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RENFU L1 AND GEORGE KARDOMATEAS

This paper presents a nonlinear high-order theory for cylindrical sandwich shells with flexible cores,
extending a previously presented high-order theory for sandwich plates. The outer and inner faces are
assumed to be relatively thin compared to the core and the effects from the core compressibility are ad-
dressed in the solution by incorporating the extended nonlinear core theory into the constitutive relations
of the cylindrical shells. The governing equations and boundary conditions for the cylindrical shells are
derived using a variational principle. Numerical results are presented for the cases where the two faces
and the core are made of orthotropic materials. These results show that this model could capture the
nonlinearity in the transverse stress distribution in the core of the cylindrical sandwich shell. Numerical
results are presented on the details of the stress and displacement profiles for a cylindrical sandwich shell
under localized external pressure. This study could have significance for the optimal design of advanced
cylindrical sandwich shells.

1. Introduction

Unique properties such as high stiffness/weight and strength/weight ratios present increasing promise for
applications of cylindrical sandwich shells in aerospace and marine vehicles, such as aircraft fuselage
sections, rockets and submarine hulls. A cylindrical sandwich shell consists of outer and inner stiff thin
faces made either from homogeneous metallic materials or composite laminates, separated by a thick
core of soft foam or honeycomb. In the analysis of the sandwich construction, it is routinely assumed
that the face sheets carry the in-plane and bending loadings and the core transmits the transverse normal
and shear loads [Plantema 1966; Vinson 1999]. These classical theories also consider the transverse
displacement of the core to be the same as the displacements of the middle surface of the two face sheets.
The variation in thickness (compressibility) of the core is often neglected.

However, recent studies show that the core could experience significant changes in thickness [Liang
et al. 2007; Nemat-Nasser et al. 2007; Li et al. 2008]. As a consequence, there is an increasing concern
on the influence of core compressibility on the behavior of sandwich structures. Efforts to address this
issue are demonstrated through the formulation of various advanced high-order sandwich models in the
literature [Frostig et al. 1992; Pai and Palazotto 2001; Hohe and Librescu 2003; Li and Kardomateas
2008]. Models considering the core compressibility may not only give a more accurate solution to simpler
problems, but may also help to analytically address some otherwise difficult problems such as debond
behavior [Li et al. 2001], shock wave propagation and energy absorption in sandwich structures.

In previous work, we derived a high-order sandwich plate theory [Li and Kardomateas 2008], in which
the transverse displacement of the core is no longer assumed a constant, but it is a fourth order function
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of the transverse coordinate. The in-plane displacements vary as fifth order functions of the transverse
coordinate. The current paper presents an adaptation of this nonlinear high-order core model to the
configuration of cylindrical sandwich shells. The derivation procedure of this theory is similar to the
one in [Li and Kardomateas 2008] but accommodated to the specific geometry of cylindrical sandwich
shells. In the development of the advanced cylindrical sandwich shell model, the following assumptions
have been made:

(1) The face sheets satisfy the Kirchhoff-Love assumptions and their thicknesses are small compared
with the overall thickness of the sandwich section. The transverse displacements in the faces do not
vary through the thickness. In the current paper, the two face sheets are considered to have identical
thickness.

(2) The core is compressible in the transverse direction, that is, its thickness may change.

(3) The bonding between the face sheets and the core is assumed perfect.

The paper is organized as follows: We first extend the high-order sandwich plate compressible core
theory to the cylindrical sandwich shell. In the derivation, the cylindrical coordinate system (X, s, z) is
introduced and located at the middle plane of the core or the face sheets. The transverse displacement
of the initial mid-plane is considered as an unknown function of the coordinates (x, s). The axial, cir-
cumferencial and transverse displacements in the core are then expressed as functions in terms of the
displacements of the two face sheets and the displacement of the core initial mid-plane. The displacement
continuity conditions along the interface between the face sheet and the core are employed. We then
formulate the governing equations, boundary conditions, and solution procedure for cylindrical sandwich
shells. As a representative, the equations for an orthotropic sandwich shell are studied in detail. Next, the
numerical results for a typical cylindrical sandwich shell with three orthotropic phases (two face sheets
and a core) are presented. Finally, we draw some conclusions and suggestions on future work.

2. Extension of high-order sandwich plate theory to shells

Let a coordinate system (x, s, z) be located at the middle plane of the face sheets or the core with x in
the axial direction, s in the circumferential direction, and z in the outward normal direction (Figure 1),
and (u, v, w) be the corresponding displacements. R; and R, are the radii of the middle surface of the
inner and outer face, respectively; L is the shell length; the outer and inner faces are assumed to have an
identical thickness, & ¢, and the core thickness is h.. Also set R = (R, + R;)/2.

2A. Displacement field representation. In the classical sandwich model, the compressibility of the core
in the thickness direction is ignored. This may give a good approximation in simple and preliminary
studies. However, in many more demanding cases, such as a sandwich structure subject to blast/impact
loading, consideration of the transverse compressibility of the core may be needed. In the high-order core
theory proposed in [Li and Kardomateas 2008], the transverse displacement in the core (-h./2 <z < h./2)
is in the form

2722 8z%\ . 2722 874 z 4\
wc(-xasaZ)=<1_ - )U)(L)(X,S)—F( + )U)()C,S)—( + )u)(x,s), (1)
hZ  hd hZ " hd he | h3
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Figure 1. A cylindrical sandwich shell.

and the in-plane displacements in the core are in the form

. he
u‘(x,s,z)=u(x,s)—ﬁ/zﬁ(x,s)wtzh—fwfx(x,s,z),
Z h 2)
v°(x,s,2) =0v(x,s)— hc/zﬁ(x,s)-l—zh—iwfy(x,s,z),

In these equations, wg(x, s) is the transverse displacement of the middle surface of the core; w(x, s) is
the average of the displacements of top face sheet, w’ (x, s) and bottom face sheet, w” (x, s); and b (x, s)
is half of the difference of these displacements. Similar definitions hold for the corresponding in-plane
displacements.

This high-order core theory could be extended to other geometric configurations such as shapes with
curvature, provided the thickness of the face sheets is small compared to the total thickness of the
sandwich structure. In this work, it will be extended to cylindrical sandwich shells with orthotropic
phases. The thin face sheets of the shell satisfy the Kirchhoff-Love assumptions. Therefore, setting
h = (hc + hy)/2, one has for the displacements in the outer face, —(hc/2 + hy) < z < —h./2, the
expressions

u'(x,5,2) =up(x, s) — 2+ hw' (x,),
' (x,5,2) =05(x, 5) — (z+h)w' (x, 5), 3)
w'(x,s,2)=w(x,s),

and for the and displacements in the inner face, h./2 < z < h./2+ hy,

ub(x, §,7) = u[o’(x, s)—(z— h)wf’x(x, s),
0 (x,5,2) = 0g(x,5) — (z — W (x, ), 4)

wb(xa s: Z) = wb(x, S).
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In order to take the core compressibility into account, nonlinear models can be proposed. The one
proposed here satisfies all the displacement continuity conditions along the interface between the core
and the face sheets, as shown in [Li and Kardomateas 2008].

2B. Strain-displacement relation. For thin face sheets, one can obtain the strain tensor at a point in the
outer face sheet of the cylindric sandwich shell as

t t t
€y GOx uO,x
[€l=]¢€ | =] € | +G@+nKT=|vy,+w'/R, | + (@ +)K']. (5)
V)és y(;xs MB,S + U(t),x

A similar expression holds for the strain tensor in the inner face,

b b

b
€x €0x uO,x
b b b
1= e | = e | +G@=mI"1=|oh, +wb/Ri |+ —mIx"]. (6)
b b b b
Vxs Yoxs uO,s + DO,x
In these equations,
t,b t,b
Ky _w,xx
t,by th | — t,b
[x"7]= Ky =1 Wis |- )
t,b t,b
Kxs _zw,xs

The core is considered undergoing large rotation with small displacements and its in-plane strains
could be neglected. Therefore, one can derive the strain-displacement relations of the core from equations
(1) and (2) as follows:

(.1 %= 6z2+16z3 (r.5) 4z+32z3 c(r.5)4 1+2z+6z2+16z3 bx.s)
ST\ T2 e T )T T e )T o, T T T )

.2 .
Yrz = —h—u(x, )+ m@uw', (x, s) + n()wf  (x, ) + 13w’ (x, ), ®)

. 2 _ )
i = =00, ) @ (x, 5) + (D, (5, 5) + @l (x,5) =

c

in which R —h./2 <r < R+ h./2 and

1 hr\ z hy 22 hy 7 hy z*
(a4 E (143 Cof 144 E L1452
m) (2+hc)hc+( + h)h2 (+ n ) T T ) e

c

hy 3hy\ 2 Shye\ z*
=(1+-2)-2(1 = —8(1 = 9
1n2(2) ( +hc) ( + hc)hz ( + ne )ni )
+

c

I he\z hy z2 hy 2 hy 2
=(-+L )= +(14+3 L) +2( 1445 )5 +4(1+5-2 )=
13(2) (2+hc)hc (+ hc)h2+ ( + e 2+ + n )
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2C. Constitutive relation. The face sheets of the shell are made of orthotropic laminated composites
and the core is also orthotropic. The stress-strain relationship for any layer of the faces reads as

Oy On Qi Qs €x
os | =] Q12 Q2 O & |, or [o]=[Q0lle], (10)
Tys O16 02 Qes Vs

where the Q;;, for i, j =1, 2, 6, are the reduced stiffness coefficients. The stress-strain relations for the
orthotropic core are written as

c_ pc,c __c ¢ c _ ¢ o cC
GZ =E EZ’ Txz = zeyxz’ Tsz - Gszysz‘ (11)

Here, we define the resultants for the outer face sheet of the sandwich shell by

N, —he/2 —he/2
[N]=] N! =/ [thdz=/ [Q'1[e'1dz =[All€] + [Blix'],
Nz‘ 7(h('/2+hf) 7(hc/2+hf)
. (12)
M, —he)2
M= | M! =/ [6"1zdz =[Bllej] + [DI[x'],
M;s —(he/2+hy)
in which the stiffness coefficients are defined as
~ ~ ~ _hc/z
[AL, BY;, DI;] =/ Q1. z+h), (z+h)*Mdz. (13)
—(he/2+hy)

Applying a similar procedure, one can obtain the expressions for the resultants in the inner face sheet.

3. Equilibrium equations and boundary conditions

The cylindrical sandwich shell is assumed subject to external and internal pressure ¢’ (x, s). Let U
denote the strain energy and W the work of external forces. The variational principle (equivalent to a
virtual displacement approach) states that

S(U—=W)=0, (14)

in which

L —he/2
U = / yf ( / (016€! +510€ + 1! 59! Y(Ry +2) dz
0 _

he/2—=hy
he/2
—i—/ (o0€; + 1.0y + 1,0y )(R+2)dz
~he/2 (15)

he/2+hy
- / (025€b +605eb + 0 6y L) (R +2) dz) df dx,
he/2

L L
ow =/ j{q”h(x,s)éwt’hdsdx-i-/ fo(x,s)éu dsdx.
0 0
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We now introduce the notation
hy he
=— and =—.
“= F=%
For the thin face sheets of R; +z = R;, R, +z= R, and f < 1, one can obtain the equilibrium equations
and boundary conditions by substituting the stress strain relations (10)—(11) strain-displacement relations
(5)—(9) and the displacement representation equations (1)—(4) into (15), then into (14) and employing

integration by parts. For the outer face sheet this results in the governing equations

1 4 22
duy: —N, , — R_N)tcﬁﬁ"'G)ccz(E(”f)_”g) — %R w', — 1—5R w, . — %R w! ) =0,
o

1 .
oo —Nip . — —Ne 0+ G5, (Govh — (100 + Gsw!y + Gow g + Crow'’y) =0,

2 1 1 61423 358 4115 53
Swy : —(Mt’ +_Mtg,xe+ﬁMé’96_R_N;)+E§( i ﬁwt—l— t 'ch+ u)b)
o

xax LR X 2 215 1058 9 1058
+ORGS, (uh, —uf )+ G5 (1009 — Elivog) — QRPGS W' — (1, GEwlyy
- C3R2G;zw8,xx - CIISngw(C),QQ C4R G (14Gszw 06 Qo(xa 0, t) =0

For the compressive core:

(35841158 716 . 358 — 1158
Swé: E€ t c b
o Z( 1055 " Trosp 0t s )

22 ~c t b c c .t ~c ,.b 2 e t ¢ c 40t
+ 1565 (ug , —ug )+ G ({1009 — 100 9) — BRGL W — Clstzw,ee

_CSR zewO xx ClC3G§zw8,6’0 C3R G Cl4G5zw 00 — =0.
For the inner face sheet:
1 c 4 Q1 22 C_’l
6u8 : —ijx — FNgﬁ -Gy, (E(uf) — ug) — ER wfx — ER wg,x — ER w’}’x =0,
1

1 _ -
ool : Nxex— N@g G, (c7vf — Govg — Csw'y — Gowf g — Crow’y) =0,

2 1 1 53 358 —115p 61 —23p
b. b b b b b
51[)0. (Mxxx—i_EMx(),x@—i_R_?MH,HH_EN)C)+E§(105ﬁwt+ IOSﬁ U)8+ 21ﬁ U))

= b b b b 2 b
+CIRG§z(”6,x —ug )+ ng(fuv(t),a —{11v0,0) — (4R G;zw,[xx - CIZngw,tﬁﬁ
b
—GR? G 06 xx — (130506 09 — HRPGS, C14Gszw96’ Qi(x,0,1)=0

The constants ¢; and {f’c’b, fori =1,2,..., 14, in these equations are functions of £ and o and are
listed in the Appendix.
The corresponding boundary conditions at x =0, L are
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t__ =t t__ a7t
ug=u or N, =N,
w'=w" or
[N t t . b t 2.t 2 2,.b\ _ Ot
wa,x+M +N gw +2 Xex—i-G;Z((lR(uo—uo)—i-QR w,x+(2R ngx+§4R w)x)— '
w =o', or M. =M,
- ~c 2 pyb ot 2,0t 2 = p2,b D
0o=wy or ERuj—uy)+GR W, + R wy  +GR W, = 0,
ub=u" or N’ =N?,
w’ =’ or
b, b 4 Arb b (R p (bt 2,00 L p2oc 4 p2yby Ot
N w, —I-M —I-N w +2 xc9x+Gfrz(ClR(”0_”0)+(4R w’x+(3R wo’x—f—CzR w’x)_ Y
b _ ~b b _ irb
wy=w, or M =M,
where the superscript ~ denotes the known external boundary values. At # = 0 and 2z, continuity
conditions hold.

For the sandwich shell made out of orthotropic materials, the governing equations for the outer face
sheet can be rewritten as

Al 8_2+A_t666_2_4G;Z ut+A[12+At66 a _|_ CIRGC AtlZ w'
Wox2 " R2662 p )° R, oxo0 '\ p R, ) ™

22 c 4GS,
+ SRGXZ 0x+ ,B u0+

AL+ Agg 0%uf) o* A, o2 Ab,
2721 0 766 At _ i_ _ GC t G
R, 0xd0 +( 66552 T R2 op2 0¥z )00 R2 — ¢

- C9Gszw6,9 + C’/ngvg - CloGﬁzw,bB =0, (17)

Cl
B

=GS Rwb =0, (16)

D! ot Dh+2Dg ot Dy ot (614238)ES R2GE o2 G i Atlz :
Mox4 R2  0x202" R* a0* 215 —eR GG s —(120i a2 "
o
Al ouf) (358 + 1158) E¢ 02 a2
TR o TORGL (ué—u’é) ( wsp R Guags dgG?z@)wc
Al 00} 53E¢ 02 0?
12 b R? b
+R_g£+G§zae({llvO CllDO)"i_(lOSﬁ (4R G)Ccza 2 Cl4Gszaez) = Q,)(X,e). (18)
Similarly, the equation for the core can be recast as
. (358 + 1158) E¢ 5o 07 d?
156 u6x+GCZCIID()0+( 105ﬁ é‘ R Giza 2 (12 8'2692 t
T16E¢ 5 e 0° 02 22
( 105; —(sR Giz@—éfﬁ?z@)wg—g U0, — 1G5 g
(358 — 115B)E¢ o2 0?
( 105’3 ( RZG;za 2 CIC4G§Z@ u)b:(). (19)
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Finally, for the inner face sheet:

Ab 8_2 + A_Zﬁa_z — 4G)C‘Z ub + A?z + Ab 82 + Cl GC AII?Z u)b
11 5,2 2 5302 0 X
ox Ri 06 ﬁ R,’ 8)659 ﬁ R,'

2 . . 4GS
+ ER ;Zwé’x + ﬂxz I/lto + G;zé; fx = 0, (20)
Ab + Al o%uf) 2 AL 9t ~ AS
21 b 22 b 22 b
TR et (Aﬁw TR a7 4“6G?z)”0 B (ﬁ‘OG@ B R—) e
- 59G§Zw(c),0 +C7G§zv(t) - Q:gngw,t(J = 0’ (21)
b b b b
pr O G DhH2DG & DR o OIBRE (e P e ) AR
Moxt R 0x2002 " R} 00* 218 “a 271 i gg2 )T R
o b Ab ouf  ((358 —115B)E¢ e o* ., . 0
+C1Rzea (up —ug) + R, ox 1055 < — B3R G;za 2 513G§z@ 0
AL avb o (BE e > 2

It should be noted that since this new core theory is a three-dimensional approximation model for the
core (but more efficient than a complete three-dimensional elasticity approach), none of the existing shell
theories could produce identical governing equations.

4. A cylindrical sandwich shell under external pressure

In this section the solution procedure for the response of sandwich shells will be demonstrated through
the study of simply supported cylindrical shell under external pressure. The boundary conditions are

w'=0, w'=0, w'=0; M =0, M’=0, for x=0,L.

and 00, w’, we vo, w? M ! and M;’y are continuous at = 0, 2z . As such, the displacements can be
set in the form

N mmx
E cos * cos no, ul= Ub  cos cosnd,
m= O m=0
MmN mmx
vy = E Vi sin - sin ), v = Vb sin sinnd, (23)
m=0
n—O n=0
N mmx
w' = E sm cos no, w’ = E W,ﬁn sin cosnf, w'= E sm cos né,
m=0
n—O n=0 n:O
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where U!,,, VI~ W! ~W¢ U VP and WP, are constants to be determined. The applied external

and internal loading Q,(x, #) and Q;(x, #) can be, respectively, expressed in the form

M,N M,N
Q,(x,0)= Z Q,”nn sin mrx cosnd, Qi(x,0)= Z ann sin mrx cosnd, (24)
=0 n=0
where 0 < 6 < 27 and the coefficients are defined form =0,...,M andn =0, ..., N as
. 2 L r@® .. 2 L r®
O=— [ [ Quoravas,  Gi=— [ [" oitv.yaxas. @)
ar Jo Jo ar Jo Jo

Substituting equations (23)—(25) into the governing equations (16)—(22), one can obtain a set of equa-
tions in matrix form:

[KMN]Umn = L'mn> (26)
where the displacement vector Uy, is defined as U,,, = (U L VI W owe Uk vh Wb T and
the loading vector Fj,, as [0.0, 0.0, an, 0.0, 0.0, 0.0, Q’ ]T The [KMN] is a 7 x 7 matrix, whose
entries are given on the next page. Once the applied loading is given, the displacements can be found by
solving (26) for each pair (m, n) until the solutions in form of (23) converge as m and n increase.

Results for a cylindrical sandwich shell under localized external pressure. Assume that a constant
pressure loading is applied on a portion of the outer face sheet:

p(-xae):po’ OEXEIJ, __<0§

From equations (24) and (25) one can obtain the following loading in the transformed space for
m=1,2,3,...:

mm 8 . ,mmw . W

2 2 2
= —ppsin® —, = sin“ —sin— n=1,2,3,...
QmO mr Po 2 an mnnzpo ) 4

The relationship for the Poisson’s ratio, v;; = v;; E; / E;, will be applied since the sandwich structure
consists of orthotropic phases. In the following study, we set the radius of the core middle plane, R =
0.8 m. Its core thickness is i, = R with f =1/10. The thickness of two face sheets is the same, hy = ah,,
with a = 1/20. The length of the sandwich shell is set as L = 1.5 m. The face sheets of this cylindrical
sandwich shell have the following elastic constants (1n GPa): El = 40. 0, E2f = 10.0, E{ = 10.0,
Glf2 =4.50, sz3 =3.50, G§1 = 4.50; Poisson’s ratios: ”12 =0.065, v31 =0.26, v23 = 0.40. The core is
made of orthotropic honeycomb material with elastic constants reading as (in GPa): E{ = E5 = 0.032,
ES = E{ =0.30, G{, =0.013, G5, =0.048, G5, = 0.048; Poisson’s ratios: v{, = v§; =5, =0.25.

In the computation of results, M = 16 and N= 10 in equations (23) is required for the numerical
convergence. The displacements are normalized by poh;.:/(Er), where hy,, is the total thickness of
the shell; the stress normalized by pg in the following study. Figure 2 plots the normalized mid-plane
displacements in the outer face sheet, core and inner face sheet as a function of x at & = 0. One can readily
see that the displacements in the three phases of the cylindrical shell are not identical, implying that the
current theory can capture the compressibility of the core in the cylindrical sandwich shells. It can also
be seen that the displacement difference in magnitude between the outer face and the core mid-plane is
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1 -4 (M ) AgG(R ) ~Gifa 12 —(Ap+ A 13 —(Aly/Ry+ JoRGL) T

14 -G 15 G ja 160 17 —HIGLR™E 21 — (Al + Ag) T
o
’ A 2
2 ()~ Au(; ) +5GE, 23 (/R4 5TERGEIn 24 (24 a)BsGln

2+cx

250 26 —f3GS, 27 PaGén 31 —Rﬂ6G§ZW;—ﬂ 32 fas

4 DY 42D 2, D! (61—230)E€
¢ (mm 112 166 (M \" 2 Pion 4 z ( )
33 D}, (M5) +2 2 (") 2+ PR AL + ByGE,n

ma\* | Dby +2D5 rma\t 5 Dhy 4 (358—115a)E% ¢ mm 2
3 Dy (" a ) +2 R2 (7)” TR 105a + (o ) ThGien

2+a

35 RﬁGGj;ZnZ—” 36 —fa5

mm 4 bt +2l’jt mm 2 2 D322 4 53EC
37 D311( - ) +2312—366(7)n + it o — B Gs ( p ) — B12Gi n
o

R2
o
11,0 mr e _((358—115(1)EC ( ) )
41 15G 42 -G, 2+a)psn 43 T 10a BoG* P ﬁloG
T16E¢ 11 ¢

44 SooE+ iy xz(ma ) —puGin® 45 G 46 (2 - a)GE fan

358+1150) E€ .
_(IT) P15GS ( p ) — P16Gy. n> 51 Gi./a 520 53 ,BOG;ZRm

2 N N
54 —GC 7L 55 —A’{l(’"”) —A’gﬁ(i_) Gio/a 56 —(Af+ A% ™o
a R[ Rl

57 (B1RGS ) T _Ab/R, 610 62 —f3GSn 63 fsGin 64 (2—a)fsGE.n

A

~ mm n A mu \2 A n\? c A
5 —(ihy + At " 7 00 A (") +AL(g) +aas o7 (FF - Spama)n
L
71 —RAGSTE 72 —puGEon

X 4 Db 42Db 2 Db 53E¢ 2
73 Dll’“(m_”) —|—2“2—166(m—7t> n? 4 A2ty gy GO ( P ) — paGén®

R? a R} 105
74 Dé)ll (7) +2—212 RZ 266 (7) n2 + Isizn4 — 1050 2 +ﬁ]5G;Z(7) +,316G§Zn2
i i

c 2_
75 REIGE T T6 —ﬁ42+—ZG§Zn

4 Db+2D" >, Db 61+230)EC
77 D3“(m7r) 450 i 366 (ma_ﬁ) 4 R3i2n4+( 21&) +irGE ( ) 4 isGen
i i

Table 1. Matrix [K"] in (26). The number 12 introduces the enry M =1, N =2, etc.
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Figure 2. Mid-plane transverse displacement in the outer face sheet, core and inner face
sheet as a function of x at 8 = 0.

larger than that between the core mid-plane and the inner face sheet. This observation demonstrates that
the radial displacement in the core is a nonlinear function with respect to the radial coordinate.

Figure 3 presents the cross-sectional shapes of the outer face sheet mid-plane cut through x = L/6,
L/4 and L/2. The undeformed shape is also plotted as a reference. It can be seen that the cross-section
deforms the most from its original shape at the middle of the cylindrical shell in the axial direction
(x = L/2), in particular within the region —z /4 < < 7 /4 of each cross section where the loading is
applied.

T S o S
- 1.0 -05 0.0 0.5

Figure 3. The deformed cross-sectional shape of the mid-plane in the outer face sheet
atx =L/6, L/4 and L/2, along with the undeformed cross-sectional shape.
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Figure 4. Variation of transverse stress through the core of the shell for various 6.

We also investigated the transverse (radial) stress distribution in the core of the sandwich shell, one
of the most interesting issues in sandwich structural studies. The results are plotted in Figures 4 and
5 (where + denotes expansion pressure and — compressive pressure). Figure 4 shows the transverse
stress for the cross-section x = L /2 at different #. We see that the stress varies with € from completely
compressive (at § = 0) to completely expansive pressure (at § = 7). The maximum stress in magnitude
happens along the interface between the core and the outer face sheet on which the loading is applied.
This maximum stress is compressive. The maximum expansion stress happens at § = z /2, also at the
interface between the core the outer face sheet. This suggests that these could be the possible positions
for damage initiation — useful knowledge for the optimal design of cylindrical sandwich shells.

The variation of the transverse stresses at § = 0 for different cross-sections is presented in Figure 5.
The results show that the maximum compressive stress for each cross-section occurs along the interface
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Figure 5. Cross-sectional shape of the mid-plane of the outer face sheet for various x.



A HIGH-ORDER THEORY FOR CYLINDRICAL SANDWICH SHELLS WITH FLEXIBLE CORES 1465

between the outer face sheet and the core. Another interesting observation in this study is that the global
maximum compressive stress (of 2.2662) is found around (x = 0.2L, 6 = 0), not at (x =0.5L, 8§ = 0),
where the transverse compressive stress is 1.98787. If one uses the value at (x = 0.5L, 0 = 0) as the
design criterion, it could yield 12% error. This approximation may be acceptable in some preliminary
designs. For an accurate design, one may have to find out the exact global maximum compressive and
expansion stresses. Therefore, the study in this work can provide useful guidelines for the design of
advanced cylindrical sandwich shells.

5. Conclusions

We have developed an analytical solution for a cylindrical sandwich shell with flexible core. A nonlinear
high order model for cylindrical sandwich shells is formulated by extending our previous work on sand-
wich plates. The governing equations and boundary conditions thus derived have the compressibility
of the core included. The solution procedure for an orthotropic sandwich cylindrical shell is studied in
detail. Numerical results for external pressure loading exerted on a portion of the outer face sheet are
presented. The observations from the numerical results suggest the following conclusions:

(1) The mid-plane displacements of the outer face sheet, the core and the inner face sheet are not
identical.

(2) The transverse displacement distribution in the core through its thickness is a nonlinear function of
the radial coordinate.

(3) The maximum stress in magnitude occurs at the interface between the core and the face sheets on
which the loading is applied.

(4) The present nonlinear model is able to capture the nonlinear stress and displacement profiles and
predict the global maximum stress and its location. Therefore, this study can have significance for
the design of advanced cylindrical sandwich shells.
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Appendix: Constants appearing in the governing equations (page 1458)

When constants are given together, separated by commas, the upper signs correspond to the symbol(s)
before the comma and the lower signs to the symbol(s) after the comma.

1, & = (88 +30ap £ 4 + 11ap)/30,
02, 0o = (116 + 74608 + 12350 + 475 + 315a4% £ 517a° %) /1260,
(3, 03 = (TAR + T4ap — 76602 £ 37 72864 4%) /1260,

G = (=228 — 220 + 161a%) /1260, os = (7764 +T76ap + 15324 ) /1260,
. 245 2+
Godo= | £168° +@Fp 03] o= gp[a6— e TTE],
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1
rs, o1y = q:m[2,8[2(240—6Oﬂ+20ﬁ2—5ﬁ3—4ﬁ4+13ﬁ5)
+a(9120— 1080842204+ 1804 —2168* +1375)]
—15[64— 168 —4B* + 5 +2a (608 — 723 — 3652+ 183 —23* +3%)| log 2+§]
SRt _ 1 2 3 pd 5
b=0 = Gai [2ﬁ[2(240+60ﬁ+20,8 F5R3—apt 1355

+a(9120+25208+ 5805 +3008° —964* +4757)]
+15Q+p)[-32+8B8—4B>+28° + B* +20(—304+685—28 4%+ 1157 +3 5% lo

T
=

Q. (== 30ﬂ5[8ﬂ[60 15842087 =58> = 115*+a(720— 1508+ 180> —354° — 11 54)]
—15[32-85+85>— 2 —4p" + 57 +20.(192—405+325° — 64> ~8*+ 5°) ] log ;J_rﬁ

=

o=( = 30ﬂ5[ﬁ[ 60— 154 —2042 =543+ 115*+a(—720— 1504 — 180> —354> +115%)]
+15[32488+857+25° —4p* — B2 +2a.(192+408+ 324> +64° —8* — ﬁ)]log2+’3

2-p

10, ¢ = i60(T1ﬁ)ﬂS [2ﬂ[2(—240+6Oﬂ—20ﬂ2+5ﬁ3+4ﬁ4+3ﬂs)
+a(—9120+25208 —5804%+3005° +96 8* +475)]
+15[64—168—48*+B°+20(608— 1688 — 1252 —6 5> — 175 +35%)] log ;J_Fg]
Go={(1) = 60(2%1/%5 [2ﬂ[2(—240—60ﬁ—20,82—553+4ﬁ4+13ﬁ5)
+a(—9120— 10804 —2204%+ 1805 +216* +1375")]
152 — B)[324+248+ 12824683+ B* +2a.(304+ 188 4+ T6 5>+ 293 +34*)| log ;fg]
t b __ 1 _ _ 2 4 6 8 9
(s = 202 [4ﬂ[ 6720—5608%+756 8% +555°+204° +23

+70*(—369600F739204 4 160> F186404° +177008* £ 1576 8
—1888°+484587 — 9788 £918%)
+a(—309120F336008 —89608%F112004° 42357684 +9805°
+6404°£5208" — 304 £24357%)]
+105Q2£8) [ BF4B+22F ) +4a (136 F 656 8 +432 2 F248 > + T8 * F21 85 +45°)

+4a%(6160F49285+287247F 143283 +3854* F86 47+ 13 %) ] log ;fé]

6720456082 —756 8% —555°+268°
+70(369600—44808% —202208* —316°+895%)

+ (309120 + 89604 — 23576* — 6404° + 286°)]

—105(8>—H[ (B> —4)(4+S*)* +8a(—368—T725%+135*+25°)

+402(—6160 — 9527 + 1278 + 135 ] log %fg]

; —1
(o Cla = m[4ﬂ[
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Clcza {f:‘s 2 4 6 8
=—— 266720422406 —10365" —174°+47
O iy 210(2iﬁ)ﬂg[ Al / / / /

+a%(1680000+ 1545608 +3180808%+7336048> —876408*+31928°
—66248°F68487+1034%)
+a/(248640+ 134408 +627204> £78408° —232128* F1128° —23508°
F37687+2355%)]
—105[(4—*)*(8+68%+ %)
+40(8000+7368+84882+2883° — 58884 F184° —115°F787 +45%) ris
+

+0(4736:£256+8008% £ 12887 — 5685 F164° — 18 8°F8 " +95%) | log ﬁ]
CG = ﬁﬁs[w[— 1680—9804%+224 8% + 1178+ 140 (—3360— 160082 +208 8* +815°)
+a?(—268800— 10556047 +50404* 41843 8°)]
+105[(—8—28%+ 4> +4a> (2560+792 8> — 146 * —21 55+ %)

+40.(448 417682 —485* —105°+ %] log ;fﬁ]
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