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It is commonly believed that the fracture toughness of a brittle material can be characterized by a single
parameter such as the stress intensity factor. In this study, it was demonstrated that when the crack
is highly constrained, the first nonsingular opening stress term at the crack tip, in addition to the K -
field (the singular stress term), is necessary to predict fracture. Fracture experiments were conducted
using plexiglass specimens with a center crack. Relatively rigid metallic end tabs were used to generate
boundary constraints on the specimen. The level of constraint was varied by varying the gage length
between the end tabs. For a given crack length, the fracture load increases as the gage length decreases.
If the stress intensity factor is used to determine the corresponding fracture toughness of plexiglass,
the experimental data would indicate that the fracture toughness decreases as the gage length decreases.
This is equivalent to saying that the fracture toughness of a brittle material can be affected by boundary
conditions. It was shown that this behavior is the result of a diminishing size of the K -dominance zone
and that the stress intensity factor alone cannot fully capture the fracture force. A new constant parameter
was introduced to account for the effect of the near-tip nonsingular stress field on fracture.

1. Introduction

It is a common notion that, for brittle materials, fracture can be characterized by a stress intensity factor
alone and that the nonsingular part of the near-tip stress field may be ignored. However, it has been
found in many situations that the use of stress intensity (or energy release rate) alone may lead to variable
fracture toughness, resulting from constraining conditions on the crack. One of the notable examples is
in adhesively bonded structural joints. Gardon [1963] performed an adhesive peeling test and found that
the peeling force decreased as the adhesive layer became thinner. Bascom et al. [1975] and Bascom and
Cottington [1976] discovered from the tapered double cantilever beam test that the strength of rubber-
modified epoxy-bonded specimens increased with the decrease of the adhesive thickness. This behavior
was subsequently confirmed by many researchers [Kin Loch and Shaw 1981; Daghyani et al. 1995a;
1995b; Ikeda et al. 2000; Yan et al. 2001; 2002; Lee et al. 2003; 2004] using the same adhesive material
and similar specimens. Attempts were made to use plastic zone size and its shape ahead of the crack tip
to qualitatively explain the adhesive thickness-dependent fracture toughness [Kin Loch and Shaw 1981].

Similar to adhesive joints, there are cracked elastic bodies in which the singular stress field (the K -
field) is very small and may not be sufficient to describe the state of stress in the fracture process zone,
and thus a constant stress intensity factor is not sufficient to characterize the fracture toughness of brittle
materials. On the other hand, for elastic-plastic materials, Larsson and Carlson [1973] and Rice [1974]
recognized the influence of T -stress (the first nonsingular normal stress parallel to the crack plane) on the
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crack tip plastic zone size and on the fracture behavior. Since then, there have been numerous publications
addressing different aspects of T -stress. For instance, Leevers and Radon [1982] introduced a biaxiality
ratio to account for the effect of the nonsingular stress terms, and Kardomateas et al. [1993] used the
biaxiality ratio to explain the difference between the fatigue crack growth rates of short cracks and long
cracks.

The purpose of this research is to employ the concept of the K -dominance zone near the crack tip
to gauge the importance of the nonsingular stress terms. We focus on relatively brittle materials so
that the first nonsingular term in the near-tip opening stress, rather than the T -stress, is considered in
characterizing the fracture condition. A center cracked plexiglass specimen clamped on both loading
sides was used to conduct the fracture experiment. To vary the contribution of the nonsingular stress to
the total opening stress near the crack tip, the distance between the clamps was varied. It is demonstrated
that the near-tip stress field, especially the size of the region dominated by the singular stress field
(the K -dominance zone), can be significantly altered by the boundary constraints resulting from the
clamps. Consequently, the fracture load cannot be predicted using the stress intensity factor alone. A
two-parameter fracture model is proposed to characterize a nonconstant apparent fracture toughness of
plexiglass.

2. Specimens and fracture experiment

Center cracked plexiglass specimens as shown in Figure 1 were used in the fracture test. The thickness
was 4.76 mm (0.1875 inch) for all specimens. The specimen width (W ) was 76.2 mm (3 inch) and a crack
of length (2a) 25.4 mm (1 inch) was created using a water jet cutting machine. The crack created in this
manner was not sharp enough and was extended further for about a millimeter using a razor blade (see
Figure 2). The height (T ) of the end tabs was 38.1 mm (1.5 inch). Five different values of gage length
(2h) were considered to vary the constraining effect of the boundary on the crack. The gage length was
selected to yield six different ratios to the initial crack length: h/a = 10, 4, 2, 1, 0.5 and 0.25. The
constraining effect on the crack is characterized by the h/a ratio.

Aluminum end tabs (3.9 mm thick) were bonded on the specimens. Fracture tests were performed on
an MTS 22 kip machine under a constant displacement rate loading at 0.001 mm/sec.

2a 

w h 

T 

Figure 1. Specimen configuration.
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�

Figure 2. Sharp crack tip created by a razor blade.

�

Figure 3. Specimens after fracture.

Figure 3 shows sample specimens with different gage lengths after the fracture test. The failure appears
to be a typical brittle fracture failure and no stable crack growth was observed. For each gage length (h/a
ratio), at least three specimens were tested. Figure 4 shows the failure loads for specimens with the six
gage lengths. The data clearly show that for h/a smaller than 2, the average strength of the specimens
increases with decreasing h/a value. For h/a ratios larger than 2, the failure load appears to approach
a constant. In other words, the strength of the specimen is not affected by the gage length when the
constraining effect diminishes. On the other hand, the strength of the specimen seems to keep increasing
as the gage length decreases.

3. Analysis of fracture data

3.1. Finite element model. The elastic stress analysis is performed using the commercial finite element
code ABAQUS 6.6. In view of the symmetric configuration of the specimen, a quadrant of the specimen
is modeled. Symmetric boundary conditions are applied along the corresponding edges of symmetry.
Because aluminum has a much greater elastic modulus than plexiglass, the clamped boundary can be
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Figure 4. Experimental failure loads for different h/a ratios.
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Figure 5. Finite element mesh for specimen with h/a = 1.

regarded as a rigid boundary so that a uniform displacement loading is assumed. In the numerical analysis,
the crack length is the initial crack length created by the water jet plus the small extension produced by
the razor blade.

Figure 5 shows the typical configuration and mesh of one of the models for h/a = 1. A 4-node plane
strain element (CPE4) is used. In order to capture the high stress gradient field near the crack tip for
small gage length cases, relatively fine mesh sizes are adopted around the crack tip. The smallest element
size is less than 0.0001 of the half crack length which ensures converged solutions. The mesh around the
crack tip is also made uniform in order to facilitate the computation of the energy release rate using the
modified crack closure method [Rybicki and Kanninen 1977]. The stress intensity factor is then obtained
from its relation with the energy release rate. An elastic Young’s modulus for the plexiglass of 2.8 GPa
(reported by the manufacturer) and a Poisson’s ratio of 0.3 are used in the calculation.

3.2. Conventional LEFM fracture prediction. In linear elastic fracture mechanics (LEFM), the stress
intensity factor is used to characterize the fracture toughness (Kc) of a brittle material. For a given spec-
imen thickness the value of Kc is assumed to be a constant. To check the validity of the this assumption
regarding the specimen configuration, the stress intensity factors for different h/a ratios are calculated
for an applied load of 2 kN, with the result given in Figure 6. It is seen that the stress intensity factor is
greatly influenced by the h/a ratio in the range of h/a smaller than 4. In LEFM, fracture toughness is
considered as a material constant and is used as the single parameter to predict fracture failure. If this
assumption is valid, then the value of Kc can be determined using the specimen with h/a = 4 and then
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Figure 6. Effect of h/a ratio on stress intensity factor.
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Figure 7. Failure loads (for the same critical stress intensity factor) normalized by the
failure load corresponding to h/a = 4.

used to predict the failure loads for other specimens with smaller h/a ratios, as shown in Figure 7. (All
failure loads in that figure are normalized with respect to the failure load for h/a = 4.)

3.3. Comparison with experimental result. From the results presented in Figures 6 and 7, the fracture
toughness approaches a constant value K∞c for h/a ≥ 4. If this K∞c value is used to predict the failure
loads for all specimens with different h/a ratios, then the predicted failure loads for h/a smaller than
4 deviate significantly from the experimental results, as shown in Figure 8. Note that in Figure 8, the
experimental failure load is normalized with respect to the failure load of the specimen with h/a = 4.
It is evident that the LEFM prediction appears to be valid only for h/a ratios larger than 4, for which
the boundary constraining effect diminishes and the stress intensity factor is a constant value for a given
applied load (see Figure 6). If a single Kc parameter is to be adopted to characterize the fracture toughness
of plexiglass, then the value of Kc must be a function of h/a (see Figure 9). The asymptotic value K∞c
as the fracture toughness is only valid for large values of h/a ratios.
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Figure 8. Comparison of LEFM prediction and experimental data.
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Figure 9. Apparent Kc based on LEFM and experimental failure load.

4. K -dominance zone analysis

The reason that a single parameter Kc is sufficient to characterize fracture toughness in brittle materials
is based on the assumption that the singular stress field (the K field) is the dominant stress field near
the crack tip and that the “fracture process” zone is totally contained inside the K -dominance zone. If
this assumption is not valid then the fracture process may be influenced by the nonsingular part of the
near tip stress. Thus, to explain the discrepancy displayed in Figure 8, the size of the K -dominance zone
must be investigated.

The total opening stress ahead of the crack tip can be expressed in a general form as

σyy =
K
√

2πx
+ nonsingular stress, (1)



BRITTLE FRACTURE BEYOND THE STRESS INTENSITY FACTOR 749

�

�

�

70%

75%

80%

85%

90%

95%

100%

0 1 2 3 4 5
x (mm)

D
e

g
re

e
 o

f 
K

-D
o

m
in

a
n

c
e

h/a=0.5 h/a=0.25 h/a=1 

h/a=4 &10 

h/a=2 

0

0.2

0.4

0.6

0.8

1

0 5 10

K
-D

o
m

in
a

nc
e 

Z
o

n
e

 (m
m

)

h/a

Figure 10. Left: K -dominance as a function of x . Right: Size of the K -dominance zone
(region where 3≥ 95%).

where K is the stress intensity factor and x is the distance from the crack tip. At a given location x , the
weight of the singular term can be quantified by the degree of K -dominance defined as

3=
σ

Singular
yy

σ
Singular
yy +

∣∣σNonsingular
yy

∣∣ , (2)

where

σ Singular
yy =

K
√

2πx
, σNonsingular

yy = σyy − σ
Singular
yy .

The value of 3 represents the percentage of the singular stress in the total opening stress at a given
location. Figure 10, left, shows the degree of K -dominance as a function of the distance from the crack
tip. As expected, for all the curves, the value of 3 starts from 100% at the crack tip and then decreases
as the distance from the crack tip increases. Note that 3 drops much faster in specimens with smaller
gage lengths (h/a ratio) than those with larger gage lengths; for h/a ratios larger than 4, the 3 curves
approach a limiting curve.

Define the K -dominance zone as the region in which 3≥ 95%; this region can be determined from the
plot of 3, and its dependence on h/a is shown in Figure 10, right. Clearly, the size of the K -dominance
zone becomes a constant for h/a ≥ 4. Below this ratio, the zone shrinks significantly as the h/a ratio
decreases.

We conclude from these results that, as the gage length (or h/a) decreases, the nonsingular stress may
not be negligible compared to the singular term in the near-tip region. In other words, the stress intensity
factor cannot fully represent the stress field except for a region extremely close to the crack tip. This is
why the stress intensity factor alone cannot adequately serve as the fracture failure criterion.

5. Two-parameter model

As we saw in Figure 10, the K -dominance zone decreases as the h/a ratio decreases. This indicates that
the stress intensity factor is no longer sufficient to represent the full stress effect ahead of the crack tip
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Figure 11. Distribution of opening stress ahead of the crack tip.

and that the nonsingular stress may be needed to predict the fracture load. From William’s expansion of
the near-tip opening stress we have

σyy
√

2πx = K +C0
√

2πx +C1
√

2πx3/2
+ · · · . (3)

The σyy
√

2πx vs. x curves for various h/a ratios are calculated and plotted in Figure 11. Note that in
Figure 11, loads are selected so that the same stress intensity factor is produced for all cases of h/a ratios.
As shown in Figure 11, the magnitude of the nonsingular stress may become comparable to the singular
stress at a small distance from the crack tip, especially for those associated with smaller h/a ratios. It is
also found that the near tip opening stress distributions for h/a = 4 and h/a = 10 are almost identical.
This shows that the boundary constraining effect vanishes when the h/a ratio reaches a certain value
(h/a = 4 in this case).

It is seen from Figure 11 that σyy
√

2πx increases almost linearly with respect to x near the crack tip
and can be closely approximated as

σyy
√

2πx = K + Ax . (4)

Rearranging (4), we have
σyy
√

2πx/K = 1+Cx (C = A/K ). (5)

The value of the coefficient C depends on the value of h/a and can be obtained from the result of
Figure 11:

C =
(
65(h/a)−1.3

+ 61.37
)
m−1. (6)

Note that the value of C approaches a constant C0 = 61.37m−1 as h/a increases beyond 4.
Define the effective stress intensity factor based on the expression of (4) as

K eff
= σyy

√
2πx0 = K + Ax0, (7)

where x0 is a critical distance to be determined from the experimental result. If, in addition, we set
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K eff
= K∞c for h/a ≥ 4, then (7) becomes

K∞c = Kc+ Ax0 = Kc(1+Mx0), (8)

where
M = C − 61.37= 65(h/a)−1.3m−1. (9)

From (8), the apparent fracture toughness for any given h/a ratio is given by

Kc = K∞c /(1+Mx0). (10)

Finally, the critical distance x0 is determined by least square fitting of the experimental data for six
different h/a ratios, shown in Figure 9. We obtain x0 = 0.75 mm. Thus the apparent fracture toughness
Kc can be explicitly expressed as

Kc =
K∞c

1+Mx0
=

K∞c
1+ 0.49(h/a)−1.3 . (11)

The above equation indicates that the decrease of the K -dominance zone size with the h/a ratio reduces
the apparent fracture toughness. Figure 12 shows the experimental Kc together with the result obtained
from (11).

To predict the failure load for a given h/a ratio, the apparent fracture toughness Kc calculated ac-
cording to (11) is used. In (11), effective fracture toughness K eff and critical distance x0 are regarded
as material constants and coefficient A is obtained from the near-tip opening stress calculated by the
FEA. Figure 13 shows the comparison of the failure loads obtained using the constant Kc = K∞c and
the two-parameter model, respectively. It can be seen that the two parameter model is more adequate in
predicting the failure load. It is of interest to note that the two-parameter model predicts that the failure
load would begin to decrease rapidly at the h/a ratio around 0.1. In fact, based on (11), the failure load
would diminish as the h/a ratio approaches zero. The validity of this result needs further experimental
verification.
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Figure 12. Apparent fracture toughness Kc predicted by Equation (11).
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Figure 13. Failure load according to the two-parameter model.

6. Conclusion

It has been demonstrated that even for materials commonly considered as brittle, the LEFM may not
always be adequate for characterizing their toughness properties. The main reason lies in the fact that,
under some boundary conditions, the crack tip region in which the singular stress represented by the
stress intensity factor (the K -field) becomes very small and cannot adequately describe the fracture force.
Consequently, the nonsingular part of the opening stress field in addition to the K -field is needed to
predict fracture. The two-parameter model that includes the stress intensity factor and the first dominant
nonsingular stress term seems to be capable of predicting fracture loads for plexiglass under general
crack tip stress conditions.
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