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A MODEL FOR INTERFACES AND ITS MESOSCOPIC LIMIT

MICHELE ALEANDRI AND VENANZIO D1 GIULIO

We study a system of N layers with a Kac horizontal interaction of parameter
y > 0 and a Kac vertical interaction of parameter y'/2. We shall prove that
the limit free energy functional is the rate function of the large deviations of the
Gibbs measure (of a canonical constrained magnetization). The limit free energy
functional is achieved as a I'-limit for y — 0 for magnetizations with fixed aver-
age. Among all such magnetizations there exists a quasiconstant magnetization
that minimizes the energy.

1. Introduction

Equilibrium and dynamics of interfaces is a very well studied issue both in physics
and mathematics. In several instances to simplify the problem it is supposed that
the interface is a graph, an assumption which is not at all unrealistic if the interface
is studied locally. In the SOS models of statistical mechanics the interface is a
graph over a lattice Z¢; namely for each site i € Z¢ we draw a vertical line and
the position of the interface on the line (its height) is represented by a real-valued
spin ;. One then introduces a Hamiltonian which describes the interactions among
the spins so that the equilibrium properties of the interface are derived from the
Gibbs properties of the Hamiltonian. The difficulty in this approach arises from the
fact that the Hamiltonian is massless, which corresponds to the fact that vertical
translations of the interface do not cost energy. The theory of DLR states is then
quite more involved than in the classical Ising model; a breakthrough was achieved
in [Funaki and Spohn 1997], followed by many other papers.

In this paper we take a step back towards microscopic scalar; namely we suppose
that on each horizontal line there is an Ising system so that instead of a real-valued
spin S; we have a configuration o (x, i), x € Z, of £1-valued spins. We actually
consider a finite system withi =1,...,Nandx € [0, L]NZ, L = y‘lﬁ, y >0,
£ > 0 (L an integer). To simulate a phase transition the spins on each horizontal
line interact via a Kac potential J,, (x, y) (the same on each line), whose strength
is 1 and whose range is y ! (see Section 2 for a precise definition). The spins
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between nearest neighbor horizontal lines (say (x, i) and (y, i + 1)) interact via
the Kac potential AJ,,12(x, y), A > 0; that is, the vertical interaction is much more
local than the horizontal one.

We study the mesoscopic limit y — 0. The mesoscopic state of the system
is a collection m = {m(r,i) : r € [0,£], i =1, ..., N} of measurable functions
with values in [—1, 1]. Its statistical properties are then described by a free energy
functional F(m). According to the Gibbs theory such a functional is the limit as
y — 0 of —1/8 times the log of a constrained partition function where the spin
configurations are required to be “close” to the mesoscopic state m (this involves
a coarse grain procedure which is specified in Section 2). This is not as in the
classical Lebowitz—Penrose [1966; Penrose and Lebowitz 1971] procedure because
there are two scales, y ! for the horizontal interaction and y ~'/? for the vertical
one. Thus, there could be oscillations on the scale ¥ ~!/? which do not appear in m
because the latter is defined by averages over &~ y ~! but which could affect the
free energy of m. These oscillations actually do not occur if A is small; indeed by
Theorem 4.1 the optimal profile is quasiconstant on the scale y ~* with o € (0, 1).
However, if A is large enough we can provide an example where such a phenomena
occurs.

The paper is organized as follows. In Section 2 we introduce the microscopic
and mesoscopic models and enunciate the main results. In Section 3 we intro-
duce the coarse graining procedure used to prove the Lebowitz—Penrose limit. In
Section 4 we prove a key result, that is, Theorem 4.1, in which we provide a
technique to minimize the free energy. This theorem is needed to prove the main
results in Section 2. In Section 5 we prove the Lebowitz—Penrose limit for our
model. In Section 6 we prove the I'-limit result. The proofs of Theorem 2.4 and
Proposition 3.1 are deferred to Appendix A. In Appendix B, finally, we illustrate
the case in which Theorem 2.3 fails for the parameter A large enough.

Similar model have been studied in [Cassandro et al. 2016; Fontes et al. 2014;
2015]. A numerical investigation of the mesoscopic limit for lattice gas model was
also recently tackled in [Colangeli et al. 2016; 2017].

This work is the first step of a research program pointed towards the charac-
terization of the surface tension associated to free energy in the thermodynamic
limit.

2. Model and main results

We consider an Ising spin system in a rectangle 7; y = {(x, i) € 7>:xe[0,L—1],
ie[l, NI}, L=y %, withy ' e{2":neN}and ¢ € {2F: k € Z}. We will
eventually take the limit y — O keeping £ and N fixed. We denote by o a spin
configuration o = {o (x, i) € {—1, 1}: (x,i) € Ty n} € {—1, 1}72.¥, and since we will



A MODEL FOR INTERFACES AND ITS MESOSCOPIC LIMIT 269

consider periodic boundary conditions we extend periodically o to a configuration
on Z? (denoted by the same symbol) by setting o (x, i) = o (y, j) if (x,i) ~ (y, j)
where

(x,i)~(y,j) ify=x+kLand j=i+k'N,k, k' €Z. 2-1

The interaction among spins is given by a highly anisotropic Kac potential which
will be defined in terms of a function J(r), r € R: we suppose that J(r) is a
nonnegative C? function with [ J(r)dr =1 supported by |r| < 1. We then define
for any x, y in R

Tan(,y) =y PIG =y, LG,y =yIylx—yD. (22

The Hamiltonian of the system (with periodic boundary conditions) is then defined
as

N
1
Hm(ﬂ:Z[—g > {luasndy & y)o(x, o (. i)

i=1 x,y€l0,L—1]NZ
—AJ(x, y)o(x, i) o (y, i—D+o(y,i+1))}

N Z {Jy(xa)’)ﬁ(x,i)o(y,i)
x€[0,L—1]NZ
y¢[0,L—1]nZ =AJp(x, y)(o(y, i—1)+o(y, i+1))}:|, (2-3)

Thus, the range of the vertical interaction is much shorter than the range of the
horizontal one.
We denote by g .5 the Gibbs measure at inverse temperature f:

e—BHy (@)

mp,ya(0) =
By Zﬂ%/\

with
Zpyu= e P,
o

being interested in the mesoscopic limit y — 0. The aim is to compute the limiting
free energy and the probability of mesoscopic states.

A mesoscopic state is a measurable function m on 7, y =[0, £] x {1, ..., N} with
values in [—1, 1]. We extend m periodically by setting m(r, i) =m (', j) if (r, i) ~
(r', j), which means r' =r + k€ and j =i +k'N, k, k' € Z. The correspondence
between spin configurations o and mesoscopic states m is via coarse graining,
namely by comparing averages. The “microscopic length” used for averaging is
y % a € (0, 1), and to avoid taking integer parts we suppose « a rational number.
We tacitly suppose that y is small enough so that ¥ ! and therefore also L are

integer multiples of y ~¢.
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Definition 2.1 (partition and empirical averages). Let o and y as above. We define
for any k € Z

C = {(x, i) eRXZ:ky™ <x < (k+1)y ™).

The collection C(%(“) of all C; (a) defines a partition of R x Z. Moreover, ¢ N 7>
paves exactly Ty y: namely any C ,Ea) N 7? is either contained in Ty y or in its
complement.

Given a spin configuration o we then define

o@(x,i):=y" Y o(y.i), wherekissuchthat (x,i) e C; (2-4)

yeC,E,‘f‘l.) nz2

and 0@ is a function with values in M® where

2 2
M“”::{—, — 1= a,l}. (2-5)
Vo v
Analogously, given a mesoscopic state m € L>(T; n; [—1, 1]) we set
(k+1)y—«
m@ (x,i) = y“/ m(yr, i)dr (2-6)
ky—«

where k is such that (x, i) € C,Eai) and m@ is a function with values in [—1, 1].

We next specify in which sense a spin configuration o “recognizes” a meso-
scopic state m and use this notion to define the free energy and the probability
associated to a mesoscopic state.

Definition 2.2. ¢ “recognizes” m, and we write o ~“ m if
lo@(x,i) —m@(x,i)| <2y% forall (x,i)e Ty n (2-7)

(recall that, by flipping a spin, 0 (x, i) changes by 2y®). We then define the
finite volume free energy of the mesoscopic state m as

F®)  (m) = —log Zif"), , (m), (2-8)

where
Z(ay A(m) = Z}S,y’}h({O' %Ol m}) = Z e_'BHV’)L(U)'

o:.0R%m

Analogously we define the Gibbs probability of the mesoscopic state m as

Zg" , (m)

wupaylo = m]=
Zﬂ,y,A

The main result in this paper is this:
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Theorem 2.3. For any o € (0, 1), any A € (0, 1/(88)), and any mesoscopic state
me LOO(TE,Nv [_17 1])7
lim Fy®) . (m) = Fg . (m) (2-9)

where

1 et
Fﬂ,x(m)z—EZ/O /0 J(r, rym(r, Dym(r', i) dr dr'
i=1

Aol [t
_EZ/ m@r,i)ym(r,i+1)+m(r,i — 1)) dr
i=170

1L [t
——Z/ I(m(r, i) dr (2-10)
B iz o
and 1 1 1 1
+m +m —m —m
I(m)=— 1 - 1 : 2-11
(m) 5 log— 5 log— (2-11)

The following two theorems are essentially a corollary of Theorem 2.3. The
first one is about free energy.

Theorem 2.4. Let0 <A < 1/(88) and x € (0, 1). Then

— lim
y—0 ,8)/71

Moreover, if B(1 +2X) > 1, then (recalling (2-11) for notation)

logZg 5 = Fg s (m). (2-12)

inf
meL>®(Ty n;[—1,1])

I (mpg)
B

where myg is the positive solution of the equation

inf F, =N¢ b2
15'11 ﬁyk(m) = _—mbﬁ -

7 ), b=1+42x, (2-13)

mppg = tanh{BAmg}. (2-14)

I’ instead ,B(l +2)\,) < l, then
lnf F‘B’)"(m) e — Og(i) (2_ 5)

The next theorem is about large deviations; on the general issue see for instance
[Ellis 2006].

Theorem 2.5. Let 0 < A < 1/(8B), @ € (0, 1), and m € L*(Ty n;[—1, 1]) be a
mesoscopic state; then

lim y log g 1.y [o0 &% m] = —(Fp ;. (m) — inf Fg ; (m")). (2-16)
)/—)O m’
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The theorems are proved in the next sections; here we make some remarks on
Theorem 2.3. We note in particular that the limit free energy of a mesoscopic state
is independent of the coarse graining parameter «, a fact to some extent unexpected.

The point is that the partition function Z,(Sa;, , (m) is clearly an increasing function
of a because the constraint o ~“ m is weakened when increasing «. In particular
the result contained in Theorem 2.3 shows that this effect is negligible in the limit
y — 0. The basic idea in the proofs goes back to Lebowitz and Penrose, and it is
based on a coarse graining with grain lengths which must be large with respect to
the lattice spacing but small with respect to the range of the interaction. Following
Lebowitz and Penrose we use a coarse graining with grain length y = with o’ < %
and y % < y~®. We then obtain an estimate for the logarithm of the partition
function characterized to the leading orders (as y — 0) by a nonrescaled functional

Fﬂ,y,k(m)

1O e
= EZ/ / Jy (ryrm(r, Dm(r', i) dr dr’

N -1 -1
A y— £ py L
-5 Z/ / Ty (e, Py (r, )G i — 1)+ (e, i + 1)) dr dr’
i=1 Y0 0

,le
_1 Z/y 1(in(r, i))dr, (2-17)
B Jo

where 77 is constant on the scale y ~ used in the coarse graining.

To simplify the argument, let us assume that the mesoscopic profile m(r i)=
for all r and i. If the constraint o ~® m with « < 3, then by letting &’ = « (so
that m = 0) the functlonal F becomes F after rescahng.

If instead « > 5, we cannot take o’ = « and there may be vertical energy gains

2 b
via suitable oscillations of the magnetization within the constraint o ~® m. This
is not just a theoretical possibility as it may indeed occur when A is large. Let

BXA > 1; then

— 1(0)
Fﬂ’y’k(mEO) —NKT

Fix m = +mg, (the positive solution of (2-14)) in the left half of each interval of
length y =* and equal to —mg, in the right half. Note that m satisfies the constraint
{o =% m}. In Appendix B we prove that the rescaled free energy of i in the limit

of y — 0 1is equal to
N@( m2 _I(mﬂk)>’
B

which is smaller than Fg , ; (0).
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Instead when A is small as in Theorem 2.3, then the optimal / is constant on the
scale y =% (when y — 0). The proof of Theorem 2.3 is then reduced to prove that
the functional in (2-17) I'-converges [Braides 2002] to the functional in (2-10).

3. Coarse graining procedure

In this section we prove some estimates for the logarithm of the partition function
log Z/(;‘;’y (m) in terms of F B.»,y defined in (2-17). These estimates will be used in
the Lebowitz—Penrose limit discussed in the Section 5. A different coarse graining
procedure from the classical Lebowitz—Penrose result will be used. This is needed
due to the presence of two different scales of interaction along the horizontal and
vertical directions.

The partition function Zg ; , (-) is defined on the space of the configurations
while F g.»,y () is defined on the space of measurable functions. Recalling Defini-
tion 2.2, we consider M@ the space of all functions which are constant on {C l.(i) Vikez
with values in M@, For each empirical average m® (- ) there exists a function
m e M@ such that |m@ (x, i) —m(x, )| <2y~ forall (x,i) € T; n. Furthermore,
given a function i1 € M@ we define the set

(0@ :=m}={o e{—1, 1)tV : 6@ (x, i) =m(x,i) forall (x,i) e Ty n}.
The next results are the basic steps in establishing the Lebowitz—Penrose limit.

Proposition 3.1. For any o € (0, %), there is a constant ¢ > 0 such that for any
m e M@

log Zg 1 ({0 @ =m)) < —BFp 5 (M) + Bee(y, WITe yl, (31
log Zg 1 ({oc'® =m}) = —BFp () — Bee(y, MITLnl, (3-2)

where Fg ;. is defined in (2-17) and
€y, ) :=ay' P +y¥logy . (3-3)

The proof, which follows the standard techniques, we postpone to Appendix A.
For such choice of i the set {o ~* m} = {o® =i}, and for any s C M@ we define

Zg () =" Zp,0(lc® =m).

mesd

Proposition 3.2. For any a € (0, %), there is a constant ¢ > 0 such that for any
dcC M@

log Zg") ; (s4) < —B inf Fg, ;) + Bee(y, ML, (3-4)
e mesl

log Zy7) , (o) = —f inf Fp ;) — ee(y. MITLnl- (3-5)
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Proof. The proof is the same as that of Theorem 4.2.2.2 in [Presutti 2009]. (]

Now we consider the case o > % We cannot directly apply Proposition 3.1 since
the length of the vertical interaction is less than the length of the coarse graining.
The idea is to write the fixed average of m on the scale of y ™ as an average after
the coarse graining of scale y ™, o’ € (0, %).

For iy € M@ we define the set

1
yo

&amf{mem(“’): / " g (r', i) dr' =g (r, i) for all (r,i) e Ty, N}. (3-6)
i

Using the above definition we prove a same result as in Proposition 3.1:

Proposition 3.3. For any o € (%, 1), there is a constant ¢ > 0 such that for any
Mg € M@

log Zg y s (l0 @ =ing))<—p inf Fp,;(ng)+ Bee(y, VITLnl,  (3-7)

my €Ay

log Zg 2 ({l0 @ =inig))>—p inf Fp,;(ing) — Bee(y, VITenl,  (3-8)

myre o
where }7,3,),,;\ is defined in (2-17) and €(y, A) in (3-3).
Proof. The proof follows by Propositions 3.1 and 3.2 (]

4. Minimizer of the free energy functional

In this section we prove a technical result needed to prove Theorem 2.3. This key
theorem tells us that a minimizer of the free energy functional under the constraint
fAmA =y is a “quasiconstant” function in a subset of A C Ty y (see (4-1)). So
there are not oscillations that can affect the minimum of the free energy.

Fix kenZ N0, £], with n=y [y ~*]. We define the set Ay =[kn, (k+ 1)n] x
{1, ..., N}, its complement A =T, v\ Ag, and the set A ; as the restriction of Ay
to the i-th column.

Let m™ e L>®(Ay, [—1, 1]); we define the free energy functional restricted to Ay

N
1
oy m™)=—>7%" mAk(ra”U J(r, rym™ (', i) dr’
. 2 i=1 Y Ak Ag,i
“/ T2 (r, 1Y m™ ' i = 1) +m™ (i + 1) dﬂ} dr
Akl

_éZ/,\ VII(mAk(r,i))dr.

Let m™ e L®(A¢, [—1, 1]); we define the conditioned free energy functional
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F2 . (m™  m )

B.v.x

= Fp,, (m™) — Z / m™ iy [ T ymN G iy dr dr

Ak i Az‘,‘

_)\2/

A

m™(r, l)[/ Jy-in(r, Fym (' i—1)dr’
ki e

k.ifl

- / T2 (r, rym™ (' i+1) dr/:| dr
il+l

where the set A{ ; is the set A{ restricted to the i-th column.
The following theorem is the most relevant contribution of this work.

Theorem 4.1. Take y > 0, and define n:=y[y *1=y'/>(1 + y =6y ~%¢) where
ee(0, %), 5 € (0, % el, and ¢ >0 is small enough.

If BIJ lloe +21) < 1, then for all k e nZ N[0, £], s € [—1, 11V, and m™t €
L (A, [—1,1]) there exists a unique ¢ € L= (Ay, [—1, 1]) such that fAk’iqSAk =s;
foralli, and

A
F m™ |m) = F (™ | m™),

for any m™ € L®(Ag, [—1, 11) such that fA mp, =s; foralli.
Moreover, there exists a constant C >0 such that, for any r € A kis

lp2(r, i) —s;| < CIIV, |l (4-1)

OOAk
where Ay i =lkn+y'2(1+y =), (k+ Dn—y'21 +y 7)1

Proof. If s; ==1 for all i, we have m”* =41 almost everywhere and the theorem
follows easily. Now we take |s;| <1 for all i and we use Lagrange multipliers. In
the following we omit the dependence on k and we keep only the dependence on
the column i; then we take A=Ay and A; = Ay ;.

For all h € RN we define

Fé\,ﬂk(m M= Fﬁyk(m Zh /m (r,i)dr.
For all r € [kn, (k + 1)n) we define the vectors

m™(r)=m{ ()L, =m*(r, 1), ...,m"(r, N))

and
N

(Jxm™)(r)=((J xmM) () 1_</ J(r, r’)mA(r,i)dr>
A

i i=1
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In this notation the free energy becomes

Ah o Ay AC
Fg o ,m= | m™ )
N

p—

I

/A mP () (J xmP) () + A(J-12 % (mi ) +m ) () dr
1 i

M-

/ m® (NI xmP) () = A((Jy-12 % mps V() + (Jy-12 xm ) () dr
A

i

1

-

N
hi/ m,-A(r)a’r—lZ/ I(mI-A(r))a’r.
‘ B A

1 A

Let Ap(m™)=(A;(m*)N,, where

A; (mA) =tanh(B[J * (mlA +mlAC) +AJ,-12% (ml{\_1 +ml-A_Cl —|—miA+l +mf\J:1) +h;])
=A;(mi,miy1, mi_y).

From general results' the infimum of FﬂA;/h NE |m?) is a minimum attained on
functions such that A, (¥*)=1". Thus, the set

Gre ={P € LA, [-1, NV) 9t = A, (v ™))
is nonempty. We want to show that 4 is actually a singleton.
Step 1. Ay, is a contraction.

Proof. We define the norm ||Ah(mA)||OO,N = max{,-zl,m,N}||A,-(r_nA)||oo. Given

m®, m'™ we have, by the triangle inequality, the Lagrange theorem, and properties

of J,
A; (m™) — A (™) oo < BOI oo + 20 |1 —m™ [loo, v

We observe that in this framework we can identify the set A;;; with the set A;,
and with an abuse of notation we call it A. Then A is a contraction and there exists
a unique fixed point ¢+ such that

¢™" = lim Ap(u,) with u,=Ay(u,—1) and up=s1,.
- n—oo

The convergence is in the sup norm, and then it is uniform in 4. U
Step 2. ?A’h is differentiable in h.

Proof. We prove by induction on n that u, is differentiable in 4 with derivative

0 A j d —1,A 0 —1,A d —-1,A
%u:l =pl,n []*%M:l +)\Jyl/2*(aTjM?_l +87j1/£?+1 +5i,j (4-2)

ISee [Presutti 2009, Theorem 6.2.6.2].
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where

p""=pBcosh 2[B(J * @™ mh)

i
A,n—1 A,n—1
gy W gy

Wi A m e mi) +h)].
Indeed Dug=0 and if u,_ is differentiable, Du, exists and it is given by (4-2).
Suppose ||%jul'.l_]’A loo <2B; then
_MH,A
ohj !
by hypothesis 28 (|| J |lcon +2A) +1<2.
Then ¢*" is differentiable on h and

=B/ llon2B + 41 + 1)

o0

Vi = lim Vyu,. O

Step 3. For all A small enough, there exists exactly one function h()\) such that

o ™M is the minimum of Fy)', and
« HO, h(W) = £, ™" dr —s=0.

Proof. It L =0, every column is independent of the other columns; then for each

column we can find h? such that fA¢)"h? dr=s;.? This implies that H (0, h%)=0. In

L . . - IH (A, h(W)
order to apply the implicit function theorem, we prove the invertibility of ==—7==>=.

We start by explicitly writing the derivative

OH 3
LA™ a
on = 1 ann@dr

0 c
= ﬁﬁ(tanh{ﬁw * (¢ +mi)
¢ c N
+ Ay, 12 % (¢,-A_1 ~|—mf\_1 +¢i’§r1 —|—mf\+1) + hi]})i=1 dr.
We define the square matrices P, K € My (R):

Pi’j:{o ifi ],

b ifie], Ki j=pilJ *bi j+rJy-12 % (biv1j +bi-1,;)]

Ah

3
where b; ;= % and
J

pi=Bcosh2[B(J * (@ +mi) 40, 1o % @ + T +mi | +mby ) +h)].

We write the derivative with respect to 4 of H in terms of P and K:
d - - - —
S H= 7[ (K+P)dr=K+P=P(P"'K+1).
A

2This follows from [Presutti 2009, Theorem 6.4.1.1].
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We observe that

- 1
P'K)ijl<——F|Kijld
I( )l,]I_pridrjﬁl ijldr

fp,-||(P—‘K>i,,~||oodrs||(P—‘K>l-,,-||oo.
A

<
- pr,- dr

To prove the existence of the matrix (P~'K+1)~" we show that Zzo:o(— P Ky <
00, proving that sup; Z?’:O(P_ll{),-,j <c<l.
We give an estimate for ||b; ;||o. We recall that

bi j=pi(J *b; j+ArJ,~12%(bi-1j+bit1,j)+3i ;).

Then

Pilloo
il = T ool o
We define for allie{1,..., N} and aeN

_ ll Pillo
= pilloonll oo’
Q) ={oeZ0(0)=i, o(k)=0(k—1)£ 1 mod N}.

12 (Abi-1,jllco + Ibit1,jllco) +8ij)- (4-3)

We observe that

g=—2" _ @i=o
1= Bl

Iterating the inequality (4-3) a times we obtain

a—1
1bijlloo < Y o+ Go@lbow@.ilock® + Y Y Go) * domr Som.j

oeQl n=0¢eQi
-1
2B > X 281 "
(=) Wow.jlloo + 4o Y[ = ) Sow.)-
<1—n||J||ooﬁ 7@ ”“; 1=l lleeB) 7

If the number of iterations is big enough, then the Dirac delta is 1. We define
n:=n(i — j) where
i —Jl if [i — jI<[N/21,

o : (4-4)
N —|i — j| otherwise.

n(i—j>={

Then 8, (,),j =1 if the number of iterations is at least n(i — j). Taking the limit
a— 00,

o n i
2B o=

I16i,jlloo <qo 0 E (—)5 g, (4-5)
=T L NIl ) " = 16

with 6 =281/(1 — || |lsB) < L.
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Let r € A, and consider
(PTVK)i j(r)=(J xb; )(r) + A(Jy-12 % (bigr,j + bim1, ) ().
Using (4-5) we have
N N
e(mlnr i— ltH»ln(r ./)) za
-1
Zlnw K)ijlloo = 7 Zl S
j= j=

where o= |/ [|oo +22) B/(1 = nlIJ llc B)-
Now keeping in mind that (1| J ||cc +21) < < we obtain

2 3
(1_—0)255(1 =1l oo B)-

For 7 small enough the matrix (P~'K + 1) can be inverted and we find the function
h(1)=h such that H (%, h(1)) =0. For m* such that f, m* =s the conditioned
free energy

N
h ‘ B c
Fyony ™ |m™) = Fg' m™ |m™) +h Z|Ai|si
i=1

N
h c
> Fal s (@™ Im™) +h Y | Ailsi

i=1
Ak Ay A
=Fg (@7 m™). (]

We now prove the last part of the theorem. Let A= (kn+ v + y79),
(k+1)n—y2(1 +y~*)), and define

5; =7[ oM (r) dr.
A;

We observe that, for such a constant ¢ >0,

ey Sl A [A\ Al A
s, s,|s(|A| 1)f|¢ Ot AL

<cy®<en (4-6)

because of the choice of 5. Fix r’' € A;:

_ , 0
15: — M ()] sCH—¢,-A”“
or

o]

0 0
where H — =SUp, % ‘ a—r¢>,~A’h(V)|-

Jh
81"¢i Hoo
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It remains to prove that || %qbiA’h oo < 00. We shall use the recursive formula

d

S0
8 A’h AC a A’h A’h A(,‘ A(?

=pi EJ *(d; " +m; )‘H‘EJJ/*”Z k() + ¢ Fmil +mi )| (4-7)
If we iterate (4-7) a times we obtain
O A, T, @=1 S A Fmh

ar ¢1 (r) - Z pU(O) Tt po(a) y"/z * ceXk 8}” * (¢0’(g) m()'(a)

oeQd

a—1
9
1 Ah
+Y Y Po PoX T T x H gr Pl
n=0oeQi

Observing that, at each iteration n, if n <y, then (J,-12 %™ - - - mé\(cn))(r) =0
by the choice of the set A. Taking the norm,

A
H 8r¢i

<NV llB Y 2BV + 2BV IV I lloc2y ™'
o n=0

where we took the derivative of J,,-1,2 in the last term indexed by a. If a=[y €,
then

lim AV VI lo2y "2 =0
y—)
and

<NlVJ o <00,

o0

d A
H ar ¢
for some constant ¢’ > 0. Equation (4-6) gives
lpP(r) —si|<Cn forall reA;,

and the theorem is proved. U

5. The Lebowitz—Penrose limit

Proof of Theorem 2.3. The proof is divided into two parts: o < % and o > % We will
use the results of the previous sections in both cases. While for o < % we can use
them straightforwardly in the Lebowitz—Penrose procedure, for o > % the technical

Theorem 4.1 is needed in order to control the fluctuations.

Case 1 (x €(0, %)). Let me L*®°(Ty, n; [—1, 1]); we prove that

)}iirb F§® . (m)=Fg;(m). (5-1)
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Proof. Given a mesoscopic state m we choose a function i, € M@ that “recog-
nizes” m (see Definition 2.2):

lim F% . (m) = lim — ! log Zg ({0 @ =iy}
y—0 B.y.A _y—>0 ﬁy_l ELBy0 e

1

We apply Proposition 3.1 and the change of coordinates m (r, i) :=mqy(y ~'r, i).

We shall show that | Fg ,, ; (m®) — Fg ;3 (m)| — 0 as y — 0 where

A 14
F,g,y,k(m)z_EZ/o m(r,i)(fo J(r,rym(@, iy dr’
i=1

V4
+k/ Jy-2(r, ) m@ i = D) +m@', i +1)) dr/) dr
0
1Lt
——Z/ I(m(r,i))dr. (5-2)
B = Jo

1
By the Lebesgue differentiation theorem [Rudin 1987] we know that m© 5 m
(see (2-6)); thus, by the triangle inequality the limit can be divided into three parts.
The first term is

¢ pt ¢
/ / J,-12(r, Ym@ @, Dm @G’ i — 1) drdr’ —/ m(r,)m(r,i —1)dr
0o Jo 0

=

14 14
/m(“)(r,i)[/ ]y1/z(r,r’)m(“)(r',i—l)dr’—m(r,i—l):|dr
0 0

+

V4
/ m(r,i — D[m O (r, i) —m(r, i) dr
0

We observe that
¢
Jy—l/Z *m(r) =/ Jyfl/Z(V, rym@r') dr’
0

converges to the Dirac delta as y — 0; then by the dominated convergence theorem

¢ pe ¢
/ / gy (r, rYm@ (r, Mm@ ', i —1) dr dr’—/ m(r,)m(r,i—1)dr|—0.
0o JO 0

The other two terms converge to 0 by the dominated convergence theorem. And
(5-1) is proved. U

Case 2 (a € (%, 1)). By Proposition 3.3 and using the same notations introduced in
the case o € (0, %), we have
lim Fi*)  (m)=1lim y inf Fg, ()= lim inf Fp.p . (ma).
y—0 y— )

ma/e&ﬁma y—)Oma,(,):ma,(y—l .
My €A,
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In order to pass the limit through the infimum, we need to prove a result of
["-convergence. Let us start defining a notion of convergence:

Definition 5.1 (x-convergence). Set n:=y[y~*]; then for all sequences {m, } and

min L>(Ty n, [—1, 1]) we say that m,, > m if

N [€/n]
lim " )" wamy(r/, i)dr' — ﬁ(a)m(r, i)dr
i=1 k=1

r—=0 ki ki

=0 (5-3)

where D% ={(x,i)€R x Z:kn<x < (k + Dn}.
We can write (5-3) as lim,, d(m,,, m)=0, since d is actually a distance.
1

Remark. Following the same notation of the case « < 5, we observe that the

sequence {mq}, 5 m as y —0.
The following I"-convergence result will be proved in the next section.

Proposition 5.2. Let Fg ,, ; be as in (5-2) and Fg j as in (2-10). Then

F,f;’)L =TI lim F}g,y,)L
y—0

according to the x-convergence.

We move to the last part of proof of Theorem 2.3.
We start by proving the lower bound. For each § >0 we can take y small enough
such that there exists a function mg(-) =i, (y ' -) such that d(m,, m) <§; then

inf F,gﬂy,,\(ma/) > inf F,g,y’;h(m/).
my (=g (y~'-) m'eL>®(Ty,n,[-1,+11)
My €EAing, d(m’,m)<$

Taking the infimum limit with respect to y and the supremum with respect to 4§,

li;n_)igf Fé?gﬁk(m) > sup liminf Fg . (m")

inf
§>0 Y—0 m'eL®(Tyn.[-1,+1])
d(m',m)<$
> Fg ;.(m).

The last inequality follows by definition of the I'-limit*> and Proposition 5.2.
Now we consider the upper bound. Let m, be the closest element in o5, to
Mgy, namely

~ 2
|my(r,i) —my (r,i)|<——= forall (r,i)eTy y. (5-4)
14

3See [Braides 2002].
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Such a magnetization exists by the definition of the sets M@ and M®. We define
My (r, i) =g (y~'r, i), for all (r, i); then

lim sup Fé‘j‘;’,\(m)zlim sup inf Fg ya(my)
y—0 y—0 ma/(;):’ﬂ;?t’()/_] -
my €Ay

<limsup Fg , ;(mg)
y—0

< Fg;(m).

The last inequality follows from Proposition 5.2 and (5-4). O

6. I'-limit

In this section we shall prove the existence of the I'-limit of Fpg , ;. Definition 5.1
of x-convergence involves the average of m on sets of length y[y %] =#. This
implies a constraint on the minimizer of the free energy functional, and at this
level we use the Theorem 4.1.

Proof of Proposition 5.2. We start with the lower bound: for all {m,} such that
my l) m,

lim igf Fg .y (my) > Fg;(m).
y—)

Fix n, Ay as in Theorem 4.1; we set n ={/n and observe that Ty y = UZ:I Ay.

We define m}‘,\k :=my|p,, the restriction of m, to the set A;. Fix Aj; then by

Theorem 4.1 there exists ¢! such that

A AS AS AC
Fpyolmy)=Fg , (m)'my,") + Fy ), (m),")
A A(,’ A(? AC
> Fpl (@0 Imy )+ Fy ), (my ')
A 1
= Fﬁ,Jl/,/\(mV)

where m)l/ =m,l A+ qb;/\l [a, and [4 is the indicator function of the set A.
We iterate this procedure for each k, and we define m)I, """ "; then
1.,
Fy(my) = F,(m, .

Lemma 6.1. Let m)l/ """ " be as above. We have

N e
lim Z/ Imy; " (r, i) — m(r, i)| dr =0.
i=1 9

y—0
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Proof. For any i € {1, ..., N} we split the integral following the partition given by
Ag.i, and we consider

ml ,,,,, n(r,i):l:f ml ..... n(r/’ i)dr/_m(r,i) dr.

Applying the triangle inequality, the fist term converges by definition of m)l/ """
and the Lebesgue differentiation theorem. The second term can be estimated as

k=1 /Ak-f
1,...n .
55 /A;|my (r,l)—s|dr+/

Ex

dr

... : L., -
m, "(r,l)—j[ my "', i) dr!

m)l/ """ "(r, i)—7[ m)l,""’”(r/,i)dr/ dr
Ag,i

n
<) |Akilne + |Exlc
k=1

where

Ai=Gn+y2A4+y78), k+Dn— 20 +y %))

and E; = Ay ; \ Ax;. To finish the proof we just observe that the size of E} is of
the order of y!/2(1 4y ). O

To prove the lower bound we separately consider the convergence of the three
terms of Fg , ;.
The first term is

ARy
25
-

Using the triangle inequality with m},” (r, i)m(r, i), the convergence follows from
Lemma 6.1.
The second term is

N
A
23

i=

V4
—/ m(r,)[m@r,i+1)+m(r,i —1)]dr|.
0

We only discuss the term m (-, i)m(-, i+ 1) because for the other term the proof
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is analogous. We sum and subtract for each i the term m}l, """ "(r,i+1); then

¢
—f m(r,)m(r,i +1)dr
0

n
We split the first integral in the sum of integrals »_ [ 5.t f 7, Where
k=1 "
Api=kn+2y2(14y70), k+ D=2y (1 4+y79)

and Ek =Ag; \/:\k,i- Ifre /:\k,i, we have that fi\ki Jy-1p(r, r") dr'=1; then

n

>

k=1

/m)l/ ’’’’’ "ri) | TG Yy ) —my (i 1) dr dr
ki

A
n
S; /Ak_i /;\M Jyn(r, r/)Im}l, """ "r'i+1) —m)l/ """ "(r,i+1)|dr’ dr
n p—
EZU_\k,ilnc
k=1

""" " is almost constant in A ;. While integrating over Ey,

Z/ml ----- ") [ (e )y (L 1) —myt i+ 1) dr dr
E Agi

n
52/ / Ty (e, ) my " (' i+ 1) —my " (ry i+ 1) dr dr
k=1 Ex JE*
n —_— —_—
<c > IELEly ™1 lloo
k=1

with ¢ > 0 a constant. The size of |E:*k| is of the same order as IEkI +2y172 In
the end the term

can be estimated using Lemma 6.1. All the other terms that we did not consider
can be estimated in the same way.
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For the third term, we consider liminf, Fg  ; (m);~~"). Then

N 1 Y
lim inf ——/ I(mY "y, i) dr
, B Jo v

y—0

i=1 N 1 n

=liminf Y —— [ [(mb"(r, 1)) dr
r=0 o '3; M

N n
1
> liminf ——§ Mgl mbL"(r, i) dr
- y—)O ._ ﬂ _| k,l| (fAki Yy ( ) >

=liminf ——/ (7[ """ ”(r’,i)dr') dr
)/—)0 i=1 Ak(r)t

by Jensen’s inequality. We write the sum over k as an integral over r observing
that the function [ is constant for all r in the set A ;. Moreover, there exists a
subsequence {m """ "1 that achieves the infimum limit:

lim inf ——f (7[ """ ”(r’,i)dﬂ) dr
)/*)O i=1 Ak(r)r

Let m,, (r,i) = fAk (})lm%,;“""(r i)dr'; then by Lemma 6.1 1, L—> m and there

exists a subsubsequence, which we denote again {m """ "1, that converges to m
almost everywhere. Then by the dominated convergence theorem

1 £ 1 4
lim —— I+ m,; dr' ) dr=—— 1 ,1))d
)’1—1;1}) IB /(; (fl\kj(r), (r l) ' ) ’ IB /0 (m(r l)) '

liminf Fg,, 5 (m,) > liminf Fﬁ,y,x(m)l,’“"”)

and

= Fﬂ)t(m)

Now we prove the upper bound. There exists a sequence {m,, } such that m,, Sm
and

lim Fﬂ,y,,\(my) = Fﬁ,;h(m).
y—0
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We take m, =s= fAk im(r, i)dr on Ay ; C[O, €] for all k. Then from the dominated
convergence theorem

lim | Fg 5. (my) — Fg ; (m)|=0.
y—0

And Fg; (m) is the I"-limit of Fg , ; (m, ). O

Appendix A: Proofs of Proposition 3.1 and Theorem 2.4

Proof of Proposition 3.1. The proof follows the guidelines of Section 4.2.2 of
[Presutti 2009] taking care of the two different scales of interaction y ! and y ~!/2.
We define

_ Nopoprte
UV,A(m)zpﬁ,y,A(m)JrZE/O 1((r, i) dr
i=1

where Fﬁ,%k is defined as in (2-17). We want to estimate |H,, (o) — U},,,\(G(‘”‘))L
and we start taking (x, i), (v, j) € Tr y and defining

Ty (G ), (0, ) =0y e W Ly + T2 (x, ) i

Recall that for each point (x, i) there is an integer k such that (x,i)eC IE"? Let

T (x, i), (v, )= / I, (i), (¢, j))drdr.

() ()
ki h,j

We want to give a bound of |fy((x, i), (y, J)— f)ga)((x, i), (y, j))|. We consider
only the worst case, namely the vertical interaction, i # j. In this case

[T2(x, y) = I (e, 1), (3, )] < f | Jyi2(x, y) = Sy (r, )| dr dr'!
clxay)

<cy T ey <oy,
Let C and C’ be two elements in the partition €®, and consider two points

(r,i)eC and (r',i") € C’. As in the previous estimate, we consider the worst case.
If i # j, by the estimate above

DY Lwikeupdy (G D), (3, o (x, o (y, j)

(x,i)eC (y,j)eC’
= Y > Nk D, s i Da (Do (v, )
(x,i)eC (y,j)eC’

<dICPY" ™1, _y<ay-12. (A-D)
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Then
|Hy 5. (0) — Uy (0 )| </ | Ty w1y 72 (A-2)

We prove (3-1) writing the definition of the partition function
10g(Zp.y0(lo @ =) < Bry >~ Te wle — BUy () + log(cardfo @ =m}).
We can observe that

log(card{c @ =m})
:10g<1_[card{oe{—1,l}c"v": > o(x,i)zm(r,i)y—aforau(r,i)}>

Cik (x,i)eCy.;
=log (1_[ elCrilley; (m(r,i)))
Ch.i
and*
\c,, (im(r, i) — I (im(r, )| <cy®logy . (A3)

At the end collecting the previous inequalities we have

10g(Zp,y.1 ({0 @ =im})) < —BFp,.() + Bel Ty v |Gy 27 +y* log(y ).
The inequality (3-2) is proved in a similar way, so the proposition is proved. [
Proof of Theorem 2.4. We start by introducing the following proposition.

Proposition A.1 (Lebowitz—Penrose limit). Let Zg ,, ;1= Zg.,; (M) with &' €
O, %); then

lim logZg 3 =pgs.a
y=0 BTy | o PP

where P = supme[_1’+1]{—¢ﬂ,x(m)} and

1+20 5, 1
$p.a(m)= M- —1I(m). (A-4)
p
Proof. For the proof see Theorem 4.2.1.1 in [Presutti 2009]. O

We consider

zg . (m)
Z(a) /
Zm’eM(‘” ﬁ,y,k(m )

:ylog(Zf;)),’)‘(m)) —ylog( Z Zl(g‘f))/’k(m/))

m’ €M@

ylogupyalo~*ml=y 10g<

4The definition of I¢c, ; and the inequality (A-3) can be found in Appendix A of [Presutti 2009]
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By Theorem 2.3 for « € (0, 1)
)}i_r)r%) Y log(Z/(f)),’)L(m)) =—Fp(m).
Ifa< % by Propositions 3.1 and A.1, we have that
lim —Z log Zg 5= inf Fy(m).
y—0 B e meMe@

For o > % instead,

L P ARSI i s

m’ e M@ m' eM©@ o:ox~Ym’

=—y log Z Z Z e*ﬁHy,)L(U)

m'eM@ my €, 5o my,

=—V 10g(zﬂ,y,)\)

observing that
inf Fg,(m'y=sup {—¢p,(h)} -{N=pg,LN.
m he[—1,+1]

Then

ylig}) ylog gy [0~ ml=—(Fp,(m) —inf Fg, (m). 0

Appendix B: A counterexample

In this appendix we shall show that Theorem 2.3 cannot be extended to the case
BA > 1; indeed for the mesoscopic state m =0

lim inf F§®) . (0) < Fg 5.(0).

If o> % we can take a sequence m, where my is equal, in the first half of

each interval Dfa), to mg;, and in the second half to —mg;; we obtain m((f) =0.
Recalling Definition 5.1, we have that m, 5 m=0. By the definition of F éa) , and

Vs
Proposition 3.2,

I - _
Fé?{;,x(o) = FFﬂ,y,A(ma) +e(y, ).
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Now we observe that

_ 1 N y’lé y’lﬁ
Fpyalma)=7) / f Jy (o Pl (r, ) = g (' D) dr’ dr
i=1"0 0

N

A y e pyle
+ — / / i (r, ([ (r, i) — g (r',i — D
4 0 0

i=1
N Vflg
+ [l (r, i) — o (i + D) dr' dr + ) f Pp.1 (Mg (r, i) dr
i=170
where ¢g ;. as in (A-4). Since i, is the same on each line, we have

_ N yflf r+y’l
Fpgya(ig)= y / / Jy (r, 1) [mg (r, 1) — mg (1, D dr' dr
0 r—y~!

AN y~le r4y =12
+ = / T2 (r, 1) (r, 1) — g (r', D> dr’ dr
2 Jo r—y=12

a4
N f 5. (i (r, 1)) dr.
0

By the symmetry of J and the definition of m, we have

1 N 1+2x Ne
— Fpya(iia) < = tm3, + N8y~ 2md, — NO——""i, — — I (ig;).
y~! 2k B > BT

Then

P R _ I(mpg,)
1 f—F 0)<Ne( —am3, — —22
LR G S

1(0)

< —NET:Fﬂ,A(O)
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