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For mean curvature flows in Euclidean spaces, Brian White proved a regu-
larity theorem which gives C>“ estimates in regions of spacetime where the
Gaussian density is close enough to 1. This is proved by applying Huisken’s
monotonicity formula. Here we will consider mean curvature flows in semi-
Euclidean spaces, where each spatial slice is an m-dimensional graph in
R™+" satisfying a gradient bound stronger than the spacelike condition.
By defining a suitable quantity to replace the Gaussian density ratio, we
prove monotonicity theorems similar to Huisken’s and use them to prove a
regularity theorem similar to White’s.

1. Introduction

A mean curvature flow can roughly be described as a family of submanifolds
M = {M(t)};<; evolving with velocity equal to the mean curvature vector on each
M(t). Let M be such a flow, where each spatial slice Al(¢) is assumed to be an
m-dimensional submanifold of a Euclidean space. For spacetime points (y, s), the
Gaussian density ratio is given by

/ I S <_M) dx
o @ —oym2 P\ T4 =0

for times ¢ < s. Huisken [1990] proved an important monotonicity formula, which
roughly says that this will be nonincreasing with respect to  on mean curvature
flows. A local version of this formula was proved by Ecker [2004, Proposition
4.17]. One application of these monotonicity formulas is the proof of Brian White’s
[2005] local regularity theorem for mean curvature flows in Euclidean spaces. This
theorem says that such a flow will be smooth in regions of spacetime where the
Gaussian density ratios are close enough to 1.

Our goal is to prove a similar regularity theorem, but now for spacelike mean
curvature flows in semi-Euclidean spaces. We will assume that these flows are
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graphs and that they satisfy some uniform gradient bound stronger than the space-
like condition. Roughly, we will prove that if such a flow is smooth on an interval
(0, T) then it can be extended smoothly to time 7 (see Theorem 16). This should
be compared to [White 2005, Theorem 3.5]. We prove this by defining a quantity
that has similar properties to the Gaussian density ratio. This quantity is chosen
in such a way that the evolution equations for spacelike mean curvature flows will
allow us to prove monotonicity formulas similar to Huisken’s and Ecker’s. The
proof of the regularity theorem itself is then similar to the proofs in [White 2005]
and [Ecker 2004], with some adjustments.

The main differences between this case and the Euclidean case are caused by
the semi-Euclidean metric. Obviously the mean curvature flow system is only par-
abolic when the spacelike condition is satisfied. Therefore any gradient estimates
are only useful if they are stronger than the spacelike condition. This is why we will
always assume such a bound on the gradient.! This assumption is also useful when
defining our replacement for the Gaussian density ratio. For example, we need the
gradient bound to guarantee that this quantity is finite on a smooth flow (since we
need the eigenvalues of the induced metric to stay uniformly away from zero). We
will frequently need this assumption, used with inequality (4), to get the uniform
bounds needed to use the dominated convergence theorem (such arguments here
are more difficult than in the Euclidean case, and therefore will be explained in
more detail).

Other difficulties due to the semi-Euclidean metric appear in the proofs of the
monotonicity and regularity theorems. For example, Ecker’s local formula involves
a nice localisation function which is not useful in the semi-Euclidean case, thus
making our proof of local monotonicity slightly more awkward (see Theorem 10
and compare to [Ecker 2004, Proposition 4.17]). We also get different signs in the
evolution equations for various quantities, so that the inequalities seen in the Eu-
clidean case are often reversed here (see Equation (8), for example). The results of
this are seen in the monotonicity theorems, where we see that certain quantities are
nondecreasing, but where the corresponding quantities in the Euclidean case would
be nonincreasing (also see Theorem 13, where the inequality in the assumption is
the reverse of what we get in the Euclidean case).

The results proved in this paper formed part of the author’s Ph.D. thesis at
Durham University, under the supervision of Wilhelm Klingenberg.

2. Preliminaries

Notation. We will attempt to keep our notation as close to the notation in [White
2005] as possible, so that the similarities are clear. When N > 2, RV will be

IFor a case where such an estimate holds, see the appendix of [Thorpe 2011].
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Euclidean space with elements denoted by x and with the usual norm |x|. Bﬁ’ (x)
will be the ball of radius R and centre x. We will denote by R"-! the spacetime
RY x R with elements X = (x, ) and parabolic norm || X|| = max{|x/|, |¢|'/?}. We
write By (X) = BN (x) x (t—R?, t+R? and Uy " (X) = BY (x) x (t — R?, 1]. The
function 7 : RV-! — R will be the projection T (x, #) =t onto the time axis. For any
A > 0, we define the parabolic dilation D, : RNl 5 RN.1 by D, (x,t) = (\x, A21).
Note that || D, X| = A||X]|. For subsets U of RY-! and functions f from U into
some Euclidean space, we define

dX,U)=inf{|X =YY ¢U} and [flpa= Y ID*@)"flloa
k+2h<p

(for 0 < o < 1 and nonnegative integers p) where [fly = supy_yey |f(X) —
FMI/IX = Y% and || fllo,« = supy |f| + [fl«, and where we have used the
notation 9, f = 9f/dt, daf = df/9x?, D = (31, ..., dn). In the obvious way,
we also define the parabolic C” norm by | f1|, = Zk+2h§p supy; |Dk(8,)hf|. If
we say that a sequence of functions converges in C? or C?*“ on some set, we just
mean that it converges on that set with respect to the corresponding norm.

Semi-Euclidean spaces. For integers m > 2 and n > 1, it will be convenient here
for us to consider the space R™™" with elements denoted by x = (X, X), where
X € R™ and X € R". With this notation, we can define the semi-Euclidean spaces
R+ = (R™+", (-, -)) with metric tensor (x,y) = X -9 — X - §. If we use the
summation convention with indices i, j=1,...,mand v,y =m+1,...,m+n,
then (x, y) =x’y’ —x”y” and we denote by g the corresponding diagonal matrix
with gij = 3,‘j, gvy = _(Svy-

Let M be a submanifold of R”*"; then we can take the induced metric g on M
in the usual way, and we say that M is spacelike if g is positive definite. The corre-
sponding Levi-Civita connections (denoted V and V) are defined in the usual way,
and the second fundamental form on M is given by B(V, W) = Vy W — Vy W =
(Vy W)L for tangent vector fields V, W on M (where L denotes projection to
normal spaces of M in R”*"). Taking the trace of this (with respect to the induced
metric g) gives the mean curvature vector H = trace, B of this submanifold. We
can also define the gradient (grad,,), divergence (divy,) and induced Laplace op-
erator (A ) on this submanifold, all taken with respect to the induced metric; see
[O’Neill 1983] for details.

If 2 is a domain in R™ and F : Q — R™*" is an embedding such that M = F (Q2)
is a spacelike submanifold of R”*", then it is not difficult to check that the mean
curvature is given by

(1) H=(g"3;F)* = 3;(v/detgg’d;F) = AyF,

1
Jdetg
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where g;; = (8,~ F,0;F > gives the induced metric. This is proved as in the Euclidean
case; see [Ecker 2004, Appendix Al].

3. Graphic mean curvature flows

We will consider graphic flows of the form
2) M={E u@®, 1),1) |2, tel}CR'" xR,

where €2 is some domain in R™, I is some time interval in R (not necessarily open)
and u : Q x I — R". When we say that such a flow .t is smooth (or locally C>¢,
etc.), we mean that the function u has that property. We will also discuss sequences
My of such flows (where J =1, 2, ...). When we talk about convergence of Jl
in some space of functions, we actually mean convergence of the corresponding
uyj.

On each spatial slice M(t) = {x € R"*" | (x, 1) € M}, we take the metric induced
from R”*" and assume that it is spacelike. It will be convenient for us to use the
following norm for the differential map Du(x, t) : R" — R”,

1Dull(x,) = sup  |Du(x,t)(v)].

veR™ jv|=1

Here | - | denotes the usual Euclidean norm, and D is taken with respect to the space
variables only (as usual). It is possible to show that ||| Du|||> will be equal to the
largest eigenvalue of Du” Du at each point, and that || Dul|| < |Du| < /m|||Dul||.
Using the obvious relationship between ||| Du||| and the eigenvalues of the induced
metric, we see that the graph will be spacelike if and only if |||Dul|| < 1. If Q is
convex and ||| Dul||*> < 1 — k then it is easy to check that, for any ¢ 1,2

3)  |u@E, ) —u@ )] <sup||Du(-, 0% —F| < (1 —i)"?E 3|,
Q

and then, whenever s > ¢ are both in /,
4) lux, 1) —u(y, )| < |lu, 1) —u@, O]+ u@, 1) —u(y,s)|
< (1=0)'2Z =9+ (s — 1) supq, ) [0u (3, )|

We denote by H(x, t) the mean curvature vector at the point x of the spatial slice
J(t). We will consider graphic flows that satisfy the quasilinear system

5) du = gV (Du)d;ju
2To prove this, take ¥ €  and let & € R™ be such that X + 8k € Q for all § € [0, 1]. Then

lu(E+h)—u(®)| =|(fg DuG+8h)ds)-hl < [y |Du(E+8h)-hlds = |h| [y |Du(E+8h)-hl/|hldé <
|| supg [| Dulll
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on Q x I, where g;; = 8;; — 0;u”dju” gives the components of the induced metric
on each spatial slice. This system will be parabolic because the spacelike condition
implies that ¢ = I — Du” Du will be positive definite.

Proposition 1. Letr MM be a graph as in (2), and let I be open. Then M is a mean
curvature flow in R"*" x R if and only if the function u satisfies the system (5).

Proof. If (5) holds then, to show that we have a mean curvature flow, it is enough
to get parametrisations F of our spatial slices with d; F = H. In other words, for
each s € I, we hope to find ¢ such that F (X, 1) = (¢(X, 1), u(¢(x, t), t)) satisfies
0;F(x,t) = H(F(x,t),t) for times ¢ close to s. But we know that the mean
curvature of our graph is (0, 2Y9; ju)L, and that 9,u = 8" 9; ju. These facts and the
chain rule applied to F imply that we need d; F = (9;,¢, Dud;¢) + (0, o,u) to be
equal to (0, d,u)*. This is equivalent to the system d,¢/ = 8,u-;ug" (Du)|(p(.1).0
for j =1, ..., m. By thinking of X as being fixed, we can think of this as a system
of ordinary differential equations and solve for some ¢ (#) with initial condition
¢(s) = x, for any X € Q. By the usual existence and uniqueness theorems [Lee
2003, Theorem 17.15], solutions ¢; ,(¢) will exist for each X € Q2 and s € I. If we
write ¢; (1) = ¢s(%, 1), then ¢, (-, s) is the identity, ¢; is defined on some open
set € C Q x I containing 2 x {s}, and each ¢;(-,t) will be a diffeomorphism
[Lee 2003, Problem 17-15]. Then ¢; is the required function, so we have a mean
curvature flow.

Conversely, if Jl is a mean curvature flow then we take F = (ﬁ , F) such
that 3,F = H and F(%,1) = (F(&, 1), u(F(%,1),1)). By the chain rule, this
gives 0, F(£,1) = (I, Du(F (%, 1), 1)) - 0, F(£, 1) + (0, du(F (%, 1), 1)). The left-
hand side is a normal vector and the first term on the right-hand side is tangen-
tial, therefore 9; F (x, t) = (0, 8,u)L|(ﬁ(£’t)’t). We already know that 9, F (x, t) =
H(F(%,1), 1), but the mean curvature at F (%, t) is given by (0, g"/ Biju)ﬂ(ﬁ(j’t)’[).
Hence (0, d,u)" = (0, 8"/9;;u)*, and from here it is easy to check that we must
have d,u = gV 9;;u. O

Assumption 2. Jl is a graphic flow, as in (2), where Q2 is a convex, smooth domain
in R™, and where the smooth function u : Q@ x I — R" satisfies the system (5) and
the inequality || Dul||*> < 1 — k for some constant k > 0.

For such flows, and for times ¢ on the interior of /, we can use the parametrisa-
tion F from the proof of Proposition 1 to prove the following facts. Note that we
will repeatedly use the fact that 9, FF = H = A y ) F, by Equation (1), and we will
write g = (g;j) = ((8,~F O F )) for the induced metric on spatial slices. The first
fact is a version of the divergence theorem on mean curvature flows,

/ (H,V):f (AM)F,V):—/ div )V
J(t) J(t) J(t)
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for vector fields V with compact support on JL(¢), where the integrals are taken over
the spatial slice with respect to the induced metric g.> If f(x,t) is a real-valued
function defined on the flow then

d
(6) d—{=3tf+(§Df,H> and A f = (H,gDf) +divue) (Df),

where g is the matrix defined in the previous section. The second equation here,
along with the divergence theorem above, gives

(7 / (PAunyn —nAune) =0,
J(t)

whenever ¢ and 7 are C? on J(¢) with ¢ having compact support. Finally, using
the usual formula for differentiating determinants, we have the following evolution
equation on mean curvature flows,

d
(8) -V/detg = —/detg (H. H) = 0.
Definition 3. Let Xo = (xo, fo) € R™"*™1, Define @y, : R"*" x (—o0, t)) — R by

1 (x—XO,x—XO))

by (1) = — _
0D = = )T exp( 40 —1)

Let J be a graphic flow in R”*" x R, as in (2). For times 7 < f, we define

oM, Xo, t)=/ Dy, (x,1).

xeJM(t)
We see that
0P ® —x0, x —x0) Px, _ —x0)®
©) X _ mPx,  (x—xox xg) Xo. qu)X():_(x x0) P,
dt 2(tg — 1) 4(tg— 1) 2(tg —t)

These equations, combined with (6), give
(10) <i + AM([)) Dy,
dt
=9, ®x, +2(gDPx,, H)+divyn(gDPx,)
(@DDx)*, (gDPx)")

=0, Py, +divyq (gDPx,) +

dx,
gDy )t gDy )t
_<H_(g Xo) ,H—(g Xo) >CDX0+<H’H>CDX0-
Dy, Dy,

3Whenever it will not cause confusion, we will write integrals of the form || xedl(r) f(x,t)dx as
/ () f to save space. Such integrals are always taken relative to the induced metric from R

Similarly, we write A y () f (x, ) as A ;) f when the meaning is clear.
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But the first three terms on the right-hand side of this equation add up to O since,
by (9),

. _ —m®yx Dy
d D® — 0 0 . T’ o T ,
1411 (§ D Px,) -1 + 2o —1) (x=x0)", (x—x0)")

gD®y,)*, (§DPx,)*" Dy,
(gDPx )<bx(f xo) ):4(t0fl)2 ((x —x0)*, (r —x0)).

Now we use this, and the evolution equation for 4/det g, to differentiate the
integral fx cAl(r) Dy, (x,1)¢p(x,t) when ¢ is some nonnegative C? function where
each ¢ (-, t) has compact support on JiL(z).

d Oy b
- X
dt M) 0
d®y, do
= by, — —(H, H) pD
/m(d’ 4@y, T — (. H) xo)

d d
= [ o (4 - u0) o+ <(E + M) ®x, — (H, H) <I>x0)¢
(1)

d (§DPx,)"* (§DPx,)*
=[x (L - )¢—<H——,H—— by,
AA(I) 0 dt (t) q)XO ¢X0 0

where we have used (7) and then (10). By (9) this gives:
an 4 / Dy @ ( d _ A ) ¢

— Xo® = Xo \ 57 — At

dt o 0 0o o\ gz ()

— xn)t L
_/ <H_ (x — xo) H- (x — xo) >¢¢X0.

M(t) 2(10—1) 2(to — 1)
This will be very useful later, and it is our first step towards the proof of mono-
tonicity formulas. It is important to remember that the second term on the right-

hand side is nonnegative (since the flow is spacelike, which means that normal
vectors will be timelike or zero). This is unlike the Euclidean case, where the

corresponding term would be nonpositive.

Proposition 4. Let Jl be as in Assumption 2, but with @ = R™ and [ = (—o0, T']
for T > 0. If, for every point (x, t) on the flow, we have

1

(12) H(x,1) ="~
X, —E,

then MN{X | T(X) <0} is invariant under parabolic dilations.
Proof. The idea (as for a similar result in [Ilmanen 1997]) is to assume that there is

some point ¥ = (y, t) on M =MN{X | T (X) <0}, but not on D;.M’ for some 1. Then
we take a compactly supported C? function ¢ with ¢(y) =1 and ¢ =0 on D; M (z).
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The transformation formula for integrals gives f D) p=A" f MGe/22) ¢ (Ax). Then
our evolution equation for /det g implies that
d ¢
di D; M(r) A
1

B xeM(t/Az)()h3¢( 2 ’2t/)\2 +Dg( X)~x—)h2 ¢ (Ax)- +)»¢( x)),

where we have used Equation (12) to get H = xL/(2t/)»2) on Jl/L(t/)»z), and the
fact that 9, F = H. We can deal with the first term by using the divergence theorem
(and the fact that H is a normal vector) to get

/ (H, ¢ (x)xt)=— / div ;732 (@ (Ax)x),
xeM(1/22) xed(1/32)

and by using the fact that div y /52y (¢ (Ax)x) = me (Ax) +A D¢ (Ax) -x 1. Tt follows

that

d $=0
dr Jp, uq) ’

so [ p,. ¢ remains constant as A varies. The contradiction proves our claim. [

Proposition 5. Let X, Y € R s < t(Y) and A > 0; then
O(Dy(M—X), Y, s) = O, X + D1,,Y, T(X) +5/2%).

Proof. If M is given by u : Q@ x I — R" and if X = (x, X, 1), then D; (M — X) is
given by uy x(-,-) =Au(- /A +%,- /A2 4+1) — %) on D;(Q x I — (£, 1)). Then
the transformation rule for integrals gives the expected result. U

4. Monotonicity for entire flows

Given a flow satisfying Assumption 2, we say that it is an entire flow if Q = R™
and I = (—o0, T] for some T € (—oo,00]. If A is such an entire flow, then
O (M, Xg, r) is finite at points Xg = (xq, o) = (Xo, u(Xo, 1), to) on JM for times
t < to. To prove this, we use \/detg < 1 and the fact that inequality (4) gives a
bound on the exponent in ®x, on the flow,

(x —x0,x —xo) _ —k|F—Fo* | (1=1)"Zsupq ) 13, (Eo, )IIE — ol
4(to—1) — 4y—1) 2
(1o —1)* supy, ) 13 (R0, -)I?
4(10—1)
Here we can use the fact that u# is smooth, so the time derivative in this inequality

will be bounded on (¢, #p) by some constant. Also, the fact that ¢ < 1y is fixed means
that fo — ¢ > 0 will be constant. This means that, for large |x — x|, the first term in

13 -
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the right-hand side of (13) will dominate. So we have a bound on ® (M, Xo, t) by
some integral known to be finite, being given by the usual formula for Gaussian
integrals, [, exp(—A;jy'y//2)dy = \/(27)"/det(A;;). (Here the matrix A;; is
constant, symmetric and positive definite. Almost all of the bounds on integrals
that we use will follow from this.)

The simplest example is a nonmoving plane, where each spatial slice is a space-
like plane (independent of time). Then Du is constant and d,u = 0. Obviously this
implies that |u (X, 1) — u(Ro, 10)|*> = |Du - (X — X0)|> = (& — £0)T Du” Du(x — %),
where we know that § = I — Du” Du. For any point X = (X9, u (%o, ty), o) on the
flow, we then see that

s A \Tars s
@(J‘/L,Xo,t)=/ 1 p(_(x x0)" 8(x — Xo)

— ex det g dx = 1,
g (47t (19 — 1))/ 4(tg —1)

where we again use the Gaussian integral formula. Therefore ® is equal to 1 on
nonmoving planes.

Theorem 6. Let M be an entire flow satisfying Assumption 2, and let the mean
curvature H be uniformly bounded on M. Then

(x —x0)* (x —x0)t
_— — ) &y,

H(x,t)+

d
— O, Xo,t) = _[xeM(I) <H(x’ N+ 2(tg — 1) ’ 2(tg —t)

dt
when Xo = (xg, tg) € M and t < 1.

This theorem gives us a monotonicity formula, similar to Huisken’s, for entire
spacelike mean curvature flows. It tells us that ® will be nondecreasing with
respect to the time variable on such flows (since the right-hand side in the formula
is nonnegative, by the spacelike condition). This is different to the Euclidean case,
where the Gaussian density ratio would be nonincreasing. The proof of this theo-
rem should be compared to the one in [Ecker 2004, p. 55]. We could even weaken
the assumption on H, but for now it is enough to assume that it is bounded.

Proof. For each R > 0 we can choose (as in [Ecker 2004, proof of Theorem 4.13])
functions x :R"™ — R such that xp70) < xx < x52,(0) and R|DX1’Q”|+R2|D2)($| <
C for some constant C.* Using these functions, we define xx : R”*" — R by taking
Xr(x) = xr(X, X) = xg (X) for any x = (X, x). We apply (11) with ¢ = x to get

(14) a’/ o _ / HJF(X—Xo)L HJF(X—X())L o
dt Juw o Xk = Mt 200 —1) 2(to— 1) XoXR

d
+ [} — —A .
/M(t) Xo (dt JM([)) XR

4For a set K, we denote by xk the characteristic function of K.
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Using (6), the Schwarz inequality and the bounds on the eigenvalues of g (from
the assumed bound on the gradient), we have’

d
(15) '(E — AA/L(t)) XR

where we have also used the fact that x ' is constant outside B3} (0) — By (0).

Now we will restrict to any fixed bounded time interval I’ = [a, b] C (—00, fy),
considering only times ¢ € I’. The first thing to note here is that we have positive
upper and lower bounds, independent of ¢ (but depending on I”), on both #y — ¢ and
1/(tp — t). Next we note that the flow is smooth on (—o0, 73] (by our assumptions
in the statement of the theorem) and Xo = (Xg, u(Xo, fo), Zp) lies on the flow, so
we have supy, .1 19;u(Xo, - )| < supy, 1 19:u(Xo, - )|, where supy, | 13;u (%o, -)| is a
finite constant independent of 7 € I’. We can use this to apply inequality (4) to
bound the exponent of ®x, on our flow, getting

~A—1 2.,m ¢
<[g  (Dw|-|D"xgl| = CO(K)FXB'Z"R(O)—BQ(O),

_(r—xo,x—xp) _ —k|E—Fol* | (o —a)Supry g |91 (o, I
4(tg—1) ~ 4(y—a) 4
L (=0 supy ) o )| E gl
2
We denote the right-hand side of this inequality by Q(|X — Xp|), where the coef-
ficients of the polynomial Q depend on I’ and X, but are independent of t € I'.
Also, using the Schwarz and triangle inequalities, with the assumed bounds on H
and || Du]|| (and hence on the eigenvalues of g), it is not difficult to see that we
have — (H + (x — xo)*/2(tg — 1), H + (x — x0)-/2(1o — 1)) < P(|% — %o|) on our
flow, where P is some polynomial with coefficients again independent of ¢ € I'.
Now we recall (14) and use it to get

d/ by x +/ <H+(X_XO)J' H+(x—x0)L>q>

— Xo XR , X

dt Jue °° M) 2(tg— 1) 2(th — 1) 0
d

/M(t) Dy, (E — AM(z)) XR

_ 1 _ 1
/‘<H+9_&Lfﬂjijﬁﬁ¢&a_m)
()

2t —1)° 2(tg — 1)
- / CoC  XBJ.(0)—-BY(0)
“ Jpn R? (4m(tg — b))"/?

=

_+_

exp(Q(IX — fol)) dx

(1 = xsr©)

+/ o = oD e — by

exp(Q(|% — X)) dX,

SFrom now on, C(-, ..., -) will always denote a positive constant depending on the quantities in
parentheses.
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where we have used all of the inequalities above, as well as \/detg < 1. Both
integrands in the right-hand side are bounded by an integrable function independent
of R (since Q is dominated by the —|% — £o|> term and P is just a polynomial).
Both integrands converge pointwise to zero on R™ as R — oo, which allows us
to apply the dominated convergence theorem to see that the right-hand side of this
inequality converges to zero. Since the right-hand side is independent of ¢ € I’,
this convergence is uniform. So we have

. d (x —x0)* (x —x0)*
lim & | ®yxp=-— Hy =20 g =20 Vo
R—o0 dt () M) 2(t0 — t) 2(1() — t)

The uniform convergence allows us to swap the order of the limit and the derivative
on the left-hand side to get

X —x0)* X —x0)* d
T
M) 2(t0 — 1) 2(t0 — 1) dr Juew

where we have again used a dominated convergence argument (involving Q, etc.)
and the fact that xg converges to 1 pointwise. Since we can do this for any such
I’, the equation above holds for all 7 < #,. (]

Corollary 7. Let M be as in Theorem 6, then ©(M, X, t) < 1 for all X € M and
all t < t(X). Also, ®(M, X, t) =1 forall X € M and all t < ©(X) if and only if M
is a nonmoving plane.

Proof. Let Y = (y, s) € J, then we claim that lim,_,; ® (M, ¥, t) = 1. We prove
this by considering dilations of the flow using Proposition 5.

(16) OUL, Y, 1) =0O(Dy /sy, (M—-Y),0, —1)

and, since the flow is smooth at ¥, the flows Dy, _.12(M — Y) converge to a
nonmoving plane as t — s. To understand why, write A = /s —t and let each
Dy, (M —Y) be given by the graph of a function u,. If (M — Y) is the graph
of a function u, then u; (Z, r) = u(Az, A>r)/A and the definition of the derivative
(with respect to A) gives limy .o u; (Z, r) = Du(0, 0)-2+0-2rd,u(0, 0). Therefore
D15 (M —Y) converges pointwise to a nonmoving plane as A — 0.

We easily see that

Du; (2, r) = Du(Az, A*r) — Du(0, 0),
so det g(Du;) converges to det g(Du (0, 0)). Also,

sup [0;u(0,-)|=A sup [3u(0,-)|— 0
[—1,0] [—A2,0]

as A — 0. We can use these facts to apply the dominated convergence theorem to
O (D (M —Y),0,—1), by again using inequality (4) in the usual way to get an
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upper bound on the exponent of ®((-, —1) on each Dy (M —Y),

—EP s (@, DI _ =182+ (=015 supp_y gy 18,0, 1)
4 - 4

- —k|Z2+2(1 — )2 %] +1

=< 1 ,
whenever A is small enough that sup;_; o, [3;u5(0, - )| < 1. Now we have a bound
(for all small A) on the integrands of each ® (D, (M —Y), 0, —1) by some inte-
grable function. We can therefore apply the dominated convergence theorem to get
O(Dy/(M—-Y),0,—1)— 1as A — 0, since © is always equal to 1 on nonmoving
planes. This fact and (16) give ® (M, Y, t) — 1 as t — s. The monotonicity theorem
tells us that ® (M, Y, #) is nondecreasing with respect to ¢ < s and therefore must
be < 1.

For the second part of the corollary, if ® (M, Y, ) = 1 then the monotonicity

formula gives

_d B (x—y* (x—y*
O_E®(M’Y’t)__/mm<H+ oot 2(s_t)>c1>y,

and therefore (since normal vectors are timelike or zero) we have
H(x, 1) = —(x —y)"/2(s = 1).

This means that the flow M = (M — Y) N {X | T(X) < 0} satisfies (12) and must
be invariant under parabolic dilations. As A — oo, the flows D, .’ again converge
to a nonmoving plane, which must be equal to Jl’. This is true for all Y € Jl with
©(T) < T =sup, so M must be a nonmoving plane. (I

5. Local monotonicity

If a flow satisfying Assumption 2 has I = [a, b), then Proposition 17 (given in the
Appendix) implies that we can extend it continuously to [a, b]. Taking a subset
of Q if necessary (remember that we are interested in local theorems here), the
following assumption will hold.

Assumption 8. With M as in Assumption 2, Q x I is bounded and u is continuous
on its closure.

Now we will prove a kind of local monotonicity theorem, which will be used
to prove a local regularity theorem later. We will need to define a local version of
®. We can choose a C? function ¢ : R™ — R which satisfies XBy,0) =& = XBy©)
and |D?¢| < Cy, where C; is some positive constant depending only on m. Then,
for any spacetime point Xy = (X, Xo, fo) and any p > 0, we define a function on
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Rm-ﬁ-n by

Bpoxo(X) = Bpxy (£, F) = ¢(’%)

which will satisfy XBI), (o) xR <bp.x, = XB2 (30) xR and |D2¢p,X0| <C;/p? Ttwill
also be convenient now for us to define the sets Q’;’"’] (X)= BZ’ F) xR (t—p>, 1)
and Pl’)"’”’1 (X)=B} (£) xR" x (t —p?, t+p?) for any spacetime point X = (X, X, ).

Definition 9. Let Jil be a graphic flow in R™*" x R, as in (2). If X¢ € R"*"! and
o > 0 are such that QZ“’*I(XO) C 2 x R" x I then we define

O, Xo, t, p) =/ Dx,(x, )y x,(x)
xedl(r)
fort < t(Xp)in I.

As in Proposition 5, we can prove
17) O, (M—X),Y,t,p) =0, X+ Dy)Y, 7(X) +1/22, p/1).

By the dominated convergence theorem, we easily see that ® (M, X, s, p) is con-
tinuous with respect to X € .. Now we can prove a local monotonicity theorem.
We will use the notation J( for the closure of /M.

Theorem 10. Let M satisfy Assumption 8, and let p > 0. Then there exist positive
constants C> and 8 < p* such that, whenever X € M is such that Q’Z}’”’I(Xo) -
Q x R" x I, the function t — O (M, Xo, t, p) + Cat will be nondecreasing with
respecttot € (1(Xo) — 6, 1(Xp)).

Note that C, and § will be independent of such points X, but will depend on
M and p.

Proof. We know from (11) that

d d
18 — O, Xy, t, > b — — A, .
(18) pr ( 0.1, P) fM(Z) X (dt M(r)) Do, X,

As in the proof of Theorem 6, it is easy to check that ‘(d/dt — AM(I))qbp,XO! <
ngggz@o)XRn_B;n/z()go)an, where C3 = C3(k, p) is constant. Let £, y € Qand t < s
in 7 be such that p/2 < |£ — §| < p. Then, by (3) and the triangle inequality, we
have
(19) =% =P+ u(@, $) —u(@, 0
< =k = PP +2(0 =) P18 = Fllu, $) —u@ O]+ u@E, ) —u@, 0
< —kp?/4+2(0 =) 2 plu(x, ) —u(®, D]+ u(X, s) —u(x, )%
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But, by uniform continuity of u# (since it is continuous on the closure of Q x I), we
can take § > 0 (not depending on X, y, s, t) such that the right-hand side of (19)
will be < —kp?/8 whenever |t — s| < 8.° Taking s = 7(X,) and combining the
above inequalities with the fact that \/det g < 1 gives

d C3XBn(zo)—B", ¢ —0%/32
'/ Dy, <— — AM(t)) Do.x,| = / o) p/z(XO)z exp (—p «/ ) ,
M(1) dt o (4 (t(Xo) — )™/ T(Xo) —t

for 0 < t(Xo) —t < §. Taking t — t(Xp) in the right-hand side shows that it is
bounded by some finite constant Cy4 for these values of ¢. Therefore

d
— O, Xy, t, >—C
7 ( 0.1, P) 4

for t € (r(Xg) — 6, t(Xp)), proving the theorem. [l
Corollary 11. Let J be as in Theorem 10. If Xo € M and py > O are such that

mrl(y) c Qx R" x I forall Y € Q"1 (Xo), and if

Iim O, Xo,t, p0) >1—¢€

=7 (Xo)
for some € > 0, then there exists p € (0, pg) such that
O, Y, t,p0)>1—¢
forallY € Q7™ (Xo) N Mand all t € (x(Y) — p*, T(Y)).

Proof. Let lim;_,(x,) O (M, Xo, t, po) > 1 — € +n for some n > 0 (the limit exists
in RU{oo} by the local monotonicity theorem). Then there must exist p; € (0, po]
such that ® (M, X, T(Xo) — pf, po) > 1 —€+n/2. We can choose p; to be as
small as we like, so we take pf to be less than both & (M, pg) and n/4C, (M, pg)
(with é and C; as in Theorem 10). By continuity, there will exist p € (0, p;) such
that, for all Y € Q"' (Xo) NM,

OUL, Y, T(Xo) — pi, po) > 1 —e+1n/4

and (t(Y) — p%, 7(Y)) C (t(Xo) — pi. T(X0)) C (z(Xp) — 8, T(Xp)). So we can
apply Theorem 10 to ® (M, Y, t, po) for ¢ € (z(Y) — %, 1(Y)) to get

O, Y, T(Xo) — pi. po) + C2(t(Xo) — p}) < O, Y, 1, po) + Cat
for all such Y and ¢, which in turn implies
OWL, Y, 1, po) = Co(x(Xo) =1 — p) + 1 —e+n/4 = 1 —e+ (n/4— piCa),
where the last term is positive by our choice of p;. ([

SUniform continuity implies that, for any € > 0, there exists § > 0 such that || (X, s) — (3, 1)|| < &
implies |u(x, s) —u(y, 1)| < €. Taking x = y and a small enough € here proves our claim.
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Proposition 12. Let M satisfy Assumption 8, and let Xy and p be as in Theorem 10.
Then lim;_, ¢ (x,) O (M, Xo, t, p) =1im;_, r(x,) O (M, Xo, t). In particular, the limit
on the left-hand side is independent of p.

Proof. Tt is easy to see that, if we write X = (Xo, u(Xo, %), fo),

0 S @(J‘/L, XOa t) - ®(‘/M“a XO, t, /0)

—|% — Rol + [u(x, 1) — u(Xo, 10)|?

S ST R A W
:/ 0 (1—¢<M>) det g d.
Q

(4r (ty — 1))m/? o

But \/detg <1 and 1 —¢((X — Xo)/p) is at most 1 and vanishes for & € B;”/z()?o).
Thus we only need to consider |x — Xo| > p/2 and, as in inequality (19), we get
—|% — Rol® + [u(X, 1) — u (%o, 10) |
< —|® — Rol +2(1 — ) |% — Rollu(Ro, 1) — u(Fo, 10)| + |u(Ro, 1) — u(Ro, 10) >
< —kp*/4+2(1 —Kk)'/* diam Qu(Fo, 1) — u(Ro, t0)] + [u(Ro, 1) — u(Ro, 10,

which is < —kp?/8 when we take |u (X, t)—u (X9, to)| small enough (by continuity)
by taking ¢ close enough to #y. Therefore, for such 7, we have

exp ((—kp?/8)/4(tg — 1)) i
X,
(47 (19 — 1))m/?

Ol Xo. 1)~ OUL Xo. 1. p) < |
Q
which converges to 0 as t — #. U

6. Local regularity

In [White 2005], a regularity theorem for mean curvature flows in Euclidean spaces
is proved. To do this, a kind of local C** norm is used (defined at each point of
a flow and denoted by K»,). For a sequence of C>% flows, denoted by .y, if
this norm is uniformly bounded on compact subsets as J — oo then a version of
the Arzela—Ascoli theorem [White 2005, Theorem 2.6] gives local parabolic C?
convergence of a subsequence to some locally C>“ flow. However, the definition
of this norm involves rotations, which would cause problems in the semi-Euclidean
case (because of the spacelike condition and because the mean curvature flow sys-
tem is not preserved by such rotations). It is convenient for us to define a slightly
different quantity with similar properties. The idea will be to use the gradient
bound (from the spacelike assumption) to ignore the first few terms in the C%¢
norm, thus removing the need to translate and rotate in the definition of K> .
Suppose that we have a spacelike, graphic flow Jl (as in (2), not necessarily a
mean curvature flow) and X € @ xR" x /. For any « € (0, 1), we define G, o (M, X)
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to be the infimum of the numbers A > 0 such that
2
(20) [Duy x|ymile + 1D up xgmillo,e + 10:usr, xlgmilloe <1,

where u;_x is the function whose graph gives the flow D, (M — X), and u x|gm.
is the restriction to U™ ! = B{"(0) x (=1, 0]. This will be finite when the flow is
smooth (to understand why, see how each term in (20) is affected by dilations). It is
important to note that, for any X = (X, X, t), G2.o (M, X) is independent of X (since
the definition only involves derivatives of u). We will also need the obvious facts
that this quantity will be zero on nonmoving planes and that G, o (D) (M—X), 0) =
Ga.a(L, X) /0.

The most important property of G 4 is a version of the Arzela—Ascoli theorem.
Roughly, if we have a sequence of smooth spacelike flows .l ;, each containing the
origin and with G, 4(Jly, - ) uniformly bounded on compact subsets of spacetime
as J — oo, then we have local parabolic C* convergence of some subsequence to
a locally C%¢ limit flow. Comparing G, 4 to K, and applying Theorem 2.6 of
[White 2005] gives us this fact, but we will still explain in detail in Proposition 19
in a special case (the only case that we need). Furthermore, if each of the flows
satisfies the system (5) then so will the limit (by the C? convergence). This limit
must then be smooth by induction, since a C*¥% solution to the system must be
Ck+1. by the usual theorems for linear equations; see [Friedman 1964, Chapter
3], for example.

Theorem 13. Let o, k € (0, 1) be given. Then there exist positive constants € and
Cs such that if

(a) M is as in Assumption 2, with sup I =0 € I and with u(0, 0) =0, and
(b) po > 1 is such that Q’;’O’"’I(Y) CQxR"x I and

®(‘/‘/L7 Y5tap0) = 1—€
forallY € Q"™ (0)N M and all t € (t(Y) — 1, 7(Y)),
then supy._ onant ) Ga.a (L, X)d(X, P{"™1(0)) < Cs.

It is important to notice that the constants € and Cs will depend on «, «, m, n, but
will be independent of Jl. Also, since G 4 scales like the reciprocal of parabolic
distance, the inequality in the conclusion of the theorem is invariant under parabolic
dilations. This is the most important theorem of this section and is a version of
White’s local regularity theorem. The proof should be compared to those of [White
2005, Theorem 3.1] and [Ecker 2004, Theorem 5.6]. As in this latter reference,
we use the local version of ©. As in [White 20035], we aim for bounds on the C%*
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norm and use the Schauder estimates,’ rather than aiming for bounds on the second
fundamental form and using related interior estimates as in [Ecker 2004].

Proof. Let € be the infimum of numbers € > 0 for which the theorem fails (i.e., for
which no such Cjs exists). We need € > 0, so we assume € =0 to get a contradiction.
We take a sequence € ; — € with €; > €. Then there exist sequences Jl; and py > 1,
satisfying all of the assumptions of the theorem (with the same « and «), but with
€y, My, py in place of €, M, pg, and with

yy= sup d(X,P""(0))Garu( My, X) — 00
XeQ!""'(0)

as J — oo. Each y, is finite since .Il; is smooth. For each J we can choose Y
in QT’"’l(O) such that G, o (M, Y,)d (Y, le’"’l(O)) > y,/2, and we can assume
that Y; € M ;.8 We define A; = Go.o(My, Yy) and consider the flows’

My =Dy, My =Yy,

which all contain the origin (in spacetime). Then Gz,a(‘/ﬂ J,0) =1 for all J and
D;, (P""1(0) — Y;) = P/"™'(—D;,Y,). But now

4
o = Gaallly, Yd(Yy, PP (0) = 1xd(O, Py (= Dy, ¥V ))),

so d (0, Pﬁ’"’l(—DMYJ)) — 00 since y; — o0 as J — oo. Let X be a point in
Q)" (~D;,¥,). Then

d(X, P/"" (= D3, Y1) Gara(lly, X) <y, <2d(0, P]"" (= Dy, Y1),
from which we obtain

2d(0, P""' (=D, Yy))

Gaa(dly, X) < — -
d(X’ P}LJ’ ’ (_D)\‘]YJ))

The triangle inequality gives ||0—Y || <||0—X||+||Y — X ||, and taking the supremum
overall Y ¢ P)f';’"’l(—DM Y,) gives

d(X, P (=Dy,Y)) = d(0, P"™ (= Dy, Y))) — [IXII,

"Note that White uses the Schauder estimates for the heat equation but, since we do not want to
rotate our flows, we have to use a more general version of the Schauder estimates.

8Remember that G o (M, (%, ¥, 7)) is independent of %, and so is d((%, %, 1), le’"’l(O)).

9Note that the flows Jt 7 and Ly will be graphs of functions u; and @iy on sets 2 x I; and
fz, X ij respectively, where sup /; = 0 = sup ij =1(=Dy,Y;)>0.
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which leads to

~ 2
@1 Gaallly, X) < — ,
1= IX1/d(, P/""(~D;,Y,)

whenever the right-hand side is positive. Since d(0, PA"j’”’l (—D;y,Y,)) — oo, this
inequality tells us that G 4 (JI7L 7, X) is uniformly bounded (as J — 00) on compact
subsets of spacetime with 7(X) < 0.!° This allows us to apply Proposition 19 to
the sequence My N{X | 7(X) <0} to get parabolic C? convergence, on compact
subsets of R™ x (—o0, 0], of a subsequence to a limit flow M’. We can assume
that this subsequence is our original sequence, and will therefore continue to use
the notation Jil;. The limit .’ will be a smooth entire graphic flow defined on
R™ x (—o0, 0] (since A; — c0). It will be the graph of a function u’ satisfying the
system (5) (since the convergence is C?). Also, since the gradient bound is unaf-
fected by parabolic dilations, sup || Du’[||> < 1 — k. Proposition 19 tells us that .’
has uniformly bounded mean curvature. This allows us to apply the monotonicity
theorem and related results to the flow.

Now we use the assumption that @ (M, Y, s, py) >1—€; forY € Q’I"’"’1 (0)N.Ay
and s € (r(Y) — 1, t(Y)). By (17), this is equivalent to the inequality

Oy, Y, s, rsp5)=1—¢;

for Y € Q7" (—D;,Y,))NMy and s € (r(Y) =22, 7(Y)). Given Z= (2, u' (%, 1), 1)
in M’, with s < < 0, we can take a sequence Z; = (Z, i (Z,1),1) € M, with
Z; — Z. Then, for large enough J, the fact that d(0, PA”;’”’I(—DM Y;) — oo
implies that Z; (which is bounded since it converges) will be in Q7" '—D, LY.
Obviously we will have s € (t(Z;) — A2, t(Z))) for all large J. This gives
®(JT/LJ, Zr,s,A5p5) = 1—¢€;. We see easily that ®(JT/LJ, Zy,s,Aypy) equals

) <—|£—2|2+|a1<£,s>—ﬁj<z, r>|2)
4(t—s) x—z — R
@2 [, (@ (i—s)"" (Am)ﬁetg (Dits (E ) .

where the integral can be thought of as an integral over R" since ¢ has compact
support. By the C? convergence it ; — u’ and the fact that p;A; — oo with ¢ = 1
in some ball with centre 0, the integrands above will converge pointwise to the
integrand in ® (M, Z, s). But we have ¢ < 1, \/detg <1 and t —s > 0 independent

10For example, for any such compact set we can assume Gz_a(JINAL 7, X) <4 for all X in this set
by assuming || X|| < R and taking J so large that d (0, Pﬁ’”’l(—DM Y;)) = 2R.
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of J, as well as

A A2 mo(n ~ a2 Y, 2 NN
=X =zl lay (e, 8) —uy (2, )] < =KX = 2|7+ —5)"sup ) [0 (2, -)|

+2(1—1)"212 = 2|(t — 5) sup( ;) 19,1 (2, )

by inequality (4). By the parabolic C? convergence, we can assume for large J
that sup, . [0, (Z, - )| is arbitrarily close to sup, , |0;u’(Z, )|, which is finite (by
smoothness of u’) and independent of J. These inequalities combine to give a
bound on the integrands of (22) by some function that is independent of J and
integrable over R™. This allows us to apply the dominated convergence theorem to
get O, Z,s) < Oy, Zy, s, yps)>1—€; — 1 —&. So, forall Z € M’ with
s <17(Z) <0, wehave ©(M’, Z, s) > 1 —€. Now, since we assumed € =0, the fact
that Jl’ is entire with ® (M, Z, s) > 1 implies by Corollary 7 that ® (M, Z, s) = 1.
Therefore ' must be a nonmoving plane.

Let u’ be as above and consider the linear operator with constant coefficients
0; — §ij(Du’)8ij applied to it;. The system (5) and the fact that d;;u’ = d,;u’ =0
then give (3, — &'/ (Du')d;;) (il ; —u') = (§' (Dii ;) —§" (Du')) ;i ;. For Uy (0) C
R™ x (—o0, 0], the Schauder estimates for linear parabolic equations [Krylov 1996,
Theorem 8.11.1] tell us that

”(ﬁj _u/)|U2m~l(0)”2,a
= C6(”(at - g” (Du/)aij)(ﬁf - u/)|U£"-1(0)”0,a + SllpUZ”vl(()) |y — ull)

= Co(II(8" (Dity) = & (Du')ijiis |y gy 0. +8UPyma o iy — 1),

whenever J is large enough that Ug" ’1(0) cQ J X I 7, and where the constant Cg
will depend on m, n, «, k. But both terms on the right-hand side converge to 0 as
J — oo, since 9;;it; is bounded in C% on compact subsets (by inequality (21))
and since (8" (Diiy) — g"(Du’)) — 0 in C' on compact sets. This means that,
on U;" ’1(0), the convergence ity — u’ is C 2o 1p particular, the terms of the C 2,0
norm of i ; involved in the definition of G5, (./T/L 7, 0) will converge to O (since these
terms are zero on u’). This finally gives a contradiction because we dilated in such
a way that G2,a(JT/LJ, 0) = 1, which implies that [ D], + | D%t o« + 110:8 7110,
is bounded from below, independently of J, on U;' ! (0). Therefore € > 0. (]

Corollary 14. Let € and Cs be as in Theorem 13. Let M satisfy Assumption 2, with
Xo € M and T(Xo) = sup 1.'" Suppose that py > p > 0 are such that Q’;l(;"’l(Y) -
QxR" x I and

®(‘/‘A/9 Y’ s, ,00) Z 1_6’

11By these assumptions, the flow will be smooth at time t(X(), since we are taking X to be a
point on the flow.
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forallY € Q"1 (Xo) N M and all s € (t(Y) — p*, T(Y)). Then

sup  Gao (M, )d(-, PJ"™! (Xo)) < Cs.
MNQ5 " (Xo)
Proof. This follows easily from Theorem 13 after taking the dilation Dy, (M — Xo)
and applying (17). [l

The next corollary should be compared to Theorem 3.5 of [White 2005].

Corollary 15. Let M satisfy Assumption 8. Let X lie in the closure M such that
7(Xp) = sup 1.12 Suppose pg > p > 0 are such that QZ’O’"’I(Y) CQxR"x I and

®(‘/M“9 Y’ s, ,0()) Z 1 —€,

forallY € Q’;’”“(XO) NMand all s € (t(Y) — p%, 1(Y)). Then M will be smooth
in some spacetime neighbourhood of X.

Proof. We take a sequence X ; — Xg (as J — o0) in M with t(X ;) < 7(Xp) and
with X; = Xo. For large J, | X7 — Xo|| < p/2 and we define

My={Y e M| (YY) =T(X))}.

Now ©(dls, Y, s, po) = 1 — € for ¥ € Q"3 (X,) Nty € Q"1 (Xo) MM and

se(TY)— p2/4, t(Y)c((Y)— ,02, 7(Y)). Then, by Corollary 14,

sup  Gaa(My, )d(-, Pl (X)) < Cs
AyNQNA (X))

for large J. This gives a C>* bound on each .Il; in some fixed spacetime neigh-
bourhood of Xy. Then, since 7(X;) — 7(Xo), we see that .l is C>® in this
neighbourhood and therefore smooth. U

Theorem 16. Let M be a spacelike graphic mean curvature flow in R"" x R,
given by a smooth function u : Q x (0, T) — R" with ||Dul|®> < 1 — k for some
positive constant k. Then M can be extended smoothly to the time T.

Proof. We can extend u continuously to T, thanks to Proposition 17, and let
Xo = (X0, u(Xo, T), T) for any xo € 2. By Proposition 1, u satisfies system
(5). We can take a convex, bounded neighbourhood ¢ C € of Xy and some
to € (0, T). Then the flow Jly given by the restriction of u to Qg x (tp, T) will
satisfy Assumption 8. Choosing pg > 0 to be sufficiently small, we first apply
Theorem 18 and Proposition 12 to get lim,_. 7 ® (Mg, Xo, t, pp) > 1 — €. Then we
can apply Corollary 11, which allows us to use Corollary 15 to get smoothness of
Mo in a neighbourhood of Xy. We can do this at any Xy € €2, and therefore .l can
be extended smoothly to 7. (]

12By these assumptions, Jl is continuous at time 7(X) but not necessarily smooth, since we only
assume Xy to be on the closure and not necessarily on the flow itself.
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Appendix

Proposition 17. Suppose that M is as in Assumption 2, with I = [a, b). Then u
can be extended to a continuous function on Q X [a, b].

Proof. Take the linear operator P = 9, — 8"/ (Du)d;;. Using Pu = 0, applying
Theorem 2.14 of [Lieberman 1996] (in particular, the comment that follows it) on
cylinders in Q x (a, b) tells us that, for any X € , u(x, -) is uniformly continuous
on some interval with supremum b. It can therefore be extended continuously to
[a, b]. On Q x [a, b) we have |u(X, 1) —u(P, )| < (1 —«k)'/?|% — J|, so taking the
limit of this as ¢+ — b gives continuity of the extension with respect to X. ]

Theorem 18. Suppose that M satisfies Assumption 8, with I = (0, T). For any
Xo = (Xo, u(xo, T), T) with x9 € Q, we will have lim,_, ® (M, Xo, 1) > 1.

It is important to remember that we are not assuming the flow to be smooth on
Q x (0, T], only continuous. The proof of this theorem is roughly the same as the
proofs of similar results in [Wang 2001].

Proof. We will first define a function on the flow, ¢ =1+log(1/ K"/2) —log (cosh 8),
where 0 is the hyperbolic angle defined on page 3 of [Li and Salavessa 2011].13
An evolution equation discussed in Sections 4 and 5 of the same work tells us that

(% - AM(z)) ¢ > «|BJ?,

where | B|? is the norm of the second fundamental form on the spatial slices. We
note that there exist constants C7, Cg > 0 (depending on «) such that C7|B|> <
|D?u|* < Cg|B|>.'* Another useful fact is that, by the assumption ||| Du||> < 1 —«,
there exists a constant Co(k) > 0 such that if v € R is any tangent vector to
M(t) then (v, v) < |v|> < Co (v, v). If we use ®p.x, from Definition 9 for small
enough p, (11) gives

d

d
di M(t) Px, (E - AM(t)) (& Do, x,)-

DxCdp.xo = /

M)

It is easy to check, as in [Ecker 2004, Lemma 3.14], that we have the product rule

d
(E - A.A/L(t)) (?p.x,¢)
d d
=¢ (E - AM(r)) G, x0T Pp.x0 (E - AM(r)) ¢ —2(grad ;) bp. X, grad ;) ¢) -

BAta point on L, cosh 6 is just the value of 1/,/det g at the corresponding point in € x 1.

14We can write |B|? = |(B;j, Bx)§'*g/"|; see [Li and Salavessa 2011] for details. |D?u] just
denotes the Euclidean norm of D%y, and to prove the inequality we need the fact that the eigenvalues
of DuT Du are bounded above and below. Compare to [Ilmanen 1997, p. 31].
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By Young’s inequality,

grad  ¢p,x
{grad @, x, grad )¢ ) = <#» V&, xo8rad (¢

vV ¢p,X0

1 |grad g, ®p Xl e 2
< —— 7 — rad
=5 o xe + 2¢p,xo|g Sl
1 . |D¢, x> €
< —Cio—2— + —Cody x, (gfadma){’ gfadM(z)f) ;

¢p,X0 2

where Cjo(x) >0 and € is any positive number. Since ¢, x, is compactly supported
on the flow, Example 3.16 of [Ecker 2004]'> implies that

|D¢p. x12/Pp.x, <2max | D¢, x|,

where we remember that |D2¢p7 x,| < C1/p>. Using facts from [Li and Salavessa
2011] (see Equation 3.9 and the first inequality for | B|? in the proof of Proposition
5.2 there), we see that (gradM(t)f, gradM(,)g‘) < Cqq |B|2 for some constant Cyq (k).
So there exist constants Ci, C13, C14 > 0 (depending on «, p) such that

Ciz
2 (grad y¢p. X, grad 4y ) < —~ +€Ci3p,.x,| BI,

d

(E - Ama)) @p.x, < Cia,

where we prove the second inequality as in Theorem 6. Combining all of the
inequalities above,

d
o DxChp.x, Z/

(1) Mt

K

= —/ Dy, bp.x,|BI* — C160 (M, Xo, 1),
2 Jua

Ciz
by, </<¢,o,X0|B|2 —C15C14 — —~ €C13¢p,X0|B|2>
)

where we use the fact that ¢ is clearly less than or equal to some constant Cis(k)
and choose € = k/2C3 and C1s = C15C14 4+ C12/€. We can use this to prove the
theorem. We assume that lim;_,7 ® (M, Xg, t) < 1 and hope to get a contradiction.
So for ¢ close enough to 7(Xg) =T (say t € (T — §, T) for some § > 0) we can
assume that

d K
23) N . f b 0| BI* — Cre.
dt Jue 2 Juw

We can see how this inequality is affected by parabolic dilations, D, for A > 1, by
using the transformation formula for integrals, and by noting that ¢ involves first

15 |D¢|2/¢ < 2max |D2¢| for compactly supported C? functions.



REGULARITY THEOREM FOR GRAPHIC SPACELIKE MEAN CURVATURE FLOWS 485

derivatives and | B| involves second derivatives. We get

— Dol hrp,0 > —— + = Do| Bl P1p.0
ds Jp, u-xe)s) Dy (M—X0)(s)

for s € (—A28, 0), remembering that A > 1. We now take T < §/2 and integrate
with respect to s over the interval (—3§/2 — v, —§/2) to get

—9/2 Cist  « —8/2
[f <D0€¢xp,0] >——+ 5 / / Do|B*¢p.0-
D (M=X0)(s) 827 A ~8/2—7 J D, (=X0)(5)

The left-hand side and the first term on the right-hand side clearly have limit zero

-8/2
as A — oo. Therefore we must have f—S//Z—‘[ fDA(M_XO)(S) ®¢|B|?¢sp.0 — 0. As
in [Wang 2001, p. 26], we can use the integral mean value theorem to choose
sequences Ay — 00, Ty — 0O and s; € [-§/2 — 77, —§/2] such that

/ | B¢, p.0 — 0as J — 0.
Dy, (M—Xo)(ss)

We have §/2 < |s;| <4, so

exp (—IR° + [¥1%)/4ls/1) _ exp (=I£1%/28)
(dxls /2 T (moyms

Do(X, X, 57) =

The function ¢, , ¢ is zero outside B,("] 0 (0) xR"™ and equals 1 inside B/’{’] 02 0)xR",

For any R > 0 we can take J large enough that By (0) x R" C B’A”J p /2(0) x R,
implying that

exp(—R2/26
p( m//2 ) |B|2 = / CDO¢,0A/,O|B|2-
(478) Dy, (M=Xo)(s)NBL (O)xR" Dy, (—Xo)(5))

We therefore have

exp(—R?/26)

152 |B|2—>0 as J — oo.
(47 é) Dy, (M—X0)(s)NBI (0) x R”

(24)

Now let us consider the functions #;(x) whose graphs give the spatial slices
D, (M — Xo)(sy). The fact that A ; — oo tells us that, for any R > 0, we can take
J large enough that B (0) is contained in the domain of ;. Since we also have a
uniform bound on the gradients Du s, the usual Arzela—Ascoli theorem argument
gives a subsequence (which we continue to denote by i ;) converging pointwise on
R™, and uniformly on each B (0), to some limit u. Define

. _ ky 1 ky
J J 7 vol(B2(0)) B} (0) !
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and take a convergent subsequence cl;y — X7 (since the sequence is bounded, by
the gradient bound on i ;). Apply the Poincaré inequality to get

k k k -
/ Wb — T < C17/ DV < C17/ D%, = 0,
B2 (0) B2 (0) B2 (0)

where the last step uses (24) and |D%i;|* < Cg|B|*. So v];y — c];y — 0 with
respect to the L? norm on B% (0). Now we can assume that the derivatives of our
sequence converge pointwise almost everywhere to constants. These constants will
be the weak derivatives of &, which therefore must be linear. Since this holds for
any R, and since ® is equal to 1 on nonmoving planes, we can use this to apply
the dominated convergence theorem to see that

1 < lim O(Dy, (M — Xp), 0, s;)
J—00

= lim O, Xo, T +5;/13) = lim © (AL, Xo, 1),
t—

J—00

contradicting the assumption that lim;_. 7 ® (M, Xg, t) < 1. U

We only need the next proposition in the proof of Theorem 13. First we note
that a bound on G, on some subset of spacetime implies a bound on [Du], +
[D%ul, + sup |D%u| + [8;ulq + sup |0;u| on a subset of R™ 1. If the flow contains
the origin, then inequality (4) and the spacelike assumption give a bound on |Du|
and on |u| on this subset, and therefore a bound on ||u|| -

Proposition 19. The sequence M; N{X | T(X) <0}, from the proof of Theorem 13,
has a convergent subsequence (this is parabolic C* convergence on compact sub-
sets). The limit is a smooth entire flow M, defined on R™ x (—o0, 0], satisfying
Assumption 2, with uniformly bounded mean curvature vector.

Proof. Let iy, Ay, etc. be exactly as in the proof of Theorem 13. Then, since
Ay — oo and sup I J >0, any compact subset of R" x (—oo, 0] will be contained
in the domain of u; for large enough J. By inequality (21), Gz,a(JT/L J, ) will be
uniformly bounded on compact subsets of spacetime with 7(X) <0, as J — oo.
Therefore we get uniform bounds on ||i s ||2,, on compact subsets of R” x (—o0, 0].
We can use this to prove convergence of a subsequence by following the same steps
as in the proof of the Arzela—Ascoli theorem. We use the Cantor diagonalization
process to choose a pointwise convergent subsequence on R™ x (—o0, 0], and
then the C>* estimates imply C? convergence on compact subsets. The limit .’
is clearly C>* and therefore smooth by the usual induction argument (since the
system (5) holds on Jl’). Also, the C>* bound implies a uniform bound on the
mean curvature of Jl'. O
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