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PERIOD RELATIONS AND CRITICAL VALUES
OF L-FUNCTIONS

Don Brasrtus
To the memory of Olga Taussky-Todd

Introduction.

I.1. In this paper we present a general conjecture concerning the arithmetic
of critical values of the L-functions of algebraic automorphic forms. While
individual critical values seem almost always transcendental, the evidence
of Shimura (c.f., esp. [Sh1], [Sh2]) shows that interesting relations between
values at different critical integers, and between values of L-functions related
by “twisting”, do exist. Furthermore, a general recipe due to Deligne ([D])
enables one to predict many such relations. This recipe further allows one to
derive reciprocity laws which certain conjectually algebraic numbers, formed
essentially as ratios of critical values, ought to obey.

To give an example, let K be a quadratic imaginary extension of Q,
and let x : A} — C* be a Hecke character of K with x(ks) = k“ for
ko € C* — A%, and w € Z. Let ¢ be a Hecke character of finite order of
K, and let T be the finite extension of K generated by the values of x and
1 on the finite ideles of K. If w > 0, both L(x,s) and L(x%,s) are critical
at s = 0. The ratio (defined if L(x,0) # 0) is algebraic and satisfies the

reciprocity law
(T) oo (355)

for 0 € Gal(K/T) and where we regard ¢ as a Galois character. In fact,

for any o,
gy

L(x,0)
can be given exactly if we employ as well the conjugate L-series L(7(X), s),

L(7(X1),s) for the various 7 : T — C, and use a non-abelian reciprocity
law. Note that, over T', the ratio is a Kummer generator of the class field
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attached to ¢ |7. This type of law was first deduced, for K a CM field, from
the results of [B1], themselves in part a refinement of some aspects of [Sh3].
However, the Deligne formalism shows clearly a) that such results in no way
require that one restrict to Hecke characters (GL;), and b) that even so, all
such reciprocity laws already occur in the setting of Hecke L-series.

On the other hand, if f is a new form of weight k > 2, and % is an even
Dirichlet character, then Shimura showed

D(fv, k)
where a € (Ty-Ty)*, and G(7) is the Gaussian sum attached to 1. Of course,
if 0 € Gal(Q/T}Ty), then o(G(v))) = ¥(0)G(¥), and so we have again a
ratio which satisfies a reciprocity law. This paper constructs a common
framework for unifying the known results of this sort and for predicting new
ones.

The paper has 3 sections. In Section M, we introduce the motivic lan-
guage, review the construction of Deligne’s periods ¢*(M), establish some
elementary facts about the action of the endomorphism algebra on M}y,
factor ¢* (M) into more basic periods ¢ (M) attached to each place v of K,
and establish the reciprocity law which relates a suitable monomial c¢¢ (M)
in the ¢X(M) to ¢*(M ® 7) where 7 is an Artin motive. At the end of the
section, we give some examples. In Section L, we introduce L-functions and,
invoking Deligne’s general conjecture, obtain our main conjecture. This says
that, for a k which is critical for both M and M ® m,

(1® QWi)kd“(M@”T)IW = c(62, det(m))

where ¢(6%, det (7)) is a quantity characterized mod (T'(M)T(x))* by a reci-
procity law depending on 6% and det(r). Here §% is a character of T'(M)*
and o = (—1)*. Finally, we undertake the formal exercise of transcribing the
main conjecture into the setting of algebraic cusp forms, replacing M by an
algebraic [[ on GLy(Ag) and supposing now w is on GL,,(Af), of Galois
type. Since Deligne’s conjecture is known for Hecke L-series of CM fields,
this conjecture is a theorem for K CM, and N =m = 1.

A last Section H, gives some special results which arise in the case of GLj;.

This paper is a revised version of a 1987 MSRI preprint. Since then, Hida
[Hi] has obtained basic results for GLy(Ag) where K is any number field; we
leave to the reader the task of confirming that Hida’s work is consistent with
what we conjecture. Also, both Harris ([Ha]) and Yoshida [Y] have, with
independent motivations, pursued the calculation of various period relations.

I would like to thank D. Ramakrishnan for encouraging me to look again
at this work and publish it in this revised form.
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M. Motives and period relations.

M.1. We briefly review our notations and basic objects. See [CV] for more
details. Let M be a motive (for absolute Hodge cycles) of pure weight w
defined over K and having coefficients in T', both number fields. Then

M = {MDRvMBaMf?IOO?If}

with 7" ® K module Mpg, a T vector space Mp, and aT ® Q; module
My, all free of the same finite rank. Here, for a number field L, L; denotes
the finite ideles. These modules are related by T-linear isomorphisms

I : Mp @ C — Mpr ®x C
IfZMB &® Qf — Mf

For L as above, G, denotes the Galois group Gal(L/L). Then M; is a G
module, and the collection {M, | A = finite place of T'}, where M, C M;
is the subspace associated to T), C T ® Qy, is a compatible system of
rational A-adic representations of G.

Also, My has a Hodge decomposition

My ® C= @ M»*
P,q€Z
ptg=w
with (MP9)1®r = M%P where p denotes complex conjugation. For each
p € 7, there is a K subspace FPMpr C Mpg such that

I, (EB Mi”"q) = F’Mpr @ C.

p'2p
The Hodge decomposition is stable for the action of T'.

M.2. Throughout this paper, we make the strong assumption that for two
motives M and N, defined over K, if M, is isomorphic to N,, as a Gg
module, for a single prime ¢, then M is isomorphic to N. This hypothesis is
a motivic version of Tate’s isogeny conjecture, proved for the H! of abelian
varieties by Faltings. See 1.3 below for a variant of the conjecture.

M.3. Special motives. For a number field L, let J, and J g denote the
embeddings of L into C and R, respectively. Let Joc = (1I,p\(Jr —
JLr), i.e. Jpc is the set of complex places of L. For each ¢ € Jgkr,
let F, : (cM)g — (0cM)p denote the action of complex conjugation on
the conjugate by o, oM, of the motive M defined over K. Set (cM)p =
(cM)} @ (oM)g where (cM)E = ker(F, F 1). If w € 2Z, assume
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Mv/2w/2 = {0} unless K is totally real. In this case, assume that each
F, acts on M"/?%/2 by a scalar ¢ = =1, independent of o. We call such
motives special, and henceforth any motive denoted by M will be special,
defined over K, and with coefficients in T'.

Define spaces F*Mpr C Mpg by

F*Mpr = F*?Mpg (w € 2Z, ¢ = £1)
F*Mpp = F¥*" ' Mpg (w € 2Z, e = F1)

F+MDR:F_MDR == FwTHMDR (U} Odd)
Put M3, = Mpr/F¥Mpg. Let d = dimy Mp and define d* : J; — Z
by d* (o) = dimension of o-eigenspace for action of T'in Mz, ®@x C. Note
that if 7 € JK, (7’]\41)3)i = T(ME)‘:R)

M.4. Periods. Let Rg/qM be the motive over Q obtained by applying
the restriction of scalars functor to M. Following Deligne ([D]), define
H(M,T) € (T ® C) by

ct(M,T) = dety (I%)
where I* is the composite
(Rg/qM)E ® C 2= (Rg/qMpr) ® C — (RxqMpr)*® C
and the determinant is computed relative to T bases of each side. When
convenient, we will write ¢* (M) = ¢*(M,T), leaving T implicit.
M.5. Let End(M) denote the algebra of all endomorphisms of M which are
defined over K.

Proposition 1. If M is simple, i.e. has no non-trivial submotives, then
End(M) is a division algebra with positive involution.

Proof. The proof follows, exactly as for abelian varieties, from the existence
of K-rational polarization of M. ]

Remark. Hence, by Albert’s classification, End(M) is 1) a totally real
number field F, or 2) a quaternion algebra B over F with B ®q R isotypic,
or 3) a division algebra over a CM field. (We recall here that a CM field is
a totally imaginary quadratic extension of a totally real field.)

Let 6* denote the isomorphism class of the representation of 7' on M3 .
For a number field L, let I}, denote the ring of functions from Jy, to Z. The
elements of I; with non-negative values are identified with the Q-rational
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representations of L as a Q-algebra. If & € I, and 7 € Gq, define 7® by
(7®)(n) = ®(rv7'n) forn € Jp.

Proposition 2.
(a) If either T or K contains no C M subfield, then 6 is a multiple of the
reqular representation. In any case, 6 + pd* is such a multiple.

(b) If 6% is not a multiple of the regular representation, then §& = &~
and T contains a CM subfield E such that 6*(n,) = 6%(n2) if ;1 and
ny agree on E. Further, for Ko = Q(Tr 6*(t) | t € T), 70* = 6*
if and only if T € Gk,.

Proof. Assume that M is simple as a motive with coefficients in 7. Then
6% is the restriction to T C End(M) of a representation of End(M). Let
T’ be a maximal subfield of End(M) which contains T. Let 0% be the
representation of 7" on M3 ,. Then

5 (o) = Y or(n).
neJpr
nlr=c

Regard these functions as defined on Gq. Then 0% (pg) = 6% (gp) for all
g € Gq. It follows that the same property holds for 6%, and hence, if
E C T denotes the field attached to H* C Gq, the right stabilizer of 6%,
then F is one of these types of field. Since the period map

(Mp @ (pZW)B)i ® C = (M;R ® C & (pM)ER ® C)

isT ® C linear, * + pd* is a multiple of the regular representation R. If
E is totally real, then 6 = pd*, and hence 67 is itself a multiple of R, and
EF = Ky = Q. If FisaCM field, then K, is a CM field, K can contain
no real place, and hence M}, = Mpg,ie 67 = 6. If 7 € Gq, then 7
fixes K, if and only if (76%)(t) = §%(t) for allt € T. This happens if and
only if 76% = §*. [l

Remark. The example of an abelian variety of CM type shows that 6 is
not always a multiple of R.

M.6. Basic periods. Let M be simple, and let Z be the center of End(M)
with [End(M) : Z] = n® Let T O Z be a maximal subfield of End(M).
Then [T': Z] = n. Let L be a Galois extension of Z which contains T". Let
N = Rg/qM. Then

N Rz L = @UEHomZ(T,L) N ®T,0’ L
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where N ®r, L denotes the extension of coefficients of N viao: T" — L.
The N ®r, L are all L linearly isomorphic since each is isomorphic to the
image of M ®z L by a minimal idempotent of End(M) ®z L = M,(L).
Hence, the quantities ¢*(M,T) ®7, 1 € L ® C all lie in the same coset
modulo L*, i.e. the class of ¢*(M,T) ® 1in (L ® C)*/L* is fixed under the
action of Gal(L/Z) via the first factor. Put 2¥(0) = (0 ® 1)(c*(M,T) ®
1)/t (M, T) @ 1 € L*. Then 2%(0) is a l-cocycle for the action of
Gal(L/Z) on L*. Hence there exists b* € L* such that b* = (ob%)z*(0).
Put ¢Z(M) = bTc*(M,T). Then (¢ ® 1)ci(M) = ci(M), ie., ct(M)
belongs to Z ® C. Since the map (Z ® C)*/Z* — (L ® C)*/L* is
injective for every L, we see easily that ci (M) depends only on M and not
the auxiliary choices of T and L.

M.7. Relations. If F is a field contained in End(M), ¢*(M,F) ~
Nzr(cg(M)) mod (F*) where T D F is a maximal subfield, Ny p : (T ®
C)* — (F ® C)*is the norm map, and, for any field L, and o, 3 € L ® C,
with 8 a unit, « ~ fmod (L*) means o™ € L = L ® 1 — L ® C.

Proposition. Let M be a simple motive defined over K with coefficients
inT. Let Z be the center of End(M), with [End(M) : Z] = n. Then

(M, T) ~ Nrgo(ct (M)"T#27" mod (T%).

Proof. ¢*(M,T) ~ Ngr(cg(M)) where L O T is a maximal subfield of
EDd(M) Since NL/T = NTZ/T o NL/TZ: (M ) NTz/Z(CBE(M))[L:TZ],
because ¢ (M) € Z ® C. Since [L : TZ|[TZ : Z] = n, the result
follows. |

Although the periods ci (M) are more fundamental, we shall work through-
out the paper with the quantities ¢*(M,T).

M.8. Factorization of ¢*(M,T). Let Px = (1,e)\J, denote the set of
infinite places of K. Given M and T' C End(M), we will define, for v € Pg
periods ¢ (M, T) € (T ® C)* such that

(M, T) = ) - ] cE(m,T)

vE Pk

for an elementary computable factor a(M) € (T'® Q)* depending only cer-
tain choices of differentials and characterized mod T™* by a Galois recprocity
law.

In the following ® C Jx denotes a Gt orbit of embeddings of K and ¥
denotes a Gk orbit of embeddings of T. Identifying, according to context,
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a set of embeddings ¥ C Jr with the sum Y,cgy0 € I, also denoted ¥, we
have

5= n*(W)¥  (n(¥)>0).

The algebra T'® K is isomorphic to a direct sum of fields indexed by the
orbits of Gq in Jr X Jg: If ¥ C Jp, we define ¥* C Jg by

U = my((Gq(V¥ x 1)) N (17 x Jr))

where m, : Jr X Jg — Jgi denotes projection on the second factor. Similarly,
we can define U* C Jr given ¥ C Jg. For a Gr orbit ¥ (resp. Gx orbit
) let 0 € U (resp. T € ¥) be a representative. Then the decomposition
becomes

TeoK So(TeK)® S aoTo(K)
q> ~

S o(TeK) > or(TK,
\Ij ~

T

and the T ® K-module M3, decomposes as T ® K-module:
Mz S ©(ME)"
where )
(Mpp)" = (T @ K)")™ ™.
Let (6%)* = %ni(W)W*, and let d(¥*) denote the number of elements in ¥*.

Then (T®@ K)¥ = (T® K)¥ = T7(K) is an extension of T of degree d(¥*),
and hence (M35;)" is a (T ® K)Y vector space of dimension n*(¥).

Let QF(0) = {wi (), ... ,wpi(y) ()} be a (T ® K)"-basis of (Mpg)",
and let QF = L‘ijJQi(\Il) Let n € Jk.

Case 1. Suppose n € Jg, g. The §* is a multiple n of the regular rep-
resentation, and n(Q*) = (\,Ilani(\I/) is a T-basis of nM7,. Let T'*(n) =

{vE®), ..., v (n)} be a T-basis of (nM)p. Let
L) : (M) ® C = (M) @pic C
be the T'® C linear period map, and let
p((QF()), = (n)) = det,(P(nw™(¥);, v=(n);)) (1 <4, <n),

where p(w*(¥);,~; (1)) is defined by

I () (e (9),) = 3 plna (W) v ()) -0
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Setting v = 1, define
ey (M) = [T p(n(*()), T ().

4

If we change QF and T'*(n), then ¢ (M) undergoes a change c¢(M) —

v

(t@n(k))cH (M) with at t € T*, and a k in K which is independent of 7.
Case 2. (n complex). The M}, = Mpp. Let

A(\I]n) = {)\1,... 7)\7L(\I/)7 )\/17 ,)\;l(\l,)}
where

Aj = nw; () + pnw; ()
Ny = (1@1)(nw; () — (pn)w; (¥))

for i = V=1, w; € Q). Let I¥(n) = {n(n) + pn(),-.. ;) +

pYa(n)s (1@3)(71(m) —pn()), ..., (1@%)(7a(n) — pya(n))} where yi(n),. .. ,
va(n) is a T-basis of (nM)p. Let

(Io(m) @ I (pn) : (M) p @ C)™ @
((pm)(M)p @ C)pn\p)i - (UMBER Qi) C® (pn)MgR Rpnx) C)

be the period isomorphism, and let, as before

p(A(®,7), T*(n))

be the T'® C-linear determinant of the matrix representing I£ (n) @® I.(on)
relative to be the bases A(¥,n) and I'*(n). Let (M) = [y p(A(Y,n),
I'*(n)).

Then ¢ (M) undergoes a change of the form ¢ (M) — (t ® 1)ct (M)
if we change the basis of (nM)%, and a change of the form ¢/ (M) —
(1 @ n(k)(pn)(k))c (M) if we change the Q(V¥). Finally, if we replace n
by pn,c(M) is unchanged.

For any ¢ : Py — 7Z and any d € Z such that e(v) = d if v is complex, let

UEPK,]R

vEPK\ Pk r

Then, because M is special, ¢ (M, T) is independent of choices up multipli-
cation by an element t ® 1 for t € T

cz (M) = ( II CT(M)E(“)CU*(M)“(”)>
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M.9. We retain the notation of the previous paragraph. Let
{oa(¥), ... aqu(V)} = A(P)

be a basis of (T®K)Y over T. Then AQ(W) d:ef{al(‘lf)Q(\Il), ar(U)Q(P), ...,
QW Y} is a basis of (Mp,)Y as a T vector space. Then AQ = Uy AQ(P)
is an unordered basis of M3, as a T-vector space.

Since the T-vector space (RM)%, is canonically identified, ignoring the

K action on the latter, with M3, as T-vector space; A is a T-basis of
+

RM3,. Since (RM)% = ( 69] (nM)B> , the family of T'#(n)’s from (M.8)
neJk
provides a basis of (((RM)p)®C)*. Computing c¢*(M,T) using these bases,
and letting € = 1, the ratio
¢i (M,T)/c*(M,T) = b™(M)

is well-defined modulo 7%, and is computed as the T'® Q-linear determinant
of the matrix which expresses the basis

<u U nQ(W))u(u U A(\If,n)>

w UEJK,R 4 "’]eRK,C
(where Ry ¢ is a set of representatives in Jg for (1, p)\(Jx\Jkr)), in terms
of AQ = UAQ(Y).
To do this, note that if we use the Q(V¥) bases to identify M3, with
O((T ® K)¥)"™ | then our task relates to that of calculating, for each ¥,
v

the inverse b(¥) of the determinant of the matrix in My~ (T ® Q) giving
the canonical isomorphism

JW): (TeK)"2Q3 (TeQ)",

where we regard the right member as the T'® Q-algebra of maps ¥* — T®Q,
relative to the bases given by A(¥) and the set of idempotents 1,, satisfying

L,(n) = 1pgg, 1,(n') = 0 if o’ # n. Note that

J(0) (o () = > nley(¥)) - 1y,

new*

where 7 is the T-linear extension of 1 to (T ® K)¥.
Hence,

b(¥) = det(n(a; () 1<j<dw), new-

and .
bt =T b(w)" ™.
v
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Then b depends only on T, K and §* modulo T*.

This quantity is characterized by a reciprocity law which is easy to com-
pute: Since each ¥* is stable under the action of Gr, the signature mg(7)
defines a character 7y (7) : Gy — {£1}. Define

+
et = H?Tq;(T)n ()
v

and let b(0%) = (b(6%),)ses,. Then
Tb(6%) = mse (1)b(6%),
for 7 € Gr, and, letting Rs+ = Ind®(ms= ), we have
(1 ® 7)b(6%) = R(6%)(7)b(6%).

Note that b" ~ b~ unless K is totally real and MEZ” # {0} for some p.
Several special cases are worth noting.
1. If T = Q, 6% is a multiple n* of the regular representation of K and
7(6%) = 7(Jx)"" . Hence b* ~ (v D)™ where D is the discriminant.
2. For more general T, but if §* is a multiple of the regular representation,
then 7(6%) = (sgn(Jx) |7)", and again

bi ~ 1®\/DKn.

3. If K is a CM field, and §* is a multiple of a CM type, then G acts
on (6%)* via the same permutation as it acts on the embeddings Jx,,
since the restriction §* — Jg, is a bijection, where K| is the maximal
real subfield of K. Hence m(6*) = (sgn;,) |r and so b ~1® v/Dp.

M.10. Artin motives. Let m# : Gx — Aut(V) be a representation of
G on the rational vector space V. Set 15 = V, 1y = V ® Qy, and
mpr = (V ® Q). Let I, : mpr ®x C = 75 ® C be the identity map,
and define I; similarly. The structure 7 = (7pgr, 75, 7f, I, If) is called an
Artin motive ([D]). We have 75 ® C = 7%° and 7 admits a field T as
coefficients exactly when we can embed 7T into End(7p) with image in the
commutant of the image of Gx. Assuming 7 has coefficients in T, for each
o € Jgr,let ey (o) = %(d,T + Tr(F, | (om)p)), where d, = dimr 7p.
For v complex, put e.(v) = d,. (Here, for o € Gq, o is the Artin motive

attached to the representation 7 — 7(oc7'70), 7 € G,xk.)

M.11. Reciprocity laws. Let H, U, and V be subgroups of a topological
group G, with H finite, and U and V of finite index, and U C V. Put
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Jv = G/U, Jy = GJV. Let v : Jy — Z satisfy, for an H invariant
subset S C Jy,

c o€ S
Tezl;aw(T):{O o ¢ S

with a constant ¢ depending only upon . Via the natural map Jy — Jy,
regard ¢ as a function on Jy. Let Gy be the subgroup of 7 € G for
which THo = Hr7o for all 0 € Jy. For each 0 € Jy, choose a
representative w, € G, and arrange that hw, = wy, for allh € H. Let
Hs = {9 € G | ¢S5 = S}. Define for 7 € Gy N Hg, ty,(r) € U by

ty(1) = H (w;,lTwo)w(") mod U*

celJk

where U*¢ denotes the closure of the commutator subgroup.
Proposition 1. Fort € Gy N Hg, ty(7) is well-defined.

Proof. If W/, = w,u, for au, € U, then vy, = u, forallh € H. Hence,
it is enough to show

H u?l? = H u?” mod U°.

cedy cedy
Since THo = H,, for each ¢ € Jy, the result will follow if
Yoo W) = Y D Wb,
neJy heHTn n€Ju he€Hn
n—ao n—o
Since 7S = S and 7(Jy — S) = Jy — S, each side above is either
[V : Ulc or 0, simultaneously. O

Next, let H, = {9 € G | g¢ = ¥}.
Proposition 2. If 1,70 € Hy, ty(Tima) = ty(71)ty(12).

Proof. Let X C Jy be a set of representatives for H,\Jy. Then

o ()
(*) to(r) = ] [H (w?lewy)]

rzeX yeEHyx

where ¢ : Hy\Jy — Z is the function defined by . Fixing x, each
w, belongs to Hyw,U = w,(w;'Hyw, U), and hence w, = w,z, with
z, € w;'Hyw, U. Hence, if T € Hy,

H (w;lewy) = H (Z;yl(w;Iwa)Zy).

yeHyx yeEH
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Now let A and B be subgroups of finite index inside a group C, and let
{z € AB | a € A-B/B} be a set of representatives in A-B for the
quotient A-B/B. If a € A, define t(a) € B by

t(a) = H (2;.laz,) mod B.

a€A-B/B

Then t(a) is well-defined, and

t(ayaz) = H (za_llawalagza) mod B¢
ac€A-B/B
= H (z;llazaalzaw)(zl;laagza) mod B¢
a€A-B/B

= t(ay)t(az) mod B°.

Applying this remark to a1 = w;'miw,, aa = w;'nw,, A = w;'Hyw,
and B = U, we see that inner term of (*) is a homomorphism and we are
done. u

Note that if ¢ is a constant, taking the value d, then H, = G and

ty : G — U is the d-th power of the usual transfer map. However,
in general, for 7 ¢ H,, t, is not a homomorphism. Rather, we find
ty(T1T2) = tr(71)ty(m2) for general 1,7 € G.

Below, we apply the results with H = (1,p), U = Gx and V = Gk, ,
where K., C K is the maximal C'M subfield, or Q, if K contains no CM
subfield. Hence, if S = Jy, Gy = Hs = Gq.

M.12. If L and T are number fields with L. O T, we regard any 6 € Ip
as a function in I; via the map J;, — Jp. Let L be a Galois extension of Q
which contains 7. Then, for §* as in M.5, there exists a unique 6* € I
(c.f. Prop. M.5.2.) such that 65 (c) = 6F(oc7!) forallo € J.. If 7 € Gq,
then 70* depends only upon the image of 7 in Jp.

The ¢ € Iy which are of interest to us are of the form §
satisfy

+

* 9

and hence

(M.12.1)

Y(po) + ¢(o) = w (0 € Jk).
(M.12.2) P(oy) = Y¥(og) if oy = oy on K.
(M.12.3) TY = (r e Jr).

Clearly, for such v, the above procedure defines v, € Ir, and we have

(W) = 9.
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M.13. Let ¢ be as in M.12, and define ry, : Gq — (G¥)’" by ry,, = toy,
for eachn € Jp. Then,if o : G% — T*is a character, define, for 7 € Gq,
wury(T) € (T ®q Q) by

pury(T)y = (M) © ryuu(r) (0 € Jr).

Proposition. There ezists an element c(1,p) € (T ® Q)*, unique up
to a change of the form c(v,p) — (t ® 1)c(v,¢) witht € T*, such that
forallT € Gq,

(I @ m)e@, ) = @ury(T)e(t; @)-

Proof. Let m, be an Artin motive, defined over K, with coefficients in Q(¢),
the field generated by the values of . Set 7 = m, ®q) 1. Then
dimy 73 = 1, and hence there exists p(p) € (T ® K%®)* such that
v = p(p)w where 0 # v € mp, and w is a basis of the free T @ K
module mpr. If 7 € Gk, it follows, from the definition of mpgr, that
(1 @ 7)p(p) = (e(1) @ 1)p(p), and p(p) is independent of choices, up to
change of the form p(¢) — ap(p) withan a € (T ® K)*.

Now let ¢ : Jr — Z be as in M.12. with the roles of T" and K reversed,
and for ana € (T ® Q)*, define ¢(a) € T ® Q by ¥(a), = a¥\?). For
o € Ji,put p(¢)s = (1 ® w,)p(p), and set

P, o) = ] (e¥)(p(0)o).

ocJk

Note that, for 7 € Gq, we have (1 ® 7)(¢(a)) = (7¢)(ra). Then

1 @ 1PW,p)= [] (o) (1 ® weok(r,0)p(0))

=[] (rov)(¢(k(1,0)) © w.o)p(e))
= [H (to)(p(k(r,0)) ® 1)1 Py, ),
where we have set 7w, = w,.k(r,0) with k(7,0) € Gk.

Now, forn € Jp,

I (row)(e(k(r,0)) © 1)]

o€Ji

(ne) ( H k(r, a)(rmb)(n))

oc€Ji

= (ny) ( IT &G J)(T‘lnw*)(a)>

oceJi

n

= NP o tr1py, (7).
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Thus (1 @ 7)P(¥,9) = ¢ * 4. (T)P(, ¢).

If we now start with av : Jg — Z asin the hypothesis of the Proposition,
we prove the above result with the roles of 1 and v, reversed, using (¥.). =
Y. Put c(ip,0) = P(is.,¢). Then we are done since the reciprocity law
clearly characterizes ¢(1), ¢) up to multiplication by ¢ ® 1. [l

M.14.

Corollary 1. Define c(v,9) € (T ® Q)* as in M.13. then
(i) if o™ = 1, then c(p, )" € T*,
(i) let E C T be the field corresponding to Hy. Then c(¢, ), € E®,

(iii) over E(yp), c(v,¢): generates the Kummer extension attached to the
character ¢ o t, of G¥.

Proof. Part (i) is obvious, part (ii) follows from Prop. M.13 upon direct
calculation of the actions of 775 and 71 for 7,7 € Gpg, and part iii) is
elementary. O

Corollary 2. The numbers c(v, ), (n € Jr) generate abelian extensions
of CM fields.

Proof. By Prop. M.12., E = Q or E is a C'M field, and the result follows
from (ii) above. u

M.15. Let E, be the field generated over E by the elements c(1, p)1 as ¢
varies among the characters of finite order of G%.

Proposition.
(i) Ey is the subfield of E*® corresponding to the subgroup of E3 consisting
of the elements e for which 1, (e) belongs to the connected component of

K}*/Ki, where K C K™ is the subgroup of totally positive elements.

(i1)  Suppose that ¢ is a CM type, i.e. (o) + P(po) = 1, andp(c) > 0
forall o € Jk, and let F be the mazimal totally real subfield of the
field E.

Letz € F @ C — F ® R be a CM point of type (E,.) (cf. [CV]). Then

E, is the field generated over E by the values at z of all arithmetic Hilbert

modular functions (e.g. elements of Ag(Quy) in the notation of [Sh3]) which

are defined at z.

Proof. The argument of Tate in [L] extends immediately to our case to show
that 7 (Y.(e)) = ty(o) if re(e) = o € G, and where, for any number
field L, r, : L} — G{* denotes the Artin reciprocity law. Thus, (i) is
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immediate. To see (ii), recall that the field generated by the given values
is the compositum of E with the fields of moduli k(P) of the collection of
PEL structures P = (A,C,9,vy,...,vx), where (A4, C) is a fixed polarized
abelian variety with an action 9 of O, and vy,...,vy denote a variable set
of torsion points. By [SH2|, Prop. 5.17, Ek(P) is the field of moduli of
(A,C,9,), where ¥, : E, — End(4) ® Q is an extension of ¥. By [Sh2],
Prop. 5.16, Up Ek(P) is the class field attached to

M1 (Ve (K* Uk ()™ = (¢ (Npx1 (K Uk (n)))) "

where Uk (n) denotes the subgroup of local units in K; whose elements
are congruent to 1 modulo n. Since N,>1 K*Ugk(n)/K* is the connected
component of K7 /K%, we are done. Ul

M.16. For M special, irreducible and 7 an Artin motive, M ® 7 is special
if and only if i) M*/?2v/2 = {0} (w € 2Z), orii), ifw € 2Z and
Mw/2w/2 £ L0}, then K is totally real, F, acts as a scalar independent of 7
on each 7, for all 7 € Jk, and tr(F,, (7M)p) is independent of 7. Assume
that these conditions are satisfied.

Theorem. For a special motive M and w, as above, both with coefficients
T and defined over K,

(M ® 7)) ~ & (M)c(6F,det 7) mod (T™)

where €, is defined in M .10, det 7 s the maximal T linear exterior power,
and we have omitted notation referring to T'.

Proof. For 0 € Jk, let £&(0) = (&1(0),...,&q.(0)) be a basis of (o7)p.
Define A, : (cM)¥ — o(M ® 7) by

dr
AO-_’B(Ul,...,Udﬂ) = Z V; (024 451(0')
=1

where vy,...,v4, belong to (cM)p. Passing to quotients, define AF :
(eM)pr ®ox Q)& — (o(M ® 7m)5% ®.x Q, via A, pr, where
a = 1 unless M™/?2%/2 #£ [0} and 7(p) = —1, in which case o = —1.

We consider two commutative diagrams. First, if 0 € Jg g, assume
that £(o) has been chosen so that £(0); € (om)5if1 < i < g(0) and
£(0); € (om)pife(o) + 1 < i < d,. Then,

(M5 & (eM)F)=) © C —E—  ((oM)hp ®,1 C)
lAO',B J,A;t

I

(c(M@m)z®C —— (0(M ®7))pr ®ex C
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commutes, where J¥ = (IF)5(@) x (IF)4=—==(@) Hence,
M ® 7) ~ MO X det(AZ)

since det(A, 5) € T*. If 0 € Jk o, assume {(po) = p&(o). Then

rimeris  ((oM)Fg @ox C) @
oMYk ® (poM))*0C T S
(eM)F & (poM)F) ((poM)F g ®pox C)or
lAavB@vaB lAf@Afn

1L, ((0(M ®7))5r ®ex C)®

(o(M&m)p® (po(M®m)p)*®C (po (M ® 7)) 55 Dpox C)

commutes. Hence, if v denotes the place of K corresponding to the pair
(o, po), then
cEH(M ® 7) ~ c¢E(M)* det(AF) det(Afa),

where we agree that det(AZ) has component 1 at any n € Jp which fails
to occur in oMz ,. Thus, we must show

H det(AE) ~ c(6%,det ).

oeJk

From the definition of A,, we see that if wy, ..., w,;_belong to M,%R,

dr
Ai(awh"'?wdw) = Z ow; & fz(g)
i=1

Let py, ..., uq. be a basis of the free T ® K module mpgr, then

T

(o) = Y aij(0)o(w,),

j=1
with a;;(0) € T ® Q. Thus,
dr  dr
Af(awl,...,awdi) = Z Z o(w; ®@ pj)a;(o).
i=1 j=1

Decomposing this map into its 7 eigencomponents for n € Jp, we see that

(det(Af))n = det(A(g))msi(n)

n

where A(0) = (ai;(0))i<ij<d,-
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Without loss of generality, assume that K C R, if K has a real em-
bedding. Choose £(1) as above and let £(0) = w,&(1). Then for each
real o, £(o) satisfies our hypothesis, and p(c) = &(po) if o is complete.
Now, for any Artin motive 7, defined over K, and any 7 € Gq, the map
7: mg — (7m)p is the restriction of 7: 7pr ®x K — (77)pr ®@.x 7K,
defined by 7(u ® k) = 7u ® 7k for p € wpr and k € K. Thus,

dr

i(o) = Z (1 ® ws)ay(1) - wep,.

i=1

Hence det A(o) = (1 ® w,) det A(1), and so
II det(A%) ~ ] (@6*)((1 ® w,) det(A(1))).

o€JK o€JK

As to det(A(1)), note that (1 @ 7)(& (1) A--- A& (1)) = det(m) & (1) A
N (1) for 7 € G, and so, from the definition of 7pp,

(1 ® 7)det(A(1)) = ((det(m))(7) ® 1) det(A(1)).

Setting det(A(1)) = p(det(r)), as in the proof of Prop. M.13, and recalling
that argument, we are done. [l

M.17. Applications.
Corollary 1. Suppose that K is totally complex. Then
(M @ ) ~ cE(M)%c(6F,det ) mod (7).

Proof. Apply Theorem M.16. and Prop. M.9. 1

For the next applications, let L be a finite extension of K. For each
o € Jg,let r(o) the number of real embeddings of L which extend o, and
define e,/ : Jx — Z by

[L:K]+r(o) o real
B 2
erk(0) = [L: K] o not real.

Let M xyg L denote the motive over L obtained from M by extending
scalars.

Corollary 2. Suppose that M X L is special. Let wp, i be the character
of G which gives the sign of the permutation given by the action of Gx on
GK/GL Then, with e = €L/K

cE(M xx L) ~ cE(M)e(6F,7r/x) mod (7).
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Corollary 3. Suppose that K is totally complex. Then

E(M xg L) ~ E(M)EEe(6F 7pk) mod (T).

Proof. Apply Corollary 2 and Prop. M.9. [l

It is easy to give the quantities c(dF, 71/ k) an explicit form. Let ¢y, ..., ¢,
be a basis of L as a K vector space. Put

Pr/k = det(o'(gi))lgigt,a € Gk /GL-

This determinant is well defined up to an element of K*, and 7py/x =
7Lk (T)Pr/k. As in the proof of Prop. M.13, we can put

(0, myx) = [ @)@ @ wo)d & pryx)).

oeJk

Suppose next that 6% is a multiple m* of the regular representation of 7.
Then, for p: G — T, the reciprocity law is

(1 ® 7)cE(0F,9) = (¢ o trije(n)™ ® 1)t (3%, ¢)

where tri,q : Gq — G% is the transfer homomorphism. Let ¢ : K; — 1
be the character of K} associated to ¢ via rgx. Let ¢ : K; — C” be a
non-trivial additive character. Define

ﬂ@szw=1;ﬁw®MWm6@®Qw*

with the Haar measure du on K; which assigns measure 1 to the integral
adeles. Then the identity

(1 ® rq(2))G(p) ~ (2(2) ® 1G(y)

is immediate, provided we recall that rq(z)(e?™/™) = 2™@/™ where a €
(Z/(m))* is the inverse of the image of z. Since the diagram

b
Qxr — Gg
I
Ky —— G%
commutes, we see that

(1 ® 7)G(p) = (p o trgq(T) ® 1)G(p)
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for all 7 € Gq. Thus we have
e(05,0) ~ Gle™  mod (T7)
for 6 = m™ times the regular representation.
Corollary 4. Let K have a real place. Then
E(M @ w) ~ & (M1 @ D) G(det(r))™ " mod (T7)

where a = +1 unless M™“/*>%/2 #£ {0}, in which case « is the scalar by
which p acts on .

Proof. §* is m* times the regular representation by Prop. M.5.2, since K
contains no C'M subfield. Ul

Corollary 5. Let K be totally real. Let L be a totally complex finite
extension of K of degree 2a. Suppose that M©V/>v/2 = {0} ifw € MNZ.
Then M Xy L is special, and

(M xx L) ~ (c"(M)e (M)*G(rr)™  mod (T7).

Corollary 6. Let K be totally real. Let L be a totally real extension of K
of degree a. Then M X g L is special, and

E(M xx L) ~ E(M)*G(rr)™  mod (T%).

Ezxample. Let L be a cubic extension of Q. Then either L is cyclic over Q
or N, the Galois closure of L, has for its Galois group the symmetric group
on 3 letters. In the first case, 7,;q = 1. In the second, there is a unique
quadratic extension of Q contained in M such that m;,q is the non-trivial
quadratic character of Gal(/N/Q) associated to this extension. L is either
totally real, or has one real and one complex place. Hence, Theorem M.16
provides the following possibilities:

EMP(1 ® Di/fQ)di (L totally real, non-cyclic),

E(M)3 (L totally real, cyclic),
E(M)%cF(1 @ Di/fQ)di (L not totally real).

(M xq L) ~
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L. L-functions.

L.1. For a finite place v of K, let D,, I,,, and ®, denote a decomposition
group, an inertia subgroup of D,, and a (geometric) Frobenius coset in
D, /I,, respectively. In order to define L-functions we henceforth assume that
each structure on M as motive with coefficients in T is strictly compatible:
For each finite plane A of T', the polynomial

L,(M,T; X)™" = detyp(1 — ®,X,M*) € T\[X]

belongs to T[X] and is independent of the choice of A\. Let L,(M,T};s) be
the image of L, under the map T[X] — T ® CI|N,*] where N, denotes
the norm of v and s € C. Then define

L(M,T;s) = [] Lo(M,T;s).

If we assume the Riemann hypothesis for M, i.e. that the roots of
Nrjo(L,(M,T; X))~' € Q[X] all have absolute value (N,)"/?, then
L(M,T;s) converges for Re(s) > “’7“ and takes values, for such s, in
T ® C. It is standard to conjecture that L(M,T;s) continues to a mero-
morphic function on C. Further, if M is simple, the continuation should be
entire, unless M = Q(—w/2), in which case L(M,Q;s) = (x(s — w/2)
where (i denotes the Dedekind zeta function of K.

L.2. The various L(M, T s) attached to M for different coefficient structures
are related by the following elementary result.

Proposition. Let M be a simple motive defined over K with coefficients
in T. Let F be the center of the division algebra End(M). Then there
exists a unique Dirichlet series Lo(M,s) = H Lo.,(M,s), Ly,(M,s) =

Loo(M, X)|x_y-o with Lo,(M,X)~" € F[X], such that
L(M,T;s) = Nppr(Lo(M,s))"/*

where n* = [End(M) : F] and d = [TF : F]. In particular, for any
T O Fuwith|[T:F] = n, LIM,T;s) = Lo(M,s).

Proof. Suppose first that T O F, [T : F] = n,and let 7" C T be a Galois
extension of F'. Let v and A be finite planes of K and F', respectively, whose
restrictions to Q are distinct. Then
Trrer (., M) = Trre,reor (Po, My @p T') =
Triyneee (@o, (NA)") = Trrge (., Ny) € T' < (T)",
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where N, = e(M, ®p T') for a minimal idempotent of T ®x T’. The
first term belongs to T ® 1 while the last term belongs to 1 ® T’. Since
T®1N1l1®T = F (insideT ®p T"), L(M,T;s) is an Euler product
formed of polynomials with coefficients in F. Now End(M ®p T') =
End(M) @ T" = M,(T") and T ®@p T = (IT")" — M,(T") is a maximal
semisimple commutative subalgebra. Hence, N, is independent of the choice
of T, and depends only upon the choice of 7" which splits End(M). Thus
L(M,T;s) = L(M;Ty;s) if Ty O F is any coefficient structure with
[T}, : F] = n.

Put Lo(M,s) = L(M,T;s), with T as above. Next let T, be any coeffi-
cient structure for M, and assume, changing T if necessary, that T° O T5.
Then L(M,Ty;s) = Nrjr,(Lo(M,s)) = Nrpr,(Nrjrre(Lo(M,s))) =
Nr,rr, (Lo(M, ) with d = [ILF : F), since [T : ToF] = [T : F|[TLF :
F]7'. Q.E.D. |

L.3. We say that M satisfies the Tate conjecture if, for each prime ¢, the
Q. subalgebra of End(M,;) generated by the image of G is the commutant
of End(M) ® Qq.

Proposition. Let M be a simple motive over K with coefficients in T'. Let
F be the center of End(M). Let FT be the field attached to the subgroup
of Gq which stabilizes GrGr/Gp. Then i) the polynomials L,(M,T; X)™!
have coefficients in FT and, ii) if M satisfies the Tate conjecture, the coef-
ficients of the L,(M,T; X))~ generate FT.

Proof. From the previous proposition, we see that the coefficients lie in the
field generated by the elements Tryp/r(a), where a € F varies among the
coefficients of the Lo ,(M,X)"!. Since the map Gr/Grr — Gq/Gr is
injective, with image GrGr/Gr, this field is F7. O

To see ii), let A be the commutant of End(M) inside Mp. Then the center
of Ais F. By assumption, and the Cebotarev density theorem, the Q, span
of the Frobenius elements ®, is A ® Q, for any prime £. Hence the Q,
span of their reduced traces Try;p ® 1: Q@ ® Q — F ® Qs
F ® Q. Let Iy C F be the field generated over Q by the coefficients of
Lo(M,s). Then F, coincides with the field generated by the above traces.
Thus Fy ® Q, = F ® Q, for all £. Hence ' = F,. Now it follows
from the analysis above for part i) that the coefficients of the L,(M,T; X)
generate F'7. The last claim is obvious.

L.4.

Remarks. There exists an abelian variety A defined over Q for which
End(A) ® Q is a non-commutative division algebra. Set M = H'(A).
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Then L(M,s) = Np/q(Lo(M,s))” where n®* = [End(A) ® Q: F|and F'is
the center of End(M). L(M, s) is the usual Hasse-Weil L-function in degree
one of A. Np/q(Lo(M,s)) cannot itself occur as L(N,s) for N = H'(B)
with an abelian variety B, because then L(N,s)" = L(M,s), and so by
Tate’s isogeny conjecture, proved for the motives attached to H' of abelian
varieties, A is isogenous to B", contrary to hypothesis.

L.5. Critical strip. Let M be a critical motive defined over K, and put
N = RgqM. If Np ® C = Nv2%/2ywithw € 2Z,put I, = Z.
Otherwise, put I; = {P + 1,...,Q} with

P = max{p|N?? # 0}.
p<q

Recall that if N*/2w/2 2£ 0, then F, acts on N*/%%/2 as a scalar (—1)° for
e = 0or 1. The critical strip for M is C(M) = C,(M) U C,.(M) where

C, (M) = {)\ e | A< %and)\ = 5(2)}.
Co(M) = {)\ el | X> %and)\ = 5(2)}.
Recall (M.6) that we have attached to M a pair of basic periods cg (M).

L.6. The following conjectures are due to Deligne [D].

Conjecture 1. Let M be a simple special motive defined over K. Then,
for each k € C(M),

Lo(M,k) ~ (1 @ 2mi)kee/co(M) mod (F*)

where o = (=1)¥, F is the center of End(M), [End(M) : F| = n?, and
Cn = dlmF((RK/QM)%)

Conjecture 1 implies the following assertions.

Conjecture 2. Let M be a special motive over K with coefficients in T.
Then, for each k € C(M),

LM, T;k) ~ (1 ® 2mi)*c(M,T) mod (T*)
where d, = dimp((Rx/qM)%).
Conjecture 3. If M is K-simple, and k € C(M),

L(M,T;k) ~ (1 @ 2mi)kdec*(M,T) mod ((FT)*).
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L.7. Results. Conjecture 2 is known when M = M(x) is the motive of
CM type attached to an algebraic Hecke character x of a CM field K, by
the principal result of [CV]. A method of Harder ([H]) will establish the
theorem for general K, by reduction to the former case. See H.12 below.
Also, the truth of Conjecture 2, for all T' coefficient structures on M implies
Conjecture 1 for M, by an easy argument. Thus, all three conjectures are
known in this case. Conjecture 2 is also known for the motives attached to
classical holomorphic modular forms ([D]) and for the tensor product of two
such motives ([Sh1], [BO]). For a partial result in the case of a triple tensor
product, see [BO].

L.8. Main conjecture. Let m be an Artin motive with coefficients in T'. From
Conjecture L.6.2 and Theorem M.16, we obtain:

Conjecture 4. Letk € C(M) N C(M ® =), then
LM & m,T;k) ~ b™(1 @ 2mi)*=MEm e (M)e(52, det(r)) mod (T™)

where o = (—=1)*, where b = b(6%) unless My/*""> £ {0}, in which case
b= b(éasgn(ﬂ))'

This conjecture is known for Hecke L-series provided dimy 7 = 1, and
results compatible with this conjecture have been obtained by Shimura in
[Shl]. If M is K simple with dimy M > 1, then for all cases in which it
is known, 4% is a multiple of the regular representation.

L.9.1. Automorphic L-functions. Fix K and let [] be a cuspidal automor-

phic representation of GLy (Ax ) whose infinite part 7., = ® m, is algebraic
vEPK

in the sense of Clozel ([C]). It is now standard to conjecture (c.f. [C]) that
there exists a motive M defined over K, with coefficients in some field T,
such that

er(L,(M,T;5)) = Ly(r, )

for all places v of K; here e; : T'® C — C is the projection determined by
1r € Jp. It is thus reasonable to ask for a reformulation of L.8 in purely
automorphic terms, invoking additional hypotheses as needed.

L.9.2. Let v € Pk and let W, denote the Weil group of K,. To each [[, is
attached a representation

R (m,): W, — GLx(C)

whose isomorphism class we denote by [R([],)]; the restriction of R([],) to
R*>0C W, is a scalar ¢ — r~" for w € Z which is independent of v. For
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v a complex place of K, let 0 € Jg be an embedding determining v. Then
o determines an isomorphism

-1, v *
:C" = K.
We can write

R (H v) Lol Diag(Z_al(a)f_(w_al(ﬂ)), o 7Z—aN(a)2—(w—aN(a)))

with integers a;(o).

On the other hand, if v = o is real, the class of R(Hv) oo :C" —
GLyN(C) is 1ndependent of the choice of isomorphism o e K,, and
R([],) oo can be diagonalized as above.

L.9.3. Our first task is to define the critical strip C ([]) of [[. To do this,
let

-1

Kmin = 1+ max {a;(0) | a;(0) < w/2}
a,]

d=w— kain +1

and let

Ci (IT) = Thumins w = Fomin + 13-

If there is a o and a j for which a;(0) = ¥, then C([]) = 0 unless K is
totally real and a signature condition is satisfied: For each 1-dimensional
factor x of R (],), the sign x(j)(= £1) is independent of v and x in R ([],).
(Here j € W, satisfies j2 = —1.) We denote this sign by sgn([]) when it is
defined.

Now let

c(ID) = {reci (T} < [5] s (ID) = )
¢ (IT) = {k G (IT)| k> [7“2”} csen (I]) = (_1)k}.

Then C (H) Cy (ID) if no a;(0) = 5, = CL (I) N C, (IT) N C, (T]) if some
a;j(0) =%, K totally real, and sgn(H) is defined, = () otherwise.

L.9.4. Definition of = ([]), d* ([]). L
1

(1) -2 5 (Nitr(R(H ) 0))+ XN

vEPK R vé¢ Pr R
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Let 0F = d* (T]) ( EEJ O') unless K is totally complex.

If K is totally complex, v € Py, and o € Jg determines v, let f(o) be
the number of indices i (1 < ¢ < N) such that a;(0) < w — a;(¢), and define
a function F' : Jr x Jx — Z by F(1,0) = f(0) and F(7|r,70) = F(1,0) for
all 7 € Gal(Q/Q). Finally put

6% () = Z F(o,1) 0.

occJr

L.9.5. Galois forms. Let m be a cuspidal algebraic representation of
GL,,(Ak) such that o(m,) has finite image for each v in Pg. Such a 7
is called of Galois type since L(m,s) is conjecturally an Artin L-function.
Let w, denote the central character of .

Define ¢, : P — N by

ex(v) =m if v complex

en(v) = %(m +tr(R(r)()))  if v is real,

L.9.6. Tensor product [[®@n. Let Lg(]]®m7,s) denote the usual Rankin
product L-function of [[ and 7 without Euler factors for v € S, a finite set
of places including the infinite ones. Define

1
& ([Ter) =5 > <Nm + trR(m,)(j) tr (R <H> (j))) + > N,
2
vE Pk R v ’UQPK,]R
and define C ([] ®7) using the tensor product representations R ((][] ®n),)

' R([1,) ® R(x,) instead of R ([],). As before, if some R ([[,) contains an
abelian representation, we must have e(mw,) = £m, with a sign independent
of v, if C([T®n) # (. Let sgn(w) € {£1} be this sign.

L.9.7. Conjugates. Let 7 € Aut(C). Then 7][; is defined, where [[;
is the “finite part” of [[ = J[, ®][[;. If [] is algebraic, [[; should be
definable over a finite extension of Q and we let T ([]) be fixed field of
H={re GalQ/Q) | I[; = II,}. Let L;(I]5) be the T ® C valued L-

function such that e, (L%(m,s)) = L, (T Il s) where e, : T ® C — C is the
projector attached to 7 € Jp. Similar remarks and definitions apply to the
formal product [[; ®7y, and we let now T be any number field containing

T (1D T ().
L.9.8. Conjecture. There exist quantities ¢F ([]) € (T () ® C)" (v € Pg)

v

such that for all cuspidal m of GL,,(Ak) of Galois type, all k£ € C([[) N
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C ([T ®w), and any finite S containing Py,
Ly ([T &m k) ~ bozm @)1 @ 2miy s [Tencn (T]) Co2, wy)
mod (7 (1) 7(m))

where o = (—1)* and

ce (T0) = ( I c: () e (H)M(U)) x ( [T c (H)>

vEPK R v Prc R

m

H. CM Motives.

H.1. In this chapter, we employ a method of [CV] to derive special period
relations which obtain between periods of motives of CM type with respect
to T, i.e. dimp Mp = 1. Some proofs are only sketched or omitted since
they are easy consequences of the methods of [CV] and the earlier results
of this paper. Let x : Kj — T be an (algebraic) Hecke character (cf.
[CV], 3.2). Recall that from y, we construct a motive M = M/(x), over K
with coefficients in T, whose T linear isomorphism class depends only upon
x and T'. M(x) is special if and only if, for all « € K* C K7, putting

(%) x(e) = [ o)™,

oceJi

we have n(o) # n(po) for any 0 € Jg. As in [CV], (5.1), we say
that x is critical if & = 0 belongs to C(M). Assuming x is critical, put
ct(x) = (M), and L(x,k) = L(M,T;k). Here L(M,T;s) is simply to
T ® C valued series whose components are the Hecke L-series L(ny, s) for
n € Jr. Write L(x) = L(x,0).

H.2. Assume that K is not totally real until H.5. Let Koy € K be the
maximal CM subfield. Define ¢ € Ix by ¢(0) = n(o), with the n(o) as
in H11. Then ¢y € Ig.,, < Ig. If x is critical, then either p or 1 — %
(with 1(0) = lforallo € Jk)equals w® + up — p where p, ® € Ix.,,,
O(0) + ®(po) = 1, P(0) > 0and u(o) > Oforall oin Jk, and u(c) = 0
unless ®(0) = 1. Let E be the field attached to the group Hy C Ggq, with
Hg as in M.11. Then ®, € Ig is defined. Let rg, : E; — K; be defined
by re, = det(®,). Forn € Jpand 7T € Gq,let g,6(7) € {1,—1} be the
sign of the permutation of < 1, p > \Jx obtained via the composition

(Lo\Jk = [n®] = [mn®] = (1, p)\Jx
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where | | denotes support. Note that €4 : Gg — {1,—1} is a character.
Forn € Jr,let es(n) = (—1)"" where t(n) is the number of elements in
lp®| N n®| C Jk. Let xo : K; — T} be the map defined by ().

H.3. The following result summarizes a basic construction of [CV].

Theorem. Let x be a critical Hecke character of K whose values on K7
lie in T. Let N be a motive defined over E with coefficients in T attached
to the algebraic Hecke character x o re, - €¢. Then

a) there exists a collection {v; | n € Jg,0 # ~v5 € (nN)p} such
that for allm € Jg, 7 € Gq, and k € Kj satisfying (k) = 7 on Ka,

T(Ir(7)) = Xa(k)"'X(K)ene(T)es(n)es(Tn) (7))

this collection is uniquely characterized by this formula up to a change ’yf —
t%i for at € T which is independent of n € Jg and the choice of sign.

b) Put
Y=
neJg
and define F* = F*(Rg/qN)pr where F* # (Rg/qN)pr but

FS_I(RE/QN)DR = (RE/QN)DR ThETL dlmT(RE/QN)DR/F* = 17 and
if I* © (RgjqN)p ® C — ((Rg/qN)pr/F*) ® C denotes the map
constructed from I, we have, for 0 # w € (Rg/qN)pr/F*

F(v5) ~ ¢*(x) - w  mod (T7).

Proof. The proof is given, in [CV], 4 and 5, for an analogous result for the
dual motive, {7," | n € Jg}, and where K is a CM field. For the case
here, the construction of {y, | n € Jg} and ¢ (x) follows by the same
method, if we use elements v, — 7,, (0 € Jk) starting from (5.2.4)
of [CV]. For general K, the proof is the same as in [CV], but employs the
e,e where [CV] employed a simpler character ~ € of Gq. [l

H.4.

Proposition. Let M be a motive associated to the x of Theorem H.3. Then
ct(x) ~ es - ¢ (x)

where e = {es(n) | n € Jg} € E ® Q C T @ Q.

Proof. From the construction of the v, out of vectors 7,, 0 € Jg, we see
at once that 7,” = &p(n)'y;“ , and the result follows from H.3. [l
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H.5. Let C(x) = C(M(x)), the critical strip.
Corollary. For m,n € C(x),
(1 ® 2m) ™ L(x,m) ~ (1@ 2m) "Ll n)es" ",

where g = 3K : Q), unless K is totally real, when g = [K : Q].

H.6. If K is totally real, let ® € Ii be the regular representation. Let
o : Gq — {1,—1} be defined by TDY? = co(r)DY?. Let o(K,®) €
(T ®@ Q) satisfy 7¢(K, @), = e,0(7)c(K,®),, forallt € Gqandn € Jr.

Proposition. Let 0 < n € Z, and let x be a critical Hecke character.
Then
(X)) ~ (X)"e(K,®)"t mod (T).

Proof. Suppose that K is not totally real. If ¢*(x) is defined via {7 |
n € Jgtand w € (RpqN)pr/F*, as in Theorem H.3, then ¢*(x)" is
defined using {7*" | n € Jg} and w®" on Rg;qN®". On the other
hand, let IV,, be the motive attached to x™ as in Theorem H.3. Then N,
is attached to the character X" o re, - €, and c¢F(x") is defined via a
system {7 (n) | n € Jg} and w,. The map sending 7;-®" to v, (n) is a
T-linear isomorphism A\* : Rp/q(N") x Q — Rg/q(N,) x Q. Since
N®" is attached to the character " o rg, - £, Mw®") ~ (K, P)" - w,,
and the claim is proved. If K is totally real, the result is an elementary

calculation. |

H.7.
Corollary. Let x be a critical Hecke chracter and let 0 < n € Z. Then

L(xX") ~ L(x)"c(K,®)"! mod (7).

H.8.

Proposition. Let x be a critical Hecke character of K. Suppose that L is
a finite extension of K for which x o Np,k is critical. Then

¢*(x © Npjk) ~ ()" Ke(®, mpx)
with Tk Gg — {1,—1} as in M.17.

Proof. The proposition just restates M.17, Corollary 3 and Corollary 6, since
these are the only possible cases. We use here that & = §%. u
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See M.17., below Corollary 3, for a discussion of ¢(®, 7r,x).

H.9.

Corollary. Let x be a critical Hecke character of K, and assume that
Conjecture L.6.2 holds for M(x) and M(x o Ny/k), with a finite extension
L of K for which x o N,k is critical. Then

L(x o NL/K) ~ L(X)[L:K]C(‘IJJL/K)‘

H.10. Now let L be a subfield of K such that x, € I lies in the image of
I;. Then:

i) If x is critical, X|L; is also critical.

ii) The following formula holds:

c*(x) ~ F(xley)e(K, ®)e(L,¢)  mod (T7).

Proof. If K is complex, then, we compute c¢*(x) and ¢* (x| 1) by means of
Theorem H.3. as periods of motives Rg/q(M(x © 7¢.€4)) and Rg,q(M(x o
re, - €a|,)), respectively, where e, is the character obtained by regarding ®
as an element of I;. The proof now concludes as in the proof of Proposition
H.6. If K is totally real, then the result follows easily from the identity
ct(x) ~ ¢t(x o trxq + Tr/q) With mx/q as in M.17. Ul

H.11.

Remark. Let Koy = L be the maximal CM subfield of K, in the case
where K is totally complex. Then ¢(Kcy, ®) ~ 1 @ DY/? mod (7),
where F' is the maximal real subfield of L. It is not hard to check that

(K, ®) ~ (1 ® DYHEHE  mod (T%)
with 8 = {8, | n € Jr}and

By = H ﬁn(g)

oeJp
By(o) = det(B] )1<i<ik:L],reS,..
for a basis 3, ..., Bik.r) of K over L, and where

Sno = {7 € |n®| such that 7|p = o}

and is ordered by first imposing an order upon (1, p)\Jk, and ordering |n®|
via its image in this set.
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H.12.

Theorem. Let x be a critical Hecke character of a totally complex field K
with mazimal CM subfield L. Let T be the field generated by the values of x
on Kj. Suppose that [K : L] > 1. Then Conjecture L.6.2 is true for M(x)
if and only if

L(x) ~ L(x

)1 @ DYIELDE  mod (77)
with the notations introduced above.

Proof. The hypothesis ensures that L(x|r:) € (T'" @ C). Since Theorem
9.3.1 of [CV] establishes L.6.2 for x|r-, the theorem follows from H.10 and
H.11. U

H.13. It appears likely that the method of Harder ([H]) will establish H.12.
The paper [H] treats the case where [K : L] = 2.
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