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The concept of frames in a Banach space has been introduced by Gröchenig
and developed by several authors. The main feature of a frame is to present
every element of the underlying Banach space as a norm-convergent series. In
this decomposition, the dual frame plays an essential role. The existence of a
dual p-frame is not guaranteed in general. Some characterizations of duals of
p-frames are given in this paper.

1. Introduction and preliminaries

A sequence ffig
1
iD1

in a Hilbert space H is called a frame if there exist constants
A, B > 0 such that

Akf k2 �

1X
iD1

jhf; fiij
2
� Bkf k2 .f 2H/: (1-1)

The numbers A and B are called frame bounds. A frame is called tight if AD B.
In frame theory, the operator T W l2!H given by T fcig

1
iD1
D
P1

iD1 cifi is useful
in analyzing various properties of frames. It is called the synthesis or preframe
operator. Its adjoint T � WH! l2; f 7! fhf; fiig

1
iD1

is called the analysis operator.
By composing T and T �, we obtain the frame operator

S WH!H; Sf D

1X
iD1

hf; fiifi .f 2H/:

The frame operator S is invertible and the reconstruction formula

f D S�1Sf D

1X
iD1

hf;S�1fiifi .f 2H/ (1-2)
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holds. The sequence fS�1fig
1
iD1

which plays the same role as the dual in the theory
of bases is also a frame. It is called the canonical dual of ffig

1
iD1

. In general, the
Bessel sequence fgig

1
iD1

is called a dual of ffig
1
iD1

if

f D

1X
iD1

hf;giifi .f 2H/: (1-3)

For general references on this theory, we refer the reader to [Christensen 2008,
Section 5.1]. Recently, various generalizations of frames have been proposed:
continuous frames [Ali et al. 1993; Askari-Hemmat et al. 2001; Gabardo and Han
2003], g-frames [Sun 2006], fusion frames [Casazza et al. 2008], von Neumann–
Schatten frames [Sadeghi and Arefijamaal 2012], and so on. Frames for Banach
spaces were first introduced in [Gröchenig 1991] and were developed in [Aldroubi
et al. 2001; Cazassa and Christensen 1997; Casazza et al. 1999; 2005]. In particular,
Christensen and Stoeva [2003] studied p-frames in Banach spaces and obtained a
lot of interesting and important results.

In applications of frame theory the goal is to recognize the finer properties
of functions by means of the magnitudes of the frame coefficients [Benedetto
et al. 2006; Bolcskei et al. 1998; Candès and Donoho 2004; Heath and Paulraj
2002]. These properties, typically smoothness and decay properties or phase-space
localization of functions, are measured by the Banach space norm. Dual frames
have a key role in the decomposition of elements in the underlying space. Casazza
et al. [2005] present some equivalent conditions for the existence of reconstruction
formulas in Banach spaces. Moreover, sufficient conditions for the existence of dual
frames are studied in [Aldroubi et al. 2001]. In this article, at the first, we review the
definition and basic properties of p-frames, and then express some characterizations
of duals of p-frames. The analogous results concerning frames in Hilbert spaces
may be found in [Li 1995]. Finally, we discuss a stability theorem for duals of
p-frames.

2. Elementary properties of p-frames

Throughout this paper, X is a separable Banach space with dual X �, 1< p; q <1

and 1
p
C

1
q
D 1. A sequence fgig

1
iD1
�X � is called a p-frame for X if there exist

constants A, B > 0 such that

Akxk �

� 1X
iD1

jgi.x/j
p

�1
p

� Bkxk .x 2X /: (2-1)

The sequence fgig
1
iD1

is a p-Bessel sequence if at least the upper p-frame
condition is satisfied. Analogous to frame theory in Hilbert spaces, one can define
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the synthesis operator as

T W lq
!X �; T fdig WD

1X
iD1

digi :

A straightforward calculation shows that fgig
1
iD1
� X � is a p-Bessel sequence

with bound B if and only if T is well-defined and kT k � B; see [Christensen and
Stoeva 2003, Proposition 2.2].

The following result shows other aspects of the synthesis operator:

Proposition 2.1 [Christensen and Stoeva 2003]. Let fgig�X � be a p-frame. Then

(i) the adjoint of T given by T � WX ! lp; f 7! fgi.f /g
1
iD1

has closed range;

(ii) X is reflexive;

(iii) T is onto.

The next proposition deals with preservation of the p-frame property under the
action of various operators. Its proof is straightforward and we omit it.

Proposition 2.2. Let X and Y be two Banach spaces and‰ WY !X be a bounded
operator. Then

(i) if fgig
1
iD1
�X � is a p-Bessel sequence for X , then f‰�gig

1
iD1

is a p-Bessel
sequence for Y ;

(ii) if fgig
1
iD1

is a p-frame for X , and ‰ is one-to-one with closed range, then
f‰�gig

1
iD1

is a p-frame for Y .

Definition 2.3. Let X be a Banach space and 1<p<1. A sequence ffig
1
iD1
�X

is called a p-Riesz basis for X if the closed linear span of ffig
1
iD1

is X and there
exist constants A and B such that, for any finite scalars fcig,

A
�P
jci j

p
� 1

p �
P cifi

� B
�P
jci j

p
� 1

p : (2-2)

Clearly, if fgig
1
iD1
�X � is a p-Riesz basis for X � then its synthesis operator

has a bounded inverse. In particular, every p-Riesz basis for X � is a q-frame for
X with the same bounds.

If fgig
1
iD1
� X � is a p-frame for X , then Proposition 2.1 shows that every

g 2 X � can be written as g D
P1

iD1 digi for some fdig
1
iD1
2 lq . Our aim is to

find such a decomposition for the elements of X .

3. Main results

Let ffig
1
iD1

be a frame in a Hilbert space H with the synthesis operator T . The
canonical dual fS�1fig

1
iD1

deals with the frame operator S ; see (1-2). It is not
guaranteed that the canonical dual frame has the same structure as the frame itself
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[Daubechies 1990]. Alternate duals are now presented as being a good candidate to
apply the reconstruction formula (1-2).

Unfortunately, in p-frames, the frame operator cannot be defined. Hence, we
first try to describe the canonical dual with respect to the synthesis operator. In
fact, let ffig

1
iD1

be a frame in a Hilbert space H with the analysis operator T �.
Then the frame condition (1-1) implies that T � is injective and has closed range
[Christensen 2008, Corollary 5.4.3]. Hence, the operator .T �/�1 W R.T �/! H

can be extended to a bounded operator ˆ W l2!H. Therefore,

S�1fi D S�1T ıi D S�1T T �ˆıi Dˆıi ;

where fıig1iD1
is the canonical orthonormal basis for l2.

We summarize this fact in the following lemma.

Lemma 3.1. Let ffig
1
iD1

be a frame in H with the analysis operator T �. The
canonical dual ffig

1
iD1

can be represented as fˆıig1iD1
, where ˆ W l2!H is the

unique extension of .T �/�1 and fıig1iD1
is the canonical orthonormal basis of l2.

Let X be a Banach space with dual X � and 1 < p <1. The usual duality
between X and X � allows us to consider p-frames for X �. In fact, a sequence
ffig

1
iD1
�X is a p-frame if there exist constants A and B such that

Akgk �

�
1P

iD1

jg.fi/j
p

�1
p

� Bkgk .g 2X �/:

If the upper frame condition is satisfied we call ffig
1
iD1

a p-Bessel sequence.

Definition 3.2. Let fgig
1
iD1
� X � be a p-Bessel sequence for X . A q-Bessel

sequence ffig
1
iD1
�X for X � is called a dual for fgig

1
iD1

if

g D
X

g.fi/gi .g 2X �/ or f D
X

gi.f /fi .f 2X /: (3-1)

If fgig
1
iD1

is p-frame, by using the Cauchy–Schwarz inequality, ffig
1
iD1

is auto-
matically a q-frame for X �, and vice versa. For more details see Theorem 2.10 of
[Christensen and Stoeva 2003].

Denote the synthesis operators of fgig
1
iD1

and ffig
1
iD1

by T and U , respectively.
Also let X be reflexive. Then (3-1) holds if and only if T U �D IX � or U T �D IX .
Although, for every p ¤ 2, there exist a Banach space X and a p-frame for X

without any dual [Casazza et al. 1999], Christensen and Stoeva [2003] showed that a
p-frame fgig

1
iD1

has a dual if and only if R.T �/, the range of T �, is complemented
in lp. Obviously, every p-Riesz basis for X � has a unique dual.

Now we give a characterization of dual p-frames:
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Proposition 3.3. Let fgig
1
iD1
�X � be a p-frame for X with the synthesis opera-

tor T . Then there exists a one-to-one correspondence between duals of fgig
1
iD1

and bounded left inverses of T �.

Proof. Suppose that ˆ W lp ! X is a bounded left inverse of T � and consider
fıig
1
iD1

as the canonical basis of lp. It is obvious that ffig
1
iD1
WD fˆıig

1
iD1

is a
q-Bessel sequence and

f DˆT �f Dˆ

1X
iD1

gi.f /ıi D

1X
iD1

gi.f /fi .f 2X /:

Thus ffig
1
iD1

is a q-frame for X �. Conversely, let ffig
1
iD1
� X be a dual for

fgig
1
iD1

. Consider ˆ W lp ! X as the synthesis operator of ffig
1
iD1

. Then ˆ is
bounded and for each f 2X we have

f D

1X
iD1

gi.f /fi D

1X
iD1

gi.f /ˆıi Dˆ.fgi.f /g
1
iD1/DˆT �f: �

As a consequence, we show that a p-frame fgig
1
iD1
� X � with a unique dual

is a q-Riesz basis for X �. In fact, by Proposition 3.3 there exists a one-to-one
correspondence between the dual frames of fgig

1
iD1

and all bounded left inverse
operators of T �, in which T is the synthesis operator of fgig

1
iD1

. Hence, fgig
1
iD1

has a unique dual if and only if T is injective. T is also surjective by Proposition 2.1.
Thus T is invertible and kT �1k<1. This implies that fgig

1
iD1

is a q-Riesz basis
for X �.

Proposition 3.4. Assume that p-frame fgig
1
iD1
�X � has a dual. Then the q-Bessel

sequence ffig
1
iD1
� X is a dual for fgig

1
iD1

if there exists a bounded operator
‰ W X � ! lq such that T‰ D 0. Conversely, all duals of fgig

1
iD1

(provided
existence) can be described in this manner.

Proof. Let fgig
1
iD1

be a p-frame. As a consequence of Proposition 2.1, the operator
.T �/�1 W R.T �/ ! X is well-defined. If fgig

1
iD1

has a dual, then R.T �/ is
complemented and so this operator can be extended to a bounded linear operator
W W lp!X . Now assume that ffig

1
iD1
�X is a dual for fgig

1
iD1

with the synthesis
operator U . Then (3-1) immediately implies that T U � D I . Define ‰ WX �! lq

by ‰ D U ��W �. Clearly, ‰ is a bounded operator and

T‰ D T U ��T W � D I � .W T �/� D 0:

Conversely, suppose that ‰ W X �! lq is a bounded operator via T‰ D 0. Take
ˆDW � �. Then ˆ is a bounded operator and ˆT � D I . Using Proposition 3.3
we conclude that fˆıig1iD1

is a dual for fgig
1
iD1

. �
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Suppose that fgig
1
iD1
� X � is a p-frame with the synthesis operator T such

that R.T �/� lp is complemented. Then fW ıig
1
iD1

is called the canonical dual of
fgig

1
iD1

, where W W lp! X is the extension of .T �/�1. Other duals, which are
characterized by Proposition 3.3, are called alternate duals. In other words, the
canonical dual is associated to the bounded inverse of T � whereas alternate duals
are in fact obtained by the left inverses of T �.

Now we are ready to state a perturbation theorem about duals.

Theorem 3.5. Let fgig
1
iD1
�X � be a p-frame for X with bounds A1 and B1. The

p-frames sufficiently close to fgig
1
iD1

have a dual. More precisely, let ffig
1
iD1
�X

be a dual for fgig
1
iD1

with bounds A2 and B2, and let fg0ig
1
iD1

be another p-frame
with bounds A0 and B0 such that fgi �g0ig

1
iD1

is a p-Bessel sequence with constant
sufficiently small �. Then there exists a dual q-frame ff 0i g

1
iD1

for fg0ig
1
iD1

such that
ffi �f

0
i g
1
iD1

is also a q-Bessel sequence with bound multiplied by �.

Proof. Denote by T1 and T2 the synthesis operators of fgig
1
iD1

and fg0ig
1
iD1

,
respectively. Then kT1�T2k < � by Proposition 2.2 of [Christensen and Stoeva
2003]. Moreover, .T �

1
/�1 W R.T �

1
/! X can be extended to a bounded operator

W W lp!X by the assumption. Hence

kI �T �2 W k D k.T1�T2/
�W k � kW kkT1�T2k � �kW k:

Consequently T �
2

W is invertible. It follows that T �
2

has a bounded right inverse. A
similar argument shows that its left inverse also exists. Consider U1 W l

p!X as
the synthesis operator of ffig

1
iD1

. Then

kI �U1T �2 k D kU1.T1�T2/
�
k � kU1kkT1�T2k � �kU1k:

Therefore, the p-frame fg0ig
1
iD1

has a dual. We are looking for the desired dual.
First by Proposition 3.4 there exists a bounded operator ‰ W X � ! lq such that
T1‰ D 0. Assume that W2 W l

p!X is an extension of .T �
2
/�1. Put

hi D .W2C‰
�/ıi :

Then fhig
1
iD1

is a q-Bessel sequence with the synthesis operator U2 WDW2C‰
�

by Proposition 2.2. Moreover, for each f 2X we have

kf �U2T �2 f k D k‰
�T �2 f k

D k‰�T �1 f �‰
�T �2 f k

� kT1�T2kk‰kkf k � �k‰kkf k:

Therefore, U2T �
2

is invertible for sufficiently small � > 0. In particular,

kI �U2T �2 k � �k‰k:
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It remains to show that the q-frame ff 0i g
1
iD1
WD f.U2T �

2
/�1fig

1
iD1

satisfies the
theorem. It is easy to see that

U2T �2 D I C‰�.T �1 �T �2 /: (3-2)

Hence,

1� �k‰k � kU2T �2 k: (3-3)

For each sequence fdig
1
iD1

in lp by using (3-2) and (3-3) we get 1P
iD1

di.fi �f
0

i /

D kU1fdig� .U2T �2 /
�1U1fdigk

� kU1kkI � .U2T �2 /
�1
k

�
1P

iD1

jdi j
p

�1
p

� kU1kk.U2T �2 /
�1
kkU2T �2 � Ik

�
1P

iD1

jdi j
p

�1
p

�
�k‰kB2

1� �k‰k

�
1P

iD1

jdi j
p

�1
p

:

This means that ffi � f
0

i g
1
iD1

is a q-Bessel sequence and its bound is a multiple
of �. �

Let fgig
1
iD1
�X � be a p-Bessel sequence for X with the synthesis operator T .

We say that a q-Bessel sequence ffig
1
iD1
�X with the synthesis operator U is an

approximately dual of fgig
1
iD1

if

kI �T U �k< 1 or kI �U T �k< 1: (3-4)

Obviously, ffig
1
iD1

is a dual of fgig
1
iD1

when T U �D I or U T �D I . Approximate
duals are studied in a Hilbert space setting in [Christensen and Laugesen 2010]. They
are easier to construct than the classical dual frames. For p-frames, which don’t
have duals in general, it is natural to ask whether we can exploit the approximate
duals instead of duals. Unfortunately, the answer is negative. In fact, if fgig

1
iD1

is a
p-frame for X with an approximate dual ffig

1
iD1

, then, with notation as above, the
operator U T � is invertible. Hence, fU T �fig

1
iD1

is a p-frame by Proposition 2.2.
Moreover,

f D .U T �/�1U T �f D .U T �/�1
1X

iD1

gi.f /fi D

1X
iD1

gi.f /.U T �/�1fi :

Therefore, f.U T �/�1fig is a dual of fgig
1
iD1

.



308 ALI AKBAR AREFIJAMAAL AND LEILI MOHAMMADKHANI

Acknowledgements

Part of this work was done while the first author was visiting the Numerical Har-
monic Analysis Group at the Faculty of Mathematics, University of Vienna. He
thanks Professor Hans G. Feichtinger for helpful comments and suggestions. The
authors also thank the referees for useful comments.

References

[Aldroubi et al. 2001] A. Aldroubi, Q. Sun, and W.-S. Tang, “p-frames and shift invariant subspaces
of Lp”, J. Fourier Anal. Appl. 7:1 (2001), 1–21. MR 2002c:42046 Zbl 0983.46027

[Ali et al. 1993] S. T. Ali, J.-P. Antoine, and J.-P. Gazeau, “Continuous frames in Hilbert space”, Ann.
Physics 222:1 (1993), 1–37. MR 94e:81107 Zbl 0782.47019

[Askari-Hemmat et al. 2001] A. Askari-Hemmat, M. A. Dehghan, and M. Radjabalipour, “General-
ized frames and their redundancy”, Proc. Amer. Math. Soc. 129:4 (2001), 1143–1147. MR 2001m:
42054 Zbl 0976.42022

[Benedetto et al. 2006] J. J. Benedetto, A. M. Powell, and Ö. Yılmaz, “Sigma-Delta (†�) quantization
and finite frames”, IEEE Trans. Inform. Theory 52:5 (2006), 1990–2005. MR 2007a:94030

[Bolcskei et al. 1998] H. Bolcskei, F. Hlawatsch, and H. G. Feichtinger, “Frame-theoretic analysis of
oversampled filter banks”, IEEE Trans. Signal Process. 46:12 (1998), 3256–3268.

[Candès and Donoho 2004] E. J. Candès and D. L. Donoho, “New tight frames of curvelets and
optimal representations of objects with piecewise C 2 singularities.”, Commun. Pure Appl. Math.
57:2 (2004), 219–266. MR 2012649 Zbl 1038.94502

[Casazza et al. 1999] P. G. Casazza, D. Han, and D. R. Larson, “Frames for Banach spaces”, pp.
149–182 in The functional and harmonic analysis of wavelets and frames (San Antonio, TX, 1999),
edited by L. W. Baggett and D. R. Larson, Contemp. Math. 247, Amer. Math. Soc., Providence, RI,
1999. MR 2000m:46015 Zbl 0947.46010

[Casazza et al. 2005] P. Casazza, O. Christensen, and D. T. Stoeva, “Frame expansions in separable
Banach spaces”, J. Math. Anal. Appl. 307:2 (2005), 710–723. MR 2006e:42044 Zbl 1091.46007

[Casazza et al. 2008] P. G. Casazza, G. Kutyniok, and S. Li, “Fusion frames and distributed process-
ing”, Appl. Comput. Harmon. Anal. 25:1 (2008), 114–132. MR 2009d:42094 Zbl 05295258

[Cazassa and Christensen 1997] P. G. Cazassa and O. Christensen, “Perturbation of operators
and applications to frame theory”, J. Fourier Anal. Appl. 3:5 (1997), 543–557. MR 98j:47028
Zbl 0895.47007

[Christensen 2008] O. Christensen, Frames and bases: An introductory course, Birkhäuser, Boston,
MA, 2008. MR 2010i:42001 Zbl 1152.42001

[Christensen and Laugesen 2010] O. Christensen and R. S. Laugesen, “Approximately dual frames
in Hilbert spaces and applications to Gabor frames”, Sampl. Theory Signal Image Process. 9:1-3
(2010), 77–89. MR 2012f:42053 Zbl 1228.42031

[Christensen and Stoeva 2003] O. Christensen and D. T. Stoeva, “p-frames in separable Banach
spaces”, Adv. Comput. Math. 18:2-4 (2003), 117–126. MR 2004b:42060 Zbl 1012.42024

[Daubechies 1990] I. Daubechies, “The wavelet transform, time-frequency localization and signal
analysis”, IEEE Trans. Inform. Theory 36:5 (1990), 961–1005. MR 91e:42038 Zbl 0738.94004

[Gabardo and Han 2003] J.-P. Gabardo and D. Han, “Frames associated with measurable spaces”,
Adv. Comput. Math. 18:2-4 (2003), 127–147. MR 2004b:42062 Zbl 1033.42036

http://dx.doi.org/10.1007/s00041-001-0001-2
http://dx.doi.org/10.1007/s00041-001-0001-2
http://msp.org/idx/mr/2002c:42046
http://msp.org/idx/zbl/0983.46027
http://dx.doi.org/10.1006/aphy.1993.1016
http://msp.org/idx/mr/94e:81107
http://msp.org/idx/zbl/0782.47019
http://dx.doi.org/10.1090/S0002-9939-00-05689-6
http://dx.doi.org/10.1090/S0002-9939-00-05689-6
http://msp.org/idx/mr/2001m:42054
http://msp.org/idx/mr/2001m:42054
http://msp.org/idx/zbl/0976.42022
http://dx.doi.org/10.1109/TIT.2006.872849
http://dx.doi.org/10.1109/TIT.2006.872849
http://msp.org/idx/mr/2007a:94030
http://dx.doi.org/10.1109/78.735301
http://dx.doi.org/10.1109/78.735301
http://dx.doi.org/10.1002/cpa.10116
http://dx.doi.org/10.1002/cpa.10116
http://msp.org/idx/mr/2012649
http://msp.org/idx/zbl/1038.94502
http://dx.doi.org/10.1090/conm/247/03801
http://msp.org/idx/mr/2000m:46015
http://msp.org/idx/zbl/0947.46010
http://dx.doi.org/10.1016/j.jmaa.2005.02.015
http://dx.doi.org/10.1016/j.jmaa.2005.02.015
http://msp.org/idx/mr/2006e:42044
http://msp.org/idx/zbl/1091.46007
http://dx.doi.org/10.1016/j.acha.2007.10.001
http://dx.doi.org/10.1016/j.acha.2007.10.001
http://msp.org/idx/mr/2009d:42094
http://msp.org/idx/zbl/05295258
http://dx.doi.org/10.1007/BF02648883
http://dx.doi.org/10.1007/BF02648883
http://msp.org/idx/mr/98j:47028
http://msp.org/idx/zbl/0895.47007
http://dx.doi.org/10.1007/978-0-8176-4678-3
http://msp.org/idx/mr/2010i:42001
http://msp.org/idx/zbl/1152.42001
http://msp.org/idx/mr/2012f:42053
http://msp.org/idx/zbl/1228.42031
http://dx.doi.org/10.1023/A:1021364413257
http://dx.doi.org/10.1023/A:1021364413257
http://msp.org/idx/mr/2004b:42060
http://msp.org/idx/zbl/1012.42024
http://dx.doi.org/10.1109/18.57199
http://dx.doi.org/10.1109/18.57199
http://msp.org/idx/mr/91e:42038
http://msp.org/idx/zbl/0738.94004
http://dx.doi.org/10.1023/A:1021312429186
http://msp.org/idx/mr/2004b:42062
http://msp.org/idx/zbl/1033.42036


ON DUALS OF p-FRAMES 309

[Gröchenig 1991] K. Gröchenig, “Describing functions: atomic decompositions versus frames”,
Monatsh. Math. 112:1 (1991), 1–42. MR 92m:42035 Zbl 0736.42022

[Heath and Paulraj 2002] R. W. Heath and A. J. Paulraj, “Linear dispersion codes for MIMO systems
based on frame theory”, IEEE Trans. Signal Process. 50:10 (2002), 2429–2441.

[Li 1995] S. Li, “On general frame decompositions”, Numer. Funct. Anal. Optim. 16:9-10 (1995),
1181–1191. MR 97b:42055 Zbl 0849.42023

[Sadeghi and Arefijamaal 2012] G. Sadeghi and A. Arefijamaal, “von Neumann–Schatten frames in
separable Banach spaces”, Mediterr. J. Math. 9:3 (2012), 525–535. MR 2954506 Zbl 06107826

[Sun 2006] W. Sun, “G-frames and g-Riesz bases”, J. Math. Anal. Appl. 322:1 (2006), 437–452.
MR 2007b:42047 Zbl 1129.42017

Received: 2012-05-09 Revised: 2012-10-03 Accepted: 2012-10-06

arefijamaal@hsu.ac.ir Department of Mathematics and Computer Sciences,
Hakim Sabzevari University, Sabzevar, Iran

leili.mohamadkhani@gmail.com
Department of Mathematics and Computer Sciences,
Hakim Sabzevari University, Sabzevar, Iran

mathematical sciences publishers msp

http://dx.doi.org/10.1007/BF01321715
http://msp.org/idx/mr/92m:42035
http://msp.org/idx/zbl/0736.42022
http://dx.doi.org/10.1109/TSP.2002.803325
http://dx.doi.org/10.1109/TSP.2002.803325
http://dx.doi.org/10.1080/01630569508816668
http://msp.org/idx/mr/97b:42055
http://msp.org/idx/zbl/0849.42023
http://dx.doi.org/10.1007/s00009-011-0132-x
http://dx.doi.org/10.1007/s00009-011-0132-x
http://msp.org/idx/mr/2954506
http://msp.org/idx/zbl/06107826
http://dx.doi.org/10.1016/j.jmaa.2005.09.039
http://msp.org/idx/mr/2007b:42047
http://msp.org/idx/zbl/1129.42017
mailto:arefijamaal@hsu.ac.ir
mailto:leili.mohamadkhani@gmail.com
http://msp.org


involve
msp.org/involve

EDITORS
MANAGING EDITOR

Kenneth S. Berenhaut, Wake Forest University, USA, berenhks@wfu.edu

BOARD OF EDITORS
Colin Adams Williams College, USA

colin.c.adams@williams.edu
John V. Baxley Wake Forest University, NC, USA

baxley@wfu.edu
Arthur T. Benjamin Harvey Mudd College, USA

benjamin@hmc.edu
Martin Bohner Missouri U of Science and Technology, USA

bohner@mst.edu
Nigel Boston University of Wisconsin, USA

boston@math.wisc.edu
Amarjit S. Budhiraja U of North Carolina, Chapel Hill, USA

budhiraj@email.unc.edu
Pietro Cerone Victoria University, Australia

pietro.cerone@vu.edu.au
Scott Chapman Sam Houston State University, USA

scott.chapman@shsu.edu
Joshua N. Cooper University of South Carolina, USA

cooper@math.sc.edu
Jem N. Corcoran University of Colorado, USA

corcoran@colorado.edu
Toka Diagana Howard University, USA

tdiagana@howard.edu
Michael Dorff Brigham Young University, USA

mdorff@math.byu.edu
Sever S. Dragomir Victoria University, Australia

sever@matilda.vu.edu.au
Behrouz Emamizadeh The Petroleum Institute, UAE

bemamizadeh@pi.ac.ae
Joel Foisy SUNY Potsdam

foisyjs@potsdam.edu
Errin W. Fulp Wake Forest University, USA

fulp@wfu.edu
Joseph Gallian University of Minnesota Duluth, USA

jgallian@d.umn.edu
Stephan R. Garcia Pomona College, USA

stephan.garcia@pomona.edu
Anant Godbole East Tennessee State University, USA

godbole@etsu.edu
Ron Gould Emory University, USA

rg@mathcs.emory.edu
Andrew Granville Université Montréal, Canada

andrew@dms.umontreal.ca
Jerrold Griggs University of South Carolina, USA

griggs@math.sc.edu
Sat Gupta U of North Carolina, Greensboro, USA

sngupta@uncg.edu
Jim Haglund University of Pennsylvania, USA

jhaglund@math.upenn.edu
Johnny Henderson Baylor University, USA

johnny_henderson@baylor.edu
Jim Hoste Pitzer College

jhoste@pitzer.edu
Natalia Hritonenko Prairie View A&M University, USA

nahritonenko@pvamu.edu
Glenn H. Hurlbert Arizona State University,USA

hurlbert@asu.edu
Charles R. Johnson College of William and Mary, USA

crjohnso@math.wm.edu
K. B. Kulasekera Clemson University, USA

kk@ces.clemson.edu
Gerry Ladas University of Rhode Island, USA

gladas@math.uri.edu

David Larson Texas A&M University, USA
larson@math.tamu.edu

Suzanne Lenhart University of Tennessee, USA
lenhart@math.utk.edu

Chi-Kwong Li College of William and Mary, USA
ckli@math.wm.edu

Robert B. Lund Clemson University, USA
lund@clemson.edu

Gaven J. Martin Massey University, New Zealand
g.j.martin@massey.ac.nz

Mary Meyer Colorado State University, USA
meyer@stat.colostate.edu

Emil Minchev Ruse, Bulgaria
eminchev@hotmail.com

Frank Morgan Williams College, USA
frank.morgan@williams.edu

Mohammad Sal Moslehian Ferdowsi University of Mashhad, Iran
moslehian@ferdowsi.um.ac.ir

Zuhair Nashed University of Central Florida, USA
znashed@mail.ucf.edu

Ken Ono Emory University, USA
ono@mathcs.emory.edu

Timothy E. O’Brien Loyola University Chicago, USA
tobrie1@luc.edu

Joseph O’Rourke Smith College, USA
orourke@cs.smith.edu

Yuval Peres Microsoft Research, USA
peres@microsoft.com

Y.-F. S. Pétermann Université de Genève, Switzerland
petermann@math.unige.ch

Robert J. Plemmons Wake Forest University, USA
plemmons@wfu.edu

Carl B. Pomerance Dartmouth College, USA
carl.pomerance@dartmouth.edu

Vadim Ponomarenko San Diego State University, USA
vadim@sciences.sdsu.edu

Bjorn Poonen UC Berkeley, USA
poonen@math.berkeley.edu

James Propp U Mass Lowell, USA
jpropp@cs.uml.edu

Józeph H. Przytycki George Washington University, USA
przytyck@gwu.edu

Richard Rebarber University of Nebraska, USA
rrebarbe@math.unl.edu

Robert W. Robinson University of Georgia, USA
rwr@cs.uga.edu

Filip Saidak U of North Carolina, Greensboro, USA
f_saidak@uncg.edu

James A. Sellers Penn State University, USA
sellersj@math.psu.edu

Andrew J. Sterge Honorary Editor
andy@ajsterge.com

Ann Trenk Wellesley College, USA
atrenk@wellesley.edu

Ravi Vakil Stanford University, USA
vakil@math.stanford.edu

Antonia Vecchio Consiglio Nazionale delle Ricerche, Italy
antonia.vecchio@cnr.it

Ram U. Verma University of Toledo, USA
verma99@msn.com

John C. Wierman Johns Hopkins University, USA
wierman@jhu.edu

Michael E. Zieve University of Michigan, USA
zieve@umich.edu

PRODUCTION
Silvio Levy, Scientific Editor

See inside back cover or msp.org/involve for submission instructions. The subscription price for 2013 is US $105/year for the electronic version, and
$145/year (+$35, if shipping outside the US) for print and electronic. Subscriptions, requests for back issues from the last three years and changes
of subscribers address should be sent to MSP.

Involve (ISSN 1944-4184 electronic, 1944-4176 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o University of California,
Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and additional mailing offices.

Involve peer review and production are managed by EditFLOW® from Mathematical Sciences Publishers.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2013 Mathematical Sciences Publishers

http://msp.berkeley.edu/involve
mailto:berenhks@wfu.edu
mailto:colin.c.adams@williams.edu
mailto:baxley@wfu.edu
mailto:benjamin@hmc.edu
mailto:bohner@mst.edu
mailto:boston@math.wisc.edu
mailto:budhiraj@email.unc.edu
mailto:pietro.cerone@vu.edu.au
mailto:scott.chapman@shsu.edu
mailto:cooper@math.sc.edu
mailto:corcoran@colorado.edu
mailto:tdiagana@howard.edu
mailto:mdorff@math.byu.edu
mailto:sever@matilda.vu.edu.au
mailto:bemamizadeh@pi.ac.ae
mailto:foisyjs@potsdam.edu
mailto:fulp@wfu.edu
mailto:jgallian@d.umn.edu
mailto:stephan.garcia@pomona.edu
mailto:godbole@etsu.edu
mailto:rg@mathcs.emory.edu
mailto:andrew@dms.umontreal.ca
mailto:griggs@math.sc.edu
mailto:sngupta@uncg.edu
mailto:jhaglund@math.upenn.edu
mailto:johnny_henderson@baylor.edu
mailto:jhoste@pitzer.edu
mailto:nahritonenko@pvamu.edu
mailto:hurlbert@asu.edu
mailto:crjohnso@math.wm.edu
mailto:kk@ces.clemson.edu
mailto:gladas@math.uri.edu
mailto:larson@math.tamu.edu
mailto:lenhart@math.utk.edu
mailto:ckli@math.wm.edu
mailto:lund@clemson.edu
mailto:g.j.martin@massey.ac.nz
mailto:meyer@stat.colostate.edu
mailto:eminchev@hotmail.com
mailto:frank.morgan@williams.edu
mailto:moslehian@ferdowsi.um.ac.ir
mailto:znashed@mail.ucf.edu
mailto:ono@mathcs.emory.edu
mailto:tobrie1@luc.edu
mailto:orourke@cs.smith.edu
mailto:peres@microsoft.com
mailto:petermann@math.unige.ch
mailto:plemmons@wfu.edu
mailto:carl.pomerance@dartmouth.edu
mailto:vadim@sciences.sdsu.edu
mailto:poonen@math.berkeley.edu
mailto:jpropp@cs.uml.edu
mailto:przytyck@gwu.edu
mailto:rrebarbe@math.unl.edu
mailto:rwr@cs.uga.edu
mailto:f_saidak@uncg.edu
mailto:sellersj@math.psu.edu
mailto:andy@ajsterge.com
mailto:atrenk@wellesley.edu
mailto:vakil@math.stanford.edu
mailto:antonia.vecchio@cnr.it
mailto:verma99@msn.com
mailto:wierman@jhu.edu
mailto:zieve@umich.edu
http://msp.berkeley.edu/involve
http://msp.org/
http://msp.org/


inv lve
a journal of mathematics

involve
2013 vol. 6 no. 3

261Potentially eventually exponentially positive sign patterns
MARIE ARCHER, MINERVA CATRAL, CRAIG ERICKSON, RANA HABER, LESLIE
HOGBEN, XAVIER MARTINEZ-RIVERA AND ANTONIO OCHOA

273The surgery unknotting number of Legendrian links
BIANCA BORANDA, LISA TRAYNOR AND SHUNING YAN

301On duals of p-frames
ALI AKBAR AREFIJAMAAL AND LEILI MOHAMMADKHANI

311Shock profile for gas dynamics in thermal nonequilibrium
WANG XIE

323Expected conflicts in pairs of rooted binary trees
TIMOTHY CHU AND SEAN CLEARY

333Hyperbolic construction of Cantor sets
ZAIR IBRAGIMOV AND JOHN SIMANYI

345Extensions of the Euler–Satake characteristic for nonorientable 3-orbifolds and
indistinguishable examples

RYAN CARROLL AND CHRISTOPHER SEATON

369Rank numbers of graphs that are combinations of paths and cycles
BRIANNA BLAKE, ELIZABETH FIELD AND JOBBY JACOB

involve
2013

vol.6,
no.3

http://dx.doi.org/10.2140/involve.2013.6.261
http://dx.doi.org/10.2140/involve.2013.6.273
http://dx.doi.org/10.2140/involve.2013.6.311
http://dx.doi.org/10.2140/involve.2013.6.323
http://dx.doi.org/10.2140/involve.2013.6.333
http://dx.doi.org/10.2140/involve.2013.6.345
http://dx.doi.org/10.2140/involve.2013.6.345
http://dx.doi.org/10.2140/involve.2013.6.369

	1. Introduction and preliminaries
	2. Elementary properties of p-frames
	3. Main results
	Acknowledgements
	References
	
	

