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The following expressions complement Section 2.4 of the article. Maple code is available from the
authors upon request.
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where

P1 = −
1

4α2
l
(αA0(t) + βαlC0(t)) +

1
6

[
Dl(A0(t)) +

1
2

B A
l (t)

]
,

P2 =
1

4α2
l
(αC0(t) − βαl A0(t)) +

1
6

[
Dl(C0(t)) +

1
2

BC
l (t)

]
,

P3 = −
2
5

1
(k + 2)(α2

l − α2
s )

(ααs B0(t) − β D0(t)),

P4 = −
2
5

1
(k + 2)(α2

l − α2
s )

(αB0(t) + βαs D0(t)),

P5 = −
1

4α2
s
(αD0(t) + βαs B0(t)) +

1
6

[
Ds(B0(t)) +

1
2

B B
s (t)

]
,

P6 =
1

4α2
s
(αB0(t) − β D0(t)) +

1
6

[
Ds(D0(t)) +

1
2

B D
s (t)

]
,

P7 =
2
5

k
(α2

l − α2
s )

(ααlC0(t) − β A0(t)),

P8 =
2
5

k
(α2

l − α2
s )

(ααl A0(t) + βC0(t)).

In-plane strains can be obtained using these displacements in (A-2) as

εxx =
∂u
∂x

, εyy =
∂v

∂y
, εxy =

1
2

(∂u
∂y

+
∂v

∂x

)
. (A-2)



STRESS, STRAIN, AND DISPLACEMENT FIELDS 103

εxx =



3
4

A0r−1/2
l cos

1
2
θl −

3
4

C0r−1/2
l sin

1
2
θl + 2A1 +

15
4

r1/2
l A2 cos

1
2
θl

+
15
4

r1/2
l C2 sin

1
2
θl − r1/2

l cos
1
2
θl

[
3P1 +

15
4

P8 +
1
4

B A
l

]
− r1/2

l cos
3
2
θl

[3
4

P1 +
1
4

B A
l

]
−

3
4

P6αsr1/2
s cos

3
2
θs

+ r1/2
l sin

3
2
θl

[3
4

P2 +
1
4

BC
l

]
− αsr1/2

s cos
1
2
θs

[15
4

P3 −
1
4

B B
s

]
+ αsr1/2

s sin
1
2
θs

[15
4

P4 −
1
4

B D
s

]
−

3
4

P5αsr1/2
s sin

3
2
θs

+
3
4

B0αsr−1/2
s cos

1
2
θs +

3
4

D0αsr−1/2
s sin

1
2
θs

+
15
4

αsr1/2
s B2 cos

1
2
θs − r1/2

l sin
1
2
θl

[
3P2 +

15
4

P7 +
1
4

BC
l

]
+ 2αs B1 +

1
32

r1/2
l

[
B A

l cos
7
2
θl − BC

l sin
7
2
θl

]
−

15
4

αsr1/2
s D2 sin

1
2
θs +

1
32

αsr1/2
s

[
B B

s cos
7
2
θs + B D

s sin
7
2
θl

]



(A-3a)
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By substituting (6) into (5), in-plane stress component can be written in terms of displacement poten-
tials 8 and 9 as,
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(A-4)

where p = 3 − 4ν for plane strain and p =
3−ν
1+ν

for plane stress
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Substituting for 8 and 9 in (A-4) gives
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σxy

µc exp(αx + βy)
=



3
2

A0αlr
−1/2
l sin

(θl

2

)
+

3
2

C0αlr
−1/2
l cos

(θl

2

)
+

3
4
(1 + α2

s )B0r−1/2
s sin

(θs

2

)
−

3
4
(1 + α2

s )D0r−1/2
s sin

(θs

2

)
+ 4αlC1 + 2(1 + α2

s )D1

−
15
2

A2αlr
1/2
l sin

(θl

2

)
+

15
2

C2αlr
1/2
l cos

(θl

2

)
−

15
4

B2r1/2
s sin

(θs

2

)
−

15
4

D2(1 + α2
s )r

1/2
s sin

(θs

2

)
−

15
4

P7r1/2
l (1 + α2

l ) cos
(θl

2

)
−

3
2

P2r1/2
l αl cos

(3θl

2

)
+

15
4

P8r1/2
l (1 + α2

l ) sin
(θl

2

)
−

3
2

P1r1/2
l αl sin

(3θl

2

)
+ r1/2

s cos
(θs

2

)(
3P5[1 − α2

s ] +
15
2

P4αs +
(1 + α2

s )

4
B D

s

)
+

1
16

αlr
1/2
l

[
B A

l sin
(7θl

2

)
+ BC

l cos
(7θl

2

)]
− r1/2

s
(1 + α2

s )

4
sin

(3θs

2

)
[3P6 − B B

s ]

−
1
2
αlr

1/2
l

[
B A

l sin
(θl

2

)
− BC

l cos
(θl

2

)]
+ r1/2

s
(1 + α2

s )

4
cos

(3θs

2

)
[3P5 + B D

s ]

+ r1/2
s sin

(θs

2

)(
3P6[1 − α2

s ] +
15
2

P3αs +
(1 + α2

s )

4
B B

s

)
+

1
32

(1 + α2
s )r

1/2
s

[
B B

s sin
(7θs

2

)
− B D

s cos
(7θs

2

)]



,

(A-5c)

where
R1 =

p + 1
p − 1

and R1 =
3 − p
p − 1

.
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