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DYNAMICS OF FRP STRENGTHENED UNIDIRECTIONAL MASONRY WALLS
I: A MULTILAYERED FINITE ELEMENT

ODED RABINOVITCH AND HAZEM MADAH

The dynamic response of unidirectional FRP strengthened masonry walls is investigated. The examined
walls are strengthened using externally bonded composite materials. In this part of the paper, a nonlinear
multilayered finite element for the nonlinear dynamic analysis of the unidirectional strengthened wall is
developed. The formulation reduces the general 2D problem to a 1D form using high order kinematic
assumptions that are based on the static deformation fields in the various components. The model aims
to face the challenges associated with the combination of length scales, differences in elastic properties,
irregular points, cracking, crushing, and inelastic behavior of the masonry substrate. The geometrical
nonlinearity, the layered configuration, and the variation of the stresses through the depth the adhesive
layers are also addressed. A numerical study that examines the capabilities of the model and its conver-
gence with refinement of the spatial and temporal meshes is presented. Emphasis is placed on the global
nonlinear dynamic response, the local effects near the joints, the interfacial stresses, and their temporal
variation under dynamic loads.

1. Introduction

The strengthening of existing masonry structures by means of externally bonded layers of composite ma-
terials is recognized as an advantageous solution for structural upgrade [Albert et al. 2001; Hamilton and
Dolan 2001; Griffith et al. 2004; Gilstrap and Dolan 1998]. The demands for upgrade and strengthening
mainly stem from the limited (if any) ability of the masonry construction to carry tensile stresses and the
resulting vulnerability to dynamic out-of-plane loads. The externally bonded composite layer overcomes
this obstacle and provides the existing wall with a strong, stiff, lightweight, and durable tensile resisting
layer and thus with a supplemental load resisting mechanism.

The effective design, analysis, and use of masonry walls strengthened with composite material re-
quire adequate analytical and computational tools. While finite element analysis (FEA) is the leading
computational tool of modern structural engineering, its application to the dynamic analysis of the FRP
strengthened masonry wall is involved with significant difficulties. In fact, the entire family of FRP
strengthened structural members is a class of structures that their classical 2D or 3D elasticity based
FEA is very complicated, computational effort demanding, and, in some cases, subjected to divergence.
The problematic nature stems from five major features of the unique structure:

(1) The layered configuration and the assembly of layers of significantly different thickness scale. As a
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2 ODED RABINOVITCH AND HAZEM MADAH

rule, the thickness of the adhesive and the composite layers ranges between parts of a millimeter to
few millimeters whereas the thickness of the masonry wall is in the range of hundreds of millimeters.

(2) The different length scales in the masonry construction itself. The masonry construction is an
assembly of blocks and mortar joints. The length scale of the blocks (hundreds of millimeters) is
much larger than the one of the joints (few millimeters).

(3) The assembly of materials with significantly different elastic properties. In most cases, the elastic
modulus of the composite material is two to three orders of magnitude larger than the one of the
adhesive layer and about ten times larger than the elastic moduli of the masonry wall.

(4) The presence of structural irregularities in the form of edges of the bonded reinforcement, debonded
regions, masonry joints, cracks, etc.

(5) The nonlinearities involved with the structural response. The brittleness of masonry construction,
the contact effects at the joints, the nonlinear response of the mortar material under compression,
and its inelastic response under cyclic loading introduces material nonlinearities [Hamed and Ra-
binovitch 2007b; 2008]. Wrinkling and local buckling when the thin FRP strips are subjected to
compressive stresses (a scenario that may be inevitable under dynamic loads) and global instability
or snap-through of the entire wall [Rabinovitch 2004; Hamed and Rabinovitch 2007a] stem from
geometrical nonlinearity. The potential evolution of debonding and interlaminar cracking is involved
with interfacial nonlinearities [Rabinovitch 2010].

The combination above yields structural phenomena with length scales that range from the global
dimensions of the wall to the thickness of the thinnest layer. The global response can usually be detected
using standard techniques. The localized effects associated with stress concentrations near edges and
joints, cracking or crushing of the mortar joints, and the transfer of stresses between the masonry wall
and the strengthening system are the ones that make the analysis complicated and challenging. The
interaction with the dynamic response of the wall and the various nonlinearities make the quantification
of the structural response of the dynamically loaded masonry wall even more challenging.

The shortcomings of standard finite element analysis (FEA) of FRP strengthened elements in general,
and FRP strengthened masonry walls as a particular case, are reflected by many works that applied FE to
the analysis of the strengthened wall. For example, Pan and Leung [2008] studied the effect of tapering
of the FRP strip on the debonding process and assessed the edge stresses using two types of FEA. For
the elastic case, 8-node quadratic elements with characteristic size of about 1/5 the thickness of the
adhesive layer were used. For the nonlinear case, additional nonlinear link elements that account for
the degradation of the interfacial shear resistance were added. In both cases, the number of elements
required for the analysis of a realistic scale structure is huge. A similar problem was encountered in the
3D FEA presented in [Huang and Lyons 2007]. In this case, the problem of mesh refinement to elements
smaller than 1 · 10−6 of the span was tackled using a submodeling technique. In the substructure, the
average element size equals the thickness of the FRP strip and the smaller elements are about two orders
of magnitude smaller than that. The finite element model presented in [Li et al. 2009] focused on the
interfacial stresses and used elements that are of the same order as the thickness of the adhesive layer.
The results of the FEA reveal that in certain cases, the numerical analysis fails to satisfy the zero shear
condition at the plate end; see also [Gao et al. 2006; Teng et al. 2002; Rabinovitch and Frostig 2000].
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Another aspect, discussed in the last two of these references and in [Hamed and Rabinovitch 2007a],
is the divergence of the peak stresses at the critical point; its impact is observed in the FEA results
outlined in [Yang et al. 2004]. Due to singularities near irregular points, the critical peak stresses tend
to diverge with the refinement of the mesh. This trend shades on the reliability of such analyses and on
their applicability to practical design.

The above studies mainly focused on FRP strengthened concrete beams. In general, the dynamic
FEA of FRP strengthened walls is even more complicated. The additional levels of complexity are
attributed to the effect of cracking, crashing, and geometrical irregularity at the mortar joints and to the
unique boundary conditions. Under dynamic loads, the combination of the two phenomena yield a time
dependent arching effect, rocking, and coupling between in-plane and out-of-plane responses.

A state of the art FE treatment of the dynamic response of unidirectional externally strengthened
masonry members is reported in [Davidson et al. 2005]. This study focuses on masonry walls made
of hollow concrete masonry units under blast loads. The walls are strengthened with polymeric layers.
The nonlinear FEA focuses on a one-way response and uses a highly refined mesh with as much as
100,000 elements. The analysis accounts for the development of arching effects [Dafnis et al. 2002],
the masonry-polymer interfacial response, the high strain rate, and the separation at mortar joints. On
the other hand, the large number of elements required for the nonlinear dynamic analysis highlights one
of the drawbacks of the conventional FE approach. The same drawbacks also dictate the refined mesh
required for the hygrothermal analysis of FRP patched masonry walls described in [Khoshbakht et al.
2009].

The above survey highlights some of the inherent drawbacks of conventional FEA of FRP strength-
ened elements in general and FRP strengthened masonry walls in particular. In light of these obstacles,
Lam et al. [2003] raised concerns about the viability of this type of modeling and pointed in favor of
macromodels that simulate the global load-deflection response obtained from experiments. On the other
hand, in the case of the strengthened masonry wall, such geometrical homogenization may overlook
critical aspects like of the stress concentrations near irregular points.

Analytical models for the static and dynamic nonlinear analysis of FRP masonry walls (see, e.g.,
[Hamed and Rabinovitch 2007a; 2007b; 2008]) can overcome some of the above critical obstacles. The
analytical approach can also handle the combination of global and localized physical effects under a
unified analytical platform. The localized stress concentrations near the edges of the FRP system, near
the cracked mortar joints, near debonded regions that develop in the vicinity of the cracked joints, and
in regions that are wrinkled due to geometrical nonlinearity are taken into account through consideration
of the high order stress and deformation fields in the compliant adhesive layers. On the other hand,
these models are still limited in terms of the ability of expansion to more demanding problems like
bidirectional nonlinear dynamic response and in terms of implementation in more general computational
environments for structural analysis.

Specially tailored finite elements for the analysis of layered structures such as sandwich beams or
masonry arches strengthened with FRP strips were developed by Buller [Buller 2005] and Elmalich and
Rabinovitch [Elmalich and Rabinovitch 2009; Elmalich and Rabinovitch 2010], respectively. However,
these models are limited to the linear elastic and static case [Buller 2005], the quasinonlinear, elastic, and
static case [Elmalich and Rabinovitch 2009], or the physically nonlinear but static case [Elmalich and
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Rabinovitch 2010]. As such, these models cannot address the unique features of the nonlinear, inelastic,
and dynamic response of the strengthened masonry wall studied here.

The objective of this part of the paper is to develop a special finite element approach for the nonlinear
dynamic analysis of unidirectional FRP strengthened masonry walls. The paper aims to combine the
advantages of the analytical models presented in [Hamed and Rabinovitch 2007a; 2007b; 2008] with
those of the finite element method and to derive a special finite element for the nonlinear dynamic
analysis of the wall. The unique nonlinear dynamic finite element formulation developed here aims
to face the challenges stemming from the combined length scales, the different elastic scales, the exis-
tence of irregular points, the material nonlinearity of the mortar joints, the layered configuration of the
strengthened wall, and some aspects of the geometrical nonlinearity.

Article organization. The modeling assumptions, which follow the analytical models described in the
three articles just cited, and the mathematical formulation are presented next. They are followed by a
convergence study that examines the capabilities of the finite element model. An experimental study on
full scale FRP strengthened wall and comparison of the numerical results with results of the experiments
are presented and discussed in the second part of this paper [Rabinovitch and Madah 2012].

2. Finite element model

2.1. Modeling and assumptions. The strengthened wall, the notation, and the sign conventions appear
in Figure 1. The modeling assumptions follow the main analytical concepts described in [Hamed and
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Figure 1. Notation and sign convention: (a) A unidirectional strengthened wall and a
characteristic strip. (b) cross section and distributed loads; (c) deformations and stress
resultants; (d) degrees of freedom; (e)–(g) cross sections.
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Rabinovitch 2007a; 2007b; 2008] and the phenomenological aspects of the wall’s response. For simplic-
ity, the formulation focuses on a masonry wall strengthened with vertical FRP strips or with FRP sheets
that are extended to the beams or slabs at the top and bottom (Figure 1a). This configuration, and the
pattern of bed joints yield vertical flexural “strips” that are stiffer and stronger than the lateral ones and
therefore transfer loads more effectively towards the upper and lower supporting element. Under these
conditions, as well as in cases where the boundary conditions allow transfer of loads to the upper and the
lower supporting elements but not to the lateral ones (if any), it is assumed that the out-of-plane dynamic
loads yield a unidirectional flexural action in the height direction. Therefore, it is assumed that the stress
and displacement fields are uniform through the width of each component. With these assumptions in
mind, the analysis focuses on a characteristic structural strip. In the case of FRP strips, the width of the
characteristic strip equals the spacing between two adjacent FRP strips. In the case of FRP sheets, a unit
wide characteristic strip is examined.

The characteristics of the strengthened masonry wall require the use of a refined modeling approach
that can capture the global behavior but also the localized behavior of each component. In particular, the
layered configuration, the differences in material properties, the presence of structural irregularities such
as edges, debonded regions, masonry joints, and cracks, the physical nonlinearities of the brittle masonry
construction, and the geometrical nonlinearities due to wrinkling, local buckling or global instability
motivate a refined and detailed modeling approach. In light of that, the modeling approach adopted in
this paper aims to be able to capture the above phenomenological aspects of the FRP strengthened wall.
To achieve this, it considers the strengthened wall as a structural element that is composed of five layers.
The formulation of each layer is presented using its own coordinate system (Figure 1) and the layers are
joined together through the conditions of compatibility of deformations.

Out of the five, the two outer layers are the FRP strips or sheets. These layers, indicated by subscript
or superscript “frp1” and “frp2”, are modeled using first-order shear deformation theory (Timoshenko
beam; see [Timoshenko and Gere 1961; Reddy 1999]) with an intermediate class of deformations (large
deflections, moderate rotations, small strain). The FRP strips are assumed linear elastic and their consti-
tutive behavior is governed by classical lamination theory (see [Vinson and Sierakowski 1986]).

The middle layer is the masonry wall. This layer is comprised of an assembly of masonry units
(designated with “mu”) and masonry joints (designated with “mj”). Both components are modeled using
first order Timoshenko beam theory with large deflections but moderate rotations and small strains. The
distinction between the masonry units and the mortar joints comes into effect through their constitutive
model. The masonry units are assumed linear and elastic. The mortar material is subjected to cracking,
nonlinear behavior under compression, and inelastic behavior under loading-unloading cycles. In that
sense, it is assumed that the material nonlinearity that governs the behavior of the masonry construction
is concentrated in the mortar joints and introduced through the constitutive model for the mortar material.
Since the masonry units and the mortar joints are modeled using the same kinematic assumptions (but
with different constitutive relations), both components are designated with the subscript / superscript
“m”. In cases where the formulation makes a distinction between the two, the notation “mu” and “mj”
is used.

The FRP layers are attached to the masonry walls using adhesive layers. These layers, which are
designated with the subscripts/superscripts “a1” and “a2”, are modeled as 2D elastic media. The adhesive
layers resist shear and out-of-plane normal stresses. Their in-plane rigidities, which are significantly
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lower than those of the adjacent components, are neglected (also [Hamed and Rabinovitch 2007a; 2007b;
2008; Rabinovitch and Frostig 2000]). The modeling of the adhesive layers assumes material linearity
and, akin to assumption of small strain applied to the masonry wall and the FRP strip, the strains are
assumed small.

The entire structural element is mathematically assembled together by imposing continuity and com-
patibility conditions. The continuity conditions between the masonry units and the mortar joints require
continuity of the in-plane displacement, out-of-plane displacement, and cross-sectional rotation. The
conditions at the interfaces of the adhesive layers with the FRP layers and the masonry wall require
compatibility of the in-plane and out-of-plane displacements. In that sense, it is assumed that the inter-
faces can transfer the shear and out-of-plane normal stresses stemming from the compatibility conditions.
The effect of interfacial debonding, in which the compatibility conditions are relaxed and the interfacial
stresses vanish, is not directly addressed here. Alternatively, the physical debonding conditions can be
simulated by locally controlling the properties of the materials involved.

The formulation introduces the dissipative effects due to damping through a combination of external
(mass proportional) and internal (stiffness proportional) viscous components and the Rayleigh damp-
ing model (see, for example, in [Clough and Penzien 1993]). Therefore, the model for the undamped
strengthened wall is derived first and then the proportional damping is introduced. Finally, it is assumed
that the loads are exerted at the masonry wall only and that the kinematic relations and deformation fields
developed for the static case can be applied to the dynamic case as well.

2.2. Principle of virtual work. The finite element formulation is based on the principle of virtual work.
For the undamped structure, the principle of virtual work reads

δK + δ′U + δW = 0 (1)

where δK , δ′U , and δW are the incremental (virtual) works of the inertial forces, stresses, and external
loads, respectively. The prime is used to emphasize that U is not necessarily a potential function. The
virtual work of the inertial forces is

δK =−
[ ∫

V m
ρm(ẅm(x, zm, t)δwm(x, zm, t)+ üm(x, zm, t)δum(x, zm, t)

)
dV m

+

∫
V frp1

ρfrp1(ẅfrp1(x, zfrp1, t)δwfrp1(x, zfrp1, t)+ üfrp1(x, zfrp1, t)δufrp1(x, zfrp1, t)
)

dV frp1

+

∫
V frp2

ρfrp2(ẅfrp2(x, zfrp2, t)δwfrp2(x, zfrp2, t)+ üfrp2(x, zfrp2, t)δufrp2(x, zfrp2, t)
)

dV frp2

+

∫
Va1

ρa1(ẅa1(x, za1, t)δwa1(x, za1, t)+ üa1(x, za1, t)δua1(x, za1, t)
)

dV a1

+

∫
V a2
ρa2(ẅa2(x, za2, t)δwa2(x, za2, t)+ üa2(x, za2, t)δua2(x, za2, t)

)
dV a2

]
(2)

where ρi (i =m, frp1, frp2, a1, a2) is the mass density of the masonry (i =m), the FRP (i = frp1, frp2)
and the adhesive (i = a1, a2); wi (x, zi , t) and ui (x, zi , t) (i =m, frp1, frp2, a1, a2) are the out-of-plane
and the in-plane displacements, respectively; V i is the volume of each component; and ¨ represents the
second derivative with respect to time, t .
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The virtual work of the stresses is

δ′U =−
[ ∫

V m

(
σm

xx(x, zm, t)δεm
xx(x, zm, t)+ τm

xz(x, zm, t)δγ m
xz(x, zm, t)

)
dV m

+

∫
V frp1

(
σ frp1

xx (x, zfrp1, t)δεfrp1
xx (x, zfrp1, t)+ τ frp1

xz (x, zfrp1, t)δγ frp1
xz (x, zfrp1, t)

)
dV frp1

+

∫
V frp2

(
σ frp2

xx (x, zfrp2, t)δεfrp2
xx (x, zfrp2, t)+ τ frp2

xz (x, zfrp2, t)δγ frp2
xz (x, zfrp2, t)

)
dV frp2

+

∫
V a1

(
τ a1

xz (x, za1, t)δγ a1
xz (x, za1, t)+ σ a1

zz (x, za1, t)δεa1
zz (x, za1, t)

)
dV a1

+

∫
V a2

(
τ a2

xz (x, za2, t)δγ a2
xz (x, za2, t)+ σ a2

zz (x, za2, t)δεa2
zz (x, za2, t)

)
dV a2

]
(3)

where σ i
xx(x, zi , t) and εi

xx(x, zi , t) are the in-plane normal stresses and strains in the masonry wall
(i = m) and the FRP (i = frp1, frp2); τ i

xz(x, zi , t) and γ i
xz(x, zi , t) (i = m, frp1, frp2, a1, a2) are the

shear stresses and shear angles, respectively; and σ j
zz(x, z j , t) and ε j

zz(x, z j , t) ( j = a1, a2) are the out-
of-plane normal stresses and strains in the adhesive, respectively. The virtual work of the external loads
equals

δW =
∫ x=H

x=0

(
qz(x, t)δwm(x, t)+ nx(x, t)δu0m(x, t)

)
dx

+

NC∑
k=1

∫ x=H

x=0

(
Pk(t)δwm(xk, t)+ Nk(t)δu0m(xk, t)+Mk(t)δφm(xk, t)

)
δD(x − xk) dx (4)

where qz(x, t) and nx(x, t) are distributed out-of-plane and in-plane loads, respectively, Pk(t), Nk(t),
and Mk(t) are concentrated loads and moments at x = xk , δD is Dirac’s function, and NC is the number
of concentrated loads/moments. (In the physical sense, the concentrated loads stem from knife-edge
loads uniformly distributed through the width of the wall).

2.3. Kinematic and constitutive relations.

2.3.1. The masonry wall. The modeling of the masonry wall applies the same kinematic relations to
the masonry units and the mortar joint. The distinction between the two is introduced through their
constitutive relations. The kinematic assumptions for the masonry units and the mortar joints use first-
order shear deformation theory with an intermediate class of deformations (large deflections, moderate
rotations, small strain) as follows:

wm(x, zm, t)= wm(x, t), (5)

um(x, zm, t)= u0m(x, t)− zmφm(x, t), (6)

γ m
xz(x, zm, t)= wm,x(x, t)−φm(x, t), (7)

εm
xx(x, zm, t)= u0m,x(x, t)+ 1

2

(
wm,x(x, t)

)2
− zmφm,x(x, t), (8)

where u0m(x, t) and φm(x, t) are the in-plane displacement at the reference line and the cross-sectional
rotation of the masonry unit or the mortar joint, respectively, and subscript , x represents differentiation
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with respect to x . The reference line of the masonry wall is located at its middle and zm is measured from
the reference line. The term 1

2(wm,x(x, t))2 stems from the general expression for Green’s strain tensor
in the 1D case and the assumption that the strains are small (and therefore the term 1

2

(
u0m,x(x, t)

)2 is
negligible) but the rotations are moderate and therefore considered (see [Fung 1965]). In physical terms,
this term reflects the effect of the rotation on the projection of a length segment of the deformed reference
axis (see for example, [Brush and Almroth 1975]).

The constitutive model for the masonry wall follows [Rabinovitch and Madah 2011] and introduces
the nonlinearity and the inelasticity associated with the masonry construction through the definition of
the stress resultants:

N m
xx =

∫
Am
σm

xx
(
εm

xx(x, zm, t)
)

d Am
= N m

xx(ε
m0
xx (x, t), φm,x(x, t)), (9)

Mm
xx =

∫
Am
σm

xx(ε
m
xx(x, zm, t))zm d Am

= Mm
xx(ε

m0
xx (x, t), φm,x(x, t)), (10)

V m
xz =

∫
Am
τm

xz(γ
m
xz(x, zm, t)) d Am

= V m
xz(wm,x(x, t), φm(x, t)), (11)

where N m
xx , Mm

xx , V m
xz are the in-plane, bending, and shear resultants, σm

xx(ε
m
xx) is the axial stress-strain

relation, τm
xz(γ

m
xz) is the shear stress-shear strain relation and

εm0
xx (x, t)= u0m,x(x, t)+ 1

2

(
wm,x(x, t)

)2
, (12)

where εm0
xx (x, t) is the strain at the reference axis. The stress resultants defined by (9)–(11) also depend on

the straining history but opposed to the state variables u0m,x(x, t), wm(x, t), φm(x, t) and thus ε0m
xx (x, t),

the strain history is a known function of the spatial coordinates and time.
The model assumes that the material nonlinearity is limited to the mortar joints. The masonry units

are therefore assumed linear elastic so that (9)–(11) particularize as follows:

N m
xx(x, t)= Emu Amuεm0

xx (x, t), (13)

Mm
xx(x, t)=−Emu I muφm,x(x, t), (14)

V m
xz(x, t)= κmuGmu Amu(wm,x(x, t)−φm(x, t)

)
, (15)

where Emu and Gmu are the elastic and shear moduli of the masonry unit, Emu Amu , Emu I mu , and
Gmu Amu are the in-plane, bending, and shear rigidities of the masonry unit cross section, and κmu is the
shear correction factor of the masonry cross section.

In general, the mortar material is brittle and tends to crack under tensile strains. The nonlinear and
inelastic compressive behavior for the mortar material depends on the current straining state as well as
the loading history, which is designated by the tensor εh . The response of the mortar material can be
approximated by the following expression (also see [Rabinovitch and Madah 2011]):

σm
xx(ε

m
xx , ε

h
xx)=


f (εm

xx) if εm
xx ≤ ε

h
xx

f ∗(εm
xx , ε

h
xx) if εh

xx < ε
m
xx ≤ 0,

0 if 0< εm
xx ,

(16)
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where f (εm
xx) describes the virgin loading path, f ∗(εm

xx , ε
h
xx) describes the unloading and reloading paths,

and εh
xx is the peak negative (compressive) strain at the material point:

εh
xx(x, z, t)=

t∗=t
min
t∗=0

(εxx(x, z, t∗)) (17)

In the present case, the shear stress shear angle relation is approximated by a model that does not
take into account the hysteretic or dilatational effects and the coupling with the axial effect excluding the
assumption that the cracked mortar material cannot transfer shear (yet, models that are more sophisticated
also apply). Under these assumptions, the constitutive law for shear of the mortar material reads:

τm
xz(γ

m
xz, ε

m
xx)=

{
s(γ m

xz) if εm
xx ≤ 0,

0 if 0< εm
xx ,

(18)

where s(γ m
xz) describes the shear behavior of the compressed mortar.

Introducing (16)–(18) into (9)–(11) defines the cross sectional constitutive relations for the mortar
joint. Due to the nonlinearity of the mortar material, they take the form of nonlinear implicit functions
of the unknowns and their derivatives.

2.3.2. The FRP layers. The FRP layers are also modeled as extensional/flexural members by using first-
order shear deformation theory with an intermediate class of deformations. Although the thickness of the
FRP layers is generally small (compared with the wall itself) and although their main structural action
is in the axial direction, the localized response near irregular points such as edges or mortar joints is
involved with localized bending of the layer. In addition, the evolution of compressive forces in the
external layer (due to global bending of the strengthened wall or due to the arching effect) may yield
localized buckling or wrinkling, which are also involved with flexure of the external layer. Therefore,
the flexural action of the FRP layers is also taken into account. Shear deformation theory is adopted
for three reasons. First, the shear stiffness of the FRP cross section is usually attributed to the resin
matrix whereas the flexural and longitudinal stiffnesses are generally attributed to the fibers. Therefore,
the FRP composite may involve shear deformations that are not negligible. Second, the localized region
in which flexure and shearing of the FRP laminate take place is usually confined to the close vicinity of
the irregular point. In this confined region, the length of the region over the thickness of the FRP strip
ratio may be such that shear deformations have an effect. Finally, it is adopted for consistency with the
formulation adopted for the masonry wall itself. Since the wall and the FRP layers interact through an
adhesive layer, the consistency in the formulation is essential for the soundness of the FE formulation of
the adhesive layer. It should also be noted that the modeling of the FRP layers and the modeling of the
wall use similar kinematics, however, each layer is modeled independently. The different components
are later coupled by means of the conditions of compatible deformations at the interfaces of the adhesive
layers. Based on the above, the kinematic relations for the FRP layers read

wfrpi (x, zfrpi , t)= wfrpi (x, t), (19)

ufrpi (x, zfrpi , t)= u0frpi (x, t)− zfrpiφfrpi (x, t), (20)

γ frpi
xz (x, zfrpi , t)= wfrpi,x(x, t)−φfrpi (x, t), (21)

εfrpi
xx (x, zfrpi , t)= u0frpi,x(x, t)+ 1

2

(
wfrpi,x(x, t)

)2
− zfrpiφfrpi,x(x, t), (22)
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where u0frp1(x, t), u0frp2(x, t), φfrp1(x, t) and φfrp2(x, t) are the in-plane displacement at the reference
line and the cross-sectional rotation of each FRP layer. The reference lines are independently located at
the middle of each layer and zfrpi are measured from the reference line.

Assuming a linear elastic behavior for the FRP layers, the stress resultants, defined analogously to
(9)–(11), can be expressed as follows:

N frpi
xx (x, t)= Afrpi

11 ·
(
u0frpi,x(x, t)+ 1

2

(
wfrpi,x(x, t)

)2)
− B frpi

11 ·φfrpi,x(x, t), (23)

M frpi
xx (x, t)= B frpi

11 ·
(
u0frpi,x(x, t)+ 1

2

(
wfrpi,x(x, t)

)2)
− Dfrpi

11 (x, t)φfrpi,x(x, t), (24)

V frpi
xz (x, t)= κ frpi Afrpi

55 ·
(
wfrpi,x(x, t)−φfrpi (x, t)

)
(25)

where Afrpi
11 B frpi

11 , Dfrpi
11 and Afrpi

55 are the extensional, coupling, flexural, and shear rigidities of the inner
FRP layer (i = 1) or the outer layer (i = 2) [Vinson and Sierakowski 1986] multiplied by its width, and
κ frpi is the shear correction factor [Reddy 1999]. In the general case where the FRP layer is a composite
laminate comprised of orthotropic layers, the rigidities are defined by

Afrpi
11 = b

Nply∑
k=1

(
Q̄frpi

11

)
k[hk − hk−1], (26)

Afrpi
55 = b

Nply∑
k=1

(
Q̄frpi

55

)
k[hk − hk−1], (27)

B frpi
11 =

b
2

Nply∑
k=1

(
Q̄frpi

11

)
k[h

2
k − h2

k−1], (28)

Dfrpi
11 =

b
3

Nply∑
k=1

(
Q̄frpi

11

)
k[h

3
k − h3

k−1] (29)

where (Q̄frpi
11 )k and (Q̄frpi

55 )k are the transformed longitudinal and shear stiffnesses of the k-th layer (lam-
ina) within the laminate, Nply is the number of layers, and hk is the vector distance from the mid-plane
of the FRP strip to the lower surface of the k-th layer [Vinson and Sierakowski 1986]. In the general
case, B frpi

11 represents the bending-stretching coupling effect that relates bending moments to mid-surface
strains and axial forces to curvatures. When the FRP laminate is symmetric about the mid-surface, this
term vanishes [Vinson and Sierakowski 1986].

Note that the above constitutive relations do not take viscoelastic damping into account. Alternatively,
the model incorporates them in a global sense based on Rayleigh’s model (see, for example, in [Clough
and Penzien 1993]). Also, they assume that the rigidities of the FRP layers do not vary in time or along
the wall. This assumption well complies with the nature of the type of FRP reinforcement commonly
used for strengthening applications.

2.3.3. The adhesive layers. The kinematic strain-displacement relations and the constitutive laws for the
adhesive layer are based on geometrically linear 2D elasticity and read as follows:

εai
zz (x, zai , t)= wai,z(x, zai , t), (30)
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γ ai
xz (x, zai , t)= uai,z(x, zai , t)+wai,x(x, zai , t), (31)

σ ai
zz (x, zai , t)= Eaiεai

zz (x, zai , t), (32)

τ ai
xz (x, zai , t)= Gaiγ ai

xz (x, zai , t), (33)

where Eai and Gai (i = 1, 2) are the elastic and shear moduli of the adhesive, respectively.
In most classical theories for the dynamics of beams and plates, the static kinematic assumption (i.e.,

the functional form of the displacement field and the strain-displacement relations) are also applied to
the dynamic case. Following this concept, the dynamic displacement field for the adhesive layer is
based on the static one (also see [Schwarts-Givli et al. 2007]). The static displacement field of the
adhesive layer is derived in [Hamed and Rabinovitch 2007a; 2007b; 2008] by following the concepts
outlined in [Rabinovitch and Frostig 2000]. In this field, the out-of-plane displacement takes the form of
a parabolic function of the out-of-plane coordinate and the axial displacement takes the form of a cubic
function of the out-of-plane coordinate. Under the hypothesis that the longitudinal (axial) stiffness of the
adhesive layer is negligible (with respect to the stiffness of the adjacent components) and by means of
the kinematic and constitutive relations of (30)–(33), the parabolic and cubic displacement field derived
in the references just cited strictly satisfies the static 2D elasticity governing equations of the adhesive
medium. However, this solution is expressed in terms of the displacements of the adherents and the
shear stress in the adhesive layer. As such, it cannot be implemented in a classical, displacement based,
finite element formulation. Alternatively, the functional form of the displacement field derived in the
same references; i.e.,the parabolic and cubic out-of-plane and longitudinal displacements, respectively,
is adopted here for a displacement based formulation (also see [Buller 2005; Elmalich and Rabinovitch
2009; 2010]). This aims to take advantage of the close form solution of the 2D elasticity equations but yet
to handle it through a displacement based form. Following the above approach, the out-of-plane and the
in-plane displacements are assumed to take a parabolic and cubic polynomial forms that generally read

wai (x, zai )= w0i (x)+w1i (x) ·
( zai

cai

)
+w2i (x) ·

( zai

cai

)2
, (34)

uai (x, zai )= u0i (x)+ u1i (x) ·
( zai

cai

)
+ u2i (x) ·

( zai

cai

)2
+ u3i (x) ·

( zai

cai

)3
, (35)

where i = 1 for the inner adhesive layer and i = 2 for the outer one; w j i (x) ( j = 0, 1, 2; i = 1, 2) and
uki (x) (k = 0, 1, 2, 3; i = 1, 2) are unknown functions of x only, zai (i = 1, 2) are the out-of-plane
coordinates of the adhesive layer that are measured from the middle of each layer outwards, and ca1 and
ca2 are the thicknesses of the inner and outer adhesive layers, respectively.

The deformation fields of the adhesive layer must satisfy the conditions of compatibility of deforma-
tions with the adjacent layers. These conditions read

wa1
(
x, za1 =

1
2 ca1)

= wm(x), ua1
(
x, za1 =

1
2 ca1)

= u0m(x)+ 1
2 dmφm(x), (36)

wa1
(
x, za1 =−

1
2 ca1)

= wfrp1(x), ua1
(
x, za1 =−

1
2 ca1)

= u0frp1(x)− 1
2 d frp1)φfrp1(x), (37)

wa2
(
x, za2 =

1
2 ca2)

= wfrp2(x), ua2
(
x, za2 =

1
2 ca2)

= u0frp2(x)+ 1
2 d frp2φfrp2(x), (38)

wa2
(
x, za2 =−

1
2 ca2)

= wm(x), ua2
(
x, za2 =−

1
2 ca2)

= u0m(x)− 1
2 dmφm(x), (39)
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where dm , d frp1, and d frp2 are the thicknesses of the masonry wall and the FRP layers, respectively.
Introducing the displacement fields from (34)–(35) into the compatibility conditions (36)–(39) and

solving for w11(x), w21(x), u21(x), u31(x), w12(x), w22(x), u22(x), and u32(x) defines 8 out of the
14 unknown functions in terms of the other unknowns. Four of the remaining six unknown functions
[u01(x), u11(x), u02(x), u12(x)] are determined by introducing the displacement field back into the static
form of the variational principle, i.e., the last two terms in (1), applying the basic lemma of the calculus
of variations [Dym and Shames 1973], and solving the algebraic equations that correspond to δu01(x),
δu11(x), δu02(x), and δu12(x). The last two functions w01(x), w02(x) remain unknown. Thus, the static
displacement fields in the adhesive layers take the following form:

wa1(x, za1)= w01(x)+
(
wm(x)−wfrp1(x)

) za1

ca1+
(
2wm(x)−4w01(x)+2wfrp1(x)

)( za1

ca1

)2
, (40)

ua1(x, za1)=
(
2w01,x(x)−wfrp1,x(x)−wm,x(x)

)2
3

z3
a1

(ca1)2
+
(
wfrp1,x(x)−wm,x(x)

)1
2

z2
a1

ca1 (41)

+
(
ca1(wm,x(x)+wfrp1,x(x)−2w01,x(x))+6u0m(x)−6u0frp1(x)+3d frp1φfrp1(x)+3dmφm(x)

) za1

6ca1

+
1
8(c

a1(wm,x−wfrp1,x)+4(u0m(x)+u0frp1(x))+2(dmφm(x)−d frp1φfrp1(x)))

wa2(x, za2)= w01(x)+
(
wfrp2(x)−wm(x)

) za2

ca2+
(
2wfrp2(x)−4w01(x)+2wm(x)

)( za2

ca2

)2
(42)

ua2(x, za2)=
(
2w01,x(x)−w0,x(x)−wfrp2,x(x)

)2
3

z3
a2

(ca2)2
+
(
wm,x(x)−wfrp2,x(x)

)1
2

z2
a2

ca2 (43)

+
(
ca2(wfrp2,x(x)+wm,x(x)−2w01,x(x))+6u0frp2(x)−6u0m(x)+3dmφm(x)+3d frp2φfrp2(x)

) za2

6ca2

+
1
8(c

a2(wfrp2,x(x)−wm,x(x))+4(u0frp2(x)+u0m(x))+2(d frp2φfrp2(x)−dmφm(x)))

Analogously to the common case where the static displacement field is used for the dynamic analysis,
(40)–(43) are applied to the dynamic case, yielding

wa1(x, za1, t)

= w01(x, t)+
(
wm(x, t)−wfrp1(x, t)

) za1

ca1+
(
2wm(x, t)−4w01(x, t)+2wfrp1(x, t)

)( za1

ca1

)2
, (44)

ua1(x, za1, t)

=
(
2w01,x(x, t)−wfrp1,x(x, t)−wm,x(x, t)

)2
3

z3
a1

(ca1)2
+
(
wfrp1,x(x, t)−wm,x(x, t)

)1
2

z2
a1

ca1 (45)

+
(
ca1(wm,x(x, t)+wfrp1,x(x, t)−2w01,x(x, t))

+6u0m(x, t)−6u0frp1(x, t)+3d frp1φfrp1(x, t)+3dmφm(x, t)
) za1

6ca1

+
1
8

(
ca1(wm,x(x, t)−wfrp1,x(x, t))+4(u0m(x, t)+u0frp1(x, t))+2(dmφm(x, t)−d frp1φfrp1(x, t))

)
,

wa2(x, za2, t)

= w01(x, t)+
(
wfrp2(x, t)−wm(x, t)

) za2

ca2+
(
2wfrp2(x, t)−4w01(x, t)+2wm(x, t)

)( za2

ca2

)2
(46)
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ua2(x, za2)=
(
2w01,x(x)−w01,x(x)−wfrp2,x(x)

)2
3

z3
a2

(ca2)2
+
(
wm,x(x)−wfrp2,x(x)

)1
2

z2
a2

ca2

+
(
ca2(wfrp2,x(x)+wm,x(x)−2w01,x(x))+6u0frp2(x)−6u0m(x)+3dmφm(x)+3d frp2φfrp2(x)

) za2

6ca2

+
1
8

(
ca2(wfrp2,x(x)−wm,x(x))+4(u0frp2(x)+u0m(x))+2(d frp2φfrp2(x)−dmφm(x))

)
.

(47)

The formulation presented in [Hamed and Rabinovitch 2008] uses the displacements and shear stress
as unknowns. This leads to the introduction of additional assumptions and neglects of the high order
terms in the distributions of velocities and accelerations. Opposed to that, the formulation presented here
is based on displacement unknowns only and, therefore, the velocity and acceleration fields are directly
determined by the temporal derivatives of (44)–(47). In addition, the use of a displacement formulation
allows for a direct implementation in the finite element formulation, which is discussed next.

2.4. Finite element approximation. The FE approximation of the displacements reads:

νi ≈ ν
h
i =

∑
A∈Sνi

NA(x)dA(t), (48)

δνi ≈ δν
h
i =

∑
A∈Sνi

NA(x)δdA(t), (49)

where dA(t) are generalized unknown displacements, δdA(t) are virtual displacements; NA(x) are shape
function, νi is the i-th entry of the unknown displacements vector

ν = [u0frp1, u0m, u0frp2, wfrp1, wm, wfrp2, φfrp1, φm, φfrp2, w01, w02]
T ,

and sνi is the group of shape functions that correspond to the unknown function νi . Introducing the FE
approximation — see (48) and (49) — into the principle of virtual work, Equation (1), and applying the
basic lemma of the calculus of variations [Dym and Shames 1973] yields the standard form of equations
of motion:

Md̈(t)+ g(d(t))− P(t)= 0, (50)

where d(t)= [dA(t)] is the vector of unknown displacements, M = [MAB] is the mass matrix, g(d(t))=
[gA(d(t))] is a set of nonlinear functions of the unknown functions d(t), and P(t) is a vector of external
loads. If dA(t) is prescribed, the A-th equation in (50) is replaced with

dA(t)− d̄A(t)= 0, (51)

where d̄A is the prescribed displacement.
The FE form of the initial conditions read

dA(0)= d̄A(0)
}

for all A,
(52)

ḋA(0)= ¯̇dA(0) (53)

where d̄A(0) and ¯̇dA(0) are prescribed displacements and velocities at t = 0.
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The present formulation uses the simplest linear (“tent”) shape functions for all 11 unknowns:

Ni = 1− (x − xe)/ le
}

for x ∈ [xe, xe+ le],
(54)

Nj = (x − xe)/ le (55)

where xe is the upper coordinate of the element, le is the length of the element; Ni corresponds to the
upper (i-th) node,and N j corresponds to the lower ( j-th) node. The element includes 11 degrees of
freedom at each node. The elemental DOFs are illustrated in Figure 1d.

The global mass matrix, the tangent matrix, the nonlinear vector, and the load vector are evaluated at
the element level and then assembled into the global scale:

M =Ae(Me), (56)

K =
∂ g(d(t))
∂d(t)

=Ae

(∂ ge(de(t))
∂de(t)

)
, (57)

g(d(t))= Ae
(
ge(de(t))

)
, (58)

P(t)= Ae
(

Pe(t)
)
+ Pnode(t), (59)

where the subscript e designates the element level, Ae is the assembly operator for matrices, Ae is the
assembly operator for vectors, and Pnode(t) is a vector of concentrated loads at the joints.

The effect of damping is introduced using the simplest Rayleigh model. By means of this approxima-
tion, the equation of motion (46) changes to

M · d̈(t)+C · ḋ(t)+ g(d(t))− P(t)= 0, (60)

where C is the proportional damping matrix given by:

C = α0 M +α1
∂ g
∂d

∣∣∣
d(t)=0−

. (61)

The proportionality factors α0 and α1 of Rayleigh’s damping model are assessed by prescribing the
damping ratio at two selected modes [Clough and Penzien 1993].

The formulation above yields two types of elements. The first one uses the constitutive relations in
the form of (13)–(15) and corresponds to the masonry units. The second element uses the constitutive
relations of (9)–(11) and corresponds to the mortar joints. Both types of elements are assembled into the
global model.

The nonlinear initial value problem given by (60) and (51) with the initial conditions in (52) and (53)
is transformed into a set of successive nonlinear algebraic problems using Newmark’s method [1959].
These equations are solved at every time step for d(ti ) using the Newton method. Unlike the formulation
presented in [Hamed and Rabinovitch 2008], which used direct iterations with updated secant moduli,
the present iterative scheme takes advantage of the quadratic convergence of the Newton method. This
advantage simplifies the analysis and improves its convergence characteristics. Furthermore, it simplifies
its implementation in a more general finite element based computational environment.
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Figure 2. Geometry, loading, and mechanical properties for the convergence study (a)
geometry and loading (dimensions are in mm); (b) stress-strain curve for the mortar ma-
terial (c) dynamic loading scheme (d) cross section and elastic properties of the masonry
units and the FRP strips; (e) cross section and elastic properties of the mortar joints and
the adhesive layers.

3. Numerical convergence study

In this section, the behavior of a small-scale strengthened wall specimen is examined numerically. The
study includes two cases. First, the effect of refinement of the mesh on the numerical analysis of the
response to a static load is examined. Then, the effect of the mesh characteristics and the size of the time
step on the dynamic response to a step load is examined.

The geometry, loading, supporting, and material properties of the specimen appear in Figure 2. The
width of the examined strip equals 400 mm and it is strengthened using two 50 mm wide CFRP strips, one
strip on each face. In order to allow several steps of mesh refinement, the study focuses on a relatively
small specimen that is comprised of four masonry units and three joints. As in many practical cases, it is
assumed that the construction technique does not provide the upper and the lower units with a sufficient
rotational constraint yielding simply supported conditions. In the first case, the wall is subjected to
two static concentrated loads. The magnitude of each load equals 5 kN. In the second case, the wall
is subjected to the same loading scheme but the out-of-plane load is applied dynamically as shown in
Figure 2c. In practice, masonry walls are usually subjected to compressive loads, either due to their
self weight or due to load transferred by adjacent structural elements such slabs or beams. In order to
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take at least some aspects of this effect into account, the examined wall specimens are also subjected to
axial precompression load. In both analyses, this load equals 6 kN and it is applied by prescribing the
displacement at the top support. It should be noted that the magnitude of the precompression load is
relatively high (compared with the dynamic out-of-plane load) yet, the precompressive stains it yields in
the mortar joints are relatively small and well within the initial stiffer range of the loading stress-strain
curve.

3.1. Response to a static load. Four finite element meshes are examined. The meshes are titled M1–
M4 and their properties appear in Table 1. In meshes M1–M3, the nodes are equally spaced along the
specimen. Mesh M4 uses smaller elements for the joint region. The element size ranges form about
the thickness of the externally bonded layers to about one tenth of this measure (see Table 1). Since
the problem at hand does not have an analytical closed form solution, the convergence of the numerical
analysis and the measure of accuracy are defined with respect to the most refined mesh (M4). The run
time of the analysis is selected as a measure of the computational efficiency. These measures, normalized
with respect to the run time with mesh M1 appear in Table 1 and quantify the increase in computational
effort associated with the refinement of the mesh. It appears that mesh M4, which is not involved with a
significant increase in number of DOFs, is involved with a significant increase in run. This is attributed
to the increased number of nonlinear joint elements.

The out-of-plane deflections and the in plane deflections in the masonry specimen and the FRP strips
appear in Figure 3. In that figure, as in the ones that follow, the circular markers designate the nodes
of the finite element mesh. The nodes are connected by straight lines. The global scale distribution of
the out-of-plane deflections (Figure 3, top) clearly reveals the sharp rotation at the joint. Zoom plots on
the compressed FRP strip, the masonry wall, and the tensioned FRP strip appear in the second row of
graphs in Figure 3, and reveal the effect of the rotation of the joint on the localized deformations. It is
also observed that the peak out-of-plane deformations of the FRP strips are slightly smaller than that of
the masonry wall. This effect, which is attributed to the out-of-plane deformability of the adhesive layer,
is more pronounced in the tensioned layer where the strip is compressed against the adhesive layer and
the masonry wall.

The comparison between the different meshes reveals only minor differences that consistently vanish
with refinement. It seems that the results obtained with mesh M1 are slightly too coarse, but the ones
obtained with mesh M2 and M3 are satisfactorily close to the results obtained with mesh M4. This
implies that in the present case, the extensive computation effort required for mesh M4 is not required.

Mesh
No. of

elements
through

joint

No. of
elements
through
the unit

Total no.
of DOFs

Size of
smallest
element
[mm]

Run time
(normalized
w.r.t. M1)

Line style in
Figures 3–7

M1 2 40 1837 5.000 1 − ·− ·−

M2 4 80 3663 2.500 2.12 −−−

M3 8 160 7315 1.250 5.12 · · · · · ·

M4 24 160 7843 0.416 7.07 ——

Table 1. Mesh properties for static analyses.
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Figure 3. Distributions of out-of-plane (top half) and in-plane (bottom half) deflections
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Mesh M1; −−− Mesh M2; · · · · · · Mesh M3; —— Mesh M4, ◦ FE nodes.
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The axial deformations are studied in the bottom half of Figure 3. Also here, the global scale results
as well as the zoom plots reveal the effect of the cracking at the joint and the asymmetry due to the
precompression. In terms of convergence, the differences between the various meshes are even smaller
than the ones observed in the top half of the figure. Even near the joint — part (c) in bottom row — or near
the edges of the strips — parts (b) and (d) on bottom row — the division of the joint to 2 elements (M1)
yields a reasonable assessment and the differences between the meshes M2, M3, and M4 are negligible.

The bending moment, axial forces, and shear forces in the FRP strips and in the masonry wall are
studied in Figure 4, respectively. The distributions of the bending moments (top half of figure) and the
axial forces (bottom half) reveal the transition of the global bending moment resistance mechanism near
the joint. Due to cracking of the joint, the flexural stiffness of the wall drops down and a larger portion of
the global bending moment is carried in the form a force couple with tension in the outer FRP strip and
compression in the wall. As a result, the axial force in the tensioned strip is amplified and the bending
moment in the masonry wall is reduced. Note that the axial forces (bottom half of Figure 4) sum up to a
level of compression higher than the applied precompression. This is attributed to the arching effect. The
cracking of the joints shifts the axis of rotation of the cracked joint form the level of the mid-surface to
the level of the crack tip. On the other hand, the axis of rotation at the supports (in the case studied here)
remains at the mid-surface level. As a result, the out-of-plane displacement of the wall and the rotation
of the relatively stiff masonry blocks push the outer blocks against the supports. Since both supports
are longitudinally fixed, this process results in a build-up of a compressive force and an “arch” type of
action. In the present case, this effect is much more significant than the influence of the precompression.

The comparison between the different analyses reveals minor differences between meshes M2-M4.
The coarse mesh (M1) does not provide sufficiently smooth and accurate results, but the more refined
meshes do. Even mesh M2, in which the joint is divided to four elements, provides a reasonable assess-
ment of the distributions of the axial forces and the bending moments. The zoom plots on the middle joint,
displayed in parts (b)–(d) of Figure 4, top and bottom, show that the results with the intermediate meshes
M2 and M3 almost coincide with the analysis with mesh M4. Figure 5, on the other hand, indicates that
the distributions of the shear forces are more sensitive to the size of the element. The zoom plot on the
upper joint reveals differences that are not very prominent. On the other hand, the distributions of the
shear forces in the FRP strips near the edges are slightly different. In this region, the analysis with mesh
M1 yields a “zig-zag” pattern around the results obtained with the refined meshes. This “zig-zag” effect
becomes less significant with mesh M2 and it vanishes with mesh M3.

Figure 5 also reveals that the distributions of the shear forces exhibit rapid and significant variations
near the cracked joints. This is an outcome of the development of shear stress concentrations in the
adhesive layers, which can be observed in Figure 6. The total (or “global”) shear force, which is the
sum of the shear forces in all structural components, takes into account the sum of the shear forces
carried by the wall and the FRP strips as well as the shear forces that develop in the adhesive layers. In
the present formulation, which is derived in the framework of the variational calculus, all shear forces
are defined as the variational counterparts of the corresponding out-of-plane displacements. Near the
joints, the shear forces that develop in the adhesive layer are significantly amplified (as a result of the
change in the bending resistance mechanism form the block region to the joint region). Consequently,
the shear resultants in the adhesive layer (defined as the variational counterparts of w01 and w02) become
nonnegligible. This component provides the “missing” contribution to the global shear equilibrium.
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Thus, the sum of the shear forces in the two FRP layer, the two adhesive layers, and the wall itself
strictly corresponds to the value deduced by global equilibrium. Nevertheless, the localized evolution of
shear concentrations in the adhesive interfaces near the joint is a critical aspect of the response of the
strengthened wall specimen. This aspect, as well as the evolution of out-of-plane normal stresses and
their anticipated impact in terms of the numerical sensitivity of the FE model, are studied next.

The distributions of the shear stresses that appear in Figure 6 reveal the significant stress concentrations
near the joints. The global scale distributions indicate that the stresses observed in the adhesive layer
that bonds the tensioned FRP strip are higher than those observed in the adhesive layer that bonds the
compressed strip. This pattern is in agreement with the distribution of the axial forces that develop in
the FRP strips (Figure 4, bottom). The zoom plots on the stresses near the edge (Figures 6b and 6c) and
near the middle joint (Figures 6d and 6e) reveal that also here the analysis with the coarse mesh (M1)
yields a “zig-zag” pattern. The refined meshes M2 and M3 reveal a more smooth behavior and converge
towards the finer mesh M4.

Figures 6b and 6c also show that with all meshes, the zero shear boundary condition at x = 0 is
satisfied. In that sense, the present FE model overcomes one of the drawbacks observed in standard (2D
elasticity based) FE analysis of FRP strengthened elements. The distributions of the out-of-plane normal
stresses at the interfaces of the adhesive layers are studied in Figure 7. The global scale results shown
in the graphs (a), top and bottom, quantify the stress concentrations that develop near the cracked joints
and near the edges of the FRP strip. They also reveal that the FE model captures the variation of the
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Figure 6. Distributions of shear stresses in the adhesive layers: (a) global distributions;
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M1; −−− Mesh M2; · · · · · · Mesh M3; —— Mesh M4, ◦ FE nodes.

stresses though the depth of the adhesive layer. The comparison between the graphs (a) in the top and
bottom parts of Figure 7 implies that in this case, the stress concentrations near the tensioned strip (top)
are significantly higher than the ones near the compressed strip (bottom).

The zoom plots that appear in Figure 7 reveal that the analysis with the coarse mesh M1 is strongly
affected by the “zig-zag” behavior. This analysis does not provide a satisfactory description of the
response. Near the middle joint, for example, the analysis with mesh M1 overestimates the compressive
stresses at the adhesive-FRP interface and does not capture the transition from tension to compression
at the adhesive-masonry interface; see graphs (d) and (e), respectively, in the top part of Figure 7. The
analyses with the refined meshes yield a better description of the interfacial stresses. The differences
between meshes M3 and M4 are rather negligible and even mesh M2 provides a reasonable description
of the interfacial stresses.

The above results demonstrate that the FE model can effectively handle the localized effects, in spite
of the order of magnitude deviation of characteristic length scales. It is also observed that the peak
values observed at the edges of the adhesive layer are not sensitive to the mesh characteristics and the
values obtained by the four analyses are very close. This demonstrates that the present formulation is
not subjected to divergence near the irregular point. In that sense, it overcomes another drawback of the
standard FE analysis of FRP strengthened flexural members.
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Figure 7. Distributions of normal out-of-plane stresses in the adhesive layers bonding
the tensioned (top) and compressed (bottom) FRP strip. (a) global distributions; (b)
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M1; −−− Mesh M2; · · · · · · Mesh M3; —— Mesh M4, ◦ FE nodes.
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Mesh
No. of

elements
through

joint

No. of
elements
through
the unit

Total
No. of
DOFs

Time step
[mili-sec]

Run-time
(normalized
w.r.t. M2T1)

Line style in
Figures 8–11

M2T1 4 80 3663 0.25 1.00 − ·− ·−

M3T1 8 160 7315 0.25 2.64 −−−

M2T2 4 80 3663 0.125 1.84 · · · · · ·

M3T2 8 160 7315 0.125 4.51 ——

Table 2. Mesh properties for dynamic analyses.

3.2. Response to dynamic load. This section examines the dynamic response of the strengthened spec-
imen to the loading described in Figure 2c. The two intermediate meshes, M2 and M3, and two time
steps, 0.25 ms and 0.125 ms, are examined. The larger time step is about 1/25 the period of the first
vibration mode of the specimen. The analyses with the larger time step are designated with T1 and the
analyses with the smaller time step are designated with T2. Therefore, the four examined combination
are designated M2T1, M2T2, M3T1, and M3T2. The properties of the various meshes are summarized
in Table 2. The damping coefficients are selected to yield 7% damping ratio in the first two elastic modes.
In the figures discussed in the following paragraphs, the circular marks designate the time steps.

The temporal variation of the out-of-plane deflections at mid-height is studied in Figure 8. The results
reveal the typical response to a step load and mainly the transient response that is damped towards a
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steady state solution. Due to the nonlinear-inelastic behavior and damage accumulation in the joints, the
peak deflections at this case are slightly higher than in the case of static loading (Figure 3). A zoom plot
on the first peak reveals the differences between the peak displacement of the masonry wall and those
of the FRP strips. It also reveals that the differences between the various meshes are not significant and
that a reasonable level of description can be achieved with a coarse mesh M2T1.

The time history of the axial forces in the wall and in the FRP strips at mid-height is studied in Figure 9.
These results quantify the transient amplification of the forces due to the dynamic response and its rapid
decay due to damping. It also reveals the evolution of a dynamic arching effect in which the global
compressive force (the sum of axial forces in the wall and the FRP strips) is amplified due to cracking
of the joint and the out-of-plane deflections, and varies in time. Also here, the effect of the arching
force is more significant than the precompression. The zoom plot on the first peak in the response of
the tensioned FRP strip reveals that the differences between the various meshes are not significant. In
that sense, the relatively coarse mesh M2T1 provides an acceptable assessment of these aspects of the
dynamic response.

The variation of the shear stresses in the adhesive layers is studied in Figure 10. The shear stresses are
sampled near the middle joint at x = 407.5 mm (see Figure 6). In this location, both spatial meshes have
nodes. The comparison between the results reveals some differences between the two spatial meshes.
This is a result of the movement of the peak stresses with the refinement of the mesh. In the analysis
with mesh M3, the peak stress travels from x = 407.5 mm to 408.75 mm, a node that does not exist in
mesh M2. The zoom plot of the first temporary peak reveals that the differences between the analyses
with the different time steps are rather minor and both of them provide an acceptable assessment of the
nonlinear solution.
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The distributions of the dynamic axial forces (Figure 9) and the shear stresses (Figure 10) also clarify
why in the static case the peak out-of-plane deflection of the compressed FRP strip is larger than that of
tensioned strip (Figure 3, top half) whereas in the dynamic case it is the other way around (Figure 8). This
shift is mainly attributed to the effect of the shear stresses near the joint and to the differences between
the relative levels of axial tension/compression in the FRP strips. The interfacial shear stresses near the
joints tend to increase the tensile force in the tensioned strip and to increase the compressive force in
the compressed strip near the joint (see Figure 4, bottom half). The stresses are however, eccentric (with
respect to the mid-surface of the FRP strips), evolve at the adhesive-FRP interface, and therefore yield
localized bending in the FRP layer. This localized bending yields the slight “backwards deflection” (i.e.,
in the direction opposite to the global out-of-plane displacement), which can be observed in graphs (b)
and (d) on the second row of Figure 3. Both in the static and in the dynamic cases studied here, the
absolute value of the axial force in the tensioned FRP strip is larger than the one in the compressed strip
and the magnitude of the shear stresses in the interface between adhesive and tensioned FRP interface are
higher than in the interface between adhesive and compressed FRP strip (see Figure 6). Consequently,
the effect of the backwards deflection in the tensioned FRP strip is larger than in the compressed one.

In the dynamic case, the ratio of the peak force in the tensioned strip over the peak one in the com-
pressed strip (both in absolute values) and the ratio of the peak shear stress at the adhesive-tensioned strip
interface over the peak one at the adhesive - compressed strip interface are slightly smaller than in the
static case. As a result, in the dynamic case, the impact of the “backwards deflection” on the tensioned
strip is slightly less prominent than in the static case and its effect on the compressed strip is slightly
more prominent than in the static case. As the overall out-of-plane displacements combine the global
ones with the localized bending effect near the joint, this yields the differences observed in the orders of
the displacements in the static and the dynamic cases.
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The evolution of the out-of-plane normal stresses at the interfaces of the inner and outer adhesive
layers is studied in Figure 11. (The outer layer is the one that bonds the tensioned FRP strip.) The results
are presented in terms of the stress at the middle of the specimen. The results capture and quantify
the temporary amplification of the interfacial normal stresses, which are the main cause to premature
debonding failures. In terms of numerical analysis, the curves reveal some differences between one
spatial mesh and another. Yet, both analyses quantify a very similar pattern and the differences in terms
of the peak values are not too significant. It is also observed that the differences between the temporal
meshes are rather minor and they do not point at a prominent advantage of the refined mesh.

Finally, the analyses are compared in terms of run-time. The analysis with the coarse mesh M2T1
is considered as reference. The run-times of the analyses with meshes M2T2, M3T1, and M3T3 are
1.84, 2.64, and 4.51 times the reference run-time. This observation and the convergence characteristics
discussed above indicate that mesh M2T1 may be sufficient for the dynamic analysis. Mesh M3T1
provides a good combination of accuracy and computation time.

4. Summary and conclusions

The dynamics of unidirectional FRP strengthened masonry walls has been investigated. In this part of
the paper, a finite element for the nonlinear dynamic analysis of unidirectional strengthened masonry
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walls has been developed. The finite element formulation has adopted a high-order theory approach in
attempt to face the challenges associated with the combination of length scales, the significant differences
in elastic properties, the presence of irregular points, the cracking and inelastic behavior of the mortar
joints, and the layered structure of the strengthened wall. The finite element formulation has adopted a set
of kinematic assumptions that stem form a high order representation of the static stress and displacement
fields in the adhesive layer. This has allowed for the consideration of the variation of the stresses through
the thickness of the adhesive layer and the evolution of interfacial stress concentrations while avoiding
the divergence near irregular points and the increase in computational effort due to the 2D effects. The
model has also taken into account the geometrical nonlinearity and has assumed that material nonlinearity
due to cracking and crushing is concentrated in the mortar joints.

The performance of the analytical-numerical model has been examined through a static and dynamic
convergence study. This study has pointed at the convergence characteristics of the model and has
provided a measure of the level of refinement required in attempt to capture the localized effects. The
numerical convergence study has indicated that the finite element model can overcome some of the
critical problems encountered in standard FE analysis of strengthened walls. In that sense, it provided
a computational framework that uses a 1D representation but can still handle the main features of the
nonlinear dynamic response. The conversion of the above abilities into a FE based model allows for the
use of standard computational and numerical procedures as well as for coupling with other elements and
future implementation in a wider analysis framework.
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DYNAMICS OF FRP STRENGTHENED UNIDIRECTIONAL MASONRY WALLS
II: EXPERIMENTS AND COMPARISON

ODED RABINOVITCH AND HAZEM MADAH

In this part of the paper, the dynamic out-of-plane behavior of a unidirectional strengthened masonry
wall is studied experimentally. The experimental phase focuses on shake-table testing of a full-scale
masonry wall strengthened with carbon fiber reinforced composite strips. The tested wall is subjected
to different combinations of in-plane compression and out-of-plane excitation. The dynamic behavior of
the wall is monitored with emphasis on the global out-of-plane displacements and accelerations as well
as on the localized displacements and strains near the mortar joints. The experimental results are also
used for the assessment of the finite element model developed in part I of the paper. The experimental
results, the numerical analysis, and the comparison between the two throw light on the global and local
aspects of the dynamic response. The numerical model allows for further study of local-scale results,
which cannot be monitored experimentally. In particular, the dynamics of the shear and peeling stresses
at the adhesive layers are examined. The comparison of the experimental results with ones obtained
for the same wall before strengthening demonstrate the potential of the method and its impact on the
dynamics of the masonry wall.

1. Introduction

Masonry walls are a structural form that can be found in almost every building around the world. Masonry
construction characterizes many historic buildings but it still serves as a building technique widely used
as infill walls in modern structural systems. Along with its many advantages, the unique characteristics of
the masonry construction make the masonry wall vulnerable to out-of-plane static and mainly dynamic
loads. For example, in [Rabinovitch and Madah 2011] we experimentally and analytically examined
the behavior of unreinforced masonry walls under out-of-plane dynamic loads. The experimental ob-
servations reflected the limited ability of the wall to resist such loads and the impact of the boundary
conditions and the level of in-plane compression on this limited ability. The tendency of the boundary
conditions and the in-plane loading conditions to unfavorably change during a dynamic loading may lead
to a severe degradation in the structural performance and to a potential collapse of the wall. In case of a
seismic event, this type of behavior may endanger the occupants, even if the main structural skeleton is
intact [Flanagan and Bennett 1999; Wu et al. 2005; Meisl et al. 2007].

The above observations highlight the need to strengthen the masonry wall, not only to resist in-plane
loads but also to resist out-of-plane ones. The use of externally bonded composites is an excellent solution
for this need [Albert et al. 2001; Hamilton and Dolan 2001; Griffith et al. 2004; Gilstrap and Dolan 1998].
The addition of a strong, stiff, lightweight, and durable externally bonded tensile resisting layer provides
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the wall with a supplemental load resisting mechanism and with the ability to resist out-of-plane loads
through flexure. This ability was demonstrated in various experimental programs that examined the static
out-of-plane response of the strengthened wall [Albert et al. 2001; Hamilton and Dolan 2001; Griffith
et al. 2004; Gilstrap and Dolan 1998; Hamed and Rabinovitch 2010a; Hamed and Rabinovitch 2010b].
The more important challenge is, however, to examine, characterize, and demonstrate the response of the
strengthened wall to dynamic loads.

The dynamic behavior of masonry walls strengthened with externally bonded composite materials
has been the subject of various experimental studies reported in the past decade, such as [ElGawady
et al. 2002; 2003; Turek et al. 2007; El-Dakhakhni et al. 2004; Almusallam and Al-Salloum 2007; Altin
et al. 2008]. These studies mainly focused on the in-plane response of the wall. The number of works
that experimentally studied the dynamic out-of-plane response is much smaller. Among them, [Davidson
et al. 2005] and [Myers et al. 2004] examined the out-of-plane dynamic response of masonry wall sprayed
with polymeric layers to blast loads. The dynamic characteristics of these loads and, correspondingly,
the strengthening technique, are different from the ones associated with the response to seismic or wind
loads studied here.

Al-Chaar and Hasan [2002] studied the coupled and the out-of-plane response of masonry walls reha-
bilitated with composite overlays and subjected to uniaxial and triaxial dynamic excitation. The results
showed that the composite overlay enhances the seismic resistance of the masonry wall by increasing
its ultimate strength and modifying its dynamic properties by about 25–40%. On the other hand, it was
observed that cracking and the nonlinear behavior of the wall couples the dominant frequencies and the
level of damage (also see [Carpinteri and Pugno 2005; Thompson and Stewart 1986]). These important
observations are mainly focused on the global-scale response of the wall. Further attention should be
drawn to localized effects, which are critical for the understanding of the behavior of the structure and
for the assessment of analytical or numerical models.

The objectives of this paper are to experimentally study the out-of-plane dynamic behavior of unidi-
rectional strengthened masonry wall panels and to comparatively assess the FE model developed in part
I [Rabinovitch and Madah 2012]. To achieve these goals, a full-scale unidirectional masonry wall that
is strengthened with externally bonded strips made of carbon fiber reinforced polymer (CFRP) is tested
under out-of-plane dynamic excitation. The shake table test setup follows the one used in [Rabinovitch
and Madah 2011] for unreinforced unidirectional masonry walls. The results of the shake-table experi-
ments and the comparison with the response of the same wall tested before strengthening (loc. cit.) are
used in order to gain insight into the characteristics of the dynamic response. In addition, they are used
for a critical evaluation and possible support of the numerical model developed in part I. With that in
mind, additional results that cannot be directly detected experimentally but can be obtained through the
numerical model, are presented and discussed. Emphasis is placed on the interfacial effects, on the stress
concentrations near irregular points, and on their variation in time during the dynamic loading event.

The paper is organized as follows. The experimental setup, the material properties and characterization,
and the finite element model are presented first. Then the experimental results of two tests that differ in
the level of axial loading applied during the dynamic excitation are presented and discussed. The first set
of results obtained under the higher level of axial loading is compared with the results of the FE analysis.
The second set is compared with the response of the wall before strengthening [Rabinovitch and Madah
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2011] with emphasis on the impact of the strengthening system on the dynamic response of the wall.
The paper closes with a summary and conclusions.

2. Shake-table experiments and FE analysis

2.1. Test setup. The shake-table test setup follows the one reported in [Rabinovitch and Madah 2011]
for testing the unstrengthened wall. For completeness, it is presented here. The shake table apparatus is
illustrated in Figure 1. The wall is excited in its out-of-plane direction and therefore is it built inside a
steel frame that is mounted on the shake table facing the direction of the motion (see Figure 1c). The steel
frame is mounted on the table and rigidly supported at its top. The upper supporting point is connected
to the shake table using the triangular steel construction shown in Figure 1c. This configuration yields a
coordinated and controlled movement of the top and bottom of the wall. These conditions are designed
to avoid interstorey drift and relative movement of the top of the wall with respect to its bottom. The
wall is sandwiched between two concrete elements (beams) that simulate the lower and upper slabs. On
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Figure 1. Dynamic test setup (dimensions in mm). (a) east view; (b) west view; (c)
section C-C; (d) section A-A; (e) geometry and properties of the masonry unit, FRP
strips, and adhesive layers.
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the other hand, the wall is disconnected from the columns of the steel frame yielding a unidirectional
out-of-plane flexural scheme and transfer of loads in the height direction only.

The simulation of the gravity load transferred to the wall from the upper slab is achieved using two
hydraulic jacks (Figure 1a-c). The axial compression applied by the jacks also controls the level of
cracking in the wall. The detail at the top of the wall restricts the lateral (out-of-plane) displacement
and the rotation of the upper concrete beam but allows the beam to move in the vertical direction. This
allows transferring the in-plane compressive load to the tested wall. It should, however, be noted that
the preliminary testing has shown that the hydraulic system at the top of the wall (the two jacks and
the hydraulic fluid lines) has a certain level of vertical compliance, which has to be taken into account.
Along with the vertical load, the entire apparatus, which includes the shake table, the supporting steel
frame, the wall, and the axial loading system at its top, are excited dynamically. The control system is
based on closed loop dynamic controller.

The tested wall is built of 400/200/100 hollow concrete units. The cross section of the wall and the
general layout of the masonry assembly are shown in Figure 1d,e. The masonry units are connected
through mortar head and bed joints. Following conventional masonry building techniques, the mortar in
the bed joints is applied in two strips on top of the masonry unit’s outer shells. The width of each strip
is about 400 mm and the thickness of the bed joints is about 10 mm. The thickness of the head joints is
also about 10 mm. The overall dimensions of the tested wall are about 1230 by 2110 mm.

The wall was dynamically tested prior to strengthening. The results of this initial testing phase are
reported in [Rabinovitch and Madah 2011]. At the initial phase of testing, the wall was subjected to
different combinations of axial loading and out of plane dynamic excitation. Testing under 2800 N and
a cyclic excitation with frequency of 8.3 Hz and amplitude of about ±1 mm yielded extensive cracking
at the middle joint and brought the wall close to collapse (see [Rabinovitch and Madah 2011] for more
details).

After the initial dynamic loading, the wall was strengthened using six externally bonded CFRP strips,
three on each face. The configuration of the CFRP strips is shown in Figure 1. Before strengthening,
the wall’s surface was cleaned and a preliminary layer of epoxy was applied on the wall’s surface. After
the primer layer was cured, the CFRP strips were installed in place. The strips were not mechanically
fastened or anchored at the edges, at the supporting frame, or at any other point. The final thickness of
the adhesive equals about 5 mm.

The monitoring devices include five LVDTs, two accelerometers, one load cell, and six stain gauges.
The various devices and their locations are illustrated in Figure 1. The out of plane displacements (relative
to the surrounding frame) are monitored by LVDT0 and LVDT1. The crack opening across the middle
bed joint and the crack opening between the upper masonry unit and the upper concrete element are
detected by LVDT2 and LVDT4, respectively. The absolute displacement of the shake-table is monitored
by LVDT3. The out-of-plane acceleration at the shake-table level and the out-of-plane acceleration at
the middle of the wall are monitored by the two accelerometers (acc 99, and acc 100, respectively). The
compressive load applied by the hydraulic system at the top of the wall and its temporal variation are
dynamically monitored by the load cell.

The six strain gauges are bonded on the outer faces of the FRP strips in two groups. SG1, SG3,
and SG6 are bonded on the three FRP strips mounted on the east face of the wall. These strain gauges
are bonded across the middle-joint. SG2, on the other hand, is bonded on the middle strip on that
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Figure 2. Constitutive relations for the masonry materials. (a) masonry shells; (b) mor-
tar. Legend: —— experimental; −−− loading; · · · · · · · · · unloading/reloading.

face but about 30 millimeters above the joint. Similarly, SG4 and SG5 are bonded on the middle strip
mounted on the west face of the wall across and above the joint, respectively. All sensors are sampled
at 300 samples/sec.

2.2. Material properties. The equivalent elastic modulus of the FRP strips EFRP
= 165 GPa and its

specific mass ρFRP
= 1400 kg/m3 are based on the data provided by the manufacturer. The shear modulus

of the FRP strip is estimated as 8.25 GPa and the shear correction factor is taken as 5/6. The elastic and
shear moduli of the adhesive layer follow [Hamed and Rabinovitch 2010a; Hamed and Rabinovitch
2010b] and equal E = 3.3 GPa and G = 1.32 GPa. Its specific mass is taken as 1070 kg/m3.

The elastic / mechanical properties of the masonry units are estimated based on monotonic and cyclic
compressive tests of square 80 by 80 mm specimens cut out from the masonry shell. Some of the results
appear in Figure 2a and reveal an approximately linear range running from about 20% up to about 85%
of the ultimate load with minor inelastic effects due to unloading / reloading in this range. The crushing
strength of the masonry shells is larger than 30 MPa. The average elastic modulus in the quasilinear
range equals about 1100 MPa. These observations support the assumption of linear elastic behavior of
the masonry unit used in [Rabinovitch and Madah 2012]. The shear modulus of the masonry unit is
taken as 440 MPa and its mass density equals 1930 kg/m3. The shear correction factor for the masonry
unit cross section is estimated using a 2D finite element analysis and taken as 0.675.

The mortar is made with cement-sand-lime ratio = 1:3:1 and its mass density is about 2400 kg/m3. The
constitutive behavior of the mortar under cyclic uniaxial compression is determined experimentally. A
characteristic result appears in Figure 2b (also see [Rabinovitch and Madah 2011]). The loading ( f (εxx))
and the unloading/reloading ( f ∗(εxx , ε

h
xx)) branches are approximated as follows (loc. cit.):

f (εxx)= 314εxx − 0.198·105ε2
xx− 0.706·106ε3

xx− 0.9·107ε4
xx− 0.5·108ε5

xx− 0.1·109ε6
xx [MPa], (1)

f ∗(εxx , ε
h
xx)= f (εh

xx)·(εxx/ε
h
xx)

10
[MPa]. (2)

The shear response of the compressed mortar, s(γxz), is assumed linear elastic with a shear modulus
G j = 166 MPa ([Hamed and Rabinovitch 2010a; Hamed and Rabinovitch 2010b]. The initial tangent
moduli of the mortar material are taken as E j = f,ε(εxx = 0−) = 314 MPa and G j = s,γ (γxz = 0) =
166 MPa.
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2.3. Testing protocol. Following the observations and the data gained from testing of the unstrengthened
wall [Rabinovitch and Madah 2011], the wall reported here is tested under a cyclic out-of-plane excita-
tion with frequency of about 8.3 Hz and amplitudes of about ±1 mm. The application of this dynamic
load and vertical loading of about 5000 N (2500 N in each jack) did not bring the unstrengthened wall
to failure [Rabinovitch and Madah 2011]. On the other hand, the same dynamic protocol applied to
the unstrengthened wall under vertical loading of 2800 N triggered extensive cracking at mid-height.
Based on these observations, and in order to compare the results with the behavior of the wall before
strengthening, the same two test protocols (i.e., [8.3 Hz, ±1 mm, 5000 N], [8.3 Hz, ±1 mm, 2800 N]) are
examined here as well.

2.4. Finite element modeling. Two finite element models are examined. Following part I of the paper
[Rabinovitch and Madah 2012], both model refer to a characteristic 400 mm wide unidirectional strip.
The first model refers to the entire height of the wall. In order to allow analysis with a refined mesh and
yet to keep the computational burden reasonable, the second model takes advantage of the out-of-plane
symmetry and refers to half of the wall with symmetry conditions. The entire wall is strengthened with
3 strips on each face, therefore the 400 mm wide characteristic strip includes one FRP strip on each face.
The full-height model of the characteristic strip includes 10 masonry units, 11 bed joints, and the upper
and lower beams, which are assumed linear elastic with E = 30 GPa, G = 12 GPa, ρ = 2400 kg/m3,
and a solid cross section. The boundary conditions are applied at the ends of the lower and the upper
supporting beams. The lower beam is clamped. The upper beam is free to move in the vertical (axial)
direction but its rotation and out-of-plane displacement are constrained. In the vertical direction, the top
of the beam is connected to a precompressed spring that simulates the applied load, the weight of the
devices at the top of the wall (distributing beam, hydraulic jacks, load cells, etc), and the compliance of
the hydraulic loading system. The spring constant is roughly estimated as 1000 kN/m for the examined
400 mm wide strip.

In the symmetric model, the boundary conditions at the bottom of the wall are replaced with sliding
clamps at the middle of the mid-height joint. The sliding clamp conditions (free out-of plane displace-
ment, fixed rotation and in-plane displacement) are applied to the masonry wall and the FRP strips. The
conditions at the adhesive layers allow free out-of-plane displacement. Note that these conditions violate
the lack of symmetry due to the in-plane configuration and the self-weight of the wall. In addition, the
symmetric model cannot capture the antisymmetric out-of-plane modes.

The full-height FE mesh includes 502 elements through the height of the wall. Each joint is divided
into 2 elements and each masonry unit is divided into 40 elements. The total number of DOFs is 5533.
In part I of this paper it has been shown that this type of mesh provides an adequate assessment of the
global response but only a rough estimate of the stress concentrations near the joints. For that purpose, the
symmetric model uses a refined mesh with 4 elements through the height of the joint and 80 elements
through the height of each masonry unit. The dynamic load for both models uses the reading of the
accelerometer mounted on the shake-table as a ground acceleration signal. Along with the dynamic
excitation, the models are also subjected to the self-weight of the wall, the weight of the loading devices
at the top of the wall, and the vertical precompression load. Based on the preliminary convergence
study outlined in part I of this paper, the time step of the numerical analysis equals 0.833 · 10−3 sec. To
meet this time step, linear interpolation of the recorded ground acceleration input signal is used. The
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proportionality constants for the damping model are calibrated for assumed damping ratios of about 7%
in the two first linear modes.

3. Results, comparison, and discussion

The results for the wall vertically loaded to 5000 N (2150 N per the examined 400 mm wide strip, in-
cluding the added weight at the top of the wall) are presented first. The experimental results and their
numerical counterparts are followed by complementary results that cannot be detected experimentally
but can be obtained by the numerical analysis. Finally, the results per the wall vertically loaded to
2800 N (1430 N per the examined strip, including added weight) are presented and compared with the
ones obtained per the unstrengthened wall under similar dynamic loading conditions.

3.1. Test and analysis results: higher level of vertical loading. The out-of-plane displacements and
accelerations detected at the middle of the wall in the experiment, the analysis with the full-height
model, and the analysis with the symmetric model are studied in Figure 3. Part (a) of the figure and
the zoom plot in (b) reveal displacements in the order of ±0.4 mm. For comparison, the testing of
the wall under the same conditions but before strengthening revealed similar levels of accelerations but
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Figure 3. Dynamic response under higher level of vertical loading and out-of-plane
excitation. (a) out-of-plane displacements at mid-height vs. time; (b) zoom on t =
1.2–1.8 sec; (c) out-of-plane accelerations at mid-height vs. time; (d) zoom on t =
1.2–1.8 sec. Legend: —— = experimental; − − − = analysis, full-height model;
− ·− · − = analysis, refined symmetric model; · · · · · · · · · = analysis, higher damping
ratio (Figure 3b only).
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displacements which are about 1.5–1.8 times larger [Rabinovitch and Madah 2011]. The comparison
between the numerical and the experimental results and between the two numerical models reveals a
reasonable agreement, both in terms of amplitudes and in terms of the leading frequency of the temporal
variation. On the other hand, it is observed that both numerical models tend to overestimate the effect
of higher frequencies. The higher frequencies are noticeable in the experimental response, but they are
less dominant.

A fast-Fourier-transform (FFT) analysis of the results reveals that the higher frequencies are detected
in the range of about 21–28 Hz. This range corresponds to the first elastic natural frequency of the
strengthened wall. The overestimation of the effect of the natural frequencies, which, in the present case,
are higher than the frequency of the dynamic load, implies that the level of damping assumed in the
analysis is probably underestimated. In order to examine this hypothesis, the results of the analysis with
an exaggerated global damping ratio (20% of the critical one in the first two modes) appear in a dotted
line in Figure 3b (for clarity of the figure, this line is not presented in Figure 3a). The results of the
model with the higher level of damping reveal a less prominent effect of the higher frequencies and a
better agreement with the experimental observations. This implies that the actual level of damping is
higher than the one assumed in the original analysis. It should, however, be noted that the higher level
of damping is also strongly affected by contributions of the test apparatus and, particularly, the lateral
and vertical hydraulic loading systems. Yet, the observations regarding the effect of dissipation indicates
that improvement of the simplified proportional damping model adopted in the analysis, its replacement
with a more sophisticated damping model, and its calibration using the detailed experimental results are
necessary directions of future enhancement of the analysis.

The comparison between the results of the full-height model and the symmetric one reveal that the
amplitudes described by the latter are slightly higher than the ones detected by the former. This is
attributed to the different representations of the self-weight of the wall in the two models, the a-symmetry
that the self-weight introduces, and the a-symmetry in the in-plane configuration. Another contributor
to the differences between the two models is the different representation of damping, which depends on
the dynamic characteristics of each model.

The comparison in terms of accelerations appears in Figure 3c-d and reveals that the two numerical
simulations and the experimental results are in agreement in terms of magnitude. Figure 3c also shows
that the numerical model captures the slight beat effect observed in the experimental result. On the other
hand, as expected, the effect of the higher frequency observed in the displacement response is more
pronounced here. This effect further stresses the need to investigate the dissipative mechanisms in the
wall as well as their implementation in the numerical model.

Another important aspect of the dynamic response is the temporal variation of the axial reaction at
the top of the wall. These numerical and experimental results appear in Figure 4a-b. In this case, the
presentation of the numerical results is limited to the symmetric model. The results refer to the 400 mm
wide strip and include the weight of the loading devices located at the top of the wall. The comparison
between the numerical and the experimental results reveals a good agreement in terms of the magnitude
of the dynamic component of the thrust force. On the other hand, the analysis predicts a more rapid
variation of the thrust force with frequency that is close to the first natural frequency of the wall in its
intact condition. The frequency of the dynamic component detected in the experiment is closer to the
one governing the forced excitation (about 8.3 Hz). Also here, the higher frequency response observed
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Figure 4. Dynamic response under higher level of vertical loading and out-of-plane
excitation. (a) axial force at the top of the wall vs. time; (b) zoom on t = 1.2–1.8; (c)
relative axial displacements across the middle joint (west face) versus time; (d) zoom on
t = 1.2–1.8 sec. Legend: —— = experimental; − ·− ·− = analysis, symmetric model;
· · · · · · · · · = analysis, higher damping ratio (Figure 4d only).

in the analysis is attributed to underestimation of the damping and its effect on the out-of-plane response.
On the other hand, the experimental observation reflects on coupling between the in-plane and the out-of-
plane excitations. Such coupling, which may stem from imperfections in the test set-up, trigger auxiliary
in-plane excitation of the wall with the same frequency as the out-of-plane one. This scenario, which
can also explain the nonsymmetric or “nonsinusoidal” signal observed in the experimental results in
Figure 4a-b, is not accounted for in the analysis.

The temporal variation of the axial deformations across the mid-height joint is studied in Figure 4c-d.
In the experiment, the relative displacements are measured across two points located 90 and 120 mm
above and below the center of the mid-height joint (LVDT2 in Figure 1). In the numerical analysis, the
relative displacements are evaluated based on the reference axis displacements and rotations at these
points. In both cases, the relative displacements due to the axial loading are not included and the pre-
sentation is limited to the results of the refined symmetric model, which provides a better description of
the displacement field in the joint. The results appear in Figure 4c-d and indicate on a rather symmetric
response with respect to the zero displacement line. This implies that under the examined conditions,
the effect of shift of the axis of rotation (“neutral axis”) and the effect of rocking are not significant. The
comparison between the numerical and the experimental results indicates that the analysis well captures
the variation of the axial displacements across the joints. At the first second of the response, the analysis
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Figure 5. Strains at the outer face of the FRP strips versus time. (a) SG1,SG2, SG3
(middle of the joint) vs. time; (b) zoom plot t = 1.2–1.8 sec; (c) SG4 (30 mm above the
middle joint-block interface, middle west strip; (d) zoom plot t = 1.2–1.8 sec. Legend:

SG1; SG2 SG3, SG4 (experimental); − ·− ·− analysis, symmetric
model, damping ratio=7%; · · · · · · · · · analysis, symmetric model, damping ratio=20%.

slightly overestimates the level of displacements. Later on, the discrepancies decay, revealing a good
agreement in terms of amplitudes. The slight overestimation of the effect of the higher frequency by the
numerical model decays with the increase in damping ratio.

A more refined class of results that focus on a more “localized” aspect of the dynamic response of
the wall examines the strains at the outer face of the FRP strips near the mid-height joint. These results
are studied in Figure 5. Note that here the zero lines refer to the initiation of the dynamic test and do
not take into account the strains due to the vertical loading. The numerical results are presented for the
symmetric model and they refer to the strain at the middle of the 5 mm long strain gauge.

The comparison between the strains measured at the outer faces of the middle of the joint at the
left, middle, and right FRP strips (Figure 5a and zoom plot in Figure 5b) reveal only minor differences
between the measured values. This supports the assumption that in spite of the running bond texture
and the inhomogeneous structure of the masonry wall, the structure is governed by a clear unidirectional
action. It also supports the modeling assumption that the analysis can focus on a characteristic strip
composed of one course of masonry units and one FRP strip bonded on each side. The results of the
numerical model are in good agreement with the experimental ones. The FE model well captures the
magnitude of the strains and their temporal variation. The increased weight given by the model to the
excitation of the higher frequency decays with the increase of the damping ratio (see the dotted lines).
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Another interesting aspect is the variation of the strain state from the masonry unit region to the joint
region. This aspect is governed by the stress transfer through the adhesive layer. In order to examine
this effect, the strains at the outer face of the FRP strip at a point located 30 mm above the upper mortar-
block interface of the mid-height joint are plotted in Figure 5c. A zoom plot appears in Figure 5d. The
comparison of these results with the ones obtained for the same FRP strip but at the middle of the joint
(Figure 5a-b) reveals the amplification of the strains in the joint region. As the joints represent the
weaker, more compliant, and more brittle component of the masonry construction, the amplification is
an outcome of the transfer of loads from the masonry units to the FRP strips. This is achieved by means
shear and out-of-plane normal stresses in the adhesive layers. The comparison between the numerical
and the experimental results reveals a good agreement both at the joint region (Figure 5a-b), and at the
block region (Figure 5c-d). Although to a slightly smaller extent, the model also captures the reduction
in strain (negative ones, mainly) away from the joint.

3.2. Complementary numerical results: higher level of vertical loading. The spatial and temporal dis-
tributions of the shear stresses in the adhesive layers appear in Figure 6a and 6b, respectively. The results
are presented based on the analysis of the refined symmetric model. The distributions along the upper
half of the wall (Figure 6a) reveal the localized peaks near the mortar joints and near the edge of the
FRP system. These peaks are affected by the dynamic out-of-plane response, the initial compressive
loading, the evolution of the compressive force in the wall, and the nonlinear behavior of the mortar
material. Figure 6a indicates that in the present case, the stresses near the edges of the strip attain the
largest values.

The variation in time of the peak shear stresses near the edge (x = 205 mm) and near the middle joint
(x = 1047.5 mm) (points I–IV in Figure 6a) is studied in Figure 6b. The results reveal two different
types of temporal behavior. The stresses near the edge are mostly affected by the global out-of-plane
response as well as by the relatively high frequency response attributed by the numerical model to the
axial compressive force (the thrust force). On the other hand, the temporal variation of the shear stresses
near the inner joint (Figure 6b,III–IV) reveals that the base level of stresses due to the compressive
loading is monotonically amplified at the initial stages of the dynamic response. The amplified level of
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Figure 6. Spatial and temporal distributions of shear stresses in the adhesive layers. (a)
distributions along the wall at t = 1.56 sec; (b) shear stresses at near the edge (x =
205.0 mm) and near the mid-height joint (x = 1047.5 mm) versus time. Legend: ——
stresses at x = 205 mm; −−− stresses at x = 1047.5 mm.
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stress is less affected by the cyclic response revealing only a limited level of oscillations. This effect is
attributed to the inelastic behavior of the mortar material and to the evolution of residual compressive
strains in the mortar. Due to the inelastic behavior, the initiation of the dynamic load is associated with
accumulation of compressive strains. As these compressive strains are inelastic by nature, they are not
“released” during motion. Their evolution triggers the amplification of the shear stress at the first stages
of the response. Later on, the steep unloading-reloading branch of the constitutive behavior of the mortar
material dictates the high frequency oscillations and the pattern observed in Figure 6b.

The spatial and temporal variations of the out-of-plane normal stresses at the interfaces of the adhesive
layer are studied in Figure 7. The spatial distributions reveal that in accordance with the shear stress
concentration, the highest level of stresses is observed near the edge of the FRP strip. The temporal
distributions reveal a notable oscillatory response that starts with the dynamic load. They also reveal
that in both adhesive layers, the adhesive-masonry interface is mostly subjected to compressive normal
stresses whereas the adhesive-FRP interface in mostly subjected to tension. The compressive stresses
are amplified form a level of about 1.5 MPa under the vertical load to about 3.75 MPa under the dynamic
excitation. The tensile stresses are also amplified by a similar ratio from about 0.5 MPa to about 1.35 MPa.
These peeling stresses may trigger or accelerate a debonding failure. Furthermore, at certain points during
the dynamic response, the compressive stresses that initially evolve at the critical adhesive-masonry
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Figure 7. Spatial and temporal distributions of normal out-of-plane (peeling) stresses
at the interface of the adhesive layers. (a) east layer, t = 1.56 sec; (b) east layer, x =
1052.5 mm; (c) west layer, t = 1.56 sec; (d) west layer, x = 1052.5 mm. Legend: ——
adhesive FRP interface; −−− adhesive-masonry interface.
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interface turn into tensile stresses (see for example Figure 7c). At other points, both adhesive-masonry
interfaces may be subjected to tension. These interfaces are usually brittle and governed by the limited
ability of the masonry substrate to resist tensile stresses. Therefore, this unique condition, which evolves
under the dynamic loading, may accelerate the evolution of dynamic debonding failure and may endanger
the resilience of the strengthening system.

3.3. Test and analysis results: lower level of vertical loading. In this section, the results of a similar test
conducted with a reduced level of vertical loading are studied. For comparison, the results for the wall
before strengthening, which are discussed in detail in [Rabinovitch and Madah 2011], are also presented.
It should be noted that in order to prevent total collapse, testing of the unstrengthened was terminated by
shutting down the high power component of the hydraulic system after about 1.6 seconds. The results of
both experiments are therefore presented for this limited period only. The out-of-plane accelerations and
displacements in the strengthened and the original walls appear in Figure 8a-b. The temporal variations
of the axial reaction at the top of the wall and the crack opening at the middle joint appear in Figure 8c-d.

The comparison between the original and the strengthened wall reveal significant differences and
clearly point at the impact of the strengthening system. The response of the original wall is governed by
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Figure 8. Dynamic response of strengthened and unstrengthened (original) walls under
low level of vertical load and base excitation. (a) out-of-plane accelerations at mid-
height; (b) out-of-plane displacements at mid-height; (c) axial reaction; (d) crack open-
ing at mid-height. Legend: —— strengthened wall; −−− unstrengthened wall. The
results for the unstrengthened wall are adapted from [Rabinovitch and Madah 2011].



42 ODED RABINOVITCH AND HAZEM MADAH

much larger out-of-plane displacement, extensive cracking at midspan, extensive rocking and variation
of the axial compressive force in time, and possible relaxation of the rotational constraint at the top of
the wall (see [Rabinovitch and Madah 2011] for more details). None of the above effects is observed
in the response of the strengthened wall. The levels of out-of-plane displacements and crack opening
observed in the strengthened wall are significantly smaller. The temporal variation of the thrust force,
which is a direct outcome of the crack opening, the rocking, and the arching effects, is also notably
smaller in the strengthened wall. These observations indicate that the strengthening system effectively
and meaningfully changes the nature of the dynamic response of the masonry wall and significantly
improves its ability to resist out-of-plane dynamic loads.

4. Summary and conclusions

The dynamic behavior of unidirectional strengthened masonry walls has been experimentally and nu-
merically studied. This part of the paper has focused on shake-table testing of full-scale unidirectional
FRP strengthened masonry wall subjected to different levels of axial loading and out-of-plane dynamic
excitation. The results have revealed various aspects of the dynamic response including the global out-of-
plane displacements and accelerations, the variation of the thrust force, and the variation of strains in the
externally bonded reinforcement. It has also clearly showed that the application of the FRP reinforcement
effectively changes the dynamic behavior of the masonry wall and drastically improves its ability to
withstand significant out-of-plane dynamic loads.

The experimental results have also been used as reference for the examination of numerical results
obtained using the finite element model developed in part I of this paper [Rabinovitch and Madah 2012].
The comparison in terms of out-of-plane displacements, in-plane displacements across the mid-height
joint, and the strains at the outer face of the FRP layer have revealed good agreement and have provided
some support and validation to the numerical model. On the other hand, the comparison has revealed
that the model tends to overestimate the role of the natural frequency of the wall and to underestimates
the effect of damping. This designates the incorporation of a refined and less general model for damping
as a needed direction of further enhancement of the model.

Along with the experimental results and the comparison with the numerical ones, additional results in
term of the stresses in the adhesive layer, their variation along the wall and from one interface to another,
and their variation in time have been presented. This class of results, which cannot be directly deduced
from experimental dynamic measurements, has thrown some light on the stress transfer between the wall
and the supplemental layer and on the effect of the dynamic response on this mechanism. In particular,
it has revealed the effect of the dynamic loading and the inelastic response of the mortar material on the
evolution of interfacial shear and peeling stresses near the joints. These aspects may play a critical role
in the potential initiation of dynamic debonding failures.

The experimental and numerical results have revealed and demonstrated the potential of the FRP
bonding as an effective method for the dynamic upgrade of masonry walls. The ability of the strengthen-
ing system to significantly modify the dynamic response of the wall, to provide it with a load resisting
mechanism, and to prevent its collapse under out-of-plane loads are critical steps towards the structural
upgrade of masonry elements to resist dynamic loads. The ability of the numerical model to assess these
effects is also an important step towards achieving this goal.
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PERIDYNAMIC ANALYSIS OF FIBER-REINFORCED COMPOSITE MATERIALS

ERKAN OTERKUS AND ERDOGAN MADENCI

Damage growth in composites involves complex and progressive failure modes. Current computational
tools are incapable of predicting failure in composite materials mainly due to their mathematical struc-
ture. However, peridynamic theory removes these obstacles by taking into account nonlocal interactions
between material points. This study presents an application of peridynamic theory to predict how damage
propagates in fiber-reinforced composite materials subjected to mechanical and thermal loading condi-
tions.

1. Introduction

Damage initiation and its subsequent propagation in fiber-reinforced composites are not understood as
clearly as they are, for example, for metals because of the presence of stiff fibers embedded into the soft
matrix material, causing inhomogeneity. Under the assumption of homogeneity, a lamina has orthotropic
elastic properties. Even though this assumption is suitable for stress analysis, it becomes questionable
when predicting failure. Most composite structures include notches and cutouts, not only reducing the
strength of the composites but also serving as potential failure sites for damage initiation. They also pro-
mote common failure modes of delamination, matrix cracking, and fiber breakage. These failure modes
are inherent to the inhomogeneous nature of the composite, thus the homogeneous material assumption
taints failure analyses.

In order to better understand failure mechanisms, Hallett and Wisnom [2006] conducted experiments
on double-edge-notched composite specimens made from E-glass. They reported the occurrence of ma-
trix cracking before ultimate failure for all specimens, representing four different layups when loaded in
tension. Furthermore, it was reported that fiber failure initiated at the notch tip. Later, Green et al. [2007]
investigated the effect of scaling on the tensile strength of notched composites made from unidirectional
carbon-fiber/epoxy pre-preg by considering the hole diameter and laminate thickness as independent
variables. These experiments showed that failure mechanisms in composites are very complex due to
matrix cracking, fiber breakage, and delamination.

In order to investigate the behavior of cracks, Wu [1968] considered unidirectional fiberglass-reinforced
Scotch-plies with center cracks oriented in the direction of the fibers. The plies had fibers in the 0◦ and
45◦ directions and were loaded in tension, pure shear, and combined tension and shear. In all three types
of loading, it was observed that the crack propagated in a direction colinear with the initial crack.

It is, therefore, evident that the inhomogeneous nature of the composites must be retained in the
analysis to predict the correct failure modes. Each lamina with a different fiber orientation must be
modeled with distinct matrix and fiber properties.

Keywords: peridynamics, damage, nonlocal, composite.
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Numerical studies on the failure of notched composites have mostly utilized the finite element method
(FEM) to investigate the damage path and the initial failure load; such recent studies include [Bogert et al.
2006; Satyanarayana et al. 2007]. They predicted fiber and matrix damage in center-notched laminates
for different layups under tension. Both the experimental observations and numerical results suggest that
damage initiation and crack propagation are dependent on ply orientation.

Despite the development of many important concepts for predicting material behavior and failure,
the prediction of failure modes and residual strengths of composite materials is a challenge within the
framework of FEM. The use of FEM to predict failure can be quite challenging because remeshing
may be required to make an accurate prediction and damage can only propagate in certain directions.
Remeshing can be avoided by employing special elements, such as cohesive elements. However, these
elements require a priori knowledge of the damage path, which might not be available. Unless these
elements are correctly placed during model generation, the damage predictions may be erroneous. In
addition to the need to remesh, existing methods for fracture modeling also suffer from the requirement of
an external crack-growth criterion. This criterion prescribes how damage evolves a priori based on local
conditions, and guides the analysis as to when and how damage initiates and propagates. Considering the
difficulty in obtaining and generalizing experimental fracture data, providing such a criterion for damage
growth, especially in composite structures, clearly presents a major obstacle to fracture modeling using
conventional methods. This prevents such methods from being applicable to problems in which multiple
damage growth occurs and interacts in complex patterns.

The difficulty in predicting failure using concepts from fracture mechanics in conjunction with FEM
comes from the mathematical form of the classical continuum mechanics equations. The equations of
motion in classical continuum mechanics are in the form of partial differential equations that involve the
spatial displacement derivatives; however, these derivatives are undefined when the displacements are
discontinuous, such as across cracks or interfaces. Hence, failure prediction is posterior and requires
special techniques.

Silling [2000], realizing the aforementioned limitation, reintroduced a nonlocal theory that does not
require spatial derivatives — the bond-based peridynamic (PD) theory. This theory accounts for only
pairwise interaction between material points, thus resulting in the reduction of independent material
constants. In order to remove this reduction, Silling et al. [2007] generalized bond-based PD theory by
including the interaction of many material points. Referred to as state-based PD theory, it accounts for
deviatoric and volumetric deformations, thus enforcing plastic incompressibility. The main difference
between PD theory and classical continuum mechanics is that the former is formulated using integral
equations as opposed to derivatives of the displacement components. This feature allows damage ini-
tiation and propagation at multiple sites with arbitrary paths inside the material without resorting to
special crack-growth criteria. In PD theory, internal forces are expressed through nonlocal interactions
between pairs of material points within a continuous body, and damage is a part of the constitutive model.
Interfaces between dissimilar materials have their own properties, and damage can propagate when and
where it is energetically favorable for it to do so.

PD theory was applied successfully in [Colavito et al. 2007a; 2007b] to predict damage in laminated
composites subjected to low-velocity impact and static indentation. Askari et al. [2006] and Xu et al.
[2007; 2008] also used PD simulations to predict damage in laminates subjected to low-velocity impact
and in notched laminated composites under biaxial loads. Recently, Kilic et al. [2009] predicted the
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basic failure modes of fiber, matrix, and delamination in various laminates with a preexisting central
crack under tension. Also, Oterkus et al. [2010] demonstrated that PD analysis is capable of capturing
bearing and shear-out failure modes in bolted composite lap-joints.

This study presents an application of PD theory in the analysis of fiber-reinforced composite materials
subjected to mechanical and thermal loading conditions. The PD approach to modeling a lamina is first
verified against analytical solutions within the realm of classical continuum mechanics by considering
uniaxial tension and uniform temperature change. Then, damage growth patterns from a preexisting crack
in a lamina for different fiber orientations are computed and compared with experimental observations.
This approach is further extended to analyze composite laminates and to predict damage growth patterns
from a preexisting crack in two distinct laminate constructions under tension. In the absence of a crack,
the PD displacement predictions are compared with those of the classical laminate theory. In the presence
of a crack, damage patterns are qualitative compared with experimental observations.

2. Peridynamic theory

The deformation response of solid structures subjected to external forces can be obtained by assuming
the structure as a continuous body or a continuum, without paying attention to its atomistic structure.
Hence, it is possible to perform both static and dynamic analyses of large structures within a reasonable
amount of time. The conventional approach that is used to analyze solid structures is known as “classical
continuum mechanics” and has been successfully applied to numerous problems in the past. Within the
classical continuum mechanics framework, it is assumed that the continuous body is composed of an
infinite number of infinitesimal volumes, which are called material points. These material points interact
with each other only if they are within the nearest neighborhood of each other; in other words, through
a direct interaction (contact). These interactions are expressed in terms of contact forces or tractions, T ,
as shown in Figure 1.

Figure 1. Interaction of material points in classical continuum mechanics.
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Using the conservation of linear momentum and relating the traction vectors, T , to the well-known
stress tensor, σ , results in the equation of motion of the material point, x, in classical continuum me-
chanics:

ρ(x)ü(x, t)=∇ · σ + b(x, t), (1)

where ρ(x), b(x, t), and ü(x, t) represent the mass density, body force density, and acceleration, respec-
tively, of the material point located at x. The spatial derivatives in the divergence operation associated
with the stress tensor, σ , do not exist on the discontinuity in the structure. Therefore, (1) is not valid for
problems including discontinuities, such as cracks. Silling [2000] replaced the divergence term in (1)
with an integral term, which makes the new form of the equation of motion applicable whether or not a
discontinuity exists in the structure:

ρ(x)ü(x, t)=
∫

H
f (x′− x, u′− u)d H + b(x, t). (2)

In (2), the domain of integration (neighborhood), H , includes all the material points that the material
point x can interact with inside the body. The radius of the spherical neighborhood is referred to as the
horizon, and it is denoted by δ. The interaction force or PD force between material points x and x′ can
be expressed as f (x′− x, u′− u), and it is a function of the relative position vector, x′− x, and relative
displacement vector, u′− u. The PD force is along the same direction of the relative position of these
material points in the deformed configuration, that is, y′− y= (x′+u′)− (x+u). For an elastic isotropic
material, the PD force takes the form

f = c(s− s∗)
y′− y
| y′− y|

= cs̄
y′− y
| y′− y|

, (3)

where c, s, s̄ and s∗ represent the PD material parameter, total stretch, mechanical stretch, and thermal
stretch between material points x and x′, respectively. The total stretch, s, and the thermal stretch due
to thermal loading, s∗, are defined as

s =
| y′− y| − |x′− x|
|x′− x|

(4a)

and

s∗ = α1T, (4b)

where α and 1T represent the coefficient of thermal expansion of the material and the temperature
change, respectively. By using (4a) and (4b), the mechanical stretch, s̄, can be computed as

s̄ = s− s∗ =
| y′− y| − |x′− x|
|x′− x|

−α1T . (5)

This form of the PD force representation, given in (3), accounts for pairwise interaction only between
the material points. Therefore, it is limited to one independent material constant, c, with a Poisson’s
ratio of 1

4 and 1
3 in three- and two-dimensional analysis, respectively. This material parameter, c, can

be related to the engineering material constants by equating the strain energy densities of the PD and
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classical continuum theories at a material point inside a body due to simple loading, such as uniform
expansion. Silling and Askari [2005] derived an explicit expression for parameter c in the form

c =
18κ
πδ4 , (6)

where κ is the bulk modulus of the material and δ represents the radius of a spherical horizon.
Based on PD theory, the strain energy density of a material point at x, UPD, can be expressed as

UPD =
1
2

∫
H
wd H, (7)

where the micropotential, w, is defined as

w = 1
2 c(s− s∗)2ξ = 1

2 cs̄2ξ, (8a)

with

ξ = |x′− x|. (8b)

It can also be assumed that two material points, x and x′, cease to interact with each other if the
mechanical stretch between these material points exceeds a critical stretch value, s0, as shown in Figure 2.
This material model represents an elastic material behavior without allowing any permanent deformation.

Termination of the interaction between material points can be associated with the failure of the material
by modifying the PD force relation given in (3) by introducing the failure parameter µ(x′− x, t)

f = µ(x′− x, t)c(s− s∗)
y′− y
| y′− y|

, (9)

where the failure parameter can be defined as

µ(x′− x, t)=
{

1 if s(x′− x, t ′)− s∗ < s0 for all 0< t ′ < t,
0 otherwise.

(10)

Figure 2. Constitutive relation between material points in an elastic material.
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The inexplicit nature of local damage at a material point, x, arising from the introduction of failure in
the constitutive model, is removed by defining the local damage as

ϕ(x, t)= 1−

∫
H µ(x

′
− x, t)d H∫

H d H
. (11)

Thus, local damage is the weighted ratio of the number of the broken interactions to the total number of
interactions within the horizon, H . The extent of damage is defined by a value between 0 and 1, where
0 indicates that a material point has no damage and 1 indicates complete damage at the material point.
Also, a damage value of 0.5 and above indicates possible cracking.

In the case of isotropic materials, value s0 of the critical stretch can be related to the equivalent energy
release rate as derived in [Silling and Askari 2005]:

s0 =

√
5G0

9κδ
, (12)

where G0 is the critical energy release rate of the material and can be related to the fracture toughness
of the material.

In order to solve (2), a collocation method is adopted and the numerical treatment involves the
discretization of the domain of interest into subdomains. The domain can be discretized into cubic
subdomains. With this discretization, the volume integration in (2) is approximated, leading to

ρ(x(i))ü(x(i), t)=
M∑

j=1

f
(
u(x( j), t)− u(x(i), t), x( j)− x(i)

)
V( j)+ b(x(i), t), (13)

where x(i) is the position vector located at the i-th collocation (material) point and M is the number of
subdomains within the horizon of the i-th material point. The position vector x( j) represents the location
of the j-th collocation point. The volume of the j-th subdomain is V( j).

Since peridynamics is a nonlocal theory and its equations of motion utilize integrodifferential equa-
tions as opposed to partial differential equations in the case of the classical continuum theory, the appli-
cation of boundary conditions is different from that of the classical continuum theory. The tractions or
point forces cannot be applied as boundary conditions since their volume integrations result in a zero
value [Oterkus and Madenci 2012]. Therefore, the boundary conditions are applied over the volumes
as body forces, displacements, and velocities. As explained in [Macek and Silling 2007], the thickness
of the region over which the boundary conditions are applied should be comparable to the size of the
horizon.

3. Peridynamic analysis of a lamina

If a fiber-reinforced composite lamina is considered, the directional dependency must be included in the
PD analysis. Therefore, two different PD material parameters are introduced as shown in Figure 3 to
model a fiber-reinforced composite lamina with a fiber orientation of θ . The material point q represents
material points that interact with material point i only along the fiber direction. However, the material
point p represents material points that interact with material point i in any direction, including the fiber
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Figure 3. PD horizon for a lamina with a fiber orientation of θ and PD bonds between
material point i and other material points within its horizon.

direction. The orientation of a PD bond between the material point i and the material point p is defined
by the angle φ with respect to the x-axis.

Associated with a lamina, the material parameter concerning the interaction of material points only
in the fiber direction is denoted by c f . The interaction of material points in all other directions within a
lamina is governed by the material parameter, cm . Extending the procedure introduced in [Gerstle et al.
2005] for isotropic materials, the PD material parameters, c f and cm , can be expressed analytically in
terms of the engineering material constants, E1, E2, G12, and ν12, by equating strain energy densities of a
material point based on the classical continuum mechanics and PD theory for simple loading conditions.

The constitutive or force-stretch relations for the in-plane interactions of two material points, referred
to as fiber and matrix bonds, are shown in Figure 4. The critical parameters that define the failure of these

Figure 4. Force-stretch relation for fiber and matrix bonds.
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bonds under tension and compressions are (sft, smt) and (sfc, smc), respectively, and can be determined
based on the experimental measurements. Determination of these critical stretch parameters are explained
in Oterkus et al. [2012].

Based on the classical continuum mechanics, the strain energy density of a material point, UCCM, for
a two-dimensional composite lamina is expressed as

UCCM =
1
2 σ T (ε− ε∗), (14)

in which the stress, σ , total strain, ε, and thermal strain vectors, ε∗, are defined as

σ T
=
{
σxx σyy τxy

}
, εT

=
{
εxx εyy γxy

}
, ε∗T =

{
ε∗xx ε∗yy γxy

}
. (15)

For a composite lamina with a fiber orientation of θ , the stress and strain components are related through
the constitutive relation as

σ = Q(ε− ε∗), (16)

where the transformed reduced stiffness matrix Q is defined as

Q =

Q11 Q12 Q16

Q12 Q22 Q26

Q16 Q26 Q66

 . (17)

The transformed reduced stiffness matrix, Q is a function of four independent material constants of
elastic modulus in the fiber direction, E1, elastic modulus in the transverse direction, E2, in-plane shear
modulus, G12, and in-plane Poisson’s ratio, ν12. The explicit expressions for the components of Q can
be found in any textbook on mechanics of composite materials — for example, [Kaw 2006]. The thermal
expansion coefficients in the fiber and transverse directions are specified as α1 and α2, respectively.

Alternatively, the strain energy density of the same material point in PD theory, UPD, can be calculated
using (7). However, the material parameter, c has a directional dependency of the form

c =
{

c f + cm for φ = θ,
cm for φ 6= θ.

(18)

Therefore, (8a) for the micropotential should be modified as

w = 1
2 c(φ)s̄2(φ)ξ(φ), (19)

in which φ represents the bond angle. With this representation, the integration in (7) for the strain energy
density of material point i shown in Figure 3 cannot be fully performed analytically. However, it can be
approximated as

UPD =
1
2

Q∑
q=1

c f s2
qiξqi

2
Vq +

1
2

∫
H

cms2ξ

2
d H, (20)

in which Q is the number of fiber bonds within its horizon, δ. As apparent in this equation, the fiber bond
constant, c f depends on the discretization, whereas the matrix bond constant, cm , does not because it
does not have a directional property unlike the fibers. The initial length of the bond in the fiber direction
and its stretch after deformation between material points q and i are denoted by ξqi and sqi , respectively.
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Figure 5. Components of the initial bond length between material points i and p.

The volume of the material point q that interacts with material point i is denoted by Vq , which can be
approximated as

Vq =
π tδ2

N
, (21)

in which N is the number of material points within its horizon, δ, and t is the thickness of the lamina.
The initial length and stretch of the bond between the material points i and p are referenced to a polar

coordinate system (ξ, φ). As shown in Figure 5, the components of the initial bond length, ξ , in the x-
and y-directions are denoted by ξx and ξy , respectively, and are given by

ξx = ξ cosφ, ξy = ξ sinφ. (22)

The PD strain energy density of a material point i , given in (20), can be expressed in terms of bond
constants c f and cm , representing the fiber and matrix, by identifying the direction of the bond

UPD = β f c f +βmcm . (23)

The coefficients β f and βm in (23) can be determined by computing the stretch, spi , and the initial length,
ξpi , of the bond between the material points i and p, and the volume of material point p, Vp.

In order to determine the bond constants c f and cm in terms of the engineering constants E1, E2, G12,
and ν12, a uniaxial loading condition can be considered as explained in Appendix A. Equating the strain
energy densities from PD theory and classical continuum mechanics for this loading condition results in
explicit expressions for c f and cm ,

c f =
2E1(E1− E2)

(E1−
1
9 E2)

∑Q
q=1 ξqi Vq

, cm =
8E1 E2

(E1−
1
9 E2)π tδ3

, (24)

along with constraints on material constants G12 and ν12,

G12 =
ν12 E2

1− ν21ν12
=

E1 E2

3(E1−
1
9 E2)

, ν12 =
1
3
. (25)

As discussed in [Oterkus and Madenci 2012], because of the pairwise interaction of material points,
four independent material constants of a lamina reduce to two independent constants. In the case of an
isotropic material, the bond constant for fiber, c f , given in (24)1 becomes zero. This indicates that for



54 ERKAN OTERKUS AND ERDOGAN MADENCI

Figure 6. Surface effects in the domain of interest.

an isotropic material, the material should be described by using only one bond constant, cm . In this case
the expression for cm in (24)2 recovers the expression for an isotropic material, that is, cm = 9E/π tδ3,
given in [Oterkus and Madenci 2012].

In the case of thermal loading, the stretch is obtained by (4b), and the coefficient of thermal expansion,
α(φ), for a lamina is also dependent on the bond orientation between material points i and p. As derived
in Appendix A, it can be expressed in terms of coefficients of thermal expansion for an angle lamina, αx ,
αy , and αxy , in the form

α(φ)= αx cos2 φ+αy sin2 φ+αxy sinφ cosφ. (26)

3.1. Surface correction factors for a lamina. Surface correction is an important concept in PD theory.
The response function given in (3) is derived under the assumption that the material point located at x is
in a single material with its complete neighborhood entirely embedded within its horizon, δ. However,
this assumption becomes invalid when the material point is close to free surfaces (Figure 6). It results in a
reduction in material stiffness near the free surfaces, and this stiffness reduction must be corrected. After
determining the surface correction factor for each bond, the PD force in that bond is modified based
on the associated surface correction factor. Determination of surface correction factors for isotropic
materials is explained in detail by [Oterkus and Madenci 2012]. However, the determination of surface
correction factors for a lamina is more complicated than that for an isotropic material because of two
different PD bonds. Detailed derivations of the surface correction factors for fiber and matrix bonds are
given in Appendix B.

4. Peridynamic analysis of a laminate

The PD formulation for a composite lamina can be extended to consider a composite laminate. In order
to capture the deformation behavior of a laminate in the thickness direction and define the interaction
between neighboring plies, two additional bond constants between neighboring plies are introduced, as
shown in Figure 7.
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Figure 7. Four different bond constants for a fiber-reinforced composite material.

Similar to the approach implemented in the peridynamic code (Emu) developed in [Silling 2000], trans-
verse normal and shear deformations between material points located on adjacent (neighboring) layers
are related through the bond constants cin and cis, respectively. As shown in Figure 7, interlayer bonds
only exist in the normal direction, whereas shear bonds exist in all directions between the neighboring
plies. Hence, a material point can interact with two other material points via interlayer bonds that have
the same in-plane coordinates.

As in the case of in-plane deformation of a lamina, the interlayer and shear bond constants, cin and
cis, can be derived in the form

cin =
Em

tV
, cis =

2Gm

π t
1

δ2+ t2 ln t2

δ2+t2

, (27)

where Em and Gm are the elastic modulus and shear modulus of the matrix material, respectively, and
V is the volume of a material point. Detailed derivations of these expressions are given in Appendix C.

Note that the shear bonds have a different characteristic than the fiber, matrix and interlayer bonds
because the shear bond constant relates the body force density, f , to the change in angle of the bond
from its original orientation (shear angle), ϕ. Therefore, the force density and micropotential expressions
for a shear bond can be written as

f = csϕ(1x)2
y′− y
| y′− y|

, w = 1
2 csϕ

2, (28)

where 1x is the spacing between material points on the in-plane of the lamina.
Failure of the interlayer and shear bonds corresponds to mode I and mode II, respectively. Interlayer

damage represents the breakage of (interlayer) bonds between a layer and its adjacent layers above
and below. Hence, it provides the extent of delamination between the adjacent layers. Therefore, the
interlayer bonds are assumed to fail only in tension. The critical stretch value for the interlayer bonds,
sin, can be obtained analytically by equating the energy consumed by an advancing mode-I crack to the
work required to break all interlayer bonds as

sin =

√
2GIC

t Em
, (29)
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where GIC is the mode-I critical energy release rate of the matrix material.
The shear bonds can fail if the shear angle of the bonds exceeds the critical shear angle value, ϕc. It

can also be obtained analytically by equating the energy consumed by an advancing mode-II crack to
the work required to break all shear bonds as

ϕc =

√
GIIC

tGm
, (30)

where GIIC is the mode-II critical energy release rate of the matrix material.
Derivations of the relationships between the critical stretch value for the interlayer bonds, sin, and the

mode-I critical energy release rate and between the critical shear angle value, ϕc, and the mode-II critical
energy release rate are given in Appendix D.

5. Numerical results

5.1. A lamina under uniaxial tension and uniform temperature change. A unidirectional thin lamina
with a fiber orientation of θ = 0◦ is considered, as shown in Figure 8. The length and width of the lamina
are specified as L = 15.24 mm and W = 7.62 mm, respectively. It has a thickness of t = 0.1651 mm. Its
elastic moduli in the fiber and transverse directions are E1 = 159.96 GPa and E2 = 8.96 GPa, respectively.
The thermal expansion coefficients in the fiber and transverse directions are α1 = −1.52 ppm/◦C and
α2 = 34.3 ppm/◦C, respectively. The PD model is generated by using a single layer of material points
with a grid size of 1x = 6.35× 10−4 m. The horizon radius is specified as δ = 3.0151x . Using (24),
the fiber and matrix bond constants are computed as c f = 5.72× 1023 N/m6 and cm = 1.86× 1022 N/m6.
The quasistatic solution is obtained by using the adaptive dynamic relaxation technique by using a time
increment of 1 and stable mass density value of 7.005× 1018 kg/m3 [Kilic 2008]. Failure is not allowed
in order to verify the solution against analytical predictions based on classical continuum mechanics.

First, a uniaxial tension loading of P = 159.96 MPa is applied as a body load of bx = 5.95×1010 N/m3

along the edges of the lamina through a volumetric region with a depth of b= 2.54×10−3 m. The variation

Figure 8. Loading and geometry of the unidirectional lamina under uniaxial tension and
uniform temperature change.
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of the horizontal and vertical displacement components along the central axes in the x- and y-directions,
respectively, are computed at the end of 8000 time steps and compared with analytical results, as shown
in Figures 9 and 10. Analytical results based on the classical continuum mechanics are computed by
using the relations

ux =
P
E1

x, u y =−ν12
P
E1

y. (31)

For both displacement components, there is remarkable agreement between the analytical and PD results.

Figure 9. Horizontal displacement along the central axis at the end of 8000 time steps.

Figure 10. Vertical displacement along the central axis at the end of 8000 time steps.
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Figure 11. Variation of horizontal (left) and vertical (right) displacement along the cen-
tral axis at the end of 8000 time steps when no failure is allowed.

Second, the lamina is only subjected to a uniform temperature change of 1T = 50 ◦C. For this loading
condition, the analytical horizontal and vertical displacements along the central axes are computed by

ux = α11T x, u y = α21T y. (32)

Comparisons of horizontal and vertical displacements obtained analytically and from PD analysis, shown
in Figure 11, indicate remarkably close agreement.

5.2. Laminates under uniaxial tension. The validation is continued by considering two different 3-ply
laminates with stacking sequences of [0◦/90◦/0◦] and [0◦/45◦/0◦] subjected to uniform tension loading, as

Figure 12. Loading and geometry of a composite laminate under uniaxial tension.
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shown in Figure 12. The geometrical and material properties are the same as those of the lamina. Using
(27), the interlayer and shear bond constants are computed as cin = 3.45× 1023 N/m6 and cis = 1.55×
1018 N/m5, respectively. The uniaxial tension loading is applied as a body load of bx = 5.95× 1010 N/m3

through a volumetric region with a depth of b = 2.54× 10−3 m. It corresponds to a stress resultant value
of N = 79228.2 N/m along the edges of the laminate. During the solution, failure is not allowed in order
to compare with the analytical solution based on the classical laminate theory.

Figure 13. Horizontal (left) and vertical (right) displacement along the central axis in
the 90◦ ply of the [0◦/90◦/0◦] layup at the end of 8000 time steps.

Figure 14. Horizontal (left) and vertical (right) displacement along the central axis in
the 45◦ ply of the [0◦/45◦/0◦] layup at the end of 8000 time steps.
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Figure 15. Loading and geometry of the unidirectional lamina with a crack under ten-
sion loading.

(a) (b)

(c)

Figure 16. Damage plots for a lamina having a central crack with a fiber orientation of
(a) θ = 0◦, (b) θ = 90◦, and (c) θ = 45◦.
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The variation of the horizontal and vertical displacement components along the central axes in the x-
and y-directions, respectively, for the 90◦ ply of the [0◦/90◦/0◦] layup are computed at the end of 8000
time steps and compared with analytical results, as shown in Figure 13. The comparison of the displace-
ment components in the 45◦ ply of the [0◦/45◦/0◦] layup is shown in Figure 14. For both laminates, the
agreement between the analytical and PD displacements is remarkably close.

5.3. A lamina with a preexisting central crack under tension. In order to demonstrate the failure pre-
diction capability of the PD approach, the same lamina used previously, with a preexisting central crack,
is considered for three different fiber orientations, θ = 0◦, 90◦, and 45◦. As shown in Figure 15, the crack
is aligned with the y-axis and has a length of 2a = 0.01778 m. The lamina is subjected to a velocity
boundary condition of v0 = 2.02× 10−7 m/s along the edges of the lamina through a volumetric region
with a depth of b = 2.54× 10−3 m. Failure is only allowed in tension for the fiber and matrix bonds.
The critical stretch for the matrix bond is specified as smt = 0.0135, which can be obtained by using the
critical stretch expression given by (12) for an epoxy material. The procedure for computing this critical
stretch value is demonstrated in Appendix D. For the fiber bond, it is assumed that its critical stretch
value is twice the critical stretch for the matrix bond, that is, sft = 0.027.

As shown in Figure 16, in all cases the crack propagates in the fiber direction referred to as the splitting
mode. Similar experimental observations confirm that current PD model accurately captures the failure
modes.

5.4. Laminates with a preexisting central crack under tension. The failure prediction capability of
the PD theory is further demonstrated by introducing a central crack in the two laminate layups of
[0◦/90◦/0◦] and [0◦/45◦/0◦]. As shown in Figure 17, the crack is aligned with the y-axis and has a length
of 2a = 0.01778 m. The laminates are subjected to a velocity boundary condition of v0 = 2.02×10−7 m/s.
The critical stretch parameters specified for the fiber and matrix bonds are sft = 0.027 and smt = 0.0135,
respectively. The critical stretch and angle parameters for the interlayer and shear bonds are computed

Figure 17. Loading and geometry of a composite laminate with a crack under tension loading.
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analytically using (29) and (30) and are specified as sin = ϕc = 0.087. The procedure for computing
these critical stretch and angle values is explained in Appendix D.

For the [0◦/90◦/0◦] laminate, an “H”-type splitting failure mode is observed for all plies, as shown in
the left column of Figure 18. In this case, 0◦ plies are dominant in the loading direction; therefore, 0◦

plies determine the failure behavior of the laminate. However, in the [0◦/45◦/0◦] laminate, a “Z”-type
failure mode is obtained in all plies due to the presence of a 45◦ ply, as shown in Figure 18, right column.
In both laminates, a delamination failure mode does not occur due to the high critical stretch values of
interlayer and shear bonds with respect to fiber and matrix bonds.

If the bonding plies are weaker, smaller critical stretch and angle values can be specified for interlayer
and shear bonds, respectively. If these parameters are specified as equal to the critical stretch of the
matrix bond, that is, sin = ϕc = 0.0135, the same intralayer failure modes are observed as in the previous
case Figure 19. Also observed is the delamination failure mode between the plies due to the breakage
of shear bonds around crack tip regions, shown in Figure 20. These damage patterns are consistent with
those observed in [Bogert et al. 2006]. Consistent with their experimental observations, the effect of 45◦

ply has essentially a limited effect in the extent of the delamination except to influence the splitting mode
of failure in the 0◦ layers.

6. Conclusions

Based on the numerical results, the peridynamic (PD) approach successfully predicts the damage growth
patterns in fiber-reinforced laminates with preexisting cracks while considering the distinct properties
of the fiber and matrix, as well as of the interlayer material between the plies. The predictions capture
the correct failure mechanisms of matrix cracking, fiber breakage, and delamination without resorting
to any special treatments, and agree with the experimental observations published in the literature. The
simulations also capture failure modes among each ply, which are usually distinct; they heavily depend
on fiber direction, which is realistically exhibited in the current results. It can be concluded that PD
theory is a powerful method that can be employed for failure analysis of composite materials.

Appendix A: PD material constants of a lamina

As shown in Figures A.1 and A.2, a lamina is discretized with a single layer of material points in the
thickness direction. The domain of integral H in (2) becomes a disk with radius δ and thickness t . The
displacements of material points i and p are represented by u(i) and u(p), respectively. The initial relative
position vector between these material points is denoted by

ξ = x(p)− x(i)

and the relative displacement vector is

η = u(p)− u(i).

Similar to the determination of a PD material constant for an isotropic material [Oterkus et al. 2010],
equating the strain energy density of a material point in a lamina computed using the PD theory and
classical continuum mechanics results in the relationships between PD material constants, c f and cm ,
and engineering constants, E1, E2, G12, and ν12, as well as the coefficient of thermal expansion of a
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(a) (a)

(b) (b)

(c) (c)

Figure 18. Matrix bond damage plots for a [0◦/90◦/0◦] laminate (left column) and a
[0◦/45◦/0◦] laminate (right column) with a preexisting crack for smt 6= sin = ϕc: (a)
bottom ply, 0◦; (b) center ply, 90◦ or 45◦, and (c) top ply, 0◦.
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(a) (a)

(b) (b)

(c) (c)

Figure 19. Matrix bond damage plots for a [0◦/90◦/0◦] laminate (left column) and a
[0◦/45◦/0◦] laminate (right column) with a preexisting crack for smt = sin = ϕc: (a)
bottom ply, 0◦; (b) center ply, 90◦ or 45◦, and (c) top ply, 0◦.
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(a) (a)

(b) (b)

(c) (c)

Figure 20. Shear bond damage plots for a [0◦/90◦/0◦] laminate (left column) and a
[0◦/45◦/0◦] laminate (right column) with a preexisting crack for smt = sin = ϕc: (a)
bottom ply, 0◦; (b) center ply, 90◦ or 45◦, and (c) top ply, 0◦.
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Figure A.1. PD horizon for a lamina with a fiber orientation of θ and PD bonds between
material point i and other material points within its horizon.

Figure A.2. PD bond between material points i and p with an orientation of φ.

PD bond, α(φ), in terms of thermal expansion coefficients, αx , αy , and αxy , for a lamina with a fiber
orientation angle of θ .

The strain energy densities are calculated by considering a combined mechanical and thermal loading
condition that results in a deformation, as shown in Figure A.3.

The strain field arising from such deformation can be expressed as

εxx = ζ, εyy =−νxyζ, γxy =−µxyζ, (A.1a)

where µxy is a parameter defined as

µxy =
mx Ex

E1
, (A.1b)
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Figure A.3. Deformed configuration of an angle lamina subjected to a combined me-
chanical and thermal loading.

in which mx is a nondimensional shear coupling term that relates the normal stress in the x-direction to
the shear strain in the (x-y) plane. This strain field represents the uniaxial tension loading in the absence
of uniform temperature change, that is, 1T = 0. The contribution to the strain field from the uniform
temperature change can be expressed as

ε∗xx = αx1T, ε∗yy = αy1T, γ ∗xy = αxy1T . (A.2)

Therefore, the contribution to the strain field from the mechanical loading becomes

ε̄xx = ζ −αx1T, ε̄yy =−νxyζ −αy1T, γ̄xy =−µxyζ −αxy1T . (A.3)

Similarly, the stretch of a PD bond due to mechanical loading between material points i and p, s̄, is
the difference between the total stretch s and thermal stretch s∗ as

s̄ = s− s∗. (A.4)

The mechanical stretch, s̄, can be expressed in terms of the relative displacement of the material points
i and p, arising from the mechanical loading, along the X -direction (the direction of their initial relative
position vector, ξ ) as

s̄ =
ū(p)X − ū(i)X

ξ
. (A.5)

Figure A.4. Relative displacement between material points i and p.
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As shown in Figure A.4, the relative displacement, (ū(p)X − ū(i)X ), can be obtained in terms of the
components of the displacement vectors ū(i)T = {ū(i)x , ū(i)y }

T and ū(p)T = {ū(p)x , ū(p)y }
T of the material

points i and p, respectively. Coordinate transformation from an (x, y) coordinate system to an (X, Y )
coordinate system leads to their explicit expressions as{

ū(p)X − ū(i)X

ū(p)Y − ū(i)Y

}
=

[
cos(φ) sin(φ)
− sin(φ) cos(φ)

]{
ū(p)x − ū(i)x

ū(p)y − ū(i)y

}
. (A.6)

Based on Figure A.5, the relative displacements of the material points i and p in the horizontal and
vertical directions, (ū(p)x − ū(i)x ) and (ū(p)y − ū(i)y ), respectively, can also be obtained from

ū(p)x − ū(i)x = ε̄xxξx +
γ̄xy

2
ξy (A.7a)

ū(p)y − ū(i)y =
γ̄xy

2
ξx + ε̄yyξy, (A.7b)

where ξx = ξ cos(φ) and ξy = ξ sin(φ) are the components of the initial relative position vector, ξ .
After invoking the mechanical strain components from (A.3) into (A.7a) and (A.7b) results in

ū(p)x − ū(i)x = ζ ξ
(

cosφ−
µxy

2
sinφ

)
− ξ1T

(
αx cosφ+

αxy

2
sinφ

)
, (A.8a)

ū(p)y − ū(i)y =−ζ ξ
(
νxy sinφ+

µxy

2
cosφ

)
− ξ1T

(
αy sinφ+

αxy

2
cosφ

)
. (A.8b)

Using the coordinate transformation given in (A.6) along with (A.8), the mechanical stretch, s̄, can be
obtained in the form

s̄ = ζ
(
cos2 φ−µxy sinφ cosφ− νxy sin2 φ

)
−
(
αx cos2 φ+αy sin2 φ+αxy sinφ cosφ

)
1T . (A.9)

Comparing this expression with (A.4) reveals that the expression in parentheses corresponds to the ther-
mal expansion coefficient of the PD bond, αφ, defined as

αφ = αx cos2 φ+αy sin2 φ+αxy sinφ cosφ. (A.10)

In the absence of thermal loading, that is, 1T = 0◦ in (A.9), the mechanical stretch reduces to

s̄ = s = ζ
(
cos2 φ−µxy sinφ cosφ− νxy sin2 φ

)
, (A.11)

which represents the total stretch due to uniaxial tension. By using (7) in conjunction with (19), the strain
energy density based on PD theory at a material point in a composite lamina can be evaluated as

UPD =
1
2

(
1
2

∫
H

c(φ) cos4(φ)ξ(φ)d H − 2νxy

∫
H

c(φ) sin2(φ) cos2(φ)ξ(φ)d H
)
ζ 2

+
1
2

(
−2µxy

∫
H

c(φ) sin(φ) cos3(φ)ξ(φ)d H + 2νxyµxy

∫
H

c(φ) sin3(φ) cos(φ)ξ(φ)d H
)
ζ 2

+
1
2

(
ν2

xy

∫
H

c(φ) sin4(φ)ξ(φ)d H +µ2
xy

∫
H

c(φ) sin2(φ) cos2(φ)ξ(φ)d H
)
ζ 2. (A.12)
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(a) (b)

(c) (d)

Figure A.5. Relative positions of points i and p: (a) undeformed state, (b) extension
and simple shear in the x-direction, (c) extension and simple shear in the y-direction,
and (d) extensions in x- and y-directions and pure shear.

Using (14) in conjunction with (16), the strain energy density of a material point based on classical
continuum mechanics can be written as

UE =
1
2 (Q11− 2νxy Q12− 2µxy Q16+ 2νxyµxy Q26+ ν

2
xy Q22+µ

2
xy Q66)ζ

2, (A.13)
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in which

Q11 = Q11 cos4(θ)+ Q22 sin4(θ)+ 2(Q12+ 2Q66) sin2(θ) cos2(θ), (A.14a)

Q12 = (Q11+ Q22− 4Q66) sin2(θ) cos2(θ)+ Q12
(
cos4(θ)+ sin4(θ)

)
, (A.14b)

Q16 = (Q11− Q12− 2Q66) cos3(θ) sin(θ)− (Q22− Q12− 2Q66) sin3(θ) cos(θ), (A.14c)

Q22 = Q11 sin4(θ)+ Q22 cos4(θ)+ 2(Q12+ 2Q66) sin2(θ) cos2(θ), (A.14d)

Q26 = (Q11− Q12− 2Q66) cos(θ) sin3(θ)− (Q22− Q12− 2Q66) cos3(θ) sin(θ), (A.14e)

Q66 = (Q11+ Q22− 2Q12− 2Q66) sin2(θ) cos2(θ)+ Q66
(
sin4(θ)+ cos4(θ)

)
, (A.14f)

with

Q11 =
E1

1− ν21ν12
, Q12 =

ν12 E2

1− ν21ν12
, Q22 =

E2

1− ν21ν12
, Q66 = G12, (A.15a)

provided that

1− ν12ν21 > 0 (A.15b)

and subject to

ν12

E1
=
ν21

E2
. (A.15c)

Equating the coefficients of like terms in the strain energy density expressions from classical contin-
uum theory, (A.13) and PD theory, (A.12), leads to

Q11 =
1
2

∫
H

c(φ) cos4(φ)ξ(φ)d H, (A.16a)

Q12 =
1
2

∫
H

c(φ) sin2(φ) cos2(φ)ξ(φ)d H, (A.16b)

Q16 =
1
2

∫
H

c(φ) sin(φ) cos3(φ)ξ(φ)d H, (A.16c)

Q22 =
1
2

∫
H

c(φ) sin4(φ)ξ(φ)d H, (A.16d)

Q26 =
1
2

∫
H

c(φ) sin3(φ) cos(φ)ξ(φ)d H, (A.16e)

Q66 =
1
2

∫
H

c(φ) sin2(φ) cos2(φ)ξ(φ)d H. (A.16f)
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Using the approximation given in (20), (A.16) can be rewritten in the form

Q11 =
1
2

Q∑
q=1

c f cos4(θ)ξqi Vq +
t
2

∫ 2π

0

∫ δ

0
cm
(
cos4(φ)ξ

)
ξ dξdφ, (A.17a)

Q12 =
1
2

Q∑
q=1

c f sin2(θ) cos2(θ)ξqi Vq +
t
2

∫ 2π

0

∫ δ

0
cm
(
sin2(φ) cos2(φ)ξ

)
ξ dξdφ, (A.17b)

Q16 =
1
2

Q∑
q=1

c f sin(θ) cos3(θ)ξqi Vq +
t
2

∫ 2π

0

∫ δ

0
cm
(
sin(φ) cos3(φ)ξ

)
ξ dξdφ, (A.17c)

Q22 =
1
2

Q∑
q=1

c f sin4(θ)ξqi Vq +
t
2

∫ 2π

0

∫ δ

0
cm
(
sin4(φ)ξ

)
ξ dξdφ, (A.17d)

Q26 =
1
2

Q∑
q=1

c f sin3(θ) cos(θ)ξqi Vq +
t
2

∫ 2π

0

∫ δ

0
cm
(
sin3(φ) cos(φ)ξ

)
ξ dξdφ, (A.17e)

Q66 =
1
2

Q∑
q=1

c f sin2(θ) cos2(θ)ξqi Vq +
t
2

∫ 2π

0

∫ δ

0
cm
(
sin2(φ) cos2(φ)ξ

)
ξ dξdφ. (A.17f)

Performing the integrations in (A.17) results in the relations between the engineering constants and
the PD material constants, c f and cm , as

Q11 =
(
β cos4(θ)

)
c f +

π tδ3

8
cm, (A.18a)

Q12 =
(
β sin2(θ) cos2(θ)

)
c f +

π tδ3

24
cm, (A.18b)

Q16 =
(
β sin(θ) cos3(θ)

)
c f , (A.18c)

Q22 =
(
β sin4(θ)

)
c f +

π tδ3

8
cm, (A.18d)

Q26 =
(
β sin3(θ) cos(θ)

)
c f , (A.18e)

Q66 =
(
β sin2(θ) cos2(θ)

)
c f +

π tδ3

24
cm, (A.18f)

where

β =
1
2

Q∑
q=1

ξqi Vq . (A.19)

Examination of these equations show that the right-hand sides of (A.18b) and (A.18f) are the same,
requiring that

Q12 = Q66. (A.20)
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Substituting from (A.14b) and (A.14f) into (A.20) leads to

Q12 = Q66. (A.21)

Examination of (A.18c) and (A.18e) reveals that

βc f =
Q16

sin(θ) cos3(θ)
=

Q26

sin3(θ) cos(θ)
. (A.22)

Invoking the requirement given by (A.21) into (A.14c) and (A.14e) renders this equation as

(Q11− 3Q12)− (Q22− 3Q12)
sin2(θ)

cos2(θ)
= (Q11− 3Q12)− (Q22− 3Q12)

cos2(θ)

sin2(θ)
. (A.23)

For this equation to be valid for all fiber orientation, it is required that

Q22 = 3Q12. (A.24)

After invoking the requirements given by (A.21) and (A.24) into (A.14a) and (A.14d), subtracting (A.18d)
from (A.18a) results in

c f =
Q11− Q22

β
. (A.25)

Similarly, invoking the requirements given by (A.21) and (A.24) into (A.14a) and substituting from
(A.25) into (A.18a) leads to

cm =
24Q12

π tδ3 . (A.26)

The expressions for the bond constants, c f and cm , given by (A.25) and (A.26), as well as the relations
given (A.21) and (A.24), can be rewritten in terms of the engineering constants as

c f =
2E1(E1− E2)

(E1−
1
9 E2)

(∑Q
q=1 ξqi Vq

) , cm =
8E1 E2

(E1−
1
9 E2)π tδ3

, G12 =
ν12 E2

1− ν21ν12
, ν12 =

1
3
. (A.27)

Appendix B: Surface correction factors for a composite lamina

The surface correction factors for fiber and matrix bonds are determined by computing the strain energy
density at two distinct material points under uniaxial strain conditions in the x-, and y-directions, that
is, εxx 6= 0, εyy = γxy = 0 and εyy 6= 0, εxx = γxy = 0. The first material point located near an external
surface has a truncated horizon, as shown in Figure B.1. The second material point is located far away
from an external boundary and is completely embedded in a single lamina, as shown in Figure B.2.

The strain energy density of a material point at x is decomposed as

W =W( f )+W(m), (B.1)

where W( f )(x) and W(m)(x) represent the contribution of fiber bonds and matrix bonds, respectively.
First, uniaxial strain loading is applied in the x-direction, and the resulting displacement field can be

expressed at material point x as

uT (x)=
{
∂u∗x
∂x

x 0
}
, (B.2)
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Figure B.1. Material point x with a truncated horizon in a lamina.

Figure B.2. Material point x far away from external surfaces of a lamina.

in which ∂u∗x/∂x is the applied constant displacement gradient. The strain energy density, Wx(x), due
to this applied displacement gradient is expressed as

Wx(x)=
∫

H
w(u′− u, x′− x)d H, (B.3)

where H represents the horizon of the material point at x and w represents the strain energy density
of the PD bond between material points at x and x′. The strain energy density, Wy(x), of the material
point at x can also be computed due to uniaxial strain in the y-direction. The subscripts xand y denote
uniaxial strain loading condition in x- and y-directions, respectively.

In accordance with (B.1), the strain energy density at material point x due to the applied uniaxial
strain loading in x- and y-directions can be decomposed as

Wx =W( f )x +W(m)x , Wy =W( f )y +W(m)y . (B.4)
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With this decomposition, the strain energy density vectors, W( f )(x) and W(m)(x), can be formed as

W T
( f )(x)=

{
W( f )x W( f )y

}
, W T

(m)(x)=
{
W(m)x W(m)y

}
, (B.5)

where W( f )(x) and W(m)(x) represent the contribution of fiber bonds and matrix bonds to the strain
energy density of the material point at x, respectively.

For both fiber and matrix bonds, the correction factors corresponding to the two loading directions
can be defined as the ratio of the strain energy density of the material point embedded far away from an
external surface in a lamina, W (∞)

(β)α, to that of a material point near an external surface with a truncated
horizon, W(β)α , with α = x, y and β = f,m. For a material point whose horizon is completely embedded
in a single lamina, the strain energy densities for the uniaxial strain loading condition in the x- and
y-directions can be computed using classical continuum mechanics as

W (∞)
x =

1
2 Q11ζ

2, W (∞)
y =

1
2 Q22ζ

2, (B.6)

where Q11 and Q22 are the coefficients of the transformed reduced stiffness matrix Q [Kaw 2006]. The
strain energy densities given by (B.6) can be decomposed into two parts which are associated with the
deformations of fiber and matrix materials, that is, W (∞)

(β)α, with α = x, y and β = f,m, as

W (∞)
x =W (∞)

( f )x +W (∞)
(m)x , W (∞)

y =W (∞)
( f )y +W (∞)

(m)y . (B.7)

However, the explicit form of this decomposition is not known because each lamina is treated as homo-
geneous and orthotropic within the realm of classical continuum mechanics. Therefore, this decomposi-
tion is assumed similar in form to that of between c f and cm as given by (A.18a) and (A.18d), respectively.
This assumption leads to the following decomposition of strain energies given by (B.6) in the form

W (∞)
x =W (∞)

( f ) cos4(θ)+W (∞)
(m) W (∞)

y =W (∞)
( f ) sin4(θ)+W (∞)

(m) , (B.8)

where W (∞)
( f ) and W (∞)

(m) , representing the contribution of fiber and matrix materials, respectively, are to
be determined. Substituting for the strain energy density expressions given by (B.8) in (B.6) permits the
determination of W (∞)

( f ) and W (∞)
(m) in terms of the material constants Q11 and Q22 as

W (∞)
( f ) =

1
2

{
(Q11− Q22)

cos4(θ)− sin4(θ)

}
ζ 2, W (∞)

(m) =
1
2

{(
Q22 cos4(θ)− Q11 sin4(θ)

)
cos4(θ)− sin4(θ)

}
ζ 2. (B.9)

The final form of the terms, W (∞)
(β)α, with α = x, y and β = f,m, in (B.7) can be written as

W (∞)
( f )x =

1
2

{
(Q11− Q22) cos4(θ)

cos4(θ)− sin4(θ)

}
ζ 2, (B.10a)

W (∞)
(m)x =

1
2

{(
Q22 cos4(θ)− Q11 sin4(θ)

)
cos4(θ)− sin4(θ)

}
ζ 2, (B.10b)

W (∞)
( f )y =

1
2

{
(Q11− Q22) sin4(θ)

cos4(θ)− sin4(θ)

}
ζ 2, (B.10c)

W (∞)
(m)y =

1
2

{(
Q22 cos4(θ)− Q11 sin4(θ)

)
cos4(θ)− sin4(θ)

}
ζ 2. (B.10d)
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Figure B.3. Construction of an ellipse for surface correction factors.

With these values, a vector of correction factors for fiber and matrix bonds at material point x can be
formed as

g(β)(x)= {g(β)x , g(β)y}T = {W
(∞)
(β)x/W(β)x ,W∞(β)y/W(β)y}

T , with β = f,m. (B.11)

These correction factors are only based on loading in the x- and y-directions. However, they can be used
as the principal values of an ellipse in order to approximate the surface correction factor in an arbitrary
direction of unit vector, n (Figure B.3).

In the case of a surface correction factor for a PD bond between material points x(i) and x( j) under
general loading conditions, shown in Figure B.4a, the correction factors in the direction of the relative
position vector, n = ξ/|ξ | = {nx , ny}

T , in the undeformed configuration between these two material
points, can be obtained in a similar manner.

A vector of correction factors at material points, x(i) and x( j) can be formed as

g(β)(i)(x(i))= {g(β)x(i), g(β)y(i)}T = {W
(∞)
(β)x/W(β)x(i),W (∞)

(β)y/W(β)y(i)}
T , (B.12)

g(β)( j)(x( j))= {g(β)x( j), g(β)y( j)}
T
= {W (∞)

(β)x/W(β)x( j),W (∞)
(β)y/W(β)y( j)}

T . (B.13)

(a) (b)

Figure B.4. (a) PD bond between material points at x(i) and x( j) (left) and (b) the ellipse
for the surface correction factor.
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These correction factors are, in general, different at material points x(i) and x( j). Therefore, the correction
factor for a PD bond between material points x(i) and x( j) can be obtained by their mean values as

ḡ(β)(i)( j) = {ḡ(β)(i)( j)x , ḡ(β)(i)( j)y}
T
= (g(β)(i)+ g(β)( j))/2, (B.14)

which can be used as the principal values of an ellipse, as shown in Figure B.4. The intersection of the
ellipse and a relative position vector of material points x(i) and x( j), n, provides the correction factors as

G(β)(i)( j) =
(
[nx/ḡ(β)(i)( j)x ]

2
+ [ny/ḡ(β)(i)( j)y]

2)−1
2 . (B.15)

After considering the surface effects, the discrete form of the equations of motion given in (13) is
corrected as

ρ(x(i))ü(x(i), t)=
M∑

j=1

(
a(i)( j)G( f )(i)( j) f

(
u(x( j), t)− u(x(i), t), x( j)− x(i)

)
+

b(i)( j)G(m)(i)( j) f
(
u(x( j), t)− u(x(i), t), x( j)− x(i)

) ) V( j)+b(x(i), t). (B.16)

where the coefficients a(i)( j) and b(i)( j) take a value of either 1 or 0 if the interaction between material
points x(i) and x( j) is a fiber bond or a matrix bond, respectively.

Based on numerical experimentation with varying values of displacement gradients, there is no sig-
nificant effect on the surface corrections. Thus, the displacement gradient ∂u∗x/∂x is assigned a value of
0.001.

Appendix C: PD interlayer and shear bond constants of a laminate

The interlayer bond constant, cin, and the shear bond constant, cis, shown in Figure C.1, can be expressed
in terms of engineering constants based on the transverse normal and shear deformation response of
the isotropic matrix material by equating the total strain energy density of interlayer and shear bonds

Figure C.1. Interlayer and shear bonds between neighboring plies (only some of the
interactions are depicted explicitly for clarity).
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Figure C.2. Shear bonds between material points b and a, and between material points
d and c, in both undeformed and deformed configurations.

calculated from PD theory and classical continuum mechanics. The strain energy density of the interlayer
bonds associated with the material point a can be computed by summing the strain energy density of the
two interlayer bonds between material points d and e and the material point a (Figure C.1). It can be
readily obtained by multiplying the micropotential given in (8a) with the material volume.

Furthermore, the strain energy density of shear bonds can be obtained by using (28)2 in conjunction
with (7). Thus, the total strain energy density due to the interlayer and shear bonds can be computed as

UPD =
1
2

∑
j=d,e

cins2
jaξ ja

2
V j +

1
2

∫
H

cisϕ
2

2
d H. (C.1)

The expression for the shear angle in (C.1) is obtained by determining the average shear angle inside
the quadrilateral formed by material points a, b, c, and d , as shown in Figure C.2. Averaging is achieved
by computing the shear angles along the lines between material points a and d, and b and c, which are
defined as ϕda and ϕbc, respectively.

These shear angles are obtained from the ratio of the displacements uda and ubc of material points d
and b with respect to a and c, respectively, to the ply thickness, t , as

ϕda =
uda

t
, ϕbc =

ubc

t
. (C.2)

The relative displacements uda and ubc are approximated as the change in length of the bonds between
material points d and c, and b and a, respectively,

uda =−
(
|ξdc+ ηdc| − |ξdc|

)
, (C.3a)

ubc = |ξba + ηba| − |ξba|. (C.3b)

Note that the minus sign in (C.3a) arises due to the contraction of the shear bond between material points
d and c, whereas the bond between material points b and a extends. The average value of the shear
strains ϕda and ϕbc results in

ϕ =
ϕda +ϕbc

2
=
(|ξba + ηba| − |ξba|)− (|ξdc+ ηdc| − |ξdc|)

2t
, (C.4)
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Figure C.3. A composite laminate subjected to isotropic expansion loading.

where ξba and ξdc correspond to the bond vectors between material points b and a, and between material
points d and c, respectively. Similarly, the vectors ηba and ηdc are the relative displacement vectors
between material points b and a, and between material points d and c, respectively.

In order to obtain the interlayer bond constant, the laminate is subjected to an isotropic expansion
loading of s = ζ , as shown in Figure C.3.

For a material point, a, located in the k-th ply of the laminate (Figure C.4), the contributions of the
interlayer and shear bonds to the strain energy density of the material point due to isotropic expansion
loading can be calculated using (C.1)

UPD =
1
2

∑
j=d,e

cins2
jaξ ja

2
V j . (C.5)

Figure C.4. Deformation of interlayer and shear bonds between neighboring plies (only
some of the interactions are depicted explicitly for clarity).
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Figure C.5. A composite laminate subjected to simple shear loading.

Note that the shear strain, ϕ, defined in (C.2) has a zero value for this loading condition because the
relative displacements uda and ubc given in (C.3a) and (C.3b) are equal in magnitude with opposite
signs. Therefore, shear bonds do not have any contribution to the strain energy density for this loading
condition. Both of the bond lengths ξda and ξea are equivalent to the ply thickness, t . Therefore, for this
loading condition, (C.5) can be evaluated as

UPD =
cinζ

2tV
2

, (C.6)

where V is equal to the volume of material points d and e, that is, V = Vd = Ve.
The corresponding strain energy density of the material point for the same loading condition can be

calculated using classical continuum mechanics as

UE =
1
2 Emζ

2, (C.7)

with Em representing the elastic modulus of the matrix material. Equating strain energy densities from
(C.6) and (C.7) results in the relation between the interlayer bond constant, cin, as

cin =
Em

tV
. (C.8)

The shear bond constant, cis, can be evaluated similarly. In this case, the laminate is subjected to a
simple shear loading of γ = ζ , as shown in Figure C.5. For this loading condition, the interlayer bonds
do not extend (Figure C.6). Therefore, their stretch values are zero. Hence, the interlayer bonds do not
contribute to the strain energy density of the laminate.

As shown in Figure C.7, the original and deformed lengths of the shear bond between material points
b and a can be expressed as

|ξba| =
√
`2+ t2, (C.9a)

|ξba + ηba| =
√
¯̀2+ t2, (C.9b)

where t is the ply thickness.
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Figure C.6. Deformation of interlayer and shear bonds between neighboring plies (only
some of the interactions are depicted explicitly for clarity).

Figure C.7. Shear bonds between material points b and a, and between material points
d and c, in both undeformed and deformed configurations.

For the triangle depicted in Figure C.7, by utilizing the law of cosines, the length of the radial com-
ponent of the deformed bond vector, ¯̀, can be written in terms of the length of the radial component of
the original bond vector, `, and magnitude of displacement vector, ζ t , as

¯̀2 = `2
+ (ζ t)2− 2`ζ t cos(π − θ). (C.10)

After substituting (C.10) in (C.9b), the deformed bond length can be rewritten as

|ξba + ηba| =
√
`2+ t2+ 2`ζ t cos(θ). (C.11)
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In deriving (C.11), the (ζ t)2 term is neglected with respect to t2 because ζ is much less than unity. The
square root term on the right-hand side of (C.11) can be further simplified by using the square root
approximation √

N 2+ d = N + d
2N

, (C.12)

where d � N . Therefore, the deformed bond length expression given in (C.11) can be rewritten as

|ξba + ηba| =
√
`2+ t2+

`ζ t cos(θ)
√
`2+ t2

. (C.13)

The original and deformed bond lengths between material points d and c can be computed similarly as

|ξdc| =
√
`2+ t2, (C.14a)

|ξdc+ ηdc| =
√
`2+ t2−

`ζ t cos(θ)
√
`2+ t2

. (C.14b)

Therefore, the shear angle for this loading condition can be computed using (C.4) as

ϕ =
`ζ cos(θ)
√
`2+ t2

. (C.15)

After substituting the shear angle expression given in (C.15) to the strain energy density expression given
in (C.1), performing the integration results in

UPD =

{
πcs t

4

(
δ2
+ t2 ln t2

t2+δ2

)}
ζ 2. (C.16)

The corresponding strain energy density based on classical continuum mechanics can be computed as

UCCM =
1
2 Gmζ

2. (C.17)

After equating the strain energy densities calculated from PD theory and classical continuum mechanics,
that is, (C.16) and (C.17), leads to the explicit form of the shear bond constant in terms of the shear
modulus of the matrix material, Gm ,

cis =
2Gm

π t
1(

δ2+ t2 ln
( t2

δ2+t2

)) . (C.18)

Appendix D: Critical stretch values for bond constants

The critical stretch value for fiber and matrix bonds can be obtained by performing various experiments
as explained in [Oterkus et al. 2012]. In this study, for simplicity, the matrix bond constant is evaluated
by using the critical stretch expression given by (12) for an isotropic matrix material, that is, epoxy.
The derivation of this critical stretch expression is given by [Silling and Askari 2005]. The elastic,
bulk, and shear moduli of the epoxy material are specified as Em = 3.792 GPa, κm = 3.792 GPa, and
Gm = 1.422 GPa, respectively. It has a critical energy release rate of GIC= 2.37×10−3 MPa-m. Therefore,
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Figure D.8. Interlayer and shear bonds between material point x and other material
points located at the (k+1)-th ply.

the critical stretch expression of the matrix bond for a horizon value of δ = 1.92 × 10−3 m can be
computed as

smt =

√
5GIC

9κmδ
= 0.0135. (D.1)

The critical stretch for the interlayer bond, sin, can be computed by equating the energy required to
break an interlayer bond between material point x located at the k-th ply and material point x′ located at
the (k+1)-th ply, shown in Figure D.8, to the mode-I critical energy release rate of the material GIC as

t
(

cins2
int

2

)
V = GIC, (D.2)

where t and V represent the thickness of the ply and the volume of the material point, x′, respectively.
Using the relation given by (D.2) in conjunction with the bond constant expression given by (27)1

results in the critical stretch expression for the interlayer bond as

sin =

√
2GIC

t Em
. (D.3)

This critical stretch value for epoxy material with a ply thickness of t = 1.651× 10−4 m is computed as
sin = 0.087.

As opposed to interlayer bonds, multiple shear bonds exist between the material point x and other
material points in the (k+1)-th ply, as shown in Figure D.8. The failure of these shear bonds corresponds
to a mode-II type of failure. Therefore, the energy required to break all of these shear bonds can be
equated to the mode-II critical energy release rate of the material, GIIC, as

t
∫

H

cisϕ
2
c

2
d H = GIIC, (D.4)

where ϕc is the critical shear angle. This equation is rewritten, after splitting the domain of integration, as

t
(

t
cisϕ

2
c

2

∫ δ

0
`d`

∫ 2π

0
dφ
)
= GII. (D.5)
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Performing the integrations results in the critical shear angle expression:

ϕc =

√
GIIC

tGm
. (D.6)

As explained in [Araki et al. 2005], the value of the mode-II critical energy release rate of the material,
GIIC, is dependent on the postcuring temperature of epoxy. Therefore, it is assumed that GIIC is equal
to 3

4 GIC, which results in the critical shear angle, ϕc, being equal to the critical stretch, sin, that is,
ϕc = sin = 0.087.
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POSTBUCKLING AND DELAMINATION GROWTH FOR DELAMINATED
PIEZOELECTRIC ELASTOPLASTIC LAMINATED BEAMS UNDER

HYGROTHERMAL CONDITIONS

YING-LI LI, YI-MING FU AND HONG-LIANG DAI

The postbuckling and delamination growth for delaminated piezoelectric elastoplastic laminated beams
under hygrothermal conditions are investigated. By considering hygrothermal environments, transverse
shear deformation, geometrical nonlinearity and piezoelectric effect, the incremental nonlinear equilib-
rium equations of the piezoelectric elastoplastic laminated beams with delamination are obtained. The
finite difference method and iterative method are adopted to solve the equations. Based on these, the
delamination growth for the piezoelectric elastoplastic laminated beams is studied using J-integral the-
ory. In the numerical examples, the effects of hygrothermal environments, transverse shear deformation,
geometrical nonlinearity and piezoelectricity on the postbuckling behavior and delamination growth for
the delaminated piezoelectric elastoplastic laminated beams are discussed in detail.

1. Introduction

Piezoelectric laminated structures have great application potential in mechanical, aerospace, nuclear,
reactor, and civil engineering, and in many modern industries due to their excellent properties. The
challenge is that, during the manufacturing and service process, damage can arise that weakens the
mechanical properties and reduce significantly the service life of the structure. Delamination is the main
form of damage in laminated structures, and its growth has a detrimental influence on the behavior of the
structure. The concentration of load-induced stress along the delamination front an cause delamination
growth and ultimately lead to structural failure. At the same time, as structures can still bear loads after
exceeding their yield limits, it is uneconomical to restrict structural design to the elastic regime. To make
the best of the material, investigation should be extended to the mechanical properties in plastic stage.

Temperature and humidity variations cause hygrothermal stress, which also influences the performance
of the piezoelectric composites. Consequently, it is important to analyze the postbuckling and delamina-
tion growth of delaminated piezoelectric elastoplastic beams by considering the effects of the hygrother-
mal conditions, transverse shear deformation, geometric nonlinearity, and the piezoelectric effect.

We mention some relevant studies. Davidson et al. [2000] analyzed energy release rates and stress
intensity factors for delaminated composite laminates. Applying the finite element method, Nilsson et al.
[2001] researched delamination buckling and growth in a slender composite panel. Park and Sankar
[2002] and Wang and Qiao [2004] computed energy release rates of delaminated plates with the first-order
shear deformable theory. A boundary layer theory of shell buckling was extended to the case of shear
deformable laminated cylindrical panels under hygrothermal environments and a singular perturbation
technique was employed to determine the buckling loads and postbuckling equilibrium paths in [Shen

Keywords: hygrothermal conditions, piezoelectric effect, postbuckling, delamination growth, J-integral.
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2002; Shen 2001]. Tafreshi [2006] used the virtual crack closure technique to find the distribution of
the local strain energy release rate along the delamination front. Münch and Ousset [2002] developed a
numerical method to simulate delamination growth in layered composite structures within the framework
of fracture mechanics in large displacement.

Much research has been conducted in elastoplastic mechanics. But most existing elastoplastic models
are based on Hill’s yield criterion, which suppose the material yield is independent of the spherical stress
tensor. Actually, under the acting of the spherical stress tensor, the structures will be distorted due to the
different elastic constants in each principal direction. According to the von Mises distortion energy yield
criteria, the materials will get into the plastic stage if the distortion energy reaches a certain value, and
the materials have apparent Bauschinger effect under the action of the stresses. Hence, Hill’s hypothesis
is inconsistent with the practical situation. Against the flaw mentioned above, Yuan and Zheng [1990]
established a new yield criterion that relate to the spherical stress tensor, and obtained the associated
plastic flow law for the elastoplastic material. Pi and Bradford [2003] investigated elastic and elasto-
plastic flexural–torsional buckling and postbuckling behavior of arches that are subjected to a central
concentrated load by using the rational finite element model.

In order to analysis the growth of the delamination, we have to get a clue of the stress field along the
delamination front. Rice [1968] proposed the J integral theory in 1968 and used an integral to describe
the intensity of the stress and strain field in the vicinity of the crack tip of elastoplastic structure. Yang et al.
[2002] studied the theory of J integral near crack tip in the plate of linear-elastic orthotropic composite
material by using a complex function method. Simha et al. [2008] discussed the crack driving force in
elastic–plastic materials, with particular emphasis on incremental plasticity, by using the configurational
forces approach and standard constitutive models for finite strain. Based on the law of conservation of
energy, the generalized piezoelectric J integral was defined in [Pak and Herrmann 1986; Pak 1990; Zuo
and Sih 2000], including piezoelectric effects and was proved to be unaffected by the choice of a contour.
However, up to now, the analysis of delaminated piezoelectric elastoplastic laminated beams is still open.

This paper aims to study the postbuckling behavior and energy release rate of the delaminated piezo-
electric elastoplastic laminated beams and investigate the effects of hygrothermal conditions, transverse
shear deformation, geometric nonlinearity and piezoelectricity on their behavior. The incremental theory
of elastoplastic is employed to derive the governing equations. The numerical solutions are obtained
by using the finite difference method and the iteration method. Numerical simulations demonstrate the
effects of the hygrothermal conditions, yield stress, piezoelectricity, slenderness ratio, delamination size,
and delamination length on postbuckling behavior and energy release rate.

2. Elastoplastic constitutive models of mixed hardening orthotropic materials

In the case of the elastoplastic deformation, we make these assumptions:

(1) Spherical stress tensors produce plastic deformations, and plastic strains are compressible.

(2) Uniform dilatation produced by active stresses will not influence the plastic deformation.

(3) The yield surface moves and expands along with plastic deformation.

(4) The dimensionless yield criterion of orthotropic material is isomorphic with the von Mises criterion
of isotropic material.
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Based on there assumptions, Tian et al. [2009] defined the dimensionless yield function as

f =
K 2
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where

σ̃
′

i j =
σi j − bi j

6i j
(no sum over i, j), (2)

The constant K , with dimensions of stress, can be determined by experiments in the simple stress state;
σi j and 6i j are the stress tensor and yield stress tensor components, respectively, along each direction
of orthotropic materials; bi j is the back stress tensor, which represents the transition of the center of the
yield surface, and reflects the kinematics hardening.

By defining the effective active stress as
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the mixed hardening yield function can be given as

Fp = f (σ̃
′

i j )− [σ̃ (ε̄
p)]2, (4)

where σ̃ is the effective stress defined in (3), which is the function of effective plastic strain ε̄ p, and can
be acquired by the simple extension experimental curves.

Assuming a non-associated flow rule, the plastic part of the strain tensor increment dε p
i j is proportional

to the gradient of the stress function Fp, commonly named plastic potential function

dε p
i j = λp

∂Fp

∂σi j
= λp

∂ f
∂σi j

, (5)

where λp is a non-negative scalar called plastic multiplier or consistency parameter.
Substituting (1) and (2) into (4), the following formulas can be obtained

dε p
11 = λp

K 2

611
(2σ̃

′

11− σ̃
′

22− σ̃
′

33), dε p
44 = 2λp

K 2

644
σ̃
′

44,

dε p
22 = λp

K 2

622
(2σ̃

′

22− σ̃
′

33− σ̃
′

11), dε p
55 = 2λp

K 2

655
σ̃
′

55,

dε p
33 = λp

K 2

633
(2σ̃

′

33− σ̃
′

11− σ̃
′

22), dε p
66 = 2λp

K 2

666
σ̃
′

66.

(6)

Substituting (6) into (3), we have

σ̃ =
1

3
√

2Kλp

(
(611dε p

11−622dε p
22)

2
+ (622dε p

22−633dε p
33)

2
+ (633dε p

33−611dε p
11)

2

+
9
2 [(644dε p

44)
2
+ (655dε p

55)
2
+ (666dε p

66)
2
]
) 1

2 . (7)
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Define the effective plastic strain increment as

d ε̄ p
=

√
2

3K

(
(611dε p

11−622dε p
22)

2
+ (622dε p

22−633dε p
33)

2
+ (633dε p

33−611dε p
11)

2

+
9
2 [(644dε p

44)
2
+ (655dε p

55)
2
+ (666dε p

66)
2
]
) 1

2 . (8)

According to (7) and (8), we obtain
d ε̄ p
= 2σ̃ λp. (9)

The plastic strain can be decomposed as

dε p
i j = dε p(I)

i j + dε p(II)
i j , (10)

where dε p(I)
i j , the incremental plastic strain of isotropic hardening, and dε p(II)

i j , the incremental plastic
strain of kinematics hardening, are defined by

dε p(I)
i j = adε p

i j , dε p(II)
i j = (1− a) dε p

i j . (11)

Here a is the mixed hardening parameter within span (−1, 1); the value a = 1 denotes pure isotropic
hardening, and a = 0 denotes pure kinematic hardening. When a is negative, the yield surface shrinks.
Other values denote mixed hardening. The incremental back stress tensor can be defined as a linear
function of incremental plastic strain tensor of kinematics hardening:

dbi j = cdε p(II)
i j , (12)

where c is the ratio constant. According to (5) and (11), the back stress increment can be expressed as

dbi j = c(1− a)λp
∂ f
∂σi j

. (13)

The total strain increment is decomposed into elastic and plastic strain increments:

dεi j = dεe
i j + dε p

i j . (14)

The elastic constitutive equation is
dσi j = Ce

i jkldε
e
kl; (15)

using (14) and (15), one gets

dσi j = Ce
i jkl

(
dεkl − λp

∂ f
∂σkl

)
. (16)

According to the consistency condition, and letting H ′ = dσ̃ /d ε̄ p, from (4), we have

∂ f
∂σ̃
′

i j
dσ̃

′

i j − 2σ̃H ′d ε̄ p
= 0. (17)

Substituting (5), (9), (13) and (16) into this, we obtain

λp =
X i j dεi j

S
, (18)
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where

X i j =
1
6kl

∂ f
∂σ̃
′

kl
Ce

kli j ,

S =
1
6i j

∂ f
∂σ̃
′

i j
Ce

i jkl
1
6kl

∂ f
∂σ̃
′

kl
+

1
6i j

∂ f
∂σ̃
′

i j
c(1−α)

1
6i j

∂ f
∂σ̃
′

i j
+ 4σ̃ 2 H ′.

(19)

Substituting (18) into (16), the incremental elastoplastic constitutive equation can be written as

dσi j = (Ce
i jkl −C p

i jkl) dεkl, (20)

where C p
i jkl = X i j Xkl/S. Therefore, the incremental elastoplastic constitutive equation of orthotropic

materials is
dσi j = (Ce

i jkl −χC p
i jkl) dεkl . (21)

If Fp = 0 and ∂ f
∂σi j

dσi j > 0, then χ = 1. If Fp < 0 or ∂ f
∂σi j

dσi j ≤ 0, then χ = 0.

3. Fundamental equations of delaminated piezoelectric laminated beams
under hygrothermal conditions

Consider a delaminated piezoelectric laminated beam under an axial load P depicted in Figure 1. The
delaminated piezoelectric laminated beam is composed of a fiber-reinforced laminated beam and the up-
per and lower piezoelectric layers. Take the piezoelectric layers as elastic layers and the fiber-reinforced
laminates to be elastoplastic. The global coordinate system oxz is shown in Figure 1 and the reference
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Figure 1. Geometric configuration (top) and transverse geometry (bottom) of piezoelec-
tric laminated beam.
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plane z = 0 is located at the midsurface of the undeformed laminated beams. The beam with throughout
width delamination has length L , thickness he and delaminated length L(2). L(1) is the distance from
the left end of the delamination to that of the beam. In order to investigate the delamination growth,
the delaminated laminated beam is divided into four regions which are respectively denoted as �(i)e

(i = 1, 2, 3, 4). Here the indices 2 and 3 represent the delaminated segments, while 1 and 4 represent
the intact segments. The length of each region is defined as L(i), and the coordinate x for each region
is measured from the left end. The thickness of regions 2 and 3 are h(2)e and h(3)e respectively, and
obviously h(2)e + h(3)e = he. The piezoelectric layers with thickness h p are perfectly bonded on the
upper and lower surfaces of the laminated beam. The corresponding piezoelectric layers bonded on the
regions �(i)e are denoted by �(i)p. Then the whole piezoelectric laminated beam is divided into four
regions denoted by �(i), and �(i) = �(i)e +�(i)p. The coordinate system of every region ox (i)z(i) is
located at the midsurface of the related region. The thickness of the whole piezoelectric laminated beams
is h = he

+ 2h p.
Supposing ū(i), w̄(i) denote the displacements of an arbitrary point in region �(i) throughout the x ,

z direction, respectively, and φ(i) denotes the angle the section rotate along the neutral axis, then the
displacement components are given by

ū(i)(x, z)= u(i)(x)+ zφ(i)(x),

w̄(i)(x, z)= w(i)(x)+ w̃(i)(x),
(22)

where u(i), w(i) are displacement components of the points on the midsurface. w̃(i) denotes the initial
deflection and x , z is the coordinate of corresponding region.

If that ε̄(i)x , ε̄
(i)
xz are the strains of an arbitrary point in region �(i), the nonlinear strain-displacement

relations can be written as

ε̄(i)x = ε
(i)
x + zκ(i)x , ε̄(i)zx = ε

(i)
zx , (23)

where ε(i)x , ε(i)xz are the strains of the corresponding points on the midsurface, and κ(i)x is the curvature,
and

ε(i)x = u(i),x +
1
2w

(i)2
,x +w

(i)
,x w̃

(i)
,x , ε(i)zx = w

(i)
,x +φ

(i), κ(i)x = φ
(i)
,x (24)

where the comma denotes the derivative with respect to the coordinate.
When the load acting on the beam varies, the displacement and strains of an arbitrary point of the

beam would alter accordingly. Then, the strain increments of the midsurface are

dε(i)x = du(i),x +
1
2 dw(i)2,x + (w

(i)
,x + w̃

(i)
,x ) dw(i),x , dε(i)zx = dw(i),x + dφ(i), dκ(i)x = dφ(i),x . (25)

The incremental elastoplastic stress-strain relations of a single layer for the fiber-reinforced laminated
beam in the local coordinate can be obtained as{

dσ (i)kx

dτ (i)kzx

}
=

(
Ce

11−χC p
11 Ce

15−χC p
15

Ce
15−χC p

15 Ce
55−χC p

55

){
d ε̄(i)kx

d ε̄(i)kzx

}
. (26)
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Under hygrothermal conditions, the incremental elastoplastic stress-strain relations of the kth layer
for the fiber-reinforced laminated beam are{

dσ (i)kx

dτ (i)kzx

}
=

(
Qk

11 Qk
15

Qk
15 Qk

55

){
d ε̄(i)kx −ϑ

k
x dT − γ k

x dc
d ε̄(i)kzx

}
, (27)

where ϑk
x = ϑ11 cos2 θk +ϑ22 sin2 θk , and γ k

x = γ11 cos2 θk + γ22 sin2 θk . dσ (i)kx , dτ (i)kzx denote the normal
stress and shear stress increments of any points in the laminated beam, respectively, and Qk

i j denotes the
stiffness factor of the fiber-reinforced materials in the global coordinate. Denote θk as the playing angle
of the kth layer, ϑ11, ϑ22 as the thermal expansion coefficients in the longitudinal and lateral direction of
the orthotropic material, and γ11, γ22 as the humidity expansion coefficients. dT is the variation of the
temperature and dc is the wet variation, which is defined as the ratio of the incremental mass d M after
moisture absorption to the dry mass M .

According to the (25) and (27), the incremental membrane stress resultants d N (i)L , the shear stress
resultants d Q(i)L and stress couples d M (i)L of the fiber-reinforced laminated beam can be written asd N (i)L

d Q(i)L

d M (i)L

=
A(i)L1 A(i)L2 B(i)L1

A(i)L2 A(i)L3 B(i)L2
B(i)L1 B(i)L2 D(i)L

1




dε(i)x

dε(i)zx

dκ(i)x

−


d N (i)
T

d Q(i)
T

d M (i)
T

 , (28)

where

d N (i)
T =

∫
�(i)e

Qk
11(ϑ

k
x dT + γ k

x dc) dz, A(i)e1 =

∫
�(i)e

Qk
11dz, B(i)L1 =

∫
�(i)e

Qk
11z dz,

d Q(i)
T =

∫
�(i)e

ηQk
15(ϑ

k
x dT + γ k

x dc) dz, A(i)L2 =

∫
�(i)e

Qk
15dz, B(i)L2 =

∫
�(i)e

Qk
15z dz,

d M (i)
T =

∫
�(i)e

Qk
11(ϑ

k
x dT + γ k

x dc)z dz, A(i)L3 =

∫
�(i)e

ηQk
55dz, D(i)L

1 =

∫
�(i)e

Qk
11z2dz,

where the last term of (28) is the stress resultants and couples resulting from the hygrothermal conditions.
η denotes the shear stress modified coefficient, which is assumed as η = 5/6. As only cross-ply beams
are considered in this paper, Qk

15 = 0 and A(i)e2 = B(i)e2 = 0.
The elastic constitutive relations of orthotropic piezoelectric layers can be described as{

σ
(i)p
x

τ
(i)p
zx

}
=

(
Q p

11 0
0 Q p

55

){
ε̄
(i)
x

ε̄
(i)
xz

}
−

(
0 e31

0 0

){
E (i)x

E (i)z

}
−

{
ς

0

}
1T, (29)

D(i)
=

{
D(i)

x

D(i)
z

}
=

(
0 0

e31 0

){
ε̄
(i)
x

ε̄
(i)
xz

}
+

(
t11 0
0 t33

){
E (i)x

E (i)z

}
= e ·

{
ε̄
(i)
x

ε̄
(i)
xz

}
+ t · E(i), (30)

where σ (i)px and τ (i)pxz are the stress components of the piezoelectric layer, ς is the heat stress coefficient,
D(i)

x and D(i)
z are the electric displacement components, E (i)x and E (i)z are the electric-field intensity

components, Q p
i j is the elastic constant, ei j is the piezoelectric stress constant, and ti j are dielectric

constants.
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It is assumed that only the electric field component E (i)z throughout the thickness direction is applied
on the piezoelectric layers. Denoting V (i)

T , V (i)
B and E (i)T , E (i)B as the electric voltages and the electric-field

intensity on the upper and down surface, respectively, then the following relations are obtained

E (i)T = V (i)
T /h p, E (i)B = V (i)

B /h p. (31)

According to (29) and (23), the membrane stress resultants N (i)p, shear stress resultants Q(i)p and stress
couples M (i)p of the piezoelectric layers can be written asN (i)p

Q(i)p

M (i)p

=
A(i)p1 A(i)p2 B(i)p1

A(i)p2 A(i)p3 B(i)p2
B(i)p1 B(i)p2 D(i)p

1



ε
(i)
x

ε
(i)
zx

κ
(i)
x

−


N (i)p
a

0
M (i)p

a

−


N (i)p
e

0
M (i)p

e

 , (32)

where the last term is the change of stress resultants and stress couples after applying voltages on piezo-
electric layer, and

N (i)p
a =

∫
�(i)p

ς1T dz, A(i)p1 =

∫
�(i)p

Q p
11dz, B(i)p1 =

∫
�(i)p

Q p
11z dz,

M (i)p
a =

∫
�(i)p

ς1T z dz, A(i)p2 = 0, B(i)p2 = 0,

N (i)p
e =

∫
�(i)p

e · E(i)dz, A(i)p3 =

∫
�(i)p

Q p
55dz, D(i)p

1 =

∫
�(i)p

z2 Q p
11dz,

M (i)p
e =

∫
�(i)p

e · E(i)z dz.

(33)

From (27) and (32), the membrane stress resultants N (i), shear stress resultants Q(i) and stress couples
M (i) of piezoelectric laminated beam can be written asN (i)

Q(i)

M (i)

=
N (i)e

Q(i)e

M (i)e

+
N (i)p

Q(i)p

M (i)p



=

A(i)1 A(i)2 B(i)1
A(i)2 A(i)3 B(i)2
B(i)1 B(i)2 D(i)

1



ε
(i)
x

ε
(i)
zx

κ
(i)
x

−


N (i)
b

Q(i)
b

M (i)
b


=

A(i)e1 + A(i)p1 A(i)e2 + A(i)p2 B(i)e1 + B(i)p1
A(i)e2 + A(i)p2 A(i)e3 + A(i)p3 B(i)e2 + B(i)p2
B(i)e1 + B(i)p1 B(i)e2 + B(i)p2 D(i)e

1 + D(i)p
1



ε
(i)
x

ε
(i)
zx

κ
(i)
x

−


N (i)
T + N (i)p

a + N (i)p
e

Q(i)
T

M (i)
T +M (i)p

a +M (i)p
e

 , (34)

where

N (i)
b = N (i)

T + N (i)p
a + N (i)p

e , Q(i)
b = Q(i)

T , M (i)
b = M (i)

T +M (i)p
a +M (i)p

e . (35)
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According to the classical nonlinear theory of laminated plates, and in view of the effect of the shear
stress resultants on the membrane stress resultants, the nonlinear equilibrium equations of the laminated
beams with initial deflection are acquired as

N (i)
,x − (Q

(i)φ(i)),x = 0, Q(i)
,x + [N

(i)(w(i),x + w̃
(i)
,x )],x = 0, Q(i)

−M (i)
,x = 0. (36)

When the axial load acting on the piezoelectric laminated beam increases by a small quantity d P , the
incremental nonlinear equilibrium equations can be obtained as

d N (i)
,x − Q(i)

,x dφ(i)− d Q(i)
,x φ

(i)
− d Q(i)

,x dφ(i)− Q(i)dφ(i),x − d Q(i)φ(i),x − d Q(i)dφ(i),x = 0,

d Q(i)
,x +d N (i)

,x (w
(i)
,x +w̃

(i)
,x )+N (i)

,x dw(i),x +d N (i)
,x dw(i),x +d N (i)(w

(i)
,xx+w̃

(i)
,xx)+N (i)dw(i),xx+d N (i)dw(i),xx = 0,

d Q(i)
− d M (i)

,x = 0. (37)

By introducing the dimensionless parameters

ξ (i) =
x (i)

L(i)
, W (i)

=
w(i)

h
, U (i)

=
u(i)

L
, ϕ = φ,

αi =
h(i)

h
, βi =

L(i)

L
, λi =

L(i)

h
, H =

L
h
,

Ā(i)1 =
A(i)1

K h
, Ā(i)3 =

A(i)3

K h
, B̄(i)1 =

B(i)1

K h2 , D̄(i)
1 =

D(i)
1

K h3 ,

N̄ (i)
b =

N (i)
b

K h
, M̄ (i)

b =
M (i)

b

K h2 , P̄ =
P

K h
, W̃ (i)

=
w̃(i)

h

and substituting them, together with (27) and (34), into (37), we obtain the dimensionless nonlinear
equilibrium equations of the delaminated piezoelectric laminated beam with initial deflection under the
action of the axial load P . They read as follows, where i = 1, 2, 3, 4:

Ā(i)1

[
1
βi

dU (i)
,ξξ +

1
λ2

i
(W (i)

,ξ + W̃ (i)
,ξ ) dW (i)

,ξξ +
1
λ2

i
(W (i)

,ξξ + W̃ (i)
,ξξ ) dW (i)

,ξ +
1
λ2

i
dW (i)

,ξξdW (i)
,ξ

]

+
B̄(i)1

λi
dϕ(i),ξξ − Ā(i)3 ϕ

(i)
,ξ

(
1
λi

dW (i)
,ξ + dϕ(i)

)
− Ā(i)3 ϕ

(i)
(

1
λi

dW (i)
,ξξ + dϕ(i),ξ

)
− Ā(i)3 dϕ(i),ξ

(
1
λi

dW (i)
,ξ + dϕ(i)

)
− Ā(i)3 dϕ(i)

(
1
λi

dW (i)
,ξξ + dϕ(i),ξ

)
− Q̄(i)dϕ(i),ξ − Q̄(i)

,ξ dϕ(i) = 0,

Ā(i)3

(
1
λi

dW (i)
,ξ + dϕ(i)

)
−

[
B̄(i)1

[
1
λiβi

dU (i)
,ξξ +

1
λ3

i

(W (i)
,ξ + W̃ (i)

,ξ ) dW (i)
,ξξ

+
1
λ3

i

(W (i)
,ξξ + W̃ (i)

,ξξ )dW (i)
,ξ +

1
λ3

i

dW (i)
,ξξdW (i)

,ξ

]
+

D̄(i)
1

λ2
i

dϕ(i),ξξ

]
= 0, (38)
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Ā(i)3

(
1
λi

dW (i)
,ξξ + dϕ(i),ξ

)
+

1
λi

N̄ (i)dW (i)
,ξξ +

1
λi

N̄ (i)
,ξ dW (i)

,ξ

+
1
λi

(
W (i)
,ξξ + W̃ (i)

,ξξ + dW (i)
,ξξ

){
Ā(i)1

[
1
βi

dU (i)
,ξ +

1
λ2

i
(W (i)

,ξ + W̃ (i)
,ξ ) dW (i)

,ξ +
1

2λ2
i

dW (i)2
,ξ

]
+

B̄(i)1

λi
dϕ(i),ξ

}
+

1
λi

(
W (i)
,ξ + W̃ (i)

,ξ + dW (i)
,ξ

){
Ā(i)1

[
1
βi

dU (i)
,ξξ +

1
λ2

i
(W (i)

,ξ + W̃ (i)
,ξ ) dW (i)

,ξξ

+
1
λ2

i
(W (i)

,ξξ + W̃ (i)
,ξξ ) dW (i)

,ξ +
1
λ2

i
dW (i)

,ξξdW (i)
,ξ

]
+

B̄(i)1

λi
dϕ(i),ξξ

}
= 0. (39)

Now we consider the dimensionless boundary conditions, continuity conditions of displacements and
equilibrium conditions of moments and forces of delaminated piezoelectric laminated beams.

Assuming that the both ends of piezoelectric laminated beams are clamped with in-plane movable, the
dimensionless boundary conditions are

dW (1)(0)= 0, d N̄ (1)(0)=−d P̄, dϕ(1)(0)= 0,

dW (4)(1)= 0, d N̄ (4)(1)=−d P̄, dϕ(4)(1)= 0.
(40)

The dimensionless continuity conditions of displacements are

dU (2)(0)= dU (1)(1)−
1−α2

2H
dϕ(1)(1), dU (3)(0)= dU (1)(1)+

1−α3

2H
dϕ(1)(1),

dW (1)(1)= dW (2)(0)= dW (3)(0), dϕ(1)(1)= dϕ(2)(0)= dϕ(3)(0),

dU (2)(1)= dU (4)(0)−
1−α2

2H
dϕ(4)(0), dU (3)(1)= dU (4)(0)+

1−α3

2H
dϕ(4)(0),

dW (4)(0)= dW (2)(1)= dW (3)(1), dϕ(4)(0)= dϕ(2)(1)= dϕ(3)(1).

(41)

The dimensionless equilibrium conditions of moments and forces are

d N̄ (1)(1)= d N̄ (2)(0)+ d N̄ (3)(0), d Q̄(1)(1)= d Q̄(2)(0)+ d Q̄(3)(0),

d M̄ (1)(1)= d M̄ (2)(0)+ d M̄ (3)(0)−
1−α2

2
d N̄ (2)(0)+

1−α3

2
d N̄ (3)(0),

d N̄4(0)= d N̄ (2)(1)+ d N̄ (3)(1), d Q̄4(0)= d Q̄(2)(1)+ d Q̄(3)(1),

d M̄4(0)= d M̄ (2)(1)+ d M̄ (3)(1)−
1−α2

2
d N̄ (2)(1)+

1−α3

2
d N̄ (3)(1).

(42)

4. Analysis of energy release rate along delamination front

In order to analyze the fatigue growth of the delamination, the stress field near the delamination front
must be known. In fact, it is quite a tough task to analyze the stress of the delamination front due to its
singularity. However, the energy release rate, which indicates intensity of stress fields near delamination
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Figure 2. Left: the path of the J integral along the delamination front. Right: a rectan-
gular path of the J integral along the delamination front.

front, can be determined. As a result, most researches of delamination growth were carried out by
investigating the energy release rate. Rice [1968] proposed the J integral to describe the intensity of
the stress and strain field in the vicinity of the crack tip for the elastoplastic structure. The J integral
denotes the energy released when the crack tip propagates at a unit distance in the direction along the
crack surface, that is, the energy release rate of an elastoplastic crack. In the case of linear elastic, the J
integral is equal to the energy release rate G.

Rice [1968] defined the J integral of a two-dimensional crack as

J =
∫
0

(
Udz− Ti

∂ui

∂x
ds
)
, (43)

where U =
∫ εi j

0 σi j dεi j is the strain energy density, Ti = σi j n j is the stress tensor along the length
element ds, ui is the displacement vector, En is the unit external normal vector, and 0 is an arbitrary
contour surrounding the crack tip as shown in Figure 2, left. The counter-clockwise is supposed as the
positive direction of the arc s.

Based on the law of conservation of energy, the generalized piezoelectric J integral was defined in
[Pak and Herrmann 1986; Pak 1990; Zuo and Sih 2000], including piezoelectric effects and was proved
to be independent of the choice of a contour:

J =
∫
0

(Hnk − Ti ui,k + D j n j Ek) d0, (44)

where H =U − E j D j .
Offsetting the global coordinate system oxz to the right end of the delamination and taking the integral

path surrounding the right end of the delamination as a rectangle as shown in Figure 2, right, then yields
(see [Li et al. 2011])

J1 = JAB + JBC + JC D + JDE + JE F + JFG . (45)

Noting that along the path AB, C E and FG, dx = 0 and for the path BC and E F , dz = 0.
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5. Solution methodology

It is impossible to seek an analytic solution satisfying (38)–(39) and all the conditions (40)–(42). We
therefore employ the finite difference method to discretize the coordinate variable. The considered do-
main of each region is 0 ≤ ξ1, ξ2, ξ3, ξ4 ≤ 1 and each region is divided into M sections. All derivative
terms relative to the space coordinate variable are replaced by difference scheme for the nonlinear equi-
librium equations (38)–(39) and solution-determining conditions (40)–(42). The difference schemes of
all derivative terms in these equations as dU (i)

,ξ , dU (i)
,ξξ , dW (i)

,ξ , dW (i)
,ξξ , dϕ(i),ξ , dϕ(i),ξξ can be easily obtained.

Given that C p
i j in (26) relates to the current stresses and strains, the value of A(i)1 , A(i)3 , B(i)1 , D(i)

1 can not
be obtained by direction integration along the thickness of the beam. Therefore, we discrete C p

i j along the
thickness of the beam, and divide the thickness into n uniform parts. Then by setting zk =−h/2+ kh/n,
the values of A(i)1 , A(i)3 , B(i)1 , D(i)

1 can be obtained by using the compound trapezoid formula. The com-
pound trapezoid formula is also utilized to work out the J integral value, where the partial derivations
of the displacements are approximated by difference schemes.

Then the nonlinear terms of governing equations and corresponding conditions are linearized and can
be written as

(X · Y ) j = (X) j (Y ) jp , (46)

in which (Y )Jp is the value of the former iterative step. For the primary iteration, secondary extrapolation
method is introduced to obtain the value of (Y )Jp , that is

(Y ) jp = A(Y ) j−1+ B(Y ) j−2+C(Y ) j−3. (47)

As for different iterations, the coefficients A, B and C are given by

j= 1 : A = 1, B = 0, C = 0,

j= 2 : A = 2, B=−1, C = 0,

j≥ 3 : A = 3, B=−3, C = 1.

(48)

The cubic nonlinear terms are treated by the same method as the quadratic nonlinearity.

6. Numerical results and discussion

To ensure the accuracy and effectiveness of the present approaches, buckling of the isotropic elastic
delaminated beams is analyzed. Neglecting the initial deflection, hygrothermal effects, piezoelectric
effects and nonlinearity, (38)–(39) degenerates to

Ā(i)1

βi
dU (i)

,ξξ +
B̄(i)1

λi
dϕ(i),ξξ = 0,

Ā(i)3

λi
dW (i)

,ξξ + Ā(i)3 dϕ(i),ξ −
αi P̄cr Ā(i)1

λi
dW (i)

,ξξ = 0,

Ā(i)3

λi
dW (i)

,ξ + Ā(i)3 dϕ(i)−
B̄(i)1

βiλi
dU (i)

,ξξ −
D̄(i)

1

λ2
i

dϕ(i),ξξ = 0 (i = 1, 2, 3, 4),

(49)
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Geometric parameters
β2 = 0.2 β2 = 0.3 β2 = 0.5 β2 = 0.6 β2 = 0.8

[Li and Zhou 2000] 0.63758 0.61012 0.43127 0.33275 0.12437
present 0.64312 0.62135 0.44805 0.34107 0.13841

Table 1. Values of P̄cr for different delaminated lengths: current method compared with
[Li and Zhou 2000].

where P̄cr is the critical load of the isotropic delaminated beam. By (49), in conjunction with the condi-
tions (40)–(42), the critical buckling load can be obtained.

Table 1 shows the critical loads of delaminated isotropic beams obtained with the present approach
and compares them with those in [Li and Zhou 2000], the material parameters and geometric parameters
being the same. The close agreement observed lends credibility to the present method.

The constant K in (1) can be determined by a simple tension test, and then 611(= K ) can be deter-
mined. In the following numerical examples, set σ̃ (ε̄ p)=611+611(ε̄

p)0.51, a = 0.6 and c = 2K/3.
Let the dimensionless initial deflections be

W̃ (i)
=

W̃0

βi
sin ξπ, (50)

where W̃0 is the amplitude of the initial deflection of the beam without delamination.
If there is no specific explanation, in the following numerical examples we select PZT-5A as the

piezoelectric layers and the corresponding material parameters are EL = ET = 61 GPa, GLT = 22.6 GPa,
GL Z = GT Z = 21.1 GPa, υLT = 0.35, e31 = 7.209 C/m2, VT = VB . The material parameters of the
laminated beam are adopted as EL = 181.0 GPa, ET = 10.3 GPa, GLT = GL Z = 7.17 GPa, GT Z =

3.87 GPa, υLT = 0.28, 611 = 500 MPa, 655 = 200 MPa, ϑ11 = 6.1×10−6 K−1, ϑ22 = 30.3×10−6 K−1,
γ11 = 0, γ22 = 0.6× 10−6. For the sake of simplification, in present study, both ambient temperature
and moisture are assumed to have a uniform distribution and leave out the hygrothermal effects of the
piezoelectric layers. The material properties are assumed to be independent of temperature and moisture.
The slenderness ratio of the beams is H = 10 and all layers have same thickness. The stacking sequences
of the fiber-reinforced beam are [0◦/90◦/0◦]10. To simplify, only the postbuckling and delamination
growth of piezoelectric elastoplastic laminated beams with symmetrical delamination are investigated in
the numerical examples.

Analysis of postbuckling for delaminated piezoelectric elastoplastic laminated beams under hygrother-
mal conditions. In the calculation examples, the influences of the yield stress, delamination sizes and
depths, hygrothermal conditions and piezoelectric effects on the postbuckling of delaminated piezoelec-
tric elastoplastic laminated beams are discussed respectively. When analyze the postbuckling problem,
we set W̃0 = 0.1. In the following figures, P̄/P̄∗cr is the ratio of the dimensionless axial load to the
dimensionless critical load of the beam without delamination, and W (3)

0 is the maximum dimensionless
deflection of region 3.

Figure 3, left, shows the comparison of postbuckling behavior between delaminated piezoelectric
elastic and elastoplastic laminated beams, when α2 = 0.4, β2 = 0.5 and V =1T =1c = 0. It can be
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Figure 3. Left: comparison of postbuckling behavior between delaminated elastic and
elastoplastic laminated beams. Right: Effect of yield stress on postbuckling behavior of
delaminated piezoelectric elastoplastic laminated beams.

seen that the postbuckling curve of delaminated elastoplastic beams is quite different from the elastic
beams. There exists a maximum in the elastoplastic postbuckling curve, which means that when the axial
load surpasses the load carrying capacity, the deflection of the beams would increase rapidly.

For delaminated piezoelectric elastoplastic laminated beams with different slenderness ratio and yield
stress, the variable curves of dimensionless load with the largest deflection of region 3 are presented in
Figure 3, right, with α2 = 0.4, β2 = 0.5 and V = 1T = 1c = 0. It is illustrated that the larger the
slenderness ratio is, the more easily the delaminated piezoelectric elastoplastic laminated beams would
yield, and the lower the load carrying capacity is. Note that when the yield stress of the fiber-reinforced
material is less, the load carrying capacity of the delaminated piezoelectric elastoplastic beams is reduced.

Setting β2 = 0.5 and V = 0, the effects of hygrothermal condition and delamination depths on the post-
buckling curves of the delaminated piezoelectric elastoplastic laminated beams are depicted in Figure 4,
left. As 1T is much larger than 1c in practice, we take 1T = 0 ∼ 100◦ C and 1c = 0% ∼ 1%.
Since magnitude of ϑk

x , γ
k
x are of the same order and the variation of humidity 1c is quite limited, so the

humidity has little impact on the postbuckling curve and temperature is the main influencing factor. From
the figure we can see that, with the same load, the increase of temperature decreases the load carrying
capacity. That is because the increase of temperature is equivalent to an axial pressure, which reduces
the stiffness of the beam. Under the same load, the beam with hygrothermal effects would yield a larger
deflection than the beam in the thermostatic environments. In addition, the deeper the delamination is,
the smaller the load carrying capacity is.

Under the action of the three types of electric load, the effects of delamination sizes on the postbuckling
curves of the delaminated piezoelectric elastoplastic laminated beams with α2= 0.4 are shown in Figure 4,
right. The dimensionless control voltages are taken as V = e31VT /K h = 0.1, 0 and −0.1, respectively,
and the hygrothermal effects are not considered, namely, 1T = 1c = 0. It is indicated that, with the
same geometric parameters and external load, acting a positive voltage on the beams is equivalent to an
axial load, which leads to a larger deflection of the beams. It is just the opposite for the negative voltage.
On the other hand, the larger the delamination size is, the lower the load carrying capacity is.



POSTBUCKLING AND DELAMINATION FOR PIEZOELECTRIC ELASTOPLASTIC LAMINATED BEAMS 99

0.0 0.2 0.4 0.6 0.8
0.0

0.2

0.4

0.6

0.8

1.0

D
�
 ���

P
/P

* c
r

W
(3)

0

 T=0
o
C,c=0%

 T=50
o
C,c=0.05%

 T=100
o
C,c=0.1%

D
�
 ���

0.0 0.2 0.4 0.6

0.0

0.3

0.6

0.9

1.2

1.5

1.8

E ���

P
/P

* c
r

W
(3)

0

 V=-0.1

 V=0

V=0.1
E ���

Figure 4. Left: effect of hygrothermal conditions on postbuckling behavior of delam-
inated piezoelectric elastoplastic laminated beams. Right: effect of control voltage on
postbuckling behavior of delaminated piezoelectric elastoplastic laminated beams.

Analysis of delamination growth for delaminated piezoelectric elastoplastic laminated beams under
hygrothermal conditions. In the following calculation examples, the influences of the yield stress, de-
lamination sizes and depths, hygrothermal conditions and piezoelectric effects on the energy release
rate of delaminated piezoelectric elastoplastic laminated beams without initial deflections are discussed
respectively. In the following figures, J̄ (= J1/K h) is the dimensionless value of J integral along the
right delamination front.

Figure 5, left, presents the variation curves of energy release rate for delaminated piezoelectric elasto-
plastic laminated beams with different slenderness ratio and yield stress, when α2 = 0.4, β2 = 0.5 and
V = 1T = 1c = 0. It can be observed that the larger the slenderness ratio is, the larger the value of
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Figure 5. Left: effect of yield stress on energy release rate of delaminated piezoelec-
tric elastoplastic laminated beams. Right: Effect of hygrothermal conditions on energy
release rate of delaminated piezoelectric elastoplastic laminated beams.
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Figure 6. Effect of control voltage on energy release rate of delaminated piezoelectric
elastoplastic laminated beams.

J integral, that is, the energy release rate, along the right delamination front is, which results in the
delamination growth easier to occur. Moreover, when the yield stress of the fiber-reinforced material is
larger, the J integral value along the right delamination front rises more quickly.

Setting β2 = 0.5 and V = 0, the effects of hygrothermal condition and delamination depths on the
energy release rate curves of the delaminated piezoelectric elastoplastic laminated beams are shown in
Figure 5, right. It can be noticed that, with the same load, the increase of temperature make the energy
release rate rise and the delamination propagate more easily. In addition, the deeper the delamination is,
the larger the energy release rate is.

Subjected to three types of electric load, the effects of delamination sizes on the energy release rate
of the delaminated piezoelectric elastoplastic laminated beams with α2 = 0.4 and 1T = 1c = 0 are
presented in Figure 6. It is shown that, with the same geometric parameters and external load, applying
a positive voltage leads to the energy release rate larger. However, the negative voltage is good for the
stability of the delaminated beam. On the other hand, the larger the delamination size is, the larger the
energy release is and the delamination growth is easier to occur.

7. Conclusions

The postbuckling and delamination growth for delaminated piezoelectric elastoplastic laminated beams
under hygrothermal conditions are investigated in this paper. The numerical solutions are presented by
using the finite difference method and the iteration method. The main conclusions can be drawn as
follows. Under the same axial load, the postbuckling behavior of a delaminated elastic-plastic laminated
beam is quite different with that of the delaminated elastic laminated beam and there is a load carrying
capacity for the delaminated elastic-plastic laminated beam. With smaller yield stress, larger slender-
ness ratio, deeper and larger delamination, the load carrying capacity of the delaminated piezoelectric
elastoplastic beam is lower. The effects of temperature increasing and positive voltage are equivalent
to the axial pressures, which lead to the larger deformation of the beam and have a detrimental effect
on the stability of the delaminated beams. The larger yield stress of the fiber-reinforce material makes
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the energy release rate rise more quickly. When the slenderness ratio of the delaminated piezoelectric
elastoplastic laminated beam, the external axial load, the increase of the temperature and the positive
voltage are larger, and the delamination is deeper or larger, the energy release rates are larger and the
delamination growth is easier to occur.
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EQUIVALENT INHOMOGENEITY METHOD FOR EVALUATING THE
EFFECTIVE CONDUCTIVITIES OF ISOTROPIC PARTICULATE COMPOSITES

SOFIA G. MOGILEVSKAYA, VOLODYMYR I. KUSHCH,
OLESYA KOROTEEVA AND STEVEN L. CROUCH

The problem of calculating the effective conductivity of isotropic composite materials with periodic or
random arrangements of spherical particles is revisited by using the equivalent inhomogeneity method.
The approach can be viewed as an extension of classical Maxwell’s methodology. It is based on the idea
that the effective conductivity of the composite material can be deduced from the effect of the cluster
embedded in an infinite space on the far-fields. The key point of the approach is to precisely account for
the interactions between all the particles in the cluster that represent the composite material in question.
It is done by using a complete, multipole-type analytical solution for the problem of an infinite isotropic
matrix containing a finite cluster of isotropic spherical particles, regarded as the finite cluster model of
particulate composite. The effective conductivity of the composite is evaluated by applying the “singular-
to-singular” re-expansion formulae and comparing the far-field asymptotic behavior with the equivalent
inhomogeneity solution. The model allows one to adequately capture the influence of the micro-structure
of composite material on its overall properties.

Numerical realization of the method is simple and straightforward. Comparison of the numerical
results obtained by the proposed approach with those available in literature (both for periodic and random
arrangements) demonstrate its accuracy and numerical efficiency.

1. Introduction

The problem of evaluating the effective conductivities (thermal, electrical, etc.) of particulate composites
with spherical particles is well studied, especially for the case of periodic arrangements of particles. In
the latter case, following the direction outlined by Lord Rayleigh [Rayleigh 1892], and the techniques
developed in the series of follow up papers [Runge 1925; de Vries 1952; Meredith and Tobias 1960;
Zuzovsky and Brenner 1977; McPhedran and McKenzie 1978; McKenzie et al. 1978; O’Brien 1979;
Sangani and Acrivos 1983], the complete, multipole-type analytical solutions are obtained for three cubic
arrays of identical spheres. The basis concept of the method is to directly account for triple periodicity
by enforcing periodic conditions on the boundary of a unit cell and to use local expansions for the fields
(e.g., temperature) in terms of solid spherical harmonics. Zuzovsky and Brenner [1977] and Sangani and
Acrivos [1983] also used a special representation for the temperature as a spatially periodic function.

The conduction through a random suspension of spheres is also relatively well studied. Jeffrey [1973]
used the method suggested in [Batchelor 1972; Batchelor and Green 1972], which accounts only for a
pair-wise interaction between the particles and employs an information about the particles distribution in
the form of simple probability density functions. In [Sangani and Yao 1988; Bonnecaze and Brady 1990;

Keywords: particulate composites, effective conductivity, equivalent inhomogeneity, multipole expansion.
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1991; Zinchenko 1994], the problem of a random dispersion was treated as a triple-periodic problem with
random arrangement of the particles in a cubic unit cell. Sangani and Yao [1988] employed a method
of multiple expansion developed in [Zuzovsky and Brenner 1977; Sangani and Acrivos 1983], while
Bonnecaze and Brady [1990; 1991] used a “Stokesian dynamics”-like approach. Zinchenko [1994] used
the boundary integral equation method with the triply periodic Green function and the approximations
of the boundary temperature by a series of surface spherical harmonics. In the latter paper an efficient
iterative algorithm is constructed to obtain the solution for suspensions with arbitrary conductivity ratio.
A different approach was suggested by Kim and Torquato [1990; 1991], who developed a generalized
Brownian motion simulation technique.

There is also an extensive literature related to effective medium theories and variational bounds (see
[Milton 2002; Torquato 2002] for reviews). In [Batchelor and O’Brien 1977; Suen et al. 1979; Zinchenko
1998] asymptotic relations are suggested for obtaining the effective conductivities of materials with
closely packed highly conducting particles. The latest developments include the extension of Rayleigh’s
method to include the effects of interfacial resistance [Lu and Lin 1996; Cheng and Torquato 1997]
and coating. (For the latter problem mostly approximate methods are available; see, e.g., [Lu and Lin
1996; Hashin 2001; Sevostianov and Kachanov 2007].) Moosavi et al. [2003], extended the method of
[Zuzovsky and Brenner 1977] to predict the effective thermal properties of a periodic array of multi-
coated spheres.

Although those developments have been influenced by the pioneering work of Maxwell [1892], his
original methodology was based on a somewhat different concept. Maxwell, who studied electrical
conductivity of materials, suggested that a cluster of spherical particles affects the fields at large distances
from the cluster in the same way as an equivalent sphere whose conductivity is equal to the effective
one. Maxwell did not account for the interactions between the particles, and therefore, he concluded
that the method would only be valid for materials with low volume fractions c of particles. In other
words, Maxwell’s solution was that of order c. Hasselman and Johnson [1987] extended Maxwell’s
methodology on the case of the composites with interfacial thermal barrier resistance. In [Lu and Lin
1996; Lu 1998] this was used it to estimate the effective conductivities of aligned spheroids dispersions
with perfect and imperfect interfaces. Maxwell’s methodology was recently extended to multi-phase
composites in [McCartney and Kelly 2008; McCartney 2010]. All these papers employed the original
Maxwell’s methodology that does not account for the interactions between the particles.

In [Mogilevskaya et al. 2010], the Maxwell’s concept of the finite cluster was generalized to evaluate
the effective transverse properties of linearly elastic, multi-phase unidirectional composites. The key
point of the approach was to precisely account for the interactions between all the fibers in the cluster
that represents the composite material in question. The same approach was adopted in [Pyatigorets and
Mogilevskaya 2011] to evaluate the effective transverse mechanical properties of transversely isotropic
viscoelastic composites and in [Koroteeva et al. 2010] to solve the problem of evaluating the effective
thermal conductivity of isotropic porous materials. It was demonstrated that the approach allows to
adequately capture the influence of the micro-structure of composite material on its overall properties.

In the present paper the approach based on Maxwell’s concept of the finite cluster is employed to
evaluate the effective thermal conductivity of isotropic suspensions with highly conducting particles that
are either in perfect contact with the matrix or possess an interface resistance. The cluster is embedded
into an infinite matrix subjected to the prescribed temperature gradient at infinity. The interactions
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( )a ( )b

r r

Figure 1. Left: a cluster of spherical particles. Right: an equivalent inhomogeneity.

among all the particles in the cluster are precisely accounted for by using a complete, multipole-type
analytical solution for the problem. The effective conductivity of the composite is evaluated by applying
the singular-to-singular re-expansion formulae and comparing the far-field asymptotic behavior with the
equivalent inhomogeneity solution. The results obtained by the proposed approach are compared with
those available in literature both for periodic and random arrangements of particles.

2. The finite cluster model

Consider the two problems shown in Figure 1. The left-hand side of the figure contains a cluster of
N non-overlapping spherical particles arranged in an isotropic pattern representative of the composite
material. The cluster is embedded in an infinite matrix with the conductivity km , and the temperature
gradient T = αz is applied at infinity. The particles may have different radii and conductivities, but here,
for simplicity, we assume that the particles have the same radii ap = 1 and conductivities kp.

The particles are either in perfect contact with the matrix or possess an interface resistance. The
interface conditions, in the local spherical coordinate system (Op, rp, θp, ϕp) of the p-th particle (p =
1, . . . , N ), are as follows (rp = ap):

(a) perfect thermal contact: Tp = Tm; kp
∂Tp

∂rp
= km

∂Tm

∂rp
(1)

(b) interface resistance:
Tp − Tm

R̃
=−kp

∂Tp

∂ rp
; kp

∂Tp

∂rp
= km

∂Tm

∂rp
(2)

where Tp, Tm are the temperatures in the p-th particle and matrix, respectively, and R̃ can be defined
through the limiting process described in [Torquato and Rintoul 1995].

Figure 1, right, contains only one (equivalent) inhomogeneity/particle of radius Reff and center O ,
which coincides with the origin of global coordinate system (O, r, θ, ϕ) used in both problems. The
inhomogeneity is in perfect contact with the matrix and its conductivity coincides with the effective
conductivity keff of the composite material. The choice of the radius of the equivalent inhomogeneity
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Figure 2. Coordinate systems: local (left) and global (right).

Reff is natural and follows from the definition of the volume fraction c:

Reff = (N/c)1/3 (3)

Because only isotropic materials are considered in this work, the choice of point O is also natural.
For the periodic composites it is located at the center of a unit cell; for random composites it is located
at the center of the cube, in which the random arrangement of the particles is generated.

The basic idea of the method is that the temperatures at large distances (r � Reff) are the same for the
cluster and for the equivalent inhomogeneity. In [Koroteeva et al. 2010] these temperatures are compared
using discrete set of points at finite distances away from the cluster. In the present paper the assumption
that the temperatures have the same asymptotic behavior is employed, in this case the choice of the center
O of the cluster is not even important.

3. Solutions for the two problems

Both problems are governed by Laplace’s equation 1T = 0. The exact expression for the temperature in
the matrix for the equivalent inhomogeneity problem in the local spherical coordinate system (O, r, θ, ϕ)
(see Figure 2, left) has the form

T ∗m(r)= Tfar(r)+ B∗10Y 0
1 (r) (4)

where r is a radius vector, Tfar(r) = αr cos θ , Y 0
1 (r) is a solid spherical harmonic (see the Appendix),

and B∗10 is given by

B∗10 =−αR3
eff

keff− km

keff+ 2km
(5)

The problem of a finite cluster can be solved using a complete, multipole-type semi-analytical solu-
tion. The main steps of the solution can be described as follows. Using the superposition principle, the
temperature field inside the matrix T = T (0) can be represented in the form

T (0)(r)= Tfar(r)+
N∑

q=1

T (q)
dist (rq) (6)
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where Tfar = αr cos θ , while T (q)
dist (rq) is the disturbance of the field caused by the q-th particle, and the

meaning of rq is clear from Figure 2, right.
The temperature T (q)

dist (rq) is represented in the form

T (q)
dist (rq)=

∞∑
t=1

t∑
s=−t

A(q)ts Y s
t (rq), (7)

where the A(q)ts are unknown complex coefficients.
Applying the re-expansion formula (S2R decomposition, see (28) in the Appendix), the temperature

T (0)(r) can be expressed in terms of the spherical coordinate system associated with the p-th particle as
follows

T (0)(rp)= α[z(p)c + rp y0
1(rp)]+

∞∑
t=1

t∑
s=−t

A(p)ts Y s
t (rp)+

∞∑
t=0

t∑
s=−t

a(p)ts ys
t (rp), (8)

where z(p)c is the z-th coordinate of the center of the p-th particle.

a(p)ts = (−1)t+s
N∑

q=1
q 6=p

∞∑
k=1

k∑
l=−k

A(q)kl Y l−s
k+t (Rqp), (9)

where Rpq = rp − rq (Figure 2, right).
The temperature inside the p-th particle is represented by the series

T (p)(rp)=

∞∑
t=0

t∑
s=−t

D(p)
ts ys

t (rp), (10)

where D(p)
ts are unknown complex coefficients.

The fluxes kp∂Tp /∂rp, km∂ Tm /∂rp can be represented by the series similar to those given by Eqs. (8)-
(10) by using differentiation rules (25)-(27) in the Appendix and the properties of spherical harmonics.
Substituting the series expressions into the boundary conditions (1) (case of perfect thermal contact)
or (2) (case of interface resistance) and using some algebra, an infinite set of linear equations can be
obtained:

λp
(t − s)! (t + s)!
(ap)2t+1 A(p)ts + (−1)t+s

N∑
q=1
q 6=p

∞∑
k=1

k∑
l=−k

A(q)kl Y l−s
k+t (Rqp)=−αδt1δs0. (11)

Here t = 1, 2, . . . , |s| ≤ t , p = 1, . . . , N , and

λp =
ωp + (1+ 1/t)(1+ tγ )

ωp − 1− tγ
, (12)

where ωp = kp/km , and γ equals 0 for the case of a perfect thermal contact and R̃kp/ap for the case of
interface resistance. The number of unknowns in (11) can be reduced by taking into account the equation

A(q)k,−l = (−1)l A(q)kl ,
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which follows directly from (23) in the Appendix and the fact that the temperature is a real-valued
quantity. The resulting system can be truncated by adopting the maximum value of t = tmax and solved
in terms of the unknown coefficients A(p)ts .

4. Evaluation of the effective conductivity of the material

The temperature Tdist(r) in expression (7) can also be re-expanded in a series of spherical harmonics in
terms of the spherical coordinate system associated with some sphere with the center O and radius ‖r‖:

Tdist(r)=
N∑

q=1

T (q)
dist (rq)=

∞∑
t=1

t∑
s=−t

BtsY s
t (r) (13)

Assuming that ‖r‖ ≥ Reff and using the re-expansion formula (30) from the Appendix, we obtain

B10 =
N∑

q=1
A(q)10 (14)

Using Equations (4)–(6) and (13)–(14) and assuming that the far-field asymptotic behavior of T (0) in (6)
is the same as that of T ∗m(r) in (4), the coefficient B10 can be equated with the coefficient B∗10:

B10 = B∗10 (15)

The effective conductivity keff can then be found from (5). We obtain

keff = km
1− 2A∗10

1+ A∗10
, (16)

where we have set
A∗10 =

c
α
〈A(p)10 〉, (17)

with

〈A(p)10 〉 =
1
N

N∑
p=1

A(p)10 (18)

The analytical approach to find keff allows one to note several interesting facts. It can be seen from
expressions (16)–(18) that the effective conductivity keff is independent of the choice of the center O of
the cluster. In addition, it is independent on the value of the temperature gradient at infinity, as the coef-
ficients A(p)10 are directly proportional to the value of α (it follows from Eq. (11)). Expressions (16)-(18)
involve only the average of the first coefficients from series (7) but, in our model, even those coefficients
contain the information about the particles interactions as they are obtained from a complete, multipole-
type semi-analytical solution and they are expressed via all the coefficients A(q)ts (q = 1, . . . , N , q 6= p)
of Eq. (11). In case of non-interacting particles, the coefficients A(p)10 are the same for all particles (see
Eqs. (11)-(12) with ap = 1). They can be written as

A(p)10 =−α
kp − km(1+ γ )
kp + 2km(1+ γ )



EQUIVALENT INHOMOGENEITY METHOD FOR EFFECTIVE CONDUCTIVITIES OF COMPOSITES 109

When the interface conditions are those of perfect thermal contact (γ = 0), Eq. (16) reduces to classical
Maxwell’s estimate for the effective conductivity

keff = km
kp(1+ 2c)+ 2km(1− c)

kp(1− c)+ km(2+ c)
(19)

while for γ 6= 0 (interface resistance), it reduces to the following expression obtained by in [Hasselman
and Johnson 1987]

keff = km
2c[kp − km(1+ γ )] + kp + 2km(1+ γ )
c[km(1+ γ )− kp] + kp + 2km(1+ γ )

(20)

It is interesting to note that estimate (19) coincides with those by Mori–Tanaka method [Markov 2000,
Eq. 5.46] and the Hashin–Shtrikman formula [1962] for coated sphere assemblage [Milton 2002, Eq. 7.7].
Additionally, Equation (20) has the same form as the estimate by the generalized self-consistent model
[Lee et al. 2006, Eq. 28].

5. The results

It was demonstrated in [Koroteeva et al. 2010] that the approach based on the equivalent inhomogeneity
method allows to adequately capture the influence of the micro-structure of porous material on its overall
properties. Here we employed it to evaluate the effective thermal conductivity of isotropic suspensions
with conducting particles that are either in perfect contact with the matrix or possess an interface resis-
tance. The maximum number of spherical harmonics used in the numerical simulations reported below
was tmax = 15 for periodic arrays and tmax = 11 for random arrays.

Periodic composites, perfect thermal contact. Consider three cubic arrays of identical particles: the
simple cubic array (SC), the body-centered cubic array (BCC), and the face-centered array (FCC) (see
Figure 3), and assume that α = kp/km = 10.

Table 1 compares our results with those of [Sangani and Acrivos 1983; Cheng and Torquato 1997].
Sangani and Acrivos’s results are obtained by using their expression (31), which is of order O(c9). The
coefficients involved in the expression are given by [Sangani and Acrivos 1983, Table 1]. Cheng and
Torquato’s results [1997] are also of order O(c9). They are obtained by using expression (3.1) in their
paper with the coefficients presented in their Table 1. We have also compared our results with those

( )a ( )b

( )c

( )a ( )b

( )c

( )a ( )b

( )cSC BCC FCC

Figure 3. The three cubic arrays: simple (SC), body-centered (BCC), and face-centered (FCC).
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c = 0.1 0.2 0.3 0.4 0.45 0.5 0.6 0.65 0.7

keff/km for simple cubic array
Finite cluster model (N = 8) 1.24 1.53 1.89 2.35 2.65 3.04
Finite cluster model (N = 27) 1.24 1.53 1.89 2.37 2.69 3.13
Repetitive unit cell 1.24 1.53 1.89 2.36 2.69 3.14
[Sangani and Acrivos 1983] 1.24 1.53 1.89 2.36 2.68 3.09
[Cheng and Torquato 1997] 1.24 1.53 1.89 2.36 2.66 3.05
Maxwell, (19) 1.24 1.53 1.87 2.29 2.53 2.80
Differential scheme 1.26 1.59 2.03 2.59 2.92 3.30
[Hashin and Shtrikman 1962] 1.65 2.34 3.08 3.86 4.28 4.71

keff/km for BCC array
Finite cluster model (N = 9) 1.24 1.53 1.88 2.32 2.89 3.69 4.26
Finite cluster model (N = 35) 1.24 1.53 1.88 2.33 2.92 3.79 4.44
Repetitive unit cell 1.24 1.53 1.87 2.30 2.84 3.62 4.19
[Sangani and Acrivos 1983] 1.24 1.53 1.87 2.30 2.84 3.60 4.12
[Cheng and Torquato 1997] 1.24 1.53 1.87 2.30 2.84 3.58 4.06
Maxwell, (19) 1.24 1.53 1.87 2.29 2.80 3.45 3.85
Differential scheme 1.26 1.59 2.03 2.59 3.30 4.19 4.72
[Hashin and Shtrikman 1962] 1.65 2.34 3.08 3.86 4.71 5.61 6.09

keff/km for FCC array
Finite cluster model (N = 14) 1.24 1.53 1.88 2.32 2.90 3.71 5.05
Finite cluster model (N = 63) 1.24 1.53 1.88 2.32 2.90 3.73 5.13
Repetitive unit cell 1.24 1.53 1.87 2.29 2.83 3.56 4.69
[Sangani and Acrivos 1983] 1.24 1.53 1.87 2.29 2.82 3.50 4.45
[Cheng and Torquato 1997] 1.24 1.53 1.87 2.29 2.83 3.55 4.60
Maxwell, (19) 1.24 1.53 1.87 2.29 2.80 3.45 4.32
Differential scheme 1.26 1.59 2.03 2.59 3.30 4.19 5.29
[Hashin and Shtrikman 1962] 1.65 2.34 3.08 3.86 4.71 5.61 6.58

Table 1. Normalized effective conductivity keff/km for the simple (top), body-centered
(middle) and face-centered (bottom) cubic arrays.

obtained by direct solution of a triple-periodic problem that employs the concept a repetitive unit cell
(RUC) (the “direct substitution method”, according to the terminology of Sangani and Acrivos). The latter
solution also involves a series of spherical harmonics to approximate the temperature on every sphere in
the unit cell, and the value of tmax was set to be tmax = 25. For the case of a simple cubic array, the RUC
results are in perfect agreement with the Brownian motion simulation data in [Kim and Torquato 1991,
Table II]. We also include estimates by the differential scheme [Markov 2000, Eq. 10.42] and the classical
results of Maxwell given in (19). The latter estimate coincides with those by Mori–Tanaka method, the
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Figure 4. Normalized effective conductivity versus volume fraction for the simple cubic
case; kp/km = 1000.

Hashin–Shtrikman formula for coated sphere assemblage and with the lower bounds of [Hashin and
Shtrikman 1962]. Hashin and Shtrikman’s upper bounds are included in the tables (last line).

The results for the SC and BCC lattices (top and middle in Table 1) are in good agreement with the
those obtained by using a RUC concept and with the results of [Sangani and Acrivos 1983; Cheng and
Torquato 1997] (especially for the SC case). However for the FCC lattice, the results agree well only for
volume fractions c < 0.6. Classical Maxwell estimate underpredicts the values of keff, while the estimate
by the differential scheme overpredicts those values.

A similar trend can be observed on Figures 4 and 5, where the results for the periodic arrays are
presented for more severe case, α = kp/km = 1000. One can also notice that for the case of very high
volume fractions, there is a significant scatter in the previously available results. As in the previous case,
the results for the SC lattice are in excellent agreement with the RUC results.

Random composites: perfect thermal contact. We apply our approach to isotropic materials with ran-
dom arrangement of highly conducting particles (kp/km = 1000). To generate the cluster with a random
distribution of particles, the method of molecular dynamics of growing particles is used [Sangani and
Yao 1988]. To have representative data set, the simulation was executed 30 times with N = 40 particles
generated in every run. In the case of near-touching spheres, the minimal gap between particles 0.02
was allowed. Our results are compared with those from [Kim and Torquato 1991; Bonnecaze and Brady
1990], who gave the estimated for the case of α =∞.
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Figure 5. Normalized effective conductivity versus volume fraction for the BCC (top)
and FCC (bottom) cases; kp/km = 1000.
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keff/km

c = 0.1 0.2 0.3 0.4 0.5 0.6
FCM (N = 40) 1.34 1.80 2.44 3.40 4.76 7.84
[Kim and Torquato 1991] (α =∞) 1.34 1.83 2.48 3.42 4.78 8.32
[Bonnecaze and Brady 1990] (α =∞) 1.35 1.82 2.53 3.59 4.97 8.85
Maxwell (α = 1000) 1.33 1.75 2.28 2.99 3.98 5.47

Table 2. Normalized effective conductivity (random array).

The results presented in Table 2 show that, as expected, our estimates are slightly below those obtained
by Kim and Torquato as well as Bonnecaze and Brady for the superconducting spheres (α =∞). It can
also be seen that the classical Maxwell estimate underpredicts the value of the effective conductivity for
larger volume fractions.

Random composites: interface resistance. In this case the materials with random distribution of parti-
cles which possess interfacial resistance are considered. We obtained the results for a cluster of N = 20
particles with conductivities α = kp/km = 1000, and then compare them to the experimental data of
Araujo and Rosenberg [1976], who measured the effective thermal conductivity of random dispersions
of metallic spheres in an epoxy matrix. The same data were used by Torquato and Rintoul [1995]
to compare their bounds. In Araujo and Rosenberg’s experiment, the resistance at the boundaries of
particles appears at low temperatures (less than 20 K) due to an acoustic mismatch. As one can see from
Figure 6, the estimates of our approach agree well with the experimental results. Comparing with the
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Experimental data at 3K
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Figure 6. Normalized effective conductivity versus volume fraction: comparison with
experimental data (kp/km = 1000, R= ap/R̃).
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results for the perfectly bonded particles, one can see a noticeable drop in the effective conductivity due
to interfacial resistance.

6. Discussion and summary

In this paper, the approach based on the concept of the equivalent inhomogeneity is employed to evaluate
the effective thermal conductivities of isotropic suspensions with highly conducting particles that are
either in perfect contact with the matrix or possess an interface resistance. The approach can be viewed
as an extension of the classical Maxwell’s methodology, but, with the interactions between the particles in
the cluster precisely accounted for. The approach has been tested on a number of benchmark solutions for
suspensions with highly conducting particles. The numerical results indicate that, in the latter case, the
classical Maxwell methodology accurately predict the effective thermal conductivity only for relatively
low volume fractions. In the case of high volume fractions, the interactions between the particles must be
taken into account to obtain better estimates. The approach is especially attractive for study the materials
with random statistically homogeneous micro-structure, as it does not require the concept of a repetitive
unit cell, which itself violates the notion of randomness. The analytical solution of the cluster problem
is also simpler than the solution of the corresponding triple-periodic problem. In the present paper, the
representative clusters for random composites were generated inside the cube, but they could also be
generated inside the sphere (the influence of the shape and the size of the cluster will be the topic of
future research). The method could be useful for estimation of the overall properties of the material
based on the small samples (obtained by e.g., scanning electron micrograph, X-ray micro-tomography,
etc). The approach can be extended on the case of macroscopically anisotropic materials containing
isotropic particles, if the concept of an equivalent anisotropic inhomogeneity is adopted.

Appendix: solid harmonics

We adopt the following representation of the solid spherical harmonics (see [Kushch 1985]):

ys
t (r)=

r t

(t + s)!
χ s

t (θ, ϕ) and Y s
t (r)=

(t − s)!
r t+1 χ s

t (θ, ϕ) (21)

where ys
t (r) and Y s

t (r) are the regular and singular solid spherical harmonics, respectively, and r =
(x, y, z) is the radius vector. Here,

χ s
t (θ, ϕ)= Ps

t (cos θ) exp(isϕ) (22)

are the surface spherical harmonics, t ≥ 0, |s| ≤ t , i=
√
−1, and Ps

t (cos θ) are the associated Legendre
polynomials [Hobson 1955].

The normalization adopted in (21) is convenient in many aspects.

y−s
t (r)= (−1)s ys

t (r), Y−s
t (r)= (−1)sY s

t (r) (23)

For t = 1 we get

y0
1(r)= z, y1

1(r)=
1
2
(x + iy), y1

1(r)=−
1
2
(x − iy). (24)
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and the following differentiation rule can be used:

D1 ys
t = ys−1

t−1 , D2 ys
t =−ys+1

t−1 , D3 ys
t = ys

t−1; (25)

D1Y s
t = Y s−1

t+1 , D2Y s
t =−Y s+1

t+1 , D3Y s
t = Y s

t+1;

where Di are the differential operators

D1 =

(
∂

∂x
− i

∂

∂y

)
, D2 = D1 =

(
∂

∂x
+ i

∂

∂y

)
, D3 =

∂

∂z
. (26)

Operators D2 and D3 also satisfy

(D2)
s(D3)

t−s
(

1
r

)
= (−1)t Y s

t (r) (27)

The solid spherical harmonics can be re-expanded in terms of spherical coordinates of a particular
local coordinate system using the re-expansion formulae. Let rp = Rpq + rq (Figure 2, left). In our
notations, the re-expansions take the simplest possible form:
singular to regular (S2R):

Y s
t (rp)=

∞∑
k=0

k∑
l=−k

(−1)k+lY s−l
t+k (Rpq)yl

k(rq), ‖rq‖< ‖Rpq‖; (28)

regular to regular (R2R):

ys
t (rp)=

t∑
k=0

k∑
l=−k

ys−l
t−k(Rpq)yl

k(rq); (29)

singular to singular (S2S):

Y s
t (rp)=

∞∑
k=t

k∑
l=−k

(−1)t+k+s+l ys−l
k−t(Rpq)Y l

k(rq), ‖rq‖> ‖Rpq‖. (30)
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