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PROPAGATION OF WAVES IN MASONRY-LIKE SOLIDS

MARIA GIRARDI, CRISTINA PADOVANI AND DANIELE PELLEGRINI

This paper deals with the propagation of progressive elastic waves in masonry-like solids. The constitu-
tive equation of masonry-like materials models the mechanical behavior of materials (such as masonry,
rocks and stones) that do not withstand tensile stresses. The stress function T delivering the Cauchy
stress T corresponding to an infinitesimal strain tensor E is nonlinear and differentiable on an open
subset W of the set of all strains. We consider the propagation of small amplitude elastic waves in
a masonry-like body subjected to a given homogenous strain field E belonging to W . We obtain the
propagation condition, which involves the acoustic tensor A.E ;n/, which depends on both E and the
direction of propagation n, and prove that, due to the presence of cracks, the wave propagation velocities
in masonry are lower than in a linear elastic material.

Introduction

The study of elastic waves finds its main applications in addressing earthquakes and seismological prob-
lems [Ewing et al. 1957], in the evaluation of cracks in elastic media [Crampin 1981], as well as in the
acoustic determination of third-order elastic constants and residual stresses [Winkler and Liu 1996; Pao
et al. 1984; Ogden and Singh 2011]. A further application is in assessing the mechanical behavior of
constructions in response to earthquakes by studying the propagation properties of seismic waves. In
[Safack 1999] the changes in the propagation characteristics of seismic waves in a building were shown
to be more reliable indicators of damage than changes in natural frequencies. In [Ivanovic et al. 2001;
Safak et al. 2009] the wave propagation method is used for structural health monitoring purposes.

A detailed treatment of elastic waves is available in [Royer and Dieulesaint 2000], which addresses
the different types of waves that propagate in isotropic and anisotropic solids, with particular focus
on the propagation and generation of waves in crystals. Progressive waves and the Fresnel–Hadamard
condition for their propagation, involving the acoustic tensor, are discussed in [Truesdell and Toupin
1960]. Progressive waves have been studied in [Gurtin 1972; Chadwick 1989] for isotropic and trans-
versely isotropic linear elastic media. Lastly, the acoustic tensor and its eigenvalues and eigenvectors are
explicitly calculated in [Chadwick 1989].

This paper deals with the propagation of progressive elastic waves in a masonry-like body subjected
to a given homogeneous strain field. Unlike [Gurtin 1972; Chadwick 1989], which deal with linear
elasticity, here we consider the constitutive equation of masonry-like materials [Del Piero 1989; Lucchesi
et al. 2008], which models the mechanical behavior of materials (such as masonry, rocks and stones) that
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do not withstand tensile stresses. A masonry-like material is a nonlinear hyperelastic material with zero
tensile strength and infinite compressive strength. For the Cauchy stress T and the infinitesimal strain
E (both belonging to the set Sym of symmetric tensors), the stress-strain relation is determined by the
nonlinear relation T D CŒP.E/�, where C is the fourth-order elasticity tensor, and P is the nonlinear
projection of the strain tensor onto the image of the set C�1Sym� of negative-semidefinite stresses
Sym� under C�1 with respect to the energetic scalar product on Sym. The tensor Ef D E �P.E/,
which is positive-semidefinite and orthogonal to T , is called fracture strain and is different from zero
where fractures arise.

The constitutive equation of isotropic masonry-like materials is briefly described in Section 1, which
also presents the explicit expression for the stress function T.E/ D CŒP.E/� as E varies in the four
regions Vi , i D 0; 1; 2; 3. Regions Vi characterize the different types of behavior that a masonry-like
material can exhibit. In V3 the material behaves like a linear elastic material, since the stress is negative-
semidefinite. In V0 the stress tensor is zero and the material can crack in all directions. Regions V1 and
V2 exhibit mixed behavior: the stress tensor has respectively two and one eigenvectors corresponding to
the zero eigenvalue, and the material can fracture orthogonally to these directions. As demonstrated in
[Lucchesi et al. 2008; Padovani and Šilhavý 2015], the function T is differentiable on W D

S3
iD0 Wi ,

with Wi being the interior of set Vi . The derivative DET.E/ of T with respect to E is a symmetric
fourth-order tensor from Sym with values in Sym, whose spectral representation has been calculated in
[Lucchesi et al. 2008] and is recalled here.

The boundary-initial-value problem of the dynamics of masonry-like solids has been addressed in
[Casarosa et al. 1998; Lucchesi et al. 1999; Degl’Innocenti et al. 2006], which deal with the nonlinearity
of the equation of motion. The exact solution to the problem of free longitudinal vibrations of both
finite and infinite beams has been calculated in [Casarosa et al. 1998; Lucchesi et al. 1999]. The main
features of the solution is the development of a shock wave [Šilhavý 1997] at the interface between
the cracked and compressed parts of the beam, which determines a loss of mechanical energy and a
progressive decay of the solution. As far as the numerical solution of the dynamic problem of masonry
structures is concerned, Degl’Innocenti et al. [2006] proposed a method to integrate with respect to
time the system of ordinary differential equations obtained by discretizing the structure into finite ele-
ments. The method has been implemented in the NOSA–ITACA code [Binante et al. 2014] and was
used to study the dynamic behavior of historical masonry buildings [Callieri et al. 2010; De Falco et al.
2014].

The approach followed in this paper is rather different: instead of addressing the boundary-initial-
value problem of dynamics, we consider the propagation of progressive elastic waves in a masonry-like
body subjected to a given homogeneous strain field E belonging to W . By using the differentiability
of the stress function at E and considering elastic displacements superimposed on E , we obtain the
linearized equation of the motion involving the constant fourth-order tensor DET.E/. We then consider
progressive waves and determine the condition they must satisfy in order to propagate in the masonry
body. This condition involves the acoustic tensor A.E ;n/, whose eigenvalues and eigenvectors are
calculated in Section 2.

Unlike the linear elastic case, in which the acoustic tensor depends only on the direction of propagation
n, here it depends on the strain E as well. Moreover, even though symmetric, A.E ;n/ is positive–
semidefinite, since its eigenvalues are non-negative.
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The acoustic tensor and the properties of progressive waves are analyzed as the given homogeneous
strain field E varies in the regions Wi ; i D 0; 1; 2; 3. For E 2W0, the material is completely cracked and
elastic waves cannot propagate. For E 2W1;W2, due to the presence of cracks, the wave propagation
velocities in masonry are lower than in a linear elastic material. Moreover, longitudinal waves propagate
only for some values of n, depending on the directions of cracking. For the remaining values of n the
waves are neither longitudinal nor transverse and propagate with different velocities in different directions.
Finally, if E 2W3, masonry behaves like a linear elastic material.

Section 3 provides a detailed description of the two-dimensional case. In order to highlight the differ-
ence between a masonry-like and a linear elastic material, pictures illustrating the effects of the presence
of cracks on the propagation of elastic waves are presented.

1. The constitutive equation

Let Lin be the set of all second-order tensors with the scalar product

A �B D tr.AT B/

for any A;B 2 Lin, with AT the transpose of A. For Sym, the subspace of symmetric tensors, Sym�

and SymC are the sets of all negative-semidefinite and positive-semidefinite elements of Sym. Given the
symmetric tensors A and B , we denote by A˝B the fourth-order tensor defined by

A˝B ŒH �D .B �H /A

for H 2 Lin, and by ISym the fourth-order identity tensor on Sym. For a and b vectors, the dyad a˝b

is defined by a˝bhD .b �h/a, for any vector h, and � is the scalar product in the space of vectors. We
define the subspaces

Span.a;b/D fv D aaC bb W a; b 2 Rg;

Span.a/? D fv W a � v D 0g

of the three-dimensional vector space.
Now, let C be the isotropic fourth-order tensor of the elastic constants

CD 2�ISymC�I ˝ I ; (1-1)

where I 2 Sym is the identity tensor and � and � are the Lamé moduli of the material satisfying the
conditions

� > 0; �� 0: (1-2)

C is symmetric,
A �CŒB �DB �CŒA� for all A;B 2 Sym; (1-3)

and in view of (1-2) is positive-definite on Sym,

A �CŒA� > 0 for all A 2 Sym; A ¤ 0: (1-4)

Then C is invertible, with inverse C�1. We define the energetic scalar product on Sym by setting
.A;B/DA �CŒB � for any A;B 2 Sym.
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A masonry-like material is a nonlinear elastic material characterized by the fact that, for E 2 Sym,
there exists a unique triplet .T ;Ee;Ef / of elements of Sym such that [Lucchesi et al. 2008]

E DEe
CEf ; (1-5)

T D CŒEe �; (1-6)

T 2 Sym�; Ef
2 SymC; (1-7)

T �Ef
D 0: (1-8)

T is the Cauchy stress corresponding to strain E ; Ee and Ef are respectively the elastic and inelastic
parts of E ; Ef is also called fracture strain. Denoting by P W Sym! Sym the metric projection onto
the closed convex cone C�1Sym� with respect to the energetic scalar product, it is possible to prove that
Ee D P.E/ and T D CŒP.E/� [Padovani and Šilhavý 2015]. The stress function T W Sym! Sym is
given by

T.E/D T D CŒP.E/� for any E 2 Sym: (1-9)

The explicit expression for the stress function T, calculated in [Lucchesi et al. 2008], is recalled in
the following.

For E 2 Sym, let e1� e2� e3 be its ordered eigenvalues and q1, q2; q3 the corresponding eigenvectors.
We introduce the orthonormal basis of Sym (with respect to the scalar product �)

O11 D q1˝ q1; O22 D q2˝ q2; O33 D q3˝ q3;

O12 D 1=
p

2.q1˝ q2C q2˝ q1/; O13 D 1=
p

2.q1˝ q3C q3˝ q1/;

O23 D 1=
p

2.q2˝ q3C q3˝ q2/: (1-10)

Given E , the corresponding stress satisfying the constitutive equation of masonry-like materials is given
by

if E 2 V0; then T D 0; (1-11)

if E 2 V1; then T DEe1O11; (1-12)

if E 2 V2; then T D 2�=.2C˛/fŒ2.1C˛/e1C˛e2�O11C Œ˛e1C 2.1C˛/e2�O22g; (1-13)

if E 2 V3; then T D CŒE �; (1-14)

where the sets Vk are

V0 D fE 2 Sym W e1 � 0g; (1-15)

V1 D fE 2 Sym W e1 � 0; ˛e1C 2.1C˛/e2 � 0g; (1-16)

V2 D fE 2 Sym W ˛e1C 2.1C˛/e2 � 0; 2e3C˛ tr E � 0g; (1-17)

V3 D fE 2 Sym W 2e3C˛ tr E � 0g; (1-18)

with ˛D �=� and the Young’s modulus E D�.2�C3�/=.�C�/. As for the fracture strain, we have
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if E 2 V0; then Ef
DE ; (1-19)

if E 2 V1; then Ef
D
�
e2C˛=.2.1C˛//e1

�
O22C

�
e3C˛=.2.1C˛//e1

�
O33; (1-20)

if E 2 V2; then Ef
D Œe3C˛=.2C˛/.e1C e2/�O33; (1-21)

if E 2 V3; then Ef
D 0: (1-22)

Thus, as E varies in the four regions Vi , i D 0; 1; 2; 3, the corresponding stress tensor T and fracture
strain Ef have rank i D 0; 1; 2; 3 and r D 3; 2; 1; 0, respectively.

For Wk , the interior of Vk , function T turns out to be differentiable on W D
S3

iD0 Wi [Lucchesi et al.
2008; Padovani and Šilhavý 2015]. The derivative DET.E/ of T.E/ with respect to E in the regions
Wi has been calculated in [Lucchesi et al. 2008]. DET.E/ is a symmetric fourth-order tensor from Sym
into itself and has the following expressions:

if E 2W0; then DET.E/DO; (1-23)

where O is the null fourth-order tensor,

if E 2W1; then DET.E/DE

�
O11˝O11�

e1

e2� e1

O12˝O12�
e1

e3� e1

O13˝O13

�
; (1-24)

if E 2W2; then DET.E/D 2�O12˝O12�
2�

2C˛

2.1C˛/e1C˛e2

e3� e1

O13˝O13

�
2�

2C˛

˛e1C 2.1C˛/e2

e3� e2

O23˝O23C
2�.2C 3˛/

2C˛

O11CO22
p

2
˝

O11CO22
p

2

C 2�
O11�O22
p

2
˝

O11�O22
p

2
; (1-25)

if E 2W3; then DET.E/D C: (1-26)

From (1-24) and (1-25), bearing in mind that they are the spectral decomposition of DET.E/ for
E 2W1 and E 2W2 [Itskov 2015], by taking (1-16) and (1-17) into account, we conclude that DET.E/

has non-negative eigenvalues [Lucchesi et al. 2008] and is positive-semidefinite; hence it satisfies the
Legendre–Hadamard condition [Šilhavý 1997]

a˝bCb˝a

2
�DET.E/

�
a˝bCb˝a

2

�
� 0 for each vector a;b: (1-27)

For E 2W3, DET.E/ coincides with the tensor of elastic constants (1-1); it is positive-definite and
then strongly elliptic [Gurtin 1972].

2. Progressive waves

We are interested in studying the propagation of small amplitude elastic waves in an infinite masonry-like
solid B with homogeneous mass density �, homogeneous material properties �, and � satisfying (1-2),
subjected to a uniform stress T DT.E/, with E being a given uniform strain belonging to W D

S3
iD0 Wi :

From the differentiability of T at E in W [Padovani and Šilhavý 2015], it follows that

T.E CH /D T CDET.E/ŒH �C o.H /; H 2 Sym; H ! 0: (2-1)
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We consider small elastic displacements u, defined on B� .0;1/, such that their gradient ru is small,
and denote by @2u=@t2 the acceleration and by div the divergence. For such displacements superimposed
on strain E , from (2-1), neglecting terms of order o.ru/, we obtain the linearized equation of motion
in the absence of body forces

div
�
DET.E/Œ.ruCruT /=2�

�
D �@2u=@t2 on B: (2-2)

A progressive wave has the form

u.x; t/Dm .n �x� vt/; (2-3)

where the unit vectors m and n are respectively the polarization vector (or direction of motion) and the
direction of propagation, v is the wave velocity and  an arbitrary function of class C2 on .�1;1/
such that

d2 =ds2
¤ 0: (2-4)

The wave u in (2-3) is longitudinal if mD˙n, and transverse if m � nD 0. Moreover, u is elastic if it
satisfies the equation of motion (2-2).

From (2-3) we get [Gurtin 1972]

ruD  0m˝n; (2-5)

@2u=@t2
D  00v2m; (2-6)

with

 0 D d =dsj
sDn�x�vt

; (2-7)

 00 D d2 =ds2
j
sDn�x�vt

: (2-8)

From (2-5) it follows that

DET.E/

�
ruCruT

2

�
D  0DET.E/

�
m˝nCn˝m

2

�
: (2-9)

Moreover, since DET.E/ is independent of x,

div
�
DET.E/

�
ruCruT

2

��
D  00DET.E/

�
m˝nCn˝m

2

�
nD � 00A.E ;n/m; (2-10)

where A.E ;n/ is the tensor defined by

A.E ;n/aD ��1DET.E/

�
a˝nCn˝a

2

�
n for every vector a: (2-11)

We call A.E ;n/ the acoustic tensor for strain E and direction n. From (2-2), by taking (2-6), (2-10)
and (2-4) into account, we obtain the condition

A.E ;n/mD v2m; (2-12)

which expresses the Fresnel–Hadamard propagation condition [Gurtin 1972]. Thus, for an elastic pro-
gressive wave to propagate in a direction n, its polarization vector must be an eigenvector of the acoustic
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q3

q1

q2

m

n

vt

wave front at time t

wave front at time 0

fracture plane

Figure 1. Depiction of a plane wave with direction of propagation n and polarization
vector m in a cracked body.

tensor A.E ;n/ and the square of the velocity of propagation must be the associated eigenvalue. Figure 1
depicts a progressive wave with direction of propagation n and polarization m in an infinite body sub-
jected to a homogeneous strain field E 2W2. According to (1-21), the fracture planes are orthogonal
to q3. For a given constant �, at any time t , the displacement field u in (2-3) is constant on the plane
Pt D fx W x �n� v t D �g, called the wave front.

2A. The acoustic tensor. In this subsection we state some properties of the acoustic tensor A.E ;n/

defined in (2-11) and obtain its expression in the four regions Wi .

Proposition 2.1.

(a) A.E ;n/ is symmetric.

(b) For E in
S2

iD1 Wi , let

DET.E/D

6X
jD1

ıj .E/Vj .E/˝Vj .E/; (2-13)

be the spectral decomposition of DET.E/, with ıj .E/ eigenvalues and Vj .E/ eigentensors of
DET.E/, j D 1; : : : ; 6. Thus

A.E ;n/D ��1
6X

jD1

ıj .E/Vj .E/n˝Vj .E/n: (2-14)

(c) A.E ;n/ is positive-semidefinite for E 2
S2

iD0 Wi , and positive-definite for E in W3.

(d) A.E ;n/DA.E ;�n/ for each unit vector n.
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(e) Let Orth be the subset of Lin of orthogonal tensors Q, QQT DQT Q D I . The acoustic tensor
satisfies the relation

QA.E ;n/QT
DA.QEQT ;Qn/ for each Q 2 Orth: (2-15)

Proof.

(a) By taking the symmetry of DET.E/ into account, for each vector l and p we have,

l �A.E ;n/p D l � ��1DET.E/

�
p˝nCn˝p

2

�
n

D l ˝n � ��1DET.E/

�
p˝nCn˝p

2

�
D

l˝nCn˝l

2
� ��1DET.E/

�
p˝nCn˝p

2

�
D ��1DET.E/

�
l˝nCn˝l

2

�
�
p˝nCn˝p

2

D p � ��1DET.E/

�
l˝nCn˝l

2

�
n

D p �A.E ;n/l : (2-16)

(b) From (2-13) it follows that

DET.E/

�
p˝nCn˝p

2

�
nD

6X
jD1

ıj .E/

�
Vj .E/ �

�
p˝nCn˝p

2

��
Vj .E/n

D

6X
jD1

ıj .E/.Vj .E/n �p/Vj .E/n

D

6X
jD1

ıj .E/.Vj .E/n˝Vj .E/n/p; (2-17)

for all vectors p, and (2-14) follows from (2-11).

(c) If E 2
S2

iD0 Wi , from (2-16) for l D p, by taking the condition (1-27) into account, we obtain
that A.E ;n/ is positive-semidefinite. If E 2W3, DET.E/D C is positive-definite and A.E ;n/

coincides with the acoustic tensor of an isotropic linear elastic material and is positive-definite (see
(2-24)).

(d) A trivial consequence of (2-11).

(e) We note that from the isotropy of the stress function T [Lucchesi et al. 2008],

T.E/D T.QEQT / for each E 2 Sym; Q 2 Orth; (2-18)

the invariance of its derivative DET.E/ [Gurtin 1981]

QDET.E/ŒH �QT
DDET.QEQT /ŒQHQT �; (2-19)
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follows for each E 2
S3

iD0 Wi ; Q 2 Orth; H 2 Sym.
Thus, for E 2

S3
iD0 Wi and n unit vector, from (2-11) and (2-19), we obtain

A.E ;n/DQT A.QEQT ;Qn/Q for each Q 2 Orth: (2-20)

Equation (2-20) extends an analogous relation proved in [Gurtin 1972] for isotropic linear elastic
materials. From (2-20) it follows that if m is an eigenvector of A.E ;n/ corresponding to the
eigenvalue v2, then Qm is an eigenvector of A.QEQT ;Qn/ corresponding to the same eigenvalue
v2. �

From Proposition 2.1, tensor A.E ;n/ defined in (2-11) turns out to be symmetric and positive-
semidefinite, hence, for each n, there exist three orthogonal eigenvectors m1;m2;m3, and three as-
sociated non-negative eigenvalues v2

1
; v2

2
; v2

3
, whose expressions are calculated in the following.

Due to the different expressions of DET.E/ in the regions Wi , from (2-11) it follows that the acoustic
tensor A.E ;n/ has different expressions Ai.E ;n/ in the four regions Wi . In view of Proposition 2.1(b)
we have:

if E 2W0; then A0.E ;n/D 0; (2-21)

if E 2W1; then A1.E ;n/DE��1

�
O11n˝O11n

�
e1

e2� e1

O12n˝O12n�
e1

e3� e1

O13n˝O13n

�
; (2-22)

if E 2W2; then A2.E ;n/D 2���1

�
O12n˝O12n

�
2.1C˛/e1C˛e2

.2C˛/.e3� e1/
O13n˝O13n�

˛e1C 2.1C˛/e2

.2C˛/.e3� e2/
O23n˝O23n

C
2C 3˛

2C˛

O11CO22
p

2
n˝

O11CO22
p

2
nC

O11�O22
p

2
n˝

O11�O22
p

2
n

�
; (2-23)

if E 2W3 then A3.E ;n/D .2�C�/�
�1n˝nC���1.I �n˝n/: (2-24)

Our goal is to find the eigenvalues c
.i/
1
.E ;n/� c

.i/
2
.E ;n/� c

.i/
3
.E ;n/ and eigenvectors m

.i/
1
.E ;n/,

m
.i/
2
.E ;n/, m

.i/
3
.E ;n/ of the acoustic tensor Ai.E ;n/, for i D 1; 2; 3.

For E 2W1, from (2-22) we get

A1.E ;n/DE��1

��
.n � q1/

2
�

e1

2.e2� e1/
.n � q2/

2
�

e1

2.e3� e1/
.n � q3/

2

�
O11

�
e1

2.e2� e1/
.n � q1/

2O22�
e1

2.e3� e1/
.n � q1/

2O33�
e1

p
2.e2� e1/

.n � q1/.n � q2/O12

�
e1

p
2.e3� e1/

.n � q1/.n � q3/O13

�
: (2-25)
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Thus, if nD q1, then

A1.E ; q1/DE��1

�
O11�

e1

2.e2� e1/
O22�

e1

2.e3� e1/
O33

�
; (2-26)

whose eigenvalues and eigenvectors are

c
.1/
1
.E ; q1/DE��1; c

.1/
2
.E ; q1/D�

E��1e1

2.e2� e1/
; (2-27)

c
.1/
3
.E ; q1/D�

E��1e1

2.e3� e1/
; (2-28)

m
.1/
1
.E ; q1/D q1; m

.1/
2
.E ; q1/D q2; m

.1/
3
.E ; q1/D q3: (2-29)

If n � q1 D 0, then

A1.E ;n/D�E��1

�
e1

2.e2� e1/
.n � q2/

2
C

e1

2.e3� e1/
.n � q3/

2

�
O11; (2-30)

whose eigenvalues and eigenvectors are

c
.1/
1
.E ;n/D�

E��1e1

2

�
1

e2�e1
.n � q2/

2
C

1

e3�e1
.n � q3/

2

�
; (2-31)

c
.1/
2
.E ;n/D c

.1/
3
.E ;n/D 0; (2-32)

m
.1/
1
.E ;n/D q1; m

.1/
2
.E ;n/D q2; m

.1/
3
.E ;n/D q3: (2-33)

In particular, if nD q2, then

c
.1/
1
.E ; q2/D�

E��1e1

2.e2� e1/
; (2-34)

and for nD q3, then

c
.1/
1
.E ; q3/D�

E��1e1

2.e3� e1/
: (2-35)

If n � q2 D 0, then the eigenvalues and eigenvectors of A1.E ;n/ are

c
.1/
1
.E ;n/D

E��1

2

�
.n � q1/

2
�

e1

2.e3�e1/
C

r�
.n � q1/2�

e1

2.e3�e1/

�2
C 2

e1

e3�e1
.n � q1/4

�
;

(2-36)

c
.1/
2
.E ;n/D�

E��1e1

2.e2� e1/
.n � q1/

2;
(2-37)

c
.1/
3
.E ;n/D

E��1

2

�
.n � q1/

2
�

e1

2.e3�e1/
�

r�
.n � q1/2�

e1

2.e3�e1/

�2
C 2

e1

e3�e1
.n � q1/

4

�
(2-38)

(where c
.1/
2
� c

.1/
3

or c
.1/
2
� c

.1/
3

depending on E ) and

m
.1/
2
.E ;n/D q2; m

.1/
1
.E ;n/; m

.1/
3
.E ;n/ 2 Span.q1; q3/: (2-39)
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Analogously, if n � q3 D 0, the eigenvalues and eigenvectors of A1.E ;n/ are

c
.1/
1
.E ;n/D

E��1

2

�
.n � q1/

2
�

e1

2.e2�e1/
C

r�
.n � q1/2�

e1

2.e2�e1/

�2
C 2

e1

e2�e1
.n � q1/4

�
;

(2-40)

c
.1/
2
.E ;n/D

E��1

2

�
.n � q1/

2
�

e1

2.e2�e1/
�

r�
.n � q1/2�

e1

2.e2�e1/

�2
C 2

e1

e2�e1
.n � q1/4

�
;

(2-41)

c
.1/
3
.E ;n/D�

E��1e1

2.e3� e1/
.n � q1/

2; (2-42)

(where c
.1/
2
� c

.1/
3

or c
.1/
2
� c

.1/
3

depending on E ) and

m
.1/
1
.E ;n/; m

.1/
2
.E ;n/ 2 Span.q1; q2/; m

.1/
3
.E ;n/D q3: (2-43)

For n � q1 ¤ 0, n � q2 ¤ 0, n � q3 ¤ 0, the eigenvalues of A1.E ;n/ can be determined by using the
formulae in [Kachanov 1974]:

c
.1/
1
.E ;n/D 2p

3
�.1/ cos.� .1/� �

3
/C 1

3
I
.1/
1
; (2-44)

c
.1/
2
.E ;n/D 2p

3
�.1/ cos.� .1/C �

3
/C 1

3
I
.1/
1
; (2-45)

c
.1/
3
.E ;n/D� 2p

3
�.1/ cos � .1/C 1

3
I
.1/
1
; (2-46)

where

�.1/ D

q
1
3
..I

.1/
1
/2� 3I

.1/
2
/; (2-47)

cos 3� .1/ D�
3
p

3 .1/

2.�.1//3
; (2-48)

 .1/ D I
.1/
3
�

1
3
I
.1/
1

I
.1/
2
C

2
27
.I
.1/
1
/3; (2-49)

with

I
.1/
1
D tr A1.E ;n/

DE��1
n
.n � q1/

2
�

e1

2.e2�e1/
Œ.n � q1/

2
C .n � q2/

2��
e1

2.e3�e1/
Œ.n � q1/

2
C .n � q3/

2�
o
; (2-50)

I
.1/
2
D

1
2
Œ.tr A1.E ;n//

2
� tr A1.E ;n/

2�; (2-51)

I
.1/
3
D det A1.E ;n/D

E3��3e2
1
.n � q1/

6

4.e2� e1/.e3� e1/
; (2-52)

the principal invariants of A1.E ;n/. The angle � .1/ varies between 0 and �=3.
Since n � q1 ¤ 0, then I

.1/
3
¤ 0 and A1.E ;n/ has no zero eigenvalues.

For j D 1; 2; 3, given c
.1/
j .E ;n/, the corresponding eigenvector m

.1/
j .E ;n/ can be calculated by

solving the system
.A1.E ;n/� c

.1/
j .E ;n/I/m

.1/
j .E ;n/D 0: (2-53)
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Let us now consider the case in which E 2W2. From (2-23) we obtain

A2.E ;n/D �
�1

�
'.n � q1/

2
C�.n � q2/

2
��

2.1C˛/e1C˛e2

.2C˛/.e3� e1/
.n � q3/

2

�
O11

C ��1

�
�.n � q1/

2
C'.n � q2/

2
��

˛e1C 2.1C˛/e2

.2C˛/.e3� e2/
.n � q3/

2

�
O22

� ��1

�
�

2.1C˛/e1C˛e2

.2C˛/.e3� e1/
.n � q1/

2
C�

˛e1C 2.1C˛/e2

.2C˛/.e3� e2/
.n � q2/

2

�
O33

C���1
p

2
2C3˛

2C˛
.n � q1/.n � q2/O12

����1
p

2
2.1C˛/e1C˛e2

.2C˛/.e3� e1/
.n � q1/.n � q3/O13

����1
p

2
˛e1C 2.1C˛/e2

.2C˛/.e3� e2/
.n � q2/.n � q3/O23; (2-54)

with
' D

4�.1C˛/

2C˛
: (2-55)

If nD q1, then

A2.E ; q1/D '�
�1O11C��

�1O22���
�1 2.1C˛/e1C˛e2

.2C˛/.e3� e1/
O33; (2-56)

whose eigenvalues and eigenvectors are

c
.2/
1
.E ; q1/D '�

�1; c
.2/
2
.E ; q1/D ��

�1; (2-57)

c
.2/
3
.E ; q1/D�

���1

2C˛

2.1C˛/e1C˛e2

e3� e1

; (2-58)

m
.2/
1
.E ; q1/D q1; m

.2/
2
.E ; q1/D q2; m

.2/
3
.E ; q1/D q3: (2-59)

If nD q2, then

A2.E ; q2/D ��
�1O11C'�

�1O22���
�1˛e1C 2.1C˛/e2

.2C˛/.e3� e2/
O33; (2-60)

whose eigenvalues and eigenvectors are

c
.2/
1
.E ; q2/D '�

�1; c
.2/
2
.E ; q2/D ��

�1; (2-61)

c
.2/
3
.E ; q2/D�

���1

2C˛

˛e1C 2.1C˛/e2

e3� e2

; (2-62)

m
.2/
1
.E ; q2/D q2; m

.2/
2
.E ; q2/D q1; m

.2/
3
.E ; q2/D q3: (2-63)

If nD q3, then

A2.E ; q3/D���
�1 2.1C˛/e1C˛e2

.2C˛/.e3� e1/
O11���

�1˛e1C 2.1C˛/e2

.2C˛/.e3� e2/
O22; (2-64)
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whose eigenvalues and eigenvectors are

c
.2/
1
.E ; q3/D�

���1

2C˛

2.1C˛/e1C˛e2

e3� e1

; c
.2/
2
.E ; q3/D�

���1

2C˛

˛e1C 2.1C˛/e2

e3� e2

; (2-65)

c
.2/
3
.E ; q3/D 0; (2-66)

m
.2/
1
.E ; q3/D q1; m

.2/
2
.E ; q3/D q2; m

.2/
3
.E ; q3/D q3: (2-67)

If n ¤ q1, q2, q3, then the eigenvalues of A2.E ;n/ can be determined by using the formulae in
[Kachanov 1974]:

c
.2/
1
.E ;n/D 2p

3
�.2/ cos.� .2/� �

3
/C 1

3
I
.2/
1
; (2-68)

c
.2/
2
.E ;n/D 2p

3
�.2/ cos.� .2/C �

3
/C 1

3
I
.2/
1
; (2-69)

c
.2/
3
.E ;n/D� 2p

3
�.2/ cos � .2/C 1

3
I
.2/
1
; (2-70)

where

�.2/ D

q
1
3
..I

.2/
1
/2� 3I

.2/
2
/; (2-71)

cos 3� .2/ D�
3
p

3 .2/

.2�.2//3
; (2-72)

 .2/ D I
.2/
3
�

1
3
I
.2/
1

I
.2/
2
C

2
27
.I
.2/
1
/3; (2-73)

with

I
.2/
1
D tr A2.E ;n/:

I
.2/
2
D

1
2
Œ.tr A2.E ;n//

2
� tr A2.E ;n/

2�; (2-74)

I
.2/
3
D det A2.E ;n/: (2-75)

the principal invariants of A2.E ;n/. The angle � .2/ varies between 0 and �=3.
As in the case of E 2W1, for j D 1; 2; 3, given c

.2/
j .E ;n/, the corresponding eigenvector m

.2/
j .E ;n/

can be calculated by solving the system

.A2.E ;n/� c
.2/
j .E ;n/I/m

.2/
j .E ;n/D 0: (2-76)

Note that the acoustic tensor A3.E ;n/ for E 2 W3 coincides with the acoustic tensor of a linear
elastic material with Lamé moduli � and �; its eigenvalues are

c
.3/
1
D ��1.2�C�/; c

.3/
2
D c

.3/
3
D ��1�; (2-77)

and the corresponding eigenvectors

m
.3/
1
.E ;n/D n; m

.3/
2
.E ;n/ and m

.3/
3
.E ;n/ belong to Span.n/?: (2-78)
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2B. Behavior of plane waves in the regions Wi . Let us now analyze the behavior of progressive waves
in a body composed of a masonry-like material with homogeneous stress T associated to a homogeneous
strain field E . This behavior is different in the four regions Wi introduced in Section 1, since it depends
on A.E ;n/, which has a different expression Ai.E ;n/ in Wi (see (2-21) , (2-22), (2-23) and (2-24)).

If E 2W0, from (2-21) it follows that no waves propagate in the medium.
For E 2 Wi ; i D 1; 2; 3, Tables 1, 2 and 3 report the eigenvalues c

.i/
1
� c

.i/
2
� c

.i/
3

of A.E ;n/, for
each unit vector n. The associated wave velocities are v.i/j D

q
c
.i/
j , for i; j D 1; 2; 3.

Let us consider the case of E 2W1.
For the eigenvalues c

.1/
1

, c
.1/
2

, c
.1/
3

in (2-27)–(2-28), it is a simple matter to prove that

c
.1/
1
.E ; q1/ < c

.3/
1
D ��1.2�C�/ (2-79)

and
c
.1/
2
.E ; q1/ < c

.3/
2
D ��1�; c

.1/
3
.E ; q1/ < c

.3/
3
D ��1�: (2-80)

The first inequality in (2-80) follows from the condition ˛e1C 2.1C˛/e2 > 0, which characterizes
W1 (see (1-16)).

As for c
.1/
1

in (2-31), simple calculations show that

c
.1/
1
.E ;n/ < ��1�: (2-81)

For the eigenvalues in (2-36)–(2-38) and (2-40)–(2-42) we have

c
.1/
1
.E ;n/ < c

.3/
1
D ��1.2�C�/; c

.1/
2
.E ;n/ < c

.3/
2
D ��1�;

c
.1/
3
.E ;n/ < c

.3/
2
D ��1�:

(2-82)

The polarization vector and the squared velocity of waves propagating in the masonry body subjected
to a uniform strain field E 2W1 are summarized in Table 1, for varying directions of propagation n.

E 2W1 c
.1/
1

c
.1/
2

c
.1/
3

nD q1
E��1

longitudinal wave, q1

(2-27)
transverse wave, q2

(2-28)
transverse wave, q3

n � q1 D 0
(2-31)

transverse wave, q1

0

no propagation
0

no propagation

n � q2 D 0 (2-36) (2-37)
transverse wave, q2

(2-38)

n � q3 D 0 (2-40) (2-41) (2-42)
transverse wave, q3

n � q1 ¤ 0

n � q2 ¤ 0

n � q3 ¤ 0

(2-44) (2-45) (2-46)

Table 1. Wave velocities squared for E 2W1.
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If nD q1, there are one longitudinal wave and two transverse waves,

A1.E ; q1/q1 D �
�1Eq1; (2-83)

A1.E ; q1/q2 D�
E��1e1

2.e2� e1/
q2; A1.E ; q1/q3 D�

E��1e1

2.e3� e1/
q3: (2-84)

Due to (2-79) and (2-80), the velocities of the longitudinal and transverse waves are lower than those
of the corresponding waves in a linear elastic material. In particular, if e2 D e3, the transverse waves
have equal velocities; if not, the lowest velocity is associated with the direction of motion q3, which
corresponds to the highest values of the fracture strain (see (1-20)).

If n � q1 D 0, only a transverse wave can propagate with square velocity (2-31), which, because of
(2-81), is less than the squared velocity of the transverse linear elastic wave.

In the case of n � q2 D 0 or n � q3 D 0, three waves propagate, a single transverse one with squared
velocity less than ��1�, while the other two have squared velocities respectively less than ��1.2�C�/,
and less than ��1� (see (2-82)).

Let us consider E 2W2. For the eigenvalues c
.2/
1
; c
.2/
2
; c
.2/
3

, in (2-57)–(2-58), it is an easy matter to
prove that

c
.2/
1
.E ; q1/ < c

.3/
1
D ��1.2�C�/; c

.2/
3
.E ; q1/ < c

.3/
2
D ��1� (2-85)

where the last inequality comes from the condition 2e3C˛.e1C e2C e3/ > 0, which holds in W2 (see
(1-17)).

Analogously, for c
.2/
3

in (2-62) we have

c
.2/
3
.E ;n/ < c

.3/
3
D ��1�: (2-86)

The polarization vector and the squared velocities of waves that propagate in the masonry medium for
E 2W2 are summarized in Table 2, for different values of the propagation vector n.

If nD q1 or nD q2, there are one longitudinal wave and two transverse waves:

A2.E ; q1/q1 D '�
�1q1; A2.E ; q1/q2 D ��

�1q2; (2-87)

A2.E ; q1/q3 D�
���1

2C˛

2.1C˛/e1C˛e2

e3� e1

q3I (2-88)

E 2W2 c
.2/
1

c
.2/
2

c
.2/
3

nD q1
'��1

longitudinal wave, q1

���1

transverse wave, q2

(2-58)
transverse wave, q3

nD q2
'��1

longitudinal wave, q2

���1

transverse wave, q1

(2-62)
transverse wave, q3

nD q3
(2-65)

transverse wave, q1

(2-65)
transverse wave, q2

0

no propagation

n¤ q1, q2, q3 (2-68) (2-69) (2-70)

Table 2. Wave velocities squared for E 2W2.



520 MARIA GIRARDI, CRISTINA PADOVANI AND DANIELE PELLEGRINI

A2.E ; q2/q2 D '�
�1q2; A2.E ; q2/q1 D ��

�1q1; (2-89)

A2.E ; q2/q3 D�
���1

2C˛

˛e1C 2.1C˛/e2

e3� e2

q3: (2-90)

Due to (2-85) and (2-86), the velocities of longitudinal and transverse waves are less than those of the
corresponding waves in a linear elastic material.

If nD q3, no longitudinal waves propagate, and two transverse waves propagate with velocities (2-65)
that, in view of (2-85) and (2-86), are less than the velocity of the transverse linear elastic waves.

Note that even though the elasticity tensor is not strongly elliptic in W1 and W2, and hence the
hypotheses of the Fedorov–Stippes theorem [Gurtin 1972] are not satisfied, longitudinal and transverse
progressive waves do exist. In particular, for E 2W1, then a longitudinal wave exists only for nD q1.
The other two progressive waves in direction q1, whose directions of motion are equal to q2 and q3, are
transverse. For n 2W2, two longitudinal waves exist, one for nD q1, and another for nD q2.

For E 2W3 the material behaves like an isotropic linear elastic material, and there are but two types
of progressive waves: longitudinal and transverse, as shown in Table 3.

E 2W3 c
.3/
1

c
.3/
2

c
.3/
3

n
.2�C�/��1

longitudinal wave
���1

transverse wave
���1

transverse wave

Table 3. Wave velocities squared for E 2W3.

3. The two-dimensional case

Let us consider a plane strain state and, for fixed q3, strain tensors E such that Eq3 D 0. Let us indicate
with the same symbols E , T and Ef the restriction of E , T and Ef to the two-dimensional subspace
of the three-dimensional vector space orthogonal to q3.

Let e1 � e2 be the ordered eigenvalues of E , and q1, q2 the corresponding eigenvectors and put

O11 D q1˝ q1; O22 D q2˝ q2; O12 D 1=
p

2.q1˝ q2C q2˝ q1/: (3-1)

Define the sets

S0 D fE W e1 � 0g; (3-2)

S1 D fE W e1 � 0; ˛e1C .2C˛/e2 � 0g; (3-3)

S2 D fE W ˛e1C .2C˛/e2 � 0g; (3-4)

depicted on the next page in Figure 2. Given E , the corresponding stress T D T.E/ satisfying the
constitutive equation of masonry-like materials in the plane strain case is given as follows [Lucchesi
et al. 2008]:

if E 2 S0; then T D 0I (3-5)

if E 2 S1; then T D 'e1O11; with ' as in (2-55); (3-6)

if E 2 S2; then T D �Œ.2C˛/e1C˛e2�O11C�Œ˛e1C .2C˛/e2�O22: (3-7)
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e2

S0\S1

S0
e2 D e1

e2 D�
˛

2C˛
e1

e1

S1

S1 \S2

S2

O

Figure 2. Subdivision of the half-plane e1 � e2 into the regions S0, S1 and S2.

As for the fracture strain, we have

if E 2 S0; then Ef
DE ; (3-8)

if E 2 S1; then Ef
D .e2C

˛

2C˛
e1/O22; (3-9)

if E 2 S2; then Ef
D 0: (3-10)

For Zi the interior of Si , the derivative DET.E/ in regions Zi has been calculated in [Lucchesi et al.
2008] and has the expressions:

if E 2Z0; then DET.E/DO; (3-11)

if E 2Z1; then DET.E/D 'O11˝O11�'
e1

e2� e1

O12˝O12; (3-12)

if E 2Z2; then DET.E/D C: (3-13)

For E 2
S2

iD0 Zi and unit vector n, the acoustic tensor A.E ;n/ defined in (2-11) has different
expressions Ai.E ;n/ in the three regions Zi [Degl’Innocenti et al. 2006]:

if E 2Z0; then A0.E ;n/D 0; (3-14)

if E 2Z1; then A1.E ;n/D '�
�1
h
.q1 �n/

2
�

e1

2.e2�e1/
.q2 �n/

2
i
O11 (3-15)

�'��1 e1

2.e2� e1/
.q1 �n/

2O22�'�
�1 e1
p

2.e2� e1/
.q1 �n/.q2 �n/O12;

if E 2Z2; then A2.E ;n/D .2�C�/�
�1n˝nC���1.I �n˝n/: (3-16)

As in the three-dimensional case, our goal is to determine the eigenvalues c
.i/
1
.E ;n/� c

.i/
2
.E ;n/ and

eigenvectors m
.i/
1
.E ;n/;m

.i/
2
.E ;n/ of the acoustic tensor Ai.E ;n/, for i D 1; 2.
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Let us now consider E 2 Z1. The components Aij .E ;n/D qi �A1.E ;n/qj of the acoustic tensor
A1.E ;n/ in (3-15) with respect to the basis (q1, q2) are

A11.E ;n/D '�
�1.q1 �n/

2
�'��1 e1

2.e2� e1/
.q2 �n/

2; (3-17)

A22.E ;n/D�'�
�1 e1

2.e2� e1/
.q1 �n/

2; (3-18)

A12.E ;n/D�'�
�1 e1

2.e2� e1/
.q1 �n/.q2 �n/: (3-19)

If nD q1, then

A1.E ; q1/D '�
�1O11�'�

�1 e1

2.e2� e1/
O22; (3-20)

whose eigenvalues, both greater than zero, and eigenvectors are

c
.1/
1
.E ; q1/D '�

�1; c
.1/
2
.E ; q1/D�'�

�1 e1

2.e2� e1/
; (3-21)

m
.1/
1
.E ; q1/D q1; m

.1/
2
.E ; q1/D q2: (3-22)

If nD q2, then

A1.E ; q2/D�'�
�1 e1

2.e2� e1/
O11; (3-23)

whose eigenvalues and eigenvectors are

c
.1/
1
.E ; q2/D�'�

�1 e1

2.e2� e1/
; c

.1/
2
.E ; q2/D 0; (3-24)

m
.1/
1
.E ; q2/D q1; m

.1/
2
.E ; q2/D q2: (3-25)

If n¤ q1 and n¤ q2, the eigenvalues and eigenvectors of (3-15) are

c
.1/
1
.E ;n/D

'��1

2

�
.n � q1/

2
�

e1

2.e2�e1/
C

s
e2Ce1

e2�e1
.n � q1/4�

e1

e2�e1
.n � q1/2C

e2
1

4.e2�e1/2

�
;

(3-26)

c
.1/
2
.E ;n/D

'��1

2

�
.n � q1/

2
�

e1

2.e2�e1/
�

s
e2Ce1

e2�e1
.n � q1/4�

e1

e2�e1
.n � q1/2C

e2
1

4.e2�e1/2

�
;

(3-27)

m
.1/
1
.E ;n/D

1

m1

�
q1C

c
.1/
1
.E ;n/�A11.E ;n/

A12.E ;n/
q2

�
; (3-28)

m
.1/
2
.E ;n/D

1

m2

�
c
.1/
2
.E ;n/�A22.E ;n/

A12.E ;n/
q1C q2

�
; (3-29)

where A11.E ;n/, A22.E ;n/ and A12.E ;n/ (which is different from zero since n¤ q1 and n¤ q2 and
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E 2Z1) are given by (3-17), (3-18) and (3-19) and

m1 D

s
1C

.c
.1/
1
.E ;n/�A11.E ;n//2

A12.E ;n/2
; (3-30)

m2 D

s
1C

.c
.1/
2
.E ;n/�A22.E ;n//2

A12.E ;n/2
: (3-31)

Note that, taking (3-3) into account, it is a simple matter to prove that

c
.1/
1
.E ;n/ < .2�C�/��1; c

.1/
2
.E ;n/ < ���1; (3-32)

for c
.1/
1

and c
.1/
2

given in (3-21), (3-24), and (3-26)–(3-27).
If E 2Z2, the acoustic tensor A2.E ;n/ coincides with the acoustic tensor of a linear elastic material

subjected to a plane strain state. Its eigenvalues are

c
.2/
1
D .2�C�/��1; c

.2/
2
D c

.3/
3
D ���1; (3-33)

and the corresponding eigenvectors are

m
.1/
1
.E ;n/D n; m

.2/
2
.E ;n/ belonging to Span.n/?: (3-34)

Thus, the behavior of progressive waves in a body composed of a masonry-like material with homo-
geneous stress T associated to a homogeneous plane strain field E 2

S2
iD0 Zi can be summarized in

Table 4, which reports the polarization vector and the squared velocity of waves propagating in masonry
solids for different directions of propagation n. If E 2Z0, no propagation occurs. If E 2Z1, for nD q1

E 2Z0 c
.0/
1

c
.0/
2

n
0

no propagation
0

no propagation

E 2Z1 c
.1/
1

c
.1/
2

nD q1
'��1

longitudinal wave, q1

�'��1e1=.2.e2� e1//

transverse wave, q2

nD q2
�'��1e1=.2.e2� e1//

transverse wave, q1

0
no propagation

n¤ q1; q2 (3-26) (3-27)

E 2Z2 c
.2/
1

c
.2/
2

n
.2�C�/��1

longitudinal wave
���1

transverse wave

Table 4. Wave velocities squared for E 2Zi ; i D 0; 1; 2.
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there is one longitudinal wave and one transverse wave,

A1.E ; q1/q1 D '�
�1q1; (3-35)

A1.E ; q1/q2 D�
'��1e1

2.e2� e1/
q2: (3-36)

Due to (3-32), the velocities of the longitudinal and transverse waves are less than those of the cor-
responding waves in a linear elastic material. For nD q2, only one transverse wave propagates, with
squared velocity (3-24), which because of (3-32), is less than the squared velocity of the transverse linear
elastic wave. For n¤ q1 and n¤ q2, two waves propagate with the squared velocities (3-26) and (3-27),
that are less than the squared velocities of the longitudinal and transverse waves in a linear elastic material
(see (3-32)).

For E 2Z2, masonry material behaves like a linear elastic material and for each unit vector n, there
are a longitudinal wave and a transverse wave with the squared velocities in (3-33).

Now, we wish to analyze the behavior of eigenvalues c
.1/
1
.E ;n/ and c

.1/
2
.E ;n/ of A1.E ;n/, as n

varies.
Let us put

z D .n � q1/
2; z 2 Œ0; 1�; (3-37)

and

k D�e2=e1; (3-38)

with k satisfying the inequality

k >
˛

2C˛
; (3-39)

because E belongs to Z1.
By taking (3-37) and (3-38) into account, the eigenvalue c

.1/
1
.E ;n/ in (3-26) can be expressed in

terms of z and k via the expression

f1.zI k/D
'��1

2

�
zC

1

2.kC1/
C

r
k�1

kC1
z2C

1

kC1
zC

1

4.kC1/2

�
: (3-40)

For each k satisfying (3-39), f1.zI k/ is an increasing function of z, with

f1.0I k/D c
.1/
1
.E ; q2/D

'��1

2.kC1/
; (3-41)

f1.1I k/D c
.1/
1
.E ; q1/D '�

�1; (3-42)

thus,

f1.zI k/� '�
�1 for each z 2 Œ0; 1�; (3-43)

and
lim

k! ˛
2C˛

f1.0I k/D ��
�1;

lim
k!1

f1.zI k/D '�
�1z for each z 2 Œ0; 1�:

(3-44)
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Analogously, the eigenvalue c
.1/
2
.E ;n/ in (3-27) can be expressed in terms of z and k via the expression

f2.zI k/D
'��1

2

�
zC

1

2.kC1/
�

r
k�1

kC1
z2C

1

kC1
zC

1

4.kC1/2

�
: (3-45)

In particular, for each k satisfying (3-39),

f2.0I k/D c
.1/
2
.E ; q2/D 0; (3-46)

f2.1I k/D c
.1/
2
.E ; q1/D

'��1

2.kC 1/
; (3-47)

and
f2.zI k/�

'��1

2.kC1/
for each z 2 Œ0; 1�; (3-48)

moreover,
lim

k!1
f2.zI k/D 0; lim

k!˛=.2C˛/
f2.1I k/D ��

�1 for each z 2 Œ0; 1�: (3-49)

As for the elastic constants, we have assumed E=� D 500000 .m/s/2 and � D 0:2 for the Poisson’s
ratio. Consequently, we have �=�DE=.2�.1C�//D 208333 .m/s/2, �=�D �E=.�.1C�/.1�2�//D

138889 .m/s/2, '=�D 520833 .m/s/2, .2�C�/=�D 555556 .m/s/2 and ˛ D 0:7.
Figures 3 and 4 show the behavior of f1.zI k/ and f2.zI k/ versus z for different values of k compared

with the eigenvalues .2�C �/��1 and ���1 of the acoustic tensor corresponding to a linear elastic
material. The dashed line represents the function limk!1 f1.zI k/ in (3-44). In particular, we have
chosen k D 0:25 (corresponding to ˛=.2C˛/) and k D 0:3; 0:5; 1; 2; 10. Both (3-44) and (3-49) are in
agreement with the jump conditions (3-65) and (3-67), reported in the Appendix, of the acoustic tensor
at the interfaces S0 \ S1 and S1 \ S2, which are reached when k !1 and k ! ˛=.2C ˛/. Note
that waves propagating in a masonry-like material are slower than waves propagating in a linear elastic
material and that their velocities decrease as k increases.

5:6 �105

4:2 �105

2:8 �105

1:4 �105

z

linear elastic kD0:25 kD0:30 kD0:50 kD1:00 kD2:00 kD10:00

Figure 3. Function f1.zI k/ vs. z 2 Œ0; 1� for different values of k.
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2:1 �105

1:4 �105

7:0 �104

z

lin. elastic kD0:25 kD0:30 kD0:50 kD1:00 kD2:00 kD10:00

Figure 4. Function f2.zI k/ vs. z 2 Œ0; 1� for different values of k.

Figure 5 shows a plot of the curves C1.k/ composed of the points having coordinates

.�f1.�
2
I k/;

p
1� �2f1.�

2
I k// (3-50)

6:0 �105

4:0 �105

2:0 �105

2:0 �105 4:0 �105 6:0 �105

f1.�
2I k/

0

C1.k/

Pk

q2

n

q1

lin. elastic kD0:25 kD0:30 kD0:50 kD1:00 kD2:00 kD10:00

Figure 5. Curve C1.k/ formed by the points with coordinates in (3-50), for k D 0:25,
0.30, 0.50, 1.00, 2.00, and 10.00, from the top down. The thick black curve represents
the linear elastic case.
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2:0 �105

1:0 �105

f2.�
2I k/

1:0 �105 2:0 �1050

Pk C2.k/

q2

n

q1

lin. elastic kD0:25 kD0:30 kD0:50 kD1:00 kD2:00 kD10:00

Figure 6. Curve C2.k/ formed by the points with coordinates in (3-51), for k D 0:25,
0.30, 0.50, 1.00, 2.00, and 10.00, from the top down. The thick black curve represents
the linear elastic case.

with respect to the Cartesian coordinate frame fq1; q2;Og, with � D n � q1 2 Œ0; 1� for k D 0:25, 0:3, 0:5,
1, 2, 10. For Pk the intersection point of curve C1.k/ and the line passing from the origin and parallel to
the unit vector n of components .n � q1;n � q2/, the length of the segment OPk is f1..n � q1/

2I k/, which
coincides with the maximum squared velocity of a wave propagating along n.

Analogously, Figure 6 plots the curves C2.k/, composed of the points having coordinates

.�f2.�
2
I k/;

p
1� �2f2.�

2
I k// (3-51)

with respect to the Cartesian coordinate frame fq1; q2;Og, with � D n � q1 2 Œ0; 1� for k D 0:25, 0:3, 0:5,
1, 2, 10. For Pk the intersection point of curve C2.k/ and the line passing from the origin and parallel to
the unit vector n of components .n � q1;n � q2/, the length of the segment OPk is f2..n � q1/

2I k/, which
coincides with the minimum squared velocity of a wave propagating along n.

Figure 7 shows the quantities

d1.� I k/D
j
p
f1.�2I k/�

p
.2�C�/��1jp

.2�C�/��1
; d2.� I k/D

j
p
f2.�2I k/�

p
���1jp

���1
(3-52)

as a function of � for different values of k. They measure the relative distance between the maximum
(top half) and minimum (bottom half) squared velocities of waves propagating in a masonry-like and a
linear elastic material. Figure 7 shows that, for a given k, the relative distances d1.� I k/ and d2.� I k/
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d1.� I k/

�

d2.� I k/

�

kD0:25 kD0:30 kD0:50 kD1:00 kD2:00 kD10:00

Figure 7. Functions d1.� I k/ and d2.� I k/ vs. � 2 Œ0; 1� for k D 0:25, 0.30, 0.50, 1.00,
2.00, and 10.00, from the bottom up.

have a maximum for � D n � q1 D 0, namely when the propagation vector is orthogonal to the direction
of maximum compression q1, and have a minimum when the propagation vector coincides with q1.

Figure 8 shows the behavior of the scalar product r.� I k/Dm
.1/
1
.E ;n/ �n as a function of � D n �q1 2

Œ0; 1�; it is a measure of the deviation of the eigenvector m
.1/
1
.E ;n/ from the direction of propagation n,

along which the longitudinal wave travels in the linear elastic case.
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r.� I k/

�

kD0:25 kD0:30 kD0:50 kD1:00 kD2:00 kD10:00

Figure 8. Function r.� I k/ vs. � 2 Œ0; 1� for different values of k.

Let us now consider the homogenous wave

u.x; t/Dm sin.n �x� vt/: (3-53)

We wish to analyze the behavior of u as function of time t in order to highlight the differences between
a linear elastic and a masonry-like material. For nD q1, we can distinguish the longitudinal wave

uL.x1; t/D q1 sin.x1�

p
'��1t/; (3-54)

and the transverse wave

uT .x1; t/D q2 sin
�

x1�

s
'��1

2.kC 1/
t

�
; (3-55)

with x1 D q1 �x and t � 0. The longitudinal and transverse waves in the case of linear elastic materials
are respectively

ue
L.x1; t/D q1 sin.x1�

p
.2�C�/��1t/; (3-56)

ue
T .x1; t/D q2 sin.x1�

p
���1t/; (3-57)

Figure 9 shows the functions uL.x1; t/ (red line) and ue
L
.x1; t/ (black line) versus t at x1D 0. Figure 10
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uL.x1; t/

t

linear elastic masonry-like

Figure 9. Longitudinal wave propagating along nD q1, uL.x1; t/ at x1 D 0 vs. t for
different values of k.

uT .x1; t/

t

linear elastic kD0:25 kD0:30 kD0:50 kD1:00 kD2:00 kD10:00

Figure 10. Transverse wave propagating along n D q1, uT .x1; t/ at x1 D 0 vs. t for
different values of k.

shows the functions uT .x1; t/ and ue
T
.x1; t/ versus t at x1 D 0. Displacement uT .x1; t/ is plotted for

k D 0:25, 0:3, 0:5, 1, 2, 10.
For nD q2, there is only one transverse wave,

uT .x2; t/D q1 sin
�

x2�

s
'��1

2.kC 1/
t

�
; (3-58)

with x2 D q2 �x, and no longitudinal waves propagate in the material,

uL.x2; t/D 0: (3-59)
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As for the linear elastic case, we have

ue
L.x2; t/D q2 sin.x2�

p
.2�C�/��1t/; (3-60)

ue
T .x2; t/D q1 sin.x1�

p
���1t/: (3-61)

By replacing ' with E, we obtain the results for the plane stress state. Note that in view of the
inequality ' > E, the velocities of elastic waves, both longitudinal and transverse, in the plane strain
state are greater than the velocities in the plane stress state.

Conclusions

The propagation of elastic waves in an infinite masonry-like body subjected to a given homogeneous
strain field has been investigated. Masonry-like materials are characterized by the fact that they cannot
withstand tensile stresses and, as a consequence, they can crack. The stress function T defined on Sym
with values in the subset of the negative-semidefinite symmetric tensors is nonlinear and differentiable
on an open subset W of Sym. Starting with the differentiability of T with respect to E on W and using
the explicit expression for DET.E/, we obtain the condition that a progressive wave must satisfy in
order to propagate in a masonry body subjected to a given homogeneous strain field E . The propagation
condition involves the acoustic tensor, which is a function of E and the direction of propagation n. We
show that the behavior of progressive waves propagating in the solid depends on the state of prestrain E

and on the corresponding crack distribution. In particular, due to the presence of cracks, the propagation
velocity of waves in masonry-like solids is lower than in linear elastic materials. A peculiar aspect of
masonry-like solids is that there exist directions n along which waves cannot propagate. The preliminary
results obtained in this paper can constitute a basis for the study of the propagation of small elastic waves
in masonry constructions. The problem is quite relevant to technical applications: in fact, measurement
of the wave propagation velocities in masonry buildings can furnish important information about the
mechanical behavior of their undamaged and cracked portions.

Appendix

As pointed out in [Lucchesi et al. 2008], no tangential discontinuity affects DET.E/ across the interfaces
S0\S1 and S1\S2. In fact its jumps are

ŒDET.E/�D 'O11˝O11 for E 2 S0\S1; (3-62)

and

ŒDET.E/�D �
n
˛2

2C˛
O11˝O11C .2C˛/O22˝O22C˛.O11˝O22CO22˝O11/

o
for E 2 S1\S2: (3-63)

For the jumps that the acoustic tensor inherits from DET.E/, from (3-14), (3-15) and (3-16) we get

ŒA.E ;n/�D '��1.q1 �n/
2O11 for E 2 S0\S1; (3-64)

and, in particular,
ŒA.E ; q1/�D '�

�1O11; ŒA.E ; q2/�D 0: (3-65)
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Moreover,

ŒA.E ;n/�D ���1

�
1C

.1C˛/.˛�2/

2C˛
.q1 �n/

2
C

2.1C˛/e1

.2C˛/.e2� e1/
.q2 �n/

2

�
O11

C���1

�
1C

2.1C˛/e1

.2C˛/.e2� e1/
.q1 �n/

2
C .1C˛/.q2 �n/

2

�
O22

�'��1 ˛e1
p

2.e2� e1/
.q1 �n/.q2 �n/O12 for E 2 S1\S2; (3-66)

and

ŒA.E ; q1/�D ��
�1 ˛2

2C˛
O11; ŒA.E ; q2/�D .2�C�/�

�1O22: (3-67)

References

[Binante et al. 2014] V. Binante, M. Girardi, C. Padovani, G. Pasquinelli, D. Pellegrini, and M. Porcelli, NOSA-ITACA 1.0
documentation, 2014, http://www.nosaitaca.it/software/.

[Callieri et al. 2010] M. Callieri, M. Corsini, M. Girardi, C. Padovani, A. Pagni, G. Pasquinelli, and R. Scopigno, “The
“Rognosa” tower in San Gimignano: digital acquisition and structural analysis”, in Proceedings of the 10th International
Conference on Computational Structures Technologies (Valencia, 2010), edited by B. H. V. Topping et al., Saxe–Coburg,
Stirling, Unitd Kingdom, 2010.

[Casarosa et al. 1998] C. Casarosa, M. Lucchesi, C. Padovani, A. Pagni, and G. Pasquinelli, “Longitudinal vibrations of
masonry beams”, pp. 43–50 in Computer methods in structural masonry 4: Proceedings of the International Symposium
(Florence, 1997), edited by G. N. Pande et al., Routledge, New York, 1998.

[Chadwick 1989] P. Chadwick, “Wave propagation in transversely isotropic elastic media, I: Homogeneous plane waves”, Proc.
R. Soc. Lond. A 422:1862 (1989), 23–66.

[Crampin 1981] S. Crampin, “A review of wave motion in anisotropic and cracked elastic-media”, Wave Motion 3 (1981),
343–391.

[De Falco et al. 2014] A. De Falco, M. Girardi, and D. Pellegrini, “Nonlinear analyses on the medieval “Ponte del Diavolo”
in Borgo a Mozzano (Italy)”, in Proceedings of the 12th International Conference on Computational Structures Technology
(Naples, 2014), edited by B. H. V. Topping and P. Iványi, Civil-Comp Press, Stirlingshire, UK, 2014.

[Degl’Innocenti et al. 2006] S. Degl’Innocenti, P. C., and G. Pasquinelli, “Numerical methods for the dynamic analysis of
masonry structures”, Struct. Eng. Mech. 22:1 (2006), 107–130.

[Del Piero 1989] G. Del Piero, “Constitutive equation and compatibility of the external loads for linear elastic masonry-like
materials”, Meccanica .Milano/ 24:3 (1989), 150–162.

[Ewing et al. 1957] W. M. Ewing, W. S. Jardetzky, and F. Press, Elastic waves in layered media, Lamont Geological Observa-
tory Contribution McGraw-Hill Series in the Geological Sciences 189, McGraw-Hill, New York, 1957.

[Gurtin 1972] M. E. Gurtin, “The linear theory of elasticity”, pp. 1–296 in Handbuch der Physik, vol. VIa/2, edited by C.
Truesdell and S. Flügge, Springer, Heidelberg, Germany, 1972.

[Gurtin 1981] M. E. Gurtin, An introduction to continuum mechanics, Mathematics in Science and Engineering 158, Academic
Press, New York, 1981.

[Itskov 2015] M. Itskov, Tensor algebra and tensor analysis for engineers, 4th ed., Mathematical Engineering, Springer, Cham,
Switzerland, 2015.

[Ivanovic et al. 2001] S. S. Ivanovic, M. D. Trifunac, and M. I. Todorovska, “On identification of damage in structures via
wave travel times”, in Strong motion instrumentation for civil engineering structures (Istanbul, 1999), edited by M. Erdik
et al., Kluwer, Dordrecht, 2001.

[Kachanov 1974] L. M. Kachanov, Fundamentals of the theory of plasticity, Mir, Moscow, 1974.

http://www.nosaitaca.it/software/
http://www.nosaitaca.it/software/
http://dx.doi.org/10.4203/ccp.93.138
http://dx.doi.org/10.4203/ccp.93.138
http://dx.doi.org/10.1098/rspa.1989.0019
http://dx.doi.org/10.1016/0165-2125(81)90026-3
http://dx.doi.org/10.4203/ccp.106.74
http://dx.doi.org/10.4203/ccp.106.74
http://dx.doi.org/10.12989/sem.2006.22.1.107
http://dx.doi.org/10.12989/sem.2006.22.1.107
http://dx.doi.org/10.1007/BF01559418
http://dx.doi.org/10.1007/BF01559418
http://dx.doi.org/10.1007/978-3-319-16342-0


PROPAGATION OF WAVES IN MASONRY-LIKE SOLIDS 533

[Lucchesi et al. 1999] M. Lucchesi, C. Padovani, A. Pagni, and G. Pasquinelli, “The entropy condition and Lax’s E-condition
for longitudinal oscillations of bimodular rods”, pp. 1389–1392 in Proceedings of PACAM VI / DINAME 8 .6th Pan-American
Congress of Applied Mechanics and VIII International Conference of Dynamic Problems in Mechanics/ (Rio de Janeiro, 1999),
edited by H. Weber et al., Applied Mechanics of the Americas 8, 1999.

[Lucchesi et al. 2008] M. Lucchesi, C. Padovani, G. Pasquinelli, and N. Zani, Masonry constructions: Mechanical models and
numerical applications, Springer, Berlin, 2008.

[Ogden and Singh 2011] R. W. Ogden and B. Singh, “Propagation of waves in an incompressible transversely isotropic elastic
solid with initial stress: Biot revisited”, J. Mech. Mater. Struct. 6:1-4 (2011), 453–477.

[Padovani and Šilhavý 2015] C. Padovani and M. Šilhavý, “On the derivative of the stress-strain relation in a no-tension
material”, Math. Mech. Solids (2015).

[Pao et al. 1984] Y. H. Pao, W. Sachse, and H. Fukuoka, “Acoustoelasticity and ultrasonic measurements of residual stresses”,
pp. 61–143 in Physical acoustics, vol. 17, edited by W. P. Mason and R. N. Thurston, Academic Press, New York, 1984.

[Royer and Dieulesaint 2000] D. Royer and E. Dieulesaint, Elastic waves in solids, I: Free and guided propagation, Springer,
Berlin, 2000.

[Safack 1999] E. Safack, “Wave propagation formulation of seismic response of multi-story buildings”, J. Struct. Eng. .ASCE/
125:4 (1999), 426–437.

[Safak et al. 2009] E. Safak, E. Cakti, and Y. Kaya, “Seismic wave velocities in historical structures: a new parameter for
identification and damage detection”, pp. 757–764 in 3rd International Modal Analysis Conference (IOMAC 2009) (Portonovo,
Italy, 2009), edited by C. Gentile et al., Curran Associates, Red Hook, NY, 2009.

[Šilhavý 1997] M. Šilhavý, The mechanics and thermodynamics of continuous media, Springer, Berlin, 1997.

[Truesdell and Toupin 1960] C. Truesdell and R. Toupin, “The classical field theories”, pp. 226–793; appendix, pp. 794–858
in Handbuch der Physik, vol. III/1, edited by S. Flügge, Springer, Berlin, 1960.

[Winkler and Liu 1996] K. W. Winkler and X. Liu, “Measurements of third-order elastic constants in rocks”, J. Acoust. Soc.
Am. 100 (1996), 1392–1398.

Received 23 Dec 2015. Revised 20 Apr 2016. Accepted 26 Apr 2016.

MARIA GIRARDI: maria.girardi@isti.cnr.it
Institute of Information Science and Technologies “A. Faedo”, Via Moruzzi, 1, 56126 Pisa, Italy

CRISTINA PADOVANI: cristina.padovani@isti.cnr.it
Institute of Information Science and Technologies “A. Faedo”, Via Moruzzi, 1, 56126 Pisa, Italy

DANIELE PELLEGRINI: daniele.pellegrini@isti.cnr.it
Institute of Information Science and Technologies “A. Faedo”, Via Moruzzi, 1, 56126 Pisa, Italy

mathematical sciences publishers msp

http://dx.doi.org/10.1007/978-3-540-79111-9
http://dx.doi.org/10.1007/978-3-540-79111-9
http://dx.doi.org/10.2140/jomms.2011.6.453
http://dx.doi.org/10.2140/jomms.2011.6.453
http://dx.doi.org/10.1177/1081286515571786
http://dx.doi.org/10.1177/1081286515571786
http://dx.doi.org/10.1061/(ASCE)0733-9445(1999)125:4(426)
http://dx.doi.org/10.1007/978-3-662-03389-0
http://dx.doi.org/10.1121/1.415986
mailto:maria.girardi@isti.cnr.it
mailto:cristina.padovani@isti.cnr.it
mailto:daniele.pellegrini@isti.cnr.it
http://msp.org




JOURNAL OF MECHANICS OF MATERIALS AND STRUCTURES
msp.org/jomms

Founded by Charles R. Steele and Marie-Louise Steele

EDITORIAL BOARD

ADAIR R. AGUIAR University of São Paulo at São Carlos, Brazil
KATIA BERTOLDI Harvard University, USA

DAVIDE BIGONI University of Trento, Italy
YIBIN FU Keele University, UK

IWONA JASIUK University of Illinois at Urbana-Champaign, USA
C. W. LIM City University of Hong Kong

THOMAS J. PENCE Michigan State University, USA
GIANNI ROYER-CARFAGNI Università degli studi di Parma, Italy

DAVID STEIGMANN University of California at Berkeley, USA
PAUL STEINMANN Friedrich-Alexander-Universität Erlangen-Nürnberg, Germany

ADVISORY BOARD

J. P. CARTER University of Sydney, Australia
D. H. HODGES Georgia Institute of Technology, USA

J. HUTCHINSON Harvard University, USA
D. PAMPLONA Universidade Católica do Rio de Janeiro, Brazil

M. B. RUBIN Technion, Haifa, Israel

PRODUCTION production@msp.org

SILVIO LEVY Scientific Editor

Cover photo: Wikimedia Commons

See msp.org/jomms for submission guidelines.

JoMMS (ISSN 1559-3959) at Mathematical Sciences Publishers, 798 Evans Hall #6840, c/o University of California, Berkeley,
CA 94720-3840, is published in 10 issues a year. The subscription price for 2016 is US $575/year for the electronic version, and
$735/year (+$60, if shipping outside the US) for print and electronic. Subscriptions, requests for back issues, and changes of address
should be sent to MSP.

JoMMS peer-review and production is managed by EditFLOW® from Mathematical Sciences Publishers.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2016 Mathematical Sciences Publishers

http://msp.org/jomms/
mailto:production@msp.org
http://msp.org/jomms/
http://msp.org/
http://msp.org/


Journal of Mechanics of Materials and Structures
Volume 11, No. 5 December 2016

Interface stress of orthotropic materials with a nanodefect under antiplane shear loading
JUNHUA XIAO, CHUANFU SHI, YAOLING XU and FUCHENG ZHANG 491

Propagation of waves in masonry-like solids
MARIA GIRARDI, CRISTINA PADOVANI and DANIELE PELLEGRINI 505

Two-dimensional fretting contact of piezoelectric materials under a rigid conducting
cylindrical punch JIE SU, LIAO-LIANG KE and YUE-SHENG WANG 535

An anisotropic model for the Mullins effect in magnetoactive rubber-like materials
M. H. B. M. SHARIFF and ROGER BUSTAMANTE 559

Predictive modeling of mechanical properties of metal filled anodic aluminum oxide
VLADIMIR V. BARDUSHKIN, YULIA I. SHILYAEVA,

SERGEY A. GAVRILOV, MAXIM V. SILIBIN, VICTOR B. YAKOVLEV,
MIKHAIL L. ZHELUDKEVICH and NATALIA I. POPENKO 583

The hemispherical nanopit at the plane boundary of an elastic half-space subjected
to statically equivalent shear tractions

CHANGWEN MI, ZHONGWEI SUN and DEMITRIS KOURIS 595
Book review: Shorr’s Thermal integrity in mechanics and engineering

FEODOR M. BORODICH 615

1559-3959(2016)11:5;1-4

JournalofM
echanics

ofM
aterials

and
Structures

2016
V

ol.11,N
o.5


	Introduction
	1. The constitutive equation
	2. Progressive waves
	2A. The acoustic tensor
	2B. Behavior of plane waves in the regions Wi

	3. The two-dimensional case
	Conclusions
	Appendix
	References
	
	

