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We give a generalization of the Maass—Selberg relations for general Eisen-
stein series, providing a different approach to Arthur’s asymptotic inner
product formula.
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1. Introduction

In this short note we study truncation of Eisenstein series. The truncation operator
was introduced by Arthur [1980]. It plays a ubiquitous role in the trace formula. In
the case of a cuspidal Eisenstein series (that is, one induced from a cuspidal repre-
sentation) one can write its truncation as a modified Eisenstein series (previously
introduced by Langlands). From this, one obtains the Maass—Selberg relations
for the inner product of truncated Eisenstein series [Arthur 1980, §4] (see also
Section 3). In the case of Eisenstein series induced from the discrete spectrum,
Arthur [1982] obtained an asymptotic formula for the inner product above. His
method was rather indirect and in particular, it required Langlands’ description of
the discrete spectrum in terms of residues of Eisenstein series. A different approach
which avoids this description was taken in [Lapid 2011]. It uses the regularized
integral developed in [Jacquet et al. 1999]. While the approach of [Lapid 2011] is
reasonably conceptual, one still encounters some unpleasant technical difficulties.
The purpose of this short paper is to rederive Arthur’s asymptotic result more directly
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by writing down explicitly the truncation of a general Eisenstein series. This is a
pleasant combinatorial exercise in truncation. As explained in [Lapid 2011], the
asymptotic formula can be used to compute the inner product of Eisenstein integrals,
a key fact in Langlands spectral theory.

We cannot close the introduction without recalling our deep appreciation to our
teacher Jonathan Rogawski. His unlimited encouragement and keen interest in
mathematics, even in difficult times, will not be forgotten. We miss him greatly.

2. Notation and conventions

Let F be a number field and A its ring of adeles. Throughout, we denote by boldface
letters, such as Y, algebraic varieties over F and we write Y =Y (F), Ya =Y (A).
Sometimes we will not distinguish between Y and Y. Let G be a reductive group
over a number field F. (Henceforth, all the algebraic subgroups of G that we
consider are implicitly assumed to be defined over F.) We fix a maximal F-split
torus Ty and a minimal parabolic subgroup Py containing Ty. We have a Levi
decomposition Py = My x Uy where My = Cg(Tp). Let aj be the R-vector space
spanned by the lattice X*(Ty) of F-rational characters of T (or alternatively, by
the commensurable lattice X* (M) of F-rational characters of M()). The dimension
of ag is the split rank of G. The dual space a of a; is the R-vector space spanned
by the lattice of cocharacters X.(Tp) of Tp. We write ag ¢ for the complexification
of ag. We denote by Ag € X*(T)) the set of simple roots of T on Lie Uy and by
Ay € X, (T)) the set of simple coroots.

We write H8 = gHg~! for any subgroup H C G and an element g € G.

For any algebraic group Y, we write 8y for the modulus function on Y. We also
write Y, A{ = () Ker|x| where x ranges over the lattice of F-rational characters of Y
and |x|(y) = [, 1x0u)lv for y = (y,) € Ya.

Let P = M x U be a standard parabolic subgroup of G defined over F, with
M D M. Let Aé” C Ay be the set of simple roots of Tp in Lie(UgMN M) and denote
the span of Ag” by (af)” )*. Let Ty be the identity component of the split part of the
center of M — a subtorus of Ty. We identify a}, = X*(Ty) ® R = X*(M) ® R with
a subspace of ajj. Occasionally we also write ap = ay,. In particular, ap, = a,, = do.
We write r(P) = r(M) = dimay;. We have ag = ay @ af)” and similarly for ag.
Denote by Ay = Ap € X*(Ty) the simple roots of Ty on Lie U — these are the
projections of Ag\ Ag’[ to a},. For any o € Ap we have the corresponding coroot
a¥ € X(Ty).

We reserve the letters P = MU and Q = LV (possibly appended with primes or
subscripts) for standard parabolic subgroups of G with their standard Levi decom-
position. Since M and P determine each other, we often use them interchangeably
as subscripts or superscripts in various notation. Occasionally we will use R and S
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to denote auxiliary standard parabolic subgroups. We write My for the standard
Levi subgroup of R and Ny for its unipotent radical.

For any O C P, we write A} = A, € Ay for the simple roots of 77, on
Lie(V N M). We have a; = aﬁ’[ @ ay where aILVI = ag is the span of

(A =AY ={a":ae A}

Consequently, ay = ao ® aL @ ay. The dual basis of (AM )V in (a )* will be
denoted by AM We write X, P or X M for the image of X € ag under the projection
from ag to a¥ I-

We write [P, Q] for the set of parabolic subgroups of Q containing P. Thus,
[Po, G] is the set of all standard parabolic subgroups of G.

Denote by W = W the Weyl group N (Ty)/ My of G. For any M, we identify
the cosets WM\ W (resp. W/ WM) with the set of left- (resp. right-) W reduced
elements of W, that is, those for which w™'a > 0 (resp. wa > 0) for all & € A)Y.

Now let M and L be standard Levi subgroups. We identify WM\ W/ WL with
the set of left-W™ and right-W’ reduced elements of W. Define subsets

W(L, M) W(L; M) WM\w/wt
by
WL, M)={weW"\W:L"=M)={weW"\W:wAl =AY
and
W(L; M)={we WM\W:L" C M})={weW"\W:wA] c AY}.

Note that if L' C L then W(L; M) C W(L'; M).
We write 6, _ for the closed negative obtuse Weyl chamber

= { Z X0t i Xg §0f0ralla}.
a €Ny
More generally, for any Q € P we write
= { Z Xe0t” i Xg §Oforalla}.
aeAg

We fix a positive definite W-invariant scalar product, and hence a norm ||-|| on
ap. This defines a measure on any subspace of ay.

We fix a “good” maximal compact subgroup K of Gp. Using the Iwasawa
decomposition, we define H : Ga — ap to be the left-Up a right-K invariant

function such that
X H(m)) 1_[|Xv(mv)|v
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for any x € X*(M) where m = (m,), and Y, is the extension of x to M(Fy).
Let Ag be the identity component of Tp(R) € Ty o where R is embedded in A
diagonally at the archimedean places. The map H gives rise to an isomorphism
Ao — ap. We denote by X — ¢X the inverse map. More generally, for any M let
Ay = AgNTy. The map H restricts to an isomorphism Ay — ayy.
Let ap + be the positive Weyl chamber

ap+ ={X €ap: (o, X)>0forall o« € Ag}.
Similarly, we write for any P
ay . =f{reay: (A, a’)>0foralaecAp).

Let o p be the space of automorphic forms on PUa\Ga, that is, the smooth,
K-finite, and 3-finite functions of moderate growth where as usual j is the center
of the universal enveloping algebra of the complexified Lie algebra of G(R). We
write o, for those ¢ € slp such that p(ag) = (Sp(a)%cp(g) forallae Ay, g €G.
We denote by &d% the subspace of s, consisting of the functions such that

. P guianca = lolf = [ 0(9)? dg < o
Ay UpaM\Gp
and by &Q;USP the subspace consisting of the cuspidal automorphic forms.
For any ¢ € slp and A € a}, let

A, Hp(g))

01(g) = ¢ 9(g), g€Ga.

For any Q D P the Eisenstein series is defined by

EZg.o. 0= Y @urg).
yeP\Q

(If Q = G we omit it from the notation.) The series converges absolutely for Re A €
ap , sufficiently regular. We will assume that E(-, ¢, ») admits meromorphic
continuation with hyperplane singularities. This is proved in [Langlands 1976]
(cf. [Mceglin and Waldspurger 1994]) first for ¢ € &Q;USP and then for ¢ € &Q% as
a consequence of the description of the discrete spectrum in terms of residues of
Eisenstein series. An argument of Bernstein gives such a result (for any ¢ € A p)
without appealing to Langlands’ description of the discrete spectrum. Unfortunately,
this argument is still unpublished. However, for our purposes we will simply admit
it.
Alongside, we have the intertwining operators

M@, ) :slp — dp
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for any w € W(M, M’) given by

(1w, 2)0)x() = [ ga 0 ug) du.
(UANUPN\U,
Once again, the integral converges absolutely provided that Re(), @) >> 0 for all
roots o of Ty on Lie(U) such that wa < 0. We admit the meromorphic continuation
of M(w, A) and the functional equations

M(wiwz, &) = M (wy, wad)M (w2, 1).
for any w; € W(M', L) and wy, € W(M, M'). In particular,
Mw, ) '=Mw™, wr).

We also have
Mw, ) *=Mw™ ", —wi)

on &ﬂ%,. Thus, M(w, ) is unitary (and in particular, holomorphic) on &d% for
A €iay,.
For any ¢ € sl p and Q C P, we write ¢ for the constant term along Q, namely

vo(8) =/ p(vg)dv :/ @ (vg)dv.
VAVa (VNMO\(VaNMa)

Occasionally we also write ¢y or ¢ for ¢g.

For any w € WM\W/W! let P, C P be the parabolic subgroup with Levi
M, =M N LY and let Q,, be the parabolic subgroup with Levi L, = LN My
Note that w € W(L,,, M,,). The constant term of the Eisenstein series Ep (¢, A)
along Q is given by

(1) Yo ES (Mw™, Mep,, w'h).
weWM\W/ WL

cusp

This is proved in [Mceglin and Waldspurger 1994, I1.1.7] in the case ¢ € A, *, in
which only the terms involving w such that L* D M (that is, M,, = M) contribute.
The proof easily extends to the general case — there are simply more contributions.
Note that (1) is an identity of meromorphic functions on C‘X/[,C; the terms in (1) are
absolutely convergent for Re A € a}, , sufficiently regular.

It will also be useful to introduce the following notation for any ¢ € dp, w €
W(L; M), and A € a*M,C:

Bo(g, ¢, w, A) = (MW", Mgru)y1,(g)

so that Bp (¢, w, A) € . The following result is standard. For completeness we
include the proof.
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Lemma 1. Suppose that w € W(L'; M) and L C L'. Then the constant term of
Bo' (¢, w, L) along Q is Bo(p, w, ).

Proof. Let Q = LV (resp. Q' =L'V’, R, R’) be the parabolic subgroups with Levi
parts L (resp. L', LY, L'"). Since w € W(L'; M) we have

(VNLHYY =NgNL™.
The constant term of Bo/(¢, w, A) along Q is

/ / » (o) (wuv ) dudv.
(VALO\(VaNL}y) JVANNR,  \Vy

Since V N L’ normalizes both V, and NR'f’fA we can change variables in u to get

/ / y (pr)a(wou - ) du dv
(VOL)\(VaNLy) J VANN g \ Vi

or

/ / o (prw)(vwu ) dudv
(NROL™)\(Ng aNL) J VLN \V,

:/ » ((pr))\(wl/l')dM.
VAQN;)/,A\VA

We have V = V' x (VN L") and Ng = Ngr X (Ng N L'"). Therefore N%71 =
N }é’fl x (VNL'), and we can rewrite the integral above as

[ ey du= M A,
VANNE o \Va

as required. U

2.1. Truncation. For convenience we recall a few facts about Arthur’s truncation
operator AT [Arthur 1980]. For any P C Q, let t ,? be the characteristic function
of the Weyl chamber

@), =(Xeca?: (@, X)>0foralla € AY}

and let T PQ be the characteristic function of the obtuse Weyl chamber

{ Z xqg0Y 1 x4 > 0 for alla}.

aeAg

We extend r,? and flg to ap by letting rE(X) = ‘L’PQ(Xg) and flg(X) = fg(Xg).
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For T sufficiently regular in a(J)r , the truncation operator is given by

Alp@) =Y (=P N 4p(yg)tr(H(yg) —T)
PO Py €P\G
for any locally bounded measurable functlon @ on G\G1 It defines an orthogonal

projection on LZ(G\G ). If ¢ is of uniform moderate growth, then A7 ¢ is rapidly
decreasing.

More generally, for any Q, one defines the relative truncation with respect to Q
by

ATCp()= Y (—1yP@ N op(yg)tf(H(yg) —T).
Pe[Py. 0] yeP\Q

By the Langlands combinatorial lemma, we have the inversion formula

) or@) =Y > A'Coo(ye)th(H(yg)—T)
QCP yeQ\P
[Arthur 1980, Lemma 1.5].

For any g € slp and Q C P, we write €g(¢) = €g(¢p) < a*Qﬁ for the multiset
of cuspidal exponents of ¢ along Q — see [Mceglin and Waldspurger 1994, 1.3.4].
We also write €cp(p) = UQG[PO’P] €0(¢). In the case P = G we simply write
€(p) for €cg(@).

Foramultiset A={Ay, ..., A} C ag’@ (including multiplicities) we write PE€(A)
for the space of polynomial exponential functions on ag with exponents C A. This
means that any f € P€(A) has the form

fX) =) PuX)e* X,
LEA

where for any A € A, P, is a polynomial in ay whose degree is smaller than the
multiplicity of A in A. Equivalently, f € #€(A) if and only if for any vy, ..., v, €
ap, f is annihilated by the differential operator

H(D (i i),

i=1

where D, denotes taking the partial derivative along v € ag. We also write Pé_ =
9’%((60’_ \ {0}), where we limit the exponents A to (60’_ \ {0}, but we do not limit
the degree of P;.

The following lemma is a simple consequence of the properties of truncation.

Lemma 2 [Lapid and Rogawski 2003, Proposition 8.4.1]. For any automorphic
forms ¢; € Ay, i =1, 2, we have

(o1, AT p2) g\t € PECEPD) + €(2).
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Moreover, if @1, @) € sﬁé then

(‘/71, Z\T()OZ>G\G1A - (‘/’1, ()02>G\G£A € PE_.
We also recall the following elementary fact.

Lemma 3. Let 6 = {Z:‘n:l ajv; tay, ..., 0y > 0} be a salient® polyhedral cone in
a finite dimensional vector space V over R (for some vy, ..., v, € V\{0}). Then
forany A C V* and f € PE(A) the function

/ 1e(X = T) f(X)e* X ax
\%4

converges for {A € VI :Re(r, v;) 0,1 =1, ..., m} and extends to a meromorphic
function on VX with hyperplane singularities. As a function of T, it belongs to
PEA+ ).

This is a straightforward computation if € is simplicial. Otherwise, it follows by

subdivision of %€ into simplicial subcones.

3. Cuspidal Eisenstein series

For the convenience of the reader we recall the results of Langlands and Arthur for
cuspidal Eisenstein series.”
For any w € W(L, M) let ¢} be the function on af given by

¢“’(Z V) (—DHeetexe=0t if (g e Ap 1 xy >0} = {a€Ag : wa <0},
Xa =
L * 0 otherwise.

DZEAQ

The Laplace transform of ¢}’ is given by

vol(a$ /ZAY)
3) fe“’)”d)f(X)dX: EE 20 pe@d)E, Rewredp,.
a

¢ [Moea, (@)

By [Arthur 1980, Lemma 4.1], for Re A € a}, |, sufficiently regular we have
) ATEp(p.2)
= > YD MW T D) (re)er (H(yg) = T).

Q€lPy,G] weW(L,M) yeQO\G

IThat is, such that ¢ N —% = {0}.

2 A similar argument to the one below was given by Labesse in the 1983 Friday morning seminar
on the twisted trace formula. See lecture 12 in http://www.math.ubc.ca/~cass/Langlands/friday/
friday.html and [Labesse and Waldspurger 2012, §5.4].
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Suppose that ¢; € sﬂ?;Sp, j=1,2.8Set fi = Ep(¢i, Ai),i =1, 2. Using (4) we
write ( f1, ATfZ)G\G,[\ as the sum over Q and w; € W(L, M>) of

(A 2 M@ 202,00, 00} (Hve) — )

y€O\G
provided Re A, € a*Mz’ - is sufficiently regular. (This will be justified in Lemma 14
below.) Each summand is equal to

(Do MWy 32)2),o1,,87 > (H() = T)) g\t -

Using the formula for the constant term, we get

G\G},

(5) (Ep (@1, 41, ATEp, (92, 22)) g\,

=3 2 X M e,

Q wieW(L,M;) waeW(L,M>)
-1
(M (wy", 22)¢2) 1,67 (H(+) — T)>Q\Gi\'
Finally, using (3) we get
(EPI ((pl’ )\'1)’ ATEP2(§029 A‘Z))G\GIA = gﬁT(ﬁﬂh )\'1’ ¥2, )\'2),

where

©6) M (@1, A1, 92, 12)

=2 2> :

-1 —17
0 w1 e WMy waeWiLomy Llaeag (W1 A+ wy Az, a¥)
vol(af /ZAY (MW", 2D (@), M(w3 ", 22)(92)) A, var\Ga-

These are the usual Maass—Selberg relations proved in [Arthur 1980, §4]. Note that
the intricate residue calculus of [loc. cit.] is unnecessary.

(wi w2, T)

4. Some combinatorial lemmas

In order to analyze the truncation of Eisenstein series and the Maass—Selberg
relations in the general case we will need a few combinatorial definitions and
lemmas in the spirit of [Arthur 1978, §6].

Let L’ and M be standard Levi subgroups and let w € W(L’; M) and Q D Q'.

For any X € ag with Xg, = ZaeAg/ xqo¥ € ag, we set

DS (X)={aeAl x>0} CAY.

Observe that for any Q> D 01, D gz’ 4+ (X) consists of the nonzero projections of
the elements of D 81, +(X).
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Also set

(Y]
0 (x)— (—D!Pe®1 it pg (X)) ={eeAl twa<0or waeaM, ),
¢L’,M,w 0

otherwise.

Note that the condition wa € A?{/)w is equivalent to (wa)y = 0.

As usual, we suppress the superscript if Q = G.

Note that if w € W(L, M) then ¢, u ., is the function denoted by ¢}’ in the
previous section. In particular, in this case
Vol(aL /ZA )
l_[()IEAQ <)‘" av> ’
Lemma 4. Suppose that RC S C Q and w € W(Mg; M). Then

¢S X)) fDR . (X)NAY =0,
otherwise.

€ @)L, Rewire ap -

™) f e YoL nw(X)dX =
aL

> b=

Q’e[R,S]
Proof We observe that for any Q' € [R, S] we have ¢L, m.w(X) # 0 if and only if
¢Ms M. »(X) # 0 and DQ, (X)> AQ, In this case,
$2 X)) = (=D DTEG ().
The lemma follows from [Arthur 1978, Proposition 1.1]. U
We also recall the following version of Langlands’ combinatorial lemma.
Lemma 5 (Arthur). Let w € W(L'; M) and Q D Q. Then we have

Z (l)f, M w(X)rIg(X) = {1 if wa > 0 and wa ¢ A%/)wforalla c AQ,,
Re[Q',0] 0 otherwise.

In particular, taking Q' = P and w = 1, for any X € ap there exists a unique
Qel[P,qG] such that To(X) =1 and XQe (6Q Moreover, (o, X) > 0 for any
aeAp\ASand D, (X) D Ap\ AL,

This follows from [Arthur 1978, Lemma 6.3] by taking A = —w~ A where
Ao € a*M’ e

For nonnegative quantities A and B (depending on parameters) we will write
A < B if there exists a constant ¢ > 0 (independent of the parameters) such that
A <cB.

Lemma 6. Suppose that P € [R, Q], X € ag, and
DE_ (X)NAL={eeAl: (e X) <0}

Then | X|| < | X mll.
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Proof. Write X = ), .x . Yo" as X1 + X, where

X = Z xgo¥ and X, = Z xqo.
We have to show that ufidé@#the conditions of the®leffii*we have 1 X1] < ClIXa|l
for some constant C which is independent of X. Let S(X) be such that

AR ={a e AR : (@, X) > 0} = AR\ DY, (X).

Fix A € (afe(x))j. Since the coefficients of A in the basis Ai(x) are positive, we

have
0=<(, X)=(, X1)+ (A, X3).

On the other hand, we have A = Zwe&,‘% Ao @ Where A, > 0 for w € Ag \ ASQ(X)
and A, <0 forw € A?(X)- Thus,

Y el <=4, X0).

S(X)
a€AR

(There are of course only finitely many possibilities for S(X), so the dependence
of the implied constant on A is immaterial.)

Similarly, fix ;€ (a5 *))* where

ASP = AR\ A = AR N DY, (x).

Then
<M7 Xl) S _</’L9 X2>

and

D el < (s, X0,

S'(X)
aeAy

Thus, (u—X, X1) < {(A—pu, Xp) while || X || < (&t —A, X1). The claim follows. []
As before, fix P and Q. For any R € Q and w € W(Mg; M) define
8) Xt (X) = > w8 (X)L 110 (X0
Q'€[R,Ql:weW(L"; M)
Lemma 7. We have
(—)PED D@ (X)={a e AZ: wa <0 or
Xt () = (wa € A, and (@, X) <0)),

0 otherwise.

and | X|| <

Furthermore, iijgR’M,w(X) #0and X € ag then wX € C@M;g,
[(wX)mll-
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Proof. Let Ry € [R, Q] be the parabolic subgroup such that
— Q. M
={ae Ay :wa e AM;Q}
so that w € W(L’; M) if and only if Q' € [R, R1]. Let R, € [R, Q] be such that
={aeA?: (o X)>0)

so that T2 (X) = 1 if and only if Q' C R,. Let S = Ry N R,. Then

Kot =D 8 400,

Q'€[R,S]

The first part now follows from Lemma 4.
In order to prove the second part, let X € ag and write X = ) . A2 xgot”
Suppose that XM m.w(X) # 0 and let

:{aeAR :waeA%% and (o, X) <0}.

Let Q1 be the parabolic subgroup with Levi M. We write

wX = Z xowaY + Z xqwoe”

acA a¢A

and observe that the first sum is a linear combination of roots in wA C AM1 with
positive coefficients, while the second sum lies in <6 . Thus, D +(wX ) CwA.
Using Lemma 5, let R; € [Q1, G] be such that (wX) =1and (wX)Rl € <@R1
Then (o, wX) > O for all o € Ap, \AQl and D, +(wX) D Ag, \A In
particular, Ap, \ A C wA. On the other hand, from the definition of A, we have
(wa, wX) = {a, X) §Of0r any o € A. It follows that R; = G, thatis, wX € ‘6 01—
as required.

It remains to show that || X || < [|[(wX)u | if X € ag and X}SR,M,w(X) # 0. Write
X = X + X, where

X = Z xgo” and X, = Z xqo .

aeAg:waeAZw aeAQ wa¢AMw
R

We can apply Lemma 6 (with L N MV instead of M) to infer that || X || < || X2]l.
On the other hand, since

WwXdu= Y. = Xewa )y

aenf: wocgéAMw

and each wa" has the opposite sign of x,, we conclude that || X;|| < ||(wX2)um|l.
Our claim follows. ([



TRUNCATION OF EISENSTEIN SERIES 677

Corollary 8. For any k, we have

/G Kot (O)HIXIHOTLT) g o
a

R

forany ) € ay;  sufficiently regular (depending on k).

For the rest of the section, suppose that we are given Q, M;, and w; € W (L; M;),
i=1,2.

Corollary 9. For any k and Q C Q» we have

—1 —1
/ XLQle w1(X)XLz,Mz,wz(X)ek”X”—le Mty A2, X) dX < oo
g
Q

provided that Ay € aj;,[h 4 is sufficiently regular (depending on k) and A, € a*Mz’ 4 s
sufficiently regular (depending on )| and k).

Proof. It follows from Lemma 7 that for any C > 0 we have
—{(A2, w2 X) = C|| X, |l

if X1,,M,,w, (X) # O provided that A, € ), , is sufficiently regular (depending on
C, but not on X). Similarly, for any C > 0 we have

— (A, w1 X) = — (A, wi X22) — (A, wi X ,) = CI X2 — Cal| X g,

if gle’wl (X) # 0 provided that A; € a*Ml’ + 1s sufficiently regular, depending on
C, but not on X, and with C, depending only on A;. Thus for any C, we have

—(wi A+ wy ', X) > CIX||

if X32M1,w1 (X) XLy, My, w, (X) # O, provided that A1 € aj;/[l’Jr is sufficiently regular
(depending on C) and 1, € aj,, , is sufficiently regular (depending on ; and C).
The corollary follows. U

We define

WL My wr Mo (X) = > X2 w0y O AL Mo (X).
02D Q:wreW(La; M)

We can explicate the function Wy, s, .M, w, as follows.

Proposition 10. Let R;, i =1, 2, be such that
Ag" ={xeAp:wix e A%f},}
and let R} be such that

Agl ={a e Ag:wia>0and wia ¢ Aﬁ/lw'] 1.
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Then
(_1)|DQ,+(X)| UCDQ’+(X)={056AQ;w2a <0} .
WL My wy, Mows (X) = UAG\({eeAg : (o, X)>01UA ),
0 otherwise.
Note that W7y, w,. My.wr ZE YL My.wy. My .w; -

Proof. Note that for L; D L, we have w; € W(L;; M;) if and only if Q; € R;,
i =1, 2. Thus, upon substituting (8) for x, we get that Wz a7, w, M, w, (X) is equal
to

Q 0 0;
2 Y GGk D 7o (X)bgy s (X).
02€[0.Ry] Q1€[Q.02NR] 0,€[02,R,]

We write this differently as

0 0 0
Y w0 D bomnmn®) D 868w, (07 (),
01€[0,Ri] 05€[01,R2] 0:€[01,05]

By Lemma 5, we get

W1 a1 s My (X) = Z rQQl(X) Z b0y, My, (X)),
Q1€[Q,Ri] 0,€[01.RNQ%]

where eri is such that

AQ?—{aeA 'woz>0andwoz¢AM‘}
01— 01 - W1 ! L

: R
Observe that Ag‘ consists of the projections of A ', that is,

1
o

_AO R}
AQ —AQ UAQ

(disjoint union). In particular, Q% = R|. Thus, by Lemma 4, we get

"IIL,Ml,w1,M2,w2 (X) = Z TQQ] (X)¢R2ﬂQi,M2,w2 (X)’

. RNQ'
where the sum is over O € [Q, R; N R,] such that DQ1’+(X) N AQ1 =g, or
equivalently, Q1 € [S1(X), R; N R,] where

ASO = Ag™ NDy L (X).

On the other hand, let S>(X) be such that

AFHP ={aeAg: (o X) >0}
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Then 5" (X) = 1 if and only if Q1 € $>(X). All in all, we get

Z ¢R2ﬁQi,M2,w2 (X).
Q1 €[S1(X), RiNR2NS2(X)]
Note that since R{ N R} = Q and S;(X) C R}, we have §1(X) € RiN R, N S»(X) if
and only if S;(X) = Q. In this case, the map Q| +— RN Q? is a bijection between
[S1(X), Ri N Ry N S>2(X)] and [Rr N R}, S5(X)] where S5(X) = Ry N (RN Ry N
S>(X))F. We thus get (assuming S;(X) = Q)

> D01 My (X).

Q) €[RNR], 55 (X)]

Invoking Lemma 4 once again, we get that

VL My w Moy (X)) = @55 x), My, (X)
if $1(X) = Q and

SH(X) —

©) D ROR,

RZMR;,+(X) nA

Otherwise, W1 um,.w,.My.w, (X) = 0. We can rewrite condition (9) equivalently as

$5(X)

RyNR
Dy ,(X)NAG" CA Sy

Q

Once again, since Ry N R’1 = Q, this becomes
RINR2NS,(X) .
A= N, (X)) =w.
The proposition follows. O

Corollary 11. For any k we have

KIX 14w A 4wy T, X
/G WL M)y, My, (X)HIKIF 2402 5230 g < 00
a
Q

provided that 1\ € &), , is sufficiently regular (depending on k) and 1, € &y, ,
is sufficiently regular (depending on Ay and k). Moreover, for any f; € PE(A;),
i=1,2,

—1 —1
/ YL (X = T) fr(wi X) fo(wp X)et e 22X g x
9o
has meromorphic continuation for A; € . ¢, i =1, 2, with hyperplane singularities,

and as a function of T, it belongs to @%(wl_lAl + w2_1A2+ wl_l)q + w;lkz).
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Proof. The first part follows from Corollary 9 and the defining expression for
W1 M,.w.M.w,- Alternatively, we can deduce it from Proposition 10 as follows.
Suppose that

and Wy v, w Moo, (X) 7 0. Write X = X + X» + X3 where

X = Z xq0”, Xo= Z xgo”, and Xz= Z Xg0.

Ry RINRy
ae A \A aeA
By Proposmon %O the coefficients x, in X are positive premsely when wya < 0,

the coefficients in X are positive precisely when wjo <0, and the coefficients in X3
are positive precisely when (o, X) <0. Then wr X = wy X1 + w2 (X2 + X3) where
wy X1 € €, _ and wy (X, + X3) € waa? C ag”. Thus (ha, w2 X) = (A2, wa X1).
Note that the kernel of the map X — (w2 X)py, i ak Q Therefore, for any C| > 0,
we have

—(wy A2, X) = — (Ao, w2 X) > C1 [ X1 |

provided that 1, € aj,, . is sufficiently regular (depending on Cj, but not on X).
We also have w; X, € (60’_ and (A1, wi X) = (A1, w1 X1) + (A1, w1 X3). By the
same reasoning, we infer that for any C, > 0, we have

—w A, X) = =, w1 X) = Coll Xa |l — C31 X, ]

for all A; € a}"wl’ + sufficiently regular (depending on C; but not on X) where C3
depends on A but not on X.

Thus for any C > 0 and for A, € a}, , sufficiently regular (depending on C)
and X, € ay,, ., sufficiently regular (depending on C and A1), we have

(10) — (A, wiX) = (A2, w2 X) = C[1 X1 + X5

On the other hand, by Lemma 6, it follows that || X3|| < || X1 + X2]|| on the support
of Wy a1, w,.M,.w,- Thus we can replace the right-hand side of (10) by C||X||. The
first part of the corollary follows.

The second part follows from Lemma 3. (|

5. Truncation of a general Eisenstein series

We will use the notation of the previous sections.
We have the following generalization of (4).
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Lemma 12. For Re A € a}, | sufficiently regular we have
(D ATCEp(g, 0. 1)
= > > Bo(yg.o.w. M2 ,(H(yg)—T).

Q'e[Py, Ql.weW(L'; M) yeQ'\Q
Proof. Let E = Ep(@, A). Then

ATCEp(g, 0, 1)

= > (=)PTD N (Ep(p. )p(yg)t g (H(yg) = T).
Using (1) for th€ Effsfaht term of Eiserstefin eries we get

Yo (=T 3 Y Ef (e M MDep, w'h)

P[Py, 0] YEPNQ wewM\w/wM
x tS(H(yg) —T),

where P, (resp. P,) is the standard parabolic with Levi part M,, = M N M’ v
(resp. M|, =M'NM “’71). Unfolding the Eisenstein series, we get

Y, e e Y Bp,(vg.o.w. NEL(H(yg) —T).
P'e[P),Q] weWM\Ww/ WM yeP,\Q

The sum is absolutely convergent by the assumption on A. For any w € WM\W
/WM we have w € W (M '»; M). Therefore, we may rearrange the sums differently
as

12 > Y ) Bogewd

Q'e[Py, Q] weW(L'; M) yeQ'\Q
> (1) P28 (H(yg) - T).
P'e[Py,Ql:weW/ WM P! =/

It remains to analyze the inner sum. Fix Q', w e W(L'; M), y € Q'\Q, and g € Ga.
Let X = H(yg) — T and let R € [Q’, Q] be the parabolic subgroup such that
AL ={w € AS, : (m. X) > 0}. Note that 25, (H(yg) — T) = 1 if and only if
P’ € [R, Q]. On the other hand, we can rewrite the conditions w € W/ W™ and
P, = Q" as P' €[Q’, S] where S € [Q’, Q] is such that

ASQ, ={u € Ag, wa > 0 but wo ¢ A%w}.

We infer that the inner sum of (12) is nonzero only if § = R and this happens
exactly when ¢2 ,,  (X) # 0. In this case, ¢7 ,, , (X) = (—1)© (@, The
lemma follows. (|

The lemma just proved is not so useful as it stands, for in practice, it may be
difficult to work analytically with the right-hand side of (11) since the constant
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terms of ¢ are not rapidly decreasing in general. We seek a similar expression
where By is replaced by a function which is rapidly decreasing on L’\L’i\. To that
end we will use the inversion formula (2) to rewrite the right-hand side of (11) as

> > o> Y ATFBoGyg. 9w, 2)

0'E[P0.01 weW(L': M) yeQ\Q RCQ' 5eR\Q'
w8 (H@yg) — T2, y(H(yg) —T).

Applying Lemma 1 (with R instead of Q) and combining the sums over y and §,
we get:

Proposition 13. With y given by Lemma 7,
ATCEp(p, 1)
= ATRB Mx2 H(yg)—T
R(Y& @, W, M Xpre . (H(yg) —T).

Re[Po,Q] weW(Mg; M) y€R\Q

6. Maass—Selberg relations

We will use Proposition 13 to obtain the Maass—Selberg relations in this context.
First we need a lemma.

Lemma 14. Let f be a function of moderate growth on G\G%A and let ¢ be a
function of moderate growth on QVa\Ga which is rapidly decreasing in L\ L IA x K.
Then for any w € W(L; M) and for Re A € ), , sufficiently regular, we have

(f X @ mnHo = 1)

y€Q\G .
= (fo, w1 XxLmw(H() =T))g\c1-

Proof. This is the usual unfolding. In order to justify it, we need to show the
convergence of

| 1 l0@lew (@1 ) = Tl de

O\Gy,

We use Iwasawa decomposition to write this as

[ L] o mtotetosoe) ey (XDl di dX k.
K Ja% JL\L},

By the moderate growth of f and ¢, there exist ¢ and N such that
| FloElpEe* i) < ™MDy, X eaf, leLa, keKk.

The convergence follows from the rapid decay of ¢ in L\L}& and Corollary 8. [
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Proposition 15. We have the identity (in the sense of meromorphic continuation)
(13) (Ep (@1, 00, ATEp (92, 0Vt =D, D >
0 wieW(L; M) waeW(L; Ma)
(AT’QBQ(()DI’ wlv )\-1)’ BQ(§029 w25 A'2)\111,,1\41,1,()1,1‘42,11}2(PI( . ) - T))Q\GAa

where each summand converges for Re .y € ay, ., sufficiently regular and Re 1, €
a*,;,,z’ + sufficiently regular (depending on Re A1) and as a function of T belongs to

PE(Ecrm (91) + Ecpm (@) +wi hy +w;y ' ho).

Interestingly, because of the asymmetry of W, the individual terms on the right-
hand side are not invariant (up to complex conjugation) under interchanging ¢;, w;,
and M;.

Proof. Set fi = Ep,(¢i, Ai), i =1, 2. Using Proposition 13 we write ( f1, ATfZ)G\G}\
as the sum over Q» and wy € W(L,; M3) of

(A X AT2Bo,(rg o2 wa. 22w by (H (v9) = T))

G\G!
y€02\G \Ga

provided that each term is defined. By Lemma 14, this is indeed the case for
Re X, € ay,, , sufficiently regular and each summand is equal to

(f1) g AT Bo, (92, w2, A2) XLy by, (H () — 7)) oG-

This is equal to

<AT’Q2f1a BQ2 (§02» wy, )"2)XL2,M2,H}2 (H( : ) - T)>Q2\G£A

Using Proposition 13 once more, we obtain the sum over Q; € [Py, O3] and
wy € W(Ly; M) of

(> AT0Bo, g erwi Xy, 0, (Hrg) =T,
y€01\02

B0y, 02, A Xt Mown(H() = T)) .
02\Gy

Using the argument of Lemma 14 together with Corollary 9 and applying Lemma 1
we get

P Y (AT DBy (o1 wi )Xy, (H() =T,
01C 02 wieW(Li; My) waeW(Lay; M)
BQ] (¢2’ wy, )“2)XL2,M2,'LU2(H( : ) - T)>Q1\G£A

Upon rewriting, we obtain (13) from the definition of Wy s, w,.M,.w,- The last part
follows from Corollary 11 and Lemma 2. (]
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Remark 16. The careful reader would have noticed that the exact description of
W1 M,.w.Ms>.w, Provided by Proposition 10 was not really used in the argument
above. It will be of interest to describe the Laplace transform of Wy s, w, My, w,
explicitly, thereby explicating further the Maass—Selberg relations above. We
will not go in this direction in this paper. We mention, however, the following
special case: the volume olume of the truncated fundamental domain, namely
(1, AT Deac 1, was computed explicitly in [Kim and Weng 2007].

Ifg; € &Q;I;Sp, the identity (13) reduces to (5), which is equal to the expression
M7 (@1, A1, @2, A2) defined in (6).
In the case where ¢; € &ﬁ%}, we recover Arthur’s asymptotic result.

Proposition 17 [Arthur 1982]. Suppose ¢; € &Q%j and A € iaj{,,j, j=1,2. Then

(Ep, (1. 21), AT Ep, (92, A))e\Gl = M (@1, 11, 02, 22) + € (@1, A1, @2, 22),

where
¢ (@1, A1, @2, A2) € PE_.

Proof. Consider the right-hand side of (13). Each summand belongs to P€_ unless
w; € W(L, M) and wy € W(L, M>). In this case, the summand is equal to

(ATLM T ADeD, 1, (M5 22)92) 015,00, M, (H () = T g 61 -

The proposition follows from Lemma 2 applied with L instead of G, using the
Iwasawa decomposition and (7) O

As in [Lapid 2011, §8] one can infer from Proposition 17 the holomorphy of
E(p, L) on A ia}, forany ¢ € &Q%. Moreover, for any smooth compactly supported
function ¢ : ia}, — 5&%, with values in a finite-dimensional subspace of s1%, define
the Eisenstein integral

@p,(p:/* E(p(A), ) dAr.

M

Then ©p , € L*(G\G},) and

(14) (Ory. Orylara =] D (MW Dg()., ¢'Wh)a,,u,m\Ga di.
19 weWwM, M)

We note that the argument in [Lapid 2011, §8] depends on the second half of [ibid.,
§7] (which is elementary), but is otherwise self-contained.

We can write (14) more symmetrically as follows. For any parabolic subgroup
R, write

(p:’R(A) = Z Mw,w " Dew™r), re iag.
weW(P,R)
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By the properties of the intertwining operators, we have

o Q(sh, g) = M(s, Vel F(r. g)

for any s € W(R, Q). Therefore, for any Q and s € W(P, Q) we can write the
right-hand side of (14) as

_ _ P,
f (M (s, s~ o™ w), ¢y () a,varea dis.
iap
Averaging over Q and s we get

- P, P,
(©r Om ot =n@n ' S [ (ol 0f W) aveae. du
0 1a’fQ

where n(ap) = ZQ|W(P, Q)| is the number of chambers for ap [Arthur 1978,
p.- 919].
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