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NONEXISTENCE OF NEGATIVE WEIGHT DERIVATIONS OF
THE LOCAL k-TH HESSIAN ALGEBRAS ASSOCIATED TO
ISOLATED SINGULARITIES

GUORUI MA, STEPHEN S.-T. YAU AND HUAIQING ZUO

A new conjecture about the nonexistence of negative weight derivations of
the k-th Hessian algebras for weighted homogeneous isolated hypersurface
singularities is proposed. We verify this conjecture up to dimension three.

1. Introduction

A holomorphic function f : (C"*!,0) — (C, 0) is called quasihomogeneous if
f e J(f), where J(f) := (9f/0z0,0f/0z1,...,0f/0z,) is the Jacobian ideal.
A polynomial f(zg, ..., z,) is called weighted homogeneous of type («, . . ., o,; d),
where «y, ..., o, and d are fixed positive integers, if it can be expressed as a linear
combination of monomials zg)z’i’ e zf;‘ for which agig+ - - - + i, =d. According
to a beautiful theorem of Saito [1971], if V = V (f) has isolated singularities, then f
is a weighted homogeneous polynomial after a biholomorphic change of coordinates
if and only if f is quasihomogeneous. The order of the lowest nonvanishing term in
the power series expansion of f at O is called the multiplicity, denoted by mult( f),
of the singularity (V, 0).

For any isolated hypersurface singularity (V, 0) C (C", 0) that is defined by
the holomorphic function f : (C**1,0) — (C, 0), one has the moduli algebra
A(V) = Op41/(f, 0f/0z0, ..., df/0z,) which is finite dimensional. The well-
known Mather—Yau theorem [1982] states that: Let (Vi, 0) and (V», 0) be two
isolated hypersurface singularities, and let A(V;) and A(V;) be their respective
moduli algebras, then (V1, 0) = (V;, 0) <= A(V]) = A(V»). In 1983, Yau introduced
the Lie algebra of derivations of A(V), i.e., L(V) =Der(A(V), A(V)). The finite
dimensional Lie algebra L(V) is called the Yau algebra, and its dimension A (V') is
called the Yau number in ([Khimshiashvili 2006; Yu 1996]). The Yau algebra plays
an important role in singularity theory and was used to distinguish complex analytic
structures of isolated hypersurface singularities [Seeley and Yau 1990]. Yau and
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his collaborators have been systematically studying the Yau algebras of isolated
hypersurface singularities and their generalizations from the eighties (see [ Yau 1986;
Xu and Yau 1996; Seeley and Yau 1990; Chen et al. 2019; Hussain et al. 2021]). In
[Hussain et al. 2021] and [Chen et al. 2020], many new derivation Lie algebras that
arise from isolated hypersurface singularities are introduced. These Lie algebras
are more subtle invariants of singularities compared with previous Lie algebras.
These Lie algebras are defined as follows: For any isolated hypersurface singu-
larity (V,0) C (C"*!, 0) defined by the holomorphic function f(zg, z1, ..., Zx),
let Hess(f) be the Hessian matrix (f;;) of the second-order partial derivatives
of f and h(f) be the Hessian of f, i.e., the determinant of the matrix Hess(f).
More generally, for each k satisfying 0 < k < n + 1, we denote by I; the ideal
in O,y generated by all k x k-minors in the matrix Hess(f). In particular, the
ideal I,+1 = (h(f)) is a principal ideal. For each k as above, consider the graded
k-th Hessian algebra of the polynomial f defined by

Hi(f) = Ontt /() + I (f) + Ii).

In particular, Hy(f) is exactly the well-known moduli algebra A(V).

It is easy to check that the isomorphism class of the local k-th Hessian algebra
Hi(f) is contact invariant of f, i.e., it depends only on the isomorphism class of
the germ (V, 0) [Dimca and Sticlaru 2015].

In particular, H,11(f) has a geometric meaning. We recall the following beau-
tiful characterization theorem of zero-dimensional isolated complete intersection
singularities:

Theorem 1.1 [Dimca 1984]. Two zero-dimensional isolated complete intersection
singularities X and Y are isomorphic if and only if their singular subspaces Sing(X)
and Sing(Y) are isomorphic.

Remark 1.2. Let V = V(f) be an isolated quasihomogeneous hypersurface singu-
larity. It follows that X, defined by (df/dzo, ..., 9f/dz,), is a zero-dimensional
isolated complete intersection singularity. In this case, Sing(X) is defined by

df f
<f, a—zo,...,a,h(f)).

Theorem 1.1 implies that to study the analytic isomorphism type of the zero-
dimensional isolated complete intersection singularity X, we only need to consider
the Artinian local algebra H,(f), which is the coordinate ring of Sing(X).

Combining Theorem 1.1 with the Mather—Yau theorem, we know that H, 1 (f)
is a complete invariant of quasihomogeneous isolated hypersurface singularities
(i.e., Hy+1(f) determines and is determined by the analytic isomorphism type of
the singularity). In [Chen et al. 2020], we also call H,(f) the generalized moduli
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algebra of V. As a generalization of the Yau algebra, it is natural to introduce the
following new Lie algebras for isolated hypersurface singularities:

Definition 1.3. Let V = { f = 0} be a germ of the isolated hypersurface singularity
at the origin of C"t! defined by f(zo,21,.-.,2n), with n > 1. The series of new
derivation Lie algebras arising from the isolated hypersurface singularity (V, 0) is
defined as Ly (V) := Der(Hy(f), Hy(f)), where 0 <k <n+ 1, or Der(H(f)) for
short. The dimension of L (V) is denoted by At (V).

It is known that the Yau algebra cannot characterize the ADE singularities
completely. In fact, Elashvili and Khimshiashvili [2006] proved the following
result: If X and Y are two simple singularities except for the pair Ag and Ds, then
L(X) = L(Y) as Lie algebras, if and only if X and Y are analytically isomorphic.
However, we have proven that the ADE singularities are characterized completely
by the new Lie algebra L, (V) as follows. We have reasons to believe that the
new Lie algebras L (V) and numerical invariants A;(V), where 1 <k <n+1, will
also play an important role in the study of singularities.

Theorem 1.4 [Chen et al. 2020]. If X and Y are two n-dimensional ADE singu-
larities, then L,11(X) = L,+1(Y) as Lie algebras, if and only if X and Y are
analytically isomorphic.

Let A be a weighted zero-dimensional complete intersection, i.e., a commutative
algebra of the form

A =Clzo, 21, .-, 2al/1,

where the ideal / is generated by a regular sequence of length n+1, (fo, f1, ..., fn)-
Here, the variables have strictly positive integral weights, denoted by wt(z;) = «;,
where 0 < i < n, and the equations are weighted homogeneous with respect to
these weights. Consequently, the algebra A is graded and one may speak about
its homogeneous degree k derivations, where k is an integer. Recall that a linear
map D : A — A is a derivation if D(ab) = D(a)b+aD(b), for any a, b € A. The
map D belongs to Derf(A) if D : A* — A**K,

On the one hand, one of the most prominent open problems in rational homotopy
theory is related to the vanishing of the above derivations in strictly negative degrees.

Halperin Conjecture [Meier 82; Chen et al. 2019]. Let
A :C[Z()’Zl’ "-7Z}’l]/1’

where the ideal I is generated by a regular sequence of lengthn+1, (fo, f1, -- -, fn)-
Here, the variables have strictly positive even integer weights, denoted by wt(z;) =«
0 <i <n, and the equations are weighted homogeneous with respect to these weights.
Then Der<%(A) = 0.
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The Halperin Conjecture has been verified in several particular cases, see [Pa-
padima and Paunescu 1996; Thomas 1981]. For recent progress, please see [Chen
et al. 2019].

Let (V,0) = {(z0, 21, ..., 2n) € C"*': f(z0,21,...,2,) = O} be an isolated
singularity defined by the weighted homogeneous polynomial f(zo, 21, .- -, 2Zx)
of type (xo, o1, ..., o; d). Then by a well-known result of Saito [1971], we can
always assume, without loss of generality, that d > 2¢; > 0 for all 0 <i <n. We give
the variable z; weight «; for O <i < n, thus the moduli algebra A(V) is a graded
algebra, i.e., A(V) = @fio A;(V), and the Lie algebra of derivations Der(A(V))
is also graded. Thus, L(V) is graded.

On the other hand, Yau discovered independently the following conjecture on
the nonexistence of the negative weight derivation, which is a special case of the
Halperin Conjecture.

Yau Conjecture (see [Chen 1995; Chen et al. 1995]). Consider the isolated singu-
larity
(V,0) ={(z0. 21, ... 20) €C"™': f(z0. 21, ..., 20) =0}

defined by the weighted homogeneous polynomial f(zg, 21, .. ., Zn) Of weight type
(g, a1, ...,0,; d). Assume that d > 209 > 201 > - -+ > 2a, > 0, without loss
of generality. Then there is no nonzero negative weight derivation on the moduli
algebra (= Milnor algebra)

3 )
A(V):C[zo,zl,...,zn]/(a—fo,.. f),

. 8Zn

i.e., L(V) is nonnegatively graded.

This conjecture is still open and was only proved in the low-dimensional case
n < 3 by explicit calculations [Chen 1995; Chen et al. 1995]. It was also proved
for the high-dimensional singularities under certain conditions [Yau and Zuo 2016]
and for homogeneous singularities (see Proposition 2.1).

Theorem 1.5 [Chen 1995, Theorem 2.1]. Let f(zo, 21, 22, 23) be a weighted homo-
geneous polynomial of type (o, o1, a2, a3; d) with an isolated singularity at the
origin. Assume that d > 20y > 2001 > 200 > 203 > 0, without loss of generality. Let
D be a derivation of the moduli algebra

of af >

Then D =0 if D is negatively weighted.

Assume that f is a weighted homogeneous polynomial, then the k-th Hessian
algebra Hy (V) and Ly (V) are also naturally graded. It is natural to propose the
following new conjecture:
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Conjecture 1.6. Let (V,0) = {(z0, 21, ..., 2n) € C"': f(20, 215 ..., 20) =0} be
an isolated singularity defined by the weighted homogeneous polynomial f of
weight type (g, a1, ..., o,; d). Assume that d > 209 > 201 > -+ > 20, > 0,
without loss of generality. Let Hy (V) be the k-th Hessian algebra. Furthermore,
in the case of 1 < k < n (respectively, k = 1), we need to assume that mult( f) > 4
(respectively, 5). Then for any 0 < k <n —+ 1, there is no nonzero, negative weight
derivation on the Hi(V), i.e., L (V) is nonnegatively graded.

This Conjecture 1.6 seems very hard to verify in general, in fact, when £ =0, it
is exactly the long-standing Yau Conjecture above. When k = n + 1, it was also
verified for n < 3 as follows:

Theorem 1.7 [Ma et al. 2020]. Consider the isolated singularity
(V,0) ={(z0. 21, ... z0) € C"*': (2021, - ... 20) =0}

defined by the weighted homogeneous polynomial f of weight type (g, o1, . . .,0;d),
where 1 < n < 3. Assume that d > 209 > 2a; > - -+ > 2a, > 0, without loss of
generality. Let D be a derivation of the algebra

2
C[zo,zl,...,zn]/(%% ”,ﬂ’de( 8f) )
0<i,j=n

dz0 0z1"  3zn 37,07,

Then D =0, if D has negative weight, i.e., L,+1(V) is nonnegatively graded for
1<n<3.

In this paper, we shall verify Conjecture 1.6 for the case n =1, 2, with 1 <k <n,
and n = 3, with 1 < k < 3 (the case n = 0 is trivial). The proof of the case where
n =3 and k = 1 is completely different and long. It will appear in our subsequent
paper. In this paper, we obtain the following main result which partially verifies the
Conjecture 1.6:

Main Theorem. Let (V,0) = {(z0, 21, ..., 20) € C**': f(z0, 21, ..., 22) = 0}
be an isolated singularity defined by the weighted homogeneous polynomial f of
weight type (g, &1, ..., oy; d), where 1 <n <3. Assume, without loss of generality,
that d > 200 > 201 > - -+ > 20, > 0. Let Ly (V) be the derivation Lie algebra of
the k-th Hessian algebra Hy (V) and Dy € Ly (V).

(a) Forn =1, if Dy is of negative weight, then D = 0.

(b) For n = 2, if Dy (respectively, Dy) is of negative weight, then D; = 0
(respectively, D, = 0). In this case, we need the assumption mult(f) > 4,
see Example 1.8.

(c) For n = 3, if D, (respectively, D3) is of negative weight, then Dy = 0

(respectively, D3 = 0). In this case, we need the assumption mult(f) > 4,
see Example 1.9.
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Example 1.8. We need to add the condition mult( f) > 4 in Main Theorem (b) due
to the following two examples:

(a) Let f = zg + 202125 + Z?Zz + zg with weighted type (5, 4, 3; 15). We have

d 0
af =370+ 7125, —— = 2023 +3z]22, o = 2202122+ 7} + 525
020 0z1 022
and
3%f 3*f af
—= = 620, — =0z122, — = 27071 + 2023,
9z} dz? 323 2
2, 0 )
=Zz5, =2z2127, = 27022 + 3z27.
920021 2 020022 12 021022 0% !

It is easy to check that D} = z,(9/0dz;) is a negative weight derivation (weighted
degree of Dj is —1, i.e., wt(D;) = —1) of
82 82 82 82 82 82
C[zo,m,m]/(—f o7 o / / / )

3z 9237 923 020021 920022 021022

i.e., D € L](V(f)).
(b) Let f = z3z0+ 2025 + 25 with weighted type (4, 3, 1; 9). We have

;—; =220z + 23, 38—51 =371, ;—i = 2§+ 5202
and
foo for foz 225 0 2z0+573
for fu fiz| = 0 621 0

foo fi2 fa|  [2z0+5z3 0 202073
Thus I, = (f1, f2, f3, fa), Where

fi= ;2(1) Qi = 12z122, = ?1)1 }C(z = —12z021 — 302125,
foo fo2 4 2 8 fir fiz 3
= =20 —4z5 — 25275, = =120 .
f Joo f2 0%~ o @ Ji fi2 fi2 otz

It is easy to check that Dy = z1(9/9z0) € L2(V (f)) is a negative weight derivation
(wt(D2) = —1).

Example 1.9. We need to add the condition mult( f) > 4 in Main Theorem (c) due
to the following example:
Let f = 2322 + 2320 + 23 + 23 with weighted type (6, 5, 3, 3; 15). We have
af »  Of af 4

of 3 2 2
— =22020+25, —=3z7, — =zp+3%z20, — =52
020 0e2 %2 071 ! 022 0 2%0 073 3
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and
foo for foo fo3 220 0 2z0+3z5 0
for fu fiz fi3 _ 0 624 0 0
foo fiz f2 f3| 2204325 0 62022 O
fo3 f13 f23 f33 0 0 0 20z
Thus I = (f1, f2, f3, fa. f5. f6, f7. f8), where
foo for for fo2 2
= = 12z122, = = —12z0z; — 182175,
hi for fu 12 s fir fio o<l 122
foo fo2 2 4 foo fo3 3
= = —4z5 —9z5, = =40z223,
5 for f2 0 2 Ja fo3 f33 243
foo f23 2 fir fiz
= =40zpz3 + 60z5z23, = = 36202122,
fs fo3 f33 0%3 225 Jo fiz f2 oc1%2
fir fis 3 2 s 3
= = 120723, = = 120z0z223-
fi J13 f33 =3 fs f3 f3 0%2%3

It is easy to check that D, :=z1(d/dz0) € L2(V (f)) is a negative weight derivation
(wt(Dy) = —1).

Remark 1.10. Examples 1.8 and 1.9 are interesting because one cannot find such
examples when k = O (see the Yau Conjecture) and k =n + 1 (see Theorem 1.7).

Xu and Yau [1996] used the property of nonexistence of negative derivations
of the moduli algebra A(V) to obtain a characterization of quasihomogeneous
singularities (see [Xu and Yau 1996, Theorem 3.2] for details). We believe this
characterization can be generalized by using the Lie algebra of derivations of the
k-th Hessian algebra. The Main Theorem in this paper provides evidence for the
generalization.

2. Proof of the Main Theorem

Firstly, we recall the following known results which will be used in proof of the
Main Theorem frequently:

Proposition 2.1 [Xu and Yau 1996, Proposition 2.6]. Let A = @f'{:o A; be a graded
commutative Artinian local algebra with Ag = C. Suppose the maximal ideal of A
is generated by A for some j > 0. Then L(A) is a graded Lie algebra without
negative weight.

Lemma 2.2 [Yau 1986]. Let (A, m) be a commutative local Artinian algebra (m is
the unique maximal ideal of A and D € L(A) is the derivation of A). Then D
preserves the m-adic filtration of A, i.e., D(m) C m.
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Lemma 2.3 [Chen et al. 1995, Lemma 2.1]. Let f be a weighted homogeneous poly-
nomial with isolated singularity in the variables zq, . . ., 7, of type (ap, . .., oy; d).
Assume wt(z9) = a9 > Wt(z1) = a1 > -+ - > Wt(z,,) = &y Then f must be as in one
of the following two cases:

Case 1: Let f=z0'+a(z1,....20)2) 4+ +an-1@1, - . .. 20) 20+ am(z1, . . ., 2n).-
Case2: Let f=20'zi+ai(z1, . .., 2020 '+ Fam-1(Z1s - - Z0)20HaAm(Z1, - - - 20).

Lemma 2.4 [Chen 1995, Lemma 1.2]. Let [ be a weighted homogeneous polyno-
mial in 29, . .., 2, which defines an isolated singularity at the origin. Then there
is a term of the form z{' or z{'zj in f for any i (a; > 2 in the case z;" and a; > 1
otherwise).

Remark 2.5. When we talk about the weight of an element in an ideal, we always
assume that the element is nonzero.

Now we begin to prove the Main Theorem.
Proof of the Main Theorem. Let

Ay :=Clz0, 21, ..., 2l / ( or o : Iv)

3z0  3z1" " 0za
and
of af 3f>
B :=Clzo, 71, . . AU .
(20,215 - 2nl / (8zo P oz,

It is clear that A, = B/(l,), and A, is a commutative Artinian algebra. Let
D, € L(A,) be a derivation of A,, and let D, be an A,-linear combination of
d/dz9,0/0z1,...,0f/3z,. By Lemma 2.2, we know that D, (m) C m, where m is
the maximal ideal (zo, ..., z,), thus the coefficients of 9/9zg, 9/9z1, ..., 0f/9Zx
do not contain the constant term. Moreover, D, has negative weight, thus we write

0

n—2

0 0
D, = po(z1, ... Zn) +P1(Zz,-- Zn) + co 4 pn—2(zn—1, Zn)

0

+czn 92,1
n—

where k > 1 and c is a constant. Observe that

0 0 0
Wt( f):d—ozo, wt(—f> =d—ai,..., wt( f) =d—a,,
020 071 0z,

so we have 0 < wt(d/dzg) < wt(d/0z1) <--- <wt(df/dz,). Since D, is a deriva-
tion of A,, we have D,(J,) C J,, where J, = (0f/dz9, 0f/321, ..., 0f/0z,, I,,).
Moreover, wt(D,, (0f/0z0)) < wt(df/dz0) implies that D, (df/0zo) does not contain
any linear combination of df/dzg, df/9dz1, ..., df/0Z,.

We divide the proof of the main theorem into four propositions.
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Proposition 2.6. Let f(zg, z1) be a weighted homogeneous polynomial of type
(o, a1; d) with an isolated singularity at the origin. Assume that d > 209 > 2.
Let D be a derivation of the algebra

3f  0f azf)
C Z 1) e DU YN .
L20. 2] / (Bzg 020021 Bz%
Then D =0, if D is of negative weight.
Proof. 1t is clear that D(azf/az(z)) =0. We have D = z’l‘ (0/0zp), where k > 1 and
wt(D) = ka; —ag < 0. Let

no _ni
f(zo,21) = Z Clno,n)%p 21 -
a0n0+a1n1:d

Then we have

D L) — k0 > nolno = Dewonnzg’ 2!
322 13Z0 (no,n1)<0 1

aopnotaini=d

-3 k
> oo — D(no = 2)cmonzg’ 21 T =0.

aonotany=d

So, when ng > 3, ¢(uy.n) =0, i€,

2
f(z0, 21) = c@.p)252} + c1.p202] +c0.9)2]

where d =200 +ro; = oo+ pa =qay.
If ¢(2,p) = 0, then in order for f to have isolated singularity at the origin, we
need p =1. So

82

f(zo, 21) = cq,pyz0z21 +C(0,q)2? and =C(,p)-

020071

So, D= z’l‘(a/az()) is a zero derivation on C[zg, zl]/(azf/az%, 8%f/9200z1, 82f/8z%).

If ¢z, ) #0, then by Lemma 2.4, we obtain that r =0 or r = 1. If r =0, then
3%f/3z3 = 2c@,p). If r = 1, then 82f/3z3 = 2c(2,yz1. Hence, D = z5(3/3z¢) is a
zero derivation on Clzo, z11/(3° /925, 3%f/9z09z1, 8°f/9z3). a

Proposition 2.7. Let (V, 0) = {(z0, z1, z2) € C*: f(z0, z1, 22) = 0} be an isolated
singularity defined by the weighted homogeneous polynomial [ of weight type
(g, a1, 0p; d) with mult(f) > 4. Assume that d > 2ag > 201 > 20 > 0, without
loss of generality. Let H\ (V) be the first Hessian algebra. Let D\ be a derivation of
the algebra H\(V), i.e., D1 € L1(V), then Dy =0, if D is of negative weight.

Proof. For simplicity, we use D to denote D;. It is clear that D(3°f/ Bzg) =0.
We have D = p(zy, z2)(9/0z0) + czg(a/azl), where c is a constant. There are two
cases: c=0orc #0.
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Case 1: Assume ¢ = 0. In this case, D = p(z1, 22)(9/9z0). By Lemma 2.3, we
separate it into two cases.

Case I.1: Let f =z0 +a1(z1, 222 4+ +am—1(z1, 22)20 + am (21, 22). Then

82
D(a_zj;> = p(z1, 22)[m(m—1)(m=2)z5 = +m—1)(m—2)(m—3)a1 (z1.22)25 "
0

+ -+ 46an-3(z1,22)] =0,
which implies p(z1, z2) = 0.
Case 1.2: Let f =z0'zi +a1(z1,22)2) ' + -+ - +am(z1, 22). Then

82
D(G_ZJ;) = p(z1, @) [mm—1)(m—=2)z§ zi+(m—1)(m—2)(m—3)a; (z1,22)7§
0 +- - +46a,-3(z1, 22)],

which implies p(z1, z2) =0, i.e., D =0.

Case 2: Assume ¢ # 0. According to Lemma 2.3, we also need to separate it into
two cases.

Case 2.1: Let f =z +ai(z1, 22)281_1 + - +an—1(z1, 22)20 + am(z1, z2). Then

82
D<8_zé> = p(z1, 2)[mm—1)(m—2)z§ > +(m—1)(m—2)(m—3)ai (21, 22)z§ ~*
0 +--- +6amf3(zlv ZZ)]

0a1(z21,22) 3 0a2(21,22) 4

k
—1 -2 —2)(m-3
+C22 |:(m )(m ) BZI 4 +(m )(m ) aZl 20
L +230m—2(Z1, zz)].
921

Because D(azf/az%) =0 and m > 4, we have

¢ 9a1(z1, 22)
mp(z1, 22) = —¢2; e
1

We construct the coordinate transformation

1

!/ / !/
20 =2Z2p— —ai1\Zy,35),

0 (U 1(1 2)
21 =2,
=2

Then

_ 1 40ai(z1,22) 9 ¢ 0
b= m %2 9z 020 5

dai(z1,z
_c k(_nliui_i_i) — @)L

=cz
2 dz1 dz0 0z |
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Letting g(zg, 2, 25) = f (20, 21, 22), we know that g is also a weighted homogeneous
polynomial and

g=(z0)" +b1(Z), D) )™+ b (2], 7).

By the same argument as before, we have

2
D(a ‘5'2) —o0.
7,
g \ 0 ( 0%
D<8<z6)2) @y (8(z0)2)

So we assume that

So
011,35 _ w23
07} - 0z} -
Furthermore,
2 3 /o
D<—a, $ ) = et TE e G
07,07) 9240(z}) a(z})

belongs to the principal ideal generated by 8%g/ 8(z6)2. Hence,
b1z}, 25)
3(z})?

If ¢ = 0, then we have already finished it. In the following, we assume that
3%bm—1(2}, 25)/3(z})* = 0. So we have

c=0 or =0.

3’g 0Dy 1(2}, ZZ)
92,07} 0z}

Then, it is easy to see that

82 3 a3bm /, /
D( 8 ) (2) (z)kM

3(z})? a(z )3 d(z))3
belongs to the ideal generated by 9%g/d(z)%, 92g/(dz,0z}) and 82g/(dz(dz5). If
one of by, ..., by,_> is not zero, then D(82g/8(z’1)2) belongs to the principal ideal

generated by 3%g/ (0z(,02}), i.e., there exists a polynomial /(z2, z3) such that
D (W_g) _p s
a(z))? 32502}

b (2], 25)
a(z))?

1.€e.,

dby-1(z}, 7))

(1) c(zh)* = h(z}, ) o
<]
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Let by—1(2}, 25) = pz(25)* +¢(25)", where p # 0. By Lemma 2.4, we obtain that
at least one of (z/l)l1 and (z/l)lzz/2 is contained in b, (z}, 25). If (z’l)ll is contained in
by (2}, 73) as a monomial, then 33b,, (), z/z)/E)(z/l)3 is not divisible by z3. Hence,
k > s by (2). Moreover, since say + a1 + oo = moyg, we easily obtain

(m— Doy — o1 =sap <kar <y,
i.e., (m—1)ag < 2a which is in contradiction with m > 4. Hence, (z’l)lzz’2 must be
contained in b, (z}, z5). Then 33b,, (2, 23)/9(z})? is not divisible by (z5)%. By (1),
it is easy to see that k + 1 > s, which implies

m—NDayg—o;—ar=(—Dar <kay <y,

ie., (m — 1oy < 201 + ap, which is in contradiction with m > 4.
In the following, we assume that by = --- = b,,,_» = 0, then

f= (Z(,))m + b1 (Z/la Z/z)zé) + by, (Z/la Z/z)
Hence there exist two polynomial /| and A, such that

33bm(Z), 25)
a(z))3

dby—1(z}, 25)

b1z}, 75)
97

/' \k 1 1 /A d

(2) C(Zz) =h1(Zl, Zz) +h2(Z1, Zz) 7

0z,
The weight of the left-hand side of (2) is equal to kap +mog—3c;. The weight of the
right-hand side of (2) is equal to wt(h;) + (m — 1)ag — «». Hence, wt(hy) = kay +
o — 3a; +ap > ap, which implies that g > 31 — kap > 2. Let by, (2], 25) =
pz1(25)* + q(25)", where p # 0. By Lemma 2.4, we obtain that at least one of
(Z/l)ll and (Z/I)ZZZIZ is contained in by, (2}, z5). If (z’l)ll is contained in by, (2}, 25)
as a monomial, then 8°b,, (2}, 25/ 8(2/1)3 is not divisible by z5. Hence, we obtain
k > s — 1 by (2). Moreover, since sy + o + g = mo, we easily obtain

(m— Doy —ay =sar < (k+ Daz < a1 +az,

ie., (m—1)ag < 3w, which is in contradiction with m > 4. Hence, (z/l)lzz/2 must be
contained in by, (z}, z5). Then 83b,, (2], z5)/8(z})? is not divisible by (z5)*. By (2),
it is easy to see that k 4+ 1 > s — 1, which implies

(m—1Dog—a;—ay =(s —Daz < (k+ Daz < a; + a2,

re., (im — Dagy < 201 4+ 205 < 3, which is in contradiction with m > 4.

Case 2.2: Let f =z0'z; +a1(z1, 22)2) '+ +am—1(21, 22)20 + am (21, 22), with
m > 3.
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If i =1, then we have
52
0= D( / )
azo
= p(z1, 22) [mm—1)(m—2)z) 21+ (m—1)(m—2)(m—3)ay (21, 22)7y "+ - |

day(z1, z _
1(z1 2)zm 3+_‘_].

+cz8 |:m(m—1)16"_2+(m—1)(m—2) 92 0
1

This forces ¢ = 0 which contradicts our hypothesis. So this case does not occur.
If i =2, then we have

2
:)
3 0=D
3) (8z0

9 32f) K 0 <32f>
=pGiL,2)—|—= |t —(—
P 2)3Zo<8z3 20z 81(2)
92 af
=—[P(Zl,22)—+czz—],
20

and similarly D((d%f)/dz0dz1) is a multiple of 3*f/0z.

O°f °f ) k0 ( *f )
4 D 21,22) 7~ +czpa—
@ (8z08m> P21 22) azo<8108zl 2921 \ 9209z

9 ((z z)i 3f>_31?(21,zz) ﬁ

820921 O gz T 28, 9z 325
2
7
azo

Equation (4) implies that

9? f x Of - 9°f
=h—.
92007, (p(m zz) +C 2821 02

From (3), we know that the left-hand side of this equation is independent of zg
variable. Since m > 3, the right-hand side of this equation is independent of zg
variable only if # = 0. Thus we have

2
020021

9
<p(zl, Zz)—f +cz2—> =0.
d20

So we have
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where either u =0 or u # 0 and / > k. This is

d m— m—
) —[p(ZhZz)(mmZo " (m—Dai(z1, 22)z] 2+ -+ am—1(z1, 22))

920
dai(z1,2 1, 0ax(z1,2 _ dam(z1,2
+CZ§< 1(z1 2)Z6,, - 2(z21 2)Z6n S m (21 2))]:
21 0z 0z1
As m >4, (5) implies
day(z1,z2
mp(z1,22)22 + cz§1(—12) =0.
021
If cz%(3a1 (21, 22)/321) = 0, then p(z1, z2) = 0 and (5) becomes
3 | xf0a1(z1,22) oy | BG2(21,22) 4 dam(z1,22) \| _
820 [CZZ( e e -
Since ¢ # 0 and m > 3, we have
dai(z1,22) _ daz(z1,22) _ _ dam-2(21,22) _0o

071 071 az1
and
dam—1(z1, 22) I—k
———— 1 =gy Y,
071

where e # 0. Hence,

=k
am-1(21,22) = ez12,  tez;.

Now we consider
aZf ka3am(Zl» 22)
9.2 LT3 -
41 077
We can do a similar computation as in Case 2.1 and get a contradiction.
If ¢z (3ai(z1, 22)/0z1) # 0. Then

p(z1,22) =25 'q(z1, 22).

where
q(z1,22) = _cfa@ ) ZZ).
m 071
So we have
Bizo(q(zl’ Zz)8 +cz288—£> = uzh k!
We write

q(z1, 22) = az) + 22y (21, 22).

l
2

l

2y-
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We claim that « = 0. Suppose on the contrary that o # 0. If we rewrite f in the
form
f =bo(z0, 21)75 +b1(z0, 21025~ + -+ bu (20, 21),

then
9 0bo(z0, 21) dby (2o, 21)
(6) 32 [(az‘i + 22y (21, ZZD(B—ZOIZS +oet nTol
dbo(zo0, dby (20,
+czZ< 0(zo Zl)zﬁ—i—---—l— (20 Zl))i|
971 971
82by(z0, z 82b, (20, 2
:(azi+Z2y(ZleZ))(MZg+”'+n(—gl))
0z 0z
3%bo (20, 21) 3an(20,21)>
tezp| o T g
2< 020021 2 020021
— gl

Considering the coefficient of z}, we know that 8%b, (20, 21) / 81(2) = 0, and hence
from (6) again, we have

3%bo(20, 21) 3%bn—1(z0, 21)
() (az] +z227 (21, zz))(—2z§’ EE SRR "—2>
075 0z
3%bo (20, 21) 3%by (20, Zl)) I—k
to|l ————h+ | =uzy "
( 9z09z1 9209721 2
Recall that either u = 0 or u # 0 and [ > k. Equation (7) implies
s 8%bn-1(20,21) 9%by (20, 21)
Otzl ) = —C
07§ 020021

Since 82b, (20, z1)/9z5 = 0, we have

2
0°by—1(z0.21) _ , ¢
2 - 1

924

’

where ¢’ # 0.

If s’ =0, then b,_1(z0, 21) = ¢'z3 +- - - and zJz» occur in f which is in contra-
diction with our assumption.

If s’ > 0, then

’ ” -
bu_1(z0,21) = 'z} 2§ + 2} zo + iz},

where s’ > 0and t > 0. Now 32b, (2o, Zl)/azg =01implies b, (zo, z1) = wZoZ’1+w’Zt1/,
where t > 1. Notice that

af _ _
PP nbo(z0, 21)25 "+ (n — Db1(z0, 21023 >+ -+ bu_1(20, 21)-
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It follows that f is singular along the zp-axis. The contradiction comes from our
hypothesis that o # 0. Thus, o = 0.
Now we have

So we have

y (21, 2)[mm—1)zf 2o+ (m—1)(m—2)ai (21, 22)z0 >+ - - +2am—2(21, 22)]

dai(z1, 2z _ dam—1(z21, 2 _
+c|:(m—1)—l( ! 2)z6" SS I Rt U Lo Line S 1@ 2)]=uz12 k,
071 971
This implies that
dai(z1,z
my (21, 22)22 +C% =0.

Hence, da;(z1, z2)/dz; is divisible by z,. Let a/1 (z1, z2) be a weighted homogeneous
polynomial satisfying aag(z], 72)/0z1 = (0a1/0z1)/z2. Consider the coordinate
transformation
/! 1 !/ / !/
20 =25 — aal(zl’ 25),
21 =2,
22 =25

After this coordinate transformation, we have

32 32 92 1 0a) 92 32
FTEA R = A A F e
Hence,
3%f 3% f c day 3 f 0%f
y(ZI’Z2)8_z%+68108zl - Ea—ma_z(z) CBZOBZ1

< 1 0a; 3% f 3>f )
=CcC|————

mdz1 9z5 920921

For simplicity of notation, we still use (zg, z1, z2) to represent the coordinates after
coordinate transformation. Without loss of generality, we assume

f=zn+ta (Zz)Zgl_1 + o ap-2(22) 75 + am—1(21, 22)20 + am (21, 22)-

Now we have cz’é(aa 1/90z1) = 0. From a similar discussion as above, we obtain the
conclusion. 0
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Proposition 2.8. Let f(zo, 21, 22) be a weighted homogeneous polynomial of type
(oo, @1, op; d) with isolated singularity at the origin. Assume d > 20 > 201 > 205.
Let D, be a derivation of the algebra C|zg, 21, z2]/ (I, Io). Then D, =0, if D5 is of
negative weight.

First, we need the following lemma:

Lemma 2.9. The smallest weight of an element in I, is greater than or equal to the
weight of df /dzg when m > 3, where m is the exponent of 7o in Lemma 2.3.

Proof. It is obvious that

L= < foo for| [foo fo2 for for| |fu1 f12>
for ful | for fia|l? 7 | fiz f2| T | fiz [
and
foo for >
wt =2d — 209 — 201
(f01 fi 0 !
Note that ;g? j;(l’i is an element with the smallest weight in I,. We obtain that

foo for

af
Wt< for fu ) = Wt(a_zo>

if and only if 2d — 20g — 201 > d — g, which is equivalent to d > o + 207

Case I: Let f = z5 +ai(z1, zz)zg_l + -+« +an(z1,z2). In this case, d = may.
So d > a9+ 2« if and only if mag > ap 4 2c¢1. This is clearly true when m > 3.

Case 2: Let f =zy'z1+ai(z1, Zz)zf)"_l-l- <o« +an(z1, 72). Inthis case, d =mag+o;.
So d > ag + 2w if and only if mag + oy > o9 + 2c;. This is clearly true when
m>2.

Case 3: Let f =z z2+ai(z1, 22)281_1—{- -« +4a,(z1, 72). Inthis case, d =magy+os.
So d > ap + 2w if and only if magy + ap > g + 2c;. This is clearly true when
m > 3. O

Proof of Proposition 2.8. By Lemma 2.9, we obtain that D,(df/dz9) = 0 when
m > 3. We only need to consider the following two cases:

Case 1: Assume ¢ = 0. In this case, D = p(z1, z2)(9/9z0). By Lemma 2.3, we
have to consider two subcases.

Case 1.1: Let f =20 +a1(z1,22)2) ' + +* +am—1(21, 22)20 + am (21, 22). Then

)
D(a_i;) = p(z1, 22)[m(m — Dz§ 7> + (m — 1)(m — Da (21, 22)z
+ 4 2a,-2(21,22)] =0,

which implies p(z1, z2) = 0. If not, the above equation holds only if m = 1, which
is absurd in view of our assumption. So we must have p(zy, z2) =0, i.e., D =0.
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-1
Case 1.2: Let f =z('z; +ai1(z1,22)zy  + -+ +am(21,22). Then

8f . m—2 m—3
D o = p(z1, 22)[mm — Dz " zi + (m — 1) (m — 2)a; (z1, 22)2g
4 2am (21, 22)],

which implies p(zi, z2) = 0. If not, the above equation holds only if m = 1, which
is absurd in view of our assumption. So we must have p(zy, z2) =0, i.e., D =0.

Case 2: Assume ¢ # 0. According to Lemma 2.3, we also need to divide it into
two subcases.

Case 2.1: Let f =z +a1(z1,22)z) '+ -+ +am-1(z1, 22)20 + am (21, 22). Then

o(i)
920

= p(z1, 22)[mm—1)z§ > +m—1)(m—2)a1(z1,22)2 "+ - +2am-1(z21, 22)]

dai(z1,2 _ dax(z1,z _ dam—-1(z1,2
—|—cz§|:(m—1) 1(z1 2)Z81 24 (m—2) 2(z1 2)Zg1 sy 0am 1(z1 2)].
971 4 021
Because D(df/dz9) = 0 and m > 3, we have
day(z1, z2)
mp(z1, 22) = —czh————.
0z1
We construct the coordinate transformation
_ /_l o
20 =2 mal(zl’zz)’
21 =2,
22 =25.
Then Sar( )
1 x9a1(z1,22) 9 ¥ 0
D=——czp—— = — +cz5—
m <2 9z 020 2352
1 dai(z1,z2
—e(-L 1(z1 2)i+i
m 071 dzo 073
= c(z))F ==
(Zz) Z/1

Letting g(z{), 2}, 25) = f (20, 21, 22), We obtain that g is also a weighted homoge-
neous polynomial and

g = ()" +b1(Z), @)™+ bz, ).

By the same argument as before, we have D(dg/dz) =0. So

d 9 (d
(5 )=t 55 ) =0
9z, dz; \ 9z,
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Thus,
b1 (2}, 25) _ Obm—1(2}, 25) _0
a7, a2, '
Consider
g 3%g 8%b, (2, 75)
D= ) =)k = c(g )kt 227
(%) = e i =e

Since wt(D(dg/dz})) < wt(dg/dz}) = mag —cry and

foo for
Wt( for fu

where m > 3, D(dg/dz}) is a multiple of 9g/dz:

9 92 3%b, (2, 7
D( g)=c<z;)" 8 = et i)

0
= (2m —2)ag —2a; > mag— o] = wt g/ ,
07}

a7, ) 3(z))?
)
a—g/ =m@E)" et b1 (2] 2.
20

Further, D(dg/dz}) is a multiple of 3g/dzy,, i.e., there exists A such that

3%b (2}, 75) _ 08 (2}, 75) _
a(z))? 9z,

If 3%b,, (), z/z)/a(z’l)2 # 0, then we have m = 1, which is absurd. So we have

3%b, (2, 75)/9(z})* = 0. This implies

c(@)* A[m(zp)" '+ -+ +buo1(2h. )]

b (Zy, 25) = diZ) (2" + da(2H)",

where d|, d, are constants. Then g has an isolated singularity at O only if /; = 1.
Because b,, (Z’l, z’z) is weighted homogeneous, we have d = o + ;. It follows from
the assumption d > 209 > 201 > 2ap that ap = @1 = op. So g is a homogeneous
polynomial. It follows from Proposition 2.1 that D = 0.

Case 2.2: Let f =z0'z; +a1(z1, 22)20 " + -+ +am-1(21, 22)20 + am (21, 22).

Case 2.2.1: Leti = 1. Then we have

9
0= D(a_i)) = p(z1, 22)[mm =)z 221+ (m—1)(m—2)a(z1, 22)zf >+ - ]
Mzm—2+ t ]

k m—1
+czy|mz +(m-—1
2|: 0 ( ) 821 0

This forces ¢ = 0, which is in contradicts with our hypothesis. So this case does
not occur.
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Case 2.2.2: Let i = 2. In this case, m > 3 by our assumption. Then

A ENE k(O
(8) o_D<azo>_p(Zl’Z2) (a >+%811(820)
88 [p(ZIvZZ) d tez 5851]

Similarly, we obtain that D(df/dz;) is a multiple of 3f/9zo:

A \ _ 9 (9f k3 (9
) D(8_zl)_p(zl’Z2) <3Z1>+ <3Z1>

20z
a , a a
aa <P(21 )y - f +c Za_f)_—p(zl @) O _, o

dz1 920 920
Equation (9) implies that

9 of of_;of
FEN [p(“ 25 - “2311}_ 320

From (8), we know that the left-hand side of this equation is independent of the
variable zg. Since m > 1, the right-hand side of this equation is independent of the
variable zg only if 4 = 0. Thus, we have

0
aa (p(Z1 Zz) o +cz28£> =0.

So we have

of /

p(zi, zz)ﬂ +ezb - = uzb,
920 021

where either u =0 or u # 0 and [/ > k. This is

(10)  p(z1, 22) (mzazy ™" + (m — Dai(z1, 22)20 2 + -+ am—1(21, 22))

aal (Zl ’ ZZ) — 8a2(Z17 22) — azm (Zl ’ ZZ)
2| 8Z] 0 821 82] | 2

As m > 1, (10) implies

¢ 9a1(z1, 22)
0z1

mp(z1,22)22 + €25 =0.

If cz§(8a1 (z1, 22)/0z1) =0, then p(z1, z2) = 0 and (10) becomes

d0a1(z1, 2 _ da»(z1, 2 _ dam(z1, 2
Czlﬁ( 1(211 2)Z0m - 2(8Z11 2)Z81 24 .4 mgzll 2))21“12‘
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Since ¢ # 0, we have

0a1(z1,22) _0ap(z1n2) _ 0 dam-1122) _
9z 9z 921 ’
dam(z1, 22) I—k
Lom 2 22) ok,
0z :

where e # 0. Hence,

an(21,20) = ez125 * + 5.

We must have ] — k = 1 and e # 0, otherwise f will be singular along the z;-
axis, which is a contradiction. Since the term z;z, appears in f, we conclude that
o1 + oy =d. The assumption d > 2ag > 201 > 20> implies that ¢g = o = ap. So
f is a homogeneous polynomial. By Proposition 2.1, we have that D = 0.

If cz5(3a1 (21, 22)/321) # 0, then

p(z1,22) =25 'q(z1, 22).

where
4z, 2 = =< 2EL )
m 071
So we have af af
o d—k+1
q(z1, zz)a—ZO -i-czza—Zl =uz, .
Write

q(z1, 22) = az] + 227 (21, 22).

We claim that o = 0; suppose on the contrary that o # 0. If we rewrite f in the
form

f =bo(z0, 21075 +b1(20, 20)25 " + -+ ba(z0, 21),

then
dbo(z0, z ab, (20, 2
(11) [Olzi+Z2)/(zl,12)]<MZ’21+...+M>
320 320
dbo(z0, z 3b,(20. 2 B
+czQ(MZg+...+M) g,
821 aZ]

Considering the coefficient of z], we know that db,(zo, z1)/9z0 = 0, and hence
from (11) again, we have

ab , _ b, ,
12) [az§+zzy(zl,Z2)]<M n—1 M)

27
920 2 920
+c(3b0(Z0,Zl) 3bn(20,21)) Lok

T+t =uz,

21 8Z1
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Recall that either u = 0 or u #% 0 and [ > k. Equation (12) implies

s 0bn—1(z0,21)

0b, (20, 21)
2] —C .

8Z0 821

Since db,(zo, z1)/9z0 = 0, we have

0by—1(z0,21) ¢
—_—_— = C Z] .
020
where ¢’ # 0.
If s' =0, then b,_(z0, z1) = ¢’zo + ¢”z1, and hence zpz» and z;z, occur in f.
It follows again that «g = o1 = ap, and we are finished.

If s’ > 0, then

! ~
bu—1(z0, 21) = ¢z} 20 + iz},

where s’ > 0 and 7 > 0. Now 9b,(z0, z1)/9z0 = 0 implies b,(zo, z1) = wz},
where ¢t > 1. Notice that

0 - n—
% = nbo(z0, 20025 + (1= 1Db1(20, 20025 > 4+ -+ bu-1(z0, 21).
2
It follows that f is singular along the zp-axis. The contradiction comes from our
hypothesis that o # 0. Thus, o = 0.
Now we have ¢(z1, 22) =227 (21, 22) and y (21, 22)(3f/dz0)+c(3f/dz1) =uzh ™~
So we have

8b Z ,Z 8[7 z ,Z
V(Z1,zz)(MZg+...+M>
9bo (20, 21) ab,,(ZO,Zl)> e
+c|\—727+ -+ —— | =uz .
( 021 ? 9z1 2

It follows that y(z1,0) # 0, otherwise we will have 9b,(zg, z1)/9z1 = 0. So
bn(z0, 21) = zq for some n. Therefore, f will be of the form

f=zy +ciz, Zz)Z(r)n*l + -+ em(z1, 22),

which contradicts our assumption.
Now, let y(z1, 22) = vz’f + 227 (21, 22), where h > 0 and v # 0. Then we have

2 0bn(z0,21)  9b, (20, 21)
vZ| +c =
420 071

where v # 0 and ¢ # 0. Let

0,

I k—1_1 I
by (20, 21) = dozoz +dizy 'z} + -+ dizf,
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where dy # 0. Then

8by (20, 2 i )
%:kdozé 0 = D252 b d 2,
0
3bu (20, 2 i o }
%:lodozgzllo Cndi T !
1

Clearly, the equation

b, (2o, ob ,
v (zo, 21) Lo (20, 21) _

0
d20 071

is true only if k =0 or [y = 0.
If Kk =0, then b, (z0, z1) = dozllo, which is absurd.
If [ =0, then
b (20, 21) = dozh +dizk '8 -+ d k.

Hence, f is again of the form

f=z +ai(z, 2270+ +am(z1, 22),
which is absurd. This completes the proof of Case 2.2. ([

Proposition 2.10. Let f(zo, 21, 22, 23) be a weighted homogeneous polynomial
of type (ag, a1, atp, a3, d) with isolated singularity at the origin and mult( f) > 3.
Assume that d > 20 > 2001 > 20p > 2a3.

(a) Let D, be a derivation of the algebra C|zy, z1, 22, 23]/, I). Then Dy =0, if
D; is of negative weight.
(b) Let D3 be a derivation of the algebra Clzo, 21, 22, 23]/, I3). Then D3 =0, if
D5 is of negative weight.
Proof. The derivation D,, has the following form for v =2, 3:

0 d 0
D, = po(z1, 22, 23) = — + p1(22, 23) 52— + cZh=—,
920 971 022
where c, k are constants and k > 1.

Lemma 2.11. The smallest weight of an element in I, is greater than or equal to
the weight of 0f /0zo when m > 3, where m is the exponent of zy in Lemma 2.3.

Proof. It is obvious that

L= ( Joo for| [for foz fiz fiz| [ f23)
for Sul |fun fi2l s 3] | fas f33))]
and
foo for

o

=2d — 209 — 201
Joi f11> 0 !
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foo for

The element with smallest weight in /5 is . We obtain that

for fu
foo for af
Wt( for fu ) = Wt(810>

if and only if 2d — 209 — 201 > d — g that is d > g + 2.

Case 1: Let f =z +ai(z1, Zz)ZB"_l +---4+an(z1, z2). In this case, d = mayg. So
d > ap+ 2« if and only if mag > ag + 20¢1. This is clearly true when m > 3.

m—1

Case 2: Let f = zgz1 +a1(z1,22,23)7y  + -+ +am(z1, 22, 23). In this case,
d =mag+a;1. Sod > oy~ 2« if and only if mag + o] > g+ 2¢¢;. This is clearly
true when m > 2.

Case 3: Let f = z522 + a1(z1, 22, 13)181_1 + -+ an(z1, 22, z3). In this case,

d =mag+ar. Sod > ap+ 2« if and only if mag + op > g + 2¢¢;. This is clearly
true when m > 3.

m—1

Case 4: Let f = z5z3 +a1(21,22,23)7)  + -+ +am(z1, 22, 23). In this case,
d =mag+a3. Sod > ap+ 2« if and only if mag + o3 > g + 2¢¢;. This is clearly
true when m > 3. U

By Lemma 2.11 and our assumption that when n = 3, the multiplicity of f is
greater than 3, we obtain that D,(0f/dzp) = 0 always holds.

Lemma 2.12. The smallest weight of an element in I3 is greater than or equal to
the weight of 0f/0z9 when m > 3, where m is the exponent of zgy in Lemma 2.3.

Proof. It is obvious that
foo for fo2| |foo for fos for fo2 fo3| |Su1 fiz fi3

L=\ |for fuu fiz|,|for Si2 f13|, .-, |12 Ji2 fi3]s |12 f22 fa3) ]
foo fi2 f2| |fo2 f22 f23 f13 f3 f331 | f13 f23 f33

and
foo for foz
wt| | for fu1 fiz] | =3d — 200 — 201 — 2a5.
foo fi2 f22
The element with the smallest weight in /3 is
foo for foz
for fu fia].
foo fiz f

We obtain that

wt| [for fu1 fi2
foo fi2 f2

if and only if 3d — 209 — 201 — 20ty > d — g, which is 2d > o + 201 + 205.

020

foo for foz
e
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—1 .
Case 1: Let f =z +ai(z1,22.23)2y  + - +am(21, 22, 23). Inthis case, d =may.
So 2d > o+ 201 + 205 if and only if 2mag > ag + 201 + 2. This is clearly true
when m > 3.

Case 2: Let
f=da+aiz, 22,2370 '+ Fan(zi, 22, 23).

In this case, d = mag + «1. So 2d > ap + 201 4 2005 if and only if 2mog + 201 >
oo + 201 + 2. This is clearly true when m > 2.

Case 3: Let f = zj'z2 + a1(z1, 22, Z3)z6"_1 + -+ an(z1, 22, 23). In this case,

d=moap+oar. So2d > apg+201 + 20 if and only if 2moag+ 200 > o9+ 201 + 205
This is clearly true when m > 2.

Case 4: Let f = zj'z3 + a1(z1, 22, Z3)z6"_1 + -+ an(z1, 22, 23). In this case,

d =map+oa3. So2d > apg+201 + 20 if and only if 2mog+ 203 > o9+ 201 + 205
This is clearly true when m > 3. U

By Lemma 2.12 and our assumption that when n = 3, the multiplicity of f
is greater than 3, we obtain that D3(df/0dz0) = 0 always holds. The commutator
[0/0z;, D,] is of the following form by a direct computation:

0

2 D |=

azov U_ 01

B 1 9po o

a_ D = < 57 >

[0z "] 9z1 020

[0 plod0d O o

| 9z2" 7| 8z20z0  9z2 021’

9 ]9 p g 3z o
973’ U_ 0z3 0Z0  0z3 071 dzz 0z2

By Lemma 2.3, there are also two cases to be considered for f.

1

Case 1: Let f =z +ai1(z1, 22, 23)2y  + -+ +am-1(21, 22, 23)20+am (21, 22, 23),

with m > 4.
In the first part, we consider D,. Firstly, we investigate D,(df/dz1):
a
wt(—f) =mog—a; < (2m—2)ayg— 20 = Wt( Joo fon ),
921 for fu

so D,(df/0dz1) is a multiple of df/dzo.
Secondly, we investigate D,(3f/9z2):

foo for )
for ful)’

with m >4, so D,(0f/dz1) is a linear combination of df/dzg and df/dz;.

0
Wt(—f> =mag—ar < 2m —2)ag— 20 = wt(
02
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Thirdly, we investigate D,(df/0dz3):

foo for )
for ful)’

with m > 4, so D>(df/dz;) is a linear combination of df/dzg, df/dz1 and df/0dz5.
In the second part, we consider Dj3. Firstly, we investigate D3(df/dz1):

d
wt(a_f> = mag — a3 < (2m — 2)ap — 2a =Wt(
23

af foo for foz
Wt(g) =map—a; < (3m —2)ag — 201 — 200 = wt| | for fu1 fiz| |
: for fiz fa2
so D3(df/0dz1) is a multiple of df/0dzo.
Secondly, we investigate D3(df/dz7):
af Joo for fo2
Wt(ﬁ) =mag —ay < (3m —2)ag — 201 — 200 = wt| | for fu1 fi2| |>
’ Jor fiz f2
so D3(df/0dzy) is a linear combination of df/dzg and df/dz;.
Thirdly, we investigate D(df/0z3):
af Soo for foz
Wt(g) =mag — a3 < (3m —2)ap — 201 — 202 = wt| | for fu1 fiz| |,
’ Jor fiz [

so D(df/0dz3) is a linear combination of df/dzg, df/dz; and df/dz>.
Case 2: Let

—1
f=z0zi+ai(z1,22,23)z5  +- - Fam—1(21, 22, 23)20 + am (21, 22, 23),

with m > 3.
Case 2.1: Assume i =1, i.e.,

1

f=wa+ta(z,22,23)zg  +- - +an(z1, 22, 23).

In the first part, we consider D,. Firstly, we investigate D,(3f/9z1):

foo for >

for fu
foo foi
for fu

so D,(df/0dz1) is a linear combination of df/dz¢ and df/0dz;.

(&) (
wtl — | = mag < Cm — 2)ag = wt

071

so D,(df/0dz1) is a multiple of df/dzo.
Secondly, we investigate D,(df/dz2):

)
Wt<8—f> =may+o —ay < (2m —2)ag = Wt(
22

)
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Thirdly, we investigate D,(df/dz3):

foo for
for ful)’

so D, (df/0dz1) is a linear combination of df/dzg, df/dz1 and df/dz>.
In the second part, we consider Ds. Firstly, we investigate D3(df/0dz1):

0
wt(a—f) =may+o —a3 < (2m —2)ap = Wt(
<3

af foo for foz
Wt(g) =may < 3m —2)ag +ay —2a2 =wt| | for fur fiz| |
: for fi2 f22
so D3(df/0dz1) is a multiple of df/0dzo.
Secondly, we investigate D3(df/3z5):
of Joo for foo
Wt(—) =mag+o —ay < 3m—2)ap+oa; — 20 =wt| | for fur fiz] |,
)
for fiz [

so D3(df/0zy) is a linear combination of df/dzg and df/dz;.
Thirdly, we investigate D(df/0z3):

af foo for fo2
wt(—) =mog+o; —az < 3m—2)ayg+a; —2a; =wt| | for fi1 fizl |,
023
foo fi2 f2

so D(0f/dz3) is a linear combination of df/dzg, df/dz; and df/dz,.
Case 2.2: Assume i =2, i.e.,

1

f=zg2+ai1(z1,22,23)2y  +- - +am(z1, 22, 23).

In the first part, we consider D;. Firstly, we investigate D»(9f/dz1):

a
wt<_f) =may—a) +ay < (2m —2)ag — 201 + 200 = wt( foo for
- for fu

)

so D,(df/0dz1) is a multiple of df/dzo.
Secondly, we investigate D (df/0z2). When m > 4, we obtain that

foo for

0
wt(—f> =magy < 2m —2)ag — 201 + 20 = wt(
for fu

022

)

so D,(0f/0dzy) is a linear combination of df/dzg and df/dz;.
Thirdly, we investigate D,(df/dz3). When m > 4, we obtain that

foo for
for fu

so D,(9f/0dz3) is a linear combination of df/dzg, df/dz; and df/dz5.

0
wt(a—f) =mag+ay —a3 < 2m —2)ag— 201 + 20 = wt<
<3

)



156 GUORUI MA, STEPHEN S.-T. YAU AND HUAIQING ZUO

In the second part, we consider Dj3. Firstly, we investigate D3(df/9z1):

af foo for foz
Wt(—) =mag—a;+ay < Bm—2)ap —2a; +az =wt| | for fu fi2| |
021
foo fiz fa2
so D3(df/dz1) is a multiple of df/dzo.
Secondly, we investigate D3(df/0z2):
af foo for foz
wt(£> =may < 3m —2)ag — 21 +az =wt| | for fir fi2| |
? foo fi2 [z
so D3(0f/0dz2) is a linear combination of df/dz¢ and df/0z;.
Thirdly, we investigate D(df/0dz3):
af foo for foz
wt(—> =mag+ay—az < (Bm —2)ag— 201 +ax =wt | |for fi1 fiz| |,
923
Jor fiz f2

so D(df/0dz3) is a linear combination of df/dzg, df/dz; and df/dz,.
Case 2.3: Assume i = 3, i.e.,
f=wz+ai(z, 22,2320+ +am(z1. 22, 23).

In the first part, we consider D,. Firstly, we investigate D,(3f/9z1):

foo for
for fu

)
)

0
Wt(a—f> =moy — o1 +a3 < (2m —2)ag — 201 + 203 = Wt(
21

so D, (df/0dz1) is a multiple of df/0dzg.
Secondly, we investigate D,(df/0z2). When m > 4, we obtain that
foo for

0
wt(a—f> =mog—oax+oa3 < (2m—2)ay — 201 + 203 = Wt(
2

8o D,(df/0dz») is a linear combination of df/dzg and df/dz;.
Thirdly, we investigate D,(df/dz3). When m > 4, we obtain that

for fu
foo for
for fu

so D,(df/0dz3) is a linear combination of df/dzg, df/0z1 and df/dz>.
In the second part, we consider Dj3. Firstly, we investigate D3(df/dz1):

0
wt(a—f> =magy < 2m —2)ag — 201 + 203 = Wt(
3

of Joo for foz
wt(—):mao—a1+a3<(3m—2)a0—2a1—2a2+3a3:wt Jor fu1 fiz] |,
921
Jor fiz [

so D3(df/0dz1) is a multiple of df/0dzo.
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Secondly, we investigate D3(df/3z2):

af foo for foz
Wt(—) =map—ar+az < (3m—2)ag—2a1 —20+3a3 =wt| | for fi1 fi2| |,
022
for fi2 f22
so D3(df/0dz7) is a linear combination of df/dzg and df/0z;.
Thirdly, we investigate D(df/0z3):
af foo for foz
Wt<—) =mag < 3m —2)apg — 20y — 200 +3az = wt| | for fu1 fi2| |,
023
foo fi2 f22

so D(df/0dz3) is a linear combination of df/dzg, df/dz; and df/dz>.
Lemma 2.13. Let
f(z20, 21, 22, 23) = Z922 + a1 (21, 22, 23)28 + a2 (21, 22, 23)20 + a3(21, 22, 23)

be a weighted homogeneous polynomial of type (g, a1, a2, ®3; d) that satisfies
d > 20¢ > 201 > 200 > 203 with isolated singularity at the origin. Assume
oo+ oy + a3 < 201, which is equivalent to

Joo for

wt(i> wt( )
923 ” for ful)

Let D, be a derivation of the algebra Clzy, z1, 22, 23]/, I). Then D, =0, if D,
is of negative weight.

Proof. By the assumption, we conclude that wt(a;(z1, 22, z3)) = o+ a2 <201 — 3.
We obtain that a;(z1, 22, z3) = 21 f' (22, 23) + f" (22, 23). Let

d d k 0
D) = 2+ BRI S
2 = po(z1, 22, zg)aZO p1(z2, 13)aZI €T3y

be a nonzero negative weight derivation.
Firstly, we investigate D,(df/9z0):

a
0=D, (%) = po(z1, 22, 23)[62022 + 241 (21, 22, 23) ]
0

dai(z1, 22, 23) n dar(z1, 22, Z3)]

+ p1(z2, 23)|22
pi1(z2 3)|: 0 o7, o7

dai(z1, 22, 23) n dax(z1, 22, Z3):|

ka2
+cz5|3z5 + 22
3[ 0 0 022 022

So we obtain that ¢ =0, i.e., D2 = po(z1, 22, 23)(8/920) + p1(22, 23)(3/921).
If p1(z2, z3) =0, then po(z1, 22, z3) = 0, which is absurd.
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If p1(z2,z3) #0, then
3po(z1,22,23) 22+ Pi1(22,23) [/ (22, 23) =0,

(13) / 1
2po(z1. 22, 23)[21 (22, 23)+ (22, 23) |+ P1 (22, 23)

dar(z1,22,23)
021

0.

Hence, we obtain that

dax(z1, z2, 23)
, o2l 22, 23)
3471

’

2f"(z2, z3)[21 f (22, 23) + " (22, 23)] = 32

which implies f’(z2, z3) is divisible by z5. Let f'(z2, 23) =3dz5 +3)_; dizg"zg",
with e > 0 and ¢; > O for all i, then we obtain that

(14) 2(dz§_1 +> dizg"_lz§’> |:3Z1 (dz§ +> diZ?Z‘é’) + f(z2, Z3)}
_ dax(z1, 22, 23)

971

Next, we investigate D(df/0z1):

0 dai(z1, 22, 2 dax(z1, 22, 2
D<—f) ZPO(Z1,22,Z3)[220 121, 22, 23) + 221, 22 3)]
071 071 071

8%ax(z1, 22, 23) 3203(21,Z2,Z3)]

+ 22,23) (2
pi1(z2 3)[0 722 =

Since D(9f/dz1) = h(df/dzp) and 0f/dzp = 32(2)12 + .-+, then D(df/dz;) = 0.
Hence, we have

das(z1, 22, 23) 0%a3(z1,22,23)

21,22, 2 + pi1(z2, 2 =0.
po(z1, 22, 23) oz, p1(z2, 23) 922

Let
- i—1_si
g1(z2,23) :==dzy ™ + ) dizy T2,
i

i.e., 32081(z2, z3) = f'(22, z3). Hence, by (14), we have
ax(z1, 22, 23) = 218122, 23) f (22, 23) + 22181 (22, 23) f (22, 23) + £ (22, 23),
and by (13) and (14), we obtain that

a3(z1, 22, 23) = 323[81 (22, 2) 17 f' (22, 23) + 21 (81 (22, 2) 1P (22, 23)
+ 21" (z2,23) + " (22, 23).

By Lemma 2.4, we obtain that one of leo’ zlll 21, zlsz, zll3z3 must be contained in f,
which is absurd, i.e., D, does not exist. O
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Lemma 2.14. Let
3 2
f(zo, 21, 22, 23) = 2923 +a1(z1, 22, 23)2H + a2(21, 22, 23)20 + a3 (21, 22, 23)

be a weighted homogeneous polynomial of type (o, a1, a2, @3; d) that satisfies
d > 200 > 201 > 200 > 2wz with isolated singularity at the origin. Assume that
oo + 203 < 2001, which is equivalent to

( foo for )

&)

wtl — | > wt

923 for fi
Let D, be a derivation of the algebra Clzg, z1, 22, 23]/, I). Then D, =0, if D,
is of negative weight.

Proof. By the assumption, we have wt(a(zy, 22, 23)) = oo + @3 < 201 We obtain
that a (z1, 22, 23) = 21 f'(22, 23) + " (22, 23). Let

d

d d k
D, = — — 2
2 = po(z1, 22, 23) 820 + p1(z2, 23) oz, +cz3 05

be a nonzero negative weight derivation.
Firstly, we investigate D,(df/9z0):

of
0=D, Py = po(z1, 22, 23)[62023 + 241 (21, 22, 23) ]
0

dai(z1,22,23)  0dax(z1, Zz,Z3):|
+
071 071

+ p1(z2, 23) |:220

d0a1(z1, 22, 2 dax(z1, 22,2
+cz]3‘|:220 1(z1, 22 3)_|_ 2(z1, 22 3)].

0z 02
There are two subcases.

Case 1: Assume ¢ =0, i.e., D2 = po(z1, 22, 23)(9/9z0) + p1(22, 23)(3/021).
If p1(z2, z3) =0, then po(z1, 22, z3) = 0, which is absurd.
If p1(z2, z3) # 0, then

3po(z1, 22, 23)z3 + pi1(22, 23) f' (22, 23) =0,
dar(z1,22,23)

971

2po(z1. 22, 23)[21 (22, 23) + (22, 23) | + P1(22, 23) 0.

Hence, we obtain that

das(z1, 22, 23)
071

’

2f"(z2,23) - [21 f (22, 23) + [ (22, 23)] = 323

which implies f”(z2, z3) is divisible by z3. Let f'(z2, z3) =3dz{+3 ), diz5'z3,
with s > 0 and s; > O for all i, then we obtain that
_ e - das(z1, 22,2
2(dz§ '+ diz 1) [311(dz“§ Y i)+ G, Z3)} =t me)
i i
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Next, we investigate D(df/0z1):

0 d0ai(z1, 22,2 dax(z1, 22, 2
D(—f> =Po(Z1,Z2,Z3)[2Zo 121 22, 33) + 21,2 %)}
071 074 071

3%ax(z1, 22, 23) 32&3(Z1,22,Z3)]

+ p1(z2, 13)[10
Bzf 8z%

It is obvious that D(df/dz;) = 0. Hence, we obtain a new relation as follows:

das(z1, 22, 23) 3%as(z1, 22, 23)
po(z1,22,23) ———— +p1(22, 3) —————— =

0.
971 3z}

Let
—1 i ‘,'—1
81(22,23) = dz3 +Zdiz§z§ ,
i

i.e., 3z381(z2, 23) = f'(z2, z3). Hence,

ar (21, 22, 23) = 2181(22, 23) (22, 23) + 22181 (22, 23) £ (22, 23) + f3(22, 23),

and

a3(z21, 22, 23) = 373[81(22. 23)1° f' (22, 23) + 21181 (22, 23)1° £ (22, 23)
+ 21 f4(22, 23) + f5(22, 23).

. 1 I L.
By Lemma 2.4, we obtain that one of z’, zll1 20, zlfz2, z{ z3 must be contained in f,
which is absurd, i.e., D, does not exist.

Case 2: Assume c # 0.
Case 2.1: Let pi(z2,23) =0.
Case 2.1.1: Let po(z1, 22, 23) =0, 1.e., D = 6213‘(8/822). Then, we obtain that
0 dai(z1, 22,2 dax(z1, 22,2
OZD(a—f)Zcz§(2zo 1(21, 22 3)+ 2(z1, 22 3)>.

20 022 3922

This implies that da;(z1, 22, z3)/9z2 = 0 and das(z1, 22, 23)/dz2 = 0. Hence,

9 9%a1(z1, 22, 2 0%ar(z1, 22, 23)  0%a3(z1, 22, 2
O=D<—f>:c’3‘<3 1(123)4-2 2(123)+ 3(123))

071 021022 0 021022 021022
and
9 8%ai(z1, 22, 2 %ar(z1, 22, 23)  0%a3(z1, 22, 2
0=D(—f)=cz’3‘((2) 1(122 3)+Z0 2(122 3) 3(122 3)>‘
02 075 075 075

Hence, 9%a3(z1, 22, 23)/(021022) =0 and 0%a3(z1, 22, 23)/323 = 0. By Lemma 2.4,
we obtain that one of zg), le1 20, zlle, z123z3 must be contained in f, which is absurd,
1.e., D, does not exist.
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Case 2.1.2: Let po(z1, 22, 23) # 0, i.e., Do = po(z1, 22, 23)(3/320) + ¢25(3/322).
Hence,

() - (U)o 2 (Y
(15) 0= D(az()) = Po(z1, 22, 23) 920 <8zO) LRREF T 922 (810)
ok 3f]

aZO 0 1,42, <3 aZ 3aZ

Moreover,

d
(16) 0= D(%) = po(z1, 22, 23)[62023 + 2a1 (21, 22, 23) ]
0

dai(z1, 22, 2 0ar(z1, 22,2
+CZ§|:220 1(21, 22, 23) n 2(z1, 22 3)}
372 022
and
c9a1(z1, 22, 23)
3po(z1, 22, 23)23 + ¢zt ga— =0,
22
¢ 9a2(z1, 22, 23)
2po(z1, 22, 23)[21 (22, 23) + (22, 23) | + 2} G g = =0.
From this, we obtain that
0a1(z1, 22, 2 daz(z1, 22, 2
Gz o5, 00 2.3)
322 022

It is easy to verify that a;(z1, z2, z3) is divisible by z3. Let f'(z2, z3) = 238" (22, 23)
and f"(z2, z3) = 238" (22, 23). S0 dax(z1, 22, 73) /07, is divisible by z3. Then we
consider

o\ _ o (9f or
(17) D(a—m) = po@r 22, 23) 5 (am) +etys 322 (am)

_i[p(z . z)%-i- k%]_apo(m,m,&)ﬂ
9z1 |02 2 T P, dz1 920

0
_
d20

Equation (17) implies that
x Of ] of

= h—.
38z2

9 af
o |:P0(Z1, 22, 23) 320 +cz 920

From (15), we know that the left-hand side of this equation is independent of the
variable zg. Since f = 2823 + - - -, the right-hand side of this equation is independent
of the variable zg only if 4~ = 0. Thus, we have

B f K Of
9 9 0-
32 (PO(Z] 22 Z3) +CZ3 812)
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Therefore,
af af
k
po(z1, 22, 23) — +cz3— = g1(22, 23).
920 022
This is

(18)  po(z1.22,23) (323254241 (21, 22, 23)20+a2(21, 22, 23))
dai(z1,22,2 dax(z1,22,2 das(z1,22,2
k[ 121 23)2+ 2(21 23)10+ 3(21, 22, 23)

cz Z
3 022 0 022 022

]=81(22,Z3)-

Equation (18) implies

d0a1(z1, 22,2
3po(z1, 22, 23)23 +cz’§—1< Eliz 2:23) =0,
2
dar(z1, 22, 23)
2p0(z1, 22, 23)a1(21, 22, 23) + cdy —— =2 =0,
022
and
[ po(z1,22, 23)a2 (21, 22, 23) +c25 (a3 (21, 22, 23) /022) |
971
opo(z1,22,23) dax(z1,22,23) 3%as(z1,22,23)
= p—az(m,Zz,Z3)+P0(Zl,22,Z3) +czl§
971 971 021022

=0.

Itis clear that a; (z1, 22, 23) #0, da;(z1, 22, 23)/9z2 0 and da, (21, 22, 23) /022 #0.
Hence, there exists h(z1, 22, z3) such that

3z3h(z1, 22, 23) = 2a1(21, 22, 23),
dai(z1, 22, 23) dax(z1, 22, 23)

h(z1, 22, 23) =
P (z1, 22, 23) P

Thus, cz4(dai(z1, 22)/8z1) # 0. Then

k—1
po(z1, 22, 23) = 23 qo(z1, 22, 23),

where
¢ da1(z1, 22, 23)

qo(z1, 22, 23) = —3 P

Hence, go(z1, 22, z3) is divisible by z3, i.e., po(z1, 22, 23) is divisible by zé‘. Thus,
the differential equation

£ 08(z1,22,23)

po(z1, 22, 23) +c23 P 0
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has a solution. We also use g(z1, z2, z3) to denote the solution which does not
contain the constant term. We construct the following coordinate transformation:

79 =20+ &(21, 22, 23),

/

Zl =171,
75 = 22,
Zg = Z3.

Under this transformation of coordinates, we obtain that

FR
3Zo_3Z6’
9 _9g 9 0
dz1 09z 0zy 0z}’
o 0g 8, D

372 07229z,  9Z5

Hence,

0
022

d g 9 3
= PO(Z/I, Z/z, Z%)ﬁ +C(Z%)k< — + —)
0

07,07 ' 9Z5

d k
D = —
Po(Zl,Zz,Z3)aZO +cz3

g\ 9 9
= <Po(z’1, 25, 23) +C(z§)ka—zz) 527 +C(z§)ka—/
d
= c(zg)k—,.
2

By the discussion of Case 2.1.1, such D does not exist.

Case 2.2: Let p1(z2, z3) #0.
Case 2.2.1: Let po(z1, 22, z3) = 0. Then D(3f/dz0) = 0 implies that

dai(z1, 22, 23) dai(z1, 22, 23)
p1(22, 23) +czk =

cz 0,
971 3 F&)
dar(z1, 22, 23) dar(z1, 22, 23)
pi(z2, 23) czh =0.
971 022

Hence, f(z2, z3) =0 or a constant multiple of z3.
Next, we investigate D(df/dz1):

P 0%ax(z1, 22, 2 0%a3(z1, 22, 2
OZD(85>:P1(Z2,Z3)|:ZO 2(z1, 22 3)+ 3(z1, 22 3)]
|

8z% BZ%

4otz ar(z1,22,23)  9%a3(z1, 22, 23)
31%0 021022 021022 ’
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Hence,
3ax(z1, 22, 23) 8%ax(z1, 22, 23)
(22, 23) + cZh =0,
P1(22, 23 Bz% 3 92102
d%az(z1, 22, 23) L 0%a3(z1, 22, 23)
1(22, 23 +cz =0.
Pt ) 81% 3 021022

If p1(z2, z3) is divisible by zé‘, then the differential equation

©08(22,23) _

P1(22, 23) + 23 %2 0
2

has a solution. We also use g(z», z3) to denoted the solution which does not contain
the constant term. We construct the following coordinate transformation:

70 = 20,
7 =721+ 8(22, 23),
75 =22,
7 =123.

Under this transformation of coordinates, we obtain that

9 _ 9
820_326’
9 _ 9
dz1 09z}’

G _ g 0, 0
dzo 02207y 9z’

Hence,

9
022

N By 3 N N
—p1(z2,Z3)az,1 +c(z3) (8Z2 3] + az,2>

(19) D = pi(z2. 23) =2 + c2
071

g\ 9 0
_ o 7 \k /' Nk
= (pl(z2,Z3)+C(Z3) —8Z2)—8Z,1 +c(z3) _z’z'

By Case 2.1.1, such D does not exist. In the following, we assume that p;(z2, z3)
is not divisible by z5. Hence, z3 | (da1/dz1), z3 | (3a2/dz1), z3 | (3%a»/dz?) and
z3 | (azag/az%). By the weight inequality «g 4+ 203 < 2, we have

f=z+@fi+ fo)zd+ (18 +21g2 + 2181 + 80)20
+23hs + z1ha + 2 hs + 23ha + z1hy + ho,
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where f; = fi(z2,23), withi = 0,1; g; = g;(z2,23), with 0 < j < 3; and
h; = h;(z2, z3), with 0 <[ < 5. Hence, the following equations:

af
— =322+ 2z0(z1 f1 + fo) + (383 + 2382 + 2181 + 20),

920

0

% =20 fi + 20032783 + 22782 + g1) + 5z1hs + 4z ha + 321hs + 221k + hy,

1

af 2( af1 afo) <33g3 ,082 981 3go>

—=z\z1i—+— )+l —+ i —+2u—+—

022 0 1322 972 0 Y9z, 19z, 1812 022

dhs 40hy 30h;3 2 0h) dh 3h0>

+Hl =+ —+ad——+d—+u—+—|
(18zz Y9z, " Vaz | Vaz | oz | oz

f _ 5 2( df1 afo) < 3083 | 5082 g1 380)
T =2 t\di -t ) o\ttt
073 0ol 0z3 023 o\ 923 Y923 ! d0z3 023

+ (z?% z‘f% z?% Z%%+z1a—hl + 8_h0>
073 923 073 073 dz3 073
have solution
22=0,
73=0,
af

023

0.

Hence, f does not have an isolated singularity at the origin.

Case 2.2.2: Let po(z1, 22, 23) # 0. Then
0
(20) 0=D (—f)

920

az0

kaf]

5 of of
= . |:p0(Zl, 22, Z3)_ + D1 (227 Z3)_ +CZ3—
320 321 322

and

of
1) D (a—m)

9 af af
= |po(z1.22,23) ~—+p1(22.23) 7 +c2
o [Po( 1,22 3)8zo P1(z2,23) o2,

d
o
920

kﬂ}_apo(m,m,za)ﬂ
38Z2 971 020

Equation (21) implies that

~ 0
P2
d20

kafi|

) 0 a
—[po(m, 22, Z3)—f + pi(z2, Z3)—f +c3—
320 071 022

071
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From (20), we know that the left-hand side of this equation is independent of the
variable zg. Since f = ZSZ3 + - - -, the right-hand side of this equation is independent
of the variable zg only if 4~ = 0. Thus, we have

9 af af k3f>
" 21,22,23) — + 722,723) — +czz— ) =0.
o (P0(1 2 3)8zo p1(z2 3)az1 39

Therefore,
af af af
Poz1, 22, 23) = + p1(22, 23) = + b = = g1(22, 23).
920 021 022
This is
(22) po(z1, 22, 23) (32325 +2a1 (21, 22, 23) 20+ a2 (21, 22, 23))

dai(z1, 22, 23) dar(z1, 22,23) 9dasz(z1, 22, 23)
+pi1(22, 23) |:Z(2) +20 +

074 071 921
dai(z1, 22, 2 dar(z1, 22, 2 d0as3(z1, 22, 2
+czl3‘[ 1(z1, 22 3)1(2)_'_ 2(z1, 22 3)ZO+ 3(z1, 22 3)}
022 022 )
= g1(z2, 23)-
Equation (22) implies
day(z1, 22, 23) day(z1, 22, 23)
3po(z1, 22, 23)23 + p1(22, 23) +ezh =0,
3Z1 322
(23) das(z1, 22, 23)
2po(z1, 22, 23)a1(z1, 22, 23) + p1(22, Z3)a—Zl

p0ax(z1, 22, 23)

+cz3 P, 0,

and

0a3(z21,22,23) . 0a3(z1,22,23)
+CZ3

0
(24) a—Zl[Po(Zl,Zz,Z3)a2(21,22,Z3)+P1(22,Z3)

071 022
po(z1,22,23) dasx(z1,22,23)
= ———a(21,22,23)+po(21,22,3) ———
071 071
3%az(z1,22,23) . 4 0%az(z1,22,23)
+pi1(22,2 +cz
P1(22,23) 922 3 92100
=0.
From (23), we obtain that
day(z1, 22, 23) das(z1, 22, 23)
(25)  pi(z2, Z3)[2a1(21, 22, 23) — 323
071 071

dai(z1, 22, 23) dax(z1, 22, 23)
— = 35— =0.

k
+cz3|2a1(z1, 22, 2
3|: 1(z1, 22, 23) P P
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If p1(z2, z3) is divisible by czé, then the differential equation

x08(z2,23)

P1(22, 23) + 23 s 0,

has a solution. We also use g(z2, z3) to denote the solution which does not contain
the constant term. We construct the following coordinate transformation:

7 = 20,
7 =71 +8(22,23),
75 = 22,
73 =23.

Under this transformation of coordinates, we obtain that

9 _ 9
820_326’
9 _ 9
dzy ~ azy’

G _ g 0, 0
dzo  0z207) 9z’

Hence,

0

ad d
(26) D = po(z1,22,23) 5—+p1(22,23) 5—+czy=—
920 071 022

_ P A N AN 1oy 0 y\k a_gi 9
= pO(Z] 8(22,23)722, Z3) 826 +p1(Zz,Z3) 82/1 +C(Z3) <322 82/1 +8Z/2>
g

0 /
= po(z}—g(25, 24), 25, Zé)g‘f—(Pl(Zé, z’3)+C(Z3)k—>
0

D Lt 0
8Z2 +C(Z3) 7.

0z} 75
By Case 2.1.2, such D does not exist.

In the following, we assume that p;(z2, z3) is not divisible by czé‘. According
to (25), we obtain that z3 is divisible by da;(z1, 22, 23)/0z1.

By the weight inequality oo + 203 < 20¢1, we have

f=z+@fi+ fo)d+ (g + 2782+ z181 + 80)20
+ z23hs 4 2tha + 23 hs + 2Thy + 21hy + ho,

where f; = fi(z2,23), withi =0,1; g; = g;(22,23), with j =0, 1,2, 3; and
h; =hi(z2,2z3), with/ =0, 1,2,3,4,5. By (23), we obtain that

af 9
27) 3pozs + p1 fi +cz§<zli+ﬁ> —0,
0z  02»



168 GUORUI MA, STEPHEN S.-T. YAU AND HUAIQING ZUO

and

(28) 2po(z1 fi+ fo) + p1 (32183 + 22182+ 81)

8g3 agZ 8gl 380)
k(.3 2

4cezilag— 4z —4+z71—+—=—1]=0.
3( ! 022 : 922 : 922 022

If 9f1/0z2 =0, then po(z1, 22, 23) = po(22, z3) does not depend on z;. Thus, (27)
and (24) become

0
29) 3pozs+ pufi + czé‘a—fi o0,

and

(30) po(3z2g3 422182+ g1) + p1 (2023 hs + 1223 hg + 621 h3 + 2hy)

oh oh oh oh oh
k 4915 3004 2013 2 1
+epy\Szi— +4zi— +3z— +2z1—+— ) =0.
3( Y920 Y920 "9z, "oz, 312)
By (28), we obtain that
ad
98 o,
022
0
3p183 +Czl3cﬁ =0,
022

31 921
2pofi+2pig2+cdi— =0,
922

0
2pofo+ pi1go+ CZ’3‘ﬁ =0.
022

By (30), we obtain that

dhs

0,
972

L Ohy
20p1h5 +4CZ3¥ = 0,
2

9
(32) 3mwy+UpMm+%é5;=0,
2

oh
2pog> +6pihs +2czk — =0,
022

ohy
pogi+2pihy + ngg
2
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If g3=0, then dg,/dzp =0 and z3 | h4 by (31) and (32). By Lemma 2.4 and z3 | A4,
we obtain that 45 = 0. Hence, the following equations:

af
Py 32323 +220(z1 fi + fo) + (2183 + 2182 + 2181 + 80),
0

)
A 28 f1 + 2032783 + 22782 + 81) + S5z1hs + 423 hy + 32Ths + 221 ha + by,

0z1
of 2( df1 afo) <3383 2082 38 3go>
—=\ei—t+— ) to\ei— o —ta—+—
3za \"az, oz, N9z "oz T Moz 0z
0hs 400y 30h3 2 0hy oh 3h0>
+lad=+d—+ag—+i—+u—+—)
< Yoz, Yoz, " oz ez oz | 9z
of 5 2( dfi afo) < 3083 | ,08 08 380)
T =2 t\dig -t ) o\ Tttt
073 0ol z o\ 023 ! 073 ! dz3  0z3
oh oh oh oh oh oh
+(?—5 z‘f—4 z?—3 zf—z 21—1+—O>,
073 023 073 023 dzz 023
have solution
22=0,
73 =0,
of
——=0.
023
Hence f does not have isolated singularity at the origin.

If g3 #0, then g3 = Zl3, where [ > 1 (due to (32) and omitting a nonzero constant
multiple). If 45 = 0, then 0h4/0z2 = 0 and h3 # zo. Similarly, f does not have
isolated singularity at the origin. If 45 # 0, then hs5 = zg , where I’ > 1 (due to (32)
and omitting a nonzero constant multiple). Similarly, f does not have isolated
singularity at the origin.

In the following, we assume that df1/dz2 # 0. Then po(z1, z2, z3) depends on
zi. Let fi = z3f{(z2, z3), with f{ # 0, depend on z,. By (27), without loss of
generality, we can assume that py is divisible by z§. (Otherwise, if

Po = 2125 po (22, 23) + Po (22, 23),

then we can do the same argument as the condition df;/dz, = 0.) Moreover, p; is
not divisible by zé. By (28) and (30), we obtain that

23132183 +22182+ 81 and 23 |20z7hs + 1227hs + 6213 + 2hs.

This implies that z3 | g3, 23 | g2, 23 | g1, 23 | A5, 23 | h4, 23 | h3, 23 | h2. Moreover
we obtain that z3 | (383/022), z3 | (082/9z22), 23 | (081/022), z3 | (0hs/0d22), z3 |
(0h4/022), 23| (0h3/0z2) and z3 | (0h2/0z2). So f does not have isolated singularity
at the origin. 0
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When investigating the derivation D,, we assume that f has one of the following

forms:
(1) f= zo +ai(z1, 22, Z3)z’" L 4 (21, 20, 23) with m > 4,

(3) f—zozz+a1(Z1,zz, Z3)z’" "ot an(zr, 22, 23) withm > 3,

with the following relations:
0
820
0 0
D, <—f) = p(z1, 22, Z3)—f,
0z1 920
af af af
D, <8_z2> =qo(z1, 22, Z3)— +q1(22, Z3)—,
21

0
D, (a—f) = wop(z1, 22, Za)-f + wi(z2, Z3)—f + wz(Z3)—
z 920 971 2

When investigating the derivation D3z, we assume that f has one of the following
forms:
(D) f=zy +ai(z1, 22, 23)25

Q) f=z+ai(z, 22,2370 +-

4 a2, 22, 23), wWith m > 3,

< +am(z1, 22, 23), withm > 2,

Q) f=ntaiz, 22,2370+ a2, 22, 23), with m > 2,

@ f=z0z+a1(z1.22.23)2) '+ +am(z1, 22, 23), with m > 3,
with the following relations:
a
() o
020
a 0
D5 <—f) = p(z1, 22, Z3)—f,
074 020
a ) )
D3 (—f) =qo(z1, 22, Z3)—f +4q1(z2, Z3)—f,
022 020 9z

0 0 0
D3 <8—f) = wop(z1, 22, 23)—f + wi(z2, Z3)—f + w2(23)—
23 Z 22

If D, is a derivation of A, then D, is a derivation of B. By Theorem 1.5, such a
O

derivation is nonnegative.
In view of Proposition 2.6, Proposition 2.7, Proposition 2.8 and Proposition 2.10,

the proof of the Main Theorem is now complete. (]
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3. Future work

For an isolated hypersurface singularity defined by f(zo, ..., z.), the moduli alge-
bra is defined by A(f) =0,,11/ (( VARAV )) and the k-th Hessian algebra is defined
by Hi(f) = Ont1/((f) + J(f) + Ik). Suppose that the ideal ((f) + J(f) + I)
is generated by g1, ..., g, we use Jy(g1, ..., &n) to denote the ideal generated
by all £ x £-minors of the Jacobian matrix of g, ..., g», then we introduce a
series of local algebras My ¢(f) = Opi1/((f)+J(f) + Ik + Je (g1, - ... gm))- We
believe Conjecture 1.6 and the Main Theorem can be generalized to these new local
algebras. Some progress has been made, and we will include the results in our
subsequent papers.
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