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ANALOGUES OF LEVEL-N EISENSTEIN SERIES

HIROFUMI TSUMURA

We consider certain analogues of level-N Eisenstein series involving hyper-
bolic functions. By developing the method used in our previous work, we
prove some relation formulas for these series at positive integers which in-
clude our previous results corresponding to the cases of level 1 and 2. Fur-
thermore, using these results, we evaluate certain two-variable analogues of
level-NV Eisenstein series.

1. Introduction

In [Tsumura 2008], we considered an analogue of the Eisenstein series defined by

. _ (_l)n
(1-1) Gli)= ) Zsinh(mn)(erni)"

meZ\{0} neZ

1
(1-2) Z anh((m+m)ﬂ)(m+m)k k<N,

meZ\{0} neZ

where i = +/—1 and sinhx = (e* —e™*)/2. We evaluated 9,,_1(i) (p € N) in
terms of 7 and the lemniscate constant zo defined by

1 2
w=2/ dx _ T(1/4)

= =2.6220575542921 . ...
1 —x* 22w

More precisely we gave

2(— 1)

(1-3) G 1) = Z(l 2172 e 2p —2))((—1) Goj(D) —22(2))),
j=1
where ¢ (s) is Riemann’s zeta function and G (7) is the ordinary Eisenstein series

defined by

(1-4) Gaj(r) = E E (m+n1:)2J
meZ nez
(m,n)#(0,0)

MSC2010: primary 11M41; secondary 11M99.
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for j e N and t € C with Im 7 > 0. Note that G, (1) is conditionally convergent with
respect to the order of summation as above. We can view (1-3) as a double series
analogue of the following formula given by Cauchy [1889] and Mellin [1902]:

iy , 2 _ ) .
> ﬁ ==Y (=2 @k —2j) (- 1)/ @'Y = 1Dz (2)),
meZ0) sinh(mm)m 4 20

and similar formulas for the Dirichlet series involving hyperbolic functions; see,
for example, [Berndt 1977; 1978; Meyer 2000].
As another type analogue of G,; (i), we considered

(coth(mm))”
(1-5) (1) = (leNx3, reZ-_y),
r%% ; C(m4ni)
m#

where cothx = (e*+e7")/(e* —e ), and evaluated them in the case / =r mod 2;
see [Tsumura 2009].

In [Komori et al. 2010], using a method completely different from the one in
[Tsumura 2008; 2009], Komori, Matsumoto and the author evaluated

) ) ry = :
(1-6) G ()= Z Zsmh((m-i—nr)m/f)’(m-i-” )*

meZ\{0} n

(r, k e N)

(and more generalized double series) for any T € C with Im 7 > 0.
In [Tsumura 2010] we considered analogues of level-2 Eisenstein series such as

1

o m; Z sinh((2m + 1+ (2n + Di)7/2)2m + 1+ 2n+ D)’
" ,% ze: cosh((2m + 14 (2n + l)z);/Z)(Zm + 1+ @Qn+ D)k’
(1-9) mg% ’% tanh(((22:: :11 :((22: :11));))171 /2)
(1-10) Z Z coth(2m + 1+ 2n + 1)i)7/2)

QCm+14Q2n+1)i)!

meZ neZ

for k,1 € N with [ > 3, and evaluated them in terms of 7 and @ . Note that the
level-N Eisenstein series is defined by

1
(1-11) Gi(r;a modn) = Z Z (m +nt)k

meZ nez
m=a; mod N n=a, mod N

(m.n)#(0,0)
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forkeNsjyanda = (a1, a) € 72 with 0 <ay, a, < N, which was studied by Hecke
[Hecke 1937, Section 1] (see also, for example, [Koblitz 1993, Chapter III]).

In this paper, by developing the method used in [Tsumura 2008; 2009; 2010],
we consider analogues of level-N Eisenstein series involving hyperbolic functions,
namely

", _ coth((im +nt)mwi/Nt)"
(1-12)  ¢(riamodm)y= ) > T
meZ\{0} nezZ

m=a; mod N n=a; mod N

fork eNsy,reZanda=(a;,a) € Z? with 0 < ay, ay < N. Note that (1-12) in
the case k = 2 and r = 2 is conditionally convergent with respect to the order of
summation as above. In fact, since (coth x)?> = 1 4 1/(sinh x)?, we have

@, _ ! :
¢ (tiamodn) = ) 2. (l+sinh((m+nr)ni/NT)2> (m+nt)?’

meZ\{0} nez
m=a; mod N n=a, mod N

If we divide this double series into two parts, the first is conditionally convergent
and the second is absolutely convergent. Considering (cothx)?’, we can induc-
tively confirm that Qiézu) (r; a modn) (v € N) is also conditionally convergent.

Outline of article. In Section 2, we state evaluation formulas for some quantities
of the form (1-12) (see Theorem 2.1, whose proof is given in Section 3). We also
evaluate (1-12) in terms of (1-11) and certain partial zeta values which will be
defined by (2-4) (see Examples 2.5 and 2.6). This subsumes previous results on
(1-5) corresponding to the case (r, N) = (1, 1) [Tsumura 2009] and on (1-9) and
(1-10) corresponding to the cases (r, N) = (£1, 2) [Tsumura 2010]. Here, for
example, we give a new formula corresponding to the case r = 2:

5%+ 273

¢ (1, 1)mod2) = —
4 (5 (1, 1) mod 2) 360

More generally, we give explicit formulas for level- N versions of these expressions
(see Example 2.6). From these results, we evaluate the level-N version of (1-6),
defined by

(1-13) 4 (riamodm) = 2. :

. . k
meZv(0) ~ sinh((im+nt)mwi/Nt)" (m+nt)

m=a; mod N n=a; mod N

(see Proposition 2.4; also Remark 3.9).
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In Section 4, based on the results above, we evaluate a two-variable analogue of
(1-11) defined by

~ 1
(1-14) Gjx(r; amodn)= Y > > Py Ty

meZ neZ leZ
m=a; mod N n=a, mod N [=a; mod N

(m,n)#(0,0) (m,1)#(0,0)

for j, k € N>,. Note that in the case j =2 or k = 2, (1-14) is conditionally con-
vergent with respect to the order of summation as above. We prove some relation
formulas among a,,k(r; a modn) and CQ[W(I; a modn) (see Theorems 4.1 and
4.2), and evaluate ézp’zq (i; a modn) (see Examples 4.3 and 4.4). For example,
we obtain

~ . 1
G4,4(@; (1, 1) mod 2) = Z Z Z (m +1i)*(m + ni)*

meZ nez leZ
m=I1mod2 n=1mod2 /=1mod?2

o ot n’

= 8960 17280 ' 6048

This paper contains a lot of examples of evaluation formulas. They were checked
numerically using Mathematica 7.

2. Relation formulas for &} ()

From now on, we set N e N, a = (a1, @) € 72 with0<ay, a» < N and 7 € C with
Im 7 > 0. For convenience, we set

a=amodN.
Theorem 2.1. Forr € Z and p € N, we have

2-1) (No)2Ptiglthz. g

2p+1
2i 2042 g r) (NT)* )
=D t@p—20)(ND)* P (1w + 20 2p)~ ¢ (T )
w=1
and
r 2l . w r
22 (NPt (ria) = — > c@p—20)(NT**HE]) (T a).
w=0

We will prove this theorem in the next section. Note that if we know the values
QZ;” (t; a) and Qﬁfo) (t; a), then we can inductively evaluate Qﬁ,i” (t; a) for k e N3
and r € Z>_; with k =r mod 2, as follows.
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By the definition (1-12), we can see that
Gou(t; @) if a; #0,
0) Gu(t;a)—t % Y 1 e =0anda £0
(2-3)  &(r;a)y=1 7K 2k 1= 27 Y

nez
n=a, mod N

N~ (Gu(r) =2t ¢ (2k))  ifay=a, =0,
for k € N>,. For simplicity, we define a certain partial zeta value by

(2-4) {(liamodN):= > % (I €Nx»).

neZ\{0}
n=a mod N

The proof of the next proposition will be given in Section 3 as well.

Proposition 2.2. With the same notation,
%Gz(r;a) ifar #0,

¢ w0 = ]’V—”T(Gz(r;a)—f—zg(z;azmodN)) ifa; =0 and ay # 0,
i
N3t

From Theorem 2.1 and Proposition 2.2, we derive:

(Ga(r) —2772¢(2)) ifa; =a, =0.

Theorem 2.3. Forr € Z-_; and k € N>3 with k =r mod 2,
(2-5) tr' ¢ (r; ) € Qfr, 7, {£(2); aamod N), Gaj(zs @)}, ]

Proof. We prove (2-5) by induction on r > —1. First we assume r = —1. Since
k =r mod 2 with k > 3, we can write k =2p + 3 (p > 0). Hence we further use
induction on p. When p = 0, namely k = 3, we immediately obtain the assertion

from Proposition 2.2. Furthermore, by (2-2) with » = —1, we have
T -1
—(NDPHE V(T 0)
—1
2i § _
0 1
=—(ND? 2] (r:a) + = Y c@p—20)(ND* el (xa).
w=0
Hence, by (2-3), we obtain the assertion by induction on p in the case r = —1.

Next we assume that the induction hypotheses hold for . By multiplying the
both sides of (2-1) and of (2-2) by 7" +1, we obtain the assertion in the case of
r + 1. Thus we complete the proof. (]

As we noted in Section 1, using the relation 1/(sinh x)? = (cothx)> — 1 and the
binomial theorem, we have the following relation between QI,Y> (t; a)and (Qli” (t;a)
defined by (1-13).
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Proposition 2.4. Forv e N,

(2-6) Cglim(f; a) = Z <;)(—1)”‘j¢,<{2j>(r; a).

j=0
Therefore, forl e Nand v € N,

(2-7) rzznzvi@gw (r; @) € Q[r, 7, {£(2k; aymod N), Go(t; D }end-

Hence we can evaluate &@(2%”) (t; a) by using the result on ng ) (t; a) (see below).
We will consider ngf:l)(r; a) in Remark 3.9.

Example 2.5. In the case N = 1, we simply denote (1-12) by C,((r)(t). Then,
combining Theorem 2.1, Proposition 2.2 and (2-3), we obtain

¢V (0) = i(=7® +3772G(1))/(BTY),
¢SV (@) = i(=27° + 57372 Ga(v) + 15774 Ga(1)) /(157°),
¢ (1) = i(—4n* + 152G (1)n? — 4514 G4 (1)) /(4507 m),
el (0) = i(—4n® + 702 Ga ()t +105t* Gy (1)7? — 3151°G (1)) /(3157° 1),
¢ (1) = (167° — 847G (t) 1 + 63074 Ga(v) 7 — 9451°G(1)) /(94574 n2),
¢ (r) = (64n® — 18072G(v)® — 94574 G4 (v)* + 94501°G (v) 7>
— 14175t8G3(1))/(141751%7%),
¢ (1) =i (—447°4+18972Go (1) " — 94514 G4 (1) 12 +9451° G (1)) /(9457 1%),
e (r) = i(—4n® — 452Gy (1) 7® + 126014 G4 (1)1 — 47251°G (1) 7
+472518G3(1)) /(4725171 %),
¢ (r) = (2087® — 108072 G ()7 + 850574 G4 ()7 — 189001°Gg(7) 7>
+ 14175t3Gg (1)) / (14175t %),
¢ (r) = (1024710 — 237672 G2 (1) 7® — 3069074 G4 (1)7° + 2702701 G (v) 7
— 62370078 G (1) + 4677751 '°G 1(1)) /(46777515 7%).

The case T = i was studied in [Tsumura 2009], and we recover the results found
there. For example,

e (i) = $2w* + 167+ — 8473
945 ’
27w 8 4 567w 4 20878 — 108077

1417574

ey =
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By Proposition 2.4, we can inductively evaluate ‘Qg) (7) in terms of G;;(7) and
£(2k). This fact was already given in [Komori et al. 2010] by a totally different
method. Here we recover, for example,

—21w* 4+ 3774 — 8473

2-8 @' (i) = i
(2-8) 4 (D) 945
o 278+ 252w 7t — 58778 + 144077
(2-9) ¢ (i) = - :
141757
Next we consider the case T = p = ¢?™/3, We recall the properties of Gy (p).

For the details, see [Koblitz 1993; Nesterenko and Philippon 2001; Serre 1970;
Waldschmidt 1999]; also [Komori et al. 2010]. Let

r(1/3)°
2437

which is an analogue of the lemniscate constant . Then we obtain G(p) =

2mp//3,

(2-10) w = = 2.42865064788758 - - -

56 ~ 12 ~ 18
2-11 G =— G = , G =— ...
( ) 6(0) 35 12(p) 7007 18(0) 1440057

and G (p) = 0 for k > 3 with 6 { k. Using these results, we can evaluate €,<:>(,0),
similarly to the case t =i, for example,

4 945p7? ’
e () — 1890075 072 + 728078 — 25200+/377
4 W= 496125p7° '

From these results, we recover these formulas from [Komori et al. 2010]:

(2-12) 42 (p) = 27850 +377° — 564/37°
! 94572 ’
(2-13) G (p) = 270a7° — 5877° 4 960+/37°
* 14175pm2 :

Example 2.6. We consider the case N > 1, a; # 0 and a; # 0. We simply denote
the level-N Eisenstein series by G%j (7) instead of G,;(7; a). Then we have the
following formulas which are explicit examples of the main result in this paper:

¢ (1) =iG5(x)m/(N7),
¢ (r10) = i(G(1)7° + 3N* T2 G(1))/BN3T),
¢ (x; a) = i(G5(r)n? = 3N212G(r)) /BN T),
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e (s a) = i (G5(0)m* +15i N2 12 G5 (1)m? — 45N* 14 GE(r)) /(45N> ),
¢ (r; 0) = (—4G5(t)* + 30N 2 G(r)n? — 45N* 4 GE(2)) /(45N n?),
¢ (r; 0) = (—4G5(1)n® — 21N?2G(r)n* + 210N * 4 G (v)n?
—315N°°Gg(1))/BI5N*tn?),
¢ (1;0) =i (9GE(1)n* —45N? 2GS (1)n? + 45N GE(r)) /(45N T ),
¢ (z; a) =i (=G5(1)n°® + 28N212 G ()" — 105N* T4 G (v)n?
+ 105N°7G5 (1)) /(105N 73),
¢ (r; 0) = (=8G5(1)7® + 63N 2G(r)n* — 140N** G (r)n?
+ 105N°7°G5(1)) /(105N ? T2 %),
¢ (r; 0) = (=24G5(r)7® — 310N 22 G(r)7® + 2730N**GE ()
— 6300N°7°Gg(r)m* +4725N8T8 G (1)) /(4725 N ).
In [Tsumura 2010], we studied the case when (N, a1, az,t) = (2,1,1,i) and
r = =£1, based on [Katayama 1978]. In this case, as mentioned in both of these
papers, we see G5 (i) = —m/4, Gy (i) = 0and Gy (i) € @- o (k e N),
which can be concretely calculated; for example,

ZD'S 12

8960’

w

G (5 = T
s (@) 1689600

4
G =-"o G5V ) =-

48°
Hence, by the formulas above, we can explicitly evaluate (’Z,i”(r; (1, 1) mod 2)
when k = r mod 2. In particular, when r = +£1, these coincide with the results
given in [Tsumura 2010]. As examples in the cases r = 2, 4, we give

€2 s (1, 1) mod2) = _%,

¢ i (1, 1) mod2) = 3 _?ég;’f —8n7
and
2-14) 67 (i; (1, 1) mod 2) = W,
(2-15) (gz(t4>(i§ (1. 1) mod2) = 98 —258(;3;7;:+327T7

3. Proofs of Theorem 2.1 and Proposition 2.2

Fora = (aj,ay) € Z> with0 < ay, a, < N, we set B =(a;+axt)/N for simplicity.
We fix asmall ¢ > 0. Foru € [1,1+¢],r € Z and k € N, we define
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AT ad u~"coth(im+ B +nt)mwi/7)"
G-D D (T’ﬁ’“)_mzz 2:;sinh((m—|—ﬂ+nr)m’/r)(m+,8+nr)k

* — u="coth((m + B —nt)mwi /)"
+ mZZ 2:; sinh(m+ B —nt)mwi/t)(m + B —nt)k

Z* coth((m + B)mi/t)"
= sinh((m + B)mi/7)(m + B’

where Y stands for the sum over m € Z \ {0} if a; = 0 and over m € Z if a; # 0.
meZ

When u > 1, we define D) (t; 8; u) for k € Z¢ by (3-1). This is well-defined
in the following sense. Since sinh(x) = 0 implies x € wiZ, the equality

sinh((m ny +I’L‘L’)7T?i)= sinh((zvm Far+ (Nn+a) r);—i): 0 (m,ne?)

implies (ai, az) = (0, 0) and m =0. Similarly, cosh(x) =0 implies x e wi /2+7iZ,
so the equality

cosh((m + B +nrt) %): cosh((Nm +a+ (Nn+ap) r);—i)z 0 (mnel)

implies (a;, az) = (0, N/2) and m = 0. Hence, by the definition of >_* a few lines
above, we see that (3-1) is absolutely convergent under the conditions above, that
is, well-defined.

Since cosh(nmi) = (—1)" and sinh(nmi) = 0, we can rewrite (3-1) as

N x coth((m + B)mwi/T)"
(3-2) Dy (”ﬂ’”)_m%:z sinh((n + B)i/7)

(X0 (Gusgtrees * orgaer) o)
(m+B+nt)*  (m+B—nv)k ) = (m+p)F

n=1

When k > 2, we see that ’}3,<:>(r; B; u) converges absolutely and uniformly for u
in [1, 1 + ¢]. Furthermore, when k = 1, we have

o.¢]

N N 2(m+ B) coth((m + B)mi/T)" (—u)™"
(3-3) Dy(r;Bu)= ;z sinh((m + B)mi/7) ; (m + B)2 — 272
Z* coth((im + B)mi/t)"
c sinh((m + B)i/T)(m+ B)’

which converges absolutely and uniformly for « in [1, 1+¢]. Hence, for any k € N,
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we have
G-4)  lim D (r: pru) =D (@ 1 1)

B * coth(im+ B+nt)mwi/t)"
N Z Z sinh((m + B +nt)wi/t)(m + B +n1)k’

meZ neN
Now we let

« coth((m + B)mi/T) e +Pi0/
sinh((m + B)7i/7)

(3-5) $0: 1B =)

mezZ

Set A=Re(i/t) and B =Im(i/7). Then A > 0 because Im 7 > 0. We further let
D(R) := {06 € C:|0| < R} be the closed disk of radius R, where R > 0.

Lemma 3.1. &, (0; t; B) converges absolutely for 8 € D (Ar /(A + |B))).
Proof. Let 6 € D(An /(A + |B])) and set (a, b) = (Ref, Im0). Then

Am
A+|B|’

Here we consider the order of &, (6; t; ), namely

(3-6) lal, |b] <

F,(0: 75 f) = O (MFUETII) (] — o00),
which implies the maximum of two cases corresponding to +6. By (3-6), we have

Re((£0 —m)i/7v) =Re((£a — 7 £bi)(A+ Bi)) = (ta —n)AFbB

§(|a|—n)A+|b||B|<< z —n) AlBlz _,
A+ |B] A+|B|
Therefore we have the assertion. U
As in [Tsumura 2008, § 2], we set
(37 ﬁ(e;u):—l( A )
2\e? +u e ?+u

for 6 € C and u € [1,1 4 €]. This function is holomorphic for 6 € D(x), and
satisfies

(3-8) lim $(6; u) = —1 (0 eD)).
We also set
(3-9) Jr(0: T Bru) := (05 T3 B)2H3O; u) +1).

Since Aw/(A + |B|) < =, it follows from Lemma 3.1 that J,(0; t; B; u) is
holomorphic for 6 € D(An/(A + |B|)). Hence, for each u € [1, 1 + €], we can
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expand J,(0; t; B; u) as

(3-10) J.0: T Bru) = i A (z; B u)ﬂ (6 € D(A/(A+|B)))
r ’ ’ ’ n ’ ’ | .
0 n:

By Cauchy’s integral theorem, for any y € R with 0 <y < Aw /(A +|B]), we have

(r)

A, (T B u 1 o M
(3-11) 1 (53 B u)l S—/ 19,05 T3 B w)llz| "zl < =L (n € Zp),

n! 27 Jo ph

T
Y
where C,, : z =7ye'' (0 <t <2m) and

M, = max |Jr(z; T; B; u)l.
(z.u)eCy, x[1,1+¢]

Hence the right-hand side of (3-10) is uniformly convergent in u € [1, 1 + €] if
6 € D(An /(A + |B])). By (3-8) and (3-9), we have J,(0; t; B;u) > Oasu — 1.
Therefore we see that

(3-12) AN Biu) =0 (u— 1; n€Zs).
Lemma 3.2. Forue (1,1+¢]and6 € D(Ax/(A+|B))),
e NE 6/
(3-13) 50t iy =Y D (x; Bru)—,
° Jj!
j=0
that is, 59} (s Bsu) = Aﬁ’)(f; B; w), for j € Z>o.
Proof. When u > 1, from (3-7), we have (see [Tsumura 2008, Lemma 2.1])

90: u) = Z(—u)_" cos(nd).

n=1

Therefore, from (3-5) and (3-9), we have

o _, coth((m + B)i/T) emtptnnif/
G1h hOimifin =2, 2w sinh((m + B)7i /)

meZ n=1

* h + F 1T ,(m+B—n1)ib/T
+Z Z(_u)fnCOt ((m ,B)JTI/T) e

meZ n=1 sinh((m + B)mi/T)
« coth((m + B)mi/t) em+Pi0/7
" ,,,XG:Z sinh((m + B)7i/7) :

Using the Maclaurin expansion of e* and the definition of 6(1,)( (t; B; u)in (3-1),
namely in (3-2), we complete the proof. U
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Lemma 3.3. Forr e Zand k € N,

- * th((m+ g +nt)mwi/t)"

3-15 Nk+2¢( ) : — co

( ) 1+2(T5 @) ;Z % (m + B+ nt)k+2
[k/2] (in/T)Zj-H

= D (B .
;0 k+1,21(f ﬁ ) (2] + l)'
Proof. The first equality comes from the definition (1-12) and 8 = (a; +a»7)/N.

We prove the second equality. We first assume k € Z>¢. For u € [1, 1 4 ¢], we set

coth((m+pB)mi/t) e TA+10i0/T
sinh((m+B)mi/7)(m+p+nT)k+?

(3-16) @, (0; k; T3 psu) = Z* 3wy
meZ n=1

* n coth((m+p)mi/t) em+p—nif/z

+Z Z(_M) sinh((m+B)mi/t)(m~+p—nt)kt2

meZ n=1
Z* coth((m+p)mi/t) eMm*Pi0/
, sinh((m+B)7i/T)(m+p)F+

which converges absolutely and uniformly inu € [1, 14+¢]if0 € D(An/(A+|B))).
If u > 1, it follows from Lemma 3.2 that

3-17) ®,(0; k; ;5 B u)

r (i0/7)!
_Z@ﬂu B ) ;
k+1

r i0/7) (i0/7)/
=Yl v PTLLLIN SpVINRCy A

Jj=k+2

By considering

lim 3 {(®(6; k: 75 B5 u) — @ (=0 k; 75 B ),

u—
and using (3-4) and (3-11), we can let # — 1 on the both sides of (3-17) if 8 lies
in D(Ar /(A +|B|)). By (3-12), we have

(—1)" coth((m —f—ﬂ)ﬂl/f)r e(m—i—ﬁ-l—nr)i@/r _ e—(m+/3+nt)i9/r
a1 1YY . .( )
2 sinh((m + B)wi/t)(m + B +nt)**

meZ nel

[k/2] . 20+1
@@0/7)
= Z©k+l 2(T5 B; l)m
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for 6 € D(An /(A +|B|)). Moreover, we claim that the left-hand side of (3-18) is
absolutely convergent on the region Q(7) := Unz] X, (t), where

1 A
X = 96@:‘9—(1——) ‘ — 1.
() { n) "1 A+ BDn
Actually we know that the left-hand side of (3-18) is

O (RGO 4 g4 nr|™*72)  (Im), In] — o).

Hence we aim to prove Re((£6 —m)i/t) < 0 for any 6 € Q (7). In fact, for any n
and any 0 € X, we set (a, b) = (Re8, Im6). Then

1 Am Am
|a|<(1——)n+— and b < ——F
n (A+|B|)n (A+|Bn

Hence, by recalling that A =Re(i/7) and B =Im(i/7), we obtain the claim, since
Re((£6 —m)i/t) =Re((a—m +bi)(A+ Bi)) = (a—nm)AFBb

< (lal—m)A+1B| b| < — AT 4 AT Al Bl
al—m < —— =0.
- n (A+|Bl)n (A+|B)n

On the other hand, it is clear that the right-hand side of (3-18) is holomorphic for
0 € Q(1), so (3-18) holds for 6 € Q2(7).

Finally we claim that Q(t) D [(1 —1/L)m, ), where L = max (1, |B|/2A). In
order to prove this, we only have to prove X, (t) N X,4+1(r) # S foralln > L,
because any X, (7) is the disk whose center is on the real axis. More precisely, we
have to prove

1 Am 1 Am
(1=5)7+ (A+1BDn — (1_n+1)”_ (A+[B)(n+1)’

if n > L. In fact, this can be easily verified. Hence we obtain the claim. Therefore
(3-18) holds for 6 € [(1 — 1/L)m, ). If we set & = m on the left-hand side of
(3-18), we have

’

Z* Z coth(m+ B +nt)mwi/t)"
k+2
meZ neZ (m+'8+nt)
which is absolutely convergent if £ > 1. Hence, by Abel’s theorem, (3-18) holds
for & = 7, which implies (3-15). Thus we complete the proof. ([

Remark 3.4. As stated in the proof, (3-18) holds for k =0if 6 € [(1—1/L)x, ),
because the left-hand side of (3-18) converges absolutely even if k = 0 and 6 is
in [(1 —1/L)m, ). We claim that (3-18) holds for & = & when (k, r) = (0, 0).
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In fact, by setting (k, r, 8) = (0, 0, ) on the left-hand side of (3-18), we have

2 2509, ;
S e aver:
2=V,

meZ neZ

where 6, , is the Kronecker delta. Therefore it follows from Abel’s theorem that
(3-18) holds for k = 0 and 6 = 7. Hence we obtain

319 D% g 1)=N2‘L’G2(T'a)_5a;o N2¢(2;aamod N) if ap #0,
LI i ’ 2¢(2) ifa, =0.

For k € N, we differentiate (3-18) in 8 € [(1 — 1/L)m, ). Then

1 " (_l)n coth((m +[3)7”-/1.)r (e(m-i-ﬂ-i-nr)i@/t +e—(m+ﬁ+nr)i6/r)
32 2 sinh((m + B)7i /T)(m + B + nt)k+!

[k/2] .
_N Al 5. 1,9/
- ; ©k+1—2v(t’ ﬁ’ 1) (2]))' .

(3-20)

meZ nel

If k > 2, both sides on (3-20) converge absolutely and uniformly in [(1—1/L)m, 7].
Hence, by letting 6 — m, we have:

Lemma 3.5. Forr e Zand k e N withk > 2,

[k/2]

, (im/7t)%
(3-21) N (2sa) = Z@Hl 2 (T B DL —— /O

2!

Letting k =2p + p for p e N and p € {0, 1} in (3-15) and (3-21), we have

|4 : 2j+1
~ )</
390 NP2 i) cay =5 (2 g O
( ) 2p+2+ﬂ(r a) ZO 2p+1+u—2](f ﬂ ) (2]+1)'
2 (r+1) (in/)™
(3-23) NPl (ria)= Z@MHM 2 (T B D=

Note that (3-22) also holds for p = 0 if u = 1, because (3-15) holds for k = 1.
Here we use the following result given in our previous work.

Lemma 3.6 [Tsumura 2007, Lemma 4.4]. Let { P>}, {Qan}, {Ron} be sequences
satisfying

h

(im)% (im)%
(3-24) Py = jgo Rop—2j——— i , Qon = Z 22 G ) (h € Z>0).



ANALOGUES OF LEVEL-N EISENSTEIN SERIES 503

Then

h
(3-25) Py =2 Z §(2h —2w) Q20 (h € Z>p).
w=0

Multiply the both sides of (3-22) and (3-23) by 27+2*# and t?P+1+#  respec-

tively. Then apply Lemma 3.5 with Py = Qg = Ro = t””@iﬁﬂ(t; B; 1) and
2p+1 +1) .
(NT) Pt +M¢237+1+M(T’ a)a
Q= .—<Nr)2p+2+“¢§’,3+2+ﬂ(r; a),
Ry =7 140f) | (riBi )

for h € N. Then it follows from (3-25) that

(3-26) (Nr)2p+1+“¢2’1j+11 (T

1 r
=2 Z (@p—20)—(NTP P, ()
w=1
—202p)' DY) (3 B 1)

for p € N. In order to complete the proof of Theorem 2.1, we have to determine

D" (r: B; 1) for ;1= 0, 1. As noted above, (3-22) holds for p =0 when . = 1,

namely
350r) A0 in
(3-27) N (t;0) =9, (; B; 1) —.
T
Moreover, we obtain the following.

Lemma 3.7. Forr € Z,

I =) (1) N3t o=
(3-28) ?5‘31 (r: 8: ) =05 " (z: 8 1)— (75 a).

Proof. The second equality comes from (3-27) by replacing r with r — 1. So we
will prove the first equality.

As we stated in Remark 3.4, (3-18) holds for k =0if 6 € [(1 — 1/L)xm, 7).
Hence we see that

(=D coth((m + B)mi/T)" (e(m+ﬂ+nr)i9/r _ e—(m+l3+nt)i9/r)
(3-29) 2 Z Z sinh((m + B)7i /) (m + B + nt)?

meZ nel

=2\ (z; p; ) —
T
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holds for 6 € [(1 — 1/L)m, ). On the other hand, (3-20) with r replaced by r — 1
and k by 1 becomes

1 v x (=D coth((m+B)mi ) ! (e th 00/ g=(ntpiniv]r)
(330) 3> sinh((n + B)7i /T)(m + B+ n7)?

meZ nel

= (w; 8; 1),

which also holds for 6 € [(1 —1/L)m, w). Now we subtract (3-30) from (3-29) of
each side. Then we have

I x—*x— (=1)"coth((m + B)mi/T) ~LA®O)
(3D 3 mXE:Z 26/; sinh((m + B)mi/t)(m + B+ nt)?
=2\ (z; 8; 1)? —y V(@ i 1),

where A(6) is equal to

Coth((m + ﬂ)%) (e(m+ﬂ+nf)§ _ e*(m+ﬁ+nr)$) _ (e(m+ﬂ+nf)$ +e*(m+ﬂ+nr)§)

_ 1 - ((e(m+ﬁ>$+e—(m+ﬁ)$)(e<m+,3)§enie_e—(m+ﬂ)§enie)
2sinh((m+ﬁ)?)
_(e(m+ﬁ)$ _ e—(m+ﬂ)§)(e(m+ﬁ)$enie +e—(m+ﬁ>$em'e))
. i sin(n6)
~ sinh((m + B)mi /1)’

Therefore the left-hand side of (3-31) is absolutely and uniformly convergent in
6 € [(1—-1/L)m, m]. Hence, letting & — 7 on the both sides of (3-31) and noting
sin(nw) = 0, we have

0=2"(r: ; 1)%—6&”@;/3; 1. 0

Proofs of Theorem 2.1 and Proposition 2.2. Combining (3-26) and (3-28), we
obtain the proof of Theorem 2.1. Combining (3-19) and (3-28), we obtain the
proof of Proposition 2.2. (]

Remark 3.8. The left-hand side of (3-29) in the case 8 = 7w and r = 2v (v €
Zs0) coincides with Qigv) (t; a), which is conditionally convergent as we noted in
Section 1. Therefore, by Abel’s theorem, we can let & — 7 on the both sides of
(3-29). Hence we have

(3-32) N2 () =D g DS (v eZap).
T
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Therefore, by (3-28), we have
333 ¢ (r: @) = 1 @-1)
(3-33) 5 (T @) Ne '(z; a).

Remark 3.9. Combining Lemmas 3.3 and 3.7, and using Examples 2.5 and 2.6,
we can inductively evaluate

5o _ coth((m + B +nt)mwi /)%
Dypr (Al = mzez ; sinh((m + B +nt)mwi/T)(m + B + nt)2P+!
(coth((j +It)wi/N1))*
__ A72p+1
=N ,6;0} ; sinh((j +17)wi/NT)(j +17)2P+]

j=aymod N I[=a; mod N

in terms of Gy (t; a) and E (2d; aymod N) (k,d € N). Therefore, by using the
relation 1/(sinh x)? = (cothx)? —1 repeatedly, we see that

G ()= Z(,)( DYTENTHTIRE (B D,

n=0

which can be evaluated in terms of G, (t; a) and E(Zd ;apmod N).

4. Two-variable analogues of level-N Eisenstein series

In this section, we aim to evaluate two-variable analogues of level-N Eisenstein
series éj,k(r; a) (J, k € Nx>y) defined by (1-14).

As well as in the previous section, we set 8 = (a; +axt)/N (0 <aj,a» < N).
Since Im v > 0, namely Re(i/7) > 0, it follows from the binomial theorem that

1 5 e—Zu(m-i—,B)m'/r
_~2v

(sinh((m + B)mi/T))?" 2 (1 — e—2m+B)mi/)2v

o0 . 2 1
o mtpmife 3 (/ T2V =1\ 2jmpmise
2v—1 ’

if m > 0. By putting 4 = j + v, we conclude that this equals

22 ,—2miv(m+p) /T X |
v —1)! Z(M+V—l) e (u+Dp(u—1)--- (M_V_i_l)e—Zm(p,—v)(m_;_ﬁ)/f
! =

22 v—1
4-1) = 1)'ZMH(M_l)(u+l)e—2mu(m+ﬂ)/f

(v =
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Recall the Stirling numbers of the first kind, {c(n, k)}, defined by

F(X)=XX-D(X=-2)(X—n+1)=) cmn X"
k=0

(see, for example, [Stanley 1997]). Using these numbers, we define {«(n, k)} by

n—1 2n—1

(=D"Fy(X)Fy(—=X) X
4-2) F (X)_Xl_[(X 1)(X+l)< X ) ga(n K x*.
Hence we have
j+l1
a(m, j)= (=" Z(—l)“’C(n, Jt+1—w)n, w)
w=0

for 0 < j <2n—1. Since F,(—X) = —F,(X), we have a(n, 2j) =0 for 0< j <n.
By (4-1), we have

1 2

(sinh((m+,3)71i/t))2” Qv-1)! 4

(4-3) Za(” 2j—1) ZMZI L= 2min(m+p)/t

n=1

when m > 0. Here we recall the summation formula from [Lipschitz 1889]:

1 Qi) s
4 IXZ:(Z—H)" =1 )k 1)'Z ntle?

for k € N with k£ > 2 and z € C with Imz > 0. This formula also holds for k = 1
as follows:

L 00

4-5 = — i —27i 2mwing

4-5) L—><>o Z i i Ze
1= n=

for z € C with Im z > 0 (see [Pribitkin 2002, Section 5]).
We can set z = —(m + )/t in (4-4), because we have Im(—(m + g)/t) > 0.
Then we see that (4-3) is equal to

1

(4-6) (sinh((m + B)i /7))

2j—1)! 1
(2v—1)'2“( i )<2 0% §<—(m+ﬁ>/r+l>2f

~ @i-D 1
T 2v—1)! ;“(V’ 2= D e ; m+ B +ir)4’
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by replacing [ by —I[. This holds for m > 0. When m < 0, by replacing (m, [, )
by (—m, —I[, —B) in (4-6), we have

1
(sinh((—m — B)mi/T))?"
R _ Qj—n! 1
T 2v—1) ;“(”’ 2=V i é —m—p—I0)¥’

which coincides with (4-6). This implies that (4-6) also holds for m < 0.
On the other hand, by (1-13), we have

1

EAGLEED DD
g \© - : . .
vt 1 Sk +HID)mi /NP (k +1T)%
k=a; mod N !=apmodN

* 1
_ N2
=N Z Z sinh((m + B +nt)mwi/T)2P(m + B +nt)4

meZ neZ
1

_ N2 *
=N Z Z sinh((m + B)7i /T)2P(m + B +nt)™

meZ neZ

for p, g € N. Therefore, by (4-6) for any m € Z\ {0}, we have

222N~ L 2j — 1!
@p), . N _ Ly T
(ng (t;0)= m X ZW(P, 2j 1)(27Ti/‘[)2j
j=1
Z* Z Z (m+p +lr)2fl(m +B+nt)X’
meZ nel leZ

By (1-14) and 8 = (a; +ay7)/N, we have

* 1
Z ZZ (m+B+I1t)?(m+ B +nt)X

meZ nelZ leZ

5a1,0
t2j+2q

— N2/t (52j’2q(f; a) — z(2j; aymod N)Z(2q; a mod N)),

where ¢ is defined by (2-4). Combining these relations, we obtain:
Theorem 4.1. For p,q €N,

22p

P .
4-7) <gg]m(f;a)=_za(p’2j_l) 2j — D!
Jj=1

2p—1)! Qri/N7)%

8a1,0
72j+2q

X <52j,2q(f; a) — E(ZJ';azmodN);:(2q;azm0dN)>-
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By multiplying the both sides of (4-7) by 29727, we can inductively obtain the
following theorem by Proposition 2.4 and the fact G (t) € Q[G4(7), Gg(7)] for
k € N>» (see [Koblitz 1993, Chapter III, § 2]).

Theorem 4.2. For p,q €N,

200Gy 00 (11 0) € Q7 7, {£(2k; a2 mod N), G (T: )}, |-

In particular when N = 1, put 521,,24 (r) = 521,,24 (t;(0,0)mod 1). Then
P0Gy, 20(0) € Q[1, 7, Ga(1), G4(1), Go(D)].
Actually, combining (4-7) and the results given in Section 2, we can concretely
evaluate G, 2,(7; a) as follows.
Example 4.3. Weset N =1, (a1, a;) =(0,0), p=1,2,g=2and t =i. By (4-2),

we see that (1, 1) =1, «(2, 1) = —1 and «(2, 3) = 1. By substituting (2-8) and
(2-9) into (4-7), we obtain

& 0 wi? 2 5 4 5
i)=— —n ——7n,
24 45 63 45
N 1 2 2 8
Gas(i) = — o+ —wint — =28+ — 77

w T
525 675 135 189
Set T = p. Then, by substituting (2-12) and (2-13) into (4-7), we obtain
& 2 2 1613 7>
a').

~ 83 ~
G _P Ly NVos & _(__% s, 10V5
2.4(0) T + 35" 4,4(p) ,0( 7+

Example 44. We set N =2, (aj,a2) = (1,1), p=1,2, g =2and t =i. By
substituting (2-14) and (2-15) into (4-7), we obtain

Gaa(i: (1, ymod?2) w'n’

5 ) mo - - )

244 576 720
b  wirt A’

Gaa(i:(1,1)mod?2) = — .
Gaalis (1, hmod2) = 255 = 17280 + 6048

Remark 4.5. Pasles and Pribitkin [2001] studied two-variable Lipschitz summa-
tion formulas. At present, it is unclear whether or not the results stated above can
be obtained from their formula.
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