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Some duality properties for induced representations of enveloping algebras
involve the character Trad,. We extend them to deformation Hopf alge-
bras A, of a noetherian Hopf k-algebra A, satisfying Extf40 (k, Ay) = {0}
except for i =d where it is isomorphic to k. These duality properties involve
the character of A, defined by right multiplication on the one-dimensional
free k[[h]]-module Ext‘f‘h (kl[k1, Ay). In the case of quantized enveloping
algebras, this character lifts the character Trad,. We also prove Poincaré
duality for such deformation Hopf algebras in the case where k[[/] is an
Ajp-module of finite projective dimension. We explain the relation of our
construction with quantum duality.

1. Introduction

Let k be a field of characteristic O and set K = k[[h]]. Let Ag be a noetherian
algebra. Assume k has a left Ag-module structure such that, for some integer d,

Ext), (k, Ag) ={0} ifi#d,
Ext} (k, Ag) ~ k.

It follows from Poincaré duality that any finite-dimensional Lie algebra g verifies
these assumptions. In this case, d = dim g and the character defined by the right
representation of U (g) on Ext(z;r(z)g (k, U(g)) is Tradg [Chemla 1994]. The algebra
of regular functions on an affine algebraic Poisson group and the algebra of formal
power series also satisfy these hypothesis. Let A, be a deformation algebra of Ag.
Assume that there exists an Aj,-module structure on K that reduces modulo 4 to
the Ag-module structure we started with. The main theorem of the paper constructs

a new character of A that will be denoted by 6,4, .
Theorem 4.1. With the assumptions made above:

(a) Ext) (K, Ap) ={0} ifi #d.

(b) Extfih (K, Ap) is a free K-module of dimension one. The right Aj-module

structure given by right multiplication lifts that of Ag on Ext‘jo (k, Ag).
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The right Aj-module Ext‘jh (K, Ap) will be denoted by 24, . If there is an am-
biguity, the integer d will be written dy,, .

Theorem 4.1 applies to universal quantum enveloping algebras, quantization of
affine algebraic Poisson groups and quantum formal series Hopf algebras.

Let g be a Lie bialgebra. Denote by F[g] the formal series Poisson algebra
U(g)*. If Fylg] is a quantum formal series algebra such that Fj[g]/hFy[g] is
isomorphic to F[g] as a Poisson Hopf algebra, we construct a resolution of the
trivial Fj[g]-module that lifts the Koszul resolution of the trivial F[g]-module k
and that behaves well with respect to quantum duality [Drinfeld 1987, Gavarini
2002]. This construction is not explicit, but it allows us to show that if Fj[g] and
Uy (g*) are linked by quantum duality, the relation 0, g) = h8y, g+) holds.

As an application of Theorem 4.1, we show Poincaré duality:

Theorem 7.1. We make the same assumptions as above. Let M be an Ajp-module.
Assume that K is an Ap-module of finite projective dimension. For all integers i,
the K -modules Extzh (K, M) and Tor:i‘:h _; (84, M) are isomorphic.

Convention. From now on, we assume that A, is a deformation Hopf algebra.

Brown and Levasseur [1985] and Kempf [1991] showed that, in the semisim-
ple context, the Ext-dual of a Verma module is a Verma module. In [Chemla
1994] we extended this result to the Ext-dual of an induced representation of any
Lie superalgebra. In this article, we show that this result can be generalized to
quantum groups provided that the quantization is functorial. Such a quantization
has been constructed in [Etingof and Kazhdan 1996, 1998a, 1998b, Etingof and
Schiffmann 2002]. As the result holds for quantized universal enveloping algebras,
for quantized functions algebras and for quantum formal series Hopf algebras, we
state it in the more general setting of Hopf algebras.

Corollary 7.3. Let A, and By, be topological Hopf deformations of Ag and By,
respectively. We assume that there exists a morphism of Hopf algebras from By, to
Ay, such that Ay, is a flat BZP -module. We also assume that By, satisfies the condition
of the Theorem 4.1. Let V be a Bj,-module which is a free finite-dimensional K -
module. Then, if Sy, denotes the antipode of By, one has:

(a) Ext), (A4 @V, Ay) is {0} if i is different from d,.
h Bh

(b) The right Aj-module Extji” (Ap®p,V, Ap) is isomorphic to (Qp,QV*)®p, An,
where Qp, @ V* is endowed with the right B,-module structure given by

@8 f)-u= Tm > 050;,)080f Siw,)
J

and A(u) ZnEI—POO Zj u’j’n®u’f forallu e By, all f e V*, andall w € Qp,.

J.n’
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Proposition 7.4. Let A, be a Hopf deformation of Ao, By, be a Hopf deformation
of By and Cj, be a Hopf deformation of Cy. We assume that there exists a morphism
of Hopf algebras from By, to Ay, and a morphism of Hopf algebras from Cj, to Ay,
such that Ay, is a flat BZP -module and a flat CZP -module. We also assume that
By, and Cy, satisfies the hypothesis of Theorem 4.1. Let V (respectively W) be a
Bi,-module (respectively Cj,-module) which is a free finite dimensional K-module.
Then, for all integers n, there is an isomorphism

Bxty ™ (Ar @V, Ay @ W) = Bxty “ ((Qc, ® W) @ Ay, (25, ® V) ® A)).
' By, Ch ' Ch By
The right B,-module structure on Qp, ® V* and the Cj-module structure on
Qc, ® W* are as in Corollary 7.3.

Remarks. Proposition 7.4 was already known in the case where g is a Lie algebra,
b and ¢ are Lie subalgebras of g, and A, By, Cj, are the corresponding enveloping
algebras. In this case, dp, = dimb and dc, = dim€. More precisely, Boe and
Collingwood [1985] and Gyoja [2000], generalizing a result of G. Zuckerman,
proved a part of this theorem (the case where h = g and n = dim h = dim £€) under
the assumptions that g is split semisimple and § is a parabolic subalgebra of g. In
[Collingwood and Shelton 1990], such a duality is also proved in a slightly different
context (but still under the semisimple hypothesis).

M. Duflo [1987] proved Proposition 7.4 for a g general Lie algebra, h = ¢,
V = W* being one-dimensional representations.

Proposition 7.4 is proved in full generality in the context of Lie superalgebras
in [Chemla 1994].

Wetset A} = A, ® AZP . Using the properties of a Hopf algebra [Chemla 2004],

we show that all the Ext"ﬁ (Ap, Ah%Ah) ’s are zero except one. More precisely:
h

Proposition 7.5. Assume that Ay, satisfies the conditions of Theorem 4.1. Assume
moreover that Ag @ Agp is noetherian. Consider ApQxnjAn with the following
Aj -module structure: for any o, B, x,y in Ap,a - (x ®y) - B =ax @ yB.

(2) HH} (An®uqu)An) is zero if i # da,.
-~ d —
(b) The Aj-module HHA::h (A ®rpnyAn) is isomorphic to Q 4, ® Aj, with the fol-
lowing Aj -module structure: for any o, B, x in Ap,

a- (@Rx) B =wla,(B)® S(,B,-”)xS_l(Ot), where B = 2,3,/ ® B!

This result has already been obtained in [Dolgushev and Etingof 2005] for a
deformation of the algebra of regular functions on a smooth algebraic affine variety.
From Proposition 7.5, as in [van den Bergh 1998], we deduce a duality between
Hochschild homology and Hochschild cohomology.
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Organization of the paper. In Section 2, we gather all the necessary results about
decreasing filtrations, and in Section 3, we recall some basic facts about deforma-
tion algebras. The main theorem of the paper, Theorem 4.1, is stated, proved and
illustrated by examples in Section 4. In Section 5, we study the behavior of the
character 0, with respect to quantum duality. Section 6 is devoted to the study of
an example. In Section 7, we give applications of our main theorem.

Our study of algebras endowed with a decreasing filtration and filtered modules
over such algebras relies on the use of the associated graded algebra and graded
module, and on topological arguments. We apply this study to deformation alge-
bras endowed with the i-adic filtration and filtered modules over such algebras. In
[Kashiwara and Schapira 2008], a study of the derived category of Aj-modules is
carried out using the right derived functor of the functor M — M /(hM).

2. Decreasing filtrations

In this section, we give results about decreasing filtrations. These results are proved
in [Schneiders 1994] in the framework of increasing filtrations. Most of our proofs
are obtained by adjusting those of Schneiders.

Let GA =D, , G/ A be a Z-graded algebra. Let GM = ,_;, G/M and GN =
D,7 G:N be two graded GA-modules. A morphism of graded GA-modules from
GM to GN is a morphism of GA-modules f : GM — GN, such that f(G,M) C
G,N. The group of morphisms of graded GA-modules from GM to GN will be
denoted by Homgs (GM, GN).

For r € Z and a graded GA-module GM, define the shifted graded GA-module
GM (r) to be the GA-module GM with the grading defined by G;M (r) = G, M.
Denote by Hom;,(GM, GN) the graded group defined by setting

G:Hom,(GM, GN) = Homgs(GM, GN(1)).

The i-th right derived functor of the functor Hom, (—, N) will be denoted by
Ext, (—, N).
A graded GA-module GL is finite free if there are integers dy, .. ., d, such that

n
GL >~ & GA(—d;).
i=1
A graded GA-module GM is of finite type if there exists a finite free graded
GA-module GL and an exact sequence in the category of graded GA-modules
GL - GM — 0.
A graded ring GA is noetherian if any graded GA-submodule of a graded GA-
module of finite type is of finite type.
Henceforth, all the GA-modules we consider will be graded, so we refer to
graded GA-modules simply as GA-modules.
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We are now going to consider a k-algebra endowed with a decreasing filtration
- CF4+1ACFAC---C FlA C FyA = A. The order of an element a, o(a),
is the biggest ¢ such that a € F;A. The principal symbol of a is the image of a in
Fo(a)/Fo(a)+l- It will be denoted by [a].

A filtered module over FA is the data of an A-module M and a family (F; M),z
of k-subspaces, such that

U FEM=M, F . MCFM, FA -FFMCF.M.

teZ
We will assume that F; M = M for t << 0. The principal symbol of an element
of M is defined. We endow such a module with the topology for which a basis of
neighborhoods is (F;M),.7. The topological space M is Hausdorff if and only if
(,;cz F:M = {0}. If M is Hausdorff, the topology defined by the filtration is that
of the metric given by

d(x,y) = |lx — y|| = 27 SWUEZIx—YeE;MY - for all (x, y) € FM.

Example. Let k be a field and set K = k[[h]. If V is a K-module, it is endowed
with the following decreasing filtration - - - C h"V C k"~ 'V C ... ChV C V. The
topology induced by this filtration is the 4-adic topology.

Lemma 2.1 [Schwartz 1986, page 245]. Let N be a Hausdorff filtered module. Let
P be a submodule of N which is closed in N. Let p be the canonical projection
from N to N/P.

(a) The topology defined by the filtration p(F;N) on N/ P is the quotient topology.
N/ P is Hausdorff and its topology is defined by the distance

d(x,y) =[x —yll, where|x| =int{|lall,a € X}.

(b) If N is complete, then N/ P is complete for the quotient topology.

Let FM and FN be two filtered FA-modules. Fu : FM — FN, a filtered
morphism, is a morphism u : M — N of the underlying A-modules, such that
u(FyM) C F;N. It is continuous if we endow M and N with the topology defined
by the filtrations. Denote the morphism uf,y : F;M — F;N by F;u. Denote the
group of filtered morphisms from FM to FN by Hompgs (FM, FN). The kernel of
Fu is the kernel of u filtered by the family Ker Fun F; M. If M is complete and N
is Hausdorff, then Ker Fu, endowed with the induced topology is complete.

A graded ring GA = @, FtA/Fi+1A is associated to a filtered ring FA.
A graded GA-module GM = @,_, F;M/F;;1 M is associated to a filtered FA-
module FM. If x is in F; M, we will write o;(x) for the class of x in F;M/F, . M.
We will denote by Gu : GM — GN the morphism of GA-modules induced by Fu.
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An arrow Fu: FM — FN is strict if it satisfies
u(F;M)=u(M)NF;N.

An exact sequence of FA-modules is a sequence FM % FN L% FP, such
that Ker F;v =1Im F,u. It follows from this definition that Fu is strict. If, moreover,
Fu is strict, we say that it is a strict exact sequence.

Proposition 2.2. (a) Consider Fu: FM — FN and Fv : FN — FP two filtered
FA-morphisms such that Fv o Fu = 0. If the sequence FM £% FN £° Fp
is strict exact, then GM Su, GN S GP is exact.

(b) Conversely, assume that FM is complete for the topology defined by the filtra-
tion and FN is Hausdorff for the topology defined by the filtration. If the se-
quence GM £4 GN &% GP is exact, then the sequence FM 1% FN £ Fp
is strict exact.

Corollary 2.3. Let FA be a filtered k-algebra and let FM and FN be two FA-
modules. Let Fu : FM — FN be a morphism of FA-modules. Then it follows
that G Ker Fu C Ker GFu and Im GFu C G Im Fu. Assume moreover that FM is
complete and FN is Hausdorff. Then the following conditions are equivalent:

(a) Fu is strict.
(b) G Ker Fu = Ker GFu.
(¢c) ImGFu= G Im Fu.

Proposition 2.4. Let (M*, d*) be a complex of complete FA-modules. H' (M*®) is
filtered as follows:

Kerd; N F;M' +1Imd;_, N Kerd; N F,M!
Imd;_; o Imd[_lﬂF,Mi_l'

If d; and d;_; are strict, then GH' (M*) is isomorphic to H (GM*®)

Remark. The isomorphism from G, H'(M*®) to H' (G, M?*) associates cl(o;(x)) to
o cl(x).

For any r € Z and for any FA-module FM, we define the shifted module FM (r)
as the module M endowed with the filtration (F;4,-M), 7.

An FA-module module is finite free if it is isomorphic to an FA-module of
the type f:l FA(—d;), where dy, ..., d, are integers. An FA-module FM is of
finite type if there exists a strict epimorphism FL — FM, where FL is a finite free
FA-module. This means that we can find m; € FyM,...,m, € Fy,M, such that
any m € F;M may be written as

F,H (M®) =

p
m = Zad,dimi, where aq—d; € Fdfd,-A-

i=1
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Proposition 2.5. Let FA be a filtered k-algebra and FM be an FA-module.

(a) If FM is an FA-module of finite type generated by (sy, ..., s,), then GM is
a GA-module of finite type generated by ([s1], ..., [s,]). Conversely, assume
that FA is complete for the topology given by the filtration, and FM is an
FA-module which is Hausdorff for the topology defined by the filtration. If
GM is a GA-module of finite type generated by ([s1], ..., [s/]), then FM is
an FA-module of finite type generated by (sy, ..., s).

(b) If FM is a finite free FA-module, then GM is a finite free GA-module. Con-
versely, assume that FA is complete for the topology given by the filtration,
and FM is an FA-module that is Hausdorff for the topology defined by the
filtration. If GM is a finite free GA-module, then FM is a finite free FA-
module.

Definition 2.6. A filtered k-algebra is said to be (filtered) noetherian if it satisfies
one of the following equivalent conditions:

o Any filtered submodule (not necessarily a strict submodule) of a finite-type
FA-module is of finite type.

» Any filtered ideal (not necessarily a strict ideal) of FA is of finite type.

Proposition 2.7. Let FA be a filtered complete k-algebra and GA its associated
graded algebra. If GA is graded noetherian, then FA is filtered noetherian.

Proof of Proposition 2.7. We assume that GA is a noetherian algebra. We need
to prove that a filtered submodule FM’ of a finitely generated FA-module FM is
finitely generated.

First we assume that F'M is Hausdorff. For this case, the proof is identical to
that of [Schneiders 1994].

We no longer assume that FM is Hausdorff. As FM is a finite-type FA-module,
there exists a strict exact sequence

FL = @ FA(—d;) £ FM — 0.
i=1

We may apply the first case to the submodule of FL, p~'(FM’), endowed with
the filtration

Flp~ (M= p; "(FEM) = p~ (FEM) N FL.
The general case follows easily. (|

Proposition 2.8. Assume that FA is noetherian for the topology given by the fil-
tration. Any FA-module of finite type has an infinite resolution by finite free FA-
modules.
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Remark. The sequence --- - GL; - GL;_; — --- — GLy - GM — QO is a
resolution of the GA-module GM for such a resolution of FM.

Proposition 2.9. Assume FA is noetherian and complete. If FN is a finite-type
FA-module, then it is complete.

Proof of Proposition 2.9. Assume that FN is Hausdorff. Let FN be a finite-type
Hausdorff FA-module. We have FL = @?:1 FA(—d;) > FN — 0, a strict exact
sequence. The filtration on FN is given by p(F;L). Let us endow the kernel K of
p with the induced topology. We have 0 - FK — FL — FN — 0, a strict exact
sequence. As N is Hausdorff, K = p~1({0}) is closed in FL. The filtered FA-
module FN is isomorphic to FL/K, endowed with the quotient topology. Hence,
FN is complete (see Lemma 2.1).

We no longer assume that FN is Hausdorff. From the first case, FK, endowed
with the induced topology, is complete and therefore closed in FL. We have FN =~
FL/K, so the FA-module FN is Hausdorff. (]

Remark. Proposition 2.9 is proved in [Kashiwara and Schapira 2008] in the case
of an Ap-module (A, being a deformation algebra) endowed with the /-adic filtra-
tion.

3. Deformation algebras

In this section k& will be a field of characteristic 0 and we will set K = k[[A]).
Definition 3.1. A topologically free K -algebra A, is a topologically free K -module
together with a K-bilinear (multiplication) map A, x A, — Ay, making Aj into
an associative algebra.

Let Ag be an associative k-algebra. A deformation of Ay is a topologically free
K-algebra Ay, such that Ag >~ A,/ hAj, as algebras.

Remark. If Aj is a deformation algebra of Ay, we may endow it with the k-adic
filtration. We then have

h Ay
GAv=Ep ey Aolh]
ieN
as k[h]-algebras. From Proposition 2.7, we deduce that a deformation algebra of

a noetherian algebra is noetherian.

Definition 3.2. A deformation of a Hopf algebra (A, ¢, u, €, A, S) over a field k
is a topological Hopf algebra (Ay, ty,, in, €n, Ap, Sp) over the ring k[[A]], such that

(i) Ay is isomorphic to Ag[[/] as a k[[2]]-module, and
(i) Ap/hAj is isomorphic to Ag as a Hopf algebra.
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Example 3.3 (QUEA: quantized universal enveloping algebras). Let g be a Lie
bialgebra. A Hopf algebra deformation of U (g), Uy (g), such that U, (g)/(hUp(g))
is isomorphic to U(g) as a coPoisson Hopf algebra, is called a quantization of
U(g).

Quantizations of Lie bialgebras have been constructed in [Etingof and Kazhdan

1996].

Example 3.4 (quantization of affine algebraic Poisson groups). A quantization of
an affine algebraic Poisson group (G, {, }) is a Hopf algebra deformation % (G)
of the Hopf algebra %(G) of regular functions on G, such that F,(G)/(h%,(G))
is isomorphic to (F(G), {, }) as a Poisson Hopf algebra.

Etingof and Kazhdan [1998b] have constructed quantizations of affine algebraic
Poisson groups. (See also [Chari and Pressley 1994] for the case of G simple.)

Example 3.5 (QFSHA: quantum formal series Hopf algebras). The vector space
dual U (g)* of the universal enveloping algebra U (g) of a Lie algebra can be identi-
fied with an algebra of formal power series and has a natural Hopf algebra structure,
provided we interpret the tensor product U (g)* ® U(g)* in a suitable, completed
sense. If g is a Lie bialgebra, then U(g)* is a Hopf Poisson algebra.

A quantum formal series Hopf algebra is a topological Hopf algebra B, over
k[[~], such that By, /(hBj) is isomorphic to U (g)* as a topological Poisson Hopf
algebra, for some finite-dimensional Lie bialgebra.

Proposition 3.6 [Kashiwara and Schapira 2008, Theorem 2.6]. Let Aj, be a defor-
mation algebra of Ay and let M be an Aj-module. If

(1) M has no h-torsion,
(1) M/(hM) is a flat Ay-module, and
(iii) M = l(iLnn M/(h"M),

then M is a flat Ap,-module.

4. A quantization of the character trad

Theorem 4.1. Let Ay be a noetherian k-algebra and let Ay be a deformation of
Ag. Assume that k has a left Ag-module structure such that there exists an integer
d, such that _
{Extko(k, Ag) ={0} ifi #d,
Ext4 (k, Ag) ~ k.

Assume that K is endowed with an Ay-module structure, which reduces modulo h
to the Ag-module structure on k that we started with. Then:

(a) Ext) (K, Ap) iszeroifi #d.



322 SOPHIE CHEMLA

(b) Ext‘lf;h (K, Ap) is a free K-module of dimension 1, and a right Aj-module
under right multiplication. It is a lift of the right Ag-module structure (given
by right multiplication) on Ext‘fl‘0 (k, Ag).

Notation. We denote by €24, the right Aj,-module Extff‘h (k, Ap),i and by and the
character defined by this action 6y, .

Remark. Kashiwara and Schapira [2008, Section 6] make a similar construction
in the setup of DQ-algebroids. In [Chemla 2004], it is shown that a result similar
to Theorem 4.1 holds for U, (g) (g semisimple).

Example 4.2. Poincaré duality gives us the following result for any finite dimen-
sional Lie algebra.

Extly, (k. U(g)) = {0} ifi #0,
EXCIMI(k, U (g)) = A% (g,

The character defined by the right action of U(g) on Exti}r(r;)g(k, U(g)) is tradg
[Chemla 1994]. Thus, the character defined by Theorem 4.1 is a quantization of
the character trad,.

« If g is a complex semisimple algebra, as H!(g, k) = {0} [Hilton and Stamm-
bach 1997, page 247], there exists a unique lift of the trivial representation of
Ui (g), hence the representation 2y, (g is the trivial representation.

o Let a be a k-Lie algebra. Denote by a;, the Lie algebra obtained from a by
multiplying the bracket of a by 4. Thus, it is true that for any elements X
and Y of a; 2~ a, one has [X, Y],, = h[X, Y]s. Denote by U/(a\h) the h-adic
completion of U (ay). Then U/(a\h) is a Hopf deformation of (a®®, 8 =0). The
character QU/(%\) defined by the theorem in this case is given by

HW(X) = htrad,(X) forall X €a.

Thus, even if g is unimodular, the character defined by the right action of
Up(g) on Quj,(g) = AY™8 () [h] might not be trivial.

e We consider the following Lie algebra: a = @le ke; with nonzero bracket
ez, e4] = e;. Consider k[[i]-Lie algebra structure on a[[4] defined by the
nonzero brackets [e3, es] = he3 and [e;, e4] = 2e;. Then U (a[[A]) is a quan-
tization of U (a). It is easy to see that

0 ifi#5,
Gmﬁﬁﬁ“):{_h ifi—s.

Example 4.3. Theorem 4.1 also applies to quantization of affine algebraic Poisson
groups. If G is an affine algebraic Poisson group with neutral element e, we take
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k to be given by the counit of the Hopf algebra &(G). By [Altman and Kleiman
1970], we have Ext’ (G)(k F(G)) = {0} if i # dim G, while

Ext§e; (k, F(G) = A" O (M /AG)*,  where il =(f € F(G) | f(e) =0}.

Let g be a real Lie algebra. The algebra of regular functions on g*, F(g*), is
isomorphic to S(g) and is naturally equipped with a Poisson structure given by the
following: if X and Y are in g, then {X, Y} = [X, Y]. In the example above,

—

U(gn) is a quantization of the Poisson algebra F(g*). %(g*) acts trivially on

Ext‘;gg) (k, F(g*)), whereas the action of %, (g*) ~ U (gj,) on Extg‘;’} o (e, Fr(g"))

is not trivial.
Example 4.4. Theorem 4.1 also applies to quantum formal series Hopf algebras.

Proof of Theorem 4.1. Let us consider a resolution of the A,-module K by filtered
finite free A;-modules

Vs gy S e ppl A pr0 s ks o),

with FL' = 6’9 FA,(—m;j ;), so that the graded complex
k=1

LGL E% o GLY S GLO — k[h] — {0}
is a resolution of the Ag[h]-module k[/]. Consider the complex
= (Homy, (L®, Ap), '3,).
Recall that there is a natural filtration on Homy, (L', Ap) defined by

FyHomy, (L', Ap) = (A € Homg, (L', Ap) | AM(F,L") C F,+,,Ah}

One has an isomorphism of right FA-modules F Hom,, (L', Ap) = @ FA(m; ;).

Hence, Jj=1
GF Homy, (L', Aj) ~ Homg, (GL', GAy),

and the complex Hom,; A (GL', GAp) computes @’G ™m (k[h], GA}). We have the
following isomorphisms of right Ag[/#]-modules.

Extg,, (k[h], GAp) =~ Ext) 1 (k[h], Aolh]) = Exty (k, Ao)[h].
If i #d, then E_Xt’G A (k[h], GAp) = {0}. This means that the sequence

Hom,(GLi_1, GAp) %% Hom,,, (GL;, GA,) <

" Hom;, (GLi+1, GAy)
is an exact sequence of GA,-modules. Applying Proposition 2.2, the sequence

FHompa(FLi_y, FN) - FHompa(FL;, FN) 2% F Homps(FLi4,, FN)
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is strict exact. As FL; is finite free, the underlying module of F Hompgs(FL;, FN)
is Homy4 (L;, N). Hence, we have proved that Exti‘h (K, Ap) ={0}ifi #d.

We have also proved that all the maps ‘9; are strict. Hence, by Proposition 2.4,
we have

G Exty, (k[h1l, Ap) =~ Extg,, (k[h], Aolh]) = Exty, (k, Ao)[A],

for all integers i. The FAj-modules Ext’Ah(K , Ap) are finite-type FA-modules.
They are therefore Hausdorff, in fact, they are even complete (Proposition 2.9). As
Ext} (K, Ap) is Hausdorff and G Ext} (k[h]l, Ay) ~ Ext§ (k, Ao)[h], the k[[/]-
module Ext‘/’;h (K, Ap) is one-dimensional. This finishes the proof. U

From now on, we assume that A, is a topological Hopf algebra and that its
action on K is given by the counit. The antipode of A, will be denoted by Sj,.
If V is a left Aj-module, we define the right A;-module V" by

v-g,a=>Su(a)-v forallae ApandveV,
and the right A,-module V* by
Vegra = Sh_l(a) -v forallae Ap,andveV.
Similarly, if W is a right A,-module, we define the left A,-module W' by
a-s,w=uw-Sy(a) forall ae Ay andwe W,
and the left A,-module W* by

a-Sh-uwzw-Sh_l(a) forall a € Ay and w e W.

One has (V') =V, (V?)! =V, (W)?» = W and (W*)" = W. Thus, we have
defined two (in the case where S,% # id) equivalences of categories between the
category of left Aj-modules and the category of right A,-modules, that is, left
A}”-modules.

Let Mod(Ay,) be the abelian category of left A;-modules and D(Mod(Ay)) be
the derived category of the abelian category Mod(A,). We may consider A, as an
A ® AZP -module. Introduce a functor D4, from D(Mod(A},)) to D(Mod (AZP )
by setting

Dy, (M®) = RHomy,(M*®, Ay) forall M*® e D(Ay).

If M is a finitely generated module, the canonical arrow M — D a0 Da, (M) is
an isomorphism.

Let V be a left Aj,-module. Then, by transposition, V* = Homg(V, K) is
naturally endowed with a right Aj,-module structure. Using the antipode, we can
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also see it as a left module structure. Thus, one has
u-f=f-S,(u) forall ueAyand f eV*.
We endow 24, ® V* with the right Aj-module structure given by

_ . / vy
(a)®f)'u—nETOOZQAh(uj’n)w®f~Sh(uj’n)
J

— 1 / V4
and A(u) —HEI_IJOO Zj wi, ®u,,

forallu € Ay, all f € V* andall w € Qy4,.

Theorem 4.5. Let V be an Ap-module free of finite type as a k[[h]-module. Then
Dy, (V) and Q4, ® V* are isomorphic in D (AZ‘D).

To prove the theorem, we need the following lemma [Duflo 1982; Chemla 1994]:

Lemma 4.6. Let W be a left Ay-module. A,QW is endowed with two different
(A ® AZP )-module structures, as follows. Set

(4-1) Aa)= lim_ Za,{n ®af, for a € Ay.
1

The first structure, denoted by (A,®W )1, is given by

= . = i ’ "o
M@w)-a=ua®@w and a-(u®w) nl}rilooZal’nu@)aw w,
1

where w € W and u, a € Ay,. The second structure, denoted by (Ah®W)2, is given
by
a-W@w)=au®@w and U w)-a :nETmZua;n@Sh(a;fn)-w.
l
The A, ® Azp-modules (Ah®W)1 and (Ah®W)2 are isomorphic.
Proof of Lemma 4.6. The map W : (A,®W), — (A,®W); given by

n——+00

: / 4
u@wr> lim E U, @u;, w,
i

with A as in (4-1), is an isomorphism of A, ® AZ” -modules from (A,®W), to
(A,®W)1. Moreover, ¥ ' (u @ w) = > “;n R Sh(“;fn) W [

Proof of Theorem 4.5. Let L® be a resolution of K by free A,-modules. We endow
L' ® V with the following left Aj,-module structure:

a-(1®v>=ngglooza;n.z®a;jn.v.
i

Then L*® ® V is a resolution of V by free A,-modules. Using the relation

a-l®v= nEI_I‘_lOOZa;yn (1 ® Su(a,) - v),
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one shows the sequence of Ap-isomorphisms
Dy, (V) ~Homy, (L®V, Ay) >~ Homy, (L, (A ® V*))
~ Homy, (L, (A; ® V*)2) >~ RHomy, (K, Ay) ® V*. a

5. Link with quantum duality

Review of the quantum dual principle [Drinfeld 1987, Gavarini 2002]. There are
two functors,

( ) :QUEA — QFSA and ()" :QFSA — QUEA,

which are inverse to each other. If Uj(g) is a quantization of U(g) and F[[g]
is a quantization of F[[g]] = U(g)*, then Uy, (g)’ is a quantization of F[[g*] and
Fy[[g]lY is a quantization of U (g*). We recall the construction of the functor ( )Y,
which is the one we will need. Let g be a Lie bialgebra and Fj[[g]] a quantization
of F[lgll = U (g)*. For simplicity we will write Fj, instead of Fj[[g]. If €, denotes
the counit of Fj, set [ := eh_l (hk[[h]) and J = Ker¢y,. Let

Fl=Y "=y @'y = Ja "y

n>0 n>0 n>0

be the k[[/]l-subalgebra of k((7))®xny £ generated by h='1. As I =J+hFy, one

has
Fr=Y h"J"
n>0

Define F,’ to be the h-adic completion of the k[[2]-module F,*. The Hopf algebra
structure on Fj, induces a Hopf algebra structure on F,’. A precise description
of F, hv is given in [Gavarini 2002]. The algebras Fj,/hF; and k[ X1, ..., x,] are
isomorphic. We denote 7t : Fj, — F},/ h F, be the natural projection. We may choose
xXj € 7.[71(%) for any j, such that €,(x;) = 0. Then Fj, and k[[x1, ..., x,, Al
are isomorphic as k[[i]-topological modules and J is the set of formal series f
whose degree in the x;, dx (f) (that is, the degree of the lowest-degree monomials
occurring in the series with nonzero coefficients) is strictly positive. As Fp,/hF}
is commutative, one has x;x; — x;x; = hy; ; with x; ; € Fj,. Since x; j isin J, it
can be written as

Xij = calh)xa+ fij@x1, ... X0 h),  with Ox(fi.j) > 1.

a=1

If X; = h~'x;, then

Fy = {f=ZPr<i1,...,%n>h’ PA(X1, ..., Xp) ek[xl,...,xn]}.

reN
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The topological k[[#]]-modules F; hv and k[Xy, ..., X,][h] are isomorphic. One has

n

XiXj—X;X; = an(h)fa +h7 G Xy B,
a=1
where fi,j(i], ..., Xy, h) is obtained from f; j(xi, ..., x,) by writing x; = hX;.
The element h_lfi,j()?l, ooy X, h)isin hk[Xy, ..., X, ][A] (as dx (fi,j) > 1). The

k-span of the set of cosets {¢; = X; mod A F},’} is a Lie algebra isomorphic to g*,
and the map W : F,Y — U(g*)[[]] defined by

\IJ(ZPr()Zl,...,)En)h’) = ZP,(el,...,en)h’

reN reN

is an isomorphism of topological k[/]l-modules. Denote by -, multiplication on
Fj, and its transposition to U (g*)[[A]] by W. If u and v are in U(g*), one writes
U-pv= ZreN h" . (u, v). One knows that the first nonzero w, is a 1-cocycle of
the Hochschild cohomology.

If Pin k[X,...,X,] can be written P = Zil’_",in Xi‘ ... X" and
g €k[Xy,..., X,][h] can be written g = Zle P.(X1,...,X,)h", then one sets

. . n
P®(ey, ..., ep) = Z ai, ... ine?” = Tk(@kei),

i=1
,
g%t ....e) =) PZer.....enh".

i=1

(Fy)Y is isomorphic as an algebra to

Tiny ( é kIIh]]ei>

i=1

7 ,
where [ is the closure (in the /-adic topology) of the two sided ideal generated by
the relations

Un(g™) ~

n

ci®ej—ej®@ei=) cle+h " fEer, ... enh).
k=1

Quantum duality and deformation of the Koszul complex. We may construct res-
olutions of the trivial F,[g] and F),[g]-modules that respect the quantum duality.

Theorem 5.1. Let g be a Lie bialgebra, Fy,[g] a QFSHA such that Fy[g]/(hFylg])
is isomorphic to F[g] as a topological Poisson Hopf algebra and Fy,[g]Y = Uy, (g*),
the quantization of U (g*) constructed from Fy[g] by the quantum duality princi-
ple. Let x1, ..., x, be elements of F[g] such that F[g] >~ k[[x1, ..., X,]. Choose
X1, ..., Xn, elements of Fylgl, such that x; = x; modh and €,(x;) = 0. Then
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Un(g*) =~ k[¥1, ..., X, )[A] with ¥ = h™'x;. Let (1, ...,€,) be a basis of g*
and C{ i the structural constants of g* with respect to this basis. We can construct
a resolution of the trivial Fy[g]-module K = (Fh (9] ® A g*, 85’) of the form

35(1@6171 /\---/\epq)

e

i—1 —
(D" xi @€p A ANEH A NEp,

i=1

+ —_ —_—
+ 22 (=D"hC, 1 @€ Nep A NER N NER A NEp,

r<s a

l‘],...,lq_l
+ Z hapl ,,,,, Pq ®Et1 /\”'/\th—l’
tlwustqfl

such that oty " € I = €' (hk[[A1]). Set

.....

vlyenlyg—1 v v Hyeeonlg—1
Opypg s eves Xn) = 0p 0 5 (X1, o0y Xp).

e lg—1

Qp . p, Bsin hk[Xy, ..., X,][lh]l. Now define the morphism of U, (g*)-modules
3 Un(g") ® N'(g") — Un(g) ® N~ (g") by

55(1@6[,1 /\~--/\6pq)

n
i—1v —~
=_§1(—1)’ Xi@€p Ao NEp Ao N€p,
1=

r+s ~a —~ —
+ 22 (=D"TC, L I®€aNep A NER N NER A NEp,

r<s a

vtla---stqfl
+ Z Upy,..., Pq ®611/\"'/\€Iq—|'
fyeeslg—1

Then K}y = (Uy(g*) ® \"g%, 0) is a resolution of the trivial Uy (g*)-module k[[h]].

Proof of Theorem 5.1. One sets x;x; — x;X; = ZZ:] hCl.‘fjxa + huﬁjxa. We know
that uﬁj is in I. Take 8(})’ =€y, 8{1(1 ®€;) =x;. Set

8§(I®e,-/\ej)=x,-®ej—xj®el-—ZhCﬁj@)ea—hZuﬁj@ea.
a a

We have 8{“ o 3;’ = 0 and we may choose oe?j = u?j.

Assume that 8(’)’, 8{’, R 8;’ have been constructed such that

e 3" dh=0forallre[l,q];

r—17r
o Im 9! = Ker 9" , forall r € [1, ¢] (and the required relations are satisfied);

qls.ees qr—1
* Upponp €1
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Let us show that we can construct 8;’ 4 satisfying these three conditions.
A computation [Knapp 1988, page 173] shows that

q+1
h i1 ~
%(Z(—l) xm‘g’em/\"‘/\epi/\"'/\el’m)

i=1

+8h(ZZ( D**hcs pll®ea/\emA---Ae@/\---/\e’[;/\---/\epqﬂ)
k<l a

=> (=D +J(x,,,xp, Xp, Xp— ZhC“, )@el/\---Ae’p\jA---Aé,;/\---/\equ

j<l

§ : i—1 . E : 1V +s2a R R
+ (_1) hx]’iam,---,Pi,---»PqH + ( 1) h Cp,,psaavl’l ----- Prse-sPlseeos Pg+1°
i

r<s

Modulo £, this expression is zero. Since 8’1 8h vanishes, this same expression is

in h Ker 8;’ 1 _th Im 8h Hence it equals —Bh(hoztl’ t’;,q .1), for of an appropriate
q

choice of a past in Fh [g].

) t, .
We prove that ozpl, ,p L1 isin I. Clearly, —ah(h PIL e ® €y Av- A€ is an

element of 13 ® /\’g*. Note that 8;’ sends I” ® /\qg* to I"t' @ A\?g*. Let us write

t,.. [1, i i
Upy,..., pq+1—§ (ot Pq+l)ll ,,,,, inXp - Xy

with (a, t" pq +1)it,oin i k[[A]]l. From the remarks just made, we see that

n

h t,. 3
aq <h z : (apl, Pq+1)0 ----- 0€ry N oo N th) ere® /\qg*.
l‘],...,lq

Hence, (ozpl, ’,pqﬂ)o Lo isin hk[[h].
Since Im Gah+l = Ker Gah one has Im 9" 41 = Ker ah
Set th’,qu "Ry, X)) = Zl’wf" "(x1,...,x). Then 80 =e, 51(1 ®e€) =%,

52(1®ei/\ej)=x,-®ej—xj®ejZCi’j®ea—Zﬁ%@ea,and
a a

Jh
aq—o—l(1 ®6P1 AN /\qu+|)
g+l
i—1 ~
—Z( D' X @€p Ao AEQ A NEp,

r+s ~a 2 2
—|—ZZ(—1) C p 1 @€ NeEp Nev- Neép N NER N N€Ep,

r<s a

v,
+ 2: Upy,.. Pq+1®€t1 "/\th-

wlg—1
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If P isin Fj, one has 9, (P ®€p, A+ - - N€p, ) = hé(f’@epl A+ -N€p,). The relation
5q 5q+1 = 0 is obtained by multiplying the relation 8;’85+1 =0by h 2. As va)f; is
the differential of the Koszul complex of the trivial U (g*)[/]-module, the complex

= (Uh (g") @ N\°g*, 5,},’) is a resolution of the trivial Uy, (g*)-module. O

A link between 0, and 0v. The remainder of this section is devoted to the proof
of this equality:
Theorem 5.2. OF, = ho Fy-

Proof. We keep the notation of the previous proposition and we will use the proof
of Theorem 4.1.

The complex (A\°g ® Fj,,' 8') computes the k[[h]-modules Ext}h (kAT, Fp).
The cohomology class cl(1 ® €] A--- A€y) is a basis of

Exty o (KA1, Flgllh]) ~ G Ext, (kI[h1. Fy).

Hence, there exists 0 = 1+ hoy +- - - € Ker! 85 such that [cl(c @ €] A--- A€y)] is
a basis of G Ext"Fh (k[[h], Fy). As the filtration on Ext’}h (kA 1, Fy) is Hausdorft,
the cohomology class cl(oc ® €] A--- A€)) is a basis of Ext’]?h (kAT, Fy).

Define ¢ by ¢ (X1, ..., X,) =0 (x1, ..., X,). One has 9, = h'd,, and it is easy
to check that & @ €] A--- A€ is in Ker’ 8:_1. If we had

n
RN ner = 8,}[1(2&,~®e]“/\---/\e§‘/\---/\e:>,
i=1

then, reducing modulo A, we would get

FReFA-Ae =101 (Zal@)el ---/\ef{).

This would imply that cl(1 ® ef - A €y) is 0 in Exty, *)(k, U (g*)), which is
impossible because cl(1 @ €] A--- A e*) is a basis of Ext *)(k, U(g*)). Thus,
cl(c ® € A+ A€)) is a nonzero element of Ext?}nzgg )(k[[h]], Uy (g*)). For all i in
[1, n], one has the relation

OXi®EFN- AN =0p, ()0 Q€ A AeF+ B (1)
Let us write . =) _; /Li®ef/\~-/\e?‘/\---/\e; with u; € Fy[g]. We set

o~
*

,12,-()?1,...,)?,,):ui(xl,...,xn) and ﬁ:ZMvi(@ET/\'--/\E;ﬁ/\-'-/\én.

Then we have hoX; ® €f A--- A€ =0Fh(x,-)6®€f/\---/\e:+hléﬁ‘(ﬁ). O
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6. Study of an example

We will now explicitly study an example suggested by B. Enriquez. Chloup [1997]
introduced the triangular Lie bialgebra

(9=kX 1 ®kX, DkX3DkXs®kXs5,r =4(X2 A X3)),

where the nonzero brackets are given by [X, X»] = X3, [X1, X3] = X4 and
[X1, X4] = X5, and the cobracket 4 is the following:

if Xeg, thend(X)=X-4(XsA X3).

The dual Lie bialgebra of g will be denoted by (a = @le ke;, 8). The only nonzero
Lie bracket of a is [e;, e4] = 2e; and its cobracket § is nonzero on the basis vectors
€3, e4, es:

d(ez) =e1®er—er®e; =2e1 Ney, b8(eq) =2e1 Ne3z, S(es) =2e; Ney.

We may twist the trivial deformation of (U (@A, o, Ao, to, €0, So) by the
invertible element

R=exp(h(X2® X3 — X3® X»))

of U(g) AU (@)[[~] (see [Chari and Pressley 1994, page 130]). The topologi-
cal Hopf algebra obtained has the same multiplication, antipode, unit and counit.
However, its coproduct is AR = R™'AgR. It is a quantization of (g, ). We will
denote it by Uj,(g). The Hopf algebra Uy (g)* is a QFSHA and (U,(g)*)" is a
quantization of (a, 84). We will compute it explicitly.

Proposition 6.1. (a) (U(g)*)" is isomorphic as a topological Hopf algebra to the
topological k[[h]]-algebra

Tigny(kllhller @ klhlle2 @ kllhlles @ kl[hlles @ kllh]les)
I 9

where I is the closure of the two-sided ideal generated by

e RQes—esQ@ex—2ey,

€3®65—6’5®€3—%h2€1®61®€1,

e4®es—es®€4—éh3€1 Qe Qe Rey,
erQes—esQ@er+hey Qey,

e3Qes—esQ@ez+he Qey,

ei®ej—ej®e;, 1f{i,j}#(2,4},{3,5},{4, 5}, {2,5}, {3, 4},
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with the coproduct Ay, counit €, and antipode S defined as follows:

Aple)) =e1 @1+ 1Q®e,
Ap(e) =ea®1+1®es,
Ap(e3)=e3®@1+1®e3—her®ey,
Ap(es) =es @1+ 1Qes —hes Qe + %hZEQ ®e%,
Ap(es) =es @1+ 1Res —hes Qe + %h2e3 ®e% — %h3ez ®ef,
€n(e;)) =0 and S(e;))=—e¢; foriell,5].
(b) (U(9)*)" is not isomorphic to the trivial deformation of U (a) as an algebra.

Proof of Proposition 6.1. Let &; be the element of U(g)* defined by
K&, XTIXZZX?XTX(;S} =084;.0---8g;,1-+-0645.0

The algebras U(g)* and k[[&, ..., &, ] are isomorphic. The topological Hopf
algebra (U, (g)*, ’A(’f = -, ‘o = Ayp, ‘€0, 'vo = €5, 'Sp) is a QFSHA. Uy (g)*
and k[[&, ..., &,, h] are isomorphic as k[[i]-modules. The elements &1, ..., &,
generate topologically the k[[i]- algebra Uy, (g)* and satisfy €, (&;) =0,

(B @& —E4®E, AKX ... XE) #0 < (a1, a2, a3,a4,as) = (1,0,0,0, 0)

and <& ® &, — £, @&, AR(X)) =2h. Hence, & -, &4 — &4 -4 £ = 2h&). The other
relations are obtained similarly.
Let us now compute the coproduct Ay of U, (g)*:

(Ap(Es), XNXPXPXPXE @ XD X2 XD XXy £0 =
(0,0,0,0,1,0,0,0,0,0) or
(0,0,0,0,0,0,0,0,0,1) or
(a1, aa, a3, a4, as, by, by, b3, by, bs) = 4 (0,0,0,1,0,1,0,0,0,0) or
(0,0,1,0,0,2,0,0,0,0) or
(0,1,0,0,0,3,0,0,0,0).

Moreover,
(AR(Es), X4@X ) =—1,  (Ap(Es), X30XD =1, (ApEs), Xo@X =—1.

Hence,

ApEs) =6Q@ 1+ 1QE —E Q&+ 55 @& 1€ — (52 Q& 1 & wéL

An(&1), Ap(&), Ap(&3) and Ay (&) are computed similarly.
We set & = h~'& and ¢; = & mod h (U(g)*)". From what we have reviewed in
the first paragraph of this section, the first part of this theorem is proved.
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Then ¥ : (U(g)*)" — U(a)[[h], defined by

‘I’(Z PG .. .,énw) =D Prler... el

reN reN

is an isomorphism of topological k[[#]]-modules. Let -5 be the transposition of the
multiplication of Fj, to U(a)[[A]. If # and v are in U (a), one sets

o0
uv=uv-+ Zh’,ur(u, v).

r=1

One has 1 (e3, e2) =0, i1 (eq, €3) = €3 and p1(e2, e5) =0, fuy(es, e2) = e3. Let
us show that p is a coboundary in the Hochschild cohomology. The Hochschild
cohomology HH*(U (a), U (a)) is computed by the complex

(Hom(U (0)®*, U(a)), b),
where

b(f)(ao, ...,an) =aof(ay,...,a,)+ Z(—l)if(ao, A1, ... qy)
= + f (@0 - g (~1)"

if f e Hom(U (a)®"*!, U(a)). Using the explicit isomorphism between the Hoch-
schild cohomology HH*(U (a), U (a)) and the Lie algebra cohomology of a with
coefficients in U (a)?? (with the adjoint action) and H*(a, U (@)“?) [Loday 1998,
Lemma 3], one can show that u; = b(«). The map o« € Hom(U (a), U(a)) is
determined by
®jq = —%elez Qe — %6164 ®e:
and
w1, v) =ua() —a@v)+uax(v) forall (u,v)e U(a).

We set 8, =id —ha. Then ,3h_1 =32 hia'. If u and v are elements of U (a),
we put u h v = ,Bh_l (Brn(u) -p Bp(v)). If i and j are different from 3 and 5, then
e ;l e; = e; - ¢j. Computations lead to the relations:

/ / / / / / / /
€1p,€5=¢€5-,€1, €2+,€3=€3 €, €2°,€65=¢€5",€), €3°:€4=E4" €3,

/ ’ ! ! 1,23 ’ / 1 2.3
ejpe3=ez e, ey es—ese3=ch'el, eses—eses=g—hej.

The topological algebras [U (a)[[2]], -] and [U (a)[A], }l] are isomorphic, hence,
their centers are isomorphic. Using the commutation relations, one can compute
the center Z [U(a)[[A], -}, ] of [U(a)[A], -,]:

Z[U@Ih]. -] = {Z P.(en)h’

n>0

P,ek[Xl]}.
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But, the center of the trivial deformation of U (a) is

Z[U ()R], o] = {Z Pi(e1, e3,e5)h" | P, € K[X1, X3, X5]}-

n>0
Hence, the algebras [U (a)[[2]], -},] and [U (a)[[]], 10] are not isomorphic. [l

Proposition 6.2. We consider the quantized enveloping algebra of Proposition 6. 1.
We write the relations defining the ideal I as follows.

eiQej—e;RQe; —chfl’jea — P ;.
a
As all the P;;’s are monomials in ey’s, the notation P; j/e; makes sense. The
complex
5.0 4 o o %
0= Up(@)@N a—> Up(m)®@/\'a—> - - - = Up(a)®a —> Uy (a) > k[[h] — O,

where the morphisms of Uy (a) and 8,’; are described below, is a resolution of the
trivial Uy (a)-module k[[h]]. We set

h(l®ep A---Aep,)

n
i—1 o~
:Z(_l)l ep; @ep N Nep N Nep,

i=1

FY (DY I®eaNep A NGy A Ny A Aep,.

Pk> D1
k<l a
Then,
i = en,
h
a] (1 ®ei) =ée,

h Pij
0, (1®e Nej) = 32(1®€i/\€j)—e—®€i,
1
h Pi,j
i (1®e NejAep) = 83(1®e,-/\ej/\ek)—e—®e1/\ek
1

Pi Pjk
+—Qe /\ej_L®el Nej,
e e

82(1@61 /\ei/\ej/\ek) = 84(1®€1A€i/\€j/\ek),

P
3}(1@62/\63/\64/\65) = 34(1@62/\63/\64/\65)+ﬁ@el/\ez/\&;
el

P34 Py s Pys
———®eiNepNes———RejNexyNes— ——Qejp ANe3Ney,
el el el

ag(l@el/\ez/\63/\64/\65) =05(1Qe; Aex AesNegNes).
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The character defined by right multiplication on Extijl(a) (k[AT, Up(a)) of Up(a) is

I
zero.

Proof of Proposition 6.2. The resolution of k[[#] is obtained as in the proof of
Theorem 5.1. The rest of the proposition follows by easy computations. (|

7. Applications

Poincaré duality. Let M be an AZP -module and N an Aj-module. The right exact

functor M ® — has a left derived functor. We set
Ap

Tor)y (M,N)=L'(M ® —)(N).
h

Theorem 7.1. Let A, be a deformation algebra of Aq satisfying the hypothe-
sis of Theorem 4.1. Assume moreover that the Ajp-module K is of finite pro-
Jjective dimension. Let M be an Ap-module. The K-modules ExtlAh (K, M) and

Tor:}:/ _:(Q4,, M) are isomorphic.
Remark. Theorem 7.1 generalizes classical Poincaré duality [Knapp 1988].

Proof of Theorem 7.1. As the Ap-module K admits a finite-length resolution by
finitely generated projective A,-modules, P®* — K, the canonical arrow

RHomy, (K, Ah)®/L4hM — RHomy, (K, M)
is an isomorphism in D(Mod Ap). U

Duality property for induced representations of quantum groups. From now on,
we assume that Ay is a topological Hopf algebra.

In this section, we keep the notation of Theorem 4.5. Let V be a left A;-module,
then, by transposition, V* = Homg (V, K) is naturally endowed with a right Aj-
module structure. Using the antipode, we can also see V* as a left module structure.
Thus,

u-f=f-Sw) forall ue Ayand feV*.

We endow 24, ® V* with the right A,-module structure given by
. 2
@@ f)-u= lim ¥ 04,;,)0® f Sjw],)
J

—_ 1 / 14
and A@w) = lim > ;uj, @uj,,

forallu € Ay, all f e V* andall w € Qg4,.
Let Aj; be a topological Hopf deformation of Ag, and let B, be a topological
Hopf deformation of By. We assume, moreover, that there exists a morphism of

Hopf algebras from By, to Aj, and that A is a flat BZP -module (by Proposition 3.6
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this is verified if the induced By-module structure on Ag is flat). If V is an Ay,-
module, we can define the induced representation from V as follows:

Indy" (V) = A;®s,V,
on which A acts by left multiplication.

Proposition 7.2. Let A, be a topological Hopf deformation of Ay and let Bj, be
a topological deformation of By. We assume that there exists a morphism of Hopf
algebras from By, to Ay, such that Ay, is a flat BZ” -module. In addition, we assume
that By, satisfies the hypothesis of Theorem 4.1. Let V be a Bp-module which is a
free finite-dimensional K-module. Then, Dp, (Indﬁ’; (V)) is isomorphic to (Q2p, ®
V*)@y, Anl—dp,] in D(Mod B,").

Corollary 7.3. Let Ay, be a topological Hopf deformation of Ag and let By, be a
topological deformation of By. We assume that there exists a morphism of Hopf
algebras from By to Ay, such that Ay is a flat BZP -module. We also assume that
By, satisfies the condition of Theorem 4.1. Let V be a Bj-module which is a free
finite-dimensional K -module. Then,

(a) EXt’Ah (An®p, V., Ay) is reduced to 0 if i is different from dp,.
(b) The right Ay-module Extji” (Ap®p,V, Ay) is isomorphic to (Q2p,V*)®p,Ap.

Remark. Proposition 7.2 is already known in the case where g is a Lie algebra, b
is a Lie subalgebra of g, and A and B are the corresponding enveloping algebras.
In this case, one has dp, = dim b and d¢, = dim €. More precisely, It was proved by
Brown and Levasseur [1985, page 410] and Kempf [1991] in the case where g is
a finite-dimensional semisimple Lie algebra, and Indgggg(\/) is a Verma-module.
In addition, Proposition 7.4 is proved in full generality for Lie superalgebras in

[Chemla 1994].
Here are some examples of situations where we can apply Proposition 7.2.

Example. Let k& be a field of characteristic 0. We set K = k[[h]l. Etingof and
Kazhdan have constructed a functor Q from the category LB (k) of Lie bialgebras
over k to the category HA(K) of topological Hopf algebras over K. If (g, §) is a
Lie bialgebra, its image by Q will be denoted by Uj,(g).

Let g be a Lie bialgebra and let f) be a Lie sub-bialgebra of g. The functoriality
of the quantization implies the existence of an embedding of Hopf algebras from
Un(h) to Uy (g) which satisfies all our hypothesis.

Example. If gis a Lie bialgebra, we will denote by (g) the formal group attached
to it and by &, (g) its Etingof Kazhdan quantization. Let g and h be two Lie
algebras, and assume that there exists a surjective morphism of Lie bialgebras
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from g to fj. Then, F;(g) is a flat &, (h)-module, and A, = F;,(g) and B, = F;,(h)
satisfies the hypothesis of the theorem.

Example. If G is an affine algebraic Poisson group, we will denote by &(G) the
algebra of regular functions on G and by ¥, (G) its Etingof Kazhdan quantization.
Let G and H be affine algebraic Poisson groups. Assume that there is a Poisson
group map G — H such that F(G) is a flat F(H)°’-module. By functoriality
of Etingof Kazhdan quantization, A, = %,(G), and B, = %, (H) satisfies the
hypothesis of the theorem.

The proof of Proposition 7.2 is analogous to that of [Chemla 2004, Proposi-
tion 3.2.4].

We now extend to Hopf algebras another duality property for induced represen-
tations of Lie algebras [Chemla 1994].

Proposition 7.4. Let A;, be a Hopf deformation of Ao, By, be a Hopf deformation
of By and Cj, be a Hopf deformation of Cy. We assume that there exists a morphism
of Hopf algebras from By, to Ay, and a morphism of Hopf algebras from Cj, to Ay,
such that Ay is a flat BZP -module and a flat CZP -module. We also assume that
By, and Cy, satisfy the hypothesis of Theorem 4.1. Let V (respectively W) be an
Bj,-module (respectively Cj,-module) which is a free finite dimensional K-module.
Then, for all integers n, one has an isomorphism

Exty (Ah BV, A4 © W) ”Zf’ch <(Qch BW) @ An. (25,0V") @ Ah)
h

Remark. Proposition 7.4 is already known in the case where g is a Lie algebra, b
and ¢ are Lie subalgebras of g, and A, B and C are the corresponding enveloping
algebras. In this case one has dp, = dimb and d¢, = dim £. More precisely, gen-
eralizing a result of G. Zuckerman [Boe and Collingwood 1985], A. Gyoja [2000]
proved a part of this theorem (namely the case where h = g and n = dim f) =dim £)
under the assumptions that g is split semisimple and b is a parabolic subalgebra
of g. D. H. Collingwood and B. Shelton [1990] also proved a duality of this type
(still under the semisimple hypothesis) but in a slightly different context.

M. Duflo [1987] proved Proposition 7.4 for a g general Lie algebra, h = ¢,
V = W* being one-dimensional representations.

Proposition 7.4 is proved in full generality in the context of Lie superalgebras
in [Chemla 1994]. The proof in the present case is very similar to that of [Chemla
2004, Corollary 3.2.5].

Hochschild cohomology. In thls subsectlon Ah isa topologlcal Hopf algebra. We
set Aj = Ah®k[[h]]Ah and Ah = Ah®k[[h]]A .If M is an Ae -module, we set

HH, (M) = ExtA(Ah,M) and HH" (M) =Tor" (A, M).
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The next result was obtained in [Dolgushev and Etingof 2005] for a deformation
of the algebra of regular functions on a smooth algebraic affine variety. Its proof
in our setting is analogous to that of [Chemla 2004, Theorem 3.3.2].

Proposition 7.5. Assume that A satisfies the conditions of Theorem 4.1. Assume
moreover that Ay ® Agp is noetherian. Consider Ah%Ah with the Aj-module
structure given by a - (x @ y) - B =ax Q yp. for o, B, x,y € Ap.

(2) HH} (Ap®uqu)An) is zero if i # da,.
(b) 7}6 Zi—module U= HHX:h (Ah%Ah) is isomorphic to Q4, ® Ay with the
Aj -module structure given by
a-(@®x)- B =wb,(B) @SB xS (@)

fora, B, x € Ay, where B=3", B/ ® B!.
Proof. Using the antipode S;, of A, we have in D(Mod :4%) the isomorphism

R Homgzz (A, An®An) = RHomy, g, (A", (An®An)),

where the structures on (Aj)* and (Ah<§>Ah)# are given by (¢ ® B) -u = auSy(B),
@®pP)- M@Vv) =au®@vS,(B), and uQv) - ® B = ux ® Sp(B)v, for all
o, B, u, v e Ay. Using the version of Lemma 4.6 for right modules [Chemla 2004,
Lemma 1.1], one sees that (A;)" is isomorphic to (A/1®Ah)®AhK as an A, ®Aj,-
module. We get
RHomgs (Ap, Ay®Ap) = RHomy, g4, (An®A®4, K. (An®AR)")

~ RHomy, (K, (Ax®A5)")

~ RHomy, (K, Ap)®a, (An®@Ap)*

~ @4, (An®An)*.

Furthermore, the isomorphism id ®S, ! transforms (A/,®Ah)# into the natural
(An®Ap) ® (Ap®A,)°P-module (A,®Aj)™, given by

(@®p) - UV)=au®pPv, UOV) QP =ux®vp

for all («, B, u, v) € Ay,.
Using Lemma 4.6, one sees that 2,®4, (Ap QA is isomorphic to 2, ® A,
endowed with the (A, ®A})?P-module structure given by

Uu®v)-a®@B = Zu@Ah(a;) ® S/ )vB forall «, B € Ay.

1

This finishes the proof of the proposition. (]
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We are in the case where ExtA (Ap, ) is 0 except when i = dj,, so we get
a duality between Hochschild homology and Hochschild cohomology [van den
Bergh 1998].

Corollary 7.6. Let Ay be a k- algebra satisfying the hypothesis of Theorem 4.1.
Assume moreover that Aj = Ay @ A is noetherian and that the Ae module Ay, is
of finite projective dimension. Let M be an Aj-module. One has

HH'(M) >~ HHgy, _i(U®a,M), where U = Ext A”(A;,,Afl)

Proof. The proof is similar to that of [van den Bergh 1998]. Assume first that M
is a finite-type A"’ -module. Let P* — A, — 0 be a finite-length and finite-type
projective resolution of the Ae -module Ay, and let Q®* — M — 0 be a finite-type
projective resolution of the Ae -module M. As Q' and U®,4, Q' are complete, one
has the following sequence of isomorphisms:

HHA(M) H' (Homg: (P*, M)) ~ H' (Homg: (P*, A})®7 M)
~ H' (U[-d]®% M) =~ ~H™ N (U®: 0°)
~ H' ((Ah®Ah V)@ 0°)
~ H'™ (A®7 (U®4, Q) ~ HHy,, —i(U® 4, M).

In the general case, when M is no longer a finite-type Zi—module. We have
M =1lim M’, where M’ runs over all finitely generated Aj-submodules of M. This
allows us to finish the proof. (]
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