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CR APPROXIMATION ON A NONRIGID HYPERSURFACE
GRAPH IN C™"

AL BOGGESS AND ROMAN DWILEWICZ

Let M be a hypersurface in C™ that is the graph over a
(2n — 1)-linear real space. The main result of the paper is
that any CR function on M can be uniformly approximated
on compact subsets by entire functions on C™.

1. Introduction

In [BT], Baouendi and Treves prove a local CR approximation result that
says (in particular) that CR functions on a CR submanifold can be locally
approximated by entire functions. The global version of this theorem is
false, as seen by the example M = {(z,w) € C?% |z| = 1} — the function
f(z,w) =1/zis clearly CR on M but cannot be approximated uniformly on
compact subsets of M by entire functions. A natural question is whether a
global version of the CR approximation theorem holds in cases where there
are no topological obstructions. In this work, we establish a partial answer
to this question by showing that the global CR approximation theorem holds
on any smooth real hypersurface that is globally presented as a graph.

To precisely state our theorem, let C™ be given coordinates (z,w) €
CxC" ! Let h: RxR" ! xR" ! — R be a smooth real-valued function
and let M be its graph:

M = {(z,w) = (h(y,u,v) + iy, u + iv) € C x C"_l}.
Our goal is to prove the following theorem:

Theorem 1. Given a compact set K C C™, there is a compact set K' ¢ C™
(with K C K'), such that if f is continuous and CR on a neighborhood of
M N K', then there is a sequence of entire functions on C™ that converges
to f uniformly on M N K.

Earlier work (see [B]) established this theorem in the case where the
graphing function h is rigid (i.e., independent of y) and has polynomial
growth. Earlier results on global CR approximation, see for example [DG],
required additional technical assumptions (including certain convexity re-
strictions). Global approximation on totally real submanifolds of smooth
functions by holomorphic functions has been considered by many authors,
including [HW] and [Ch)].
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This work only handles the hypersurface case. The analogous theorem for
higher codimension is still open and it does not appear that the techniques
in this work can be easily modified to handle the case of higher codimension.

2. Outline of proof

As with the local version of the CR approximation theorem, the idea is to
first integrate the given CR function f(z,w) against a kernel that approxi-
mates the identity. The kernel will be entire in all variables, but is supported
along a slice of M that moves as the point (z,w) moves (in a sort of Radon
transform style). Since the slices don’t depend holomorphically on (z,w),
the resulting approximating sequence is not a priori holomorphic. Thus, the
next step is to show (with the help of Stokes’ Theorem) that the slice can be
fixed, independently of the point (z,w). All of this analysis is done locally at
first and then pieced together globally with a correction term that involves
solving a 0 problem with estimates (in a Cousin-type fashion).

3. Definition of kernel

In [BT], an approximation to the identity kernel is used that somewhat
looks like a heat kernel in C™. Our kernel also looks like a heat kernel but
with the new feature of involving an extra complex parameter that gets
integrated along an infinite ray in C (somewhat like a complex version of
the Laplace transform). This extra parameter will allow us to handle global
approximation. More specifically, for a continuous function f on M, we
consider the sequence

c '
N =g [ HemEAGn ez v dadcay

where the kernel E. is given by
— 2 _ 2
E.(¢n,a,z,w) = eXp<a2<C2) + a%\(M) _ ap>.
€ €

Here, o,¢ € C and 1 € C"! will be the variables of integration; (z,w) is a
point in C x C"~! = C™; € is a real parameter that will later converge to
zero; and A is a fixed positive real number (chosen below). The term (w—mn)?
stands for the sum of the squares of the components of w—n € C*~! (without
any conjugates). The power p will be a real number slightly larger than 2
and will be chosen below. The domain of integration involves M,,, which is
the intersection of M with the slice {(¢,n) € C x C"™!; Ren = u} where
u is the real part of w. The other component of the domain of integration
is the ray Cp = {a = re?; r > 0}, where the angle 6 will be between —Z
and 7 and its choice below will be determined by the desire to make the

real part of the exponent of the kernel as negative as possible (so that the
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resulting integral will converge). One angle will not work for all (¢,n) and
(z,w) and so a localization argument with many angles must be used.

4. Main estimate

In order to obtain convergence results, we will need an estimate on the real
part of the exponent of our kernel. Various constants will emerge in the
statement and proof of this estimate that depend on the compact set K or
K'. We denote the dependency of a constant, such as 0, on a set A by writing
d4. We also use the following coordinates: the variable of integration (¢, n)
will always lie on M and will be written as

(¢,n) = (h(s,u',t) +is, v/ +it) € M with se€ R, u/,te R" L
The point (z,w) lies in CxC"~! (not necessarily in M) and will be written as
(z,w) = (h(y,u,v) + ¢+ iy, u+1iv) with y, ¢ € R, u, ve R" L

Note that ¢ represents the vertical distance from the point (z,w) to M. In
particular (z,w) belongs to M if and only if ¢ = 0.
We now state the main estimate on the exponent of our kernel.

Lemma 1 (Main estimate). Suppose K C K’ are given compact sets in
C"™. There exist constants Ay, Ckr, di, 0k, 0rr, Cx > 0 and p = pg
with 2 < p < 2/(1-0g’) and an open cover Q; (j = 1,...,N) of K and
an open cover Q). (k=1,...,N') of K’ with diameters less than dg /2 and
angles 0; . such that for all « € Cp, , = {reiix; r >0} and for all

(¢,n) = (h(s,u',t) +is, v +it) € Q). N M and

(z,w) = (h(y,u,v) + g+ iy, u +1iv) € Q;
(with u, v, t,v € R ! and s, y, ¢ € R) we have:

1) If |s —y| < 2dg for all (z,w) € Q;j and ((,n) € Q). N M, then 8, can
be chosen with 0| < § — 0k and

W) re@?(<2)  Awat (M) o)

s§—1y|? t—v|2 2
e e K e K R e B O

2) If |s —y| > di for all (z,w) € Q; and (¢,n) € Q) N M, then 8} can
be chosen with |0, < § — éxr and

B w2 (M) )

s—y|2 t—wv|2
< o (|7H 7+ [
€ €

!/

u—u' |2

2
7“2.

u—u

r? + rp) + Cx

€
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Remark. Since the diameters of ); and Q;C are less than dg /2, each Q;
and Q;C falls under either case 1 or case 2. In the second case, the constant,
dx, depends on K’ (as opposed to K for the constant in the first case).
Since K C K', 6 will generally be smaller than dx. Also note that the
estimate in the second case does not involve ¢?.

Proof of the lemma. 1f W is a complex number with |Arg (W)| > 361 > 0,
there is an angle 6 with |§] < § — 1 such that Re {e%eW} < 0. If we let
Co = {re?; r > 0}, there is a dy > 0 such that Re {anW} < —52]1//17]\04\2 for
all a € Cy. This observation will be used below to choose the angles 6; ;.

We first examine the term (¢ — 2)? that appears in the exponent of
Ec(¢,n, o, z,w). We write

(Cﬂ?) = H(S,Ul,t) = (h(svul,t) + 7;57 ul + Y’t)a
(z,w) = H(y,u,v) + (¢,0) = (h(y,u,v) + iy + ¢, u + iv).

Note that (¢,n) belongs to M; but (z,w) belongs to M if and only if ¢ = 0.

We wish to rotate ({ — z)? so that its real part is negative. For technical

reasons that will be clear later, the rotation angle must be less than 7.

Thus, the troublesome case to handle is when { — z is a positive real number

(which would then require a rotation angle greater than § to make its real
part negative). Therefore, we will handle separately the cases when s —y =

Im{¢ — 2z} is small and not so small.
First, observe that there is a dx > 0 such that

|Arg (hy(y, u,v) + i) | > 6x  for all (y,u,v) € K.
By choosing dx > 0 small enough and by shrinking gK > 0, we can arrange

AI’g (h’(87 U, U; : Z(ya U,U)

(3)

—H)‘ > 0
for all (y,u,v) € K, and |s—y| < 2dk.

Choose a smooth function ¢ : R — [0, 1] such that ¢(s —y) = 0 for
5 —y| < dic/2 and ¢(s — ) = 1 for [s — y| > dc.
After adding and subtracting terms, we obtain
C-_ = h(S,U/,t) - h(y,u,v) - Q+Z(S _y)
_ (h(87u7v) — h(yvu’v) . QZ)(S - y)q + Z) (S _ y)
s—y s—y
+ (h(s,u',v) = h(s,u,v)) + (h(s,u',t) — h(s,u',v))
—(I=9(s—y))g

(4)
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where

W = h(87u7 U) — h(yaua U) o ¢(S - y)q +1.
S—Y S—Y
In view of (3) and the fact that ¢(s —y) = 0 for [s — y| < dg/2, ok
can be shrunk, if necessary, so that [ArgW| > dx for (y,u,v) € K and
|s —y| <2dg. If |s — y| > dg with H(s,u,v) belonging to the compact set

K’, then the inequality above holds with a constant dx+ depending on K.
We can then find an open cover (in C") Q1,...,Qy of K and an open cover

oo, Qs of K'N M with diameter smaller than dg /2 and angles 6, ;, and
constants dx > 0 and dg+ > 0 such that:

Case 1. 18 H(y, u,0)+(q,0) € Q; and H(s, u,v) € QM with |s—y| < 2d,
then |0, < % — dx and

(5) Re {e20ir W2} < 5 |W|* < —dk.

Case 2. If H(y,u,v)+(q,0) € Q; and H(s,u,v) € Q,NM with |[s—y| > dg,
then ’6],k| < % — 5[(/ and

(6) Re {2 W2 < —6i0|W|? < =6

For shorthand in the next set of calculations, we let 6 = 6; . From (4),
we obtain

(7) Re(e*(¢—2)%) = Re(eQiQWQ(S — )2+ e (h(s,u',v) — h(s,u, v))2
+ &% (h(s,u',t) — h(s, v/, v))2 +e%0(1 — $)?¢? + cross terms).
For (z,w) = H(y,u,v)+ (¢,0) € Q; and (¢,n) = H(s,u',t) € Q) N M with
|s — y| < 2dg, we have
|h(s,u',v) — h(s,u,v)|? < Cgslu—u|?
|h(s,u',t) — h(s,u/,v)|> < Cgilt —v]?
for some constant Cxs depending only on K’. Therefore, in view of (5),
(8)
Re(e%@(c - 2)2) < —%{|W|2|8 —yl> + Cx (Ju— |2+ |t — v|2) + Ckq>.

In this estimate we have handled the cross terms in the usual manner. For
example, the cross term W (s — ®)q is estimated as follows:

[W(s— ¢)ql = \/ EW syl Vo |q||1 ol < 2K IWI [s—yl*+5—

The first term on the right can be absorbed by the —5K\W\2 term in (5)
The second term on the right contributes to Cx¢? appearing in (8). Other
cross terms are handled similarly.
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In the case when |s — y| > dg, we have ¢(s —y) = 1, so the term
in (7) involving (1 — ¢)q is zero. Therefore the preceding analysis can be
repeated (using (6)) but without the term on the right involving ¢; that is,
if (z,w) = H(y,u,v) + (¢,0) € Q; and ({,n) = H(s,u,t) € Q) N M with
|s —y| > di then

(9)  Re(e®(¢—2)%) < 7]W] s —y|* + Crr (Ju—u/|* + [t — v]?).

In (8), the angle 6 is Ojk, satisfying |0 = |0;x] < § — k. In (9), the angle
6§ = 0, satisfies |0] < § — 0x+ (depending on the larger set K').
We now turn our attention to the terms involving n — w in the exponent

E(¢,n, o, z,w). If [] < § — 6, then
(10) Re (eQie(n—w)Q)
= Re (¥ (u' —u+i(t — v))?)
< —cos(5 —26)(t —v)* + (u—1u)?+2sin(F — 28) |u — | [t — v
2v2|u — /| |t —v|Vo
V6 V2
—g|t—v|2+ (1+2>|u W/|? (using 2|al[b] < a® + b)

< —(8)(t—v)*+ (u—u')? +

IN

for all n and w. In the case |s — y| < 2dk the constant § = dx depends on
K, whereas in the case |s — y| > dx the constant § = dx+ depends on the
larger set K.

Now choose a p with 2 < p < 2/(1—0), where 0 is either dx or dxs. Then
since 0] < T — &, we have p|0| < §; so there is a & > 0 such that

(11) if @ = e, withr >0, then ReaP > rP.

Here, 5 depends either on K, in the case |s —y| < 2dk, or on K, in the case
s —y| > dk.

In the case |s — y| < 2dg, we can combine the estimates given in (8)
(noting that |[WW| > 1), (10), and (11), to obtain, with a = re®:

e (w25 () )
2)7“2

— —u 2 —
S_57[(.5: y‘ +CK’<‘U u +’t v
2 € €
2 —v)2 2 —
ro(f) - Fal e ea (i )
€ 2 € 0K €
Choosing A (= Ag) large enough so that Adx /2 > Cks + dx /2 we obtain

(1) after relabeling dx to be the smaller of dx/2 and dx and relabeling as
Ck+ the quantity Cxr + A(1 + 2/0k).

2, ~
e — 0P,
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For the case when |s — y| > di, we use estimate (9) instead of (8) and
the constant § = dx now depends on the larger set K’. The only difference
in the estimates above is that the right side no longer involves the term ¢?
(compare (9) with (8)). Thus, (2) is obtained and this completes the proof
of the main estimate given in the lemma.

5. Approximation to the identity

We restate the definition of our basic kernel:
N2 N2
Ee(Cvn7a727w) = exp<a2(cz> +a2AK/<u> —ap>.
€ €

Let @ = Q; and Q' = Q) be the open sets and let § = 6, be the angle
provided by Lemma 1. Suppose f is continuous with compact support in
Q' N M. Define

C
Ee(f)(zaw) = n/ / f(Caﬁ)Ee(Q??a avsz)an dadgdna
€ (Cun)eMu O‘GCG

where C' is a normalizing constant to be chosen later, u = Rew and
M, ={((u+it)e M} ={Ren=u}NM

is a totally real n-dimensional submanifold of M parameterized by
(5,t) e R x R" 1= (h(s,u,t) +is, u+it).

Here and below, dn = dny A -+ A dnpp—1. The domain of integration in
E(f)(z,w) is M,, which depends on Rew = u. Since p > 2 in the main
estimate (Lemma 1), and since f has compact support in Q' N M, the ex-
pression E¢(f)(z,w) is well-defined for (z,w) € (). This main estimate will
also allow us to prove the following approximation result:

Lemma 2. Suppose f is continuous with compact support in Q' M. Then
Ef)—f as e—0

uniformly on Q@ N M (here, Q = Q; and Q' = Q). are the open sets as in
Lemma 1).

Proof. We analyze the exponent

Z = a2(C_TZ>2 —l—azAK/(w _77)2 —aof

€

in the case where
(¢,m) = (h(s,u,t) +is, u+it) € My
(in particular, v’ = u on M,) and

(z,w) = (h(y,u,v) + iy, u + iv)
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(i.e., (z,w) belongs to M and so ¢ = 0). We obtain

¢ —z=h(s,u,t) — h(y,u,v) +i(s —y) € C,
n—w=i(t—v)eC"

With o = 7€, the exponent of our kernel is
N2 —\2
Z:aQ(—C Z) +a2AK,<L 77) —a?
€ €

. 2
_ 62i6r2<h<37u7t)_h(y7u7 U)+Z(S—y>> —AK/<t_U)2€2wT2 _ inh,p,
€ €

Now let

t_UeRnfl

S — ~
5=""Y R, i=

€ €

Estimates (1) and (2) with u = «’ and g = 0 essentially reduce to the same
estimate except that the d-constant depends on K in the first estimate and
on K’ in the second estimate. Since K C K’, we will assume that dx > dx-.
In the hat-variables, these estimates (with u = v’ and ¢ = 0) become

ReZ < —d0gr (1822 + |81 + 1P).
The function
e(3, 1) = rexp(=drr (|8]r* + |i[>r* + 7))

is an integrable function on the set {(3,7,7) € R x R"™! x Ry; r > 0} (to
see this, integrate § and £ and then integrate 7).

The Dominated Convergence Theorem now allows us to let ¢ — 0 in the
integrand. The resulting exponent becomes

: oh oh A% : :
7 = 6229r2<<(y’ u,v) + z> s+ —(y,u,v) - t> — Apr#?r?e?® — ppeid
oy ov

In addition, ¢ = (h(y+€3, u, v+et)+i(y-+ed)) converges to h(y, u,v)+iy = 2
uniformly for (z,w) € K as € — 0. Likewise, a’e¢ "d({ A dn A da approaches

i Lrnet D0 (b (y, u,v) +4) ds di dr.
Now we rewrite the first part of the exponent involving § as

, oh(y,u,v) \ . Oh \?
2i0,.2 piat) .
er <( 9y +z>s+6v(y,u,v) t>

. . Oh A\ 2
22 0 A 10 X
= —r (( 1)e"Ws+ (—i)e 0 (y,u,v) t) ,
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Oh(y,u,v)

where W = ay

+1 € C. We have

lim B (f)(z,w) = ' Cf (2,w)

. Oh N2 . 4
X / / exp (—’I“2 (—iewW,é — e —(y,u,v) t) — Agri2r?e? — rp62p0>
58 Jr>0 v
X 1" (hy (y, u,v) +14) ds di dr.

Using the limiting case as s — y in (5), we obtain Re(e??(W)?) < 0.
Therefore

(12) Re(—ieW3)* > 0.

The idea now is to view the s-integral in E¢(f) as a contour integral over
the contour C given by

§12z=—ie"Ws for §€R,
with dz = —ie™ (h,(y,u, v) + 1) ds.

The integral is [, e () 4z where ¢ = —ie®hy (y, u, v) . In view of (12),

e~ () g negatively exponentially decreasing on C. Cauchy’s theorem

implies that this contour integral is the same as ffooo e (s+)? g, Therefore,

hH(l] E(f)(zw) = _in_Qeinecf(Za w)

. Oh N\2 . . .
X / / exp <—7“2 (s —ie" ——(y, u,v) t) — Agrt2r2e?0 — rpewe>
st Jr>0 v
™ ds dt dr.

Now we make a change of variables:

. . Oh
s=s+at, with a= (—i)ewg(y,u,v) cCcm
v

t=tcR" L
The Jacobian of the derivative of this change of variables is 1. If a were

a real number, we could change variables in the usual manner and obtain
(after dropping the tilde)

2 N2 .2 72 ,2i0 A 2.2 .2 2,26
/ e~ (s+at)*—r?Agrte ds di = / e TS Apitoe ds dt.
s,k st

Increasing Ak if necessary, the left side is an analytic function of @ in a
neighborhood of the ball |a| < R, where R = sup |h,| over K. Therefore the
preceding equality holds (by the identity theorem for analytic functions) for
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complex a as well. We thus obtain
lim E(f) (2, w)
€E—>

= —i" 200 f (2, w) / / exp(—r?s® — Agrt?r2e?i? —rpeipa)r" dsdtdr.
s,t Jr>0

We can now replace et € C*~1 by t € R" ! and ! (» D¢ by dt. This
change of variables is justified, again, by Cauchy’s Theorem and the fact
that |#] < 7. The result is (dropping the tilde)

lim Ec(f)(z,w)
= —in_2ewof(za w) / / exp(—r2$2 — Agrt?r? — rpeipg)r" dsdtdr.
s,t Jr>0

We change variables by letting £ = ¢ € R* ! and § = rs € R (with
r"dsdt = d3dt). After integrating § and #, the right side becomes

Cf(z,w) - ConstAK,/ exp(—rpeipe)ew dr
0

where Consty,, € C is a constant depending only on Ags. We can view the
preceding integral as an integral over the contour

Cy={r—z=re}, with dz=e“dr.

Since |0] < 7, this contour lies in the right half-plane. Using the principal
branch of 2P, the contour integral becomes

Cf(z,w) - Consty ., / e dz.
zeCly
Since the integrand is analytic and rapidly decreasing at infinity (recall that
|pf| < %), Cauchy’s Theorem can be used to transform this integral into the
following one over the positive real axis:

Cf(z,w) - Consty ., / e ™ dr.
0

This is now independent of §. Since the 7-integral converges, we may choose
C' (as a normalizing constant) so that the expression above becomes f(z,w).
This completes the proof of Lemma, 2.

6. Fixing the slice M,

So far, the function f is only required to be continuous (not CR). However,
the domain of integration in E(f)(z,w) is M,, = {Ren = u}, which depends
on u = Rew. So despite the fact that the kernel is entire in (z,w), the
expression E¢(f)(z,w) is not holomorphic in w. The next major step is to
show that if f is CR, then the domain can be fixed at a particular slice M,
(independent of w). Then, the resulting integral will be holomorphic in both
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z and w. Since f is assumed to only have support on a small neighborhood
of a fixed point (see Lemma 1), a localization argument with a partition
of unity is needed. This adds some complicating facets since a partition of
unity is not CR.

To get started with the next step, we first cover M N K’ with an open
cover Q) (k=1,2,...,N’'), where each @}, satisfies the properties given in
Lemma 1. Let ¢ be a partition of unity subordinate to this cover. Fix any
(z,w) € K and let Q; be an open set that satisfies Lemma 1 and is of the
form Q; = I x J, where I C R"! is an open set containing Rew and J is
an open set in C x R"™! containing (z,Im w). Let ;5 be the angle given
in Lemma 1 corresponding the open sets @}, in the coordinates ({,7n) and
Q; in the coordinates (z,w). For the moment, the index j will be fixed and
k will vary. Therefore, we will suppress the index j and write () = Q; and
0gx = 0;1. For any ug € I, define

N/

() w) =Y |

k=1 (Cvn)eMuo

/ (D) (¢, ) E(C,m, a, 2, w)a™dC dn do.

OcECeQ b

From Lemma 2, F/O?(f) — f as ¢ — 0 uniformly on the set Q N M,,.

The next lemma contains the key step in fixing the domain of integration
independently of Re w. In this lemma, the size of K'NM (the set on which f
is CR) will be determined based on the size of the original set K. Increasing
the size of K’ will add terms to the sum above (i.e., additional open sets, @},
and additional partition of unity functions ¢ may be required). However
as long as K’ is compact (which it will be), the sum will be finite.

Lemma 3. Suppose K is a compact set in C™; then K' C C" can be chosen
large enough (containing K) so that the following holds: suppose f is CR
on K'NM. Let Q = I x J be the open set described above. There exists
Agr > 0 such that if the diameter of I is less than Ak and if ug,uy € I, then
}(FQ“’Q — FfO’Q)(f)(z,w)‘ — 0 as € — 0 uniformly for (z,w) € Q =1 x J.

Proof. Assume that K’ is a closed ball of radius R’ 4+ 1 in C". Since f is CR
on K'NM, we can multiply f by an appropriate cut-off function and assume
that f has compact support in K’ N M and is O-closed on the intersection
of M with the ball of radius R'.

M,, and M,, are totally real n-dimensional slices of M that naturally
form the boundary of a real n + 1-dimensional submanifold My; C M. In

fact, just connect up and u; by a real line segment and let My ; be the graph
of h over the n + 1 real-dimensional strip spanned by this line segment and
the n-dimensional subspace {Ren = ug} of R?"~1.

Since E. is holomorphic, Stokes’” Theorem implies

(F@ — FEo9)(f)(2,w) = Sy + S
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with
N’ 7

(13) 5= / B / (B1F)(Com) E(C 11, s 2, w)a™dC dn da,
k=1 (¢,m)EMo1 OZECQQ,IC

N/
— d E.(C,n, a, 2, w)a™dC dn da.
(14) S, ; /m% / ey, PODCDEG 015, w)a"d

We first show that the sum in (14) converges to zero as € — 0. The point
(¢,n) = (h(s,u',t) +is,u’ + it) must lie in the support of df, which lies
outside the ball of radius R’ = radius(K’). Also note that u’ belongs to the
line segment connecting ug and w1, which in turn belongs to K (or rather, the
projection of K onto the u-axis). The point (z,w) = (h(y, u,v)+q+1iy, u+iv)
lies in the smaller compact set K. We are at liberty to take R’ as large as
we please (relative to the diameter of K) in order to make the integrand in
(14) converge to zero as € — 0. Since (z,w) and u,u’ belong to K, we may
choose R’ large enough so that either

/ /

R
(15) |s—y\2? or |t—v|2?

for all (¢,n) belonging to the support of df.
We have two cases to consider on the exponent

— 2\2 —\2
Z:aQ(ic Z) —1—042AK/<L 77) —aP.
€ €
The first is |s — y| < 2dg, in which case we repeat the estimate (1):
— t— — 2 2
ReZ§—6K<Sy Y v-d r2+CK(g> r2.
€ €

2
7‘2+’

2 9
‘ re+rP ) + Crgr
€
Now u, u’ belong to I and we will require the diameter of I to be less than
Ak (where A will be chosen below). In view of the inequality above and

(15), we have

—5K(R//2)27‘2 + CK/A%(,TQ + CKq21"2
€2 '
Choose R’ large enough that —dx (R'/2)? + Cxq? < —2 for all ¢ in K. This
choice of R’ fixes the constant Cx,. Now choose Ags small enough that
Cx:A%, < 1. Then the real part of exponent is at most —r?/(e?).
In the case where |s — y| > dk, (2) implies

ReZ <

2
7"2.

t—o u—u

12 2
RGZS—CSK/(’Sy‘ 7"24-‘ ‘7“2-1-7“1))—!-01(’
€

€
In view of (15)

5K/R/2T2 I CK/A%(HJ

ReZ < - 4¢€2 €2
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By shrinking Ag we can arrange

5K/R/27'2

8e2

ReZ < —

In either case (|s —y| > dg or |s — y| < 2dk), the integrand of each term
in (14) is dominated by Ce"*1€ or Ce=dkrR*r?/(8¢) provided u, v € I and
the diameter of I is less than Ag.

Since [y° e/ dr — 0 and I e—Ok B /BE) g 5 0 as € — 0, we
conclude that the sum in (14) converges to zero.

Now we examine the sum S in (13), which we restate as

N
g eENSy Iy &y <~ " .
Z/MGMM /ae%k( Drf) (¢ ) Ee(C,n, o, 2, w)ad¢ dn dov

We have already determined the compact set K’ (the size of which had to
be chosen large enough to make the term in (14) converge to zero as € — 0).
Thus, all the constants in our integral kernels (i.e., A and p = pgr > 2)
are now determined.

Note that the kernel E.({,n, , z,w) in the sum immediately above is the
same for all k. The only terms that appear to vary with k are the cutoff
functions ¢y and the contours Cy, . The following lemma states that the
integral of the kernel is 1ndependent of this contour.

Sublemma 1. Let Q) and Q) be intersecting open sets from our cover. Let
01 and 0> be any two angles that satisfy the requirements of Lemma 1 relative
to Q1 and QY (in particular, [01],|02| < § — k). Then

(16) / E (¢, o, z,w)a da = / E((,n, o, z,w)a da.
OLECQI

CXGC.92

To prove this, recall that Cy is a ray in the complex plane that makes an
angle ¢ with the positive real axis. For R > 0, let Arg, 9, be the arc of a
circle of radius R that lies between Cp, and Cy,:
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Since E(¢,n,a, z,w) is holomorphic in «, Equation (16) will follow from
Cauchy’s Theorem provided we show that
(17) sup R"! ‘EE(C,n,a,z,w)‘ — 0 as R — oo.

aEAR,Gl 792

We restate the kernel:
(G, z,w) = exP<a2(< et (M0 _ap)
€ €

Keep in mind that €, {, n, z and w are fixed. Since p > 2, the dominant term
in the exponent is o as |a| = R — co. Let a = Re’® be an arbitrary point
on the arc Agg, 9,, s0 61 < ¢ < 6a. Since |pp| < p|max(61,02)] < § by the
choice of p, there exists 6 > 0 such that —Rea? < —dRP for a € Agyg, 6,
Equation (17) now follows since R"*'e 9% — 0 as R — oo. This concludes
the proof of the sublemma.

Using the fact that }_; ¢; = 1, the sum in (13) can be rewritten as

N/ N/
18 j 5 ) Ee v 1y &y~ nd d d .
" ; ;/(Cm)ez\%l /OzGCeQ,k $OOINE MBLLCom, 2, w)ocde diyde

The support of ¢;0¢y, is contained in Q; N QN M. Using Equation (16),
the integral over Cy, , can be replaced by the integral over Cy,, .. Therefore
(18) becomes
N’
S [ [ e@anEmEnaswaddyda
(¢;m)eMo1 a€Cy,

jk=1

Summing out k we see that this term is zero because ) 0¢r, =0on MNK'.
Thus the term in (13) is zero. Since the terms in (14) converge to zero as
€ — 0, the proof of Lemma 3 is now complete.

Lemmas 2 and 3 imply:
Corollary 1. With the notation of Lemma 3, suppose f is CR on K' N M

and suppose that QQ = I x J, where the diameter of I is less than Ag:. If
ug belongs to I, then

FUQ(f)(z,w) — f ase— 0,
uniformly for (z,w) € Q N M.

7. Globalization

Now F“%(f) is holomorphic on Q@ and F**?(f) — f on Q N M. The set
@ is an appropriately small open set about an arbitrary point (z,w) in K.
Our next and final step is to piece together these locally defined holomorphic
functions into a sequence of functions that are globally holomorphic on K
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with the corresponding convergence to f on KN M. This will require solving
a O problem on K with estimates.

To get started, we will assume K is a ball (in particular, K is a convex
domain and so we can solve d on K). We cover K with open sets Qj
(j =1,...,N) of the form Q; = I; x J; where I; is an open set in R"~!
(with coordinates u) and J; is an open set in R"™! =R x R x R""! (with
coordinates € R, y € R, v € R""1). We assume that @; is small enough
to satisfy the requirements of Lemma 3 and that the diameter of each I; is
smaller than Ay (from Lemma 3). Choose points u; € I;, j=1...N. We
let 7); be a partition of unity for K subordinate to the cover ;. We define

(19) F(f)(z,w) = <Z¢ng‘ijj(f)(z,w)) — ve(z,w)

ZE;MAMAWM%LWMJ%ﬁ&W

X Ec((,n, a, z,w)a™d( dndo — ve(z,w),

where v, will be chosen so that F,(f) is holomorphic in K. We will also show
that |ve| converges to zero uniformly on K as € — 0. Then, Corollary 1 will
imply that F.(f) — f uniformly on M N K, as desired.

In order to arrange that F,(f) is holomorphic on K, we must require

(20) Ove(z,w) Za{%}FUJ’QJ( )(z, w)
:Zmzawwwm@m
! J

using Y, = 1 on K. If ,0{¢;} is nonzero, Q; and Q; must overlap.
We wish to change Feuj’Qj to F*%! in the sum above. Changing @; to
Q) involves changing the angle of the contour from Cngyk to Cng’k on the
second line of (19), which Sublemma 1 allows us to do. Changing u; to u;
is allowed by Lemma 3 but with a resulting error that tends to zero with e.
Therefore, (20) becomes

ez, w) 21/1528{w JFUQU ) (2, w) + O(e),

where O(e) stands for terms that converge to zero uniformly on K as e — 0.
Summing out j and using the fact that Zj 0{¢;} = 0, we conclude that

Ove = O(e) on K. Solving this 0 equation with sup-norm estimates on
K, we can find a solution with |v.|] = O(e). Now returning to (19) and
using Corollary 1, we conclude that F(f) is analytic on K and converges
uniformly to f on M N K. Since K is convex, it is also polynomially convex.
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Therefore, there is also a sequence of polynomials that converge uniformly
on K N M to f. This concludes the proof of our main theorem.
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MAPS CHARACTERIZED BY ACTION ON ZERO
PRODUCTS

M.A. CHEBOTAR, WEN-FONG KE AND PJEK-HWEE LEE

For prime rings containing nontrivial idempotents, we de-
scribe the bijective additive maps which preserve zero prod-
ucts. Also, we describe the additive maps which behave like
derivations when acting on zero products.

1. Introduction

In the last decade considerable works have been done concerning local prop-
erties of maps; see [1], [7], and [9]-[32], where other references can be found.
The goal of this paper is to show that automorphisms and derivations of
prime rings with nontrivial idempotents can be “almost” determined by the
action on the zero-product elements.

Our first theorem generalizes a similar result of Wong [34, Corollary D]
for simple algebras with nontrivial idempotents, as well as some other results
obtained for operator algebras [1, 13, 16, 33].

Let R be a prime ring. The definitions and some basic properties of the
maximal right quotient ring Q(R) and extended centroid C'(R) of R can be
found in [6]. Recall that an element x in Q(R) is said to be algebraic of
degree < n over C(R) if there exist cg,c1,c2,...,¢h—1 € C(R) such that
Z?;()l cir' + 2™ = 0. By deg R > n we mean that there exists an element
x in R that is not algebraic of degree < n —1 over C(R). The condition
that deg R > n is equivalent to that R can not be embedded in the ring of
(n—1) x (n—1) matrices over a field.

Theorem 1. Let A and B be prime rings and 0 : A — B a bijective additive
map such that 8(x)0(y) = 0 for all x,y € A with xy = 0. Suppose that the
maximal right quotient ring Q(A) of A contains a nontrivial idempotent e
such that eAU Ae C A.
(i) If 1 € A, then O(xy) = N0(x)0(y) for all z,y € A, where A = 1/6(1)
and 6(1) € Z(B), the center of B. In particular, if 6(1) = 1, then 0 is
a ring isomorphism from A onto B.
(ii) If deg B > 3, then there exists A € C(B), the extended centroid of B,
such that O(xy) = N0(x)0(y) for all z,y € A.

217
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It is clear that Theorem 1 can not be extended to arbitrary prime rings,
since these rings may not have “enough” zero-divisors. The condition that
the idempotent e be an element of Q(A) (instead of A) enables us to consider
matrix rings over arbitrary prime rings (not necessarily with units).

Our second result is an analog of Theorem 1 for derivations. In particular,
it generalizes [19, Theorem 6].

Theorem 2. Let A be a prime ring with center Z, mazximal right quotient
ring Q and extended centroid C'. Let § : A — A be an additive map such
that §(x)y+xzd(y) = 0 for all x,y € A with xy = 0. Suppose that Q contains
a nontrivial idempotent e such that eAU Ae C A.
(i) If 1 € A, then §(xy) = 0(x)y + x6(y) — Axy for all x,y € A, where
A=4d(1) € Z. In particular, if §(1) =0, then ¢ is a derivation on A.
(i) If deg A > 3, there exists A € C such that 6(xy) = d(z)y +x0(y) — Azy
for all x,y € A.

2. Isomorphisms
We start with a key result of the paper.

Theorem 3. Let A and B be prime rings and 0 : A — B a bijective additive
map such that 0(x)0(y) = 0 for all x,y € A with xy = 0. Suppose that the
maximal right quotient ring Q(A) of A contains a nontrivial idempotent e
such that eAU Ae C A. Then 0(x)0(yz) = 0(zy)8(2) for all z,y,z € A.
Moreover, if A contains the unity 1, then:
(i) 6(1) lies in the center Z(B) of B.
(ii) 0(1)0(xy) = 0(x)0(y) for all z,y € A. In particular, if (1) = 1, then
0 is a ring isomorphism from A onto B.
(iii) O preserves commutativity, that is, 0(x)0(y) = 0(y)0(x) for allz,y € A
with xy = yx.

Proof. Set f = 1 —e. Then f is a nontrivial idempotent in Q(A) such
that e+ f =1, ef = fe=0and fAUAf C A. Since 6 is additive and
y=-eye+eyf—+ fye+ fyf for all y € A, it suffices to show that the identity
0(x)0(yz) = 0(xy)0(z) holds for y in eAe, eAf, fAe and fAf, respectively.
Let z,z € A. Since 6 preserves zero products, (ze)(z — ez) = 0 implies

that 6(ze)f(z — ez) = 0 and hence

O(xze)b(z) = O(xze)b(ez).
Similarly, it follows from (x — ex)(ez) = 0 that

0(x)0(ez) = O(ze)b(ez).
Thus we have

(1) 0(z)0(ez) = 0(ze)f(ez) = O(xe)f(z) for all x,z € A.
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By the symmetry of e and f, we also have
(2) 0(x)0(fz) =0(zf)0(fz) =0(xf)0(z) forall z,z € A.
Note that
(re +zeyf)(eyfz— fz) =0 forall z,y,z € A,

S0
O(xe+zeyf)O(eyfz — fz) =0 for all x,y,z € A.
Since O(xe)d(fz) = 0 and O(xeyf)f(eyfz) = 0, this results in

O(xe)l(eyfz) = 0(xeyf)0(fz) for all z,y,z € A,

and hence

(3) O(z)0(eyfz) =0(xeyf)8(z) forallz,y,z€ A

in light of (1) and (2). By the symmetry of e and f, we also have
(4) 0(x)0(fyez) = 0(xfye)f(z) for all z,y,z € A.
Thus it remains to show that

(5) 0(z)0(eyez) = O(zeye)f(z) for all z,y,z € A

and

(6) 0(x)0(fyfz) =0(xfyf)f(z) forall x,y,z € A.

Applying (1), (2), (3) and (4) we shall rewrite the product
O(zeyezeufv1)0(fua)0(fus)f(ew)

in two ways, via the following sequences of steps (read down each column;
each entry can be seen to be equal to the one immediately above):

Blzeyeseufu)d(fos)0(fos)blew)  Olweyeseufu)d(fos)0(fus)b(ew)
O(z(eyezeufvr f))0(fv2)0(fvs)b(ew)  O(xeye(ezeufuvr f))O(fv2)0(fv3)f(ew)
0(x)0(eyezeu fv1 fua)0(fvs)f(ew) O(zeye)f(ezeufur fva)d(fvs)f(ew)
0(x)0(eyeze(eufuy fvaf))0(fvs)l(ew) O(zeye)d(ze(eufvr fvaf))0(fus)b(ew)
0(z)0(eyeze)l(eufuy fva fus)d(ew) O(zeye)d(ze)l(eufuy fva fus)d(ew)
()0 (zeye)o(
(

8

0(z)0(eyeze)d(u(fvy fuafuse))d(ew) O(zeye)d(ze)l(u(fvy fuafuse))d(ew)
0(x)0(eyeze)0(w)0(fv1 fva fosew) O(zeye)f(ze)0(w)0(fv1 fva fosew)
Comparing the two expressions on the last line, we get

(6(z)8(eyeze) — O(zeye)b(ze))0(u)d(fvr fvafrsew) =0

for all z,vy, z,u,v;,w € A. Since A and B are prime and 6 is bijective, we
obtain

(7) 0(x)0(eyeze) = O(xeye)d(ze) for all x,y, z € A.
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Similarly we express the product
O(zeyez fufvr)f(fv2)d(evs)d(ew)

in two other ways:
O(zeyez fufvy)f(fv)0d(evs)d(ew) O(zeyez fufvy)f(fv)0(evs)d(ew)
O(a(eyesfufo O(fr2)d(eun)dlew)  O(weyelezfufvr £))O(fua)0(evs)blew)
0(z)0(eyez fufuy fva)d(evs)d(ew) O(zeye)d(ezfufvr fv)l(evs)d(ew)
0(x)0(eyez f(fufuvfuze))f(evs)f(ew)  O(zeye)d(zf(fufvifuae))d(evs)d(ew)
0(x)0(eyez f)O(fufur fvaevs)d(ew) O(zeye)0(zf)O(fufur fvaevs)d(ew)
0(x)0(eyezf)0(u(fv1 fraevze)d(ew)  O(weye)d(zf)0(u(fo1fuaevse))d(ew)
0(x)0(eyez f)O(u)f(fu1 fusevsew) o( )0(zf)
Comparing both expressions, we get

(0(z)0(eyezf) — O(zeye)d(zf))0(w)b( fv1 fuoevsew) = 0

for all z,y, z,u,v;,w € A. Since A and B are prime and 6 is bijective, we
obtain

(8) O(x)0(eyezf) = O(zeye)d(zf) for all x,y,z € A.
Then (5) follows immediately from the identities (7) and (8). By the sym-
metry of e and f, we obtain (6) too. Therefore,
9) 0(x)0(yz) = O0(xy)0(z) for all z,y,2 € A.
Suppose that A contains the unity 1. Setting z = z =1 in (9), we have

0(1)6(y) = 6(y)o(1)
for all y € A. Since 0 is surjective, 6(1) lies in the center of B. This
establishes statement (i) of Theorem 3.
Setting z =1 in (9), we get
0(2)0(y) = 0(xy)0(1) = 0(1)6(xy)
for all z,y € A. In particular, if (1) = 1, then 6 is a ring isomorphism from

A onto B. This establishes (ii).
Finally, by (ii) we have

0(2)0(y) — 6(y)0(x) = (1) (0(zy) — O(yx)) = 6(1)0(zy — ya)
for all z,y € A. Then (iii) follows immediately. O

8

8

zeye)d
eye)(zf)0(u)0(fv1 fusevsew)

8

In view of the preceding theorem, we see that the zero-product preserving
map 0 satisfies the functional identity

0(x)0(yz) = 0(xy)0(z) for all x,y,z € A.

This enables us to apply the recently developed theory of functional identi-
ties. Instead of introducing complicated definitions and notations, we shall
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present some special cases of the results in [3, 4]. The first one follows from
[3, Theorem 2.4] and [4, Theorem 1.2].

Lemma 4. Let R be a prime ring with mazximal right quotient ring QQ and
extended centroid C' such that deg R > 3. Let S be a set, 0 : S — R a
surjective map and M : S x S — Q a map. Suppose that

a10(x) M (y, 2) + a26(y) M (z, z) + az6(2) M (z, y)
+ 51 M (y, 2)0(x) + B2 M (z,2)0(y) + B3 M (2, y)0(z) = 0

forallx,y,z € S, where the «; and B; are constants in C, not all zero. Then
there exist A\i, Ao € C, p1,u2: S = C and v : S xS — C such that

M(z,y) = Mb(2)0(y) + A2b(y)0(x) + p1(2)0(y) + p2(y)0(z) + v(z,y)
forall x,y € S.
The second one follows from [3, Theorem 2.4] and [4, Theorem 1.1].

Lemma 5. Let R be a prime ring with mazimal right quotient ring Q) and
extended centroid C, such that deg R > 3. Let S be a set and 0 : S — R a
surjective map. Suppose that

> ol (@e(1)0(To2)0(Ta@) + Y BrlTo1))0(Ta@)0(T03)

o€Sym(3) o€Sym(3)
+71(22, 23)0(x1) + Y2 (21, 23)0(22) + Y3(21, 22)0(23) = 0

for all x1,z2,23 € S, where Sym(3) is the symmetric group on 3 letters,
the a, are constants in C, the B, are maps S — C' and the v; are maps
S xS — C. Then the constants o, and the maps B, and ; are all zero.

With these results at hand, we are ready to prove our first main theorem.

Proof of Theorem 1. Since (i) follows from Theorem 3, it remains to prove
(ii).

Define a map M : A x A — B by M(z,y) = 6(zy) for z,y € A. By
Theorem 3, we have

(10) 0(x)M(y,z) — M(z,y)0(z) =0 for all z,y,z € A.

Then it follows from Lemma 4 that there exist A\, Ao € C, p1, o : A — C
and v : A x A — C such that

M(z,y) = XM0(x)0(y) + Aob(y)0(x) + 11 (2)0(y) + p2(y)0(z) + v(z,y)
for all z,y € A. Substituting this into (10), we obtain

A20(2)0(2)0(y) — A20(y)0(2)0(2) + p2(2)0(2)0(y) + (11 (y) — p2(y)) 0(2)0(2)
— (2)0(y)0(2) + v(y, 2)0(x) — v(z,y)0(z) = 0,
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for all z,y,z € A. By Lemma 5, the constant Ao and the maps u1, o and v
are all zero. In other words, M(z,y) = 0(xzy) = \0(x)0(y) for all z,y € A.
Thus the proof is complete. O

3. Derivations

Next we prove a result analogous to Theorem 3. The idea is essentially the
same as in the proof of Theorem 3, although the computations are a bit
more complicated.

Theorem 6. Let A be a prime ring with maximal right quotient ring QQ and
d: A — A an additive map such that §(z)y + zd6(y) = 0 for all xz,y € A
with xy = 0. Suppose that Q) contains a nontrivial idempotent e such that
eAU Ae C A. Then §(x)yz + x0(yz) = 6(xy)z + xyd(2) for all z,y,z € A.
Moreover, if A contains the unity 1, then

d(zy) = d(x)y + 2d(y) — Azy,

where A = §(1) is a central element of A. In particular, if 6(1) = 0, then §
s a derivation on A.

Proof. As before, we set f =1 —e. Then f is a nontrivial idempotent in )
such that e+ f =1, ef = fe=0and fAUAf C A. Since ¢ is additive and
y=-eye+eyf+ fye+ fyf for all y € A, it suffices to show that the identity
d(x)yz + x6(yz) = 6(xy)z + zyd(z) holds for y in ede, eAf, fAe and fAf
respectively.
Let x,z € A. Since (ze)(z—ez) = 0, we have §(ze)(z—ez)+xed(z—ez) =0

by assumption and hence

0(xze)z + zed(z) = d(xe)ez + zed(ez).
Similarly, it follows from (x — ze)(ez) = 0 that

d(z)ez + xd(ez) = d(ze)ez + zed(ez).
Thus

(11)
d(z)ez + xé(ez) = 6(xe)z + xed(z) = d(ve)ez + xed(ez) for all z,z € A.

By the symmetry of e and f, we also have
(12)
0(x)fz+xd(fz) =0(xf)z+afé(z) =d(xf)fz+xfé(fz) forall x,z € A.
Note that for x,y,z € A, we have
(ze)(fz) =0,
(zeyf)(eyfz) =0,
(we + zeyf)(eyfz — f2) =0,
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d(ze)fz+xed(fz) =0,
d(zeyfleyfz + zeyfi(eyfz) =0,
O(xe +zeyf)(eyfz — fz) + (ze + xzeyf)o(eyfz — fz) = 0.
Combining these three identities, we get
S(ze)ey = + wedleyfz) = S(zeyf) f2 + ey fo(f2),
and hence
(13)  d(x)eyfz+ xd(eyfz) = 6(xeyf)z + zeyfo(z) forall z,y,z € A,
in light of (11) and (12). By the symmetry of e and f, we also have
(14)  o(x)fyez + x0(fyez) = d(xfye)z + xfyed(z) for all z,y,z € A.
Thus it remains to show that
(15) d(x)eyez + xd(eyez) = 6(xeye)z + xeyed(z) for all z,y,z € A

and

(16)  o(x)fyfz+xé(fyfz) =0(xfyf)z+xfyfé(z) forall z,y,z € A.

Applying (11), (12), (13) and (14), we shall express the sum
d(x)eyez fufvew + zé(eyez fufv)ew + xeyez fufvd(ew)
in two other ways. On the one hand, we have
d(z)eyez fufvew + zd(eyez fufv)ew + xeyez fufv(ew)
= d(x)eyez fufvew + xd(eyez(fufve))ew + xeyez( fufve)d(ew)
= d(z)eyez fufvew + xd(eyez) fufvew + xeyezd(fufvew).
On the other hand,
d(x)eyez fufvew + xd(eyez fufv)ew + xeyez fufvd(ew)
= d(z)(eyezfuf) fvew + zd((eyez fuf) fv)ew + xeyez fufvd(ew)
= §(zeyezfuf) fvew + zeyez fufd(fv)ew + xeyez fufvd(ew)
o(xzey(ezfuf)) fvew + xey(ezfuf)d(fv)ew + zeyez fufvd(ew)
o(xzey)ezfufvew + xeyd(ezfufv)ew + zeyez fufvd(ew)
o(xzey)ez fufvew + zeyd(ez(fufve))ew + xeyez(fufve)d(ew)
= §(zey)ez fufvew + zeyd(ez) fufvew + xeyezd(fufvew)
= §(zeye)z fufvew + xeyed(z) fufvew + xeyezd(fufvew).

Comparing both expressions, we get

(6(z)eyez + xd(eyez) — d(weye)z — zeyed(2)) fufvew = 0

223
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for all x,y, z,u,v,w € A. Since A is prime, we obtain
(17) (6(z)eyez + xb(eyez)) f = (6(weye)z + zeyed(2)) f.
for all z,y,z € A. Similarly we express the sum
d(x)eyezeufvfwft + xd(eyezeufvfw)ft + xeyezeufv fwd(ft)

in two other ways. On the one hand, we have

d(z)eyezeufvfwft + xd(eyezeufv fw) ft + xeyezeufv fwd(ft)

= d(x)eyezeufvfwft + xd(eyez(eufvfwf)) ft + zeyez(eufvfwf)o(ft)

= d(x)eyezeufvfwft + xd(eyez)eufvfwft + xeyezd(eufv fwft).
On the other hand,

d(x)eyezeufvfwft + xd(eyezeufv fw)ft + xeyezeufv fwo(ft)

= d(z)(eyezeuf)vfwft + xo((eyezeuf)vfw) ft + zeyezeufv fwd(ft)
zeyezeuf)vfwft + zeyezeufo(vfw)ft + xeyezeufvfwd(ft)
zey(ezeuf))vfwft + zey(ezeuf)d(vfw)ft + xeyezeufv fwd(ft)
zey)ezeufvfwft + zeyd(ezeufv fw)ft + xeyezeufvfwd(ft)
zey)ezeufvfwft + zeyd(ez(eufvfwf)) ft + xeyez(eufvfwf)o(ft)
zey)ezeufvfwft + zeyd(ez)eufvfwft + xeyezo(eufvfwft)

— o~ o~~~

Comparing both expressions, we get
(6(z)eyez + zd(eyez) — d(zeye)z — weyed(z))eufv fwft =0
for all x,y, z,u,v,w,t € A. Since A is prime, we obtain
(18) (6(x)eyez + zd(eyez))e = (8(weye)z + weyed(z))e
for all z,y,z € A. Then (15) follows immediately from the identities (17)
and (18). By the symmetry of e and f, we have (16) too. Therefore,
(19) 0(z)yz + x0(yz) = d(zy)z + xyd(z) for all z,y,z € A.

Suppose that A contains the unity 1. Setting x = z = 1 in (19), we get
d(1)y = yo(1) for all y € A. That is, A = 4(1) is a central element of A.
Setting z = 1 in (19) we get

d(zy) = d(x)y +xd(y) — Ay for all z,y € A.
Clearly, if 6(1) = 0, then ¢ is a derivation. O

Now we need some lemmas to deal with the functional identity §(z)yz +
xd(yz) = d(zy)z + zyd(z). The following two results are special cases of
[5, Corollary 2.9]. The first one also appears in [2, Theorem 1.2], where
bi-additivity of the maps F; and G; is assumed.
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Lemma 7. Let R be a prime ring with maximal right quotient ring Q and
extended centroid C, such thatdeg R > 3. Let F;,G; : RxR — Q,1=1,2,3,
be maps. Suppose that
o1 Fy (22, 03) + 22 Fo(71, 23) + 23F3(21, 72)
+ G1 (xz, x3)$1 + Gg(xl, afg)xg + Gg(:l)l, 172):133 =0

for all x1,22,23 € R. Then there exist unique maps p;; : R — @, for
1 <i# 35 <3, with pij = pji, and maps \; : Rx R — C, fori=1,2,3,
such that

Fi(wj, wn) = pij(er)z; + pig(eg)er + Nz, o),

Gj(xi, o) = —wipij(xr) — wrepjp(zi) — Nj (i, 21)
for all z;,x;,x), € R, where i,7,k are distinct, and \; = 0 if either F; = 0
or G; = 0.

The next result also appears in [8, Lemma 4.5], where additivity of the
maps f; and g; is assumed.

Lemma 8. Let R be a prime ring with maximal right quotient ring QQ and
extended centroid C. Let f;,g; : R — R, fori=1,2, be maps. Suppose that

fi(@)y + f2(y)x + 2g1(y) + yg2(z) =0

for all z,y € R. Then there exist unique constants ci,co € @ and maps

A, Ao R — C such that
Ni(@) =zer +M(x),  faly) = yea + X2 (),
91(y) = —cry — Xa(y),  92(x) = —c2w — My ()
for all x,y € R, where \; =0 if either f; =0 or g; = 0.

Now we are ready to conclude the paper by proving our second main
result.

Proof of Theorem 2. Since (i) follows from Theorem 6, it remains to prove
(ii).

Define two maps F,G : A x A — A by F(z,y) = 6(zy) — 26(y) and
G(z,y) = d(zy) — d(z)y for z,y € A. By Theorem 6, we have

2F(y,z) — G(x,y)z=0 for all z,y,z € A.
Then it follows from Lemma 7 that there exists a map p : R — @ such that
F(x,y) = d(xy) — xd(y) = p(x)y,
G(z,y) = d(zy) — (y)x = zp(y)
for all z,y € A. Thus,
(20) 6(zy) = 2d(y) + p(x)y = 6(x)y + zp(y),
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and hence

(6(x) —p(x))y — = (6(y) — p(y)) =0,

for all z,y € A. By Lemma 8, there exist constants c1,co € @ such that
d(z) —p(z) = ey and §(y) — p(y) = coy for all z,y € R. Then ¢; = ¢ is an
element in C'. Denote this element by A. Thus

p(x) =d(x) — A\

for all z € R. Substituting this into (20), we get

§(zy) = 26(y) + 6(z)y — Azy

for all z,y € R. The proof is complete. O
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WAVE EQUATIONS FOR GRAPHS AND THE
EDGE-BASED LAPLACIAN

JOEL FRIEDMAN AND JEAN-PIERRE TILLICH

In this paper we develop a wave equation for graphs that
has many of the properties of the classical Laplacian wave
equation. This wave equation is based on a type of graph
Laplacian we call the “edge-based” Laplacian. We give some
applications of this wave equation to eigenvalue/geometry in-
equalities on graphs.

1. Introduction

The main goal of this paper is to develop a “wave equation” for graphs that
is very similar to the wave equation uy = Awu in analysis. Whenever this
type of wave equation is involved in a result in analysis, our graph theoretic
wave equation seems likely to provide the tool to link the result in analysis
to an analogous result in graph theory.

Traditional graph theory defines a Laplacian, A, as an operator on func-
tions on the vertices. This gives rise to a wave equation uy = —Awu (since
graph theory Laplacians are positive semidefinite). However, this wave equa-
tion fails to have a “finite speed of wave propagation”. In other words, if
u = u(z,t) is a solution, we may have u(x,0) = 0 for all vertices = within
a distance d > 0 to a fixed vertex, xg, without having u(zg, €) vanishing for
any € > 0. As such, this graph theoretic wave equation cannot link most
results in analysis involving the wave equation to a graph theoretic analogue.

In this paper we study what appears to be a new type of wave equation on
graphs. This wave equation (1) involves a reasonable analogue of uy; = Au
in analysis, (2) has “finite speed of wave propagation” and many other basic
properties shared by its analysis counterpart, and (3) seems to be a good
vehicle for translating results in analysis to those in graph theory, and vice
versa. This wave equation cannot be expressed in the language of tradi-
tional graph theory; it requires some of the notions of “calculus on graphs”
in [FT99]. It does, however, have a simple physical interpretation —namely,
the edges are taut strings, fused together at the vertices. And in fact, the
type of Laplacian we use has appeared in the physics literature as the “lim-
iting case” of a “quantum wire” (see [Hur00, RS01, KZ01] for example);
but our type of development of the wave equation and its applications to
graph theory seem to have escaped the interest of physicists.
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A second goal of this paper is to point out that whereas in analysis there is
really one fundamental Rayleigh quotient, heat equation, and wave equation,
in graph theory there are always two. These two fundamental types for an
equation or concept result from the fact that graph theory involves two differ-
ent volume measures. So while in analysis there is usually one fundamental,
top (space) dimension volume, in graph theory one has a “vertex-based”
measure, V (a type of vertex counting measure), and an “edge-based” mea-
sure, £ (essentially Lebesgue measure on edges viewed as real intervals) (see
below and Section 2 for details); both V, £ seem to play a volume measure
type of role. So we get a “vertex-based” Rayleigh quotient, heat equation,
wave equation, etc. and their “edge-based” counterpart. (We can also form
“mixed” equations and concepts from these two pure types, as well as vary
coefficients, add lower order terms, etc.) However, sometimes it turns out
that one of the two types of equation or concept is less interesting. This
definitely seems to be the case in the wave equation, where the vertex-based
equation does not have finite propagation speed.

A third goal of this paper is to give some examples of how to translate
results in analysis to graphs and vice versa using the edge-based Laplacian
(including the wave equation). As an example, we give a simple proof of a re-
lation between distances of sets, their sizes, and the first nonzero edge-based
eigenvalue; our result can be better (or worse) than that of Chung-Faber—
Manteuffel; our proof also works in analysis, and rederives the results in
[FT| with a simpler proof. As another example, we show that the optimal
generalized Alon—Milman type bound is essentially achieved by a gener-
alized Chung—Faber—-Manteuffel bound derived by Chung—Grigor’yan—Yau.
We briefly describe how to convert graph theoretic results into analysis re-
sults. The results in analysis turn out to be independent of any discussion
of edge-based Laplacians, and hence appear as a short, separate article [FT]
(especially for analysts who wish to learn as little graph theory as possible).

In this paper we at times restrict ourselves to finite graphs; at other times
we insist that the graphs be locally finite, i.e., that each vertex meets only
finitely many edges; finally, some discussion is valid for arbitrary graphs.
We will indicate at the beginning of each section and/or subsection when
assumptions are made on the graphs therein.

The rest of this introduction, aside from closing remarks, is devoted to
giving an informal overview of the simplest form of our wave equation. If this
overview seems cryptic, the reader may wish to consult [FT99] or Section 2
of this paper.

Let G = (V,E) be a graph. Let G be its geometric realization, i.e.,
the metric space consisting of V' with a real interval of length 1 joining u
and v “glued in” for edge {u,v}. Let V be the vertex counting measure,
and & be Lebesgue measure on the edges. Then the (positive semidefinite)
Laplacian, as in [FT99], takes a function, f, and returns an “integrating
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factor” (essentially a measure, see Section 2),
Af =(Avf)dV + (Agf)dE

where Ag is minus the usual real Laplacian (i.e., second derivative), and
Ay is essentially a sum of normal derivatives along edges incident with each
vertex. It therefore makes no sense to write a wave equation’

Ut = —Au,

for the left-hand side should be a function, and the right-hand side an inte-
grating factor.
The vertex-based wave equation is

Ut dV = —Au.

This means that Agu = 0, and so u is “edgewise linear” (i.e., a linear
function when restricted to any edge). For such a w, Ayu coincides with
the traditional graph theoretic Laplacian, and we recover the wave equation
based on traditional graph theory.

The edge-based wave equation is the equation

Ut d€ = —A’LL,

or Ayu = 0 and uy = —Apgu. This equation has wave propagation speed 1,
and has many other properties befitting a wave equation.

When using an edge-based concept, one may speak of Laplacian eigen-
values. In this case one is referring to the set A of A with Agf = Af
and Ay f = 0. However, traditional graph theory deals with Ay, defined
analogously. Fortunately, it is easy to relate the two notions of eigenval-
ues, assuming we “normalize” the Laplacian Ay (see Section 3). Namely,
assuming Ay is normalized and our graph has all edge lengths one, we have

NeAp —= l-cosV)eE Ay

where JKVE is Ap with some “less interesting” eigenvalues (certain squares of
multiples of ) discarded. Ay is a finite set of values between 0 and 2, and
A g is an infinite set of nonnegative values (whose square roots are periodic,
and whose values satisfy a one-dimensional Weyl’s asymptotic law).

In this paper we will mildly generalize this setup, allowing for edges of
variable “length” and “weight,” and vertices of various “weight.”

The rest of this paper is organized as follows: in Section 2 we review some
notions from the calculus on graphs of [FT99]. In Section 3 we discuss the
edge-based eigenfunction theory; it closely resembles standard eigenfunction
theory. In Section 4 we discuss the wave equation and its basic properties.
In Section 5 we give some applications of the edge-based Laplacian and the
wave equation.

'Recall that the minus sign appears in the wave equation since the Laplacian is positive
semidefinite.



232 JOEL FRIEDMAN AND JEAN-PIERRE TILLICH

2. Calculus on graphs

2.1. The setup. We use a similar setting as in [Fri93], and we recall this
setting here. Let G = (V, E) be a graph (undirected), such that with each
edge, e € E, we have associated a length, £, > 0. We form the geometric
realization, G, of G, which is the metric space consisting of V and a closed
interval of length /. from u to v for each edge e = {u,v}. When there is no
confusion, we identify a v € V' with its corresponding point in G and identify
an e € F with its corresponding closed interval in G. By an edge interior
we mean the interior of an edge in G.

Definition 2.1. The boundary, 0G, of a graph, G, is simply a specified
subset of its vertices. By the interior of G, denoted QO, we mean G \ 0G;
similarly the interior vertices, denoted f/, we mean V' \ 0G. We say that 0G
is separated if each boundary vertex is incident upon exactly one edge.

Boundary separation is a property whose analogue for manifolds is always
true. In most practical situations one can assume the boundary is separated.

Convention 2.2. Unless specified, in this article we assume all graphs have
a separated boundary.

In this article we will give “boundary condition” for functions to satisfy
at the boundary. Neumann or mixed boundary conditions (see the next
section) behave bizarrely unless the boundary is separated.?

Convention 2.3. By a traditional graph we mean an undirected graph G =
(V, E). In this article we assume our graphs are always given with:

(1) lengths associated to each edge,
(2) a specified boundary (i.e., a specified subset of vertices).

Whenever an edge length is not specified, it is taken to be one. Whenever a
boundary is not specified, it is taken to be empty. We refer to the geometric
realization, G, of the graph as the graph, when no confusion may arise.

An edge e = {u, v} of length, ¢, is a real interval of length ¢, and as such
has two standard coordinates, one that sets u to 0 and v to £, and the other
vice versa. Whenever we speak of a property such as differentiability, we
always mean with respect to these standard coordinates.

Definition 2.4. By C*(G), the set of k-times continuously differentiable
functions on G, we mean the set of continuous functions on G whose restric-
tion to each edge interior is k-times uniformly continuously differentiable

2Tt is not hard to see that the Neumann condition for a function, f, on a boundary
vertex, v, is equivalent to Ay f = 0 at v (see this section and the next). This is only
equivalent to the normal derivative at f vanishing along all boundary edges if v is incident
upon only one edge.
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(as a function on that real interval). The same definition applies with G
replaced by C*(G\ V).

We cannot differentiate functions on G without orienting the edges; how-
ever, we can always take the gradient of a differentiable function as long as
we know what is meant by a vector field. Recall that a vector field on an
interval is a section of its tangent bundle or, what is the same, a function
on the interval with an orientation of the interval, where we identify f plus
an orientation with — f with the opposite orientation.

Definition 2.5. By C*(TG), the set of k-times continuously differentiable
vector fields on G, we mean those data consisting of a k-times uniformly
continuously differentiable vector field on each open interval corresponding
to each edge interior.

Notice that a vector field is not defined at a vertex, only on edge interiors.

Definition 2.6. For f € C*(G) we may form, by differentiation, its gradi-
ent, Vf € C*~1(TG). For X € C¥(TG) we can form, by differentiation, its
calculus divergence, Vea. - X € CK=YTG\ V).

Definition 2.7. A subset QQ C G is of finite type if it lies in the union
of finitely many vertices and edges. A function on G is of finite type if
its support (i.e., the closure of the set where it does not vanish) is of finite
type. We set Cg,l (G) to be those elements of C*(G) of finite type; we similarly
define CF (G \ V) and CF (TG).

Definition 2.8. An f € CF (G) is said to satisfy the Dirichlet condition if
f vanishes on 9G. We let CE. (G) denote the set of such functions.

Definition 2.9. Lip(G) denotes the class of Lipschitz continuous functions
on G, i.e., those f € C°(G) whose restriction to each edge interior is uni-
formly Lipschitz continuous. We similarly define Lipg,(G) and Lipp;, (G).
2.2. Two volume measures. In analysis concepts such as Laplacians,
Rayleigh quotients, and isoperimetric constants are defined using one volume
measure; in calculus on graphs we use two “volume” measures.

Definition 2.10. A vertexr measure, V, is a measure supported on V with
V(v) > 0 for all v € V. An edge measure, £, is a measure with £(v) = 0
for all v € V' and whose restriction to any edge interior, e € F, is Lebesgue
measure (viewing the interior as an open interval) times a constant a, > 0.

Traditional graph theory usually works with the traditional vertex and
edge measures, V1 and &, given by Vp(v) =1 for all v € V and a, = 1 for
all e € E, i.e., &7 is just Lebesgue measure at each edge.

Convention 2.11. Henceforth we assume that any graph has an associated
vertex measure, V, and an edge measure, £. When V is not specified we take
it to be Vr; similarly, when unspecified we take £ to be Er.
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In this article we write /fdé' and /de for /fdé' and /de.
g g

2.3. Integrating factors. In this paper a somewhat formal notion will
become extremely important.

Definition 2.12. By an integrating factor on G we mean a formal expres-
sion of the form p = adV + 5 dE where « is a function defined (at least) on
the vertices of G, and 8 € CO(G\ V).

The continuity assumption on 3 is not essential, but it makes things nicer
for the following reason: an integrating factor as above determines a linear
functional £,,, on CP,.(G) via

£u:/fu:/fadv+/fﬁd5.

We say that two integrating factors p; = a;(z) dV + Bi(z) d€ for i = 1,2 are
equal if the £, are equal; clearly this amounts to oy = g at the interior
vertices and 31 = (33 everywhere on G\ V' (since the (3; are continuous there).

We will sometimes wish to insist that oy = a9 on boundary vertices as
well; this corresponds to viewing integrating factors as linear functionals on
C%(G). In this case we will speak of boundary inclusive equality.

In the calculus on graphs we have two measures, and thus a need for inte-
grating factors, i.e., the need to mark functions with a dV or d€ to remind
us how to integrate the function against other functions. For example, we
shall soon see that the divergence of a vector field or the Laplacian of a
function is an integrating factor. Consequently, any wave or heat equation
is most correctly regarded as an equation between integrating factors. (In
traditional graph theory, all integrating factors have a vanishing d€ compo-
nent, i.e., 8 = 0 in the above, and they may be considered as functions on
the vertices, i.e., they may be identified with a’s values on the vertices.)
2.4. Regular graphs. In this article, r-regularity has a slightly more gen-
eral meaning than in traditional graph theory where all vertices and edges
have weight 1 (in other words £ = &1 and V = Vr).

Here we mean the following;:

Definition 2.13. We say that a graph G is r-regular if for any v € V we
have p(v) = r, where
p(v) = V()Y Ee).
esv

Clearly graphs that are r-regular in the traditional sense are regular with
our definition. The quantity p(v) arises quite naturally when we consider
edgewise linear functions, i.e., continuous functions whose restriction to each
edge is a linear function. For these functions we clearly have

/ FdE = L(f(u)+ F(v))E(e)

e
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for each edge e = {u,v}. Hence

(2.1) /fdé::/;fpdv.

2.5. The divergence. The divergence of a vector field and the Laplacian
of a function can be defined in terms of concepts that are already fixed,
namely a graph (encompassing measures £ and V) and the gradient. Inter-
estingly enough, the divergence turns out to be different from the “calculus
divergence” described earlier.

Before defining the divergence we record a “divergence theorem” for the
calculus divergence.

Let X € CY(TG). For any edge e = {u,v} let X|. denote X restricted
to the interior of e and then extended to u and v by continuity. We clearly
have

/vcalc - X dE = ae(ne,u : X‘e(u) T+ ey - XIE(U))7

where n. ,, n., denote outward pointing unit (normal) vectors. Hence we
obtain:

Proposition 2.14. For all X € C}(G) we have

(2.2) / Veale - X dE = / - X dy,

where

(n X) lzﬁenev X‘ )

esv

Let Ck. (G) denote those functions in CF (G) that vanish on the boundary
of G.

Definition 2.15. For a vector field, X, its divergence functional is the lin-
ear functional Lx : C3F;.(G) — R given by

Lx(g) = —/X -Vgd€.
Proposition 2.16. For any X € CY(TG) and g € CF;,(G) we have

Lx(g) = / (Veare - X)g dE — / (- X)gdv,

i.e., the divergence functional of X is represented by (Vcale- X) d€E—(n-X) dV
(viewed as a linear functional via integration).

Proof. We substitute Xg for X in Equation (2.2), and note that
Veale - (Xg) = gVeale - X + X - Vg.



236 JOEL FRIEDMAN AND JEAN-PIERRE TILLICH

Definition 2.17. For X € C1(TG) we define its divergence, V - X, to be
the integrating factor

(Veale - X)dE — (n- X) dV.
If X is edgewise constant, so that V. - X = 0, we will also refer to
—n-X
(a function defined only on vertices) as its divergence, and write it V - X.
We conclude:

Proposition 2.18. For any g € C4 (G) and X € C}(TG) we have

/g(V-X)g+/X-ng8:0.

To make this look more like analysis we can write this as:

/g\ag(v'X)g-i-/X'ngé':/w(ﬁ.x)ng

2.6. The Laplacian. In graph theory we usually define positive semidefi-
nite Laplacians. So we define

Af=-V-(Vf).
As integrating factors we have
Af = (Apf)dé+ (Avf)dy,
with Apf = —Veue - Vfand Ay f =n-Vf. It is easy to see that:
Proposition 2.19. For all f € C2(G) and g € C}(G) we have

(2.3) /(Af)g— /Vf-vgdg.
If also g € CZ(G) we have
(24) J@ng= [@or.

The link with the traditional graph theoretic Laplacian is as follows:
Proposition 2.20. For f € C(G) edgewise linear we have
Veae V=0, hence Af=n-VfdV.
Viewing Af as a function on vertices we therefore have:

(2.5) AN =vey" Y oW
e~{u,v} €
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When restricting to edgewise linear functions, it is common (in graph
theory) to write A as D — A, where D is the diagonal matrix or operator
(classically the “degree” matrix) whose v, v entry is

L) =V0) ™" Y aefte,
e~{u,v}
where we omit e’s that are self-loops from the summation, and where A is
the “adjacency” matrix or operator given by

(AN ) =V()™ D (ac/te)f(u),

e~{u,v}
again omitting self-loops, e.

2.7. Variable integrals. We shall wish to consider the derivative at ¢t = g
of the function

ﬂﬂ=émﬂ%ﬂ%®%

where ¢ is a real parameter, S(t) is a decreasing family of open subsets of
G, and f(x,t) is continuous in x (taking values in G) and differentiable in ¢
(taking values near tp).

For this paper we only need consider S(t) given by the set of points within
a distance 7 — ¢t from a fixed set A C G, with 7 fixed and 0 < tg < 7. We
will assume S(¢) is of finite type for ¢ near ¢p, and that 0S(tp) is finite and
contains no vertices.

With the above assumptions, the formula for Z'(¢y) is very easy. We
will discuss more general variants of these formulas later. These more gen-
eral variants are not needed in this paper, but are interesting to consider
and compare with the co-area formula and its problems at the vertices as
described in [FT99].

Calculus says that if a,b, c are constants with ¢ > 0, and f = f(z,?) :
R? — R is continuous in = and differentiable in ¢, then
b—ct

f(@,t)de = —c(fla+ct,t)+ f(b—ct,t)) + / fi(z,t) du,

a+-ct

d b—ct

dt a-+ct
where f; = 0f/0t. If we replace a + ¢t by a in the above integral, the
f(a+ ct,t) drops out, and similarly for b — ct replaced by b.

Summing the above calculus equality over all edges yields the following
easy proposition:

Proposition 2.21. Let S(t), f(z,t),t0,Z(t) be as above. Then

(2.6) T(t))=— >,  flzto)cac+ | fi(x, to) dE ().

(z,e) s.t. edx, S(to

z€9S(to)

In other words, the above sum is over all boundary points, x, of S(to), and
involves the edge, e, on which x lies.
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Finally, we remark that if S(¢) does not decrease “linearly” with speed ¢
everywhere, then we simply replace ¢ by the speed at with 0S(t) moves at
x in the summation of any of the above formulas.

We finish this subsection by describing what happens when 9S5(tg) con-
tains vertices. If so, then the left and right derivatives of Z(t) at to will exist
but won’t usually be equal. Equation 2.6 will essentially hold, but different
(z,e) pairs appear in the sum. So consider pairs (z,e) with x € e U 9S(tp)
(remember we identify an edge with its closed interval in G, so x may be
a vertex); we call a pair future active if e’s interior intersected with S(t¢)
contains an open interval ending at z. In other words, the picture of S(t)
near x and along e is changing for ¢ > tg near g (since S(t) is decreasing in
t). We say that a pair (z,e) is past active if either x is not a vertex, or x is
a vertex and (x,e) is not future active, see Figure 1. (Geometrically, since
S(t) is decreasing in t, we are saying that for ¢ near ¢y and at a boundary
point, x, the picture of S(¢) always changes when x is not a vertex, and
when z is a vertex it changes along some edges in the future (¢t > tp) and
other edges in the past (t < tp).)

° past active edges
\
7 _° e vertex in S(t)
0 — = o vertex not in S(t)

— edge (or partial edge) in S(t)

future active édges - - - edge (or partial edge) not in S(t)

Figure 1.

Summing the calculus formula shows that the right derivative of Z at ¢
exists and equals

(2.7)  T'(t+0)=— > F, to)cae + fila, to) dE(z).

S(to)

(z,e) future active

Similarly the left derivative is the same, with future active replaced by past
active pairs (z,e).

Notice that the notion of “future active” essentially arose in the definition
of the area of the boundary of a subset, in [FT99], Section 2, in connection
with the co-area formula.

3. The edge-based eigenvalues and eigenfunctions

In this section we discuss some facts about the “edge-based” Laplacian and
its eigenpairs, i.e., pairs (f,A\) with Agf = Af and Ay f = 0. Such pairs
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are crucial to understanding the solutions to the wave equation and invari-
ants associated with it. We concern ourselves with the basic cases at first,
later illustrating fancier boundary conditions and mixed edge and vertex
Laplacians.

It is worth mentioning that the equations Agf = Af and Ay f = 0
describe the modes associated with a physical object with a metal string for
each edge, with strings being fused together at the vertices. For example,
if we “pluck” such an object, it would produce tones with the frequencies
of VX with X ranging over the edge-based eigenvalues (this is seen from
considering the wave equation of the next section).

3.1. Basic existence theory.

Definition 3.1. We say that (f,\) is an eigenpair for the “edge-based”
Laplacian if f € C*°(G) and satisfies Agf = Af and Ay f = 0. We say
that f satisfies the Dirichlet condition if f vanishes at all boundary points;
the similarly for the Neumann condition, where f’s normal derivatives along
its edges evaluated at any boundary point vanish.

Notice that the condition Agf = Af implies that f’s restriction to each
edge is given by A cos(wz + B), where A, B are constants, w = A/2 and z
represents one of the two standard coordinates on the edge.

The existence of a complete set of eigenpairs for the Laplacian is well
understood in analysis for compact domains, and the same techniques carry
over to our setting, for finite graphs, with almost no modifications. We only
summarize the theory, and refer the reader to [GT83] or [Fri69].

Proposition 3.2. Let G be a finite graph. There exists eigenpairs (fi, A\;)
for the edge based Laplacian, such that:

(o< <A<,

(2) the f; satisfy the Dirichlet condition,

(3) the fi form a complete orthonormal basis for L. (G,€), and

(4) )\i — OQ.
The same statement holds with Dirichlet replaced by Neumann and
L%, (G,E) replaced by L*(G,E).

Proof. Consider the Rayleigh quotient

Vf|?dE
r(f) = LV
J1f1?dE
which is certainly defined for f € C'(G). Let ui,us,... be a minimizing

sequence for R in C. (G), i.e., u; € CP. (G) with

R(u;) — inf R(f).
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We may assume [ |u;|?d€ = 1, and thus that [ |Vu;|> d€ are bounded. Let
H}. (G) be the closure of CJ. (G) under the norm

113 = / (VA2 + £ de:

H}. (G) can also be described with Fourier transforms, or as the set of L?
functions with a weak derivative in L?; it is well-known to be a separable
Hilbert space, therefore having a weakly compact unit ball. Hence by passing
to a subsequence we may assume that the w; converge weakly in H' to a
u € H]%lr(g)

The u; are uniformly Hélder continuous of exponent 1/2. To see this let
x,y € G be of distance p, and fix a path  of length p from z to y. We have

; ;
lus() — wy)] < / rwdes( / de) ( / \Vul-Pde) < Cp2uill s,
Y Y Y

where C is the maximum over edges e of ae 172 Hence our claim holds, and
by Ascoli’s lemma we can pass to a further subsequence and assume that
the u; converge uniformly to a u that is Holder continuous of exponent 1/2;
since the u; vanish on the boundary, so does .

We have (by the uniform convergence and the weak H' convergence)

R(u) < liminf R(u;),

and so equality must hold and u minimizes R over all of Hp, (G).

Now we claim that w is our desired eigenfunction, and A = R(u) its
eigenvalue. This is seen by setting A = R(u) and considering R(u + ew) for
various w € H}. (G) and taking € — 0. We conclude that

(3.1) /Vqu d€ = )\/ uw d€

for all w € HJ), (G). Now standard estimates for elliptic equations (e.g.,
Lemma 15.4 of [Fri69]) show that in fact u is C*° at all edge interiors, and
satisfies

(3.2) Apu = Au.

Hence u’s restriction to any edge is given as A cos(wz + B) for w = A/2 and
A, B are constants depending on e (and which of the two standard coordi-
nates we place on e). Since u is Holder continuous on G, it is certainly con-
tinuous everywhere, including all its vertices. Hence v € Cg;.(G). Finally,
given a vertex, v, let us show that (Ayu)(v) = 0. From Proposition 2.19 we
know that

/Vu-deS = /(AEu)w d5+/(Avu)de = )\/uw dS—l—/(Avu)w dv.
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From (3.1) and (3.2) we obtain
(3.3) / (Avu)wdV =0,

We choose w € C},(G) in Equation (3.1), such that w(v) =1 and w(v’) =0
on other vertices and conclude

(Ayu)(v) =0.

Letting h — 0 we conclude that u is an “edge-based” Laplacian eigenfunction
satisfying the Dirichlet condition, with eigenvalue .

Set fi = u and \;y = A. Now repeat the same argument, except mini-
mizing R over those functions that are orthogonal to f;. With the same
argument, we find an eigenpair (f2,A2) with Ay < A9 and f; orthogonal
to fo. Now repeat again, minimizing over functions orthogonal to f; and
f2. In this way we get a sequence of orthogonal eigenpairs (f;, A;) with \;
nondecreasing in 1.

Next we show that \; — oo. Otherwise the H! norms of the f; are
uniformly bounded, and so the f; are uniformly Hoélder continuous, and so
a subsequence of the f; converges uniformly to a g. But since the f; are
orthogonal, g would be orthogonal to all f; and therefore to itself, so g = 0.
This contradicts the uniform convergence of the subsequence of f; to g.

It remains to show that the f; are complete. If the f; are not complete,
there is a nonzero g € L%ir(g) orthogonal to all the f;. By convolving g with
smooth approximations to Dirac’s delta function, and modifying it at the
vertices, we can find a g. € C3;,.(G) for any € > 0 with ||g— gc||;2 < €. Hence
for small € the function, i, which is the projection of g. onto the complement
of the fi’s, is: (1) nonzero, (2) orthogonal to all f;, and (3) lies in HY, (G).
Now R(h) must upper bound the \;, by their minimizing property. Hence
A; are bounded, which we know is impossible.

We finish by remarking that the same proof holds for the Neumann con-
dition, except that we begin by working with C''(G) instead of C}, (G). O

The same theorem holds for more general “mixed” boundary conditions.
Namely, we consider the condition that a function, f, satisfy the mixed
condition

(3.4) Ff=0 onKj,
(3.5) n-Vf+of=0 on Ko,

where K71, Ky are a partition of G and where o is nonnegative. Then the
same theorem and proof hold, provided that we replace C}Dir(g) by

{fec' @) | f=0onK},
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and replace the Rayleigh quotient, R, by

_ [IVPAE+ [y, of?dv
(3.6) RU) = pas

We mention that V does not enter in any essential way into the edge-based
eigenvalues. Only & should affect those eigenvalues.
We can get mixed edge-vertex Laplacians. So consider the Rayleigh quo-

tient: f )
V|V fI2dE
[af2dv+ [Bf2dE
with «, 3,7 continuous, nonnegative and -y differentiable and never vanish-
ing. Its successive minimizers satisfy

(3.7) —V - (7VF) = Af(adV + BdE).

The theorem above gives us a complete eigenbasis for L?(G, u) with p =
aV + BE. This basis is infinite provided that 3 is not identically zero.

Finally, we mention that it is easy to modify the above to work for mixed
boundary conditions with mixed edge-vertex Laplacians.

3.2. Weyl’s law. One fundamental result about edge-based eigenvalues
that is true for any finite graph is that their growth rate is determined, to
first-order, by the sum of the lengths of their edges. In analysis the analogous
quantity is the volume of the subdomain or manifold, and Weyl’s proof of
this fact (see [Wey12]) in analysis immediately carries over here.

For a finite graph, G, let Np;:(A, G) be the number of Dirichlet edge-based
eigenvalues < A for G, and similarly for Nxeu(A, G).

Proposition 3.3 (Weyl’s Law). Fiz a finite graph, G. Let N(X\) be either
Npir(A,G) or Nneu(A,G). There is a constant, C, such that

IN(A) = LAV2 /m| < C,
where L is the sum of all the lengths of the edges in the graph.

Proof. Consider the graph, Gy, where every vertex is a boundary point. Then
the edge-based eigenvalues of G; are found by minimizing the same Rayleigh
quotient over a more restrictive class of functions. Hence, by the min-max
principle,

Npir(A, G1) < Npie(A, G).
Similarly,

NNeu()H g) S NNeu()\a g1)7
for Nneu(A, G1) corresponds to a Rayleigh quotient over the space of func-
tions that needn’t be continuous at any vertex. For similar reasons we have

NDir()\a g) S NNeu()\a g)v
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the former N corresponding to the same class of functions as the latter
except the latter need not vanish at boundary vertices. To summarize, we
have shown

NDir()\agl) S NDir(Ay g) S NNeu()\)g) S NNeu()\agl)-

Hence it suffices to prove the proposition for G;.
But the values of the Gy eigenfunctions don’t interact across vertices, so

Npir(N,G1) = Z Npir(A, e),

eeE

where edges, e, are also viewed as graphs. If e is an edge of length £,
its Dirichlet eigenfunctions are f,(x) = sin(nzw/f) for n = 1,2,..., with
eigenvalues \, = (n7/f)%. Hence we have

Npir(Ae) = [A\Y2¢)/x .
It follows that for some constant C > 0,

Now(A\,G1) = =C+ (N /m) Y e = —C + LN/
ecE

For similar reasons the result also holds for Nyeu (A, G1), where the eigen-
functions on an edge are f,(z) = cos((n — 1)azw/{) for n = 1,2,..., with

eigenvalues A, = ((n — 1)7r/€)2. O

Again, a similar result holds for mixed boundary conditions. To see this,
we shall show that for any fixed mixed boundary condition (as in the end of
the previous subsection)

NDiI‘()\u g) < Nmixed()\7g> < NNeu()\v g)7

where Npixed counts eigenvalues with a mixed condition. Indeed, Np;- can
be viewed as having the same Rayleigh quotient, as in Equation (3.6), as
Nmixed, €xcept over a smaller space (i.e., the space of functions vanishing
over all of G, not just Kj). Furthermore, the Rayleigh quotient for Nyixeq
is no less than that for Nyey, and the space for the former is more restrictive.
Hence the claim that Npir < Nmixed < NVNeu, and hence the asymptotic law.

To get an asymptotic law for mixed edge-vertex Laplacians (as in Equa-
tion (3.7)), the above arguments show it suffices to consider Dirichlet and
Neumann eigenvalues for an edge, e. Partition e into k intervals, Iy,... I,
and on a fixed interval, I;, set Ymax to be the maximum value of «y there, and
Bmin similarly. The Rayleigh quotient with ymax replacing v and By re-
placing 3 is never smaller, and so the Dirichlet eigenvalue counting function
on I; for the Rayleigh quotient with 3 and v is at least

\‘Al/2|lj| ﬁminJ

YmaxT
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We conclude that for any € > 0 we have that the Dirichlet eigenvalue count-
ing function on e is at least

N2 /m) (et [ Bl de ),

where z is a standard coordinate on e. We conclude a similar upper bound
for the Neumann eigenvalues, and conclude that N(\) ~ \/2C/x, where

N 5@,
C-E/md-

3.3. A condition on edge-based eigenfunctions.

Proposition 3.4. Let G be a locally finite graph. Let (f,w) be an edge-based
eigenpair for the Laplacian, and let w = A2, Let v be an interior vertex
such that wl, is not a multiple of m for any e incident upon v. Then

fu) = cos(wle) f(v) _
Z e sin(wl) =0

e~{v,u}

If the degree of v is infinite, the theorem still holds provided the above
sum converges absolutely (and Ay is understood in the natural way).

Proof. This is a simple consequence of the fact that if f is an eigenfunction
then Ay f(v) = 0 at any interior vertex. Fix an edge e ~ {v,u}, and let
x be the standard coordinate on e with x(v) = 0 and x(u) = .. We have
f’s restriction to e with coordinate x, fo = fe(x) = Acos(wx 4+ B) for some
A, B. Hence

f(v) = fe(0) = Acos B,
and
f(u) = fe(€e) = Acos B cos(wl.) — Asin Bsin(wl,),
and the outward normal derivative of f at v is

f(u) = cos(wte) f (v)

sin(wl)

f'(0) = —Awsin B = —w

Since Ay f =n-Vf at vis V(v)~! times the sum of the above times a., we
conclude the proposition. O

Using this proposition one can rather easily determine all the edge-based
eigenpairs in terms of the eigenpairs of the “normalized” adjacency matrix of
the graph, provided that all edge lengths are equal; the w’s will turn out to
be periodic of period 27. However, we do not know of such a determination
when edge lengths vary; we shall show that a graph with two vertices joined
by three edges of varying edge lengths will not have periodic w’s.
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3.4. The equilength case. In this subsection we consider a finite graph,
G, all of whose edges have length 1 (however the a. can vary). We can
similarly deal with any graph whose edge lengths are equal.

For any v € f/, let a, be the sum of the a. over all edges, e, incident with
v (these edges, e, may be incident with boundary vertices). We will assume
that G is connected with at least one edge, so that a, > 0 for all v. Let A
be the “normalized” adjacency matrix, which is just the adjacency matrix
of Section 2, normalized by dividing each row by its corresponding a,. A
represents a Markov chain if and only if G has no boundary vertices (and
it always represents a Markov chain if we add in the boundary vertices and
make them “absorbing” states).

Our main result describes the edge-based eigenvalues in terms of A and
the number of edges and interior vertices. We state this first, and then prove
it in a series of propositions. First we set

Z>o={0,1,2,3,...},
so that for any 7 € R we can write
T+ 21Zso = {7, 7+ 21,7+ 4m, ... }.

Theorem 3.5. Let G be a connected graph with at least one edge, and let A
be its normalized adjacency matriz, as above. The edge-based eigenvalues is
the multiset sum? of the following sets: for each eigenvalue, \, of A, there
is a unique cos~1(A\) € [0,7]; corresponding to this X we have eigenvalues

(3.8) cos () + 27Zsy, and 21 — cos H(\) + 27Z>o.
Additionally, the sets
(3.9) T+ 27 Z >0, and 21 + 27Z>o

occur with multiplicity |E| — |V|. This means that if |E| — |V| = —1, i.e
G is a tree without boundary, then we subtract the list in Equation (3.9)
once from the union over Equation (3.8); i.e., nm for nonnegative integer n
occurs with multiplicity one.

Let us mention that if G has separated boundary, then the Neumann
condition at a boundary vertex is equivalent to considering that vertex to
be an interior vertex. Hence our theorem really also handles the case where
we impose a Dirichlet condition on some vertices, and a Neumann condition
on the rest, assuming the rest are separated.

Proof. The proof of this theorem occupies the rest of this section. We prove
it in a sequence of propositions. Notice that our proof provides a method
for finding a basis for the eigenspaces.

3i.e., if A occurs five times in the lists below, then its multiplicity is five.
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Proposition 3.6. Let w € R\ (7Z). Then w? is an edge-based Dirichlet
eigenvalue if and only if cosw is an eigenvalue of A. If so, w?’s multiplicity
is that of cosw in A, and for each corresponding eigenfunction, f, of A
(therefore defined on the vertices), we may extend f along each edge (as
Acos(wz + B) for some A, B and standard edge coordinate x) to an edge-
based eigenfunction.

Proof. If w € R\ (7Z) has w? an edge-based eigenvalue, then by Proposi-
tion 3.4 we have for each v

> acf(u) =cosw)f(v) > ae

e~{v,u} e~{v,u}

In other words, since f is Dirichlet, A f = cos(w)f; that is, cosw is an
eigenvalue of A. N

Conversely, let cosw # £1 be an eigenvalue of A with eigenfunction g.
We claim that for any fixed e = {u, v}, there is a unique way to extend g
to a function along e of the form A cos(B + wx), where z is the standard
coordinate on e with z(v) = 0. Indeed, consider the equations in A, B for
fixed g(u), g(v):

g(v) = Acos B, g(u) = Acos(B + w).

Since

Asin B = g(u) — g(’U) CoS W

—sinw ’

Acos B and Asin B are uniquely determined by g(u), g(v). From what we
know of polar coordinates, this means either A = 0 and B is arbitrary, in
which case g’s extension along e is by 0 (and g(u) = g(v) = 0), or there
is a unique positive A = Ag and unique B = By modulo 27 satisfying
the equations, with the only other solution being A = —Ay and, modulo
27, B = By + w. Since the function Acos(B + wx) is the same for these
solutions, and does have the right value at ¢ = z(v) =0and z = z(u) =1, ¢
can be extended to satisfy Agpg = w?g. Also clearly g satisfies the condition
in Proposition 3.4, which is equivalent to Ay g = 0.

To sum up, we know that w? is an edge-based eigenvalue for w € R\ (Z)
if and only if cosw is an eigenvalue of A. We know that the restriction of
any Ap eigenfunction gives an A eigenfunction, and we know that (given w)
a A eigenfunction g has a unique extension to a Ag eigenfunction. Hence
the multiplicities of w? in Ap and cosw in A are equal. O

The story when w € 7Z is less elegant. Indeed, there are many edge-based
eigenfunctions, f, whose restriction to the vertices vanishes.
Let Y,, be the eigenspace corresponding to the Dirichlet edge-based eigen-

functions with eigenvalue w?,

Y, =Y,(G)={f € CX.(G) | Apf = w*f, Ay f =0},
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and let Z, be those elements of Y,, vanishing on all vertices,
Zw:Zw(g):{fEYw‘!ﬂV:O}
We reduce the study of Y, for w € nZ to that of Z, by the following
proposition:

Proposition 3.7. Y, /Z, for w € 277 is one-dimensional if 0G = 0, and
otherwise zero. Similarly for w € 7 + 277, except that we require 0G = ()
and that G is bipartite.

Proof. If f € Yar, with n € Z, and e = {u,v} is an edge, then f(u) = f(v),
since f’s restriction to e is of the form Acos(B + 27mnx). Hence f must be
constant on V. This implies that Y,,/Z, is at most one-dimensional, and
must be zero if G # (. On the other hand, if 3G = () then the function
whose restriction to each edge is cos(wz) gives a nonzero element of Y, /Z,,.
The case w = (2n + 1)7 is handled similarly. O

The next two propositions essentially finish our work in this section.

Proposition 3.8. For w > 0 there is a natural isomorphism of Y, with
Yo tor that restricts to an isomorphism of Z,, with Z,or. The same is true
if w+ 2w is replaced by w + mw, provided that G is bipartite.

Proof. For an arbitrary f € Y, let ¢f be the function whose restriction to e
is ACOS(B + (27 + w)x), where A, B are given by f’s restriction to e being
Acos(B+wx). Then Ay f = Ay (of)w/(w+27) so Ay (¢f) = 0. From here
it is clear that ¢ is the desired isomorphism. O

Proposition 3.9. Let G’ = GU{e} be the graph formed by adding an edge,
e, to G. Then Z,(G) naturally injects into Z,(G"), and the quotient is of
dimension 1 or zero.

Proof. If f € Z,(G), we simply extend it by zero on e to get a member of
Z,(G"). Member of Z,(G’) restricts to Asin(wzx) along e for some A, and
hence any two of them are scalar multiples of each other modulo Z,(G). O

First a corollary of these two propositions:

Corollary 3.10. Let b be the number of +1’s that appear among As etgen-
values, i.e.,

0 ifdG #0,
b=>b(G) =<1 if0G =10 and G is not bipartite, and
2 if 0G =0 and G is bipartite.
Then )
dim Yy + dim Ya, + 2(|V] — b) = 2|E].
Hence, if G is bipartite, we further have

dim Yy = dim Ya, = |E| — |V| + b.



248 JOEL FRIEDMAN AND JEAN-PIERRE TILLICH

Proof. The first part follows from the above and Weyl’s law. The second
part follows from Proposition 3.8. (|

To prove Theorem 3.5, first note that since we are working with the
Dirichlet condition we can assume the boundary is separated —if not, we
just give each boundary edge its own boundary vertex.

The corollary above shows that the theorem is true for a tree. Any con-
nected graph is the union of a tree and a number of edges. Hence it suffices
to show that if the theorem is true for G then it is true for G with an edge
thrown in, G’ = G U {e}.

So assume the theorem is true for G. If b(G) = b(G’) then dim Yz +dim Ya,
increases by 2. But each dimension can increase by at most 1, so they
increase precisely by that much, and the theorem holds for G’.

The only change in b that can happen by adding an edge is that b(G) = 2
but b(G") = 1, i.e., G is bipartite but G’ isn’t. In this case dim Y, + dim Y2,
remains the same. While Z; cannot decrease in going from G to G, Y. /Z,
goes from one to zero-dimensional from G to G'. Since Ya./Z5, remains
one-dimensional, Z5, increases by one. Once again we see how the Z,’s and
Y. /Z.,’s change for G’, and it is easy to see the theorem holds there. ([

4. The wave equation

In this section we usually only assume that the graphs are locally finite. This
is because the wave equation has finite propagation speed, and “cannot tell”
whether or not a graph is finite (in any fixed interval of time).

Definition 4.1. Given a graph, fix nonnegative o, 8 € C°(G), nonnegative
v € C1(G), and an interval I C R. A function u = u(x,t) : G x [ — R is
said to satisfy the wave equation with coefficients «, 3, v if:

(1) u is continuous on G x I and u(-,t) € C%(G) for all t € I;

(2) for all # € G and t € I the derivative uy exists at (z,t) and is contin-

uous in x; and
(3) for fixed t we have

(adV + BdE)uy =V - (yVu)
as integrating factors.

If u vanishes on 0G x I we say that u satisfies the Dirichlet condition;
similarly for the Neumann condition if Vu vanishes along all edges at all
boundary vertices.

Having the equality above as integrating factors means that
auy = —yAyu
at all (z,t) with z € V and ¢ € I, and that
Buy = —vAgpu + Vv - Vu
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at all (z,t) with z € G\ V and t € I.

In the above definition we may also allow mixed boundary conditions as
in Equations (3.4) and (3.5).

The the vertex-based wave equation, we mean the wave equation with
coefficients « = v = 1 and § = 0. In this case Agu = 0 and so u must
be edgewise linear. As remarked in Section 2, Ay on a finite graph can
be viewed as a bounded operator on L%ir(g , V). As such, for any edgewise
linear f € L}, (G,V) we can form

u(z,t) = cos(t Av)f:f—tQAvf/2+t4A%/f/4!—---

and we easily see it satisfies the wave equation with u(x,0) = f(z). The
boundedness of Ay implies that if f = x, is the edgewise linear character-
istic function* at v, then for fixed x,

u(z,t) = cos(tv/ Ay )xe = (—1) 42N, /(2d)! + O(t**F?)

where d is x’s distance to v and N, , is the number of paths from z to v
of length d. Tt follows that u(xz,t) > 0 for small ¢, and so the vertex-based
wave equation does not have a finite wave propagation speed.

Since traditional graph theory is based on Ay restricted to edgewise lin-
ear functions, the above explains why approaching the wave equation with
traditional graph theory leads to unsatisfactory results.

A much better model of the wave equation appearing in analysis is the
edge-based wave equation, where § = v = 1 and a = 0. We will show in
the next subsection that these waves propagate “along the edges” and have
finite wave speed equal to 1.

4.1. The energy inequality. Many basic properties of the wave equation
follow from well-known energy inequality, which we state and apply in this
subsection.

If A C G, then the energy of u = u(x,t) over A at time ¢ is defined to be

Energy(A;t) = / (v(Vu)? d€ + ui (adV + BdE)).
A
For real h > 0 let

Al = {z € G| dist(z, A) < h}.

Now fix coefficients «, 3,7 for a wave equation and let ¢ be the smallest
constant such that v < c2ﬂ throughout G (we assume this ¢ exists).

Theorem 4.2. Let A be an open set with A% of finite type for some ty > 0.
Then if u is a solution to the Dirichlet or Neumann wave equation we have

Energy(A°;0) > Energy(A;tg).

“i.e., this function is 1 on v, 0 on other vertices, and edgewise linear.
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The same holds of the mized boundary condition, as in Equations (3.4)
and (3.5), provided we add
2
/ ~you® dV
KonA

to the energy.

This theorem will be proven in the next subsection; its proof is virtually
identical to its well-known proof in analysis.

We remark that the wave equation has a time symmetry, in that if «
satisfies the wave equation then so does w(z, t) = u(x, —t). We may therefore
conclude the symmetric fact that

Energy(A;0) < Energy(A“°; ).
From the energy inequality we easily conclude the following proposition:

Proposition 4.3. Assume G is locally finite, that (3 is strictly positive on
G, and that c exists as before (i.e., v < 3 everywhere). Let u be a solution
to the wave equation on G x [0,T] with u(z,0) = 0 and u,(x,0) = 0 for all
x within a distance ct to a fired y € G. Then u(y,t) = 0.

Proof. For any € > 0 we have
Energy ({y}"~;0) = 0,

We conclude that w(y,s) vanishes from s = 0 to s = t — 2¢, and hence
u(y,t — 2¢) = 0. Now we let ¢ — 0 and use the continuity of w. O

Some immediate corollaries of this are:

Corollary 4.4. If u,w are two solutions to the wave equation such that u
and w agree at ttime t = 0 on all points within distance ct to y, and the same
for uy and wy, then u(y,t) = w(y,t). In other words, the value of u(y,t)
depends only on the value of u at a fixed time in the “space-time cone of
speed ¢ at y”. In other words, this wave equation has finite speed of wave
propagation bounded by c.

Corollary 4.5. Fizing u(-,0) and w(-,0), there is at most one solution,
u(x,t) fort >0, to the wave equation.

4.2. A proof of the energy inequality. Let I C R be an interval. By a
(graph-time) vector field on G x I we mean a pair (G, F') where F' = F(t) is
an integrating factor on G and G = G(t) is vector field on G both depending
on t € I. By its divergence we mean

Ve - (G,F) =V -G+ F,

which is an integrating factor that depends on time, t, where by F; we mean
the partial derivative of F' with respect to t, i.e., we differentiate F’s dV
component and its d€ component with respect to time.
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Proposition 4.6. Consider a divergence free graph-time wvector field,
(G,F), i.e., V-G + F, = 0 as a boundary inclusive equality. Write F =
Fy dV + FgdE. Assume that Fyy > 0 at all vertices and that cFg > |G| on
(G\V) x I. If A is any open set with A% of finite type, and if 0,ty € I,

then
I(t) = / Ft)
Ac(to—t)

is a nonincreasing function in t € [0, to].
The energy inequality in Section 4.1 follows almost at once by taking
F =~E(Vu)? + (aV + BE)u? and G = —2yu;Vu,
adding you?V|k, to F for the mixed boundary condition.

Proof. Let S(t) = A=t If §S(t) contains a vertex, then Z(t) is right
continuous at ¢, and has a jump (if any) from the left of

I(t-0)-I(t) = >  Fa)V().
zeVNAS(t)
Next partition 0S5(t) into interior and boundary points,
B=0St)NG and  B?=05(t)nog.

B will contain no vertices for all but finitely many ¢. If B contains no vertex,
then using Proposition 2.21 we see that

T'(t)=— > Fpxt)ca + / Fy(t)
:EEI-E)’ esox S(t)UBa

(where F} contains both a dV term and a d€ term). By taking S(¢) and
adding to it 0S(t) as new vertices each of weight 1, we get a graph, Gy;
taking Fyy = 0 at all new vertices, we may write:

/ Ft<t>=/gFt<t>=— V-G
S(t)yuB? Gi\B G:\B

_ /B B-Gt)= 3 ne.- Gl b,

xeé,eax

using the divergence theorem.
Recalling that n. , is a unit vector, we have

—Fg(z,t)c+ne, -Gz, t) < —Fg(z,t)c+ |G(x,t)] <0
for all x,t. Hence

T'(t)= Y ac(~Fp(z,t)c+ne, - G(x,t)) <0.

zeé,eax
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We have shown that Z(¢) is nonincreasing at all but finitely many points
(i.e., the t’s with B containing a vertex), and at these finitely many points
we know that Z(¢) is continuous or has a decreasing jump. Hence Z(t) is
nonincreasing. O

The proposition is usually proven (in analysis) by invoking a space-time
divergence theorem on a truncated cone in space-time (or graph-time here),
such as those (z,t) with dist(x, A) < ¢(tg — t) (see, for example, [Smo83]
Chapter 4 or [CH89]). While this approach also works, setting up a graph-
time divergence theorem seems like more trouble than it’s worth for our
purposes at this point.

4.3. More general wave equations. One can generalize the uniqueness
results for the wave equation, i.e., Corollaries 4.4 and 4.5, to the same results
for a wave equation of the form

(adV + BdE)uy =V - (vVu) + 6§ - Vu + eu,

where ¢ is a CY vector field and € is a C? function, and we assume (3 never
vanishes. The proof is a simple adaptation of the analysis proof given in, for
example, Smoller’s book [Smo83]. We define the energy exactly as before
(ignoring ¢ and €), but now prove

(4.1) eXtEnergy(A°;0) > Energy(A; to)

for some constant K depending on 4, ¢, provided that w,u; vanish on A
at t = 0. Uniqueness with “propagation speed” at most ¢ follows as before.

We shall outline the proof of Equation (4.1) when 6 = 0; the general
case is a bit messier but similar (see [Smo83| for details). First we notice
that if all is the same as in Proposition 4.6 except that V - G + F} does not
necessarily vanish (where by F and G we mean F' = v&(Vu)? + (aV + 3 )u?
and G = —2yu;Vu), then we have

Z(t) < Z(0) +/0 /Ac(tos)(v .G+ F)ds.

Hence setting
E(t) = Energy(Ac(tO_t); t)
for 0 <t < ty, we have for such ¢

¢

(4.2) E(t) < E(0) — 2/ / eu(z, s)u(z, s) dE(x) ds.
0 JActo—s)

The integral on the right-hand side can be bounded by

[ [ < [ [ [ [

The u?/2 term integrated over space is bounded by a constant times F(t)
(since 3 vanishes nowhere), and the u?/2 can be bounded by a constant
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times ¢? times a u? integral by Poincaré’s inequality (see [Smo83]). It
easily follows that the double integral in Equation (4.2) is bounded by a
constant times fot E(s)ds, and hence

E(t) < E(0) + K/tE(s) ds
0

for a constant K. Gronwall’s inequality implies E(t) < e®*E(0), which is
just Equation (4.1).

4.4. Differentiability and the wave equation. In this subsection we
show how to prove the existence of a solution to the wave equation for suffi-
ciently “differentiable” initial conditions. On the circle, i.e., R/(27Z), there
is a rough correspondence between differentiability and having Fourier coef-
ficients decaying. We shall use the same for graphs, to give a nice description
of when we are sure that the wave equation has a solution.

Let fi1, fo,... be the eigenfunctions of Ap with eigenvalues A1, Ag, ...
with some boundary conditions of any type specified before. Let D* (which
depends on the boundary conditions) be those formal sums ), a;f; with
>~ i¥la;| < oo (here k is any real, although typically a nonnegative integer).
Let B* be the same, except that the a;’s are subject to the weaker condition
that i®|a;| is bounded in i. Let Diff* be those functions f € C* such that
for j =0,...,k — 1 we have:

(1) fY(v,e) depends only on v if j is even, where f)(v,e) is the j-th

derivative of f at v along e.
(2) The sum of £\ (v, e) over all e for fixed v is zero for all v, if j is odd.

It is not hard to prove the following facts:

Proposition 4.7. We have natural inclusions B¥1+¢ c D¥ ¢ B* for any
k and € > 0, and inclusions D* ¢ Diff* ¢ B* for any nonnegative integer k.

We remark that Diff*’s compatibility with D* B¥ makes it, in some sense,
a better notion of differentiability than C* defined in Section 2.

Proof. The first inclusions are straightforward. The inclusion DF ¢ Diff*
follows by viewing the formal sum as an absolutely convergent sum of func-
tions whose derivatives up to k-th order also form an absolutely convergent
sum (here we use the periodic nature of the eigenpairs). Finally the inclu-
sion Diff* ¢ B* follows by integration by parts of the inner product (f, fi)
for an f € Diff* along each edge: fol f(x)Ae cos(wx + Be) is proportional to
the integral of w=* f(¥)(z) times sine or cosine of plus or minus wz 4 B, plus
boundary terms. The boundary terms at v € V are proportional to sums
over e of fU)(v,e)A, times sine or cosine wz + B,. Knowing that A, cos(B.)
is independent of e (for a given v, with x = 0 corresponding to v), and
knowing that the sum of A, sin(B.) vanishes (since Ay f; = 0 for all i), we



254 JOEL FRIEDMAN AND JEAN-PIERRE TILLICH

see that the boundary terms at 1% disappear; similarly we see that boundary
terms at boundary vertices vanish. Now we use Weyl’s law and the fact that
f € C* to see that i*(f, f;) is bounded. O

We now state an existence theorem in terms of D?; it follows from the
above proposition that our theorem also applies to the class Diff*, which is
easier to understand, in a sense, than D?.

Proposition 4.8. Let g,h € D% If g=> a;fi and h = >_b;f;, then

(4.3) u(z,t) = z; fi (ai cos(v/Ait) + ;;7 sin(\//\jt))

is a solution to the wave equation with u(-,0) = g and u(-,0) = h.

Proof. We need to know that uy exists, and if g,h € D? then the sum of
twice differentiated terms is absolutely convergent and this wuy exists. The
rest is an easy verification. O

Any g, h in L?, say, will have eigenfunction expansions. It makes sense to
define u(zx,t) by the formal sum above (in Equation (4.3)), which for fixed
t will always lie in L? (although uy need not exist).

4.5. Chebyshev polynomials and the wave operator. We again as-
sume that G is finite in this subsection. Let f;, A; be as in the Section 4.4,
and set Summ to be D° in the notation of the previous section, i.e.,

Summ = {Zaifi Z la;| < oo}.

Elements of Summ may be viewed as formal sums, or we may identify them
with the bounded function on G to which they converge (since the f; are
uniformly bounded). Summ is the set of functions with a summable eigen-
function coefficient series; it is easy to see that it contains, for example,
H'(G). The map sending f; to its restriction on vertices extends to a con-
tinuous map from Summ to L*°(G,V). Since G is finite this gives rise to a
continuous map Mg_y : Summ — L?(G, V).
If g € Summ with g = )" a;f;, then

(cos \/AE)g = Zai(cos \/)\j)f,
lies in Summ, and we know

Mpg_v(cos VAR )g = Z a;(cos \/Yi)MEHVfi‘

Since 1 — cos+/\; is the Ay eigenvalue corresponding to Mg_.y f; and A=
I — Ay, we have

AMpg_y = Mg_y cos /Ag
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as maps from Summ to L?(G,V), assuming all edge lengths are 1. It follows
that for any polynomial, P, we have

P(A)Mg_.v = Mp_yP(cos /Ap).
If T}, is the k-th Chebyshev polynomial, given by
Tk (cos z) = cos(kz),

we have B
Tk (A)ME*)V = MEHV COS(k\/ AE )
We conclude the following theorem:

Theorem 4.9. Let all edge lengths be 1. Let g € Summ, and let u be the
formal solution to the wave equation as in Equation (4.3) with h =0. Then
for any integer k and interior vertex v we have

u(v, k‘) = Tk (A) MEﬁVg.

So if we wish to know this wave equation solution at vertices and at only
integral times, we need only know the initial condition at the vertices. The
values of the solution there are given in term of Chebyshev polynomials of
the normalized adjacency matrix. Notice that knowing the values of u at
nonintegral times requires knowing f along the edges.

Notice that Theorem 4.9 is valid for infinite (locally finite) graphs, since
the wave equation solution is determined locally for any finite time, and the
equality in Theorem 4.9 is a local statement as well.

We finish this subsection by remarking that if we ignore the map Mgy,
we can say that A “acts like” cos\/Afg. Noting that A is I — Ay for an
appropriate graph theoretic Laplacian, Ay, we can see that I — Ay “acts

like” cosv/Ag.

4.6. Wave propagation through vertices. Using Theorem 4.9 it is not
hard to see what happens when a wave is sent through a vertex. More
precisely, let G be the infinite d-regular star,® i.e., G’s vertices are v union
v;; with @ = 1,...,d and j a positive integer, and G’s edges are {vo,v;1}
for all 4, and {v; j,v; j+1} for all 4 and for all positive j (see Figure 2).

Taking g to be a function which is zero on all vertices except vy ; for some
j > 2, we apply Theorem 4.9 to see that of the “wave” traveling towards v,
we have (2/d) — 2 of the wave comes back along the i = 1 edge, and 2/d of
it travels down each i > 1 edge.

This motivates the following theorem. We state this theorem in terms
of the length 1 d-regular star, by which we mean the graph, G, as above,

5Note that the wave equation effectively ignores vertices of degree 2, i.e., one gets the
same equation if one treats the two edges incident with the vertex as one longer edge. So
the infinite d-regular star is equivalent to a graph with one degree d vertex and d edges
of infinite length.
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——————— V1,2 V1,1 Vo, Vd,1 Vd,2 -------

Figure 2.

except we restrict j to take on only the value 1. We endow the edges of G
with standard coordinates z1,...,z4 where z;(0) = vg and x;(1) = v; .

Theorem 4.10. Let u(z,t) be the solution to the wave equation for 0 <t <
1/4 given by

otherwise,

(s t) = {g(xl +1t) fori=1,

where f is any twice differentiable function supported on (1/4,3/4). Then
the solution for 0 <t <5/4 to the wave equation exists and is given by

ity = T @O+ (/D) 1) ft—ar) fori=1,
) (2/d) f(t — i) otherwise.

Notice that this theorem tells us how waves propagate through vertices.
Also, notice that we know that @ is unique.

Proof. Clearly u satisfies the wave equation on edge interiors. At wvg, the
only vertex of interest for ¢ < 5/4, we have w is continuous (taking the
limiting value 2f(t)/d along each edge at vg) and satisfies Ayu = 0 there.
Hence u satisfies the wave equation. O

4.7. Finite propagation speed of wave operators. There are a num-
ber of operators on L?(G,£) that arise from the wave operator, which have
a “finite speed of propagation”. We mention one classical one, and a gener-
alization of it. First we need some definitions.

By the support of a function, f, in L?(G, &) we mean the complement of
the union of those open sets, U, for which f = 0 almost everywhere in U.

Definition 4.11. Let A; be a family of bounded (everywhere defined) oper-
ators on L?(G, £) indexed on t > 0. We say that A; have speed of propagation
at most c if (Arf,g) = 0 for any f,g € L*(G,€) and t with the supports of
f and g a distance at least ct apart.
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Definition 4.12. A subset, D, of L?(G, ,&) is called supportingly dense if
for any f € L2(G,&) and € > 0 there is f € D such that ||f — f|l2 < € and
(each point of) the support of f is within distance € of the support of f.

In our propagation speed definition, rather than requiring f, g € L*(G, &),
it suffices to take f,g € D where D is any supportingly dense subset of
L*(G,&). We also remark that standard mollification arguments show that
for any k, Diff* is supportingly dense; it follows that B¥ and D¥ are, as well.

Consider the operator

W, = cos(t\/Z).

By the spectral theorem this can be viewed as an operator on L?(G, £) whose
norm is bounded by 1. We know by Proposition 4.8 that W; restricted to
D? N L?(G, &) has propagation speed at most 1. Since D? is supportingly
dense in L%(G, &) we see that W; has speed of propagation < 1.

Next for any a € R consider the operator:

Wia = h(*(A - a)),

where

r  x? a3 cos/z ifz >0,
" \coshy=z ifz<0.

So Wi is just Wy as above. Since A is positive semidefinite, [[W; 4| <
cosh(t\/&). The analogue of Proposition 4.8 for the wave equation uy =
—Au + au is easily verified, and we conclude (using Subsection 4.3) as we
did for W} that:

Proposition 4.13. For fized a, the propagation speed of Wy, is < 1.

5. Applications

In this section we give examples of how to apply our edge-based approach
to get graph theoretic results from analysis results. We give a new bound
on eigenvalues based on set distances in graph theory; the bound it gives
on diameters can be better or worse than the well-known bound of Chung,
Faber, and Manteuffel (in [CFM94]); our technique is very simple and works
in analysis (to give the result of Friedman and Tillich in [FT]). We also show,
for example, that the graph diameter inequalities of Chung, Grigor’yan, and
Yau in [CGY96, CGY97|, which mildly generalize that of Chung, Faber,
and Manteuffel (in [CFM94)), is optimal to first-order, in a certain sense, for
small Laplacian eigenvalue. We give other results that illustrate our ability
to translate from analysis to graph theory, although these other results do
not improve the best known graph theory results.
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5.1. Distances and diameter: using old results. A number of arti-
cles have inequalities relating distances to sets or diameters of a space to
Laplacian eigenvalues, both for manifolds and graphs (see [AM85, Moh91,
LPS88, CFM94, CGY96, BL97, CGY97]). In [FT] the philosophy that
I — Ag “acts like” cos /AF of the preceding section is used to apply graph
theoretic techniques (namely those of [CGY97]) to analysis and get an im-
proved eigenvalue bound based. Here we go the other way, taking analysis
results or more general results, and apply them to get graph theoretic re-
sults. The result we obtained is not the best known, but it is better than
some results, especially one that can be derived from the same technique
using the vertex-based Laplacian. However, in the next subsection we give
a distances/eigenvalues technique that yields new results in graph theory.
Consider the result of Bobkov and Ledoux, which states that for any
metric probability space, (M, p, 1), and disjoint Borel sets X, Y we have

(5.1) VA p(X,Y) < —log(uX uY)

where p(X,Y) is the distance from X to Y and X is the optimal constant
in the Poincaré inequality (in other words, A is the first nonzero Neumann
eigenvalue in the case of a compact manifold or finite graph). Let us apply
this to bounding the diameter of a graph.

One way is to directly apply Equation (5.1) to the vertex-based situations,
with A = Ay, the vertex-based Laplacian eigenvalue. We get uX = |X|/n,
and we take X,Y to consist of single points of distance D where D is the
diameter. We conclude that v/ Ay D < log(n?) = 2logn, or

2logn
Vv

Here Ay is the first nonzero eigenvalue of the Laplacian I — A where A is
the normalized adjacency matrix. Notice that if our graph is d-regular, then
Ay = Ar/d where Ap is the first nonzero eigenvalue of the traditional graph
theoretic Laplacian. We conclude:

D < 2logny/d/\p.

Alternatively we may apply Equation (5.1) to the edge-based Lapla-
cian. Notice that the similar and slightly weaker inequalities of [CGY96,
CGY97] require the Laplacian, A, to have cos (t\/j ) extend supports of
functions by a distance at most t. So our edge-based Laplacian could be
used with these earlier results, whereas the vertex-based Laplacian could
not. We take X,Y to be balls of size 1/2 about two points of distance D,
the diameter. We conclude:

Vg (D — 1) < log(n?) = 2logn.

D<
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Seeing as v/ Ag = cos™ (1 — Ay), we have

D_1< 2logn '
cos™H(1 = Ay)

But it is easy to see that cos™!(1 — a) > v/2a for any a. Hence we have

D —1<+/2/\y logn.

In the d-regular case this gives

(5.2) D —1<./(2d)/Ar logn.

We conclude:

(1) With the same technology, i.e., using Equation (5.1), the edge-based
technique does better than the vertex-based technique by roughly a
factor of v/2.

(2) In previous Laplacian bounds (e.g., [CGY96, CGY97]) the edge-
based technique can be applied whereas the vertex-based technique
cannot (by support extending restrictions that are equivalent to the
wave equation having propagation speed 1).

It is interesting to note that the edge-based diameter bound we derived
(in Equation (5.2)) improves the original Alon-Milman bound® of

D <2[+/(2d/Ar) logyn]

(see [AMS8S5]), in the case where d/Ar and n are large. Similarly we have
improved Mohar’s improvement (see [Moh91]) of the Alon-Milman result,
taking Ao, < 2d (the highest Laplacian eigenvalue)”). But the result of
Chung, Faber, and Manteuffel (see [CFM94]) improves on our edge-based
result by a factor of 2. In fact, it is precisely this factor of 2 that we gain
in applying the result in Chung, Faber, and Manteuffel to analysis, in [FT],
using the relation in this paper between graph Laplacians and analysis-like
(e.g., edge-based) Laplacians.

5.2. Distances and diameters: new results. In this subsection we give
a new way of proving distance/eigenvalues or diameter/eigenvalue results.
Graph theoretically this yields a new result, which is an edge-based analogue
of the Chung, Faber, and Manteuffel (see [CFM94]) result; our new results
cannot be compared to that of Chung, Faber, and Manteuffel —it can yield
better or worse results. This proof also carries over to analysis, where it
gives a different (and in some sense shorter) proof of the Friedman-Tillich
result in [FT]. But however different our proofs or results are, they can be

STt is interesting that this bound is often misquoted, as the authors use [a] to denote
la] (the greatest integer < a) without ever explicitly saying so in the paper. Many authors
incorrectly guess the meaning of [a].

"Since we are thinking of d/A\r as being large, it seems reasonable to expect that Ao
should not be far from 2d.
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viewed as variants of older results stemming from the same basic technique
used in [CGY97] and [FT].

Let Xy denote the constants in L?(G, £), and X the orthogonal comple-
ment of Xg; for i = 0,1 let m; denote the projection onto X; (so mp + 1 is
the identity). Let W; , be the operators defined at the end of Section 4, and
fix a = Ag to be the first nonzero eigenvalue of A.

Proposition 5.1. If f, g are two functions whose supports are at a distance
of at least d, we have

cosh(d\/g) > W
~ [Imof oyl

Proof. By Proposition 4.13 we have

0= Waaf,9) = Waamof,m0g) + (Waam1 f, m19).
Now
(Waamo f, mog) = £ cosh(dv/Ag ) ||mo f]|[|mog]l
since m f, mog are both constants. Since Wy, restricted to X; has norm at
most one, we have

|(Waamf,mg)| < llmfllllmigll,

and the proposition follows. O

Corollary 5.2. Let X,Y be disjoint measurable subsets of distance > d.
Then

_ E(X)E(Ye)
dv\/ g < h—! — | .
B = co8 ( EX)EY)
Proof. Take f, g to be the respective characteristic functions of X, Y. O

We finish this subsection with a discussion of the above proposition and
its corollary.

First of all, these proofs carry right over to analysis, where they yield the
results of Friedman and Tillich (in [FT]) with a considerably simpler proof;
however, the basic idea that (W4, f, g) = 0 based on the supports of f, g the
the speed of propagation of W appears before.

Second, the above proposition and corollary can be generalized to k func-
tions or k sets for any £ > 2, with the same technique that appears in
[CGY96], also used in [CGY97, FT]. In the analysis case we recover the
results for k functions or sets that appear in [F'T]. For graphs, our corollary
would read that if Xi,..., X were disjoint measurable subsets any two of
which had supports of distance > d, then

< mi h! R
VB = i cos EXDE(X))
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Our proposition would read similarly.

Finally, we remark that the above corollary yields a diameter result that
can be better (or worse) than that of Chung, Faber, and Manteuffel (see
[CFM94]). Similarly our corollary can be better or worse than the compa-
rable theorem in [CGY97]. For example, the Chung, Faber, and Manteuffel
result states that in a regular graph

2\
(D—1)cosh™ {14+ —"Y ) <cosh™(n— 1),
An — Ay
where D is the diameter, n = |V, and Ay, A, are respectively the smallest
and largest positive Ay eigenvalues. Taking balls of radius 6/2 about two
points of distance D and applying Corollary 5.2 we get

(D —8)/Ag < cosh™1(2n/6 — 1)
for any 0 < 2. It follows that the result obtained here, taking § = 2, is

better than the result in [CGY97], provided that Ay and 2 — A, are both
< ¢/logn for a constant, ¢ (using cosvAg =1 — Ay).

5.3. Invariants. A typical spectral invariant studied in the analysis liter-
ature is the wave invariant

W (t) = Trace(cost\/Ap) = Z(cost\/)\»j),

J

with A; running through all Laplacian eigenvalues. This sum can be under-
stood in several ways; here we think of

W)= (eVh)
J
as a complex analytic function defined on the subset of complex numbers
with positive imaginary part, and then we extend W analytically to the
whole complex plane; W is just the real part of W.

It is well-known that in analysis the real singularities of W are at ¢t = 0
and t being (plus or minus) the length of a closed geodesic. If all edges
of a graph have length one, then we know we have aq, ..., ag g such that
the edge-based eigenvalues (with their respective multiplicities) are precisely
those squares of a; + 27Z>p. We have

N . 2
_ ita
W(t) =15 D€'
j=1

This has a pole at tR precisely when t = 0 or ¢ is an integer with Y e # 0.

To understand the vanishing or not of } e, consider that the a;’s are
of two types; one type is a (m,27) pair coming from an edge and interior
vertex count, and such «;’s cancel in the sum ) cos(itey) for ¢ an odd
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integer and contribute 2 when t is even; the other type is a «a, 27 — « pair
with

eita + 6it(27r—oz) -9 COS(tOé)
for ¢t an integer. Hence this sum is essentially the trace of the ¢-th Chebyshev
polynomial in A.

It follows that the first odd ¢ > 0 for which W has a pole is the length of
the smallest odd cycle. However it doesn’t seem like such a simple statement
holds for higher odd values of ¢ or even values, and so the invariant W is
not entirely analogous to its analysis counterpart.

It is natural to ask if any spectral, edge-based invariants (such as those
whose analysis analogues are interesting, for example) yield new and inter-
esting graph invariants. Such invariants would, in particular, include traces
of Chebyshev polynomials of A when the edge lengths are one.

5.4. Cheeger’s inequality. In this section we mention that Cheeger’s in-
equality holds for the edge-based Laplacian as well as the vertex-based, but
the second one, at least for r-regular graphs yields the first one. We will
require some notions from [FT99].

Consider an open subset of A C G whose boundary contains no vertices,
and let A(OA) be the “area” of A’s boundary (see [FT99]); this is just the
sum of a, for each boundary point of A lying on e. Also £(A) is just the
total £ measure of A, and we set

hp = min A(@A)
T ey<egy2 E(A)

The co-area formula of [FT99] and the arguments to prove Cheeger’s in-
equality immediately carry over here to yield:

(5.3) A\g > h% /4.

We can compare this to Cheeger’s inequality for the vertex-based case (i.e.,
Dodziuk’s inequality, see [Dod84, FT99)),

(5.4) v > hi /2
for the 1-regular graphs (see Section 2), where
. £(B(B, BY)

= min ,
v BCV, V(B)< V(V)/2 V(B)

where FE(B, B¢) denotes the set of edges with one endpoint in B and one in
Be.

Let us compare these two Cheeger’s inequalities, in case the graph is d-
regular in the traditional sense (each vertex is the endpoint of d edges) with
unit edge lengths and weights. We consider now the graph G derived from
it, where V at any vertex is taken to be d so as to make the graph 1-regular.

We shall need a simple lemma:
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Lemma 5.3. For a 1-regular graph hy > hg/2.

Proof. Let B be the subset of vertices of size smaller than V(V')/2 for which
E(E(B, BY))

V(B)
For a subset X of vertices we denote by X; the set of points lying on edges
that have both endpoints on B or are within a distance ¢ from X. Note that

E(Byy2) + E(B12) = £(9).
It follows that the measure of one of these two sets is smaller than or equal
to V(G)/2.
Case 1: E(Byjy) < V(G)/2. Here A‘(%Blﬁ) > hyp. Since &(E(B,B°)) =
A(aBl/Q) and V(B) 5(31/2) we obtain

E(E(B,BY)) _ ADB)»)
VB) = 2€(Big) ©

hy =

hy =

Case 2: V(B 3) < £(G)/2. This implies that
V(V)/4=E(9)/2 =2 V(B 2) =2 V(B°)/2,

so B¢ is also of measure smaller than or equal to V(V)/2, and therefore
V(B) = V(B®) = V(V)/2. This means that

E(E(B, BY))
hy =
V(B°)
By using the same arguments as in the previous case (with B¢ replacing B)
we also get hy > hg/2. O

Now notice that
A = (cos™H(1 = Ay))? > 2)y.
Hence
g > 2\y > h3 > hZ /4.
In other words: for 1-regular graphs Cheeger’s inequality for vertices, (5.4),
implies the Cheeger inequality for edges, (5.3).
5.5. Optimal distance bounds. In this section we prove the following
theorem:

Theorem 5.4. Let C,Cy,Cy be constants such that the following holds: for
any graph with edge lengths one, whose diameter D is realized by two ver-
tices, u, v, we have
C CoV(V)? >
5.5 D-1<———log| —+~*~ .
(5:5) = V2w +Ciay B (V(U)V(v)

Then C > 1/2. The same is true if we insist that the graph is 1-regular.
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The bound of Chung, Faber, and Manteuffel (in [CFM94]) implies Equa-
tion (5.5) with C' = 1/2 assuming V is constant; the generalization to general
V is implied by the results in [CGY96, CGY97| (with different constants
(5 in the two articles). Actually, there they assume the edge weights are in-
tegral; but this assumption clearly implies the same for rational edge weights,
and therefore arbitrary real edge weights. So regarding Ay as small, these
inequalities are optimal to first-order.

Our proof is based on a standard metric probability space, the “expo-
nential distribution on the nonnegative reals,” or on a standard Riemannian
manifold, the surface of revolution of y = e™* with z nonnegative. We model
this on a graph by taking a sequence of edges with edge weight exponentially
decreasing. These analysis examples (the exponential distribution and the
surface of revolution of y = e™%) prove a bound in analysis that is analogous
to the bound C' > 1/2 in the theorem above (see [FT)).

Proof. Fix a small n € (0,1), and let » = 1 —n. Fix an integer D > 0.
Consider the graph, G, whose vertices are the integers, V' = {0,1,..., D},
with an edge from i to i + 1 of weight 7 for all nonnegative integers i < D.

Making G into a l-regular graph is done by taking V(i) = r~1 4 r? for
i # 0, D, dropping one of these summands when 7 = 0 or ¢ = D. Here the
vertices furthest from each other are 0 and D, and therefore

D12
V(V)? 4(55-)
1 ——— ] =1 ————" | < K(r)—Dlogr.
©8 (V(U)V(v) o8 1-rP < K(n) 8T
We obtain a lower bound on Ay by using Cheeger’s inequality (5.4). Ob-
viously to find Cheeger’s constant hy we just need to consider vertex sets
that are connected, i.e., of the form B = {a,a + 1,...,b}.

We have to distinguish between two cases: a > 0 and a = 0. In the first
case

E(E(B, B°)) rot 4+ 1 pyrt 1 1—r

V(B) vl it Lgupyrt T 2Lkt e) 2

In the second case we get the same lower bound with a slightly more tedious
calculation. First we note that in this case b # D (since V(B) < V(V)/2)
and therefore

, b—1 ' 1— T’D+1
(5.6) V(B) ="+ ZZ;T_V(V)/ —
This implies that
1 D+1
(5.7) P>t
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We use the previous upper bound on V(B), and this lower bound on r to
obtain

V(B)  V(B) T (1+r)(1—rD¥) = 2
By using (5.4) it follows that

E(E(B, B°)) rb < (1+rPHa —7) _1—7

Av > (1—r)?/8=1n?/8,
and therefore

C
D-1<——— (K(r)— DI .
< 5 oy (K() = Dlog)

Taking D — oo we conclude

C
1<————— log(l —mn).
<R TCRs g(1—n)
Taking n — 0% yields 1 < 2C. O
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GEOMETRY OF THE UNIT BALL AND
REPRESENTATION THEORY FOR OPERATOR
ALGEBRAS

Erias G. KATSOULIS

We investigate the relationship between the facial structure
of the unit ball of an operator algebra A and its algebraic
structure, including the hereditary subalgebras and the socle
of A. Many questions about the facial structure of A are stud-
ied with the aid of representation theory. For that purpose
we establish the existence of reduced atomic type representa-
tions for certain nonselfadjoint operator algebras. Our results
are applicable to C*-algebras, strongly maximal TAF algebras,
free semigroup algebras and various semicrossed products.

The study of geometric problems in operator algebra theory goes back to
the beginnings of the subject. The theory of Gelfand—Naimark and Segal
identified the extreme points of the state space of a C*-algebra as function-
als (pure states) that produce irreducible representations under the GNS
machinery. Kadison’s characterization of the isometric linear maps between
C*-algebras [29] depended heavily on the identification of the extreme points
for the unit ball. Crucial information about the algebraic structure of a C*-
algebra is encoded in the geometry of its unit ball. The ideal structure of the
algebra coincides with the M-structure [4] and the density of the invertibles
is reflected in the richness of the convex hull of the unitary operators [45].

A subset F of a convex set IC is said to be a face of K if it is convex and
has the property that, if an interior point of a line segment in IC belongs to
F, the entire line segment belongs to F. The extreme points of a convex
set, together with the empty set, form the trivial faces of K. A face F
is said to be finite-dimensional if the (real) linear space generated by F is
finite-dimensional. If KC is contained in a normed linear space, then F is said
to be compact if its norm closure is a norm compact set. A comprehensive
study of the facial structure for the unit ball of a C*-algebra was conducted
by Akemann and Pedersen [2], following related work by Edwards and Rut-
timann [22, 23]. Beyond selfadjoint operator algebras, there has not been
a systematic work addressing the nontrivial faces of the unit ball.

In this paper we begin a study of the nontrivial compact faces of the unit
ball of an arbitrary operator algebra. (All operator algebras are assumed to
be norm closed and contain the identity operator.) The existence of such

267
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faces has a significant impact on the structure of the algebra. In Theorem 1.6
we show that if the unit ball of an operator algebra A has a nontrivial
compact face F, then S(F), and therefore A, contains a nonscalar operator
A whose spectrum has at most one limit point. (Here S(F) denotes the
unique real subspace of A that is a translate of the affine hull of F.) For a
finite-dimensional face F we can offer a more definitive result. Theorem 1.8
shows that S(F) is a (real) finite-dimensional hereditary subalgebra of 4
consisting of multiples of elements with finite geometric rank. Moreover,
if A happens to be semisimple then S(F) is contained in the socle of A;
this makes an important connection between the facial structure of the unit
ball and the general theory of Banach Algebras. As a consequence, if the
unit ball of a semisimple operator algebra A contains a nontrivial finite-
dimensional face then A contains a minimal idempotent (Corollary 1.10).
We also relate the existence of nontrivial compact faces with the concept
of geometric compactness, which was first introduced by Anoussis and the
author in [5, 6]. Theorem 1.3 shows that the existence of nontrivial compact
faces implies the existence of geometrically compact elements. Actually, we
observe that just the presence of nonzero geometrically compact elements
suffices for the existence of nonscalars with discrete spectrum.

The general results of the first section are complemented with several
applications. In the second section of the paper we investigate the facial
structure of various operator algebras with the aid of representation theory.
Motivated by our earlier work in [5], we introduce the class of operator
semisimple algebras; these are algebras that can be isometrically represented
as a strongly dense subalgebra of the diagonal algebra @, , B(Ha). We
prove that for an operator semisimple algebra A the existence of nontrivial
compact faces, the existence of nonzero geometrically compact elements and
the existence of atoms are all equivalent conditions. Moreover, we relate the
concept of geometric compactness to the representation theory of A. In
Theorem 2.4 we show that an element A € A; is geometrically compact if
and only if there exists an isometric representation ¢ of A such that p(A) is
a compact operator. This generalizes our earlier selfadjoint work [5] to the
nonselfadjoint setting.

The rest of the second section is occupied with identifying various classes
of operator semisimple algebras. Clearly, any operator algebra containing
the compacts acts irreducibly on the Hilbert space and hence is operator
semisimple. By an old result of Gardner, all C*-algebras are also operator
semisimple. Therefore, the unit ball of a unital C*-algebra A has nontrivial
compact faces if and only if it has finite-dimensional faces if and only if A
has an atom. This result was implicit in [5].

It turns out that the concept of operator semisimplicity is also applica-
ble to TAF algebras, a class of nonselfadjoint algebras that has received a
great deal of attention in recent years; cf. Power’s monograph [44]. Here
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we use the representation theory of Davidson and the author [13]. In [13]
we characterized the operator primitive TAF algebras as the semisimple
ones whose enveloping C*-algebra is primitive. Here we add to this result
and in Theorem 2.6 we show that all semisimple TAF algebras are opera-
tor semisimple. As an immediate corollary of our theory, the unit balls of
the familiar standard, alternation and A(Q,v) algebras do not contain any
nontrivial compact faces.

The list of operator semisimple algebras also includes various function
algebras. Indeed, in Theorem 2.9 we show that if the unitary functions in a
uniform algebra A separate points, A is operator semisimple. In particular,
H*® and the disc algebra A(D) are operator semisimple. The methods of
the second section are also applicable to semicrossed products of the form
C(T) x4 ZT, where « is an irrational rotation of the circle T. Indeed, in [14]
it is shown that such algebras are operator primitive. Therefore, the unit
ball of such an algebra does not contain any nontrivial compact faces.

In the third section, we study the presence of compact faces in the unit
ball of a free semigroup algebra. In [15, Theorem 4.5] it is shown that
every operator in the open unit ball of a free semigroup algebra A is a
mean of isometries from A. This generalizes a classical result of Marshall
and shows that there is an abundance of extreme points in the unit ball of
these algebras. Theorem 3.1 shows now that, once again, the unit ball of
a free semigroup algebra A contains nontrivial compact faces if and only if
A has atoms. In particular, the unit ball of the “noncommutative Toeplitz
algebra” L,, has no nontrivial compact faces, a result that seems to be new
even for H*. We note that the representation techniques of the second
section are not applicable here since a free semigroup algebra may not be
semisimple. Instead we use the spectral properties of £,, together with the
structure theorem of Davidson, Katsoulis and Pitts [15]. Similar spectral
considerations also show that the unit ball of A(D) x, Z* and H® x,Z*
do not contain any nontrivial finite-dimensional faces. These algebras were
studied in [27, 28|.

The last section of the paper contains several remarks and observations,
including a generalization of Kadison’s characterization for the extreme
points of the unit ball of a C*-algebra.

1. Structure for the faces of the unit ball

If L C X is a convex subset of a complex normed space X, then [K|g denotes
the real subspace of X' generated by K:

[Klr = {Zz"; i

AieR,xieIC,lgign,neN}.
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(The complex subspace generated by K will be denoted as [K].) For any
x € K, the subspace [x — K]gr does not depend on the choice of z € K and
is denoted as S(KC). The translation of S(KC) by any element of K equals the
affine hull of K.

If  and y belong to K, the line segment joining z and y is denoted by
[,y]. Thus

[z,y] = {)\:U+ (I=XNy|Ae]o, 1]}

If z and y are in K and = # y, then an element v € [z,y] is said to be an
internal point of [x,y] if v # z and v # y. Given v € K, we write F(IC,v)
for the union of all line segments in K that contain v as an internal point,
provided that v is not an extreme point of K. Otherwise, F(IC,v) = {v}.
If K is the unit ball of X', then F(/C,v) is simply denoted as F(v). It is an
important fact in elementary convexity theory that for each v € IC, the set
F(K,v) is a face of K that is minimal with the property of containing v.
(The proof of this is an entertaining exercise in plane geometry; or see [1,
Theorem 1.2] for a detailed proof.)

If S is a nonempty subset of the unit ball of X, then the contractive
perturbations of S are defined as

p(S)={zeX||zts|<1lforallseS}

It is clear that S; C Sy implies cp(S1) 2 cp(S2). Also, an element of the
unit ball of X is an extreme point if and only if cp({z}) = {0}.

The following result relates contractive perturbations with the facial struc-
ture of the unit ball:

Lemma 1.1. Let F be a face of the unit ball of a normed space X. If x € F,
then,

Proof. Let m € cp({z}). Then z = {((z + m) + (x — m)), and therefore
z+m € F. Hence m = §(z 4+ m — (z —m)) belongs to 1(F — F) and this
proves the lemma. O

We now compute S (F(x)) in terms of contractive perturbations for x.

Lemma 1.2. Let X be a normed space and let x € Xy. Then
[z = F(@)lr = [cp({z})]r-

Proof. Assume z+m € F(x). There exists A > 0 such that x +Am € F(x),
so Am € cp({z}). Conversely, if m € cp({z}), then [z—m,z+m] C A} and
so by the definition of F(z) we have that x + m € F(z). O

One may define contractive perturbations of higher-order by using the
recursive formula cp™™)(S) = cp (cp™(S)), n € N. These higher-order
contractive perturbations satisfy the Galois duality cp(®t2)/(S) = cp(™(S),
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n € N. The second contractive perturbations were introduced by Anoussis
and the author in [5, 6]. In [5] we defined a contraction x in a normed
space space X to be geometrically compact if cp® ({z}) is norm compact.
If cp® ({x}) happens to span a finite-dimensional subspace of X, then z is
said to have finite geometric rank. In [5, Theorem 2.2] we proved that a
nonzero element A of a C*-algebra A is geometrically compact (resp. has
finite geometric rank) if and only if there exists a faithful representation
¢ of A such that ¢(A) is a compact operator (resp. p(A) is a finite rank
operator).

Theorem 1.3. Let X be a normed space and assume that the unit ball of
X has a nontrivial compact face F. Then S(F) contains a nonzero geomet-
rically compact element.

Proof. Let x1, 9 be distinct elements of F and let z = %(331 + x2). Since x
is not an extreme point, cp({z}) contains a nonzero element, say m. Then
{m} C cp({z}) and so

ep®({m}) € ep® ({a}) = ep({z}).

By Lemma 1.1, cp®(m) is contained in 3(F — F), which is a norm com-
pact set; thus m is geometrically compact. Hence cp({z}) contains nonzero

geometrically compact elements and by Lemma 1.2 the same is true for
[z — F(@)]r C [z — Flr. O

It is instructive to observe that some geometrically compact elements may
be located outside translates of affine hulls for compact faces. Actually, there
exists a Banach space X containing elements with finite geometric rank but
its unit ball has no compact faces. Indeed, by [5, Theorem 2.2], ¢y contains
an abundance of elements with finite geometric rank. However, given any
element z in the unit ball of ¢y, it is easy to see that F(z) does not have a
compact closure and so the unit ball of ¢y has no compact faces.

The following mild generalization of [5, Proposition 1.2] is necessary for
deriving Theorem 1.8. Compare with [34, Theorem 3| and [46, Theorem 2],
where the calculations below originate.

Proposition 1.4. Let A be an operator algebra, let ) # S C Ay and assume
that S1,S. € S. If X € A satisfies | X| < 1/2, then S1X S5 € cp@(S).

Proof. Let B € cp(S). Since ||S; =+ B|| < 1 we have
S¥S;+ B*B — S!B— B*S; < I,
SfSi+ B*B+ S/B+ B*S; <1,

so S;S; < I— B*B. Douglas’ majorization theorem implies the existence of
a contraction Q; such that S; = Q;(I — B*B)l/ 2. A similar argument shows
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that S; = (I — BB*)l/zPi for some contraction P;. Hence,
(1) S$1XSy = (I — BB*)Y2P XQy(I — B*B)'/?,
= (I - |B*)"*v(I - |B)"?,

where Y = (I + |B*|)Y/2P, XQx(I + |B|)"/?; thus |Y|| < 1. The Heinz-Kato
inequality [32] now asserts that for any vectors e, f € H we have

(2) [(Be, £) < [|1BIY2e|| B2 1]
Combining (1) and (2), we obtain [|[B + 51X S3|| < 1 and so S1XS; €
cp@(S), as desired. O

Corollary 1.5. Let A be an operator algebra, A € A; and assume that
C1,Cy € cp({A}). If X € A satisfies || X|| < 1/2, then C1XCs € cp({A}).

Proof. Apply Proposition 1.4 with S = c¢p({A}). Then
C1XCy € cp® ({A}) = ep({A}). O

If a is an element of a Banach algebra 2, let oy (a) denote the spectrum
of a as an element of 2. The left multiplier L, is defined as L,b = ab, b € 2.
The collection M;(2A) of all left multipliers on 2l is isometrically isomorphic
as an algebra to 2. Therefore, the map a — L, is spectrum preserving,
ie., oa(a) = on () (La)-

Theorem 1.6. Let A be an operator algebra, let F be a nontrivial face of
its unit ball and let S(F) be the unique real subspace of A that is a translate
of the affine hull of F. Then the following three conditions are successively
weaker:
(i) F is a compact face.
(ii) S(F) contains a nonzero geometrically compact element.
(iii) S(F) contains a nonscalar operator A whose spectrum has at most one
limat point.
If A is commutative and semisimple, then condition (ii) also implies:
(iii") A contains a minimal idempotent, i.e., a nonzero idempotent @ such
that QAQ = CQ.
Proof. (i) = (ii): Theorem 1.3 shows that this is valid for any normed space.

(ii) = (iii): Assume that S(F) contains such an element A, so the norm
closure of cp® ({A}) is a nonzero compact set. Proposition 1.4 shows that

AA; ;A C cp® ({A}),

so the norm closure of AA4;A is norm compact.

Consider the elementary operator L 42 acting on the operator algebra 2A
generated by the polynomials of A. Since the closure of AA;A is norm
compact, the norm closure of A?2; is also compact, so the operator L 42
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is a compact operator on 2. According to the Riesz theory for compact
operators, opg)(L42) is a countable set with 0 as its only limit point
(see Theorem VIL.7.1 in [11]). Clearly the same is true for opg)(La).
Since M;(®() € B(2l), Theorem VIL.5.4 in [11] shows that op(g) (L) and
owm,(2)(La) differ only by holes, and so are equal. Hence, oy, )(La) is
countable with one limit point. Our remarks above show that the same is
true for og(A). Another application of [11, Theorem VIL.5.4] for the Ba-
nach algebras 2 C B(H) shows that op(7()(A) has at most one limit point,
as desired.

(ii) = (iii’): Arguing as above, let A € A, so that the closure of AA;A
is norm compact and so, by commutativity, the norm closure of A%2A; is a
compact set. Therefore, the left multiplier L 42 is a compact operator on A.
Since A is semisimple, the left multiplier algebra M;(A) is also semisimple.
Hence L 42 is a nonquasinilpotent compact operator. Let A be a nonzero
eigenvalue of L4 and let E(\) be the corresponding Riesz idempotent (see
VIL.6.9 in [11]). Since L4 € M;(A), we have E(A) € M;(A), so there
exists an idempotent @@ € A such that E(A\) = Lg. By [11, Corollary
VII.7.8] the idempotent E(\) = L¢ has finite-dimensional range, i.e., QA is
finite-dimensional. By [38, Proposition 4.3.12], Q.A is semisimple, so by the
Wedderburn-Artin Theorem, QA is isomorphic to a direct sum of full matrix
algebras. The existence of the minimal idempotent in A now follows. O

Corollary 1.7. The unit ball of H> has no compact faces apart from sin-
gletons.

A (real or complex) subalgebra B of an operator algebra A is said to be
hereditary if By, Bo € B implies B1.ABy C B. For complex selfadjoint sub-
algebras of C*-algebras this definition coincides with the familiar definition
of a hereditary subalgebra, as it appears in [36, 40]. It is easy to see that
if B is a real hereditary subalgebra of A, then [B] is a complex hereditary
subalgebra of A.

Theorem 1.8. Let A be an operator algebra, let F be a finite-dimensional
face of the unit ball of A and let S(F) be the unique real subspace of A that
is a translate of the affine hull of F. Then S(F) is a finite-dimensional
hereditary subalgebra of A consisting of multiples of elements with finite
geometric rank. Moreover,

(3) F=(A+8S(F))nA

for any A € F.

Proof. If A,B € F, then [A — F|gr = [B — F]r and so
A+[A—Fla=B+(A—B)+[B—Flg =B+ [B - Flg.
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Therefore it suffices to prove (3) for a specific A € F. Since F is a finite-
dimensional convex set, it has nonempty relative interior. Therefore, there
exists A € F and € > 0 such that B € F implies

(4) [A—e(B—A),B] C F.

We claim that F = F(A). Indeed, F(A) C F. Conversely, let B € F.
The definition of F(A) and (4) imply that

[A—e(B - A), B] C F(A),

and so B € F(A), which proves the claim.
Since F = F(A), Lemma 1.2 shows that

S(F) = [A = Flr = [cp(A)]r-

By Corollary 1.5, S(F) is a finite-dimensional hereditary subalgebra of A.

Since cp({A}) is convex and cp({A}) = —cp({A}), a moment’s reflection
shows that [cp({A})|r consists of multiples of cp({A}). Hence S(F) consists
of multiples of elements in cp({A}). However, if X € cp({A}), then

cp®({X}) € ep® ({A4}) = ep({A}).
Therefore X has finite geometric rank and so S(F) consists of multiples of
elements with finite geometric rank.

It remains to verify (3). Let B € S(F) be such that |A + B|| = 1.
Then there exists A > 0 such that AB € c¢p(A), and so ||[A — ABJ|| < 1.
Hence [A—AB, A+ B] C A;. Since A is contained in the interior of the line
segment, we conclude that A+ B € F, as desired. O

Recall that the socle of a semisimple Banach algebra A is defined as the
sum of all minimal left ideals of A. It coincides with the sum of all minimal
right ideals [38, Proposition 8.2.8] and therefore it is a (not necessarily
closed) two-sided ideal of A. The study of the socle has been a central
theme in the theory of Banach algebras. Our next result shows that the
socle is also important for the geometry of the unit ball.

Corollary 1.9. Let A be an operator algebra and let F be a finite-dimen-
sional face of the unit ball of A. If A is semisimple then S(F) is contained
in the socle of A.

Proof. Let A € S(F). By Theorem 1.8, S(F) is hereditary, so the operator
X — AXA, X € A, has finite-dimensional range. By [3, Theorem 7.2], A
belongs to the socle of A. O

Corollary 1.10. Let A be a semisimple operator algebra. If the unit ball
of A has a nontrivial finite-dimensional face then A contains a minimal
idempotent.

Proof. The socle of a semisimple Banach algebra A is generated by the set
of minimal idempotents of A [38, Proposition 8.2.8]. O
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In particular, the unit ball of a simple operator algebra has no finite-
dimensional faces apart from singletons.

2. Representation theorems for operator algebras

Recall that Theorem 1.8 asserts that if F is a finite-dimensional face of the
unit ball of an operator algebra then S(F) consists of scalar multiples of
elements with finite geometric rank. So far the elements with finite geo-
metric rank have been characterized for two classes of operator algebras:
nest algebras [6] and C*-algebras [5]. Using representation theory, we now
characterize the elements with finite geometric rank and the geometrically
compact elements for a variety of nonselfadjoint algebras.

Our selfadjoint work in [5] suggests the following definition. (Also com-
pare with [47].)

Definition 2.1. An operator algebra A is said to be operator semisimple if
there exists a family of Hilbert space representations (7., H,) of A, a € A,
such that their direct sum 7 = @, 7, is an isometric isomorphism of A
that maps the (14€)-ball of A onto a strongly dense subset of @, B(Ha)1,
for some € > 0. The family (74, Hq), @ € A is said to implement the operator
semisimplicity.

By Lemma 2.1 in [25], each of the representations 7,, a € A, is alge-
braically irreducible. Since 7 = @,., 7, is faithful for A we conclude that
the intersection of all kernels of algebraically irreducible representations for
A equals zero, i.e., an operator semisimple algebra is indeed semisimple.

The next result provides additional information for the operator A ap-
pearing in Theorem 1.6 (iii).

Lemma 2.2. Let A be an operator semisimple algebra and let (74, Hq),
a € A, be the family of representations of A implementing the operator
semisimplicity. If A is a geometrically compact element of A then 7(A) is
a compact operator.

Proof. Proposition 1.4 shows that the norm closure of AA;/3A is contained

in ¢cp®({A4}), which is a norm compact set. Therefore, the norm closure
of 7(A)T(A14¢)7(A) is also compact. However, the weak closure of 7( A1)
contains B(H), and so the norm closure of

T(A)B(H),7(A)

is norm compact.

We now prove that 7,(A) is a compact operator, for any a € A. Let e € H,
be such that 7,(A)*e # 0 and let {f;}7°, be an arbitrary sequence of unit
vectors from H,. By what we saw the previous paragraph, the sequence
{ra(4A)(e® fk)Ta(A)}zozl has a norm convergent subsequence. However,

Ta(A) (€ @ fi) Ta(A) = (Ta(A)"€) @ (1a(A) f1) ,
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so the sequence {7,(A)f;}?2, has a norm convergent subsequence. This
proves that 7,(A) is a compact operator.

It remains to show that 7(A) is a compact operator. Let B be the col-
lection of all finite subsets of A. For each b € B, let T, be the diagonal
operator satisfying Tp|y, = 7a(A), for all a € b, and Tp|y, = 0 otherwise.
The previous paragraph shows that T3 is a compact operator, for any b € B.
It suffices to show that the net {T}}ycp converges in norm to 7(A).

By way of contradiction assume that the net {T}}ycp does not converge
in norm to 7(A). This is easily seen to imply the existence of an € > 0 and
a sequence {anneny C A such that ||7,, (A)|| > ¢, for all n € N. Therefore
there exist unit vectors f,, € H,, such that ||74, (A)fn] > €, for all n € N.
However, the sequence { f,, }nen converges weakly to zero and so an argument
similar to that of the second paragraph of the proof shows that the sequence
|7a,, (A) frn|| converges to zero, a contradiction. O

Lemma 2.3. Let A be an operator semisimple algebra, let (14, Hqy), a € A,
be the family of representations of A implementing the operator semisim-
plicity and let T = @ cp Ta- Then the set of compact operators in T(A)
forms a C*-algebra.

Proof. Let T = @, Ta be a compact operator in 7(A). Fix an ag € A and
let {A;}icr be a bounded net in 7(A) converging strongly to the operator
that equals T}y on H,, and 0 everywhere else. Then {A;T};c; converges in
norm to a positive compact operator supported on H,,. An application of
the Spectral Theorem shows now that 7(.A) contains a finite rank projection
P supported on Hy,.

We claim that 7(.A) contains all rank one operators supported on Hg,.
(This will imply that 7(A) contains all compact operators supported on
Hao and in particular Tj;.) Indeed, fix a unit vector g € P(H) and let
e ® f be any rank one operator supported on H,,. Since 7 implements an
operator semisimplicity, there exists a bounded net {B;};cr in 7(A) con-
verging strongly to g ® f. Hence, the net {B;P};c; converges in norm to
(@ f)P=9g® f and so g® f € 7(A). Similarly, there exists a bounded
net {C;}icr in 7(A) converging strongly to e ® g and so {C; };c; converges
weakly to g®e. By [11, Corollary IX.5.2], there exists a net {D;};e; € 7(A)
consisting of convex combinations from {C;};cr and such that {D7};e; con-
verges strongly to g ® e. Hence, the net {D;P}je J converges in norm to
(g@e)P=g®eandso g®e € (7(A))*. Hence, e ® g € 7(A) and so

e@f=(g@f)le®yg) (A,

as desired.

Finally, an approximation argument similar to that of the last paragraphs
of the proof of Lemma 2.1, combined with the above claim, shows that
T € 7(A). O
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The next result clarifies the nature of the geometrically compact elements
in operator semisimple algebras and generalizes the main result in [5].

Theorem 2.4. Let A be an operator semisimple algebra and let A € A.
Then A is geometrically compact if and only if there exists an isometric
representation ¢ of A such that p(A) is a compact operator.

Proof. If A is geometrically compact then Lemma 2.2 shows that 7(A) is a
compact operator.

Conversely, assume that there exists an isometric representation ¢ of A
such that ¢(A) is a compact operator. Then ¢(A)p(A1)p(A) is a compact
set, so 7(A)7(A1)7(A) is a compact set contained in a C*-algebra consisting
of compact operators (Lemma 2.3). The rest of the proof now follows from
our selfadjoint arguments in [5, Theorem 2.2]. O

Corollary 2.5. The geometrically compact elements of an operator semi-
simple algebra A form a C*-algebra.

Proof. In light of Lemma 2.3 and Theorem 2.4, it suffices to show that 7
is a *-homomorphism when restricted to the set of compact operators in
7(A). However, 7! is an isometry and therefore it preserves selfadjoint
projections. By the spectral theorem it preserves all selfadjoint compact
operators and the conclusion follows. O

A minor modification of Lemma 2.2 shows that the socle of an opera-
tor semisimple algebra coincides with the set of all operators that can be
isometrically represented as finite rank operators. Therefore Theorem 2.4
identifies the socle of such an algebra as the set of all elements with finite
geometric rank.

We are now able to give a criterion for when the unit ball of an operator
semisimple algebra contains nonzero geometrically compact elements.

Theorem 2.6. If A is an operator semisimple algebra, then the following
statements are equivalent:

(i) The unit ball of A has nontrivial compact faces.

(ii) The unit ball of A has nontrivial finite-dimensional faces.

(iii) A contains nonzero geometrically compact elements.

(iv) A contains a nonzero atom P, i.e., a nonzero selfadjoint projection
P € A such that dim PAP < cc.

Proof. (ii) = (i): trivial.
(i) = (iii): this follows from Theorem 1.3.

(iii) = (iv): let A contain a nonzero geometrically compact element A.
By Corollary 2.5 the geometrically compact elements form a C*-subalgebra
J C A consisting of compact operators. Hence J contains an atom; since
J C A is an ideal, so does A.
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(iv) = (ii): we claim that
FI-P)={(I-P)+X|X=PXPe A}

is a face. By a standard argument, it suffices to show that if F(I — P)
contains the midpoint of a line segment in the unit ball of A, then the
endpoints of the line segment also lie in F(I — P). Take A, B € A with
A= (I—-P)+ X and X = PXP, and assume that |A+ B|| < 1. We need
to show that A + B € F(I — P).

Indeed, arguing as in the proof of Proposition 1.4, we produce bounded
operators S and T such that

B=S(I—A*A)2 = (I — AA*)=T.
However, A*A = (I — P) + PX*XP and so
I-A"A=P—-PX*XP=(I—-A"A)P.
Therefore, (I — A*A)% = - A*A)%P and so
BP =S(I - A*A)2P =B

A similar argument shows that (I — AA*)% =P(I—- AA*)% and so B = PB.
Hence B = PBP, as desired. [l

Every operator algebra that contains the compact operators acts irre-
ducibly and is therefore operator semisimple. The existence of finite-dimen-
sional faces is not an issue here since any such algebra contains atoms. A
later result, Theorem 4.3, is relevant.

By the reduced atomic representation of a C*-algebra A we mean a rep-
resentation 7 = P, Ta, Where {7, }qca is a maximal family of pairwise in-
equivalent irreducible representations of A. It is an old result in C*-algebra
theory (see Proposition 13.10.13 in [30]) that the reduced atomic represen-
tation satisfies the properties of Definition 2.1. Therefore all C*-algebras are
operator semisimple and so Theorem 2.6 applies here. (This was implicit in
our earlier work in [5].)

A norm closed subalgebra A of an AF C*-algebra is a (strongly maximal)
TAF algebra if and only if it is the limit lim(A;, ;) of a directed system

(5) A 2 Ay P Ay B A
where for each ¢ > 1, the subalgebra A; satisfies:

(i) \A; is a direct sum of upper triangular matrix algebras.

(i) s extends to a x-monomorphism from C*(A;) = A; + A to C*(Aitq).
(iii) The extension of ¢; maps matrix units to sums of matrix units.
We call (5) a presentation for the algebra; clearly it is not unique. TAF
algebras have received much attention in recent years. A good reference for
these and more general limit algebras is Power’s monograph [44].
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Two well-known examples of TAF algebras are the standard and refine-
ment algebras. Define the standard embedding oy, by

op(A)=ADA®---d A (k factors)
and the refinement embedding py by

pr([ast]) = [asIk],

where [ is the k X k identity matrix. If all the embeddings ¢; in the direct
limit A = lim(A;, ;) are standard embeddings, A is said to be a standard
algebra. If all the ¢; are refinement embeddings, A is said to be a refinement
algebra. An alternation algebra is a TAF algebra A = lim(A;, ¢;), where
the ; alternate between the standard and the refinement embeddings.

The embeddings ¢; are said to be mixing if for every matrix unit egl,)i we
have gpi(egf%)Angoi(eg) + 0. The property of an embedding being mixing
was introduced by Donsig in his study of semisimplicity [19] and was further
exploited in [13]. It turns out that a TAF algebra A is semisimple if it admits
a presentation A = lim(A;, ¢;), where all the embeddings ; are mixing. All
standard embeddings are mixing, so the standard and alternation algebras
are semisimple.

Let 2 = lim(2;, ¢;) be an AF C*-algebra and assume each 21; decomposes
as a direct sum 2; = P, A;; of finite-dimensional full matrix algebras 2, ;.
A path T for 2 = lim(2;, ;) is a sequence {2A;j, }52, such that for each pair
of nodes ((i,7;), (i + 1,ji4+1)) there exists an arrow in the Bratteli diagram
for 2 = lim(2A;, ;) joining them.

For each path I' consider a subsystem of the directed limit h_n)l(i?lz, ©i) con-
sisting of all the summands of  that are never mapped into some 2;;, € I'.
Evidently this system is hereditary and directed upwards; therefore it deter-
mines an ideal Jr of 2(. The quotient 2/ Jr is the AF algebra corresponding
to the remaining summands and the remaining embeddings. The summands
that eventually get mapped into some 2;;, € I" are denoted by summ(T").
Two paths I' = {2, }7%; and I = {21 }32,; are said to be disjoint if for all
but finitely many ¢ € N, the nodes (ij;) and (ij]) are distinct.

Lemma 2.7. LetI' = {;;,}72; and I' = {2, ;1}32, be two disjoint paths for
an AF C*-algebra 2 = lim(2;, ;) and let w = lim w; and W’ = limw; be pure
states such that the w; and w} are supported on U;;, and Y, il respectively.
Then the states w and &' induce inequivalent GNS representations.

Proof. Assume that the states w and w’ produce equivalent irreducible rep-
resentations 7 and 7’. Then by [30, Theorem 10.2.6], there exists a unitary
u € 2 such that w = o’ ad,,, where ad,(a) = uau*. Every unitary in an AF
algebra is a limit of unitaries in its finite-dimensional subalgebras. Hence
there is a unitary v in some B; such that ||w — w’ad, || < 1. However the
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disjointness of the paths I' and T” shows that this cannot occur and the
conclusion follows. O

In [13] it was shown that the quotient A/J of a TAF algebra A by a prime
ideal J is operator primitive, i.e., it admits an isometric representation on
a Hilbert space H such that the 2-ball of A/J is weakly dense in the unit
ball of B(H). In particular, a semisimple TAF subalgebra A of a primitive
C*-algebra is operator primitive. We now generalize this to an arbitrary
semisimple TAF algebra.

Theorem 2.8. A semisimple TAF algebra A= lim(A;, ¢;) is operator semi-
simple.

Proof. Before embarking on the proof we establish some terminology. If e;
and ey are matrix units in A4;, and A;,, i1 < i2, then we say that ep is a
subordinate of e; if there exists a diagonal matrix unit p € A;, such that
eo = pei. If ex and fo are subordinates of e; and fi, then we say that e
magorizes fo if there exist matrix units s,¢ € A;, such that ey = sfat.

For the proof, start with any direct summand Ql( )1 of Ay. Let eg ) be
the characteristic vector of ngj) , i.e., the vector at the top right corner of
22[513)1 Since A is semisimple there ex1st a link f2 M for egl)
summand of A. For notational convenience we assume that f2 b belongs to
some summand 91(7]) of s and gog ])1 is the m1x1n§ embeddmg from ng i

into 521(7) that maps e; ’ onto two copies, say € and 6(1 2 linked by

f2(1) Now let egl) be the characteristic matrix umt of 2L ])2 and let f3 (1) e
a link for egl) in Ql:(,) ])3 and (,pé ) the corresponding linking mapping. This
way we construct a path I'(") for lim (2L, ;). I summ(I'") contains all the

1n some later

summands for all the finite-dimensional algebras 2(; we stop. Otherwise we
chose a direct summand of 2 not in summ(I'M)) and we repeat the process
described earlier. This way we define inductively a sequence {F(“)}aeN of
paths such that all maps involved with the nodes of the path are mixing and
the union

U summ (T

contains all direct summands of .

Given any path I'(®@ defined above, we now construct a pure state w, as
follows: start with any unit vector, i.e., normalized sum of diagonal matrix
units, 51 in the central prOJectlon determmed by Ql( 9. Let w( 9 be the
vector state on A; determined by 51 , Le. wg )( A) = <A£1a ,51 ). Notice
that 51 being a sum of diagonal matrlx unlts 1t 1s mapped by ¢y ; onto

several copies in 2. Two of them, say Cl ) and C2 are majorized by 6(1 1
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and e(a)

(1.2)° respectively. Let

1
& = 5(G"+¢")
and let wéa) be the vector state on 2 determined by §§a). Consequently,
find two copies da) and Céa) of the image of §2a in 3 subordinated by e(; 1)
and 6((2172), etc. This way we construct inductively a sequence {wg}qen of
vector states. Since the states w, are supported in single summands of 2,
they are pure states and hence their direct limit w, is also pure.

Let (74, Ha,9ga) be the GNS representation induced by w,, a € N ie.,
wa(A) = (14(A)ga, ga), A € A. By Lemma 2.7 the representations 7, are
mutually inequivalent. Therefore, Corollary 10.3.9 in [30] shows that the
representation 7 = @,y 7, maps A onto a weakly dense subalgebra of
@D B(Ha). Since |, oy summ(I'(@)) contains all the direct summands from
2, an easy argument shows that 7 is faithful and so isometric. Therefore,
Kaplansky’s Theorem shows that 7 satisfy the requirements of Definition 2.1
for . It only remains to show that 7 satisfies the same requirements for A.

For each i € N we construct a contractive map ®; : ; — A;4+1 as follows:
let u be a matrix unit in 2;. If u does not belong to any of the nodes le(cz)z
associated with the paths (@ we set ®;(u) =0. Ifu e ng‘;)l for some a € N,
we consider the subordinates u; and us of u majorized by eé?)l) and eE?)z)
respectively. Define ®;(u) to be the matrix unit with initial pfojection the
initial pro j(?c)tion of ug and final projection that of ;. Since the matrix units

a
(2

eg)l) and €(; 5y ATe linked in 4;;1, we have that ®;(u) € A; ;. Moreover,
wq (B (A —29;(A))C) =0

for any A, B,C' € ;. The weak density of the 2-ball of 7(A) in B,y B(Ha)1
now follows from the above equation and the fact that the collection of all
vectors of the form

@aEN Ta(Aa)gaa Aa € UieN Qliu
where all but finitely many A, equal 0, is a dense subset of the space

PB.cn Ha- O

The techniques of the previous theorem are also applicable to induc-
tive limits of block upper triangular matrices with mixing embeddings, thus
showing that such algebras are operator semisimple.

A function f: X — C is said to be unitary if |f(z)| =1, for all x € X.

Theorem 2.9. Let X be a compact Hausdorff space and let A C C(X)
be a norm closed algebra of continuous functions containing the constant
functions. If the unitary functions in A separate the points of X, then A is
an operator semisimple algebra.
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Proof. Let X = {x; | i € I} and for each i € I, consider the one-dimensional
representation (H;, 7;, z;) such that f(x;) = (7;(f)zi, 2z:), f € A. Clearly, the
representation 7 = @, 7 is the reduced atomic representation of C(X).
Hence, the strong closure of 7(C(X)) equals the algebra D of all diagonal
matrices on @,y H;, i.e., D = [*°(I). We are to show that the strong closure
of 7(A); equals D;.

Claim. Given z;,,x;,,...x;, € X and a unimodular number w, there exists
F'in the strong closure of 7(.A) such that (F'z;,, z;,) = w and (Fz;,, 2, ) = 1,
k=2,3,...,n.

In order to prove the claim we make use of Mdbius maps; if ¢ € A has
norm 1 and m is a Mobius transformation, then the composite function
m o g also belongs to A;. For the proof, for each 2 < [ < n we choose a
unitary function g; that separates x;, from x;,. We apply a Mobius map to
each g to get g/ such that g/(z;,) = 1 and either gj(z;,) = 1 or ™ with
ag € [1/n,2/n]. If g = [, g then g(z;;) = 1 and g(z;,) = €™, where
a; € [1/n, 2—2/n]. Now another application of a M6bius map produces a
function fs € A such that fs(z;,) = w and |fs(x;,) — 1] < 1/s, 1 =2,...,n.
Any weak limit of {7(fs)}sen proves the claim.

Since the strong closure of 7(.A); is closed under multiplication, repeated
use of the claim shows that given z;,,z;,,...x;, € X and a unimodular n-
tuple (w1, ws, . .., w,), there exists F' in the strong closure of 7(.4); such that
(F Zij, z,-j> = wj. A convexity argument now shows the desired equality. [

Corollary 2.10. The Hardy space H* and the disc algebra A(D) are oper-
ator semisimple.

Proof. Both satisfy the requirements of Theorem 2.9 [24, page 174]. O

One of the pleasing features of the representations 7 in the proofs of Theo-
rems 2.8 and 2.9 is that they extend to a *-representation of their enveloping
C*-algebra. (We coin the term C*-semisimple for an operator semisimple
algebra admitting such a representation.) Using the fact that the spatial
norm on the tensor product of two C*-algebras is minimal, one can eas-
ily conclude that the spatial tensor product of C*-semisimple algebras is
also C*-semisimple. Hence tensor products between C*-algebras, semisim-
ple TAF algebras, Douglas algebras and irreducible algebras are operator
semisimple thus providing additional examples of such algebras.

A subalgebra A of a C*-algebra 2 is said to be Dirichlet if it satisfies
A+ A* = 2. The prototypical example of a Dirichlet algebra is the disc
algebra, as a subalgebra of the continuous functions on the circle. The term
originates from the theory of functions. It has also been studied in the
context of nonselfadjoint operator algebras by Arveson [9], Muhly and Solel
[35] and others. All strongly maximal TAF algebras are easily seen to be
Dirichlet.
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Proposition 2.11. Suppose that A is a Dirichlet subalgebra of an infinite-
dimensional simple C*-algebra A. If A is operator semisimple, the unit ball
of A does not have any nontrivial compact faces.

Proof. Assume that the unit ball of A has a nontrivial compact face. Then
Theorem 2.6 shows that A contains a nonzero atom P. Hence,

PAP = P(A+ A*)P C PAP + (PAP)* =CP

and so 2 contains a nonzero atom. But then, Theorem 2.6 contradicts the
simplicity of 2. O

Combining Proposition 2.11 with Theorem 2.8 we obtain that the unit
ball of the familiar standard, alternation and A(Q,v) algebras contain no
nontrivial compact faces. (We do not know if the same is true for the unit
ball of the refinement algebra.) Proposition 2.11 also applies to semicrossed
products C(X) x4 Z* corresponding to minimal actions a on a compact
metric space X. In [14] it is shown that such semicrossed products are op-
erator primitive. Since these are Dirichlet subalgebras of simple C*-algebras
their unit ball contains no nontrivial compact faces.

3. Spectral obstructions for the existence of compact faces

In this section we obtain noncommutative analogs of Corollary 1.7. A free
semigroup algebra is the weakly closed algebra generated by n isometries
with orthogonal ranges. The central example for these algebras is the “non-
commutative Toeplitz algebra” L, generated by the left regular representa-
tion of the free semigroup on n letters. The study of £, was initiated by
Popescu [41, 42, 43] in the context of dilation theory. A detailed analysis
of £,, is contained in the papers of Davidson and Pitts [16, 17], Kribbs [33]
and Arias and Popescu [7, 8|, which develop the analytic structure. Apart
from being a good example, it turns out that £, is also a model for free
semigroup algebras: the Structure Theorem in [15] shows that every free
semigroup algebra has a 2 x 2 lower triangular form where the first column
is a slice of a von Neumann algebra and the 22 entry is an algebra isomor-
phic to £,,. Special classes of free semigroup algebras are important in the
classification of certain representations of the Cuntz—Toeplitz algebra [16]
and the construction of wavelets [10]

A continuous factor representation of the Cuntz algebra induces a non-
atomic free semigroup algebra. Moreover, L, is also nonatomic. Our next
result shows that the unit ball of such free semigroup algebras contains no
nontrivial geometrically compact elements. Specifically:

Theorem 3.1. If A is a free semigroup algebra, the following statements
are equivalent:

(i) The unit ball of A has nontrivial compact faces.
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(ii) The unit ball of A has nontrivial finite-dimensional faces.
(iii) A contains nonzero geometrically compact elements.
(iv) A contains an atom.

Proof. As in the proof of Theorem 2.6, we only need to verify that (iii)
implies (iv). Let A be a free semigroup algebra with no atoms. By Theorem
2.6 in [15], A decomposes via a projection P in A as A = MP + P+ AP+,
where M is the von Neumann algebra generated by A and PLtA|pisy is
isomorphic to £,,. Let 7 be the isomorphism from P+A|p.4, onto L,,.

By way of contradiction assume that A is a nontrivial geometrically com-
pact element of A. Then Proposition 1.4 shows that

(6) (AB(H),/4) N A C cp({B});

and so the norm closure of AA4;A is norm compact.
We now claim that P-AP+ = 0. Indeed, notice that

PLAPYH(PLAPY) PHAPE C PL(AAA) P

is norm compact. Therefore, by applying m, we obtain a nonzero element
A := n(PLAPL) of £, such that the closure of A(L,);A is norm compact.
Then either A = 0 or, arguing as in the proof of Theorem 1.6, we conclude
that the spectrum of A is countable. However, [16, Corollary 1.8] asserts
that the spectrum of every nonscalar element of £,, is connected and contains
more than one point. Since £, is infinite-dimensional, A = 0.

The claim above, combined with the first paragraph of the proof, shows
that A = AP. Now let I — @ be the span of all atoms in M. It is well-known
that @ is a central projection in M and that QM@ is nonatomic. Since A
contains no atoms, PMP is nonatomic and so P C (). Hence

AMGA = APMjA = A(QMQ)1 A.
At the same time,
AMA = AMAP C MP C A;

therefore, by (6), A is a geometrically compact element of the nonatomic
algebra QM(@. Hence Theorem 2.6 implies A = 0, a contradiction. O

In spite of Theorem 3.1, the unit ball of a free semigroup algebra A always
contains nontrivial faces. Indeed, if A contains a slice of a von Neumann
algebra, this follows from Theorem 2.6. So it suffices to consider only the
case where A = L,,.

Proposition 3.2. The unit ball of L, contains nontrivial faces.

Proof. Tt is enough to prove that the boundary of the unit ball of £,, contains
composite points. Indeed, for any such point A, the face F(A) is not a
singleton or else A is an extreme point.
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The wandering subspaces for any of the left creation operators L; span
the Fock space H. We therefore define an H* functional calculus for Lj;,
which is well-defined, linear and isometric, as follows: if ¢ € H® then
©(L;) :=lim pp(L;), where {p, }nen is any bounded sequence of polynomials
converging to (.

Let ¢ be a composite point on the boundary of the unit ball of H* (the
existence of such a ¢ follows from the description of the extreme points of
H* in [24]). Then ¢(L;) is the desired composite point. O

The lack of nontrivial compact faces for the unit ball of £,, is due to
the fact that the spectrum of any nonscalar operator in £, is infinite and
connected. In [28], Hoover, Peters and Wogen study the spectral properties
of algebras that contain no zero divisors. The spectrum of any operator in
such an algebra A is necessarily connected. However, A may contain nonzero
quasinilpotents, so the arguments in the proof of Theorem 3.1 do not apply
in this generality. Nevertheless, the unit ball of such an algebra A does not
contain any nontrivial finite-dimensional faces. Indeed, A does not contain
any nonzero nilpotent operators, so no finite-dimensional subalgebras apart
from the trivial one. The conclusion now follows from Theorem 1.8.

If A is a Banach algebra and o an automorphism of A, the semicrossed
product A x,, Z* is the enveloping Banach algebra of I!(A,Z", a) with re-
spect to the class of contractive Hilbert space representations. An interesting
feature of the class of algebras studied by Hoover, Peters and Wogen in [28]
is that it is closed under semicrossed products by Z*. (If A X, Z™T contains
z and y such that xy = 0, then the lowest Fourier coefficients of x and y are
necessarily zero divisors in \A.) Hence:

Theorem 3.3. Let A be an algebra that contains no zero divisors and let a
be an automorphism of A. Then the unit ball of A xo Zt does not contain
any nontrivial finite-dimensional faces.

The theorem above applies in particular to the algebras A(D) x4 Z" and
H> x,Z*, studied in [27].

Notice that C(X), X compact metric space, contains zero divisors and
so Theorem 3.3 does not apply in this case. Crossed products of the form
C(X) x4 Z* were studied in the previous section with the use of represen-
tation theory. They can also be studied with the use of Corollary 1.10 as
follows:

Theorem 3.4. Let X be a compact connected metric space and let ¢ be a
homeomorphism of X with a dense set of recurrent points. Then the unit
ball of C(X) X, ZT has no finite-dimensional faces.

Proof. By [20], the algebra C(X) X, Z* is semisimple. We claim that
C(X) X, Z™ contains no nontrivial idempotents.
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Indeed, let @ € C(X) x, Z* be an idempotent and let @ = > 52, fit',
fi € C(X) be its Fourier expansion. Since @ is an idempotent, fy is an
idempotent. But X is connected and so fj is either 0 or [.

If fo = 0 then the lowest Fourier coefficient in the expansion of Q? is of
order 2 and so f; = 0. Consequently, the lowest Fourier coefficient in the
expansion of Q? is of order 4, so fo = f3 = 0. Repeated applications of this
argument show that f,, =0, n > 0 and so Q = 0.

If fo = I then the second Fourier coefficient of Q2 is 2f;. Hence f; = 0.
Repeated applications of this argument show that the rest of the Fourier
coefficients are equal to 0 and so () = I in this case. This proves the claim.

Since C(X) x, Z* contains no nontrivial idempotents, the conclusion
follows from Corollary 1.10. U

4. Concluding remarks

The operator semisimple and C*-semisimple algebras can be thought as spe-
cial cases of diagonal algebras. An operator algebra A is said to be block
diagonalizable if there exists a bicontinuous (but not necessarily isomet-
ric) representation 7, satisfying the rest of the properties in Definition 2.1.
Several results of Section 2, such as Lemmas 2.2, 2.3 and one direction in
Theorem 2.4, are valid in this more general context.

By the Wedderburn—Artin Theorem, all finite-dimensional semisimple al-
gebras are block diagonalizable. However, there are semisimple operator
algebras that fail that property, as the following example shows:

Example 4.1. A semisimple operator algebra that is not block diagonaliz-
able.

Let £ =1{0,M,N,I}, where M, N are closed subspaces satisfying
MNN=MnNt =0,

so that the sum M + N is not closed. Let A = Alg L be the algebra of all
operators leaving both M and N invariant. By an old result of Longstaff,
a rank one operator A € A is of the form R = e ® f, where either e € M+
and f € N or e € N+ and f € M. The rank one subalgebra R(L) of Alg L
consists of all sums of rank one operators in Alg £. In [39] it is shown that
R(L) is weakly dense in Alg £ (rank one density).

The semisimplicity of A follows from [31]. We are to show that A is not
block diagonalizable.

By way of contradiction assume that (7,,H,), a € A, is the family of
representations of A implementing the operator semisimplicity and let 7 =
@P.ca Ta- Notice that RAR is one-dimensional, for any rank one operator
R € A, and so 7(R) is also a rank one operator. Since R(L) is dense in Alg L,
7(A) contains the set K of all compact operators in the diagonal algebra



GEOMETRY OF THE BALL 287

@D,cn B(Ha). The restriction of 71 on K is similar to a *-representation.
Therefore there exists an invertible operator S such that

R(SL) C St HK)S~! C AlgSL.

However, S7=1(K)S~! is selfadjoint and so the density of R(SL) in Alg SL
implies that Alg SL is selfadjoint. Hence SL is orthocomplemented and so
the sum M + N is closed, a contradiction.

In this paper we addressed the problem of existence for nontrivial finite-
dimensional faces. The problem of characterizing which operators belong
to such faces is much harder. Indeed, by the Krein-Milman Theorem such
faces are the closed convex hull of their extreme points and therefore one
needs to have a good understanding of the extreme points for the unit ball.
This is also corroborated by the following;:

Proposition 4.2. Let X be a normed space and let x be an element of its
unit ball. If x belongs to a finite-dimensional face, there exists an extreme
point e for the unit ball of X and an element f with finite geometric rank
such that x = e+ \f, for some A € R.

Proof. Since F is finite-dimensional, F(x) is also finite-dimensional and by
the Krein-Milman Theorem it contains an extreme point e. Moreover there
exists an element f in the affine hull of F(x) such that x = e + f’. By
Lemma 1.2, the affine hull of F(z) equals [cp({z})]. Since cp({z}) is convex,
a moment’s reflection shows that [cp({x})] consists of multiples of cp({z})
and so there exists an element f € cp({z}) such that f' = \f, for some
A € R. However,

p®({f}) € ep® ({a}) = cp({}),

which shows that f has finite geometric rank, as desired. O

Even though we have a complete understanding of the elements with
finite geometric rank, we are far from characterizing the extreme points for
operator semisimple algebras. For instance, the problem of characterizing
the extreme points of the standard algebra is open [26]. Also compare the
nature of extreme points in the unit ball of a C*-algebra with that of H>
[24, page 138]. However, the situation in operator primitive algebras is much
better.

Theorem 4.3. Let A be an operator algebra containing the compact op-
erators and let A € A with |Al| = 1. Then the operator A belongs to a
finite-dimensional face of A1 if and only if

dim ((1 — AA*)A(I — A*A)) < oc.

Proof. Assume first that dim((/ — AA*)A(] — A*A)) < oo, so both [ — AA*
and I — A*A are finite rank operators. Hence if P and () are the range
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projections of (I — A*A)'/2 and (I — AA*)Y/? respectively, then PAQ C A
is finite-dimensional.

Let B € cp({A}). Then [34, Lemma 1] shows that there exist bounded
operators S and T such that

B=S(I—A*A)'? = (I — AA")Y2T

and so B = QBP. Therefore cp({A}) is a finite-dimensional, and Lemma 1.2
shows that A belongs to the finite-dimensional face F(A).

Conversely, assume that F(A) is finite-dimensional face and so, by The-
orem 1.8, S(F(A)) = cp({A}) is a finite-dimensional hereditary subalgebra
of A. A moment’s reflection shows that there exist finite-dimensional pro-
jections P, @ such that cp({A}) = PAQ.

We now claim that

(I = P)N (I = A"A)/2 (H) = (I - Q)N (I — AA")'* (M) = {0}.
Indeed, by way of contradiction assume that one of the above intersections,
say the first one, is nontrivial. Consider a unit vector (I — AA*)l/ 2fel-P

and let e be a vector of norm 1/2 such that (I — A*A)l/2 e # 0. Then [34,
Corollary 1] shows that the rank one operator

R=(I—-A*A) e (I —AA)YV2f = (I — AA)Y2(e® f)(I — A*A)V/?

belongs to cp({A}) and so our earlier observations show that R = PRQ, a
contradiction that proves the claim.
From the claim above it follows that

(I—P)N(I—A*A) (H) = (I— Q) N (I — AA") (H) = {0}.

Since both I — P and I — @ are of finite codimension, we conclude that the
ranges of both I — A*A and I — AA* are finite-dimensional, as promised. [

Arguments similar to the ones above lead to a generalization of Kadison’s
characterization of the extreme points of the unit ball of a C*-algebra [29].
Indeed one can show that a contraction A belongs to a finite-dimensional
face of a C*-algebra A if and only if dim((/ — AA*)A(I — A*A)) < co. (This
was first shown to us by Anoussis with a different proof.)

Another example that illustrates the complexities associated with extreme
points in nonselfadjoint operator algebras is the following: let A be an oper-
ator algebra acting on a Hilbert space H and consider the operator algebra

T(A)z{(? g) ]AeA,feH,Aec}

with the obvious multiplications.

Proposition 4.4. The rank one operator R = (1,0) ® (0, f) is an extreme
point for the unit ball of T(A) if and only if f is a separating unit vector
for A*.
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Proof. First assume f is a separating unit vector for A*, and let X € 7(A)
be such that ||R + X|| = 1. Then

X*X <TI-(1,0)®(1,0)
and
XX*<I-(0,f)®(0,f).

The first inequality shows that X € A. The second one shows that the range
of X is orthogonal to f and so (Xg, f) =0, Vg € H. Hence, (g, X*f) =0,
Vg € H, and so X*f = 0. Since f is separating for A*, X = 0 and so R is
an extreme point.

Reversing the arguments above we obtain the other direction in the The-
orem. U

The identification of separating vectors for an operator algebra A, i.e., the
cyclic vectors for A, is an important and difficult problem. Most notable is
the work in [21] for the adjoint of the unilateral shift.

Note that the algebras of the form 7 (A), when A4* admits separating vec-
tors, show that Theorem 2.4 fails for algebras that are not operator semisim-
ple. Indeed, by way of contradiction assume that an operator T' € 7 (A) is
geometrically compact if and only if there exists an isometric representation
¢ of T(A) such that ¢(T') is a compact operator. This applies in particular
to any operator of the form 7" = (e,0) ® (0, f) and so such an operator is
geometrically compact. This contradicts however Proposition 4.4.
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GENERALIZED SKEW DERIVATIONS CHARACTERIZED
BY ACTING ON ZERO PRODUCTS

Tsiu-KwWEN LEE

Let A be a prime ring whose symmetric Martindale quo-
tient ring contains a nontrivial idempotent. Generalized skew
derivations of A are characterized by acting on zero prod-
ucts. Precisely, if g,0: A — A are additive maps such that
o(x)g(y) + d(x)y = 0 for all z,y € A with zy = 0, where o is
an automorphism of A, then both g and § are characterized
as specific generalized o-derivations on a nonzero ideal of A.

1. Results

Let B be a ring with a subring A. An additive map §: A — B is called a
derivation if 0(xy) = 6(x)y + xd(y) for all x,y € A. In a recent paper Jing,
Lu and Li proved the following result [6, Theorem 6]:

Let B be a standard operator algebra in a Banach space X containing the
identity operator I and let 6: B — B be a linear map such that 6(AB) =
5(A)B + Ad(B) for any pair A,B € B with AB = 0. Then 6(AB) =
d(A)B + Aé(B) — AS(I)B for all A,B € B. If in addition 6(I) = 0, then &
s a derivation.

The result says that an additive map on a standard operator algebra
is almost a derivation if it satisfies the expansion formula of derivations
on pairs of elements with zero product. Since standard operator algebras
involve many idempotents, from this point of view Chebotar, Ke and P.-H.
Lee studied maps acting on zero products in the context of prime rings [2].
To state their results precisely we must first fix some notation.

Throughout, unless specially stated, A will denote a prime ring with cen-
ter Z, extended centroid C' and symmetric Martindale quotient ring ). The
maximal right and left quotient rings of A will be denoted by Q. and Q,
respectively. See [1] for details. Theorem 2 of [2] says this:

Let §: A — A be an additive map such that 6(x)y + x0(y) =0 for z,y € A
with xy = 0. Suppose that Q) contains a nontrivial idempotent e such that
eAU Ae C A.

(I) If 1 € A, then §(zy) = §(x)y + zé(y) — Azy for all x,y € A, where
A=0(1) € Z. In particular, if 6(1) =0, then ¢ is a derivation of A.

293
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(IT) If deg A > 3, there exists A € C such that §(zy) = 0(z)y+xd(y) — Azy
for all x,y € A.

Generalized derivations and o-derivations (or skew derivations) are two
natural generalizations of derivations, and are defined as follows. Let o be an
automorphism of A. An additive map §: A — @Q,,; is called a o-derivation
if §(zy) = o(x)d(y) + d(x)y for all z,y € A. Basic examples are derivations
and 0 — 1. Given b € A, the map 0: z € A +— o(x)b — bx obviously defines
a o-derivation, called the inner o-derivation defined by b.

An additive mapping ¢g: A — Q. is a generalized derivation if there
exists a derivation d: A — @, such that g(zy) = zg(y) + d(z)y for all
z,y € A. As basic examples we mention derivations, generalized inner
derivations (maps = — ax + xb for a,b € A) and left A-module mappings
from A into itself. From this one easily sees that a map ¢ as in Theorem 2
of [2] (see bottom of previous page) is indeed a generalized derivation. In
this paper we will generalize that theorem from a different point of view.
We start with a definition of generalized skew derivations, generalizing both
skew derivations and generalized derivations.

An additive map g: A — Q. is called a generalized o-derivation, where
o be an automorphism of A, if there exists an additive map §: A — Qnu
such that g(zy) = o(x)g(y) + d(x)y for all z,y € A. Tt is clear that ¢ is
uniquely determined by g, which is called the associated additive map of g.
It is easy to check that ¢ is always a o-derivation (see [10]). We are now in
a position to state our main result:

Theorem 1.1. Let A be a prime ring with symmetric Martindale quotient
ring Q). Suppose that QQ contains a nontrivial idempotent and that g, §: A —
A are additive maps. If o(x)g(y) + é(x)y = 0 for all z,y € A with zy = 0,
where o is an automorphism of A, there exist a nonzero ideal N of A and a
o-derivation d: A — @ such that

g(x) =d(z)+o(z)b and o(x)=d(z)+ ax

for all x € N, where b € Qpy and a € Q. In addition, we can take N = A
if eAU Ae C A for some nontrivial idempotent e € Q).

The proof of the theorem depends on both the Lie structure of rings and
the theory of functional identities, and will be given in the next section. As
an immediate consequence of Theorem 1.1 we have the following generaliza-
tion of Chebotar, Ke and P.-H. Lee’s theorem [2, Theorem 2]:

Corollary 1.2. Let A be a prime ring with extended centroid C and sym-
metric Martindale quotient ring Q. Suppose that Q contains a nontrivial
idempotent. If §: A — A is an additive map such that x6(y) + d(x)y = 0
for x,y € A with xy = 0, then there exists a nonzero ideal N of A such that
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§(z) = d(z) + Az for all x € N, where A\ € C and d: A — Q is a deriva-
tion. In addition, we can take N = A if eAU Ae C A for some nontrivial
idempotent e € Q).

The following corollary gives Jing, Lu and Li’s theorem [6, Theorem 6] in
the context of prime rings:

Corollary 1.3. Let A be a prime ring with extended centroid C' and c € A.
Suppose that A possesses a nontrivial idempotent. If §: A — A is an additive
map such that xd(y) + 6(z)y + zcy = 0 for x,y € A with xy = 0, then there
exist a deriation d: A — AC and p € C such that 6(x) = d(z) + (u — )z
for all x € A.

Proof. By assumption, we have z((y)+cy)+d(x)y = 0 for all x,y € A with
xy = 0. In view of Theorem 1.1, there exist a derivation d: A — Q, a € Qumy
and g € Qpy such that 6(z) = d(x) + ax and §(x) + cx = d(x) + zp for all
x € A. Choose a dense right ideal p and a dense left ideal A of A such that
ap CAand A\pu C A. Let x € p, z€ Aand y € A. Then zzy € pAANC pNA.
Thus (a + ¢)z,yu € A and ((a + ¢)z)zy = zz(yp). By Martindale’s Lemma
[11], y and ypu are C-dependent for y € A. It is now easy to prove that
w € C. Thus a = pu — ¢ follows and so 6(x) = d(z) + (u — ¢)z for all z € A.
In particular, we have d(A) C AC, proving the corollary.

The next application is to generalized polynomial identities. An additive
map f: A — Ais called an elementary operator if there exist finitely many

a;,b; € AC such that f(x) =), a;xb; for all x € A.

Corollary 1.4. Let A be a prime ring with extended centroid C'. Sup-
pose that its symmetric Martindale quotient ring ) contains a nontriv-
ial idempotent. If f and g are two elementary operators of A satisfying
xf(y) + g(x)y = 0 for z,y € A with xy = 0, then there exist a,b,q € AC
and such that f(y) = [q,y] + yb and g(x) = [q, x] + ax for all z,y € A.

Proof. Since f,g are elementary operators, there exist finitely many a;, b;,
ci,d; € AC such that f(z) = >, azb; and g(z) = 3, cjzd; for all z € A.
In view of Theorem 1.1, there exist a nonzero ideal N of A, a derivation
d: A — Q and elements a € @, b € Q. such that

>_iaiybi =d(y) +yb and ), cjzd; = d(z) + ax

for all z,y € N. It is well-known that d can be uniquely extended to a
derivation of @, into @y and >, a;yb; = d(y) + yb for all y € Quy (see,
for instance, [9, Theorem 2]). In particular, we set y = 1, implying that
b=>,a;b; € AC. An analogous argument proves a € AC, so d(AC) C AC.
Applying Kharchenko’s Theorem ([7, Lemma 1] or [8, Theorem 2]), we
conclude that d is X-inner; that is, there exists ¢ € @ such that d(y) = [¢, y]
for all y € A. Thus qy — yqg = >, a;yb; — yb for all y € A. Applying
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Martindale’s Lemma [11], ¢ lies in the C-linear span of the elements b;’s, b
and 1. Thus g € AC + C. Since, for g € C, [q+ 8,y] = [q,y] for all y € A,
we may take ¢ € AC, proving the corollary.

The following example shows that the existence of nontrivial idempotents
in @ is essential to Theorem 1.1.

Example 1.5. Let A be a prime ring, not a domain, with center Z and let
My ={a € A|xay =0 whenever z,y € A with xy = 0}.

Suppose that M4 is noncentral. Choose an element ¢ € My \ Z. Let
fyg: A — A be additive maps defined by f(z) = cxc and g(z) = z for all
x € A. Then zf(y) + g(z)y = 0 for z,y € A with zy = 0. We claim that
f, g cannot assume the forms given in Theorem 1.1. Indeed, suppose there
exist a derivation d: A — ) and a nonzero ideal N of A such that

f(z)=d(x)+xb and g(z)=d(x)+az
for all z € N, where a € Qpr and b € Q. Then d(z) = (1 — a)z for all
x € A, implying d = 0. Thus zb = cxc for all x € A. Applying Martindale’s

Lemma [11], we see that ¢ € C, the extended centroid of A, and so c € Z, a
contradiction.

Such prime rings do exist. One example is due to Dubrovin [3]. Another
is A= K{x,y}/(z?) [5, pp. 105-108], where K {z,y} is the free algebra over
a field K in two noncommuting indeterminates x and y. In this example,
A is a prime ring and Kz + zAz + (2%)/(2?) coincides with the set of all
elements of A with square zero. Let T = x + (22) € A. Then azb = 0
whenever a,b € A with ab = 0. Thus Z lies in M 4 and is noncentral.

2. Proof of Theorem 1.1

Lemma 2.1. Let I be a nonzero ideal of A and let f: I — Qpnu be a left
I-module map. Then there exists ¢ € Qpy such that f(x) = xzq for all x € I.

Proof. Notice that QI is a dense left ideal of Q. We define the map
f2Qmil — Qmi by >, mia; — Y, z;f(a;), where x; € Qpy,a; € I. Then f
is well-defined. Indeed, let ) . z;a; = 0, where z; € Q.1,a; € I. Choose a
dense left ideal J of A such that Jx; C I for each i. Then, for y € J, we
have

0=fy>;mia) = fF(X(yzi)ai) =X, yaif(ai) = y (X, wif(ai)),

implying . x; f(a;) = 0. Thus f is well-defined. It is clear that fis a left
Q-module map extending f. We remark that the maximal left quotient
ring of @, coincides with itself. Thus there exists a ¢ € @,,; such that
f(z) = zq for all z € Q. In particular, f(z) = xzq for all x € I. This
proves the lemma.
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Lemma 2.2. Let I be a nonzero ideal of A and let f, g: I — Qpyu be two
additive maps. Suppose that f(x)y + o(x)g(y) = 0 for all x,y € I, where o
is an automorphism of A. Then there exists a € Qpy such that f(x) = o(x)a
and g(y) = —ay for all x,y € I.

Proof. Let x,y,z € I. By assumption,

flzr)y +o(zx)g(y) =0 and  o(2)(f(z)y +o(x)g(y)) = 0.
Thus (f(zx) — o(2)f(z))y = 0 and so f(zx) = o(z)f(x) since A is prime.
Note that ¢ can be uniquely extended to an automorphism of ),,,;. Consider
the map ¢: I — Q,,; defined by ¢(z) = o~ (f(x)) for € I. Then ¢ is a left
I-module map. By Lemma 2.1, there exists b € Q,,; such that ¢(z) = xb
for all x € I. That is, f(x) = o(x)a for all x € I, where a = o(b) € Q- It
is clear that g(y) = —ay for all y € I. This proves the lemma.

Although the next lemma has a more general version, for our purposes
we need only the following special form:

Lemma 2.3. Let d: M — @ be a o-derivation, where M is a nonzero ideal

of A and o is an automorphism of A. Assume that there exists a nonzero
ideal J of A such that d(m)J + Jd(m) C A for allm € M. Then d can be

uniquely extended to a o-derivation from A into Q).

Proof. Replacing J by M N J, we may assume from the start that J C M.
Let a € A. Define a map ¥,: MJ — A by the rule

Vq (ZZ mzazz) =) dlam)x; — Y, o(a)d(m;)x; € A,
where m; € M and x; € J. We claim that 1, is well-defined. Indeed,
>, mix; = 0 implies ), (am;)z; = 0, so
0=">_;d((ami)xi) = > ;(o(ams)d(z;) + d(am;)z;)
= > d(ami)x; — 32, o(a)d(mg)a;,

since

22 o(amg)d(z;)

> i o(a)o(mq)d(xi)

>oio(a)(d(miz;) — d(m;);)

o(a)d (3 miwi) = 32, o(a)d(mi)z;

—>_; o(a)d(m;)z;.

The claim is proved. It is clear that 1, is a right A-module map. Thus v,
is defined by an element d(a) € @,, the right Martindale quotient ring of A.
That is, d: A — @, has the following property: d(a)m = d(am) — o(a)d(m)
fora € A and m € M. Let a,b € A and m € M. Then d(abym =
d(abm) — o(ab)d(m). On the other hand, since bm € M we have

(o(a)d(b) + d(a)b)ym = o (a)(d(bm) — o(b)d(m)) + d(abm) — o(a)d(bm)
= d(abm) — o(ab)d(m).
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Thus J(ab) = a(a)glv(b) + J(a)ij proving that d is a o-derivation. Clearly,
d(m) = d(m) for all m € M, so d is an extension of d. Notice that Jo (M) is a
nonzero ideal of A. Let a € A and m € M. Then d(ma) = o(m)d(a)+d(m)a
and so

Jo(M)d(a) C Jd(M) + Jd(M)A C A,
implying that d(a) € Q. Hence, d: A — @ and the lemma is proved.
We are now ready to prove the main theorem stated in §1.
Theorem 1.1. Let A be a prime ring with symmetric Martindale quotient
ring Q. Suppose that Q contains a nontrivial idempotent and that g, §: A —
A are additive maps. If o(x)g(y) + 0(x)y = 0 for all x,y € A with xy = 0,

where o is an automorphism of A, there exist a nonzero ideal N of A and a
o-derivation d: A — @ such that

g(x) =d(z)+o(z)b and 6(x)=d(z)+ ax

for all x € N, where b € Qpy and a € Qumyr. In addition, we can take N = A
if eAU Ae C A for some nontrivial idempotent e € Q).

Proof. Let e be a nontrivial idempotent of (). Choose a nonzero ideal I of A
such that Ie+el C A. We consider the additive subgroup E of () generated
by the set {f € Q | [f + fI C A and f? = f}. Then e € E. We claim that
0# I?[E,E|I? C E+ E?
We follow Herstein’s argument [4, Proof of Lemma 1.3]. Let f € E and
x€l. Then f+ fx(1—f), f+ (1 — flzf € E and so
[froal=(f+ fz(L=f) = (f + (L= flzf) € E.
Thus [E, I] C E. Indeed, [E, E|I? C [E, EI?] + E[E,I1?] C E + E?, and so
I’|E,E|I? C [I%|E,E)I*] + |E,E|I* C [I*, E+ E?| + E + E*.
Since [I%,E + E?] C E + E?, we see that I*[E,E|I? C E + E?. Finally,
0 # [e, e+ eI?(1 —¢)] C [E, E], proving our claim.
Let z,y € [ and f = f? € E. Then zf, (1—f)y, z(1—f), fy belong to A.
By assumption,
(1) §(xf)X = fly+o(xflg((l—fly)=0  and
o(x(1 = f))fy+o(z(l—f))g(fy) =0.
Solve the two equations by Lemma 2.2: there exist two unique elements
u, v € Qmi, depending on f, such that

(2) 6(zf)(1 = f) =o(@)u, o(f)g((1-[fly)=—-uy  and
0(z(1 = f))f = o(x)v, o(l = Fg(fy) = —vy.

Thus, by (2), we see that

(3) @) f—d(xf)=0()(v—u) and o(f)g(y) — 9(fy) = (v —u)y.
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By (3) and the definition of E, there exists an additive map d: E — @y
such that

(4)  do(z)m —do(zm) = —o(x)d(m) and o(m)g(y) — g(my) = —d(m)y
for all z,y € I and all m € E. Let my, mg € F; then

(5)
0(x)mg — d(xmz) = —o(x)d(me) and §(z)mq — é(zmy) = —o(x)d(mq)

for all # € I. Let x € I%; then zmy € I. By (5) we have
d(xmy)mg — 6(xmime) = —o(xmy)d(ms) and
—6(xmi)ma + d(x)mima = —o(x)d(my)ma.
Thus
(6)  d(z)mamy — 6(z(mimz)) = —o(z)(o(ma)d(mz) + d(mi)my).
On the other hand, let y € I?; then moy € I. By (4) we have
o(m1)g(may) — g(mimay) = —d(m1)may,
o(m1)o(mz)g(y) — o(mi)g(may) = —o(mi)d(ms)y,
implying that
(7)  o(mima)g(y) — g((mima)y) = —(d(m1)ma + o (m1)d(my))y.
This means that d can be extended to E + E? in such a way that
6(x)m — 6(xm) = —o(z)d(m) and o(m)g(y) — g(my) = —d(m)y

for all z,y € I? and all m € E + E?. Moreover, d(mimz) = o(mq)d(mz) +
d(my)meq for all mi,mo € E. Repeating the argument above, we can extend
d to E+ E?> + E3 + E* in such a way that

(8)  d(x)m —d(xm) = —o(x)d(m) and o(m)g(y) — g(my) = —d(m)y
for all z € I* and all m € E + E? + E3 + E*. Moreover,
9) d(uwv) = o(u)d(v) + d(u)v

for all u,v € E+ E2. Let M = I?|E, E]I? # 0. Then M is a nonzero ideal
of A contained in E + E?2.

Let m € M. By (8) we see that o(I*)d(m) C A and d(m)I* C A. Thus
d(m) € @ follows, showing that d: M — @ is a o-derivation satisfying

(10)  d(z)m — é(xm) = —o(z)d(m) and o(m)g(y) — g(my) = —d(m)y

for all z,y € I* and all m € M. Set J = o(I*) N I*. Then J is a nonzero
ideal of A and, moreover, d(m)J + Jd(m) C A for all m € M. In view of
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Lemma 2.3, d can be uniquely extended to a o-derivation from A into Q.
Thus we can rewrite (10) as

(11) Sam) — d(zm) = (5(x) — d(x))m,
a(m)(g(y) — d(y)) = g(my) — d(my)
for all z,y € I* and all m € M. Consider the map ¢: I* — Q defined by
z eIt — ¢(z) =6(x) —d(z).

By (11), ¢ is a right M-module map. Thus it is a right A-module map by the
primeness of A. By Lemma 2.1, there exists a € @, such that ¢(z) = az
and so d(x) = d(z) + ax for all x € I*. By an analogous argument, there
exists b € Q such that g(z) = d(z) + o(x)b for all z € I*. We are now
done by setting N = I*.

Suppose, in addition, that eA U Ae C A for some nontrivial idempotent
e € Q. Then I = A in our construction. Moreover, FA + AE C A.
Therefore, (11) remains true for all # € A. So the map ¢: I* — Q can be
replaced by ¢: A — . Now our conclusion holds trivially. This proves the
theorem.

Acknowledgments. The author would like to thank the referee for her/his
useful comments. The research was supported in part by a grant from NSC
of R.O.C. (Taiwan).

References

[1] K.I. Beidar, W.S. Martindale III and A.V. Mikhalev, Rings with Generalized Iden-
tities, Monographs and Textbooks in Pure and Applied Mathematics, 196, Marcel
Dekker, New York, 1996, MR 1368853 (97g:16035), Zbl 0847.16001.

[2] M.A. Chebotar, W.-F. Ke and P.-H. Lee, Maps characterized by actions on zero
products, Pacific J. Math., 216 (2004), 217-228.

[3] N.I. Dubrovin, An example of a chain primitive ring with nilpotent elements (Rus-
sian), Mat. Sb. (N.S.), 120(162) (1983), no. 3, 441-447 , MR 0691988 (84f:16012),
Zbl 0543.16003.

[4] I.N. Herstein, Topics in Ring Theory, University of Chicago Press, Chicago, 1969,
MR 0271135 (42 #6018), Zbl 0232.16001.

[5] IN. Herstein, Rings with Involution, Univ. of Chicago Press, Chicago, 1976,
MR 0442017 (56 #406), Zbl 0343.16011.

[6] W. Jing, S. Lu and P. Li, Characterisations of derivations on some operator al-
gebras, Bull. Austral. Math. Soc., 66 (2002), 227-232, MR 1932346 (2003{:47059),
Zbl 1035.47019.

[7] V.K. Kharchenko, Differential identities of prime rings, Algebra i Logika, 17 (1978),
220-238; Engl. Transl., Algebra and Logic, 17 (1978), 154-168, MR 0541758
(81f:16025), Zbl 0423.16011.



GENERALIZED SKEW DERIVATIONS 301

[8] V.K. Kharchenko, Differential identities of semiprime rings, Algebra i Logika, 18
(1979), 86-119; Engl. Transl., Algebra and Logic, 18 (1979), 58-80, MR 0566776
(81£:16052), Zbl 0464.16027.

[9] T.-K. Lee, Semiprime rings with differential identities, Bull. Inst. Math. Acad. Sinica,
20 (1992), 27-38, MR 1166215 (93e:16039), Zbl 0769.16017.
[10] T.-K. Lee and K.-S. Liu, Generalized skew derivations with algebraic values of bounded
degree, preprint.

[11] W.S. Martindale III, Prime rings satisfying a generalized polynomial identity, J. Al-
gebra, 12 (1969), 576-584, MR, 0238897 (39 #257), Zbl 0175.03102.

Received June 19, 2003 and revised August 21, 2003.

DEPARTMENT OF MATHEMATICS
NATIONAL TAIWAN UNIVERSITY
TAIPEI 106

TAIWAN

E-mail address: tkleeQmath.ntu.edu.tw






PACIFIC JOURNAL OF MATHEMATICS
Vol. 216, No. 2, 2004

AN INVERSE PROBLEM FOR THE TRANSPORT
EQUATION IN THE PRESENCE OF A RIEMANNIAN
METRIC

STEPHEN R. McDOWALL

The stationary linear transport equation models the scat-
tering and absorption of a low-density beam of neutrons as
it passes through a body. In Euclidean space, to a first ap-
proximation, particles travel in straight lines. Here we study
the analogous transport equation for particles in an ambient
field described by a Riemannian metric where, again to first
approximation, particles follow geodesics of the metric. We
consider the problem of determining the scattering and ab-
sorption coefficients from knowledge of the albedo operator
on the boundary of the domain. Under certain restrictions,
the albedo operator is shown to determine the geodesic ray
transform of the absorption coefficient; for “simple” manifolds
this transform is invertible and so the coefficient itself is de-
termined. In dimensions 3 or greater, we show that one may
then obtain the collision (or scattering) kernel.

1. Introduction

The stationary linear transport equation models the time-independent scat-
tering of a low-density beam of particles off a higher-density material. The
term “linear” refers to the fact that the equation models only scattering of
particles from the material and assumes that the density of particles is low
enough that particle-to-particle interaction may be neglected. If (z,v) is a
point in phase space we denote by f(x,v) the density of particles at position
x with velocity v. While f is strictly speaking a density, for large numbers
of particles it is reasonable to represent f as an L' function. In free-space,
f satisfies the transport equation

(1)  —v-Vuf(z,v) = ou(z,v)f(z,v) + /V k(z,v',v)f(x,v")dv’ = 0.

The first term describes the straight-line motion of a particle that does not
interact with the material. The second term represents the loss of a particle
at (x,v) due to scattering to another velocity or due to absorption, quantified
by the function o,(z,v). The final term accounts for the production of a
particle at (x,v) due to scattering from other directions; the kernel k(z,v’,v)
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represents the probability of a particle at (z,v’) scattering to (z,v). The
reader is referred to [RS] for a detailed explanation.

We are concerned here with the situation of particles moving in an ambient
field represented by a Riemannian metric. The principal departure from (1)
is that in the absence of interaction, a particle will follow the geodesics of the
metric. We shall study the problem of determining the absorption coefficient
oq(x,v) and the collision kernel k(x,v’,v) from knowledge of the positions
and velocities of particles entering and leaving a bounded body.

Let M C R, n > 2, be a bounded domain with C*° boundary; let g be a
Riemannian metric on M. We shall put restrictions on the metric g in due
course. Define the incoming and outgoing bundles on M as

Iy ={(z,v) € TM |z € OM, +(v,v)y, >0},

where v is the outward unit normal vector to M and (-,-),, is the inner
product with respect to the metric g. We shall also use || - |5, to denote
the norm with respect to g. If (z,v) € T'M we shall denote by v(,,,)(t)
the geodesic satisfying 7(,,,)(0) = = and ¥(;,)(0) = v; we introduce the
compressed notation

’7‘(33,1;) (t) = (’Y(m,v) (t)7ry(z,v) (t))
For v # 0, define the time-to-boundary functions 74 : TM — R™ by
72 (z,v) = min {t > 0 | () (1) € OM }

and set 7(z,v) = 7—(x,v) + 74 (z,v). While in general 7+ might be infinite,
we will place restrictions on the metric that ensure that 7 are well-defined
and finite.

With these preparations we are able to generalize Equation (1) and state
the results of the paper. Denote by D the derivative along the geodesic flow,

0
Df(.fU,U) = a =0

If (z%,y)™, are local coordinates for TM with the (y') with respect to the
natural basis ( 0 ), we have in these coordinates

oxt
of , 0
i
ox’ oy*
where F;k are the Christoffel symbols of the Levi-Civita connection of g.
The transport equation (1) is replaced in our setting by

f(’)/(z,v) (t)a ;Y(z,v) (t))

Df =

(—yFT%p),

(2) —Df(xz,v) — oq(x,v) f(z,v) + / k(z,v',v)f(z,v") dv), = 0.

=M

The measure dv, is the Euclidean volume form on 7, M determined by the
metric g, at x (see Definition 2.1). Given a function f_(z,v) on I'_ let f be
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the solution to (2) with boundary condition f‘r, = f_, assuming it exists.
One may then define the albedo operator

Axfo Sl

The inverse problem addressed here is the unique determination of o, (z,v)
and k(z,v',v) for all z € M and v,v" € T, M, from the knowledge of A.
The main results are the content of Theorems 4.2 and 4.4, which state that
under the assumption of simplicity of the metric (see below) and a priori
assumptions (3), (4) on the coefficients themselves, we can determine o, in
dimensions n > 2 and k in dimensions n > 3.

We remark that if we assume that k(z,v’,v) = 0 for all ||v'[|g, # ||v]lg. —
that is, that all scattering occurrences preserve speed —then we may con-
sider the problem on the unit sphere bundle QM of M. We replace '+
by their equivalents restricted to unit tangent vectors, and the integration
in (2) is taken over ,M, the unit sphere in T, M. The analysis and re-
sults of this paper remain valid in this setting. Indeed, under this assump-
tion on k we may consider I'L defined to include tangent vectors of lengths
0<a<|v|]|] <b< oo and in (2) integrate over the corresponding annular
region in T, M. Once again the results remain valid in this setting.

When the ambient metric is Euclidean, the inverse problem for (1) was
considered in [CS2] and we shall approach the problem here in the same
manner. In [CS2] it is shown that the most singular part of the distribu-
tional kernel of the albedo operator determines the x-ray transform of the
absorption coefficient. The next most singular part determines the collision
kernel k£ in dimensions 3 and greater. Here we shall show that the first term
determines the geodesic ray transform of o,, namely the integrals of o, along
geodesics of g. In order to recover o, we make the restrictive assumption that
the metric g be “simple.” This means that M is strictly convex with respect
to g and that for any € M the exponential map Exp, : Exp, (M) — M is
a diffeomorphism. This assumption, together with the full set of geodesics
joining boundary points, ensures that the ray transform is invertible (see
[BG]| and [M], and [Sh1] for an extensive treatment of the ray transform).

In the Riemannian setting, an inverse source problem for the stationary
transport equation is addressed in [Sh2] (see also [Sh1]), where k(z,v,v") =
k(x,(v,v")) is assumed to depend on the angle between v and v' and the
object of interest is the reconstruction of an isotropic source term. In [F] the
(time-dependent) radiative transfer equation is derived for a medium with
spatially varying refractive index and with scattering kernel k independent
of position. Such a refractive index is represented by a Riemannian metric.

More is known when the metric is assumed to be Euclidean. The time-
dependent inverse problem was treated in [CS1] and the stationary case in
[CS2]. Stability estimates based on this work were obtained under certain
restrictions in [W].
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The stationary transport equation is used to model the absorption and
scattering of near-infrared light; the determination of the absorption and
scattering properties of a medium from the measurement of the response to
such transmitted light is known as optical tomography and has been applied
to the problems of medical imaging ([A]). For two-dimensional domains,
recent works include [T2], where a homogeneous collision kernel k that is a
function of two independent directions was shown to be uniquely determined;
[SUJ, in which the assumption on homogeneity is dropped and k is assumed
to be small relative to o, with an explicit constant given; and [T1], where
the smallness is removed in the case of weakly anisotropic scattering. In
[SU] the authors prove also a stability estimate; further stability results
may be found in [R]. Note that some kind of smallness does need to be
assumed on k, to ensure that the production rate is in some sense less than
the absorption rate, thus keeping the energy of the system bounded.

This paper is organized as follows: in Section 2 we state our assumptions
precisely, prove solvability of the forward problem given these assumptions,
and demonstrate well-definedness of the boundary albedo operator. In Sec-
tion 3 we construct distribution solutions to (2) with delta-type boundary
conditions. This facilitates determination of the distribution kernel of the
albedo operator as the sum of three terms of differing singularity strengths.
In Section 4 we prove that it is possible to extract from the kernel each of
the singular terms and that these determine the absorption coefficient (in
all dimensions) and the collision kernel (in dimensions 3 and greater).

2. The forward problem and the albedo operator
We begin by defining the volume form on T'M:

Definition 2.1. The Liouville volume form is the canonical 2n-form defined
on T'M that is preserved under the geodesic flow of g. It is the product of
the Riemannian volume form dw(x) on the manifold M and the Euclidean
volume form dv, defined in the tangent space T,M by the metric g, at
x € M (see [KH], for example).

The sense in which the definition above holds is the following: given an
orthonormal basis Y7, ..., Y, for T, M, extend it to an adapted basis of vector
fields in a neighborhood of z by parallel transport with respect to the Levi-
Civita connection of g. If dy? are the forms dual to Y;, the Liouville form is
given by v/detgdz! A--- Adxz™ Ady' A--- Ady". For a fixed chart one can
in principle express this form in terms of the natural basis %, e 6%, and
to do so one must solve the system of differential equations describing the
evolution of the Yj in terms of the % as the basepoint = for T, M varies.
The interested reader can consult Equations (6) and (7) on page 47 of [H]. It
is not possible to express the Liouville form at an arbitrary point in a chart
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without reference to a basepoint. We set LY(TM) = LY(TM,dv, dw(z))
and LY (T, M) = LN(T, M, dv,).
We assume that the pair (0,4, k) is admissible (see [RS]), namely that
0 <o, € L>®(TM),
(3) 0 < k(z,v',) € LYT,M) for a.e. (z,v') € TM,
op(x,v) = [ 3 k(z, 0, v) dvy € L(TM).
Notice that the operators f + o, f and f — [\ k(z,v',v)f(2,v") dv, are
bounded on LY(T'M).

Equation (2) may not be uniquely solvable, so we shall make the following
subcriticality assumptions (see [RS]), which ensure that the problem is well-
posed:

(4) |ToallLos(Tar) < 00 and | TopllLoc(rary < 1.

Furthermore, even in the Fuclidean setting, without further restriction on o,
the albedo operator does not uniquely determine o, (see [CS2]). To remove
this lack of uniqueness, we assume that o, depends only on the speed ||v||4,,
not on the direction:

() 0a(,v) = oa(, [|v]lg,)-

In order to pose the boundary value problem we must specify the volume
form on {(x,v) | z € OM, v € T, M}, in particular on I'y.. If (z,v) € TM,
define (2/,v") € I'_ and ¢t > 0 by

z' = V(m,v)(_’r*(xv U))a v = 7(:v v)( (IL‘ U)) = T*(:U?,U%
and define F': T'_ x R — TM by
F(l‘/, Ula t) = (’Y(m’,v’)(t% ’3/(:1:’,1)’) (t))
Define the product measure du(z’,v")dt on ' x R by
du(z’,v") dt = F*(dv, dw(z)),

where F* is the pullback map defined by F. This measure is similarly defined
on I'y. We denote L'(I'y) = L'(I'y,du(2’,v")). The following lemma is
immediate.

Lemma 2.2. If f € LY(TM) then

T (2’ )
/ o f x, U d’l)xdu) = / /0 f(’}/(z/m/)(t),")/(x/ﬂ)/) (t)) dt du(xljy/).

We define the function space W in which we shall prove solvability of (2)
for boundary functions f_ € L'(I'_). We shall see below that functions f
in W have a well-defined trace in L!(T';). Let

W={f|Df e LN(TM), ' f € LYTM)},
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with norm

1flw = IDfll L1 (rary + ||7'_1f||L1(TM)-

The following trace theorem is proven in [CS2] for the Euclidean metric and
we repeat a sketch of the proof in our setting.

Theorem 2.3. If f(z,v) € W then
I fIrsllzr ey any < IDFllpran + HTﬁlfHLl(TM)'

Proof. Observe that if h, i’ € L([0,a]), for some a > 0, then

1
|h(0)] < 1P|l L2 (j0,a)) + EHhHLl([O,a])-
Let f be as in the hypothesis of the theorem and define
h(t7x/7vl) = f(’?(x/,v’)(t))a (xlvv/) el, 0<t< 7'+(.%',, U/)'

Then

0
Df(;};(x’,'u/) (t)) = %

0 .
- % S0 f(’Y(x’,v’) (t + S))

= Oih(t, 20",

s=0 f (7('7(90’,1/) (®) (3) )

so Oth € LY (TM); therefore, by Fubini’s theorem, d;h € L' ([0, 74 (a',0")])
for a.e. (2/,v"). Next,

/

T+ (xlv’u/) T+ (J’, )
/ |h(s,2',v")| ds < /
0 0

< 1y (2, ) [0eh ] L1 (0,7 (2 0

o) ps
/ Oyh(t, 2/, o) di ds
0

so that h(t,a’,v') is also in L' ([0, 74 (2/,v")]) for a.e. (z/,v'). Thus
£ (@) = [f (Far 1) (0)]

L)
= / ’Df(ﬁy(x/ﬂ)/) (t))‘ dt )
0 1 T+((17 K ) .
) /0 |f (Ve oy (1)) dt.

T4 (2, v

Integrating this inequality over I'_ gives the result. The proof for I'| is
similar. (]

Theorem 2.3 gives that the trace operator, f — f|r,, is continuous from
W into LY (T4, du).
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We proceed now to solve the boundary value problem (2) with flp_ =
f- € LY(T'_, du) and shall do so by reformulating the problem as an integral
equation. First,

Df(x,v) = g(x,v)
flr_=0
has solution

_(z,v)
fav) = /0 0y (s — 7—(2,v))) ds.

To see this, we must calculate the seemingly intractable

) T— (F(a,0) (1)) . -
Df(x,v) = 875’7&:0/0 9Ty ) (8 = T= (T (1)) ) ds.

This simplifies considerably when one observes that

(6) Vo) ) () = V() (5 + 1)
and

(7) T- (V) () =t + 7-(2,0).
Thus

0 t+7—(z,v) .
br= (%‘tzo/o 9(Va) (s = 7-(2,v))) ds

= 9(V(2,)(0)) = g(z,v).
Lemma 2.4. Let f_ be a function on I'_. Then
Df(xz,v) + og(z,v) f(z,v) =0 in TM
flo_ =17
has solution Jf_, where
T (,0) = Bz, 0,0, ~7—(2,0)) - () (~ 7 (@,0)),

and where
t
B,0.5.0) = exp [ a0 o).

Proof. We compute

DE(:U> v,0,—7- ('Tv U)) = 825)1‘,:0 E(;);(x,v) (t)7 0,—7- (’7(:0,11) (t)))

0 —t—7_(z,v) B ]
= Bl ( /0 0w (P +1) p>

— _E(Qj’ v, 0, —Tf(fL‘,U)) O'a(xafu)
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and
0
'Df—(_’(oc,v)(_T_ (% U))) - 7 ‘t:o J- (:);(’V(I,U)(t)) (—T_ (P_);(ocm) (t))))
8 —
- a‘tzo F~(Faw (=7 (2,0))) = 0. O

Proposition 2.5. If ||704||L=~ < oo then J : LY (T'_,du) — W with
I Tf-lw < (L +[lToalle) [ f- Nl au)-
The proof is carried out as in [CS2]. Set

Tof =-Df —oaf, Tlf(l',’l)) = / k(x,v/,v)f(x,’u/) dv,?

=M

and put T' = Ty + T1. We wish to solve Tof + T1 f = 0 with flp_ = f—. To
this end, multiply 7o f = =11 f by E(z,v, —7_(x,v),0). Then

D(E(z,v,—71_(z,v),0)f(z,v)) = —E(x,v, —7_(x,v),0) Tp f (x,v)
= E(Qj‘, v, =T— ($7 U)? 0) Tlf(xa U)
has solution

E(x,v,—7_(z,v),0)f(z,v)

_(x,v)
- /0 E(:Y’(x,v) (t - T- (.’B, U))> —t, 0>(T1f) (:Y’(a:,v) (t - T- (x> U))) dt

7—(z,v)
= /0 E(z,v,—71_(z,v),t — 7—(z,v))(T1f) (’_y’(w,v) (t —7—(x, v))) dt,

where we have used the identities (6) and (7). Define K by
_(z,v)
Kf(x7 U) = _Eil(‘ra v, —T_(.Z', U)a 0) / E(xa v, —T_(.’L', U)a t—7- (x7 'U))
0
: (Tlf) (i(x,v) (t - T- (l’, U))) dt

_(z,v)
= —/ E(z,v,0,t — 7_(x, v))(Tlf)(f_y'(x,v) (t —7_(x, v))) dt.
0
Taking into account the boundary condition f|p_ = f_,
f(x, 1)) = _Kf(xv 1)) + E(LL‘, v, 0’ —T- (SC, U))f— ('7(1,1))(_7—— (x’ U)))’

that is,
(8) (I+K)f=Jf.
Consider the unbounded operators Tof = Ty f and Tf = T f with domains

D(To) = {f € LYTM) | Tof € LY(TM), flr_ =0},

D(T)={feL"TM)|Tfe L (TM), flr_=0}.
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Formally,

_(x,v)
Talf(xvv) = _/0 E($7U>Ovt - Tf(x’v))f(i(az,v)(t - 71(33711))) dt

and, again formally, K = T 7. In the following proposition we show that
on the appropriate spaces these formal statements are precise. Once again,
the arguments mirror those in [CS2].

Proposition 2.6.

(i) The operators 7' Ty' and Ty are bounded on L'(TM).

(i) K = Ty Ty is bounded on LY (T M, dv, dw(z)), the operator norm
of K is bounded by ||Top||r~ < 1, and so I + K is invertible on this
space.

(iii) Equation (8) and hence (2) is uniquely solvable for f— € LY(T'_,dpu)
with solution f € W.

(iv) The albedo operator A : L*(T_,du) — LY (T4, du) is a bounded map.

(v) The operator 7~ T~ is bounded on L'(TM).

Proof. First, if f € L'(TM) then

7 5 fll e eran

T4 (2" ") 1 T—(:Y’(r’,v’)(t)) . .
S/F /0 T/O FVE 0y @) (8 = T=(Far) (1)) ds| dt du

@) @)
< / / / ‘f(’}/(x/,v’)(s)” dsdt d:u
r—Jo 0

T+ (J"/a U/)

T+ (2’ ')
- /F /0 £ Ty ()] ds dpe = 1 £l 22

Next,
1
9) |TaT fllparany < || =0 £l 21 (T
T Lo (TM)
by (4). Tt follows that K = Ty'T; and
(10) |’7—71KfHL1(TM) = HTﬁlT(?lTlfHLl(TM) <|Tafllzreran

< ”TUPHLW(TM)”TilfnLl(TM)

< ”7__1f”L1(TM)7

by (4). Thus (I + K) is invertible on LY(TM, 7 'dv, dw(x)) and (8) has
solution f = (I + K)~'Jf_. We now show that f € W and so has a



312 STEPHEN R. MCDOWALL

well-defined trace. We have
1,
- fllorerany < (1= lTopllLeeiran) I 1Jf—||L1(TM)

—1
< (1= llropllpeeerany) = lpr @ duy

where the last inequality follows from

) 1l < [ [ 0l G (o0 s )

T+ (2’ ')
/ / (', )| f— (', o) dt du(a’, o)

= \|f—||L1(r_,du)-
Since T'f =0 and Df = —o,f + 11 f, we have
IDf Nl rary < (IT0alloorany + 170l Loo(ran) 177 fllpi(ran < o0

from the previous estimate. Thus f € W, and applying Theorem 2.3 we
have f|r, = Af- € LY(T'y,dp) with

JAf ey awy < IDFlpraany + 17 Flloaan
< (1+ 700l oo (Tar) + ||7'Up”L°<>(TM)) ||7'_1f||L1(TM)
< (14 I7oallzoe + Iropllzoe) (1 = I7opllzee) 1= llor e au-
Finally, (v) follows by setting
T !'=T+K)'T,": LYTM) — LYTM, 7 dv, dw(z)). O

3. Singular solutions and the kernel of A

We now solve (2) in the sense of distributions with a singular boundary
condition:

(12) —Df(a:,v)—aa(x,v)f(a:,v)+/ k(z, 0", 0) f(z,0") dv" =0,

wM
flr_ = 5{@,&}(90/, U’),
with (#,0) € T—. Here, d¢; 31(2',0") is a distribution on I'_ defined by
(5{§:,f1}7 (10) = /F 5{£,1§} (lj, U/)(;D($/7 U,) du(l‘lv U,) = (,D(i', {))
Let o_ € C§°(I'~) and ¢ be the solution to

(13) —Dy(z,v) — oa(z,v)p(x,v) + / y k(z,v,0")p(z,v") dv), =0,

olr. = .
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Then
(14) o=UI+K) "Jp_=Jp_—KJo_+T 'K Jp_.

We shall analyze the three terms in this expression for ¢, determining the
distribution kernel of the solution operator ¢_ — ¢ of (13), which solves
(12) in the sense of distributions. This is the content of the following three
propositions:

Proposition 3.1. For the first term in (14) we have

(15) To-(z,0) = | fola,v,2",0) (2, 0) dp(a’, "),

with
7+ (2’ ')
f0($a v, :L'ly U/) = / E(ZL‘, v,0, —7_ (1‘, U)) 6(&0,1})(?@’,1}’)“)) dt.
0
Proof. If ¢ € C§°(T'M) then

(JQO_’ w) 7+ (2’ v')
=l/"/‘ o Gtar oy () Fear.or () dt dpa(s o)
r_Jo

+($,,’Ul)
= / Y- (Jf,, Ul) /O E(i(m’,v’) (t)v 0, _t)w(i(:c’,v’)(t)) dt d”(mlv U/)

(since —7_ (f"y'(x,,v,)(t)) = —t),

7+ (2’ v')
:/ / / gp(z’,v')/ E(z,v,0,—7_(z,v))
M JTyM JT_ 0

: 5(:5,1)) (’7(1’,11’) (t)) dt d#(ﬂﬂ/’ Ul) 7#(% U) dvg dw(l‘),
where (3 7 is the distribution on T'M defined by

o) = [ [ S olean) duds = o(@0).
M JT,M
Thus,
Jp_(z,v) = fo(z, v, 2, v o2, v") du(z',v'),
I

with fp as given in the statement of the proposition. O

Due to our assumptions on the metric, the following parallel translation
map is globally well-defined: given (z,v) € TM and y € M denote by

P(v;z,y) : TyM — T,M the parallel translation of v along the (unique)
geodesic joining x and y.
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Proposition 3.2. For the second term in (14) we have

(16) KJp_(z,v) = / fi(z, v, 20" (2, 0") du(a’,v")
r_

with

filz,v, 2’ v

4+ (' ') T7($U
/ / E(z,v,0,s—71_(z,v))E(z',v',0,7)

(T (1) PG (5= 7 (2, 0))5 Yz (8 = 7 (2, 0)), V) (1))
0 (5= (200} (Varwr) (7)) ds dr
Proof. Consider, for ¢ € CgO(T M),

o) = [ Ko G an) 8GO e’ ),

First, using identities (6) and (7) together with the fact that 7_(z/,v") =0
when (2/,v") € T_, we get

t
KJp_ (’7(90’,1)’)@)) == /0 E(lev Ul’ 2 S)Tl Jo— ('V(x’,v’)(s)) ds,

Ty T (T (5)) = / bO(5) 0 5)
(s)
: JQO— (7(2:’,1}’) (S)v w) dwv(z/yv/)(s)

T“’(w/w’)

and

Jo— (Vo (8), w) = —E(Y(ar 1) (8), W, =T (V(ar 0y (8), w), 0)

0= (T un (99:0) (CT= (Va0 (8), W)
Thus,
(KJo—,v)

17 'U
/ / // E(x' v, t,5)
“/( ) /)(9)M

E(’Y(ac v)(s)aw T—(’V(a: v’)( ) w)70)k(7(x’,v’)($)awv’y(x’,v’)(s))
TP (l’,’l)) w<ﬁ7(x/,v’)( )) dwds dt du(xlv ’Ul)

—

where (Z,7) = (’y(,y(x,’v,)(s),w)(—T_('y(xxyv/)(s),w))); see Figure 1 on the next
page.

We now perform the change of variables from (z,v,t) to (z,v), where
T = Y(ar ) (t) and v = (g ) (t). Then t = 7_(z,v),

7(90’,1)’)(3) = 7(x,v)(3 —7_(z,v)), and ;)’(oc’,v’)(s) = ':Y(a;,v)(s - 7—(2,0)).
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Figure 1.

Using parallel translation we may now introduce a delta distribution to
obtain

(KJp—,9)
-/ [ / / oo () | E(@.0,0,5-7_(z,0))
w M Ty M
By, w,~7(y,w),0)
K PG5 7o) = 5 0)
) o (g (7 ) o v) oy do(y) dis o deo(z),

w= [ 8wely) doty) = ola).

Make another change of variables (y', w ,r) = (Yyu) (—7= (¥, w)), 7-(y,w))
and interchange the order of integration dr du(y’,w")ds to dsdrdu(y’,w’).
We obtain

(KJp—,9)

T+(y/7w/) T,(CE,’U)
:/ ¢(x,v)/ go_(y/,w')/ / E(x,v,0,s — 7_(z,v))
M JT,.M I_ 0 0

~E(y,w',0,r)
k(T (1) Py (5 — 7= (2, 0)); Y (8 — T (2,0)), V(07 (7))
Oy (57— () V) (1) ds dr du(y' s w') dvg dw(w).
Thus we have (16). O
Proposition 3.3. For the third and final term in (14) we have

T 'TV\KJp_(z,v) = folz,v, 2, v o (2,0 du(a’, v")
r_

with fo € L®(T_; W).
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Proof. We have

.L /‘”LM o (5 0 -0

(z,w",0,t — 7_(z,w")) E(Z,w, —7_ (%, w),0)
o (Vo) (—7- (2, w))) dw; dt dw,,

where & = 7y, ) (t — 7—(z, w’)). Take the L'(TM) norm of Ty K Jp_(x,v).
We observe that

(18) | TAK Jp—(z,v)| 1 eran)
<7l prrany—p e lT Kl pian—ian 7~ Jo-ll i
< |lo-llzrr_ du)s

by (9), (4), (10) and (11). Thus by Fubini’s theorem, the integral above
defining T1 K Jp_(z,v) is absolutely convergent for a.e. (xz,v) € TM.

In the distributional sense, we make the following computation of the
distribution kernel of T1 K J: for z € M let S(z) = {v € T,M | ||| = 1}
and extend all functions defined on T, M by zero to be defined on all of
{ro|r>0,0e€ S(:U)} Let (z,v,2’,v") € Ty x I'_. Then, as in (17),

/;/ ”AM )

E(x,w',0,t — 7_(z,w"))E(&,w, —7_(&,w),0)
02 0y (V) (7= (&, w))) dwg dt dw.

We shall cease to write out the arguments of the functions E in order to
compress the presentation. Change the integration over w’ € T, M to polar
coordinates (r,0') € Rt x S(x) and make the change of variables y = & =
Yz i) (t —7—(x,10")). Due to the assumptions on the metric g this is a global
diffeomorphism. Let J be the determinant of the Jacobian of this change of
variables. If v is the unit speed geodesic joining v(0) = y to v(d) = z (for
d > 0), denote by w,(y) = ¥(d) € T, M the (unit) tangent vector of v at x
and denote by w(y) = §(0) € T,M the (unit) tangent vector of y at y. Then

(17) TyKJp_(

(TlKJé(m’ v’))(

(TlKJé(z U/))(x v

/ / / k(. i (y), )k (y, w, ri(y))

()5(x U’)( Yy, )( T*(yaw)))|°]| dwydw(y) 2 dr.
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Change variables again setting (y,w) = ¥« »)(s) and integrate with respect
to du(a’,b'):
(TlKjé(m v’) ZE ’U

(a’,b)
=L ki ($0)20) K ()i (5))
-E()E(- )5@/7”/)(& SOOI ds du(a’ b)) r" 2 dr

oo pry(a’w
:/0 /0 k(2,7 (V(ar,0) (8))5 0) B (T 0y (8)s P (Y(ar 1) (5)))
CE()E(-)|J|dsr"*dr.

Claim 3.4. If o_ € LY(T'_,du) then for (z,v) € TM

(19 (KT )0 = [ KIS o)e- (@) dulal o),

Proof. By the definition of 71K J (see (17)), and manipulating the integral
as above, we obtain

(K Jp-)(x,

o / M/TM 7,0, 0} 0,3 (8 = 7 (7, 0)))

) ( )5(90 v)( (zw)( 7'—( )))dwxdtdw

T4+ (a' )
[ i) )G (9 riGwn ()
0 I_Jo
’ E( ’ )E( ’ )()0— (a/7 b/)"]‘ ds d:u‘(alv b/) "2 dr.

Relabeling (a’,b') as (2/,v’) and interchanging the order of integration from
dsdu(x’,v") dr to dsdrdu(z’,v") we obtain the right-hand side of (19) as
claimed.

From (18) we see that TYK.Jp_ € LY (TM) for all p_ € LYT'_,dpu).
Thus from (19) and the Riesz representation theorem for L'(TM)-valued
functionals, the kernel T1 K J6(y ) (x,v) is in L>(P_(2/,v"); LY (T M)).

Define fo(-,-,2/,v") = T_lTlKJ(S(x/ﬂ,/), where T~! acts on the variables
(z,v) with (2/,v") as parameters. Then

T 'Y\ KJp_(2,v) = falz,v, 2’0" o (2, 0") du(a’, v").
r_

(The interchange of the operator T~ ! and the integration is justified by the
continuity of T™!; see [DU] for example.) We show that fo € L>(T_; W),
so that restriction to (z,v) € T'y is well-defined. By Proposition 2.6, T~ ! is
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bounded from LY(TM) to LY(T M, dv, dw(x)), so

(20) fo € L™ (D LYTM, 7 dv, dw(z))).

Next, Dfs = —oafo+T1fo+TiK ISy vy and fo +— —04f2+T1 fa is bounded
from LY(TM, " dv, dw(z)) to L*(TM) by (3) and (4), so

(21) Dfy € L®°(T_; LY(TM)). a

To summarize our analysis of the terms in (14), we have shown that (13)
has solution

(22) o= fla,v,a',v)p-(@ ) dp(a’ o)

where the integral is in distributional sense and f is the sum of the three
terms given by (15), (16) and fo above. Furthermore, f solves (12) in
the sense of distributions. In other words, f is the distribution kernel of
the solution operator ¢p_ — ¢ of (13). We proceed now to show that the
distribution kernel a(z,v,a’,v") (where (z,v) € T'y, (a/,v") € T_) of the
albedo operator A is the restriction of f to (z,v) € I';.

Theorem 3.5. The distribution kernel o(xz,v,z',v") of A is expressible as
a sum o = ag + oy + ag, with

ag = E(z,v, —7-(2,0),0)0(5, , (—r(z.0))} (2',0")

0
= €Xp </ Ua(i(a:,v) (T)) d?“) 5{’?(1,1)) (—7—(zv))} ($/7 Ul)a

—71_(z,v)

T+ (2’ W) pr—(z,0)
oy = / / E(z,v,0,s — 7_(z,v))E(2',v",0,7)
0 0

k(Yo (1), P (Fa) (5 = T=(2,0)); V) (8 — 7= (2,0)), V(a0 (7))
O (57 o))} (Var ) () ds
g € L°(T_; LY(Ty, du)).

Proof. We have formally o = f; restricted to (z,v) € I'y, j =0,1,2. Let
o_ € Cg*(T'-) and for (x,v) € 'y consider p;(z,v) = [ fjo—du(a’,v").
From (15), changing variables to (y,w) = Y 1) (t), we have

vo(z,v)

/ E ( xz, U)v 0)5{x,v}(y’ w)‘)of (’V(y,w) (_7—* (ya w))) dwy dw
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which justifies the expression for agy. The expression for oy is nothing more
than a restatement of (16) with (x,v) € I'y. That ag € L*(T'_; LY(T'y, du))
follows from (20), (21) and Proposition 2.5. O

4. The solution to the inverse problem

In this section we show that from the distribution kernel « of the albedo
operator A4 we can isolate the terms that differ in strength of singularity.
In dimensions 3 and higher, we isolate ap and a; and show that this yields
the absorption coefficient o, and the scattering kernel k. We are able to do
so because o and oy are delta-type singularities in I'y x I'_ supported on
varieties of differing dimension and as is an L function. In dimension 2, we
isolate g from «, which yields o, but are unable to determine k since in this
case o is in fact a locally L' function and so not distinguishable from as.
We shall use the following global coordinates on T'M: fix p € M and
let {E;} be an orthonormal basis for T,M. Define E, : R" — T,M by
Ey(zt,...,2") = Y 2'E;. Let Exp, : T,M — M denote the exponential
map based at p. Note that Exp,, provides a diffeomorphism from Exp, L)
to M due to our assumptions on the metric. Recall that P(v;x,p) : T,M —
T,M is the parallel translation of v along the unique geodesic joining x and
p. We may now define global coordinates for TM by ¢ : TM — R™ x R™,

d(x,v) = (gZ)l(:v), ¢2(v)) = ((Ep_1 o Expljl)(x), (Ep_1 o P)(v; m,p)).

We first show that one can isolate ap from a. Let ¢ € C§°(R) satisty
0<% <1, 4(0) =1, and [¢(z)dr = 1. Define ¢.(z) = ¢(x/e). Now let
@ : 'y xI'_ — R be a defining function for the support of the distribution
(5{,7(1’1))(_77(137”))}(.%'/,UI); that iS, set

o(x,v,2',0)
= [[61.(") =1 (Y (=7 (@, D) [|* + | 620 =2 (39 (=7 (s 0))) |

where the norm || - || is the Euclidean norm in R™. We have that the support
of 5{7(23 1))(_L(W]))}(ac’, v') is the set {¢(x,v,2’,v") = 0}.

)

Proposition 4.1. The following limit holds in Li (T4, du(z,v)):

loc

lim [ a(z,v,2',0") (Ve 0 @)(x,v,2",0") du(z’,v")

e=0Jr_
0
:exp( / ( )Ua(’y'(x7v)(7"))dr>

where the integral is meant in the sense of distributions.

Proof. When « is replaced by ag the result is immediate. It remains to show
that when « is replaced by a1 and as the limit vanishes. Consider first a;.
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We shall show that the limit vanishes when considered in
Ll ({(x,v) € F-‘r ’ HUng < M}7dll'l’(x7v))7

for any M > 0. Let 0 < x € C§°(R). Then

(23)

0< / / x(lollg)en (@, 0,2, ) (4l © @) (@, 0,20 dps(a’, o) du(, )

+ (') pr—(z,0)
<[ L[ e
Ty

(’Y(m’ v’)(r)v P('y(r v)( - T- (I‘, U)); 'V(m,v)(s - T- (l‘, v))a ’Y(m’,v’)(r)))
: 6{’)/(1.’1))(8—7'7(33,1}))}(V(I/,U,) (7“))(1/)5 © 90)(:737 v, xla U/)
~dsdr du(x’,v") du(z,v)

<[ L[ xwle k')
M Jr,nm JT,M

: (@be o 90)( V(y,w) (T+ (yv w))’ ’7(y,w’) (*7—* (y’ w/))) dw; dwy dw(y),

where (v, w") = Y@ (1), (Y, w) = Yz (s — 7-(x,v)) and we have used
the fact that |lwllg, = (@) (s — 7-(z,0))llg, = llvllg,-
Now

(% © 90) (;Y‘(y,w) (T+(y7 w))? ’?(y,w’) (_t— (y7 wl)))
= v ({161 (g (=7 (0 0) = 81 (g (~7 (3 0)) |
+ H¢2 (;Y(y,w’)(_T—(val))) - ¢2 (7 W) (_T—(y7w>))H2>

= e (H¢1 (’Y(y,w’) (_7—* (y7 w/))) - ¢1 (V(y,w) —T- ya H
+ llga(w') = ga(w)?)
so it follows that there is C depending on v such that

supp (e o ) ('7(y,w) (74 (y,w)), ’?(y,w’)(_t— (v, w/)))
C {(yw',w) € M x TyM x T,M | [’ — wll, < Ce}.

If we set We = {(y,w',w) | |[w' —wl|y, < Ce and |wlly, € suppx}, then
from (23) we have

0< / / x(Iollg2)on (@, 0, 27, 0') (e 0 @) (@, v, 2/, 0') dpa(e’, ) du(, v)
r, Jr_

< /W 10l )y, ' w) du! dew, deo(y)

tending to 0 as A — 0, since x(||v||g,)k(y, w',w) € LY(M x TyM x T,M)
and the measure of W, — 0 as ¢ — 0.
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Finally, for as,
(24)

og/
Ly

< / xllvllg) (@, v, 2!, o) du(a’, o) dp(a, v),
Ve

tending to 0 as A — 0. Here

/ X(HU||91-)O‘2($7 U, xlv UI)(% o 90)(377 v, 33/, U/) d:u(x/7 U,) dll'l’(x7 ’U)

supp (¢ © ¢)(z, v, 2, ')
CVe={(z,v,2",v") €Ty xI_ | [[P(v;2',p) = P(viz,p)lg, < Ce

and [[v'lly,,, [[v]lg, € suppx}
and the limit holds as stated since Theorem 3.5 gives

x(lvllg,) an(,v,a',o') € L'(Ty x T, du(a, v) dp(a’, o))
and the measure of V, tends to 0 as ¢ — 0. U

Theorem 4.2. Suppose M C R", n > 2, is a bounded domain with C*
boundary, that g is a simple Riemannian metric on M, and that assump-
tions (3) and (4) hold. Then from the kernel of A we may determine the
absorption coefficient oq(x,v) = 04(x, ||v]|g,)-

Proof. From A we of course know «; taking the limit as in Proposition 4.1
we obtain

0 0
/ Oal() () dr = / 0al Yoy (), o]} dr

*T_(mﬂ)) 7T_(£E,'U)
for all (%,U) € I'y, where HUOH = ”7(1,1})(0)” (: H’Y(:L‘,U)(t)H for all t)'
That is, we know the integrals of o, along the geodesics joining (z',v") =
Y(zw)(—T-(7,v)) € T and (z,v) € T'y. This is the geodesic ray transform
of the function o, and this transform is invertible. See [Sh1]. O

We work now towards determining k by isolating «;. Fix (y,w,w’) €
M x TyM x T,M with w and w’ linearly independent and let

7 = {fy(y@)(—r_(y,w)) | w e span{w,w’}} C OM.
We let hi be a defining function for the set Z as follows: for z € Z let
v:(t) be the geodesic joining z to y such that v,(0) = z and ~,(1) = v,
and define 7(5.(1)) € TyM to be the orthogonal projection of 4,(1) onto
(span{w,w'})*. Now define hyi(z) = |7(5.(1))|g,- For z € OM, we have
hi(z) = 0 if and only if 2 € Z. Now let ! € C§°(R) satisfy 0 < ¢! < 1,
P1(0) =1, [z (z)de =1 and define ¢, : IM — R by

upe) = ot (M)
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w; concentrates at Z as p approaches 0.

For 0 S S S T(y,w) let Q(S) = ’Y(y,w)(s _T_(ij))’ I;(S) — P(w/,y,g)(s)) c
Ty(5yM, and denote x* = 7y .,y (—7-(y,w")). See Figure 2.

Figure 2.

Define h(s) = Vio(5).5(s)) (—m—(9(s), l;(s))) € OM. Note that h(7—(y,w)) =
x*. It is easily seen that h(s) € Z for each s, so hi(h(s)) = 0. Denote by
w* € Ty«OM the tangent vector

d

ds
since w and w’ are linearly independent, it is readily checked that w* # 0.
Define hy : OM — R by

ha(a') = (Expy! (a7), w")g,. + sgn((Expy- (2'), w")g,. ) [¢1(z') — ¢1(2")|rn.
The function ho has the property that ho = 0 only at 2’ = z*. Furthermore,
if so = 7_(y,w) then

el = [0l 0.
Now let 12 € C5°(R) satisfy 0 < ¢ < 1, %?(0) = 1, [p ¥?(z) dz = 1/|lw*]],
and define 12 by

s=1_(y,w)

1 T
20,y _ ~ 2 (%
V2w = < ().
We shall need one more approximate identity function. Let 1% € C$°(R")
satisfy 0 < ¢® <0, ¥*(0) = 1, [, ¢¥*(x) dz = 1, and define

30\ 3
v = o (2).
Let
W = {(y,w,w') € M x TyM x TyM |w and w’ are linearly independent}.
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Proposition 4.3. If n > 3 and (y,w,w’') € M x TyM x T,M with w and
w’ linearly independent we have

tiy T Timy [ 0307) V(@) 62 (0n(0') = (Pl 1.0))
’ O‘(;Y’(y,w) (T+ <y7 w))a wlv v/) d“(x,a v/)

= E(’V’(y,w) (T+ (y7 w))v 0, =74 (y7 w))E(’?(y,w’) (T— (ya w/))’ 0,7 (y7 w/))
’ k(y’ w, w/),

where the limit holds in L1

loc

(W).

Proof. Replacing « by a and integrating with respect to du(z’,v") we obtain
a multiple of 2 (ha(Y(y,w) (—7-(y,w)))) that (for all sufficiently small ¢) is
zero unless w and w’ are linearly dependent.

Substituting a; for a, changing variables (a,b) = (o 1 (
changing the order of integration from ds db, dw(a) to db, dw(a

T(y,w)
T [ b (b)) 62 (s (- (@)
0 v Jrom

- (@52 (Y (—=7=(a, b)) — 2 (P (w's ¥, Y(ap) (—7(a, b)))))
cE()E()k(a, b, 4w (s — 7-(y,w))) 645 (a) dbg dw(a) ds
7(y,w

= / ’ / w; (V) (=7=(8,))) 92 (h2 (vg,0) (—7-(8,D))))
0 T,M
a3 (¢2 (g (== (5,))) — b2 (P (w3 9, v(g.0) (7= (4, b)))))
’ E( ’ )E( : )k(ga b, V(y,w) (5 — T— (y, 'U)))) dby ds.

Here § = §j(s). Now ¢o(Y(g.0)(—=7-(9,0))) — b2 (P (w5 y, v(5,5) (=7 (5, D))))
equals ¢2(b) — g2 (P(w';y, 4(s))) since our global coordinates ¢o are obtained

r), and inter-
) ds we obtain

by parallel translation. Set P(w';y, §(s)) = 5(3) € Tys)M. The expression
of 12 becomes ¥Z(p2(b) — ¢2(b(s))) and taking the limit as e — 0 (in L')
we obtain

7(y,w) .
/0 V2 (ha(h(s))) E()E(-)k(9(s),b(). Ay m) (s — 7-(y, w))) ds.
Set s = ha(h(s)); then
ds
ds

lw™][ # 0,

s=r_(yw)

and so for sufficiently small ¢, for all s in the support of 12 (hg(h(s))) we
have Z—f # 0 and we may perform the change of variables from s to s in the
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above integral. Since f(h(7—(y,w))) = 0, setting s = (f o h) () we obtain
(for sufficiently small §)

/%W B k(5 D). (5 — 7 () = 5

— E(-)E(-) k(9(5(0)),b(5(0)), Y(yw) (5(0) — 7—(y, w)))
as € — 0, which in turn equals
E(V(y,w) (T-i- (y’ w))’ 0,—74+ (yv w))E( _’(y,w’) (T— (yv w/))7 0,7- (yv w/))k(y7 w, w/)'
Finally, let x(y, w,w’) € C§°(W). Let
G- ={@"v) €T | $1(v) — d1(P(w'sy,2")) € suppy, w' € supp x},
G+ = {(.’L’,”U) = ;);(y,w)(T-‘r(yaw)) € F'i‘ ‘ (y7w) € Sllpr}
Then

(25) /M /TyM /TyM

: X(ya w, U}/)Oég (V(y,w) (T+ (ya w))’ xlv U/) d,u(x', 1}/) dwgl; dwy dw(y)

g (@) Y2 (ha(a”) U2 (92(v) — d2(P(w'sy,2")))

= / / / %( 2 )x (7 xv)(S)aw/)Oéz(x,v,x’,v’)
G+ >()M G_
d,u(.flf v ) dw ) (S) ds d,u(ag ’U)
= 1/ by (") Oy (, 0)7 (2, v)az(z, v, 2", 0) du(e, v) du(z’, ')
EE G_ G+
where

Cy(z,v) = sup / X(’?(x,v)(S),w’) du’ N
X s€[0,7(z,v)] TA,( v)<S>M V(w,v) (8)

The integrand on the last line of (25) is an L! function since 7(z,v)Cy (x,v)
is bounded for (x,v) € suppCy, and ay € L>®(T'_; L' (I'4, du)). Since the
support of zp; is a p-small neighborhood of a 3n-dimensional variety in the
4n — 2-dimensional I'y x I'_, the integral (25) tends to zero as p — 0. This
completes the proof of Proposition 4.3. O

Theorem 4.4. If M C R", n > 3, is a bounded domain with C*° boundary,
g is a simple Riemannian metric on M, and assumptions (3) and (4) hold
then from the kernel of A we may determine the collision kernel k(z,v',v).

Proof. From Theorem 4.2 we can determine o, from A and so determine
E(x,v,s,t); taking the limit as in Proposition 4.3, we can thus determine
k(z,v',v) for v',v € T, M linearly independent. Of course k is an L' function
and so knowing k on such a set of v/, v is equivalent to knowing k. O
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SUFFICIENT CONDITIONS FOR ROBUSTNESS OF
ATTRACTORS

C.A. MORALES AND M.J. PACIFICO

A recent problem in dynamics is to determine whether an
attractor A of a C” flow X is C" robust transitive. By an
attractor we mean a transitive set to which all positive orbits
close to it converge. An attractor is C” robust transitive (or
C” robust for short) if it has a neighborhood U such that the
set (1,0 Y:(U) is transitive for every flow Y that is C" close to
X. We give sufficient conditions for robustness of attractors
based on the following definitions: an attractor is singular-
hyperbolic if it has singularities, all of which are hyperbolic,
and is partially hyperbolic with volume expanding central di-
rection (Morales, Pacifico and Pujals, 1998). An attractor
is C" critically robust if it has a neighborhood U such that
N¢>o0 Y¢(U) is in the closure of the closed orbits of every flow
Y C7 close to X. We show that on compact 3-manifolds all C"
critically robust singular-hyperbolic attractors with only one
singularity are C” robust.

1. Introduction

A recent problem in dynamics is to determine whether an attractor A of a C”
flow X is C" robust transitive or not. By an attractor we mean a transitive
set to which all positive orbits close to it converge. An attractor is C" robust
transitive (or C" robust for short) if it has a neighborhood U such that the
set ()50 Y:(U) is transitive for every flow Y that is C” close to X. We
give sufficient conditions for robustness of attractors based on the following
definitions: an attractor is singular-hyperbolic if it has singularities, all of
which are hyperbolic, and is partially hyperbolic with volume expanding
central direction [MPP]. An attractor is C" critically robust if it has a
neighborhood U such that (7,5 Y;(U) is in the closure of the closed orbits
is every flow Y C" close to X. We show that, for flows on compact 3-
manifolds, all C" critically robust singular-hyperbolic attractors with only
one singularity are C" robust.

Let us state our result in a precise way. Hereafter X; is a flow induced by
a C" vector field X on a compact 3-manifold M. The w-limit set of p € M
is the accumulation point set wx (p) of the positive orbit of p. An invariant
set is transitive if it equals wx (p) for some point p on it.

327
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Definition 1.1. A compact set in M is an attracting set of X if it can be
written in the form (1,,( X¢(U) for some neighborhood U. An attractor is
a transitive attracting set.

See [Mi] where several definitions of attractors are discussed. The central
definition of this paper is the following:

Definition 1.2. An attractor of a C” flow X is C”" robust transitive (or
C" robust for short) if it has a neighborhood U such that (7,5, Y;(U) is a
transitive set of Y for every flow Y that is C” close to X.

Recently the problem of finding sufficient conditions for robustness of
attractors was introduced in [B] and [P]. To deal with it we introduce the
following definitions: a compact invariant set A of X is partially hyperbolic
if there are an invariant splitting TA = E® @ E¢ and positive constants K, A
such that:

1. E? is contracting, namely
|DX,/ES| < Ke ™,  VzeA, Vt>0.
2. E* dominates E€, namely
IDX:/ES|l - [|DX 4/ ES, | < Ke™™, Vo eA, vt>0.

The central direction E° of A is said to be volume expanding if the addi-
tional condition
|J(DX,/ES)| > KeM
holds for all x € A and ¢ > 0, where J( - ) means the Jacobian.

Definition 1.3 ([MPP]). An attractor is singular-hyperbolic if it has sin-
gularities, all of which are hyperbolic, and is partially hyperbolic with vol-
ume expanding central direction.

The most representative example of a C" robust singular-hyperbolic at-
tractor is the geometric Lorenz attractor [GW]. The main result in [MPP]
claims that C' robust nontrivial attractors on compact 3-manifolds are
singular-hyperbolic. The converse is false: there are singular-hyperbolic at-
tractors on compact 3-manifolds that are not C” robust [MPu]. The follow-
ing definition gives a further sufficient condition for robustness of singular-
hyperbolic attractors:

Definition 1.4. An attractor of a C" flow X is C" critically robust if it has
a neighborhood U such that (1, Y;(U) is in the closure of the closed orbits
of Y, for every flow Y that is C" close to X.

Hyperbolic attractors on compact manifolds are C" robust and C” criti-
cally robust for all r. The geometric Lorenz attractor [GW] is an example
of a singular-hyperbolic attractor with only one singularity which is also C”
robust and C7 critically robust. In general singular-hyperbolic attractors
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with only one singularity may be neither C" robust nor C" critically robust
[MPu]. Nevertheless we shall prove that on compact 3-manifolds C” criti-
cally robustness implies C" robustness among singular-hyperbolic attractors
with only one singularity. More precisely:

Theorem A. A C" critically robust singular-hyperbolic attractor with only
one singularity on compact 3-manifolds is C" robust.

This gives explicit sufficient conditions for the robustness of attractors
but they depend on the perturbed flow. E. Pujals is interested in conditions
depending on the unperturbed flow only. It would also be interesting to
determine whether the conclusion of Theorem A holds if we interchange the
roles of robust and critically robust in the statement.

The proof of Theorem A relies on recent work [MP2]. We reproduce the
necessary results in Section 2 for completeness. The proof of Theorem A is
in Section 3.

2. Singular-hyperbolic attracting sets

In this section we describe the results in [MP2], omitting some proofs; see
[MP2] for details. Hereafter X is a C" flow on a closed 3-manifold M.
The closure of B will be denoted by ClI(B). If A is a compact invariant
set of X we denote by Singy(A) the set of singularities of X in A, and by
Perx(A) the union of the periodic orbits of X in A. A compact invariant
set H of X is hyperbolic if the tangent bundle over H has an invariant
decomposition E* @ EX @ E" such that E® is contracting, E* is expanding
and EX is generated by the direction of X [PT]. Stable Manifold Theory
[HPS] asserts the existence of the stable manifold W3 (p) and the unstable
manifold W¥(p) associated to p € H. These manifolds are respectively
tangent to the subspaces E; © Ef;( and E;( ® Ey of T,M. In particular,
W5 (p) and W§(p) are well-defined if p belongs to a hyperbolic periodic
orbit of X. If O is an orbit of X we write W5 (0) = W5 (p) and W (0) =

W (p) for some p € O. We observe that W)S((u)(O) does not depend on
p € O. When dim £®* = dim E* = 1 we say that H is of saddle type. In
this case W$ (p) and W¥(p) are two-dimensional submanifolds of M. The
maps p € H — W3 (p) and p € H — W¥(p) are continuous (on compact
parts). Moreover, a compact, singular, invariant set A of X is singular-
hyperbolic if all its singularities are hyperbolic and the tangent bundle over
A has an invariant decomposition E* @& E° such that E® is contracting, E*
dominates E¢ and E° is volume expanding (i.e., the Jacobian of DX;/E*
grows exponentially as ¢ — 00). Again, Stable Manifold Theory asserts the
existence of the strong stable manifold W3#(p) associated to p € A. This
manifold is tangent to the subspace E, of T,M. For all p € A we define

W5 () = Uer WX (Xi(p)). If p is regular (i.e., X(p) # 0) then W5 (p) is a
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well-defined two-dimensional submanifold of M. The map p € A — W5 (p)
is continuous (on compact parts) at the regular points p of A. A singularity
o of X is Lorenz-like if its eigenvalues A1, Ao, A3 are real and satisfy

)\2<)\3<0<—>\3<>\1

up to some reordering of the eigenvalues. A Lorenz-like singularity o is
hyperbolic, so W5 (o) and W¥ (o) do exist. Moreover, the eigenspace of Ao
is tangent to a one-dimensional invariant manifold W$?(o). This manifold
is called the strong stable manifold of o. Clearly W’ (o) splits W§ (o) into
two connected components. We denote by Wy () and Wy~ (o) the two
connected components of W (o) \ W§’(0).

Let A be a singular-hyperbolic set with dense periodic orbits of a three-
dimensional flow. It follows from [MPP] that every o € Sing(A) is Lorenz-
like and satisfies A N W$*(0) = {o}. It follows also from [MPP] that
any compact invariant subset without singularities of A is hyperbolic of
saddle type. If in addition A is attracting, there is for every p € Perx(A) a
o € Singx (A) such that

WE(p) Wi (o) # 0.
This follows from the methods in [MP1].

For every singular-hyperbolic set A of a three-dimensional flow X and
every Lorenz-like singularity o € Singy (A) we define

Pt = {p € Perx(A) : Wi(p) N W™ (0) # 0},
P~ ={p € Perx(A) : Wx(p) N\W¥™ (o) # 0},
HY} = CI(PT),
Hy =CI(P7).

These sets will play an important role.

Lemma 2.1. Let A be a connected, singular-hyperbolic, attracting set with
dense periodic orbits and only one singularity . Then A = H;; UHx.

Next we state a technical lemma to be used later. If S is a submanifold we
denote by T,.S the tangent space at x € S. A cross-section of X is a compact
submanifold ¥ transverse to X and diffeomorphic to the two-dimensional
square [0, 1]%. If A is a singular-hyperbolic set of X and z € ¥ N A, then z
is regular and so W§ () is a two-dimensional submanifold transverse to X.
In this case we denote by W (x,X) the connected component of W§ (z) X
containing z. We shall be interested in a special cross-section described as
follows: let A be a singular-hyperbolic set of a three-dimensional flow X
and let o € Singy(A). Suppose that the closed orbits contained in A are
dense in A. Then o is Lorenz-like [MPP], and therefore one can describe
the flow using the Grobman-Hartman Theorem [dMP]. Indeed, we can
assume that the flow of X around o is the linear flow A\10;, + A\20z, + N304,
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in a suitable coordinate system (x1,x2,23) € [—1,1]3 around o = (0,0,0).
A cross-section % of X is singular if it corresponds to the submanifolds
Yt ={z3 =1} or ¥~ = {w3 = —1} in the coordinate system (z1,z2,z3).
We denote by [T and [~ the curves obtained by intersecting {2 = 0} with
¥+ and ¥, respectively; these curves are contained in Wy () and Wy~ (o)
respectively. We state without proof the following straightforward lemma:

Lemma 2.2. Let A a singular-hyperbolic set with dense periodic orbits of
a three-dimensional flow X, and fix o € Singx(A). There are singular
cross-sections X7, X7 as above such that every orbit of A passing close to
some point in Wy (o) (resp. Wy~ (0)) intersects Xt (resp. £7). If p €
ANt is close to 1T, then W5 (p,X1) is a vertical curve crossing X7 If
p € Perx(A) and Wi(p) N Wit (0) # 0, then Wi(p) contains an interval
J = J, intersecting I transversally; and the same is true if we replace +
by —.
To prove transitivity we shall use two lemmas:

Lemma 2.3 (Birkhoff’s criterion). Let T be a compact, invariant set of X
such that for all open sets U,V intersecting T there is s > 0 such that
X (UNT)NV #0. Then T is transitive.

Lemma 2.4. Let A be a connected, singular-hyperbolic, attracting set with
dense periodic orbits and only one singularity o. Let U,V be open sets,
p € UNPerx(A) and ¢ € V N Perx(A). If Wi(p) "N Wit (o) # 0 and
Wi(q) N Wy (a) # 0, there exist t > 0 and z € W(p) arbitrarily close to
Wi(p) N\W5 (o) such that Xi(2) € V. The same is true if we replace + by

Let A be a singular-hyperbolic set of X € X" satisfying:
1. A is connected.

2. A is attracting.

3. The closed orbits contained in A are dense in A.

4. A has only one singularity o.

We note that condition 3 implies

(H1) A =Cl(Perx(A)).

Proposition 2.5. Suppose that, for any given p,q € Perx(A), either
L Wi(p) N Wi (o) # 0 and Wit(q) "W T (o) #0, or
2. We(p)NWy (o) #0 and W¥(q) N Wy (o) # 0.
Then A is transitive.
Proof. By Birkhoff’s criterion we only need prove that for all open sets U, V'

intersecting A there exists s > 0 such that X,(U N A) NV # (. For this we
proceed as follows: by (H1) there are p € Perx(A)NU and ¢ € Perx(A)NV.
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First suppose that alternative 1 holds. By Lemma 2.4, there are z € W¥(p)
and t > 0 such that Xy(z) € V. Since z € W¥(p), we have w = X_y(2) € U
for some ¢’ > 0. Since A is an attracting set, w € A. If s =t +t > 0 we
conclude that w € (UNA)NX_4(V) and so Xs(UNA)NV # (. If alternative 2
of the corollary holds we can find s > 0 such that Xs(UNA)NV # @ in a
similar way (replacing + by —). The result follows. O

Proposition 2.6. If there is a sequence p,, € Perx(A) converging to some
point in W3 (o) such that Wi(p,) N W™ (0) # 0 for all n, then A is
transitive. The same s true interchanging + and —.

Proof. Let p,q € Perx(A) be fixed. Suppose that W (p) HW;(’JF(U) # () and
Wi(q) N Wy (o) # 0. By Lemma 2.2 we can fix a cross-section ¥ = X+
through W5 (o) and an open arc J C X N W¥(p) intersecting Wi (o)
transversally. Again by Lemma 2.2 we can assume that p, € X for every
n. Because the direction E* of A is contracting, the size of W5 (p,) is
uniformly bounded away from zero. It follows that there is n large so that J
intersects W (py) transversally. Applying the Inclination Lemma [dMP] to
the saturation of J C W (p), and the assumption W¥(p,) NWg (o) # 0,
we conclude that W¥(p) "W~ (o) # 0. So alternative 2 of Proposition 2.5
holds; it follows from that proposition that A is transitive. O

Proposition 2.7. If there is a € W¥ (o) \ {0} such that o € wx(a), then
A is transitive.

Proof. Without loss of generality we can assume that there exists z in
wx(a) N Wi(o). If Wi(q) N Wy (o) = 0 for all ¢ € Perx(A), then
Wi(q) N Wy () # 0 for all ¢ € Perx(A); see [MP1]. Then A is tran-
sitive by Proposition 2.5 since alternative 1 holds for all p,q € Perx(A). So
we can assume that there is ¢ € Perx(A) such that W¥(q) N Wy (o) # 0.
It follows from the dominating condition of the singular-hyperbolic split-
ting of A that the intersection W¥(q) N W™ (o) is transversal. This allows
us to choose a point in W¥(g) arbitrarily close to Wy () on the side of
Wi(q) "Wy (o) accumulating a. Since A is attracting and satisfies (H1),
one can find a sequence p,, € Perx(A) converging to z € W)S(’JF(U) such that
for all n there is p), in the orbit of p, such that the sequence p), converges
to some point in Wy (0). Now suppose for a contradiction that A is not
transitive. Then Proposition 2.6 implies

W (p) "W (o) =0 and Wi (pn) NWY (0) = 0
for n large. But W¥(p,) = W¥(p),) since p], and p,, are in the same orbit
of X. So Wi(p,) N (W5 (o) UWy ™ (0)) = 0. However

W (pn) N W (o) =0,

a contradiction since Singy (A) = {o}. We conclude that A is transitive. O
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Theorem 2.8. If A is not transitive, there is for alla € W¥ (o) \{o} a per-
iodic orbit O of X with positive expanding eigenvalues such that a € W5 (0).

Proof. Fix a € W¥ (o) \ {0}, and assume that wx (a) is not a periodic orbit.
We will obtain a contradiction once we prove that if p,q € Perx(A) then
p, q satisfy one of the two alternatives in Proposition 2.5. To prove this
we proceed as follows: as noted before, both W (p) and W¥(q) intersect
W5 (o) (see [IMP1]). Then we can assume

Wip)nWit(o) #0  and  Wi(g)n Wy (o) # 0.

By using this and the linear coordinate around o, it is easy to construct
an open interval I = I, contained in a suitable cross-section ¥ = ¥, of X
containing a, and such that I\ {a} is formed by two intervals I C W¥%(p)
and I~ C W%(q). Observe that the tangent vector of I is contained in
E°NTY,. Proposition 2.7 implies that o ¢ wx(a), since A is not transitive.
It follows that H = wx(a) is a hyperbolic set of saddle type; see [MPP].
As in [M] one proves that H is one-dimensional, so Bowen’s Theory of
hyperbolic one-dimensional sets [Bw| applies. In particular we can choose
a family of cross-sections § = {51, ..., S, } of small diameter such that H is
the flow-saturate of H NintS’, where &’ = [J S; and int S’ is the interior of
S’. Also, I C A since A is attracting. Recall that the tangent direction of
I is contained in E°. Since E° is volume expanding and H is nonsingular,
the Poincaré map induced by X on &’ is expanding along I. As in [MP1,
p. 371] we can find § > 0 and a open arc sequence J, C S’ in the positive
orbit of I with length bounded away from 0 such that there is a, in the
positive orbit of a contained in the interior of J,. We can fix § = 5; € S
in order to assume that J, C S for every n. Let x € S be a limit point of
an. Then z € H NintS’. Because I is tangent to E°, the interval sequence
Jn, converges to an interval J C W¥(x) in the C! topology (W¥(x) exists
since x € H and H is hyperbolic). J is not trivial since the length of .J, is
bounded away from 0. If a,, were in W§ (x) for n large we would conclude
that z is periodic by [MP1, Lemma 5.6], a contradiction since wx (a) is not
periodic. We conclude that for infinitely many values of n, a, ¢ W5 (x).
Since J, — J and A has strong stable manifolds of uniformly size, there
exists

Zn € (W}%(anH) N S) N (Jn \ {an})
for all n large. For every n let J;F and J,, be the two connected components
of Jy \ {a,}, with J;" in the positive orbit of I and J;; in the positive orbit
of I~. Clearly, either z, € J,} or z, € J,,.
If z, € J, there is v,41 € Perx(A) N S close to a,+1 such that

Wi(np) N A0 and  Wi(vayr) N T, #0.

Since vp41 is periodic, it follows from [MPP] that W (v,41) intersects
W3 (o) or Wi~ (o). The choice of v, implies that its orbit passes close
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to a point in Wy~ (o). Since A is not transitive we conclude that W (vy41)
intersects Wg (o). Since W§(vnp41) N J;F is transversal, the Inclination
Lemma then implies W¥(p) N W3~ (o) # 0. Hence

Wxp) "Wy (0)#0 and Wg(q) NWy (o) # 0.
If z, € J, we can prove by similar arguments that
W)Wy (o) #0  and  Wi(q) NWy' (o) # 0.

These alternatives yield the desired contradiction. Therefore wx(a) = O for
some periodic orbit O of X. To finish we prove that the expanding eigenvalue
of O is positive. Suppose by contradiction that it is not. Fix a cross-section
> intersecting O in a single point pg. This section defines a Poincaré map
II : DomIl C ¥ — ¥ of which py is a hyperbolic fixed-point. The as-
sumption implies that DII(pg) has negative expanding eigenvalue. Because
po € Perx(A), it follows from [MPP] that W (po) intersects Wy (o) or
W5 (o). We shall assume the former case since the proof in the latter is
similar. We claim that W (p) N W5 (o) # 0 for all p € Perx(A). Indeed,
let p € Perx(A) be fixed. Again W (p) intersects W5 (o) or W5 (o). In
the first case we are done. So we can assume that W¥(p) N Wg (o) # 0.
By flow-saturating this intersection we obtain an interval K C W§(p) N3
intersecting W (po, X) transversally. At the same time, there is an interval
J C W5 (o) NY intersecting W (po, X) transversally. Since the expanding
eigenvalue of DII(pg) is negative the Inclination Lemma implies that the
backward iterates II™"(J) of J accumulate on W (po, X) in both sides. Be-
cause K has transversal intersection with W§ (poX) we conclude that one
such backward iterate intersects K, and this yields Wi (p) "Wy (o) # 0 as
desired, proving the claim. The claim together with Proposition 2.5 implies
that A is transitive, yielding the contradiction needed to complete the proof
of theorem. 0

Hereafter we shall assume that A is not transitive. Let a € W§(o)\{c} be
fixed. By Theorem 2.8, a € W (O) for some periodic orbit O with positive
expanding eigenvalue. This last property implies that the unstable manifold
W¥(0) of O is a cylinder with generating curve O. Then O separates
W4 (O) into two connected components, which we denote by W™t W~
according to the following convention (see Figure 1): there is an interval
I = I,, contained in a suitable cross-section of X and containing a, such
that if 77,1~ are the connected components of I\ {a} then It C W¥(p)
and I~ C W¥(q) for some periodic points p,q € A (recall that A is not
transitive). In addition I is tangent to the central direction E¢ of A (see
Figure 1). Since a € W§(0) and I is tangent to E°, the flow of X carries
I to an interval I’ transverse to W§(O) at a. Note that the flow carries I
and /I~ into ISF and I, respectively.
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Definition 2.9. We denote by W** the connected component of W*\ O
that is accumulated (via the Inclination Lemma and the Strong A Lemma
[dMP, D]) by the positive orbit of I. We denote W%~ the connected
component of W§(0O) \ O accumulated by the positive orbit of I .

,,,,,,,,,,,,

+

p ( )
S+

W v

w S
Figure 1. Definition of W** and W%,

It can easily be proved using the Strong A\ Lemma [D] that this definition
does not depend on p, q, Jp, Jy.

Proposition 2.10. W%t N Wy (o) = 0 and W N WgT (o) # 0. The
same is true interchanging + and —.

Proof. For simplicity set W = W*™*. First we prove that WNWy ™ (o) = 0.
Suppose for a contradiction that W N Wy (o) # 0. Since this last in-
tersection is transversal, there is an interval J C Wy (o) intersecting W
transversally. Now, fix a cross-section ¥ = X1 as in Lemma 2.2 and let
p € Perx(A) be such that Wi(p) N Wy T (o) # 0. Then there is an small
interval T C W(p) N Y transversal to & N Wy (o). By the definition of
W = W%+ (Definition 2.9), the positive orbit of I accumulates on W. Since
J is transversal to W the Inclination Lemma implies that the positive orbit
of I intersects J. This proves W¥%(p) N Wy () # 0 for all p € Perx(A).
It follows that alternative 2 of Proposition 2.5 holds for all p, ¢, which con-
tradicts the nontransitivity of A and proves that W N Wy (o) = 0, as
desired. Now suppose for a contradiction that W N Wy ¥ (o) = §. Since
WNW3g™ (o) = 0 we obtain WNW$ (o) = 0 (see [MPP]). But the denseness
of periodic orbits and the Inclination Lemma imply that W N W% (o) # 0.
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This is a contradiction, which proves that W N W)S(’JF(O') # (). The result
follows. O

Proposition 2.11. H* = Cl(W**) and H~ = Cl(W™ ™).

Proof. Fix ¢ € P, ie., Wi(q) N Wit (o) # 0. Note that Wt n W5 (o)
is nonempty by Lemma 2.10. Using (H1) and the Inclination Lemma it is
not hard to prove that W%* accumulates on ¢; therefore HT C Cl(W™T).
Conversely let z € W*T be fixed. By (H1) and W** C A there is z in
Perx (A) near z. Choosing z close to & we ensure that W§(z) N W™t #£ 0,
because stable manifolds have size uniformly bounded away from zero. If
Wi(z) N Wy (o) # 0, the Inclination Lemma and the fact that W§(z)

intersects W** imply that W* N Wy~ (o) # 0. This contradicts Proposi-
tion 2.10, so W¥(z) NWg~ (o) = 0. By [MP1] we obtain z € P*, proving
that x € H' and the lemma. O

Proposition 2.12. If z € Perx(A) and W§(z) N W%t £ (), then
CI(W5(2) n W) = CL(W™™T).
The same is true if we replace + by —.

Proof. We have shown that CI(Wg (o) N W) = CI(W**). Fix 2 €
W+, By (H1) there is w € Perx(A) close to z. In particular W (w)
intersects W+, If Wi(w) N Wi (o) = 0 then Wi (w) "Wy~ (o) # 0 by
[MP1]. It follows from the Inclination Lemma that Wt N W§g ™ (o) # 0,
contradicting Proposition 2.10. We conclude that W (w) N W™ (o) # 0.
Note that W5 (w)NW™ T £ () gets close to x as w — . Since the intersection
W (w) N W;(’Jr (o) # 0 is transversal we can apply the Inclination Lemma
to find a transverse intersection W™+ N W5 (o) close to z. This proves
CIWgT (o) N W) = CW®H). Finally we prove Cl(W$(2) N W*T) =
CL(W™*). Choose z € W**. Since CLWg™ (o) N W™T) = C(W™™) there
is an interval I, C W** arbitrarily close to = such that I, N W™ (o) # 0.
The positive orbit of I,, first passes through a and then accumulates on W%,
But W5 (2) NW** # () by assumption. Since this intersection is transversal
the Inclination Lemma implies that the positive orbit of I, intersects W (z).
By taking the backward flow of the last intersection we get W5 (z) N1, # 0.
This proves the lemma. O

Given z € Perx(A), let Hx(z) be the homoclinic class associated to z.
Proposition 2.13. If z € Perx(A) is close to a point in W%, then
Hx(z) = Cl(Wu’+>.

The same is true if we replace + by —.
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Proof. Let z € Perx(A) be a point close to one in W**. It follows from the
continuity of the stable manifolds that W§(z) N W*™ 2 (. We claim that
Hx(z) = C(W**). Indeed Wt NW3™ (o) = 0 by Proposition 2.10. This
equality and the Inclination Lemma imply that W (2)N\W$ (o) € W™ (o).
By Proposition 2.12, W5 (z) NW*™ is dense in W™ since W§ () NW™™T #
(. Let X be a cross-section containing pp and fix € W* ™. We can assume
x,2 € %, Since Wi(2) NW§(0) # 0 and Wi(2) N W3 (o) C W™ (o) there
is an interval I C W(z) intersecting Wy (o). Then the positive orbit
of I yields an interval J close to o intersecting W5 (o). In addition, the
positive orbit of J yields an interval K whose positive orbit accumulates
W4T (recall Definition 2.9). Since W§(z) N W*™ is dense in W** and
x € W™, the orbit W§(z) passes close to z. The Inclination Lemma
applied to the positive orbit of K yields a homoclinic point z’ associated to
z which is close to x. This proves that x € Hx(z), so CLW®*) C Hx(z).
The opposite inclusion is a direct consequence of the Inclination Lemma
applied to W§(z) N W**t # (. We conclude that CL{W**) = Hx(z) as
desired. ]

Theorem 2.14. Let A be a singular-hyperbolic set of a C” flow X on a
closed three-manifold, where r > 1. Suppose that the following properties
hold:

1. A is connected.

2. A is attracting.

3. The closed orbits contained in A are dense in A.
4. A has a unique singularity o.

5. A is not transitive.

Then HT and H™~ are homoclinic classes of X.

Proof. Let A be a singular-hyperbolic set of X satisfying the theorem’s con-
ditions. To prove that H™" is a homoclinic class it suffices by Proposition 2.11
to prove that CI(W%1) is a homoclinic class. By condition 3 of the Theo-
rem we can choose z € Perx(A) arbitrarily close to a point in W*%*. Then
Cl(W**) = Hx(z) by Proposition 2.13 and the result follows. O

3. Proof of Theorem A

First we introduce some notations. Hereafter M is a compact 3-manifold and
X" is the space of C" flows in M equipped with the C” topology, > 1. The
nonwandering set of X € X" is the set Q(X) of points p € M such that for
all neighborhood U of p and T > 0 there is ¢t > T such that X;(U)NU # 0.
An attracting A with isolating block U has a continuation A(Y) for Y C”"
close to X defined by A(Y) = [V, Y:(U). This continuation is then defined
when A is an attractor. A compact invariant set is nontrivial if it is not a
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closed orbit of X. Transitive sets for flows are always connected. The proof
of Theorem A is based on the following result:

Theorem 3.1. Let A be a singular-hyperbolic set of X € X", r > 1. Sup-
pose that the following properties hold:

1. A s connected.

2. A is attracting.

3. The closed orbits contained in A are dense in A.
4. A has only one singularity.

5. A is not transitive.

Then for every neighborhood U of A there is a flow Y that is C" close to X
and such that
AY) ¢ QY).

To prove this theorem we shall use the following definitions and facts: let
X € X" and let A be a singular-hyperbolic set of X satisfying the conditions
of the theorem. Let o be the unique singularity of A. As mentioned on
page 330, o is Lorenz-like. As in Section 2, W§’(o) divides W (o) into
two connected components, which we denote by W™ (o) and W5~ (o), or
W+ W$™ for short. Recall that Perx (A) denotes the union of the periodic
orbits of X in A. Fix such a € W¥(o)\{c}. By Theorem 2.8, wx(a) = O for
some periodic orbit with positive expanding eigenvalues of X. In particular,

Wt and W%~ are defined (Definition 2.9).
Lemma 3.2. CI(W*T)NnWs™ ={.

Proof. Suppose for a contradiction that CI{(IW%T)NW*~ = (. By Lemma 2.2
there is a singular cross-section %~ such that every orbit of A passing
close to some point in W)S(’_(a) intersects X~. Let ¢ € A be periodic
such that W¥%(q) N Wg (o) # 0. Since CI(W™T) N W~ # (), we have
CI(W»T)N X~ # (. Because closed orbits are dense we can prove that
q € CL(W™™T). Tt follows that H~ C Cl(W™™), so A = CI(W**) by Lemma
2.1. Also, since A is not transitive, H = CI(W™™") (Proposition 2.11) and
HT is a homoclinic class (Theorem 2.14). Since homoclinic classes are tran-
sitive sets we conclude that A is transitive, a contradiction. This proves the
result. O

Lemma 3.3. Let D be a fundamental domain of W (po) contained in
Ww*, There exist a neighborhood V of D and a cross-section ¥~ of X
intersecting W5~ satisfying the following properties:

1. Every X -orbit’s sequence in A converging to a point in W5~ intersects

3.

2. No positive X -orbit with initial point in V intersects %~
Proof. Fix a fundamental domain F' of W§ (o) and define F~ = FNWy ™ (o)
Then there is a compact interval F/ C F~ such that AN F~ C F'. By
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Lemma 3.2 there is € > 0 such that B.(ClW®%*)) N B.(F') = 0. Clearly we
can choose a cross-section X~ of X inside B¢(F’) such that every X-orbit’s
sequence in A converging to some point in W%~ intersects ¥ . Since W
is invariant and CI(W%*) N B(F') = (), every positive orbit with initial
point in D cannot intersect 3~. By using the contracting foliation of A we
have the same property for every positive trajectory with initial point in a
neighborhood V' of D. This proves the result. O

Now we define a perturbation (pushing) close to a point a € W (o) \ {c}.
To this end we fix the following cross-sections:

1. ¥, containing «a in its interior.

2. Y =X, (2).

3. Yo, intersecting O in a single interior point.

4. ¥, ¥, which intersect W™, W* ™~ respectively, and point toward

the side of a.

Every X-orbit intersecting ¥ U X~ will intersect 3. Note that there is a

well-defined neighborhood O given by

O = Xo,1)(Xa)-
This neighborhood will be the support of the pushing described in the Fig-

ures 2 and 3. The pushing in O yielding the perturbed flow Y of X is
obtained in the standard way (see [dMP]).

Figure 2. Unperturbed flow X.

We have to prove that A(Y) ¢ Q(Y) for the perturbed flow Y. For
this purpose we observe that by 5 of Theorem 3.1 and Proposition 2.5 we
can assume that there ¢ periodic in U such that W¥%(q) N Wy (o) # 0.
We obtain in this way an interval K in ¥~ N W¥(g) crossing X7 as in
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Figure 3. Perturbed flow Y.

Figure 3. The Y-flow carries K to an interval K” as in Figure 3. Let
q(Y), W(q(Y)), K"(Y),o(Y) denote the continuation of these objects for
the perturbed flow Y. We observe that K(Y) C A(Y) since A(Y) is an
attracting set, ¢(Y) € A(Y) and K C W¢(q(Y)). Then Theorem 3.1 will
follow from the lemma below:

Lemma 3.4. K(Y) ¢ Q(Y).

Proof. Suppose for a contradiction that K(Y) C Q(Y') and pick x € Int K(Y),
the interior of the interval K (Y). The flow of Y carries the points near x
to the neighborhood V' depicted in Figure 3. This neighborhood is obtained
by saturating a fundamental domain in W% by the strong stable manifolds
[HPS]. Note that there are points 2’ near z that back up close to x under
the forward flow of Y (z € K(Y) C Q(Y)). In particular, the positive Y -
orbit of ' returns to ¥~. At the same time, Lemma 3.3-2 implies that no
X-orbit starting in V intersects X ~. Since X = Y outside O we conclude
that the positive Y-orbit of z’ intersects ¥ . Afterward this positive orbit
passes through the box O and arrives to V. By repeating the argument we
conclude that the positive Y -orbit of ¥’ never returns to ¥, a contradiction.
The lemma is proved. O

Proof of Theorem A. Let A be a singular-hyperbolic attractor of a C” flow
X on a compact 3-manifold M. Assume that A is C" critically robust and
has a unique singularity o. Denote by A(Y') = [,5 Y:(U) the continuation
of A in a neighborhood U of A for Y close to X. Denote by C(Y) the union
of the closed orbits of a flow Y. Since A is C" critically robust, there is a
neighborhood U of A such that A(Y)NC(Y) is dense in A(Y") for every flow
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Y that is C" close to X . Clearly A(Y") is a singular-hyperbolic set of Y for all
Y close to X. Because A has a unique singularity, so does A(Y'). Now recall
that A is an attractor by assumption. In particular, A is transitive (recall
Definition 1.1). It follows that A is connected and so the neighborhood U
above can be arranged to be connected. Then A(Y') is connected as well.
Summarizing, A(Y) is a singular-hyperbolic set of Y satisfying conditions
1-4 of Theorem 3.1. If A is not C" robust, we can find a Y that is is C" close
to X and such that A(Y") is not transitive. Then A(Y) satisfies all conditions
of Theorem 3.1, and we can find a Y’ that is C" close to Y and such that
AY') ¢ Q(Y’). This is a contradiction, since A(Y’) C Q(Y’) (recall that
AY')NnC(Y’) is dense in A(Y”)). This contradiction proves the result. [
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ALGEBRAIC D-GROUPS AND DIFFERENTIAL GALOIS
THEORY

ANAND PILLAY

We discuss various relationships between the algebraic D-
groups of Buium, 1992, and differential Galois theory. In
the first part we give another exposition of our general dif-
ferential Galois theory, which is somewhat more explicit than
Pillay, 1998, and where generalized logarithmic derivatives on
algebraic groups play a central role. In the second part we
prove some results with a “constrained Galois cohomological
flavor”. For example, if G and H are connected algebraic
D-groups over an algebraically closed differential field F', and
G and H are isomorphic over some differential field exten-
sion of F', then they are isomorphic over some Picard—Vessiot
extension of F'. Suitable generalizations to isomorphisms of
algebraic D-varieties are also given.

1. Introduction

We work throughout with (differential) fields of characteristic zero. In
[8] the notion of a generalized differential Galois extension (or generalized
strongly normal extension) of a differential field was introduced, generalizing
Kolchin’s theory of strongly normal extensions, which in turn generalized
the Picard—Vessiot theory. The idea was to systematically replace alge-
braic groups over the constants by “finite-dimensional differential algebraic
groups”, to obtain new classes of extensions of differential fields with a good
Galois theory. This idea (almost obvious from the model-theoretic point of
view) was implicit in Poizat [11] who gave a model-theoretic treatment of
the strongly normal theory. However the “correct” definition of a generalized
differential Galois extension needed some additional fine-tuning. Neverthe-
less, our exposition of this general theory in [8] was overly model-theoretic,
and possibly remained somewhat obscure to differential algebraists. We try
to remedy this in the current paper by concentrating on the differential equa-
tions that have a good Galois theory, very much in the spirit of Section 7,
Chapter IV of Kolchin’s book [4]. The key notion is that of a generalized
logarithmic derivative on an algebraic group G over a differential field K
(a certain kind of differential rational map from G to its Lie algebra). We
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will see that such a generalized logarithmic derivative is essentially equiv-
alent to an algebraic D-group structure on G (in the sense of Buium [3]).
Our resulting exposition of the generalized differential Galois theory will be
equivalent to that in [8] when the base field K is algebraically closed. The
general situation (K not necessarily algebraically closed) can be treated us-
ing analogues of the V-primitives from [4, IV.10], and we leave the details
to others.

Let me now say a little more about the generalized logarithmic derivatives,
and how they tie up with the Picard—Vessiot /strongly normal theory. Let us
fix a differential field K, and assume for now that the field C'x of constants
of K is algebraically closed. A linear differential equation over K, in vector
form, is dy = Ay, where y is a n X 1 column vector of unknowns and A is
an n X n matrix over K. Looking for a fundamental matrix of solutions,
one is led to the equation on GL,: dY = AY, where Y is a n X n matrix
of unknowns ranging over GL,,, which we can write as (Y)Y ! = A. Now
the map Y — 9(Y)Y ! is the classical logarithmic derivative, a first-order
differential crossed homomorphism from GL, into its Lie algebra, which is
surjective when viewed in a differentially closed overfield of K. A Picard—
Vessiot extension of K for the original equation is then a differential field
extension L = K(g), where g € GL, is a solution of (Y)Y ! = A, and
Cr = Ck. Such an extension exists, and is unique up to K-isomorphism.
The group of (differential) automorphisms of L over K has the structure of
an algebraic subgroup of GL,,(Ck), and there is a Galois correspondence.

In place of GL,, one can consider an arbitrary algebraic group G defined
over K (not necessarily linear and not necessarily defined over the constants
of K). By a generalized logarithmic derivative on G we will mean a first-order
differential rational crossed homomorphism p from G to L(G), defined over
K, such that p is geometrically surjective (that is, surjective when viewed in
a differentially closed overfield) and such that Ker (u), a finite-dimensional
differential algebraic subgroup of G, is Zariski-dense in G. The analogue of
a linear differential equation over K will then be an equation

() p(z) = a,

where x ranges over G and a € L(G)(K).

Under an additional technical condition on the data, analogous to the
requirement that the field of constants of K be algebraically closed, we can
define the notion of a differential Galois extension L of K for the equation
(%), prove its existence and uniqueness, identify the Galois group, and obtain
a Galois correspondence. In the case where G is defined over the constant
field C'x and p is the standard logarithmic derivative of Kolchin, we recover
Kolchin’s strongly normal extensions (see Theorem 6, Section 7, Chapter IV

of [4]).
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For G an algebraic group over the differential field K, an algebraic D-
group structure on G is precisely an extension of the derivation 0 on K to
a derivation on the structure sheaf of GG, respecting the group operation.
Algebraic D-groups belong entirely to algebraic geometry, and Buium [3]
points out that there is an equivalence of categories between the category of
algebraic D-groups and the category of Jp-groups, finite-dimensional differ-
ential algebraic groups. The latter category belongs to Kolchin’s differential
algebraic geometry. On the other hand, there is essentially a one-to-one
correspondence between algebraic D-group structures on G and generalized
logarithmic derivatives on G. So our general differential Galois theory is in
a sense subsumed by the very concept of an algebraic D-group.

Details of the above will be given in Sections 2 and 3, including a “Tan-
nakian” approach and an examination of different manifestations of the dif-
ferential Galois group.

In Section 4 we will give another relation between algebraic D-groups and
the Picard—Vessiot theory: if two algebraic D-groups over an algebraically
closed differential field are isomorphic (as D-groups) over some differential
field extension of K, then such an isomorphism can be found defined over a
Picard—Vessiot extension of K. This uses Kolchin’s differential Lie algebra,
and strengthens the somewhat artificial results from [9]. We will also give
some related results on isomorphisms between algebraic D-varieties, using
differential jets (higher-dimensional versions of differential tangent spaces).

2. Algebraic D-groups

We will briefly describe the algebraic D-groups of Buium in a matter suitable
for our purposes. We also introduce the generalized logarithmic derivative
on an algebraic group induced by a given D-group structure. We refer to
[6] for a discussion of related themes.

Let us fix an ordinary differential field (K, ). For convenience we also
give ourselves a differential field extension (U, 9) of (K, ) that is “universal”
with respect to (K,0). Namely, U has cardinality x > |K|, and for any
differential subfield F' < U of cardinality < s and differential extension L
of K of cardinality < k there is an embedding (as differential fields) of L
into U over K. Ck denotes the field of constants of K, and C the field of
constants of U.

We begin by recalling the tangent bundle of an algebraic variety or group
over K (in which the derivation on K plays no role).

Let X be an algebraic variety over K (maybe reducible). The tangent
bundle T'(X) of X is another algebraic variety over K, with a canonical
surjective morphism 7 (over K) to X, and is defined locally by equations:
>, 0P/0xi(x1,...,xn)v; = 0 for P polynomials over K generating the ideal
of X over K. If X = G is an algebraic group over K, then T(G) has the
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structure of an algebraic group over K such that the canonical projection to
G is an (algebraic) group homomorphism. The group operation on T'(G) is
obtained by differentiating the group operation of G. That is, if f(—,—) is
the group operation on G and (g, u) and (h,v) are in T(G) then the product
(g,u) - (h,v) equals (g - h,dfyp(u,v)). Note that if A9, p? denote left and
right multiplication by g in G, then we have:

(%) In T(G), (g,u)- (hyv) = (g-h, d(N)p(v) + d(p")g(u)).

We will denote T'(G)e, the tangent space of G at the identity, by L(G)
(for the Lie algebra of G). Then L(G), with its usual vector space group
structure, is a normal subgroup of T'(G), and we have the exact sequence
0 — L(G) = T(G) — G — {e} of algebraic groups (over K). We denote by
i: L(G) — T(G) the natural inclusion, and by 7 : T(G) — G the canonical
surjection above.

Note that G acts on L(G) (denoted (g,a) — a9) by the adjoint map
(differentiating conjugation by g € G at the identity). And this “coincides”
with the action of T'(G) on the normal subgroup L(G) by conjugation: for
a € L(G) and g € G, a9 = wax~! for any z € T(G) such that 7(x) = g.

For a € L(G), we let l, and 7, denote the left and right invariant vector
fields on G determined by a. Namely for g € G, l,(9) = d(\)c(a) and
ra(g) = d(p?)e(a).

A K-rational splitting of T(G) as a semidirect product of G and L(G) is
given by either of the equivalent pieces of data:

(a) a K-rational homomorphic section s : G — T(G) (that is 7o s = id);

(b) a K-rational crossed homomorphism h from T'(G) onto L(G) such that
hoi =1id. (By definition a : T(G) — L(G) is a crossed homomorphism
if a(zy) = a(z) + raly)z™t)

Note that the set of these K-rational splittings has the structure of a
commutative group. For example, using the data in (a), if s1,s2 are K-
rational homomorphic sections of the tangent bundle, and s;(g) = (g, u;) for
i = 1,2 then (s1 + s2)(g9) = (g, u1,+uz2). The identity element is just the
0-section s¢(g) = (g,0), which is a K-rational homomorphic section. Let
Pr (G) denote this commutative group of K-rational splittings of T'(G). We
denote the crossed homomorphism from 7'(G) onto L(G) corresponding to
the identity of Px (G) by ho : T(G) — L(G), and the crossed homomorphism
corresponding to the homomorphic section s by h.

Remark 2.1.

(i) ho(g,u) = d(p? " )g(w).
(ii) More generally, if s is a K -rational homomorphic section of T(G) — G,

then hy(g,u) = d(p9 ")y u — s(g)).
Proof. This follows directly from formula (x) for multiplication in 7(G). O
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Let us now bring in the differential structure. Assume for now that the
algebraic variety X is defined over C the field of constants of K. Then it is
easy to see that if a € X () then working in local coordinates with respect
to a given covering of X by affine varieties over Ck, (a,0(a)) € T(X). If
in addition X = G is an algebraic group defined over Ck, then the map
V : GU) — T(G)U) taking g to (g,0(g)) is a group embedding. Let
ID : GU) — L(G)(U) be defined by ID(g) = ho(g,9(g)). Then (D is
a “differential rational” crossed homomorphism defined over K, which is
precisely Kolchin’s logarithmic derivative. The map [D depends on hg, and
clearly any other h € P (G) gives rise to another differential rational crossed
homomorphism (over K) from G(U) onto L(G)(U).

Remark 2.2. Suppose G is defined over Cx. Then:
(i) The (standard) logarithmic derivative ID : G(U) — L(G)(U) is given
-1
by ID(g) = d(p? ")g(d(9))-
(ii) ID is surjective.

(iii) Ker(ID) is precisely G(C).

Proof. (i) follows from Remark 2.1.

(ii) Let @ € L(G)(U). Then a determines the right invariant vector field
re : GU) — T(G)(U). As U is differentially closed, the main result of [7]
gives g € G(U) such that 9(g) = r4(g), hence (by (1)), (D(g) = a.

(iii) is obvious from (i). O

Let us now work in a more general context, dropping our assumption
that the variety X is defined over Cx. Then for a € X(U), (a,0(a)) may
no longer be a point of T'(X) but rather a point of another bundle 7(X)
over X, which we now describe. For P(z1,...,x,) a polynomial over K, let
P9 denote the polynomial obtained from P by applying 9 to its coefficients.
(So P? = 0 if P is over C¢.) Then 7(X) is defined locally by equations:

Z@P/axi(xl, o an)vi+ P22y, .. 1) =0,

where P again ranges over polynomials in the ideal of X over K. (That
is, these affine pieces fit together to give an algebraic variety 7(X) over K,
together with a canonical projection from 7(X) to X.) It is immediate that
(a,0a) € 7(X) for a € X(U). It is also immediate that for each a € X,
7(X), is a principal homogeneous space for the tangent space T'(X),, where
the action is addition (with respect to local coordinates above). Moreover
this happens uniformly, making 7(X) a torsor for the tangent bundle T'(X).
In any case, if X is defined over C, then 7(X) coincides with 7'(X'). By an
algebraic D-variety over K we mean a pair (X, s) such that X is an algebraic
variety over K and s : X — 7(X) is a regular section defined over K.
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Now assume again that X = G is an algebraic group over K. Then
7(G) has the structure of an algebraic group over K such that the canon-
ical projection 7(G) — G is a homomorphism. In local coordinates, as-
suming that multiplication in G is given by the sequence of polynomials
f= (fi(xla sy Tns Y1, >yn))i=1,”.,n over K, then for (gvu)a (h,U) € T(G)>
the product of (g,u) and (h,v) in 7(G) is given by

(g “h, df(g,h)(u7v) + (f?(ga h)a SRR fr?(ga h)))
We again have the map V : G(U) — 7(G)(U), given (in local coordinates)
by V(g) = (9,0(g)) and this is a group embedding.
So we have two K-algebraic groups T(G) and 7(G). Although these
need not be isomorphic as algebraic groups, they are “differential rationally”
isomorphic. The following is left to the reader.

Lemma 2.3. The map that takes (g,u) to (g,0(g) — u) is a (differential
rational) isomorphism of groups between T(G)(U) and T(G)(U). Although
not necessarily rational, it is rational when restricted to the fibers over G.

In particular, the above map defines a K -rational isomorphism between the
vector groups 7(G)e and T(G). = L(G).

Note that we have again an exact sequence
0—-7(G)e—7(G) =G —e

of algebraic groups over K, which by virtue of the (canonical) isomorphism
between 7(G). and L(G) given by Lemma 2.3 can be rewritten as:

0—L(G)—71(G) = G —e

Let us again write ¢ for the (canonical) injection of L(G) in 7(G), and 7 for
the canonical surjection 7(G) — G. So if G is defined over C this agrees
with our earlier notation: i : L(G) — T(G) and 7 : T(G) — G.

We can consider splittings (as algebraic groups over K) of 7(G) as a
semidirect product of G and L(G). Again each such splitting is determined
either by a K-rational homomorphic section s : G — 7(G), or a K-rational
crossed homomorphism h : 7(G) — L(G) such that hoi =id on L(G). We
will write hg for the crossed homomorphism corresponding to the homomor-
phic section s, and give explicit formulas below.

In any case, we can now define an algebraic D-group.

Definition 2.4. Let GG an algebraic group over K. Then an algebraic D-
group structure on G over K is precisely a K-rational homomorphic section
s: G — 7(G). We write the corresponding algebraic D-group as (G, s).

Given an algebraic D-group (G, s) we obtain a generalized logarithmic
derivative that we call [D;, a crossed homomorphism (in the obvious sense)
from G(U) to L(G)(U): IDs = hs o V. Here is the analogue to Remarks 2.1
and 2.2.
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Remark 2.5. Let (G, s) be an algebraic D-group over K.

(i) For (9,1) € 7(G), halo,) = 7" )y(u — s(o)).
(ii) Forg € GU), IDs(g) = d(p? )¢(d(g) — s(9)) € L(G)(U).
(iii) {Ds: G(U) — L(G)(U) is surjective.
(iv) Ker (IDy) is precisely {g € GU) : 0(g9) = s(g)}, and is a Zariski-dense
subgroup of G(U).

Proof. (i) follows from the formula for multiplication in 7(G), and (ii) is an
immediate consequence of (i).

(iii) Let a € L(G)(U). Again we obtain the right invariant vector field
re : GU) — T(G)(U). Then rq + s : GU) — 7(G)(U) is also a rational
section of 7(G) — G. By [7] there is g € G(U) such that I(g) = ra(g9)+s(g),
hence [Ds(g) = a by (i).

(iv) Ker (IDy) is a subgroup of G(U) as D, is a crossed homomorphism.
As d(pg_l)g is an isomorphism between T(G)y and T(G)., we see that
Ker (ID;) is as described in (iii). By [7] for any proper subvariety X of
G(U) there is g € G(U) such that 8( ) = s(g). Hence by (i) Ker (D) is
Zariski dense in G. O

In the context of Remark 2.5, we denote Ker (ID;) by (G, s)*. This is a
finite-dimensional differential algebraic group, or Jp-group in the sense of
[3], and is an object belonging to Kolchin’s differential algebraic geometry.
Just for the record, here are some key properties: (G, s)*(U) is Zariski-dense
in G, the dp-subvarieties of (G, s)* are precisely of the form X N (G, s)? for
X a D-subvariety of (G, s), and for any other algebraic D-group (H,t) the
do-homomorphisms between (G, s)* and (H,t)! are precisely those induced
by algebraic D-group homomorphisms between (G, s) and (H,t).

In any case, we have seen that an algebraic D-group structure (G, s) on
an algebraic group G over K determines a generalized logarithmic deriva-
tive [Dgs on G. We point out now, just for completeness, that conversely
any suitable differential rational crossed homomorphism map (over K) from
G(U) to L(G)(U) determines an algebraic D-group structure on G.

Some notation: Let X and Y be algebraic varieties defined over K. By
a first-order differential rational map h : X(U) — Y (U), defined over K,
we mean a map h from X (U) to Y(U) such that for, for each x € X(U),
h(zx) € K(x,0(x)).

Lemma 2.6. Suppose that G is a connected algebraic group over K. Let
Il : GU) — L(G)U) be a first-order differential rational crossed homo-
morphism, defined over K, which is surjective, and is such that Ker (1) is
Zariski-dense in G(U). Then, there are a unique K -rational automorphism
o of L(G), and a unique algebraic D-group structure (G,s) on G (defined
over K), such that | = o olDj.
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Proof. By [7], for example, V(G(U)) is Zariski-dense in 7(G)(U). Define
li on V(G(U)) by l1(z,0(x)) = I(x). So by Zariski-denseness, and the
properties of [, 1 extends uniquely to a K-rational surjective crossed homo-
morphism f from 7(G) to L(G).

By the Zariski-denseness of Ker (1) in G and the definition of f, we have
m(Ker (f)) = G. On the other hand, dim(7(G)) = 2dim(G) and dim(G) =
dim(L(G)). Hence dim(Ker (f)) = dim(G). Now 7|Ker (f) : Ker (f) — G
is a group homomorphism so it has finite kernel. But this finite kernel is
a subgroup of the vector group 7(G). so has to be trivial. It follows that
fIT(G)c is an isomorphism (over K) with L(G). So there is a unique K-
automorphism o of L(G) such that (o o f) o is the identity on L(G). Put
f1 = oo f. Then f gives an algebraic D-group structure (G, s) on G defined
over K. For g € GU), 7 0l(g) = fi(g,(g)) = LD, (g). O

There is a natural notion of a D-morphism between algebraic D-varieties
(X,s) and (Y,t). First note that 7(—) is a functor, so if f : X — Y is a
morphism between the algebraic varieties X and Y with everything defined
over K then 7(f) is a morphism, over K, between 7(X) and 7(Y), again
defined over f. (If X,Y, f are defined over the constants, then 7(f) is just
the differential of f.) In any case, a morphism between algebraic D-varieties
X and Y is by definition a morphism f of algebraic varieties, such that
tof=1(f)os.

In particular we extract the notion of an algebraic D-subvariety of (X, s):
so an algebraic subvariety Y of X will be the underlying variety of an alge-
braic D-subvariety of (X, s) if s|Y maps Y to 7(Y).

A homomorphism of algebraic D-groups is a D-morphism that is also a
homomorphism of algebraic groups.

We call an algebraic D-group (G, s) isotrivial if it is isomorphic over U to
a trivial algebraic D-group (H, sg), where H is defined over C and s is the
O-section of T'(G).

The interest of the category of algebraic D-groups is that there exist
nonisotrivial algebraic D-groups. If A is an abelian variety over U and
p: G — A is the universal extension of A by a vector group then G has a
D-group structure (defined over the field over which A is defined). Moreover
any such D-group structure on G is nonisotrivial if A is not isomorphic (as
an algebraic group) to an abelian variety defined over C. Given such a D-
group structure (G, s) on G, p((G, s)¥) < A is precisely the Manin kernel of
A. This example is worked out in detail in [6].

Let us repeat from [9] the discussion of a nonisotrivial algebraic D-group
structure on the commutative algebraic group G, X G4. So let G = G, X Gy,.
Then T(G) = 7(G) can be identified with {(z,y,u,v) :  # 0} with group
structure (21, y1, u1, v1)- (T2, Y2, u2, v2) = (X122, Y1 +Y2, U122 +uzx1, V1 +02).
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Let s : G — T(G) be the homomorphic section s(z,y) = (z,y,xy,0). Then
(G, s) is an algebraic D-group known to be nonisotrivial.

Note that if ¢ = (z,y) € G, then the differential of multiplication by
g 1 at g takes (u,v) € T(G), to (u/z,v) € L(G). Hence by 2.5, the
generalized logarithmic derivative (D corresponding to s is: [Ds(z,y) =
((O(x) — zy)/z,0(y)) = (O(x)/x —y,0(y)).

In particular (G, s)f = Ker (IDs) = {(z,y) € G : 9(x)/z = y,0(y) = 0},
which can be identified with the subgroup of G,,, defined by the second-order
equation 0(0(x)/x) = 0.

3. Differential Galois theory

The conventions of the previous section are in force. In particular (K, ) is
a differential field of characteristic 0, and we may refer also to the universal
differential field extension (U, 0) of K.

By a logarithmic differential equation over a differential field (K, 0) we
mean something of the form

(%) IDs(z) = a,

where (G, s) is an algebraic D-group defined over K and a € L(G)(K). (So
the indeterminate x ranges over G.) As remarked in the introduction, a
special case is the equation 0(X) = AX, where X ranges over GL,, and A
is an m X n matrix over K.

In order to give the right notion of a differential Galois extension of K
for (*), we need to place a further restriction on K, G and s.

Definition 3.1. Suppose (G, s) is an algebraic D-group over K. We say
that (G, s) is K-large, if for every (maybe reducible) algebraic D-subvariety
X of G, which is defined over K, X (K) N (G, s)f is Zariski-dense in X.

Remark 3.2.
(i) The intuitive meaning of (G, s) being K-large is that (G, s)* has enough
points with coordinates in K.

(ii) Suppose that G is defined over Cx and that s = sg, the 0-section of
T(G). Then, if Ck is algebraically closed, (G, s) is K-large.

In the next remark, we refer to differential closures of K. A differential
closure of K is a differential field extension of K that embeds over K into
any differentially closed field containing K. The differential closure of K
is unique up to K-isomorphism, and is written as K. Kolchin calls K the
constrained closure of K.

Remark 3.3. (G,s) is K-large if and only (G,s)'(K) = (G,s)"(K) for
some (any) differential closure K of K.
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Proof. Assume first that (G, s)(K) = (G, s)}(K). Let X be a D-subvariety
of (G, s) defined over K. The irreducible components X1, ..., X, of X are
defined over K so also K and are also D-subvarieties of (G,s). By [7] for
example for any nonempty Zariski open subset of any X; defined over K ,
there is a € U(K such that d(a) = s(a). By our assumptions a € (G, s)}(K).
So X N (G, s)}(K) is Zariski-dense in X.

Conversely, suppose (G, s) is K-large. Let a € (G, S)ﬁ(f(), and suppose
for a contradiction that a ¢ G(K). Now a is constrained over K in the sense
of Section 10, Chapter IIT of [4]. This means that there is some differential
polynomial P(z) over K such that P(a) # 0, and whenever b is a differential
specialization of a over K and P(b) # 0 then b is a “generic” specialization
of a over K (in model-theoretic language tp(b/K) = tp(a/K)). Let X be
the irreducible K-subvariety of G whose generic point is a. Then (as 9(a) =
s(a)), X is a D-subvariety of (G, s). Moreover the differential specializations
of a over K are precisely those b such that b € X and 9(b) = s(b). Now
subject to the conditions “z € X and d(z) = s(z)”, the condition P(z) # 0
is clearly equivalent to z ¢ Y for Y some proper subvariety of X defined
over K. By our assumptions there is b € G(K) such that b € X \ Y and
d(b) = s(b). This is a contradiction. O

We call a differential ring (R,0) simple if it has no proper nontrivial
differential ideals. We refer to [12] for a discussion of simple differential
rings.

Lemma 3.4. Suppose that R is a simple differential ring over K that is
finitely generated over K. Then R embeds over K into some differential
closure of K.

Proof. As R has no zero-divisors, R embeds in U over K. Let R = Klalg be
differentially generated over K by the finite tuple a. Suppose that 7(a) = b
is a differential specialization over K. Then 7 extends to a surjective ring
homomorphism 7 : R — K[b]g. The kernel is a differential ideal, so must be
trivial. Thus b is a generic specialization of a over K. It follows that a is
constrained over K so lives in some differential closure of K, as does R. [

We can now give the main definition.

Definition 3.5. Let (G, s) be a K-large algebraic D-group defined over K,
and [Ds(x) = a be a logarithmic differential equation over K for (G, s). By
a differential Galois extension of K for the equation [D; = a we mean a
differential field extension L of K of the form K («) for some solution a of
the equation such that K[a], the (differential) ring generated by K and the
coordinates of «, is a simple differential ring.

Lemma 3.6 (Existence and uniqueness of differential Galois extensions).
If (G, s) is a K-large algebraic D-group defined over K, and a € L(G)(K),
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then there exists a differential Galois extension L of K for the equation

[Ds(x) = a. Moreover, any two such extensions are isomorphic over K as
differential fields.

Proof. By Remark 2.5 (iii) there is a solution 5 € G(U) of IDs(z) = a. Let «
be a maximal differential specialization of 3 over K. Then Kla] is a simple
differential ring and « is also a solution of [Dg = a, so we get existence. Let
L=K(«).

Suppose L; is another differential Galois extension of K for the equation,
generated by the solution v say. By Lemma 3.4 we may assume that both L
and L are contained in some differential closure K of K. By Remark 3.3,
(G, s){(K) = (G,s)!(K). As both o and ~ are solutions of IDy(x) = a, it
follows that a~! -~ € (G, s)4(K) = (G, s)}(K). Thus clearly L = L;. O

Here are some alternative characterizations of differential Galois exten-
sions:

Lemma 3.7. Let (G,s) be a K-large algebraic D-group over K, and L =
K(«) a differential field extension of K, where «v is a solution of IDs(x) = a
(with a € L(G)(K)). Then the following are equivalent:

(i) L and « satisfy Definition 3.5.

(ii) L is contained in some differential closure of K.
(iil) (G, s)4(K) = (G, s)"(L) and (G, s) is L-large.

Proof. (i) implies (ii) is given by Lemmas 3.4 and 3.6 and (ii) implies (iii)
follows from Remark 3.3.

(iii) implies (i). Assume L satisfies (iii). Then using Remark 3.3, we
have that (G, s)4(L) = (G, s)!(K). Now K embeds in L over K, hence by
Lemmas 3.4 and 3.6, there is a solution § € G(L) of [Dy(z) = a, such that
K[A] is a simple differential ring. Now o = 3 - g for some g € (G, s)(K), so
clearly KJa] is also a simple differential ring. O

Condition (iii) is the analogue of “no new constants” in the strongly
normal case.

Remark 3.8. Suppose K is algebraically closed. Then the differential Ga-
lois extensions of K in the sense of Definition 3.5 coincide with the gener-
alized strongly normal extensions of K in the sense of [8]. In particular,
L is a strongly normal extension of K (in the sense of Kolchin) just if L
is a differential Galois extension of K for an equation lDgs(z) = a, on an
algebraic D-group (G, s), where G is defined over Cx and s = sg.

Proof. This follows from Proposition 3.4 of [8]. O

We now point out that given L as above, Auty(L/K) has the structure of a
differential algebraic group (over K) in two different ways. One corresponds
to the usual differential Galois group in the linear case, and is simply of the
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form (H,s)*(K), where H is an algebraic D-subgroup of (G, s). The other,
corresponding to the “intrinsic” Galois group introduced by Katz, is of the
form (Hy, s1)*(L) for s; another algebraic D-group structure on G' (defined
over K), and Hy a D-subgroup of (G, s1) defined over K. The algebraic
D-groups (H,s) and (Hj,s;) will be isomorphic, but not necessarily over
K, unless they are commutative. (But of course if K is algebraically closed,
H and H; will be isomorphic over K as algebraic groups.)

So fix L = K(a) as in Definition 3.5. By 3.7 we have L < K for some
fixed copy of the differential closure of K. Autg(L/K) denotes the group
of differential field automorphisms of L over K. Note that for any o €
Auty(L/K), o(a) is also a solution of [Ds = a, hence o(a) = b - ¢(o) for a
unique ¢(0) € (G, $)*(L) = (G, s)*(K) (= (G, ) (K)).

Lemma 3.9. The map c above is a group isomorphism between Auty(L/K)
and (H, s)*(K) for some algebraic D-subgroup H of G defined over K.

Proof. As an automorphism o of L over K is determined by its action on «,
clearly the map is a group isomorphism with its image. So all that we need
is that the image is of the required form. The model-theoretic proof of this
goes through showing that the image is a definable subgroup of (G, s)ﬁ(f(),
and then using quantifier-elimination for differentially closed fields. We will
give an algebraic proof, after first discussing the second incarnation of the
Galois group.

First, the equation Dg(z) = a equips G with another structure of an
algebraic D-variety (but not in general an algebraic D-group). Let r, be
the right invariant vector field on G determined by a on G. So s + r, is
a K-rational section of 7(G) — G, which we denote by s’. Note that the
equation [Dg(z) = a on G is equivalent to the equation 9(z) = §'(z).

Now G acts on itself by left translation. Let S < G be the intersection
of the stabilizers of the algebraic D-subvarieties of the algebraic D-variety
(G, s') that are defined over K: namely (working in some algebraically closed
field containing K), S = {g € G : g- X = X for all D-subvarieties X of
(G, s') defined over K}. S is an algebraic subgroup of G defined over K. S is
precisely the analogue in our context of the intrinsic differential Galois group
introduced by Katz in the Picard—Vessiot case and discussed by Bertrand
in [1].

In fact G can be naturally equipped with another structure of an algebraic
D-group, (G, s1). Define the section s1 : G — 7(G) by

s1(g) = s(g9) +7a(9) — la(9)-

Lemma 3.10. (G, s1) is an algebraic D-group, and the action of G on it-
self by left multiplication is an action of the algebraic D-group (G,s1) on
the algebraic D-variety (G,s'). Moreover S is an algebraic D-subgroup of
(G, 81) .
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Proof. An easy computation. Note that it follows that (G,s1)*(U) acts on
(G, )W) .

Let Z be the set of solutions of IDgs(x) = a in G(L). Note that Z is
precisely (G, s')*(L). In any case, Z is a principal homogeneous space for
(G, s)!(K) (acting on the right). As (G, s)!(K) = (G, s)¥(K), and L < K,
X is also the solution set of [Dy(x) = a in G(K). Clearly Aut 5(L/K) acts
on Z and any o € Auty(L/K) is determined by its action on Z. In fact,
as L = K(f) for any 8 € Z, 0 € Auty(L/K) is determined by any pair
(B,0(B)) for B € Z.

Lemma 3.11. The action of Aut 9(L/K) on Z is isomorphic to the action
(by left multiplication) of (S, s1)*(L) on Z: The isomorphism d say takes o
to o(B) - B~L for some (any) B € Z.

Proof. We know that (S,s1)* acts on Z by left multiplication (by Lem-
ma 3.10). Suppose o € Aut 3(L/K). Let d(o) € G(L) be such that o(a) =
d(o) - a. As o(a) € Z, we have by Lemma 3.10 that d(o) € (G, s1)*(L). As
any 3 € Z is of the form « - ¢ for ¢ € (G, s)¥(L) = (G, s)*(K) and o fixes K
pointwise, we see that

(%) o(B)=d(o)-p forall geZ.
We only have to see that d(o) € S. Let X be any D-subvariety of (G, s’)

defined over K. As K is differentially closed and Z = (G, §')H(K), it follows
that ZN X is Zariski-dense in X. For f € ZN X, o(B) € ZN X too. By (x)
and Zariski-denseness, d(c) - X = X. Thus d(o) € S.

Conversely, suppose that g € (S,s1)%(L). Then g-a € Z. Let X be
the algebraic variety defined over K whose K-generic point is «. Then,
X is a D-subvariety of (G,s’). Thus g- X = X and so g-a € X, and
d(g-«a) = s'(g- a). Hence g -« is a differential specialization of « over
K. By simplicity of K[a|, a and g - « satisfy exactly the same differential
polynomial equations over K. As both « and ¢ - o generate L it follows
that there is an automorphism o of L over K such that o(a) = g-a. So

g =d(o). O
Conclusion of proof of Lemma 3.9. Let H be the image of S under conju-
gation by ™! in G (¢ — a~!-g-a). Then H is an algebraic D-subgroup
of (G,s). By 3.11 and what we already know about 3.9, the image of the
embedding ¢ : Aut5(L/K) — (G,s)%(K) is precisely (H,s)*(K). As the
latter is Zariski-dense in H, H is also defined over K.

Let us fix the isomorphism ¢ between Auty(L/K) and (H,s)(K) =
(H, s)"(K).

Lemma 3.12. There is a Galois correspondence between the set of differ-
ential fields in between K and L and the set of algebraic D-subgroups of
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(H,s) defined over K (equivalently defined over K) given K < F < L the
corresponding group is Hp the Zariski closure of the set of h € (H,s)!(K)
such that ¢~ (h) is the identity on F.

Proof. This is Theorem 2.12 of [8] after making the translation between
definable subgroups and D-subgroups. O

Let us complete this section with an example. We will consider the non-
isotrivial algebraic D-group structure (G,s) on Gy, x G, discussed at the
end of Section 2, and exhibit a (natural) differential Galois extension K < L
whose differential Galois group is (G, s) (or rather (G, s)*(K)). In fact there
will be an intermediary differential field K < F < L such that each of
K < F and F < K are Picard—Vessiot extensions, but K < L is not a
Picard—Vessiot extension.

Recall that s : G — T(G) is given by s(z,y) = (z,y,2y,0), and [Dj :
G — L(G) is IDs(z,y) = (0(z)/z—y,0(y)), and so a logarithmic differential
equation on (G, s) has the form {9(z)/x —y = a1,9(y) = az}. If we restrict
our attention to equations where a; = 0, we obtain equations of the form
9(0(z)/x) = a on Gp,.

Also (G, s5)* can be identified with {z € G,,, : d(d(z)/z)) = 0}.

Note that the embedding z — (x,0) of G,,, in G and surjection (z,y) — y
of G onto GG, induces an exact sequence

0= (Gm, (s0)am) = (G,5) = (Ga, (s0)c,) = 0
of algebraic D-groups, where sy denotes the 0-sections for the corresponding
groups. The important fact is that (G, s) is not a product (as a D-group)
of the two groups, which is the reason that (G, s) is nonisotrivial.
We will take the ground field of constants to be C. Let K = C(e : ¢ € C)

and L = K(t,e”). So L is a subfield of a fixed differential closure C = K = L
of C.

Lemma 3.13. (G,s) is K-large.

Proof. Tt is enough to show that all solutions of d(8(x)/z) = 0 in K are in
K, that is all solutions of d(d)/d = ¢ for ¢ € C that are in K are in K.
But this is clear, because e is one such such solution and the others are
obtained by multiplying by a constant. O

Lemma 3.14. L is a differential Galois extension of K for the equation
9(0(z)) =2 . The Galois group is (G, s)*(K).

Proof. Note that L is generated over K as a differential field by etQ, which
is a solution of J(d(x)) = 2. To show that the Galois group is as stated, it
is enough to show that tr.deg(L/K) = 2, which is well-known. O

Note that K(t) is a Picard—Vessiot extension of K, and L is a Picard—
Vessiot extension of K (t), but L is not a Picard—Vessiot extension of K.
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4. Isomorphisms of algebraic D-groups and algebraic D-varieties

We will prove:

Proposition 4.1. Suppose (K, 0) is an algebraically closed differential field,
(G, s) and (H,t) are connected algebraic D-groups over K and there is an
isomorphism f between (G, s) and (H,t) defined over some differential field
extension of K. Then there is such an isomorphism defined over a Picard—
Vessiot extension of K.

Here is a restatement of the theorem in the language of Kolchin’s con-
strained cohomology (see [5]).

Corollary 4.2. Suppose (K,0) has no proper Picard—Vessiot extensions.
Then for any connected dy-group G defined over K, H} (Aut (K /K), G(K))
s trivial.

In Proposition 3.11 of [9], Corollary 4.2 was stated in the special case that
H(K) = H(K) (which amounts to saying that the corresponding algebraic
D-group is K-large).

Kolchin’s differential tangent space and its properties (see Chapter 8 of
[5]) play an important role in the proof of Proposition 4.1. We will sum-
marize the key properties (in the language of algebraic D-groups). Recall
first that if V' is a finite-dimensional vector space over U, then a 0-module
structure on V is an additive map Dy : V. — V such that Dy (av) =
d(a)v + aDy (v) for all a € U and v € V. V? denotes {v € V : Dy (v) = 0},
a vector space over C with C-dimension the same as the U/-dimension of V'

Fact 4.3. Suppose (G, s) is a connected algebraic D-group defined over K,
and V = L(G) is its Lie algebra (tangent space at the identity). Then:
(i) s equips V with a canonical d-module structure Dy, defined over K.
(ii) For any automorphism f of (G, s), dfe € GL(V) restricts to a C-linear
automorphism of V9, and moreover f is determined by df.|V?.

Proof of Proposition 4.1. First (G, s) and (H,t) will be isomorphic over K.
Let f be such an isomorphism. Let ¢ be a finite tuple from K generating
the smallest field of definition of f. Write f as f.. Let (V, Dy ) be as in Fact
4.3 for (G,s). Let d be a C-basis for V7 contained in K. Let L = K({c, d)
be the differential field generated by ¢ and d over K.

Claim I. L is a strongly normal extension of K.

Proof. As L < K, Cf, = C. We have to show that for any automorphism
o of the differential field U fixing K pointwise, o(L) is contained in the
differential field generated by L and C. First o(d) is another basis of V?, so
with respect to the basis d we may write o(d) as a n x n nonsingular matrix
B € GL,(C). On the other hand f,(c) = f. - h for a unique automorphism
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h of (G,s). By Fact 4.3(ii), h is determined by dh|V?, which by in terms
of the basis d, is another nonsingular n x n matrix A over C. It follows
that (o(c),o(d)) is in the differential field generated by K, ¢,d, A and B. In
particular o(L) C L(C). O

Claim II. L is a Picard—Vessiot extension of K.

Proof. Let 0 € Auty(L/K), and write the matrices A, B (which will be
in GL,(Ck)) as Ay, B,. Then it is easy to check that o — (As, By) is
an embedding of Aut o(L/K) into GL,(Ck) x GL,(Ck). From Kolchin’s
characterizations of Picard—Vessiot extensions, we get Claim II. (]

As f is defined over L, we have proved Proposition 4.1. O

Finally let us give some additional results with a similar flavor. The first
is really just a remark and is related to the themes of Buium’s book [2].
Buium calls an algebraic D-variety (X, s) split if (X, s) is isomorphic (over
U) to a trivial algebraic D-variety, namely one of the form (Y, sg), where Y’
is defined over C and s is the 0-section. He proves that any D-variety (X, s)
such that X is a projective variety is split. Moreover assuming Y defined
over algebraically closed K, then (Y, s) is split over some strongly normal
extension.

Remark 4.4. Let K be a differential field with algebraically closed constant
field.  Suppose that (X,s) is an algebraic D-variety over K that is split.
Then (X, s) is split over some strongly normal extension K1 of K.

Proof. We can find an isomorphism f of (X,s) with some trivial (Y, sg)
defined over K. Let again f = f. with ¢ the smallest field of definition of f.
Let K1 = K{(c). Then, as K is contained in K and Cf = Ck, we have that
Ck, = Ck. For any (differential) automorphism o of ¢, Then f,) = fcog
for some automorphism g of (Y, sg). But then g must be defined over C.
Hence o(c) is rational over K (c)(C), so o(K71) C K;1(C). This shows that K
is a strongly normal extension of K. O

The next result is a generalization of Proposition 4.1 in which the higher-
dimensional versions of differential tangent spaces from [10] enter the pic-
ture. We use freely the results from that paper.

Proposition 4.5. Suppose that K has algebraically closed constant field.
Let (X,s) and (Y,t) be algebraic D-varieties defined over K. Suppose that
a € (X,s)HK), be (Y,t)"(K) are nonsingular points on X, Y respectively,
and that there is some isomorphism f between (X,s) and (Y,t) such that
f(a) =b. Then there is such an isomorphism defined over a Picard—Vessiot
extension of K.
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Proof. For each m > 1, let V,, the the U-vector space M/M™F! where
M is the maximal ideal of the local ring of X at a. V,, is defined over
K. For any automorphism A of X such that h(a) = a, h induces a linear
automorphism h,, say of V,,. Moreover if h’' is another automorphism of
X fixing a, then h = A’ if and only if h,, = A/, for all m. So far nothing
has been said about the D-variety structure. As a € (X, s)ﬁ, 0 extends to a
derivation @ on the local ring of X at a that preserves M and all its powers.
This gives V,,, the structure of a 9 module (V;,,, Dy, ) over U, defined over
K (for all m). If h is an automorphism of the algebraic D-variety (X, s)
that fixes a then h,, € GL(Vj,) restricts to a C-linear automorphism h,
of GL(V,2) (where V.2 is the solution space of Dy, = 0). Moreover h,, is
determined by h,.

Now we may find an isomorphism f between (X, s) and (Y,t) such that
f(a) = b and f is defined over K. Let ¢ generate the smallest field of
definition of f. So ¢ is a finite tuple from K. Write f as f.. For any
differential automorphism o of U that fixes K pointwise, o(f.) = fy() is
also an isomorphism of (X, s) with (Y,t) taking a to b. Hence f, (o fo Lis
an automorphism of (X, s) taking a to itself. Write h? for this map.

Claim I. There is m such that for all o,7 € Auty(U/K), h% = h™ if and
only if (hf,)? = (h7,)°.

Proof. This follows from compactness and the earlier remarks as the set of
h? is a uniformly definable family of automorphisms of (X, s). O

Now let m be as in Claim I and let d be a C-basis for (V;,)?.

Claim II. K; = K{c,d) is a strongly normal extension of K.

Proof. Let 0 € Auty(U/K). As o(d) is also a basis for (V,,)?, o(d) €
K{d) {C). On the other hand, by virtue of d, (V;,)? can be identified with C"
for suitable r, and thus (hZ,)? can be identified with an element of GL,(C).
By Claim I, it follows that o(c) € K{(c,d) (C). Thus o(K;) C K;(C). O

As in the proof of 4.1, we conclude that actually K7 is a Picard—Vessiot
extension of K. As ¢ € Ky, this gives the proposition. ([
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METRICAL DIOPHANTINE ANALYSIS FOR TAME
PARABOLIC ITERATED FUNCTION SYSTEMS

BERND O. STRATMANN AND MARIUSZ URBANSKI

We study various aspects of tame finite parabolic iterated
function systems that satisfy a certain open set condition.
The first goal in our analysis of these systems is a detailed
investigation of the conformal measure on the associated limit
sets. We derive a formula that describes in a uniform way
the scaling of this measure at arbitrary limit points. The
second goal is to provide a metrical Diophantine analysis for
these parabolic limit sets in the spirit of theorems of Jarnik
and Khintchine in number theory. Subsequently, we show
that this Diophantine analysis gives rise to refinements of the
description of the conformal measure in terms of Hausdorff
and packing measures with respect to certain gauge functions.

1. Introduction

For a large class of fractal sets the idea of an iterated function system
has turned out to be a very convenient and efficient concept. Tradition-
ally, the development of fractal geometry was always very much inspired by
various phenomena that appear in conformal analysis and number theory.
In this paper we continue this tradition by studying metrical Diophantine
aspects of certain tame parabolic iterated function systems. This study
generalizes results for geometrically finite Kleinian groups with parabolic
elements (obtained in [S1], [S2], [S3], [SV], see also [HV], [Su]) and for
parabolic rational rational functions (obtained in [SU1]|, [SU2]), which rep-
resent complex analytic analogues of Jarnik’s number theoretical theorem
on well-approximable numbers ([J], [B]) and Khintchine’s on a qualitative
description of the ‘essential support’ of the 1-dimensional Lebesgue measure
(IK)).

The paper is organized as follows: in Section 2 we first define the class of
tame finite parabolic iterated function systems that satisfy the Super Strong
Open Set Condition (SSOSC). We then recall a few immediate geometrical
implications of the bounded distortion properties. In Section 3 we study the
h-conformal measures arising from these parabolic systems. (Here, h denotes
the Hausdorff dimension of the limit set associated to such a system.) We
obtain a formula that describes in a uniform way the scaling of this measure
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at arbitrary elements of the limit set. As a by-product we obtain an estimate
on the local behaviour of the h-conformal measure at parabolic points. In
Section 4 we analyse the limit sets from a Diophantine point of view. Our
general approach here follows roughly the analysis given in [S1], [S2], [SV],
[SU1J, [SU2|. Nevertheless, the construction of the main tool, namely
the measure p on a Cantor-like subset of the limit set, is different. This
construction is simplified and its geometrical and dynamical significance is
clarified. Finally, we establish various limit laws leading up to the Khintchine
Limit Law for tame parabolic iterated function systems. Subsequently, we
show that these laws provide some efficient control on the fluctuations of
the h-conformal measure, giving rise to refinements of the description of
the h-conformal measure in terms of Hausdorff and packing measures with
respect to some gauge functions.

2. Preliminaries

We begin by giving a description of our setting. Let X be a compact subset of
some Euclidean space R? such that X has nonempty interior and is contained
in a bounded connected open set V. Suppose that there are countably many
conformal maps ¢; : X — X, ¢ € I, with [ having at least two elements.
Then the system S = {¢; : ¢ € I} is called a conformal iterated function
system if and only if the following eight conditions are satisfied:

(1) (Open Set Condition) ¢;(Int(X)) N ¢;(Int(X)) = 0 for all ¢ # j.

(2) |¢i(x)| < 1 everywhere except for finitely many pairs (i,z;), ¢ € I, for
which z; is the unique fixed-point of ¢; and |¢}(z;)| = 1. Such pairs
and indices ¢ will be called parabolic and the set of parabolic indices
will be denoted by . All other indices will be called hyperbolic.

(3) Foralln > 1,w = (w1,...,wp) € I" we have that if w,, is a hyperbolic
index or if w,_1 # wy, then ¢, admits a conformal extension to V' C R4
that maps V into itself.

(4) If i is a parabolic index, then (),,~, ¢in(X) = {2;} (Hence in particular,
the diameter of the set ¢;=(X) tends to 0 for n tending to infinity.)

(5) (Cone Condition) There exist a, 1 > 0 such that for every z € X C RY
there exists an open cone Con(z,uz,«,l) C Int(X) with vertex =z,
|luz|| = 1 and central angle a. Here, we have set Con(z,ug, o, 1) 1=
{y:0< (y—z,uz) < cosally — x| <1}

(6) There exists 0 < s < 1 such that for all n > 1,w € I"™ we have that if
wp, 1s a hyperbolic index or if wy,—1 # wy,, then ||¢) || < s.

(7) (Bounded Distortion Property) There exists K > 1 such that for all
n>1lw=(w,...,w,) € I" and z,y € V we have that if w, is a
hyperbolic index or if w,—1 # wy, then

6L,y < K |, ()]
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(8) There are constants L > 1, > 0 such that
@i () = 165 (@)l] < Llgillly — 2|* forall i€ and z,y € V.

Note that if Q = (), the system S is called hyperbolic, and that if Q # 0,
then S is called parabolic. Throughout this paper we shall always assume
without further notice that the system S is parabolic and the alphabet I is
finite.

We now state a few immediate geometrical consequences of the bounded
distortion properties (7), (8) and the cone condition (5). For the proofs of
these statements we refer to [MU1] and [MU3]|.

For all hyperbolic words w € I'* and all convex subsets C' of V' we have

(2.1) diam(¢.,(C)) < |6} [|diam(C)

and

(2.2) diam(¢.(V)) < D[

Here, the norm || - || is the supremum norm on V, and D > 1 denotes a

universal constant. Moreover, for every z € X, 0 < r < Dist(X,9V), and
for every hyperbolic word w € I* we have

(2.3) diam(¢y, (X)) > D~1|¢L,||
and
(2.4) b (B(2,7)) D B(du(x), K| ¢L,|Ir).

Also, there exists 0 < § < « such that for all x € X and for all hyperbolic
words w € I*

(2.5)
¢o(Int(X)) D Con(¢y(x), 8, D7 ¢L,]l) D Con(¢u(), 8, D~*diame,,(V)),

where Con (¢, (z), 8, D¢, ||) and Con (¢, (), 3, D~*diam(¢d,,(V))) denote
some cones with vertices at ¢, (), angles 3, and altitudes D~!{|¢.,| and
D~2diam(¢,,(V)) respectively. Finally, for every w € I* (not necessarily
hyperbolic) and every x € X, there exists an altitude I(w,z) > 0 such that

(2.6) $u(Int(X)) > Con(6(2), B, L(w, 2)).

We emphasize that for d > 2 the conditions (7) and (8) with & = 1 can
be deduced from condition (3). For d > 3, this has been shown in [U1].
For d = 2, conditions (7) and (8) follow from Koebe’s distortion theorem
combined with the observation that complex conjugation in C is an isometry.

Let I* denote the set of all finite words in the alphabet I, and let I*° be
the set of all infinite sequences with entries in I. By condition (3), we have
¢, (V) C V, for every hyperbolic word w. For each w € I* U I*, we define

the length of w by the uniquely determined relation w € I¥l. If w € I*UT>®
and n < |w|, then we write w|, to denote the word wiws...w,. In [MU1]
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it was shown that lim,—,cc Supj,|—,{diam(¢,(X))} = 0. Hence, the map
m: 1% — X, given by m(w) = (1,50 Pul, (X), is uniformly continuous. Now,
the limit set J = Jg of the system S can be defined as the range of the map
m, that is, we define

J =n(I®).

In order to introduce the notion of tameness we define, for every i € €2,

Xi= |J &(x).

jen{i}

We call a parabolic conformal iterated function system S = {¢; : i € I}
tame if z; ¢ X;, for every i € Q and x; # x; if ¢ # j. Also, we say that
S satisfies the Super Strong Open Set Condition (SSOSC) if the following
condition is satisfied:
(2.7) ox N Ji(X) ={w; i € 0},

1€l
Unless stated otherwise, for the remaining part of this section we shall as-

sume that S is a tame parabolic finite conformal iterate function system
satisfying (SSOSC). The tameness of the system S and formula (2.7) imply

(2.8) B< U (), 2R> C Int X.

ie\Q
Also, for each w € I* and every A C B(z;, ZR) we have that
(2'9) ¢w(A) nJ = ¢w(’4 N J)

Note that in order to derive the latter formula, we have to use the fact that
the system S is tame. Furthermore, for all ¢ € Q,w € I* we have

(2.10) 7w (wi®)) = wi™.
Following [MU1], given ¢t > 0, a Borel probability measure m is called

t-conformal for the system S if m(J) = 1 and if for every Borel set A C X
and for each ¢,j € I with ¢ # j, we have

(2.11) m(@i(4)) = | 16fl'dm
and
(2.12) m(¢p;(X)N¢;(X)) =0.

Recall that a parabolic system S is called regular if and only if there exists a
t-conformal measure (cf. [MU1]). Then t = h is the Hausdorff dimension of
the limit set (see [MU1]). Combining Theorem 1.4 in [MU2] and Corollary
5.8 in [MU1], we immediately have the following result:

Theorem 2.1. A parabolic finite iterated function system is reqular.
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Hence, since the systems we consider in this paper are finite, it follows
that they are regular. The associated h-conformal measure will always be
denoted by m. We shall require the following distortion properties:

Lemma 2.2. There exists a positive constant R* < R such that the follow-
ing holds: for each hyperbolic word T € I* and for every w € I we have
that ¢ is well-defined on B(w(w), R*). Moreover

|67(v)]
|67 ()]

< K forall z,y € B(m(w), R"),

and

K=" ¢y (m()|"m(B(n(w), ) < m(¢r(B(n(w),7)))
< K"l (n(w))["m(B(r(w), 1))

for every r € [0, R¥].

Proof. The statement that ¢, : B(m(w), R*) — R? is well-defined and the
first distortion property of the lemma are immediate consequences of the
fact that R* < R < Dist(X,dV) and property (7) at the beginning of this
section. In order to derive the second distortion property of the lemma,
choose 0 < R* < R sufficiently small such that, for each i € (,

(2.13) B(¢:i(X) N (RY\ B(x;, R)),2R*) C Int X.

If 7(w) € ¢3(X) for some i € Q, and if |7 (w) — ;| > R, then B(r(w), 2R*) C
Int X. The proof in this case then follows immediately from a combination
of the conformality of the measure m and distortion property (7). In the
case that m(w) € ¢;(X) N B(x;, R), it follows that B(m(w), R*) C B(z;,2R).
Using (2.9) and the conformality of m, we obtain

m(¢-((B(n(w),r))) = m(¢-(B(r(w), ) NJ)
= m(¢T(B(ﬂ(w), r)N J))

N / |/ dm = 7" dm,
B(w(w),r)NJ B(m(w),r)

and hence the first distortion property of the lemma gives the proof in this
case. Finally, if 7(w) ¢ ;cq ¢:(X), then m(w) € ¢;(X) for some j € I\Q. In
this case (2.8) implies that B(m(w),2R*) C Int X, and hence the statement
of the lemma follows immediately from (7) and the conformality of m. This
proves the lemma. O

The following fact easily follows from the local analysis of parabolic points
done in [MU2]:
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Lemma 2.3. Assuming that R* > 0 is sufficiently small, there exists a
constant Cy > 0 such that for every i € Q and every r € (0, R*], the inter-
section J N B(x;,r) \ {zi} is contained in a central cone contained in Int X
with vertex x; and an angle < CyrPi.

As an immediate consequence of this lemma and (2.9) we get the following:

Lemma 2.4. There exists a constant C1 > 0 such that for every i € €,
every r € (0, R*], and every hyperbolic word w the intersection

J 0 B(u(xi), 7|, (z:)])

is contained in a central cone with vertex x; and an angle < CorPi,
We are now in a position to prove the following distortion property:

Lemma 2.5. There exist constants p, R, > 0 such that for every i € (Q,
x € J N B(x;, Ry), and for each w € I* the map ¢, is well-defined on
B(z, plle — zil|) and

|60, (2)]
|60 (9)|

and furthermore, for every positive r < p||lx — x;|| we have
K "¢l («)["m(B(x,r)) < m(¢u(B(z,r))) < K"|¢,(2)|"m(B(z,r)).

Proof. In view of Lemma 2.3 there exists R, > 0 and p € (0,1/2) such
that B(x,2p|lx — x;]]) € Int X for all x € J N B(x;, Ry). Therefore, all
the maps ¢, : B(z,2p||lx — z;||) — Int X are well-defined, and the second
part of our lemma follows from the first part. The first part in turn in the
case when d = 1 is contained in Lemma 2.6 of [U2]. In the case d = 2 it
follows immediately from Koebe’s distortion theorem and the observation
that the complex conjugation is an isometry. In the case d > 3 it follows
from the inequality following formula (4.9) in the proof of Theorem 4.13 in
[MU2] that, with Y = B(z, p|lx — z;||), W = B(x,2p|lx — x;||), one gets
16,()1/I9L,(y)] < 4. We are done. O

< K forall y,z € B(z,pllz —xi),

The constants R, and R* of Lemma 2.2 and Lemma 2.5 will be crucial in
the sequel. For later use we define

R := min{R,, R*}.

3. The geometry of conformal measures

The main result in this section is the derivation of a ‘global formula’ for the
conformal measure associated with a tame parabolic finite iterated function
system. This formula describes in a uniform way the scaling of this measure
at arbitrary points in the associated limit set. Our elaboration of this for-
mula follows closely the discussion in [SV] and [SUZ2|, where we obtained
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this type of formula for geometrically finite Kleinian groups with parabolic
elements and for parabolic rational maps.

The section is split into two subsections. In the first we give an estimate
for the conformal measure around parabolic points. In the second we then
derive the global formula. Subsequently, as a first application of this formula,
we obtain a first rough description of how the conformal measure relates to
the geometric concepts Hausdorff measure and packing measure.

3.1. The conformal measure around parabolic points. We begin this
subsection by recalling the following estimates for tame parabolic systems.
For d > 2 a proof can be found in [MU2] (Section 4). For d = 1 the
estimates are obtained immediately from the considerations in [U2].

Proposition 3.1. Let S be a tame parabolic system. Then there exists a
constant Q > 1 and an integer ¢ > 0 such that for every parabolic index
i € I there exists an integer p; > 1 such that for every j € I\ {i} and for
all n,k > 1 we have

pi+1 _pit1

(31 Q7'n v <inf{|¢hnl}, [, diam(@in; (X)) < Qn P

(32)  Q'n # < Dist(ws, bin (X3)) < Dist(xi, din (X,)) < Qn 7,

(3.3) Dist(in (X), & (X)) < Qln 70 — 73],
Furthermore, for |n — k| > q we have
(34) Dist(¢n (X1), ¢ (X)) = Qln 70 — k7 5il.

The following lemma gives the main result of this section:

Lemma 3.2. Let m denote the h-conformal measure of the finite parabolic
system S. For each k > 0 there exists C, > 0 such that for every parabolic
index © and for every x € J we have

Ot |z — a7 DP < (B, vl — @il]) < Cr o — a|HO DR
In particular, the constant C\, depends continuously on k.
Proof. Since the support of m is equal to J, we may assume without loss
of generality that ||z — 2;|| < A for some fixed 0 < A < R. Let z = 7(w)
and w € I*® be given. Then w = i"j7, where j # i, n > 1, and 7 € I*.
Assuming A to be chosen sufficiently small, (3.1) implies that
(3.5) n>2Q%kt

For the proof of the first inequality in the measure estimate of the lemma,
let

T = {k : Dist(¢yn;(X), dinj (X)) < ]|z — 2| — diam(¢m; (X))}
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Using (3.1), we deduce that

m(B(.nllz —ai]) = 3 mlou; (X)) Y int{la [} = 3 Q7R

keT keT keT

Using (3.2) and (3.1), we have that if

_pit1

_1
S HQ_ln Pi _Qn Pi

1 1
Q‘ n P —k i
then it follows that & € T'. Hence in particular, if £ > n and if

1 1 1 _ pitl

(3.6) Qn m —k 7) <kQ 'n P —Qn wi |

then k € T'. Clearly, the statement in (3.6) is equivalent to

p;+1

Qk 7 > (Q—rQ ™ % +Qn 7.

p;+1 1

Also, (3.5) implies that Qn~ 7 < k(2Q)~!n ?:. Therefore, if k > n and
Qk_f’%' > (Q - ,%Qfl)n_f’ii + m(?Q)fln_P%‘, or equivalently if & > n and
k< (1 — %)_P%‘, then & € T. It now follows that there exists a constant
C\. > 0 (which depends continuously on x) such that

1

)
—h —wh
m(B(z, kllz—w)) > Q > ko owi
k=n
2@ (1= (1_,.@)—;1_(1—?;;,1)_1 ot
- Di 2Q
~ __ht+(h=D)p;
>Cin Pi

_1
Hence, since by (3.6) we have ||z — x;|| < @Qn ?i, it follows that
(37 (Bl - wil) 2 Cu@ DR — gy -V

In order to prove the second inequality in the measure estimate of the lemma,
1 s
note that Qk~ 7 < (14k)||lz—=| ifand only if k > (Q 1 (1+k)||z—a;) ™.
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Using this observation, (3.2) and (3.1), we obtain
m(B(z, sllz —will)) < m(B(zi, (1 + &)llz — i)

<> > m (¢ (X))

J7t k=(Q7L(1+r)|lz—a;)~P:

<y 3 1"

JF k=(Q~ (1+r)||lz—x|) ~Pi
pit1 h

<> Qk™ i

JF k=(Q 1t (1+n)||lz—xl) ~Pi
pit+l -1
<20()" )
17Pi+1h>

< (Q '+ R)e —ai]) O

= Cullz — PO,

where C. < oo denotes a positive constant depending continuously on x. [

Corollary 3.3. There exists a constant C' > 1 such that for each i € Q and
for all 0 < r < 2diam(X) we have

¢~ phth=Dpi < m(B(z;, 1)) < C pht(h=1)p;

Proof. Let j # 4, and choose n > 1 to be the least integer such that
1
Q 'n 7 < r. Let 2 € ¢m-1;(X) be fixed. By (3.2) and Lemma 3.2,
we have
m(B(zi,r)) < m(z, 2|z — zi)

_ h+(h-1)p;

< Cylla — i < 0y Q(n— 1) 7

 ht(h—D)p; h+(h—1)p;
<n on < <C§> phth=Lp:,

1
Now, let & > 1 denote the least integer such that Qk »i < r/2, and let
Y € ¢;(X) be fixed. Similar as above, (3.2) and Lemma 3.2 imply that

m(B(zi, r)) 2 m(B(y, |y — zi]))
h+(h=1)p;

> O |ly — ai||PTR0P > ¢ Q=P T
h+(h=1)p;

> (k-1 »n > 9= (h+(h=1)p;) ht(h—1)pi m

Lemma 3.4. For every k > 0 there exists D,, > 1 such that for each i € 2,
for every sufficiently small v > 0, and for all x € J N B(x;, k1) we have

D;l,rh—l-(h—l)Pi < m(B(z,r)) < DHTth(h—l)pi.
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Proof. Since B(z,r) C B(z,||# — 2| +7) € B(xi, (1 + £ 1)r), it follows
from Corollary 3.3 that

(3.8) m(B(z,r)) < C(1+ H—l)h-*‘(h—l)pirh-i-(h—l)pi_

Now, if 7 < 2[|z — x|, then r = a||lz — ;|| for some « such that k < a < 2.
By Lemma 3.2, we have C, < C :=sup{C; : t € [k, 2]} < co. Hence, using
Lemma 3.2 once again, it follows that
(39)  m(B(x,r) = m(B(x,allr - zil)) = C[Jw — ||+~
__ h+(h—1)p;
o (1) (h=1)p
a

Otherwise if 7 > 2||x — z;||, then Corollary 3.3 implies

ht(h—1)p;
m(B(z,r) = m(Blai.r/2) 2 C(5) = 0o U0 e,
Combining this last estimate with (3.8) and (3.9), the lemma follows. I

3.2. The global formula for the conformal measure. An element w €
I is called preparabolic if and only if o*w = i® for some k > 0 and some
i € ). The set of all preparabolic elements will be denoted by I7°. Also, a
limit point that is not a preparabolic element will be referred to as radial,
and we write I2° to denote the set of all radial points.

2
as follows: assume that n;(w) is defined, then we define n;1(w) to be the
smallest index greater than nj(w) such that either Wn, 41 (w) 18 hyperbolic
O Wy (w) # Wnyi(w)—1 (nOte that ny(w) is well-defined). In case nj1(w)
does not exist, then j = k(w). Note that if nji1(w) > nj(w) + 2, then
there exists a unique parabolic index i = i(w,j) such that w; = i for all
nj(w) <1 < njpi(w). Furthermore, if njy1(w) = nj(w) + 1, then i(w, j)
denotes some arbitrary element of Q. Observe that k(w) = oo if and only if
w € I>°. For each j, we define

riw) =R ¢, (w(a"w))

w‘nj(w)

k(w)

and we refer to the sequence {r;(w)},;Z] as the hyperbolic zoom of w. Note

that by the chain rule and by property (6) of Section 2, {rj(w)}j;(:? is a

strictly decreasing sequence. Hence, for each w € I>° and every positive
r < R =min{inf {|¢;] : 7 ¢ Q},inf {|¢};| : i € Q,j #i}},
there exists a unique j > 1 such that rj1;(w) < r < r;(w). For a given w and

r, the neighbours 71 (w) and 7;(w) thus determined in the hyperbolic zoom
of w will be denoted by r,(w) and 7*(w) respectively. Also, in this situation

For each w € I we fix an increasing sequence of integers {n;(w)}

)
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we shall write i(w,r) to denote the parabolic element i(w,j). Finally we
define the function (, given for w € I°° and r > 0 by

m(B(z,r))
=

C(w,r) =

r

The following theorem is the main result of this section:

Theorem 3.5 (Global formula for conformal measures). Let S be a tame
parabolic finite iterated function system satisfying the (SSOSC). Then, for
each w € I° and every 0 < r < R, and setting i = i(w,r), we have

() wrzrz ()™
| oz

s (W) h=t
<) for ry(w) <r
r
Proof. Letw € I?? and 0 < r < R be fixed. For ease of notation, throughout
the proof we shall suppress the dependence on w in some of the appearing
quantities. Let j be determined by the condition r* = r;. Hence, 7y = 7;41.
By (3.2), we have

v

C(w,r) =<

IN

1
lm(o™w) — @il = Im(@mji1-ni=a,, (W07 W))) = @il < (njer —ny) 7.

Using the chain rule and (3.1), we obtain
/ j =1
1= ’)"]'_;’_]_ }wa'nj (7'('(0'”]&)))‘ |¢0'njw|nj+lfnj71

iyl pitl T pitl
= ( - )(nj+1 —ng) rio= (%t) (nj41 —mnj) »i .
T] T

(m(o"+w))|

Hence,

1

=) In (0™ w) - @il

(3.10) (
This implies that if

,,/.*

then
‘¢Z0|nj (W(a”jw))| mr(e™Mw) — ]| <r < }QS:’J'nj (W(g"jw))’,

and hence
m(o™w) — x| < " <1.

9L, (r(@™w))] =
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Now, using property (7) (note that ¢,,, is hyperbolic) and Lemma 3.4, it
J
follows that

m(B(r(w),r)) < }qﬁi}hj (ﬂ(a"jw))‘h m(B(ﬂ oMw), ‘(bw‘ "jw))‘fl))

= Th(rrj_l)hﬂh*l)m _ Th<rj)(h Dpi _ b <7> (h—l)Pi.

J ¥

This proves the first case in the theorem. We are now left to consider the

case in which )
sy
r <r*(w) re(@) 7 .
r*(w)
Because of (3.10) (after arranging for appropriate constants), this means
that

|0, (T@ )] <7 < pleyy, (m(0™w)] - [m(e"w) — ),

where 0 < p < 1 is the constant obtained in Lemma 2.5. Therefore, there
exists nj < u < njqpq1 — 1 such that

u+1 u+1

P18 (e T W) (0" w) —ai]| <7 < p|d,, (m(0"w))| |7 (0" w) — 4.

In particular, this implies that
(3.11) r=p ‘d);h(ﬂ'(auw))‘ N (otw) — ]|

Thus, by using the conformality of m, Lemma 2.5 and Lemma 3.2, it follows
that

(312) m(B(r(w),r) =< |, (w(c"w))|"m(B(r(c"w), pllm(c"w) — wil]))
= \¢L|u(ﬁ(0“w))\hllw(a“w) || D
= T‘hHTI'(O'uw) — xi”(hfl)m.

On the other hand, the chain rule, (3.1) and (3.2) imply that
ARCICR)] I AN C D)

—1 pit+1
0L, (7 (@ )|  (jar =) 7,

-1

L=r7j41

= Ty

as well as
p;+1

=< (nje1—u) P
These two latter comparabilities together with (3.11) show that

(o) =i+

r=rlm(otw) — @i T P |m (0 w) — @il| = ralm(otw) — @l 7P
Hence, ||7(c%w) — ;]| = (4 /r)'/P:, which together with (3.12) implies that

m(B(r(w),r)) < r’ (%)hil

This proves the second case in the theorem. O
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The following corollaries are immediate consequences of the previous the-
orem.

Corollary 3.6. If w € I2°, then for each 7 > 1 we have
m(B(n(w),rj(w))) = rj(w)".

Corollary 3.7. The conformal measure m is a doubling measure. This
means that for every ¢ > 0 there exists B > 0 such that for each z € J and
every r > 0 we have

m(B(z,cr)) < Bm(B(z,1)).

Finally, as a first nontrivial application of Theorem 3.5 we derive an al-
ternative proof of the following geometrical fact, which was obtained under
slightly weaker assumptions in [MUZ2]. For this let H" and P! denote the
t-dimensional Hausdorff and packing measure respectively.

Theorem 3.8. If S is a tame finite parabolic system satisfying the
(SSOSC), then the following hold:

(a) If h > 1, then 0 < H*(J) < 0o and P*(J) = .

(b) If h =1, then 0 < H*(J), P"(J) < oo.

(c) If h < 1, then 0 < PR(J) < 0o and H"(J) = 0.
Additionally, if either measure H* or P" is finite and positive, then its nor-
malized version is equal to the conformal measure m.

Proof. In [MU1] (Lemma 5.6 and Theorem 5.7) it was shown that for a tame
finite parabolic system satisfying the (SSOSC) the h-conformal measure m
is atomless. This combined with Corollary 3.6 and the inverse Frostmann
lemma (see [MU3]) implies that H*(.J) < co and P*(J) > 0. Now, if h > 1,
then Theorem 3.5 immediately gives that, for every = € w(12°),

m(B(z,r))

lim sup 3 < 1,

r—0 r

which implies that H*(.J) > 0. If in addition = = 7(w), for w € I contain-
ing arbitrarily long blocks of i’s for some 7 € €2, then

1
B ” it1l
hin_%lf W < 11?1}51“ (w,pr*(w) <:*EZJJ§> pi+ >
(h—1)p;

—nminf(”(w)) o,

r—0 r* (w)
Now, by ergodicity of the measure m (see [MU2], Corollary 5.11) and since
m is positive on open sets, it follows that m-almost everywhere we have

m(B(z,r))
h

lim inf =0.

r—0
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We conclude that P*(J) = oo, which proves case (a) of the theorem. Case
(b) is an immediate consequence of Theorem 3.5. The proof of case (c) is
analogous to the proof of case (a), and we omit it. O

4. Metrical Diophantine analysis

In this section we give a metrical Diophantine analysis for tame parabolic
finite iterated function systems. In the first subsection we calculate the
Hausdorff dimensions of certain subsets of the limit set that are of zero h-
conformal measure. These sets are comprised of radial elements that under
the system have a rather rapid approach to the parabolic points. In partic-
ular, these sets are the natural analogues of the sets of well-approximable
numbers. In the second subsection we derive various limit laws that give
useful approximations of the ‘essential support’ of the h-conformal measure
associated with a tame finite parabolic iterated function system. Subse-
quently, we show that these laws lead to good estimates on the growth of
the function ¢ in the global formula (Theorem 3.5), which in turn give rise
to a refined description of the conformal measure in terms of Hausdorff mea-
sures and packing measures with respect to some explicit gauge functions.

4.1. Iterated function systems in the spirit of Jarnik. We first have

to introduce the notion of a canonical ball. For i € 2, § > 0 and a hyperbolic
word w € I*, we define

B)(i) = B}, = B(¢u(z:), (RI¢],(x:))' ).
The closed ball B, will be referred to as the canonical ball associated with

the hyperbolic word w.
Our main interest in this section will be focused on the sets

=N U U B

q=1 n2q |w|=n

J° = U J?.
1€Q
The main result in this section is stated in the following theorem. The proof
of this theorem will occupy the remaining part of this section. It will be

given in several steps, some of which are formulated in separate lemmata.

Theorem 4.1. Let S = {¢; : i € I} be a tame parabolic finite iterated

function system satisfying (SSOSC). Then, for every i € Q the following
hold:

(a) If h < 1, then

and

h



DIOPHANTINE ANALYSIS 375

(b) If h > 1, then

115 i s> h—1,
D(J}) =
_ htdpi if §<h-—1
L+8(1+p;) - '
In particular, with pyi, := min{p; : i € Q}, we have
115 5> h—1,
D(J%) = B+ 6pmi
Pmin__— 35 < ph—1.

1 + 5(1 + pmin)
The first step in the proof is to give an upper bound for HD(Jf ).

Lemma 4.2. For each i € Q and every § > 0 we have
D(J?) <
() —mm{1+5’ 1+5(1+p,-)}

Proof. For n > 1, let H,, denote the family of all hyperbolic words of length
n. For every € > 0 we have

H1+6JrE J5 <hm1nfz Z <R|¢ )| 1+6))1?r6+6

n>qweHy,

< Rhte(+9) hm 1nfz Z |¢,(z |h+6(1+5
n>qweH,

From Lemma 4.3 and Theorem 4.6 in [MU1] we deduce that there exists
n (h + €(1 4 9))-semiconformal measure v. We then apply Theorem 5.1
n [MU1], which gives that v is in fact (h + €(1 4 J))-conformal, and that

v(xzj) > 0 for some j € Q. From the definition of the limit set J it follows

that there exists a hyperbolic word 7 € I* such that ¢(z;) € B(z;, R).

Hence, by Lemma 2.2, we have

|0 (i) < K6, (¢ ()] = K67 ()79, ()]

for every hyperbolic word w € I*. Combining this estimate with the confor-
mality of v, it follows that for each ¢ > 0 and every n > ¢ we have

33T (el < (K@ ()| ST ST (gl (g [P0

n>q weHy, n>q weHy,

<N vyl !

n>q |wl=n
< v(z) " w({ey(z)) W = g +I7l}) < wla) ™
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Hence, Hﬁ“(t]f) < v(z;)7%, and consequently HD(J?) < % +e. By
letting e tend to 0, we derive that HD(J?) < 115

In order to obtain the second upper bound, note that by Lemma 2.4
the intersection J N B(¢u(x;), (R|#,(z;)|)19) is contained in a central cone
with vertex ¢, (z;) and angle < CoRY™|¢/ (x;)])%P =< (R, (z;)|)%, or
equivalently the radius of the base < (R|¢.(x;) )@+, Thus J N

B (¢u(x;), (R|¢L,(2:)])'F°) can be covered by at most const (R|¢/,(x;)]) P

balls of radii (R|¢/,(x;)])' @+, Therefore, for every € > 0 we have

H 1+5<1+pi) +6(JZ.5)

< liminf (R ) 1+o(1Lp:) TR (R ~0pi
minf 3" Y (R0, ) (Rl (x1)])

n>q weH,
= hm 1nf2 Z | (a;)|Pre(+o04pa)),
n>q weH,
Now the proof follows exactly in the same way as in the first part. (|

As a first step towards the proof of the lower bound in Theorem 4.1, we
obtain the following lemma:;:

Lemma 4.3. There exists a universal constant b(d) > 1 such that the fol-
lowing holds: for every open set G C Int X and each n > 1, there exists a
finite set Ig, C Uj>n I’ of mutually incomparable hyperbolic words, which
has the properties that m(UweIG,n B.,) = b(d)"'m(G) and that the balls in

{By, :w € Ig,} are pairwise disjoint subsets of G.
Proof. Fix i € 2. We define
Joo 1= W({w €I\ {ri®*:7€I"} : w contains arbitrarily long blocks of i’s}).

Then, since the conformal measure m is positive on nonempty open subsets
of J, Corollary 5.11 in [MU1] implies that m(Js) = 1. Now, let ¢ > 1
be sufficiently large such that ¢ (X) C B(x;, K~ 'R). It follows from the
definition of J that if x € J, then there exists an increasing infinite
sequence {l;}; with I; > n for all j > 1, a sequence {g;}; with ¢; > ¢+ 1
for all j > 1, and words w@) e %1% such that for all j > 1 we have
x € ¢, (X), wl(j) # 1 and alfw\qj =% . It now follows that

z € G0, (Bl K™'R)) C B,

that w() |i;+1 is a hyperbolic word, and that lim; . diam(B,_;)) = 0. Hence,
the set G N Jo can be covered by canonical balls B, for which |w| > n.
Let I" denote such a cover of G N Jy. By the Besicovitch Covering Theo-
rem, there exists a universal constant b(d) > 2 such that I' contains b(d)/2

subfamilies, each consisting of pairwise disjoint elements, such that G is
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contained in the union of all balls in these subfamilies. It follows that
for at least one of these subfamilies, say 'y, we have m(U BoeTy Bw) >
2/b(d)m(G N Js) = 2/b(d)m(G). Since there clearly exists a finite subset
I'y of T'y having the property that m(UBMGFf Bw) > %m(UBweFO Bw), the
conclusion of the lemma follows. O

Proof of Theorem 4.1. Our next step in the proof of the theorem is the con-
struction of a Cantor set contained in Jf . Crucial for this will be a certain
increasing sequence {n;};>o of nonnegative integers, and it will become clear
during the construction how one has to choose this sequence. We begin by
defining for I > 0 the sets I; C I'* by induction as follows: let By := B(z;, R)
and Iy := {0}. Suppose that I; has been defined, and let w € I; be fixed. By
Lemma 4.3 there exists a finite set w* consisting of hyperbolic words such

that
w* C U I*
E>max{|w|+l, 741}

and the family {B;},c,+ consists of pairwise disjoint balls such that B; C
Int B for every 7 € w* (note that 7|jw| = w). In addition

(4.1) m( U BT> > b(ld)m(lnt BY) > m(BY).

TEW*

Here, the latter inequality follows from the conformality of m, Lemma 2.2
and Corollary 3.3. Put
Il+1 = U w*.

wel;
Now, let {F;};>1 denote the family of nested nonempty compact subsets of

By given by
F:= () B..
wel;
Note that we have in particular that
F=(F#0.
>1

Next, for each [ > 1 we construct a Borel probability measure u; supported
on the set F)_q as follows: let py := ﬁnﬂ By, and assume that the measure
0
w; has already been defined for some [ > 1. Recall that
wi=A{r €4 Ty, =w}
for w € I;. Now, for each w € I; and every Borel set A C B, we put

Y e M(AN B;)

(42) :U’lJrl(A) = Z o m(BT)
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This defines a Borel probability measure ;41 on Fj having the property that
w1 (By) = i (By) for every w € I;. A straightforward inductive argument
gives that p14(B.) = w(B.) for every ¢ > I. Also, since for each w € | J;~q i
the set B, N F is an open subset of F' , we conclude that the weak limit
w:=limy_, oy exists and is supported on F', and that u(B,) = w(B,,) for
each | > 1 and every w € [;. For w € I} and j <[, let k; = kj(w) < |w]
denote the unique integer determined by wly, € I;. Using (4.1) and (4.2),
a straightforward inductive argument gives that for every [ > 1 and every
w € I; we have

(4.3) p(By) = m(By) = ﬁ B,
j=1 ZTG“"ﬁj,l m(Br)
IR | L .
j=1 ZTEW|2J_ m(Br) m(B(z;, R))
= (B[] Bei) o)
j=1 m(Bf,\kj)
| o, (2 exp(O(1)
VIS N, @lm (B, (RI9),, (@0)])?))
-1

= m(Bo) [T m(B(es, (RIgL, (2))") " exp(O).

For every n € |J;5; 1 I; define

3D Hm zi (Rl (@)])")
-1

Since
(4.4) lim sup {|¢,,(z;)| :w € I"} =0,

it follows that there exists ng > 1 such that for each w with |w| > ng we
have

(4.5) (RI¢L (z))** < R0, (z:)]-
Since the set I; is finite, it follows from (4.4) that there exists a positive
number R < R such that if w € I; and if R|¢ ()] < R for some T € w*

then |w| > ng. For fixed z € F and 0 < r < R/3, consider the family F of
all words w € (J;5¢ f1+1 for which

(4.6) B,NB(z,r)NJ #0, R|¢,(x;)| <3r, RI¢, (2:)] > 3r.

Wk, (
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We shall now see that the family F, = {w|i, : w € F} is a singleton, and
that if this is the case with {v} = F., then it follows that

(4.7) B(z,r) C B,.

For this, fix some element v € F, and w € F such that v = wl|y, and such
that y € B, N B(z,7) N J. Clearly, by construction of the set J, we have
Y€ Bg. From (4.5) and (4.6) we deduce that if x € B(z, ), then

[ = oy (@)l < llz = 2l + 1z = yll + ly = & (i)
<1+ (Rl (x))'
< 2+ LRIOL () < 2RI6L, (0] + ARl (x1)
= R|¢y,(zi)| = RI¢),(w:)].
Hence we have proved (4.7); in particular, using (4.6) and the construction
of the set F', we obtain F, = {v}.

Let € > 0 be fixed. Since Tp :=sup {[[(7) : 7 € I;_1} < 00, we obtain for
n; sufficiently large and for all n € I} that

Ty exp(O(1)) < |y, ()|~
Combining this estimate and (4.6), it follows that
(4.8) [T exp(O@) <r.
-1

To complete the proof of Theorem 4.1, it now suffices to show that u(B(z,7))
can essentially be estimated from above by r—2¢r?, for

h o h+ 0p;
= — T - .
1446 1+06(1+p;)

We split this estimate into three cases:
Casel: r> (R \¢’7(xi)])1+5. Using (4.7), (4.8) and the conformality of m,
we obtain
w(B(z,7)) < pu(By) = pu(By)
< m(By) [[(v) exp(O(1)) = |¢, (z:)[" ] [(7) exp(O(1))

-1 -1
€

h
< \¢;(xi)\hr_e L rms©

which completes the discussion for this case.
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Before dealing with the remaining cases, note that, using (4.3), (4.6), (4.8)
and Corollary 3.3, we have

(49) w(B(z,r) < Y n(Bu) =Y m(Bu) [[(w)exp(O))

weF weF l

< m(B(z, 7)) [ (@) exp(0())

l

=m(B(z,7r)) [ (@) exp(O(1) (m(B(zs, (RI¢), (x:)])*) ")

-1
<r € |¢;(xi)\—5<h+<h—1>m> m(B(z,7r)).

Case2: 1< (R |¢/W(CCZ)|)1+5 and r > K?RQP%(R |¢/7(xi)|)1+5+6pi. From
(4.7) and Lemma 2.2 we deduce that

r < RI¢ ()] < KR, (m(0"7))],
where z = 7(7) and 7|, = 7. This implies that
(4.10) r/K < R|¢y (n(0"7))] = R, (x(o"7))].
Now, since z € By N J, we have z € Bfi, and therefore
m(o"7) € Bz, K(R|,(2:)])°).

Let o"7 = 9w, with w; # i. By Proposition 3.1 (formula (3.2)), we
1 1

have ||7(o™7) — x| > Q¢ ?i. Hence, using the fact that Q!¢ » <
K(R |¢’7(mz)\)5 and Proposition 3.1 (formula (3.1)), we obtain

(4.11) R|g, . (0" n)| = R (¢l (w(0"7))] - |, (7(0w))]
< B¢l (n(0"7))|Qq ¥
< KRQPi*2 (R‘¢;($i)’)1+5(pi+1)
<r/K.
It follows that
(r/K)" = R\ (n(d"7))

Choose a small k > 0 to be specified in the course of the proof. Without
loss of generality we may assume that z ¢ JZ-‘SJ”‘. Thus by choosing r > 0 to
be sufficiently small, we can assume that z ¢ Bf;+"‘, and hence in particular
that 7(o"7) ¢ B(;, K_l(R’qbif(l‘i)|)6+'{). Since

. (r/K)«=R|¢ (m(e" )]

7'|n+q+1

1
[m(o"7) = zil| < Qg
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1
by Proposition 3.1 (formula (3.2)), we have Qq 7 > K~ '(R|¢, (z;)])° ™.
Hence, using Proposition 3.1 (formula (3.1)), we obtain

(4.12)
RI¢L, (0™ )| = BRI, ((0™ )] - [, (o)
> K'R|¢(2)|Q g
> (R(KQ)P*2)~ (R\gb (z;)|) 1O+ PitD)

Write r = ¢(R|¢/,(z:)|)1 707, for 0 < n < 0p; and 1 < ¢ < K*RQPiT2.
Suppose first that the first part of the global formula (Theorem 3.5) holds
for the centre z and radius /K. Using (4.12), we obtain

TR () ]) O

, RI, . ()]
> Rl (o )| |
ol

1/ (m o1 (RO () ) 0 @it D sl
> RK ¢l ( 0!(( (KQ)Pit?)~1 e

- ’¢i{(l_i)|1+5+n.

Note that if » > 0 is chosen to be sufficiently small (and hence the word
length of v is large), we have n < 2x. Then, applying Theorem 3.5, (4.9)
and Corollary 3.7, we obtain

(B(a) < 716 )| OB r/K))

(h=D)p;
= rh!¢7(wz)| —o(h+(h=1)pi) (| - )
¢ (

:r*Ethr(h*l)p"Iqﬁfy(xi)\ 6(h+(h=1) ) (h=1)pi

VT_ETh|¢ ( )| —d8(h+(h—1)p;)

—~

—d(ht(h—1)p;)—(h—1)p; hpin—pn+h+hn
—epht(h=1)pi,, TFo+n S Ei E& R

=7
Note that we have
hpin —pn+ h + hn h

4.1 > _
(4.13) 1+6+n  — 140 °©

if and only if
n(hp; — pi + hpid — pid + hé) > —e(1+ 0 +1).

Clearly, since 1 < 2k, the latter inequality is satisfied if we choose k > 0 to
be sufficiently small. Hence, we can assume without loss of generality that
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(4.13) holds. It then follows that
u(B(z.r)) < e,

which gives the Case 2 assuming the first part of the global formula.

Now suppose that the second part of the global formula (Theorem 3.5)
holds for the centre z = 7(7) and radius /K. Then (4.9), Corollary 3.7 and
Theorem 3.5 imply that

(4.14)  p(B(z,r)) < r|¢) ()| ORI m(B(z,r/K))

<r 6\¢§($z)\ O(h+(h l)pz)rh (( /r ) )

O I G R ARG Clataar

If h < 1, then using (4.12), we can continue the estimate in this case as
follows:

w(B(z,1)) < r_gr\(b’v(xi)]‘6(h+(h_1)pi)1’i’qyy(g;i)’(h—l)(1+(5+ﬁ)(p+1))
_ T—er|¢;(wi)’h—l—hnpi—l—hn—np,-—l—d—n
— T—e,r|¢;(xi)’h—1—6+cm’

where we have set a := hp; + h — p; — 1 < 0. Hence,

e h—1—40+akr . ht+ntak —e htak
w(B(z,r)) < r Sy H5n = S it <o 1Es

where in the last inequality we used the assumption that h < 1. Now, by
choosing k > 0 to be sufficiently small, it follows that

u(B(z,r)) < rliié_%.

This completes Case 2 for h < 1.

If h > 1, then using (4.11), we can continue the estimate in (4.14) as
follows:

(B(z,1)) < 17| (ay) | PHATIRD g () (DU

h—1-6 h+
= T_Sr\(b’v(xi)]h_l_‘s — PSS = 6 TR

h
ri+s € ifo>h-—1
< h+dp;
r1+6(1+p;) iféd<h-1.

Here, the latter inequality is obtained by using the facts that n < dp; and

that for § < h — 1 it holds that 11}“177 decreases if 7 increases.

Hence, the proof of Case 2 is complete.
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Case 3: 1 < K2RQPi*2 (R\¢;(xi)\)l+5+5pi. From (4.9) and Corollary 3.7
we deduce that

(15) (B ) <ol )| O (B e,/ K))
= 1} )| PO (2, K)

h _ d(ht(h=1)p;)
L r Srfr W ((z,r/K)

h+dp; e
=ritotri ((z,r/K).
If h > 1, then we can apply Theorem 3.5, and we obtain

h+ép;

u(B(z,r)) < ritoton

If h <1, we can assume i = imax, which means p; = max{p; : j € Q}. Let
k > 1 be the index in the hyperbolic zoom associated with the point z and
with the radius r/K. If ng1 = ni+1, then we can proceed as in the previous
case to obtain the desired result. Hence, suppose that ngi1 # ngp + 1. It
follows that o"™*1 = j“71,, 11 for some j € 2, uw > 1 and 7, 41 # j. Now, for
t € [(r/K), (r/K)*| we write ((z,t) = t*!). Then

pj(h—1) + pj(lfh)llt')JggE(r/K)*) for (r/K)*>r> (r/K)* (Ezégi)p;ﬂ’
T\ ) o ), << (1) ()P
From this we deduce that « has its minimum at ¢ = (r/K)* (E:;gi)p]lﬂ

Therefore, we can assume without loss of generality that

Gy

(4.16) (r/K) = (r/K)* <

Also, by choosing x > 0 sufficiently small, we can assume that z ¢ JOT%.
For r > 0 small, we then have z ¢ Bfrrk”(pj). Now, by the same arguments
as those leading to formula (4.12) in Case 2, we have

(4.17) (r/K), > (R(KQ)PT2) =Y ((r/K)*) TR @i +1),

Hence, Theorem 3.5 and (4.16) imply that

<7«/K>*>(h@?f '
(r[K)"

(4.18) (/) < (
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Now write

(6) ™ ermremr((E7)

and for every t € (0, 1) consider the number «(t) determined by the equation

We are interested in a sufficiently good lower bound on a(r/K’). And indeed,
solving Equation (4.19) for «(t), one easily deduces that the function ¢ —
a(t) is increasing throughout the entire interval (0,1). Therefore, invoking
(4.17), we may assume that

(1 )2 = RUEQP2)7 (1K) ) 3+ e+
< R(KQY™) ™ ((r/K)") H0e),
Combining this and (4.16), we obtain
(r/K) < (r/ )" ((r/K)7)" = ((r/K))"™".
Then by combining this, (4.18) and (4.17), we get

P (h=1)(5++)

(/) < ((r/K)) PO < (/)
Substituting this latter inequality in (4.15), we obtain

htdp; 9P (h1) Kpj(1—h)
/”L(B(Z7T)) < TﬁJr pj1+6 r—6+ p]1+<s
A straightforward calculation, using the facts that p; > p; and h > Apj .
shows that o
h + 0p; op;j(h —1) N h
Hence, if k is chosen sufficiently small, we finally obtain
h
w(B(z,1)) < ri+s €. -

4.2. Limit laws for iterated function systems. Define the set
L={"j:i€Q, j#i,n>1}U(I\Q).

A word w € I can be written uniquely as an infinite word in elements from
I, if and only if w is not of the form 7¢*° for any ¢ € 2 and 7 € I*. Let

* (e.e] [e.°]
oI — I

denote the shift map on I2°. Also, for i € Q and w € I° define

n if wy =4"j for some n > 1 and j # i,
Qi(w) := :
0 otherwise.
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In [MU1] we proved that the iterated function system S* = {¢,, : w € I*}
is hyperbolic, and that S* is regular if and only if S is regular. The shift
map o* can be interpreted as the symbolic representation of the system S*.
As in the previous section, in this section we shall always assume that S is a
tame parabolic finite iterated function system satisfying (SSOSC), and that
m is the associated conformal measure for S. Clearly, m is also conformal
for S*. Hence, there exist Borel probability measures m and p* on I2°
that are equivalent to each other (with uniformly bounded Radon—Nikodym
derivatives) such that m = mon~! and u* o (¢*)~! = pu* (see [MUL1]). For
ecR,ie€Qandn>1, we define

_op
Aip(e) == {w € I : Qi(w) > nF0=Dri ]
and
Aioo(€) :={w € I : 0™ (w) € Ajpn(e) for infinitely many n}.

Lemma 4.4. Fori € Q and e € R we have m(A; «(€)) > 0 if and only if
e > 0.

Proof. Using the definition of m and the conformality of m, we obtain

(4.20) Yo () T (Ainl€) = Y w (Aiu(@) = D m(Ain(e))

n>1 n>1 n>1
_pit1
n>1 Py
T k>nhtG-Tp;
“l4e h+(h*.1)Pi
= E n P .

n>1

Since h + (h — 1)p; > 0 (see [MU2]), it follows that the series

> i (@) (Ain(e))

n>1

converges for € < 0. Thus, the “weaker part” of the Borel-Canteli lemma
gives that p.(A;c0(€)) = 0, which then implies that m(A;~(€)) = 0. This
proves one direction of the equivalence in the lemma.

In order to prove the remaining part of the lemma, recall the following
well-known result from elementary analysis:

o Let (X,),cn be a sequence of events in a probability space (X, P). If
Y nen P(Xy) = 00 and if P(X, N X}) < P(X,) P(X}) for all distinct
n,k € N, then P (limsup,,_,. X,) > 1.
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By again using formula (4.20), the ‘if-part’ of the lemma follows from this
general result once we have shown that for all n, k € N with n > k we have

m((0*) F(Aik(e)) N (0™) ™ (Ain(e)))
< m((0") F(Aip(e)) m((0*) " (Ainle))).

Since p* and m are equivalent, and since p* is o*-invariant, it follows that
in order to obtain this latter inequality it is sufficient to show that

L (Ask(€) N (0") M) (A40(€))) < (Ai(€)) T Ain(€)).

Since the set A; ;(€) can be written as a union of S*-cylinders of length 1,
it can be written also as a union of cylinders of length (n — k). If A; (e) =
|J Bi(€) denotes such a representation by cylinders of length (n — k), then
by the o*-invariance of p* and by the Bounded Distortion Property (7) and
the conformality of m, we have for each w € A; ,(€) and 7 € By(e) that

(%) (Aik(€)) N (07) ™ (Ain(e)))
= (o)~ "R (A ,(e)) N By(e))
= ¢ (m (@)1 (Ain(€)) N (6*)"*(Bi(e))).
This implies that
m((0*) "R (Ain(e)) N Byl(e)) _ ¢ (@) 7 Ain(e))
m(By(e)) | (m(w))["
or equivalently that
m((0%) " F (Asn(€)) N Bi(e)) = m(Ain(e)) m(By(e)).
If in this latter inequality we sum up over all sets Bj(€), we obtain
m((0*)" " (Ain(€) N Aig(€)) < (Ain(e)) (A k(€)),

which in particular gives the desired inequality. (Il

= m(Ain(€)),

Lemma 4.5. Fori € Q and € > 0 we have m(A; o (€)) = 1.

Proof. Let i € Q and € > 0 be fixed. Clearly, 0*(A4; . (€)) C A; oo(€). Hence,
using the ergodicity of the map ¢* and the previous lemma, the statement
of the lemma follows. O

Theorem 4.6 (Limit Law I). For m-almost every w € I2° and for alli € Q
we have

1 (5% .

o OEQUE @) p

Proof. In order to obtain the lower bound for the ‘limsup’ in the lemma,
fix some ¢ € Q and note that by Lemma 4.5 we have m(4; (0)) = 1. If



DIOPHANTINE ANALYSIS 387

w € A; (0), there exists by definition a sequence (k;);cn of natural numbers
k;, such that (o*)ki (w) € Ajk,;(0) for all j € N. This implies for all j that

Qz‘((a*)kﬂ' (W) > k‘?i/(h+(h—l)pi),
and hence that

(o)™ .
lim sup log Qi{(o7)"(w)) > Pi .
n—00 logn h+(h—1)p;
In order to obtain the upper bound for the ‘lim sup’ in the lemma, let € < 0
and i € ). By Lemma 4.4, there exists a set Fj(e) such that m(Fj(e)) = 1,
and such that if w € Fj(e) then there exists a number ng = ng(w) € N with
the property that (¢*)"(w) ¢ A;n(€) for all n > ng. Hence, for w € Fj(e) we
have for all n > ng that
(o) .

lim sup 28 Qi(e")"W)) _ pi 3

N0 logn h+ (h—1)p;

If we put I =, F;(—2), then m(F;) = 1 and for each w € F; we have
(5% .
lim sup log Qi((0™)" (w)) < bi .
Hence, for w € A; o (0)NB; we obtain the equality stated in the theorem. [

€.

Note that if Q;(w) = n, then it follows from (3.3) that |z; — 7(w)| =<
(n+1)~Y/Pi. This now leads to our second limit law.

Theorem 4.7 (Limit Law II). For m-almost every w € Ig° we have for all
1 € ) that

 logln((e”)" () — i |
1 f— .
1711n_)5£p logn h+ (h—1)p;

Proof. Fix w € I° and i € Q. By definition of @; and using (3.3), we have
for n € N that

T ((0")" (@) — 2| = (Qi((0™)"(w)) + 1)~ /71,
Hence, it follows that
— log|m((0")"(w)) —xi|  logQi((c”)"(w))

n—oee logn p; logn
Using Limit Law I, we find that, for m-almost all w € I2°,
o Z BT @)~ 1 og Qu((0)" (@)
n—oo lOg n DPi n—oo IOg n
1

= 0
h+(h* 1)])1'
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Since m is ergodic and positive on nonempty open sets, we have that m-
almost every point in I2° has arbitrarily long blocks with parabolic entries
only. Taking this observation into account, we now modify on a set of
full measure the definition of the hyperbolic zoom (r;(w)); as follows: for
a given ¢ € ) we include only those elements in the hyperbolic zoom for
which n;(w) > nj_1(w) + 2 and i(w,j) = i. In other words, we consider
subsequences (7, (w)), and (nj, (w)), such that nj, (w) > nj, —1(w) 4+ 2 and
Wny 1(w) = t. Such subsequences will be referred to as the i-restricted
hyperbolic zoom and the ¢-restricted optimal sequence, respectively.

Theorem 4.8 (Limit Law III). For each i € Q the i-restricted optimal se-
quence at m-almost every w € I2° has the property that

limn sup log(nj,+1(w) — nj (W) _ pi _
k00 log ji h+(h—1)pi

Proof. Let i € Q and w € I°. Define the function N, : I® — N by
(0")(w) = oV @)(w), for every n > 1. Then we see by induction that
Nj(w) = nj(w), for all j € N (this follows, since n;(w) = Ni(w) and, as-
suming that n;j(w) = N;j(w), since nj41(w) = n;j(w) + N (w)(e™ @) (w)) =
Njy1(w)).

Using Limit Law II and the fact that |x(o™V ) (w)) — 2| = (Njp+1(w) —
Nj, (w))~1/Pi it follows that for m-almost all w we have

lim sup log(nyy-+1(w) = ny, (@) = limsup log(Nj,+1(w) — Ny, (w))
k—00 log jk PR log ik
—pi log (0™ (w) —

= lim sup

k—o00 log]k
. *\Jk o
) G )
k—o00 logjk
Pi
S — O
h + (h - 1)])1

Theorem 4.9 (Limit Law IV). For each i € Q the i-restricted hyperbolic
zoom at m-almost every w € I° has the property that

lmsup 28U /i1 (@) - T4pi
k—o0 log ji, h+ (h—1)p;

Proof. For i € Q) and w € I° we saw in the proof of Theorem 3.5 that

Tk (w)

- (1. — (1+pi)/pi
Tjer1(w) (M1 () =15 ()
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for k£ € N. Combining this estimate with Limit Law III, it follows for m-
almost all w € I2° that

lim sup log (s, (w) ,/Tj’“ (W) = limsup L+ pi IOg(nij(w)._ nj, (w))
k—oo log Jk k—oo Di IOg]k
1+pi
p— _— D
h —|— (h — 1)])2

The following theorem presents the main result in this section:

Theorem 4.10. (The Khintchine Limit Law for parabolic iterated function
systems). The hyperbolic zoom at m-almost every w € I2° satisfies

s P/ 110) e
00 log log —— h =+ (h — 1)pmax

75 (w)

where we have set pmax = max{p; : i € Q}.

Proof. For m-almost all w € IZ° we have

logry(w) _ 10816}, 0 (<0 @)

lim = | -
J—00 j J—00 j
_log|gly (o (m(@™i)(w)))]
= lim J .
J—00 J
log [y, . (T(0*) (@)
= - m - = )(7
J—00 )

where the last equality follows from the Birkhoff Ergodic Theorem, using
the ergodicity of the system (I2°,0*, u*) and the definition

o= [ g6l (r(o) )] dm () > o0
Hence,
1

lim w -1,

j—00 log j
The theorem follows by combining this equality with Limit Law IV and
noting that

1+ bi 1+ Pmax

I?E%ZX h+ (h — l)pi - h + (h - 1)pmax.

Corollary 4.11. For the function ( of the h-conformal measure m (see

Theorem 3.5) associated with a tame parabolic finite iterated function system
satisfying (SSOSC) the following hold:

(i) For h =1, we have for allw € I3 and 0 < r < diam(I2°) that
C(w,r) =< 1.

O
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(ii) For h < 1, we have for m-almost every w € I2° that

e B T) (L W
sup = — -
r—0  loglog ; h+ (h — 1)pmax

(ili) For h > 1, we have for m-almost every w € I° that

lim inf log C(wa ’f) — (1 - h)pmax .
r—0 loglog - h+ (h — l)pmax

Proof. Statement (i) is an immediate consequence of Theorem 3.5. In order
to prove statement (ii), let w € I and r > 0 sufficiently small be given.
Without loss of generality we may assume that rj11(w) < r < r;(w) and that
Wn,;(w)+1 = ¢, for some ¢ € Q. For r in this range, an elementary calculation
shows that the maximal value of ((w,r) is achieved if r is comparable to

Fimasl) = ) (22

rj(w)

>1/(1+p¢)

For this value of » we have

(W, T max (W) =< ( rj(w)

rjt1(w)
As we have seen above in the proof of the Khintchine law, for m-almost all
w € IX it is sufficient to restrict the discussion to those indices j for which
W (w) = 1, with p; = Pmax. It follows that for all € > 0 and for m-almost all
w € I we eventually have

(1—¢(+pi)
h+ (h - 1)pi

Y

)(1—h)pi/(1+pi)

1 j 1 14 p;
i (w) < (I+¢)( +p)loglog 1
rj(w) riviw) = h4 (b= 1pi rj(w)
(where ‘<;,.’ indicates that the inequality holds ‘infinitely often’, i.e., for

some infinite sequence of values of j). Hence, the estimate above implies
that

log log

Si.o. 10g

(1—e)(1—h)pmax (1+e)(1—h)pmax

1 h+(h—1)pmax h+(h—1)pmax
log <o, C(w, Tj,maX(W)) < | log

rj(w) rj(w)
This proves statement (ii) in the corollary. Statement (iii) follows from a
similar argument, and we omit its proof. O

We are now in the position to derive a refinement of the description of the
geometric nature of the h-conformal measure given in Theorem 3.8 . Namely,
using the latter corollary, we have the following statements concerning its
relationship to the packing measure Py, and Hausdorff measure Hy,, with
respect to the dimension function . Here, the function ) is given for
A € R and positive r by

Ua(r) ==t (log

1)(1+)\)(lfh)pmax/(th(hfl)pmax)

r
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Corollary 4.12. If S is a tame finite parabolic iterated function system
satisfying (SSOSC), we have the following table:

Avs. h h<1 h>1

A>0 m<<Hy, and HlpA(J):OO dE) s.t. m(EA):L 'P¢>\<E)\):0

A0 | TFy s.t. m(Fy)=1, Hy, (F\)=0 m< Py, and Py, (J)=00

The symbol ‘K’ indicates absolute continuily between two measures.
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A NOTE ON A FOURTH ORDER PDE WITH CRITICAL
NONLINEARITY

CHANGYOU WANG

We consider the Euler—Lagrange equation of a functional
arising from conformal geometry in four dimensions, a fourth
order equation with borderline nonlinearity. We present a
short proof of the fact that any W?2-solution is smooth.

1. Introduction

Let (M, g) be a four-dimensional compact Riemannian manifold. Motivated
by problems in four-dimensional spectral theory and conformal geometry,
Chang and Yang [CY] (cf. also Chang [C]) introduced the functional F' :
W22(M) — R:

(1.

1.1)
Flw) = /M{(Aw)2 4 (alw + fIDw)? + T(Dw, Dw) + E(w — )} dv,

where a, 3 € R, w = vollM Jw; E:R— Rand T € sym?(T*M) satisfy:

(1.2) max {|E(z)], |E'(z)|} < e1e® T (v,0)] < es)v?.

Direct computations show that the Euler—Lagrange equation associated with
critical points of F' on W22(M) is

(1.3) 2(1+a®)A%w +23div (aD(|Dw[?) — (aAw + 8| Dw[*)Dw)
= div(T(Dw, ")) — (E'(w — @) — E (w — 0))

where E' (w — @) = —7 J E'(w — w). Chang, Gursky and Yang [CGY]
proved that any F-minimizing solution u € W22(M) to (1.3) is actually
smooth. It was asked in [CGY] whether any weak solution v € W2(M)
is smooth. Indeed, Uhlenbeck and Viaclovsky [UV] confirmed this recently
and proved the smoothness for any weak solution u € W2(M) to (1.3). The
proof in [CGY] relied on F-minimality. The idea in [UV] is based on some
uniqueness properties for small perturbations of A? in various Sobolev spaces
and seems to be an indirect argument. Here we provide an alternative and
direct proof of the smoothness for weak solutions to (1.3); namely, we show
that under a smallness assumption on the W22 norm, the normalized LP-

norm of the gradient of u on a ball decays like a positive power of the radius

393
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of the ball. This, combined with Morrey’s decay lemma and the conformal
invariance of the W22 norm in dimension four, implies the Holder continuity
of u. Higher-order regularity then follows from [CGY]. This type of so-
called €p-decay lemma is very common in the context of regularity theory
for harmonic maps (cf. Schoen—Uhlenbeck [SU]J). In fact, this kind of idea
was also employed by Chang, Wang and Yang in their study of the regularity
problem of biharmonic maps into spheres [CWY].

Since regularity is a local result, we assume, for simplicity, that M = Q C
R* is a bounded smooth domain, with the Euclidean metric g. Now we state
the decay lemma:

Lemma A. There exist eg > 0 and 6y € (0, 3) such that if u € W>2(Q) is
a weak solution to (1.3) and if for By(x) C 2 we have

(1.4) / |Du|* 4+ |D*ul? < €
B ()
then, for any 2 < p < 4,

(15) ()™ [ |Dul < 5 IDuP £ C (oDl o)

907‘(‘%)

Since u € W22(Q2), the absolute continuity of [|Du|* + |D?u|? implies
that there exists an ro > 0 such that (1.4) holds for u over any ball B,(z) C
Q with 0 < r < rg. Therefore, we can apply the lemma repeatedly and
conclude that there exists a 6y € (0,1) such that rP~4 fBr(x) | DulP behaves

like 7P% for all 0 < r < rg and = € Q. This, combined with Morrey’s lemma,
implies that u € C%(2) and hence u € C*®(Q), via [CGY]. In particular,
one has (cf. also [UV]):

Theorem B. Ifu € W22(M) is a weak solution to (1.3), then u € C*°(M).

2. Proof of Lemma A

It follows from Fubini’s theorem that there is an s € [Z,r] such that
(2.1) / |Du|* + |D?u)? < 27’1/ |Dul* + | D*ul?.
835(2?) B'r(x)

Let u; € W22(B(z)) satisfy

(22) A= fa2 div(aD(|Dul’) — (aAu + A1Dul?) Du),
8u1

(2.3) u === 0 on 0Bs(z).
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Let ug € W22(Bg(x)) satisfy
1 —/

2 o . . o / ) a7

(2.4) Afug = 01 a?) (div(T(Du,-)) — (E'(u — @) — E' (u — ))),

0
(2.5) ug = (;7'2 =0 on 0Bs(x).
Let uz = u — u1 — uz € W2(Bg(x)). Then we have
(2.6) A%uz =0 in By(z),

B Ouz  Ou
uz =u and = on 0Bs(z).

For uy, it follows (see, e.g., Lemma 2.2 of [CWY]) that for any ¢ € (1, 3)
D> w1l Lo, () < CIl1Dul|D*u| + | Dul*| Dull| o, (x))
2 2
< CID%ull 2B, (@) + 1Dulla(p, (o) |1 Dl 20

< Ceol||Du|| 24 .
L2274 (Bs(x))

(Bs(z))

This, combined with the Sobolev embedding theorem, implies

(2.7)  [[Dur]| 2 < [|Dur|| 24 < Ceol|Dul| 24
LZ-q L2 (Bs(x) L2=4(Bs(x))

< Ceo||Dul| 24
L2=q

(B (2))

NS

(Br(z))
Here we have used the fact that Du; = 0 on 0Bs(z). To estimate ug, observe
that (1.2) implies that |T'(Du,-)| < C|Du| € L*(Q) and
(2.8) IT(Du, )|l za@) < Cllullw22(q)-
The Moser-Trudinger inequality and (1.2) imply F'(u — @) — E (u — 1) €
LP(Q) for any 1 < p < oo and

= _
(2.9) |E'(u—u) — E (u— u)HL4(Q) < Cllullyw2.2(q)-

Multiplying (2.4) by ug and integrating it over By(x), we get

/ ’DQ'LLQ’Z = / |AU,2‘2
BS({L‘) Bs(x)

< C’/ (]Du| |Dus| + |E'(u — @) — El(u — )| ]uQD
Bs(z)

2 2 %
<0||urwz,z<m( / el 4 D >)

2 2 %
< Cllwasayr( [ 10Maf)”
Bs(z)
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Here we have applied the Poincaré inequality for us in the last step. Thus
(2.10) | D < Clulfyesyr
Bs(z

This, combined with the Sobolev embedding theorem, gives

2
(2.11) /Bm |Dus|* < c</B . |D2uQ|2) < Crtull}y ey,

In particular, for any ¢ € (1, %), we have

2q

(2.12) (;)H_4/8 (

29 29
1Dual 0 < Cllfulwaa)re.
r (T
2

Since ug is a biharmonic function on Bs(z), we know that

/ |D?us)? < / |D?ul?.
Bs(x) Bs(x)

A standard Caccipolli-type argument implies that

(2.13) / |D2us|* < Cr_2/ | Dus|?.

This, combined with the subharmonicity of |Aug|?, implies

1 By (z) By (z)

r r
3 2

In particular, for any 6 € (0, i) and ¢q € (1, %),

(2.15) (Hr);q”/ |Dus|?7 < Caqurfqﬂ/ | Dug|? 5.
By, ()

T(CE

Putting (2.7), (2.13), (2.15) together, we obtain, for any ¢ € (1,%) and
0 €(0,1),

(2.16) (6r)=a /

2q 29 _ 4y 2q 29 _ 4 2q
|Du|2=a < (Cepf2-a "+CO%a)r2—a | Du|2-4
BQT(:E)

Br(x)
_2q
+C(0,q, |ullwzz(o))r2.

—2
Therefore, by choosing 0y = (40)6127 and then choosing ¢g sufficiently small,
we have

2q 2¢ 1 29 2¢
(217) (Gor)T / Dul= < 3res / |Du| s
BeoT(I) Br(x)

2q
+ C(q, ||uHW2,2(Q))r2—Q.
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Set p = 2L, Observe that p € (2,4) for ¢ € (1, %) This completes the proof

2—q"

of Lemma A. O
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