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TRANSIENT RESPONSE OF MULTILAYERED ORTHOTROPIC STRIPS
WITH INTERFACIAL DIFFUSION AND SLIDING

XU WANG AND PETER SCHIAVONE

We use transfer matrix and state-space methods to derive exact solutions for the time-dependent and
plane strain deformations of simply supported multilayered orthotropic elastic strips with simultaneous
interfacial diffusion and rate-dependent sliding. Our analysis considers the corresponding interfacial
tractions as the fundamental state variables. As a result, a homogeneous state-space equation can be
obtained by enforcing the interfacial diffusion and sliding conditions. The relaxation times of the mul-
tilayered orthotropic strip and the evolution of the interfacial tractions can then be determined from the
derived state-space equation. Once the transient interfacial tractions are known, all of the field variables
at any time and at any position of the multilayered strip can be conveniently obtained.

1. Introduction

Interfacial diffusion and sliding are responsible for many phenomena at high temperatures [Sofronis and
McMeeking 1994; Mori et al. 1997; He and Hu 2003] and are also closely related to room temperature
plastic deformations in nanocrystalline materials [Wei et al. 2008]. The combined effect of interfacial
diffusion and sliding in particulate, fibrous, laminated composites and in polycrystalline solids has been
investigated in [Sofronis and McMeeking 1994; Kim and McMeeking 1995; Onaka et al. 1998; 1999;
He and Hu 2003; Wang and Pan 2010; Wang et al. 2016; Wang and Wang 2016; Wei et al. 2008].

Most of the early discussions on laminated plates with rate-dependent imperfect interfaces are confined
to short range diffusion-induced rate-dependent sliding (or viscous) interfaces in which the diffusion-
induced long range mass transport at the interface is absent (see, for example, [He and Jiang 2003; Chen
and Lee 2004]). Chen and Lee [2004] adopted power series expansions to approximate the variations of
field variables with time. Very recently, Wang and Wang [2016] studied the time-dependent deformations
of multilayered isotropic elastic strips with interfacial diffusion and sliding under cylindrical bending.

In this research, we endeavor to study the plane strain deformations of multilayered orthotropic elastic
strips with simultaneous interfacial diffusion and sliding. First, we derive a general solution for displace-
ments and stresses in a homogeneous orthotropic layer following Suo’s method [1990]. Secondly, we
use this general solution to obtain a transfer matrix relating the displacements and tractions on the upper
interface of an orthotropic layer to those on its lower interface. Next, we derive a homogeneous state-
space equation with interfacial tractions as state variables by imposing the interfacial diffusion and sliding
conditions and by utilizing the transfer matrix method. It is noted that the construction of the state-space
equation differs from that in [Wang and Wang 2016] in that here, the state vector is composed of the
traction components on all of the existing interfaces whereas in that paper, the state vector is composed
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of functions of time appearing in the expressions of displacements and stresses in all of the isotropic
layers. Finally, the relaxation times and the transient elastic field in the multilayered strip can then be
obtained by solving the corresponding state-space equation.

2. Analysis of a multilayered orthotropic strip

In a Cartesian coordinate system x; (i = 1,2, 3), let u; and o;; represent the displacements and stresses.
As shown in Figure 1, we consider the plane strain deformations of a strip composed of N orthotropic
elastic layers, labeled 1,2, ..., N from the bottom up. The x, = 0 plane coincides with the bottom
surface of the strip and the x,-axis is perpendicular to the strip. The strip of width / is simply supported
at x; =0 and x; = /. The thickness of layer j is i; and the total thickness of the strip is 7 = Z;vzl hj.
The subscript j or the superscript (j) will be used to denote the associated quantities in layer j. The
strip is subjected only to a sinusoidal pressure loading p = pgsinkx; with k = /[ applied on its top
surface. The boundary and interface conditions for the problem are specified as follows:

o) = —posinkx;, o3) =0, at x;=h; (1a)
o) =0y =0 at x,=0; (1b)
GHD _ () _GHD () () s GHD 0%,
J _ J J _ J o v — .
Oy =0y, o =0, Uy —uy o =D;j ox2
X
9 i’ 1=0{). at x=)"h, j=1.2,....N-1; (o)
n=1
oV=0P=...=6=0, and x,=0 and x =1 (1d)

where the overdot denotes differentiation with respect to the time 7, and D; and ¢, are, respectively, the
interface diffusion constant and viscosity for the interface between layer j and layer j + 1.

2. . .
sinusoidal pressure: p= posmkx]

orthotropic layer N

orthotropic layer 2

orthotropic layer 1 interfacial diffusion
and sliding

X

traction-free surface

Figure 1. A multilayered orthotropic elastic strip with interfacial diffusion and rate-
dependent sliding.
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Let s;; be the reduced elastic compliances in a certain layer. The general solution for displacements
and stresses in this layer can be derived using the method proposed in [Suo 1990] as
U

cos kx
up

sin kx;
Cl ekk(t1+m)x2
spA2 (n+m)*=§ (n—m)*—34 (n+m)>—5 (n—m)*=3§ Coekhn=mx2
k [ —Sh(ntm) —— —sa(n—m) SA(n-4m)——>— 5x(n—m)—L}
n—m n-+m n—m

’

C3 e—kk(n-}—m)xz

n+m C4e—k)»(n —m)xy

kA(n+m)x
o1 Cie ( )x2

coskx; | _ [Am+m) rn—m) —r(n+m) —r(n—m) || Cy*=mx
_o2 | 1 1 1 1 Cye—khntmny
sin kx; CyeFrn—mx

, 2

where C1, C,, C3, C4 are coefficients to be determined, and A, p, §, n, m are dimensionless parameters
defined by

1/4
522 2512 + 566 512 .
A=|— , p=——=((p>—-1), 6= (=1 <6 <min{p, 1}),
(Sll ) 2 /511522 /512522 3)

n=[e+0]" m=[3-D]"

The general solution in (2) is valid only for the nondegenerate case of p # 1. For the degenerate case
o =1 [Suo 1990], the displacements and stresses can be derived as

uy = [ (C +x5C2) + 3 (C3 + x5 Ca)] cos ey,

— 45 N Ty 4)
Uy = )\{ekx% [Cl + (x% _3 k4U)C2] — ek [C3 + (x% + %)Q;]} sinkxq,
o12 = 20 [eF [KC 4 (kxs — 1420)Cal — e *2[kC3 + (kx} + 1 — 25)Ca]} cos koxy, )
o2 = 2 [KCy + (kxy — 24 29)Cal + e ¥ [kCy + (kxh +2 — 20)Cyl} sinkxy,
where x%‘ = Axp; Cy, Ca, C3, Cy4 are coefficients to be determined and
.1 1 A2
nw=—= = s
se6  2(/s11522 —s12)  2522(1—6) ©)
G _NSusm 2Vsus»e 8 1
811822 — S12 566 §—1—2°

Remark. Note that p = 1 is degenerate in the sense that we have kA(n + m) = kA(n —m) = kA and
—kX(n+m) =—ki(n —m) = —kA in (2).

When p = A =1 for a transversely isotropic layer [Suo 1990], with isotropy being a special case, (4)
and (5) simply reduce to those in [He and Jiang 2003]. It is interesting to note that the general solutions
(2), (4) and (5) can be adapted to study the surface instability of orthotropic films due to surface van der
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Waals forces [Wang and Li 2017]. From (2), (4) and (5) it follows that the displacements and tractions
on the lower interface of layer j can be expressed in terms of those on its upper interface as

ﬁéj) ﬁ(lj)
% |

(N

where the subscripts 0 and 1 denote, respectively, the values on the lower and upper interfaces of layer j,

a0 =[u? w21 &9 =[ustlod sk 3ol k] Ky =khjhj; ®)
_ cosh[K (n +m)]
Q(K, 38, p) = R —
[((n+m)> -3 0 0 [8(n —m)> —11[1 —8(n +m)*] |
y 0 §—m—m)? [1—8n—m)?[1—8n+m)?] 0
0 -1 (n+m)>—3 0
L 1 0 0 58— (n—m)? |
n cosh[K (n —m)]
dnm
[6 — (n—m)? 0 0 [1—8(m—m)*][1—8(n+m)?] ]
y 0 m+m)> =38 [8(n—m)>—1][1 -8 +m)?] 0
0 1 8 —(n—m)? 0
. 0 0 (n+m)>—4
0 0 n+m)? =8 —[(n+m)> -8 0 ]
sinh[K (n4+m)] | 8(n +m)? — 1 0 0 [n—m—8mn+m)]?
4nm(n + m) —(n+m)? 0 0 1 —8(mn+m)?
i 0 1 §—(n+m)? 0 ]
[ 0 Sn+m?—1 [n—m—8n+m)? 0 ]
sinh[K(n —m)] | (n+m)? -4 0 0 —[(n+m)>—57%
4nm(n + m) 1 0 0 85— (n+m)?
i 0 —(n+m)? 1 —68(n+m)? 0 }
for p #1; (9a)
and

K

Q(K, 6, p) =cosh(K) | I+ —

sinh(K)
T

2

0 1/(1=9) —1/(1—1)> 0

~1/1=%) 0 1/(1 =)
—1 0 1/(1—v)
0 1 —1/(1=7) 0

K/(1=1) 1=20)/(1 =) —3—4D)/(1—=D)> —K/(1-1)?
(1-29)/0—=v) —K/(1-1) K/(1—=1)? —(3—4v)/(1 —1)2
—1 —-K K/(1=7) —(1=29)/(1=9)

K —1 —(1=29)/(=9D) —K/(1-=7)

for p=1.

(9b)
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In writing (8), the factors cos kx; and sin kx; in the displacements and stresses have been excluded.
Here Q(K, 8, p) is a 4 x 4 transfer matrix. For convenience in the subsequent analysis, the transfer matrix
is written in the following partitioned form

) )
QY Q5 } (10)

QK. 05, ) = [Qm ()
3 4
where Q(j ), gj ), ng ) and Qij ) are four 2 x 2 submatrices.
It follows from (7) that the displacements on the two interfaces of layer j can be expressed in terms
of the tractions on the two interfaces of the layer as follows:

~(J) Q(J) 1~ (]) Q(])] 1 Q(]) ~ ()
’ . . (1T)
~(J) ) (J) ~lg (1) ) (J) (J) (G2 0]
1195 + [ 2 = [Q; 4 ]‘71 .
In view of the fact the tractions are continuous across all of the interfaces, we have from the above
that

r B i1 o N
ugf) [Q(])] leflo—](j ) _ [Q:(;j)] 1 4(1',)6](',), (123)
aj— 1,8] 1
~(j+1 1 +1 i+1)— ~(j j+1 j+1 j+1),— i+1)7 ~ (j+1
u(()] ):aﬂ‘ (11 )[ §’ )] leal(])—i—[ ;J )_QEJ )[Q(3] )] ]QS;J )]O.I(J )’ (12b)
iPi

where

) (D

5115 o 10
GUHD (D’ Lj= |:0 oj | (13)
1 S»

The interfacial diffusion and sliding conditions on the interface between layer j and layer j + 1 in
(1c) can be equivalently expressed as

L™ a0 ZAG0, 12 N-1, (14)
where
k
)
AU
N (15)
0 )L3 (])

511

Substituting (12) into (14), we arrive at

RV V4RV + RV = A6, j=1,2,...,N—1, (16)
where
() (-1
R = - Q ] L.—17
! oj— 1/31 1 !
+1 +1
R(J) Q(J) 51]) 5 JQEJ )[Q(J ) (17)
J J

) @+ (+1) (J+1) (J+1)
R; :LJ'[ 2 -0 [0; 4 ]
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By considering the fact that the pressure prescribed on the top surface of the multilayered strip is static
and that the bottom surface of the strip is traction-free (i.e., &1(0) = 651) = 61(N ) — 0), (16) can be recast
into the following standard homogeneous state-space equation:

A€ = BE, (18)
where
&
&2
E=| . |, (19)
&1(N—1)
M () p() 7
R Ry 0 0 0
RP R RY 0 0
A=| : : : : : , (20
0 . 0 R§N72) RéNfZ) R§N72)
0 - 0 0o RNV R§N‘”_
B = dlag[Al A2 s AN—I]- (21)

It is observed that

(i) the state vector & is composed of the 2(N — 1) traction components on all of the existing N — 1
interfaces;

(i1) the dimensionless matrix A can be completely determined by the following dimensionless parame-
ters of the N layers: §;, p;, K; (j=1,2,...,N)anda;,B; (j=1,2,...,N—1); and

(iii) the matrix B having the dimension of 1/time depends on the diffusion and sliding properties of the
N — 1 interfaces and is independent of the thicknesses of all the layers.

The general solution to the homogeneous state-space equation in (18) is simply given by
£(r) =exp(AT'BnE(0), 120, (22)

where exp(A~! Br) is the state transition matrix, and the initial state &(0) can be simply determined by
assuming that all of the interfaces are initially perfectly bonded. Indeed, by assuming that all of the
interfaces are initially perfectly bonded, we can derive the relationship

~(1) ~(N)
Uy My, M12:| u
= at =0, 23
o)L ) @
where the four 2 x 2 sub-matrices My, M1, M, and M», are given by
M M
[ ! ‘2] = Q(K1.81. p1) x T(ar, B1) x Q(K2, 82, p2) x T(atz. B2) x -+~
M> My (24)

xT(ay—1, Bn-1) X Q(Ky, N, pN),

T(a, B) = diag[l o B Bl. (25)

with
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In view of the fact that 60(1) =0 and &I(N) = —(po,/sﬁv)sg)/k)[O 117 at any time, we find from (23)
that
(N) (N)
Poy/ S8
il = %M;Mzz m at t=0. (26)

Consequently, the initial displacements and tractions on the upper interface of layer j at can be arrived
at by using the recursion relation

aij) ﬁij—H)
|:~(j):|:T(aj’/8j)XQ(Kj+1a8j+1’10j+l) [N(‘j-}-])}’ ]=N—1’N_2771 at r=0. (27)
7 g

The initial state &£(0) can then be extracted from the above expression. It is seen from (22) that as
time ¢ approaches infinity, all of the interfacial tractions will be relaxed to zero. The evolution of the
displacements on the upper interfaces of the N layers can then be obtained from (12a). Consequently,
the field variables at any position within layer j and at any time can be determined from (7) with 4
reinterpreted as the distance to the upper interface of layer j. In addition, the relaxation times of the
multilayered strip can be obtained by solving the following generalized eigenvalue problem:

(A+nB)v =0, (28)

where 7 is the eigenvalue and v the associated eigenvector. Equation (28) follows immediately from
(18) by assuming the solution to be of the form & = ve™"/". The 2(N — 1) positive real eigenvalues
N1, N2, ..., N2(N—1) are just the 2(N — 1) relaxation times of the laminated plate.

3. Illustrative examples and discussion

In this section, we demonstrate the exact solution derived in the previous section via

(i) a bilayered strip,
(i1) a trilayered strip, and
(iii) a 1001-layered strip.
Remember that the factors cos kx; and sin kx; have been excluded in the illustrations of displacements

and stresses.

3.1. A bilayered strip. We first consider a bilayered orthotropic strip. For a bilayered strip with N =2,
both A and B are 2 x 2 matrices and are given by

- 1 -
A=RVIQV 0+ Lni0fef

a1 p (29)

B =A;.

In this case, analytical expressions of the two relaxation times of the bilayered strip are given by

M2 =—(Anx + Any) = V(A1 x — Any)* +4AnAyxy >0, (30)
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8,=8,=-1/3, p,=p,=0.5, B,=1, h,=h,, x=1=t;
50 ; ; ‘ ‘ ;

451

40

301

ny/h

25t

10t

Figure 2. The larger relaxation time n; of a bilayered strip as a function of K; for
different values of &y with §; =, = —%, p1=02=051=1,hi=hy, x =y =1y.

where
As Vo PERIR 3
=" VT 2w, 1)
We illustrate in Figures 2 and 3 the two relaxation times n; and 7, as functions of K for different
values of o with §; =6, = —%, p1=p2=0.5, 81 =1, hy = hy, x =y =t9. The elastic constants for
layer 2 are obtained after an in-plane coordinate rotation of the angle 7 /2 for layer 1. It is seen from

51=52=—1/3, p,=p,=0.5, [31:1, h1=h2, x=r=t,

10

112/t(J

Figure 3. The smaller relaxation time 7, of a bilayered strip as a function of K; for
different values of oy with §; =&, = —%, p1=m=05B1=1,hi=hy, x=y =1.
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8,=8,=-1/3, p,=p,=0.5, K,=1, 0,,=0.5, B, =1, h,=h,, x=r=t,

0.7

In,=138.8522¢,
0.6 n,=27.42361 1 1

0 0.5 1 15 2 25 3
1‘/111

Figure 4. The evolution of the normal and shear tractions on the interface with 6; =
322—%,,01 2,0220.5, Ki=1,a1=0.5, ,31 =1, h; =hy, X =y =1.

the two figures that as the thickness of the strip increases (or equivalently K increases), the relaxation

times decrease. Figure 4 shows the evolution of the normal and shear tractions on the interface with

S1=6r= —%, p1=p2=05 Ki=1,01=0.5,1=1,h1 =hy, x =y =1ty. Itis observed from Figure 4 that
(i) the shear traction decays faster than the normal traction;

(i1) the interfacial tractions evolve on the time scale of the larger relaxation time n; = 138.8522¢, and

their magnitudes are minimal when ¢ > 37;.

When k1, hy — o0, the two relaxation times of a bilayered strip are given explicitly by

Mo =2x(n1 +o; B ) + 2y (n1 + 187 na)
+2V[x (1 + a7 B o) — y (ni + e B ) P4 v+ 8 — B 1+ 8017, (32)

where x and y have been defined by (31). The above analytical result is derived using analytic continu-
ation and the positive definite Hermitian matrix for an orthotropic material in [Suo 1990, (9.6)]. If the
two half-planes of the bimaterial are elastically isotropic, we have

pad—v) 1 —-v vj

’ — E) 8: E) ':1,2, 33
pi(l —w) ol 24 T -1 / 59

Ollz)ul:)»z:nl:nz:l, ,31:

where p and v are the shear modulus and Poisson’s ratio. In this case, (32) simply reduces to [Wang and
Wang 2016, (38)].

Furthermore, we note that the relaxation times in Figures 2 and 3 for K| = 5 are very close to the
result in (32).
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3.2. A trilayered strip. Next we consider a trilayered orthotropic strip. For a trilayered strip with N = 3,
both A and B are 4 x 4 matrices and are given by

RD M
2 3 .
A= |: 2 (2)i| , B =diag[A; A:]. (34)
R/" R,
It is convenient to numerically determine the four relaxation times in the trilayered strip. For example,
if the parameters of the trilayered strip are chosen as

31 2522532—%, pr=pr=p3=05, hi=hy=h3;, Ki=1,
1
011=a—2=0-5, Bi=p=1, %=, Di=Dy x=y=i, (35)
where x and y have been defined by (31); the four relaxation times of the trilayered strip are determined
as

m = 258.9914ty, 1, =38.3432ty, n3=21.54971ty, n4=13.66731. (36)

In this example, the top and bottom layers have identical elastic constants, whilst the elastic constants
for the middle layer are obtained after an in-plane coordinate rotation of the angle 7 /2 for the top
or bottom layer. We illustrate in Figure 5 the evolution of the normal and shear tractions on the two
interfaces. It is observed from Figure 5 that

(1) the tractions on the lower interface and the shear stress on the upper interface will eventually change
sign with time whilst the normal traction on the upper interface will always maintain its sign;
(2) on each interface, the shear traction decays faster than the normal traction;

(3) at any instant, the magnitude of the normal traction on the upper interface is always higher than that
on the lower interface.

3.3. A 1001-layered strip. Finally, we consider a strip composed of 1001 identical orthotropic layers
of equal thickness. The diffusional and sliding properties on all of the interfaces are identical (i.e.,
=0 =---=1000 and Dy = Dy = --- = Dyggo). Our results indicate that the relaxation times are
independent of the specific value of 6. We further set K; =1 and x = y = o, where x and y have been
defined by (31). The variation of all the 2(N — 1) = 2000 relaxation times 7; as a decreasing function
of j for different values of p is illustrated in Figure 6. It is observed from Figure 6 that

(i) the relaxation times are increasing functions of p, which implies that a decrement in p will expedite
the relaxation process;

(i) the curve for p — —1 forms the lower bound of the relaxation times;

(iii) there is a large jump between 11901 and n19p2, there is a small jump between 7999 and 11¢go.

4. Conclusions

Based on the rigorous theory of elasticity, we derive an exact solution to the plane strain problem as-
sociated with a multilayered orthotropic elastic strip with simultaneous interfacial diffusion and rate-
dependent sliding. By using the transfer matrix method and by enforcing the diffusion and sliding
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081, 8

Figure 5. The evolution of the normal and shear tractions on the two interfaces in the
trilayered strip described by (35).

K1:1 , N=1001, x=r=t,

. . .
0 500 1000 1500 2000
/

Figure 6. Variation of all the 2000 relaxation times 7; as a decreasing function of j
for different values of the anisotropic parameter p with K1 =1land x =y =fyina
1001-layered orthotropic strip.

conditions on all of the existing interfaces, we obtain a homogeneous state-space equation with state
variables identified as the traction components on the interfaces. Once the initial values of the interfacial
tractions are known by assuming that initially all interfaces are perfectly bonded, the evolution of the
state variables can be uniquely determined. It is seen that the transfer matrix Q(K, §, p) and the state
transition matrix exp(A~! Bt) are the key components of our solution. Using Matlab, numerical results
for relaxation times and evolution of interfacial tractions for bilayered, trilayered and 1001-layered or-
thotropic strips are presented to demonstrate the exact solution. The solution strategy adopted in this
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research can also be employed to study the case in which the orthotropic elastic coefficients of each
layer vary continuously along the thickness direction.
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