
Pacific Journal of
Mathematics

MIXING AUTOMORPHISMS OF COMPACT GROUPS AND A
THEOREM BY KURT MAHLER

KLAUS SCHMIDT

Vol. 137, No. 2 February 1989



Pacific Journal of
Mathematics

MIXING AUTOMORPHISMS OF COMPACT GROUPS AND A
THEOREM BY KURT MAHLER

KLAUS SCHMIDT

Vol. 137, No. 2 February 1989



PACIFIC JOURNAL OF MATHEMATICS
Vol. 137, No. 2, 1989

MIXING AUTOMORPHISMS OF COMPACT GROUPS
AND A THEOREM BY KURT MAHLER

KLAUS SCHMIDT

Dedicated to the memory of Henry Abel Dye

We investigate the higher order mixing properties of Td -actions by
automorphisms of a compact, abelian group and exhibit a connection
between certain mixing conditions and a result by Kurt Mahler.

1. Introduction. Let X be a compact, abelian group, and let Aut(X)
denote the group of continuous automorphisms of X. We investigate
the mixing behaviour of Z^-actions a: n —• αn on X with the property
that αn € Aut(ΛΓ) for every n e Id (such an action will be called a
Z^-action by automorphisms). If (X, a) satisfies the descending chain
condition, i.e. if every decreasing sequence of closed, α-invariant sub-
groups of X eventually becomes constant, then a is algebraically and
topologically conjugate to the shift action on a closed, shift invariant
subgroup of (Jk)z\ where T = R/Z, and is automatically a Markov
shift in d dimensions (cf. [KS] for a more general result). Furthermore
it is easy to see that the dual group X of X can naturally be viewed as
a finitely generated i?^-module, where Rj is the ring of Laurent poly-
nomials in d variables with integral coefficients (cf. [KS]). In view of
this correspondence between finitely generated i?^-modules and ΊLd~
actions by automorphisms of compact, abelian groups the question
arises how the algebraic properties of the R^-module M — X reflect
the dynamical properties of the Z^-action a. In [S2] it was shown how
to read off ergodicity, mixing, expansiveness, and certain facts about
periodic orbits, from properties of the prime ideals associated with the
iϊ^-module M. In this paper we continue this investigation and study
the higher order mixing behaviour of such actions. This problem was
raised by a paper of F. Ledrappier which contains examples of such
actions which are (strongly) mixing, but which fail to be r-mixing for
some r > 2. In these examples higher order mixing breaks down in
a particularly interesting way: there exist a nonempty set S c ld and
Borel sets {Bn c X: n e S} with positive Haar measure such that the
sets {akn(Bn): n e S} fail to become asymptotically independent as
k —• oo. In order to simplify terminology we call the set S a mixing
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372 KLAUS SCHMIDT

shape if the sets {akn(Bn): n e S} become asymptotically independent
as k -> oo, irrespective of the choice of {Bn C I Π E S}.

If the action α is r-mixing for every r > 1, then every shape S cld

must obviously be mixing, but the converse is not at all clear. In §3 we
prove the following results: if a is mixing and X is connected, then
every shape S c 2d is mixing. If X is zero dimensional, then there
exist shapes which are not mixing, unless the prime ideals associated
with the module M — X are all of the form pt = π[Rd, where %i e Z
is a rational prime. Furthermore, if X is zero dimensional, then a is
r-mixing for every r > 1 if and only if every shape S cΈd is mixing.
I was unable to prove the corresponding result for connected groups.

The statement about mixing shapes for connected groups turns out
to be intimately linked with a result due to Kurt Mahler [Ma]: if
C\,...,cm and a\,..., am are nonzero algebraic numbers, and if C\a\ +
—\-cma^ = 0 for infinitely many k > 1, then there exists an arithmetic
progression P c N such that C\CL\Λ v cma^ = 0 for every k e P.
Since we need this result in a slightly strengthened form (with cz, a\ in
an arbitrary field of characteristic 0) we include a proof of Mahler's
result, adapted to this case, §2.

Finally a remark about notation: C, N, Q, R will denote the complex,
natural, rational and real numbers, and T = R/Z. If R is a ring then
Rx will stand for the group of units in i?, and R[x\,... ,xn] is the
ring of polynomials in the variables X\,..., xn with coefficients in R.
If R = 1 or Q, and if / c R[x\,..., xn] is an ideal, we set V(I) =
{(ci,...,Cι) e (Q~)*: f(cι,...,cn) = 0 for every / e /}, where Q~ is
the algebraic closure of Q.

Acknowledgment. I would like to thank the Institute for Advanced
Study, Princeton, for hospitality and support during the Spring Term
1988, when this work was carried out. Special thanks are due to Enrico
Bombieri for pointing out to me Mahler's paper [Ma] and for helpful
discussions.

2. Mahler's theorem.

2.1. THEOREM ([Ma]). Let k be an algebraic number field of degree
{k: Q) = d, q > 2, and let ax,..., aq be nonzero elements in k. Suppose
that there exist an infinite sequence m\ < m2 < in N and nonzero
elements C\,... ,cq in k such that

(2.2) c i α ^ + c2a%J + -•- + cqa™J = 0
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for every j > 1. Let p > 2 be a rational prime and let υ be a valuation
ofk above p such that \a,i\υ = 1 for i = l,...,q. Then there exist
integers a, b such that

(2.3) \<a<p2d\ 0<b<a,

(2.4) cλa{a+b + c2a
J

2

a+b + >•• + cqa{a+b = 0 for every j > 0 ,

and

(2.5) α f = a% for some /, i' with 1 < / < / ' < q.

Proof. Denote by ky, Iυ, and rv the completion of k with respect
to υ, the maximal compact subring of ky, and the maximal ideal
of Iv, respectively, and choose a prime element π e rv (i.e. | π | v =
sup{|α|t;: aek and \a\υ < 1}). Since card(kυ/r^d) < p2dl we can find
an integer a with 1 < a < pldl such that aa = 1 (modr^) for every
aek with |α | v = 1, and we set βiπ2d = αf - 1, 1 < / < q. Fix i for
the moment and observe that, for every z e N,

(2.6) «fΓ = ( l+Aπ ω )* =

The polynomial

has integral coefficients. For every 7 > 0, the highest power t > 0 such
that /?' divides j \ satisfies that t < j/p + j/p2 H = j/(p - 1) < j ,
and we conclude that \j\\v > \pj\v > \πdj'\υ and \πdj/jl\υ < 1. We can
thus rearrange the sum in (2.6) as

(2.7)
7=0 7=0

where x e Iv, 7i{j) e ky and \7i(j)\v < \πdj\υ for every j > 0, and
obtain a well defined function f: Iυ —• /^ with //(x) = αf* whenever
J G N . Assume without loss in generality that |c/|v < 1 for / = 1,..., q,
choose an integer b with 0 < b < a and ra7 = b (mod a) for infinitely
many j > 1, and define g: Iυ —• /^ by

(2.8) g(x) = cxa\fx(x) j

ciα{3ΊC/) + + cqa
b

qγq{j))χj.

j=0
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Note that g is a power series which converges for every x e Iv, and
that there exists an infinite set S c Iv such that g(x) = 0 for every
x e S. Since Iv is compact, S has a limit point y, and g(y) = 0.
Exactly as in the case of a complex power series one concludes that
g(χ) = 0 for every x e Iv. In particular

g(z) = ciα{/!(z) + + cqa
b

qfq{z) = cxaf+b + • + cqa%z+b = 0

for every Z G N , which proves (2.4). Condition (2.5) follows from the
fact that

1 . . . 1

det
aχ ... aq

a(q-\) a(q-l)
\al ••• a g

= 0. D

2.2. COROLLARY. Let m\ < mi < be an infinite sequence in N,
and let n>2. For every 1 < j \ < j 2 < < j n we define a polynomial

(2-9) PUt_jn)(Xι,...,xn) =

with integral coefficients, and we denote by I c R = Q[JCI , . . . , xn] the
ideal generated by {P(jltmmmjn): 1 < j \ < < jn}> Then there exists an
integera>\ such that

(2.10)

where

(2.11) Δ(xff

Proof. Since we can find prime ideals {pi,...,p5} in R such that
V{I) = U/=i ^(P/) ^ w ^ ^ e sufficient to prove that there exists,
for every prime ideal p in R with p D /, an integer a > 1 with

Indeed, let / c p C R be a prime ideal. If F(p) is finite, our assertion
follows from Theorem 2.1. Assume therefore that F(p) is infinite and
set R' = R/p. For every polynomial / e R we denote by / = / + p
the corresponding element in Rf and we put j z = x , / = l,...,n.
The Noether normalization lemma [AM] allows us to find an integer
1 < m < n and linear functions z\9...,zm of the elements y\,...,yn

in Rf such that the z\,..., zm are algebraically independent and each
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yi is algebraic and integral over Q[z\,..., zm] c Rf. Choose and fix
monic polynomials β ί ^ Q[z\>-->Zm][y] such that β, (y, ) = 0 for
/ = \,...,n. We regard each β/ either as a polynomial in y with
coefficients in Q [ z i , . . . , zm] or as an element of Q[z\ ,...,zm,y]9 and
(ab)use the notation Q{ = Qt{y) = Qi(zx,..., z m , y), / = 1,...,«, de-
pending on our point of view. Let >/: F(p) —> (Q~) m be the surjective
map

η(a\,...,an) = (z\(a\,... ,an),..., zm(a\,... ,αΛ)),

( α i , . . . , α Λ ) € F(p) c ( Q - ) Λ . Then η~ι(βι,..., βm) is finite for
every (βι,...,βm) G (Q~)m, and Qi(βi,...,βm,<*i) = 0 for every
(<*!,...,<*„) e i f 1 (A>-•-. A«) and / = l , . . . , / i . Put JS:= {w + i v ^ T :
u,υ G Q} C C. We denote by {/^(z!,..., z m ) : 0 < s < t} the set
of coefficients of the polynomials β z G Q [ z i , . . . , z m ][y], / = 1, . . . , n,
and claim that there exists a valuation w oi K such that

Σ = {(βlf... Jm) eKm:\Ps(β{,...,βm)\w = l for every s = 0,...J}

is dense in C m . Indeed, choose w so that, for every s = 0 , . . . , ί ,
the coefficients c ί 5 of the polynomial Ps e Q [ z i , . . . , z m ] all satisfy
|c/fJ|u; = 1, and such that \Ps(l,...,l)\w = 1. If ^ = {β eK: \β\w <

1}, then ^ = 1 + rw c K is dense in C, and \Ps{β\,..., /?m)U = 1 for
all ( A , βm) € C 2 a n d ^ = 0 , . . . ,t. Hence q™ c Σ, and Σ is dense
i n C m .

There exists an integer d > 1 such that, for every (β\,...,βm) €
Km and ( α i , . . . , an) E η~x (β\,..., βm), the algebraic number field
K(a\,...,an) generated by K and (α i , . . . , an) has degree
(K(a\y... ,an)\ Q) < d. Now consider elements (β\,...,βm) E Σ
and (a\,..., an) G η~~ι (β\,..., βm) C V(I). If v is a valuation of
ΛT(c*i,...,an) above i(;, then |a z |^ = 1 for / = 1,... ,n, and there
exist constants C\,..., cn in ΛΓ(αi,..., an) such that c, ^ 0 for some
/ G {l,...,n} and

for every j > 1. After renumbering the α/ we may assume that C\ Φ

0,... ,cq Φ 0, and c^+i = = cΛ = 0. We denote by π the rational

prime below v (or w), apply Theorem 2.1 to find an integer a' such

that 1 < a' < πldl and af = αf,' for some 1 <i<i'< q, and conclude

We have shown that (ait...fan) G V(Δ(xf,...,xfl)) for all

i , . . . , αΛ) G //"HΣ), where α = π 2 ί / 2 ! and Σ c Km c C m is dense in
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Cm. Hence V{A(xf,..., x%)) n F(p) is both Zariski-dense and closed
in the Zariski-closed set F(p), i.e. F(Δ(xf,... ,x%)) D F(p). Since
/ C p C R was an arbitrary prime ideal we obtain (2.10). D

2.3. COROLLARY. Let K be a field of characteristic 0, q > 2, and
let a\,..., oίq be elements in Kx. Suppose that there exist an infinite
sequence m\ < m-i < inN and C\,..., cq in Kx such that

(2.12) cxa™> + c2aZJ + + cqa%J = 0

for every j > 1. Then there exist integers α, b such that a> 1, 0 <b <
a,

(2.13) c{a{a+b + c2a{a+b + + Q < + Z ? = 0 for every j > 0,

and

(2.14) αf = a% for some i, if with 1 < i < if < q.

3. Mixing shapes and multiple mixing for group automorphisms. Let
(X,μ) be a Lebesgue probability space, d > 1, and let a: (n,x) ->
αn(x), n G Z^, x G X, be a measure preserving Z^-action on X. The
action a is mixing of order r (or r-mixing) if, for all measurable sets
BQ,B\, . . . , Br in X,

(3.1) lim μ(B0 Π α n i ( 5 0 Π Π αn,(£ r))
nι€Zd and n,—^oo,n,-n;—» oo

for all i,j—\,...,r,iφj

= μ(B0).μ(Bι)....μ(Br).

For a general discussion of mixing (i.e. 1-mixing) group actions we
refer to [Dy] or [SI]. In the study of commuting automorphisms of
compact groups one is naturally led to another concept related to mul-
tiple mixing, that of mixing shapes.

3.1. DEFINITION. A shape is a nonempty subset oϊZd. A shape
S = {no, n i , . . . , n r} c ΊLd is mixing under a if, for all measurable sets
B0,Bι,...,Br inX,

(3.2) lim μ(akΏo(Bo)naknι(Bι)n'"Πaknr(Br))

= μ(B0) μ(B1) μ(Br).

Clearly, if a is r-mixing, then every shape S c ϊd of cardinality
r + 1 is mixing. The converse is probably not true unless, of course,
r= 1.
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Now assume that X is a compact group with Haar measure λ and
that d > 1. A homomorphism a: n —• an from ld into Aut(X) will be
called a Z^-action on X &y automorphisms. We say that (X, α) satisfies
the descending chain condition if, whenever Xx D X2 D D X« D
is a decreasing sequence of closed, α-invariant subgroups of X, there
exists an integer N > 1 such that Xn = X# for all n > N. The pair
(X, α) is expansive if there exists an open neighbourhood N(l) of the
identity element 1 E X such that

(3.3) Π an(N(l)) = {1}.

It is not difficult to verify that X must be metrizable if (X, α) is
either expansive or satisfies the descending chain condition. Further-
more expansiveness implies the descending chain condition (cf. [KS,
Theorem 5.2]). Finally, if X is connected and (X, a) satisfies the de-
scending chain condition, then X is abelian (cf. [L]).

In order to analyze such dynamical systems (X, a) in more detail
we have to introduce some notation. Let Rd = l[ufι,..., u^1] and
Rd = Q- Rd = Q[ufι,..., u^1] be the rings of Laurent polynomials
with integral (resp. rational) coefficients in the commuting variables

U\,..., ud, and put un = u"x un

d

d e Rd for every n = (n\,..., nd) e

Td. If N is an iϊ^-module and n G 2d we define an automorphism
βn = ^ of the additive group N by

(3.4) β*(a) = una for every a e N

and obtain a dual automorphism

(3.5) an = a» = β»eAut(N),

where JV is the dual group of the additive group N.

3.2. PROPOSITION. Let X be a compact, metrizable, abelian group,
and let a: 2d —• Aut(X) be a ld-action on X by automorphisms. Then
there exists an Rd-module N such that N = X and a^ for every n e Zd.
Conversely, if N is an Rd-module, XN = N, and {a^: n E 2d} c
Aut(X^) w rfς/ϊn^έ/ by (3.4) α/irf (3.5), ίΛen aN: n -+ a* is a Έd-
action on XN by automorphisms, and (XN, α^) satisfies the descending
chain condition if and only ifN is finitely generated. The submodules
N' c N are in one-to-one correspondence with the closed, aN-invariant
subgroups XN> ofXN, and this correspondence is given by XN> = Nf±,
where Nr± c N is the annihilator of N. Finally, if M is a second
Rd-module, XM = M, and { < : n G 2d} c Aut(M) is defined by (3.4)
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and (3.5), then every continuous algebraic isomorphism ψ: XM —• XN

with the property that ψa^ = χ^ψ for all neld induces a dual module
isomorphism η: N —• M.

Proof. [KS, Theorems 11.8 and 5.2]. D

We shall always assume that N is finitely generated. It turns out
that many of the dynamical properties of {XN ,aN) (like ergodicity,
mixing, and expansiveness) can be described in terms of the associated
prime ideals of the i^-module N (cf. [S2]). Recall that a prime ideal
p c Rd is associated with N if and only if there exists an element
a e N such that

The set {p\,...,pm} of associated primes of N is finite, and

m
(3.6) ( J Pi = {/ e Rd: f - a = 0 for some a φ 0 in TV}.

i = l

For background we refer to [La].
We shall study higher order mixing properties of Z^-actions a: n —•

αn by automorphisms of a compact group X under the assumption
that {X, a) satisfies the descending chain condition. One checks easily
that a is mixing (with respect to the Haar measure λ) if and only if
α n is ergodic for every nonzero n e Z ^ (cf. e.g. [KS, Theorem 2.4]).
If d = 1, α € Aut(X), and α is ergodic, then it is well known (and
easy to see) that n —> an is r-mixing for every r > 1. As F. Ledrappier
pointed out in [Le], the analogous result does not always hold if d > 1:
there are closed, shift invariant subgroups X c (Z/2Z)z2 on which the
shift-action of Z2 is mixing, but which have nonmixing shapes. In this
section we prove the following.

3.3. THEOREM. Let X be a compact, abelian group, d > 1, and let
a: n —• αn be a mixing Έd-action on X by automorphisms such that
(X, a) satisfies the descending chain condition.

(1) If X is connected, every shape S c 2d is mixing.
(2) IfX is zero dimensional the following conditions are equivalent:

(i) every shape S c ΊLd is mixing;
(ii) the Έd-action a is r-mixing for every r > 1;

(iii) the set {p\,..., pm} of associated prime ideals of the Rj-module
M = X is given by pi = nfRd, i = 1,..., m, where {π\,..., πm}
C Z are distinct rational primes.
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3.4. COROLLARY. Let X be a compact, abelian group and let a: n —•
an be a mixing Td-action on X by automorphisms such that (X,a)
satisfies the descending chain condition. Let M = X be the finitely
generated Rd-module arising from Proposition 3.2, and let {p\,.. ,pm}
be the set of associated prime ideals ofM. Then the following conditions
are equivalent.

(1) Every shape S Cld is mixing under α;
(2) for all i, either pι? n 2 = {0}, or pt = πiRd for a rational prime

π, e 1.

For the proofs of Theorem 3.3 and Corollary 3.4 we require several
lemmas.

3.5. LEMMA. Let X be a compact, metrizable, abelian group with
Haar measure λ and dual group X, and let a:ld —• Aut(X) be given
as in the statement of Theorem 3.3. A shape S = {n0, n i , . . . , n r } c Z ^
is mixing under a if and only if for all characters χo,..., χr in X with
χj Φ 1 for some ; G { 0 , . . . , r},

(3.7) lim ί(χQ akj (χr aknr) dλ = 0.
K—+OO J

The action a is r-mixing if and only if for all characters XQ, . . . , χr in
X with Xj Φ 1 for some j e {0,..., r},

(3.8) lim ί(χ0 • αno) (χr aΛr) dλ = 0.
ii/ΞZ* and n,—vocn,-^—>oo J

for all i,j=\,...,r,iφj

Proof. Expand the indicator functions of Bo,...,Br in (3.2) as
Fourier series. D

3.6. LEMMA. If the group X in Theorem 3.3 is connected, every
shape S c 2d is mixing.

Proof. We apply Lemma 3.2 to obtain a finitely generated Rj-
module M such that X = M and an = a^f for every n e Z ^ . Let
{P\ > - , Pm) be the set of prime ideals in Rd associated with M and
let { W\,..., Wm} be a reduced primary decomposition of 0 in M such
thatMjWi is associated with p, for all / = 1,..., m (cf. [La]). In par-
ticular,

(3.9)
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Now assume that the I**-action a is mixing, but that there exists a
shape S = {no,..., n r} c ϊd which is not mixing. Lemma 3.5 implies
that there exist elements α, G M, / = 0,..., r, and a sequence k\ <
kι< -" in N such that α, ^ 0 for some / G {0,..., r}, but

(3.10) U.o %n o ) (Xar-akjnr)=l

for every 7 > 1, where χa G X is the character of X corresponding to
an element a e M = X. According to (3.4) and (3.5), equation (3.10)
is equivalent to the assertion that

(3.11) ukjnQa0 + -" + ukjUrar = 0 for every j > 1.

Equation (3.9) shows that there exists an integer / e {1,..., m) such
that dj $. Wi for at least one j G {0,..., r}, and we set N = M/Wi9

denote the image of α, in N under the quotient map again by α, , and
regard (3.11) as an equation in N. Since the group X is connected,
the module M is torsion-free as an additive group, and (3.6) shows
that PiΠl = {0} where Z c Rj is the set of constants. Since Λr is
associated with the prime ideal /?/ we know that the additive group
N is again torsion-free. Put N = Q ®z N, and note that the natural
homomorphism 1: N —* N is injective, and that N is an R^-module
with associated prime ideal p = Q ®z Λ An elementary argument
allows us to choose sub-R^-modules N = N o D o N5 = {0} of N
such that, for every 7 = 0 , . . . , 5 - 1 , N//N/+1 = R<//q7 for some prime
ideal p c qy C R^, and q^-i = p. We set a\j = i(aj) e N and obtain
that a\j Φ 0 for some / e {1,..., r}, but that

ukjn°aιto + h ukjnra\>r = 0 for every j > 1.

There exists an integer t e {0,..., s - 1} such that {fli,o,..., fli,/-} C
Nj and

ukjn°ah0 + + uk^au = 0e Nt+ι,

but a\j φ N ί + i for some / G {0,..., r}. After renumbering the n, and
a\j9 if necessary, we obtain nonzero elements b^9...fbr» in
0 < r1 < r, with

(3.12) uk^b0 + - - - + uk^'br> = 0 G

for every j > 1. Since R^/q^ is an integral domain we can apply
Corollary 2.3 to the field of fractions of R^/q^ and conclude from
(3.12) that there exist integers b > 1 and /, /' G {0,..., r'} such that
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i Φ i1 and ubUι - ubn'' eqt. If ublϊι - ubn<' 0 w e set

a2J = (ubni - ubn'')-aiJ e N, + 1 , j = 0,. . . . r.

Then a2 j φ 0 for at least one j e {1,..., r}, but

ukjn°a2to + -" + ukjnra2ίr = 0

for every j > 1, and a repetition of the previous argument yields
integers c > 1 and j , f G {0,..., r} such that j Φ f and ucnj — wcn^ G
q,+i. If wcn; - ucnJf £ p we continue this process. Since q^-i = p we
eventually obtain integers k > 1 and /, /' with I φV and uknι-ukni' e p.
Hence */n/ - w^Π/' € Pu and [S2, Theorem 3.5] shows that a is not
mixing, in contradiction to our assumption. It follows that every shape
S c Td must be mixing. D

3.7. LEMMA. Suppose that X is zero dimensional and that every
shape S cld is mixing under the Έd-action a. If{p\t...,pm} is the
set of associated primes of the Rj-module M = X, then there exist
rational primes π\,...,πm such that Pi = π/i?^ for i = 1,..., m.

Proof. As in the proof of Lemma 3.6 we choose a reduced primary
decomposition {M\,..., Mm} of 0 in M such that M/Mι is associated
with Pi for every /. If / e {1,..., m) is fixed, a standard argument
allows us to find an element ae M such that ann(α) = {f eR^: fa =
0} = ph so that the submodule N = R^a c M is isomorphic to Rd/Pi-
Since iV is a torsion group, there exists a rational prime (constant)
Ui e Pi. Suppose that pt 2 KiRd> fiχ a polynomial / e Pi\πiRd, and
write / = Σnes c* ' w"> where S c Z^ is a nonempty finite set and
cn G {1,..., π/ - 1} for all n e S. For all j > 1,

and

(3.13)
neS

where, for every n G S, χCa.a is the nontrivial character of X corre-
sponding to the nonzero element cn- a e N c M. By lemma 3.5 the
set S is not mixing, contrary to our assumption. We conclude that
Pi = %iRd for every / = 1,..., m. D
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3.8. LEMMA. Let {pι,...,pm} be the set of associated primes of
the R^-module M — X, and assume that there exist rational primes
π\,... ,πm such that pi — π/i?^ for i = I,... ,m. Then a is r-mixing
for every r > 1.

Proof. We use the notation of Lemma 3.7. Since {Mλ,...,Mm} is
a reduced primary decomposition of 0 in M = X, f|/=1 m Mi = {0},
the homomorphism η: a —• (a + M\,..., a + Mm) from M into N\ Θ
• Θ Nm is injective, where fy = Λf/Af/, and the dual homomorphism
τ: Nι@- ®Nm -+ X is surjective. We define β£ι and a^1 by (3.4)
and (3.5), write βn for the automorphism of M dual to αn, and note
that

V βn = (β^® '. ®β»-).η

and

(3.14) τ αn = ( α ^ θ θ α ^ ) τ

for every n e Z^. We set X[ = JV/, / = 1,..., m, and claim that the
Z^-action n —• a^1 θ θ a^m on J i 0 θ Xm is r-mixing for every
r > 1. In view of (3.14) this will prove that a is r-mixing for every
r> 1.

Suppose that there exists an integer r > 1 such that the ΊLd -action
n —• α^1 0 ® anm = n̂ on X\ θ θ Xm is not r-mixing. Lemma
3.5 implies that there exist characters χo,..., χr of X\ θ θ Xm such
that χz Φ 1 for some / e {0,..., r}? but

(3.15) (/O ^noJ (ZrΛJ=l

for every 7 > 1, where ( ( n O j , . . . , nrj)>j > 1) is a sequence in Z
with

lim n/ , = lim (n/ / - n/> ,) = oc for all /, /' e {0,..., r} with / φ i'.

There exists an integer K > 1 such that πfa = 0 for every / e
{l,...,m} and every α G N;. Put P Z J = {α G iV/: π/α = 0} and
Pj = PijQ' -ePmj, i = l,...,m, j = 0,...,K. We write Yj = Pf

for the annihilator of Pj in X\ θ θ Xm- Assume that, for some
j > 0, the restriction of every // to Yj is trivial. We shall complete
the proof of this lemma by showing that the restriction of each //
to Yj+\ is also trivial. An induction argument then shows that the
characters χo,... ,χr of X\ @ ® Xm are all trivial, and the resulting
contradiction implies that the Td-actions n -> δn and n —• an are
mixing of every order.
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For every / = 1,..., ra, put L, = Pij+ι/Pij, and fix / for the mo-
ment. Since π/L, = {0} we may regard L, in an obvious manner
as an Rπ ^-module, where Rπij = l/π.[uf1,...,u^1] is the ring of
Laurent polynomials in u\,...,Ud with coefficients in the prime field
Z/Λ/ = Z/π/Z. Put

where k is the field of fractions of the integral domain Rπιtd- Since
f a Φ 0 for every / φ 0 in i?π.fέ/ and aφOinLi, the natural injection
ί/: Li —• L/ is injective. Choose a basis e i , . . . , es of the vector space L,
over k, assume without loss in generality that {e\,..., es} c //(I//), and
find an element K e k such that //(£/) c i?π/ί/ κβ\ Λ h i?π ; ί/ κes =
β/ C L/. In this manner we obtain an Rπ ^-module β f = (Rπι>d)s and
an injective module homomorphism i/: L, -> β, . Since every i?π/ »̂
module may also be regarded as an i?^-module we shall view RKi>d,
(Rπhd)s and β/ as i^-modules and i/ as an injective i?^-module ho-
momorphism. There is an obvious isomorphism ψ: Rπιd —• (Z /π,)1*
such that

*'' = Γn for every n e Z ^ ,

where Γn denotes the shift on (2/πι)
Jd defined by

(3.16) (Tnχ)(m) = χ(m + n), mel

This allows us to identify β/ with ((Z/π)^)Zί/ and to assume that a$ι =
Γn for all n, where Tn now denotes the shift (3.16) on ((Z / π ) 5 ) z " . The
surjective homomorphism γ\ι: β/ -> Lf dual to zz: L/ —• β f satisfies
that ?/α^1 = c*n' ̂ / for every n G Z^. Since the Z^-action n —• a$ι © ®
α^w on βi © φ Qm is (isomorphic to) a cartesian product of full d-
dimensional shifts it is r-mixing for every r > 1, and we conclude that
the factor action n -> a^ι © φ αnm of Z^ on the group L\@ --@Lm

is also mixing of every order. Note that L i θ θ ί m = Yj+\/Yj,
and that the Z^-action n —• «„ ι θ Φ a^m is equal to the action
on Yj+ι/Yj induced by n -• ̂ n. The characters χo,...,χr are trivial
on Yj by assumption, and we may regard their restrictions to Yj+\
as characters of Yj+\/Yj. However, since n —> α^1 Φ © otnm is r-
mixing, lemma 3.5 implies that these restrictions must be trivial, i.e.
that Xi = 1 on Yj+\ for every / e {0,..., r}. As we have pointed out
earlier, this completes the proof of the lemma. D



384 KLAUS SCHMIDT

Proof of Theorem 3.3. Assertion (1) follows from Lemma 3.6. If
X is zero dimensional, then (i)=>(iii) by Lemma 3.7, and Lemma 3.8
shows that (iii)=>(ii). The implication (ii)=>(i) is obvious. Theorem
3.3 is proved. D

Proof of Corollary 3.4. Let X° be the connected component of the
identity in X. If a shape S = {n0,..., nr} c Id is not mixing under α,
choose characters χo, .. ,χr of X such that at least one χι is nontrivial,
but (χo - akno) (χr aknr) = 1 for infinitely many k > 1 (cf.
Lemma 3.5). From [S2, Corollary 3.6] we know that the restriction
of a to the closed, α-invariant subgroup X° of X is still mixing, and
Lemma 3.5 implies that the restrictions of the characters χι to X°
must all be trivial. Hence the characters χo,...9χr can be regarded
as elements of Ϋ, where Y = X/X°. The set of associated prime
ideals of the i?^-module N = Ϋ c M (cf. Proposition 3.2) is given by
{Pi' I < i < m and p, Π Z Φ 0}, and lemma 3.8 implies that there
exist an / e {1,..., m) and a rational prime πz such that pi 2 π/^/
This shows that (2)=>(1).

If every shape S c ΊLd is mixing, then every shape is also mixing
for the quotient action induced by a on the zero dimensional group
Y = X/X°, and Lemma 3.7 implies that every prime ideal associated
with the module N = Ϋ c M is of the form pi = πjRd for some
rational prime π/. This proves that (1)=>(2). D

3.9. Problem. Let X be a compact, connected abelian group and
let a: n -> an be a mixing Z^-action on X by automorphisms. Is a
r-mixing for every r > 1?
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