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MOLECULAR DYNAMICS-BASED CONTINUUM MODELS FOR THE LINEAR
ELASTICITY OF NANOFILMS AND NANOWIRES WITH ANISOTROPIC

SURFACE EFFECTS

WONBAE KIM, SEUNG YUN RHEE AND MAENGHYO CHO

A continuum-based sequential multiscale model is presented for application to nanofilms and nanowires
with anisotropic surfaces. The surface effect is accounted for via the inclusion of surface energy due to
surface stress and surface strain in the internal energy. For anisotropic surfaces such as a <110> surface,
a linear surface elasticity model is used instead of the isotropic surface elasticity model proposed by
Gurtin and Murdoch. A molecular dynamics simulation is performed in order to calculate initial surface
stress and surface elastic tensor. Equilibrium strain and size-dependent elasticity are estimated by the
proposed continuum model.

1. Introduction

As more and more nanoscaled structures such as nanofilms and nanowires are fabricated, it is becoming
more important to understand the mechanical characteristics of nanostructures. It is well known that the
mechanical properties of a nanosized structure significantly differ from those of bulk materials because of
the surface effect. Therefore, although the surface effect is negligible in macroscale studies, it is crucial
for a nanosized structure analysis to account for the influence of the surface effect [Miller and Shenoy
2000; Zhou and Huang 2004; Diao et al. 2004; Liang et al. 2005; Guo and Zhao 2005; Sun and Zhang
2005; Dingreville et al. 2005; Wang et al. 2008; He and Lilley 2008; Zhang et al. 2008; Dingreville et al.
2008; Park 2009; Kim and Cho 2010].

An atom on a free surface of a crystal structure has a different coordination number (i.e. the number
of nearest neighbors) from an atom in the bulk material. For this reason, solid crystal surfaces contain
excess surface energy and residual surface stress. The surface stress significantly affects the equilibrium
state and elastic properties of a nanostructure [Wolf 1991; Cammarata and Sieradzki 1989; Streitz et al.
1994]. Streitz et al. [1994] introduced a surface stress model and calculated the equilibrium biaxial
strain and biaxial modulus for an axis-symmetric thin film. Miller and Shenoy [2000] estimated the
effective stiffnesses of nanosized structures using atomistic calculations. Recently, Dingreville et al.
[2008] proposed a semi-analytical method for quantifying the size-dependent elasticity of nanostructures,
and Kim and Cho [2010] computed equilibrium strain and size-dependent elasticity using a surface
relaxation model and a new surface stress model.

As one of the continuum approaches, Gurtin and Murdoch [1975; 1978] introduced a surface elasticity
model for isotropic surfaces using initial surface stress and surface Lamé constants. A plate theory
based on Kirchhoff and Mindlin plate theories, which included the surface effect by using Gurtin and
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Murdoch’s surface model, was proposed by Lim and He [2004] and Lu et al. [2006]. Recently, Cho et al.
[2009] proposed a continuum-based bridging model for a nanofilm using the surface elasticity model
by Gurtin and Murdoch [1975; 1978]. Cho et al. [2009] suggested a sequential multiscale method in
order to determine initial surface stress and surface Lamé constants using a matching method based on a
molecular dynamics (MD) simulation. As an extension of this multiscale model, a finite element analysis
including thermomechanical properties was carried out by Choi et al. [2010a].

With the exception of {111} surfaces, FCC crystal surfaces are not isotropic; for example, a {100}
surface and a {110} surface of an FCC single crystal are orthotropic. Therefore, the surface elasticity
model developed by Gurtin and Murdoch cannot be universally applied to single crystal surfaces. Choi
et al. [2010b] modified Gurtin and Murdoch’s model, adding an additional parameter to two surface
Lamé constants for the analysis of a nanofilm resonator with a {100} surface. However, this modified
surface elasticity is not applicable to a {110} surface. Although there is need for a multiscale continuum
model that can be applied to general nanostructures, no single model can handle all anisotropic surfaces.

This paper presents a new continuum-based sequential multiscale model for nanofilms and nanowires
with anisotropic surfaces. This model utilizes a linear surface elastic model, which is represented in
terms of initial surface stress and surface elastic tensor, instead of relying on Gurtin and Murdoch’s
surface model. The surface parameters, initial surface stress and surface elastic tensor, are determined
by applying a matching technique to the results from an MD simulation.

2. Multiscale continuum model including surface effect

2.1. Multiscale continuum model for a nanofilm. Mindlin plate theory is adopted for the proposed
model. For a nanofilm with top (�+) and bottom (�−) surfaces, as shown in Figure 1, the displacement
field based on Mindlin plate theory is defined as

uα = u0
α + x3ψα,

u3 = u0
3 = w,

(1)

where u0
α and u0

3 denote in-plane and out-of-plane displacements defined in the mid-plane of the thin film,
respectively, ψα is the rotational degree of freedom, and the subscript α represents in-plane directions 1
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Figure 1. Schematic diagram of a nanofilm with top and bottom surfaces.
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and 2. Using this displacement field, the strain-displacement relationship, εi j = (ui, j + u j,i )/2, yields

εαβ =
1
2 [u

0
α,β + u0

β,α + x3(ψα,β +ψβ,α)],

ε3α =
1
2 [w,α +ψα],

(2)

where u0
α,3 = 0 because u0

α = u0
α(x1, x2). The in-plane components of the strain tensor are

ε11 = u0
1,1+ x3ψ1,1,

ε22 = u0
2,2+ x3ψ2,2,

2ε12 = (u0
1,2+ u0

2,1)+ x3(ψ1,2+ψ2,1),

(3)

and the transverse shear components of the strain tensor are

2ε31 = w,1+ψ1,

2ε32 = w,2+ψ2.
(4)

The displacements on the upper and lower surfaces are described as

us±
α = u0

α ±
h
2ψα,

us±
3 = w,

(5)

where s+ and s− denote the upper and lower surfaces, respectively, and h is the film thickness. The
strain field on a surface can be written as

εs±
11 = u0

1,1±
h
2ψ1,1,

εs±
22 = u0

2,2±
h
2ψ2,2,

2εs±
12 = (u

0
1,2+ u0

2,1)±
h
2 (ψ1,2+ψ2,1).

(6)

The virtual work principle states that the internal virtual work is equal to the external virtual work, i.e.
δU = δWE . The external virtual work δWE can be written as

δWE =

∫
�

pαδu0
α + p3δw d A, (7)

where pα and p3 are the in-plane and out-of-plane force per unit area, respectively. The internal virtual
work consists of bulk energy and surface energy (δU = δUbulk+ δUsurf). The bulk energy can be written
in terms of displacements and resultant forces, as follows:

δUbulk =

∫
v

σαβδεαβ dv+
∫
v

σ3αδγ3α dv

=

∫
�

Nαβδu0
α,β +Mαβδψα,β d A+

∫
�

Qα(δw,α + δψα) d A, (8)

where σαβ and εαβ are in-plane stress and strain components, respectively; σ3α and γ3α are transverse
shear stress and strain components, respectively; and Nαβ , Mαβ , and Qα are force stress resultants,
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moment resultants, and shear stress resultants, respectively. These last three variables are defined by

Nαβ =
∫ h/2

−h/2
σαβ dx3, Mαβ =

∫ h/2

−h/2
σαβx3 dx3, Qα =

∫ h/2

−h/2
σ3α dx3. (9)

The surface energy due to surface stress is composed of both top and bottom surface energies:

δUsurf =

∫
�±
τ±αβδε

s±
αβ d A =

∫
�±
τ±αβδ(u

0
α,β ±

h
2ψα,β) d A, (10)

where �+ and �− represent the top and bottom surfaces, respectively; τ s±
αβ is a surface stress component;

and εs±
αβ is a surface strain component. Using (8) and (10), the internal virtual work yields

δU = δUbulk+ δUsurf

=

∫
�

(Nαβ + τ+αβ + τ
−

αβ)δu
0
α,β d A+

∫
�

(
Mαβ +

h
2 (τ
+

αβ − τ
−

αβ)
)
δψα,β d A+

∫
�

Qα(δw,α + δψα) d A.

(11)

The linear elastic constitutive equation, σi j = Ci jklεkl , is utilized for the bulk material, and the follow-
ing relationship is used to determine the surface constitutive relationship:

τ±αβ = τ
0
αβ + Tαβκλεs±

κλ , (12)

where τ 0
αβ is the initial surface stress component at zero strain and Tαβκλ is the surface elastic tensor

component. This linear surface constitutive equation can be used for any anisotropic surface, whereas
Gurtin and Murdoch’s surface elasticity can be applied only to isotropic surfaces.

Finite element implementation for a nanofilm. When implementing a finite element analysis for a nanofilm,
an isoparametric 4-node element is used. The nodal displacement is defined as

d =
[
(u1, u2, w,ψ1, ψ2)1, . . . , (u1, u2, w,ψ1, ψ2)n

]T
,

and the displacement field is interpolated within nodal values.

u0
α =

n∑
i=1

Ni (uα)i , w =

n∑
i=1

Niwi , ψα =

n∑
i=1

Ni (ψα)i , (13)

where Ni is the i-th interpolation function and n is the number of nodes per element. Using these nodal
displacements, the strain field can be rewritten as

ε11

ε22

2ε12

=


u0
1,1

u0
2,2

u0
1,2+ u0

2,1

+ x3


ψ1,1

ψ2,2

ψ1,2+ψ2,1

= Bm d+ x3 Bbd, (14)

{
2ε31

2ε32

}
=

{
w,1+ψ1

w,2+ψ2

}
= Bs d, (15)



MOLECULAR DYNAMICS MODELS FOR THE LINEAR ELASTICITY OF NANOFILMS AND NANOWIRES 617

where matrices Bm , Bb, and Bs represent the relationships between nodal displacement and membrane,
bending, and transverse shear strains, as follows:

Bm d = [B(1)
m , B(2)

m , . . . , B(n)
m ]d =


u0

1,1
u0

2,2
u0

1,2+ u0
2,1

 ,
Bbd = [B(1)

b , B(2)
b , . . . , B(n)

b ]d =


ψ1,1

ψ2,2

ψ1,2+ψ2,1

 ,
Bs d = [B(1)

s , B(2)
s , . . . , B(n)

s ]d =
{
w,1+ψ1

w,2+ψ2

}
,

(16)

and

B(i)
m =

Ni,x 0 0 0 0
0 Ni,y 0 0 0

Ni,y Ni,x 0 0 0

 , B(i)
b =

0 0 0 Ni,x 0
0 0 0 0 Ni,y

0 0 0 Ni,y Ni,x

 , B(i)
s =

[
0 0 Ni,x Ni 0
0 0 Ni,y 0 Ni

]
. (17)

The constitutive equations of in-plane and transverse shear parts are
σ11

σ22

σ12

= [Q]

ε11

ε22

2ε12

 , (18)

{
σ31

σ32

}
= [CG]

{
2ε31

2ε32

}
, (19)

where [Q] is the 3× 3 matrix representing the plane-stress constitutive relationship. [Q] is defined in
terms of the submatrices of [C], namely

Caa =

C11 C12 C16

C12 C22 C26

C16 C26 C66

 , Cab =

C13 C14 C15

C23 C24 C25

C63 C64 C65

 , Cbb =

C33 C34 C35

C43 C44 C45

C35 C45 C55

 , (20)

via the formula

[Q] = Caa −CabC−1
bb CT

ab.

The components Ci j of the matrix [C] are the elastic constants written in Voigt form. Further, in (19),
we have set

[CG] =

[
C55 C45

C45 C44

]
, (21)
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The internal virtual work due to force stress resultants is

δU Nαβ
bulk =

∫
�

Nαβδu0
α,β d A

= δdT
[ ∫

�

BT
m

(∫ h/2

−h/2
[Q](Bm + x3 Bb) dx3

)
d A
]

d

= δdT
[ ∫

�

BT
m [A]Bm + BT

m [B]Bb d A
]

d,

(22)

where

[A] =
∫ h/2

−h/2
[Q] dx3, [B] =

∫ h/2

−h/2
[Q]x3 dx3. (23)

Similarly, the internal virtual work terms due to moment resultants and shear stress resultants are

δU Mαβ

bulk =

∫
�

Mαβδψα,β d A

= δdT
[ ∫

�

(∫ h/2

−h/2
x3 BT

b [Q](Bm + x3 Bb) dx3

)
d A
]

d

= δdT
[ ∫

�

BT
b [B]Bm + BT

b [D]Bb d A
]

d, (24)

δU Qα

bulk =

∫
�

Qα(δw,α + δψα) d A

= δdT
[ ∫

�

k BT
s

(∫ h/2

−h/2
[CG]Bs dx3

)
d A
]

d

= δdT
[ ∫

�

k BT
s [G]Bs d A

]
d, (25)

where

[D] =
∫ h/2

−h/2
[Q]x2

3 dx3, [G] =
∫ h/2

−h/2
[CG] dx3 (26)

and k is the shear correction factor. Using (22), (24), and (25), the bulk internal energy can be written in
the matrix form as

δUbulk = δU
Nαβ
bulk + δU

Mαβ

bulk + δU
Qα

bulk

= δdT
[ ∫

�

BT
m [A]Bm + BT

b [D]Bb d A
]

d+ δdT
[ ∫

�

k BT
s [G]Bs d A

]
d

+ δdT
[ ∫

�

BT
m [B]Bb+ BT

b [B]Bm d A
]

d. (27)

Both top and bottom surface energies are considered when determining the internal virtual work due
to surface energy. The surface stress term is divided into two components. The first component is
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determined by the initial surface stress at zero strain, and the second component by the surface elastic
tensor. Thus,

δUsurf =

∫
�±
τ 0
αβδ
(
u0
α,β ±

h
2ψα,β

)
d A+

∫
�±

Tαβκλ
(
u0
κ,λ±

h
2ψκ,λ

)
δ
(
u0
α,β ±

h
2ψα,β

)
d A. (28)

In terms of nodal displacement, the surface strain field is defined as
εs±

11
εs±

22
2εs±

12

= Bτ±d =
[
B(1)
τ±, B(2)

τ±, . . . , B(n)
τ±

]
d, (29)

with

B(i)
τ± =

Ni,x 0 0
(
±

h
2

)
Ni,x 0

0 Ni,y 0 0
(
±

h
2

)
Ni,y

Ni,y Ni,x 0
(
±

h
2

)
Ni,y

(
±

h
2

)
Ni,x

 ; (30)

Bτ± is the matrix that represents the relationship between surface strain and nodal displacement. The
internal virtual work due to the surface energy can be written in the following discrete form:

δUsurf = δdT
∫
�+

BT
τ+{τ

0
} d A+ δdT

∫
�−

BT
τ−{τ

0
} d A

+ δdT
[ ∫

�+
BT
τ+[T ]Bτ+ d A

]
d+ δdT

[ ∫
�−

BT
τ−[T ]Bτ− d A

]
d, (31)

where {τ 0
}, the initial surface stress vector, and [T ], the surface elastic tensor, are defined by

{τ 0
} =


τ 0

11
τ 0

22
τ 0

12

 , [T ] =
T1111 T1122 T1112

T2211 T2222 T2212

T1211 T1222 T1212

 . (32)

If the material and surface orientations of both the top (�+) and bottom (�−) surfaces are the same,
(31) can be rewritten in terms of Bm and Bb from (17), as follows:

δUsurf = δdT
[ ∫

�

2BT
m {τ

0
} d A

]
+ δdT

[ ∫
�

2BT
m [T ]Bm d A

]
d+ δdT

[ ∫
�

h2

2 BT
b [T ]Bb d A

]
d. (33)

Combining (27) and (33) yields the following equation for internal virtual work, assuming the same
surface type on both top and bottom surfaces:

δU = δdT
[ ∫

�

BT
m [A

′
]Bm + BT

b [D
′
]Bb d A

]
d+ δdT

[ ∫
�

k BT
s [G]Bs d A

]
d

+δdT
[ ∫

�

BT
m [B]Bb+ BT

b [B]Bm d A
]

d+ δdT
[ ∫

�

2BT
m {τ

0
} d A

]
, (34)

where

[A′] = [A] + 2[T ] = h[Q] + 2[T ] and [D′] = [D] + 1
2 h2
[T ] = 1

12 h3
[Q] + 1

2 h2
[T ] (35)

are respectively the effective membrane and effective bending rigidities.
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Figure 2. Schematic diagram of a rectangular nanowire with four surfaces.

2.2. Multiscale continuum model for a nanowire. To develop a model for a nanowire, a simple beam
model with a rectangular cross-section is considered. This model accounts for both bending and shear
deformations, but not for torsional effect. In Figure 2, x is the axial direction, and y and z represent two
perpendicular directions of the rectangular cross-section. Under the assumptions set forth by Timoshenko
beam theory, the following displacement field is used:

ux = u0
x + yψy + zψz,

u y = u0
y = v,

uz = u0
z = w,

(36)

The strain field is defined as
εxx = u0

x,x + yψy,x + zψz,x ,

γxy = v,x +ψy,

γxz = w,x +ψz.

(37)

The displacements on the y-surface are given as

u y±
x = u0

x ±
b
2ψy + zψz,

u y±
y = v,

u y±
z = w,

(38)

where y+ and y− represent the top and bottom surfaces normal to the y-direction, and b is the beam
width along the y-direction. Similarly, the displacement on the z-surface can be written as follows:

uz±
x = u0

x + yψy ±
h
2ψz,

uz±
y = v,

uz±
z = w,

(39)

where z+ and z− represent the top and bottom surfaces normal to the z-direction, and h is the beam
thickness along the z-direction.
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According to the virtual work principle, the internal virtual work is equal to the external virtual work.
The external virtual work is defined as

δWE =

∫
L

pxδu0
x + pyδv+ pzδw dx, (40)

where px , py , and pz are external forces in the x , y, and z directions, respectively. The internal virtual
work includes both bulk and surface energy components. The internal virtual work of the bulk component
can be written as

δUbulk =

∫
V
σi jδεi j dV

=

∫
V
σxxδεxx dV +

∫
V
σxyδγxy dV +

∫
V
σxzδγxz dV

=

∫
L

Ex Au0
x,xδu

0
x,x + Ex Iyyψy,xδψy,x + Ex Izzψz,xδψz,x dx

+

∫
L

kG66 A(ψy + v,x)δ(ψy + v,x) dx +
∫

L
kG55 A(ψz +w,x)δ(ψz +w,x) dx, (41)

where Ex is the Young’s modulus, k is the shear correction factor, A is the cross-sectional area, and Iyy

and Izz comprise the second moment of area, defined as

Iyy =

∫
A

y2 d A, Izz =

∫
A

z2 d A. (42)

In the multiscale continuum model for a nanofilm, there are only two surfaces, top and bottom, whereas
a nanowire with a rectangular cross-section has four surfaces: two in the y-direction (�y+ and �y−) and
two in the z-direction (�z+ and �z−). The internal virtual work of these four surfaces is calculated as

δUsurf =

∫
�y±
(τ y±

xx δε
y±
xx + τ

y±
xz δγ

y±
xz ) d�y±

+

∫
�z±
(τ z±

xx δε
z±
xx + τ

z±
xy δγ

z±
xy ) d�z±

=

∫
�y±

τ y±
xx δ(u

0
x,x ±

b
2ψy,x + zψz.x)+ τ

y±
xz δ(ψz +w,x) d�y±

+

∫
�z±
τ z±

xx δ(u
0
x,x + yψy,x ±

h
2ψz,x)+ τ

z±
xy δ(ψy + v,x) d�z±, (43)

where � is the surface domain, ταβ is the surface stress, and superscript y± and z± represent the y-
surface and z-surface, respectively. Using linear surface elasticity, defined as

τ s
αβ = τ

s0
αβ + T s

αβκλε
s±
κλ ,

the surface internal virtual work can be divided into two parts: the initial surface stress δU (τ )
surf and the

surface elastic tensor δU (T )
surf :

δUsurf = δU
(τ )
surf+ δU

(T )
surf . (44)
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Their values are

δU (τ )
surf =

∫
�y±
τ y0

xx δ
(
u0

x,x ±
b
2ψy,x + zψz,x

)
+ τ y0

xz δ(ψz +w,x) d�y±

+

∫
�z±
τ z0

xxδ
(
u0

x,x + yψy,x ±
h
2ψz,x

)
+ τ z0

xyδ(ψy + v,x) d�z± (45)

and

δU (T )
surf =

∫
�y±

T y
1111

(
u0

x,x ±
b
2ψy,x + zψz,x

)
δ
(
u0

x,x ±
b
2ψy,x + zψz,x

)
d�y±

+

∫
�y±

T y
1212(ψz +w,x)δ(ψz +w,x) d�y±

+

∫
�z±

T z
1111

(
u0

x,x + yψy,x ±
h
2ψz,x

)
δ
(
u0

x,x + yψy,x ±
h
2ψz,x

)
d�z±

+

∫
�z±

T z
1212(ψy + v,x)δ(ψy + v,x) d�z±. (46)

Assuming that both the top and bottom surfaces in the y-direction are of the same type (�y+
=

�y−) and that both surfaces in the z-direction are also the same (�z+
=�z−), the initial surface stress

component of the internal virtual work in (45) yields

δU (τ )
surf =

∫
�y

2τ y0
xx δ(u

0
x,x + zψz,x)+ 2τ y0

xz δ(ψz +w,x) d�y

+

∫
�z

2τ z0
xxδ(u

0
x,x + yψy,x)+ 2τ z0

xyδ(ψy + v,x) d�z, (47)

and hence

δU (τ )
surf =

∫
L

2hτ y0
xx δu

0
x,x + 2hτ y0

xz δ(ψz +w,x) dx +
∫

L
2bτ z0

xxδu
0
x,x + 2bτ z0

xyδ(ψy + v,x) dx . (48)

The surface elastic tensor portion of the internal virtual work in (46) can be rewritten as

δU (T )
surf =

∫
�y

2T y
1111(u

0
x,x + zψz,x)δ(u0

x,x + zψz,x)+ 2T y
1111

( b
2ψy,x

)
δ
( b

2ψy,x
)

d�y

+

∫
�y

2T y
1212(ψz +w,x)δ(ψz +w,x) d�y

+

∫
�z

2T z
1111(u

0
x,x + yψy,x)δ(u0

x,x + yψy,x)+ 2T z
1111

( h
2ψz,x

)
δ
( h

2ψz,x
)

d�z

+

∫
�z

2T z
1212(ψy + v,x)δ(ψy + v,x) d�z, (49)

and hence
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δU (T )
surf =

∫
L

2hT y
1111(u

0
x,x)δ(u

0
x,x) dx

+

∫
L

1
6 h3T y

1111(ψz,x)δ(ψz,x)+
1
2 hb2T y

1111(ψy,x)δ(ψy,x) dx

+

∫
L

2hT y
1212(ψz +w,x)δ(ψz +w,x) dx

+

∫
L

2bT z
1111(u

0
x,x)δ(u

0
x,x) dx

+

∫
L

1
6 b3T z

1111(ψy,x)δ(ψy,x)+
1
2 bh2T z

1111(ψz,x)δ(ψz,x) dx

+

∫
L

2bT z
1212(ψy + v,x)δ(ψy + v,x) dx . (50)

Finite element implementation for a nanowire. The displacement field of a nanowire can be interpolated
using an interpolation function Ni and the nodal displacement

d =
[
(u0

x , v, w,ψy, ψz)1, . . . , (u0
x , v, w,ψy, ψz)n

]T
,

so that

u0
x =

n∑
i=1

Ni u0
xi , v =

n∑
i=1

Nivi , w =

n∑
i=1

Niwi , ψy =

n∑
i=1

Niψyi , ψz =

n∑
i=1

Niψzi , (51)

where n is the number of nodes per element. Using these nodal displacements, the membrane aspect of
the bulk internal virtual work can be rewritten as

δU mem
bulk =

∫
L

Ex Au0
x,xδu

0
x,x dx = δdT

[ ∫
L

BT
m [A]Bm dx

]
d, (52)

where

[A] = [Ex A], (53)

{u0
x,x} = Bm d = [B(1)

m , B(2)
m , . . . , B(n)

m ]d, (54)

B(i)
m =

[
Ni,x 0 0 0 0

]
. (55)

The bending component of the internal virtual work is defined as

δU bend
bulk =

∫
L

Ex Iyyψy,xδψy,x + Ex Izzψz,xδψz,x dx

= δdT
[ ∫

L
BT

b [D]Bb dx
]

d, (56)
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where

[D] =
[

Ex Iyy 0
0 Ex Izz

]
, (57){

ψy,x

ψz,x

}
= Bbd = [B(1)

b , B(2)
b , . . . , B(n)

b ]d, (58)

B(i)
b =

[
0 0 0 Ni,x 0
0 0 0 0 Ni,x

]
. (59)

The transverse shear component of the virtual work is

δU shear
bulk =

∫
L

kG66 A(ψy + v,x)δ(ψy + v,x) dx +
∫

L
kG55 A(ψz +w,x)δ(ψz +w,x) dx

= δdT
[ ∫

L
k BT

s [G]Bs dx
]

d, (60)

where

[G] =
[

G66 0
0 G55

]
, (61){

v,x +ψy

w,x +ψz

}
= Bs d = [B(1)

s , B(2)
s , . . . , B(n)

s ]d, (62)

B(i)
s =

[
0 Ni,x 0 Ni 0
0 0 Ni,x 0 Ni

]
. (63)

The internal virtual work of the bulk component can be obtained with a summation of Equations (52),
(56), and (60):

δUbulk = δdT
[ ∫

L
BT

m [A]Bm + BT
b [D]Bb+ k BT

s [G]Bs dx
]

d. (64)

As for surface internal virtual work, the initial surface stress component of the internal virtual work
in (48) can be written in the following discrete form:

δU (τ )
surf =

∫
L


u0

x,x
ψy + v,x

ψz +w,x


T


2hτ y0
xx + 2bτ z0

xx
2bτ z0

xy

2hτ y0
xz

 dx = δdT
[ ∫

L
BT
τ {τ

0
} dx

]
, (65)

where

{τ 0
} =


2hτ y0

xx + 2bτ z0
xx

2bτ z0
xy

2hτ y0
xz

 , (66)


u0

x,x
ψy + v,x

ψz +w,x

= Bτ d = [B(1)
τ , B(2)

τ , . . . , B(n)
τ ]d, (67)
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and

B(i)
τ =

Ni,x 0 0 0 0
0 Ni,x 0 Ni 0
0 0 Ni,x 0 Ni

 . (68)

The surface elastic tensor component of the internal virtual work in (50) can be expressed in the
following discrete form, under the assumption that �y+

=�y− and �z+
=�z−:

δU (T )
surf =

∫
L
(2hT y

1111+ 2bT z
1111)(u

0
x,x)δ(u

0
x,x) dx

+

∫
L

( 1
6 h3T y

1111+
1
2 bh2T z

1111

)
(ψz,x)δ(ψz,x) dx

+

∫
L

( 1
6 b3T z

1111+
1
2 hb2T z

1111

)
(ψy,x)δ(ψy,x) dx

+

∫
L

2hT y
1212(ψz +w,x)δ(ψz +w,x) dx

+

∫
L

2bT z
1212(ψy + v,x)δ(ψy + v,x) dx

= δdT
[ ∫

L
BT

m [Tm]Bm + BT
b [Tb]Bb+ BT

s [Ts]Bs dx
]

d,

(69)

where
[Tm] = [2hT y

1111+ 2bT z
1111],

[Tb] =

[
1
2 b2hT y

1111+
1
6 b3T z

1111 0

0 1
6 h3T y

1111+
1
2 bh2T z

1111

]
,

[Ts] =

[
2bT z

1212 0

0 2hT y
1212

]
,

(70)

and
{u0

x,x} = Bm d=[B(1)
m , B(2)

m , . . . , B(n)
m ]d,{

ψy,x

ψz,x

}
= Bbd =[B(1)

b , B(2)
b , . . . , B(n)

b ]d,{
v,x +ψy

w,x +ψz

}
= Bs d =[B(1)

s , B(2)
s , . . . , B(n)

s ]d,

(71)

with
B(i)

m =
[
Ni,x 0 0 0 0

]
,

B(i)
b =

[
0 0 0 Ni,x 0
0 0 0 0 Ni,x

]
,

B(i)
s =

[
0 Ni,x 0 Ni 0
0 0 Ni,x 0 Ni

]
.

(72)
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From (65) and (69), the matrix form of the surface internal virtual work can be written as

δUsurf = δdT
[ ∫

L
BT

m [Tm]Bm + BT
b [Tb]Bb+ BT

s [Ts]Bs dx
]

d+ δdT
[ ∫

L
BT
τ {τ

0
} dx

]
. (73)

Consequently, the following matrix form of the internal virtual work is obtained for a nanowire with
a rectangular cross-section:

δU = δdT
[ ∫

L
BT

m [A
′
]Bm + BT

b [D
′
]Bb+ k BT

s [G
′
]Bs dx

]
d+ δdT

[ ∫
L

BT
τ {τ

0
} dx

]
, (74)

where

[A′] =
[

A
(

E1+
2
b

T y
1111+

2
h

T z
1111

)]
, (75)

[D′] =

Iyy

(
E1+

6
b

T y
1111+

2
h

T z
1111

)
0

0 Izz

(
E1+

2
b

T y
1111+

6
h

T z
1111

)
 , (76)

[G′] =

A
(

G66+
2
h

T z
1212

)
0

0 A
(

G55+
2
b

T y
1212

)
 . (77)

3. Elastic modulus and surface elastic tensor

In this study, an MD simulation is performed to calculate the elastic properties of bulk material. FCC
single crystal copper is used as a test material. The LAMMPS software (http://lammps.sandia.gov)
[Plimpton 1995] and the embedded atom method (EAM) [Daw and Baskes 1984; Foiles et al. 1986]
are utilized for the MD simulation. Four nanofilms and three nanowires of different crystallographic
orientations are investigated: {100}/<100>, {100}/<110>, {111}/<110>, and {110}/<100> nanofilms,
and <100>/{100}, <100>/{110}, and <110>/{100} nanowires.

3.1. Elastic modulus of the bulk material. In order to calculate the elastic constants of single-crystal
copper, a 4× 4× 4 unit cell with periodic boundary conditions (PBCs) [Rapaport 2004] is utilized. When
a periodic boundary condition is applied, a particle that moves to the right will reappear on the left, as
shown in Figure 3(c). PBCs are applied to all directions in the bulk simulation. For initial relaxation, the
MD simulations are performed under an isothermal-isobaric ensemble (where NPT represents a constant
number of atoms, constant pressure, and a constant temperature) at 0.1 K for 200 picoseconds. After that,
the simulation box is deformed slowly, via a 0.01% applied strain in the 1-direction, under the canonical
ensemble (where NVT denotes a constant number of atoms, constant volume, and constant tempera-
ture) over a span of 50 picoseconds, as shown in Figure 3(a). Next, a 50-picosecond MD simulation is
performed to get the average values of the virial stresses, which are defined as

σ vi j =
1
V0

∑
α

[
−mαvαi v

β

i +
1
2

N∑
β=1

(Rβi − Rαi )F
αβ

j

]
, (78)
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11
ε

12
ε

(a)

(b)
(c) Periodic Boundary Condition

Figure 3. Molecular dynamics simulation for the calculation of elastic constants: (a) de-
piction of normal strain; (b) depiction of shear strain; (c) schematic of periodic boundary
condition.

where σ vi j is a component of virial stress, V0 is the volume of the simulation box, mα is the mass, vαi
is the i-directional velocity component, Rαi is the i-directional position of atom α, and Fαβj is the j-
directional interatomic force between atoms α and β [Subramaniyan and Sun 2008]. The same procedure
is performed under shear deformation for a shear component (see Figure 3(b)). As a result of these sim-
ulations, the material constants C11, C12, and C44 are calculated using the linear constitutive relationship
σ vi = Ci jε j :

σ v1 = C11ε̂1,

σ v2 = C12ε̂1,

σ v4 = C44ε̂4,

(79)

where σ vi , Ci j , and ε̂i are virial stress, elastic constant, and applied strain in Voigt notation, respectively.
The elastic constants of the bulk material are listed in Voigt form in Table 1. The elastic constants of
the {100}/<100> direction are obtained from the MD simulation, and those of the other directions are
calculated via coordinate transformations based on the C11, C12, and C44 values of the {100}/<100>
direction.

The {100}/<100> nanofilm features {100} surfaces on the top and bottom. The two in-plane axes of
the surface exist in the <100> direction. In this case, the film’s material properties have cubic symmetry.
The Young’s modulus value of the {100}/<100> nanofilm is 61.5 GPa, and its Poisson’s ratio is 0.43.

The surface type of the {100}/<110> nanofilm is also {100}, but its two in-plane axes are oriented in
the <110> direction. The values of Young’s moduli in the in-plane direction (E1 and E2) are 126.0 GPa,
and the Poisson’s ratios are ν12 =−0.18 and ν13 = 0.87.

Being isotropic, the {111} surface has uniform material properties in all in-plane directions. However,
the {111} nanofilm has nonzero values for C14, C24, and C56 (C14 = −C24 = 25.9 GPa and C56 =
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{100}/<100> {100}/<110> {111}/<110> {110}/<100>

C11 167.3 222.1 222.1 167.3
C22 167.3 222.1 222.1 222.1
C33 167.3 167.3 240.4 222.1
C12 124.2 69.3 105.9 124.2
C13 124.2 124.2 87.6 124.2
C23 124.2 124.2 87.6 69.3
C44 76.4 76.4 39.9 21.6
C55 76.4 76.4 39.9 76.4
C66 76.4 21.6 58.1 76.4

Table 1. Elastic constants of bulk copper film (in GPa).

25.9 GPa). These variables equal zero for all other orthotropic surfaces. The Young’s modulus of the
in-plane direction (E1) is 126.0 GPa, and its Poisson’s ratio is ν12 = 0.52.

Unlike {100} and {111} surfaces, the {110} surface is not axis-symmetric. The {110}/<100> surface
has two different in-plane axis orientations: <100> for the 1-direction and <110> for the 2-direction. The
Young’s moduli of these two orientations are E1 = 61.5 GPa and E2 = E3 = 126.0 GPa, respectively, and
their Poisson’s ratios are ν12 = 0.43 and ν21 = 0.87.

As for copper nanowires, the Young’s moduli of both <100>/{100} and <100>/{110} nanowires are
61.5 GPa, and the Young’s modulus of a <110>/{100} nanowire is 126.0 GPa.

3.2. Size-dependent elasticity and surface elastic tensor of copper nanofilms. For a nanoscaled thin
film, mechanical properties such as Young’s modulus and Poisson’s ratio vary depending on the film
thickness. An MD simulation is performed to evaluate the size-dependent elastic properties of copper
nanofilms. Four types of MD model are used for the calculation of effective moduli, simulating nanofilms
with {100}/<100>, {100}/<110>, {111}/<110>, and {110}/<100> surfaces.

For the MD nanofilm simulations, periodic boundary conditions (PBCs) are applied in both the 1-
and 2-directions. A free boundary condition is applied in the direction of the nanofilm thickness. As in
the bulk case, relaxation and deformation processes are performed, and a two-dimensional constitutive
equation is used. The initial lattice spacing of nanofilms is set by the lattice constant of the bulk material.
The NPT ensemble is utilized in the first step of the MD simulation to get an equilibrium configuration.
The equilibrium strain of a nanofilm is then obtained from this equilibrium configuration. After that, the
virial stress under a given applied strain is calculated using the NVT ensemble.

The effective membrane stiffness tensor, [A′], in (35) can be obtained from the relationship between
the applied strain and the virial stress, which is calculated using the results of the MD simulation.

1
Nlayer

Nlayer∑
k=1


σ v11
σ v22
σ v12


(k)

=
1
h [A

′
]


ε̂11

ε̂22

2ε̂12

 , (80)

where σ v
(k)

αβ is the virial stress of atoms in the k-th layer, ε̂αβ is the applied strain, Nlayer is the number of
layers, and h is the film thickness.
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{100}/<100> {100}/<110> {111}/<110> {110}/<100>

T1111 9.8084 13.7315 9.4804 −15.0566
T2222 9.8084 13.7315 9.4804 −2.2873
T1122 25.5585 5.3080 4.1747 −5.1194
T1212 10.9082 −5.4126 2.6531 −1.0701

Table 2. Calculated surface elastic tensor of nanofilms using the one-point matching
method (in N/m).

Considering the symmetry, the total number of unknowns in the 3× 3 matrix [A′] is six. However, the
number of unknowns of a {100}/<100> film reduces to four, i.e. A′11, A′12, A′13, and A′33, because of the
film’s in-plane axis symmetry. Three of these components, A′11, A′12, and A′13, can be determined using
stress-strain equations obtained from the MD simulation with an applied strain of ε̂αβ = b0.01%, 0, 0cT .
The component A′33 is determined from the MD simulation with an applied strain of ε̂αβ =b0, 0, 0.01%cT .

The [A′] matrices for {100}/<110> and {111}/<110> films are determined in the same way. Three
MD simulations are performed for the {110}/<100> film, in order to collect sufficient data to calculate the
components of matrix [A′]. An additional applied strain, ε̂αβ = b0, 0.01%, 0cT , is utilized to determine
the A′12, A′22, and A′32 values of the {110}/<100> nanofilm.

The surface elastic tensor Tαβκλ, a component of [T ], can be calculated from (35) by applying a one-
point matching technique to the results from the MD simulation. In this calculation, the matrix [Q] in
(35), which represents the two-dimensional constitutive relationship under the plane-stress condition, is
determined from the bulk elastic constants given in (20).

The surface elastic tensor matrix [T ] is a symmetric matrix with the components listed in Table 2. The
missing components in Table 2 are zeros (T1112 = T2212 = 0). According to the matching method, the
MD simulations use 3.1 nm-thick {100}/<100> and {100}/<110> nanofilms and 5.2 nm and 4.2 nm-thick
{111}/<110> and {110}/<100> nanofilms, respectively.

Figures 4 and 5 show size-dependent Young’s moduli normalized by bulk material data. The results
for {100}/<100>, {100}/<110>, and {111}/<110> nanofilms are shown in Figure 4. The in-plane axes
of the {110}/<100> nanofilm have two different orientations: <100> and <110>. The relative moduli are
denoted as E1 and E2, as shown in Figure 5. Size-dependent shear moduli normalized by bulk material
data are shown in Figure 6. The lines are the results of the proposed continuum model and the marks
represent the results of an MD simulation.

3.3. Size-dependent elasticity and surface elastic tensor of copper nanowires. When studying the size-
dependent elasticity of a nanowire, three types of copper nanowires were considered: <100>/{100},
<100>/{110}, and <110>/{100}. Every nanowire has a rectangular cross-section and four surfaces. The
<100>/{100} nanowire has four {100} surfaces, two in the y-direction and two in the z-direction, and
the <100>/{110} nanowire has four {110} surfaces. The <110>/{100} nanowire has two {100} surfaces
in the y-direction and two {110} surfaces in the z-direction.

The elastic modulus of a nanowire is influenced by the surface elastic tensor of the y- and z-surfaces,
as described by (75). The surface elastic tensor of a nanowire is determined by applying the matching
technique to the results of the MD simulation. In the cases involving <100>/{100} and <100>/{110}
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Figure 4. Size-dependent Young’s moduli of {100}/<100>, {100}/<110>, {111}/<110>
copper nanofilms.
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Figure 5. Size-dependent Young’s moduli of a {110}/<100> copper nanofilm.

nanowires, only one MD simulation is needed for one-point matching because the surfaces in the y- and
z-directions are identical. However, the <110>/{100} nanowire needs two MD simulations, one for the
surface in the y-direction and one for the surface in the z-direction.
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Figure 6. Size-dependent shear moduli of {100}/<100>, {100}/<110>, {111}/<110>,
and {110}/<100> nanofilms.

<100>/{100} <100>/{110} <110>/{100}

T y
1111 −10.7613 −11.3434 27.3160

T z
1111 −10.7613 −11.3434 −9.9535

Table 3. Surface elastic tensor of nanowires calculated by the matching method (in N/m).

In the matching method, the dimension b = h = 4.5 nm is used for the <100>/{100} nanowire, and
b = h = 6.3 nm is set for the <100>/{110} nanowire. For the <110>/{100} nanowire, the width is set to
b = 4.5 nm in the first simulation and b = 8.9 nm in the second simulation, and the thickness for both
simulations is fixed at h = 6.3 nm.

The calculated surface elastic tensors for copper nanowires are listed in Table 3. As shown in Figure 7,
the Young’s moduli evaluated by the proposed continuum-based model (see the lines in the figure) have
good agreement with the results of the MD simulation (see the marks in the figure). The “thickness”
in Figure 7 represents the width, b, of a nanowire. In the z-direction, h = b for <100>/{100} and
<100>/{110} nanowires, and h =

√
2(b− a/4) for the <110>/{100} nanowire, where a is the lattice

constant of FCC single crystal copper.

3.4. Numerical examples of beam vibration. As an example of a surface effect on a nanofilm, the
natural frequencies of clamped beams are investigated using the finite element method. The mesh con-
figuration and vibration modes of the clamped beam are shown in Figure 8. The length and width of
the beams are fixed at 300 nm and 30 nm, respectively, and the thickness varies from 3 nm to 12 nm.
Isoparametric 4-noded plate elements are used in the finite element analysis, and a selective reduced
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Figure 7. Size-dependent Young’s moduli of <100>/{100}, <100>/{110}, <110>/{100}
copper nanowires.

(a) (b) (c)

(d) (e) (f)

Figure 8. Mesh configuration and vibration modes of a clamped beam: (a) first mode,
(b) second mode, (c) third mode, (d) fourth mode, (e) fifth mode without surface effect,
(f) fifth mode with surface effect.

integration scheme is applied in order to avoid numerical transverse shear locking. Four-point Gaussian
integration is used for the membrane and bending component, and two-point Gaussian integration is used
for the transverse shear component: 2× 1 for γ12 and 1× 2 for γ13. The shear correction factor k in (34)
is set to 5

6 in the finite element analysis. The natural frequencies of clamped beams, obtained through
finite element analysis, are listed in Table 4.

The natural frequencies with surface effect are smaller than those without surface effect in all test
cases. The surface effect increases as the thickness decreases. When the thickness is 3 nm, the natural
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Thickness Natural frequency (MHz)
(nm) w/o surf. w/ surf. (%)

3 14.4 10.0 69.4%
4.5 21.6 18.4 84.9%
6 28.8 26.0 90.1%

12 57.4 55.0 95.9%

Table 4. Natural frequencies of clamped beams without and with surface effect. The
length and the width of the beams are 300 nm and 30 nm, respectively.

Thickness Length Natural frequency (GHz)
(nm) (nm) w/o surf. w/ surf. MD sim.

1.6 11.7 4.95 (4.99) 1.85 (1.86) 2.55
3.1 23.3 2.37 (2.39) 1.75 (1.77) 1.77
4.5 34.9 1.55 (1.57) 1.29 (1.31) 1.26
6.0 46.5 1.15 (1.17) 1.00 (1.02) 1.01

11.7 92.7 0.56 (0.59) 0.52 (0.54) 0.50

Table 5. Natural frequencies of a {100}/<100> nanowire with one clamped edge. The
width is equal to the thickness, and the length is about eight times the thickness. Numbers
in parentheses indicate the analytic solution calculated using (81).

frequency with surface effect is 69% of the natural frequency without surface effect. Figure 8 shows
the vibration modes of a clamped beam with 3 nm thickness. From first to fourth vibration modes, test
cases without and with surface effects yield the same results, as shown in Figure 8(a) to 8(d). However,
the fifth vibration mode with surface effect (see Figure 8(f)) is different from the fifth vibration mode
without surface effect (see Figure 8(e)).

Another example of beam vibration is solved using beam finite element analysis. Two-node beam
elements are used, and a selective reduced integral scheme is applied to avoid shear locking. Two-point
Gaussian integration is used for the bending component and one-point Gaussian integration for transverse
shear component. The shear correction factor k in (74) is set to 5

6 in the finite element analysis. The
natural frequencies of <100>/{100} nanowires with different thicknesses are obtained via FEM and MD
simulation and listed in Table 5. The width of each nanowire is fixed to be equal to the thickness, and
the length is eight times the thickness.

The natural frequencies of the clamped beams can be calculated analytically by the following equation
[Weaver et al. 1990]:

f = 1
2π

(1.875
L

)2
√

E I
ρA

, (81)

where L is the length, A is the cross-sectional area, ρ is the density, E is the Young’s modulus, and
I is the second moment of area. In order to consider surface effect, the effective bending rigidity of a
nanowire in (76) is used in the analysis.
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The FEM results and analytical solutions show good agreement in all cases, both with and without
surface effect. The results with surface effect also agree very well with MD results, except when the
thickness is 1.6 nm. The main cause of this exception is that the estimated effective bending rigidity
drops rapidly when the thickness of a nanowire reaches 1.6 nm.

4. Equilibrium strain and surface stress

The lattice spacing of a relaxed nanofilm is different from that of bulk material, due to the surface stress
on the top and bottom surfaces. A similar phenomenon can occur with nanowires. The equilibrium strain
in the relaxed state can be calculated using initial surface stress and surface elastic tensor. In addition, if
the equilibrium strain of a nanofilm is known, the surface stress can be calculated from the equilibrium
strain through a matching technique. In this section, surface stress is calculated using equilibrium strain
as measured by the MD simulation.

4.1. Surface stress of copper nanofilms. Assume that the surface types of top and bottom surfaces are
the same and that there is no external force on the film. The relationship between equilibrium strain ε∗

and surface stress can be derived from (34), as follows:

δU = δdT BT
m ([A

′
]Bm d+ 2{τ 0

})= 0, (82)

[A′]


ε∗11
ε∗22
2ε∗12

+ 2


τ 0

11
τ 0

22
τ 0

12

= 0, (83)

where [A′] = h[Q] + 2[T ].
To obtain the equilibrium strain of a nanofilm, an MD simulation was performed using an NPT en-

semble at a temperature of 0.1 K. The thickness of the MD model was set to 3.1 nm for the {100}/<100>
and {100}/<110> nanofilms and 5.2 nm for the {111}/<110> nanofilm. The {110}/<100> nanofilm was
4.2 nm thick. The initial surface stress in Table 6 was calculated by applying the one-point matching
method to the equilibrium strain obtained via an MD simulation. The shear component, τ 0

12, which is
not shown in Table 6, is zero for all the tested surfaces.

The equilibrium strain of a copper nanofilm as a function of thickness is shown in Figure 9 and 10. The
lines represent the results of the proposed continuum-based model, and the marks show the results of an
MD simulation. The results for {100}/<100>, {100}/<110>, and {111}/<110> nanofilms are illustrated
in Figure 9. Lines e1 and e2, denoted in Figure 10, are the equilibrium strains in the <100> and <110>
directions, respectively, of the {110}/<100> nanofilm.

{100}/<100> {100}/<110> {111}/<110> {110}/<100>

τ 0
11 1.5034 1.3806 0.8717 1.1149
τ 0

22 1.5034 1.3806 0.8717 0.9993

Table 6. Initial surface stress of nanofilms, calculated by the one-point matching method
(in N/m).
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Figure 9. Equilibrium strain of {100}/<100>, {100}/<110>, and {111}/<110> copper nanofilms.
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Figure 10. Equilibrium strain of a {110}/<100> copper nanofilm.

4.2. Surface stress of copper nanowires. The initial surface stress of a nanowire can be calculated using
equilibrium strain in a manner analogous to the case of a nanofilm. The relationship between equilibrium
strain and surface stress is given as follows:
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<100>/{100} <100>/{110} <110>/{100}

τ
y0
xx 0.6984 0.7047 1.5670
τ z0

xx 0.6984 0.7047 −0.0178

Table 7. Initial surface stress of nanowires calculated by a matching method (in N/m).
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Figure 11. Equilibrium strain of <100>/{100}, <100>/{110}, and <110>/{100} copper nanowires.

[bh(E1+
2
b T y

1111+
2
h T z

1111)]{ε
∗

x }+ {2hτ y0
xx + 2bτ z0

xx} = 0, (84)

where ε∗x is the equilibrium strain of a nanowire, τ y0
xx and τ z0

xx are initial surface stress components of the
y- and z-surfaces, and b and h are the width and thickness of a nanowire, respectively.

The equilibrium strains present in <100>/{100}, <100>/{110}, and <110>/{100} nanowires were
obtained by an MD simulation. The cross-sectional dimensions of the MD models are b = h = 4.5 nm
for the <100>/{100} nanowire and b = h = 6.3 nm for the <100>/{110} nanowire. For the <110>/{100}
nanowire, an MD simulation was carried out twice with two different widths, b = 4.5 nm and b = 8.9 nm,
and a constant thickness of h = 6.3 nm. The initial surface stress, calculated from the equilibrium strain,
is listed in Table 7.

The equilibrium strain of a nanowire can be calculated from the initial surface stress using (84). These
results are shown in Figure 11. The calculated equilibrium strains represented by lines in the figure have
good agreement with the mark data obtained by MD simulation.

5. Conclusion

Multiscale continuum models and corresponding finite elements were developed for both nanofilms and
nanowires subject to an anisotropic surface effect. In order to consider the anisotropic surface effect,
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linear surface elasticity was used instead of the isotropic surface elasticity proposed by Gurtin and Mur-
doch. This linear surface elasticity was represented by initial surface stress and surface elastic tensor.

The surface elastic tensor of a nanofilm was calculated via the one-point matching method and an
MD simulation. The initial surface stress was estimated using the equilibrium strain, which in turn was
computed via MD simulation. Four different orthotropic nanofilms were considered as numerical exam-
ples, with {100}/<100>, {100}/<110>, {111}/<110>, and {110}/<100> surfaces. The size-dependent
elastic modulus and equilibrium strain values calculated by the proposed continuum model were in good
agreement with the results of the MD simulation. However, there were slight discrepancies between
these surface parameters (initial surface stress and surface elastic tensor) as calculated by the matching
technique and their corresponding reference values [Shenoy 2005; Dingreville and Qu 2007]. This is
because the presented surface parameters include the hyperelastic effect of the bulk material as well as
the surface effect itself.

For a nanowire, surface parameters were estimated using either the one-point or two-point matching
method. <100>/{100}, <100>/{110}, and <110>/{100} nanowires with rectangular cross-sections were
considered as numerical examples. In the calculation of surface parameters, only one MD simulation was
used for the <100>/{100} and <100>/{110} nanowires, whereas two MD simulations were performed
for the <110>/{100} nanowire because it had different surfaces in the y- and z-directions. The results
from the continuum-based model and the MD simulation correlated very well.

In this paper, only rectangular cross-sectional nanowires were considered. If the shape of a cross-
section is not rectangular, the surface component of the internal virtual work will change. Since a
nanowire with a circular cross-section presents a special case, it might not always be feasible to apply the
approach described in this paper. However, in most cases, this approach will work because a crystalline
nanowire tends to have a multifaceted cross-section rather than a circular shape. Moreover, a nanowire
could undergo surface reconstruction and could have various surfaces which are not low-index surfaces.
If a nanowire has a surface different from those mentioned in this paper, initial surface stress and surface
stress tensor will change. However, initial surface stress and surface stress tensor can still be evaluated
using the MD-based matching method proposed in this paper. Therefore, the proposed model can be
applied to nanowires with various kinds of surfaces.

The proposed multiscale continuum model could prove useful in the development of a finite element
method including surface effect, and it is expected to be a good design tool for nanoscale structures in
which the surface effect is dominant.
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