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We consider the integral equation
uw = [ G »raoay,
+

where G (x, y) is the Green’s function of the corresponding polyharmonic
Dirichlet problem in a half-space. We prove by the method of moving planes
in integral form that, under some integrability conditions, the solutions are
axially symmetric with respect to some line parallel to the x,-axis and non-
decreasing in the x, direction, which further implies the nonexistence of so-
lutions. We also show similar results for a class of systems of integral equa-
tions. This appears to be the first paper in which the moving plane method
in integral form is employed in a half-space to derive axial symmetry.
We also obtain the regularity of the integral equation in a half-space

ww = [ G ) ) dy
+

by the regularity lifting method. As a corollary, we prove the nonexistence
of nonnegative solutions to this equation. Moreover, we show that the non-
negative solutions in this equation only depend on x, if u € Ly"/" =™ (R")
and1 < p < (m+2m)/(n —2m).

1. Introduction

We study the properties of nonnegative solutions of the following integral equations
in a half-space:

1) u= [ GGy fdy,

where R’} = {x € R"|x, > 0}, n > 2m is the dimension of the half-space, and G (x, y)
is the Green’s functions of (—A)™ related to a Dirichlet boundary condition in R’
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that will be presented in Section 2. We also assume that f(u(x)) satisfies
(f1) f:10,00) — Ris increasing, f(0) >0,
and one of the following:

(f2) 18f w)/0u| < CilulP' + C>|u|P2, where uP', uf> € L"/™(R"), By is some
nonnegative constant, 8, is some nonpositive constant and C;, C» are non-
negative constants, or

(f2) f'(-) is nondecreasing and f’(u) € L"/@™ (R™).
Obviously, we should assume that f £ 0.

We prove the following theorem by the method of moving planes in integral
form.

Theorem 1. If (f1) and either (f>) or (f~2) hold, and the function u € L"(R',) for
some r > n/(n —2m) is a nonnegative solution of (1), then u is trivial.

The integral equation (1) is closely related to the higher order elliptic equations

, (=A)"u = f(u) 1 in R,
(2 M:Z)u:“.:a Lf:O on x, =0.
x;, axy—

The weak solutions of (2) in the Sobolev space Hj'(R”.) satisfy

3) (u, v),, = / fu(x)v(x)dx forall v e Hy (R)),
R}

where
/ A2y A2y dx m even,
R

(U, V) = +
/ A2y g A=D1y gy moodd.
R%
2m

Under the conditions that u € C¥"~1(R") N W,.""" (R™) for some p > (n)/2m and
u and all partial derivatives of u of order less than or equal to 2m — 1 are bounded,
Reichel and Weth [2009] prove that (2) implies (1). Therefore, Theorem 1 implies

the following:

Corollary 1. Suppose (f1) and either (f>) or (fz) hold, p > n/(2m), u € L"(R'})
for some r > n/(n —2m) and u € Cz’”*l([Ri’jr) N Wé’:’p(Ri) is a nonnegative
solution of (2). Moreover, suppose that u and all the partial derivatives of u of

order less than or equal to 2m — 1 are bounded. Then u is trivial.

We also consider the properties of nonnegative solutions of the following sys-
tems of integral equations:

4) ui(x) = /Rn G, iy, yn,ut,...,uy)dy, i=1,...,N,

+
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where y' = (y1, ..., Yyu_1). Assume f;(x', x,, u1,...,uy) (i =1,..., N)is non-
decreasing with respect to every u; (j =1, ..., N), nonincreasing with respect
to |x’| and nondecreasing with respect to x,,. Moreover, assume that f; satisfies

(fH fi:10,00) > R, fi(x',x,,0) >0,

and either of the following:
1

0
(f3) 10fi/ous) < CNullPi + CLlullP + gij (x), or

(fl.z) 0f;/0u; is nondecreasing with respect to u; and df; /du; € L"/(zm)(R'jr).
In these conditions, ||u]| := v u% 4+ 4+ u}zv and we have assumed that
0 1
leell P, NulPi, gij € L™ RY),
C?j and C l.ll. are nonnegative constants, ﬂioj is a nonnegative constant and /3,'1,' is a
nonpositive constant. Obviously, we also assume that f; 20 fori =1,..., N.

Definition (see [Jin and Li 2006]). Functions f1, ..., fy are essentially related if

ly lo
Zﬁ](x/5-xn’ Mla u27 LA ] MN) # Zﬁ](-xl’ xn’ Ul, v25 ceey vN)5
=1

=1
provided thatu; <v; fori=1,..., Nandu; <v; for j € S, where S={1, ..., N}\
{ir, ..., 104}
With this definition, the systems cannot be divided into independent subsystems.

We prove the following theorem with the moving plane method in integral form.

Theorem 2. If(fl.l) and either (fl.z) or (fiZ) hold and the function u; € L"(R'})
for some r > n/(n — 2m) is a nonnegative solution of (4), then u; is trivial for
i=1,...,N.

Similarly, the system (4) of integral equations is closely related to following
system of higher order elliptic equations:

(=8)"u; = fi(x', xp, w1, .. uy) inRY, i=1,--- N,
(5) du,; My,
uiza_x;:...:WJZO on x, =0.

It is well known that the moving plane method was first developed by the Soviet
mathematician Alexandrov in the 1950s. It was further developed by Serrin [1971],
Gidas, Ni and Nirenberg [1979], Caffarelli, Gidas and Spruck [1989], Chen and
Li [1991], Chang and Yang [1997], Wei and Xu [1999] and many others. Re-
cently, Chen, Li and Ou [2005; 2006] applied the moving plane method to integral
equations to obtain the symmetry, monotonicity and nonexistence properties of the
solutions to the integral equations. Instead of extensive use of the maximum prin-
ciple of differential equations, the moving plane method in integral form explores
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various specific features of the integral equation itself. (See also the work of Li
[2004] on the moving sphere method in integral form.) Subsequently, more work
has been done in the direction of the moving plane method in integral form: see
[Jin and Li 2006; Ma and Chen 2006; 2008; Qing and Raske 2006; Hang 2007;
Li and Ma 2008] and others. Nevertheless, all work on the moving plane method
in integral form has been on the whole space R" (or on a ball in [Chen and Zhu
2011]). In this paper, we will adapt the moving plane method in integral form in
a half-space to prove the axial symmetry of nonnegative solutions to a class of
integral equations associated to the Dirichlet problem of polyharmonic equations
on a half-space.

By virtue of the Hardy—Littlewood—Sobolev inequality or its general form, the
weighted Hardy-Littlewood—Sobolev inequality, and comparison of the solution
and its reflection with the plane, we can start moving the plane from infinity. Fur-
thermore the plane must be moved to a critical point. As a result, symmetry and
monotonicity properties are derived.

We also obtain regularity results for

©) w0 = [ Gyl udy

R
in the case of n > 2m and p > n/(n — 2m). The method we use here is called
“regularity lifting” based on the contraction mapping theorem. It is an elegant and
powerful tool in obtaining regularity of solutions. (See [Chen and Li 2010], and
also Section 3 below for more details.)

Theorem 3. Let u(x) be a solution of (6). Assume that p > n/(n — 2m) and
u(x) € L(p_l)”/(zm)(Rﬁ). Then u is bounded in R, and moreover in L*(R'}) for
s >n/(n—2m).

Next, we consider the nonnegative solutions in (6), that is,

™ w0 = [ Gy oy,

R
Corollary 2. Assume p > n/(n — 2m) and let u(x) be the nonnegative solution
in(7)and u(x) € L(p_l)"/(zm)(lRi). Then u is trivial.

We further study the properties of solutions in (7) under the weaker assumption
that u € L./~ (R"). We obtain that

loc
Theorem 4. Let u(x) be the nonnegative solution in (7) with u € LIZ:C/ (n_zm)([RR’}r)

and assume 1 < p < (n+2m)/(n —2m). Then u(x) only depends on x,,.

The paper is arranged as follows. In Section 2, we present some properties of
Green’s function for polyharmonic operators in a half-space. Section 3 is devoted
to the proof of Theorem 1 using the method of moving planes in integral form.
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In Section 4, we verify Theorem 2 with a similar technique of moving planes in
integral form. We establish Theorem 3 by the contraction mapping method in
Section 5. Theorem 4 is obtained in Section 6. In this paper C denotes a positive
constant, which may vary from line to line.

2. Properties of Green’s function

In this section, we introduce some results about the Green’s function G = G(x, y)
of (—A)™ in R’} corresponding to a Dirichlet boundary condition. For fixed y € RY,

(=A)"G(x,y) =8 —y)  inR},
®) .96 _ _9'G
N 0xy N B 8x,’1”_1

=0 onx,=0.

Define
dx,y)=|x —y|2 forx,y e R,

Xpyn ifx,yeR},

© e(x’y):{o xR ory ¢RY.

Using a rescaling argument from the Green’s function of a polyharmonic elliptic
equation in the ball [Boggio 1905] (see also [Bachar et al. 2004]), G = G(x, y)
has the form

40(x,3)/Ix=y*  _m—1

Gx,y)=K"|x — zm_"/ Z—dz
(x,y) = K}'|x =yl ; Gr1y

=K' H(d(x,y),0(x. y)).
Here K is a positive constant and

mel

—(z+1)”/2 dz

4t/s
H: (0, c0) x[0, c0) > R, H(s,t)= sm—n/2/
0
with
dix,y)=s, 0(x,y)=t.

We now introduce some notation which will be used extensively in this paper.
Let x = {x1,...,%;,...,x,} for 1 <i <mn, let T,{ ={x | x; = A} and letxi =
{x1, ..., 2A —Xx;, ..., x,} be the reflection of the point x about the plane Tki. Set
Ei ={x eR} |x; <A} If 1 <i <n then A can be any real number. For i = n,
since we will move the plane from x,, = 0 to positive infinity, we only consider the
case that A is positive. In this case, we introduce (E;f)c ={x) | x € 7).

To simplify the presentation, we will drop the superscript i from 7, X i, xi, etc.
when 1 <i <n ori =n is given and no confusion is caused.
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We will prove the following properties for G (x, y) in a half-space which will be
used in next section. See [Berchio et al. 2008; Chen and Zhu 2011] for a similar
lemma on Green’s function on a ball.

Lemmal. (i) Let € (—oo, 0). Foranyx,y € X;, x £y,

(10) G (xn, ya) > max{G(xy, y), G(x, ya)},
aH Gl y) =G, ) =6, y) =G, y) =0 fl=<i<n.

(ii) Let L € (0, o0). Forany x,y € ), x £y,

(12) GO y) —Gx, y) > G, y) = Gx, y)l ifi =n.
(iii) Let » € (0, 00). Forany x € T;,y € R% \ (2, U Zf),

(13) G(x,y) <G(xy,y) ifi=n.

Proof. (i) For x, y € £, obviously d(x;, y») <d(x, y,). Since 0 is only dependent
on the n-th variable, in the case 1 <i < n,

(14) O (xn, yn) =0(x, yp) =0(x5, y) =0(x, y).

In the case i =n,

(15)  0(xs, ya) > max(0(x, y»), 0(xx, y)) = min(0(x, y2), 0(xz, y)) > 0(x, y).

We compute
m—1

P 4t /s z
H(s,t) =s""" ———dz,
(s,0)=s /0 FENNE z

41 mel
= ———dz.
/0 (z+s)n/? ¢

For s, t > 0,
4t

oH n Zm1
1 ==z <
(16) s 2 )y Gtsy/2H dz <0,

4(4r)m!

(17) o _ 2G0T,

ot (4t +s)n/?

2 —2n(4r)"!
(18) 0°H n@O"

01ds  (t +s)n/2H1

From (14), (15), (16) and (17), we arrive at (10).
In the case 1 <i < n, since d(x;, y») =d(x,y) and d(x, yp) = d(x;, y), and
moreover, 6(x, y) is a function in x, and y,, it is easy to verify (11).
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(ii) If i = n, from (15), (18),

0(xn.y1)
OH(d(x,y),t
G(XA,YA)—G(X,y)zK,’Z"/ DHWE.).0 g,
0(x,y)

0 (x,y1)
gy [ G0
%

(x.y) o1
max (6 (x,y,),0(xx,y))
OH (d(x3, ), 1)
" min(6(x,y,),0(x5,y)) ot

= K" [H(d(x3, ), 0(xs, ) — H(d(x, y3), (x, y2))|
=1G(x1,y) — G(x, y)l,
which confirms (12).

(iii) Fori =n, if x € X3 and y € R, \ (T, U Ef), we have

d(x,y) >d(x,y)
and
O(x, y) <0(xs, y).
Then (13) follows immediately from (16) and (17). O

3. Proof of Theorem 1

Let u*(x) = u(x;). Once again, we have dropped the superscript i from xi, etc....

Lemma 2. The following equality holds:

u(x) —u(xy) 5/ (G, y1) = G(x, y) (f @) = f@*(y))).-

P

Proof. First consider the case 1 <i < n. In this situation,

u(x) = /E Gx . y) f(u(y) dy + [2 Gx, y) f () dy,

u*(x) = / G, y) fu(y)dy+ / G(x, yu) f”(y))dy.
po%Y Py

Combining this with (11) in Lemma 1, we derive

u(x) — u(xy) =/ (G(xx, y2) = G(x, y))(fw() = fu*(y))dy.

Za
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Now assume i = n.
u(x) = fz Glx, ) f () dy+ /E Gx\ y) f () dy

n / G(x,y) f(u(y))dy,
RE\(ZUDS)

u(x) = /Z G, y) fu(y)dy+ /E G, ) fW*(y)dy

+f Gar. ) f () dy.
R%\(Z,UZS)
From (12), (13) in Lemma 1 and the property of f;, we derive

u(x) —u(xy) S/ (G, y2) = G, y))(f () = f*(y)) dy.

Py
This completes the proof of the lemma. U

Lemma 3 (equivalent form of the Hardy—Littlewood—Sobolev inequality). Assume
0<a<nandQ CR" Let g € L""/"+eP)(Q) forn/(n — a) < p < oo. Define

1
Tg(x)= _— dy.
g(x) /Q|x_y|n_ag(y) y
Then

(19) I1TgllLr) < Cn, p, ) Igll prw/o+an (-

The proof of this lemma is standard and follows from the L"P/(*+teP) _ [p
boundedness for the fractional integral operator of order « when p > n/(n — o)
(see, for example, [Stein 1970]).

Next we will prove u(x) is axially symmetric. In the proof of nonexistence of
solutions, we only need to show that u(x) is increasing in the x,, direction. For the
sake of completeness, we present the whole picture in half-space of the moving
plane method in integral form. This way of showing axial symmetry is also is used
in proof of Theorem 4. We first show that u(x) is radially symmetric with respect
to some xo € R"~! for any fixed x,. Then we prove that u(x) is nondecreasing in
the x,, direction. To prove radial symmetry, there are two steps in carrying out the
process of moving planes. In Step 1, we need to show that the plane can be moved
near infinity, that is, we will show that u(x) < u(x,) for sufficiently negative A. In
Step 2, we prove that the plane has to move to a critical point. By a contradiction
argument, radial symmetry is obtained. To prove u(x) is nondecreasing, we only
need to carry out Step 1 in the x,, direction.

Lemma 4. If (1) and either (f>) or (fg) hold, u € L" (RY) for some r >n/(n—2m)
is a nonnegative solution of (1), then u is axially symmetric with respect to some
line parallel to the x,-axis and u(x) is nondecreasing in the x,, direction.
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Proof. First consider the case 1 <i < n. Without loss of generality, let i = 1. Start
to move the plane in the x| coordinate. Proving the symmetry of solutions in the
x1 coordinate and taking the same steps with all coordinates except x, gives radial
symmetry of solutions with respect to some xo € R"~! with fixed x,,.

Step 1: Define
X, ={xeXukx) > u* ()},
w’\(x) =u(x)— uk(x).

By (10) in Lemma 1, positivity of the Green’s function, the properties of f and
Lemma 2,

u(x) —u(xy) S/ (G y2) = G, y)) (f(y) = f*(y))) dy

PRI
+ /E (G 1) = Glxs ) (f W) — F () dy
< [ Glu (w0 - FaoD)dy

A

<C f 2 / Bronfeol gm1 dz(f () — F () dy
- - 0 (Z+l)”/2

SC/ lx =y (fw(y) — f@™(y))) dy.

A

By the Hardy-Littlewood—Sobolev inequality, the mean value theorem, and the
assumption that u € L"(R'}) for some r > n/(n —2m), we deduce

CH af Ou+ (1 —0)u™) w

X
w rysy =
w5y < »

’

Lnr/(n+2mr) (2;)

where 0 < 6 < 1. Furthermore, by Holder’s inequality, we get

200 Nl < w5

Ln/(2m) (Z;)

CH Af Qu+ (1 —0)u’)
ou

From property (f>) of the function f, if A is sufficiently negative,

=
Ln/@2m) (E;)

’

=

C” Af Qu+ (1 —60)u’)
ou

then

Y Ly A
lw™llLrzr) = 2wl sy,
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which implies that ||w” | Lr(so y =0. Therefore, ;" must be of measure zero. Thus,
u(x) <u’(x) ae. in X, for sufﬁc1ently negative A

Step 2: Continue to move the plane x| = A to the right as long as Step 1 holds. We
claim that there exists some critical point

(1) Lo = sup, {u* (x) > u(x) | —0o <A <0, x € X;)}

such that w*0 = 0.

If 2o =0 1in Step 1, then u(x) < u(x,,) in %,,. Move the plane from positive
infinity to the origin and argue in the same way as in Step 1. If Ao = 0 again, it is
obvious that u(x) = u(x;,). Hence, w**(x) =0

If 1y < 0, we claim that

wh(x) <0 or w*(x)=0 forxeX,.

Suppose that there exists some xp in X, such that w0 (xg) = 0, but w = 0.
By (11) in Lemma 1,

u(xo) — Uy, (x0) = / (G (ags Ya0) = G (x, y20)) (f (¥)) = f (2, () d
P
Moreover, by (10), f(u(y)) = f(u(ys,). This contradicts with the fact that the
function f satisfies (f1), which verifies the claim.
Next, we show the plane can be moved to the right a little bit farther if w** (x) <0.

By the assumption (f>) on the function f, for any small €, there exists a large
enough ball B (0) such that

H 8f(0u+(1 —0)u;)

< €.
Ln/@m) (R \Bg)

From Lusin’s theorem, for any §, there exists a closed set Fs such that w,|F; is
continuous, with Fs C E :=Br(0) N X, and m(E — Fs) < 4. As w(x) <0 in
the interior of 3, w(x) < 0 in Fj.

Choosing € sufficiently small, for any A € [Ag, Ag + €1), we have

w*(x) <0 forall x € Fy
by continuity. It follows that for such A,
T, CM =R\ BR(0)) U (E\ Fy) U ((Z5\ Z5,) NBR(0)).

Choosing €, § and €; small enough and using absolute continuity of integration,
we derive

<
Ln/(Zm)(M)

l\)l'—‘

c of (uy +Ow”)
ou




SYMMETRY AND REGULARITY OF SOLUTIONS TO AN INTEGRAL EQUATION 465

Consequently from (20), ||w” (x)|| Li(zy) = 0. Then, ¥,” must be of measure zero,
which contradicts the definition of A¢. Hence, w0 = 0.

This completes Steps 1 and 2 for 1 <i <n.

For the case i = n, start moving the plane from x, = 0 as in the case 1 <i < n.
Choosing A > O sufficiently small, Step 1 is carried out similarly, which implies
that w*(x) < 0. Next we prove that if w”(x) # 0,

Lo = sup; {u*(x) > u(x), >0, x € T;} = oco.

If not, then Ao < oo. It is known that w*°(x) < 0 or w*(x) = 0 for any x € 2o
Hence, w*(x) < 0 for any A. If w*(x) = 0, since u(x’, x,) = 0 on x, = 0, then
u(x) = 0. Therefore u(x) is nondecreasing in the x, direction. Thus we have
completed the proof of Lemma 4. (]

Proof of Theorem 1. Since u(x) is nondecreasing in the x, direction by Lemma 4
and u € L"(R",) for some r > n/(n — 2m) by assumption, then for any a € R,

[e.¢]
/ lu(x’, x)|" dx’ dx, 2/ / lu(x’, a)|" dx" dx,.
R R=1 Ja

The integrability of nonnegative u implies u(x’, a) = 0 for any a and x’ € R*~!,
Hence u(x) =0in RY. O

4. Proof of Theorem 2

Lemma 5. If(fl.l) and either (fl.z) or (fl-z) hold and u; € L"(RY) for some r >
n/(n — 2m) is the nonnegative solution of (4), then u; is axially symmetric with
respect to some line parallel to the x,-axis and u;(x) is nondecreasing in the x,
direction fori =1,..., N.

Proof. Step 1: We proceed with the same process as in the proof of Theorem 1.
First consider all coordinates except x,,. Without loss of generality, move the plane
in the x; coordinate. Let

T ={x e % uj(x) > u;(x),
wi () = u; () = u; (x).
The same technique as in Lemma 2 and properties ( fil) of the functions f; give
wy (x)

S/z (G(xry y2) = GG, Y)Y Ynottrs oo sun) = fi (Y yus s ufy)

N
_ Z/ (G y2) = G(x, y)Ki (v, L) dy

j=17%
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N
= Zf ,(G(x)w )’A) - G()C, y/\))Ki,j()% )") dy

=

N
—i—Z/Ej(G(XA, ) =G, y))Ki j (v, 1) dy
=1 x

N
< Z/, G, yOKi (v, M) dy,
i=1

2)\
where
Kij(y,2)
A A A A A
:fi(y/,yn,ul,...,uj_l,uj,...,uN)—f,-(y/,yn,ul,...,uj_l,uj,...,uN).

Estimating in the same way as in the proof of Lemma 4,
N
)~ i) €Y [ =y PTK 0 0 dy,
- 73
By the Hardy-Littlewood—Sobolev inequality, the mean value theorem and the

assumption that u € L"(R'}) for some r > n/(n —2m), we deduce

A A
Afi (Y, yus Ul -+ 0wh, o un)
wj s
Lnr/(n+2mr)(2){)

||w ||Lr(z iy =

au j
where 0 < 6; < 1. Then, from Holder’s inequality, we have

Afi (Y Yus Uy, oo s 4+0,wh, . up)

1w}l s Nwhll
( ) 814] Ln/(2m)(2 ) L (2 )
Moreover, taking the sum from i to N gives
i
(22) Z il sy = CZZ [ P
duj | pwem (i)

i=1 j=1

By virtue of the properties ( fil) and ( fi2) of the functions f;, we can choose A
negative enough that

ofi

314]'

<
Ln/(2m) (E' )

I\)I'—‘

N N
€22
i=1 j=1
This implies that

N

A
> lw} i =0.
i=1

Therefore, E} must be of measure zero and u; (x) < u?(x) a.e. in X, for every
1<i<n.
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Step 2: We will prove that the plane can be moved to a critical point
kozsup{)ului(x)fu?(x), —c0o<A<0,x€eX;,,i=1,...,N}

such that wl.“’ =0.
If Ag = 0, move the plane from the positive infinity to the origin and argue as
before. Hence assume Ay < 0, so obviously u; (x) < uik" (x). We claim that

u;(x) < u?‘o(x) or u;(x)=u(x)

in X;, fori =1, ..., N. If not, then there exists some i € {i1, ..., i{,} C{l,..., N}
such that u; (x%) = u?"(xo) for some x° € ¥;,, but u;(x) # u?o(x). Therefore
u;(x) < u?“(x) forieS={1,...,N}\{i1,..., i} forany x € ¥),. Now

w (x%)

5/ (GG v) =GO yO) (Fi O vty oo sun) = [ (6 yuouf oo ul))
Py
507

thus, f; (¥, yn, u1, ..., uy) = fi(y/, yn,u’l\,...,u’}v) fori € {iy,..., i} Hence

ity il
Zﬁ(y/a yn’l't]a "'7MN)EZﬁ(y/’ Yn»“)f»---au?v)-

i=i] i=i]

This contradicts the assumption that f; are essentially related, which implies the
claim is true.

Suppose u;(x) < u;\o(x) in 3, fori =1,..., N. In the spirit of Lemma 4,
we will show that the plane can move to the right a little bit further. By the
assumption ( fiz), for any small €, there exists a large enough ball Bg(0) such
that

H "

—_— <€,

auj L"/(z’”)(R'_’,_\BR)

fori, j=1,..., N. From Lusin’s theorem, for any §, there exists a closed set F;
such that w?O|F5 is continuous fori =1, ..., N, with F5 C E :=Bg(0) N X;, and

m(E—Fs)<3d. As w?‘o (x) <0Oin the interior of X;,), w*(x) <0in Fs. Choosing €;
sufficiently small gives that for any A € [Lg, Ao + €1),

w} <0 forall x € Fj
by continuity. It follows that for such A,

S{ C M= (R} \Br(0) U(E \ Fs) U ((S; \ 55,) NB(0))
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fori=1,..., N. Choosing €, § and €; small enough and using absolute continuity
of integration, we conclude that

N N
.
i=1 j=1

Then, similarly to (22), ZlN: 1 ||wl.k |[ze =0. Therefore, Ei must be of measure zero,

A

=
314]'

Ln/(2m) (M)

=

which contradicts the definition of Ag. Hence w?‘o =0in %), fori =1,..., N.
For the x,-coordinate, start moving the plane from x, = 0 to positive infinity. If
A > 0 is sufficiently small, then we can show as in Step 1 that wl’\ (x) <O0.
Next, we prove that, if w}(x) # 0, then

Ao =sup, {ur(x) > u(x), A>0, xe¥%;, i=1,...,N}=oo.

If not, then Ao < oo. It is also known that wiAO < O0or w;\o = 0 for x € %, for

i=1,...,N. Hence wl.k < 0 for any A. If wl.k(x) = 0, since u; (x’, x,) = 0 on
xn = 0, then u;(x) = 0. Therefore, u;(x) is nondecreasing in the x, direction for
every i. U

Proof of Theorem 2. By Lemma 5, u; (x) is nondecreasing in the x, direction. By
the assumption that u € L"(R’,) for some r > n/(n —2m), for any a € R, then

J

The integrability of nonnegative u; implies u;(x’, a) = 0 for any a and x’ € R*~!,
Thus u;(x) =0in R fori =1,..., N. O

o0
0y (<, )" dx’ dxy > f f (' ) d’ dx,.
Rn—l a

n
+

5. Proof of Theorem 3

In this section, we prove the regularity of the solutions in (6) which is related to the
Dirichlet problems of polyharmonic elliptic equations. For the convenience of the
reader, we present a regularity lifting lemma (Lemma 6), initially used in [Chen
and Li 2010].

Let Z be a given vector space. Let || - [|x and || - ||y be two norms on Z. Define

anew norm | - ||z by
fi P P
I-llz=+/1-lx+ 1y

For simplicity, we assume that Z is complete with respect to the norm || - ||z. Let
X and Y be the completions of Z under || - ||x and || - ||y, respectively. Here p can
be chosen between 1 and oo, according to need. It is easy to see that Z=X NY.

Lemma 6 (regularity lifting lemma). Let T be a contraction map from X into itself
and from Y into itself. Assume that f € X, and that there exists a function g € Z
such that f =Tf + g. Then f also belongs to Z.
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Proof of Theorem 3. From the integral representation of G(x, y), we have the
estimates

(23) G(x, )| < Clx =y ™.
Define the linear operator

Tuw<x>=/ G (x, y)lulP " wdy.
RVI

+

For any real number a > 0, define

(24) {ua(x)zu(x) if [u(x)| > a or |x| > a,

us,(x)=0 otherwise.

Let up(x) =u(x) —u,(x). Since u satisfies (6), it follows that

25) o) =/ G (%, y)lttal” e dy +1(x),
Y

where

26) 109 = [ Gyl iy dy = (o),

We claim that for any r > n/(n — 2m)
I(x) e LR NL"(RY).

In order to prove this claim, by the definition of u;, we only need to show that

BU)i= [ Gyl uydy € LY®) 1L ®RY).
”

By (23),

@7) 1B sCf = y Py P dy.

n
R+

Applying the Hardy-Littlewood—Sobolev inequality to (27) gives that for any r >
n/(n—2m),

(28) 1Bl < Cllup || Lrr/o2mr) < 00

by the definition of uy,.
For any x € B,,, we estimate that

29) B()| < c/ X — y2" " dy < oo,
R "B
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while for any x & By,

|B(x)| < C/ Ix — y|?" " dy < Cazm_"/ dy < oo.
R.NB, RLNB,

Combining this inequality with (29) and (28), we conclude that
B(x) e L¥(R})NL"(RY).

Therefore, we have proved the claim.
Next, we prove T, is a contraction on L*(R") for any s > n/(n—2m). By (23),
for any s > n/(n —2m),

Ty, wll s ey < C” / Ix — ¥ ug ()P w (y) dy
R

LS (R)
Using the Hardy-Littlewood—Sobolev inequality, then Holder’s inequality gives
-1
1T, wll ey < Clllual PVl nyay@ lwll s e

Since u(x) € LP~Dn/ (2’")(R’i), choosing a large enough, we have

I
(30) | Tu,wliLs®e) < 5llwlles@e)y-

Therefore T, is a contraction map on L*(R") for any s > n/(n — 2m) when a is
sufficiently large. Applying (30) to the case of s = g = (p — 1)n/(2m) which is
greater than n/(n —2m) when p > n/(n —2m) and to the case of s > n/(n —2m),
the regularity lifting lemma implies that the unique solution u, is in LN L*, which
means u € LY N L* for any s > n/(n —2m).

Finally, we claim that u € L>(R’,).

As in (25) and the definition of u,, it suffices to prove that

A(x) :=/ G(x, V|ual” tugdy € L.
er

+

For any x € R , by (23),

|A(x)| < C/ |x —y|2’""|ua|"dy+0f lx — Y12 ug|P dy.
R NB, (x) RIAB, (x)

Using Holder’s inequality and the property that u € LYNL* for any s > n/(n—2m),
respectively, we obtain, for any fixed a,

2m—
[ Py <
RerBZa(x)

/ = P g |? dy < 0o,
R \Bag (x)
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These estimates imply that A(x) < oo, therefore u € L°°(R", ), so Theorem 3 holds.
(Actually, we have proved that L*(R’,) N L>(R}) for any s > n/(n —2m).) [0

Proof of Corollary 2. From the proof of Theorem 3, we have that u(x) € LY N L%
for any sg > n/(n — 2m), where ¢ = (p — )n/(2m). Then u € L>/"=2m Let
f(@) = u? in (1). Obviously the assumptions of f in Theorem 1 are satisfied.
Therefore, u is trivial in (7). U

6. Proof of Theorem 4

In this section, we sketch the proof of Theorem 4. For a complete proof, refer to
the proofs of Theorems 1 and 2. Let

1 X
0= ()

be the Kelvin transform of u(x) centered at the origin. Then v(x) solves

(31) v(x) = / G(x, y)|y|"=2P= 2P () dy.
R
Since u € Lf:c/("_zm) (R7), thenv e L2/ (=2m) () where Q' is an arbitrary domain

in R". with dist(€’, 0) > d > 0 for some positive d. Moreover, v € L(P~D1/CZm Q")
since 1 < p < (n+2m)/(n —2m). As in the proofs of Lemma 2 and Theorems 1
and 2, for 1 <i <n,

v(x) —v(x;)

= /E (G(x, y2) — G(x, y)(ly|r2mp=(rk2miyp _ |y (n=2mp=(nt2my Py gy
A

< / (G(xx, y2) = G(x, y)ly| 2P~ t2m (P Py gy
5

< Cp 2o [ G, ) = ol dy,
A
Following the steps in proving the axial symmetry of # in Theorems 1 and 2,
we can show that v(x) is axially symmetric with respect to x, axis. Let (x!', x,)
and (x2, x,,) be two points in R” , where x', x? are arbitrary in R"~!. Let x° be the

midpoint of the line segment x!x2. Consider the Kelvin transform of u(x) centered
at x* = (x¥, 0), that is,

)= 1 x—x*
v(x - |x_x*|n72mu |x_x>k|2 :

Then v(x) is axially symmetric with respect to x’ = x°. In particular, u(x!, x,) =
u(x2, x,). Since x! and x? are any two points in R"~!, the function u(x’, x,) is
constant for any fixed x,. Therefore, u(x) only depends on x,,.
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