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From the Riemannian geometric point of view, one of the most fundamen-
tal problems in the study of Lagrangian submanifolds is the classification
of Lagrangian submanifolds with parallel second fundamental form. In
1980’s, H. Naitoh completely classified the Lagrangian submanifolds with
parallel second fundamental form and without Euclidean factor in complex
projective space, by using the theory of Lie groups and symmetric spaces.
He showed that such a submanifold is always locally symmetric and is one
of the symmetric spaces: SO(k + 1)/SO(k) (k > 2), SU(k)/SO(k) (k = 3),
SU(k) (k = 3), SUQ2k)/Sp(k) (k = 3), E¢/Fa.

In this paper, we completely classify the Lagrangian submanifolds in
complex projective space with parallel second fundamental form by an
elementary geometrical method. We prove that such a Lagrangian sub-
manifold is either totally geodesic, or the Calabi product of a point with
a lower-dimensional Lagrangian submanifold with parallel second funda-
mental form, or the Calabi product of two lower-dimensional Lagrangian
submanifolds with parallel second fundamental form, or one of the standard
symmetric spaces: SU(k)/SO(k), SU(k), SUQ2k)/Sp(k) (k = 3), E¢/Fj4.

As the arguments are of a local nature, at the same time, due to the
correspondence between C-parallel Lagrangian submanifolds in Sasakian
space forms and parallel Lagrangian submanifolds in complex space forms,
we can also give a complete classification of all C-parallel submanifolds of
S2m+1 equipped with its standard Sasakian structure.

1. Introduction

One of the first studies of Lagrangian submanifolds of complex space forms was
done by Chen and Ogiue [1974]. Since then such submanifolds have been studied
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by many authors and a lot of progress has been made in order to understand them
properly. Notwithstanding, several open problems remain.

One of the first questions asked and solved by Naitoh in a series of papers [1980;
1981a; 1981b; 1982; 1983a] was the classification of the parallel Lagrangian sub-
manifolds of the complex projective space. The classification relies heavily on the
study of symmetric spaces (and Lie groups), and whereas in the irreducible case the
classification is clear, little information is given on how to construct all reducible
examples. In this paper, we use the techniques developed in [Hu et al. 2009; 2011]
in order to obtain a complete and explicit classification of the Lagrangian sub-
manifolds in complex projective space with parallel second fundamental form by
an elementary geometric method. The advantage of this approach is that it also
allows the study of related problems in this area, such as:

(i) Which are the biharmonic parallel submanifolds of the complex projective
space?
(i1) Which are the second order parallel submanifolds (in the sense of Lumiste
[2009])?
(iii)) Which are the semiparallel submanifolds?
The main result we show is the following:

Classification theorem. Let M be a Lagrangian submanifold in CP" (4) with con-
stant holomorphic sectional curvature 4. Suppose that M has parallel second
fundamental form, then either M is totally geodesic, or

(1) M is locally the Calabi product of a point with a lower-dimensional La-
grangian submanifold with parallel second fundamental form, or

(i1) M is locally the Calabi product of two lower-dimensional Lagrangian sub-
manifolds with parallel second fundamental form, or

(iil) n = %k(k +1)—1, k>3, and M is congruent with SU(k)/SO(k), or
(iv) n =k>—1,k >3, and M is congruent with SU(k), or

V) n=2k>—k—1,k>3,and M is congruent with SU(2k)/Sp(k), or
(vi) n =26 and M is congruent with Eg/F4.

The Calabi product is a standard technique [Bolton et al. 2009; Castro et al.
2006; Hu et al. 2008; Li and Wang 2011; Rodriguez Montealegre and Vrancken
2009]. It allows one to construct with one (or two) Lagrangian immersions a new
Lagrangian immersion. It is recalled in detail in Section 4 of the paper.

The paper is organized as follows. In Section 2, we recall the basic formulas
for Lagrangian submanifolds of complex space forms. In Section 3, we give a
construction of an appropriate basis and hence decompose the tangent space into 3
orthogonal distributions %, which is 1-dimensional, %, and %3. According to the
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dimension of %,, we have n cases {€,,}1<m<, to consider, where m = dim %, + 1.
We show that the case {€,} does not occur. In order to get the components of the
second fundamental form, we define a bilinear map L from %, x @, to @3 and
give some properties of L. In Section 4, we introduce for any unit vector v € 9, a
linear map P, : ¥, — 9, and study its properties. We use the previous results to
obtain a direct sum decomposition for %,. We prove that there exists an integer kg
and unit vectors vy, ..., vg, € D> such that

Dy ={vi} @V, (0) D - D {vg} & Vi (0,

where V), (0) is the eigenspace of P,; with eigenvalue 0. We remark that we always
mean an orthogonal sum of vector spaces when we speak of a direct sum. We also
find that dim V,,, (0) = - - - = dim Vvk0 (0) and the dimension which we denote by p
can only be equal to 0, 1, 3 or 7 when kg > 2. Note that up to this point all results
remain valid assuming only that M is semiparallel. We also recall some characteri-
zations of the Calabi product Lagrangian immersions in C[P" (4), whose application
gives that M is the Calabi product of a point with a lower-dimensional Lagrangian
submanifold with parallel second fundamental form for case {€;}. In Section 5,
we discuss case {€,}2<m<n—1 With kg = 1. In Sections 6-9, we consider each of
the four cases: case {€;;}2<m<n—1 With kg > 2 and p =0, 1, 3, 7 separately and in
each case we obtain a complete classification of the Lagrangian submanifolds in
CP"(4) with parallel second fundamental form. In Section 10, we complete the
proof of the Classification theorem.

2. Preliminaries

In this section, M will always denote an n-dimensional Lagrangian submanifold
of M"(4¢), an n-dimensional complex space form with constant holomorphic sec-
tional curvature 4¢. We denote the Levi-Civita connections on M, M" (4¢) and
the normal bundle by V, D and V)% respectively. The formulas of Gauss and
Weingarten are given by (see [Chen 1973; 1997a; 1997b; Castro et al. 2006])

DxY =VyxY +h(X,Y) and Dyx&=—A:X+ V&,

where X and Y are tangent vector fields and £ is a normal vector field on M.
As M is Lagrangian, we have (see [Chen 2001; 2005; Li and Vrancken 2005])

2-1) VEJY =JVxY and A,xY =—Jh(X,Y)=A,yX,

where h and A denote respectively the second fundamental form and the shape
operator.
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We denote the curvature tensors of V and V)% by R and R*, respectively. The
first and second covariant derivatives of & are defined by

(Vh)(X,Y,Z) =Vxh(Y,Z) — h(VxY, Z) —h(VxZ,Y),
(V2h)(X,Y, Z, W) = V5 ((VR)(Y, Z, W)) — (Vh)(VxY, Z, W)
—(Vh)(Y,VxZ, W) — (Vh)(Y, Z,Vx W),

where X, Y, Z and W are tangent vector fields.
The equations of Gauss, Codazzi and Ricci for a Lagrangian submanifold of
M" (4¢) are given by (see [Chen and Ogiue 1974; Chen 1997a; 1997b; 2001])

(2-2) RX,Y)Z=¢c({Y,Z)X —(X,Z)Y)+[Ajx, Ajv]Z,
(Vh)(X,Y,Z)=(Vh)(Y, X, Z),
RE X, Y)JZ=¢e(Y,Z)JX — (X, Z)JY)+ J[Ayx, Asy]Z,

where X, Y and Z are tangent vector fields. Note that for a Lagrangian submanifold
the equations of Gauss and Ricci are mutually equivalent.
We have the following Ricci identity (see [Montiel and Urbano 1988]):

(2-3) (V2h)(X,Y,Z, W)= (V2h)(Y, X, Z, W)
+JR(X,Y)A;zW —h(R(X,Y)Z, W) —h(R(X, )W, Z),

where X, Y, Z and W are tangent vector fields.
The Lagrangian condition implies that

(RY(X,Y)JZ,JW)=(R(X,Y)Z, W),
(h(X,Y),JZ)=(h(X, Z),]Y),

for tangent vector fields X, Y, Z and W.

From now on, we will also assume that M has parallel fundamental form, that
is, in each point p of M, Vh = 0.

Note that the vanishing of V/ together with the Ricci identity (2-3) imply that

2-4) (R(X,Y)h)(Z, W)
=R“(X,Y)h(Z,W)—h(R(X,Y)Z, W) —h(Z, R(X,Y)W) =0,

for tangent vector fields X, Y, Z and W. Lagrangian submanifolds satisfying
the above property are called semiparallel. Using this property, following an idea
first introduced by Ejiri [1981], and since then widely applied and very useful for
solving various problems in submanifold theory, a special orthonormal basis can
be constructed.
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3. The construction of an appropriate orthonormal basis

In this section, we will always assume that M is a Lagrangian submanifold of
M"(4¢) with semiparallel second fundamental form, where M" (4¢) is an n-dimen-
sional complex space form with constant holomorphic sectional curvature 4¢.
Throughout this section, we fix p € M and let UM, = {u € T,M | |lu| = 1}.
Note that totally geodesic submanifolds in symmetric spaces have been classified
completely by Chen and Nagano [1977; 1978], we will assume that p is a non-
totally geodesic point and we define f(u) = (h(u, u), Ju) for u € UM, and take
e1 as a vector in which f attains its maximum. The following lemma can be found
in [Li and Vrancken 2005], [Li and Wang 2009] and [Montiel and Urbano 1988].

Lemma 3.1. There exists an orthonormal basis {ey, ..., e,} of T, M satisfying:
(1) h(er,e;j) =AriJe; fori =1,...,n, where Ay is the maximum of f.
(i) A < ixifori=2,....n,andif \; = L1 for some j, then f(e;) = 0.

Furthermore, by taking X = Z = W = e, Y =¢; for j > 2 in (2-4), by
Lemma 3.1.(i) there exists a unique m with 1 <m < n such that

(3-1) M=d3=-=ky=1A and Aup1=-=A =L,
where
)»1 —V)u%+48
ni=——
2
We define %, :=span{es, ..., e,} and D3 := span{ey+1, - - ., € }-

Lemma 3.2. The tangent space T,M can be decomposed as a direct sum of 3
orthogonal vector spaces, that is, T,M = % ® D> ® D3, where

(1) 91 is a 1-dimensional vector space spanned by the unit tangent vector ey,
(i) h(er, v) = $A1v, for any v € Dy,
(iii) h(er, w) = pw, for any w € Ps,
@1v) h(vy, vo) — %M(vl, vw)Jer € JU3, for any vy, vy € Ds.

We have n cases {€,,;}1<m<, as follows:

Case & : My =A3="---=X, = u.
Case€n2A2:A3:...:kn:%Al.
Case €, i ly=- =Xy =121 and Ayy1 ==, =pfor2<m<n-—1.

Our aim in the next sections is to describe explicitly the second fundamental
form h when restricted to vectors belonging to %,. In view of Lemma 3.2 this is
trivial in case that m = 1 or m = n. We first state:

Theorem 3.3. Case {€,} does not occur.
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Proof. Suppose that it did. We use (2-4), and we choose X =e|, ¥ =v, Z=v
and W = v, with v a unit vector belonging to %,. Taking also into account, from
the previous lemma, that

h(er,e) =AJer, h(er,v)=1rJv and h(v,v) =11 Je,
we find that A = 0. This is a contradiction. |

By applying Theorem 4.12 (see also [Li and Wang 2011, Theorem 1.6]), we
conclude that M is locally the Calabi product of a point with a lower-dimensional
Lagrangian submanifold with parallel second fundamental form for case {€;}. We
will now restrict ourselves in the remainder of this section, as well as in the next
sections, to the case {¢,,} when 1 < m < n. Surprisingly enough it is the form of
the second fundamental form restricted to %, which will play a crucial role and in
some sense completely describe the immersion. For convenience we write

n:%VA%+4s

and without loss of generality we may assume that n # 0.
By Lemma 3.2 we can introduce a bilinear map L : @, x @, — %3 by

(3-2)  L(vi,v2):=—J(h(vi, v2) — 3A1(v1, v2)Jer),  vi, v € Do.

We will now distinguish vectors belonging to the different vector spaces and so
we use the notations v, v; € Dy, w, w, € D3.

Lemma 3.4. We have (h(%3, D3), JD2) = 0. The tensor L is an isotropic tensor
in the sense of O’Neill [1965], that is,

(3-3) (L(v,v), L(v, v)) = ghan|vll’, v eDa.
Linearizing this expression, it follows for arbitrary vectors vy, vy, v3, V4 € Dy that

(3-4) (L(vy,v2), L(v3, v4)) + (L(v1, v3), L(v2, v4)) + (L(v1, v4), L(v2, v3))

= 2an ({1, v2) (v3, va) + (V1. V3) (V2, va) + (V1, Va) (V2, v3)).

Proof. By taking Z = W = ¢; in (2-4) we immediately obtain that for arbitrary
vectors x and y, R(x, y)e; is an eigenvector of Ay, with eigenvalue %)\1. So
R(x,y)e; € @,. Moreover taking v € %, and w € 93, by the Gauss equation (2-2)
we have

R, wier = (= 32D Apw = —1A 5w,

so we have
(3-5) Ajyw e Dy, forall ve Dy, weDs,

which gives the first claim of the lemma.
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In order to prove the second claim, we use again (2-4), and we choose X = ey,
Y =v1, Z=v; and W = v3, all belonging to %,. By using (2-2) and the definition
of L, it follows immediately that

(3-6)  h(vi, L(v2, v3)) + h(v2, L(vy, v3)) +h(v3, L(v1, v2))
= 1an((va, v3) Jvr + (v1, v3) Jv2 + (v1, v2) Jv3).

Taking the inner product with v4 and using the complete symmetry of the cubic
form completes the proof. (]

We now decompose %3 as a direct sum of two orthogonal vector spaces. We
define @3 to be the vector space Vect{L(sz, @2)} generated by vectors L(X, Y)
where X, Y € %, and %3, as its orthogonal complement in %3. Then by taking
X=e,Y=v,Z=v;and W = w in (2-4) where v, v» € 9, and w € %93, and
using the fact that #(vy, w) =0 we get:

Lemma 3.5. Let vy, vy € 9y and w € D3y. Then
(3-7) h(L(vi, v2), w) = un(vi, v2)Jw.
Similarly, we also have:

Lemma 3.6. Let vy, vy, v3, v4 € Do and let {uy, ..., u,_1} be an orthonormal
basis of @, then we have

(3-8) h(L(v1, v2), L(v3, v4)) = (L (v1, v2), L(v3, v4))Jer +un{vi, v2) JL(v3, v4)

m—1 m—1

+ (L1, up), Ls, v))JL(v2, i)+ _(L(v2, ), L(v3, v4))JL(vy, ;).
i=1 i=1
Proof. By (2-2), we have for v, v € 9, that

(3-9)  R(e1,v)¥ = (e + ;A7) (v, D)er —nL(v, D) = n°(v, B)ey — nL(v, D).

Similarly, we have for v € @, and w € @3 that R(e;, v)w = nA ,w.
As M is semiparallel, we have from (2-4) that

(3-10)  R*(er, v)h(vy, L(v3, v4)) =
h(R(e1, v1)va, L(v3, v4)) + h(v2, R(eq, vi)L(v3, v4)).

We now compute each of the terms in the above equation separately. Since, by
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Lemma 3.4, h(vj, L(vk, v;)) € JD2, we can write

m—1

h(va, L(v3, v4)) = Y (h(va, L(v3, v)), Jui) Ju;
i=1
m—1

= Z(L(vg, u;), L(v3, vg))Ju;.

i=1

Therefore, we get

m—1
R*(er, v1) h(va, L(v3, v4)) = D (L(v2, w7), L(v3, v4)) R (er, v1) Ju;
i=1 m—1

= 1*(L(v1, v2), L(v3,va))Je1 =0 Y _(L(v2, u;), L(v3, va)) JL(v1, ;).
i=1
Next, as L(vs, v4) € D3, we have
m—1

R(e1, v1)L(v3, v4) = Ay, L(v3, va) =10 (L(v1,u7), L(v3, v4))u;.
i=1
Hence
m—1

h(va, Rler, vi)L(v3,v4)) =0y (L(v1, ), L(v3, v4))h(va, ;)
i=1 m—1
Al
= L1, v2), Lws, v))Jer+n) (L1, wi), L(vs, v4))J L(v2, wi).
i=1
Finally the last term of (3-10) can be computed as follows:

h(R(er, v1)va, L(v3,v4)) = 0* 1t (v, v2)J L(v3, v4) = nh(L (1, v2), L3, va)).
Combining all three terms now completes the proof of the lemma. ([

We note that Equation (3-8) has very important consequences which will be
used in sequel sections. For example:

Lemma 3.7. Assume that m > 3 and let {uy, ..., u,_1} be an orthonormal basis
of 9o, then for p # j, we have

(3-11) 0= (n(n + %M) —4(L(uj,up), L(uj, up)))L(up, uj)

+ Z ((L(up,ui), L(uj, uj)) — 2L (uj, u;), L(up, uj))))L(uj, u;).
i#p

In particular, if L(uy,up) # 0 and L(uy, u;) is orthogonal to L(uy, uy) for all
i #2,then

(3-12) (L(uy, u2), L(uy, u2)) = yn(n + 371) =: 7.
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Proof. We use (3-8). Interchanging the couples of indices {1, 2} and {3, 4} we find
the following condition:

(3-13) 0= nu((v1, v2)L(v3, v4) — (v3, v4) L(v1, v2))
m—1 m—1

—i—Z(L(v], u;i), L(vz, v4))L(vo, Mi)+Z(L(U2, ui), L(vs, v4))L(v1, u;)
i=1 i=1
m—1 m—1

—Z<L(v3, u;), L(vi, v2))L(vy4, u;) —Z(L(v4, u;), L(vy, v2))L(v3, u;).

i=1 i=1
If we take vo = v3 = v4 = u; and vy = u, with j and p different, then by using
also the isotropy condition, (3-13) reduces to

0= (n(n+3r1) —4(L(uj, up), Luj, up))) Ly, u;)

+ Z ((L(up,ui), L(uj, uj)) — 2(L(uj, u;), L(up, uj))))L(uj, u;).

i#p
Finally (3-12) follows by taking j = 1 and p = 2 in the (3-11), and by using
Lemma 3.4. |

4. A map P, : 9, — %, for unit vector v € ¥, and a decomposition of %,
We now define for any given unit vector v € %, a linear map P, : 9, — %, by
4-1) P,o=A,;,L(v,v) for ve%D,.

It is easily seen that P, is well defined and a symmetric linear operator satisfying
(4-2) (Py0,v*) = (AjyL(v, V), v*) = (L(v, D), L(v,v")) = (Pyv*, 7)
for all v, v* € 9,. Moreover, we have:

Lemma 4.1. For all unit v € 9,, the operator P, : Dy — 9, has o = %km as an
eigenvalue with eigenvector v. In the orthogonal complement of {v} the operator
has two eigenvalues, namely T and 0, where T is defined in (3-12).

Proof. According to (3-2) and (3-3), we have
(v, Pv) = (L(v, ), L(v, v)) = 5Ai7,
and if v* L v, then
(v*, Pyv) = (L(v, v*), L(v,v)) =0.

This implies that P,v = %km v.
Next, we take an orthonormal basis {u; };":_11 of %, consisting of eigenvectors of
P, such that Pyu; = o;u; for1 <i <m—1,withu; =v and o] = %)»m. We take
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the inner product of formula (3-11) for j =1 and any p > 2 with L(v, u,). We
have

(4-3) (L(uy,up), L(uy, up)) (t — (L(ui, up), L(uy, up))) =0.
Here we have used that
(L(uy,up), L(uy,u;)) =up, Pyu;) = (up, ou;) =0 foralli # p.
By (4-3), we get either
op =(L(v,up), L(v,up,))=0 or o,=(L(v,up),L(v,up))=r. U

In the following we denote by V,(0) and V,, (7) the eigenspaces of P, (in the or-
thogonal complement of {v}) with respect to the eigenvalues 0 and t, respectively.
Note that in exceptional cases it can happen that T = o.

Lemma 4.2. Let u, v € 9, be two unit orthogonal vectors. The following state-
ments are equivalent:

(1) u € V,(0).
(i) L(u,v)=0.
(iii) L(u,u) = L(v,v).
@Gv) v e V,(0).
Moreover any of the previous statements implies that
(v) P, = P, on {u, v}*.

Proof. As (vy, P,vp) = (L(v, vy), L(v, vp)), the equivalence of (i), (ii) and (iv)
follows immediately. As u# and v are orthogonal, the isotropy condition implies
that

(L(u,u), L(v,v)) +2(L(u, v), L(u, v)) = 11

Because (L(u, u), L(u,u)) = (L(v,v), L(v,v)) = %)»m, the equivalence of (ii)
and (iii) now follows from the Cauchy—Schwarz inequality.

Now in order to prove (v), we may assume that (i), (ii), (iii) and (iv) are satis-
fied. As the space spanned by {u, v} is invariant by P, and P,, also its orthogonal
complement is invariant. By taking vy, v; in this orthogonal complement and using
the isotropy condition, we find

(v, Pyv2) = (L(v, v1), L(v, v2))
= —3(L(v,v), L(v1, v2)) + $A1n{v1, v2)
= —3{L(u, u), L(v1, v2)) + gri(vi, v2)
= (L(u, v1), L(u, v2)) = (v1, Pyv2). U
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Lemma 4.3. Let v, v € Dy be two unit orthogonal vectors. Then the equality
(L(v,0),L(v,0)) =7

holds if and only if v € V,, (7).
Moreover, if we assume u € V,(0) and the equality holds, then u € V; (7).

Proof. If v € V,,(7), then (L(v, v), L(v, v)) = (v, P,0) =T.
Conversely, if (L(v, v), L(v, v)) = T, we can write

v =cosfOvg+sinbv;, |vg|=|vi|=1,
where vg € V,,(0) and v; € V(7). Then we get
7= (L(v,?), L(v, ) = (P,d, D) = cos’ 01,

which means that sinf = 0 and v = cos fv; € V, (7).

Now assume the equality holds. If u € V,,(0), thenas v € V,,(¢) and v € V,,(7), we
see that u, v, v are orthonormal vectors. Therefore P,v = P,v =tv by Lemma 4.2,
which means that v € V,, (7). Applying the first part of the lemma now shows that
we have u € V;(7). U

Lemma 4.4. Let vy, va, v3 € Dy be orthonormal vectors satisfying vy, vz € Vy, (1).
Then for any vector v € %, we have (L(vy, v3), L(v3, v)) =0.

Proof. Using the linearity of the assertion, we may assume that v is an eigenvector
of P,,. By Lemma 4.2 we only have to consider the case v ¢ V,,(0).

We choose an orthonormal basis {u; }l'.":_l] of %, consisting of eigenvectors of P,
such thatu| =vy, upy =vy and us=v3. Wenow use (3-13)for p=1, j=2,k=1=3
to obtain

m—1
(4-4) 0= —pnL(v, v2) + Z(L(vl, u;i), L(v3, v3))L(v2, u;)

i=1
m—1 m—1

Y (L2, u), L3, v3)) L (i, ui) =2 (L(v3, ), L(v1, v2)) L(v3, uy).
i=1 i=1
Remark that if i =3 and k = 1, 2, it follows that{L (v, u;), L(v3, v3)) =0, and
if k=1,2and i # k, 3, we have that (L (v, u;), L(v3, v3)) = —2(vk, Pyyu;) =0.
Using this, together with (3-4) and the assumption we see that (4-4) reduces to

m—1

(4-5) Z(L(vs, ui), L(vi, v2))L(v3, u;) =0.

i=1

Note that we have

(L(vs3, up)’ L(vs, uq)) = (Mp, Pvg”q) =0 if p#gq.
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Thus (4-5) implies that (L(vy, v2), L(v3, u;)) = O for all u;, which immediately
implies that for any vector v € %,, we have (L(vy, v2), L(v3, v)) =0. [l

Using the above lemmas, we can introduce a direct sum decomposition for %,
which turns out crucial for our purpose.

Pick any unit vector v; € 9, and recall that T = }m(m— %M ), then by Lemma 4.1,
we have a direct sum decomposition for %,

Dy = {vi} @V, (0) ® Vy, (1),

where here and later on, we denote also by {-} the vector space spanned by its
elements. If V,, (t) # {0}, we take an arbitrary unit vector vy € V,,(r). Then by
Lemma 4.3 we have:

v € Vi, (1), V,,(0) CVy(r) and V,,(0) C Vy, (7).
From this we deduce that

Dy = {v1} B Vi, (0) @ {v2} & V,,,(0) @ (Viy, (7) NV, (1))
If V,, () NV, (7) # {0}, we further pick a unit vector vz € V), (t) N V,, (7). Then

Dy = {v3} @ V1, (0) ® Vi, (7)),
and by Lemma 4.3 we have
v, v2 € Vi (r) and  V,,(0), V,,(0) C Vi, (7).

It follows that

Dy ={v1} @V, (0) @ {v2} & V,,,(0) @ {v3} & V,,,(0)
® (Vo (1) NV, (1) N Vi (7).
Considering that dim %, = m — 1 is finite, we easily obtain by induction:

Proposition 4.5. There exists an integer ko and unit vectors vy, . . ., Vg, € D2 s0
(4-6) Dy ={vi} @ Vi, (0) D - - D {vge} @ Vi (0).

We denote {vi} @ V,, (0) by Vi. In what follows, we will now study the decom-
position (4-6) in more detail.

Lemma 4.6. (i) For any unit vector u; € {v1} ® V,,(0), we have
{vi}® Vy, (0) = {u1} @V, (0).

(i1) For any unit vectorsu, iy € {v1}®V,,(0) anduy Ly, we have L(uy, i) =0.
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Proof. (i) We first assume that u; is orthogonal to v;. As then u; € V,,(0), we
have that L(u;, v1) =0 and v; € V,,(0). Also on {uy, v} we have that P, =P,,
which implies that the orthogonal complement of #; in V,, (0) coincides with the
orthogonal complement of v; in V,,, (0). This completes the proof in this case.

Now we consider the general case. If dim(V,,(0)) = O, there is nothing to
prove. If dim(V,, (0)) > 2, we can take a vector # in that space which is orthogonal
to both u; and v;. Applying twice the previous result then completes the proof.
If dim(V,,(0)) = 1, there exists vo € V,,(0) such that V,, (0) = {vo}. Denote
up =cosfv; +sinfvg. By Lemma 4.2, we see that

L(cosBOv| +sinbvgy, —sinbv; +cosbvg) =0

and hence —sin6v; + cos Bvg € V,, (0). Therefore {vi} ® V,,(0) C {u1} & V,, (0).
If we do not have the equality, we can find a vector in the second space which is
orthogonal to both vy and u;. As {v1} @ V,,(0) = {x} & V. (0) = {u;} & V,,(0), we
get a contradiction.

In order to prove (ii), we have by (i) that

{v1}® Vy, (0) = {u1} & Vi, (0).

As u; and i are orthogonal this implies that &, € V,,,(0). Consequently we see
that L(uq, ;) =0. O

Lemma 4.7. In the decomposition (4-6), if we pick a unit vector u, € V,,(0), then
there exists a unique vector uy € vy @ Vy,(0) such that L(vy, uz) = L(vp, up).

Moreover uy is a unit vector belonging to V,,, (0) and L(v1, v2) = —L(u2, uy).
Proof. Let {ull, R ulpl} be an orthonormal basis of V,,(0), 1 </ < ko, such that
u% = u,. Then
1 1 k k i
{v], ceey Uy Upy oo vy up1’ ey Mlo, ey ”pio} = {Mi}]iifm—l

forms an orthonormal basis of %,. Now we use (3-8) with the vectors vy, us, vy, uj.
As by Lemma 4.2 L(v2, up) =0, and by our decomposition v; € V,, (), we obtain

0= h(L(vp, uz), L(v1, v2)) m—1
= u(L(uz, v2), L(vy, v2))Jer + Z(L(vz, i), L(vr, v2))JL(uz, t;)

i=1 m—1

+ ) (Luz, ), L(v1, v2)) JL(vy, ii;)

1 m—1 i=1

= ) (Pyvi,u;)JL(uy, u;) + Z(L(Mz, u;), L(vy, v2))JL(v2, ut;)

i

m

I
-

m—1 i=1

=1JL(uz, v1)+ Y (L, @), L(v1, v2)) JL(v2, ii;).

i=1
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From this we see that we can put

“4-7) uy=—

Q=

m—1
D (L, i), L(v1, v2))il;.
i=1

Noting that u; € V), (t), and applying Lemma 4.4 and Lemma 4.6, we see that
the above sum is nonzero only if #t; = u, and u; = v or if u; € V,, (0).
If &4; = uy, using Lemma 4.2, we get that

(L(uz, uz), L(vy, v2)) = (L(v2, v2), L(v1, v2)) =0,
whereas if 11; = v;, we have that
(L(uz, v1), L(vy, v2)) = (uz, Py v2) = t{uz, v2) =0.

Consequently u; € V,,(0).

In order to prove the uniqueness in v; @V, (0), suppose that it; € vi@V,, (0) such
that L(vy, up) = L(vy, t41). Then we have L (v, u; —uy) =0, hence by Lemma 4.2
we have u; —it; € V,,(0). But we also have u; —ii; € vi @ V,,(0) C V,, (1), so we
must have u; —u; =0.

To show that vector u; € V,, (0) satisfying L(vy, u2) = L(v2, u1) must be of unit
length, we note that as u; € V,,(0) C V,,(7) and u; € V,,,(0) C V,,(7), then

(L(vi,u2), L(v,u2)) =7 and (L(va,u1), L(va, uy)) = |lug||*z.

Hence [lu;||> = 1 and u; is a unit vector.
In order to prove L(vy, uz) = L(vp, uy) and L(vy, vp) = —L(uy, uy) are equiv-
alent, we use the isotropic condition (3-4) and the Cauchy—Schwarz inequality.
Suppose now that L(vy, u2) = L(v2, u1). We have vy, uy € Vy,(t) = V,, () by
Lemma 4.6, so we get (L(vy, v2), L(v1, v2)) =7, (L(uy, uz), L(uy, uz)) =t. As
the isotropy condition gives

(L(vy, v2), =L(uy, u2)) = (L(v1, uz), L(v2, u1)) = (L(v2, uy), L(vz,uy)) =7,

then by using the Cauchy—Schwarz inequality we get L(vy, v2) = —L(u2, uy). The
other hand side can be proved in a similar way. (]

Lemma 4.8. In the decomposition (4-6), we write Vi = {v;} @ V,,(0), 1 <1 <ko.
(1) For any unit vectora € V;,

(4-8) h(L(a,a), L(a,a)) = 1xunJe; +n(u+ 1) JL(a, a).
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(2) For any unit vectors a € V;, be 'V, j#1,

(4-9) h(L(a,a), L(a, b)) = 5n(u+ A1) JL(a, b),
(4-10) h(L(a,a), L(b, b)) = snu*Jer +nuJ (L(a,a) + L(b, b)),
4-11) h(L(a,b), L(a,b)) =utJei+tJ(L(a,a)+ L(b,b)).

(3) For unit vectorsa €V, b, beV, ce Vy,deVyand j, 1, q, s being distinct,
b and b’ being orthogonal,

(4-12) h(L(a, b), L(a, ¢)) = tJL(b, c),
(4-13) h(L(a, a), L(b, ¢)) = nuJL(b, ¢),
(4-14) h(L(a, b), L(a, b)) =0,

(4-15) h(L(a, b), L(c, d)) = 0.

(4) For orthogonal unit vectors ay, a; € V; and unit vectors b € Vi, ¢ € V, with
J. 1, q being distinct, we have

(4-16) h(L(ay, b), L(az, ¢)) = tJL(b, ),
where ¢ € V, is the unique unit vector satisfying L(as, ¢) = L(ay, ¢').

Proof. We take an orthonormal basis of %) in such a way so that it consists of all the
orthonormal basis of V;, 1 < j <ko. Then the conclusions are direct consequences
of Lemma 3.6. For example, to prove (4-12) we combine Lemma 3.6 with the fact
(L(a,b), L(a,c))= (b, P,c) =1(b, c) =0 and the isotropic properties of L. From

(4-12) and Lemmas 4.6 and 4.7 we get (4-16). O
Proposition 4.9. In the decomposition (4-6), if kg = 1, then dim(Im L) = 1. If
ko > 2, then dim V,,(0) = - -- = dim Vvko (0). We denote the dimension by p, then

dim %, =m — 1 =ko(p + 1). Moreover, p can only be equal to 0, 1, 3 or 7.

Proof. When ky = 1, from Lemma 4.2 and Lemma 4.6 we get that L(vy, v1) is a
basis of Im L, hence dim(Im L) = 1. As a direct consequence of Lemma 4.7, for
any j # [, we can define a one to one linear map from V,,(0) to V,,(0), which
preserves the length of vectors. Hence V, i (0) and V,,(0) are isomorphic and have
the same dimension which we denote by p. To make the following discussion
meaningful, we now assume p > 1.

Set V; ={v;}®V,,(0), 1 <[ <ko. Let {v,, ull, R ué} be an orthonormal basis
of V;. Foreach j =1, ..., p, Lemmas 4.6 and 4.7 show that we can define a linear
map T; : Vi — Vj such that the image T;(v) of any unit vector v € V satisfies

(4-17) L(v, u3) = L(v2, T;(v)).

The linear map T; : Vi — Vj has these fundamental properties:
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(P1) (%;(v), T;(v)) = (v, v), that is, T; preserves the length of vectors.
(P2) For all v € Vi, we have T;(v) L v.

(P3) %3 =—id.

(P4) For all j #1 and v € Vi, we have (T;(v), T;(v)) =0.

Since (P1) and (P2) can be easily seen from Lemma 4.7 and the definition of
€, we need only to verify explicitly (P3) and (P4).
For any unit vector v € Vi, we have

(4-18) L(v2, T5(v)) = L(T; (v), u}).
Using the fact {T; (1)} @ V) (0) = V1 and u? € V,,(0) C Vi, () (7), we have
(L(Tj(v), u3), L(T;(v), u5)) = (L(v2, Tj(v)), L(v2, T (v)))
= (L(v,v2), L(v, 1)) =T.

Since v, €;(v), v2, u? are orthonormal vectors, by (3-4), (4-17) and L (v,, u%) =0
we see that

0= (L(,v2), L(T;(v),u})) +(L (v, Tj (), L(va,u7)) +(L(v,u3), L(v2, T; ()
= (L(v,12), L(T;(0),u) +(L(v2,F; (v)), L(v2, T ().
Applying (4-12) and the Cauchy—Schwarz inequality we deduce

(4-19) L(T;(v),u5) = —L(v, v).

Combining (4-18) and (4-19), we get L(fﬁ(v) + v, vp) =0, which implies that
T2W) +v € Vi, (0). As T3(v) +v € Vi C V,, (1), it follows that T5(v) = —v for a
unit vector v and then by linearity for all v € Vi, as claimed by (P3).

To verify (P4), we note that, if j #/ and ¥ ;(v), T;(v) € V,,(0), then by definition

L(v2, Tj(v) = L(v,u3) L L(v, u) = L(vz, T (v)).
If we assume T;(v) = a%;(v) +x, where x L T;(v) and x € V,(0), then

0= (L(v2, T;(v)), L(v2, % (v)))
= (L(v2, Tj(v)), aL(v2, T;(v)) + L(v2, x))
=a(L(v2, T;(v)), L(vz, Tj(v))) =ar.
Thus a = 0 and therefore T (v) L T;(v), as claimed.

We now look at the unit hypersphere SP(1) C Vi, properties (P1)—(P4) above
show that at v € SP(1) one has

T,8P(1) ={Z1(v), ..., T }.
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Hence, by the properties (P1)-(P4), SP(1) is parallelizable. Then, according to
Bott and Milnor [1958] and Kervaire [1958], the dimension p can only be equal to
1,30r7. O

From now on we will restrict ourselves to the complex projective case, that
is, we will assume that ¢ = 1. From Proposition 4.9 we see that, in order to
complete the proof of the Classification theorem, it is sufficient to deal with case
{Cnta<m<n—1 with either ko =1 or kg > 2 and p =0, 1, 3, 7. In most cases the
classification will reduce to a Calabi product of a point with a lower-dimensional
Lagrangian submanifold with parallel second fundamental form, or a Calabi prod-
uct of two lower-dimensional Lagrangian submanifolds with parallel second funda-
mental form. These are respectively constructed in the following way, see [Bolton
et al. 2009; Castro et al. 2006; Hu et al. 2008; Li and Wang 2011; Rodriguez Mon-
tealegre and Vrancken 2009].

Definition 4.10 [Bolton et al. 2009]. Let ¢; : (M;, g;) — CP"4), i = 1,2, be
two Lagrangian immersions and let 7 = (31, 7») : I — S3(1) C C? be a Legendre
curve. Then

¥ =TGY 72v2) 1 1 x My x My — CP"(4)

is a Lagrangian immersion, where n = ny + np + 1, &i : M; — S*tI(1) are
horizontal lifts of ¥;, i = 1, 2, respectively and IT is the Hopf fibration. We call
a warped product Lagrangian immersion of | and ¥,. When n; (or n,) is zero,
we call Y a warped product Lagrangian immersion of i, (or v;) and a point.

Definition 4.11 [Li and Wang 2011]. In Definition 4.10, when
2 _in
(1) = (re e,
where ry, rp, and a are positive constants with r]2 + r22 =1, we call Y a Calabi
product Lagrangian immersion of ¥r; and ¥»,. When n; (or ny) is zero, we call
a Calabi product Lagrangian immersion of i, (or v;) and a point.

Using the arguments of Bolton et al. [2009], Calabi products were characterized
in Li and Wang [2011]. In particular we recall:
Theorem 4.12 [Li and Wang 2011, Theorem 1.6]. Let ¥ : M — CP"(4) be a
Lagrangian immersion. Suppose that M admits orthogonal distributions % (of
dimension 1, spanned by a unit vector E) and %, (of dimension n — 1, spanned by
{Es, ..., E,}), and that there exist local functions Ay, Ay such that Ly # 2\, and

4-20)  h(E\,E))=MJE, and h(E\,E))=MJE;, fori=2,...,n.

Then M has parallel second fundamental form if and only if  is locally a Calabi
product Lagrangian immersion of a point and an (n — 1)-dimensional Lagrangian
immersion W : M, — CP"~'(4) which has parallel second fundamental form.
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Theorem 4.13 [Li and Wang 2011, Theorem 4.6]. Let  : M — CP"(4) be a
Lagrangian immersion. Suppose that M admits three mutually orthogonal distri-
butions 9 (spanned by a unit vector E\), 9, and D3 of dimension 1, n| and n;
respectively, with 1 + n| 4+ ny = n, and that there are three real constants Ly, A
and A3 that satisfy 2A3 # A1 # 2Ly # 2A3 such that for all E; € %,, E, € D3,

(4-21) h(Ei, E1) =M JEq, h(E1, E;) = M JE;,
h(EI’ Eoz)=)\3JEou h(Ei’ EO[):O'

Then M has parallel second fundamental form if and only if  is locally a Calabi
product Lagrangian immersion of two lower-dimensional Lagrangian submani-
folds r; (i = 1,2) with parallel second fundamental form.

5. Case {€,;}2<m<n—1 With kg =1

In this section, we consider the case €, for 2 <m <n — 1 with kg = 1. In view of
Proposition 4.9 this implies that dim(Im L) = 1.

Theorem 5.1. Let M C CP"(4) be a Lagrangian submanifold in a complex space
form with constant holomorphic sectional curvature 4. Suppose that M is not
totally geodesic and has parallel second fundamental form, that ko = 1 and that
1 <dim%,; =m —1<n—2. Then M is locally the Calabi product of two lower-
dimensional Lagrangian submanifolds with parallel second fundamental form or
the Calabi product of a point with a lower-dimensional Lagrangian submanifold
with parallel second fundamental form.

Proof. In view of Lemma 4.2 and Lemma 4.6 we see that there exists a unit vector
wi € Im L C 93 such that

A
(5-1) L(vy, v2) = ,/%”(vl, va)wy =: p(vy, v2)wy,

for all vy, vy € 9».
By (4-8) we get

(5-2) h(wy, wy) =pJer + Q2p+un/p)Jw;.

By (3-5) we get the operator Ay, : D2 — %, is well defined and self adjoint.
From the definition of L, we get for orthonormal vectors {vy, ..., v,—1} belonging
to 9, that

h(ey, vj):%)q]vj, h(wy, vj):pij and h(vj, vk):(%xlje1+pjw1)8jk

forl <j,k<m-—1.
From dim(Im L) = 1, we have 937 = {w;}. Denote n = n — m — 1, then
dim(%3,) = n. We choose {wq, ..., w;} to be an orthonormal basis of %3,. Then
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by Lemma 3.4 and Lemma 3.5 we have

(5-3) hw, ) =N Iw,, 1<r<i.
P
Now we define T = we; + fw; and T* = —Be; + aw;, where
(5-4) o=—L— and p=——

Then {T, T*, viji<i<m—1, Wr|1<r<i} forms an orthonormal basis of T,M. By
(5-2), we easily obtain

(5-5) WT, Ty=mJT, h(T,u)=nJu and h(T,w,)=mn3Jw,
for 1 <r <n, where 1y, n, and n3 are defined by

(5-6) m=a(3r+n)+u/a, m=a(zhi+n) and 53 =p/a,
which satisfy the relations 1, # n3, 212 # n1 # 2n3 and

(5-7) m=m+n and nnz=p(n+zi)=-1,

andu € {T*, vy, ..., Up_1}.
From (5-5), we have

T(n)=((Vh)(T,T,T),JT),
(5-8) u(n) ={((Vh)(w,T,T),JT) for u e {T* vi,..., Vpu_1},
w-(m) ={((Vh)(w,, T, T),JT) for 1<r=<n,

Since M has parallel second fundamental form, (5-8) implies that 7; is constant
on M. By a similar argument, we can prove that 7, and n3 are also constant on M.
By the Gauss equation (2-2) and Equation (5-5), we have

(5-9) R*(u, W) h(T, T) = n1(n3 — 12)J Ay,
while on the other hand, from (2-4), we have

(5-10) R*(u, W) h(T, T) =2(n3 — ) h(T, A ,1b).
Since n3 — 12 # 0, (5-9) and (5-10) imply that

(5-11) h(T, Ayyiby) = 5mJ A g by,

so from (2-1), (5-5) and (5-11) we deduce that A (u, w,) = JA;,w, = 0.

Now we apply Theorem 4.13 (see also [Li and Wang 2011, Theorem 4.6]) —
or, if 1 =0, Theorem 4.12 (see also [ibid., Theorem 1.6]) — to conclude that M is
locally the Calabi product of two lower-dimensional Lagrangian submanifolds with
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parallel second fundamental form or the Calabi product of a point with a lower-
dimensional Lagrangian submanifold with parallel second fundamental form. [

6. Case {€,,}2<m<n—1 With kg >2and p =0

Theorem 6.1. Let M C CP"(4) be a Lagrangian submanifold in a complex space
form with constant holomorphic sectional curvature 4. Suppose that M is not to-
tally geodesic and that M has parallel second fundamental form. Suppose also that
1 <dim %, =m—1 <n—2, and that kg and p defined in Section 4 satisfy ko > 2 and
p=0. Thenn > %m(m+ 1) —1. Moreover, ifn = %m(m +1), then M is locally the
Calabi product of a point with a lower-dimensional Lagrangian submanifold with
parallel second fundamental form, and if n > %m(m + 1)+ 1, then M is locally the
Calabi product of two lower-dimensional Lagrangian submanifolds with parallel
second fundamental form.

For the proof we need some observations and a lemma. Suppose M is not
totally geodesic. In the present situation, the decomposition (4-6) reduces to %, =

{vi}®- - - B{vg,}. Thendim Yy =ko=m—1 and {vy, ..., vk} forms an orthonormal
basis of 9%5.

According to Lemma 3.7 and the fact that for j #1, v; € V,, (1), we have
(6-1) (L(vj,v), L(vj, o)) =7, j#IL
(6_2) <L(v]’ v1|)7 L(vj’ vlz)) 05 j? l] ) 12 diStinCtv
(6-3) <L(Uj1 ) sz), L(Uj3, Uj4)> 0, Jji, j2, j3, ja distinct.

It follows that { =L (v, v)},_; ., consists of zko(ko— 1) = 3(m — 1)(m —2)
orthonormal vectors. For {L(v;, v;)}i1<j<k,, We note that

(6-4)  (L(vj,v;), L(vj,v))) = 1m, 1 < j <k,

(6-5) (L(vj,vj), L(v;,v))) = 5 1 <j#I1=<ko,

(6-6)  (L(vj,v;), L(vj, v))) = o, 1<j#l<ko.

6-7)  (L(vj,v;), L(v, v,)) =0, 1 <j,1,1, distinct and < k.

Then {L; := L(v1, v1) 4+ L(vj, v;) = jLWj 11, vj41) | 1 < j <kog—1}is a set
of ko — 1 mutually orthogonal vectors which are all orthogonal to L(v;, v;), j #1.
Moreover, we easily have (L;, L;) =2j(j+ 1)t #0. Hence

1 .
Wi=———o—ooo~L:, 1<j<ky—1=m-—2,
65 =G F =R
wy = ——L(y.v), 1<k<l<ko=m—1,

7T

are %(m —1)(m — 2) + (m — 2) orthonormal vectors in Im(L) C 93.
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Finally, it is easily known that Tr L = L(vy, v1) +- - - 4+ L (vg,, Vk,) is orthogonal
to the above %(m — 1)(m —2) 4+ (m — 2) vectors and satisfies

(6-9) (Tr L, Tr L) = skon(hi + (ko — D) =2 p?,

where p > 0. These results imply that

(6-10) n=1+dim %, + dim %3
>1+m—D+3im—Dm-2)+m-2)=Imm+1 -1

Lemma 6.2. We have that Tr L = 0 if and only if n = %m(m +1)—1.

Proof. Suppose Tr L =0, we can first prove that 93 =Im(L). If not, we can choose
a vector w € 93 which is orthogonal to Im(L), then by (3-7) we get

O=h(TrL,w)=(m—DunJw,
hence we get w = 0 which is a contraction. So we have
n=1+dimP, +dimP3 =14 @m—1)+3m+ D(m —2) = mm+1) — 1.

On the other hand, suppose that n = %m(m + 1) — 1. By Equation (6-10) we get
dim@3=%(m—1)(m—2)+(m—2) hence Tr L = 0. U

Proof of Theorem 6.1. We need to consider two cases:
(i) n=3m@m+1).
(i) n>Im(m+1)+1.

We define a unit vector t = %Tr L.
In case (i), the previous results and particularly (6-9) show that

{t, wi<k<i<m—1, Wjji<j<m—2}

is an orthonormal basis of Im(L) = %3. By direct calculations with application of
Lemma 3.6, Lemma 4.8 and (6-1)-(6-8), we have:

Lemma 6.3. Under the above assumptions, we have

h(t, e1) = pnJt, h(t’u)=kﬁfu, h(t,w):i_p]w,
(6-11) 0 0

k
h(t,1) = el + (2—p + 2 e,
ko 0

where u = v; for 1 <i < ko =m — 1, and w stands for either w; or wy;, with
1<j<ky—1l=m—-2andl <k<l<kop=m-—1.
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Put T = ae; + Bt and T* = —Be; + at, where

P kon
(6-12) 0=—— and B= —n—.
Vo +kin? Vo +kin?

Then {T, T*, viji<i<m—1, Wj|1<j<m—2, Wki|i<k<i<m—1) 1S an orthonormal basis of
T,M. By Lemma 6.3 we easily obtain:

Lemma 6.4. Under the above assumptions, we have

(6-13) WT, TY=mJT and h(T,u)=nyJu,
where 01 and 0y are defined by

(6-14) m=a(zhi+n)+pje and m=a(zhi+n),
which satisfy the relation

(6-15) mm—n; = pGh +n) =—1,
where u stands for one of T*, v;, wj, wy and 1 <i,k,l <m—1, 1<j<m—2.

We note that n; # 2n,. Otherwise, by definition we have u/a = a(%kl +n),
then by using the definition of «, p and the fact that 1 # 0 for case {€,,} we get

MA2n =1+ VAT +4=0,

which cannot happen.

Based on the conclusions of Lemma 6.4, we can apply Theorem 4.12 (see also
Theorem 1.6 in [Li and Wang 2011]) to conclude that in case (i) M is locally the
Calabi product of a point with a lower-dimensional Lagrangian submanifold with
parallel second fundamental form.

In case (ii), we proceed in the same way. We still have that

{t, wWi<k<i<m—1, Wjji<j<m—2}

is an orthonormal basis of Im(L). But now we no longer have that Im(L) coincides
with %93. Denote n = n — %m(m + 1) and choose wy, ..., w; in the orthogonal
complement of Im(L) in @3 such that

{t, Wi<k<i<m—1, Wjji<j<m—2, Wr|l<r<i}
is an orthonormal basis of @3. Then, besides (6-11), we further use (3-7) to get

(6-16) h(t, 0,) = ’%J@,, 1<r<h.

Now we define T and T* as in case (i). Similarly to Lemma 6.4, we can easily
show:
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Lemma 6.5. For case (ii), we have
(6_17) h(Ta T) = nlJTs h(Ts I/t) = 772']” and h(Ta ﬁ)r) = 773-]11)“

for 1 <r <n. Here n1 and 0, are defined by (6-14) and n3 = u/a. These satisfy
the relations 0y # 13, 2m2 # m # 213,
(6-18) m=m+n and mnz=pn+ i) =—1,
where u is one of T*, v;, wj, wy and 1 <i,k,l <m—1, 1 <j<m-—2.

Based on the conclusions of Lemma 6.5, after a similar argument as in the
proof of Theorem 5.1, we can apply Theorem 4.13 (see also [Li and Wang 2011,
Theorem 4.6]) to conclude that in case (ii) M is locally the Calabi product of

two lower-dimensional Lagrangian submanifolds with parallel second fundamental
form. This completes the proof of Theorem 6.1. (]

7. Case {€,,}2<m<n—1 With kg =2 and p =1

Theorem 7.1. Let M C CP"(4) be a Lagrangian submanifold in a complex space
form with constant holomorphic sectional curvature 4. Suppose that M is not
totally geodesic and has parallel second fundamental form. Suppose also that
1 <dim%; =m —1<n—2, and ky and p defined in Section 4 satisfy ko > 2 and
p=1.Thenn > Alf(m +1)2 — 1. Moreover, ifn = %(m +1)2, then M is locally the
Calabi product of a point with a lower-dimensional Lagrangian submanifold with
parallel second fundamental form, and if n > i(m +1)2 41, then M is locally the
Calabi product of two lower-dimensional Lagrangian submanifolds with parallel
second fundamental form.

Lemma 7.2. Suppose dim%, =m — 1 > 1, ko > 2 and p = 1. Then from the
decomposition (4-6) there exist unit vectors u; € V,,,(0), 1 < j <ko= %(m —1),
such that the orthonormal basis {vi, uy, ..., Vg, Uk, } of D2 satisfies the relations

(7-1) L(j,u))=—L(uj,v;) and L(vj,v;) = L(uj,u)

for1 =< j, 1 <ko.
Proof. We have the decomposition (4-6) with dim V,,(0) =1, 1 < j < ko. Let
Vi, (0) = {u2}, here u5 is a unit vector.

According to Lemma 4.7, for each j # 2, we have a unique unit vector u; in
Vu, (0) satisfying

(7-2) L(vj, —uz) = L(uj,v2) and L(uj,uz)= L(vj, v2)
for 1 < j <kp, j # 2. The lemma now follows from the following claim. [l

Claim 7.3. L(v;,u;) = —L(u;,v;) and L(v;, v;) = L(uj, u;) for 1 < j, I < ko,
Jol#2.
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Proof. For j = [, the fact that u; € Vi, (0) implies L(vj, u;) = 0. It follows that
L(Ltj, Ltj) = L(vj, vj).

Next, for kg > 3, we fix j, [ # 2 such that j # [. By Lemma 4.7, there exists a
unique unit vector in V, (0), denoted u; (/), such that

(7-3) L(vj,u;) =—L(u;{), vp).

Since both unit vectors u; and u;(l) are in V;,(0) and dim V,;(0) = 1, we have
uj(l) = eu; with e = %1, which implies that u; (/) — eu; =0 and

(7-4) L(j,u)) =—€eL(uj,v;) and L(v;,v;) =eL(uj,u).
By using (7-2) and Lemma 4.8, we find that

h(L(uj,u;), L(va,u;)) =tJL(u, v2) =—1JL(v;,uz) and
h(L(vj’ vl)v L(”Za I/l,)) = h(L<vj7 vl)a —L(Uj, MZ)) = —TJL(U[, MZ)’

which imply
(7-5) 0=h(L(vj,v) —eL(uj,u), L(v2,u;)) =—1(1 —€)JL(v;, uz).

Combining equations (7-4) and (7-5) we get € = 1, which completes the proof of
the claim. U

Remark 7.4. For p = 1 we have dim %, = 2ky. Denote
Vi={vj}® Vy;(0) ={v;} &{u;}, 1=j=<ko.
For each 1 < j < ko, we define a linear map Jy : V; — V; by setting
Jovj=u; and Jou; =—v;.

Then Jp : @ — %> is an almost complex structure and Lemma 7.2 shows that it
satisfies the relations

(7-6) L(Jou,v) =—L(u, Jov) and L(Jou, Jov) = L(u, v)
for all u, v € 9,.

Let{vi, u1, ..., vk, Uk, ) be the orthonormal basis of %, from Lemma 7.2. Com-
bining Lemma 4.4 with the fact that u;, v; € V,,(t) = V(1) for j # [, we have

(7-7) (L(vj, up), L(vj, up)) = (L(vj, v, L(vj, v))) =1,
for j # [. Next we get

(7_8) <L(uj’ vll)s L(“j? U[2)> = (L(vj7 ull)s L(Ujs Mlz))
= (L(vj,v), L(vj, v,)) =0,
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for j, I, [, distinct. Then

(7-9) (L(vj;,vj,), L(vj,v,)) =0, J1s J2, J3, ja distinct,
(7-10) (L(vj,vp), L(vj, uy)) =0, J #land ji #1.
Thus

{%L(v,’, ”1)}15,'<15k0 U {\/L;L(UJ" ul)}1§j<1§k0

consists of ko(ko — 1) = 3(m — 1)(m — 3) orthonormal vectors. For the subset
{L(vj,v;) = L(uj, uj)}i<j<ky» we note that

(7-11) (L(vj,vj), L(vj,vj)) =Ain/2,

(7-12) (L(vj,vj), L(v, vp)) = pun/2,

(7-13) (L(vj, vj), L(vj, v)) = (L(vj, vj), L(vj, u)) =0,
(7-14) (L(vj,vj), L(vy, vi,)) = (L(vj, vj), L(vy, ug,)) =0,

where 1 < j #[ <kpand 1 < j, [, [, distinct < k.
As in the previous section, we see that

{Lj:=L({,v)+---+Lwj,vj)—jLWjy1,vj41) |1 < j <ko—1}

are ko — 1 = %(m — 3) mutually orthogonal vectors which are orthogonal to all
L(vj,v;) and L(v;, u;), j #1. We also easily have (L;, L;) =2j(j + 1)t #0.
Hence

Wj = Jro=p=Li, 1<) <ko—1=350m-3),
(7-15) wi = =L v), 1<k <l<ko=3(m—1),

wy = L), 1<k<l<k= Tm -1,
are %(m + 1)(m — 3) orthonormal vectors in Im(L) C %3.

Finally, it is easily verified that %Tr L=L(vy, v1)+---+L(vg,, vg,) is orthogonal
to the above (m + 1)(m — 3) /4 vectors and satisfies

(7-16) H(Tr L, TrL) = gkon(ui + (ko — D) =: >, p =0,
Similarly as in the previous section we get that
Lemma 7.5. We have Tr L = 0 if and only ifn = L(m +1)> — L.

Proof of Theorem 7.1. We define a unit vector t = ﬁTr L. Again we need to
consider two cases.
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)n= %(m +1)%. The previous results show that the set {¢, wy;, w;,, w;}, where
wehave 1 <k <[ < %(m —Dand1<j < %(m — 3), is an orthonormal basis of
Im(L) = 93. By direct calculations applying Lemma 3.6, Lemma 4.8 and (7-7)-
(7-14) we obtain again the expressions of (6-11) for u =v;, u; and w =w;, wy, wy,
with 1 <i,k,l < %(m —DDand1<j < %(m — 3). Proceeding then in the same
way as before, we can again apply Theorem 4.12 (see also [Li and Wang 2011,
Theorem 1.6]) to conclude that in this case, M is locally the Calabi product of
a point with a lower-dimensional Lagrangian submanifold with parallel second
fundamental form.

before, is still an orthonormal basis of Im(L). But now Im(L) & %3. Introduce the
notation

(i) n > i(m + 1)2 4+ 1. Here we see that {r, wy, wy,, w;j}, where j, k,[ are as

i=n—1tm+1)7*=>1
and choose w/l, e, w/ﬁ in the orthogonal complement of Im(L) in %3, such that
{t9 wkl’ w]/(la wja w;}

where j, k, [ are as before and 1 <r <n, is an orthonormal basis of %3. Then (3-7)
gives that
= kOMn]w’, 1<r<n,

20 d
and we can again proceed exactly as in the previous section to conclude that in
this case, M is locally the Calabi product of two lower-dimensional Lagrangian
submanifolds with parallel second fundamental form. ([

(7-17) h(t, w))

8. Case€, 2<m=<n-—1)withky>2andp=3

Theorem 8.1. Let M C CP"(4) be a Lagrangian submanifold in a complex space
form with constant holomorphic sectional curvature 4. Suppose that M is not
totally geodesic and that it has parallel second fundamental form. Suppose also
that 1 <dim%; =m — 1 <n — 2, and ko and p defined in Section 4 satisfy kg > 2
and p=3. Thenn > %(m —D(m+9). Ifn= %(m —1)(m+5)+1, then M is locally
the Calabi product of a point with a lower-dimensional Lagrangian submanifold
with parallel second fundamental form, and if n > %(m —1D(m+5)+2, then M
is locally the Calabi product of two lower-dimensional Lagrangian submanifolds
with parallel second fundamental form.

Lemma 8.2. Suppose dim%y =m — 1 > 1, kg > 2 and p = 3. Then from the
decomposition (4-6) there exist unit orthogonal vectors

Xj, Y, 2j €Vy,(0), 1<j<ko=1%(m—1),
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such that the orthonormal basis {V1, X1, 1,21, ..., Vkys Xkg» Yko» 2k} Of D2 satisfies

L(xj,x)= L(yj,yD= L(zj,z)=L(vj,v),

L(vj, x;) = —L(xj,v)) =—L(yj, z1) = L(y1, z;),

L(vj, yn) = —L(yj, v)) = —L(z;,x1) = L(x}, z1),

L(vj,z)) =—L(zj,v) =—L(xj, y) = L(x1,y}),
forall1l < j, 1 <k

(8-1)

Proof. We use the decomposition (4-6) with dim V,;(0) = 3 for 1 < j < ko.

Denote V; = {v;} @ V,,;(0). First we choose arbitrary orthonormal vectors
x1,y1 € V,,(0), next by using Lemma 4.6 and Lemma 4.7 we can first find unit
vectors x;, y; € Vy,(0), j > 2 such that

2) L(xj,x1) = L(yj, y1) = L(vj, vy), L(vj,x1) =—L(xj,v),
L(vj, y1) = —L(yj, v1), L(x1,y;) =—L(xj, y1).

Next we choose z;, z{ such that L(v;, z{) = —L(zj,v1) =—L(xj, y1). By using
the Cauchy—Schwarz inequality, we have

L(xj,.x)= L(yj,y)= L(zj,2])=L;, v,
L(vj,x1) = —L(xj,v)) = —L(y;. z)) = L1, 2)),
L(vj, y1) = —L(yj, v1) = —L(zj, x1) = L(x;, z}),
L(vj, z}) = —L(zj, v1) = —L(xj, y1) = L(x1, y)).

(8-3)

Claim 8.3. For all j > 2, the families {xi, yi, z{} and {x;,y;,z;} of (8-3) are
orthonormal bases of V,, (0) and Vi, (0), respectively.

Proof of claim. In fact, from (8-3) we have
T(z{,)ﬂ) = (L(vy, Z{), L(vj, x1)) = (L(x;, —y1), L(xj, —v1)) = 7(y1, v1) =0,
T(Z{’ )71) = (L(Ujv Z{)? L(Uj, )71)> = (L()’], _xl)’ L(ij _U1)> = T<x1, Ul) = O’

hence we get {xy, yi, z{ } is an orthonormal basis of V,, (0).
For j > 2, from (8-3) we have

T{(xj, yj) = (L(v1, x;), L(v1, y;)) = (L(vj, —x1), L(vj, —y1)) = t{x1, y1) =0,

similarly, we get (x;, z;) = (x1, z{) =0and (y;, zj) = (y1, Z{) =0. This completes
the proof. ([

Claim 8.4. The vectors z{ and le of (8-3) are equal for all 2 < j,I < ko. If we
denote this common value by z;, then (8-1) holds.
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Proof of claim. By Claim 8.3, we know that for j # 1, j, [ > 2 we have z{ = sjlzll
with £;; = +1. From Lemma 4.8 and (8-3) we get

(8-4) ejTJL(vj, v)) = h(L(v},z]), L(v1. 2))
=h(L(xj, y1), L(x;, y1)) =tJL(x}, x;).

Similarly, we get

ejL(vj,vr) = L(yj, yi) = L(zj, z21),
(8-5) ejul(xj, x;) = L(yj, yi) = L(zj, z1) = L(vj, v;).
From (8-4) and (8-5) we get ¢;; = 1 and
(8-6) L(vj,v))=L(xj,x) =L(yj, y) = L(zj,z1), J#L, J,1>2.
Letz; = z% =...= z’l‘o, then by (8-3) and Lemma 4.8 we have

TJL(xjs }’l) = h(L()’l, Xj), L()’l, )71))
= h(L(vl, Zj), L(vl, vl)) = ‘L’JL(Zj, U[).

(8-7)

From (8-6) and (8-7), and by using Lemma 4.6 and Lemma 4.7 we get that (8-1)
holds. [l

Combining the above claims completes the proof of the lemma. O

Remark 8.5. Having fixed the orthonormal basis of %, satisfying (8-1), we can
now define three almost complex structures Jy, J3, J3 : @ — %, such that for all
1 <j<ko,

Jiwj=xj,  hvj=y;,  Jwj=gzj,
(8-8) J J J J J J

Jlxj = —vj, Jzyj = —vj, J3Zj = -V,
and furthermore J;, J, and J3 satisfy
(8-9) JioJi=Jholr=Jz30J3=—id and JiJ, =—JJ = J3.

Then we define a quaternionic structure {J1, J2, J3} on %,. Itis important to remark
that (8-1) is equivalent to the relations

(8-10) L(Jsu,v) =—L(u, Jyv) and L(Ju, Jyv) = L(u,v)
foralls =1,2,3 and u, v € 95.

We have m — 1 =4k and kg > 2. Let {vy, x1, ¥1, 21, .- -, Vkos Xkos Yko» Zk()} be an
orthonormal basis of %, as constructed in Lemma 8.2. Applying Lemma 4.4 and
the fact that for j £/, v;, x;, yj, z; € Vy,(v) = Vi, (v) = V), (1) = V,, (1), we easily
show that
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(8-11) (L(vj,x1),L(vj,x;)) = (L(vj,y),L(vj,y1))
= (L(vj,z1),L(vj,z)) = (L(vj,v),L(vj,vp)) =7,
for j # 1. We also get
(8-12) (L(xj,v;,),L(xj,v,)) = (L(vj,x;,),L(vj,x1,)) = (L(yj,vy), L(y;,vp))
= (L(vj,y,),L(vj,y)) = (L(zj,vy),L(zj,v,))
= (L(vj,z1,), L(vj,z1,)) = (L(vj,vp), L(vj,vp,))
=0,
for j, [y, [, distinct. Next we get
(8_13) (L(vjl’vjz)’L(vj3’vj4)> = (L(Ujl,ij),L(Uj3,Xj4)> = <L(vj17yj2)aL(vj37yj4)>
= (L(Ujl,ij),L(vj3,Zj4)> = 07
for ji, ja, ja, ja distinct, and then
(8-14) (L(vj,vp), L(vjy, x1,)) = (L(vj, vr), L(vj, y,))
=(L(vj, vy), L(vj, z)) =0,

for j #1 and j; # ;.
For {L(v;,v;) = L(x;,x;) = L(y;,y;) = L(z}, zj)}1<j<k,» We note that

(8-15) (L(j,v)), L(vj,v)) = 3him,

1
(8-16) (LQj. v)). Lo ) = gos2d =21 = Jun,
(8-17) (L(vj, vj), L(vj, v)) = (L(vj, v)), L(vj, 1)) =0,
(8-18) (L(vj,vj), L(vy, v,)) = (L(vj, vj), L(v, up)) =0,

for 1 < j,1, 1y, < kg distinct. Similarly to the previous section, we deduce that
{Lj:=L(i,v)+--+Lwj,v;)—jL@jt1,vj41) | 1 = j <ko— 1}

are ko — 1 = }L(m — 5) mutually orthogonal vectors which are orthogonal to all of
the vectors L(v;, v;), L(v;, x;), L(vj, y;), and L(vj, z;), where j # [. Also, we
have (L;, L;) =2j(j+ 1)t # 0. Hence the vectors

1 1
u):—L, wkl=_L(vk’ U[),
T V2jG+DT NG
1 1 1
w = ﬁL(Uk, X)), wp = ﬁL(UIu ). wp= ﬁL(vk’ 21,

where 1 < j <ky= %(m— 1) and 1 <k < < kg, comprise 2kg(ko— 1) +ko— 1=
%(m + 1)(m — 5) orthonormal vectors in Im(L) C %j5.
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Finally, from Lemma 8.2, (8-15) and (8-16) it is easily known that the vector
TrL = 4(L(v1, v1) 4+ -+ L(vg,, vko))
is orthogonal to the above %(m 4+ 1)(m — 5) vectors and satisfies
(8-19) 16(Tr L, Tr L) = Skon(hi + (ko — D) =: p%, p = 0.
The above results imply that
n=14+dm%, +dim%3 >14+@m—1)+ %(m—i— H(m—-5) = %(m —1D(m+5).

Lemma 8.6. We have Tr L = 0 if and only if n = %(m —1D(m+)5).
Proof of Theorem 8.1. We need to consider two cases:

() n=g(m—1(m+5)+1.

(ii) n > g(m — 1)(m +5) +2.

In case (i), we have that
1 2 .3
{t, wjli<jzi=5)/4» Wii» Wp» Wi Wiy l1<k<i=i—1)/4}

is an orthonormal basis of Im(L) =%3. In case (ii), in order to have an orthonormal
basis we still need to add an orthonormal basis of %35.

As in the previous sections, we get that (6-13) in case (i) and (6-17) in case
(ii) are satisfied. Consequently we deduce that in case (i), M is locally the Calabi
product of a point with a lower-dimensional Lagrangian submanifold with parallel
second fundamental form, and in case (ii), we deduce that M is locally the Calabi
product of two lower-dimensional Lagrangian submanifolds with parallel second
fundamental form. This completes the proof. ([

9. Case {€,,}2<m<n—1 With kg =2 and p =7

Theorem 9.1. Let M C CP"(4) be a Lagrangian submanifold in a complex space
form with constant holomorphic sectional curvature 4. Suppose that M is not
totally geodesic and has parallel second fundamental form. Suppose also that
1 <dim%; =m — 1 <n—2 and ko and p defined in Section 4 satisfy ko > 2 and
p=7. Then ky = 2 and m = 17, which implies that n > 26. Moreover, if n = 27
we have that M is locally the Calabi product of a point with a lower-dimensional
Lagrangian submanifold with parallel second fundamental form, and if n > 28,
then M is locally the Calabi product of two lower-dimensional Lagrangian sub-
manifolds with parallel second fundamental form.

Lemma 9.2. Suppose dim%, =m — 1 > 1, kg > 2 and p = 7. Then from the
decomposition (4-6), if ko > 2, we can choose an orthonormal basis {x;}1<j<7
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or V,,(0) and an orthonormal basis {y;}1<;<7 for V,,(0) so that by identifying
1 ji=j= 2
e;j(v1) = x;j and e;j(v2) = y;, we have the relations

9-1) L(ej(v1), e (v2)) = —L(vy, eje(v2)) = —L(eej(vy), v2),
for 1 < j, 1 <7, where the product is defined by the following multiplication table:
(] e e3 e4 e;5 e e7

ep —id e3 —ey e5 —eq —e7 e
er —e3 —id e; e e7 —ey4 —es
e3 er —ep —id  e7 —eg €5 —ey
es —es —eg —e7 —id e ey e3
es ey —e7 e —ep —id —e3z  en
eg e7 e4 —es —ey ez —id —e
e7 —é€q és €4 —e3 —e€) (4] —id

Proof. Let ko > 2 and suppose we have the decomposition (4-6) with dim V,, (0) =7
(1 <j =ko).

Denote V; = {v;} @ V,,;(0). First we choose arbitrary orthonormal vectors
x1,x2 € V,,(0). Next we can use Lemma 4.6 and Lemma 4.7 to consecutively
find unit vectors y1, y2 € V,,(0), x3 € V,,(0) and y3 € V,,(0) satisfying

9-2) L(y1,v1) = —L(x1, v2), L(y2,v1) = —L(x2, v2),
(9-3) L(y1, x2) = —L(v2, x3), L(y3, v1) = —L(x3, v2).

Now we pick an arbitrary unit vector x4 € V,,(0) so that it is orthogonal to all
x1, x2 and x3. Then we can take unit vectors xs, x¢, X7 € V,,(0) and unit vectors
Y4, Y5, ¥6, ¥7 € V,,(0) inductively such that the following hold:

(9-4) L(x4,y1) =—L(ys,x1) =—L(v2,x5) = L(v1,Y5),
(9-5) L(x4,y2) =—L(v2,x6) = L(v1,y6), L(xs,y3) =—L(v2,x7)=L(v1,y7).

From the previous equations, together with the isotropy conditions and the
Cauchy—Schwarz inequality, it immediately follows that L(x;, y;) = L(vi, v2),
for i = 1,...7. Applying once more the same properties it also follows that
L(x;,yj) =—L(xj, y;) and L(x;, v2) = —L(y;, v1).

From (9-3) and (9-4) it additionally follows that

L(y1,x3) = L(x2,v2), L(x4,v2)= L(xs,y1),
L(x4, y5) = —L(v1, y1), L(x4,v2) = L(x6, y2),
L(x4ay6):_L(vlsy2)s L(X4,v2)=L(X7, }73),
L(x4, y7) = —L(v1, y3).
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Hence L (x4, v2) = L(xs,y1) = L(x¢, y2) = L(x7, y3). Repeating now the same
procedure on the newly found identities shows that L has the desired form.

Finally note that the fact that {v{, xy, ..., x7} and {v2, y1, ..., y7} are orthonor-
mal can be seen as follows. First, we have

t{x1, x3) = (L(v2, x3), L(v2, x1)) = (L(x1, y2), L(v2, x1)) = t(v2, y2) =0.
The other equations are obtained similarly. ([

Lemma 9.3. Suppose dim%, =m—1>1andp="1. If ko > 2 in the decomposition
(4-6), then in fact kg = 2.

Proof. Suppose on the contrary that ko > 3. To choose a basis for V,,(0), we follow
the same ideas as in Lemma 9.2 for V,, (0) and V,,(0). Let x1, x2, x3 be given as
in Lemma 9.2, then we have unique unit vectors zi, z2 € V,,(0) and X3 € V,,(0)
that satisfy

L(zi,vi)=—L(x1,v3), L(z2,v1)=—L(xp,v3) and L(z1,x2)=—L(v3,X3).

Now we pick an arbitrary unit vector x4 € V,,(0) so that it is orthogonal to
X1, x2, x3 and x3. Then we can choose unit vectors Xs, X¢, X7 € V,, (0) and vectors
23, 24, 25, 26, 27 € Vi, (0) inductively by the following conditions:

L(z3,v1) = —L(X3, v3),
L(x4, z2) = —L(v3, X¢) = L(v1, Z6),
L(xs, z3) = —L(v3, X7) = L(v1, 27),
L(x4,71) = —L(z4, x1) = —L(v3, X5) = L(vy, 25).
Then, similarly to the proof of Lemma 9.2, we get that {z1, z2, 23, 24, 25, Z6, 27}

forms an orthonormal basis of V,,(0) together with the relations between inner
products of L:

(9-6) L(ej(v1),e(v3)) =—L(vy,eje(v3)) = —L(eej(vy),v3), 1=j,1=<7,

where e;e; denotes a product defined by the multiplication table in Lemma 9.2.
We have two orthonormal bases of V,,, (0), namely {x;, x2, x3, x4, X5, X6, X7} and
{x1, x2, X3, X4, X5, Xg, X7}. We first show that X; = x; fori =3,5,6,7:
By Lemma 4.8 and the relations between the inner products of L, we get

tL(y1,z1) = h(L(y1, x2), L(z1, x2)) = h(L(vy, y3), L(v1, 23)) = TL(y3, 23).

Similarly, we get L(vy, v3) = L(y;,z;) for j=1,...,7.
Since {xi, X2, X3, X4, X5, X6, X7} and {x1, xo, X3, X4, X5, X¢, X7} are two orthonor-
mal bases for V,, (0), we may assume that x3 = b3x3 + b5xs + bexe + b7x7. Then
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by Lemma 4.8 and the relations between the inner products of L, we get

TL(y2, 22) = h(L(v1, y2), L(v1, 22))
= —h(L(x3, y1), L(v1, 22))
= b3h(L(X3, y1), L(X3, z1)) + bsh(L(Xs, y1), L(Xs, z7))
— beh(L(X6, y1), L(X6, 24)) — b7h(L(X7, y1), L(X7, 25))
= b3t L(y1,z1) + bstL(y1,z7) —beT L(y1, 24) — b7TL(y1, 25).
By the relations between the inner products of L, we get L(y(, z1) = L(y2, 22),
and that L(yy, z4), L(y1, z5) and L(y;, z7) are orthogonal to each other. Hence we
get by =1, bs = bg = b7 = 0 and x3 = x3. By a similar argument, we can prove
that X; = x; fori =5,6, 7.
In order to complete the proof of Lemma 9.3, we will first use (9-1) and (9-6)

to show that we have also similar relations between the spaces V> = {v2} ® V., (0)
and V3 = {v3} @ V,,(0), that is,

(9-7) L(ej(v2),e(v3)) = —L(vz,eje(v3)) = —L(eej(v2),v3), 1=/ 17,

where ee; denotes a product defined by the multiplication table in Lemma 9.2.
For j =1, by Lemma 4.8, (9-1) and (9-6) we have

TJL(ej(v2), e;(v3)) =h(L(ej(v2), ex(v1)), L(ej(v3), ex(v1)))
= h(—L(ejer(v1), v2), —L(ejer(v1), v3)) = TJL(v2, v3).

For j #1, from the table in Lemma 9.2 we have that there exists a unique k such
that eje; = €ey, ejer =€e;, epe; =c€ej, where € is 1 or —1. Then by Lemma 4.8,
(9-1) and (9-6) we have

TJL(ej(v2), €1(v3)) = h(L(e;(v2), v1), L(er(v3), v1))
= h(L(—e€ejer(v2), v1), L(e/(v3), v1))
=€h(L(e;(v1), ex(v2)), —L(e;(v1), v3))

= —etJL(ex(v2), v3) = —TL(e1€;(v2), v3)

and

TJL(v2, eje;(v3)) = h(L(va, ex(v1)), L(ejer(v3), ex(v1)))
= h(L(vy, €erej(v1)), L(—€er(v3), ex(v1))))
= h(L(vl, —eerej(v2)), L(—evs, vl))) =1t JL(ese;(v2), v3).

From (9-1), (9-6), (9-7) and Lemma 4.8 we have

(9-8) h(L(v1, ys) + L(x1, y7), L(x2, v3)) = 0.
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On the other hand, we have

h(L(vy, ys), L(x2,v3)) = h(L(v1, y6), —L(v1, 22)) = —tJ L(y6, 22),
h(L(x1, y7), L(x2, v3)) = h(L(x1, y7), —L(x1, 23)) = —tJ L(y7, 23).

These together with (9-8) give that
9-9) L(ys, z2) + L(y7,23) =0.

From (9-7) we have L(ys, z2) = L(y7, z3). We also have that

(L(y6, z2), L(y6, 22)) = T,
so we get a contradiction with (9-9). This completes the proof. ([

Proof of Theorem 9.1. By Lemma 9.3, we have kp =2, m = 8kp+ 1 = 17 and
dim%, =m — 1 = 16.

Let {vy, v2, xj, y; | 1 < j <7} be the orthonormal basis of %, as constructed in
Lemma 9.2, whose elements satisfy (9-1). Define L| = L(v;, v1) — L(v3, v2), then
direct calculation shows that

(9-10) (L1, L) =4t #0.
We now easily see that the nine vectors
wo = %ﬁLu wy = \%L(Ul, v2) and wj = %L(Uh i), 1=j=7,

in Im(L) C %3 are orthonormal one to another.
Note that Tr L =8(L (vy, v1)+ L (v, v2)) is orthogonal to the above nine vectors.
Using (3-3) and (3-4), the vector Tr L obviously satisfies

ai{TrL, TrL) = skon(ri + (ko — D) =n(hi+p) =1 p%,  p=0.
Then we have the conclusion
n=14+dm%, +dim%z > 1+ 16+ 9 = 26,

and as proved in previous sections we see that n = 26 if and only if Tr L = 0.
When n =27 or n > 28, we can still define a unit vector ¢ = #Tr L. As before
we get the same expressions as in Lemma 6.3, 6.4 and 6.5 which allows us to
conclude that M is locally the Calabi product of a point with a lower-dimensional
Lagrangian submanifold with parallel second fundamental form, or the Calabi
product of two lower-dimensional Lagrangian submanifolds with parallel second
fundamental form. (]
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10. The remaining cases

In this section we will complete the proof of the classification theorem. Let k =
ko + 1, we will show that if M is neither totally geodesic nor can be decomposed
as a Calabi product then one of the following applies:

(i) n= %k(k +1) —1, k>3, and M is congruent with SU(k)/SO(k).
(i) n =k*>—1,k >3, and M is congruent with SU(k).
(iii) n =2k* —k —1, k >3, and M is congruent with SU(2k)/Sp(k).
(iv) n =26 and M is congruent with E¢/F4.

From Naitoh [1981b; 1983a; 1983b] we see that there indeed exist parallel im-
mersions of the above spaces of the previously mentioned dimensions into the
complex projective space.

From the previous remaining sections, each of the resulting cases corresponds
to one of the cases p =0, 1, 3,7 with @3, = {0} (from Lemma 6.2, Lemma 7.5,
Lemma 8.6 and the arguments in Section 9) and Tr L vanishing. Note that in each
of the above cases, the vanishing of Tr L allows to determine A; explicitly. We
also have in each of the cases a basis and we can compute the components of the
second fundamental form from Lemmas 3.2, 3.4 and 4.8. For example in the case
of p =0, this basis is spanned by

{er, vi, ..., vk, L), v)l1<j<ko—1, L(vj, ve) |1 < j <k <ko}.

As M is parallel we can extend this basis using parallel translation thus obtaining
the same expression of the second fundamental form at every point. Applying
then the lemma of Cartan, as the previously mentioned spaces are also parallel and
therefore must admit a similar basis, shows that M is isometric with one of the pre-
viously mentioned spaces. Finally applying the uniqueness result for Lagrangian
immersions shows also that the immersion of M is congruent to one of Naitoh’s
examples.
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