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SEMICLASSICAL EIGENVALUE ESTIMATES UNDER MAGNETIC STEPS

WAFAA ASSAAD, BERNARD HELFFER AND AYMAN KACHMAR

We establish accurate eigenvalue asymptotics and, as a by-product, sharp estimates of the splitting between
two consecutive eigenvalues for the Dirichlet magnetic Laplacian with a nonuniform magnetic field having
a jump discontinuity along a smooth curve. The asymptotics hold in the semiclassical limit, which also
corresponds to a large magnetic field limit and is valid under a geometric assumption on the curvature of
the discontinuity curve.

1. Introduction

The paper studies a semiclassical Schrodinger operator with a step magnetic field and Dirichlet boundary
conditions, in a smooth bounded domain. The aim is to give accurate estimates of the lower eigenvalues
in the semiclassical limit.

Let  be an open, bounded, and simply connected subset of R> with smooth C! boundary. We consider
a simple smooth curve I' C R? that splits R? into two disjoint unbounded open sets, Py and P,, and such
that I is a semistraight line when |x| tends to +00. We assume that I' decomposes €2 into two sets €2
and Q; as follows (see Figure 1):

(1) T intersects d€2 transversally at two distinct points.
2) Q:=2NP#£Tand Q2 :=QN P, £ 2.
Leth>0and F = (F, I») € HI%)C(W) be a magnetic potential whose associated magnetic field is
curl F =ajlp, +arlp,, a:=(aj,a) € R?, a) #ao. (1-1)
When restricted to €2, the vector field F satisfies
curl F =a1lg, +axlg,, a:=(aj,az) € R2, ay #ayand F € L4(§2). (1-2)

Note that the curve I' separates the two regions €21 and €2, which are assigned with different values of
the magnetic field. For this reason, we refer to I as the magnetic edge. We consider the quadratic form
on H}(Q)

U Qh(u):/ I(hV — i F)u|* dx. (1-3)
Q

MSC2020: 35P15, 35P20, 81Q20.
Keywords: semiclassical analysis, magnetic Laplacian, magnetic steps.

© 2024 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org/apde/
https://doi.org/10.2140/apde.2024.17-2
https://doi.org/10.2140/apde.2024.17.535
http://msp.org
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

536 WAFAA ASSAAD, BERNARD HELFFER AND AYMAN KACHMAR

P P,

I
/
|

Figure 1. The curve I" transversally cuts 02 at two points and splits 2 into two regions,
Ql and Qz.

This quadratic form is closed on the form domain HO1 (€2). By the Friedrichs extension procedure, we can
associate its Dirichlet realization in 2

2
Poi=—(hV —iF)* ==Y (hd, —iF}), (1-4)
j=1
whose domain is
Dom(Py) = {u € L*(Q) : (hV —iF)/u € L*(Q), j € {1,2}, ulsq =0}. (1-5)

The operator Py, is self-adjoint, has compact resolvent, and its spectrum is an increasing sequence,
(An(h))nen, of real eigenvalues listed with multiplicities.

In this contribution, we aim at giving the asymptotic expansion of the low-lying eigenvalues of Py, in
the semiclassical limit, i.e., when A tends to O.

Schrodinger operators with a discontinuous magnetic field, like 75, appear in many models in
nanophysics such as in quantum transport while studying the transport properties of a bidimensional
electron gas [Reijniers and Peeters 2000; Peeters and Matulis 1993]. In that context, the magnetic edge is
straight and bound states interestingly feature currents flowing along the magnetic edge.

The present contribution addresses another appealing question on the influence of the shape of the
magnetic edge on the energy of the bound states. We give an affirmative answer by providing sharp
semiclassical eigenvalue asymptotics under a single “well” hypothesis on the curvature of the magnetic
edge (see Assumption 1.1 and Theorem 1.2 below). Loosely speaking, our hypothesis says that we perform
a local deformation of the magnetic edge so that its curvature has a unique nondegenerate maximum.

Another important occurrence of magnetic Laplace operators is in the Ginzburg—Landau model of
superconductivity [Saint-James and de Gennes 1963]. In bounded domains, the spectral properties of
these operators can describe interesting physical situations. In the context of superconductivity, accurate
information about the lowest eigenvalues is important for giving a precise description of the concentration
of superconductivity in a type-II superconductor. Moreover, it improves the estimates of the third critical
field, Hc,, that marks the onset of superconductivity in the domain. We refer the reader to [Assaad and
Kachmar 2022; Assaad 2021] for discontinuous field cases, and to [Fournais and Helffer 2006; Helffer
and Pan 2003; Lu and Pan 1999a; 1999b; 2000; Bonnaillie-Noél and Fournais 2007; Bonnaillie-Noél
and Dauge 2006; Bernoff and Sternberg 1998; Tilley and Tilley 1990] for a further discussion in smooth
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fields cases. In the present paper, the Dirichlet realization of P in the bounded domain €2 can physically
correspond to a superconductor which is set in the normal (nonsuperconducting) state at its boundary.

Using symmetry and scaling arguments, one can reduce the problem to the study of cases of @ = (a;, a»),
where a1 =1 and ap = a € [—1, 1). Moreover, we will soon make a more restrictive choice of cases of a
(see (1-11) below). Towards justifying the upcoming choice of a, we introduce the effective operator
h.[€] with a discontinuous field, defined on R and parametrized by & € R:

2
mm=—§;+@+munﬂ (1-6)
where
ba(t) = 1g, (v) +alg_(2). (1-7)

This operator arises from the approximation by the case where Q@ = R? and I = {x, =0}, T corresponding
to the variable x; and £ being the dual variable of x;. The known spectral properties of h,[£], obtained
earlier in [Hislop et al. 2016; Assaad et al. 2019; Assaad and Kachmar 2022], are recalled in Section 2A.
Here, we only present some features of this operator that are useful to this introduction. The bottom
of the spectrum of h,[£], denoted by u, (&), is a simple eigenvalue for a # 0, usually called the band
function in the literature. Minimizing the band function leads us to introduce

Ba =§irelugua(§)- (1-8)

We list the following properties of 8,, depending on the values of a:

Case a = —1: In the case where Q = R? and " = {x, =0}, this case is called the “symmetric trapping
magnetic steps” and is well-understood in the literature (see, e.g., [Hislop et al. 2016]). In this case, the
study of h,[£] can be reduced to that of the de Gennes operator (a harmonic oscillator on the half-axis
with Neumann condition at the origin). We refer the reader to [Fournais and Helffer 2010] for the spectral
properties of this operator. Here,

O :=p_1=0.59 (1-9)
is attained by p_;(-) at a unique and nondegenerate minimum &y = —./®q. Moreover, S_; = u—_1 (&)
is a simple eigenvalue of h_;[&o].

Case —1 < a < 0: This case is called the “asymmetric trapping magnetic steps” and is studied in many
works (see [Assaad and Kachmar 2022; Assaad et al. 2019; Hislop et al. 2016]). We have |a|®¢ < B, <
min(|a|, ®g) and B, is attained by u,(-) at a unique ¢, < 0 [Assaad and Kachmar 2022]

Ma(8a) = Ba- (1-10)

Moreover, the minimum is nondegenerate, i.e., i, (¢s) > 0.

Case a = 0: This corresponds to the “magnetic wall” case studied for instance in [Reijniers and Peeters
2000; Hislop et al. 2016]. We refer to [Hislop et al. 2016, Section 2] for this case.
For & <0, we have

0 (ha[E]) = Oess (halE]) = [E2, +00),

where o and o, respectively denote the spectrum and essential spectrum.
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For £ > 0,
Oess(halE]) = [£2, +00)

and h,4[£] may have positive eigenvalues A < & 2, Consequently, By = o(0) = inf oessho[0] = 0, and By
is not an eigenvalue of h,[£] for all £ € R.

Case 0 < a < 1: This corresponds with the “nontrapping magnetic steps” case; see [Assaad et al. 2019;
Hislop and Soccorsi 2015; Iwatsuka 1985]. Here, 8, = a and u,(-) doesn’t achieve a minimum; the
infimum is attained at +oc.

A key ingredient in establishing the asymptotics of the eigenvalues A, (%) is that g, is an eigenvalue
of h,[€] for some & € R. We will use the corresponding eigenfunction in constructing quasimodes of
the operator Pj,. The above discussion shows that 8, is an eigenvalue only when a € [—1, 0). The case
a = —1 is excluded from our study, despite the fact that 8_; is an eigenvalue of h_;[£p]. Except when I
is an axis of symmetry of €2 as in [Hislop et al. 2016], the situation is more difficult and the curvature
will play a more important role. We hope to treat this case in a future work. This explains our choice to
work under the following assumption on a (thus on the magnetic field curl F) throughout the paper:

a=(1,a), with —1<a<0. (1-11)

Under assumption (1-11), we introduce two spectral invariants
1 1/1
2@ = SuE) >0 and Ma(@) =3 —1)5da(0)6,(0) <0, (1-12)

where 1, and ¢, are introduced in (1-8) and (1-10), and ¢, is the positive L?-normalized eigenfunction
of b,[¢,] corresponding to B,.
Furthermore, we work under the following assumption:

Assumption 1.1. The curvature I 5 5 — k(s) at the magnetic edge has a unique maximum
k(s) < k(sg) =: kmax for s # sp.
This maximum is attained in I' N €2 and is nondegenerate:
ky :=k"(so) <O.
The goal of this paper is to prove the following theorem:

Theorem 1.2. Let n € N* and a = (1, a), with —1 < a < 0. Under Assumption 1.1, the n-th eigen-
value A, (h) of Py, defined in (1-4), satisfies, as h — 0,

koM
hn() = hfia + 1 i Ma(@) + H7/4 20 — 1), M +OM'B),

where B,, ca(a) and M3(a) are the spectral quantities introduced in (1-8) and (1-12).

Remark 1.3. This theorem extends [Assaad and Kachmar 2022, Theorem 4.5], where the first two terms
in the expansion of the first eigenvalue were determined with a remainder in O(h%/3). The proof of
Theorem 1.2 partially relies on decay estimates of the eigenfunctions with the right scale; see Section 6
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and [Assaad and Kachmar 2022]. In fact, away from the edge I, the eigenfunctions decay exponentially

172

at the scale 2~1/? of the distance to T, while, along I', they decay exponentially with a scale of 2~!/® of

the tangential distance on I' to the point with maximum curvature.

Comparison with earlier situations. It is useful to compare the asymptotics of A, (%) in Theorem 1.2 with
those obtained in the literature for regular domains submitted to uniform magnetic fields. In bounded
planar domains with smooth boundary, subject to unit magnetic fields and when the Neumann boundary
condition is imposed, the low-lying eigenvalues of the linear operator, analogous to P, admit the following
asymptotics as & tends to O (see, e.g., [Fournais and Helffer 2006]):

Jon(h) = hO®g — B ki C1 + 174 C1O* 20 — 1)/ 3ka + O1'®),
where ®g is as in (1-9), C; > 0 is some spectral value, and Emax and 122 are positive constants introduced
in what follows. In this uniform field/Neumann condition situation, the eigenstates localize near the
boundary of the domain. More precisely, they localize near the point § with maximum curvature k (§)
of this boundary, assuming the uniqueness and nondegeneracy of this point. We define kmay = k(5) and
k» = —k”(5) > 0. In [Fournais and Helffer 2006], the foregoing localization of eigenstates restricted the
study to the boundary, involving a family of one-dimensional effective operators which act in the normal
direction to the boundary. These are the de Gennes operators
d2

hVEl = — 5+ E+ 1)

defined on R with Neumann boundary condition at T = 0, and parametrized by & € R. We recover the
value ® as an effective energy associated to (hN[& De,

©®p = inf u
0 SHEIRM &),

where N (&) is the bottom of the spectrum o (hV[£]) of hV[£], for & € R.

Back to our discontinuous field case with Dirichlet boundary condition, we prove that our eigenstates
are localized near the magnetic edge I', and more particularly, near the point with maximum curvature of
this edge (see Section 6). Analogously to the aforementioned uniform field/Neumann condition situation,
our study near I' involves the family of one-dimensional effective operators (h,[£])eer Which act in the
normal direction to the edge I', along with the associated effective energy f,.

At this stage, it is natural to discuss our problem when the Dirichlet boundary conditions are replaced
by Neumann boundary ones. In this situation, one can prove the concentration of the eigenstates of the
operator Pj, near the points of intersection between the edge I" and the boundary d€2. This was shown in
[Assaad 2021, Theorem 6.1] at least for the lowest eigenstate. In such settings, a geometric condition is
usually imposed related to the angles formed at the intersection I'Md2; see [Assaad 2021, Assumption 1.3
and Remark 1.4]. The localization of the eigenstates near I' N €2 will involve effective models that are
genuinely two-dimensional, i.e., they cannot be fibered to one-dimensional operators; see [Assaad 2021,
Section 3]. Studying this case may show similarity features with the case of piecewise smooth bounded
domains with corners submitted to uniform magnetic fields, treated in [Bonnaillie-No&l and Dauge 2006];
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see also [Bonnaillie-Noél et al. 2007; Bonnaillie-Noé&l 2005; Bonnaillie-Noél 2003; 2007] for studies
on corner domains. Such similarities were first revealed in [Assaad 2021, Section 1.3]. More precisely,
one expects the result in the discontinuous field/Neumann condition situation to be similar to that in
[Bonnaillie-Noél and Dauge 2006, Theorem 7.1]. Such a result is worth establishing in a future work.

Theorem 1.2 permits us to deduce the splitting between the ground-state energy (lowest eigenvalue)
and the energy of the first excited state of P,. More precisely, introducing the spectral gap

A(h) := Ay (h) — 21 (h),
we get by Theorem 1.2:

Corollary 1.4. Under the conditions in Theorem 1.2, we have as h — 0

A(h) = h"*\/2ky M3 (@)ea (@) + O(h'S).

Apart from its own interest, estimating the foregoing spectral gap has potential applications in nonlinear
bifurcation problems, for instance, in the context of the Ginzburg—Landau model of superconductivity
(see [Fournais and Helffer 2010, Section 13.5.1]).

Remark 1.5. Altering the regularity/geometry of the edge I" may lead to radical changes in Theorem 1.2.

o If I is a piecewise smooth curve (a broken edge) then we have to analyze a new model in the full plane
(reminiscent of a model in [Assaad 2021]). We expect analogies with domains with corners in a uniform
magnetic field [Bonnaillie-No&l 2003].

 If we relax Assumption 1.1 by allowing the curvature k to have two symmetric maxima, then a tunnel
effect may occur and the splitting in Theorem 1.2 becomes of exponential order. This was recently
analyzed in [Fournais et al. 2022] based on the analysis of this paper and [Bonnaillie-Nogl et al. 2022].

o If the curvature along I" or a part of I' is constant, then we expect that the magnitude of the splitting
in Theorem 1.2 will change too, probably leading to multiple eigenvalues. It would be desirable to get
accurate estimates in this setting. We expect analogies with disc domains in a nonuniform magnetic field
[Fournais and Persson-Sundqvist 2015].

Heuristics of the proofs. Our proof of Theorem 1.2 is purely variational. The derivation of the eigenvalue

app
h,n>

constructed by expressing the operator in a Frenet frame near the point of maximum curvature and doing

upper bound is rather standard. It is obtained by computing the energy of a well-chosen trial state, v

WKB like expansions (for the operator and the trial state).

Proving the eigenvalue lower bound is more involved. The idea is to project the actual bound state, vy 5,
on the trial state vsz S , and to prove that this provides us with a well-chosen trial state for a one-dimensional
effective operator, H;‘arm =—C (a)8§ — %k2M3 (a)o?. To validate this method, we need sharp estimates
of the tangential derivative of the actual bound state, which we derive via a simple, but lengthy and quite
technical method involving Agmon estimates and other implementations from one-dimensional model
operators. At this stage, one advantage of our approach seems its applicability with weaker regularity
assumptions on the magnetic edge or the magnetic field, which could be useful in other situations as well,
like the study of the three-dimensional problem in [Helffer and Morame 2004].
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Outline of the paper. The paper is organized as follows. Sections 2 and 3 contain the necessary material
on the model one-dimensional problems for flat and curved magnetic edges, respectively. Section 4 is
devoted to the eigenvalue upper bounds matching with the asymptotics of Theorem 1.2. Here, we give
the construction of the aforementioned trial state vZf’E .

In Sections 5 and 6, we estimate the tangential derivative of the actual bound states, after being
truncated and properly expressed in rescaled variables. The tangential derivative estimate of the L norm
will follow straightforwardly from the main result of Section 5. However, a higher-regularity estimate
will require additional work in Section 6.

In Section 7, using the actual bound states, we construct trial states for the effective one-dimensional
operator, and eventually prove the eigenvalue lower bounds of Theorem 1.2. Finally, we give two
appendices, Appendix A on the Frenet coordinates near the magnetic edge, and Appendix B on the control
of a remainder term that we meet in Section 7.

2. Fiber operators

2A. Band functions. Let a € [—1, 0). We first introduce some constants whose definition involves the
following family of fiber operators in L*(R):

d2
hal€]= +Vu(§, 1), (2-1)

dt?
where & € R is a parameter,

Vo€, 1) = (E + b (1)1, ba(r) =1g, (1) +alg_(7), (2-2)
and the domain of h,[£] is given by
Dom(h,[£]) = B*(R).

Here the space B" (1) is defined for a positive integer n and an open interval / C R as
n 2 idu 2 . S
B'"(I)=3uel“():t meL (I)foralli, jeNsuchthati +j <n;y. (2-3)
T

The operator h,[£] is essentially self-adjoint and has compact resolvent. Actually, it can also be defined
as the Friedrichs realization starting from the closed quadratic form

u > qalE1u) = /R(m’(r)ﬁ + Vo (&, Du(r) [} dt (2-4)

defined on B'(R).
For (a, &) € [—1, 0) x R, the ground-state energy (bottom of the spectrum) u,(§) of h,[£] can be

characterized by

qal§1(u)

ueB (R),u#0 HMH%Z(R)’

Ma(§) = (2-5)

and & — u, (&) will be called the band function.
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We then introduce the step constant at a by
,13 = inf u f . 2-6
a Sle a( ) ( )

For a = —1, it is easy to identify by symmetrization p_(§) with the ground-state energy of the Neumann
realization of —(d?/dt?) + (t + £)? in R and therefore

B-1 = O, (2-7)

where ® is the celebrated de Gennes constant.
By the general theory for the Schrodinger operator, w, () is, for each & € R, a simple eigenvalue, that
we associate with a unique positive L?-normalized eigenfunction denoted by @a,e, 1.€., satisfying

Gus =0 (O8]~ 1@ =0 and [ fpuc@Pdr=1. 2-8)
R
By Kato’s theory, the band function p, is an analytic function on R. Its derivative was computed in
[Hislop and Soccorsi 2015] (see also [Assaad et al. 2019, Proposition A.4]),
1

1) = (1= 2) (¢4, 07 + (1a(®) — £ 0)?), 2:9)

which results from the following Feynman—Hellmann formula (see [Assaad et al. 2019, equation (A.9);
Bolley and Helffer 1993; Dauge and Helffer 1993]):

1 (§) =2/R(S+ba(f)f)|<pa,s(f)|2df- (2-10)

2B. Properties of band functions/states. For a € (—1, 0), the following results were recently established
in [Assaad and Kachmar 2022; Assaad et al. 2019; Hislop et al. 2016]:

(1) 1al®9 < By < min(lal, O).
(2) There exists a unique ¢, € R such that 8, = u,(&,).
(3) ¢a <0, u) (&) > 0 and the ground state ¢, := ¢, ¢, satisfies

$,(0) <0 and g, = —v B, + ($.2(0)/¢2(0)).
In particular, using (2-10) for & = ¢,, we observe that the functions ¢, and (¢, +b,(t)1)¢, are orthogonal
/(§a+ba(f)f)|¢a(f)|2df=0- (2-11)
R

Moreover, the ground-state ¢, satisfies the following decay estimates:

Proposition 2.1. Leta € [—1,0). For any y > 0, there exists a positive constant C,, such that

/eV'f'(|¢a(r)|2+|¢>;<f>|2)df =Gy
R
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Consequently, for all n € N* there exists C,, > 0 such that

/ l7|"|¢a(D)* dT < Cp. (2-12)
R

The proof is classical by using Agmon’s approach for proving decay estimates. We omit it and refer the
reader to [Fournais and Helffer 2010, Theorem 7.2.2] or to the proof of Lemma 2.4 below.

2C. Moments. Later in the paper, we will encounter the moments

400 1
Mn(a)=/ 5 (T)(Ka+ba(f)f)"|¢a(f)|2df, (2-13)

which are finite according to (2-12).
For n € {1, 2, 3}, they were computed in [Assaad and Kachmar 2022] and we have

Mi(a) =0, (2-14)

Ma(@) =~ 26 /+OO P dr+ 5 (3 1)060 06,0 2-15)
2 — 2 a e ba(‘f) a 4\q a®Pa a s

Ms@ = 5 (3= 1)00406, . (2-16)

Remark 2.2. From the properties of the band function recalled in Section 2B, we get that M3(a) is
negative for —1 < a < 0 and vanishes for a = —1.

Remark 2.3. The next identities follow in a straightforward manner from the foregoing formulas of the
moments:

+o0
/ T (Lo +ba (D)D) lda ()P dT = Ma(a),

o]

400
/ T (a + bo(D)21da (0 dT = Ma(a) — LM (@),

—00

+00
/ ba(T)T*(La +ba (1)) | (D) dT = M3(a) — 2¢,Ma(a),

—00

+oo +oo 1
/ Tl (D)2 dr = ¢, / ba(D)2d,

00 —00 ba(T)

+o0 +00 1
/ TG0 d = Bt / (D)1 d +2M3(a) — 200 Mo (a).

o0 —o0 ba(T)

We will also encounter the moment
h(a) = fR (Lo + ba (D)D) BaRalCo + ba(D)T)pa] T, 2-17)

involving the resolvent 2R, which is an operator defined on L?(R) by means of the following lemma:

Lemma 24. Ifu € L3(R) is orthogonal to ¢,, we define (h,[¢.] — Ba) " 'u in L%(R) as the unique
solution v orthogonal to ¢, to

(ha[ga] — Ba)v =u.
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We introduce the regularized resolvent R, in L(L*(R)) by

0 if ull ¢a,
(ha[ga] - :Bu)_lu lf ul ¢a
(extended by linearity). Then, for any y > 0, R, and (d/dt) o R, are two bounded operators on
L*(R, exp(y|t|) d7).

Ra(u) = { (2-18)

Proof. We follow Agmon’s approach. Consider v € Dom(h,[¢,]) and u € L*(R, exp(y|t|) dt) such that
(BalSal — Ba)v =u.
For all y > 0 and N > 1, consider the continuous function on R

®, y(t) = min(y[t], N).
Observe that ®,, y € HILC(R) and

y ifylt| <N,

o' -
|y (@)l {o if y|z| > N.

Integration by parts yields
(, P72 v) = ((Bhallal = BV, PV 0)

= l[(e®¥v)' > + / ((Ca+b1)* = B)le®rVo* dT — | @), ye® V|
R

> [[(e® ¥ u)'||* + / ((Ga+b7) = Ba —y D)l Vv dr.
R
Choose A, > 1 so that, for [t| > A,, we have (¢, +b1)?— Ba— )/2 > 1; consequently, for N > y A,

(u, PN v) > [[(e®rVv)||* + / le®r Vo2 dT — (By +yD)e? Y |v)1%.
{lIz|=A,}

Using the Cauchy—Schwarz inequality, we get further

le® ¥ ul [le® N vl > [[(e®r¥v)||* + / le®rVu|2dt — (B, 4+ yDe? A |||
{Iz|=A,}

Rearranging the terms in (2-19) and using Cauchy’s inequality

le®rNull le®Vull < 2[e®Vull* + Lle®rVv| %,

we get

@) 12+ 3 / e v dT < (Ba+ 1 + De Y v]? + 20| ul?.
{Ilr1=Ay}

We end up with the estimate
@ 2 @ 2 2 o, 12
[le 7Nl df+/|e rMultdT < Cy (ull” 4 lle™ ull),

where we note that the right-hand side is independent of N.
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Since ®,, y is nonnegative and monotone increasing with respect to N, we get by monotone convergence
that e®rv and ¢® v’ belong to L2(R) and satisfy
f le®rv'|* dr + f le®rvl*dT < Cy (vl + lle® ul?), (2-19)
where
d, (1) = NETOO @, N(T) =Vt
To finish the proof, we note that, since the regularized resolvent is bounded and ®, > 0,
loll® = 1Raul® < 1Rall? el < [19Ra* e ul®. O
Proposition 2.5. For any a € (—1,0), it holds
1 (Ca) =2(1 — 4L (a)) > 0. (2-20)

Proof. First we notice ({,+b,(t)t)¢, is orthogonal to ¢, in L?*(R) (see (2-10)). Thus R,[(Ca+ba (T)T)al
is well-defined as (h4[24] — Ba) ™' (Ca + ba(T)T)d,. Let z € R, and E,(z) be the lowest eigenvalue of the
operator H,(z), defined on L2(R) as

2

d
Ha(2) = balla + 21 = =75 + (Ca+ 2+ ba(D) D).
We adopt the same proof of [Fournais and Helffer 2006, Proposition A.3] (replacing Py by H,(0) — B,
there) to get the identity in (2-20). Finally, by [Assaad and Kachmar 2022], ©”(¢,) > 0. O

3. One-dimensional model involving the curvature

We consider a new family of fiber operators which are obtained by adding to the fiber operators in Section 2
new terms that will be related to the geometry of the magnetic edge. This family was introduced earlier
in [Assaad and Kachmar 2022] and their definition is reminiscent of the weighted operators introduced in
the context of the Neumann Laplacian with a uniform magnetic field [Helffer and Morame 2001].

We introduce the parameters

ae(—1,0), 8€(0,5), M>0, hp>0 and «e€[-M,M],
which satisfy
MR <
and will be fixed throughout this section.
Consider on (—h % h=?) the positive function a, ,(t) =(1—«h 1721, the Hilbert space L2>((—h=% h™%);
ax., dv) with the inner product

h76
<u,v>=f u(@)o@) (1 —ch' 1) d,
_hs

and, for & € R, the operator
dZ
,Ha,é,/c,h )

2\2
dTZ+(ba(r)r+s)2+xh1/2(1—Khl/zr)*la#z/chl/%(ba(z)r+§—xh1/2ba(z)%)

— kch by ()T (bu(T)T +£) +K2hba(f>2%4’ G-D
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where b, is the function in (2-2) and
Dom(Hye ) = {u € H*(=h™°, h™°) 1 u(+h™%) = 0}. (3-2)

The operator H, £ ., 15 a self-adjoint operator in L*>((—h=?, h=%); a, n dt) with compact resolvent. We
denote by (A, (Ha,g,,n))n>1 its sequence of min-max eigenvalues. The first eigenvalue can be expressed as

M (Hagen) = inflqascn@) :u € Hy(=h™°, h7%) and [[ull 2 p-sp-5yaary = 1} (3-3)

where

h=° 2.2
ducer@= [ (WP A28 (b (D)7 +5 -k 20,05 ) WD) ) (1! Pr) dr. (-4
_p-3
By Cauchy’s inequality, we write, for any € € (0, 1),

(b e +& = h 25,05 ) = (1 = e)ba(rrr + 87 — e~ b, (02

Noticing that 1t <h'=* for r € (h =%, h®) and optimizing with respect to &, we choose & =1 '/272% and get
(ba(ﬂr +& - fch”zba(r)’;)2 > (1= 127 2) (b, (1) + )% — b (0)2h'>72. (3-5)
We plug (3-5) in (3-4) to get, for some Cqy > 0,
Gagen (@) = (1= Coh'>72)qu[€1u) = Coh' > Null o _pos s (3-6)
where ¢g,[£] is the quadratic form in (2-4). The min-max principle ensures that
qalE1W) = Ballullo_j-s sy forallu € Hy(=h=°, h7%). 3-7)
Since B, > 0, (3-6) and (3-7) imply
Gaeuen (1) = (1= Ch'27)qq[£](w), (3-8)

with C = (148, 1Cy. From (3-8) and the min-max principle we deduce the lower bounds in Lemma 3.1
below (see [Assaad and Kachmar 2022, Section 4.2] for details).

Lemma 3.1. Given a € (—1, 0), there exist positive constants y(a), €1(a), e2(a), co(a), ho(a), Co(a)
such that, for all h € (0, ho(a)),

o For |& — ¢,| = g9(a), we have
M (Hagwn) = Ba+cola).

e For ex(a)h'/*% < |& — ¢,| < &o(a), we have
M Hagin) = Ba+e1(@)(E —Lo),
e For |& — | < &2(a)h'/*7%, we have

MHagien) > Ba+c2(@)E — o> + 1k Ms(a)h'/? — Cola) max(h'/?|E — ¢4, 1€ — Lal®, h),
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where
c2(a) = 5145(Za) > 0. (3-9)
We can now state the following:

Proposition 3.2. There exists ¢o(a) > 0 and, for all ¢ € (0, 1), there exist C., hy > 0 such that, for all
h € (0, h,) and & € R, the following inequality holds:

M Hagwen) = Ba+ Eo(@) min((€ — £2)*, &) +kMa(@h'/? — Ceh.
Proof. In the third item of Lemma 3.1, we estimate the remainder term
max(h' (€ = Lal, 1§ = ¢’ h) < 07"+ Dh 40l — Lal> + 1§ = ¢al

for all n € (0, 1). Choosing n = cz(a)/(4Co(a)), where Cp(a) is the constant in Lemma 3.1, we deduce
from Lemma 3.1 the lower bound for the eigenvalue A1 (Hy £ «,n), With

2oa) = %min(sl @), 2@ co(a)>. 0

go(a)?’
4. Upper bound

We establish an upper bound of the n-th eigenvalue A, (k) of Py, which was defined in (1-4). This
will involve the spectral value 8, introduced in (2-6), the moment M3(a) < 0 introduced in (2-16), and
cz(a) > 0 the value defined in (3-9). In this section, we consider two parameters 1 € (O, %) and § € (0, %)
Theorem 4.1. Let n € N* and a = (1, a), with —1 < a < 0. Under Assumption 1.1, there exist hg > 0
and Cy > 0 such that, for all h € (0, hy), the n-th eigenvalue A,(h) of the operator Py, defined in (1-4)

satisfies
koM
don(h) < hBa+ 1Y kenae M3 (@) + B4 20 — 1),/ M + Coh'%8, (4-1)

where cy(a) and M3 (a) were introduced in (1-12).

Proof. The approach is similar to the one used in the literature in establishing upper bounds for the
low-lying eigenvalues of operators defined on smooth bounded domains, like Schrédinger operators with
uniform magnetic fields (and Neumann boundary conditions) or the Laplacian (with Robin boundary
conditions). For instance, one can see [Bernoff and Sternberg 1998; Fournais and Helffer 2006; Helffer
and Kachmar 2017]. The proof relies on the construction of quasimodes localized near the point of
maximal curvature on I'.

Let i € (0, 1). Working near I', we start by expressing the operator P, in the adapted (s, t)-coordinates
there (see Appendix A):

Py=—a'(hdy, —iF)a  (hdy —i F) —a ' (hd, — i FBy)a(hd, — i F>). (4-2)

Recall that we assume that the maximum is attained for s = 0, hence kpn,x = k(0), and having Lemma A.1,
we perform a global change of gauge w such that the magnetic potential F satisfies in €2 near the edge T,
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when expressed in the (s, ¢)-coordinates,

~ — _ 1.2
Fs. :( ba(t)(to 5t k(s))>’ 4-3)
where t — b, (¢) is defined by
by(t) =1, (1) +alr_ (1), teR.
Performing the change of variables
o=h""8 and 1= h_l/zt,
the operator 73h becomes in the (o, T)-coordinates
Pr=—a" (W83, +ih' b, (0)Ta)a (W88, +ih" /b, (1) Tdy) — ha 18,40, (4-4)
with
(o, 7;h) =1—h"*tk(n'Po) and & (0,75 h) =1—3h'Prk(h' o). (4-5)
It is convenient to introduce the operator
zp}rllew _ e—iaga/hmh—lﬁheiaga/hys — B, (4-6)

where ¢, is introduced in Section 2B and we get
PhY = —a7'9,00; — By — & (/236 +i(¢u +ba(2)T) —iba(T)T(1 — &)
x &1 (hY38, +i (L +ba(T)T) — iba(D)T(1 — B2)).

Using the boundedness and the smoothness of k, and the fact that k'(0) = 0 and k”(0) < 0, we write
5 k(0
d(o, T; h) = 1 — h'/?tk(0) — h3/4t02% +h"8e) (0, 1),
. k(O k"0
Mo, t;h)=1— hmr% —h3/4r02% —|—h7/8e2,h(0, 7),

. k// 0
a Yo, T h) = 1+ h'2Tk(0) + h3/4r02% + 183 1,(0, 1),
a7 2(o, T h) = 14+ 2022k (0) + B/ * 26k (0) + h"/Beq 1, (0, 1),

where (e; ;,)i=1....4 are functions of o and t having the property that there exist C and hg such that,' for
he(0,hy),oce(—h ", h~T)yand T € (—h~", h~P) we have

lern(o, T)| +lean(o, T)| < Cltad|,  lesn(t,0)| +lean(r,0)| <C@+1*4+1),  4-7)

and
4 2

Z(Z(w{ei,h(o, Ol +10]ein(o, D)) + 192, €01 (0, r>|) <CoP+It+1). (4-8)

i=1 Nj=I

IThe following conditions on the length scales of T and o (namely that o € (—h_‘s, h_‘S) and T € (—h™ P, h™P)), as well
as (4-7) and (4-8) below, are set for a later use in the paper.
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Hence,
PRY = Po+ W8P +h' 2Py + h34 Py + 1Ty, (4-9)
where
Po= =097 + (la +ba(1)7)* — Ba,
Pr=-2i(¢s+by(t)T)05,

= k(0)[27 (8 + ba(1)T)? = ba(1)T2(Zq + ba(D)T)] + k(0): (4-10)
=+ z() (21 (G0 +ba(D)T)? = ba()7T* (G +ba(DD)] + é) 2%,
and
O =E1h(0, 1) + E3 4 (0, 1)y +E3.1(0, T)0; +E4 (0, T). 4-11)

Here the terms (&; 5)i=1,....4 are functions in o and t having the property that there exist C and g such
that, for & € (0, hg), 0 € (—h™",h~") and T € (—h~ ", h™P), we have

&1 (0, D+ 185 Ein (0, T) | +18:Eip0, T < C (Jo|®+ 70+ 1). (4-12)

In what follows, we will construct, for each n € N*, a trial function ¢, € Dom P;°¥ satisfying
koM3(a)ca(a)
‘ P n — ( 7 ke Ma(@) + h Q0 = 1)\ === | ¢

(recall k, = k”(0)).
The result in (4-13), once established, will imply by the spectral theorem the existence of an eigenvalue
A (h) of P such that

AV (h) = B kpax M3 (@) + B34 (2n — 1),/ M +OH3). (4-14)

Furthermore, by the definition of 7,V in (4-6) we have

LZ(IR{Z,h5/Sada dr)
= O pull 2255540 ary  (4-13)

o (Pr) =ho(P;Y).

Thus, (4-14) will yield the result in (4-1). Hence, the discussion above shows that establishing (4-13) is
sufficient to complete the proof of the theorem.
We construct the trial functions in the form

on(o, ) =h"x (h"o) x (h"T)g(0, T), (4-15)

where x is a smooth cut-off function supported in (—1, 1) and g = g[h] will be determined in L*(R?)
with rapid decay at infinity. First we set

glhl=go+h¥Bg +h'2gy + 1/, (4-16)
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with g; € L2(R?) fori =0, ..., 3, and
w=ph) = po+h> s+ py+h¥ s, (4-17)
with ; e Rfori =0, ..., 3. We will search for 11 and g satisfying on R?
P = wg = On""). (4-18)

More precisely, using the expansion of P,V in (4-9), we will search for 11; and g; satisfying the system
of equations
(e0): (Po— po)go =0,
(en): (Po—po)g1+ (Pr— p1)go =0,
(e2): (Po—0)g2+ (P2 — p12)go =0,
(e3): (Po—10)g3 + (Pr — g1+ (P3 — 13)go = 0.
Let ug = ¢, be the positive normalized eigenfunction of the operator h,[¢,] (in (2-1)) corresponding
to the lowest eigenvalue .
Obviously, the pair
(ro, go) = (0, uo f) (4-19)

is a solution of (eg) for any f € S(R,).
We implement this choice of (g, go) in (e1) and write

Pog1 = —(P1 — p1)80 = [2i(Sa + ba(T)T)05 + 1 1uo f.

Noticing that (¢, +b,(T)T)ug is orthogonal to ug in L*(R), Ra[(&a +ba(T)T)ug] is well-defined with R,
in (2-18) (see (2-11) and Remark 2.2), and the pair

(11, 1) = (0, 2iRa[(a + ba (1) 70105 f) (4-20)
is a solution of (e;).
Similarly,

Pogo = — (P2 — 112)80 = [—kmax (2T ({4 + ba(T)T)? — ba (1) T (L4 + ba(T)T)) + p2 |uo f — Kimax f Dz tto.

From Remark 2.3, we observe that [27 (¢, + by (T)T)% — by (1) T?(La + ba(T)T) — M3(a)]ug is orthogonal
to ug in L%(R). Moreover, the normalization of u¢ in L2(R) yields d;ug L ug. Hence, the pair

(U2, 82) = (kmaxMS(a),
—kmaxRa (127 (L4 + ba(T)T)? — ba (D) T2 (L4 + ba(T)T) — M3(a)lug + deu0) f)  (4-21)

is a solution of equation (e)).
Finally, we consider equation (e3):

Pogz = —P1g1 — (P3 — u3)go.
We will search for 3 and f satisfying

(P1g1(o, ) + (Ps — i3)g0(0, -)) Lug(-) (4-22)
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for every fixed o. This orthogonality result will allow us to choose
g3(0, ) =—Ru[P1gi(0, ) + (P3 — 3)80(0, )] (4-23)
in order to satisfy (e3). To that end, the aforementioned choice of gg, g; and g gives for any fixed o
(P1g1(o, )+ (P3— u3)go(o, - ), uo(-)) 2w

=43§f(0)/(§a+ba(f)f)uoma[(§a+ba(f)f)u0]df+%02f(0)f uodruodt
R R

+ / (—a§f<o> - lﬁosz)[zr(;a + bo(T)T)? = bo(T)T* (Lo + ba(T)T)] — mf(a))u%dr
R

2
koM
=—(1-45()d: f(o) + ZT““)(;%) —pu3f(o) (using lluoll 2@ =1)
koM
= @B f o)+ 2D 2y ro), (4-24)

2

where I, (a) is introduced in (2-17) and (2-20), and c;(a) is introduced in (1-12).
We consider the harmonic oscillator on R
2
harm . _ d 1 2
Haarm = —Cz(a)m + §k2M3(CZ)O’ . (4—25)

For each n € N*, let f, € S(R) be the n-th normalized eigenfunction of H'™ corresponding to the
eigenvalue (2n — 1)\/kyM3(a)ca(a)/2. The choice

f=/fn and pu3=Q2n-1) M (4-26)

makes the expression in (4-24) equal to zero, hence realizing the orthogonality result in (4-22).

We can now gather the above results. For each n € N*, we choose u in (4-17) and g = g, in (4-16)
such that u;, g; and f are as in (4-19)—(4-21), (4-23) and (4-26).

For h sufficiently small, using the properties of Qj in (4-11) and (4-12), the fact that f € S(R), the
decay properties of ¢, in Proposition 2.1 and those of the resolvent 93, in (2-18), the foregoing choice of
g and p implies (4-18).

Now, we consider the trial function (see (4-15)) associated with g(,). Using again the decay properties
of up and f, and Lemma 2.4 for getting the same properties for the g;, one can neglect the effect of the
cut-off functions in the computation while concluding from (4-18) the desired result in (4-13). We omit
further details of the computation, and refer the reader to [Fournais and Helffer 2006, Sections 2-3]. [

Remark 4.2. The formal construction of the pairs (u;, gi)i—o.....3 in the proof of Theorem 4.1 can be

pushed to any order, assuming that the curve I" is C*° smooth. Using the same approach we can construct
pairs (u;, gi)ien+ for defining quasimodes yielding an accurate upper bound of the eigenvalue A, (k), which
is an infinite expansion of powers of 2!/8. This upper bound will agree with the one in Theorem 4.1 up to

the order h7/4; see [Bernoff and Sternberg 1998; Fournais and Helffer 2006; Helffer and Kachmar 2017].
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Remark 4.3. In the derivation of the lower bound in Section 7, the operator H, ;‘arm introduced in (4-25)
plays the role of an effective operator in the tangential variable. In light of (4-16), (4-19), (4-20), (4-21)
and (4-26), the quasimode

vy = a(T) fu(0) + 2i ¥Ry ((La + ba (1) T)ha (1)) 36 fu(0) + 1 g2 (0, T)

is a candidate for the profile of an actual eigenfunction of the operator P, after rescaling and a gauge
transformation.

5. Functions localized near the magnetic edge

In this section, we consider functions satisfying the energy bound? in (5-1), which are consequently
localized near the maximum of the curvature of the magnetic edge I. We will be able to estimate the
tangential derivative of such functions.

As we shall see in Section 5A, bound states and their first-order tangential derivatives are examples of
the functions we discuss in this section.

SA. Localization hypotheses. We fix fy > 0 so that the Frenet coordinates recalled in Appendix A are
valid in {d (x, I') < f9}. We recall our assumption that the curvature of " attains its maximum at a unique
point defined by the tangential coordinate s = 0.

LetO e (O, %) be a fixed constant. Consider a family of functions (gx)xe(0,4,) In H 1(Q) for which
there exist positive constants C, C, such that, for 4 € (0, hol,

Qi (gn) < (hBa +h*> M3(@kmax + C1h" )1 gn17 2 + C2**~, (5-1)

where 9y, is the quadratic form introduced in (1-3).
Suppose also that there exist constants «, C > 0 and a family (r4)xe(0,1,) C R+ such that

limsupr, < 400, (5-2)
h—04
and the following two estimates hold:
/ (Ign)* + 17" |(hV — i F)gu|*) exp(ah™'?d(x, T)) dx < Cry, (5-3)
Q
f (Ign()> + 2~ |(hV — i F)gn]?) exp(ah™"®|s(x)]) dx < Cry. (5-4)
d(x,I") <ty

We can derive from the decay estimates in (5-3) and (5-4) four estimates.
The two first estimates follow from the inequality e* > 2N /N! for z > 0 and read: for N > 1, there
exist Cy, hy > 0 such that, for all 2 € (0, hy], we have

An(gn) == f @, THY (Ign () 1> + B~ |(hV — i F) gy (x)1?) dx < Cyh™?ry, (5-5)
Q

2This is coherent with (4-1) if we consider the function a normalized bound state.
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and, for p € (0, 1), there exist C , iy, > 0 such that, for all i1 € (0, hy,,],
By(gn) := / IsCOIN (Ign (O 1* + R~ (Y — i F)gi(x)[*) dx < Cyh™N Py, (5-6)
d(x,T")<hr

The two last estimates imply that, for a fixed p € (0, %), and N > 1, there exist Cy ,, hy., > 0 such
that, for all & € (0, hy ], we have

/ (I8n)I” +h~'(hV — i F)gn(x)?) dx < Cy o k1, (5-7)
d(x,I')>hr
and for n € (0, %), there exist Cn , 4, hn,p,y > 0 such that, for all 4 € (0, hy , ,], we have

ey (0 OP + ARV = iF)gn|?) dx < v,y h 1 (5-8)
Is (x)[=h"

In fact, (5-7) and (5-8) follow in a straightforward manner from (5-3) and (5-4) after noticing that
f (1gn () >+~ (AY =i F)g|?) dx < Cryexp(=ah?™'/2),
d(x,T)=hr

fi(x oy pe (80O + ATV — i F)gn|?) dx < Cry exp(—ah”™ /%),
s (0)[Zh"

5B. Rescaled functions and tangential estimates. Let § € (O, é) and n € (O, %) be two fixed constants.
Consider the function wy, defined as

wi(0, ) =y (W) x (K T)gn(h' P, h' D), (5-9)
where g, is the function assigned to g, by the Frenet coordinates as in (A-3), namely
gn(s, 1) = gn(x),

and x € C(R), suppx C[-1,1],0<x <land x =1on [—%, %]

Note that, due to our conditions on § and 1, wy can be seen as a function on R2, and its L2-norm can
be estimated by using (A-7) and (5-5) as follows:

lwall? g2y = (1+ 0GR ) llgnll 7 g (5-10)

Under our hypotheses on the function g; (particularly (5-1) for 6 € (0, %) and (5-3)—(5-4)), we can
estimate the tangential derivative of the function wy,.

Proposition 5.1. For all 6 € (0, %), there exist constants Cq, hg > 0 such that, if h € (0, hg], and gy,
satisfies (5-1)g, (5-3) and (5-4), then the function wy, introduced in (5-9) satisfies the estimate

173 — ic)wnll 2@y < ChYS 2 (Jwpll 2 ey + /i + R334, (5-11)

Proof. The proof is split into four steps.
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Step 1: We localize the integrals defining the L?-norm and the quadratic form of g, to the neighborhood,
Ny={xeQ:d(x,T) <h'/?7% |s(x)| < h"}, of the point of maximal curvature, s = 0. In fact, by the
decay estimates in (5-7) and (5-8),

lgnll7s g = / lgn(¥) > dx +O(h™) and  Qu(g)) = / |(hV — i F)gn|* dx + O(h%).
N Ni
We refine the localization of these integrals by using the decay estimates in (5-5) and (5-6), the change of
variable formulas in (A-7) and the expansions

k(s) =k +0(2), a(s,0)=1—1k+0@G%), a?=1+ 2tk +O(%1),

where we set k = k. More precisely,

1/2-8

h h
el = [ [ aPa-modsars [ [ ownialasar+on)
R J—pl/2-38 R J—p1/2-8

1/2-8

To estimate the second term in the right-hand side we use the Cauchy—Schwarz inequality to obtain

p1/2-8 1/2-8 p1/2-8

h 1/2 1/2
f/ s2|t||§h|2dsdt§</f z2|gh|2dsdz) (// s4|gh|2dsdt) .
R _h1/2—5 R _hl/2—6 R _h1/2—5

Hence by (5-5) (with N = 2) and (5-6) (with N = 4) we get

/2=
f / s21t118n (s, D) ds dt = O(h3/*yry,.
R J—nt/2-8
Implementing the above, we have
h—é
lgnl72q) < /R /H lwi*(1 = h'?zic) do dt + O *yry, + O(h™) (5-12)

and

Q1 (gn) =/ /WH (1na:al? + a1 +2Kz)\(has +iba (1) (1 — "th))gh\z)a —«t)dsdt
R +OU™) +ORy).,  (5-13)

where

Ry = fRz s2|t|(|h8,§h|2 + ((has —i—iba(t)(t _ k(sz)tz))gh(z) ds dr

1/2
+/ s4t4|§h|2dsdt+</ s4t4|§h|2dsdt> I(hV — i F)gnll 12
R2 R2

Proceeding as above for the treatment of fRZ s4t4|§h |2 ds dt, we infer from (5-1), (5-5) and (5-6) that

Ry < C((A2(gn) Ba(gn)"*h + (As(gn) Bs(gn) /> + (As(gn) Bs (gn)'/*h'/?) = O(h"*ry).
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Now, coming back to (5-1), we get after performing a change of variable and dividing by / that?

h=* 2 2
// 5(|8rwh|2+(1+2/<h1/27)‘<h3/880+i<ba(r)r—Khl/zba(r)%))wh‘)(I—Khl/Zr)do*dr
RJ—-h—

< (Ba +h'"* M3 (@) + OB *ymy + OB ry) + O, (5-14)

where -8
mp :Z/f 6|wh|2(1—/<h‘/2r)do— dr = (1+ o) w71 ge)- (5-15)
R J—h~

In the sequel, we set
Mh:mh +rp. (5—16)

Next we perform a Fourier transform with respect to o and denote the transform of wy by

wh@,z):d%_n/[a

Then it is immediate from (5-14) and (5-15) that we have

wy (o, 1)e ¢ do.

h=? 2 2
// 5(|8Tﬁ)h|2+(1+2Kh1/21)‘(h3/8$+ba(r)r—xhl/2ba(t)%)ﬁ1h )(1—/<h1/2r)dgdz
RJ—-h—

< (Ba +h'PM3(a))my + OB My) + OW*0),  (5-17)

and my, introduced in (5-15) now satisfies

h—S
mh:// |Wn2(1 — kh'/?7) dE dx. (5-18)
RJ—h—%

Step 2: We introduce
(&) = Gacacn ()], _yse. (5-19)

where g, ¢ is the quadratic form introduced in (3-4). We rewrite (5-17) as
/ fo(®) d& < (Ba+h'*Ms(@i)my + O * M) + O077). (5-20)
R

Fix a positive constant ¢ < 1. Then by Proposition 3.2,

h—s
Sn(€) = / y (Ba + Co(@) min((B*/%€ — ¢,)%, &) + h'2Ma(a)k — Coh) |0y |*(1 — h' ity dT. (5-21)

Inserting this into (5-20) we get

hfs
/ / ¢o(a) min((h*/%& — £,)%, &) |y |*(1 — h'2k7) d& dv = OB My) + O(W*/*77),
RJ—hs

from which we infer the two estimates

h—ﬁ
/3/8 ) / s |h3/8§ - §a|2|wh|2(1 - hl/sz) dr‘;‘- dt = (’)(h3/4Mh) + (’)(h3/2_6), (5_22)
|h3/8E—¢412<e J —h~
h—é
fz/s . / a0 =R dé dT = O M) + O, (5-23)
|33 =g, 1228 J —h~

3Replacing the cut-off functions in (5-9) by 1 in the integrals produces O(h°) errors by (5-7) and (5-8).
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Step 3: Noticing the simple decomposition

h?
// |Wn>(1 — h' k) de d
RJ—h—3

h_s h—S
B /h3/8 2 /h 5 [al*(1 = b ) d de +/h%/s 2 /h 5 [ |*(1 — k' Pty dE dT,  (5-24)
| §—lal*<e J—h~ 38—, 2>e J—h-

we get from (5-23) and (5-18)

ht
/3/8 , / S |lf)h|2(1 —hl/ZK.L.)dg: dt :mh+0(h3/4Mh)—|—O(h3/2_9), (5-25)
|h $—§a| <e J—h~

Similarly, we decompose the integral in (5-20) as
/fh(%‘)d$=/ fh(&)d$+/ fn(§) d§. (5-26)
R |h3/8& —t4|?<e |h3/88 —t4|*=e

We write a lower bound of the integral on {|43/3¢ — ¢,|? > ¢} by using (5-21). Noting that ¢o(a) > 0, we
get, by (5-25),

f [i&) d& = (Ba+h'>My(a)c + O(h))my, + O/ * My) + O/,
|R3/88 —t4|?<e
Inserting this into (5-26) and using (5-20), we get
/ fn(€)dE = O(W/*My) + O(R>77). (5-27)
W85 —¢,Pze
Step 4: We write a lower bound for f;,(£) by gathering (5-19) and (3-8), thereby obtaining
/ fu(€)dg > (1 — V22 [ (e 1@utor + 18 P) d a.
|h3/8E—¢,2>e |R3/88 —¢,?=¢ JR

Using (5-27) and the inequality (note that |b,| < 1 since |a| < 1)

(ba(D)T +h¥3E)? > L(1*¥%)? — 272,
we get

% / / |30, de dr <2 / / 210, |2 dE dT+O R M) +O R0, (5-28)
|R3/8&—,12>e JR |n3/88—¢,2>e JR

Let p=1/0 and ¢ = 1/(1 — 0). By the Holder inequality, (5-5) and (5-23), we write

/ / 2 ? dedr
W335 =g, P2e JR S

:szjh‘wlwhp—z@

1/p 1/q
< ( / f 2P |, 1270 dg dr) < / / | w9220 dg dr)
|§h*§u|228 R \Eh*{aIZZe R
1/p 1/q
< (/ 2P |wy|? dt ds) (f / || dé dr)
R? & —Cal>>e JR

— ORI 1y 4 O(MZ) p(1-6)3/2-6),
= ORI p1) £ OR>512),
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where, in the last step, we used Young’s inequality,
Mﬁ RA=0G/2-0) _ pg, g0 G/4=0) | (1-0)(3/2-6)=6(3/4—0)

< OMRYA0 (1 — O)R3/20 = (/4=0)6/(1-0)

<OMuh* 0+ (1= 0)n¥*>02 for0 <6 < 3.

Inserting this estimate into (5-28), we get
/ | WP ds dr = 06 My + O,
[h3/8&—¢q>2e VR

Collecting the foregoing estimate and those in (5-22) and (5-23), we deduce that

hﬂS
/ (¥ — itaywn | do dt = / f (0788 — ¢y | d dT = O+~ My) + O(W¥27372),
R? RJ—h?

With (5-15) and (5-16) in mind, this implies (5-11) as stated in the proposition. Il

6. Localization of bound states

In this section, we fix a labeling n > 1 and denote by v , a normalized eigenfunction of the operator Py,
with eigenvalue A, (k). By Theorem 4.1, it holds

Qn(Wnn) < (hBa + 1> M3 (@)kmax + Crh" ) 1Y 172 (6-1)

where Oy, is the quadratic form introduced in (1-3).

The decay estimates in Sections 6A and 6B follow by standard semiclassical Agmon estimates. We
refer to [Helffer and Morame 2001; Fournais and Helffer 2006] for details in the case of the Laplacian
with a smooth magnetic field, and to [Assaad and Kachmar 2022] for adaptations in the piecewise constant
field discussed here.

Using the aforementioned decay estimates, the bound state v, ,, satisfies the hypotheses in Section 5.
Namely the estimates in (5-1)g, (5-3) and (5-4) hold with g5 = V¥, ,, r, = 1 and for any 0 € (0, %)
Consequently, we will be able to estimate its tangential derivative (see Proposition 6.2). Estimating the
second-order tangential derivative of ¥, , (as in Proposition 6.3) requires the analysis of the decay of its
first-order tangential derivative in order to verify the hypotheses of Section 5.

6A. Decay away from the edge. The derivation of an Agmon decay estimate relies on the following
useful lower bound of the quadratic form [Assaad and Kachmar 2022, Section 4.3]. For every Ry > 1,
there exists a positive constant Cgy and /¢ > O such that, for & € (0, hg],

O (u) > f (Un.a(x) — CoRy*h)|u(x)[*dx  (u € Hy(R)), (6-2)
Q

where @y, is introduced in (1-3) and

lalh if dist(x, ) > Roh!'/?,

U, =
ha(x) {ﬂah if dist(x, T') < Roh!/2.
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Note that the decay property is a consequence of 8, < |a|. Following [Fournais and Helffer 2010,
Theorem 8.2.4], it results from the foregoing lower bound that the eigenfunction v, , decays roughly like
exp(—aoh_l/ 2d(x, T")) for some constant «g > 0. More precisely, the following holds:

/ (IWnal? + (A — i F)Yp 0 |*) expaoh™/? d(x, T)) dx < C. (6-3)
Q

6B. Decay along the edge. Here we discuss tangential estimates along the edge I'. Recall that s =0
corresponds to the (unique) point of maximal curvature.

The starting point is the following refined lower bound of the quadratic form [Assaad and Kachmar
2022, Section 4.3]:

Q) = [ (U0 = Colluldx (e HY@) (6-4)
Q
where, with x = ® (s, 1), k(5) = kmax — €05 and &g a positive constant,
r lalh if dist(x, T") > 2h!/S,
Up,o(x) = 3/2 e d 1/6
Bah 4+ M3(a)k (s)h if dist(x, ") <2h'/°.

Here we recall that M3(a) is negative so the potential in the second zone is minimal at the point of
maximal curvature. The lower bound (6-4) can be derived along the same arguments in [Fournais and
Helffer 2010, Proposition 8.3.3, Remark 8.3.6] and by using Proposition 3.2.

The eigenfunction v, j, decays exponentially roughly like exp(—ah~'/8s(x)) for some constant a; > 0.
More precisely, picking #( sufficiently small so that the Frenet coordinates recalled in Appendix A are
valid in {d(x, ") < ty}, we have

/ (1Wna GO + 07 (AV — i F)Yp 0|*) expQRaih ™ B |s(x)) dx < C. (6-5)
d(x,T)<r1y

Remark 6.1. We observe, by collecting (6-1), (6-3) and (6-5), that the eigenfunction g, = ¥, ,, satisfies
the hypotheses of Proposition 5.1, namely

¢ (5-1) holds for any 6 € (0, %),
e (5-3) and (5-4) hold with 0 < o < min(2«y, 2a2) and r, = 1.

6C. Estimating tangential frequency. The localization of the eigenfunction v, , is to be measured by
two parameters p € (O, %) and n € (O, %) We will choose p = % —dwith§ € (O, ﬁ), i.e., we are assuming

5 1

We introduce the function
up (o, T) =By (W0) x (Wt P n (BB, WD), (6-6)

where 1};,, » 1s the function assigned to v, , by the Frenet coordinates as in (A-3), x € C°(R), supp x C

[-1,1, 0<x<land x =1on[-1,1

—%, 5]. Note that uj,_, can be seen as a function on R2, and by (5-10)
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(applied with g, = Yy, ), its L?-norm satisfies
Nt 1322y = 1Whnll 2.0 (L + ORY?)) = 1+ OR'?), (6-7)
(R<) (R2)

since v, , is normalized in L?(2).

Using Proposition 5.1, we can estimate the tangential derivative of u; ,. More precisely, we apply
this proposition with gy =¥, rp, =1and any 0 <6 < % (see Remark 6.1). In this case, the function
introduced in (5-9) is given by wj;, = uy, .

Proposition 6.2. Forall 6 € (0, %), there exist constants Cyg, hg > 0 such that, for all h € (0, hy],
1(h**85 — iCa)unnll 22y < Co B/
We can estimate higher-order tangential derivatives of u, ,.
Proposition 6.3. Forall 6 € (0, %), there exist constants Cy, hg > 0 such that, for all h € (0, hy],
I(B**85 —iga)*unnll 12y < Co h*/*7, (6-8)
where uy, , is introduced in (6-6).

Before proceeding with the proof of Proposition 6.3, we introduce the notation, r, = O(h?) for a
positive number y, to mean

for all 8 € (0, y), there exists Cy, hg > 0 such that, for all & € (0, hyg), |ry] < Coh? =", (6-9)

Proof of Proposition 6.3. We will apply Proposition 5.1 with an adequate choice of the function g
defining the function wy, in (5-9).
We introduce the function ¢ on Q2 as

on(x) = f ) Ynn(x), (6-10)

where f(x) = (1 — x(dist(x, 02)/#1)) x (dist(x, I")/#p), t; and 7y are constants so that the set {x € Q :
dist(x, 0€2) > 11} contains the point of maximum curvature and the transformation in (A-1) is a diffeo-
morphism, x € C°(R), supp x C[—1,1],0<x <land x =1on [—%, %] Then we define

gn(s, 1) = (W28, —il)@n(s, 1), (6-11)

where ¢y, is the function assigned to ¢;, by (A-3). Notice that, using the notation in (6-9), the conclusion
of Proposition 6.2 can be written as

lgnll @) = OH®). (6-12)
We will show that g, satisfies (5-1)g for any 6 € (0, %), and that (5-3) and (5-4) hold with
rn = llgnllya g + 17 (6-13)

This will be done in several steps outlined below.
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o In Step 1, we establish rough decay estimates for g, in the normal and tangential directions (see (6-20)).
These estimates are nevertheless weaker than the estimates in (5-3) and (5-4) that we wish to prove.

o In Step 2, we show that g, is in the domain of the operator P}, introduced in (1-4).

« In Step 3, using the rough estimates obtained in Steps 1 and 2, we can verify that (5-1) holds for any
0€(0,3).

 In Step 4, using the estimates obtained in Steps 1 and 3, and the Agmon method, we derive the decay
estimates for g, as in (5-3) and (5-4) with r;, given in (6-13).

« In Step 5, we can apply the conclusion of Proposition 5.1 and conclude the proof of Proposition 6.3.

Step 1: We show that the function g, decays exponentially in the normal and tangential directions. We
select the constant 7y so that the two functions

x> dist(x,I') and xr s(x)

are smooth in the neighborhood, I'y,, of the edge I'. Consequently, the transformation in (A-1) is valid
in I'y4,. Since we encounter integrals of the function g,, which is supported in I, N €2, we select the
gauge given in Lemma A.1. In particular, by (A-4), we have

|F(x)|=O(dist(x,T")) on QNI. (6-14)

Letay € (0, % min (o, al)), where o, o) are the positive constants in (6-3) and (6-5). We introduce on 2
the weight functions

o dist(x, T) azs(x)) (6-15)

Pporm (x) = eXP(T) and Py (x) = eXp( hl/8

By Remark 6.1, we can use (5-5) for ¥, ,. It results from (6-5), (6-14), the Holder inequality, and our
choice of ay, that, for j € {1, 2},

f |F % Y|P @2, dx = f |F % [y > @2, dx 4+ O(h™)
Q Qﬂl",o

< Agj W) 21O Uhall 120y + Oh) = O(h), (6-16)

where Ay4;(-) is defined in (5-5) and
/ |F - (hV — i F)yy | ®2 dx = / |F - (hV — i )y, ,|*®2 dx + O(h™)
Q Qnr,

< As(Wrn ) I PLL (Y — i F)Yrpnll 2y + O(h™) = O(h?).

Similarly, we estimate the L?(Q2)-norms of Fyry n @norms (F - F)Yp @norm and @porm F - (WY —i F) Yy, 5,
using (6-3). Eventually, we get the estimates

||F‘ﬁh,nq’norm||L2(QmFZ,O;R2) + 1 FYpn than”Lz(QﬂFg,O;Rz)
< CR2|F -V (.0 Puorm) | 2@nrs i) + 1 F - VWi Pran) | 2001y < €. (6-17)
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Furthermore, the following two estimates hold:

1¥h.n Prom Ml 22 @0rs,) + 1¥n. Pranll 2@y, < Cs

- (6-18)
1¥h.n ool 111 @) + 10 Pranll 11 @1y ) < ChT2.

Notice that for wy := ¥y, , P#, (# € {norm, tan}), we have, with Pj, the operator introduced in (1-4),
Prws = Ay (R wy — 20V Dy - (hV — i F)Y,., — h* ADy Yy .
Hence, noting that P, = —h?A +2ihF -V +ih divF + |F|?, we find by (4-1), (6-16) and (6-17),
h2||Aw#||L2(§zmr2,0) < (IPhwsll 2@ + I AV — iF)wgll 2@y, +2ldiV F well 2@y,
+ 200 F - Vwgll200r,) + 11FPwill 2@nry,)) = O0).

By the L2-elliptic estimates for the Dirichlet problem in I'5;, N €2, and noting that wy satisfies the Dirichlet
condition,

lwill m2@nr) = €0, (1AWl L2 @nry) + TwellL2@0rs,)-

Consequently, we get the estimate

13,0 Puorml| 120y + 1¥hn Pranll w22, < Ch (6-19)

Now we can derive decay estimates of the function g, introduced in (6-11). Controlling the decay of the
magnetic gradient of g, requires a decay estimate of v, , in the H> norm. Actually, collecting (6-18)
and (6-19), we observe that

”ghq)norm”Lz(F,O) + h_l/zll((hv - iF)gh>chorm||L2(I‘,o;[R2) <C,
llgn Pranll L2 ) + h=2 ) (hY - 1F)8n) Puanll L2 ;m2) = C- (6-20)
Step 2: By the definition of g, in (6-11), this function is compactly supported in €2 N I7},. Hence, there
exists a regular open set w such that, for i € (0, ho], suppgy C @ C w C 2N T'y,. Consequently g

satisfies the Dirichlet boundary condition on dw. To prove that g, is in the domain of the operator Py, it
suffices to establish that

dUnn € H(d (). (6-21)
To that end, we consider the spectral equation satisfied by the eigenfunction v, ,
~(hV =i F)* Y = hn (W) Vhn- (6-22)
Using (A-5) with the potential F in (4-3), (6-22) reads in the (s, t)-coordinates as

—(a7"(hdy — i F)a~ " (hdy — i Fy) + h2a™" 8,00, ) ¥ n = don(B) Y (6-23)
that is,
B2 (a2 0 + 82 Unn) = f1(5, DsYnn + (5, O Wnn + 305, Dnn, (6-24)
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where
2
Fi(s, 1) = —h2a=31k'(s) — 2icr2ba(r)<t - %k(s)),
fals, 1) =h*a"k(s),
. —3 47 _ ﬁ —2£ / —272 _ ﬁ 2 _

F3(s, 1) = —iha 3tk (s)ba(t)<t : k(s)) +ha 2 TK () +a ba(t)(t A k(s)) An(h).
We differentiate with respect to s in (6-24), and get
h* (07297 + 0 (35 Wrn.n)

= (fi = 2050 Vnn + f2 050 Unn + Bs f1 + 13) 0Wnn + 05 f2 0Wnn + 5 f3 Ynon.  (6-25)

Having s — k(s) smooth, a =1 —tk(s) for ¢ € (—21ty, 2ty), and ¥, , € Dom P}, ensures that the function
in the right-hand side of (6-25) is in L>(®~' (2N Ty,)). Hence d,¥,.,, € H' (2 NTy,) and satisfies

(@202 + 023, Pn.n € L2(@ 1 (Q2NTyy)). (6-26)

Hence (6-21) follows from (6-26) using the interior elliptic estimates associated with the differential
operator L := (a—283 + 812).

Step 3: We prove that
Qi (gn) = ka1 gnll72q) + OB, (6-27)

where Qj, is the quadratic form introduced in (1-3).
With the notation introduced in (6-9), the estimates in (4-1) and (6-27) yield (5-1) for any 6 € (0, %)
We start by noticing that

(Pron, Gn) 2@y = da(M){@n, Gn)r2(@) + (P — A () @n, Gr) 2@ (6-28)

where ¢y, is defined in (6-10) and
Gu(s, 1) = —(h'8; —itu)gn.

Recall that ¢, and G, are compactly supported in €2 NI}, so that we can use the Frenet coordinates valid
near the edge I'. By (6-19) we have

1(Pr — An(B))@nll 122y = O(h™) (6-29)
and by (6-20)
1GnllL2@) = O). (6-30)

By Holder’s inequality, we infer from (6-29) and (6-30)
((Ph = A (M) @n, Gp) 12(q) = O(h™). (6-31)
Furthermore, computing the integrals in the Frenet coordinates and integrating by parts, we find

(@ns Gu) 2oy = (a(h' 28, —i8)@n + B2 (Bs0)@n, &) 2@y = 18111720y + OB Dllgnll 2. (6-32)



SEMICLASSICAL EIGENVALUE ESTIMATES UNDER MAGNETIC STEPS 563

Here we get the O(h°/%) remainder by using that d;a = O(ts), the Holder inequality and Remark 6.1 on
the decay estimates in (5-5) and (5-6) for i, , as follows:

(@35 @)@hs &) 2@y < C(Asnn) Ba@rn ) llgnll 2@y = OB *) gl 2y
By (4-1) and (6-12), we infer from (6-32)
dn(h)(@n, Gi) (@) = A (M) lgn 72 gy + O, (6-33)
Therefore, inserting the estimates in (6-33) and (6-31) into (6-28), we find
(Pron, Gn)r2@) = An(R)lgn IIiz(Q) + 0. (6-34)
Now, by Lemma A.2 (used with ¢ = 0), we get
Re(Pugn, Gr) = Qul(gn) — h'* Re(Ry, &) 1) (6-35)
where the function Rj, is defined via (A-3) as
Ri(s, 1) = (hdy — i F) (507" —ia ™ 9, F1) (hds — i F)@n — ia” (0 F1)@n) + h28,(350)8, @ (6-36)

Our choice of gauge in Lemma A.1 ensures that Fg =0 and Fl = O(t). By Remark 6.1 and (A-7), we
have

fo -
// 1Y (G812 + @ (D, — i Bl + hlognP)ads dt = OGN/,
R J—1
o -
// sV (18P + a0 (s — i FD@ 2+ hlagnP)ads di = OGS,
R J—t
Furthermore, by (6-19),
1o
/ / 1V (2@ + 1926 P) ds dit = OV,
R J -1
0]
/ f IsIN (19201 + 182@n1H) ds dt = O(hN/372).
R J—1

Now we can estimate R, in (6-36), by expressing it as

Ry = my(hds —i F1)2@p 4 (my + hdgm ) (hdy — i Fy)@p + h(dm2) @ 4+ h>m302 @y + h2(8,m3) 9, @,

where -
my=da”' —ia 19, F) = O(ts), dm;=0(t),
my = —ia"'0,F; = O(t%s), dsmr = O(3s2),
m3 = dsa = O(ts), dmsz = O(s).

We get then that the norm of Ry, satisfies

IRull 2y = O(R"®). (6-37)
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By Holder’s inequality, we infer from (6-37) and (6-12) the estimate
h' 2| Re(Ri, ga) 2| < bRyl 20 gnl 120y = OB,

Consequently, (6-34) and (6-35) yield (6-27).

Step 4: We refine the exponential decay of g,. To that end, consider a fixed constant 0 < o < Alfozz, where
o, is the constant in (6-15), and a real-valued Lipschitz function ¢, o > 0, which will be either

Do () = @) (x) = ah ™ dist(x, ) or  @pa(x) = f(x) :=ah™/Es(x).
We introduce the function Gy, , defined via (A-3) as
Ghals, 1) = —(h"28; — i) (€ gy (s, 1)).

Since o < }Tag, we infer from (6-18) and (6-20)

f (dist(x, T))?[e? =gy (x)|* dx = O(h),
Q
/ (sl ()P dx = O,
Q

1Gh.alliz@ = O(),
and also

(Pagns Gia) (@) = 2n (W)€ gnl17 ) + O '),

which results similarly to (6-34).
Now, we write by Lemma A.2,

Re(Pugn, G o) = Qu(e™<gn) — h?[|Venale? gl 72 q, — /> Re(Ri, € g1) 12q),
where Ry, is introduced in (6-36). Since a < J—taz, we get from (6-18) and (6-19),
le® Ryl 20y = Oh'®) and  (Ry, &**g1) 120) = O lIghll 120
Collecting the foregoing estimates, we get
Qu(e?gn) = An ()€™ gl 7 ) + O, (6-38)
Now we can select & > 0 small enough so that the following two estimates hold. The first estimate is

/ (Ign* + 17" 1(BY — i F)gu*) exp(ah ™/ d(x, T)) dx < Clignll} g, + OR?), (6-39)
Q

and it follows after choosing ¢ o = ah~1/2 dist(x, T") and using (6-2). The second estimate follows by

1/8

choosing ¢y, = ah™'/°s(x) and using (5-4); it reads as

f (Ien*+ 1AV =i F)gl?) exp(ah™Ps(x)) dx < Clignll72q) + O ). (6-40)
Q
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Step 5: Let 6 € (0, %) Collecting the estimates in (6-27), (6-39) and (6-40), we observe that the function g,
satisfies (5-1)g, (5-3) and (5-4) with r, = O(h3/4~?). We can then apply Proposition 5.1 and get (recall
that [|wp [l z2(q) ~ llgnllL2@) < +/Tn by (5-10))

1?7836 — ic)wnll L2y < Coh™* 2 (llgnll L2y + v/7h + BP/E7397%) = On3/430/%),

Since this holds for any 6 € (0, %), we get that ||(h¥/30, —ig)wall 2q) = O(h3/*), thereby finishing the
proof of Proposition 6.3. 0

7. Lower bound

We fix a labeling n > 1 corresponding to the eigenvalue A, (h) of the operator P, introduced in (1-4).
The purpose of this section is to obtain an accurate lower bound for A, (%). This will be done by doing a
spectral reduction via various auxiliary operators.

7A. Useful operators. We introduce operators, on the real line and in the plane, which will be useful to
carry out a spectral reduction for the operator P, and deduce the eigenvalue lower bounds that match
with the established eigenvalue asymptotics in Theorem 1.2.

These new operators are defined via the spectral characteristics of the model operator introduced in
Section 2B, namely, the spectral constants 8, > 0 and ¢, < 0 introduced in (1-10) and (1-12), and the
positive normalized eigenfunction ¢, € L?(R) corresponding to 8,. We introduce the two operators

Ry ¥ e L*(R) / Pa (DY (-, T)dT € LA(R), (7-1)
R

R :fel*> R f®¢, € L*(R?), (7-2)

where (f ® ¢a)(0, T) := f(0)Pa(7).
Note that RSF R, is an orthogonal projector on L?(R?) whose image is L*(R) ® span(¢,). It is easy to
check that the operator norms of R(;—L are equal to 1; hence, for any f € L?(R) and ¢ € L?(R?), we have

IRS fllzy < W fllewy, IRy ¥l < MW llewey 1RGSRy ¥ ll2mey < ¥ Nl 2e)- (7-3)
If we denote by 7, the projector in L?(R;) on the vector space generated by ¢,, we notice that
Mo:=R{ R, =1®m,. (7-4)

7B. Structure of bound states. Our aim is to determine a rough approximation of the bound state ¥, ,
of Py, satisfying

Prnn = An (W)Y, (7-5)

this approximation being valid near the point of maximum curvature and reading as follows in the Frenet
coordinates:

7 - ; 12 _
Ynn(s, 1) ~h 5/16 4itas/h da(h 1/2I).
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Associated with v, ,, we introduced in (6-6) the function uj , which can be seen as a function on R2
with L2-norm satisfying (6-7). We recall that

nn(o, 1) ="y (o) x (W) Ppa(h o, h' 1),

where Jrh,n is the function assigned to ¥, , by (A-3), x € C°(R), suppx C [-1,1], 0 < x <1 and

x="lon[-3, 3]

We consider the function defined as
Vhn(o, 1) = e 5y (o, ), (7-6)

Approximating the function v, , ~ x (h"0)x (h®7)¢, (1) is the aim of the next proposition, which also
yields an approximation of the bound state ¥, , by the previous considerations.

Proposition 7.1. Let P, be the operator in (4-6). The following hold:
(D) 1Py vpn — (A () = Ba)Vnnll 22y = O(A™).
) vhall2mey =1+0RY?),
3) llvnn — Movanll 22y = OB,
(4) 110 vh,n — 0 Movpnll 22y + 11T (Wan — Tovan) 22y = O,

Proof. Proof of item (1). Let z, be the function supported near I" and defined in the Frenet coordinates
by means of (A-3) as
Zn(s. ) = (W) (120, (7-7)

We introduce the function involving the commutator of Pj and z;, acting on ¥y, 5,
Jn =1Pn, zl¥n.n = Pnzn — 20 Pn) V.- (7-8)

By Remark 6.1, we may use the localization estimates in (5-7) and (5-8) with g5 = V¥, , and rj = 1.
Consequently,

[ npasa < [ 1P dx = o)
R Q
where fj, which is assigned to the function fj, in (7-8) is supported in the set
{HIst = 3p" B Ullel = 3h° V2 0 (sl < A"y 1) < RT3,
We infer from (7-5), (4-2), (4-4) and (6-6),

Pritnn — don(Ryup = h316 f,
where
fulo,0) = fu(h'Bo, n' 7).

Consequently, after performing the change of variable (o = h~!/3s, r = h=1/%¢),

1 Pattnn = dn(W)tt 135 g2y = | Fall 72 gy = Oh). (7-9)
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By (4-6) and (7-6), we observe that
Puttnn = he'“«?/ ™" (PR 1 Byvg .
which after being inserted into (7-9), yields the estimate in item (1).

Remark 7.2. By (6-21), d,v;,.,, € H*(R?). Furthermore, by (6-19), the function f; in (7-8) satisfies
|05 fh 22y = O(h™). A slight adjustment of the proof of item (1) then yields

186 PR vpn — (B A () — Ba)Bo Vin | 22y = O(h™).

Proof of item (2). By the normalization of v, , and Remark 6.1, we have

1=f W dx =/ Winl dx + O(),
Q {Is )| <h=1F1/8 |1 (x)|<h—8+1/2)

/ (1 —zp) |y |* dx = O(h™),

Q

/ dist(x, D) |02 dx = O(h'/?).
Q

We notice that the function z; introduced above in (7-7) equals 1 in { ls(x)]| < %h_”H/g, [t(x)] < %h_5+1/2}.
Now we infer from (A-7)

/ [Unn(s, )2t ds dt < C/ dist(x, T)|[Wp.l> dx = O(h'/?)
{Is|<h=1+1/8 || <h=8+1/8) 9

and

/ Tnats. 0P dsde = [ (s DAL = th(s)) s di
{\s|<h"7+1/8, ‘,|<h—8+1/8} {|s|<h—'7+1/8, |t|<h—8+l/8}

+/ [Unn(s, 0| th(s) ds dt
{Is|<h=nF1/8 |t <h—5+1/3}
=14+0h'?).

Similarly we get

(1= 23) [Yna(s, D ds dt = O(h'/?).
{Isl<1h=n+1/8 || <Lp-o+1/5)

Consequently, returning to (7-6), doing a change of variables and noticing that 7, is supported in
{Is| < h7"F18 1t] < h=0+1/8) we get

ol = | ol dsdr— [ (1= )2 ds dr
{|S|<h_’7+'/8, |l‘|<h_‘3+]/8} {|s|<h_'7+1/8, ‘t|<h—6+l/8}
=1+0h'?.
Proof of items (3) and (4).
Step 1: We recall that the O notation was introduced in (6-9). Note that Proposition 6.2 yields

183885 vl 22y = OR'®). (7-10)
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By Remark 6.1, we can use (5-13) and (5-14) with g, = ¥, rn =1 (and wy, = 1ty ). In the same vein,
we can use (5-5) and (5-6) too. Since uy , = eitac/H Up.n, WE get

/ (0cvnnl? 4+ 115500 + 1 (ba(D)T + L) vnal?) dT do < (Ba+ OB ) 0nnllpagey (T-11)
R
By Cauchy’s inequality and (7-10), we obtain, for any ¢ > 0,

/ B35 v i (ba (D) T+ L)V do dT = / (A=) Ga(@)T+20 o0l =& W05 01,0]7) do d
R R

= (-0 [ 1Gu@rg,, P do dr=Be i),
We choose ¢ = h3/% and insert the resulting inequality into (7-11) to get
/R (18e0nn? + 10 (D)7 + La)vnnl’) dT do < o+ O ). (7-12)
Step 2: In light of (7-4), let us introduce

ri= Hovh’n and r| = (I — Ho)vh,n = (1 0 _ﬂa))vh,n- (7—13)

Using the last relation, and since the orthogonal projection 7, commutes with the operator §,[Z,], we
have the following two identities for almost every o € R:

/|vh,n(a, t)|2dr=/ |r (o, T)|2df+f Iri(o, 7)|*dt
R R R
and
g, Vnn(0, ) = /R (1800 (0. P+ 1(ba()T + L) v (o, DF) d

= QCQ (r(a, . )) + C]Q (I"J_(O', : ))
> B, / (o, DR dT + pua(20) / IrL(o, P d, (7-14)
R R

by the min-max principle, where u,(¢,) is the second eigenvalue of the operator h,[¢,], satisfying
U2(&,) > B, (see Section 2A). Integrating with respect to o, we get

/ (185080 (0. D2+ [(Ba(D)T + L) vhn(o. ) dor dt
RZ
> B, / r(o, D) do dT + 1a(Ze) / ri (o, D) Pdo dr. (1-15)
R2 R2

We deduce from (7-12) and the first item in Proposition 7.1
(12(5) — Bo) / (0. D)2 do dt < BHY) / ro D)Pdodr,  (1-16)
R2 R2
/ Ir(o, T)|* do dt = 1+ Oh*/%), (7-17)
RZ

/ (19:rL.(0, D + (ba ()T + L)r1 (0, D)) do dt < O(h*?) / 7 (o, T)|* do d. (7-18)
R2 R2
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Step 3: Coming back to the definition of r in (7-13), we still have to improve the error term in (7-16) to
get the estimate of the third item in Proposition 7.1.

To that end, we will estimate the terms involving 9, vy, , in (7-11). By (7-4) and dominated convergence,
it is clear that IT commutes with 3, when acting on compactly supported functions of H'(R?):

[pdy = 0y . (7-19)
By (2-11), ¢, is orthogonal to (b, (t)T + {;)¢, in L*(R), so
Ta(ba(T)T +8a)7ma =0,
which implies, by taking the tensor product,

Mo (ba(T)T + £0) 1o = 0. (7-20)
By (7-13), (7-19) and (7-20), we get

(r(o, 1), i(ba(v)T +8a)or (0, T)) 122y = 0.
Now, we inspect the term
(05 Vs 1 (ba(T)T + 8T 2(R2)
= —(Unn, 1(ba(T)T +8a)6) 12 (m2)
= —(r, i(ba(V)T +8a)067) L2R2) — (1, 1(Da(T)T 4+ £a)0oT) 122
=0
=—(rL, i(ba(T)T +8a)0o7) 122y = —((ba(T)T + 8T L, 1067 ) 22y (7-21)

Since
1833057 || 22y = BB IT086 i nll 22y (BY (7-19))

< WP 8gvnnll 2y (by (7-3)
= O(h*®) (by (7-10)),
we get by the Cauchy—Schwarz inequality, (7-21) and (7-18)
13 1(@ vh s | (a (DT + 87 2| < 11 (Ba(D)T + 87 Ll 2y 10057 22y = OB1). (7-22)
Now, we can estimate the following inner product term by using (7-13) and (7-22):

(005 0p i, 1 (Ba ()T + L) Vi) L2m2)

= (0% 85 vhn, 1 (ba (D) T + )7 1) 2@y + (B2 v, 1 (B0 (DT +7) L2 w2)

= (205 vn,n, i (ba(D)T + )r 1) 2y + OB'0), (7-23)
By the Cauchy—Schwarz inequality, (7-10), (7-18) and (7-23), we get

{3835 h s 1 (ba(T)T + C)Vnn) 2@yl < 127206 van | 1 (B ()T + L7 i || + O (RY16)
= OhY'%) = o(h'/?). (7-24)
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Consequently,
123285 vh,n i (ba(D)T + L) Vhn 172 g2y

= 1735 vp 172 g2y + 1 (Ba (DT + L) Vi nll 2 gz + 2 Re(AY v, i (ba (DT + L) vhnd L2e2)

= [CACILE AL [
Inserting the previous inequality into (7-11) we get the following improvement of (7-12):

/ (0cvnnl? +1(ba(D)T + L) vnnl) dT do < fo+ O ). (7-25)
R
Step 4: Now we are ready to finish the proof of items (3) and (4). By (7-15) and (7-14), we infer from
(7-25) and (7-13),
(12(8a) = ﬂa)f Iri(o, D do dt < O(h‘/z)/ Ir(o, )’ do dr,
R? R?

/ (10:rL(0, DI +1(ba(®)T + L)1 (0, T)P) do dT < O(h'/?) / Ir(o, D)’ do dr.
R2 R2
With (7-17) in hand, we get the estimates of items (3) and (4) of Proposition 7.1. O

7C. Projection on a refined quasimode. We wish to improve the approximation vy, , ~ x (K" ) x (h* 1), (T)
obtained in Proposition 7.1 by two ways which eventually are correlated: displaying the curvature effects
in vy, , and getting better estimates of the errors. Along the proof of Proposition 7.1, curvature effects
were neglected and absorbed in the error terms. Not neglecting the curvature, we get the approximation
pn ~ x(h"o)x (h‘sr)qba,h(r), where ¢, 5 (t) corrects ¢,(t) via curvature-dependent terms (see (7-31)).
This is precisely stated in Proposition 7.3 after introducing the necessary preliminaries.

7C1. Preliminaries. In this subsection, we write k = k(0) = knax and k, = k”(0). We consider the
weighted L2 space
Xns=L*((=h™°,n%); 1 = h'k7)dT) (7-26)

endowed with the Hilbertian norm

h 1/2
||f||Xh_,;=(/ Slf(r)lz(l—h‘/zxr)dr> :

—h~

This norm is equivalent to the usual norm of L2>(—h~%, h=%) provided & is sufficiently small.
With domain H*(—h™°, h=°) N Hy (—h™®, h™?), consider the operator in (3-1) for & = ¢,:

2 2.2
Haon = _% + (ba(T)T +80)* +&ch V2 (1 — k1), + 2Kh1/2‘c(ba(l’)‘17 i Khl/zba(r)%>
4
—h' by (D) T (ba (D)7 +80) + 1 hba (1) -, (7-27)
which is self-adjoint on the space X}, s. This operator can be decomposed as follows:

Haen = blLa] +xh' 601+ hLy, (7-28)
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where h[¢,] is introduced in (2-1) and

HV[a] = 8 +27 (b (T)T + £0)? — ba(T) T2 (ba(T)T + C4) (7-29)
and
Ly=q11(1)0: +qan(r), withl|gn(v)| <Cilt], |q2.n(r)] < Co(1+ 171%), (7-30)

where C1, C; are positive constants independent of £, t.
We introduce the following quasimode in the space Xy, s:

ban(T) = x (B°T)(da(T) + A2k $ (7)), (7-31)

where x € C°(R; [0, 1]), suppx C [—1,1], x =1o0n [—%, %] The function ¢, is the positive ground
state of h[¢,] with corresponding ground state energy S,:

(b[ga] - ﬁa)¢a =0.
We now explain the construction of ¢S, By (7-28), starting from some ¢;°" to be determined,
(Hauen = Ba = h' 2 M3(@)) (o +h' ke 95

= kh' (012,195 + (hV[L] — M3(@))ba) +hRap,  (7-32)
where
Ran = Li(a + 7?1 ¢5) + k2 (0D (2] — M3(a)) g

Note that, by Remark 2.3, h(l)[;'a]% — M3(a)@, is orthogonal to ¢, in L?*(R). Hence we can choose
¢0” = =Ra (0P [Lalpa — M3(a) ), (7-33)
so that the coefficient of 4!/2 in (7-32) vanishes. In this way, we infer from (7-32),
(Hah = Ba =1 M3(@)) (@0 + 7' Pk = hRa .

Notice that ¢, j, is constructed so that it has compact support in (—2 =%, h~%) and hence satisfies the
Dirichlet conditions at T = 4k ~%. Since, ¢, and ¢S°" decay exponentially at infinity by Lemma 2.4, we
deduce

[ Haenban — Ba +h'2kc M3(@)panlx,, = Oh). (7-34)

We denote by qb;g’sh the normalized ground state of the Dirichlet realization of H, . 5 in the weighted
space X 5 (i.e.,in L*>((=h=%, h=%); (1—h'2k1)d)). By (3-8), the min-max principle and Proposition 3.2,
we have

M (Hasen) = Ba+h'"PeMz(@) +O(h)  and  Aa(Haxp) = p2(Za) +o0(1), (7-35)

so we infer from (7-34) and the Holder inequality

(Haenban =21 Hawm)) @y = Pai). b = Panly, , = OWNb5y, = Panlix, -

Thus, by the spectral theorem,

165 — Banllxys + 1T@E, = Bam)lx,s + 10:(D5), — ba)llx,; = O(h). (7-36)
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7C2. New projections. We fix hg > 0 so that 1 — h(l)/ e > % In the sequel, the parameter / varies in
the interval (0, hp). Consider the space

Xp5=L2Rx (=h~, h"); (1 = h'/ k) do dr) (7-37)

endowed with the weighted norm

h 1/2
||U||x138=(// 8Iv(G,t)Iz(l—hl/ZKr)der> :
: R J_n-

which is equivalent to the usual norm of L*(R x (—h~%, h®)).
We introduce the two operators

R, :veXj s> / Gan(@v(-, 1)1 —h' k1) dr € LA(R), (7-38)
R
Rf:feLl’R)— fR¢an € X5 where f ®pan(0,T) = f(0)pan(T). (7-39)

The image of R;{Rh_ is L2(R) ® span(¢,.;). Furthermore, for all v € X,%’ s> the functions R,TRh_ v and
v — R, R, v are orthogonal in X ;, since the operator R, R, can be expressed as

I, := R;R; =1Qm,, (7-40)

where 7, j is the orthogonal projection, in the weighted Hilbert space X}, 5, on the space span ¢, ;. With
this projection in hand, we can approximate the truncated bound state vy ,, introduced in (7-6), with
better error terms, thereby improving Proposition 7.1.

Proposition 7.3. The following holds:
10nn = Thvnallxz , + 19 Wan — Mhvn) lx2 , + 112 hn = o)z, = OG0,
where Ty, is the projection in (7-40).
Remark 7.4. By (7-31) and (7-32), we observe that
(T — M) vpnll 22y + 1@ T — 8 To) v nl 22y + 1T (T — M) v ll 22y = O (B2,

where Iy is the projection introduced in (7-4). Since the norm of X i s 1 equivalent to the usual norm
of L2, Proposition 7.3 yields the following improvement of Proposition 7.1:

100 = Tovnnl 2qe2) + 1187 (V0 = Movi)ll 2y + 17 (0 = Movn) |2y = OK1), (7-41)
where [ is the projection in (7-4). This remark will be useful in the next subsection.

Proof of Proposition 7.3. Step 1: We give here preliminary estimates that we will use in Step 3 below.
Firstly, by Remark 6.1,

/ topa(o, 0> do dt = O(1). (7-42)
R2
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Secondly, we will prove that
(W0 vp . (ba (DT + La)Vhn) 22y = O®). (7-43)
By (7-10) and Proposition 7.1,
(B85 Vhns (ba()T + La) W — Tovnn)) 22|
< 1236 vl 22y | (Ba ()T + o) (Whn — Tovaa) |22y = OR®).
Similarly, using (7-19) and Holder’s inequality, we write
[{(Ba(D)T + Ca)h** 06 TIovh 1 Vion — ToVhn) 122 |
< ¥ 006 Vi all 12 @) || Ba ()T + ) Wn — Tovi )l 22y = OG'®).
Now, writing vy , = [ovp,, 4+ (vp,n — [ovp,») and collecting the foregoing estimates, we get
(h3/880 Uh,ns (ba (T)T + Ka)vh,n>L2(R2)
= (R385 Vhn, (ba(T)T + L) TToVhn) 2R2) + O(B®)
= —((ba ()T + L) Vhn 106 Tlgvhn) 122y + O(hY®)  (by integration by parts).

Again, decomposing vy , by the projection ITp and observing that (7-20) yields

((ba(f)f + é‘a)HOvh,na h3/880 HO”h,n)LQ(RZ) = 0,

we get

(h3/880 Vhon, (b (T)T + é‘a)vh,n>L2(R2)
= —{((ba (V)T + ) B35 Tlova s Vin — o n) 22y + O¥) = O(W/®),

thereby obtaining (7-43).
Step 2: We introduce operators involving the ground state ¢§’Sh as follows. First we introduce the operators
R, veXi;r /ﬂq{q&ffh(r)v( 1)1 —h"Y%k1)dr € LA(R), (7-44)
Ri:fel’® > f¢d, € Xy where (f ®¢8,)(0. 1) = f(0)¢8,(1). (745
Denoting by 7, the orthogonal projection, in X, s, on the space span (/ﬁffh, we introduce
[, :=R R, =17 (7-46)
By (7-36) and (7-40), we observe that, for all g € X 5 and f € Xi”é, we have
IRy, = R Nx,, = O gllx,ss (T =T fllyz = OB fllz -
So if we prove that
100 = Tpvnallxz | + 19 @hn = Tavna)lxz, + 1 hn — Mhvaa) 2, = OG0, (7-47)

then we deduce the estimate in Proposition 7.3.
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Step 3: Adapting the proof of Proposition 7.1, we prove now (7-47). By Remark 6.1, we can use (5-14)
with wy, = upp, 1 =1, my = lluplly. =1+ O(R'/?) and 6 = ;. Thus
h.,s

hd -[2 2
// (|atuh,n|2+(1+2Kh1/2z)((h3/sag+i<bar—xh1/2ba—))uh,n‘ )(1—Kh1/2‘r)dad‘r
RJ—h 2
< (Ba+h' M3 (@) + OB lunnllZn - (7-48)

Since up, , = eita/h¥? vn.n (by (7-6)), we get

hﬂS
// 10z vp.n)?(1 —kh'?1) do dt
RJ-n—3

K8 2
+f/ (1+2/<h1/2r)‘(h3/830+i(bar+;a—xh1/2ba%))vh,n
RJ—h-3

< (Ba+h' P Ms(@)k + OB ) [vnallys - (7-49)

2
(1—«h'?t)do dt

Using (7-10), (7-43) and (7-42), we deduce the following estimate from (7-49):

h=8 2 2
// (|Btvh,n|2+(l+2Kh1/2r)‘<bar+§a—Khl/zbar—)vh,n )(l—xhl/zt)dadr
RJ—h-

2
< (Ba + B> M3(a)k + OH3)) gl (7-50)

Xis’
where we used also that vy, |3, =1+O(h'/?), by (6-7) and (7-6).
h,§

Now we get (7-47) by decomposing vp, , in X % s in the form
Vo = Fn Pty Fri=gvna, oy = — v,
and by using the spectral asymptotics for the operator Hy, 4 ., recalled in (7-35). g

7D. Quasimodes for the effective operator. Let us start with some heuristic considerations. The derivation
of the eigenvalue upper bound of Theorem 4.1 suggested in the tangent variable the following one-
dimensional effective operator (see (4-25)):

M; (a)k”(O)az

HM™ = ¢y (a)d? — 5 ,

(7-51)

where ¢, (a) > 0 is introduced in (1-12).
Moreover, by Remark 4.3, it is natural to consider the quasimode

v = (¢ (T) + 2R (L + ba (1) T)Pa)ih* 205 + kimaxh 2957 (1)) £ (0),

where R, is the regularized resolvent introduced in (2-18), ¢ is the function in (7-33), and f, is
the normalized n-th eigenfunction of the operator H;‘am. Denoting by HZ?S the orthogonal projection,
in L?(R?), on the space generated by vZf’ ,I; , we observe formally, by neglecting the terms with coefficients
having order lower than 4%/4,

2 (@) TP PR 2 V2 (M (a)kmax + 1V HM ™) 10,

h,n
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where TT)?V is the projection, in L?(R?), on the space generated by the function ¢, (7) f,(c), and

$a(T) 1= ¢a (1) — 4(ba(T)T + L) Ra((ba(T)T + La)Pa (7). (7-52)

Guided by these heuristic observations, we will use the truncated bound state vy, , in (7-6) to construct
quasimodes of the operator H™ by projecting vy, , on the vector space generated by the function g,
introduced in (7-52). To that end, we introduce the operator

R :ve L*(R?) / @a(DV(-, 7)dT € L*(R). (7-53)
R

We will prove the following proposition.
Proposition 7.5. Let n € N be fixed. The following hold:

(1) IRG™ v — (1 = 4D (a@)) Ry vpnll L2y = OhY*), where R, is the operator in (7-1) and I(a) is
introduced in (2-17).

) IRE inll 2w = 1 — 412 (a) + O(R'/*).
(3) For every n € N, there exists h,, > 0 such that, for all h € (0, h,),
(R3™ vn s RS vn ) 2y = (1 = 412(@) S +0(1) - (1 <k, k' <n), (7-54)

and
M, =span(Rg™vpx, 1 <k <n) satisfies dim(M,) =n. (7-55)

(4) We have as h — 0
Hharm _ h—3/4A h Rnew Rnew _ 1 Rnew 2
(( a n( )) 0 Vh,n, Iy Uh*”)Lz(R) — 0( )” 0 vh,n”LZ(R)v

where
An(h) = h™ "2, (h) — By — M3(@kmaxh'/?,

and H Jl““m is the operator introduced in (7-51).

Proof. Proof of item (1). Consider [Ty = Rar R the projection introduced in (7-4). By (2-17), RS‘“’VRJr =
(I —4I>(a))Id; hence, composing by R, on the right gives

RIVITy = (1 — 4Ly (a)R; .
Writing vy, , = [ovy,, + (Vs — ovp ), we get

ne ne ne
Ry™vp. 0 = Ry Tovpn + Ry™ (Vi — Movp,n)

= (1 —4L(a)Ry vpn+ Ry™ (p,n — ovp, ).
Then we observe that

1/4
IRGS™ (Win — Tovn,m) 2@y < 10all 2@y 1nn — Tovnnll 2 @2y = O

by Holder’s inequality and Proposition 7.1. This yields the conclusion of item (1).
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Proof of item (2). By (2-20), 1 —41,(a) > 0. By (7-1) and Proposition 7.1, we have
IRG vl 2y = 1Tlovnnll 2y = 1+ O,
Now item (2) follows from item (1).
Proof of item (3). If 1 <k, k'’ <n and k # k', we have as h — 0,
(Unk, V) 22y = 0(1) + S i

By Proposition 7.1, we get further

(Ry vnks Ry vix) 2wy = (ova ks ovpar) 2mey = o(1) + Sk i

Thus, by item (1),
(RO™vn ks Ry vni) L2y = 0(1) + 8 i

With item (2) in hand, we get the conclusion of item (3).
Proof of item (4).
Step 1: We introduce the operator
R :pe H'(R?) — / Pro (1, id,)v(-, T) dT € L*(R),
R

new

where ¢

(t,i0y) is the first-order differential operator
Pr (7, 105) := Pa(T) + 20 PR ((ba ()T + L) b ()i 06 + kh 25" (1),

k = kmax and ¢:°" is the function introduced in (7-33).
By Holder’s inequality, there exists a constant C; such that, for all v € H'(R?),

||§Zewv||L2(R) = C1(||U||L2(R2) + ||80U||L2(R2))-

Thus, by Proposition 7.1 and Remark 7.2,
| RE PR v — (B () = B Ry vl 2y = O™,
where P, is the operator in (4-6).
Step 2: We prove the estimate

((c2(@) RPN PR — M3(@)kmaxh/*RY™ — 13/* HI*™ RE™ vy, o, RO vp ), » ®
We first observe that it results from (7-1), (7-10), (7-56), and (7-57),

IRR™ Vi = Ry vl 2y = O,

For the sake of simplicity, we write k = k(0) = kpax. We introduce the functions in L (R):

J1=2Ra((ba (DT + La)Pa)

= o(*").

(7-56)

(7-57)

(7-58)

(7-59)

(7-60)

(7-61)

(7-62)
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and (see (7-29) and (7-33))
=0 =R (M3(0)pa — By — 2T (b ()T + 0) b + ba(T) T2 (ba(T)T + L) ba)-

577

(7-63)

Recall the operators Py, P, P>, P3, Q) introduced in (4-10) and (4-11). Noticing the decomposition

in (4-9), we write, for any function v with compact support in R?,

Ry ﬁewv=f¢a(r)Pov(0, r)dr+h3/8/(ifl(T)aaPO‘i‘(f’a(f)Pl)v("’ v)dt
R R
+h1/2/(¢a(t)P2+Kf2(T)PO)U(G’ T)dt
R

+ B3 / (¢a(T)P3 +if1(1)ds P1)v(0, T) dT + Ry 40,
R

where

R =W B Qo+ [ (13018, Pr-+k far) Povton e i [ o) oot oy e
R R

+h5/4/<f f>(1) P3v(o, r)dr—i—hg/SK/ifl(t)BJng(a, 7)dr.
R R

We now compute the first three terms on the right side of (7-64):
For the first term, since Py is self-adjoint in L?*(R), we have

/ ¢a(t)Pyv(o, T)dt = / Pyp.(t)v(o, T)dt =0.
R R

For the second term, we have

fifl(r)agPov(a, 7)dt = / iPyfi(t)osv(o, T)dt
R

R
= / 2ipy (1) (ba(T)T +8)0sv(0, T) dT.
R
Hence we find, by (4-10),
/ (if1(1)8s Po+ ¢u () Pr)v(0, T) dT = 0.
R
For the third term, noticing that

Pofo = M3(a)pq — ¢, — 2T (b (T)T + £0)Ga + ba(T)T* (ba(T)T + L) Pa
and

(7-64)

(7-65)

/ 60 (2) Pav(o, 7) dr = i / (=, (1) + 2 (ba (0)7 + £)°6a(7) — ba(D)T2(ba (0)7 + La)ha (D)) v dT,
R R

we get

(Wav)(0) := /I;(%(r)PerKfz(r)Po)v(o, T)dr
= /R(qba(‘c)Pz+K(Pof2(r)))v(o, 7)dt

=K fR(Ms(a)aﬁa(r) —2¢,(0))v(o, 7) dT.
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By the forgoing computations, (7-64) becomes

RVPRY v = h' P Wav + 13/ * Wy + Ry v, (7-66)
with
(W30)(0) = / (60 () Ps + Lfi (D)3 P1)v(0. 7) d. (7-67)
R

We estimate W,vy, ,, by writing vy, , = ovp , 4 (vp,n — vy, ), with I the projection introduced in
(7-4), and by using (7-41). Eventually, since PyITp =0 and (¢, ¢,)2r) = 0, we get by Remark 2.3,

IWavpn — M3(a)k Ry vinll 2y = 0(h%). (7-68)

We still have to estimate the terms involving W3 and Ry, , in (7-66) when v = vy, ,. By choosing n small
enough, the error term
Iy (G’ h) = Rh,nvh,m (7‘69)

with Rj, , introduced in (7-65), satisfies
(T (5 1), RE™vnn) 2y = 0 (W), (7-70)
The technical proof of (7-70) is given in Appendix B. So we are left (see (7-67)) with estimating

W3vp,n = w1 + w2, (7-71)
where

wi(o) = /R%(T)Pavh,n(o, 7)dr,

wa(0) := f i1 f1(7)0s Pivp,n(o, T) dT.
R

In light of the definition of P; in (4-10) and R, in (7-1), we write

k// O 0,2
W1 (0) = —02Ry Uy n(0) + )

w(o),
where
w(o) = f (3 + 27 (ba(D)T + a)? — b (T)T (b (T)T + £a))$a(T) vp.n (0, T) dT.
R

Using Proposition 7.1 and that vy, , is supported in {|o| < h™"}, we get

o2 (w — M3(a) Ry vpw)ll 2wy = OR4-2),

K'(O)M
Hw1 — (—82 + —( >2 3(a)02)RO_Uh,n

Furthermore, by (4-10) and (7-62), the term w; can be expressed as

Hence

= O(h!'/472m). (7-72)
L2(R)

wi(o) =202 /R FlT) (Ca +ba(D)T)0pn (0, T) dT

= 40, /R(ba(f)f + L) Ra ((ba (D) T + 80)$a(T))vi.n (0, T) d. (7-73)
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Collecting (7-72) and (7-73), along with the definition of Rj™ in (7-53), we infer from (7-71)

k" (0)M
MO ),

2 = O(hn'/472). (7-74)

H W3Uh’n _ ( aQRHGW +
L2(R)

By Holder’s inequality, we infer from (7-68) and (7-74)

R (W — M3(a)k Ry )V s REin) 12w

k" (0)M3(a) o R~

+h3/4<W3vh,n _ ( 82 Rnew >

)vh ns RI 0. > = o(F*M IR Vil L2y -
L*(R)

By (7-66) and (7-70), we get from the above estimate

((REevPReY — Y2 My(a)k Ry — h*"* H)vnny RE™Vhn), 2 = 0 ) IRE™ i [l 12y

LX(R)

where
k" (0)M3(a) 2R—

a RHCW
+ 2

Finally, by item (1) and Proposition 2.5, we get (7-60).

Step 3: Using Steps 1 and 2, we are now able to finish the proof of item (4). By (1-12) and (2-20),
cy(a) =1 —41I5(a); hence (7-61) and item (1) yield that

llea (@) RE™vh 0 — RE™vpnll 2y = O(h4). (7-75)
Collecting (7-59), (7-60) and (7-75), we get
(W H ™ RE™ v 0 — An (D) RE™ Vs REVhn) 2y = OUAR RV +0(RY),
where, by (6-4) and Theorem 4.1,

|AL(h)| = [h™ 0 () — Bu — Ma(aVkmaxh % = 0(h'/?).

Thus, we obtain
<h3/4Hahal‘InR86th " An(h)Rgerh s Rgewvh,n)Lz(R) — 0(h3/4)‘

Dividing by #%/* and using item (2), we get item (4). O
With Proposition 7.5 in hand, we can now finish the proof of Theorem 1.2.

Proof of Theorem 1.2. The upper bound of A, (k) follows from Theorem 4.1. For the lower bound
of X, (h), consider u =Y ;_, axR}™ vy« such that [lu| ;2w = 1, where R}®™ is introduced in (7-53).
From Proposition 7.5 we have

(1 =4hL@)* +0(1) ) lal* =1
k=1
and

((HP™ — A ()u, u) 2y < 0(1) Y lag]*.
k=1
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Consequently,

max  ((HM™ —h 34 Ay (h)u, u) 2y = o(1),
ueM,, |lu||=1

where M, is the space defined in (7-55). By the min-max principle
\/Ms (@)k"(0)c2(a)
2

@n—1) <h*A,(h) +o(1),

thereby leading to

)\.n(h) = ,Bul’l + M3(a)kmax (27’1 _ 1)h7/4 + 0(h7/4). 0

R32 4 \/M3 (a)k”2(0)cz(a)

Appendix A: Frenet coordinates near the magnetic edge

We introduce the Frenet coordinates near I'. We refer the reader to [Fournais and Helffer 2010, Appendix F]
and [Assaad et al. 2019] for a similar setup.
Let s — M (s) € I" be the arc length parametrization of I" such that

e v(s) is the unit normal of I' at the point M (s) pointing towards Py,

e T'(s) is the unit tangent vector of I' at the point M (s), such that (7' (s), v(s)) is a direct frame, i.e.,
det(T (s), v(s)) = 1.

We define the curvature k of T" as T'(s) = k(s)v(s). Working under Assumption 1.1, we assume without
loss of generality that sy = 0, where s is the unique maximum of the curvature at I' (k(0) = kpax)-
For 9 > 0, we define the transformation ® = &, as

D:Rx (=1, 20) = I}, :={x € R?: dist(x, ') <19}, (s,1)—~> M(s)+1v(s). (A-1)

We pick # sufficiently small so that & is a diffeomorphism, whose Jacobian is
a(s,t) = Jo(s, 1) =1 —1k(s). (A-2)
We consider the following correspondence between functions u in Hlf) (I3,) and those & in Hlf)c(lR X (—t9,10)):

ﬁ(s’ t):M(qD(S, t))a (A_3)
and vice versa.
Moreover, we assign to the potential F in (1-1) a vector field Fe Hl}) (R x (=19, 10)) as

F(x) = (Fi(x), Fa(x)) = F(s,1) = (Fi (s, 1), Fa(s, 1)),

where
Fi(s,t) =a(s, ) F(®(s,1))-T(s) and Fs(s,t) = F(D(s,1))-v(s). (A-4)
Consequently,
(hV —iF)? =a ' (hoy, —i F))a ' (hd, —i F) +a ' (ho, — i Fy)a(hd, — i F»). (A-5)
Note that
curl F(s, 1) = (1 — tk(s)) curl F(®(s, 1)) = (1 — tk(s)) (Ly=0) + aly <o), (A-6)

where curl F = O fz —0; I?l and curl F = 0y, F> — 0y, F1 is as in (1-2).
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Furthermore, we present the change of variable formulas (for functions compactly supported in I3,):

To
/|u|2dx:/f li|* adt ds,
F’O R J—t

(A-7)
To ~ ~
/l(hV—iF)u|2dx=// (a72|(hds — i F)iil* + |(hd, — i F>)i|*)adt ds.

Fl() R J—19

Now, we make a global change of gauge w as follows:

Lemma A.1. There exists a function v € H 2(CID_I(I',O N Q)) such that

~ (—ba(t)(t — 312k (s))

F—V0= 0 ) in ®~ (I, N Q),

where t +— b, (t) is defined by b, (t) = 10y +aly <o)

Proof. For (s, 1) € @1 ([,,NQ), let w(s, 1) = [y Fa(s, t') dt'+ [y Fi(s’, 0) ds’. This choice of » and (A-6)
establish the lemma. U

The gauge of Lemma A.1 is adequate when working with functions localized near the edge I". With
this choice of gauge, we have the following identity which is useful to analyze the decay of functions
localized near I'.

Lemma A.2. Assume that ¢ € H*(Q) with compact support in QN I3, Let g and G be the functions
defined (by means of (A-3)) as

g6, 0= (', —it)@(s, 1) and  G(s, 1) = —(h'*d; —it,)(e*g),
where ¢, is the constant in Section 2B and ¢ is a Lipschitz real-valued function on Q. If g € H*(2), then
Re(Pup, G) 1) = Qu(e?g) — 21| Vgle? ol 72 g, — 1> Re(Th).

Here Qy, is the quadratic form introduced in (4-11) and

T = ((hds — i F1) (050~ —ia™ 8, F1) (hdy — i F))§ —ia~ (3, F1)@) + h*3,(850)8, 5, e2<5§)L2(R).
Proof. We assume that fz =0 and get from (A-5) and (A-2)

(Puo, G) 20y = ((hds =i F)a™" (hds =i F)g + W80y, (0205 — i) (€ 9)) 2@y, (A-8)

where we dropped the tildes from the notation for the sake of simplicity. Notice that

(h'285 — i) 8,080 = 8, (h'/?85 — i L) ad,p)
= 3, (ad, (h'285 — i) @) + h'/?8,(3,0) 8,00
= 9,00, + h'/%8,(3;0)9,¢,



582 WAFAA ASSAAD, BERNARD HELFFER AND AYMAN KACHMAR

and
(h'/28 —ic,) (hds — i Fr)a™ (hds — i Fy)g
= (hds — i F1)((h"/?0y —i,) —ih' (0, F1))a™ (hds — i F1)g
= (hdy — i Fy) (a7 " (hds — i F1) (W8, — L) — ik /> (3, Fy)a™" (hds — i F)g)
+h'?(hd; —i Fy) (@50~ ") (hdy, — i F1)g —ia~ ' (3, F1)g)
= (hds —i F)a~ (hdy — i F)g +h"*(hdy — i F1) (050~ —ia™ 9, F) (hds — i F)g —ia” (35 F1)g).
By integration by parts, we infer from (A-8)
(Prp, G) 12y = (Phg, €28) 12 — h'/*Th. (A-9)

Finally, by integration by parts, we get

Re(Pig, €*8) 1) = Qu(e”8) = 2 (|IVle?gl 72 q)- O

Appendix B: Control of a remainder term

The aim of this appendix is to prove the estimate in (7-70). We fix a positive integer n > 1 and two
positive constants 1 € (0, %) and § € (0, 15).

For all & > 0, let v;, , be the function introduced in (7-6) which is supported in {|o| <A77, |T| < h=?).
Moreover, by (7-6) and Propositions 6.2 and 6.3, we observe that,

forall 6 € (0, 2), there exists Cy > 0 such that [ vy |l 2@ < Coh™? (0 < j <2). (B-1)
Consider two functions f € L*(R) and p € Llloc([Rz) so that,
foralla > 1, t*f(1r) € L>(R),
and there exist k > 1 and C such that
lp. DI <Co|*+[t*+1) (0.7 €R).

For j € {0, 1, 2}, we introduce the function
wj (o) = / f@p(o, D) vna(o, 1) dT, (B-2)
R

whose support is included in {|o'| < 27"}, by the considerations on the support of vy, ,.

Lemma B.1. Givenn € (0, %), there exist two positive constants hy, C > 0 such that
lwjll 2y < € =27

forall h € (0, hy) and j € {0, 1, 2}.

Proof. By Holder’s inequality

w; (@) < ( /R F©OPIp(o. r>|2dr)( /R 197 v (o, r>|2dr). (B-3)
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For o in the support of w;, we have

f |f (P Ip(o, D) dr 50/ IF@OPA+ I +101M? dT < Ce(l+ 727,
R R

Inserting this into (B-3) then integrating with respect to o, we get

/R lwj(0)>do < Cr(1 +h~2) /RZ 18 vp.0(0, T)|* do dr.
Finally, we use (B-1) with 0 = 7. O
We will encounter functions of the form
t; (o) Z/Rg(t)q(d)f){vh,n(m )dt (j€{l,2}, o €R), (B-4)

where g € H/(R) and ¢ € HILC(R) satisfy,
forallae >1, t%gD(r)e L2 (R) (1 <i <),

and
there exists k > 1 such that there exists Cy > 0 such that |g(o)| < Cr(1+ |o|k) (o0 eR).
Lemma B.2. Givenn e (O, %), there exist two positive constants hy and C such that

l[vo; 1l 2y < Ch™*+D7
forall h € (0, hol and j € {1, 2}.

Proof. Using integration by parts and that vy, , is with compact support, we get
w;(0) = (=1)’ f gV (1)q(0)vpn(0, T) dt.
R

This function has the form of functions in Lemma B.1, with f(r) = g (t) and p(o, 1) = ¢q(0). U

The inner product of the remainder, 1, (o, k) in (7-69), and the function, Rgewvh,n in (7-53), can be
expressed as the inner product of a linear combination of functions having the forms in Lemmas B.1
and B.2. The polynomials we encounter are of degree 6 at most. More precisely,

(T (- 1), R vpn) oy = B7/3 A1+ WAy + h A3 + 128 Ay + 14 As,

where
Arp={a11,b1) 2w +h*¥a 5, b2) 12wy +h'*ay 3, b1) 12wy
Az =(a21, b2) 12wy + (@22, D1) 2wy »
Az = (a3, b1) 12wy, As={a4,D2)12w), As=(as,b1)2 )
and

a1,1=/81(f)thh,ndT, 01,2=/g2(T)thh,ndT, al,3=/g3(T)thh,ndT,
R R R

a2,1:/f1(T)P2vh,ndTa az,zZK/fz(T)Povh,ndT,
R R
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aSZK/fz(T)szh,ndT, a4:K/f1(T)P3Uh,ndT’ 05=K/f2(T)P3vh,ndT,
R R R

b1=/g(f)vh,ndf, b2=i/g(f)3avh,ndf-
R R

Here, Qy, is the operator introduced in (4-11), Py, Py, P>, P3 are the operators introduced in (4-10), f1, f>
are the functions introduced in (7-62)-(7-63), the functions g, g2, g3 and g are defined as follows (see
(7-57) and (7-53))

g1=0a, & = f1 =2R,((ba(T)T +La)ba),
g3 = kfo = kRy(M3(@)pa — ¢, — 2T (ba ()T + £a)*$a + ba (1) T*(ba (DT + ) ba).
8 = ¢ — 4(ba ()T + L) R0 ((ba (DT + L) o).
So, we get
(ta (-, B), RO Vnn) 2y = O(RT/3787),

By choosing n < 6i4, we get (7-70).
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