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DYNAMIC BOUNDARY CONDITIONS
FOR MEMBRANES WHOSE SURFACE ENERGY DEPENDS
ON THE MEAN AND GAUSSIAN CURVATURES

SERGEY GAVRILYUK AND HENRI GOUIN

Membranes are an important subject of study in physical chemistry and biology.
They can be considered as material surfaces with a surface energy depending
on the curvature tensor. Usually, mathematical models developed in the litera-
ture consider the dependence of surface energy only on mean curvature with an
added linear term for Gauss curvature. Therefore, for closed surfaces the Gauss
curvature term can be eliminated because of the Gauss—Bonnet theorem. Rosso
and Virga (Proc. Roy. Soc. Lond. A 455:1992 (1999), 4145-4168) considered the
dependence on the mean and Gaussian curvatures in statics and under a restric-
tive assumption of the membrane inextensibility. The authors derived the shape
equation as well as two scalar boundary conditions on the contact line.

In this paper — thanks to the principle of virtual working — the equations
of motion and boundary conditions governing the fluid membranes subject to
general dynamical bending are derived without the membrane inextensibility as-
sumption. We obtain the dynamic “shape equation” (equation for the membrane
surface) and the dynamic conditions on the contact line generalizing the classical
Young—Dupré condition.

1. Introduction

The study of equilibrium, for small wetting droplets placed on a curved rigid sur-
face, is an old problem of continuum mechanics. When the droplets’ size is of
micron range the droplet volume energy can be neglected. The surface energy of
the surface S can be expressed in the form

E=//ods,
S

where o denotes the energy per unit surface. Two types of surfaces are present in
physical problems:
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« rigid surfaces (only the kinematic boundary condition is imposed) and

« free surfaces (both the kinematic and dynamic boundary conditions are im-
posed).

We will see the difference between the energy variation in the case of rigid and
free surfaces.

The simplest case corresponds to a constant surface energy o, but in general, o
also depends on physical parameters (temperature, surfactant concentrations, etc.
[Gouin 2014a; Rocard 1952; Steigmann and Li 1995]) and geometrical parameters
(invariants of curvature tensor). The last case is important in biology and, in particu-
lar, in the dynamics of vesicles [Alberts et al. 2002; Lipowsky and Sackmann 1995;
Seifert 1997]. Vesicles are small liquid droplets with a diameter of a few tens of mi-
crometers, bounded by an impermeable lipid membrane of a few nanometers thick.
The membranes are homogeneous down to molecular dimensions. Consequently,
it is possible to model the boundary of vesicle as a two-dimensional smooth surface
whose energy per unit surface o is a function both of the sum (denoted by H) and
product (denoted by K) of principal curvatures of the curvature tensor:

oc=0(H,K).

In mathematical description of biological membranes, one often uses the Helfrich
energy [1973; Tu 2011]:

o (H, K):ao+§(H—HO)2+/zK, 1)

where 09, Hp, x, and ik are dimensional constants. Another purely mathematical
example is the Wilmore energy [1993]:

o(H,K)=H?-4K.

This energy measures the “roundness” of the free surface. For a given volume, this
energy is minimal in case of spheres. One can also propose another surface energy
in the form

o =09 +ho(H* = H)® + ko(K — Ko)?,

where oy, hg, Hy, ko, and Ko are dimensional constants. This kind of energy
is invariant under the change of sign of principal curvatures, (i.e., the change of
sign yields H — —H and K — K). It can thus describe the “mirror buckling”
phenomenon: a portion of the membrane inverts to form a cap with equal but
opposite principal curvatures. It is also a homogeneous function of degree four
with respect to principal curvatures.

The equilibrium for membranes (called “shape equation” by Helfrich) is formu-
lated in numerous papers and references herein [Biscari et al. 2004; Capovilla and
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Guven 2002; Fournier 2007; Helfrich 1973; Napoli and Vergori 2010; Zhong-can
and Helfrich 1989]. The “edge conditions” (boundary conditions at the contact
line) are formulated in few papers and only in statics. In particular, in [Rosso and
Virga 1999] the shape equation and two boundary conditions are formulated for
the general dependence o (H, K) under the assumption of the membrane inexten-
sibility. However, the boundary conditions obtained do not contain the classical
Young—Dupré condition for the constant surface energy. In the case where the
energy depends only on H a static generalization of Young—Dupré condition was
derived in [Gouin 2014b].

The aim of our paper is to develop the theory of moving membranes which are
in contact with a solid surface. The surface energy of the membrane will be a
function both of H and K. We obtain a set of boundary conditions on the moving
interfaces (membranes) as well as on the moving edges.

The motion of a continuous medium is represented by a diffeomorphism ¢ of a
three-dimensional reference configuration Dy into the physical space. In order to
analytically describe the transformation, variables X = (X', X2, X3)7 single out
individual particles corresponding to material or Lagrangian coordinates, where su-
perscript “7T” means the transposition. The transformation representing the motion
of a continuous medium occupying the material volume Dy is

x=¢ X) or x' =¢'(t, X", X* X, i={1,2,3},
where ¢ denotes the time and x = (x!, x2, x3)7 denote the Eulerian coordinates.
At t fixed, the transformation possesses an inverse and has continuous derivatives
up to the second order (the dependence of the surface energy on the curvature
tensor will regularize the solutions, so the cusps and shocks do not appear).
At equilibrium, the unit normal vector to a static surface ¢g(x) = 0 is the gradient
of the so-called signed distance function defined as follows. Let

min|x —&| if ¢y > 0,
d(x) = 0 if go =0, (2
—minjx —&| if g9 <O,
where the minimum is taken over points & at the surface, and | - | denotes the Eu-
clidean norm. The unit normal vector is

n=Vd(x).

In dynamical problems, the main difficulty in formulating boundary conditions
comes from the fact that one cannot assume that for all time t the unit normal
vector to the surface is the gradient of the signed distance function.

Indeed, if the material surface is moving, i.e., the surface position depends on
time ¢, the surface points of the continuum medium are also moving and they will



134 SERGEY GAVRILYUK AND HENRI GOUIN

depend implicitly on x. Let ¢(¢, x) = O be the position of the material surface at
time ¢. Its evolution is determined by the equation

g +u’ Vo =0, 3)

where u is the velocity of particles at the surface. Equation (3) is the classical
kinematic condition for material moving interfaces. Let us derive the equation for
the norm of V. Taking the gradient of (3) and multiplying by V¢, one obtains

(VoD +n" V(@' ve) =0, “4)

where n = V¢/|Vg]| is the unit normal vector to surface ¢(¢, x) = 0. It follows
from (4) that, even if initially [V¢| =1 (i.e., unit normal »r is defined at t = 0 as the
gradient of the signed distance function), this property is not conserved in time.
The following definitions and notations are used in the paper. For any vectors
a, b, we write a’ b for their scalar product (the line vector is multiplied by the
column vector), and ab” for their tensor product (the column vector is multiplied
by the line vector). The last product is usually denoted as a ® b. The product of a
second-order tensor A by a vector a is denoted by Aa. Notation b” A means the
covector ¢! defined by the rule ¢ = (AT b)”. The identity tensor is denoted by 1.
The divergence of A is covector div A such that, for any constant vector &, one has

(div A)h =div(Ah),

i.e., the divergence of A is a row vector, in which each component is the divergence
of the corresponding column of A. It implies

div(Av) = (divA)v + tr(Aa—v>,
ox
for any vector field v. Here tr is the trace operator. If f is a real scalar function
of x, % is the linear form (line vector) associated with the gradient of f (column
vector): &L = (V )T,
If n is the unit normal vector to a surface, P = I —nn! is the projector on the
surface with the classical properties

P =P, PT =P, Pn =0, n'P=0.

For any scalar field f, the vector field v, and second-order tensor field A, the tan-
gential surface gradient, tangential surface divergence, Beltrami—Laplace operator,
and tangent tensors are defined as

Vg = Pv, Atg = PA, Vtgf = PVf,

. av .
letg Vg = tr(Pa—;g) Atgf = letg(Vtgf),
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and for any constant vector h,
ding(Atgh) = ding(A[g)h.

The following relations between surface operators and classical operators applied
to tangential tensors in the sense of previous definitions are valid:

. ) r{on T
divig v =divog +n P VUyg, (5)
divig vg = n' rot(n x Vig), (6)

) . 7 on T
divig Ag = div A +n PP A, (N
ding(fvtg) = f ding vtg + (Vtgf)Tvtg, (8)
divig(f Atg) = [ divig Aig + (Vig )" Asg, ©)

where rot denotes the curl operator. The proof is straightforward. Indeed, since

dmTvg) (v r(on
_— _— _— = 0’
ox " ox Tt ox
one has

. avtg . T 8vtg on r
diveg v = tr PW =divog—n P n_dlvvtg—i-n P Vg,

which proves relation (5). To prove relation (6), one uses the following identity
valid for any vector fields @ and b:

ob
rot(a x b) =adivbh — bd1va+—b—— .
ax ox

We apply this identity to the vectors @ = n and b = v,. Multiplying on the left
by n”, one obtains relation (6). Relations (7), (8), and (9) are direct consequences
of relation (5).

2. Curvature tensor
The unit normal vector being prolonged in the surface vicinity, we can directly
obtain the expression of its derivative:
on "
ox Vel
where ¢” is the Hessian matrix of ¢ with respect to x. One obviously has

T on
ax

=0.
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However, since in dynamics n is not the gradient of the signed distance function,
we cannot have the property

0
M=o (10)
ox
The curvature tensor is defined as
i
0
__p¥ p__"
Vol ox
Hence, in dynamics
R+ on
ax’

Let us note that the derivation of the shape equation and boundary conditions in
statics always uses property (10) and the curvature tensor coming from the defini-
tion of the signed distance function. In dynamics, we cannot use these properties
and new tools should be developed.

Tensor R is symmetric and has zero as an eigenvalue:

R=R", Rn=0.
In the eigenbasis, tensor R is diagonal:

cit 00
R=|0 ¢ 0],
0 0O

where ¢y, ¢, are the principal curvatures. The two invariants of curvature tensor R
are

H=c|+cy, K =cjc.

Invariant H is the double mean curvature, and invariant K is the Gaussian curvature.
They can also be expressed in the form

on
H=trR= —tr(—),
0x

var=[u( ) {52
2K =(trR)" —tr(R*) = [ tr| — —tr| | — .
ox ax

Lemma 1. The following identities are valid:
div P = Hn',
divig R = Vi, H + (H* —2K)n”
R>=HR-KP.
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Proof. First, let us remark that P = Pz and R = R;,. One can apply (7) to obtain

8 T
divg P = —div(nn”) +n” (—") P

ax

an\" on\"
=—dive)n” —n" o +n” o (I —nn")

ax ax
=—(dive)nT,

which proves the first relation. The proof of the second relation is as follows:
d 0
div R = — div( = ) +div( S—nn”
ox ax
3 (di 9 an\*\"
=— (lvn)—i-div ke n" +n” o
ox ox ox
3 (di d an\? an\"\"
=— (wn)+div B Van” () VaT a7 (2
ox ox ox ox
OH am\\ , pfom\
=—P+tr{{— ) |0 —n |— ) R.
ox ox ox
Consequently,
, OH on\’
letg R = WP +tr<<£> )nT.

Using tr((g—Z)z) =tr(R?) = H? — 2K, we obtain the second relation of the lemma.
Now, the curvature tensor satisfies the Cayley—Hamilton theorem:

R’—HR*+KR=0.

The minimal polynomial is
R°—HR+KP=0,

which proves the third relation. ]

3. Virtual motion
Define a one-parameter family of virtual motions
x=®(, X, 1)

with scalar A € O, where O is an open real interval containing zero and such that
(¢, X, 0) = ¢(¢, X) (the motion of the continuous medium is obtained for A = 0).
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The virtual displacement of particle X is defined as [Gavrilyuk 2011; Serrin 1959]

aP(t, X, 1)

ox(t,X) = ) .
A=0

In the following, the symbol § means the derivative with respect to A at fixed
Lagrangian coordinates X and ¢, for A = 0. We will also denote by ¢ (¢, x) the
virtual displacement expressed as a function of Eulerian coordinates:

g(t,x) =&, ¢(t, X)) = dx(1, X).

4. Variational tools

We assume that D, has a smooth boundary S; with edge C,. We respectively denote
by Dy, Sp, and Cy the images of Dy, S;, and C; in the reference space (of Lagrangian
coordinates). The unit vector n and its image n( are the oriented normal vectors
to S; and Sp; the vector ¢ is the oriented unit tangent vector to C; and n’ =t x n
is the unit binormal vector (see Figure 1). F = % = g—; is the deformation
gradient. For the sake of simplicity, we will use the same notations for quantities
as F, n, etc., both in Eulerian and Lagrangian coordinates.

Lemma 2. We have the relations

ddet F =det F div, (11D
ac\"
on=—-—P|—] n, (12)
ox
—1\ _ _1 9¢ -1
6(F 'n)=—F a—n—i—F on, (13)
x
d k) on d
S on :_n__n_g‘. (14)
ax dx  dx dox

Proof of relation (11). The Jacobi formula for the determinant is

S(det F) =det Ftr(F~ '8 F).
0x 08x
SF=6 — )= —.
0X X

_1 0X ddx 08x 0X 0L .
tr(F- 0F)=tr| —— | =tr| —— | =tr| == | =div¢. O
dx 0X 0X ox ox

Also,

Then

Proof of relation (12). Surface ¢(t, x) = 0 is a material surface. It can be repre-
sented in the Lagrangian coordinates as ¢(f, x) = ¢o(X), which implies that ¢ = 0.
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Also,

5 dg _s 8¢F_1 08¢ dpdE 09 dL
ax ) \aXx T 9x  dxdx  Ox ox’

Here we used the following expression for the variation of F~! coming from the
relation F~'F =1I:

a
sp' = —F 2%
ax
One also has
(Vo) 8V
8|Vp| = ——.
Vol
Finally, taking the variation of n = V¢ /|V¢|, one can obtain
ac\ ac\"
8n=(nTn—I) —C n=-—P —C n. [l
ax ax
Proof of relation (13).
0
S(F'my=8(F Yn+F 'Sn=—F"! a—gn—i—F_lcSn. O
x
Proof of relation (14).
S B_n =5 8_nF71 =88_nF71+8_n§F71=88_n_8_n8_§‘ O
ox X X X ax  0x dx

We denote by o the energy per unit area of surface S;. The variation of o is §o.
This variation depends on the physical problem through the dependence of o on
geometrical and thermodynamical parameters. For now, we do not need to know
this variation in explicit form; the variation will be given further. The next lemma
gives the variation of the surface potential energy [Gouin 2014a; 2014b].

Lemma 3. Let us consider a material surface S; of boundary edge C,. The varia-

E=//lads

8E=/ [80—(VtTga+aHnT)I;]ds—|—/ on'" ¢ dl,
St C

tion of surface energy
is

where ds, dl are the surface and line measures, respectively.'

It s interesting to remark that the combination S0 =80 — (VtTga)c is the variation of o at fixed
Eulerian coordinates. Indeed, since the symbol § means the variation at fixed Lagrangian coordinates,
and § is the variation at fixed Eulerian coordinates, this formula is a natural general relation between
two types of variations [Gavrilyuk and Gouin 1999; Gavrilyuk 2011].
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Proof. We suppose that the unit normal vector field is locally extended in the
vicinity of S;. For any vector field w one has

on Jw
rottn xw) =ndivw —wdivh + —w — —n.
ax 0x
From relation n”n = 1, we obtain n” 2* = 0. Using the definition of H (that is,
H = —divn), we deduce on S,
0w
n’ rottn x w) =divw+ Hn'w—n a—n (15)
x

The surface energy is given by

:// O’|d1x/\d2x|,

where d;x = ng ds; (i =1,2) and s; are curvilinear coordinates on S;. This integral
1
can also be written as

:// adet(n,dlx,dgx)sz odet(FF 'n, FdioX, FdyX).
t SO

Here d;o X = %ds,-o and s;¢ are the corresponding curvilinear coordinates on Sp.
1
Finally,

f / o (det F) det(F~'n, d1oX, dopX) = / f o det((det F)F~'n, d1oX, dx X).
So

Let us remark that (det F) F~'n is the image of n and is not the normal vector
to Sy because F is not an orthogonal transformation.
One has

8E=f/ So detFdet(F_ln,d1oX,d20X)+//05(dethet(F n,dioX,dxX)).
s So

0

Using Lemma 2, one gets

// mS(dethet(F_ln, dipX, drX))
So

0
=// adiv;det(n,dlx,dzx)+adet(8n,d1x,d2x)—adet(a—gn,dlx,dzx>
: x

= // (div(o—;) — (Vo) —anTa—Cn) ds.
, 0x

Relation (15) yields

div(c¢)+oHn'¢ —nT%n =n" rot(on x ¢).
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It implies
// o8(det F det(F~'n, dgX, dyoX))
So

= // —(O'HnT +(VTG)P)§ ds—i—// n’ rot(on x &) ds.
St St

Since PVo = V.0, one has

// n’ rot(on x ¢)ds =f det(t,on, ¢)dl =f Gn/TC dl,
S G G

and we obtain Lemma 3. O

Lemma 4. Let o be a function of curvature tensor R, or equivalently, a function
of H and K. Then,

oo ) do oo do
—=al+bR witha=—+H—andb=——, (16)
oR oH K 0K

where for the sake of simplicity, we indifferently write o (R) or o (H, K). In par-
ticular, this implies

700 0n
nl —— = (17)
R dx
Proof. Since H =tr R, 2K = (tr R)> — tr(R?), and
3 tr(RY) kR
R
one gets
do dJo dJo dJdo
—=—+H—)I - —R.
R oH 0K 0K
Since 5 5
n o
R=——P d — =al +bR, 18
ox. A4 gpTalt (18)
we obtain )
rdodn _ pon _ plonY .
JR 0x ox ox

5. Variation of o

This is a key part of the paper. The variation of the surface energy per unit area is
obtained in the general case 0 = o (H, K). The membrane is determined by a sur-
face S; having a closed contact line C; on a rigid surface ¥ = S; U S; (see Figure 1).
The dependence on other parameters such as concentrations of surfactants on the
membranes can further be taken into account as in [Gouin 2014a; Steigmann and
Li 1995].
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Figure 1. A drop lies on solid surface ¥ = S; U S,; S; is a free
surface; n; and n are the external unit normal vectors to S; and S,
respectively. Contact line C,; separates S; and S, ¢ is the unit
tangent vector to C; on . Vectors n) =n; x t and n’ =t x n are

the binormals to C; relative to & and S; at point A of C;, respec-
tively.

Lemma 5. The variation of surface energy o (R) is given by the relation

. do oo . oo . do
do = —divyg ﬁRt—FPﬁ(Sn + divyg ﬁR ¢ +divyg Pﬁ én. (19)

Proof. Using Lemma 2, we have

ad k) on d a
SR = —§ _np - _ _n__n_; p_,__n(g(,mT).
ax dx  0x dx ax

By taking account of (12) and S(mn’) =énn” +nén”, we get

98 n 9 9 ac\! 9 9
sR—_ M p noL, om, 00N L 9m 1%
0x 0x 0x 0x 0x 0x 0x

We deduce

oo
do =tr| —46R
oR

) 38 an 9 3 ac\! ) 3
=tr 29 ——nP+—n—§P——nP 9% nnT——nnnT—cP .
oR ox 0x 0x 0x ox ox ox

From (17), we get nn722 3298 — ( and pnT 22 9 ppT 9% —

96 3 BRBBCx ox 9 Y ORx™ ox T
Consequently, 57 % P 5> = — 5% R+, which implies
do dén  do _0¢&
S0 = —tr| P20 4 2 RES
OR 0x OR oOx

div( P2%sn ) +div( P27 \sn —div( 2% Re ) + div( 22 R
=— —on — |én — — — .
1v R 1v R 1v R ¢ 1v R ¢
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By taking account of (5), we get

) Lol . do . do . oo
do = —divy Pa—R(Sn + diveg PB_R on — divyg a—RR;‘ + divyg B_RR g,

and relation (19) is proven. [l

Now, we have to study term divtg(P 99\ sn.

7%)
. do . (00
Lemma 6. divy, Pﬁ on = —divyg Pd1Vtg Pﬁ n Z;

i) i)
+ divyg [P divy, (Pﬁ)];ﬂ; — divy, (Pﬁ) R¢.

Proof. Using relation (12), one obtains
a 0
divig( P22 ) sn = —divig ( P22 ) P(22) n
oR oR ax
d amTe)\" (o'
— _divg (P22 ) p| (228 (22,
IR ax ox
. do T . do
= —divyg PB_R Vig(n® &) —divyg PB_R R¢
. T do T . do
= divig| P div, Pﬁ n' ¢ —divy Pﬁ R¢
. . filog
_dlvtg[Pdlth(Pﬁ)nT;], (]

Now, from Lemma 3 and (19), we obtain the following fundamental lemma.

Lemma 7. The variation of surface energy E = [ 5,0 ds, where S; has an oriented
boundary line C, with tangent unit vector t and binormal unit vector n' =t X n, is
given by the relation

9 do do
552// [divtg(ﬁR)—divtg( BR)R—I—dlvtg(Pletg( aze))”T

—oHn" — Véa]g‘ ds
o do T_ 8;‘
+ ol — 2R d1V Rl ¢ + s dl.
C, oR oR ] R \ox
Proof. By taking account of Lemmas 5 and 6, we get

oR oR

. do . Lo . T do T
+ | divyg ﬁR —divyg Pﬁ R +divyg Pd1Vtg Pﬁ n' |¢.

do do ]
So = —divtg|: Re+PZsn+ P divé(P—)n ¢
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By using (6) and Lemma 3 associated with the Stokes formula, and property
n'TP =n'T, we obtain

. do , do . . do
SF = f/r |:d1Vtg (8_RR> — letg (PB_R>R +letg (P leé(Pa—R>)nT

—oHn" — Véa]g ds

+f ol— %R _ divh PO\t e = 2% snlan,
. OR IR IR

From Lemma 2 we deduce

—n/Ta—oén n/T 3C n,
oR 8R ax

which proves Lemma 7. O

6. Equations of motion and shape equation

The vesicle occupies domain D; with a free boundary S; which is the membrane
surface, and S| which belongs to the rigid surface ¥ = §; U S,. S; denotes the
footprint of D; on ¥, and C; is the closed edge (contact line) between S; and $>
(see Figure 1).

We denote by n; the external unit normal to S; along contact line C,;. Then
denoting #; = —t, one has

ny=t xn =n; xt.

The surface energy of membrane S; is denoted o. Solid surfaces S; and S, have
constant surface energies denoted oy and 0. The geometrical notations are shown
in Figure 1.

One can formulate the virtual work principle in the form [Germain 1973; Gouin
2007]

A, +0A; —6€ =0,

where 84, is the virtual work of external forces, §«; is the virtual work of inertial
forces, and &€ is the variation of the total energy. The energy € is taken in the

form
‘é:[// psdv+//ods+// o1 ds,
D, s, Si

where specific internal energy ¢ is a function of density p. As we mentioned
before, one can also include in this dependence several scalar quantities which are
transported by the flow (specific entropy, mass fractions of surfactants, etc.). From
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Lemma 2, (11), and the mass conservation law
pdet F = po(X),

we obtain the variation of the specific energy and density at fixed Lagrangian co-
ordinates in the form

be = %8,0 with §p = —p div ¢,
0

where p is the thermodynamical pressure. Consequently, the variation of the first
term is [Berdichevsky 2009; Gavrilyuk 2011; Serrin 1959]

et [ et et
:/‘//Dtp(Ssdv:—/‘//DrpdiVCdv.

The variation of the surface energy is given in Lemma 3. The third term is the
surface energy of S; with energy o; per unit surface. The virtual work of the
external forces is given in the form

8ﬂ6=/f/ prg‘dv—i-// TTCds—i-/ o'l ¢ ds,
Dl t Cl

where p f is the volume external force in D,, T is the external stress vector at the
free surface S;, and agn’l is the line tension vector exerted on C,. The last term
on the right-hand side comes from Lemma 3 which can be also applied for rigid

surfaces. Finally,
8&@:—/// pal ¢ dv
D,

is the virtual work of inertial force, where a is the acceleration. The virtual work
of forces §J applied to the material volume D; is defined as

5@:// (—paT+pr—VTp);dv+/ (p+ Hionl ¢ ds
D,

S1

. do . do
+ s —letg a_RR +d1Vtg Pa_R R

0
— divyg (P divgg (P%)),ﬂ +(p+ Ho)n' + VtTga + TT:|§ ds

0 0
—/[{[(01 —oyn +on'" —n'" divgg(Pﬁ)nT —n/TﬁR}C

a7 p( 38 Tn dl (20)
IR \ax '
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As usual, H; and H are the sum of principle curvatures of surfaces S; and S;,
respectively. Terms on Dy, Sy, S; are in separable form with respect to the field ¢.
Expression (20) implies the equation of motion in D, and boundary conditions
on surfaces Sy, S; [Schwartz 1966, Chapitre 3]. Virtual displacement ¢ must be
compatible with conditions of the problem; for example, S; is an external surface
to domain D, and consequently ¢ must be tangent to S;. This notion is developed
in [Berdichevsky 2009]. They are presented below.

6.1. Equation of motion. We consider virtual displacements ¢ which vanish on
the boundary of D,. The fundamental lemma of virtual displacements yields

pa+Vp=pf, 21)
which is the classical Newton law in continuum mechanics.

6.2. Condition on surface S;. Due to the fact that the surface S; is—a priori —
given, the virtual displacements must be compatible with the geometry of S;. This
means that the nonpenetration condition (slip condition) is verified:

nl¢=0. (22)

Constraint (22) is equivalent to the introduction of a Lagrange multiplier ?; into (20)
where ¢ is now a virtual displacement without constraint. The corresponding term
on S will be modified into

/ (p+ Hioy —Pnl ¢ ds.
S

Since the variation of ¢ on S is independent, (20) implies
Pr=p+Hoi. (23)

This is the classical Laplace condition allowing us to obtain the normal stress com-
ponent Pn; exerted by surface S;.

6.3. Extended shape equation. Taking account of (21) and (23), for all displace-
ment { on moving membrane S;, one has from (20)

: do . do
s _dlvtg 8_RR +d1Vtg Pa_R R

0
— divtg<P dinTg (P%))nT +(p+ Ho)n” + Véo + TT:|; ds =0.
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It implies

. . do
{p+Ho—d1vtg|:Pd1V[Tg(Pﬁ>]}n
. T do T do
+Vtg0—dlvtg B_RR +Rletg Pa_R +T =0. (24)

Equation (24) is the most general form of the dynamical boundary condition on ;.
Due to the fact that surface energy o must be an isotropic function of curvature
tensor R, i.e., a function of two invariants H and K, we obtain (for proof, see the
Appendix) that the vector

- T 80 - T 80
Vigo —divy, B_RR + R divy, PB_R

is normal to S; and consequently T can be written in the form
T =—%n.

Here scalar % has the dimension of pressure.
One obtains from (44) (see the Appendix)

Ho — Ayga —bAgH — Vi bVigH — divig(RVigh)
+ (2K — HZ)— ) P—p. (25)
0K
Relation (25) is the normal component of (24).

It is important to underline that (24) is only expressed in the normal direction
to S;. This is not the case when surface energy o also depends on physicochemical
characteristics of S;, such as temperature or surfactants. In this last case, Marangoni
effects can appear producing additive tangential terms to S;.

Using Lemma 1 (second equation) and expressions of scalars a and b given
by (16), we get the extended shape equation:

H(o—K8—>+(2K Hz)——At 99 ga, %
K $9H fOK
—VIHv, +dwtg(thg 8") =P—p. (26)
9K 0K

Equation (26) was also derived in [Rosso and Virga 1999] under the hypothe-
sis (10) and the assumption of inextensibility of the membrane. Our derivation
does not use these hypotheses. For example, the inextensibility property is not
natural even in the case of incompressible fluids (at fixed volume, the surface of a
three-dimensional body may vary).
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tangent plane to S,

tangent plane to S;

Figure 2. Tangent planes to membrane S; and solid surface S;:
ny and n are the unit normal vectors to & and §;, external to the
domain of the vesicle; contact line C; is shared between & and S;
and ¢ is the unit tangent vector to C, relative to n; n/1 =n xt
and n’ =t x n are binormals to C; relative to & and S; at point A,
respectively. Angle 6 = (n’, n|). The normal plane to C; at A
contains vectors n, n’, ny, n}.

6.4. Helfrich’s shape equation. The Helfrich energy is given by (1). The shape
equation (26) can immediately be written in the form

K
aOH—i—E(H—Ho)[4l(—H(H—l—Ho)]—KAtgH=97>—p, (27)
which is the classical form obtained by Helfrich.?

7. Extended Young-Dupré condition on contact line C;

Let us denote by 6 = (n’, n|) = 7 4 (n, n1) (mod 27) the Young angle between S;
and S; (see Figure 2).
Due to the fact that C, belongs to S, the virtual displacement on C; is in the

form
¢ =at+ Bn, (28)

2Let us note that Helfrich considered the vesicle as an incompressible fluid. He also assumed that
the membrane has a total constant area. Then, the virtual work can be expressed as

angff pr;du+// TT;ds—(s//ads+xoa//ds+a/// pdive dv,
D S S S D

where the scalar A( is a constant Lagrange multiplier and p is a distributed Lagrange multiplier. The
“shape equation” is similar to (27).
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where o and B are two scalar fields defined on S;. Let us remark that condition (28)
expresses the nonpenetration condition (22) on S;. Moreover, since n, n1, n/1 be-
long to the normal plane to C; at A (see Figure 2), one has

n=n}sind —n cosb. (29)
But relation ¢”n; = 0 implies
ac\’ any\’
P|— P — =0.
(8x) me (ax) ¢
Replacing (29) into (20) one has

d 0
8T = — /C {[(01 —on +on'" —n'" divé (Pa—;)nT — n’T—UR]C

oR
) ac\’
a9 p (28wl
oR ox
=—/ (o1 —on" +on'™ —n'" div], PO\ g
o} Lo B\" 3R OR
do any \!
0 /T_P o
+cosfn 3R <8x> ];
do _(ac\'
in0n” —P( =) njtdl=0. 30
+sinf n R (8x> ”1} (30)

We choose now the virtual displacement in the form § = Bn/. One has

T
on/|
ox )

3; R T 3_11/1 3_§ T_ /T
oy~ VA B (8x) = Vpn, +ﬁ<

: n\\T o
Since (%) n =0, it implies

The integral (30) becomes

do do
T T T 3:,T T T
/‘[”:(01 —oy)n| +on’ —n dlvtg<PaR)n —n aRR

do _[on\" _ do
+cos9n’TﬁP(§) ]ngﬂ+sm9n’TﬁPVﬁ}d1=O. (31)
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Since B and the components of VB can be chosen as independent, relation (31)
implies two boundary conditions. The first condition on line C; is

9
sinonT22p —o. (32)
IR

The second condition is

0
|:(01 —oyn +on'" —n'" divgg (P —G>nT

JR

d do  (oni\"
T2 Ry cosonT 2 p( L ny=0. (33)

oR oR ox

The case sinf = 0 all along C; is degenerate. If & = 0O, this corresponds to
a hydrophobic surface (the contact line is absent). If 8 = 7, this corresponds to
a complete wetting. In the last case | = —n’, n; = n, and the condition (33)
becomes trivial: 61 — o — o = 0.
The general case corresponds to the partial wetting (sin 6 # 0). Due to (18),
d d
n’Ta—ZP —nT(al+bR)P =an’" +bn'"R = n’Ta—;.
Hence, (32) yields
T 99
oR

Equation (34) implies (see Lemma 4)

a 0 ad
T (2 m 22 - 2R =0.
0H K 0K
Consequently, n’ is an eigenvector of R. We denote by ¢, the associated eigenvalue
¢>. Then

=0. (34)

do +H80 . do (35)
oH "ok T ok

Due to the fact that ¢ is also an eigenvector of R with eigenvalue ¢; = ¢; (¢ and n’
form the eigenbasis of R along C,), we get H = ¢, + ¢,y and the equivalent to the
boundary condition (35) in the form

do oo

From Lemma 4, (16), we immediately deduce

d
divi (P ﬁ) =Vepa+@H+bH* —2bK)n" +VibR+DVLH.  (37)
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Due to the fact that n’"n = 0, we obtain

9
n'T divf, (P %) =n""[Viga+ RVigh +bVigH] =n'"[Va+ RVb+bVH].

Consequently, one obtains the second condition on C; in the form
01—02+ocos9—sin@n’T(Va—l—bVH—i—RVb):O. (38)

This is the extended Young—Dupré condition along contact line C, between mem-
brane S, and solid surface &.

In the case of Helfrich’s energy given by relation (1), we obtain the extended
Young—Dupré condition (38) in the form:

o1 —0r+ocos —ksindn'TVH = 0. (39)

This last condition was previously obtained in [Gouin 2014b].

8. Surfaces of revolution

8.1. Shape equation for the surfaces of revolution. Along a revolution surface,
the invariants of the curvature tensor depend only on s, which is the curvilinear
abscissa of meridian curve denoted by I [Aleksandrov and Zalgaller 1967]:

H = H{(s), K =K (s).

3The virtual displacement taken in the most general form (28) does not produce new boundary
conditions. Due to the linearity of the virtual work, to prove this property it is sufficient to take

¢ = ot. We obtain
e ot ac\! ae\
7=tv -, _— = _— .
0x (Ve) +a8x <8x = ox "

Since
ot

— =c¢N tT,
ax
where N is the principal unit normal and c is the curvature along C;, one obtains
T
el
(—;) n/1 = ozctNTn/1
ax
and

3 ac\" 3
sinon’T 22 43 n =acsin9n’T—0tNTn’l,
oR ox oR

which is equal to zero thanks to (34).
Moreover, thanks to (34), we immediately obtain that term

do do do an \'
1T T 1T - T T 1T /T 1
|:(01 —oy)n| +on’ —n dlvtg<P—aR>n —n —8RR+cosen IR (—ax ) :|toe

is vanishing. Hence, new boundary conditions do not appear on Cy;.
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meridian plane

tangent plane to S

Figure 3. The case of a revolution domain. The line C, (contact
edge between S; and S7) is a circle with an axis which is the rev-
olution axis collinear to n;. The meridian curve is denoted T°;
normal vector n and binormal vector n’ are in the meridian plane
of revolution surface S;. We have n’ = e; and ¢ = e,, corresponding
to the eigenvectors of the curvature tensor R at A.

One of the eigenvectors, denoted e, of the curvature tensor R is tangent to meridian
curve I' (see Figure 3). Let us remark that for any function f(s), one has
df d*f
Vief = —ey, A f=—5.
e/ ds" ' e/ ds?

Indeed, the first equation is the definition of the tangential gradient. The second
equality is obtained as follows:

ding(Z—fﬁ) = tr(P%(%eJ) = tr(P%(Z—fel) ®e1)

d*f df d2f
= tI‘(WPel R e +C1(S)£n ®el> = F

The Frénet formula was used here:
d (2]

— =cin.

ds
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Also,

. . (df . (df d ( df
divig(RVyg f) = divyg gRel = divyg gclel =a CIE .

For surfaces of revolution the shape equation (26) becomes
do , 00 d* [do d*> (9o
Hlo—-K—)|+QK-H)———|—)|-H—|—
0K 0H ds?\0H ds2\ 0K
dH d [ do d d (do
—— = )t+—a—=)])=?—->p.
ds ds \ 0K ds ds \ 0K

8.2. Extended Young—Dupré condition for surfaces of revolution. One has along
C,, t =e, and n’ = e;. It implies n’" Rt = 0. Also, one has

n'T(Va+bVH+ RVb) = — +b— 4| —.
S N

The Young—Dupré condition (38) becomes

o —sin( 24 1 1 90) o
01 — 09 COS sing( — oo ta-)=0.

Since

oo do do
a H

=am Tk =79k’

one finally obtains

9 10 d ([ do 4 d ([ do 0
—opc080 —sinf| — | — —l—=]|=
oo as\oH ) " " as\ oK

For the Helfrich energy (1) this expression yields

dH .
01 —opc0s0 —k—sinf =0.
ds

9. Conclusion

Membranes can be considered as material surfaces endowed with a surface energy
density depending on the invariants of the curvature tensor: o = o(H, K). By
using the principle of virtual working, we derived the boundary conditions on the
moving membranes (“shape equation”) as well as two boundary conditions on the
contact line. In limit cases, we recover classical boundary conditions. The “shape
equation” and the boundary conditions are summarized below in the nondegenerate
case (see (26), (36), and (38)) as the following:
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o The equation for the moving surface S;:

H % do LK H2) do A 0o HA do
o K22 _ R 22
K 9H ®9H ®9K

Jdo . flog
- ng"Hvtgﬁ + diveg (thgﬁ> =P —p.

o The clamping condition on the moving line C,:

do n 00 —0

oH ' oK
Also, (¢, n, n’)— which is the Darboux frame — are the eigenvectors of cur-
vature tensor R.

o Dynamic generalization of the Young—Dupré condition on C;:

. 1T do filog
01 —02+0cosf —sinfn’" | Vig 3H +(HP — R)V,, e =0

In the case of Helfrich’s energy the generalization of the Young—Dupré condition
is reduced to (39):

01— 09+ 0 cosb —Ksinen’TVtgH =0.

The last term, corresponding to the variation of the mean curvature of S; in the
binormal direction at the contact line, can dominate the other terms. It could be
interpreted as a line tension term usually added in the models with constant surface
energy [Babak 2004]. It should also be noted that the droplet volume has no effect
in the classical Young—Dupré condition. This is not the case for the generalized
Young—Dupré condition since the curvatures can become very large for very small
droplets (they are inversely proportional to the droplet size). The clamping condi-
tion for the Helfrich energy fixes the value of H on the contact line:

K
H:HO—C[—.
K

The new shape equation and boundary conditions can be used for solving dynamic
problems. This could be, for example, the study of the “fingering” phenomenon
appearing as a result of the nonlinear instability of a moving contact line. This
complicated problem will be studied in the future.

Appendix

Since 0 = o (H, K), we get

do do
Vth' = a—HvtgH + a—KVth. (40)
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From (16), we obtain
divtg<P§—;> =Vga+(aH +bH* —2bK)n" + VbR + bV H. (41)
Also, one has

9
divig <a—;R> = divig(aR) + divig(bR).

Due to (9), one has

divig(aR) = (V)R +aVH +a(H* —2K)n",
divig(PR?) = divig[p(HR — K P)]
=V, (bH)R+bH[VH + (H* —2K)n"] -V, (bK) —bK Hn" .

Consequently,
. do T
letg ﬁR = (Vtg(a—l—bH))R
+(a+bH)VLH — VLK) + (@H? +bH® —2aK —3bHK)n". (42)
From relations (40), (41), and (42), we deduce
. (00 3 2 3
Vtga—dlvtg 8RR —{—Rdlvtg R = 2aK +3bHK —aH*“ —bH’)n.
Using (41), one obtains
T do
P letg Pﬁ = Vtga + thgb + thgH
One deduces
0
ding|:P dlvtg (P a—;)j| Atga + letg(thgb) + bAtgH + V thg (43)
From relations (40), (41), and (42), we deduce
Vigo —divy, ﬁR + R divy, Pﬁ

do do
2 3
= QaK +3bHK —aH® —bH )+ - VigH +

— thg(a +bH) — (Cl +bH)VtgH + Vtg(bK) + thga
+(aH +bH?* —2bK)Rn+ R*Vigh + bRV H + T

VieK
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Using relations Rr = 0, Lemma 1 (identity 3) and expressions of a and b given
by (16), we obtain

do do
aHVtgH + — 9K Vth thg(a +bH) (a +bH)VtgH + Vtg(bK)

+ RVyga + (@H +bH? —2bK)Rn + R*Vigb + bRV, H = 0.

Consequently,
. do ) do
Vigo — div/, (a—RR) + R div, (PB—R> = (2aK +3bHK —aH? —bH>)n.

Finally, using (43), one obtains
[P+ Ho — Aga —bAgH — Vb VigH — divig(RVigb)
+(QaK +3bHK —aH* —bH)|[n+T =0, (44)

where all tangential terms disappear in the boundary condition on S;.

Acknowledgments

The authors thank the anonymous referees for their noteworthy and helpful remarks
that greatly contributed to improve the final version of the paper.

References

[Alberts et al. 2002] B. Alberts, A. Johnson, J. Lewis, M. Raff, K. Roberts, and P. Walter, Molecular
biology of the cell, 4th ed., Garland Science, New York, 2002.

[Aleksandrov and Zalgaller 1967] A. D. Aleksandrov and V. A. Zalgaller, Intrinsic geometry of sur-
faces, Translations of Mathematical Monographs 15, American Mathematical Society, Providence,
R.IL, 1967.

[Babak 2004] V. G. Babak, “Stability of the lenslike liquid thickening (the drop) on a solid substrate”,
J. Adhesion 80:8 (2004), 685-703.

[Berdichevsky 2009] V. L. Berdichevsky, Variational principles of continuum mechanics, I: Funda-
mentals, Springer, 2009.

[Biscari et al. 2004] P. Biscari, S. M. Canevese, and G. Napoli, “Impermeability effects in three-
dimensional vesicles”, J. Phys. A 37:27 (2004), 6859-6874.

[Capovilla and Guven 2002] R. Capovilla and J. Guven, “Stresses in lipid membranes”, J. Phys. A
35:30 (2002), 6233-6247.

[Fournier 2007] J.-B. Fournier, “On the stress and torque tensors in fluid membranes”, Soft Matter
3 (2007), 883-888.

[Gavrilyuk 2011] S. Gavrilyuk, “Multiphase flow modeling via Hamilton’s principle”, pp. 163-210
in Variational models and methods in solid and fluid mechanics, edited by F. dell’Isola and S. Gavri-
lyuk, CISM Courses and Lect. 535, Springer, 2011.

[Gavrilyuk and Gouin 1999] S. Gavrilyuk and H. Gouin, “A new form of governing equations of
fluids arising from Hamilton’s principle”, Internat. J. Engrg. Sci. 37:12 (1999), 1495-1520.


http://dx.doi.org/10.1080/00218460490477648
http://dx.doi.org/10.1007/978-3-540-88467-5
http://dx.doi.org/10.1007/978-3-540-88467-5
http://dx.doi.org/10.1088/0305-4470/37/27/001
http://dx.doi.org/10.1088/0305-4470/37/27/001
http://dx.doi.org/10.1088/0305-4470/35/30/302
http://dx.doi.org/10.1039/B701952A
http://dx.doi.org/10.1007/978-3-7091-0983-0_4
http://dx.doi.org/10.1016/S0020-7225(98)00131-1
http://dx.doi.org/10.1016/S0020-7225(98)00131-1

ENERGY DEPENDING ON THE MEAN AND GAUSSIAN CURVATURES 157

[Germain 1973] P. Germain, “The method of virtual power in continuum mechanics, 2: Microstruc-
ture”, SIAM J. Appl. Math. 25:3 (1973), 556-575.

[Gouin 2007] H. Gouin, “The d’Alembert-Lagrange principle for gradient theories and boundary
conditions”, pp. 79-95 in Asymptotic methods in nonlinear wave phenomena, edited by T. Ruggeri
and M. Sammartino, World Scientific, 2007.

[Gouin 2014a] H. Gouin, “Interfaces endowed with nonconstant surface energies revisited with the
d’ Alembert-Lagrange principle”, Math. Mech. Complex Syst. 2:1 (2014), 23-43.

[Gouin 2014b] H. Gouin, “Vesicle model with bending energy revisited”, Acta Appl. Math. 132
(2014), 347-358.

[Helfrich 1973] W. Helfrich, “Elastic properties of lipid bilayers: theory and possible experiments”,
Z. Naturforsch. C. 28:11-12 (1973), 693-703.

[Lipowsky and Sackmann 1995] R. Lipowsky and E. Sackmann (editors), Structure and dynamics of
membranes: from cells to vesicles, Handbook of Biological Physics 1, Elsevier, Amsterdam, 1995.

[Napoli and Vergori 2010] G. Napoli and L. Vergori, “Equilibrium of nematic vesicles”, J. Phys. A
43:44 (2010), 445207.

[Rocard 1952] Y. Rocard, Thermodynamique, Masson, Paris, 1952.

[Rosso and Virga 1999] R. Rosso and E. G. Virga, “Adhesive borders of lipid membranes”, Proc.
Roy. Soc. Lond. A 455:1992 (1999), 4145-4168.

[Schwartz 1966] L. Schwartz, Théorie des distributions, Publications de I’ Institut de Mathématique
de I’Université de Strasbourg 9-10, Hermann, 1966.

[Seifert 1997] U. Seifert, “Configurations of fluid membranes and vesicles”, Adv. Phys. 46:1 (1997),
13-137.

[Serrin 1959] J. Serrin, “Mathematical principles of classical fluid mechanics”, pp. 125-263 in
Handbuch der Physik, vol. 8/1: Stromungsmechanik I, edited by S. Fliigge, Springer, 1959.

[Steigmann and Li 1995] D. J. Steigmann and D. Li, “Energy-minimizing states of capillary systems
with bulk, surface, and line phases”, IMA J. Appl. Math. 55:1 (1995), 1-17.

[Tu2011] Z. Tu, “Geometry of membranes”, J. Geom. Symmetry Phys. 24 (2011), 45-75.
[Willmore 1993] T. J. Willmore, Riemannian geometry, Clarendon, New York, 1993.

[Zhong-can and Helfrich 1989] O.-Y. Zhong-can and W. Helfrich, “Bending energy of vesicle mem-
branes: general expressions for the first, second, and third variation of the shape energy and appli-
cations to spheres and cylinders”, Phys. Rev. A 39:10 (1989), 5280-5288.

Received 12 Oct 2018. Revised 20 Feb 2019. Accepted 2 Apr 2019.

SERGEY GAVRILYUK: sergey.gavrilyuk@univ-amu.fr
Aix Marseille Univ, CNRS, IUSTI, UMR 7343, Marseille, France

HENRI GOUIN: henri.gouin@univ-amu.fr, henri.gouin@yahoo.fr
Aix Marseille Univ, CNRS, IUSTI, UMR 7343, Marseille, France

£
®

:'msp


http://dx.doi.org/10.1137/0125053
http://dx.doi.org/10.1137/0125053
http://dx.doi.org/10.1142/9789812708908_0008
http://dx.doi.org/10.1142/9789812708908_0008
http://dx.doi.org/10.2140/memocs.2014.2.23
http://dx.doi.org/10.2140/memocs.2014.2.23
http://dx.doi.org/10.1007/s10440-014-9907-y
http://dx.doi.org/10.1515/znc-1973-11-1209
https://www.sciencedirect.com/science/book/9780444819758
https://www.sciencedirect.com/science/book/9780444819758
http://dx.doi.org/10.1088/1751-8113/43/44/445207
http://dx.doi.org/10.1098/rspa.1999.0495
http://dx.doi.org/10.1080/00018739700101488
http://dx.doi.org/10.1007/978-3-642-45914-6_2
http://dx.doi.org/10.1093/imamat/55.1.1
http://dx.doi.org/10.1093/imamat/55.1.1
http://dx.doi.org/10.7546/jgsp-24-2011-45-75
http://dx.doi.org/10.1103/PhysRevA.39.5280
http://dx.doi.org/10.1103/PhysRevA.39.5280
http://dx.doi.org/10.1103/PhysRevA.39.5280
mailto:sergey.gavrilyuk@univ-amu.fr
mailto:henri.gouin@univ-amu.fr
mailto:henri.gouin@yahoo.fr
http://www.univaq.it
http://memocs.univaq.it/
http://msp.org

MATHEMATICS AND MECHANICS OF COMPLEX SYSTEMS

EDITORIAL BOARD
ANTONIO CARCATERRA
ERIC A. CARLEN
FRANCESCO DELL’ISOLA
RAFFAELE ESPOSITO
ALBERT FANNJIANG
GILLES A. FRANCFORT
PIERANGELO MARCATI
JEAN-JACQUES MARIGO
PETER A. MARKOWICH
MARTIN OSTOJA-STARZEWSKI
PIERRE SEPPECHER
DAVID J. STEIGMANN
PAUL STEINMANN
PIERRE M. SUQUET

MANAGING EDITORS
MicoL AMAR

ANGELA MADEO

MARTIN OSTOJA-STARZEWSKI

ADVISORY BOARD
ADNAN AKAY

HoOLM ALTENBACH
MicoL AMAR

HARM ASKES

TEODOR ATANACKOVIC
VICTOR BERDICHEVSKY
GUY BOUCHITTE
ANDREA BRAIDES
ROBERTO CAMASSA
MAURO CARFORE

ERIC DARVE

FELIX DARVE

ANNA DE MASI
GIANPIETRO DEL PIERO
EMMANUELE DI BENEDETTO
VICTOR A. EREMEYEV
BERNOLD FIEDLER
IRENE M. GAMBA
DAvID Y. GAO

SERGEY GAVRILYUK
TIMOTHY J. HEALEY
DOMINIQUE JEULIN
ROGER E. KHAYAT
CORRADO LATTANZIO
ROBERT P. LIPTON
ANGELO LUONGO
ANGELA MADEO

JUAN J. MANFREDI
CARLO MARCHIORO
ANIL MISRA

ROBERTO NATALINI
PATRIZIO NEFF
THOMAS J. PENCE
ANDREY PIATNITSKI
ERRICO PRESUTTI
MARIO PULVIRENTI
Lucro Russo

MIGUEL A. F. SANJUAN
PATRICK SELVADURAI
MIROSLAV SILHAVY
GUIDO SWEERS
ANTOINETTE TORDESILLAS
LEV TRUSKINOVSKY
JUAN J. L. VELAZQUEZ
VINCENZO VESPRI
ANGELO VULPIANI

msp.org/memocs

Universita di Roma “La Sapienza”, Italia

Rutgers University, USA

(CO-CHAIR) Universita di Roma “La Sapienza”, Italia
(TREASURER) Universita dell’ Aquila, Italia

University of California at Davis, USA

(CO-CHAIR) Université Paris-Nord, France

Universita dell’ Aquila, Italy

Ecole Polytechnique, France

DAMTP Cambridge, UK, and University of Vienna, Austria
(CHAIR MANAGING EDITOR) Univ. of Illinois at Urbana-Champaign, USA
Université du Sud Toulon-Var, France

University of California at Berkeley, USA

Universitit Erlangen-Niirnberg, Germany

LMA CNRS Marseille, France

Universita di Roma “La Sapienza”, Italia
Université de Lyon—INSA (Institut National des Sciences Appliquées), France
(CHAIR MANAGING EDITOR) Univ. of Illinois at Urbana-Champaign, USA

Carnegie Mellon University, USA, and Bilkent University, Turkey
Otto-von-Guericke-Universitidt Magdeburg, Germany
Universita di Roma “La Sapienza”, Italia

University of Sheffield, UK

University of Novi Sad, Serbia

Wayne State University, USA

Université du Sud Toulon-Var, France

Universita di Roma Tor Vergata, Italia

University of North Carolina at Chapel Hill, USA
Universita di Pavia, Italia

Stanford University, USA

Institut Polytechnique de Grenoble, France

Universita dell’ Aquila, Italia

Universita di Ferrara and International Research Center MEMOCS, Italia
Vanderbilt University, USA

Gdansk University of Technology, Poland

Freie Universitit Berlin, Germany

University of Texas at Austin, USA

Federation University and Australian National University, Australia
Université Aix-Marseille, France

Cornell University, USA

Ecole des Mines, France

University of Western Ontario, Canada

Universita dell’ Aquila, Italy

Louisiana State University, USA

Universita dell’ Aquila, Italia

Université de Lyon-INSA (Institut National des Sciences Appliquées), France
University of Pittsburgh, USA

Universita di Roma “La Sapienza”, Italia

University of Kansas, USA

Istituto per le Applicazioni del Calcolo “M. Picone”, Italy
Universitit Duisburg-Essen, Germany

Michigan State University, USA

Narvik University College, Norway, Russia

Universita di Roma Tor Vergata, Italy

Universita di Roma “La Sapienza”, Italia

Universita di Roma “Tor Vergata”, Italia

Universidad Rey Juan Carlos, Madrid, Spain

McGill University, Canada

Academy of Sciences of the Czech Republic

Universitit zu K6In, Germany

University of Melbourne, Australia

Ecole Polytechnique, France

Bonn University, Germany

Universita di Firenze, Italia

Universita di Roma La Sapienza, Italia

MEMOCS (ISSN 2325-3444 electronic, 2326-7186 printed) is a journal of the International Research Center for
the Mathematics and Mechanics of Complex Systems at the Universita dell’ Aquila, Italy.

Cover image: “Tangle” by © John Horigan; produced using the Context Free program (contextfreeart.org).

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2019 Mathematical Sciences Publishers


http://msp.org/memocs/
www.contextfreeart.org
http://msp.org/
http://msp.org/

MATHEMATICS AND MECHANICS OF COMPLEX SYSTEMS
vol. 7 no. 2 2019

A polynomial chaos expanded hybrid fuzzy-stochastic model for 99
transversely fiber reinforced plastics

Eduard Penner, Ismail Caylak, Alex Dridger and Rolf

Mahnken

Dynamic boundary conditions for membranes whose surface 131
energy depends on the mean and Gaussian curvatures
Sergey Gavrilyuk and Henri Gouin

Energy-based trajectory tracking and vibration control for 159
multilink highly flexible manipulators
Ivan Giorgio and Dionisio Del Vescovo

A model of the proppant flowback: setup of the theoretical 175
framework

Ksenia P. Frolova, Polina M. Grigoreva, Konstantin E.

Lezhnev and Grigoriy V. Paderin
The object detection by autonomous apparatus as a solution of the 189
Buffon needle problem

Mikhail A. Guzev, Gurami S. Tsitsiashvili and Marina A.
Osipova

MEMOCS is a journal of the International Research Center for
the Mathematics and Mechanics of Complex Systems @@

at the Universita dell’ Aquila, Italy.



http://dx.doi.org/10.2140/memocs.2019.7.99
http://dx.doi.org/10.2140/memocs.2019.7.99
http://dx.doi.org/10.2140/memocs.2019.7.131
http://dx.doi.org/10.2140/memocs.2019.7.131
http://dx.doi.org/10.2140/memocs.2019.7.159
http://dx.doi.org/10.2140/memocs.2019.7.159
http://dx.doi.org/10.2140/memocs.2019.7.175
http://dx.doi.org/10.2140/memocs.2019.7.175
http://dx.doi.org/10.2140/memocs.2019.7.189
http://dx.doi.org/10.2140/memocs.2019.7.189

	1. Introduction
	2. Curvature tensor
	3. Virtual motion
	4. Variational tools
	5. Variation of 
	6. Equations of motion and shape equation
	6.1. Equation of motion
	6.2. Condition on surface S1
	6.3. Extended shape equation
	6.4. Helfrich's shape equation

	7. Extended Young–Dupré condition on contact line Ct
	8. Surfaces of revolution
	8.1. Shape equation for the surfaces of revolution
	8.2. Extended Young–Dupré condition for surfaces of revolution

	9. Conclusion
	Appendix
	Acknowledgments
	References
	
	

