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The nonlinear analysis of a curved sandwich panel with a compliant core subjected to a thermal field and
mechanical load is presented. The mathematical formulation is developed first, along with the solution
of the stress and displacement fields for the case of a sandwich core with mechanical properties that are
independent of the temperature. The nonlinear analysis includes geometrical nonlinearities in the face
sheets caused by rotation of the face cross sections and high-order effects due to the transversely flexible
core. The mathematical formulation uses the variational principle of minimum energy along with HSAPT
(high-order sandwich panel theory) to derive the nonlinear field equations and the boundary conditions.
The full displacement and stress fields of the core with uniform temperature-independent mechanical
properties and the appropriate governing equations of the sandwich panel are given.

This is followed by the general solution of the core stress and displacement fields when the mechan-
ical core properties are dependent on the radial (through-the-thickness) coordinate. The displacement
fields of a core with temperature-dependent mechanical properties are determined explicitly using an
equivalent polynomial description of the varying properties.

A numerical study then describes the nonlinear response of curved sandwich panels subjected to con-
centrated and distributed mechanical loads, thermally induced deformations, and simultaneous thermal
and mechanical loads where the mechanical load is below the limit load level of the mechanical response
and the imposed temperature field is made to vary. The results reveal that the thermomechanical response
is linear when the sandwich panel is heated, but becomes nonlinear with limit point behavior when the
panel is cooled down.

Introduction

Curved sandwich structures are increasingly being used in the aerospace, naval and transportation indus-
tries, where weight savings combined with high strength and stiffness properties are always in demand.
Sandwich structures consist of two thin face sheets, usually metallic or laminated composites, bonded to
a core that is often made of honeycomb or a polymer foam with low strength properties. The core usually
provides the shear resistance/stiffness to the sandwich structure in the transverse (radial) direction, and
a transverse support to the face sheets that is associated to radial normal stresses. Polymer foam or low-
strength honeycomb cores are flexible in this (radial/thickness) direction, and this affects both the global
and the local response through changes of the core height (compressible core), and a core cross section
plane that deforms into a nonlinear pattern.

The manufacture of such sandwich structures often involves elevated temperatures that may be asso-
ciated with thermally induced deformations. During service, deformations may be induced by elevated
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temperatures, with or without large gradients, which may degrade the properties of the face sheets and
the core. In a traditional design process of such structures the thermally induced deformations and the de-
formations caused by external mechanical loads are considered separately. However, this approach is not
necessarily conservative, since the interaction between the external loads and the elevated temperatures,
especially when the deformations are large, may lead to unsafe behavior and loss of structural integrity.

The major goal of this work is to investigate under what circumstances the combination of simultane-
ous thermally induced deformations and mechanical loads applied to curved sandwich structures (panels)
may lead to an unstable and thereby potentially disastrous load response.

Outline. After a discussion of earlier work in Section 1 we introduce in Section 2 the mathematical for-
mulation leading to the field and governing equations, the appropriate boundary conditions, the thermal
fields within the core, along with the effects of the degradation of the mechanical core properties as a
result of elevated temperatures. The full nonlinear governing equations for the temperature-independent
(TI) case are derived and presented in Section 3. In Section 4 we turn to the general solution for the core
stress and displacement fields when the core properties are coordinate-dependent in the radial (through-
the-thickness) direction and display mechanical properties that are temperature-dependent (TD). This is
followed in Section 5 by a numerical investigation into the nonlinear response of sandwich panels; the
results are described in Section 5.1 for TI cores and in Section 5.2 for TD cores. Further discussion of
the numerical study and overall conclusions occupy Section 6.

1. Antecedents

The well known approach for sandwich plates/panels, due to Reissner and Mindlin, replaces the layered
sandwich panel by an equivalent single layer (ESL) and takes into the account the relaxed Kirchhoff–Love
hypothesis, which assumes that the section plane is not normal to the plate middle surface. This approach
has become the foundation for a large group of research works in the field of sandwich structures, in-
cluding [Whitney and Pagano 1970; Noor and Burton 1990; Noor et al. 1994; 1996], to name a few; see
also the references listed in this last paper. Kollár [1990] investigated buckling of generally anisotropic
shallow sandwich shells and Vaswani et al. [1988] performed vibration and damping analysis of curved
sandwich beams. These last two models used the Flügge shell theory while assuming that the face
sheets are membranes and the core is incompressible. A model for shallow cylindrical sandwich panels
with orthotropic surfaces suggested in [Wang and Wang 1989] follows the same relaxed Kirchhoff–Love
hypothesis for the core as in references quoted above, but in this work the face sheets are attributed with
both in-plane and flexural rigidities. Similarly, using the principle of virtual work along with the Reissner–
Mindlin hypothesis and Sanders’ nonlinear stress-displacement relations, a theory for thick shells has
been developed [di Sciuva 1987; di Sciuva and Carrera 1990] that takes into account the shear rotation but
assumes that the core is incompressible and linear. A stability analysis for cylindrical sandwich panels
with laminated composite faces based on the Reissner hypothesis has been derived [Rao 1985; Rao
and Meyer-Piening 1986; 1990]. These authors extended the Reissner–Mindlin theory to derive force-
displacement relations of anisotropic sandwich panels with membrane face sheets. As a consequence,
local effects, due to localized loads, point supports, presence of load or geometric discontinuities are
beyond the capability of these approaches. This well known approach is accurate as long as the core
can be considered to be incompressible, i.e., the height of the core remains unchanged so the radial



NONLINEARITY IN THERMALLY LOADED CURVED SANDWICH PANELS 1289

displacements of the two face sheets are identical. However, compliant core materials such as relatively
soft polymer foams are used in many modern sandwich structures. Accordingly it is necessary to relax
the Reissner–Mindlin constraints to account for localized effects caused by the change of core height
during the deformation of the sandwich structure considered.

A class of high-order theories based on the assumption of cubic and quadratic or trigonometric through-
the-thickness distributions for the displacements have been suggested in [Lo et al. 1977; Librescu and
Hause 2000; Stein 1986; Reddy 1984a; 1984b]. The results usually include terms that have no phys-
ical meaning due to the integration through the thickness. Lo et al. [1977] assumed a cubic shape
for the in-plane deformations and a quadratic distribution for the vertical deformation. Stein [1986]
used trigonometric series for the displacement distributions. Reddy [1984a; 1984b] also assumed cubic
distributions for the in-plane displacements whereas the vertical displacement is assumed to be uniform
across the thickness. In addition, the condition of zero shear stresses at the outer fibers of the section
was also adopted. All the referenced high-order models use integration through the thickness along with
variational principle and in general they are valid for sandwich panels with an incompressible core.

Many investigators have performed numerical analyses of the overall behavior of curved sandwich
panels using FEA; see for example [Hildebrand 1991; Hentinen and Hildebrand 1991; Smidt 1995;
1993; Tolf 1983; Kant and Kommineni 1992]. The different analyses, linear or nonlinear, use various
types of finite elements along with the limiting Reissner–Mindlin hypothesis, thus ignoring localized
effects.

A different approach that includes the effect of the transverse (radial) normal stresses on the overall
behavior of sandwich shells has been considered by Kühhorn and Schoop [1992], who introduced geo-
metrically nonlinear kinematic relations along with pre-assumed polynomial deformation patterns for
plates and shells. In recent years, the effects of incorporating a vertical flexible core on the local and
overall behavior of the flat and curved sandwich panels have been implemented through the use of the
high-order theory (HSAPT); see [Frostig et al. 1992] for flat panels, [Bozhevolnaya and Frostig 1997] for
nonlinear behavior, [Bozhevolnaya 1998] on shallow sandwich panels, [Karayadi 1998] on cylindrical
shells, [Frostig 1999] on the linear behavior of curved sandwich panels, [Bozhevolnaya and Frostig 2001]
on the free vibration of curved panels, and [Thomsen and Vinson 2001] on composite sandwich aircraft
fuselage structures.

Thermal effects in curved sandwich panels have been considered in [Noor et al. 1997] using a first-
order shear deformation computation model with incompressible core. A thermomechanical FE analysis
was conducted by Ko [1999], who looked into the peeling stresses involved at the face-core interfaces
under cryogenic bending loading conditions. Librescu et al. [1994; 2000] investigated the thermomechan-
ical response of flat and curved panels using a high-order theory that includes transverse (radial) shear
flexibility but ignoring the transverse (radial) flexibility of the core. Fernlund [2005] used a simplified
sandwich model that ignores the radial stresses as well as the shear deformation in the core in order to
determine the spring-in effects of angled sandwich panels.

The thermal and the thermomechanical nonlinear response of a flat sandwich panel with a compressible
core has been considered in [Frostig and Thomsen 2008a; 2008b], along with the effect of the thermal
degradation of the mechanical properties of the core; see [Frostig and Thomsen 2007]. This series of pa-
pers reveals that the transverse flexibility of the core along with its extension and compression as a result
of the thermally induced deformation play a major role in the nonlinear response of sandwich panels.
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2. Mathematical formulation

The mathematical formulation presented in the paper uses high-order sandwich panel theory (HSAPT) to
model the nonlinear response of a curved sandwich panel when subjected to thermally induced deforma-
tion along with mechanical loads. The sandwich panel is modeled as two curved faces, with membrane
and flexural rigidities following the Euler–Bernoulli hypothesis, that are interconnected through com-
patibility and equilibrium with a two-dimensional compliant (compressible or extensible) elastic core
with shear and radial (through-the-thickness) normal stress resistance. The HSAPT model for the curved
panel adopts the following restrictive assumptions:

• The face sheets have in-plane (circumferential) and bending rigidities with small moderate defor-
mations class of kinematic relation [Brush and Almroth 1975; Simitses 1976] and negligible shear
deformations.

• The core is considered as a two-dimensional linear elastic continuum obeying small deformation
kinematic relations; the core height may change and the section planar does not remain plane after
deformation.

• The core is assumed to possess shear and radial normal stiffness only, and the in-plane (circumfer-
ential) normal stiffness is assumed negligible. Accordingly, the circumferential normal stresses are
assumed to be nil.

• Full bonding between the face sheets and the core is assumed and the interfacial layers can resist
shear as well as radial normal stresses.

• The loads are applied to the face sheets only.

Field equations and boundary conditions. The field equations and the boundary conditions are derived
following the steps of the HSAPT approach for the curved sandwich panel [Frostig 1999; Bozhevolnaya
and Frostig 1997]. The field equations are derived using the variational principle of extremum of the
total potential energy:

δ(U + V )= 0, (1)

where δ is the variational operator, U is in the internal potential strain energy and V is the external
potential energy.

The internal potential energy of a fully bonded panel in terms of polar coordinates reads

δU =
∫ α

0

∫ 1
2 d j

−
1
2 d j

∫ 1
2 bw

−
1
2 bw

σsst(φ, zt)δεsst(φ, zt)rt dy dzt dφ

+

∫ α

0

∫ 1
2 db

−
1
2 db

∫ 1
2 bw

−
1
2 bw

σssb(φ, zb)δεssb(φ, zb)rb dy dzb dφ

+

∫ α

0

∫ rtc

rbc

∫ 1
2 bw

−
1
2 bw
(τrs(φ, rc)δγrs(φ, rc)+ σrr (φ, rc)δεrr (φ, rc))rc dy drc dφ, (2)

where σss j (φ, r j ) and εss j (φ, r j ) ( j = t, b) are the stresses and strains, respectively, in the circumferen-
tial directions of the face sheets; τrs(φ, rc) and γrs(φ, rc) are the shear stresses and strains; σrr (φ, rc)

and εrr (φ, rc) are the radial normal stresses and strains; r and s refer to the radial and circumferential
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Figure 1. Dimensions, temperature distribution and sign conventions for a curved sand-
wich panel: (a) geometry; (b) loads at face sheets.

directions of the curved panel; α is the total angle of the curved panel; r j ( j = t, b, c) denote the radii of
the centroidal lines of the top and both face sheets and the core; rtc = rt − dt/2 and rbc = rb+ db/2 refer
to the radii of the upper and lower interface line; bw is the width and d j ( j = t, b) are the thicknesses of
the face sheets. For geometry, sign conventions, coordinates, deformations and internal resultants, see
Figure 1.

The variation of the external energy reads

δV =−
∫ L

s=0
(ntδuot + qtδwt −mtδβt)dst −

∫ L

s=0
(nbδuob+ qbδwbt −mbδβb)dsb

−

∑
j=t,b

NC j∑
i=1

∫ L

s=0
(Ni jδuoj + Pi jδw j −Mi jδβ j )δd(s j − si t) ds j , (3)

where n j , q j and m j ( j = t, b) are the external distributed loads in the circumferential and radial direc-
tions, respectively, and the distributed bending moment applied at the face sheets; uoj and w j ( j = t, b)
are the circumferential and radial displacements of the face sheets, respectively; β j is the slope of the
section of the face sheet; Nei j , Pei j and Mei j ( j = t, b) are the concentrated external loads in the cir-
cumferential and radial directions, respectively, and the concentrated bending moment applied at either
face sheet at s = si j ; NC j ( j = t, b) is the number of concentrated loads at the top and bottom faces,
and δd(s j − s j i ) is the Dirac function at the location of the concentrated loads. For sign conventions and
definition of loads see Figure 1.

The displacement pattern of the face sheets through their depth follows the Euler–Bernoulli assump-
tions with negligible shear strain and kinematic relations of small deformation and they read, for j = t, b,

u j (φ, z j )= uoj (φ)+ z jβ j (φ), β j (φ)=
1
r j

uoj (φ)−
1
r j

d
dφ
w j (φ), (4)

where z j is the radial coordinate measured upward from the centroid of each face sheet, r j is the radius
and s j = r jφ is the circumferential coordinate of the face sheets, which have identical radial center, and
φ is the angle measured from the origin; see Figure 1 for the geometry. Hence, the strain distribution is
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also assumed to be linear and it reads

εss j (φ)= εoss j (φ)+ z jχ j (φ), (5)

where the mid-plane strain and the curvature equal

εoss j (φ)=
d

dφ
uoj (φ)+

w j (φ)

r j (φ)
+

1
2β j (φ)

2, χ j (φ)=
1
r j

d
dφ
β j (φ)=

1
r2

j

d
dφ

uoj (φ)−
1
r2

j

d2

dφ2w j (φ). (6)

Notice that thermal strains do not appear in the terms of the strains of the face sheets.
The kinematic relations for the core, under the approximation of small deformations, read

εrrc(φ, r)=
∂

∂r
wc(φ, r), γc(φ, r)=

∂

∂r
uc(φ, r)−

uc(φ, r)
r
+

1
r
∂

∂φ
wc(φ, r), (7)

where wc(φ, r) and uc(φ, r) are the radial and circumferential displacements of the core, respectively.
The compatibility conditions corresponding to perfect bonding between the face sheets and the core

require that

uc(φ, r = r jc)= uoj (φ)−
λ

2r j
d j (uoj (φ)−w j (φ),φ), wc(φ, r = r jc)= w j (φ), (8)

where λ= 1,−1 for j = t, b, respectively; r jc ( j = t, b) are the radii of the upper and lower face-core
interfaces; and uc(r = r jc, φ), wc(r = r jc, φ) are the displacements of the core in the circumferential
and radial directions at the face-core interfaces.

The field equations and the boundary conditions are derived using the variational principle (1), the
variational expressions (2) and (3) of the energies, the kinematic relations (5)–(7) of the face sheets and
the core, the compatibility requirements (8), and the stress resultants. See Figure 2.

Figure 2. Internal stress resultants and stresses within a curved sandwich panel segment.
Left: stress resultants on the deformed shape of the panel. Right: stresses within the core.
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The field equations, after integration by parts and some algebraic manipulations, read as follows
(notice that since the strains in the core are linear, the field equations of the core coincide with those for
the geometrically linear case [Frostig 1999] and are presented here only for convenience):

Face sheets ( j = t, b):(
−

d j

2r j
+ λ

)
bwr jcτsr (φ, r = r jc)+

1
r j

(
uoj (φ)−

dw j (φ)

dφ

)
Nss j (φ)−

d Nss j (φ)

dφ

+m j (φ)−
1
r j

d Mss j (φ)

dφ
− r j n j = 0,(

1+
1
r j

(duoj (φ)

dφ
−

d2w j (φ)

dφ2

))
Nss j (φ)+

1
r j

(
uoj (φ)−

dw j (φ)

dφ

)d Nss j (φ)

dφ

+ λbwr jcσrr (φ, r = r jc)−
bwd jr jc

2r j

dτsr (φ, r = r jc)

dφ
−

1
r j

d2 Mss j (φ)

dφ2 +
dm j (φ)

dφ
− r j qt = 0.

(9)

Core:

rc
∂τsr (φ, rc)

∂rc
+ 2τsr (φ, rc)= 0, rc

∂σrr (φ, rc)
∂rc

+ σrr (φ, rc)+
∂τsr (φ, rc)

∂φ
= 0. (10)

Here Nss j and Mss j ( j = t, b) are the in-plane and bending moment stress resultants of each face sheet;
τsr (φ, r = r jc) and σrr (φ, r = r jc) (with j = t, b) are the shear and vertical normal stresses, respectively,
at the face-core interfaces; and λ= 1,−1 for j = t, b. Notice that here the nonlinear terms involve also
in-plane displacements, unlike the case of flat panels. Note also that, due to the geometrical nonlinearities
of the face sheets, the equilibrium conditions, which are described by the field equations, correspond to
the deformed shape of the face sheets and the undeformed shape of the core; see Figure 2.

Boundary conditions for the curved sandwich panel where the loads and constraints are defined in
the circumferential and radial directions of each face sheet and the core independently are called local
boundary conditions; see Figure 3(a) on the next page. These conditions at φe = 0, α read as follows:

Face sheets ( j = t, b):

λ

(
Mss j (φe)

r j
+ Nss j (φe)

)
− Nej +

Mej

r j
= 0 or uoj (φe)= ueoj ,

λ
Mss j (φe)

r j
+

Mej

r j
= 0 or w j,φ(φe)= Dwej ,

λ

(
D(w j )(φe)−uoj (φe)

r j
Nss j (φe)+

D(Mss j )(φe)

r j

−m j (φe)+
bwd jr jcτ j (φe)

2r j

)
− Pej = 0 or w j (φe)= wej ,

(11)

where λ = 1 for φe = α and λ = −1 for φe = 0, in all three equations; ueoj , wej are the prescribed
circumferential and radial displacements at the edges of the face sheets; Dwej is the rotation at the same
edges; and Nej , Pej , Mej are the imposed external loads. Notice that the circumferential force condition
(the first of the three equations above) is actually a combined stress resultant that results from a moment
equilibrium about the radial center of the face sheet.
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Figure 3. Edge conditions at the edge of a curved sandwich panel: (a) conventional
edge with isolated supports; (b) reinforced edge with an edge beam.

Core: The boundary conditions at φe = 0, α, through the depth of the core, at rbc ≤ rc ≤ rtc, read

τrs(φe, rc)= 0 or wc(φe, rc)−wec(rc)= 0, (12)

where wec(r) denotes the prescribed deformations at the ends of the sandwich panel.
For the case where an edge beam connects the two face sheets and the core, the two face sheets undergo

identical displacements and rotations; see Figure 3(b). Thus the distribution of the displacement through
the depth of the sandwich panel follows those of a face sheet, given in (4):

ug(φe, zg)= ugo(φe)+
zg

rg

(
ugo(φe)− D(wg)(φe)

)
, (13)

where ugo(φe) denotes the circumferential displacements and D(wg)(φe) the rotation of the centroid line
of the section with the edge beam; see again Figure 3(b). In order to use these displacements, denoted
as global displacements, in the variational terms of the boundary conditions that result form the partial
integration of the internal and external potential energy terms and the contribution of the loads at the
edges of the panel, the global in-plane displacements and rotations must be defined in terms of the
displacements and rotation of the face sheets. Hence, these unknowns are determined by imposing the
conditions that the global displacements ug(φe, zg) at the centroid of the upper and lower face sheets
must equal the in-plane displacements uoj (φe) of the face sheets. Thus they read

D(wg)(φe)=
rt uob(φe)+ rbuot(φe)

c+ 1
2 dt +

1
2 db

, ugo(φe)=
zgbuot(φe)+ zgt uob(φe)

c+ 1
2 dt +

1
2 db

. (14)

The existence of the edge beam also imposes relations between the displacements of the face sheets:

wt(φe)= wb(φe), βt(φe)= βb(φe), βt(φe)=
uot(φe)− uob(φe)

zeb+ zet
, (15)

where the last equality results from the requirement that the slope of the section of the face sheets and
that of the edge beam must be identical.

The global boundary conditions are derived by expressing the displacements and rotations of the face
sheets in terms of the global displacements using (14) and (15), and substituting them into the variational
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terms at the edges. Hence, by collecting terms with respect to the in-plane displacement and rotation of
the edge beam, one obtains for these global conditions

(16)
rt Nsst(φe)+Mssb(φe)+Msst(φe)+rb Nssb(φe)+Mge(φe)

rg
− Nge(φe)= 0 or ugo(φe)= ugeo,

−Nsst(φe)zgt −Mssb(φe)−Msst(φe)+ Nssb(φe)zgb−Mge(φe)= 0 or D(wg)(φe)= Dwge,

Vsr t(φe)+ Vsrb(φe)+
bwrtc(rtc−rbc)τt(φe)

rbc
− Pge = 0 or wg(φe)= wge,

where Vsr j (φ) ( j = t, b) is the radial shear stress resultant in each of the face sheets, which equals

Vsr j (φe)=
D(w j )(φe)− uoj (φe)

r j
Nss j (φe)+

D(Mss j )(φe)

r j
+

bwd jr jcτsr (φe, r = r jc)

2r j
−m j (φe). (17)

Under the assumption of a perfect bond between the edge beam and the core (through the full core
depth) the radial displacement field of the core must be uniform through its depth. This is possible only
when the upper and lower face sheets have identical displacements; see (15). This is equivalent to a
weaker version of the requirement (12)2, namely

wc(φe)≈
1
c

∫ rtc

rbc

wc(φe, rc) drc = wge(φe). (18)

3. Governing equations in the temperature-independent case

To determine the governing equations we must first define the stress and displacement fields of the core.

Core displacement and stress fields: uniform mechanical properties (TI). The explicit descriptions of
the stress and displacement fields of the core are determined through the compatibility conditions (8),
applied to the following constitutive relations of an isotropic core:

εrr (φ, rc)=
σrr (φ, rc)

Erc
+αT cTc(rc, φ), γsr (φ, rc)=

τsr (φ, rc)

Gsrc
, (19)

where Tc is the temperature function and Erc,Gsrc are the Young’s and shear moduli of the core in the
radial direction.

The stress fields within the core are derived through the solution of the field equations (10) of the core,
which reads

τsr (φ, rc)=
r2

tc

r2
c
τt(φ), σrr (φ, rc)=

r2
tc

r2
c

dτt(φ)

dφ
+

Cw1(φ)

rc
, τb(φ)=

r2
tc

r2
bc
τt(φ),

σrr j (φ)=
r2

tc

r2
jc

d
dφ
τt(φ)+

Cw1(φ)

r jc
( j = t, b),

(20)

where Cw1(φ) is a coefficient of integration to be determined through the compatibility conditions (8) at
the face-core interfaces; τ j (φ) and σrr j (φ) ( j = t, b) are the shear and radial normal stresses, respectively,
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at the face-core interfaces. The result for the radial stress field is

σrr (φ, rc)=
cErcαT c

2rc L

(
Tct(φ)+ Tcb(φ)

)
−

Erc

rc L

(
wt(φ)−wb(φ)

)
+

(
rtcc

rcrbc L
+

r2
tc

r2
c

)
dτt(φ)

dφ
, (21)

where we have introduced the temperature functions Tct and Tbt at the core-face interfaces, as well as
the abbreviation

L = ln rbc
rtc
.

Equation (21) specializes to the vertical normal stresses at the upper and the lower face-core interfaces:

σrr t(φ)=
cErcαT c

2rtc L

(
Tct(φ)+Tcb(φ)

)
−

Erc

rtc L

(
wt(φ)−wb(φ)

)
+

(
c

rbc L
+1
)

dτt(φ)

d(φ)
,

σrrb(φ)=
cErcαT c

2rbc L

(
Tct(φ)+Tcb(φ)

)
−

Erc

rbc L

(
wt(φ)−wb(φ)

)
+

(
rtcc
r2

bc L
+

r2
tc

r2
bc

)
dτt(φ)

d(φ)
.

(22)

The displacement fields of the core in the radial and circumferential directions are determined through
the constitutive relations (19) and the three compatibility conditions (8) at the upper face-core interface
and the radial compatibility condition at the lower interface. They read as follows:

wc(φ, rc)=−
αT c

2cL

(
(rtc− rc)

2L − c2 ln rc
rtc

)
Tct(φ)

+
αT c

2cL

(
(rbc− rc)

2L + c2 ln rc
rbc

)
Tcb(φ)

+
1
L

(
wb(φ) ln rc

rtc
−wt(φ) ln rc

rbc

)
+

rtc

Ecrbcrc L

(
rtcrc ln rc

rtc
− rbcrc ln rc

rbc
− rtcrbc L

)dτt(φ)

dφ
(23)

uc(φ, rc)= −
αT c

2rtccL

(
Lrtc

(
r2

c − r2
tc− 2rcrbc ln rc

rtc
+ 2c(rtc− rc)

)
− c2

(
rtc
(
1+ ln rc

rtc

)
− rc

))dTct(φ)

dφ

+
αT c

2rtccL

(
Lrtc

(
r2

c − r2
tc− 2rcrtc ln rc

rtc

)
+ c2

(
rtc− rc+ rtc ln rc

rtc

))dTcb(φ)

dφ

−
1

rtc L

(
rtc− rc+ rtc ln rc

rbc
+ rc L rtc

rt

)dwt(φ)

dφ

+
1

rtc L

(
rtc− rc+ rtc ln rc

rtc

)dwb(φ)

dφ
+

r2
c − r2

tc

2rcGc
τt(φ)+

rc

rt
uot(φ)

+
1

2Ec Lrbcrc

(
2crc

(
rtc− rc+ rtc ln rc

rbc

)
+
(
2r2

tcrc− (r2
tc+ r2

c )rbc
)
L
)d2τt(φ)

dφ2 (24)

Next we give the fifth of the field equations, which results from the compatibility condition at the
lower face-core interface in the circumferential direction, and it derived using (8) and (24) along with a
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nonuniform temperature field:

αT c

2crtc L

(
c3
+ 2rbcrtc L(c+ rbc L)

)dTct(φ)

dφ
+

αT c

2crtc L

(
c3
− 2rbcrtc L(c+ rtc L)

)dTcb(φ)

dφ

+
rbc

rt
uot(φ)−

rbc

rb
uob(φ)+

2c2
+ (r2

tc− r2
bc)L

2Ercrbc L
d2τt(φ)

dφ2 −
r2

tc− r2
bc

2rbcGsrc
τt(φ)

+

(
c

rtc L
+

rbc

rb

)
dwb(φ)

dφ
−

(
c

rtc L
+

rbc

rt

)
dwt(φ)

dφ
= 0. (25)

However, when the temperature distribution is uniform through the length of the panel and the elastic
constants are uniform, nothing is left of the first line and the compatibility equation becomes identical
to the one obtained for the linear case [Frostig 1999]:

rbc

rt
uot(φ)−

rbc

rb
uob(φ)+

2c2
+ (r2

tc− r2
bc)L

2Ercrbc L
d2τt(φ)

dφ2 −
r2

tc− r2
bc

2rbcGsrc
τt(φ)

+

(
c

rtc L
+

rbc

rb

)
dwb(φ)

dφ
−

(
c

rtc L
+

rbc

rt

)
dwt(φ)

dφ
= 0. (26)

The boundary condition of the core when an edge beam is attached to the end of the panel — see
Equation (23) — and the global displacements,

wge(φe)= wt(φe)= wb(φe)= 0,

require the use of the relaxed condition (18) within the core, which yields

rtc

Ecrbc L
(−c2
+rbcrtc L2)D(τt)(φe)

−
αT cc
6L

((
3c+(3rtc−c)L

)
Tct(φe)+

(
3c+(3rbc+c)L

)
Tcb(φe)

)
= 0. (27)

When the temperatures or coefficient of thermal expansion of the core is zero this condition yields
D(τt)(φe)= 0 for the slope of the stress, which coincides with the linear case of [Frostig 1999].

Governing equations: uniform core (TI). The governing equations assume that the face sheets are
isotropic. They are defined using the following load-displacement relations ( j = t, b):

Nss j (φ)= E A j

(
1
r j

(duoj (φ)

dφ
+w j (φ)

)
+

1
2r2

j

(
uoj (φ)−

dw j (φ)

dφ

)2
−
αT j

2

(
T j t(φ)+ T jb(φ)

))
,

Mss j (φ)= E I j

(
1
r2

j

(duoj (φ)

dφ
−

d2w j (φ)

dφ2

)
−
αT j

d j

(
T j t(φ)− T jb(φ)

))
.

(28)

The governing equations are derived upon substitution of these relations and the shear and radial
normal stresses of the core at the upper and lower interfaces, namely (20) and (22), into the equilibrium
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equations (9)–(10). This gives

1
rt

(
uot(φ) −

dwt(φ)

dφ

)
Nsst(φ)+

bwr2
tc

rt
τt(φ) − rt nt + mt(φ) −

1
rt

d Msst(φ)

dφ
−

d Nsst(φ)

dφ
= 0,

1
rb

(
uob(φ)−

dwb(φ)

dφ

)
Nssb(φ)−

bwr2
bc

rb
τt(φ)− rbnb+mb(φ)−

1
rb

d Mssb(φ)

dφ
−

d Nssb(φ)

dφ
= 0,

bwErc

L

(
wb(φ)−wt(φ)

)
+
αT cbwcErc

2L

(
Tct(φ)+ Tcb(φ)

)
+ bwrtc

(
rtc

rt
+

c
rbc L

)
dτt(φ)

dφ
+

1
rt

(
uot(φ)−

dwt(φ)

dφ

)
d Nsst(φ)

dφ

+

(
1+

1
rt

(duot(φ)

dφ
−

d2wt(φ)

dφ2

))
Nsst(φ)− rtqt +

d
dφ

mt(φ)−
1
rt

d2 Msst(φ)

dφ2 = 0,

bwErc

L

(
wt(φ)−wb(φ)

)
−
αT cbwcErc

2L

(
Tct(φ)+ Tcb(φ)

)
− bwrtc

(
rtc

rb
+

c
rbc L

)
dτt(φ)

dφ
+

1
rb

(
uob(φ)−

dwb(φ)

dφ

)
d Nssb(φ)

dφ

+

(
1+

1
rb

(duob(φ)

dφ
−

d2wb(φ)

dφ2

))
Nssb(φ)−rbqb+

d
dφ

mb(φ)−
1
rb

d2 Mssb(φ)

dφ2 = 0.

To these four equilibrium equations one must add (25) to obtain the full set of governing equations.

4. Temperature dependence: general solution for the core stress and displacement fields

We now take into account the possibility that the mechanical core properties vary with the radial coor-
dinate, as they must if these properties are temperature-dependent and there is a temperature gradient.
Specifically, we determine the general solution for the stress and displacement fields within the depth of
the core for an isotropic core with the constitutive relations (19), which we copy here adding an explicit
dependence of the Young’s and shear moduli of the core (Erc and Gsrc) on the radial coordinate rc:

εrr (φ, rc)=
σrr (φ, rc)

Erc(rc)
+αT cTc(rc, φ),

γsr (φ, rc)=
τsr (φ, rc)

Gsrc(rc)
,

(29)

The displacement fields are derived using these constitutive relations, the expressions (20) for the
stress fields, the kinematic relations (7), the compatibility conditions (8) at the upper face-core interface
(that is, with j = t), and the compatibility condition (8)2 in the vertical direction at the lower face-core
interface ( j = b). Hence, the general expression of these fields with the constants of integration where
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the temperature distribution through the depth of the core is linear (Figure 1) is

wc(φ, rc)=
αT crc

2c

(
(rc− 2rbc)Tct(φ)− (rc− 2rtc)Tcb(φ)

)
+

dτt(φ)

dφ
r2

tc

∫
1

r2
c Erc(rc)

drc+Cw1(φ)

∫
1

rc Erc(rc)
drc+Cw2(φ), (30)

uc(rc, φ)=
αT crc

2c

((
2rbc ln(rc)− rc

)dTct(φ)

dφ
−
(
2rtc ln(rc)− rc

)dTcb(φ)

dφ

)

+
dCw2(φ)

dφ
+ rcCu(φ)− rcr2

tc
d2τt(φ)

dφ2

∫ ∫
1

r2
c Erc(rc)

drc

r2
c

drc

−rc
dCw1(φ)

dφ

∫ ∫
1

rc Erc(rc)
drc

r2
c

drc+ rcτt(φ)r2
tc

∫
1

Gsrc(rc)r3
c

drc, (31)

where τt(φ) is the shear stress at the upper face-core interface and is used as an unknown, similar to
the shear stress unknown in the HSAPT model; Cw j (i = 1, 2) are the constants of integration to be
determined through the compatibility conditions (8) imposed in the radial directions; and Cu is a constant
of integration to be determined by the compatibility requirement (8)1 for the circumferential displacement
at the upper face-core interface.

Nonuniform core moduli. A core with nonuniform mechanical properties occurs when the properties
are temperature-dependent (TD), or when it is made of a functionally graded material. In such a case the
stress and displacement fields may be determined analytically only when the distribution of the moduli
is of the fourth order. However, in order to achieve a general closed-form description of the core fields
we describe the moduli, or more precisely their inverses, by a polynomial series:

Erc(rc)=
1

Ne∑
i=0

Eir i
c

, Gsrc(rc)=
1

Ne∑
i=0

Gir i
c

, (32)

where Ei and Gi are the coefficients of the polynomial description of the elastic moduli functions, and Ne

is the number of terms in the polynomial. This polynomial description can be determined through curve
fitting procedures or Taylor series. The number of terms depends on the required accuracy to describe
of the inverse moduli.

The displacement field of the core is derived through the substitution of the moduli functions (32) into
(30) and (31), which yields

wc(φ, rc)= r2
tc

(
−

E0

rc
+ E1 ln(rc)+ E2rc+

Ne∑
i=3

Eir i−1
c

i − 1

)
dτt(φ)

dφ

+

(
E0 ln(rc)+ E1rc+

E2

2
r2

c +

Ne∑
i=3

Eir i
c

i

)
Cw1(φ)

+
rc

2c

(
(rc− 2rbc)Tct(φ)+ (−rc+ 2rtc)Tcb(φ)

)
αT c+Cw2(φ), (33)
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uc(φ, rc)= r2
tcrc

(
−

E0

2r2
c
+

E1

rc

(
ln(rc)+ 1

)
− E2 ln(rc)−

Ne∑
i=3

Eir i−2
c

(i−1)(i−2)

)
d2τt(φ)

dφ2

+ rc

(
E0

rc

(
ln(rc)+ 1

)
− E1 ln(rc)−

E2

2
rc−

Ne∑
i=3

r i−1
c Ei
(i−1)i

)
dCw1(φ)

dφ

+
αT crc

2c

((
2rbc ln(rc)− rc

)dTct(φ)

dφ
−
(
2rtc ln(rc)− rc

)dTcb(φ)

dφ

)

+ r2
tcrc

(
−

G0

2r2
c
+G2 ln(rc)−

G1

rc
+G3rc+

Ne∑
i=4

Gir i−2
c

i − 2

)
τt(φ)+

d
dφ

Cw2(φ)+ rcCu(φ). (34)

Note that the first three or four terms in the polynomial description are not within the sum terms since
they involve integration of 1/rc terms.

The constants of integrations Cw1 and Cw2 are determined by applying the compatibility conditions
(8)2 in the vertical direction to the vertical displacement (33) of the core. The third constant of integration,
Cu , is determined by imposing the compatibility condition (8)1 at the upper face-core interface on the
displacement (34) in the circumferential direction. The vertical normal stresses within the core and are
determined by substitution of the vertical constant of integration in the vertical normal stress distribution,
see (20). The fifth governing equation, denoted also as the compatibility equation, which imposes the
compatibility condition (8)1 in the circumferential (in-plane) direction at the lower face-core interface,
is determined through substitution of the three constants of integration into the expression (34) for the
circumferential displacements of the core. The explicit description of the stress and displacement fields
is very lengthy and is not presented herein for brevity.

5. Numerical study

The numerical solution of the nonlinear differential equations can be achieved using numerical schemes
such as the multiple-shooting points method [Stoer and Bulirsch 1980] or the finite-difference (FD)
approach using trapezoid or mid-point methods with Richardson extrapolation or deferred corrections
[Ascher and Petzold 1998], as implemented in Maple, along with parametric or arc-length continuation
methods [Keller 1992]. The FD approach as implemented in Maple has been used in this study. It is
robust and includes error control along with an arc-length procedure built-in. These solution approaches
have been used by the authors in many cases and have been compared also recently with FE nonlinear
codes; see for example [Frostig and Thomsen 2008b].

We studied the thermomechanical nonlinear response of a simply supported and clamped shallow
curved sandwich panel subjected to a concentrated and distributed load, as shown in Figure 4. The
sandwich panel consists of two aluminum face sheets of a thickness of 1 mm and an H60 PVC foam
core made by Devinicell with Ec = 56.7 MPa and Gc = 22 MPa and with a thickness of 25 mm. The
geometry of the curved panel is that of an experimental set-up used in [Bozhevolnaya and Frostig 1997;
Bozhevolnaya 1998]; see Figure 4. The edges of the curved sandwich panel are reinforced by an edge
beam and assumed to be bonded to the adjacent core (Detail A in the figure). The supporting system
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Figure 4. Geometry, dimensions, mechanical properties, temperature distribution and
supporting systems of the shallow curved panel under investigation.

prevents circumferential displacement in addition to the other constraints. The simply supporting system
is denoted by ss1 and the clamped one by cl1.

Under the assumption of TI core properties, the mechanical response of the curved sandwich panel
subjected to a concentrated load at mid-span and a distributed load, and without the response induced by
thermal loading, is described first. This is followed by a description of the thermal response without the
mechanical loads, and a presentation of the case of simultaneous mechanical and thermal loading.

Finally the effects of the thermal degradation of the core properties with elevated temperature (TD
setting) are studied first for thermal loading only, then for combined thermal and mechanical loading.

A symmetric analysis has been considered using symmetry conditions at mid-span.

5.1. Temperature-independent mechanical properties.

Mechanical loading only. The nonlinear mechanical response of a sandwich panel when subjected to
a concentrated load that is applied at mid-span to the upper face sheet appears in Figures 5 and 6, with
two types of supporting systems. The results include the deformed shape and equilibrium curves of load
versus extreme values of selected structural quantities.

The deformed shapes of a simply supported curved sandwich panel appear in Figure 5, left, from
which is it seen that prior to the limit point, indicated in Figure 6(a), the panel exhibits indentation at
the upper face sheet, which becomes significant as the mid-span displacement increases. In the clamped
case, shown in Figure 5, right, the same trends at mid-span as for the first supporting system are observed,
while in the vicinity of the clamped support local buckling occurs for large mid-span displacements far
beyond the limit point.



1302 YEOSHUA FROSTIG AND OLE THOMSEN

(a)

(b)

P
t

P
t

Fig. 2

beyond limit
Point

before limit
Point

before limit
Point

beyond limit
Point

ss1

cl1 cl1

ss1

local
buckling

t

b

t

t

b

b

(a)

(b)

P
t

P
t

Fig. 2

beyond limit
Point

before limit
Point

before limit
Point

beyond limit
Point

ss1

cl1 cl1

ss1

local
buckling

t

b

t

t

b

b

Figure 5. Deformed shapes of the curved panel when loaded by a concentrated me-
chanical load for the two supporting systems. Left: simply supported; right: clamped.
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Figure 6. Equilibrium curves of load versus extreme values of (a) vertical displacements
of face sheets, (b) bending moments in faces, (c) shear stress in core, and (d) interfacial
radial normal stresses at face-core interfaces, all for curved sandwich panel subjected
to concentrated mechanical loading at mid-span of upper face sheet. Thin black lines
(marked t) refer to the upper face sheet; thicker pink lines (marked b) to the lower one.

The equilibrium curves of load versus extreme values of structural quantities of the two supporting
systems appear in Figure 6. In part (a) we see the load versus the extreme vertical displacement along
the sandwich panel. It reveals that the nonlinear response is characterized by a limit point behavior for



NONLINEARITY IN THERMALLY LOADED CURVED SANDWICH PANELS 1303

both supporting systems. The limit point load for the simply supporting system is lower then that of the
clamped case, and it occurs also at a lower displacement as compared with the clamped case. In the ss1
case there is a decrease in the vertical displacement beyond the limit point value which changes into an
increasing branch as the displacement reaches larger values. The trends are different in the clamped case,
and they consist of a plateau beyond the limit point displacement followed by and increasing branch. The
trends are similar for the upper and lower faces. The plot of load versus extreme bending moments in
the face sheets, shown in Figure 6(b), exhibits similar trends for the upper face sheet (thin black curves
marked “t”) but quite erratic behavior for the lower one (thicker pink curves marked “b”). Notice that
the curves describe the extreme values for each load level which do not necessarily occur at the same
section. The interfacial shear stresses at the upper face-core interface appear on Figure 6(c), and they
exhibit a limit point behavior but with a reduction in their values on the increasing branch for the simply
supporting case and an increase for the clamped case. The interfacial radial normal stresses at the upper
and lower face-core interfaces appear in Figure 6(d), which reveals trends similar to those observed for
the vertical displacements.

The nonlinear mechanical response of the curved sandwich panel due to a fully distributed load exerted
at the upper face sheet appears in Figure 7 and 8. The deformed shapes here reveal that at the limit point
and beyond it a nonsinusoidal localized local buckling of the mid-span of the upper face sheet occurs.
In the clamped case, there is an additional local buckling in the vicinity of the support at the lower face
sheet similar to the case with the concentrated load.

The equilibrium curves for this loading scheme appears in Figure 8. The curves of distributed load
versus extreme vertical displacement of the face sheets, shown in part (a), reveal a limit point behavior
for both supporting systems, where the load at the limit point of the clamped case is a little bit larger
then that of the simply supported case, and occurring at similar displacements values. In both cases a
very steep descending branch is observed beyond the limit point. The bending moment curves, shown in
part (b), exhibit similar trends but with very steep slopes of branches prior to and beyond the limit point.
The plot versus upper interfacial shear stresses, in Figure 8(c), exhibits a limit point behavior similar to
that of the vertical displacements. The interfacial normal stress curves follow the trends of the bending
moments diagram with an abrupt change at the limit point. At the end of the descending branch of the
simply supported case the interfacial shear and vertical normal stresses at the upper face-core interface
decrease as the vertical displacements increases, as seen in parts (c) and (d) of the figure. Note also that
the differences between the simply supporting and the clamped cases are minor.
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Figure 7. Deformed shapes of the curved panel when loaded by a fully distributed me-
chanical load for the two supporting systems. Left: simply supported; right: clamped.
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Figure 8. Equilibrium curves of load versus extreme values of (a) vertical displacements
of face sheets, (b) bending moments in faces, (c) shear stress in core, and (d) interfacial
radial normal stresses at face-core interfaces, all for curved sandwich panel subjected
to a distributed mechanical load only, applied at the upper face sheet. Thin black lines
(marked t) refer to the upper face sheet; thicker pink lines (marked b) to the lower one.

Thermal loading only. The thermal response of a curved sandwich panel subjected to a uniformly dis-
tributed temperature through its length and thickness is displayed in Figures 9 and 10. This response is
linear throughout the range of temperatures investigated. The deformed shapes for temperatures from 0
to 200◦C (heating) appear on the left in Figure 9, and those for temperatures from 0 to −200◦C (cooling)
on the right. In the case of heating, the two faces move upward around mid-span while in the vicinity
of the supports the expansion of the core involves localized changes in the curvature of the two face
sheets. By contrast, under cooling the two face sheets move downwards around mid-span while near the

Fig. 6
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Figure 9. Deformed shapes of the curved sandwich panel subjected to thermal loading
(left: heating; right: cooling) with no mechanical load.
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Figure 10. Cooling thermal loading results for face sheets along the panel circumfer-
ence for simply supported (top) and clamped (bottom) systems. The horizontal coordi-
nate is φ in all cases; all temperatures in degrees Celsius. Left column: vertical displace-
ments. Middle column: bending moments. Right column: In-plane stress resultant (in
core). Thinner black lines marked “t” stand for the upper face or interface; thicker, pink
lines marked “b”, for the lower.

supports the core contracts, along with localized bending moments in the face sheets. Notice also that
the pattern of displacements is in the opposite direction to that of the external loads (Figures 5 and 7)
when heating is considered.

The vertical displacements, the bending moments and the circumferential stress resultants in the faces,
along half of the sandwich panel, for the two supporting systems under a cooling temperature pattern
appear in Figure 10. The displacement curves for the various temperatures (left column) and the bending
moment diagrams (middle column) are almost the same for the two supporting systems. Notice that
bending moments occur only in the vicinity of the supports, as a result of the contraction of the core that
causes changes in the curvatures of the face sheets. The circumferential forces (normal stress resultants)
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in the face sheets (rightmost column of Figure 10) reveal that in the case of a simply supported panel the
stress resultants at the edges in the two face sheets are in tension, and around mid-span the upper face
sheet is in compression whereas the lower face sheet is in tension. In the case of a clamped support the
circumferential stress resultants differs from that of the simply supported case, and the resultants in the
upper face sheets are in compression while those of the lower face are in tension. It should be noticed that
in the case of elevated temperatures the displacements and the stress resultant patterns in the face sheets
and the core are opposite to those observed for the cooling case, which yields that the upper face sheets is
in tension while the lower one is in compression, Thus, the heating temperature pattern yields stress resul-
tants that cancel out the stress resultants of the external mechanical loads that appear in Figures 5 and 7.
The response is similar when the temperature distribution has a gradient between the two face sheets.

Thermomechanical loading. The thermomechanical response of the curved sandwich panel subjected to
a concentrated load applied at mid-span of the upper face sheet along with a circumferentially uniform
temperature with a gradient of 40◦C between the upper and lower face sheet is considered next; see
Figure 11. The study reveals that the combined response is linear when the applied mechanical loads are
up to 80% of the load at the limit point. The thermomechanical response when elevated temperatures
are considered exhibits a linear behavior since the thermal and mechanical responses act in opposite
directions.

A nonlinear thermomechanical response is observed only when cooling temperatures are considered,
and the external loads are in the range of 80–90% of the limit point load levels, as shown in Figures 12
and 13. The equilibrium curve of temperature versus the extreme vertical displacement of the face sheets
appear in Figure 12a. It reveals that a limit point behavior is observed at about −150 C◦, when a simply
supported panel is considered while in the case of a clamped panel the response is linear within the range
of temperatures considered. Note that there is an initial displacement due to the existence of the external
load prior to the application of the thermal lading. The bending moment diagrams, the upper interfacial
shear stress and the interfacial normal stresses at the two face sheets (Figures 12b, 12c and 12d) exhibit
similar trends. Note that the larger vertical normal stresses are in compression (Figure 12d).

The deformed shapes of the combined response for the two supporting systems at different temper-
ature levels appear in Figure 11. The deformed shapes reveal a large indentation at mid-span for both
supporting systems which deepens beyond the limit point (Figure 11, left) for the simply supported case
and remain linear for the clamped case. Note that the deformed shapes corresponding to the limit point
resemble those of the concentrated load only, shown in Figure 5.
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Figure 11. Deformed shapes of curved sandwich panel subjected simultaneously to a
concentrated mechanical load and thermal loading. Left: simply supported; right:
clamped.
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Figure 12. Equilibrium curves of load versus extreme values of (a) vertical displace-
ments of faces sheets, (b) bending moments in faces, (c) shear stress in core, and (d)
interfacial radial normal stresses at face-core interfaces, all for curved sandwich panel
subjected to a concentrated mechanical load applied at mid-span of upper face sheet
and thermal loading with a temperature gradient of 40◦C at the lower face sheet. Thin
black lines (marked t) refer to the upper face sheet; thicker pink lines (marked b) to the
lower one.

The results along half the panel circumference of the combined thermomechanical response for a sim-
ply supported sandwich panel at different temperatures appear in Figure 13. The vertical displacements
of the upper face sheets (Figure 13a) reveal a deepening indentation as the temperature level drops and
the limit point is reached. It is observed that at temperatures above zero (before and beyond the limit
point) the two face sheets move upwards in the vicinity of the support as a result of the core expansion,
and the indentation disappears as the temperatures are lowered. Significant bending moments in the face
sheets are observed in the vicinity of the external load and at the supports (Figure 13b). The magnitude
increases as the temperatures are lowered and approach the limit point temperature level. The upper
interfacial shear stress diagram reveals high values in the vicinity of the load and the support as well as
shear stresses throughout the length of the panel (Figure 13c). The vertical interfacial stresses at both
face sheets (Figure 13d), yield compressive as well as tensile stresses in the vicinity of the concentrated
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Figure 13. Thermomechanical response results for face sheets along the panel circum-
ference for simply supported system when subjected to a concentrated mechanical load
applied at mid-span of upper face sheet and thermal loading as in the previous figure.
Shown are (a) vertical displacements, (b) bending moments, (c) shear stresses in face-
core interfaces, and (d) radial normal stresses in same. Thinner black lines marked “t”
stand for the upper face or interface; thicker, pink lines marked “b”, for the lower.

load that increase as the temperature approaches low levels. In addition, there is some accumulation of
stresses in the vicinity of the support.

The combined thermomechanical response when a distributed load is applied at the upper face sheet
and the temperature pattern is uniformly in the circumferential direction and with a gradient through the
depth of the panel (Figure 14) is studied next. The combined response is linear as long as the distributed
load is below 90% of the level corresponding to the limit point load as well as when the temperatures
are above zero. The nonlinear response is presented in Figures 15 and 16 for a distributed load of a
1.7 kN/mm for the simply supported system and 1.741 kN/mm for the clamped case. For both supporting
systems the distributed loads are applied at the upper face of the sandwich panel. Note that the applied
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Figure 14. Deformed shapes of curved sandwich panel loaded simultaneously by a dis-
tributed load and thermal loading. Left: simply supported; right: clamped.
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interfacial radial normal stresses at face-core interfaces, all for curved sandwich panel
subjected to a distributed mechanical load to the upper face sheet and a thermal loading
as in the previous figure. Thin black lines (marked t) refer to the upper face sheet; thicker
pink lines (marked b) to the lower one.
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Figure 16. Thermomechanical response results for face sheets along the panel circum-
ference for simply supported system when loaded by a distributed mechanical load
on the upper face sheet and thermal loading as in the figures on the previous page.
Shown are (a) vertical displacements, (b) bending moments, (c) shear stresses in face-
core interfaces, and (d) radial normal stresses in same. Thinner black lines marked “t”
stand for the upper face or interface; thicker, pink lines marked “b”, for the lower.

distributed loads represent 90.5% of the appropriate limit load level with no thermal loading; see Figure 8.
For details see Figure 14.

The equilibrium curves of temperature versus extreme values of selected structural quantities reveal
a limit point behavior for the two supporting systems with similar trends. The temperature versus the
extreme vertical displacement of the face sheets (see Figure 15a) exhibits a limit point for both supporting
systems. In the simply supported case the limit point occurs at −184.5◦C, while in the clamped case
the limit point is reached at a temperature of −229.47◦C. In both cases the descending branches, prior
to the limit point, are almost linear while the ascending branch, beyond the limit point, are nonlinear in
general. The bending moment curves follow the same trends but with abrupt changes at the limit point
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almost like that of a bifurcation behavior (Figure 15b). Note that the lower face sheet exhibits linear
branches before and after the limit point, while the second branch, beyond the limit point descends. The
upper interfacial shear stresses appear in Figure 15c and follow the trends of the bending moment curves.
Similarly, the interfacial normal stresses exhibit a linear behavior prior to the limit point and a nonlinear
one beyond that, following the trends of the bending moments.

The deformed shapes of the combined response for the two supporting systems appear in Figure
14. The two supporting systems exhibits a linear response up to the limit point and then they both
yield a localized local buckling region around mid-span at temperatures in the vicinity of the limit point
temperature level and beyond it. In addition local buckling of the lower face sheet occurs in the vicinity
of the support in the case of a clamped panel. The characteristics of the deformed shape at the limit
point and above resemble those found for the case of a distributed load and no thermal loading, shown
in Figure 7.

The results along half of the panel circumference at different temperatures appear in Figure 16. The
vertical displacements of the face sheets (Figure 16a) reveal that at the limit-point displacement local
buckling waves appear which deepens on the ascending branch of the equilibrium curve (Figure 15a).
This local buckling phenomenon is explicitly observed in the bending moment figure (Figure 16b) and
the vertical normal interfacial stresses (Figure 16d). The local buckling affects also the interfacial shear
stresses (Figure 16c). In general, the ripple characterization of the local buckling of the upper face sheet
affects the response both globally and locally.

5.2. Temperature-dependent mechanical properties. This part of the investigation deals with the re-
sponse of a curved sandwich panel subjected only to thermal loading, followed by a study of the same
panel when subjected to combined thermal and mechanical loading. Both concentrated and distributed
mechanical loads are considered, and again both simple support and clamped supporting systems are
included in the study. The temperature-dependent core material properties adopted here follow those
given by Burmann [2005a; 2005b] for cross-linked PVC Divinycell foams (from DIAB AB, Sweden) for
a working range of temperatures between 20◦C to 80◦C.

The mechanical properties of the Divinycell foams degrade with increasing temperatures. For this
study the temperature-dependent mechanical core material properties are defined through curve fitting
of the data that appears in the manufacturer’s data sheet [DIAB 2003] as follows:

Ec(φ, rc)= Eco fT (Tc(φ, rc)), Gc(φ, rc)= Gco fT (Tc(φ, rc)),

where Eco and Gco refer to the Young’s and shear moduli of the core at T = 20◦C, and

fT (T )= 1.1903+ 0.03070734934T − 0.009541812399T 2
+ 0.0008705288588T 3

− 0.00003952259514T 4
+ 9.70315767110−7T 5

− 1.32513499810−8T 6

+ 9.52831997110−11T 7
− 2.82196349610−13T 8, (35)

where T is expressed in degrees Celsius. Note that when a thermal gradient is applied to the core the
mechanical properties will also be dependent on the radial (through-the-thickness) coordinate. For more
details see [Frostig and Thomsen 2008b]. In order to use the polynomial expansion (32) of the inverse
of the moduli, the coefficients must be found using Taylor series or curve-fitting tools.
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Figure 17. Deformed shapes of curved sandwich panel subjected to uniform thermal
loading and with temperature-dependent core properties. Left: simply supported; right:
clamped.

Thermal loading only. The deformed shapes of the curved sandwich panel subjected to thermal loading
only appears in Figure 17, and the predicted response in Figures 18 and 19. Figure 17 shows that, for
both supporting systems, the panel moves upward as the temperature is increased and the core properties
degrade.
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Figure 18. Uniform thermal loading results for face sheets along the panel circum-
ference for simply supported (top) and clamped (bottom) systems with temperature-
dependent core properties. The horizontal coordinate is φ; temperatures in degrees
Celsius. Left column: vertical displacements. Middle column: bending moments. Right
column: In-plane stress resultant (in core). Thinner black lines marked “t” stand for the
upper face or interface; thicker, pink lines marked “b”, for the lower.
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The predictions for the face sheets along half of the panel circumference at different temperature
levels for the two supporting systems appear in Figure 18. The vertical displacements (Figure 18a) and
the bending moments (Figure 18b) of the two supporting systems are almost identical. Also here (see
Figure 10 for comparison) the bending moments exist only in the vicinity of the support as a result of
the existence of the edge beam. The in-plane stress resultants (Figure 18c) reveal different patterns for
the two supporting systems. In the simply supported case the stress resultants of the two face sheets
are in compression at near and at the support, and this changes into tension in the upper face sheet and
compression in the bottom face sheet away from the supporting region. In the clamped case the upper face
sheet is in tension while the lower face sheet is in compression throughout of the length/circumference of
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Figure 19. Equilibrium curves of load versus extreme values of (a) vertical displace-
ments of faces sheets, (b) bending moments in faces, (c) shear stress in core, and (d) in-
terfacial radial normal stresses at face-core interfaces, all for curved sandwich panel with
temperature-dependent core properties, subjected to uniform thermal loading. Thin
black lines refer to the upper face sheet; thicker pink lines to the lower one.
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the panel. The results are very similar to the results obtained for the curved sandwich panel temperature-
independent mechanical properties, shown in Figure 10, except for the opposites signs due to the cooling
temperatures considered for this example.

The equilibrium curves of temperatures versus extreme values of selected structural quantities for
the two supporting systems appear in Figure 19. They reveal a nonlinear behavior which is due to the
nonlinearities in the mechanical properties as a result of their temperature dependence. In addition, there
are only minor differences between the results of the two supporting systems. The vertical displacement
curves (Figure 19a) are almost linear, but they become nonlinear at the upper range of temperatures. The
bending moment results (Figure 19b) reveal a nonlinear response in both positive and negative bending
moments. The interfacial shear stress results at the upper face core interface (Figure 19c) also reveal a
nonlinear response through the range of temperatures. The interfacial radial normal stresses curves, at
the upper and lower face core interfaces (Figure 19d) reveal a linear response for the simply supported
case and a nonlinear for the clamped case. In both cases the maximum compressive stresses occur in the
edge of the panel. However, for the simply supported case there are tensile stresses in the vicinity of the
support that do not exist in the clamped system.

Thermomechanical loading. The combined thermal and mechanical loading response study outlines the
behavior of the curved sandwich panel when subjected to a concentrated or distributed load below the
limit point load levels (see Figures 6 and 8). Again two supporting systems are considered, and the
imposed heating temperatures profile change from 20◦C to 78◦C with and without a gradient between
the two face sheets.

We first consider the effects of the thermal degradation of core properties on the response of the simply
supported uniformly heated panel with a concentrated load applied at mid-span. The concentrated load
is taken as 2.1 kN, which is about 80% of the limit point load without thermal loading (see Figure 6).

The deformed shapes of the panel appear in Figure 20, which reveals an indentation that grows as the
temperature is raised. Note here that the thermal loading causes upwards displacements (compare Figure
17), and that the combined thermal and mechanical response yields large indentations as a result of the
degrading mechanical core properties.

The vertical displacements along half the circumference of the sandwich panel appear in Figure 21a,
where it is observed that quite large values are obtained as the limit point temperature level is reached
around T = 27◦C (see Figure 22a). Due to the concentrated load the initial displacement is quite
large. The bending moment diagrams (Figure 21b) follow the same trends as obtained when temperature-
independent core properties are assumed (see Figure 13), namely, large bending stresses are accumulated
in the vicinity of the supports and the load application point. The interfacial shear stresses at the upper
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and lower face-core interfaces appear in Figure 21c and reveal an attenuation of stresses in the vicinity
of the load and the support is observed. The interfacial normal stresses at the top and bottom face-core
interfaces (Figure 21d) follow the same trends as found for the bending moments.

The equilibrium curves of temperature versus extreme structural quantities for three loads that lie
below the limit point load level when no thermal loading is applied (see Figure 6) appear in Figure 22
for a simply supported curved sandwich panel. In all cases a limit point behavior is observed, and great
numerical difficulties that prevent convergence of the solution are encountered.

w[mm]
M kNmm]ss[

(a)

(a)

(b)

f

ft

t

t

t

b

b

b

T=27.86 C
o

T=27.86 C
o

T=27.86 C
o

T=27.86 C
o

T=27.86 C
o

T=27.86 C
o

T=27.86 C
o

T=23 C
o

T=26 C
o

T=27.15 C
o

T=27.75 C
o

T=20 C
o

M kNmm]ss[

t[MPa]
srr[MPa]

(a)

(c) (d)

(b)

ff

t

t

t

t

t

b

b
T=27.86 C

o T=27.86 C
o

T=27.86 C
o

T=27.86 C
o

T=27.86 C
o

T=26 C
o

T=26 C
o

T=27.15 C
o

T=27.15 C
o

T=20 C
o

Figure 21. Thermomechanical response results for face sheets along the panel circum-
ference for simply supported panel with temperature-dependent core properties when
subjected to concentrated mechanical loading at mid-span of upper face sheet: (a) ver-
tical displacements, (b) bending moments, (c) shear stresses in face-core interfaces, and
(d) radial normal stresses in same. Thinner black lines marked “t” stand for the upper
face or interface; thicker, pink lines marked “b”, for the lower.
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The temperature versus the vertical displacements curves appear in Figure 22a and they reveal that for
the low load level of Pt = 1.1 kN the temperature limit point occurs at a temperature of 45.4◦C, while
for the second load of Pt = 1.6 kN the temperature limit point occurs at 37.5◦C, and at the higher load
of 2.1 kN the critical temperature occurs at 27.86◦C. At all load levels the temperature limit point is
associated with a zero slope. The bending moment curves (Figure 22b) follow similar trends, but the
slope is not zero at the temperature limit point levels. Similar trends are observed in the interfacial shear
stresses at the upper face-core interface (Figure 22c) and the interfacial radial (through-the-thickness)
normal stresses (Figure 22d).
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Figure 22. Equilibrium curves of load versus extreme values of (a) vertical displace-
ments of faces sheets, (b) bending moments in faces, (c) shear stress in core, and (d)
interfacial radial normal stresses at face-core interfaces, all for simply supported curved
sandwich panel with temperature-dependent core properties, subjected to various con-
centrated mechanical loads. Thin black lines refer to the upper face sheet; thicker pink
lines to the lower one.
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Figure 23. Deformed shapes of the simply supported curved panel when loaded by a
fully distributed mechanical load, assuming temperature-dependent core properties.

The combined thermomechanical response of a simply supported curved sandwich panel with a
1.7 kN/mm distributed load, which is about 90% of the corresponding limit point load level (with no
thermal loading), and thermal loadings, at different temperature levels is discussed next. The deformed
shapes appear in Figure 23, and reveal quite small deformations (in comparison with the case of a
concentrated load) with smooth displacements patterns and no signs of local buckling as observed in the
case of temperature-independent properties (see Figure 7).

The vertical displacements of the face sheets along half the circumference of the panel appear in Figure
24a, where a significant growth of the displacements at the limit point temperature level of 27.72◦C is
observed. The bending moment diagrams reveal a ripple type patterns in the vicinity of the supports
(Figure 24b). The interfacial shear stresses at the upper and lower face-core interfaces (Figure 24c) yield
significant values in the vicinity of the edge as well at the quarter of the circumference/span. The trends
of the interfacial radial normal stresses (Figure 24d) follow the same trends as those of the bending
moments.

The effects of the magnitude of the distributed load level on the equilibrium curves of the combined
thermomechanical response of a simply supported curved panel are described in Figure 25. The temper-
ature versus the extreme values of the vertical displacements of the face sheet curves for the different
load levels appear in Figure 25a. At all load levels a limit point behavior is detected, and the temperature
at which the limit point is reached is lowered as the magnitude of the distributed load is increased Also,
here, the slope of the curves at the limit point approaches zero. Note here that up to the limit point
temperature the displacements almost do not change with respect to the intial level (zero temperature),
while in the near vicinity of the limit point temperature there is a significant change (increase) of the
displacements. With respect to the bending moment curves for the face sheets (Figure 25b) and the
curved of the interfacial radial normal stresses at the face-core interfaces (Figure 25d) there is a gradual
change between the initial values (no thermal loading) and those at the limit point. Wit hrespect to the
interfacial shear stresses at the upper face-core interface (Figure 25c) the values prior to the limit point
reduce and they are significantly increased at the limit point temperature level.

The effects of a gradient in temperature between the upper and lower face sheets appear in Figures 26
and 27, where the high temperature is at the lower face sheet. The combined thermomechanical response
of the simply supported and clamped curved sandwich panels includes, in addition to the thermal loading,
a concentrated and a distributed load.

The equilibrium curves of the combined thermomechanical response of a concentrated load that is
applied at the mid-span of the upper face sheet appear in Figure 26. The results include curves for
temperature versus some extreme values of selected structural quantities for the two supporting systems
and with a radial thermal gradient across the core thickness between zero to 40◦C. The applied loads are
1.1 kN for the simply supported and 1.4 kN for the clamped panel. Both loads are far below the limit
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load level with no thermal loading (see Figure 6). The vertical displacement curves of the face sheets
appear in Figure 26, top. For the case of a simply supported sandwich panel the response is described by
a limit point with almost zero slope at the limit point (Figure 26, top left), which represents an unstable
behavior. However, for the clamped case (Figure 26, top right) the curves represent a stable behavior for
the low gradients and less stable for the higher gradients (possibly converging towards unstable behavior
for very large thermal gradients). The differences between the results of the two supporting systems
are much more significant when studying the bending moments curves (see middle row in Figure 26).
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Figure 24. Thermomechanical response results for face sheets along the panel circum-
ference for simply supported panel with temperature-dependent core properties when
subjected to a fully distributed mechanical load applied on upper face sheet and uni-
form temperature loading. Temperatures are in degrees Celsius. Shown are (a) vertical
displacements, (b) bending moments, (c) shear stresses in face-core interfaces, and (d)
radial normal stresses in same. Thinner black lines marked “t” stand for the upper face
or interface; thicker, pink lines marked “b”, for the lower.
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The interfacial radial normal stresses (Figure 26, bottom) follow the same trends as those of the bending
moments. It should be noticed that in all cases the clamped support conditions yields a more stable
behavior as compared with the simply supported sandwich panel.

The combined thermomechanical response for the case of distributed mechanical loads with a thermal
gradient between the lower and the upper face sheets appears in Figure 27. Here, the distributed load
equals 1.7 kN/mm for the both supporting systems. The equilibrium curves reveal, in all figures, that
the differences between the simply supported panel and clamped are minor. Moreover, the equilibrium
curves show that responses are generally unstable for any value of the thermal gradient value. The
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ments of faces sheets, (b) bending moments in faces, (c) shear stress in core, and (d)
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sandwich panel with temperature-dependent core properties, subjected to a distributed
mechanical load applied at the upper face sheet and uniform temperature loading. Thin
black lines refer to the upper face sheet; thicker pink lines to the lower one.
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Figure 26. Equilibrium curves of load versus extreme values of vertical displacements
of face sheets (top), bending moments in faces (middle), and interfacial radial normal
stresses at face-core interfaces (bottom), all for simply supported (left, Pa = 1.1 kN)
and clamped (right, Pa = 1.4 kN) curved sandwich panels with temperature-dependent
core properties, subjected to a concentrated mechanical load Pa applied at mid-span
of upper face sheet and thermal loading with different through-the-thickness gradients.
Thin black lines refer to the upper face sheet; thicker pink lines to the lower one.
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Figure 27. Equilibrium curves of load versus extreme values of vertical displacements
of face sheets (top), bending moments in faces (middle), and interfacial radial normal
stresses at face-core interfaces (bottom), all for simply supported (left) and clamped
(right) curved sandwich panels with temperature-dependent core properties, subjected
to a distributed mechanical load of 0.85 kN/mm applied to upper face sheet and thermal
loading with different through-the-thickness gradients. Thin black lines refer to the
upper face sheet; thicker pink lines to the lower one.
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curves of extreme values of the vertical displacements of the face sheets versus temperature (Figure 27,
top) yield a limit point behavior with a slope of almost zero for both supporting systems. Here it should
be noticed that for both cases significant changes of the displacements occur only in the near vicinity of
the limit point temperature level. The bending moment curves (Figure 27, middle row) reveal similar
trends, with the exception that there is a gradual change between the initial values (corresponding to
no thermal loading) and moment values at the limit point. Notice that the negative bending moments
of the clamped case are smaller then those of the simply supported case and vice versa with respect to
the positive bending moments. The relationship between the radial interfacial normal stresses and the
temperature (Figure 27, bottom) is almost linear for the extreme values of the compressive stresses at
the upper interface and nonlinear at the lower interface for both supporting systems.

6. Summary and conclusions

The geometrically nonlinear behavior of curved sandwich panels subjected to thermal and mechanical
loading was studied, under both temperature-independent (TI) and temperature-dependent (TD) assump-
tions for the core material properties.

The first half of the paper gives a mathematical formulation for the TI case, based on a variational ap-
proach along with high-order sandwich panel theory (HSAPT). The analysis considers the thermal strains
of the core along with the effects of its flexibility in the radial (through-the-thickness) direction. The
nonlinear field equations of the curved sandwich panel are derived along with the appropriate boundary
conditions. The effects of a solid edge beam at the edge of the curved sandwich panel on the boundary
conditions are considered. The stress and displacement fields of the core are derived and solved explicitly
for the case of a core with uniform mechanical properties. The full nonlinear governing equations are
derived and presented.

The second half models thermally induced deformations of curved sandwich panels using the equations
previously obtained via HSAPT. The stress and displacement fields of the core are derived and solved
explicitly for cores with both TI and TD mechanical properties. The solution for a core with mechanical
properties dependent on the radial coordinate is derived and is used to handle the TD case. A polynomial
solution is adopted, and a general solution is presented for the stress and displacement fields. The
nonlinear response is determined through the solution of the nonlinear equations using a finite-difference
scheme along with a natural parametric continuation or a pseudo-arclength or similar procedure.

A numerical study then investigates the response of a shallow curved sandwich panel with a geometry
that has been used previously in an experimental study conducted at Aalborg University. The shallow
curved sandwich panel is assumed to be subjected to a concentrated or fully distributed load in addition to
thermal loading. The panel consists of two aluminum face sheets and a cross-linked PVC H60 Divinicell
foam core with mechanical properties that degrade with increasing temperature. The loading system
consists of an edge beam at the edges of the curved sandwich panel, resting on a simply supported
or clamped system with immovable conditions in the radial direction. The thermal loading consists
of heating and cooling temperatures that are uniformly distributed circumferentially, with or without a
gradient through the depth of the panel.

The numerical study covers all the combinations of the mechanical-thermal response with TI core
properties. The response due to purely mechanical loading is presented first and reveals a typical limit
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point behavior for both supporting systems and both types of loads. The study further reveals that
under a concentrated load, there is an ascending branch beyond the limit point for the case of a simply
supported system. For the case of a distributed load the nonlinear responses are almost identical for the
two supporting systems, with insignificant differences in the limit-point load level. For this case local
buckling of the upper face sheet is observed for both supporting systems, in addition to local buckling
of the lower face sheet in the vicinity of the support when the sandwich panel is clamped at the edges.

Thermal loading with temperature-independent core properties reveals that the response is linear
through the entire range from (subzero) cooling to (elevated) heating temperatures, with either uniform
or gradient-type distributions through the depth of the sandwich panel. For case of heating the panel
expands and changes its circumferential length rather then causing compression, as observed with flat
panels. Hence, heating improves the performance of the loaded sandwich panel, since it cancels part
of the induced deformations and stresses due to mechanical loading. In the case of cooling the panel
contracts, yielding displacements and stress fields similar to those of the mechanical loads.

The thermomechanical response is determined for a mechanical load that is below the limit-point load
level where the thermal loading changes from heating to cooling temperatures. For the case of heating,
or loads below 85% of the mechanical limit point load, the response is linear for all loading cases and
supporting systems. For loads in the range of 90% of the mechanical limit load, the thermomechanical
response is nonlinear for the simply supported system for both types of loads. For the case of the clamped
supporting system the concentrated load does not yield a limit point within the range of temperatures
considered, while for the case of the distributed load a limit point is observed.

The combined response of a distributed load along with cooling temperatures yields a limit point
response that is associated with local buckling ripples around mid-span of the upper face sheet and local
buckling at the lower face at the support when it is clamped.

The characteristics of the combined response under TI mechanical properties of the core resemble
those of the case with mechanical loads only when a limit point behavior is observed. Thus, the ther-
momechanical response for a curved sandwich panel subjected to both concentrated mechanical load
and a thermal load yields similar characteristics to those of case when only a concentrated mechanical
load is applied. Hence, the combined mode is actually a nonlinear combination of the mechanical and
the thermal loads, and any combination of the two, in terms of magnitude, can yield a response that
resembles that obtained for the case when only a mechanical load is applied.

The thermal loading case when the core properties are assumed to be TD follows the same trends as
those encountered for the TI case. However, the equilibrium curves of temperature versus extreme values
of selected structural quantities are generally nonlinear, due to the nonlinear change of the mechanical
core properties with increasing temperature. The effect of the supporting system is minor.

The combined thermomechanical response with TD properties is quite different from that of the TI
case and is associated with a limit point behavior at low temperature values. For the TI case only thermal
loading in the form of cooling yields a nonlinear responses that are associated with limit point behavior.
However, for the TD case the degradation of the core properties governs and yields nonlinear responses
with unstable limit point behavior, even though the stress and displacement fields induced by the thermal
loads act opposite to those induced by the mechanical loads.

The effects of the load level on the combined thermomechanical response have been investigated for
loads below the limit point level for pure mechanical loading case. For the case of a concentrated load,
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the response of a simply supported curved sandwich panel is associated with a limit point behavior which
is unstable, while that obtained for the clamped case yields a stable behavior that resembles that of a
plate sandwich panel structure. Generally, as the load is increased the limit point temperature reduces.
For the case of a fully distributed load both the simply supported and the clamped sandwich panels yield
unstable limit point responses with very similar limit point temperature values as a result of initiation of
local buckling in the compressed face sheet.

For the case where the highest (heated) temperature is on the lower tensile face sheet an unstable
limit point behavior of the simply supported panel is observed as the gradient increases, whereas a
stable response is obtained for the clamped panel when a concentrated load is considered. For the case
of a uniform distributed load an unstable limit point response is observed for both supporting systems
with almost identical limit point temperature values. In all cases, an increase of the thermal gradient is
associated with a reduction of the limit point temperature.
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