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Proppant flowback control is one of the main issues in hydraulic fracture
modeling since the propping agent maintains the crack in an open state and
therefore provides oil inflow to the wellbore. The main objective of this paper
is to determine the conditions that can lead to proppant flowback during the
direct operation of the well. The main outcome of this paper is an evolution
criterion for proppant flowback occurrence, which takes the external pressures
affecting the proppant particles, the proppant properties, and the crack open-
ing width into account. We propose a two-component continuum model con-
sisting of the proppant and the oil to find the stress-strain state of the proppant
and thereby to obtain the stress components in the evolution criterion. We
solve both a stationary problem for estimating the probability of the proppant
flowback occurrence under regular conditions as well as a transient problem
for taking the possibility of fast changing external conditions into account.

1. Introduction

Proppant flowback is a process of producing a propping agent from a hydraulically
created cleavage fracture during extraction of the hydrocarbons or treatment of
the wellbore. This process can significantly increase well operation costs due to
decreases in the crack permeability when the proppant pack used for keeping it
open is removed leading to its closure. Moreover, the entrained proppant moves
with the fluid to the wellbore and increases the risk of mechanical damage of the
wellbore equipment.

Proppant flowback and its mechanisms were extensively studied over the last
30 years due to the importance of its control. One of the first lab experiments
used for studying the stability of a proppant pack is described in [Milton-Tayler
et al. 1992]. It was shown that the fracture width, the closure stress, the pressure
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drawdown, and the proppant properties are key parameters affecting the proppant
pack stability. Then a distinct-element model (DEM) of the proppant pack was
conceived, which provided numerical results proving the laboratory data [Asgian
et al. 1995]. Calculations performed for interacting cohesionless, unbonded prop-
pant grains subjected to a drag force showed that the pack becomes unstable when a
crucial ratio of mean grain diameter to the fracture width is reached. This numerical
modeling also revealed the mechanism of proppant pack instability. At widths less
than a critical value, a stable proppant arch is formed at the proppant pack face.
This arch suffers deformations from compressive strains, resists extrusive stresses,
and keeps the rest of the proppant grains inside the crack. If the drag forces are
sufficiently high to make the arch fail, proppant production is started.

Some experiments on proppant flowback for proppants of different properties
and a very simple mathematical model can also be found in [McLennan et al. 2015].
This model offers a phenomenological dependence of pressure in a proppant pack
on oil production rate. In [Andrews and Kjørholt 1998] a phenomenological prop-
pant pack stability criterion was suggested. It describes the proppant pack behavior
in terms of a proppant free wedge concept, which states that in a three-dimensional
space with axes of closure stresses, pressure drawdown, and fracture width there is
a shell, the points inside of which are points of proppant pack stability. According
to this concept, the maximum stable fracture function was chosen in a polynomial
form when fitting the experiment results. However, this choice shows that this
criterion is incorrect for the case of critical condition values. In later work (e.g., in
[Canon et al. 2003]) the criterion was corrected, but as it was based on measurement
results that cannot be determined perfectly, such phenomenological criteria could
give only an approximate probability for the start of proppant flowback. A model
taking the ability of proppant flowback to stop with the closure of the crack or a
decrease of the drag force into account should be more complex and preferably
include time dependence and cumulative effects.

Some complex models for proppant flowback were already developed in [Aidag-
ulov et al. 2007]. They include plastic flow of the proppant after pack stability
loss and changes in porosity. These are significant when calculating the crack
permeability. Nevertheless, the criterion for the beginning of proppant flowback
is still determined phenomenologically: it is based on a Mohr–Coulomb failure
criterion, which does not describe the mechanism of proppant arch crushing, and
therefore can give only approximate results.

In summary, we can say that the development of the criteria of the proppant
flowback is still of interest in science and industry. The criteria developed in this
paper and the corresponding model will not only predict the beginning of the prop-
pant flowback but also determine “safe” regimes of hydrocarbon production and
wellbore treatment.
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2. Flowback criterion

Presently there exists no widely known criterion for proppant pack stability loss
that takes all the main factors into account that, according to experimental studies,
primarily affect the flowback, namely the ratio of the width of the crack opening to
the diameter of the proppant grains, as well as the type and coating of the proppant.
The phenomenological dependencies that were proposed in the literature acknowl-
edge only the influence of a few specific factors. Flowback criteria proposed in
continuum models do not consider the effects of the discreteness of the proppant
pack. Discrete models are not based on criteria that consider the stress state of
the whole modeling area. In the proposed model an attempt is made to take the
most important conditions affecting proppant flowback into account and to describe
more accurately the process that occurs when proppant pack stability is lost.

The purpose of this paper is to determine conditions under which the proppant is
produced during the direct treatment of the wellbore. Generally, the main reasons
for the flowback are

• low stresses acting on the fracture walls, which cannot keep the proppant in
the crack,

• a huge force of hydrodynamic resistance, acting on proppant particles, which
leads to a loss of stability of the proppant pack, and

• accumulation of internal stresses and deformations during long-term operation
of the well and its cyclic use.

In addition to the above-listed reasons of flowback following from the experi-
mental results presented in literature [Vo et al. 2014; Lu et al. 2016], the form and
coating of the proppant grains affecting the internal friction forces between individ-
ual proppant particles have a significant effect on the removal process, which in turn
affects the stability of the proppant pack. Furthermore, from experimental data and
from results when modeling the proppant removal process by the distinct element
method, it follows that the packing becomes unstable, starting with a certain ratio
of the average grain diameter to the width of the crack opening.

We consider the known mechanism of the stability loss when the proppant flow-
back starts after the failure of the arch formed by proppant particles [Asgian et al.
1995]. Within the framework of our model, the compressive stresses holding the
proppant particles in the arch are the principal stresses in the proppant acting along
the axis directed perpendicular to the axis of the crack. Drag forces lead to the
main stresses in the proppant, which are directed along the axis of the crack. We
assume that a Coulomb dry friction force acts between the proppant particles. The
corresponding friction coefficient depends on the surface roughness of the proppant,
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its coating, and other cohesive properties. This takes one of the important factors
influencing the proppant transport into account.

As mentioned above, the main reasons affecting the proppant transport are the
closure stress, the flow rate of the fluid through the proppant pack, and the ratio
of the proppant grain diameter to the crack opening width. The influence of the
closing stress and the flow rate on the stability of proppant pack can be taken into
account mechanically, whereas the effect of the mentioned ratio is described mostly
empirically. The experiments show that a proppant pack with one or two proppant
particles in the arch is stable even at the low closure stresses and high fluid rates.
However, if the crack width is too big, namely starting from 6–10 proppant grains
(depending on the type of proppant; see, e.g., [Andrews and Kjørholt 1998; Barree
and Conway 2001]), the flowback occurs at most of the treatment regimes. That
means that starting with some value the discreteness of the arch plays a role no
more. Concluding all the mentioned reasons, we suggest the flowback criterion

µp Tpzz < Tpxx k
[

1− exp
(

d − z0

z0

)]
, (1)

where µp is the coefficient of dynamic viscosity of proppant, Tpzz and Tpxx are
the components of the stress tensor of proppant acting in the directions of the
crack opening and the crack length, respectively, k is the correction factor, d is
the diameter of the proppant grain, and z0 = z2− z1 is the fracture width, where
z1 and z2 are the coordinates of the crack edges. The exponential expression is
motivated by a three-parameter Weibull distribution characterizing, for example,
the statistical variation of bending strength in brittle materials, such as glass or
ceramics. In this context, the parameter z0 in the numerator and in the denominator
would, in general, be different. The z0 in the numerator would be a characteristic
threshold stress under which no failure can occur, whereas the z0 in the denominator
is simply a suitable normalization stress (see [Manderscheid and Gyekenyesi 1987]
for details, especially the discussion around (1)). Here, obviously, both have been
taken as equal for simplicity.

If we want the criterion not to be fulfilled such that, consequently, no flowback
occurs, it is necessary for the closure stress to be large enough to exceed the stress
tending to push the proppant particle out of the arch with some factor increas-
ing with increasing crack opening width. In order to make the flowback criterion
meaningful, this parameter k should be chosen such that, at a critical ratio of the
diameter of the proppant particle to the width of the crack opening, the multiplier
is approximately equal to 1. The value of the parameter k differs with the value of
the critical ratio: for z0/d ≈ 5.5 [Andrews and Kjørholt 1998] k is equal to 1.79
and for z0/d ≈ 10 [Barree and Conway 2001] k is equal to 1.67.
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In addition, it should be taken into account that (1) is a local criterion, which
can be violated at several points inside of the proppant pack. Then flowback would
still not happen. Thus, this criterion is a “lower estimate” for the critical values of
the production conditions at which the proppant will not be taken out. For a more
accurate assessment, one can introduce an integral criterion, which will take the
number of violations of this criterion throughout the entire volume of the proppant
pack into account.

It should also be noted that in this paper the proppant removal process itself is not
modeled. This process can be described by using proppant transport models based
on multiphase medium mechanics models, which are widely used when describing
proppant placement processes in a crack.

3. Physicomathematical model

According to the proppant flowback criterion presented in the previous section, it
is necessary to know the values of the stress tensor components Tpzz and Tpxx apart
from the proppant properties and the fracture geometry in order to estimate as to
whether proppant flowback occurs. In this spirit, we present a model, which allows
one to obtain the stress-strain state of a propping agent under loading.

The proppant behavior under loading can be described within different approaches,
namely discrete, continuum, and crossbred ones. In this paper, we follow the
continuum approach. This is motivated primarily by the fact that discrete models
mostly describe the proppant flowback mechanism, but do not allow one to estimate
the propping agent properties before and after the start of the flowback. Moreover,
calculations based on the continuum model will take much less time than those
involved in a discrete model.

We model a single transverse crack initiated in a horizontal well filled with a
tightly packed proppant and oil flowing through. As has been already mentioned
in the section devoted to the flowback criterion, we do not model the proppant
removal process. In this respect, we solve a quasistatic problem for the proppant.
We consider the deformation of the propping agent affected by the oil flow and
take the possibility of occurring vacancies into account.

For a more accurate prediction of the proppant behavior, both stationary and
nonstationary laminar oil flows are considered. The stationary flow of oil through
a packed proppant allows one to investigate the influence of various physical and
mechanical proppant properties on its behavior. Considering a transient flow of oil
allows one to take a changing borehole pressure, changes in the rate of the oil flow,
a pause and subsequent resumption of the well treatment, etc., into account.

To find the stress-strain state of the proppant, we consider a two-component con-
tinuum consisting of proppant and oil. We assume that at each point of space both
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fluid and proppant are simultaneously present. Their partial densities determine the
mass fractions of each of the components. Note that we allow the possibility of the
vacancies’ occurrence by considering the proppant density as a function of space
coordinates and time. Some information on continuum mixture theory relevant to
this paper can be found in [Brazgina et al. 2016].

The wellbore and the rock surrounding the fracture are not considered directly
in the framework of the investigated model and are not included as additional
components in the multicomponent media. Their presence is accounted through
boundary conditions.

When modeling each component of the continuum, it becomes necessary to
establish the corresponding constitutive relations. In this context, we use some
simplifying hypotheses.

Generally, the proppant is considered as a granular material. However, since
in the present case the proppant is the only reason for preventing cleavage closing
under the pressure caused by the surrounding rock, it has a sufficiently high density.
According to numerical simulations and experimental evidence, such granular me-
dia possess not only volumetric, but also shear stiffness and their behavior are the
same as for an elastically deformable solid under pressure. Moreover, we assume
that the proppant, repacked after hydraulic fracturing is finished, undergoes small
deformations. Finally, we assume the material of the propping agent to be isotropic.

The second component of the model, usually oil, is considered as a weakly com-
pressible Newtonian fluid in order to satisfy experimental observations. Different
correlations are used for different types of oil in order to determine the effect of
the applied pressure on the oil compressibility. Since in this paper we would like
to outline and study the general problem of proppant flowback and to predict as to
whether it occurs or not, we assume that the oil is an incompressible fluid.

3.1. Balance and constitutive equations. We introduce a Cartesian coordinate sys-
tem (x, y, z), where the x axis coincides with the direction of the crack length, the
z axis with the direction of its opening width, and the y axis with the direction of
the crack aperture (see Figure 1).

The mass balance for both components, namely oil and proppant, is

δiρi

δt
+ ρi∇ · νi = 0, (2)

where subscript i = f, p refers to the components of the fluid or of the proppant,
respectively, ρ is the density, νi is the velocity, and ∇ is the differential operator
with respect to spatial coordinates. The substantial (material) derivative δi/δt of a
field quantity φ is defined as

δiφ(r, t)
δt

=
∂φ(r, t)
∂t

+ νi · ∇φ(r, t), (3)
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Figure 1. Schematic representation of the fracture.

where r is the position vector of the control volume (point of observation) or in
other words of the certain area in space through which the structure moves as time
passes (see, e.g., [Ivanova et al. 2016]).

Since the fluid is assumed as incompressible, the substantial derivative in (2) is
equal to zero for the fluid component. Thus, the mass balance for the oil leads to
the incompressibility constraint

∇ · ν f = 0. (4)

The deformations of the proppant are supposed to be small, and the mass balance
for the proppant component reduces to the following equation for the proppant
density:

ρp(r, t)= ρp(r, 0)
[
1+ tr

(
εp(r, t)

)]
, (5)

where tr(εp) is the first invariant of strain tensor εp.
The balance of momentum for both components in the local form reads

ρi
δiνi

δt
= ρi fe+ fin+∇ · Ti , (6)

where fe is the external body force density, fin is the internal volumetric force
density, and Ti is the Cauchy stress tensor.

Gravity is the only external body force. The internal volumetric force represents
the interaction between two continua, namely oil and proppant. This force should
depend on the densities of both components and be eliminated in the balance equa-
tion for the whole media. The internal volumetric force can be written as

fin =
ρ f ρp

ρ f + ρp
f d

f p, (7)

where f d
f p is the interaction force between oil and proppant per unit mass.
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The interaction between fluid and proppant is due to the presence of viscous fric-
tional forces caused between two continua when the oil flows through a proppant
pack. The occurring friction depends on the relative velocity of the components.
The main parameter determining the magnitude of the corresponding force is the co-
efficient of viscous friction between the two components, which depends on many
factors, including the type of proppant coating, its size and shape, the rheological
properties of oil, etc.

Here, we assume a linear dependence of the dissipative components of the
forces on the difference in the velocities of the two components. Since we solve a
quasistatic problem for the proppant and do not consider the proppant motion, the
following equation holds:

f d
f p = µ f p ν f , (8)

where µ f p is the coefficient of viscous friction between proppant and oil.
Thus, the balance of momentum for fluid in the local form can be rewritten as

ρ f

(
∂ν f

∂t
+ ν f · ∇ν f

)
= ρ f g+

ρ f ρp

ρ f + ρp
f d

f p +∇ · Tf , (9)

where g is the gravitational acceleration.
Note that in the stationary case the partial derivative in (9) is absent, because the

flow is steady and the velocity in each point of observation does not change with
time.

The appropriate constitutive relation for a linear incompressible fluid reads

Tf =−ρ f E+
ρ f

ρ f + ρp
2µ f (∇ν)

s, (10)

where p f is the hydrostatic oil pressure, E is the unit tensor, µ f is the coefficient
of dynamic viscosity of the oil, and (∇ν)s is the symmetric part of the velocity
gradient.

Since a quasistatic proppant behavior is considered, the balance of momentum
for proppant reduces to

ρp g−
ρ f ρp

ρ f + ρp
f d

f p +∇ · Tp = 0. (11)

We suppose the proppant to be a linear isotropic elastic material satisfying
Hooke’s law:

Tp =
ρp

ρ f + ρp

(
Eν

(1+ ν)(1− 2ν)
tr(εp)E+

E
1+ ν

εp

)
, (12)

where E and ν are Young’s modulus and Poisson’s ratio, respectively, εp is the
linear strain tensor of the proppant, and εp = (∇up)

s , where up is the proppant
displacement.
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Finally, let us assume that all variables do not depend on the y coordinate so that
we can consider a state of plane-strain. Then by taking all of the simplifications into
account, the whole system of equations in coordinate form is given by (13)–(19):

• equation for the proppant density

ρp (r, t)= ρp (r, 0)
(

1+
∂ux

∂x
+
∂uz

∂z

)
, (13)

• incompressibility condition for the oil

∂ υ f x

∂x
+
∂ υ f z

∂z
= 0, (14)

• the balance of momentum for the oil along the x axis

ρ f

[
∂υ f x

∂t
+ υ f x

∂υ f x

∂t
+ υ f z

∂υ f x

∂z

]
=−ρ f g−

∂p f

∂x
+

ρ f ρp

ρ f + ρp
µ f p υ f x +

ρ f

ρ f + ρp
µ f

[
∂2υ f x

∂x2 +
1
2

(
∂2υ f x

∂z2 +
∂2υ f z

∂z ∂x

)]
−

ρ f

(ρ f + ρp)2
µ f

[
∂υ f x

∂x
∂ρp

∂x
+

1
2

(
∂υ f z

∂x
+
∂υ f x

∂z

)
∂ρp

∂z

]
, (15)

• the balance of momentum for the oil along the z axis

ρ f

[
∂υ f z

∂t
+ υ f x

∂υ f z

∂x
+ υ f z

∂υ f z

∂z

]
=−

∂p f

∂z
+

ρ f ρp

ρ f + ρp
µ f p υ f z +

ρ f

ρ f + ρp
µ f

[
∂2υ f z

∂z2 +
1
2

(
∂2υ f z

∂x2 +
∂2υ f x

∂x ∂z

)]
−

ρ f

(ρ f + ρp)2
µ f

[
∂υ f z

∂z
∂ρp

ρz
+

1
2

(
∂υ f z

∂z
+
∂υ f x

∂z

)
∂ρp

∂x

]
, (16)

• the balance of momentum for the proppant along the x axis

ρp g−
ρ f ρp

ρ f + ρp
µ f p υ f x

+
ρp

ρp + ρ f

E
1+ ν

[
1
2

(
∂2u pz

∂z ∂x
+
∂2u px

∂z2

)
+

1− ν
1− 2ν

∂2u px

∂x2 +
ν

1− 2ν
∂2u pz

∂x ∂z

]
−

ρ f

(ρ f+ρp)2

E
1+ν

[
∂ρp

∂x

(
1−ν
1−2ν

∂u px

∂x
+

ν

1−2ν
∂u pz

∂z

)
+

1
2

(
∂u pz

∂x
+
∂u px

∂z

)
∂ρp

∂z

]
=0,

(17)
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• the balance of momentum for the proppant along the z axis

−
ρ f ρp

ρ f + ρp
µ f p υ f z

+
ρp

ρp + ρ f

E
1+ ν

[
1
2

(
∂2u pz

∂x2 +
∂2u px

∂x ∂z

)
+

1− ν
1− 2ν

∂2u pz

∂z2 +
ν

1− 2ν
∂2u px

∂x ∂z

]
−

ρ f

(ρ f+ρp)2

E
1+ν

[
∂ρp

∂z

(
1−ν
1−2ν

∂u pz

∂x
+

ν

1−2ν
∂u px

∂x

)
+

1
2

(
∂u pz

∂x
+
∂u px

∂z

)
∂ρp

∂x

]
=0,

(18)

• and flowback criterion in the coordinate form

µp

(
(1−ν)

∂u pz

∂z
+ν

∂u px

∂x

)
<

(
(1−ν)

∂u px

∂x
+ν

∂u pz

∂z

)
k
[

1−exp
(

d−z0

z0

)]
. (19)

3.2. Boundary and initial conditions. The initial distribution of the proppant
grains along the fracture and the final shape of the fracture are supposed to be
known, e.g., from a solution of the corresponding boundary-value problem.

As has been mentioned already, the presence of the wellbore and the rock sur-
rounding the fracture will be accounted for by the boundary conditions, namely
the pressures at the fracture edges and at the bottom of the crack and its tip.

When modeling hydraulic fracture usually it is assumed that the value of the
pressure acting at the crack edges at the initial time is equal or close to the value
of the rock pressure. The function of the pressure decrease depends on the amount
of fluid flow. Note that this pressure depends only on the oil flow and does not
depend on the proppant behavior. It means that one can suppose that the rock is
acting only on oil:

T f zz|z1(x)= Pr , T f zz|z2(x)=−Pr , (20)

where T f zz is the component of the stress tensor of oil acting in the direction of
the crack opening, z1(x) and z2(x) are functions with respect to the crack edges
(see Figure 1), and Pr is the rock pressure.

Apart from the rock pressure, there is closure stress acting at the crack edges.
So in fact both rock pressure and closure stress act on the two-component con-
tinuum. Equation (20) leads to the assumption that the closure stress affects only
the proppant (since the rock pressure acts on only the oil) and does not affect the
oil. Such an assumption is correct from the mechanical point of view since the
proppant does not allow for closing the fracture. Hence, the proppant particles are
most affected by the stress that tends to close the crack edges. Consequently, the
following boundary conditions hold:

Tpzz|z1(x)= σr , Tpzz|z2(x)=−σr , (21)
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where σr is the closure stress. Many authors note that this stress affects proppant
flowback and consider it as one of the main terms to control the proppant flowback
[Milton-Tayler et al. 1992; Asgian et al. 1995; McLennan et al. 2015; Andrews
and Kjørholt 1998; Canon et al. 2003; Aidagulov et al. 2007; Vo et al. 2014; Lu
et al. 2016; Barree and Conway 2001; Larsen and Smith 1985; Ely et al. 1990].
The value of the closure stress is significant enough to hold the packed proppant
in the fracture even when the outgoing force is big enough.

Apart from stresses acting at the crack edges, it is necessary to take into account
the oil flow along the crack’s boundary. If the fracture geometry is simple, it is
permissible to assume that the inflow is perpendicular to the fracture boundary.
Hence, the following conditions hold:

t · ν f |z1(x) = 0, ρ f n · ν f |z1(x) = D(ρ f − ρ
p
f )|z1(x),

t · ν f |z2(x) = 0, ρ f n · ν f |z2(x) = D(ρ f − ρ
p
f )|z2(x),

(22)

where t is the vector tangent to the fracture boundary, n is the outer normal vector,
D is the oil permeability coefficient, and ρ p

f is the oil concentration in the rock.
We assume that the proppant particles at the crack edges adhere to them. It

means that these particles cannot be removed from the crack. From a mechanical
point of view, this assumption can be justified by the fact that the velocity of the
laminar flow of oil and, accordingly, the probability of proppant transport are higher
when approaching from the periphery to the center of the channel formed by the
cleavage. Then the components of displacement at the boundary read

u px |z1(x)·z2(x)= u pz|z1(x)·z2(x)= 0. (23)

Finally, it is necessary to define the boundary conditions at the bottom of the
crack and at its tip. We assume that there is a pressure difference inside of the
crack initiated by a bottom stress and the rock pressure.

In the case of a stationary problem, there will be a constant pressure difference,
whereas in the case of a transient flow it is necessary to allow for the possibility
of changes in the external conditions. Practically, such changes are usually very
fast and can be observed in the case when the bottom pressure, determined by the
operating conditions, significantly changes in time. Then the boundary conditions
should depend on time and vary according to a certain prescribed law.

The following conditions hold:

T f xx |x=0= Pb, T f xx |x=lf=−Pr , (24)

where T f xx is the component of the stress tensor of oil acting in the directions of
the fracture length, l f is the fracture length, and Pb is the bottom pressure.

Finally, in order to solve the nonstationary problem, it is necessary to set the
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initial conditions for the oil flow velocity and for the proppant displacement. We
assume that at the initial moment the following conditions hold:

ν f x |t=0= ν f z|t=0= 0, u px |t=0= u pz|t=0= 0. (25)

4. Conclusion

In this paper, a local stability criterion is proposed in order to verify the possible
occurrence of proppant flowback as a function of the physical and mechanical
properties of the proppant and of the oil, the external pressures, the geometric
dimensions of the fracture, and the ratio of the average proppant particle size to
the crack opening width. In order to obtain the stress components involved in
the developed criterion, a physicomathematical model for the determination of
the proppant strain-stress state was presented. The proposed model is based on a
continuum description of a two-component medium consisting of oil, modeled by
the Newtonian incompressible fluid, and the proppant, modeled by a linear-elastic
deformable solid. We considered steady-state oil flow for estimating the probability
of proppant flowback occurrence under regular conditions and transient flow for
taking the possibility of fast changing of the external conditions into account.
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