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(Communicated by Kenneth S. Berenhaut)

For any integer n > 1, there are infinitely many primes congruent to 1 .mod n/.
In this note, the elementary argument of Thangadurai and Vatwani is modified
to improve their upper estimate of the least such prime when n itself is a prime
greater than or equal to 5.

Preliminaries

For any integer n� 1, the n-th cyclotomic polynomial is

ˆn.x/D
Y

1�m�n
gcd.m;n/D1

.x� e2� im=n/:

This is a monic polynomial of degree '.n/, where ' denotes Euler’s phi function,
and the roots of this polynomial are the primitive complex n-th roots of unity.
It is well-known that ˆn.x/ is irreducible over Q, with integer coefficients, and
xn� 1D

Q
d jn ˆd .x/. From the last equation, we have

ˆn.x/D
xn� 1Q

d jn
d<n

ˆd .x/
: (1)

It is a consequence of a well-known result of Dirichlet [1889] that for each
integer n > 0, there are infinitely many primes of the form knC 1, where k is a
positive integer. The problem of determining, or estimating, the smallest prime
p�.n/ � 1 mod n has attracted interest. In [Heath-Brown 1992; Linnik 1944a;
1944b; Xylouris 2009], estimates of the form p�.n/� c1nc2 , with c1; c2 constants
independent of n, are proven using highly nonelementary methods of analytic
number theory. Recently, elementary proofs of weaker bounds on p�.n/ have
been given. In [Sabia and Tesauri 2009], it is shown that p�.n/ � .3n� 1/=2; in
[Thangadurai and Vatwani 2011], this is improved to p�.n/� 2'.n/C1� 1. Here
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we adapt the methods of [Thangadurai and Vatwani 2011] (which were adapted
from [Sabia and Tesauri 2009]) to prove the following theorem.

Theorem. Let n� 5 be a prime. The smallest prime p�.n/� 1 .mod n/ satisfies
the bound

p�.n/� .2n
C 1/=3:

Main result

From (1), we see that if n is a prime, then

ˆn.X /D
X n� 1

X � 1
DX n�1

C � � �C 1; (2)

and if n is an odd prime,

ˆ2n.X /D
X 2n� 1

ˆ1.X /ˆ2.X /ˆn.X /
D

X 2n� 1

.X � 1/.X C 1/ˆn.X /

D
X 2.n�1/CX 2.n�2/C � � �C 1

X n�1CX n�2C � � �C 1

DX n�1
�X n�2

C � � � �X C 1

D

n�1X
iD0

.�X /i :

(3)

The main result will follow from (3) and the following lemma.

Lemma 1 [Sabia and Tesauri 2009]. For any integers m, b � 2, any prime divisor
of ˆm.b/ is either a divisor of m or is congruent to 1 .mod m/.

Suppose that n� 5 is prime. By Lemma 1 and (3),

ˆ2n.2/D

n�1X
iD0

.�2/i
D

.�2/n� 1

�3
D

2nC 1

3

has prime divisors of 2n or primes congruent to 1 .mod 2n/. The prime divisors of
2n are 2 and n. Since 2nC 1 is odd and 2nC 1� 3 mod n, neither 2 nor n divides
.2nC 1/=3. Therefore,

p�.n/� .2n
C 1/=3:
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