < MO2,(f)(2)

< Co{G2r (f) (@) + G2 (N2} (6-5)
Therefore, f € BMO (or f € VMO) if and only if f € BDA, NBDA, (or f € VDA, N VDA,). The
estimate in (6-4) follows from (6-5). O

Theorem 6.4. Suppose f € L. Then for all g € L™, it holds that

fim | TOTE = TR gy 20y = O (6-6)
if and only if f € VDA,.

Proof. Given f € L, it follows from (6-3) that
IH 12~ 2 = 1H 1200 260 = 1Hp (il 200 1200
This and Theorem 1.1 imply
1
G20 (FCVD s < IHDY N2~ r2 < CIG21(f VD)2, (6-7)

where the constant C is independent of f and 7.
Suppose f € VDA,. Then, by definition, we have

lim sup G».,(f)(z) =0.

—VzeCr

It is easy to verify that
G21(f(-vVD)(2) =Gy i (/)(V1).
Now by (6-7), we get

. 1) : £ _
tim (1)l 2y 2 < € im Gy, i (Dllw =0. (6-8)
In addition, for f, g € L, it is easy to verify that

Oy 7@ _ gy @) _
Tf Tg ng = (Hf ) Hg . (6-9)

Therefore, for all g € L,
: O () (@) : 1)\ _
Um |77, = T Nl p2p) r2p) < N8 M1zoe HMICH ) 2¢0)— r2(p) = O,

which gives (6-6).
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Conversely, suppose that (6-6) holds for every g € L®. Let g = f € L™. Then it follows from (6-9) that

: ()2 _ 1 (O F720)
,h_I)r(l, ”Hf ”F,2(<p)—>L,2(<,,) —th_f)% ||(H]z ) Hf‘ ||F,2(<p)—>F,2(<p)
_ 1 (@) = (1) Q)] _
=hm W Te T3 = 1)l 2y ) = 0-
This and (6-7) imply that f € VDA,. g

Combining Proposition 6.3 with Theorem 6.4, we obtain the following corollary, which is the main
result of [Bauer et al. 2018] when ¢(z) = %Izlz.

Corollary 6.5. Suppose f € L™ Then for all g € L™, it holds that
: Oty Oy _ : O Oy _ i
tlg% 1T T, Ti Il = 0 and tlgl(l) IT,"T, " =T, |l = 0 (6-10)
if and only if g € VMO. Here || - || = || - ||th((p)_)F[z((p).

7. Further remarks

For 1 < p, g < 00, we have characterized those f € S for which Hy : FP(¢) — L4(p) is bounded (or
compact). For small exponents 0 < p < g < 1, we have proved that this characterization remains true for
compactness when f € L. We also note that when p < ¢ and ¢ > 1, boundedness and compactness of
Hankel operators Hy : F”(¢) — L?(¢p) depend on g (see Remark 3.2 and Theorem 1.1), while for p > ¢
we cannot say the same — we note that we have no statement analogous to Remark 3.2 for IDA*4,

Moreover, for harmonic symbols f € S and 0 < p, ¢ < 00, using the Hardy-Littlewood theorem on the
submean value (see Lemma 2.1 of [Hu et al. 2007], for example), we are able to characterize boundedness
of Hy : FP(p) — L9(p) with the space IDA*9. We will return to this topic in a future publication.

We also note that the space F°°(¢) does not appear in our results because I is not dense in it. Instead,
it may be possible to consider the space

@) ={f e F®(p): fe ¥ € Co(CM)},

which can be viewed as the closure of I" in F°°(¢), and extend our results to this setting.

Regarding weights, the Fock spaces studied in this paper are defined with weights ¢ € C(C") satisfying
Hessr ¢ ~ E. As stated in Section 2A, these weights are contained in the class considered in [Schuster
and Varolin 2012]. Now, we note that for the weights ¢ in that work, iaécp >~ wyq, and from Hormander’s
theorem on the canonical solution to the d-equation it follows that

1Hgl2, < fc 1830 dv < CllglifIIE,,.

and hence we know that the conclusions of Theorem 1.1 remain true when g = 2 (see Theorem 4.3 of
[Hu and Virtanen 2022]). Upon these observations, we raise the following conjecture.

Conjecture 1. Suppose ¢ € C>(C") satisfying idd¢ ~ wy. Then for f € Sand 0 < p, g < oo, Hy €
B(F?(p), L1(p)) if and only if f € IDA*9, where s = pq/(p —q) if p > g and s = o0 if p <gq.
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In the literature, there are a number of interesting results on the simultaneous boundedness (and
compactness) of Hankel operators Hy and H. These types of characterizations often involve the function
spaces BMOY and IMO®*? in their conditions; see, e.g., [Hu and Wang 2018; Zhu 2012]. For 1 < ¢ < oo
and 1 < s < o0, set IDA%Y = {f : f € IDA®?}. Then Proposition 2.5 of [Hu and Wang 2018] shows
that IDA®? NIDA%? = IMO*“ and the results of Section 4 provide a description of the simultaneous
boundedness (or compactness) of Hy and H as seen in the following theorem, where as before, we set
s=pq/(p—q)ift p>qgands=oc0if p<gq.

Theorem 7.1. Let ¢ € C>(C") be real-valued, Hessg ¢ ~ E, and let f € S. For 1 < p, q < oo, Hankel
operators Hy and Hj are simultaneously bounded from F?(¢) to L (¢)) if and only if f € MO,

We state one more conjecture related to Theorem 1.2, in which we proved that for f € L*° and 0 < p < oo,
Hy is compact on F”(p) if and only if Hy in compact on F”(g). Recall that this phenomenon does not
occur for Hankel operators on the Bergman space or on the Hardy space. As predicted in [Zhu 2012],
and verified for Hankel operators on the weighted Fock spaces F”(«) with 1 < p < oo in [Hagger and
Virtanen 2021], a partial explanation for this difference is the lack of bounded holomorphic or harmonic
functions on the entire complex plane. From this point of view it is natural to suggest that a similar result
should remain true for Hankel operators mapping from F? (¢) to L1 (¢p).

Conjecture 2. Suppose that ¢ € C?(C") satisfies idd¢ ~ wy and 0 < p, g < oo. Then for f € L™,
H; e K(FP(¢), LY(¢p)) if and only if Hf e K(FP (@), L1(p)).

Notice that IDA*9 N L is a Banach algebra under the norm || - ||ipas« + || - ||co. We can also express
Conjecture 2 in algebraic terms; that is, we conjecture that IDA®*? N L*> on C" is closed under the
conjugate operation f > f, where 1 <s < oo and 0 < ¢ < oo.

Related to our work on quantization and Theorem 6.4 in particular, we conclude this section with the
following problem: characterize those f € L® for which it holds that

() Oy
th_r)% 1T, Ty = Ty lls, =0

for all g € L™, where || - ||5, stands for the Hilbert—Schmidt norm. It would also be important to consider
this question for other Schatten classes S,,.
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