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This paper continues our investigation on the existence of extremal metrics
of the general affine and type II almost-homogeneous manifolds of coho-
mogeneity one. It deals with the general type II cases with hypersurface
ends: more precisely, with manifolds having certain CP" x (CP")*- or CP2-
bundle structures. In particular, we study the existence of Kihler-Einstein
metrics on these manifolds and obtain new Kéhler—Einstein manifolds as
well as Fano manifolds without Kihler-Einstein metrics.

1. Introduction

The theory of simply connected compact Kéhler homogeneous manifolds has ap-
plications in many branches of mathematics and physics. These complex manifolds
possess significant properties: for example, they are projective, Fano, Kihler—
Einstein, and rational.

One more general class of Kéihler manifolds of potential use is that of almost-
homogeneous compact Kédhler manifolds with two orbits, especially those having
cohomogeneity one. If we assume simple connectedness, such manifolds are auto-
matically projective. It is interesting to ask when they are Fano, Kéhler—FEinstein,
and so on [Guan 2009].

This paper is one in a series in which we answer the questions above, complet-
ing the study of the existence of Calabi extremal metrics in any Kéihler class on
any compact almost-homogeneous manifold of cohomogeneity one. That is, we
have dealt with all the compact K&hler manifolds on which we could use ordinary
differential equations instead of partial differential equations for these geometric
analysis problems.

There are three types of manifolds of this kind (see [Guan 2002] for details).
Type III compact complex almost-homogeneous manifolds of real cohomogeneity
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one were dealt with in [Guan 1995]. Not much stability is found there (but see
[Guan 2003] for the stability of related constructions). The type I case was dealt
with in [Guan 2011a; 2011b; > 2011b], while the type II case is the subject of this
paper and [Guan 2009].* This is the first class of manifolds for which a criterion
for the existence of Calabi extremal metrics has been completely elucidated; it is
equivalent to geodesic stability.

Specifically, in this paper we conclude the task of proving that there is always
a Kihler metric of constant scalar curvature on a type II almost-homogeneous
manifold of cohomogeneity one whose generalized Futaki invariant is positive;
see Theorems 15, 15/, 23, and 24. We prove the converse in [Guan > 2011a]. In
[Guan 2002; 2003; 2006; Guan and Chen 2000] we dealt with some examples,
and in [Guan 2009] we dealt with the two most conceptually difficult series of
manifolds.

We should mention that our concept of the generalized Futaki invariant is not
the same as the one in [Ding and Tian 1992], although it looks similar in our case.
The generalized Futaki invariant in this paper comes from a kind of combination
of the generalized Futaki invariants along the maximal geodesic rays in the moduli
space of Kéhler metrics, but does not necessarily come directly from any one of
them, as discussed in [Guan 2003; 2006].

In this paper, we first treat manifolds that are fiber bundles with typical fibers of
the first and fifth cases in [Akhiezer 1983, p. 73] as one situation. Let G be a com-
plex Lie subgroup of the automorphism group of our manifold M, and assume G
has an open orbit O on M. Then M is a fiber bundle over a compact homogeneous
space . We have Q = G/P with P a parabolic subgroup of G, and P = S§1R
with R the radical of P and S, S; semisimple factors of G. The group S; R acts on
the fiber F trivially. In our case S = A, acts on the central fiber. The fiber is just
CP" x (CP™)*, which is isotropic and is the first manifold in the list of [Akhiezer
1983, p. 67]. It is also of affine type and therefore of type II. Therefore, to finish
the affine case and the type II case, we have to deal with this case. Individually,
these manifolds seem easier to deal with than those in [Guan 2009]. However,
there are more of them, and it turns out that as a group and analytically, they are
technically more involved.

We stress the difference between the open orbits of the manifolds with S = A,
actions and those of the manifolds treated in [Guan 2002; 2003]. For example,
the isotropic group U in the A, action case is GL(n, C), corresponding to the first
manifold in [Akhiezer 1983, Table 2, p. 67], while the isotropic groups of the
manifolds in [Guan 2002; 2003] are not reductive at all. Also, the manifolds in
[Akhiezer 1983, p. 67] are all homogeneous, which is not true for the examples

*QOriginally, the two paper and [Guan 2009] were one. Because of its length, it was split.
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in [Guan 2002; 2003]. We shall come to some generalizations of these latter ex-
amples in Theorems 18 and 22. Similar calculations appear in Sections 3 and 4.
However, the manifolds we considered in [Guan 2002; 2003] are manifolds with
S = A, actions on the fiber and are special cases of those treated in this paper.
It is interesting that the first examples we treated in [Guan and Chen 2000; Guan
2002; 2003] are both type II and isotropic (having a similar complex structure to
the type I case); they served as sample cases for both type I and type II manifolds,
which led us to breakthroughs for both cases.

Outline of the paper. We follow the method introduced in [Guan 2002; 2003]. In
Section 2 we look back, from a Lie group point of view, at what we did in those
papers and in [Guan and Chen 2000]. From that viewpoint, the method can be
regarded as a nilpotent path method: we consider a path starting from the singular
real orbit, and generated by the action of a one-parameter subgroup generated by a
nilpotent element. (One could also consider the path as generated by a semisimple
element H,, where « is the root that generates the s[(2) Lie algebra &{.) Then we
apply the same argument given in Section 3 of [Guan 2006; 2009] to the affine
Ay -action case. We find that the same method works for the complex structure of
both the affine and the type II cases. At the end of Section 2, we work as in [Guan
2002] to give a comparison of two different methods for the homogeneous case.

In Section 3, we find that the same argument works for the Kéhler structure. We
deal there with many different possibilities of the pairs of groups (A,, G). This
shows that the affine and type II classes are very big and are not extraordinary at
all (see also the proof of Lemma 13 for many examples of this kind of manifold).
A new ingredient is that, in contrast with [Guan 2009], our B here can be either
positive or negative.

Section 4 is a central part of the paper. To calculate the Ricci curvature, we
apply a trick inspired by [Koszul 1955, p. 567-570], as we did in [Guan 2006;
2009]. The formula we used from [Dorfmeister and Guan 1991, 4.11] is due to
Professor Dorfmeister.

We calculate the scalar curvature in Section 5 and set up equations in Section 6.
The pattern of these equations makes it possible to reduce a fourth-order ODE to
a second-order ODE as in [Guan 2006; 2009].

We finally prove our existence theorem (Theorem 15) in Section 7.

We treat the type II case in Section 8 and the Kéhler-Einstein case in Section 9,
generalizing results from [Guan 2002; 2003]. At the end of Section 9, we give
a very uniform description for the generalized Futaki invariant (Theorems 23 and
24). These results confirm our calculation in [Guan 2006].

In all our calculations we need to deal carefully with the change of the invariant
inner products when we restrict our calculation to a typical subgroup S in G.
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2. The complex structures of isotropic
affine almost-homogeneous manifolds

Let G be a semisimple complex Lie group and Ug its 1-subgroup. Recall that there
is a parabolic subgroup

(1 P =SSR
with §, S| semisimple and R solvable such that
@) Us =US|R,

where U is a 1-subgroup of S. The manifold is a fibration over G/P with the
completion of

P S

3) Uc~U
as the affine almost-homogeneous fiber F. In this case, the root system of S is a
subsystem of the root system of G.

Let 3 be the corresponding Cartan subalgebra of G. The Lie algebra ¢ of G
has a decomposition

%+ CE,
aeA

with a Chevalley lattice generated by /i, E,; see [Humphreys 1978, p. 147]. As-
sume that a maximal compact Lie subalgebra is generated by

“4) Fo=Ey—E o, Gu=i(Ey+Ey), Hy=ilEy, E_¢]=ihg.
We have
(5) [Hy, Eq] =2iE,.

Let o4 = su(2) be the commutator of a generic compact isotropic subgroup and
let p; be a curve generated by a nilpotent element in the complexification of . In
the Lie algebra of G, we have F,, G, for those roots of G not in S. The tangent
space of G/Ug along p, is decomposed into irreducible & representations. Fy,
G, are in the complement representation of . But JF, = —G, (mod ¥), since it
lies in the tangent space of G/ P. Therefore, we have JF, = —G for any « not in
the root system of S. This discussion corresponds to the one in the last paragraph
of [Guan 2006, Section 2].

As stated in [Kobayashi and Nomizu 1981, p. 38], we can always identify the
Lie algebra as the left invariant vector fields on the Lie group. For example, if G
is GL,(C) and B(¢) a curve on G with tangent vector X at B(0) = I, then AB(¢)
is a curve starting at A, and AX(p with A € G is a left-invariant vector field on
G. That is, the left-invariant vector fields can be described as AX( for some Xj.
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Let X = (b;j) and Yy = (c;;). The Lie bracket of two left-invariant vector fields
AX(), AYO is

d d d 0
[AXo, AYp]l = [aljbjlgil’ akscst%] = aubjlcltﬁit - akscstbtlgkl

d 0 0
= a;j (bjlclt@ —Cjzbﬂ%) =a;j(bjici — leblz)@ = A[Xo, Yol,

which is comparable with the Lie bracket of the Lie algebra g, (C).

In our case we have the S = A, =SL(n+1, C) action of [Akhiezer 1983, p. 73],
which includes both the first case and the fifth case there.

Let us look at the case for n = 1 first. The action is

1 -1
(6) A|:01|X[I,O]A ,

where [(1)] and [1, 0] represent points in CP'. We have

01 ; [00 i 0
(7) Ea1:|:00:|’ E(xl:Em:[lo]a H:Ha1:|:0 _ii|-

Thus

1 1 —t
(8) eXp(tEal)[o]x[l.O]exp(—tEal):[O 0]:,9,,
017 1
) poo:|:00—:|:0j|x[0,1]~
We let
0 17 0 i
(10) F:Falz[_l o G:Gm:[i 0}.

Using the coordinates [1, z]" x[1, w], we can check that along p,, H acts as vector
(z, w) = (0, —2it). The tangent vector T of p, is (0, —1). F acts as (—1, —1 —1%)
and G acts as (i, —i (1 —12)) along p,. Moreover, F + (1 +13)T is (=1, 0). Hence

A JF =1 =1 =A) = (i i =) +20) = ~G+ 2
and
(12) JH = i(0, ~2it) = ~T.

In general, if S=SL(n+1, C) = A,, then S has simple roots o; =¢; —e;+1. The
affine fiber C" is generated by the root vectors with the roots e; —ej, 1 < j <n-+1.
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The action is

(13) A[1,0,...,01"x[1,0,...,01A7".
We can choose

(14) Eei—e; = Eij

as a square matrix (ax)m+1)xm+1); that is, all the elements ay; are zero except
ajj = 1. We also let He[._ej =iE; —iEjj. We have [E,‘j, Eyl=0ifj #k,i #1
and

[Eij, Ejil = EijEji — EjkEij = Eix —0 = Ej
ifi #k. As above, F = Fy,, G = G,, and H = H,,. We write

(15) pr =exp(tEq)[1,0,..., 01" x[1,0,...,0] exp(—tEy,)
(16) =[1,0,0,...,01"x[1,—z,0....,0]

H
17) JF=—-G+ - JH = —2tT,

2Gey—e; )

(18) JFoy—o; =Goy—ejs  JFei—e;j =—=Gp—e; ——— for2 <,
(19) Foome; = Ge—e; =0 for2 <k <.
We also have

F,_. Ger—e:
(20) J(Fel_ej + %) = —(Gel_e,- + %)
Actually, if we let [1, zy, ..., z,] x [1, wy, ..., w,] be the coordinate, then Fj; is
the same as zxy =w; =0fork # j,and z; =w; = —1. For F,; we have 7y =w; =0

for I # j, and w; = t. Therefore, Fi; +t‘1F2j has zx = w; = 0 for k # j, and
7j =—1. At px,

(21 JFei—o, = —Gej—eps  JFey—ep = Gey—gys

22) Foiop =Ge—e =0 for2 <i <k.
Let

(23) Fij=Eijj—Ej;;, Gij=i(Eijj+Ej).

We have

24) [Fj. Gil=Gy fori#k.

In our case of S = A,, the bigger complex Lie group G can be any complex
semisimple Lie group. That is quite different from that in [Guan 2009]. This makes
our argument more involved in this paper starting from the next section.
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We can also use a similar method from [Guan and Chen 2000; Guan 2002; 2003]
to understand the complex structure. Let the complex bilinear form be given by

(25) (z, w) = zowo + Z1w1 + - - - + 2, Wy,
where
[z, w] = ([z0. 21, - - - 2n)s [wo, w1, ..., wy]) € CP" x (CP™)*.

(This is different from the form in [Guan and Chen 2000; Guan 2002; 2003], where
(z, w) represents the inner product.) Then the hypersurface end is just (z, w) =0,
and the singular SU(n + 1) orbit is w = z, or if we let

Iz, w)?
26 = e W)t
(20) AR

the singular orbit is just y = 1. Note that this y is different from 6 in [Guan and
Chen 2000; Guan 2002; 2003], which corresponds to 1 — y. (That 6 is like the
square of the cosine, while and y is like the square of the sine; compare with [Guan
2006, Section 3].)

3. The Kihler structures
Now we calculate the Kdhler form by different methods. First, if G = S = A, let
® = aw; +bw) +iddF,

with w; = 39 log |z|>, wy = ddlog|w|?, and F an SU(n + 1)-invariant smooth
function. We see that F = F(y).

Let f =y F’, the derivative being with respect to y. At p; we have y =1/(141?),
and we can write

39 logy = —3d(log|z|* +log |w|?),
dwq

dlogy = d(log(z, w) —log |z]* —log|w|*) = _t<dZ1 - lez)’

w=aw;+bwr+yfdlogy Adlogy + fddlogy
- dw] A\ dlI)l ) —
= (a—f)dz/\dz+(b—f)<W+ w gdwj ndi;
+yf lwil(dz1 — [w|2dw) A (@dZ1 — [w]dwy).
The difference between this formula and the one in [Guan 2003] is that here we
do not have the second term on the right, since (z, w) here is holomorphic. We

notice that the subspaces W = {0/9z1, 0/0w;} and Co/dz;, Co/0w; for j > 1 are
orthogonal to each other. Let us calculate the determinant T of W.
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We have
_[am S A= =)l
—(A=y) flwl™ b= f+A=y) fHlw|™
1

= (@ HE=H+A-py)a+b=2/)f").
o . (n+1)>°
Likewise, for the standard metric we havea=b=n+1, f=0,and 1p= ———.
|z[*wl*
Therefore,
1 /
27 =——F7—D
@7 BRI
with
(28) D=(a—f)b—HL—y).

The determinant of C3/dz' for i > 1 is |z|2(a — f). The determinant of Cd /9w’
fori > 1is lw|~2(b — f). Therefore, the volume form is
_Dn—l D’

_ 1 =l _
29) V= ET dz ANdZ7' AN+ ANdZAAT"

Adw' Ad' A Adw™ Adi".
Next, by regarding the open A, orbit as a homogeneous space, a vector field
corresponding to the Lie algebra is the pushdown of a right-invariant vector field
on the Lie group A,. As in [Guan 2006], we study the corresponding left-invariant
vector fields on the Lie group. To make the things simpler, we still use our original
notation for left-invariant vector fields. Since the Kéhler form is (left-)invariant
under the action of the maximal compact Lie subalgebra J{ of the complex Lie
algebra #,,, the pullback of this Kéhler form is a left-¥-invariant form on A,.
We also extend ¢ to be JH-invariant; hence so is T, since it is the derivative of ¢.
Therefore, we have (by [Kobayashi and Nomizu 1981, p. 36] and [Huybrechts
2005, p. 283]; we use the convention in the latter reference)

0=duw(T, X,Y)
=T(w(X,Y)) = X(o(T,Y))+Y((T, X))
—o([T,X],Y)+o(T, Y], X) —o(X,Y],T)
=T((X,Y)—o(X, Y], T).

Thus T(w(X,Y)) = —w(T, [X, Y]) for any left-invariant X, ¥ € K.
Now,

T(w(G,H)="20(T,F)=-2wJT, JF)

=—-w (g -G+ ?) =—t"'w(G, H);
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that is, w(G, H) = Ct~! for a constant C. Then C = 0; otherwise w(G, H) is
infinite at pg. It follows that (G, H) = w (T, F) =0.
Similarly,

tT(w(H, F)—T(o(F, G)) =2w (tT, —G+%) =2w(tJT, J*F) = —w(H, F);

that is, T (tw(H, F) — o(F, G)) = 0. We have
w(F,G)=tw(H, F)+A.

Let (, )4 be an invariant metric on K such that (H, H)4 = 1. If there is no
confusion, we write (, ) = (, )4a. Then H, G, F is a unitary basis of the Lie
algebra . Therefore

(X, Y]I=(X,Y], ) H+ (X, Y], F)F+ (X, Y], )G +[X, Y1 +[X, Y](s1)t,
which implies Therefore,
o(T,[X, YD) =(X,Y], H)o(T, H)+ (X, Y], ) (T, G)+o (T, [X, Y]gtnL).

But
(T, [X, Y]ins) = o(@O T H, J(X, Y1) =0,

since JX € (A + 1)L if X € (d+1)~. We also have
oX,Y)=(g1H+5F+5G+1,[X,Y)])
with [ in the center of /. We conclude that
w(G,H)=(g1H+gF+gG+1,[G, H]) =2(g,F, F) = g, =0,
that is, go = 0. Hence, for left-invariant X, Y, we have
T((X,Y) =@ H+§G+1,[X,Y])=—o,[X,Y])
=—([X.Y],o(T, H)H + (T, G)G),

where the dot denotes the derivative with respect to ¢. It follows that / = 0 and
g1=—w(T, H), &3 =—w(T, G). (The last two equalities are already known to
us.) We have obtained

w(T, G+ g) =9 =0T, IF) = —w(% F)

=—1t"'(g1H +8G,G) = —g3t™;
that is, rg3 + g3 = £1. Therefore, g = rg3 + C; that is,
w(F,G)=2g =2tg3+2C =tw(H, F)+2C.
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(We already have this equality with A = 2C.) We also see that g3(0) = 0 since
H (0) = 0. The first equality, I’ = 0, means that I does not depend on ¢. In other

words, if we let
n+1

="t 1e) 3
= e1+e) — —— e;,
0 I’l+1 1 2 ”l+1i:3 i

then I = Bi I, for some constant B.
Set g = g3. Then g =tg + C and the Kihler form is

w(X,Y) = ((tg(t) + C)H + g(1)G + Bily, [X, Y1) = (H(), [X, Y1)

for left-invariant X, Y, where H(t) = g1H +¢gG+1=(tg+C)+gH+ H.
As an observation, we see that if

Vi =span(T, F,) and V, =span(H, G,),

then
JVi=V, and V=V,

with respect to w. Moreover,
[VI,Vi],[V2, V,1C Vp and [V, Vo] C Vs
The Kihler metric is a direct sum of its restriction on the subspaces
(30) W =span(T, H, F, G),
1) Wi = span(Eqla =e; —ej, i # j, {i, j}N{1,2} #0).

On W the metric is

H
o(r. 5,

ofF. ﬂ) o(F. -G+ g)

[w(T,JT) (T, JF)]_ ) o(JT, —F)

o(F,JT) w(F, JF)

L 21
| et/ —g/t
N —g/t —2(1+1¥g/t—2C |

The determinant is equal to

. [T, H) a)(T,—G)}_ 1 |:_g1 g]
1) det[w ) o(F o | =0 e T

_ . . U
=t (g1861+58) = TR

where

(32) U=gi+g"
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We notice that U is the square norm (H (¢), H(¢)) up to a constant; in other
words, the energy of H () up to a constant.

We also see that U is increasing. We also see that g(0) = 0, —(t;g) > 0 when
t > 0, therefore, —g > 0 when ¢t > 0 and —tg is increasing. We also notice that
g(—t)/—t = g(t)/t, that is, g(¢) is an odd function.

We first consider n = 2. Then W = span(Eq |g=-ta,, +(;+2))- On Wi we have

|: w(FOlvaFOQ) a)(FOlvaFa1+Ol2) ]_[—81+B 8 ]
a)(FOll-i-OlzaJFOlz) w(FOl1+Ol27JFOl1+Ol2) g _gl_B_Zg/t ‘

The determinant is equal to U — B?. Since Fy,(0) =0, we have g1(0) =C =B
and U (0) = B2. Since U is increasing, U — B*>0.

When n > 2, we have 2-strings e; — ¢, e —e; of a;. The calculation is exactly
the same and the determinant is U — B2. Therefore, the volume form is

(33) UQH~' U - B>

This fits well with our earlier volume formula (29).
Moreover, along p,, we have

2b—f 22— f)

(34) w(Fy3, JFy3) =2t T
F F
(35) w(Fls + -2 (Pt %)) =2~ /).
Then
22— 1)
(36) ==
(37) —t ' +tHg—-2B=2(a— f).

Therefore, 2(b — f) +2B = (a — f), that is,
(38) B=b—a.

We also have —t~'g =2y (b — f) and

22

39) —1g = (b—=1.

1+12

Therefore, when r — 0, we get —g(0) =2(b— f (1)) and lim,_, ; ~ tg = —2b. That
is, —tg is nonnegative and increasing with a limit 2. In particular, both B and
[ =lim,_, ;o tg = —2b are topological invariants of the given Kéhler class.
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Moreover,

40)  D=(-y)a—f)b—f)=4""1—y)ty) *g(g—2Bty)
=471g((1+1})g+2tB)=4"1(U — B).

When n = 1, we have

_ 1. b—f+of
T,JT)=Q2t) 'o(T,H)=—-Q1) gy =2—"—= |
w( ) =21 o ) 2 & a1
2
a)(T,](F—(1+t2)T)):a)<T,—G+g— 1;’ H>
2_
=8+ %31 ==20f"(1+1*)7.
Therefore,
b— 2t6 + (12— 1)
—@ g =2 fo 208+ ( )81
(1412)2 2t (1 +12)
We have -
21+t2=g-4_%1=-4_%
as above.

To get the formula for B, we similarly have

2a—f+0f)=o(F—A+T, J(F—(1+)T))

—1.
77 81

2_

1’2—1 N
=26+ ——g—(I+1)g-
12 /
= —2g1+7g—|—29f =—

That is,

241
2a—f)=-"F
as before. Hence, again B =50 —a.

As in [Guan 2009], all the I and therefore the coefficients B depend on the
chosen inner product ( , ). In general, G might be bigger than S = A,,. And, we
can write the volume formula as

g—2B=2(b-f)—2B

MUt (U - BH ! ] - 0.

For each string, by changing the sign of the eigenvalues we can exchange the
eigenvectors. This induces a mirror symmetry of the eigenvectors. Formally, we
can let c =0 (and assume a #0); then (a H+1, B;) =kg, (a;+a) for each eigenvector
Bi. Therefore, we can choose a; = —|(I, B;)/(H, Bi)| if (H, B;) #0. If B;,, Bi, are
mirror symmetric to each other, we have the same a;. We call a mirror symmetry
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class the set [i] of two different roots that are mirror symmetric to each other, and
we define afj; = a; for i € [i]. By $ we denote the set of all mirror symmetry
classes.

Similar to what is in [Guan 2006; 2009], we have:

Theorem 1. For the affine isotropic case, that is, when S = A,,, the volume is

@41) V= @(U _ B! [g(af —U)

for some positive numbers M and ai2 with

_ (IG»,Bi)'
(H,B) |

Moreover, U(0) = B?and B> < U < aiz. In particular, if G = S, we have that
V=M"'UU- B>

Proof. We need to take care of the case S =A,, G # S.

If G = Auqntk and S = A, is generated by simple roots e, 11 — €42, --.»
€m-+n — €m+n+1, then a,, 1 has other 2-strings with determinants ajz. — U for some
constants a;.

As we saw in the last section, in the general case of S = A,, the group G can
be any semisimple Lie group. To see that Theorem 1 still holds, we have to deal
with pairs of roots. There is a classification in [Humphreys 1978, p. 44-45]. We
have the following three lemmas:

a; =

Lemma 2. If @ has a 1-string, then the 1-string and « generate an A| X Aj type
of complex Lie subalgebra. In this case, the determinant is a positive constant.

Proof. The Lie algebra is a rank 2 algebra. Since the action of ¢ is trivial on the
1-string B, the minimal Lie algebra including both triples must be A; x A;. The
restricted w is (aH 4+ c¢G + M, [X, Y]) for a constant M. The positivity comes
from the positivity of the metric. (]

Lemma 3. If o has a 3-string generated by B, then B has twice the length of o,
and o, B generate a By type of complex Lie subalgebra, which has an induced
cohomogeneity one action. The determinant is —8M (M? — U) for a real negative
number M.

Proof. The Lie algebra has rank 2. Since the representation of «{ has length 3,
it cannot be Ay x Ay, Aj, or G,. It must be B,. The calculation of the volume
follows from a similar argument for 3-strings in [Guan 2009]. (]

Before we go further, we check that the other possible strings are 4-strings and
2-strings. While the 4-strings can only occur in G,, the 2-strings are more com-
plicated than the cases above, which only involved Lie subalgebras of type A,.
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We have basically dealt with the G, case in [Guan 2006]. The only possible
case for a 4-string is G = G, and S = A is generated by the short root o = ;.
In this case, the 4-string is oy, @] + a2, 201 + @2, 301 + ap. The restricted metric
w 18 (aH +c¢G + B1i(Ba; 4+ 2ap), [ X, Y]). The determinant is equal to

det(w (Fu,, —Ga,)) = (B} —U)(9B} — U);

see [Guan 2006]. We let a; = By and a; = 3B;.

If a simple root « has a 2-string generated by § and the length of 8 is the same
as that of «, then they generate an A;. This case includes all the cases for G = A,;,
D,, E.

If a simple root o has a 2-string generated by S and the length of g is half
that of «, then they generate a B, type of complex Lie subalgebra. Assuming that
o =e; —ep and B = e;, we see that the 2-string is e;, 1. Then the restricted metric
w is

(aH +cG + Bii(e; +e2), [X, Y]).

The determinant is 812 — U. This includes the long simple roots in B,, C,, Fj.
Together with the paragraph above, we have dealt with all the possibilities except
the case in which G = G».

If a simple root o has a 2-string generated by B and the length of 8 is a third
of that of «, then o and f generate a G, type of complex Lie algebra. This only
occurs in Gy. Then o = «; is the long simple root, and B can be either o or
3a; + op. But this latter case cannot occur, since 3| + a2 has the same length as
o, and they generate an A, type of complex Lie subalgebra. Therefore, 8 = «;.
We have H = %Haz and, since (H, H)4 = 1, we have (H,,, Hy,)4 =9 and

w(X,Y)=(g1H +gG + Bii Qe + a2), [X, Y]).

The restricted metric is

|: w(F()l19‘IFa|) a)(FOleFa]-i-Olz) :|
w(Fa1+a2, JFal) C‘)(FalJrcxz’ Jch1+a2)
_ [ a)(F()lly_GO[l) a)(FOlla_GOll-i-Olz) :| _ |:3g1_3Bl _38 :|
w(FozH-azs _G()ll) a)(Fal-‘raQ? _Ga1+a2) _38 _381 - 3B1 .
Therefore, the determinant is 9(312 —U).

Lemma 4. If o has a 2-string, the determinant is M (d — U) for some numbers M
and d > 0. If o has a 4-string, the determinant is (d — U)(9d — U) for a positive
number d.

From these three lemmas, we obtain our Theorem 1. O
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4. Calculating the Ricci curvature

Let o be the root that generates &f and 2 =log V. Following [Koszul 1955, p. 567],
we have
Lyx, v )@ )T, JT, F, JF, Fy, JFy)

42 X, JY) =
(42) Pl ) 20"(T. JT. F. JF. Fy. JFy)

’

where X, Y, are the corresponding right-invariant vector fields, and where we use
Fy, JF, to represent
Foy, JFoy, ..., Py, JEy,,

the array of F, with its conjugate for positive roots « other than o that have
nonzero F, and G,.

We now use a method similar to that of [Guan and Chen 2000; Guan 2002;
2003] to calculate the Ricci curvature for the case S = G = A,; later we shall
compare the conclusion to Koszul’s method. By the volume formula (29) — or by
(33) and (41) — we have

(43) a,=n+1=b,,
(44) F,=—(n—1)(log D —log(l —y)) +log(—D").
Therefore,
(45) fo=vF,=—y[a—DD'D"+(1—-y)"H+D"(D)]
n—1 14172,
=— 2 h

2 +2+ b

and by (36), (38) we have
2t . 2(n—1)

(46) 8p = (bp— fp)=h— for B, =0.

1422

To use Koszul’s method, we need to consider X, Y taking the values H, G—H /¢,
and then F, F. We have
[H, J(G _ ?)} —[H, F]=2G,
J[Hr, J(G - %) ] = _2JG= —2J<G — g + g) —2Q2T — F),
2G

[F., JF] = [F, G+ g] =—2H -7,

§> F_QT)_ZF—2(1+z2)T
t t t

Again as in [Koszul 1955, p. 567-570], usually it is not clear how to find J X
for a right-invariant vector field X along p, and to deal with the left-invariant form
with right-invariant vector fields. Therefore, the argument in [Spiro 2003] does not

J[F.. JF,] = J(2H+ :2](—2tT—l—
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work for our situation. We need something similar to Koszul’s trick [1955, p. 567-
570]. It turns out that all the arguments there still go through for our situation once
both X, JY are in the maximal compact Lie algebra 3. Therefore, we have

p(H, J(G—?))

. 1
=2h+

20"(T,JT, F, JF, Fy, JFy)
X (w"([2(F —27),T1-JI2G,T1,JT, F, JF, F,, JF,)

+a)”( [2(F —2T),JT]1—J[2G, JT), F, JF, F,, JFy)
+"(T, JT,[2(F =2T), F1—J[2G, F1, JF, Fy, JF,)
+" (T, JT, F,[2(F —2T), JF1 = J[G, JF], Fy, JF,)
”(T JT,F,JF,[2(F —2T), F,]1— JI2G, F,], JFy)
@ (T, JT, F, JF, Fy, [2(F —2T), JF,]1 - J[2G, JFa]))

4(n—1)
—

=2h—
Here we have used the notation
" (..., [A, Fu]1—J[B, Fyl, JFy)
to represent
" (..., [A, Fy,1 = J[B, Fy,), JFy,, ..., Fy, JFy)

+ " (..., Fay, JFay, ..., [A, Fy 1= J[B, Fy 1, JFy,),

which is the sum of
a)"(. vy Foyy JFgy, .. [A, Fyl = JI[B, Fyl, JF,, ..., Fy, JFal)
for all the positive roots « other than «1, and we have used the notation
W' (..., Fo, [A, JF]— J[B, JF,])

to represent a similar sum.

Another way to understand the calculation is by regarding the volume tensor for-
mally as a product of the two determinant tensors. When n =2, these determinants
are 7, 71 of the subspaces W, W;. We have the formula
Axy(t)  Axy(t1)

+
2T 2T 1

(47) p(X, JY) = 5J[X,, JY,1(h) +
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where
@8)  Axy(@=> (... [JIX.JY] X]=JIX, JY], X]....).
i
Applying this formula, we have the components that come from the determinants
T and 71:

An,G-n/i(T)

07
2T

since

[F—2T,T\=—-J[G,T] =0,
[F—2T,JT)=[F-2T,H/(2t)]= -G/t + H/t* =t~ ' JF,
—JIG,JT1=—-J|G, H/(2t)] = -t JF,

[F—2T,F1=0, —J[G,F]=—2JH =4T,
[F—2T,JF)=[F—-2T, -G+t '"H|=—2H-2t"'G+2t >H=2""JF—2H,
—J[G, JF1=—t"'J[G, H] = =2t JF;

and
Agc-u/n(t) 4

274 t

b
since

[F —=2T, F3] = Fi3,
—J[G, F3l=—JG13=—J(G13+2t ' Ga3 — 2t 7' Go3) = =2t ' Fp3 — Fy3,
[F —2T, JF53] =[F —2T, Go3] = G 13 = —JF13 — 2t JF»3,
—JI[G, JF3] = —J[G, G3] = JFy3,
[F =2T, Fi3]=—Fx, —JI[G, Fi3]=—JGy3 = Fp3,
[F—2T, JF;31 =[F = 2T, —G 13— 2t G231 = Go3 — 27 G 13 — 4t > G3
= JFy + 2t JFy3,
—J[G, JF;3]=—J[G, —G 13— 2t ' Gzl = —JFp3 — 2t L JFy5.

Similarly, we have:

Theorem 5. If the fiber with S = A, action is affine and isotropic, then g, =
h —2(n —1)/t. Moreover, B, = 0. Other coefficients, that is, other parts of 1,,
come from the Ricci curvature of G/ P, which is —(qg/p, [X, Y])o with qG,p =
Z%AJ_AP H, with the standard inner product.
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Proof. As above, we consider X, Y taking the values H, G — H/t and F, F. First,
|:H, 7(6- ?)] —2G, J[H,, 1(c-1) ] —20T - F).
r

As above, the contribution of 7', JT', F, JF is zero. The contribution of e; — ¢},
el —ejis —4/t. When G # S, the contribution from the roots outside S is zero.
Therefore,

H : 2(n—1
280 = p(H, F>=p<H,—ﬂF>=p(HJ(G‘7))zz(h_ (nt_ )>'
Thatis, g, = h —2(n — 1)/t.
Next,

2G 2

[F.JF]==2H = =2, JIF. JF]=S(F=2(1+1)T).

The contribution of 7', JT, F, JF is zero. The contribution of e; — ¢, e; — ¢;
is 4(t + 1/t). When G # S, the contribution from the roots outside S is zero.

Therefore,
and B, =0.
Other coefficients come from the gg,p as above. -

5. Calculating the scalar curvature

To calculate the scalar curvature, we separate our subspaces into five kinds of
spaces. The first W is generated by 7', JT, F, JF. The second, third, fourth and
fifth are the subspaces of 1-, 2-, 3-, and 4-strings. The Ricci curvature is a sum of
its restrictions to each subspace:

(49) p=) pi

Similarly,
(50) 0= .

Then, by Theorem 1, we have

_MUQW) _myu

(&2)) Vv ; ;

(U - BH"101(U)

and

(52) pro’t=3)
i



TYPE II ALMOST-HOMOGENEOUS MANIFOLDS OF COHOMOGENEITY ONE 401

where
(53) Qi=p A"

Let
(54) U,=(g1H+gG,tg,H+g,G);
then
(55) U,(0)=0.
Furthermore, '

Qw=mn-D'KU,QU)/t
if the determinant of W is KU /t. For 1-strings,
Qi =K:UQU)/t.
For 2-strings,
Q;=-2mn—-DIU, —aia,i)V/qi,

where g; = al.2 — U is the linear factor of Q introduced by the given 2-string.
Similarly, we can see, by a direct calculation, that for a 3-string

1

a, 1)
Q; =—<2Up—2aiap’i+ﬂ((]_ai2)> (n 1).V‘
a; :

The case of 4-strings only occurs when G = G, and H corresponds to the short
root. In this case,
Q=p A"
(n—1DV
(B} —U)(9B; —U)

= —2[U,((Bf —U) + (9B} —U)) — B1B, 1 (9(Bf —U) + (9B{ — U))]

=—4(U,(5Bf —U) + BB, 1(5U —9B}))

(n—1DV
X
(B2 —U)(9B —U)

(n—=D!V (n—1Vv

=-2U,—9B1B,1)———— —2(U,— B1By, 1) ———.
U, 1 p’l)9Blz—U WUy 1Bo.1) BIZ—U

Therefore,

(56) pAD" M= — 1)!M(U/O Q(U)H‘PO(U)U'

t
Theorem 6. The scalar curvature is
2(U,Q) + pU
UQ

’
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where p is a polynomial in U of the form p(U) = (U — B*>)"*~' P|(U); furthermore
the polynomial P\(U) is a positive linear sum of

(1) Q1 and

(2) the products of deg Q1 — 1 linear factors of Q.

Only 1-strings and 3-strings contribute to (1); the contribution of each 1-string
and 3-string is c, 1/c; for the Q1 term, where ¢; = w(Fy,, JFy,) for 1-strings and
¢i = a; for 3-strings. Only 2-strings, 3-strings and 4-strings contribute to (2); the
contribution of each 2-string and 4-string related to the products of deg Q1 — 1
linear factors of Q1 is 2(ap ia; Q1)/qi. In particular, if G = §, we have p(U) = 0.

6. Setting up the equations

Now, we set up the equations for the metrics with constant scalar curvature. Before
we do that, we shall understand more about the metrics.

Theorem 7. If S = A,,, w is a metric on the open orbit if and only if B < —%g(O)
and g is an odd function with $(0) <0, t~'U > 0, and U < al.z.

Proof. From the metric formula for the metrics, we need

tg+g

lim 278 —250) <0,
tl—% t g()<

1+¢2
lir%<(+f)g+8>=g(0)+3<0,
t—

lin(l)(tg +2B+2:"'g) =2B+24(0) <0,
t—
1in5f1g =4(0) <0,
—
hn%z—lz’f =24(0)B + (£(0))*> >0
11—

and
U > 0. 0

This result is somehow quite different from those in [Guan 2006; 2009]. There-
fore, with the property also that B, = 0 in Theorem 5, we prefer to call the mani-
folds in the case S = A, type IV manifolds.

To understand the metrics near the hypersurface orbit, we can let 0 =12 /(1+12),

and we see that
2t 213 2t

6 = — = ,
1+22 (1+12)?  (1+41%)?
We can also see that Ug (1) = lim;—, 4 oo (1 + tz)zU/Zt > 0 exists. In particular, U
is bounded, and so is tg. This was done in Section 3. Let [ = lim;_, 1 8.
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The closure D of the orbit €2 of the complex Lie group SL(2, C) generated by o
is a cohomogeneity one fiber bundle with a CP! as the base and another CP! as the
fiber. Since Q is a C bundle over CP!, D is affine compact almost-homogeneous
manifold with the SL(2, C) action. That is, D is exactly the S = A; action manifold
and is CP' x CP'. A calculation in Section 3 for the S = A action also gives the
bounded property of U and [. The restriction of the metric to D also gives us the
same topological invariants B and .

Theorem 8. The metric w of Section 3 extends to a Kdhler metric over the excep-
tional divisor if and only if lim,_, oo tg =1 > a; — B and Uy(1) > 0.

Now, for any given pair B, [ with 0 > [ > a; — B, we can check that g(¢) =
It/(1+12) satisfies Theorems 7 and 8. We shall see later on that this actually gives
us the solutions of our equations for the homogeneous cases, that is, when G = S.
Thus:

Theorem 9. The Kdhler classes are in one-to-one correspondence with the ele-
ments in the set

I={B,)|0>1>a —Band B<—I/2}.
To calculate the total volume, we notice that

TAHAFAG NG, (FuAGa)
t

(57) TAJT ANF AJFIN,(Fa AJFy) =M
with a positive number M. Moreover,
(58) U)= B>, U(+o0)=(+ B)*.

Therefore, the total volume is

(I+B)?
(59) V= / o) dU.
BZ

We also see that

. 2m—=1) U QWU 2n-1

(60) gp=h——=—= — .
t U QW) t

One can easily check that
U 1 U ) )

since g is an odd function and therefore g,(0) = 0.
Now, from

2 2
U=(zg+B)2+g2=(t2+1)g2+23tg+32:(t2+1)(g+t2€:1) " liz
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we have

Bt \* 1 5 s
(g+r2+l> = Trap OV =B,

which we can solve to get

V(A +1t)U — B2+ Bt
g=- :

1+1¢2

For clarity, we replace 7 by 6 = t?/(1 +t?). Then
18, = | [loglUs QW) (1 = 6)*1],26(1 = 6) = 2(n — 1|
_ [29(1 - 9)[% + —Q/(U)UQ] — 46 —2(n — 1)],

Uy o)
which has the limit —2(n + 1) at 6 =1, so
(61) l,==2(n+1).

Therefore, the Ricci class is (0, —2(n + 1)).
We also see that

(62) Up(1) =1, (B+1) = =2(n + D)(B +1).

Now, we have the Kéhler—FEinstein equation

Ugp Q/(U)Ug ty/ (1 +12)U
63 2001-0)|—"F+=——|—-40-2n—1)|=tg=—""—""—>F—
()[( )[U9+Q(U) (n—1)|=1g s
=—+0U.
The total scalar curvature is
+m . .
(64) Rr :f [pP(UHU +2(U,QU))]dt.
0
From this, we have the average scalar curvature
2 B 12
. P pyau +2U,0W)| 5"
O = — =
Vr 2 owyav
(B+1)?

g p(U)dU +21,(B+1)Q((B+1)?)
JE 0wy au

If G =8 = A, (by [Guan 2009], this is the same as the assumption that the
manifold is homogeneous), then Q = (U — B?)"~!and p = 0. Therefore,
I,(B+1) Bl, +11,
=2n .
n='((B+1)?— B?) 2Bl +1?

Ry =
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The equation of constant scalar curvature is R/ V = Ry. Therefore,

U U
(65) 2UpQ(U)+/ P(U)dU=Rof Q) dU + Ao,
B2 B2

with Ag a constant.
Letting 6 = 0, we have
0=2BB,Q(B?) = A,.

If we put 8 =1 in, we get the same Aj.
We have

Ro [ QdU — [, pdU
(66) U, = 0/ QQQ(U)IB p

9

where Q(U) = (U — B?)"~1 01 (U).
Applying Theorem 6 and integrating by parts, we obtain

_ Ro [y, QdU — [(U — B~ P dU

U, 20
_ [p(RoQ— (U —B»"'P)dU _ RU)
B 20 S 201(U)
where R(U) is a polynomial in U. Therefore,
2 um(u)
gp((t"+ g+ Br) = 0w’

where we let R(U) = 2um (U).
If G =S = A,, we have successively

R R R
U, = —ZO(U—BZ), RWU)="2(U—-BY, m)= —20.
n n n

Now, since tg = —B6 — /6 (u + B20), we have
V0 (u+ B29)
1-0 ’

and therefore, if we use ’ for the derivative with respect to 6, we have

PN A X0 i IO i(m@‘))
(67) o(1 Q)Lﬁ Q(u)} o= N e d\ow )

Comparing with (63), we see that
m(u) = Q1(u)

if the Kihler metric is in the Ricci class.

(141%)tg+ B> = —
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IfG=S5=A,, then m(u)/Q; is a constant. There is a solution with u = c6.
Actually, if we use g =1t /(14¢%) in the proof of Theorem 9, we get u = (2B+1) 16,
which solves our equation.

From (67), we have (log(u’Q(u)))/ =_F

= m We also have

204n—1—Ap0'/? <P <204+n—1+Cp 0"
for some positive constants Ag;, Cp;, which depend only on B and /. Since

P(1)=n+1+271,=0, we have Ap; >n+1.
By integration,

a"~!(1—a2) (146 A W (@t (@) Q1 (u(@))
On=1(1—0 1) Asi—n=1(14g3)Asrtn+1 ~ u'(@)u"=1(0) Q1 (u(6))

an—l(l_e%)n—Fl-‘f-C&l(l_’_G%)n-ﬁ-l—CB.[
<

(68)

= en—l(l_a%)n+1+C31](1+a%)n+1—C3_1
forO0 <6 <a<1. Welet V=u" and x = 6", and obtain the Harnack inequality
(1—a)A» =11 4640 V(@) 01 (u(@))
(1 —02)Ani=—n=1(] 4 g3)Asstntl — Vi (0)Q1(u(9))

(1— 9%)”‘5‘1"1‘6‘8‘/ (1+ 9%)n+1—CB,l
<

= (1 _a%)”+1+cB"(1+a%)"+1_cs,,'

(69)

Arguing as in [Guan 2002], we have:

Theorem 10. If there is a solution 0 < u < [(l + 2B) of the equation above with
u(0) =0and u(l) =1(I +2B), then there is a Kihler metric with constant scalar
curvature in the considered Kdhler class.

Theorem 11. For any small positive number f, there is a solution u(0) =0, u(1 —
f)=I1(+2B). This corresponds to a Kdhler metric with constant scalar curvature
on the manifold with boundary 6 <1 — f.

7. Global solutions

In this section, we shall extend our solutions to the hypersurface orbit. We shall
let f — 0. As we did in [Guan 2002], we let T = —log(1 — ) and have

[log@u; 0], = 2.
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Therefore,

(70) [mg( - Q](u))] =0 = lh

in
P—0
_T_( _1)(__)

_P—n+14+mn—-2)0
o 0

—1 p
e 27 u m(u) —T(u.)

V0 (@u+ B26) Q1(u)

_ um(u) _
201 wWu+ B2

when 6 turns to 1 and it converges uniformly for u > ug with any uy > 0.
If w is in the Ricci class, then m (1) = Q1 (u) and

=2"'u.

Let u; be a series of solutions corresponding to f; — 0. By P(1) =0, for any
eg € (n,n 4+ 1) there are two numbers A(eg) < [(Il +2B) and B(ep) > 0 such that
if u > A(ep) and T > B(eg), thena > ey >nand T (u,0(t)) <n—ey. Let 7; be a
point of 7 such that u;(t;) = A(eg), and if we also have 1; > B(ep), then

n—1
[log("” 2T O (u; ))] :P‘”“;(”‘z)ezm,e)q_eo

in

for T > 1.
Let w = ((nu"'u’)/60"~1) Q1 (u). Then

w; < e 0Ty, (r)),

If there is no subsequence of 7; that tends to +oo0, then there is a subsequence
of 7; that tends to a finite number ty. By the left side of the Harnack inequality
(69), we see that V; ,(0(tp)) must be bounded from above, otherwise V; , will
be bounded from below by a very large number such that V; will be bigger than
[(I + 2B) before x reaching the point 1. That is, there is a subsequence of u;
converging to a solution u of our equation with u(1) > A(ep).

We shall observe that there is no subsequence of 7; that tends to 400 under a
certain condition given below.

If there is a subsequence of t; that tends to +00, we might as well assume that

lim 1, =400,
i— 400
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and 7; > B(ep). To make the things simpler, we should avoid the cases in which
G = S = A,. In those cases, the second Betti numbers are 2 and the manifolds
are homogeneous. By Calabi’s result, all extremal metrics are homogeneous, and
therefore they are unique since there is only one invariant metric in the given Kihler
class. As we saw immediately after (67), u = c6 will solve the equations.

Thus, we can assume that G # S, and therefore there is at least one ;. From
(67), we observe that if

wi (U () > 20Q2B +1))"""(a} — BHAp, > 2u" Y (a} — U)Apy,

then
u; (i)
- LA 2Ap,
ay —U(t)
and v, = u;’_lui,, is increasing for t > ;. This cannot happen. Therefore, u; ; (7;)

is bounded from above.
We shall see that in this circumstance there is a subsequence of

ui(t) =u(r+1)

that converges in C' norm to a nonconstant function ii. For each 7 > 0, the sequence
w; is decreasing and the i; ; are uniformly bounded. For each t < 0, —Ap; <
[logw;]; < n+ Cp; when i is big enough; that is, the \7,-,, are also bounded
uniformly on i over any closed intervals. Therefore, a subsequence of Vi converges
in the C! norm to a function i. Thus, the same thing happens for a subsequence
of ﬁ,‘ .
To see that « is not a constant, we notice that
”u?_lui,r <C. n“?_l (Ti)ui o (ti) o1—e0) (T =)
gn—1 -t anl(.[i)

for T > 1;, where C; does not depend on u;. That is,
—1 _ -7
nul " upr < Cug o (7)e" 01,

By integrating both sides,

(I +2B))" — Aen)" = —

ui . (7i),

that is, u; ;(7;) is bounded from below. Therefore, the #; ; (0) are bounded from
below. We have 2, (0) > 0. This implies that i is not a constant.
Then, & satisfies the equation

[loglx"~'x: Q1(0)]], = —a+n
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on (—o0, +00). Therefore,
"% Q1)) = (—a +n)x" 7 Q1 (0)xs.

As in [Guan 2002], we integrating and obtain

x(400)
/ fidx =0,
X

(=00)
where f; = (—a +n)x" "1 Q1 (x); thus x(+00) = [(l +2B).
Lemma 12. n — o has only one zero.

Proof. As in [Guan 2002], we may expect that x is related to a Kéhler metric of
constant scalar curvature on the normal line bundle over the hypersurface orbit.
Hence, we may apply the method of counting zeros in [Guan 1995; 2002] to this
circumstance. The expression x"~'x’Q;(x) is proportional to “@Q” in the first
of these papers. Therefore, the counting of zeros of n — o should be the same as
counting the zeros of the derivative of “p Q” to “U” there.

Set v = v/u+ B2; then u = v?> — B> and a? — u = (—a; + v)(—a; — v). We
observe that g; = 2vfj is actually a polynomial in v and should be proportional to
the derivative of “p Q” in [Guan 1995]; thus we expect that y = %(—B —v)—1
corresponds to the “U” in that paper. We let

q=2v0(v),

and observe that g is proportional to the “Q” in [Guan 1995]. We have

R
(71) gzznq—m(u)u":nq—wu”_l=nq—70deU+%/PdU-

Letting g; be the derivative of g; to v, we have
(72) g =nq —vRyQ+vp=nqg +vP,—vR)Q+vPs=A—mgq,

where P; =2mQ is the Q term in p and P, = p — P; is a positive linear combi-
nation of Q/q;; further, A =ng’ +vP,, and m = (Ry/2) — m. Therefore,

v
8 =/(A—mf1)dv-
0

Lemma 13. The coefficients of A are always positive.

Proof. From Theorem 6, the 1-strings do not contribute to A.

The contribution to P, of each 2-, 3-, and 4-string of the U — B? factor is in the
first term of p(U) in Theorem 6.

The contribution to P, of each 2-, 3-, and 4-string related to the Q; factors is

(apiai/qi)q.
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For the first term of A we have 2nQ, with 2n > 0. One might call this the v
factor term since Q = ¢q/(2v).
Then, we have the U — B> term

2(n—1Dvnv)(U —B»" 20, = (n—Dv[2n(v— B)+2n(v+ B)|(U — B)" 20,

with 2n positive.
Similarly, we have the g, factor of the Q; term:

2v(—2nv —|—asap,s)g = v((2n —aps)as—v)—2n+a,)(as + v))g
qs qs

with coefficients 2n —a, ; > 0 and —2n —a, .

So we need to check that the last coefficient is also positive. There are two
ways to do this. One is to check that the coefficients 2n, 2n, 2n and 2n — a, g,
—2n —a, s are all positive. We claim that these are the components of the Ricci
curvature of the exceptional divisor; then the positivity comes from the positivity
of the Ricci curvature of the compact rational homogeneous spaces. The point is
that v corresponds to an H in the calculation of the metric and the volume form,
and we should prove that the contribution of H to the Ricci curvature is exactly
2n; that is,

(9GP H)o = (qs/(5nPs)> H)o = 2n,
where P is the isotropic group of the exceptional divisor at p... Notice that P
is parabolic.

For § = A,, the semisimple part of P is generated by a3, ..., a, with an
orientation e} = ey, ¢; =e; 1 n+1>i > 1,e, | = es. Therefore,

(qS/PDCJ’ H)O=n+l’l=2n

This gives a proof of our Lemma 12.

The second way to check the positivity of the last coefficient is a case-by-case
analysis. That will also give all the a,, s in concrete calculations. This is extremely
useful when we check the Fano property of the manifolds and classify the manifolds
with higher-codimension ends [Guan 2011a; 2011b; > 2011b]. For example, we
can check this:

Proposition 14. In the affine isotropic case, the manifold is Fano if and only if
—2m+1)—a,s>0.

We give another proof that the last coefficient —2n —a, ¢ > 0. This is a little bit
long, since there are many cases. We shall check the last inequality 2n +a, s <0
for the cases G = Ay+n+is Bnanti+1> Coantk+1, Dmantik+1, G2. We will leave
the cases G = Fy, Eg for another paper, since the proof is tedious. The cases of
G = E¢, E7 will follow from those of Eg.
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Case 1: G = A 4+n+k. In this case
PG/ P(Fe—epiis IFe—eni)) = —(qG/py —2Hg e, ) =2(=11 —lp +2m +n +2).
Also —2H,

er—eny1 = —2He — H — H, S0

m+1te€m+2>
ap1=—-2(=l1 —hL+2m+n+2) <-2(n+2).

The corresponding affine manifolds are Fano.

Case 2: G = Byn4k+1. Here we have (qg/p,e1)o=—li =L +2(m+n+k)+3
in the standard inner product, but we took an inner product such that (e;, ¢;) = %
Therefore, either

@ By =2(li+1—2(m+n+k)—3)if [ <l <, and there is an S; factor
Aj,—j, orl is not in any S; factor, in which case we let [} =1 =1,; or

(b) B,; =0if/isin a S factor of type B.
We have 2-strings generated by e; — €11, €1 + €12, €mi2 With I <m, ey, 40 + e;
withm+2<i<m+n+landeyote;withm+n+l<j<m+n+k+1
The corresponding a,, ; are
2L —hL+2m+n+k)+3—-1—n—-2k)=-20C2m+2+n—-11—1p)
< —2(n+2),
—2(-h—h4+2m+n+k)+3+1+n+2k)=-2Q2m+2k+2)+3n—11 — 1)
<-203n+4),
—2(14+n+2k)<-2n+1),
—2Q2+4+2n+4k) < —-4(n+1),

and

(1 4n+2k— (U +b—2m+n+k) —3)) < =2(1+n+2k+1) < —2(n+4),
(14 n42k+ (1 +1—2m+n+k)=3)) < —2(1+n+2k—2k+1) = —2(n+2)

in case (a) or
—2(1+n4+2k)y<-2n+1)

in case (b). The corresponding manifolds are nef and Fano if and only if £ > 0.
If G = B,4+1 and S = Ay is generated by e,,41, then H = 2H,, ;.
(H,H)s=1,weget (em+1, €mr1)A= }1. There are 3-strings generated by e;—e;;, 11,

and we have

Because

B
ap; = %1 = (=l =L +2m+3) < —6=—2(n+2).

The corresponding affine manifold is Fano.
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Case 3: G = Cyy4ntk+1- Then either
(@ By =—-2(=l1 =L +2(m+n+k+2))if [; <, and there is an S; factor
Aj,—j, or [ is not in any S; factor (in this case [y =1 = [3); or
(b) B,;=0ifl1isan S factor of type C.
We have 2-strings generated by e; — e;,,11, €1 — €42 With [ < m, e, 12 + ¢; with
m+2<i<m+n+l1,eypte withm+n+1<Il<m+n+k+1, and 3-string
generated by 2e,,>. The corresponding a,  are
—2(-Lh—bh+2m4+n+k+2)—2—n—2k)=-2(—lL1 —bh+2m+n+2)
<—-2(n+2),
—2(-L—b+2m+n+k+2)+2+n+2k) = -2(—l; — L +2(m+2k+3)+3n)
<—6(n+2),
—202n+4+4k) < —4(n+2),
—2(n+242k—=01 —b+2(m+n+k+2)) < -2(n+442k) < -2(n+6)
(or —2(n+2+42k) < —-2(n+2)),
2 +2+2k+L+b—-2m+n+k+2) < -2m+2+2k—2k) =—-2(n+2)
(or —2(n+2+2k) < -2(n+2)),
and
—2@n+4+4k) < —-4(n+2).

The corresponding affine manifolds are Fano.

If S=A;and G=Cy,41, thena =2e,, . Since [Hp,,,,, F2e,,,, 1 =4G2e,., and
[H, F1=2G, we get H =} H,,,,. Since (H, H) o =1, we have (41, €m+1)a=1.
We only need to consider are the 2-strings generated by e; — e,,+1; then

a)(Fel_em-H ’ JFel_em+l) = (%aHng_H + iBlel’ _2H€l_em+l)A =2a — 2Bl’

ap1 =By =—(=l1 =L +2(m+2)) <—4=-2mn+1).
The corresponding affine manifold is nef but not Fano.
Case 4: S= A, and G = Dy4y4+4+1. Then either
@ By =—-2(=li—L+2(n+m+k+1))if l; <l <, and there is an Sy factor

Ay,—j, or ] is not related to the Dynkin graph of any S; factor (/{ =/ =1 in
this case); or

(b) B,; =0if/1isin an S factor of type D.
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There are 2-strings generated by e; — ey,+1, € + emy2 With [ < m, ey40 + e; with
m+2<i<m+n+1(ifn>1)and e, r+e; withm-+n+1 < j. The corresponding
a, s are

2(=lh—bh+2mn+m+k+1)—n—-2k)=-2(-l1 =L +2(m+1)+n)
=-2(n+2),
—2(-h—h+2m+n+k+1)+n+2k)=-2(—l1 —hL+2(m+2k+1)+3n)
< —-2(3n+2),
—2Q2n+4k) < —4n < -2(n+2),
—2n+2k—l —hL+2(m+n+k+1)) < -2(n+2k) < —2(n+2)
(or —2(n+2k) < —-2(n+2)),
—2(n+2k+hL+L—-2m+n+k+1)) < -2n+2k+2—-2k)=—-2(n+2)
(or —2(n+2k) < —-2(n+2)).
The corresponding affine manifolds are Fano.

If § = Aj is generated by €, 11 — €n42, €mi2 — €mi3, emy2 +emi3in Dy o3, let
o = ep+2 — emt3. We have 2-strings generated by e; — ey, 42, €; + €43 (I <m) and

ap1 =B, =-2(-l1 —b+2(m+3)) <—-12=-2(n+3).

The corresponding affine manifold is Fano.

Case 5: G = G».
If e =y, thenay = By, ay =3B, (aH+cG+ B1i(Ba; +207), —2H3a]+2a2) =
—6B;, and

( Z a,2(3a1—|—2a2)) = 3(a; +2a2), 2(3ar; +2a1)) = 36.

aceAT—{a} 0

We have B, | = —6 = —2(n + 2). The corresponding affine manifold is Fano.

If « =y, then H = %Haz. Since (H, H)4 =1, we get (Hy,, Hy,)a =9. Then
w(X,Y)=(aH+cG+Bi(2a; +a2), [X, Y1) and ® (Faq, +ay, JF2a,+ay) = —6B.
There are two 2-strings generated by «; and 3o; + op. We have a; = By and
ar = 3B;. But we also have

Y @2Qai+a) =5 +a2)(2Q2) +a2)) =20 = —6B,,1.
aeAt—{an}

Therefore, B, 1 = —%, ap1 = —13—0, and a,» = —10 < =3 = —2n — 1. The

corresponding manifold is not even nef.
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Before we go further, we make an observation. If G’ C G is a subgroup of G
such that the Dynkin graph of G’ is a subgraph of that of G and S C G’ fits with
the Dynkin graph of G’, then, if the last inequality holds for G, S, it also holds for
G/, S. Indeed, let B8 be a positive root in G’ that generates a 2-, 3- or 4-string; then

(gG/p. B) = (gG/p,» B) + (g6, B) = (qG'/p,» B),

where Pj is the minimal parabolic subgroup of G containing G’ and P, = PN G/,
since (qg/p,, - ) 18 trivial on G’. Therefore, once the last inequality is true for Eg,
it is also true for both E¢ and E7. Similarly, the inequality a, ¢ < —2(n + 2) holds
for G = E;, 6 <k < 8. Therefore, the last inequality holds for the remaining cases
of G = Fy4, E¢, E7, Eg, thanks to a further calculation with F4 and Eg. O

Given Lemma 13, we argue as in [Guan 2002, p. 73]. If n — « has two zeros,
A —mq has degqg —3 +4 = degqg + 1 zeros. That contradicts the fact that this
polynomial has degree 2 deg Q + 1. Thus, we obtain Lemma 12. ([

Now, f; has a unique zero. Therefore, if

1(+2B)
(73) f fidx <0,
0

we cannot have
1(142B) 1(I+2B)
0= / fidx < / fi dx.
X 0

(—00)
Otherwise, we have a contradiction.

By choosing A(ep) close to (I +2B), we have u(1) =1(l +2B). Arguing as in
[Guan 2002], we have u’(1) exists and is finite. Similarly, «”(0) and u” (1) exist
and are finite.

Also, if G =S = A,,, the manifold is homogeneous and admits a unique extremal
metric in any given Kéhler class. Therefore we have the following result, whose
converse is proved in [Guan > 2011a]:

Theorem 15. There is a Kihler metric of constant scalar curvature in a given
Kdihler class if the condition (73) is satisfied.

Corollary 16. If G = Ay or Dy, then a, ¢ < —2(n+2), and therefore the manifolds
are Fano.

We could easily argue as in [Guan 2002] and [2003, p. 273-274] that the right
side of (73) is the Ding—Tian generalized Futaki invariant for a (possibly singular)
completion of the normal line bundle of the exceptional divisor, although we do
not really know that there is an actually analytic degeneration with this completion
as the central fiber. Our condition here is stronger than the Ross—Thomas version
of Donaldson’s version of K-stability; see [Guan > 2011b].
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8. Type II cases

Now, we consider the case of type II, in other words, the case in which the cen-
tralizer of the isotropic group contains a three dimensional simple Lie algebra .
Since most cases are affine and other cases are actually homogeneous, we actually
only need to consider the case in which S = A;. We denote the manifold by N.

In that case, the involution induces an involution in ¢ and d = 1. The argument
after Theorem 7 and [Guan 2003, Theorem 3.1] tell us that

(I +H)2U’
Uoh= I ———=9

We actually have Uy = (1 — 60)h(0) with h(1) > 0. Also B, =0= B, k=1, and
lp=—4—-2=-6.

The Kihler—Einstein equation is

B u_” o' (w)u' oy AifU 1/2
a 9)(u,+ Q(u))_z 2 (9) .

The constant scalar curvature equation is

(Y Q' o uN\Am)
(1 9)<u,+ o0 )_2 2 (9) S ="

where m(u) = (Ro /Q du— [p du)/u. Also our PO~ here is the P in [Guan 2003].
IfG=S=Ay, wehave Ry=2l,/1=—12/1, 0= Q1 =1, m(u)=1,/1=—6/1.

T'he equation is
” 3 (u)l/z)
(1—-060)u" = (2+_l 9 u.

We have
20— A7) <Po 1 <2

with a constant A; > % since P(1) = —1 as in [Guan 2003].
The difference between this case and those in Section 6 can be summarized in
the following two theorems:

Theorem 8'. The metric w of Section 3 extends to a Kiihler metric over the excep-
tional divisor of N if and only if lim,;_, 1o tf =1 > a; and Uy(1) = 0.

Let f(¢) = 2It/(1 +2t?); then U = 4I°6(1 + 0)? satisfies the assumption of
Theorems 7 and 8'. Actually, one can check that this U is the solution of the
equation when G =S = A;.

Therefore:

Theorem 9'. The Kiihler classes on N are in one-to-one correspondence with the
elements in the set I' = {l]o>>q, }-
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Also fi = (1 —a)Q with o =27 " 2m(u)/ Q(u).
If G=S=Aj, then f; =1+ 31"'u!/2. The integral always satisfies

12
A+3""?ydu=1>-21>=-1> <0.
0

In general, we have this result, whose converse is proved in [Guan > 2011a]:

Theorem 15'. A nonaffine type Il cohomogeneity one manifold has a Kdihler—
Einstein metric if it is Fano and

36
A —=2"""?yQdu <o0.
0 2

It has a Kdhler metric of constant scalar curvature if | f;du <O.
0

9. Kihler-Einstein metrics, Fano properties and further comments
If the Kihler class is the Ricci class, we have
(74) B=B,=0, I=I[,=-2(n+1),
(75) mu) = Q1(), a=2""Vu.

Therefore, f; = (n — 2*1\/5)14"*l 01(u).

In this section, we show how we can check the Kihler—Einstein property case
by case on the pairs of groups (S, G).

From [Guan 2009] we know that if S = B,, or C,, the manifolds are always Fano.

Now, we consider the case in which § = A, and G = A, 1,4+« such that S is
generated by e; 1| —e; withm + 1 <i <m + n. We shall see that the manifolds
are Fano for the compact affine almost-homogeneous manifolds of cohomogeneity
one. For the case of type II manifolds other than the affine case, we shall see that
they have numerically effective anticanonical line bundles and are Fano if every
e; that is not in A, is in some A; factor in S;. Here we say that ¢; is in an A; if
e; —e; € A; for some e;.

By our formula, we have

0GP (Fer—epiis JFej—e,y) =2(=l1 =l +2m +n+2)
if [ <l <l <m induces an A;,_;, in S;. Also

[Fet—em+1 s ‘]Fez—em+1] = [Fe/—6m+1’ _G61—€m+1] = _2Het—
=-2H,—H—-H,

€m+1
m+1+€m+2

and the coefficient of H is —1. Therefore,

ap1=-2(=l1 —h+2m+n+2)<l,=-2(n+1)



TYPE II ALMOST-HOMOGENEOUS MANIFOLDS OF COHOMOGENEITY ONE 417

if the manifold is affine. If the manifold is of type II but not affine, then n = 1 and
—2(=li —b+n+2)=-2(-l1 =L +2m+3) <1, = —6, with equality only when
I = 1) = m. Similarly for [ > m + n. This yields our claim.

When k =m =0, we have the product of two projective spaces. Therefore, there
are Kihler—Einstein metrics. Indeed, one can easily check that

2(n+1) 2n+1
Kgo= / Q2n— v dv = (vz” — U—)
0

2n+1
_ (1 _ 2(”“)) Q2+ 1) <0.

2(n+1)

0

2n+1

When k£ = 0 and » = 1 with a maximal parabolic subgroup P, we have the
examples M,,+1 and N,,41 in [Guan 2002; 2003].

Similarly, we can consider the general case with the maximal parabolic sub-
group, in which S} = A,, A;. Then we have the integral

2(n+1)
e = / v@2n — V)"V Em +n+ D =) @k +n+ D =) dv
0
for the affine case and
6
Kk = / v(2—v)(4(m +2)* —v))" 4k +2)> —vH) dv
0

for the nonaffine case in which n =1 and m, k # 1.
For the case of k =0 and n = 1, if we let v = 4x, we have

1
Ko = / 4x-2(1 —2x) - 2" ((m +2)* — 4x*)" dx.
0

Similarly for K ,;1’0, which is exactly the integrals in [Guan 2003; Guan and Chen
2000] up to multiplication by a constant 2”3,

Lemma 17. K!; <0 fori, j=0,1,2.

Proof. By the method in [Guan and Chen 2000] or by performing the integral
explicitly (for instance, using Mathematica) for the casesi = j =2, i = j =1 and
i=1,j=2 (|

We could call the related manifolds Mz:lz. ¢ and Ny, ; (not to be confused with
similar notation in the previous section).

Theorem 18. Mnl1,k and Ny, ; are nef. Mrln’k are Kdhler—Einstein for allm, k. Ny, i
are Fano if and only if m, k # 1, in which case N,, y are Kdhler—Einstein.

Proof. We have Kr}L =C Kz1  if m > 2, by applying the comparison method we
used in [Guan 2009; > 2011b], and reasoning as follows:
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We can compare the rate of change of the factor 2(v) = (4(n +m + 1)2 — )™,
We let

1 1
t(m) = (logh) =m — )
2n+2m+14+v 2n+2m+1—v

Then,

—2v(4(n +1D%2—dmm+1) — vz)

Hm D) =) = T D) @t m 222 — )

0

if m > n. Therefore, if K], , < 0 with m > n, then Kr’,‘l+1 « < 0. Moreover,
/ 1
Km’k <Km’k<0. O

We have lim,,, ;oo(2m) " K} = e*™*DK{ . We shall prove that K < 0,
which implies that

(1 M(’)” « admits Kihler-Einstein metrics, which also generalizes our results in
[Guan and Chen 2000], and

(2) for any given n, k there is an integer N (n, k) such that if m > N(n, k) then
M,’r’l, « admits Kihler-Einstein metrics.

Lemma 19. Letm =I(n+ 1) and k = sm. Then K"

m

= —Cl, 5, with

1
Iy = / B0 =) (14D = 22" (1 4 s1)? — 22
0

[A=x)(A+14+sDA=xD)+2 (s Q+I+sD)+(1+5)) +I(1+5)(1—x))
+sP(1+5)(1 —x) +sI(sl* — 4x) ] dx

and a constant C > 0. In particular, K§, <0 and K}, , <0 if mk > 4(n + )2
Therefore, K},  <0ifm >4(n+ 2.

Proof. We letn =1"'m — 1, k = sm and v = 2/~"m. We have
1
Kr]:l’k = le x2[*1m—3(l—lm(1 _x) _ 1)((1 +l)2 _XZ)I’H((I +Sl)2 _xz)sm dx
0

1
=Ci [l‘lm / 1 =) (4D = x)((1+5D)? = x7)")" dx
0

1 X
- f xm f P A+D? =y (A +51? = y)7) "
0 0
[207 527 1A+ D2 = Y +5D)? =)D =292 (1 4 51)% = y2)°

— 2Sy21_1+1((1 +l)2 _ yZ)((l +Sl)2 _ yZ)S—l] dy dx:|
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The right-hand side can be rewritten as

1
C, U 2N = )1+ D% = x5 +sD? — x>  dx
0

1
_2/ y2n+l((1+l)2_y2)m—l((1+sl)2_y2)k—l
0

1

[(1+l)2(1+sl)2—(1+l)(1+sl)(2+l—|—sl)y2—|—(1+l+sl)y4]/

x 3 dx dyi|,
y

which is easily seen to be equivalent to the form claimed. ([

This lemma also shows that if /, s are constants and 0 < s/ < 4, then Lis
increase with lim,_, 4 o 11,5 > 0. Inparticular, K}/, | . | >0 when n is big enough.
Actually, using Mathematica to integrate V"3 (m(1 —v) — D4 — v?)?" from

0 to 1, we obtain the following:
Lemma 20. K,'l’H’nJrl > 0 ifn > 10. Otherwise, Kr'llﬂﬂJrl <0.

Similarly, we can use Mathematica to calculate K 1121 13 K 1121 12—k forl<k<7,
K1131+k’127k for 1 <k <5, and Kllgl’k for k < 4, and obtain this:

Lemma21. K}, 5, <0, K3, <Oalwaysand K{},, ,_, >0if0 <k <6.

Therefore, we can check that Krln1 ¢ <Oform <18 if m =1 and if k < n,, or
k>N, form>1withn, =2, np=1for3<k<11,n=2for12 <1 <15,
nie=ny7 = 3, nig 24; N2 = 12, N3 = 16, N4 = 18, N5 = 19, N6+k =19 — k for
0 < k < 12. One might conjecture that the open set K ; > 0 is a convex set with
an asymptotic cone mk < 4(n + 1)2.

Similarly, we check that K::;,k <0ifn=35,7 and K,i’k <0ifm<2orm>17.
Further, K,i’k <Ofor3<m<6andk <n, ork > N,, where n3 = 3 = ng;
ng=2=ns;, N3=6; Ny=7 = N5 = Ng.

Next, we have K,?Lk <0ifm <2orm > 11, and K:’:l’k <Owhen3 <m <10
and k <n, ork > N, where nj, =2 for3 <k <9; njg =3; N3 =10 = Ny;
N4=N5=N6=1];Ng=9; N9=8; N10=7.

We can also check that KE"Z < 0if n <13, while K21f‘2 > 0; and that KﬁnH <0
if n <33 while K13,435 >0, Kf’%6 < 0. Therefore, K{”k <0ifn<33andk>n+1,
while K7 < 0if k > 36.

K ?,1 and K {"2 are always negative. K 11’3 > 0 for 25 <n < 34. Moreover, K llsk <0
always.

Knlfk <Ofork <nm, ork>N,, where np =2=mn;for9<i <12;n; =1
for3<i<8 ni3z=nu=3;N=9, N3=13=Ng; N; =15fori =4,5,6;
Negyi=15—iforl <i <8.

We finally check that K}!, <0 forn =6, 4, 3, 2:
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Theorem 22. The M}, are nonhomogeneous Kéhler—Einstein manifolds for n <
7. They admit Kdihler—Einstein metric for 8 <n < 11 ifk <k, or k > K,,, where
ks=2=ko, kio=1=ky1,and K, =7+4(n—8). Fork, <k < K, there are two
numbers my, > k, and M;! < K, such that M,’fvm is Kéhler—Einstein for m < mj or
m > M}, and M’ is a non-Kdhler-Einstein Fano manifold for mj; <m < M.

So far, I could not find any manifolds such that the integral is zero. Otherwise,
it might provide a counterexample for being weakly K-stable and Mumford-stable
but not Kihler—FEinstein.

Our manifolds might not always be Fano in general. For example, if S$ = A,
and G = By 4u+k+1 such that S is determined by ¢;, m +1 <i <m +n + 1, with
the minimal parabolic subgroup P, the manifolds are not Fano when k& = 0. For
example, a, ; for the 2-string generated by e,,42 is —2(1 +n +2k) = -2(n+1)
and [, = —2(n + 1). Therefore, a? ; —v*> =0 at v = —2(n + 1). The manifold is
not Fano. That is, affine type does not imply Fano in general in the case of S = A,,.
However, from the proof of Lemma 13, we have [, —2 +a, < 0; that is, the
manifolds are not far from being Fano.

When the manifold is Fano, we notice that in the affine case, the manifold is
a CP" bundle over a rational projective homogeneous manifold. Let D be the
hypersurface line bundle of CP". Then K = —(n+ 1) D is just the canonical line
bundle of CP". Weset Kp = —(n+1)and D =1; we let x = %v but still denote
Q(v) by Q(x). Our integral is proportional to

—Krp
f (—Krp—D—x)Q(x)dx.
0

For the nonaffine Type II case, F = CP? as a double-branched quotient of
CP'x (CP*, the exceptional divisor D is a quadratic. Let H be the hypersurface
divisor. Then Kr = —3H, D =2H. As above, we denote Ky = —3 and D = 2.
Then the integral is proportional to

—Kp
/ (—Krp—D—x)Q(x)dx
0

again. Moreover, by the adjunct formula we have Kp = Kr 4+ D on D, and we
write Kp = K + D also as numbers.
Combining with [Guan 2006; 2009], we have:

Theorem 23. If a type Il manifold M is Fano, then it admits a Kihler—Einstein
metric if and only if

—Kr —Kr
/ <KF+D+x>Q<x>dx=f (Kp +x)0(0) dx > 0,
0 0

where Q(x) dx is the volume element.
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Proof. Let us deal with the integral in [Guan 2006, p. 166] first. If we let v =
A/u+1—1, the integral is proportional to f03/2(1 —v)Q(v) dv. The open orbit is
a C? bundle. The manifold is a CP? bundle and K = —3, D = 1. Let v = x/2.
Then the integral is

3 —Kr
/ (2—X)Q(X)dx=/ (=Kr = D—x)Q(x)dx,
0 0

as desired. This also confirms that our calculation in [Guan 2006] is correct.
The cases in [Guan 2009] can be found in Theorem 10.2 there. O

Combining with [Guan > 2011b], we have:

Theorem 24. A cohomogeneity-one, two-orbit Fano manifold with a codimension
m closed orbit and a semisimple group action is Kdahler—Einstein if and only if

—Kp+m—1 —Kp+m—1
/ <KF+D+x)Q<x)dx=f (Kp +x)0(x) dx > 0,
0 0

where Q(x) dx is the volume element.

Here, we can understand the F to be as the fiber in [Huckleberry and Snow
1982], but not the one in [Akhiezer 1983]. Then K is exactly the correspondence
of the canonical divisor and D the exceptional divisor.

Combining with Corollary 16, and after some further calculations with excep-
tional Lie algebras, we have:

Corollary 25. If the roots of G have the same length, then a, ; < —2(n + 2).
Therefore, the affine manifolds are Fano and the nonaffine type Il manifolds are

nef.

This also provides more Kéhler-Einstein metrics.
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