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A UNIQUENESS RESULT FOR THE TWO-VORTEX TRAVELING WAVE
IN THE NONLINEAR SCHRODINGER EQUATION

DAVID CHIRON AND ELIOT PACHERIE

For the nonlinear Schrédinger equation in dimension 2, the existence of a global minimizer of the energy
at fixed momentum has been established by Bethuel, Gravejat and Saut (2009) (see also work of Chiron
and Maris (2017)). This minimizer is a traveling wave for the nonlinear Schrodinger equation. For large
momenta, the propagation speed is small and the minimizer behaves like two well-separated vortices. In
that limit, we show the uniqueness of this minimizer, up to the invariances of the problem, hence proving
the orbital stability of this traveling wave. This work is a follow up to two previous papers, where we
constructed and studied a particular traveling wave of the equation. We show a uniqueness result on this
traveling wave in a class of functions that contains in particular all possible minimizers of the energy.

1. Introduction and statement of the results
We consider the nonlinear Schrédinger equation
i,V 4+ AV — (W2 = D)W =0 (NLS)

in dimension 2 for ¥ : R, x R2 — C, also called the Gross—Pitaevskii equation without potential. The
nonlinear Schrodinger equation is a physical model for Bose—Einstein condensation [1; 23; 37; 42],
superfluidity [40] and nonlinear optics [30]. The condition at infinity for (NLS) will be

|| —1 as|x|— +o0.

The (NLS) equation is associated with the Ginzburg—Landau energy

1 1
E(@) =5 / Vol + 7 /2(1 — 7,
R R

which is formally conserved by the (NLS) flow. We denote by £ the set of functions with finite energy,
that is,
E:={ueH! (R*C): E(u) < +o0}.

Remark 1.1. The Cauchy problem for (NLS) is globally well-posed in the energy space; see [20; 21; 22].

Besides the energy, the momentum is another quantity formally conserved by the (NLS) flow and is asso-
ciated with the invariance by translation of (NLS). Formally, the momentum of u is % fR2 Re(i Vuii) € R?,
but its precise definition requires some care in the energy space due to the condition at infinity (see [34]
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in dimension larger than 2 and [13] in dimension 2). If u € 1 + CSO(RZ) for instance, or if u is a traveling
wave tending to 1 at infinity, then the expression of the momentum reduces to

Ig(u) =(Pi(u), P,(w)) = % /Rl Re(iVu(u —1)).

In addition to the translation invariance, the (NLS) equation is also phase-shift-invariant, that is, invariant
by multiplication by a complex of modulus 1, and rotation-invariant.

1A. Traveling waves for (NLS). Following the works in the physical literature of Jones and Roberts [28;
29], there has been a large number of mathematical works on the question of existence and properties of
traveling wave solutions in the (NLS) equation, which are solutions of

0=(TW.)(u) :=—ico,u—Au—(1— |u|2)u

for some ¢ > 0, corresponding to particular solutions of (NLS) of the form W (¢, x) = u(xy, x2 + ct) (due
to the rotational invariance, we may always assume that the traveling wave moves along the direction —é5).
We refer to [9] for an overview on these problems in several dimensions. A natural approach is to look at
the minimizing problem for p > 0

Emin(p) := 322{]5(”) i Py(u) = p}.

It was shown by Bethuel, Gravejat and Saut that there exists a minimizer to this problem.

Theorem 1.2 [10]. For any p > 0, there exists a nonconstant function uy € £ and c(uy) > 0 such that
Py(up) = p, uyp is a solution to (TW ) (uy) = 0 and

E(up) = Emin(p)-
Furthermore, any minimizer for Ewin(p) is, up to a translation in x1, even in xi.

The strategy is to look at the corresponding minimization problem on larger and larger tori (this avoids
the problems with the definition of the momentum), and then pass to the limit. For the minimizing
problem E;,(p), the compactness of minimizing sequences has been shown later on in [13] for the
natural semidistance on £

Do(u, v) := [[Vu — Vull 22y + [[u] =[]l L2@2)-

Theorem 1.3 [13]. For any p > 0 and any minimizing sequence (U,)neN for Emin(p), there exists a
subsequence (un;) jen, a sequence of translations (y;) jen and a nonconstant function uy € € such that
Do(up;, up) = 0, Pr(uy;) = Pr(up) = p and E(un;) — E(up) = Emin(p) as j — +00. In particular,
there exists c(uy) > 0 such that Py(up) = p, uy is a solution to (TWu,))(up) =0 and

E(up) = Emin(p)-

Furthermore, the set Sy :={v € £ : P,(v) =p and E(v) = Enin(p)} of minimizers for Enin(p) is orbitally
stable for the semidistance Dy.
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An open and difficult question is to show, up to the invariances of the problem, the uniqueness of the
energy minimizer at fixed momentum. In other words, the problem is to determine if S, consists of a
single orbit under phase shift and space translation; that is, do we have, for some minimizer Uy,

Sp=1{Up(- —X)e"” 1y e R, X e R*}?
The main consequence of our work is to solve this open problem of uniqueness for large momentum.

Theorem 1.4. There exists pog > 0 such that, for any p > po, if u, v € € with P,(u) = P,(v) = p satisfy
E(u) = E(v) = Emin(p),
then, there exist X € R* and y € R such that
u=v(- —X)e".

In fact, we will be able to show slightly stronger results than Theorem 1.4; see Theorem 1.11 below.

Even though we focus on the Ginzburg—Landau nonlinearity, it is plausible that our results hold true
(still for large momentum) for more general nonlinearities, provided vortices exist. For the Ginzburg—
Landau (cubic) nonlinearity, it is also possible that uniqueness of minimizers holds true for E,(p) for
any p > 0. However, the numerical results given in [16] suggest that this may no longer be the case for
more general nonlinearities.

In the analysis of the minimization problem in [10] (and also [13]), the following properties of Epiy
play a key role.

Proposition 1.5 [10]. The function Epn;, : Ry — R is concave, nondecreasing and «/E—Lipschitz continuous.
In addition, there exists K > 0 such that, for any p > 1, we have

Emin(p) <27 Inp + K. (1-1)

1B. A smooth branch of traveling waves for large momentum. There have been several ways of
constructing traveling waves of the (NLS) equation, with different approaches. For instance, we may use
variational methods, such as a mountain-pass argument in [3; 5], or by minimizing the energy at fixed
kinetic energy [10; 13]. Also, we have constructed in [14] a traveling wave by perturbative methods,
taking for ansatz a pair of vortices, by following the Lyapunov—Schmidt reduction method as initiated
in [39]. Vortices are stationary solutions of (NLS) of degrees n € Z* (see [12; 23; 26; 37; 45]):

Vi (X) = pn (r)einG >
where x = re'?, solving
AV, = (IVu|* = 1)V, =0,
{|Vn| — 1 as|x|— ooc.
In the previous paper [14], we constructed solutions of (TW,) for small values of ¢ > 0 as a perturbation
of two well-separated vortices (the distance between their centers is large when c¢ is small). We have
shown the following result.
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Theorem 1.6 [14, Theorem 1.1; 15, Proposition 1.2]. There exists cy > 0 a small constant such that, for
any 0 < ¢ < cg, there exists a solution of (TW,) of the form

Q.=Vi(- _dcgl)v—l(' +dc21) + I,
where d. = (1 + 0.—0(1))/cis a c! function of c. This solution has finite energy; that is, Q. € £, and
0. — 1 at infinity.
Furthermore, for all 2 < p < 400, there exists co(p) > 0 such that, if 0 < ¢ < co(p), for the norm
IAallp := 1RllLr@2) + IVAILr-1 (w2
and the space X , :={f € LP(R?): Vfe LP~Y(R?)}, one has

||rc”p = 0.-0(1).
In addition,
c—> Qc—1eC'10,co(p)L, X)),
with the estimate

1+ 0-0(1 . .
0.0+ (4_06—20()>3d(‘/1(' —de)V_1(- +de1))i=d.

(=)
=0c—0\ 73 |-
p C

Finally, we have o4 0
d —4IT T O0c—0
—(Py(Qe) = ——————= <0;
dc c?

hence the C! mapping
P:10,c0l > R, c— P(Q,),

is a strictly decreasing diffeomorphism from 10, co] onto [P2(Q,), +00l.

Remark 1.7. With the same kind of approach, [33] also provides an existence result of traveling waves
for (NLS), including some cases with more than two vortices. Our result has the advantage of showing
the smoothness of the branch with respect to the speed. In particular, with the last part of Theorem 1.6,
we see that we may also parametrize the branch ¢ — Q. by its momentum P.

It is conjectured that all these constructions yield the same branch of traveling waves (for large
momentum) when they are all defined, and that they are the solutions numerically observed in [16; 28]
for more general nonlinearities (see also [17]). We will show here that the construction of Theorem 1.6
yields the unique, up to the natural translation and phase invariances, constrained energy minimizers.

1C. A uniqueness result for symmetric functions. We have shown in [15] several coercivity results for
the traveling waves constructed in Theorem 1.6. This will allow us to show the following uniqueness
result for symmetric functions close to the branch constructed in Theorem 1.6. There, for d € R, we use
the notation 7y = min(| - —de;|, | - +de;]).

Proposition 1.8. There exists A, > 1 such that, for any » > A, there exists €(A) > 0 such that if a function
u € & satisfies

(1) forall (x1,x7) € R2, u(xy, x2) = u(—x1, x2),
(2) u= V](x —dEl)V,l(x +d21) + T, with d > 1/8()\), ”F”LOO({f,/gZA}) < 8()\.),
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) Hul = Ul p=rp=ap < 1/ A4,
4) (TW.)(u) =0 for some ¢ > 0 such that |dc — 1] < e(A),
then, there exist X € Rand y € R such thatu = Q. (- — Xér)el”, where Q. is defined in Theorem 1.6.

Remark 1.9. In view of the symmetry assumption, we may replace the second hypothesis by

lu—Vi(- —dey) |l LeBaz 20y < eR).

We will discuss the main arguments of the proof of Proposition 1.8 in the next section. This result can
be seen as a local uniqueness result, but the uniqueness turns out to be in a rather large class of functions.
Indeed, two functions that satisfy the hypotheses of Proposition 1.8 can be very far from each other, for
two main reasons. First, in condition (2), the vortices that compose one of them have no reason to be
close to the ones composing the other function since d depends on u: their centers =de; only need to
satisfy |dc — 1] < &(), but for instance both d = 1/c and d = 1/c + 1//c satisfy these conditions for
¢ > 0 small enough at fixed A. Secondly, we only have that far from the vortices, the modulus is close
to 1 from condition (3), but we have no information on the phase. The proof of Proposition 1.8 will rely
on methods used in [15] in order to prove some coercivity, and we shall need to be very precise to take
into account all these cases.

A way to see that Proposition 1.8 is a strong unicity result is that it implies the following local
uniqueness result in L for even functions in xj.

Corollary 1.10. There exist cy, € > 0 such that, for 0 < ¢ < cy, if a function u € & satisfies
(1) forall (x1, x2) € R%, u(xy, x2) = u(—x1, x2),

(2) (TW.)(u) = 0 in the distributional sense,

() llu— QecllL~me) <&,
then, there exist X € R and y € R such that u = Q.(- — Xeé,)e'.

We may now state our main result. It establishes that any traveling wave solution which is even
in x; and within O(1) of the minimizing energy must be, for large momentum, the Q. traveling wave
constructed in Theorem 1.6, up to the natural translation and phase invariances.

Theorem 1.11. For any Ag > 0 there exists po(Ag) > O such that, if u € £ satisfies
(1) forall (x1, x2) € R%, u(xy, x2) = u(—x1, x2),
(2) (TW,)(u) =0 for some ¢ > 0,
(3) P2(u) = po(Ao),
4) E(u) <27 1In P,(1) + Ao,
then, there exist X € R and y € R such that
u=Qc(- —Xée',

where Q. is defined in Theorem 1.6. In particular, Py(u) = P(c) (where P is defined in Theorem 1.6).
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Section 3 is devoted to the proof of this result. We show there that a function satisfying the hypotheses
of Theorem 1.11 also satisfies the hypotheses of Proposition 1.8. Our result applies in particular to the
constraint minimizers for the problem En,(p) for large p.

Corollary 1.12. There exist py > 0 such that, for any p > po and any minimizer U for Epnin(p), there
exist y € R and X € R? such that, with c = P~ (p),

U=Q.- —X)e7.
Moreover, (TW,)(U) =0.

Proof. By a first translation in x|, we may assume, by Theorem 1.2, that this minimizer U is even in x;. By
Proposition 1.5, the last hypothesis (4) of Theorem 1.11 is satisfied; hence we may translate in x; and use
phase shift and get that this minimizer U is Q.. Necessarily, P,(U) =p = P»(Q.); thus c = P~ l(p). O

Theorem 1.4 is a direct consequence of this corollary. This allows us to derive several interesting
consequences on the function En,. This also shows that the branch of Theorem 1.6 coincides with the
global energy minimizer at fixed momentum (up to translation and phase shift).

Theorem 1.13. There exists ¢, > 0 such that, for 0 < ¢ < ¢4, Q. is a minimizer for Epnin(P2(Q.)).
Moreover, there exists po > 0 such that the following statements hold:

(1) The function Ey, is of class C?in [po, +ool and

y 2 , 2

0> Epin(p) ~ s 0 < Enip(p) ~ 'k Enin(p) =2 Inp 4+ O(1).

(2) Forp =po, Sp={0p-1n(- — X)el” iy € R, X € R?); hence, for any p > po, E! . (p) is the speed
of any minimizer for Epi, ().

(3) For any p > po, Qp-1(p) is orbitally stable for the semidistance Dy (or, equivalently, for 0 < ¢ < ¢,
Q. is orbitally stable for the semidistance Dy).

(4) Forp > po and any minimizer u for Ewin(p), up to a space translation and a phase shift, u enjoys the
symmetry,

forall (x1,x2) € R?,  u(xy, —x2) = it(x1, x2),

in addition to the symmetry in x|.

(5) For any A > 0, there exists po(A) > 0 such that, if u € £ satisfies (TW,)(u) =0 for some ¢ > 0,
Pr(u) = po(A) and u is even in xy, then either E(u) = Enin(P2(u)) or E(u) 2 Enin(P2(1)) + A.

Proof. By Theorems 1.2 and 1.3, we have the existence of at least one minimizer Uy for Epi,(p), where
p > 0. For large p, by applying Corollary 1.12, we have U, = Q.(- — X)e'” for some X € R?and y € R,
thus proving that Q. is a minimizer for En,(p) and that P,(Q.) = P(c) =p.

For (1), it suffices to notice that, in view of Corollary 1.12 applied to any minimizer (we have
existence by Theorems 1.2 and 1.3) Enin(p) = E(Qp-1()). We then conclude by using that P is a
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C! diffeomorphism and that ¢ — E(Q.) is also of class C ! (see [15, Proposition 1.2]), that Ep;j, is of
class C! in [po, +-oo[ and that

Epin(®) = L E(Q0) 1y % Pl ),

1
P(P-1p)
in view of the Hamilton-like relation (formally shown in [28] and rigorously proved for the branch
constructed in Theorem 1.6 in [15])

d pion—ed
%E(Qc)—chPZ(Qc)-

Since P is a C! diffeomorphism, we deduce that E/ . isof class C 1. The asymptotics for E/. and
E;;lin
slightly improve this estimate. Indeed, Proposition 1.5 gives Enin(p) < 27 Inp + O(1), and the lower
bound is a straightforward consequence of Theorem 3.4(i) and the study in Section 3B3.

Statement (2) is a rephrasing of Corollary 1.12, combined with the existence of at least one constrained

then follow from Proposition 1.2 in [15]. Integration would yield Epi, (p) ~ 27 Inp, but we may

minimizer. Statement (3) is then a direct consequence of Theorem 1.3. Statement (4) simply follows
from the fact that Q. enjoys by construction this symmetry (see [14]). Finally, statement (5) is also a
rephrasing of Theorem 1.11. (]

Remark 1.14. Concerning the stability given in statement (3) in the above theorem, we quote [32], where
a linear “spectral” stability result is proved (through ad hoc hypotheses that were checked in [15]), namely
that the linearized equation id;,v = L, (v) does not have exponentially growing solutions (in H,(R%; C),
say). Statement (3) in the above theorem does not rely on the result in [32], and is needed for the nonlinear
(orbital) stability (following the Cazenave—Lions approach).

Let us conclude this section with several comments on our result. First, let us explain the relevance of
the symmetry hypothesis, namely that we restrict to mappings that are even in xj. This symmetry is used
in the coercivity of the branch of Theorem 1.6, through the following arguments. The quadratic form
around the traveling wave Q. is decomposed in three areas, close to the two vortices, and far from them.
In the latter region, the coercivity can be shown without any orthogonality condition. Close to the vortices,
the quadratic form is close to the one of a single vortex, which was studied in [38]. Its coercivity requires
three orthogonality conditions, two for the translation, and one for the phase. Therefore, we can show the
coercivity of the full quadratic form with six orthogonality conditions, three for each vortex. However,
the family of traveling waves of Theorem 1.6 has only five parameters (two for the speed, two for the
translation, and one for the phase). The symmetry is then used to reduce the problem to three orthogonality
conditions into a family with three parameters. With this symmetry, both orthogonality conditions on
the phase for the two vortices become the same condition. It is possible to prove a coercivity result with
only five orthogonality conditions without symmetry (see [15]), but then the coercivity constant goes to 0
when ¢ — 0. This would pose a problem for the uniqueness result. The last statement in Theorem 1.13
shows that, when restricting ourselves to symmetric traveling waves, there is an energy threshold under
which there is no traveling wave except the Q. branch.
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Secondly, the proof of the fact that Q. is a minimizer of the energy for fixed momentum relies on the
existence of such minimizers. In particular, we have not been able to use our coercivity results in [15] in
order to prove directly that Q. is orbitally stable (for small c).

Thirdly, the symmetry in x;, for the minimizers (statement (4)) is established as a consequence of the
uniqueness result and not in itself. Notice that the numerical studies in [16; 17; 28] assume the two
symmetries.

1D. The traveling wave Q. and two other variational characterizations. Before providing other varia-
tional characterizations of Q., we have to define a distance on the energy space £. One can use (see [22])

De (Y1, ¥2) = 1Y — Y2l 2@ey+Lome) + IV = Vil 2@y + V1] = [V21ll 2 w2,

which is adapted to the Cauchy problem. Actually, we may also use the pseudodistance'

Do(Yr1, ¥2) := VY1 — Vil 2y + 1] — (V21 2 m2)-

Is it shown in [13, Corollary 4.13] that both the energy E and the momentum P, are continuous for the
distance D¢, and actually even for the pseudodistance Dy.

The traveling wave Q. as a mountain-pass solution. Thanks to the results in Theorem 1.13, it is easy to
show that we have locally, near ., a mountain-pass geometry. Indeed, let ¢, > 0 be small, and define

Y, :={v:[~1, +1] — & continuous : v(—1) = O3, 2, v(+1) = O, 2},
the set of continuous paths from Q3,2 to O, /2 in . Then, we claim that

inf max (E—ciP)(w(t)) =(E —ciP2)(Q,). (1-2)
veY,, te[—1,+1]

Indeed, let v € Y,,. By the intermediate value theorem, there exists 7, € [—1, +1] such that P»(v(?)) =
P (Qc,) (c— P2(Q.)isa C' function (see [15, Proposition 1.2]). Since O, is a minimizer for Ep;y (O, ),
we infer

max (E—cxP)(u(1) 2 E(v(t:) — ¢« P2(Qc,) 2 E(Qc,) — cx P2(Qc,).

Moreover, considering the particular C 1 path v, : [—1, +1] — & defined by v(¢) := Qc, ¢, /2, We see that

=< (Lpyg,)

in view of the Hamilton group relation %E Q) = C%PQ(QC) (see [15, Proposition 1.2]). Since
j—c P>(Q.) <0, we deduce that (E —c, P»)(v4(t)) increases in [—1, 0] and decreases in [0, +1], and hence
has maximal value E(Q.,) — cxP2(Q,,), as wished.

d ey (d d
GAE = P (ua(0) = =5 (- E(Q0) — e P2(Q0)

|c=cy—tcy /2 |le=cx—tcy /2

L Doy, W) is zero if and only if ¥ — ¥ is constant with || — 1 = [y| — 1 € LZ(R2).
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Furthermore, by the asymptotics given in [15] and the above-mentioned Hamilton group relation
LE(Q.) =c Py(Q,), we have

(E=cP)(Qu) —(E=cP)Qup) = | (= el Pa(Qode =0
cx/2 ¢

since ¢ — ¢y < 0 and %P2(QC) < 0. Similarly, we prove that (E — ¢, P2)(Q¢,) — (E — ¢« P2)(Q3c,/2) < 0.
We now claim that if u € £ is such that (TW,,)(u) =0 and

(E—ciP)(w) = inf max (E—ciPp)(v(1)) = (E—ciP2)(0c,), (1-3)
veY,, te[—1,+1]

by (1-2), that is, if u is a critical point of E — c, P, at the good critical value, then we must have
Pr(u) = P,(Q.,). Indeed, by the Pohozaev identity (2-2), we have

¢, Py(u) = %/2(1 ) dx >0,
R

and hence P;(u) > 0. Furthermore, we know that E.,;, is concave in Ry (Proposition 1.5), and that
Emin is of class C! and strictly concave on [pg, +o0[ (by statement (1) of Theorem 1.13). Therefore, if

Py(u) # P,(Qc,), then

EW) 2 Emin(P2 () > Emin(P2(Qc.)) + Epin(P2(Qc,) (P2 (1) — P2(Qc,))

= E(Qc,) + cx(P2(u) — P2(Q¢,)),
in contradiction with (1-3).
As a consequence, we have

E(u) = E(Qc*) = Emin(PZ(u)) = Emin(PZ(Qc*))’

implying that u is a minimizer for Epnin(P2(Q.,)); hence there exist y € R and X € R? such that
u=Q., (- —X)el”, proving a uniqueness result for mountain-pass-type traveling wave solutions. However,
stating rigorously a useful uniqueness result for this kind of variational solution is not so easy: In [5], the
mountain pass is implemented in the space 1+ H 1(R?), whereas we know (by the result in [25]) that
the nontrivial traveling wave does not belong to this affine space; in [3], the solution is constructed by
working first on [—N, +N] x R and then passing to the limit, and it is then not immediate to compute the
functional £ — ¢ P on the solution; in addition, the method does not provide easily some explicit bounds
on the energy or the momentum. We shall then not go further in this discussion even though the previous
arguments indicate that mountain-pass solutions are (at least for small c) only the orbit of Q..

The traveling wave Q. as a minimizer of E — c P, for fixed kinetic energy. In [13], for k > 0, the

following variational problem is investigated:

Inin (k) = inf 1/ (1 —vP?dx — Py(v), veé: L IVv|?dx =« }.
4 Rz 2 IRZ

Any minimizer v for I, (k) is such that there exists ¢ > 0 satisfying (TW.)(v(-/c)) = 0. In two
dimensions and for the Ginzburg—Landau nonlinearity, existence of minimizers for « > 0 is established in
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Theorem 1.2 there. Furthermore, it is shown in [13] (see Proposition 8.4 there) that if p > O and if U is a
minimizer for Epn;, (p) with speed ¢, then U (c - ) is a minimizer for Iy, (x) with k = % fR2 |VU |? dx (this
last quantity is scale-invariant in two dimensions) and /i, is differentiable at this «, with Ir’nin(/c) =—1/ 2.
Since Q. is a minimizer for Eni,(P2(Q.)), if we prove that ¢ — %fRz IVO.|?dx is a decreasing
Cl—diffeomorphism from ]0, ¢g], for some small ¢y, onto [«q, +00[, with «q := % fW |VQCO|2 dx, then
we shall conclude that Iy, is of class C! on [kg, +00[, and that (by the arguments in [13]) the only
minimizer for x = % f[RaZ |V Q.|?dx (for some suitable ¢ € 10, cg]) is Q.(c - ) up to the natural translation
and phase invariances and, in addition, Iélin(/c) =—1/ ¢%. In order to prove that statement, it suffices to
use the Pohozaev identity (2-2) and deduce
cPy(Qc)

1 24y = _1 10,2 dx = _ el
2/WIVQCI dx =E(Q.) 4/[;@2(1 1Qcl")" dx = E(Qc) R

Therefore, by using the Hamilton-like relation %E (0. = cj—c P>(Q.) and then the asymptotics of

¢ — P>(Q.) obtained in [15], we arrive at

d 2, _d _cd 1 _cd 1 2
ZTZC/WWQA dx = Z-(E(Qc) = 55-P2(Qc) = 5Pa(Qc) = 5= Pa(Qc) = 5 P2(Qc) — <0.

The paper is organized as follows. In Section 2, we give the proof of the uniqueness result given in
Proposition 1.8. Section 3 is devoted to the vortex analysis of traveling waves with energy Enin(p) +O(1),
that are even in x;, in order to show that they satisfy the hypotheses of Proposition 1.8. Section 3D
contains a few remarks on the nonsymmetrical case. Finally, in Section 3C, we provide some decay
estimates slightly away from the vortices. For the Ginzburg—Landau (stationary) model, such estimates
were first given in [35] for minimizing solutions and later generalized in [18] to nonminimizing solutions.
They improve some estimates in [14] and are not specific to the way we construct the solutions.

2. Proof of the local uniqueness result (Proposition 1.8)

This section is devoted to the proofs of Proposition 1.8 and Corollary 1.10. The proof of Proposition 1.8
uses arguments from the proof of [15, Theorem 1.14], another local uniqueness result for this problem,
but in different spaces. We explain here the core ideas of the proof.

Let us explain schematically the proof of Proposition 1.8. We first pick ¢/, X, ¢’ in such a way that
0=0.(-—-X )e'” has the same vortices as u. This is possible because ¢ — d,, the position of the
vortices, is smooth. We then use the decomposition u = Qe¥, where 1/ is the error term. This cannot be
done near the zeros of Q, but we focus here on the domain far from the vortices.

The equation satisfied by i is then (TW,)(u) =0 = (TW,.)(Q) +L(¢) + NL(¥), where we regroup
the linear terms in L and the nonlinear terms in NL, and (TW,)(Q) # 0 because ¢ # ¢’. We then take the
scalar product of this equation with v, and we get 0 = ((TW,)(Q), ¥) + Bo(¥) + (NL(y/), ¥). Now,
the coercivity of By has been studied in [15]. It holds (for even functions in x1) up to three orthogonality
conditions, which can be satisfied by changing slightly the modulation parameters ¢/, X, y. We deduce
that Bo(y¥) > K||1p||% for some norm || - ||;.
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There are two main difficulties at this point. First, since the hypotheses on u in Proposition 1.8 are
weak, we simply have ||[v||; < +00, but not the fact that it is small. Therefore, an estimate of the form
{(NLW), ¥)| < K¢ ||% would not be enough to conclude. Secondly, the norm || - ||; is rather weak, and
in fact (NL(v), ) cannot be controlled by powers of ||{/]|;.

Concerning the term ((T W,.)(Q), ¥), we may show that we always have |c — ¢/| < o(1)||¥]1, and
thus [((TW.)(Q), ¥)| < 0(1)||¢||%. Therefore, we are led to

§||w||% SA(TW(Q), ¥) + Bo () = —(NL(¥), ¥).

Then, even if ||1]|; is not small, by the hypotheses of Proposition 1.8, ¢ will be small in other (nonequiv-
alent) norms. Let us write one of them || - ||,. Our goal is then to show an estimate of the form
|[(NL(y), )| < K || |l2 |||, which would conclude the proof. This is possible, except for one nonlinear
term, which contains two derivatives. We then perform some integrations by parts on it. When both
derivatives fall on the same term, we get a term containing A, which also appears in the equation
0= (TW.)(Q)+L(¥)+NL(y) (in L(y)). We thus replace it using this equation, which leads to another
term containing two derivatives (from NL(v/)), and other terms that can be successfully estimated. After
n such integrations by parts, we have an estimate of the form

[NL@), ¥ < K1Y 2l T+ 1w s v 5 1w T,

where || - ||3 is another (semi-)norm in which i is not necessarily small. Now, taking n large enough
(depending on ), since [[¥]l> < 1, we get |(NL(y), ¥)| < o(1)[¥[|2, concluding the proof.

The problem is a lot simpler near the vortices. There, we write u = Q + ¢ and the coercivity norm is
equivalent to the H' norm, and the hypotheses of Proposition 1.8 give us ||¢ ||z~ = o(1). The estimate of
the nonlinear terms then becomes trivial.

As stated in the Introduction, the symmetry condition is necessary to have a coercivity result where the
coercivity constant is uniform; see Corollary 2.6 below. This is the only place where the symmetry is
used in a crucial way.

2A. Some properties of the branch of traveling waves from Theorem 1.6. We recall here properties on
the branch ¢ — Q. from Theorem 1.6, coming mainly from [14; 15]. In this section, we will use the
notation

()= [ e

2A1. Properties of vortices. We start with some estimates on vortices, which compose the traveling wave
(see Theorem 1.6).

Lemma 2.1 [12; 26]. A vortex centered around 0, V(x) = p1(r)e'?, satisfies V1(0) =0, E(V}) = 400
and there exist constants K, k > 0 such that,

forallr >0, 0 < pi(r) <1, pi(r) ~rsokr, pi(r) ~rok,

1
forallr >0, pi(r)>0, pi(r)= 0r->oo(r—3>, o] (N4 1p]" (NI < K,
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1 1
I—=|Vix)|= ﬁ+ 0r—>oo(r—3>,

K

K
VVI| < ——, VW< —,
14r (147r)2

. x+ 1
VVix) = lVl(x)r_2 + 0> r_3 ,
where x* 1= (—x2, x1), x =re'’ € R%. Furthermore, similar properties hold for V_1, since
Voi(x) = Vi(x).

2A2. Toolbox. We list in this section some results useful for the analysis of traveling waves for not
necessarily small speeds.

Theorem 2.2 (uniform L bound [19]). Assume that U € L?OC([R{d) solves

AU +ichU+U(1—|U») =0.
Then,

2
1U ey < 1+ G-

Corollary 2.3. There exists K > 0 such that, for any ¢ € [—+/2, +~/2] and any U € Lfoc(Rd) satisfying
(TW,)(U) =0, we have
IVU Il ooty + IV2U |l Lo ey < K- 2-1)

The following Pohozaev identity (see [10] for instance) will be useful in our analysis. If ¢ € R and
U € € satisfies (TW,.), then

1/ (1= U dx =cPy(U). (2-2)
2 RZ

We shall also make use of the algebraic decay of the traveling waves conjectured in [28] and shown
in [24].

Theorem 2.4 (algebraic decay of the traveling waves [24]). Let ¢ € [0, «/5[. Assume that U € € is a
solution of (TW,)(U) = 0. Up to a phase shift, we may assume U (x) — 1 for |x| — +00. Then, there
exists M, depending on U and c such that, for x € R?,

U(x) -1 < IVU ()| < U @)= 1] <

(1+|xp?’ (1+x)?

2A3. Symmetries of the traveling waves from Theorem 1.6. We recall from [14] that the traveling wave Q.

L+ x|’

constructed in Theorem 1.6 satisfies, for all x = (x1, x2) € R2,

QC(xl’ x2) = QC(_xls x2) = Qc(xls _x2)~

This implies that, for all x = (x1, x) € R2,

0:Qc(x1, x2) = 0. Qc(—x1, x2) = 0. Qc(x1, —X2),
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axl Oc(x1,x2) = _axl Qc(—x1,x2) = axl Qc(x1, —x2),
Ox, Oc(x1,x2) = Ox, Oc(—=x1,x2) = — 0y, Oc(x1, —x2),
0t Qc(x1, x2) = =001 Qc(—x1, X2) = =01 Qc(x1, —Xx2),

where 9,1 Q. :=x+.V Q,; see Section 2.2 of [15]. Note that these quantities all have different symmetries.

2A4. A coercivity result. From Proposition 1.2 of [15], we recall that Q. defined in Theorem 1.6 has
two zeros, at +d,¢;, with

de —d. = 0c0(1). (2-3)
We define (as in [15]) the symmetric expended energy space by

Hp?" :={p € Hy (R*, C) : llll e < oo for all (x1, x) € R%, @(—x1,x2) = p(x1, x2)},

where, with ¢ = Q. ¥, 7 = ’:ill- = min(7, 7_1), 7+ being the distances to the zeros of Q. (we use 7
instead of r; to simplify the notation here), we define

i45

2 2
o = Ilwllme}ﬁL VYR +REW) + 5

/

By using (2-1), we deduce, for any R > 0, |l¢|lg1gr<ry < K(R)||(p||H5xp. The linearized operator
around Q. is

Lo (¢) = —Ap —icdng — (1 =10c)p +2Re(09) O
We take a smooth cutoff function 7 such that

S (x) = 0 onB(id e, 2R),
e on R2\ B(+d,;, 2R + 1),

where :I:cZCE 1 are the zeros of Q. and R > 0 will be defined later on (it will be a universal constant,
independent of any parameters of the problem). We define the quadratic form (as in [15])

B,P (p) := /Rza — D (IVel* —Re(icdy,@p) — (1= QP +2Re*(Qcp))
- /R Vil (Re(VQ QY I* —2Tm(V Q. 0c) Re(y) Im(y))
+ [ oo malof
+fRz AIVY 1 Qcl* + 2R (W) Q)

+ /Rz 7(4Im(V Q. 0c) IM(VY) Re(W) + 2¢| Q. [* Tm(Dy, ) Re(y)). (24

We recall from [15] (or by integration by parts) that, for ¢ € C2° (R?, C), we have BeQ)? (@)=(Lg.(¢), p)
and that BeQxf (p) is well-defined for ¢ € H, SZP’S. This last point is the reason why we write the quadratic
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form as (2-4), which is equal, up to some integration by parts, to the more natural definition

fz IVl = (1= 1Qe)lpl’ +29Re*(Qep) — Relic i, 0P),
R

exp,s

but this integral is not well-defined for ¢ € H, ™. See [15] for more details on this point. We now quote

the following coercivity result:

Theorem 2.5 [15, Theorem 1.13]. There exist R, K, cy > 0 such that, for 0 < ¢ < cg, Q. defined in
Theorem 1.6, if a function ¢ € H gip’s satisfies the three orthogonality conditions

9%/~ ~ ach</3=9%e/~ 0,005 =0,
B(dfgl,R)UB(—dfgl,R) B(dcgl,R)UB(—dcgl,R)

me/ ) . i0.¢=0,
B(d.e,,R)UB(—d.€1,R)

1
w10 lher = Bo @) = Klgle.

then

We will use a slight variation of this result, given in the next corollary.

Corollary 2.6. There exist R, K, cy > 0 such that, for 0 < ¢ < cg, Q. defined in Theorem 1.6, if a
function ¢ € H gip’s satisfies the three orthogonality conditions

me/ Ba(Vi(- —dénVo (- +da>>d=dc¢=%e/ 9,007 =0,
B(dL-El,R)UB(de-El,R) B(dC-El,R)UB(de-El,R)

Re f i0.5=0,
B(dL-El,R)UB(de-El,R)

1
g 1@l > BoI (@) = Klgl e

then

Note, with Theorem 1.6 (for p = +00), that —(1/¢?)34(Vi(- — dé))V_1(- + dé1))ju=a, is the first
order of 3. Q. when ¢ — 0 in L>®(R?, C), and that (with Lemma 2.1) they both have the same symmetries.

We need to change the quantity NRe 9. Q. ¢ in the orthogonality conditions because

fB(c?(ZhR)UB(—cLZ.,R)
we will differentiate it with respect to ¢, and

cr>04(Vi(- —deé))V_i(- +déy)) =3, Vi(- —dce)V_1(- +dee) 40y, Vo (- +dee))Vi(- —dcer)

ld=d. —

is a C! function (¢ — d, € C'(]0, ¢o[, R) for ¢y > 0 a small constant (see Section 4.6 of [14]), but it is
not clear that ¢ — 9. Q. can be differentiated with respect to c. Precise estimates on

da(Vi(- —de)V_i1(- +dé1))a=a,

can be found in Lemma 2.6 of [14]. Furthermore, we changed, in the area of the integrals, cic to d. (they
are close when ¢ — 0, see (2-3)).
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Proof. Step 1: changing the integrand but not the integration domain. Take a function ¢ € HSZP’S
satisfying
9%/ i ) da(Vi(- —de)V_i(- +dé1))ja=a, ¢ = 9%[ i i 0x, Qc 9 =0,
B(d.é1,R)UB(—d.é,R) B(d.é¢1,R)UB(—d.¢1,R)

i)%e/ i i iQ.¢=0.
B(d.é,,R)UB(—d,é,R)

exp

Let us show that it satisfies (l/K)II(pllzexp = B, (p) > K||<p||H(e2xp. For 1 € R, we define
0c ¢ e
0" =@+ ud Q.

We have that 0. Q. € H gcp **. We want to choose € R such that ¢* satisfies the hypothesis of Theorem 2.5.
By the symmetries of Section 2A3 and the hypotheses on ¢, we have that

ﬂ%e/~ i iQCgF:D%e/~ i 0, Qe 0* =0,
B(d.é1,R)UB(~d.é1,R) B(d.é1,R)UB(~d.é1,R)

and we compute, using

’ﬁe/ ) (G —dénva (- +dén),_, ¢ =0,
B(d.é1,R)UB(—d.é),R) c
that

Re / ~ 29,0, ¢*
B(d.é;,R)UB(—d,é1,R)

:gm/ ) ) czacQCgZ)—i-uSRe/ i i 9. Q.
B(d.é1,R)UB(—d.é|,R) B(d.é;,R)UB(—dé|,R)

— e / ~ (P800 — 84(Vi(- —dE)Voi (- +dE)) )@
B(dcgl,R)UB(—dCE],R)

+,me/~ Mo
B(d.é;,R)UB(—d.é;,R)

By Theorem 1.6 (for p = +00) and Lemma 2.6 of [14], we have

[*0:0c = 3a(Vi(- —denVoi(- +déD) ,_y | ey = 0c—0(D),

and also that there exists a universal constant K > 0 (we recall that R > 0 is a universal constant) such

that
1 me/ 3.0, < K.
K B(d.é,,R)UB(—d.é|,R)
Now, taking
—Re fB(gcé'l,R)UB(—gcé'l,R) (Czac QC - 8d(V1( C dgl)v—l( -+ dgl))\d=dl;)¢
p= 1 > :
Re fB(Jcél,R)uB(—JCEI,R) 9. Qcl
we have
me/ 29,0, ¢* =0,
B(d.é,R)UB(—d.é,R)
with

|| < OC—>0(1)”(p”LZ(B(a?Ca,R)UB(—a?cEl,R)) < 0c—>0(1)”§0”1-18‘f-
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Since 0. Q. € H gip’s by Lemma 2.8 of [15], we deduce that ¢* satisfies all the hypotheses of Theorem 2.5;
therefore

1 *x12 exp *112
xlle ”H;,*P > B, (") > Klg IIHgf.

Now, from Lemma 6.3 of [15], we have 1/K < ||c23. Q.|| HEY S < K for a universal constant K > 0. With
| < oc—o(D)|ell HE?> WE deduce that, taking ¢ > 0 small enough

exp . x
E”w”HEXCP = BQc (p™) = K”‘P”Hap
for some universal constant K > 0. Now, we have the decomposition (using Lemmas 6.2 and 6.3 of [15])
BoP(p*) =BG (9 + c2pnd. Q)
= B (9) +27 (Lo, (3 00). ) + P BEP (3 00,

and by Lemmas 2.8, 5.4 and 6.1 of [15],

. 1
(L. (000, @) = 1{iy, 0. 9)] < K In( 2 )l o
hence
2620, (0:00. )| < KeIn( 3 )l lgo < oco (DIl

By Proposition 1.2 of [15], e"P(a 0.) = 2m 4+ 0.—0(1))/c?; thus
' BT (8. Q) < 0cso(D @] 3,00,
Qc

which concludes the proof of (1/K) ||<p||12L1exp > eXp((,0) K ||go||ilexp by taking ¢ > 0 small enough.
Qc Qc
Step 2: Changing the integration domain. To change the conditions

9%/ i i da(Vi(- —de)V_i(- +dé1))ja=a, ¢ =£Re/ N N 0x, Qc 9 =0,
B(d,#1,R)UB(—d.é|,R) B(d.€1,R)UB(—d.é1,R)
Re / i0.6=0
B(d.é;,R)UB(—d.é,R)
to
9%/ da(Vi(- —de)V_i(- +dé1))ja=q, ¢ = 9%/ 0, Qc9 =0,
B(d.é,R)UB(—d,é1,R) B(d.é1,R)UB(—d.é1,R)

Re / i0.¢=0,
B(d.e;,R)UB(—d.e|,R)

we use similar arguments, using |d. — dcl = 0.-0(1) by (2-3). We check for instance that

e [

aszcga_me/ aszC@

< K(R)|de —d.| gl g
B(d.%,,R)UB(—d,2,R) Qe

B(d é1,R)\UB(~d.é1,R)

and |de —d¢| = 0c—0(1).
Notice that the integration domain remains symmetric with respect to the x,-axis. U
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2B. Proof of Proposition 1.8. In this subsection, we take v € ]0, 1[ to be a small but universal constant,
which will be fixed at the end of the proof. We take

1
A = max<3R +1, —2)
v

in the statement of Proposition 1.8 (where R > 0 is defined in Corollary 2.6). Then, for any A > A,, we
take

1
) = min(v, ——
¢®) mm(”’ 10,\2+100>

in the statement of Proposition 1.8. The condition (1) < 1/ (1042 + 100) is required only to make sure
that the two balls B(dée;, 2A) and B(—dey, 2)) are disjoint and at a distance at least 1 from one another.
This will be used only in the proof of Lemma 2.8.

We take u a function satisfying the hypotheses of Proposition 1.8 for these values of 1., A and €(A). In
the rest of the subsection, K, K’ > 0 denote universal constants, independent of any parameters of the
problem (in particular, A, A,, €(A) and v).

2B1. Modulation on the parameters of the branch. From Theorem 1.1 and the end of Section 4.6 of [14],
we have that Q. = Vi (- —d.e1)V_1(- +dce)) +T¢, with de = (1 +0.-0(1))/c, IIT¢llL~ — 0, and

cr>d. € C' (10, co[, R),

with d.d, ~ —l/c2 for ¢ — 0 (see Section 4.6 of [14]). In particular, ¢ +— d, is a smooth decreasing
diffeomorphism from ]0, cg] onto [dy, +00[, and thus, given d > 1/v > dy (for v small enough), there
exists a unique ¢’ > 0 such that d. = d. In addition, ¢’ ~4_,, 1/d < Kv. Furthermore,

u(x) — Qo (x)=Vi(x —de))V_i(x +de)) +T'(x) — Vi(x —dpe)V_i(x +deer) — T (x)
=I'(x)—-To(x).

From the hypotheses on I, and the fact that || || ;oo (r2y < 2v (since ¢’ < 2/d < 2v), we deduce that (we
write 7 = ry = rq, to simplify the notation)

U — QellLei<ary < Kv.
Since (1 4+ 0y —9(1))/¢’ =d- = d by Theorem 1.6, and |dc — 1] < v, we have
dlc—c'| < Kv. (2-5)
We now claim that, for a universal constant K > 0,
lu— Qc’||C'({F<A}) < Kv. (2-6)

That is, u is close to Q. near the vortices (in the region {# < A}) in the C ! norm and not only in L*. In
order to show this, we use the elliptic equation satisfied by u — Q, that is,

Al — Qp) = —icdy—Q¢) — - Q)1 —ul®) + (ul* = Q1) Q0.
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Let us fix x € {F <A}. We have |u — Q¢ || L~i<2:)) < K'v by hypothesis; thus the right-hand side of the
equation is small in H —1(B(x, 4)). By a standard H I'— H~1 estimate, we deduce

lu — Qe ll g (3 < K'v.
Then, the right-hand side is small in L2, and standard L? elliptic regularity yields first

lu — Qcrll 2,2y < K'v
and then

lu — Qe ll w3 Bx,1y < K'v,
and we conclude by Sobolev imbedding.

Outside of this domain, u and Q. are close only in modulus. Indeed, by equation (2.6) of [15] (for
o= %) and the hypotheses on u, we have for a universal constant K > 0 that on {r > 1},

<|lul =1+ [1Q¢1 —1| \u+w2 <K'v.

|lul — Q¢

Now, we modulate on the parameters of the family of traveling waves to get the orthogonality conditions
of Corollary 2.6. For ¢” > 0 close enough to ¢’ and X, y € R, we define

Q=0 (- — Xér)e”. (2-7)

Lemma 2.7. There exist K > 0, vy > 0 universal constants such that, for u satisfying the hypotheses of
Proposition 1.8 for values of Ay, A, €(X), v described above, if v < vy, then there exists ¢’ >0, X,y € R
such that, for R > 0 defined in Corollary 2.6, and dy := +d.re| + X e,

9%/ _ ~ 3d(V1(- —dey — Xeé))V_1(- +de; —ng)ei )\d —d (u 0)
B(d.,R)\UB(_,R)

=5Refﬁ ] 3xZQ(u—Q)=fRe/q  iQu=0)=
B(,,R)UB(@_,R) B(.,R)UB(@_,R)

|c” C’I

Furthermore,

+IX[+Iyl<
Proof. To simplify the notation, in this proof, we define
0V = 04(Vi(- —dé; —Xe)V_i(- +déi + Xéne'”) ,_, .

We will keep the notation 7 for the minimum of the distance to the zeros of Q.
First, from equation (7.5) of [15], there exists a universal constant K > 0 such that, for ¢’ < cy,
c/2<c” <2,

c| +|y|>. 28)

|//

19 = QcliL=me) < K(IXI +
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Now, we follow closely the proof of Lemma 7.6 of [15], which is done in Appendix C.3 there. We define

X NRe f3(3+,R)u3(3_,R) 0y, Q(u — Q)
Gl = iﬁefB(ng RYUB@_.R) 3V (u— Q)
NRe fB(d+ R)UB@_.R) L O(u— Q)

Note that Q, 9;V and c_ii all depend on X and ¢”, and Q depends also on y. From (2-6) and the fact
that A > A, > 2R, we have |u — Q¢ |l~(7<ry < Kv, and from Theorem 1.6 with p = 400, as well as
Lemma 2.6 of [14],

10, Qcrll Loy + 110a VI Loy + 11 Qe | o w2y < K (2-9)
for some universal constant K > 0. Therefore, since Q = Q. for X =y =0, ¢” = ¢/, we obtain

0
G| || <Klu—Qcllregi<iy < Kv.
0

We want to show that G is invertible in a vicinity of (0 ¢’ 0)T. With (2-6) and (2-8), we check that (we
recall that 7 = min(|x — d4 |, |x —d_|))

lu— QllLeqr<ary < llu — Qe lliL=i<ery + 110 — Ol Lome)

|c//_c/|
< Kv+ K (IX1+ = +Ivl).

and as in Lemma 7.1 of [15], this implies

|C//_C/|
IIM—QIICI({;gRD<KV+K(|X|+ o Tl (2-10)

Now, we compute

8x<m€f . . asz(u_Q)) _/ - -
B(dy,R)UB(d_,R) B(dy,R)UB(d_,R)

</ . . |8x2Q(u—Q)|+/a . I8 Q(u— Q).
3B(d.,R)UIB(_,R) B(dy,R)UB(d_,R)

Therefore, with (2-1) and (2-10), we check that

X2

|3xZQ(u—Q)|+/ ]

B(dy,R)UB(d_,R)

|C//_C/|
/ - ﬁ |05, 0(u— 0)] < Kv+K(|X|+ >— +vl);
0B(dy,R)JIB(d-,R) Cc

hence

E)X(S)%e/q 9,00 Q)) / ]
B(d+,R)UB(d-,R) B(d+,R)UB(d-,R)

5 |C//—C/|
KK (IXIH——+Iyl).

X2
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With similar computations, using Lemma 2.6 of [14], (2-1) and (2-10), we infer that

2
fB(ng,R)UB([_i,,R) |8X2 Q| ICH B C/|

0xG — | Re [y, musi p 0V Q || < Kv+ K(IXI et |y|).

Re [, ryusd k) Q0% Q

By the symmetries of Q(- + Xé;)e™'” and 3,V (- + X&;)e"”, we have that

%e/ 3 V0,0 =0,
B(dy,R)UB(d_,R)

and from Theorem 1.6 (with p = 4+-00), with the symmetries of Q. and V; (see Sections 2A1 and 2A3),

we have
. . |C” _ C/|
9%/ 3 ) zanZQ—Z%ef iVio, Vi| < KX+ > .
B(d4,R)UB(d_,R) B(0,R) c

By decomposition in harmonics and Lemma 2.1, we check easily that fRe |’ BoO.R) V1 0x, V1 = 0; thus

R - 2
fB(dJr,R)uB(d,,R) |0x, O

|C//_c/|
xG — 0 SKvHK(IXI+=——+1rl).
0

Similarly, we check that (using d.(d;) = (—1 + 0.-¢(1))/ ¢2 from Section 4.6 and Lemma 2.6 of [14])

O /7 /
2 —C
?0::G — | o, .pud_.x) 19V <Kv+K(|X|+' = |+IVI)
0

(we use here the fact that ¢ — 9;V and ¢ —~ c_ii are differentiable) and
0 | " C/|
0, G — 0 <KU+K<|X|—|— ) —|—|y|).
2 c
- fB(L,R)UB(J,,R) 19

From (2-1) and Theorem 1.6 (for p = 4-00) as well as Lemma 2.6 of [14], there exists a universal constant

K > 0 such that
<[ 18,0 <K,
B(dy,R)UB(d_,R)

< | | VIF LK,
B(dy+,R)UB(d_,R)

= xl= xI—

<,
K B(dy,R)UB(d_,R)

provided | X| 4 ¢” is small enough. We deduce that there exists K, K3, vg > 0 such that, for 0 < v < vg

101> <K,

and u satisfying the hypotheses of Proposition 1.8 with the parameters A, v, dG is invertible in the ball

| " _ /l

{(X,C//,V)€R3I|X|+ +|V|<K1V},

C/2
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and there exists X, ¢”, y € R such that

X
Gl | =0,
14
with
|C//_C/|
5 + 11X+ |yl < Kov. O
c

2B2. Construction and properties of the perturbation term. We define n a smooth cutoff function with

0 forx € B(dy,2R),

nex) = {1 for x € R2\B(+d, 2R + 1),

which is even in x;. We infer the following result, where the space H ZXP’S is simply defined by

Hy?* = {p € H(R%, ©) : |l o < +00 for all (x1, x2) € R, ¢(=x1,%2) = ¢ (x1, 1)},

with, for 7 the minimum of the distances to the zeros of O, ¢ = Q,

2
I 2 2 4
1010 = 1013110 + f{ IR R e
and ng has the same definition as BCQXCP, replacing 7 by n and Q. by Q.

Lemma 2.8. There exist K1, K, > 0, vy > v; > 0 universal constants such that, for u satisfying the
hypotheses of Proposition 1.8 for values of Ay, A, e(A), v described above, if v < vy, then there exists a
function o = QY € H g(p’s N CY(R%, C) such that, for Q defined in (2-7) with the values of ¢, X, y € R
Jfrom Lemma 2.7,
u—Q=~1-me+n0eE’ 1.
Furthermore,
B (p) = K. ||<p||§,3p
and
lellcrr<oy + I Re(W) || Loz < Kav.

The goal of this lemma is to decompose the error u — Q into a particular form. In the area {n = 1}, that
is, far from the zeros of Q, the error is written in an exponential form: u = QeY. This form was already
used in [14; 15], and it is useful to have a particular form on the cubic error terms. Furthermore, we fix the
parameters of Q such that ¢ satisfies the orthogonality conditions of Corollary 2.6, yielding the coercivity.

Note that we have no smallness on Jm(y) in {r > A}, where ¢ = Q. We will simply be able to show
that it is bounded (see (2-11) below), with no a priori bound on it. This lack of smallness is one of the

exp,s

main difficulties in the proof of Proposition 1.8. Analogously, we show that ¢ € H,™", but we have no
good control on ||¢|| HEP this quantity might be a priori very large at this point.

Proof. This proof follows some ideas of the proofs of Lemmas 7.2 and 7.3 of [15]. First, in the area
{7 < A}, the proof is identical to that of Lemma 7.2 of [15] for the existence of ¢ = Q¥ € C!({F < A}, )
such that u — Q = (1 — ) + Q¥ — 1) in {F < A}, with lellcrr<iy < Kv (this is a consequence of
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the estimate |lu — Q|| ¢17<sy) < Kv, obtained using Lemma 2.7). The main idea is that u — Q is small
there (in C' ({7 < A}, ©)), and the equation on ¢ is a perturbation of the identity for functions ¢ that are
small in C!({ < A}, C). In particular, since u and Q are symmetric with respect to the x,-axis, ¢ and ¥
are also symmetric with respect to the x;-axis.

We then focus our attention in the area {r > A}, where n = 1, so that the problem reduces to the equation

u= Qew.

By Theorem 1.6 and the hypotheses of Proposition 1.8, there exists v; > 0 such that, if v < vy, then, as a

1
)\’ < i b b
e(h) m1n<v1 o2 100)

consequence of

the domain {7 > A} consists of the complement of the two disjointed disks B(Ji, ), with

0124, =1 in{F=a
and
deg(Q, dB(d+, 1)) = deg(u, dB(ds, 1)) = *1,

so that u/Q is smooth in {F > A} = R2 \ (3(34_, AU B(j_, 7)), does not vanish and has degree zero on
the two circles 0B (c_ii, A). It then follows from standard lifting theorems (even though {7 > 1} is not
simply connected) that there exists v e C'({f > 1}) such that eV =u /Q, as wished. We then notice that
u and Q are symmetric with respect to the x;-axis; thus x t//T(—x 1, X2) is also a lifting of #/Q in the
connected set {F > A}, which implies that there exists ¢ € Z such that lﬂ(—xl ,x2) =T (xg, x2) + 2igm
in {7 > A}. Letting x; = 0, we obtain ¢ = 0; v is also symmetric with respect to the x,-axis.

Recalling that i := ¢/Q in the set {A <7 < 21} (where Q does not vanish), we see that, since
n = 1 there, the equation u — Q = (1 — )¢ +nQ(e¥ — 1) becomes u = Qe¥. We then infer that there
exists m € Z such that ¥ = 7 + 2im in the connected annulus B(J+, 20)\ B(L_i'_i_, A). By symmetry
in x1, this is also true in the annulus B(ci_, 20)\ B(ci_, A). It then suffices to extend i by the formula
Y =¥ +2imm in {F > A} to obtain the formula u — Q = (1 — n)¢ +nQ(e¥ — 1). In the region {7 > A},
the relation u = Qe yields

Hew) _ | 1.
Q
thus, taking the decomposition
u ul—1)— -1
‘_ =1Jr|ul_lJr(l |I-D -2l )’
0 10
since there exists a universal constant K’ > 0 such that in this region
-1 - -1
| — 1+ (Jue] )|Q|(|Q| )‘ <K'v,

we deduce that, for v < vywith v; small enough,

| Re(W) |l Le(rzry < Kv.
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Since u is a traveling wave and E (1) < 400, u converges to a constant at infinity (uniformly in all
directions) by [24]. Therefore, u/Q converges to a constant at infinity, and the function v converges to a
constant, and thus it is bounded near infinity, that is,

11l oo 7=y < 400. (2-11)
Now, we want to show that ¢ € H ;XP’S. We already know that ¢ satisfies the symmetry,
for all (x1, x2) € R?,  ¢(=x1,%2) = p(x1, x2).

Furthermore, to check that || ¢]| HE? < +o00, since ¢ € C1(R?, C), we only have to check the integrability
in {¥ > A}, where e¥ = u/Q. We check that there, with (2-11),

2
[
F=a) 72 In”(F)

Now, using Theorem 11 of [24] (we recall that E(u) < 400, E(Q) < 400),

"
e gy = PO 11y — 1) < K202

10| (1+7r)?
where K (u, ¢, Q, ¢””) > 0 is a constant depending on u, ¢, ¢’ and Q; hence
K(u,c, Q,c")
R < —>-
IReW)| < =
and
K(u,c, Q,c")
Re* () < / AR S
(7>1) = (L+n)?
We finally compute
Vu VOQ
Vi = — — —=,
u o
and with Theorem 11 of [24], in {F > A}, we deduce that
Vu \Y%
A+r?|Vy | < (1 47r)°|— ‘ +(1+r) QQ‘ K(u,c, Q,c");

therefore

/ IV |2 < 400.
{F=1)

This concludes the proof that ¢ = Qv € Hg(p’s. The fact that Bg(p(w) 2K ||<p||§{exp is a consequence of
Corollary 2.6 and Lemma 2.7, using in particular that ¢

ByP(@) =By (0(- +Xe)e™) and gl = l@(- +Xer)e™ [ yo0 . O

We now compute the equation satisfied by ¢. By Lemma 2.8, in {0 <n <1} ={2R <7 <2R+ 1}, we
have | Re(Y)| = | Re(p/ Q)| < Kv uniformly; thus |[e¥*¥) — 1| < Kv uniformly in this region and then
(1 —n)+ne’| > % for v < vy, possibly diminishing v; of Lemma 2.8.
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Lemma 2.9. For u satisfying the hypotheses of Proposition 1.8 for values of A, A, €(L), v described
above, if v < vy (Where v is defined in Lemma 2.8), then the function ¢ = Q1 defined in Lemma 2.8
satisfies the equation

Lo(p) —i(c—c")éx.H() +NLioe (V) + F () =0,
with L the linearized operator around Q: Lo(p) = —Ag —ic" 3,0 — (1 —|Q1)g +2Re(09) O,
S() =T — 12 Re(y),
F() == Qn(=Vy.V{ + Q1P S(W)).

V(QY)(1 —n) + QVyne’
(1—n)+nev

and NLioc (V) is a sum of terms at least quadratic in , localized in the area where 1 # 1. Furthermore,
|(NLioe (%) Q)] < K| NLioe () | 21 0l <1py < K012 211

Notice that F'(1) (the notation X.Y for complex vector fields stands for XY, + X,Y>) contains all the
nonlinear terms far from the zeros of Q, and its structure relies on the fact that the error is written in an

H):=VQ+

exponential form far from the vortices. Close to the zeros of Q, this particular form does not hold, but it
will not be necessary, since there the error ¢ is small in the C!' norm, whereas, at infinity, it is small only
in a weaker norm.

Proof. The proof is identical to the proof of Lemma 7.5 of [15], and it is in the particular case where all
the speeds are along é,. The proof consists simply of decomposing the equation

0= (TW,)(u) = TW.(Q + (1 — g +n0(e’ — 1))

into the different terms.
The last estimate uses Lemmas 2.8 and 2.7. |

This result shows in particular that i € C*({n # 0}, C), and we can check with it, as in Lemma 7.3
of [15], that [| Ay (1+7r)?[| (=2 < K, Q. ¢, c”).

We now infer a critical estimate on the differences of the speeds of the problem, namely c (the speed
of u) and ¢” (the speed of Q). The method for the estimate has been used in [15] (we take the scalar
product of the equation of Lemma 2.9 with d. Q), but since we have worse estimates on the error term,
we need to be more careful (||¢]| HEP is not a priori small at this point).

Lemma 2.10. There exist universal constants K > 0, vy = v, > 0 (where vy is defined in Lemma 2.8),
such that, for u satisfying the hypotheses of Proposition 1.8 for values of A, A, (1), v described above, if
v < vy, then, with ¢ = QV defined in Lemma 2.8, we have

Vi
¢ — el S KVl -
Proof. First, from (2-5) and Lemma 2.7, taking v > 0 small enough, we have

" —c| <" = |+ | —c| < K. (2-12)
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‘We will show the estimate

¢ = el <K (<" n( 27 lglyge + oIy ) + K1 = clligl e 2-13)

This is related to equation (7.13) of [15] (its proof is in Step 1 in Section 7.3.1 of [15]). With both
estimates, we can conclude the proof of this lemma. Indeed, either ||¢|| HEP > /¢, and in that case

" —cl < K" < KN c"lloll g,

or IIgDIIHpr < +/c¢”, and then with (2-13),

¢ = el <K (<2 n( 5 ) lglge + Iolyes) + K1 = cllgl e
<KV gl gge +Cov/ele" —c|
Therefore, for ¢” > 0 small enough such that Co+/c” < % (which is implied by taking v > 0 small enough,

independently of A), we have |¢” —¢| < KWW”HZ‘"'
We now focus on the proof of (2-13). We take the scalar product of the equation

Lo(p) —i(c—c")ér.H(Y) +NLioc(y) + F(¥) =0

with ¢”?8.» Q. We estimate, as in Section 7.3.1 of [15], that

. 1
(Lo(@), "0 0)] = ", Lo (e Q) =" l(@, 10, 0) < K" In( )¢l

We recall that
3, (QY) (1 —n) + Qdy, Yne”
(1 =) +ne¥

and we check that (estimating the local terms in the area where n # 1 by Cauchy—Schwarz and

"% e Qll Loy < K from Theorem 1.6 for p = +00 and Lemma 2.6 of [14])

(¢ — ") (ier H(), ¢"*0r Q) — (¢ — ") (i, Q. "0 Q)]
<K (le ="l ey + (e = Y0 Qidy, ¥, "9 Q)])
<K(le="lllplgge + (e = Y Qidy . >0 Q)))-

i€y H(Y) =10y, 0 +1i

We recall from Section 7.3.1 of [15] (using decay estimates on "2 QQ and integrations by parts), that

(e =Y Qid v, "0 Q)| < Ko = ¢"lll¢l e

and, from Proposition 1.2 of [15] (we check easily that the translation and phase on Q instead of Q. do
not change the computation),

(€ —c")(i0, 0, "0 Q) = 21 + 000 (1)) (c — ") = 27 + 0y 0(1)) (€ — ).

We deduce that, taking v > 0 small enough (independently of 1), that

=1 < Ke (5 )glyge + Kle = gl o + K1 NLie (W) + F (), €005 0)1.
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We take v, > 0 with v, < vy such that all the above conditions on the smallness of v are satisfied if
v < vp. Since NLjoc (%) contains terms at least quadratic in ¢, [[@|lc1 21y < C3v from Lemma 2.8 and
"%, Q || Lo 2y < K, we obtain that for v < vy, diminishing v, if necessary so that [|¢[|c1 (1) < Kv <1,

|<NL]0C(¢‘), c”280~Q)| K||§0||H1({,7#1 K“‘PH eXP

Finally, we estimate, using ||c”286~Q||L00(R2) <K,

HONVY. VY, "?9 Q) < K f NV 2180 Qll o ey < K||<o||

Similarly, since ||n PRe(V)||Lo¢i=1)) < Kv by Lemma 2.8, diminishing v, if necessary, for v < vo, we
have [|[nRe(¥) |l L=} < 1, and hence

1001 QIPS (W) = 101|127 — 1 —2Re(¥))| < KnRe* (¥).

Therefore

(OnIQI*S(¥), "* 8 Q)| < K f n R W) "0 Qll Lo ey < K||<p||

This concludes the proof of (2-13), and therefore of the lemma. O

2B3. Proof of Proposition 1.8 completed. We take u satisfying the hypotheses of Proposition 1.8 for
values of Ay, A, (1), v described above, with v < v, where v, is defined in Lemma 2.10. We want to
take the scalar product of the equation of Lemma 2.9 with ¢. It is however not clear at this point that
every term is integrable. In Section 7.3 of [15], we took the scalar product of the equation with ¢ +iy Q
for some y € R, using a decay estimate || Im(y +iy)(1 +7) |l reqr<ay < K(u, Q, ¢, c”) to justify that
some terms are well-defined, and to do some integration by parts. Here, we need to change our approach
a little. We first require better decay estimates on . At this stage, we know (see Theorem 11 of [24] and
the proof of Lemma 2.8) that

IAY (L4 1)2 Lo rsap + 1A+ 1)V || L=
1Yl ooqisay + 1+ 7)? Re(@) | e rsay < K (u, O, ¢, ).

Now, let us show the following improvements:
1 Im(AY) (1 + ) | ooqizan + (1 47)° Re(V) [ Loz < K w, Q, ¢, ). (2-14)

The proof of ||(1+ )3 Re(Vy)| o=y < K(u, Q, c, ¢”) is identical to the one for the same result in
Lemma 7.3 of [15] (see the penultimate estimate of its proof). We focus on the estimate on Jm(A1). In
{F > A}, we have u = Qe ; therefore,

AQ Au _VQ
Ay =——= 4= 22 Vy—Vy.V
4 0 + » 0 Y —Vy.Vy.

With the previous estimates and Theorem 11 of [24], we have

MY

H (—2?.w—w.w)(1+r)4 <K@, Q,c,c"),

Lee({r=Ah)
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and since (TW.)(Q) =0,

=i (1= 0P

therefore, with [24] (E(Q) < +00),

m(50)] <o) < %57
0 (1+r)3

Similarly, since (TW,)(u) =0 and E(u) < 400,

(o) <
u

I Tm(AY) A +r) (| Loqiizay) < K@, Q. ¢, c").

K(u,c)
(1+r)3’

thus

We infer, with these two additional estimates on ¥, that we can do the same computations as in the proof
of [15, Lemma 7.4], with y =0. The only difference is that where we used || Im (¥ +iy)(1+7) || Lo (7=a)) <
K (u, Q) we can use (2-14) instead to get the same decay for these terms, with || Im(¥)| = r<n)) <
K (u, Q). The only two terms where this change is needed are

‘meQFzm(AW)’ <

/RmQF%e(AwMe(x/f) +’/RnIQI23m(A¢)3m(1//)‘

< K (| Re(AY) (141 | Loorzap | Re(@) (1 +1) | Ler=ap)

+ K (| Im(AY) (1 + 1) oo grzap | IME) |2 =)
and

An|Q|2me(iaxzw&>‘<VRmQPme(amw)ﬁm(w'+‘An|Q|23m<axzw)me<w)‘

< K (| Re@e, ) (14 7) | Loz | TM@) | oo (i)
+ K (| Im@, ) (14 1) [z (rzap | Re@) A+ )2 L (izip)-
We deduce, taking the scalar product of the equation of Lemma 2.9 with ¢, that
B, (9) — (i(c —c"ér. H(WY), ¢) + (NLioe(¥), @) + (F(¥), ) =0. (2-15)

From Lemma 2.8,

B3P (9) = K¢l (2-16)
Qc
and from Lemma 2.9,
|(NLioe (). )1 < KVIi@l31 1)) < KVllel o0 (2-17)
Let us now show that
(i(c = Ne HW), ) < Kvl@lye. (2-18)

We recall that
xz(Q‘//)(l —n)+ anzi/fﬂe‘/’

(1—n)+nev

ier, HW) =idy,Q+1i
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We compute, with Lemma 2.10 and Lemma 5.4 of [15],

(e =) (18, 0. 9)| < KNIl ity Q. 9] < KV n( 2 )l l00 < K9]

Indeed, although Q = Q.(- — Xé,)e'” has a phase that is not present in Lemma 5.4 of [15], since
¢ = QY, we have 0,, Q¢ = 0y, 0 Qvr, which no longer depends on y.

Now, with |||l g1(n£1}) < Kv from Lemmas 2.7 and 2.8, we compute easily that
3, (QY) (L —n) + anzlﬁne‘” :
— < ex
K A= T nev (iQ0nym, ¢)| < Kvllgll e

since the left-hand side is supported in {n # 1}; therefore
[(i(c —c"er. HW), ¢)| < Kvllwllf,gf + (e = )i Qdn ¥, @)l
With the same computations as in Section 7.3.2 of [15] (taking ' = 0), we check that
(1 Q0., Y, @) < Kl e
therefore, using Lemma 2.7 and (2-12), for v > 0 small enough,
(e =) QY. @) < Kle =" llglen < Kvll@N0-
This completes the proof of (2-18). We focus now on the proof of

((F @), o)l < K@l (2-19)

We compute

/R Re(Qn(QIPSW)@) = /R 101 (@ — 1= 2Re()) Re(y),

and since, as already seen at the end of the proof of Lemma 2.10, we have || Re(V/) |10z < 1if
v < 1y, we deduce

1270 _ | 2 Re(y)| < K Re2 ()

and

[ ow0n10rs0)| < & [ nnéw) < kv [ nmen < Kollot

We are left with the estimation of fRZ Re(On(—=Vy.Vyr)p), which will be slightly more delicate. First,
we compute, using ¢ = Qv

/ Re(Qn(—Vy.V)F) = f 0120 Re (VY. VY )
__ /R QP Re(VY.TY) Fe() - /R 1QP Im(VY. YY) Im(y)

— [ 1OPHRe(Ty. ) Rew) =2 [ 100 Re(V). In V) T,
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Note that there exists a universal constant K > 0 such that || Re(¥) || L~¢i=r)) < Kv by Lemma 2.8
(considering the regions {¥ > A} with ¢ and {r < A} with ¢). Then, we estimate

= [ 10Pnmeruvv )| < Ko [ V0P < Kol
Now, by integration by parts (that can be justified as in [15]), we have
fR 100 Re(VY). Tm(Vy) Tm(y)
—— [ V4P en). 3 w0 = [ 10PIn R, In(V) T
= [ 10Pn e Ima) Imw) - [ 10PyRety) IV, Im(v),

and with |[V(|Q[*)| < K/(1+7)*? from equation (2.9) of [15] (for o =
constant, we have by Cauchy—-Schwarz

%) with K > 0 a universal

v )
< Kvllls.

| V(|Q|2>nme<w>.3m<w)mef)'<Kv\// vl [ g <
R? R e (1+7)

‘fR 0P me(xﬁ)ﬁm(vw).ﬁm(vw' <Ko [ nVHP < Kolpliye.

Since V1 is supported in {0 < n < 1}, we check easily that

/R 101V Re(¥). Tm(V) me)‘ < Kvllpler-

We focus now on the estimation of the last remaining term, /RZ | Q>0 Re(¥) Im(AY) Im(yr). For that
purpose, we define more generally for n > 1

A= [ 10PH" R () Im(A1) I,
Note that we want to estimate Aj.
We compute, using (TW.)(Q) = 0, that
_ . vQ 2).
Lo(p)=0|—-AY —ic 0y,¥ — 2?.%// +2Re(P)[017);

therefore, by Lemma 2.9, in {n # 0},

Im(AY) = 3m(—ic”8x21lf - z%.wf L2l QP + TR H W) Q* NocW) + F (W)

—i(c—c")ér. H(Y) +NLjoc(¥) + F(‘ﬁ))

= —c" Re (0, V) —ZJm(Q Vx//> +3m(
B - 0 0
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We compute, by integration by parts, with Re” (1) Re(dy, ) = (1/(n+ 1))0y, (Re" Tl (y)), that

fR i |01 0" Re" (Y)c” Re (3, ) Im(Y)

- ‘n-lu /R2<BXZ|Q|2)n" Re" ()" Im(y)
T /R 0P, "™ e (y)e” Im(yr) — ﬁ fR 101" Re" ()" Tm (D).

Since |¢”| < v by (2-5) (diminishing v, if necessary), Lemma 2.7 and the hypotheses of Proposition 1.8,
lellcrgreny + 11 Re@) | o=y < Kv by Lemma 2.8 and |[V(|Q|*)| < K /(1 + 7)/? from equation (2.9)
of [15], we infer by Cauchy—Schwarz that

‘ fR (@0l QP)n" R (W) me)l < Kc”v"/ /R RELEOICMI DY fR NREW)

<K v”llcpllf,;xp, (2-20)
' / 0P amy" R (e me)‘ <KV lgllen, (2-21)
R

[ 10rr et e amaa, )| < oo [ nivut [ nnéen < el -22)

We deduce that
’ /R 2 1012 0" Re" (Y)c” Re(dy, V) Jm(z/m‘ < (Kv)"ngoui,gp. (2-23)
For

2.n n ~ VQ ~
fRZ |Q1"n" Re (W)Jm<?-vw> Jm(y),

Jm<%.vw> - 9%(%) Jm(VY) + Re(V). Jm(%),

and with previous estimates, we check easily that

2. n n vQ ~ ~
/R 101" e wme(?).m(wwm(w‘

we compute

0

and by integration by parts, with computations similar to those for the proof of (2-23), using

v.om( Y2 < X
' m( Q) S Ut

\%
< (Kv)"\/ /R vyl /R 1w (y) %ez(—Q) <KV lgller,  (2-24)

from (2.9) to (2.11) of [15] (for o = ) for a universal constant K > 0 and Lemma 2.1, we infer that

2.n n ~ VQ ~ n 2
R2|Q| n" Re" () Re(Vy). Im ) Jm(y)| < (Kv) ||<p||H5xp, (2-25)
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and we check easily that

NLioe
‘ fR 0Py R W) Jm(%) me)‘ < K0l (2.26)

Now, we look at

/R QP n" Re" () jm(—uc —Cu)ez.H(vf)) Im(y)

Q

for the part of €;. H () related to the cutoff, the estimation can be done as previously, and we are left
with the estimation of

C”)/ 107" Re" (W)Jm< aQQ —zaxzw) Jm(yr)

axZ
=<c—c”>/ |Q|2n"me"<wme( Q
R2 0

+ 3x21ﬂ) Jm(y).

From (2-5) and Lemma 2.7, we have |c — ¢”| < v (diminishing v, if necessary), and from equation (2.9)
of [15],
Re 9,0 < K~ )
0 IS a+p
Therefore

axz ~
(c—c") /R 2 100" Re" (¥) me(%) Jm(xm‘

8)C2 ~ n
<(Kv)"\/ /R NREW) /R Zn%ez(TQ) m? () < (Kv)llplgers  (2-27)

and we estimate

(c—c") fR 0P R (1) Re(dy, ) ﬁmw)‘ < (K0)" @l (2-28)

by (2-23). For the last remaining term, since

3@%) — Tm(— VY. VY),

we have
/ 0Py e w)Jm( (‘”)) ~ 2 / 0P R () Im(V). Re(Vy) Tm(y).

In particular,

W)\ ~ ~
/ Q1" Re" (¥) Jm( o) mW)| < K In Im) e / vyl
R
< (KV)" In Im) e 90 (2-29)
Combining this result with the previous estimates, this implies that

|[An] < (Cev)" (1 +IIn Jm(W)IILoo(W))II(PII?,pr (2-30)
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for some universal constant Cg > 0, but that is not enough to show that we have
2 W)\ ~

[ 1P ey m( L5 ) men

since we have no control on ||n Jm(v/) || L~ g2y other than the fact that it is a finite quantity. By integration

< KV lglle,

by parts (integrating PRe(Vyr)), with computations similar to those for the proof of (2-23), we infer that

‘2 /R 0P IR (1) Im(VY). Re(Vy) Tm(y)

< ‘2 / 1O 0" R () Tm(AY) Re() Tm(y) | + (Kv)"ngon?,gp
R
< 2]+ (K)o
Combining this result with estimates (2-20) to (2-29), we deduce that, for some universal constant C7 > 0,

|Anl < 21Aup1l + (C)" ol o

Therefore, by induction,
n—1

411 2" Anl+ Y @CY N9l

k=1
Hence, with (2-30),
n—1
A1] < ((2cﬁv>"(1 + [l Jm@) | Lo me)) + Z<2c7v)") lllso-
k=1

Taking v > 0 such that v < vy and 2Cev < % and 2C7v < 5, then n > 1 large enough (depending on
7 Im(Y) [l L w2)) such that

I+ [l Im@) e me) < 1

on—1
we conclude that
n—2 1
A1 < (2c6 +2C7) 2—k>v||<p||§,3p <2(Co+2C7) V9l e0-
k=0

This concludes the proof of (2-19).
Combining estimates (2-16) to (2-19) in (2-15), we deduce that

(1= Cyv)gller <O

for some universal constant Cg > 0; therefore, taking v > 0 small enough such that the previous constraints

are satisfied and Cgv < 1

5> we have |¢|| HE? = 0. From Lemma 2.10, we deduce ¢” = ¢. The proof is

complete.

2C. Proof of Corollary 1.10. Take a function u satisfying the hypotheses of Corollary 1.10. Then, u is
even in x; and it has finite energy. Furthermore, by Theorem 1.6 (for p = +00),

lu—=Vi(- =dce) Vo1 (- +dee) |l pomey < lu—Qcll o)+ Q= Vi (- —dce) Vo1 (- +dce) || Lo (re)
<eto.0(1).
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Next,
K
Mul — Ulreqiyzay < llu— Qellioeiz=ay + 1Qcl — UlLerzay < €+ =

by equation (2.6) of [15]. We now fix the parameters. We first choose A > A, large enough so that
K/, <1/Q2A). Then, we fix ¢g > 0 and & > 0 so small that ¢ < 1/(2A,), |cd. — 1| < e(A), d. = 1/e(X)
and € + o0.-0(1) < (1) for ¢ < ¢cg. Therefore, u satisfies the hypotheses of Proposition 1.8 with d = d_,
and this concludes the proof.

3. Properties of quasiminimizers of the energy and proof of Theorem 1.11

3A. Tools for the vortex analysis. We list in this section some results useful for the analysis of traveling
waves for small speeds or, equivalently, large momentum, with vorticity. We shall denote by (u | v) =
Re(uv) the real scalar product of the complex numbers u, v. The Jacobian (or vorticity)

Jv = (id1v | dv) = 101 (iv | dv) — 12 (iv | 31v)

is then relevant, and we shall use the following concentration property of the Jacobian. We define
Eu. @)=L [(1vuP+ -2 = ) dx.
’ 2 Q 282

Theorem 3.1 (concentration of the Jacobian [2; 27]). Let My > 0, R > 0 and B € 10, 1]. Then, for every
8 > 0, there exists g9 > 0 (depending only on B, §, R and My) such that, for any 0 < & < &g, and for any
u € H'(B(0, 4R)) such that E.(u, B(0,4R)) < My|ln¢e| and |u| > % in B(0,4R) \ B(0, R), there exist
NeN, y,...,yn € B(O, R), dy, ...,dn €Z such that

N
HJu—JTdeSyk <9
k=1

[c2# (B(0,4R))I*

and

N
Ec(u, B(0,4R))
di| < 1)
ﬂ;l 1 ne] +

Finally, we may choose the points vy, 1 <k < N, in {|u| < %}
Here, we recall that the space [C? # (B(0, R))]* is endowed with the dual norm associated with

1E(x) —EW)I
sup ————

1Z 108 =
CTBORY ey X —yIP

for ¢ € C%#(B(0, R)) compactly supported.

Remark 3.2. The above-mentioned theorem is actually Lemma 3.3 in [8]. It is related to the works [2; 27],
which both correspond to the limit ¢ — 0, whereas we have here a statement (obtained by compactness)
at fixed . The hypothesis “|u| > % in B(0,4R) \ B(0, R)” ensures that the vortices do not approach the
boundary 0 B(0, 4R).
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Theorem 3.3 (clearing-out theorem [8]). Let My > 0 and o > 0 be given. Then there exist ¢y > 0 and
n > 0, depending only on My and o, such that, if Ry =1/(1+ My), if U : B(0, Rg) — C solves
1
AU +icU+—=U(1—|U») =0 (3-1)
€
in B(0, Ry) C R?, with € < €, |c| < My|ln€|, and
EG(U’ B(Oa RO)) g 77|1n€|»
then
U©0) >1-o.
For the elliptic PDE |
AU+ —U1 = UP*) =0, (3-2)
e

that is, without the transport term i d, U, this result has been shown in two dimensions in [6] for minimizing
maps, and in [4] for the Ginzburg-Landau equation with magnetic field. In higher dimensions, see [7; 31]
for (3-2) and [8] for an equation including the Ginzburg—Landau equation with magnetic field and (3-1).
One may use the change of unknown

Ux) = (14 22 /4) 71220 (x), e=e(1+ 2?4712,

to transform (3-2) without the transport term into (3-1) with the transport term. However, the assumptions
E.(U, B0, Ry)) <nllne| and E. (U, B(0, Ry)) < n|ln g| are not equivalent (due to the extra phase term).

3B. Vortex structure for quasiminimizers of E at fixed P. In this section, some Ag > 0 is fixed and we
consider a large momentum p and u, such that

E(up) <2mlnp+ Ao (3-3)
and such that there exists ¢, > 0 (depending on u,) such that
0= (TW,,)(up) = —icydx,uy — Aup — (1 — |up|2)up.

It then follows from [24] (see Theorem 2.4) that we may assume, using the phase-shift invariance, that
up — 1 at spatial infinity. In particular, we have

p=Pauy) =2 | (idoulup — 1) dx.
2 IRZ

Our goal is to show that u, satisfies the hypotheses of Proposition 1.8. We shall follow [5; 8] in order
to analyze the vortex structure of uy,.

3B1. Localizing the vorticity set at scale x /p. We define the following rescaling iy, of uy:
Up(X) = up(px). (3-4)

Therefore, iy, solves
Adly + icppdriiy + p*it (1 — |idy|*) =0, (3-5)

which is a particular case of (3-1) with
e=1/p, c=cpp.
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The universal L bound on the gradient of Corollary 2.3 reads now
Vil oo rey < Kp. (3-6)

We shall have, in the end, ¢, ~ 1/p. The first step provides a rough upper bound for the speed c; (the
Lagrange multiplier for the minimization problem E i, (p)).

Step 1: There exists p; = p1(Ag) such that, for p > p;, we have

In particular, ¢, < 5 L and Inp < 2|Incy].
We shall use the Pohozaev identity (2-2), that is,

1
5/ (1 — |uy|*)? dx = cyp.
RZ

At this stage, we only have the rough upper bound 0 < }‘ fRZ(l — |up|2)2dx < E(up) < 2w Inp + Ao,
which concludes this step.

Another argument we could use for minimizers is that we know from [10] (see also [13]) that 0 < ¢p <
d+Emin(p) < Emin(p)/p-

Step 2: There exists p > p1, Ry = % and n, € N, depending only on Ay, such that, if p > p,, there
exist np, points Zy j, 1 < j < ny, w1th ny < ny such that {|a,($)| < 3} € U2 B(Zp.j» Ry) and the disks
B(Zp j»4Ry), 1 < j < nyp, are mutually disjoint.

We apply Theorem 3.3 withe =1/p, c=cpp and o = l to itp. This is possible in view of the upper
bound on 0 < ¢pp < 131Inp of Step 1 (that is, My = 13). We then let Ry :=1/(1+13) = for pP=m
and denote by 7y ,> the positive constant n given by Theorem 3.3.

We now proceed in this way: we choose (if it exists) some Z, 1 € R? such that [i,(Zp1)| < % If
{|ﬁp| < %} C E(ﬁpgl, 2Ry), then we stop. If not, we choose 2, » € RQ\E(ép,l, 2Ry) such that |ﬁp(2p’2)| < %
If {|a,] < 3} C U2 B(Zy.j, 2Ry), then we stop, if not, we continue. This process ends in a finite number
of steps (depending only on Ky) since, by construction, the disks B (Zp,j, Ro), 1 < j < n, are pairwise
disjoint. Hence, by Theorem 3.3, we have

n
2 Inp+ Ko > E(uy) = E1j(iiy) > Y Evgp(idy, BGp.j. R0)) = n x nippnp,
j=1
which implies

< 2r Inp + Ky < 7
N2 Inp ny2
for p large enough, say p = po.

At this stage, the disks B(Z,, ;,2Ro), 1 < j < ny, cover the vorticity set {|d,| < 3}, but the disks
B(zp j» 8Rp) may not be pairwise disjoint. To get this property, we argue as in [6, Theorem IV.1]. Let
us recall the idea: if the disks B(Zp j»8Rp), 1 < j < ny, are pairwise disjoint, then we are done with
R, = 2Ry. If not, then we have, for instance, |zp’1 — zp,2| < 16Rj. We then remove the disk B(zp’l, 8Ry)
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from the list and set Ry := 17Ry. The disks B(Zy j, R1), 2 < j < nyp, cover Ulgjgnp B(Zp,j, 2Ro), and
hence the vorticity set {lﬁpl < %} and their number has decreased. In a finite number of steps (depending
only on Kj), we obtain the conclusion. The radius R, is necessarily < Ry x 17" < Ry x 17",

Similar arguments are given in [8], whereas in [5] the vorticity set is included in some disks of radii of

order c;’ , which requires some extra work.

Step 3: We have
p2/2<1 — litp|*)? d = 0p oo (Inp).
R

This follows exactly as in [8] (see Proposition A.1 in the Appendix there). Notice that the result in [8] is
stated for the potential on a compact set in a domain €2, but it holds as well in the entire plane.
We then define, as in [8], the function ﬁ; :R? — C by

fip (%) if £ e U, B, 2R,
ity ()

iR = a1 it £ ¢, B(Gp., 3Ry,
u;g(x)'_ litp (X)] ¢U]_1 (Zp, j %)

E=gpl\ o E-Bl\ B o .
3= B iy () 4 (<24 S ) 2L f e B(2, 53R \ By . 2R
(3- 52 i) ) Gpj.3RD\BCp . 2R))

for some 1 < j < ny (this last formula is valid since the disks B (Zp,j, 4R, 1 < j < ny, are mutually
disjoint).
Step 4: We have, as p — 400,

Eyjp(it,) < 27 Inp+o(lnp).

Letting Qg := U';'“Zl B(Zy.j, R), we have

/2(1—|ﬁ;|2)2d£=/ (1—|ﬁp|2)2d£+/ (1 =iy |*)* d3.
R QR Q

3Ry \S22R,
We notice that in Q3g, \ €22r,, say for X € E(Ep,j, 3R,)\ E(Ep,j, 2R,), we have

2—2;3,1"

iy = (3

|)2—2p,j|

Jisor+ (2455

hence |1 — it (£)|*] < |1 — |ty (%)|] and thus

*

) € Uiyl 1

/(1—|ﬁ;|2)2d2<f (1—|ﬁp|2)2d£+f (1 — |y ?)? d
R2 r, Q

3Ry \S22Ry

=/ (1= [,2)? di. (3-7)
Q

3R«

For the kinetic term, we have
NI A Ay 12
Vit (2)]° = [Vity(%)]
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if x € Qyg,. Outside Ujp:] E(Ep’j, R,) we have |i,| > % and we may then lift, at least locally, i, = Ael?
and get

|Vit|* = A*|V|* + VAP,
If X & Q3p,, then, by (3-6),

2

. 1 - . .
Vit |* = Vo[> = A*|Vo|* + x A?|V@|* < |Vity|* +4Kp|l — A%| x | Viiy|

since A = |ity| > % outside Qg, . Finally, in E(Ep,j, 3R\ E(Ep,j, 2R,) (for some unique 1 < j < ny),

we have

. |X—Zp, 1 |X—Zp, il |X—Zp. i |X—Zp, il
\V/ / 2: \V/ 2 3_ p.J A 2 p.J \V/ 3_ p.J A 2 p.J
Vit 2 = Vg (( ) L G i Eol) (24 B2

We then use that, since i, (X)] > % and letting 0 =3 — [X — 2 j|/ R« € [0, 1],

% — 2,1 % =201\ 1
Vol*| (3 - —2L A+ (—24+ — 2L
Vol [( z +(2+ %

1
= A%|V¢|* x o DI < A*IVo|* x (1+K|A*—1])

< AY|Vo|* + Kp|Viy| x A% 1],

by Corollary 2.3. On the other hand, since | - | is 1-Lipschitz continuous,

X —Zp, /1 X —Zp, /1 > 2 2, 2
VI[3———)A 24— <—J|1-A VA —|1— Al x|VA
' [( z. + + z. Ri' |”+ |VA| +R*I | X [VA]

<|IVAP + KA =12+ K|VA| x |A?—1].

Therefore, by the Cauchy—Schwarz inequality, for some absolute constant K > 0,

1/2 1/2
R2|Vﬁ;|2d)2</};{2|Vﬁp|2dﬁ+K</Rzp2(l—|ﬁp|2)2dﬁ) (/szﬁpﬁdﬁ) +K/Rz(l—|ﬁp|2)2d)€.

Combining this with (3-7) yields

1/2
El/p(ﬁ;a)<Ep(ﬁp)+K\/M(/RZP2(1—Iﬁplz)zdﬁ?) +K ’“p( Y <axinp+olnp)

by the upper bound (3-3) and the estimate for the potential term of Step 3.

Step 5: We claim that for any § € ]0, %[, there exist p:; > p; such that, for all p > p;, we are in one of the
following cases:

(I) Forany 1 < j <ny,

A~/
I ttpllicor sz, aronr S 9

(IT) There exist (up to a relabeling) two points J;, + € R?, depending on iy, such that

max ||Ju —n( <34.

1<j<ny S~ 99 el Bz, A S
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We apply Theorem 3.1 to iy, on each disk B(Zp ;,4R.), 1 < j < ny. This yields points $; jx €
{lip| < 3} C By, R C B(Zp ;. 4R,) and integers dy j x € Z, 1 <k < Ny, such that
Np.j
H Jiy =7 Y dy jiSs, <6 (3-8)
k=1 (€O (BGp 4R

and
Ny j
El/p(u ,B(Zp ,4R,))
™Y gl € I (3-9)

By summing the inequalities (3-9) over 1 < j < ny, we infer

np Ny j ~/
E1jp(uy, SQ4r,)
nZZ|dp,j,k|<—lnp 5 <257
=1 k=1

by using § < % and Step 3, and for p large enough. Therefore,
ny Npj
D ldp il <2 (3-10)
j=1 k=1
and two cases may occur: all the integers dj, ; ; are zero (this is case (I)) or at least one of the integers
dy, j k 1s not zero.
In addition, we have, for 1 < j <ny,
Np,j
> dy jx =deg(fiy, 9B(p . 3R.)). (3-11)
k=1
Indeed, since |ﬁ;)| =1 on B(Z,, 4R*)§B(2p,j, 3R,), we have Jﬁ;J = 0 there. Therefore, by fixing
x € CX(B(0,4R,)) such that x =1 on B(0, 3R,), we deduce

Ny, j Ny, j 1
> dp ji — deg(iiy, 0By, j. 3R.))| = / > dp s, dR / Jiv, d#
=l B(Zp,j,3R) 11— B(Zp. j,4R,)
1 Nyp.j
= , X(i—é,;,,)( dp. ;185 _,-Jﬁ’) dz
T /;(2{3,4R*) ; Yp,jk p
| Ny, j
<ﬂﬂxA’nZ%MMk _
(€2 (D Gy, 4R))I*

by (3-8). Since the left-hand side is an integer and the right-hand side is < % provided p > p2 1(8, Ag),
(3-11) follows.
We finally notice that the degree of ﬁ; on some large circle 9 B(0, R) (with R >> max<j<n, |Zp, ;1) is
zero, for otherwise 12;J (and i) would have infinite kinetic energy. Therefore,
np Np,j

0= Zdeg(up, 0B(Zp,j,3Ry)) = Z de Joke

j=1 k=1
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Combining this with (3-10), we deduce that if we are not in case (I), then one of the d,, ; , must be equal
to +1 and another one must be equal to —1, which is case (I).
Notice that for case (II), if B(Z, j, 4R.) contains neither y, ; nor y, _, then ||JL?;J ||[c?’1(3(2p,‘,~,4R*))]* <4.

As in [5], we now relate the location of the points J, + to the momentum P (iy).

Step 6: Case (I) does not occur for p sufficiently large, say p > p3. In addition, we have

1= P(ip) = ((Fp.4)1 = Fp.-)1) +o(D).

First, we have, by computations similar to those of Step 3, i, = Ae'? locally outside Qp,; hence
(ifiy | Viiy) = A*V¢ and then, outside Qsg,,

2
(ifly | Vity) — (ifty, | Vity) = A’V — Vo = x AVg.
In B(Zp,j,3Rs) \ B(Zp,j, 2R,), we obtain
. . . . 2 12 |AZ — 1
ity | Vi) — (i, | Vity)| = |A>Ve — [, * V| < X |AVgl,
since |ﬁ;| € [lipl, 1]. Therefore,
[N A N A/ ~ 12 N N K R lnp
I {iuy | Vuyp) — (lup | V”p)”Ll(R?) <K , |1 — [up|”| x [Vup| dx < ?El/p(”p) < KT (3-12)
R2\Qg,

Following [5; 8], we write

_ P (uy)
p

R 1 ca A | A N
1 :P(up)zifz(lazuplup—l)dx
R

1 co AL A | in A A vn Af A ~
:zv/l;z(zagu;Iu;—l)dx—I—E/Rz((tazup|up—1)—(182u;|u;—1))dx.

For the second integral, we write that, on the one hand,

e At aa o o p
‘/Rz“lup | dadiy) — (ithy, | Daity)) dX| < ||(idhy | Vidg) — (idhy | Vi)l 1 g2y < KT -0

when p — 4-00; on the other hand, by the decays given in Theorem 2.4,

(idaiiy | 1) — (idait, | 1)) dR| = lim / vy Jm(d —ﬁ’)dﬂ‘
fRz P P r=+00[ J38(0,r) P
< lim |[A—1]d¢= lim O(1/r)=0.
r—+00

r—-400 3B(0,r)
We then integrate by parts to get

%/{Rzﬁazﬁ;,lﬁ;—l)di:%/RZ amaazﬁ;,|ﬁ;,—1>—ape]<ia]ﬁ;|ﬁ;—1>d)e=fRz Jil 3 ds.
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The integration by parts is justified by the algebraic decay at infinity given in Theorem 2.4:

1
A . Al Al
X](lazup | Uy, — 1) = O(W)

Then, since J ﬁ;, is supported in Qg _, we obtain

p

/ RiJiyd = Z/ Ry Jiyd3
R2 =1 B(Zp.;,3Rs)
ny nyp
=Z/ (%1 —(2p,j)1)Jﬁ;d£+Zzp,j,1f Jii, 3.
j=17BGp,j.3R) = B(p ;3R

We then fix x € C2°(B(0, 4R,)) such that x =1 on B(0, 3R,). Next, for any 1 < j < nyp, we write

/ (&1 — Gp )] i) di
BGyp 3R,

:/A &1 — Gp )X & = Zp ) iy d
B(Zp/ 4R*)

Ny, Ny, j
= / (X1 — @ DX — 2p,j)(-]1% -7 de,j,kayp.j,k) dx +m de,j,k((yp,j,k)l = Ep, D)
B(p 4R, =1 k=1
We now estimate the first integral (actually, a duality bracket) by using Step 5:
Ny, j
/ 1= Cp DX —2pj) (Jﬁ; = dp»jJ‘SYp.j,k) dx
B(zp,j,ZR*) k=1
Ny,
SNGE =G )X =2, DMeorse, 2r) ”dejk‘syp/k N BG 2R
< Ko(1) SR

As a consequence of (3-11), which implies, for each 1 < j < ny,

Ny, j
de,j,k = deg(iy, dB(Zp,j, 3Rx)) = deg(ity, IB(Zp j, 3Ry)) = / Ji, dX,
= B(p,3R.)
we infer, after some cancellation,
np Ny
‘P(up)—nZde]k@p,k)l K—+n*1<o<1) (3-13)
j=1 k=1

Since P (ity) = 1, it follows that for p large enough, we cannot be in Case (I), and the conclusion is a
recasting of (3-13).
Step 7: There exists py4 large such that, for p > p4, we have {|iy| < 3} C B($p.+. 55) U B(5p.—, 55) and

deg(u 33()’13 +> 20)) +1
From Step 6, we know that 1 = P(ity) = 7 ((Jp,+)1 — (Jp,—)1) + o(1); hence the two points J, . are
far away from each other:

A A 4
IVp.+ = Yo.—1 2 15
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(smce - ~0.318 < —) for p large enough (but they may be, at this stage, very far away from each other).
By applying Theorem 1.1(i) of [2] or Theorem 3.1 of [27] (this is not very far from Theorem 3.1), since
Jity(Jp,+ + -) = £mdy weakly, we deduce

E1jp(dip, B($p.x. 15)) = (r +0(1)) Inp;

hence, by the upper bound (3-3),

Enjp(ity, R\ (B(9p.+ 15) U B(Sp.— 15))) < oinp),

and this in turn implies, by the clearing-out theorem (Theorem 3.3), that if p is large enough, say p > p4,
then,

forall £ € R*\ (B($p.+. 35) UB(Fp—. 3)):  lip(@)] > 3,
as wished. In particular, 2, + € B($p,+. 35) U B($p.—. 35)-

We emphasize that at this stage, we have |y, + — Y, —| 2 1, but we do not know whether |, + —Jp —| S 1
or |Jp,+ — Yp,—| > 1. We may now take advantage of the fact that i, is by hypothesis symmetric with
respect to the xp-axis (i.e., #y(—X1, X2) = it (X1, X2)), so that, possibly translating along the x,-axis, we
may assume

Gp)2=Gpa)2=0 and —Gp )1 = Gp)1 = 2= (3-14)

If we do not assume a priori the symmetry in x;, then we may remove the translation invariance by
imposing y, 4+ + ¥p,— = 0, and then we may still show that y, . = -3, — — (271 , 0) by using the Hopf
differential as in [6, Chapter VII].

3B2. Strong convergence outside the vorticity set at scale x /p. We start with a W1 P bound at scale & for
1<p<?2.

Step 1: For any 1 < p < 2, there exists C, such that, for any X € R2, we have

fA|WWﬁ<Q.
B(X,1)

We shall adapt the proof of [8] (see the proof of Theorem 4, Step 3, p. 83) to the two-dimensional
case. Actually, the only modification to make in the estimate is to replace (C.26) there by the standard
convolution

1

—5- w0($)In 2 - §1d3,

Yo,i(X) = —5— *wo i(X) =
2 Supp(wo,i)

and then use, for |X — J; +| > 3R,, that

|V1/f0i(x)|—‘— wo,i(ff)vxlnlf—ﬂdf"

Supp(wo, +)

1 NP
< EHa)o’i”[C?’I(B()Arp’i,ZR*))]* l(x—=y)/lx =yl HCOvl(B(j/pi,}R*)) <K
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the estimate || Vo + || cx(r2\ g5 < Cy does not hold since the two-dimensional fundamental solution
= HNCHRA\B(Vp,+.3Rx))
(Inr)/(2m) goes to +o0 at spatial infinity, but ||V + |l ckr2\ 55 < Cy is true). The rest of the
g p y ECKRN\B(§p, +,3R.))
proof remains unchanged.

Step 2: For any X € R2\ (B(5p.+, 2)U B($p,—. 5)), we may write i, = Ae'® in B(X, 35 ), with, for
any k € N,
Cp Ck
20— A)— — %o N < PO ||V¢||ck(3(x 1/20)) X < G, (3-15)
Ck(B(X.1/20)) P

for some constant C independent of X.
The proof (relying on Step 1) follows the lines of the proof of Step 7 (p. 48) of Theorem 1 in [8] and
is omitted.

In view of the upper bound of Step 1 of Section 3B1, we infer the uniform estimate

. Inp
11— |up|||ck(3()?,1/20)) < Cr—

p2
for X € R%\ (B($p.+. 75) UB(Fp.—. 15))-
3B3. Lower bound for the energy and upper bound for the potential energy.

(3-16)

Step 1: Upper bound for the potential. We claim that

2
n p n n
f Vgl P+ (1~ 1y PV d < o,
R2
/ Vi 2 +—(1—|up| 12 ds < C(Ay).
R2\(B($p,+-2/10)UB($p,—.2/10))

The proof of this upper bound will be a direct consequence of the lower bounds established in [43]
(see Theorems 2 and 3 there).

Theorem 3.4 [43]. Let Q C R? be a bounded smooth domain. Assume that u € H' (2, C) and that
upg € CHOQ, SYH. Let § €10, 1[.

(i) There exists a constant A1, depending on Q and |ujqllc1, such that
1
3 [ 1VUP + 550 = )? > rideg(ua, 0 n(1/6) ~
(i1) If, moreover, for some constant Ay, we have
1 2 e :
IVul”+ =1 — [u]")” < wldeg(ujse, 9€2)[In(1/8) + Aa,
2 Jg 26

then

We shall apply this result w1th §=1/p<1, Q= B($p+. 5) and u = ii. In view of the upper bound
(3-3) on the energy of i, and since deg (up, 8B( Vp,+> 10)) :I:l this yields

f |Vﬁp|2+p—(1 liip|H)?dx > Inp — Ay,
B($p.+,2/10) 2
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. p? . .
/ Vil P+ 2~ 16, Y df < C(Ao).
B(p,+,2/10)

We conclude by using once again the upper bound (3-3). Actually, i, does not belong to C ! (8 B ( Y.+ %)),
but it is easy, using (3-15), to construct an extension of i, on B()A)p,i, 1%) with the required properties by
linear interpolation (see, for instance the lemma on p. 395-396 in [43]).

Step 2: There exists og > 0 such that we have, for R > 1,

2
~ N . _CA
/ |wp|2+p—(1—|up|2)2dx<¥.
R2\B(0, R) 2 R0

The proof is similar to that of Lemma 5.1 (p. 50) in [8], and relies on the fact that |i,| > % in
R2\ B(0, 1) (hence we may write the PDE in terms of modulus and phase), and the upper bound in
R\ (B($p.4+ 5) YU B($p.—, 7)) D R*\ B(0, 1) of the energy of i, (in [8], this last upper bound was

derived differently).
3B4. Convergence on the scale x /p. By Step 1 of Section 3B3 and (3-14), we have, as p — o0,

Pp+ = Poor 1= £(1/(27),0) € R (3-17)
We then define (identifying R* and C)

2_)700& « XA"‘)A’oo,—
X — Yoo, 41X+ Joo,—|

Uoo(X) 1=

Step 1: For any p € [1, 2[, there holds, in W,.” (R?),

A

up — 1200.

From the WIL’CP upper bound of Step 1 in Section 3B2 and by weak compactness, there exists Ue
WIIO’CI7 (R?) such that Uy — U in WIL’CP (R?). Moreover, Ue CI%%(RZ \ {Jo0.+» Yoo,—}) and the convergence
holds in Clli)c([R2 \ {Joo.+» Yoo.—}) by Step 2 of Section 3B2 (for any k € N). In order to determine l/]\, we

shall pass to the limit in the system

V- (ly A Vi) = —eppdr (> — 1),
V+ - (i A Vi) =271,

obtained from (3-5) and the definition of the Jacobian. From (3-3) (implying c,pd.(|it, |>—1) — 0 in the
distributional or the H~! sense) and Step 5 of Section 3B1, we then infer

{v-(ﬁ/\vﬁ)=0,

VL (O AVO) =215, . — 8. ).

It then follows that U A VU = fie, A Viiao; hence we have the existence of ® € R such that U = e/ @i
We finally use the x;-symmetry to infer ® = 0.
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Step 2: As p — 400, we have

2
pey, = p_f (1 —|ipP)?di — 27,
2 R2

This is claimed in [5, Proposition VI.7], but the proof is not clearly given.
One way to prove this point is to use the Hopf differential as in [6, Chapter VII]. We shall follow the alter-
native proof of Theorem VII.2 given in Section VII.1 there. The first equality is the Pohozaev identity (2-2).
First, notice that

p? 242
Wy = ?(1 — |12p| )

is a nonnegative function which is bounded in L'(R?) by Step 1 of Section 3B3 and enjoys the decay
estimate of Step 2 of Section 3B3. In addition, by (3-16) (see Step 2 of Section 3B2), we have W, — 0
locally uniformly in R?\ {#(1/(27), 0)}. Up to a subsequence, we may then assume that

Wo = a5 + -85

in the weak * topology of Cj,(R?) for some reals p+ > 0, with py +pu_ = limy_, | oo fRz W,.
We shall now compute 4 (the case of p_ is similar). First, we write, for some Rs5 < %, the Pohozaev
identity for it, on B(Js0,+, Rs) (obtained by multiplying the equation by the conjugate of (X — Yoo ) - Vil

and integrating the real part over B(J~ .+, Rs)), which yields

2
p A 1202 A ~ iq A ~
[ Basimar (21— o) ity | ity
B()A’oc,JrsRS) B()A’oo,+~R5)
Rs . . p .
= [Bedtp|” = (vt |+ 7 (1= it [)?.
3B(Joo,+, Rs)

We then pass to the limit p — +o0o. For the boundary term, we use the strong convergences outside the
vorticity set; for the second term of the first line, we prove that it tends to zero by following the arguments
given for Step 6 in Section 3B1. We then get

A 2 A 2
Ht+ = [0z ltoo|” — [Ovitoo]”.

2 J9B(Gu 1 Rs)

By Step 1, we know that i = exp(i Arg(X — Yoo +) —i Arg(X — Yoo.—)) on d B(¥oo +, Rs), and the second
term Arg(X — Yoo.—) is smooth and harmonic in 5()700&, Rs). As a consequence, we have the Pohozaev
identity for Arg(: — Yoo, —)

2 J3B(Go s Rs)

0 |: Arg(® — Joo,—)|* — 18y Arg(% — Poo,-)I%,

9; Arg(X — Yoo.+) = 1/Rs, 3, Arg(X — Yoo +) = 0, and thus by expansion

M+=7 [0ztioo|” — [Optioo] =7 - R =7
IB(Foo,++Rs) IB(oo,4.Rs) RS 5

This concludes the proof.
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3BS. Convergence on the scale x. We shall now focus on verifying hypothesis (2) of Proposition 1.8.
The main tool is the following result. We now work on the scale x.

Proposition 3.5. Assume that 2, € R is such that

lim suplity (Zp)| < 1
p—>—+oo

and consider the rescaled mapping
Up()’) = ﬁp(ép +y/p).

Then, there exists a sign £ and B € R (depending on the choice of the family (Z,)) such that, up to a
subsequence, we have, in C{;C(Rz) forany k € N,
Uy, — P V.
Proof. The rescaling U, solves
AU, +icydr Uy + Up(1 — |Uy|*) =0

and satisfies limsup,_, | ,|Uy(0)] <1 and, by Step 2 of Section 3B4,

[ =10 dy = 400,
R
Then, from the uniform bounds of Theorem 2.2 and Corollary 2.3, we may assume, up to a subsequence,

Up = Us (3-18)

ok
in Cj,

(R?) with |Us (0)] < 1,
AUs + Uso(1 = [Us]) =0

and, by Fatou’s lemma,

/RZ<1—|UOO|2>2dy<4n.

By [11], we know that fRZ(l —|Uso|?)? dy =27d?, where d € 7 is the degree of Uy at infinity. It follows
that |d| < 1, and that the case d = 0 is excluded since |U(0)| < 1; hence |Us| # 1. Therefore d = %1.
It then follows from [36] that Uy, = ¢V, for some B € R. O

We may now localize the set {|ﬁp| < 1—1/A,}, where A, is as in Proposition 1.8, rather precisely.

Step 1: There exists pe large such that, for p > pe, ity has exactly two zeros z,, +. Up to a translation in
the x;-direction, we may assume

Rx {0} 32+ — (£5,0) e R%.

Moreover, there exists Ry > 0 such that {|ii,| < 1—1/A.} C B(Zp +, Ro/p)UB(Zp,—, Ro/p). Here, A, >0
is the large universal constant appearing in Proposition 1.8.

By Step 8 of Section 3B1, we know (due to the nonzero degree) that i, has at least two zeros, one in
each disk B (3, +, %)
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Now, if Z, is a zero of iy, we know by Proposition 3.5 that, for some € R (depending on the sequence
(Zp)p) and do = £1, we have
fp(Zp +py) = P Vg, () (3-19)

. ok
in Gy,

that for any R > 0, and for p > p large enough, 0 is the only zero of U, in B(0, R). Roughly speaking,

(R?). As noticed in [41], since V4 : R> — C ~ R? has nonzero Jacobian at the origin, we deduce

there do not exist zeros z, z’ of ity such that 0 < [z —2'| = O(1/p).
We now fix Ry > 0 sufficiently large so that

f (L= VimIH*dy > 3.
{ly|<Ro/2}

and we assume that (for any large p) {|it,| < 1—1/A.} (where A, > 0 is the one appearing in Proposition 1.8)
is not included in B(Zy 4+, Ro/p) U B(Zp,—, Ro/p). This means that there exists Za € B(ﬁp,+, %) \
B(Zp,+, Ro/p) (say) with |it,(Z,)| < 1 — 1/As. By Proposition 3.5, the rescaled mapping U, (y) =
ﬁp(fp + py) converges (up to a subsequence) in C{‘OC(W) to Us, € S'V4 and we know (from [11]) that
Jrz(1 = [Uso|®)?dy = 2. As a consequence, since |2, | — Zp| > Ry/p,

27 4+ o(1) = p? (1 — |ay|*)? di
B(p.+,3/20)

> p2/ (1—lap|H*dz +p* | (1—|ayH* dz
B(Zp,+,Ro/(2p)) B(Zy,Ro/(2p))

> / (1—V[H*dy +/ (1—Usx|®?dy +0(1)
{lyI<Ro/2} {lyI<Ro/2}

>3 437 4 o(1),
which is absurd. We then conclude |[|up| — 1| (7> Rr,)) < 1/A« for p sufficiently large, then proving
hypothesis (3) of Proposition 1.8 with A = max(Ry, A.). Another consequence of this fact is that i,
possesses at most two (simple) zeros Zp .

We then define d = dj, such that the unique zero Z,,  of i, in the right half-plane is

Zpt = %21 — (,0) e R%.

We deduce from Step 2 of Section 3B4 that

P 2 Cp’

so that hypothesis (4) of Proposition 1.8 is satisfied for p large enough (still for A = max(Ryp, A,)).
Furthermore, hypothesis (2) of Proposition 1.8 is satisfied by taking p large enough, associated with the
choice A = max(Ry, Ay).

Step 2: Conclusion. Applying Proposition 1.8 to e~# uyp, we infer that there exists y;, € R such that (for
large p)

Up = el Qcp

(no translation is needed in the x-direction at this stage since the zeros of i, are on the x;-axis).
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3C. Decay slightly away from the vortices. In this section, we provide some estimates for iy, in the region
B(Zp,+,2R0) U B(Zp,—, 2Ry). For the Ginzburg-Landau (stationary) model, such estimates were first
given in [35] for minimizing solutions and later generalized in [18] to nonminimizing solutions. However,
since the paper [35] is difficult to find, we give here a proof of these estimates that includes the transport
term. They improve some estimates in [14] and are not specific to the way we construct the solutions.

Proposition 3.6. We have, for |y|< 20,

C C
iy Gpt + ) —1| < 5= [V0iplGpr+ D < == |[VitpGps+ 9] < —.
ity G | P22 P p2|3P3 e 131

Proof. We work near Z,  (the minus sign is similar), say in the annulus B(ip,+, %) \ B(Zp,+, 1/p) and set
iipGp+ + §) = Ap (e TP,

with Ap and @ real-valued and smooth in the annulus (6 is the polar angle centered at z,, ;). Then, we
obtain the system

89 cosf

AAy — Ag| Vol +p2Ap Vi 2(1 —Ag) 2Ap — CppApday — cpp ot Ay =0,
The second equation may be recast as
~ n 89142 C p
V- (A2Vg,) + r—2‘° = ‘° LEa, (A2 - 1). (3-20)

Multiplying by ¢, and integrating over B( , 20) \ B(0, Ro/p), we obtain

39 ‘Pp

A§|V§5p|2d§’ :/ (- ) +—(1 — A? )32(.0p dy

/3(0,3/20)\3(0,1?0/%3) B(0,3/20)\B(0,Ro/p)

020G Py n
+/ A28 L PR A2 ) govn de.
2B(0.3/20) ' OV 2 P i

By the Cauchy—Schwarz inequality, (3-3) and Step 1 of Section 3B3, we infer

IV, ||L2(B(O 320080,y < C A IVl L2(8(0.3/200\B O, Ry/p)) T C

where, for the contribution of the integral over 8B(0, 20) we have used (3-16) and (3-15) (see Step 2
of Section 3B2). This implies

IV @pll £2(8(0,3/200\BO, Ro/p)) < C- (3-21)

We fix § € R? such that 2Ry /p <
B(y, [91/2), we deduce

R . R R I
/ A§|V¢p+e.9/r|2dx<C/ |Vg0p|2+—2dx<C
B(3.131/2) B(3.131/2) r

Then, since |ip| > 5 1n the annulus B(O S )\B(O, Ro/p) D

\20 > 20
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by (3-21) and the fact that » = |x| > |y|/2. By Step 1 of Section 3B3, we then infer the upper bound
(also shown in [35])
Eyp(iy, B(9,191/2)) < C. (3-22)

We now make some rescaling and consider
v(X) =1l ()7 + %'X)

in B(0, 1) (v depends on ¥ and p), which solves
. Cp 1 2
A —dv+ —=v(l—|v]7)=0
v Lo+ ol = o)
in B(0, 1), with § := 2/(p|9]). This equation is of the type (3-1) with “e = 6" and “c = ¢,/8”. Let us
check that the assumption |¢| < Myl|ln €] is satisfied with My = 1. As a matter of fact, we have

2 }40 1]
b=——¢€e|—,=|;
pIyl 13p 2

40 o
MosInd| > —1In2 > c, = — +o(1)
3p p

thus

by Step 2 of Section 3B4 (note 40(In2) /3% 9.24(1) > 2m). Furthermore, the upper bound (3-22) reads now
Es(v, B(0, 1)) < C.
It then follows from the proof of Step 7 (p. 48) of Theorem 1 in [8] that, for § sufficiently small,

12872(1 = [v]) — cp ™ B2 arg(W)ller(p0.1/2) < C» IV arg()ller(p0.1/2)) < C.

Therefore, by Step 2 of Section 3B3,

1= 00|+ |VIv|(0)| < Cepd +C8* < |V arg(v)(0)] < C,

P29
and scaling this back yields the conclusion, at least for § = 2/(p|y|) sufficiently small, say p|3|> /2,
but the estimate is easy to show if p|y|< §o/2. O

3D. Some remarks on the nonsymmetrical case. In the case where we do not assume the x|-symmetry
for uy, the location of the vortices J, + is more delicate. Indeed, we can no longer assume (3-14), that is,

(5)137—)2 == ()A)p,-i-)Z - 0 and — (j\)p7_)1 = ()A)p,—i-)l — %

Up to a translation, we may assume y, + + Y, — = 0, and it remains true that y, 4 | — Yo 1 — }r but we
may have |y, + — Jp.—| > 1. By carefully following the proof in [43], one could show that

9o+ — Jp.—| < C.

Then, the location of the limiting vortices yoo + = limy_, ;o0 ¥y, + can be obtained through the use of the
Hopf differential as in [6] (Chapter VII), and would lead as before to yoo + = (i L

5 0). This is of course
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related to the fact that the only critical point of the action functional

F (Yoo, 4> Yoo,—) 1= 277(21n|)A’oo + = Yoo, | = 27 [(Joo,4)1 — (oo, —)l])
associated with the action of the Kirchhoff energy is (up to translatlon) Voo, 4s Yoo,—) = (2— —%) e C%
Next, Step 1 of Section 3B4 becomes, for any p € [1, 2[, and in W1 7 (R?),

I/Alp — elG)ﬁoo.

The term ® is somewhat the phase at infinity, even though we do not claim some uniformity at infinity in
space. Next, for the local convergences, there are two phases B4+ € R such that

fp(Gp++p-)— ePvy (3-23)

in Cﬁ)C(RZ) for any k € N. We are then simply able to show that 8+ = ®, but this is not enough for the

uniqueness result. This follows from the arguments given in [44], as we explain.
We work for the + sign. Integrating (3-20) over the disk B(0, R) yields

/ i (ppdﬁ—i-cp/ v (A2 = 1)de =0,
9B(0,R) v dB(0,R)

We now consider the average

Bp(r) := Ppdl,
’ 27'”’ 3B(0,r) i

which satisfies, for 1/p <rg <r; < 2%,

r

1 n
Bo(ro) — B <r1>=f —/ .0, dl dr
P ’ 7o 2mr 3B(0,r) ’

" / 220 A S| )
- (1 — A28, ¢, dldr +c p/ —/ 1 (A2 — 1) de dr.
[0 27'[7' 8B(0,r) PR r ro 27TI" aB(0,r) i

Therefore, by Step 35,
"o dr " dr C C
1Bp(ro) = Bp(r)I| <C | —3+C | S5<—5+—.
ro ro p

p2r3 p2r2 ~ (rop)?

We now fix n € ]0, 1]. Taking ro = 1/(/np) and r; = we infer

0,By(r) dr = / !

ro

20’

C
1By (ro) — Bp(ri)| < Cn + P
Moreover, by (3-23), we have
By (ro) = Bp(1/ (/1)) — B+
as p — +o0, and by Step 1 of Section 3B4, we deduce
Bp(r1) — ©.

Asa consequence,
1B+ — O] < Cn,

and the conclusion follows by letting n — 0.
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